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Kovi nnovi dam

S6 hoc la mét trong nhitng linh vic ¢6 xua nhét cua Toan hoc, va
cling 13 finh vue tén tai nhiéu nhat nhitng bai toan, nhing gia thuyét chua co
cau trd loi. Trén con dudng tim kiém 10i gidi cho nhiing gia thuyét do, nhiéu
tu tudng 16n, nhiéu Ii thuyét I6n cha toan hoc da ndy sinh. Hon nia, trong
nhimg nam gan day, S6 hoc khéng chi 1a mét linh vuc cla toan hoc li
thuyét, ma con la linh vife c6 rét nhiéu tng dung, dac biét trong linh vuc bao
maét théng tin. Vi thé, viéc trang bj nhimg kién thirc co ban vé S6 hoc cho
hoc sinh ngay tur trusng phé théng la hét sic can thiét. Khéng nhu nhiéu
nganh khac cla toan hoc, coé rét nhiéu thanh tuu hién dai va quan trong cla
S6 hoc cé thé hiéu duoc chi vdi nhitng kién thirc phd théng duge ndng cao
mét budc. Do do, day chinh 1a linh vuc thuan loi d€ dua hoc sinh tiép cén
nhanh vdi khoa hoc hién dai. Tuy nhién, trong chuong trinh S6 hoc J tridng
phé théng hién nay, mén S& hoc chua dugc gianh nhiéu thoi gian. Cang vi
thé ma hoc sinh thuong rét lung tung khi giai cac bai toan S6 hoc, dac biét
Ia trong cac ki thi chon hoc sinh gidi. Tinh hinh do doi hdi phai cé nhing
sach tham khdo vé sé hoc cho hoc sinh, ddc biét la hoc sinh gidi, cing nhu
sach dé& lam tai liéu gidng day cho giao vién, nhét la gido vién cac lop
chuyén toan.

Hién nay ciing da c6 mét s6 sach tham khao vé S6 hoc cho hoc sinh.
Tuy nhién, chung toi hi vong rang, cudn sach nay coé thé bd sung dugc mot
s6 mang chua dugc dé cap dén mét cach day du.

Thir nhat, vé mat i thuyét, ngoai nhitng kién thirc co so veé i thuyét
chia hét, déng du, cuén séch trinh bay kha ki vé mot s6 ham sé hoc, s6
hoan hao, s& Mersenne. Day la nhimg véan dé cé dién va quan trong cla
S6 hoc, ciing la nhitng vén dé dang tim thay nhiéu ung dung trong thuc
tién. Cung nhu vay, If thuyet céc phan so lién tuc (Chuong 4) khéng chi
nhdm dé trinh bay viéc gidi phuong trinh Didphang bac 2 (Chuong 5), ma
con nhdm muc tiéu trang bi cho hoc sinh kién thic co sd vé Ii thuyét nay.
Piéu do sé co ich cho ho khi tim hiéu cac thuat toan mdi nhéat vé phan tich
s6 nguyén (khoéng trinh bay trong sach na‘y) moét vén dé réat thoi su cla
toan hoc. Trong Chuong 6, cac tinh chat cla day s6 Fibonacci cing dugc
frinh bay kha chi tiét. Ta b/et rang, céac s6 Fibonacci tham gia vao nhiéu van
dé cla toan hoc dén ndi tur nhiéu nam nay, c6 mét tap chi toan hoc chi
chuyén danh nghién citu cac s6 Fibonacci.



Thir hai, cudn sach nham cung cdp cho hoc sinh mét nguén bai tap
chon loc vé S6 hoc. Co tong cong khodng hon 200 bai tép cudi cac chuong.
Cac bai tap cudi méi chuong nham muc tiéu giup hoc sinh ndm vimng phan
Ii thuyét da trinh bay trong chuong dé. Viéc dat cac bai tap cubi chuong da
la mét goi y cho hoc sinh khi gidi cac bai tap nay. Vi thé, khéng cé phan tra
loi hodc chi dan gianh cho cac bai tap cudi chuong, mdc du trong dé co
nhimg bai tap khéng dé.

Phan thur hai cda cubn sach gém hon 100 bai tap, co kem theo 10
giai. Bay la nhitng bai tap tuong déi téng hop, va dé gidi chung, hoc sinh
can biét van dung nhiéu phan khac nhau clda i thuyét. Ba sé cac bai tap
trong phan nay déu la cac bai tap kho, voi muc dd gan nhu cac bai tap
thuong dugc cho trong céac ki thi chon hoc sinh gidi quc‘)'c gia va quéc té
(danh gia theo kinh nghiém cua tac gia). Do khuén khé ciia cuén sach, tac
gia chi co thé trinh ba y 10/ giai ma khong gidi thich mét diéu rat quan trong
la tai sao lai phai gidi nhu vay. Vi thé, khi doc phan nay, sau khi da hiéu
dugc bai, hoc sinh nén c6 gdng tu minh tra Idl cdu hoi do. Lam duoc nhu
vay, chung ta hoc dugc mét phuong phap gidi, chur khéng chi hoc dugc
cach g/a/ mot bai toan cu the Cac loi g/al cho trong sach nay chua phéi la
Ioi gidi hay nhat, va doc gid co thé céi tién d€ céac I9i gidi ngdn gon, sang
sta hon.

Cubn sach khong tranh khoi nhing khiém khuyét. Tac gia mong nhan
dugc y kién dong gop cla doc gid, nhét la cla cac thay, cé gido va cac em
hoc sinh truc tiép st dung cudn sach nay, dé€ c6 thé chinh Ii va hoan thién
hon trong l1an in sau.
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Chuong 1.

LI THUYET CHIA HET

§ 1. NGUYEN Li QUY NAP TOAN HOC

Trude hét, ta nhic lai tién dé quan trong sau day:

Tinh chat sap xép thu tu tot. M4i tdp khong réng cdc s6 nguyén duong déu
6 phan tir bé nhdt.

Dua vao tién dé néu trén, ching ta ching minh duoc nguyén Ii quy nap toan
hoc, 1a mét trong nhiing cong cu hitu hiéu nhat thuong ding khi chimg minh
cdc ménh dé toin hoc.

Nguyén li quy nap toan hoc. Gid sir S la tdp hop nao do cdc s6 nguyén
dwong. chita s6 1. Khi dé, néu véi moi n € S, S déu chuwa s6 n+1,thi S
la tdp hop tdt cd cdc s6 nguyén diong.

Chitrng minh. Gia st nguoc lai, S khong phai la tap hop tat ca cdc s6
nguyén duong. Khi d6, 16n tai nhitng s6 nguyén duong nao dé khong thudce
S. Theo nguyeén If sap thi tu t6t, vi tap hop cdc s6 nguyén duong khong
thuéc S 12 khdc réng, ton tai s6 nguyén duong n nho nhat khong thuoc §.
Theo gia thi&t, n = 1. Do n > 1 nén n — 1 1a s6 nguyén duong nho hon n,
nén n —1 € 5. Nhung khi dd, (n — 1)+ 1= n € .5, mau thuan. O

Nhu vay, dé chitng minh mét ménh dé nao dé diing véi tap hop s6
nguyén duong, ta chi ra hai diéu kién. Tha nhat, ménh dé ding v6i n = 1.
Thit hai, n€u ménh dé diing v6i s6 nguyén duong n thi cling ding v6i s6
nguyén duong n + 1.

Nguyén li quy nap toan hoc con c6 dang phat biéu thay déi chit it nhu sau.

Nguyén li quy nap toan hoc thit hai. Gid sit T la tdp hop ndo dé cdc sé

nguyén dwong, chita 1. Hon nita, T ¢6 tinh chdt - néu 1,2, ..., k thuge T
thi k+1 thuéce T . Khidé T la tdp hop tdt cd cde s6 nguyén duong.

Chitng minh. Gia st T 1a tap hop nao dé céc s6 nguyén duong chifa 1, va
néu 1,2, ..., k thuoc T thi k +1 ciing thuéc T . Gia st S 1a tap hop céc s6
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nguyén duong n sao cho moi s6 nguyén duong nho hon hodc bang n déu
thuoc 7. Khi do, 1 € S, va theo gia thiél, néu A€ S thi A +1€ 5. Theo
nguyén li quy nap, S la tap hop tat ca cdc s6 nguyén duong, va do dé, T
cling la tap hop tit ca cdc s6 nguyén duong.

Nguyén li quy nap toan hoc cho ta mot phuong phdp dé tim gia tri cha
cdc ham xdc dinh trén tap hgp cdc s6 nguyen duong.

Dinh nghia 1.1. Ta néi rang ham f dugc xdc dinh m(f)t cdch dé quy néu gia
tri cua f tai 1 da dugc cho trude, dong thoi c¢6 mot quy tic xdc dinh
f(n +1) khibiét f(n). '

Céc ham dé quy c6 vai tro hét sic quan trong trong s6 hoc, 16gich va
khoa hoc mdy tinh. Tir nguyén Ii quy nap todn hoc suy ra ring, gid tri cha
ham dé quy tai méi s6 nguyén duong duoc xdc dinh mét céch duy nhat. Vi
du don gian nhdt cia ham dé quy 1a ham giai thiw f(n) = n! duoc dinh
nghia nhu sau : ‘

JO =15 fi+1)=(n+1fn).
Ta quy udc 0! =1. V
Ham giai thira duge dung dé dinh nghia cac hé s6 nhi thie nhu sau.
binh nghia 1.2. Gia st m, k 1a cdc s6 nguyén khong am. Hé s6 nhi thic

m

C’ , cling thuong diing ki hiéu [ i |» duoc dinh nghia bai he thirc
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Ménh dé 1.3. Gid st nova k la cde s6 nguyén khéng dam, k< n. Khi dé
e =Cl =1,
i) CF =C

Chimg minh. Taco
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Pé thir lai ii) ta cé :
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Cr =
Mot tinh chét quan trong cta cdc hé s6 nhi thitc 12 déng nhat thic sau :
Pinh li 1.4. Gid sit n va k la cdc s6 nguyén duong véi n > k. Khi dé
k k—1 k
Cn + C'u. = Cn—!—l '

Ching minh. Ta cé

o | B
Ck—f-ck—l - n. + :
o Kl(n—k)! (k—1)!(n—k+1)!
Cal(n—k+1) n'k

T kln—k+1D! El(n—k+1)

_nlf(n—k+1)+]

T El(n—k+1)!

_ nl(n+1)

Tkl n—k+ 1)

 (n+ D)

 kl(n—k+1)!

_ = C’iﬂ ‘ U

Pinh 1i 1.4 cho ta mét cdch x4y dung dé dang céc s6 nhi thirc bang tam gidc
Puscal. Trong tam gidc nay, hé sé nhi thic C* 1a s6 thit (k + 1) trong dong
(n +1). Sau day Ia chin dong d4u tién clia tam gidc Pascal.

1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 3 3 21 7 1
1 8 28 56 70 56 28 8 1

Hinh 1.1. Tam giac Pascal.
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Cic s6 ngoai cing cha tam gidc 12 1. D€ c6 mot s6 bén trong, ta chi cén ldy
t8ng hai s6 & hang trén & vé hai phia cua vi tri dang xét.

Céc s6 nhi thitc xudt hién trong dinh 1i nhi thic sau day.
Dinh li nhi thitc. Gid sir z, y la cde bién va n la s6 nguyén duong. Khi do :
(o +y) = C'" 1 Cla el O e
F Oy + Oy g Oy,
tee la

:c+y ZC!"]J

j=0
Chitng minh. Ta sit dung nguyén 1i quy nap todn hoc. Do C} =C; =1 nén
truong hop n = 1 12 18 rang. Gia st dinh 1i ding vdi ., tic 1a

T+y ZC’ "y

g=0
Ta thir lai céng thic cho truong hop n + 1. Ta co

ZC 7'JJ

4=0

i
_ J ot /+1 J It a,, 01
= E Clzr E Clg" ™y’

=0 3=0
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(z+y)" =(@+y) (z+y)= (z+v)

Mat khic,

‘ n
Z +1 netl Z 4L,
C; = 1:‘,1:11 + C,Z.’E” 3 y./,
=1

1=0
n—1 n

ZC/ ne- / g+l Zcimn—jyﬁ—l + yn-{—l — ZCT{—IIH—-_H-Iy] + yn+1.
Tirdétacé:
(fL' + y)n+1 — IL',”-H + Z(Ci + Ci-l)zn—jﬁ—lyj + yn.+l.
=1
Ap dung dinh Ii 1.4 ta nhan duoc :

n+1

+1 1 1 1- ‘
(@ +y)" = "+1+Zc,ma;" Iyl gy ZC'nHa:” iy 0



§ 2. TINH CHIA HET
Dinh nghia 1.5. Gid sir a, b 1a cdc s6 nguyén. Tanéi a chia hét b (hay b
chia hét cho a ) néu ton tai s6 nguyén ¢ saocho b = ac.
Néu a chia hét b, ta thuong ding ki hiéu a |b hodc b:a, néu a

khong chia hét b, ta viét o f b hoac b/ a . Khi a|b,tanéi o 1ausc ciia b .

Meénh de 1.6. Gid sit a, b, ¢ la cdc s6 nguyén. Néu a | b, b | c thi a |c.
Ménh dé 1.7. Gid siz a, b, ¢, m va n la cdc s6'nguyén. Néu ¢ |a va c | b
thi ¢ |(ma + nb). ‘

Chimg minh cdc Ménh dé 1.6 va 1.7 dugc danh cho doc gia.

Thuat toan chia. Gia sit a, b 1a cdc s6 nguyén va b > 0. Khi dé tén tai
duy nhét cic s6 nguyén ¢ va r sao cho

a=bg+r, 0<r<hb.

Ta got ¢ 1a thieong va r 1a phdan die. Nhu vay, a chia hét cho b néu va chi
néu phan du trong phép chia bang (). Dé ching minh thuat to4n chia, ta cin
dén dinh nghia sau.

Dinh nghia 1.8. Gia st z 12 mot s6 thuc. Phdn nguyén cua z, ki hiéu qua
[«], 12 s0 nguyeén 16n nhat khong vuot qua .

Vidu:[1,5)=1 [-2.4]=-3 [11]=11.

Ménh dé 1.9. V& moi 56 thite
r—-1<[z]<zx
Ménh dé 1.9 suy ra ngay tir dinh nghia.

Chimg minh thudt todn chia. Chd y rang, trong chiing minh, ta s& cho cong
thitc tinh thuong va phan du.

Gia st ¢ = [a/b], r = a —bla/b]. RG rang a = bg + . Theo Ménh
dé 1.91tacé

;—1<[a/b] 'Z“

T d6,
a—b<ala/b)<a
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suy ra
0<7r=a-—"bla/b]<b.
Nhu vay, 7 théa man tinh chat doi hoi trong thuat todn chia.

Con phai chimg minh ¢ va r dugc xdc dinh mot cach duy nhat. Gia su
tacé a=bg +1.vd a=bg, +n,trongdé 0<r <b;0=<n< b. Tru
timg v€ ta nhan dugc

0=b(G — @)+ (M — %)
Suy ra
n, =1 =b(6h — 0).
Nhuvay b (% —7). ViO<n <b;0<n<bnén —b<n-—n <b.Do
d6 b| (% — 1) néuvachinéur, —n =0,ticlan =7 .Suyra ¢ =q,. d

§ 3. BIEU DIEN SO NGUYEN

Ta thuong quen biéu dién mot s6 nguyén qua téng céac liy thira cha
10 . That ra khong c6 If do dac biét nao quyet dinh viéc dé (ngoai viéc ta co
10 ngén tay !) Cung c6 nhiéu dan toc ding nhimg hé dém khéc : ngum
Babilon ding co s6 60, ngudi Maia dung co s6 12, ... Mdy tinh dién ti
thuomg ding co's6 2, 8 hodc 16.

Trong tiét nay ta sé ching t6 ring moi sé nguyén duong 16n hon 1 déu
¢6 thé dung 1am co s6.

Pinh li 1.10. Gid sit b la s6' nguyén va b > 1. Khi d6 moi s6 nguyén duong
n déu 6 thé viét mot cach duy nhdt dwoi dang

n=ab" + a b+ ab' + ay,

trong dé a, la s6 nguyén, 0 < a, < bvéi j=0,..., k, dongthoi a, = 0.

Chitng minh. Ta 4p dung lién ti€p thuat todn chia. Trude tién chia n cho b,
ta dugc :

n=bq, +a, 0<a <b-1

Lai chia g, cho b,tacé:
g, =bg +a, 0<a <b-1.

Tiép tuc qué trinh trén, ta nhan dugc :

il



Q1:b‘b+az» Ogdng*l,
q, = bqs + aj, 0<a; <b -1,

Qoo =bgy + a4y, 0<a,_ <b -1,
g =b0+aq,, 0<a, <b-1.
Qua trinh két thic khi ta cé thuong bang 0. Diéu d6 dat dugc sau hitu han
budc, vi
n>q,>q >q >-->0,

va moi ddy giam cdc s6 nguyén khong 4m nhat dinh dimg & 0 sau hitu han
budc.

Nhur vay ta cé :
n = bq, +a, =b(bg, +a,) + ay = b’¢, + a;b + g,
=gy + ayb® + @b + a

=ab" +a P+ b +oa,
trong d6 0 < a, <b-—1v6i j=0,1..,k ; a =0 (do a, =gq,_, la
thuong khdc 0 cuéi cling).

Dé ching minh bi€u dién néi trén 1a duy nhit, ta gia thiét ring c6 hai
biéu dién ctia n :

n = ab" + (I,A:,_lbk“’] + - ab + a,
= (z,v:bk + Ck_lbk_] +--+ob+q,,

trong d6 0 < a, <b ; 0<¢, <b (néu cdn, ta thém vao phia truéc mot
trong hai bi€u dién cdc hé s6 0 dé s6 tir trong hai bi€u dién nhu nhau). Ta
co: ' ‘

(@ = )b" + (@ — ) o 4 (ap — )b 4 (8 — ) = 0.
Néu hai bi€u dién khdc nhau thi tén tai s6 j nguyén nho nhét, 0 < j <k
sao cho a; = c;. Khi dé

B! [(a’k: . C/,,)bk_] 44 (CLj — Cj )] — 07
suy ra |

(@ — )b 4. 4 (Gs1 =€ )b+ (2, —¢)=0.

12
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Do do
a; —c = b[(ck - ak)b“v’”l + 4 (C,,H =, )j

tie la | (¢, —¢,). Nhung 0 < a, <b;0<c¢ <bnén —b<a, —c, <b.
Do dé b { (@, —¢) chikhi a, = ¢,, mau thuln véi gia thiét. O

Bi¢u dién s6 n nhu trong Dinh Ii 1.10 dugc goi 12 biéu dién trong co 56 b .
Khi 6 = 2, ta thuong goi 1a biéu dién nhi phdn, b = 10: biéu dién thdp
phan. Cic hé s6 a, dugc goi la cic chif s6 clia bieu dién. Dé phan biét cic
bi€u dién s6 nguyén trong cdc co s6 khdc nhau, ta viet (g.a,_,, ..., a,a,),

thay cho a,b" +a, b*' 4 - + ab + a,.

§ 4. SO NGUYEN TO

S6 1 chi cé ding mot udc duong. Mbi s6 nguyén duong khac déu cé it
nhdt hai uéc duong (ching han, 1 va chinh né). Cdc s6 nguyén duong chi cé
dung hai uéc duong la cdc s6 quan trong nhit trong s6 hoc, ching dugc goi
[ s nguyén 4.

Binh nghia 1.11. S6 nguyén t6"1a s6 nguyén duong I6n hon 1 chi chia hét
cho 1 va chinh né.

Dinh nghia 1.12. S6 nguyén duong khic 1 va khong 12 s6 nguyén t6 duoc
got la hop s6-

Vidu:2,3,5,7,11lacdcs6nguyéntd; 4, 6,9, 12, 115 1a cac hop
s0. Ton tai rat nhiéu gia thuyét 16n cla todn hoc lién quan dén cdc s6 nguyén
t6. O day ta chi xét mot vai tinh chat thuomg duoc str dung.

Bo dé 1.13. M4i 56 nguyén duwong 1om hom 1 déu c6 wic nguyén 6.

Ching minh. Gia st nguoc lai, tén tai s6 nguyén duong khéng cé uéc
nguyén t6 nao. Vi tap hop cdc s6 nhu vay, theo gia thiét phan ching, la
khong réng, nén t¥ nguyén li sdp x&p thd tu t6t suy ra rang, tén tai s6
nguyén duong n bé nhat khéng c6 udc nguyén t6. Vi n la udc cha chinh
no, ma theo gia thiét, n khong cé udc nguyén t6, nén n khong phai 1a s6
nguyén t6. Tacé n=ab, 1 <a<n,l<b<n.Via<n nén e phdicd
uéc nguyén t&. Theo Ménh dé 1.6, moi udc cia a déu 1a udc chia n, nén n
c6 udc nguyén t6 : mau thuin. O

Dinh li 1.14. T6n tai vé han s6 nguyén 16

Chimg minh. Xét s6

13



@, =nl+1. n>1.

Khi dé (), c6 it nhat mot uSc nguyén o, ki hiéu qua ¢, . Néu ¢, << n thi
g, |n!.vado ds ¢, | (Q, —n!)=1, mau thudn. Vay ¢, > n. Nhu vay, véi
moi $6 nguyén duong n , déu c6 s6 nguyén to 16n hon n , nén tap hop cic s6
nguyén té 1a vo han. J
Trong nhiéu van dé tng dung, ching han trong viéc xay dung cic hé
mat ma khéa cong khai, nguoi ta can tim nhiing s6 nguyén to rat 1én. Dinh I{
sau day chi ra rang, bang cédch chia n cho cdc s6 nguyén t6 khong vuot qué
Jn', ta xdac dinh duge n ¢6 1a s6 nguyén t6 hay khong.
Pinh li 1.15. Néi n la mot hop s6, thi n 6 ude nguyén 16 khong vicot qud
Chitng minh. Do n 1a hop s6, n = ab, trong dé a, b la cdc s6 nguyén,
1 <a<b<n.Taphaicé a</n,vinéungugc lai thi ab > /n./n =n.
Vi a co udc nguyén t§, udc nay ciing la udc clia n, nén n cé udc nguyén
t6 khong vuot qua /n .
Ta c6 thé ding Pinh 1i 1,15 dé tim 1t ca cac s6 nguyén 6 khong vuot qua
mot s6 nguyén duong n cho trudc. Dé minh hoa, ta xét trudng hop
n == 100. Theo Dinh li 1.15, méi hop s6 nho hon 100 phai c6 mot udc
nguyén t6 nho hon 10, tic 1a phai chia hét cho it nhdt mot trong cac s6 2,
3,5 hoac 7. :
Trude tién, trong cdc s6 tir 1 dén 100, ta gach di cdc 6 chia hét cho 2. Sau
d6 trong nhitng s6 con lai, bo di cdc s6 chia hét cho 3, roi lai bo di cdc s6
chia hét cho 5. cho 7 . Cdc s6 con lai (trir s6 1) la cdc s6 nguyén t6. Qud
trinh mo ta trén day duoc goi la sang Eratosthenes.

Sang Eratosthenes c6 vé nhu la mot cdch rdt don gian dé tim tat ca céc s
nguyén t6. Tuy nhién, vi s6 phép chia cin lam trong qud trinh nay rét Ién
nén trén thuc t€, khong thé tim dugc cdc s6 nguyén t6 16n theo cich néu
trén. D& udc luong dugc thoi gian cin thiét dé tim dugc mot s6 nguyén to
16n, ngudi ta cin tim hi€u vé phdn bo cdc s6 nguyén té. D6 1a moét trong

nhitng bai todn 16n ctia toan hoc. Dinh 1i sau day, duoc goi 1a Dinh Ii 56

nguyén té, 1a mot trong nhitng dinh Ii ndi tiéng nhat cia sé hoc :

Dinh i 1L.16. Ki hiéu qua (z), véi x la s6 thic diong, s6 cdc s6 nguyén t6

khong viot qua . Khi dé
lim n(z)/ — =1.
r— Inx

Dinh Ii 56 nguyén t6 duoc phat biéu bdi K. Gauss nam 1793 va chi duge
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ching minh sau d6 hon 100 nam, vio nam 1896, boi J. Hadamard va C. 1. de
la Vallée-Poussin. Chiing minh cia Dinh If vuot ra ngoai khuon khé cuon
sach nay.

Cdc s0 nguyén 16 duge phan bo rat phite tap. C6 nhing cip s6 nguyén
to “sinh doi” nhu (3.5), (11 13), (17.19), ... (ngudi ta chua biét cé hiu
han hay vo han cap nhu vay). Tuy vay, hai s6 nguyén t0 lién tiép c6 thé “xa
nhau” tuy y, theo dinh Ii sau day.

Binh U L17.Véi mo. s6 nguyen dwong ., ton tai it nhat n s6'lién tiép, md
moi mor trong chiing déu la hop s6.
Chumg minh. Xét day cdc s6 nguyén lién tiép

(o4 D42, n+ D3, o + D+ (n+ 1)

Khi 2< j<un+1, 7] (n+1)!nén j|(n+ 1!+ 5. Vay cic s6 trong diy
noi trén déu 1a hop s6.

Mot trong nhimg gia thuyét noi tiéng nhat cda s6 hoc (chua duoc ching
minh hay bdc bo) 1a gia thuyét sau day vé s6 nguyén t6.

Gia thuyet Goldbach. Méi s6 nguyén diwong chan lén hon hai déu 6 thé
VIEL dudi dang tong hai s6 nguyén to.

Gia thuyét trén dugc néu lén trong bic thu ctia Goldbach giti O-le nam
[742.

§ 5. UOC CHUNG LON NHAT. THUAT TOAN O-CLIT

5.1. UGC CHUNG LON NHAT

Néu «,  la cdc s6 nguyén khong dong thoi bang () thi tap hop cdc
udc chung cua «, b 14 tap hop hitu han (chita +1).
Pinh nghia 1.18. Uoc chung I6n nhat ciia hai s6 o va b khéng déng thoi
bang ) 14 s6 nguyén I6n nhdt chiahétca o va b .

Ta dung ki hiéu (a, ) dé chi udc chung 16n nhét cha a va b.

Ta dac biét quan tam dén truong hop hai s6 nguyén khéng cé uéc
chung nao 1én hon 1.
Pinh nghia 1.19. Cic s6 nguyén o va b dugc goi la nguyén 16 cing nhau
néu (a, b) = 1.

,_.
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Chu y rang, (a, b) = (jal, |b]), nén ta chi cdn quan tdm dén udc chung
16n nhat clia cdc s6 nguyén duong. Sau day l1a mét s6 tinh chat chia udc
chung 16n nhat.

Ménh dé 1.20. Gid sit a , b, ¢ la cdc s6 nguyén, (a, b) = d. Khi dé tu ¢6 :

i) [2, 2] =1,
d d
i) (a + ¢b, b) = (a, b).
Chirng minh. i) Gia st a va b 12 céc s6 nguyén va (a,b)=1.Gidstr ¢ 12
mot u6c chung duong clia a/d va b/d : e|(a/d), e|(b/d). Khi dé tén
tai cdc s6 nguyén k va [ sao cho —3: ke, pl =le, tic 1a a = dek,
b = del . Do d6, de 1a uéc chung cta ¢ va b. Vi d 1a uéc chung 16n nhat

cﬁaavébnénezl.Vay[E,k]:l
d d

ii) Gidstr ¢ . b, ¢ 12 cdc s6 nguyén. Ta sé chi ra ring, cdc uc chung cla a
vd b hoan toan trung vdi cac udc chung ciia a +cb va b, tir dé suy ra
(a + cb, b) = (a, b). Gia st ¢ 1a mot u6c chung cha ¢ va b. Do Ménh dé
1.7, e|(a + ¢b), nén e la uéc chung cia a + c¢b va b. Nguoc lai, gia st f
12 uéc chung ctia a + cb va b. Khi dé, f|[(a + cbh) —cb], titc 12 f|a. Vay
f lawéc chungcta a va b. , O

-

Ta s& ching t6 rang, u6c chung 16n nhat cha cdc s6 nguyén a va b
(khong déng thai bang 0 ) 6 thé viét dudi dang tong cdc boi cua a va b.
Pinh nghia 1.21. Néu o va b 1a cdc s6 nguyén, thi 16 hop tuyén tinh clia a
va b 1a moét téng c6 dang ma + nb, trong d6 m, n la cac s6 nguyén.

Pinh 1i 1.22. Uoc chung lon nhdt cia cdc s6 nguyén a va b khong dong
thoi bang 0 la s6 nguyén dwong nhd nhdt biéu dién duoc bdi mét t6 hop.
tuyén tinh cua a va b .

Chitng minh. Gia stt d 12 s6 nguyén duong nhé nhat bi€u dién bdi mot t6 -
hop tuyén tinh clia @ va b. S6 nhd nhat nhu vdy t6n tai theo tinh chat sip
tht ty t6t, vi c6 mot trong hai t6 hop tuyén tinh 1.a + 0.0 va (—-1).a +0b
(a = 0) 1as6 duong. Gia str

d = ma + nb, (1)
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trong d6 m, n la cdc s6 nguyén. Ta chi ra rang, d | a va d|b. Do thuat
toan chia, ta cé
a=dg+r, 0<r<d. (2)

Tir (1) va (2) taduoc

r=a-dq=a—g(ma+nb) = (1—qgm)a— yqnb.
Nhu vay, 7 cling 12 mot t6 hop tuyéntinhcla a vab. Vi0<r < d, ma d
1a t6 hop tuyén tinh duong nhé nhadt clia a va b nén r =0, tic 1a d |a.
Tuong tu, d | b.

Bay gid¢ ta chiing t6 d 1a udc chung 16n nhit cia o va b. Gidstr ¢ 13
mot udc chung thy y clia @ va b. Do c|a va ¢ |b nén theo Ménh dé 1.7,
cld. a

Heé qua 1.23. Hai sé nguyén a va b nguyén t6 ciing nhau khi va chi khi tén
tai cde 6 nguyén m va n sao cho

ma +nb =1.
Ta ciing ¢6 thé xét udc chung 16n nhat cia nhiéu s6 nguyen.
Dinh nghia 1.24. Gid sir a,, a,, ..., a, 12 cdc s6 nguyén khéng dong thoi
biang 0. Uoc chung Ién nhdt ciia céc s6 d6 1a s6 nguyén 16n nhat ma 13 uéc
chung cta céc s6 da cho. Ta ki hiéu uéc chung 16n nht qua (a,, a, , ..., a,).
Bé dé 1.25. Gid sit a,, a,, ..., a, ld cdc s6 nguyén, khéng déng théi béng 0 .
Khi dé

(), ay ,...,a,)=(a, a,....(a,_,,a,)).

Chimg minh. Moi uéc chung cia n s6 nguyén q, a,, ..., a,_,,a, déula

udc ca a, ; va a,, nén 1a uéc cha (a,_,, a,). Nguoc lai, moi uc chung
cia ay, a,,...,a,_,, (a,_;, a,) l1a ubc chung cha n s6 a,,a,,...,a, ,,a,.
Tir d6 suy ra Bo dé. |

Dinh nghia 1.26. Ta néi rang cic s6 nguyén a,,a,,...,a, la nguyén 16
cang nhau déng thoi néu (a,, q, ..., a,) = 1. Céc s6 nguyén d6 12 nguyén 16
ciing nhaw tumg déi mgt né€u v6i moi cap a;, a, trong tdp hop, ta cé

(a,a;)=1.
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RO rang tap hop nao do céc s6 nguyén t6 cung nhau timg doi sé I
nguyén t6 cung nhau dong thoi. Nguoc lai khong ding. Vi du
(9,3,2,4) = 1, tuy nhién (9, 3) = 3, (2,4)=2.

5.2. THUAT TOAN O-CLIT

Trong muc nay, ta s&€ nghién citu mét phuong phdp, hay thudt todn, dé
tim udc chung 16n nhat cia hai s6 nguyén duong. Thuat todn nay goi 1a thuat
todn O-clit, va ¢6 1€ 12 thuat todn c6 nhat cia toin hoc (duoc biét dén cich
day khoang 2000 nam).

Thuat toan O-clit. Gid s 1y =a, r, =b la cdc s6 nguyén khéng dm,
b=0.Tadp dung lién tiép thudt todn chia

= el T
voi 0<ry <714y, J=0,1,2,...,n=2, 1, =0. Khi dé (a,b)=r,_,
(phan du khdac O cudi cung cia phép chia).

Pé chitng minh ring thuit todn O-clit cho ta uéc chung 16n nhat, trude
tién ta ching minh bé dé sau.

Bé dé 1.27. Gid sit ¢ va d 1a cde s6 nguyén, dong thoi ¢ = dq + r, trong
dé q va r la cdc s6 nguyén. Khi dé
(¢,d) = (d,r).

Chiing minh. Gia st ¢ 12 mot uc chung ctia ¢ va d, khi d6 e | r. Ngugc
lai, n€u e | d, e|r thi e|c¢. Nhu vay, cdc udc chung clia ¢ v d trung véi
cac u6c chung cua d va r,nén (¢,d) = (d,r). O
Bay gio ta xét thuat toan O-clit. Gia su 7, =a, 1, = b 12 cdc s6 nguyén
duong v6i a > b. Bang cich dp dung lién ti€p thuat todn chia, ta duoc

Ty = Ng + 7, 0<n<n

n= g+, 0<n<n

rnv—B = ru—Qqn—Z + Tn——l’ 0 S ’rn—l < 7'n—2
rn—'z - 74n——1q7.:—1 + Tn? O S 7;1 < Tn—l

Tu—l =4,

Chi ¥ rang, ta di dén phép chia véi phan du 0 sau hitu han budc, vi

18
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a=71,>n>n> >0

Do Bé dé 1.27, (a,b) = (1,1,) = (1,m) = - = (r,_»,7,,) = (r,,0)=r,. Vay
(a,b) = r,, phan du khac khong cudi cung. O

>

§ 6. DINH Li CO BAN CUA SO HOC

Pinh If sau day 1a mot trong nhilng dinh 1f quan trong nhat cia S6 hoc
(va clia Todn hoc), né cho thdy cdc s6 nguyén t& la nén ting dé xay dung
nén cac sO nguyén.
Pinh li. Moi s6 nguyén duong déu biéu dién duge mét cdch duy nhdt dusi
dang tich cdc s6 nguyén t6, trong dé cdc thitu s6 nguyén 16 duwoc viét theo
thit tw khong giam.

Vidu: 2000 = 2.2.2.2.5.5.5 = 2*.5°.
Dé thuan tién, ta thudng nhém céc thira s6 nguyén t6 bang nhau thanh mot
liiy thira clia né. Céch biéu dién s6 nguyén nhu vay dugc goi 1a phdn tich
thanh lily thita nguyén t6.

Pé ching minh Dinh 1{ co ban cta s6 hoc, ta cin bo dé sau.
B6 dé 1.28. Gid sit a, b, ¢ ld cdc 6 nguyén duong, dong thoi (a,b) =1,
a|bc.Khidé alc.

Chimmg minh. Vi (a,b) =1 nén ton tai cdc s6 nguyén z,y sao cho
ar + by = 1. Nhan hai v€ clia phuong trinh nay véi c, ta cé acx + bey = c.
Ta thiy a | (acz + bey), vi dé 1a mot t6 hop tuyén tinh cha a va be. Do d6
ale. a

Heé qua 1.29. Néu p| aa,,...,a,, trong dé p la s6 nguyén t6'va ay,ay,...,a,
la cdc s6 nguyén duong, thi tén tai 1,1 <1 <n saocho pla,.
Chitng minh. Ta chimg minh bang quy nap. Truong hop n=1 Ila hién
nhién. Gia sit ménh dé diing véi n . Xét tich n + 1 s6 nguyén, a,...a,,, v
gi4 s& pla,...a,,,. Khi d6 pl|(s...a,)a,, . nén theo B3 dé 1.8,
pla,...a, hoic p|a,,,. Néu p|a,...a, thitheo gia thi€t quy nap t6n tai
ii,1<i<n saocho p|a,.Dodé p|a; v6iinaods,1<i<n+1. 0O
Ta chuyén sang ching minh Dinh i co ban clia s6 hoc. Tru6c hét ta
chimg t6 ring méi s6 nguyén duong déu c6 thé viét dudi dang tich cdc s6
nguyén t6, it nhat 12 bing mot cich. Gia sit ngugc lai, ton tai cdc s6 nguyen
duong khéng cé tinh chét trén. Goi n 12 s6 bé nhit trong cdc s6 d6. Néu n
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la s6 nguyén t6 thi hién nhién né biéu dién duoc dudi dang tich céac s6
nguyén t6 (¢ day tich chi gém mot phan tir). Nhu vay, n 1a hop s6. bat
n=uab,véi 1<a<n val<b<n.Nhmgvi a va b nhé hon n nén
ching pha1 1a tich cdc s0 nguyén t6, va do d6, n ciing 1a tich c4c s6 nguyén
t6. Mau thuin nay ching minh ring s6 nguyén tity v biéu dién duoc duéi
dang tich cac s6 nguyén t6.

Ta ching minh biéu dién néi trén Ia duy nhat. Gia sir ton tai s6 nguyén
duorng c¢6 hon mot cach biéu dién. Goi n 1a s6 nguyén duong nho nhat trong
cdc s6 d6, va n ¢6 hai cdch biéu dién :

n=ppy.--- P, = qQ1qy.--4G,,

trong d6 py, Py Py @y G-, q déu 12 cdc s6 nguyén 1o,
p<p <o <p,ova g <g, < <gq,. Trudc tién ta s& chi ra ring
py = q,- Gia slt p; = ¢, . Khong giam téng quat, c6 thé gia thiét p, < q,.
Nhur vay, p, <q, v6i moi i=12,...,t (vi cdc s6 nguyén t6 trong mbi
biéu dién duoc xép theo thit ty khong giam). Khi d6, p, [ ¢, véi moi i.
Theo He qua 129, p fq..q =n : vo li. Vay p =gq va
/P PPy - Py = Gols---¢,- V1 0/ p, 12 86 nguyén duong nhd hon 7,
ma 7 1a s6 nguyén duong nhé nhat c6 qué mot biéu dién, nén n / p, chi cé
thé bi€u dién dang tich cdc s6 nguyeén t6 theo mot cich duy nhat. Nhu vay,
§ =1t va ¢ = p, v6i moi 4. Dinh Ii dugc chitng minh. U
Bay gi0 ta chi ra cdch ding Dinh Ii co ban dé tim uc chung 16n nhat.
Gié st cdc s6 a va b c6 phan tich thanh thira s6 nguyén t6 nhu sau :
a i by by by;
a=p'py...py 5 b=p'pr...pr,
trong d6 méi s6 mii 1a s6 nguyén khong-am, va méi s6 nguyén t6 xudt hién &
it nhat mot trong hai phan tich ctia @ va b déu duoc dua vao ca hai tich, c6
thé voi s6 mii 0. Khi dé ta cé

nlm (ay, h,) min{ey by ) wmin(a,, b, )
(a,b) = D) i

vi v6i méi s6 nguyén t6 p,, a va b ciing chia hét cho liiy thira min(a,, b))

cia p;, va d6 1a lily thira cao nhét c6 thé.

Phan tich ra thira s6 nguyén t6 ciing dugc diing dé tim boi chung nhé
nhét clha cdc s6 nguyén duong.

Dinh nghia. Bsi chung nhd nhdt cha hai s6 nguyén duong a va b 1A s6
nguyén dwong nho nhét chia hétcho a va b.
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Ta thudng ding ki hi¢u [a, b] dé chi boi chung nho nhét ciia @ va b .
Vidu : [24,10] = 120,

Khi biét phan tich ra thia s6 clia céc s6 o va b, ta dé dang tim duoc
la, D). Gia siy

oy u, R ol by b,
a=p'p,’...p ;b= ptpypy,
trong d6 py, p,, ... p, 12 cdc s6 nguyén t6 xuat hién trong phan tich ctia «

va b. Khi dé, n€u mot s6 nguyén chia hét cho ca o va b thi trong phan tich
ctia né, méi s6 p, phai xudt hién véi s6 mil it nhat 1 max(a,,b ). Nhu vay,
boi chung nhd nhat ctia cics6 a, b 1a -

— ymax(aly) max (s, by ) max(a,, b, }
[a,6] = p) P, Ly,

7

Trén day 1a mot cich tim béi chung nhoé nhat ciia hai s6. Tuy nhién,
phan tich mot s6 nguyén ra thira s6 la viéc 1am rit khé khan (d6i véi céc s6
I6n), nén thudng dé tim boi chung nhé nhat, nguoi ta ding mot s6 phuong
phdp thuan tién hon. Truéc tién ta c6 bé dé sau '
Bé dé 1.29. Vi cac §O'thuc x va vy, tu ¢6

max(z,y) + min(z,y) = z + .

Chitng minh. Gia st = > y. Khi dé max(zr,y) = ¢, min(r,y) =y nén
max(z,y) + min(z,y) =z + y. Néu z < y thi min(z,y) =z, max(r,y)

=y va max(z,y) + min(z,y) =y + . ]
Pinh 14 1.30. Gid sir o, b 1a cdc 86 nguyén dwong. Khi do
ab
[a,0] = —,
(a,0)

trong dé [a,b] la boi chung nhd nhdt, (a,b) la wéc chung Ion nhdt ciia hai
50.
Chitng minh. Gia st o, b dugc phén tich ra thira s6 nguyén 6 duéi dang
sau :

a=plpy..pr ;b= plipy...pl,
trong d6 a,, b, la cdc s6 nguyén khong am (i=12..,n). Dat

M; = max(a,,b,), m, = min(a,,b,). Tacé
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Ty T,

[a.b](a.b) = p" pie L pMiplipytopht

My+any  My+my M, +m,
1 Dy

P

a,+D,

< Dy,

=p

o+

ay +by
by -

=ab ;
vi M, 4+m, = max(a,b,) + min(a,,b,) = a, + b, theo B6 dé 1.29. Hé qua
sau day ciia Dinh Ii co ban sé dugc st dung vé sau.

Bé dé 1.31. Gid sit m, n la cdc s6 nguyén diwong nguyén t6 cung nhau. Khi
dé, néu d la wéc chung ctia mn, thi ton tai cdp duy nhdt cdc wdc duong dy
ctia m, d, ctia n sao cho d = did,. Ngugc lai, néu dy va d, la cac uoc

ditong tuong 1ng cia m va n, thi d = did, la woe duong cia mn.

Chitng minh. Gia sit m va n c6 phan tich ra thira s6 nguyén t6 nhu sau :

Hy (T

"om, _
Y A S ()

7

gt

Ty Ty

m = Py Py

Vi (m,n) = 1 nén tap hop céc s6 nguyén t6 p,,p,,...,p, va tap hop cdc s6
nguyén 6 ¢, ¢y, .-»¢, khong ¢ phin tr chung. Do d6 phan tich ra thira s6
ctia mn co6 dang :

Ty

mn = p,

iy Ty Ty g

Py PG G

T4y

AR
Nhu vay, néu. d 12 mot uéc chung cua mn thi

d = p)'py ...p:“q{‘qé‘l ...q[’-,

g

trongdé 0 < e, <m, (i =1,2..,8);0< ) <n (=521
d = py'py...pe
d, = qfigf ..qf"

Ro rang d = dd, va (d;, d)) =1

Nguoc lai, gia st d, va d, 1a cdc udc duong tuong (ng cia m va n.
Khi dé

dl — p;lp;lp:"
trongdé 0 < e, <m, (i = 1,2,...,5), va
d2 = qu‘-...q{".

trong dé 0 < f <n, ( =1,2,...,t). S6 nguyén
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— — 8 S i/
d=dd, = ppy..poa'qr ...q,
ro rang la uoc ctua

iy 1 i

mn = p, ' p, -~P.-””‘11 43

“1 H? Thy

gt
vi llly thira cia méi s6 nguyén t6 xudt hién trong phan tich ra thira s6 nguyén
t6 cta d bé hon hodc bang liy thira clia s6 nguyén t6 dé trong phan tich cia
mn . ‘ .

§ 7. CAC SO PHECMA

Nhu da ndi, bai todn phan tich s6 nguyén ra thira s6 nguyén t6 12 mét
bai todn kho khi phai lam viéc v6i céc s6 16n. Mac dir thuat todn phan tich
mot s6 nguyeén ra thira s6 14 kha don gian, thoi gian dé thuc hién né 1a qua
I6n. Vi thé, khi phan tich mot s6 nguyén, ngudi ta thudng phai dua vao dang
ciia né dé tim thuat todn thich hop. Trong phédn nay, chiing ta s& tim hiéu
mot s6 phuong phdp phan tich cdc s6 nguyén dac biét, thuong goi la cic s6
Phecma.

Trudc tién, ta gidi thiéu thudt todn phan tich sau day, goi 1a phan tich
Phecma. ‘

Bo dé 1.32. Gid sit n la mét s6 nguyén duong 1¢. Khi dé ton tai tuong img
mot— mot giita tdp hop cdc cdch phdn tich n ra tich hai s6 nguyén duong
va tap hop cdc cach biéu dién n dudi dang hiéu hai sé' chinh phuong.

Chémg minh. Gia sit n 1a s6 nguyén duong 1&, va n = ab 1a mot cich phan
tich n thanh tich hai s6 nguyén duong. Khi d6 ta c¢6 thé viét n duéi dang

hiéu hai binh phuong
(a+b]2 [a—b}z
n=ab= - ,
2 2

b 2 - N A 2
trong dé a ; vi Z 5 b 1a cdc s6 nguyén, vi a, b déule.

Nguge lai, n€u n 1a hiéu clia hai binh phuong, ching han n = s> — ¢,
thi ta c6 thé phan tich n thanh n = (s — t)(s + t). O

Pé dp dung phuong phép phan tich Phecma, ta tim nghiém ctia phuong
trinh n = 2% — y* bang cdch tim c4c s6 chinh phuong ¢6 dang z? — n. Nhu
vay dé phan tich n , ta tim c4c s6 chinh phuong trong ddy s6 nguyén

t* —n, (t+17-n, (+27%—n,
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trong d6 { 14 s6 nguyén nho nhat 16n hon /n . Qua trinh nay ket thic sau
hitu han bude. That vay, vi

['n 4 1]2 ['n, -1 ].'2
n=|—--;> —
o2 2

2
: , .. e e n—1y
nén trong day noi trén s c6 s6 chinh phuong < [———2——] .

Vi du : Phan tich so 6077 bang phuong phap Phecma. Vi 77 < V6077
< 7% nén ta tim s6 chinh phuong trong diy

78 — 6077 =7

79° - 6077 = 164

80% — 6077 = 323

817 — 6077 = 484 = 22°
Vay 6077 = 81° —22°, wic la 6077 = (81 —22)(81 + 22) = 59.103.
Phuong phdp Phecma thuan tién hon phuong phap chia 7 lan luot cho cic
s6 nguyen té khong vuot qua . Chang han & vi du trén, ta da trdnh dugc

viéc 1am phép chia 6077 cho cdc s6 nguyén t6 < 77 . Tuy nhién, v6i phan
n+1

tich Phecma, ta phai kiém tra khoang —Jn s6 nguyén xem no cé 1a

s6 chinh phuong hay khong. Viéc lam do6 ciing ddi hoi nhi€u phép tinh.
Phuong phap phan tich Phecma thuén tién khi 4p dung cho cdc s6 nguyén ¢6
hai thira s6 do 16n chénh léch khong nhiéu.

Trong nhiéu van dé cua If thuyét va ung dung, ta thuong gap cic s6

Phecma, dinh nghia boi
Fo=2" 41
Phecma dé ra gia thuyét ring, F, 12 s6 nguyén t6 v6i moi n > 0. Gia thuyét

dé ding d6i véi mot s6 s dau tien © Iy =3, ) =5, F, =17, F; =257,
F, = 65537 . Tuy nhién, F, lai 1a mot hop s6. Ta c6 ménh dé sau.

Ménh dé 1.32. 56 Phecma F, = 2° +1 chia hét cho 641.
Chitng minh. Ta cé
641 =527 +1=2' +5°,

Do dé,
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27 4 1=9" 41=2'9% 4 1=(641—5'0% 41

=641.2"% —(5.27) +1=641.2" — (641 - 1)* +1

= 641(2% - 641° + 4.641% — 6.641 + 4).
Cho dén nay, ngudi ta chua bi€t thém s6 Phecma nao ngoai F,, F, F,, Fj,
F, ma la sé nguyén t6.

Ta c6 thé sir dung cdc s6 Phecma dé ching minh tap hop cic s6
nguyén t6 la vo han.
Bo dé 1.33. Gid sit F, = 2% 41 la s6 Phecma thit &, trong dé k la s6
nguyén khéng am. Khi dé, véi moi s6 nguyén duong n | ta ¢6 .
E)F‘IF‘Q "'F;L—-l = ‘Fn - 2
Chimg minh. Ta ding quy nap theo n. Véi n = 1, ta dugc
F,=3=F -2 (vi Ff{ =5).

Gia strta cé ‘

RF..F_ =F -2

Khi dé
F(‘)EF F! - (F(')F;"'F'N.Al)Fn

0145

=(F, -2)F, =2 -1)@2" +1)

=@ -1=2""~1=F, -2 O
Binh Ui 1.34. Gid sit m va n la cdc s6 nguyén khong am khdc nhau. Khi dé
cdc s6 Phecma F, va F, nguyén té cing nhau.
Ching minh. Gia st m < n.TuBdé dé 1.33tacé
Gia sir d 12 mot ude chung ctia F, va F,. Khi dé

d | (El - E)‘Fl --~E,.—1)a
tic 12 d|2. Nhu vdy d=1 hoac 2. Vi F,, F, 1é nén d =1, nic 1a
(F,F,)=1. .

Str dung cdc s6 Phecma, ta c6 thé dua ra mot chimg minh khéc vé su
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v6 han ctia cdc s6 nguyén 6. That vay, mbi s6 Phecma F, c¢6 udc nguyén té
p,.-Vi(E,F.)=1nén p, = p, khi m = n. Tir dé say ra cé6 vé han s6
nguyén to. ‘ O
Nhan xét. Cic s6 nguyén t6 Phecma con c¢6 vai tro quan trong trong hinh
hoc. Ta phat biéu (khong ching minh) dinh i sau day.

Pinh li. 1.35. Mot du gidc déu n canh ¢6 thé dung dioc bdng thudc ké va

compa néu va.chi néu n_cé dang

n=2"p ..p,

trong dé p,, 1 = 1,2,...,t, la cdc s6 nguyén t6 Phecma khéic nhau va a la 6

nguyén khéng dam.

BAI TAP CHUONG 1

1. Ham dé quy f(n) xdc dinh trén tap hop cic s6 nguyén duong boi quy
tac: f(1) =1, f2)=5, f(n+1)= f(n)+2f(n—1) véi moi n > 2.
Dung phirong phdp quy nap, chitng minh ring f(n) = 2" +(-1)".

2. Tinh céc téng

) n»——l 41

7 7 ZI’BI
DAV le I 3ec R SRl
k=1

k=0 ’ k=0 k=0

3. Chimng minh rang, néu n 12 s6 nguyén duong thi
(2n)!- 2% (n!)’.

4. Bai toan ““Thap Ha Noi” (duge Lucas dé xudt nam 1896). C6 3 cdi coc
va n cai dia c6 kich thuéc khdc nhau timg cap, duge 16ng vao mot coc
theo thit tu cii to & dudi, cdi nho & trén. Muc tiéu dat ra 13 chuyén céc
dia sang mot coc khéc, sip x€p theo thi tu nhu vay, mébi 14n chuyén mot
dia va khong bao gid dit dia to lén dia bé hon trong qua trinh chuyén.
Coc thit ba diwoc ding 1am “trung chuyén”. Ching minh ring s6 l4n
dich chuyén t6i thiéu dé dat muc titudérala 2" — 1.

5. Tim tdt ca cdc s6 nguyén duong z, y, 2 saocho
o+ y! = 2!,

6. Giaslt a, b 1 cic s6 nguyén duong lé. Ching minh rang t6n tai cdc s¢
nguyén s va t saocho a = bs+¢,trongdé ¢ lé va {t| < b.
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Doy
P
01.

10.

1.

12.

i3.
14.

15.

16.

Chimg minh ring néu a, b 1a cdc s6 nguyén duong thi ton tai céc s6

b
nguyén ¢, r va e = *1 sao cho a = bg + er, trong dé 5 <r< 3

Chiing minh ring néu «, b la cdc s6 thuc thi
[a + 0] 2 [a] +[0].
Ching minh ring néu a, b 1a cic s6 thuc duong thi
lab] > [a][b].
Xét trudng hop it nhdt mot trong hai s6 14 s6 am.
Chitng minh ring néu n 1a s6 nguyén va z la s6 thuc thi
[z +n]=[z]+n |
Chitng minh ring n 14 s6 chin néu va chi néu

n

n—2|—|=0.

a) Chimg minh ring s6 cdc s6 nguyén duong khong vuot qua x va chia
hét cho s6 nguyén duong d la z

b) Tim s6 cic s6 nguyén duong khong vuot qud 2000 va chia hét cho
5: cho 25 ; cho 125 ; cho 625.

Chiing minh ring néu o 13 s6 nguyénthi a® —a 3.

Chimg minh rang tich cic s6 nguyén dang 4" +1 lai la s6 nguyén cé
dang dé, trong khi tich hai s6 nguyén dang 4* + 3 lai c6 dang 4" +1.
Chimg minh ring binh phuong ciia moi s6 nguyén I¢ déu cé dang
8k +1.
Gia slr n 12 s6 nguyén duong. Dinh nghia

n

-2— néu n chan

T(n)= 3n+1

néu n lé

Lap day n, T(n), T(T(n)), T(T(T(n))), ... Chimg minh ring néu
n=(2"-1)/3, (k>1 va k nguyén), thi tir lic ndo d6, ddy s& c6
dang 1, 2, 1, 2,...
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17.

18.

19.

20.
21.
22,

23.

24.

28

(Gid thuyét Collatz sau day chua duge chilng minh : véi moi 7, tir lic
nao dédaysé cédang 1, 2, 1, 2,...).

Chiing minh ring moi s6 nguyén n = ( déu c6 thé biéu dién duy nhat
dudi dang ‘

n=e3" +¢_,37" +-+e3+e,
trong d6 €, = —1,0,1, 7=0,1,2,....%

Chting minh rang, moi s6 nguyén duong déu c6 khai trién duy nhat dudi
dang sau (khai trién Cantor) :

n=a,m+a, (m—1D4 - +a,2'4 a,.1!
Gia st a 1a s6 nguyén c6 4 chit s6 (trong hé thap phan). Ta lap s6 o

bing cdch xé€p céc chit s6 cla a theo thi tu gidm ddn, a” 13 56 gém céc
chit s6 cia a x&p theo thit tu ting dan. Dat

T(a)=a'—a"
Vi dy : T(2001) = 2100 — 12 = 2088, T(2088) = 8632, T(8632) =
6264, T(6264) = 4176, T(4176) = 6174 .

Chimg minh rdng, néu a khong phai 1a s6 véi 4 chit s6 nhu nhau thi
diy a, T'(a), T(T(a)), T(T(T(a))), ... s& dimg &'s6 6174 .

Diing sang Eratosthenes dé tim tét ca cac s6 nguyén t& < 200.

Tim t4t ca cdc s6 nguyén duong n sao cho n® + 1 14 s6 nguyén t6.
guy g guy

Chitng minh fﬁhg néu a va n la céc s6 nguyén duong sao cho a” — 1

nguyén t6 thi ¢ = 2 va n 1a s6 nguyén t6.
Cho p,, ..., p, lacéc s6 nguyén t6. Chitng minh rang

Q. = PPy py 1
cé udc nguyén té khic p,, 1 =1,...,n.
Gia st p;, ... , p, 12 n s6 nguyén t6 dau tién, m la s6 nguyén va
1 <m < n.Giasit @ la tich cha m s6 nguyén t6 nao d6 trong danh
sdch trén, R 1a tich cdc s6 con lai. Ching minh ring @ + R khong
chia hét cho b4t ki s6 nguyén t6 nao trong day.

