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Ldi tua cho ban e-book

Cubn sach nay duge in ra 1in diu vao nim 2010. Cac tac gid da
bd rat nhiéu tAm tri va sitc luc d€ viét n6, nhim dat chét luong tbt
nhét c6 thé. Mong mudn cta cac tac gia 13 1am sao cubn sach dugc
phd bién thét rong rai & Viét Nam, dic biét 1a  cac trudng dai hoc,
dé€ gitip cac ban sinh vién tiép cin dugdc véi xdc sult thdng ké mot
cach dé hiéu hon, dting ban chét hon, dé ¢ing dung hon.

T ltc in ra nim 2010, cudn sach d4 nhan dudc rit nhiéu phan
hdi tich cuc tit phia ban doc vé& mit ndi dung. Vé mit chit luong in
4n va phat hanh thi khong dudc tt bing, va rit tiéc nhitng khau dé
nam ngoai kha ning kiém soat clia cac tac gid. Hién tai ban in nim
2010 khéng con trén thi trudng, va cac tac gia nhin dudge thu cta
hang trim ngudi néi ring mubn sach tai ban.

D€ 6 thé phuc vu tot hon cac ban doc, dic biét 1a cic ban sinh
vién, cic tac gia di két hop véi Ta Sach Sputnik céng bd mién phi
ban dién tit cia cubn sach nay. Mét s6 16i trong ban in nim 2010 da
dudc sta trong ban dién ti nay.

T Sach Sputnik ctia Sputnik Education, ma cac tac gia tham gia



1am cbng tac vién, 1a mot du an nham dem lai cac san phim gido duc
¢6 chét luong cao nhét cho hoc sinh va sinh vién, gép phn cai thién
nén gi4do duc cta Viét Nam. Vao thoi diém 05/2015, Ta Sach Sputnik
da ra mét ban doc 5 cudn sach cho hoc sinh, va c6 ké hoach ra méit
hang chuc cubn sach khéc trong nim tiép theo.

Cac tac gia tin rang Ta Sach Sputnik gbm toan nhitng cudn sach
rAt hay, dugc chon loc va dich hodc viét rit cin than. Trong dé cé
nhiing cudn sach nhu “Nhitng cudc phiéu luu ciia ngudi thich dém”
néi tiéng toan thé gidi, d4 in ra hang triéu ban, 1An diu xuit hién 6
Viét Nam. C6 nhiing cubn sach néi tiéng khac nhu “Ba ngay & nude Tt
Hon” truéc dy da tiing dudc dich ra tiéng Viét, nhung ban dich méi
ctia Sputnik chinh x4c hon, tranh dude nhiéu 16i sai ctia ban dich cil.
Ban doc sé khéng phi tién khi mua ching cho ban than hay dé ting
nguoi than.

Xin moi ban doc tim hiéu k§ hon vé Ta Sach Sputnik & phia cubi
cubn sach ndy. Cac tac gid mong ring ban doc sé nhiét tinh hudn ting
Ta Sach Sputnik, qua viéc mua sach, quang ba cho Ta Sach Sputnik,
v.v. Ung hé Ta Sach Sputnik 13 mot cach thiét thuc dé gép phan dem
lai cac san phdm gido duc ¢ chit luong tot hon cho Viét Nam. Xin
chan thanh cam on ban doc!

Hanoi-Toulouse, 05/2015
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Loi gidGi thiéu

X4c sult va théng ké déng vai tro rit quan trong trong hau hét
moi linh vuc ctia thé giéi hién dai, tit khoa hoc, cng nghé, dén kinh
té, chinh tri, dén stic khde, méi trudng, v.v. Ngay nay, may tinh gitip
cho viéc tinh toan cac vin dé xac sut théng ké ngdy cang tré nén
dé& dang, mot khi di co céc sb liéu ding din va mé hinh hop ly. Thé
nhung, ban than may tinh khéng biét m6 hinh ndo 13 hop ly. iy 1a
van dé clia ngudi stt dung: cin phai hi€u dude ban chét ctia cac khai
niém va mé hinh x4c sudt théng ké, thi méi c6 thé dung dudc chiing.

Muc dich ctia quyén sach nay chinh 13 nham gitip ban doc hiéu
dting ban chét ctia nhitng khai niém va phuong phap co ban nhét cta
xac suit va thong ké, va qua d6 co thé ap dung dudc ching, di sau
tim hiéu dugc phuong phap thich hop cho nhiing tinh hudng cu thé.
Mot s6 diém ma céc tac gia cb ging dua vio trong sach nay la:

- Giai thich ban chit cic khai niém mét cach truc gide, dé hiéu
nhét trong chiing muc c6 thé, déng thoi ddm bao dé chit ché nhit
dinh vé mit to4n hoc.

- Cho nhiéu vi du va bai tip vé nhiing tinh hubng cé that, véi sb
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liéu c6 that, nham gitp ban doc cdm nhén dudc cac tng dung thuc
té clia x4c sult va thong keé.

Quyén sach nay cé 5 chuong céng thém phin phu luc. Chuong
1 gbm mét sb khai niém co s cta 1y thuyét xac suit. Chuong nay
khoéng doi héi kién thiic dic biét gi vé toan, va hoc sinh phd théng
cling ¢ thé doc va hiu duge phan 16n. Tuy nhién, kién thic cta
Chuong 1 khéng hoan toan hién nhién, k€ ca dbi v6i nhitng ngudi da
hoc dai hoc. Trong qua trinh soan thao, cac tic gid c6 dem mét sb bai
tAp hoi khé cta Chuong 1 db cac hoc sinh dai hoc va cao hoc nganh
toan, va phan 16n ho lam sai! Cac bai tip dé khong phai 1a kho vé
mit toan hoc (d€ gidi ching chi cAn lam vai phép tinh sb hoc don
gian), ma 1a khé vi chiing chita dung nhiing su té nhi vé ban chét cta
xac suat. Hy vong ring, ban doc sé thdy dudc nhiing su té nhi d6, va
tranh dugc céc sai 1dm ma nhiéu ngudi khac hay mic phai.

Tit Chuong 2 dén Chuong 4 clia quyén sach 1a 1y thuyét xac sut
clia cac bién ngdu nhién. Chuong 2 13 vé cac bién ngiu nhién nhan
gid tri thuc. Chuong 3 14 vé cc bd nhiéu bién ngéu nhién, hay con goi
14 cAc vector ngiu nhién. Chuong 4 1 vé cac dinh 1y gi6i han, trong
do6 c6 dinh ly gi6i han trung tdm, dudc coi la dinh ly quan trong
nhét cta Iy thuyét xac sudt va 13 hon d4 ting cla théng ké toan hoc.
Chuong 5 clia quyén sach 13 gi6i thiéu vé théng ké. Ban doc sé tim
thay trong chuong nay nhiing vin dé c6 thé gidi quyét bing théng
ké nhu uéc luong, kiém dinh, du bao, nhitng nguyén tic co ban nhit
ctia théng ké, va mét sé phuong phép thong ké nay da tré thanh kinh
dién. Phu luc A chtia 16i gidi ctia nhiéu bai tap trong 4 chuong diu

PN > A 7
tién cua quyén sach.

12



DE hiéu tbt cac vin dé dugc ban t6i trong Chuong 2 va cac chuong
tiép theo, ban doc cin c6 mot sb kién thiic chuén bi vé gidi tich toan
hoc, nhu phép tinh vi tich phan va khai trién Taylor-Lagrange, cong
v6i mot it kién thitc vé dai sb tuyén tinh. Néu ¢ thém mot it kién
thitc vé top6 va giai tich ham thi cang tbt. Trong sich c6 dua ra dinh
nghia va tinh chit ctia mot sb khai niém toan hoc can dung, vi du
nhu tich phan Lebesgue trén khong gian xac sut, bién d6i Fourier,
héi tu yéu, v.v.

Quyén sach nay c6 thé ding lam sach gido khoa hay sach tham
khao cho mén xac suét théng ké & bac dai hoc hodc cao hoc nhiéu
nganh khac nhau. Sinh vién cac nganh khong phai toan c6 thé bd qua
cac phan chiing minh cac dinh ly tuong dbi phitc tap trong sach, ma
chi cin hifu ding phét biéu cta cac dinh ly quan trong nhit va cach
ap dung ching. Cac sinh vién nganh toan thi nén tim hiéu ca cach
chttng minh cac dinh ly.

Do khudn khé ctia quyén sach ¢ han, nén con rit nhiéu khai niém
quan trong clia xac sudt va théng ké khéng xuét hién trong sach, vi
du nhu qua trinh ngiu nhién, phuong phap bootstrap, hdi qui tuyén
tinh suy rong, v.v.. Hy vong ring quyén sach nay cung cip dudc tuong
dbi day dua cac kién thic co s, d€ ban doc c6 thé hiéu dugc cac tai
liéu chuyén sau hon vé x4c sult va théng ké khi cin thiét.

D& bién soan quyén sach nay, cac tac gia c6 tham khao nhiéu sach
béo lién quan dén xac suit thong ké, va c6 trich lai nhiéu bai tip va
vi du tr cac tai liéu d6. Nhitng sach ma cac cac tac gia tham khao
nhiéu dugc liét ké & phan “Tai liéu tham khdo”. Trong dé c6 nhiing

sach “nang”, c6 nhiéu ching minh chat ché va kha nang veé toan,
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vi du nhu quyén “Theory of probability and random processes” ctia
Koralev va Sinai [5], va c¢6 nhiing sach “nhe”, dé doc d€ c6 thé nim
dudc nhitng y tudng chinh, nhung khong ¢ chitng minh, tiéu biéu
nhu quyén “The cartoon guide to statistics” ctia Gonick va Smith [2].

Cac hinh minh hoa trong quyén sach nay cha yéu duodc iy tu
internet. Chiing tdi tin rang cac hinh d6 thudc pham vi “public” va
khéng bi han ché vé mit ban quyén, nhung néu do so suit ma ching
t61 stt dung hinh dudc bao vé bdi ludt ban quyén ma chua xin phép,
thi chiing t6i xin thanh that xin 18i truéc.

Nhitng ban thao d4u tién clia quyén sach nay cé dude mot sb ddng
nghiép, ban bé va sinh vién doc va gép v stta 16i va trinh by lai cho
tot 1én. Cac tac gid xin chdn thanh cdm on su quan tim va gitp dd
ctia ho. TAt nhién, moi 18i con lai trong sach 13 thudc vé trach nhiém
clia cac tac gia. bic biét, chiing t6i mubn cdm on cac ban Phan Thanh
Hong, Nguyén Tuyét Mai, Nguyén Thu Ngoc, TrAn Qubc Tudn va Lé
Vin Tudn, 14 cac thanh vién cGia Trung TAm Toan Tai Chinh va Céng
Nghiép Ha Noéi d4 tich cuc tham gia gitip ching t6i soan phan 15i giai
cho cac bai tap.

Quyén sach nay 1a mét san phdm ctia Trung TAm Toan Tai Chinh
va Céng Nghiép Ha Nbi do cac tac gia thanh 14p vao diu nim 2009,
dugc viét v6i muc dich truée hét 1a d€ phuc vu cho nhu ciu ctia ban
than Trung TAm. CAc tac gia hy vong rang, quyén sach nay sé c6 ich,
khéng chi cho Trung TAm, ma con cho mdt luong rat 16n cac doc gia
khéc dang hodc sé quan tAm vé xac suit va théng ké.

Ha No6i — Toulouse, 2010
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Chuong 1
Xac suat 1a gi

1.1 Xacsuatlagi?

Hau nhu moi ngudi déu biét dén khai niém x4c sudt. Tuy nhién
khong phai ai cing hi€u r6 nhiing tinh chét co ban ctia né. Vi du nhu
su phu thudc vao théng tin ctia xdc sudt (mdbi khi c6 thém thong tin
méi thi xac sudt thay déi) hay bi bé qua. VA c¢6 nhiing bai toan tinh
toan x4c suit tudng chiing nhu rit don gidn, nhung c¢6 hon mot nia
s6 nguoi da tiing hoc x4c suit 1am sai khi dugc hdi, k€ cd cac thac
si nganh toan. Bdi vy, trong chuong nay, ching ta sé nhin manh
nhiing su té nhi trong x4c suit, dic biét 1a véi xac sudt ¢ diéu kién,
ma ban doc cin biét dén, d€ tranh dudc nhiing 18i co ban hay gip
nhét.

Trude khi di vao 1y thuyét, c6 mot ciu db lién quan dén xac suit

sau diy danh cho ban doc. Gia st ¢c6 mot tro chai trén TV nhu sau:
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Chuong 1. Xdc sudt la gt

6 3 canh ctta, dang sau 1 trong 3 canh cita 6 1a 1 mén qua 16n, con
sau 2 ctra con lai khéng ¢ gi. Ngudi choi duge chon 1 trong 3 canh
clta, néu chon diing clta ¢6 qua thi dude nhin qua. Sau khi ngudi
choi da chon 1 cita, ngusi huéng din chuong trinh mé mot trong hai
clia con lai ra, nhung sé chi mé cira khong ¢6 qua. Sau dé ngudi choi
dudce quyén chon, hoic 14 giit cai ctta minh chon ban d4u, hodc 1 déi
14y céi ctta chua dudc mé con lai. Theo ban thi ngudi choi nén chon
phuong 4n ndo? Vi sao ? Hiy thit nghi vé né mét chit trude khi tiép

tuc doc.

1.1.1 Xac sut ctia mot su kién

Xac sult ciia mot su kién (hay bién cb, tinh hudng gia dinh) 1a
kha ning xay ra su kién (hay bién c6, tinh hudng gia dinh) d6, dudc
danh gia du6i dang mot s thuc nim giita 0 va 1.

Khi mét su kién khéng thé xay ra thi x4c suit ctia né bing 0. Vi
du nhu xé4c suét ctia su kién “cé ngudi séng trén sao Thé” bing 0.

Khi mét su kién chic chin di hoic sé xay ra thi xdc suit ctia n6
bing 1 (hay con viét 1a 100%). Vi du nhu su kién “t6i duge sinh ra tir
trong bung me” ¢ x4c suit bing 1.

Khi mét su kién c6 thé xay ra va cling c6 thé khéng xay ra, va
ching ta khong biét né ¢ chin chin x4y ra hay khéng, thi chiing ta
6 thé coi xac sudt clia n6 16n hon 0 va nhd hon 1. Su kién nao duge
coi 14 cang dé xay ra thi c6 xac sudt cang 16n (cang gan 1), va ngudc
lai néu cang kho xay ra thi xdc suit cang nhé (cang gan 0). Vi du t6i

A Je R A A A <A s~ ’ 2. A 7 R
mua mot vé x6 s6. Toi khéng biét nd sé triing giai hay khong, c6 thé
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1.1. Xdc sudtla gi?

c6 ma ciing c6 thé khéng. Néu nhu et 100 vé x4 s6 chi ¢6 1 vé tring
giai, thi toi sé coi x4c sult tring gidi ctia vé clia t6i 1a 1%. Con sb 1%
& day chinh 14 tin suét, hay ty 1é tring gii clia cac vé x6 sb: né béng
s6 cac vé tring giai chia cho téng sb cac vé.

Khong nhitng chi cac su kién trong tuong lai, ma ca cac su kién
trong qua kht, ma ching ta thiéu théng tin d€ c6 thé biét chic 1a
chting da thuc su x4y ra hay khong, thi chiing ta vin c6 thé gan cho
cac su kién dé mét xac suit ndo dé, (ng véi do tin tudng clia chiing
ta vé viéc su kién d6 da thuc su xay ra hay khéng. Vi du nhu, nit
hoang Cleopatra ctia Ai Cip cé tu ti bang cach dé cho ran dbc can
khéng ? Dy 1a mot gia thuyét, ma theo cac nha st hoc thi ¢6 nhiéu

kha ning xay ra, nhung khéng chac chan.

1.1.2 Ba tién dé vé su nhat quan cta xac suat

Tién dé 1. Nhu d4 viét phia trén, néu A 1 mét su kién (gia dinh)
va ky hiéu P(A) 1a x4c suét ctia A thi

0<P(A)<1 (1.1

Tién dé 2. Néu A 1a mot su kién, va ky hiéu A 14 su kién phu dinh
cua A thi
P(A)+P(A) =1 (1.2)

Y nghia triét hoc ctia tién dé 2 tuong dbi hién nhién: Trong hai
su kién “A” va “pht dinh cia A” ¢6 1 va chi 1 su kién xay ra. Néu
“4” cang c6 nhiéu kha ning x4 ra thi “pht dinh ctia A” cang c6 it kha

nang xay ra, va ngudc lai.
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Chuong 1. Xdc sudt la gt

Vi du 1.1. Mot hoc sinh di thi vao mdt trudng dai hoc. Néu x4c suét
thi d6 1a 80% thi x4c suét thi trudt la 20% (= 100% - 80%), chi
khong thé 12 30%, vi néu xac suit thi d6 14 80% va xac suét thi trugt
13 30% thi khong nhét quan.

Vi du 1.2. Toi tung mét ddng tién, khi né roi xudng thi cé thé hién
mit sip hodc mit nglra. Tong xac sut clia hai su kién “mit sip” va
“mit ngtia” bing 1. Néu t6i khong cé 1y do dic biét gi d€ nghi ring
mit ndo dé hién 1én hon mit ndo, thi téi coi ring hai mét c6 xac sult
hién 1én bing nhau. Khi d6 su kién “mit ngtia” c6 xac suit bing su

kién “mit sp” va bang 1/2.

Tién dé 3. Véi hai su kién A va B, ta sé ky hiéu su kién “ca A va
B déu xay ra” bing A N B va su kién “t nhat mot trong hai su kién
A hodic B x4y ra” bang A U B. Khi d6 néu hai su kién A va B khéng
thé cuing xay ra, thi xdc sult ctia su kién “xay ra A hoic B” bing téng
cac x4c suit clia A va clia B:

P(ANB)=0= P(AUB) = P(A) + P(B) (1.3)

Vi du 1.3. Mbt hoc sinh dudc cho diém mét bai kiém tra. C6 thé dudc
7 diém, c6 thé dude 8 diém, hodc c6 thé dude diém khac, nhung
khong thé vita dugc 7 diém vita duge 8 diém. Béi vay P((7d)U(8d)) =
P(7d) + P(84)

Tién dé 3 c6 thé phat biu mot cach tdng quat hon nhu sau:

Tién dé 3’. Néu X va Y 14 hai su kién bét ky thi
P(AUB)=P(A)+ P(B)— P(ANB). (1.4)

Bai tdp 1.1. Chiing minh ring tién dé 3 tuong duong véi tién dé 3,
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1.1. Xdc sudtla gi?

1.1.3 Xac suat phu thudc vao nhiing gi ?

Xac sult clia mét su kién khéng nhit thiét phai 13 mot hing sb,
ma né6 c6 thé thay déi, phu thudc vio nhiéu yéu tb. (Tit su kién & day
hiéu theo nghia thong thudng, chtt khéng phai theo nghia “mdt tap
hop trong mét khéng gian xac suit véi 1 db do xac suét da cb dinh”
trong mo hinh toan hoc)

X4c sudt thay déi theo thoi gian. Vi du, 6ng Obama dugc bau lam
tbng théng M¥ vao thang 11/2008. Tit trudc lic bau cit miy thang,

¢6 su canh tranh 4c liét gilta 6ng ta va d6i tha chinh clia éng ta 1a
6ng McCain, va mot ngudi quan sat bén ngoai c¢6 thé nhan dinh 13 hai
éng c6 kha ning dudc bau ct ngang nhau (tic 14 xac suit duge bau
ctia m&i 6ng quing 50%). Nhung khi két qua bau ctt dudc cong bb
tron ven, thi xac sut dudc bau ctia Obama chuyén thanh 100% (titc
1a 6ng ta da chic chin dudc bau). Truée d6 1 nim, éng Obama la
mot ngudi chua duge nhiéu ngudi biét dén va con phai tranh ct v6i
ba Clinton va cac ting ct vién khac trong Dang ctia minh, va khi do,
dbi v6i quan sat vién bén ngoai, xac sudt dude bau lam t6ng théng
ctia Obama khéng phai 100%, cling khong phai 50%, ma nhé hon
thé nhiéu.

Xac suat phu thudc vao thong tin. Liy bai todn db vé tro choi trén

TV viét phia trén lam vi du. Goi tén ctta ma ngudi choi chon lic dau
1a A, ctta khong c6 qua ma ngudi huéng din chuong trinh md ra 1a
B, va ctia con lai 12 C. VAo thsi diém ban du, khéng cé thong tin gi
vé clta ndo phia sau c6 qua, thong tin duy nhit 1a 1 trong 3 clta ¢6

\ A 4 \ ~ 3 \ A <A o ) \
qua. Khéng ¢b co sd gi dé cho rang ctia nao c6 nhiéu kha niang cé qua
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Chuong 1. Xdc sudt la gt

hon cita ndo, bdi vy vao thoi diém ban diu ta coi P(A) = P(B) =
P(C) = 1/3. Nhung sau khi ctta B dugc md ra, thi ta c6 thém mot
thong tin mdi, 1a cta B khéng c6 qua. Nhu viy thdng tin méi nay
lam thay d6i xac sut ctia B: bay gio ta c6 P(B) = 0. Khong chi xac
sult clia B thay déi, ma t6ng xac sult clia A va C bay gid ciing thay
d6i: P(A) + P(C) = 1 thay vi bang 2/3 nhu truéc. Nhu vay it ra mot
trong hai s6 P(A) hodc P(C) thay déi, hodc 14 ca hai. Xac sudt P(A)
c6 thay d6i vi théng tin méi nay khong ? Cau tra 1i 1a khong (Giai
thich vi sao khong ?). Chi ¢c6 P(C) 1a thay déi: sau khi ngudi huéng
dan chuong trinh mé ctta B, thi ta c6 P(A) = 1/3 va P(C) = 2/3.
Nhu vAy ngudi choi nén déi cita A 1iy cira C thi dé thing hon. D&
thiy r6 hon viéc canh clia con lai ¢6 nhiéu kha ning cé qua hon 1a
canh clta ma ngudi choi chon ban diu, thay vi chi ¢ 3 cta, ta hiy
hinh dung c¢6 100 ctta. Sau khi ban chon 1 ctta, ngusi din chuong
trinh md 98 clta khéng c6 qua trong sb 99 ctta con lai, chi d€ lai 1
ctta thoi. Khi d6, néu dugc ddi, ban sé giit nguyén ctia ctia minh, hay
1a d6i 14y cai ctta con lai kia ?

Xac suat phu thuoc vao diéu kién. Ching ta s€ ban veé xac suat co

diéu kién va cong thic tinh xac sult cé diéu kién 6 mét phan sau.
Diéu dang cht y 6 day 13, moi xac suit déu c6 thé coi 14 xac suét c6
diéu kién, va déu phu thudc vio nhiing diéu kién nio do, c6 thé dugc
néi ra hodc khong néi ra (diéu kién hi€u ngdm). Vi du, khi ching ta
néi “khi tung céi xic sic S, xac sudt d€ hién 1én mit c6 3 chim 1a
1/6”, chting ta hi€u ngdm S 14 mot cai xidc sic déu din, cac mit déu
¢ kha ning xuit hién nhu nhau. Nhung néu S 13 mét cai xic sic

méo mo, nhe bén nay nang bén no (diéu kién khac di), thi hoan toan
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1.1. Xdc sudtla gi?

6 thé 13 x4c suat d€ khi tung hién 1én mit c6 3 chdm sé khac 1/6.
Mot vi du khéc 13 xdc suét xay ra tai nan khi lai 6 t6: khi ngudi lai
xe khoe manh tinh tdo, thi xac suit x4y ra tai nan thép, con khi vin
ngudi 14i d6 bi say rucu hoic budn ngt git, thi xac suit xay ra tai
nan cao hon, v.v. Khi ching ta biét thém mét diéu kién méi, tirc 1 6
thém mot thong tin méi, bdi vAy su phu thude vio diéu kién clia xac
sut ciing c6 thé coi 14 su phu thude vao théng tin.

Xac suit phu thudc vio ngudi quan sét, hay 1a tinh chd quan ctia

xac sudt. Cuing 1a mot su kién, nhung hai ngudi quan sat khac nhau 6
thé tinh ra hai két qua xac suét khac nhau, va ca hai déu “cé 1Iy”, béi
vi ho dua trén nhitng thong tin va phan tich khac nhau. Vi du nhu,
¢6 chuyén gia tai chinh danh gi4 ring c8 phiéu cta hing Vinamilk
¢6 nhiéu kha ning di 1én trong thdi gian t6i, trong khi lai ¢6 chuyén
gia tai chinh khac danh gia ring c8 phiéu cia hing dé c6 nhiéu kha
ning di xudng it kha ning di 1én trong thoi gian téi. Quay lai trd choi
truyén hinh: v6i ngusi choi thi P(A) = 1/3, nhung d6i véi ngusi dan
chuong trinh thi P(A) khoéng phai la 1/3, ma la 0 hodc 1, vi nguai d6
biét 6 diing sau clta A c6 qua hay khéng.

1.1.4 Tinh x4c sut bang théng ké

Dbi v6i nhitng hién tuong xay ra nhiéu lan, thi ngudi ta ¢ thé
dung théng ké dé€ tinh x4c sult clia su kién x4y ra hién tuong doé.
Cong thtec sé la

p(a) = D

~ N(total) (1.5)
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Chuong 1. Xdc sudt la gt

G day N(total) 1a tdng sb cac trudng hop dude khao sat, va N(A) la
s6 cac trudng hop duoc khio sat théa man diéu kién xdy ra A.

Co s6 toan hoc cho viéc dung théng ké dé tinh xac sudt, 12 luat sb
16n va cac dinh ly gi6i han, ma ching ta sé tim hiéu § phia sau trong

sach nay.

Vi du 1.4. C6 mét sb s6 liéu sau day vé tai tan 6 to va may bay. Trong
nhitng nim 1989-1999, trén toan thé gi6i, trung binh mbi nim cb
khoang 18 triéu chuyén bay, 24 tai nan méy bay chét ngudi, va 750
ngudi chét trong tai nan may bay. Ciing trong khoang thdi gian do,
& nuée Phép, trung binh mdi ndm cé khodng 8000 ngudi chét vi tai
nan 6 t0, trén téng sbé 60 triéu dan. Tit cac sb liéu nay, ching ta c6
thé tinh: X4c sut d€ mét ngudi & Phéap bi chét vi tai nan 6 t6 trong
mot nidm 13 8000/60000000 = 0,0133%. Xac sudt d& di mot chuyén
bay gip tai nan chét ngudi 13 24/18000000 = 0,000133%, chi bing
1/100 x4c suét bi chét vi tai nan 6 té trong 1 nim. Néu mdt ngudi
mot nim bay 20 chuyén, thi xac suit bi chét vi tai nan may bay trong
nim bang quang 20 x 0,000133% = 0,00266%, tiic 1a chi bang 1/5

xac suat bi chét vi tai nan 0 t6 trong nam.

Vi du 1.5. Ong Gregor Mendel (1822-1884) 1a mét tu si ngudi Ao
(Austria) thich nghién ctu sinh vit. Ong ta trong nhiéu gidng diu
khéc nhau trong vuon cla tu vién, va ghi chép ti min vé cac tinh
chét di truyén va lai gibng cta ching. Nim 1866 Mendel coéng bb
mot bai bao vé cac hién tuong ma Ong ta qua sat dudc, va ly thuyét
clia 6ng ta dé gidi thich cac hién tugng. Mot trong nhiing quan sat
trong d6 14 vé mau sic: Khi lai ddu hat vang véi ddu hat xanh (thé
hé tht nhit) thi cic cdy lai (thé hé thit hai) déu ra diu hat vang,
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nhung tiép tuc lai cac cAy d4u hat vang thé hé thi hai nay véi nhau,
thi dén thé hé tht ba x4c suit ra ddu hat xanh 13 1/4. Con sb 1/4

1
" .
Suge o

P(Y) = 112 /W\ P(y) = 1/2
Y y

P(YY)=1/4 | P(Yy)=1/4

P(Y) = 112 .

/ i S
\ P(Yy)=1/4 | P(yy)=1/4

=12 | W @

Hinh 1.1: Ly thuyét di truyén ctia Mendel va x4c suit trong lai gibng

déau

13 do Mendel théng ké thiy ty 1& ddu hat xanh & thé hé thd ba gin
bing 1/4. Tit d6 Mendel x4y dung ly thuyét di truyén d€ gii thich
hién tuong ndy: mau ctia ddu dudce xac dinh béi 1 gen, va gen gbm
c6 hai phan. Thé hé d4u tién, cAy ddu hat vang c6 gen thuén chiing
“YY” con hat xanh c¢6 gen “yy” (tén goi “Y” va “y” & day la tuy tién).
Khi lai nhau, thi mot ntta gen ctia cdy nay ghép véi mot niia gen clia
ciy kia d€ tao thanh gen cta cdy con. Cc cy thé hé tha hai déu c6

gen “Yy”, va mau hat cia gen “Yy” ciing 14 vang. Dén thé hé thit ba,

23



Chuong 1. Xdc sudt la gt

khi lai “Yy” v6i “Yy” thi ¢6 4 kha nidng xay ra : “YY”, “Yy”, “yY” va
“vy”. (“Yy” va “yY” 1a gibng nhau vé gen, nhung viét nhu véy la dé
phén biét 14 phin “Y” dén tit cAy tht nhat hay cay thi hai trong 2 cay
lai v6i nhau). V& 1y thuyét, c6 thé coi 4 kha ning trén 1 ¢ xac sult
xay ra bing nhau. Béi vy xac suit dé ciy thé hé thit ba c6 gen “yy”
(hat mau xanh) 1a 1/4. Trong rit nhiéu nim sau khi c6ng b, céng
trinh cia Mendel khéng dudc cac nha khoa hoc khac quan tdm dén,

nhung ngay nay Mendel dudc coi 13 cha t8 ctia di truyén hoc.

1.2 M6 hinh toan hoc ctia xac suat

1.2.1 Khéng gian xac sut

Khong gian xac suit 13 mét khai niém toan hoc nham tritu tuong

hoéa 3 tién dé phia trén vé su nhat quan ctia xac suét.

Dinh nghia 1.1. Mét khong gian xac sudt la mét tdp hop Q, cing
VOi:

1) Mot ho S cdc tdp con ctia €, théa mdn cdc tinh chdt sau: Q € S,
vanéu A BeSthi AUBeS, ANBeSvaA:=Q\AecS. Mot ho
nhu vdy dugc goi la mét dai sb cdc tdp con ciia Q. Trong trudng hop
Q la mot tdp c6 vé han cdc phdn tiz, thi chiing ta sé doi héi thém diéu
kién sau: Néu A;,i = 1,2,3,...1a mot day v6 han cdc phcAin tit cia S,
thi hop |J;2, A; cling thudc ho S. V6i thém diéu kién nay, S dugc goi
la mét sigma-dai s6. Cdc phdn tit ciia S duoc goi la la tdp hop con do
dudc ciia khéng gian xdc sudt.

2) Mot ham s6 thuc P : S — R trén S, dugc goi ld phan bd xac
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suat hay d6 do xac suét trén Q, théa mdn cdc tinh chdt sau:
i) Voimoi A € S, ta co

0< P(A) <1 (1.6)
i)
P(0) =0, P(Q) = 1. (1.7)
iii) Néu AN B = { thi
P(AUB) = P(A) + P(B). (1.8)

Tong qudt hon, néu A;,i = 1,2,3,... la mét ddy cdc tdp hop con do
dugc khong giao nhau thi

Pl JA) =) _P(Ay). (1.9)

Ghi chii 1.1. 1) Khéng gian xac sudt Q con dude goi 1a khong gian
mau (sample space), va nd 14 mé hinh toan hoc tritu tuong cho vin
dé tinh toan xac suit dang dudc quan tAm. Mbi phin ti ctia Q ¢ thé
dudc goi 12 mét su kién thanh phan (elementary event). Néu A 13
mot phan tit ctia Q thi ta ciing c6 thé viét P(A) va hiéu 1a P({A}),
trong d6 {A} 13 tip con ctia 2 chita duy nhit mét phan tit A. M&i su
kién 14 mét tip con cta €2, va cb thé gbm nhiéu (tham chi v6 han) su
kién thanh phan. Khéng nhét thiét tdp con nao ctia Q ciing do dugde
(ttic 13 nam trong ho S), va chiing ta sé chi quan tdm dén nhiing tip
con do dudc.

2) Trong toan hoc, mot dai s6 14 mot tip hop véi cac phép tinh cong,
trtr, va phép nhan (khong nhét thiét phai c6 phép chia). Cac tinh chit

ctia ho S trong dinh nghia khong gian xac suit khién né 1a mét dai
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Hinh 1.2: A. N. Kolmogorov

s6 theo nghia nhu vAy: Phén ti 0 trong S 13 tip rdng, phan t& don vi
trong S 1a tap 2, phép nhan trong S 1a phép giao: Ax B := ANB, va
phép cong trong S 1a phép A+ B := (AUB)\(ANB) = (A\B)U(B\A).
Dai s6 nay c6 sb dic trung bing 2, tiic 13 24 = A+ A = 0 v6i moi
A (va béi viy phép cong va phép trit chang qua 1a mét). Ching ta
mudn S 14 mot dai sb chinh 14 d€ cho viée 1am cac phép tinh sb hoc
v6i x4c sudt duge thuén tién.

3) bing thiic duoc goi 13 tinh chit sigma clia x4c sult. Trong
toan, chit cai hy lap sigma thudng diing dé ky hiéu téng, véi hitu han

hay v6 han cac thanh phan. Tinh chit sigma 13 tinh chdt cdng tinh vé
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han: khi c6 mot ddy vé han cac tip con khéng giao nhau, xac suét
ctia hop ctia ching ciing bing t8ng v6 han ctia cac xac sut clia cac
tAp con. Tinh chit sigma chinh 14 tinh chit cho phép ching ta ldy gidi
han trong viéc tinh toan xac sudt. Ching han nhu, néu 4, c 4, C ...
1a mot day tdng cac tdp con clia 2, va A = lim, o 4, = Uy An,
thi ta c6 thé viét P(A) = lim,_,oc P(A,), béi vi

P(A) = P(4 U | (Aus1 \ A) = P(A) + 3 P(Auar \ A)

n=1 n=1
= P(A1)+ lim kz P(Ap+1\Ar) = P(A1)+ lim (P(Ap41)—P(A1))
=1

(1.10)

Phép toan ldy gidi han 13 phép toan co ban nhét cia gidi tich toan
hoc, va moi phép toan giai tich khac nhu dao ham, tich phéan, v.v.
déu cé thé duge dinh nghia qua phép 14y gi6i han. Béi vAy, tinh chét
sigma chinh 13 tinh chét cho phép ching ta st dung giai tich toan
hoc trong viéc nghién cttu xac suit. Cic nha toan hoc ¢8 dién trong
thé ky 18 va 19 da dung cac phép tinh vi tich phén trong xac suét,
tiic 12 dd dung tinh chit sigma. V@& mit truc gidc, tinh chit sigma
12 mé rong hién nhién cta tinh chit cong tinh . Tuy nhién, noi
mot cach chit ché toan hoc, ding thitc khong suy ra dudc tu
déng thitc , va phai dugc coi 1a mét tién dé trong xac suit. Tién
dé nay dugc dua ra bdi nha toan hoc ngudi Nga Andrei Nikolaievitch
Kolmogorov (1903-1987), ngusi xiy dung nén tang cho 1y thuyét xac

suat hién dai.

Bai tdp 1.2. Chitng minh ring, véi 3 tip con A, B, C (do dugc) bét
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Chuong 1. Xdc sudt la gi
ky trong mét khong gian xac sudt, ta co:
P(AUBUC) = P(A) + P(B) + P(C) — P(AN B)

—P(BNC)—P(CNA)+P(ANBNC).

1.2.2 Phan bd xac suit Bernoulli

Hinh 1.3: Bia md cta “mathematicus incomparabilis” J. Bernoulli &

Basel

Khong gian xac suit don gian nhit ma khéng tim thudng 1a
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khong gian sinh bdi ding 1 su kién A va pha dinh A cta né: Q =
{A, A}. Phan bb xac suét trén Q trong trudng hop ndy dudc xac
dinh béi ding mot sb p = P(A). Phan bd nay duge goi 13 phan bd
Bernoulli, theo tén ctia Jacob Bernoulli (1654-1705), mot nha toan
hoc ngudi Thuy Si.

Vi du 1.6. Mot van dong vién ban sting, nham vao dich ban 1 phat
sting. C6 hai su kién dbi 14p nhau cé thé xay ra 1a A = “bin tring”
va A = “bin trudt”. Gia st xac sudt bin tring 13 95%. Khi d6 ta
6 khéng gian xac sudt Q = {4, A} v6i phan bd xac suit Bernoulli
v6i p = P(A) = 95%. Xac sult cia A (su kién “bin trudt”) bang
1—-p=1-95% = 5%.

Vi du 1.7. (Cai kim cta Buffon). B4 tudc George-Louis Leclerc de
Buffon (1707-1788) la mot nha khoa hoc tu nhién 16n, nghién cttu
vé thuc vat, déng vat, trai dat, lich st tu nhién, v.v. Thoi tré, 6ng ta
dac biét thich toan hoc, va vao ndm 1733 c6 trinh 1én Vién Ham 1am
Phap mét céng trinh nhan dé “Sur le jeu du franc-carreau” (vé trd
choi franc-carreau, la mét tro chai ca cude thinh hanh thdoi d6: ngusi
ta tung 1 dong tién vao 1 6 vudng va cd cudc nhau xem vi tri né
sé nam chd nao). Trong cong trinh nay, cac phép toan vi tich phan
dugc Buffon dua vio ly thuyét xac suit. Buffon con 13 ngudi nghi ra
phuong phap sau day dé€ tinh sb 7: Liy 1 t& gidy to va 1 cai kim. Ké
cac dudng thing song song trén td gidy, cach déu nhau mét khoang
cach ding bang chiéu dai cta cai kim. Tung cai kim mot cach ngiu
nhién 1én trén to gidy. C6 hai kha ning xay ra: 1) kim ndm deé 1én 1
dudng thang trong cac dudng dugc ké; 2) kim nam lot vio gitta hai
duong thang. Buffon tinh ra ring, su kién “kim nidm dé 1én 1 dudng
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thdng” c6 xac suét bang 1/m. Nhu véy hai su kién “ndm dé 1én 1
duong thang” va “nim lot vio gitta hai dudng thang” hop thanh mét
khéng gian x4c suit Bernoulli véi p = 1 /7. Tung kim n 14n, va goi sb
14n kim nam dé 1én 1 dudng thing trong sb n 14n tung 14 b,,. Khi d6,
theo luét sb 16n, b, /n tién t6i p = 1/7 khi n tién t6i v6 cling. B4i vay
dé€ x4p xi tinh s6 7, 6 thé lam nhu sau: tung kim that nhiéu lan, dém
s6 14n kim dé 1én trén 1 dudng thang, roi liy sb 14n tung chia cho sb
dé. Phuong phap tung kim ctia Buffon chinh 14 tién thin cta phuong
phap Monte-Carlo trong toan hoc.

1.2.3 Phan bb xac suit déu

Pinh nghia 1.2. Phdn bb xdc sudt P trén khéng gian xdc sudt hitu han
véi N phdn tit Q = {4y, ..., Ay} duoc goi la phan bb xac suat déu
néu nhu P(A;) = ... = P(Ax) = 1/N.

Tét nhién, mbi khéng gian x4c sudt v6i mot sb hitu han cac phan

tlt chi c6 duy nhét mét phan bb xac sudt déu trén do.
Ghi chii 1.2. Khéi niém phén bd déu khong mé rdng dugc 1én cc
khoéng gian xac sudt cé sb6 phan ti 1a v6 han va dém dugc, béi vi 1
chia cho v6 ciing bang 0, nhung ma tng ctia mot chudi vé han s6 0
van bang 0 cht khong bang 1.

Cac phén bb xac sudt déu 14 cac phan b6 quan trong hay gip trong
thuc té. Ly do chinh din dén phan bb xac sudt déu 1a tinh ddi xing,
cdn bdng, hay hodn vi dugc clia cac su kién thanh phan.

Vi du 1.8. LAy mét b bai ti 1o kho méi ¢6 52 quan, dit nim sap. Khi

d6 xé4c suét d€ rat mot con bai trong d6 ra mét cach tiy v dude con
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BLEF
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Hinh 1.4: Tugng cta Buffon & Jardin des Plantes, Paris

“2 Co” (hay bat ky “s6” nao khac) bing 1/52. Vi sao vay? Vi cic con
bai khi dit ndm sip thi gibng hét nhau, khéng thé phin biét duge
con ndo véi con ndo, sb nao ciing ¢6 thé dude viét dudi bat ky con
bai ndo, va néu chuyén chd 2 con bai trong bd bai véi nhau thi tréng
bd bai vin hét nhu cii (d4y chinh 13 tinh “dbi xing”, “hoan vi dudc”).
Ngudi quan sat khéng c6 thong tin gi d€ c6 thé nhan biét duoc sb
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nao dé nam & phia duéi con bai nao hon trong cac con bai ding nam
sip, va khi d6 thi phai coi ring xac suét ctia cac s6 1a nhu nhau. Néu
nhu ¢6 nhitng con bai “duge danh diu” (choi dn gian), thi tAt nhién
dbi v6i ngudi biét chuyén danh diu, khong con phén bb xac sudt déu

nua.

Cong thiic d€ tinh x4c sult cia mét su kién trong mdt phan bd
xac suit déu rit don gian: Néu nhu khéng gian xac suét Q v6i phan
bb x4c sudt déu c6 N phin ti, va su kién duge bifu dién bang mot
tAp con A clia Q v6i k phan tt, thi xac suét clia A bang k/N:

Ak

P(A) = ;ig = (1.11)
Vi du 1.9. Gia st mét gia dinh c¢6 3 con. Khi d6 xac sudt d€ gia dinh
d6 ¢ 2 con trai 1 con gai 1a bao nhiéu. Chiing ta c6 thé 14p mé hinh
xac sult v6i 4 su kién thanh phan: 3 trai, 2 trai 1 gai, 1 trai 2 gai, 3
gai. Thé nhung 4 su kién thanh phin d6 khéng “can bang” v6i nhau,
va béi vAy khong két ludn dudc ring xac suit cta “2 trai 1 gai” 1a
1/4. D€ c6 khong gian xac sult v6i phan bd déu, ta ¢6 thé 1ap mo
hinh x4c suét v6i 8 su kién thanh phan nhu sau:

Q= {TTT,TTG,TGT,TGG,GTT,GTG,GGT, GGG}.
(Ching han, GGT c6 nghia 13 con thi nhit 13 con gai, con tht hai 1a
con gai, con thit ba la con trai). Su kién “2 trai mdi gai” 1a hop ctua
3 su kién thanh phan trong mé hinh xac suit nay: TTG, TGT,GTT.
Nhu vAy x4c suit clia n bang 3/8.

Bai tdp 1.3. C6 mét nhom n ban, trong d6 ¢6 hai ban Vova va Lily.
Xép cac ban trong nhém thanh mét hang doc mét cach ngiu nhién.

Hoi xac sudt dé Vova 6 vi tri ngay sau Lily trong hang 1a bao nhiéu?
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Bai tdp 1.4. Mot nhém c6 5 ngudi, véi 5 tén khac nhau. Mbi ngudi
viét tén cia mot ngudi khac trong nhém mét cach ngdu nhién vao

gidy. Tinh xac suat dé c6 2 ngudi trong nhém viét tén clia nhau.

Bdi tdp 1.5. Gia st trong mot gidi béng d4 d4u loai truc tiép c6 8 ddi
A, B, C, D, E, E G, H tham gia: vong 1 ¢6 4 tran, vong 2 c6 2 tran,
vong 3 (vong cubi cling) ¢6 1 trin. Gia st xac sudt d¢€ mbi déi thing
mdi trdn déu 13 1/2, va cac d6i bat tham dé xem ddi ndo dau véi doi
nao & vong dau, cac vong sau thi dudc xép theo két qua vong trudc.

Tinh x4c suit d€ d6i A c6 diu véi ddi B trong giai.

1.2.4 Mb hinh x4c suét véi v6 han céac su kién

Moi vin dé xuét phat tit thuc t& déu chi ¢ mét s6 hitu han cac
su kién thanh phan. Nhung khi ma sé su kién thanh phan dé 16n, thi
ngudi ta c¢6 thé ding cdc mé hinh toan hoc véi v han phan tit dé

biéu dién, cho dé& hinh dung va tién tinh toan.

Vi du 1.10. Néu ta quan tdm dén luong khach hang trong mét ngay
clia mot siéu thi, thi c6 thé dung tip hop cac s6 nguyén khong 4m
Z.. 1am khong gian xac sut: mbi sé n € Z, ting véi mot su kién “sb
khach trong ngay 1a n”. VAn dé tiép theo 1a chon phén bd xac suét
ndo trén Z, cho hop 1y (phan anh kha chinh x4c thuc té xay ra, déng
thai lai tién cho viéc tinh toan)? Vi du ngudi ta cé thé dung phéin
bb x4c sult sau trén Z., goi 1a phan bd Poisson (doc 1a Poa-Sc“))\%g):

AT .
S\ /s . ;oY o ) o
P(n)=e o v6imoin € Z,. (Chuyrang E P(n) = E ey =

)\TL IN 7 N A A 7 A >
e E - = e e = 1, nhu viy cac tién dé vé xac suat dugc thda
n.

n
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mén). Phan b6 Poisson ing véi hai gid thuyét: lugng khach hang
trung binh trong mét ngdy 1a )\, va cac khach hang di dén siéu thi
mot cach ngdu nhién va déc 14p v6i nhau. Ching ta sé tim hiéu k§
hon vé phan b Poisson trong nhitng phan sau.

Vidu 1.11. Ta biét ring c6 mét xe 6 t6 X dang d4u & trén méot khiic
phd Z, va ta quan tAm dén vi tri cia X trén phé d6. Ta c6 thé mo
hinh X bing 1 difm, Z bing mot doan thing va liy doan thing dé
Jam khéng gian xac sult: Q = [a,b], a,b € R, a < b. (M6 hinh x4c sult
lién tuc nay c6 sb phan ti 14 continuum, khong dém dugc). Su kién
“6 t6 6 & chd nao dé trén khic phd” chuyén thanh su kién “diém =z
nim trong mét doan thang con nao dé6 trén doan thang Q = [a, b]”.
Ta c6 thé chon phan bb xac sut déu trén Q = [a, b] theo nghia sau:
x4c sult clia mbi doan thing con trén  ty 16 thuin véi db dai caa
doan thing con d6, va bing chiéu dai cia doan thing con dé chia
cho chiéu dai ctia Q: P([e,d]) = (d — ¢)/(b— a).

1.2.5 Anh xa giita cac khong gian xac suit

Cung mét van dé tinh todn xac sudt, ta cé thé 14p nhiéu m6 hinh
khéng gian xac suit khac nhau. Vi du, mé hinh xac sut don gian
nhét cho su kién “bi 6m” sé 13 m6 hinh Bernoulli ; = {S,H} véi
2 su kién S = “bi 6m” (sick) va H = “khong bi 6m” (healthy). Nhu
ta cling c6 thé chia nhé su kién bi é6m ra thanh rit nhiéu su kién
con, vi du nhu “6m bénh A”, “6m bénh B”, “6m ca bénh A 14n bénh
B”, v.v. va su kién “khéng bi dm” ciing ¢ thé chia thanh nhiéu su
kién con, vi du nhu “rit khde”, “kh6éng 6m nhung ma yéu”, v.v. Khi

chia nhé nhu vdy, ta dude mé hinh xac suit v6i mot khong gian xac
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sult Qy = {S1,8s,...,Hy, Hy, ...} vGi nhiéu phan t& hon. Hai khong
gian d6 lién quan v6i nhau bdi mot anh xa ¢ : Qs — O, ¢(S;) =
S,¢(H;) = H. TAt nhién, khi ta chia nhé su kién S ra thanh nhiéu su
kién (khong giao nhau) Sy, Ss, ..., thi khéng phai vi thé ma xac suit

ctia né thay déi. No6i cach khac, ta phai cé

P(S) = P(¢7(S)) = P(U;S;) = Y _ P(S)) (1.12)

Tinh chat trén 1a tinh chat bao toan xac suat cua anh xa ¢. Noi

mot cach tong quat, ta cé dinh nghia sau:

DPinh nghia 1.3. Mot dnh xa ¢ : (1, P1) — (Q2, P2) tu mét khong
gian xdc sudt (Qy, P1) vao mdt khong gian xdc sudt (Q, P2) dugc goi
ld mét anh xa bao toan xac suat néu né bdo toan dé do xdc sudt, c6

nghia la véi moi tdp con B C 5 do dudc, ta co
Pi(¢~'(B)) = P2(B) (1.13)

Néu hon nita, ¢ la mét song dnh modulo nhitng tdp cd xdc sudt bang
0, c6 nghia la tén tai cdc tdp con A € Q, B € Qy sao cho Py(A) =
Py(B) =0va ¢:Q \ A— Qy\ Blasong dnh bdo toan xdc sudt), thi
¢ dugc goi la mot dfmg cAu xac sudt, va ta ndi rdng (Qq, P) ddng

cau xdc suat voi (Qa, Py).

Vi du 1.12. Dit 4 ban Al, Ben, Cam, Don ngéi vao 4 ghé A B, C D
mot cach hoan toan ngiu nhién. Tinh x4c suit d€ Al duge dit ngdi
vao ghé A. C6 4 ghé, va xac sult d€ Al ngdi vio mbi nghé trong 4 ghé
d6 coi 1a bang nhau (vi khong c6 ¢6 gi d€ coi 1a khac nhau), béi vay

xac suat d€ Al ngdi vao ghé A 1a 1/4. Nhung ciing ¢6 thé Iy luan ty
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méan hon nhu sau: ¢6 téng cong 4! = 24 cach dit 4 ban ngdi vao 4
ghé, trong d6 c6 3! = 6 cach c6 Al ngdi vao ghé A. Béi vy xac suét
dé€ Al ngdi vao ghé A 1a 6/24 = 4. Hai cach giai cho cing mét dap
s6, nhung st dung hai khéng gian xac suét khac nhau: khéng gian
thtt nhit c6 4 phan ti, con khéng gian tht hai c6 24 phan ti. C6
mot phép chiéu tu nhién bao toan xac suit tir khdng gian thit hai 1én
khéng gian thit nhét.

Dinh 1y 1.1. Néu (Q4, P1) la mot khéng gian xdc sudt, va ¢ : Q0 — Qs

la mét dnh xa tity y, thi ton tai mot dé do xdc sudt Py trén Qs, sao cho

dnh xa ¢ : (2, P1) — (2, P) la dnh xa bdo toan xdc sudt.

Chitng minh. C6 thé xay dung P, theo cong thitc sau: v6i mdi tap
con B C €2y, néu ton tai P (¢ '(B)) thi ta dit

Py(B) == Pi(¢7(B)) (1.14)

D6 do x4c sudt P, dinh nghia theo c6ng thic trén dudc goi 1a push-
forward clia P, qua anh xa ¢, hay con goi 13 phan bd xac sut cam
sinh ttt P; qua anh xa ¢. O
Bdi tdp 1.6. Chting minh ring quan hé ding ciu xac sult gifta cac

khoéng gian x4c suit 13 mét quan hé tuong duong.

1.2.6 Tich cta cac khong gian xac suit

Néu M va N 1a hai tdp hop, thi tich clia chiing (hay con goi 1a
tich truc tiép, hay tich Descartes), ky hiéu 13 M x N, 14 tip hop cac
cip phan tit (z,y), # € M,y € N. Trong trudng hop M = (1, Py)
va N = (Qq, P») 1a hai khong gian xac sult, thi tich Q5 x O, cling
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c6 mot db do xac suit P, duge xac dinh mdt cach tu nhién béi Py
va P béng cong thtic sau: Néu A; C 9 va Ay C Oy ndm trong cac

sigma-dai sb tuong ting ctia Py va P, thi:

P(Al X Ag) = Pl(Al) X PQ(AQ) (115)

Sigma-dai sb ctia P chinh 14 sigma dai s6 sinh béi cac tip con ctia
Q1 x Qs c6 dang A; x A nhu trén. Khi ta néi dén tich truc tiép cta
hai khéng gian xac sudt, ta sé hiéu 1a né di kém dé do xac suét duge
xac dinh nhu trén.

Tuong tu nhu vy, ta c6 thé dinh nghia tich truc tiép ctia n khéng
gian xac sult, hay tham chi tich truc tiép cta mét diy v6 han céc

khong gian xac suat.

Pinh ly 1.2. Hai phép chiéu tu nhién tir tich (1, Py) x (Q, P,) clia
hai khéng gian xdc sudt xubng (Q1, Py) va (Qq, P2) la hai dnh xa bdo

toan xdc sudt.

Vi du 1.13. LAy 1 ddng xu tung 3 14n, m&i 14n hién 1én S (sip) hoic
N (ngtta). Khong gian xac sut cac su kién & dy la khong gian cac
day 3 chit cdi ma mdi chit cai la S hay N:

0 = {59, SSN, SNS, SNN, NSS, NSN, NNS, NNN}.
Ky hiéu (Qx = {Sk, Nk}, Pr) la khong gian xac suét clia mit hién 1én
trong lan tung th k. Ta gia st cac két qua cla cac lan tung 13 doc lap
v6i nhau (ttc 1a két qua 14n truée khong anh hudng dén két qua caa

cac 14n sau), khi d6 Q c6 thé coi 1a tich truc tiép cta cac khong gian

xac suat (Q = {Sy, N}, Pp.). Gia st déng xu 13 “cAn bang”, hai mit
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sip ngtlta c6 xac suat hién lén gibng nhau trong mdi 14n tung. Khi dé
cac khong gian (Qx = {Sk, Nk}, Px) la dezlng cAu v6i nhau va v6i mot
khéng gian xac suit Bernoulli v6i tham s6 p = 1 /2. Ta c6 thé viét:
Q={S,N}?

Vi du 1.14. Trong vi du trén, néu thay vi chi tung déng xtc sic c6
3 14n, ta hinh dung la ta tung v6 han lan (trong thuc té khéng lam
dudc nhu vay, nhung cit gia st ta ¢6 v6 han thoi gian va lam dudce
nhu vay). Khi d6 mbi su kién dudc c6 thé dude danh diu bing mot
ddy v6 han cac chit cai ma mdi chit 1a S hodc N, va khong gian xac
suit 1a

Q={s N}

Ta c6 thé x4y dung mét 4nh xa bao toan xac sudt sau tit {S, N} vao

doan thang [0, 1] v6i phan b xac suit déu trén dé:

¢> 7 ’LGN ZX /21

G day mbi M; 1a S hodc N, va x(N) = 0, x(S) = 1. Anh xa
¢: {S, N} —[0,1]

x4y dung nhu trén khoéng phai 1a mot song anh, nhung né 1a mot

2 A ; A
dang cau xac suat!

Vi du 1.15. Bai toan Méré. Hiép si de Méré (tén khai sinh la Antoine
Gombaud (1607-1684), 1a nha vin va nha triét hoc ngudi Phap) la
mot nhén vat lich st nghién danh bac. Ong ta hay choi xtc sic, va
nhén thiy ring trong hai sy kién sau:

A = “Tung mot con xuc sac 4 lan, c6 it nhat 1 lan hién 1én 6”, va
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Hinh 1.5: Blaise Pascal (1623-1662)

B = “Tung mét déi xic sic 24 14n, 6 it nhét 1 14n hién 1én mot do6i
67,

thi B it xay ra hon A. Tuy nhién 6ng ta khong gidi thich dudc tai sao.
Theo 6ng ta thi dang nhé hai su kién d6 phai cé kha ning xay ra bang
nhau, vi 24 = 6 x 4. Ong ta bén héi ban minh 14 nha todn hoc va triét
hoc Blaise Pascal (1623-1662), vao nam 1654. Pascal luc d6 da “tu
b toan”, nhung c6 nhén 16i suy nghi vé cAu héi cia de Méré. Sau dé
Pascal viét thu trao déi véi Pierre de Fermat (159?-1665), mot luét su
ddng thoi 14 nha toan hoc & ving Toulouse (Phap). Hai ngudi cling

nhau phat minh ra Iy thuyét xdc sudt ¢d dién, va giai dugc bai toan
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ctia de Méré. Két qua la: P(A) =1—P(A) =1—(1—1/6)* ~ 0,5177,
vaP(B)=1-P(B)=1-(1-(1/6)%)2*~0,4914.

7
B
= P iip‘x

Hinh 1.6: Fermat va “nang toan”. Tugng & Toulouse.

Bdi tdp 1.7. Chling minh dinh ly[1.2]
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1.2.7 Phan b nhi thirc

Phéin bb nhi thiic 13 mot trong nhitng phan bd hay gip nhit, va
n6 1a mét vi du vé su xuét hién cac phép toan t& hop trong xac suét

théng ké.

Pinh nghia 1.4. Phan bb nhi thitc véi cdc tham s6 n,p (n € N,0 <
p < 1) la phdn bb xdc sudt

P(k) = ChpF(1 — p)ynF (1.16)
trén tdp hop Q = {0,1,2,...,n}.

O day, ck = 14 nhi thitc Newton. Y nghia t6 hop ctia

nl
kl(n — k)!
CFk 1a: né 1a s6 cac tap con c6 ding k phan ti trong mot tAp hop cb n
phan tk, hay néi cach khac, né 1a sb cach chon ra mét nhém con véi
k phin td, tt mot nhém cé n phan ta.

Nhic lai rang ta c6 cong thitc dai sb quen thudc sau:
x+y ch k, n— k (1.17)

Néu thay z bang p Va‘l y bang 1 — p trong cong thitc trén, thi ta cb
S Ckpk(1 — p)»~F =1, chitng té dinh nghia phan b6 xac suét nhi
thiic trén phtl hop véi cac tién dé vé xac suét.

Y nghia ctia phan b nhi thtic nhu sau: Khi ta 1am n 14n mot phép
tht nao d6, va mbi lan thi x4c suit x4y ra két qua A ndo dé 1a p (vi
du: mét ngudi bin sting n 14n, x4c suit tring dich méi 14n 13 p), va

gia st 1a két qua ctia cac 1an thit khac nhau ddc 14p v6i nhau (1an thi
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nay khéng anh hudng dén 14n thtt khac), thi tong sb 1an x4y ra két
qua A trong sb n 14n dé 13 mot sb nguyén nim giita 0 va n, va véi
mbi k = 0,1,2,...,n, xc sit cta su kién "sb 14n ra két qua A 13 k"
bang Cpk(1 — p)"*.

That véy, néu ta lay khéng gian xac suit cho méi phép thit 1a
khéng gian {A, A}, thi khéng gian xac sult cac trudng hop ctia n 14n
thit 1a {A, A}" (cac phin ti ctia khéng gian nay 1a cac day n két qua,
ma mdi két qua 13 A hodc A. C6 C* phan tit ctia khong gian {4, A"
c6 chita diing k két qua A va (n — k) két qua A. Xac sut ctia mbi
phan tit d6 1a p*(1 — p)* theo c6ng thic tich clia xac suét. Béi vay
xac sudt clia su kién "két qua A xay ra k 14n" sb phan t cla su kién
nay (hiéu nhu 13 mot tip con ctia khong gian xac suit) nhan véi xac
suét clia mot phén tit (vi cdc phn td ndy c6 cling xac suit), va bing
Chpk(1 —p)"*.

Bai tdp 1.8. Hai vAn déng vién Nam va Tién choi mét trin tennis.
Ai thing dudc 3 set truéce thi thing ca trin. Gia st xac suit d€ Nam
thdng mbi set 14 40% (d€ Tién thing mai set 12 60%, va két qua ctia
set nay khong anh hudng dén set khac). Hoi xac sudt d€ Nam théng

tran tennis la bao nhiéu?
1.3 Xac suat co diéu kién

1.3.1 Dinh nghia xac suét c6 diéu kién

Nhu chiing ta di biét, x4c sult ctia mét su kién 6 thé phu thude

\ + A A A <A oA , N A s N
vao nhiéu yéu to, diéu kién khac nhau. Dé chi ra mot cach cu thé hon
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vé viéc xac suat ctia mét su kién A nao dé phu thudc vao moét diéu
kién B nao d6 ra sao, ngudi ta dua ra khai niém xac suat co diéu

oA <A fUN ~ , R R \ A PN /. \ A 7
kién. biéu kién B cling co6 thé hiéu la mot su kién, tiic la su kién “co
B”

Pinh nghia 1.5. Gid sit (trong mét khéng gian xdc sudt nao dé) diéu
kién B c6 xdc sudt khdc khéng, P(B) > 0, thi xac suit ctia su kién A
dudi diéu kién B, ky hiéu la P(A|B), duoc dinh nghia nhu sau:

P(AN B)

PAIB) = —5 5

(1.18)
Mot hé qua truc tiép clia dinh nghia x4c suit c6 diéu kién 13 céng
thiec tich sau day:

P(AN B) = P(A|B).P(B). (1.19)

Tht nhién, ta cling c6 thé coi B 1a su kién, A 13 diéu kién, va khi d6
ta c6 P(AN B) = P(B|A).P(A)

Vi du 1.16. Mot 16p hoc c6 30 ban, trong d6 ¢6 17 ban nit va 13 ban
nam. C6 3 ban tén la Thanh, trong d6 c6 1 ban nit va 2 ban nam.
Thiy gido goi ngiu nhién 1 ban 1én bang. Xac suit d€ ban dé cb
tén 13 Thanh sé 1a 1/10. Nhung véi diéu kién “d6 13 ban nit” thi x4c
suit d€ ban d6 tén 1a Thanh 1a 1/17. Su kién & day 1a A = “tén Ia
Thanh”, va diéu kién 14 B = “nit”. Khong gian xac suét  c6 30 phan
tlt, v6i phan b xac sudt déu. A c6 3 phin th, B c¢6 17 phan td, va
AN B c6 1 phan th. BSi vAy: P(A) = Z5 = 3/30 = 1/10; P(A|B) =
P(AN B)/P(B) = (1/30)/(17/30) = 1/17. Cht1 ¥ rang, trong vi du
nay ta c6 P(A|B) # P(A). VAn vi du nay, néu thiy gido goi 1 ban c6
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tén 1a Thanh 1én bang, thi x4c suit d€ ban d6 1 ban nit 1 bao nhiéu?
Loi gidi: trong 3 ban Thanh c6 1 ban 13 nit, béi vy xac sult 1a 1/3.
Stt dung céng thiic P(A N B) = P(B|A).P(A) v6i xac suit c6 diéu
kién, ta cling c6 P(B|A) = P(AN B)/P(A) = (1/30)/(1/10) = 1/3.

(Cau héi: Vi sao hai cach giai khac nhau lai ra két qua gibng nhau?)

Ghi chii 1.3. C6 thé gidi thich ¥ nghia triét 1y va toan hoc ctia dinh
nghia x4c suit c6 diéu kién nhu sau: Su kién A cing véi diéu kién
B chinh 14 su kién A N B, tiic 1a “cid A va B cung xay ra”. Ta c6 thé
coi A va B 13 hai tip con clia mét khong gian xac suit ) ban diu.
Céc tAp con cta B chinh 13 cdc su kién véi diéu kién B duoc thoa
man. Khi chiing ta dit diéu kién B, thi tdc 13 chlng ta di han ché
khoéng gian xac sudt tit Q xubng con B, va han ché cac su kién A
xubng con A N B. Xac suit clia A véi diéu kién B chinh 13 x4c suét
ctia A N B trong khong gian xac sudt méi B véi mot db do xac sut
Pi: P(A|B) = P,(AN B). bb do xac suit P, khéng tly ¥, ma né dugc
sinh ra béi d6 do xac suit P ban dau, theo nguyén tic “binh quan”:
néu C va D 1a hai tip con ctia B (tdc 1a 2 sy kién théa mén diéu
kién B) véi cling xac suit, P(C) = P(D), thi ta ciing phai coi ring
chiing c6 cting xac suit c6 diéu kién: P,(C) = Py (D). M6t cach téng
quat hon, ta c6 cong thic ty 1é thudn: P(C)/P(D) = P,(C)/Pi(D)
néu C va D 1a hai tip con ctia B. Tit d6 suy ra: P(AN B)/P(B) =
PI(ANB)/P(B) = PI(ANB) = P(A|B) (béivi P(B) = 1).

Vi du 1.17. Theo mét con sb théng ké 6 My nim 2007, c6 khoang
40% cac vu tai nan xe c6 gay chét ngudi 13 c6 ngudi 1ai say ruou.
Gi4 st ty 1& sb ngudi say rugu khi 1ai xe 13 4%. Hai viée xay ruou khi

14i xe 1am ting kha ning giy tai nan chét ngudi 1én bao nhiéu l1an?
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N6i cach khac, chling ta mubn tinh ty 18 P(A|S)/P(A), & day A 1a su
kién “lai xe x4y ra tai nan chét ngudi”, S 1a diéu kién “ngusi lai say
rugu”. Tt cong thitc P(AN S) = P(A|S).P(S) = P(S|A).P(A) ta cd
P(A|S)/P(A) = P(S]A)/P(S) = 40%/4% = 10, tic la viéc say rugu
khi 14i xe c6 thé 1am ting kha ning géy tai nan xe ¢ chét ngudi 1én
10 lan.

Bai tdp 1.9. C6 hai su kién A va B véi x4c sut 16n hon 0. Khi nao thi
ta c6 P(A|B) = P(B|A)?

Bai tdp 1.10. Ta biet rang mét nha no ¢6 3 con meo, trong dd co it
A \ \ 7. .Y ’ A » \ A \ \
nhat 1 con 1a méo cai. Hoi rang xac suat dé ca 3 con meo déu la méo

cai 1a bao nhiéu?

1.3.2 Su doc lap va phu thudc cua cac su kién

Thé nao 13 hai su kién doc l4p v6i nhau? V& mit triét 1y, hai su
kién doc 14p 13 hai su kién khéng lién quan gi dén nhau. Vi du, t6i
khong lién quan gi dén déi béng d4 Barcelona. Déi dé da thing hay
thua t6i ciing khong quan tdm, khong dnh hudng gi dén viéc t6i 6
phai di chg hay khong. Hai su kién “t6i di chg” va “d6i Barcelona
thang” c6 thé coi 1a doc 14p v6i nhau. Néu hai su kién A va B doc lap
v6i nhau, thi viéc ¢6 xay ra hay khéng su kién B khong anh hudng gi
dén viéc c6 x4y ra hay khong su kién A. N6i cach khac, xac suét caa
A véi diéu kién B khong khac gi xac sult ctia A khi khong tinh dén
diéu kién B. DAy chinh 14 dinh nghia trong ly thuyét xac suit vé su

db6c 14p cha hai su kién:
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Pinh nghia 1.6. Su kién A duoc goi la dbc 1ap vdi su kién B néu nhu
P(A) = P(A|B) = P(AN B)/P(B), (1.20)
hay viét cdch khdc:
P(AN B) = P(A).P(B) (1.21)

Ghi chu 1.4. Cong thic P(A|B) = P(A) tuong duong véi cong thic
P(AN B) = P(A).P(B) va tudng duong véi P(B|A) = P(B). biéu
d6 c6 nghia 13 quan hé déc ldp 1a mét quan hé dbi xing: néu A doc
lap v6i B thi B doc 1ap v6i A, va ching ta ¢ thé néi la A va B
doc 1ap v6i nhau. Trong cong thitc P(A|B) = P(A) ta phai gia st la
P(B) # 0. K& ca khi P(B) = 0 thi céng thitc P(AN B) = P(A).P(B)
van c6 thé diing 1am dinh nghia dudc, va khi d6 n6 hién nhién ding:

mot su kién ¢ xac sudt bing 0 thi dbc 14p v6i moi su kién khac.

Tong quat hon, gia st ta c6 modt ho M (hitu han hodc v6 han) cac

su kién.

