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L& néi dau.

B4t déng thic (BPT) dang 1& vdn dé néng trén hdu khdp cac dién dan Toén trong va ngodi
nudc nhu: mathlinks.ro, math.vn, mathscope.org, mathvn.org, ddbdt.tk,.... Va di nhién cé
nhirng BDT khéng kho, thdm chi la binh thudng, nhung ciing khéng it nhirng BPT khd, thdm
chi rét khé dén ndi van chua cd I0i gidi (trong dé cé mét s6 d& gidi va mot s6 vén chua).
Chinh vi thé ma xuét hién rédt nhiéu bac “cao nhadn” cung vdi nhirng phuong phap mdi, xem
nhu 1& hién dai “t6i tdn” nhit dé cé thé tri dugc nhitng vdn dé khé nay. Tuy nhién muc dich
cua tac gia cubn ebook nay khéng phai la 16i cac ban vao nhirng van dé khé dé, ma muc dich
chinh 13 tuyén tap nhitng BDT dep, hay (ddc biét la bt ddng thic 3 bién bdi tinh hodn vi cua
né), dugc tuyén chon tir cdc cudc thi todn cac quéc gia, thi chon déi tuyén thi todn quéc té,
thi chon hoc sinh gidi cép tinh,..., cac tap chi toan nhu: Kvant, Crux,MathVn...; cac cuéc thi
toan BPT trén cac dién dan toan nhu: MIC, VIC, VICFJ,... cung vdi nhitng bai toan dugdc phat
trién tur nhitng bai toén dé (lam ch&t thém hay sang tao tu nhitng cdi d§ cé), cdc sach tham
khdo nhu: Sdng tao bat ding thic, B&t ding thic va nhiing I0i gidi hay,... . DE tir dé rén
luyén ki nang giai mét bai toan BDT mdt cach nhanh nhay, néi don gian la khi gap mot bai
toan nao dé thi chi cdn nhin vao la biét ngay hudng giai quyét.

Tuyén tap nay la cubn tai liéu cubi cing ma téi viét nhan dip nam mdi Canh Dan 2010. Néu
co sai xot gi thi cling la do 10i cua ngudi bién tadp, mong cac ban théng cam va bé qua cho. Hi
vong tai liéu nay sé la hanh trang bé ich cung cac ban tham du cac cudc thi hoc sinh gidi cap
truong, tinh, quéc gia, quéc té,...

Tac gia,

Nguyén Pinh Thi
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Bai 1. Cho cac s thuc duong a, b, ¢ sao cho a? + b? + ¢? = 3. Chirng minh rang
a_l_b_l_c> 9
b ¢ a a+b+c

Bai 2. Cho cac s thuc dwong a, b, ¢ sao cho a* + b* + ¢* = 3. Chting minh rang

a/
a® p? 2
—+—+—2>3
b c a
b/
a? b2 c? 3

+ + > =
b+c c+a a+b 2

Bai 3 (Pham Kim Hung). Cho cac s6 thuc khong 4m a, b, ¢, d. Ching minh rang
a b c d 4

+ + + >
b2+c2+d?2 c?2+d*+a? d?+a?+b%? a’?+4+b2+c2 a+b+c+d

Bai 4 (Pham Kim Hung, Vasile). Cho cic s6 thuc khong am a, b, ¢. Ching minh rang
a/

a(b+c) b(c+a) cla+b)
>2
a?+bc  b%:+ca c*+ab

a(b+c) b(c+a) c(a+b)
> 2
\/a2+bc+\/b2+ca+ c2+ab —
Bai 5 (Nguyén Pinh Thi). Cho a, b, ¢ 1 d6 dai 3 canh cia mot tam giac. Chang minh ring
a(b+c b(c+ +b
( ) N (c+a) N c(a+b) -7
a’?+ (b +c)? b% + (c + a)? c? + (a + b)?

Bai 6 (V6 Qudc Ba Can). cho céac s6 khong 4m a, b, ¢ thoa a + b + ¢ = 6. Ching minh rang
—4 < a’b+ b%c + 4ca’? — 5abc < 128

b/

Bai 7 (IMO 2001). Cho céc sb thyc duong a, b, c. Chitng minh rang
a b c

+ + >1
va? +8bc Vb2 +8ca +c?+8ab

Bai 8 (THTT). Cho a, b, ¢ 1a d6 dai 3 canh ctia mot tam giac. Chirng minh réng
a b c 3

+ + >
Va2 +3bc Vb2+3ca Vc2+3ab 2

Bai 9. Cho cac s thuc dwong a, b, c. Ching minh rang
al
a’+b%> b?>+c* c?+a* 3@ +b*+c?)
+ + <
a+b b+c c+a a+b+c

b/
a+b b+c c+a 3(a+b+c)

+ + >
a?+b%2 b24+c?2 c24a2 " a?+b?+c2

Bai 10 (Vé Quédc Ba Cén). Cho cac s dwong a, b, ¢ sao cho a + b + ¢ = 3. Chitng minh rang
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ab + bc + ca
a?b + b%c + c2a

a* +b* +c* +

Bai 11 (Cezar Lupu — Nguyén Pinh Thi). Cho cac s thuc dwong a, b, c. Chirng minh rang

a’+b> b>+c*® c?>+a®*> ab bc ca

V3@ +b2+c?) < + + <S—+—+—
a+b b+c c+a c a b

Bai 12 (China TST 2006). Cho céc sb thuc duong x, v, z sao cho cac s6 thuc x + y + z = 1. Chiang minh
xy yz zX 1

+ + <
Jxy+yz [Jyz+zx \Jzx+xy V2

Bai 13 (China 2005). Cho céc s6 thuc cac sé thuc duong a, b, c. Chirng minh rang
, a N b N , c < 3
a+b b+c c+a 42

Bai 14 (Iran 2008). Cho cac s thuc duong a, b, ¢ sao cho cac s6 thuc ab + bc + ca = 1. Chitng minh

Va3 +a+yb3+b+Jc3+c=22Va+b+c

Bai 15. Cho céc s6 thuc duong a, b, ¢. Chirng minh rang
a b c < a+b+c

+ + <
vaz +2bc Vb%2+2ca cZ+2ab ab+bc+ca

Bai 16 (Jack Garfunkel). Cho cac sb thyc duong a, b, c. Chitng minh rang

a b c 5
+ + <—-Va+b+tc
va+b b+c Jct+a 4

Bai 17 (Pham Kim Hung). Cho cac sb thuc duong a, b, c sao cho a + b + ¢ = 3. Chitng minh rang

1 1 1 3

< —
9—bc+9—ca+9—ab_8

Bai 18 (APMO 2004). Cho céc sb thyc bat ki a, b, c. Chirng minh rang rang
(a®> +2)(b* +2)(c*+2)=>3(a+ b +c)?

Bai 19 (THTT). Cho céc sb thuc duong a, b. Chirng minh r:;mg rang
1 1
(a+b)?+ (a+b+ + ) >8(1+2)

Bai 20 (Vasile). Cho cac s thuc duong a, b, c. Ching minh rang
a/

1 1 1 1 1 1
(a+b+c)<—+—+—)21+ 1+ (a2+b2+c2)(—2+—2+—2)
a b c as b4 ¢

b/

1 1 11
\/2(a2+b2+02)( gt ) 2>(a+b+c)( +b+) 5

Bai 21 (Nguyén Pinh Thi). Cho cic s thuc duwong a, b, c. Ching minh rang

111 1 1, 1
\/(a+b+c)[ o ]>1+\/5+(a +b* +¢° )[a +F+§]

Bai 22 (Vasile). Cho céc sd duong a, b, c. Biétringa < b < c vaa+b + ¢ ==+ + . Ching minh
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b > !
Ta+c—1
Bai 23. Cho céc sb thuc duong a, b, c. Chitng minh rang
(2a + b + c)? N (2b + ¢ + a)? N (2c + a + b)? <3
202+ (b+¢)?  2b%2+(c+a)? 2c2+(a+b)? ™

Bai 24. Cho céc s6 thuc duong a, b, c. Chiing minh rang

a3 b3 c3
+ + <1
a3+ (b +¢)3 b3+ (¢ + a)? A+ (a+b)3~

Bai 25. Cho céc sd thuc duong a, b, ¢ sao cho a + b + ¢ = 1. Chang minh rang
2 2 2
a N b N ¢ 3
b2+1 ¢*+1 a?>+1 2

Bai 26. Cho céc s6 thuc duong a, b, c. Chirng minh rang
(@ —a?+3)(b°> =b%+3)(c®=c?+3)=>(a+b+)?

Bai 27. Cho céc sb thuc duong a, b, ¢ sao cho a + b + ¢ = 1. Tim gia trj nhé nhit caa

P=j(l—a)(l—b)+J<1—b)<1—c)+J<1—c)(1—a>

1-c¢ 1—a 1—-b

Bai 28. Cho céc sb thuc duong a, b, c. Tim gié tri 16n nhat caa biéu thirc
p bc ca ab

=az+3bc+b2+36a+02+3ab

Bai 29. Cho céc sd duong a, b, ¢ co tich abc = 1. Chitng minh rang
(a+b)(b+c)(c+a)=4(a+b+c—1)

Bai 30 (Dy tuyén IMO 2001). Cho céac sé duong xq, x5, .., x,. Ching minh rang

X1 X2 Xn
- +ot <+n
1+xf 1+4xf+x3 1+xf+x5+-+x2

Bai 31. Cho céc sd duong x4, X, .., X, S0 cho x; x5 ....x,, = 1. Ching minh rang
1 1

+ +ot——<
n—1+x; n—1+x n—1+x,

Bai 32 (IMO 2000). Cho céc sé duong a, b, ¢ sa0 cho abc = 1. Chitng minh rang
1 1 1
(a—l+—)(b—1+—)(c—1+—)§ 1
b c a

Bai 33 (China 2005). Cho céc sb thyc duong a, b, ¢ sao cho ab + bc + ca = % Ching minh rang
1 1

+ + <
a?—bc+1 b2—ca+1 c2—ab+1

3

Bai 34. Cho céc sé duong a, b, c. Chitng minh rang
ad—-bp® b3-c3 -4 (a=b)?+ b+ )+ (c—a)
- + <
a+b b+c c—a 4

Bai 35 (APMO 2007). Cho céc sb thuc duong x, y, z sa0 cho Vx + /y + vz = 1. Chang minh ring
x2+yz y2+zx 22+xy

V2x2(y+2) J2y2z+x)  222(x +y) y
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Bai 36. Cho cac s x, y,z € (—1;1). Chiring minh rang

1
=2
1+x)AQ+y)Q+2)
Bai 37 (Nga 2002). Cho cac sb thuc duong a, b, ¢ sao cho a + b + ¢ = 3. Chtrng minh rang
\/E+\/E+\/52ab+bc+ca
Bai 38. Cho céc sb thuc duong a, b, c. Chitng minh rang
2a? N 2b? N 2c? <1
222+ (b+¢)?  2b2+(c+a)® 2c2+(a+b):™

Bai 39. Chuang minh rang vai moi sb thuc duwong x, y ta déu ¢

A-00-ni-2

xY+y*>1

Bai 40 (Vé Quédc Ba Cén). cho cac sb thuc duong a, b, ¢. Chitng minh ring
ab+c + peta + Ca+b >1

Bai 41. Cho céc s6 thuc duong a, b, c. Chirng minh rang

J (@b + b2c + c2a)(ab? + bc? + ca?) = abe + y/(a® + abc) (b3 + abc)(c3 + abc)
Bai 42. Cho céc s6 thuc béat ki a, b, c. Ching minh rang
(a+b—-c)?(b+c—a)’(c+a—>b)?=(a?+b%?—c?)(b?+c?—a*)(c? +a® -
Bai 43. Cho céc sb thuc duong a, b, ¢ sao cho ab + bc + ca = 1. Chuang minh rang
a b c 3

+ + <~
Vi+a? V1+b?2 V14?2 2

Bai 43 (Mi 1994). Cho céc s6 duong x, y, z. Chirng minh rang

b?)

(x+y+2)

x*yYz* = (xyz)

Bai 44. Cho céc s6 x, v,z > 1. Chitng minh rang
XX +2yzyy +22xzzz+2xy > (xyz)xy+yz+zx
Bai 45. Cho céc s6 duong x, y, z théa xyz = 1. Chiing minh rang
x3 3 73
+ + > =
A+y)1+2) A+2(1+x) A+x)(AQ+y) 4
Bai 46. Cho céc sb duo‘ng X,Y,Z. Chu'ng minh rang

w

z

<1
x+J(x+y)(x+2) y+w/(y+z)(y+x +.J(z+x)(z+Yy)
Bai 47. Cho céc sé duong a, b, c. Chitng minh rang

9(a? + bc)(b? + ca)(c? + ab) < 8(a® + b3 + ¢3)?
Bai 48. Cho cac s6 duong x,y, z sao cho x + y + z = 1. Chiing minh rang
2<(1-x2)?2+(1—-yHD?+(1-22)2<A+x)A+y)(1 +2)
Bai 49. Cho cac s6 duong x, y, z sao cho xy + yz + zx = 1. Chang minh rang
K1~y =2 4 y(1 = 2)(1 = 22) 4 21— X1 = y?) < 2
Bai 50. Cho céc s thue duong a, b, c. Chitng minh rang

a b c 2ab 2bc 2ca
—+—+-2
b ¢ a

a? + bc

> + +
b2+ca c*+ab
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Bai 51. Cho céc sb thwucj duong a, b, ¢. Chitng minh rang
a’+bc b*+ca c*+ab

+ + >a+b+c
b+c c+a a+b

Bai 52. Cho céc s6 duong a, b, c. Chiing minh rang
1 1 1 27

b(a+b)+c(b+c)+a(c+a)22(a+b+c)2

Bai 53. Cho céc sé duong a, b, ¢ sao cho abc = 1. Chirng minh ring
1 1 1

A+00+Db) d+0d+0 d+o0+a)

3
S_
2

Bai 54. Cho céc sb duong a, b, ¢, d. Chitng minh rang

Bai 55. Cho céc s6 thuc a, b, c. Ching minh rang
(a? + ab + b?)(b? + bc + c?)(c? + ca + a®) = (ab + bc + ca)?
Bai 56. Cho céc s6 thuc duong a, b, ¢ sao cho a? + b? + ¢ = 1. Chiang minh rang