(Tir cdc Bai tap 23, 24 ta c6 cac cach khac dé ching minh tap hop cic
s0 nguyén t6 12 v6 han). ,
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o 5»01

25.

26.
27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
37.
38.

39.

Ching minh rang néu udc nguyén t6 nhd nhit p cila s6 nguyen duong
n vugtqua ¢n thi 2/ p 12 s6 nguyén 6.
Chiing minh rang moi s6 nguyén 16n hon 11 12 t6ng ciia hai hop s6.
Ching minh ring néu

fla)=a,2" +a, 2"+ +au + a,
fa da thitc véi he s6 nguyén, thi ton tai y sao cho f(y) 1a hop s6.
Ching minh rang néu a,, a,, ... , a, 1a cic s6 nguyén, va b 1a sé
nguyén khic sac cho (a,0)=(ay,b)= = (a,b)=1, thi
(aay...a,,b)=1.
Ching minh rang néu a, b 1a cdc s6 nguyen va o" | " thi ¢ |b (n I
s6 nguyén duong).
Ching minh riang néu a, b, c Ia cdc s6 nguyén nguyén t6 cung nhau
déng thoi thi (ab,¢) = (a,b)(q,c).
Chira 5 vidu vé tap hop 3 s6 nguyén nguyén t6 ciing nhau dbng thai
nhung khong nguyén t6 cing nhau timg cap.
Chimg minh rang néu a, b 13 cdc s6 nguyén duong nguyén (6 cling
nhau thi ((a" —b")/(a —b), a—b) =1 hoac n.
Gia st m va n la cdc s6 nguyén duong, a 12 s6 nguyén Ién hon 1.
Chitng minh ring

m, i}

(" —La" -1)= o' -1

Gia st 1 la s6 nguyén duong. Chimg minh ring liy thira ctia s6 nguyén
t6 p xudt hién trong phan tich ra thira s6 nguyén t6 ctia n! Ia

[n/pl+ /P +[n/p*) 4
S6 (2000)! tan ciing c6 bao nhiéu chit s6 0 ?
Tim cédc s6 nguyén duong n sao cho s6 n! tan ciing cé 500 chit s6 0.
Tén tai hay khong s6 n sao cho n! tan ciing c6 2005 chit s6 khong ?

S6 nguyen duong n nlo chia hét cho moi s6 nguyén duong khong vuot
quid n

Chitng minh rang néu a, b 12 cdc s6 nguyén duong thi
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40.

41.

42.

43.

44.

45.

46.

30

g.
s

(10,81, ©) = [(@ ¢}, (b, )
[((L, b), C] = ([a’ C]v [b’ C])

Gid st a, b, ¢ la cdc s6 nguyén duong. Chimg minh ring
‘ abc

(a, b)(a, c)(b, )

Gia st n 1a s6 nguyén duong. C6 bao nhiéu cap s6 nguyén duong thoa
man [a,b] =n? -

(a, b, ¢)]a, b, c]=

Ching minh ring t6n tai v6 han s6 nguyén t6 dang 6k + 5, trong d6 &
12 mot s6 nguyén duong.

Gia sit a, b 1a cdc s6 nguyén. Chimg minh ring, v6i moi n, ton tai n
s6 hang lién tiép clia cap s6 cong

a, a+b, a+2b ..
ma mbi mét trong chiing déu 1a hop s6.
Ching minh rang néu udc nguyén t6 nho nha/t‘cﬂa n la p,thi 2% —n
khong phai 1a s6 chinh phuong néu z > (n + %) /2p.

Gia st @ 13 s6 nguyén duong va a™ +1 1a s6 nguyén t6. Chiing minh
ring m = 2" véi s6 nguyén duong n nao do.

Chiing minh ring chit s6 tan cing cha F, = 27 +11a7.




Chuong 2.

LI THUYET PONG DU

§ 1. KHAI NIEM CO BAN

Doéng du 1a mot trong nhiing khéi niém quan trong nhét cia s6 hoc va
dai s6. Trong muc nay, ta s& 1am quen véi nhitng dinh nghia va tinh chat don
gian nhat.

Dinh nghia 2.1. Gia sir a, b 1a céc s6 nguyén. Ta néi raing a ddéng dw b
modulé m néu m | (a —b).
Khi a déng du b modulé m , ta viét

a = b (mod m)

Néu a khong déng du b médulo m | ta viét
a # b (modm)

Ménh dé 2.2. Néu a, b la cic 6 nguyén thi a = b (mod m) khi va chi khi
ton tai 36 nguyén k sao cho a = b + km .
Chimg minh. Gid st o =h(modm). Khi dé6 m [(a—b), tic Ila

a4 —b=km véi sé nguyén k nao dé. Nguoc lai, néu tén tai s6 nguyén k
saocho a = b + km thi m | (o —b), tic1a a = b (modm). O

Ménh dé sau day cho thdy quan hé “a déng du b " I mot “quan hé tuong
duong”. ’

Meénh dé 2.3. Gid sit m la mot 6 nguvén duong. Quan hé déng du médulé
m thoa mdn cdc tinh chdt sau day

1) (Tink chdt phdn xa). Néu a la mot s6 nguyén, thi

a = a (mod m)

2) (Tinh chdr dsi ximg). Gid sit a, b la cde sé nguyén. Khi dé, néu
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a =b (modm) thi b= a (modm).

3) (Tinh chadt bdc cdu). Gid st a, b, ¢ la cdc s6 nguyén. Khi do, néu
a =b(modm), b= c (modm) thi a = c(mod m).
Chimg minh. 1) Tacé a = a (modm) vi m | (a — a). ‘
2) Gia st a = b (modm), tic 1a m|(a—0b). Khi d6, m|[(b—a) va
b = a (modm). _
3) Néu a = b (modm), b= c (modm) thi m|(a— b) va m|(b—rc). Do
dé, m|(a—c)vi (a—c)=(a—b)+(b—c) O

Nh¢ tinh chét trén, véi méi s6 nguyén duong m , ta cd thé chia tap hop
céc s6 nguyeén thanh céc I6p déng du modulé m . Hai s6 nguyén cung thudc
vio mét 16p déng du mo6dulé m khi va chi khi ching déng du véi nhau
moduld m .
Vidu : 1 va 21 cling thuoc mot 16p dong du moduld 5 :

- 1=21(mod5).

S6 nguyén tuy y déu thuoc ciing mot 16p déng du moduld 5 véi mét trong
cacs6 0, 1, 2, 3, 4.
Gia st @ 12 mot s6 nguyén. Véi s6 nguyén m > 1 cho trudc, bdi thuat toan
chia, ta ¢6 a=0bm+ 7, trong d6 0 <7 <m— 1. Tu déng thic trén,
a = r (mod m). Nhu vay, mbi s6 nguyén dong du moédulo m vgi mot trong
cdc s6 nguyén cuha tap hop 0,1,...,m—1, cu thé 12 doéng du véi phan du
trong phép chia s6 nguyén dé cho m . Vi khong co6 hai s6 nao trong cic s6
0,1,...,m — 1 déng du véi nhau modulo m , tap hop trén day 1a tap hogp cac
s6 nguyén sao cho méi sé nguyén déng du véi ding mot phén tir thudc tap
hop. Tuy nhién, 0,1,...,m — 1 khong phai 1a tap hop duy nh4t cé tinh chét
dé.
Dinh nghia 2.4. Mot he thang du diy dia modulé m 12 mot tap hop céc s6
nguyén sao cho méi s6 nguyén tiy ¥ déu dong du moduls m vl diing mot
s6 cta tap hop.
Vi du : 1) Tap hop cic s6 0,1,...,7m —1 12 mot heé thang du ddy di moduld
m . Hé ndy goi 12 hé thang due khong am bé nhdt médulo m .

2) Gia sir m 12 mot s6 nguyén 1é. Khi dé tap hop cdc s6 nguyén

m—-1 m-3 m-—3 m-—1

- - 7"'a0717"'a——_)'—_—

2 2 2 2
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la mot he thang du ddy du, dugc goi 1a /ié thing dic tuyét déi bé nhdt moédulo
.

Ta s& chi ra rang, c6 thé cong, trir, nhan hai v& clia mot dong du véi
cung mot s6.
Pinh li 2.5. Gid sit a, b, ¢ va m la cdc s6 nguyén, m >0 va a=b
(modm). Khi dé : ‘

I)a+c=b+c(modm),

2ja—~c¢=b-c(modm),

3) ac = be (modm).
Chitg minh. Vi a = b (modm) nén m|(a—0b). Do (a+c¢)—(b+c) =
@—=0b nén m|[(a+c)—(b—a)]: 1) duoc ching minh. Tuong tu, 2) duoc
suy ra tit ché (a —¢) —(b—c¢) = a —c. Dé ching minh 3) ta chii y ring
ac —be = c(a —b), nén tir m|(a—c) suy ra m|c(a —b), tic 12 ac = be
(modm). O

Tuy nhién, néi chung khong thé lam phép “chia hai v& clia mot déng
du cho cung mot $6. Chang han

2002 = 4 (mod 6) nhung 3%0—2 =1001 = 2 (mod6) .

Dinh i sau day chi ra diéu kién dé c6 thé 1am phép chia nhu vay :

BPinh li 2.6. Gid sit o, b, ¢, m la cdc $6 nguyén, m >0, ac = be
(modm) va d = (¢, m). Khi dé tu ¢é

a=b (mod IE) :

d ‘
Chitng minh. Gia sit ac = be (modm). Ta cé m | (ac — be) = c(a — b). Do
d6 ton tai s6 nguyén k sao cho c(a — b) = km . Chia hai v& cho d, ta duoc :

c m
—(a-b)=Fk- —.
d(a ) d
Vi (%—Z—L):l nén tir dé suy ra %l—l(a——b),tﬁclé
(
aEb(mod%). ' N
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Vidu : 2002 =2 (mod5). Do (2,5) =1 néntacd
1001 =1 (mod 5).

Pinh I sau day 1a hé qua cua Dinh 1i 2.6.
DPinh li 2.7. Néu a, b, ¢, m la cdc s6 nguyén suo cho m >0, (¢, m) =1,
va ac = be (modm). Khi dé a = b (modm).

Pinh Ii 2.5 ¢6 thé md rong thanh dinh i sau day, cho ta thdy rang cé
thé 1am mot s6 phép tinh s6 hoc d6i véi céc 16p dong du nhu d6i véi cdc s6
nguyén.

Pinh li 2.8. Gid s a, b, ¢, d, m la cdc s6 nguyén, m >0, a=b
(modm), ¢ =d (modm). Khi dé :

1)a+czb+d(modm),
2)a—c=b—d(modm),

3) ac = bd (1nod m).

Chitng minh. Vi o =b(modm), c¢=d(medm) nén m|(a—0b),
m | (c—d). Do d6 tén tai cdc s6 nguyén k va [ sao cho km =a —b,
Im=c¢—d.

Dé chimg minh 1), ta nhan xét rang (¢ +¢)—(b+d)= km+1Im
=(k+0)m.Dodéd m|[(a+c)—(b+d)]ticlaa+c=b+d (modm).

Pé chitng minh 2) ta chi y rang (a —¢) — (b —d) = (a — b) — (¢ — d)
=hm—im =(k—U)m.Dodé m![(a—b)—(c—d),ticlaa—c=b—-d
(modm).

Pé chiing minh 3), ta thdy ac — bd = ac — bc +bec —bd = c(a — b) +
b(c — d) = ckm + blm = m(ck + bl), tic 12 m | (ac —bd). Do d6 ac = bd
(modm). a
Pinh i 2.9. Gid st n,7n,...,7,, la hé ddy du cdc thang du médulé m, a la
s& nguyén dicong va (a,m) = 1. Khi dé

ary +b, ar, +b, ..., ar, +b
ciing la mot hé thang du ddy du médulé m .

Ching minh. Trudc tién ta chi ra ring, trong c4c s6 nguyén
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A boar, +bo o ar, 40
khong co hai s6 nao dong du nhau modulé 1. . That vay, néu
ar, +b = ar, +0 (modm)
thi
ar, = ar, (modm).
Do {a.m) - 1 nén theo Pinh 1 2.7 ta c6

v, =1, (modm).

Vir # 7 (modm) néu j=k néntasuyra j = k.

Do tap hgp cdc s6 nguyén wén day gom m s6 nguyén khong déng du
moduld m nén cdc s6 nguyén do 1ap thanh hé thang du day dd moduld . [

Dinh If sau cho thay ring, cic déng du dugc bao toan néu ca hai vé
duoc nang lén cting mét-liy thira nguyén duong.

Pinh It 2.10. Gia st @, b. &, m la cdc 56 nguyen, dong thoi & > 0.
mo~ U, a b (modm). Khi do
o' = b" (modm).

Chitng minh. Do o = b (modm),tacé m|(a —b). Vi

a’ =0 = (a - D) T  d T 4 et ! )\
nen (¢ - b) [ (a" 0"y Vay m [ (o" = ") e la of =0 (mod m). (]
Trong truong hop cic 56 «, b dong du nhau modulo nhiéu s6 nguyén
duong khédc nhau, ta c6 thé két hop lai theo dinh I sau.
Binh li 2.11. Gid st a =b (modm), «=0b(modm,), ... , a =

(wody ), trong dé a,bymy....;my la cde s6 nguvén, mym,,....ny, > ().
Khi do

a = b (mod[m,...m;]),

trong dé [my ...my] la boi chung nhd nhdt ciia my,my,...,m,.
Chitng minh. Vi a =b (modm,), « =b (modm,), ..., ¢ = b (modm,)

néntacé my | (o —b), m, [(a—b), ..., m |(a—0b). Tirdé suy raring
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(my, my, ... my) | (e —0b),
titc la . :
a = b (mod{m, ...m,]). O
Hé qua 2.12. Gid sit a=b(modm), a=b(modm,), .. , a=b

(modm,), trong dé a, b nguyén, my,my,....m, la cdc s6 nguyén duong

 nguyén 16 cing nhau tieng cdp. Khi doé
a=b(modm,...my)
Chimg minh. Do m,,m,,...,m, nguyén to cing nhau timg cap nén ta c6
(mymy, ...my ] = mymy, ...omy.

Khi d6 Hé qua suy truc tiép tr Dinh 1§ 2.11. ’ O
§ 2. DPONG DU TUYEN TiNH

Mot déng dur dang
az = b (modm),
trong d6 z 14 s6 nguyén chua biét, dugc goi 1a ddong du tuyén tinh mot bién.

Ta sé thay rang, viéc nghién ciu cdc dong du nhu vay hoan toan tuong tu
viéc nghién cttu phuong trinh nghiém nguyén hai bi€n.

Truéc tién ta nhan xét ring néu z = z, 1a mot nghiém cha déng du
ar = b (mod m) va néu z; = 7, (modm), thi az = az, =b (modm),

nén z, ciing 12 mot nghiém. Nhu vay, néu mot phdn tir ctta mot 16p dong du
moduld m nao dé 1a mot nghiém, thi moi phén tir cua 16p dé cung la
nghiém. Vi thé c6 thé dat cau hoi: trong m 16p dong du moéduld, cé bao
nhiéu 16p cho nghiém, hay mot cich tuong duong, c6 bao nhiéu nghiém
khong déng du modulo m-.

Dinh 1i 2.13. Gid sit .. b, m la cde s6 nguyén, m > 0 va (a,m) = d . Néu
d b thi déng du az =b (modm) vo nghiém. Néu d|b thi ax =b

(modm) ¢6 diing d nghiém khong déng duw médulo m .
Chiimg minh. S6 nguyén = 13 nghiém cla déng du az = b (mod m) né€u va

chi néu tén tai s6 nguyén y sao cho az —by =b. Vi d = (a,m) nén d|b.
Vay,néu d | b thi dong du dang xét khong ton tai nghiém.
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Bay gio gia st d | b. Vi d = (a,m) nén ton tai cic s6 nguyén s, ¢ sao
cho :
d = as + mt.

Mat khdc, ton tai s6 nguyén e sao cho b=de. T dé ta duoc
b = a(se) + m(te). Nhu viy, ta ¢6 thé ldy mot nghiém cia déng du la
x, = se . Ta s€ chimg t6 rang, cdc s6

m
T =1z, + (—([) k, | (1)
trong d6 k& nguyén, déu 13 nghiém cta déng du dang xét. That vay

a
ar = ar, + m(E)k

ma az, = b (imodm), % nguyén nén
ar = az, = b (modm).
Nguoc lai, moi nghiém ctia dong du déu phai cé dang (1). Thart vay,
gia st = 1a mot nghiém tay y,
ar — my = b.

Tacé:
a(z — se) — m(y + te) = 0,

tic la
a(z — se) = m(y + te).

Chia hai v€ cho d, ta dugc

i

%(m—se): y + te).

Do d = (a,m) nén (%, _'rg_) =1, suy ra % (y + te). Vay phai t6n tai s6

nguyén k sao cho —Z—-lc:y—}—te,t(xc la y:—g--k—te.Dodé a(z — se)

a
= —mk.Vay,
P 1y

m m
=se+— k=g, +—-k
T = se y T, y
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Con phai chimg minh rang, ¢6 diing d nghiém khong déng du modulo m .
o . m, om R s
Gia su cac nghiém x, = z, + —[izl va T, = 1, + —]f.z dong du moduld m :
d d

m m
Ty +—-t =1, + —t, (tnodm).

d d

Taco
m m
— - f, = —1, (modm).
i d

T . m mo ) )
Vi —| m nén (m, -) = — nén theo Dinh Ii 2.6,
d d d

t, = t, (modd)

 Nhu vay, hé ddy du cdc nghiém khong dong du nhan dugc bang cdch dat

T =1, + %’—’f , trong d6 ¢ chay qua hé ddy du cdc thang du modulo d. Tap

hop d6 céd ding d phan ti, choboi ¢t =0,1,2,...,d — 1. ]

Vi du : Tim cic nghiém cta dong du

9z = 12 (mod 15).

Ta thay (9,15) = 3 va 3|9 c6 diing 3 nghiém khong dong du. Trudc hét, ta
can tim mot nghiém riéng z,), sau d6 chi can cong thém cédc boi s6 thich hop
15

3

= 5.

clia

'Phuong phép téng quat dé giai cac phuong trinh nghiém nguyén dang
ar + by = ¢ sé& duoc trinh bay trong Chuong 5. O day, ta ¢6 thé thdy z = 8
la mot nghiém cia déng du dang xét. Nhu vay, 3 nghiém khong déng du
modulé 15 cantimla 8, 13 va 18.

- Truong hop dac biét cia déng du tuyén tinh 1a déng du
ar =1 (modm).
Theo Dinh Ii 2.13, déng du c6 nghiém khi va chi khi (a, m) = 1, déng thoi
moi nghiém déu déng du nhau modulé m .

Pinh nghia 2.14. Gia sir a, m la cdc s6 nguyén, m > 1. Nghiém ciia dong
du

ar =1 (modm)

PO
&
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dugc goi 1a nghich ddo cua a modulé m .

Diac biét, ¢é nhimg s6 1a nghich dao cua chinh né mo6dulé mot so
nguyén té p.
Meénh dé 2.15. Gid su p la mor s6 nguyen t6. S6 nguyén a la nghich dao

modulé p ciia chinh né khi va chi khi

a =1 (mod p) hodc ¢ = —1 (1od p).
Chimg minh. Néu o =1 {modp) hoac « = —1(modp) thi ot =1
(mod p) nén « 1a nghich ddo ciia chinh né.
Nguc_)rc~ lai, gid sir @ 12 nghich dao cta chinh né, tic la a* = aa =1

(mod p). Khidé p|(a® —1). Vi ¢ =1 =(a~1)(a + 1) ma p nguyén 16,
nén p|(a—1) hoic pl(a+1). Do dé, a =1(modp) hoic a = -1

(mod p). (]
§ 3. BINH Li TRUNG QUOC VE PHAN DU

Tuong truyén ring, Han Tin (danh tuéng doi Han) khi kiém diém quén
s§ thuong 1am nhu sau. Ong cho linh xép thanh hang 3, sau dé hang 5, réi
hang 7. Mbi lin nhu vy, quan linh bdo cho Han Tin s6 ngudi & hang cudi
cung (cé thé khong du 3, 5, 7). Tir d6, ong ta suy ra s6 quan chinh xéc. Thuc
chat 12 Han Tin da giai mot hé dong du tuyén tinh theo moduld 3, 5 va 7.
Bai todn trén néi tiéng dudi tén goi “Han Tin diém binh”, va thuat todn ma
ong diing dua trén mot trong nhitng dinh !f ndi tiéng nhét cla todn hoc :
Dinh 1i Trung Qudc vé phan du.
Binh ki 2.16. (Pinh i Trung Quéc vé phan du).

Gid st my,m,,...,m, ld cdc s6 nguyén t6 cing nhau tung cdp. Khi dé
hé cac dong du tuyén tinh

z = a, (modm,)

r = a, (modm,)

a, (modm,)

Il

x

c6 nghiém duy nhdt médulé M = mm,...m,.
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Chig minh. Trudc tién, ta xay dung mot nghiém cua hé déng du tuyén tinh
trén. Dat
1
M, =—=mm,..m,_ym,_ ..m,.
m,

Vi (m,,m,) =1 v6i j =k nén (M, m,)=1.Do dé. tén tai nghich dao

y, cua M, moéduld m,
M.y, =1 (modm,).

Lap tong
v =aMy +a,My, +-+aMy.
Khi d6, z s& 1a nghiém cha hé déng du z = a; (modm,), j=1,..,r.
That vay, ta c6 m | M, khi j=k nén M, =0 (modm,), j = k. Tir d6
suy ra ‘
z = a, M.y, (modm,).
Do M,y, =1 (modm,) nén z = q, (modm,).

Bay gié’ ta chi ra rang, hai nghiém tiy y cua hé sé déng du nhau
moduld M . Gia st z,, z; 1a hai nghiém cla hé r déng du dang xét. Khi
do, véi méi k, z, = z; = a, (modm,).Dodé m, | (z, — 2,). Tirdé suy ra
zy = m (mod M). Vay h¢ déng du dang xét c6 nghiém duy nhit modulo
M. O

Ngoai vai tro quan trong trong cic vdn dé Ii thuyét, Pinh If Trung
Quoc vé phan dur con Ia co s¢ cho cic phép todn s6 hoc thuc hién trong mdy
tinh. Vi du, d€ 1am phép cong hai s6 a, b khong vuot qua 10°, ta chon bon
sO nguyén t6 cung nhau ting cap m, = 99, my =98, my =97, m; = 95
¢d tich 16n hon 10°. Gid st a = a, (modm,), b = b, (modm,), j=1, 2,
3., 4 ; @, b, <98. T dé ta c6 (a+b)= (a./ +b',) (modmj). Dinh 1i
Trung Quéc ve phan dur cho gid tri (a + b) (mod(95.97.98.99)). Khi biét
mot udc lugng cia a + b, ta dé dang tim duoc gi4 tri chinh xdc clia a +b.
D6 chinh 12 cach ma Han Tin da dung. D minh hoa, xét mét truong hop cu
thé : tinh téng cha z = 123684 va y = 413456 . Ta ¢6

T = 33 (mod99) y = 32 (mod 99)
z=8 (mod98) y =92 (mod98)
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=9 (mod97) y =42 (mod‘97)
r = 89 (mod95) y =16 (mod 95)

Do d6
x4y = 65 (mod 99)

r+y = 5 (mod9y)

I

4y =51 (mod97)
-+ y =10 (mod 95).
Ta c6, M =99.98.97.95 = 8940390, M, = M /99 = 903070, M, =
M /98 = 912288, M, = M /97 = 921690, M, = M /95 = 941094 . Mat
khic, c6 thé tim dugc y, = 37 (nod99), y, =38 (mod98), y, =24
(mod 97), y, = 4 (mod95). Vay:
z +y = 65.903070.37 + 2.912285.33 + 51.921690.24 4-10.941094 .4

= 339788480
= 037140 (mod 89403930).

R& rang = + vy < 89403930 nén ta c6 x + y = 537140 . Ban doc c6 thé cho

1a cach cong dua vao Dinh 1i Trung Qudc vé phdn du trén day phiic tap hon
cich cong “thong thudng”. Tuy nhién, dé chinh l1a cdch ma mady tinh s
dung, vi n6 cho phép 1am cdc phép todn s6 hoc d6i véi nhitng s6 16n (khi
thay chiing boi dong du theo moduld nao do).

Khi sit dung phuong phdp trén day, ta cin xac dinh cic s6 m,, m,,
..., m, thich hgp. Mat khéc, mdy tinh thuong ding co s6 2 nén ta thudng
gap bai todn : bao gio thi hai s6 dang 2" — 1 nguyén 16 cing nhau. Diéu dé
duge cho béi cdc ménh dé sau.
Bo dé 2.17. Gid sit a, b la cdc s6 nguyén duong. Khi dé thdng du bé nhdt
clia 2 —1 méduls 2° =1 1o 27 —1, wong dé r la thing dic diong bé nhdt
ctia @ méduld b .

Chirng minh. Tt thuat todn chia ta c6
a=0bg+r
trong dé r 1a thang du duong bé nhat cia ¢ moédulé b . Mat khic,
(2 =)= (@ 1) = @ - DT e BT 4 2) 4+ @ 1),
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Nhu vay, phan du trong phép chia 2 —1 cho 2" —1 1a 2" — 1, d6 chinh la
thiang du duong bé nhat ctia 2° — 1 modulé 2" — 1.

Bo dé 2.18. Néu a va b I cdc s6 nguyén dicong thi e chung lon nhdt clia
2 —1wva 2" —11/a 2" 1.

Chitmg minh. Dung thuat chia O-clit v6i a = 7, , b = 1, ta duoc :

Ty, =g+, 0<m <ny.

v e oy g 7y P

no= gty U< <n
Toe3 = Th-24n 2 + Tu=1> 0 < LT <7 =2

Th-2 = Ty 1
trong d6 phan du cudi ciing 7, _, 12 udc chung 16n nhét cha a va b . Theo B8
dé 2.17, khi 4p dung thuat todn O-clitchocap 2' ~1=R,, 2" ~1=R,, ta

duoc :

T RO R R, = 2" ]
Rn—3 = R/1—2Qn~~‘) + R::.~l ) Rn»—l =201 -1

Rn 27 Rn lQn 1

O day, phan du khdc 0 cudicing R, | =2 —1= o _q, )

Pinh 1i 2.19. Cdc s6 nguyén duong 2 —1 va 2" —1 nguyén t6 cing nhau
khi va chi khi «, b nguyén t6 cung nhau.

§ 4. DINH LI PHECMA BE VA BINH LI WILSON

Trong muc nay ta s& nghién ctru hai dong du rat quan trong, c6 nhiéu
tng dung trong sé hoc.

binh li 2.20 (Dinh i Wilson). V&i moi s6 nguyén té p, tu ¢6
(p-1)!=—1 (mod p).
Chitng minh. Khi p=2,tacé: (p-1)!=1= -1 (mod2). Nhu vay, dinh
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i Wilson ding v6i p = 2. Bay gio, gia sir p 1a 13 s6 nguyén t6 16n hon 2.
Khi d6, véi méi s6 nguyén a voi 1 <a < p—1, t6n tai nghich dao a,
I <a < p—1 saocho ea =1 (mod p). Theo Ménh dé 2.15, cdc s6 nguyén

duong nho hon p ma la nghich dao clia chinh né 1a 1 va p — 1. Nhu vay, ta

c6 thé nhém cdc s6 nguyén tr 2 dén p cap, ma tich cta

chiing déng du 1 modulo p. Do dé
23...(p—3)(p-—-2)=1 (modp).
Nhan hai v& véi 1 va p — 1 1a duogc
(p-DI=1(p-1=-1(modp).

Ménh dé dao cia Dinh i Wilson cling ding. O
Dinh Ii 2.21. Gid sit n la s6 nguyén diong sao cho (n — 1)1 = —1 (modn).
Khi dé n la s6 nguyén 16.
Ching minh. Gia str nguoc lai, n 13 hop s6 va (n —1)! = —1 (modn). Vi
1 la hop s0, ta ¢ @ n=ab, tong d6 1 << a < n va | < b <n.Khi do
a|(n—1)!. Mat khic, do (n —1)!=—1 (modn) nén n|[(n—1)!+1],
suyra a |[(n —1)4+1]. Nhuvay, a | (n —1)! va a|[(n ~ 1)!-+1] nén a |1 :
mau thuln. t

Khi ta xét cdc dong du 6 su tham gia cia cdc ldy thira, dinh Ii sau day
14 hét stc quan trong.
Dinh i 2.22 (Dinh li Phecma bé). Gid sw p nguyén 16 va a ld s6 nguyén
duong véi p | a. Khidé o™ =1 (mod p).
- Chimmg minh. Xét p —1 s6 nguyén a,2a,...,(p — 1)a . Khong s6 nguyén nao
trong cic s6 ndi trén chia hét cho p, vinéu p| ja véi j nao dé thi p | j do
(e,p)=1.Matacé 1< j<p-1.Hon nita, khong cé hai s6 nguyén nao
trong day trén dong du modulé p. That vay néu ja = ka (mod p) thi do
(a,p)=1nénsuyra j=k (modp),ticla j=k, (Vi1 <y, k<p—1).
Nhu vay, cdc s6 nguyén a,2a,...,(p —1)a 1a tdp hop (p —1) s6 nguyén
khong déng du 0 va khéng c6 hai s6 nao déng du nhau modulé p, nén céc
thang du duong bé nhit cia he dé phai la 1,2,...,p — 1 x€p theo thit tu nao

dé. Tir d6 suy ra
a..(p—1Da=1.2...(p—1) (mod p).
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Vay
af"ﬁl(p B 1)! = (]J —_ 1)! (modp)-
Vi ((p . 1)', p) =1 nénta duoc

a’ =1 (mod p).
Hé qua 2.23. Gid sit p la s6 nguyén t6 va a la s6 nguyén dwong. Khi dé
a’ = a (mod p).
Chirng minh. Néu p [ a thi theo Dinh If Phecma bé, ta ¢6

o' =1 (mod p).
Nhan hai vé véi a ta duge

a” = a (mod p).
Nguge lai, néu p | a thi p |¢” nén a” = a = 0 (mod p). O
Heé qua 2.24. Gid sit p la 6 nguyén t6'va a la s6 nguyén véi p | a. Khi dé
a’* la nghich ddo ctia a méduld p.
Chimg minh. Gia st p | a.Khi d6 theo Dinh i Phecma bé ta ¢6

aa’? = o’ =1 (mmod p).

Vay a’"? 1a nghich dao clia @ modulé p. ]

Heé qua 2.25. Gid siw a, b la cde $6 ngiyén dicong va p la s6 nguyén 15,
. , £ 8
p [ a. Khi d6 nghiém cua dong du tuyén tinh

ar = b (mod p)

la cde s6 nguyén  sao cho © = a’~*b (mod p).

Chitng minh. Gia sit az =b (modp). Vi p /| a nén o~ 1a mot nghich
ddo clia a (mod p). T détacéd:

z = o’ %az = o’ (mod p). | O

§ 5. SO GIA NGUYEN TO

Theo Dinh 1i Phecma bé, néu n la s6 nguyén t6 thi véi moi s6 nguyén




b tacé b =0b (modn). Nhu vay, néu cé s6 nguyén b sao cho 0" # b
(modn) thi n phai la hop s6. Tuy nhién, Dinh 1i Phecma b€ lai khong cho
ta cdach kiém tra xem mot s6 n ¢6 phai la s6 nguyén t6 hay khong. N6i cach
khac, phan ddo ctia Dinh 1i Phecma bé khong phai bao gid cling ding. Vi du,
véin =341, b=2tacé: n=11.31,

230 = (2" =1 (mod 11):
2 = (2% = (32)" = 1 (mod31).
Tirdé suy ra 2" =1 (mod 341), nhung n = 341 13 hop s6.
Pinh nghia 2.26. Gia st b 13 mét s6 nguyén duong. Néu n 12 mét hop so6
nguyén duong va b" = b (modn) thi n dugc goi la s6 gid nguyén 16 co s
b.
Vi du trén day cho thdy ring 341 1a mot s6 gia nguyén td co s¢ 2.
Chi y rang, néu (byn)=1 thi tr b" =b (modn), ta suy dugc
b*' =1 (modn). Ta cing thuong ding dang thtic nay dé 1am dinh nghia
cho cdc s6 gia nguyén to co s¢ b va nguyén to ciing nhau voi b .
Céc sO gia nguyén (6 rédt “thua”, chang han trong 10" s6 tu nhién ddu
tién c6 455.052.512 s6 nguyén t6, nhung chi c6 14.884 s6 gia nguyén t6 co
s¢ 2. Tuy nhién, v6i moi s6 nguyén b > 1, t6n tai vo han s6 gid nguyén t6

¢o s& b. Ta sé chitng minh diéu ndy cho truomg hop b = 2. Trudc hét ta cé
bd dé sau.

Bé dé 2.27. Gid sir d, n la cdc s6 nguyén dicong sao cho d|n. Khi doé
2" =112 —1).
Chitng minh. Vi d | n nén ton tai s6 nguyén ¢ dé dt =n. Dat v = 24 tir
khaitrién 2/ —1=(z -1z +2"77 + - +1) tacé:

M 1= (2(1 . 1)(2(1(1,—-1) + 2(1(t—2) S 2([ + 1),
tic fa (2° — 1) | (2" ~1). O
Pinh 1§ 2.28. T6n tai v6 han s6 gid nguyén 16 co s 2.

Chig minh. Gia sit n 12 mot s6 gia nguyén t6 cd s6 2. Ta s& chiing O
ring, m = 2" — 1 ciing 12 s6 gid nguyén t6 co s& 2. Theo gia thiet, n 1a
hop s6, chiang han n=dt (1<dt<n) va 2""' =1 (modn). Vi
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(2 = D" —1) nén m 1a hop s6. Do n 1a s6 gid nguyén t6.
2" =2 (modn) titc 1a ton tai & sao cho 2" -2 =1In. Tacé : 2" " =
217”“ 2 ‘A;_ ) (A 4= ” o 2//1 DO dO
mo= 2" -1 -1 =2""1_1,
te la
2" =1 (modm).

Vay m la so gia nguyén to co so 2. , L]

De kiém tra xem mot s6 ¢ phai 1a 56 nguyén to hay khong, trudc tién
ta xem no ¢6 1a s6 gia nguyén t6 co s& 2 hay khong, sau dé tiép tuc kiém tra

NI

doi vai cac co sd khdc. Tuy nhién, mac di cic hop s6 gla nguyén t6 “rat it”
van ton tai vo han hop s6 1a gia nguyén t6 véi bat ki co s6 nao !

Dinh nghia 2.29. Hop s6 nguyén n théa min b" ' =1 (modn) véi moi s6
nguyén duong b sao cho (b,n) =1 dugc goi 1a s6 Carmichael.

Vi du : S0 nguyén 561 = 3.11.17 la mot s6 Carmichael. That vay, néu
(h.561) =1 thi (0,3) — (b, 11) = (b,17) = 1. Theo Binh Ii Pheema bé ta ¢6

b* =1 (mod3); v" =1 (modl11): »"9 =1 (mod 17).
Do do, viet 560 dudi dang 560 = 2.280 = 10.56 = 16.35 ta c6 :
B = (1) = 1 (mod 3),
M = (MY =1 (mod 1),

P = (01 =1 (mod 17),
T do suy ra
b = 1 (1mod 561).
Su kién ton tai v6 han so Carmichael méi duoc chitng minh vao nam 1993.
Dinh If sau day cho ta mot cach tim cdc s6 Carmichael.
Binh i 2.30. Néu n = ¢,q,...q, , trong dé q, la cac s6 nguyén t6 khdc nhau

thoa man (q, —1)| (n —1) r/u n la mot s6 Carmichael.

Chitng minh. That vy, gia st b 1a s6 nguyén duong va (b,n) = 1. Khi dé
(b,q,) =1 véimoi j =12,...,k néntaco :

bt =1 (modyq,).
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Do (¢, —=1){(n — 1) nén
b =1 (mod q;);

tirdé suy ra b"' =1 (modn). OdJ

Phan dao cua dinh i trén day ciing ding, nhung chimg minh ctia né
vuot qua khuon kho ctia cudn sich nay.

§ 6. UNG DUNG PONG DU PE TiM DAU HIEU CHIA HET

Li thuyét déng du cé thé ap dung dé tim dau hiéu chia hét cha céc s6
nguyén dua trén khai trién cta chiing trong cic co s6 khic nhau.

Trude tién ta xét vai dau hiéu chia hét trong co s6 10. Gia sir
n = (aa, ,...q,a,), - Khidé
n=a, 10" +a, 10" 4 44,10 + q,,
voi 0 <a, <gq, 3=0,L2,..,k

Truoe hét ta xét dau hiéu chia hét cho mot liy thua cua 2. Do
10 = 0 (inod 2) nén 10 = 0 (imod2”) véi moi s6 nguyén j. Tacé:

n = {ay ), (mod2)

n = (a,0,),, (Mmod?2?)

n = (a,_,a, .. ayaa,), (mod2’).

Cic déng du trén day chi ra ring, s6 nguyén n chia hét cho 2 khi va chi khi
sO tan cang chia hét cho 2. Tuong tu, s6 nguyén n chia hét cho 27 khi va
chi khi s6 nguyén lap nén b&i j chit s6 tan cung cua n chia hét cho 2.
Vidu : Xét n = 32688048 . Tacé 2|n,vi2|6 ;4|{n vi4d|48 ; 8|n vi
8148 ; 16 |n vi 16| 8048 nhung 32 [ n vi 32 | 88048.

Pé xét dau hiéu chia hét cho ldy thira cha 5, trudc tién ta nhan xét
ring 10 = 0 (xnod 5) nén 10’ = 0 (mod 5’). Nhu vay, ddu hiéu chia hét cho

5 ciing twong tu nhu dau hiéu chia hét cho 2. D€ xem n c¢6 chia hét cho 5/
hay khéng, ta chi cdn xem s6 nguyén 14p boi j chit s6 tan cling cha n chia

hét cho 57 hay khoéng.
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Vidu: n=15535375. Vi 125|375, 625 f 5375 nén 125 | n, 625 [ n.
Bay gio ta xét dau hi{:Li chia hét cho 3 va 9. Ta thay 10 =1 (mod 3) va
10 =1 (mod 9) nén 10* =1 (mod3)3), 10" =1 (mod9) véi moi k. Do
doé
(a0, .. a0) = @108 +a, 107 + - 4+ q,
=a, +a, , +-+a, (mod3) va (mod9).

Nhu vay, mot s6 chia hét cho 3 (cho 9) khi va chi khi téng cdc chit s6 cla
noé chia hét cho 3 (cho 9). :

Ta ciing c6 thé tim ddu hiéu don gién dé nhan bié€t mot s6 nguyén
duong c6 chia hét cho 11 hay khong. Tacé 10 = —1 (mod11). Do dé

(- 0,00 = ¢, 10" + g, 107" + - 4 a,.10 + q,
= a, (1) +a,_ (=1 + - —a, +q, (mvodll).
Nhu vay, (a,a;_,...@a,) chia hét cho 11 khi va chi khi @, —aq, + a,
— - (= 1), (lap bdi téng dan ddu cic chit s6) chia hét cho 11.
Vidu : n = 723160823 . Téng dan diu cdn xét 1a
3-248-0+6-143-247=22.
Vay 11| n.

Ta chuyén sang xét ddu hiéu chia hét cho 7, 11, 131. Ta ¢6 : 7.11.13
= 1001, 10° = 1000 = —1 (mod1001). Do dé

(apay_; ...ayay), = @, 10° +a, 107" 4+ 44,10 + g,
= (a, +10a, + 100a,) + 1000(a; + 10a, + 100a;) +
+1000%(ag + 10a, + 100ag) + -
= (100a; +10a; + @,) — (100a; + 10a, + ay) +
+(100ag + 10a, + ag) —
= (2,389 )1y — (a50483)19 + (83870)5y — -+ (mod 1001).

Nhur vy, mot s6 nguyén chia hét cho 7, 11, 13 khi va chi khi tdng dan dau
ctia cdc s6 1ap nén bdi cdc bé 3 chit s6, nhém tir bén phal chia hét cho 7,
11, hoac 13.
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Vi du : Xét n = 59358208 . Ta c6 tdng dan ddu cén xét 13 208 — 358 + 59
= —01 : chia hét cho 7, 13 nhung khéng chia hét cho 11. Vay 7 |n,

13 {n nhung 11 [ n.

Bay gitr ta chuyén sang xét ddu hiéu chia hét ctia cdc s6 biéu dién
trong cosé b.
Dau hiéu 1. Gid sit a|b, j va k la cdc s6 nguyén duong, j < k. Khi dé
(aay,_,...aa,), chia hét cho d’ néu va chi néu (a,_, ...aya,), chia hét cho
d’.
Chitng mink. Vi b = 0 (mod d) nén b’ = 0 (modd’). Do dé

(@0 - yay), = ab* 4+ ab’ + a_y~1b‘/_1 +otab+a

= a’j—lb'y*l + -t ab +

(@, ,...q,a,), (mod d’).

Do dé d |(ay...aa,), khivachikhi d |(a;_,...aq,),. O
Dau hiéu 2. Gid siw d | (b~ 1), khi dé n = (q, ...a,a,), chia hét cho d khi
va chi khi a, + -+ + a, + a, chia hét cho d .

Chitng minh. Vi d|(b—~1),tacé b=1 (modd). Do dé6 b’ =1 (modd)
véi moi s nguyén duong b . Vay,

(0 - a,ay), = b+ +ab+a, =g+ +a + g, (modd).
Tirdé suy ra d | n néu vachinéu d |(a, + +a, +q). O
Dau hiéu 3. Gid st d | (b +1). Khi d6 n = (a,,...a,a,) chia hét cho d néu
va chi néu (=1) a, + -~ — a, + a, chia hét cho d.

Chimg mink. Vi d|(b+1) nén b= —1 (modd). Do dé b’ = (-1)
(modd) va n=(a,..0aq,), =(-1Fa +—a +a (modd). Suy ra
d | n néu vachinéu d|((—~a)a, + - —a +a). d

Vi du : n=(1001001111),. Khi d6 n=1-1+1-1+0—-0+1—-0+
0-1=0 (mod3). Vay 3| n.
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BAI TAP CHUONG 2

Chiing minh rang néu « 1a sé nguyén chan thi o° = 0 (mod 4), néu a

1a s6 nguyén 1é thi o*> =1 (mod4).

Chitng minh rang néu o 1a s6 nguyén 1é thi ¢’ =1 (mmod 8) .

Chiing minh rang néu a, b, m 1a cdc s6 nguyén va m >0, n > 0,
nlb,a =0 (modm) thi a =b (modn).

Chitng minh ring néu a, b, ¢, m la cdc s6 nguyén, ¢ >0, m >0,
a =b (modm) thi ac = be (mod mc).

Chiing minh ring néu a, b, ¢ 12 cdc s6 nguyén, ¢ > 0, sao cho
a =b (modc), thi (a,c) = (b,¢).

Gid st ¢* =b" (modm), a*** = b**! (modm) trongdé a, b, k, m
la cdc s6 nguyén v6i k> 0, m > 0 sao cho (a,m) = 1. Chimg minh
rang « = b (modm). Néu diéu kien (a,m) =1 khong thoa man, két

luan con ding hay khong ?

Vi s6 nguyén n nao ta cé
PP4+2°4+3 4.+ (n—1>%=0 (modn)?

Chimg minh ring n€u n = 3 (mod 4) thi n khong thé 1a tdng clia hai
s6 chinh phuong.

a) Ching minh rang néu p 1a s6 nguyén t6 thi cdc nghiém ciia déng dur
2" = (modp) chi 1a cdc s6 nguyén r sao cho z =0 hoic
r =1 (modp).

b) Chimg minh ring néu p 1a s6 nguyén 16, va & Ia s6 nguyén duong
thi cdc nghiém cua déng du z° = = (mod p*) 1A céc s6 nguyén z sao
cho = 0 hoac z =1 (mod p*).

Giasit ¢ , b, m 12 céc s6 nguyén duong (a,m) = 1. Ching minh rang
néu z 1a nghiém cua az = b (modm) thi z ciing 12 nghiém cta

(mod m),

a,laczb[ﬁ
a

trong d6 a, 1a thang du duong bé nhat cia m moédulé « .
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11.

15.
16.

17.

I8.

19.

Chung minh rang véi cich 1am nhu trong Bai tap 10, xuat phdt tir
ar =0 (modm) ta duge diy a, =a>a, >a, >-->a, =1 Véi n
nao dé. (Khi dé ta cé nghiém z = B (mod m)).

Dung Bai tap 11 dé tim = sao cho 62 = 7 (mod 23).

. Chung minh rang néu a 13 m(f)t~ nghich dao cia a médulé m, b 1a

nghich dao clia b modulé m , thi @b 1a nghich dao clia ab médulo m .

. Tim nghiém cta cdc hé dong du sau :

a) [r =4 (mod11) b) [z =1 (mod?2)
=3 (mmod17) z = 2 (mod 3)

2 = 3 (mod 5)

¢) [z =0 (mod?2) d) [z =2 (mod11)
> =0 (mod 3) z = 3 (mod12)
t =1 (mod5) {z =4 (mod13)
r =6 (mod7) z =5 (mod17)
z =6 (mod19)

Tim mot s chia hét cho 11 sao cho khichiacho 2, 3, 5, 7 déudu 1.

Chitng minh rang véi moi n, déu t6n tai n s6 tu nhién lién tiép sao cho
méi mot trong chiing déu c6 it nhat moét uéc 6 1a chinh phuong.

Ching minh rang néu a, b, ¢ 1a cdc s6 nguyén véi (a,b) =1 thi ton
tai s6 nguyeén n sao cho (an +b,c) = 1.
Chitng minh rang hé cdc déng du

z = a; (modm,)

T = a, (modm,)

c6 nghiém néu va chi néu (my,m,) | (a, — a,). Hon nifa, khi dé tén tai
nghiém duy nhat modulé [m,, m,].

Dung Bai tap 18 dé tim nghiém cdc hé déng du sau
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20.

22.

52

a) [z = 4 (mod6) b) [z = 7 (mod10)
z = 13 (mod 15) =4 (mod15).

Chitng minh rang hé cdc dong du

i

T = a, (modm,)

il

T = a, (modm,)

T = a, (modm,)

c6 nghiém néu va chi néu (m,,m,)|(a; —a,) v6i moi cap s6 nguyén
(4,7), 1 <i < j < r.Chirarang, néu nghiém ton tai thi né la duy nht

modulo [my,my,...,m,].

. Dung Bai tap 20, giai céc hé dong du sau day :

a) [z =5 (mod6) b) [z =2 (mod 14)
1o = 3 (mod 10) © = 16 (mod 21)
r = 8 (mod15) x = 10 (mod 30)
¢) [z =2 (mod9) d) |z =2 (mod6)
{z = 8 (mod15) z =4 (mod8)
z = 10 (mod 25) la=2 (mod 14)
r =14 (mod15)

z = 2 (mod10)
r = 3 (mod12)
r = 6 (mod15).

Mot tap hop S cédc déng du (v6i moédulé khic nhau) duge goi la mot
tdp phu déng dir n€u méi s6 nguyén thda mén it nhit mot dong du
thuéc S'. :

Ching minh ring cic tap hop déng du sau day la cic phu déng du :

o
A8
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ay,

8,

24,

25.

26.

27.
28.

29.

30.

a) =0 (mod?2), 2 =0 (mod3), r =1 (mod4),
z =1 (mod6), =11 (mod12).

b) + =0 (mod2), =0 (mod3), ~ z=0 (modhH),
=0 (mod7), z =1 (mod6), r =1 (mod10),
r =1 (modl14), r =2 (mod 15), | @ =2 (mod21),
r =23 (mod 30), r = 4 (mod 35), r =5 (mod42),
z = 59 (mod 70), z =104 (mod105).

Tim liiy thira cao nhdt cla 2 chia hét cic so sau day :

a) 201984 b) 1423408

c) 89375744 d) 41578912246 .

Tim ldly thira cao nhat ctia 5 chia hét cic s6 sau day :

a) 112250  b) 4860625

¢) 235555790 d) 48126953125.

Trong céc s6 nguyén duong chi gébm toan chit s6 1, s6 nao chia hét cho
7 7 cho 13 7 Nhitng s6 nao it hon 10 chit s6 va 1a s6 nguyén t6 ?

Xét cdc s6 ma trong biéu dién co s6 b gém toan chirs6 1.
a) S6 nao chia hét chocicudc sécia b—1 ?

b) S6 nao chia hét cho cdc udc séctia b +1 ?

Hay tim d4u hiéu chia hét cho 37 .

Tim dau hiéu chia hét cho s6 n trong cd s6 b, trong d6 n la uéc cha
b +1.

Ap dung Bai tap 28, tra 16i cdc cau héi sau

a) (101110110), chia hét cho 5 hay khong ?

b) (12100122), chia hétcho 2, cho 5 ?

¢) (364701244), chia hétcho 5,cho 13 ?

d) (5837041320219),, chia hét cho 1017

Tim thang du 2" meduls 17, 3'° 121.
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38.

39.

40.

41,

42,

43,

2.

—~ AN d 100 e
. Tim chir s6 cudi cing cua 3 trong cosd 7.

Ching ‘minh ring néu n 12 hop s6 nguyén, n =4 thi (n—1)!' =0
(modn).

Ching minh ring néu p 1a s6 nguyén t6 1é thi 2(p —3)! = 1

~ (mod p).

Chang minh ring néu n 18, 3 [ n thi n° =1 (mod 24).

Chitng minh ring 42 | (n” —n) véi moi s6 nguyén duong 7 .

. Chimg minh rang néu p, ¢ l1a cdc s6 nguyén t6 khac nhau thi

p!™ 4+ ¢" " =1 (mod pg).
Chitng minh rang néu p 1a s6 nguyén t6, a va b 1a cdc s6 nguyén sao
cho a” =b" (mod p) thi ¢’ =b" (mod pz)
Chitng minh rang néu p 1a s6 nguyén t6 1é thi
1237 (p—4)(p—~2) = (1" (mod p).
Ching minh rang néu p 1a so nguyén t6 va p = 3 (mod4) thi
[(p = 1)/2/!= £1 (mod p).

Gia sit p la s6 nguyén to, r la s6 nguyén duong nho hon p sao cho

(~1)"7! = —1 (mod p). Ching minh ring

(p—r+1)!=-1 (modp).
Ap dung ching minh 61! = 63! = —1 (mod 71).

Chimg minh rang néu p 14 s6 nguyén t6, p =1 (mod4) thi déng du
2" = —1 (mod p) c6 hai nghiém khéng déng du cho béi

v =+1(p—1)/2)! (mod p).
Chitng minh ring n€u p la s6 nguyént6 va 0 < k < p, thi
(p—E)!(k —1)! = (=1)" (mod p).
Chimg minh ring néu p 1a s6 nguyén t6 va ¢ nguyén thi

p!(a" + (p —Dla).
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44.
45.

46.

47.
48.

49,

50.

51.
52.
53.

54.

5S.

56.

57.

V6i n nao thi n' + 4" 12 s6 nguyén t8 ?
Chimg minh ring n va n + 2 1a cap s6 nguyén té sinh doi néu va chi
néu 4[(n — DY+ 1]+ n = 0 (modn(n + 2)), trong dé6 n = 1.

Chimg minh ring cdc s§ nguyén duong n va n + k, trong d6é n >k,
A 1a s6 nguyén duong chin, déu 1a nguyén t6 néu va chi néu

(B [(n— DI 1)+ (k=D (k — 1! = 0 (mod n(n + k)).
Chitng minh rang néu p nguyén 6 thi Cj, =2 (mod p).
Ching minh rang néu «, b 1a cdc s6 nguyén, p nguyén t6 thi

(@ +b) =a” +b" (mod p).

Cho m 1 s6 nguyén duong. Ching -minh rang tich cdc s& nguyén
dirong nhé hon m va nguyén t6 cing nhau v6i m déng du 1 (modm),
trit céc trudng hop m =4, m = p' hoac m = 2p’, trong dé p 1a s6
nguyén t6 1¢, ¢ 1a s6 nguyén duong. Trong cic trudng hop dé, tich néi
trén = -1 (modm).
Gia str p 1a s6 nguyén t6 va a;,ay,...,a,; b,by,...,b, la cac h¢ thang du
ddy di modul6 p. Chimg minh ring a,b,, ab,, ..., a,b, khong phai la
heé thang du ddy di médulo p.
Chitng minh rang 91 1a s6 gia nguyén té co sé 3.
Chimg minh rang 45 1a s6 gia nguyén t6 cosg 17 va 19.
Chimg minh rang cdc s6 n = 161038 thoa min 2" = 2 (modn); so
161038 1a s6 gia nguyén to chan bé nhit coso 2.
Chimg minh ring néu n 12 hop s6 1é va n 1a s6 gid nguyén t6 co s0 a,
thi n 1a s6 gia nguyén técosdo n —a.
Chimg minh ring néu n = (c* —1)/(a’® —1), trong d6 a la s6
nguyén, a >1 vd p las6 nguyén t8 1&, p [ a(a’® —1) thi n 1as6 gia
nguyén t& co s& a . Tir d6 suy ra c6 vo han s6 gia nguyén t6 co s6 a tly
y.
Ching minh ring néu s6 Phecma F,, = 2% +1 12 hop s6, thi né 1a s6
gid nguyén té coso 2. '

Gia st p 12 s6 nguyén t6 sao cho 2” — 1 12 hop s6. Chiing minh rang
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58.

59.

60.

61.

56

27 —1 1a s6 gia nguyén t6 co sd 2.

Chiing minh rang néu n 1a s6 gia nguyén t8 co s6a vab,th n lasé
gid nguyén t6 co sd ab.

Ching minh rang néu n 1a s6 gid nguyén t6 co s& a, thi n ciing la s6
gid nguyén t6 co sd a, trong d6 a 1a nghich dao cia @ m6dulé m .
Chitng minh rdng néu n 12 s6 gid nguyén t6 co s a, nhung khong gia
nguyén t& co s& b thi n khoéng 12 s6 gid nguyén t6 co s§ ab .

Ching minh ring néu t6n tai mot s6 nguyén b véi (b,n) =1, sao cho
n khong 1a s6 gia nguyén t6 co sd b, thi s§ cdc s6 a sao cho n 1a gia
nguyén t8 co s& ¢ khong vugt qué s6 cdc s6 bé hon n va nguyén 8§
cung nhau véi n .

o' 1
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Chuong 3.

MOT SO HAM THUONG GAP
VA UNG DUNG

§ 1. CAC HAM CO TiNH CHAT NHAN

Pinh nghia 3.1. Mot ham x4c dinh trén tap hop cic s6 nguyén duong goi la
ham sé hoc.

N6i chung, ta quan tdm dén cdc ham s6 hoc cé tinh chét sau.
Pinh nghia 3.2. Ham s6 hoc f duoc goi la ¢d tinh chdt nhdan néu f(mn) =
F(n)f(n) khi m . n nguyén to ciing nhau.

Vidu : Ham f(n)=1 v6i moi n 1a mot ham c6 tinh chat nhan. Tuong
Hon nita, v6i moi m, 1

nhu vay, ham g(n) = n ciing c6 tinh chai nnal.

o o n Thit
(khong nhat thiét nguyén (6 cung nhau) ta cé: g(mn) = g(n ) ,(n) f‘\...ﬂ’ﬁ;’
ham c6 tinh chat nhu vay duoc goi 1a ham ¢6 tinh chdt nhan day du.

P6i v6i nhitng ham c6 tinh chdt nhan, ta ¢6 thé tim cong thiic don gian
dé tinh f(n) khi biét phan tich n thanh thira s6 nguyén t6.

Pinh li 3.3. Gid s f la ham 6 tinh chdt nhdn, va

ity a

n=p’py ... P
la phén tich ra thira s6 nguyén té cua n.. Khi do
f(n) = f(p").- f(2).
Chirng minh. Vi { 12 ham c6 tinh chét nhan, va (p*,py®...p0)=1,taco
f(n) = f(pi")f(py* - p):
Laido (py®, p3y'...p0*) =1 nén
Flpsr . pl) = f(pe2 ) (5" - P )-
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Tiép tuc nhu vay, ta duoc

Fy = fp) F(p52). . f(p)). O
§ 2. PHI-HAM O-LE

Dinh nghia 3.4. Gia st n 12 mot s6 nguyén duong. Phi-ham O-le duge dinh
nghia la s6 cdc s6 nguyén duong khong vuot qua n va nguyén 6 cung nhau
VOl n .

