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Chuong 1

Cac bat dang thic co dien

§1. Bat dang thic AM - GM

Bét ding thitc AM — GM la bat ding thiic c6 dién dudce sit dung nhiéu trong cac bai toan chiing
L a1+ ag+ - +ay

minh bat déng thic. Ta biét trung binh cong clia nsé thuc ay,ag, - - - ,a, 13 s6

n
v& trung binh nhan ctia n 6 d6 1a /ajas - - - a, (véi didu kién 1a /ajay - - - a,, ton tai). Bat ddng
thitc AM — GM cho chiing ta danh gia gitta trung binh cong clia cac s6 thiyc khong am va trung
binh nhan ctia chiing. Cu thé nhu sau:

I. Bat dang thic AM - GM

Dinh 1i 1. Cho n s6 thuc khong am a1, as, -+, ay. ta cé

art+as+---+a,
2 ”al.aa...an'

n
Ding thite xdy ra khi a1 = as = - -+ = ay,.
Chitng minh. C6 nhiéu cach dé chitng minh bat dang thitc AM — GM, duéi day ta sé chiing
minh bat ddng thiic AM — GM bing phuong phap quy nap.
Truée hét ta ching minh bat ding thic AM — GM cho truong hop n = 2. Tic 14, can chiing
minh

a1+ a
1 2 G

5 2
Bat dang thic nay tuong duong véi
ay + ag > 2y/a1as & (VVay — Vaz)? > 0.

Bét déng thiic cudi hién nhién ding. Déng thiic x4y ra khi a; = as.
Tiép theo ta chiing minh cho trudng hop n = 4. Tic 14 can chiing minh

> Yay-ag-as-ay.

a1+a2+a3—|—a4

4
Ap dung truong hop n = 2 ta ¢6

a1 + as Ta

7 1° Qg

va as +a

32 42\/0/3'(14.
Do dé

ai; + as as + aq
ajas + 4/asa
a1+a21—a3+a4: 2 X 2 Z\/122\/34Z\4/m-



1. BAT DANG THUC AM - GM

Nén truong hgp n = 4 duge chiitng minh.
Tiép dén ta chiing minh truong hop n = 3, tiic 1a chiing minh

a1+a2—|—a3

> Jay-as-a
3 Z /a1 az-as

a; +az+az ¢
Dat a4:%.Ap dung cho truong hgp n = 4 ta cé
a1+ as +as+ aq

4

v

4
ay - Qg - ag - ay,

hay

a1 + as + az

ap +az +az + 3 4 a1 + as + as
> \fa1-ay-ay —————
4 3
Suy ra
ay + az + ag

210 5 Yar-aas (dpem)

Dé chitng minh cho trusng hop tdng quat ta chiing minh theo hai buéc sau:

Budéc 1: Ta ching minh bat ding thic ding véi n = 2™

+) V6i m = 1, ta c6 n = 2nén bat ding thitc ding véi m = 1

+) Gia st bat dang thitc ding véi n = 2™71, ta ching minh bat ding thitc ding véi n = 2™.

Tic 1a
ay +ag + -+ agmor + - +ay,

> Jaras - ay. (1)
n
bat
_ap+az -t agm-t _ Qgm-149 + Qgm-149 + -+ dgm
- om—1 ) - om—1

Theo gia thiét quy nap ta co
x> 2" arag g1,y > 2 g 14y - .

Ap dung cho trudng hop n = 2 ta co:
T+

. V> Jay

hay
ap+ag + -+ agm-1 + Ggm-141 + -+ ay

om > Najas - ap

Hay (1) dugc ching minh.
Bué6c 2: Ta chitng minh néu bat déng thitc ding véi n > 2 thi ciing ding véi n — 1
Gai st
air+as+---+an
n

> Jfajag - ay

Ta chiing minh
ay+ag+ -+ ap_1

n—1
ap+ag + -+ an_1

> "R/a1 Qg Ay

That vay: Dat a,, = : . AP dung bat déng thitic AM-GM cho n s6 ta c6
n_
ap + ay+ -+ ay
> a1as - ay,
n
hay
i +U-+a1—|—a2+---+an_1
aip T+ a2 n—1 iVL/ ay+as+ -+ apoq
> (\ja1az - Qp_1 - .
n n—1



1. BAT DANG THUC AM - GM

Suy ra
ap+ag+ -+ Qp_1

> ny/ar @z Gy (dpem).
o > aj - az---ap—1 (dpcm)

Tit hai bude trén ta c6 bat dang thitc AM — GM dudc chitng minh.

Hé qua 1. Cho céc s6 thyc duong ay,az, - -+ ,a,. Ta co
1 1 1 n?
— e — > .
a; Qs a, art+ag+---+ay,
Ding thitc xay ra khi a; = as = -+ - = a,.

II. Mot s6 vi du ap dung

Vi du 1.1. Cho a,b,c > 0 thdéa a® + b? + ¢ = 3. Chitng minh ring

a® 4+ b+ > 3.

Ap dung bat ding thitc AM-GM ta c6
a®+a®+1+141>3a® hay 2a° + 3 > 3a’.
Tuong tu
20° 4+ 3 > 3b% va 2¢® + 3 > 3%

Cong ba bat déng thic trén ta c6 dpem.
Nhan xét 1. Ta c6 bai toan téng quat nhu sau:
Cho a,b,c > 0 théa man a + b+ ¢ = 3 (hodc abec = 1) va m,n € Nym > n. Khi do6
a4+ 0"+ >ad 0"+ " (1).

Bat dang thiic (1) con diang khi m,n 1a cac s6 hitu tf duong. Va ta c6 thé tong quat 3 bién thanh
k bién.

Vi du 1.2. Cho a,b,c > 0 thdéa a + 4b + 9¢ = 6.Chitng minh rang

a+ v+ 3>

[N

Xét x, y, z la céc sé thue duong. Ap dung bat déng thiic AM-GM ta c6
A+ =ad+ a3+ > 31‘2@,

dang thitc xay ra khi a = z.
Twong tu ta cing co:
b+ 2% > 3y%b, & + 22° > 3yPc.

Dang thitc xay ra khi b = y, ¢ = 2. Cong cac bat ding thiic trén theo vé ta dugc

a® + b +c* > 3(z%a+ b + 2%c) — 2(2® + y* + 7).



1. BAT DANG THUC AM - GM

Ta chon z, y, z sao cho

(1
r=—
T4+4y+92=a+4b+9c =6 ff
2 2 2 = = —
T_Y _F _p Y73
1 4 9 1
(T2

Do dé

: 1
a® + 6 4+ ¢ 2 330+ 4b+ 90) = 2(2° 4+ ) = .

Vi du 1.3. Cho a, b, ¢ > 0 thdéa ab + bc + ca = 3. Chiing minh rang

a4+ + S>3

Ap dung bat ding thic AM-GM ta c6

a®+ b3 +1>3ab
b +c* + 1> 3be
A+ a®+1> 3ca.

Cong ba bat dang thiic trén ta c6 dpcm.

Vi du 1.4. Cho céc s6 thuc duong a, b, ¢ c6 tong binh phuong bing 3. Chitng minh ring
ab bc ca
— =t >
c a b

Goi P la vé trai cia bat dédng thiic can ching minh, ta c6

PQZ(a_b+b_C+%)2
c a b
a2b2 2b2 2 2

c? + a? + b2 +
B 1 [ a?b? n 2b? n 1
N c? 2

C

2 a?

>+t 4+a*+6=0.

A 2a?
(? - ?) *

Suy ra P > 3. Déng thic xay ra khia =b=c = 1.

1 [ a?b? n c2a? 46
2\ 2 b2

Vidu 1.5. Cho a, b, ¢ >0 va a + b+ ¢ = abc. Chitng minh rang :

a b c>
b_3+c_3+$_1'

Ta c6 bat dang thitc can chiing minh tuong duong véi:

a b c
abc b—3+g+$ >a+b+ec

6



1. BAT DANG THUC AM - GM

Hay
a’c  ba ch>
b_2+§+_ a+b+ec.

Ap dung bat ding thic Co si cho ba sb ta dugc :

a’c  ba sla’c ba B

b—2+?+623. ﬁ.?.6—3a.
Tuong tu :

b? 2b 2 2

—2—|—c—+a>3b ¢ +a—c—|—b>3c

c b2

Cong ba bat dang thiic trén ta c6 duge bat dz“mg thie (1).

Bai toan dugc ching minh. Dang thic xdy ra © a =b=c =

-

Vi du 1.6. Cho a, b, ¢ > 0. Chting minh rang :

a b
mtE T2+ +c

Ap dung bat ding thitc Co si :

5 5
b_2 + ab® > 2\/b—ab2 = 2a°.

b° &
-+ bc? > 2b3; — + ca’ > 203,
c a

Tuong tu :

Cong 3 bat dang thic trén lai v6i nhau ta duge :

a® b P
ﬁ—i_ —l——>a + b0+ + (a4 0+ & — ab® — be® — ca?) .

Nén ta can chiing minh :

A+ +E—ab?—b? —ca® >0+ 0+ & > ab® + b + cd®.

Ap dung bat ding thic Co si :
a® + 0%+ 0% > 3Va33h3 = 3ab® = a® + 2b° > 3ab?

Tuong tu :
b+ 263 > 3bc2; A+ 2a% > 3ca®.

Cong 3 bat dang thiic trén lai véi nhau ta c6 (1).
Vay bai toan dude chiing minh.

Vi du 1.7. Cho cac s6 thyc duong a,b,c. Chitng minh ring

at bt ct a+b+c
+ + > :
b2(c+a) c(a+b) a?(b+c) 2




1. BAT DANG THUC AM - GM

Ap dung bat ding thic AM-GM ta c6

a +b~|—b+c+a>2
-+ -+ - a
b?(c+a) 2 2 4 =
hay
a’ c+a
— 4+ > 2a.
bQ(c+a)+ * ==
Tuong tu, ta cing co
b a+b ct b+c
_ > 2bva —————— — > 2c.
02(a+b)+c+ 1 = Vaa2(b—|—c)+a+ T c

Cong ba bat déng thtc trén theo vé ta c6 dpem.

Vi du 1.8 (BDT Nesbit cho 3 s6). Cho a, b, ¢ > 0. Chtitng minh ring

a b c
- -
b+c c¢c+a a-+b

3
> —.
-2

Bét dang thtc can chiing minh tuong duong véi
a b c 9
Fl) (1) (1) >
b+c c+a a+b 2

(a+b+c) LR
a c —
at+b b+c c+a) 2

Hay

Taco 1 1 1 9 9
>

atb btc cra-atbibrcteta 2(atbto

Nén (1) diang.

Vi du 1.9. Cho cac s6 thuc duong a, b, ¢ thda a + b+ ¢ = 1. Chitng minh rang

L +1+1+1>30
a?4+b2+c2 ab be ca

Ta co: )
b 1
ab—f—bc—l—caguz_
3 3
1+1+1> 9
ab  bc  ca ~ ab+bc+ ca
1 1 1 < 9

a2+52+02+ab+bc+ca+ab+bc+ca o (a+b+c)2

Do do6
1 9

a2+b2—|—02+ab—|—bc—|—ca
1 1 1 7

- a? + b2 + 2 +ab+bc—|—ca+ab—|—bc—|—ca+ab+bc—l—ca

VT >

>0+

wl —| =3

Ta c6 diéu phai chiing minh.

= 30.




1. BAT DANG THUC AM - GM

Vi du 1.10. Cho céc s6 thuc duong z,y,z théa man : zy + yz + zo = 3.Chiing minh rang:

L 4
ryz  (z+y)(y+2)(z+ )

3
> —.
-2

Ta co:
r(y+z)t+tylz+ax)+z(x+
Vryz(x+y) (y+2) (2 +1) < (y+2) y(3 ) ( y):2.
Suy ra
4 S TY?
@+y)(y+2)(z+z) — 2
Do dg 1 1 1 1 3
VT > — 4 2 L S i
TYz 2 2ryz 2 2xyz 2 2
Bai toan dugc chiing minh.
Vi du 1.11. (IMO 2012) Cho n > 3 va cac s6 thyc duong as, as,..., a, théa man

asas - - - a, = 1. Chiing minh rang

(14 as)”(1+as)’---(14a,)" > n"

Ap dung bat ding thic AM-GM ta c6
1 1 1 F kray
1 k_ e U B > "
(14 ax) (k—1+k:—1+ —|—k_1+ak> =
Suy ra

(]_+a2)2.(1+a3>3"'<1+an>n>— '''''' malag"'an:n.

Ta thay khong c6 ding thic xay ra. Vay bai toan duge ching minh.

Vi du 1.12. Cho cac s6 thuyc duong a, b, ¢ c6 tich bang 1. Chiing minh rang
3 6
>

1 )
+cH—b—irc_ ab + be + ca

Bét dang thtc can chiing minh tuong duong véi

3(ab + bc + ca)
a+b+c

ab + bc + ca + > 6. (1)

Ap dung bat ding thitc AM-GM ta c6

2
ab+bc+ca+3(ab+bc+ca) >2\/3(ab+bc+ca) '

a+b+c at+b+c
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Mat khéc
(ab + be + ca)? > 3(ab - be + be - ca + ca - ab) = 3abc(a +b+c) = 3(a+ b+ c).

Suy ra
3(ab+ be + ca) -

ab + be + ca +
a+b+c

Vay bai toan duge chiing minh.

Vi du 1.13. (Moldova TST 2014) Cho céac s6 thuc duong a,b,c théa man abec = 1.
Chiing minh rang

SR ab n be n ca >9
a —.
a?+b b2+ c24a? T2
Bét dang thic can chiing minh tuong duong véi

2ab 2bc 2ca

2(a®+0°+ ) + >9 (1).

a2+b2+b2—|—02+02+a2 -

Ta c6 23 + y3 > 2%y + y>x v6i moi z,y > 0 nén

a3+b3+03>c(a,2+62)+b(02+a2)+a(b2+c2)
- 2 2 2
Suy ra
c(a®+ b?) 2ab b(c*+ a?) 2bc a(b*+ c?) 2ca
T(1) > > 9.
1% ()_( 5 +a2+b2)+( Tt 5t ) H3abe > 9

Bai toan dugce chiing minh.

Vi du 1.14. Chiing minh ring méi s6 thyc duong a,b,c ta luon co:

ab be ca a+b+c
+ + < .
a+3b+2c b+3c+2a c+3a+2b 6

Ta ¢ :

ab B ab <a_b 1 n 1 +i
a+3b+2c (a+c)+(b+c)+20~ 9 \a+c b+ec 2b)°
Tuong tu :

be be 1+1+1 ac <ac 1+1+1
b+3c+2a~ 9 \a+b a+c 2c) c+3a+20~ 9 \b+c a+b 2a)°

Cong vé theo vé ta duge

ab n be . ca < 1 /bec+ ac bc+ab+ab+ac N 1 (a+b+0)
- — (a c).
a+3b+2¢c b+3c+2a c+3a+20 9\ a+bd a+c b+c 18
Hay

ab N be N ca <1( b )+1(+b+)_a—|—b—l—c
0+3b+2 @ b+3c+2a c+3a+2 -9\ TR 7%

10
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Vi du 1.15. Cho céc s6 thyc duong a,b,c théa a + b + ¢ = 3. Chitng minh ring

ab n be n ca
V2 +3  Va?+3 V243

3
< -
-2

Ta co
3(ab+bc+ca) < (a+b+¢)* =9=ab+bc+ca < 3
Suy ra
1 1 1 1( 1 1 )
< = <5 + .
V2 +3 7 V24 ab+be+ ca \/(a—i—c)(b—l—c) 2\a+c b+c
Do dé:
ab 1 ab ab
<= +
2+3 2\a+c b+c
Tuong tu:

IN

bc <1 be n bc R ca 1 ca N ca
a2+3  2\a+b a+bd Vi2+3  2\b+a b+c

Cong ba bat dang thic trén theo vé ta co:

b e o Lipyg=2
Ve +3  Va?+3 V2437 2 2

Vi du 1.16. (IMO 2005) Cho cac s6 thuc duong z,y,z théa zyz > 1. Chting minh rang

25— 22 y® — 25 2

+ + >0
x5+y2+22 y5+22_’_$2 25+x2+y2—

Bét déng thiic can chiing minh tuong duong véi

I PR et A S R
zd 4y + 22 Yo + 2% + a? 25+ a2+ 2
- 1 . 1 . 1 - 3 "
$5+y2+22 y5+22+l’2 25+x2+y2—x2+y2+22.
Ta co )
4 4 2, .2 2 .2 .2
5,.2 ., .2 % 2, 2 228+ (¥ +27) 2 (2 +y*+27)
T 25> — 25> > —.
Ty + _yz+y+ =z Y2 + 22 =3 Y2+ 22
Do d6
1 23 y? 4 22
Y2422 T 2 (224 g2+ 22)?
Chiing minh tuong tu
1 23 2% + 22 1 3 z2 42
YA 22 +a? T 2( a2+ y2 4227 P ta?ty? T 2224y 22

Suy ra

+ + <
ey 22 P22+ S a4y? T a4 y? 422
Hay (1) dang.

11
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Vi du 1.17. (IMO Shortlist 2009) Cho cac s6 thuc duong a,b,c théa ab+bc+ca < 3abe.
Chting minh rang

2 2 b2 1 2 2, 2
\/ajL —i—\/ e —l—\/c T +3§\/§<\/a+b+\/b+c+\/c+a>.

a+b b+c c+a

Ta co
\/T—f—b Cl"‘b CL +bz 2ab > a2+b2 4 2ab
Ca+b a+b a+b —\V a+bd Va+b

Suy ra

2ab 2be 20a a’ + b2 b2 + 2 2 +a?
VP> + + :
a+b b—l—c c+a a+b b+c c+a
Mat khac 4p dung bat déng thic

111
(—+—+;) (x+y+2)?>21

22 g2
ta suy ra
1
Ty 2233 |
2 2 2
Do dé
\/2ab+\/2bc+ 2ca >33 1
a+b

2 2
btec Veta atb\ [ fore) [ [eta ?
2ab 2bc 2ca
_ 3 / 3abe B
N ab+bc+ca

Tu do, ta c6 dpem.

Vi du 1.18. Cho cac s6 thyc duong a,b,c. Chiitng minh rang

a’ b3 3 a+b+c
+ + > :
a?+b® b2+ 2+a? 2
Ta co
a’ a(a®+v*) — ab? ab? b
= =a— >a— =.
a? + b2 a? + b2 a2+ 02— 2
Tuong tu
b3 - c . S a
—_— — VA —— >Cc— —.
b2+ c2 — 2 c2+a? 2

Cong cac bat dang thic trén theo vé ta c6 dpcm.