VZz—2 4 b - >1
“14+bc 14+ca 1+ab™

Bai 57 (Pham Kim Hung). Cho cic sb thuc khong am a, b, ¢ sao cho khong co 2 sb nao ciing bang 0. Chimng
minh rang

1 N 1 N 1 S 1
(a+2b)> (b+2c)* (c+2a)® ab+bc+ca

Bai 58. Cho céc sd duong a, b, c. Chitng minh rang
ab bc ca a b c

>
c(c+a)+a(a+b)+b(b+c)_c+a+a+b+b+c

Bai 59. Cho céc s6 duong a, b, c. Dit
1 1 1
= -, = b -, = —_
- ‘ x=a+ b y + c z=c+ p
Chingminhrangxy + yz+zx > 2(x + y + z)

Bai 60. Cho a, b, ¢ 1a d6 dai 3 canh ciia mot tam giac. Chitng minh rang
(a+b—=0c)b+c—a)(c+a—b) <a®b’c*

Bai 61. Cho céc sé duong x, y, z théa man x3 + y3 + z3 = 3. Chung minh ring

xtyt + ytzt + 2%t < 3

Bai 62. Cho céac s6 duong a, b, x, y, z. Chitng minh rang
x y z 3

>
ay+bz+az+bx+ax+by_a+b

Bai 63. Cho céc s6 thuc duong a, b, c. Chirng minh rang

Y a+ b\¢ b+ c\* c+a\l
y++fz<1+———)(1+ )<1+ )
c a b

Bai 64 (IMO). Cho céc s thuc cung diu a, b, c, d, e. Ching minh ring
(a—b)a—c)la—d)a—e)+(b—-c)b—d)(b—e)(b—a)+ (c—d)(c—e)(c—a)(c—Db)
+(d—-e)d—a)d—-Db)(d—-c)+(e—a)(e—b)(e—c)(e—d) =0
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Bz‘li 65. Cho céc sb duong a, b, ¢, x, y, z. Chitng minh r;‘ing
aly+z) bz+x) clx+y)
+ +
b+c c+a a+b
2\/(x+y)(x+z)+\/(y+z)(y+x)+\/(z+x)(z+y)—x—y—z

Bai 66. Cho céc sd duong a, b, c. Chiing minh rang
(b+c—a)> (c+a-b)? (a+b-0c)? 3

>
(b+c)+a? (c+a) +b%2 (a+b)2+c%2~5

Bai 67. Cho céc sé duong a, b, c. Chitng minh rang
a/
Z—b2 B2 2_g?
+ + >0
b+c c+a a+b

b/
a’—b’ +b2—c2 +c2 -a’ S (a=b)* +(b—-c)*+(c—a)’
b+c c+a a+b 2(a+b+c)

Bai 68. Cho céac s6 duong a, b, ¢ sa0 cho a + b + ¢ = 1. Ching minh rang
1 1 1 27

<
1+ab+1+bc+1+ca_ 8

Bai 69. Chiing minh rang néu 0 < y < x < 1 thi

x 14+x—+vV1—x2

“<

Y 14+y—J1-y2

Bai 70. Cho céac sé duong a, b, c. Ching minh rang
a+b b+c c+a a b C
+ + >2 + +
c a b b+c c+a a+b

Bai 71. Cho céc s6 duong a, b, c. Chitng minh rang
Ja* +a2b? + b* +/b* + b2c? + c* ++/c* + c2a? + a*
> a\/2a? + bc + b\J2b2 + ca + cy/2¢? + ab

Bai 72. Cho céac sé duong a, b, c. Ching minh rang
(a+b)(a+c)=2/abc(a+b+c)

Bai 73. Cho céc s6 thuc bat ki a, b, c. Ching minh rang
a(a+b)2+bb+c)d+c(c+a)X=0

Bai 74 (Phan Thanh Nam). Cho cac s6 thuc a, b, ¢ théa a + b + ¢ = 0. Ching minh ring
a(a—b)2+bb—-c)+c(c—a)=0

Bai 75 (Phan Thanh Nam). Cho cic s6 thyc a, b, c. Chitng minh rang
a(a+b)(@®+b*)+bb+c)b*+c?)+c(c+a)(c®+a?) =0

Bai 76 (Nguyén Pinh Thi). Cho cic s6 thyc a, b, c. Chitng minh rang
a(a+b)(@a?+c?)+bb+c)b?>+a?)+c(c+a)(c®>+b*) =0

Bai 77 (Phan Thanh Nam). Cho cic sb thuc a, b, ¢ sao cho (a + b)(b + ¢)(c + a) # 0. Ching minh ring
ala—b) bb—-c) clc—a) - 3

(@+b)2 (b+c)? (c+a)2~ 8

Bai 78. Cho céc sb thuc khong am a, b, c. Chitng minh rang

Page 7



%00 Ineoualities Collection www.VNMATH.com Nguyén Pinh Thi

4q 4b 4c
(1+ )(1+ )(1+ )225
b+c c+a a+b

Bai 79. Cho céc 6 xq, X5, ..., X, = 1. Chirng minh rang

1 1 1 n
+ 4ot >
1+x 1+x T4+x, 14+ 3 /xxp . xyp

Bai 80 (VMO 1991). Cho cac s0 thuc x =y = z > 0. Chang minh riang

x%y y’z z%x )
7+T+7>2(x +y%+22) — (xy + yz + zx)

Bai 81 (Nguyén Dirc Toﬁn) Cho cac sb thyc x > y > z > 0. Chang minh rang

72 2

x? z X X — z)(z—x
y vz zx_ ty2 2 =N -2 —2)]
z x y xyz(x +y +z)

Bai 82. Cho céc sb thuc khong am a, b, ¢ sao cho a + b + ¢ = 1. Chirng minh rang

(b —c)? (c—a)? (a—b)?
\/a+T+\/b+T+\] 1 <\/_

Bai 83. Cho céc sd duong a, b, c. Chitng minh rang
\/a4 + bt +ct + \/azb2 + b2¢c2 + c2a? > \/a3b +b3c+c3a+ \/ab3 + bc3 + cad

Bai 84. Cho céc s6 duong a, b, ¢ € [1; 2]. Chitng minh rang

1 1
(a+b+c)(—+—+—)£10
a b c

Bai 85 (Thai Nhat Phwong). Cho cac s6 duong x, y, z théa xyz = 1. Ching minh rang
x2y2 yZZZ szz
<1

+ + <
x2y2+x7 +y7  y?z2 4y’ +2z7  z2x?+z7 +x7

Bai 86 (Cezar Lupu). Cho cac s6 thuc dwong a, b, c. Chiing minh rang
a b c a? + bc b% +ca c? + ab

b+c+c+a+a+b2(a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b)

Bai 87. Cho céc sb duong a, b, c théa a + b + ¢ = 1 = 4abc. Chang minh ring
1 1 1 1 1 1

Bai 88. Cho céc sb thuc duong a, b, ¢ théa abc < 8. Chang minh rang
1 1 1

+ +
a?—a+1 b2—b+1 c2—-c+1

=1

Bai 89 (China 2006). Cho cac s duong xl,xz, ... X,, 580 ¢ho x4 + x, + --- + x,, = 1. Ching minh rang
n

(Vo1 + fxz + - +\/Z)< ! + et ! )s :

J1+x \/1+x2 Ji+x,) Yn+1

Bai 90 (Romania 2006). Cho céc s duong a, b, ¢ théa a + b + ¢ = 3. Chang minh rang
1 1

b2

1 2
+—>a + b% + ¢?

Bai 91. Cho céc sb thuc duong a, b, ¢. Chirng minh rang
(a? + 2ab)*(b% + 2ca)® (c? + 2ca)® = (a? + b? + c2)atb*e

Bai 92 (Pham Kim Hung). Cho cic sé duong a, b, ¢ sa0 cho abc > 1. Ching minh rang

Page 8



%00 Ineoualities Collection www.VNMATH.com Nguyén Pinh Thi

1+a+1+b+1+c
1+b 14+c 1+a

a+b+c>=

Bai 93. Cho céc s6 khong 4m a, b, c. Chiang minh rang
a b c 4

+ + >
b24+c2 c24a?2 a?+b2 a+b+c

Bai 94 (Nguyén Pinh Thi). Cho cac s6 dwong a, b, c. Ching minh ring
a b c 1

>
(b+c)2+502+(c+a)2+5a2+(a+b)2+5b2_a+b+c

Bai 95. Cho céc 6 x, y duong sao cho x° + y° = 2. Chang minh rang
x3+y3 > 2xy

Bai 96 (Tran Quédc Anh). Cho cac sé duong a, b, c. Ching minh rang
3

a \3 b \° c 1
(2a+b) +(2b+c) +(2c+a) 25

Bai 97. Cho cac sd thuc khac nhau d6i mot a, b, c. Chieng minh rang
a+b b+c c+a

a—>b + b—c +

=2

c—a

Bai 98 (Tran Quéc Luat, Nguyén Pinh Thi). Cho céc sb thyc duong bat ki a, b, c, x, y,Z va $b nguyén

dwong k. Chirng minh rang
2x 2y 2z
ab + bc + ca<a+b+c
xX+y y+z z+y

a/
k+1| 2x k+1| 2 k+1| 2Z
+\] akb++\/ ybkc++\/
x+y y+z zZ+
Bai 99 (Turkey National Olympiad 2008). Cho a,b,c >0 sao cho a+b+c=1. Chizng minh
a’b? . b’c® N c’a’ S 3
c’(a®—ab+b’) a*(b’-bc+c’) b*(c’—ca+a’) ab+bc+ca

b/

cka<a+b+c
y

Bai 100 (Nguyén Pinh Thi). Cho x, y, z 14 cac sb thuc duong va k 14 s thuce tiy y. Chitng minh rang
) a*b**(a+b) b“'c“'(b+c) c“'a“'(c+a)

ck(ak+bk) ak(b"+c") b"(ck+ak) “ab+bc+ca
a“'b**(a+b) . b**c* (b +c) . c“'a“*(c+a) 1
b) e (ak +b") a* (bk +ck) b (ck +ak) " 3abc

véoi k>21vk<0

voi 1>k >0

Bai 101 (Nguyén Pinh Thi). Cho a, b, ¢ 1a cac sb thuc dwong, chirg minh cac bat dang thirc sau:
a-b b-c c-a _;

. . >3/abc
1+ab 1+bc 1+ca

1 1 1 a-b b-c c-a 1
—+—+—+ . . > 33—
a b ¢ 1+ab 1+bc 1+ca abc

Bai 102. Cho cac s dwong a, b, c. Ching minh bat dang thirc sau voi moi k >1

a)a+b+c+

b)

Page 9



%00 Ineoualities Collection www.VNMATH.com Nguyén Pinh Thi

az(bk+ck) bz(ck+ak) cz(ak+bk)

a“+b“ +c 2— - -
a‘+hc b° +ca c-+ab

Bai 103 (Tran Quéc Anh). Cho cac s6 duong a, b, ¢ sao cho abc = 1. Ching minh
1 1 1 3

A+a20b+0) A+b)lcta) A+o2(ath) 8

Bai 104 (Nguyén Pinh Thi). Cho a, b, ¢ > 0 va k khong nho hon 2. Chitng minh bét dang thtc
ab N bc N ca < a+b+c
(2k —2)a+(2k —1)b+2kc (2k—2)b+(2k —1)c+2ka (2k —2)c+(2k —1)a+2kb ~ 6k -3

Bai 105 (Nguyén Pinh Thi). Cho céc s thuc duong x, y, z. Chiing minh rang
1 s 1 s 1 __V3
x5\x2+2y2  yS\[y2 4272 z5VzZ+2x% x%y2z?

Bai 106 (Olympic 30/4). Cho cac s6 thuc duong a, b, x, ¥, z. Chiing minh rang

x? y? z? 3

P= + - >
(ay + bz)(az + by) (az + bx)(ax + bz) = (ax + by)(ay + bx) — (a + b)?

Bai 107 (Nguyén Pinh Thi). Cho cac s thuc duong a, b, x, y, z. Ching minh rang

x? y? z? 3

P= (ax + by)(ay + bx) * (ay + bz)(az + by) * (az + bx)(ax + bz) = 2(a? + b?)

Bai 108 (International Zhautykov Olympiad 2006). Cho céc sb thuc bat ki a, b, c,d sao cho a + b +
¢+ d = 0. Chang minh
(ab + ac + ad + bc + bd + cd)? + 12 > 6(abc + bcd + cda + dab)

Bai 109 (Nguyén Pinh Thi). Cho a, b, ¢, d 14 cac s6 khong am. Chirng minh
a+h) c+d Y a+d) b+c)
2+ —— 24| —— 24| —— 24| ——| (=81
a+c a+c b+d b+d

Bai 110 (Nguyén Pinh Thi). Cho céc s6 thyc khong am a, b, c. Ching minh rang
b) > 4abc(a’® — b?)?
“(a+b+c)la+b)(b+c)c+a)

a(a—b)a—c)+bb—c)(b—a)+c(c—a)(c—

Bai 111. Cho a, b, ¢ 1a d6 dai 3 canh cua mot tam giac sao cho a? + b? + ¢? = 3. Chang minh ring
a+b+c=abc+?2

Bai 112 (Nguyén Binh Thi). Cho cac s6 thyc duong a, b, c. Ching minh rang
2(a* + b* + ¢c*) ab + bc + ca

+ =
ab(a+b)+bc(b+c)+cal(c+a) a3+b3+c3

Bai 113 (Nguyén Pinh Thi). Cho cac sb thuc duong a, b, c. Chirng minh:

a’ b? c?
+ + >1
\(b+c)?+5¢7  \(c+a)’+5a° | (a+b)®+5b?