Ki hiéu Phi-ham O-le qua ¢(n).

Vidu: o(1) =1, p2) =1, ¢(3) =2, p(4) = 2, ¢(5) = 4.

Phi-ham O-le ¢6 nhiéu tng dung trong s6 hoc. O day, truéc tién ta xét
viéc sit dung Phi-ham O-le dé nghién citu dong du modulé mot hop s6
(tuong tu nhu da sir dung Dinh li Phecma bé dé xét déng du modulé mot s6
nguyén tg). )

Minh rakia 22 Mot he thang du thu gon modulo n 1a mét tap hop gom
“p/(;”) S0 nguyen sac cho méi phan tir ctia tap hop déu nguyén t6 ciing nhau
Vo1 7, vakhong c6 hai phan Yhég nhau ndo déng du modulé 7 .

Vidu:Taphop 1, 3,5, 7 1y mot hé thang du thu gon mo6dulé 8. Tap hop

~3, ~-1,1. SCﬁng '\/:iy

Pinh 1i 3.6. Gid sir TsTyseesToayy 1@ RE thang dic thu gon médulé n, a ld sé

nguyén dwong va (a,n) =1. Khi dé, tip hop ary,ary, ..., 4, cing la hé

thang dir thu gonmrmodudd n
Chiig minh. Trude tién ta ching to ring, mdi s6 nguyén ar; la nguyén t6
cung nhau v6i n . Gid st ngugc lai, (ar,,n) > 1 véi j nido d6. Khi dé t6n tai

udc nguyén t& p cua (ar,,n). Do d6, hodc p|a, hoac p|r , tic 1a hoic

‘plava pjn, hoic p| r, v p [ n. Tuy nhién, khong thé cé p | T, va p|n,
Vi 7, va n nguyén t6 cing nhau. Tuong tu, khong thé ¢ p{a va p|n.

Vay, ar, va n nguyén t6 ciing nhau v&i moi j = 1,2,...,¢(n).

Con phai ching to khong c6 hai s6 ar;, ar, (7 = k) nao déng du nhau
moduld n. Gid st ar, =an, (modn), j=k val<j<oen);1<k<
@(n). Vi (a,2) =1 nén ta suy ra 7, =7, (modn). Diéu nay mau thuin vi

7, 7. cung thudc hé thang du thu gon ban ddu moduld n . O
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Vidu :Tap hop 1, 3. 5, 7 la mdt hé thang du thu gon modulé 8. Do
(3,8) =1 nén 3, 9,15, 21 ciling 1a mot h¢ thang du thu gon médulo 8.

BPinh li O-le. Gid sit m la s6 nguyén diong va a la sé nguyén voi
(a,m) =1.Khi dé6 o™ =1 (modm).

Chitng minh. Gid st r,7,...,7,,, 1a mot h¢ thang du thu gon gém céc 56

nguyén duong khong vuot qua m va nguyén t6 cing nhau véi m . Do Dinh
li 3.6 va do (a,m) =1, tap hop arnj,any,...,ar,,,, cing la mot hé thang du

thu gon modulé m. Nhu vay, cdc thang du duong bé nhat cua

ar,ary,...,ar,,, phailacic s6 nguyén 7j,1,..., 7, X€p theo thi tw nao do.

Vi th&, n€u ta nhan cdc tr trong hé thang du thu gon trén day, ta duoc :

arn;.aty ...ar =Ty (mod m).

Pm) m)

Do dé

TRy Ty =TTy o Ty (modm).

)

a”™ =1 (modm). O

Ta c6 thé tim nghich ddo modulé m bang cich st dung Pinh 1i O-le.
Gia sir ¢, m 12 cac s6 nguyén t6 cung nhau, khi dé

@.a”™™ = ¢#™ =1 (modm).

Vay a”™"! 12 mot nghich dao cta a modulé m .

Vidu : 29977 =271 =2° =32 =5 (mmod9) la mot nghich dao cta 2
modulé 9.

Ciing c6 thé giai cac déng du tuyén tinh mot 4n theo nhan xét trén. Gia

st cdn giai déng du az =b (modm), (a,m)=1. Ta nhan hai v& véi
wlm)=1 |
a :

o™z = o™ (mod m).
Nhu vdy, nghiém 12 cdc s6 nguyén z sao cho z = a*")7'b (modm).

Vi du : Gidi déng du 3z=7 (modl0) : z=3"""7=3"7=9
(mod11).

Bay gid ta s& cho cong thic tinh gid tri ctia phi-ham O-le tai n khi biét
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phan tich caa 7 ra thira s6 nguyén t6.

binh i 3.7. V&i s6 nguyén 16 p ta 6 - o(p) = p—1. Ngwwoe lai, néu p la
56 nguyén dicong sao cho p(p) = p —1,thi p la s6 nguyén té.

Chitng minh. Néu p la s6 nguyén to thi moi s6 nguyén duong nho hon p
déu nguyén t6 cling nhau véi p. Do ¢6 p — 1 s6 nguyén duong nhur vay nén
o(p)=p-—1.

Nguoc lai, néu p 1a hop s6 thi p cé udc d, 1 < d < p. Tat nhién p
vt d khong nguyén t6 cing nhau. Nhu vay, trong céc s6 1,2,...,p — 1 phai
6 nhitng s6 khong nguyén t6 cing nhau véi p, nén »(p) < p — 2. Theo gia
thiét, o(p) = p — 1, vay p 1a s6 nguyén t6. tl

Dinh i 3.8. Gid st p la $6 nguyén 16 va a la s6 nguyén dicong. Khi dé

o(p") = p" — p”'_l.

Ching minh. Cic 6 nguyén duong nho hon p“ khong nguyén t6 ciung

a—1 -1

nhau véi p 1a cdc s6 khong vuot qua p* " va chia hét cho p. C6 ding p
s0 nhu vay. Do dé ton tai p” — p* ' s6 nguyén nho hon p” va nguyén to

cling nhau v6i p“. Vay, ¢(p") = p* — p" . (I
Vidu : p(125) = ¢(5*) =5° =52 =100 ; p(2")=2" —2" = 512.

Dé thiét 1ap cong thiic tinh () khi biét phan tich ra thita s6 ctia 7, trude
tién ta can chimg to ¢(n) la ham nhan.

Binh 1i 3.9. Néu m . n la cdc s6 nguyén dicong nguyén té ciing nhau, thi
w(mn) = @(m).p(n).

Chirng minh. Ta viét cdc s6 nguyén duong khong vuot qua mn thanh bang
sau :

1 m+1 2m+1 - (n—1)m+1

2 m+2 2m+2 - (n—1m+2
3 m+3 2m4+3 - (n—Dm+3
m  2m 3m mn

Bay gi gia sit 7 12 mot s6 nguyén khong vuot qui m . Gia sit (m,r) =
d > 1. Khi d6, khong s6 nao trong dong thit » nguyén t6 cung nhau véi

Oy
A%
S . ‘\t‘s
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mn, vi moi phén tir cha dong dé déu cé dang km + v, trong dé
L<h<n—1,d{(kn+r)vid|m, d|r.

Vay, dé fim cdc s6 trong bang ma nguyén 5 ciing nhau v6i mn , ta chi
can xem cdc dong thit » véi (m,r) = 1. Ta xét mot dong nhur vay, né chia
cdc s6 rym+ 7, (n—1m+r. Vi (r,m) =1 nén médi s6 nguyén trong
dong déu nguyén 0 cling nhau v6i n . Nhu vdy, n s6 nguyén trong dong lap
thanh hé thang du day di modulo n . Do dé ¢6 ding ¢(n) s6 trong hang dé
nguyen to cung nhau voi . Do cdc 6 d6 cling nguyén 6 cling nhau véi m
nén chiing nguyén t6 ciing nhau véi mn .

Vi cé (m) dong, méi dong chita ¢(n) s6 nguyén t6 cling nhau vdi
mn., nén ta suy ra @(mn) = @(m)p(n). ]

Keét hop hai dinh Ii trén day, ta duoc :

Binh 1i 3.10. Giad sir n = p'py® ...p* la phdan tich n ra thitu 6 nguyén té.
E PPy yon / 8u!

Khi dé
p(n) = n[l —i]{l—i]---[l——l—].
IEIe Py Y

Chitng minh. Vi ¢ la ham c6 tinh chdt nhan nén néu n cé phan tich nhu
trén, ta duoc : ‘

[25]

@(n) = o(p" )o(py? ) - o(pyt).
Mat khic,

1
1 - —.——J
Y2 Y25 Dy

pl pQ p/“

Al

Cong thitc sau day lién quan dén gid tri cia phi-ham ciing thuong duoc s
dung trong sé hoc.

I 1 iy 1 t
e(n) = p [J. -~ ———]p.z‘ [l — —]mpk"
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- Binh li 3.11. Gid sw n la mér s6 nguyén duong. Khi dé :

Z o(d) = n.

din
Chimg minh. Téng trén day duoc 13y theo cc udc s6 cha n . Ta phan chia
tap hop cdc s6 tu nhién tir 1 dén n thanh cdc 16p theo cich sau day. Lép C,
goém céc s6 nguyén m, 1 <m < n,ma (m,n)=d . Nhu vady m thuoc C,
néu va chi néu d 1a udc chung cia m, n va (m/d, n/d) = 1. Nhu vay, s6
phin tir cia ', 1a s6 cdc s nguyén duong khong vugt qua n /d va nguyén
t6 cing nhau véi n/d ; tic 1a C, gébm ¢(n /d) phan tir. Vi m6i s6 nguyén
m tir 1 dén 7 thuoc mot va chi mét I6p C, nao d6 (d = (m,n)) nén n
bang téng clia s6 céc thanh phan trong cdc 16p C,, d 12 u6c s6 clia n. Ta

-l

dn

co:

Mait khéc, khi d chay qua moi udc cia n thi n/d ciing chay qua moi uéc

cua 7, nén tr do suy ra
n= Z@(d).

din

Dinh If duge chitng minh. UJ

§ 3. TONG VA sO cAc Udc s6é

S6 cdc wéc s6 clia mot s6 nguyén va téng cac uéc s6 clia moét s6
nguyén la cic ham s6 hoc quan trong.

Dinh nghia 3.12. Ham éng cdc woe s6, ki hieu qua o duge xac dinh bdi :
o(n) bang téng moi udc duong ctia n .

Vidu:o(12) =1+2+3+4+6+12=28.

Dinh nghia 3.13. Ham s6 cde wée s6, ki hiéu qua 7, duge xdc dinh bai :
7(n) bang s6 cic udc s duong cta n .

Vidu: () =1, 7(2) =2, 712) = 6.

Ta c6 thé biéu dién ham 7(n), o(n) dudi dang

o(n) = Zd

dln
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T(n) = Zl
din
Pé chimg minh rang cdc ham o(n) va 7(n) 1a cdc ham cé tinh chat nhan, ta
dung dinh Ii sau day.

Binh li 3.14. Gid suwt f la mét ham ¢6 tinh chat nhan. Khi dé ham
F(n) = Zf(d)

din
ciing ¢6 tinh chdt nhdn.
Chirng minh. Ta sé chi ra rang, n€u m, n 1a cic s6 nguyén duong nguyén
t6 ciing nhau, thi F(mn) = F(m)F(n). Giast (m,n)=1,tacé:

F(mn) = >" f(d).

dlmn
Vi (m,n) = 1 nén theo B6 dé 1.31, méi udc s6 chia mn c6 thé viét duy nhdt
duéi dang tich cdc udc d; cha m, d, cia n va d;, d, nguyén t6 cling nhau,
déng thoi mbi cap ude s6 d, caa m, d, cia n tuong ing véi udc d = dd,
cua mn . Do dé ta c6 the viét

F(mn) = 3" f(drdy)

dym
dyln

Vi f 1a ham c6 tinh chét nhan va (d,,d,) =1 nén

F(nm) =" f(d)f(dy) = f(dy)- ) fldy) = F(m).F(n)

| dy [ dyn

dy|n
Tir dinh If trén day suy ra ring cdc ham 7(n) va o(n) c6 tinh chat nhan. Vi
the ta c6 thé viét coéng thic cha ching khi biét phan tich thanh thira s6
nguyén t6 cia n .
B6 dé 3.15. Gid sit p la s6 nguyén t6, a la s6 nguyén duong. Khi dé

) pa+1
o(p*)=(1+p+p +---+p")=p_1 ,

T(p*)=a+1.

Chitng minh. Cic uGc cia p° la 1,p, p,..,p". Do d(), p" ¢6 ding a +1
uéc duong, 7(p*) = a + 1. Mit khiéc,
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p'tt 1

op ) =Tk p o+ p’ e p T = e
P

Pinh li 3.16. Gid st s6 nguyén dicong n 6 phan tich ra thita sé' nguyén 16

a0

no=p'py..p.
Khi dé
])]LL]‘+'1 . l 2}."4‘)’;‘,"‘1 . ] ],)':L +1 . 1 & ?)./ - 1

p—1 py—1 py—1 =1 =1

2
I
I

k)

7(n) = (a, + ) (a, + 1)--+(a, + ) =[] (e, +1).

y=1
Chitng minh. Do hai ham o vd 7 déu cé tinh chat nhén nén ta cé
o(n) = a(p*)o(py) - o(ps),
() = TP )T (p) (),
Pinh 1§ 3.16 suy ra tir B8 dé 3.15. ]

§ 4. SO HOAN HAO VA SO MERSENNE

Ngudi Hi Lap c6 dai thuong xem méi s6 tu nhién biéu hién mot diéu
bi 4n ndo dé cia vii tru. Vi thé, ho dic biét quan tam dén nhiing s6 cé tinh
chat “*ki 1a”, chang han nhu cdc s6 bang téng cdc udc duong thuc sy ciia nd.
Ho goi d6 la cdc s6 hoan hao.

Pinh nghia 3.17. S6 nguyén duong 7 dugc goi la sé” hoan hdo néu
2n = o(n).
Vidu:12=1+2+ 346 : 6 lasohoan hao.

56 = 1+2+4+ 7+ 14 + 28 : 28 1a s6 hoan hdo.

Ta ¢é dinh 11 sau.
Dinh 1i 3.18. S6 nguyén dicong chdn n-la s6 hoan hdo néu va chi néu
m—=1r7eym
n=2"""(2"-1),
trong dé m lci 6 nguyén duong sao cho 2" — 1 la s6 nguyén 6.

Chitng minh. Trudc tién, gia st n = 2" 1(2" — 1), trong d6 2™ ~1 1A s6
nguyén t&. Vi 2™ —1 la s6 1€ nén ta cd
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Do o la ham c¢6 tinh chat nhan nén
o(n)=o(2" o (2" - 1).

Tir B6 dé 3.15 taduoe o(2" ) =2" —1, o(2" = 1) =2",vi 2" —1 1as6
nguyén t6. Vay

a(n) =(2"712" = 2n.
va n la s6 hoan hao.

Nguoc lai, gia st n 1a s6 hoan hao chan. Ta viét n = 2"¢, trong dé
s, t 12 cdc s nguyén duong va ¢ 1&. Vi (2°, t) = 1, ti B6 dé 3.15 ta duoc :

a(n) = o(2°, t) = o(2")o(t) = (2" = Do(t).
Do 7 1a s6 hoan hao nén
o(n) = 2n = 2"t

Tirdotaco

2"~ Do(t) = 2t
Do (2'*',2°"' —1) =1 nén tit ding thiic trén suy ra

2 o(t).

Vay tén tai s6 nguyén ¢ sao cho o(t) = 2°*'q. Do d6

(2" =127 g = 2",
tic la

2" —1g =t
Vay gt va g =t.Tu détacé:
t+q=02"" ~g+qg=2"g=0(t).

Tasé chiraring ¢ = 1. Néu ¢ = 1 thi t6n tai it nhdt ba uéc nguyén 16 khac
nhau ca ¢,cuthéla 1, ¢ va t. Khidé o(t) >t + ¢+ 1, mau thudn. Vay
g=1,vat=2""" —1 Tirdésuyra o(t)=1t+1, nén ¢ 1a s& nguyén (6,
vi t khong cé udc duong ndo khic ngoai 1 va ¢. Vay n = 2°(2*" —1),
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trong d6 27! - 112 s6 nguyén 1. [

T Pinh 1i 3.18 ta thdy rang, dé tim cac s6 hoan hao chin, ta chi can
tim cdc s6 nguyén t6 dang 2" — 1. Trude tién ta ¢6 nhan xét ring, néu s6 cé
dang nhu trén 1a nguyén 6 thi s6 mé m phai la s6 nguyén t6.

BDinh li 3.19. Néu 2" 1 la s6 nguyén t6'thi m. la s6 nguyén t6.

Chitng minh. Gia su nguoc lai, m = ab, ttong dé6 1 <a <m, 1 <b < m.
Khi dé

21 1 =20 = (20 - M 20 0,
Vi méi nhan tir & v& phai déu 16n hon 1, nén 2" —1 1 hop s6. Dinh 1i duoc
chimg minh. L]
Dinh nghia 3.20. Néu m 1a s6 nguyén duong thi
M, =2" 1

duoc goi la s6 Mersenne thir m. Hon nita, n€u p 1a s6 nguyén t6 va

Mersenne.
Vidu : M, =2 -1 1a mot s6 nguyén 16 Mersenne, trong khi M, =
2 1= 2047 = 23.89 12 mot hop s6.

Cac s6 Mersenne ¢4 vai trd quan trong trong viéc tim nhitng s6 nguyén
10 16n (vin dé c6 nhiéu tng dung trong Ii thuyét thong tin, mat ma). Vi thé,

ngudi ta da nghién ctu rdt nhiéu thuit todn dé xdc dinh xem mot so

Mersenne ¢6 phaila sé nguyén t6 hay khong. Pinh i sau day lién quan dén
viim dé do.

Dinh W 3.21. Gid sir p la mét s6 nguyén t6 lé. Khi dé moi wéc cua $6

Mersenne M, = 2" —1 déu 6 dang 2kp +1, trong dé k li s6 nguyén
dirong.

Ching minh. Gia st ¢ 1a mot uéc nguyén t6 cua M, = 2" —1. Tt Dinh i
Phecma bé ta c6: ¢ | (2" —1). Theo Bé dé 2.18

{(p.q-1)

(2" 1,277 1) =2 ~1.

Vi ¢ lauéc chung ctia 2 —1 va 27! — 1 nén

2" —-1,27" =1) > 1.
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Vay, (p. ¢ —1) = p, vi néu nguoc lai, (p. g —1)=1 thi (2" ~1,29" — 1)
=1.Dod6 p|(g—1), tic 1a ton tai s6 nguyén duong m dé (¢ — 1) = mp.
Vi ¢ 1¢ nén m chan, gia stt m = 2k. Vay ¢ = mp +1=2kp+1. OJ
Nho Binh i 3.21, dé kiém tra mot s6 Mersenne A c6 phai 1a s6
nguyén (6 hay khong, ta khong cdn chia né cho moi s6 nguyén t6 bé hon
JM . ma chi cin chia cho cic s6 nguyén t6 ¢6 dang da ndi trong dinh [i va
nho hon /A7 .
Vidu:1) M, =2" —1=8191. Dé xem 8191 c6 phai la s6 nguyén t6
hay khong, ta chi can xem 8191 c6 udc nguyén t6 ndo dang 26k + 1 va bé
hon /8191 =90, 50 ... hay khong. Nhu viy, chi can lam phép chia 8191

cho 53 va 79, ta rit ra két luan 8191 la s6 nguyén t6 Mersenne.

2) Xét My, = 2% —1=8388607. /M = 2896, 309 ... S6 nguyén t6

- bé nhét c6 dang 46k + 1 1a 47 . Lam phép chia 8388607 cho 47, ta duoc :

8388607 = 47.178481 : s6 Mersenne M,, khong phai 1a s6 nguyén t6.

Cho dén nay, s6 nguyén (6 Mersenne [6n nhit duge tim thay 1a s&
M 3166017 » 2om 4053946 chit s6 !

Pé tim hiéu thém vé lich sir cic s Mersenne, tiéu str Mersenne vi s6
Mersenne 16m nhat duoce tim thdy, ban doc ¢ thé truy cap vao Internet theo
dia chi : http://www.utm.edu/research/primes.

Maic db cdc s6 hoan hao va s¢ Mersenne da duge nghién ciru hang
tram nam nay, van ton tai nhiéu gia thuyét chua dugc ching minh.

Gia thuyét 1. Khong ton tai s6 tie nhién le nao la s6 hoan hdao.

sia thuyét 2. Ton tai vo han s6 nguyén 16 Mersenne.
§ 5. BAC CUA MOT SO NGUYEN. CAN NGUYEN THOY

Tir Dinh 1i O-le ta c6, néu m 2 s¢ nguyén duong va néu a 1a s6

nguyén, nguyén t6 cling nhau véi m thi """ =1 (modm). Do d6, phuong

trinh déng du
a" =1 (modm)

ludn fudn c6 nghiém. Theo tinh chat thi tu t6t clia t4p hop cdc sd nguyén
duong, phai ton tai s6 nguyén duong z bé nhét thdéa min déng du ndi trén.
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Pinh nghia.3.22. Gia st a va m la cdc s6 nguyén duong nguyén t6 cing
“nhau. Khi d6, s6 nguyén duong z nho nhat sao cho «” =1 (modm) dugc
goi lahdc ciia a médulé m .

Ta ki hiéu bac cia ¢ modulé m boi ord,,a.
Vi du : Ta tim bac cia 2 modulé 5 :

2' = 2 (mod5): 2° =4 (mod5); 2° =3 (mod5); 2! =1 (mod5h).

Vay bac cua 2 modulo 5 1a 4 : ord;2 = 4,

Tim bac ctia 4 modulé 5-:

4' = 4 (mod5); 4’ =1 (mod5) : bac ord;4 = 2.

Dé cé thé tim duoc tat ca cac nghiém cua dong du thic ¢ =1 (modm), ta
can dén dinh 1i sau :

Pinh li 3.23. Néu a va n la cdc s6 nguyén nguyén t6 cung nhau, n > 0,
thi 56 nguyén x la nghiém ciia o* =1 (modn) néu va chi néu « : ord ,a.

Chitng minh. Néu ord a |z thi z =k ord,a, véi k 12 s6 nguyén duong.
Do dé6 ‘

e k.ord,a k
a" = a nt <aor(l"a.> =1 (mod n)

Nguoc lai, gid sit ¢” =1 (modn). Khi d6 z > ord,a. Dung thuat
toan chia, ta viét

z=gqord,a+r, 0<r<ord,a.
Tir phuong trinh nay, ta thay
I q.ordyatr ord,a \ r v
0t = " = (a r )l.a =a" (modn) =1 (modn).

Do 0 < r < ord,a va ord,a 1a s6 nguyén duong bé nhit théa man phuong
trinh déng du dang xét, tacé r = 0. Vay z = g.ord,a, tic la z : ord,a. [J

Hé qua.3.24. Néu a va n la cde sé nguyén nguyén t6 cung nhau, n >0,
thi ord,a | @(n).

Chitng minh. Do (a,n) =1, Dinh 1i O-le cho ta

a?™ =1 (modn).
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Vay hé qua suy ra ngay tir dinh l{ vira chirng minh. U
Vidu : Tim bac ctia 5 (mod11) va 7 (mod11).

e 5' =5 (imod11); 5 = 3 (mod11); 5 =4 (mod11):
5' =9 (mod11); 5° =1 (mod11).

Vay : ord, 5 = b.

e 7' =7 (modl1l); 7 =5 (mod11); 7° =2 (mod11);
7' = 3 (mod 11); 7° = 10 (mod 11); 7‘6 =4 (mod11);
7" =6 (mod11); 7° =9 (mod11); 7° =8 (mod11);

7' =1 (mnod11).
Vay : ord;;5 = 5.
Mat khdc, o(11) =10. Vay ord,,7, ord,;5 déu la udc cta ¢(11), dic biét

ord,, 7 = (1),
Dinh i sau day sé€ duoc dung vé sau.

Binh 1i 3.25. Név a va n la cdc s6 nguyén nguyén 16 cing nhau va n > 0
thi déng du thic

a' = a’ (modn)

nghiém ding néu va chi néu 1 = j (mod ord, a).

Chitng minh. Gia st 1 = j (mod ord,a),va 0 < j <1¢.Khidétacé
it =7+ k ord,a,

trong dé & la mot s6 nguyén duong. Do dé

a,j —a j+kord,a

= o’ .(a”"™*)" = o’ (modn),
vi ¢ =1 (modn).

Nguoc lai, gia sit ring o' = a’ (modn) véi i > j. Vi (a,n) =1 nén
(¢’,n) =1.Do dé6, tir dong du thiic

¢' = d’a’™ =a’ (modn)
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suy ra rang
o =1 (modn).

“Tir Dinh 1i 3.25 suy ra ord ¢ chia hét (i — ), tic la + = j (imod ord,a).
Ching minh xong. _ ]

Cho trudc s6 nguyén 7, ta quan tam dén cac s6 a sao cho bac modulo

n cha né diilng bang (). tic 1a c6 bac 16n nhat ¢6 the.

Pinh nghia 3.26. Néu » va n la cdc s6 nguyén nguyén t6 cung nhau,
n > (), doéng thoi ord 1= (n), thi  duge goila cdn nguyén thiy médulo
n. '

Vi du : Ta di thdy & Vi du trude @ ord,2 =4 = (D). Vay 2 la can nguyén
thay moduld 5. Tuong tu nhu vay, or(lHT =10 = ¢(11) : 7 la can nguyén
thiy modulo 11.

Khong phai s6 nguyén ndo ciing ¢6 can nguyén thuy. Chang han,
khong c6 s6 ndo Ia cin nguyén thuy modulo 8. That vay, tit ca cdc s
nguyén nho hon 8. nguyén t6 cung nhau véi 8 la 1, 3, 5, 7. Ta co
ordgl =1, ordg3 = ordH = ord 7 = 2. Trong khi do, p(3) == 4
Bay gidy ta s& xét vin dé khi nao thi mot s6 nguyén c¢6 can nguyén thuy.
Trude hét, ta chiing minh dinh i sau.

f)inh W 3.27. Gid sit v, n la cdc s6 nguyén diwong ilguven 16 cring n/mu
>0 va v 1 cdan nguyén thity médulé n . Khi do cdc s6

RN T,‘(II)

ldp thanh mot hé thang die thit gon modulé n .
Chitng minh. Ta cin ching to ring cdc $6 noi trén nguyén 6 cung nhau véi
1, va khong cé hai s6 nao dong du modulo n .

Do (r,n) =1 nén (+*.n) =1 véi moi s6 nguyén duong k. Vay moi
Ifty thira trén day nguyén t6 cung nhau véi n.

Gia str trong ddy néi trén 6 hai s6 dong du modulo n :

i

r' = (modn).

Tir Dinh i 3.25 suy ra i = j (mod ¢(n)), do r la can nguyen thay. Vi
1<i<y(n), 1<j<@(n) néntacé i = j. Vay trong ddy trén day khong
¢6 hai s6 nao déng du nhau moduld 7 . Dinh 1i duge ching minh. ]
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Vidu : Tacé 2' =2 (mod9), 2° = 4 (mod9), 2° =8 (mod9), 2' =7
(mod9), 2° =5 (mod9), 2° =1 (mod9). Mat khac, ©(9) = 6, nén 2 I
can nguyén thuy modulé 9, dong thoi 2, 4, 8, 7, 5, 1 1a mét hé thang du
thu gon modulé 9.

Néu mot s6 nguyén nao dé c¢6 can nguyén thay, thi né cé nhiéu cin
nguyén thuy khdc nhau. Trudc tién ta cé dinh I sau.

Dinh li 3.28. Gid sir ord,,a =t va u la mot s6 nguyén duong. Khi dé

Ord"l,(a“) = (t u) N

Chitng minh. Dat s = ord,,(a"), v=(t,u), t =tw, u=ww, véi (t,u,)

((L“)t] — ((Il”‘l"’)"’l — (a.u,lw)t/u — (at)ul =1 (mod m),

vi ord,a =t.Vay, t, chiahét s : s|¢.

Mat khc, do

(@")" =a"™ =1 (modm),
nén t | us. Vaytacé: ot, | (u,vs), suy ra ¢, | w;s. Nhumg vi (¢,4,) = 1 nén
tacé t; | s.
t
Vay s|t,, t;|s nénsuyra s =t = — =
‘ v (t,u)

minh. O
Heé qua 3.29. Gid sir v la can nguyén thiy médulé m, trong d6 m la sé
nguyén, m > 1. Khi dé r" la cdn nguyén thuy méduléo m néu va chi néu

(u, p(m)) = 1.

Chirng minh. Tir dinh I trén day ta cé

. Pinh I duge ching

ord r — ord,,” _ w(m)
™ '

(u,ord,7)  (u, p(m))

Do d6, ord, r" = ¢(m), va r* la can nguyeén thily m6duld m néu va chi

™

néu (u, p(m)) =1. U

Tir hé qua trén ta suy ra ngay dinh 1i sau day.
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Pinh li 3.30. Néu s6 nguyén dicong m 6 can nguyén thily, thi né ¢6 cd thdy
©o(p(m)) can nguyén thuy. ’

Chirng minh. Gia st 7 1a mot can nguyén thuy modulo m . Khi d6 céc s6
ror?,..., 7" lap thanh mot hé thang du thu gon modulo m . Theo hé qua
tren day +* 12 can nguyén thiy moduld m néu va chi néu (u, p(m)) =1.
Vi ton tai ding o(p(m)) s6 nguyén u nhu thé, nén cé ding p(p(m)) can
nguyén thiy modulo m . O
Vidu : Ta da biét 7 1a can nguyeén thity modul6 11. Mat khdc, o(p(11)) =
©(10) = 4 nén cé ding bon s6 1a can nguyén thiy modul6 11, dé 1a 7, 7,

77 7% modulo 11, tic lacdcsé 2, 6, 7, 8.
§ 6. SU TON TAI CUA CAN NGUYEN THUY

6.1. CAN NGUYEN THUY CUA CAC SO NGUYEN TO

Muc tiéu ctia phin nay la ching t6 ring, moi s6 nguyén t6 déu c6 can
nguyén thity. Trudc tién, ta cin dén mot s6 két qua vé dong du da thic.

Gia sir f(x) 12 mot da thitc hé s6 nguyén. Ta ndi rang s6 nguyén c la
nghiém clia f(z) modulé m néu f(c) =0 (mod m). D thdy rang, néu ¢
la nghiém ctia f(z) modulé m thi mbi s6 nguyén dong du v6i ¢ modulo
m ciling la nghiém moédulo m .

Vidu : 1) Da thie flz)= &2+ —1 ¢é ding hai nghiém méduld 7 khong
déng du nhau, cu thé 1a 7 = 2 (mod 7) va 2 =4 (mod 7).

2) Da thic g(z) = 2° + 2 khong c6 nghiém modulo 5.

»

3) Tir Pinh 1i Phecma bé suy ra ring, da thic A(z)=z""' —1 c6
ding (p — 1) nghiém modulé p khong déng du nhau, dé1a z =1, 2, 3,
.v(p—1) (mod p).

Pinh I sau day 12 mot két qua quan trong vé nghiém cua da thiic
modulo p, khi p 12 s6 nguyén t6.

Pinh i Lagrange. Gid sit
f(l’) = a’n‘IL‘“ + (1‘11.—1‘7:'”*1 to + a’lx + Qg
la du thite bdc n véi hé sé nguyén, hé sé cao nhdt a, khong chia hét cho p.
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Khi dé f(x) 6 nhiéu nhdrla n médulé p khong dong dir nhau.
Chitng minh. Ta ding phuong phdp quy nap todn hoc. Khi n =1, f(z) Ia
da thic bac nhat f(z) = o,z + q,, trong dé p [ a,. Mot nghiém modulo p
chia f(x) 1a mot nghiém caa dong du tuyén tinh o,z = —a, (mod p). Do
(a;,p) =1 nén phuong trinh déng du nay c6 ding mot nghiém
r=a] ' (~q,) (mod p). Nhu vy, chi cé ding mot nghiém moédulé p cta
f(r) - dinh i dang khi n = 1.

Bay gio gia st dinh If da dugc ching minh véi cdc da thic bac n -1,
va gia st f(z) 1a da thiic bac n, hé s6 cao nhat a, khong chia hét cho p.
Gia st da thitc f(z) c6 (n + 1) nghiém moduldé p khong doéng du nhau, ki
hieula ¢, ¢, ..., ¢,.Taco:

fle,) =0 (mod p), k=0,1,...,n,
F(@) = fleg) = ay (8" — )+ a, ("7 = D A ay(z )

=, (:l" - Cl’))("r”Ml + -77,I—~2(f” + -+ (311:W1) +

-2 =2

ta, (=)@ P Ha" e+ g )+

bz =)

= (7 —¢)g(z),
trong d6 g(z) 1a da thiic bac (n — 1), hé s6 cao nhat 12 o, . Bay gid tachira
ring ¢, ¢, ..., ¢, la cdc nghiém modulo p cia g(z). Gid st k la s6
nguyén, 1 <k <n.Do f(¢,) = fl¢,) =0 (mod p) nén
fley) = fley) = (e — ¢y)g(e;) = 0 (mod p).
Vi p nguyén t6, ma ¢, % ¢, (mod p) nénsuy ra g(¢,) =0 (mod p). Vay
¢, (k=1,...,n), 12 cic nghiém moédulé p cia g(z). Nhung g(z) c6 bac
(n — 1) nén theo gia thi&t quy nap, né c6 khong qué (n — 1) nghiém modulo
p khong déng du nhau. Mau thudn nay két thic chimg minh dinh 1i. O
Dinh li Lagrange cho phép chimg minh két qua sau day.

Pinh 1i 3.31. Gid sit p la s6' nguyén 16, d la mot woc cia p —1. Khi dé du
thite ©7 —1 ¢& diing d nghiém médulé p khong dong du nhau.

Chimg minh. Gia st p — 1 = de. Khi d6
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=@t DY 2T e 1) = (2 — Ng(x).

Tir Dinh |i Phecmna bé ta thay ring 7' —1 ¢6 (p — 1) nghiém modulé p
khong dong du nhau. Do p nguyén t6 nén cdc nghiém nay phai la nghiém

cia 27 — 1 hoac clia g(z) méduld p. Theo Pinh Ii Lagrange, g(z) c6 nhiéu

nhét 1a d(e — 1) nghiém médulé p. Vi méi nghiém ciia 27! — 1 moduls p
ma khong 1a nghiém modulé p clia g(z) phai 1a mot nghiém modulé p cila
2’ —1, nén 2’ —1 phai c6 it nhat 1a (p —1)—d(e — 1) nghiém. Ta cé
(p —1) —d(e — 1) = d. Mat khdc, theo Dinh Ii Lagrange, z* —1 c6 khong
qud d nghiém moduld p, tir d6 suy ra z* — 1 c6 ding d nghiém moduld p
khong déng du nhau. O
Dibnh i trén day cho phép tra 16i cau hoi : c¢6 bao nhiéu s6 nguyén
khong déng du nhau c¢6 ciing baic modulé p cho trudc.
Pinh 1 3.32. Gid sit p la s6' nguyén t6'va d la ude dwong ciia p — 1. Khi dé
36 cde s6 nguyén bdc d moduld p khéng déng dw nhau la p(d).
Chitng minh. VGi moi s6 nguyén duong d la uoc cua p — 1, tadat F(d) la
s6 cac s6 nguyén duong bac d moduld p va bé hon p. Do bac médulé p
ctia mot s6 nguyén khong chia hét cho p 1a udc clia o(p) = p — 1, néntacod

p—1= Z F(d).

dl(p-1)

Mat khdc, theo tinh chit cia phi-ham O-le tacd ;.
p—1= Y d)
di(p=1)
Ta s€ chiing to réng, véimoi d | (p —1),tacé F(d) < (d). Diéu dé s& suy
ra F(d) = ¢(d) vé6imoi d | (p—1), vitadi cé
Yo Fld)= ) ¢(d).
di(p—1) - dfp-1)
Gia st d 1a mot udc cia p—1. Néu F(d)=0 thi bat ding thic
F(d) < ¢(d) 1a hién nhién. Gia st F(d) = 0, tic 12.t6n tai s6 nguyén a bac
d module p. Do ord,a = d nén cdc s6 a, o, ..., a" khong déng du

nhau moédulé . (Néu nguoc lai, o’ = a’ (mod p) thi i—j' ord a = d).

Mat khdc, v6i méi £ nguyén duong,
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50,
%oy,

(") = (") =1 (mod p).

Nhu vay, «” i nghiém modulo p cua da thic 2" — 1. Pa thitc nay cé diing
d nghiém khong déng du nhau, nén moi nghiém phai dong du v6i mot s6
a" nao d6 (1 < k < d). Tuy nhién, «* c6 bac d chi khi (k,d) =1, ma cé
ding p(d) s6 k nhu vay véi 1 <k <d. Vay, néu t6n tai phan to bac d
moduld p, thi phai ¢6 ding (d) s6 & nhu vay nho hon d. Do dé
F(d) < ¢(d), dinh Ii dugc ching minh. O
- Heé qua 3.33. Moi s6 nguyén t6'déu ¢é can nguyén thiy.

Chimg minh. Gia sit p la s6 nguyén t8. Theo dinh If trén day, cé6 p(p — 1)
s6 nguyén bac p — 1 moduld p khong dong du nhau. Theo dinh nghia, méi
s6 dé la moét can nguyén thiy modulé p, va nhu vay, p cé ¢(p —1) can

nguyén thuy. 0
6.2. SUTON TAI CAN NGUYEN THUY

Ching ta di bi¢t rang moi s6 nguyén t§ déu c¢6 can nguyén thiy.
Trong tiét nay, ta s& tim moi s6 nguyén duong c6 can nguyén thiy.
Binh 1i 3.34. Gid sit p la mot s6 nguyén t6'le, ¢6 cdan nguyén thiy r. Khi
ds, hodc v, hodc r + p la can nguyén thity méduld ».
Chimg minh. Vi 7 1a can nguyén thiy médulé p nén ta cé

ord,r =¢(p)=p—1

Giasu n = ordllgr .Do r" =1 (mod p*).nén

r" =1 (mod p).

Nhu vdy, ord,r|n. Mat khic, do n Ila cdp ciia r modulo p° nén
nlo(p®). Vay n|p(p—1), dong thdi (p—1)|n. Tt d6 suy ra, hoic
n=p-—1,hoac n = p(p—1).Néu n = p(p — 1) thi r la can nguyén thay
modulo p*, vi ordpgr =@(p?). Néu n=p—1 thi 7' =1 (med »%).
pat s =7+ p.Khidé, vi s =7 (mod p) nén s ciing la can nguyén thay
modulo p. Vay ord »s hojc la (p —1) hodc la p(p —1) (theo chiing minh
trén). Ta sé& chi ra rang, ord ,s %= p—1.Taco

Sp—l — (T' + p);:—] — Tp——l + (p . 1)7"”_2]7 + (;;2,_174;]“3])2 NI p[l-l
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= Pl (p—=Dpr’? (mod pY).
Do do6 :
s =14 (p— 1)])‘7“""2_5 1—pr*™? (mod p*). 7
Vay ‘
s # 1 (mod p*),
vi néu nguoc lai thi pr’? = 0 (mod p*),suyra 777? = 0 (mod p) : vo li
vi p [ r (tanhd rang r 1a can nguyén thuy modulo p). Nhu vay, ordpgs =
p(p —1) = @(p®), tiic 1a s = r + p 1 can nguyén thiy modulo p°.
Vi du :Tacé 3 l1a can nguyén thiy modulo 7. Mat khéc, 7° = 49, va
3% #£1 (mod 49), nén theo chiing minh dinh Ii trén, ord 3 = 7(7 ~1), va
3 1a can nguyén thiy modulo 49.
Nhan xét. Rat it khi ta cé6 77" =1 (mmod p*) d6i v6i can nguyeén thiy 7
moduld p. Vi thé, phan I16n can nguyén thuy moéduldé p ciing dong thai 1a
can nguyén thiy médulé p°. S6 » nho nhat dé cé can nguyén thiy ctia p
ma khong 1a can nguyén thity ciia p” 13 p = 487 : trong truong hop nay, 10
1a can nguyeén thily modulo 487, nhung 10" =1 (mod 487%). Vay, 10
khong phai 12 cin nguyén thiy modulo 487°. Tir dinh I trén day, ta thdy
10 + 487 = 497 1a can nguyén thity modulo 487°.
Bay gio ta xét truomg hop liy thira tity ¥ chia mot s6 nguyén té
Pinh 1i 3.35. Gid-sir-p-la-mot-s6-nguyén-16-té-—Khi-dé—p" ¢ can nguyén
thity v&i moi s6 nguyén duong k. Hon nita, néu r la mét can nguyén thiy
médulo p*, thi v la can nguyén thity médulé p* véi moi s6 nguyén duong
k.
Chitng minh. Ta da biét néu r 13 can nguyén thity moduldé p thi hoac r,
hoic r + p 1a can nguyén thay modulé p?. Vay, véi méi s6 nguyén t6 p,
ton tai can nguyén thiy 7 moduld p sao cho nd ciing 1a can nguyén thuy

modulé p’, tic la

71 21 (mod p?). (1)
Khi dé, ta s& chiing minh ring, véi r noéi trén ta cé
e #1 (mod p*). (2)

9
A0e
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Néu (2) da dugc ching minh, thi ta sé chiing to duoc ring, » 1a can nguyén
thuy modulé & véi moi k& > 1. That vay, gia su
n = ordpk 7.
Khi d6
n o) =p"(p-1).
Mat khéc, do
r" =1 (mod p*)

r" =1 (mod p).

Vay o(p)|n tic 1a (p—1)|n. Hon nita, n|p"'(p —1) nen
n:p’(p—l) v6i t naodd, 0 <t <k —1.Néut<k-—2 thi

2t

Tpk_g(p—l) — (rp'(p—l))p/"" =1 (mod pl\:))

mau thuln véi (2). Vay,
ord ;= p*~'(p —1) = p(p").

tic 7 12 can nguyén thily modulo p* .

Nhu vay, dé chimg minh dinh li, chi cdn phai ching minh (2). Ta
dung quy nap todn hoc. Trudng hop k = 2 chinh la (1). Gia st (2) ding v6i
s6 k naodé > 2.Tacé

p = % 1 (mod pk).

Vi (r,p) =1 nén (r, pk"l) = 1. Do dé, theo Dinh 1i O-le,

kel -2

RE19Y

7

=77 U =1 (mod p*t).
Vay, ton tai s6 nguyén d sao cho
T-I]k_z(;l-l) — 1 + dpk—l’

trong d6 p [ d do gia thiét quy nap. Nang én lily thira bac p hai v€ cia
déng thic trén, ta c6 :

rpk_x(p-l) — (1 + dpk;—l)p

=1+ p(dp* ™) + (C2(dp* ) + - + (dp*')
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=14+dp" (mod p"*").

Do p [ d nénsuyra
b= .
D #1 (mod p"*),
két thic chimg minh quy nap, va do dé, két thic ching minh dinh 1i. .
Vidu : v = 3 I can nguyén thiy modulé 7 va 7°. Theo dinh I trén day
7= 3 12 can nguyeén thiay moduld 7" véi moi s6 nguyén duong k .

Trén day ta da xét lily thira cua cac s6 nguyén to e, bay gio ta xét céc
liiy thira ctia 2. Ta thdy ring, 2 c6 can nguyén thuy 1a 1, 22 =4 ¢6 can
nguyén thuy 1a 3. Ta sé chimg minh ring, cdc ldy thira bac cao hon cta 2
khong cé can nguyén thuy.

BPinh 1i 3.36. Néu a la mét sé nguyén le, k nguyén, k > 3 thi
ok . yh-2 i
a?®V? =47 =1 (mod 2°).

Chimg minh. Ta ding quy nap toin hoc. Gia sit a la s6 nguyén Ié,
a = 2b+ 1, trong d6 b 1a s6 nguyén. Do d6

a’ = (2b + 1) =4db* +4b+1=4b(b + 1) + 1
Hoac b hoac (b + 1) chan nén
a’ =1 (mod8).
Vay dong dir cin chiing minh ding véi k£ = 3. Gia sl rang

k2

a® =1 (mod2").

Khi d6 ton tai. d sao cho
o =144d2"
Binh phuong hai vé ta duogc

(J,ZM =14+ a8 4 g?9%

Suy ra .

? 7 =1 (mod 21,
dinh li dugc chitng minh. O
Nhan xét : Tu dinh I trén suy ra rang, khong c6 lily thira ndo cta 2 khic 2

va 4 c6 can nguyeén thay, vi khi a 1a s6 nguyén I¢, ord .a = ©(2%), do

a?®)/2 = 1 (mod 2%).
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Ta ciing chi ra rang ton tai s6 c¢6 bac modulé 2° cao nhit c6 thé, tic 1a bac
NN
\p(z / 2 .
binh li 3.37. Gia s k lad s6 nguyén, k >3 . Ta 6
DL s yh—2
ordg,,.S =p(2")/2=2"""

Chirng minh. Tir dinh Ii trén day ta duoc

2[ 2

=1 (mod?2"),

5
khi & > 3. Tirdé suy ra ord, 5| 2" Néu ta ching 6 ring ord, 5 [ 2"~
thi s€ suy ra

ord,, 5= 2"

Dé chira ord ;5 | 2% | ta chiing minh quy nap déng du sau :

52/..~‘.s =14 21,77.1 % 1 (nlod 2"), k > 3.

Vé k=3, tacéd
5= 144 (lmod 8).

Bay gio gia thiét rang
hi—

S G L (mod 2%).

Nhu vay, t6n tai d sao cho

ko
2
=2
)

R e R

Binh phuong hai vé ta duoc :
57 = (1427 4201+ 2°7)d2" + (d2),
suy ra
50 = (142 = 1428 4257 = 1425 (mod 2,
Pong du nay két thic chimg minh quy nap, vata cé .

k
ord2k5:£(—2——2. 0
2

Nhu vay, ta da xét trudng hop céc liy thira ciia s6 nguyén t6 1€ hoic liiy thira
cua 2. Bay gi® ta chuyén sang trudng hop téng quat.

Dinh Ui 3.38. Néu n khong phdi la liy thia cia mot s6 nguyén t6, hodc hai
lan lity thita mot s6 nguyén 6, thi n khéng ¢é cdn nguyén thily.
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Chitng minh. Gia sit n. duoc phan tich thanh thira s nguyeén t6 dang :

n= s o |
Gia sir ring n c6 can nguyén thuy, tic la (r,n) =1 va ord,r = ¢(n). Do
(r.n)=1 nén (r,p') = 1, trong d6 p' 12 mot trong cdc nhan ti 1a ldy thira
mot s nguyén t8 trong phan tich n . Do Dinh 1i O-le,

,‘,y 1
) =1 (mod p').

Gia st U/ 1a boi chung nhd nhat cia o(p]'), @(p¥), ..., ©(pk). Vi
@(p;) | U nén
' ¥ =1 (mod p"), i=12,..,m.

Tirdé suy ra 7’ =1 (modn), (n 1 uéc chung nhéd nhat cta p{'py...ph)
va
ord,r = ¢(n) <U.

Do ¢ la ham nhén tinh nén

o(n) = @(pipy .. pi) = (p{ )Py ). ..o(py )
Vay
e(pi )o(ps)...o(py) < U.

Nhu vay, tich cdc s6 ("), ©(py), ... » @(pix) nhd hon hodc bing boi
chung nho nhdt cha ching. Diéu nay chi xay ra khi cac s6 d6 la nguyén t6
cing nhau timg doi mot (va ta c6 dang thic).

Nhan xét ring @(p') = p'~'(p — 1), nén @(p') chdn n€u p 1€, hoac
p=2, t>2. Nhu vay cic s6 ¢(p/'), @(pf), ... ., @(py) khong thé
nguyén t6 cung nhau ting cip, trir trudng hop m =1 (va n 1a liy thua mot
s6 nguyén t6), hoac m =2 va n cédang n = 2p', trong d6 p 1 s6 nguyén
t6 1¢, ¢t nguyén duong. Pinh i dugce chimg minh. ' O

Nhu vay, dé tim tat ca cc s6 nguyén c6 can nguyén thiy, chi con phai
‘xét trudng hop n = 2p', trong d6 p 12 s6 nguyén t6 1é va ¢t nguyén duong.

Pinh 1i 3.39. Néu n = 2p', p la s6 nguyén t6'lé, t nguyén duong thi n ¢6
cdn nguyén thity. Cu thé la, néu v la can nguyén thiy moédulé pt,va T lé,
thi né la cdn nguyén thity moédulé 2p', con néu v chdn thi v+ p' la can

nguyén thity médulé 2p".
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Chitng minh. Gia st r 14 can nguyén thily médulé p’ . Khi dé

! I

=1 (mod p"),

va khong s6 mii duong nao bé hon (p') cé tinh chat dé. Ta cé p(2p') =
P(2)(p') = (p") . nén

S2phy ey ¢
B =1 (mod p').

7,.1
Neéu 7 le thi
7_;(2/" b =1 (mon).

Do (2,2") = 1 nén tir dé suy ra
S22 ) 1
7 =1 (mod 2p").
Vi khong c6 lily thira nao bé hon cia 7 c6 tinh chit dé nén ta suy ra r 1a
can nguyén thuong moduls 2p' .
Bay gid, gia st  chan, tic » + p' 1é. Do d6

(r 7‘)f)’(2"") =1 (mod?2).
Vir+p' =7 (mod p') nén

(r + p")‘”m'() =1 {mod p").
Vay :
(r+ p"‘)"“(g”f) =1 (mod2p'),
va khong liiy thira nao bé hon ciia (r + p') c6 tinh chat dé. Diéu dé cé
nghiala, (- + p') 1a can nguyén thily modulo 2p'. OJ
Vi du : Ta da biét 3 12 can nguyén thiy modulé 7' véi ¢ nguyén duong. Do
3 1é nén 3 ciing 1a can nguyén thiy médulé 2.7 véi ¢ nguyén duong.
Chéng han, 3 la can nguyén thily modulo 14 .

Tuong tw, 2 14 can nguyén thay modulé 5' véi moi ¢ nguyén duong.

Do d6é 2 + 5 1a can nguyén thiy moduloé 2.5" véi ¢t nguyén duong. Chang
han, 27 la can nguyén thuy médulé 50.
K&t hop cac két qua da nhan dugce ta cé dinh i sau.
Dinh li 3.40. S6 nguyén dicong n 6 cdn nguyén thity khi va chi khi
n=2 4, p', 2p",
trong dé p la sé' nguyén td'le, t nguyén ditong.
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BAI TAP CHUONG 3

Tim hé thang du thu gon médulé 2", trong d6 m 1a s6 nguyén duong.
Chiing minh rang néu ¢;,¢,...,c,,,, la moét hé thang du thu gon modulo
m, thi ¢; + ¢, + -+ ¢, =0 (modm).

Chitng minh rang néu m la mot s6 nguyén duong, a 12 s6 nguyén t6
ciing nhau véi m, thi 1 +a+a’ +---+ ™™ =0 (modm).

Tim thang du duong bé nhit médulé 35 cha 3",

Chimng minh ring néu o 12 s6 nguyén thi ¢’ = o (mod63).

Ching minh ring a*") + 5*“) =1 (modab) néu a, b nguyén duong
va nguyén t6 cling nhau. -

Chimng minh rang cic nghiém clia hé déng du

[z = a, (modm,)

= ay (mod )

z = a, (modm,)

trong d6 m, nguyén t6 ciing nhau timg cép, duge cho bai

x = oM™ £ a,ME" o, MEU™) (mod M),

trongdé M =mm,..m, M, =M/m, j=12..,r

Tim chit s6 tan ciing trong khai trién thap phan ctia 7'

Chitng minh ring néu m 13 s6 nguyén duong, m > 1, thi a™ =

a™ ") (modm) véi moi s6 nguyén dwong a .

Tim cdc s6 nguyén n sao cho (n) nhén céc gid tri sau :
a) 1, b) 2, C) 3,
d) 6, e) 14, f) 24.

V6i nhitng s6 nguyén n nao thi p(n)

a) 18, b) chia hét cho 4, ¢) bing gﬁ .




»

12. Ching minh riang v6i moi n nguyén duong ta cé :
¢(n) néunlé

p(2n) = ‘
#2n) 2o(n) néu n chan

13. Ching minh ring néu n 13 s6 nguyén duong cé k udc nguyén t6 I¢
khdc nhau thi o(n) chia hét cho 2*.
14. Véinhiing » nao, ¢(n) la mot lay thira cia 2 7
15. Ching minh ring né€u m va k 1a cic s6 nguyén duong thi
p(m*) = m*ip(m).
16. Vi s6 nguyén duong m nao thi o(m)|m ?

17. Chimg minh ring néu a, b 1a céc s6 nguyén duong thi

p(ab) = (a,b)p(a)p(b) / ((a,b)).

18. Ching minh rang néu m va n 1€ 1a cc s6 nguyén duong, m | n thi
o(m) | o(n).

19. Ching minh ring s6 nguyén duong n 1a hgp s6 néu va chi néu

w(n) <n—Jn.

20. Gia st n Ila s6 nguyén duong. Lap day n,, n,, n,, ... bang cich dat
n, = p(n), n.,., =¢(n,), k=1 2, 3,.. Ching minh ring tén tai r
saocho n, =1.

21. Cic 56 nguyén duong nao cé mot s6 1€ uéc duong ?

22. S6 nguyén duong nao cé téng cic udc 1a 1é ?

23. Tim t4t ca cdc s6 nguyén duong n sao cho o(n) bing

a) 12, b) 18, c) 24,

d) 48, e) 52, f) 84.
24. Tim s6 nguyén duong n nhoé nhat sao cho 7(n) bang

a) 1, b) 2, c) 3,

d) 6, e) 14, ) 100.

25. Ching minh ring nfu k£ >1 12 moét s6 nguyén, thi phuong trinh
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26.
27.
28.

29,

30.

31.

32.

33.

34.

35.
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7(n) = k c6 vo s6 nghiém.
Nhimg s6 nguyén nao cé ding 2, 3 hoac 4 udc duong ?
Tich cac udc duong clia s6 nguyén duong n bang bao nhiéu ?

Gia sit o, (n) 1a téng cdc liy thira bac & cha cdc uéc duong ctia n :

op(n) = de .

din
Nhu vay, o,(n) = 7(n), o,(n) = a(n).
a) Cho cong thic tinh o, (p) khi p nguyén to.
b) Tinh o,(p"), trong d6 p nguyén t6, a nguyén duong.
c) Chitng minh ring o, (n) 12 ham c6 tinh chat nhan.

d) Cho cong thitc tinh 7, (n) n€u n c6 phan tich ra thira s6 nguyén t6
dudi dang :

Gy 0y

n=p'py ... P
Tim tat ca cdc s6 nguyén duong n sao cho
' o(n) + o(n) = 2n.
Chitng minh rang s6 céc cdp s6 nguyén duong cé boi chung nhé nhat n
A (n?).

Gia st » 1a s6 nguyén duong. Lap day n;, n,, ns, ... nhu sau :

"y =7(n), n,, =7(n,), k=123, Ching minh ring tdn tai s6

nguyén r saocho 2 =n, =n, , =n,, =
Chitng minh rang s6 nguyén duong n 13 hop s6 néu va chi néu

o(n) > n + Jn.

Chimg minh ring néu n 14 s6 nguyén duong thi

7'(n)2 = Z:”r(d)3 .

d|n.
Chiing minh réng, néu a 1a nghich dao ciia @ moéduld n thi

ord,a = ord,a.

a) Ching minh ring néu n 13 s6 nguyén duong, a, b 1a cdc s6 nguyén

3 Qg‘,
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kY &*
62,

36.

37.

38.

40.

41.

42.