12



1. BAT DANG THUC AM - GM

Vi du 1.19. Cho céc s6 thuc a,b,c théa abe < 0 vd a + b+ ¢ = 0. Chitng minh rang:

1 1 1 12abc — &
4= (1—ab—bc—ca)+L216-
a b ¢ ab + be + ca

Goi P la vé trai ctia bat dang thic.
bat m = — (ab+ be + ca) ,n = —abe
Doa+b+c=0=2(ab+bc+ca)=—(a*>+*+c*) <0=mn>0
Khi do:
m(l+m) 12n+8

n L

P =

Ap dung bat ding thic Co sita co:
m3 4+ 8n2 4+ 8n > 12mn va m? + 4n? > dmn

Suy ra
m3+m? + 12n% + 8n > 16mn

Do doé: . Lon 48
m( +m)+ n+8.

P = > 16

n m

Ding thitc x4y ra khi va chi khi m = 2,n = 1, tic 1a a,b,c 1a ba nghiém ctia phuong trinh

_—1+45

P2 +l=0(@-)2*+2-1)=02=1x 5

III. Bai tap

Bai 1.1. Cho céc s6 thie duong a,b,c. Chiing minh rang
3

2) (1+a)(1+0)(1+¢) > (1+ Vabe)

0 (+5) (142) (145 22 (14 522

Bai 1.2. Cho céc s6 thuc duong aq, as, - - , a,. Chiing minh rang

1+a)1+as) - (1+an)> 1+ aas—an).

Bai 1.3. Cho céc sb thic a, b, ¢ théa man a + b+ ¢ = 1. Chiing minh réng

(14+a)(1+b)(1+c) > 64abe.

Bai 1.4. Cho 2n s6 thuc duong aq,as, . . . ,an,b1,b, . .. ,b,. Chitng minh rang

a4+ br) (a2 4 b2) -+ (an + by) > Yaraz - an + V/bibe - by

13



1. BAT DANG THUC AM - GM

Bai 1.5. (BDT AM-GM suy rong) Cho a; > 0 (i = 1,n) v cdc s6 hitu ti duong «; théa man

>~ a; = 1. Chitng minh rang:
i=1

n
E aa; > aft - ag?o--ant,
i=1

Bai 1.6. Cho n s6 thuc duong aq, as, - - -, a, va sd nguyén duong k. Chitng minh réng

= >

ay +ak+ - +ak (a1+a2+---~|—an>k

n n

Bai 1.7. Cho a, b, ¢ > 0. Chiing minh réng

1 1 1 1 1 1
> .
a+3b+b+3c+c+3a - a+2b+c+b—|—20+a+c—|—2a+b

Bai 1.8. Cho céc s6 thuc a,b,c > 0 théa ab + be + ca < 3abe. Chitng minh ring
1 1 1 3

1T 1t 1S T
(%Jﬂ“/@) (\4/5+%) (Vet a) — 10

Bai 1.9. Cho a,b,c > 0. Chiing minh rang

2a+b+c>1+b+c+a
b+2c c+2a a+2b) b+2a c+2b a+2c

Bai 1.10. Cho z, y, z 1a cac s6 thyc duong thod man z? + y* + 2% = 12.Tim gia tri nhé nhat
ctia biéu thic ) . .

P= + + :
Vi+ad 1+ VI+28

Bai 1.11. Cho 3 s6 thuyc duong a,b,c thod man a + b+ ¢ = 3 . Chitng minh réng :

a N b . c
1402 14+c¢2 1+a2

3
> —.
-2

. 3 .
Bai 1.12. Cho cac so thuc duong a,b,c thoa a + b+ ¢ = 7 Chiing minh rang:

w

a? b2 2
> —,
et Thio@ Teroar o a

Bai 1.13. Ching minh rang néu zy + yz + zx = 5 thi 322 + 3y? + 22 > 10
Bai 1.14. Cho a,b,c > 0. Chitng minh bat déng thric

a? n b3 n c3 >a+b+c
(a4 2b) (b+2¢)  (b+2¢)(c+2a) (c+2a)(a+2b) — 9

14



1. BAT DANG THUC AM - GM

Bai 1.15. Cho céc s6 thuc duong a,b,c > 0 théa abe = 1. Chitng minh rang

at bt ct
> 1.
Pt  @at2) @20+2) "

Bai 1.16. Chiing minh rang néu a, b, ¢ > 0 thi :
a+b b+c c+a c a b
+ + > 2 + + .
c a b a+b b+c a-+c

Bai 1.17. Cho cac s6 thuc a,b,cthda a® + b* + ¢* = 3. Chitng minh ring

a* bt c
> 1.
b+2+c+2+a+2_

Bai 1.18. Cho cac s6 thuc duong a,b,c thoa a® + b* + ¢ = 3 . Chiing minh ring

4 4 4 9
—— 41—+l | 5——+1] > b :
(a2+b2+ )(b2+02+ )(62+a2+ )_3(a+ +¢c)

Bai 1.19. Cho céc s6 thuc duong a,b,c thoa:

7—ab
VE+ R+ VE+E+VE+a? = 25
V2
\ 2 b2 2 3
Chiing minh rang: bC—LI—c—i_c—l—a—'—aib > 7

Bai 1.20. Chiing minh rang néu a,b,c > 0 va théa man a.b.c = 1 thi

1 1 1 1
+ + < -
a2 +202+3  b24+2c24+3  24+2a2+3 7 2

P 1 1 1
Bai 1.21. (Baltic Way 2014) Cho céc s6 thuc duong a,b,c théa — + 3 + — = 3. Chitng minh
a c

rang
1 1 1

3
+ + <=
Vad+b VBP+ce JVA+a T V2

Bai 1.22. (USA 2011) Véi a, b, ¢ la cac s6 thye duong théa a® + b2 + 2 + (a+b+¢)* < 4,
chting minh rang

ab+1 be+1 ca—+1
2 5 T 5 = 3
(a+0) (b+c) (c+a)

Bai 1.23. Cho a, b, ¢ > 0. Chting minh rang

(S (ER R EN
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Bai 1.24.

Bai 1.25.

Bai 1.26.

Bai 1.27.

nho nhat

Bai 1.28.

Bai 1.29.

Bai 1.30.

Cho cac s6 thiyc duong a, b, ¢ thda abc = 1. Chiing minh ring

3 b3 b3 3 3 3
2 ;r +§’/ —12—0 +\3/C J;a +6<3(a+b+c).

Cho cac s6 thuc a,b,c thoa a + b+ ¢ = 0. Ching minh rang

13a?b%c? — 2abe — 2 < 1
(a2+b2+c2)3 -4

Cho cac s6 thiyc khong am a,b,c. Chitng minh rang:

(a+b+c)?>6V3(a—b)(b—c)(c—a).

Cho céc s6 thuc a,b,c phan biét théa a + b+ c =1 va ab+ be + ca > 0. Tim gia tri

2 2 2 )

P= + + + .
la—b] |b—c| |c—al Vab+bc+ ca

(JBMO 2014) Cho cac s6 thyc duong a, b, ¢ thdéa man abc = 1. Chitng minh rang

1\? 1\? 1\?
(a+g) —l—(b—i-z) +(C—|—a) 23(a+b+c+1).

Cho cac s6 thuc duong a, b thdoa man ab > 1. Chitng minh rang

2 2
a+2b+ —— b+ 2a+ —— | > 16.
a+1 b+1

. 1 1 1
(IMO Shortlist 2009) Cho céac so thuc duong a,b,c théa a +b+c = — + 7 + -
a c

Chiing minh rang

Bai 1.31.

1 1 1 3
+ + <
(2a+b+¢)>  (2b+c+a)® (2c+a+0b)> " 16

Cho a, b, ¢ 1a cac s6 thyc duong théa méan:

Va3 + b+ Vb + A+ VB + ad + abe = 3.

Chitng minh rang gia tri nhé nhat clia biéu thitc:

a’ b3 3

= - +
b2+c2  c2+a?  a?+0b?

bang v/32m, trong d6 m 1a nghiém ctia phuong trinh 3 + 54t — 162 = 0.

Bai 1.32 (Dé thi chon doi tuyén, vong 1, Ha Tinh, nim hoc 2017-20178). Cho céc s6
thuc khong am a, b, ¢ thod man diéu kien a® + b* + ¢® < 3. Chiing minh rang

(a+b+c)(a+b+c—abec) > 2(a’b + b*c + c*a).

16
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Bai 1.33 (Dé thi chon d6i tuyén, vong 2, Nam Dinh, niam hoc 2017-2018). Xét cac sd
thuc a,b,c € [0;1]. Tim gid tri 16n nhat ctia bidu thiic

B a N b n c
" b+c+1 c+a+1l a+b+1

+(1—-a)(1=0b)(1—c¢)

Bai 1.34 (Dé thi chon doi tuyén, vong 2, Quang Ngai, nim hoc 2017-2018). Choa, b, ¢
la cac s6 thue duong thoa man 3be + 4ac + 5ab < 6abe . Tim gia tri 16n nhat ctia biéu thic

B 3a+2b+c

C(a+b)(b+e)(ct+a)

Bai 1.35 (DE THI HSG TINH TAY NINH,VONG 1, 2017-2018). Cho ba s6 thye duong
x, 9, z théa man xyz = 1. Chiing minh ring:

1 1 1
+ + < < V3.
VI 2846 VPP +223+6 V2420346

Bai 1.36 (Dé thi chon doi tuyén, Lam Dong, nam hoc 2017-2018). Cho z,y,z la cac sb

thuc duong théa man diéu kien 2% + ¢ + 2 = 2v/3 + 1.
. . 1 1 1
Tim gid tri nho nhat cua bieu thic P = — + — + —.
r y? oz

Bai 1.37 (Dé thi chon doi tuyén, vong 1, Ha Tinh, nim hoc 2016-2017). Cho cac s6 thuc
a,b,c duong va thoa a® + b° + ¢® = 3. Chiing minh réng:

a®h® 4+ 1%¢% + 8a® < 3.

Bai 1.38. Tim s6 nguyén duong k& nhé nhat sao cho bat dang thic z*y*2* (23 + > + 23) < 3
ding v6i moi sé thue duong z,y, z thda man diéu kien z +y + 2 = 3.
1 1

) ‘ 1
Bai 1.39. (VN TST 2010) Cho cac so6 thuc duong a, b, ¢ théa man 16 (a +b+c¢) > —+ TR
a c

Chitng minh ring
1 1 1

3+ 3
(a+b+2(+0)  (b+e+20+a) (cta+2(c+D)

<

©| oo

Bai 1.40. (IMO 2001) Cho cac s6 thyc duong a, b, c. Chiing minh réng
a? b? c?

+ + >1
Va2 +8bc Vb2 +8ca V2 +8ab T

Bai 1.41 (Turkey TST 2017). Cho céc s6 thyc duong a, b, ¢ théa man a + b+ ¢ = 3. Chiing
minh rang
a*b+b’c+ Pa+9 > 4(ab+ be + ca).

Bai 1.42 (IMO Shortlits A5-2008). Cho cac s6 thyc duong a,b,c,d thoa man abed = 1 va

a b ¢ d

a+btct+d>—+-+ -+

b ¢ d a
. . . b ¢ d «a
Ching minh ranga +b+c+d < —+ -+ -+ -.
a b ¢ d

17
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Bai 1.43. Cho cac s6 thuyc khong am a, b, ¢ théa man a + b + ¢ = 2. Chiing minh ring

(a3 + b3) (b3 + 03) (03 + a3) < 2.

Bai 1.44. (Han Qudc MO 2016) Cho cac sb thuc z, y, z théa man 22 4+ y? + 22 = 1. Tim
GTLN ctia biéu thic
P = (2" —y2)(y* — 22)(2* — wy).

Bai 1.45. Cho cac s6 thyc duong z, y, z théa man z + y + z = 1. Chting minh rang

2,2 2,2 2,.2
7y Yz z°x

3 <
1—=z 1_w+1_y+xyz_

[N

Bai 1.46. Cho céc s6 thuc duong a,b,c théa méan:
9 (a'+b"+c*) =25 (a® + 0+ *) +48 =0.
Tim gi4 tri nhé nhat cia biéu thic:

a? b? c?

F= )
b—|—20+c—|—2a+a+2b

Bai 1.47. (TST Quang Nam 2014-2015) Cho cac s6 thuc duong a, b, ¢. Chiing minh réng

V5a2 + 4be + V502 + dca + V/5¢2 + dab > \/3(a2+b2+c2)+2<@+\/%+\/5>.

Bai 1.48. Cho céc s6 thuc duong a, b, ¢ théa man a + b + ¢ = 3. Chiing minh rang

a’b b%c 2a

1+a+b+1+b+c+1+c+a_

Bai 1.49 (P122, Tap chi Pi, thang 12 nam 2017). Ching minh rang, v6i moi s6 thuc duong
a,b, c ta luon c6 bat déng thic:

a® + be b’ + ca ¢® + ab
+ + > 3.
a(b+ c) b(c+ a) c(a+b)

Héi dang thitc xdy ra khi nao?

. 1 1 1
Bai 1.50. Cho 2018 so dufdng ai,as, . ..,A9018 thoa: a)+ag+---+agpg=—+—=+--+ .
ap Q2 2018

Chitng minh rang: a; + ay + - - - + asnz > 2018.

18



2. BAT DANG THUC CAUCHY - SCHWARZ

§2. BAat dang thic Cauchy - Schwarz

I. Béat dang thic Cauchy-Schwarz dang da thiic
Dinh 1i 1. Cho 2n s6 thuc ai,as, -+ ,apn,b1,ba, -+ bn. Khi d6, ta co
(a4 ad+--+a2) (B} + 054+ +b2) > (arby + asby + -+ + anbn)”.

Ding thite xzdy ra khi a; = kb; vdi moii=12,--- n.
Chitng minh. Néu a; = 0 Vi = 1,n thi bat dang thitc hién nhién ding.

n
Néu >~ a? > 0, ta xét tam thiic
i=1

i=1

Ta co

Do dé

= (Se) - (£4) (£4) =

Hay bat ding thiic duge ching minh.
Ding thic xay ra khi a;z — b; = 0 < a; = k.b;.

II. B4t ding thiic Cauchy-Schwarz dang phan thiic

Dinh 1i 2. Cho cdc n s6 thuc ai,as,- -+ ,a, van s6 thuc duong by,bs, - -+ b,. Khi dé, ta cé
2 2 2 2
a a a ar+as+---+ay
_1+_2_|_...+_"2<1 2 )
bl bg bn b1+b2++bn
Dang thic zdy ra khi va chikhit =22 _ .. -2
by by b,

Chitng minh. Ap dung bat ding thic Cauchy-Schwarz dang da thic ta c6

(So) (£ vmd) < () ()

I SRS
by by by =

Hay
(a1 +as+ -+ ay)’
bi+ba+ - +by

(dpcm).

III. Cac vi du minh hoa

Vi du 2.1. Cho a, b, ¢ > 0 théa man a + b+ ¢ = 1. Chitng minh rang

1 1 / 1
\/a2+—2+\/b2+—2+ C2‘|‘—22\/82
b c a
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2. BAT DANG THUC CAUCHY - SCHWARZ

Ap dung bat ding thic Cauchy — Schwarz ta c6

2 ) (Lio) s (e43)
b? 9 —\3 b
a2+i>i — 4 -
V b2 7 /82 \3 b
Tuong tu, ta ciing c6
fo o Lo 3 (0.3 o fo, Lo 3 (¢ 3
27 /2 \3 ¢ a2 — /2 \3 a)’

Cong ba bat déng thic theo vé ta c6

hay

Q
w
N—

1 1 9
Laic6 —+ -+ — > ——— =9 nén ta suy ra dugc
a b ¢ a+b+c

1 1 1 1
\/&2+—2+\/52+—2+ 62+—2i(—+27)_\/@.
b c V a 82 \ 3

) 1
Dang thic xay ra khia =b=c = 3

Vi du 2.2. Cho cac s6 thuc duong a,b,c thoa abc = 1. Chitng minh ring

(1+a*) (1+0°) (14 > 43/(a+b) (b+¢) (c+ a).

Ap dung bat ding thitc Bunhiacopsky cho hai bo s6 (1;a) va (b;1) ta c6
(1+a%) (1+0*) = (1+a*) (0*+1) > (a+D).

Tuong tu
(1+0*) (1+¢%) > (b+c¢), (1+) (14a%) > (a+c).

Nhan céc bat dang thiic trén theo vé ta duge
(1+a*) (1+6°) (1+*) > (a+b)(b+c)(c+a).

Mat khac
(a+D0) (b+c) (c+a) > 2Vab.2Vbe.2v/ca = 8abe = 8.

Suy ra

(@a+0b)(b+c)(c+a)= i/(a%—b)(b~|—c)(c+a).<’/[(a+b)(b+c)(c+a)]2
> a+b)(b+c)(c+a) V8 =43/ (a+b) (b+c) (c +a) (dpcm).




2. BAT DANG THUC CAUCHY - SCHWARZ

Vi du 2.3. Cho a,b,c > 0 thoa

1 1 1
> 1.
a2+b2+1+b2+02+1+02+a2+1_

Chiing minh rang ab + bc + ca < 3.

Ap dung bat ding thitc Cauchy-Schwarz cho hai bo s6 (a;b;1) va (1;1;¢) ta 6
(@ 4+ +1)(1+1+c) > (at+b+c).

Suy ra
1 < 2+ c?
a2+ +17" (a+b+c)
Tuong tu:
1 < 2 +a? 1 < 2+ b2
PH+c+17 (a+b+ce) E+a?+17 (a+b+c)’
Suy ra
2+ a? 2+ b? 24 c?
2+ 2+ 2217
(a+b+c¢)” (a+b+c)” (a+b+c)
Do do6 ta co

6+a>+b>+c>(a+b+c¢) = ab+bc+ ca <3 (dpem).

. , 1 1 1
Vi du 2.4. Cho cac so thuc duong a,b,c théa man a +b+c = — + 7 + —. Chtng minh
a c

rang

Va2 + 1+ VR +1+ V2 +1<V2(a+b+c).

Ap dung bat ding thic Cauchy — Schwarz ta 6

1 1 1
Va2 +1+ V2 +1+Ve +1=Va. a+5+¢5. b+ Ve et =

1 1 1
S\/(a+b~|—c) (a+——|—b+—+c+—)

a b c
=V2(a+b+ec).

Ding thic xay rakhia =b=c = 1.

Vi du 2.5. Cho céc s6 thuc a, b, ¢, x, y, z. Chiing minh rang

2(a+b+o)(z+y+2).

ax+by+cz+\/(a2+b2+c2)(x2+y2+z2)2§

Ta cb

(a+b+c)(z+y+2z) — (ax+ by + c2)
20+ 2z —x

Wl Do

22422 —vy 20 + 2y — z
p. 2= 7 e M
3 3 ¢ 3

=aq-
2 2 2
<J(a2+62+62)<(2y+§2x> +(22+§x—y> +(2x—|—§y—z> )
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2. BAT DANG THUC CAUCHY - SCHWARZ

Hon nia

2 2 2

Nén ta c6 dpcm.

Vi du 2.6. Cho cac s6 thuc a,b,c thoa a? + b + ¢* = 9. Chitng minh ring

2(a+b+c)—abe < 10.

Khong mat tinh tong quat, ta giad st |a| < |b] < |c|
3(@®+0*) <2(a®>+b°+*) =18=a”+ > <6.