Bai 114 (Nguyén Pinh Thi). Cho céc s thuc duong a, b, c. Chiing minh rang
b(a+b) c(b+c) a(c+a)>3

Cc+a? T a+b2 " hror -2

Bai 115 (Dwong Pirc Lam). Cho cac s6 thuc khong 4m sao cho a + b + ¢ = 1. Ching minh rang
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1
—a(b—c)4+b(c—a)4+c(a—b)4<E

Bai 116. Cho cac s6 thuc duong x, y, z sa0 cho Xyz > Xy + yz + zx . Ching minh bét déng thirc
(xyz)? 281[x§/2+ yi/zjt Za\‘/ZJ
z X y
1 1

Bai 116 (Romania 2007). Cho cac s6 thyc duong a,b,c sao cho L + + >1
1+a+b 1+b+c 1+4c+a

Ching minh rang a +b+c>ab+bc +ca

Bai 117. Cho cac sb thuc duong a,b,c sao cho a® +b? +c¢® =1. Chang minh riang
at+b c+a  b+c < 9
1+ab 1+4ca 1+bc™ 2(a+b+c)
Bai 118 (Poland 1992). Cho céac sb thuc X, y,Z sao cho X+ y+z=1. Chitng minh rang
X y z__ 9

2

+ + —
X*+1 y*4+1 z2°+1710

Bai 119 (Nquyén Pinh Thi). Cho cdc sé thue dirong a,b,c sao cho
L + ! + L >1
1+2ab 1+2bc 14 2ca
Ching minh rang a +b + ¢ > 3abc

Bai 120 (Mathlinks Contest). Cho céc s thuc duong a,b,c sao cho. Chirng minh
1 1 1 3
2 + 2 + 2 S
1+a’(b+c) 1+b*(c+a) 1+4c*(a+b)” 1+42abc
Bai 121 (Serbian National Olympiad 2008). Cho cac sb thuc duong X, y,Z sao cho x+y+z=1. Chung
minh rang

1 1 1 27

+ + <o

1 1 1731
yz+x—|—; zx—l—y+§ xy~|—z+;

Bai 122. Cho cac sb thuc duong a,b,c¢ sao cho ab +bc + ca + abc = 4 . Ching minh rang
2

>(a+2)(b+2)(c+2)

3[L L1001
Ja b e
Bai 123. Cho a,b,c 1a d6 dai 3 canh cia mot tam giac. Ching minh rang

fbrc—a_ \Jerab_, Jath-c__,
o+ —va  Jciva—b  Jatb—k

Bai 124 (Nguyén Dinh Thi). Cho céc sb thyc khong am a,b,c . Chirng minh
4a N 4b 4c  ab?+bc?+ca® +abc
a+b b+c c+a a’b+b’c+c’a+abc

>7

Bai 125 (UK TST 2005). Cho cac sé thuc duong a,b,c sao cho abc=1. Ching minh rang
a+3 b+3 c+3
2 + 2 + 2 2
(@a+d)° (b+1)° (c+))

Bai 126. Cho cac sb thuc khéng 4m a,b, ¢ . Chimg minh bét déng thirc
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4(a+b+c)® > 27(ab” + bc*+ca’ +abc)

Bai 127. Cho céc s6 thuc khong 4m a,b,c . Chirng minh bat dang thirc
a® +b® +c® +2(a’b + b’c +c?a) > 3(ab® + bc? +ca?)

Bai 127. Cho a,b,c 1a @ dai ba canh ctia mot tam giac. Chirng minh rang
3(a3b +bc+ caa) >(ab+bc+ ca)(a2 +b* + cz)

Bai 128. Cho cac s6 thyc khong 4m a,b,c sao cho a® +b® +¢® =3. Chirng minh
ab’® +bc?+ca’ < 2+abc

Bai 129 (Phan Thanh Nam). Cho cé4c sb thuc khong am a,b,c théa a® +b* +c? =1. Ching minh

(a+b+c)(a—b)(b—c)(c—a)s%

Bai 130. Cho céc sé thue khong am a,b, ¢ . Ching minh bat dang thire
a b c 3abc

+ + + =2
b+c c+a a+b 2(ab2+bcz+ca2)

Bai 131 (Vasile). Cho cac sb thuc bat ki a,b,c . Chirng minh rang
<a2 +b?+c? )2 > 3<a3b +bic+ c3a>

Bai 132. Cho a,b,c > 0. Chirng minh

a3 b3 3
2 2+ 2 2
b —bc+c® c°-ca+a

+— ~>a+b+c
a“—ab+b

Bai 133. Cho a,b,c>0. Chtng minh

2 2 2
a 2(b+;;)+b 2(c+:;1)+c §a+E)2a+b+c
b*+c c +a a“+b

Bai 134. Cho céac sé duong a, b, c. Chitng minh
a(b?+c®) b(c®+a?) c(a®+b?
(%) blct+a) ofa+17)
b+c c+a a+b

<a’+b*+c?

Bai 135. Cho cac sb thuc khéng 4m a,b,c . Chitng minh rang

a’ b* c* s Lo
bz—bc+02+cz—ca+a2Jraz—aberZZa +bi+e

Bai 136. Cho a,b,c > 0. Ching minh
a’(b+c)® b*(c+a)® c’(a+hb)’
b? +¢° ¢’ +a’ a’ +b?

>2(ab+bc+ca)

Bai 137. Cho cac s6 thuc dwong a, b, c. Ching minh rang
1 1 1 1 1 1
(a+s-1)(p+s-1)+(b+2-1)(cts=1)+(c+-—1)(at;-1)23
b c c a a b

Bai 138. Cho cac s6 thuc dwong a, b, ¢ sa0 cho a + b + ¢ = 3. Chung minh rang
(@ —a+1)B?-b+1)(c*-c+1) =1
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Bai 139 (Nguyén Pinh Thi). Cho cac sb thuc bat ki a, b, c thoa mén
1 N 1 N 11
) a’+8 b2+8 c2+8 3
Tim gia tri nhé nhat va gia tri I6n nhatciaa + b + ¢

Bai 140. Cho cac sb thuc duong a, b, c. Chirng minh
a N b N c N 6abc > &
b ¢ a ab?+bc?+ca?—

Bai 141. Cho cac s6 thyc bat ki a, b, c. Chitng minh rang
B+a>)3+b)B+c®)=4(a+b+c+1)?

Bai 142. Cho cac sb thuc duong x, y, z sao cho x + y + z + 1 = 4xyz. Chitng minh
xytyz+zx=z2x+y+z

Bai 143 (VMO 1996). Cho céc sb thuc khong am a, b, ¢ sao cho ab + bc + ca + abc = 4. Chitng minh
a+b+c=ab+bc+ca

Bai 144. Cho céc sb thuc duong a, b, ¢ sao cho abc = 1. Chung minh rang
1 1 1 1 o1

+ + - >
(1+a)" (1+b) (14+c) ab+bctca+l

Bai 145 (VMO 2006). Cho céc sb thuc duong a, b, ¢ sao cho abc = 1. Chiing minh rang
1 1 1
?+F+?+322(a+b+c)

Bai 146 (IMO 2008). Cho x, y, z 1a cac sb thuc khac 1 va thoa man xyz =1. Chang minh rang

X2 y2 ZZ

+ + >1
(x-1* (y-1* (z-1?

Bai 147 (Kvant). Cho a,b,c 1a cac s6 thuc phén biét. Ching minh
2 2 2
(i+1j +(L+1j +(L+1j >5
a-b b-c c—-a

Bai 148 (Nguyén Pinh Thi). Cho X, Y,z 14 cac s6 thuc khic 1 va thoa man xyz =1, va s6 thuc bét ki m.
Ching minh rang ta ludn c6 bat dang thic

2 2 2
(x+mj (y+m +(z+mj o1
x—-1 y-1 z-1

Bai 149 (Trin Nam Dung). Cho k 1a mot s6 thyc thugc khoang [—1;2] va cho a,b,c 1a ba sb thuc d6i mot
khac nhau. Ching minh ring ta c6 bat dang thirc sau

(a2+b2+cz+k(ab+bc+ca))( t 11 2j29(2—k)
(@=b)* (b-c)* (c-a) 4

Bai 150 (Nguyén Pinh Thi). Cho cic sb thuc a,b,c¢ sao cho abc =1. Ching minh
a+3 b+3 c+3 _ 47
2t 2+ e
@a-1)° (b-1)° (c-1)° 16

Bai 151 (Ngquyén Pinh Thi). Cho cic s6 thuc phan biét a,b,c va sb thuc bt ki k €[0;1] . Chiang minh
a(a+kb) N b(b+kc) . c(ct+ka) 7
(a-b)> (b-c)* (c-a)* 8
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Bai 152 (Nquyén Pinh Thi). Cho céc sé thuc a,b,c sao cho a+b+c=0. Chiang minh

a_b bC+E<__15

+— <
¢ a® b 4

Bai 153. Cho a,b,c 1a cac s thyc. Ching minh
(a—bjz (b—cjz [c—ajz
+ + 25
b-c c—a a-b

Bai 154 (Pham Kim Hung). Cho cac s6 thuc tuy y a,b,c . Chiing minh:
1 1 1 S 11

+ + >
(2a-b)* (b-c)* (2c-a)’ 7(a’+b*+c?)

Bai 155. Cho cac s6 thyc phéan biét a,b,c . Chang minh rang
1+a’h® 1+b*c* 1+c’a’ .3

+ + >
(a=b)*> (b-c)® (c-a)* 2

Bai 156 (Nguyén Pinh Thi). Cho cac s6 thuc khong 4m a,b,c . Tim gia tri nho nhét cia biéu thic

1 1 !
P:(ab+bC+Ca)[(2a_b)2 + (zb_c)z + (ZC_a)Zj

Bai 157 (Dwong Pirc Lam). Cho cac sé a,b,c €[0;2]. Ching minh bét ding thirc
| 1 L1 |2§
|a—b b—c c—a| 2

Bai 158 (V6 Quéc Ba Cén). Cho X,y € R;(x+ Yy #0). Chitng minh

2
x2+y2+{1+—xyj >2
X+Yy

Bai 159. Cho cac s6 thuc X,y,z sao cho X+ Y+ z=0. Ching minh

(x2 +y° +ZZ)3 o6
(x3 +y3+z3)2 -

Bai 160 (VMO 2008). Cho céc sb thuc khong am a,b,c . Ching minh bit ding thirc
1 1 1 4
2 + 2 + 2 2
(a=b)* (b-c)* (c—a)* ab+bc+ca

Bai 161. Cho cac s6 thyc khong 4m phan biét a,b,c . Chiang minh rang
(2 46° +.?) 1 . 1 L 1 2 Z11+5\/§
(a=b)” (b—c)" (c—a) 2

Bai 162 (Nquyén Pinh Thi). Cho céc sb thyc khong am a,b, ¢ . Chitng minh
a b c 4
=+ =+ =
(b—c)* (c—-a)° (a—-b)* a+b+c

Bai 163 (Tran Quéc Anh). Chirng minh rang véi moi sé thuc a,b,c ta co
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(a+b)’(a+c)’  (b+c)’(c+a)’ (c+a)’(c+b)’
(bz —C2)2 (Cz _a2)2 (bz _C2)2 -

Bai 164 (Brazilian Math Olympiads). Cho cac sb thuc X,y,z sao cho X+ Y+ z = xy + yz + zx. Chiing
minh ring

X y z -1
2 >

+ +
X241 y241 24172

Bai 165 (Nguyén Pinh Thi). Cho cac sd thuc bit ki a,b,c sao cho ab+bc+ca=—1hoic
a-+b-+c=—abc. Ching minh rang

a b C >—1

1
=> + + -
2 a*+1 b*41 c*+1 2

Bai 166 (Nguyén Pinh Thi). Cho cac s thuc khong 4m a, b, ¢ sao cho a + b + ¢ = 2. Chiang minh ring

1 1 1
+ +
J(@? —ab+b2)(b2 —bc +c?) /(b2 —bc+c2)(c2 —ca+a?) +/(c?—ca+a?)(a?—ab+b?)
>3

Bai 167. Cho x,y > 0. Ching minh ring
x*+yy=xr+y*

Bai 168. Cho cac s6 thyc dwong a, b, ¢ sa0 cho abc = 1. Ching minh rang
a b c 3

< —
a3+1+b3+1+c3+1_2

Bai 169. Cho a, b, ¢ 1a 6 dai 3 canh ciia mot tam giac. Chang minh rang vai moi sb nguyén duong n ta c6
ab(a—b)+b"c(b—c)+c"alc—a) =0

Bai 170. Cho cac s6 khong am sao cho khong ¢6 2 sb nao ddng thoi bang 0. Ching minh rang
b?+c*> c?+a®> a*+b*> (a+b+c)?
2 o3 T2 Z
a“+bc b +ca c“+ab ab+bc+ca

Bai 171 (Dwong Pire Lam). Cho cic s6 thuc khong am a, b, c. Chirng minh rang
1 1 1 5 4
2 2 + 2 2 + 2 2 Z + 2 2 2
a“+ab+b® b°+bc+c” c“+ca+a”  3(@b+bc+ca) 3@ +b°+c)

Bai 172. Cho cac sb thuc dwong a, b, ¢ sao cho va + Vb + +/c = 3. Chang minh
8(a?+b*>+c?)=3(a+b)(b+c)(c+a)

Bai 173. Cho cac s6 thuc duong x, y, z. Chiing minh
x2 yZ ZZ 3

+ + >
yx?+xy+y?) zy?4+yz+z2) x(Z*+zx+x%) x+y+z

Bai 174 (Chon dbi tuyén Viét Nam 2009). Cho cac sb thuc bat ki a, b, ¢. Hiy tim tat ca cac sb thuc k dé
bat dang thirc sau dung

3

(k+bic)(k+cia)(k+aib)Z(k-l_%)

Bai 175. Ching minh rang véi moi s6 thuc duong a, b, ¢, x, y, z, bt dang thire sau duoc thoa man
ax N by N cz <(a+b+c)(x+y+z)
a+x b+y c+z a+b+c+x+y+z
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Bai 176. cho cac sb thuc bat ki a, b, ¢ sao cho a? + b% + ¢? = 3. Ching minh ring
a N b N c - 3
b24+c?2 c24a?2 a?2+b272

Bai 177. Cho cac sb thuc dwong x, y, z. Ching minh rang
x’z y’z°

+ + >1
x5y2z 4+ 2y6  yoz4 + 2x  z2x% + 2x6yz7

Bai 178. Cho cac sb thuc a, b, c. chizng minh
(a2 +1)(b2 +1)(c2 +1) > (ab+bc +ca-1)°

Bai 179. Cho cac sb thuc duong a, b, ¢ théa man a+b+c ZiJr%Jr1 . Chtirng minh
a c
2

a+b+c>——m——+—
a+b+c abc

a b c
—+—+—€Z
Bai 180. Cho cac sb nguyén a, b, ¢ khac 0 sao cho i a . Chirng minh
—+—+—cZ
a b c
3a* 2b* ¢!
b—2+c—2+¥—4|a|—3|b|—2|(:|20

Bai 181. Cho a,b,¢,x,y,z la cac s6 thuc thay ddi thoa man (x + y)c — (a + b)z = V6. Tim gié tri nho
nhat cua
F=a?+b*+c?>+x?+y*+z +ax+by+cz

Bai 182. Cho cac sb duong a, b, c. ching minh bat dang thirc
(a-b—c)’ N (b-c-a)’ . (c—a-b)’ 21
2a’+(b+c)’ 2b*+(c+a) 2c*+(a+b) 2

Bai 183. Cho cac s6 duong ay, a,, ..., a,, théa mén a, a, ...a,, = 1. Chang minh rang
Ja2+1+\Ja2 11+, .+ [a2 +1<\2(a +a, +...+a,)
Bai 184 (APMO). Cho a, b, ¢ > 0. Ching minh
(1 +5)(1 +9)(1 +5) > 2(1 +M)
b c al Vabc

Bai 185 (Nguyén BPinh Thi). Cho cac s6 thyc duong a, b, ¢ sa0 cho a + b + ¢ > 3. Chirng minh ring
B —a? b3_p2 3 — 2

+ + >
(a+b)? (b+¢) (c+a)?