43.

44.

45.

t6 cunig nhau véi n sao cho {ord, a, ord b) = 1, thi
(ord,ab) = ord,a.ord,b.
b) Hay cho cong thiic tinh (ord,ab) khi bo diéu kién
(ord,a, ord b) =1.
Cho m nguyén duong, ¢ nguyén t6 cuing nhau véi m . Chimg minh
rang, né€u ord,a = st thi ord,u" = s
Gia thi€t nhu Bai tap 36. Chiing minh ring néu ord, a = m —1 thi m
1a s6 nguyén (6.
Chimg minh rang r la cin nguyén thiy modulo p trong dé p la s6
nguyén t4 1€, néu vi chi néu
pl
r " #1 (mod p)
vO1l moi uGc nguyén té ¢ cia p — 1.
Chitng minh ring néu r [ cin nguyeén thiy médulé m, 7 1a nghich
dao cua 7 modulo m, thi 7 ciing la can nguyén thiy modulé m .
Chimg minh ring ord, 2 < 2""' wong d6 F, = 2" +1 1a s6 Phecma
thit n .
Gia st p 1a mot udc nguyeén t6 cua s6 Phecma F, . Chitng minh réng
a) ord 2 = VARES
b) 2" | (p — 1), vado dé p phai cé dang 2"tk +1.
Cho m = a" —1, a va n la cic s6 nguyén duong. Ching minh ring
n fp(m).
Gia s p 1a s6 nguyén t6, f(z) 1a da thiic bac n hé s6 nguyén, c6 qui
n nghiém moédulé p. Ching minh rang cdc hé s6 chia f(z) déu chia
hét cho p.

Gia st p 1a s6 nguyén t6. Chitng minh ring céc hé s6 cla da thiic
fle)=(z-D(z-2)-(z-p+1) -2 +1

chia hét cho p. Tir dé suy ra dinh 1i Wilson.

Gia st p 1a s6 nguyén t8, p = 2¢g + 1, trong d6 ¢ 12 s6 nguyén t6, gia
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49.
47.

48.
49,

50.

51.
~ tich tat ca cdc s6 nguyén duong bé hon n va nguyeén t6 cung nhau véi

52.

86

str ¢ la so nguyén duong, 1 <a < p—1. Chimg minh ring p — o’ la
can nguyén thuy modulo p.

Tim can nguyén thiy modulo 112,13%,17°, 19°.

Tim can nguyén thuy modulo 3¥, 11, 13%, 17" vé6i moi s6 nguyén
duong K .

Tim can nguyeén thiy modulo 6, 18, 22, 26, 333.

Gia st p 12 s6 nguyén t6 1¢, ¢ 1a s6 nguyén duong. Chimg minh rang so
cic can nguyén thily moduld p’ bang s6 cdc can nguyén thuy modulo
2p".

Chimg minh ring néu m c6 can nguyén thuy, thi z = +1 (modm) la
tat ca cdc nghiém clia 2° = 1 (mod m).

Gia st n 12 s6 nguyén duong c6 can nguyén thiy. Ching minh rang

n s& dong du —1 moduld n. (Khi n 1a s6 nguyeén t6, ta ¢6 dinh li
Wilson).

Ching minh ring, méi s6 nguyén 1é dong du véi ding moét sO nguyén
¢6 dang (—1)"5", trong d6 « = 0 hoac 1, 3 1a s6 nguyén théoa man

0< <21 k>3

Py



Chuong 4.

PHAN SO LIEN TUC

Trong chuong nay, ta s€ trinh bay mot s¢ tinh chét co s& nhat ciia phan
s0 lién tyc. Xét vé noi tai cudn sach, muc tiéu cha chuong la cung cap cong
cu cdn thiét dé giai cdc phuong trinh Piophing bac 2 (duwogc trinh bay trong
Chuong 5). Tuy nhién, xét mot cach doc lap thi phan sé lién tuc [a mot de6i
tugng rat quan trong cua S6 hoc, va moi cuén sich gido khoa vé S6 hoc déu
it nhiéu phai dé cap dén chii dé nay.

§ 1. SO HOU TiVA SO vO Ti

binh nghia 4.1. S6 thuc -« dugc goi 12 56 iitu t/ néu o« = % trong d6é a, b
1a cdc s6 nguyén, b = (. Néu « khong phai 1a hitu ti, ta néi o 1a s6'vé 1.
Dinh li 4.2. Néu «, (3 la cdc s6 hitu ti thi o + 8, o — 3, af va % (khi
0 =0)ldsé hituti.

Chitng minh. Gia st «, (3 1a cdc s6 hitu ti, o =

o | &

« ,
, /3:—1,trongdo a,b,
¢

¢, d lacdc sé nguyén, b= 0, d = 0. Khi d6, méi s6 sau day

a ¢ ad + be
+;:"+’_: )
R

a ¢ ad — be
0—f=———== ,

b d bd
, a4 ¢ ac
ap = ——=—,

b d bd

a  a /¢ ad
5 3/a= 5 ¥=0

déu 1a s6 hitu ti, vi chiing 13 thuong clia hai s6 nguyén véi s6 chia khdc 0.
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Khi viét cdc s6 vo ti nhu phan so 3’ trong d6 a, b nguyénva b =0,
ta thuong dung dung 161 gidn, tic 1 a , b nguyén t6 cung nhau.

Trong lich st, cdc s6 vo ti dugc phét hién Jan dau tién khi nguoi ta tim
cach do dudng chéo clia hinh vuéng vdi canh 142 1. Ta c¢6 dinh If sau

Pinh 1i 4.3. S5 V2 la vo i
Chitng minh. Gia st V2 = —;1— trong d6 a, b la cdc s6 nguyén t6 cung

)
nhau, b = 0. Khidétacé

az
2= el
tic la
W% = a’.

Vi 2| ¢’ nén 2|a.Pit a = 2c, tadugc

b = 262,
vay 2|b%, nén 2|b. Nhung (a,b) =1 nén 2 khong thé dong thoi 1a udc
clia @ v b. Vay +/2 1as6 voti. (]

Truong hop téng quét cua dinh 1f trén la ket qua sau rdt hay duge dung
khi xét cac phuong trinh nghiém nguyén.

Pinh li 4.4. Gid sir « la mot nghiém cuia da thicc

) S T | ) )
4, FFCTH G,
trong dé cdc hé $O ¢y, Cpy ooy Gy NEUYEN. Cy & 0. Khi dé « hodc la s6
nguyén, hodc la s6'vo ti.
Chitng minh. Gia st « 12 s6 hifu ti. Khi d6 ta c6 thé viét « = a /b, trong
dé a v b 1a céc s6 nguyén nguyén té cling nhau véi b= 0.Vl a lamot
nghiém cta da thic 2" + ¢, 3"+ x4 ¢y néntaco:
1 n—1
(a/b)" +¢, ,(a/b) 4+t (a/b) + ¢
Nhan véi b, ta dugc :

a" +c, b4+ cab" ™t +gb" = 0.

Via" =n(—c, @ b= — cab" ! —¢,d" ") nén b|a”. Gidsir b= £1.
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Khi d6, b ¢6 udc nguyén t6 p. Do p|b vab|a" nén pla”.Suyra pla.
Tuy nhién (a.b) = 1, mau thudn nay chimg to rang b = £1, nén néu « hiu
ti thi a = +a ., tic1a « 1a moét s6 nguyén. ' Ol
Vidu : Gia st @ 14 s6 nguyén duong, khong phai la iy thua bac m cia mot
so tu nhién. Khi d6 ¥a 1a s6 vo ti, vi o = Wa la nghiém cua da thic
" —a. Nhu vay, néu a 1a s6 khong chinh phuong thi Vo la so vo ti.

§ 2. PHAN SO LIEN TUC HOU HAN

Trong phan nay, ta sé nghién ciiu cach biéu dién mot s6 dudi dang
phdn sé'lién tuc. Vidu :

2 1
5 2+ -
2

S N IEN

Biéu dién mot s& nhd phan s6 lién tuc ¢6 nhiéu tng dung khédc nhau, trong
d6 c6 viec img dung dé giai cdc phuong trinh nghiém nguyén thudc moét s6
16p thuong gap.

Dinh nghia 4.5. Phan s6' lién tuc 1a mot bi€u thic c6 dang

a’() + 1

trong d6 «a,, a,, ay, ... , a, la cdc s6 thue, a, a,, ... , a, duong. Céc s6
thuc a,, a,, ... , a, dugc goi la cdc thuong riéng clia phan s6 lién tuc. Mot
phan s6 lién tuc duge goi 1a don néu q,, a,, a,, ... , ¢, la cic s6 nguyén.
Dé don gian, ta dung ki hiéu [q, ; a;, ay, ..., a, ] d€ chi phan s6 lién tuc néi
trén.

Bay gids ta s€ chi ra ring, mdi phan s6 lién tuc don hitu han biéu dién mot s6
hitu ti. Nguoc lai, méi s6 hitu ti c6 thé biéu dién nhu mét phan sé lién tuc
don hitu han.

Pinh li 4.6. M i phdn s6'lién tuc don hitu han biéu dién mot s& hitu 1.
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'\% +E

Chirng minh. Ta dung quy nap todn hoc. V61 n =1, taco

aga, +1
4

1
la, 1] =a, +— =

1a mot s6 hitu ti. Gia st v6i s6 nguyén ducong &, phan s6 lién tuc don hitu
han tay ¥ [a, ; a,, ..., ;] 14 s6 hitu ti. Gia st q,, @, ... , a,, 12 cdc s6

nguyén, trong dé ay, ... , a,, duong. Tacé
1

[a’l y oy ey ak+1].

lag 5 ays ooy Q] = @y +

Do gia thiét quy nap, [a, ; ay, ..., a,,] 12 s6 hitu ti. Nhu vay, t6n tai cdc s6
nguyén r, s, vdi s = 0 saocho

r
[a, ; @y, ... ak.+1] = -
s

I ayr+s
r/s ro
Dinh Ii dugc ching minh. O

[ay i ap, s a] = ay +

Pinh li 4.7. Méi s6 hitu ti ¢6 thé biéu dién nhu la mét phdn s6 lién tuc hitu
han.

9

Chitng minh. Gia st z = %, trong d6 a, b la cac s6 nguyén, b > 0. Dat

T, = a, 1, = b . Theo thuat chia O-clit, ta dugc

T =n¢ + 0 0<n<n,
=1 + 7 0<n<mn,

Tho3 = Tn—an~2 + Th-1 0 < rn.—-l < 7;1—27
rn—? = T;L—lqu,—l + Tn. 0 < rn. < rn~17
rn—l = ann

Trong cdc biéu thic trén, q,, gs, -.. , g, 12 cdc s6 nguyén duong. Viét cdc
biéu thitc trén duéi dang phan s6 lién tuc, ta dugc :
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a _ Ty )
-b— = T =q -+ - = q + -
n n n/n
T T
1 _ 3 —
= =¢ +—= =gy +
) h) n /T
T T 1
2 - 4 _
= =¢;+— =q; +
T3 T3 T3 /771
T T 1
n-3 __ n—1 __
— =4, + =4, + ———
Tn—? Tn~2 Tn—2 /rn~l

T, _ T
n—2 __ [/ 2—

- qn—l + =44y +
Tn—l Tn—l rn.—l /'I""

Tn-—l

T

- Qn'

Thay gid tri ; /7, tit dAng thitc thit hai vao dang thic thit nhét, ta duoc

a 0+ 1
;&
q +
/T
Tuong tu, thay gia tri 7, / r, vao déng thic vira nhan dugc, ta c6 :
a + 1
B’ = 4 1
q; + 1
g3 +
/T
Tiép tuc nhu trén, ta dugc
a 1
3 =q + 1
g +
g3 +
1
+
41 +—
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. a < N X g ~ 2 N I N . S
Vay 7= (9, 5 Gy .-+ G, ], tdc 12 moi s& hitu ti déu co thé viét dudi dang

phan so lién tuc don hitu han.
Chu y : Bi€u dién mét s6 hitu ti dudi dang phan s6 lién tuc don khong phii
I4 duy nhit. Chang han, tir déng nhat thitc

1

a, = ((L'n - 1) + Iv

ta<o:
[au Py s @y gy an] = [“() R 1]

vaa, >1.Vidu:
=[0;1L 11 3]= [01]1,2,1].

binh nghia 4.8. Cic phan s6 lién tuc g ; q;, ay, ..., a;], trong d6 k 14 s6
nguyén, 0 <k <n, dugc goi la hdi ru thir k cua phan s6 lién tuc
la, ; ay, ay, ..., a.]. Takihiéu hoitu thit k£ 1a C, .

Sau day, ta s€ xét mot so6 tinh chat cla phan s6 lién tuc. Cédc tinh chat nay sé€
duge dung khi giai mot s6 16p phuong trinh nghiém nguyén.

Binh i 4.9. Gid sit a,, a;, a,, ..., o, ld cde s thue, trong dé a, > 0 véi
> 1. Xétday p,, p, ..., p, vd q,, ¢, ..., q, xdc dinh nhie sau :

Py = Ay, qy = 1,
P = aga; + 1 q, = a4,

P = Pyt Progs G = Gy + oy,
voi k=2,3,...,n. Khi dé, héi tu thu k - C, =|a, ;ay, ..., a,] duoc tinh
theo céng thirc '

c, =2
qk:

Ching minh. Ta dung quy nap todn hoc. Rd rang cong thic dung vai
k=0.Véi k =1tacéd:
) 1 1
Cx‘_‘{a()§af1J:a(p+—~:—~———-——aoal+ =5
@ o il

Vay, cong thitc ding cho k = 1. Bay gid ta gia thiét ring, dinh li ding véi




moi k,2<k<n.Tacé:

- oa,m, .
C, :[(,'L”;(I,I,...,(),A,]:—&:Mi. (1)
4 R (P o P

Theo dinh nghia cua cdc 86 p,, ¢, ta thdy rang, cic s6 thue p, |, p, ,,

4, y» 4;_ -, chi phu thuéc vao céc thuong riéng «,, o,. ... , a, . Do dé, ta

c6 thé thay s& thuc a, trong biéu thitc {1) boi a, + va nhén duoc :

a, +1

~ - . — .
Copi =lay 0. a0, = [a,(, Sy Gy, G —
e |

1
ap + - J Dy T Pio
s

| 1
[a'k TG T G

LI}

g (P + Piy) + Py
gy (“/. Gy F dioa) @
Q1 Pyt Pra

Y1 Qe+ @y

Py,

-y

Dinh If dugc chitng minh. ]
) 17 S N
Vi du : Ta xét phan s6 -_(TS =[3:6.1.7]. Cdc gid tri p;, ¢, ddu tién

55 o

(7=0,1,2,3) la:

Py =3 G =1

P =36+1=19 g =6

Py =119+ 3 =22 g =16+1=7
7224+19=173 q; =7.74+6 = 55.

il

Ps

Cac hoéi tu riéng sé la
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C, _hn_19
4 . 6
A 22
c,=2=22
q, 7
C‘,}:l’i:l@..
g, 55

Tinh chat sau day thudng dugc diing dé giai phuong trinh nghiém nguyén.

Pinh li 4.10. Gid sit k la s6 nguyén duong, k > 1. Gid su hoi tu thit k cia

a A yia . . _ D
phdn s6'lién tuc [, 5 a, ..., 0] la C, = —

q;

;-trong do p,, q, duoc dinh
nghiua trong Pinh 1i 4.9 . Khi dé
Pedio — P = (=17
Chitng mink. Ta ding quy nap todn hoc. Véi k =1, taco
P — Pt = (a2 +1).1 —aya; =1,
Gia st dinh If ding voi 1 < & < m, tic la

D1 — Py = (”1)k_l-
Khidétacod

Pr1dx — PrQk4r = (ak+1pk + Ppo)@ — Pk(%ﬂ% +qi )

= Py — Py = —(=1)F = (=D~

Dinh If duoc ching minh, : '

Hé qua 4.11. Gid sw C, = P 14 héi tu riéng thit k cua phdn s6 lién tuc
9
don la, ;ay,...,qa,], trong d6 cdc s6 nguyén p,, q, dugc xdc dinh nhu

trong Dinh li 4.9 . Khi dé, p,, g, nguyén 16 ciung nhau.
Chitng minh. it d = (p,,q,). Tt Dinh 1i 4.10 ta c6

Pik-1 — %Pr1 = (“Dk—l-
Vay d | (=1)* !, suyrad =1. O

Hé¢ qua 4.12. Gid su C, = Pe 4 hoi tu thit k cia phdn s6 lién tuc don
9
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a, i ay. ..., q.] Khids

-1 k—1
¢, -c, =
QI;,QI.':—I

vai mol s6 nguyén k, 1< k<m va
, —1 k-1
C,—C,_, = 4 (=1)
x>
vori moi s6' nguyén k, 2 <k <n.
Chimg minh. Theo Dinh 1{ 4.10 ta cé
k-1
ey — 4P = (17
Ta nhan dugce dang thitc th nhat ;.

: —1)t
Cl,: —Ck..l — _?_lr.___ Dy — ( )
4 i 9149,y

Dé ching minh ding thic thit hai, ta nhan xét ring

Cpr —Cip = P _ Pz Prlir + Doy _
UG k-2 9k 2

Mat khac ta cé
Plp_y — Pr_afy = (%qu + Pk—z)(bc—z = pk—?(a‘qu‘-l + Gi_g)
= a‘l.:(pk~IQk—2 = Pr—ok1)

= ak(—l)k—l'
Tir dé suy ra
a. (—1 k1
C,—C, , = _L_(_L_
/L)
He qua dugc ching minh. a

Ta chuyén sang mét dinh 1i ¢é vai trd quan trong khi xay dung céc
phan s6 lién tuc v6 han.

binh W 4.13. Gid su C, la h¢i w thit k cia phin sé lién tuc dom
lay ;ay,...,a.]. Khi dé

CI>C’3>C5>“"
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Cy,<C,<Cy <,

déng thoi mi gicn han riéng chi s6'l€ déu lom hon cdc gioi han riéng chi s6

chan.

Chimg minh. V6i k=2, 3, ..., n,tacé

k-1

Qi
Tur d6 suy ra
khi k chan, va
O, >0y

khi £ 1é. Do dé
CI>C3>CS>.“’
Cy <Cy<Cy<-en

Mait khéc, véi moi m > 1 tacéd

B (“ 1)2717—!

3 ¥ .
C'Zm T Y-l T < (]’

: q27llq2;lm~1
nén C21I!,~I > C»z,[” . Véi L:‘ 5 J tl\ly y’ k‘ > O’ ] 2 1 [a Cé .
C'ZJ—I > Cz/—wzk > Cz.,‘Hk > C%.

Dinh Ii dugc ching minh. ]

§ 3. PHAN SO LIEN TUC VO HAN

Gia st ta c6 diy vo han céc s nguyén duong a,, q,, a,, ... Van dé dat

ra 1a : ¢6 thé xay dung mot phan s6 lién tuc vo han [e, ; o, , a,,...] hay
khong ? Muc tiéu cia phdn nay 12 tra 16i cau hoi d6. Trudc tién ta nhac lai
dinh If sau day.
Dinh li 4.14. Gid sit z,, T, T,, ... la mgt ddy cdc s6 thue sao cho
1, <m <xy <---<U hode zy 22, >+->L, trongdé U, L la cdc s6
thue ndo dé. Khi dé, ddy x,, x,, T,, ... c6 gidi han, tirc ld ton tai 6" thite ©
sao cho

limz, =z

=00
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N6i mot cach ngan gon, Pinh 1i 4.14 khang dinh ring, cdc diy don
diéu bi chan déu c6 gidi han.

St dung dinh 1i trén, ta cé thé dinh nghia mot phan sé lién tuc vo han
nhu 12 gidi han cia cdc phan sé lién tuc hitu han.
BDinh li 4.15. Gid su a,, a), a,, ... la ddy vé han cdc s6 nguyén véi
a;, y, ... diwong. Gid su C, = |a, ; ay, @y, ..., a,]. Khi d6, cdc hoi tu C,
ddn dén gioi han « |, hic la

lim C = c.
b

Gidi han o ndi trén dwoc goi la phdn sé'lién tuc don vé han.

a=la,; a,a,..]

Chimg minh. Gia st m 1a s6 nguyén duong. Tir Dinh 1i 4.13 ta cé
C,>C; >C,>-->C, |,
C,<C,<C, < <C

m?
déng thoi C,, < C,, . néu 2 < m, 2k + 1 < m . Bang cdch xét moi gid tr
c6 thé cha m , ta thdy

C,>Cy>Cy >->0,_; >Chy >0

C() < CZ < Ctl << C2n~‘2 <02” <

va (), < Cy;,, v6i moi s6 nguyén duong j va k. Nhu vdy, cdc diy C),
C,, C,,...vaC,, C,, C,,..lacic day don diéu bi chan. Do dé, C|, Cj,
Cy, ... ddn dén gi6i han «,, day C,, C,, C,, ... ddn dén gidi han «, tic la

lim G, ., = «,

n—o

lim C,, = a,.
TL— 0%
Ta sé& ching minh rang oy, = «,. Tacé
(2n+1)-1
_ Pany1r Pan (1) _ 1
CQ7L+I - C‘Zu - - - - '
q2n +1 q27/ qn +1 q2 n q2 1 q2n

Do ¢, > k v&i moi s6 nguyén duong k£ nén
1 1

< ;

q2n+1q2n (2n + 1) (277/)
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A%

nghia la

hIII (AC‘ZH+1 - C‘Zn) = 0.

B {1 2madn Vi
Vay cic day C;, Cy, C,, ... va C,, C,, Cy, ... cé cung gidi han, tic la
o, = «,. Dinh Ii dugc chimg minh. U

Trong tiét trudc, ta di ching minh rang céc s6 hitu ti 1a cdc phan s6

‘lién tuc don hitu han. Bay gio, ta s& chi ra rang gid tri cia phén s6 lién tuc
don v6 han thy ¥ 1a s6 vo ti.
binh li 4.16. Gid sit a,, a,, a,, ... ld cdc $6 nguyén, vol a,, a,, ... duong.
Khi dé [a, ; a), dy, ...] lasévoti. '
Chitng minh. Dat « = [q; ; @, a,, ...] va gid sl

pl.: .

Cp==lay; a, ay, .., a]

4

12 hoi tu riéng thi & clia «. VGi moi s6 nguyén duong n , ta c6

C‘Zn <a< C'Z7l.+|'

Do doé
0<a-— C'Zn < Cn-H - C‘Zu'
Mit khdc,
1
CZn—H - CQIL = ’
q2n.+1q2u.
suy ra
P 1
O0<a—C,, =a—2<
4y, q‘2n+1q2n
Vay

0< Gy, — Pon <—
q2n+l

. 9. ~ s Y 7 ” N aQ 2 . s
Giastr @ lasé hitu ti, titc la o = 7 trong d6 a, b nguyén, b = 0. Khidé

ann

1
— Do < H
q2n+1

0<

suy ra

0< ag,, — bp?n <
Q‘Zn+1
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Chi y ring, ag,, — bp,, 1a s6 nguyén v6i moi n, ma q,,,, > 2n + 1, nén
phai ton tai n dé g,,,, > b, ticla

0 <agq,, —bp,, <1.
Mau thudn nay ching to « 14 s6 vo ti. O
Ta s& ching minh diéu nguoc lai, tic 1a moi s6 vo ti ¢6 thé biéu dién
duy nhat duéi dang phan s6 lién tuc don vé han.
Dinh li 4.17. Gid sit « = o, ld s6vé ti va «,, a,, a,, ... ld ddy xdc dinh
theo ¢éng thitc sau :

a = oy ], apyy = ——, (1)

voi k=0, 1, 2, ...Khi dé, « la gia tri cia phdn sé lién tuc don vé han

[a, ; @, a,...].

Chimg minh. Tu dinh nghia trén ta thdy a, 1a s6 nguyén véi moi k. Hon
nita, dé chimg minh rang o, 12 s6 vo ti véi moi k. That vay. o, = o 1a s6
vo ti. Néu gia thiét «, 1a s6 vo ti thi tir quan hé

1
Cppr =

suy ra

(2)

oy, = +
¥y

Néu ., la s6 hitu ti thi «, 1a s6 hitu ti : vo Ii. Nhu vay, véi mot 1,
oy = @, va
a, <a, <a,+1.

Do dé
0<a,—a, <1

va

Oy = ———>1,
Q, — a

Oy = [y} 21
véi k=0, 1, 2,...Vay a, a,, ... 1acdc s6 nguyén duong.
Ap dung lien tiép (2) ta duoc :
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AVe

=y = ag +— =gy oy
ay
1 —_
= ay + i = [ao ap, ]
a + —
Q¥
O 1 —_— -
= ay + 1 =lay; a, ay, - 5 q, O‘k+1]
a -+ -
Gy +
+a, +
|

Bay gi¢ ta phai ching minh ring gid tri [ay; a;, @y, ... , @, 0y,] din
dén « khi & danra vo cing. Taco :
_ %Pyt Peyy

a=lay; a gy ooy Gy O] = ,
v+ Gy

trong d6 C,-:—[-)iléhéituthl’rjcﬁa ay; @, Gy, ... |. VA
g J q 1 1L 01 Gy Gy y
J

G Pe TP Py _ —(pA:Qk—l - p/.:»lql\:>
G F o G (O‘k+1qk + ql.:—l)qk

(-1

(O‘A:Hf]k + qk_l)qk .

a—C =

Vi
Q1 T Gkt > e + G = G
nén
1
Irv —C l <
| k|
419k 11

- Do ¢, >k nén suy ra [a — Ckl — 0 khi k — oo. Vay, gid tri cha phan s6
lién tuc don vo han [q, ; a5, a,, ... |12 0. O

Pinh 1i sau day cho thdy tinh duy nh4t cha biéu dién mot s6 vo ti dudi
dang phan sé lién tuc don vo han.
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Dinh li 4.18. Néu hat phan 6 lién tuc don v6 han [a : a;, a,, ...] va
by 5 by, by, ...] biéu dién cing mét s6 vé H, thi a, =b, vol moi
k=0, 1 2.
Chitng minh. Gid st o =la,; q, a,, ...]. Khi dé6 do C, =gq,,
1 . . ‘
C), = a, + — nén theo Pinh 1i 4.13 tacé
&l

1
4, < a < a, +—.
o

T dé suyra g, = [@]. Hon nifa,
1

[a, ; ay, as, ]’

lay ; @, a9, ...]::a(,‘—f-

vi
=gy ; a, a, ..]=lim[ay; a}, g, ...,q]
k=0
1 B 1
=y t+ T i =y +——
im(a, ; a,, as, ..., a,] [a,; ay, a, ...
k—o0
Gia sir

[a’(); a, Qg ]:[b(), bl’ bZ’ ]

Chiing minh trén day chi ra ring
ay = by =[]

dong thai
- = by + !

a =
"Uley s oay ag 0 (B by, by, .

Vay

(a,; ay, ag, . ]=[b; by by, ..
Bay git gia slr ta c6 a, = b, VA [a, 1 ;049 -] =[Bpr 5 biyy, -] Li luan
nhu trén suy ra rang a,,; = b,,, va

1 1
= by +
T

Ayt

CATET AT Beyz i Bpyar -]
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Do do -
' gy g -] = Bisa 5 By o]
‘Bang phuwong phédp quy nap tasuy ra ¢, = b, v6i k=0, 1, 2,... g

Dinh i 4.18 ciing cho ta thuét todn tim bi€u dién dang phan s6 lién tuc don
clia mot s6 thuc. Ta xét vi du cu thé sau. Gid st a = J6 . Khi dé ta cé

Qy = [\/6} =2.

1 V6 +2 V6 +2
) = = , Oy = - = 2,
J6 —2 2 2
();2:________}_____:\/6+'2’ (12:[\/—6-—{—2]:4’
V6+2)
2
x ! f6 12 y
X = = = .
U (E+2)-4 2 ‘
Vi v, = v, mén a, = a,. @, = a,. ... Taco

J6=12:2 4,2 4,..]

Nhu vay, phan s6 lién tuc don clia J6 13 tudn hoan. Vé sau, ta s& nghién ctu
ki hon céc phan s6 lién tuc vo han tudn hoan.

Nhan xét. Cac hoi tu clia mot phan s6 lién tuc don vo han cua mét s6 hin ti

cho ta mot xAp xi t6t s6 vo ti boi s6 hitu ti. That vay, gia su Pey hoi tu thir
J: ctia phan s6 lién tuc cua s6 vo ti o, khi do

, 1
o — 3 L —_—
4y 9 4r 1
Tir d6 cling suy ra
. 1
4 aq.

Vi, < @iy -
Sau day ta s& chi ra ring, xdp xi nhu vay 1a t6t nhat theo nghia s6 hitu

i B gdn s6 « hon bét ki s6 hitu ti ndo khic véi miu s6 bé hon g
4y
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Binh 1i 4.19. Giv sit v la s6'vé . ==, j =1 2. la cac hoi tu ciia phan
q,
so lien tue don vo han cita o . Gid sit v, s la cde s6 nguyén, s > ), sao cho

| sa—r|<|go—mp, |

Khi do
N ? ’1/, Bl

Chitng minh. Gia st |sa — 7] < ]qka - pk], nhung 7 <s <y, . Xét hé
phuong trinh
Pl + iy =1
qr + gy = s
Nhan phuong trinh tha nhat véi g, , phuong trinh thd hai véi p, va trir cho
nhau, ta dugc:
(Prii@ = Py )Y = T4y, = 5Py

Theo Dinh 11 4.10, (p.,,q, — 2g.) = (— )" . Tirdé ta cé

}..
y = (=1)(rq, —sp,).
Tuong ty taco
ro= (= 1-)%""?’/;-;—1 = TGyy)-

Chi y rang @ == 0 va y = 0. That vay, néu x =0 thi sp,., = rq,,,. Vi
(p. oy ,) =1 nén ¢, |s,suyras>q., mauthudn. Néu y - 0 thi

P, § = g, nén
[scy — 1= [:I:l'(/km/ - 7’/.[ > ‘(/,‘ o - 7)1-"’

vi |21 > 1, mau thuan.

Bay g¢i¢s ta chi ra ring = va y c¢6 ddu nguge nhau. Trude hét, gia su
y<0.Do qux=s—q.ynénx>0,viqge>0vag >0 Khiy>0,
do g, .,y >q,,, >snéngr=s—q.y<0,suyraz<0.

. ) 3 . D ‘ . P Py

Do Dinh Ii 4.15, hodc ta c6 25 < o < Pist poge Bt o < B2

Qe Ti41 Gr 41 T
(tuy thuoc tinh chin 18 cia k). Trong ca hai truong hop, g, —p, va
q,v = P, c6 dau nguge nhau. Tir hé phuong trinh dang xét ta c6
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lsa — T|:|(qk$ + Qk+1y>a - (pkm + pk+1y>‘
= lﬂU ((JI.:a - Pk) + y(qk+la - pk+1)l'
Do z(p,c M_p") VA Y(qy 1@ — Ppyy) €6 cung ddu nén |

lse — 1| = lxllqka - Pkl + ]quk+1a - pk+1|

2 |$l|(]k:a - pk:!
> |gue — pyl
do |z| > 1. B4t dang thirc |so — 7| > |qka - pk| tréi gia thi€t. Dinh 1i duogc
chitng minh. O
Hé qua 4.20. Gid sir o ld s6'vo H, Ei j=12,... la cdc héi tu ciia phdn s6
9
. T 4 -~ ? 7 A Y
lién tuc don vé han . Néu — la s6 hitu ti, trong dé T, s nguyén, s > 0 va
s
o — —| <jo — By
5 4,
thi s > q,..
Chimg minh. Gia st s < g, va
sl
Tacé
)
sa———‘<qk a—-—zi,
4
nén
s — 1| < lqka - pk’ ,
mau thudn Dinh 1i 4.19. | O

Vi du : Phan s6 lién tuc don cia 7 la
r=[3;7,151292111213,..].

Tir d6 suy ra céc s6 hitu ti x4p xi t6t nhdt clia s6 7 1a:

o
A%
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22 333 335 103993
771067 1137 331027

Dinh Ii sau day chi ra ring, mét s6 hitu ti x4p xi di t6t mot s6 vo ti «v phai la
mot hoi tu cia phan s6 lién tuc don v6 han cua «.

)

° - .« 7, IS ~ A ~ 2 A N A § o~ 2 S .
Dinh li 4.21. Gid sit o la mot s6 v6 1, — la s hitu ti (dang t6i gidn), trong
s

dé v, s nguyén, s > 0, suo cho

1
T
28

r
o — —
§

. P r kS ~ At * A e A ?
Khi dé — la mot hoi tu cuua phdn sé'lién tuc don cua o
s

Chitng minh. Gia st T khong phai 1a mot hoéi tu ctia phan s6 lién tuc don
s ,

cua . Khi d6 ton tai cic hoéi tu lién ti€p Pi gy Pt g6 cho g <s<
q 941
¢+, - Tu Dinh 1i 4.19 ta c6
T 1
I(IA:O‘ —])kl <lsa—-ri=sla—— < —.
si  2s
Tir d6
, 1
o — B < .
Q| 259,

Vi |sp, — T'qkf > 1 (1a s6 nguyén khac 0, vi % = %) nén
- k
1 < ISPA; - ”Ikl
54y 84y

e T

9% S
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L1

— < .
2sq, 2s

. N .2 : A X
tic 1a 2sq, > 25, suy ra ¢, > s : mau thuan.

§ 4. PHAN SO LIEN TUC TUAN HOAN

Pinh nghia 4.22. Mot phan s6 lién tuc don v6 han [q, ; a, a,, ...| dugc goi
14 tudn hoan néu tén tai cac s6 nguyén duong N va k sao cho a, = a,,
vGi moi s6 nguyén duong n > N .

Pé viét mot phan s6 lién tuc tudn hoan nhu mo ta trong Pinh nghia
trén, ta ding ki hiéu

[
[ag 5y @y ooy Ay_y, s Gygys oor s Uynrt)-

Vidu: (2;4,11,1,9,4,6] laphans6 [2;4,11,1,9,4,6,19, ...]. Sau day,
ta s& tim nhitng tiéu chudn dic trung cia mot phan s6 lién tuc vo han tuln
hoan.
Dinh nghia 4.23. S6 thyc « dugc goi la vé # bdc hai n€u o 1a vo ti va o la
nghiém clia phuong trinh bac hai véi hé s6 nguyén, tifc 1a

Ac? + Ba+ C =0,

trongdé A, I3, C' li cde s6 nguyen.

9
-0

A8

Bo dé 4.24. S¢ thuc o la s6" v tf bée hai néu va chi néu ton tai cdc o
nguven a, b, ¢ voi b >0, ¢ =0 suo cho b khong chinh phuong va

(L‘f—\/?;

C

x —

Chitng minh. Néu « 12 s6 vo ti bac hai-thi « 1a nghiém cla phuong trinh
Aa? + Ba + C =0 véi A, B, C nguyén nao do, dong thai biet thic cia
phuong trinh 12 s6 khong chinh phuong. Ta c6

Vo "BE B —4AC
o 24

vi B —4AC > 0 khong chinh phuong, A = 0. Nhu vay «a c6 dang phat
biéu trong bé dé.

Y
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Ngugc lai, néu
_a-+ \/B

c

trong d6 a, b, ¢ nguyén, ¢ = 0, b > 0 khong chinh phuong, thi o sé 12
nghiém cua phuong trinh

ca = 2aca + (a* —0*) = 0.

Mat khac, « 1a s6 v6 ti nén né 1a s vo ti bac hai. O
Bé6 dé 4.25. Néu o la s6 vo tf bac hai, v, s, t, u la cac s6 nguyén, thi
o+ 8 T O T S .

hodc la so hitu t, hodc la s6 vo i bdc hal.
tov + u

Chimg minh. Theo B dé 4.24 t6n tai cic s6 nguyén a, b, ¢, v6i ¢ =0,
b > 0 khong chinh phuong sao cho

a+\/17

C

=

Tacod

r ( a+ b )
S S A
e+ 8§ ¢

ot it b) .
B e "

(

~ (ar sy + b

. (ot + cu) + (b

B {((1,7' +es) 41 b”(a,t + cu) — f\/'f;}

B {(a,t +cu)+ t\/g][(at + cu) — t\/g}

[(ar + cs)(at + cu) — rtb] + [r (at + cu) — t (ar + cs)]\/l;
(at + cu)® — t% .

+ s

Y . " . s .2 . 3 <
Nhu vay, 12 s6 hitu ti néu hé s6 chia b trong bi€u thic bang 0, va

o + u
14 s6 v ti bac hai trong truong hop nguoc lai.

D61 véi 36 vo ti bac hali, ta ¢ khdi niém s6 vo ti bac hai lién hop.
a+b

C

Pinh nghia 4.26. Gia st o = 1a mot s6 vo ti bac hai. Khi d6, lien

107




o
S

hop ctia s6 « , ki hiéu qua o', duoc dinh nghia bai cong thic
op .q g g

a— b

C

o=
Bé6 dé 4.27. Néu s6 vé 1 bic hai o la nghiém ctia da thite Az’ + Bz + C
= 0, thi nghiém ctia da thitc la s6'lién hop o' .

Chirg minh. Ta c6 hai nghiém cta da thirc 1a

—_B++B? —44AC
24 '

Néu a 12 mot trong hai nghiém thi o’ 12 nghiém kia. O
] > .7 ? b d b d N ’ ‘ 4
Bo dé 4.28. Giua sit o) = 9—1—1——1—[—, o, = E-Q—i—-i la cdc s6 vé t bac
¢ c

hai. Khi dé

D (0 +0,) = +0d;

) (o, —ay) = —ay 5

Chimmg minh. Ching minh céc déng thirc trén khong khé. Ta trinh bay chi
tiét, chang han, chitng minh clia dang thic 4). Ta c6

[2_1_]/ _ (G’l +l’l‘/E)/cl & (0'1 +b1\/g)(a2 —b2\/E)
o, | B (02 +b2‘/"7\)/62‘ - G (az +b2‘/g)(‘12 _bz‘/;i—)
_ (eaa, - Gbibd) + (cpaby — 0201(’2)‘/2
- q (a% - b;d) .

Mat khic, |
o (a'l —_bl‘/g)/cl Cy (‘11 _bx‘/z{)(az +b2‘/c_l)

@, (a,2 *bz\[g)/% B G (0*2 - bQ\/E)<a2 + bz\/E)
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_ (e, = bibyd) — (e, — by )V
¢ (azz - bf_fd)

/ !

&% 4%

A 1 1

Vay | — | = —. U
CYQ (,YQ

Bay gi0 ta s€ chimg minh moét tinh chat dic trung clia s6 vé ti bac hai.

Dinh li Lagrange. Phdn s6 lién tuc don vé han ciia mot s6 vé 1 la tudin
hodan néu va chi néu 6 dé la s6'vé tf bdc hai.

Chitng minh. Truéc tién, gia st phan s6 lién tuc don ca s6 vé6 ti o 13 tudn
hoan :

= [% y O oy o s Ay sy Ay By gy eeey aNHr]'

Dat
B={ay7 ayirs - Oyor)
Khi d6
B =lay s ayprsos aypp B

Tlr doé tacé

Bp,. + p,_

,[3 — k Py (1)

Ba + gy

trong d6 2 va Bl 13 c4c hoi tu ciia [y 5 Oyt s @yyi]. Vi phan s6
4y Qi1

lién tuc don ctia 3 1a vo han nén [ 12 s6 vo ti va tir (1) ta cé
40" + (Ggey — PR)B—ppy = 0.
Nhu vay, 8 1a s6 vo ti bac hai. Mat khdc,

o = [% 3 Gy ey Qg ﬁ]

o= Bpy_i + Py_o
Bay_y +an_y

trong d6 ZH=L va PN-2 13 c4e hoi w cia [a, ; aj, Gy ..., ay_,).Do B 12
Iv-1 an-2

8 vO ti bac hai nén « 12 s6 v6 ti bac hai (theo B dé 4.25 va vi o 12 s6 vo

ti).
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Trude khi chitng minh phin nguoc lai, ta c6 mét sé B3 dé sau.
Bo dé 4.29. Gid sit o 1a s6'v6 t bdc hai. Khi d6 o 6 thé viét dudi dang
P+D
o |
trong dé P, Q va D la cdc s6 nguyén, Q =0, D > 0 khong chinh phuong
va Q| (D — P?).
Chitng minh. Do « 12 s6 v6 ti bac hai nén

a+\/5

bl

Y

c

ttongdé a, b, ¢ nguyén, b >0, ¢ = 0. Tudé tacd

o= alcl + Vb

clel
pat P =alcl, Q = clel, D = bc?, ta c6 dang biéu dién cén tim.
Bo dé 4.30. Gid sit o la s6 hitu tf bdc hai, biéu dién dudi dung

_R+VD
Q() ,

trong dé (Q, = 0, D > 0 khdng chinh phuong, Q, | (D — P“2) Xic dinh cac

6

P, ++D
e
oy, = [a],
By = a0y — B,
_ (D—PA:2+1
k41 = Q. '

voi k=0, 1, 2,... Khi dé ta ¢6

a=la; a, a,..]

Chitng minh. Bing quy nap, ta s& chimg t6 rang, Pk', @, 12 cdc s6 nguyén
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théa mén dicu kien @, = 0, Q. | (D~ PF) v6i k=0, 1, 2, ... Tir gia thiét
suy ra khang dinh ding v6i k = 0. Gia sit khéng dinh ding véi & . Khi dé
Py = o, — F,
cling 1a s6 nguyén. Hon nita,
D -1,
@
_ D~ (o — B, )
2

Q/;+ ;] =

-2 é d +20,F, — Q,

K

Do @, | (D — P?) theo gia thiét quy nap nén @+, 12 s6 nguyén. Hon nita,

D-P] v
do D khoéng chinh phuong nén D = P? | suy ra Gy = ———Q—ﬂ =0.Vi
Q}‘r — (D B Pf+l)

' QL:—H

5 2
nénsuy ra ., [ (D~ By).
Dé chiing t6 céc s6 nguyén a,, a,, ay,... |2 cdc thuong rieng cia
phén s6 lién tuc don clia «, ta diing Dinh I{ 4.17. Néu ta chi ra ring
1

QX = ,
Gy — ay

k=0, 1, 2, ... thitathdy ring o = [a, ; a,, a,,...]. Nhin xét
_ b, +\/5—a _ \m—(aka_—})k) _ ‘[ﬁ_ﬂzﬂ
Q/( ' Qk Q’s:
(JE—P&)(\/E—FPH_I) —_ D_B.?H
QD +Fy) QD + Fpy)

_ Qi1 _ Q1 _ 1 ‘
QA(‘/D— +F.) VD P oy

ey~ a.
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A

Vay, a = a, ; a;, 0y, -]
Bay gitr ta s& két thic chiing minh Dinh li Lagrange.
Giaslt o 1as6 vo ti bac hai. Khi d6 ta c6 thé viét o dudi dang

_R+VD
Qo '

Hon nifa ta cé « = [a, ; a;, ay,...].,trong do6

a__a+J5
kT ’
Qr
o, = [0y ],
Py =y — By
, D - P?
Qer1 = 0 e
k+1

Ve k=01, 2 ..
Via=la; a, ay...,0] nén

_ P T Py
Qe 10 + Q9

L4y lienhop hai v€; strdung B6-dé- 428 taché——
o = P- 10‘A TPy

YT
Tirdétacod :
of — D2
r_ T2 Qr—2
o, = :

oy | o — Ba=t

Gr-1
Chi ¥ rang c4c hoi tu === Pi=z 3 Pi-1 4ap dén o khi k din dén oo, nén

Qk—Q ‘Ik—l
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/ e
o — P2
Q2

! -
a — Pi-t
91

~

dan dén 1. Nhu vay, tn tai s6 nguyén N sao cho o, <0 v6i & > N . Vi
a, >0 v6i k > 1 nén

, B +JvD B ~JD _2JD

oy — Oy = = > 0,

(Jk ("2 A (Jl.

nén ¢, >0 véi k>N .
Vi QQ,., =D— P, nénvéi k> N tacé
O < Q@ =D — PA?H <D.
Cing véi k> N tacé

2 2
PA:+1 <D= PA:+1 - Q;;-QkH’

—JE<‘PA‘+] <\/E.

Tir cée bt dang thic 0 < Q, <D, —/D < B, <D (diing véi k > N )
ta thdy t6n tai chi hitu han gid tri duwong cha cap s6 nguyén F,, (), VGi
k> N . Do cé vé han s6 nguyén k£ > N nén tén tai i, j saocho P, = P,
Q, =@, voi i< j. Tu cdc quan hé xdc dinh «, ta thdy o, = «,. Vay

O, =, Gy =, Gy =0, ... Dodo

v ={ay 5 Gy gy ey Gy, Gy Gy ey Gylpy Gy Quppyeeny @]
= [a(, 3Gy Goyeeey Gy Gy gy e a;j‘l]'
Diéu d6 c6 nghia 13, « 12 phan sd lién tuc don tudn hoan. 0

BAI TAP CHUONG 4

1. Ching minh rang néu p la s6 nguyén t6, b 1a s6 nguyén duong va
khong 1a liiy thira cha p thi log, b 1256 vo ti.

2. Giasir b 1256 nguyén duong, b > 1. Chiing minh rang
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'
2
.-Zl\ oF

RS W U
bbbt et bt

14 56 vO t.

Chitng minh ring méi s6 thuc cé thé viét dudi dang
%+%+%+%+m

trong d6 ¢, 1a cac s6 nguyén, 0 < e, <yg, J=12 3 ..

Gia sit n 12 s6 nguyén duong, n > 1. Chiing minh rang
1 1 1
e
. 2 3 n
khong phai 1a s6 nguyén.
Gia sit s6 hitu ti a>1 c6 khai trién phan so6 lién tuc don la

. i RN » ].
la, ; ay,..., a,]. Tim khai trién phan s6 lién tuc don ctia —.
@

Chimg minh rang, néu a, = 0 thi

Py
=la, ;a4 ap, a
Pry
Q@ _ .
=la, 5 ap_1y.- Qy, ]
)1
D, 7 ; ey .
trong d6 ¢, | = ——, ¢, = —. k >1 la cdc hoi tu lién ti€p cha phéan
@1 4y :
so lien tuc [a, ; @), ..., a,].

Chiing minh ring mdi s& hitu ti c6 ding hai khai trién phan s6 lién tuc
don.

Gia st [a, ; aj, ..., a,] 1a khai trién phan s6 lién tuc don cia —,

s
(r, ) =1 va r > 1. Ching minh rang phan s6 lién tuc nay la déi xing,
titc 1a ay =a,, a, =a, ;, ... néu vachinéu s |(r’ +1) khi n 1¢ va
s | (r* — 1) khi n chin.

Gidstt a,, a;, ... , a, lacdcso thuc. aj, a,, ... , @, duong. Giasir z




10.
11.

12,

13.

14.

1a 56 thuc duong. Chimg minh ring

1 7

lay i ape oy ap ] < lay o ap oy ap + 2 néu k18

va :
la,: ay, ... ] >la,: a,. ... a + x| n€u k chan.

I +J5

Biét phan s6 lién tuc don cua ¢ la

e=R:L 2L L4 L1608

Tim phan s6 lién tuc cta /5,

a) Tim 8 hoi tu cua phan s6 lién tuc cua e.

b) Tim xap xi hitu ti t6t nhit ca ¢ c¢6 mau s6 nho hon 100.

Gia st o 12 s6 vo ti v6i khai trién phan s6 lién tuc don @ « = [q; ;
@, @y, ...]. Chitng minh rang khai trién phan s6 lién tuc don clia —« 1a
[—ay, — 15 a; =1, ay, ay,...] néu g >1,1a [—a, —1; ay +1, ay, .|
néu a, = 1.

. , N N e a e .
Chitng minh rang néu P yy DL cde hoi tu lién ti€p cua phan so
. Gr.+1
lién tuc don cuia s6 vo ti «v thi
», 1
v — 2« —,
4y 2q;

hoac

o — Py < 1

5.7
Y541 2q,44

Gia sit o 13 56 vo i, 2 13 hoi tu thit & cba phan s6 lién tuc don cla
4

«v. Chimg minh ring c6 it nhdt mot trong ba héi tu lién ti€p théoa méan

bat dang thifc

, 1
a——"l—)‘—‘<

q.| Ba;

Tir d6 suy ra ton tai vo han s6 hitu G P oysi p, ¢ nguyén, ¢ = 0 sac
q

cho

115



15.

16.

17.

18.

19.

20.
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A2
o \\*

_p
gl oq"
Tim khai trién phan s lién tuc ctia cdc s0 :
a) V7 ; b) V11 ;
c) V23 ; o d) VAT .
Tim céc s6 vo ti ¢6 cdc khai trién phan s6 lién tuc don sau day :
a) [2:1,5]; b)[2:1,5];

c)[2;1,5].

a) Gia str d la s6 nguyén duong. Ching minh ring phan s6 lién tuc don
chia \Jd* +1 1a [d;2d].

b) Tim phén s6 lién tuc don cua 101, v290, v2210.

Gia st d nguyén, d > 2.

a) Chimg minh réng phan s6 lién tuc don cha vd® —1 1a [1;2d - 2].

b) Chimg minh ring phan s6 lien tuc don ciia Vd* —d 1a [d—1;
2,24 —2].

¢) Tim phan s6 Tién tuc don ciia /99, V110, 272, /600 .

a) Gia sit d nguyén, d > 3. Chimg minh rang phan s6 lién tuc don cta
J& =2 W [d—-1:1,d-22d-3).

b) Chitng minh rang néu d nguyén duong thi phan s6 lién tuc don cta
Jd&* +2 1a(d;d, 2d).

¢) Tim phan s6 lién tuc don cia «féﬁ,\/gf , V187

Gia st d nguyén duong 1é. Chimg minh rang :

a) Phan s6 lién tuc don cha d® + 4 la

g; 2L 1192t o
2 2




21.

22,

néu d > 1.

b) Phan s6 lién tuc don clia Vd*> — 4 1a

d—l;d“3,2, d—3,1,2d—2
2 2

néu d > 3.

Ching minh rang néu d 1a s6 nguyén duong thi phan s6 lién tuc don
cia v/d cé d6 dai chu ki bang 2 néu va chinéu d = o® 4+ b, trong dé
a, b nguyén, b>1,b|2a.

Vé&i moi s6 nguyén duong &, ching minh ring t6n tai v6 han s6 nguyén
duong D sao cho khai trién phan s6 lién tuc cia D ¢6 chu ki do dai
k.

17




Chuong 5.

PHUONG TRINH NGHIEM NGUYEN

§ 1. PHUONG TRINH TUYEN TiNH

Sach “Dai thanh toan phép” ciia Luong Thé Vinh di c6 hung dan giai
bai todn sau day:
Mot tram con trau
Mot tram bé cod
Trau dimg an nam
Trau ndm an ba
Trau gia ba con mot bo.
Hbi mébi loai trau ¢é may con ?

Theo ngon ngit todn hoc bay gid, ta c6 thé giai bai toan trén day nhu
sau. Goi z 1a s6 trau ding, y 1a s6 trdu nam va z la s6 trau gia (theo quy
udc cua bai todn, trau gia khong diing, ma ciing khong nam !). Theo bai ra ta

cO

J r+y+z=100

l5x+3y+%:100

Nhan hai vé clia phuong trinh v6i 3 réi trir titng vé& cho phuong trinh
thit nhat, ta dugc :

14z + 8y = 200. 1)
Phuong trinh thu dugc ¢6 hai 4n z, y. Vi z, y 1a “s6 trau” nén rd
raing =, y phai nhan cdc gid tri nguyén khong am. Nhu vay, phuong trinh
(1) thuoc vao 16p phuong trinh Diophang tuyén tinh.
Dinh nghia 5.1. Phiiong trinh Diéphdng tuyén tinh 1a phuong trinh c6 dang
ax + by = ¢, (2)
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trong d6 a, b, c la cdc s6 nguyén, déng thoi cdc bién z, y ciing chi nhan
cdc gia tri nguyén.

Giai phuong trinh Diophang (2) tic 1a tim cic cdp s6 nguyén (z, y)
thoa man (2).

Dinh 1i sau day tra loi cau hoi khi nao thi phuong trinh Diophang
tuyén tinh ¢6 nghiém, doéng thdi chi ra cdc nghiém khi ching t6n tai.

Dinh i 5.2. Gia s o, b la cdac s6 nguyén dicong, d la woe chung [6n nhdt
cua a va b, d = (a, b). Khi dé phiuong trinh ax + by = ¢ khéng ¢6 nghiém

nguyén néu d [ c. Néu d|c thi phiwong trinh ¢6 vé s6 nghiém. Hon nita,
néu x = x,, Yy =y, la mét nghiém nao dé ciia phicong trinh, thi moi nghiém

cua phiong trinh ¢6 dang :
b a
r=2x,+ Zi» n, y=1y,+ (5) n,

trong dé n la s6 nguyén.
Chirng minh. Gid str (r, ) 1a mot nghiém cta phuong trinh. Do d | a, d | b
nén d | ¢. Nhu vay, néu d [ ¢ thi phuong trinh khong ¢6 nghiém nguyén.
Bay gio gia sir d | ¢ . Khi d6, t6n tai cdc s6 nguyén s, t sao cho

d = as+ bt (3)
Do d | ¢ nén tén tai ¢ nguyén sao cho de = ¢. Nhan hai vé€ ctia (3) vdi e
ta duogc :

¢ = de = (as + bt)e = a(se) + b(te).

Nhu vay, ta c6 mot nghiém ciha phuong trinh cho bdi z =z, = se,
Y=y =le.

Ta s€ ching t6 ton tai v6 s6 nghiém. Dat $:z(,+gn,

Y=Y, — %n, trong d6 n nguyén. Ta thdy cap (z, y) xdc dinh nhu trén 1a
[4

mot nghiém, vi
b Sa
0z + by = azx, +a-gn+by” "b"i'"“ = az, +by, =c.
¢

Chi con phai ching t6 rang, moi nghiém cta phuong trinh phai ¢6 dang néu
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trén. Gia sir (2, y) 12 mot nghiém tiy ¥, tic la z.y nguyén va thoa man
ar + by = ¢. Khi dé '

(ax + by) — (az, + by,) = 0,
suy ra : »
alr — ) +bly —y,) = 0.
Tic 1a v

alr — ) = bly — yy).
Chia hai vé ctia dang thitc cho d, ta duoc
a b

:l‘(fb'—-??()):g(y” ) (4)

Do d = (a, b) nén % va —3— nguyeén t6 ciing nhau. T d6 suy ra y, — y : g-

N . a a
tirc 1a ton tai » nguyén sao cho —]-n =y, —y.Suyray=y,— gn Thay
a

gid tri ndy cuia y vao phuong trinh (4) ta duge z =z, + —]n. L
24

Dinh i trén day cho phuong phdp giai phuong trinh Diophang tuyén
tinh. Vi du xét phuong trinh (1) -
14z + 8y = 200.
Ta c¢6 (14, 8)=2. Do 2]200 nén phuong trinh c6 nghiém. Dé thay
2 = 14.(~1) + 8.(+2) . Nhan hai vé v6i 100 taco :

14.(—100) + 8.(200) = 200.

Nhu vay, ta duge nghiém z, = —100, y, = 200. Theo Dinh Ii 4.2, cdc
nghiém cua phuong trinh cé dang :
rz=-100+4n, y=200-"Tn.

Doz >0nén n>25.Do y >0 nén ngg,suyra n < 28.Vay n chi

c6 thé nhan cic gia tri 25, 26, 27, 28. Tuong lng ta cé cdc nghiém
(0, 25), (4, 18), (8, 11), (12, 4). Céc nghiém (z, y, z) cla bai todn ban
daula (0, 25, 75), (4, 18, 78), (8, 11, 81), (12, 4, 84).
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§ 2. PHUONG TRINH FERMAT
2.1. CAC BO SO PITAGO

Bo6 ba so nguyén duong (2, vy, z) théa man

2 2 2

Ay =z
duge goi la mot ho 36 Pitugo. Tén goi dé xudt phét tir Binh i Pitago quen
thuoc : binh phuong d6 dai canh huyén mot tam gidc vuong béng téng binh
phuong cac canh géc vuong. Nhu vay, mot bo ba s6 nguyén duong
(¢, y. z) la mot bo s6 Pitago khi va chi khi t6n tai tam gidc vuéng cé s6 do
cac canh géc vuong la x va y, s6 do canh huyén 1a 2. (Chang han bo
{3,4. 5}, {6, 8,10}, ...). Ré rang rang, néu {z, y, z} 1a mot bo s6 Pitago
thi {kv, ky, kz} cling 1a mot bo 86 Pitago véi moi s6 tr nhién k. Do do6, ta
chi can xét cdc b ba s6 nguyén 16 cling nhau.