Ap dung bat ding thic Cauchy-Schwarz cho hai bo sb

2(a—|—b+c)—abc=2(a+b)+c(2—ab)g\/(4+(2—ab)2) ((a+b)2+c2)
= /(8 — 4ab + a2b?) (a® + b2 + 2 + 2ab)
= /(8 — 4ab + a2b?) (9 + 2ab).

Do d6, ta chi can ching minh

V(8 — 4ab + a2b?) (9 + 2ab) < 10
< 200 + a?b® — 20ab — 28 < 0
& (ab+2)* (2ab—7) <0. (%)

Vi 2ab < a? +b* <6 = 2ab—7 <0, do d6 (*) dung.

Vi du 2.7 (VQB Can). Cho cic sb thuc duong a,b,c théa man a+b-+c = 6 v a® + b +

c? = 14. Chitng minh ring
da+0b 31
< <=

2 )
c 2

Ta c6
4a + b

C

>2 —4a—b+2c<0<3a+6b+9c<T(a+b+c)=42 (1).

Ap dung bat ding thic Cauchy — Schwarz ta 6

3a + 6b+9c < /(32 + 62 + 92) (a2 + b2 + 2) = 42.

Suy ra (1) ding. Dang thiic x4y ra khi a = 1,b = 2,c = 3.
Tuong tu

da+b 31
ot <S e 8a+2-3le< 06 5T+ 5lb+18c< 49 (atbt) =204 ()

c

Ap dung bat ding thic Cauchy — Schwarz ta c6

57a + 51b 4+ 18¢ < /(572 + 512 4+ 182) (a2 + b2 + ¢2) = 294.

) 19 17 6
Hay (2) dugce ching minh. Dang thic xay ra khi a = 7,6 =Tc=z
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Vi du 2.8. Cho cac s6 thuc duong a, b, c. Chiing minh rang
Jave i
b+ c c+a

Ap dung bat ding thic Cauchy — Schwarz ta c6

( \/a—i—b + b—l—a\/ b+ c) b+ + ctb (c+a)( c+b>

§2(a+b+c)(

(a+b)(a—|—c) (b+a)(b—|—c) (c+a)(c+b))
_4(a+b+c)lab+ be + cal
~ (a+b)(b+c)(c+a)

Do d6, ta chi can chiing minh

4(a+b+c)(ab+ be+ ca)
(@+b)(b+c)(c+a)

(a+b+c)(ab+ be+ ca)
(a+b)(b+c)(c+a)

<9<:> <9
-2 -8

Day 14 mot két qua quen thuoc.

Vi du 2.9. Cho céc s6 thuc duong a,b,c thoa

L SR S
2+2 P42 A4+2

Chitng minh rang: ab + be + ca < 3.

T gid thiét suy ra:

a? b? c? (a+b+c)
+ + >
a?+2 VP+2 A+27 a?+02+c2+6

1=

Do do:
2+ +F+6>(a+b+c)’ < ab+be+ ca < 3 (dpem).

Vi du 2.10. Cho céc s6 thuyc a,b,c > 0 théoa man a + b + ¢ = 3. Chiing minh réng

a? b? c?
> 1.
a+2b2+b—|—202+c+2a2 -

Goi P 1a vé trai ctia bat déng thiic cAn ching minh. Ap dung bat ddng thitc Cauchy — Schwarz

ta co y b “

T &+ 20202 + b3 + 2b2¢? * 3 + 2c%a?
(a® + b2 + %)

T A+ 0+ A+ 2(ah? + b2 + 2a?)’

Véia+b+c=3taco
(a* + 0+ ) (a2 + 02+ 2) > (a® + 0 + &)
(@ +0*+ ) (atbtc)> (> + 02+ P)°
3(a*+0°+c%) > (a+b+c).
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Nhan ba bat déng thic trén theo vé ta dugc
3(a*+b"+c%) > (a+b+c) (a® +b*+ )
Hay a* +b* 4+ c* > a® + 1® + ¢*. Do d6

(@ + 02+ 2)" = at + b + et 42 (a2 + 02 + Pa?)
>a’ + b+ +2 (a0 + VP + Pa?)

Vay P > 1. Dang thiic xdy ra khia=b=c= 1.

Vi du 2.11. Cho céc s6 thyc duong a,b,c. Chiing minh réng:

2 2 2
a n b n c >§
a+b b+c c+a) — 4

(S

.— =1 nén ton tai cac sé thuyc duong z,y,z sao cho

Q| o
SO
o

b yz ¢ zx a xy

a 22°b Y ¢ 22

Bét dang thtc can ching minh tré thanh

x? yt 2 3
7 T 2 32
(@2 +y2)” (Y +22)” (P+ay)” 4
Ap dung bat ding thic Cauchy — Schwarz ta 6
4 4 4 2 2 2\2
T N Yy N 2 - (2 4+ y* + 2°)

(22 +y2)” (12 +z22)®  (24ay)’ T (22 +y2) 4+ (12 + 22)’ + (2 + ay)”
Ta ching minh
(xz +y2 _1_22)2
(@2 +y2)° + (¥ + 22)° + (22 + ay)’

>

e~ w

Bién déi va rit gon ta thu duge bat ding thiic
oty + 245 (2P 4 P+ ) > 6y (T +y + 2) (%).

Ta co
sttt >t P A >y (e byt 2).
Nén suy ra (*) ding. Vay bai toan dugc chitng minh.

Vi du 2.12 (P61, Tap chi Pi, thang 6 nam 2017). Cho a, b, ¢ 1a do dai ba canh cia
mot tam gidc. Chiing minh rang

L2 b L 2(ab + be + ca)
b+c c¢c+a a-+bd a? + b2 + 2

7
< -
-2

Ho6i dau bang xay ra khi va chi khi nao?

Ta biét rang vdi a, b, ¢ 1a ba s6 thyc tuy ¥, luon co

ab+be+ca < a®>+b*+ 2
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Do d6
2(ab + bc + ca) < ab + bc + ca

a?4+b02+c2 T aZ+b2+c2

Tiép theo ta sé chiing minh

a N b n c +ab~|—bc+ca
b+c c+a a+b a24+0b2+c2

< ©

That vay, ta cb

a b c 1 ab+bc+ca
2 1-— 1-— 1-— > - =
()@< b+c)+( c+a>+< a+b>_2+a2+b2—|—c2
b+c—a c+a—-b a+b—c (a+b+c)?
+ + >
b+c c+a a+b T 2(a®+ 0+ ?)
(b+c—a)? (c+a—10b)? (a+b—c)? S (a+ b+ c)? 3)

(b+c—a)b+c) (c+a—Db)(cta) (a+b—c)a+b) ~ 2(a2+b*+c?)

Do d6 a, b, ¢ 1a do dai 3 canh clia mot tam gidc nén b+c¢ > a, a+c > bva a+b > c. Do do, tat
c& cac phan thitc ndm & vé trai ciia (3) déu c¢6 mau thitc duong. Vi thé, ky hieu VT 1a biéu thic
nam § vé trai ctia (3), theo mot he qua ctia bat dang thiic Cauchy - Schwarz, ta c6

(a+b+c)?
T > :
e rrra

(b+c—a)+(c+a—-b)+(a+b—c)=a+b+c
(b+c—a)b+c)+ (c+a—Db)(c+a)+ (a+b—c)la+b)=2(a®+b*+c?).

nén (3) duge chitng minh va vi thé (2) duge ching minh. Tit (1) va (2), hién nhién, suy ra bat
ding thic can ching minh theo yéu cau bai toan. Tit diéu kién can va du dé dau bing xay ra &
cac bat dang thic trén, dé& dang suy ra dau bang ¢ bat ding thic dé bai xay ra khi va chi khi a,
b, ¢ 1a do dai ba canh clia tam giac déu.

Vi du 2.13. Cho a,b,c > 0 théa a + b+ ¢ = 2. Chitng minh rang:

a n b n c <1
Vda +3bc  4b+3ca  V4c+ 3ab

Ap dung bat ding thitc Cauchy — Schwarz ta co:

( a N b N c )2<(a+b—|—c)< a N b N c )
Vda +3bc  4Ab+3ca  4c+3ab) T da + 3bc  4b+ 3ca  4c+ 3ab

a b &
=2 .
(4@ + 3bc * 4b + 3ca * 4c + 3ab)
Ta ching minh:

a b c 1
4a+3bc+4b+30a+4c+3ab 2
be ca ab 1
<:>4a—i—3bc+4()—1—36@—i_464—3@() 3

Ta co - )
VT(1) > (ab+ bc + ca)
be(4a + be) + ca(4b + ca) 4 ab(4c + ab)
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Do
be(4a + be) + ca(4b + ca) + ab(4e + ab) = 3(ab + be + ca)?.

1 5 2
Nén ta c6: VT'(1) > 3 (dpem). Dang thic xay ra khi va chi khia =b=c= 3

Vi du 2.14. Cho céc s6 thuyc z,y,z > 0. Chiing minh rang

Tr+y Y+ z Z+x
+ + <3.
V2t +ze+2y PR+ 2 4ayt+az /22422ty +ay

Ap dung bat ding thitc Cauchy — Schwarz ta 6

(z +y)° (y+2)° (2 + )’
24y’ +zr+yz P+ 24oyt+az 242+ zy+yx

VT? <3

Mat khac
ety w4yt 2y @y
P4y’ +ze+yz z(z+2)+yly+z) " x(r+z2) yly+z) x+z y+=z
Tuong tu

2 2
(y+2) < Yo E (z+ ) < ¢ L%
Vv2+2+ay+xz T y+ax z+x 2Z24+x+zy+yr ~ z+y T4y

Suy ra VI? <9« VT < 3, tit day ta c6 dpem.

Vi du 2.15. Cho a, b, ¢ 1a cac s6 thyc khong am va khong c6 hai s6 ndo dong thoi bang
0. Chiing minh rang
a? b? c?

(2a + b)(2a + ) * (2b+ ¢)(2b+ a) * (2¢+a)(2¢+b)

1
< -
-3

Ap dung bat ding thic Cauchy-Schwarz, ta ¢6
9a? (2a + a)?

(2a + b)(2a + ) h 2a(a + b+ c¢) + (2a® + bc)
< 4a® n a?
“ 2a(a+b+c)  2a%+bc
2a a?
+ .
a+b+c  2a®+be

Do dé6
2 b2 2

VT <2 .
- +2a2—|—bc+2b2—|—ca+202+ab

Nén ta chiing minh

a? N b2 N 2 <1

2a%2 +bc 202 +ca  2c2+ab —
be ca ab

= >
2a2—|—bc+2b2—|—ca+202+ab_

1. (1)

Ap dung bat ding thic Cauchy-Schwarz ta c6

VT(1) > (ab + bc + ca)? _ (ab + bc + ca)? _q
2abc(a + b+ ¢) + a?b? + b2 + 2a®?  (ab+ be+ ca)?
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IV. Baitap

Bai 2.1 (Bat dang thic Mincopski). Cho cac 2n s6 thic ai,as, -+ ,a,,b1,ba, - -+ ,by. Chiing
minh rang

\/a%+a§+---+a3+\/b%+b§+---+b%2\/(a1+b1)2+(a2+b2)2+---+(an+bn)2.

Bai 2.2. Cho cac s6 thuc duong a,b,c. Chiing minh rang

(@ +1) (P +1) (+1) > (a+b) (b+c)(c+a).

Bai 2.3. Cho céc s6 thuc duong a,b,c thdéa man a + b+ ¢ = 3. Chiing minh réng

1 1 1
20> +*+2)+3>9 .
(¢ +0°+ %) +3> (a2+2+b2+2+62+2>

Bai 2.4. Cho a,b,c > 0 va a + b+ ¢ = 1. Chiing minh réng

ava? + 8bc + bVb? + 8ca + ¢V e + 8ab < 1.
Bai 2.5. Cho céac s6 thuc duong a, b, ¢ thoa a? + bv* + ¢ = 3. Chitng minh rang:

a’ b3 3

> 1
bt2e fct2a ara =

Bai 2.6. Cho a, b, ¢ 1a cac s6 thic duong théa: a? + b* + ¢ > 3. Chiing minh rang:
a? b3 3

+ - >1
VP2 +2+T7 VAE+a?+T VaR+bR+T

Bai 2.7. Cho cac s6 thuc duong a,b,c ¢6 tong bang 3. Chitng minh rang:

—_

1 1 1
< —.
4a2+b2+c2+a2—|—4b2+02+a2—|—b2+402 -2

Bai 2.8. Cho céac s6 thuc khong am a, b, ¢ théa man a + b + ¢ = 3. Chitng minh rang

1 . 1 N 1 >3
202 +3  202+3 2243 7 5

Bai 2.9. Cho céc s6 thuc khong am a, b, ¢ théa man ab + be + ca = 3. Chitng minh réng

1 L 1 L 1
a?+1 b2+1 241

3
> —.
-2

Bai 2.10. Cho cac s6 thuyc duong a, b, ¢ théa man a® + b? + ¢ = 3. Chitng minh ring

1 n 1 n 1
3—ab 3—bc 3-—ca

IN

3
5
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Bai 2.11. Cho ba s6 thuc duong x, y, z théa man x + y + z = 3. Chiing minh rang:

dx + 5 4y 45 4245 S 162
23+ zy? +3xyz YR 4 y22 4+ 3vyz 2+ a2+ 3xyz T a2 4y 4+ 22+ 27

Bai 2.12. Cho a, b, ¢ > 0 théa man a + b + ¢ = 1. Chitng minh ring
CL2 b2 02

b+ 207 (ath)  (cr20f(10  (atr2)P(cta)

N | —

Bai 2.13. Cho a,b,c € (1;2). Chting minh réng

bva Vb

c ay/c
4by/c — c\/a * 4er/a — av/b * 4av/b

€ >
“b/e

Bai 2.14. Cho a,b,c 1a cac sd thuc duong thoa man a?b® + b?c? + c?a? > a?b?*c?. Chiing minh
rang

a’b? b2c? 2a? V3
+ + >
Aa?+b?) BB+ c2) (A +a?) 2
Bai 2.15 (IMO Shortlist-2007). Cho cac s6 thyc khong am ay, as, ..., ajg thoa man diéu
kien af + a3 + - - - + ajy, = 1. Chiing minh ring

V2
S:a%a2+a§a3+--~+a%00a1§—

. 1
Bai 2.16. (China TST 2005) Cho cac so thuc khong am a,b,c théa ab + be + ca = 3 Ching
minh rang

1 1 1
< 3.
a2—b0+1+b2—ca+1+02—ab+1 -

Bai 2.17. Cho cac s6 thyc duong a, b, c. Chiing minh réng
b b b2 2 2
p) E Za\/3+—+b\/3—|—c——|—6\/3+a— > 2a+b+ ).
c a b c? a? b?

Bai 2.18. Cho z,y,z > —1. Chiing minh ring

1+ 22 1+ 92 1+ 22 S 9
l+y+22 14+z+22 14+z4+y?

Bai 2.19 (P77, Tap chi Pi, thang 7 nam 2017). Cho a, b, ¢ 1a cac s6 thyc duong. Chiing
minh rang
a b c
+ -
a3 +c3) cta a+bd

3
> —.
-2

Héi déng thitc xay ra khi va chi khi nao?
Bai 2.20. Cho ba s6 thyc khong am a, b, ¢ thoa man diéu kien (b + ¢)(c + 2a)(c + 4a) > 0.
Chitng minh ring

a L b n 2c > 1
b+c c+4a c+2a "
Héi déng thitc xay ra khi va chi khi nao?
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Bai 2.21. Cho a,b,c > 0 théa man a? + b*> + ¢ = 3. Chiing minh rang

Bai 2.22. Cho bon sb thuc a,b,c,d théa man a? + b? + ¢ + d? = 1. Chitng minh ring
1 n 1 n 1 . 1 < 16
l—ab 1—bc 1—cd 1—da— 3°

Bai 2.23. Cho z,y,2 > 0 théa man zyz = 1. Chitng minh rang

1 1
>1
1+x+x2+1+y+y2+1+z+z2_

Bai 2.24. Cho z,y,z > 0 théa man xyz = 8. Chiing minh rang
72 2 2

>1
x2+2x+4+y2+2y+4+22+2z+4 -

Bai 2.25 (IMO 2008). Cho céc s6 thuc z,y,z # 1 v zyz = 1. Chiing minh rang
s \? g \? L\ 2
— > 1.
1)+ () + () =

Bai 2.26. Cho a, b, cla cac s6 thuc duong. Ching minh rang

bc ac ab 3
\/ a(3b+a) * \/ b(3¢c +b) * \/ c(3a+c) = 2

Bai 2.27. Cho cac s6 thuc a, b, ¢ tat cd khong cuing dau. Chitng minh rang

(a® + ab + b*)(b* + be + 2)(c® + ca + a*) > 3(ab + be + ca)®.

Bai 2.28. Cho a, b, ¢ > 0 va khong c6 hai s6 nao dong thoi bang 0. Chitng minh rang
2 2
a b ¢ > 1.

2b2—bc+202+202—0@+2a2+2a2—ab+2b2 -

2

Bai 2.29. Cho a, b, ¢ 1a cac s6 thiyc théa man diéu kien 3a? + 2b% + ¢ = 6. Tim gia tri 16n nhét
va gia tri nhé nhat ctia biéu thic

P =2(a+b+c) — abc.

Bai 2.30. (Iran MO 2016 day 3) Cho cac s6 thyc duong a, b, ¢ théa man abc = 1. Chiing
minh rang
a+b b+c c+a S 2
(a+b+1)2 (b+c+1)2 (c+a+1)2 " a+b+c
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Bai 2.31. Cho cac s6 thiyc duong z, y, z théa man zyz > 1. Chiing minh rang

@+ )y +2) +2) > (@ + )y + 2) (2 + 2?).

Bai 2.32. (Serbia TST 2016) Cho cac s6 thuc duong a, b, ¢ théa man a + b + ¢ = 3. Chiing
minh rang
a i b n c
V3a+b V3b+c 3c+a

3
< -
-2

Bai 2.33. (Hai Dudng TST 2016)
Cho a, b, ¢ € [—1,1] théa man: 1 + 2abc > a® + b* + ¢*. Chiing minh réang :

14 2a°0°¢ > ab + 0% + 8.