0

Bai 186 (Nguyén Pinh Thi). Cho cac sb thyc khong am a, b, ¢ sao cho ab + bc + ca = 1. Ching minh
3ab+1 3bc+1 3ca+1>4

+ + >
a+b b+c c+a

Bai 187 (Nguyén Pinh Thi). Cho cac sé thyc khong 4m a, b, ¢ sao cho a° +b* +¢® = 2. Chiing minh

a b* c?
P= 2 7T 2 7T 2 2 =
bc—-bc+c° c“—ca+a~ a“—-ab+b
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Bai 188. (Cao Minh Quang - THTT). Cho cac sb dwong a, b, ¢ sao cho a + b + ¢ = 6. Chiing minh rang
a b c

+ + > 2
Vb3 +1 Ve3+1 Va3 +1

Bai 189. (Lé Xuan Pai - THTT). X¢ét cac sb thuc dwong a, b, ¢, x, y, z thoa man hé

cy+bz=a
az+cx=>b
bx +ay =c
Tim gié tri nho nhat cua biéu thuc
X2 2 72

P = + +
x+1 y+1 z+1

Bai 190. (L& Xuén Pai - THTT). Cho cac sb thuc duong a,b,cthbamina < b <cvaia+b+c= §+
% + % Ching minh ring
ab’c® > 1
Bai 191. (Lé Xuan Pai - THTT). Cho a, b, ¢ 1a d6 dai 3 canh cia mot tam giac. Ching minh rang
1 1 1 1 1 1
+ + > + +
Vab+bc +vbc+ca ecat+ab VaZ+bc VbZ+ca VcZ+ab

Bai 192. (Trinh Minh Tuén - THTT). Cho cac sé a, b, ¢ € [1; 2]. Chttng minh bat dang thac
(Ba+2b+ )(1+1+1)<45
¢ ¢ a b ¢/ 2

Diang thuc xay ra khi nao?

Bai 193. (Nguy&n Manh Tudn — THTT). Cho céc s thuc duong a, b, c. Chirng minh rang

a? p* c?
?+T+sz/a2—ab+b2+\/b2—bc+cz+\/cz—ca+a2

Bai 194. (Hoang Ngoc Minh — THTT). Cho cac sb thuc khéng nho hon 1. Chitng minh rang
(=5 (=) (=22 (e=2) (=5) (=)
¢ b c ¢ a/ — ¢ a b ¢ o

Bai 195. (Lé Vin Luc — THTT). Cho céc sb thuc a, b, ¢ théa man diéu kién 4(a + b + ¢) = 9. Tim gi4 tri
nho nhit cua

P=(a+ a2+1)b(b+ b2+1)c(c+ c2+1)a

Bai 196. (Vé Qudc Ba Can — THTT). Cho céc sb thuc dwong a, b, ¢ théa méin abc = 1. Chirng minh rang
a

+ + >1
V8c3+1 V8c3+1 +8a3+1

Bai 197. (Trin Tuin Anh — THTT). Cho céc sé thuc khong 4m c6 tdng bang 1. Tim gia tri I6n nhit va
gid tri nho nhét cua

P =a(b—c)®+b(c—a)® +cla—b)?

Bai 198 (Ao 1971). Cho céc sb thuc duong a, b, ¢, x, y, z sa0 cho a < b < c. Ching minh rang

(a +c)? ) X Yy z
_ > —_ — —
ac x+y+2) _(ax+by+cz)(a+b+c)
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Bai 199. Cho céc s6 thuc a, b, ¢ thoa abc > 0. Chirng minh rang
1 1 1 a®+p8+8

S-S
a b c a3b3c3 .
Bai 200 (Tap chi Crux Math). Cho cac so duong x, y, z. Chung minh rang
2x%(y + 2) 2y%(z + x) 2z%(x +y)

GGt Gta0 0 Groery - TYTe

Bai 201 (Tap chi Crux Math). Cho cac s duong x, ¥, z. Ching minh ring
x+y+z> xy +yz+zx

3V3  [xl+xy+yr+yZ+yz+22 +VzZ + zx + x2

Bai 202 (Tap chi Crux Math). Cho cac s duong x, y, z. Ching minh ring

xyz(x+y+z+\/x2 +y2+zz) 3443
<
2 +y2+2z20)(xy+yz+zx) ~ 9
Bai 203 (Tap chi Crux Math). Tim gia tri I6n nhit cua

(b )_|a—b+b—c+c—a|
flab,e) = a+b b+c c+a

Vai a, b, c 1a d6 dai 3 canh cia mot tam giac khong tu.

Bai 204 (Tap chi Crux Math). Cho a, b, ¢ 1a d¢ dai 3 canh ctia mot tam giac va x, y, z la cac sb thuc.
chtng minh rang

xc?  ya®* zb® 1 1% 1
(x+y+z)(?+y—+—>2<z+z +C—2>(a2yz+b22x+czxy)

b2 c?

Bai 205 (Tap chi Crux Math). Cho a, b, ¢ 1a cic s6 khong 4m sao cho a + b + ¢ = 1. Ching minh rang
ab+bc+ca<a®+b3+c3+6abc <a?+b*+c?<2(a®+b3+c®) +3abc

Bai 206 (Tap chi Crux Math). Cho cic s6 khong 4m x, y, z. Ching minh rang
(xy + vz + zx)?(x + y + 2) = 9xyz(x? + y? + z?)

Bai 207 (Tap chi Crux Math). Chirng minh rang véi moi s6 thuc x, y, z ta ludn c6
X2+ 92 +22)2 — (3 +y3 + 232 — (XPy + y?z+ 22%)% — (xy? + yz? + zx?)2 > 0

Bai 208 (Tap chi Crux Math). Cho cac sb thuc duong x4, x5, ..., x, (n = 2)saochox; +x, + -+ x, =
1. Chang minh rang

T ST W 2 e o B
Ji-x J1-x J1—x, Vn—1

Bai 209 (Tap chi Crux Math). Cho cic sé duong x, y, z. Ching minh rang
x y z Vx + ﬁ +z
+ + >
Jx+y Jy+z Vz+x V2

Bai 210 (Tap chi Crux Math). Cho cic s6 x, y,z > 0. Chirng minh ring

V2 xy +y2+y2 +yz+ 22 + 22 + zx + x2 = 3.[xy + yz + zx

Bai 211 (Tap chi Crux Math). Cho0 < x,y,z< l,vaditu=z(1—-y),v=x(1—2),w =y(1 —x).
Chuang minh rang
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1 1 1
(1—u—v—w)(—+—+—)23
u vow

Bai 212 (Tap chi Crux Math). Cho cac s6 khong am x, v, z sao cho x* + y* + z* = 1. Tim gia tri nho
nhat ciia

X3 y3 Z3

1—x8+1—y8+1—28

Bai 213 (Tap chi Crux Math). Chitng minh rang véi moi s6 x >y > 1 ta c6
x y 1 y X 1

+ + > + +
Jr+y Jy+1 Vx+1 0 Jx+y Vx+1 (fy+1

Bai 214 (Tap chi Crux Math). Cho cac s6 thuc duong a, b, ¢, d sao cho a + b + ¢ + d = 2. Chiing minh
rang

a? N b? N c? N d? - 16
(a?2+1)2 (b%2+1)? (c?2+1)?* (d?+1)2" 25

Bai 215 (Tap chi Crux Math). Chirg minh rang
v+w bc w+u ca utv

ab
. . . >4(a+b+0)
u s-—a v Ss-—b w Ss—c¢

Vai a, b, c, s 1a do dai 3 canh va nira chu vi tam giac va u, v, w 1a cac s6 duong bat ki.

Bai 216 (Tap chi Crux Math). Cho cac s khong am x, v, z sao cho xy + yz + zx = 1. Tim gi tri I6n
nhat cua

x(1-yHA -z +y(1—2z)A —x?) +z(1 —x»)(1 - y?)

Bai 217 (Tap chi Crux Math). Cho cic sé duong x, y, z. Ching minh rang
z

x y
+ + <1
x+J(x+y)x+z) y+J+2)(y+x) z+J(z+x)(z+Yy)

Bai 218 (Tap chi Crux Math). Cho céc sé dwong a, b, ¢, x, y, z. Ching minh rang

a b c 3(xy +yz + zx)

>
b+c(y+Z)+c+a(Z+x)+a+b(x+y)_ x+y+z

Bai 219 (Tap chi Crux Math). Cho céc sb thuc a, b, ¢, x, y, z. Tim gia tri nho nhat cua
V(A —ax)? + (ay)? + (az)? + (1 = by)? + (bz)? + (bx)? + /(1 — c2)? + (cx)? + (cy)?

Bai 220 (Tap chi Crux Math). Cho cac sb thuc x, y. Chirng minh rang
Pyt + (P + DG+ D) 230+ + YA+ ) +x+y

Bai 221 (Tap chi Crux Math). Choa < b < c <0vaa~! +b~! + ¢~ = 1. Chang minh ring
4 1 1

2 @b T -0c

4
>—
3

Bai 222 (Tap chi Crux Math). Cho cic sé duong a, b, c. Ching minh rang
a(3a—b)+b(3b—c)+c(30—a) <a3+b3+c3
c(a+b) a(b+c) b(c+a) ~ abc

Bai 223 (Tap chi Crux Math). Cho cic s6 khong 4m a, b, c. Ching minh rang
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Va2 +1+b2+1++/c2+12/6(a+b+c)

Bai 224 (Tap chi Crux Math). Cho cac s duong a, b, c. Chuang minh rang
a b cb ¢ a 1 1 1
3max{—+—+—;—+—+—}2(a+b+c)<—+—+—)
b ¢ aa b c a b c

Bai 225 (Tap chi Crux Math). Cho céc sb a, b, c > 1. Ching minh rang
Va—14+vVb—1+Vc—1< /c(ab+1)

Bai 226 (Tap chi Crux Math). Cho a > 0 va x > y > z. Chang minh rang
adly—-z)+a(z—-x)+a*(x—y)=0

Bai 227 (Tap chi Crux Math). Cho cac s duong a, b, c. Ching minh rang

a+b+c<13\/(b+c)2(c+a)2(a+b)2
3 4

abc

Bai 228 (Tap chi Crux Math). Cho cac s dwong ay, ..., a,; by, ..., b,. Chitng minh rang

BB lE2)

i=1 i=1 i=1

Bai 229 (Tap chi Crux Math). Cho céc s6 ay, ..., a, > 0 van € N. Chang minh rang

n

n n n n n
l_l(ak + bk) > l_[ak + l_lbk
k=1 k=1

k=1

Bai 230 (Tap chi Crux Math). Cho a, b, ¢ 1a 6 dai 3 canh caa mot tam gidc. Ching minh rang

(b—c)2(3—1)+(c—a)2(3—1)+(a—b)2(3—cl2)zo

bc a? ca b? ab

Bai 231 (Tap chi Crux Math). Cho cic s6 khong 4m x, y, z. Ching minh rang

[(x+ ) +2)(z+x)]?=xyzQx +y+2)(x + 2y + 2)(x + y + 22)

Bai 232 (Tap chi Crux Math). Cho cac s6 dwong a, b, c. Ching minh ring
1 1 1 3

+ + >
a(l+b) b(A+c¢) c(1+a) 1+abc

Bai 233 (Tap chi Crux Math). Cho cic sé duong x, y, z. Ching minh rang
<1+1+1)< 1 4 1 4 1 )> 9
x y z/\1+x 1+y 1+z/ 1+xyz

Bai 234 (Tap chi Crux Math). Cho cic sé a,b,c > 0 vax > a-;!;;c

b + cx)? + 2 + bx)?
( )+(c ax) +(a x) >
a b c

— 1. Chung minh rang

abc

Bai 235 (Tap chi Crux Math). Cho a, b, ¢ 1a 6 dai 3 canh ciia mot tam giac. Chang minh rang

Page 20



%00 Ineoualities Collection www.VNMATH.com Nguyén Pinh Thi

1 s 1 s 1 _ 3(Va+ Vb ++c)
Va+vb—+vc Vb+vVc—+va Ve+vVa-vb  atb+tc

Bai 236 (Tap chi Crux Math). Cho cac s6 duong a, b, c. Ching minh rang
b+c c+a a+b 1 1 1

+ + <=+
a?+bc b?24+ca c* +ab"a b c

Bai 237 (Tap chi Crux Math). Cho cac s6 duong a, b, c. Ching minh rang
ab+c?> bc+c? ca+b?
+ +
a+b b+c c+a

>a+b+c

Bai 238 (Tap chi Crux Math). Cho cac sé x,y,z = 0 sao cho x? + y? + z? = 1. Chiing minh rang
y z 3v3
< + + <
l—-yz 1—2zx 1-—xy 2
Bai 239 (Tap chi Crux Math). Cho cac s6 duong a, b, c. Chirng minh rang
2@ +b3+c®) 9(a+b+c)? S 33
abc a’?+b?+c? ~

1

Bai 240 (Tap chi Crux Math). Cho cac s6 dwong a, b, c. Chiang minh ring
(1-b)(1—bc) N 1-01—-ca) N (1-a)(1 —ab)
b(1+a) c(1+b) a(l+c)