Pinh nghia 1.7. Ho M dugc goi la mét ho cac su kién ddc 1ap, néu
nhu véi bt ky sb tu nhién k nao va bat ky k su kién As, ..., Ay khdc

nhau nao trong ho M ta cling co:

k k
P (ﬂ Az) =11 P). (1.22)
=1 =1

Néu nhu P(A N B) = P(A).P(B) v6i bat ky hai su kién khéc
nhau nao trong ho M (tlic 1a ddng ta chi yéu cAu dang thic trén
dang trong truong hgp k = 2, thi ho M dudc goi 1a ho cac su kién
doc lap tung do6i mot.
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Ghi chi 1.5. TAt nhién néu ta c6 mét ho cac su kién doc l4p, thi cac
su kién trong ho déc 14p tiing d6i mét v6i nhau. Nhung diéu ngugc
lai khong dung: C6 nhitng ho khong doc 1ap, ma trong dé cac su kién
doc lap tung d6i moét véi nhau!
Vi du 1.18. Tung 1 xtc sic 2 1an, dudc 2 sb ky hiéu 14 a, b. Xét 3 su
kién sau: X 13 su kién “a + b1a s6 chin”, Y lasukién “a = 17 va Z 1a
su kién “b = 4”. O day khéng gian xac sut 1a khong gian ¢6 62 = 36
phan tit, m&i phan t 1a mét cip sb (a, b), mbi s6 c6 thé nhéan 1 trong
6 gia tri 1,2,3,4,5,6. Ta c6 thé gia sit khoéng gian xac sut nay c6 phan
bb x4c sult déu (2 1an tung doc 14p v6i nhau). Khi dé dé dang kiém
tra rang cac su kién X, Y, Z doc l4p tiing d6i mét v6i nhau, thé nhung
ho 3 sukién { X, Y, Z} khong phai la mét ho doc lap: P(XNYNZ) =0
trong khi P(X).P(Y).P(Z) = (1/2).(1/6).(1/6) # 0

Néu nhu hai su kién khéng déc 14p v6i nhau, thi ngudi ta néi
1a ching phu thudc vao nhau. Do tinh chit dbi xting, néu su kién
A phu thudc vao su kién B thi B ciing phu thudc vao A. Néu nhu
P(A|B) > P(B) thi ta c6 thé néi 1a diéu kién B thudn lgi cho su kién
A, va ngugc lai néu P(A) < P(A|B) thi diéu kién B khéng thudn lgi
cho su kién A.

Cong thuc P(A|B)P(B) = P(B|A)P(A) tuong duong véi cong
thic

P(A|B)/P(A) = P(B|A)/P(B), (1.23)

c6 thé dugc suy dién nhu sau: B thuan 1gi cho A (tic1a P(A|B)/P(B)
1) thi A cling thuéan 1gi cho B va ngudc lai.
Vidu 1.19. Gia st ¢ 5 hoc sinh thi ¢6 1 hoc sinh gidi toan, ¢t 3 hoc

sinh thi ¢6 1 hoc sinh gidi ngoai ngit, va trong s6 cac hoc sinh gioi
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toan thi ¢t 2 hoc sinh ¢6 1 hoc sinh gidi ngoai ngt (I6n hon ty 1é
trung binh). Khi d6 trong sb cac hoc sinh gidi ngoai ngit, ty 1é hoc
sinh gidi toan 1a 30% (cling 16n hon ty 1€ trung binh): (1/2)/(1/3) =
30%/(1/5).

Bdi tdp 1.11. Chiing minh ring néu mét su kién A doc 14p véi su kién
B, thi n6 cling doc 14p véi su kién B.

Bai tdp 1.12. Tim mo6t vi du vé6i 3 su kién A, B, C sao cho A doc lap
vGi hai su kién B va C, nhung khong doc lap véi BN C.

Bdi tdp 1.13. LAy mét b bai td 1o kho 52 quén, va rit ra tit d6 2 lan
mdi 1an 1 quén, d€ dudc 2 quan. Goi A 1a su kién “quén rit ra du
tién la quan nhép” va B la su kién “quan rat ra thit hai la quén cd”.

Hoi hai su kién A va B ¢6 doc 1ap v6i nhau khong?

1.3.3 Cong thiic xac suit toan phan

Dinh nghia 1.8. Mot ho cdc tdp con By, ..., B, cua khéng gian xdc
sudt Q la mét phan hoach (partition) ciia Q néu nhu cdc tdp B; dbi
mét khéng giao nhau, va hop cta chiing bang
BiﬂBj :@\V/Z#j , U?:lBi:Q‘ (1.24)
Néu nhu ta chua biét x4c sudt P(A) chia mét su kién A nao do,
nhung biét cac xat sudt P(B;) ciia mét phan hoach (B, ..., B,) cla
khéng gian xac sult, va biét cac xac sult c6 diéu kién P(A|B;), thi
ta c6 thé dung cong thitc sau, goi 1a c¢dng thitc xac suit toan phan

(total probability formula), dé tinh x4c suit cta A:

P(A) = iP(AﬂBZ-) = iP(A[BZ-).P(BZ-). (1.25)
=1 =1
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Trudng hop riéng cia cong thitc trén la khi ta c6 hai su kién A, B,
c6 thé st dung phén hoach (B, B = Q\ B) hai thanh phan ctia O dé

tinh xac suat cua A:

P(A) = P(ANB)+ P(ANB) = P(A|B).P(B) + P(A|B).P(B).
(1.26)
Bdi tdp 1.14. Theo mét sb liéu théng ké, nim 2004 & Canada c6
65,0% dan 6ng la thua cé va 53,4% dan ba thita cin. $6 dan 6ng
va dan ba & Canada coi nhu bang nhau. Héi rang, trong nim 2004,
xac sut d€ mot ngudi Canada duge chon ngiu nhién 13 ngudi thita

can bang bao nhiéu?

1.3.4 Cong thic Bayes

Cong thiic Bayes, mang tén ctia linh muc va nha toan hoc ngudi
Anh Thomas Bayes (1702-1761), la cong thtic ngudc, cho phép tinh
xac sult c6 diéu kién P(B|A) khi biét xac sult c6 diéu kién P(A|B)
va mot sb thong tin khic. Dang don gidn nhit cta cong thitc nay la:
Néu A, B 1 hai su kién bat ky véi xac suét khac 0 thi ta co:
P(A|B).P(B)

P(BlA) = =5 5

(1.27)

Cong thitc trén 1a hé qua truc tiép cta céng thiic P(B|A).P(A) =
P(A|B).P(B) = P(AN B) da dugc ban dén & nhitng phan trudc. Két

M Theo dinh nghia cta cac t& chitc y t&, nhitng ngudi ¢6 chi sb trong lugng co thé
(body mass index) > 25 dudc goi la thita cAn (overweight or obese), trén 30 dudc
goi 14 béo phi (obese), trén 40 14 béo bénh hoan (morbidly obese). Chi s6 trong
luong co thé dugce tinh ra tit chiéu cao va cAn ning theo cong thitc: BMI = trong
lugng (tinh theo kg) chia cho chiéu cao (tinh theo mét) binh phuong
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hop cong thitc trén véi cong thitc xac sudt toan phin cho P(A), ta
dudgc:

binh ly 1.3. Gid stt (By, ..., B,) la mét phdn hoach cua khéng gian

xdc sudt. Khi dé ta cé cong thitc Bayes sau:

 P(AIB).P(B)  P(AIBY.P(BY)
PBA ="y ~sr, raB)rE)y

véimoik =1,2,...,n.

Hinh 1.7: Thomas Bayes (1702-1761)

Cong thitc Bayes rt don gidn nhung n6 cé y nghia rit sdu xa. Mot
trong nhitng 16i ma rit nhiéu ngudi mic phai, 13 14n 16n gitta P(A|B)
va P(B|A), coi hai con s6 d6 nhu 14 bang nhau. Nhung céng thitc
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Bayes cho thdy hai con s6 d6 c6 thé chénh 1éch nhau rit nhiéu, néu
nhu P(A) va P(B) chénh léch nhau rit nhiéu! Duéi day 1a mét vi du

minh hoa diéu do.

Vi du 1.20. Day la mot bai toan dude 3 nha toan hoc Cassels, Shoen-
berger va Grayboys dem d6 60 sinh vién va can b6 y khoa tai Harvard
Medical School nim 1978®)] Gia stt c6 mot loai bénh ma ty 1é ngudi
mac bénh 13 1/1000. Gia st c6 mot loai xét nghiém, ma ai mac bénh
khi xét cling ra phan ting duong tinh, nhung ty 1é phan (tng duong
tinh nhim (false positive) 13 5% (tic 1a trong sb nhitng ngudi khong
bi bénh c6 5% s6 ngudi thit ra phan Ging duong tinh). Héi khi mot
ngudi xét nghiém bi phan ng duong tinh, thi kha ning mic bénh
ctia ngudi do6 la bao nhiéu? Theo ban la bao nhiéu? Hay thi tu tim
cAu tra 16i truéce khi doc tiép.

Néu ban tr 16i 95% (= 100% - 5%), thi ciu tra 15i ctia ban cling
gibng cAu tra 16i ctia phan 16n nhitng ngudi khac duge héi. Ta hiy thi
phén tich k§ thém vé ciu héi nay. Néu ky hiéu K 13 su kién “khéng
bi bénh” va D 14 su kién phan tng duong tinh, thi con sb 5% la
con s6 P(D|K) (xac sudt cé phan ting duong tinh khi ma khéng bi
bénh) chit khéng phai P(K|D) (xac suat khéng bi bénh khi ma c6
phan ting duong tinjg)bD[é;’ ti]r;hKP(K |D), ta dung cong thtic Bayes
P(K|D) = P(DK).P((K|) +) P((D’>K) B Taco P(D|K) = 5/100,
P(K) = 1-1/1000 = 999/1000, va P(D|K).P(K)+ P(D|K).P(K) =
(1).(1/1000) + (5/100).(999/1000) = 51/1000 (tinh x4p x1), va béi
vay: P(K|D) = (5/100).(999/1000)/(51/1000) ~ 98%. Nhu vay trong

@Ngubn: Cassels, Schoenberger and Grayboys, Interpretation by physicians of
clinical laboratory results. New England Journal of Medicine, 299 (1978), 999-1000.
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s6 nhitng ngudi xét nghiém ra duong tinh, c6 khoang 98% sb ngudi
la khong bi bénh. Noi cach khac, khi xét nghiém ra duong tinh, xac
suét dé thuc su mic bénh chi ¢ 2%!

Bai tdp 1.15. Pudc biét c6 5% dan éng bi mu mau, va 0,25% dan ba
bi mi mau. Gia st s6 dan 6ng bang s6 dan ba. Chon 1 ngudi bi mu
mau médt cach nglu nhién. Héi ring xac suit dé€ ngusi d6 1a dan ong

la bao nhiéu?

1.4 Mot sb nghich ly trong xac suat

Tinh toan xac suit 1a mét vin dé nhiéu khi hét stic té nhi. K€ ca
trong nhiing bai toan tudng chitng nhu rt don gian, ciing c6 thé tinh
ra két qua sai ma khé phat hién sai 4 ddu. Phin nay sé gdbm mét sb
"nghich Iy" trong x4c sut d€ minh hoa diéu d6 . Nhitng nghich 1y nay
cho thiy ching ta cin hét stic cdn thin trong ldc 14p mé hinh tinh
toan xac sut, dic biét 1a xac sudt cé diéu kién, kiém tra lai nhitng

diéu tudng chiing nhu hién nhién, d€ tranh sai 1am.

1.4.1 Nghichly 1 (Nghich ly Simpson). Thudc nao tbt hon?

Mot ngudi nghién citu mudn xac dinh xem gitta 2 loai thubc cling
dé€ chita 1 bénh, loai nao tét hon. Két qua théng ké vé luong ngudi
chita dugc khéi bénh, phan biét theo gidi tinh, dudc viét dudi day

Gi6i tinh: Nit Thube I Thube II
Chita dudc 150 15
Khong chita dudge 850 285
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Giéi tinh: Nam Thudc1 ThubcII
Chira dugc 190 720
Khong chita duge 10 180

Dua vao bang thong ké trén, c6 2 ciu tra 16i trai ngude nhau nhu
sau cho cau héi thube nao tét hon:
1) Thube I dem cho 1200 ngudi ding, chit duge bénh cho 340 ngudi.
Thubc II dem cho 1200 ngudi dung, chita dude 735 ngudi, nhu vay
thudc II t6t hon.
2) Dbi véi nit, ty 1é chita duge bénh ctia Thube I 14 15%, ctia Thude
I 14 5%. D6i v6i nam, ty 1é chita dude bénh ctia thube I 14 95%, ctia
thube II 13 80%. Trong ca hai trudng hop thi ty 1& chita duge bénh
ctia thubc I cao hon, vy nén thube I tét hon.

Trong hai ciu tra 16i trén clu tra 16i nao dang tin? Vi sao? Nghich

Iy nam & dau?

1.4.2 Nghich ly 2. Hoang tit c6 chi em gai khong?

Biét ring cha me clia hoang t& Romeo c6 2 con (hoang ti Romeo
13 mét trong hai ngudi con dé). Hoi x4c suit d€ hoang ti Romeo c6
sister (chi gai hodc em gai) la bao nhiéu? C6 2 dap an sau:
1) Hoang t ¢6 1 nguoi anh chi em ruét. C6 hai kha nang: hoéc ngudsi
d6 1a con trai, hodc 1 con gai. Nhu vy xac suat dé ngusi dé 14 con
gai (tlte 1a hoang ti ¢o sister) la 1/2.
2) C6 4 kha nang cho 1 gia dinh ¢6 2 con: {B,B}, {B,G}, {G,B}, {G,G}.
(B = boy = con trai, G = girl = con gai, xép theo thit tu con tht nhét

- con thit hai). Vi ta biét hoang t 1a con trai (day la diéu kién) nén
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loai di kha nang {G,G}, con 3 kha nang {B,B}, {B,G}, {G,B}. Trong
s6 3 kha ning d6 thi c6 2 kha ning c6 con gai. Nhu vy xac suit dé
hoang tu ¢ sister 1a 2/3.

Trong hai d4p an trén, 4t hin phai c6 (it nhat) 1 dap 4n sai. Thé

nhung cai nao sai, sai 6 ch6 nao?

1.4.3 Nghich ly 3. Van Pham c6 phai la thu pham?

Mot nguoi dan 6ng tén la Van Pham bi tinh nghi la thd pham
trong mot vu an. Canh sat diéu tra dudc nhitng tin sau dy: 1) ngoai
nan nhan chi ¢6 2 ngudi ¢6 mat lic xay ra vu an, mot trong hai ngusi
d6 1a Vin Pham, ngudi kia canh sat khong hé biét 13 ai, va mot trong
hai nguoi d6 14 tht pham; 2) thd pham phai 13 dan éng. Hoi xac suét
d€ "Vin Pham 1a tht pham" 1a bao nhiéu?

Goi ngudi thit hai ma canh sat khong biét 13 ai 1a "X". X c6 thé 1a
dan 6ng hodc dan ba. Ta goi su kién "Van Pham la tht pham" 1a A, su
kién "X la dan 6ng" 1a B, "tht pham la dan 6ng" 1a C. C6 hai cach giai
khac nhau nhu sau:

1) Theo cong thitc x4c suit toan phan ta ¢ P(A) = P(A|B).P(B)+
P(A|B).P(B) Néu X 1a dan ba thi X khéng thé 1a théi pham va Vin
Pham phai 13 thit pham, bdi vy P(A[B) = 1. Néu X la dan 6ng
thi mot trong hai ngudi, X hodc Vin Pham, la thu pham, bdi viy
P(A|B) = 1/2. X ¢6 thé 1a dan 6ng hoic dan ba, va ta coi s6 dan
éng bang sé dan ba, béi viy P(B) = P(B) = 1/2. Tt d6 ta c6
P(A) = (1/2).(1/2) + 1.(1/2) = 3/4, ¢6 nghia 14 xac suat dé "Vin
Pham la thii pham" bang 3/4.
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2) Ta coi C la diéu kién, vd mubn tinh x4c suit c6 diéu kién
P(A|C) (x4c sut d€ Van Pham 14 tht pham, khi biét rang thi pham
la dan 6ng). Theo cong thiic Bayes ta co

P(C|A).P(A)
P(C|A).P(A) + P(C[A).P(A)

P(A[C) =

o] trong cong thic trén, P(A) la xac suét clia su kién "Van Pham la
thti pham" néu nhu chua c6 diéu kién "tht pham 14 dan éng". Vi mot
trong hai ngusi VAn Pham va X 13 tht pham, nén xac suit P(A)
khong c6 diéu kién & day 1a P(A) = 1/2. Ta ¢6 P(C|A) = 1 vi tht
nhién néu Vin Pham 14 tha pham thi thGt pham 13 dan 6éng. Ngugc
lai, P(C|4) = 1/2 (néu X 14 thi pham, thi tht pham c6 thé 1a dan
6ng hodc dan ba, khi ma chua dit diéu kién "tht pham 13 dan 6ng").

Bdi vay ta co:

_ 1.(1/2) _ 1/2 _
PAC =T+ o) ~am =

tiic 14 x4c sudt d€ Van Pham 13 th pham béng 2/3.

Hai cach gidi trén cho 2 dap sb khac nhau, nhu véy (it nht) mot

trong hai cach giai trén 1a sai. Cach giai nao sai va sai 6 cho nao?

1.4.4 Ldi giai cho cac nghich ly

Nghich ly 1. VAn dé ndm & chd Thube I dude dem thit cho qua it
nam, qua nhiéu ni so véi thube II, nén khi 14y t6ng sb cac két qua
ctia cac phép thit thi né thién vi thude II va khéng phan anh dung ty
1é chita dugc bénh. Két luin 1) 1a sai va két ludn 2) dang tin hon.

55



Chuong 1. Xdc sudt la gt

Nghich ly 2. Nghich 1y ndy c6 trong 1 quyén gido trinh tiéng Anh
vé x4c sudt. Diéu dang ngac nhién 13 tic gia cta gido trinh dé néi
ring d4p an thit hai ding (tic 1a x4c suit = 2/3) va dap an tht nhit
sai. Doc ki dap an thit 2, ta thiy kha ning B,B thuc ra khéng phai 1a
mét kha ning don, ma 1a mét kha ning kép gém c6 2 kha ning trong
dé: hoang tt dugc néi dén hodc 14 ngudi con trai thit nhét, hodc 1a
ngudi con trai thit hai. Nhu vay phai tinh B,B 1a 2 kha nang B=H,B
va B, B=H (H 12 hoang t(r). Nhu thé tdng cong vin c6 4 kha ning,
va xac sudt vin 1a 2/4 = 1/2. Sai & day la sai trong cach dém s kha
ning. (C6 cau hdi khac: tai sao 4 kha ning nay lai phai c6 xac sut
bang nhau? Tai sao lai phai c6 phin bd xac suit déu? Cau tra 16i danh
cho ban doc). Néu ta d6i bai toan di mét chit thanh: Mot gia dinh
¢6 2 con, biét ring it nhit mot trong hai con 13 con trai, thit héi xac
suét d€ ¢ con gai 14 bao nhiéu? Trong bai todn nay thi xac suit 1a
2/3 thit. Ban doc tht nghi xem su khac nhau giita hai bai todn nam
& chd nao?

Nghich ly 3. VAn dé & diy nim & su 14n 16n gitta cic khong gian
xac sudt trong lic 14p mé hinh d€ tinh x4c suét. Trong cach giai thi
nhét, khi ta viét P(A) d€ tinh xac suét cta su kién "Vin Pham la
thti pham", khéng gian xac suit cia ta phai 1a khong gian Q¢ tt ca
cac kha nang (v6i mot trong 2 ngudi Van Pham va X la thd pham)
thda man diéu kién "tht pham 14 dan ong", chtt khong phai 13 khong
gian () clia tit ca cic kha ning c6 thé xay ra (v6i mot trong 2 ngudi
Van Pham va X 14 tha pham), bat k€ tht pham 13 dan éng hay dan
ba. D€ cho khéi 14n 16n, thi trong cich gidi thit nhit ta phai viét
Pc(A) = Po(A|B).Po(B) + Po(A|B).Po(B) Trong khong gian € thi
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ta c6 P(B) = 1/2, titc 1a xac sut d€ X 1a dan 6ng 1a 1/2. Nhung
trong khong gian Q¢ dung trong cach gii thi nhAt, thi ta phai ding
xac suit Po ctia khong gian d6, va P (B) khong phai 13 1/2, ma thuc
ra la 2/3, va Po(B) = 1/3. Néi cach khéc, khi biét rang mét trong
hai ngudi X va Van Pham 14 thd pham, va biét ring tht pham 13 dan
6ng, thi xac suat d€ X 1a dan 6ng 13 2/3 chit khéng con 13 1/2 nita!
(Vi sao véy?). Néu ta st dung cic con sb xac sudt nidy trong cong
thitc tinh x4c suét toan phin cta A trong khéng gian Q- thi ta dugc:
po(A) = (1/2).(2/3) +1.(1/3) = 2/3 Titc 1a néu ta stta 161 vé xac suét
ctia B di, thi cach giai thit nhit sé cho cung dap sb 2/3 nhu cach giai
tht hai.

1.5 Luét s6 16n

Luét sb 16n 1a mét trong nhitng dinh ludt co ban nhét cta ly
thuyét xac suat va théng ké. G dang don gidn nhét, né c6 thé dugc
phat biéu mét cach ném na nhu sau: khi mot phép thit dudc lip
di 1ap lai rAt nhiéu I4n, thi sb 14n cho ra mét két qua ndo dé trong
téng sb cac 1an thit sé phan 4nh kha chinh xac xdc sudt d€ xay ra
két qua dé trong 1 1an tha. Vi dy, gid st ta c6 mot dong tién véi
hai mat sép (S) va ngtta (N) v6i xac suat hién 1én bﬁng nhau va
bing 1/2 khi tung ddng tién. Gia st ta tung di tung lai déng tién
nhiéu 1an, va dugc mot diy cac két qua sdp ngta, vi du nhu: S N
SSNSNSNNSS..TagoiS(n)latin sb xult hién 1én mit
sip sau khi tung ddng tién n l4n, tic 13 sb 14n hién 1én mit sip

sau khi tung déng tién n 14n chia cho n, vi du nhu theo diy trén:
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S(1) = 1,5(2) = 1/2,5(3) = 2/3,S(4) = 3/4,S(5) = 3/5,5(6) =
2/3,5(7) = 4/7,8(8) = 5/8,5(9) = 5/9,5(10) = 1/2,5(11) =
6/11,5(12) = 7/12,.... Cac con sb S(n) ma chiing ta thu dugc néi
chung khac 1/2, nhung luét s6 16n néi ring ching ta c6 thé yén tAm
rang khi n tién t6i v6 cing thi S(n) sé tién t6i 1/2: lim,_,ee S(n) =
1/2.

Du6i diy ching ta sé phat bi€u luét sé 16n mét cach chit ché
thanh dinh Iy toan hoc va chting minh né, cho phén b Bernoulli.

Gia sit c6 mét phép thtt ndo d6 6 thé thuc hién dude nhiéu lan,
va xac suit d€ xay ra két qua X trong mét 14n thit 13 mét hang sb p,
0 < p < 1. (Vi du: phép thit 1a “tung xuc sic”, két qua 13 “hién lén 1
chdm”, xac suit 1a p=1/6). Ta goi X, %.n 12 su kién sau: khi thuc hién
n 14n phép thit thi X xut hién & 14n trong sb n 14n thir. Chiing ta biét

rang x4c suat cta X}, tuan theo phan bé nhj thic:
P(Xpn) = Cpp* (1 =p)" ™" (1.29)

Liy mot s6 duong e > 0 tliy y sao cho 0 < p—e < p+e¢ < 1. Goi X¢ Ia
su kién sau: khi 1am phép thit n 14n thi tAn suét xuét hién két qua X
chénh 1éch so v6i xac sult p khoéng qué e, tliiclap — e < k/n < p +¢,
trong d6 k 14 sb 14n hién 1én két qua X. Su kién X¢ 1a hop clia cac su
kién X, ,, thoa man bAt dang thiic p — € < k/n < p+ e, do vay:
P(X;) = oo Cca-pt (1.30)
n(p—e)<h<n(p+e)
Dinh 1y 1.4. Véi hai s6 duong p, e bdt ky thdamdn 0 < p—e < p+e <
1, ta co
lim > Crpk(1 —p)nF =1. (1.31)

n—oo
n(p—e)<k<n(pte)

58



1.5. Ludt sb l6n

C6 nghia la, xdc sudt P(XE) ciia su kién “sau n phép thi thi tdn sudt
hién két qud X sai léch so v6i xdc sudt p ctia X khong qud €” tién tdi 1
khi s6 phép thit n tién t6i vo cing.

Dinh Iy trén goi 12 dang yéu ctia luét s 16n cho phén bd Bernoulli.
Dang manh cta luét sb 16n, sé dugc xét t6i trong chuong sau, phat
biéu 14 tAn sult k/n tién t6i p khi n tién t6i vé cling hdu nhu chdc
chdn (tlic 1a v6i xac sudt bang 1: tp nhitng day v6 han lan thiét ma
diéu do sai ¢ xac sudt bing 0 trong khong gian tht ca cac ddy vo han
1an thi).

Chttng minh. Ching ta mubn chiing minh ring hiéu

trong do
U= Y. Chra-pr*vav,= > ckpfa-prHt
0<k<n(p—e) n(p+e)<k<n
(1.33)

tién t6i 0 khi n tién t6i v6 cting. DE danh gia V,,, chling ta c6 thé dung
thi thuit sau day: Goi A 13 mét s6 duong bt ky, khi d6 ta c6

Vi, < Z eA(kfn(p+e))CTlfpk(1 o p)nfk

n(p+e)<k<n
< Zogkgn e)\(kfn(pﬂ))cﬁpk(l - p)nfk
=Y M) e (L —p)) (1.34)
0<k<n

— e—)\ne(e)\(l—p)p + e—)\p(l _ p))n

=[P+ e (L - p))]" = FO
v6i f(A) = e 2¢(eX=P)p 4 ¢=*P(1 — p)). Ch ¥ rang ham sb f()) cb
£(0) = 1 va dao ham f/(0) = —e < 0. Nhu vy néu ta chon A > 0 du
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nhé thita cé 0 < f(\) < 1, dan t6i lim, 0o f(A)™ = 0. Vi V;, < f(A)"
nén ta cling c6 lim,_, V;, = 0. Mot cach hoan toan tuong tu, ta co
thé chtng minh lim,, o, U,, = 0, suy ra lim,, oo U,, + V,, = 0. Phan
chiing minh nay la bai tap danh cho ban doc. O

Chiing ta c6 thé mé rong luét sb 16n cho phén bb Bernoulli thanh
lu4t sb 16n cho mét khong gian xac sudt bt ky voi hitu han cac phin
tlt nhu sau. Gia st ¢ mot phép tht, ma ¢ mét 14n tht thi hién 1én
mot trong cac két qua Aq,..., A, véi cac xac sult P(A;) = p; tuong
tng. (>0 pi =1, vaQ = {A,..., A} lap thanh mot khong gian
xac suat hitu han véi cac xac sudt P(A;) = p;). Lam phép thit d6 n
14n (cac 14n thit dbc 1ap v6i nhau), va goi k; 1a s6 1an hién 1én két qua

A; trong sb n 14n tha dé. Goi Be . 1a su kién |i —pi| <e.
’ n
Dinh ly 1.5. Vi moi € > 0 ta ¢6

lim P(B, 1N B,,N...NB, ) =1 (1.35)

n—oo

Ghi chii 1.6. (Mot chut lich s. Luét sb 16n dudc biét dén & dang
truc giac, “cang thi nghiém nhiéu 1an thi két qua théng ké cang chinh
xac”, tit hang nghin ndm truéc day. Nha toan hoc va thién vin hoc
nguoGi An D6 Brahmagupta (598-668), va sau d6 nha toan hoc nguoi
Italia Gerolamo Cardano (1501-1576), c6 phat biéu né ma khong
chting minh. Ngudi dau tién dua ra chiing minh toan hoc cho luét sb
16n ¢6 18 13 Jacob Bernoulli nim 1713, va lut sb 16n con dudce goi
1a Pinh 1 Bernoulli. C4i tén ludt sb 6n (la loi des grands nombres)
dugce Siméon Denis Poisson viét ra nim 1835, va ngdy nay ngudi ta

hay goi theo tén do.

®Xem: http://en.wikipedia.org/wiki/Law_of large numbers.
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Bai tdp 1.16. Suy ra dinh 1y [1.5]tlt dinh ly

1.6 Bai tip bd sung cho Chuong 1

Bai tdp 1.17. Tung mot dong tién can bang cho dén khi mit ngta
hién 1én 3 14n. Goi A 14 su kién “cin tung 6 lan”. Hay lap mot khong

gian xac suat cho van dé xac suat nay, va tinh xac suat cta su kién A.

Bai tdp 1.18. (Bai tip ctia nganh bdo hiém). Mot cong ty bdo hiém 6
t6 c6 20000 ngudi ding ky bao hiém. Nhitng ngudi ding ky bao hiém
dudc cong ty phan loai theo 3 tiéu chuén:

i) Tré hay gia,

ii) Pan 6ng hay dan ba.

iii) C6 vo/chdng hay ddc than.

Pugc biét, trong sb nhitng ngudi ding ky bao hiém, c6 6300 ngudi
tré, 9600 ngudi 1a dan 6ng, 13800 ngudi ¢ vg/chdng, 2700 dan éng
tré, 6400 dan 6ng ¢ vo, 2900 ngudi tré c6 vo/chdng, 1100 ngudi 1a
dan éng tré c6 vo. Hoi xac sut d€ mot ngudi ding ky bao hiém 6 t6
ctia hang dudc chon mét cach ngiu nhién 13 mot phu nit tré doc than

bang bao nhiéu?

Bdi tdp 1.19. Mot anh chang cé 2 ¢d ban gai A va B, va khong biét
13 thich 6 nao hon. Anh ta hay di thim cc ¢6 ban mét cach ngiu
nhién: ra bén xe buyt, néu gip xe buyt di tuyén dudng dén nha c6 A
trude thi di 18n xe d6 thim b A, con néu gip xe di tuyén dudng dén
nha ¢6 B trudc thi di thim ¢ B. C4 hai tuyén dudng déu c6 xe déu
din 10 phat mét xe. Sau mot thoi gian dai, anh ta nhan ra rang minh

di thim c6 ban A nhiéu gip 3 14n ¢6 ban B. C6 thé giai thich bing
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xac sult tai sao?
Bai tdp 1.20. (S6 may rai). Gia st c6 mét loai x5 sb chi ¢6 100 sb, tir
00 dén 99, méi 1an quay cé 1 sb tring giai.
i) Tinh x4c suét sao cho trong 100 14n quay, khong c6 14n nao sb 68
trung giai.
ii) Tinh x4c suit d€ sao cho trong 100 lan quay, sb 99 tring giai ding
2 1an.
Bai tdp 1.21. Mbt 16p hoc ¢ 36 hoc sinh. Héi ring xac suit dé c6
hai hoc sinh ctia 16p c6 cting ngay sinh nhét 13 bao nhiéu? (Viét céng
thitc d€ tinh sb d6, va tht uéc lugng xem s6 d6 gan sb ndo hon trong
3 s6 nay: 0, 50%, 1?)
Vi du 1.21. C6 n ngudi choi trd tung miing trong mot da hoi: mbi
ngudi cAm 1 cai mil cla minh, tung vao gifta phong. Sau d6 mbi
ngudi nhit 14y mét cai mi trong sb cic mil dude tung mét cach ngiu
nhién. Chitng minh ring x4c suit d€ khong c6 ngudi ndo nhit duge
dlng m cta chinh minh la

1 1 1 (—1)"

§_§+I_"'+ ol

Khi n tién t6i v6 cling thi sb nay tién t6i e L.

Bai tdp 1.22. (B8 dé Borel-Cantelli). Gia st (A, )ney 1a mot diy cac
tp con do dudc trong mét khong gian xac sudt (Q, P). Goi Bo 1a tip
hop cac phén tit ciia  ma ndm trong mot s6 v han cac tip con A,
ctia day. Chitng minh rang:

i) Néu S°°° | P(A,) < oo thi P(By,) = 0.

ii) Néu ton tai mot sb e va v6 han céc tip con A, cta diy thda man
diéu kién P(A,) > ¢, thi P(Bs) > .
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(Goi y: Dit By, = tp cac phin ti cta © nim trong it nhét &k tip con
A,, ctia day. Khi d6 P(Bso) = limy_,o0 By. Trong trudng hop thi nhét,
chiing minh rdng k.B), < 3°° | P(A,,) v6i moi k. Trong trudng hop
th hai, chitng minh rﬁng P(By) > € v6i moi k).

Bai tdp 1.23. (T4 cla Bertrand). C6 3 ngin kéo, 1 ngin c6 2 dong
tién vang, 1 ngin c6 2 dong tién bac, va 1 ngin c6 1 ddng tién vang
va 1 dbng tién bac. Rat ra mot ngin kéo mot cach ngiu nhién, va 16i
ra tit ngin kéo d6 mot ddng tién mét cach ngdu nhién. Gia st dugc
1 dong tién vang. Héi xac suit d€ ngin kéo dugc rit ra 1a ngin kéo

chtta hai dong tién vang bing bao nhiéu?

Bai tdp 1.24. C6 ba ngudi A, B, C bi bat vao ti1. C6 1énh tha hai trong
s6 ba ngudi ndy ra. Cai tu nhin dugc 1énh, nhung dén hém sau méi
dugc coéng bb va thi hanh 1énh. Ngudi ti A bdo cai ti: hiy néi cho
t61 biét tén 1 ngudi duge tha trong hai ngudi B va C di. Cai nguc tra
16i: anh dang c6 xac suét dudc tha 14 2/3. Néu t6i néi tén mot ngudi
dugc tha trong sb hai ngudi B va C, thi gita anh va ngudi con lai chi
con mét ngudi duge tha nita thoi, bdi vy xac suit d€ anh duge tha
sé giam xubng con 1/2. T6i khong mudn xac suit d€ anh dudc tha bi
giam di, bdi vy t6i sé khéng noi tén. Hoi rang ngudi cai nguc Iy luan
nhu vy c6 dung khong?

Bai tdp 1.25. Hai ké trém deo mit na, bi canh sat dudi bat, bén viit
mét na di va tra tron vao mot dam déng. Canh sat bit giit toan bd
dam déng, téng céng 60 ngudi, va dung may phat hién néi déi (lie
detector) d€ diéu tra xem ai trong ddm dong 1a ké trom. Biét ring
dbi voi ké trom, xac suét bi may nghi 13 c6 ti 1a 85%, nhung dbi véi

ngudi vb toi, thi xac suat d€ bi may nghi nham thanh c6 tdi 13 7%.
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Gia sit X 1a moOt nhan vét trong dam dong bi may nghi 1a ¢6 toi. Tinh

4 A » \ A
xac suat dé X 1a ké trom.

Bai tdp 1.26. (BO dién). Nam 2001 Céng Pdng Chau Au ¢ lam mot
dot kiém tra rit rong rii cac con bo d€ phét hién nhitng con bi bénh
bo dién (bovine spongiform encephalopathy). Khong c6 xét nghiém
nao cho két qua chinh xac 100%. Mét loai xét nghiém, ma & day ta
goi 1a xét nghiém A, cho két qua nhu sau: khi con bo bi bénh bo dién,
thi x4c suit d€ ra phan tng duong tinh trong xét nghiém A 13 70%,
con khi con bo khéng bi bénh, thi x4c suét dé xay ra phan ting duong
tinh trong xét nghiém A 14 10%. Biét ring ty 16 bo bi mic bénh bo
dién 6 Ha Lan 14 1,3 con trén 100000 con. Héi rang khi mét con bo
4 Ha Lan phan tng duong tinh v6i xét nghiém A, thi x4c sut dé€ né

bi mac bénh bo dién la bao nhiéu?

Bai tdp 1.27. (Gia dau héa). Gia dau hoéa 6 nhiing lic dao déng rat
manh, c6 khi di 1én hon 100% trong vong 1 nim. Gia st rang, néu
tinh gia theo USD ctia nim 2009 (sau khi da diéu chinh theo ty 1&
lam phat), thi gia diu hoa khéng bao gis xudng dudi 10 USD mét
thing (dudi mdc dé ngudi ta ngling san xuit dau hoéa vi khéng con
lai gi nita) va khong bao gi¢ 1én qua 300 USD mot thung (trén muc
d6 nguoi ta dung cac loai ning luong khac ré hon). Hoi ho cac su
kién Gx sau day (x=0,1,...9) c¢6 thé 1a mot ho dbc 1ap cac su kién
dugc khéng : Gx = “nim 201x gia dau hoa ting 1én it nhit 50% tinh
tit dAu ndm dén cudi ndm, tinh theo USD cta nidm 2009”. Gidi thich

tai sao?
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{(YET ANOTHER) HISTORY OF LIFE AS WE KNOW IT...

» T G

B

HOMO HONO HOMO HOMNO HOMO
APRIORIUS PRAGHATICUS FREQUEHTISTUS SAPIERS BAYESIANIS

Hinh 1.8: Tranh vui v& su tién héa cta loai ngusi
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Chucong 2
Bién Ngau Nhién

2.1 Bién ngau nhién va phan bo xac suat ctia no

2.1.1 Bién ngAu nhién 14 gi?

“Bién” 14 céi c6 thé thay d6i. “Ngiu nhién” 12 khi ngudi ta chua
xac dinh dudc céi gi do, thi ngudi ta goi né 1a ngau nhién. Cai gi khi
d4 x4c dinh duoc, thi thanh “dinh tinh”, hét ngdu nhién. Mét bién c6
thé 13 ngiu nhién véi ngusi nay, nhung khong ngiu nhién véi ngudi
khéc, tiy theo luong théng tin nhan duge. Vi du, sb tht tiéng ngoai
ngtt ma éng A néi duge 13 mét sb xac dinh, khéng ngiu nhién dbi véi
6ng A, nhung né 1a mét s6 khong xac dinh, ngéu nhién v6i mot 6ng
B nao do.

Bién ngAu nhién c6 thé nhén gi tri trong moi pham trt (hifu tit
pham tru 6 day theo nghia théng thudng chit khéng phai theo nghia
pham trt1 toan hoc), vi du nhu mau sic, hinh dang, phuong huéng,
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v.v. Tuy nhién, bang cac anh xa (khong ngiu nhién), ching ta c6 thé
chuyén viéc nghién cttu moi bién ngiu nhién vé viéc nghién cttu cac
bién ngau nhién nhan gia tri 13 cac sb. BSi vy & day, khi néi dén mot
bién ngiu nhién ma khéng néi cu thé né nhan gia tri 6 d4u, ching ta
sé hiéu 1a cac gia tri clia n6 1a cac con sb.
Vi du 2.1. Tai thoi diém déng ctia thi trudng chitng khoan M§ hém
04/09/2009, gia c6 phiéu ctia hdng phidn mém may tinh Oracle (ma
chiing khoan: ORCL) la 21,97 USD. N6 da dudc xac dinh va khong
con ngiu nhién. Thé nhung tai thoi diém dé, thi gid cb phiéu cla
Oracle cho liic cubi ngay 18/09/2009 chua dudc biét, va né 1a mét
biét ngiu nhién dbi véi thi trudng chiing khoan. Ngusi ta cho ring
gia clia n6 vao ngay 18/09/2009 c6 thé 1én trén 23 USD, ma ciing ¢
thé xubng dudi 21 USD. Diéu nay thé hién qua viéc, tai thoi diém cubi
ngay 04/09/2009 , quyén mua ORCL trude ngay 19/09/2009 véi gia
23 USD (September 2009 call option at strike price 23) cé gia 0,25
USD (néu nhu ai ciing biét chic ring gia ctia ORCL vio thoi diém
18/09/2009 sé khong vudt qua 23 thi cai quyén mua dé sé phai c6
gia bing 0 vi khong cé gid tri gi), ddng thdi quyén ban (put option)
ORCL véi gid 21 ¢6 gi4 12 0,30 USD. (Céc thong tin vé gia ca ¢d phiéu
va option c6 thé xem trén rit nhiéu cic trang web vé chitng khoan).
Tuong tu nhu v6i cac s6 va cac ham sb, ta 6 thé 1am nhiéu phép
toan khac nhau véi cic bién ngdu nhién: cdng, trit, nhén, chia, 14y
gi6i han, tich phan, ham hdp, v.v. Qua cac phép toan nhu vay, ching
ta c6 thé sinh ra cac bién ngdu nhién méi tlt cac bién ngéu nhién cho
trudce.

Vi du 2.2. Mt hoc sinh thi vao dai hoc phai thi 3 mén. Piém ctia mbi
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moén c6 thé coi 1a 1 bién nglu nhién. Téng s6 diém ciing 1 mét bién
ngiu nhién, va né 14 tdng cta 3 bién ngiu nhién phia trudce.

Vi du 2.3. Toc dd V ctia mét xe 6 t& dang chay trén dudng c6 thé coi
13 mét bién ngiu nhién. Néu xe dang chay ma phai phanh gap lai vi
phia truée cé nguy hiém, thi tit thoi diém nguoi 1ai xe bép phanh cho
dén thoi diém xe ding lai, xe phai chay thém méit mot quing dudng
¢ d6 dai D nita. D ciing c6 thé coi 1a mét bién ngau nhién. N6 khong
phai 1a ty 1é thuén v6i V, ma 1a ty 1é thudn v6i binh phuong ctia V.
Titc 14 bién nglu nhién D c6 thé dudc sinh ra tit bién ngiu nhién V
theo cong thitc: D = k.V2. Hé sb k & day phu thudc vao diéu kién cta
dudng va diéu kién cta xe; n6 cb thé coi 14 x4c dinh néu ta biét cac
diéu kién nay, con néu khong thi c¢6 thé coi 1d mét bién ngiu nhién
khéc. Vi dy, trong diéu kién binh thudng, thi k¥ = 0,08m!.s2: mot
xe dang chay véi tbe d6 36km/h = 10m/s thi tit ltic bép phanh dén
lic ding lai chay thém mét 0,08 x 102 = 8 mét, nhung néu xe dang
chay véi tbe 46 108km/h = 3 x 36km /h, thi tit lic bép phanh dén ldc
ding lai sé chay thém mét nhiing 8 x 3% = 72 mét.

2.1.2 M0 hinh toan hoc ctia bién ngiu nhién

Gia st c6 mot bién ngiu nhién X. Ching ta gid st 1a ¢6 nhiéu
tinh hudng khac nhau cé thé xay ra, va trong mdi tinh hubng thi X
sé nhin dudc mét gid tri ndo d6. Nhu vy mot bién ngiu nhién c6 thé
duge m6 hinh héa bing moét ham sb X : Q — R. O day Q 1a khong
gian dai dién cho cc tinh hubng c6 thé xay ra. Cac tinh hubng, hay
c4c nhém cac tinh hudng (cic tip hop con cta ) 13 cac su kién, va

, 7 RS R oA A , A A o g
chiing ta c6 thé gan cho moi su kién mot xac suat vé kha nang xay
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ra. Diéu d6 c6 nghia 1a Q c6 thé coi 1a moét khong gian xac sut, ky
hiéu 13 (Q, P) v6i mot d6 do xac sudt P. Chiing ta ludn gia sit ring,
v6i moi ciip s6 a,b € R,a < b, tdn tai xac sudt P(a < X < b) cta su
kién (a < X < 1), hay néi cach khac, tap hdp {w € Qla < X (w) < b}
13 tAp do dudc. Cac ham X : Q — R thda man diéu kién nay dugc goi
la ham do dudc trén (2, P). Tit d6 ching ta c6 dinh nghia toan hoc

sau:

Dinh nghia 2.1. M6t bién ngiu nhién (random variable) véi gid tri

thuc la mét ham sé do dugc trén mot khong gian xdc sudt:
X:(Q,P) >R (2.1)

Pinh nghia 2.2. Néu ta ¢d hai bién ngdu nhién X,Y (véi cting mét
md hinh khéng gian xdc sudt), thi ta sé ndi rdng X =Y theo nghia xdc
sudt, hay X = Y hau khip moi noi , néu nhu su kién “X = Y” c6
xdc sudt bdng 1 (titc 1 tdp hop cde truong hop ma é dé X # Y ¢6 xdc

sudt bdng 0, ¢6 thé bé qua).

Vi du 2.4. Mot thi sinh di kiém tra trac nghiém, dugc giao 5 cau héi
mot cach nglu nhién. Pugc biét 3 ciu diu thudc loai vita, va xac
sult d€ thi sinh lam ding cho méi ciu 14 80%, 2 cAu sau thudc loai
kho, va xac suit 1am ddang méi ciu 1a 50%. Mbi cdu 1am dang thi
dugc tinh 1 diém. Khéng gian  cac tinh hubng & day gbm 2° = 32
phan td, mbi phan tt c6 thé duge ky hiéu bang 1 diy 5 chit cai ma
mdi chtt cai 1a D (dang) hoac S (sai). Tt thong tin phia trén co thé
suy ra xac sudt cia méi phan ti ctia Q, vi du nhu P(DDSSD) =
80%.80%.20%.50%.50% = 4/125 = 3,2%. Bién ngiu nhién 13 tdng sb
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diém, tdc 1a ham X : Q — {0,1,2,3,4,5}, X ctia mot day chit cai

bing sb 14n chit cai D xult hién trong diy.

Vi du 2.5. Néu A 1a mot su kién, thi ta cé thé dinh nghia ham chi
bao x, cua A nhu sau: x, = 1 khi A xay ra va x, = 0 khi A khong
xay ra. Néu ta c6 mot sy kién, thi ham chi bao cta né 1a mét bién
ngiu nhién chi nhan hai gi4 tri 0 va 1, va ngudc lai, néu ta c6 mot
bién ngiu nhién F chi nhin 2 gi4 tri 0 va 1, thi né 13 ham chi bao
ctia su kién {F = 1}. Néu ta biéu dién A nhu 1a mét tip con clia mét
khong gian x4c suit €, thi ham chi bdo ctia A dudc biéu dién nhu 13

ham chi bao cua tip A trong Q:

1 khiwe A

= . 2.2
Xal) {o KhiweA=0\A @2

2.1.3 Phén bo xac suat ctia bién ngau nhién

Nhic lai rang, néu ta c6 mot khong gian xac sudt (Q, P) va mot
anh xa X : (Q,P) — A tu Q lén mot khong gian A nao do, thi phép
push-forward theo X sé bién A thanh mét khéng gian xac sudt, v6i
d6 do x4c sut cdm sinh Py = X*P: theo dinh nghia, néu B 13 mét

tAp con clia A sao cho ton tai P(X~1(B)) thi

Trong truong hop X : (€, P) — R 1a mot bién ngiu nhién, tinh chit
do dugc ctia X (trong dinh nghia ctia bién ngdu nhién) néi ring ton
tai P(X(Ja,b])) = P(a < F < b) v6i moi doan thang nita mé ]a, b]

trén R. Sigma-dai s6 B sinh bdi cac doan thing nita mé trén R dude
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goi 1a signma-dai sb Borel ctia R. Khi n6i dén mét phan b x4c sult
trén R, ching ta sé coi ring sigma-dai sb tuong tng chinh 1 sigma-
dai sb Borel, bdi vi néi chung chiing ta sé chi quan tAm dén x4c suit
clia cac doan thing, va cac tip con clia R x4y dung dudc tit cac doan
théng bing cac phép giao, hap, liy phan bii. Do d6 ta c6 dinh nghia

sau:

Pinh nghia 2.3. Phan bb xac suét (hay con goi ld phan phbi xac
suat) ciia mot bién ngéu nhién X (trén R) la phan b xdc sudt Py trén
R, véi sigma-dai sb la sigma-dai sb Borel B ctia R, cho bdi cong thitc
sau:

Pr(B) = P(X1(B)) (2.3)

v3i moi tdp con B cua R nam trong sigma-dai s6 B.
binh 1y sau cho phép hiéu rd hon vé sigma-dai s6 Borel:

Pinh 1y 2.1. i) Moi doan thdng mé (bi chdn hay khéng bi chdn) déu
la phan ti cia sigma-dai sé Borel. Nguoc lai, sigma-dai s sinh béi cdc
doan thdng mé ciing chinh bang sigma-dai s6 Borel.

ii) Moi doan thdng déng déu la phdn tit ciia sigma-dai sb Borel. Ngugc
lai, sigma-dai s6 sinh béi cdc doan thdng déng ciing chinh bdng sigma-

dai so Borel.

Chitng minh. Gia st ]a, b[ 1a m6t doan thing mé bi chin clia R,
v6i a < b. Khi d6 ton tai mét day sb don diéu ting a = by < by <
by < ... V6 lim, 00 b, = b, va ta c6 thé viét Ja, b= |, ]bn_1, bn),

tu d6 suy ra Ja, b€ B, béi vi |b,—1,b,] € B v6i moi n. Trong trudng
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hop b = +oo ta vAn ¢ thé lam hét nhu trén dé ching minh rang

Ja,+oo[e B. Khi @ = —oo, thi tdn tai mét diy sb don diéu gidm
b=by >b > by > ...V6ilim, o0b, = —00, va ta cb thé viet

] — 00, b[=]b1, bo[UU Jbns1, ba), tl d6 suy ra | — oo, b[e B. Dbi v6i
mét doan thang déng [a, b], ta cb | — oo, ale B, |b, +oo[e€ B, va [a,b] =
R\ (] — 00, a[U]b, +00), tit d6 suy ra [a, b] € B. Cac khang dinh ngugc
lai (cac tAp déng sinh ra sigma-dai sé B, v cac tdp md ciing sinh ra

sigma-dai sb B) nhudng cho ban doc 1am bai tap. O

Dinh nghia 2.4. Ham phan phéi xdc sudt ciia phdn bb xdc sudt Px
trén R ciia mot bién ngdu nhién X la ham Fx : R — [0, 1] cho bdi cong
thuc

Fx(x) = P(X <z2) = Px(] — o0, 2]). (2.4)

Tht nhién, ham phan phbi dugc x4c dinh duy nhit bdi phan bb
x4c suit. biéu ngudgc lai cling ding: Néu ta biét ham phén phbi Fy,
thi ta ¢6 thé tinh dudce xac sudt Py cta cac doan thing déng va nia

maé clia R qua céac cong thiic sau

PX(]G’ b]) = ]:X(b) - FX(CL)7 (2.5)
Px([a,b]) = fx(b) — xl_i)r(lzl_ fx(a}), (26)

va tur d6 tinh duge xac suat caa cac tp con khac cia R.

Dinh 1y 2.2. Ham phdn phbi Fx ctia mot phdn bé xdc sudt tity y trén
R théa mdn 4 tinh chdt sau:

1) bon diéu khong giam: Fx(x) > Fx(y) véi moi x > v,

2) Lién tuc bén phdi: lim 01 Fx(x + €) = Fx(x) véi moi z,

3) limy— oo Fy (2) = 0,
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4) limy— 400 Fx(y) = 1.
Nguoc lai, moi ham s6 thuc trén R théa mdn 4 tinh chdt trén la ham

phdn phoi ctia mét phdn bo xdc sudt trén R

Chting minh. Tinh chét thit nhat 1a hién nhién: néu = < y thi
Fx(y) — Fx(z) = P(z < X <y) > 0. Tinh chét thit hai c6 thé phat
biéu cach khac nhu sau: néu 21 > z2 > ... 13 mét diy sb don diéu
gidm v6i ,, — « khi n tién t6i v6 cung thi ta ¢6 lim,_eo Fx (zn) =
Fx (z). D€ thiy diéu d6, ta c6 thé viét Fx (2,)—Fx (z) = Px (|2, x))
Px (U wns1s 2e]) = 352, Px(Joks1, 2x]). Chudi s6 duong

S Px(Jeisn o))

k=1
13 mot chudi hoi tu, va bdi vay phdn dubi Sore, Px(Jzkt1, xx]) ciand
tién t6i 0 khi n tién t6i v6 cung. Tinh chét thit 3 va tinh chét thi 4 c6
thé chitng minh mot cach hoan toan tuong tu. Khing dinh ngudc lai

la bai tap danh cho ban doc. O

Probability

0.156

006

0037 0031 (06
_= 0023002 0018 0017 0015 0014 0013 0012 001

T 9 10

B [
Energy (Megatons)

Hinh 2.1: Ning luong cta cac thién thach d4m vao biu khi quyén

trai dat
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Bai tdp 2.1. B thilé biéu db phan bd x4c sut (partial histogram,
thiéu phan “dudi”) ctia muc ning lugng tda ra, tinh theo don vi ning
luong megaton, clia cac thién thach 16n dam vao bau khi quyén ctia
trai dé Hay tinh x4c suit d€ mét thién thach 16n ddm vao bau
khi quyén cta trai dit c6 mtc ning lugng téa ra khéng vudt qua 7

megaton.

2.1.4 Cac loai phan bb xac suét trén R

Trong nhiéu cdng viéc tinh todn v6i bién ngiu nhién, ta cb thé
quén di khong gian xac sudt ban diu cta bién ngiu nhién d6, ma chi
can biét dén phén b xac sudt trén R ctia n6. Cac phin bd xac suit
trén R c6 thé dudc chia lam 3 loai sau: rdi rac, lién tuc, va hén hop

(nita roi rac nta lién tuc).

Dinh nghia 2.5. Mét phdn b6 xdc sudt Py trén R dugc goi la lién tuc
néu nhu ham phdn phbi xdc sudt Fx la ham lién tuc trén R. N6 dugc
goi la lién tuc tuyét dbi néu nhu nhu ton tai mot ham sb px : R — R,
khd tich va khong dm, sao cho vdi moi a € R ta co

a

Fx(a) = Px(] - 00,a]) = / px (@)dz

— 00

Ham px : R — R, thod mdn diéu kién nhu trén goi la ham mat do

cua Py.

Ghi chi 2.1. Ham mét d6 ctia mét phan bb xac sult lién tuc tuyét

dbi Py trén R 13 duy nhét theo nghia x4c suit: néu Py c6 hai ham

M54 liéu clia NASA nim 1994. Mot thién thach 16n 1a mét thién thach téa ra ning

luong it nhit 1 megaton, biing 1 qua bom hat nhan nhé.

74



2.1. Bien ngdu nhién va phdn bo xdc sudt ctua no

mét db p1 va po, thi p1 = po hdu khip moi noi trén R, titc 13 tip
{z € R, p1(x) # p2(x)} cb d6 do Lebesgue bang 0. Mot phan bb xac
sult c6 thé 14 lién tuc ma khéng lién tuc tuyét dbi. (Bai tip: xdy dung
vi du). Tuy nhién, trong thuc té, khi ngudi ta néi dén mét phan bb
xac suit lién tuc trén R, thudng ducc hiéu 1 né lién tuc tuyét dbi,
titc 1a dudc cho bdi mot ham mat d6. Cha y rang ham mat dé chinh
bing dao ham ctia ham phan phdi x4c suét (hdu khip moi noi). Rét
nhiéu vin dé trong thuc té ¢6 thé duge mé hinh héa bang cac bién
ngAu nhién véi phan bb x4c suét lién tuc, vi du nhu nhiét d6 ctia nuée

bién, gia dau hda, san luong dién, trong lugng clia tring ga, v.v.

Pinh 1y 2.3. Gid sit X c6 phdn bb xdc sudt lién tuc véi ham mdt db
ox, va [ : R — R la mét don dnh khd vi lién tuc trén R tric mot sb hitu
han cdc diém. Khi d6'Y = f(X) ciing cé phdn b6 xdc sudt lién tuc, vdi
ham mdt do cho béi cong thiic sau:
px(x) .o
py (y) = tai diem y = f(x) 2.7)
/()]
Cong thtic trén ching qua 1a cong thitc d6i bién trong tich phan,
va sinh ra tit cong thic df (z) = f/(z)dz.

Mot diém z € R dude goi 1a mot diém hat cia mot phan bb xéac
sut Py néu nhu Px(z) > 0. B6 dé sau cho thy mét phan bd xac

suét 12 lién tuc khi va chi khi n6 khéng c¢6 diém hat:

Pinh 1y 2.4. Gid sit Fx la ham phdn phbi xdc sudt ciia mét phdn bb
xdc sudt Py trén R.

i) Véi moi x € R ta co

Px(z) = Fx(z) — lim Fx(y). (2.8)

Yy—T—
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i) Ham Fx la ham lién tuc trén R khi va chi khi Px(z) = 0 vdi moi

zeR

Ching minh. i) Néuzg < 71 < 73 < ...1a mot day s6 don diéu

tang c6 gidi han la z, thi ta co

limy, 00 Fx (n) = Fx (o) + limy, 00 Px (|20, zn])

= Fx (o) +limpo0 > py Px(Jzr—1, 1))

= Fx(x0) + 252y Px(wp—1,2x]) = Fx (w0) + Px(UpZi|zs—1, 71])
= Fx(2o) + Px(Jzo, z[) = Px (] — o0, z()

= Px(] = o0,2]) — Px(z) = Fx(z) — Px (),

tlt d6 suy ra cong thiic trong bd dé. b€ chting minh phan tht hai cta
bd dé trén, nhic lai rang ham phan phbi xac sudt luén ludn lién tuc
bén phai. Bdi vy né lién tuc khi va chi khi n6 lién tuc bén trai, tic la
khi va chi khi Px(z) = Fx(x) — limy_,— Fx(y) = 0 v6i moi = € R.

Trong trudng hop phin b xac sudt Py khong lién tuc, goi
KX :{$€R|Px(l‘) >0} (29)

1a tAp hop cac diém hat clia né (ttc 1a tdp hop cac diém gian doan
ctia ham phan phbi xac suét). Khi dé Ky 13 tdp hitu han hoic cling
1dm 13 dém dugc, vi Px(A) = 3, Px(z) < 1.

Pinh nghia 2.6. M6t phdn bb xdc sudt Py duoc goi la roi rac néu
nhu né tdp trung trén tdp hop cdc diém hat ctia né: Px(Ax) = 1,
Px(R\ Ax) = 0.

’ A A 4 A A s A X TN R R
Vi du 2.6. Phin b6 xac suat trén R ctia bién ngau nhién “diém kiém

tra” trong vi du “bai kiém tra tric nghiém” é muc truéc 1a mot phan
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bb r6i rac tip trung 6 6 diém: 0,1,2,3,4,5. (Bai tip: tinh cac xac suit

cta 6 diém do).

Gia st Py 1a mot phén bd x4c suét bat ky trén R, v6i ham phén
phbi Fx. Khi d6 ta c6 thé viét:

Fx(z) = Dx(x) 4+ Cx(z) (2.10)

véi Dx(z) = Px(] — 0o,2] N Kx) goi 1a phan rdi rac ctia Fy, va
Cx(z) = Fx(z) — Dx(z) goi 12 phan lién tuc clia Fx. Phin bb Py
duoc goi 13 hén hop néu nhu ca hai phin roi rac va lién tuc déu
khéc 0. Néu phén lién tuc khéng phai 13 lién tuc tuyét dbi (khéng
viét duge dudi dang tich phan ctia mét ham khéng 4m), thi ta ¢6 thé
tach né tiép thanh téng ctia phdn lién tuc tuyét doi va phdn lién tuc ky
di, nhung chiing ta sé khéng di vao chi tiét & day.

Vi du 2.7. Trong xe 0 t6 thudng ¢ kim chi miic xdng, dao dong trong
khodng tit 0 (0%, titc 1a hét xing) dén 1 (100%, binh xing diy). Miic
xing dugc kim chi vio c6 thé coi 13 mot bién ngiu nhién nhan gia
tri trong doan thang [0, 1] véi phan bb x4c suét lién tuc. Tuy nhién, 6
mot sb xe 6 t6 cii, kim bi hdng, c6 lic né chi ding miic xing nhung
¢6 ltic n6 bi tic & chd sb 0 tuy ring xe con xing. Khi d6, phan bb xac
suét khong con 14 lién tuc nita ma 14 hdn hop, véi "hat" tai diém 0.
Bai tdp 2.2. Gia st bién ngiu nhién X cé phan bb xac suét lién tuc
v6i ham mat do px sau : px(z) = 0 khi |z| > 1va px(z) = 1— |z| khi
|z| < 1. Tim ham mat dé clia phan bb xac sult ctia bién ngiu nhién
Y = arcsin(z).

Bdi tdp 2.3. Gid st bién ngiu nhién X c6 phan bd xéc suét lién tuc va

dbi xiing, theo nghia X va — X ¢6 cung phan bb x4c suat. Chirng minh
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rang ham phan phbi xac sudt ctia X thda man tinh chat Fy (—z) +
Fx(x) = 1v6imoiz € R. Diéu nay con diing khéng néu phan bd xac

sult clia X khong lién tuc?

2.2 Mot sb phan bb xac suét thudng gap

Nhic lai rang, phan bé nhi thic v6i cac tham sb n, p 1a phan bb
xac suat P(k) = C¥p*(1 — p)". trén khong gian Q = {0,1,...,n}. N6
ciing c6 thé dugce coi nhu mdt phén b rdi rac trén R tip trung tai cic
diém 0,1,...,n véi cac xc sult nhu trén. Tuong tu nhu vy, phan
bb Bernoulli v6i tham sb p ¢6 thé duge coi nhu mot phan bb xac suit
trén R tip trung tai hai diém 0,1 (hodc hai diém nao dé khac), véi
cac xac suat P(1) = p va P(0) = 1 — p. Phan b Bernoulli va phan b
nhi thic 13 nhitng phan bb rat hay gip trong thuc té. 3 day, ching ta
sé thao luan thém mot s6 phan bb rdi rac va lién tuc phé bién khac

trén R.

2.2.1 Phén bb hinh hoc va phan b nhi thitc 4m

Dinh nghia 2.7. Phan bb hinh hoc véi tham s6 p (0 < p < 1) la
phdn b xdc sudt roi rac tdp trung tai tdp hop cdc sb tu nhién, cho béi
cong thic sau:

P(k) =p(1 —p)* ! YEkeN. (2.11)

Y nghia ctia phan bd hinh hoc 13: né 13 phan bd xac suét cta “sb
lan thtt cho dén khi thanh c6ng”, néu nhu xac suat thanh céng cta

mdi 14n thit 14 p.
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Vi du 2.8. M6t ngudi choi trd tung vong vao cb chai, tung dén bao
gio trung thi thoi. Xac sudt d€ tung triing m&i 14n 14 p. Goi T 14 sb 14n
phai tung cho dén khi tung tring. Khi dé T 1a mét bién ngu nhién
nhén gia tri trong N. Xac suit d€ sao cho tung k — 1 1in dau trudt,
nhung lan thit k tring, 1 (1 — p)*~p. Nhu vay phin bb xac suét clia
T chinh 13 phén b6 hinh hoc véi tham sb p.

Néu thay vi tinh sb 14n tht cho dén khi ¢6 1 l4n thanh céng, ta
tinh t6ng sb 1an thit thdt bai k cho dén khi ¢6 téng céng r 14n thanh
céng (r € N) thi ta c6 mét bién ngiu nhién méi, nhan gia tri trong

7., v6i phan bb xac sult sau:
k T k
P(k) = Ciypap"(1 = p)

Nhi thitc Newton CF ,,_ trong cong thtic trén la s6 cach chon ra
r—1 phin ti tlt tAp hop {1,2, ..., k+r — 1}. (Mbi cach chon nhu vay
{ing v6i mét tinh hudng, véi k 14n thit bai va » — 1 1an thanh céng
trong s6 k + r — 1 14n thit dau tién, va 14n thi tht & + r thanh cong).

Céc nhi thitc Newton Cf_,_; con ¢6 thé viét dusi dang CF
(brot) (1) (el Crolork)  (qphek

—r>

+r—1 —
va ching

xuht hién trong khai trién Taylor sau:

o0

(1—-¢q)~ Z

k=0
Trong khai trién Taylor trén, néu dit ¢ = 1 — p va nhan ca hai vé véi
p", thi ta dudgc
o0 o
1= (Dt pr(1—p)F=>" Pk

k=0 k=0
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Cht ¥ rang khai trién Taylor trén c6 gia tri (va héi tu khi |¢| < 1) ca
khi ma » > 0 khéng phai 13 sb nguyén. Cac coéng thic trén din dén

dinh nghia sau:

Pinh nghia 2.8. Gid st 0 < p < 1 va r > 0. Khi dé phdn bb xdc sudt
roi rac cho béi cong thiic

P(k) = Cp o p" (1 —p)F = (-1)*CF p (1 - p)* (2.12)

véi moi k € Z., duoc goi la phan bb nhi thitc Am véi cdc tham sb r va

p-.

TAt nhién, phan bb hinh hoc c6 thé coi 1a trudng hop dic biét cta
phén bb nhi thitc 4m, véi r = 1 (va trén N thay vi trén Z.., tic 1a cb
céng thém 1 vao bién ngiu nhién).

Bai tdp 2.4. Kiém tra céng thitc sau: ham phén phdi xac suit cta
phén bb hinh hoc v6i tham sb p cho béi cong thic F(z) = 0 néu
< 0vaF(x)=1—(1-p)llnéuz > 0.8 day [2] 1a phan nguyén

ctia sb .

2.2.2 Phan b Poisson

Dinh nghia 2.9. Mot bién ngdu nhién X dugc goi la ¢é phan b Pois-

son (doc la Poa-Séng) vdi tham sb \, néu nhu cdc gid tri cia né la cdc

s6 nguyén khéng dm, va véi moi k € 7. ta cé:
k

AT A

=77¢ (2.13)

P(X =k)

Ghi chii 2.2. Phén b Poisson mang tén ctia nha toan hoc va vt 1y

ngudi Phap Siméon Denis Poisson (1781-1840). Trong 1y thuyét xac
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2.2. Mt s6 phan bb xdc sudt thuong gdp

sut, Poisson dudc biét dén nhiéu nhit béi phan bb Poisson, va qud
trinh Poisson (mét qua trinh ngiu nhién ng véi phin bb nay). Tén
goi ludt s6 16n (cta céc ludt sb 16n, ma ching ta sé tim hiéu trong
Chuong[4) cling la do Poisson dat ra.

POTSSDN. Mﬂ/(__

Hinh 2.2: Siméon Denis Poisson

Phén b6 Poisson 14 gi6i han ctia phan bb nhi thiic v6i cac tham sb
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Chuong 2. Bién Ngdu Nhién

p = \/nva n, khi n tién t6i v6 cting. Thét viy, ta c6

_ n! e
CHOM (1= M) = s ) (1= )
Nen(n=1)...n—k+1 _ n
=0 ( ) n’g >(1—)\/n) k(l—)\/n) .

Khi n tién t6i v cung thi (n(n—1) ... (n—k+1)/nF)(1—X/n)~* tién
t6i 1 (k & day la cb dinh) va (1 — A\/n)" tién t6i e, bdi vay ta c6

A

=77 (2.14)

lim CF.(\/n)*(1 = N/n)"F

Xem db thi minh hoa trén hinh cho truong hop A = 3,5, n = 35,
p=0,1.

M6 hinh phan bd Poisson 13 mé hinh thudng dude dung cho cac
bién ngiu nhién dang “sb su kién xay ra trong mét khodng thoi gian
nao do”.

Vi du 2.9. Bién ngu nhién “sb vu tai nan giao thong xay ra trong
mot ngay” 6 mot viing nao d6 c6 thé duge mo hinh héa bang phan
bb Poisson. Ta sé gia st cac tai nan giao théng xay ra mét cach ngiu
nhién, doc 14p v6i nhau, va trung binh mbi ngay c6 A vu tai nan. Ta
sé chia 24 tiéng dbng hé trong ngay thanh n khoang thdi gian (n 14
mdt s6 rat 16n), d€ sao cho ¢ thé coi ring trong mbi khodng thoi
gian c6 nhiéu nhit 1 vu giao théng x4y ra, va kha ning xay ra tai nan
giao thong trong m&i khoang thdi gian bing A/n. Khi d6 téng sb tai
nan xay ra trong ngdy tudn theo phin bé nhi thitc véi cac tham sd
n,p = \/n, va khi cho n tién téi v cuing ta dudc phan bb Poisson.
TAt nhién phan bd Poisson khéng thé 1a phan bb xac suit chinh xac

cta van dé (vi s6 nguoi la hitu han, va s6 tai nan bi chén trén béi
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0.25

PoiSSON(3.5) m—
Binomial(35, 0.1) ——

0.2 r

01 F

0.05 ¢

Hinh 2.3: Cac phan bd Poisson(3.5) va Binomial(35,0.1)

s6 ngudi chit khéng 16n tuy v dude), nhung né 1a phan bb gan ding

thuan tién cho viéc tinh toan.

2.2.3 Phan b6 déu (trusng hap lién tuc)

Pinh nghia 2.10. Gid st a va b la hai s6 thuc, véi b > a. Khi dé phan

bb déu (uniform distribution) trén doan thcfng la,b[ la phdn bb xdc
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Chuong 2. Bién Ngdu Nhién

sudt lién tuc véi ham mdt db p(x) sau:

A khia<z<b
p(@) {0 khi x < a hodc x > b

Phén bb xac sudt déu trén doan thing Ja, b[ hay dudc ky hiéu 1a
Ul(a,b).

Ghi chii 2.3. Trong dinh nghia trén, thay vi liy doan thing mé ]a, b],
c6 thé 14y doan thing déng [a, b] hoic doan thing nita mé ]a, b] hoic

[a, b] cing dude. VE mit xac suat khong co gi thay d6i.

Vi du 2.10. Vi tri ctia mot ngudi di bd trén mot doan dudng cé thé
duge mé hinh héa bang mét bién ngdu nhién véi phan bd déu, néu
nhu ta khéng cé thong tin gi ngoai thong tin ngudi di b6 dang & trén
doan duong do.