Dinh nghia 5.3. B6 s6 Pitago {z, y, z} dugc goi 1a nguyén thiiy néu
(r.y. z) = 1.

Vidu : Cic bo s6 {3, 4, 5}, {5, 12, 13} 1a nguyén thiy, bo s6 {6, 8, 10}
khong nguyén thuy.

Néu bo s6 Pitago {x, vy, z} la khong nguyén thuy, chang han (2, y, z)
=, thi {l ¥ i} 14 mot bo s6 Pitago nguyén thuy. PE fim cac bo s6

1

d d’d

Pitago, ta cin mot s6 Bo dé sau.

B6 dé 5.4. Néu {x, y, z} la mot b6 s6 Pitugo nguyén thiy thi (z, y) =
(2, z)=(y, z)=1.

Chitng minh. Gia su {x, y, z} 1a mét bd s6 Pitago nguyén thiy va
(x, y) > 1. Khi d6 t6n tai s6 nguyén t6 p sao cho p|(z, y). Vi p|z va
ply nén p|(r* +4*) =2". Do p nguyén t6 ma p|z’ nén p|z : mau
thudn véi gia thiét (z, y, 2) =1. Vay (z, y)=1. Tuong tu ta c6 (z, z)
=(y, z)=1. OJ
B6 dé 5.5. Gid su {x, y, 2} la mét bo s6 Pitugo nguyén thiiy. Khi dé =
chdn, y € hode x 1€, y chdn.

Chitng mink. Gia st {z, y, z} 12 mot bo s6 Pitago nguyén thiy. Do B6 dé
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54, (x, y)= 1,nén z va y khong thé cung chan. Néu x, y cung ¢ thi ta

co
z? = y* =1 (mod4),
nén
2 =1 +y’ =2 (iod 4).
Piéu d6 vo 1i. Vay = va y khong ciing tinh chan le. 1

Bo dé 5.6. Gid sit v, s, t la cdc s6 nguyén diwong suo cho (r, s) =1 va
rs = t2. Khi dé ton tai cdc s6 nguyén h va | sao cho v = 1" va s = h’
Chitng minh. Néu r =1 hoac s =1 thi B6 dé Ia hién nhién. Ta gia su
r >1 va s > 1. Gia slt cdc phan tich 7, s, ¢ ra thira s6 nguyén t6 c6 dang
sau :

(s ity
r=Dpp Py Py
— Ml 2 hy,
EES va—l pn+2 "‘pm“
— et A
L=q,'¢;" ...q,

Vi (r, 8) =1 nén cdc s6 nguyén t6 xudt hién trong cdc phan tich cta r va

N . 2,
s lakhdc nhau. Do rs = t° nén

() ORI | SOV { S G 27 203, 204
1) "'pnv pw+1pw,+2 "'pmfl ""ql dy R P

441

D

Tir Pinh | co ban chia S6 hoc ta suy ra rang, cac liiy thita nguyén t6 xual
hién & hai v& clia dang thitc phai nhu nhau. Vay, méi p, phai bing mot ¢,

o .z o e oaa e X
nao do6, dong thot o, = 2/3/. Do d6, mo6i s6 mil «; déu chan nén —2L

2

nguyén. Tudésuyra v = [°, s = h?, trong dé [, h 1a cdc s6 nguyén :
. ¢v1//2 a2 rv,,/2.
l=p "p," .0,

— ”u+1/2 “u+‘l/2 “'1/1/2
h’ - pn—H p‘Z "'pm : D

Bay gid ta ¢S thé mo ta tdt ca cdc bo s6 Pitago nguyén thuy.
Pinh li 5.7. Cdc sé nguyén duwong x, y, z ldp thanh mét bo sé Pitago
nguyén thity, véi y chdn, néu va chi nél ton tai cde s6 nguyén duong nguyén
16 ciing nhau m , n véi m > n, m lé, n chdn hodc m chdn, n € sao cho
z=m’—n’
y = 2mn

«“3;



Yoatw,
%,

2=’ + n?.
Chitng minh. Gia s x, y, = 12 mot bd s6 Pitago nguyén thay. B6 dé 5.5
cho thady «x 1é, y chan, hoac nguoc lai. Vi ta da gia thi€t y chin nén z, z
z-+

déu lé. Do z+x va z—x déu la s§ chan, nén cic so

::']"

— 2 N ~ A
- = ¢« déu la s6 nguyén.

(S}

B )

Vial +y° =z nény =2 — 2> = (z+2)(z — ). Vay

(%)Z _ (szrL)(z;:r) .

Pé y rang (r, s) = 1. That vay, néu (r, s)=d thi do d|r, d|s nén
dl(r+s)==zva d|(r—s)=u. Diéu d6 cé nghia la d|(z, ) =1 nén
d==1. )

Ap dung B6 dé 5.6 ta thay rang t6n tai cic s6 nguyén m va n sao cho
r=m?, s =n’. Viét z, y, z thong qua m, n taco

2 2
rr—s=1m —n

yJidrs = Jdm*n® = 2mn

2+ s=1m" +n’.

Ta ciing ¢6 (m, n) =1, vi moi uéc chung cta m va n cing la udc cla
w=m’ ~n? y=2mn, z=m’+n’, nén la udc chung cha (z, y, z).
Ma i, y, 2 nguyén to cung nhau nén (m, n)=1. Mat khac, m va n
khong thé cling 1é vi néu nguoc lai thi z, y vd 2 déu chin, mau thuin diéu
kien (@, y, 2) = 1. Vi (m, n)=1 va m, n khong dong thoi 1a hai s6 l¢
nén m chin, n 1é hodc nguoc lai. Vay moi bo s6 Pitago nguyén thiy cé
dang da néu.

Dé chiing t6 rang bo ba s§
r=m" —n
Yy = 2mn
z=m? + n?

trong d6 m, n la cdc s6 nguyén duong, m > n, (m, n)=1 va m#n
(mod 2) 1ap thanh mot bo s6 Pitago nguyén thiy, trudc tién ta nhan xét rang
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.1
al

<2

2 2 2 IN2 | foy, N2
= (m*—n") + (2mn)
4 5 2 NN
= (m' —2m’n® +n') + dm’n
6 Yooy 2.2 4
=m +2mn° +n

= (m? +n’)

B3

Z
et
N

Ta ching minh z, y, 2 nguyén t6 cung nhau. Gia sir nguge lai, (z, y, 2)
== d > 1. Khi dé t6n tai s6 nguyén t6 p sao cho p|(z, y, z). Ta thdy ring
p 2 vizlé(dox=rm"—-n’, trongdé m* va n’ khong ciing tinh chdn
1¢). Lai do p|x, plz nén p|(z+x2)=2m" vd p|(z—2)=2n*. Vay
p|m va p|n : mau thudn véi (m, n)=1.Do d6 (z, y, z) =1, tic la
{x, y, z} 1a mot bo s6 Pitago nguyén thuy. O

T Dinh 1i 5.7 ta c6 thé thu dugc cdc vi du vé bo s6 Pitago nguyén
thiy. Chang han 1dy m =5, n =2, tacéd m # n (mod2) va (m, n) =1,

m > n . Theo Dinh li 5.7, bo ba s6
r=m?—n’ =5 -2" =21
y = 2mn = 2.5.2 = 20
z=ml+n? =5 +4+22=29

la mot bo s6 Pitago nguyén thuy.

2.2. PHUONG TRINH FERMAT

Ta thdy réng, phuong trinh
TH+yYy=z

c6 vo han nghiém nguyén (z, y, 2). Cdc bo s6 Pitago ciing cho ta v6 han
nghiém nguyén cha phuong trinh

z? + y'2 =2’
Tinh hinh s& nhu thé nao néu s6 mi clia cdc bi€n tang 1én ? Néi cach khéc,
phuong trinh

1

:L'” + y'll — z?

véi n > 3 c6 nghiém nguyén hay khong ? Néu cé thi s6 nghiém 12 hitu han
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hay vo han ? Chéc han cdc ban doc déu biét riang, dé chinh la mot trong
nhu‘ng cau hoi 16n nhat clia Toan hoc, va chi méi nhan duge cau tra 15 trong
mdy nam gin day.

Tat ca déu bat ddu tr may dong chi cia P. Fermat viét bén 1€ cusn S
hoc” clia Dléphang, dugc cong bé nam 1635, nam nam sau khi Fermat qua
doi : “Khong thé viét mot Iy thira bac ba duéi dang tdng hai liy thira bac
ba, liiy thira bac bon dudi dang tong hai liiy thira bac bén, va néi chung, mot
Ifly thira bac cao hon dudi dang t6ng hai liiy thira cung bac. Toi da tim ra
mot chung minh ki diéu cua su kién dé, nhung ti€c rang 1€ sich bé qua dé ¢6
thé ghi ra".

C6 thé phdt bidu lai mdy 19i clia Fermat duéi dang sau

binh li Fermat. Phuwong trinh

i

:I:T! _+_ yn = 2
khong c6 nghiém nguyén x , vy, z khdc 0 khi n la s6' nguyén, n > 3.

Dinh 1i Fermat dugc chﬁ‘ng minh nam 1993 boi A. Wiles, véi viéc sit
dung nhu‘ng kién thifc cao nhét ctia nhiéu nganh todn hoc khdc nhau. Trong
phan nay, ching ta s& ching minh Pinh If 16n Fermat cho truong hop

n = 4. Mot trong nhitng mau chét cta chitng minh 1 phuong phdp guy nap
{ui vo han do Fermat dé xuat

Dinh Ii 5.8. Phuong trinh
oyt =

khong c6 nghiém nguyén z, vy, z khdc 0.
Ching minh. Gia su phuong trinh ndi trén ¢6 nghiém nguyén z, y, z khéc
0. Vi ta c6 thé thay bién tity y bdi s6 d6i ciia né nén ta cé thé xem z, y, 2
1a cdc s6 nguyén duong.

Ta ciing ¢6 thé gia thi€t (z, y) =1. That vay, néu (z, y) = d thi
T =dz), y=dy, v6i (z, 1) =1, trong d6 z,, y, 1a cdc s6 nguyén duong.
Viz! +y* = 2% nén

(d331>4 + (dyl)4 =77,
do dé
d'(o) +9)) = 2"

Vay d* | 2%, suyra d” | z, nghiala z = d’z véi z, 14 s6 nguyén duong. Do
dé
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d‘l(:z?{4 + yi‘) = (dzzl)'2 d4z'f,

4 4 .2
r +y =2

Ta nhan dugc nghiém z* + y* = 2% V6i cdc s6 nguyén duong z =z,
y =1y, z=z,trongdé (z,y)=1. '

Bay gidy gia st @ = z,, y = ¥,, 2 = 2, 1a nghiém cta phuong trinh
2 4yt = 2%, trong 46 (,, y,) = 1. Ta s€& chi ra rang ton tai nghiém khéc
gém cédc s6 nguyén duong = = ), ¥y = Yy, 2 = z Vi (g, y;) =1 sao cho
7, < 7.

Vi +yy = z, nén

22 2y2 2
(z5)" + (W) = 2,

tic 1a {z}, g, 2,} 12 mot bo s6 Pitago. Hon nira, (z2, y2)=1,vinéu p la
2 ~ 40
yo thi plz,, p|y,, mau thudn véi (z,, y,) =1

s6 nguyén to, p |z, p
Nhur vay, {z2, 2, z,} 1amot bo s6 Pitago nguyén thuy, va theo Dinh 1i 5.7,
tén tai cdc s6 nguyén duong m, n véi (m, n) =1, m # n (mod2) va

2 2 2
Ty =m" —n

2
Yy = 2mn

zy =m’ +n’

trong d6 ta c6 thé xem y; 1a s6 chan (n€u can thi déi ki hieu z2 va yp ).
Tu déng thitc cla 7, ta dﬁqc

2 +n’ = m°.
Do (m, n) =1 nén {z;, n, m} lamot bo s6 Pitago nguyén thuy. Lai theo
Pinh 1f 5.7, tén tai cdc s6 nguyén duong 7, s Véi (r, s)=1, r *s
(mod 2) va

w?, =7t -4
n =2rs

m:r2+32
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Vim léva (m n)=1,tacé (m 2n)=1.Do 3> = (2n)m nén theo B

2 R : x e ~ N 2 2 . 2
dé 5.6, ton tai cic s6 nguyén duong 2; vd w véi m = . 2n=w.Viw

chdn, w = 2u, trong d6 u 14 s6 nguyén duong, nén
9 n
U =—=rs
2

Do (r. s) =1, theo Bé dé 5.6, tén tai cdc s6 nguyén duong z,, ¥y, sao cho
r=u, 5=y’ Chiy ring vi (r, s)=1 nén dé suy ra (z,, y,) = 1. Nhu
vay, ‘

4 4 .2
‘Tl +y1 _Z]a

trong d6 z,, y,, 2; la cdc s6 nguyén duong véi (z,, y,) = 1. Hon nita ta cé
z, < 2, Vi

4 2 2 2
21 < zp =mt<mt 07 =z,

Dé két thic ching minh dinh 1, gia sit z* + y* = 2" c6 it nhat mot nghiém
nguyén. Do nguyen i sap thi tu tét, trong s6 cdc nghiém nguyén duong, tén
tai nghiém véi gid tri 2, bé nhat. Tuy nhién ta di chi ra ring, tir nghiém nay,
ta c6 thé tim nghiém khdc v6i gid tri bé hon cla bién z. Mau thudn nay két
thac chitng minh ciia dinh 1i. O

§ 3. PHUONG TRINH PELL

Muc dich ctia phén nay la nghién citu phuong trinh Di6phang cé dang
sau
r’ —dy* =n, (1)

trong d6 d va n 1 cdc s6 nguyén c6 dinh. Khi d <0 va n < 0, phuong
trinh vo nghi¢ém. Khi d < 0 va n > 0, phuong trinh chi c6 thé cé hitu han

nghiérh, vi ding thic 2> — dy® = n suy ra |z < /7, ly| < l—g—, Khi d 1a

mot s6 chinh phuong, chang han d = D? thi
r® —dy* = 2* — D’y = (z + Dy)(z — Dy) = n.

Vay, moi nghiém cta (1) khi d chinh phuong sé twong ing véi nghiém cta
hé phuong trinh

z+Dy=a
T — Dy =10,
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Lo

trong d6 ¢ va b lacéc s6 nguyén sao cho n = ab. Trong trudng hop dé, chi
c6 hitu han nghiém, vi tén tai nhiéu nhét 13 mot nghiém nguyén cuia hai
phuong trinh trén tng v6i mot cich phén tich n = ab.

Trong phén con lai, ta quan tim phuong trinh z* —dy’ = n, trong dé
d vi n 1a cac so nguyeén, d la s6 nguyén duong khong chinh phuong. Dinh
If sau day chi ra ring, phan sé lién tuc don gidn ctia vd rét quan trong trong
nghién citu phuong trinh trén.
Pinh i 5.9. Gid sir d va n la cdc s6 nguyén sao cho d >0 va d khong la

- . - e e P 3 T N\ A <
§6 chinh -phuong, |n| < Jd . Khi dé, néu z* —dy* = n, thi’ = la mot téng
y ‘
hoi tu riéng ctia phdn s6'lién tuc don ciia \d .

Chitng minh. Trudc tién xét truong hop n > 0. Vi z? — dy* = n, néntacé

| (z + yyd) (z — yJd) = n. (2)
Tir (2) ta thdy z — y+/d > 0 nén z > y/d . Do dé
T o Jd>o.
» |

Hon nira, do 0 <n <+Jd nén

2 42
grﬁ:x y\/Es_ T dy

y y  yle+yVd)
n
y(2y/d)
L Yi L
2°Jd 2
Do 0 <2~ Jd<— 5 , tir Dinh 1f 421 suy ra ring — T mot téng hoi tu
Y Y Y

riéng ciia phan s6 lién tuc don Jd .o

Khi n < 0, chia hai v€ ctia 2> — dy*> = n cho —d, ta duoc :

2 1] 2 n
— =T = ——.
Y {d d
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o,

6‘0.[

ot tong hoi tu riéng

m

, - , 1 .z Y\ o 2 :

cua phan s6 lién tuc don cia —=. Do d6, — = 1/(~) la mét tong héi tu
: Y z

Jd
rieng ctia phan s6 lién tuc don ctia d = 1/[%] . O
Dinh i sau day cho ta phuong phdp tim nghiém nguyén cla phuong
trinh 2” ~ dy’ = n dua trén phan s6 lién tuc.
Dinh 1 5.10. Gid sw d 1a mot 56 nguyén duong khéng chinh phuong. Pdit
o, = (P +‘/g)/Qk’
@ =[oy ],

Py = - F,
QH] =(d - ‘Pk2+1)/Qk s

voi ko= 0, 1 2. rong dé o, = d . Hon nita, gid st Ly téng riéng
qk:

hoi tu thit k ctia phdn s6 lién tuc don cia Nd . Khi dé
pi ~dgg = (-1 Q.
Trudc khi ching minh Dinh If 5.10, ta chitng minh B8 dé sau.

Bo dé 5.11. Gidsir 7+ sJd =t +uld ,trong dé r, s, t, u la cdc s6 hitu
trva d la s6 nguyén duong khong chinh phuwong. Khidé r =1 va s = u.

Chimg minh. Do v + sJ/d =t +uJ/d nénnéu s = u tacé
\/E_ r—1t

Uu—3=8

Do d khong chinh phuong nén /d phai 13 s6 vo ti v khong thé c6 biéu
dién trén. Vay s = u,vadods, r=t. O
Chitng minh Dinh l{5.10. Vi Jd = o, =[q, ; 0}, a5, ..., a;, o4, NéN ta
co:
Jd = Ser1P TP
Q419 + k1
Vig, =(F,, + Vd)/ Qs tach:
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(PA-+1 + \/E)Pk + QA-+1P};~1

Jd = _ _ :
(Px,~+1 + \/;Z,)(IA' + QA-H‘]A»Al

Do d6 ta thily rang
dg;. + (B 19, + Qkﬂqk—l)‘/ﬁ = (P + G Piet) + 14 Jd.
TrBo dé 5.11 tacd
dq, = FBopp + Qv
, Pnith + @il = Vi
Nhan phuong trinh thit nhat véi g, , phuong trinh thd hai véi p, r6i trir
phuong trinh thit hai cho phuong trinh thit nhat, ta dugc :
_ Pf: - dqfi = (Pt 1 — Prordi )i = (= 1)“1(3“1' :
Pinh 1i dugc ching minh bang cach dp dung Dinh 1i 4.10. (]

Truong hop dac biét ciia phuong trinh 2 —dy* = n khi n =1 dugc
goi 1 Phitong trinh Pell. Ta s& dung cic Pinh 1i 5.9 va 5.10 dé tim tat ca cac
nghiém ctta phuong trinh Pell va phuong trinh lién quan o —dyt =—1.
Pinh li 5.12. Gid sit d la s6 nguyén duong khéng chinh phuong. Ki hiéu qua
Pi [ téng riéng hoi tu thit k ctia phan s6 lién e don cua Jd k=1,
2. 3. va gid sit n lade dai chu ki ciia phdn s6'lién tuc ndy. Khi dé, néu

n chdn thi cde nghiém nguyén diwong cia phuong trinh 2 —dyt =1 la

=P, Y = J=1 23, ... ;con phiong trinh x> —dy* =1 vo

nghiém. Khi n 1€, cde nghiém nguyén dwong ciia phuong trinh o —dyt =1
la x= Py 0 U=y, 1=1 2 3, ... ; cdc nghiém nguyén duwong ciia

P—dyt=—1laz= Pj-tn—t s ¥ = Qaj-im-1- 17=1 2, 3, ..

Chitng minh. Theo Dinh 1i 5.9, néu z,, y, 12 nghiém nguyén duong clia
2} —dy* = +1 thi 2, = p,, ¥y = g, , trong db P9 12 téng hoi tu riéng
clia phéan s6 lién tuc don gian cua Jd . Mit khic, tt Dinh 1 5.10 ta ¢6

b —dgl = (-1 Qe

trong dé (), ; nhu trong phit bi€u ctia Dinh 1i 5.10.

130



Vi chu ki cia khai tién lien e cia Vd 13 n, ta biet ring
B, +Jd

{}

1)_?”_1 — dqil-—l — (_1),/“ Q,U _ (wl)f”_

Dang thirc nay chi ra rang khi n chan, Pu-1s 4, 1a mot nghiém ciha

Q,=Q,=1véi j=1,2 3 . (doJd= ). Vay,

r—dy’ =1 véi j=1.2 3. :khin I Py 1+ @,y 12 mot nghiem
cua 27 —dy’ =1 va Doy tiu-1» Qo101 12 moOt nghiém cta 7 — dy? =
~1véi j=1,2 3 ..

Dé chi ra rang cic phuong trinh 22 —dy’ =1 va 2° —dy® = -1
khéng c6 nghiém khdc cic nghiém da tim dugc ta chimg t6 raing (J,,, =1
suyran|kva @, =-1véi j=1, 2 3, ..

Trudc tién nhan xét ring, néu Q, | = 1 thi

Wy = Doy + Vd.
VI oy = a5y, -], khai trién phan s6 lien tuc clia oy, 12 tuin
hoan don. Do dé ta cé —1 < oy, = B, —vd <0.Twdésuyra P, =
[Vd],nén o, = o, m | k.

bé ching to Q,=—=1v6i j=1, 2 3, .. tachd y ring tir Q, = -1
suy ra o, = —P — Jd . Do cv, ¢6 khai trién phan s lién tuc don gian chu
ki don nén

—1<a_/:—P]-\/c?<0

«, :—«PJ —Jd > 1.

Tir bat dang thiic thit nhét suy ra P, > —/d, tir bit ding thiic tht hai suy ra
P <~1- Jd : mau thuin. Vay @, = —1.

Vi ta di tim dugc tdt ca cdc nghiém cha 2° —dy’ =1 va 2% — dy?
= —1 trong d6 z, y nguyén duong, nén dinh 1i dugc chimg minh ddy da. O

Vi du : 1) Xét phuong trinh 2 —13y* = 1.
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Phan s lien tuc don cia ~/13 1a [3; 1, I, 1. 1. 6]. Cic nghiém nguyén
duong clia phuong trinh 1a py, ., o J=1 2, 3,.., tong do
Pioy-1 /0,1 1a téng rieng hoi tu thi (107 — 1) cha khai trién phan s6 lién
tuc +/13. Nghiém duong bé nhit 1la p, = 649, ¢, = 180. Cic nghiém
duong ctia phuong trinh 13y =-11 Puj_es Goj-6s J =1 2, 3, ...
Nghiém duong bé nhatla p, =8, ¢, =5.

2) Xét phuong trinh z° — 14y° = 1.

Phan s6 lién tuc cia V14 1a [3; 1, 2, 1, 6]. Cic nghiém nguyén duong la
Piyots Qaya» J=1 2, 3,..., trong 46 py, /gy, 14 téng riéng hoi tu thi
4 ctia khai trién phan s6 lién tuc V14 . Nghiém nguyén duong bé nhit 1a
p, =15, g, = 4. Phuong trinh ” — 14y” = 1 khong c6 nghiém, vi do dai
chu ki clia phan s6 lién tuc cla J14 chan.

P6i voi phuong trinh Pell, ta c6 thé fim cdc nghiém nguyén duong
xuat phdt tr nghiém nguyén duong bé nhat ma khong phai tim cac tong hot
tu riéng ctia khai trién phén s lién tuc cia Jd .

Pinh li 5.13. Gid sit x,, y, ld nghiém nguyén dicong bé nhdt cua phiong
trinh Pell ©° —dy® =1, trong dé d la mot s6 nguyén duong khong chinh
phicong. Khi dé moi nghiém x,., vy, dugc cho boi

Tr;‘ + :l/lr"‘\/a = (:l:} + ?/1 \/d_)kﬁ

vor k=1, 2, 3, ...

Chitng minh. Ta chirta z,, y, v6i k=1, 2, 3,... la nghiém cla phuong

trinh, déng thdi méi nghiém ctia phuong trinh déu c6 dang trén.

Dé thdy ring néu =z, + yb/’g = (z; + y,Vd)* thi z, — y ~Nd =
(z, — ylx/g Y* (vi Jd chi xuat hién 6 cdc liy thira 1€ cia —ylﬂ trong khai
trién nhi thitc). Mat khdc,

2’ — dy? = (g, + yVd) (3, — V)

= (7, + 3/1\/3)‘:(171 — U \/E)k
= (z? —dy})f = 1.
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Vay x,, v, langhiém véi & = 1. 2, 3, ...
Nguoc lai, gia st X, ¥ la mot nghiém nguyén duong khdc voi
¥, k=1, 2, 3,... Khidé tén tai s6 n sao cho
(7, + YN < X + VA < (2, + y,Jd)"
Nhan bat dang thic véi (2, + ,z,/[\/ﬁ)".' ta duoc :
1< (2, — y~Nd)' (X +VVd) < (2, +y,Vd),
(i 22 —dy? =1 nén z, — y,Jd = (3, + y,Jd) ).
Bay giv gia sur
s+ tJd = (2, — y,Jd)" (X + Y d),
va chii y rang
s?— dt* = (s — tJd) (s + tJd)
— oy IV (X VT, - AP C 4 )
= (# —dy))' (X" —d¥V")=1.
Ta thdy s, ¢t 12 nghiém cta phuong trinh 2 — dy” = 1. Hon nita, 1 < s +

t\/(f<:n1 +ylx/E.Mef\tkhéc, Vi s +tJd > 1 nén O<(5+25x/3)”1 <1.Do
doé

o= %{(s ) + (s — 13/d)] > 0,

1
t = m[(s +tJd) — (s — tJd)] > 0.

Diéu dé c6 nghia 1a s, ¢ 1a nghiém duong s > z,, t >y, do z, y la
nghiém bé nhdt. Diéu nay mau thuin véi bt dang thic s + tNd <z, +
ylx/-d_. Vay X, Y laz,, y, v6i k nao dd.

Vi du : Ta di biét nghiém nguyén duong bé nhdt cia phuong trinh
2 —13y* =1 1a o, = 649, y, = 180. Do d6, moi nghiém nguyén duong
chia phuong trinh 1 z,, y, xdc dinh boi cong thiic :

z, + y, 13 = (649 + 180+/13)"




Chang han,

vy 4 V13 = 842361 + 233640413,

Do do i, = 842361, y, — 233640 la nghiém nguyén duong bé nhat cua

phuong trinh khdc véi nghiem dau tién r; = 649, y, = 180.

§ 4. VE VIEC GIAI PHUONG TRINH DIOPHANG

Trong cac phian trude, ching ta da lam quen voi phuong phap giai cic
phuong trinh Piophang béac nhat (tuyén tinh) va bac 2. Doi véi cac phuong
trinh bac cao hon, 16n tai hay khong mot phuong phdp chung dé giai ? D6 la
cau hoi da duoc dat ra tiv thai Diophang, va la noi dung cua Bai todn Hilbert
thir 10 néi tiéng. Xin nhic lai rang, tai Pai hoi Todn hoc Qudc t& dau thé ki
20, Hilbert, mot trong nhitng nha todn hoc 16n nhdt cua moi thoi dai, di dé
ra 23 bai todn cho todn hoc cia thé' ki 20. Cho dén nay, nhiéu bai todn trong
s d6 van dang chd 1oi giai. Bai todn thit 10 m ta nhac dén ¢ day 1a : C6 hay
khong mot thudt todn dé gidi cac plucong trinht Didphdng ?. N6i mot cich
"nom na” 1a : ¢6 hay khong mét phuong phdp dé khi cho mét phuong trinh
Piophiang tuy ¥, ta dimg phuong phip dé dé. sau mot thoi gian hitu han, tim
ra nghiém, hoic chi ra rang phuong trinh khong ton tai nghiém (nguyén).
Bai toan Hilbert thir 10 dia duoc nha todn hoc Nga Yuri Matijasievich giai
nam 1970 khi ong mdi 21 toi. Cau tra 101 1& : khdng 1dn tai thudt todn gidi
phutong trinh Pidphdany tong qudr. Nhu vay, véi cic phuong trinh Diophang
bac 16n hon 2, ta chi ¢é thé tim cich gidi timg phuong trinh cu thé ! Tuy
nhién, cling ¢é thé ké ra day vai phuong phdp hay duge ding dé giai cdc
phuong trinh Diophing duoc cho trong chuong trinh todn pho thong. Tu
fuong chung cua cac phuong phap dé Ta, do chi Xét cic nghiém nguyén
(nhiéu khi ta nghiem nguyén duong) nén néu ta thu hep duogc tap hop chira
nghiém (néu ¢6) thi ¢6 the diing cich thi toan bo dé xdc dinh nghiém.

1. Sir dung cic tinh chat chia hét dé thu hep tap hop nghiém c6 the

2. Ding cic udc luong vé do 1én cla nghiém dé thu hep tap hop
nghiém cé thé. Thong thudng, dé lam viéc d6, can dua vao mét “nghiém cuc
tri”” (nho nhat hoic 16n nhat theo mét nghia nao do).

Céc “phuong phédp™ vira néu chi la cac goi y. Viéc van dung ching mot
cdch linh hoat duge cho qua cdc bai tap.

BAI TAP CHUONG 5

1. Ching minh ring phuong trinh Diophang

S5
n‘.‘\ oF
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b2

10.
11.

12,

ayr, +ayr, +Fax, =0
khong c6 nghiém nguyénnéu d [ b, trong d6 d = (ay, dy. ..., a,).co
vo han nghiém néu d | b.
Gia st a, b la cdc s6 nguyén duong nguyén t6 cung nhau, n la so
nguyén duong. Nghiém nguyén (z, y) cua phuong trinh ax + by = n
duogce goi 1a nghiém khong am, néu = > 0, y > 0. Ching minh rang :
Q) Néu n > (« —1)(b — 1) thi phuong trinh ¢6 nghiém khong am.
b) Néu n = ab — a — b thi phuong trinh khéng ¢6 nghiém khong am.

(a—1DO-1)

c¢) Co ding s6 nguyén duong n saa cho phuong trinh ¢6

nghiém khong am.
Chimg minh rang néu z, ¥, z 12 mot bo s6 Pitago thi it nhdt mot trong
cic s0 x, y, z chiahétcho 4.

Ching minh ring mdi s6 nguyén duong 16n hon 3 1a mot thanh phin
ctia it nhat mot bo so Pitago.
Xdc dinh cac day so6 sau :

r, =3 y =4, z, =5

T, =3z, +22, +1

:l/n+l = 31"/1 + QZH + 2

Zn+] = 4:1:71 + 32” + 2
khi n > 1. Ching minh rang (z,, v,, 2,) 12 bo s6 Pitago v6i moi n .
Ching minh ring néu (2, y, z) la moét bo s6 Pitago, y = = + 1. thi
x, ¥, z lamottrong cdc bo s6 Pitago xdc dinh trong Bai 5.
Tim moi nghiém nguyén duong ciia phuong trinh z° + 2y = 2°.
Tim moi nghiém nguyén duong ctia phuong trinh 2t 4+ 3y =2
Tim moi nghiém nguyén duong ctia phuong trinh w4+ 27 4yt =2
Tim cong thiic cho moi bo s6 Pitago (z, y, 2) véi z =y + 1.
Hoi twong tw Bai 10, z = y + 2.

Chimg minh ring s6 cdc bo s6 Pitago (z, y, z) (véi zt +yt = 2%) véi
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

136

néu x chan.

T [-TiJ —1
\d)
2
Tim moi nghiém nguyén duong ctia phuong trinh a2+ py’ = 2°, trong

dé p 1a s6 nguyén t4.

.y y—-1 )
2z codinhla L(I_Z)____ néu z le,

Chimg minh ring n€u =, ¥, z la mot b s6 Pitago, n nguyén > 2 thi
."1,7” + ?/n, - Z” ]

Chimg minh ring phuong trinh z' —y* = 2* khong c6 nghiém nguyén
khac 0.

Chiing minh rang dién tich mot tam gidc vuéng canh nguyén khong
phai 1a s6 chinh phuong.

2

Ching minh ring phuong trinh z* +4y' = 2* khéng c6é nghiém
g P 8 .

nguyén khic 0.
Chiing minh ring phuong trinh ' +3y* =2 c6 vo s6 nghiem
nguyén. .

‘Chitng minh ring trong bo s6 Pitago c¢6 nhi€u nhat 1a mét s6 chinh

phuong.

Ching minh ring phuong trinh 2> +3° = 2z’ c6 vo6 han nghiém
nguyén.

Giai cic phuorng trinh Diophang sau day :

a) 27 + 3y’ = 4; b) 2* + 5y =T
¢) 2% + Ty* = 30.

Giai cdc phuong trinh Diophang sau day :

a) $2—y2:8; b) z2 — 4y? = 40;
¢) 4x? — 9y* = 100.

Tim nghiém nguyén duong bé nhat ctia cidc phuong trinh Diéphéang sau '

a) .’162—29y2 =—1; . b) :1;2—29y2=1.
Tim ba nghiém duong bé nhit clia phuong trinh Diéphang :
22 - 37y = 1.
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25.

26.

27.

28.

29.

30.

Nghiém duong bé nhat clia phuong trinh Piophang 22 — 6192 =1 1a

¥ = 1766319049, y, = 226153980. Tim nghiém duong bé nhat khac

voi (2,, ). '

Chimg minh ring néu Pi 1y mot hoi tu cha khai trién phan sé6 lién tuc
4

don clia \/d thi l]), —(iqu <1+ /d.

Ching minh rang néu d 1a s6 nguyén duong chia hét cho s6 nguyén 6

nao d6é dang 4k + 3, thi phuong trinh Diophang z° — dy? = —1 vo

nghiém.

Giaslt d, n lacdc s6 nguyén duong. Ching minh rang :

a) Néu r, s la nghiém cua phuong trinh biophang 7> —dy’ =1 va

X, Y la nghiém cla phuong trinh Diophang z° — dy’> = n thi

Xr +dYs, Xs+ Yr ciing la nghiém cia 22 — dy: =n.

b) phuong trinh Di6phang 2> — dy? = n hodc vé nghiém, hoic cé v6

han nghiém.

Ching minh cic phuong trinh Diophang sau vo nghiém :

a) o' — 2y =1; by 2! —2y% = —1.

Gid st a, b, n 1a cdc s6 nguyén duong, a>b, n>b. Chimg minh
rang néu ¢ las616n hon 0 théamin a” + b" = ¢" thi ¢ khéng phai 1a
s6 nguyén.
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Chu‘dng 6.

CAC QUAN HE HOI QUY

§ 1. QUAN HE HOI QUY TONG QUAT

Khi giai nhiéu bai todn, dac biét 1a cdc bai toan t6 hop, ta thudng ding
phuong phap dua bai toan dang xét (v6i . d6i tuong) vé€ bai todn véi s6 doi
tuong it hon, cho dén khi dé dang giai ching. Phuong phédp nhu vay goi la
phuong phdp dung cdc quan hé héi quy.

Pinh nghia 6.1. Quan hé héi quy bdc k 1a mot cong thirc cho phép tinh gia
tri f(n +k) quacacgiatri f(n), f(n+1), ..., f(n+k~-1).

Vidu:l) f(n+2)=n’f(n+1)~ f(n)+ f(n—1)
la quan hé hoi quy bac 3.

2) f(n+1)= f(n)+ f(n 1) (1)
Ia quan hé hoi quy bac 2.
P6i véi mot quan hé héi quy bac &, néu cho cic gid tri f(1), ..., f(k) thi
cdc gid tri con lai hoan toan duoc xac dinh. Chang han, trong quan hé (1),
néu ta cho f(1) = f(2) =1 thi ta nhan dugc ddy s6 noi ti€ng, goi 1a cdc s6
Fibonacci.

Mot didy f(n) théa man quan hé¢ hdi quy nao d6 dugc goi la mot
nghiém clia quan hé dé. D€ y riang, néu quan hé héi quy bac £ thi k& gid tri
ddu cha diy cé thé idy tuy ¥, céc gia tri ti€p theo hoan toan dugc xdc dinh.

Mot nghiém clia quan hé héi quy bac k dugc goi 1a nghiém tong qudt
néu né phu thuéc k hingsstayy C,, ... , C}.

Vi du : Xét quan hé hdi quy
f(n +2) = 5f(n +1) — 6/(n). @

Dé dang chimg minh rang, véi moi s6 thuc C;, C,, cong thitc
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‘6,

fln)=C2" +C,3"

cho ta nghiém ctia quan hé hoéi quy dang xét (2). Nghiém ty y duoc xdc
dinh qua gid tri f(1), f(2), chang han, néu dat f(l) =a, f(2)=b,taduoc :

20, +3C, =
AC, +9C, =b.

Hé phuong trinh nay c¢6 nghiém C,, C, véi moi gid tricta a, b .

§ 2. HOI QUY TUYEN TiNH HE SO HANG

Néi chung, khong c6 phuong phdp chung dé tim nghiém clia quan hé

hoi quy. O day, chiing ta s& nghién cttu mot phuong phdp tim nghiém cta
mot 16p quan hé héi quy dac biét, goi 1a quan hé h6i quy tuyén tinh véi hé s6”
hang.

Dinh nghia 6.2. Quan hé hoi quy tuyén tinh bdc k vér hé s6 hing 12 quan
hé c6 dang :

fln + A) =a f(n+k—=1)+af(n+k—=2)+ +af(n),
trong d6 a,, a,, ..., a, la cdc hang s6 ndo d6 (khéng phu thusc n).

Trude tién ta xét truong hop don gian : cdc quan hé héi quy tuyén tinh
hé s6 hang

fn+2) = a,f(n +1) + a,f(n). 3)

Bo dé 6.3. Néu f(n), f,(n) la cdc nghiém ciia (3) thi véi cic s6'niy y A,
B day f(n) = Afj(n) + Bfy(n) ciing la nghiém ciia (3) .

Chitng minh. Theo gia thiét ta cé :
hn+2) = afi(n + 1)+ ayfi(n)
B +2) = afn+1)+ ah).
Tir d6 suy ra
Af(n +2)+ Bfy(n + 2) = o,[Af(n + 1) + Bh(n + 1)] + a,[Af,(n) + Bf,(n)].
Nhu vay, Af (n) + Bfy(n) ciing 1a mot nghiém cua (3) . O
Bo dé 6.4. Gid si 1, 1o nghiém ciia phuong trinh

r’ = ar+ a, (4)
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Khi dé dav {r"} la mér nghiém cia quan hé
fln+2)=qaf(n+1)+a,f(n). (")
.

Chimg minh. Ta c6 f(n)=1n", fin+1)=n""", f(n+2) =1 " Thay

vao (5) ta duoc

g2 S+l K7
7 = . ayn .

bang thitc nay ding, vi ©° = ;1 + a,. . O
Nhan xét : Diy {r"""} v6i m tdy y ciing Ia moét nghiém. That vay, chi
can dpdung B6 dé 6.3 v6i B=0, A=1n".
Phuo*ng trinh (4) goi 1a phiong trinh ddc trung ciia quan hé (5).
Tir cdc B6 dé 6.3 va B6 dé 6.4, ta cé dinh 1i sau :
Pinh li 6.5. Gid sit cho quan hé hoéi quy

fn +2)=a,f(n + 1)+ a,f(n). (6)
Gid su phicong trinh ddc trimg

7"2 = ar F ay
6 hai nghiém phdan biét 1, va vy . Khi d6, nghiém téng qudt ciia (6) 6 dung
f(n) = 017”1%l + oy’

Chimg minh. Theo Bé dé 6.4, f(n)=7n""", f£(n)=r'" 1a cdc nghiem

clia quan hé dang xét. Theo B dé 6.3; voi moi €, €y tuy y, Cir+ 0y

Ia nghiem. Chi con phai chimg minh rang, nghiém tity y cta quan h¢ (6) co
thé viét dudi dang di néu trong dinh 1i. Mbi nghiém ctia h¢ (6) duoc xdc
dinh duy nhat béi cdc gid tri f(1), f(2). Vi thé€, chi cin chi ra rang, h¢
phuong trinh

Ci+C,=a

Cin+Cyr =10

cé nghiém v&i a, b ty y. Dé thdy rang, cic nghiém dé la
_b—an

C, = .G, =

n—"n )

ary —b

Dinh 1i duoc chitng minh. 0
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6‘01

Bay gio ta chuyén sang xét trudng hop phuong trinh dac trung c6 nghiém
boi.

Gia st phuong trinh dac trung clia quan hé di cho ¢6 cdc nghiém trung
nhau, chang han 7, = r,. Khi d6 biéu thic C\n""' + C,ry' "' khong con la
nghiém tong quét nita, vi nghiém dé dugc viét duéi dang f(n) = Cr’~' . Néi
chung, khong thé chon hing s§ € sao cho hai diéu kién ban dau f(1) = «,
f(2) = b dugc thdéa man.

Dinh li 6.6. Gid sir phuong trinh dac trung
r? = T+ ay
6 nghiém boi 1y - Khi @6, nghiém tong qudt ciia quan hé dang xét ¢6 dang
f(n) =" (C, + Cyn),
trong dé C, C, la cdc hdng sé' tay y.
Chiing minh. Vi phuong trinh dac trung cé nghiém boi nén theo Dinh I
Viéttacé: a; = 2r,, a, = —r". Ta viét phuong trinh dic trung dudi dang :
P = 2nr — 7“12‘
Nhu vay quan hé hoi quy sé c6 dang
f(n+2)=2nf(n+1)—rf(n). (7)
Ta thr lai rang f,(n) = nry" ™' 13 mot nghiém ctia quan hé dang xét. Ta c6 :
Lln+2)=(n+2)3""", fi(n+1)=(n+1)". Thay cdc gid tri nay vao
(7) ta nhan dugc déng nhat thuc :
(n+2)r"* = 2n + )" —
Vay nr"”' diing 12 mot nghiém.
Theo B6 dé 6.3, véi C|, C, tdy v,
f(n)=n""YC, +C,n) (8)

ciing 14 nghiém. Mait khic, véi diéu kién f(1) = a, f(2) = b tiy ¥, ta luén
luon xédc dinh dugc C), C, sao cho (8) l1a mét nghiém cla quan hé dang
xét. Vay (8) cho ta cong thitc nghiém téng qudt trong trudng hop phuong
trinh dic trung c6 nghiém boi. U
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Nhan xét. P6i v6i quan hé héi quy tuyén tinh h¢ s6 hing cdp & tuy y, ta
ciing c¢6 két qua hoan toan tuong tu. Xét quan hé hoi quy cap & dang '
Fn k) = af(n k= 1)+ + a ()

Phuong trinh dac trung tuong (ng : | |
rf = alrl'""1 + ot ay.

Néu 7, 7y, ..., 1, la cdc nghiém khdc nhau cla phuong trinh dac trung, thi
nghiém tong quatsé [a
f)y =0 4 O
Néu c6é cdc nghiém nao dé trung nhauy, chang han 7, =7, = - =7, thi
nghiém t6ng quat sé l1a
fn) = 71 (Cy + Cyn oo O™ ) o Oyl ot G
Vi du : Xét quan hé héi quy
f(n +4)=5f(n+3)—6f(n+2)—4f(n+1)+8f(n).
Phuong trinh dac trung c6 dang : ’
rt =57 +6r° +4r —8=0.
Céc nghiém clia phwong trinh 2

n=2r1n=2 7‘3:2,77"4 =-1.

Nghiém téng quit cia quan h¢ h6i quy dang xét s€ la

f(n) = QIL“I(Ci +Cz77 + C;3n2> + C, (_1)'“] )

Chi §. Trong cdc li luan trén day, cdc nghiém cua phuong trinh dac trung ¢6
thé 1a nghiém phitc. Khi d6, d€ tim nghiém thyc ciia quan hé héi quy, ta cd
thé st dung cong thiic

' = cosp + isinp.
Vi du : Xét quan hé hoi quy
fln+2) = f(n+1)— f(n).
Phuong trinh dac trung tuong ting la
P —r+1=0.

Phuong trinh nay c6 cac nghiém phuc
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Lo+ 1-0d3
1 5 » 5
hay la

i —i
3

SO, g — 3
n==¢ , 1, =€ .

Nhu vay, nghiém (thuc) téng quét clia quan hé héi quy dang xét 13

nm
4 ¢, sin—.
3

f(n) = C, cos !

§ 3. DAY FIBONACCI

Cic s6 Fibonacci la nghlcm cua mét quan hé héi quy don gian, nhung
do vai trd quan trong cla cdc so Fibonacci trong todn hoc, ta s& danh muc
nay dé nghién citu mot s6 tinh chat ctia chiing.

S6 Fibonacci xuat hién 14n dau tién trong bai todn sau day, duoc dua ra
trong cuén sich “Liber Abaci” clia nha todn hoc Italia Fibonacci, xuat ban
nam 1202 :

‘Bai todn : Mot cap tho moi thang sinh mot ldn, cho mot cap tho con
(mot duc, mot cai). Cap thd mdi sinh ra sau hai thang lai bat ddu sinh cap
mdi. Hoi sau mot nam s& c6 bao nhiéu con tho, néu ddu nam ta c6 mot cip
thé ?

Tir gia thiét suy ra rang, sau mot thiang s&é cé hai cap tho. Sau hai
thang, cap thit nhat sinh ra mét cap nita, va ta cé ba cap. Théng tiép theo, cap
thit hai ciing sinh ra cap méi, va ta ¢6 5 cap tho.

Ki hiéu qua F(n) s6 cap tho sau thang thit n ké tir ddu nam. Ta thiy
sau thang (n + 1) thi s€ cé F(n) cap ban ddu, cong thém sé cap do cic cip
da c6 sau thang thit (n — 1) sinhra. S6 nay 1a F(n —1). Vay

F(n+1)= F(n)+ F(n—1). (9)

Theo gia thiet, F'(0)=1, F(1)=2, nén ta c6 F(2)=3, F(3)=5, ..,
F(12) = 377.

Céc s6 F(n) duoc goi la cac s6 Fibonacci.

Dua vao két qua cua phin trude, ta c6 thé tinh dugc cong thitc biéu
dién F(n).Phuong trinh déc trung twong ting clia quan hé (9) 1a

P —r—1=0.
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Phuong trinh nay c6 cdc nghiém :

1++5 1-5
n o= , Ty = :
2 .2
Nghiém téng quat ctia quan he (9) c6 dang :
1 4 5 n 1— 5 n ’
fn)=C, 2\/-] + ’CQ[ 2‘/—] : (10)

Cic s6 Fibonacci F(n) duge cho bai (10) véi diéu kien F(0) =1,
F(1) = 2. Tuy nhién, d¢ thuan tién, ta thudng xét véi diéu kién ban ddu
F(0) =0, F(1)=1. Khi dé cdc hing s6 C;, C, dugc tinh tir h¢ phuong

trinh

CI+CQ -:0
J5
“5‘(01—02):1
Giai ra ta duoc L C 1 Vay nghiém téng quat cé dan
JIC a 1d S, o, O, e —
e Cy == , = = 7. Vay nghiem tdng q ing
[1+J5]"_[1—J5]"
2 2
F(n)= NG

Cong thiic trén day dugc goi 1a cong thic Bine (Binet). Dua vao cong thiic
Biné, ta c6 dinh 1i sau day cho mot tinh chét thd vi ctia cac s6 Fibonacci.

n

Pinh li 6.7. S Fibonacci F, la s& nguyén gdn nhdt doéi véi s6

— , titc la s6 hang a, cia cdp s6 nhdn voi ti dau tién la
N

-1—[“‘*/5] vat cong boi la 15

Bl ) e 2

Chiimg minh. RS rang chi cn chimg minh réng tri tuyét d6i cua hi¢u gitta

hai s6 F, va a, ludn luon bé hon ?12- Tacéd

__lrl - R

P - =
l n a, ‘ | \/'5— \[5_
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Do }7,,:! J w1 nén [E,——an'<%

Sau day ta sé chimg minh mét sé tinh chat co ban cia day s6 Fibonacci. Cic
tinh chat sau hon s& duoc tim hiéu théng qua bai tap.

Trong cdc ménh dé sau day, F(n) ding dé ki hiéu s6 Fibonacci thi 7 .
Ménhdé6.8. F, +F, +--+F =F ,—1.
Chirng minh. Ta co :

R-F-F
F,=F - K
El~1 :F;H»l —El

F,=F—-F,
Cong timg vé dang thifc nay, ta c6 :
R+F 4t R =F,,F
ma l, =1.
Ménhdée69. F, +F,+F +-+F, , =F,.

Chitng minh. Ta c6 :

=k

k= Fy - )

F =F -

By =F, — F, .

Cong timg v€ cdc bat dang thic, ta duge cong thiic cin chiing minh. 0]
Ménhdé6.10. F, + F, +--+F, =F, , —1.
Chimng minh. Tir Ménh dé 6.8 ta c6
R+B+B++ B, =F,,~
Trit timg v€ dang thitc nay cho déng thitc trong Ménh dé 6.9 ta duoc
B +F+-+F, —an+2 1-FK, =F,, -1 u
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Ménhdé 6.11. F, - F, + F, — F 4 -+ (=) E, = (=1 E, 4 L.
Chirng minh. Tt cic Ménh dé 6.9, 6.10 ta duoc : 7
B =By 4 Fy—Fy ot By — Fyy = =y 4 1. (1)
Cong thém vao hai v&€ F, , taco:
o= By o+ By By b= By o+ By = By L (2)

Cong thitc trong Ménh dé 6.11 chinh [a két hop cua hai cong thic (1) va (2)
(twong tng v6i n 1é va n chin).

Ménhdé 6.12. F* + F + -+ F = F,F,,,.
Chitng minh. Ta co :

]

LF, = By Byo= B~ ) =1

Do dé
. 2
F° = KF,
! ﬂ') = L R
~2 A A "
Fy = I F, — EFy
2 — Al nl Al
F,u, - 'n](‘u-H - Elwlﬁu
Cong titng v€ cic dang thic nay. ta duge cong thifc cin ching minh. C

BAI TAP CHUONG 6

1. Tim nghiém tdng quét chia cdc quan hé hoi quy sau

a) a‘n+2 - 7G"I)+-l + 12(1‘/: = 0 ;

b)a,, ., +3a,., —10a, =0;

c) a,,, —4a,,, +13a, =0 ;

d) a,., +9a, =0;

€) ¢,y +4a,. +4a, =0;

f)a, ; —9a,,,+26a,,, —24a, =0;
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g) (L'n-i»(} + 3(LIL+2 + 3ar1+1 + 0‘71 = 0 ;
h)a, , +4a, =0.

2. Tim {a,} thoéaman :
o =1 a6 =-7 a,,~5a,.,+6a, =0 (n>1)
3. Tim {¢,} théamin :
) = 2 y = 47 an+‘2 - 4a7l+1 + 40‘71 =0 (n 2 1)
4. Tim {a,} thoéamin :
1 1
4y === Oy = —=, @y + Ayt 0, = 0 (7’1, 2 1)
4 2
5. Tim {a,} théamin :
@ =1, a =-3, a3=-29, a,.3="9a,,,—26a,,, +24a, (n> 1)
6. Tim {a,} théa man :
Ay = COSy, Gy = COS20, @, = 2cosqa, | —a, (n>1)
7. Tim {a,} thdéa min :
() + 2a'u+l - 8(l” = 2"
Ki hiéu qua F, s6 Fibonacci thit 7 .
8. Ching minh ring
Fy o —1
B+ Bt t By, =22 —
9. Ching minh ring
. Fyy +(1)"6F,_ +5
F113+F123_+_+Fv”3: 3n+2+( ) n——l+ A
10
1 5 s
10. bit a = +2\/3 . Ching minh rang
"—— n—f—l
e’ " « n
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11.
12.

13.

14.
15.

16.
17.

148

R\)

Chitng minh rang néu n @ m thi F, ‘F,.

Gia sit m la s6 nguyén duong tuy y. Ching minh ring ton tai n sao
chom|F, van <m’—1.

Chimg minh dang thic sau :

(F.

n?

F:n,) = Pzn, my*

Chitng minh ring néu n 1€ thi moi wdc 1é cia F, c6 dang 4k + 1.

i
Chitng minh ring F,,,_, — F,"; chia hét cho FL.

Chig minh rang F,

nm F;Zl-li-l + F;:'il Chia hét cho ‘Fr? '

Chimg minh rang : |

a) Néu ¢ 1a uéc nguyén t6 cia F,, p 1a s6 nguyén t6 khac ¢ thi
E, /Fn khong chia hétcho g.

b) Néu p 1a u6c nguyeén 6 1é cia E, thi F,, /F,L chia hét cho p, nhung
khong chia hét cho p’. ,

¢) Néu F, chia hétcho 4 thi F,,/ F, chia hét cho 2, nhung khong chia
hét cho 4.

d) Néu F, chia hét cho 2, nhung khéng chia hét cho 4 thi F, /F,,

chia hét cho 4, nhung khong chia hétcho 8.




Phan li

BAI TAP TONG HOP
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A. PE BAI

Gia sit S 12 tap hop cdc s6 tu nhién sao cho trong khai trién theo co s§
4 cha cdc s6 thuoc S chi gdm cdc chit s6 0 va 1. Ching minh ring

il )

b) Néu 7 1a tap con cia tap hop cdc sO ty nhién, T' chida S va khong

a)Néu z,y €S, z =y thi

Ctring v6i S thi ton tai cic phin th z €T, yeS, z=y va

150

T +y
2
Tim cdc co s6 r (< 10000) sao cho s6 2101 (viét trong co s6 r) 1a s6

chinh phuong.

e S.

Cho a, b, ¢, d 1a cdc s6 tu nhién sao cho P 4+1=uac, ¢ +1=0bd
Chimng minh ring a = 3b —¢, d = 3c — b.

Gia st = v n 12 cdc s6 tu nhién sao cho moi udc nguyén t6 ciia = déu
khong vuot qué n . Ching minh rang néu n® > 4z thi n! chia hét cho
€. )

, , S et DU
Cho p 1a s6 nguyén t6, p >3 ; n = T Chimg minh rang

2" —2:n.

| Cho n 1a s6 tu nhién. Dat

11‘—1
Q(n) — Hk‘Zk-n—{-l'
k=1

Chiing minh rang néu n 12 s6 nguyén t6 thi Q(n) la s6 nguyén.
Cho n 1a s6 tu nhién. Tim uéc chung 16n nhét clia cdc s6

1 3 2n—1
CZ7U CZn’ tery M2n .
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10.

1.

12.

13.

14.

15.

Cho n la sé tu nhién, n > 3. Tim s0 tu nhién A nho nhat ¢é tinh chat
sau : v6i moi by n s6 tu nhién d,. ... ,d, nguyén t6 cung nhau sao cho |

tong d, + -+ d, chia hét cho moi d, ,(1 <i:<n), ta cé (d + - ‘
-+ d,)" chiahét cho tich d,...d,.

Cho n 1as6 tunhién, p 1a s6 nguyén 6, » > p. Ching minh rang

n

(mod p).

Cl = [

L

p
trong d6 [¢] 1a ki hiéu phan nguyén cta s6 .
Gia str n, b la cdc s6 tu nhién, déng thdi n > 5, 2 <b < n. Ching

— ’
(. 1)'} chia hét cho (b - 1), trong d6 [z] la ki hiéu phan

minh rang

nguyén cia sé z.
Gia stt p 12 s6 nguyén t6 1é. Chiing minh ring
!
DU (po 2= (17 (modp).
rtl
b) 2°4° ... (p =17 =(~=1) 2 (modp).
Gia str p 12 s6 nguyén t6 cé dang 3n + 2. Chiing minh rang khong t6n
tai s6 nguyén = sao cho (z° + 3) chia hétcho p.