Bai 241 (Tap chi Crux Math). Cho cac s6 dwong a, b, c. Chiang minh rang
Va+b+c+va Va+tb+c++b Vatbtc+ye  9+3V3

+ + >
b+c c+a a+b 2da+b + ¢

Bai 242 (Tap chi Crux Math). Cho cic sé duong x4, ..., x,,. Chng minh rang
X1 X N n

+ P S
Jxix, + x5 xoxs + %3 Jxnx +x2 V2
Bai 243 (Tap chi Crux Math). Cho céc s6 khong 4m x, y, z sa0 cho x + ¥ + z = 1. Chting minh rang
3 < 1 N 1 N 12
" 1-xy 1—-yz 1-—zx 8

Bai 244 (Tap chi Crux Math). Cho céc s6 khong 4m x, y, z sa0 cho x + ¥ + z = 1. Chtng minh rang
27 _ 1 1 N 1 gyt
8 = x + y\? y + 22 Z+x\2 " 3
-5 -39 -5

Bai 245 (Tap chi Crux Math). Cho cac s6 duwong a, b, ¢ sao cho a + b + ¢ = abc. Tim gié tri nho nhét

cua
1 1 1

Bai 246 (Tap chi Crux Math). Cho a, b, ¢ 1a 3 canh tam giac. Chirng minh réng
3(a* + b* + ) ab+bc+ca>
a? + b2 + c? a?+b%+c%2 ~
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32‘1i 247 (Tap chi Crux Math). Cho cac s6 khong am x, y sao cho khong ¢6 2 s6 nao ciing bang 0. Chiing

minh rang
x* +yt N Jxy >5
x+y)* x+y 8

Bai 248 (Tap chi Crux Math). Chang minh rang véi cac s thuc x, y, z ta ludn c6
(x3 + 93+ 232 + 3(xyz)? = 4(x3y3 + y323 + 23x3)

Bai 249 (Tap chi Crux Math). Cho cac s duong x, v, z sao cho 2 (% + % + g) =4+ yiz + % + % Chung

minh rang

1
1-0(1-y)(1—-2) <—
A-0A-NA-D <
Bai 250 (Tap chi Crux Math). Cho a, b, ¢ 1 6 dai 3 canh cua tam giac khong ti. Chirng minh rang
Va2 + b2 —c2.\Ja? — b? + c2 +/—a? + b2 + c2.y/a? + b% — c? +/—a? + b2 + c2.[/a? — b2 + 2
<ab+bc+ca

Bai 251 (Tap chi Crux Math). Cho cac s6 dwong a, b, ¢ sao cho abc = 1. Chang minh ring
ab? + bc? + ca® = ab + bc + ca

Bai 252 (Tap chi Crux Math). Cho cic s6 x,y = 0. Va x% + y® > x3 + y*. Chang minh rang
x3+y3<2

Bai 253 (Tap chi Crux Math). Cho cic sé duong a, b, c. Chiing minh rang
2 2

1+1+1 27<ab+bc+ca>_2>1(1 1) +(1 1) +(1 1)2
a?  b%  (? c a b “3(\a b b ¢ c a |”
Bai 254 (Tap chi Crux Math). Cho cic s6 duong x5, ..., x,, (n = 2). Ching minh rang
5 5 1 1 n’
(xl +"'+xn) + 4 >

x? + x1x, X2+ x,x1) 2

Bai 255 (Tap chi Crux Math). Cho c4 s6 duong x, y, z sao cho x? + y? + zZ = 1. Chang minh rang

2(1+1+1) 2+ y + )>4\/§>(1+1+1)+( +y+2)
X y z xryvz) = T \x y z xtyvz

Bai 255 (Tap chi Crux Math). Cho cac s dwong a, b, ¢ va cac sb nguyén m, n sao cho m > n. Chang
minh rang

am™ p™ c™ a” b" c"

+ + > + +
bm+cm cm4+am™ a™+b™ " b*+c* c"+a* a*+b"

Bai 256 (Tap chi Crux Math). Cho cac sb thuc bat ki a, b, c. Ching minh ring
(a®? + ab + b?)(b? + bc + c¢?)(c? + ca + a?®) = (ab + bc + ca)?

Bai 257 (Tap chi Mi). Cho cac s6 duong a, b, ¢ sa0 cho abc = 2°. Chang minh rang
1 1 1 3

+ + >
Vi+a V1+4+b Vi+c 1+ 3abe
Bai 258 (The Mathematical Gazette ). Cho cac s6 0 < a, b, c,d < 1. Ching minh rang
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c+d d+a a+b b+c

<a+b>7+<b+C>T+<c+d)7+<d+a)T>2
2 2 2 2
Bai 259. Cho céc sb duong a, b, c. Chtieng minh rang

a® +b° +a? + b2 N b® + c® 4 b2 + ¢? N c®+a®+c?+a?
(a+b)@®+b2)+1 (b+c)B?+c®H)+1 (ct+a)c?+a?)+1

<2(a®+b*+c?

Bai 260 (Russia 1999). Cho cac sb dwong x, y, z ¢6 tich bang 1. Chang minh rang néu
1 1 1
—t—-t+-2=2x+y+z
X Yy z

thi
1

+
yk

1 1
—+ — = xk +yk + 2k
xk zk Y

Bai 261 (APMO 2001). Cho céc sé duong a, b, ¢ thoa ab + bc + ca = abc. Chiing minh rang
Va+ bc++Vb + ca+ Ve +ab =Vabc ++a++Vb++c

Bai 262. Cho céc sb thuc khong am a, b, ¢ sao cho a + b + ¢ = 1. Ching minh rang
a2+1+b2+1+c2+1<7
b2+1 c¢*+1 a?2+17 2

Bai 263 (THTT). Cho céc s thuc khong am c6 tong bang 1. Ching minh rang
ab + bc + ca
a’b? + b2%c? + c2q?

> 8(a® + b% + c?)

Bai 268. Cho cac s6 duong a, b, c. Chitng minh rang
1 1 1 ab + bc + ca

+ + >
a’+2bc b%2+2ca c%+2ab  a’b?+ b2c? + c?a?

Bai 269 (Moldova Team Selection Test 2009). Cho m,n € N,n > 2 va cac sb a; > 0,i = 1,n, sao cho

> a; =1. Chitng minh ring
i=1

aimtay+ta,y ad ™M4az++a, a2 Mt + ot ay nm —n
+ + e >n+
1—a 1—a, 1—a, n—1
Bai 270 (Iran 1996). Cho céc s6 khong 4m a, b, c. Chung minh rang
1 1 1 9

>
(a+b)2+(b+c)2+(c+a)2_4(ab+bc+ca)

Bai 271. Cho céc s6 thuc khong am a, b, ¢. Chirng minh rang
1 1 1 9

+ + >
al+ab+b? bZ+bc+c? c2+4+cat+a? (a+b+c)?

Bai 272. Cho cac s6 thuc khong 4m a, b, ¢ sa0 cho ab + bc + ca = 1. Chirng minh rang
1 1 1 5

+ + > -
a+b b+c cH+a 2

Bai 273. Cho cac s6 thuc khong 4m a, b, ¢ sa0 cho ab + bc + ca = 1. Chirng minh rang

U S SRV
Va+b Vb+c Ject+a 2
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Bai 274 (Viét Nam TST 2006). Cho céac sé a, b, ¢ € [1;2]. Chang minh ring
+b+ (1+1+1>>6( ° b +— )
(a C)E b ¢/ \b+c c+a a+b

Bai 275 (Moldova TST 2006). Cho a, b, c 1a d6 dai 3 canh ciia mot tam giac. Chang minh rang
b c a
2 (2 _ 2(C _ 2(Z _
a(c 1)+b(a 1)+c(b 1)20

Bai 276 (China TST 2004). Chirng minh rang a, b, c, d 1a cac s6 thuc duong c6 tich bang 1. Ching minh
rang

1 1 1 1

@i T2 T er 2 tar et

Bai 277 (IMO Shortlish). Cho cac s6 khong am a, b, ¢, x, v, z thoaa + b + ¢ = x + y + z. Chitng minh
rang

ax® + by? + cz? + xyz > 4abc

Bai 278. Cho cac sb thuc bat ki a, b, c. Chirng minh rang
a/
a(a+b)3+bb+c)d+c(c+a)=0
b/
a(a+b)>+bb+c) +clc+a)®=>0

Bai 279. Cho cac s6 duong c6 tich bang 1. Chirng minh rang
a+b+ b+c+ c+a>3
a+1 b+1 c+1—

Bai 280 (Pham Kim Hung). Cho cac s duong a, b, c. Ching minh ring
a+2b_|_b+2c_|_c+2a>3
c+2b a+2c b+2a

Bai 281. Cho cac s duong a, b, c. Ching minh rang
Vvb+c¢ c+a Va+b 4(a+b+c)
+ + >
a b ¢ J@a+b)(b+c)c+a)

Bai 282 (Vasile). Cho céac s dwong a, b, ¢, d. Ching minh rang
(1+ 2a )(1+ 2 )(1+ 2 )(1+ 2d )29
b+c c+d d+a a+b/

Bai 283 (Pham Kim Hung). Cho cac s duong a, b, c. Chung minh rang
1 1 1 8 28

+ + + >
a2 — b2 |b2—c?| |c2—a?| a?+b%2+c2 (a+b+c)?

Bai 284 (Cezar Lupu). Cho cac sd duong a, b, ¢ thoa mén

a b ¢
atb+c=—+—+-
b ¢ a

Ching minh ring
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a+b+c>3
a+1 b+1 c+1 2

Bai 285. Cho cac s6 khong am a, b, ¢ thoa a? + b? + ¢ = 1. Chang minh rang
a N b N c > 3
ad+bc b3+ca c3+ab

Bai 286 (Phan Thanh Nam). Cho céc sb dwong a, b, c. Ching minh rang
1 1 1 3
+ + >
ava+b bVb+c cJc+a ~2abc

Bai 287 (Phan Thanh Nam). Cho céc s khéng 4m a, b, ¢ ¢6 tong bang 1. Chiing minh rang

Ja+b2+b+c2++Jc+a?>2

Bai 288. Cho céc sb duong a, b, c. Chitng minh rang
a> b* 2 3@@+b3+c?
b ¢ a  a?+b?%+c?

Bai 289. Cho cac s6 duong a, b, c. Chitng minh rang

a N b N c N abc >5
b+c c+a a+b 2@@+b3+c3) 3

Bai 290. Cho cac s6 duong a, b, ¢ sao cho a + b + ¢ = 1. Ching minh ring

a N b +\/abc<1+3\/§
a+bc b+4+ca c+ab 4

Bai 291. Cho cac s dwong a, b, ¢ sao cho ab + bc + ca = 1. Chiing minh rang
1+ a?b? 1+4+b%c® 1+c%a? 5

ar T oror Y cra2 22

Bai 292 (Vasile). Cho céac s dwong a, b, ¢ a0 cho a? + b? + ¢? = 1. Ching minh rang

1 N 1 N 1 <9
1—ab 1—bc 1—ca 2

Bai 203 (China TST 2005). Cho cic sb dwong a, b, ¢ sa0 cho ab + bc + ca = 7. Ching minh ring
L S s
1+a2—bc 1+b%2—ca 1+c:i—ab™

Bai 294 (Pham Kim Hung, Klamkin). Cho cic s6 a,b,c = 0saochoa + b + ¢ = 2. Chang minh réng
a/

(a®> —ab + b?)(b®> —bc+c?)(c? —ca+a®) <1
b/

(a® + ab + b?)(b%* + bc + c®)(c? + ca+a?) <3

Bai 295 (Vé Quéc Ba Cin). cho céc sb thuc duong a, b, ¢ sao cho a + b + ¢ = 1. Chiang minh ring
- + 36 > 343
abc = a’b +b?c +c?a

Bai 296. Cho cac sb thuc khong 4m a, b, ¢ sao cho ab + bc + ca = 1. Ching minh rang
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a N b N C > 9
\Nb2 + 2 c2+a? Na2+b2~

Bai 297. Cho cac s6 duong a, b, ¢ sao cho ab + bc + ca = 3. Ching minh rang
a b c
\g+\£+\/§ (Vab + Vbc ++ca) =9

Bai 298. Cho cac sb thuc phan biét a, b, c. Chitng minh ring

a/
a+bh\’> (b+c\’ o+ a\?
8) *Go) +(=a) =2
a—b>b b—c c—a
2 2

(bic)z-i_(cfa) +(aib) =2

Bai 299. Cho cac s thuc a, b, ¢ théa a® + b? + ¢? = 2. Chang minh rang
alla+b+c—abc| <2
b/ |a3 + b3 + ¢3 — 3abc| < 22

b/

Bai 300. Cho céc sb khong am a, b, c. Chitng minh rang
J(@? —ab + b2) (b2 — bc + c2) + /(b2 — bc + c2)(c? — ca + a?) ++/(c? — ca + a?)(a? — ab + b?)
>a’® + b? + c?

Bai 301. Cho céc sb khong am a, b, c. Chitng minh rang
a* N b* N ct - al+b3+¢3
ald+abc+b3 b3+abc+c3 cB+abc+ad® " a?+b%+c?

Bai 302. Cho cac s6 khong am a, b, ¢ sao cho ab + bc + ca = 3. Chang minh rang
1 1 1 3

+ + >—
a?+1 b24+1 c2+1 2

Bai 303. Cho cac s6 duong a, b, ¢ sao cho abc = 1. Chitng minh ring
1 1 2

a+b+c 3 ab+bc+ca

Bai 304. Cho cac s khong am a, b, c. Chiing minh rang

al b3 c3

+ + >1
a3 +abc+ b3 b3+abc+cd c3+abc+ad

Bai 305. Cho cac s6 duong a, b, c. Chitng minh rang
1 1 1 3

+ + >—
a(a+b) bb+c) clc+a)  23a?p2c?