Khai niém phin b déu cé th€ md réng 1én trudng hop nhiéu
chiéu: khong gian xac suat 1a mot mién trong R™ (n > 2), va xac suat

A A A A 7. e A <A 7
clla mOt mién con ty 1é thuén véi thé tich (n chiéu) ctia mién con do.

Bai tdp 2.5. Gia st X c6 phan bb déu U(0, 1), va Y 1a mét bién ngiu
nhién bat ky. Chirng minh ring ton tai mot ham sé g sao cho g(X) va
Y ¢6 cung phan bd x4c sut. (Bai tip nay 6 y nghia thuc té trong viéc
1am gia 14p (simulation) cac bién ngdu nhién: ding random number
generator (chuong trinh tao sé ngiu nhién) trén may tinh d€ gia lap
mdt bién ngau nhién v6i phan bb déu U(0, 1), rdi qua d6 gia 14p dudc

moi phan bo xac suat, qua cac ham so thich ng).
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2.2.4 Phén b normal

Pinh nghia 2.11. Phdn b6 xdc sudt normal (con goi la phdn bb chudn
, hay phdn bb Gauss) trén R véi trung diém p va do léch chudn o la
phdn bé lién tuc véi ham mdt dé sau:

2

p(z) = 0\}% exp(— (3:205) ). (2.16)

Ky hiéu thudng diing d€ chi phan phéi xc suit normal 1a: N (i1, o2).
Phén b6 normal A(0, 1) (v6i u = 0, 02 = 1) dudc goi 1a phan bb nor-

~ 4
mal chuan tac .

0.2 0.2 04

34.1% 34.1%

0.0 01

Hinh 2.4: Him mat d6 ctia phin bd normal

Do thi cia ham mét d6 ctia phin bo normal c6 hinh cai chudng,
va bdi viy phan bé normal con dude goi mot cach ném na la phan

A 1y 7. N R 7. A \ s \ R
bo hinh cai chuéng. Trung diém cia cai chudéng nay chinh la diém

1
oV 2

x = p, va d6 cao clia chudng chinh bang . Néu o cang nho thi
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Chuong 2. Bién Ngdu Nhién

chuong cang cao va cang “hep”, va ngudc lai o cang 16n thi chuéng
cang thip va cang bé ra.

Hinh vé minh hoa cho thiy hau hét xac sult clia mét phan
b6 normal nim trong doan [ — 30, u 4 30]. Chi c6 khong dén 0,3%
nim ngoai doan dé. Néi cach khac, néu X 13 mét bién ngiu nhién cé
phén bb x4c suét normal véi cac tham sb y, o, thi véi xac suét 99,7%
ta c6 thé tin rang gia tri cla X nam trong doan [u — 30, yu + 307]:
Plu—30c <X < pu+30)=299,7%.

Phéin b6 normal 14 mét trong nhitng phan b xac suit quan trong
nhét, vi nhiéu phén b xac sult gip trong thuc té c6 dang diéu kha
gibng phan bb normal, vi du nhu phin bd clia chiéu cao ctia dan éng,
phén bb ctia chi sb IQ (chi s6 tri tué), phan bd cha gia chiing khoan
trong tuong lai, v.v. Khi n tién t6i v6 cting va p b dinh, thi dang diéu
ctia phan bb nhi thic véi cac tham sb n, p cling ngdy cang gan gibng
phan bb normal. Vi du, 1y p = 0, 9. Khi n nhé thi phan bd nhi thic
v6i cac tham sb n va p = 0,9 c6 dang diéu khac xa phin bb normal,
nhung khi n = 100, thi ding diéu ctia phan b nhi thitc trong da rat
gan gibng phan b6 normal, nhu thé hién trén Hinh

Cac dinh 1y gi6i han trung tim ma chiing ta sé dé cap dén trong
Chuong |4 sé cho chiing ta co s6 1y thuyét d€ hiéu tai sao ¢ nhiéu

phén bb x4c xut trong thuc té tréng gibng phan bb normal.

Vi du 2.11. Hinh 13 biéu db tin sb (histogram) cta huyét 4p
clia ngudi, trong mot thi nghiém do huyét 4p 1000 ngudi. Tan sb
(frequency) ctia mét gid tri titc 1a s6 1an xult hién gid tri d6 trong
diy sb cac két qua. Néu ching ta coi khong gian xac sult § dy 1a
¢6 1000 phén tir, v6i x4c suit ctia mét phan ti 1a 1/1000, thi bang
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Binomial distribution, n=100, p=.9

_ _/—‘
/ \

008 010 0412
|

Crensgity
0.06
|

0.04
|
“'*\L

0.02
|

0.00

75 30 85 a0 95 100

Hinh 2.5: Phén bé nhi thitc véi n = 100, p = 0,9

A A A A R A N . A X PN
tan s6 trén cho ta bang phéin bo xac suat rdi rac ctia bién ngau nhién
"huyét ap" H: xac suat cua su kién H = z bang tan suat (relative

A A LA A . » A ’ \ .
frequenc l cta z. Tan suat la tan so chia cho tong so (tic 1a chia

T frequency tiéng Anh vita ¢6 nghia 13 tAn sult vira ¢ nghia tn sb. D& phan
q Y g g g p
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Chuong 2. Bién Ngdu Nhién

cho 1000 & d4y). Vi d6 thi ¢6 hinh gan giéng hinh cai chudng, nén ta
thiy phén bb xac sut clia bién "huyét 4p" trong thi nghiém nay cé

thé duge x4p xi kha tét bang mét phan bb normal.

60
50
40
30
20

= 0O I o & &8 @ T T

10

60 72 84 96 108 120
DEP

Hinh 2.6: Biéu d6 tin sb huyét ap

Ghi chii 2.4. D€ c6 mét phan bb xac sult gan gibng phan b normal,
cAn phai c6 mot su “thudn nhét” ndo d6 trong bién ngiu nhién. Vi
du, néu ta c¢6 1 thing téo chin ciing mét giéng téo, thi khi xét bién
ngau nhién “dudng kinh clia qua tao” trén thiing tdo d6, ta c6 thé
duge mét phan bb gan gibng phan bd normal. Nhung néu ta tron 2
thiing tdo thudc 2 gidng tio khac nhau, mét gibng tio to mot gibng

tdo nhé, thi phin bb x4c suit clia bién “dudng kinh” trong déng tdo

biét, tAn sudt c6 khi dudc goi 14 relative frequency, hoic 13 frequency rate.
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trén 14n nay khéng con 1a normal dugc nita, ma né phai ¢é 2 “dinh”,
1 dinh tng v6i dudng kinh trung binh cta gibng tdo to va 1 dinh ting
v6i duong kinh trung binh ctia gibng tdo nhd.

Bai tdp 2.6. Gi stt X 1a mot bién ngiu nhién tuin theo luat phan bb
normal A (i, 02). Chitng minh rang bién ngiu nhién Z = (X — p)/o

tuén theo phan bb normal chudn tic A(0, 1).

2.2.5 Phan bbb mil

Dinh nghia 2.12. Phan bb mii (exponential distribution) vdi tham sb
X la phdn bb xdc sudt lién tuc tuyét dbi trén R cho béi ham mdt dé sau:

Ae™  khiz >0

= . 2.17
pl) { 0 khiz <0 ( )

Ham phan bb x4c sudt F ctia phan bb nay nhu sau: F(z) = 0 khi
x <0, vakhiz > 0thi
x
F(z) = /O Ae Mdt =1—e . (2.18)
Phan bb mil c6 thé dude xem nhu 13 dang lién tuc ctia phin bb
hinh hoc: phan bb hinh hoc 14 rdi rac con phin bd mi 14 lién tuc,
nhung ham phan phbi x4c suit cta hai phin bd nay cé dang diéu
tuong tu nhau.
Phan bb mii c6 thé duge dung d€ 1am mé hinh x4c suét cho nhiing
bién ngau nhién ki€u “khoang cach gitta hai 14n xuit hién”, vi du nhu:
khodng cach thoi gian giita hai ¢t dién thoai goi dén, khoang cach

gifta hai gen d6t bién ké tiép trén mot dai DNA, v.v.
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Bai tdp 2.7. Gia sit bién ngAu nhién X c6 phan bd mil v6i tham sb ),
va ¢ > 0. Chitng minh ring cX ciing c6 phan bb mii v6i tham sb \/c.
Bai tdp 2.8. Gia sit bién ngAu nhién X c6 phan bd mil v6i tham sb ),

va s va t 12 hai sb duong. Chitng minh réing
P(X >s+tX>s)=P(X >t)

Giai thich tai sao ddng thitc nay goi 1a tinh chét khéng ¢d tri nhé (lack
of memory property) ctia phin bd mii.

Bdi tdp 2.9. Gia stt X 1a mot bién ngdu nhién lién tuc v6i ham phan
phbi x4c sult lién tuc f = Fy. Chitng minh rang:

i) f(X) c6 phan bd xac sut déu trén doan thang [0, 1].

ii) —In f(X) c6 phan bé mil.

2.2.6 Phan b Pareto

Vilfredo Pareto (1848-1923) 13 mét nha kinh té ngudi Italia. Ong
ta quan sat thiy rang, phin b tai san trén thé gi6i rit khéng déu,
va “80% tai san la do 20% ngudi lam chi” (80% nhan dan con lai
chi 1am chti 20% tai san). Quan sat nay mang tén nguyén tdc Pareto
hay nguyén tdc 80-20 (c6 khi né con tré thanh nguyén tdc 90-10).
Pareto dua ra mé hinh phin bb xac sudt lién tuc héa sau cho bién
ngAu nhién “gia tri tai san ctia mot ngudi”:

Dinh nghia 2.13. Phan b Pareto vdi tham sb o > 0 la phdn b6 lién

tuc trén R véi ham mat do sau:

2 khiz>1
0 khiz <1
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Hinh 2.7: Vilfredo Pareto

Phén bb Pareto con dude ding 1am mé hinh phén bb x4c suit gn
dting cho rét nhiéu bién ngiu nhién khac, vi du nhu: kich thuée cia
cac hat cat, cac thién thach, cac khu dén cu, du trit ddu hda cla cac

mo6 dau, mic do thiét hai clia cac vu tai nan, v.v.

Bdi tdp 2.10. Chitng minh ring néu X c6 phan b Pareto v6i tham sb
a,vaY = X®v6is > 0, thiY cling c6 phan bd Pareto, va tim tham

sO ctiia phén bo nay.

Bai tdp 2.11. Gia st X c6 phan bd xac sut déu U(0,1). Chiing minh
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rang Y = 1/(1 — X) c6 phan bd Pareto v6i tham sb6 o = 1.

2.3 Ky vong ctia bién ngiu nhién

2.3.1 Truong hgp rdi rac

Khi ta c6 mot bién ngiu nhién, ta c6 thé nghién citu cac tinh chat,
dic trung clia né, dé rit ra cac thong tin, két ludn nao dé. Mot trong

nhiing dic trung quan trong nhét 14 gié tri ky vong.

Pinh nghia 2.14. Gid tri ky vong ctia mot bién ngdu nhién X, ky hiéu
la E(X), chinh la trung binh céng ctia bién ngdu nhién dé trén khéng

gian xdc suat cdc tinh huong.

T dinh nghia ¢ thé suy ra dugc ring, hai bién ngiu nhién c6
cung phan bb x4c suét trén R thi cé cling ky vong. Béi vy, thay vi néi
vé ky vong ctia mot bién ngiu nhién, ta cling c6 thé ndi vé ky vong
ctia mét phdn bb xdc sudt trén R.

Trong trudng hop khéng gian xac sudt cac tinh hubng 1 mét tap
hop hitu han hodc dém duge, Q = {w1,we, ...} vOi cac xac sult P(w;)
(3, P(wi) = 1), thi cong thtc tinh gia tri ky vong (trung binh cong)

clia mot bién ngdu nhién X : Q@ - R 1a

E(X) =) X(wi)Plw). (2.20)

Vidu 2.12. Trd choi dé (mét tro danh bac): trong 100 s6 dé sé chicd 1
s6 thing, 99 sb thua. Thing thi dugc 70 14n tién dit coc. Thua thi mAt

tién dit coc. Néu dit coc 7T tién, thi ky vong sb tién nhén lai dugc 1a
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99% x 04+1% x 70.T = 0,7.T. Ky vong 14i (16) 14 0, 7.7 —T = —0, 3.7.
Titc 13 diit coc T tién choi dé, thi ky vong 14 bi thua 0, 3.7..

Vi du 2.13. Gia tri ky vong ctia phan b Poisson P(X = k) = ’\k—fe_’\
1a E(X) = A That viy, E(X) = Y, kP(X = k) = Y ke =

— k _ k—1 .
e 21 (kil)! = e 2kl h =e et =

Vi du 2.14. Gia tri ky vong ctia phan bb hinh hoc P(T = k) = p(1 —
p)F11a

E(T) =) kp.(1—-p)* " =1/p.
k=1

Diéu nay phi hop véi suy luan truc gidc ring, néu xac suit dé€ ném
vong mot 14n tring cb chai 14 p, thi trung binh phai ném vong 1/p

A e ’, ~ .
lan mdi trung co chai.

Ghi chi 2.5. Trong trudng hop khéng gian xac sudt roi rac Q =
{w1,ws,...} co6 vO han cac su kién, khi dinh nghia ky vong, ching
ta doi héi chudi S°°°, X (w;).P(w;) phai 1a chudi héi tu tuyét dbi,
c6 nghia 1a chudi 32%°, | X (w;)|.P(w;) phai hoi tu. Trong trudng hop
chudi 373°, X (w;).P(w;) khong hoi tu tuyét dbi, thi ky vong khéng
dugc xac dinh hodc 14 bing v6 cling. Ly do d€ doi héi diéu kién hoi tu
tuyét dbi 13, ching ta muén téng cta chudi 3°°, X (w;).P(w;) phai
hitu han va khong phu thudc vio thit tu clia cac sb trong tdng, tic 1a
néu cé thay ddi cach danh s cac su kién, thi vin phai ra ciing mot
téng. Cac chudi théa min diéu kién nay chinh 13 cac chudi héi tu

tuyét dbi.

Dinh 1y 2.5. Mt s6 tinh chdt co bdn ciia gid tri ky vong:

i) Ky vong ctia mot hanh sb ¢ (bién ngdu nhién chi nhdn 1 gid tri) chinh
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la hang s6 do:

E(c) = c. (2.21)

ii) Tuyén tinh: Néu X,Y 1a hai bién ngdu nhién va a,b la hai hdng sb
thi
E(aX +bY) = aE(X) + bE(Y). (2.22)

iii) Don diéu: Néu X >0 thi E(X) > 0. T'é’ng qudt hon,
X >Y = E(X) > E(Y). (2.23)

binh ly trén ding trong trudng hop téng quat, khi ma cac gia tri
ky vong dudc xac dinh. Chiing minh ctia n6 trong trudng hop roi rac
tuong d6i hién nhién.

Khi chiing ta st dung hai mé hinh khéng gian x4c suit khac nhau
dé€ nghién ctu cling mét bién ngiu nhién, thi khéng phai vi thé ma

ky vong ctia né thay déi. N6i mot cach chinh xac hon, ta cé:

Pinh 1y 2.6. Gid sit X : (Q,P) — R la mét bién ngdu nhién véi
khéng gian xdc sudt Q, va ¢ : (Q1, P1) — (Q, P) la mét dnh xa bdo
toan xdc sudt tic mot khong gian xdc sudt (Qy, Py) lén (Q1, Py). Pdt
X1 = Xo6: (,P) — R Ia bién ngdu nhién gibng X nhung véi
khong gian xdc sudt (Q1, Py). Khi do

E(X;) = E(X). (2.24)

Dinh 1y trén ciing ding trong trudng hop tong quat. Chitng minh
ctia n6 tuong d6i hién nhién trong trudng hop Q va Q4 1a cac khong

gian xac suat rdi rac, va la bai tap danh cho ban doc.
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Bai tdp 2.12. Mét doanh nghiép diu tu phat trién mét san phdm méi,
xac suat thanh céng 1a 30%. Chi phi diu tu bd ra 13 100 nghin USD.
Néu khéng thanh céng thi mét chi phi du tv ma khéng thu vé dugc
gi, nhung néu thanh céng thi thu vé dugc 1 triéu (trude khi trit di chi
phi dau tu). Tinh ky vong 10i nhuén tit vu du tu nay.

Bai tdp 2.13. Xay dung mot vi du don gidn v6i hai bién ngiu nhién
X,Y roirac sao cho E(XY) # E(X)E(Y).

Bai tdp 2.14. Trong mét 6 c6 99 qua béng danh sb tit 1 dén 99. Loi
ra tif trong r6 5 qud béng mét cach ngiu nhién. Goi X 1a s6 nho nhéit
hién 1én trén 5 qua béng dugc 16i ra, va Y 14 sb 16n nhéit hién 1én.

i) Tinh phan b xac suét ctia cac bién ngiu nhién X va Y.

ii) Chitng minh rang, v6i moi m,n € N,m < n, ta c6 S, C =

m—+1
Clr

iii) Dung ii) d€ tinh E(X).

Bai tdp 2.15. Mot ngudi tip bong 16, diing tit mot chd ném béng vao
r$ 6 1an. Xac sudt ném triing méi 14n 13 2/3. Goi X 1a sb 14n ném
tring, Y 13 sb 14n ném trudt, va Z = X — Y. Hay tinh ky vong E(Z2)
clia Z bang hai cach khac nhau: mét cach théng qua phin bb xac
suét clia Z, va mot cach khong dung dén phan b xac suét ctia Z.
Bai tdp 2.16. (Entropy). Gia st ¢ 1 tro choi gitta hai nguoi A va B
nhu sau: A chon 1 sb tu nhién trong cac sb tit 1 dén 2" (n 13 mét sb
cb dinh nao d6), va B phai tim xem 14 s6 nao. B c¢6 thé hdi A bat cit
cAu hoi ndo vé sb ma A chon, ma c6 thé phat biéu lai dusi dang “sb
d6 c6 thude mét tap con X ndo dé clia tAp cac sb tu nhién trén hay
khong, va A sé tra 16i “c6” hodc “kh6éng” cho cac cdu hoi caa B. (Vi du

¢6 thé héi: s6 d6 6 16n hon 5 hay khéng, 13 sb chin hay khéng, v.v.)
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i) Chi ra mét chién thuét (mé cach héi), d€ sau khi héi ding n 1an, B
tim duge sé ma A chon. (S n & day dudc goi 13 entropy, hay 14 luong
thong tin).

ii) Chitng minh ring, v6i bat ky chién thuét ndo cta B, thi ky vong vé
s6 1an phai héi cho dén khi tim dugc s6 ma A chon 13 mét sb 16n hon
hoic bang n.

(PAu tién hay tht 1am cho cac trudng hop n = 2, n = 3, r6i lam cho
truong hop tong quat).

2.3.2 Truong hdp téng quat: tich phan trén khéng gian
Xac suat

Trong trudng hop tong quat, cong thitc tinh gia tri ky vong dudc
viét duéi dang tich phan Lebesgue ctia X trén khong gian xac suét
(Q, P):

E(X) = /QXdP. (2.25)

Dinh nghia cua tich phin Lebesgue nhu sau. Gia st ¢6 mot ham
s6 F : (Q, P) — R do dudgc trén mot khong gian xac sult (Q, P) véi
d6 do xac sut P. Nhic lai ring, tinh chit do dugc c6 nghia 14 ton tai
P(F~*(Ja,b])) v6i moi a,b € R,a < b.

Trude hét ta xét trudng hop F 13 mot ham bi chin: ton tai mot sb
duong M € R, sao cho |F(w)| < M v6i moi w € .

Mot phan hoach (su chia nhd) ctia doan thang | — M, M] 1a m6t
déyséao =—-M < a1 <as <...<a,= M hitu han don diéu tang
nio do, sao cho sb diu bing —M va sb cudi bing M. Néi cach khéc,

ta chia doan thang | — M, M] thanh mét hop khéng giao nhau ctia
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2.3. Ky vong ctia bién ngdu nhién

cac doan thang nita md a;, a;41]. Khi 6 mét phan hoach nhu vay, ky

N \ , 1A . A
hiéu la o, ta c6 thé 1ap hai so sau:

I(F) =) a;.P(F " (Jai, ait1])), (2.26)
=0
va .
Jo(F) =" ait1. P(F(Jai, ais1])). (2.27)
=0

Ky hiéu ¥ 13 tdp hop tht ca cic phan hoach clia doan thiang | —
M, M]. Dé thdy ring

Io(g) < J5(F) Vo,0€.

(Bai tip: Ching minh b4t d4ng thtic trén). Hon nita, néu phan hoach
o thdéa man tinh chit a;+1 — a; < € v6i moi i, thi ta cling ¢6 J,(g) —
I,(g) < e. Tit do6 suy ra sup,ex, Io(F) = infsex; J5(F'). Theo dinh
nghia, tich phin Lebesgue cta F trén (2, P) chinh la gia tri chung
do:

/ FdP = sup I,(F) = inf J5(F). (2.28)
Q oEYD oex

Trong trudng hop F khéng bi chin, thi diu tién ta thay F bang

cac ham bi chan
Fyrn(w) := min(max(—N, F(w)), M), (2.29)
(M,N > 0), roi dinh nghia

/FdP: lim /FMyNdP (2.30)
Q M,N—+o0 Jo
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néu nhu giéi han d6 ton tai. Trong trudng hop giéi han d6 ton tai
va hitu han, thi ta n6i F la ham kha tich. Kha tich c6 nghia la dinh
nghia dugc tich phan, va cac cach dinh nghia khac nhau (qua cac
cach 14y gi6i han khac nhau) cho cling mét két qua hitu han. Ham
F kha tich khi va chi khi gi4 tri tuyét d6i ctia né c6 tich phan hitu
han: [, |F|dP < co. (Day 1a mét dinh 1y trong giai tich, chitng minh
khong kho).

Trong trudng hop Q 13 moét mién trong R™ véi thé tich bing
1, phin b xac sut P 1a phan bd déu trén dé (xac sult clia mot
mién con ctia 13 thé tich ctia mién con d6), va F 1a mét ham lién
tuc bi chan, thi tich phan Lebesgue trung vdéi tich phan (Riemann)
nhiéu chiéu théng thudng. Trong trudng hop tdng quat, thi tich phan
Lebesgue 1a mé rong ctia khai niém tich phan Riemann.

TAt nhién, trong trudng hop Q = {wy,ws, ...} 1a mot khéng gian

x4c sult roi rac, ta c6
/ FdP = F(w;).P(w;), (2.31)
Q i
va (néu Q ¢6 vo han phﬁn t&) F kha tich khi va chi khi chudi

Z F(w;).P(w;)

hdi tu tuyét dbi.

Tuong tu nhu tich phan Riemann thong thuong, tich phan Lebesgue
trén khong gian xac suit cé tinh chat don diéu, tuyén tinh, va giao
hoan véi phép 14y gi6i han ctia mét day ham hoi tu déu:

Dinh ly 2.7. Gid st F,G va F,, la cdc ham do dugc trén mét khong

gian xdc sudt (2, P).
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2.3. Ky vong ctia bién ngdu nhién

i) Néu F > 0 (hdu khdp moi noi trén ) thi Jo FdP > 0. Tong qudt
hon, néu F > G thi [, FdP > [, GdP.

ii) Néu I, héi tu déu dén F trén Q, ¢6 nghia la lim,,_, o Sup,cq | Fn(w)—
F(w)| = 0, thi lim,, 0 FpdP = [, FdP.

iii) Véi hai sé thuc a, b bdt ky, ta cd

/ (aF 4+ bG)dP = a / FdP +b / GdP. (2.32)
Q Q Q

Hai khing dinh d4u tién ctia dinh 1y trén suy ra truc tiép tit dinh
nghia clia tich phan Lebesgue. Khang dinh thit ba c6 thé kiém tra truc
tiép dé dang trong trudng hop F va G chi nhin mét sb hitu han cac
gié tri. Trong trudng hop téng quat, ta c6 thé xap xi F va G bing cac
ham chi nhan mot s hitu han céc gia tri, sau d6 iy gi6i han. O

binh ly sau, goi la dinh ly hoi tu bi chdn Lebesgue (Lebesgue dom-
inated convergence theorem), la mot dinh ly hay dudc st dung trong

viéc nghién cttu cac tich phan Lebesgue:

Dinh ly 2.8 (Lebesgue). Gid st F,, : (2, P) — R la mgt d@y ham do
dugc trén khong gian xdc sudt (Q, P) thoa man hai diéu kién sau:
) |F,| < G vdi moi n, trong dé G la mét ham khd tich trén (.
ii) F, héi tu hdu khdp moi noi dén mét ham do duoc F trén Q, ¢6
nghia la tdp cdc diém w € Q sao cho lim,, o, Fy,(w) = F(w) 6 dé do
bang 1.
Khi do ta co
/FdP = lim F,dP. (2.33)
Q n—=eo Jo

So lude chiing minh. Vi |F,| < G nén ta ciing ¢ |F| < G hiu

khap moi noi. LAy mét s6 6 > 0 nho tly ¥. Dit A, = {w € Q||F,(w) —

99



Chuong 2. Bién Ngdu Nhién

F(w)| > d}. Tacod

|/FdP—/FndP\ g/ |F — F,|dP
Q Q Q

g/ (5dP—|—/ 2GdP§(5+2/ GdP.
Q\A, Ay, A,

D€ chitng minh | [, FdP — [, F,dP) tién t6i 0 khi n tién téi v6 cling,
ta chi can chitng minh [ a, GdP tién t6i 0 khi n tién t6i v6 cling véi
moi §. Vi F,, hoi tu hdu khdp moi noi dén F trén €, nén tip hop cc
di€m ma ndm trong v6 sb cac tip A,, c6 d6 do bing 0. Do d6 P(A,,)
tién t6i 0 khi n tién t6i v6 cling (xem khang dinh thit hai cia Bai tip
, ttdésuyra [, GdP tién t6i 0 khi n tién t6i v6 cling. O

Dinh 1}'/ vé su bdo toan gia tri ky vong dudi anh xa bao toan
x4c sult c6 thé duge phat biéu lai dudi dang dinh 1y vé su bao toan

tich phéin Lebesgue duéi danh xa bao toan xac suit:

Dinh ly 2.9. Gid st F : (Q, P) — R la mét ham khd tich trén khéng
gian xdc sudt (Q, P), va ¢ : (Q1, P1) — (€, P) la mét dnh xa bdo toan
xdc sudt. Khi d6 F o ¢ la ham khd tich trén (0, Py) va

/ (F o ¢)dP, = / FdP. (2.34)
191 Q

Chiing minh cta dinh ly trén suy ra truc tiép tit dinh nghia tich
phan Lebesgue. O
2.3.3 Ky vong ctia phan bb xac sut trén R

Doi khi, ta sé ky hiéu tich phan [, FdP thanh [ _, F(w)dP, hodc
12 [,, F(w)dP(w), d& chi rd hon vé viéc 14y tich phén theo bién no.
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2.3. Ky vong ctia bién ngdu nhién

Theo dinh nghia, ky vong ctia mdt phan bb xac suat Py trén R

la zdPx.
z€R

Pinh Iy 2.10. i) Ky vong ctia mét bién ngdu nhién X bdng ky vong ctia

phdn bb xdc sudt Px ctia bién ngdu nhién dé:
E(X) = / 2dPy. (2.35)
z€eR
ii) Néu Py la mét phdn bd lién tuc véi ham mdt db px, thi ta cd:
[o.¢]
E(X) = / zpx(x)d. (2.36)
—00
iii) Néu g la mét ham sb thuc thi

Blo(x)) = [ _ 9(@)iPs = / " g(@)px (@)de. (2.37)

—0o0

Khing dinh du tién caa dinh 1y trén ching qua 13 trudng hop
dic biét ctia tinh chét bdo toan ky vong qua anh xa bdo toan xac
suét. That vy, ta c6 thé viét X = Id o X, trong dé Id 13 ham déng
nhét trén R : Id(z) = x. Do d6 ky vong ctia X bang ky vong ctia ham
Id trén R v6i phan bb xac sudt Py, va ta c6 cong thiic . Khing
dinh thit hai 14 hé qua cta khing dinh thit nhit trong trudng hop lién
tuc tuyét dbi. Khang dinh thit ba cfing suy ra ti tinh chét bao toan
ky vong qua anh xa bdo toan x4c sudt, tuong tu nhu khing dinh th
nhét. O
Vi du 2.15. Gia tri ky vong ctia phin bb xac sut normal N (u, o2)
bang .

Vi du 2.16. Gia st gia 1kg vang vao thdi diém 7' 1a 35000 (USD).
Tai thoi diém 7, thi gia 1kg vang cho thoi diém 7 + 1 chua dudc
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biét, va ¢ thé coi 1a mét bién ngiu nhién X. Gia st ring X c6 phin
bb (gan nhu) normal véi ky vong 35000 va dé léch chudn 400. Héi
ring, vio thoi diém T, gia tri clia quyén mua 1kg véi gia 35000 tai
thoi diém T + 1 1 bao nhiéu? Quyén mua (call) vang 1a mét ching
khoan phai sinh, cho phép ngudi sé hitu né mua vang véi gia ¢ dinh
trude, tai mot thoi diém trong tuong lai, nhung khong bat budc phai
mua. Goi gid tri clia quyén mua nay tai thoi diém 7 + 1 13 Y. Khi d6
Y = max(0, X — 35000), tic 1a néu gia vang lic &6 dusi 35000 thi
gia tri clia quyén mua béng 0, con néu gia vang trén 35000 thi gia
tri clia quyén mua béng su chénh 1éch giita gi4 vang va gia ghi trong
quyén mua. Gi4 tri ciia quyén mua ndy tai thoi diém T dugc coi bing

ky vong cia Y. Nhu vy gid tri ndy bang

_ 2
2 — 35000). exp (—ME’OOO)> da

1 o0
EY) = —
( ) 400+/2m /3500()( 2.4002

1 /00 < 22 ) 400 [ ()
= — T ex —_ r = —F—— ex —Z yA
100v27 Jo P 721002 V2r Jo OF
400
~ 20 160
Vor

Bai tdp 2.17. Gia st Y 1a mét bién nglu nhién lién tuc v6i ham mat
d6 sau: py (x) = esinz khi z €]0,7[, va py (z) = 0 tai cdc diém khéc.
i) Hay tinh c.

ii) Hay tinh E(Y)

iii) Thtt nghi mot vin dé c6 thé xay ra trong thuc té véi phan bb xac

sudt nay.

Bai tdp 2.18. Tinh ky vong clia phin bb Pareto (2.19) véi tham sb
o > 1. (Khi a < 1 thi ky vong bang v6 cting).
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2.3. Ky vong ctia bién ngdu nhién
2.3.4 Gia tri ky vong hinh hoc

Trong céc tai liéu vé x4c sult it khi nhic t6i ky vong hinh hoc.
Nhung khéi niém nay ciing rit quan trong, béi vAy ching ta sé dé
cip no 6 day. Gia tri ky vong ing véi trung binh cong, con gia tri ky
vong hinh hoc tng véi trung binh nhan. Mot vi du don gian sau day

cho thiy su quan trong ctia trung binh nhén trong thuc té.

Vi du 2.17. Gia st gid nha dao dong trong 4 ndm nhu sau. Nam
diu tién gidm 15%, nim thit hai ting 35%, nim tht ba gidm 20%,
nam thé tu tdng 20%. HO6i xem trong 4 nidm dé gid nha ting 1én
(hay gidm di) tring binh méi ndm bao nhiéu %? Néu ta ldy trung
binh céng thi dudc (-15% + 35% - 20% + 20%)/ 4 = 5% mot
nim. Nhung con s6 dé cé phan anh chinh xac su di 1én clia gi4 nha
trong 4 nam khong? Néu goi gia lic dau 13 X, thi sau nim dau gia 1a
(1-15%)X, sau nam tht hai gia la (1+35%)(1-15%)X, sau nam th
ba gia la (1-20%) (1+35%)(1-15%)X, sau 4 nam gia la (1+20%)(1-
20%)(1+35%) (1-15%)X = 1,1016 X. Tiic la sau 4 nam gia nha chi
tang 1én ¢6 10,16%, chit khong phai 20% (= 4 14n 5%) nhu 13 ngudi
ta tudng! D& cé cai nhin chinh xac vé mic dé ting trudng trung binh
hang nim trong giai doan 4 nim, cin phai liy trung binh nhén ctia
cac con sb 1+20%, 1-20%, 1+35%, 1-15% roi trit di 1. Két qua 1a

2,449% mot nam.

Nhu chiing ta biét, néu c6 mét ddy cac sb duong ay, ..., an, a; > 0
v6i moi 4, thi ngoai gia tri trung binh cong (> a;)/n, chung ta con
c6 thé néi dén trung binh nhén: (IT; @)/ T tiéng Anh cho trung

binh nhén 13 geometric mean, néu dich ting chit ra tiéng Viét thi 1a
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“trung binh hinh hoc”, con trung binh cdng 14 “trung binh sb hoc”.
Trung binh nhén c6 thé dugc dinh nghia qua trung binh cdng va qua
ham logarithm In, va ham ngudc ctia ham In, titc 1a ham exp:
(H ai)l/m = exp(Z(ln a;)/n). (2.38)
i i
Ham In 14 ham 16m trén nita dudng thang duong (dao ham béc hai
ctia né bang —1/22 1a mot ham am), béi véy ta co:

T, (Eu)

n

Ly exp ctia hai vé clia bit ding trén, ta ducc bt ding thitc quen

thudc sau: Trung binh nhan luén luén nhé hon hoic bang trung binh

1/n
, > i G
(H al> <= (2.39)

Dau bang xay ra khi va chi khi tat ca cac so a; bang nhau.

cong:

Néu thay vi mét day cac sb duong, ta c6 mét bién ngdu nhién X
ma cac gia tri déu duong, thi ta ciing ¢6 thé lam tuong tu nhu trén,

va két qua goi 14 gié tri ky vong hinh hoc ctia X:

Pinh nghia 2.15. Néu X la mét biét ngdu nhién chi nhdn cdc gid tri
duong, thi gia tri ky vong hinh hoc cia X, ky hiéu la G(X), dugc cho
bé cong thitc sau:
G(X) =exp(E(ln X)) = exp(/ In(X)dP). (2.40)
Q
Pinh ly 2.11. Gid tri ky vong hinh hoc luén nhé hon hodc bdng gid tri
ky vong:
G(X) < E(X). (2.41)
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2.3. Ky vong ctia bién ngdu nhién

Déu bdng xdy ra khi va chi khi F la hdng sb hdu khdp moi noi trén
khoéng gian xdc sudt, titc la ton tai mét sb thuc duong ¢ sao cho P(X =
c)=1

binh Iy trén 13 trudng hop riéng clia bit ding thic Jensen phat

. /\’
biéu nhu sau:

Dinh ly 2.12 (Bat dfmg thitc Jensen). Néu f la mét ham 16i, va X

la mét bién ngdu nhién bét ky, thi
E(f(X)) > f(E(X)). (2.42)

Vi du 2.18. Gia st c6 mét co hdi ddu tu nhu sau. Kha ning thing/thua
13 50%/50%, sau 1 thang biét két qua. Néu thing thi 14 100%, néu
thua thi 16 50% tién bé ra. (Trén thi trudng chitng khoan c6 nhiing
truong hop tuong tu nhu vay, vi du nhu 1 hang cong nghé sinh hoc
khi dang doi két qua thi nghiém 14m sang ctia mét loai thube chita
ung thu, néu thanh céng thi gia tri ¢S phiéu ctia hing c6 thé ting hon
gip d6i, néu thit bai thi gia tri ciing c6 thé mét trén 50%). Hoi dbi
v6i ngudi dau tu thi c6 nén diu tu vao nhiing co héi nhu vay khong,
va néu nén thi nén diu tu v6i nhiéu nhit nhiéu % vbén diu tu (d€
dat ky vong loi nhuén cao nhét, gia st 13 khéng c6 cac co hdi dau tu
khac)?

Trude hét, ta c6 thé tinh gia tri ky vong ctia 10i nhudn ctia dau tu
theo co hoi trén, v6i 1 don vi vén bé ra. Goi L 1a bién “lgi nhuén”,
ta ¢6 2 kha ning: hoic L = 1 hoic L = —1/2, mbi kha ning c6 xac
sult 50%. Nhu vy ky vong 1oi nhuén trén 1 don vi vén bé ra 1a:
E(L) = 50%.1+50%.(—1/2) = 0,25 Ky vong 1¢i nhdn & day la duong
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va kha 16n (bang 25% vbn bé ra), nén day la co hoi nén dau tu, trit
khi ¢6 nhitng co hoi khac tot hon. (Lii 25% trong mét thang cé thé
goi la siéu Igi nhuan).

Cau héi thit hai 1a nha dau tu nén diu tu vao dé nhiéu nhét 1a
bao nhiéu phan trim vén du tu? Néu gia st diu tu toan bd 100%
vbn. Khi d6 c¢6 2 kha ning, hodc 1 tdng sb vbn ting 1én gip doi,
hodc 13 gidm di con 1 nta, v6i xac suit cia mdi kha ning 13 50%.
Nhung néu mét nha diu tu ma 1am nhu vay 2 lan lién tiép, 1 1an
thdng mét 14n thua, thi sau hai lan s6 vén lai vé nhu cii khong ting
trudng dudce gi cAd. Mudn dam bao cho vén ting trudng “vé lau vé
dai”, cai can tinh dén khéng phai 13 gia tri ky vong ctia vén sau mbi
l4n diu tu, ma 13 gia tri ky vong hinh hoc. Néu gia st chi ¢6 1 co
héi dau tu duy nhét nhu trén, thi gia tri ky vong hinh hoc ctia vén
c6 dugce sau khi diu tu Y tién vao dé trén téng sb X tién sé 1a:
V(X —Y/2)(X +Y) DE tbi uu héa gid tri ky vong hinh hoc tic 1a
tim Y sao cho /(X — Y/2)(X + Y) dit cuc dai, véi X cho trudc. Két
qua 13 Y = X/2, va khi d6 gi tri ky vong hinh hoc ctia v6n sau khi
dau tu 1a /(X — X/4)(X + X/2) = 1,061.X Nhu vay, ky vong lgi
nhuén ctia mot co hoi du tu nhu trén, tinh trén toan bd vén cta nha

du tu, chi c6 khéng qua 6,1% chit khéng phai 25%.

Pinh Iy 2.13. Gid tri ky vong hinh hoc ¢d nhitng tinh chdt sau:

Tinh don diéu: néu F > G thi G(F) > G(G)

Tinh thudn nhdt: Néu c lad hang s6 thi G(cF) = ¢G(F)

Tinh I6m: (G(F) + G(®))/2 < G((F + G)/2). Ddu bang xdy ra khi va
chi khi F va G ty 1é thudn vdi nhau, titc la ton tai mot hang s6 duong

¢ sao cho G = cF hdu khdp moi noi.
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Ghi chit 2.6. Tinh 16m cta gia tri ky vong hinh hoc chinh 1a co s6 ctia
nguyén tic da dang héa tai san (diversification) trong dau tu: Bing
cach da dang héa tai san (diu tu mot phan vao F va mét phin vao G
, thay vi chi ddu tu vao F hay chi diu tu vio G) c6 thé lam ting gia
tri ky vong hinh hoc ctia danh muc dau tu (it ra 13 trong trudng hop
F va G c6 cuing ky vong hinh hoc vé ting trudng).

Bai tdp 2.19. Chitng minh bat ddng thitc (G(F)+G(G))/2 < G((F +
()/2), cho trusng hop khéng gian xac suit 1a mot khéng gian hitu

han phén t& c6 phan bb xac sudt déu.

2.4 Phuong sai, d6 1éch chuin, va cac moment

2.4.1 Phudng sai va d6 léch chuan

Pinh nghia 2.16. D6 1éch chuin (standard deviation) ctia mot bién

ngau nhién X la

o(X) = VE(X —E(X))2?). (2.43)

Phuong sai (variance) ctia X, ky hiéu la var(X), chinh la binh phudng
ctia do léch chudn ctia X, titc la bang E((X — E(X))?).

St dung tinh tuyén tinh cta gia tri ky vong, ta c6 thé bién ddi cong
thiic ctia phuong sai nhu sau: E((X —E(X))?) = E(X? - 2E(X).X +
E(X)?) = E(X?) - 2E(X).E(X) + E(X)? = E(X?) — E(X)2. Nhu vy,

ta c6 cong thirc sau:
var(X) = o(X)* = E(X?) - E(X)2. (2.44)
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D6 léch chudn ¢6 tinh thuan nhét bic mét: o(cX) = co(X), con
phuong sai thi thuin nhit bac hai: var(cX) = o(cX)? = Fvar(X). Y
nghia ctia d6 1éch chuén 13: né 1a thude do d6 1éch chia cac gia tri cla
X so v6i gia tri trung binh cta né. Dinh nghia ctia phuong sai cho
thay né luén ludn 16n hon hoic bing 0, va bing 0 khi va chi khi X
13 hing s6 hau khip moi noi, titc 13 n6 khong bi 1éch di dau ca so véi
gia tri trung binh cta no.

Céu hoi cho nhitng ngudi to mo: Tai sao ngudi ta lai hay dung
phuong sai va do 1éch chudn lam thude do cho d6 1éch giita cac gia
tri ciia mot bién ngdu nhién X véi gid tri ky vong clia n6, chit khéng
dling mét dai luong kiéu nhu E(|X — E(X)|)?

Vi du 2.19. Néu F nhén hai gia tri a va —a (a > 0), m&i gia tri véi
xac sudt 50%, thi gi4 tri ky vong clia F 14 0, phuong sai cia F 1a
a?.50% + (—a)2.50% = a?, va 46 léch chuan chinh 13 a.

Vi du 2.20. Néu F c¢6 phan bb normal A (y, 02), thi gia tri ky vong clia
F chinh 13 p, con d6 léch chuédn cta F chinh 14 o. (Bai tip: chimng
minh diéu dé bing cac bién déi tich phin, xult phat tit cong thic
1= %ﬂ exp(—x;)d:c =1)

Ghi chii 2.7. Dbi v6i cac bién ngiu nhién véi vé han cac gi tri, thi
cac dai lugng dic trung cta ching nhu ky vong, phuong sai, va cac
dai luong khéc, khong phai ldc nio ciing ton tai hay hitu han. Vi
du, phan bb xac sult rdi rac P(k) = C/k* v6i moi k € N, v6i C' =
1/(3-1/n?) = 6/72, khong cb ky vong va sai phuong hitu han. Ta chi
stt dung cac dai luong dic trung khi ching ton tai va hitu han.

Bai tdp 2.20. Chting minh rang:

i) D6 léch chudn cta phin bd hinh hoc v6i tham sb p (P(k) =
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vi—g
q
ii) D6 1éch chuan ctia phan bb Poisson véi tham s6 A (P(k) = e \F /!

v6imoik € Z,)1a o = VA

p(1—p)f~lvéimoikeN)lao =

Bai tdp 2.21. Gia st X 13 mét bién ngiu nhién véi E(X) = 2/3,
va c6 phin bb xac sudt lién tuc véi ham méat d6 px cb dang sau:
px(z) = az? +bnéu0 < z < 1, va px(z) = 0 6 nhitng diém con lai.
Hay tinh a, b, va var(X).

Bai tdp 2.22. Mbt phong thi nghiém phai kiém tra mot luong N rt
16n cdc mAu mau nguoi (mdi mau cta 1 nguai) d€ tim ra cic mau cd
chtta mét loai khang thé X. Thay vi xét nghiém titng mau mot, ngusi
ta lam nhu sau: Chia cidc mAu thanh titng nhém, méi nhém c6 k mau.
Trén cdc mau mau trong cung mét nhém véi nhau (lay mot it mau tit
m&i miu) d€ dude 1 miu hén hop, réi xét nghiép mau hén hop dé.
Néu két qua xét nghiém 13 4m tinh (miu hén hop khong c6 khang
thé X) thi coi nhu ca k£ miu trong nhém déu khéng ¢ khang thé X,
con néu miu hén hop c6 khang thé X, thi lam tiép k xét nghiém, mbi
xét nghiém cho tiing mau ctia nhém. Gia st xac suit ¢ 1 mau mau
6 khang thé X 1a mot sb p, va cac miu mau déc 1ap véi nhau. Goi S
13 t6ng s6 14n phai xét nghiém.

i) Xac sudt d€ mét mAu mau hdn hop c6 chita khang thé X 13 bao
nhiéu?

i) Tinh ky vong va phuong sai ctia S, khi t6ng s6 miu mau phai kiém
trala N = km.

iii) V6i nhitng gi4 tri ndo cta p thi ton tai mét sb k thich hop nio
d6 sao cho phuong phap xét nghiém trén tiét kiém dugc sb 14n xét

nghiém (ky vong ctia S nhé hon N)? Tim gia tri clia k t6i vu, nhu 14
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ham cta p.

2.4.2 Cac moment ctia mdt bién ngau nhién

Pinh nghia 2.17. Néu X la mét bién ngdu nhién, va k la mét s tu
nhién, thi dai lugng E(X*) dugc goi la moment (hay md men) bdc k
ctia X, va dai lugng E((X — E(X))¥) dudc goi la moment trung tim
bdc k ctia X.

Ghi chil 2.8. C6 nhiéu t thuét ngit gbc nudc ngodi, ma trong tiéng
Viét khong c6 tit “thudn Viét” tuong tng, chi dich phién 4m, vi du
nhu m6 men (moment), véc to (vector), m6 dun (module), v.v. Trong
nhiing trudng hop nhu vdy, 6 diy ching ta sé d€ nguyén tit theo tiéng
Anh, thay vi dung phién 4m tiéng Viét.

Nhu phia trén chiing ta da thiy, moment bac 1 cia X chinh 14 gia
tri ky vong ctia n6, moment trung tdm béc 1 ctia X thi lubén bang 0,
moment trung tdm béc 2 ctia X chinh la phuong sai cia nd, va né cé

thé duge biéu dién qua cic moment ctia X theo cong thiic:
E(X —E(X))?) = E(X?) — E(X)? (2.45)

Tuong tu nhu viy, cac moment trung tdm béc cao hon ctia X ciling

c6 thé khai trién dudi dang da thitc clia cic moment clia X.
Néu ky hiéu Py 13 phan bb xac sudt trén R cia X, thi ta c6 thé

viét moment béc k clia X theo cong thic sau:
E(X*) = / 2*dPy. (2.46)
zeR
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Néu nhu phén bd xac suit Px la mét phan bd xac sut lién tuc
v6i ham mat dé py thi ta c6 thé viét:

+o0
E(X*) = / ¥ px (z)dx. (2.47)

—00

Cac moment ctia mét bién ngdu nhién cho ta cac théng tin vé
dang diéu cia phan bb xac sult clia bién ngiu nhién dé. Vi dy, néu
moment trung tdm béc 2 nhd, thi c¢6 nghia la cac gia tri cia X nodi
chung it bi sai 1éch so véi gia tri ky vong cua nd, hay ndi cach khac
phén 16n x4c sudt clia phan b x4c suit clia X tdp trung trong mot
khoang nhé xung quanh diém gia tri ky vong. Ngudc lai, néu moment
trung tAm béc 2 16n, thi phan bd xac sult cia X néi chung sé “dan
trai” hon ra xa diém gia tri ky vong.

Moment trung tAm bac 3 clia X dudc goi 12 hé sb bat dbi xing
(skewness), hay con c¢6 thé goi 1a dé xién ctia phan bb xac suét cla
X: Néu X c6 phan bb xac suét dbi xting quanh diém gia tri ky vong
(c6 nghia 13 X va 2E(X) — X c6 ciing phan bb x4c suit), thi moment
trung tAm béc 3 clia nd bang 0. Néu nhu moment trung tdm béc 3
16n hon 0 thi phan b xac suét clia X dudc goi 14 xién vé bén phdi,
con néu moment trung tAm béc 3 nhé hon 0 thi phén b xac suét clia
X dudc goi 1a xién vé bén trdi.

Vi du 2.21. Moment trung tdm béc 3 ctia mét phan bd normal bing
0.

Vi du 2.22. Gia sit 6 mot bién ngiu nhién X véi phan bb xac suét roi
rac sau: P(X = -2) =1/2,P(X =1) =1/4,P(X = 3) = 1/4. Khi
d6 gia tri ky vong ctia X bang 0, moment trung tdm bac 3 clia X bang
moment béc 3 clia X va bang: (1/2).(—2)% + (1/4).13 + (1/4).3% =
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{(+) Positively Skewed
Distribution

{-)} Negatively Skewed
Distribution

Hinh 2.8: Phan bd bat dbi xing

3 > 0. B thi phin bb xac suit ctia X (v6i 3 doan thing nhé 1én &
3 di€m -2,1,3 trén truc hoanh) bi “léch vé bén phai” so néu léy diém

gia tri ky vong (= 0) 1am trung diém.

Moment trung tim bac 4 ctia X lién quan dén cai goi la kurtosi
cta X. Theo dinh nghia, kurtosis (hay con goi 1a hé sb nhon) cla

mot bién ngiu nhién 13 dai luong

M4
=53, (2.48)

g
trong d6 114 13 moment trung tdm bac 4, con o 1a d6 1éch chudn. Ty
18 ju4/0* dugc goi 1a moment chuén héa bic 4. Ly do ctia viéc chuin
héa nay 1a: cAc moment chuén héa clia cac phan bd normal déu 1a

hing s6 va khéng phu thudc vao dé 1éch chudn. Moment chuén héa

®kurtosis 1a mét tit gbe tiéng Hy lap, chi d6 nhon
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{+} Leptokurtic General
Forms of
(0} Mesokurtic Kurtosis

(Normal)

{-} Platykurtic

Hinh 2.9: Kurtosis

ctia bic 4 ctia mét phan bd normal chinh bing 3, béi véy kurtosis clia
mét phan bb normal bing 0. Khi moét phan bb xac sudt ¢ kurtosis
duong (phan b6 nhu véy goi 1a phan b leptokurtic hay nhon vuot
chuén) thi c6 nghia 1a n6é “nhon” hon phén bb normal c6 cing db
léch chudn, con khi kurtosis 4m (phan bd nhu vAy goi 13 phin b
platykurtic) thi c6 nghia 13 né “bet” hon phin b normal cé cting d
1éch chufn. Néu kurtosis bing 0 thi phan b6 dudc goi 14 mesokurtic.
(Xem hinh[2.9).

Vi du 2.23. Hinh 13 vi du minh hoa vé viéc dich chuyén 4 diém
a,b, ¢, d chia mot phin bb xac suit déu rdi rac P(a) = P(b) = P(c) =
P(d) = 1/4, tit vi tri ban ddu @ = —3,b = —1,¢ = 1,d = 3, sao cho
lam téng 1 trong 4 moment béc 1, bac 2, bac 3, bac 4 trong khi gilt

nguyén 3 moment con lai.

Tat nhién, néu hai bién ngau nhién c6 cung phan bo xac suat

trén R, thi tit cd cic moment clia chiing déu bang nhau. biéu ngudc

113



Chuong 2. Bién Ngdu Nhién
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Hinh 2.10: Thay ddi cac moment bac 1 dén bac 4

c6 ding khong, hay néi cach khéac, day cdc moment E(XF) k =
1,2,3,... cia mot bién ngiu nhién x4c dinh hoan toan phan bb xac
suét clia bién ngiu nhién dé khong? DAy 13 mét cAu héi toan hoc
tht vi. Cé nhiing vi du vé cac phan bd xac suit lién tuc khac nhau
nhung c6 tt cd cAc moment nhu nhau. Tuy nhién, trong trudng hop
cac khong gian xac suét chi ¢6 hitu han phin t& (ma thuc ra tit ca
cac van dé trong thuc té déu chi c6 hitu han cic kha ning xay ra,
va cac mo6 hinh lién tuc v6i vo han kha nang chi la cac mé hinh mo

phéng gin ding), thi ta cé:

Ménh dé 2.14. Néu X va Y la hai bién ngdu nhién chi nhdn mét sb
hitu han cdc gid tri, va c6 E(X*) = E(Y*) véi moi k € N, thi phdn bb
xdc sudt ctia chiing trén R bang nhau.

Bdi tdp 2.23. Chting minh ménh dé trén.

Bdi tdp 2.24. Tinh ky vong va cac moment ctia phan bé mii véi tham
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SO .

2.4.3 Bét dang thic Chebyschev va bt dang thitc Markov

Nhitng bét ding thiic tuong d6i don gidn sau dy ctia Chebyschev
va Markov lién quan dén cic moment sé c6 ich trong viéc danh gia

phén bo xac suat cta cac bién ngau nhién.

Pinh ly 2.15. (Bt ddng thitc Chebyschev cho ky vong) Vdi moi bién
ngdu nhién X chi nhdn cdc gid tri khdng dm, va moi sb duong a > 0

ta co

E(X)

P(X >a) <
a

(2.49)

Ching minh. Goi X, 1a bién ngau nhién sau: X, = a khi X >«
va X, = 0khi X < a.Khidbé X > X,, va X, chi nhén hai gia tri 0 va
a. BSi vay

E(X)>E(X,) =0.P(X,=0)4+a.P(X, =0a) =a.P(X > a),
tlt d6 suy ra diéu phai chting minh. O

Pinh ly 2.16. (Bdt ddng thitc Markov cho cdc moment tuyét dbi) Véi

moi bién ngdu nhién X, sb duong a > 0, va sb tu nhién k, ta c6

E(1X)
.

P(X|>a) < (2.50)

a

Chitng minh. Suy ra tit bit dng thtic Chebyschev cho bién ngiu

nhién | X |* va hang so a*. O
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Hinh 2.11: Pafnouti Lvovitch Chebyschev (1821-1894)

Dinh ly 2.17. (Bdt ddng thitc Chebyschev cho phuong sai) Néu X la
mét bién ngdu nhién c6 phuong sai var(X) hitu han va a > 0 bdt ky,

ta c¢é

P(X - E(X)| > a) < 70

(2.51)

Chiing minh. Suy ra tit bit ding thtic Markov cho bién ngiu
nhién X — E(X) va cho k = 2. O

Ghi chu 2.9. Pafnouti Lvovitch Chebyschev (1821-1894) la mot nha

116



2.4. Phuong sai, d6 léch chudn, va cdc moment

Ao AL Mageon (1E8E)

Hinh 2.12: Andrei Andreevitch Markov (1856-1922)

toan hoc ngudi Nga. Ngoai ly thuyét x4c sult, éng ta con nghién

cttu nhiéu vé sb hoc va dai sb. Cac da thitc U, bic n théa min

sin((n + 1)z

Uy (cos(x)) = —(( - +1)z)
sin

xuét hién nhiéu trong toan hoc va ting dung. Andrei Andreevitch

dudc goi la da thitc Chebyschev, va chung

Markov (1856-1922) cling la mét nha toan hoc ngucsi Nga, va la hoc

tro cua Chebyschev. Cac xich Markov (Markov chains) déc biét quan
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trong trong ly thuyét xac suat vé cac qua trinh ngau nhién (stochastic
4 4 \ X [N M N A R A
processes). Cac qua trinh ngau nhién nam ngoai khuén kho cta cuén

sach nay, nhung sé dugc ban dén trong mét cudn sach tiép theo.

2.5 Ham dic trung, ham sinh, va bién d6i Laplace

Thay vi xét cac moment E(X*) ctia mét bién ngiu nhién X, ta c6
thé xét cac gia tri dic trung dang E(exp(yX)) trong dé y 13 mot tham
s6 ndo dé. Khi ta bién dédi y trong mét mién nio d6 trén R hoic C, sé
ta duge mot ham cac gia tri dac trung cta X. Su lién quan gitta ham
nay va cac moment dudc thé hién qua ding thitc sau (xay ra néu nhu

ta co cac diéu kién vé hoi tu):

Mx(y) = E(exp(yX)) = EQ _(v*/k).X*) = Y "E(X*).(4*/k!)
k k
(2.52)

Ham My (y) = E(exp(yX)) dudc goi la ham sinh moment cta
X.

2.5.1 Ham dac trung

Trong biéu thitc M (y) = E(exp(yX)), néu ta liy y = is, (& day
i =+/—1) ,v0i s € R, thi ta ¢6 exp(yX) = exp(isX) = cos(sX) +
isin(sX) 1a mét bién ngdu nhién bi chin (c6 gia tri tuyét dbi bing
1), va ta c6 thé yén tAm vé su ton tai ctia E(exp(isX)). Tit d6 cé dinh

nghia sau:
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Pinh nghia 2.18. Ham dic trung ciia mét bién ngdu nhién thuc X
la ham ®x : R — C dugc cho béi cong thiic

Px(s) = E(exp(isX)) = / RemdPX. (2.53)
e

Vi du 2.24. Ham dic trung ctia mot s6 phan bb xac suit quen thudc:

i) Ham dic trung ctia mot hing s ¢ (ttc 13 bién ngdu nhién chi nhan

mdi gia tri ¢) 1a ®.(s) = e’

ii) Ham dic trung ctia phan bb nhi thitc v6i cac tham sb n, p 1a ham

(1—p+pe)™.

iii) Ham dic trung cta phan bb xac suit déu trén mot doan thing

eibs _ efias
[a,b] la ham ——— .
i(b—a)s
iv) Ham déc trung ctia phén bo xac suat mi v4i tham s6 1 (v6i mét
A . < 1

do p(z) = e * khi z > 0) 1a ham T 7
—is

v) Ham dic trung ctia phan bo xac suat normal chudn tac AV(0,1) 1a

ham ®(s) = exp(—s?/2).

(Bai tap: Hay suy ra cac cobng thiic trén tit dinh nghia cia ham dic

trung va ctia cac phan b6 xac suat).

Dinh 1y 2.18. Mét s tinh chdt ciia ham ddc trung:

D Px(0)=1

i) |®x(s)| < 1vdimoiseR

iii) Néu Y = aX +bvdi a,bla cdc hdng sb, thi &y (s) = eV~ 15d x (as).
iv) ®x lién tuc déu trén R.

v) Néu E(|X|F) < oo vdi mdt sb tu nhién k nao dé, thi ham ddc trung

® x khd vi lién tuc k ldn trén R, va

E(X*) = 28 (0), (2.54)
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trong do (I)E?) la ky hiéu dao ham bdc k cua .

Chting minh. Ba tinh chit diu tién tuong d6i hién nhién, suy ra
ngay tit dinh nghia. Tinh chit thi tu 13 bai tdp danh cho nhitng ban
doc quen v6i khai niém lién tuc déu. D€ ching minh tinh chit cubi
cling, chiing ta nhé ring phép lay gia tri ky vong 13 mét phép lay gia
tri trung binh, ¢6 thé hiéu nhu 13 mot phép 14y téng (ctia mét chubi),
va do d6 né giao hoan vé6i phép 14y dap ham (khi mét sé diéu kién
héi tu ndo dé dude théa man). Ap dung nguyén tic giao hoan dé vao

dinh nghia cua ham déc trung, ta c6 dao ham béic k cia ham dic

trung la:
k k
k), _d B d .
Py'(s) = @‘I’X(S) = E(@ exp(isX))
=E((iX)*exp(isX)) = P*E(X* exp(isX)). (2.55)
Dit s = 0, ta duge ) (0) = FE(XF). 0

2.5.2 Tim lai phan bb xac suit tir ham diic trung

Chung ta c6 cong thic giéi han sau day, cho phép tim lai dugc

phén bb x4c suat tit ham dic trung clia né:

Pinh Iy 2.19. Goi Py la phdn b xdc sudt ciia mot bién ngdu nhién X

tiy y, va ®x la ham ddc trung ctia né. Khi dé véi moi a,b € R, a < b,

ta co:
lim 1/R et e (s)ds = Px(|a bDJrM
R—oo 2 |_p is X - XS 2 )

(2.56)
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Ching ta sé chip nhan dinh 1y trén ma khéng chting minh. Néu
ban doc di biét qua vé giai tich Fourier thi c6 thé tu chiing minh né
khéng qua khé khin (né tuong tu nhu dinh ly Dirichlet cho chudi
Fourier). Néu khéng thi c6 thé xem chéing han trong Chuong 9 cta
quyén sach ctia Koralov va Sinai [[5].

Trong trudng hop X ¢ phan b xac suit lién tuc v6i ham mét d6
px, thi ta c6 thé viét

+oo
Ox(s) = / e px (z)da. (2.57)

—0o0
Trong gidi tich, phép tinh trén goi 1a phép bién déi Fourier. C6 nghia
14, ham dic trung chinh 13 bién d8i Fourier ciia him méat dé.
Chia ca hai vé clia cong thic ( cho b — a, va cho b tién t6i a,

ta dudc cong thic sau, goi la phep bién d6i ngudc Fourier, dé tinh
ham mat d6 tit ham déc trung:

pr(x) = 2177/_ e D p(5)ds. (2.58)

Trong trudng hop X 1 bién ngdu nhién nguyén (chi nhén gia tri
trong Z), thi ham dic trung ®x clia X chinh 14 chubi Fourier véi cac
hé sb 1a cac xac sult Py (k) = P(X = k), k € Z:

Z Px (k) exp(iks), (2.59)
kEZ

va ta c6 thé tinh ra Px (k) tut ®x theo cong thiic quen thudc dé tinh

cac hé so6 cua mot chuoi Fourier:

Px(k) = % /_ i e R Py (s)ds (2.60)
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Ghi chu 2.10. Joseph Fourier (1768-1830) la nha toan hoc va vat ly
Phap. Trong khoang thoi gian 1798-1801 Fourier di theo Napoléon,
cung v6i 35000 linh Phap va mot doan cac nha khoa hoc, sang chinh
chién & Ai Cép (Egypt) va tim hiéu nén vin minh Ai Cp. Khi 8 Ai Cép,
Fourier tré thanh ngudi diéu hanh Vién Han 14m Ai C4p do Napoléon
14p ra, va sau d6 diéu hanh luén ca cac céng viée hanh chinh va ngoai
giao & Ai Cp, gin nhu 13 quan toan quyén. Fourier té ra rat cé tai
vé chinh tri va ngoai giao, c6 thé dam phén, hoa giai cac bén dbi 14p.
Sau khi Phap dau hang Anh & Ai Cap niam 1801 va Fourier tr vé
Phap, dudc ct lam tinh trudng (préfet) vung Isére. Trong thdi gian
& Ai Cap, Fourier phat minh ra chudi Fourier, khi nhin thiy cac 16p
song cat (dunes) & sa mac. Chudi Fourier va bién d8i Fourier 14 mot
thtt céng cu van ndng, khong chi quan trong trong xac suit, ma con

xuét hién khip noi trong toan hoc va vét Iy.

Trong trudng hop téng quat, mét phin bd xac sult ciing dugde xac
dinh mét cach duy nhét bdi ham dic trung cta né:
Pinh Iy 2.20. Hai bién ngdu nhién cd ciing phdn bb xdc sudt khi va chi
khi chiing co cung ham ddc trung.

Chitng minh. Gia st hai phn bd x4c suit Px va Py c6 ciing ham
dic trung ®. Cong thitc (2.56) din dén:

Px(a) + Px(b)
2

Py (a) + Py (b)

PX(]avbD + 9

= PY(]aa b[) +

v6i moi a < b. Ta c6 thé chon a va b 1a nhitng diém lién tuc clia Fy
va Fy, rdi cho a tién t6i —oo, ta dugce: Fy (b) = Fy (b) tai moi diém b

ma 12 diém lién tuc clia cd Fx va Fy. Gid st z € R 13 mét diém tuy ¥
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Hinh 2.13: Joseph Fourier (1768-1830)

Nhic lai ring sb diém gian doan ctia mot ham phan phdi xac sut trén
R 14 khong qua dém dugc. Vi thé ton tai mét diy cac diém z, > =
sao cho z,, tién téi z khi n tién t6i vd cling, va z, 1a diém lién tuc cia
Fx va Fy v6i moi n. Nhic lai ring, cac ham phan phdi xac suét 6
tinh chét lién tuc bén phai. Do d6 ta cé: Fx (z) = limy, 00 Fx (2n) =
limy, 00 Fy (2,) = Fy (z). Nhu vay, hai ham phan phéi x4c sult Fy
va Fy trung nhau, do dé hai phan b xac sudt Px va Py ciing tring
nhau. O

Bdai tdp 2.25. Ta sé goi mot bién ngu nhién X 1a dbi xitng néu nhu
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X va —X c6 cung phén bé xac suit. Hiy xdy dung nhiing vi du bién
ngiu nhién déi xiing, va ching minh ring mét bién ngdu nhién 1a
dbi xting khi va chi khi ham dic trung ®x cia né 1a mét ham thuc
(tlcla P x(s) € R vdimoi s € R).

2.5.3 Ham sinh xac suit va bién ddi Laplace

Trong biéu thitc E(exp(yX)), néu dit y = Inz, thi ta duge ham

sau, goi 1a ham sinh xac suit:
Gx(z) = E(z¥) (2.61)
Ham sinh x4c sudt hay dugc dung khi ma cac gid tri ctia bién ngiu

nhién déu la s6 nguyén khong am. Khi d6 ham sinh xac suat c6 dang

da thitc hodc chubi Taylor c6 ban kinh héi tu 16n hon hodc bang 1:

Gx(z) =) Px(k).2", (2.62)
k

1 deX z /. .
= k'dz’f) » voimoi k € Z...

Tit quan diém clia gidi tich phitc, ham dic trung ® x(s) va ham

vataco P(X = k)

sinh G x(z) gin nhu 1a mot, c6 thé chuyén tit ham nay sang ham kia
bing cach d6i bién. B4i vay, tAt nhién cdc moment ctia mot bién ngiu
nhién ciing c6 thé suy ra dudc tit ham sinh xac suit ctia bién ngiu

nhién do. Ta c6 dinh ly sau:

Pinh Iy 2.21. Gid st X lad mét bién ngdu nhién véi ham sinh xdc sudt
G . Khi do:
) EX)=G'(1)
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2.5. Ham ddc trung, ham sinh, va bién déi Laplace

2) var(X) = 0*(X) = G"(1) + G'(1) — (G'(1))?
IHEXX-1)...(X —k+1)) = G®(1) véi moi k € N. O day G

la dao ham bdc k cua G.

Vi du 2.25. Ham sinh x4c suit ctia mot bién ngéu nhién X véi phan bb
Poisson v6i tham s6 A 13 ham G x (z) = exp((z — 1)\) Thét v4y, ta co:
Gx(2) = E(z%) = 3, 2" P(X = k) = Y e WP /Rl = e At =
A T @6 suy ra E(X) = Gy (1) = A, G%(1) = X2 va var(X) =
G% (1) + G5 (1) — (G5 (1))2 =22+ A= A2 =\

Trong trudng hop bién ngiu nhién X chi nhén cac gia tri thuc

khong am, ngudi ta hay dung ham Laplace Ly (t) : Ry — R, nhan
dudgc tit biéu thiic E(exp(yX)) bang cach dit ¢ = —y:

Lx(t) = E(exp(—tX)). (2.63)

O day ta coi bién ¢ ndm trong tip cac sb thuc khong Am. Voi gid st
rang F chi nhén cac gia tri khong am, ta ludn ¢6 0 < (exp(—tF)) < 1,
tlt d6 suy ra cac gid tri ctia Ly (t) 12 sb duong va bi chin trén bdi 1.
Trong trudng hop F ¢ phan bb xac suét lién tuc véi ham mat d6
pr thda man diéu kién pp(x) = 0 v6i moi z < 0 (c6 nghia 13 F khong

nhan cac gia tri am), thi ta c6
Lp(t) = / exp ™ pp(z)dr, (2.64)
0

va ham Ly (t) dudc goi 1a bién d6i Laplace ctia ham mat d6 pp(z).
Tuong tu nhu dbi v6i ham sinh va ham dic trung, cac dao ham

ctia ham L (t) tai di€m ¢t = 0 ciing cho ta cic moment ctia F.
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Chuong 2. Bién Ngdu Nhién

Hinh 2.14: Pierre-Simon Laplace (1949-1827)

Ghi chi 2.11. Pierre-Simon Laplace (1749-1827) la nha toan hoc,
thién van hoc va vat ly ngudi Phap, mot trong nhitng nha khoa hoc c6
thé luc nhit & chiu Au thoi dai 6ng ta. Ong ta nghién ctu rt nhiéu
tht, tit xac suét (dinh 1y giéi han trung tam, bién d6i Laplace) dén
gidi tich diéu hoa, co hoc, Am thanh, truyén nhiét, cac thién thé, v.v.
Laplace chinh 14 ngudi dit ra gia thuyét vé 16 den (black hole) va

vé su co lai do trong lugng (gravitational collapse) trong vét ly thién

@ Xem wikipedia: http://fr.wikipedia.org/wiki/Pierre-Simon_Laplace.
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2.5. Ham ddc trung, ham sinh, va bién déi Laplace

van. Laplace con c6 tham vong vé chinh tri, 1a thanh vién cta thuong
nghi vién. C6 ltc lam B6 trudng Bo ndi vu dudi thoi Napoléon, nhung
sau 6 tudn thi bi cach chitc vi khéng dudc viée. Laplace bi nhiéu ngudi
cung thoi khong ua vi tinh bac béo, ich ky, ¢6 khi con vo ca cong trinh
ctia nguoi khac thanh cfia minh, va thay déi quan diém chinh tri nhu
chong chéng “theo chiéu gié”. Nhung vé mit khoa hoc, Laplace 1a
mét con ngudi vi dai cia thé ky 18-19. Bién d6i Laplace dudc goi
nhu véy 1a do Laplace dua vao d€ nghién ctiu x4c sudt, ciing v6i ham
sinh x4c suit. Bién ddi Laplace con xudt hién & nhiéu noi khac trong
vat ly va toan hoc. Leonhard Euler (1707-1783) c6 1€ la nguoi dau
tién nghi ra bién déi nay.