Bai 2.34. Cho cac s6 thuc duong a, b, ¢ théa man a® + b* + ¢ = 3. Chitng minh ring

a? + b2 2

2(1 1 I)Zb+c+c+a+a—l—b'

a b c

Bai 2.35. Chon (n>1) zy, x3, ..., ¥, thoa man x; + 23 + - - - + 2, = 0. Chitng minh rang
(n—2af+2v  (n—2)23+22  (n—2)z) + 21,
(n—1a?+1 (n—1az3+1 (n—1)a2 +1

Bai 2.36. Cho cac s6 thie duong a,b,c théa man a? + b + ¢ = 1. Chting minh rang

1 1 1 (a+b+c)?
+ + > .
2a2 +bc 202 +ac  2c24+ab — ab+ bec+ ac

Bai 2.37. Cho a, b, ¢ la céc s6 thuc duong van € N, n > 2. Tim gia tri nho nhat ctia biéu thic
] a®+be L b’ + ac Lo c* 4 ab
~ Vab+o) b(a+c) cla+b)

Bai 2.38. Cho céc s6 duong a, b, ¢ théa man abc = 1. Chiing minh rang:

a®+5 b’ +5 A +5
+ + > 9.
adb+c¢) bc+a) cAla+Db)

Bai 2.39. Cho s6 nguyén duong n > 3 va 2n s6 thyc duong aj;as;...;ay; bi;be;...;b, thoa

man: " "
Zak = 1; Z bz =1.
k=1 k=1

Chiing minh rang: Z ag(br + ags1) < 1 (V61 a1 = aq).
k=1

30



3. MOT SO BAT PANG THUC KHAC

§3. Mot s6 bat dang thiic khac

I. Bat dang thic Schur

1. Bét dang thitc Schur

Dinh 1i 1. Cho cic s6 thuc khong am x,y,z va so thuc duong r. Khi do, ta cé bat dang thiic sau
'z —y)z—2)+y'(y—2)ly—2)+2"(z—z)(z—y) 2 0.

Ding thic xdy ra khi a = b = ¢ hodc ¢ = 0,a = b va cdc hodn vi.

Chitng minh. Vi bat dang thiic can chitng minh la d6i xting ba bién nén ta gid st x > y > z,
khi d6 2" (z —z)(z —y) > 0 va

e—y)r—2)+yy—a)y—2) = (@—-y) (@ (y—2) —y'y—2)
=(x—y)y—2)(a"—y") > 0.

Tit hai bat déang thiic trén ta suy ra dpcm.

2. Cac truong hgp dac biét
e Xét r =1 ta c6 cac dang sau
a) 2+ y® + 2%+ 3wyz > ay(z +y) + yz(y + 2) + za(2 + x)
b) 4(a® + b + 3) + 15abe > (a+ b+ ¢)?
c)wyz = (x+y—2)(y+z-x)z+z-y)
9

d) TUE

)

2+ —|—22+—>2x +yz+ zx
Y o, (zy +y )

e) (x+y+2)>+92yz > 4(v+y+ 2)(xy + yz + 21)
e r =2 ta c6 cac dang sau
a) ot +yt+ 2t +ayz(r +y + 2) > wy(a? + %) + yz(y? + 22) + z2(2? + 2?)
b) 6zyz(z +y+2) > 2(zy +yz + 2zz) — (22 + y* + 22)] (22 + v* + 2% + 2y + yz + 27).
3. Bét dang thic Schur mé rong

Dinh 1i 2. Cho cdc s6 thuc duong a, b, ¢, T, y, z sao cho cic bo (a, b, c) va (z, y, 2) la cdc bp
don diéu. Khi do, ta cé bat dang thiic

a(z —y)(z —2) + by = 2)(y — 2) + c(z —x)(z —y) = 0.

Chitng minh. Viéc chiing minh bat déng thiic nay tuong tu nhu ching minh bat ding thic
Schur & trén.

4. Cac vi du

Vi du 3.1 (Déng Nai TST 2016). Cho cac s6 thuc duong a, b, ¢ théa man abc = 1.
Chiing minh rang:
b 3vV3
oy 2 CR—
b+c c+a a+b ™ Va3 +bB¥+3+3
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Véi z, y, z > 0 ta co:

1 1 1 1
2
(z+y+2) (E + " + ;) > 9y/a?y?22 - 3¢ i 27.

Suy ra :
3v3
T+y+z> v3 (*)
12 1% 12
r oy oz
Ap dung (¥) véi z = a = b z= © taco
b 3v3
Y v3
b+c c+a a+b \/b+c c+a a+b
+ +
a b c
3v/3

N Vab(a+b) +be(b+c)+calcta)
Mit khéc, theo bat déng thiic Schur ta cé
a® +b* + ¢+ 3abc > ab(a+b) +bc(b+c) +calc+a).

a b c 3v3
Neén t 5 : + + > .
e ta co \/b+c Veta \/a+b_\/a3+b3+03+3

Ding thitc c6 a =b=c = 1.

Vi du 3.2 (Nghé an TST 2014, ngay 2). Cho céac s6 thuc z, y, z > 0 théa xyz = 1.
Chiing minh rang

i/x+y+§,/y+z+ NEEX 5(a:~|—y+z)+9‘
2z 2z 2y 8

Dit x = a®, y = b3, 2 = ¢® bat déng thitc can ching minh tré thanh

i/a3+b3+</b3+c3 +§/C3—|—a3 < 5(a® + b+ )+ 9
2¢3 2a3 263~ 8 .

Theo bat déng thitc Schur ta c6
a® + b+ +3=a®+ b+ &+ 3abe > ab(a + b) + be(b + ¢) + calc + a).
Do do

5@ +0*+ ) +9=2(a*+ b+ ) +3(a® + b +c* +3)
> 2(a® + b + ) + 3ab(a + b) + 3be(b + ¢) + 3ca(c + a)
=(a+0)°+(b+¢)* + (c+a). (1)

a—i—b3 3&3+b3
( 8) ZV 2¢3 2)
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3. MOT SO BAT PANG THUC KHAC

That vay (1) tuong duong véi

(a+0b)?
Sabe

>

13 a3+b3 9 3 3 3a3+63
— > P
. 5 < (a+b)” > 8a’b 5 (3)
Ta co
4-8.a’*(a®> +b*) = ab- ab - ab(a® — ab+ b*)(a + b)

b+ab+ab+a®—ab+ b2 \*
§4.82(a +ab+a ;ll—a ab + )(a—l—b):(a—l—b)g-

Do d6 (2) dang. Tuong tu ta c¢6

b 3 b3 3 3 3 3
(b+c) 5 ¢ +3c7(0+a) > 9 %;a‘ )
8 2a 8 b

Cong céac bat dang thiic (2), (4) va tit (1) ta c6 dpem.

Vi du 3.3. (VMO 2014) Cho a,b,c > 0. Chting minh réng
3(a*+0*+cA)>P>(a+b+c)

voi P = (a+b+c)(Vab+ Vbc+ y/ea) + (a —b)? + (b—c)? + (c — a)*.

Ta co
3@+ 0+ ) >P e atb+c>Vab+ Ve + Vea.

Bét déng thtc nay 1a két qua quen thudc.
Dit z = \/a, y = Vb, z = y/c. Khi d6, bat déng thitc

772(a+b+c)2@Zx4+xy22x+2my(x2+y2)Z4Zm2y2 (1)

Stt dung bat dang thiic Schur (véi truong hop r = 2) ta c6

Zx4+a:yz2x > ny(:v2+y2)

V(1) >2 Z vy(z? +y?) > 2. Z xy.2xy = 42 2.
Hay (1) dugc ching minh.

do do

Vi du 3.4. Cho a,b,c > 0. Chiing minh ring

a® + be b? + ca 02+ab>1 1 1

a%(b + c) +b2(c+a) +02(a+b) - E+E+ c

Ta co
a’*+bc 1 _ a*+bc—alb+c) (a—Dd)(a—c)

a2b+c) a a?(b+c)  a?(b+o)
Do d6, bat déng thtic can chiing minh tuong duong véi

zla—b)a—c)+ylb—c)(b—a)+ z(c—a)(c—=0) >0 (1).
V6i z = ! = ! z = !

_a2(b+c)’y_b2(c+a)’ ~(a+b)
1 1 b(b — b? — a?

Giasta>b>c, taco :a( a) + < a>>0hay:v<y.

a?(b+c) bc+a) a?b?(b+c)(c+a)
Do d6, bo (7,y,2) 1a bo don dic¢u gidm. Do d6, theo bat ding thic Schur suy rong, ta c6 (1)
ding.
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II. BAt ding thitc Holder

1. B4t dang thidc Holder

Dinh 1i 3. Cho mn s6 thuc duong a;, vdii=1,m va j =1n. Khi dé ta 6 bat dang thic sau

2. Truong hgp dac biét
e m = 2 ta c6 bat dang thitc Cauchy-Schwarz
e m =3 taco

(@} 4+ a5+ +a) (b +b5+- -+ )+ 5+ + ) > (arbier + -+ apbpcy)’.

3. Vi du minh hoa

Vi du 3.5. Cho cac s6 thuc duong a, b, c. Chiing minh rang

(a®+2)(b* +2)(+2) > (a+b+c)’.

Ap dung bat ding thic Holder ta c6

(@®+2)(B*+2)(+2)=(®*+ 1+ 1)1+ +1)(1+ 1+ )
> (a+b+c).

Vi du 3.6. Cho cac s6 thuc duong a, b, c. Chiing minh rang

a+b b+ c c+a
+ + >2Va+b+c.
va+2c Vb+2a ce+2b

Ap dung bat ding thic Holder ta 6

(“b L bEe | cxa )2(Z(a+b)(a+20)>>8(a+b+c)3
Va+2c Vb+2a  e+2b - '
Mat khac

Z(a+b)(a+20):(a+b+c)2+3(ab—|—bc+ca)§2(a+b+c)2.
Do do

a-+b b+c c+a
+ + >2va+b+ec.
vVa+2c Vb+2a Ve+2b

Vi du 3.7. Cho cac s6 thyc duong a, b, c. Chiing minh rang

a n b n c > 1
Va2 +8bc Vb2 +8ca /2 + Sab
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Goi P la vé trai ctia bat déng thic. 4p dung bat déng thic Holder ta c6
P? (Z a(a® + 860)) > (a+b+c).

Ma
Za(a2 + 8bc) = a® + b* + ¢ + 24abc < (a + b+ ¢)?,

nén ta c6 P > 1.

ITI. Bt dang thic Chebyshev
1. Bt ding thiic Chebyshev

Dinh 1i 4. a) Vdi hai day n 50 thuc ay > ag > -+ > a, va by > by > --- > b, cung tang hodc
cung giam, tic la

{alzazz---zan 5 {alsazé---ian

h
by >y > >hy b < by << by

ta luon co

albl+agbg+---—|—anbn>a1+a2—l—---+an'”bl—l—b2+---+bn

n n n

b) Véi hai day n s0 thuc a; > ag > -+ > a, va by > by > -+ > b, c6 mot day ting va mot
day giam, tic la

ayp = Qg 2 -+ 2 ay 5 ap <ax <---<a,
hodc
by <by <---< b,

ta luon co

albl+agbz+“‘+anbn<CL1+CL2+"'+CLn...bl+b2+"'+bn

n n n

Ching minh. Ta chiitng minh cho truong hgp

ay > a2 -+ > ay
by >by>--->b,

a,+as+ -+ a . N . 1. 2 4 p 2z
it a = ! 2 " khi d6 ton tai chi s6 k sao cho a;, < a < apyq, v6i k d6 ta chon s6 b
n

sao cho by < b < byy1. Khi doé ta c6

((I — al)(b — bl) >0< ab— abi —a; + azbz

Cho i chay tit 1 dén n va cong n bat ding thiic d6 ta duge
nab — CLZbZ — bZal%—Zalbz Z 0.
i—1 i—1 i—1

n
Ma b} a; = nab nén ta co
i=1

i=1 i=1 =1

=1

Ta c6 dpem.
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2. Vi du minh hoa

Vi du 3.8. Cho céc s6 thuc duong a, b, ¢ théa a® 4+ b? + ¢ > 1. Chiing minh rang

a’ N b3 N 3 >1
b+c c+a a+b 2
. b P
Gai st a > b > ¢, khi d6 a® > b > ® va a > > ¢ , nén ap dung bat dang thiic
b+c¢c " c+a " a+b

Trebyshev ta ¢

b
VT = o> + b7 + ¢
b+ c c+a a-+b

1
(a2+b2+c2)( 4 b + )25.

>

Wl

b+c c+a a-+b

Vi du 3.9. Cho céc s6 thyc khong am x, y, z théa man x +y + z = 1. Chitng minh rang

1 N 1 n 1 <27
T4+22 1492 2241~ 10

Bét dang thtc can chitng minh tuong duong véi

2_ 1 + 2_ ! —+ g_ 1 >0
10 1422 10 142 10 1+22)

3r+1 3y+1 3z+1
—1 1 1 > 0. 1
V6il>a>b>0taco
3a+1_ 3b+1
Ba+ D> +1) = (B3b+1)(@®+1) = (a —b)Bab—a—b+3)>0= 2T -5 20F

1+a2 = 1402

3 1.3 1 3 1
Giastx>y>ztaco3r—1>3y—1>3z—1va 1I++x2 > 1y+—i—22 > 1Z++Z2

. Do d6 ap dung
bat déng thiic Chebyshev ta c6

dJr+1 3y+1 3z2+1

VI(1l)>Bx—1+3y—1+32—1 = 0.

W2 Gr- 13- 1431 (4 0 )
Vay bai toan dugc chimg minh.

IV. Baitap

Bai 3.1. Cho céc s6 thyc duong a, b, ¢. Chitng minh ring
2a . 2b . 2c i 3/ 3abc >4
b+c c+a a+bd ad+bv+c T

Bai 3.2. Cho céac s6 thuc duong a, b, ¢ théoa man a + b+ ¢ = 1. Chiing minh rang

2 ab + be T +1 > 6(ab+ be+ ca).
a+b b+c c+a
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Bai 3.3. Cho céc s6 thye duong a, b, ¢. Chitng minh ring

Z 5] a? +bc 9v/ abc

b2 42 a+b+c'

cyc

Bai 3.4. (APMO 2004) Cho céc sb thyc duong a,b,c. Chiing minh réng
(a® +2)(b* + 2)(c®* +2) > 9(ab + be + ca).

Bai 3.5. Cho céc s6 thyc khong am a, b, c. Chting minh rang
3 3 3
(a+ ) N (b+c) N (c+a) W)
ab(4a + 4b + ) be(4b + 4c + a) ca(4c + 4a + b)

Bai 3.6. (Hello IMO 2007- Tran Nam Diing) Chiing minh ring véi moi a, b, ¢ > 0,ta cé:

2(a® + b* + ¢*) + abc + 8 > 5(a+ b+ c).

Bai 3.7. Cho céc s6 thuc duong a,b,c thda man abc = 1. Chiing minh rang
1 1 1
2tpta 5 +3>2(a+b+o).
Bai 3.8. Cho céc s6 thyc duong a, b, ¢ théa man abc = 1. Chitng minh rang

a2+b2+02—|—322(ab~|—bc+ca).

Bai 3.9. Cho céc s6 thuc duong a, b, ¢ thoéa a + b+ ¢ = 1. Chitng minh ring
40 + 9b° + 36¢° > 1.

Bai 3.10. Cho cac s6 thuyc duong a, b, ¢ ¢c6 a + b+ ¢ = 1. Chitng minh ring

a b c

+ + > 1.
va+2b Vb+2c e+2a

. b ) .
Bai 3.11. Cho cac so thuc duong x, y, z va a, b, ¢ thoa man 4 + -+ g Chting minh rang
x oy z
f . , 3
Ay 2> (\/“’a2+\/3b2+\/“c2> .

Bai 3.12. Cho a, b, ¢, , y, z 1a cac sd thyc duong théa azx + by + cz = 1. Chitng minh ring
1-n
xn+yn+zn > (n—l/an_l_ n_\l/b_n—f- n,\l/c—n>
Bai 3.13. Cho 3 s6 thuc duong a,b,c. Chiing minh bat ding thiic:

111 b+b
(a+b+c)(=+7+- +4\/_w>9+4\/_
a b ¢ 24024
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84. Phuong phap quy nap

I. Ly thuyét

Quy nap toan hoc la mot phuong phap manh dé ching minh céc phat biéu phu thudc vao mot
sO tu nhien.

Cho (P(n)), -, 1a mot day cac ménh dé. Phuong phap quy nap toan hoc duge sit dung dé chiing
minh P (n) ding v6i moi n > ng v6i ng 1a mot sé ty nhien.

Phuong phap quy nap toan hoc (dang yéu): Gid si

e P (ng) ding.
o Vi moi k > ng va P (k) ding thi P (k+ 1) ding.

Khi dé P (n) ding véi moin > no.
Phuong phap quy nap todn hoc (budc nhdy s): Cho s la s6 nguyén duong. Gid si

e P(ng), P(ng+1),..,P(ng+s—1) ding.
o Vdi moi k > ng, P (k) ding kéo theo P (k + s) ding .

Khi dé P (n) ding vdi moin > ny.
Phuong phdp quy nap todin hoc (Dang manh): Gid si

e P (ng) ding
o Vdi moi k > ng, P(m) ding vdi moi m mang < m <k kéo theo P (k+ 1) ding.

Khi dé P (n) ding vdi moin > ny.

II. Vi du minh hoa

Vi du 4.1. Ching minh rang

1 1 1
n<l+-—=+-—4+-+-—7=<2yn 1.1
v6i moi sd nguyén duong n.
Ta thay (1.1) ding véin = 1.
Gié st (1.1) dang v6i n = k > 1, tic la
1
VE<1+ — +o —= <2V, (1.2)
f f Vi
ta ching minh (1.1) dang véi n = k + 1, tic la
1
Ek+1<14 — et <2vk+1. 1.3
” Vv ARy = 5 (1-3)
That vay, dua vao (1.2) ta ¢
1 1 1 1
Vie L P S
\/k‘ IRV I k+1°- VE+1
Mat khac 1 1
Vk+ — - Vk+1= - >0
\/k+ VE+T VE+VE+1
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va
2 1

1
2Vk +1—2Vk — = - >0
VE+T VE+VE+1T VE+1

T do ta c6 dpem.

Vi du 4.2 (VMO 2011). Chitng minh réng v6i Vn > 1,¥z > 0 ta c6 bat ding thiic:

n(n+l 2n+1
(2™ + 1) < r+1 . (1.4)
x4+ 1 2

Déng thtic xay ra khi nao?

e V6i n = 1 ta can chiing minh:

r(x® +1) < (13—1—1

3
i< 1)*
e 5 )@83:(3:—1—)_(354—)

hay la:
o' —42® +62° —4r+1>0s (z—1)" >0 (ding).