Bai 306. Cho cac s dwong a, b, c,d sao cho (a + b + ¢ + d) (i + % + % + %) = 20. Chting minh rang

s . . o (1 1 1 1
(a +b°+c +d) Z-l_ﬁ-l_z +E > 36
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Bai 307. Cho cac s khong am a, b, ¢, x, y, z sa0 cho x? + y? + z% = 1. Chting minh rang
VJa?x? + b2y? 4 c2z2 +\/b2x2 + c2y? + a?z2 +\/c2x% + a?y? + b2z2 > a+ b + ¢

Bai 308. Cho cac s6 khong am a, b, ¢. Chirng minh rang
1 s 1 . 1 1
(2a+b)2 (@2b+c)? (2c+a)®  ab+bc+ca

Bai 309. Cho cac s6 khong am x, y, z sao cho x + y + z = 1. Tim gi4 tri nho nhat va gia tri 16n nhat cua
X—y y—Zz Z—X

:\/x+y Jy+z Vz+x

Bai 310. Cho céc sb duong a, b, c. Chtieng minh rang
b 3v3 +b)(b+ +
a +b\/ ¢ +C\/ a < \/_ (a )( C)(C a)
c+a a+b b+c 4 a+b+c

Bai 311. Cho céc sb duong a, b, c. Chitng minh rang

a+b+c J 4 8abc - 3
b ¢ a (a+b)(b+c)(c+a)

Bai 312. Cho céc sb duong a, b, c. Chitng minh rang

b ¢ 1 1 1
+—+—+322\](a+b+6)<—+—+—)
c a a b c

a
b

Bai 313 (Tran Nam Diing). Cho céc s thuc khong am bat ki a,b,c . Chung minh rang

abc+2+i2[(a—1)2 +((b-1)°+(c—-1D*1>a+b+c

N

Bai 314. Cho cac sb thuc duong a,b,c sao cho a? +b? +¢? +abc = 4. Chang minh ring

a+b+c+%min{(a—b)2,(b—c)2,(c—a)2}§3

Bai 315. Cho x,y,z > 1. Chang minh rang
X4 y4 Z4
+ + >48

(y-0" (z-1° (x-1)°

Bai 316. Cho cac s khong am a, b, ¢ va s6 nguyén k > 3. Chang minh ring
a(bk + ck) b(ck + ak) c(ak + bk)

< gkt 4 pk=1 4 k-1
a? + bc b2 + ca c2+ab

Bai 317. Cho cac s6 duong a, b, c. Chitng minh rang

a(b+c)+b(c+a)+c(a+b)<1\](a+b+c)<%+l+%)+27

a?+bc b:+ca ci4+ab "2 b

Bai 318. Cho cac s khong am a, b, c. Chitng minh rang

J(@? + be)(b? + ca) ++/(b? + ca)(c? + ab) ++/(c? + ab)(a? + bc) < %(a + b+ c)?
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Bai 319, Cho cac s khong am , b, ¢. Ching minh ring
V(@3 + abc + b3) (b3 + abc + c2) + /(b3 + abc + ¢3)(c? + abc + a?)

1
++/(c3 + abc + a3)(a3 + abc + b3) 2§(a+b+c)3

Bai 320. Cho cac s khong am a, b, c. Chting minh rang
(b+c)? (c+a)* (a+b)?
>6
a?+bc  b?2+ca c2+ab

Bai 321. Cho cac s6 thyc dwong a, b, ¢ théa abc = 8. Ching minh rang

1 1
+ + >1
Vi+ad V1+b3 V1i+c3

Bai 322. Cho cac s6 duong a, b, c. Chitng minh rang
ab bc ca a+b+c
+ + <
2c+a+b 2b+c+a 2b+a+c 4

Bai 323. Cho cac sb duong a, b, c. Tim gia tri nho nhat cua
a+ 3c N 4b 8¢
a+2b+c a+b+2c a+b+3c

Bai 324. Cho cac s6 duong a, b, c. Chitng minh rang
a \?2 b \* c \¢ 3
(a+b) +(b+c) +(c+a) 4

Bai 325. Cho céc sb duong a, b, c théa a? + b? + ¢ < 3. Chirng minh rang
1+ ab 4 1+ bc N 1+ ca -
c’2+ab a?+bc b%+ca

v

Bai 325. Ching minh rang néu a, b, ¢, x, v, z > 0 thi
a

x% + b y? + < Zz>xy+yz+zx—1(x2+y2+zz)
b+c c+a a+b 2
Bai 326. Cho cac s6 duong a, b, c. Chitng minh rang
a® N b? N c? -1
a?+ab+b> b +bc+c? c*+ca+a®”

Bai 327 (Olympic 30/4). Chirng minh rang néu 0 < x < 1 thi
x(9J1 +x2+13/1-22) < 16

Bai 328. Cho cac s6 khong am a, b, c¢. Chirng minh rang

16a 16b 16c¢
1+ + [1+——+ [1+—— =9
b+c c+a a+b

Bai 329. Cho cac sb dwong x, v, z théa x + y + z = 1. Chitng minh ring

1 1 1 s .
—+—-+-=>24(x"+y*+z°)+1
x y z

Bai 330. Cho cac s6 khong am a, b, ¢. Chirng minh rang
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1 4 1 4 1 - 10
a?+b% b2+c%2 c?2+a? " (1+b+c)?

Bai 331. Chitng minh rang véi moi tam giac nhon ABC ta co
sindsinB\*> /sinBsinC\*> /sinCsinA\> 9
Come ) o) +Cong ) =3

sinC sinA sinB
Bai 332. Cho cac s6 duong x, v, z sao cho x + y + z = 1. Chitng minh rang
x y z 9

+ + >
yi+z z2+x x:2+y 4

Bai 333. Cho céc sb duong a, b, c théa a? + b? + ¢? = 1. Chitng minh rang
a2+bc+b2+ca+cz+ab>\/§
b+c c+a a+b —

Bai 334. Chirng minh rang néu a, b, ¢ > 0 thi
a? + bc N b2 + ca N c2+ab > VE
b2 + bc + c? c? + ca + a? a’?+ab+ b2~

Bai 335. Chirng minh rang néu a, b, ¢ > 0 thi
a® + abc 4 b3 + abc 4 c3 + abc -
b3+abc+c® c34+abc+ad3 ad+abc+b3~

Bai 336 (Tap chi Komal). Cho cac s thuc a, b, c. Ching minh rang
Va2 +(1=b)2+b2+(1-c)2+/c2+(1-a)? =

S @

Bai 337 (Romania TST 2002). Chirng minh rang néu a, b, ¢ € (0; 1) ta c6
Vabc +(1-a)(1-b)(1-c) <1

Bai 338. Cho cac s6 thuc a, b, ¢ sa0 cho a? + b% + ¢? = 1. Tim gi4 tri 16n nhit cua
a® + b3 + ¢3 - 3abc

Bai 339 (Ukraina 2001). Cho cic s6 duong a, b, ¢, x, v,z sao cho x + y + z = 1. Ching minh ring
ax+by+cz+2\/(xy+yz+zx)(ab+bc+ca) <a+b+c

Bai 340. Cho cac s duong a, b, c. Ching minh rang
a 4 b 4 c - 9
(b+c)? (c+a)® (a+b)2 4(a+b+c0)

Bai 341 (Gazeta Matematica). Cho cac s duong a, b, c. Ching minh ring
Ja* + a?b? + b* +/b* + b2c? + ¢* +/c* + c2a? + a* = a\/2a% + bc + b\2b? + ca + c\/2¢2 + ab

Bai 342 (JBMO 2002). Cho cac so6 duong a, b, ¢ sao cho abc = 2. Chiing minh réng
ad+b3+c3>avb+c+bJVc+a+cva+b

Bai 343 (Gazeta Matematica). Cho x,y,z > 0. Ching minh réng
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xXyz 1
14+3x)(x+8y)(y +92)(z+ 6) < 74

Bai 344. Cho cac sb thuc dwong a, b, ¢ sao cho a + b + ¢ = 1. Chitng minh rang
5(a> +b*+c?)<6(@+b3+c3+1

Bai 345. Cho cac s6 a, b, ¢ € (1;2). Chiing minh rang
bva cvb avc
+ + =1
(4bvec —cVa)  4cva—avb  4avb — bc

Bai 346. Cho cac s duong a, b, ¢ sao cho abc < 1. Ching minh rang
a b c
—+-+->a+b+c
b ¢ a

Bai 347 (Romania 2003). Cho cic sé duong a, b, ¢ sa0 cho abc = 1. Ching minh rang
6

>
a+b+c ab+bc+ca

1+

Bai 348 (JBMO 2002). Cho céc sé duong a, b, c. Ching minh rang
a> b3 3 a® b? ?
piata

Bai 349. Cho cac s6 duong x, y, z sao cho x + y + z = xyz. Chtring minh rang
Xy +yz+zx 23 +x2+14+y2 + 1422 +1

Bai 350 (JBMO 2002). Cho céc s x,y, z > —1. Chitng minh rang
1+ x? 1+y2 1+ 22
2+ 2+ 2 =
1+y+z 1+z+x 1+x+y

Bai 351. Cho cac s duong a, b, ¢ sao cho a + b + ¢ = 1. Chirng minh rang
atl+b b’+c c*+a
+ + > 2
b+c c+a a+b

Bai 352 (Tap chi Kvan 1998). Cho cac s duong a, b, ¢ sao cho a* + b* + ¢* < 2(a?b? + b%c? + c%a?).
Chang minh ring

a’ + b% + c? < 2(ab + bc + ca)

Bai 353 (Gazeta Matematica). Cho cac s6 duong a, b, c. Ching minh ring
a+b a b+c b c+a c 3

. + . + . >
b+c 2a+b+c c+a 2b+c+a a+b 2c+a+b 4

Bai 354 (India 2002). Cho cac s6 duong a, b, c. Ching minh rang
a b ¢ c+a a+b b+c
—+—t—= + +
b ¢ a c¢c+b a+c b+a

Bai 355 (Russia 2002). Cho céc sb duong a,b,c,x,y,zsaochoa+x = b+ y = c + z = 1. Chitng minh
rang

1 1 1
(abc+xyz)<—+—+—) >3
ay bz cx
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Bai 356. Cho cac s duong a, b, ¢. Chang minh rang
(a®b + b%c + c?a)(ab? + bc? + ca?) = abc(a + b +¢)?

Bai 357. Cho cac sb thuc a, b, ¢ sao cho max{a, b, c} — min{a, b, ¢} < 1. Chttng minh rang
1+ a3+ b3 +c3 + 6abc > 3(a®b + b%c + c%a)

Bai 358. Cho céc sb duong a, b, c. Chieng minh rang
a® b? c? 1 1 1
27+ (2+—|{2+=])(2+— 26(a+b+c)<—+—+—)
bc ca ab a b c

Bai 359. Cho cac s6 a, b, ¢ € (0;1) sao cho ab + bc + ca = 1. Chitng minh rang
a N b N c >3 1-a? 1—b2_|_1—c2
1—a? 1—-b%2 1-—c2" 4

a b c

Bai 360. Cho cac sd a,b,c < 1vaa+ b+ ¢ = 1. Ching minh rang
1 1 1 27

< —
1+a2+1+b2+1+62_10

Bai 361. Ching minh rang néu vx + \/y + vz = 1 taco
(1-x)21-y)?(1—-2)? =22Pxyz(x + y)(y + 2)(z + x)

Bii 362 (IMO Shorlish 1987). Cho cac s6 duong a, b, ¢ sa0 cho a? + b% + ¢? = 2. Ching minh rang
a+b+c<abc+?2

Bai 363. Cho céc sb duong a, b, ¢, d. Chitng minh rang

a—b+b—c+c—d+d—a>0
b+c c¢c+d d+a a+b™—

Bai 364 (MOSP 2001). Cho céc s6 duong a, b, ¢ sa0 cho abc = 1. Ching minh rang
(a+b)(b+c)(c+a)=4(a+b+c—1)

Bai 365 (Tap chi Kvan 1988). Cho cac s6 duong a, b, c. Ching minh rang

1 1 1 a b ¢ 3@a+1Db+1D(c+1)
3+a+b+c+—+—+—F+—-—+—+—=
a b ¢ b ¢ a 1+ abc

Bai 366. Cho cac s duong a, b, ¢ sao cho a + b + ¢ = 1. Chirng minh rang
b/c N cva N avh - 3v3
a(V3c++ab) b(vV3a++bc) c(V3b++ca) 4

Bai 367. Cho cac s6 duong x,y, z. Sao cho x + y + z = xyz. Ching minh ring
x-1D@y-1D(Ez-1) <6V3-10

Bai 368 (Tap chi Kvan 1989). Cho céc so thuc a, b, ¢, x, y, z. Ching minh rang

2
ax+by+cz+\/(a2+b2+cz)(x2+y2+22)Zg(a+b+c)(x+y+z)

Bai 369. Cho cac s duong a, b, c. Ching minh ring
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a+\/ab+3\/abc<3\] a+b a+b+c
a. .
3 - 2 3

Bai 370 (USA TST 2000). Cho céc sé duong a, b, c. Chitng minh rang
a+b+c

-~ — Yabc < max{(va - vb) , (Vb — V&), (ve ~va)’}

Bai 371 (Viét Nam 2004). Cho céc s6 duong a, b, ¢ sao cho (a + b + ¢)® = 32abc. Tim gié tri I6n nhat va
gia tri nho nhét cua

x*+yt+ 24
(x+y+2)*

Bai 372 (Nhat 1997). Cho cac sé duong a, b, c. Chitng minh rang

(b+c—a)> (c+a-b)? (a+b-0c)? 3

> _
(b+c)2+a2+(c+a)2+b2+(a+b)2+cz_5

Bai 373 (Vasile). Cho céac sd duong a, b, c. Chitng minh rang

2 b2 2

+ +
b2+ c?  ¢% + qa?

a a b c

> + +
a?+b%2 " b+c c+a a+b

Bai 374 (BMO 2005). Cho cac s6 duong a, b, c. Chirng minh rang
2 2 2
a b c

4(a — b)?
+—+—=a+tb+tc+——
b c a

a+b+c

Bai 375 (Romania 2005). Cho cac s6 duong a, b, ¢ sao cho (a + b)(b + ¢)(c + a) = 1. Chang minh ring

3
ab+bc+caSZ

Bai 376 (Romania 2005). Cho cac s6 duong a, b, ¢ sao cho abc = 1. Ching minh ring

a c 3

> -
Pe+D a+D) @b+l -2

Bai 377 (Romania 2005). Cho cac s6 duong a, b, c théaa + b + ¢ > % + % + 2 Chuang minh ring

adc b3a c3b 3

b(c+a)+a(a+b)+a(b+c)2§

Bai 378 (Nhat 2005). Cho céc s dwong a, b, ¢ sa0 cho a + b + ¢ = 1. Chang minh rang

aVi+b—-c+b¥1+c—a+c¥1+a-b<1

Bai 379 (Pirc 2005). Cho céc sb dwong a, b, ¢ théa a + b + ¢ = 1. Chang minh rang