Bdi tdp 2.26. Chitng minh ring ham sinh x4c suit ctia mot bién ngiu
nhién véi phan b hinh hoc v6i tham sb p 1a ham G(z) = #ﬁ-pz
Tt d6 suy ra ky vong va phuong sai ctia phan bd hinh hoc.

Bai tdp 2.27. Tinh ham sinh x4c sut v ham Laplace ctia phan b

nhi thitc véi cac tham sb n, p.

Bai tdp 2.28. Chiing minh dinh ly cho truéng hop F nhi nhin

mot so hitu han cac gia tri.
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Chuong 3

Vector ngau nhién

3.1 Vector ngiu nhién

3.1.1 Phan bd x4c suit dong thoi

Néu ta c6 hai bién ngiu nhién X,Y : (Q, P) — R, thi ta c6 thé
xét chiing ciing mét lic v6i nhau nhu 13 mét bién ngdu nhién véi gia
tri trong R?:

X =(X,Y):(Q,P) =R~ (3.1

Mot bién ngiu nhién X véi gid tri trong R? con dude goi 13 mot
vector ngau nhié 2 chiéu. Tuong tu nhu vy, néu ta c6 n bién
ngau nhién véi gia tri thuc, ta c6 thé xét chiing ciing mét lac véi
nhau nhu 13 mét bién ngiu nhién véi gia tri trong R™, va goi né 1a

mot vector ngau nhién n chiéeu.

(M Tiéng Viét phién 4m chit vector thanh véc to, nhung & day chiing ta sé dé nguyén
chit vector cho tién.
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3.1. Vector ngdu nhién

Pinh nghia 3.1. Mot vector ngdu nhién n chiéu X = (X1,...,X,) :
(Q, P) — R™ xdc dinh trén R™ mét phdn bb xdc sudt cdm sinh qua
push-forward tit phdn bb xdc sudt trén Q. Phdn bb xdc sudt trén R"
ndy duoc goi la phan bd xac suét cida X, hay con duge goi ld phan
bb xac suht d("ing théi ctia cdc bién ngdu nhién Xi,...,X,. Ham
Fx : R™ — [0, 1] cho béi cong thiic

Fx(x1,...,xp) = P(X1 <z1,..., X, < zp) (3.2)

duge goi la ham phan phoi xac suat ciia vector ngdu nhién X, hay con
goi la ham phén phéi xac suit dong thdi cia cdc bién ngdu nhién
X1,..., X

Ghi chu 3.1. N6i mot cach chat ché toan hoc, tuong tu nhu trong
trudng hop 1 chiéu, trong dinh nghia vector ngiu nhién c6 diéu kién
do dudc, titc 13 ton tai xac sudt P(X € U) v6i moi tip con mé U
ctia R”. Khi néi dén mot phan bd xac sult trén R™ ta sé ludn coi ring
sigma-dai s6 ctia né chinh 13 sigma-dai s6 Borel sinh béi cac tip con
md cta R™.

Ghi chii 3.2. Néu hai bién ngau nhién X, : (Q,P) - Rva X :
(Q2, P1) — R c6 hai m6 hinh khong gian xac suAt khac nhau, thi
trude khi c6 thé xét cip (X1, Xz) nhu 1a mét vector ngau nhién,
ta phai thay d6i mé hinh khéng gian xac sudt, d€ bién X; va X,
thanh cac bién nglu nhién trén ciing mot khong gian xac suit. N6i
cach khac, ta phai x4y dung dudc mot khong gian xac suit (Q, P),
cling v6i cac toan 4nh béo toan xac sudt ¢ : (Q, P) — (O, P) va
d2 : (Q,P) = (2, P,), sao cho thich hop véi vin dé dang duoc

nghién ctu. Sau do, thay vi xét X; va X, riéng 1é, ta co thé xét
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Chuong 3. Vector ngdu nhién

X1 = X 0¢ va Xo = X5 0 ¢ cling nhau trén Q. Cht y ré”lng, vé mat
ban chit, X; va X; ching qua 1 mot (va tit nhién c¢6 cting phan bd
xac sudt trén R), nhung dugdc dit trén cic méd hinh khéng gian xac

suat khac nhau.

Tuong tu nhu trong trudng hop 1 chiéu, mét phin bd xac suét
nhiéu chiéu Px (cla mot vector ngau nhién X = (X, ..., X,,)) dudc
xac dinh duy nhét béi ham phén phédi xac suit ctia né. Vi du, khi n =
2, ta c6 thé tinh x4c sult cia mét hinh chit nhat ntta mé a, b] x]c, d]

trong R? khi biét ham phén phbi x4c suit Fx qua cong thiic sau:
PX(](I, b]X]C, d]) = ]:X(b> d) - J—"X(ba C) + fX(CL?C) - fX(a> d)a (3.3)

con xac suat ctia cdc mién hinh chit nhit déng thi ¢ thé tinh qua giéi

han

Px([a,b] X [¢,d]) = lim  Px(]d,b]x]d,d]). 3.4

a'—a—,c'—c—

Bai tdp 3.1. Viét coéng thic tinh xac suit Pp(la, b]x]c, d]x]e, f]) cla
mdt hinh khéi chit nhat nita mé théng qua ham phén phbi xac suit

F¥ clia mot vector ng'flu nhién 3 chiéu F = (F1, F, Fs).

Bai tdp 3.2. Hai ngudi hen gip nhau vao mot budi trua tai mét diém
X. Mbi ngudi di dén diém X trong khoang thoi gian tit 12h dén 13h
mdt cach ngiu nhién véi phan bd déu, va néu khi dén khéng thiy
ngudi kia dau thi dgi thém 15 phit ma vin khéng thiy thi bé di.
Tinh x4c suit d€ hai ngudi gip dudc nhau 6 diém X theo hen.
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3.1. Vector ngdu nhién
3.1.2 Cac phén bb xac suét bién

Khi ta c6 mot vector ngiu nhién X = (X1, ..., X,,) v6i phan ham
phén phdi xac suit dong thdi Fx, thi ta c6 thé tim lai dude cac ham
phan phdi clia cac phan b6 xac sudt Fx, clia cac bién X; qua céng
thic gi6i han sau:

Fx,(x) = lm  Fx(T1,. .., Tie1, Ty Tig 1, -« oy Tny)- (3.5)
rp—00 Vk#i

Do d6, cac ham phan phbi x4c suit Fy, con dudc goi 1a cac ham phén
phéi xac suit bién (hay con goi 1a phin phdi xac suét bién duyén)
ctia ham phén phbi x4c suit dong thoi Fx, va cac phan bb xac sut
Py, dudc goi la cac phan bb x4c suit bién (marginal distributions)
ctia phén bb x4c suit déng thoi Px.
Ménh dé 3.1. Cdc phép chiéu tu nhién ¢; : (R", Px) — (R,Px,),
oi(z1, ..., Tn) = x4, la cdc dnh xa bdo toan xdc sudt.

Chitng minh ctia ménh dé trén suy ra truc tiép tit cic dinh nghia.
Vi du 3.1. Néu X 1a mét bién ngu nhién rdi rac véi cac gia tri z; va
Y 12 mét bién ngiu nhién rdi rac véi cac gia tri y;, thi viéc phép chiéu
thit nhét bo toan x4c suit ¢ nghia 1a

P(X =z;) = P(Uj(X = 2;,Y = y;)) ZP =2, Y =y;).

(3.6)

Chil y ring cac phéin bd x4c suit bién dudc xac dinh duy nhéit béi
phéan bb x4c suit dong thoi, nhung diéu ngudc lai néi chung khéng
dting: Néu ta biét phan bb x4c suét cta hai bién ngdu nhién X, Y thi

khoéng ¢ nghia 14 ta biét phan bb xac suit ddng thoi clia chiing.
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Chuong 3. Vector ngdu nhién

Vi du 3.2. Gia sit ta biét rang Px 1a phan b Bernoulli véi Px (0) =
1 — p,Px(1) = p, vd Py ciing 13 phan b6 Bernoulli véi Py (0) =
1—q, Py (1) = q. Khi d6 ta biét ring Py y la mot phan bb x4c suét trén
R? tap trung tai 4 di€ém A = (0,0), B = (0,1),C = (1,0), D = (1,1),
va thod man cac diéu kién: Pxy(C) + Pxy(D) = p, Pxy(B) +
Pxy (D) = q. Nhung Py y(D) c6 thé 1a mot s6 bét ky nam giita 0 va
min(p, q).

3.1.3 Ham mat d6 dong thdi

Pinh nghia 3.2. Mt phdn b6 xdc sudt n chiéu Px dugc goi la lién tuc
tuyét d6i néu né duoc sinh béi mét ham méat dd px : R® — R, khd
tich trén R™. Piéu d6 c6 nghia la v6i moi mién U C R™ ta cd:

Px(U) = /pr(:rl,...,xn)dxl...d:rn. 3.7)

Ham px con duge goi la ham mat dd ddng thdi ciia cdc bién ngdu
nhién Xq,..., X,.

Tht nhién, néu mét ham p khong 4m 14 mdt ham mét d6 ddng

thoi trén R™, thi n6 phai cé tinh chét
o0 o0
/ / p(x1,...,zp)dxy ... dx, =1, (3.8)
-0 -0

bdi vi x4c sudt ctia toan bo khong gian 14 bang 1. Ngudc lai, moi ham
khéng 4m c6 tinh chét trén 13 ham mét d6 ctia mét phan bb xac suét
nao doé trén R”.

Néu nhu céc phan bd xac sult Px, i =1,...,n) va, Px (X =

(X1,...,Xn)) 14 cac phan bb xac sudt lién tuc v6i cac ham mat do
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3.1. Vector ngdu nhién

tuong ting px, va px, thi ta c6 thé viét

le(l‘) = / / p(x,yQ,...,yn)dyQ...dyn, (3.9)
—0 —o0

va tuong tu nhu vay cho cac ham py,(z),...,px, (z). Cac ham py,
dudc goi 1a cac ham méat do bién (ctia ham mét do px, hay la cta
cac bién X)).

Vi du 3.3. Gia st X = (X,Y) c6 ham mat d6 ddng thdi px (z,y) =
1/zkhi0 <y < 2 < 1va px(z,y) = 0 tai cac diém khac. Khi ¢6 ham

mét do bién px cua X la:
px(x) = /0 px(z,y)dy = /O (1/z)dy =1

khi 0 < 2 < 1, va px(z) = 0 tai cac diém khac. Diéu dé c6 nghia 1a
X ¢6 phén bb xac suit déu trén doan )0, 1]. Him mét d6 bién clia Y
la:

1 1
Py (y) :/ px(z,y)dz Z/ (1/z)dx = —Iny
) x
khi 0 < y < 1, va py (y) = 0 tai cac diém khAc.

Néu ta c6 hai bién ngiu nhién X,Y va F : R2 — R 1a mét ham
s6 hai bién, thi phan bb xac suét clia bién ngiu nhién F(X,Y) ¢6 thé
suy ra dudc tit phan bb xac suit dong thoi clia X va Y theo cong
thuc:

Frxy)(a) = P(F(X,Y) < a) = Pxy({(z,y) € R*|F(z,y) < a}).
(3.10)
Trong trudng hop lién tuc, ta ciing c6 thé tinh dude ham mat do clia
F(X,Y) tit hAm mét d6 déng thoi ctia X va Y. Vi du, trong trudng
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Chuong 3. Vector ngdu nhién

hop F(X,Y) = X + Y, ta c6 cong thic sau:

o

px+y(z) = / pxy(x,z —x)d. (3.11)
—0o0

(Céng thiic tuong tu cho cac bién ngdu nhién rdi rac 1a: Px,y(z) =

S, Pxy(z,z — ), v6i Pxy(z,z —x) = P(X = z,Y = z — z)). Tat

nhién, cic khing dinh trén c6 thé mé rong 1én trudng hop n chiéu.

Bai tdp 3.3. Gia st X 1a mét bién ngiu nhién bét ky. Chiing minh

rang khéng ton tai ham mat dé cho vector ngau nhién (X, X3).

3.1.4 Ham dic trung cta vector ngau nhién

Tuong tu nhu trong trudng hop bién ngiu nhién 1 chiéu, ta c6
thé dinh nghia cac dai lugng dic trung clia cc vector ngiu nhién:
néu F : R — C 1a mét ham n bién bat ky, va X = (X1,...,X,) la

mot vector ngau nhién n, thi
/ F(x)dPx (3.12)
xER"

13 dai luong dic trung clia X dinh nghia bdi ham F. Nhic lai rang,
trong trudng hop n = 1 va F(z) = x¥, thi cong thiic trén cho ta
moment bac k. Trong truong hop n tuy y va F(x) = x’fl A P
mét don thic (x = (21...,2,)), thi ta dudc mot moment hén hop
E(X¥ ... Xkn) cla vector ngdu nhién n chiéu. Néu F khong chi phu
thudc vao x ma con phu thude vao cic tham sb s ndo do, thi cong
thitc trén cho ta mot ham theo bién s, ma céc gia tri clia né 1a cac gia

tri ddc trung cta X.
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3.1. Vector ngdu nhién

Pinh nghia 3.3. Ham dic trung ctia vector ngdu nhién n chiéu X =
(X1,...,X,) laham n bién Dx(s), s = (s1,...,8n), cho bi cong thic

sau:

DOx(81,..-,8,) = / exp(v—1 Z six;)dPx. (3.13)
xER™ i=1

Tuong tu nhu trong trudng hop mot chiéu, ham div trung trong

trudng hop nhiéu chiéu c¢é cac tinh chét sau:

Pinh ly 3.2. i) Gid stt X la mét vector ngdu nhién n chiéu bdt ky.
Khi d6é ham dd trung ®x cia nd la mot ham lién tuc déu trén R™,
[@x(0)] = 1, va [®x(s)| < 1vdimois € R"

i) (Céng thitc nghich ddao) Gia st X la mot vector ngéu nhién n chiéu,
va a,b € R, sao cho a < b va hinh hép mé n chiéu Bap = {x €
R"la < x < b} ¢6 xdc sudt cia bién theo phdn b6 ctia X bdng 0:
Px(0Bap) = 0. Khi do:

P(X € Ba,b) =
1 oV sian _ v/ Tsib
_ lim ... lim / I1 (e ¢ )@X(s)ds

(27r)” Ti—oo  Tph—o0 v —1sp,
—T<s<T k=1

(3.14)

(trong do ds = dsy . . .ds, la ky hiéu db6 do Lebesgue trén R™).
iii) Néu hai vector ngdu nhién n chiéu cé cing ham ddc trung, thi chiing
ciing ¢d cuing phdn bé xdc sudt trén R".
v) Gid st m € Nva E(|X;|™) < oo vdi moi i = 1,...,n. Khi do ham
ddc trung khd vi lién tuc m ldn, va

1 ok @« (0)

E(XF . XxknY) = 3.15
% ") (V=1)Kl gzhr . §zhn’ G-15)
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Chuong 3. Vector ngdu nhién

véimoi ky,...,k, € Zy sao cho |k| = ki + ...+ k, < m.
v) (Bién d6i Fourier ngugc). Trong trudng hop phdn b xdc sudt cida X
la lién tuc tuyét dbi véi ham mdt do px, thi ®x la bién d6i Fourier clia

px, va px la bien doi Fourier nguogc cua $x:

1
px(x) = G /n exp(—ﬁzk: sprr)Px(s)ds. (3.16)

Chitng minh ctia dinh 1y trén tuong tu nhu trudng hop 1 chiéu,
tuy c6 phtc tap hon.

3.2 Céc bién ngiu nhién doc lap

3.2.1 Su ddc lap ctia mét bd bién ngiu nhién

Khai niém doc l4p cta cac bién ngiu nhién 13 mé rong khai niém
déc 14p clia cac su kién. V& mit triét ly, khi ma hai bién ngiu nhién
khéng lién quan dén nhau, thi ching phai déc lap véi nhau. Vi du,
“sb git day hoc trong tudn cta gido vién” va “chiéu cao clia cdy cau”
¢6 18 khong lién quan gi dén nhau, c6 thé coi 1 déc lap. Néu gia st
ta tung quan xtc sic 3 14n, thi ta ¢6 mot bd 3 bién ngiu nhién, mbi
bién 14 két qua ctia mot 14n tung xtc sic. Bé 3 bién ngiu nhién dé
cling c6 thé coi 1a dbc 14p, khi khong cé gi chitng td két qua clia cac

14n tung c6 thé anh hudng t6i nhau.

Pinh nghia 3.4. Mjt bé n bién ngdu nhién X, ..., X, duoc goi la
déc 1ap néu nhu khéng gian xdc sudt (R", Px) véi phdn bb xdc sudt

déng thoi Px cia Xu,...,X, la tich truc tiép ctia cdc khong gian
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3.2. Cdc bién ngdu nhién déc ldp

xdc sudt (R, Px,),..., (R, Px,), hay ndi cdch khdc, véi moi tdp con

Ay, ., A, CR (ndm trong sigma-dai sb Borel ctia R) ta cé

Px(Al X ... XAn) :P(X1 GAl,...,Xn,EAn)
=[] Pxi € A4) =] Px.(4). (3.17)

=1 =1

Trong trudng hop cac bién ngdu nhién X;,..., X,, déu cé phin

bb xac sudt roi rac, diéu kién doc 1ap c6 thé dudce viét dudi dang sau:
n

Px(x) = [ Px, () (3.18)
i=1

v6i moi x = (z1,...,2,) € R™.

Ham phan phbi x4c sut ctia tich truc tiép (R, Px,) x...x (R, Px,)
chinh la ham F(xg,... l'n) = H?:l P(X;<uz) = H?:l Fx, (xl) Phan
bb x4c sudt trén R™ dugde xac dinh duy nhat béi ham phan bb x4c suét

ctia no, bédi vay ta co:

Pinh 1y 3.3. Cdc khdng dinh sau ddy la tuong duong:

i) B6 n bién ngdu nhién X, ..., X, la doc ldp.
ii) Ham phdn phéi xdc sudt dé‘ng thoi Fx cua X1,...,X, la tich cua

cdc ham phdn phoi xdc suat bién Fx,:

n

Fx(@1.. o an) = [ Fx, (@), (3.19)
i=1
hay néi cdach khdc,
P(Fy <my...,F, <a,) = [[ P(F; <), (3.20)
=1
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véi moi (x1,...,x,) € R™.
iii) Ham ddc trung ®x(s1,...,s,) cua X = (Xy,...,X,) la tich cta
cdc ham ddc trung ®x, (s;):

n

Dx(51,...,8) = H Dy, (s:). (3.21)
i=1
iv) (Trudng hop lién tuc tuyét dbi) Tich cia cdc ham mdt dé bién

px,(x;) cua cdc bién X; bc‘ing ham mdt do dc‘;ng thoi:
n
px (@1, ) = [ [ px. (i), (3.22)
i=1

Vi du 3.4. Néu A va B 13 hai su kién, va 14 va ¢ 12 cic ham chi bdo
tuong ng cta ching (Y4 = 1 néu A xay ra va 14 = 0 néu A khéng
xay ra, va tuong tu nhu vy véi ¢ g), thi A va B 1a hai su kién doc lap
khi va chi khi ¢4 va 5 13 hai bién ngu nhién déc lap.

Ghi chii 3.3. Tuong tu nhu dbi véi cac su kién, c6 nhitng bd bién ngiu
nhién khéng doc 1ap, ma trong d6 cac bién ngu nhién doc lap véi
nhau theo ting d6i mét. D€ lay vi du, ta chi can 1y mot bd cac su
kién khong doc 14p nhung doc l4p ting dbi mot, roi 14y cac ham chi
bdo ctia ching.

Bai tdp 3.4. Xay dung mot vi du véi 3 bién ngiu nhién XY, Z sao
cho X doc lap v6i Y va Z, nhung khéng doc lap véi Y + Z.

Bdai tdp 3.5. Gia st X,Y, Z 1a ba bién ngéu nhién d6c 1ap v6i phan bb
déu trén doan thing 10, 1[. Hay tinh xac suét d€ co thé 1ap duge mét
hinh tam giac véi ba canh 1a X, Y, Z.

Bdi tdp 3.6. Phan bd gamma véi cic tham s6 a, A > 0 1a phin

bb xac sult lién tuc tuyét dbi trén R v6i ham mat dé sau: p(z) =

138



3.2. Cdc bién ngdu nhién déc ldp

Aa
[(a)
rang I'(k) = (k — 1)! v6i moi k € N. Chitng minh (bang qui nap)

e O day (o) = Jo~ v te *dx goila ham gamma. Biét

ring, néu Xi,..., Xy 12 k bién ngiu nhién doc 14p véi phan bb mi
v6i tham s6 ), thi téng ctia ching X; + ... + Xj, c6 phan bb gamma
v6i cac tham sb k, \.

Bai tdp 3.7. Gid st X va Y c6 phén b xac suat dong thoi lién tuc,
v6i ham mat d6 xac sudt dong thoi sau day:

xe T Y khiz,y >0
pl,y) = e o
0 tai cac diém khac

Héi rang X va Y c6 doc 1ap v6i nhau khong?

3.2.2 Mot vi du khong hién nhién vé su doc lap

Gia st ta tung quan xdc sic tdng céng N 14n, va mbi lan tung thi
xac suit € hién 1én mit 1 chAm 13 p = 1/6. Goi X 1a s 14n tung hién
1én 1 chim, Y 14 sb 14n tung hién ra nhitng méit khac. Khi d6 X va Y
14 hai bién ngiu nhién, véi X +Y = N. Néu sb 1an tung N 13 mét sb
cb dinh, thi X va Y khong déc 14p véi nhau, vi P(X = a,Y =b) =0
néua+ b # N.

By gio ta gia st ring ban than t6ng s6 14n tung N 1a mét s6 ngiu

nhién tuén theo luat Poisson v6i tham sb \:
n

A
P(N =n) :e—Anf n ez

Khi d6 P(X = a,Y = b) # 0 v6i moi a, b € Z. Xac sult c6 diéu kién
P(X = z|N = n) tuén theo phan b6 nhi phan:

P(X = 2N =n) = CZp"(1 — p)"
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Chuong 3. Vector ngdu nhién
Tur do suy ra:

PX=z2,Y=y)=PX=zIN=z+y)P(N=x+y)
T+y z _ Yy

AT Y I

(x +y)! x! y!

P(X =2) =Y ey, P(X =2,Y =y) = PB" ¢y,

P(Y =y) =Y pep, P(X =2,Y =y) = le;!p”y.cz,

=3 p"(1 —p)¥

v6i Cp = e, Cy = e M7P) va P(X = 2).Py = y) = P(X =
2,Y = y). biéu dé 6 nghi 13, trong trudng hop nay (khi ma téng
N = X +Y tuan theo phan b Poisson), hai bién X va Y déc lap véi

nhau!

3.2.3 Mot sb hé qua ctia su doc 1ap

Pinh ly 3.4. Gid st X1,..., X, la mot b n bién ngdu nhién dbc
ldp, va q¢1,...,gn la cdc ham sb thuc. Khi dd cdc bién ngdu nhién

91(X1), ..., 9n(X,) cling doc ldp véi nhau.

Chting minh. Véi cac tip con Ai,...,A, C R bét ky, ta co:
P(gi(X) € A1,...,gu(X) € A,) = P(X1 € g;'(A1),..., X1 €
g (An)) = T, P(Xi € g;7'(A)) = [I, P(9(X:) € Ay), va do d6
cac bién ngdu nhién g, (X1),. .., gn(X,) doc 14p véi nhau. O

Tuong tu nhu vy, ta c6 ménh dé sau (ching minh ctia né 1a bai

tap danh cho ban doc):

Ménh dé 3.5. Néu X1, Xy, X3 la mét bd 3 bién ngdu nhién doc ldp, va
¢ : R2 — R la mot ham hai bién, thi cdc bién ngdu nhién (X1, Xs) va

X3 doc lap véi nhau.
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3.2. Cdc bién ngdu nhién déc ldp

Nhac lai rang, néu X la mot bién ngau nhién, thi ham sinh xac
suat ctia né 1a ham Gy (z) = E(z~), va ham dic trung cta nd 1a ham

D x(s) = E(exp(v/—1sX)).

Pinh Iy 3.6. Néu X1, ..., X,, la mét bé n bién ngdu nhién déc ldp, thi:
0

E(J[ X)) = [ E(X), (3.23)

ii)
var(z X;) = Z var(X;), (3.24)

iii)

iv)
05, ( H Dy, (s (3.26)

Chirng minh. i) va ii). Ching ta sé chitng minh cho truéng hop
n = 2, va hai bién ngdu nhién X;, X, chi nhan mét sb hitu han cac
gia tri {a1,...,ax} va {b1,..., by} tuong tng. Khi dé ta co:
D) E(X1X2) = 3, aib;P(X1 = aj, Xa = b;)
=i aibjP(X1 = a;) P(X2 = b;)
— (¥, aiP(X1 = a)(X, bP(Xa = by)) = E(X1)E(X)).
i) var(X; + X2) = E((X1 + X2)?) — E(X] + X»)? =
E(X?) + 2E(X1 X2) + E(X3) — (E(X1) + E(X2))? =
E(X7) +2E(X1 X2) + E(X3) — E(X1)? — 2E(X1)E(X2) —E(X2)* =
E(X?) —E(X1)? + E(X2) — E(X2)? = var(X1) + var(Xs).

141



Chuong 3. Vector ngdu nhién

Trudng hop cac bién ngdu nhién nhan v han cac gia tri c6 thé
suy ra tit trudng hop véi hitu han cac gia tri bing cach liy gi6i han.
Trudng hop n tity y suy ra tif trudng hop n = 2 bang qui nap.

iii) Ta c6 Gy x,(2) = E(z>%) = E([[2%) = [[;E(Y) =
[1; Gx,(z), do cac bién 2% ddc l4p véi nhau.

iv) Chitng minh hoan toan tuong tu. O

Vi du 3.5. Gid stt X va Y 1a hai bién ngiu nhién ddc l1ap ¢ phan bb
Poisson v6i cac tham sb 13 A va ~ tuong tng. Khi d6 X + Y ciling ¢
phén bb Poisson v6i tham s6 1a A + ~. D€ thiy diéu do, ta cé thé tinh
P(X +Y = k) qua cong thtic

P(X+Y =k)=» P(X=hY =k-h)=) P(X =h)P(Y =k-h),
h h

hodc 1a ta ¢6 thé ly luan nhu sau: Ham sinh clia X 1a Gx(z) =
exp(A(z — 1)), cta Y 1a Gy (z) = exp(y(z — 1)). Vi X va Y doc lap
v6i nhau nén ham sinh cia X + Y 1a Gxiy(2) = Gx(2)Gy(z) =
exp(A(z — 1)) exp(y(z — 1)) = exp((A + 7)(z — 1)) la ham sinh cta
phén bb Poisson v6i tham s6 A + . B3i vAy X + Y ¢6 phéan bb nay.
Bai tdp 3.8. Gia st X va Y 13 hai bién ngiu nhién déc 14p tuan theo
cdc phan b6 normal N (i1, 07) va N (2, 03) tuong tng. Hay tinh ham
dic trung cia X 4+ Y, va tit d6 suy ra ring X + Y tuén theo phan bd
normal N (u1 + pi2, 03 + 03).

Bai tdp 3.9. Tung mét quan xic sic nhiéu l4n, cho dén khi téng cta
tAt cac cac sb hién 1én trong cac 1an tung dat it nhit 1000. Goi ~
13 x4c sudt d€ sb 14n phai tung 16n hon 350. Dung bat ding thic

Chebyschev dé tim mét danh gia chin trén ctia .
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3.3. Ludt sb l6n

Bai tdp 3.10. Tung mdt con xuc sic 5 1an. Dung ham sinh x4c suét,
héy tinh xac suit d€ t6ng cac sb hién 1én trong 5 lan tung 13 15.

Bdi tdp 3.11. Gid st X1, X2, X3, ... la mot diy cac bién ngiu nhién
déc 1ap c6 cling mot phan bd xac sudt, véi ky vong u < 0 va phuong
sai 02 < 00.Goi S, = X1 +...+ X, 14 téng clia n bién ngﬁu nhién
diu tién. Dung bit ding thic Chebyschev dé ching minh ring, véi

moi ¢ € R, ta ¢6 lim,,_,o P(S, > ¢) = 0.

3.3 Lut s6 16n

3.3.1 Dang yéu ctia lut sb 16n cho phan bd bat ky

Gia st X1, Xo, X3, ... 1a mét ddy v6 han cac bién ngiu nhién doc
14p c6 cting mot phan bb x4c sudt véi ky vong 1 va phuong sai o2 hitu
han. Pt S, = X1 + ...+ X,,. Ta ¢6 mé rong sau ddy ctia dinh ly[1.4}

Dinh ly 3.7 (Luat s6 16n). V6i moi € > 0 ta ¢

lim P <‘Sn — ,u’ < e> =1 (3.27)
n

n—o0

Dinh 1y Bernoulli|1.4|1a trudng hgp riéng cta dinh ly trén, khi ma
X; chi nhin hai gia tri O va 1.

Chttng minh. Do céc bién ngiu nhién X; ddc 1ap v6i nhau nén
var(Sy,) = S0 var(X;) = no?, VA E(S,) = S0 E(X;) = nu. Ap
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Chuong 3. Vector ngdu nhién

dung bit ding thiic Chebyschev, ta cé:

Sh var(Sy,) 02 o
P = > =P n —-E n)| = < ——F=— R
< - ,u’ > e> (|S. (Sn)| > ne) ()2 e R 0
(3.28)
tlt d6 suy ra diéu phai chting minh. O

Ghi chii 3.4. Chiing minh ctia dinh 1}'7 tAt nhién c6 thé dung dugc
cho dinh 1}'7 va né don gian hon cach chiing minh dinh lyviét
phia trén. Tuy nhién, cach chling minh dinh ly[1.4] phia trén cho mét
danh gia hoi tu tot hon: day ) dang a™, v6i 0 < a < 1, ho tu vé 0
nhanh hon 13 day s6 1/n.

Ghi chii 3.5. K& ca trong trudng hop véi ky vong o hitu han nhung
phuong sai vo han, dinh ly van ding, nhung chitng minh phtc
tap hon, va khi d6 né dudc goi 1a dinh 1y Khinchin. (C6 thé xem,
chang han, [5] va [6]).

Bai tdp 3.12. Mot song bac hop phap dudc rao ban, va ban la nha
diu tu mubn mua né. Nhung truéc khi mua né ban mudn biét 16i
nhuin hang nim cda né bao nhiéu. Song bac nay chi chuyén vé tro
quay vong dé den. Mbi ban quay c6 37 6: 18 6 d6, 18 6 den, va 1 &
nha cai. Néu khi quay vong kim chi vio 6 cling mau véi 6 dit coc thi
ngudi choi thing, dit 1 dn 1, con néu kim chi vao 6 khac mau hoic
vao 6 nha céi thi ngudi choi mét tién dit coc. Néi cach khac, ¢t mbi
14n dic coc, thi xac suit d€ nha cai thing sb tién dit coc d6 14 19/37,
va dé€ nha cai thua s6 tién dit coc d6 13 18/37. Biét ring trong nim
song bac mé ctia ca 365 ngay, mbi ngay trung binh cac ngudi choi
dit coc tdng cong 50 nghin euro. Gidi thich tai sao luat sb 16n lai ¢6

thé dung dé tinh uéc luong sb tién thu vé dude trong 1 nim cia song
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3.3. Ludt sb l6n

bac tut tro choi quay vong dd den (trude khi trit chi phi hoat déng),

va hay tinh con so nay.

3.3.2 Dang manh cta lut s 16n

Dinh ly 3.8 (Luéat s6 16n). Gid st X1, X2, X3, ... lad mét ddy vé han
cde bién déc ldp c6 cting mot phdn bb xdc sudt véi ky vong bdng p va
E(X{) hitu han. Khi dé ta co:

P < lim M = ,u) =1, (3.29)

n—o0 n

n
/. s s A < < M) j— X A 7. o
hay ndi cdch khdc, hau nhu chac chan rang, @ tien toi u khi n
n

tien tdi vo cung.

Ghi chii 3.6. Tt nhién, dang manh ctia luat s6 16n manh hon dang
yéu, va béi vay ciing doi héi diéu kién manh hon: néu mét phan bb
xac suat ndo d6 thda man luat sb 16n manh, thi né ciing nghiém nhién

théa mén luit sb 16n yéu, tuy diéu ngugc lai khong ding.

Truée khi chéing minh dinh Iy ta cAn hifu chinh x4c ¥ nghia

toan hoc cta dinh ly trén, va cin c6 mé hinh xac suét tu nhién cho
n

A 1 ¢

su kién lim Lz Xi

n— 00 n
xay ra su kién nay nhu 1a mot tip con trong mot khong gian xac suat

= 1, tlic 12 mé t& tAp hop tht ca cac tinh hubng

nao dé6. Khong gian xac suat & day sé tich truc tiép ctia mot day vo

han cac khong gian xac suat.
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Chuong 3. Vector ngdu nhién
3.3.3 Tich ctia mét diy vo han cac khong gian xac suét

Gia st ta c6 mot day v6 han cac khong gian xac sult (€, P;), i =

1,2,3,.... Khi d¢ tich truc tiép cta ching 13 khong gian

Q:HQi:{(.’El,l‘Q,ZE;},...MIEi € Qy VZEN} (3.30)
=1

Mbi phﬁn td ctia © 1a mot day x = (w;);en Cac phﬁn td z;: ;€ Q
v6i moi i € N. Phan bb xac suét tich trén Q duoc cho bdi cong thite
sau: néu A; C ; sao cho tén tai P;(A;) v6i moi 7 € N, thi theo dinh
nghia,

n

P(I[4) =[] PA) = lim [T P(40). (3.31)
=1 =1 =1

O day [152, Ai = {(@1, 22, 23, ...)|z; € A; Vi € N} 1a mot tap con cia
Q) c6 dang tich truc tiép. Cha ¥ ring tich vé han

n

1:[1 Pi(A;) = nlgrolo 11 Pi(A;)

ton tai va khong am, béi vi diy s6 ([]/; Pi(Ai))nen 1a mot ddy don
diéu khong ting khong 4m. Tich nay c thé bang 0 ké ca khi P;(A4;) >
0 v6i moi 4. Thé nhung néu P;(4;) > 0 v6i moi i, va P;(4;) = 1 véi
hau hét moi i trir mot sb hitu han cac gia tri ctia 4, thi tich nay c6 thé
coi nhu 1a mot tich hitu han, véi gia tri duong.

Dbi v6i cac tip con clia Q khéng cé dang tich truc tiép, thi x4c
sult ctia ching c6 thé tinh dudc tit x4c sudt cta cac tAp con c6 dang

tich truc tiép, thong qua cac tién dé caa xac suat. Vi du, xac suat cta
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3.3. Ludt sb l6n

hop ctia hai tdp con ¢ dang tich truc tiép 1a:

HA UHB HA +P HB ((HAi)m(HBz‘))
HA +P HB HA N B;))
_HP +HP ) =[] Pi(4in By).

Bing cach d6, ta c6 thé dinh nghia xac sult ctia moi tip con clia
ma nam trong sigma-dai sb sinh bdi cac tip con cé dang tich truc tiép
(qua cac phép: phan bu, giao, hop, va hop mét diy v6 han). D6 do
x4c sudt P trén Q dinh nghia nhu trén, cling véi sigma-dai sé nay,
duoc goi 14 tich truc tiép clia cac d do xéc suét P,

Néu ta c6 mot ddy v6 han cac bién ngdu nhién doc 1ap X;.,, thi ta
c6 thé coi né nhu mét vector v6 han chiéu (X;);en, va vector vé han
chiéu nay sinh ra trén khong gian v6 han chiéu RY mét phan b xac
suét P, chinh 13 tich truc tiép ctia cac phén bb xac suét P, clia X; trén
R:

o0
RY, P) =R, P) (3.32)
i=1
Trong trudng hop cac bién X; c6 cling phin b xac sudt, tic 1a P, =
Py v6imoii € N, ta c6 thé viét
(RY, P) = (R, P)" (3.33)

Tich v6 han (R, P,)N nay c6 thé diung lam m6 hinh khong gian xac

n—oo N

suét trong dinh ly Khi do6 su kién lim — Z X; = p ung vo6i tap
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Chuong 3. Vector ngdu nhién

hop con {(z;)ien € RY|limyo0 2 37 | X; = p} trong RY. Dinh 1y
tuong duong véi khing dinh

P(A) =0, (3.34)

trong d6 A = RN\ {(2;)ieny € RY|limy, 00 2 357 | X; = pu}.

Cé mét chi tiét k§ thuat 1a: tip A trén khong nhit thiét nam
trong sigma-dai sb ctia (R, P,)N x4y dung nhu trén. Khi d6 ta phai
hi€u P(A) = 0 nhu thé n3o? VAn dé nay din dén dinh nghia sau:

DPinh nghia 3.5. Gid st B la mdt tdp do dugc ctia mdt khéng gian xdc
sudt (Q, P), véi P(B) = 0, va A la tdp con ctia B. Khi d6 A sé dugc goi

la tap con c6 thé bb qua, va ta ciing viét
P(A) =0.

Noi cach khac, néu mot tip cé xac suat bang 0, thi ta coi moi tap

, ~ 4 , A M R . 4 A 7 A
con ctia no cling ¢ xac suat bang 0, ké ca khi cac tip con d6 khong
M . . A A 7 » A . . A n
nam trong sigma-dai so0 ban dau. Ta ¢ thé mé réng sigma-dai s6 dé

chtia tht ca cac tip con nhu viy.

3.3.4 Chitng minh dinh ly[3.§|

Chiing ta sé chia chitng minh ctia dinh 13'7 thanh mot sb budc,

mbi budc ching ta sé viét dudi dang mét bs dé.

BG dé 3.9 (Tiéu chudn x4c suét bing 0). Néu ton tai mét ddy cdc tdp
con A C A, C (Q,P) sao cho A,, do dugc va lim,,_,o P(A,) = 0, thi
P(A)=0.
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Chitng minh ctia b8 dé trén 1a bai tdp danh cho ban doc.

Gia stt X1, Xo, X3, ... 12 mot ddy v6 han cac bién déc 14p c6 clng
mét phan bd xac sut véi ky vong bang . va E(X?) hitu han, nhu
trong dinh 13'7 Dit V; = X, — pu (d€ chuyén dinh 1y vé trudng hop
v6i ky vong bing 0). D& thiy ring, diéu kién E(X{) hitu han tuong
duong véi diéu kién moment trung tim béc 4 4 = E(Y}) hitu han,
va suy ra diéu kién phuong sai 02 = E(Y2) hitu han.

B dé 3.10. Vdi moin € N ta ¢é

E((Z Y)Y = npy + 3n(n — 1)o* < Cn?, (3.35)
i=1

trong dé C' = 30 + pus la mot hang sb (khéng phu thude vao n).

Chirng minh. Ta ¢6

(im‘* = im‘*wzwf +4) YR,
i=1 =1

i<j i#j
+6 ) YVYi+ Y YV
iZjk i#i#hAl
Do cac bién ngiu nhién Y3, ...,Y, dbc lap v6i nhau va cé ky vong

bang 0 nén E(Y’Y;) = E(Y;*)E(Y;) = 0 véi moi i # j, va tuong tu
nhu vay, E(Y?Y;Y;) = E(Y;Y;Y,Y)) = 0 v6i moi i # j # k # [. Béi
vy

n n

E(S_ YY) = SEY) +6 S E(YAE(YR) = nua + 3n(n — 1)

i=1 i=1 i<j
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Chuong 3. Vector ngdu nhién
BS dé 3.11. Véi moi k € N tén tai mét hdng sb Cj, = k*C sao cho

1 & 1. C
p(yﬁzmy > 1)< nfg (3.36)
=1

véi moi n € N.
BS dé suy ra truc tiép tit b6 dé va bat ding thitc Markov.

BG dé 3.12. Vi moi k € N tén tai mot sé my, € N sao cho, ddt

1 — 1
Be= U (52 vl = ), (3.37)
n>mi i=1
ta cé
1
P (By) < o (3.38)

BS dé suy ra truc tiép tit b6 dé va su héi tu clia chubi
o0
|
SO Y —.
>
n=1
Nhic lai rang, A 1a su kién “LS™" | Y; khong tién t6i 0 khi n tién

t6i vO cung”, va dinh ly tuwong duong véi khang dinh P(A4) = 0.
bat

Ay = U By, (3.39)
h>k
Bb dé 3.13. Ta ¢
. 1
AC Ay va P(A) < o (3.40)

véi moi k € N.
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Khing dinh A C A, suy ra truc tiép tit dinh nghia vé gi6i han,
con bt dang thtic P(Ay) < 1/2 1a hé qua truc tiép clia bS dé
Tit b6 dé cubi cling ta suy ra P(A) = 0, 14 diéu cin phai chiing minh.
O

3.4 Su tucng quan giita cac bién ngau nhién

3.4.1 Hiép phuong sai

Pinh nghia 3.6. Néu X,Y la hai bién ngdu nhién, thi hiép phuong

sai (covariance) cua chung la dai luong
cov(X,Y) =E(X —E(X))(Y —E(Y))). (3.41)

Trong trudng hop dac biét, khi X = Y, ti dinh nghia trén ta co
khéng dinh sau: hiép phuong sai ctia mét bién ngiu nhién véi chinh

n6 chinh 1a phuong sai cia no:
cov(X, X) = E(X — E(X))?) = var(X) = o(X)% (3.42)

Y nghia ctia hiép phuong sai cov(X,Y) nhu sau: né do do dao
déng “cing huéng” hay “ngucc huéng” cia X va Y. O day ta hinh
dung 1a X va Y dao déng quanh trung diém (gia tri ky vong) tuong
{ing ctia chting. Néu nhu X va Y luén dao déng cung huéng, tic 14
X dao dong 1én trén trung diém (X —E(X) > 0) mbdi khi Y ciing dao
déng 1én trén trung diém, va X dao dong xudng dudi mbi khi Y ciing
dao déng xubng dudi, thi (X — E(X))(Y — E(Y)) luén cb cb gia tri
16n hon hodc bang 0, va cov(X,Y) 1a sb duong. Ngudc lai, néu X va
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Y dao déng ngude huéng, thi cov(X,Y) 1a sb Am. Trong trudng hop
chung, cov(X,Y) 1a s6 4m hay sb duong tly thubc vio viee X va Y
dao ddng ngugc huéng nhiéu hon hay 1a dao déng cting huéng nhiéu
hon.

Pinh 1y 3.14. i) M6t cong thitc khdc dé tinh hiép phuong sai la:
cov(X,Y) = E(XY) — E(X)E(Y). (3.43)
ii) Néu hai bién X va Y déc ldp véi nhau, thi cov(X,Y) = 0.
Ching minbh. i) Ta co:
E(X -E(X))(Y -E(Y))) = E(XY ~E(X)Y - XE(Y) +E(X)E(Y))
=E(XY)-E(X)E(Y)-E(X)E(Y)+E(X)E(Y) = E(XY)-E(X)E(Y).

ii) Khi X va Y doc lap v6i nhau thi E(XY) = E(X)E(Y), do do
cou(X,Y) = E(XY) — E(X)E(Y) = 0 0
Pinh ly 3.15. Hiép phuong sai cé cdc tinh chdt sau:

i) Pbi xitng: cov(X,Y) = cov(X,Y)

i0) Tuyén tinh: cov(a1.X1+a2.X2,Y) = ay.cov(X1, X)+as.cov(Xa,Y)
iii) Bdt bién theo xé dich: cov(X + a,Y) = cov(X,Y)

Cac tinh cht trén suy ra truc tiép tir dinh nghia. Tinh chét tuyén
tinh ciing ddng véi bién Y, nén ta néi rang cov(X,Y) cb tinh chit
song tuyén tinh.

3.4.2 Heé s6 tuong quan

Do tinh chit song tuyén tinh ctia hiép phuong sai cov(X,Y), ta
c6 thé chia cov(X,Y) cho o(X)o(Y) d€ dude mot dai luong ¢ bac
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thudn nhit bing 0, ttc 1a khong thay d6i khi ta nhan X, Y véi cac
hing sb. Dai luong d6 dugc goi 13 hé sb tuong quan (correlation) cta
XvayY:

Pinh nghia 3.7. Néu hai bién ngdu nhién X,Y c6 dé léch chudn
o(X),0(Y) khdc 0, thi hé sb tueng quan ctia ching la dai lugng

sau:
cov(F,G)

o(F)a(G)
Pinh 1y 3.16. Néu X, Y la hai bién ngdu nhién cé db léch chudn khdc

0, thi ta luén co

r(F,G) = (3.44)

-1<r(X,Y)<1. (3.45)
Hon nita, r(X,Y) = 1 khi va chi khi X,Y ¢6 quan hé tuyén tinh véi
nhau vdi hé sb duong, c6 nghia la ton tai mot sb thuc duong a > 0
va mét sb thuc b sao cho X = aY + b hdu khdp moi noi. Ngudgc lai,
r(X,Y) = —1 khi va chi khi X,Y c6 quan hé tuyén tinh véi nhau véi
hé sb am, cé nghia la ton tai mot sb thuc duong a < 0 va mét sé thuc b

sao cho X = aY + b hdu khdp moi noi.
Dinh ly trén 14 hé qua truc tiép ctia bit ddng thic Cauchy-Schwarz
sau:

Pinh 1y 3.17. (Bdt ddng thitc Cauchy-Schwarz). Néu U,V la hai bién
ngdu nhién thuc bdt ky thi ta luén cé

E(UV)? <E(U?E(V?). (3.46)

Ddu bang xdy ra khi va chi khi U va V ty 1é thudn véi nhau, titc la hodc
la V = 0 hdu khdp moi noi hodc la ta ¢d thé viét U = ¢V hdu khdp

moi ndi, vdi ¢ la mot hang so.
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Trudng hop ma khong gian x4c suét 1 hitu han véi phan bb xac
suét déu, bit ding thic Cauchy-Schwarz c6 dang 6 dién quen thudc

sau: Voi cac sb thuc a;, b;, i = 1,...,n, bit ky, ta c6:
O aibi)? <O a))._bi) (3.47)
DE chiing minh bt ding thitc 8 dién trén, chi cAn kiém tra ring

(Z aibi)® = () ﬁ).(Z bi)> == (aibj —a;0:)> <0.  (3.48)

1<J

Déu bang x4y ra khi va chi khi a;b; = a;b; v6i moi i, j, c6 nghia 1a day
s6 (a;) ty 1é thuan véi day sb (b;). Trudng hop téng quat clia bit ddng
thtic Cauchy-Schwarz trén khéng gian xac suit ching qua 1a giéi han
clia trudng hop c6 dién quen thubc trén.

Chitng minh bat ding thic Cauchy-Schwarz trong trudng hop
t6ng quat: Ta c6 thé viét U = Uy + aV véi a = E(UV)/E(V?2). Khi d6
ta 6 E(UV)? = a?E(V2)2, E(U1.V) = 0, E(U2) = E(U2 + 2a.UL.V +
a?.V?) = E(U?) + a2 E(V?) > a2 E(V?), va bdi vAy E(U?).E(V?) >
a’E(V2).E(V?) =EUV)2 O

Trong bat ddng thitc Cauchy-Schwarz, néu ta dit U = F—E(F) va

V = G — E(G) thi ta dugdc bt ding thitc cov(F, G)? < o(F)2.0(G)?,
ttdoésuyra —1 <r(F,G) <1.
Ghi chu 3.7. Dai lugng E(UV) dudce goi 1a tich vo huéng cta U
va V. Vé6i tich v huéng nay, khéng gian cc bién ngiu nhién (trén
mdt khong gian xac suit ¢b dinh ndo dé) tré thanh khéng gian tién
Hilbert (pre-Hilbert space).

154



3.4. Su tuong quan giita cdc bién ngdu nhién

Vi du 3.6. (Gid nha va dién tich nha). Day sb liéu sau vé gia rao ban
cac cin hd & Quén 13 thanh phd Paris dugc 14y tit mét trang web bt
ddng san vao ngay 12/10/2009. Bé 1am vi du & day, chiing ta sé chi
14y 40 quang cdo xuét hién méi nhit, trong sb hang nghin quang céo:

(102, 890), (45, 210), (40, 286), (53, 375), (69, 311), (64, 645),
(84,498), (38, 262), (33, 210), (38, 223), (33, 242), (15, 129), (73,
456), (31, 233), (16, 109), (40, 297), (85, 495), (84, 485), (100,
780), (83, 490), (87, 460), (51, 275), (40, 297), (85, 495), (85,
505), (43, 215), (46, 265), (75, 477), (61, 293), (76, 399), (73,
399), (73, 490), (85, 495), (37, 292), (34, 290), (30, 232), (20,
150), (57, 383), (20, 132), (61, 290)

Trong day sb liéu trén, mbi cip sb gom 2 sb: sb thi nhit 1a dién
tich cta cin ho, tinh theo don vi m2, sb tht hai 1a gia rao ban, tinh
theo don vi nghin euro. Vi du, (102, 890) c6 nghia la mot can ho
rong 102m2 dudc rao ban véi gia 890 nghin Euro. Chiing ta sé coi
khéng gian xac suit & day gdm 40 phan tt, v6i phan bb xac sudt déu,
mdi phan tit ng véi mét cin ho dude rao ban trong 40 quang cdo
phia trén. (Khong gian x4c sut nay dugc goi 1a khong gian xac suit
thuc nghiém).

Tir s liéu trén, ta 6 thé tinh ra hé sb tuong quan gitta bién X =
“dién tich ctia cin hd 6 Quan 13” va bién Y = “gia rao ban cin ho
8 Quén 13” (tai thdi diém 12/10/2009) bing 0,888. Con sb niy c6
thé tinh dugc bang tay, nhung ciing c6 thé dung phin mém may tinh
d€ tinh, sé nhanh hon. Dic biét 1a khi bang sb liéu rat 16n (khong
gian xac sudt c6 rit nhiéu phan ti), thi cich tinh tot nhat 1a nhép sb

liéu vao may rdi tinh bang may. D€ tinh hé s6 tuong quan trong vi du
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price versus ares, Paris 13&éme
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Hinh 3.1: Dién tich can ho va gia rao ban tai Quan 13, Paris, thang
10/2009

nay, cac tac gia dung phan mém gretl (viét tit ctia: Gnu Regression,
Econometrics and Time-series Library), 1a mét phﬁn mém nhd tu do
ma md, 6 giao dién truc gidc dé st dung.

Hinh do chuong trinh gretl vé ra, 1a d6 thi phéan tan (scat-
terplot) ctia hai bién “dién tich cin ho” va “gia cin hd” trong vi du

trén.

Vi du 3.7. Trong lugng tré em lic sinh ra, va udc lugng bang soi siéu

dm. Mot nghién citu théng ké trong y hoc ctia Schild, Fimmers va
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Hansman trén 65 tré em cho thay phuong phap uéc luong trong
luong tré em trudce lic sinh ra béng soi siéu 4m 3 chiéu cho két qua
rAt t6t: hé sb tuong quan gitta uée lugng va trong luong thuc té lic
sinh ra 13 0,976. Xem db thi phén tén trén hinh 3.2}
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Hinh 3.2: Trong luong uéc luong bang soi siéu 4m va trong luong
thuc té

@R.L. Schild, R. Fimmers, L. Hansmann, Fetal weight estimation by three-
dimensional ultrasound, Ultrasound in Obstetrics and Gynecology, 16 (2000), 445—
452.
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Bai tdp 3.13. X4y dung mét vi du véi hai bién ngdu nhién khéng déc
14p v6i nhau, nhung c6 hiép phuong sai bang 0.

Bai tdp 3.14. (Gid xe 6 t6 va tudi ctia xe). Day s6 liéu sau vé tudi clia
xe Mercedes C220 cii (sb ndm ma xe di chay) va gia rao ban xe (tinh
theo euro) dugc 14y tit trang web vivastreet (chuyén vé quang céo
ban db cii) ngay 25/10/2009: (13, 3000), (4, 17500), (7, 9900), (3,
17800), (6,11500), (6, 14000), (4,18000), (6, 15000), (10, 5490),
(8,12000), (1, 32500), (10, 6500), (9, 5900), (3, 24200), (11, 6000),
(2, 21000), (9,10700), (0, 30000), (8, 9800), (13, 4200). Hay tinh
hé s6 tuong quan gitta hai bién “tudi clia xe” va “gia rao ban xe” cho

cac xe Mercedes C220 cii, dua theo day s liéu trén.

Bai tdp 3.15. Tim trong luong va chiéu cao ctia mét nhém ngudi
(vi du mét 16p hoc), réi tinh hé sb tuong quan giita hai bién “trong

luong” va “chiéu cao” clia nhitng ngudi trong nhém do.

3.4.3 Quan hé tuyén tinh véi sai s6 binh phuong nhé nhéit

Nhic lai rang, néu hé sb tuong quan r = r(X,Y) gifta hai bién
ngiu nhién X va Y bang +1, thi Y = aX + b v6i a, b 13 cac hang sb.
Trong trudng hop chung (dic biét 14 khi 2 gan bing 1), ta ciing 6
thé viét Y duéi dang mot da thiic bac 1 cia X c6ng v6i mot sai sb e
nao do:

Y=aX+b+e (3.49)

Ta muon chon cac hang s6 a va b sao cho sai s6 € 1a nhé nhat c6 thé.
~ \ » » A 7 ~ \ A
Ta sé dung chuan L, dé do d6 to nho cta e. C6 nghia la, ta muon

chon céc hing sb a va b sao cho E(|¢[2) nhd nht.
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Pinh 1y 3.18. Gid sit X va Y la hai bién ngdu nhién khéng phdi hang

s6. Pdt e = Y — aX — b trong dd a,b la hai hdng s thuc. Khi dé
cov(X,Y)

var(X) vab =

E(|e|?) dat gid tri nhé nhdt (theo a,b) khi ma a =
E(Y) — aE(X).

Chirng minh. E((Y — aX — b)?) la mot da thitc bac 2 theo a va b,
tién t6i +oo khi |a| + |b| tién t6i v6 cting. B4i viy né dat gia tri nhé
nhét tai mét di€ém ma dao ham riéng theo ca hai bién a va b béng 0.

Tir d6 ta c6 hé phuong trinh tuyén tinh theo a va b:

OBY=aX=b") _ 94(X2) — 2bE(X) — 2E(XY) = 0
BIE((YﬂfX—bF) . (3.50)
P =X D7) — 95 — 2aE(X) — 2E(Y) = 0
A > A \ A ’ A \ X, Y
Nghiém duy nhat cua hé phuong trinh tuyen tinh trénla a = %

vab=E(Y) — aE(X), bdi viy diy 1a diém cuc tiéu ctia E((Y — aX —
b)?). C6 thé tinh ra rang, gia tri cuc tiéu ctia E((Y — aX — b)?) bang
var(Y).(1 —r(X,Y)?). O

Puong thang y = ax + b véi cac hé sb a = CZZS?{;;) vab=FE(Y) -
aE(X) dudc goi la dudng hoi qui tuyén tinh (linear regression), hay

dudng quan hé tuyén tinh khdp nhdt (fittest) cho hai bién ngiu nhién
X va Y, véi sai sb binh phuong nhé nhdt. Pudng nay 13 mot trudng
hop riéng (trudng hop tuyén tinh don bién) ctia phuong phéap hoi qui
(regression, muc dich 13 d€ viét dugc mét bién ngiu nhién duéi dang
ham sb clia cac bién ngiu nhién khéc, v6i sai sb chip nhéan dugc),
theo nguyén tic binh phuong nhé nhét.

Trong thuc té, ta khong biét hét cac gia tri clia (X,Y) (tirc 14
khong biét chinh xac phin bd déng thoi ctia (X,Y)), ma chi biét
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mdt s6 gia tri (X1,Y1),...,(X,,Y,) cla nd (goi 1a cac gia tri thuc
nghiém). Khi d6, thay vi khéng gian xac suit ban du ctia (X,Y), ta
c6 thé st dung mé hinh khéng gian xac suét thuc nghiém gdm n
phén ti, v6i phan bb xac suit déu, va mbi phin ti Ging v6i mot cip
gia tri (X;,Y;). Ta c6 thé coi (X,Y) nhu la vector ngiu nhién trén
khong gian xac suit thuc nghiém nay. Khi d6 phan bb ctia (X,Y)
trén R? cam sinh béi khong gian xac suit thuc nghiém nay dudc goi
13 phan b6 ddng thsi thuc nghiém, va cic phin b bién cam sinh
ciing dudc goi 13 cac phan bb thuc nghiém (véi cd clia mau thuc
nghiém bang n). Viéc tinh todn hdi qui trong thuc té 13 dua trén cac

phén bé thuc nghiém.

Vi du 3.8. Tiép tuc vi du vé quan hé gifta dién tich cin hd va
gi4 cin hé. C6 thé tinh dugc ring (ching han cé thé dung chuong
trinh gretl d€ tinh), trong vi du nay, dudng quan hé tuyén tinh khép
nhét 13 dudng thing y = 6, 14z + 13, 7. Xem hinh Cac diém (z,y)
trong db thi phat tdn nidm & hai bén ctia dudng thing, va néi chung &
gn duong thang. Chu ¥ ring, néu phan 16n cic diém cta db thi phat
tan ndm cang gan dudng hdi qui tuyén tinh, thi sai s6 binh phuong
E(|¢|?) cang nhd, va hé sb tuong quan binh phuong 72 cang gan 1.

Bdi tdp 3.16. (S6 vu dn mang, tu sdt, va ty 1é ddn cé sing). Bang thong
ké sau 1 vé s6 vu 4n mang va sb vu tu sat tinh trén 1 triéu dén trong
1 niim, va ty 1é sb gia dinh c6 sing, 6 mot sb nudce trén thé gidi, trong
cac nim 1983-1986, theo sb liéu cta WH

(3)Ngu6n: M. Killas, International correlation between gun ownership and rates of
homicide and suicide, Can. Med. Assoc. J. 1993, 148 (10), 1721-1725.
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Nuée An mang | Tusat | % gia dinh c6 sting
Australia 19,5 115,8 19,6
Belgium 18,5 231,5 18,6
Canada 26,0 139,4 29,1
England & Wales 6,7 86,1 4,7
Finland 29,6 253,5 23,2
France 12,5 223, 0 22,6
The Netherlands 11,8 117,2 1,9
Northern Ireland 46,6 82,7 8,4
Norway 12,1 142,7 32,0
Scotland 16,3 105,1 4,7
Spain 13,7 64,5 13,1
Switzerland 11,7 2445 27,2
United States 75,9 124,0 48,0
West Germany 12,1 203,7 8,9

Dua vao bang trén, hiy tinh cac hé sé tuong quan gitta cac cip
bién trong 3 bién ngiu nhién: “ty 1& gia dinh c6 stng”, “sb vu 4n
mang” va “sb vu tu sat”, va tinh cdc dudng hdi qui tuyén tinh giita
clia cac cip bién ngu nhién, theo nguyén tic sai s binh phuong nhé

nhét.

3.4.4 Hé sb6 tuong quan va quan hé nhan qua

Cac bién ngiu nhién ma c6 hé s tuong quan 16n vé gia tri tuyét
dbi, thudng c6 quan hé nhan qua (causation) v6i nhau, lién hé méat

thiét v6i nhau vé logic. Vi dy, hoc nhiéu thi trinh dé cao, trinh dé cao
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thi dé xin dudc viéc doi hdi trinh d6 cao. Nhitng viéc doi héi trinh d6
cao, it ngudi lam dudc, thi phai tra luong cao dé tuyén dudc ngudi.
T d6 suy ra hoc nhiéu thi thu nhap dé& cao hon 14 khéng ¢6 hoc. Titc
13 c6 quan hé nhén qua gifta “s6 nim di hoc” va “mic thu nhap”.
Hodc 14 vi du phia trén vé dién tich cin hd va gia cin ho: dién tich
cang rong thi 8 cang suéng va gia thanh ciing cang cao, bdi vay gia
cling cang cao, tuy rang tat nhién cé nhitng chd dién tich nho lai dit
hon chd khac dién tich rong hon, vi gia cin ho con phu thudc vao
nhiing yéu t6 khac ngoai dién tich, nhu 13 dia diém, chit luong nha,
V.V.

Tuy nhién, khong phai liic ndo quan hé nhin qua cling ro rang.
Vi du, mét nghién ciru nam 2009 & dai hoc Mainz cho thiy & bic,
“béo phi” (obesity) va “mac no dam dia”(over-indebtedness) c6 tuong
quan manh véi nha nhung khéng r6 13 cai ndo din dén cai nao
va nhu thé ndo: mic ng dim dia ddn dén bi béo phi (do anh hudng
tdm 1y), hay 13 bi béo phi d4n dén mic no (do dé bi mét viéc hon
khi béo phi), hay la c6 nhiing ly do chinh khac. Hon nita, c6 nhiing
bién ngiu nhién ma vé mit logic ¢6 thé coi 1a khong lién quan t6i
nhau, nhung cac gi4 tri ctia chiing c6 hé sb tuong quan 16n, do tinh
cd. Khong gian xac suit cang nhd (cang it phan t) thi cang dé xay
ra hién tugng 6 cac su kién khong lién quan gi dén nhau nhung c6

hé s tuong quan 16n.

Vi du 3.9. (Lay tir Wikipedid®)). Hinh cho thiy c6 hé sb tuong

quan gin bing -1 gifta s6 vu t& vong vi tai nan xe cd & My trong

@Xem: http://www.sciencedaily.com/releases/2009/08/090811080751.htm
®)Xem trang web http://en.wikipedia.org/wiki/Correlation_does_not_imply_causation
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Hinh 3.3: Tai nan giao théng chét ngudi va chanh tuci nhip khiu

nhitng nidm 1996-2000, va s6 qua chanh nhép khiu sang M¥ tit Mex-
ico. Tuy nhién ngudi ta c6 thé tu héi: hai bién dé thi lién quan gi véi

nhau?!

3.5 Phén b6 va ky vong c6 diéu kién

O phén nay ching ta sé ban vé phan bb xac suit va ky vong cta
mot bién ngdu nhién X dudi diéu kién Y = v, trong dé y 1a mét sb
va Y 13 mét bién ngdu nhién khac. Trong trudng hop Y ¢ phén bb
xac sudt lién tuc tai y, tiic 1a P(Y = y) = 0, thi chiing ta khéng thé
dinh nghia ham phén phbi xac sudt c6 diéu kién P(X < z|Y = y)
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theo c6ng thiic xac suét c6 diéu kién théng thuong, P(X < z|V =
y) = P((X <z)N(Y =y))/P(Y = y), ma chung ta sé phai dung cac
phuong phap gi6i han gii tich dé dinh nghia va nghién cttu né. Con
trong trudng hop bién ngiu nhién Y ¢6 P(Y = y) > 0, thi ta c6 thé

diing céng thiic x4c sudt c6 diéu kién théng thudng.

3.5.1 Truong hgp rdi rac

Pinh nghia 3.8. Gid stz X,Y la hai bién ngdu nhién, y € R, va P(Y =
y) > 0. Khi dé phan bb xac suét c6 diéu kién ciia X vdi diéu kién

Y =y la phdn b xdc sudt trén R cho béi cong thitc sau:

P(X €AY =vy)
P(Y =y)
(3.51)

(véi moi tdp hop A C R thudc sigma-dai s6 Borel). Ham phan phéi

Pxjy—y(A) = Pxy(Aly) = P(X € A]Y =y) =

xac suat co diéu kién la ham

P(X <z Y =y)

Fxly=y(z) = Fxy (zy) = Px|y—y(] — 00,2]) =

PY =y)
(3.52)
Ky vong c6 diéu kién cila X vdi diéu kién Y = y la
E(X|Y =y) = / 2dPx|y—y- (3.53)
z€R

Noi cach khéc, ky vong c6 diéu kién chinh 14 ky vong ctia phan bb
xac sult Px|y—, trén R. Trong trudng hgp phan bb xac sudt Pxy—y

NN N A . 7 R \ \ ) A oA
la roi rac va tap trung tai cac diém x4, zo, . . ., thi ky vong co6 dieu kién
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¢6 thé dudc tinh theo cong thic

BTV =) = Py = 5 (X =Y =)

(3.54)
P(X =x;,Y =y)  Pxy(z,y)

PY=y) Py
Vi du 3.10. Gia stt X va Y 13 hai bién ngdu nhién déc 1ap v6i phan

Véi P(X :$1|Y:y) =

bb Poisson véi cac tham sb A va ~ tuong ting. Chiing ta sé tinh phéin
bb x4c sudt c6 diéu kién ctia X véi diéu kién X + Y cho trude, tic 1a
tinh P(X = k| X +Y = k+m). Téng X +Y ciing c6 phin bb Poisson
v6i tham s6 A + +. Béi vay,

P(X =k Y =m)
P(X+Y =k+m)

PX=kX+Y =k+m)=

_ ’,\C, e*’w,e v _ (k+m)!  Meqm
()\(Zl)ﬂ’;;m o~ () Elm! (X 4 )ktm

N A A

- C AR Y 1— m
Fon( ) 0= 550)
Noi cach khac, datr = k +m, ta co

A A

P _(k Ck’ k 1— = T‘*k7
6 nghia 1a phén b6 x4c sudt Py y,—, 12 phan bb nhi thiic véi cac
A
thamsorva e Tu’do suyyraE(X| X +Y =r)= )\:_ .
Y

Ky vong c6 diéu kién c6 thé dudc dung d€ tinh ky vong khéng

diéu kién qua cong thic sau:
Pinh ly 3.19. Gid sit Y la mét bién ngdu nhién roi rac va X la mét
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bién ngdu nhién. Khi dé

E(X) =Y E(X[Y =y)P(Y =y). (3.55)

Chitng minh. Ta c6 thé viét X = 3~ X, v6i X, = X khima V" =
yva X, =0khimaY # y. Khi d6 E(X|Y =y) = E(X,)/P(Y =y),

va

E(X) =E()_X,) =) E(X,) =) EX[Y =y)P(Y =y).
Y Yy

Y

g

Vi du 3.11. Gia stt mét clta hang ban mét loai db choi dic biét. Mbi
khach hang trong ngdy c6 xac suit mua dd choi dic biét 14 p, va cac
quyét dinh mua ctia cac khach hang 1a ddc 14p v6i nhau. S6 khach
hang trong ngay 13 mét sb ngéu nhién N tuin theo phén bd Poisson
v6i tham s6 A. Goi K 1a sb khach hang mua dd chai dic biét trong
ngdy. Ching ta mubn tinh E(K|N = n) va E(K). Cac gia st phia trén
cho biét P(N = n) = A"e~*/n! (phan bé Poisson), va Py |y (k|n) =
CEp¥(1 — p)* (phan bb nhi thitc). Tit d6 suy ra E(K|N = n) = pn, va
E(K)=>,E(KIN =n)P(N =n)=p)_,nP(N =n) =pE(N) =
DA.

Bai tdp 3.17. Chiing minh ring, trong vi du[3.11] bién K tuén theo
phén b Poisson v6i tham sb pA, VA E(N|K = k) = k + M1 — p).