Suy ra (1.4) ding v6i n = 1. Dang thiic xay ra khi z = 1.

e Gia st (1.4) ding véi n = k > 1, tic la:

k(o k+1 2k+1
¥ (2"t 4+ 1) < r+1 ‘ (1.5)
k+1 2

Ta can chitng minh:

PR (R 2 4 1) g e 1 2k+3.
okl 1 - 2

That vay, ta co:

r+1 2k+3_ c+1\° [z +1 2k+1> x4 1\ 2*(* 4+ 1)
2 o\ 2 2 —\ 2 a1

Nén dé chitng minh (1.6) ta chf can chiing minh

r+1 Zxk(xk—i-l +1) . :Ek+1(:vk+2—|—1)
2 h+1 T k41 7

hay

(x ; 1>2 (@ +1)? > 2@+ 1)(a" +1). (L.7)

Khai trién (1.7), bién d6i va rit gon ta thu dugc:
2 (1?2 = 22" (2 - 1)+ (2 - 1)2 >0 (v — 1)* (2" —1)* >0,

bat déng thiic cudi hién nhién ding. Dang thic c6 khi z = 1.
Vay bai toan dugc chiing minh.
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Vi du 4.3. Chon > 2 s6 thuc khong am a; > ag > -+ > a, ¢6 tong bang 1. Chiing minh

rang:
3 (i —1)a? < ”2;1 <Z al-) . (1.8)

i=1 i=1

o V6in=2tacot: ai <~ (a;+ a2)2 ding do ay < aq, nén (1.8) ding véi n = 2.

e~ =

e Gia su (1.8) dung vé6i n = k, tic la:

Z (i —1)a? < % (Z a,») . (1.9)

i=1
Ta chiing minh (1.8) ding véi n = k + 1, tic la:

k+1

. ) I 1\ 2
SURIT I (z)

i=1 i=1
k

2
& Z(z — D)a? + kaj,, < 2 k Y (Z a; + akH) : (1.10)

=1

1k , .
Dat z = z > xx > wpyq. St dung (1.9), ta chi can chiing minh:

i=1
1 k 2 2
ro- (; ai> + kaiH < k ) (Z a; + akH)

k(k —1) k
2 2k +1)
e (kK = 1Da® +2(k + Dapg < (kx4 2341)?
&2 +2kr - w1 — 2k + D, >0

& (r — 2p41) v + 2k + 1)zgq] > 0 (ding).

& 2® + kag,, < (kz + 2341)°

Vay (1.8) ludn ding.

Vi du 4.4. Cho céc s6 nguyén duong phan biét aq, as,- - - , a,. Chiing minh rang
3, 3 3 2
aj+ay+---+a, > (ag+as+---+a,)”. (1.11)

ding v6i moi n > 1.

Khong mat tinh téng quét ta gid st a; < ag < -+ < ay.
Véin =1 taco al > a? nén (1.11) dang véi n = 1.
Gid stt (1.11) ding véi n = k va a; < as < --+ < ap < apyq1 1a cdc sd nguyén duong. Khi d6
ari1 > ax + 1, nén
-1 1
(art1 —1) apa > ar (ar + 1) 1424 ta
2 2
Vil+2+4---+a;latong clia a; s6 nguyen duong dau tién, nén

1+24+---+ar>a+as+ -+ ag.
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Suy ra
ari1 — 1) a
(@41 5 ) G >a;+ay+ -+ ay.
Hay
oy > 2ap11 (@ +ag + - 4 ap) + ai .
Do dé

Al +ay 4+ ai+al, > (a+ax+ -+ ar)’ + 2ap (0 +a+ -+ a) +aiy,
= (a1 +az+ -+ ap1)’.

Suy ra (1.11) duge ching minh.

Vi du 4.5. Cho 2n s6 thuc duong a1, ag, -+, a, va by, by, -+, b,. Chiing minh rang
= (b1+b2+- -+ by )by, b?
<2 . 1.12
Z ar +as + -+ ag Z a; ( )

k=1

Ta thay bat dang thic (1.12) dang véi n = 1.
Gia st bat dang thic (1.12) ding v6i n >, tic la

"L (by F by - bp)b iy
> (b1 + 5 +’“)’“<2§ - (1.13)
ai +as + -+ ag - a;
k=1 =1
ta ching minh (1.12) ding véi n + 1, tic la

n+1

n+1
by +b b)b
Z(1+2+ Ol 22 . (1.14)

o Gt ax Tt tag

Ap dung cho trudng hop 2n sb
(CLl —+ Az, s, A4 . .., Qpi1, b1 + bg, bg, b4, ceey bn+1>

ta co +1
b b b b <
(by + bo + -+ - + by )by, 22

ay+as+ -+ ag

n+1

g}

k=1

by +b)° < (by -+ b)b (by + by) b
(1+2)+ (b1 + +k)k<§1“r‘2 22 '
ay,

ai + aq pt ar+---tar T 2 a1+ as

Bét dang thic tuong duong véi

2 2 2 2
B (Gitb)by 1(i+b)” 38 B

ai a1 + a2 2 a;+as 2@1 as
b + 4b1by + 3b2 b} 4 by
ai + as - a1 as
& b} + 4biby + 305 < b] + b2+4 Lb2 + 42

a2
& 4biby < —b2 +4 52 +b2

Bét déng thic cudi ding, bang cach 4p dung bat ding thic AM-GM
D252 44T > 2 [ 2252 4052 = dbyb,.
aq a9 aq a9
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85. Phuong phap phan tich binh phuong SOS

I. Ly thuyét
1. Mot sb tiéu chuan danh gia
Xét biéu thitc:

S = f(a, b, c) = Su(b—c)* + Sp(c — a)® + S.(a — b)*.
trong do6 S,, Sy, S, 1a céac biéu thiic chia a, b, ¢ 1a cac s6 thuc khong am.
Tinh chat 1.

Néu S,, Sy, S, > 0 thi S > 0.
Tinh chat 2.
Néua>b>cva Sy, Sy+S.>0,S,+S,>0thiS>0.

That vay: :
Via>b>cnén
(c—a)=[a=b)+(b—0c >(a—b*+ (-0

Suy ra
S>8,(b—c)’+5, [(a—b)z%—(b—c)ﬂ + S, (a—b)?

= (S, +5,) (b—¢)* + (Sy +S.) (a—b)* > 0.
Tinh chat 3.
Néua>b>cva S, <0,8,+2S,>0,8.+2S,>0thiS>0.
That vay, ta co
(a—c)=[la=b)+b-0c))<2(a—0)>+2(b—c).

Suy ra
S > (S, +28) (b—¢)* + (Se + 25;) (a — b)* > 0.

Tinh chit 4.
Néua>b>cvaS,>0,5.>0,a®S, +b2S, >0thi S>0.

a—c _ b
Tacoa>b>c= —— > —. Suyra
b—c " a

2

Sy (b—c)>+ Sy (c—a)’ = (b—c)? Sa+Sb(Z:Z>2] > (b— c)? [Sa+8b%] >0,

2. Mot sb biéu dién co sé

a b 1 2
1
oa2—|—bz+02—ab—bc—ca:§[(a—b)2+(b—c)2+(c—a)2}.
(a —b)’
o \/2(a?+b%) —(a+0b)= :
( )~ ) a+b++/2(a®+b?)

1
a3+b3+c3—3abc:§(a+b—|—c) [(a—b)2+(b—c)2+(c—a)2}.

a® 4+ b —ab(a+b) = (a+b)(a—Db)>

42



5. PHUONG PHAP PHAN TICH BINH PHUONG SOS

a®+ b+ A3 —a?b—be— cta=

—~ OD|)—‘

b—c)’+b(c—a)’+c(a—0)>

(a+b) (b+c)(c+a)—8abc=a

1
a’b+ b*c + c*a — ab® — bc* — ca® = -3 [(a=0)°+ (b —c)’+ (c—a)’].

(a —b)’ (b—o) (c—a)’

a b c

3
¢ b+c+c+a+a+b_§

II. Cac vi du

2(a+c)(b+ec)  2(b+a)(cta) 2(c+b)(atc

[(2a + D) (@ —b)> + (2b+¢) (b—¢)* + (2c + a) (c — a)*].

Vi du 5.1 (IMO 2005). Cho z, y, z > 0 théa man zyz > 1. Chiing minh rang

5 2 5 2 5 2
Xr —X — ZzT — Z
y -y > 0.

+ +
42422 P+ 22422 a4y T

Ta c6
z® — z? - R i
DR N 0 FE R e (R
- 201 —a® (y? +2°) _ 2" —a(b+c)
T2zt 4 (2 + 22)° 202 + (b+¢)*’
véia = 2% b=1y? c=2*
Suy ra

2a® — a( b+c a(a—0b)+a(a—c)
V(1
()_azb: 2a2 + (b + ¢)’ Z 202 + (b + ¢)’

:Z((Z_b)( a 5 b 2)
262+ (b+¢)” 202+ (c+a)
Z(a—bz c(2a+2b+ c)+ a* — ab + b*

(202 + (b +¢)*) (202 + (c + a)?)

a, b, c

> 0 (dung).

a, b, c

Vi du 5.2 (VMO 2015). Cho a, b, ¢ > 0. Chiing minh ring

(a+b+c) <\/%+\/b_c+\/a)+(a—b)2+(b—c)2+(c—a)22(a+b+c)2.

Bét dang thtc can chiing minh tuong duong véi

(a—0>4+0b—c)+(c—a)’>(a+b+c) (a+b+c—\/%—\/%—\/ﬁ>.

Dit z = v/a,y = v,z = \/c ta can ching minh

Z(xQ—gf)zZ (a:2+y2+z2) (x2+y2—|—z2—xy—yz—zx).

R

x2+y2+22—xy—yz—zx:2
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Nén (2) tré thanh

Se(y—2°+8,(z—2)°+8.(z—y) >0, (3)
voi Sy = P+ 22 +dyz — 2 S, =22+ 2t +dew —y? S, = 2 + Y + day — 22
Géisﬁ’mZyZz,khid(’)SyZO,SZZOVan+Sy:2z2—|—4yz+4zxZO.
Lai c6 (a:—z)2 > (y—z)2 nén

VT (3) > (S, + S,) (y — 2)° > 0 nén (3) ding.

Vi du 5.3. Cho a, b, ¢ > 0. Chiing minh rang:

a? + b + ¢? 8abc > 9
ab+bc+ca  (a+b)(b+c)(c+a) ~

Ta c6 1
a® + b+ — (ab+bc+ca)—§[(a—b)2+(b—c)2—|—(c—a)2}
=a

(a+b)(b+c)(c+a)—8abc=a(b—c)+b(c—a)+c(a—Db).
Bét déng thiic can chiing minh tuong duong véi

(a—b)°+(b—0c)+(c—a) . 2a (b — ¢)* +2b(c — a)® + 2¢(a — b)?

ab + be + ca . (a+b)(b+c)(c+a)
2 1 2c
— — >
&) (=) (ab—i—bc—l—ca (a+b)(b+c)(c+a)>_0
&> (a—b)’S. > 0. (4)
Véi
B 1 _ 2a
“ ab+bctca (a+Db)(b+c)(c+a)
o1 2
T abt+bctca (a+b)(b+c)(c+a)
1 2c

c =

ab+bc+ca  (a+0b)(b+c)(cta)
Gidsta>b>ctaco S, S.>0va
2 2

Sa + Sy = — > 0.
o ab+bc+ca (a+c)(b+c) —

Suy ra (4) dung.

Vi du 5.4. Cho a, b, ¢ > 0. Chting minh rang:

a? v A 3(aP+ b+ )
T2 .
b a —  aZ+b%+c?

Ta gia sit b nam gitta a va c. Ta c6

2 b2 2 _b2 h— 2 . 2
St —(atbto) = @b o  (e—a)
b b c a
3(a® +b3+0)—(a+b+c): (a+b)(a—b)2+(b+c)(b—c)2+(c+a)(c—a)2'
a? + b + 2 a’? + b2 + 2
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Nén bat ding thiic can chiing minh tuong duong véi

Sa(b—¢)*+ Sy(c—a)’” +S.(a—1b)*>0.

2 b2_b bQ 2
V(jiSa:a + C;sz +c ac

— 5
Cc

a
e Nbua>b>c=S5,>0,5.>0va

P+ —ab

b

2 b2_b b2 2
S, +25, = 2" Clprte Ty
c a
Ta co ) ) ; 2 )
Sc+25'b=C +a°—a 19 +c* — ca
b a
2 2 2
SO papgoi ez
b a
2 2 2 _
> a_pyite-ca
a a
hay
2 2 2 3
Sc+25b2a + 2b% + 3¢ — ab QCa‘
a
Mat khac

1
—a® +3c¢? > 2ca
gaz +20% > ab
Do dé, ta c6 S, + 2S5, > 0.

e Néua<b<c=S5,>0thitaco

= a’® + 20% + 3¢* > 2ca + ab.

b2 2 2 b2_b
S, + S, = +c ca+a+ c>0
a c
b2 2 2 2 b
Sy+ S, = +c ca+c +a a -0

b

Vi du 5.5 (Iran 1996). Cho a, b, ¢ 1a s6 duong. Chitng minh rang :

(b+b+)( ! + ! + ! >>9
a ¢+ ca > -,
(a+b)* (b+e) (c+a)) 4
Datx:ava,y:b—l—c,z:c%—a:a:$+Z_y,b:$+g_z,c:z+z_x.
Bat déng thic can chiing minh tré thanh
1 1 1
(2xy+2yz+2,zx—x2—y2—z2)<—2 — —2>29
2 yr oz
& 2(zy+yz+ze—a® —y* — 2% 111 + (2 +y* + 2°) il ) oso0
vy +yztar—at -yt =27 | R Yyt +z s Tt >
1 1 1 2 P y?: 2P
2 2 2
@—[(x—y) + (y — 2) +(Z—:E)}(E+E+§)+(E+ﬁ—2>+ —2+E—2 +
22 2P
+(;+;—2>>0
2 1 2 1 2 1
&S, (- >+ S (y—2)°+8,(z-2)7>0,8,=——-—, 5, =——
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Giastx >y > zsuyra S; > 0,5, > 5, > S..

Mat khac
y+22x:zx§z(y+z)§2y2=>5y20
2
Yy P
(r=2)> 5 (@—w)" e (y—2) (y+z—2) >0 (ding).
Suy ra
SZ(:E—y)2+5x(y—z)2~|—5y(z—x)2zSy(z—x)2+SZ(x—y)2
2
> L (e —yP S, + 8. (e - y)’
Ma 2 2 2 2
2 1 2 1 2 2
y2Sy+zzSz—y2<———)+22<———)—i+i—220
2y Ty oz 2r Ty

s+ 28 > aye
Do y+ 2z > x,y* + 2% — yz > yz suy ra 25, + 225, > 0.

III. Bai tap

Bai 5.1 (Bat dang thic Schur). Cho a, b, ¢ 1a cac khong am . Chiing minh ring :

a® + b+ + 3abc > ab(a +b) +be(b+¢) +calc+a).

Bai 5.2. Cho a, b, ¢ > 0 va khong c6 hai s6 nao dong thoi bang 0. Ching minh rang

ab—bc+ca bc—ca+ab ca—ab+bc _ 3
+ + > -
b2 + 2 2+ a? a? 4+ b? 2

Bai 5.3. Cho a, b, ¢ 14 cac khong am . Chiing minh réng :

a® + 0> + ¢ + 3abe > aby/2 (a2 + b2) + bey/2 (b2 + c2) + car/2 (2 + a?).

Bai 5.4. Cho a, b, ¢ 1a s6 khong am.Chiing minh ring :

2a> +bc 20> +ca 22+ ab
b? + 2 2 + a? a? + b?

9
> —.
-2

Bai 5.5. Cho a, b, ¢ 1a cac s6 duong. Chiing minh rang

S+ +E+6 (ab2 + b + ca2) >3 (azb + b+ cza) + 12abc.

Bai 5.6. (VN TST 2006) Chiing minh riang v6i moi s6 thuc z,y,2 € [1;2] , ta luon c6 bat dang

thiic sau : o1
x z
(w+y+z)<—+—+—)26( + 24 )
T Yy =z y+z z+x T4y
Héi déng thitc xay ra khi va chi khi nao ?

Bai 5.7. Bai 5.8. Cho cac s6 thuc a,b,c € [0;1] théa man a + b+ ¢ = 2.
. 2 4
Chiing minh ring 3 @+ +)<ad+bB+3< 3 (a? 4+ b* + ¢*) — 3abc.
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5. PHUONG PHAP PHAN TICH BINH PHUONG SOS

Bai 5.9. Cho a, b, ¢ > 0. Chiing minh réng:

1 a2+b2—|—02> a b c

2 ab+bc+ca — b+c+c+a+a+b‘

Bai 5.10. Cho a, b, ¢ > 0. Chitng minh rang:

a?+b P+ A+a
3(a? + b2 2) < .
\/(a+ )< a—l—b+b—|—c+c~|—a

Bai 5.11. Cho a, b, ¢ > 0. Chitng minh rang:

a4+ +P) _ad*+b* VP +E A +ad?
> + + )
a+b+c a-+b b+ c c+a

Bai 5.12. Cho a, b, ¢ > 0. Chitng minh rang:

< + v + ¢ +a+b+c>§\/3(a2+62+02)
b+c c+a a+bd — 2 '

Bai 5.13. Cho a, b, ¢ > 0. Chting minh rang:

a b c 1(4_ab+bc+ca>

> T
b+c+c+a+a+b_2 a? + b? + 2

Bai 5.14. Cho a, b, ¢ > 0. Chitng minh rang:

3,13, .3 2
2@’ +0°+¢’) 9a+b+c) > 33,
abe a? + b2 + 2
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6. PHUONG PHAP DON BIEN

§6. Phuong phap don bién

I. Ly thuyét

Muc dich ctia phuong phap nay la lam gidm bién trong bat déng thitc can ching minh.

II. Vi du minh hoa

Vidu 6.1. Choa, b, c > —3 v a + b+ ¢ = 3. Chitng minh ring

1+1+1>1+1+1
a2 b 2" a b ¢

a a

1 1
Gié stt a = min{a, b, ¢} va dat f(a, b, ¢) = <—2 — —).
cyc

Tact -3 <a<1va

b+cb+c 1 1 8 1 1 4
byo)— f (a = = stz g 3T oo

(b—c)*(b* + 4bc + ¢ — be(b + ¢))
B b2c2(b + ¢)?
(b—¢)*((3 —a)* + bc(a — 1))
b2c2(b + ¢)?
(b— 0)2 ((3 . a)2 + (3 - a)4(a - 1))
b2c2(b + c¢)?
(b—¢)*(3—a)*(a+3)

>

= > 0.
4b2c2(b + ¢)? -
. b 3-—
Tiép theo ta chiing minh f(a,t,t) > 0 v6i t = a—21— = ¢ That vay
1 2 1 2
f(aatat)__+_____

t? + 2a% — at® — 2ta?
- a?t?
(a+3)(a—1)?2

- 4a’t? =0

Vay bai toan dugc ching minh.

Vi du 6.2. Cho cac s6 thuc duong a, b, ¢ c6 tich bang 1. Chitng minh rang

1 1 1 6
S —— 2>
a b ¢ a+b+c
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6. PHUONG PHAP DON BIEN

Gai st a = max{a, b, c}, suy ra bec < 1 < a.

I 1 1 6
Détf(a,b,C):a—l-g—FE—l-mVax:\/b_CTaCé

1 2 6 6
_l’_ —
c T a+b+c a+2z

E(\/Efc)Z 6 (VB ve)
(

f(av b7 C) - f(a,a:,a:) =

be ~(a+b+c)(a+2)
_ \/g_\/g)Q 1_ 0
B be (a+b+c)(a+2x)/)
Ta co | .
(a+b+c)(a+2x) — 6bc > (—2+2x> (—2—1—2:1:) — 62> > 3-3—62” > 0.
x x
Suy ra
1
fla, b, ¢) > fla,xx) = f (;,x,x) :
) 1
Ta ching minh f (—z,x,x> > 5. (1)
x

Tuy nhién (1) tuong duong véi
(z —1)?*(22* + 42° — 42® — 2+ 2) > 0. (2)

Bat ding thiic (2) ding do 0 < x < 1.