Cap s6 (n, n +2) dugc goi 12 mét cap s nguyén t6 sinh doéi néu n,
n +2 déu la s6 nguyén t6. Vidu (3, 5), (5, 7), (11, 13), (17, 19) Ia
cdc cap s6 nguyén t6 sinh doi. Ki hiéu qua C(x) s6 cdc cap s6 nguyén
t6 sinh déi (n, n +2) véi n < . Ching minh rang
} ™
E{)

w.‘
—Sinyn
2}2

trong d6 {z] 13 ki hiéu phdn nguyén ctia s6 thuc .

n!
n +

(n,~¢2ﬂ

n

Clz)=2+ Z si11{(n+2)

T<n<x

Ching minh ring néu s6 tu nhién m c6 dang 4k + 1 (k > 0) ma biéu

dién duge bai khong it hon hai cdch dudi dang téng hai s6 chinh
phuong thi m 14 hop s6.

Tim tat ca cac s6 tr nhién n sao cho tén tai cdc s6 nguyén a,, ..., g,
thda man déang thitc sau :
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1

n = E A, Ty, .

i=1
16. Tim tat ca cdc s6 tu nhién m sao cho néu m" =1 (imodn) véi s6
nhién » nao dé thi m =1 (modn).
17. Ching minh rang khong ton tai 14 s6 nguyén duong lién ti€p ma méi s6
déu ¢é ude nguyén 16 p trong khoang 2 < p < 11.
18. Giastr p la s06 nguyén t6, 7 1a s6 tu nhién nho hon p sao cho.
(17! =1 (inod p) (1)
Chitng minh rang
(p—r—-1D'+1=0 (modp) (2)

19. Cho n + 1 s6 ty nhién ay, a5, ... , a,,;, sa0 cho a, < 2n véi moi
=1, ..., n+ 1. Ching minh rang c6 it nhat mot s¢ thuoc diy chia
hét cho mot s0 khic cung ddy do.

20. Gia st sn, n la cdc so nguyén duong, n > 2. Ching minh ring
(2" + 1) khong chia hét cho (2" —1).

21. Ching minh rang ton tai s6 nguyén duong A sao cho s6 42" + 1 1a hop
$6 v&i mot s6 nguyén duong 7 .

22. Ching minh rang

9

I 7 1 1 W
y g | >
[, 0, ¢4 e, 0,C)

la, b][b, c]le, a]  (a, b)(D, ¢)(c, a)

23. Tim N, ¢6 n chit s6 N, = a,a,...a, (a, = 0) sao cho khi chuyén k
chir so dau tién (h =1, 2, ..., n — 1) vao cudi, ta duogc cdc s (ca thay
co (n—1) s6) N, =a,...a,q,, N, =0ay...q,a0,, ... , N, =
a,aa, ... a, |, moi s6 déulaboicua N,.

24. Cho s6 nguyén duong n va cho hai s6 nguyén té cung nhau a, b > 1.
Gia st p, ¢ la hai udc 1é 16n hon 1 va nguyén t6 cling nhau cia

6

a® + b . Hay tim s6 du trong phép chia p% +¢% cho 6.(12)".
25. Cho A las6chan, B las61é, A, B> 0. Giasit n 1a s6 tu nhién tity v.

Chitng minh rang tén tai s6 ma cédc chit s6 ctia né chi gébm cdc chit s6
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26.

28.

29.

30.

31.

32.

33.

cua A, B vachia hét cho 2".
Cho da thuc

P(:I‘) — 2008 1000 +1
Ton tai hay khong cdc s6 tu nhién a;, ..., ay,, sao cho tich
P(a,)P(a,} chia hét cho a,a, véimoi i = 7.
Dat

. .2r‘ . ,Zrlv]
a, =2 +2° +1.

Chiing minh rang, v6i moi n nguyén duong, s6 a, c6 khong it hon n
udc nguyén to.
Gia sa m, p la céc s6 nguyén t6 khdc nhau. Chiing minh ring néu véi
s6 ty nhién nao d6, p 1a wéc cha s6 ("' +2™72 +..- 1) thi ta ¢6
p =1 (modm).
Cacs6tunhién a, b, ¢, d, e thoa min diéu kién

at bt et e dt = et
Chitng minh ring ¢6 it nhat
a) ba s6 chan ;
b) ba s& chia hét cho 5 ;

¢) hai s6 chia hét cho 10.

Gia str d = (a, b), n la s6 nguyén l6n hon 1. Ching minh ring néu —;*
a

éthi (n" +1, n" —1)<2.

Gia st 7, a 12 cdc s6 tu nhién 16n hon 1. Véi nhiing gid tri nao cta r
thi véi moi n tiy ¥, tir n = n (mod 10*) suy ra n* = n (mod10%).
V&i cdc gia tri nao cla n thi moi hé s6 trong khai trién nhi thic
(a+0)" déulé?

Cho n 1a s6 tu nhién, « 1a s6 thuc. Pat :

n—1 -
5,@)=Y | Ja+?
j=0t Te

trong dé [z] 12 ki hiéu phdn nguyén ctia s6 thuc .
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35.

36.

a) Chimg minh rang néu [«] + 1 khong phai la s6 chinh phuong thi
S (a) = njJa].

b) Ching minh rang néu [a] + 1 la s6 chinh phuong thi

$,(0) = nlv@) + [n(a — [VaD).
Cho ham J(n) xac dinh trén ldp hop cic s6 nguyén khong am boi cac
diéu kién sau : '
a) J(0) =J(1)=12;
J(n—1)

véi moi n > 1, trong d6 [] 1a ki hi¢u

b) J(n +1)=J(n)+

phin nguyén ctia s6 thuc 2 . Ching minh rang
[(J(n) +1)(V3 =1)] = J(n —1) véimoi n > 1.
Chung minh ring, véi moi s6 nguyén khong am . ta c6
(V7T 4+ Jn+ 1+ Jn+2]=[J9n + 8].

trong do (] 1a ki hiéu phan nguyén ctia s6 thuc .

Ching minh rang phin nguyén clia can bac 4 cia tich 8 s6 i nhién lién
tiép bang n° + 7n + 6, trong d6 n 1 6 bé nhat trong 8 s6 da chon.

37. Ching minh rang
L ‘\ﬁ{n + 2
P

38.

154

ks

trong d6 | | dung dé chi phan nguyén.

a) Chitng minh rang
[52] + [5y] > [32 + y] + [3y + 7]

trong dé 2, y > 0.
b) Sit dung a), chitng minh rang

(5m)!(5n)!
m!nt(3m + n)!(3n + m)!

la s6 nguyén véi moi m, n nguyén duong.

)



39.

40.

41.

42,

43.

44.

45.

46.
47.

48.

Cho a, < a; <--- <a, lacdc s6 tu nhién. Ching minh rang

1 1 1 1
-+ +o e <1——
[au’ ”‘1} lay, 1] [%-1» ”’n] 2"

trong d6 [a, 0] la ki hiéu boi chung nhé nhat ctia a, b.

Tim tat ca cdc s6 tw nhién 7 ¢6 tinh chat n chia hét cho ¢(n), trong
dé  1a ham Cle.

Gia su mot s6 hoan hao nao d6 ¢6 n udc nguyén t6 khic nhau. Chimg

minh rang trong cic udc nguyén 6 dé c6 it nhat mot s6 khong vuot qua
n.

Gid sit @, m la cdc s6 tu nhién tity y. Chimg minh ring diy
I, a, a", a", ... (modm)
tir ltic nao dé 1a hang s6.
Chiing minh ring v6i moi s6 n tunhién > 2, tacé :
aln) +¢(n) =2m  (n>2).
a) Ki hiéu qua 7' tap hop cdc tam gidc trong mit phang ma céc dinh c6
toa do la cic s6 nguyén, déng thoi s6 do clia cdc canh ciing 13 s6

nguyén. Chimg minh rang tam gidc can tuy y thuéc 7' 1a hop cla hai
tam gidc vuéng can thuoc T.

b) Ki hiéu qua V' tap hop cdc tam gidc trong khong gian ma cdc dinh c6
toa dé nguyén. Ton tai hay khong mot tam gidc déu thuoe V' cé s6 do
ctia cdc canh la nguyén ?

Xét cac tam gidc véi s6 do cdc canh £ — 1, z,  + 1, chiéu cao h ha
xudng canh =, dién tich S déu 1a cdc s6 nguyén. Chitng minh ring céc
quan hé truy hoi sau day sinh ra tdt ca cc tam gidc nhu vay :

By yy=4h,  —h; S, ,=145 ,-8,.

Ty = 41"714—1 - 142 )

71.;
Tim 14t ca cdc s6 tu nhién m, n sao cho 2" + 3" 1a s6 chinh phuong.
Tim tat ca cdc s6 tur nhién z, y théa man phuong trinh :

' —y =z +uy.

Tén tai hay khong cic s6 tu phién a, b, m, n ;: a=b, n>2,
m > 2 thdéa min hé sau :

155




49.

50.

S1.

52.

33.

55.

56.

57.

38.
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Tim t4t ca cac s6 nguyén khong am z, y, z théa man phuong trinh sau
Jryz —Jzr — Jy — 2 =2.

Tim tit ca cdc sO tu nhién a, b, ¢, d khiac nhau d6i mot sao cho
(abed — 1) chia hét cho tich (a — 1)(b — 1)(c = 1)(d —1).

Tim tdt ca cac s6 tu nhién n dé t6n tai cdc s6 tu nhién (z, y, z) sao
cho (z + y + z)* chia hét cho nzyz.

Gia st s 12 s0 tu nhién cé k& udc s6 duong lé va khdac 0. Chimg minh
ring s cé thé viét duoc theo k cich khdc nhau dudi dang téng cha
khong it hon hai s6 tu nhién lién ti€p.

Phuong trinh sau day c6 nghiém nguyén hay khong :
(t+1V 4+’ =@ +22+0 =@ +3)V +2 =(z+4) +d°
Tim cdc nghiém cua phuong trinh
Y =1+z4+z* +2° + 2"
Tim cdc bo s6 nguyén z, y, z thoa man hé phuong trinh
z+y+z=m (1)
LQ +yt =0 (2)

trong dé m, n la cdc s6 nguyén.

Gia st x, y, n la cdc s6 nguyén duong, z va y nguyén t6 cing nhau.
Chtng minh ring moi udc 1¢ chia s6 z° + y* déu cé dang 2"*'m + 1.
Tim s6 nguyén n > 1 nho nhat sao cho

T

VAR

12 s6 nguyén.
Tim cdc nghiém nguyén cla phuong trinh sau :

CL‘2 +y2 +22 — '7:2:92-




60.

61.

62.

63.

64.

65.

66.

Tim tat ca cdc s6 nguyén duong 7 sao cho phuong trinh sau day cé
nghiém . y, u, v nguyén duong :

(7 4y 4+ u +v) = n ayu. (1)
a) Tim 11 s6 tu nhién lién ti€p ma tdng cdc binh phuong chia ching la
s6 chinh phuong.

b) Chimg minh khi 2 <n <11, khéng t6n tai n s& tu nhién lién tiép
c6 tinh chat trén.

Tim tat ca cdc s6 nguyén duong n sao cho phuong trinh

24t 4 2 =ty
c6 nghiém nguyén duong.
Ching minh rang phuong trinh

dz" +(x + 1) =97, |

n nguyén duong, chi ¢6 nghiém nguyén duong (z, y)khi n = 2.
ay Ching minh ring, tdng 2” +¢* v6i x, y nguyén khong thé la s6
chinh phuong néu z, y khong chia hét cho 3.
b) Ching minh ring néu z° 4+ y” = 2%, =, y nguyén thi it nhat mot
trongbasé z, y, z chiah&tcho 5.

a) Ching minh rang ton tai vo han s6 tu nhién a sao cho a +1 va
3a + 1 déu 1a s chinh phuong.

b) Cho a, < a, <--- la ddy tat ca cdc s6 thoa min tinh chat a). Chimg
minh rang a,a,., + 1 14 s6 chinh phuong véi moi n > 1.

Cho ddy s6 {z,} xdc dinh bai cdc diéu kién sau :
)z, =0, 2, =1, z,=0
i) Véimoi n > 1,

2
1 1 ‘ 1
o, = (n’ +n+1)(n+ )wm+(n2+n+1)m,,+1~ixn.
n n

Chiing minh rang z, 12 s6 chinh phuong véi moi n > 0.

Tim cong thic tinh s6 hang téng quat u, theo cdc s6 hang v, v, cla
diy s6 {u,} xdc dinh boi quan he sau :
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67.

68.

69.

70.

71.

72.

73.

74.

75.

158
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=2(2n + 3Yu,,, —4n+1°2n +1)(2n + 3)u,
véir n > 0.

Tim tdt ca cdc s nguyén a, b sao cho. (a® +b” + 1) chia hét cho tich

ab .

"

Tim cdc cap s6 tu nhién (m, n) sao cho 1<m <n, m” = -1

il

(modn), n® = —1 (modm).

Cho day s6 {y,} xéc dinh boi cic diéu kién sau :

Dy, =ys;=1;

i) (n+1)(n—2)y,,, =n(n’ —n—1y, —(n—1%y,_,, véi n >1.
Tim tit ca cdc gid tri cha n dé y, 12 s6 nguyén.

Cho diy s6 nguyén {a,}, xdc dinh b&i a, =1, a, = q,_, + q, 4 VoI
moi n > 1. Ching minh ring v6i méi s6 nguyén t6 p < 13, tén tai vo
s6 s6 tu nhién k saocho a, i p.

Tinh téng % s6 hang ddu tién cla diy {z,} cho bdi cong thiic truy hoi

sau ;
2 z,

Ty =, L, T .
3 200 +1)z, +1

Tim cong thic tinh s6 hang téng quit a, cla diy cho bdi cong thitc
truy hoi sau :

a, =20, ¢, =100, a,, , = 4a,, , +5a, +20

voin>1.

Tim t4t ca cdc cip s6 nguyén duong (m, n) sao cho

in') —mn — mzl =1.
Chiing minh rang, ton tai n thoa man
7(n?) = k(n)
khi vachikhi k laséle.

Khi kiém tra tinh nguyén t6 clia s6 Mersenne, ngudi ta thuong diing day
truy hoéi sau :




6 0;

‘/-

76.

77.

78.

79.

80.

¢ 2 b
a, =3, a,, =a, —2, n>1

P . X ok 1 . N PR, . .
Chitng minh ring o, = —=— (k > 1), trong d6F, 1a s6 Fibonacci thit
"2k
k.
Cho day s6 trnhién «,, a,. ..., a, thoa man:

O<a, <a, <---<a,<2n, n=4van>3.
Chimg minh rang

minfa,, a_)] < 6[

+1,
trong d6 [a,, a,] 12 boi chung nhé nhét cua hai s6 «a,, a;.

Tim tat ca cac ham s6 f(z, y) xdc dinh véi moi (z, y) 12 s6 tu nhién,
nhan gid tri trong tap hop cdc s6 tu nhién va thoa man cdc diéu kién sau
véi moi $6 tunhién z, y :

DN fle )= flu. =)

i flr. z)y= f(2);

i) (y —2)f(z, y) = yf(z, y—) n€u y > .

Chitng minh ring can bac 3 cla ba s6 nguyén t6 khic nhau khong thé 1a
ba sO hang (khong nhat thiét lién ti€p) cia mot cdp s6 cong nao dé.

Ki hiéu qua 7(n) s6 cdc s6 nguyén t6 khong vuot qua n. Gia sur q,,
Uy, ... , @, liaday cdc so tu nhién nao d6 théa min :

i) Khong ¢6 a, nao 1a ude cua tich cac s6 con lai.

oo <a, <--<a, <n.

Tim gia tri 16n nhat c6 thé cta m .

Phéan s6 ¢6 tir sO bang 1, miu s6 12 s6 tu nhién dugce goi 1a phan s6 don
duong. Hdi cé bao nhiéu cdch biéu dién phan s %L— (n 12 s6 tu nhién)

dudi dang :
a) Téng hai phan s6 don duong ;
b) Hiéu hai phan s6 don duong.
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81.

82.

83.

84.

85.

86.

87.

88.

Xét mot khoang md c6 do dai 1/n cla truc thuc (n la s6 tu nhién).
Tim s6 cuc dai cdc phan s6 t6i gian dang p/q véi 1 < g <n dugc
chita trong khoang néi trén.

Gia st m, n 1a céc s6 nguyén & va (n® —1) chia hét cho

lm2 +1 - 71,2|. Chiing minh rang lm2 + 1 —n?| 12 56 chinh phuong.
S6 nguyén n dugc goi la 16t néu c6 thé viet dudi dang

n=a; + 0+,

trong d6 a,, a,, ..., @, 12 cdc s6 nguyén duong (khong nhat thi€t khac
nhau) théa man :

11 1

— =4+ —=1.

! a, a,

Biét rang n t6t néu 33 <n < 73. Chitng minh réng moi s6 n > 33
déu 12 s6 tot. ‘

Chitng minh ring néu sé chinh phuong n 1a hiéu cha cdc lap phuong
ctia hai sd tu nhién lién ti€p thi «/n 1a tdng cdc binh phuong cia hai s6
tu nhién lién tiép. :

Gia st 7 12 mot s6 vo ti duong. Chimg minh rang giita hai s6 tu nhién
lién ti€p c6 mot va chi mot s6 hang ctia mot trong hai ddy sau day :

(A+7), 20+7), 3(1+7), ...
2) afo 2 ofs 2.

Gia st f(z) la da thic véi hé s6 hitu ti, bac > 2 ; a;, a, ... |a ddy s6
hitu ti théa man diéu kien f(a,,,) = a,, n >1. Ching minh rang t6n
tat k>1déa,,, =a, (n>1).

Véi moi s6 tu nhién m, 7, ching minh rang (n!) chia hét cho m khi
va chi khi t6n tai da thitc hé s6 nguyén

flz) = i s

k=0
théa man : (a,, a, ..., a,, m)=1, m]|f(j) v6i moi j nguyén
duong. ' .
Gia sit m 12 s6 tu nhién, p 13 mot uéc nguyen t6 cia m . Gid st n, k

- la céc s6 tu nhién thoa man
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89.

90.

91.

92.

93.

94,

95.

96.

A+l
p<n m<n?,

Chum3 minh rang . bi€u dién duge dudi dang tich cla k s6 tu nhién,
moi so khong vuot qua n .

Chimg minh rang ton tai vo han cap (m, m + 1) cdc s6 tu nhién lién
[lep sao cho moi udc nguyén t6 cua m va m+1 déu tham gia khai
trién véi s6 mii I6n hon 1.

Gia su o la s6 nguyen 1on hon 4, f(n) va g(n) la hai day s6 nguyén

xic dinh boi 3 diéu kién sau :

D f=1;

i) g(n)=mna—1- f(n);

i) f(n + 1) 1a s6 tu nhién nho nhat khdc véi cdc s6 f(1), ..., f(n),

9(), ., g(n).

Chimg minh rang t6n tai cdc hing s& o, 3 sao cho véi moi n ta cé
ftn) =Tlonl. g(n) = [4n].

(Ki hic¢u [x] dung dé chi phan nguyén cha 1:).

Gia s ddy o, < a, < la ddy vo han cic s6 nguyén duong. Chimg

minh rang ton tai day con vo han sao cho trong dé khong cé s6 hang
nao la bdi cua sé khic cung day con d6, hoac ton tai diy con v6 han ma

méi s6 hang déu 1 boi clia cic s6 trude noé.

Gia st «, b la cic s6 nguyén 16n hon 1, théa min diéu kien
(0" =1) [ (a" —1) v6i moi n nguyén duong. Chimg minh rang tén tai
i nguyén dé o = b".

Talap 7 s6 c6 7 chit s6 tircdc s6 1, 2, ..., 7 14y theo thit tu khdc nhau.

Chimg minh ring tong cdc ldy thua bac 7 cua mot s6 s§ trong cic s
trén khong thé bang tdng céc lity thita bac 7 clia cdc s6 con lai.

Cho n la s6 €. Ching minh rang tich cia n s6 ty nhién lién tiép chia
hét cho tong ciia ching, tritkhi n 12 s6 nguyén to.

Cho n s6 thuc tity ¥ «,, ..., a,. Ching minh ring c6 thé chon duoc
mot 56 s6 trong chiing (c6 thé chi 1 s6) sao cho téng cic s6 di chon sai
khdc v6i s& nguyén gdn t6ng d6 nhét khong qud 1/(n + 1).

V&1 méi mot tap con 7' hitu han khdc réng cha tap hop cic s6 nguyén
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duong. dat P(T) = tich cdc s6 thuoc T, M(T) = max cdc so thuoc
T, m(T) = min cdc s6 thuoe T. Cho m la s6 tu nhién sao cho . ¢o
udc nguyeén té p > J2m +1. Tim gid tri A nho nhét dé t6n tai tip
hop T ¢6 m(T)=m, M(T)= M va P(T) la s6 chinh phuong.

97. Tim s6 nguyén duong N 16n nhit sao cho cdc s6 nguyén chia hét cho 3
trong tap hop {L 2, ..., N} bang s6 cdc so nguyén trong tap hop dé
ma chia hét cho 5 hoac 7. '

98. Véi mdi s6 nguyén duong n, ki hieu S(n) 1a tong céac chir 6 trong
biéu dién thap phan ctia n . Méi s6 nguyén duong nhan dugc bang cich
x6a mot s6 chit s6 tan ciing clia 7 (s0 chi s0 bi x0a it nhat [a mot) goi
2 mot gian s6 cua n. Goi T(n) la téng tat cdc cdc gian s6 cua n .
Ching minh n = S(n) + 97T(n).

99, Cho day cdc s6 nguyén duong ¢, < a, < -+ < a, < 2n, sao cho khong
6 hai s6 nio clia day chia hét cho nhau. Gia sir & 1a s6 xdc dinh bai
ok ‘ ak+ . : X ok
3¢ < 2n < 3. Chimg minh rang ¢, > 2".

100. Tim tat ¢4 cic da thiic hé s6 hi ti P(r) sao cho P() nhan gid tri hit
ti khi va chi khi 2 12 s6 hitu ti.

101. Viét trén bang céc s 1, 2, ..., 2004. C6 hai nguoi choi theo quy tac
sau. Pén luot, méi ngudi c6 quyén xéa hai so tuy y a, b trén bang va
thay vao dé s0 " Trod choi két thiic khi trén bang con lai mot s6. Néu
6 dé tan cing 1a 2, 3, 7, 8 thi ngudi di trude duge xem 12 thang. Néu
nguoc lai thi nguoi di sau thang. Hoi ai 12 ngudi ¢6 chién luoc thing

102. Xét cde cip s6 cong hitu han s6 hang (khong it hon 3 s6 hang), sao cho
. . - N R . ” v 2 .- N .
tich cdc s6 hang 1A mot ude cta s0 ¢ dang n° + 1, voi 1 nao do :
a) Chiing minh rang ton tai cdp s6 cong nhu trén v6i cong saila 12,
b) Ching minh ring khong ton tai cap s6 cong nhu trén voi cong sai la
10 hoac 11.
¢) Cdp sG cong ¢6 cong sai 12 va thoa man tinh chat di néu c6 thé ¢
nhiéu nhat 12 bao nhiéu s6 hang ?

103. Chiing minh ring, v6i moi s6 tu nhién 7, ta co:

oy

trong d6 {a} 1a ki hiéu phan1é cta a.

< 2n,
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B. LOI GIAI

+y

. T . e - . .
1. a) Néu thudc S thi trong khai trién co s6 4 cta (z —y) chico

chit s6 0 va 2. Do z = y nén trong khai trién cta (z +y) dcoso 4
phai chita chit s6 1, vi it nhét tai vi trf ndo do, =, y c6 chix s0 khac
nhau, ma chiing thuoéc S nén moét s6 c6 chir s6 0, s6 kiaco chit s6 1.

Vay vty khong thé thuoc S .

b) Ta chi cdn chitng minh réng, véi moi = khong thuéc 5, ton tai 2, y

A o
thuéc S sao cho Y

Ta viét cdc khai trién trong co s6 4:

N
T = Zm,al", (0 <z; <3).

=0

N+1

t=> 4

1=0
N+l _
m+t:2ui4', 0 <u, <3).
r=()

Véi mdi v, , ta xdc dinh y,, 2, cho bdi bang sau :

u, oy, 2

4

0 1 0
1 0 0
2 1 1
3 0 1
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Gia sir v, z 1a céc phéan tu cho boi :

N 41

¥y = Zy/‘ll

(=0

N+1

z = Zz/li

1==()
Vi méi dong ctia bang néi trén théa man dang thic 2z, +1 = u; +y,
nén ta co

N+1 N+1

2z —y = Z(QZ.,‘, - Z/'/)4i = Z(U, ’1)4i =u—t=1I

=) 1=0

y+tz

Vay, z =

Gia sir s6 2101 14 s6 chinh phuong trong co s6 7. Ta ¢6 :
2101 =27’ +r + 1.
Viét 2101 duoi dang :
2101 = s(r + 1),
trong do6
s =22 —r+1 =2r(r —1)+7r+1.

Néu ¢ 1a udc chung ctia s va 7+ 1 thi ¢ 12 u6c chung cta (r +1) va

2r(r —1), do dé ¢ la wéc chung cha (r+1) va 2r=1) =

t@2r—2—7r—1) = t|(r=3) = t{[r+)-(r=3)]=t]4.
Theo gia thiét, s(r + 1) 1a s6 chinh phuong :

s(r 4+ 1) = k*.
Gia st p 13 mot udc nguyén t6 cua k?. Khi d6, p’|s, hoac
p? | (r +1), hodc p la uéc chung ciia s va (r+1), uic la pt=4.

Nhu vy, s va (r + 1) hoac déu 1a s6 chinh phuong, hodc déu la hai l4n
mot s6 chinh phuong. Ta xét hai truong hop :

a)r+1=n% Dor<10,suyran <3.

Véi n =2, taduoc r = 3, s = 16, (2001); = (22);.
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V6i n =3, taduoc r = 8, s = 121, (2001); = (1103)?%.
Dr+l1=2n"=n<2.Véin=2 tacér=7.

Thu tryc ti€p cho thdy nghiém nay khong thoa man. Vay, 2101 la so
chinh phuong trong cos6 3 va 8.

Ta thdy cdc dang thiic sau day l1a twong duong

0 =3b—cob +1=8b—c)ee b +c? +1=3bc e d=3c—b.
Vay, chi cén chiing minh ring, néu ¢ 1a uéc cha b> + 1, b 12 uéc cia
¢’ +1 thitacé b> + ¢’ +1=3bc.

Gid st b < ¢. Ta chimg minh quy nap theo téng b + c. Néu b + ¢ = 2
thi b =c¢ =1 diéu cin chimg minh 13 ding. Néu ¢>1, b= ¢ thi
b<c-—1 nén b +1<c?, suy ra a<c. Tt cic ding thic
V' +1=uac, ¢ +1=1bd suyra (2 + 17 = a’(bd — 1). Do dé

1= —a® (modb).

Vay b|(a* +1). Do a|(* +1) ma (a+ b) <(b+c¢) nén theo gia
thiét quy nap,

a* + b2 +1= 3ab.

Viay :
(0® +1)* = a’* = (3ab - b* —1)¢* = 3abe? — (* + 1)
Suy ra
(0* + 1)(0* + ¢* +1) = 3abc® = 3be(b? + 1).
T dé

b* +c® +1 = 3bc.
Gia st p 1a udc nguyén 16 cha z, khi d6 p<n nén p|n!. Gia st
trong khai triénclia 7, p c6s6 miichinla 2s, s > 1. Tacé

2

iy n
<z<—.
Po= 4

Suy ra
2p' < m.
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Nhu vay, s6 mii ctia p tham gia trong khai trién ctia 7! s€ 16n hon hoac
bang 2p* ' > 2s. Do dé6 p™ Inl. Ta xét truong hop lily thira cao nhét
cha p trong khai trién cha x 1as61é 25 4+ 1, s > 1. Khido 7

pot < % =n>2/pp"
Ta xét hai trlrfmg hop :

a) 4p* < n.Khidé p ™' | n!

b) 4p* >n=dp" >n>2pp =22 p=>2p=p=>n> pt
Nhu vay, s6 mii ctia p trong n! s& 16n hon hoac bing

P e p 12 42T 241 =2 1> 20 1
Suy ra p* "t | n!.

Vi p dang xét 1a uSc nguyén t8 ty y clhia & nénsuy ra o | n!.
Taco:

2 A HE" 1)
a - 3 ’

n—1=

Vi p 12 s6 nguyén t6 I¢ nén

271 =1 (mod 3).

Mat khic, theo Dinh If Fermat bé,
2" ! = 1 (mod p).
Vay, néu p > 3 thi

2711 3p,

do dé
n—1:2p.

Tl d6 suy ra
(2"t —1): (2 - 1).

Nhung (27" —1) i n nén suy ra
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2"t 1=0 (modn),
tire la
2" =2 =0 (modn).

6. Trudc hét, ta chiing minh dang thic sau véi moi n nguyén duong

n—1

=1 k=1

=3

Diéng thite thit nhat nhan duoc khi thay & boi (n — &), vi ta ¢é hai tich
gom cdc thira s6 nhu nhau véi thd tu ddo nguge. DE ching minh dang
thirc thit hai, ta thay :

—1

[Tk =1.0.2).0.23)..0.2..n - 1),

k=1
Nhu vay :
$6 2 xudt hién n — 2 lan,

$O 3 xudt hién » - 3 lin,

s6 (n — 1) xudt hién 1 lan.

Tir d6 suy ra dang thic. Vay :

T"— n-l
n—1 kn—l [I_«[lk]
Qn) =[] =
[HA‘,"”/"J
k=1

Pl ]C.Z”_Qk
[((n=DI" o

T on-1

H[k!(n —p)] k=t

k=1
Khi 7 1a s6 nguyén t6 thi n | C* nén Q(n) 1 s6 nguyén.
7.  Theo tinh chat clia c4c s6 nhi thic, ta cé
Cou +Cop o+ O3 = 2070

‘ 9 . % 1 3 2n—1 z
Nhu vay, uéc chung cta cic s6 C,,, C;,, ... , Cy'™' c6 dang 2". Ta
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cdn tim s& p 16n nhét c6 thé.
Gia st n = 2"¢, trong d6 ¢ 1as6 1é. Ta cé

1
0‘2 n

; 2}~'+1 q,

nén udc chung cua cdc s6 dang xét < 2¢*1 Ta chiing minh uéc chung
dé chinh 1a 2°*'. Tacé :
B 2/{1‘41(1

Yy ~yp—1
2/‘14(1 - P C‘Z”“q—l' (])

Vi céc s6 nhi thitc 12 nguyén, va p 13 s6 1é nén tir (1) suy ra rang C',Z’f_uq
chia hét cho 2F*! tirc 1a

P okl
=2

2“‘1(1
M, nguyén, p=1, 3, ..., 2n—1. Vay 2" 1a uéc chung clia cic s6
dang xét, va 12 udc chung 16n nhat.
Gia st p 1as6 nguyén 6, p laude cuatich d, ... , d,.Goi s lasolon
nhdt sao cho tén tai j, 1<j<n, d¢ d, chia hét cho p'. Vi
(d, +--- +d,) chia hét cho d, nén (d +---+d,) : p°. Tir d6 suy ra

(dl 4 e +d")u—‘2 ps(u.—'))l

" Vid,, ..., d, khong c6 udc chung khéc 1 nén phdi t6n tai d, nao d6
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khong chia hét cho p. Mat khéc, do téng clia cdc d, chia hétcho p nén

ngoai d, phai cé it nhat mot d, khic ciing khong chia hét cho p. Nhu
vay, liiy thita cao nhét ciia p chia hét tich d;..d, khong vuot qui
s(n —2) . Vi p dugc chon 12 mot uc nguyén t6 tiy ¥ cua tich nén ta co

d +--+d) 7 i d..4d,.
Nhu vay, s6 k nhoé nhit can tim théa méan
kE<n-—2.
Ta ching to k =n—2, tic lanéu k <n—3 thi 6n tai 4, ... , d,
théa man gia thiét bai todn sao cho (d, +: +d, Y~ khéng chia hét

cho tich d,...d,. Taldy d, =1, dy,=n—-1, d =n vl 3<1<n.
Khi d6 (d, +--+d,)=n(n—1) : d véimoi 1 <i<n. Mat khac

<%,



10.

d...d, =(n—1n""". Do (n, n—1)=1 nén ldy thira bé hon
(n —2) cuaténg (d, + -+ d,) khong thé chia hét cho tich d, ...d,.
Xétday n, n—1, .., n—p-+1.Daygbm p is()' tu nhién lién tiép nén
¢ diing mot s6 cua diy chia hétcho p, gid st s6 d6 1a N . Ta ¢6

p

N_om
;

Loai so N ra khoi ddy va xét dong du modulo p, taduge day 1, 2, ...,
(» —1) (mod p) (x€p theo thit trr ndo d6). Goi @ 1a tich cic s6 chia day
(sau khi loai b6 N ). Tacé :

_n(n—1)...(n—p+1)
= I ‘

(p — 1! (mod p).

Q
Suy ra
NQ = (p—1)!N (modpN)

OV o
P P

mod p) (n

Vi (p, (p—1)Y) =1 nén ta duoc
M9 X (mod ). @)
2

Vay
= [ﬁl (mod p).
p

Ta xét 4 truong hop sau day :
a)b<n

b) b =mn 1a moét hop s, nhung khong 1a binh phuong ciia mot s6
nguyén to

c)b=n = p’ véi p a6 nguyén t6 no dé

d) b=n = p, trong d6 p l1a s6 nguyén t6.

e Truong hop 1 : b <n.Tacéd:
(n—1)1 @ b(b—1),
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11.

— 1!
nén @—E—ll— la s6 nguyén chia hét cho (b —1).

e Truong hop 2 : b=n=rs v6i I<r <s<n.Do (n, n—1)=1

nén s < (n—1).Suyra (n—1D! i rs(n —1) = b(b 1) : ta tr lai nhu
trong truong hop 1. '

e Truong hop 3 : b=n = p*, p 13 s6 nguyén 6. Do n = p? > 5 nén
suyra1<p<‘2p<p2—1:n—1.Vay v |

(n—1)!  p2p)(n —1) = 2b(b—1),
va ta tr¢ vé truong hop 1.

e Truong hop 4 : b = n = p nguyén t6. Theo Dinh i Wilson,

(p—l)!‘ _ [(p—-l)!—}-l 1

(p—-DI+1: p:>{

p P p
;(L:_M 1
p
_p=D=(-1)
D

R& rang (p — 1) 12 uéc ca tir s6, va do p, p — 1 nguyén 6 cung nhau
nén (p — 1) 12 udc clia thuong dang xét.

a) Theo Pnh 1i Wilson ta c6 :

12...(p—1)=(p~-D!=-1 (modp). (1)
Mat khéc, véi i = 0, £1, £2, ... tacé dong du sau :
i = —(p—1) (modp). (2)

-1 .
s6) boi s6

Ta thay céc s6 chin trong vé& trdi chia (1) (c6 tat ca P
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déng du véi né trong (2) (véi i =2, 4, 6, ..., p—1). Nhém cac nhan
tir lai, ta nhan duoc : :
-l

1232...(p — 2(~1) ? = —1 (modp),

tic la




i2.

p—1

123 . (p=27=(-1)* (modp),

. -1 .
b) Tuong tu nhu phan a), ta thay p‘ sG leﬁ»o vé& trai cua (1) boi s6

déng du véi né trong (2) réi nhém céc nhan tiy, ta nhan duoc :

p—1

24 (p-2)Y = (—=1) 2 (mod p).

Gia st nguoc lai, ton tai cdc s6 nguyén t6 p dang 3n + 2 dé phuong
trinh déng du

2> +3 =0 (mod p) (1)

c6 nghiem. Goi p, 1a s6 bé nhét trong cic s6 do, va gia su z = ¢
(< p,) théa min

z* +3 =0 (mod p,).
Néu can thi thay e bdi (p —e), ta xem e chan. Xét cac truong hop
¢ =1 (mod 3) va ¢F =0 (nod 3).
e Trudong hop 1. Tir ¢* = —3 (mod p,) tacé :
e’ = =3+ fpy,
trong d6 f < p, va f 1é. Nhu vay
pof =¢ +3=4 (mod3).

Do p, =2 (mod3) nén f =2 (mod3). Vay f le c6 dang 3n + 2.
Suy ra ring [ phai cé udc nguyén t6 1€ q dang 3n +2.Tacé

e’ = —3 (modq) (2)
Do ¢ < f < p, nén (2) mau thudn véi cich chon p,.
o Truong hop 2. ¢ =0 (mod3). Suy ra e=3"k v6i k/3 va a
nguyén duong. Do e* = —3 (mod p,) nén
3*k* = -3 (mod py).
Suy ra
3212 = —1 (mod p,),
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13.

172

320-—%/\,_‘2 +1=ph, h<p, hlé.

Do do |

poh =1 (mod 3).
Nhung p, =2 (mod3) nén h =2 (mod3). Suy ra h Ié, dang
3n + 2. Do dé ton tai udc nguyén t6 r clia h c6 dang 3n + 2. Vay
37 = —1 (modh) = =1 (modr), tic la 3%1> = -3 (modr):
mau thuan, vi r < p, .

— 2)! ) .
(n ) la s6 nguyén chan, do d6

Néu n la horp s6 va n > 5 thi
n

o),

R
sin{—n
2 n
Neéu p 1a s6 nguyén t6 thi theo Dinh 1i Wilson,
(p—=2)!=—(p—-1)! =1 (mmod p).

Do do

(p — 2)!’ _(p=2)=1
p p
Vay, khi p>5,tacé 4| (p —2)! nén

Sin{ (p 2 } sin —]’ P«Z)'— ]}~—1.

£

Tir d6 suy ra ring, néu n > 5 thi s6 hang tht n biang 0 khi n hoac
Y g g g :

n + 2 lahop s0, bang (—1)(—1) =1 khi n va n + 2 déu la s6 nguyén

t0. Nhu vay,
|
Siny-—n

cho ta s6 cdc cap s6 nguyén t6 sinh déi (n, n+2) khi z >n > 7. Dé
c6 tét ca cdc cip s6 nguyén nguyén t6 sinh doi (n, n +2) véi n <z,

|

E sin -71(71, +2)[—£'—
2 n+ 2

TZu<r

(n —2)!

ta can thém vao téng néi trén 2 cap: (3, 5) va (5, 7).

Ghi chi : Cho dén nay, ngudi ta vin chua ching minh dugc 13 ton tai
hitu han hay v6 han cap s6 nguyeén t6 sinh déi.

o 1
e\



14. Gia slt s6 m dang 4k 41 c6 hai cdch biéu dién duéi dang téng binh

15.

phuong ctia hai s6 :
m = z* +y2 = + 0%

Vi m 1a so 1é nén trong méi téng phai c6 mot s6 1é, gia sir = v u 1@,
y va v chan. Khong giam tong quat, gid st z > u. Nhu vay y < v.
Cdc so o + u va v £ y lacdc s6 duong chan. Ta viét m dudi dang :

- (.’L‘ + L u,)2 N (y f,ly B y)z

:(z+zL)2+(a:—u)2 +(yfv)2 +(v—y)2
2 2 .2 2

=p'+¢ +r +5

Goi a 1a u6c chung 16n nhdt cha p va r, va gid skt p =ab, r = ac,
trong d6 (b,c) = 1. Khidé tacd : abg = acs = bqg = cs. Vay ¢ | ¢, gia
st ¢ =cd.Khidé bed =cs = s=1bd.Tacé:

m = a’h’ + *d +a’c® +b*d* = (o' +dH)(b* + ),
va m khong phai 12 s6 nguyén t6.

Ta ching minh n cé tinh chdt doi hoi khi va chi khi n =1 (mod4)
hoac n = 0 (mod4), n = 4.

a) Trudc tién, gid st n =1 (mod4):n =4k +1, trong dé6 % 1a s6
nguyén duong. Ta chon cic s6 o, nhu sau :

ay = =@y = —1

gy == Ay = 1

Qg = T
Dé thir lai ring, cdc s6 {a;} da chon thda man bai ra.
b) Gia st n = 0 (mod4), n = 4. Ta xét hai trudng hop :
1) n =4k, k chan. Ta chon cic s6 ¢; nhu sau :

o =-=a =-1

Qpyp = = Oy_y =1
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16.

174

gy = 2
ay, = 2k.

ii) & 16 > 1. Chon céc s6 a; nhu sau:
4 = = Q@ _y = -1
Uy = 0= Qyyy = 1
Ggpg = 2
ay, = 2k.

Nguge lai, ta cdn chimg to ring n khong ¢6 tinh chat doi hoi néu
n = 4 hoac n = —1 (mod4).

i) n=1. Giasir a,a,0,0, = 4. Khid6 a; = £1, +2, £4. Do téng cic
a, bing 4 nénmoi g; = 4 va g, = —1. Vy q; =1 hodc +2. Do tich
bing 4 nén c6 ding hai s6 c6 tri tuyét d6i bang 2, téng hai s6 d6 1a 4,
0 hodc —4 .Dé& suy ra vo li.

i) m = -1 (mod4) : vitich cdc a, bing n nén cic o, déu lé. Lai do
tich déng du —1 (mod4) nén cé mot s6 1é cic s6 a, dong du —1
(mod 4), ching han c6 2m + 1 s6 dong du —1 (mod4). Khi dé6 téng
déng du véi (n —2m —1) — (2m +1) =n —2 (mod4) : vo Ii.

Giast m > 2.Khiddtaco

mm = 1+ (m— 1))(""“1)'2 =1 (mod (m —1)").

Mat khédc, m % 1 (mod (m — 1)°) : moi gid tri 7n > 2 khong théa man
bai ra.
Khi m = 1: hién nhién thoa man bai ra.

Xétm =2,tacd:

" =1 (modn) véimoi n > 1.
Gia st p 12 udc nguyén t6 nho nhét cia n, khi dé
2" =1 (mod p)

R rang p 1256 18. Vi n khong chia hét cho cdc s6 nguyén t6 nho hon
p nén (n, p—1) = 1. Nhu vay, ton tai cic s6 nguyén a, b sao cho

9%
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. 6‘0‘

an +b(p —1)=1.
T Pinh If Fermat bé, ta c6
ot = greglr=ll — (mod p).
Mau thuén nay chiing 10 rang, gia thi€t m" =1 (modn) khong bao gidy
xay ra.
Vay ta ¢6 ménh dé
m" =1 (modn) = m =1 (modn)

ding khi va chi khi m = 1 hoic 2.

17. Trong 14 s6 tu nhién lién ti€p c6 7 s6 chdn, ching c6 udc nguyén (6

18.

19.

p = 2. Nhu vay con phai chi ra rang trong 7 s6 1é con lai, t6n tai it nhat
mot s6 khong chia hét cho mot trong céc s6 3, 5, 7, 11. Trong 7 s6 1é
nay, c6 nhiéu nhdt 3 s6 chia hét cho 3, hai s6 chia hét cho 5, mot s6
chia hét cho 7 va moét s6 chia hét cho 11. Nhu vay, néu méi mot trong
7 s6 1¢ nay chia hét cho moét trong cdc s6 3, 5, 7, 11 thi mbi s6 1¢
dang xét chi chia hét cho diing mét s trong cdc s6 3, 5, 7, 11, déng
thot ¢6 dung 3 s6 chia hét cho 3, hai s6 chia hét cho 5, mot s6 chia hét
cho 7, mét s6 chia hét cho 11. Diéu nay vo li, vi dé c6 3 s6 chia hét
cho 3, ching phdi la s6 hang ddu, gilta va cudi ctia 7 s& 1é dang xét.
Nhung khi d6, do hiéu ctlia hai s6 tiy ¥ trong cdc s6 con lai bé hon 10
nén khong thé t6n tai hai s6 chia hét cho 5.

Theo Dinh 1f Wilson ta ¢é

(p =)' +1=0 (mod p).

Mt khic,
(p—D(p—=2)...(p—r)=(=1"r! (mmodp)
Suy ra
(p-1!=(p—r-1)(-1 7! (mod p.)
Tir d6 suy ra cdc dong du (1) va (2) 1a twong duong nhau.

Nhan xét : Hoan toan tuong tu, ta chitng minh dugc déng du sau :

[

Ta vi€tcic s6 ay, ... , a,,, dudi dang
— 9h7
a; = 2b'c,,

p—1

. ]-( D% (modp).
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20.

21.

176

trong d6 b, >0, ¢, le (=1 .., n+1). Docdc ¢, I¢, ¢, <2n nén
phai c6 it nhat hai gid tri ¢, ndo d6 tring nhau (vi chi c6 n s0 1¢& nho
hon 2n). Gia st
¢, =¢, k=1

Khi do

a, = ¢,.2", a, = ¢, 2",
R& rang mot trong hai so phai chia hét cho so6 kia.
Xét cdc truong hop sau :
a) m<n :Don>2,tacd 2" 2 -1)> 2, tic 1a "t 41 <2 1.
Vay ’
2" +1<2" -1,
va hién nhién 2" + 1 khéng chia hét cho 2" —1.
bym=mn:

2'"). 1 i

: Tl + 2
2" —1 2" -1

N

khong phai 1a s6 nguyén v6i n > 1.
¢) m > n. Khi d6 m = kn 4+, trong d6 k nguyén duong, r hoic
bing 0, hoic nguyén duong nho hon n. Tacd
Y - at__ oym—kn r
2" +1 2 ’ 2 " 2’ +1
21! - ] 2!1 — 1 .2[1 _‘1
27{1—L‘/l (2L¢n . 1) 21‘ + 1
2" —1 2" -1

Téng tha nhit ¢ ve trdi la s6 nguyén, toéng thit hai khong nguyén (do
0 <r < n). Vay 2" + 1 khong chia hétcho 2" —1.

a) Trudc tién ta chiing t6 ring, t6n tai s6 nguyén duong k sao cho sO
k2" 41 13 hop s6 vdi moi s6 nguyen duong n thudc mot cdp so cong
vo han.
Gia sir b > 1 12 s0 tunhién, p 12 mot uéc s6 nguyén t6 clia 2" —1. Tde
la

2" =1 (mod p) (1)

Gia stt a la sO nguyén duoﬁg iy ¥ thoa man 0<a <b, k la s6

oy
wh

A0




v ¢

6‘01

nguyén lon hon p sao cho

k= -2""" (mod p).
Gia st n 1a cdc s6 nguyén duong thoa man

n = a (modp), (2)
tic [a n = a + bm v6i s6 nguyén m > 0 nao dé. Do (1),
k2" = 2 et =y (mod p).

Vay k2" +1 chia hét cho p, titc s6 d6 1 hop s6.
b) Ta x4y dung tap hop hitu han cic bo ba (p,, a,, b)) c6 tinh chat
sau: cac p, la cac s6 nguyén t6 khac nhau, b, 1a céc s6 nguyén duong
thoa man

b

27 =1 (modp,), 1),

a, la cdc s6 nguyén, 0 <a, < b, sao cho moi s6 nguyén n déu thoda
man mot trong cidc déng du

n=a, (modb,). (2),
R rz‘mg rang, n€u ho hitu han cdc bo ba nhu trén t6n tai thi bai todn

duogc giai. That vay, khi d6 theo Dinh 1i Trung Quéc vé phan du, tén tai
s6 nguyén duong £ > P, vOimoi j sao cho

h

k=-2""" (mod p,)
véi moi j. V6i k nhu vay, k2" + 1 12 hop s6 v6i moi n (ching minh
twong tu phan a).

Nhur vay, viéc gidi bai todn dugc quy vé viéc x4y dung ho céc bo ba cé
tinh chat da néu trong phén a).

Dé kiém tra xem n théa man it nhat mét trong cdc dong du (2),, ta chi

can thir véi méi mét 16p déng du modulé b, trong dé b la boi chung
nho nhat ctia cic b, . Vi thé, ta nghi dén viéc tim mot s6 b cé nhiéu uée

8. Chang han ta chon b = 24 (cécacudclénhon 1 122, 3, 4,6, 8, 12,
24). D€ tim cdc p,, tachd y ring 2" —1 p;-- Nhan xét ring

22 -1=3, 2 1=7,
21 -1=35, 2 —1=23%7,
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. Giasu

Ry

2% _1=3517, 212 _1=13"57.13,
92 1= 325.7.13.17.241.
Do cac s6 p, phai khéc nhau, dé chon b, ta phéi loai s6 6 (vi cdc udc

nguyén t6 ciia 2° — 1 1a 3, 7 déu d xudt hién truéc d6). Vay, cic by 3
¢6 thé chon nhu sau

b 2 3 4 8 12 | 24

a, 0 0 1 3 7 23

p; 3 7 ) 17 | 13 | 241

(Céc a, dugc chon dé dang tir viéc thir). D€ thay ring moi sO tu nhién
n déu théa man it nhat mot trong céc dong du

n=a, (mod b,),

(chi c4n kiém tra véi cic s6 < 24).

o 0y, : i e : .
a=p"..pt, b=ptpt, e = LY N
trong d6 p, la udc nguyén t& clia it nhdt mot trong cdc s6 a, b, ¢ (nhu
vay, trong ba phan tich trén, c6 thé c6 nhiing p, tham gia véi s mii
bang 0).

Ta cé
vvvvv -‘:(“A:'vﬁ‘}r) S

ey )
[a, b] = prter™

min{ey /%) p“‘i“(”k )

(a, b)=p, Dy

3

va nhitng hé thifc tuong tu khac.
Dé chimg minh hé thitc cén thiét, ta chi cdn ching minh he thic sau d6i
véi moi bo s6 nguyén khong am (m, n, 1) thyy.

2max(m, n, 1) —max(m, n)—max(n, [)— max(l, m)
= 2 min(m, n, )~ min(m, n)—min(n, 1) — min(l, m).

Khong giam téng quat, c6 thé gia thiét m > n > 1. Khi d6, dang thic
trén trd thanh déng nhét thic sau day :

ym—-m-—-n—m=2—-n—-1-1




ey
6‘01

X1

23.

Nhan xét : Bang phwong phdp trén, ta ching minh duge cdc déng nhat
thitc sau day : ‘

D (a, [a, ¢])=[(a, b). (a. ¢)]
2 [a, (b o)) = ([a. b], [a, ¢])
3) (Ja, bl [b, ], e, a])==[(a, b), (b, ¢), (¢, a)]

4y (ab, ed) = (0, b )] L 1 G ]
) (b, cd)= (. e) ()[((1,, c) (b, d)J{(a. c) (b d),

S aqay...a, =G L, .

trong d6 G 1a udc chung I6n nhét clia moi tich c6 thé gom 7 thira s6 1a
cic a, (v6i j khdc nhau), con L, la boi chung nho nhét cia céc tich
c6 thé gdm 7 — 1 thira 6 Ia céc a, (v j khéc nhau).

Di nhién chi can xét truomg hop khong phai moi chit s6 déu bing nhau.
Do N, , i N,véimoi j=1 .., n—1,nénrdrang véi j=1, ...,

oL,
a, < a,. (H

Gia sir c6 mot s6 chit s6 bang a,. Goi (j + 1) 1a chi s6 nhé nhat ¢6 tinh
chatds. Do N, : N, ma a,,, =a;, N, vda N, lai cing s6 cdc chif s6
nénsuy ra N =N, ticla a, ., =ay, a,,; = ay, ... Viy, ddy s6 q,,

gy -, @, tuadn hoan véi chu ki a;, a,, ..., a, ; dong thoi céc chir s6

N e / . 7 ~
cuasd N = aa, ...a, thoaman (1).

o U e e e s V1
Giast a; = 1.Chtrsocudicta N, lal nén — I¢ = 5.
{}

cr Gy ... 0 1 . N
Gia st —+=3. Do 22" =3 nén suy ra a, =7. Ti

0
(s ... 7.1

=)=

la,...a

7L

=3 suy ra aq,_, =5. Tuong tvu, a, , =8, a, , =2,
la,...a, |7

a,_, = 4.

1
e Néu n =26 thi a,_, =a, =4 la chir s6 dau tién cia N, va

N, = 142857 .

179




24.

180

e Néu n>6 thi nhém s6 142857 lap lai : a, , =1, a, (=7,

T

a, . =5,.. Khidé, N, gobm mot s6 nhém 142357 .

Tl

Ta chitng minh N, = 142857, hoic la lap nén tir cdc nhém s6 142857
lap lai nhiéu 14n.

Khi a = 1, khong ton tai a, ma 2 = %% — ' bing 7 hoac 9.
0@y -4, 0
g ey, 2

Khi a, =2 va Moo %y suy ra a, =6 (do (1),

0 2ay...a,
a, = 1), nhung khong ton tai a,_, ma Gy ,6.2 =2
' 2a,...a, 46
N 2
Khi a; =2, 23 thyr 2t o3 suyra a, =4, a,_;, =1:

0 20,...a
mau thuln (1).

"
Bing 1f luan tuong tu, ta ciing loai dugc céc gia tri khac cha o, —

Vay, a; =1, x =3 va N, = (142857).

0

Trude tién, ta chimg minh cic nhan xét sau :

Nhan xét 1. Néu d 1a moét ude nguyén to 1é clia a® +b% thi

d=1 (mod2")

Chirmg minh. Dat
o +0% = kd,
trong d6 k 12 s6 nguyén duong. Ta viét d dudi dang
d=2"v+1,

trong d6 m nguyén duong, v 1a s6 nguyén duong 1é. Gid st m < n.
Do (a, b)=1 nén (a, d)= (b, d) = 1. Theo Dih i Fermat nho ta cé :

(as"a“‘"' yi-l = (bs".z“"“ ' =1 (modd)
suy ra

@) = (%) =1 (modd). 1)

)



N
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25.

Mat khac,

(@) = (kd —b")" =td — (b)) = ~1 (modd) (2)
(t 14 s6 nguyén nao d6). Mau thuln gifta (1) va (2) suyra m >n +1,
tic 1a d =1 (mod2"""). Nhan xét 1 dugc chimg minh.

Nhan xét 2. Néu 2 = 1 (mod ¢*) thi 2 =1 (inod "ty

Chumg minh. Gia stt & = te" +1.Khi dé

i m
{&

2 =t ) =" 4 1=1 (mod c™**).

Ta trés lai bai todn. Theo Nhan xét 1, p* =¢¥ =1 (mod2"™). Tur
Nhan xét 2 suy ra’
" =¢% =1 (mod2"*). (3)
Do (a, b) =1 nén a® + b #0 (mod3). Suy ra (p, 3)=(q, 3) =
Vay p¥ =¢¥ =1 (mmod3). Lai do Nhan xét 2,
" =¢" =1 (mod 3"*1). (4)
T (3), (4)vado (2, 3)=1tacé

PG” ¢ =1 (mod6.(12)").

il

Vay
p" 4+ g% =2 (mod 6.(12)").

Ta ching minh bang quy nap theo n. Véi n=1, ta ldy so
G,=A: 2.

Gia sir ta c6 G 1a s6 ma cdc chit s6 k chi gébm cdc chit s6 cia A, B
va G, 2~

Néu G, 1 2% kldy G,,, =G,.

Gid sit G, khéng chia hét 2°*' Talap F, nhusau :

a) Néu G, c6 k chits6thildy F, =G,

b) Néu G, c6 nhiéu hon k chit s6 thi F, nhan dugc tr G, bing cich
bo di cic chir s6, tir chit s§ ddu tién cho dén khi chi con & chit s6. Do
G, : 2" nen F, : 2%,
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¢) Néu G, c6 ithon k chit s6 thi ta viét ghép vao bén trdi chinh s6 dé,
cho dén khi nhan dugc s6 cé it nhat k& chit s6. RS rang so nay chia hét
G, , do d6 chia hét cho 2¢ Ta bé di cac chit s6 tix chit s6 ddu cho dén

khi nhan duoc s6 F, c6 k chitd6. Ré rang F, i 2°.
Néu F, @ 28" tadat G = F,.
Neu F, [ 2°*',tadat G,., = BF,.
Ta ching t6 Gy, chia hét cho 9k+1 That vay, gia sit F, = 2°p, trong
dé p 1é. Khi dé
G, =10'B4+2'p=2"(5"B+p) : 2.