Bai tdp 3.18. Gia st X cb phan bb mii v6i tham sb A > 0. Gid st Y 1a
bién ngiu nhién sao cho khi X = z thi Y ¢6 phan b déu trén doan
thang [0, z]. Hay tinh E(Y).
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3.5. Phdn b va ky vong ¢6 diéu kién
3.5.2 Truong hgp lién tuc

Khi P(Y = y) = 0, ta khong dinh nghia dugc P(X < z|Y = y)
mdt cach truc tiép nhu trong trudng hop P(Y = y) > 0, ma phai
diing dén cac phép toan gidi tich ¢ st dung giéi han. Mét trong cic

dinh nghia c6 thé dung la:

Fxpy=y(2) = P(X <2lY =y) = lim P(X <aly <Y <y+e),
(3.56)
néu nhu giéi han trén ton tai. Trong trudng hop rdi rac, ¢6 thé chiing
minh rang gi6i han trén luén ton tai va cho két qua tring véi dinh
nghia thong thudng. O dy ching ta sé chi quan tim dén nhiing
trudng hop lién tuc “du t6t” sao cho gi6i han trén ton tai.
Gié st vector ngau nhién (X,Y) c6 ham mat d6 dong thdi px y

\ 7 \ A A oA . 4 , N oA
va cac ham mat do6 bién py, py. Khi d6 ta co thé viet:

P(X<aly =y)= lim P(X <zly<Y <y+e)=

PX<z,y<Y <y+e) i ffw(fyyﬂ px.y(t,s)ds)dt

= lim = lim =

e—0+ P(LY <y+e) e—0+ f;+€ py (s)ds
B [T limHOJr(fyy+€ pxy(t,s)ds/e)dt /l‘ pX’y(t,y)dt
lime o (f7 py (s)ds/e) o Py(y)

va béi vay, ta co:

Ménh dé 3.20. Trong trudng hop lién tuc tuyét dbi, néu py (y) > 0 thi

ham mdt do ctia phdn bo xdc suat cé diéu kién Px|y—, chinh la ham

pxy (T, y)
= . = _ . 3.5
pxy (2ly) == px|y=y(2) oy (1) (3.57)
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Chuong 3. Vector ngdu nhién

Ky vong c6 diéu kién trong trudng hop lién tuc 6 thé dugc viét
duéi dang:

EX|)Y =y) = /Rdeny :/ rpx|y (zly)dz. (3.58)
Dinh ly 3.21. Ta co cdc cong thic sau:
i) .
Fy(n) = P(X < 1) = / Fxiy—y(@)py )dy, (3.59)
ii) -
E(X) = / E(X|Y =y)py(y)dy. (3.60)

Chitng minh. Kiém tra céng thtic thit hai:

E(X) = / / zpxy (z,y)dxdy
y=—o0 Jr=—00

- /:oo ( /:OO xPXY(x!y)py(y)dx> dy

= /OO E(X]Y = y)py (y)dy.

—0o0

Ching minh ctia cong thic thi nhit hoan toan tuong tu, va nhudng
cho ban doc 1am bai tip. Cong thtic thit nhit ciing 6 thé dudc suy ti
cong thic thi hai, bing cach thay bién ngu nhién X béng bién ngiu
nhién X, dinh nghia béi: X, = 1 khi X < zva X, = 0khi X > x.
(Khi d6 E(X,) = Fx(x)). O
Vi du 3.12. Xét vector ngiu nhién lién tuc (X,Y) v6i ham mat do:
pxy(z,y) =1/xkhi0 <y <z < 1,va pxy(z,y) = 0 tai cac diém
khac. D& thiy rang, v6i mbi z c¢b dinh, 0 < = < 1, phin bb x4c suét c6

diéu kién Py|x—, la phan bd déu trén doan théng 0, 2], v6i ham mat
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3.6. Phén bb normal nhiéu chiéu

d6 bang 1/ trén doan thing d6. Phin b xac suit bién Py 1a phan bb
déu trén doan ]0, 1]. Tit d6 suy ra E(Y) = fol EY|X = x)px(x)dx =
JVE(Y|X = 2)de = [} (z/2)de = 1/4.

3.6 Phan bb normal nhiéu chiéu

3.6.1 Dinh nghia cua phan b6 normal nhiéu chiéu

Phén b normal n chiéu (n > 2) 1a md réng ctia khai niém phén
bb normal trén R 1én trudng hop nhiéu chiéu, va déng vai tro rét
quan trong trong viéc nghién ctiu cac qua trinh ngiu nhién (ma trong
khuén khé ctia quyén sach nay ching ta khong ban téi). Vi du don
gian nhét ctia phin bb normal nhiéu chiéu 13, néu 71, . .., Z, 1a mét
bd n bién ngiu nhién ddc 14p v6i nhau va cling tuan theo phan bb
normal chudn tic A(0,1), thi phin bb déng thdi ctia (Zy,...,Z,),

v6i ham mat d6 ddng thoi

_ 1 _Zi 1}2
p(a;lv s 7x7l) - (\/ﬂ)n exp < 2 ) I (361)

12 mét phan bd normal nhiéu chiéu, goi 13 phan b6 normal nhiéu
chiéu chudn tic. Tuong tu nhu trong trudng hop mot chiéu, ta mudn
rang mot bién d6i tuyén tinh (hay affine, tic 1a tuyén tinh céng véi
mot phép tinh tién) ctia mét phan bd normal nhiéu chiéu ciing 1 mot

phan b6 normal nhiéu nhiéu. B8i vy ta c6 dinh nghia sau:

Pinh nghia 3.9. Ta ndi rang mét vector ngdu nhién X = (X1,..., X,)
¢6 phan bb normal n chiéu, néu nhu tén tai mét bé6 m bién ngdu

nhién Z = (Zy,...,Zy) doc ldp (m € N), v6i cdc Z; ciing tudn theo
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Chuong 3. Vector ngdu nhién

,m b

phdn b6 normal chudn tdc N'(0,1), mét ma trgn A = (aw)f;ln va
mot vector p = (pu1, . . ., pin) (A va p la hdng s6), sao cho:
Xt =AZ + pt. (3.62)

Chit ¢ & trong coéng thtic trén 13 phép chuyén vi ma tran, d€ bién

cac vector hang thanh vector c6t. No6i cach khac,

m
Xi:Zaika—i—ui Vi=1,...,n. (3.63)
k=1

Tuong tu nhu trong trudng hop 1 chiéu, cac phin bd normal
nhiéu chiéu cé thé€ dung 1am mé hinh xac sut ctia kha nhiéu van
dé thuc té. Vi du, bd 3 bién (chiéu cao clia mdt ngudi dan ba, cin
ning cta ngudi d6, chi sb tri tué clia ngudi dé) co thé dugce coi la 1
vector ngiu nhién 3 chiéu v6i phan bb normal 3 chiéu. Co sé toan
hoc d€ giai thich diéu nay cfing 1 dinh Iy gii han trung tam.

Vi tng clia cac bién ngiu nhién ddc 14p v6i phan bb normal ciing
1a bién ngiu nhién véi phan b6 normal, nén néu X = (X1, ..., X,,) c6
phén b normal n chiéu, thi cac thanh phan X; ctia né déu c6 phan
bb normal, tuy diéu ngugc lai khong ding.

Ma tran dbi xiing > = A.A!, trong d6 A 1a ma trin trong dinh
nghia trén, dudc goi 1 ma tran hiép phuang sai cia phan bb normal
nhiéu chiéu trong dinh nghia. Ly do 14 vi phan ti ¥;; clla ma tran X
chinh 1a hiép phuong sai cov(X;, X;) ctia X; va X;. That vdy, theo
dinh nghia, ta ¢6 X; = )", a;,Z) + 1, v6i ky vong bang y;. Tt d6 suy
ra cov(X;, Xj) = E((X2y, ainZi) (g ajiZik)) = D2y airajr = ij-

Vector p dudc goi 1a vector ky vong clia phin bb normal nhiéu

chiéu trén. Mot phan bb normal nhiéu chiéu duge xac dinh duy nhét
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3.6. Phdn bé normal nhiéu chiéu
bdi ma tran hiép phuong sai ¥ va vector ky vong p ctia no, va thudng
dudc ky hiéu la NV (p, X0).

3.6.2 Trudng hop hai chiéu

D€ hiéu hon vé phin bb normal nhiéu chiéy, truéc hét ching ta
sé xét ky hon trudng hop 2 chiéu. Goi (X1, X3) 12 mét vector ngiu

nhién 2 chiéu v6i phan bb normal. Theo dinh nghia, ta cé:

m m
X1 = ZaliZi +p1, Xo= Za%Zi + 1, (3.64)
i=1 i=1
trong d6 Z1, . .., Zm 12 mOt bd m bién nglu nhién dé 14p c6 phén bd

normal chuén tic A(0,1).

Ma tran hiép phuong sai ¥ trong trudng hgp nay la ma tran 2 x 2,
v6i 4 phan ti:

X1 = Za%k’ Y12 = Yo = Zalkagk, Yoo = Zagk. (3.65)
k k &

B dé 3.22. Néu ma trdn hiép phuong sai  ld ma trdn dudng chéo,
titc la Y19 = Y91 = cov(X1, Xo) = 0 thi hai bién ngdu nhién X; va X

doc ldp véi nhau.

Chttng minh. C6 thé kiém tra truc tiép theo dinh nghia, hoic 1a
diing ham dic trung, kiém tra rang D(x,,x) (51, 82) = Px, (51).Px;, (s2)
néu nhu cov(X1,X5) = 0. Chay rf?mg, néu X1, X5 1a hai bién ngﬁu
nhién tity y, thi tit cov(X1, X3) = 0 khoéng suy ra duge rang X; doc
1ap v6i X5. Nhung & diy X; va X» 1 hai thanh phén cia mot vector

ngau nhién véi phan bo normal, nén dieu d6 dung. O
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Chuong 3. Vector ngdu nhién

Néu ¥ khéng c6 dang dudng chéo ($15 # 0), thi vi ¥ dbi xing
nén ta c6 thé dudng chéo héa né bang mét ma trdn 2 x 2 vudbng goc
(orthogonal) C' (vudéng géc cd nghiala C—! = C): ¥/ = C~12C =
C*¥C 1a ma tran dudng chéo. Dat (Y7, YY)t = C~L.((X1, Xo)! — pt) =
(C~1A).Zt. Khi d6 (Y1,Y3) c6 phan bb normal, va c6 ma trin hiép
phuong sai bang (C1A)(C~1A)! = C~'SC = ¥/, 1a mdt ma tran
duong chéo, va bdi viy Vi va Y, doc 1ap véi nhau. Ta cb thé viét
Y1 = 5172}, Yo = (75, trong d6 o va as 1a do 1éch chuin cda Y; va
Ya, va Z} va Zj ddc lap va c6 phan bb normal chudn tic A(0,1). Vi
(X1, X))t = C.(Y1,Y2)! + p') nén ta c6 thé viét:

{ Xy =ayy.Z] + a2y + (3.66)

Xo = ay. 21 + agy.Zy + pip

C6 nghia 13, trong trudng hop vector 2 chiéy, ta ludn ¢ thé gia st
m = 2: D€ sinh ra mét vector ngiu nhién 2 chiéu v6i phan bb normal
tiy ¥, chi cAn bién déi tuyén tinh mét vector ngu nhién 2 chiéu véi
phan bé normal chuén tic.

Trudng hop det¥ = 0 goi I trudng hop suy bién. Khi d6 (it
nhét) mét trong hai gia tri riéng (eigenvalue) ctia ¥ bang 0, suy ra
mot trong hai bién ngdu nhién, Y; va Ys phia trén 13 hing s6, va khi
d6 thuc ra ta chi cAn mét bién ngdu nhién véi phan bb normal chudn
tac NV(0,1) d€ sinh ra vector (X1, X5). Néi cach khac, trong trusng

hop suy bién, ta c6 thé viét

{ Xi=a1Z +m (3.67)

Xo = aZ + 2

VGi a1, as 1a hang so, va Z la mot bién ngau nhién c6 phan bo normal
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3.6. Phén bb normal nhiéu chiéu

chuén tac (0, 1). Phan b6 dong thoi clia (X1, X,) trong trudng hop
suy bién tap trung trén dudng thang oo (zy — 1) = oy (w2 — pg) trong
R?, va bdi viy né khong ¢6 ham mét d6 trén R2.

Trudng hop det X # 0 goi la truong hgp khong suy bién. Khi dé

phén bo xac suat ctia X = (X1, X2) c¢6 ham mét do sau:

I R VRN
px(x)—Zﬂ_me p( 2(x p).X " (x—p)). (3.68)

That vay, néu thay vi xét hé toa d6 x = (z1,z2) trén R, ta xét hé toa
d6 méiy = (y1,12), qua phép bién déi affine y! = C~1.(x! — pt), thi
ta co

px(x) = py(y) (3.69)
(ham méit d6 khong thay d6i, vi phép d6i bién bao toan dién tich
Euclid), va

) ! Lyl v
py (y) = pvi(y1)py2 (1) = 2731 Ba exp( 2<5% i 55))

1 1
-~ exp(—=(y.(&) Lyt
AT p( 2(y( )y

1 1
= ex
2rvdet & 2

Cac dudng muc ctia ham mat d6 px (x) ctia phan bb normal hai

chiéu trén R? 13 cc dudng ellipse, v6i tdim diém tai x = m (khong
diém ctia hé toa dd (y1,y2)) va cac truc 1a cac truc ctia hé toa dd
(Y1, Y2)-

Vi du 3.13. Ham

1

1 2 2 >
T,Yy) = ——F—=exp| —7—5 (" — 2rzy + )
pxy(Ty) = s p( 50— 2 y+y)

(3.70)
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Chuong 3. Vector ngdu nhién

13 ham mat d6 ctia mét phin bb normal hai chiéu (bivariate normal
distribution) v6i tham sb r, —1 < r < 1. Tham s6 r & day chinh 1a hé
s6 tuong quan giita hai thanh phan X va Y. Cac phén bd bién Py va
Py ctia phan b normal hai chiéu nay 13 cac phin bb normal chuin

tac A(0,1). Ma trin hiép phuong sai  day 1a ma trin

5= (1 T). (3.71)
r 1

Hai thanh phin X va Y & day déc 1ap v6i nhau khi va chi khi r = 0.

3.6.3 Mot sb tinh chét ctia phin bb normal nhiéu chiéu

Pinh 1y 3.23. i) Gid sit mot vector ngdu nhién n chiéu X cé phdn bb
normal. Khi dé phdn bb ctia né dugc xdc dinh duy nhdt béi ma trdn
hiép phuong sai ¥ va vector ky vong p ctia no. Néi cdch khdc, hai phdn
b6 normal n chiéu c¢é cting ma trdn hiép phuong sai va vector ky vong
thi bang nhau.

ii) Néu hang ctia ma trdn hiép phuong sai ¥ bang k (k < n), tht X ¢6
thé dugc sinh béi mét ho k bién ngdu nhién déc ldp cd phan bé chudn
N(0,1) qua mét phép bién déi affine, va phdn bb ctia X tdp trung tai
mot khéng gian affine con ¢d sb chiéu bang k trén R™ .

iii) Néu ma trdn hiép phuong sai ¥ la khong suy bién (titc la det X # 0,
hay néi cdch khdc, hang ciia ¥ bdng n), thi phdn b normal N'(p, %)
c6 ham mat dé px sau trén R™ (¢ ddy ta su dung cdc ky hiéu X =
(X1, ., Xn) x=(21,...,2p), va |E| =detY) :

1 1

px(x) = CSEPLE exp(—i(x —p). X7 (x — p)h). (3.72)

174



3.6. Phén bb normal nhiéu chiéu

Cdc mdt mutc cda ham mdt dé px ld cdc hinh ellipsoid dong dang cé
tam diém tai p. Néu ma trdn ¥ suy bién thi phdn bd N (p, ) khéng c6
ham mat do.

iv) Véi moi ¢ = (c1,...,¢,) € R, bién ngdu nhién X = Sor g eX;
c6 phdn bb normal N (u,02), véi p = E(X) = S0, cips, va 02 =
var(3" | ¢ X;) = e.X.ct. (Néu var(YX" | ¢;X;) = 0 thi X la hang s,
¢6 nghia la phdn bb xdc sudt ctia X tdp trung tai mot diém).

v) Ngugc lai, gid sit rang (X1, ..., X,) la mot vector ngdu nhién véi
tinh chdt: phan bé xdc sudt ctia S| ¢;X; la phdn bb normal (hodc la
tdp trung tai mot diém) véi moi (ci, . . ., ¢,) € R™. Khi dé, phdn b xdc

sudt dong thoi ciia (X1, . .., X,,) la mét phdn bd normal n chiéu.

Trong muc trude, ching ta di ching minh vé co ban dinh Iy trén
trong trudng hop 2 chiéuy, trit khing dinh cudi cling. Trudng hop téng
quat n chiéu chiing minh hoan toan tuong tu trudng hop 2 chiéu.
Khing dinh cudi cung c6 thé chiing minh bing cach xét ham dic
trung. U
Bdi tdp 3.19. Chitng minh ring phan b6 normal n chiéu N (p, ) cb

ham dac trung sau:
1
®(s) = exp(v/—1p.s" — ES.E.st). (3.73)

Bai tdp 3.20. Gia st X va Y 14 hai bién ngdu nhién déc 14p tuin
theo phan bé normal chuén tic A(0,1). Tinh ham méat d6 ctia Z =
1
5(X2 +Y?).
Bdi tdp 3.21. Ta goi phan bd Cauchy 14 phén b lién tuc trén R véi
ham maét do6 sau:

1
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Chuong 3. Vector ngdu nhién

(Phan bd nay khéng cé ky vong, va khéng c6 phuong sai hitu han).
Chitng minh ring néu Z; va Z, 14 hai bién ngiu nhién doc 1ap tudn
theo phan bd normal chun tic N/ (0,1), thi Z1 /Z5 c6 phan bb Cauchy.
Bai tdp 3.22. Gia st vector (X,Y) ¢6 phan b6 normal 2 chiéu véi
ham mat do
O
T,Y) = —F——=exXp(————
PR = T2 P T )2
i) Chitng minh ring X va Z = (Y —rX)/(1 —r%)/2 14 cac bién ngiu

nhién d6c 14p c6 phan bb normal chuén tic A(0, 1).

2% — 2rzy + y?)).

ii) Suy ra tu i) réing

1 1
P(X>0Y >0) = at 2—arcsinr.
T

iii) Chting minh ring v6i moi y € R, phan bb xac suit c6 diéu kién
Px|y—, la mét phan bb normal c6 phuong sai khéng phu thudc vao

diém y, va tinh phuong sai va ky vong ctia phan bb c¢6 diéu kién do.
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Chuong 4
Cac dinh ly gidi han

4.1 Dinh ly gi6i han trung tam

Dinh 1y gi6i han trung tAm 14 dudgc coi 1 dinh 1y quan trong nhét
clia xac suit thdng ké, hon dd tdng clia thong ké toan hoc. N6 1a mot
trong nhitng dinh 1y dugc trich ddn st dung nhiéu nhét clia toan bd

toan hoc hién dai néi chung.

4.1.1 Dinh ly de Moivre — Laplace

Tién than caa dinh gi6i han trung tim téng quat 1a dinh 1y sau
déy ctia de Moivre va Laplace vé dang diéu tiém c4n ctia phén bb xac
suét nhi thic

|
Pu(k) = —- !p’“(lfp)”‘k 4.1)

kl(n— k)

v6i tham sb p cb dinh, khi n tién t6i v6 clng.
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Chuong 4. Cdc dinh ly giéi han

Hinh 4.1: Abraham de Moivre (1667-1754)

Dinh ly 4.1 (de Moivre - Laplace). Ddt

z = z(n, k) = (k —np)/+/np(1 — p).

Khi dé
Pu(k) = ! exp(—222).(1 4+ 6,(k)),
Vo —p) P2

trong dé 6, (k) héi tu déu dén 0 khi n tién téi oo, cd nghia la

lim sup d,(k) = 0.

n—o0 k
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4.1. Pinh ly gi6i han trung tdm

binh ly lién quan chit ché dén cong thitc Sterling sau day
trong giai tich:
n!
lim ——— =1. 4.4
n—+00 \/2mn (%)n ( )
St dung cong thiic Sterling, c6 thé chitng minh kha dé dang dinh ly
de Moivre — Laplace va ngudc lai, cong thiic Sterling ciing c6 thé
suy dudc ra tu dinh ly O d4y ching ta sé tam thoi chip nhan
dinh l}'fvé cong thiec Sterling ma khong chiing min

Mot hé qua truc tiép va quan trong ctia dinh 1}'7 la dinh ly sau:

Dinh ly 4.2 (de Moivre - Laplace). Gid st X1, Xo,..., X,,...la cdc
bién ngdu nhién déc ldp c6 cuing phdn bd xdc sudt Bernoulli: P(X; =
1)=p P(X;=0)=1—pvdimoii bdtsS, =X1+...+ X,. Khido

véi moi cdp sb thuc a < b ta c6:

n - b 1
lim Pla<—2n"P :/ — e 2dr. (45)

Chiing minh. Theo gia thuyét, S, c6 phan bd nhi thitc P(S, =
k) = Pu(k) = Chpk(n — p)»F. Dit = = 2(n k) = —— P &

Vnp(l—p)

M C4c chiing minh ¢8 dién clia cong thic Sterling kha dai. Nhung ¢6 thé xem mét
chting minh ngén gon va don gian, dua trén ham gamma va dinh 1y héi tu bi chin
Lebesgue (dinh 1y[2.8) trong bai bdo sau: J. M. Patin, A very short proof of Sterling’s
formula, The American Mathematical Monthly, Vol. 96 (1989), No. 1, pp 41-42.
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Chuong 4. Cdc dinh ly giéi han

dung dinh ly[4.1] ta c:
Sp, — pn
Pla<———=<b|= ) Pulk)
np(l - p) a<z<b
B 1 1,
_ g;bAnm exp(—522).(1+ 0, (k)), (4.6)
trong d6 A, = _ bang budc nhay cla z trong téng phia
np(1 —p)

trén. BGi vy, theo dinh nghia tich phin Riemann, ta c6

tlt d6 suy ra diéu phai chitng minh. O
Dinh 1y[4.2| chinh 1a mét trudng hgp riéng quan trong cta dinh ly

gi6i han trung tdm ban dén & muc sau.

Vi du 4.1. Tung mot dong tién 1000 14n, c6 600 1an hién mit ngla. Ta
c6 thé coi ddng tién 1a cAn bing (hai mit sip va ngtia déu 6 xac suét
hién 1én 14 1/2) dudc khong? DE tra 16i cAu héi do, ta gia st 1a ddng
tién can bang. Khi d6 ta c6 phan bd nhi thite véi n = 1000, p = 1/2,
pn = 500, \/np(1 — p) ~ 15,1811 Goi k 13 sb 1an hién 1én mit ngta

trong s6 n = 400 14n tung. Theo dinh 1y de Moivre — Laplace, ta c6
k—mnp < 99 > 6,521 q

P(k < 599) = P ~ —*/24
(k< 599) wp(l—p) 15,1811 ¢ Tare

T Vor

0,9999999999. Piéu d6 cé nghia 13, néu déng xu can bang, thi xac suit
dé€ hién 1én mat ngta it nhat 600 14n khi tung déng xu 1000 14n nhé
hon 1/10%°. Kha ning xay ra diéu d6 1a qua nhé dé€ cé thé tin dugc 1a

dong xu can bang.
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4.1. Pinh ly gi6i han trung tdm

Ghi chil 4.1. Abraham de Moivre (1667-1754) la mét nha toan hoc
ngudi gbc Phap, bi bt di ti nidm 1688 vi ly do ton gido, sau dé di
tan sang London va & d6 cho dén khi chét. Pudc bau vio vién Ham
lam Hoang gia Anh (Royal Society) ndm 1697. Cuing v6i Newton va
Leibniz, de Moivre 13 mét trong nhiing ngudi dau tién nghién ctu
phép tinh vi phén (differential calculus), ma thoi d6 goi la method of
fluxions. Khi ngudi ta hdi Newton vé method of fluxions, Newton c6
khéng dinh 14 “nén gip de Moivre vi 6ng ta biét tét hon t6i”. Dinh
1y de Moivre-Laplace vé dang diéu tiém cin ctia phan bb nhi thic
d4u tién 14 do de Moivre phat hién va chitng minh cho trudng hop
p = 1/2 t&t nam 1733, sau d6 n6 dugdc Laplace mé réng cho trudng
hop p bat ky. Ngoai ly thuyét xac suit va phép tinh vi phin, de Moivre
con 1 mot trong nhitng ngudi diu tién nghién ctu 1y thuyét tip hop
va sb phite. Cong thiic (cos(x) + isin(x))" = cos(nz) + isin(nz) cho
s6 phitc mang tén c6ng thitc de Moivre.

Bai tdp 4.1. Tinh xac sult cta su kién sau: tung mot con xtc sic
(déu) 6000 lan, sb 1an xuit hién méit 6 la mot s6 > 850 va < 1050.

4.1.2 Dinh ly gi6i han trung tam

Gia stt X1, Xo, ..., Xn, ... 1a mot ddy cac bién ngiu nhién doc lap
¢6 cling phén bd xac suit, v6i ky vong bing p va db 1éch chudn bing
o hitu han . Pinh Iy gi6i han trung tim sé cho chiing ta biét vé& dang
diéu tiém cin ctia phan b x4c suét cta téng S, = X1 +. ..+ X, khi
n tién t6i v6 cling. Trudc khi xét dang diéu tiém cén cta S, ching ta
sé& chudn hda né. Béi vi néu d€ nguyén, va gia st chdng han u > 0,

thi theo luit s6 16n, phin bo xac suat cua S,, sé bi don vé phia vo

181



Chuong 4. Cdc dinh ly giéi han

cting khi n tién t6i v6 cting, va nhu vay thi né khong thé tién t6i mot
phén bb cho truée ndo dé. Nhic hé qua sau diy caa su doc lap caa

cac bién X;:

. Sn —np ,
bat Z,, = ,taco
E(Z,) =0, var(Z,)=1. 4.9)
A ;s ~ 1 , A 2. A , Sp — ny
biéu do6 c6 nghia la, qua phép bién doi tuyén tinh 7, = ———,
oyv/n

ta c6 thé dua bién ngiu nhién S, vé mét bién ngiu nhién Z, c6 ky
vong bing 0 va phuong sai bang 1. Bién ngu nhién Z, nay dugc goi
1a chudn héa ctia S,,, hay con goi 14 tdng chuén héa clia X, ..., X,,.
Sau khi ¢4 chudn héa nhu vay, ta c6 thé so sanh dang diéu ctia phan
bb clia Z,, v6i cac phan bb chudn héa khac (c6 cung ky vong bang 0
va d6 1éch chudn bang 1). binh ly gi6i han trung tAm phat biéu rang,
bét k€ phan bb ban dau (ctia X;) ra sao, khi n 16n thi phan bb cta
t6ng chudn hoéa Z, cb thé duge xap xi rat tét bing phan bb normal
N(0,1), va khi n tién t6i v6 cling thi né tién t6i A(0, 1). Néi mot cach

chinh xac hon:

Dinh ly 4.3 (Dinh ly gigi han trung tam). Gid st X1, Xo,..., Xp, ...
la mét ddy cdc bién ngdu nhién dbc ldp ¢ ciing phdn b xdc sudt véi ky

vong bang p va d6 léch chudn bang o hitu han. Pdt

_ (Z?:l Xi) —np
Ly = o . (4.10)
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4.1. Pinh ly gi6i han trung tdm

Khi dé véi moi a,b € R, a < b, ta co:
b
1 2
lim P(a< Z,<b)= | ——e*/2dz. 4.11
n—00 ( - - ) /a \/% ( )

M6t cach phat biéu tuong duong 1a:

Dinh ly 4.4 (Dinh ly gigi han trung tam). Gid st X1, Xo,..., Xp, ...

la mdt ddy cdc bien ngau nhién doc ldp co cung phdn bo xdc suat vai ky

(Z?:l Xi)—np
ov/n ’

vong bang p va do léch chudn bng o hitu han. Pdt Z, =

Khi d6 véi moi tdp con A C R thudc sigma-dai sb Borel, ta c6:

lim Pz (A) = lim P(Z, € A) = / L e 2dy = Pyo,1)(4).
n—o0 n—o00 A T
(4.12)

Ghi chii 4.2. Nhiéu nha toan hoc da déng gép vao dinh Iy giéi han
trung tdm: d4u tién 13 de Moivre trong thé ky 18, rdi dén Laplace,
Cauchy, Bessel, Poisson trong thé ky 19, rdi dén cic nha toan hoc
Chebyschev, Markov, Lyapunov cubi 19 diu thé ky 20, réi dén cac
nha toan hoc ctia thé ky 20 nhu von Mises, Polya, Lindeberg, Cramér
phat trién va mé roéng né, v.v. Tén goi dinh ly giéi han trung tim
(tiéng Ditc: zentraler Grenzwertsatz) 1a do George Polya dua ra nim
1920 trong mot bai bao nhan dé nhu vdy. Mot diéu tha vi 13 Alan
Turing (mdt trong nhitng cha t§ cta tin hoc hién dai) ciing viét luin
4n vé dinh 1y gi6i han trung tdm vio nim 1934, truée khi phat hién
ra ring két qua clia minh di dugc Lindeberg lam ra tit nim 1922.
Ngudi du tién phat biéu va chiing minh dinh 1y gi6i han trung tAm
cho mot phan bd tdng quét c6 1& 13 Alexandr Mikhailovich Lyapunov
(1857-1918), mot nha toan hoc ngudi Nga, hoc tro cia Chebyschey,
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Chuong 4. Cdc dinh ly giéi han

Anexcandp Muzaiinosus
JAODVHOB

Hinh 4.2: Alexandr M. Lyapunov (1857-1918)

\ o Neo A \ A s A \ Re oA
vao nam 1901. Ngoai cong trinh vé xac suat, Lyapunov con ndi tiéng
A 4 A \ \ . A \ ~ . 2 7
vé cac cong trinh trong phuong trinh vi phan va su 6n dinh cua cac

hé dong luc (6n dinh Lyapunov, cac lily thita Lyapunov, v.v.).

Bdi tdp 4.2. Mbt nha may san xult dy xich bing thép, mdi diy gdm

nhiéu mét xich. b dai clia cac mit xich dude dinh nghia sao cho d6

184



4.1. Pinh ly gi6i han trung tdm

dai cta déy xich bang t6ng do dai cic mat xich. Phong nghién citu
ctia nha may do thiy d6 dai cdc méit xich 13 mét bién ngiu nhién X
¢6 ky vong 1a S5cm va d6 1éch chuén 1a 0,1cm. Nha may ban loai day
xich dai 50m, va d€ yén tdm vé dé dai, x4y xich dé dugc nbi bing
1002 mat xich. Nha may cam doan rang khéng c6 day xich nao loai
nay dai duéi 50m, va néu khach hang nio mua phai day dai duéi
50m thi duge dén tién va dudc ting mét day khac mién phi.

i) Ubc luong xac sudt d€ sao cho mét day xich véi 1002 mit xich ¢6
do6 dai dudi 50m.

ii) Sau mét thoi gian, bd phin ban hang ctia nha may thiy ¢ nhiéu
déy xich dai dusi 50m bi tra lai, va héi phong nghién cttu xem vin
dé nam & d4u. Sau khi diéu tra, phong nghién citu phat hién 1a do
khéng thét chinh x4c: ky vong clia chiéu dai mit xich khéng phai 1a
5cm ma 13 4,993cm. Véi ky vong nay, xac sudt dé mot dy xich véi
1002 mit xich c¢6 d6 dai duéi 50m 13 bao nhiéu?

Bdi tdp 4.3. i) Ching minh ring tdng ctia n bién ngdu nhién déc 1ap
6 phan bb Poisson v6i tham sb 1 14 mot bién ngiu nhién c6 phan bd
Poisson v6i tham s n.

ii) Dung két qua trén va dinh 1y gi6i han trung tdm d€ chiing minh

khéng dinh sau:
lim P(X,, <n)=1/2,

n—oo

trong d6 X, la bién ngau nhién c6 phan bo Poisson v6i tham so n, va

tir d6 suy ra:

2 n
1
lim e ™" <1+n+n...+n>:.
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Chuong 4. Cdc dinh ly giéi han
4.1.3 Gidi han cua day ham dac trung

D& chting minh dinh ly gi6i han trung tdm, ching ta sé xét cac
(Xoimy Xi) —np
o\/n ’

trong dé X1, Xs, ..., Xn, ... 1a mot ddy cac bién nglu nhién doc lap

ham dic trung &, cla cac téng chuin héa Z, =

¢6 cling phan bb xac suét véi ky vong bang x va dé léch chudn béng
o hitu han.

Ménh dé 4.5. Véi moi s € R ta c6

lim ®z (s) = exp(—s%/2). (4.13)

n—oo

Chitng minh. Theo cdng thic bién déi ham dic trung khi bién
déi bién ngiu nhién mét cach tuyén tinh (xem khing dinh iii) ctia
dinh 1}'7, va cong thitc tinh ham dic trung cia mét téng cac bién
ngiu nhién doc 1ap (xem khang dinh iv) ctia dinh l}'/, ta co:

o (L) o ()

o (L) o (55)
do do

In(®y, (s)) = _\[f Ps+nn (‘le <0'\8/ﬁ)>
— _VInpt+nln(®@x, (1), (4.14)

trong do6 t = Khi n tién t6i oo thi ¢ tién t6i 0. Ham ®x;, (¢)

a\f
kha vi lién tuc 2 14n va ¢6 ®x, (0) = 1, 'y (0) = V—1p, % (0) =
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4.1. Pinh ly gi6i han trung tdm

~E(X?) = —(0? + pi?). (Xem dinh 1y [2.18). Do d6 ham In ®y, cling
kha vi lién tuc hai 14n trong 14n cAn cia 0, valn ®x, (0) = 0, (In ®x,)’(0) =
V—=1p, (In®x,)"(0) = —o? Theo céng thitc khai trién Taylor-Lagrange,
ta co:

In(®x, (t) = vV—1ut — %UQtQ + o(t?),

trong dé o(¢2) 1 ky hiéu Landau: o(¢2)/¢2 tién t6i 0 khi ¢ tién t6i 0.
Do dé

In(®z, (s)) = —vV—1nut + n(v/—1ut — %GQtQ + o(t?))

1 1
= —§n02t2 + no(t?) = —532 + no(t?).

Khi n tién t6i v6 cling thi no(t2) = 2—20(152)/752 tién t6i 0, do d6

lim @y, (s) = exp( lim In(®z,(s)))

n—oo n—oo

1 1
= exp( lim —532 +no(t?)) = exp(—isz),

n—oo

13 diéu phai chting minh. O

Nhac lai rang ham ®(s) = exp(—s2/2) chinh 1a ham dic trung
ctia phan bé normal chudn tic A/(0,1). Dinh 1y gi6i han trung tim
suy ra truc tiép tit Ménh dé Va‘l ménh dé sau:
Ménh dé 4.6. Gid sit ¢6 mét ddy bién ngdu nhién Z, vdi cdc ham
ddc trung ® tuong iing sao cho, véi moi s € R, &4 (s) hoi tu dén
®(s) = exp(—s2/2) khi n tién t6i vé cting. Khi d6 véi moi a,b € R,

a < b, taco

b
1 2
lim P(a < Z, <b)= / ——e T 2y, (4.15)
B B a V2

n—0o0
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Chuong 4. Cdc dinh ly giéi han

Ménh dé trén 1a mét trudng hop riéng cta dinh ly lién tuc vé
tiéu chuén héi tu yéu clia cac phan b xac suit, ma ching ta sé ban

dén trong phﬁn sau.

4.2 HOi tu yéu va cac kiéu héi tu khac
4.2.1 Hoi tu yéu va hdi tu theo phan phbi

Pinh nghia 4.1. Mét ddy phdn bb xdc sudt P, (hay mét ddy ham phdn
phbi xdc sudt F, tuong ing) dugc goi la hdi tu yéu dén mét phdn bb
xdc sudt Py, (hay dén mét ham phan phdi xdc sudt F.o tuong tng) néu
chiing théa man diéu kién sau: Vi moi diém lién tuc z € R clia Fao
(ticla Py (z) =0), ta co

lim F,(z) = Fool(x). (4.16)

n—oo
Ching ta c6 thé ky hiéu sy héi tu yéu nhu sau:

P, Py, Fpn -5 Foo. (4.17)

Chit w phia trén c6 nghia 13 yéu (weak tiéng Anh). Hoi tu yéu 1a
ki€u héi tu hay dung nhét cho cic thong ké xac suit. BSi vay khi ta
vidt lim,, oo P, = Pa ta sé hifu d6 1a gi6i han yéu, tlic 1a P, hoi tu
yéu dén P... Vi du sau cho thiy vi sao, trong dinh nghia trén, ta chi
yéu cau lim,, o0 Fp(2) = Foo(z) khi z 13 diém lién tuc ctia Foo ().
Vi du 4.2. Gid stt (cn)nen 12 mot diy sb thuc tién t6i mét sb thuc
Coo khi n tién t6i v6 cung. Gia st thém ring ¢, > ¢ v6i moi n. Goi

P, (hay P.,) la phan bd xéc sult caa h:‘ing $s6 ¢, (hay c¢), tlc la
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4.2. Hoi tu yéu va cdc kiéu hoi tu khdc

phén bd xac sult rdi rac tip trung tai diém ¢, (hay cso): Po(cn) =1
(hay Py (coo) = 1). Khi do ta mudn néi mot cach tu nhién rﬁng P,
héi tu dén P, khi n tién t6i v6 cling. Tuy nhién F(cs) = Po(] —
00, Coo]) = 0 v6i moi n trong khi Foo(coo) = 1, va béi vay diéu kién
lim,, 00 Fn(2) = Foo(x) khong thda man tai difm z = co (12 diém
gian doan ctia ham phan phbi xac suit F..). Tai cac difém = # ¢ thi
diéu kién nay dudc thda man. Béi vay, trong vi du nay, d€ ¢6 dugc
st héi tu ctia ddy phan b (P,),cn dén P, ta phai diing héi tu yéu,
nhu duge dinh nghia 6 trén.

, A A , A N . 7 ~ A A A ’ A A
Cac phan bo xac suat roi rac cé thé hoi tu yeu den cac phan bo
xac sudt lién tuc, va ngudc lai, cac phan bo xac suat lién tuc cling c6

R A A A , N A ; A N, .
thé hoi tu yéu dén cac phan bo xac suat rdi rac.

Vi du 4.3. 1) V6i mbi n € N, goi P, 12 phan b xac sut déu trén doan
thang [0,1/n] (v6i ham mat d6 bang n trén doan thang d6). Khi n
tién t6i v6 cling, thi P, hoi tu yéu dén phan bb rdi rac P, tip trung
tai diém 0: Py (0) = 1.

ii) V6i méi n € N, goi P, 1a phan bd xac sudt rdi rac tip trung

tai n diém 1/n,2/n,...,1 véi cac xac suét bing nhau va bing 1/n:
P,(1/n) = P,(2/n) = ... = Py(1) = 1/n. Khi n tién t6i v6 cling, thi

P, hoi tu yéu dén phan bb déu trén doan thezlng [0, 1].

Dinh nghia 4.2. Mot ddy bién ngdu nhién Z,, dugc goi la hoi tu theo
phan phéi xac suit dén mét bién ngdu nhién Z (hay con goi la hoi tu
theo phdn phéi dén phdn bb xdc sudt ctia Z), néu nhu ddy phdn bé xdc

sudt Py, cua Z, hoi tu yeu den phdn bo xdc suat Py.
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Chuong 4. Cdc dinh ly giéi han

Ching ta sé ky hiéu su héi tu theo phin phbi nhu sau:
Zn % 7, (4.18)

hoac la
Z, -4 p,. (4.19)

Chit d c6 nghia 14 distribution, tic 1a phin phdi (hay phan bd) xac
suét.

Vi du 4.4. Gia st X,, 1a biét ngiu nhién rdi rac nhén hai gia tri 1/n
va 1 — 1/n v6i cac x4c sult tuong ting P(X, = 1/n) = (n + 1)/2n va
P(X, =1-1/n) = (n—1)/2n. Khi d6 X,, hdi tu theo phan phbi dén
bién ngiu nhién X véi phan bb Bernoulli: P(X = 0) = P(X = 1) =
1/2.

Vi phan b normal chudn tic A/(0,1) 14 moét phan phan bd lién
tuc, nén Z, —&5 N(0, 1) khi va chi khi Fz, (b) =3 [° exp(—a2/2)dx
v6i moi 2 € R. Bdi vay dinh ly gidi han trung tdm c6 thé dugdc phat

biéu lai nhu sau:

Dinh ly 4.7 (Dinh ly gigi han trung tam). Gid st X1, Xo,..., Xp, ...
la mot ddy cdc bién ngdu nhién déc ldp ¢ ciing phdn bd xdc sudt
véi ky vong bang p va d6 léch chudn bang o hitu han. Goi Z, =

n
C X)) — . 2 2 , » . o2s
iz Xi) = np la tong chudn hoa cua X, ..., X,. Khi do
ayvn

Zn -5 N(0,1) (4.20)
khi n tién téi v6 cling.

Bdi tdp 4.4. Ching minh ring mét diy phin bb xac sudt normal

N (ptn, o2) hoi tu yéu khi va chi khi hai day sb (u,,) va o, hoi tu.
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4.2. Hoi tu yéu va cdc kiéu hoi tu khdc

Bdai tdp 4.5. Ching minh ring mot ddy phin bb xac suét P, héi tu
yéu dén mét phan b xac sudt P khi va chi khi v6i moi doan thing
md Ja, b[ ta ¢ liminf P, (Ja, b[) > Px(Ja, b]).
n—oo
Bdi tdp 4.6. Gia st ring X, c6 phan bd hinh hoc v6i tham sb 1/n.
Chting minh rang
Xn d

Zn dyy
n

khi n tién t6i v cling, trong dé Y ¢6 phan bd mii v6i tham sb 1.
Bai tdp 4.7. Gia st X1, Xs,... 12 mot diy cac bién ngiu nhién doc
1ap c6 phan bb déu U(0, 1). bat

Y, = n(l — max(X1, Xo, ..., X,)).

Chitng minh ring Y,, hoi tu theo phin phdi xac sudt dén X, trong dé

X ¢6 phan bd mii v6i tham sb 1.

4.2.2 Cac metric trén khong gian cac phan bb xac suit

V& mit truc gidc, khi chiing ta néi ring phin bb xac suit P, gin
bing phan bd xac sudt P, ¢ nghia 14 khoang cach giita P va P, nh.
Nhung d€ phat biéu diéu dé mét cach chinh xéc, ta cin dinh nghia
khoang cach & d4y 1a gi. C6 nhiéu cach dinh nghia khac nhau, cho ra
cac két qua khac nhau, trén khéng gian cac phan bb xac sudt. O day

ching ta sé ban dén 3 cach trong sb cac cach dinh nghia.

Dinh nghia 4.3. Gid sit Px va Py la hai phdn bb xdc sudt trén R, véi
cdc ham phdn phbi xdc sudt tuong ting Fx va Fy.
i) Khoang cach L, (véi hach nhdn e~1*l) giita Px va Py la dai lugng

[e.e]

d(Px, Py) = / | Fx(z) — Fy(z)|e”*ldx. (4.21)

—00
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Chuong 4. Cdc dinh ly giéi han
ii) Khoang cach Lévy-Prokhorov giita Px va Py la dai luong

dLP(Px,Py) = inf{s >0 | Px(A) < Py(AE) +eva
Py(A) < Px(A%)4+eV Ac BR)}, (4.22)

trong dé B(R) la dai sb Borel trén R, va
A* ={z e R |3y € Asaocho |x —y| < e} (4.23)

la e—ldn cdn ctia A trong R.
iii) Khoang cach Kolmogorov-Smirnov giita Px va Py la dai lugng
drs(Px, Py) = sup | Fx(z) — Fy(x)|. (4.24)
zeR

Nhic lai rang, mot metric trén mét khong gian V 13 mot anh xa
d:V x V — R théa mén cac tinh chit sau:
i) Duong tinh: d(u,v) > 0 v6i moi u,v € V, va d(u,v) = 0 khi va chi
khi u = v.
i) bbi xting: d(u,v) = d(v,u) véi moi u,v € V.
iii) BAt dang thitc tam giac: d(u,v) + d(v,w) > d(u,w) v6i moi
u,v,w € V.
Mot khong gian V' v6i mét metric d trén dé dude goi la mot khong
gian metric, va d(u,v) dugc goi la khoang cach gitta v va v (theo
metric d). Mot khéng gian v6i mot metric d trén d6 thi tré thanh mot
khong gian topb, trong d6 su hoi tu clia mot day diém (uy, )pen dén
mot diém wu.. (theo metric d) ¢ nghia 1a d(tp, Uoo) tién t6i 0 khi n
tién t6i vo cling.

Dé& dang kiém tra rang, ca ba dinh nghia khodng cach di, dp va

dg s phia trén déu thdoa man cac tién dé ctia mét metric, do dé ta ¢
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4.2. Hoi tu yéu va cdc kiéu hoi tu khdc

3 metric khac nhau trén khong gian cic phan bb x4c suét trén R, ting
v6i 3 dinh nghia khoang cach nay. Quan hé gitta 3 metric dy, d;p va

dx s nhu sau:

Pinh ly 4.8. Hai metric d, va dpp tuong duong véi nhau vé topd
(cho cling mot topd trén khéng gian cdc phdn bb xdc sudt trén R),
nghia la nlgn;o d1(P,, Px) = 0 khi va chi khi 11113010 drp(Pr, Px) =
0. Metric manh dxs manh hon hai metric dy va dpp, nghia la néu
lim dyes(Py, Poo) = 0tht lim dy (P, Poo) = 0va lim dpp(Pr, Poc) =
0, nhung khdng dinh nguoc lai khéng diing.

Khing dinh dxg manh hon d; khé 14 hién nhién: dé dang thiy

rang

di(P1, P) < dKS(P17P2)-/ e~ ldy = 2dg(Pr, P)

—00

v6i hai phan bb x4c sut Py, P, bat ky trén R. Diy phan bd x4c suit
trong vi du cho thiy dxs thuc sy manh hon dy, téc 13 6 thé cb
d1(P,, Ps) tién t6i 0 trong khi dg g(Pp, Pso) khong tién t6i 0 khi n
tién t6i vo cuing. Su tuong duong tdpd cha dy va dyp 1a mét bai tip
giai tich thu vi danh cho ban doc. Dinh nghia d; don gidn hon dinh
nghia d; p. Nhung 1oi thé ctia dp ndm & tinh tdng quat cta né: né
diing dugc cho khéng gian cac phan b xac suit trén mot khong gian
metric bat ky. Chti ¥ thém ring, ham e~1*! trong dinh nghia metric d;
dugce chon mot cach kha tly tién. Néu ta thay ham d6 bing mét ham
khéc, thod méan cac tinh chét bi chin lién tuc duong c6 tich phin trén
R hitu han, thi ta duge mét dinh nghia metric khéc, tuong duong vé

mat t6 p6 v6i metric d; .
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Chuong 4. Cdc dinh ly giéi han

Pinh 1y 4.9. M6t ddy cdc phdn bb xdc sudt P, hdi tu theo metric
dy (hay la metric drp) dén mot phdan bd xdc subt P, (c6 nghia la
limy_yo0 d1(Pp, Ps) = 0) khi va chi khi P, héi tu yéu P, khi n tién téi
v6 cting. N6i cdch khdc, su hoi tu yéu tring vdi su héi tu theo metric d;

va trung vdi su hoi tu theo metric Lévy-Prokhorov.

Chirng minh.

)biéu kién can. Gia st c6 mot diém lién tuc z( clia Fao sao cho
Fn(w) khong hoi tu dén Foo(z0). Khi d6 tdn tai mot hing s6 ¢ > 0 va
mét day s6 tu nhién ny, tién téi vo cling sao cho | F,,, (0) — Foo (z0)| >
cv6imoi k € N. Ta s€ gid st Foo(z0) — Fp,. (z0) > ¢ v6i moi k. (Trudng
hop c6 thé chon F,,, (20) — Foolo) > ¢ v6i moi k hoan todn tuong
tw). Do tinh lién tuc ctia Fao tai zo, ton tai § > 0 dd nhé sao cho
Foo(o) — Foola) < ¢/2v6i moi & € [zg — 6, 0]. Do cac ham phén b
xac suat 1a ham tinh tién ting, ta c6 F, (z) < Fp, (o) v6i moi z €
(20— 0, xo], tlt d6 suy ra Foo(x) — Fp, () > ¢/2v8imoix € [xo—0, zo],
va do d6 ton tai mét hing sb duong C = f;}o_d(c/2)e*‘x|dx > 0, sao
cho d(P,,, Px) > C v6i moi k. Diéu d6 c6 nghia 14 d(P,, Ps,) khong
tién t6i 0 khi n tién t6i v6 cling.

ii) Diéu kién dh. Gid st Foo(x) = lim,_e0 Fp(z) tai moi diém
lién tuc clia Foo. Gid st € > 0 13 moét sb duong tuy y. Nhic lai ring
ham F.. 1a mot ham don diéu khong gidm bi chin, va tip cac diém
khéng lién tuc ctia Fao 13 hitu han hodc dém duoc. Ta 6 thé chon
mot day hitu han z¢ < 21 < ... < 2y cac diém lién tuc clia Fo sao
cho [*0 e l#ldz < f;; e 1lde < ¢, vavéimoi k =0,1,...,N —
1tacod hoac la 0 < Foo(mpy1) — Foolzr) < €/(xny — o) hodc la

0 < @pp1 — 2 < ¢/N . Goi I 1a tAp cac chi s6 k théa man 0 <
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4.2. Hoi tu yéu va cdc kiéu hoi tu khdc

Foo(@rt1) — Foo(wk) < €/(xn — 20), vadat J = {0,...,N —1}\ I.

~ \ A <A 7, . . ’ o R A . A
Do day ham so F,, tién t6i F, tai cac diém x,...,xy, ton tai mot
sO tu nhién K sao cho v6i moin > K vamoii = 0,1,...,N ta cod

| Fn () — Fooli)| < €/(zn — 20). Néu k € I thi tit cic bat dang thiic
nay cung voi bat ding thitc 0 < Foo (2p41) — Foo(zr) < €/(zn — 20)

va su don diéu khong gidm cta F, va F. suy ra bat ding thtc sau:
| Fn(2) — Foo(x)| < 2¢/(xn — 0) VX € [X)y Tpt1]
(v6i moi k € I). Ta chia d(P,, Px,), v6i moi n > K, thanh 3 phan:

d(Py, Ps) = / | Fn(2) — Foo(@)|e ®ldz = A, + B, + Cp,

vOi
o
A= [ 1Fule) = Fu@le Flda
foo | Fn () — Foo (x)\e_|z|dx<2e

n—Z/ () — Foolz)|e lde <

kel V%
; x
< Zke[f o TN 61‘0 — .toN TN — (Eodx = 26’
Com X [ 1Fule) = Pl <
keJ

<D nes(@rgr — x) < Nmaxgey(2pp1 —2x) < Ny = €

Tong cong lai, ta ¢6 d(P,, Px) < be, v6i moi n d 16n. Vi € 13 tly ¥
nén lim d(FP,, Px) =0. O
n—oo

Bdi tdp 4.8. Chting minh su tuong duong vé topd clia metric d; va

metric dy,p.
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Chuong 4. Cdc dinh ly giéi han
4.2.3 Dinhly tién compact ctia Prokhorov

Pinh nghia 4.4. Mot ddy cdc phdn bb xdc sudt (P,)nen dugc goi la
chiit (tight) néu nhu véi moi € > 0 tén tai R, € R, sao cho

Po([~Re,R])>1—eVneN. (4.25)

N6i mét cach ndém na, diéu kién chdt 1a diéu kién “xac sut khong
bi dan trai vé v6 cling” khi n tién t6i v6 cling.
Pinh ly 4.10 (Prokhorov). Gid sit (P,)ney lad mét ddy phdn bb xdc
sudt trén R théa man diéu kién chdt. Khi d6 ton tai mét ddy con
(Py, Jnen (kn — o0 khi n — o0) héi tu yéu dén moét phdn bb xdc

sudt nao dé.

Tinh chit “moi diy diém (ctia mét tip ndo d6) déu c6 mét diy
con hdi tu” goi 13 tinh chét tién compact (pre-compact). Béi vay dinh
Iy trén ctia Prokhorov dudc goi 1a dinh ly tién compact.

So ludce chitng minh. Liy mét tdp tri mat dém dudc trén R (vi
du nhu t4p hop Q céc sb hitu ty), va danh sb thit tu cic sb trong tip
d6 thanh mot day s6 (am)men. CO thé xay dung bang qui nap theo m
mét diy con (P, )nen clia diy phin bb xac suét (P,),en théa min
tinh chét sau: diy sb 7, (a,,) héi tu véi moi m € N, trong d6 F, 1a
cac ham phan phbi x4c sudt tuong ting. Xdy dung ham F,, nhu sau:
bat Q(an) = limy, 00 Fi, (am), V@ Foo(x) = inf{Q(am)|am > z} voi
moi 2 € R. D& thiy ham ., thda mén cac tinh chit don diéu khong
giam va lién tuc bén phai. Tinh chit chit ctia day (P, )nen dam béo
ring Foo(z) tién t6i 0 khi z tién t6i —oo va tién t6i 1 khi z tién téi

+00. B6i vAy nd 1a ham phén phoi cia mét phin bo xac suat Py, nao
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4.2. Hoi tu yéu va cdc kiéu hoi tu khdc

d6. Budce cubi cling 13 kiém tra ring Py, hoi tu yéu téi P.,. (Bai tip:
Lam chi tiét cic bude chiing minh). O
Ghi chil 4.3. Dinh ly Prokhorov va metric Lévy-Prokhorov la goi theo
tén ctia Yuri Vasilevich Prokhorov (sinh ndm 1929), mét nha toan hoc
Nga X6 Viét chuyén vé xac suit, hoc tro ctia Kolmogorov, vién si vién
han 1am khoa hoc Lién X6 tit ndm 1972 (nay la vién han 1am khoa
hoc Nga).

4.2.4 Dinh ly lién tuc

Pinh 1y 4.11 (Pinh 1y lién tuc). Gid sit ¢c6 mot phdn bb xdc sudt Pa,
va mot ddy phdn bb xdc sudt P, trén R. Khi d6 ba diéu kién sau ddy
tuong duong véi nhau:

1) Ddy phdn bé xdc sudt P, hoi tu yéu dén P khi n tién dén vé cing.

2) V6i moi ham lién tuc va bi chdn F trén R ta co

lim [ FdP, :/FdPOO. (4.26)
R

n—oo ]R
3) Goi ®,, va &, la cdc ham ddc trung tuong tng cua P, va P... Khi

do véi moi s € R ta co

lim @, (s) = Poo(s). (4.27)

n—oo

Chttng minh. Diéu kién 1) suy ra diéu kién 2): Gia st diéu kién

1) dugc thda mén, va gid st F 13 mot ham lién tuc bi chin: ton tai
mét sb thue duong M sao cho |F(z)] < M v6i moi z € R. Goi e > 0
12 mot sb duong bat ky. Chung ta sé chling minh ring

/FdPn — / FdPOO‘ <€ (4.28)
R R
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Chuong 4. Cdc dinh ly giéi han

v6i moi n dd 16n. Ton tai R € R, sao cho —R va R 14 hai diém lién

tuc ctia Foo, va

Foo(—R) < €/6M , Foo(R) > 1 —¢/6M. (4.29)

Khi d6, v6i moi n du 16n, ta ciing c6 F,(—R) < ¢/6M va F,(R) >
1 — €/6M. Vi gia tri tuyét d6i ctia F bi chin bdi M, nén tit d6 ta c6

<e€/6, < €/6, (4.30)

‘ [ rae. [ rirx
]—o0,—R] |R,+o0]

va

<¢/6, < /6 (4.31)

/ FdP, / FdPp,
]—o00,—R] |R,+0o0[

v6i moi n dt 16n. Nhu vay, d€ chiing minh bat ding thitc |4.28] ta chi

can chiing minh rang

<e¢/3 (4.32)

/ FdP, — / FdP,
|-R,R] |-R,R]

v6i moi n da 16n. Vi ham F lién tuc, nén né lién tuc déu trén doan
2 PN A . A ~ A
thang [—R, R]. BSi vAy ton tai mot day s0 ap = —R < a1 < ... <
7 A A \ , [ oA \ A
any = R, sao cho cac s6 a; déu la cac diém lién tuc cia F.., va trén

mbi doan thang [a;_1,a;] d6 dao dong clia F nhd hon €/6 : |F(z) —
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4.2. Hoi tu yéu va cdc kiéu hoi tu khdc

F(a;)| < €/9v6imoix € [a;—1,aq;]. T do suy ra

N
/]—RﬁR] Fbn = ZF(ai)(]:n(ai) — Fn(ai-1))

(F — F(a;))dP,

a’L 17a’L

N
gZ/ |F — F(a;)|dP, <Z (¢/9)dP,
i=1 1%

} i*lyaz] az 17al]

- (6/9)/ 1dP, <€/9 (4.33)
|-R.R]

v6i moi n, va mét bit ding thitc nhu vdy cho P. Chl ¥ ring cac

diém a; 14 cic diém lién tuc clia Fao, do d6 F, (a;) tién t6i Foo (a;) khi

n tién t6i vb cling v6i moi i = 1,..., N. B6i vy v6i moi n du 16n ta
co
N N
> F(ai)(Fala:) = Falai1) = Y Fla:)(Foo(ai) — Faclai1))| < €/9.
i=1 i=1
(4.34)

Két hop cac bt ding thiic trén lai v6i nhau, ta dudc diéu phai chiing
minh .

Diéu kién 2) suy ra diéu kién 3): Diéu kién 3) ching qua 13 trudng
hop riéng ctia diéu kién 2) cho cac ham s6 Fy(z) = exp(v/—1sz), béi

vi, theo dinh nghia,
Ox(s) =E(exp(vV—1sX)) = / exp(v —1sz)dPx (4.35)
R

v6i moi phan bo x4c suat Py (v6i mét bién ngdu nhién X tuong tng).

piéu kién 3) suy ra diéu kién 1): (So lugc ching minh). Gia st

limy, 00 @ (s) = Poo(s) v6i moi s € R. Nhic lai ré“mg cac ham dac
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Chuong 4. Cdc dinh ly giéi han

trung clia cac phan bb xac sut 1a bi chin bdi 1: |®,(s)| < 1 v6i moi

s € R. BGi vdy, theo dinh 1y hoi tu bi chan Lebesgue, ta c6

li_)m q)n(s)ds:/ D (s)ds (4.36)

v6i moi e > 0. Mit khéc, ta ¢ bat ding thitc sau:

B dé 4.12. Vi moi bién ngdu nhién X, va moi sb € > 0 ta cd:

1/6 D x(s)ds

€ —€

Px(-22)) 2

—1. (4.37)

Ch ¥ ring vé phai clia bat ding thic (4.37) tién t6i 1 khi e tién
t6i 0. Tit bt ddng thiic nay va cong thitc giéi han dé dang suy
ra rang day phén bd xac sudt (P,) théa méan diéu kién chit. Béi viy,
theo dinh ly tién compact ctia Prokhorov, tdn tai mét day con Py, hoi
tu yéu dén mét phan bb xac sudt P nao dé. Nhu di chiing minh &
trén, khi Py, hoi tu dén P, thi ®;, cling hoi tu dén ham dic trung
clia P tai moi diém. Thé nhung ®,, hdi tu dén ®.., bdi vAy ham dit
trung ctia P chinh 13 ®... Vi moi phin bd x4c suit dugc xac dinh duy
nhét bing ham dic trung ctia né, nén P chinh 14 P... C6 nghia 1a ¢6
mdt diy con cta (P,) héi tu yéu dén P... Nhung khi d6, toan bb day
(P,) phai héi tu yéu dén P, vi néu khéng, tuong tu nhu trén, st
dung dinh ly Prokhorov, ta sé tim dugc mot day con caa (P,) hoi tu
yéu dén mot phén bb xac sult P khac P, nhung P lai c6 ham dic

trung tring v6i ham dic trung cta Ps, 14 diéu khong thé xay ra. O

Ghi chil 4.4. Dinh Iy phia trén dugc goi 14 dinh Iy lién tuc, vi n6 khang
dinh ring 4nh xa tit cdc ham dic trung vao cic phin bd xac sult

tuong ting 1a mot anh xa lién tuc. N6 13 mot phan cda dinh 1y lién
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tuc cta Paul Pierre Lévy (1886-1971), mét nha toan hoc ngudsi Phap.
Lévy 1a ngudi dua ra nhiéu khai niém quan trong trong 1y thuyét xac
sut, trong dé c6 khai niém martingale. Dinh 1y lién tuc ctia Lévy phat

biéu nhu sau:

Pinh 1y 4.13 (Lévy). Gid sit cdc ham ddc trung ®x, ciia cdc bién ngdu
nhién X, (n € N) tién téi mot ham ® tai moi diém trén R (hdi tu theo
ting diém). Khi d6 cdc khdng dinh sau ddy la tuong duong:

i) X, héi tu theo phdn phdi xdc sudt dén mét bién ngdu nhién X nao
do.

ii) Ddy cdc phan bd xdc sudt (Px, )nen théa man diéu kién chdt.

iii) ® la ham ddc trung ctia mot bién ngdu nhié X nao dd.

iv) ® la mét ham lién tuc trén R.

v) Ham ®(s) lién tuc tai diém s = 0.
Bai tdp 4.9. (Chting minh b8 dé|4.12). Chting minh dang thtc sau
1 /€ sin(ex)

— P ds = dP
2e J_. X(S) 5 /a:eR €T X

- / sin(ez) 1p / S(er) 1 (4.38)
|z|<2/€ |z|>2/€

€T €T

v6i moi bién ngiu nhién X. (Goi ¥: dung dinh nghia cia ham dic
trung, va cong thitc thay déi thtt tu tinh tinh phan Fubini). Sau d6 4p
dung cac bat dang thtt | sin(¢)/t| < 1 v6imoit € Rva |sin(t)/t] < 1/2
v6i moi |t| > 2, t € R vao dang thitc trén, d€ suy ra bit ding thitc
4.37).
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Chuong 4. Cdc dinh ly giéi han
4.2.5 Cac kiéu hoi tu khac ctia day bién ngiu nhién

Ngoai hoi tu theo phan phédi (14 ki€u hdi tu trong dinh 1y giéi han
trung tAm), chiing ta di gip nhitng kiéu héi tu sau day: héi tu theo
x4c suit (12 ki€u hoi tu trong dang yéu ctia luat sé 16n), va hdi tu hau

nhu chic chin (1a ki€u héi tu trong dang manh cta lut s6 16n)

Pinh nghia 4.5. Mét ddy bién ngdu nhién X,, dugc goi la héi tu theo
xac suat dén mot bién ngdu nhién X néu nhu véi moi e > 0 ta cé

lim P(|X,, — X|>¢€)=0. (4.39)

n—oo

Dinh nghia 4.6. Mot ddy bién ngdu nhién X,, duoc goi ld hdi tu hau

nhu chic chin dén mét bién ngdu nhién X néu nhu
P{w € Q| li_>m Xn(w) =X(w)}) =1, (4.40)

trong dé Q ky hiéu khéng gian xdc sudt chung ctia cdc bién ngdu nhién
X, vd X, va w ky hiéu cdc phdn tit cia Q, tifc la cdc su kién thanh

phcAin.

Su héi tu hiu nhu chic chidn con duge goi 13 su hoi tu hau khip
moi noi.

Ngoai ra, c6 mot loai hoi tu khac hay dude dung dén, 12 hoi tu
theo chudn L, (k > 1 khong nhét thiét phai 1a s6 nguyén; trusng hop
hay dung nhit 1a k& = 2):

Pinh nghia 4.7. Pai luong (E(|X|*))V/* dugc goi la chudn L ctia

mét bién ngdu nhién X. Mot ddy bién ngdu nhién X,, dugc goi la hoi
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4.3. Phdn bb 2 va dinh ly Pearson

tu theo chudn L, (hay con goi la hoi tu theo trung binh cap k) dén

mot bién ngdu nhién X néu nhu
lim E(|X, — X[¥) = 0. (4.41)
n—oo

Dinh ly 4.14 (Quan hé gitta cac kiéu hoi tu). i) Néuky > ko > 1, thi
su hoi tu theo chudn Ly, manh hon su héi tu theo chudn Ly,. C6 nghia
la, néu X,, héi tu theo chudn Ly, thi né ciing héi tu theo chudn Ly, .
(Piéu ngugc lai ndi chung khong diing).

ii) V6i moi k > 1, su hoi tu theo chudn Lj, man hon su héi tu theo xdc
sudt.

iii) Su hoi tu hdu nhu chdc chdn manh hon su héi tu theo xdc sudt.

iv) Su héi tu theo xdc sudt manh hon su hoi tu theo phdn phbi.

Ghi chii 4.5. Su hdi tu theo chudn L, khong suy ra su héi tu hau
nhu chic chin, va ngudc lai su hoi tu hau nhu chic chin cling khong

manh hon su hoi tu theo chuén Ly,

4.3 Phan bo y? va dinh ly Pearson
Phéin bb ki binh phuong (x2, chi-square) v6i tham sb r € N 1a
phan bb x4c suét cta bién ngau nhién X2 dinh nghia nhu sau:
Xe=2Zt+... 72}, (4.42)

trong d6 Z1, ..., Z, 1a mét bd r bién ngiu nhién ddc 14p tuan theo
phén bd normal chuén tic A(0,1). Tham sb r & day dudc goi 1a sb
bac tu do. Chang han khi » = 3 thi ngudi ta néi 1a ¢6 3 bac tu do (3

degrees of freedom).
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Chuong 4. Cdc dinh ly giéi han

Phan b y? hay xuét hién trong nhitng bai toan théng ké, ma
chiing ta sé xét dén & chuong sau. N6 lién quan dén viéc uéc luong
phuong sai ctia mot phan b x4c suit normal. Dong thoi, né déng vai
trd rit quan trong trong viéc ki€m dinh cac gia thuyét vé dang diéu
cac phan bb xac sudt, qua cai goi 1a kiém dinh 2 (chi-square test).

Co s6 clia kiém dinh 2 13 dinh 1y gi6i han sau ddy ctia Karl Pearson:

Dinh 1y 4.15 (Pearson). Gid sit X la mét bién ngdu nhién nhdn hitu
han cdc gid tri 1, ..., xs Vi cdc xdc sudt Px(z;) = p; > 0 tuong ung
Ooiypi = 1. Gid st X1, Xo,...,X,,... la mét ddy cdc bién ngdu
nhién dbc ldp va c6 ciing phdn phdi xdc sudt véi X. Vi mbi n, goi
vi = vip la bién ng&u nhién sau: v; la sé lan xudt hién gid tri x; trong
day Xi1,...,Xn. 07y vi =n). Khi do

k

Y
Z (Wi —npi)” 4, 24, (4.43)
- P

s

2
47N 1 s A z A Vi —np; ns A A+ 34
tizc la bien ngau nhién E M hoi tu theo phdn phoi den x2_;,
; npq
=1

khi n tién téi v6 cling.

Ghi chil 4.6. Trong trudng hop s = 2, va d€ cho tién gia st z; = 1,
zo = 0 (cAc gid tri clia z; khong quan trong, chi ¢ x4c sult cla
ching la quan trong trong dinh ly Pearson), ta c6: X tuan theo phan
bb Bernoulli v6i tham sb p = p; = E(X), 1 — p = pa, 11 = S X,

vy =n —uv, Va

(v1 — np1)2 4 (2 — np2)2 . (1 — np)2 (v1 — np)2

np1 npy pn (1—p)n
_ (—mp)® (Z?zl X —nIE(X))2
p(1—p)n Vno(X) '
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4.3. Phdn bb 2 va dinh ly Pearson

S, Xi — nE(X)
Vo (X)

dé Z; c6 phan bd normal chuin tic A/ (0,1)), va do d6

(B

Noi cach khac, dinh ly Pearson trong truong hop k = 2 1a hé qua truc

Theo dinh ly gi6i han trung tam thi LNy (trong

d 2
— X1

tiép ctia dinh ly gi6i han trung tdm. Trong trudng hop k > 2, dinh ly
Pearson c6 thé coi nhu mét md rong ctia dinh 1y giéi han trung tam.

(v — np;)

Vil —pin’

Ta cAn tim gi6i han theo phan phéi x4c sudt ctia 35, (1 — pi) F2,

So luge chitng minh dinh ly Pearson. it F; =

khi n tién t6i v6 cling. Theo dinh 1y giéi han trung tim, ta ¢ F; 4,

N(0,1) v6imoii = 1,..., s khin tién t6i vé cing. Tuy nhién, cac bién

Fi,...,Fs c6 phu thudc vao nhau: Y7 | \/pi(1 —p))F; = 0. Bang
. ; LA ; DpipPj

cach tinh truc tiép, ta cé: cov(F;, Fj) = —\/

act n =)L)

i # 7.