Vi du 6.3. Cho cac s6 thuc duong a, b, ¢ théa man a® + b* + ¢ = 3. Chitng minh ring

a*(b+c)+b*(c+a)+c*(a+b) <6.

b2 2
Gia stt @ = min{a, b, c}. Dat f(a, b, ¢) =a®(b+c)+ b3 (c+a)+c(a+b) vat= ;C >
Xét

P = f(a, b, c)— flatt) =a*(b+c—2t) + a(b® + & — 2t*) + t*(2bc — 2t?)

Ta co
2
1
b+ > @#Q §(b+c):>b+c—2t§0,
b4 —2t3 = (b+c)(b? 4+ & — be) — 213 < 2t(b* + ¢* — be) — 2t> = (b — ¢)?
2bc — 2t* = —(b — )%
Suy ra

P<0+talb—c)? —t*(b—c)* =t(b—c)*(a—1t) <0= f(a, b, ¢) < f(a,tt).
Mt khéc, ta c6 a® + 22 = 3 nén

flatt) <6< ad’t+t?°a<3—t' o at(a® +1°) <3 -t
S ad®?(B -t < (3 -tH? & (1 — 1)*(t* — 3t* +3) > 0 (bdt nay luon ding).
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6. PHUONG PHAP DON BIEN

Vi du 6.4. Cho cac s6 thuc khong am a, b, c. Chiing minh ring

(> + b+ A2 >4(a+b+c)a—0b)(b—c)(c—a).

Ki hiéu (1) 1a bat ding thic can ching minh Khong mat tinh téng quét, ta gid st a =
min {a, b, c}.
+) b > c thi (1) ludn ding.
+) Xét ¢ > b. Khi d6
VT() > (62 + C2>2 vaic—a<c
Ta chiing minh :
(a+b+c)(b—a) <b(b+c) (2)

That vay
(2) & ab—a*+b* —ab+bc—ca < b* +bc < a(c+a) >0 (luon ding)

Tu do, suy ra
VP(1) <bc(b+c)(c—b) =be(c® —b).

Dé chiing minh (1), ta chiing minh:
(0 + ) > dbe (1 — ) 3).

c

Néu b = 0 = (3) dung. Xét b # 0 ta dat t = Z > 1. Khi d6 (3) tr6 thanh

P14 —1) et 4P +20 + 4t +1=0% (" =2t — 1)° > 0 (luon ding).

a=20
Suy ra (1) duoc ching minh. Déng thitc xay khi va cac hoan vi.
y ra (1) duc g g y . (1 N \@) ; i

Vi du 6.5 (Hojoo Lee). Cho cac s6 thyc khong am a, b, ¢ théa man ab + bc + ca = 1.

Chiing minh rang
1 1 1

- -
a+b b+c c+a

5
> =
-2

1 1 1

Gié st ¢ = max{a, b, c}. Dat f(a, b, ¢) = —|—b+b—|— + —
a c ¢

Néuc=0,tacoab=1néna+b>2va

1 1 1 1
b, ¢) = T b
fla, b c) a—l—b+a+b a—l—b+a+
_ 1 a+b 3(a+b)21+§:§.
a+b 4 4 2 2
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6. PHUONG PHAP DON BIEN

Xét .
P = b, c) — b,——,0
b= f (a4 b2 50)

N 1 1 1 yo 1
n a+b+b+1—ab+ +l—ab B 0t bt et +a+b
c
a+b a+b a+b

= (a+b) S 1 !
- 1+a> 1+02 1+ (a+b)2

B a (2 — 2ab — ab(a + b)?)
=(a+d) (14 a®)(1+ )1+ (a+b)?)
Ta ¢6 2 — 2ab = 2(1 — ab) = 2(bc + ac) = 2¢(a +b) > ab(a

b)?. Suy ra P > 0, tit d6 ta c6

+
>
9"

III. Bai tap

Bai 6.1. Xét cac so thic duong a, b, ¢ théa man a + b+ ¢ = 3.

12

a) Tim gia tri nhé nhat ctia biéu thic P = abc + —————.
ab + bc + ca
b) Chitng minh s6 nguyén k nh6 nhat sao cho

be + K >1+k
abc + —— —
ab+ bc+ca — 3

v6i moi a, b, ¢ théa man diéu kién trén 1a &k = 10.

Bai 6.2 (Nguyén Van Quy). Cho céc s6 thyc duong a,b,c thoa méan dicu kieén a + b+ ¢ = 3.
Chiing minh rang

V3a2 4+ 4bc + 9 + V302 + dea + 9 + V3 + dab+ 9 > 12.

Bai 6.3 (Liu Quan Bao). Cho a,b,c,d 1a cac s6 thyc duong théa man diéu kien a+b+c = 3.
Chiing minh rang

V9 — 6ab+ a2 + b2 + V9 — 6bc + b2 + 2 + V9 — 6ca + 2 + a2 > 3V5.

Bai 6.4. (Yi Chang) Cho cac s6 thyc duong a,b,c thoa man diéu kien a+b+ ¢ = 3. Chitng minh
. 7 7 7
rang \/1+3bc—|—ﬁ(b—c)2—|—\/1+30a—|——(c—a)2—|—\/1+3ab—|——(a—b)2 < 6.

12 12

Bai 6.5. (V6 Quoc Bd Cin) Cho cac sé thuc duong a,b,c thoa man diéu kien a + b + ¢ = 3.
Chitng minh ring /2(a? + b2) + 21c + 1/2(b% + ) + 21la + /2(c® + a?) + 21b > 15.

Bai 6.6. (Pham Thanh Tiung) Cho cdc s6 thic duong a,b,c cé tong bing 3. Ching minh ring

V3a2 —a+1+V32 —b+1+V3c2—c+1</6(a2+b2+c2)+9
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6. PHUONG PHAP DON BIEN

Bai 6.7. (Pham Kim Hung) Cho cdc s6 thuc a,b,c théa man dieu kién a+b+c = 2. Chiing minh
rang

Va—+b—2ab+Vb+c—2bc+ Ve+a—2ca > 2.
Dé két thic bai viét, ching toi xin gidi thieu mot bai toan rat chit va khé ciia Liu Quan Ban.
Ngoai 10i gidi bang don bién ma ching toi biét va gidi thieu & day ching toi chua thay co 1oi giai
nao khéac.

Bai 6.8. (Liu Quan Bao) Cho cac sb thyc a, b,c théa man diéu kién a + b+ ¢ = 3. Chiing minh
rang

1
\/2@2—a+1+\/2b2—b—|—1+\/2c2—c—|—12g\/21(a2+62+c2)+99.

Bai 6.9. Cho céc s6 thuc duong a, b, ¢ ¢6 tich bang 1. Chiing minh réng

1+1+1+ 13 >25
a b ¢ a+b4+c 4

Bai 6.10. Cho céc s6 thuc duong a, b, ¢ théa man a? + b + ¢ = 9. Chitng minh rang

2(a+b—c) + abe < 10.
Bai 6.11. Cho céc s6 thuc duong a, b, ¢ théa a + b + ¢ = 3. Chitng minh rang

2(a* +b* + ") +36 > 7 (a® + b* + ¢ + 3abe) .
Bai 6.12. Cho cac s6 thuc a, b, ¢ > 0. Chiing minh rang
2a? 4+ b + ) + 3Va2h2@ > (a+ b+ ¢)%

Bai 6.13. Cho cac s6 thuc a, b, ¢ > —3 théa man a + b + ¢ = 3. Chiing minh ring

1 1 i 1 1 1

2

4 >4 24 -
a2+b2+ _a+b+c

Bai 6.14. Cho céc s6 thuc a, b, ¢ théa man a? + bv* + ¢? = 9. Chiing minh rang
2(a+ b+ c) —abc < 10.

Bai 6.15 (Iran 1996). Cho a, b, ¢ 1a s6 duong. Chitng minh rang :

1 1 1
(ab+ be + ca) ((a+b)2 + (b+c)2 + (c+a)2> >

>~ O
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Chuong 2

Cac phuong phap chitng minh bat dang
thdc hién dai
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1. PHUONG PHAP P, Q. R

§1. Phuong phap p, q, r

I. Ly thuyét
1. Bét dang thitc Schur

Cho céc s6 thuc khong am z,y,z va s6 thuc duong r. Khi d6, ta c6 bat dang thitc sau
(@—y)@—z2)+yy—2)(y—2)+2"(z-2)(z2—-y) 20.

Déang thiic xay ra khi = y = 2 hoiic z = 0,2 = y va cac hoan vi.
Hé qua 1.

a) Xét r =1 ta c¢6 cac dang sau

o P+ 1P+ 23+ 3vyz > ay(r +y) +yz(y + 2) + 2x(z + )

42 +y* +23) + 1bzyz > (v +y + 2)°

ryz > (x+y—z)(y+z—2)(z+z—y)

$2+y2+22+%
rT+y+z

o (x+y+2>+9zyz >4z +y+2) vy +yz + 22)

> 2(zy + yz + 2x)

b) r =2 ta ¢6 céc dang sau
o ot +yt+ 2 tayz(z+y+2) > ay(@® +y?) +yz(y? + 22) + za(2? + 2?)
o Gryz(z+y+2) > [2(xy +yz +z2x) — (2% + y* + 22)] (22 + > + 22 + 2y + yz + 22).

2. Mot sbé biéu dién da thic déi xing ba bién qua p, ¢, r

Cho céc s6 thuc a, b, c. Dit p=a+b+c, p = ab+ be + ca va r = abe. Khi d6 ta c6 cac biéu
dién sau

o ab(a+b) +be(b+c) + ca(c+ a) = pg — 3r.

(a+0)(b+c)(c+a)=pg—r.

o ab(a® + b%) + bc'b? + ¢2) + ca(c® + a?) = p?q — 2¢* — pr.
o (atb)(atc)+ (b+c)(b+a)+(ct+a)(ct+d)=p*+q
o a4+ b+ =p?—2.

o a®+ 0+ =p>—3pg+3r.

o o + b+t =pt — 4p?q + 2¢% + 4pr.

o a’b® + b’ + 2a® = ¢* — 2pr.

o 030+ B3 + Fab = ¢b — 3pgr + 32

o atbt + bt + ctat = ¢* — dpgPr + 2% + 4qr?.
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1. PHUONG PHAP P, Q. R

3. Mot sé danh gia gitta p, ¢, r
Dua vao cac bat dang thiic co ban ba bién va bat déng thic Schur ta cé cac danh gia sau
[ ]

a+b+c)*>3(ab+ be + ca) = p* > 3q.

a-+b+c)® > 27abc = p* > 27r.

(
(
(ab+ be + ca)? > 3abe(a + b+ ¢) = ¢* > 3pr.
(

a+b+c)(ab+ bc + ca) > 9abe = pg > 9r.

p® + 9r > 4pq (BDT Schur véi r = 1).

pt + 4 + 6pr > 5p*q (BDT Schur véi r = 2).

dg — 2
r > max (O,W) (BDT Schur véi r = 1).

(49 —p*)(P* — q)
6p

r > max (O, ) (BDT Schur véi r = 2).

II. Mot s6 vi du

Vi du 1.1. Cho céc s6 thuc duong a, b, ¢ théa man a? + b + ¢ = 3. Chiing minh rang

3
5 b -~ > 18.
(a+ +c)+abc_

Ta c6 p* — 2¢ = 3 va bat dang thiic can chiing minh tré thanh

5p—|—§ > 18. (1)
Ta c6 25 g 3_9% _ 36p
e T
Do do . 36
(1) Z5p+m-

Nén ta di chiitng minh

36
P o 5p> — 18p* — 30p* + 108p* + 81p — 162 > 0

5p 4+ ——
(p? —3)

& (p—3)°(5p° + 12" —3p—18) > 0 (2)

Ta co
3<p?<3a?+*+H)=9=>V3<p<3=5p°+12p° —3p— 18>0,

nén (2) luon dang.
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1. PHUONG PHAP P, Q, R

Vi du 1.2. Cho cac s6 thuc duong a, b, ¢ théa man ab + bc + ca = 1. Chiing minh réng

1 4 1 n 1 >5
a+b b4+c cH+a 2

Bét dang thtc can chiing minh tuong duong véi

(a+b)(b+c)+(b+c)(c+a)+ (c+a)(a+D)
(a+b)(b+c)(c+a)

241 _ 5
Pt S 2 o ptsr42>0. (1)
p—r 2

)
> -
-2

PP +q
pg—r

>5<:>
2

=

Néu p > 2 thi
20> —5p+2+5r=(p—2)(2p— 1)+ 5r >0,

suy ra (1) dang.
Xét V3 <p<2tacor>

dpg—p® _dp—p’

9 9

. Nén dé chiing minh (1) ta chiing minh

2p° —5p+2+5 >0s (p—2)(5p° —8p+9) < (ludn ding).

4p — p?
9

Vi du 1.3. Chtng minh rang néu z, y, z > 0 thi

S S
(z+y)*  (y+2)* (2+7)

9
(xy +yz + zz)( 2)21.

Ta co

(z+y)2(y+2)2+ 4+ 2%z +2)*+ (2 +2)%(z +y)?
= (z+y)y+2)+@+2)e+a)+ z+a)@+y) -4z +y(y+2)(z+z)(@+y+2)
= (p* +q)* — 4p(pg — 7).

Do d6 bat dang thitc can chiing minh tuong duong véi

((p2 +q)* —4p(pg — 1)
(pg —1)?
& 4p4q — 17102q2 + 4q3 + 34pqgr — 9% >0
& 3pq(p® — 4pq + 9r) + q(p* — 5p°q + 4¢° + 6pr) 4+ r(pg — 9r) > 0.

9
>
)_4

Bét dang thic cudi ding nén ta c6 dpcm.

III. Bai tap
Bai 1.1. Cho céc s6 duong a, b, ¢ théa abc = 1. Chiing minh rang :

3 S 6
a+b+c  ab+bc+ca

1+
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1. PHUONG PHAP P, Q. R

Bai 1.2.

Bai 1.3.

Bai 1.4.

Bai 1.5.

Bai 1.6.

Bai 1.7.

Cho céc s6 thyc duong a, b, ¢ thda man ab + be + ca + 6abc = 9. Chitng minh rang

a—+ b+ c+ 3abc > 6.

Cho a, b, ¢ 1a cac s6 thic khong am théa man ab + be + ca = 3.Chiing minh rang:

a® 4+ b + & + Tabe > 10.

Cho a, b, ¢ > 0 théa a + b + ¢ = 3.Chiing minh réng:

12 1 1 1
3+—>25—-4+=-+—-].
abe a b ¢

Cho a, b, ¢ 1a cac s6 thic duong théa man a? + b* + ¢ = 3.Chiing minh ring:

Cho a, b, ¢ 1a cac s6 thuc khong am théa man a + b 4 ¢ = 3.Chitng minh réang:

1 N 1 N 1
9—ab 9—bc 9—ca

IA

3
g

Cho cac s6 thiic khong am z, y, z théa man zy + yz + zo + vyz = 4. Chitng minh rang

v + 1?4 2% + Swyz > 8.
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2. PHUONG PHAP SU DUNG TIEP TUYEN VA CAT TUYEN

§2. Phuong phap st dung tiép tuyén va cat tuyén

I. Ly thuyét
1. Ham 16i - DAu hiéu ham 16i

Dinh nghia 1. Cho ham s6 y = f(x) lién tuc [a; b] vA c6 dd thi 1a (C). Khi dé ta c6 hai diém
A(a; f(a)), B(b; f(b)) ndm trén do thi (C).

i) Do thi (C) goi 1a 1di trén (a;b) néu tiép tuyén tai moi diém nim trén cung AB luon nim
phia trén do thi (C).

ii) Do thi (C) goi la 16m trén (a;b) néu tiép tuyén tai moi diém nim trén cung AB luon nim
phia duéi do thi (C).

Yy Yy
B
A
19 x x
N Z B
D6 thi ham so 1gm M

Dinh Ii 1 (DAu hiéu ham 16i, 16m). Cho ham s6 y = f(x) ¢6 dao ham cip hai lién tuc trén
(a:b). Khi dé

o Néu f"(z) > 0 Vz € (a;b) thi do thi ham s6 lom trén (a;b).

o Néu f"(z) <0 Vz € (a;b) thi do thi ham so loi trén (a;b).

2. Bt dang thiic tiép tuyén - Bit ding thic cat tuyén

Dinh 1i 2 (Bat dang thiic tiép tuyén). Cho ham s6 y = f(z) lién tuc va cé dao ham dén
cap hai trén [a;b]. Khi dé ta co

o Néu f"(z) >0 Va € [a;b] thy f(x) > f'(wo)(x — x0) + f(x0) Yo € [0 0]
o Néu f"(z) <0 Vx € [a;b] thy f(z) < f'(wo)(x — x0) + f(x0) Yo € [0 0]
Ddng thite trong hai bat ding thic trén zdy ra khi x = .

Chitng minh: Ta chiing minh truong hop thi nhat, truong hop thi hai ching minh tuong ti.
Xét ham 8o g(v) = f(x) — f'(z0)(x — wo) — f(20), 7 € [a;]].

Tac6: ¢/(z) = f/(z) — (30) = ¢"(x) = () > 0 ¥z € [a; ]

Suy ra ¢'(r) = 0 & o = ¢ vh ¢'(z) d6i dau tit — sang + khi z qua xo nén ta c6 :

9(x) = g(xo) = 0V € [a;0].

Dinh 1i 3 (Bat ding thitc cat tuyén). Cho ham sé y = f(z) lién tuc va cé dao ham dén cip
hai trén [a;b]. Khi do
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2. PHUONG PHAP SU DUNG TIEP TUYEN VA CAT TUYEN

o Néu f"(x) >0V € [a;b] thi f(x) > W(m —a)+ f(a) Vo € [a;b]

o Néu f"(z) <0 Vx € [a;b] th f(x) < w(az —a)+ f(a) Vo € [a;b].

Ding thite trong cdc bat diang thite trén c¢é khi va chi khi x = a hodc x = b.