Gia sir tén tai cdc S6 @y, ... , Gy Sa0 cho véimoi ¢ = 7,

P(a;)P(a,)) : aa;.
R6 rang(a;, P(a,;)) = (a;, Pla;))=1. Suy ra P(a;) i a, vé&i moi
i = j.Khido, do

((11:2003 _ q’il()()() + 1) aj
nén suy ra (q;, a,) =1 véimoi i = 1. Khong giam tdng quat, gia sit
ay < @y <o < Uypgy-

Taco:
Dl 2003
Flay ) = dy - -Gyo4 —~ 1

Mau thudn, vi P(a;) < af"”.

Xét phan tich da thic sau day ra thita s6
i +1=(? -z + D)@ +z+1).

X Hr—1 ,
Khiz =22 tacé

a _ 22u+1 + 2211 + 1 _ (2211 ~ 2211—4 + 1)(2211 + 2211-1 + 1)

71+1
=@ -2 +1)a,
Vay

an+1 : a‘u .

‘(\Q.‘
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28.

29,

o ¢ - g N a2" ; i A N ~ .
Mat khdc, cdc s6 a, va (2° —27 + 1) nguyén t6 cing nhau (vi udc
chung ca chiing chi cé thé cé dang 2, k > 0). Do dé, s6 uée nguyén
t6 cha a,,, 16n hon s6 udc nguyén t6 cla a,. Tir d6 suy ra s6 udc
nguyén té ctia a, phai khong it hon n .

Giastt p = mk 41,1 <y <m —1.Gia sl + 12 s6 tv nhién sao cho

(" ) o,
Tir d6 suy ra
2" =1 (mod p). (1)
Vay, x [ p.

Ta chitng minh
""" =1 (mod p). (2)

Néu p < m thi (2) ding do Dinh If Fermat.

oy o 4 - a1 N ) — T
Gia st p > m . Tanang hai v€ cta (1) 1én 1y thira & = r-r,
m

pr

""" =1 (mod p).

Mait khac, theo Dinh Ii Fermat
z"' =1 (mod p).

Vay
I/:wl'(ﬂ/’,u—] o 1) = O (HlOd p)

Tir dé suy ra (2).
Ta cdn ching minh r=1. Gid st nguoc lai, r>1. Khi dé
(m, r—1)=1.Tacé:

(z" =1L o =) ="V -1 =g 1.

T (1) va 2) taduge : p| (" ~1), pl@™' —1). Dodé p|(z —1),
tic 12 z = 1 (mod p). Nhung khi dé6

P(z) = m (mmod p),
trdi gia thi€t p | P(z).

a) Tru6c tién ta thady ring, néu n chan thi n' ! 16, néu n 1& thi
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n' =1 (mod16). That vay, néu n = 2k + 1 thi
nt 1= (n D+ D" 4+ 1) = 8k(k + 1){(2k" + 2k + 1),
ma k(k +4-1) chan.

Do d6, phan du ctia phép chia o' +b* +¢' + d' cho 16 bing s6 cic
s6 1¢ trong 4 s6. Vi phin du d6 tring véi phan du clia ¢ cho 16 nén
dang thic chi ¢6 thé xay ra khi hodc ca 5 s0 déu chan, hoac ¢ va mot
trong cdc s6 con lai le.

b)Néun : 5 thin' i 5, néun / 5thin' =1 (modb).

That vay, néu n=>5k+1 thi »’ - 1=5k(5k+2) 5. Néu
BBk E2 th n?4+1=5k0Gk+4) 45 5. Do dé6 n' 1=
(n” = 1)(n* +1) : 5 trong moi trudng hop. |

L.i luan con lai hoan toan tuong tu nhu truong hop a).

¢) Ta chia ra ba truong hop

i) ¢ chan. Tlr a) suy ra cdc s6 con lai cung chan. Tu b) suy ra co it nhat

3 56 trong d6 chia hét cho 5, nghia la c6 it nhat 3 56 chia hét cho 10.

i1) ¢ chia hét cho 5. Ciing nhu trudc, cédc s6 déu chia hét cho 5, ma it
nhat cé 3 s6 chan.
iii) e khong chia hét cho 2 va 5. Khi d6 tir b) suy ra trong cdc s6 a,

b, ¢, d céba s6 chin, ba s chia hét cho 5 nén cé it nhat hai s6 chia
hét cho 10.

Mot uSc chung tiy ¥ ciia (n" +1) va (n' — 1) phai la uéc cla tong
(n" +1) +(n" —1)=n" +n". Gia sit a > b. Khi d6, udc chung cha
+ 1. (Tuong tu,

a—b

(n" +1) va (n" —1) 1a uéc chung ctia n' ~1 va n
néu ¢ < b thitaldy n"™" 4 1 thay cho n“™" + 1). Tiép tuc Ii luan trén,
ta thdy rang, udc chung ctia (n" + 1) va (n"=1) 1a uéc cha n’ +1,
voi d = (a, b).

a—h

Giasit 7 =n",khidé n' —1=21" —1, trong d6 b’ = — 12 56 1é theo

gia thi€t. Tacé : n' —1= n' ~1=2"-1.Do d6, néu n" —1=k

(mod(n’ +1)) thi 2" —1=k (mod(z +1)). R6 rang k = —2, va ta
cé

¥
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32.

n' —1=-2 (mod(n” +1)).
Vay, u6e chung clia (n" +1) va (n" — 1) phai Ia uéc cia 2, suy ra
(' +1, 2" —1)<2

Tir dong du n" =n (1mod10”) khéng luén ludn suy ra n’ =n
(mod 10%) trong hai trudng hop : hoac r 1a s6 1é (khi d6 4" = 4
(mod10), trong khi 4° =16), hoac r =1 (mod5). (That vay, khi
r =1 (mod5) thi 21" =21 (mod100) vi 21° =1 (mod100), trong
khi d6 21* = 441 # 1 (1mod100).)

Ta s& chimg minh rang, ngoai hai truong hop dé, tr déng du
n" =n (mod10") luén suy ra n® =n (mod10"). Nhu vay, gia thiét
r 1a s6 chin, r #1 (mod5), titc 1d r ¢6 tan cing khic 6. Khi dé
(r — 1) nguyén 6 ciing nhau véi 10 .
r—~1
e s -1 . el el s
Gia sir rang T 5.Khidé n"™' =1 (mod 5). Mat khac, theo
n —
Dinh 1i Fermat, n' =1 (mod 5). Do (r—1) Ié nén r—1=+1
(mod4). Tir d6 suy ra n =1 (mod5), hoac n ' =1 (mod5) (ciing
ticla n =1 (modb)). Pat n =5m +1. Tacé :
(5m) ™+ 4 Bmr—1)+1—1

n' Tt -1 (Gm1yt o
7 —1 5m

= (r —1) (mmod5).

Sm

Vay (r —1) =0 (mod5) : mau thuin vi (r — 1, 10) = 1. Hon nifa, khi

r—1
-1 s v L . y
(r—1) 1& thi L—T: 41 1R v mo1 n. Suy ra s6
n ——
n2 —n nguyén t6 cung nhau v6i 10 (vi khéng chia hét cho 5 va 2),

n’—n
dodé tlr n" =n (mod10) suyra n® = n (mod10").

Gia slt moi hé s6 trong khai trién nhi thic (a +b)" déu 18. T s6 gilta

o o on—k
hai hé s& nhj thic lien tiép C**' va C* 1 Z - (F=01..n-1).

Vay, diy phan s¢
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n n—1 n—2 n—k 1
— — (1)

1 ey

1 2 3 7T k41 T on

khi dua vé dang t&i gian phai c6 tr s6 va mau s6 déu 1é. Do n cung la
s6 1é, ta dat n = 2'u — 1, trong d6 u 1a s6 1. Khi d6, ti s6 giita he s6
tht (2° + 1) va he s6 thi 2° 12

n—2' -1 2(u-1) u-1

2 2 1

4

Nhu vay, néu u = 1 thi ta c6 mau thudn vi tir s6 1a s6 chan. Do dé6
w=1 (va khong tén tai hé¢ sd thd 2 +1), tic la n c6 dang

n=2"—1.
Nguoc lai, gia st n = 2" — 1. Khi do, tir tong quat clia day (1) cé dang
22— (k+1)
k+1 '

st

v6i k <n.Néu k+1=2v véi v 12 s61¢ nao dé thiti s6 la —Y
v

Do hé s6 dau tien la 1 (1é) nén suy ra moi h¢ so nhi thic trong truong
hop nay déu 1é.

Vay, n thoa man bai ra khi va chi khi n c6 dang 2° — 1 véi s nguyén
duong nao do.

33, a)Véimoi j, 0<j<n-—1,taco:

Do dé
S”(O() 2 TL[\/—&}

Néu ding thtc khong xay ra thi ta phai ¢6

\/ n—1
@+
n

Nhu vay, ton tai s6 nguyén &k thoéa man

Ja <k < /a+n—1:>k2+—1—§a+1<k2+1
n 7

=[] +1= k.

> [Val.
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,1
S
A%

(c+1)(3-1)<b+1. (3)

Tir bat dang thirc thit hai trong (1) va bat dang thiic thit nhat trong (2) ta |
nhan duoc : |

Qﬁ+m+ﬁ*1
2 2

<c+1.

Nhan hai vé& v6i (/3 — 1) ta dugc

(V3 -1

5 <(c+1)(3 1),

b+
suy ra
b<(c+1)(3-1). (4)
Nhan xét duge chiing minh nho (3) va (4).

Ta chitng minh bai todn bang quy nap theo n. V6i n =1 déng thiic
ding. Gia sir dang thic ding véi n, ta ching minh ding thifc sau ciing
ding.

[(J(n+ 1) + DB = 1)) = J(n). (5)

Nhung khi dé (5) chinh la hé qua cla gia thi€t quy nap va nhan xét da
ching minh : chicandat b = J(n), a = J(n —1).

Khi n = 0, thir truc ti€p ta cé
1+V2]=[V/8]=2.

Xétn > 1. Pbat

T=yn4+Jn+l4+Jn+2,

ta duoc :
r* =3n+3+ 2<\/n(n +1) + \/n(n +2) + J(n+1)(n + 2))

Mat khdc, khi n > 1 tacé:

2

[n+—§}2 <n(n+1)<(n+%} .

[n+_7_]2 <n(n+2)<(n+1)2
10 ’
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34.

Do d6, néu khong c6 dang thic thi [@]+ 1 12 s chinh phuong.

b) Dat
r=n(a —[a)).

- Khi dé, néu [a] + 1= 4% thi

k?+£§cy+1<k2+w:> a+l__:_1<kg a+7l~—7‘:
T n n n

Vay

; k—1 néu j<n—r

Q-+ == ] .

n k nfu j>n-—r

Do dé
S(a)=mn~-r)k-1)+rk= n(k —1) +r.
Vi
(k—1) = [Va]

nén suy ra

S, (a) = nlaj + [nla - [a])].

Trudce tién, ta chiing minh nhéan xét sau :

Gia sir b 1a s6 nguyén duong, a =[(b+ 1)(~3 —1)], c=b+ g ,

trong d6 [z] 1a ki hiéu phdn nguyén clia z. Khi dé ta c6 :
Cb=[e+ D3 -1)].
Chitng minh nhdn xét : Do céch dit a , ta cé
a<(G+D)(H3-1)<a+1. 1)

Vi a la s6 nguyén nén tir dinh nghia ¢ suy ra :

a—1 a
b+ ——<e¢<b+—, 2
T Seshts 2)

Tir bdt dAng thic thit nhat trong (1) va bét déng thitc thit hai trong (2) ta

~ nhén dugc

c+1<2 (f+1) ‘/—5;1.

Nhan hai vé v6i (/3 - 1) tacé:
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37.

[n+—§]2 <(n+1)(n+2)<[n+§]2.

Do dé
In+8<z’<9n+9
Vay
2] = [JOn 7 8]
Ta co

P=nn+1)n+2)(n+3)(n+4)(n+5)(n+6)(n+7)
=nn+7)n+1)(n+6)(n+2)(n+5)(n+3)(n+4)
=(n>+7n+6-6)(n> +7n+6)(n> + Tn+6+4)(n> + Tn+ 6+ 6)
= (a —6)a(a + 4)(a +6) = a* + da(a + 3)(c — 12),

trong d6 a = n’® + Tn + 6.

Do n>1néna>12,suyra a' < P.Mitkhic

(@ +1)* — P = 42d% + 1484 +1> 0.

Vay

a* <P <(a+1),

suy ra di€u phai ching minh.

Nhan xét : Tir bai todn néi trén suy ra ménh dé sau : Tich 8 s6 tu nhién

lién ti€p khong phai 1a liy thira bac 4 ciia mot s6 nguyeén.

Viét (n — 1) dudi dang cos6 2 :

™
m _
n—lzZZ a,, a,=01,

m=0
trong d6 chi ¢6 hitu han m véi q, =1.
Khidéta cé :
n—-1 1

+__

2k‘ 5 = a’k—l + Zar.Zr”k.

r=k

n—1+ 21 B
2 B

Tir dé suy ra
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™ N

= o .
z{n-uz ] S, Zﬁzz-m,:zzz’u,- =01

k=1 r={} yr==()

Cong thic duge chitng minh.
a) bat 2 =z, +u, y=y, +v, trong dé6 =z, y la cidc s6 nguyén
khong am, 0 <w <1, 0 <wv < 1. Bat dfmg thitc can ching minh duoc
dua vé dang sau :

T 4y, -+ [Bul+ D] = [Bu-t v] 4+ [3v + ul. (1)
Ta chiing t0 rang

[5u] + [5v] > [3u + v] + [3v + u]. (2)

Do vai tro d6i xing ciia u va v, c¢6 thé gia thiét rang u > v. Tir d6 ta
c6 [bu] > [3u + v].

Néu u < 2v thi [5v] > [3v + u] : (2) ding.

Gia st v >2v.bat Su=a+0b, 5v=c+d, trong d6 a va ¢ la cic

s6 nguyén khong am, 0 < b <1, 0 <d < 1. Ta c6 thé viét lai (2) nhu
sau ' .
3a+c+3b+d

5

(3)

o+ c<
5

Do 1> wu>2uvnénb>bu>10v,suyrad>a+0b>2c+2d. Dodo
5>a,tiacla 42(1,.Tirbﬁ’td5ng thic a + b > 2¢ + 2d suyra a > 2¢,
vi néu nguoc lai, a<2 thh a<2c—-1=a+1-2¢<0 va

(30+a+3d+b

a+bh—2c<0.Vaytacé 4 > a > 2¢c. Do dé, chi cdn xét cic truong

hop sau :
a 4 4 4 3 3 2 2 1 0
¢ 2 1 0 1 0 1 0 0 0

Deé kiém tra bat dang thic (3) d6i véi 9 trudng hop nay, vi 3b +d < 4,
3d+b < 4.

b) Ta biét rang, luy thira cao nhit cia s6 nguyen tdé p chia hét m! duogc
tinh bdi cong thic :

™m

;

Do d6, chi cén chitng minh ring

LR

p

o
A%
RIS



}ﬂhr 5n 2{ﬂ}+[2}+[3m+n}+(37z+m @)
N R S B r r Lo
vG1 moi s6 nguyén r > 2.

Viét

m=rm; + z, n=1rn, +y,
trongdé 0 <z <r; 0<y<r;r, m, n nguyén Khidé, (4) ir&
thanh

oY

+[__ > 3z +y

r

3y +x
r

5T

+

T T

Bt dang thitc nay suy ra tir phdn a). ,
Nhan xét : Dung phuong phép trén day c6 thé chimg minh ring cic s6
sau day la s6 nguyén :
(3m)!(3n)!
min!(m 4+ n)l(m +n)!’
(D) (dn)!
m!n!(2m + n)!2n + m)!’

2)
(mnr)!
m !(’ll !)m (T !)mn !

(m—1)16

! ] y’
mylim,l...om. !

4)

trong d6 m = m, +m, +--+m,; con ¢ la udc chung Ién nhét cha
My, My, oy M.
39. Ta dung quy nap todn hoc. Khi n =1, bit dang thuc 1a rd rang, vi
a, > a, > 1, [a,, a;] > 2. Gid st bt ding thic ding v6i n = k, ta xét
n = k + 1. Ta chia ra hai truong hop sau.
a) Gia st a,,, >2'*", khi d6 [a,, ay,,] > a,,, >2""". Theo gia thiét
quy nap, tacod :
1 1 1
+-+ + <
@y, @] a1y o] oy, g4y

1 1 1
< 1—§F]+§ﬂ-1.:1_2_k+—1'

2) Gia st q,,, < 2"*' Ki hiéu (a, b) Ia uSc chung 16n nhat cia a va
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b thita co
ab

(a, b)
Do b : (a, b) nénsuyra (a, b)=b—a khib>a.Tudotacé:
1 (a b)<b—a:1 1

la, b] =

[a, b] ab ~ ab a b
Do dé :
1 : 1 1 1 1 1
+oo <=}t | — = =
[@y, (11] [a}m a’k+l] 4y 0 Q. Ay
11 1
== <1l——-.
@Gy Opy 2t

Nhan xét : Usc luong trén day 1a chat : khi ¢, =1, o, =2, ...,
a, = 2", tacé dang thic.

Hién nhién néu n =1 thi (n)|n. Ta xét n > 1. Gia sit n c6 phan
tich thanh thira s6 nguyén t6 dudi dang :

> k,
n = pll" LD

dm:nP_Lyﬁ_i}

Dy D,

Tacd

Py, = a(p — 1) (p, — 1),
Nhu vay, phéi cé p, nao dé bang 2 (néu nguoc lai thi vo 1i, vi v€ trdi la
s6 1€, v€ phai 1a s6 chan). Gia st p, =2,tacé:

2p,op =z(py=1)...(p; = 1).
Do p,,..., p; khdc 2 nén tir ding thic trén suy ra ring n cé nhiéu nhat

12 mot uGc nguyen t6 1, chang han p,.

P, =2y +1.

2p, = z(2y).

o
PSR
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42.

Do p, nguyénténénsuyra z =p,, y =1.Vay p, =3 va n c6dang
n=2%3" k>1 m>0.
Dé thir lai ring, cdc s6 n c6 dang ndéi trén théoa min diéu kién
w(n) | n.

Gia su m la mot s6 hoan hao, déng thdi m ¢6 n ude nguyén t6 khic
nhau p, < p, <---<p, (n>2). Taviet m duéidang :

(Vl (l)

- pl pn '
Khi d¢ téng cic ude clia m 1A
om)=Q@0+p, ++p")(1+p, ++pr).

Néu moi udc nguyén t6 cia m déu 16n hon n thi p; >n +1. Suy ra
p>n+i(i=1 2,.., n).Tacé:

1 1 1 1
am _f;, 1 +-+—]P+—+ +—J
m pl pl pn pn

tirc fa
o(m) < 2m,

v6 1i, vi m la s6 hoan hao.

Ta ching minh bing quy nap theo m .

Véi m =1 : didy luén nhan gid tri 0.

Gia sir két luan ding déi voi moi cap s6 tu nhién (a, n) véi n < m. Ta
chiing minh két luin ding véi cap (e, m), m tuy y. Xét hai trudng hop
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a) m khong phai 12 lfiy thira cia mot s6 nguyén t6, tic la phan tich m
ra thira sO6 nguyén to c6 dang :

: 8 k .
m=p'..p). §>2

L. . .k e
Véimoi j=1, ..., s,tacé p' <m.Do do day
' 1 FON

L a, a", a", ... (modp/)

12 hiing s6 tir Iic ndo do (theo gia thi€t quy nap). Vay, néu dat

x, = a’ }n lan

thi véimoi j = 1, ..., s.tontai b, n, saochokhi n >n, taco

T, =b (modpj’-').

n ;
Nhu vay, khi n > max{n, ..., n,},tacé
z, = (b ...b,) (inodm),
nghia la két luan ding véi m .
b) 7 Ia ldy thira cia mot s6 nguyén t6 ndo d6 : m = p. Néu a | p thi
7, =0 (modm) khi n>a.Néu (¢, m)=1 thi do p(m) <m nén
theo gia thiét quy nap, ddy z, (mmod@(m)) la hang s6 véi j du lon.

Chang han
z, = ¢ (mod w(m)) véi j >k

x, = e+ qp(m).
Khi do, véi 7 > & taduoc
="t =a" (")

."I,"/ +1

Do a”™) =1 (mmodm) nén

2,4, =a" (modm)
véi j> k. Vay, ddy {x, modm} ti lic ndo dé chi nhan gid tri
a"modm .

43. Giasttcac udc cia n 1a

1:d1<d-2<'<dA:n/.

o
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P ‘s A " P L x-
Trong cdc s6 tu nhién khong vuot qua n, cé r s6 1a boi cta d,. Méi
!
%6 khong vuot qua n va khong nguyén t6 cung nhau véi n phai 1a boi
cta mét udc nao do (> 1) ctta n. Vithé€tacéd:

71,-50(71)§i+—n—+-~+7—1/.

d, d, d,
Mat khdc
el Do dey +dp 5+ 4 d =on)—n.
dy d d,
Vay
n—p(n) <o(n)—mn,
tuc 1a

o(n)+ p(n) > 2n.
Khi n nguyén t5, ta cé dang thic
a(n) + ¢(n) = 2n.

. a) Xét tam gidc can ABC ¢6 AC = BC', trong d6 cic dinh cé toa do

nguyén va cé s6 do cdc canh 12 s6 nguyén. Khong giam tong quat, ta ¢
thé xem dinh C nim tai géc toa do, tic 1a C = (0, 0). Cdc dinh con
lai ¢6 toa d0 A= (¢, a,), B=(. b)), canh AC = BC ==z,
AB =y . Khiddtacé:

@t =l bas = b4, (1)
y =y = b)) ay, — b)) =23~ ab — aydy). (2)
Ki hiéu qua M chéan dudng vuong géc ha tirdinh C' xuéng canh AD .

Tur (2) suy ra rdng y 1a s6 chan, do dé6 s6 do

N P ~ = C
cia AM nguyén. Mat khac, vi y chan nén

y> =0 (mod4). Tir (2) suy ra (a, —b,) va

(a, —by) déu la so chdn, tic la diém

M=|8t bl, % +b c6 cac toa do

2 2

nguyén. Chi con phai ching t6 ring, CM c6
do dai 1a s6 nguyén. Gia st a, = b,. Tu (1) ta 4 1 B
cé M
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IR
\/..

¢
&)

a 1+ b, a, — b

@, b a, — b,

Két hop véi (2) ta duoc :

(CM Y :‘[M‘r | :[”1 = ] v

Nhu vay, (C'M)° 1a binh phuong cia mor s6 hite ti, va do (CM)* 1a so
nguyén (vi AC, CM ¢6 s6 do nguyén) nén ta suy ra (CM)* 1a so
chinh phuong, tic fa C'M ¢6 do dai nguyén. '

b) Ta chting to rang trong khong gian khong tén tai cdc tam gidc déu
véi cdc dinh cé toa do nguyén va sé do cua canh la s6 nguyén. Gia si
nguoc lai, tam gidc déu ABC ¢6 tinh chét vira néu, dong thoi gid st ¢
¢ toa do (0, 0, 0), A, B c¢6 toa do lan luot la (u, a,, ay):
(b, by, by) vacanh tam gidcla .

Khong giam téng quadt, c6 thé gia thiét «,, a,, ay, b, b,, b, khong cd
uSe chung 16n hon 1, dac bict. it nhit mot trong ¢de 6 dé 1o so e Ta
co

)

2 2 2 2 2 2
@ ay b ay bey by by + by

= (ay = b))+ (a, b)) (ag  by)”

2

2w

Wby~ ayh, = aghy).

Nhu vay, o chan va
N ,

ol 4as +al =00 bl 4y =0 (mod ).

Piéu nay vo li vi cé it nhat mot trong cdc 86 o, a,, ay, b, by, by 1aso

lc.

Goi do dai céc canh tam gidc 1a 2 —1, x,.2 + 1, chiéu cao ha xuéng
canh = 14 A, diéntich S. Theo cong thirc Hérong ta co :

ha 1 1 N 1 3
S=""= |[=@Br)—(x+2)—r-—(x-—-2)=—av3z" —12.
2 \/2< Jplrdy g gle=2) =7

Vi S va h lacédc s6 nguyén nén x chan. Pat z = 2y . Khidé S = hy

va h = /3(y> —1). Nhu vay i phai la sd chia hét cho 3, chang han

h —=3z.Tacéd:




S =3yz. ' =322 =1. (1)
Nhu vay, ta nhan duoc phuong trinh Pell (1). Dé gidi phuong trinh (1),
ta xét cdc quan hé truy héi sau : -
Yor1 =2y, +32,. 2z, | = 2z, +y,. (2)
T (2) suy ra
Y, =24, .5 — 32,0 g, =22, —y, - (3)

Neéu cdc s6 (y,, z,) théa man phuong trinh (1) thi cic s& (Yusrs Zusy)
cling théa man, va nguoc lai. Hon nifa, tr (2) tacé :

yn,+‘2 = 4yn+l - yu? Zu+‘2 = 42/1—%] - Zu‘ ‘ (4)
Quan hé (4) cho ta cdc nghiém cha (1). Ta s& ching minh ring, nghiém

tay y cta (1) duge xdc dinh tix (4), vi nhu vay, ta c6 tat ca cdc nghiém
cua (1) (do dé, xdc dinh duoc tat ca cdc tam gidc thoa man bai ra).
Neu cic s0 y,, z, khong am, thi tir (2) SUy ra rang y, ., >y, ;

Zy41 > 2, Ngoai ra, néu y, . 2z, € N théa min (1) thi bat dang

A ey 2 ¢ , 2
G~ — = — ;
L)‘”/H—] — '3!//1,1»1 3 < 4yn+1_

kéo theo 3z,,, <2y, ., . Vay y, > 0. Tuong wr, néu z,,, =1 thi bat
dang thiic
2

2 S B 2
yrt—#l - 3“1/+I + 1 < 42/%&‘]

kéo theo y, < 2z ., tic li z, > 0. Vay, néu (y,,,, 2,,,) 1a nghiém
ty y cua (1) va z, ., = 1 thi (#,» #,) xdc dinh boi (3) cling thoa man
(D). dong thoi y <y .. z < Z,4- Viéc chuyén wr gid tri
(Y 11e 2,40) sang (y,, 2,) phai dimg khi z, = 1. Vay, moi nghiém
cua (1) nhan duoc tir y, = 1, z, = 0, Yy =2, z, = 1 vaquan hé (2).
Tir cdc quan hé (2), 3) vado z, = 2y, , ta dugc :

'7“”+2 = 41‘71-}—1 -, (5>

7

Vay, moi tam gidc théa man ddu bai c6 canh I z,—1,z,z, +1,
trong do céc gid tri z, x4c dinh bdi (5), v6i T, =4, 1, =2y, =14.

(Nhu vay, tam gidc nho nhat thoa man bai ra chinh 1a tam gidc c6 céc
canh 3, 4, 5).
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46. D¢ giai bai todn, ta cin tim cdc nghiém nguyén duong ctia phuong trinh
sau : '
2111 + 3u — t2

Do t? = 0 hoac 1 modulo 3 nén suy ra m phai 1a s6 chan, m > 2.
Vay t> 1as61éva t* =1 (mod4). Suyra 3" =1 (mod4) nén n lasé
chin. Gid st n = 2¢ v6i ¢ 1a s6 nguyén duong. Ta c6

Qm — t'.? o 32(/ — (t + 3(1)(t . 3(1).

Vi téng clia hai nhan tir 1a 2¢, ma ¢ 1€ nén ldy thira cao nhit clia 2 ma
12 u6c ctia ca hai nhan tirchila 2, titc 1a :

p 30 =92 t+3=2""
Suy ra '
3041 =2""" (1)
Nhung . chin, va 16 rang m = 2 nén
37 +1 =0 (mod4).

Vay ¢ 1é. Néu ¢ > 1 thi

g—1
3 +1=(3+ 1)[ (1) 3‘1‘1"“],
' k=)
trong dé t6ng goém ¢ sO 1€ nén 1a mot s6 1&. Do (1), tdng chi c6 thé
oL=2

bang 1, vatacdé 2 —4-titctam =4 Suyran=2,¢t=05."

2 132 =5

47. Ta sé chiing minh rang, phuomg‘ trinh

.’L"” . y:n - + y (1)

chi cé nghiém nguyén duong duy nhét (z, y)=(2, 5). V6imoi z, ¥y
nguyén duong, v€ phai ctia (1) duong. Trude hét ta tim z, y sao cho

' >y (2)
Inz  Iny ., .. ’
(2) & — > —=. Xétham s
T y
Inz
fl)=—
T
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&
y
-8,
9,

Ta cé
l—Inzx

./‘/<I) = 3
Z

Nhu vay, f(z) la ham tang trén khoang (1, ¢] va giam khi 2 > . Do
2<e< 3 va
Ind In2 In3
= <

4 2 3

nén ta cé cdc cap (z, y) nguyén duong théa min (2) nhu sau :

D(z, 1), z>1
22 y), y=5

3) (3. 2)

Hy), 3<a<y

Thir truc (i€p cho thdy (z, 1), (3, 2) khong phai I nghiém, con (2, 5)
la mot nghiém.

Khi y>6tacé: 2" >y’ va 2" "' > (y—17° i 2" > k% néu k> 4).
Tir d6 suy ra

20—yt =22 =y S 2y~ 1~y =y —dy +2> 42,
Vay, cdc cap (2, y) v6i y > 6 khong thoa man.

Xét cic cap trong 4). Ta c6 dinh = a > 3 va xét o’ — y" nhu ham
ciabiénss y vdi y > u+1.Tacd
n+1
Y o
+ -y |
[a +1 ]
L4y dao ham s6 hang thit nhét ta durgc

Inaa’ —y" = (Ina —a’ + (a’ - y*) > 0

n+1
. Y
a' —yt =la’ +
a-+1

via=>3 vaa” ~y" > 0. Nhur vy, s6 hang ddu ting, nén 16n hon gid
frital y = a, vatacod:

41
. dy—a—1
a’ —y" > [a” . ]+ y [______y ]:

a+1 a+1

199




48.

o
R

i o

. ! ) "
S L(y —a—-D>a"7 T y —a—1)

a-+1 a4+l
Ma>>a+1véia>3, y>a+1).

Khi y >a+2 tacd y—a—1>1 nén v€ phai I6n hon hoac bang

a7 y"""' > a4y :cap (a, y) khong phdi Ia nghiém.

Khi y=a-+1, a>d4 th " ?>4a""" >da>20+4 1= a+y nén
cap («, a-+1) véi a > 4 ciing khong phai 1a nghiém. Chi con phai xét
cap (a, a+1) véi a =3, tic la cap (3, 4). Thir truc ti€p cho thdy

(3, 4) khong phai l1a nghiém.
V‘é}yA, chi ¢é cap nghiém duy nhat Ia (2, 5).
Gia st phuong trinh ¢é nghiém nguyén duong (a, b), trong do
I <« < b. Ta viét phuong trinh da cho duéi dang
a' =" (1)

RO rang cdc ude nguyén to6 cua o va O la nhu nhau. Ta dat
t ,1 3 - N - ~ a ~
a=plt oo, b= ptp, o, B, la cac s6 nguyén duong. Tir (1)
suy ra rang, véi 2 =1, ..., t tacd
o= 3.
bt

Nhu vay, véimot i = L, ..., {,taco
3 =z b=ua"

Ta chi ra ring z 12 s6 nguyén. Cic s6 = va y c6 thé viét dudi dang
v=a", y=0>0"
trong dé u, v nguyén. Khi do
= p{nlu—dlw) o p;n,'u—-‘i,/')'
Céc s6 mil & vé phai déu 1 s6 nguyén. Néu ching duong thi 2 la s6
nguyén. Ti phuong trinh (1) tacd :
_logb

L

B loga




oy
7]

49.

Mit khdc,do a < b nén x> y,suyra a” > b" va
: Y Y

v loga «,
Vay cc,u — Gv >0 voi 1 =1, ..., t,tikcla z nguyén.

Tur biéu thitc clia 2z ta ¢o6 : z = a", trong d6 w = w -- zv > (. Mat
khic, u = o” vGi s nguyén duong nao dé (vi a <b nénsuyra n > 3,
s > 1). Tir biéu dién cua w ta dugc

w+a"v=u~-a' (2)
Do v >1 nén vé trdi > a", suy ra s > w. Nhu vay tir (2) suy ra
" |w:volinéua>1.
Vay, v6i nhitng diéu kién cua bai toan, phuong trinh da cho vo6 nghiém.
Rorang =, vy, z = 0. Ta xét hai trudng hop : mot trong cdc s6 z, y,
z bang 1 vi céac s6 déu 16n hon hay bang 2.
a) Gid st = = 1. Khi dé phuong trinh da cho trd thanh

(7~ D7 -1 =14 ()

Ta chimg minh néu cdc s6 nguyén duong khong am ¥, z thoa min

‘phuong trinh (1) thi ching phai Ia cdc s6 chinh phuong. RS rang néu

mot trong hai s6 1a chinh phuong thi s kia ciing 1a s6 chinh phuong.
Gia str ca hai s6 déu khong chinh phuong. Nhan hai vé€ cta (1) véi
(Jy +1) taduoc

t+ayy =0 -y + (@ - V2. (2)
Gia st JU = YoJU « V7 = 2,7 , trong d6 y,, Y, 2, 2 12 cac s6
nguyén duong, dong thdi y,, 2, 1a tich cdc thita s6 nguyén 6 khdc
nhau. Pat a = 4y,, b=1-y’, c = (y* — 1)z, tacé:

dtafy =b+edz. | (3)

Suy ra
(4—b) = (cyz —ayBi)’ = 16+ —8b—c’z —a’y, = —2ac [z,y;.

Nhu vay zy, phaila sd chinh phuong, ma do 2, y; déu la tich cic s6
nguyén t& khac nhau (v6i s6 mil 1) nén suy ra 2, = y;. Tu (3) ta cé
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,'\“(} [

4=b=1—y" :voli. Nhuvay y, z déu la s6 chinh phuong va tir (1)

~ ta dugce
Jy—1=1 Jy—1=2
hoac
Jz—-1=4 ' Vz—-1=2

Ta nhan dugc céc nghiem (z, y, z) = (L 9, 9), (I, 4, 25) (va céc
hodn vi ctia ching).

b) Xét truong hop z, y, z > 2. Taxem z<y<Lz.Dit
flz, y, 2) = JTyz — VT — Jy —~z — 2
= VE(fFE ~1) T~ VE -2,

Véi y, z c6 dinh, f(z, y, z) 1a ham tang theo bién z. Ta ciling c6
diéu tuong tu khi ¢8 dinh z, y hoac z, z. Nhu vay, néu (z, y, z) la
mot nghiém thi :

2B
2 V2

2
],2§zgys&

2
=y < < 5,83.

Vay y < 5.
L = ﬁ+\/@+2
T -1

Thir truc tiép, ta thay chi co nghiém z =y = 2 = 4.

Khong giam tdng quét, gidsu 1 <a <b <c < d.Dat
r=abed -1, y=(a—1)b-1)(c—1){d~1).
Gia st v | z. Néumot trong cdc s6 a, b, ¢, d chdnthi z 1é nén y 1€,

suyra a, b, ¢, d déulachin. Vaycécsb a, b, c, d cung chan hoac
cling le.

Trudc tién ta ¢6 nhan xét rang, ham tb ! la ham giam theo ¢ . Do d6,

néu a > 5 thi
abed —1 a b c d

p=2 < . . .
y (a=Db-Dc-)d-1) a—-15b-1c—1 d-1




Gy
{

‘6‘01‘

suyra @ =y 1 voli

Khia =4 (suyrab>6,c>8,d>10)tacs:

Vay k=2 :voli, vi z €.
Khia=3 (suyrab>5,c>7,d>9)tacod:

Vay k= 2. Mat khic, do 2 = —1 (mod 3) nén céc s6 b—1, ¢—1,
d —1 khong chia hét cho 3. Do dé, néu b= 5 thi b >9 (va ¢ > 11,
d >15). Ta dugce

oo S22 <2 :voli
2 8 10 14

Vay b = 5, va ta nhan dugc phuong trinh
15¢d —1=16(c—1)(d = 1) = (¢ = 16)(d — 16) = 239 = ¢ = 17
= (a, b, ¢, d)=(3, 5, 17, 255).

Chi con phai xét truong hop « = 2. Khi d6 (a, b, ¢, d) chén, k = T
Y

lé. Ta cé :

Vik lénénsuyra k=3.Do abcd —1= 3y nén b, c, d khong chia
hétcho 3. Vaynéu b =4 thi b > 8 (suyra ¢ >10, d > 14). Ta dugc

s 17 79 13

Volivi k 1& = 1. Vay b =4 vata cé phuong trinh
8cd—1=3y=9%c—-1)(d-1)=(c—9[d-9)=T1

= (a, b, ¢, d)=(2, 4, 10, 80).
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Vay, cdc nghiém cua bai toan l1a
(3, 5, 17, 255) ; (2, 4, 10, 80)
va cdc hodn vi clia ching. '
51. bat .
(z+y+2)
Y2

Flz, y, 2) =

Gia st 72 1a s6 nguyén duong nao dé sao cho ton tai bd s6 nguyén
duong (z, y, 2) d€ n = F(z, y, z). Ta gia sit (z, y, z) 12 mot bo s6
nhu vay, déng thdi z < y < z va z dat cuc tiu trong tit ca cic bo s6
thoa man diéu kién n = F(z, y, 2), s <y <z.Tacé:

nayz = (v +y + 2)° = (. +y)* +22(z + y) + 22

Tit d6 suy ra 2 | (z +y)°. Mat khic, néu (z + y + 2) théa man diéu
kién doi hoi thi

2
T
P
» L (zty) e
Nhu vay, néu z > (z + y) thi ——=— < z, trdi vdi gia thiét vé tinh
2
cuc tiéu coa z. Tir d6 suy ra
TAY >z

Taco:

1 1 (1 1y 2 2 2
e ok ] U et

z z \y zf z y =z
<l

r z

Vay, n Ionnhatkhi 2z =1 (suyraz=y=2=1),ticla n <9.Ta
ching t6 n = 7. Gia sit nguoc lai,
7 3

T=—4-
2z

o7
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2]
b

fe g , T3 7
Khidé r>2= —4+ 2 < = +
A bt !

=5 1 vo li. Tinh truc tiép, ta duoc :

F9009) =1 F4 4, 8)=2. F(3, 3, 3)=3, F(2, 2. 2)=4,
FOLA ) =5 F(L2 3)=6, F(L 1L 2)=8 1 1L 1)=

Xértong clia y 56 tu nhién lién tiép

_ (v + D2 4y
R R I e R e = ~——h/)
2
Nhu vay, mot s6 nguyen duong S biéu dién dugc nhu tong mot sO sa tu
nhién lién ti€p néu ton tai cic s6 nguyén duong (x, y) dé

G- (y + 1)(2:1: +y) (1)
2
Gia sir S 12 s0 tu nhién ¢6 dang (1). Xét cdc trudng hop
a) y chan, y = 2z . Khi d6 (2) trd thanh
(224 Dl 2) = 8 (2)
Nhuvay, v = 2z + 1 lJamot uée 1é cha S, déng thoi u > 1. Ngugc lai,

giast S = wo, u>1Tvadulé Pat 26+ 1= u, 24+ 2 = v tacé :
1 1, ,
= —(u—1), 2==2v—u+1).
2 2
R&6 rang (i, z) la mét nghiem ciia (2) v né cho ta mot cach biéu dién
cua S néu va chi néu

20— u > 1. (3)

b) y 1é, y = 2z + 1. Khi dé (1) tré thanh

sRr+22-1)=9 (4)

uo= 2w 422 —1>1 famot ude 1é coa §. Nguoce lai, gia st S = uw,
. . 1 .
u>ble.Pat 20422 -1=wu, 2=v tacd z = §(u —2v+1). R6

rang (z, z) 1a mot nghiém cta (4) va cho ta mot cich biéu dién ciia §
néu va chi néu

uw—2v>1. (5)

Néu v > 1 1a mot udc 1é cia S, § = wv, thi.cé mot va chi mot trong
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céc didu kién (3), (5) thda man, nén chi cho ta mot céch biéu dién S .
53. Véimoi s6 nguyén n taco:
0 (mod8) néu n=0 (mod4d):
n® =1{1 (mod8) néu n=1 3 (mnod4)
4 (mod8) néu n=2 (mod4)

Nhu vay, v&i moi 56 nguyén m, ta co:
0, 1 hoac 4 (mod8) néu n =0 (mod4)
n? =11, 2 hoiac 5 (mod8) néu n=1 3 (mod4)
0, 4 hoac 5 (mod8) néu n =2 (mod4)
Tacé (z+1), (z+2), (x+3), (v +4) lap thanh mot h¢ thang du

ddy dii modulo 4. Néu phuong trinh c6 nghiém nguyeén thi t6n tai s6
nguyén n sao cho ‘

(412 4 d =@+2)° + b= (x +3) +
=(z+4) +d° =n (mnod 8).
Tir nhan xét da néu vé déng dir (n® + m?) (mod 8) suy rarang :
ne{0, 1, 4}n{L, 2, 5}N{0, 4, 5}.

Nhimg giao ba tap hop trén bang réng, suy ra khong ton tai n. Vay
phuong trinh da cho khong ¢6 nghiém nguyeén. IR

54, Xét phuong trinh

11/2:1+:5+:L'2+:1:3+:l;“. (D
Tu () tacod:
5 2 pgt
7/2_—:{’1‘2—{-34-1) —_— 2
T 2 4 @)
Suy ra
: 2 T
ly| < +5+1. (3)

Mat khic, tir (1) cling suy ra phuong trinh sau day :

JE—l] +5—2J5[z+3+J5] |
4 2

2 2 X
=|z"+ -+
Pl ge
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55.

Suy ra
; r J5-—1
>pf Sy ) 4
1yl = 5 1 (4)
Tt (3)va(d)tacd:
Iy;:mz+%——a, 0<a<2
Néu z chanthi ¢ =2, néntr (2)suyra 2 = 0, y = +1. Néu 2 1 thi

a=1.Khidé

2 2 $+1]2
=lz° + .
v [ 2
Tir (1) ta dugce

z+1

2
x“+a:3+z2+[ ) =14+z+22+2° + 2

Phuong trinh cho nghiém z =3 vd z = —1. Tuong tng ta duoc
y==x11vay==1.
Vay, cdc nghiém cua phuong trinh 12
r=0,y=Fl;2=-L y=+1; 2=3, y=+11.
Xét hé phuong trinh

z+y+z=m (1)
4+ =0 (2

trong dé m, n lacdc s6 nguyén.

Khir z tir hé phuong trinh, ta dugc :

2y +yz + 22 —my —mz) =n—m’. (3)
Do d6, n — m® 1 s6 chin, nén m v n phai cliing chan hodc cung 2.
Ta dat

rT=-—-—3 4
3 (4)
s—t m

= + — 5

Y= 3 (5)

s+t m
= + — 6
T (6)
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Tir (5) va (6) tadugc : t = 2z — y, titc ¢ 12 s6 nguyén. Khong giam tong
quat ta xem ¢ la s6 nguyén khong am, vi viéc doi dau t chi din dén
viéc déi chd y va 2z ma khong sinh ra bo nghiém nguyén méi cua he

dang xét. Khi t =0,tacod y = =z, va hé dugc dua vé hé hai phuong
trinh véi hai 4n.
Thay (4), (5), (6) vao (2), ta duoc :

2
352 17 = '2[71 - T——] (7)

3
. m?

Vay, diéu kién la n > —— . Xét cdc truong hop sau :

o Truong hop 1. m | 3. Khi dé, tir (4) suy ra s nguyén. Vi y, 2
nguyén nén tir (5) va (6) suy ra s, ¢t cling chan hodc ciing 1é. Mdi cap
(s, t) thoa man (7) sinh ra mot bd (z, y, z) thoa man (1) va (2).
Nghiém (z, y, z) v6i s > 0 khéc véi nghiém (z, y, 2) tuong Ung véi
gid tri nguoc ddu clia s (nhung cling |s/). Khi s =1¢ thi s va —s cho
cing mot bo nghiém (z, y, z). Cdccap (s, t) khdc nhau thoa man (7)
khong nhat thiét din dén cdc bo nghiém (z, y, z) khic nhau cua (1) va
(2). That vay do tinh doi ximg clia z, ¥, z trong (1) va (2), néu gid tri
mdi clia s cho gid tri x trung véi y (hodc 2) ing v6i gia tri s trudc
dé, thi gid tri s mdi nay khong cho bo nghieém méi. Vi vay, trir cdc
truong hop dac biét, mdi b6 nghiém (z, y, z) trong ling véi ba cap gid
trikhdc phauctia s vat.

e Trueong hop 2. a khong chia hét cho 3.

b nguyén.

Khi d6 s c6 dang -1;1 trong dé p la s6 nguyén sao cho m
Céc cap p va t ding dé tinh (z, y, z) phai théa min (7), va diu cua
p duoc chondé thoa min (4). Cdc s6 ¢ va p phai cling chan hodc cang
le.
Chit ¥ : Dé hiéu phuong phap g1a1 trén day mot cach cén kg, ngum doc
nén thir tinh todn véi m, n cu thé.
Chang han, véi m = 54, n = 1406 ta duqc cac nghiém sau :

(15, 5, 34), (21, 2, 31), (10, 9, 35), (26, 1, 27).

o
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6‘01

56.

57.

Gia sir p 1a s6 nguyén td I¢ sao cho
22 4+ =0 (mod p).
Do (#, y)=1nén z # 0 (mod p), vy £ 0 (mod p).

Gia sir o la s6 nguyén sao cho ay =1 (modp) (¢ tén tai vi
(y, p) =1).Khidétacé

(ax)’ = —1 (mod p).
bat v = az. Vi (u, p) =1 nén
uw’™' =1 (mod p).

Kihiéu d = (p —1, 2"). Khidé taco

p-l p-l 2

(-1) ¢ = (W) = (u"™)d =1 (mod p).

l1a s6 chan, ma

[p—l‘ »24]:1
d d

p—1
Va
1y P

nén suy ra d = 2". Vay (p — 1) chia hét cho 2", wic la

p=2""m+1. (1)

Mot udc 1é tiy ¥ cha s6 z° + 3 14 tich cdc s6 c6 dang (1) nén ciing la
s6 c6 dang (1).
Tacé
n(n+1)(2n +1)
. 6 "

Nhur vy, ta c4n tim n > 1 nho nhét sao cho phuong trinh

(n +1)(2n 4+ 1) = 6m>

P+22 44t =

c6 nghiém nguyén.
Dé thdy rang, (n +1)(2n + 1) chia hét cho 6 khi va chi khi n
hoic 5 (mod6). Ta xét hai trudng hop :

=1




¥

a) n = 6k + 5. Khido

m? = (k +1)(12k + 11).
Do (k+ 1) va (12k +11) nguyén t6 cung nhau, nén méi mot trong
chiing phai 12 s6 chinh phuong, ching han
| k+1=a? 12k+411=0%
Suy ra

12a*> =b* + 1.

Ta ¢6 : 124> = 0 (mod4), b* +1 =1 hodc 2 (mod4). Vay, phuong
trinh da cho vo nghiém.
b) n = 6k + 1. Khidé taco

m* = (3k +1)(4k + 1).

Li luan tuong tu nhu trudng hop a), ta chi ra rang ton tai a, b tu nhién
sao cho

3 b1 =a’ Ak +1 =0
Khi dé (2a —1)(2a + 1) = 3b°.

Moi uéc nguyén t6 clia V& trdi, trir s6 3, déu phai tham gia v6i s6 mi
chan. Ta kiém tra 14n luot tir ¢ = 1 v&i nhitlng @ sao cho (2a — 1) hodc
(2a + 1) c6 ude nguyeén t6 khac 3. ‘

Véia=1:0=1=n=1 (trdi gia thi€t n > 1)

58.

a = 2 : Khong tdn tai b, twong tucho « = 3, 4, ..., 12.

V6i a = 13, tadwoc b =53=15.Suyra k =56, n =337 12 s6 can
fim.

C6 thé gia thiét «, y, 2 khong am. Trudc tién, ta c¢6 nhan xét rang,

0 (mod 4) néu n chin

Il

7

1 (mod 4) néu n ¢

Xét cac truong hop sau :
a) z, vy, z déulé. Khidé

2 +14° +2° =3 (mod4)
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7y =1 (mod4)
Vay, phuong trinh khong c6 cdc nghiém =, y, z déu 1é.
b) Hai trong $6 cic s6 r, y, 2 1€, sé kia chan. Khi d6
2 +y’ 4+ 20 =2 (modd)
x*y” = 0 hoac 1 (mod 4).
Phuong trinh khéng c6 cac nghiém roi vio truong hop nay.

c) Hai trong cac s6 x, y, z chan, s6 kia 1é. Khi dé
' +y° +2° =1 (mod4)

2%y’ =0 (mod4).

Phuong trinh ciing khong c¢6 nghiém roi vao truomg hop nay. Viy, néu
c6 nghiém (z, y, z) thi cd ba s6 phdi chan. Gia st = = 2z,, y = 2y,,
o = 2z, Taduge

af +y + = day)
Mat khac, 4121/12 =0 (mod4) va mbi mot trong cic s6 =, v, z
déng du O hoac 1 modulo 4. Tudésuy ra o =y} = 27 (mod4), tic
la =, y,. 7 déuchan. Gia st 7, = 2z,, y, =2y,, 2, = 22,. Ta dugc
phuong trinh

16;E§;1/§ = :1:5 + yg + y‘f
T dé, lai suy ra ,, y,, z, déu chin va dan dén phuong trinh

6a2yd = af + 4 + 2
trong d6 = = 8z, y = 8y,;, z = 8z2,.
Tiép tuc qud trinh, ta thdy rang z, y, 2 chia hét cho lily thira tlly ¥ cha
2,suyra z =y =z = 0. Day chinh 1a nghiém duy nhat cia phuong
trinh.
Nhan xét. Loi giai trén day 1a mot vi du cla phuong phédp lui vé han
ctia Fermat. Bang phuong phép d6, ta ¢ thé chimg minh cic phuong

trinh sau chi tén tai nghiém nguyén tdm thudng duy nhat (cdc s6 déu
bang 0) :
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1) 22 +y2 + 22 :Izyzzz
) 22 + oy + 2 = 2aye

3 2t 4+ + 20+ w = 2ayzw.

59. Giasu n la s6 nguyén duong sao cho phuong trinh

212

(x+y +u+v)’ = n’zyuv

¢6 nghiém nguyén duong. Viét phuong trinh duéi dang

2 + 2y + v+ )z + (¥ + u+v) = n’zyuo. (1)
Gia str (m,,,v Yo, Wy, V,) la nghiém nguyén duong cua phuong trinh (1)
sao cho =z, + y, + u, + v, dat gia tri nho nhat. Khong giam téng quat,
gias z, >y, > uy; > v,. Tacod: v
1) (y, + 4, +v,)° chia hét cho z,
2) z, la nghiém nguyén duong cua tam thiic bac hai

P(z) = 2 — n’yyugue® + 2y, + g + v)7 4 (Yo +uy +v,)"

Theo Dinh 1i Viét, ngoai nghiém z,, tam thitc P(z) con c6 nghiém
nguyén duong

R (yu + Uy + 'Un)z .
T, = )
Ty

Nhu vay, (z;; w5 @, vy) & mot nghiém nguyén duong cta (). Do
cach xac dinh (z,, vy, v,, v,) taco:
Ty 2 Ty 2 Yy 2= Uy 2 Yy (2)
Theo dinh 1i vé d4u cha tam thitc bac hai, ta thdy :
2 2,2 :
0 < P(yy) =9y — n Uty + 20y + uy +v)% + (Yo + 1y + U[))Z
< 1693 - n2y3u0v0.
Vay
_ nZy(Q)u(,vO < 163/3 )
suy ra n° < n’ugy, <16. Nhu vy, n chi c6 thé nhan céc gid iri 1, 2,
3, 4. '

9"
n"& o
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60.

Thir lai ta thiy véi cdc gid tri trén cua n, phuong trinh (1) cé cic
nghiém nguyén duong :

Véi n = 1, phuong trinh cé nghiém 2 =y =u=v = 4.

Véi n = 2, phuong trinh céd nghitm s =y =u=v=2.

Véi n = 3, phuong trinh cé nghitm zr =y =1, u = v = 2.

V6i n =4, phuong trinh cé nghiém r =y =u=v=1.

Vay, tatcacac gidatri n cdntimlan=1, 2, 3, 4.

a) Ta chi ra 11 s6 lién ti€p thoa man bai ra :

187 +19° +20° +21° +22° +23% + 247 + 25” +26” + 27% + 287 = 772

b) Gid sit n 1a s6 tu nhién sao cho t6n tai n s6 tu nhién lién tiép cé
téng céc binh phuong la mét s6 chinh phuong. Khi dé, tén tai cic s6 tu
nhién 2, ¥ sao cho
(z+ 17+ +(r+n) =9~
[aco
nn+1)2n+1)

na’ + n(n + 1)z + : =y (1)

Ta chi ra rang, khi 3 <n <10, phuong trinh (1) khéng cé nghiém
nguyén, z > 0, y > 1.

Néu (1) théa min thi s6 du cha 3’ chia n bing s6 du cia
n(n +1)(2n +1)
6
ung 1a 2, 2, 6 (a =14, 30, 15.19). Ro rang khi d6 khéng tén tai y

théa man.

=« chia n. Khi n =3, 4 hoac 9 thi s6 du twong

Xétn =5 hoac n=7.Khidé a : n nén y : n (vi trong trudng hop
nay, n nguyén o), tacd y = nz.

Dat

Khi dé
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RS

tic 1a
22—t = n 1.
12
Phuong trinh 'nily vO nghiém
Gia st n 1a gia tri dé phuong trinh
2+ + 28 = nayts ' M

¢6 nghiém nguyén duong z, y, z. Khong giam tong quat, gia su
z<y<z.Khidé

U
z = nz’y? — s 2 nz’y’ — (T +y).
T

Do z3 + y® chia hét cho 2% nén

2’ +y° > 2 > (na’y’ —(z +y))
Suy ra | :
oyt < ona’y (e ) oyt
Chia hai vé cho nz’y® ta dugc
nmy<[l+-1—]+—-—1—+—1—3- (2)

3 ;
T Yy, nx ny

Néu z > 2 thi do y >z, V€ trdi > 4, trong khi v&€ phai < 3. Vay

r=1.

Thay =1 vao, ta dugc :

2 1 1
ny<2+-—+—+—5=>y<3
y n. ny

Mat khdc. 22 +y3 =1+4> : 22.Do 2z >y nén:
+ty=1l=2z=1 |
+y-—-'2»:;z:3

+ y =3 = khong tén tai z.

Vay, chi c6 cic nghiem (1, 1, 1) va (1, 2, 3). Cic nghiém nay ing véi
n=3 van=1.




62. Khi n =1, ta ¢ phuong trinh

dr 4+ (x +1)° =9,
suy ra
(:I‘ 4 3)2 — ',Z/2 =S8S=(zx+y+ 3)(17 —y+ 3) = 8.

Do a: 4y + 3 > 5 nén ta cé hé phuong trinh
T+y+3=28
r—y+3=1

He khong c6 nghiém nguyén duong.

Khi n > 3, gid sir phuong trinh ¢é nghiém. Ta cé

42" =(y—z—1)(y +z+1).