Mot diém dang chi y 13, cling theo dinh ly giéi han trung tam,

vGi moi

v6i moi c1,...,¢s € R, Y7 ¢;F; cling héi tu theo phan phdi dén
mdt phan bb normal. Tt d6 suy ra vector ngau nhién (Fy, ..., F,) hoi
tu theo phéan phé)i dén mot vector ngau nhién (G4, ..., G,) véi phan
bb normal nhiéu chiéu A (0, ¥), trong dé ma trin hiép phuong sai 3.
duoc xac dinh nhu sau:

Eii = ’UCLT(GZ‘) =1 VE\I Zij = COU(GZ‘, Gj) = —\/pipj/((l —pi)(l — pj)).
(4.44)
v6i moi 4, j. Diéu con lai can phai chiing minh 1a 35, (1 — p;)G2 ¢6

cuing phan bo xac suat véi x2_;.
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Chuong 4. Cdc dinh ly giéi han

Ma tran hiép phuong sai ¥ suy bién (bdivi S35, /pi(1 — pi)G; =
0), c6 hang (rank) béng s —1, do d6 (vé mat phan phéi x4c sult) ta
c6 thé nhan dudc vector ngau nhién (Gy, ..., G,) tit mdt vector ngiu
nhién (Z1, ..., Zs_1) c6 phan bb normal chuén tic (s — 1) chiéu, qua

mot phép bién déi tuyén tinh:
(G1,. .., Go)t = (ai) )=l 57 (Za, . Zo ) (4.45)

Theo dinh ly- ta cAn chon ma trén A sao cho A.A* = ¥. Ma tran
A = (aij)= 11 *~1 ¢4 thé duge chon nhu sau. Goi O = (0;5)!= 11 0 la
mot ma tran Vuong gbc (orthogonal, ¢6 nghia 1a 0.0 = 1) bat ky
théa mén diéu kién: oy = VPi véimoi i = 1,...,s, tic 1a cot cudi
cung cta O dude cho bdi cac sb \/Pi- Ma tran vuéng géc O nhu vay
ton tai béi vi Y5 (vpi)? = 1. bat

véimoi i=1,...,s, j=1,...,s—1. (4.46)

0 — 0
YoV

Dé dang kiém tra rang ma tran A dinh nghia nhu trén thda man

diéu kién A.A' = %, va nhu véy ta c6 thé coi ring (Gy,...,G,)! =
(ai )25 (21, .., Zo—1)*. N6i céch khac, ta c6

s—1

O
G; = 7Z véimoii=1,...,s, (4.47)
; V - Dbi
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tu do suy ra:

2
s s

s—1 -
>t =200 ( £ 25

i=1 i=1
s s—1
i=1 \j=1 j#k
s—1 s s s—1
=> O N2 +> O ow)ZiZu =Y Z! (4.48)
j=1 i=1 j#k =1 j=1
va ta dugc diéu phai chting minh. O

Do tAm qua trong cta phan bd x? trong thdng ké, nén né dugc
nghién citu rat k§, va cé thé tinh ham phan phéi cia né bing may

tinh hodc tra bang. Him mét d6 ctia phan bb y? 1 ham sau:

Pinh 1y 4.16. Phdn b x2 vdi r bdc tu do (r > 0) ¢6 ham mdt dé la:
1 z-1 —% .
—— " e khiz >0
p(x) =4 27/°T(r/2) , (4.49)
0 khiz <0

trong d6 I la ham gamma: T'(a) = [} z* e~ *dx.

Ghi chu 4.7. Karl Pearson (1857-1936), ngud6i Anh, dudc coi la mot
trong nhiing cha t6 ctia nganh théng ké toan hoc. Nim 33 tudi, sau
khi doc sach Natural Inheritance ctia Francis Galton, Pearson bt diu
quan tdm dén cac phuong phap théng ké, d€ 4p dung ching vio viéc
ki€m nghiém hoc thuyét sang loc tu nhién ctia Darwin, trong khuén
khé ctia hoc thuyét eugenics (wu sinh hoc) dang thinh hanh thsi d6,

ma Pearson la moét trong nhitng ngudi di theo. Pearson la ngudi lap
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1.0

0.8

0.6

0.4

0.2

0.0

Hinh 4.3: Ham mét d¢ caa x3, véi k = 1,2,3,4,5

ra khoa théng ké diu tién, nim 1911, tai University College London.
Nhiéu khai niém co ban trong xac suit thong ké 13 dua trén nhiing
cong trinh ctia Pearson, trong dé ¢é: hé sb tuong quan, hdi qui tuyén
tinh, phan loai cac phan bb x4c suét, kiém dinh ki binh phuong.

Bai tdp 4.10. Lam chi tiét cac budc trong ching minh ctia dinh ly

Pearson[4.15]
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Hinh 4.4: Karl Pearson
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Chuong 5
Théng ké toan hoc

5.1 Cac van dé théng ké

Théng ké toan hoc c6 thé coi 13 tdng thé cac phuong phép toan
hoc, dua trén 1y thuyét xac sudt va cac céng cu khac, nhim dua ra
dugc nhiing théng tin méi, két luan méi, cb gia tri, tit nhitng bang sb
liéu thé ban d4u, va nhim giai quyét nhitng vin dé nao dé nay sinh
tit thuc té. C6 thé k€ tén mét sé muc dich chinh cta théng ké nhu
sau:

- MS ta sb liéu.

- Ubc lugng va du doan cac dai lugng.

- Tim ra cic mbi quan hé giita cac dai luong .
- Kiém dinh céc gia thuyét.

Théng ké hoc 1 mét nganh 16n, véi nhiéu phuong phap khéc
nhau d€ dung cho céc tinh huéng khac nhau (c6 ngudi vi cac phuong
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5.1. Cdcvén dé théng ké

phap théng ké nhu 1a cic cach niu in, rit da dang phong phi), va
¢6 nhiéu diém can chd y d€ khéi din dén cac két luan thdng ké sai
léch (hoic 13 bi méc Itra béi nhitng ngudi ¢b tinh 1am théng ké theo
cac phuong phap sai 1éch). Trong chuong nay chung ta sé chi ban t6i
mét s6 vAn dé va phuong phap théng ké toan hoc ¢ ban nhét. Trude
khi di vao ly thuyét, 6 phan nay ching ta sé diém qua cdc muc dich

chinh trén cta thong ké, qua mot s6 vi du.

Internet cafes
& WAFi
Hotspots, 19%

Tainha, 55%

Bignthomidi
dong, 1%
Tainha cia
ban bé, 2%

Céng 5&,20%  Truéngithu
wign cdng
cdng, 2%

Hinh 5.1: Ty 1é thoi gian dung internet § Viét Nam nadm 2009

Vi du 5.1. (Biéu db théng ké). Trong thdng ké mé ta, ngoai cc bang
s6 lidu (cting v6i mot sb dai lugng dic trung tiéu bi€u nhat nhu trung

vi, ky vong, phuong sai), cac biéu dd cfing hay dugc dung, dé gitp
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Chutong 5. Théng ké todn hoc

ngudi doc ndm bit thong tin vé s6 liéu mét cach nhanh chéng. Mot sb
loai biéu db hay gip la: bi€u db tan sb, do thi phat tan, biéu d6 hinh
quat (pie chart), v.v. Hinh 13 mét vi du vé bifu db hinh quat,
phan anh ty 1é thoi gian dung internet ¢ Viét Nam vao nidm 2009
(theo bdo Lao Ddng). So véi cac bang sb liéu, cac bifu db 6 thé cb
nhuoc diém 13 cho théng tin khoéng dudc chinh xac bang (d6 sai sb
cao hon), nhung ¢ uu diém 1a cho dudc ciing mét lic nhiéu théng
tin trén mot hinh 4nh, dé tiép thu dbi v6i ndo ngudi hon 13 mét bang

cac con sO.

40 —

30

20 —

May September

Hinh 5.2: S6 éch trong hé vao thang 5 va thang 9

Tht nhién, c6 nhitng bi€u dd c6 thé phan anh rit sai 1éch vé cac
dai lugng. Hinhle‘l mdt vi du don gidn vé dé tai ndi dbi bang thong
ké. Do thi d6 xuét phat tit s liéu théng ké sb &ch trong 1 cai hé: hon
10 con vao thang 5, va nhiéu gip 3 14n nhu véy vio thang 9. Nhung

nhin vao d6 thi ngudi ta sé c6 cam giac 1a sb &ch vao thang 9 gip
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5.1. Cdc vén dé théng ké

3 x 3 =9 14n thang 5.

Vi du 5.2. (Phdt xit Puc sdn xudt bao nhiéu mdy bay va xe co gidi?).
Trong chién tranh, viéc uéc luong dude diing sitc manh ctia quan dich
12 mét viéc nhiéu khi ¢6 tinh chét sbng con. Trong chién tranh thé gi6i
14n tht II, cac co quan tinh bao quin dong minh Anh-My di cung cip
nhiéu théng tin rat sai 1éch vé luc luong quén bitc. Thé nhung, béing
phuong phap thdng ké (thu nhit cdc ma sb trén cic xac may bay, 16p
Xe, V.v. clia quin Ditc bi bin chay, bé roi, rdi tit d6 gidi ma va dung
cac ham u6c luong d€ ude luong), nha théng ké hoc Richard Ruggles
cling v6i cac cong su clia minh, ltc dé 1am tai Cuc tinh bao kinh té
ctia Anh, da u6c luong dudce rit chinh xac s6 may bay va xe co gidi
ma Dic san xuét duge hang théng

Cong suit hang thang ctia Phat xit Ptic | May bay | Xe co gidi
UGc luong ctia Ruggles 28500 147000
S liéu thuc theo tai liéu ctia Ditc 26400 159000

Trong khi d6, udc lugng cta cac tinh bao vién Anh-My la cong

suét clia Ditc khodng 1 triéu xe co gi6i mét thang!

Vi du 5.3. (Thdn dugc chéng béo phi?). Ty 1é sb ngudi bi béo phi
(obesity) ting rit nhanh trén thé giéi (k€ ca & Viét Nam, chiu Au,
va My) trong nhiing thap ky cubi thé ky 20 - ddu thé ky 21, va tré

thanh mot vAn dé x4 héi 16n, vi béo phi hay din dén nhiéu ciin bénh

M Theo sach [1ll, dua trén: Ruggles, R. and H. Brodie, “An Empirical Approach
to Economic Intelligence in World War II”, Journal of the American Statistical As-
sociation, 42, March 1947; va theo: James Tobin, “In memoriam: Richard Ruggles
(1916-2001)” Review of Income and Wealth Series 47, Number 3, September 2001
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Chuong 5. Théong ké todn hoc

khac (tim mach, tiéu dudng, dot qui, vo sinh, v.v.), va c6 thé lam giam
dang k€ tudi tho ctia ngudi. Chéng béo phi 1a mét vin dé néng héi,
nhung cho dén nim 2009 chua c6 thude ndo thit hiéu qua duge ban
trén thi trudng. Piéu nay co thé thay déi trong nhitng nim sau dé,
vi trong ndm 2009 ¢ 3 hing dudc phdm cong bd cac két qua thit
nghiém 1am sang giai doan III (phase III clinical trial) cho cac loai
thube chdng béo phi méi cé nhiéu trién vong. Trong dé dang cha y
nhét c6 1& 1a thubc Qnexa clia hing Vivus. Céng b két qua vé Qnexa
cta Vivus vao ngay 09/09/ 200 c6 mot bang théng ké sau (trong

s6 nhiéu bang théng ké):

ITT-LOCF Completers
Qnexa Qnexa Qnexa Qnexa
EQUIP (0B-302) Placebo Low Dose Full Dose Placebo Low Dose Full Dose
56 Weeks (n=498) (n=234) (n=498) (n=241) (n=138) (n=301)
Mean Weight
Loss (%) 1.6% 5.1%* 11.0%* 2.5% 7.0%* 14. 7%
Greater than
or equal to
5% weight
loss rate 17% 457 67%* 26% 59%* 847

ITT-LOCF: Intent-to-treat with last observation carried forward

*p<0.0001 vs. placebo

Theo bang trén, tdng sb ngudi tham gia thit nghiém 14m sang (trong
tht nghiém d6) 1a 498 + 234 + 498 = 1300 ngudi. Dot thit nghiém kéo
dai 56 tudn, nhung c6 nhiing ngudi bé dé gitta ching: trong sb6 498
ngudi dude nhan placebo (trong gibng nhu vién thude that, nhung

@Nguén: http://ir.vivus.com/releasedetail.cfm?ReleaseID=407933
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5.1. Cdc vén dé théng ké

khéng c6 thube trong dé) thi chi c6 241 ngudsi theo dén cling cude
tht nghiém, con trong sb 498 ngudi dude nhan liéu day di clia thube,
6 301 ngudi (61%) theo dén cung. Trong sb nhitng ngudi dude nhan
du liéu va theo dén cling, thi c6 84% sb ngudi gidm dudc it nhat 5%
trong lugng, va trung binh mdi ngudi giam dude 14,7% trong luong.

Trong bang trén c6 viét p < 0,0001 vs. placebo. Diéu dé c6 nghia
13, v6i do tin cdy bang 1 — p > 99,99% (hay néi cach khac, véi kha
ning két ludn sai 1dm nhé hon 0, 01%), cac con sb théng ké cho thiy
két qua dat dugc (6 day 1a gidm cin) tbt hon khi c6 thude so véi khi
khéng c6 thube. Théng thudng, khi p < 0,01 thi ngudi ta chip nhin
gia thuyét 1a thube c6 hiéu tng thuc su, con néu p > 0,05 thi hiéu
ting d6 khong r6 rang, c6 thé 1a do ngiu nhién.

Cac hang dudc phdm trén thé gidi, truée khi dude quyén ban mot
loai thubc méi ndo d6, théng thudng déu phai qua thit nghiém 1am
sang dién rong (trén it nhat miy trim bénh nhan), va cac két qua
théng ké phai chiing té ro rang céng dung va su an toan cla thube,
tiic 14 phai qua dude kiém dinh thdng ké cho gia thuyét “thude cd

cong dung va an toan”, v6i do tin cdy cao.

Vi du 5.4. (London nguy hiém hay an toc‘m. Ngay 10/07/2008, c6
4 vu giét nguoi bing dao & 4 noi khac nhau 6 London. Su kién nay
1am ndo loan du ludn dén miic tha tuéng Anh 1 Gordon Brown phai
tuyén bd hita sé tim cach lam gidm cac vu ddm dao. London c6 tré
nén nguy hiém cho tinh mang hon nhiing nim trudc khéng? PE tra
16i cAu héi d6, chling ta c6 thé dua trén mot sb s6 liéu thong ké sau:

- Trong 5 nidm trude d6, mdi nim & London c6 khodng 170 ngudi bi

©®Dua theo tap chi Significance ctia Royal Statistical Society, s6 thang 3/2009
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Chuong 5. Théong ké todn hoc

giét, va con sb nay kha 6n dinh hang nim.

- Khodng 41% céc vu giét ngudi 1a dung dao, 17% la dung sing, 9%
1a danh dap (khong vii khi), 5% la danh bang vat khéng phai dao,
3% 1a bop ¢b, 3% la dung thube doc, v.v., va 17% la khong xac dinh
dudc phuong phap.

- Trong thoi gian 3 ndm 04/2004 — 03/2007, c6 713 ngay khong co
vu an mang nao, 299 ngay c6 1 vu, 66 ngay co6 2 vu, 16 ngay cé 3 vu,
1 ngay c6 4 vu, va khong ¢ ngay nao co tit 5 vu tré 1én.

Tit cac sb liéu thdng ké, ngudi ta tinh duge mot sb uée luong sau
vé s6 vu an mang & London:

- $6 vu 4n mang x4y ra trong ngdy tudn theo phan b Poisson véi ky
vong 12 0,44 (ttic 1a trung binh mdi ngay c6 0,44 vu) .

- Ky vong 1a mdi nim c6 khoang 3-4 ngay v6i 3 vu an mang, ct
khoang gin 3 nim thi cé 1 ngay v6i 4 vu an mang, va khoang 30
nam thi méi c6 mot ngay v4i 5 vu an mang.

Viéc xay ra 1 ngay vao nim 2008 v6i 4 vu an mang khong nam
ngoai cac con sb udc luong trén. PAm bing dao 13 phuong phap giy
4n mang phé bién nhét (41% téng sb cac vu). Khi ¢6 4 vu 4n mang,
thi x4c suit d€ ca 4 vu déu do dam dao 14 (0,41)* = 2,8%, mét con
s6 kha nhd, nhung ciing khong nhé dén mitc “khdng thé xay ra”. Khi
¢6 4 vu an mang xay ra cling ngay, thi c6 rit nhiéu t6 hop cac kha
ning xay ra vé phuong phap giy 4n mang trong 4 vu d6 (vi du 2 vu
dung dao, 1 vu dung sting, 1 vu thit c8), va tit ca cac t6 hop dé déu
¢6 x4c suat nhd, t6 hop véi xac sudt 16n nhit cling khéng vuot qua
6%. Tit d6, c6 thé két luan 13, viéc hom 10/07/2008 x4y ra 4 4n mang

6 London, va ca 4 déu bang ddm dao, hoan toan nam trong cac uéc
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luong vé 4n mang xay ra & London, va khong hé ching té xu thé gi
méi. Tong két nim 2008, & London ¢6 152 4n mang xay ra nim dé.
Phuong tién truyén thong dudc dip vui mitng vi “d4 14u rdi chua nim
nao London dugc an toan nhu vay”. Nhung con sb dé ¢6 ching té xu
thé gi khong, hay ching qua ciing chi 1a mét su ngiu nhién khéng

nam ngoai qui luat chung?

Hinh 5.3: Cac dudng vAn trong mang mat

Vidu5.5. (Con mdt tré thanh chia khéa). Dau thé ky 21, da c6 nhiing
khach san ma khéach khéng cin chia khéa phong, chi cin nhin vio
camera & ctta phong, la phong tu déng mé clra. Su tién 1gi nay dua
trén cong nghé nhan biét danh tinh clia ngudi qua mang mét (iris).
M6t diéu thi vi 13, k& ca khi hai ngudi sinh déi va tréng gibng hét
nhau, thi cdc dudng nét trong mang mit cia ho vAn rat khac nhau,
do qua trinh phat trién cac duong nét trong mang mat & thai nhi phu

thudc vao nhiéu yéu t6 ngdu nhién (khéng do di truyén). Tt nhitng
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niam 1930, cac bac si mat da néi rang c6 thé duing mang mat dé nhan
biét danh tinh ngudi. John Daugman 13 mét trong nhiing ngudi lam
ra cong nghé nhén biét danh tinh bing mang mit, tit cubi thé ky
20. Thuét toan clia éng ta tach ra dugc tit anh mang mat 1 ma véi
266 don vi thong tin c6 thé coi 13 ngdu nhién va doc 1ap véi nhau
(mbi don don vi & day 1a mét bién ngiu nhién nhin 2 gid tri 0 va 1,
v6i xac sudt 50% — 50%, va cac bién nay gin nhu déc 1ap véi nhau).
D€ tim ra 266 don vi thong tin ddc 14p dé (xuit phat tit 2048 don
vi théng tin khong doc 1ap véi nhau) va kiém dinh su ddc 1ap cla
ching, Daugman da lam théng ké so sanh hon 222 nghin 1an cip
anh mang mat khac chd (2 mat trong 1 cip 1a clia hai ngudi khac
nhau), va hon 500 cip anh mang mat cling ch MOt trong cac két
qua 13, ty 1é don vi théng tin chéch nhau gitta m4 ctia 2 mit khac cht
tuén theo phan bb normal v6i ky vong 1a 45.6% (titc 1 trung binh
hai mat khéc chil thi c6 45.6% don vi théng tin chéch nhau) véi d6
1éch chuén 14 0.18%, va khong c6 cip mat khac chd ndo (trong cac
thit nghiém) c¢6 dudi 37% don vi théng tin 1éch nhau. Mat khac, hai
4nh mang mat khac nhau ctia cting mét chd thi trung binh chi ¢6 9%
cac don vi thong tin bi léch nhau trong sb 266 don vi, va khéng c6
cip anh mit cling chti ndo bi 1éch nhau qua 31% don vi thong tin. Tit
d6 din dén thudt todn phén biét: coi ring néu hai ma bi 1éch nhau
khong quéa 34% s6 don vi thong tin, thi vin 13 clia cling mot ngudi,

con néu trén 34% thi coi 14 ctia hai ngusi khac nhau.

*J. Daugman, Wavelet demodulation codes, statistical independence, and pattern
recognition, in: Proceedings IMA-IP: Mathematical Methods, Algorithms, and Appli-
cations, (Blackledge and Turner eds.), Horwood, London, 2000, pages 244-260.
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Mét diéu can chi v 13, théng ké hay bi cac t8 chiic hay c4 nhin
lam dung d€ bép méo su that theo hudng cé loi cho minh, hoic c6
khi tu d6i minh, néu nhu 1am khéng ding cach. Cé rat nhiéu cich
néi déi khac nhau bing théng ké, ching han nhu: bia dit cic con
s6 khong c6 thét, lua chon cac con sb c6 1oi, gidu di cac con sb bat
loi, thién 1éch (bias) trong viéc chon mAu thi nghiém, v.v. Vi du vé
néi gibi tring tron: B6 qubc phong My cb tuyén bb ring, trong cudc
chién véi Irak ndm 1991, cac tén Itta Patriot ciia M§ d bén rung 41
tén Itta Scud ctia Irak, nhung khi Quc hdi My diéu tra lai thiy chi c6
4 tén ltta Scud bi ban rung. Vi du vé bias 1am héng két qua théng ké:
Bao Literacy Digest thim do ¥ kién cit tri v& bau ctt t6ng théng & My
nim 1936, qua dién thoai va qua cac déc gia dit bao. Két qua thim
do trén pham vi rht rong cho du doan la Landon sé dugc 370 phiéu
(dai ctt tri) con Roosevelt sé chi dude 161 phiéu. Thé nhung ltc bau
that thi Roosevelt thing. Ho4 ra, dbi tugng ma Literacy Digest thim
do nim dé, nhitng ngudi co tién dit dién thoai hay dit bao, 1a nhiing
ngudi thudc ting 16p khé gia, c6 bias theo phia Landon (Pang Cong
hoa), khong déc trung cho toan dan ching My.

N6i chung, d€ théng ké toan hoc cho ra dudc cac két qua dang
tin cdy, ngoai cac cong thic toan hoc ding din, con cAn dam bao su
trung thuc clia cac sb liéu, c6 miu thuc nghiém (luong sb liéu) da
16n, va loai di duge anh hudng ctia cac bias dé dam bao tinh ngau
nhién cta sb liéu. Nhiéu khi viéc loai di cac két qua c6 bias cao tit
mau thuc nghiém 1a cong viéc hiéu qua, cho ra két luan théng ké
chinh x4c va d& tén kém hon 13 ting ¢ clia miu thuc nghiém 1én

thém nhiéu. O chuong nay, ching ta sé chi ban dén mot s6 phuong
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phap théng ké co ban, dua trén gid st 13 s6 liéu ma ching ta nhin
dudc la ding thuc va khong bi bias.

5.2 UGc luong bang thong ké

5.2.1 MAu thuc nghiém va phén bb thuc nghiém

Ching ta tht hinh dung mét tinh hudng sau: Mét nha san xuét
dua chu6t mubi déng hép mudn biét phan bd chiéu dai cac qua dua
chudt (chiéu dai trung binh, dé 1éch chuén, ...), d€ 1am v hop véi
kich thuéc thich hop. Nha san xuét nay sé khéng di do hét chiéu dai
ctia hang triéu qua dua chudt sé duoce déng hdp. Ho sé chi do chiéu
dai ctia mét s6 n qua dua chudt dude chon mét cach ngiu nhién, rdi
tlt d6 wéc lugng ra phan bb chiéu dai. S6 n & day 6 thé 13 mét con
s6 kha 16n, vi du 100 qua hay 1000 qua, nhung né 1a mét phan rét
nhé clia téng sb cic qua dua chubt.

D€ mé hinh héa bai toan wée luong trén, ta sé goi X 1a bién ngiu
nhién “chiéu dai cia qua dua chuét”. Chiing ta mudn uéc lugng phan
bb x4c suit Py cta X, hodc 1a uéc luong nhiing dai luong dic trung
clia Px, vi du nhu ky vong va phuong sai. D& udc luong, ching ta
sé 14y ra n gi4 tri cia X mét cach ngiu nhién (chon ra n qua dua
chudt mét cach ngiu nhién réi do chiéu dai cta ching). Goi cac gia
tri dugc ldy ra 13 =1, ..., z,. B n gid tri (x4, ..., x,) dudc goi la mot
mdu thuc nghiém ¢6 n ctia bién ngiu nhién X

N6i mot cach tdng quat, mdét mau thue nghiém (empirical sam-

ple) ¢6 n clia mot bién ngiu nhién X 1a mét gia tri x = (z1,...,zn)
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clia vector ngau nhién X = (X,...,X,), trong dé cac bién ngiu
nhién X1, .., X, doc l4p va c6 cung phén bb x4c suit véi X. (Trong
vi du, X; 1 bién ngiu nhién “chiéu dai cia qua dua chudt thit i duge
chon”, con x; 1 gia tri nhin dugc clia X;). Cac sb z; dudc goi 1a cac

gia tri thuc nghiém ctia X (hay cua X,).

Ghi chii 5.1. Trong thuc t&, c6 nhiing tinh huéng ma cac bién ngiu
nhién X, ..., X, khéng th€ doc lap véi nhau. Vi du, néu goi X; 1a
ma s6 clia cai xac may bay thi  ctia phat xit Dlic ma quin déng minh
nhit dugc, thi X; khong thé bang X ; khii # j va do dé X; khong doc
lap v6i X;. Trong nhiing truong hop nhu vay, hodc la su phu thudc
tuy c6 nhung nhd, ¢ thé bd qua, hodc 1a ta phai diéu chinh ly thuyét
sau cho thich hop. O day, d€ don gian, ta sé ludn gia st ring cac bién

X; doc lap véi nhau.

M4u thue nghiém (z1,...,zy) cho ta mot phan bb xé4c suit P,
trén R, goi 14 phan bb xac suét thuc nghiém, nhu sau: né 13 phin
bb x4c sudt roi rac tip trung tai cac diém zq,...,z,, sao cho mdi
diém z; 6 ty trong xac sudt1a 1 /n. Noi cach khac, néu x; khéc tt
ca cac sb con lai thi P,(z;) = 1/n. Nhung néu c6 k sb bing nhau,
T, = T, = ... = x;, va khac cac sb con lai, thi B, (x;,) = k/n. Mot
cach dinh nghia khac cta phin b P, nay 1a qua ham phén phéi
thuc nghiém F, ctia né: v6i moi = € R, F,,(z) bang 1/n nhan véi sb
luong cac sé z; nhd hon hodc bang . Khing dinh sau 14 hé qua truc

tiép cta luét s6 16n:

Dinh ly 5.1. Hdu nhu chdc chdn rang P, hoi tu yéu dén P khi n tién

t6i vo cling.
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No6i cach khac, tap hop cac day vo han gia tri thuc nghiém
(1,22, .., Tp,y--.)
sao cho ddy cac phan bb xac sudt thuc nghiém (P,),cy tuong ting
khoéng héi tu yéu dén phan b xdc sudt Xp cta X 13 mét tip c6 dd
do bang 0. Khéng gian xac sut 6 day 1a tich vé han [[2, (R, Px,) =
(R, Px)N, tuong tu nhu trong phét biéu ctia dang manh ctia luét sb
16n.

binh 1}'7 cho ta mét nguyén tic sau day vé uéc lugng:

Phén bb xdc sudt ctia mét bién ngdu nhién X c6 thé dugc uéc luong
bdng cdc phdn b thuc nghiém ciia X, va khi ¢ ciia mdu thuc nghiém
cang cao thi uéc luong nay cang chinh xdc. Cdc dai lugng ddc trung
ctia X ¢6 thé duoc udc luong bang cde dai lugng ddc trung tuong iing
ctia cdc phdn bb thuc nghiém.

Vi du 5.6. Ky vong ctia phan bd thuc nghiém P, cia miu thuc nghiém

(21,...,2y,) la
1 n
= ni;a; (5.1)
1=

Gia tri i dudc goi 1a mot ky vong thue nghiém (hay ky vong mau)
cta X, va la mét ude lugng cta ky vong cia X. Tuong tu nhu véy,
v6i moi k € N, gia tri

1 n
~> (5.2)
1=1

goi la moment thuc nghiém béc £, 1a mot ude lugng clia moment

bic k cua X. Gia tri

5% = %Z(mi —[)? = %Z(xi - %Zmi)Q, (5.3)

i=1 =1 i=1
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goi 13 phuong sai thuc nghiém (hay phuong sai mu), 13 mét ude
lugng clia phuong sai cua X.

Vi du 5.7. Trung vi (median) clia mot bién ngrflu nhién X 1a diém m
sao cho Fx(m) = P(X < m) = 1/2. Néu nhu &nh nguge Fy'(1/2)
khéng phai 13 mot diém ma 14 mét doan thing, thi trung vi duge dinh
nghia 13 trung diém ctia doan thang dé. Trung vi clia X c6 thé dugc
wéc lugng bang trung vi thue nghiém, titc 13 cta phan bd xac suit

thuc nghiém.
Bai tdp 5.1. Suy ra dinh ly[5.1] tir dinh 1y [3.8]

5.2.2 Ham udc lugng

Gia st X 13 mét bién ngiu nhién c6 phéin bd Poisson v6i tham sb
. Khi d6 ta biét riing A vira 1a ky vong, vita 1a phuong sai ctia X, va
nhu vy c6 it nhit 2 cach khac nhau d€ u6c luong A: thong qua ky
vong hodc phuong sai ctia cic phan b thuc nghiém.

N6i mot cach tdng quat, gia stt ta mudn udc luong mot dai luong
6 nao dé. C6 thé c6 nhiéu cach khac nhau d€ uéc luong 6, mbi cach
cho béi mot ham wdc lugng. Theo dinh nghia, mét ham udée lugng
(estimator) cta 6 ch(fmg qua la m6t ham s6 n bién © nio do, nhan
d4u vao 14 cac miu thuc nghiém (x4, ..., 2,) cla X, va diu ra 14 cac

gia tri w6c lugng (estimate) cua 0:
0 =0(z1,...,1). (5.4)

Diéu chiing ta mudn c6 12 sai s6 § — 6 giita uéc luong 6 va gia tri that
ctia 6 cang nhd cang tbt. Hay néi cach khac, uéc luong cang chinh

Xac cang tot.
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Néu g 1a mot ham sb n bién bt ky, va 21, . . ., x,, 1a mot miu thuc
nghiém c¢6 n clia mot bién ngdu nhién X, thi 9(X1,...,X,) dudc goi
12 mot ham théng ké ctia bién ngiu nhién X, va gia tri g(x1, ... )
duoc goi 1a mot théng ké (statistic). Nhu vAy, ta ¢ thé néi ring, ham
wée lugng (estimator) 14 mét ham théng ké dung d€ uéc luong mot
dai luong nao dé, va dai lugng dé dude uéc luong bang thong ké.

Khi ¢ clia miu thuc nghiém cé thé thay déi, thi ta cAn khéng
phai 1a mét, ma 13 mét diy ham uéc luong: mbi ham cho mét ¢d miu
n. Ta sé ky hiéu chung mét diy ham uéc luong nhu vay (d€ cling
wéce luong mot dai luong #) bang mot chit cai (vi du ©) va goi chung
chting 14 m6t ham. Ta mubn ring, khi n cang 16n thi néi chung sai sb
0 — 6 giita u6c luong  va gi tri that clia 6 phai cang nhé. Tinh chit
nay c6 thé phat biéu chinh xac mot cach toan hoc nhu sau, va goi 1a
tinh nhdt qud (consistency), ciia ham udc lugng:

Dinh nghia 5.1. Ham uc lugng © ctia dai lugng 6 duoc goi la nhat

quan (consistent), néu nhu véi moi € > 0 ta co

lim P(|O(X1,...,X,) — 0] <€) = 1. (5.5)

n—o0

Tinh nh4t quén 1a tinh chit quan trong nhét ctia ham uéc luong.

Ngoai ra, tly ting trudng hop, ta cé thé doi hdéi mét sb tinh chét

) C6 tai liéu goi tinh chat nay 14 tinh viing, nhung & diy ching ta sé dung tit nhdt
qudn, Vi tit vitng tiéng Viét con dude diing d€ chi mét tinh chit khéc clia u6e lugng,
ma tiéng Anh goi 1a robust. Cac ham uéc luong viing (robust) 14 cai tién cta cdc ham
wée luong “cd dién” thusng dung, va cho ude luong tt k€ ca khi mau thuc nghiém
chéng may c6 nhitng gié tri qua dic biét (qué 16n hay qua nhé so v6i thong thudng,

qua hiém xay ra).
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khéc, vi du nhu tinh khéng chéch, hodc dang yéu hon ctia nd, 1a tinh

khong chéch tiém cdn:

binh nghia 5.2. Ham udc lugng © dugc goi la khong chéch (unbi-
ased) néu nhu ky vong ctia O(X1,...,Xn) bang 6:

0 =EO(X1,...,Xn)). (5.6)

Ham udc lugng © dugc goi la khong chéch tiém can (asymptotically
unbiased) néu nhu
0= lim E(O(X1,...,Xn)). (5.7)

n—oo

Vi du 5.8. Nhu ta di thiy trong muc truéc, ham ky vong thuc nghiém

i X (5.8)
i=1

13 mét ham uéce luong cla ky vong ctia X. D& thiy rang day 13 mot

X =

S

ham u6c luong khéng chéch, va dang yéu cda luét sé 16n ndi ring

ham uwéc luong nay nhit quan. Moment béc k ctia phan bd thuc

N RN : A ,
nghiém cho ham uéc lugng — Z Xz-k cua moment bac k£ cua X. Ham
n
i=1
uée lugng nay noi chung khong théa man tinh chat khéng chéch khi

k > 2, nhung théa man tinh chét khong chéch tiém can.

Dinh ly 5.2. Gid st © la mét ham udc lugng khong chéch tiém cdn

théa mdn diéu kién phuong sai tién dén 0 khi n tién dén vé cung:

lim var(©(Xy,...,X,)) =0. (5.9

n—oo

Khi dé © la mét ham udc lugng nhdt qudn.
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Chirng minh. Tuong tu nhu chitng minh cta dang yéu cta luét
s6 16n, suy ra tit bit ding thtic Chebyschev. O
Ghi chil 5.2. Trong tiéng Viét, nhiéu khi thay vi néi “ham uéc luong”
ngudi ta néi don gian héa 13 “wéc luong” nhung hiéu 13 ham uéc
luong. Trong tiéng Anh thi hai tit nay khéng 14n v6i nhau: ham wée
lugng goi 1a estimator, con udc lugng goi la estimate.
Bai tdp 5.2. Gia st X c6 phin bb déu trén doan thing ]0, §]. Chiing

minh rang
n+1

O = max(X1, Xa, ..., Xp) (5.10)

13 m6t ham wéc lugng nhit quan khéng chéch cia 6.

Bdi tdp 5.3. Chiing minh ring trung vi thuc nghiém 13 u6c luong nhét
quén khéng chéch tiém cin cla trung vi. Xay dung vi du cho thiy
trung vi thuc nghiém néi chung khéng thda mén tinh chit khéng
chéch.

5.2.3 Udc lugng khong chéch cia phuong sai
. . xg 1o XN . .
Ham phuong sai mau 2 = — Z <X¢ — Zz_1> la mot uéce
n im1 n

luong nhit quan, nhung cé chéch, c6 nghia 13 ky vong cta
BN i X\

khéng bang phuong sai o2 ctia X. That vy, khin = 2, ta 6

E(3%) =E NP+ X5 (G4 X)°
2 1

1
> = ZIE(XI2 + X7 - 2X1X>)

= %(E(X%)JFE(XQZ)—QE(X1)E(X2)) = i(2]E(X2)_2E(X)2) _ %(72
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chit khong bang o2. Tuong tu nhu vy, khi n tuy ¥, ¢ thé kiém tra
: - —1 n: A L o x a1
rang E(¥?) = 72,2 B vay ta c6 dinh nghia va dinh ly sau:
n

binh nghia 5.3. Ham

S2 — X, - == 5.11
— Z ( i - (5.11)
=1
goi ld ham phuong sai mau hiéu chinh. Néu 1, ..., z, lad mét mdu
thuc nghiém ctia X, thi gid tri ciia S? tai bé diém (z1,...,x,), s> =

" N\ 2 RY . x oA 2
Ly (xz — Ez%) , goi la phuong sai mau hiéu chinh (ciia
mau x1,...,x,) cua X.

Pinh ly 5.3. Ham phuong sai mdu hiéu chinh la uéc lugng khong

2

chéch ciia phuong sai o2 ctia bién ngdu nhién X.

Dinh ly trén giai thich vi sao ngudi ta hay dung céng thitc phuong

. X [N 2 1 - nf L ? 3 A
sai mau hiéu chinh s? = — (xz _ 2=t T , thay vi cong
n—14& n
’ 1 - nﬁ Ty 2 . 7o A . 2 N N A
thtc — g (ﬂb‘z — @ , khi ndi vé phuong sai cua mét b n so6
n n

i=1
(z1,...,x,). Ty 1é gilta phuong sai miu hiéu chinh va phuong sai

X1 n A /s . A s AN
mau la T tién t6i 1 khi n tien tdi vo cung.
n—

5.2.4 Phuong phap hop ly cuc dai

Phan b6 thue nghiém 14 mdt uéce luong ctia phin bd ctia X . Nhung
phéan bb thuc nghiém luén ludn 13 phin bb rdi rac, va c6 thé khong
théa man mot sé tinh cht ma X phai thoéa man, tirc 13 khong ndm

trong ho cac phin bd ma X roi vio, vi du nhu ho cac phan bd normal,
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ho cac phén bd hinh hoc, v.v. Mét trong nhitng phuong phap phé bién
nhét d€ uéc luong phan bb xac sult clia X bing mét phan bd xac
sult trong mét ho nao dé 1a phuong phap hop 1y cuc dai (maximal
likelyhood - d& xay ra nhét).Y tuéng ctia phuong phap nay 1a: nhiing
gi ma thdy dugc trong thuc nghiém, thi phai dé xy ra hon 1 nhiing
gi khong thy. Vi du nhu, khi mét gido vién hdi mét hoc sinh 4 cau
héi ngiu nhién vé mdt mén hoc ndo dé ma hoc sinh déu tra 16i dugc,
thi gido vién sé “uéc luong” ring diy 14 hoc sinh gidi, vi khi giéi thi
méi nhiéu kha ning tra 16i dudce ca 4 cAu hdi, con néu khéng gidi
sé c6 nhiéu kha ning khéng tra 16i dudc it nhét 1 trong 4 cAu hon 14
kha ning “4n may” tra 16i dugc ca 4 cAu. Chiing ta sé tim phan bd xac
sult ctia bién ngdu nhién X sao cho méu thuc nghiém (z1,...,z,)
¢6 nhiéu kha ning xay ra nhét.

Ta sé gia st X c¢6 phan bd xac sut Py phu thudce vio mét sé tham
s6 0 = (01,...,0;) nao do. Trong trudng hop Py 13 phan bb roi rac,
ta dat

5(0) = Lg(l’l,...,xn) = Pg(xl)...Pg(xn), (5.12)

con trong trudng hop Ps 14 phan b lién tuc v6i ham méit dd pe, thi
ta dat

L(0) = Lo(x1,...,2,) = po(x1) ... pe(xy). (5.13)

L(0) dugc goi 1a ham d06 hgp ly (likelyhood function) cta 6 (khi ma
mau z,...,z, da biét). Bai todn ma ching ta can giai, 1a tim 0 c6

d6 hop ly cao nhAt, tic 1 tim 6 sao cho
L(0) = sup L(9). (5.14)
0
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5.2. Ubc lugng bang thong ké

V6i nguyén tic “dao ham bing 0 tai diém cuc tri”, vin dé tim diém
cuc dai cia £(0) nhiéu khi duge dua vé van dé gidi phuong trinh:
L r@y=0 (5.15)
de - '
Khong phai ltic ndo phuong phap hop 1y cuc dai ciing cho két qua,
béi vi ching han néu ham £(6) c6 nhiéu diém cuc dai, thi khong biét
nén chon diém nao. Tuy nhién, trong nhiéu bai toan, phucng phap

nay cho két qua duy nhit va kha “hop ly” vé truc giac.

Hinh 5.4: Ronald Fisher
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Ghi chu 5.3. Nguai khdi xuéng phuong phap hop ly cuc dai 1a Ronald
Fisher (1890-1962), mét nha di truyén hoc va théng ké hoc ngudi
Anh, vao diu thé ky 20. Fisher cung v6i Pearson dudc coi la nhiing
cha t8 ctia théng ké toan hoc. Khi Fisher dua ra phuong phap hop 1y
cuc dai thi Pearson khong tng hé n6, din dén quan hé cing thing
gitta hai nguai.

Vi du 5.9. Gia st ta biét ring X phai c6 phan bd xac suit déu trén
mdt doan thang [a, b], nhung ta khong biét @ va b. VAn dé dit ra 1a

uéce luong a va b, dua trén mot miu thue nghiém z, ..., z,. Ta c6

L(a,b) = pap(x1) ... pap(zn) = ( (5.16)

b—a)"’

va ta cAn tim a,b sao cho 1/(b— a)" dat cuc dai. Ta biét ring cac
diém 1, ..., x, phai ndm trong doan thang [a, b], nhu viy ta phai c6
b > maxz;, a < minx;, va 1/(b — a)™ dat cuc dai khi ma b = max z;,

a = min z;. Boi vy cac udc lugng cta a va b la:
a = min x;, b = max ;. (5.17)

Vi du 5.10. Gia st ta mudn tim x4c sut clia mot su kién A nao dé
(vi du nhu su kién: say rugu khi 1ai xe). Goi X 1a ham chi bdo ctia A:
X = 0 néu A khéng xay ra, va X = 1 néu A xay ra. Khi d6 X c6 phan
bb Bernoulli vé6i tham sb p = P(A). P& ubc luong p, ta lam n phép

thtt ngiu nhién do6c 1ap, va dude mét mau z1, ..., z, cia X. Cc sb
1,...,x, chi nhan hai gi4 tri 0 va 1. Goi k 14 sb sb 1 trong day sb
T1,...,Tn, Van — k12 s6 s6 0. Khi d6 ham d6 hop 1y 1a:

L(p) =p"(1—p)" " (5.18)
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Dao ham cta L(p) 1a £'(p) = n(k/n — p)p*~ (1 — p)»~+1, tr d6
suy rang ham L(p) dat cuc dai trén doan [0,1] tai diém p = k/n =
> i, z;/n. Nhu vay, theo phuong phap hop ly cuc dai, ta c6 udec
luong sau day clia xac sult p = p(A):

p= sz/n (5.19)
i=1

Vi du 5.11. Tré lai bai todn wéc lugng phan b cia chiéu dai dua
chudt. Ta gia stt X & day c6 phan bd normal N (i, 02), va ta mubn
ué6c luong ky vong . va phuong sai o2 ctia X. Theo phuong phap hop
Iy cuc dai, ta xac dinh ham dé hop 1y, khi c6 mét mau 4, ..., z, cla
X, la:

cinn =L e (527)
:< 1 )neXp<zn:(xi2;f)2). (5.20)
=1

2o —
1=

DE tim diém c6 d6 hop Iy cuc dai, ta gidi hé phuong trinh

d . d
@ﬁ(u,(j) =0 va %ﬁ(ﬂ,g) =0.

. Y e d R
Phuong trinh thif nhat twong duong véi —- D (@i —p)? =0, va
® =1

2

cho nghiém la 4 = L=t %3 Phuong trinh thit hai tuong duong véi,
n
_ (e )2 ()2
o 203 n .
vay, phuong phap hdp ly cuc dai cho ta cac uéc lugng sau day cua ky
2.

= 0, va cho nghiém 13 o2 =

vong p va phuong sai o

n .
=L (5.21)
n
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n

o 1 SV ‘_Z?:lxi ?
o) —52(:51 i) _nz<% = ) . (5.22)

i=1 i=1
Mot diéu thi vi 1a d6i v6i phan bb normal, phuong phéap hop ly cuc
dai cho ta uéc lugng ctia phuong sai bang phuong sai mau, chi khong
bang phuong sai mau hiéu chinh. (Nhic lai rang ty 1é gifta hai dai
lugng nay la n/(n — 1)).

Bai tdp 5.4. Chiing minh ring cac wéc luong trong vi du thoa
man tinh cht nht quén.

Bdi tdp 5.5. Tim ham uéc luong hop 1y cuc dai cho tham sb A cha
phéin b6 mii.

Bdi tdp 5.6. Tim ham u6c luong hop 1y cuc dai cho tham sb A cla
phén bb Poisson. (Cht ¥: uée luong nay khong ton tai néu nhu tat ca

cac gia tri trong mau thuc nghiém déu béng 0).

5.2.5 Phuong phap moment

Mot trong nhitng phuong phap khac hay dude ding dé uéc luong
phén bb ctia X bing mét phan bb Py nao dé, 14 giai hé phuong trinh

sau d€ tim uéc lugng ctia cac tham sb 0 = (61,...,6;):
1 n
/ 2'dPy == (5.23)
R i
véimoi s = 1,...,k, trong d6 (z1,...,x,) 1a mot miu thuc nghiém

clia X. V& bén trai cia phuong trinh trén 13 moment bic s ctia phan

bb Py, con vé bén phai 13 moment bac s thuc nghiém.
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Bai tdp 5.7. Gia stt X 1a mét bién ngiu nhién v6i phan bd lién tuc

cho bdi ham mét do p sau:

, (5.24)

A lnéud<z<1
pla;A) = R T
0 tai cac diém con lai

trong d6 A 1a mét tham sb. a) Tim ham uéc luong hop 1y cuc dai cla
A
b) Tim ham udc lugng cua A\ theo phuong phap moment.

5.3 Sai s6 va do tin cdy ctia u6c luong

5.3.1 Sai s6 clia u6c luong

Vé nguyén tic, n6i chung moi ude luong déu cé sai sb, bdi vi gia
tri ca wéc luong phu thube vao ham huée luong va gia tri ciia mau
thue nghiém, ma cdc miu thuc nghiém khac nhau cta cting mét bién
ngiu nhién c6 cac gia tri khac nhau, din dén cac gia tri uéc luong
khac nhau, khéng thé tt cd déu chinh x4c duge.

Gia stt ©(X1, ..., X,) la mét ham udc lugng ctia mét dai lugng
6 nao do. Trong truong hgp © la udc lugng khong chéch, tic la ky
vong ctia ©(X1, ..., X,) chinh bang 6, thi ta cé thé 14y d6 1éch chuin
ctia O(X1, ..., X,) lam thuéc do danh gid mitc d6 sai sé trung binh
ctia mot uSe lugng cia # dung ham udc luong ©. Trong truéng hop
chung, dai lugng

MSE(©) =E(|0(X1,...,X,) — 0 (5.25)
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dudc goi 12 sai s6 trung binh binh phuong (mean squared error) clia
ham wéc luong O (cho dai luong dic trung 6 clia bién ngiu nhién X).

Bit déng thitc Cramér-Rao duéi d4y cho ta chin duéi cta sai sb
trung binh binh phuong cta cic ham u6c lugng. N6 cho thay, vé mit
Iy thuyét, khi ¢ ctia mau thuc nghiém 13 ¢b dinh, khong thé cé cach
udc lugng v6i do chinh xac tuy y, ma cach ude lugng (khong chéch)
ndo ciing c6 sai sé trung binh binh phuong 16n hon mét hing sé nio
do.

Ham u6c luong c6 sai s6 trung binh binh phuong cang nhé thi
dugc coi 14 cang hiéu qua (cang chinh x4c). Him uéc luong cb sai sb
trung binh binh phuong nhé nhét (trong cac ham uéc luong n bién
cta 6) dudgc goi la ham udée ugng hiéu qua.

Pinh nghia 5.4. Gid st phdn bb xdc sudt Px = Py ndm trong mét ho

cdc phdn b xdc sudt Py phu thudc vao tham sb 6. Khi dé dai lugng

I(G)zE([WF) :/R[alngéx’e)rdpe, (5.26)

trong d6 L(x,0) = Py(z) trong trudng hop Py la phdn bb xdc xudt roi
racva L(zx,0) = pg(z) trong trudng hop Py la phdn bd lién tuc véi ham
mdt do py, dudc goi la lugng thong tin Fisher ung vdi 6.

Dinh ly 5.4 (Bt ding thiic Cramér-Rao). Vi moi ham uéc lugng
khéng chéch © ctia 6 ta co

1
2
o, Xp) — > . .
Néu nhu © la uéc luwong cé chéch, véi db chéch la
b(#) =E(O(Xy,..., X)) — 0, (5.28)
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va ky hiéu v/'(0) la dao ham ctia b(0) theo 0, thi

(1+ b’(@))Q'

E(|O(X1,...,X,) —0]?) > nl(8)

(5.29)

Ghi chi 5.4. Trong phat biéu chinh x4c hon cla dinh ly trén, cin
phai gia sit rang phin b xac sudt ctia X théa man mot sb diéu kién
“regularity” (khong ky di) (xem chitng minh phia duéi, sé xuat hién
cu thé diéu kién). Trong cac bai toan thuc té, néi chung cac diéu kién

regularity nay luén dugc théa man.

Ching minh. Ta sé chiing minh cho trudéng hgp n = 1, uw6c lugng
13 khong chéch, va phan bb xac suét 13 lién tuc tuyét dbi v6i ham mét
dd pg(z) = p(6,z). Trudng hop téng quét phitc tap hon, nhung cac
chiing minh hoan toan tuong tu.

Xuét phat tir ddng thitc [*_ ©(X)p(0, 2)dx = 0 (u6c lugng khong
chéch), 1y dao ham theo 6, ta c6

/Oo ox)2202) .

00

* Op(x,0)

06

viéc tich phan giao hoan véi dao ham theo 6 phia trén). Véi diéu kién
\ , [~ 0, N Y

nay, ta co / (O(X) — H)apf%x)dx = 1, hay con c6 thé viet

—00

Ching ta cin diéu kién khong ky di sau: /

—00

dx = 0 (ngoai

| 00— opa o 50w ~ 1.

—00

Péng thtic trén, cting véi bat ding thitc Cauchy-Schwartz

/ fgdz)? / f2dz)( / g*dz),
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suy ra

> > 0lnp(0,
v ([ ©) - 0)amayan [ CREED /o ) =
E(|©(X) — 0]%).1(), va ta dudc diéu phai chitng minh. O

Ghi chu 5.5. Harald Cramér (1893-1985) la nha toan hoc va théng ké
hoc Thuy Dién, hoc trd ctia nha toan hoc Marcel Riesz. Calyampudi
Radhakrishna Rao (sinh nim 1920) 13 nha thdng ké hoc ngudi gbe
An D6, 1am viéc tai My cho dén khi vé huu, hoc trd ctia Ronald Fisher.

BAt dng thitc Kramér-Rao dugc hai 6ng 1am ra vio quing nim 1945.

Bai tdp 5.8. Thit tu chitng minh dinh Iy trén khi n 14 s6 tuy ¥ (va X

6 phén b6 lién tuc tuyét dbi).

5.3.2 Khoang tin ciy va do tin ciy

Vi n6i chung moi udc luong déu cé sai sb, nén sau khi tim dugc
mot gia tri uéc luong § = O(x1,...,x,) cla 0, ta phai “cho phép”
né c6 thé c6 mét sai s6 dén e ndo d6, va coi ring gia tri that cta 6
nim trong doan [0 — ¢, + ¢]. Poan d6 goi la khoang tin cy. Nhung
diéu d6 khéng c6 nghia 1a ta tin tudng 100% ring # nim trong doan
[0 — €,0 + €], ma chi c6 nghia 12 ta tin rang, v6i d6 tin cdy cao, # nam

trong khodng tin cdy [0 — e, f + €]. N6i cach khac, ta ¢6
POeld—e0+¢e)=1—p, (5.30)

trong d6 1 — p 1a d6 tin cay (confidence), va [/ — ¢, + ¢] 13 khoang
tin cdy (confidence interval). TAt nhién, khi khoang tin ciy cang hep
(¢ cang nhd), thi do tin cy cang thip Mudn c¢é dé tin cly cao (tdc 1a

p nhd), thi cin phai d€ khoang tin ciy di rong (e da 16n). Vi gia st
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uéce luong nhét quén, khi sai sb € c6 dinh thi dd tin ciy 1 — p tién t6i
1 khi ¢6 thuc nghiém n tién t6i v6 cling, va ngudc lai khi p ¢b dinh
thi sai s e tién t6i 0 khi n tién t6i v6 cling. Ngudi ta thudng hay cb
dinh p (ching han p = 5% hay p = 1%), r6i tim khoang tin cdy tuong
ting cho d tin cay di cb dinh do.

Vi du 5.12. Gia st khi do chiéu dai cia 100 qua dua chudt dugce
chon mdt cach ngdu nhién t mét quin thé (population) cic qua
dua chudt sé dude déng hép, ta dudc cac con sb sau: X (ham ky
vong thuc nghiém) c6 gi4 tri bang 9.3cm (day 13 gibng dua chudt
nhd), va & (d6 léch chudn thuc nghiém) 13 0.5cm. Ta c6 thé coi 1a
Z = X—p) _(X—p) 6 phan bb normal chudn tic, trong d6 u 14

~6/V/100 0.0
ky vong do dai ctia cac qua dua chudt tinh theo cm. Dat p = 1%, ta
dugc |Z| < 2.57, 6 nghiala P(|Z| < 2.57) ~ 99% = 1—1%. B4t dang
thic \W\ < 2.57 tuong duong véi p € [9.3 — 2.57 x 0.05,9.3 +
2.57 x 0.05] ~ [9.17,9.43]. Nhu vy, [9.17,9.43] 1a khoang tin cdy caa

p v6i do tin cdy 99%.

Ghi chii 5.6. C6 mét van dé té nhi trong 1y luin trong vi du trén,
lién quan dén xéc sudt ¢ diéu kién. Sai sb ma ching ta tinh dudc 1a
2.57 x 0.05 ~ 0.13 v6i d0 tin cay 99%, c6 nghia la

P(|X — p| < 0.13 | pu cb dinh) ~ 99%,

nhung sau d6 ta lai mubn hiéu diéu nay thanh: X = 9.3 1a cai biét
duge sau thuc nghiém, 1 14 cai chua biét, ¢6 thé coi nhu mot bién

ngau nhién, va
P(X = p| <013 | X = 9.3) ~ 99%.
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Vi sao ta c6 thé coi P(|X — u| < 0.13 | p ¢b dinh) = P(|X — | <
0.13 | X cb dinh)? Triét 1y & day 13, ta coi ring ph4n bb cda sai sb
X — ;1 khong phu thudc vao ban than gia tri cia p, ma chi phu thudc
vao hiéu X — 11 (trong 16p nhitng vn dé dang dugc xét). Kiéu nhu khi
ban cung tén vao dich: dit dich § d4u khong quan trong, van sé ¢
cling 1 phan bb vé d6 léch ctia miii tén dude bin so véi tAm diém ()
ctia dich. Tt nhién diéu nay khong hoan toan ding, nhung da gin
dting d€ ta st dung né. Tuong tu nhu vy, ta ciing coi ring phan bb
cia X — p khong phu thudce vao ban thin gia tri cia X, ma chi phu
thudc vao hiéu X — u. Khi d6 (trong mét khéng gian xac suét thich
ting cho vin dé dang dudgc xét) ta ¢ P(|X — u| < 0.13 | 1 ¢b dinh) =
P(|X — p| <0.13) = P(|X — p| < 0.13 | X cb dinh).

Mot cach tdng quét hon, ta c6 thé thay ©(X) —e va ©(X) +¢ bang
hai théng ké A = ¢1(X) va B = ¢go(X) batky (X = (X1,...,X,) 1a
ham méu thuc nghiém cta X, va phan bb ctia X phu thudc tham sb

), v6i A < B. Khi d6 ta c6 dinh nghia sau:

Pinh nghia 5.5. Gid stt A = g,(X) va B = g2(X) la hai ham thong
ké, véi A < B. Gia st P(A < 0 < B) = 1 — p. Khi dd, véi moi gid tri
thuc nghiém a ciia A va b cia B (ctia cting mét mdu thuc nghiém), ta
néi rang doan ]a, b| la khoang tin cay ciia 0 véi 46 tin cdy 1 — p, hay

con goi la khoang tin ciy 100(1 — p)% caa 6.

Trong nhiéu vAn dé, thay vi u6c luong 6, ngudi ta chi mubn danh
gia # mot phia (xem no 16n hon, hay nhé hon, cai gi d6). Khi d6 nguoi

ta dung cac khoang tin cdy mot phia | — oo, b[ hay |a, oof.

Vidu 5.13. (Bdu cit). Gia stt mét cudc tham do ¥ kién cho thiy 52% sb
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ngudi dudc héi, trong sb 400 ngudi dude chon mét cach ngiu nhién
trong dén chiing, sé biu cho tng ctt vién téng théng A trong sb 2 ing
ctt vién chinh. Héi ¢6 thé néi rang A sé thiang ctt v6i do tin ciy bang
bao nhiéu? Goi p 1a ty 1é t6ng s6 ngudi sé bau cho A. Khi d6 p ciing
14 1a xac sudt d€ 1 {ing ct vién ngiu nhién bau cho A. Khoang tin ciy
& day 1a mot chiéu: p > 50% thi A dugc bau. Pai luong thuc nghiém
13 p = 52% = 0.52, va c& thuc nghiém 14 n = 400. Phan bd x4c suit &
day 1a phan b6 Bernoulli, v6i d6 1éch chudn 1a 02 = /p(1 — p). Theo
dinh ly gi6i han trung tam, ta cé

PS2 <)~ Faon(©) = Paion( = 0.,

v6i moi c. Ta sé thay o bang d¢ 1éch chudn thuc nghiém 6 = /(1 — p),
va X bang gia tri p = 0.52 clia no, trong coéng thitc trén. Nhu vay,
Fr(o,1y(c) 1a do tin cdy cho khoang tin cdy mét phia

19— c/p(1 — p)/n, oo =10.52 — 0.02498c¢, o]

ctia p. D€ xét kha ning thing cit, cAn xét khodng tin cdy ]0.5, co|, titc
la dit 0.52 — 0.02498¢ = 0.5. Giai phuong trinh dod, ta dugce ¢ = 0.80,
va do tin cdy la F(0,1)(0.80) ~ 0.788. C6 nghia la, ta c6 thé du doan
{ing ctt vién A sé thing ct, véi dd tin tudng 1a 78.8%.

5.3.3 Khoang tin ciy cho d6 léch chuin

Trong cac vi du  muc trén, chiing ta da dung do 1éch chuén thuc
nghiém thay thé cho dé 1éch chuén, khi tinh khoang tin cy va dé

tin cdy cho ky vong. C4u héi dit ra 1a: viée dung d6 1éch chuén thuc
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nghiém thay thé cho d6 1éch chuén c6 lam gidm su chinh x4c caa
cac tinh toan nhiéu khéng? Ban than viéc dung dé 1éch chuén thuc
nghiém 1am udc luong cho d6 1éch chudni cé d6 tin ciy va khoang
tin cAy ra sao? Dé& tra 16i cAu héi dé, ta cé thé dung dinh 1y sau, trong

trudng hop phan bé 14 normal:

Pinh 1y 5.5. Gid st Xi,..., X, la mét b6 n bién ngdu nhién dbc
Idp c6 cting phdn b6 normal N (u,02), va X = (X0, X;)/n, £2 =
LS~ (Xi — X)2. Khi d6 n32/0® ¢6 phdn b6 x? véi n — 1 bdc tu do.

Chting minh ctia dinh 1y trén cé thé suy ra dugc dé dang tir cac
tinh chét ctia cac phan bé normal nhiéu chiéu (ctia vector (X1, ..., X,,)),
va mot phép bién déi tuyén tinh vudng gbc, tuong tu nhu trong chiing
minh dinh ly Pearson. Ciing ¢ thé chiing minh bang cach tinh ham
dac trung hay ham sinh moment.

Vi du 5.14. Gia st ta bit dudc 20 con réng. Trung binh mbi con dai
10 mét, va d6 léch chudn thuc nghiém ctia mau 20 con d6 1a 1 mét.
Tinh khoang tin ciy 90% ctia d6 1éch chuén ctia chiéu dai ctia rong?
Ta coi chiéu dai cta réng 6 phin bb normal véi d6 1éch chudn o, va
goi ham dé 1éch chuén thuc nghiém ctia mdt mAu 20 con rong 13 3.
Theo dinh 1y trén, 2052 /02 c6 phan bb x2, v6i 19 bac tu do. DE tim
mot khodng tin cy cho o véi d6 tin cdy 90%, ta 6 thé tim hai sb

X%.UE) va X%,gg, sao cho
P(x3y < X.05) = 5% va P(xie > Xf.95) = 5% (5.31)

Dung mdy tinh hodc tra bang, ta tim dudc x3 o5 ~ 10.12 va x2 g5 ~
30.14, bdi vay
&2

P(1012 < 22
g

< 30.14) ~ 1 — 5% — 5% = 90%. (5.32)
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V6i gia tri thuce nghiém 3 = 1, ta duge bat ddng thitc
20
10.12 < — < 30.14, (5.33)
g
tuong duong véi
0.81 < o < 1.41. (5.34)
Nhu vy, khodng tin cdy 90% cho o 12]0.81,1.41[. C6 thé thiy day 1a
mot khoang khé rong (chénh léch gin 2 14n gitta sb diu va sb cubi).
Ly do 13 vi n = 20 tuong dbi nhd, nén d6 chinh x4c ctia uéc luong db

léch chudn khong cao.

5.3.4 Phan bd Student

Trong cac vi du 6 muc trén, ta dung dinh ly giéi han trung tam,

roi thay d6 1éch chuédn bang do6 lech chuin thuc nghiém &, dé Két

p A 2
i/\/ﬁ,trongdoZ
14 ham phuong sai thuc nghiém, con 42 1a mot gié tri thuc nghiém

ludn rang phan bd xac sut clia % (hay ctia

ctia nd), c6 thé x4p xi bang phan bd normal chun tic A/(0,1). biéu

nay chi diing d4n khi ma n dt 16n. Khi n nhé thi x4p xi nay khong

con tot nita, va khi dé thi thay vi phin bb normal chuén tic ta phai

dung cac mé hinh phan bd khac. Béi vdy ta ¢6 dinh nghia sau:

Pinh nghia 5.6. Néu X1,. .., X,, la mdt bd n bién ngdu nhién déc ldp

¢6 cting phdn bb normal N (p, o), va

X —p
S/vn’

trong d6 X = ("7, X;)/nva S = \/ Ly (X; — X)2, thi phdn b

xdc sudt ciia T dugc goi ld phan bd Student, hay phan bb T (Student

(5.35)

T-distribution), vdi n — 1 bdc tu do.
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Ghi chi 5.7. Dé thay ring, trong dinh nghia trén, phan bb ctia T
khéng phu thudce vao 1 va o. Phan bb T dude nha théng ké hoc ngusi
Anh, 6ng William Sealy Gosset (1876-1937), dua ra vao ndm 1908,
khi dang 1am viéc cho hang bia Guinness & Dublin (théng ké dé chon
bia ngon). Do nguyén tic giit bi mat ctia hing bia, Gosset khéng dudce
phép ky tén cac bai bao ctia minh véi tén thit, nén 14y but danh 14
Student. Khai niém bdc tu do ctia phan bb T 1a do Ronald Fisher dua
ra, vi né phtt hop véi cdc cong trinh khac cta Fisher lién quan dén
bac tu do.

0.5

1)
t3)
t(30)

04 r

0.3

0.2 r

01 r

Hinh 5.5: Him mat dé clia cac phan bd T véi 1, 3 va 30 bac tu do
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Phan b6 Student rit quan trong trong viéc x4c dinh cc khoang
tin ciy va do tin cdy trong trudng hop mau thuc nghiém cé ¢6 nhd.
Bdi vay nd dudc nghién cttu kha ki ludng. Coéng thitc dé tinh ham

mét do clia phan bb Student la:

Pinh 1y 5.6. Phdn bb Student T véi v > 1 bdc tu do ¢6 ham mdt db

sau: vl
) L

pul(a) = .
TGV (15 )%

(5.36)

Cong thic trén c6 thé suy ra dugc tit cong thic tinh ham mat do

ctia phén bd x2 va tt dinh 1y sau.

Pinh ly 5.7. Gid st X1,..., X, la mot b n bién ngdu nhién dbc

ldp c6 ciing phan bé normal N(p,0%), va X = (X", Xi)/n, S =
LS (Xi — X)2. Khi d6:

i) X dbc ldp véi cdc bién ngdu nhién X; — X va véi S.

i) (n —1)52 /02 c6 phdn bb X2 véi n — 1 bdc tu do.

iii) Néu Z 6 phdn bd N'(0,1) va U ¢6 phdn bb x2 véi m bdc tu do, thi

Z/m/VU c6 phdn bb Student T véi m bdc tu do.

Chting minh cta dinh 1y trén cé thé suy ra dudgc dé dang tir cac
tinh chit ctia cic phin bd normal nhiéu chiéu.

Theo dinh ly gi6i han trung tdm, thi phan bb Student véi n bac tu
do héi tu dén phan bb normal chuén tic khi n tién t6i v6 cung. Tuy
nhién, khi n nhd, thi d6 chénh 1éch gitta phan b6 Student va phén
bb normal chuén tic kha cao. Hinh la d6 thi ham mét do cta cac
phan bb t véi 1, 3 va 30 bac tu do. Khi sb bac tu do 14 30 tré 1én thi

phén bb t gin bing phan b6 normal chudn tic, nhung véi sb béc tu
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do nhé nhd, thi né “dan trai” hon nhiéu so véi phin bd normal chudn
tdc. C6 thé tinh toan cac gia tri clia ham phén phdi x4c sult cia phan
bb Student T bing cach tra bang hodc dung chuong trinh may tinh.
Vi du 5.15. Tiép tu vi du trong muc trudc vé rong. Vi viée xap xi db
1éch chuén bang d6 1éch chuén thuc nghiém c6 d6 chinh xac kém khi
n = 20, nén ta phai dung phan b T thay cho phin b normal chudn
tac khi tinh khodng tin cdy ctia ky vong. Dat T' = (X — u)v/n — 1/3,
trong d6 n = 20 1a sb con rong bt dudc (cd ctia miu), 1 1a ky vong
chiéu dai ctia réng, X 13 ham ky vong thuc nghiém, va 3 13 ham d6
1éch chuén thuc nghiém. Khi dé 7' tuan theo phin bb Student T véi
19 béc tu do. Gia st ta mudn tim khoang tin cdy 90% cho u. Ta cin
tim s ¢ sao cho

P(|T| < c) = 90%. (5.37)

Tra theo phan b6 Student T v6i 19 bac tu do, ta c6 ¢ &~ 1.729. Bdi vay
ta can giai bat phuong trinh
(X — 1)v/20 —1/3 < 1.729, (5.38)
trong d6 X = 10 va & = 1 (1a cac dai luong thuc nghiém). Két qua 1a
9.603 < p < 10.397 (5.39)
vGi d6 tin cay 90%.
Bai tdp 5.9. Gia st c6 mot loai xe 6 t& mdi, cho 5 ngudi chay thit 5 xe
khac nhau trén dudng cao tbc, véi két qua chay 100km hét 14n lugt
la 4.53, 3.82, 4.37, 3.91, 4.16 lit xing. Tim khodng tin cdy cho s lit

xing tiéu tén trung binh ctia loai xe nay cho 100km dudng cao tbc,
vGi d6 tin cay 90%.
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5.4 Kiém dinh cac gia thuyét

Trong phén nay, va phan sau, ching ta sé ban dén nhiing phuong
phép théng ké dung d€ tra 16i nhitng ciu hoi dang “cé hay khéng
mot hién tugng hay hiéu ing nao dé”. Vi du: loai thubc chita bénh
cam nay c6 hiéu nghiém khoéng?, ¢ ky thi gidi tinh trong viéc tuyén
ngudi khong?, chit thai cia nha mdy nay ¢ 1am hai sitc khde cta
nhan dan xung quanh khéong?, sé thich 4m nhac c¢6 thay d6i theo do
tudi khong?, déc quyén c6 anh hudng xiu dén kinh té khong?, v.v.
Mbi tinh hubng “cé hay khéng” nhu vay c6 thé viét duéi hang mot gia
thuyét, thudng ky hiéu 13 Hy, goi 1a khong thuyét (null hypothesis),
va mét gia thuyét dbi ngugc lai nd, thudng ky hiéu 1a H; hodc Hay,
goi 1a d6i thuyét (alternative hypothesis).

C6 mét diéu ma ban doc cin hét stic cht . D6 13, mbi phuong
phép kiém dinh bing thdng ké chi thich hop trong nhitng tinh hubng
nhét dinh, khi c4c gid st nhit dinh dugc thod mén. Khi ¢6 mét vin
dé kiém dinh théng ké trong thuc té can thuc hién, thi phai chon lua
phuong phap ding din, va rt c6 thé 13 phuong phap ma ban doc cin
dén khéng ndm trong quyén sach nay (vi s6 phuong phap thi nhiéu,
ma quyén sach chi gi6i thiéu mot sb phuong phép co s6), va ban doc
sé phai tim hiéu siu thém vé théng ké dé€ chon lua duge phuong phap

thich hop cho vn dé ctia minh.
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5.4.1 Mbt sb6 nguyén tic chung ctia ki€ém dinh bang théng
ké

Tuong tu nhu uéc lugng, viée kiém dinh gia thuyét bing théng
ké khong cho két qua “chinh x4c 100%”, ma chi cho két qua véi mot
db tin ciy nhit dinh nao d6, va cé thé x4y ra sai lam. Céc sai 1am c6
thé phan 1am hai loai:

- Sai 1am loai 1: pha nhén gia thuyét Hy, chip nhan déi thuyét H;,
trong khi Hy ding
- Sai 1am loai 2: giit gia thuyét Hy, khéng chip nhin d6i thuyét H;,
trong khi H; dang.