2(b_l_c_l_a>>1+a_|_1+b_|_1+c
a b b/ 1—a 1-b 1-c

Bai 380 (Viét Nam 2005). Cho cac sé duong a, b, c. Chiing minh rang
a 3 b\ c \3 3
> —
(a+b) +(b+c) +(c+a) 8

Bai 381 (China 2005). Cho cac s6 duong a, b, ¢ sao cho a + b + ¢ = 1. Ching minh ring
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10(a® +b3+c3®)—9(@® +b°+c>) =1

Bai 382 (Poland 2005). Cho cic sé duong a, b, ¢ va ab + bc + ca = 3. Chirng minh rang
a’® + b3+ c3 + 6abc > 9

Bai 383 (Baltic Way 2005). Cho cac s6 duong a, b, ¢ sao cho abc = 1. Chang minh rang
a b

+ +
al+2 b24+2 c?2+2

<1

Bai 384. Cho cac s6 duwong a,b,c saochoa + b + ¢ = 1. Chl’xng minh rang

a\/_+b\/—+cx/—<T

Bai 385 (lan 2005). Cho céc s6 duong a, b, c. Chitng minh rang
C+2+) s @rbroteied)
b ¢ a (a ¢ b

Bai 386 (Austraylia 2005). Cho céac sé duong a, b, ¢, d. Ching minh rang
1 1 1 1 a+b+c+d
P —
b3 d3 abcd

Bai 387 (Modoval 2005). Cho cic s6 duong a, b, ¢ sao cho a* + b* + c* = 3. Chirng minh rang

L, . <1
4—ab 4—bc 4—ca”

Bai 388 (APMO 2005). Cho cac s duong a, b, ¢ sao cho abc = 8. Chting minh rang
a? b? c?
+ + >

Ja+a)A+5b3) JA+bHA+c3) JA+cHA+a3) 3

Bai 389 (IMO 2005). Cho cac s duong x, y, z sao cho xyz > 1. Ching minh rang
5 2 5 2 5 2
X2 —Xx y> =y z>—z

5 2 2 + 5 2 2 + 5 2 2 = 0
x> t+y“+z y>+z-+x z>+xc+y

|

Bai 390 (IMO Shortlish 2004). Cho céac s duong a, b, ¢ sa0 cho ab + bc + ca = 1. Chirng minh rang

31 31 311 1
—+6b+ [-+6¢+ —+6a<—
a b abc

1 1 1
4 i 4
1+b 1+4+c 1+d

Bai 391 (Latvia 2002). Cho cac sé duong a, b, ¢ sa0 cho Tt = 1. Chirng minh rang

abcd = 3

Bai 392 (Anbania 2002). Cho cic sé duong a, b, c. Ching minh rang
1++3
3V3

1 1
(a? +b2+c2)< +5+ )>a+b+c+ a? + b? + ¢?

Bai 393 (Canada 2002). Cho céc sé duong a, b, c. Chirng minh rang

a3+b3+c3> +b+
—+—+—>a c
bc ab

Bai 394 (BMO 2002). Cho cic s6 duong a, b, c. Chting minh rang
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1 1 1 27
+ + >
b(a+b) cb+c) a(c+a)  2(a+b+c)?

Bai 395 (Greece 2002). Cho céc sé duong a, b, ¢ Sa0 Cho a® + b% + ¢? = 1. Ching minh rang

a b
b
b2+1+02+1+a2+1_ (a\/_+ \/—+C\/_)

Bai 396 (Ireland 2002). Cho cac s khong am a, b sao cho a + b = 2. Chting minh rang
a’b?(a® +b?*) <2

Bai 397 (BMO 2001). Cho cic s6 a, b, ¢ = 0 sao cho a + b + ¢ > abc. Ching minh rang
a? + b% + c% >+/3abc

Bai 398. Cho cac s6 duong a, b. Chung minh rang

et

Bai 399 (Macedonia 2000). Cho céac sé duong x, y, z. Ching minh rang
x? +y% + 22 2 V2(xy + x2)

Bai 400 (Tukey 1999). Cho cac s6 ¢ > b > a > 0. Chirng minh rang
(a+3b0(b + 4c)(c + 2a) = 60abc

Bai 401 (Macedonia 1999). Cho céc s6 duong a, b, ¢ sa0 cho a® + b + ¢ = 1. Ching minh rang

1
a+b+c+—>=4V3
abc

Bai 402 (Poland 1999). Cho céc sé duong a, b, ¢ sa0 cho a + b + ¢ = 1. Ching minh rang
a?+b% +c?+2V3abc <1

Bai 403 (Iran 1998). Cho cac sé duong x, y, z sa0 cho % + 5 + % = 2. Chang minh ring

Jr+y+zzVx—1+y—-1+Vz—-1

Bai 404 (Belarus 1998). Cho cac s duong a, b, c. Chirtng minh rang
a+b+c>a+b+b+c
b ¢ a b+c a+b

+1

Bai 405 (Belarus 1997). Cho céc s dwong a, x, y, z. Ching minh ring

a+y a+z a+x a+z a+x a+y
x y+ zzx+y+zz= x+ y+ z
a+z a+x a+y a+x a+y a+z

Bai 406 (Ireland 1997). Cho céc s6 duong a, b, ¢ sao cho a + b + ¢ = abc. Chirng minh rang
a’? 4+ b% +c? > abc

Bai 405 (Bugaria 1997). Cho cac s6 duong a, b, ¢ sao cho abc = 1. Ching minh ring

1 N 1 N 1 < 1 N 1 N 1
1+4a+b 14+b+c 14+c+a 24+a 2+4b 2+4+c
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Bai 406 (Romania 1997). Cho céc s6 dwong a, b, ¢ sa0 cho abc = 1. Ching minh rang
a’® + b° 4 b® +¢° N c®+a° -9
a® +a3b3 +b° bO+b3c3+c® c®+c3ad+ab

Bai 407 (Estonia 1997). Cho cac sb thuc x, y. Chirng minh rang
X2+y?+12x/y2+ 1422 +1

Bai 408 (Romania 1997). Cho cac s6 duong a, b, c. Ching minh rang
a? N b2 N c? 1> bc N ca N ab
a?+2bc b2+4+2ca c?+2ca ~a?+4+2bc b24+2ca c?+2ab

v

Bai 409 (Viét Nam 1996). Cho cac s6 duong a, b, ¢, d sao cho 2(ab + ac = ad + bc + bd + cd) + abc +
bcd + cda + dab = 16. Chiing minh rang

2
a+b+c+dZg(ab+ac+ad+bc+bd+cd)

Bai 410 (Belarus 1996). Cho céac s duong a, b, c sao cho a + b + ¢ = Vabc. Chitng minh rang
ab+bc+ca=9(a+b+c)

Bai 411 (Baltic Way 1995). Cho cic s6 duong a, b, ¢, d. Chirng minh rang
a+c+b+d+c+a+d+b>4
a+b b+c c+d d+a

Bai 412 (Poland 1993). Cho cac sb duong x, y, u, v. Chitng minh rang
xy+xv+uy+uv> Xy + uv

x+y+tu+v T x+y u+tv

Bai 413 (IMO Shortlish 1993). Cho céc s6 khong am a, b, c,d sao cho a + b + ¢ + d = 1. Chuang minh
rang

bc + bed + cd +db<1+176bd
abc + bed + cda + dab < o= + —=-abc

Bai 414 (Poland 1992). Cho céc s thuc a, b, c. Ching minh rang
(a+b—0c)?(b+c—a)(c+a—Db)?=(a’?+b?—c?>)(b? +c?—a?®)(c? +a®? - b?)

Bai 415 (IMO 1968). Cho cac sb duong xq,x, va cac sd thuc vy, y,, 21, 22; X1y, > 2%, x,v, > z5. Ching
minh rang

1 1 8
7+ 7 = 2
x1y1 —zi XY, —z5  (xp +x)(1 ty2) — (21 + 22)

Bai 416. Cho cac s6 duong a, b, c. Chitng minh ring

3\/(a +b)(b+c)(c+a) - \/ab + bc + ca
8 - 3

Bai 417. Cho cac s6 a, b, ¢ = 0. Chirng minh rang
a’(b +c) N b?(c + a) N c?(a+b)
(b2 +c2)2a+b+c) (c2+a®>)2b+c+a) (a?+b2)(R2c+a+b)

2
2 —

3
Bai 418. Cho cac sb a, b, ¢ = 0. Chting minh rang
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a® b? c?
2a2+(b+c)2-I_sz+(c+a)2+2c2+(a+b)2

2
<—
3

Bai 419 (Vasile). Cho cac s6 khong 4m a, b, c. Ching minh rang
(a® + b? + c?)? = 3(a®b + b3c + c3a)

Bai 420 (China 2005). Cho tam giac nhon ABC. Chang minh rang
cos? A N cos? B 4 cos?C
cosA+1 cosB+1 cosC+1

1
2_
2

Bai 421 (Nguyén Anh Cuwong). Cho céc sé khong am x, y, z sao cho x + y + z = 2. Chang minh rang
VE3y +y3z+ z3x +Jxy3 +yz3 + 2x3 < 2

Bai 422 (V6 Quéc Ba Can — THTT). Cho a, b, ¢ 1a d6 dai ba canh tam giac c6 chu vi bang 1. Chang minh
rang

b c a

1< + +
Va+b?2 Vb+c?2 e+ a?

<2

Bai 423 (Iran 2009). Cho céc s6 duong a, b, ¢ sa0 cho a + b + ¢ = 1. Chting minh rang
1 1 1 3

+ + < -
a?+b2+2 b2+c?2+2 c?24+a*+27 4

Bai 424 (Phan Thanh Viét). cho cic sé duong a, b, c. Ching minh rang
a* N b* 4 ct - a® +b3+¢3
a?+ab+b%2 b24+bc+c? cZ4ca+a? " a?+b?+c?

Bai 425 (Tran Nam Diing — THTT). Cho cic s6 khong am bat ki a, b, c. Ching minh rang

1
abc+2+—[(a-1)?+b-1D%*+(c-1)*]=a+b+c
V2
Bai 426. Cho cac s6 khong am a, b, ¢ sao cho khong ¢ 2 sb nao cung bang 0. Ching minh rang

a® N b? N c? +ab+bc+ca<
a’+ab+b*> b?2+bc+c? c?4+ca+a® a’?+b*+c? "

Bai 427 (V6 Qubce Ba Cén). Cho céc sd khong am a, b, ¢ sao cho khong c6 2 s nao cung béng 0. Chung
minh rang véi moi k > 1, bt dang thirc sau duoc thoa man
a? b2 c? 2k+1 ab + bc + ca
+ + + . <2
a2+ kab+b%2 b24+kbc+c? cZ4kca+a? k+2 az+b?+c2

Bai 428 (MOP 2007). Cho céc sé duong ay, ay, ..., a, théa min a; + -+ a,, = 1. Chitng minh ring

(@as + -+ aya) [ ot ) > —
a a cee a a ces =
e n az + a, a?+a n+1

Bai 429 (V6 Quéc Ba Cin). cho cac sb duong x, y, z sa0 cho xyz = 1. Ching minh ring

1
+ + >1
x2+x+1 y>’+y+1 z24+z+1

Bai 430. Cho cac s6 duong a, b, ¢ sao cho abc = 1. Chitng minh rang
a

(o
+ + <1
2a3+1 2b34+1 2c3+1
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Bai 431 (Vii Pinh Qiiy). cho cic s6 duong x, v, z sao cho xyz = 1. Chang minh ring
1

+ + <
x2—x+1 y?’—y+1 z2—-z+1"

1

Bai 432 (Gabriel Dospinescu, Mathematical Relfections 2009). Cho cac sb thyc bét ki a, b, ¢. Chirng
minh rang
(a? + ab + b?)(b? + bc + ¢?)(c? + ca + a?) = 3(a?b + b*c + c?a)(ab?® + bc? + ca?)

Bai 433 (lvan Borsenco, Mathematical Relfections 2009). Cho cac sd thuc duong a, b, c. Chirng minh
3(a? + b? + c¢?)(a?b? + b%c? + c?a?) = (a® + ab + b?)(b? + bc + c?)(c? + ca + a?)

Bai 434 (Nguyén Pinh Thi). Cho cac s6 thyc duong a, b, c. Chiing minh rang
3(ab + bc + ca)(a?b? + b%c? + c?a?) < (a? + ab + b?)(b? + bc + c?)(c? + ca + a?)

Bai 435 (V6 Quéc Ba Cin, Pham Kim Hung). Cho cic s6 khong am a, b, c. Chiing minh rang
a

+ + >1
Vab2 4+ bc + 4c?2  V4c? + ca+ 4a? V4a? + ab + 4b?