Cic nhan tr & vé€ phai ciing tinh chdn 1é nén suy ra chiing déu 13 s6
chan. Pat

y-r—1l=2a=>y+oe+l=2a+z+1)=z" =ala+z+1).
Do a va (a+ax+1) nguyén 6 cung nhau (vi néu d|a,
df(e+2+1)thi d|z=d|1)nénténtai u, v nguyén sao cho
a=u", a+z+1=1v", =uw.
Do n > 3 nén

n—2

wHl=z+1=0"-u" =(v-— u)(v”“1 + 0" P A+ u'n—l)

>0 b a4

Vo i, vay khi n > 3, phuong trinh khong cé nghiém nguyén duong.
Xét n = 2. Ta c6 phuong trinh
A +(z+ 1P =y =25 +1) -5y =—4= 2" -5/ = -4, Q)
trong d6 z = 5z + 1.
Phuong trinh (1) cé nghiém (z, y) = (1, 1). Mat khdc, néu (2, y) 1a
mot nghiém ctia (1) thi cap (2/, v') véi

2z =161z + 360y

y'= 722+ 161y
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63.

ciing 12 mot nghiém. Hon nifa, néu z = | (mod 5)‘ (va do d6 t6n tai

nguyén duong dé z = 5z + 1) thi z" cling théa man z/ =1 (mod5).

Vay khi n2 = 2, phuong trinh da cho co vo s6 nghiém.

Ta chimg minh ket qua téng quat sau day :

Gia sir doi voi n > 2, phuong trinh
x4yt =2

c6 nghiém nguyén khong tam thuong (ryz = 0). Khido:

[yNéu n = (p — 1)k, p >3 las6 nguyén t6 thi z hoidc y chia hét cho

D-

" -1k ’ s S
2) Néu n = &2——)— , p > 5 lasé nguyén o, thi =, y hodc 2 chia hét
cho p.

Nhu vay, a) 1a hé qua cua 1) véin=2, p=23;b)lahequad cua 2) véi

n=2,p=>,.

Chitng minh 1). Gid st n = (p—1)k va x, y déu khong chia hét cho
p . Theo Dinh 1i Fermat bé,

" =y" =1 (modp).

Néu z ciing khong chia hétcho p thi

7

i

i Fmodp) -
Néu z chia hétcho p thi

z" =0 (mod p).
Trong ca hai truong hop,

" +y" # 2" (modp).

. — 1)k . .
Chitng minh 2). Gia st n = —(—3—2—}—)—, va cdc s6 z, v, z khong chia
hétcho p.Khi p>5,tacod:

2" = +1 (modp), y" ==1 (modp), 2" = +1 (mod p).

Nhu vay, z" +y" = 0 hodc +2 (mod p), suy ra

‘«QQ" R

o



2"+ # 2" (modp).

64. a) Gia st o la s6 nguyén duong sao cho o + 1 va 3a + 1 la s6 chinh

phuong :
a4+1=2% 3u+1=y"

Khi dé tacéd
2

Y- 3 = =2, (1)

Vi 2° va y” chi c6 thé déng du véi O hoac | médulod 4, nén tr (1) suy
rarang x, y déu la s6 €. Ta viét lai phuong trinh (1) dudi dang :

> PR w2
EEE]
2 o2

Ta chi xét cic nghiém 2, y nguyén duong. Khi do, r6 ring
r<y<3dr. bat ‘

3~y Y-
U= , U= .
2 2
Ta nhan dugc phuong trinh Pell sau day :
u' — 30" = 1. (2)

Nghiém nguyén duong nhé nhat cha phuong trinh (2) Ia (u), v) =
(2’ 1) N CéC nghlém (/U'IM Un) (n’ - 25 3, ) khl’.’\c [hé;{ n]{in M

w, o 3= (u £ 0,3) =2+ J3)"
Pat a=2+V3, =23 tacé:
a"l +/ n (l” . x}/l

= v, =

U - k] n ‘
! 2 23

Bai todn c6 vo s6 nghiém a, cho boi :

2n. 2041
(¥2H+1 _4‘{»_/3 n+t

6
b)Néu a, < a, < --- la diy nghiém cua phdn a), ta ¢ :

(LIL - (ull + Uﬂ )2 - 1 =

‘ g 19 \2
p : 2n+2
aZiH—Z 8 /3 n

6

(l‘!(’rLII+1 + 1 =




Do (u, +v,) nguyén nén a,, a,a,,, déu nguyén, va do dé
a,u,,; + 1 1a s6 chinh phuong.
65. Xétday {c,} dinh nghia nhu sau :
=1 ¢=1 ¢, =nc,, +c, v6in=>0.
Khi dé ta c6:
CIH-S = (77» + 1)C11+‘2 + c1l+1

C, = CrH—? - ncn-H'

7
Tir d6 suy ra
2 _ 22 2
Cn+3 — (n + 1) Cn+2 + 2(7? + 1)C7L+2cn+1 + C7L+l

2 2 2 2
C, = Chya +n Chy1 ™ 2ncn+2cn+1'

Kht ¢, ,c,,, tir hai phuong trinh trén, ta nhan dugc :

2
Ci+3 = (n Fnt Jn +1) C‘i+‘2 +(n2 +n +1)Cvzp,+1 -z +1C72;.-
n n

Nhu vay, day {c’} théa min cing diéu kién héi quy nhu day {z,}, hon
nira

cy=12,=0, ¢q=2,=1 ¢, =1, =0,
Do'dé, cdc phin tif cla hai ddy tring nhau, tic la

7 n

r, =c véimoin.

Dé thay ring c, nguyén véi moi n,nén z, la s6 chinh phuong véi moi
n.

66. Dat

U

1

v, :
(2n)!

Khidoéta cé:
(n+ 2,15 = 2n + 3, — (0 + 1y,
= (1 +2) (Vs = V) = (0 + D0 — )
= (14 2) (U4 — V) = (1 — 1)

v — Y

n+ 2

= vn+‘2 = Un.+l +
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1 1
= v, =, + (UI — p”)[l + _2_ NS _._]
I

/
= u, = (2n)!y, ( — u‘,)]h + =4+ 1]
. 2 N2 n

67. Bai todn khong thay d6i néu «, b duoc thay boi —a, —0. Vi the,

khong giam t6ng quat, ta gia thiet rang @ > b > 0. Ta s& chimg to rang,
cdc cap so (e, b) thoa man bai todn chinh la cic cap

((L b) ( 2n+1? ?Zn—l)’ n Z Oa

rong d6 F, 13 s6 Fibonacci thit n (ta quy uéc £, =1, E, =0) Tu
quan hé giita cdc s6 Fibonacci

2
FT)‘H.-IF“Z'IL%‘I - F

2n
ta cé :
P’ 2n+1 + [’u 1 2FQIL+1F1QIL—1 = (E."/:«H - FZH—[)Q = }7‘22“ = F27I»+1F27L~1 -1
Vay,
Fu+l + FZ‘Z‘H‘,I +1 - 3F’2H+lﬁ)l 1
Do dé, cap (Fy,,,, F,.;) thoa man bai iodn. Piéu nguoc lai dugc
chimg minh bang quy nap theo a. Néu (a, b) thoa man bai todn ma
@ =0 thi ¢’ | (2a> +1). Suy ra @ = b =1 : chinh 12 nghi¢gm da xét voi
n=0.Giasit a>b va ab|(a’ +b° +1), chang han
a’ +b* + 1= kab.
b’ +1
a

(@'Y +(b') +1—Ab(hb—a)-ka’b’

Pata’' =b, b =kb—a= . Khi do

Nhu vay (a’,b’) ciing thoa man bai todn. Mt khdc,

b2+1<b2+1
a

b = <b+1.

Do b’ nguyén nén tirdé suy ra b’ < b =a’. Vay 0<b <a' <a.

DEé st dung quy nap, gia thiét rang véi moi cap (a',b'),
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0 < b’ < a' < a vathda man bai todn, ta cé :
"= F b= F
a = 2n+1» A 2n-1

v6i n > 0 nao d6 (gia thi€t ding véi « = 2). Hon nita, theo phan
ching minh trén,

(@' + () +1=3d"v.

Tacé:
b:a‘/:F;n%»l’ b/:3bwa:}€2n~l'-
Suy ra ‘
7‘ a = 3172*”-4»1 - F;1L-—] = 2F"2n+1 + Pj?n = FTZn—H + F‘12n+2 = [n2n+3'
titc 1a | |
(Cl, b) = (F|2‘.w,+3’ FTZ'IH-l)'
Gia st (a, b) 1a mot cap s6 théa man baira, 1 < a <b va o = —1
2 (L2 +1
(modb), b°=—1 (moda), b>1. Pit ¢ = { va xét cap
)
T(a, b) =(c, a). Tacé:
2 2 ‘
1 . ‘
2 = @——;—)— = —(a’ +1)* = —1 (mod a)

a’> =bc—1= —1 (modc).

Nhu vay, cap (c, a) ciing théa man bai todn, déng thdi 1 <c¢ <a va

¢ = a khi vachikhi a =c=1.Do dé, ta c6 thé lap lai phép toan T
cho dén ldc nhan dugc cap T%(a, b) = (1, 1) v6i k > 0 nao dé. Nhan
xét rang, néu T(z, y)=(m, n) thi cap (z, y) chinh Ia cap
[ n® +1
n,
m
(1, 2) = (F, F;), rong d6 F, 1a s6 Fibonacci tht n. Ta s& ching
minh ring, néu T%(a, b) = (1, 1) thi (a, b) = (Fy_,, Fy,,), k> 1.
Ta da thay khing dinh ding v6i k = 1. Mat khdc, do nhan xét trén, néu

X Py +1
T(z, y) = (Fyn_1s E2n+1) thi z=F, ,, y= e - Fy, .3 nén

2n—-1

]. Nhw vay, c@p (z,y) ¢6 T(z, 9)=(1, 1) I cap

(z, ¥) = (Fyi1, Fopyy)-Dodé:

<2,
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69.

T(, 1) = (F, F);
T*(1, 1) = (F, F);

Tk(l’ 1) = (sz-n Fyy) = (a, b).

Vay, cdc cap (m, n) can tim chinh 1a (F,_,, Fy,.,), k > 1, trong dé
F, 1a s6 Fibonacci tht 7 .

Lap day s6 {z,} nhusau:

T, =ny, v6imoin>2;r, =2, 2, = 3.
Khidétaco:

(n~2)z,,, =@ —n~z, —(n-11z,_,

véin > 3. Toudésuyra:

Lyyr — L, — (n N 1) Ty — Ty .
n -1 n—1
bat
T x
z, = n-+1 " ’ n .>_ 2
n—1
Ta cé:
2, = (n 1)
Vay
z,,, —&, =(n—-1z, =n! —(n-1L
Suy ra

n—1
xn:xz—i—z(xkﬂ—a:k)::2+(n——1)! ~ll=m-1)! +1.
k=2

Do dé

7L

yn; I e T
n n

T (n—141

T Dinh 1i Wilson suy ra ring, y, 1a s6 nguyén khi va chi khi n la s6
nguyén t6, hoac n = 1 (vi dé thdy rang y, = 2).

70, Tru6c tién ta ching minh ring, néu o, = 0 (mod p) thi tén tai m > n
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sao cho a,, = 0 (mod p).

That vay tir cong thiic xdc dinh day {a,} ta 6
as, = 3, ) +a,
Ay, 1y =y, T 20,

— e
(1’3-/1 +2 7 (L(;,,_l i 3(1/”.

Suy ra a, |, 4y, 4y, €O cling s6 du trong phép chia cho p. Goi 50

B

dudéla a.
Néu o == () (mod p) : ta ¢é diéu can chitng minh.
Néu ¢ # 0 (mod p), ta xét 13 56 sau :

gy 4 = Ug,_y = g, _, (mod p)

gy 5 = Qg,_; T Qg = Gy, + @ (nod p)

g,y = Qy,_y Uy, = g,y +2a (mod p)

Qg7 = gy o Oy = Gy, + 11a (nod p) -

gy 5 = gy v+ Gy, ) = g, |+ 120 (mod p).

Vi a # 0 (modp) nén p s6 diu tién trong 13 s6 néi tren 1ap thanh he
thing du ddy di moéduld p. Suy ra cé it nhat mot trong 13 56 n6i trén

chia hét cho po
Bing tinh todn truc tiép, ta 6 :
a =2 =0 (mod?2)
a, = 3 =0 (mod 3)
0 (mod5)
(

e I
(1/3 = )=

I

|

a; =7 =0 (mod7)
a;; = 33 =0 (mod11)
ay, = 117 = 0 (mod 13).

Ii

Tir chitng minh néi trén suy ra ngay két luan cta bai toan.

FOR




71.

72.

Ta thay rang, véimoi n > 1, z, > 0. bat u, = —. Tir cong thitc xic
];H

dinh day z, tacé:

w =3, u,,, =42n +u,, n>1.
Suy ra :
t, = (u, =, ) + (U, =, )+ (=) +
=4Cn-1)+2n—-3)+--+3]+3

=(2n—-1)2n +1).

Vay
2 2 1 1
_1'”:—-—-»: = + .
u, @n-1)2n+1) 2n-1 2n+1
Do dé
7+ +~--+;'—( - ]+( SR S IR .
ro k-1 2%k +1) 2k—3 2k —1 3
L 1 . 2k
U +1 2%k+1
Quan hé
a‘n+2 = 4an+1 + 50’71 + 20 (1)

khong phai 1a quan hé héi quy tuyén tinh v6i hé s6 hang. Ta sé tim s6 ¢
thich hop cho day {b,} xdc dinh béi b, = @, +¢ thoa man quan hé
tuyén tinh v6i hé s6 hang. Thay cong thiic ctia b, vao (1) ta duge

b, =4b,,, + 5b, — 8+ 20.
=4
Nhu vay, néu ldy ¢t = % thi day {b,} théa min quan hé sau :
) 3] .
=20+, b =100+, b,y = 48,41 + 58, (2)

Phuong trinh dic trung cua (2) la
? —4r-5=0.

Hai nghiém ctia phuong trinh 12 5 vd —1. Vay, nghiém tng quét cla
(2) cho bai :
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73.

74.

224

5
He, — ¢, = 100 +§.

125 10

Vfly, ¢ = 6 y Oy = —é‘ Td co céng thic
D ) .
a, ==(5"*? —1) néu n chin
' 6

) - . ,
a, = =(5""* —~5) néunlé
3 |

Gia stt (n, m) 12 mot cap s6 nguyén duong théa man bai ra. Ta c6
(n* —mn —m*) = 1. ‘ (1)

Néu n = m thi n =m = 1. Néu (n,, m,) la mot cap thoa man (1) va
n, > m, thicap (m,, n, —m,) ciing thoa man (1). Nhu vay, néu dat
n, =m,, m = n, —m, thi tadugc cap (n;, m;) thoa min (1), déng
thdi n, >m,. Néu ¢6 n, >m, thi ta lai dugc cap (n,, m,) véi
n, =my, m, =mn, —m, ciing théa man (1). Nhu vay, sau hitu han
budc, ta di dén cap (1, 1), ro rang thoa man (1).

Néu Cé[) 'Il/, ’f?l, nhan dU(_YC tr Cé]) (n, m) thi
7 = ’HL/ + TLI, mo= 7. (2)

Nhu vay, moi cap (n, m) thoéa man (1) déu nhan duge tir (1, 1) nho
quan hé (2).
Ta ¢6 tat ca cic cdp thoaman (1) :

1 1, 2, 1), (3 2), (5 3), (8 5), (13, 8),...

tic 1a cac cap (F,,, F.),1=1, 2, ..., F, 1as6 Fibonacci thif 4.

Trudc tieén, ta chi ra ring, néu ton tai n dé

7(n*) = k(n) @
khi k 1a s6 18. |

RO




Néun=1thi 7(n)=7(n’)=1= k=1
Giasit n >1, n=p'...p} lakhaitrién n thanh thira s6 nguyen t6.
Khi dé
n’ = ph . pl

Phuong trinh (1) cho ta

@n+1D...2n + 1) =k(n+1)...(n, +1). (2)
Vay k 12 56 1é.
Nguoc lai, gia sit k = 2m + 1. Ta ching minh su t6n tai n thod man
(1) bang quy nap theo m . Sy ton tai n tuong duong véi su tén tai
(ry, ..., ) thoda min (2).
Q4+D@2+U

(44+1).2+1)

Gia sl véi moi m < M, mbi s6 k = 2m + 1 déu c6 thé biéu dién dudi
dang (2). Ta ching minh k£ = 2M + 1ciing c6 dang dé.

Véim=1,tac62m+1=3=

Giaslt k +1 =24t trong d6 t 1&. Khi dé ta c6

t:k_-?.l <1C___+—__1<k
2 2
vil>1, k>1.Xétcacs6 n, ..., 7; nhusau:

Tl — 21 2() 2“
r, =2 -2~ 21,

=2 -2 -2
= : .
Xétn, = pi...p/ . Khidétaco

n?) (@22 41 @M -2 -2 41
T(ny) B (21.15 L) L 1)""(21+l'1.t T PR

i o2yl @ -pEt-1)_ 21
2t -2 -2 +1 (2 — 1)t t

Vi 1 < k nén theo gia thi€t quy nap, ton tai s6

k=
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76.

. ll] a.,

7L2 = ql "Q.N

sao cho

)

t =
7(ny)

Bang cach chon céc s6 q,.... ¢, P, p, 12 cdc s6 nguyén t6 khdc

nhau, va dat n = n;n,, tacéd:

a2 (2 ) 2y
) 7)) 1) gt 1o
7(n) T(ny) 7(n,

Ching minh xong.
Gia su 7, s la nghiém cta phuong trinh
2P - —1=0.

Theo Pinh 1i Biné tacé :

bat ¢ = 2", ta nhan duoc :

2 4 4a 2a 20 \2
E(,, F;(, 2 - 7_1:1 n 81(: TZII o 52(1 2
7 7 IR ey I
"

— 7,2(: +‘ S'),u . (7_1/ + Su)'l _+_ 2 — -~2(’I'8)” + 2 — ()’

virs = —1.

Vay, néu dat

a, =
2A

thi day {«,} thoa man quan hé

2
A = 0 — 2.

. Fl F2k+1 , . . )
Mat khéac, o, = F =3, nén q, = chinh 1a nghiém cua day truy

héi xét trong bai todn.

Trudce tién, véi mdi s6 nguyén duong n tuy y, ta xét ddy {a,} xéc dinh
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77.

bai
a, =n+1 =1 2, ..., n.
Nhu vay, day {a,} dang xét thoa man gia thiét

0<a <a, <--<a, <2n (1)
Dé thdy ring, s6 chin dau tién cia day 12 s6 2 [[ 2] + ]] Mat khéc, véi

n =3 hoac n >3, s0 3[{2} + 1] cling thudc day. Vay, véi day dac

o vag[ZJHJ

minfa;, a,] < 6([2

biét néi trén tacd :

minfa,, a,] < BCNN cta 2(

Do dé, véin > 3 va n = 4 taduoc

y

Ta chuyén sang xét day tiy v théa man diéu kién (1). Véiméi ¢ =1,

2,..., n,ton tai s6 nguyén k;, > 1 sao cho

n < ka; <2n. (2)
Néu cé i = j saocho ka, = k;a; thi gid tri chung nay 12 boi s6 clia q,,
a,. Titdé suy ra [a;, a;] < 2n, ching minh xong. Néu ngugc lai,

ka, = ka;, vor i= .

Nhu vay, day {k, a,}, t=1, 2, ..., n la n s6 nguyén khdc nhau
thba man (2). Do d6, {k, a,} chinh la day da xét
{n+1, n+2, ..., 2n} (xép theo thi tu nao d6). Nhu vay, t6n tai

p, q d€ kya, :2[{% +1], K, = 3[{2]“] va dé d6

la,, a,] < 6([E]+1].
2
Dé thay rang, néu f(z, y) 12 boi s6 chung nho nhat clia hai s6 = va y
thi hAm f(z, y) théa man céc diéu kién cla bai todn. Ta chimg t6 ring,

dé 1a ham duy nhat thoa man i), ii), iii).
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That vay, gia si ton tai hai ham f| = f, cing thoa man i), ii), iii). Do
f, = f, nén ton tai cic cap s6 (z, t) sao cho

| Az, t) = hlz, 1) (*)
Gia str (s, t) 1a cap s6 thoa man (*), déng thoi tich s¢ 1a nho nhdt trong

s6 cac tich xt cla céc cip thoéa man (*). Tir diéu kién ii) suy ra ring
s = t.Giasu s < t.Do diéu kién iii),

(s, ¢ — )

fi(s, t) = Iy
fQ(S, ) = [th(‘;’—t‘s_ 5)]

Vi s(t — s) < st nén theo cach chon cap (s, t) tacé:

fils, t—38)= fi(s, t —s).
Vay,
fl(s’ t) = fz(sv t)’
mau thuan.
Gia sir nguoc lai, tén tai ba s6 nguyén t6 p, g, 7 ma can bac 3 clia
chiing 1a cdc s6 hang clia mot cip s6 cong:
p=a, Jg=a+md, ¥r =a+nd,

trong d6 m, n la cdc s nguyén duong nao d6. Ta cé :

Ya=yp _m
¥r—3p n

Suy ra
mir —ndfqg = (m —n)3fp.

Lay 1ap phuong hai vé ta dugc ‘ ;
m®r — n’q — 3mnfrg(m¥r — n3fg) = (m — n)®p.

Do dé :
3mn(m — n)3pqr = m*r — n3q — (n —m)’p.

Nhuir vay, 3/pgr 14 s6 hitu ti, chéng han
~ T
W = ';a
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79.

80.

trong dé z, y 1a cdc s6 duong nguyén t6 cing nhau. Ta cé
Vg =2t
Do dé x @ (pgr),suyra y : (pgr) : trai véi gia thi€t x, y nguyén to
cling nhau.
Moi $6 nguyén duong m < n déu c6 thé viét dudi dang

— “l p “l,
mo=p' ..t

trong d6 p, 1a cdc s6 nguyén (o va

pl < pz < e < 2)[\ S TL.
Mit khdc, 16 rang & < w(n). Néu trong diy e, < a, <--- < a,, khong
c6 s6 «; ndo 1a udc cua tich cdc s6 khdc thi it nhat mot trong céc udc
nguyén 6 clia a,, chdng han p,, tham gia trong khai trién ctia a; v6i s6
mi «, 16n hon tong cdc s6 mii clia p, tham gia trong khai trién clia cdc
s0 con lai. Ta goi p, 12 “dai dién" cla q,. Hién nhién p, <n.Vi méi
5§ nguyén t6 < n chi c¢é thé dai dién cho nhiéu nhat la mot s6 trong
diy dang xét nén s& cdc phan tir cia diy khong vuot quéd s6 cdc s
nguyén té bé hon hodc bang n : n < m(n).
Vi diy s6 sau day, m ding bang 7(n) :

Py <Py << Pray
trong d6 {p,}, 7 < m(n) la cdc s6 nguyén t6 khong vuot qua n .
Vay gia tri 16n nhat c6 thé ciia m 1a w(n).
Gia stt d 12 s6 cdc udc nguyén duong ciia n”. Ta s& chimg t6 rang, néu
khong dé y dén tha tu 14y tong thi ddp so sé la

d+1 d—1
a) 3 b) —.
2 2

Trude tién ta nhan xét ring, d 13 s6 1é. That vay, néu &k la mot uéc cua

~ ~ n -y 2, i - n - z
n* va k < n thi - s& 12 mot udc chia n® va T > n . Nhu vay, ta s€ c6

timg cap udc ciia n” nhu trén, cling véi udc 1a n .
Bay gi¥ gia st
1 1 1

__:_._*__..’
n T Yy
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trong d6 =, y nguyén duong. Nhu vay, =, y > n. Dit z =n + k,

y =n+1.Khidétacé kl = n”. Do khong dé y dén thit tu 14y téng, ta

cdach chon £ (l1a s6 cic udc duong cta

I3

d
xem k < n. Vay cé ding +1

n’ khong vuot qua n ).

Néu

11 1
L= _ = x, y nguyén duong,
n T vy

thi z < n . Tadat
r=n—k,y=1l-n,1<k<n,l>n.

Khi d6, tir
1 1.1

n T y

suy ra kl = n”. S6 céc cdch viét nhu trén s& 1a s6 cdc uéc duong nho

hon n ctia n?, tiic 12

P

. - ¢ 1 2 ’ 7 1 ~ 7 ~
Ta chia céc s6 hitu ti dugc chita trong khoang [a, o+ —] va thoa man
n

dau bai thanh hai tap hop :

{1‘—} i=12...r;1<v <2
v, 2
) ,1=12,...,8; Egy,; < n.
Yi 2
L e - . U, B z, N N e .9
Chd y rang, cdc phan s6 — va — déu l1a phan s8 t6i gian.
‘ Y; Yi

Véiméis6 v,, i =1,2,...,r, tén tai s6 nguyén duong ¢, sao cho

n

Yori = CV;, 1 =12,...,1,

T =Cu,1=12..r.

e




82.

Khi d6 cap ,

Ta thay rang, khong c6 hai s6 y, ndo (1 <7 < s+ r) bang nhau. That

vay, gia st nguoc lai, ton tai i = k sao cho y, = y, . Khi dé
Lo e

3

Yo Y|

N . 3 p s n. .
Vimoi y, déu khdc nhau va > 5 nén ta cé

n 41
2

n
7'+£§n—{—}§
2

< ’ o % -2 2 ~ Nov N =z . n ]- ’
Vay s6 cac phan s6 61 gian thoa man bai ra cing lam la . Vidu

: . . .n+1 ., .,
sau day chi ra rang, s c6 thé dat dugc.

cf

L ———1~. Céc s6 hitu ti dang

Xét s6 duong € théamin : 0 <e <
n+1l n

-, . .« e > . ~ 7 1 N
phan s6 t61 gian véi miu 6 < n va thude khoang [F, +—, €+ —] la
n n

NS 1
n—1 n-2" """ [n—lv
2

Theo gia thiét, t6n tai ¢ nguyén dé

. 2
va —.
n

n’ —1=tm?>+1-n").

bat £ =t + 1. R6 rang & = 0. Chi c4n ching minh rang & 12 s6 chinh
phuong.

Goi S, '1a tap hop cdc cap c6 thit tu (z, y) cdc s6 nguyén thoéa man

(z +y)* = k(1 + 4zy).

min m-n € S,,nén S, latap hop khong réng. Ta

2 2
dat
a = min{zl: Xz, y) € S, }.

Tachiraring a = 0, khi d6 k = ¢* vi k 14 56 chinh phuong.
Néu (z, y)€ S thi (—z, —y)€S nén c6 thé xem tdn tai cap
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(a, y) € .S.Taco
(aty)f = k(1 + day).
Hai nghiém b,, b, cua phuong trinh 1a cdc s6 nguyén c6 tri tuyét doi
>a (Vi (a, b)) €S suyra (b, a) €S, ma a dat cyc tiéu vé gid tri
tuyét d6i trong cac z dé ton tai (z, y) € S ). Mat khéc ta cé
by + b, = dak —2a, bb, = a® — k.
Suy ra
(a+b)a+b)= (4a* — k.
Néu k< 0 thi &b, >0, b +b, <0, suyra b, b, <0.Do |b|>a

nén a+ b, <0,suyra (a+b)(a+0b)>0,ticla (4a®> — 1)k > 0. Do
E<0 nén a=0.Bay gig gia st k>0 va a=0 (a>0). Khi dé
b +b, >0, (a+b)(a+b)>0 nénsuyra b, b, >0. Do cach chon

a,tacé a® <b.b, : mau thuin véi ding thic bb, = a® — k.
Vay a = 0, chimg minh xong.

Trudc tién ta nhan xét rang, néu n la s6 tét thi 2n 4 8 va 2n + 9 ciing
la cac s6 t6t. That vay, gia su

n=a +a,+--+aq,

1 ik 1
—_t =t t+—=1
a, a,
Khi dé
1 1 1
— e —— =
20,  Z2a, 20, 2
Mat khac, do
11,1 1.1
2 4 3 6
nén cic bo s6
(4, 4, 2a, 2a,, ..., 2a;,) va (3, 6, 2q,, 2a,, ..., 2a;)

- déu c6 tinh chit téng cic nghich ddo bing 1. Do tdng cac s6 trong 2 bo
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85.

Nhu vy, nfucidc s6 n, n+1, ..., 2n + 7 déu la sé t6t thi cdc s6 tir
2n+8, 2n 49, ..., 22n+7)+9, s6 tiép theo 2(2n +8)+ 8 =
4n + 24 ciing la s6 t6t. Tiép tuc nhu vay, ta suy ra, moi s6 16n hon n
déu 1a s6 t6t. Do véi n =33, cdc s6 tit n dén 2n + 7 = 73 déu 1a s6
t6t nén moi n > 33 déu 1a s6 t6t.

Theo bai ra, t6n tai cdc s6 tu nhién z va y sao cho
(z+1)7° —2® =n=4¢y" (1)

Ta chimg minh y 12 tdng binh phuong clia hai s6 tu nhién lién tiép.
Phuong trinh (1) c6 thé dua vé dang :

32z +1 =2y — 1)(2y +1).

Do (2y — 1) va (2y + 1) nguyén t6 cung nhau, nén chi ¢ thé xay ra cic
truong hop sau day :

a) 2y —1=3m?, 2w+1=1"0
b)2y—1=m? 2y+1=30

vét m, | 1a cac s6 tu nhién nao dé.
Trong trudng hop a), tacé :
P —3m? =2

Do I = 0 hoac 1 (mod3) nén trudng hop nay khong thé xay ra. Vay,
chi con truong hop b). Vi m 1é nén tadat m = 2k + 1. Khi dé

y = 4k* + 4k + 2 = 2[(k + 1)* + K],

tic la
y =k + (k+1).

Do r 1a s6 v6 ti nén khong cé s6 hang nao clia hai diy trén day 1a s6
s6

nguyén. Gia st N 1a s6 nguyén duong tuy ¥. Khi dé6, cé

1+7

N . e

hang ctia ddy thit nhit nho hon N va cé 7| 86 hang cta day thir
1+~
T

hai nhé hon N . Mat khic,
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N N
1‘*‘7‘ 1_+___ .
T
Do r vo ti nén cac phan 1é { N }, ' Nl khiac 0, va téng cla
1+71 1+' ‘
r

chiing bing 1 (suy ra tr (1)). Nhu vay, téng c4c phin nguyén
N N
1+r] 1,1
r

=N-1.

+

Vay cé ding (N — 1) s6 hang thudc hai ddy néi trén nho hon N . Mat
khdc, c6 ding N s6 hang thudc hai diy néi trén va nhd hon N + 1.
Vay, gitta N va N + 1 ¢6 diing mét s6 hang thudéc mot trong hai day
noi trén.

a) TruGe tién ta chi ra rang, day {a,} gi6i ndi, tic 14 IM sao cho
la,| < M véimoin.

That vay, do bac cia f(xz) 16n hon 1 nén

Do dé, tén tai M (c6 thé gia thiét M > |a,|) sao cho khi |z{ > M thi
'f(m { ) > lzl. Taching to a, < M véi moi M Gia str nguoc 1a1 t6n tai
n dé la,| > M . Khi dotaco

,an~ll = ‘f((l”), 2 |a,,,‘ > M, |
Iaw"ll = If(an—l)| > ‘a’n—ll > M, ..

la,| > M trdi gid thi€t.

b) Ta tim s6 tu nhién N dé Na, nguyén véi moi n. Do f(z) cé he s6
hitu ti, ¢6 thé viét f(z) duéi dang

byz" + -+ b,
¢ )

f(z) =

Y oo <
trong d6 &,, ..., b;, ¢ nguyén. Gia st a;, = — v6i 7, s nguyén. Dat
$

KQQ.
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N = sb,. Khi d6 Na, = rb, nguyén. Ta ching minh bang quy nap
rang Na, nguyén véi moi n . ‘

Gia st Na, nguyén véi n nao dé. Xét Na, . Lap da thic

P(z) = Cé\jd (f (%) —a,|.

Dé thay rang P(x) 1a da thic hé s6 nguyén, v4i hé s6 clia bac cao nhat
cua x bang 1. Hon nia, do f(u,, ) = «, nén P(Na, ) = 0. Nhu vay
Na, ,, 1a nghiém hitu ti cia P(z), va do d6 la nghiém nguyén.

Day {«a,} 1a day gi6i néi, méi phan tir déu 12 mot boi nao dé cua a
Tir d6 suy ra diy {a,} chi nhan hitu han gid tri khic nhau, chang han
m gid tri khdc nhau.

Xét day a,, ay, ..., a,,;.Do {a,} chinhan m gi tri khac nhau nén
ton tai i, k saocho 1 <4 <4 +k <m-+1vaaq =a,, . Tuong
tu, t6n tai cic £ cho mbi doan (m + 1) s6 hang ti€p theo. Do céc k,
chi nhan hiu han gid tri nén t6n tai & =k, v6i vo han gid tri j. Ta
ching t6 rang k 12 chu ki cua day {a, }.

That vay, gia st tn tai n sao cho a, , = a,. Liy n, du lén sao cho

a, = G, Khi dé

(L‘n,/%-/"—l = P((LN/+/.') - P(u’n) - (L‘M,-—l'

- Tiép tuc nhu vay ta duoc

a, = Pla,) = Pla,,) = a,.
mau thuln.
Gia st m | (n!). Xét da thic
f(@) = (@ +1)(z + ).
Khi d6 f(z) c6 hé s6 nguyeén, dong th&i véi moi j nguyén duong,
f(3) = n1Cp,

Do m |(n!) nén f(j) : m.Mat khdc, hé s6 cha z" 13 1 nén diéu kién
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(@’, a, ..., a,, m)=1 thoa man.
Nguoc lai, gia su t6n tai da thic f(z) thoa man di€u kién bai todn. Ta
viét da thic f(x) dudi dang

f&) = b+ Db late D~k + 1) o

k=1
Véi da thic f(z) da xéc dinh, cdc s6 b,, (k =0, 1,..., n) dugc xdc
dinh duy nhat.

Trudc tién ta nhan xét ring
(bm"" bn,) = (a()""7 a )

That vay, p la mot uGc cta (by,..., b,) khi va chi khi p 1a uéc cha
f(5) véi moi j nguyén, titc 1a khi va chi khi p la udc cha (a,..., a,).
Do f(j) =0 (modm) v6i 7 =0, 1,..., n,tacéd:
b, = f(0) =0 (modm), f(1) =08, +b =0 (modm)=b =0 (modm),
f2) = b, +2b, +2b, =0 (modm) = 2b, = 0 (modm),... tadugc
jlb, =0 (mod m). (2)
Do (by,..., b,, m)={(a,, a;,..., a,, m)=1 nén ton tai cdc s6 nguyén
Cos Cpyeey €, D saocho:

7

non

coby + b+ +¢b, + Dm=1=nl(cb, + - +c,b,)+ Dmn!=n!

Ta(2)tasuyram|(n!).

Néu m < n thi hién nhién ding. Xét truomg hop m > n. Gia sit m
khong biéu dién duge dudi dang tich k s6 khong vuot qud n . Ta viét
m dudi dang tich cdc s6 nguyén 6 :

m=ppy...0,, PSP <SP
Xac dinh hai b0 s6 Ay, 4,,..., 4 varn, n,..., n, nhusau:
Al = pl"'prl-l S n, prlAl >n

Az = pr] "'pvrl-—l —<— n, pnzA‘Z >n

Ay =p P <ny, pLA >N
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Viéc 1am néi trén c6 nghia 12 ta tich p, ... p, thanh timg doan dai nhat
c6 thé véi tich trong méi doan < n. Do m khong bi€u dién duge dudi
dang tich k s6 < n (theo gia thiét phan chimg) nén hai bo s6 trén ton
tai. R& rang ta co :

A 2p, J=1 2., k-1
m > A4 Ap, .

Suy ra
m2 Z (Al ce Akpr,‘. )2 = (AIA‘Z)(A‘ZAB ) ce (Ak—vl‘/lk)(fikpr'k ><Akpl'k )

> (A4, ) (Ap,) - (Aop, ) (Ap, P s i

tirc la
k41

m>n?.
Mau thufin véi gia thiét.
Ta c6 nhan xét sau: néu cap s6 (m, m + 1) c6 tinh chét doi héi thi cap
s6 (4m(m +1), 4m(m +1)+1) cing c6 tinh chat do. That vay,
dm(m +1) = 22m(m + 1), 4m(m +1)+1=(2m + 1)*. Mat khic,
cap (8, 9) = (2°, 3°) 16 rang 1a cap c6 tinh chét doi hoi.
Vay, c6 thé fim v6 han cap (m, m + 1) thoa man bai ra.

Chi y rang, cau hoi sau day cho dén nay van chua dugce tré 1oi : Ton tai
hay khong bo ba sd tr nhién (m, m+1 m +2) sao cho moi udc
nguyén t6 clia mbi so trong bo déu tham gia trong khai trién véi s6 mil
Ién hon 1.

Gia st v va [ 1a cdc nghiém cua phuong trinh

f —az+a=0.
Do a > 4 nén phuong trinh trén ¢ hai nghiém thuc o, 3. Gia su
a< pB.

Khidé a+B=a, af=a, l—l——;—:l, 1<a<2, 2< . Ngoai
o

ra, cdc nghiém o, 3 déu v6 ti, vi néu ching hitu ti thi ching phai
nguyén. Tirdé o =2, =2 vha =4 : trdi gia thiét.




Vayl< a<2,valal=1 (H
Néu n > 1 thi
(Bn] = [(a — a)n] = na — 1 —{an]. (2)

Néu [an]=[dn]=+k v6éi m, n tu nhién nao dé, tht an =k +r,
Sm=%k+s,0<r<l,0<s<1.Dodé

n+m=~k i 1]+—+—~]\+ + 2
a3 a a
Nhung
ros
0< -(; + E <1
nén dang thic trén khong thé xay ra. Vay v6i moi m , n tu nhién,
[an] = [Bm] (3)
Hon nita,
[v(n 4+ D] >[an]+ 1, [Bu+1)] = [Pn]+20 [an]+1. (3)

Mat khac, véi £ 1a s6 nguyén duong tuy y, tacé :

- Néu n>£thi /s:<(m<g(it}—)-

=k+1vajan]=k
o « '

-Néu n < — k thi

Blk—n) > fk— Sk = /‘31;{1 ~iJ =k
81 &}
B(k —n) < Bk — ﬁ{k—ﬂ~1]_ kL
(84

ticla [B(k—n)|=k.

Két hop véi (3) va (3') ta thdy ring, v6i mbi s6 nguyén duo‘ng k dugc
gap mot va chi moét 1an & mot trong hai day

fon], (6] (")

Tir (3”) va (3') suy raring [a(n +1)] 12 56 ty nhién nhé nhat khc véi
[a], [@2], ..., [an], [B], [B2], ..., [Bn]. Nhu vay, ddy [an], [fn]
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92.

cling théa min moi tinh chét nhu f(n), g(n).néntacd

f(n)=lan], g(n)=[8n|.

Xét céc s6 hang ctia ddy da cho ma khong 1a udc cua bat ki s6 hang nao
khéc thuoc diy. Néu tén tai vo han s6 hang nhu vay thi ta duge day con
vo han ctia diy da cho, ma trong day con nay, khong c6 s6 hang nao la

boi cuia s6 hang khéc.

Gia sl s6 céc s6 hang ¢6 tinh chat trén day chi la hitu han. Ta loai cic
s6 hang dé va cdc udc cla chung (néu thuoc day) ra khoi day dang xét.
Nhu vay, ta van con lai mot day v6 han. Trong ddy nay, moi s6 hang la
udc cia mot s6 hang khdc nao dé. R6 rang tir day con lai ndy, ta c6 thé
chon ra diy vo han ma mdi s6 hang déu la boi cia s6 hang ding trudc

nd.

Lap ddy da thic ), nhusau : bac cia (), <k,
Q() = ——L

@ )*le( )QL(br)~—(1( %“1)@( v),

voimoi & > 0. Taco:
@1(0) = (a — 6" HQ,(0).
Tir d6 suy ra

Q,(0) = —(a —b")(a "N (@ —b).

Nhu vay, bai toan s& dugc gidi néu ton tai & sao cho (. (0) =

. Giasu

ngugc lai, tic 1a véi mor j nguyén duong. « == b'. Ta chi ra mau thuin

bing cich chiimg to rang, ton tai k dé @, () = 0.

Vé&i moi n nguyén duong, dat
S a" —1
7 O b” —1 '
Theo bai ra, 7, , nguyén. Véimoi k > 0,

k41
::b+"

T}\’+1.7I ,k,n-H - ”’rk.n;

=1 P = a(l - le)pk'

Bing quy nap theo k, dé chiing minh dugc rang, véimoi £ > 0, n > 1

ta co

239




. _ pkan + QL.(b")
Ao (b71+k . 1)(1)”-%]‘:—1 _ 1) (bn - 1)

Gia sir @ = b* véi moi k. Khi d6 tén tai k sao cho

bF < a < b
Vi |
(bn i 1)(bn+l o 1)(bn+1 _ 1) — bn(k*H) [] - _}_}[b — __1._] [b,‘ _ i}
4 bll bn bn.
n{k+1)
> b
2

nén ta co

P L Y [I [y NEXC ")I] Q

bu(l.':+1) (bn )k+1

2

Do a < b*' va bac clia (), nhd hon (k + 1) nén v€& phdi cta (1) gidi
noi boi 1 khi n di 16n. Mit khéc, 7., nguyén véi moi n nén suy ra
7, = 0 véi n dilén. Nhu vay, véi moi n di1éntacé:

P + Q") = 0 @)
suy ra :

[a\" Q. (b") S SN

k_A—} (b" )A - (d)

Do a > b* nén (ﬁ—) — oo khi n — oo. Mit khdc, do bac cua @),

b
Q(0")

khong vurot qua k£ nén —-—= gidi ndi khi n — oco. Vay (3) chiing t6
(®") :

réng pp =0. Nhlrng khi dé tir (2) suy ra rdng
Q.(b") = 0 véi moi n d 1én.
Do Q,(x) 1a da thic nén diéu nay chi c6 thé xay rakhi Q,(z) = 0.

93. Xét phdn du khi chia cho 9 cla céc s6 thudc tap hogp s6 noéi trén. Ta thay
phén du A6 bang phin du cha phépchia 1+ 2+ .-+ 7 = 28 cho 9, tifc
1a bang 1. Ly thira bac 7 clia cdc s6 d6 chia 9 ciing du 1. RO rang

240

RN




94.

95.

khong thé chia 7 s6 d6 thanh hai nhém sao cho téng cic liy thira bac 7
cua cédc s6 thudc hai nhém bang nhau.

Gia sir n 13 s6 tu nhién 1&, p 1a moét udc nguyén t6 cua n . Ta vi€t n
duéi dang
n=2r+1=sp', véii>0 s/ p. (1)
Néu n sé tu nhién lién ti€p co trung binh cong 12 m thi cdc s6 do6 la
m—-—r, m—7r+1 ..., m+r—1L m+r (2)

Téng cdc s6 cla day (2) 1a mr, tich cla ching 1a m nhan vdi tich cla
hai b6 s6 tu nhién lién tiép :

(m—=r)m-r+1)..(m—=1) va (m+1)(m+2)-(m+7).
Gia st
b
r—=a+—, 0<b<p
p v
Khi dé
2r+1=2ap+26+1=sp".

Tir d6 suy ra

i-1
%4l=p a=P_ 1
2
Vay
¢—1 11
T o= Sp ‘1 > P 1
P 2 2

véimoi i >2 (p > 3).

Mait khdc, mbi mot trong hai bo r s6 tu nhién lién ti€p tix (m — r) dén
(m—1) va (m+1) dén (m +r) chita a bd ddy di chia p s6 tu nhién
lién ti€p, vi thé tich ctia cic s6 thu6c mbi mot trong hai bo dé chia hét
cho p". Vay, néu dat P latichcha n s6 tu nhién lién ti€p dang xét thi
P p* . Do dé P P

m m

Gia st a;, ..., a, la cic s6 dd cho, b = {a;}, b ={q, +a,}, ... ,
b, ={a, +-+a,}, trong d6 {r} ki hiéu phén 1& cia z. Cic s6
by, ..., b, thoa min

7
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0<b, <L g=1...mn

Chia doan [0, 1) thanh (n 4 1) khodng do dai bang nhau :

A :{-——l L2 ] A, =
n+1 n+1

1

.«A“ - )
n +1

n
o 1].
n -+ 1

Né&u it nhat mot trong cdc s¢ b, roi vao mot trong cac doan tan cung

A, hoac A, thi khang dinh cua bai toan 1a diing (chi can chon a, ...,
a,). Néu nguoc lai, (n—1) doan A, ..., A, s€chiacic s by, ...,
b, . Nhu vay, c6 it nhat mot doan trong chiing chifa hai diém nao dé b, ,
b,. Gia st k > [, khido

Gty o= (a, + -+ a.) —(a 4ot a) =M+ (b, —b),

trong d6 M 1a s6 nguyén ndo d6. Vay b0 a;y,, .., @, chinh 1a céc s6

can tim, Vi
1

n +1

‘bA — b,‘ <

3 khong thé lam nho hon: chi cdn 1dy moi s6
7 i

Dé thiy rang, sO

ban .
B n -+ 1

Truéc tién ta nhan xét ring, néu m =kl véi [ le, I >2k+1 thi
M < (k 4 1)L.That vay, xét

T = {kl, k(L + 1), {L: 4%](1 ~ 1), [A: +§J(l + 1), R+ D1, (k+ 1)i}.

Khi d6 m(T) =kl =m, M(T)=(k+1l va P(T) chinh phuong.
Chii § rang, 4 s6 hang & giita khong nhat thiét da dugc sap theo thir tu
tang dan. Hon nifa, c6 thé ¢6 cap s6 bang nhau chéng han

k(l+1):[k:+%](l—1).

Khi d6, ta loai cap néi trén va van dugc tap hop 6 céc tinh chat doi hoi.
Vay M < M(T) = (k+1)l.

Theo bai ra, m c6 udc nguyén t6 p > v2m + 1. Nhu vay, p chi xuat
hién trong khai trién cia m thanh thira s6 nguyén t6 vdi s6 mi 1. Mat

R
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khac,
P> 2. M
P

nén M < [/_n -+ 1] = m + p (theo nhan xét) (2). Do p chicé s6 mil |
P

trong khai trién m nén dé P(T) chinh phuong, T phai chia s I6n

hon m va chia hét cho p. S6 nho nhat cé tinh chat dé la m + p. Vay

MT)>2m+p, thc la M >m+p. 3). Tde (2) va (3) suy ra

M =m+ p.

Tir nhan xét, ta xay dung duoc tap 7' ¢c6 M, =m + p.

S6 cdc s& nguyén chia hét cho 3 trong tap hop cic s6 {1,2,..., N} 1a
‘N

([ ] 1a ki hiéu phin nguyén). Tuong tu, s6 cdc s6 nguyén trong tap

. N N 2y P
hop dé chia hét cho 5. 7 1a [-—— va ———} C6 ca thay |—| s6 chia hét
L5 7 35
, ] /
cho 5 va 7, nén s0 cic so chia hét cho 5 hoac 7 la N + [_]\i] l )
5 J { 7 J 35

Theo bai ra, ta cn tim s6 N 16n nhat sao cho

N| |IN N [N} N

31 Isl L71 135/

 tic la
N N N N
S0 135 5 /

Néu N thoa man (1) thitaco :
N-2 N-34 N
+ < —
3 35 5

suyra N < 86.
Mat khac, néu 70 < N < 86 thitr(l)tacd:
N—2+N—16 N N
3 3% 5 7
suyra N < 59, mau thuin véi N > 70.Vaysé N ciing lam chi la 69.

Thir tryc tiép (1) cho N < 69 ta duoc :
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-Khi N =69 : (1) tré thanh 23 +1 =134+ 9 : sai
- Khi N =68, 67, 66 : (1) trg thanh 22 + 1 =13 + 9 : sai
_Khi N =65 : (1) trothanh 21 +1 =13+ 9 : diing.
Vay s N Iénnhitcantimla N = 65.
Ta s& chitng minh bang quy nap (theo s6 chit s6 clia n ). Dang thic
| n = S(n)+9T(n). (1)

Néu n chi gém moét chit s6 thi ding thic hién nhién ding. Gia st ding
thic ding véi moi s6 nguyén duong n c6 k chit s6. Ta thdy réng, moi
s6 m c6 (k + 1) chit s6 déu cé thé viét dudi dang

m = 10n + a,
trong d6 n 1256 ¢6 k chirs6. Rdrang la:
T(m)=n+T(n), S(m)=5(n)+a

Do dé »
m~S(m)=10n+a + S(n)—a

= 10n — S(n)
=(n—-S(n))+9n
=9T(n) +9n
= 9T(n).
Pang thitc (1) duoc ching minhcho m—
Tadat a, = 2".c,, trong d6 ¢, (7 =1,...,n) la cdc s6 1é&. Do khong c6

hai s6 a,, a, ndo chia hét cho nhau (7 = s) nén cdc ¢, déu khéc nhau.
vay, {¢;, ¢, ..., c,} l1amot phépth€ naoddcta {1, 3, ..., 2n —1}.

Ta xét day con {a,} macictir ¢, cédang 1, 3, ..., 3% . Céc s6 chia day
s€ c6 dang
293" =0, 1 2,.., k

dong thai s, > s, , vi cdc s6 khong chia hét cho nhau. Vay :
Si >8‘i,+1 >"'>Sl 2 O,

suyra s, >k —1.Do dé

% “Q‘n




2.«331 2 2;\‘413/ Z 2/\
Néu q, thuoc day con dang xét thi a; = 2", ching minh xong.

Gia slt @, khong thuoc diy con dang xét. Khi d6 ta c6 a, = 2".¢,, v6i
¢, > 5. Ta ching minh a, 2 2F bang phan ching. Gia su nguoc lai,
e, <28 Khido5<e <27, suyrak—b >3,
Theo chitng minh trén, ¢, 1i cdc 56 1€ khdc nhau va nho hon 2n. Do do,
cac s6 013"‘l véit=1, 2,..., n+2, thuoc bo s6 {c,.} dang xét, vi s6
16n nhét 1a

o 3! < b h gt < g2 2R gh < 3t < on,

Nhu vay, céc s6 {¢3"7", t =1, 2,..., b +2} cho ta mét day con cha
day xuat phat

g, =¢ 3702 t=1 2., b +2 (1)
Trong ddy nay s& c6 hai s6 chia hét cho nhau. That vay, néu b, = b,
nao dé thi ro rang a, chia hét cho a, (néu t, > 1,). Néu cdc f, khac
nhau doi mot thi day {b} nhan b + 2 gid tri nguyén khong am khéc
nhau, méi s6 khong vuot qua by (vi ti (1), do cdc a, khong chia hét cho
nhau nén b, > b, > ). Mau thudn nay ket thiic chimg minh.

100. Gia sir da thicc P(z) bac n, c6 dang,

P(z)=a,z" + a, 3" 4ty
Khong giam téng quét, cé thé xem P(z) cd he s6 nguyeén, va hé s6 cua
z" bang |, tic 12
P(z) =z" + a, @'+ +a,
trong d6 a,, a;,..., 6, ; lacdcsé nguyén.
R& rang 13, v6i moi s6 p nguyén t§, da thuc
Qz) = P(z) —p — g

ciing c6 tinh chdt di néu. Mat khic, do Q)< 0, @(z) — oo khi
z — oo nén Q(z) c6 nghiém thuc, tiic 12 tén tai dé Q(z,) =0.Do
((z) nhan gia tri hitu ti khi va chi khi = hiu ti nén suy ra z, 1a s6 hiu
ti.
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0 (AN - = I S P S DN g p
Gia st @ = — la mét nghiém hitu ti thy v ctia (). Khi dé ta ¢6

S
P (—l) -, = P,
$

] -1 -1
" ta, st s =,

Nhu vay, 7| p,suy ra r = +1 hoic » = 4p . Do z; la nghiém hiu ti
cia Q(z) nén z, = £1 hoac x, = *p. Vi p c6 thé Ién tily ¥ nén néu
ldy p du 16n thi rd rang Q(£1) < 0. Mat khédc, néu bac cia Q(z) 1a
n>2 thi khi p di I6n, |Q(£p)| > 0. Suy ra bac Q(z) bang 1, va do
d6 P(z)= ax +b v6i a, b hitu ti nao d6. RS rang cic da thic nhu vay
thoa man bai ra.

Ta goi mot s6 1a “t6t” néu né déng du vé6i 0, 1 hoac 4 modulé 5, Ia
“xdu” néu né dong du véi 2, 3 moduld 5.

Dé thay rang liy thira cia mot s6 6t 12 s6 t6t. ,
Nhu viy, nguoi thit hai s¢ ¢é chién lugc dé thang. khong tiy thuoc cich
chol cua ngudi thir nhat. That vay, méi lan dén luot minh nguoi tha hai
ludn xda s6 tét a, s6 x4u b, va thay vao dé s6 t6t o (chimg nao con ¢cé
thé). Nhu vay, m(‘)l 14n, s6 cdc s6 xau bi giam di mét. Vi cdc s6 x4u it
hon moét nira cdc s0 nén dén lic nao do, trén bang chi con lai toan s6
tot. Do d6, s6 cudi cting con lai trén bang 12 s6 t6t, tirc 12 s6 déng du 0,
1 hoac 4 modulo 5. S6 nay c6 chit s6 tan cing 14 0, 1, 4, 6 hoac 9. Vay
v6i cich chot dé, nguoi thit hai sé thang.

.a) Ta chi ra mot cap s6 cong v6i cong sai 12 ¢é tinh chatdanéu : 1, 13,

25.
Tacé: 5" +1=132 72 +1=252.

Vay (35)* +1 : 13.25.

b) Xét 3 s6 hang dau cla cdp s6 cong tity y cong sai 10 :
a, a-+10, a4+ 20.
Trong ba s6 hang dé phai c6 s6 hang chia hét cho 3, trong khi (n* + 1)

khong chia hét cho 3 véi moi n. Vay khong t6n tai cdp s6 cong cong
sai 10 thoéa man tinh chat da néu.

Li luan twong tu cho truong hop cong sai 11.

<8




¢) Dé thir lai ring, v6i moi 7. s6 (n° 4 1) khong chia hét cho 7. Néu
t6n tai cdp s6 cong cong sai 12 c6 khong it hon 7 s6 hang, thi tit 7 so
hang ddu tién, ta tim dugc s6 hang chia hét cho 7 hoac han s6 hang c¢é
hiéu chia hét cho 7. Néu cap s6 cong dé6 thoa man bai ra thi khong c6 50
hang nao chia hét cho 7, do dé ton tai k, 0 <k <7 mal2k :7.Vo
1i. Vay, cdp s6 cong cong sai 12 thoa man bai ra c6 cung lam la 6 s6
hang.

Ta chi ra cap s6 cong gém 6 s6 hang sau day thoa man bai ra :
5, 17, 29, 41, 53, 65,

Cin chiing minh t6n tai n sao cho

n? 417 5.17.29.41.53.65 = (25).17.29.41.53.13. (1
M&i mot s6 trong 6 s6 & vé phai clia (1) ¢6 tinh chat doi hoi. That vay,
(7 +25z) +1 1 25, (4+17y) +1 117,
(12 4+29z)" + 1} 29, (9 + 414u)* + 1§ 41,
(23 +530) + 1 53, (5 + 13w)” +1 1 13,

trong d6 =, y, 2, u, w lacdc sG nguyén tay y. Nhu vay, chicén tim n
thoa man hé dong du sau :
n =T (mod25)

= 4 (mod17)

= 12 (mod19)

=9 (mod 41)

= 23 (mod53)

=5 (mod13).

Su tén tai cia n suy ra tit Dinh 1i Trung quéc vé phén du.

103.Bt ding thic ding véi n =1, 2. Tagidsi n > 3.Dat k= [\2n]+1

=B
o B




- RO rang
As{ﬁ}+{£}+’
1 3
tong gém g} s6 hang (xem s6 hang thir nhat bang 0). Mat khic
TR L
2 4
gdm[ — ]so’hang. Véi s6 tunhién m < k tacé
{_n_}sm—1<k——2,
m m - k-1
do dé
4l < k——l}.k—ZSk~2_
2 k—1 2
Vivéi moisé thue =, {z} = z —[2] nén ta cé
B=C-D,
trong dé
0:2—_ n +“‘+(_1)n-—k:£,
ko k+1 n
h_[ﬁl_{ n ] /__V1\n~k[1L_]
k] [/\’:+1JT T an'
Matkhéc,
k n n n
0<|—— + - +o=0C=
_[n lc-i—l] (k+2 k+3)
e e I
ko \k+1 k+2 k
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