Ca hai loai sai 1am déu c6 thé gay ra nhitng hiu qua khong tbt.
Tiy ting trudng hop ma danh gia xem sai 14m loai nao din dén hau
qua nghiém trong hon, va cn tranh hon. Vi du, trong trudng hop
chét thai c6 thé gy ung thu: néu theo théng ké, H, xay ra véi do
tin tudng 80% (tiic 12 v6i db tin tudng 80%, chit thai khong gy ung
thu) va chi c6 20% 14 H; (chét thai gdy ung thu) xay ra, thi nhu thé
cling d@ qua nguy hiém véi tinh mang con ngudi, va trong trudng
hop nay khong chip nhan duge Hy (ttc 12 khong thé d€ cho nha may
thai chét thai nhu vay). Nhung ngudgc lai, néu d6i véi mét loai thude
moi, kiém dinh théng ké cho thiy H, (gia thuyét thubc khong cé tac
dung) c6 trén 5% kha ning xay ra, thi néi chung thube chua dugce
BO Y Té clia cac nudc chdp nhén, va phai nghién citu va thi nghiém
thém cho dén khi ching té dugc 13 H; (gia thuyét thube cé tac dung)
13 dtng din v6i db tin tudng rat cao (it ra trén 95%) thi thubc méi
dugc chép nhan.
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Khi kiém dinh bang théng ké, cac gia thuyét va dbi thuyét thudng
c6 thé phat biéu lai duéi dang: mét dai lugng nao d6 (ma ta khong
biét, mubn uéc lugng) ndm trong modt doan thing nio dé, véi do tin
cay nao dé. Béi vay, cdc bai todn kiém dinh c6 thé coi nhu la nhiing
trudng hop ddc biét clia cdc bai todn udc lugng. Vi du, néu Hy 13, “khi
bau vao qubc hoi, dan ba ciing ¢ xac suit duge bau nhiéu nhu dan
éng”, thi Hy c6 thé bi loai bé va H; dudc chip nhan néu nhu wée
luong cho thay “xac suét dé€ ngudi duge bau vio québc hoi 1a dan éng”
nam trong doan ]1/2, co[, v6i d6 tin cdy trén 99%.

Nhic lai ring, trong vin dé uéc luong, d6 tin cdy dudc coi bang
xac suit d€ mot két qua thdng ké thuc nghiém nim trong moét mién
nio dé, khi ma dai lugng ma ta mubn uéc luong nidm trong mot
khodng nao dé (khoang tin ciy). Ta dat do tin cdy dé, khi ma két qua
théng ké thuc nghiém cta ta ndm trong mién can thiét. Trong vi du
biu ctt qubce héi, thi dai luong ma ta mudn uée lugng 13 xac sudt dé
mot ngudi duge bau ctt 13 dan ba. C6 hai cach phat biéu diéu kién:
hodc 1a “xac sudt d€ ngudi dude bau 14 dan ba khong nhé hon 50%”
hodc 13 “x4c sudt d€ ngudi duge bau 13 dan ba bing 50%”. Gia st két
qua théng ké & day 1a sb ngusi dude bau vao qube hoi 1 dan 6ng 1a
mot s6 N. Khi d6 xac sudt (d6 tin cdy) & diy cé thé viét 13

P; = P(x.s. &€ ng. dugc bau 1a nit > 50% | s6 ng. dugc bau 1a nam = N),
hodc la

P = P(sb ng. dudc bau la nam > N | x.s. d€ ng. dudc bau 1a nit = 50%),
Dai lugng P cubi cliing 13 cai ma ta c6 thé tinh dudc truc tiép bing
cac cong thiic x4c sudt, con P; 1a d6 tin cy, ta khong tinh truc tiép,

ma 1y ludn ring né c6 thé coi 14 (gin) bing P. Chi y ring ta khong
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viét

P(x.s. dé ng. dugc bau 1a nit = 50% | s6 ng. dugc bau 1a nam = N),
hodc la

P(s6 ng. dugc bau 1a nam = N | x.s. &€ ng. dugc bau 1a nit = 50%),

vi néu ding dang thiic & ca su kién va diéu kién, thi x4c suit no6i
chung sé rit nhd, du thuc té xay ra thé ndo, va bdi viy khong ding
né dé kiém dinh dudc.

Gia tri P = (x4c sult d€ sb ngudi duge biu 1 dan éng > N dudi
diéu kién: x4c suat d€ ngudi dude bau 1a dan ba = 50%) dudc goi 1a
gia tri P cho gia thuyét H, (xac suat d€ ngusi dude bau 13 dan ba =
50%). N6 1a x4c sut sao cho gia tri ctia théng ké (& day 1a sb dan
éng duge bau) bing hoic thai qua hon 14 gia tri thuc nghiém nhan
dugc (8 day 1a sb V). Trong trudng hop chung, ta c6 dinh nghia sau:
Dinh nghia 5.7. Gia tri P (P-value) la xdc sudt dé gid tri ctia mot

thbng ké nao dé roi vao mdt mién nao dd, khi ma gid thuyét H, diing:
P=P(GeA|H), (5.40)

trong dé G la mot thong ké va A la mién gom nhiing gid tri bdng hodc

thdi qud hon so vdi gid tri thuc nghiém cta G.
Nguyén tic kiém dinh nhu sau: C6 dinh mét sé o nao dé (vi du

o = 1% hodc o = 5%). Néu gid tri P nhé hon « thi chdp nhdn dbi
thuyét Hy, con néu P > « thi giit gid thuyét Hy.
Vi du 5.16. Tung mot dong tién 20 14n, ra 2 14n mit sip va 18 lan

mit ngtta. C6 thé coi dong tién 13 cin bang (hai mit sip va nglra
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déu c6 xac suit 50%) khong? Gia thuyét H, 1a “dong tién cin bing”.
Goi X 14 bién ngiu nhién “sb 14n hién mit sdp trong 20 14n tung”.
Gia tri P & ddy la: P = P(X < 2 | x4c suét hién mit sdp = 50%) =
(C9 + Cao + C2)/2%° ~ 0.02%. Gid tri ndy qua nhé dé c6 thé chép
nhén gid thuyét Hy.

Gia tri P & phia trén c6 thé coi 12 xac suit d€ x4y ra sai 1am loai 1.
N6 thich hop cho nhiing trudng hop ma sai 14m loai 1 13 cai can cht
y dén (hon so véi sai 1Am loai 2). Néu can cht y dén sai 1Am loai 2,
thi phai tinh x4c suit d€ xay ra sai 1dm loai 2, thay vi x4c sut d€ xay

ra sai 1am loai 1. (Phuong phap 1am hoan toan tuong tu).

Bdi tdp 5.10. (Tudi ldy chdong & Roma thoi 6 dai). C6 mot ly thuyét
clia cac nha khao ¢8 hoc cho ring, tudi 14y chdng 14n diu trung binh
& Roma thoi 6 dai 1a khodng 19 tudi, vi  cac mo phu nit ma c6 vin
bia (epitaph) 14 do ngudi cha viét thi tudi trung binh duéi 19, con do
chéng viét thi tubi trung binh trén 19. (Ngudi ta gia thuyét ring phu
nit di c6 chong khi chét thi vin bia do chdng viét, con chua 6 chdng
thi do cha viét). Thé nhung, theo mét ghi chép lich s, tudi lay chéng
14n dAu caa 26 phu nit Roma ¢6 dai dugc ghila: 11, 12, 12, 12, 12,
13,13, 13, 13, 13, 14, 14, 14, 14, 14, 14, 15, 15, 15, 15, 15, 15, 16,
16, 17, 1 Goi Hy 1a gia thuyét “tudi liy chéng trung binh  Roma
6 dai 13 197, va gia st ring tudi l4y chong c6 phan b normal, véi
d6 1éch chuén coi bang d6 1éch chudn miu ctia mau thuc nghiém véi
26 gia tri trén, titc 1a bang 1.57. Chiing minh rang gia tri P nhé hon
1% (Goi y: ¢6 thé dung bt ding thitc Chebyschev).

®Theo: A. Lelis, W. Percy, B. Verstraete, The age of first mariage in ancient Rome,
Edwil Mellen Press, 2003; trich lai tu [7]].
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5.4.2 Kiém dinh Z va kiém dinh T cho ky vong

B4i vi bai toan kiém dinh c6 thé coi 12 trudng hop dic biét ctia bai
toan u6c luong, nén cac phan bb hay dude dung dé tinh khoang tin
ciy trong uéc luong ciing xut hién trong kiém dinh. Hai loai ph4n bb
hay gip nht 1a: phin bb normal chudn tic (dung trong trudng hop
mAu thuc nghiém 16n), va phan bb T (cho miu thuc nghiém nhé, véi
gia stt 1a phin bd x4c suit ban diu 1 normal hiic gin giéng normal).
Cac kiém dinh ding phan bb normal chudn tic dudc goi 14 kiém dinh
Z, con cac kiém dinh dung phan bb Student T dudc goi 1 kiém dinh
T. Chéng han, ta c6 dinh nghia sau:

Pinh nghia 5.8. Kiém dinh Z cho gid tri ky vong la kiém dinh gid
thuyét ding thbng ké

X — X —
hodcla Z = Mo, (5.41)

U/f o/v/n

Z =

trong do:

i) X la gid tri trung binh ctia mdt mdu thuc nghiém c& n ciia mét bién
ngdu nhién X

ii) Gid thuyét ¢ ddy la vé ky vong pn = E(X) ctia X. Gid thuyét Hy la
1= po, va dbi thuyét la p # po (hodc la Ho : p < po, Hi = oo > pio;
hodcla Hy : > po, Hy : o < po).

iii) Hodc la X dugc gid sit la ¢é phdan bb normal véi db léch chudn o
biét trudc, hodc la n dit 16n sao cho c¢é thé coi la Z c¢6 phdn bb normal
chudn tdc, va thay vi diing o ta diing 6, trong dé 2 la phuong sai thuc
nghiém (cho béi céng thitc ).

Tuong tu nhu vay, ¢6 thé dinh nghia kiém dinh T cho gid tri ky
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5.4. Kiém dinh cdc gid thuyét

T ST T X - N .
vong, tic la kiém dinh dung thong ke 7" = Y o 0 va coi rang T co

n

phén bb Student T v6i n — 1 béc tu do.

Vi du 5.17. (Thubc cdm). Gia st mét hing dude phdm mubn kiém
dinh su hiéu nghiém ctia mét loai thube cdm méi. Thube duge dua
cho 100 ngudi bénh ngiu nhién st dung khi bt diu c6 triéu chiing
cam. Giad st mét ngudi bi cdm ma khong chita bing thubce, thi qua
trinh bi cdm kéo dai trung binh 7 ngay. Goi X la Gia st d6 dai trung
binh ctia dgt bi cdm ctia nhiing ngudi dugde thi cho ding thube méi
13 X = 5.3, v6i d6 léch chuén thuc nghiém 14 1.5 ngay. Héi thong tin
nay c6 du dé ching té thude c6 hiéu nghiém khéng?

Vi X = 5.3 < 7 nén ching ta mudn chip nhin dbi thuyét H,
(thube hiéu nghiém). Nhung trude khi chip nhan né, ching ta cin
phai khing dinh dudc rang gia tri P & day,

P = P(X < 5.3|Hp),
rdt nhd. Gia thuyét Hy & day c6 thé hifu 14 su kién “E(X) = 77, tic 14
néu dem thubc méi dung dai tra, thi ky vong d6 kéo dai cia dot cAm
khong khac gi so véi néu khéng dung thubc). Thay vi tinh P(X <
5.3|E(X) = 7), ta c6 thé chi can kiém tra xem P(X < 5.3|E(X) =
7) < o hay khong, trong dé o 1a mét sb rit nhé nao d6, vi du a = 1%.
D& lam diéu dé, ta cin giai phuong trinh

P(X < dE(X) =7) = a, (5.42)

roi kiém tra xem diéu kién 5.3 < ¢ c6 dugc thdéa man khong.
Mau thuc nghiém & day 1a di 16n (n = 100) dé 4p dung dinh ly

gi6i han trung tAm va dung kiém dinh Z. Néi cach khéc, ta c6 thé coi
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V100(X — E(X))  10(X — E(X))

ToX) o) B
phan bo normal chuan tac A/(0,1). Khi d6 X < c¢ tuong duong véi
Z < w. Ta sé coi o(X) bang d6 1éch chuin thuc nghiém, titc
lac(X)=1.5,vaE(X)= 7. Nhu vay

7 = la moét bién ngau nhién véi

1 —

< 5 ) (5.43)

\ . . \ A A , A A A A
la gid tri cia ham phin phoi xdc suat cia phin b6 normal chuan

W= pit o = 1%, ta duge 220 ~ 233, thc 14

1.
c~ (7—-233) x1.5/10 ~ 6.65. Vi5.3 < 6.65,nén P < a = 1%, va ta

c6 thé chap nhan dbi thuyét H, tdc 13 thube c6 hiéu nghiém.

< . R
tac tai diém

Bai tdp 5.11. Trong mot trang trai nu6i bo 16n, trong lugng trung
binh ctia bo 14 520kg. M6t loai thuc don méi nham ting trong lugng
cho bd duge dem thit trén 50 con bo chon ngiu nhién. Cac con bo
dudc thit dat trong lugng trung binh 14 528kg véi do 1éch chuén 25kg.
Hoéi thuc don méi ¢ hiéu nghiém khéng? (Dung kiém dinh Z).

Bdi tdp 5.12. Mot hing xe 6 td tuyén bd 13 mot loai xe mébi do hang
san xudt chi tiéu ton trung binh 3.0 lit xing cho 100km trén dudng
cao tbe. Mot t8 chitc dbc 1ap kiém tra khing dinh nay, bing cach cho
5 ngudi chay thtt 5 xe khac nhau cta loai xe méi dé, va két qua la:
2.90, 2.95, 3.10, 3.35, 3.45 (lit/100km). Dua theo s6 liéu nay, hiy
x4c dinh xem tuyén bd ctia hang xe 6 té c6 chdp nhén duge khong?
Gia st cho 5 ngudi khac chay thit thém 5 xe, va dugce thém 5 két qua
1a 2.95, 3.00, 3.15, 3.30, 3.40. Kiém dinh lai xem tuyén bd cha hang
xe 6 t6 c6 chdp nhin dudc khong, dua trén tdng coéng 10 két qua.
(Dung kiém dinh T).
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Bdi tdp 5.13. Cac tram cung cap nudc cho thanh phd phai kiém tra
chét luong nuéc hang gig, trong dé c6 kiém tra dé6 pH. Muc tiéu 1a
gilt d6 pH cta nudc & quing 8.5 (hoi c6 tinh kiém: trén 7 14 kiém,
duéi 7 13 axit). Mot 14n kiém tra 15 miu nuéc 6 mot tram, thiy ring
d6 pH trung binh ctia cic miu bang 8.28 va d6 1éch chuén 12 0.14.
Hoi riang c6 di co sé d€ két ludn rang d6 pH trung binh cta nuéc &
d6 vao thoi diém d6 khac 8.5? (Dung kiém dinh T).

5.4.3 Kiém dinh so sanh hai ky vong

Gia st ta mubn so sanh ky vong ctia hai bién ngéu nhién X va Y
v6i nhau, dua trén mot miu thuc nghiém ¢6 ny ctia X va mét mau
thutc nghiém ¢& ny ctia Y. Gia thuyét Hy 1A E(X) = E(Y) + A (hoic
E(X) < E(Y) + A) va déi thuyét H, 1a E(X) # E(Y) + A (hodc
E(X) > E(Y)+ A). O day A 1a 6 chénh 1éch gifta hai ky vong theo
gia thuyét.

Khi n va m 16n, thi dua theo dinh ly gi6i han trung tdm va uéc

2 en1a 2 e oy X—-EX) Y-EY
lugng cua do léch chuan, ta co thé coi rang — ( )va )

Sx/ix Sy /vy

\ e 1 A X PN A A 4 A A A < 4
la hai bién ngau nhién doc 1ap c6 phan bo normal chuan tac, trong do

X 1a ham ky vong thuc nghiém ctia X (v6i ¢d thuc nghiém ny), Sx

13 ham d6 1éch chuén thuc nghiém cfia X, va tuong tu nhu vy cho

. 1 e oy (X-E(X)) - (Y -EY
Y.Tu’dosuyratacungcothecmrang( (X)) = (¥)) co

$12 12
Zx 4 Xy
nx ny
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phan bb normal chufn tic. Bdi vy ta co thé dit

X-Y-A
g=-=_- = (5.44)

5% %

nx | ny

Néu gia thuyét Hy 1a ding, titc 1A E(X) = E(Y) + A thi Z ¢4 phin bb
normal chuén tic. Kiém dinh dua trén gia tri thuc nghiém cta théng
ké Z nay dudc goi 13 kiém dinh Z hai mau (two sample Z test) dé so
sanh hai ky vong.

Vi du 5.18. (Aspirin chbng dau tim). Trong mét dot thit nghiém 16n,
22071 bac si tham gia thit nghiém 1am sang vé tic dung ctia Aspirin
chéng dau tim. Céc bac si dugde chia mot cach ngiu nhién thanh hai
nhém: nhém 1 gbm 11037 ngudi, dude cho dliing Aspirin, con nhém
hai gdbm 11034 ngudi duge cho dung placebo (khéng cé thudc).
Khong ai duge biét minh thuée nhém duge cho thube hai 1a nhém
placebo. Két qua tht nghiém cho thdy: 104 ngudi thudc nhém ding
aspirin bi 1én con dau tim (heart attack), va nhém placebo c6 189
ngudi bi 1én con dau tim, nhitng ngudi con lai khéng bi. Hbi thube 6
hiéu nghiém d€ chéng dau tim khéng?

Trong bai to4n nay, c6 thé dit X 1 bién Bernoulli, bing 1 néu bi
dau tim, bing 0 néu khéng bi dau tim, trén quin thé nhitng ngudi
khéng dung aspirin. Ky vong ctia X 13 x4c suat dé€ bi dau tim véi diéu
kién 1 khong dung aspirin. Bién Y tuong tu, nhung cho nhitng ngudi
6 dung aspirin. Thudc hiéu nghiém néu kiém dinh cho thiy ky vong
clia Y phai nhé hon ky vong clia X. C6 thé coi Hy 1 gia thuyét ky
vong clia Y bang ky vong ctia X. Ta ¢c6 mot mau thuc nghiém ctlia
X v6i ¢6 11034, ky vonng thuc nghiém la 189/11034, va phuong sai
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mau 1a (1 - 189/11034).189/11034. Tuong tu nhu vy cho Y. Gia tri
ctia théng ké Z béng:

189 104
11034 — 11037 ~

(1-189/11034).189/11034 | (1-104/11037).104/11037
11031 11037

Vi P = Py (o,1)([5, +00[) < 1/10° 1a con s6 qua nhd, nén ta c6 thé dé
dang loai bé Hy va chip nhan dbi thuyét H, titc 13 aspirin c6 hiéu

nghiém chbng 1én con dau tim.

Trong trudng hgp ma mau thuc nghiém ctia X va Y ¢6 ¢d nhé(cac
s6 nx va ny nhd), kiém dinh Z khéng con chinh xac. C6 thé thay thé
no b??mg kiém dinh T hai mau (two sample T test), néunhu X vay
6 phén bb (gan gibng) phan bd normal, va dudc coi 1a ¢ phuong sai
bdng nhau. Théng ké T & day 1a

T— X-Y-4 : (5.45)

% + & [ _nx+ny

ny nx nx+ny —2
V6i gia st ring Hy 1a ding (E(X) — E(Y) = A), thi T c6 phan b
Student T v6i nx + ny — 2 béc tu d

Vi du 5.19. Gia st mét ngusi nghién cttu xa hoéi mudn diéu tra xem
nhitng ngudi tré do tudi 20-30 va nhitng ngudi gia d6 tudi trén 70,
¢6 hai long vé cubc séng hién tai nhu nhau khéng. Ngudi nay phong
van ngiu nhién 10 ngudi gia va 12 ngudi tré, va danh gia d6 hai long
theo thang diém tit 0 dén 100 (100 13 hoan toan hai long). Gia st cac

)Néu X va Y c6 phuong sai khac nhau, thi c6 mét kiém dinh T tuong tu, goi la
Welch’s T test, ciing dung phan bd T, nhung véi sé béc tu do dude tinh mét cich phiic
tap hon.
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két qua nhén dugc 1a:

Nguoi tré: 77, 68, 82, 55, 91, 63, 78, 56, 47, 80, 78, 60;

Ngusi gia: 76, 35, 66, 53, 85, 38, 47, 66, 72, 61.

Gia thuyét Hy 1a ngudi tré va ngudi gia cé d6 hai long vé cude séng
nhu nhau. Miu thuc nghiém & day tuong d6i nhd, khong thich hop
cho ki€ém dinh Z, nhung ta c6 thé dung kiém dinh T. Goi X 14 bién
“d6 hai long ctia mét ngudi tré”, Y 14 bién “d6 hai long ctia mot ngudi

gia”. Theo hai mau thuc nghiém trén, ta cé:

nx =12, X = 69.58, Ly = 13.36,ny = 10,Y = 59.90, 3y = 16.41.

C6 thé tinh ra théng ké T & day cé gié tri bing (69.58—59.90)/6.3415 ~
1.526, va s6 bac tu do 1a 10 +12 - 2 = 20. Ta c6 gia tri P bang
P = P(|Ty| > 1.526) ~ 14.3%, trong d6 Ty la ky hiéu bién ngau
nhién c6 phan bb Student T véi 20 bic tu do. Tuy ring X = 69.58
chénh 1éch v6i Y = 59.90 kha nhiéu, nhung ma gia tri P & dy bang
14.3% 1a mét con sb khong di nhé d€ c6 thé loai bd gia thuyét Hy.
Ngudi nghién ctu nay phai diéu tra thém trude khi c6 thé két luén 1a

d6 hai long vé cudc sbng clia ngudi tré cao hon ngudi gia.

Bai tdp 5.14. Gia st khi khao sat 30 hoc sinh nam va 30 hoc sinh
nit & mét trudng hoc 16n, thdy diém toan trung binh ctia 30 hoc sinh
nam 13 7.0 v6i d6 1éch chuén 1.4, con cta 30 hoc sinh nit 13 7.4 véi
d6 léch chudn 1.5. C6 thé két ludn dugc ring hoc sinh nit gidi toan
hon hoc sinh nam & trudng nay dude khong? (Dung kiém dinh Z).

Bdi tdp 5.15. Ngudi ta mudn ki€m tra hiéu qua clia mot chuong trinh
xa hoi chdm so6c phu nit nha nghéo dang c¢é thai. Khéao sat trén 50

dtia tré sinh ra tit cic phu nit tham gia chuong trinh nay cho thiy cac
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dita tré nay ltc sinh ra ning trung binh 3000 gam, v6i d6 1éch chudn
410 gam. D€ so sanh, ngudi ta khao sat 50 dita tré sinh ra tit cic phu
nit nha nghéo khéng tham gia chuong trinh, va thiy rang nhitng dta
tré nay luc sinh ra ¢6 cin ning trung binh la 2650 gam v6i do 1éch
chudn 425 gam. Kiém dinh xem chuong trinh nay c6 gitip 1am tré em
nha nghéo dat cidn nidng cao l1én khi sinh ra khéng?

Bai tdp 5.16. M6t vién duong 1ao lam thi nghiém sau: chon 30 ngudi
gia ngau nhién trong vién, chia 1am 2 nhém moi nhém 15 ngudi.
Cho mbi ngudi mot cai ciy canh. Yéu cdu nhiing ngusi nhém diu
tién hang ngay chim séc cy, con khong yéu ciu nhitng ngudi trong
nhém tht hai chidm séc ciy. Ghi lai s6 14n than phién vé stic khée cia
nhiing ngudi trong hai nhém trong vong 1 tuin sau khi cho cy. Két
qua la:

Nhom 1 (dudc yéu cAu chim séc cay): 23, 12, 6, 15, 18, 5, 21, 18,
34, 10, 23, 14, 19, 23, 8.

Nhém 2 (khong yéu cAu chim séc cdy): 35, 21, 24, 26, 17, 23, 37,
22, 16, 38, 23, 41, 27, 24, 32. Hay xem viéc cham séc ciy c¢6 anh
hudng dén sb 14n than phién vé stc khée khong. (Dung kiém dinh
T).

5.4.4 Kiém dinh F so sanh hai d6 l1éch chuin

Nhic lai ring, néu bién ngiu nhién X ¢6 phan b normal N (u, 02),
va 2 1a ham phuong sai mau ctia X v6i & thuc nghiém n, thi n32 /o2
¢6 phan bd y2 véi n — 1 bac tu do. Do dé, ¢6 thé dung cac phin bb
2 trong viéc udc luong va kiém dinh vé phuong sai va d6 léch chudn

cta X (vdi gia st phan bd cia X 1a normal).
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Tuong tu nhu viy, trong trudng hop X va Y 13 hai bién ngiu
nhién v6i phan b6 normal, thi d€ kiém dinh so sanh dé léch chun

e 3A 1A ) , R QN ’ A A
ctia X v6i do 1éch chuan cia Y, ta c6 thé dung cac phan bo sau:

Pinh nghia 5.9. Gid sit x2, va x2 la hai bién ngdu nhién déc ldp c6
phdn bb x2 véi m va n bdc tu do tuong tng. Khi d6 phdn b xdc sudt

cua bien ngdu nhién

2 2
Fpp = X/ _ X (5.46)
Xn/n o mxq

dugc goi la phan bb F véi m va n bdc tu do.

Kiém dinh ding phin bd F d€ so sanh d¢ léch chudn goi 13 kiém
dinh F. Ta gi st ring X va Y c6 phan bb normal v6i d6 l1éch chudn
o1 Va oy tuong tng. Gia thuyét Hy 13 oy = oy Goi S? va S2 1a cac
ham phuong sai mAu hiéu chinh ctia X va Y véi ¢6 thuc nghiém n;
va ny tuong tng. Néu oy = oy thi 52/52 c6 phan b6 F v6i ny — 1 va
no — 1 bac tu do.

Ghi chil 5.8. Phén bd F dudc goi nhu vAy 14 theo chit cai du caa tén
ctia Ronald Fisher. Kiém dinh F chi thich hop khi cc phin b6 ctia X
va Y 1a normal hoic rit gn gibng normal (né khéng dudc “robust”
14m, khi phan bb chéch di khdi normal).

Vi du 5.20. (Cdch do luong nao chinh xdc hon). Gia st ¢6 hai cach
do ham lugng chét arsenic trong dit. M&i cach dugce thit 10 14n (cho
cung mot chd dat), véi cac két qua nhu sau (ppm cé nghia 14 parts-

per-million, ty 1é tinh theo phan triéu):
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Cach | Trung binh (ppm) | D6 1éch chuén miu hiéu chinh (ppm)
I 7.7 0.8
II 7.9 1.2

Phuong phap nao c6 dé léch chuén thip hon thi dugc coi 1 phuong
phéap do cé dé chinh x4c cao hon. Ta mubn kiém dinh xem c6 da
chting c¢6 dé coi rang phuong phap I chinh xac hon phuong phap
11 khong. Gia tri clia théng ké F & day 1a (0.8)2/(1.2)2 = 0.4444.
Cac sbbactudola 10 — 1 = 9va 10 — 1 = 9. Tra mdy tinh, ta cb
P(Fyg < 0.4444) ~ 12%, 12 mot con sb nhd, nhung chua dt nhé
dé€ loai bo gid thuyét H, (1a hai phuong phap c6 do chinh xdc nhu

nhau), can thi nghiém thém.

Cong thitc d€ tinh ham mét d6 cla cac phan bb F nhu sau. N6 ¢b

thé dugc suy ra tit cong thitc ham mét d6 cho cc phan bb 2.

Pinh 1y 5.8. Phdn bd F véi m va n bdc tu do ¢é ham mdt db sau:

0 néu <0
fmn (@) = g(m/2)-1 . (5.47)
C(mx n n)(m+n)/2 neu x > 0,
trong do
m/2,,n/2
_ L'((m+n)/2)m™ n (5.48)
L'(m/2)I'(n/2)

5.5 Kiém dinh y?

Kiém dinh ki binh phuong (x2 test) 13 kiém dinh thudng dudc

dung d€ kiém tra mét gia thuyét vé tinh ding d4n (goodness-of-fit)
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mo6t mé hinh xac suit v6i hitu han cac su kién thanh phdn O =
{A;, Ag, ..., As}. (Khi khong gian xac sult 1a vo han, thi ngudi ta
chia n6 ra theo mot phan hoach hitu han dé dung kiém dinh nay).
Gia thuyét Hy & day c6 thé hiéu 13 cac xac sudt P(4;), i =1,...,s,
phai bing cac sb p; ndo d6 (hoic théa min cac diéu kién gi dé) cho
bdi m6 hinh. Thay vi kiém dinh ting gia thuyét P(A;) = p; cho ting
su kién thanh phan (ttc 13 phai 1am s kiém dinh), ta sé 1am mot kiém
dinh chung cho toan bé mé hinh x4c suit.

M4iu thuc nghiém & diy 13 mét diy n két qua, mbi két qua cb
dang “xdy ra su kién A,”. Ta goi n; 1a sb 1in xay ra A; trong mau.
O ni=n). S6 n; c6 thé hiu 1a mot gia tri thuc nghiém cda bién
ngu nhién N; = “s6 14n xay ra A; trong n 1an thi nghiém”. D€ cho
dé hiéu, ta sé phan biét hai trudng hop: 1) Cac xac suit p; 1a cb dinh
va dugc cho trude trong md hinh; 2) M6 hinh xac suit phu thubc &
tham s6 ndo dé (vi du nhu mé hinh phan bd Poisson phu thudc tham
s6 \), cac tham s6 d6 duge wée luong tit mau thuc nghiém , va cac

x4c sudt p; duge xac dinh tit cic tham sb dé.

5.5.1 Trudng hop mé hinh xac suét ¢b dinh

Theo dinh 1y Pearson [4.15| khi n d@ 16n , phan phéi xac suét cta

bién ngau nhién

Nz‘—PAi’I?,Q
Z( (Ai)n)

A (5.49)

i=1
6 thé x4p xi bing phan phbi y2 v6i s — 1 béc tu do, véi sai sé du
nhé c6 thé bd qua. (Nhic lai ring, phin phbi x2 véi s — 1 bac tu do

12 phin phoi xdc suat cta bién ngau nhién x2 | = Z2 +... + Z2 |,
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t6ng binh phuong ctia s — 1 bién ngiu nhién Z; ddc 14p c6 cung phin
bb normal chuén tic A(0,1)). Gia tri thuc nghiém

2
Vi — pin
= 27( i —pin) (5.50)
— pin
=1
(khi gia st rang P(A;) = p; 1a cac sb cho trudc trong mé hinh) cb
thé coi 12 mot gié tri thuc nghiém cta x2_,. Mot cach dé nhé dé viét

cbng thiic clia théng ké 12 1a:

. observed; — expected,)?
% Z ( p )

= 5.51
expected, ’ (5.51)

i
trong do observed c6 nghia la cac gia tri thuc nghiém, con expected la
cac gia tri ky vong tuong ting (clia sb 14n x4y ra cac su kién).

Vi théng ké {2 14 sb khéng 4m, va do dé sai sb gitta mo hinh phén
bb x4c suét va phan bb thuc nghiém, nén {2 cang nhé thi ching té mé
hinh cang khép véi thuc nghiém. Nhé & day 14 nhé so véi phan phéi
ctia x2_,. Bdi vy, néu P(x2_, > x?) cang cao thi db tin tudng clia ta
vao mb hinh (gia thuyét Hy) cang cao. Néu P(x2_, > {2) > a, véi a
13 mot sb cho trudce theo qui uéc (théng thudng ngudi ta lay o = 5%,
nhung ciing c6 khi 14y o = 10% hay 1%) thi gia thuyét H, dudc chip
nhén, con néu P(x?_; > ¥?) < a thi ngudi ta chip nhén dbi thuyét
H,, titc 1a coi rang md hinh bi sai.

Trong thuc t&, dé tranh sai sb quéa cao khi 4p dung dinh Iy Pearson,
ngudi ta thudng doi héi ¢d n clia mau phai da 16n sao cho p;n > 10
véimoi i = 1,...,s (hodc it ra 1a v6i hiu hét cac chi sb ). Nhiing
su kién A; v6i pjn < 10 12 nhitng su kién “qua hiém” d€ c6 thé kiém

dinh x4c suit clia chiing bing kiém dinh 2.
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Vi du 5.21. Mot ngudi choi tung xtc siac. Tung mét con xic sac 120
14n, trong d6 c6 35 14n hién 1én s6 6. Hbi ¢6 su “thién vi s6 6” (chang
han c6 su gian 14n, hay quin xtc sic khéng can bang) & day khong,
hay 14 s6 6 hién 1én nhiéu 14 hoan toan do ngiu nhién?

M6 hinh x4c sudt & ddy gém hai su kién: A = hién 1én s6 6, véi
xac sult (néu gid st khong c6 thién vi) 1a 1/6, va A = hién 1én sb
khac 6, v6i xac sudt 5/6. S6 14n thuc nghiém hién 1én 6 13 35 so v6i
ky vong 14 120/6 = 20, con s6 1an hién 1én khéc 6 12 120 — 35 = 85 so
v6i ky vong 13 100. Théng ké {2 & day la:

L, (35—-20)2 (85— 100)2

_ —13.5.
X 50 T 100 3,9

Ta c6 P(x? > 13,5) < 1%. Nhu véy gia thuyét Hy bi loai bd, va dbi
thuyét “s6 6 duge thién vi” duge chép thuan.

Tht nhién, vi du trén rit don gian, voi sébactudolal, va thay vi
1am kiém dinh ki binh phuong, ta c6 thé lam kiém dinh Z cho xac suét
ctia su kién hién 1én sb 6, ciing sé ra két qua tuong duong. Nhung néu
thay vi chi kiém dinh xem s6 6 c6 dudc thién vi khong, ta mudn kiém
dinh cting mét lic tht ca cac sb cla xtc sdc xem c6 s6 ndo dugc thién

vi khéng, thi néi chung sé phai diing dén ki binh phuong.

Vi du 5.22. M6t ngudi tung xuc sic 120 14n, ¢ 28 14n hién sb 1, 14
14n hién sb 2, 26 14n hién s6 3, 18 1an hién s6 4, 15 14n hién s6 5, 19
14n hién sb 6. Hdi rang xtc sic c6 “cin bing” khéng? Gia thuyét “can
bing” Hy & day 1a xac suit hién 1én mbi sb trong mdi 14n tung déu
14 1/6. Ky vong s 14n hién ra mdi sb trong 120 lan tung déu la 20.

(28 —20)2 (14 —20)2 (26 —20)? N

Théng ké {2 6 day la: {2 = 50 + 50 + 20
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(18 — 20)?2 N (15 — 20)?2 N (19 — 20)?2
20 20 20
Tra bang phéin phoi xac suat caa x2, ta cd P(x2 > 8,3) ~ 14%.

=8,3.
Con sb 14% dt 16n d€ chap nhan gia thuyét H,.

5.5.2 Truong hdp mé hinh xac suit dudce wée luong theo
tham sb

Nhic lai rﬁng, khi cac xac sult p; = P(4;),i=1,...,sla dudc
cho truéc trong mé hinh va ta cin kiém dinh ching, thi s6 béc tu do

ctia phan bb x? tuong tng 1a s — 1. Ly do 14 vi ta ¢6 mot rang bude
i — Dinl

Vil —pi)n’

tuyén tinh giita s bién ngiu nhién cu thé la:

(5.52)

= p)—ipn n_y
Z pilt =) W Z v
Gi6i han ctia phan b xac sudt dong thdi clia bd s bién ngiu nhién
nay 14 mét phan bb normal s chiéu nhung cé rank bang s—1 vi c6 mot
rang budc tuyén tinh, nén né c6 thé nhan dude tit phan bd normal
chuén tic s — 1 chiéu qua mét phép bién déi tuyén tinh, va bdi vay ta
chi ¢6 s — 1 bac tu do.

Khi cac xdc sult p; = P(A;), i =1,...,s khong dugc cho trudc
trong moé hinh, ma phu thudc vao k tham s6 01, ...,0, ndo db cla
m6 hinh phan bb xac sudt, va k tham sb nay dugce uée luong tit miu
thuc nghiém, thi thay vi 1 rang budc tuyén tinh, ta c6 k + 1 rang budc

i — Pin

pz(l pz)
— pin )
pin

tuyén tinh gitta cac bién ngiu nhién . B8i vay, trong

trudng hop nay, phan phoi xac suit cla Z (V6i k +1

=1
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diéu kién rang budc dé) khong tién t6i phan phbi xac suit caa X2,
(v6i s — 1 bac tu do) nita, ma tién t6i phan phé)i X4c suht cta ng o1l
(v6i s — k — 1 béc tu do). Khing dinh nay c6 thé duge chitng minh
tuong tu nhu dinh ly Pearson Bd6i vAy, truong hop khi ma mo
hinh x4c sult c6 k tham sb dudc ude luong, dude kiém dinh hoan
toan tuong tu nhu trudng hop khéng cé tham sb, nhung & bude cudi
cling phai dung phan phbi xac suit x2 v6i s — k — 1 bac tu do thay
vi s — 1 bac tu do: Néu P(x2_,_, > x?) > « thi gid thuyét Hy dugc
chép nhan, con néu P(x2_, , > ¥?) < a thi chap nhén dbi thuyét
H;.

Vi du 5.23. Chiing ta sé kiém dinh gia thuyét “s6 vu 4n mang xay ra
4 London hang ngay tuan theo phan bb Poisson”, dua theo s liéu
théng ké trong vi du Ta c6 bang théng ké sau:

1 0 1 213 4
n; || 713 | 299 | 66 | 16 | 1

trong dé n; 14 s6 ngay xay ra i an mang trong vong 3 nim, tit 04/2004
dén 03/2007. Téng sb ngay & day 1a 713 + 299 + 66 + 16 + 1 = 1095
ngay.

Trude hét ta ude lugng tham sb A cta phéin b Poisson trong gia
thuyét. Néu X 13 bién ngdu nhién tudn theo phan phbi Poisson véi
tham sb A, thi A = E(X). Béi vy ta uéc luong A bing ky vong ctia
mau thuc nghiém:

- S ini _ 1
S 1095

i=0 T4

(0x7134+1%x299+2x66+3x16+4x1) ~ 0,4411.
Goi py; 14 x4c sudt clia sy kién “trong ngdy c6 i vu giét ngusi” theo
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m6 hinh phan phdi Poisson véi tham s6 A. Khi d6
poi = (0,4411)%e 041 /515 =0,1,2, ..

Viéc uéc lugng A (va qua do pp;) nhu trén tao thém mot rang budc
Ni — poin

V/poi(1 — poi)n’

rang budc cho bdi phuong trinh (5.52)), cu thé la:
Z p0@ —0.

Nhan n = 1095 v6i py;, ta dude bang sau, véi cc gia tri ky vong npo;

tuyén tinh sau day cho cac bién ngau nhién ngoai

vé sb ngdy c6 i vu giét ngudi trong vong 3 nim: ta dudc bang sau:

7 0 1 2 >3
npo; || 704,44 | 310,73 | 68,53 | 11,28

O bang trén, ta gdp cac sb cac sb npy;,i > 3, lai v6i nhau, d€ dugc
mot gia tri 16n hon 10 (cac sb bit dau tu npos trd di qua nho: npy ~
1,1, npos ~ 0,1, npgs < 0,01 ,...). Tdc 1a ta sé kiém dinh m6 hinh
phén bb Poisson don gidn héa, véi chi c6 4 su kién thanh phan, tng
v6i s6 vu giét ngudi trong ngay nhu sau: 0, 1,2, > 3.
Gia tri ctia thong ké 2 & day la:
o (713 704,44 | (209 —310,73)°
704,44 310,73

(66 — 68, 53)2 N (17 — 11, 28)?
68,53 11,28

~ 3, 54.

Vi trong md hinh phan b xac suit ¢ k = 1 tham sb dudc tinh

bing wéc luong (tham sb ), nén phan bb xac sudt x2 cin dung & day
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c6sbbactudobingd —1—1=2.Tach
P(x3 > X°) = P(x3 > 3,54) ~ 17%,

14 con s6 khé 16n (16n hon 10%). B8i vay gia thuyét H, (ring sb vu

4n mang hang ngay tuan theo phan b Poisson) dudc chip nhén.

5.5.3 Kiém dinh y2 cho su doc lap

Khi ta mudn kiém tra xem hai su kién hay hai bién ngau nhién
nao dé cé déc 14p véi nhau khéng, ta ciing ¢ thé dung x2. Ching
han, gid st ta ¢6 bién ngdu nhién X nhan m gia tri 1, ..., Zm, va
bién ngdu nhién Y nhén n gia tri yi, ..., y,. Gia thuyét Hy: X doc
lap v6i Y 6 nghia 1a P(i,j) = P(X = z;,Y = y;) = P(X =
z;)P(Y = y;) v6i moi 4, j. M6 hinh gian xac suét 6 day c6 mn phan
th (X = x;,Y = y;). M6 hinh xac suat & day c6 m + n — 2 tham
s6, ¢6 nghia 12 néu ta uée luong dudc m +n — 2 gia tri P(X =
1)y, P(X = 2m_1), P(Y =y1),..., P(Y = y,_1), thi ta biét dugc
toan bd phin bd xac suit clia khéng gian xac sudt (néu chip nhén
gia thuyét P(X = 2;,Y = y;) = P(X = ;) P(Y = y;) v6i moi i, 7).
B4i vay, s6 béc tu do clia phin bb y? cn dung trong kiém dinh gia
thuyét Hy 6 day la: mn — (m+n—2) — 1= (m —1)(n — 1).

Vi du 5.24. Ngudi ta mubn ki€m dinh xem d6 tudi ctia ngudi c6 anh
hudng dén khuynh huéng chinh tri khéng. D& don gian, trong vi du
nay ta chia cac khuynh huéng chinh tri ra lam 3 khuynh huéng: phai
ta, phai hitu, va trung 14p. Va ta ciing chia cac d6 tudi ra 1am 3: dudi

30 tudi, tit 30 dén 50, va trén 50 tudi. Bang sau 13 mot bang théng
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ké thim do khuynh huéng ctia 500 ngudi dude chon mét cach ngiu

nhién:
Tudi Khuynh huéng | Phaita | Phai hitu | Trung lap || Tong
Dud6i 30 45 35 38 118
30 dén 50 62 60 95 217
Trén 50 48 49 68 165
Tong 155 144 201 500

Gia stt d6 tudi va khuynh huéng chinh tri doc 14p v6i nhau. Khi do,
dua vio cac sb téng trong bang trén, uée luong ky vong ctia sé ngudi
duéi 30 tudi theo phai ta trong sb 500 ngudi sé 1a 155 x 118/500 =
36, 58, va tuong tu nhu vy cho cac 6 khac. Théng ké {2 & day la:

o (45— 36,58)? N (62 — 67,27)2 N (48 — 51,15)?
36, 58 67,27 51,15
(35 —33,984)2 (60 — 62,496)% (49 — 47,52)?

33,084 62,496 47,52
(38 — 47,436)° | (95— 87,23)° (68 —66,33)° . .09
47,436 87,23 66, 33

Sbbactudoddayla (m—1)(n—1)=B3-1)(3—-1) =4.Tacb
P(x% > 5,329) > 25%. Nhu vAy ta chip nhén gia thiét Hy: d6 tudi
khéng anh hudng (dang ké) t6i khuynh huéng chinh tri.

Bai tdp 5.17. (Sinh vién nit c6 bi ky thi?). M6t diéu tra nidm 1975 &
mot trudng dai hoc hang du trén thé gisi vé sb sinh vién nam va nit
xin hoc va dude nhén vao hoc cac chuong trinh sau dai hoc & 3 khoa

16n nhét trudng cho két qua théng ké sau:
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Dudc nhan | Bi tit chdi
Nam 526 550
Nt 313 698

Hay kiém dinh xem c6 di co s6 théng ké d€ néi ring sinh vién nit

khé dude nhan vao hoc sau dai hoc hon so v6i sinh vién nam khong?

5.6 Phan tich hoi qui

Hoi qui (regression) 13 phuong phép théng ké toan hoc dé uéc
luong va kiém dinh cic quan hé giita cic bién ngiu nhién, va ¢ thé
tlt d6 dua ra cac du bdo. Cac quan hé & diy dudc viét dudi dang cac
ham sb hay phuong trinh.

Y tudng chung nhu sau: gi st ta c6 mot bién ngéu nhién Y, ma ta

mubn uée luong xap xi duéi dang moét ham sbé F(Xq, . .., X,) clia cac
bién ngﬁu nhién X1, ..., X, khac (goila cac bién diéu khién (control

variables), hay con goi 13 bién tu do (tiéng Anh goi 13 independent
variables, nhung khong cé nghia dy 13 mét bd bién ngiu nhién doc
1ap), trong khi Y dudc goi 12 bién phu thudc (dependent variable)),
tirc 12 khi ta c6 céc gid tri cia X1, . . ., X, thi ta mubn tit d6 uéc luong
dugc gia tri ctia Y. Ham sb F nay c6 thé phu thudc vao mét sé tham

$6 0 = (01,...,0;) ndo dé. Ta cb thé viét Y nhu sau:
Y = Fo(Xy,...,Xs) + e (5.53)

trong do e la phan sai so (cling la mot bién ngau nhién). Ta muon

chon ham F mét cach thich hop nhét ¢ thé (phu thudce vio ting 16p
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bai toan cu thé), va cac tham sb6 0, sao cho sai sb ¢ 1a nhd nhét ¢
thé. Thong thudng, ngudi ta do d6 to nhd cla sai sé biang chudn L
(sai s6 trung binh binh phuong). Cé nghia 13, ta mubn chon 6 sao
cho E(|¢[2) 1a nhé nhit ¢6 thé. Dai luong

E(e]?) (5.54)

dudc goi la sai s6 chuin (standard error) ctia md hinh hdi qui. M6
hinh ndo ma cé sai sé chuén cang thap thi dugc coi 13 cang chinh xac.

Mo hinh don gian nhit 1a mé hinh tuyén tinh v6i mét bién diéu
khién: F(X) = aX + b, v6i a va b 1 hing sb. Viéc tim a, b 10i uéc
luong Y béi ham tuyén tinh aX + b dude goi 13 hdi qui tuyén tinh
don, ma ta da gap trong Chuong 3, Muc Hoi qui tuyén tinh
thich hop trong mét sb trudng hop, khi cac bién ngiu nhién phai cb
quan hé tuyén tinh ndo dé véi nhau vé mit Iy thuyét. Ching han, su
phu thudc cta gia nha vao dién tich nha (khong k€ dén cac yéu tb
khac) c6 thé coi 13 tuyén tinh, vi ta ¢6 thé hinh dung 13 1 c4i nha to cb
thé chia 1am hai cai nha nhd bang mét nita. Thé nhung trong luong
clia qua tao khéng phu thudc tuyén tinh vao dudng kinh ctia né, ma
phu thudc tuyén tinh vio 1ap phuong ctia dudng kinh ctia n6 thi hop
1y hon. Hay d4n sb ctia Viét Nam thay déi hang niam ciing khéng theo
ki€u tuyén tinh. Béi vy, viéc chon lwa ham F sao cho thich hop (dua
trén cac ly thuyét ndo dé) 1a quan trong khi 4p dung phuong phéap
hdi qui. M6t khi di ¢b dinh mét 16p ham Fp hop 1y, gia tri cta 6 hop
Iy nhét sé 1a gi4 tri sao cho E((Y — Fy(X1,...,X,))?) 1a nhd nhét.
Nhu vdy, trong nhiéu trudng hop, bai toan hdi qui duge dua vé van
dé tim cuec tri: tim 6 sao cho E((Y — Fp(X1,..., X,))?) nhé nhét.

Nhic lai ring, trong thuc té, vi ta khong biét chinh xac phéan bb
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x4c suit ddng thoi clia cac bién X; va Y, ma chi biét mét phan bd
thuc nghiém nao dé théng qua mot sb sb liéu két qua thuc nghiém,
nén ta sé thay (uéc lugng) cac khéng gian xac suit béi cic khong

gian xac sudt thuc nghiém.

5.6.1 Hoi qui tuyén tinh don

Hoi qui tuyén tinh don di dude nhéc téi trong Muc Gia
stt hai bién ngiu nhién X,Y hop thanh vector ngu nhién 2 chiéu
(X,Y), v6i cac gia tri thue nghiém (z1,71), . .., (2, ¥n). Ta mubn viét
Y duéi dang ham tuyén tinh cta X,

Y=aX+b+e€ (5.55)

v6i sai s6 binh phuong E(|e|[2) nhé nhét (a, b 14 hing sb con sai sb €
1a bién ngdu nhién). Ta sé tim a, b sao cho sai sb thuc nghiém bing
phuong (sai sb trung binh binh phuong) S, leil?/n 1a nhéd nhit,
trong d6 ¢; = y; — ax; — b 1 cac sai sb thuc nghiém. Goi vector v6i
phén bb thuc nghiém cho béi cac cip sb (z1,11), ..., (Tn, yn) Ny 12
(X,Y). Khi d6 cong thitc sé 1a (xem Muc:

B cov(X,Y) i@ =) (g — 7))
= ) - (o~ 1) (5.56)
va
b=7—az =E(Y) — aRB(X), (5.57)

trong d6 T = (> z;)/nvay = (3. y;)/n la cac gia tri ky vong thuc
nghiém. Binh phuong cta hé sb tuong quan thuc nghiém,
9 cov(X,Y)?

var(X)var(Y)
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13 s6 do d6 chinh xac cta hdi qui tuyén tinh trén miu thuc nghiém:
néu R? = 1 thi 327, |e;2 = 0, tic 1a khong c6 sai s6. Trong trudng
hop tong quat, ta c6

R var(af(:k b) _ var(Y) — (1~/n) > 6127 (5.59)
var(Y) var(Y)

va titc 1a R? cang gan 1, thi t6ng sai s6 binh phuong 37, €2 cang nhd.
Vi du, khi R? = 0.9, thi d6 sai s6 chuén (cin béc hai clia sai s6 trung
binh binh phuong) bing v1 — B2 ~ 0.32 lin dé léch chuén (thuc
nghiém) ctia Y. Néu gid stt d6 1éch chuén ctia Y bing 1/4 gia tri
trung binh ctia Y, thi tic 13 hoi qui tuyén tinh trong trusng hop nay
sé ¢6 sai sb € vio quing 32%/4 = 8% gia tri clia Y.

Khi di c6 phuong trinh hdi qui tuyén tinh don Y = aX + b + ¢,
thi v6i moi gid tri cia X ta c6 mét udc luong Y cho gia tri tuong
{ing ctia Y theo cong thitc Y = aX + b. Gibng nhu cac bai toan ude
luong dude ban & phia trude, ¢ thé tinh khodng tin ciy va do tin
ciy clia u6c luong nay. Khi R? gin 1, vd X nam trong doan thing
[min z;, max z;] thi u6c lugng nay c¢6 do chinh xac cao (khoang tin
ciy hep) con ngudc lai thi d6 chinh x4c thp. Ching ta sé khong di

vao chi tiét & day.

5.6.2 Hoi qui tuyén tinh boi
Trong héi qui tuyén tinh boi, ta mudn tim tham sb = (6o, ...,0:),
sao cho khi dat

Y =0+ 0:iXi+e (5.60)

=1
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Chuong 5. Théong ké todn hoc

trong dé X, va Y 14 céc bién ngu nhién cho trudc, thi sai s6 trung
binh binh phuong E(|¢|?) 13 nhé nhét.
D€ cho tién, ta sé dit X, = 1 va coi d6 nhu 1a mot bién ngiu

nhién (co gia tri luén bang 1), va viet

S
Y =) 60X +e. (5.61)
i=0
Ta sé gia st ring cAc bién ngdu nhién X;,i = 0, ..., s 1a ddc lap tuyén

tinh véi nhau (khéng c6 bién nao cé thé viét dude dudi dang mot
t6 hop tuyén tinh cta cac bién khac), vi néu chiing phu thudc tuyén
tinh, thi ta c6 thé loai b6t mot sb bién di.

Khéng gian cic bién ngiu nhién (trén ciing moét khong gian xéac
suat ban dau) véi tich vo huéng (X, Y) := E(XY) 1a mot khéng gian
(tién) Hilbert. Béi vay bién ngﬁu nhién ¥ = >l 0i X nam trén
khéng gian con s + 1 chiéu V = R(X,, ..., X,) sinh bdi Xy, ... X,
sao cho chuén binh phuong |Y — V|2 := E(|Y — Y|2) nhd nhét, chinh
14 4nh ctia phép chiéu vudng géc tir Y 1én trén khong gian con V nay.
No6i cach khac, cac tham sb 6; cAn thda man hé phuong trinh tuyén
tinh sau:

<Y—§:9ixi,xj>:0 Vi=0,1,...,s, (5.62)
i=0
hay c6 thé viét 13
i:ai(xi,xjy —(Y,X;) Vj=0,1,...s (5.63)
i=0
Nghiém duy nhét ctia hé phuong trinh nay la:

o \~1
)i, = (X0 XDIE2) (Xm0 (5.69)
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5.6. Phdn tich héi qui
5.6.3 Hoi qui phi tuyén

Hoi qui phi tuyén 13 khi ham hdi qui F khéng phai 1a ham tuyén

tinh clia cac bién X;. Tuy nhién, trong nhiéu trudng hop, bing cach
d6i bién, ta c6 thé dua bai toan hdi qui phi tuyén vé bai toan hdi qui
tuyén tinh boi. Vi du, gia st ham F 13 ham da thitc bic 3 mét bién:
F(X) = aX3+bX?+cX +d. Khidé, dit X; = X, Xo = X2, X3 = X3,
ta dua bai toan nay vé trudng hop hdi qui tuyén tinh véi ba bién diéu
khién X1, X5, X3. Céc bién diéu khién nay tAt nhién 1a phu thudc vao
nhau, nhung chiing doc 14p tuyén tinh véi nhau, béi vy c¢6 thé dung
nguyén tic giai bai toan hdi qui tuyén tinh bdi nhu trong muc phia
trén. Trong trudng hop chung, khi ma khéng dua duge vé mé hinh
tuyén tinh, viéc tinh toan cé thé phtic tap hon, nhung cac chuong
trinh may tinh sé gitip ching ta tim dudc cic tham sb tbt nhit, va
kiém tra muc d6 sai s6 ctia md hinh.
Vi du 5.25. Chung ta sé thit 4p dung mét sé mé hinh héi qui vao viéc
luée luong gia ctia cac xe 6 t6 BMW 320 cli ban 6 Phap vao 11/2009.
Gia ctia xe phu thudc vao nhiéu yéu tb: tudi clia xe, sb km da chay,
kiu dang xe, tién nghi trong xe, su bdo hanh, cac phu tiing di thay
thé, v.v. & day, d€ don gian, ta sé chi uéc lugng gia xe theo hai bién:
tudi clia xe va s6 km da chay. TAt nhién u6c luong nhu vay sé cé sai
s6 cao, v mubn uéce luong chinh xac hon phai thém cac bién khac.
Bang sau d4y 1 gia ban (tinh theo nghin euro) ctia 60 chiéc BMW cii
tai thoi diém 08/11/20009, cung v6i tudi cha xe (tinh theo sb nim)
va quang duong da chay (tinh theo nghin km):

Obs price age distance
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Chuong 5. Théong ké todn hoc

1 31.0 1 24

2 12.5 5 115

3 15.5 6 80

4 6.7 9 195

5 30.0 2 53

6 21.0 3 52

7 18.5 3 75

8 .6 10 126

9 .0 7 138
10 18.0 5 70
11 11.0 5 150
12 13.0 5 156
13 11.0 8 124
14 9.0 7 180
15 8.0 8 143
16 12.0 8 97
17 17.5 4 100
18 7.0 8 200
19 20.0 4 80
20 6.0 8 230
21 15.3 5 109
22 23.0 3 37
23 .5 13 130
24 .0 8 180
25 24.5 2 25
26 12.5 5 142
27 15.0 5 70
28 7.0 7 166
29 24.0 2 45
30 11.5 6 146
31 23.5 3 55
32 7.2 8 245
33 29.0 1 13
34 9.9 8 188
35 33.0 0 10
36 14.3 5 90
37 17.5 3 101
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5.6. Phdn tich héi qui

MO hinh thit nht 14 mé hinh héi qui tuyén tinh don, cta gia theo

tudi: price = a + b.age. May tinh cho két qua sau:

estimated_price ~ 24.69 — 1.78 x age,

(5.65)

v6i sai s6 chuéin bing 3.78 (so v6i gia trung binh ctia xe 14 13.03). Sai
s6 chuén nhu vy 1a rt cao so véi gia trung binh (3.78/13.03 ~ 29%).

RG rang mé hinh nay khéng dugc tbt, vi ching han né cho uéc luong

gia am cho nhiing xe trén 14 tudi, trong khi nhitng xe d6 van c6 gia

duong miy nghin euro.
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Chuong 5. Théong ké todn hoc

price versus age (with least squares fit)

35

¥ = 34,72 % exp(- 0.175+X)
Y =24.7 - 1.78X

price

Hinh 5.6: M6 hinh héi qui tuyén tinh don va phi tuyén don cho gia
xe BMW

Mo hinh thtt hai 14 mé hinh phi tuyén don: price = a. exp(b.age).
Theo mé hinh nay, gia clia xe gidm theo tudi, khéng theo cip sb cong

ma theo cp s6 nhan. May tinh cho két qua sau:
estimated_price ~ 34.72 x exp(—0.175 x age), (5.66)

v6i sai s6 chuén 13 2.36. Sai sb chudn nay di gidm dang k€ so v6i mo
hinh tuyén tinh (tit 3.78 xubng con 2.36), va hon nita mé hinh nay

hop 1y hon vé mit logic, vi gi4 ctia xe dude dem ban ludn 13 s6 duong
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5.6. Phdn tich héi qui

(xe nao hét gia tri, thi ngudi ta vit vao bai thai xe, khong con dem
ban ntra).

M6 hinh tht ba 14 tuyén tinh don theo quing dudng da chay:
price = a + b.distance. M4y tinh cho két qua:

estimated_price ~ 25.05 — 0.096 x distance, (5.67)

v6i sai s6 chudn 13 4.08. M6 hinh nay con tbi hon 1a mé hinh héi qui
tuyén tinh don theo bién tudi ctia xe.

MO hinh tht tu 13 tuyén tinh béi, theo tudi ctia xe va quing dudng
dé chay. Méy tinh cho két qua:

estimated_price ~ 27.50 — 0.0557 x distance — 1.146 x age, (5.68)

v6i sai s6 chuén 13 2.60. M6 hinh nay tit nhién t6t hon ca hai mé
hinh hdi qui tuyén tinh don phia trén, nhung sai sb ctia n6 van cao
hon 14 mé hinh phi tuyén don. Ly do kha hién nhién: su phu thude
clia gia xe vao tudi 13 phi tuyén.

M5 hinh thit nim 13 két hop ctia mé hinh tht hai va thi ba: phi
tuyén theo tudi cong thém mét phan tuyén tinh theo quing dudng

dé chay. May tinh cho két qua sau:

estimated_price ~ 31.58 x exp(—0.1075 x age) — 0.0297 x distance,
(5.69)
v6i sai s6 chudn 14 2.07. M6 hinh nay chinh xac hon ca 4 mé hinh

phia trudc.

M6 hinh thit sdu 13 diéu chinh cta mé hinh thit nim. Ta sé thay

bién quing dudng da chay bing mét bién méi, goi 13 attrition (hao
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Chuong 5. Théong ké todn hoc

mon):
distance
ttriti = ———10. 5.70
attrition (age 1 05) (5.70)

Y tudng 13, cac xe néi chung chay it ra 10 nghin km mét nim. Mitc
10 nghin km mét ndm dudgc coi 1 mitc v6i d6 hao mon thép, va véi
d6 hao mon d6 thi gia xe gidm theo cip s6 nhan. Néu chay trén 10
nghin km mét nim, thi d6 hao mon cao hon mitc thip, va gia cla xe

gidm thém di. May tinh cho két qua:

estimated_price ~ 35.83 x exp(—0.1468 x age) — 0.2815 x attrition,

(5.71)
v6i sai s6 chuén 1a 1.70, t6t hon nhiéu so véi cdc md hinh trude. C6
thé xay dung thém nhitng m6 hinh khac hop 1y va chinh xac hon nita,
nhung chlng ta sé tam dung & day.

Bai tdp 5.18. Hay liy nhiing bang sb liéu théng ké c6 thure bat ky nao
d6 (chng han nhu nhiing bang sb liéu théng ké di kém theo chuong
trinh gretl, ho#c 14 nhitng bang sb liéu théng ké tit rdt nhiéu ngudn
khac nhau trén internet), roi thit lam phan tich hdi quy tuyén tinh

don, tuyén tinh béi, va phi tuyén véi chiing.
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Phu luc A
LGi giai cho mot so bai tap
1.1 Loi giai bai tip Chuong 1

Bai tap 1.1. 3’ = 3: Hién nhién.

3=3:Dbat B’ = (AUB)\A.Khido ANB’=@va AUB = AUB'".
Suyra P(AU B) = P(AU B') = P(A) + P(B'). Két hop véi P(B) =
P(B')+ P(An B) tadugc P(AUB) = P(A) + P(B) — P(AN B).
Bai tip 1.2. Ap dung tién dé 3’ tac6 P(AUBUC) = P(AUB) +
P(C)—P((AUB)NC)
=P(A)+ P(B)— P(ANnB)+ P(C)-P((AnC)u(BNQ))
= P(A)+P(B)+P(C)-—P(ANB)—-P(BNC)—P(CNA)+P((AN
C)N(BNC))
= P(A)+P(B)+P(C)-P(ANB)—P(BNC)—P(CNA)+P(ANBNC).

Bang quy nap ta c6 thé chitng minh dudc rang
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Phu luc A. Loi gidi cho mét sb bai tdp

P(U A,) = ZP(A,) — ZP(AZ ﬂAj) + Z P(AZ ﬂAj N Ak) —
i=1 i=1 itj itjtk

n

L (=D)TP(() 4.
i=1
Bai tap 1.3. C6 n! cach xép n ban thanh m6t hang doc, trong d6 c6
(n — 1)! cach xép dé Vova & ngay sau Lily. Nhu véy xac suit d€ Vova
(n—1)! 1
nl on
C6 thé giai cach khac nhu sau. Xac suat dé Vova khong ding dau

6 ngay sau Lily trong hang la

hang 13 (n — 1)/n. Khi Vova diing ddu hang thi khong thé diing sang
Lily, con khi Vova khéng diing dau hang, thi xdc sudt d€ Lily ding
ngay trudc Vova la 1/(n — 1) (vi trong n — 1 vi tri con lai thi c¢6 1 vi
tri 14 ngay trudc Vova). Bdi vy xac suit d€ Vova diing ngay sau Lily
la: (n—1)/nx1/(n—1) =1/n.

Bai tip 1.4. Goi Q) 1a khong gian miu, A 14 bién cb c6 hai ngudi
trong nhom viét tén ctia nhau. Ta 6 || = 4° = 1024, |A| = C2.43 —
C4.C2.4 = 520 . (D4u tién chon ra hai ngudi trong nhém viét tén clia
nhau, 3 ngudi con lai viét tén mét ngudi bat ky trong nhém, nhu vay
nhiing cach viét tén ma c6 hai cip trong nhém viét tén cia nhau da
dudc tinh hai lén)AXéc 86115ét d€ c6 hai ngudi trong nhém viét tén cta
nhaula P(A) = :Ql = 193"

Bai tap 1.5. Goi  1a khong gian mAu, M 1a bién cb doi A gip doi
B trong gii, My, Ms, M; 14n ludt 14 cac bién cb déi A gip d6i B 6
vong 1, vong 2, vong 3. Ta ¢c6 P(M) = P(M;) + P(Ms) + P(Ms3), véi
P(M,) = % Q| = C2.6! = 28.6!. (C6 C2 cach chon hai d6i & vong
chung két, 6.5 cach chon hai d6i bi thua 6 vong 2 va 4.3.2.1 cach
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1.1. Loi gidi bai tdp Chuong 1

chon 4 d6i bi thua & vong 1). |M3| = 6! (C6 6.5 cach chon hai doi bi
thua A va B 6 vong 2 va 4.3.2.1 cach chon 4 doi bi thua & vong 1).
| M| = 2.6! (C6 2 cach chon déi thang trong trdn A — B, 6 cach chon
d6i gip A hodc B trong tran chung két, 5 cach chon déi thi hai bi
thua & vong 2 va 4.3.2.1 cach chon 4 déi bi thua 6 vong 1). Nhu viy

M| 1 Ms| 1 111
P(My) =" = — P(Mg)="""3 = — P(M)=-+—+— =
(M2) Q] 14’ (My) Q] — 28’ (M)=7+71% 3
1
Z.

C6 thé gidi cach khac nhu sau. Téng cong c6 CZ = 28 cip doi, va
¢6 7 trdn diu. Vi cac cip 1a “binh ding”, nén trung binh mébi cip cb
7/28 = 1/4 tran d4u (giita hai d6i ctia cip d6). C6 nghia 1a cip doi
A — B ciing c6 trung binh 13 1/4 trn d4u, hay néi cach khac, xac
suét dé xay ra tran d4u gitta A va B 1a 1/4.

Bai tap 1.6. Tinh phan xa va tinh déi xting 12 hién nhién. Ta chiing
minh tinh chit bic ciu. Gid st ¢ : (1, P1) — (D2, P) va 1 :
(Qa, P) — (Q3, P3) 1a cac dang cAu xac sudt véi ¢ : Q\A; —
o\ Ay va 1 : Qo\By — Q3\Bjs la cac song anh bdo toan xac sut,
Pi(A1) = Py(A2) = P2(Bz) = P3(B3) = 0. bat Az = (A2), B =
¢~ 1(Bsy). Khi d6 Pi(B;) = P3(A3) = 0. Anh xa ¢ o ¢ : Q1\(4; U
Bi) — Q3\ (A3 U Bs) 1a mot song 4nh bao toan xac sudt v6i P(A; U
By) = P(A3 U Bs) = 0. VAy (€1, Py) va (Qs, P3) dang ciu xac suét.
Bai tap 1.7. Xét anh xa chiéu ¢, : (Q1, P1) x (2, P3) — (1, P1) va
Ala mot tAp Py - do dugc. Khi dé ¢;'(A) = A x Qg 12 P - do dugc
va P(¢; ' (A)) = P(A x Q) = Pi(A).Py(Qa) = P1(A).

Bai tap 1.8. D€ két thic trin diu, Nam va Tién phai choi it nhit 13

3 sét va nhiéu nhit 13 5 sét. D€ Nam 13 ngudi thing trin thi Nam
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Phu luc A. Loi gidi cho mét sb bai tdp

phai 13 ngudi thing set cubi cung. Xac suit d€ Nam thing tran la
2 2.3 2 3
022.(5)3 + Cg.(g)?’.5 +C2.(2)3.(5)? = 0.31744.

5 5
Bai tip 1.9. P(A|B) = P(B|A) & P(Jf(;)B) - P(If(jl)B)

P(B).

< P(A) =

Bai tAp 1.10. Goi A 13 bién cb trong 3 con méo ¢6 it nhit mét con

la meo Céi’PB(jlé bjié:n cb PcéBS; con méo déu 1a méo ci. Ta can tinh
N 1/2 1

P(Bl4) = P(A) - PEA) 1 E (/1/>2) T

Bai tap 1.11. A, B doclap nén P(ANB) = P(A).P(B).Taco P(A) =

P((ANB)U(ANB)) = P(ANB)+P(ANB) = P(ANB)+P(A).P(B).

Suyra P(ANB) = P(A).(1 - P(B)) = P(A).P(B). Vay A va B doc

lap.

Bai tap 1.12. Ta liy 3 su kién A, B, C trung véi 3 su kién X, Y, Z nhu

trongvidul.18. Taco P(X) =1/2, P(Y) = P(Z) =1/6, P(XNY) =

1/12 = P(X).P(Y),P(X N Z) = 1/12 = P(X).P(Z),P(Y N Z) =

1/36 = P(Y).P(Z),P(XNY NZ) =0 # P(X).P(Y N Z). Nhu viy

X doc lap v6i Y va Z nhung khong doc lap v6i Y N Z.