II. Cac vi du minh hoa

Vi du 2.1. Cho céc s6 thyc duong a,b,c thoéa a + b + ¢ = 1. Chiing minh rang

a n b n c < 3
Va2+1 VB2+1 V2+1~ V10

X

Xét ham s6 f(x) =
Vet

voi x € (0;1). Ta c6:

3z

Flz) = ﬁ = f(z) = — s <0V e (0:1).
Nén ta co:
fla) < FG)Ma - 3)+ £(3)
Fb) < FG)b-3)+ £)
fO) < FGEe=3)+ ()
Suy ra :

F@) + 10+ 1@ < 7 (3) (a b e=1)+37() = o
1

Diang thitc xay ra khia =b=c = 3

Vi du 2.2. Cho cac s6 thyc duong a, b, ¢ théa : a® + b* + ¢ = 3. Chitng minh rang

1 1 1
+ + > 1
V1+8a V148 V1+38b

. 1
Xét ham so : f(z) = ,
v1+8a
4 4 1
—— = f(2) = B >0 Vo € (—g,\/g]
(1+8z)° (1+ 8z)°

0<a<+3 Taco:

Nén ta c6 :
> f'(1)(a—1)+ f(1)
fo) > ()b —1)+ f(1)
> f'(D(e=1)+ f(1)
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Suy ra
fla)+ f(0) + f(e) = f(1)(a+b+c—3)+3f(1). (%)
Mat khac

(a+b+c)? <3+ +cH)=9=-3<a+b+c<3=a+b+c—-3<0

v (1) = —;7 < 0 nen tir (*) ta suy ra : f(a) + f(b) + f(c) > 3f(1) = 1.

Nhan xét 1. Dau hiéu gitp ching ta nhan ra phuong phap trén la bat dang thic can chiing
minh c¢6 dang

flar) + flaz) + -+ flan) = k
hoac

flar) + flaz) + -+ + flan) <k,
trong d6 a; (i = 1,..,n) 1a cac s6 thyc cho trude. Trong mot s6 truong hgp BDT chua c6 dang
tren, ta phai thuc hien mot s6 phép bién déi méi dua vé dang trén.Ching ta can chd ¥ mot sd
dau hiéu sau.

e Néu bat dang thitc c6 dang f(a1) - f(ag)--- f(a,) > k thi ta lay In hai vé

e Néu bat déng thitc can chitng minh dong bac thi ta c6 thé chuan héa. Ty thuoc vao ting
bai toan ma ta Iwa chon cach chuan héa phit hop.

Vi du 2.3. Cho céc s6 thie duong a,b,c théa : a + b+ ¢ = 3. Tim GTLN ctia biéu thiic :

p— (a+m)"(b+m)c(6+m)“.

Ta cb :

lnP:bln(a+\/1+a2)+cln<b+\/1+b2> +aln <c+\/1+c2>.

Xét ham 6 : f(z) =In(z++v1+2%),0<z <1 Taco:

"(z :;:> "z :_—x<O,Vx€ 0;1).
e e e (0:1)
Suy ra :
fla) < f () (a= 1)+ f(1) = f(Da+ f(1) = f(1).
Do dé
bf(a) < f(Dab+ [f(1) — f/(1)]b.
Tuong tu

cf(b) < f'(eb+ [f(1) = f(D]evaaf(c) < f(Dac+[f(1) — f/(1)]a.
Cong cac bat dang thic theo vé ta dugc
InP < f'(1) (ab+be+ca— (a+b+¢)) + f(1)(a+b+¢) < 3n(1+ V2).
(Do ab+bc+ca<3=a+b+c)

Suy raIn P < 3In(1++/2) = P < (1 + v/2)3. Déng thitc xdy ra < a=b=c = 1.
Vay GTLN ciia P = (1 4+ /2)%.
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Vi du 2.4. Choz,y > 0thda z4+y+2 = 1. Tim GTNN ctia bicu thiic P = oY +y > +277.

Ap dung bat ding thic AM-GM, ta 6 :

> __ 3
Dit A=2vy* 2" =ImA=ylnr+zlny+zlnz.
Vi ham s6 f(t) =1Int co f'(t) = —%2 < 0. Suy ra

lnxﬁf’(%) (:E—%)—i—f(%):?)x—l—ln?).

mMA<yBzr—1-In3)+2z3y—1—-In3)+z(32—1—1In3)
=3(zy +yz+2x) —1—3In3
<(r+y+2)?—1-3n3=-3n3.

Do dé

1 , ) 1
SuyraAgg:>P23\3/§.Déngthﬁ’cxéyra@x:y:z:—.

3
Vay GTNN cia P = 3v/3.

1 2
Vi du 2.5. Cho a,b,c > 5 théa a + b+ ¢ = 2. Tim GTNN cua biéu thrtc

P=a%+b"+ .

Xét ham s6 f(t) =t', = <t <1.Taco: In f(t) = tInt lay dao ham hai vé ta dugc

F)=04+Wmt)f(t) =Inf'(t)=Inft)+n(nt+1)

@) f() L
50 T o Timirn T
= f"(t)=1+Int)f(t) |[1+1Int+ i) >0Vt e [%; 1].

1 Lz . .
Via,b,c € [5, 1] nén ap dung bat dang thic tiep tuyen, ta co :

fla) > £ G)a - 2)+ £(3)
2 2 2

FO) 2 F(3)0-3)+ f(3)
9 2 2

FO) 2 FG)e=3)+ )

Cong ba bat déng thic trén ta c6 :

514

J@)+ 50 + 1) 2 FG) (a+b+e—2) +37(5) = 3{/5.

4 2
VayGTNNCﬁaP:?)i/gdatdu’oc(:)a:b:c:g.
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2 .
Vi du 2.6. Cho tam gidc ABC' ¢6 mot goc khong nhd hon g Chtng minh rang :

A B C
tana—l—tan——i—tang 24—\/3.

2
~ Z P 2 £ vo o 27‘[’ e
Khong mat tinh tong quéat, ta gia SU?A2?>BEC:>C§8.
o - T
Ham s6 f(z) = tanx, x € <0, 3) co
" z
f(:v)>0‘v’m€(073>.
Ap dung BDT tiép tuyén, ta c6
A T, A s
Y>> V(= - _
1= GG -5+ )
B ™. B s
Y>> (= — _
C ™., C 7 7T
Y>> Iy (2 - _

Suy ra

f<§>+f(§)+f<§> > f(3)+2f(55) =4- V5

) 2
Dang thiic xay ra < A = g; B=0C =" vacac hoan Vi.

. , 3
Vi du 2.7. Cho céac s6 thyc khong am a,b,c thoa max {a,b,c} > 2 vaa+b+c=1. Tim

GTNN ciia biéu thiec :

P=+v1+3a2+vV1+3b2+ vV1+ 32

Z 2 P P 3 1
Khong mat tinh tong quéat, ta gia st a = max {a,b,c} = a > 1€ < 3
Xét ham s6 f(z) = /14 322, x € (0;1) ¢6
2 2 — 222
f(z) = N f(x) = ST S ovee (0;1).
‘/ (1 4 322) o/ (14 322)°
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Ap dung bat ding thic tiép tuyén, ta co :

fla)=f @ (‘2)”@
oz () (-5) 4+ (5)
FQ)=f (é) (‘é)”(é)

Cong cac bat dang thic trén ta co

rresoerozlr(g) s (g)) (+=g) 1 (3) v )

1 V172 + 2
21 (1) 2 (5) -
4
3 1
Ding thic xay ra@a— —b=c= 3 va cac hoan vi.
\/17 —1-2\/

Va in P =
ay min I E—

Nhan xét 2. Trong mot s6 truong hop do thi ham s6 y = f(z) c6 khoang 16i, 16m trén [a; b]
nhung ta van ¢6 duge danh gia :

f(x) > f'(2o)(x — w0) + f(w0) ,w0 € (a;b).

Vi du 2.8. Cho a,b,c € R va a + b+ ¢ = 6. Chting minh rang :

at ot 4t > 2(a3+b3+c3).

Bat dang thic da cho tuong duong véi
(a* = 2d°) + (b* = 20%) + (' —=2°) > 0= f(a)+ f(b)+ f(c) >0

Trong d6 f(x) = x* — 223 . Ta thay f”(z) = 122® — 122 nén do thi ham s6 f c¢6 khoang 16i
va khoang 16m do dé ta khong thé ap dung BDT tiép tuyén duge. Tuy nhién ta vAn c6 thé
danh gia duge f(x) qua tiép tuyén clia n6 tai diém c6 hoanh do x = 2 (vi dang thiic xay ra khi
a=b=c=2).

Ta c6 tiép tuyén ctia do thi ham s6 tai y = f(z) diém c6 hoanh do x = 2 1a: y = 8z — 16.

f(@)—(8x—16)=2"—22° — 8+ 16 = (v — 2)* (+* =22 +4) >0 Vr € R.

Suy ra
fla)+ f(b)+ f(c)>8(a+b+c)—48 =0.

Vay bai toan dugc chiing minh.

3 N
Vi du 2.9 (Ba Lan 1996). Cho a,b,c > ~1 va a + b+ ¢ = 1. Ching minh rang:

a n b n c <9
a2+1 b2+1 c24+17 10
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va bat dang thitc da cho c6 dang: f(a)+ f(b)+f(c) <

L as 1
Ta thay dang thitic xay rakhia =b=c = 3 <

9 ) x . 35
10 trong do f(x) = ] Vol € [_Z’ 2] .

-z % 5 N N % .32 . N N 1 N 36x + 3
Tiép tuyén ctia do thi ham s6 y = f(x) tai diem c6 hoanh do x = 3 la:y= 0
Ta c6:

36z + 3 362 4 3 T (3z — 1)*(4z + 3) 3
— = — = >0V ——; =]
A A e s 20 el
Vay
a b c 36(a+b+c)+9 9
+ + < =10
a?+1 b+1 A2+1 50 10

Bai toan duge chiing minh.

Vi du 2.10. Cho a,b,c 1a do dai ba canh tam gidc. Chiing minh réng :

1 1 1 9 1 1 1
S+t ——— >4 - - .
a b ¢ a+b+e a+b b+c c+a

Khong lam mat tinh tdng quét ta gia st , khi d6 Bdt da cho trd thanh

50 —1 ba—1 bec—1

<9,
a — a? b — b2 c—c2_9

1
Vi a,b,c 1a do dai ba canh tam giac va a + b+ ¢ =1 suy ra a,b,c € (0; 5) Ta c6

ba—1 (180 3) = (3a —1)*(2a — 1)

1
< =),
p— pa— _0Va€(0,2)

) 1 1
Suy ra ¢ 5 §18a—3Va€(O;§).

Ta ciing c6 hai bat dang thiic tuong ty. Cong cac bat dang thiic nay lai v6i nhau ta c6

5a—1+5a—1+50—1
a—a? b—b? c—c?

<18a+b+c)—9=09.

) 1
Bai toan dugc ching minh. Dang thic xay ra khia = b =c = 3

Vi du 2.11 (Trung Qubc 2005). Cho a,b,c > 0 vd a + b+ ¢ = 1. Chiing minh ring;

10 (a® +b° + ¢*) — 9(a® +b° + ) > 1.

Gidsta>b>c.
Xét ham 86 f(x) = 1023 — 9z*, x € (0;1) c6

f'(z) = 3022 — 452* = f"(x) = 60x — 1802°.
L. :
Suy ra f'(z) =0z =12 = \/g dong thoi
f"(x) >0V € (0;x9) va f"(z) < 0 Vz € (z0;1).
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e Néu a < zo. Ap dung bat ding thic tiép tuyén ta co:

s fla)+ f(b) + fc) > f (%) (a+b+c—1)+3f (%) =1

e Néu a > zo. Ap dung bat déng thic tiép tuyén va cat tuyén ta co:

a2 TEIE) ) = ) =1
£0) 2 £/(0) (b~ 0) + £ (0) =0
£(0) > £/ (0) (e~ 0) + £ (0) =0

Do d6 f(a)+ f(b) + f(c) > 1.

Vay bai toan dugc chiing minh.

Vi du 2.12. Cho AABC nhon. Tim GTLN ctia biéu thiic

F=sinA-sin?B-sin®C.

Ta co
InF =InsinA+2Insin B+ 3InsinC.

Xét ham s6 f(x) = Insinz, z € (0; g), ta co

i) = cota = (o) =~ e (0:7)

Ap dung bat ding thic tiép tuyén véi AM NP nhon, ta c6 :
fAA < f(M)(A—=M)+ f(M)=(A— M)cot M + Insin M
f(B)< f'(N)(B—N)+ f(N)=(B—N)cot N +1Insin N
f(C) < f'(P)(C = P)+ f(P)=(C — P)cot P+ Insin P.

VAN

Suy ra
tan M - f(A)+tan N - f(B)+tan P- f(C) > tan M -Insin M + tan N - Insin N + tan P - Insin P.

Chon ba goc M, N, P sao cho :

tan M B tan NV B tan P
1 2 3

=k = tan M = k;tan N = 2k;tan P = 3k.

Mat khac : tan M + tan N + tan P = tan M. tan N.tan P, suy ra

tan M 1 N
— = —sinN =
V1+tan?M V2
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Do do, ta c6

1 2 3 27

2 2
hayF§—7.Dangthﬁ’cxéyra@A:M;B:N;C:P.
25v/5 -

Vay GTLN cia F = ——.
Ay 25\/5

III. Bai tap
Bai 2.1 (Albania 2002). Cho a,b,c > 0. Chting minh réng :
1 3 1 1 1
;—g@”b”*)(a*z*z) >a+b+c+ Va4 b+
Bai 2.2. Cho n sb thuc xq,29, . .. ,x, thuoc khoang (0; g) thoa :
tanz; +tanxe 4 - - - + tanx, < n.

Chiing minh rang

. . ) 1
Sinzy -Sinxy---sinx, < \/2_n
Bai 2.3. Cho céc s6 thuc a,b,c > 0 thod mana + b+ ¢ = 1. Chiing minh :

a . b . c >9
1+bc 14+ac 1+ab 10

Bai 2.4. Cho a,b,c > 0. Ching minh rang :

(b+c—a)?  (c+a—0?>  (a+b—c) >§
(b+c)’+a2 (cta)’+b (a+b)°+c2 5

Bai 2.5. Choa, b, ¢ > —1 va a+ b+ c¢=1. Tim gia tri nh6 nhat cia

S =a®+b*+c +5(a* + b+ ).

Bai 2.6. Choa+b+c= —6 vdi a, b, c < —1. Tim gia tri 16n nhat cia

a . b n c
a24+a+1 b2+b+1 c2+c+1

2 . .
Bai 2.7. Cho a, b, ¢ > —3 va 4(ab+ be + ca) + a + b+ ¢ > 15. Tinh gia tri nhé nhat cia bieu

thic
S =a®+ b+ +2(a’b + b*c + c?a).
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4 .
Bai 2.8. Cho a, b, ¢ € 0’5 va —2(ab + be + ca) + 3(a + b+ ¢) = 3. Tim gia tri nhé nhat
S =2(a®+ b+ ) — 3(a®b + b*c + c*a).

Bai 2.9. Cho céac s6 duong a, b, ¢ théoa man ab + be + ca = 3. Tim gié tri nhé nhat cia

Bai 2.10.

Bai 2.11.

nhat cia

Bai 2.12.

Bai 2.13.

Bai 2.14.

S =5(a® 4 b* + ) + 2(a®b + b*c + cta).

1 P
Cho a, b, c € {5,\/5} va ab+bc+ ca+ 9 =4(a+ b+ ¢). Tim gia tri nhé nhat cua
T—l—l—l—l—l b+a+c
a2 a ¢ b))’

Cho cac s6 duong a, b, ¢ théa man 3(ab+ bc + ca) — (a+ b+ c¢) > 6. Tinh gid tri nho

A=d"+ b+ +3(a’b+ b'c+ cta).

Cho a, b, ¢ € [0,4] théa man ab + bc + ca > 3. Tim gia tri nho nhat cia

B=(a>+V+c*)+bV/3a+1+cV3b+1+av3c+ 1.

Cho tam giac ABC nhon. Tim GTNN ctia biéu thiic :

F=tanA+2tan B+ 3tanC.

Cho z, y, z > 0 thoa z +y + z = 1. Tim GTNN cua :

P=a*4+/1+y2+V1+ 2

67



Chuong 3

Mot s6 chuyén dé

§1. Ung dung diéu kién c6 nghiém ctia phuong trinh bac
ba trong ching minh bit dang thiic

I. Ly thuyét

1. Mé dau

Dinh Ii Vi-ét ddo déi véi phuong trinh bac hai duge phéat biéu nhu sau:

Dinh 1i 1. Néu hai s6 a,b ¢é tong la S va tich la P thi hai sé dé la hai nghiém ctia phuong trinh

2> — Sz + P =0. (3.1)

Phuong trinh (3.1) ¢6 nghiém khi va chi khi A = §% —4P > 0 hay S* > 4P.
Ma S = a + b,P = ab nén ta c6 di¢u kién dé ton tai hai s6 a,b (tiic 14 phuong trinh (3.1) c6
nghiém) la :
(a + b)* > 4ab.

Day chinh 1a bat dang thitc quen thudc. Néu a, b > 0 thi ta thu duge bat dang thitc AM-GM.
Tuong tu doi v6i dinh 1f Vi-ét ddo ctia phuong trinh bac ba nhu sau:
bat m=a+ b+ c¢,n = ab+ bc+ ca,p = abe . Khi db, a, b, ¢ 1a nghiém ctia phuong trinh

2® —ma* +nr —p=0. (3.2)

Ta di tim diéu kien dé phuong trinh (3.2) ¢6 ba nghiém (c6 thé tring nhau).

2. Mot s6 két qua

2 9 —2m3 — 27
Dat: x =y + %; o= m? —n; B= mn 27: P i (3.2) ta thu duge phuong trinh
Yy —ay+B=0. (3.3)

S6 nghiém ctia (3.3) chinh 1a 86 giao diém ctia d6 thi (C) : f(y) = ¥° — ay + B v6i truc hoanh.
Ta c6: f'(y) = 3y* — a.

e Néu a <0 thi f/(y) > 0, Vy nén phuong trinh (3.3) ¢6 dung 1 nghiem.

e Néu o = 0 thi phuong trinh (3.3) ¢6 nghiém boi ba.
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o Néu a >0 thi f/(y) = 0 ¢6 hai nghiem y;, = _\/g; Yo = \/g khi d6

3

f(yl) 2;\/>+5 f ?/2 f + 8.

o 4?2757 —
f(yl)~f(y2) =" - o7 o7

Do d6, phuong trinh (3.3) c6 ba nghiém khi va chi khi:

Suy ra

f ) f (y2) <0 4a® —278° > 0.

Hay la:
|9mn — 27p — 2m®| < 24/ (m? — 3n)°.

Két qua 1. Cho cdc so6 thuc a, b, c. Dit a+b+c=m, ab+bc+ca =n, abc = p. Khi dé, ta c6
danh gid sau:

|9mn — 27p — 2m?®| < 24/ (m2 — 3n)°. (3.4)
Vé6i a, b, ¢ > 0, dit a + b+ ¢ = 3u, ab + be + ca = 3v* va abe = w?
Vi
(a+b+c)® >3 (ab+ be+ ca) > 94/ (abe)’

nén ta co u > v > w.
Khi d6 (3.4) tré thanh

19+ 3u - 3v% — 2Tw® — 2 27u®| < 24/ (9u? — 9v2)°.