Bai 436 (Tran Quéc Anh). Cho cac sé duong a, b, c. Ching minh rang

a b c 3

+ + >
Vab?2 +ca+ab V4c?+ab+bc V4a?+bc+ca 2

Bai 437. Cho cac s6 duong a, b, ¢ théa abc = 1. Ching minh ring
J8a2 +1+/8h2+1++/8c2+1<3(a+b+c)

Bai 438. Cho cac s duong ay, a,, ..., a,. Chitng minh rang véi moi s6 k > 0 ta c6
a a a ai+k a,+k a, +k
_1_|__2+ > 1 2 n
a, as aq a2+k a3+k a1+k

Bai 439. Cho cac s duong a, b, ¢ sao cho
1 1 1

=2
a2+1+b2+1+c2+1

Chang minh ring

3
ab + bc + ca < >

Bai 440. Tim sb thuc k 16n nhit sao cho bat diang thirc sau
(b—c)%(b+0) 4 (c—a)’(c+a) N (a—b)%*(a+b)

a b c
dung voi moi so thuc duong a, b, ¢

> k(a® + b? + ¢? — ab — bc — ca)

Bai 441. Cho cac sb dwong a, b, ¢, x, y, z sa0 cho ax + by + cz = xyz. Chirng minh ring

x+y+z>vVa+b+Vvb+c++c+a

Bai 442 (Thai Nhit Phwong). cho cic sé duong a, b, ¢ sa0 cho abc = 1. Ching minh rang
2 2 2
a b c

+ + <
a+b+b3c b+c+cda c+a+ad3b

1
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Bai 443. Cho cdc 6 x,y,7 € |75 1]. Tim gia tri lon nhit cua
x+y y+z z+x
1+z 1+x 1+y

Bai 444 (IMO 2006). Cho cac sb thuc a, b, c. Ching minh ring

9
ab(a® — b2%) + be(b? — c?) + ca(c? — a?)| < ——=(a? + b?% + ¢?)?
lab( ) ( ) ( )] 16\/7( )

Bai 445. Cho cac s6 duong a, b, ¢ sao cho ab + bc + ca = 1. Ching minh rang
1 1

>1
2a+2bc+1+2b+20a+1+2c+2ab+1_

Bai 446 (V6 Qudc Ba Cin). cho cic s6 khong 4m a, b, ¢ thoa ab + bc + ca = 1. Ching minh rang

1 1 1
+ + >2+—
VaZ+ab+b%* VbZ+bc+c? Ve +ca+a? V3

Bai 447 (Vé Quéc B Cin). Cho céac s6 khong 4m a, b, ¢ théa a + b + ¢ = 1. Ching minh rang

1 1 2
+ + >4+ —
VaZ+ab+b%* VbZ+bc+c? Ve +ca+a? V3

Bai 448. Cho tam giac ABC c¢6 d6 dai cac canh 13 a, b, c. Chirng minh rang

a 2B ,C. b C A c A ,B
n®—tan® — n® —tan® — n® —tan® —
e e R B T i R

Bai 449. Cho a, b, ¢ 1a d¢ dai 3 canh cta tam giac ABC. Chirng minh rang

(tan4C+tan4A)+ ¢ <tan4A+tan4B)>1
2 2 a+b 2 2/ 3

a B C
(tan4 — + tan? —) +

b+c 2 2 c+a

Bai 450. Cho cac sb thuc khéng am a, b, c. Ching minh ring

B> bc n ca n ab >1
\//(az +ab+b”)(a® +ac+c?) \/(cz +cb+b?)(a’ +ab+b?) \/(az +ac+c?)(b® +hbc+c?)

Bai 451. Cho cac s6 duong a, b, ¢ thoa a + b + ¢ = 1. Chiang minh ring

Va? +abc_|_\/b2 +abc_|_\/c2 + abc - 1
b+ ca c+ab a+bc T 2iabc

Bai 452 (Phan Thanh Nam). Cho tam giac nhon ABC. Tim gia tri nho nhat cua
P = tanA + 2tanB + 5tanC

Bai 453. Ching minh rang véi moi s6 thuc khong am a, b, ¢ ta ludn c6
(a? + b?)(b? + c®)(c? + a®)(a + b + ¢)? = 8(a’b? + b%c? + c?a?)?

Bai 454 (Cezar Lupu). Cho x, v, z 14 cac sb duong sao cho xy + yz + zx > max{x?, y?,z%}. Chang minh
8x2y?z? - x? +y? + z2
y+yz+zx —x®)(xy+yz+zx —y?)(xy +yz+2zx —2z%2)  xy+yz+zx

Bai 455 (Tran Nam Diing). Cho a, b, ¢ 1a cac sé thuc khong am khong ddng thoi bang 0. Chang minh
rang ta c6 bat dang thic
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1< aZ + b2 + CZ
37 3%+ (O+c) 3°+(c+a)’ 3¢+ (a+h)?

<1
2

Bai 456 (USA Team Selection Test 2009). Cho cac sé duong X, Y, z. Ching minh rang
(Y2 +2°) + V(2 + ) + 20 + Y7 > xyzlxy (x4 Y)° + yz(y +2)° + 2x(z + X)?

Bai 457 (Germany Team Selection Tests 2009). Cho a, b, ¢, d 14 cac sb duong. Chitng minh ring
(a—b)(a—c) n (b—c)(b—d) n (c—d)(c—a) n (d —a)(d —b) >0
a+b+c b+c+d c+d+a d+a+b

Bai 458 (India National Olympiad 2009). Cho céc s6 duong a, b, ¢ sao cho a® + b3 = ¢3. Chung minh
a’ +b*> —c* >6(c—a)(c—b)

Bai 459 (Serbia Team Selection Tests 2009). Cho cac s6 duong x,y,zsa0ochox +y +z = xy + yz +
zx. Ching minh rang

1 1 1
2 + 2 + 2 Sl
X+y+1 y +z41 z°4x+1

1 1, 1
—+—t+—
a & &

n

Bai 460 (USA USAMO 2009). Cho (a, +a, + +a,)

2
g[n+%] véin>=2vaay,..,a,la

céc s thuc duong. Chizng minh rang
max(a,,a,,.,a,) <4min(a,,a,,.,a,)

Bai 461 (Serbia Junior Balkan Team Selection Test 2009). Cho cac s6 duong thyc duong bat ki x,y, z
1 1 1 1 , . N
sa0 cho ——+——+———=—. Chitng minh rang
X“+1 y°+1 z°+41 2

1 1 1 1
3 T T3 <3
X+2 y'+2 77+42 3

Bai_462 (China 2009). Cho x, y, z 1a céc sb thyc 16n hon 1. Ching minh rang
(x? =2x +2)(y?> =2y + 2)(2z% — 2z + 2) < (xyz)? — 2xyz + 2

Bai 463 (Nguyén Viét Anh). cho cac sé duong a, b, c. Chitng minh rang
a3 b3 c3 a+b+c
+ + >
2a2 —ab +2b2  2b2 —bc+2c?  2c? —ca + 2a? 3

Bai 464. Cho cac s6 thuc khong 4m a, b, ¢ sao cho khong c¢6 2 s6 nao cuing bang 0. Ching minh ring
a2+2bc+ b2+2ca+ c2+2ab>2\/E
2a% + bc 2b?% + ca 2c¢2+ab —

Bai 465 (Vo Quéc B4 Cin. Tran Quang Hing). Cho cac sb thuc khéng 4m a, b, c saochoa + b + ¢ = 1.
Chung minh rang
1

1 1
+ +
J(@? +ab +b2)(b% + bc +c?2) /(b2 +bc+c?)(c? +ca+a?) +J(c?+ca+a?)(a?+ab+b?)
8
>4+ —
V3

Bai 466 (China 22007). Cho a, b, ¢ 1a d6 dai 3 canh ctia mét tam giac sao cho a + b + ¢ = 3. Tim gia tri
nho nhat caa
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4
a’? +b% +c? +§abc

Bai 467 (Croatia 2007). Cho céc s duong a, b, ¢ sao cho a + b + ¢ = 1. Ching minh ring
a’> b* c?
—+—+—2=3(a*+b*+c?)
b c a

Bai 468 (Romania 2007). Cho cic s6 khong 4m x, y, z. Ching minh rang
x3 +y3 + 23 3
=+ | =N - - )

Bai 469 (Yugoslavia 2007). Cho s6 nguyén duong k va cac sb duong x, y, z ¢6 téng bang 1. Chitng minh
xk+2 yh+2 Zk+2 1

+ + > =
xk+1 +yk + Zk yk+1 +z+4 xk Zk+1 + xk + yk 7

Bai 470 (Romania 2007). Chon € N,n = 2,a;,b; € R,1 < i < n, sao cho a% +-+a; = blz + -+

b =1,a,b; + -+ a, b, = 0. Chitng minh rang
2 2

(Sa) (5] =

i=1 i=1

Bai 471 (France 2007). Cho cac s6 duong a, b,c,d saocho a + b + ¢ + d = 1. Ching minh rang

1
6(a® +b°+c’ +d%) za® +b* +c? +d* 43

Bai 472 (Irish 2007). Cho cic s6 duwong a, b, c. Ching minh rang

a+b+c a’ + b2 + c2 1<ab bc ca)
< <= (—+—+—
3 3 3\c a b

Bai 473 (Viét Nam TST 2007). Cho tam giac ABC. Tim gia tri nho nhat cua

coszécos2§ coszgcos2£ coszgcosZé
2 2 n 2 2 n 2 2

. A ~ 7

cos? = cos? > >

Bai 474 (Greece 2007). Cho a, b, ¢ 1a d6 dai 3 canh ctia mdt tam giac. Ching minh rang
(c+ta-b)* (a+b-0)* (B+c—a)
=>ab+ bc+ca
a(a+b—c) bb+c—a) c(c+a->b)

Bai 475 (Poland 2007). Cho a, b, ¢, d la céc s6 duong sao cho = + - + = + = = 4. Ching minh ring

3la3 4+ b3 3[b3+c3 3|c3+d3 3|d34ad
> + > + > + > <2(a+b+c+d)—4

Bai 476 (Turkey 2007). Cho cac s dwong a, b, ¢ ¢6 tong bang 1. Chirng minh ring
1 1 1 1

+ + >
ab+2c2+2c bc+2a2+4+2a ac+2b2+4+2b  ab+bc+ca

Bai 477 (British 2007). Cho cac s6 duong a, b, c. Chitng minh ring
(@>+b>)?>>(a+b+c)a+b—c)b+c—a)(c+a—b)

Bai 478 (Brazilian 2007). Cho céc sb thuc a, b, ¢ sao cho abc = 1. Chirng minh ring

5 5 5 1 1 1 1 1 1 a b ¢ b ¢ a
a?+b%+c +—2+—2+—2+2<a+b+c+—+—+—)26+2(—+—+—+—+—+—>
a b c a b ¢ b ¢ a a b c

Bai 479 (Ukraina 2007). Cho cic sé duong a, b, ¢ sa0 cho abc > 1. Chting minh rang
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al
SRR
y T b+1)\"Tc¥1/ =8

27(@+a?+a+1D)B3+b2+b+1)(P+c?+c+1)=>64@ +a+1D)B?+b+1)(c®*+c+1)

Bai 480 (Moldova 2007). Cho cic s6 aj, ..., a,, a0 cho a; > %, V6i i = 1,n.chimg minh rang

1 2"

1
(a1 +1) (az +§> ...(an +£) > m(l +a; + 2a; + -+ nay,)

Bai 481 (Iranian 2008). Cho cic s6 duong x, y, z sa0 cho x + y + z = 3. Chitng minh rang

LA L S S Iy
y3+8 Z3+8 x3+89 g7 Y TYETE

Bai 482 (Macedonia 2008). Cho cic s6 duong a, b, ¢ sao cho (a + b)(b + ¢)(c + a) = 8. Chang minh ring

a+b+c>27 a3+ b3+ ¢3
3 - 3

Bai 483 (Federation of Bosnia 2008). Cho céc sd thuc x, y, z. Ching minh rang

3 3 3
x2+yr+z2 —xy—yz—zx > max{z(x —y)Z,Z(y — z)z,Z(z —x)z}

Bai 484 (Federation of Bosnia 2008). Cho cic s6 duong a, b, ¢ sa0 cho a? + b% + ¢? = 1. Chitng minh

a® + b° 4 b® + c® 4 c®+a® > 3(ab + be + ca) — 2
ab(a+b) bcb+c) ca(c+a) ™ . cred

Bai 485 (RMO 2008). Cho a, b € [0; 1]. Ching minh ring
1 a+b ab

— <
1+a+b™~ 2 +3

Bai 486 (Romania TST 2008). Cho céac sb duong a, b, ¢ sa0 cho ab + bc + ca = 3. Chirng minh ring
1 1 1 1

< —
1+a2(b+c)+1+b2(c+a)+1+c2(a+b)_abc

Bai 487 (Zhautykov 2008). Cho cac sé duong a, b, ¢ sao cho abc = 1. Chting minh rang
1 1 1 3

b(a+b)+c(b+c)+a(c+a)2§

Bai 488 (Ukraina 2008). Cho cac s6 duong x, y, z sao cho x? + y? + z% = 3. Chtng minh rang
X
<3

+
Jai+y+z JyP+z+x JZ22+x+y

Bai 489 (Polishi 2008). Cho cac sé duong a, b, c. Ching minh rang
4 (\/a3b3 ++/b3c3 + \/c3a3) <4c3 + (a+b)3

Bai 490 (Romanian 2008). Tim sb k 1on nhat dé bat ding thirc sau ding véi moi s6 khong 4m a, b, ¢ thoa
a+b+c=ab+bc+ca

PRSI
a+b b+c cH+a

(a+b+c)( —k)zk

Bai 491 (Canada 2008). Cho cic sé duong a, b, ¢ sa0 cho a + b + ¢ = 1. Chizng minh ring
a—bc b—ca c—ab<3

a+bc+b+ca+c+ab_2
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Bai 492 (Pham Kim Hung). Cho céc s dwong a, b, c. Ching minh rang
(a* + b* + cM(ab + bc + ca) = (a? + b? + c¢?)(a’b? + b%c? + c?a?)

Bai 493. Cho cac s6 duong a, b, ¢ sao cho abc = 1. Chirng minh rang

1 1 1
1+i/(a3+1)(b3+1)(c3+1)ZE+E+E

Bai 494. Cho cac s6 duong a, b, c. Chitng minh rang

a N b N c -1+ 2abc
a+b b+c c+a (a+b)(b+c)(c+a)

Bai 495. Cho cac s duong a, b, c. Chirng minh ring
( a )2 ( b )2 ( c )2 3+(a2b+bzc+cza—3abc)
a+b b+c 4 (a+b)(b+c)(c+a)

Y

c+a

Bai 496. Cho céc sb khong am a, b, c. Chitng minh rang
a? + bc 4 b% + ca 4 c? +ab >3
b2—bc+c? c2—ca+a? a?—ab+b2"

Bai 497. Cho cac s6 duong a, b, ¢ thoa a? + b? + ¢ = 3. Chang minh ring
8(a—2)(b—2)(c—2)=(a+ bc)(b+ ca)(c+ ab)

Bai 498. Cho cac s6 duong a, b, c. Chitng minh rang
abc - (a+b)(a+b+20)

(a+b)(b+c)(c+a)™ (Ba+3b+2c)?

1
<—
8

Bai 499. Cho cac s6 khong am a, b, ¢ 5a0 cho a + 2b + 3¢ = 4. Tim gia tri 16n nhit cia
P(a,b,c) = (a®b + b?c + c%a + abc)(ab? + bc? + ca® + abc)

Bai 500. Cho cac s duwong a, b, c théaa > b > c vaa + b + ¢ = 3. Chirng minh rang

a c¢
—+—+ 3abc
c b
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