Bai tip 1.13. Goi C 1 su kién “quén rit ra dau tién 13 quén co”. Ta
- 12 13 1339 1

¢6 P(B) = P(B|C).P(C) + P(BIC).P(C) = 1.0 + -0 = 1 <
13

5= P(BJ|A). Vay hai su kién A va B khong doc lap.

Bai tap 1.14. Goi A 12 bién c6 ngusi dudc chon 1 dan 6ng (A 1a bién

b ngudi duge chon 13 dan ba), B 14 bién ¢b ngudi duge chon 13 thita

cin. Theo cong thiic xac sut toan phan P(B) = P(B|A).P(A4) +
P(B|A).P(A) = 0.65 x 0.5+ 0.534 x 0.5 = 0.592.

Bai tap 1.15. Goi A 12 bién cb ngudi dude chon 1a dan éng, B 1a bién
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1.1. Loi gidi bai tdp Chuong 1

c6 ngusi duge chon bi mil mau. Ta ¢6 P(B|A) = 0.05, P(B|A) =
0.0025. Xac suit d€ moét ngusi mu mau duge chon 14 dan 6ng 1a

- P(B|A).P(A) -
P(A|B) = PBIA).P(A) + P(BIA)PA) = 0.9524.

Bai tap 1.16. Theo dinh Iy 1.4, P(BS,) — 1 khin — oo (k =
1,2,...,5). Do dé6 P(Bik) — 0khin — oo (k = 1,2,...,5). Suy
ra P(Q\(B;,; N B, N ... N By ,)) = P(B;; UBg, U ... UBS ;) <
P(B ) + P(Bg,) + ... + P(BS;) — 0khin — oco. Vay P(B;; N
B oN...N By ) — 1khin — cc.

Bai tip 1.17. Khéng gian miu O gdbm mot day két qua nhiing lan
tung, trong do lin tung cubi cung thu duge mat ngda, trong nhiing

14n tung trudc, c6 hai 14n mét ngtra xult hién.
Q={NNN,SNNN,NSNN,NNSN,SSNNN, ...}.

A , A \ o A A A 7 s 1A v A
Dé tung sau lan thi trong ndm lan dau tién c6 hai 1an mat ngtra xuat

hién, 14n cubi cung thu duge méit ngtia. Vay

1\ /1\* 1
P(A) = C2. <2> : <2> 5 = 0.15625.

Bai tap 1.18. Goi Q 1a tip hop nhiing ngusi mua bao hiém trong
do6, A la tAp hop nhiing ngudi tré, B la tip hop dan 6ng, C 1a tp
hop nhitng ngudi di ¢ vo hodc chéng. Ta ¢ |Q = 20000, |A| =
6300, |B| = 9600, |C| = 13800, |A N B| = 2700, |B N C| = 6400, |A N
C| = 2900,|AN BN C| = 1100. Xac sudt d€ mot ngudi mua bao
hiém ctia hang 1a phu nit tré dc than 1a P(AN BN C) = P(A\((AN

BYU(ANCQ))) = P(A) — P(ANB) — P(ANC) + P(ANBNC) =
6300 — 2700 —'2900 + 1100 _ '

20000
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Phu luc A. Loi gidi cho mét sb bai tdp

Bai tap 1.9. C6 thé gidi thich rang sau khi ¢6 xe bus dén nha c6 B 7,5
phtt thi ¢6 xe bus dén nha c6 A.

Bai tip 1.20. i) Xac suit dé trong 100 1an quay khéng c6 1an nao sb
68 tring giai la (%)100 ~ 0.366.

ii) Danh cho ban doc tu lam.

Bai tap 1.21. Goi Q 13 khong gian miu, A; 13 bién cb ngudi thit i
nhit duge mii clia minh (i = 1,2, ...,n). Ta can tinh P(Q\(A4; U Ay U
W UAR))=1—-P(A1UA3U...UA,).

Tacd P(A UAU...UA,)

= XP P(A) =37 iz P(ANA)) . 4+ (1) T P(A1NAaN...N Ay
_ %(C}l.(n - (= 2) et (—1) OO

1 —1)n-t
SEPE
VAy xac sudt d€ khong c6 ngudi nao nhit duge mil ctia chinh minh 13
1—(1—l+ —i—ﬂ):l—l —i—ﬂ%e*lkhin—ﬂ)o
207 n! 20 31" n! '
Bai tép 1.22. Dit B, = U, Ap, n = 1,2, ... thi B, = %2, By.

Mit khdc B; D By D By D ... nén P(Buo) = limy_ye0 P(By).
i) Vi ¢, P(A,) < oo nén P(B,) < £%_, P(A,) — 0 khin —
0. VAy P(Bs) = 0.
ii) Néu ton tai mot day v6 han cac A, sao cho P(A,) > ¢ thi
P(B,) > € v6i moi n. Vay P(B,) > €.
Bai tap 1.23. Goi A 1a su kién ngédn kéo dudc rut ra la ngan kéo chita
hai dong tién vang, B ljé; 5;11 ki%n df\)rig 3tién 21r1'1t ra 14 dong tién vang.
Ay N
Ta can tinh P(A|B) = w = 1§2 =3
Bai tap 1.24. Cai nguc ly ludn nhu véy la sai. Bai toan nay tuong tu
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1.1. Loi gidi bai tdp Chuong 1

nhu bai toan choi md ctia ¢6 qua & diu Chuong 1. Trong hai ngudi B
va C ludn c6 it nhit 1 ngusi dugde tha, va néu ndi tén 1 ngudi duge
tha trong hai ngudi B va C ra, thi xdc suit dudc tha clia ngudi con
lai trong hai ngudi d6 gidm xubng thanh 1/3 trong khi xac suit dé A
dudc tha van giit nguyén 1a 2/3.

Bai tap 1.25. Goi A 12 bién cb mét ngudi trong dam déng 13 ké trom,
B 14 bién cb m6t ngudi trong dam déng bi may nghi 13 ¢6 tdi. Ta
c6 P(A) = % = %, P(B|A) = 0.85, P(B|A) = 0.07. Ta can tinh
P(A|B). Theo cong thtic Bayes, ta c6

P(B|A).P(A)
(B|A).P(A) + P(B|A).P(A)
B 0.85 x 1/30
~0.85 x 1/30 4 0.07 x 29/30

P(AIB) =

~ 0.295.

Bai tap 1.26. Goi X 1a bién cb mét con bo bi mic bénh bo dién, v
1a bién b mét con bd phan tng duong tinh v6i xét nghiém A. Ta

c6 P(Y|X) = 0.7, P(Y|X) = 0.1, P(X) = 1.3 x 107°. Ta can tinh
P(X|Y) = POIX)PX) qua la:
P(Y|X).P(X) + P(Y|X).P(X)

0.7x 1.3 x107°
PX|Y) = 0. .
XIY) 0.7x1.3%x107°4+0.1 x (1 —1.3. x 1075) 0.00009

Bai tap 1.27. Gid st {Gx,z = 0,1,2,...,9} 1a mdt ho cac su kién doc
1ap. Vi gia ddu khéng thé ting it nhat 50% mbi nim trong 10 nim
lién tiép (nhu thé gia dau sé vust qua 10 x (1.5)1° > 300 USD mét
thiing) nén P(GONG1N..NG9) = P(GO).P(G1)...P(G9) = 0.
Suy ra ton tai z € {0,1,2,...,9} &€ P(Gz) = 0. Nhu vay néu coi gia

diu bién déng mét cach ngdu nhién va viée gid diu ting it nhat 50%
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Phu luc A. Loi gidi cho mét sb bai tdp

trong mét nim 13 hoan toan c6 thé xay ra (xac suét 16n hon 0) thi ho

cac su kién trén la khong doc 1ap.

1.2 Lgi giai bai tip Chuong 2
Bai tip 2.2. Ham mét d6 cia X:

() 0 néu |z| > 1
px(x) = ;
1—|z|néu|z| <1

Ham phén phoi xac suat cua X:

Onéuz < —1
(14+z)2/2néu —1<z<0
1—(1—2)%/2néul<z<1
lnéuq:zl

P(X <z)=

Bién ngau nhién Y = arcsin X c6 ham phan phoi:

0néuz < —m/2
(14sinz)?/2néu —7/2<z<0
1—(1—sinz)?/2néu0 <z < 7/2

1néuz > /2

P(Y <z)=P(X <sinx)

Ham mat d6 cha Y la:

sina cos  + cosx néu z € [—35,0]
py(r) = —sinzcosz + cosz néu z € [0, ]

0 néu |z| > /2
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1.2. Loi gidi bai tdp Chuong 2

Bai tap 2.3. Néu phan bb x4c suét clia bién ngéu nhién X 13 d6i xting

va lién tuc thi ta c6
PX<z)=PX<z)=P(-X<z)=PX >—2)=1-P(X < —x),

do d6 Fx(z) + Fx(—x) = 1.

Néu F khong lién tuc, khi d6 két luan trén khéng con ding. Phan
vi du: X c6 phén bb xac sult tip trung tai z = 0, titc P(X = 0) = 1,
khi d6: F(z) + F(—x) =2 v6iz = 0.
Bai tip 2.5. V6i mbi y € [0,1], dit g(y) = sup{z : Fy(z) < y}. Ta
chiing minh: ¢(y) < z & Fy(z) > y. That vay :

e Gid st Fy(z) < y. Do F lién tuc phai nén 32’ > z sao cho
Fy(z) <Fy(¢) <y
= 2z <2 <sup{z: Fy(z) <y} =g(y).

e Gid stt Fy(z) > y. Khi d6 2z > z v6i moi z théa man Fy (z) < y
=z >sup{z: Fy(z) <y} = g(y).

Ta ¢ Fy(x)(z) = P(9(X) < 2) = P(Fy(2) 2 X) = P(X < Fy(2)) =
Fy(2)
(Vi X c6 phan phéi déu 24(0,1), F(z) = = v6i moi z € [0,1].) Ham g
dinh nghia nhu trén chinh 14 ham cin tim.
Bai tap 2.6. X ~ N (p,0?) = ham mat d6 cia X:

1 1(e=py2

px(x) = o0t

o

o _ Tk iy - L .. _ px(@)
Xety = f(fl?) = pu = f(l’) - Ta co: PY(y) - ’f’(I)‘ -
276_5(%)20 = %6_5112. VAy Y c6 phan phbi chuéin AV(0,1).

o
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Phu luc A. Loi gidi cho mét sb bai tdp
Bai tap 2.7. X ~ £()\) = ham mat do:

de= M néuz >0
px(z) =

Onéuxgo

Y =cX,c>0.Xéty = f(x) = cx.

Az A P
A neu r > 0 2e=%Y ndu y >0
py (y) = c =9 <,

Onéuxz <0 Onéuy <0

Vay Y ~ £(2).

Bai tap 2.8. Ta co:

P(X>s+tX >5s)
P(X >s)
e*A@+U

= —% = e M =P(X >t)

PX>s+tX >s) =

Bai tap 2.9. i) Tuong tu nhu bai tip 2.5.

ii) Néu X ~ 2/(0,1), titc 12 c6 ham mét d6 px(z) = 1 trén doan
thang [0,1], vaY = —In X ~ £(1) thi hAm mat d6 ctia Y 1a:

1 4
v (z —— =z néuzx € [0,1]
py(y) = pdlrgx) ={ U=
ey 0néuz ¢ [0,1]
B e YVy>0
0vVy <0

Piéu d6 ¢6 nghia 12 Y c6 phéan bb xac suit mii £(1).
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1.2. Loi gidi bai tdp Chuong 2
Bai tip 2.10. X c6 phén phéi Pareto v6i tham s6 o va ham mat dé 1a

a A
THHGUQSZl
T

px(z) = .
Oneuxr <1

Y =X%s>0.Xéty = f(x) = 2*, ta co:

(0]
zotl o 1 4
px () = . néuz >1
py(y) = ’f,((x)‘: segsml T s gk
Oneuxr <1
[0 1 A
—-Tlneuyzl
e S ys+
Onéuy<1

(Do z = yé > 1<y > 1). VAy Y ¢6 phan phbi Pareto v6i tham sb ¢
S

\.on 1 , 1
Bai tap 2.11. X ~ 1), Y = ——. Xety = =

B tp 201X~ UOY = o Xty = S0 =
/ _

Ta co

oy (y) = px(z) _ | A=—2)?=4 néuy > 1
|f' ()] 0néuy< 1

= Y ¢6 phén phbi Pareto v6i tham s6 o = 1.
Bai tap 2.12. Ki vong 1gi nhuén:
E = 0.7 x (0 —100000) + 0.3 x (1000000 — 100000) = 200000.

Bai tap 2.13. Diém can chi y khi lay vi du 13, cin cho phén bd xac

suét chung cia X va Y cht khéng cho phén bb x4c sudt clia riéng X
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Phu luc A. Loi gidi cho mét sb bai tdp

va riéng Y rdi coi hai bién d6 doc 14p v6i nhau. (Néu ching ddc 1ap
thi E(X)E(Y) = E(XY)). Ching han c6 thé chon X va Y 14 nhiing
bién ngiu nhién nhan hai gia tri 0 va 1, v6i phan bb xac suét chung
nhu sau: P(X = 0,Y = 0) = 0.2,P(X = 0,Y = 1) = 0.4, P(X =
,LY=0)=03,P(X=1Y =1)=01Khido E(X) =04,E(Y) =
0.5,E(XY) =0.1AE(X)E(Y) =0.2.

Bai tip 2.14. C6 99 qua dudc danh sb tit 1 dén 99, 14y ngiu nhién 5
qua, ta c6 luc lugng clia khong gian mau 14 || = C3,. Goi hai bién
ngiu nhién: X 13 “s6 nhé nhét trén 5 qua bbe dude”, Y 1a “sb 16n
nhét trén 5 qua bbe dugc”.

i) Phan bo xac suat cia X va Y:

X 1 2| - 95 || Y 5 6| - 99
Coa | Cho Cia Ca | Cd Cao

Vi du, néu X = 2 thi ¢6 nghia 13 c6 1 qua trong 5 qua béng bbe ra
14 s 2, con 4 qua con lai nam trong cac sb tit 3 dén 99. C6 C4, cach
chon 4 s6 khac nhau trong 97 sb tit 3 dén 99, ¢6 nghia 1 tap hop cac
kha niang v6i X = 2 c6 C, phan tit trong khong gian xac suét c6 C3;
phan tl véi phan bo xac suat déu, do d6 ta c6 P(X = 2) = C,/C5,.

ii) Cong thite >, Ci" = C;'' sinh ra tit cong thitc C'4 =
ot 4o
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1.2. Loi gidi bai tdp Chuong 2

iii) St dung cdng thiic trén, ta co:

Cis +2C3; + -+ + 95C4

E(X) =

Co
98 97
SO+ Y Ct+---Cf
_ k=4 k=4
Gy
_ oo+ Cost -+ 05
Gy
_ Chyp 100! 94!-5! 100
- Cgy  61-941 991 6

Bai tap 2.15. Phén b x4c sult clia X:

e

P(X =k)= 05(3 3

)

(k=0,1,2,....6).ViZ=X —YVvAaX+Y =6nén Z = 2X — 6, va
ta c6 thé viét phan b xac sult clia Z:

P(Z =2k —6) = cg(g)k(é)ﬁ—k, k=0,...,6
Tit d6 tinh dudc ra ky vong cia Z:
N N
B(Z) = 3 CEG)MG) 2k —6) =2,
k=0

Mot cach tinh don gian hon 1a: ky vong dé€ béng vao ré mbi 1an
ném 14 2/3. B8i viy néu ném 6 1n, thi ky vong s 1an béng vao r6 1a
6x2/3 =4, tlclatacOE(X) =4,ttdosuyraE(Z) = 2E(X)—4 = 2.
Bai tap 2.16. i) Chién thuat:
Lan thit nhat: B hdi: “sb d6 ¢6 16n hon 27! khéng?”
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Phu luc A. Loi gidi cho mét sb bai tdp
e Néu ciu tr 16i 1a “c6”: s6 d6 sé nim trong doan [2n71 4+ 1;27]
o Néu cAu tra 16i 1a “khdng”: s6 d6 s& ndm trong doan [1;2" ]

Lan thtt i: Ta sé xac dinh dudc s6 d6 nam trong doan c6 d6 dai 2.
Viy, sau n 14n, ta sé xac dinh dudc sb A da chon.

ii) Ta sé chiing minh mot khing dinh t8ng quét hon: gia st X 1a
mot tip hitu han ¢6 m phan t, A chon mét phan ti cia X, va B hoi
cac ciu hoi ki€u “phan tit dé c6 ndm trong tip con Y ctia X khong”,
va A sé tra 161 1a ¢ hodc khong. Khi d6 moi chién thuat héi cia B sé
cin trung binh it nhét 13 log, m cAu héi d€ xac dinh phan ti ma A
chon. (Truong hgp bai toan néu ra la truong hop m = 2").

Ta c6 thé chiing minh khing dinh nay bang cach qui nap theo m.
V6i cac s6 m nhd (vi du m = 2 hay m = 3), dé dang kiém tra truc
tiép khing dinh), va v6i m = 1 thi khing dinh 14 hién nhién. Gia st
ta di chting minh dugc khing dinh cho cac tp ¢ khéng qua m — 1
phén t&t (m > 2), ta sé chting minh ring khing dinh diing cho tip X
v6i m phén ti.

Du 1a chién thuét ndo, thi cAu diu tién cta B ciing phai c6 dang
“phin t&t d6 c6 nim trong Y khong”, trong d6 Y 1a mét tap con clia
X ma B chon ra. Néu ciu tra 10i 13 ¢6, thi trong cc budc tiép theo
B phai chon cc tip con clia Y, va nhu vy, theo qui nap, sé cin
thém trung binh it nhét 13 log, |Y| 14n héi. G day ta cé thé coi rang
1 < |Y] = k < |X| = m. Néu cau tra 15i 1a khong, thi c6 nghia la
phén tit A chon nim trong X \ Y, va sé cAn thém trung binh it nhit
logs | X \ Y| = logy(m — k) 14n héi. Xac suét d€ phan t& ma A chon roi
vao Y, tiic 1a d€ A tra 15i Yes cho cAu héi du tién 1a |Y|/|X| = k/m,

292



1.2. Loi gidi bai tdp Chuong 2

va xac sut d€ A tra 15i No cho cAu héi dau tién 13 (m — k)/m. Nhu
véy, néu trong chién thut hdi dung tip con Y cho ciu héi diu tién,
thi sé can trung binh it nht 13

m—k

1+ Ll log, k + logy(m — k)
m

ciu héi d€ xac dinh dudc phan tit A chon. Chi y ring ham z log, z 1a
ham 161, do d6 khi m ¢b dinh va 0 < k < m thi gid tri cla £ Jogy k +
m=k log,(m — k) dat cuc ti€u khi ma k = m — k = m/2, bdi vdy ta c6

k
1+ —logy k + logy(m — k) > 1+2.(1/2).1logy(m/2) = logy m,
m

m
m
tlt d6 suy ra diéu phai chting minh.
Bai tap 2.17.
csinz néu z € (0, )
pY(‘T) = 2
Onéux ¢ (0,7)

i) Ta co:
o0 ™
1= /py(ac)dx:/csinxdm:—ccosw:;:%,
—00 0
doddéc=1/2.

g 1 14 « 2 7 /4 \ \
ii) E(Y) = / 3% sinzdr = g Mot cac giai thich khac 1a, ham
0
mat do py () d6i xttng quanh diém z = 7 /2, va do dé gia tri ky vong
clia Y bang /2.

Bai tap 2.18. X c6 phan phbi Pareto v6i tham s o > 1, ham mét do:

neuz >1

xa+1

px(x) = .
Onéuzx <1
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Ky vong cta X la:
o« « 00 «
E(X) = dz = —a+1‘ - .
(X) /1 et T T 1 a-—1
Bai tip 2.19. Goi (a;, b;), i = 1,...,n, la cac cap gié tri cta (F,G),
a;,b; > 0. TUglath1ettacoP =a;,G; = b;)

— ﬁai,G( HbZ,G (F+G)/2)=r ﬁ“’;b’
=1 =1 =1

Ap dung bt déng thitc Cauchy (trung binh nhan nhé hon trung binh
cong), ta co

Bai tap 2.20. i) X ¢6 phin phéi hinh hoc P(k) = p(1 — p)*-1.

=> k-pl-pF Tt =p> k-(1-p

E>1 k>1
1 1

”’(1—(1— e P
ZkQ k 1

k>1
=p(1=p)) k(k=1)-(1=p)* 2 +p> k-p(1—p)*"
k>2 k>1
2 2—p
=p(l—p)

1
A—0-pF »_ 2
D

var(X) = B(X*) - (B0 = .
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1.2. Loi gidi bai tdp Chuong 2

r g 1A 2 1—-
Do d06, d6 1éch chuan o = /var(X) = P
p
. A\F
ii) X c6 phan phoi Poisson P (k) = e*’\ﬁ.

E>1
e et = A,
E(XQ): _)\ZkQ'&_)\_)\Zk‘ Ak—l
e~ k! (k—1)!
)\kz—l )\kz—l
= e E—1) -2 AN
e D (k=1) (kl)!+z(k1)!]
E>1 k>1

= e et + ) =A% A
=0 =E(X2) — (EX))2=VA+A- A=V

A ar?+bnéu0 <z <1
Bai tap 2.21. E(X) =2/3, px(z) = .
0 néu khong

Ta co
1
9 a b
2/3=E(X)= [ z(ax —i—b)dmzz—i-i
0
va
o) 1
1:/ /ax +b)d §+b.
—00 0

Giai hé phuong trinh tuyén tinh trén theo a va b, ta dudc a = 2,b =
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1/3, tu d6 suy ra

2322 +1/3)dx = 2/5 +1/9 = 23/45

O\H

vavar(X) =E(X?) —E(X)?=23/45—4/9 = 1/15.

Bai tap 2.22. i) Xét mot mau mau hén hop gdm & miu mau. Ta goi
cac bién cb: A = “miu mau hén hop chita khang thé X”; A; = “miu
mau ¢ chtta X”. Khi do

DE cho gon, dit (1 —p)f =¢q,tacd6 P(A)=1—(1—-p)f=1—¢.

ii) Goi S 13 bién ngiu nhién tng sb 14n phai xét nghiém. Ta c6
phén phéi ctia S:

S| m m-+k |- | m+mk
Cod™ '(1=q) | -+ | 1—g)™

3
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1.2. Loi gidi bai tdp Chuong 2

Z Cha™ (1= q)'(m + ik)

—mz K7L § ) —|—k:ZzC’Z (1 —q)

=m+k(1— q)mz Ol gmTi(1 - g)i !
=1

=m+mk(1—q),

Z z m 2 q)z(m—i—zkz)2
- m _{_kazlcz m— z q)i+k22 201 m— z( _q)i
=0

=m? + 2mk - m(L — q) + k* [m(1 —m)(1 — ¢)* + m(1 — q)]
— i 4 2mPk(1 — q) + mk3(1 — ) [(m — 1)(g — 1) + 1]
= var(S) = E(S?) — E(S)? = mk*(1 — q)q.

iii) TacO E(S) < N & m+mk(1—q) < mk < kg > 1< k(1-p)k > 1.
Bai tap 2.23. Khéng mét tinh téng quat, ta coi X,Y nhan hitu han
cac gia tri ay,as,...,an, (a; # a; Vi # j), v6i cac xac suat p(X =

2 ’ n n Ed
a;)=p; >0vap(Y =a;) =¢ >0.0d6 > pi=>_ ¢ = 1. Theo gia
i=1 i=1
thuyét, ta c6 E(X*) = Y, afp; = E(Y*) = 3, aFg;, hay c6 nghia 1a
S afx; = 0v6i 2, = p; — ¢ va voi moi s6 tu nhién k. Cho k chay
tit 1 dén n, ta dusc mét hé phuong trinh tuyén tinh véi n 4n z; va n
phuong trinh.

Néu a; # 0 v6i moi 4, thi dinh thitc clia hé phuong trinh nay 1a
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dinh thitc ctia ma trdn

aq a9 PPN an
2 2 2
al a/2 ... an
n n n
al ajy an

(goi 14 dinh thic Vandermonde) cé gia tri khac 0 vi cac sb a; khac
nhau, va do d6 hé phuong trinh chi c6 mét nghiém duy nhét 1a
nghiém tim thudng z; = 0 v6i moi i, c6 nghia 14 ta c6 p; = ¢; v6i moi
i, hay néi cach khac, X va Y cé ciing phan b xac suét.

Néu gia st chang han a; = 0, thi ta chi xét n — 1 phuong trinh
diu tién, v6i n — 1 4n sb o, . .., z,. Tuong tu nhu trudng hop phia
trén, ta phai co p; = ¢; v6imoii > 2, ttdésuyrapy = 1 -3 5o pi =
1 =3 526 =q,va X vaY cling co cung phan bb xac suét.

Bai tap 2.24. Gia st X c6 phin bb mil v6i tham s6 A > 0, ham mét

do cta X la

B e néuz > 0
px(@) = { Onéuxgo

Khi d6 E(X) = 1/), va moment béc n clia X bang E(X) = \'n! véi
moin € N.

Bai tap 2.25. Ham dac trung ctia X 1a ¢ x (s) = E(cos s X )+iE(sin s X),
(s € R),vacia —X la ¢_x(s) = E(coss(—X)) + iE(sins(—X)) =
ox(s). X dbi xting khi va chi khi X va —X c6 cling phan bd xac suit,
ttc 1a khi va chi khi X va —X c¢6 cung ham déc trung, c6 nghia la
$x = ¢x, hay noéi cach khac ¢x 1a ham thuec.

Bai tip 2.26. X c6 phan phéi hinh hoec P(X = k) = p(1—p)* ' Vk >
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1. Ham sinh x4c suat cta X:

_ - k _ - k=1, k _ bz
= ZP(k)z = Zp(p—l) z Z z—pz)¥ m
k=1 k=1
Tl d6 ta co:
G/ — p G” —
()= =

va phuong sai ctia X la:

var(X) =G (1) +G'(1) — (G'(1))? =

Bai tap 2.27. X c6 phan phbi nhi thiic tham s6 n, p. P(k) = C¥pk(1 —
p)*. Ham sinh x4c sult ctia X:

n n

G(z) =) 2FP(k)=> 2 Ckp*(1-p)* = (pz+1-p)".

k=0 k=0

Ham Laplace:

n

L(t)=E(e™™) =Y e *Clph1 - p)F = (ep+1-p)"
k=0

1.3 Loi giai bai tip Chuong 3
Bai tap 3.1. Ta co:

Pp(la, b]x]e, d]x]e, f]) =
:PF(] —OO,b]X]C,d]X]e,f]) _PF(] —OO,CL]X]C,d]X]e,f])
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S6 hang tht nhit:

Pp(] = 00,b]x]e, d]x]e, )
= Pp(] — 00,b]x] — 00, d]x]e, f]) — Pp(] — 00, b]x] — 00, c|x]e, f])
—00, b]x]—00, d]x]—00, €])

= PF(]_OO7b]X]_OO7d]X}_OO7 ])_PF(]
+ Pp(] — 00, b]X] — 00, ] X| — 00, €]) — Pr(] — 00, b] x| — 00, ¢] x] — 00, f]
)

:fF(b?daf)_]:F(badae —l—fF(b,C,e)—]:F(b,C,f)
S6 hang thit hai:

PF(] - oo,a]x]c, d]X]e,f])
= Fr(a,d, f) — Fr(a,d,e) + Fr(a,c,e) — Fr(a,c, f)

N

Vay:
Pp(la, b]x]c, d]x]e, f])
= fp(b, d, f) — fF(b, d, 6) —i—./TF(b, c, 6) — fp(b, c, f)
—fp(a,d,f)+fp(a,d,e) —.FF(UJ,C,e)—F.FF(CL,C,f)

Bai tdp 3.2. Gia st hai nguoi hen gap nhau tai A.
X 1a thoi diém ngusi 1 dén A (e [0, 1])
Y 12 thoi diém ngusi 2 dén A (€ [0, 1))

12h 13h
0 1
1, 0,1 L, 0,1
PX(x){ relon apY(y){ velod
0, l’€[0,1] O> yg_f[O,l}
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Ta co:
1 1 1 1
Peo< X -Y < )=Pyy(—-<p—y<-—
(=1 < sP=Pvlegse-ysy)
7
= // px.y (z,y)drdy = // dady = 16
_igm_ygi —i<a—y<d

0<z<1, 0<y<1

NS R S NP 7
Vay xac suat dé hai ngudi gap nhau theo hen la 6"

Bai tap 3.3. Gia st ton tai hAm mat d6 ctia (X, X3) 1a px,y(z,y) voi
X3 =Y.Xéthamsb f : R2 — R2, (z,y) — (23 — y, 2 + y) 12 song

anh kha vi lién tuc, c6 Jacobian

32

1

J:

—1 9
=3t 1£0

suy ra véc to ngiu nhién (U = X° — Y,V = X +Y) c6 ham méat d6

puv (u,v) = px,y (f~H(u, )] T (FH (u, 0)) 7!

VAy ton tai ham mat d¢ bién cta U 13 py(u) = [ pyv (u, v)do.
Nhung U = 0 nén 13 bién ngiu nhién rdi rac c6 diém hat 13 0 miu
thuln. Viy khong ton tai ham mét d6 dong thdi ctia X va X3.

* Thay X3 bdi ¢(X) v6i ¢ don diéu ciing dude két qua tuong tu.

Bai tip 3.4. Tung mot xtic sic 2 14n, dudc hai s6 ky hiéu 13 a, b. Xét
ba su kién: A 14 “a + b 13 sb chin”, Bla “a = 17, C 1a “b=4".

Dé kiém tra dudc A, B, C doc lap ting d6i, A va B U C khong doc
lap.

Xét X = U,V =Up, X =W, khidé Z+Y = Up 0.

Ta c6: X doc lap v6i Y va Z nhung khong doc lap véi Y + Z.
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Phu luc A. Loi gidi cho mét sb bai tdp

Bai tip 3.5. Phan b xac suit dong thoi clia 3 bién X, Y, Z doc lap

v6i phan bd xac sult déu trén doan [0,1] :

1, ($,y,I) € [07 1]3

p(,y, Z) =
0, (z,y,2) & [0,1]

D& thdy xac sudt cAn timbang P=1-P(X +Y < Z) - P(X + Z <
Y)—P(Y+Z<X)=1-3P(X+Y < Z), mitkhac P(X +Y < 2)
bang thé tich cta hinh t¢ dién cho bdi cic mit z > 0,y > 0,z >
z+1,1 > z trong khong gian Euclide R® v6i hé toa d6 chudn (z, v, 2),
va n6 bang 1/6. Tt d6 suy ra P = 1/2.

Bai tap 3.6. Co thé chiing minh bang qui nap theo k.

Bai tap 3.7. Ta co:

—+00

e vl >0
px () = / plx, y)dy = , ,
R 0 véi =<0
[o.¢]
e eV V6 y >0
py(y) = / ple,y)dz = )
- 0 vl y <0
oo

Suy ra px(z).py(y) = p(z,y) nén X,Y 1 hai bién ngiu nhién déc
lap.

C6 thé ching minh ngin gon hon nhu sau: ham méit d6 ddng
thoi p(x,y) c6 thé viét dusi dang tich ctia hai ham, mo6t ham chi phu
thudc vao = va mét ham chi phu thudc vao y, do dé X va Y déc lap
v6i nhau.

Bai tip 3.8. Gid st X1 ~ N(u1,0?) = X1 = 01X + p1 v6i X ~
N(0,1).
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1.3. Loi gidai bai tdp Chuong 3

Suy ra

Oy, (s) = E(exp(isX1)) = E(exp(iso1 X +isp1)) = exp(isp1).¢x (o15)

o2s o252
Vay B, (5) = explisni — 220, tuong tu B, (5) = explisy — %)
Vi X1, X5 dOC lap nén (I)X1+X2( ) = (I)Xl( )CI)XQ( ) = exp(is(,ul -+
fo) — w) hay X1 + Xo ~ N (u1 + pio, 01+U1)_

Bai tap 3.9. Xac sudt cAn udc luong 14 xac suit d€ tdng clia cac sb
hién lén trong 350 14n tung diu nhd hon 1000.

Bai tap 3.10. Goi X1, ..., X5 14 c4c bnn chi sb chdm xuét hién trong
5 14n tung. Khi d6 X = X; + Xy + X3 + X4 + X5 chi t6ng sb chAm

xuét hién trong 5 lan tung.

Ta co: ]
1
Gx;(2) = E(z") 5 Z 2*
k=1
Suy ra:
5 LS8
Gx(2) =[] Gx.(2) = @(Z 2P
i=1 k=1

VAy x4c sudt can tinh 13 hé sb ctia 215 trong khai trién ctia Gx (2).
Bai tap 3.11. Dat Y; = X, — p thi E(Y;) = 0, V(Y) = o2. Chon n
dt16n d€ ¢ — np > 0. Ta cd P(S, > ¢) = P(S, —np > ¢ — np) <
P(|S, —nu| > c—nu) = P(I>1Yi] > c—nu) < w Ma
§ i e
2
A no .
E(| ET‘Y’ZDz = na.2, vay P(Sn > C) < m — 0 khin — 400
Bai tip 3.12. Goi X; 13 bnn chi s6 tién thu dudc 6 ngdy thi i cla

nam.
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Phu luc A. Loi gidi cho mét sb bai tdp

Ta co:
19 18 50
—E(X;) = — .50 — — .50 =
p=EX) =3 37 37

0? = var(X;) = B(X?) - E(X;)? < 00
Theo lut s6 16n, véi n = 365:

182
&%uéSn%ﬂzémi’)
n 37

13 u6c lugng sb tién thu vé dude trong 1 nim (theo don vi nghin
euro).
Bai tip 3.13. Vi du: Xét bién ngiu nhién X c6 phan phdi nhu sau

X | -1 0 1

pl|l/4 1/2 1/4
khi dé phan phéi cia X2 1a

X! 0 1

pl|1/2 1/2
Ta ¢6 cov(X, X?) = BE(X®) — E(X)E(X?) = 0 nhung X, X2 khong
doclap Vi P(X = —-1,X?2 =1) = P(X = —-1) = 1/4 # P(X =
~1)P(X? =1)).
Bai tip 3.14. r(X,Y) ~ —0.9427.

Bai tap 3.17. Ta co:

P(K=k)=) P(K=Fk|N=n)P(N=n)

n>k
—A\n
=Y _pk X
n>k n!
_ pkze—A)\k (qA)n_k _ pke—/\)\k eqk _ (p)\)ke_p)‘
K4 (n—k)! T T
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1.3. Loi gidai bai tdp Chuong 3

VAy K c6 phén phbi Poisson véi tham s pA.

Bai tap 3.18. Ta c6:

E(Y) = [LEY | X = 2)px(2)dz = [p, e Mda = 55.

Bai tap 3.19. Gid st X ~ N (%), Z = (21, Zo, ..., Zn) Vi Zi ~
N(0,1) la cac bnn ddc 1ap.

Khi d6 X c6 dang X! = A.Z' + pu' v6i A.A* = ¥. Suy ra

(I)X(S) _ E(eith) _ E(ei(sAZt—l-s,ut)) _ E(eisAZt)ei,u,st
Tac6 sAz' = 37 ,(3°, skax;)Z; suy ra

]E(eiSAZt) — HEei(Zk skar;)Z; H e*%(zk Skak;)>
J J
_ H e*%(Zk,z Skk;S1015) e*% Dok 2ok Sks1 Q2 akjary)

J

— ef%sZst

Vay @x(s) = e T2,

Ne A , N As 2 X2
Bai tap 3.20. Xét phén phoi cua <5~

2

X — — 2 [V e
m™J0o

Dao ham theo ¢

Ta cling co
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Phu luc A. Loi gidi cho mét sb bai tdp

Pit X' = X2 y' = Y2 suy ra X', Y” 1a c4c bnn déc lap.

Ta cb
—t—z

e
1y’ t,z = —1
PX ,Y( ) o (t>0,2>0)

Suy ra
I dz u
pxty(u) = / px(u—2)py(z)dz = / __*  —¢
R T Jo vz(u—2)
khi u > 0. (pX/+y/ (u) =0 khiu < 0)
22 z
Bai tAp 3.21. Dit Z = (71, Z3) = py(21,20) = ke 2 3

Xét f(Z) = (4, Za), ta o py(z)(21,22) = lz;"r e 2.
V6i a = Zl ,b= 29 = z1 = ab. Suy ra pf(Z)(a b) ‘b‘ *(a2+1)b7.

+oo lb—
p2(@) = [ pyn(abyin= o [ pee
Zg

o
m(a?+1)

Ta co:

Bai tap 3.22. ) bat U = X,V =Zsuyra X = U, Y = V1 —1r2 +

rU.
Ta co:
puv(u,v) = pxy(z,y)V1—1r2=pxy(u,vv1—r2+ru) L
1 w2402
= %e 2

2 2
u v
L o—%

Suy ra py(u) = [ puydv = 5=~ 2 va tacling ¢6 py(v) = 5=

e
pu.pv = pu.v VAy X, Z 14 cac bnn déc 14p va c6 phan bd N(0, 1).
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1.3. Loi gidai bai tdp Chuong 3

ii) St dung phép dat & cau trén. Ta c6
“+00 +00
P(X >0,Y >0) = / /px,y(w,y)dwdy

0 0
= / / pu.v (u, v)dudv

u>0 ’U>

/ /vadudv+/ / vadudv——+I()

u>0v>0 u>0 0>1}>

Ap dung cong thitc dao ham ctia tich phan ta ¢

roy= [ [ o

u>0 g>p>_—ru

RV 1;7“2
+00
1 e 1 1

= — (e 2(1—r2) )du - -
2m V1—r? 21vV/1 — 12
Suyra I = 5-arcsin(r) = P(X >0,Y > 0) = 1 + s-arcsin(r).

iii) St dung phép dat é cdui). Taco Y = 1 —r2Z +rX.
Vi Z, X 1a céc bnn déc 14p c6 phan phbi chudn tic nén dé thdy v

[e=]

ciing 13 phan phbi chuén tic.
Ta co:
pxy(T,y) 1 (90—7“3/)2)

P R s ) ST ey

rxyy(z |y) =

Suy ra Py|y—, la phin bb chuén c6 ky vong 14 ry va phuong sai 1a
1 — 2 (kh6éng phu thudc vao y).

307



Phu luc A. Loi gidi cho mét sb bai tdp
1.4 Loi giai bai tip Chuong 4
Bai tip 4.1. Ki hiéu X,, 13 bién nhi phan dugc xac dinh nhu sau:

X 1 néu lan tung thit n xuét hién mit 6,
n pr—
0 trong truéng hdp ngudc lai.

Khi d6 c6 thé xem {X,,},>0 12 diy phép thit Bernoulli v6i

1
p:P(Xn::l):é.
Ki hiéu
7, = ZZ:1 Xk —pn.
np(p — 1)

V6i n = 6000 1a mét s6 nguyén duong dua 16n, theo dinh 1y Moivre-

Laplace ta co:

P(850 < Sgoop < 1050) =

1
=P —56§26000<

trong dé ¢ 1a ky hiéu 1am phan phdi x4c suit cia phan bb normal
chuén tac A(0,1). (Ban doc tu tinh toan tiép!)

Bai tip 4.2. Giai tuong tu nhu bai tip 4.1.

Bai tap 4.3. a) Ta biét ring phan bd Poisson v6i tham s6 A (ki hiéu

la P(\))c6 ham déc trung la:
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1.4. Lbi gidi bai tdp Chuong 4

oa(t) = D,
Viy néu S, = Sor_, X;, 12 tong cac bién ngiu nhién doc 1ap 6 cling
phén bb P(1) thi ham dc trung cta S, 13:

65, (0) = [ox, (O] = "),

Piéu nay ching té S, c6 phan b Poisson véi tham sb A = n.

? n ~ A

b) Bdi cau a, ta c6 thé xem X,, = > & vOi {&}r>1 1a day bién
k=1

ngiu nhién déc 1ap v6i cling phan bd P(1). Ap dung dinh Iy gi6i han

trung tdm ta co:

[\

X
szl gk —-n ) n—00 0 6_? 1
PX,<n)=P|==———<0 = —.
( n_n) < \/ﬁ N —oo V2T 2

Tuy nhién ta ciing ¢6 thé viét lai P(X,, < n) theo mét cach khéc:
nk
—-n

So sanh hai hé thtc trén ta c6 diéu can chitng minh.
Bai tip 4.4. Theo dinh Iy vé tinh lién tuc ta c6: Diy bién ngiu nhién
{X,} v6i phan bd N (11, 02) hoi tu yéu dén bnn X

& ox, — Px

o2t?
& explipnt — —5—) — ¢x
2,42
t
& it — Ug — Ingx

309



Phu luc A. Loi gidi cho mét sb bai tdp

v6i p, o > 0 ndo dé. Ta ¢6 diéu can chitng minh.

Bai tap 4.6. Trude hét chii ¥ ring phan bb hinh hoc véi tham sb p ¢6
ham dac trung dudc tinh nhu sau:

d)p(t) — Zeitkpk — Z eitkp(l _p)kfl

k>1 k>1

ez’k
= 1ol =pe T =

_ etk ik
= (1 —e™) + pe’

N

Vay

it ~1
(b%(t) = ¢Xn(%) = (it.ez 1 e + 1> _

Chuyén qua giéi han ta dugc:

lim ¢ x, (t) !

n—oo n 1 - 'lt '

V& phai chinh 14 ham dic trung cia bnn c¢6 phan b mil v6i tham sb
4 X ’ N 3 A A ~ 7
A = 1. Do d6 =" = P(1). Do tinh lién tuc ctia phan bo mii ta c6
n
diéu phai chiing minh.

Bai tap 4.7. Bang cach tinh toan truc tiép ta sé chi ra phan bb clia
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1.4. Lyi gidi bai tdp Chuong 4
Y,, hoi tu dén phin bb mil véi tham s6 A = 1. Thét vay:

x
= <z)= >1— =
Fy (z) = P(Y, <x) P(lrgia;;Xl_l n)
:1—P(maxXi§1—£)
1<i<n n
e x
:1—HP(X1-§1—E)
=1
x A
1—(1—=)"neux >0,n>>1,
n

Onéux<0.

—r A
nooo | 1—e*néux >0,

0néuzx < 0.

Vay Y, % P.
Bai tip 4.9. Theo dinh ly Fubini ta co:

1 /¢ 1 [¢ ,
— ds| = |— STAdPx)d
5 [ oxtoasl =g [ ([ eapss

—&

1 1 .
— | —5TIE VAP
5 [ Gre I apx

sinex
.y / iPy|
R EX

sin ex sinex
S
|| < |z|>5

EX EX

1
< / APy + = - / 4Py
] < 2 Jal>g

%
1 -2 2
?7g])

N

Il

|
_
+

Pl
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Phu luc A. Loi gidi cho mét sb bai tdp

Tu do ta ¢co .
-2 2 1
Pl—,=]>|= | o¢x(s)ds| —1.
e e e J_.
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Phu luc B

Phan mém may tinh cho xac

suit thong ké

C6 hang trim phin mém may tinh cho tinh todn x4c suét théng
ké. C6 thé chia chiing theo cac tinh chét sau:

- Phan mém cho toan néi chung, véi cac chiic ning tinh toan x4c
sult théng ké (vi du nhu MAPLE, MATLAB), hay 14 phin mém chuyén
vé xac sudt théng ké (vi du nhu MINITAB, S-PLUS, SAS, SPSS), hay
14 chuyén dung hon nita (d€ dung trong mét linh vuc hep ¢6 cin dén
théng ké).

- Phin mém phai tra tién (vi du nhu cac phdn mém vita ké trén),
hay la mién phi (vi du nhu R).

- b6 manh, dé diy du clia cac chitc ning, va dé dé st dung, v.v.

M&i chuong trinh ¢ nhiing diém manh va diém yéu, thich hop
v6i nhitng d6i tuong khac nhau. Vi du:
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Phu luc B. Phdn mém mdy tinh cho xdc sudt théng ké

- MATLAB thich hop cho nhiing ngudi cin tinh toan hinh thitc néi
chung va c6 thé dung dén théng ké. Gan d4y MATLAB ciing dudc gi6i
tai chinh chuyén nghiép ding nhiéu trong cac céng viéc tinh toan,
lam mo hinh, simulation, v.v.

- Pbi v6i nhitng ngudi dung nhiéu dén héi qui va “data mining”
(dao sb liéu d€ tim théng tin), thi nhitng chuong trinh nhu SPSS ¢
thé thich hgp hon.

- Chuong trinh R 14 mét chuong trinh théng ké mién phi, ma m4,
va rit manh, dude nhiéu ngusi dung, dic biét trong giéi han 14m. R
trude kia c6 diém dé 1a kho st dung, nhung ngay nay, cling véi su
phét trién cta giao dién truc giac, d tré nén dé st dung hon nhiéu.

Cac chuong trinh vé co ban cé nhiéu nguyén tic chung gibng
nhau, nén néu da st dung thanh thao mét chuong trinh thi sé khong
qua kho khin chuyén sang diing chuong trinh khac.

D€ tinh toan nhitng vi du théng ké trong quyén sach nay, cac
tac gid dung mét chuong trinh tuong dbi gon nhe (b lai chi ¢6 it
chtic nang) co tén la gretl (viét tit ti: Gnu Regression, Econometrics
and Time-series Library), mot phan mém théng ké mi mé do Allin
Contrell (GS kinh té Dai hoc Wake Forest) khéi xuéng va nhiéu ngudi
ting hé x4y dung. Chuong trinh ndy dudc nhiéu ngudi khen 13 rét
thich hop cho gidng day & dai hoc. Mét s6 uu diém cta gretl la:

- Mién phi, ma md,

- C6 giao dién truc giac, rat dé sit dung,

- Chay trén nhiéu hé diéu hanh khac nhau,

- Thich hop vé dang sb liéu véi cdc chuong trinh théng dung khéc,
- C6 cdng ddng ngudi st dung va ngudi 1ap trinh phat trién nhanh,
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- C6 thé nap cac sb liéu théng ké tit ngudn bén ngoai vé qua internet,
- C6 céc chitc ning tinh toan thdng ké di manh, di dung cho cac
sinh vién hoc vé kinh té luong, ciing nhu cho mén xac suét théng ké
4 bac dai hoc.

C6 thé tim hiéu vé gretl trén trang web: http://gretl.sourceforge.net/.
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Phu luc C
Bang phan b6 Z

Phén bb normal chudn tic A(0, 1) con dudc goi 1a phan bb Z.
Bang phia truée cho xac sut Prro,1)(] — 00, Z]).

Bang phia sau cho xac suit dubi Prr(0,1)(]Z, o0])

0.0 | 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359
0.1 | 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 | 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0.3 | 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4 | 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879
0.5 | 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.6 | 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7 | 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.8 | 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 | 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389
1.0 | 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1 | 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.2 | 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.3 | 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177
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1.4 | 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319

1.5 | 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441

1.6 | 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545

1.7 | 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633

1.8 | 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706

1.9 | 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767

2.0 | 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817

2.1 | 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857

2.2 | 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890

2.3 | 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916

2.4 | 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936

2.5 | 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952

2.6 | 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964

2.7 | 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974

2.8 | 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981

2.9 | 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986

3.0 | 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
Z P{Z tooo} | Z P{Ztooo} | Z P{Z to oo} | 2Z P{Z to oo}

2.0 0.02275 | 3.0 0.001350 | 4.0 0.00003167 | 5.0 2.867 E-7

2.1 0.01786 | 3.1 0.0009676 | 4.1 0.00002066 | 5.5 1.899 E-8

2.2 0.01390 | 3.2 0.0006871 | 4.2 0.00001335 | 6.0 9.866 E-10

2.3 0.01072 | 3.3 0.0004834 | 4.3 0.00000854 | 6.5 4.016 E-11

2.4 0.00820 | 3.4 0.0003369 | 4.4 0.000005413 | 7.0 1.280 E-12

2.5 0.00621 | 3.5 0.0002326 | 4.5 0.000003398 | 7.5 3.191 E-14

2.6 0.004661 | 3.6 0.0001591 | 4.6 0.000002112 | 8.0 6.221 E-16

2.7 0.003467 | 3.7 0.0001078 | 4.7 0.000001300 | 8.5 9.480 E-18

2.8 0.002555 | 3.8 0.00007235 | 4.8 7.933 E-7 | 9.0 1.129 E-19

2.9 0.001866 | 3.9 0.00004810 | 4.9 4.792 E-7 | 9.5 1.049 E-21
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Gidi thiéu Tu Sach Sputnik

Cac sach da xuat ban

S001. Malba Tahan, Nhitng cudc phiéu luu ciia Ngugi Thich
Pém

Lé Hai Yén, Pham Viét Hung va
Nguyén Tién Diing dich, 236 trang, Madha Tahan
02/2015. L

Pay 1a cudn sach viét vé toan §§:m ‘ﬂl{dg pé’m

i i A
S dud i e

hoc thudng thitc dude wa chudng
nhét trén thé gi6i trong vong mét
thé ky qua. N6 di dugc in ra hang
triéu ban, dugc dich ra hiu hét cac
thit tiéng phé bién trén thé giéi nhu
tiéng Anh, tiéng Phép, tiéng Tay
Ban Nha, tiéng Diic, tiéng A Rép va

dugc tai ban lién tuc hang nam. ..

Su hap dan dac biét cia cu6n sach nay nam & cho nd via 1a mot
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quyén sach gi6i thiéu rit nhiéu diéu thi vi vé toan hoc, ddng thoi vita
6 gi tri rit cao vé vin hoc va chita nhiéu dién tich lich s thi vi.
Cudc phiéu luu ctia nhan vét chinh trong cubn sach ly ky khéng kém
“Nghin 1é mét dém”.

Hop véi moi ltta tudi.

S002. Vladimir Levshin, Ba ngay 6 nuéc Ti Hon

Nguyén Tién Diing dich, 190
trang, 02/2015

Day 1a mét quyén sach ky diéu,
mot “truyén than thoai tuy khong
phai than thoai” nhung c6 phép
mau lam cho ca hoc sinh va ngudi
16n tré nén yéu toan hoc. N6 duge
nha toan hoc Vladimir Levshin sang
tac 6 Nga vao ndm 1962 va ti do
dén nay dugc tai ban rit nhiéu lan,

tong coéng hang nghin ban dich,

dich sang cac thit tiéng khac nhau,
va trd thanh sach gbi ddu giudng cha biét bao thé hé hoc sinh. Ba
ngay & nudc ti hon dé lai 4n tuong sdu sic trong hang triéu ban tré,
va nhiéu ngudi trong sb dé vé sau sé tré thanh nha khoa hoc, k¥ su,
bac si, thuong gia, v.v.

Ban dich cta GS. Nguyén Tién Diing do Sputnik xuAt ban 13 ban
dich méi, chinh xac hon ban dich cii da ting dudc in & Viét Nam
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trude day.

Sach hop v6i moi lita tudi.

S003. Nguyén Tién Diing, CAc bai gidng vé toan cho Mirella,
quyén I

127 trang, 02/2015, kem 10i
gi6i thiéu cta GS. Ha Huy Khoai.

Cubn sach gbm 12 chuong, dua
trén cac bai gidng va cac budi néi
chuyén ma tac gia danh cho c6 con
gai cia minh.

Trich t&t moét gi6i thiéu trong
sach: Pugc viét bdi moét nha toan
hoc hang dau 1a GS. TS Nguyén

Tién Diing , cuon sach la mot tai

liéu quy va khac biét goi mé nhiing
van dé ly tha cla toan hoc so cip
va hién dai. Ban than t6i rit 4n tuong véi cac bai gidng ducce din
dit bing ngdn ngit gin giii, hém hinh nhung rét logic va chtta dung
nhiing  tudng siu sic clia tc gia. Day chic hin 13 cubn sich ma bt
ky hoc sinh yéu toan nao ciing c6 thé tim thiy nhitng kién thitc bS
ich vé toan hoc va viéc hoc toan.

Sach danh cho cac hoc PTCS va PTTH.
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S004. Tran Nam Diing, 169 bai toan hay cho tré em va
ngudi 16n

142 trang, 03/2015 Ts. Trén Nam Diing

Pay 1a cubn sach b8 ich cho = 169 Bai to&n hay
nhiing ban hoc sinh va nhitng nguai CHO TRE EM VA NGUOI LON

yéu thich toan hoc. V6i nhiing bai
toan dudc phét biéu rt vui, rdt gin
glii trong cudc sbng, cubn sach nay
sé dem lai cho cac ban nhiing phut
thu gidn cin thiét.

Sach hgp cho ca tré em va ngudi
16n.

S005. N. Ia. Vilenkin, Qui nap
va t6 hop

Ha Huy Khoai dich, 03/2015, 87
trang.

D4y 1a mét trong nhitng cudn
sach viét hay va dé& hi€u nhét vé
phuong phap qui nap va cac vin dé
tinh toan t& hop. TAc gia 1a nha toan
hoc Nga néi tiéng N. Ia. Vilenkin.
Sach hop véi trinh d6 phé thong co

s6 va phé théng trung hoc.
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“Khéng chi quan trong d6i véi nhitng ky thi hoc sinh gidi ma T6
hop va quy nap 13 mét phan khong thé thiéu cho nhiing ai mubn tiép
tuc hoc tip, nghién cttu va lam viéc ¢6 hiéu qua trong nhitng nganh
toan hoc, tin hoc, kj thuét hay don gian chi 1a d€ trau déi tu duy

logic, diéu ma ai cling can den trong cudc song.”

Mot so sach sap xuat ban

Dudi d4y 1a mét sb sach trong Ta Sach Sputnik d4 hoan than hodc
han nhu hoan thanh vio thdi diém 05/2015. Ngoai ra cc cOng tac

vién ctia T Sach Sputnk dang viét va dich nhiéu quyén sach khac.

Lé Bich Phudng va Nguyén Tién Diing, Romeo di tim cong
chiia, 100 ciu d6 vui héc bia.

Quang 140 trang, hoan thanh ban thao 04/2015.

Sach nay 1a mét tuyén tdp dung 100 ciu db vui toan hoc, tit dé
dén khé, phit hop v6i moi lta tudi, chia thanh cac dé tai: sb hoc, hinh
hoc, qui luat, thudt todn, va logic. Dic biét, c6 mét chuong vé Romeo
di tim cong chtia, va d€ tim dugc sé phai trai qua nhiéu tht thach
gian nan.

Vi du mét cau db tir quyén sach:

Romeo cung v6i hai hiép si di dude dung duong t6i Dong Tién ma
khéng bi sa vao biy. Ba tién di biét trude vé su xuét hién cta ba vi
khach nay, nén di chudn bi sin 5 cai mii, trong dé cé hai cai mau

xanh va ba cai mau dé. Ba tién bao ba chang trai xép thanh 1 hang
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doc, khéng dugc trao d6i véi nhau, roi déi 1én ddu mbi ngudi mot
chiéc mil tit ndm chiée d6. Romeo ding dau hang, khéng nhin thay
dugc ba tién d6i mit mau gi 1én dau ai. Toto diing giita, nhin thiy mi
trén ddu Romeo nhung khéng nhin thdy mi trén du Dario va dau
minh. Dario diing sau cung nhin thiy hai mii trén dau ctia Romeo
va Toto nhung khoéng nhin thiy mi trén diu minh. Ba tién néi ring
“néu ai suy luin dudc ra mii ma minh déi mau ndo mot cach chic
chén, thi sé dugc ba cho cai mii d6”. Ca Dario va Toto déu rét thong
minh, nhung déu 14n lugt danh néi ring ho khéng suy ludn dudc mii
ho dbi trén ddu mau gi. Dén lugt Romeo, thi Romeo lai suy luin dugc
ra la dang d6i m{i mau gi, va dudc ba tién tang cho cai mi do. Ban

c6 biét Romeo d6i mii mau gi khong?

Nguyén Tién Diing, Cac bai gidng vé toan cho Mirella, Quyén
2.

Quang 170 trang, hoan thanh ban thao 04/2015.

C6 kem 10i gii thiéu ctia GS. Nguyén Van MAu.

Tuong tu nhu quyén “Mirella 17, mdi chuong sach ctia quyén nay
xuét phat tit mot cude néi chuyén hay mét bai giang cho Mirella (con
gai clia tac gid) vé toan hoc. Nhiing vin dé dé cip t6i trong sach
bao gdbm: cac dai luong v cling nhé va vé cling 16n, sé hoc trén mit
phing, cac hinh da dién 16i va céc tinh chit cda ching, dao ham va
bién phén va ing dung ctia né (vi du nhu dinh luét Snell trong quang
hoc), cac vAn dé vé thuét toan va tin hoc, dic biét 1a khai niém “luong

thong in”, va cac bai toan lién quan, vi du nhu bai sau:
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C6 12 dong tién vang trong gibng hét nhau, trong dé ¢6 11 dong
tién that, v mét dong tién gid. Cac dong tién thit ning bing nhau,
con ddng tién gia c6 khéi luong khac dong tién thét, nhung khong
biét 13 ning hon hay nhe hon. Diing mét céi can ¢6 dién. Lam sao dé
v6i chi 3 14n cAn ma chic chin x4c dinh dudce ring dau la dong tién
gia, va né nhe hon hay ning hon so véi cac ddng tién thét.

Sach hop véi cudi cip PTCS trd 1én.

Lichtman, Bi mat, doi tra, va dai so.

Nguyén Tién Diing dich tir tiéng Anh, quing 160 trang, hoan
thanh ban thao 03/2015.

Cubn truyén cho thién nién nay dic biét 6 chd né c6 cbt truyén
han hoi, v& cudc sbéng va tinh ban cta nhitng hoc sinh 16p 8 & mot
trudng hoc 6 My, déng thdi mébi chuong déu gi6i thiéu cac y tudng va
khai niém toan hoc mét cach rit tu nhién va gn giii cudc sébng. Cubn
sach ndy xuit ban bén My nim 2006, va di doat nhiéu giai thudng

vé sach cho thién nién.

Kiselev, Hinh hoc phang.

Nguyén VAn Héng dich tit tiéng Anh, quing 360 trang, hoan thanh
ban thao 03/2015.

DAy 14 quyén sach kinh dién vé hinh hoc cho hoc sinh phé théng,
dugc dung 1am sach hoc chinh thitc & Nga trong nhiéu thip ky, va gin
day dugc dich sang tiéng Anh. N6 trinh bay mét cach hé théng va 16-
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gich cac khai niém hinh hoc phang (cho hoc sinh PTCS va PTTH), va
kém theo rét nhiéu bai tip d€ qua dé hoc sinh ¢6 thé nim chic cac

kién thtic co ban.

Aleksandrova & Levshin, Ngusi mét na den tit nude Al-Jabr.

Nguyén Tién Diing dich tit tiéng Nga, quing 240 trang, hoan
thanh ban thao 04/2015

Cubn sach nay cing vé6i hai cubn sach khac 13 “Ba ngay 6 nude
Ti Hon” va “Thuyén trudng bon Vi” (hay con goi 1a “Thiy tha Sb
Khéng”) tao thanh mét bd ba tap sach ndi tiéng do Levshin va Alek-
sandrova viét vao thap ky 1960. Tit d6 dén nay, bd sach nay da dudgc
tai ban lién tuc hang nim, in ra 6 nhiéu nuéc trén thé gi6i, tré thanh
“sach gbi dau giudng” ctia hang trim nghin ban tré, nhitng ngudi ma
vé sau sé tré thanh cac nha khoa hoc, bac si, ky su, thuong gia, nha
quan ly, v.v.

Ban dich méi nay do Sputnik xuit ban tranh dugc nhiéu 15i sai
ctia mét ban dich ¢t dang dudce luu hanh tai Viét Nam.

Sach hop v6i moi lia tudi.

D6 Diic Thai, Cac bai tip sb hoc va dai s6 cho hoc sinh
PTCS.

VAo nim 1993, GS. D4 Dtic Théi (lic dé 1a mot tién si tré) cd viét
hai cun sach bai tip cho hoc sinh PTCS ¢6 ning khiéu vé toan, mot

cuon veé so hoc va dai so6, mot cuon vé hinh hoc. Hai cuon sach da da
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dugc in ra hang chuc nghin ban, phuc vu nhiéu thé hé hoc sinh gidi.
Cubn sach méi nay ctia GS DS Dtic Thai 13 mot phién ban md rong
va cip nhat clia cubn sach cii d6 vé cac bai tip dai sb va sb hoc.

Phién ban méi clia cudn sach “Cac bai hinh hoc cho hoc sinh
PTCS” ctia GS D6 Ditc Thai cling sé dude Sputnik ra mat ban doc
trong tuong lai gan.

Danh cho hoc cac hoc sinh PTCS c¢6 ning khiéu vé toan.

Spivak, Cau lac b6 toan hoc 16p 6 - 16p 7.

Tran Nam Diing dich tu tiéng Nga.

Cubn sach nay, v6i khoang 500 bai toan hay, c6 di kém 15i giai,
dugc xuét ban bing tiéng Nga nim 2003, va dugc dung lam sach hoc
8 cac 16p PTCS ning khiéu vé toan & Matskva.

Danh cho cac hoc sinh PTCS.

Cac dia chi ban sach Sputnik

Sach ctia Tt sach Sputnik c6 duge ban qua cac cong ty phat hanh
sach dén cac clta hang online/offline cac hoi cho sach, v.v. Ngoai ra,
Sputnik c6 phan phéi truc tiép sach dén cac dia diém sau, nhiing ai
mudn mua c6 thé lién lac. Danh sich nay sé thinh thoang dudc cp
nhat.
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Saigon (va khu vuc mién Nam)

- Nha sach Ca Chép, 211-213 V6 Vin Tan, TP HCM, 08 6290 6951

- Ms. Vi Thi Bich Phuong, Titan Education, 94 Mac Dinh Chi,
Mobile: 0909058520 Email: phuong@titan.edu.vn

- Titan Education (dia diém khac), 175 Pham Hung, P 4, Q. 8, TP
HCM, Mobile: 0909058520 Email: phuong@titan.edu.vn

- Mr. Son, s6 dién thoai 0947558338 . C6 trang FB Sach cho tré

Sachchotre. C6 thé giao sach tin noi.

Pa Nang (va khu vuc mién Trung)

- 111/18 Thanh Thiy, Pa Ning. S dién thoai: 0906016943 hoic
01667286280. (C6 thé goi dién, giao sach tin nha néu cin)

Hanoi va cac ndi khac (c6 thé goi dién hen liy hoic mua
sach qua buu dién)

- Booksquare (Quang trudng Sach), 12 Hoa Ma, Quén HBT, HN,
Ms. Thiy, 04 3821 3888

- Trung tAm day toan Pomath, Ngé 158 Nguyén Khanh Toan, Cau
Gidy, HN Ms. Hién 091 513 7066

- Trung tAm CSVC va thiét bi, b choi tré em — Vién KHGD VN 62
Phan Dinh Giét, quan Thanh Xuin, HN Mrs. Cao Chi (84.4) 38642687

- Nha sach Su pham, 12H1 Khu tap thé Dai hoc Su pham, Ha noi.
bt: 0437548642.
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- Ms. Nguyén Thi Thu — 241 phé Trdn Ding Ninh, Ciu Gidy Mo-
bile: 0982932219 Email: sach@sputnik.vn (nhan gui sach qua buu
dién)

- Ms. Quynh Anh, Ng6 291 Lac Long Quéan, Nghia D6, HN 093
518 5555 (nhén gui sach qua buu dién)

- Mrs Phuong, ngd 43, dudng CS Nhué, 090 206 1246 (nhin gui
sach qua buu dién)

- Mrs. Ha 090 200 8386 (nhén gui sach qua buu dién)

- Mrs. Thanh 091 323 9846 (lién hé vé& phan phdi sach, mua sb
lugng 16n)

Online

- Tiki.vn
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Chi muc

X%

4nh xa bao toan xac suat,
dbi thuyét Hy,[245

db thi phén tan, [156]

d6 léch chuén,
dé tin ciy,

doc lap,

dinh ly Pearson,

dinh ly Prokhorov, [196]

dinh ly de Moivre — Laplace,
117/8]

dinh ly gi6i han trung tam, (182

dinh ly hoi tu bi chan Lebesgue,

dinh ly lién tuc, 197

dinh ly lién tuc Lévy,

dang cau xac sudt,

da dang hoa tai san, [107,

diém hat,

do dugc,

330

uéc lugng,

udce lugng hiéu qua,

udc luong khoéng chéch,

udc lugng khong chéch tiém céan,
225

wée lugng nhét quan,

bAt ding thitc Chebyschev,
116}

bét ding thitc Cramér—Rao, m

bét ddng thitc Jensen, m

bét déng thiic Markoy,

bién ddi Fourier, m

bién ddi Laplace,

bién ddi ngugc Fourier, m

bién diéu khién, [268]

bién ngiu nhién,

bién phu thudc,

bién tu do, M

biéu db tan sb,



cong thic Bayes,

cong thtic Sterling,

cong thiic x4c sult toan phén,
48]

¢ ctia mau, [220)

chat,

chuin L, 202

chudi Fourier, m

gia tri B [248

gia tri thuc nghiém, [221]
gia thuyét Hy, 245

gretl,

hau khap moi noi,

hdi qui, m

hdi qui phi tuyén, m

hdi qui tuyén tinh,

hdi qui tuyén tinh don, @
hdi qui tuyén tinh bbi,
ham dac trung,
ham d6 hop ly,

ham do dugc,

ham uéc luong,

ham chi béo,

ham mat do,

ham mat dé ddng thoi,
ham mat d6 bién, [133]

ham phén phobi,

ham phén phbi thuc nghiém,
221]

ham phéan phéi xac sult dong
thoi,

ham phan phéi xac sult bién,
131

ham phan phbi x4c suit c6 diéu
kién,

ham sinh moment,

ham sinh xéc sut,

ham théng ke,

hé sb bét dbi ximg,

hé s tuong quan, m

héi tu hiu khip moi noi, m

héi tu hiu nhu chic chin,

héi tu theo phan phbi xac sut,
189

héi tu theo x4c sut, [202

hoi tu yéu, m

hiép phuong sai,

ky vong,

ky vong c6 diéu kién, m
ky vong hinh hoc,

ky vong mau,

ky vong thuc nghiém,
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khéng gian mau, metric Lévy-Prokhorov, [192

khong gian metric, [192 moment, [T10]

khong gian xac suét, moment chuin ho4,

khéng gian xac suét thuc nghiém, moment hén hop,
moment thuc nghiém, [222]

kha tich, moment trung tam, [110]

khoang céch,

khodng tin ciy, [236] phén b?’ dc\éu,

khoang tin ciy mot phia, phén bo dong thoi thuc nghiém,

ki binh phuong, 160

kiém dinh y2, phén b6 Bernoulli,

kiém dinh E phan bb Cauchy, m

kiém dinh T, phén b chuén,

kiém dinh T hai mAu, [255] phan b6 F

kiém dinh Z, phan b gamma, [138]

kiém dinh Z hai miu, phan b6 hinh hoc,

kurtosis, [112 phén bb hén hop,

phén b luy thia,

phén bb nhij thic,

phan bb nhi thitc m,
phan b6 normal,

phan bb normal chuén tic,

lugng thong tin Fisher, [234]
lién tuc,
lién tuc tuyét dbi,

luat sb 16n,

mau thuc nghiém, m phan bb normal nhiéu chiéu,

ma trin hiép phuong sai, [170

metric, [192] phan b6 normal nhiéu chiéu chudn
metric Li,[19]] tac, m

metric Kolmogorov-Smirnov, (192 phén b Pareto,
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phan b Poisson,

phén b rdi rac,

phan b6 Student, m

phén b T, [241]

phén bb thuc nghiém, [160]

phén bb x4c suét,

phén bb xac sult déu,

phén bb xac sudt dong thoi,

phén bb x4c sult bién, m

phén bd x4c sudt c6 diéu kién,
1164

phan bd xac sudt cdm sinh,

phén bb x4c suit thuc nghiém,
221]

phén hoach,

phan phdi xac sudt,

phén lién tuc,

phén rdi rac,

phuong phap hdp ly cuc dai,
228

phuong sai,

phuong sai miu, m

phuong sai mau hiéu chinh,

phuong sai thuc nghiém, 223

push-forward,

s6 bac tu do,

su kién doc lap,

su kién thanh phén,

sai 1dm loai 1,

sai 1am loai 2,

sai s6 chudn, m

sai s6 trung binh binh phuong,
234

sigma-dai sd,

sigma-dai sb Borel,

song tuyén tinh,

tich phan Lebesgue,
tich truc tiép, m

tich v6 huéng,

tan sb,

tAn sut,

tap con c6 thé bd qua, m
tong chuin hoa, m
théng ké,

trung vi, 223

vector ky vong,
vector ngiu nhién, m

XAc sudt,

x4c suat cé diéu kién,
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