Hay
3uv? — w® — 2u®| < 24/ (u? — v?)°. (3.5)

Chia hai vé ctia (3.5) cho u? ta c6

Hay la

Suy ra

() (- ()) 2= () =3 () e (- ()

Két qua 2: Cho cic so thuc duong a,b,c. Dit a+b+c = 3u, ab+bc + ca = 3v? va abc = w* vdi
w,ww la cac s6 thuc duong. Khi dé u > v > w va

() (- () 2= () =G (- () 2 e
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II. Vi du minh hoa

Vi du 1.1. Cho cac s6 thuyc a, b, ¢ théa man a + b + ¢ = 0. Chitng minh ring

(@02 +)° >4+ +F 1),

Ta ¢c6 m = 0 nén (3.4) tré thanh

27 3 ?
27p| < 24/(-3n)’ & —n® > Zp2=3(§p—1) +9-3=9%-3.

Hay la
— (ab+ be + ca)® > 9abe — 3.
Mit khac a + b+ ¢ = 0 nén ta c6 a® + b® + ¢ = 3abe va
222
—(ab—l—bc—l—ca):%.

Do vay, ta c6
(a2—|—b2—|—02)3224(a3+b3—|—c3—1).

Vay bai toan dugc ching minh.

Vi du 1.2. Cho céac s6 thuc a, b, ¢ c6 tong bing —1. Tim gia tri nhé nhat ctia biéu thic

P = 2abc + (ab + be + ca)® .

Ta ¢c6 m = —1 nén ap dung (3.4) ta c6
9n 4 27p — 2| < 24/(1 —3n)* = p > L2 2 (1—3n)°
n — —3n —-n+ = - = —3n)".
p=al= P="3""57" 97
Do do
27TP > —18n+4 — 41/ (1 —3n)* + 272 =3 (3n — 1)* — 44/ (1 — 3n)* + 1.
batt =+v1—-3n,t >0 taco
2TP > 3t — 43 + 1= (t — 1)* (3¢* —t + 1) > 0.
Do d6 P > 0. Dang thitc xay ra khi a = —1, b = ¢ = 0 va cac hoan vi.
Vay min P = 0.

Vi du 1.3. Cho cac s6 thuc a,b,c thoa man a? + b + ¢ = 3.Chiing minh rang

3(abc —2) < (a+b+c)(ab+ bc+ ca) < 3(abc+2).

m? —3

Ta c6 a® 4+ b*+ 2 =3 nen (a+ b+ )’ = 2(ab+ be + ca) + 3 hay n = i

Tu (3.4) ta suy ra

9 —m?\’ 9 —m?\’
21 m?— ( 2m) <9mn —27p < 2 m? + ( m)
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Ta ching minh
e (5F) sme (P55) <r-my
Khai trién va bién doi ta dugc
(m — 3)* (m" + 6m® + 24m?* + 42m + 63) > 0.
Bat dang thtc nay hién nhién ding do
mt + 6m® + 24m? + 42m + 63 = (m? + 3m +7)" + m? + 14 > 0.

Chiing minh tuong tu, ta co

Do vay ta c6 duge bat dang thic
54 <9mn —2"p <54 & 3p—6 < mn < 3p+ 6.

Hay la
3(abc —2) < (a+b+c)(ab+ bec+ ca) < 3(abc+2).

Bai toan duge chiing minh.

(a+b+c)® + (ab+ be + ca)?
(a+b+c)*(ab+ be+ ca)® + 27

Vi du 1.4. Cho céc s6 thuc a, b, ¢ théa man abc = 1. Tim gia tri 16n nhét ctia biéu thic

Ta c6 p =1 nén tit (3.4) ta dugc

‘9mn — 27— 2m3‘ < 24/ (m2 — 3n)*.
Binh phuong hai vé va rat gon ta thu duge

(mn)2 + 18mn > 4 (m3 + n3) + 27.
Mit khac 18mn < (mn)® + 81 nén ta 6

2(mn)2+8124(m3+n3)—|—27(:>m2n2+2722(m3+n3).

Do dé ; ;
p__m+tn 1
m2n? 427 7 2
Ding thic xay ra khi {abc =1 ,changhana =b=c=1.
(ab+bc+ca)(a+b+c)=9 '
Vay max P = %

thic
abe(a + b+ ¢)® + 27

(a+b+c+3abc)®

Vi du 1.5. Cho cac s6 thuc a,b,c théa man ab+bc+ca = 3. Tim gié tri 16n nhat clia biéu
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CHUNG MINH BAT DANG THUC

Ta c6 n = 3 nén tu (3.4), suy ra

|27m — 27p — 2m®| < 24/ (m2 — 9)°.

Binh phuong hai vé va rit gon ta thu duge

27p* + 4m3p + 108 < 5dmp + Im?,

hay
108p? + 4m?p + 108 < 9 (m + 3p)°.
Suy ra
m3p+27 9
AmPp +108 < 9 (m +3p)° = P = <=
p <9( P) (m+3p) — 4

abc =0
Déang thiic xdy ra khi { ¢ + b+ ¢ = +2v/3, ching han ta chon a = 0,b = ¢ = /3.

ab+bc+ca =3

9
Vay max P = 7

Vi du 1.6. Cho céc s6 thuc a,b,c thoa
2 (a®+ b+ ) =5(ab+ be+ ca).

Chiing minh rang:
(a+b+c) +27.abc+1> 0.

Ta cb

2(m2—2n):5n:>n:gm2.

Khi d6 (3.4) tr6é thanh

2 ’ 2.9 4 4 2 5| p?
|27p| < 2 m2—§m2 = 27°p §2—7m =m- > 27 T

2
Mat khac (g + 1) > (0 nén

2
p
P _p+1
P2+,
suy ra
m? > —27¢/p+1
hay

(a+b+c)”+27Vabec+ 1> 0.

Bai toan dugc chiing minh.

Vi du 1.7. Cho céc sb thuc a,b,c thod a® + b? + ¢ = ab + be + ca + 1. Chitng minh ring:

(a+b+c)? <4+ 3(ab+ be+ ca)® + 18abe.
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Y

Ta co (a+b+c)"=3(ab+ bc+ ca) + 1 nén m? = 3n + 1. Khi d6 (2) tr6é thanh:

m?—1

9m —2Tp—2m?| < 2=27p > m® —3m — 2.

Dat T = (a+ b+ ¢)* — 3 (ab+ bc + ca)® — 18abe, ta can ching minh T < 4.

3T = 3m? — 9n? — 54dp
<3m? — (m? —1)° =2 (m® — 3m — 2)
= —m* —2m® +5m* + 6m + 3
—— (m*+m-3)7+12<12

Suy ra T' < 4. Bai toan dudc chiing minh.

Vi du 1.8 (Iran MO 2014, vong 2). Cho cac s6 thyc khong am z,y,z théa man dieu
kién:
22+ + 22 =2y +yz + 2x).

Chiing minh rang: % > 2xyz.

Néu x = y = z = 0 thi bat déng thic can ching minh hién nhién ding. Ta xét  +y + 2z > 0.
Bat ding thiic can chiing minh tuong duong véi

3
uZ\?’/Ew(:)(E> <

u

Ap dung (3.6) ta chi can ching minh

3 2 2\ 3
(g) §3(3) +2 (1—(3)) _9.
u u u
Ma 22 + y% + 22 = 2 (vy + y2z + 2x) nén
2
9u2:4.3v2;»<3) :Z.

Do dé

Bai toan dugce chitng minh.

Vi du 1.9. Cho céc s6 thuc khong am a,b,c. Chitng minh réng

4 | 14 | 4
a*+b*+c 3abe >

25 2 2
- b )
ab+bc+ca a+b+c 3(a—i— +C)

Ta co
a* + vt + ¢t = 81u* — 108u*v?* + 18v* + 12uw?,

va
a® + b + & = 9® — 60°.
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1. UNG DUNG DIEU KIEN CO NGHIEM CUA PHUONG TRINH BAC BA TRONG

CHUNG MINH BAT DANG THUC
Nén bat dang thitc can ching minh tré thanh

81lu* — 108u?v? + 18v* + 12uw? N 3w3 2 (02 — 60?)
= (9u” — 6v
3v? 3u 3
27 — 36x + 622 + 4
& v y—l—y+4az26. (3.7)
x
2 3
Trong d6 =z = <E> va y = (ﬂ) .
u u
Theo (3.6), ta c6
y>3r—2/(1—2)°—2vaz <1
nén o7
VI(37) =——-36+10x+y |1+ >>——36—|—10x+5y
x

2
2—7—36+10x+5(3x 24/ (1 —x) —2)
T

25932 — 52z + 27

—10y/(1 —2)* 46
> (1—x)(27—25x ) —104/(1 — :z:)3—|—6
> (1—2)(1+25(1 —2)) —10y/(1 —2)* + 6
> (1—2)10v/1— 2 —104/(1 a:)3+6:
Bai toan dugc ching minh. Dang thic x4y ra khia =b = c.
III. Bai tap
Bai 1.1. Cho céc s6 thuyc a,b,c khong dong thoi bang 0 théa a + b+ ¢ = 0. Tim gia tri 16n nhat

ctia biéu threc:
_ 13a?b*c? — 2abc — 2

(a2 4+ b+ 02)3

Bai 1.2. Cho cac s thuc a,b,c c6 tong bang 0. Tim gia tri nhé nhat ctia biéu thiic

P=(a®+b"+ ) = 32 (ab + be + ca) a®V*c* — 8 |abe| .

Bai 1.3. Cho céc sb thuc a,b,c thod a? +b? + ¢ = 2(ab+ bc+ ca). Tim gia tri nhé nhit ciia biéu
thic:
P =abc(a+b+c) +

S

abe)

Bai 1.4. Cho céac s6 thuc a,b,c thod a® + b 4+ ¢ = ab + bc + ca + 4. Tim gia tri nho nhat cla
biéu thiic:
P =18 (ab + bc + ca)® — (ab + be + ca) (a + b+ ¢ — 48) + Yabe.

Bai 1.5. Cho cac sb thyc duong a,b,c thod (a + b+ 0)3 = 32abc. Tim gia tri 16n nhat, gia tri
nhé nhat ctia biéu thic:

at + bt + ¢t

(a+b+c)*
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2. BAI TOAN TIM HANG SO TOT NHAT TRONG BAT DANG THUC

§2. Bai toan tim hiang sb6 t6t nhat trong bat dang thiic

I. Ly thuyét

Trong chuyén dé nyaf ta di gidi quyét bai toan:

Tim héing s6 k 16n nhat (nhé nhat) dé mot BDT luon ding vdi mot gid thiét nao dé ciia cdc bién.
Dé giai dang toan nay, ta thuong gidi quyét theo hai huéng sau:

Huéng 1:

e Budc 1: Chon gié tri ddc biét clia cac bién hodc danh gia truc tiép cac bién dé chi ra diéu
kién can cua k.

e Budc 2: Chitng minh bat déng thitc da cho ding vdi gia tri clia k& ( 16n nhat, nho nhat)
vira tim dugc.

Huéng 2: Gia sit ta can tim k nhd nhat dé bat ding thiic
flay,ag,...,a,) <k
luon dang véi moi ay, as,..., a, € D. Ta di tim gia tri 16n nhat M cta f(ai,a9,...,a,) véi

ai, g, ..., a, € D. Khi d6 ki, = M.

II. Vi du minh hoa

Vi du 2.1. Tim hing s6 &k 16n nhat sao cho bat dang thiic sau luén ding

\/a+k\b—c|“+\/b+k:|c—a|“+\/c+k|a—b|a§2,

v6i moi a > 1 va a,b,c 1a cac s6 thuc khong am théa man a + b +c = 1.

Choa=b=0,c=1,a=1.Taco

1
1+\/E+\/E§1<:>0§k:§1
Ta chting minh bat déng thic sau ding
Vdat[b—c” +1/4b 4 e — ol + \/Ae + o — b < 4. (3.8)

ding véi moi a > 1 va a,b,c > 0 théaa+b+c= 1.
Khong mat tinh tong quét ta gia st a > b > ¢. Ta c6

0<la—=b|,|lb—c|],l[c—a|<1,a>1

nén ta cé
VT(3.8) < \/4a + |b—c| +\/4b + |c — a| + \/4c + |a — ]
1
:5\/4(4a—|—b—c)—|—\/4b+a—c—|—\/4c+a—b
l14+4a+b—c 1+4+4b4+a—c 14+4c+a-—0>
< - + +
2 2 2 2
_Sa+T7b+5c+8 _S(atb+o)+8
N 4 - 4 -
1
Va kmax:_

1)



2. BAI TOAN TIM HANG SO TOT NHAT TRONG BAT DANG THUC

Vi du 2.2. Tim s6 k& nho nhat sao cho bat déng thic

k
a4+ 02+ A+ kabe < +3

[a®>(b+c)+ b (c+a)+ (a+b)]

ding v6i moi a,b,c 1a do dai ba canh cua tam giac.

2
. 3(3+2)
Choc:l,a:b:§+—tacé:kZ—Zn%Q. Ta chitng minh bat dang thiic
n
1+ -
n

a® 4+ 0%+ +9abec <2 [a® (b+c)+ b (c+a)+ P (a+b)].
Gia st a = max {a,b,c}, ta c6

a’®+ 0%+ +9abc — 2 [a® (b+¢) + b (c+a) + * (a+b)]
—(a—b—c)(a—b)(a—c)+ (b—c)*(b+c—3a) <O0.

Vay kmax =9.

Vi du 2.3. Cho a, b, ¢ > 0. Tim hiing s6 k 16n nhat sao cho bat déng thic sau ding

2 2 2
U S A
b ¢ «a ab + be + ca

Choa=1,b=c3#1,taco

(E+A+1) (43 +2c+1)
A(A+234+22+c+1)

k<

Ta chiing minh bat ding thic

2 2 2
a bie g (atbre )
b ¢ «a ab + be + ca

hay
a b ¢ d+b+3
-+ -+t-> -
b ¢ a  ab4+bcH+ca

& (ab+ be + ca) <%+g+§> > (a+b+c).

Bat ding thic cudi dé dang ching minh duge bing céch ap dung bat ding thic Cauchy —
Schwarz.

Vi du 2.4. Tim s6 thuc duong k 16n nhat dé bat dang thic sau ding véi moi s6 thuc
duong x,y,7 théa man dieu kién zyz = 1 :

_|_

x Y z k 3
+ + + > =
ry+1  yz+1 ze+1 §xy? +y22 + 222 2

w
Sl

76



2. BAI TOAN TIM HANG SO TOT NHAT TRONG BAT DANG THUC

Do bat ding thic da cho ding v6i moi z,y,2 > 0 théa man xyz = 1 nén né sé dang khi

1
r=n;y=1;2=— v6i moin > 0. Khi db ta ¢
n

Cho n — +o00 ta dugc

3
3 N .
Ta sé ching minh k = > théa man yéu cau bai toan, tic la

2z 2y 2z 5
+ + + > 4.
ry+1 yz+1 zx+1 xy? + yz? + za?

SHESY

R ) ) . c a .
Do z, y, z > 0 théa man xyz = 1 nén ton tai a,b,c > 0 thoa man z = —;y = I_);Z = —. Khi do

c
bat dang thiic can ching minh tré thanh

2a . 2b L 2¢ L 3abc >4
b+c¢ c¢+a a+b Va3+B34+3
2a n 2b N 2c +3/ 3abc

b+c c+a a+b ad+ b3+ c3

Ta c6

- (a+b+c) 9abc
~ab+betca 3{/(3&[)6)2(@3 + 03 + ¢3)
- (a+b+c)? 9abc

“ab+bc+ca ad+ b3+ 3+ 6abe

Ta chi can chiing minh

(a+b+c) 3> 1 9abc
ab 4+ be + ca - a® + b + &3 + 6abe
1 S a+b+c

p=— .
ab+bc+ca — a® + b2+ 3 + 6abe

3

Zz 2 2 7z 2 3
Bat dang thtc nay hien nhién ding theo Schur. Vay bat dang thic da cho dang khi k = \/7—
) . 1
Diang thitc xdy ra khi x =y =2z =1 hodc z — 4+oo;y =1;2 = —.
x
V3

Tém lai gia tri k t6t nhat can tim 1a k = -

Vi du 2.5 (VN TST 2012). Chitng minh ring C' = 101/24 13 héng s6 16n nhat sao cho
néu c6 17 s6 thue duong aq,as, . . . ,a17 thoa cac diéu kien

aj a5+ +ai, =24
aj+---+al ta 4 Far <C

thi véi moi 1 <7 < j <k <17 ta c6 a,, aj, a, 1a do dai ba canh clia mot tam giac.

Trude hét ta c6 bo dé sau

7



2. BAI TOAN TIM HANG SO TOT NHAT TRONG BAT DANG THUC

Bé dé 1. Cho sb nguyen n > 3. Gia st n s6 duong a,,as, . . . ,a,théa man bat déng thiic
(n—1)(af + a3+ ... +ay) < (af—i—a%%—--ui—ai)z.

Hay ching minh ba s6 bat ki a;, a;, a; (1 <i < j <k <n)lado dai cac canh clia mot tam giéc.
Ching minh.

e VGin = 3 thi ta co

2(a%+a§+a§) < (a%—i—a%—l—aﬁ)Q
= (a1 + as + CL3)<CZ2 + a3 — (Il)(ag +a; — ag)(al + a9 — CL3) > O,

suy ra ap,as,a3 la do dai 3 canh ctia mot tam giac.
e V6i n > 3, khong méat tinh tong quét ta ching minh a1, as, ag 1a do dai ba canh ctia mot
tam giac. Ta co
(n—1)(at+aj+--+a) < (@@ +a2+ - +a2)

2 2 2 2
:[@mwm...ﬂi}

V2

2 2 2\2
<[2+1+ --+1 (alﬂgﬂl?’) +aj+-+ay
n—3
2 2 2\2
=(n-1) (a1+a;+a3) aj+ -+ ap

Suy ra
2(a‘f+a§—|—a§) < (a%—l—ag—kag)z,
do do6 aq,as,a3 la do dai ba canh ciia mot tam giac.
B6 dé dugc ching minh.
TrG lai bai tqén.

a
biat z; = —

V24

4 =1,17, khi d6 cac s6 duong z1,75 ..., z17 thoa

T+ Tyt =
24 (2} + 254+ +a;) + x4+ 217 < 10

2 2~ . N . N 2 ~ .z 2 X . .
Dé chiing minh a;, a;, a; 1a do dai ba canh ctia mot tam giac, ta chi can ching minh z;, z;, oy
la do dai ba canh ctia mot tam giac.

e Ta chiing minh bai toan ding véi C' = 10.
Ta di tim s6 thiyc duong a thoa :

160" + (= 1)2? < 15 (242° + 2) , Var € (0:1). @

Vi néu c6 bat dang thic (1) thi ta suy ra

2 (2423 + a;) , Vi = TI7.

16x? —12? <
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Do do 17 17 0
162x§1 + (a — 1)2:%2 < 1—02 (242 + ;).
i=1 i=1 i=1
Hay
17 17 17 2
16) al+(a-1)<a=16) a}<1= (Zﬁ) :
i=1 i=1 i=1

khi d6 theo b6 dé ta c6 dpem.
Ta tim a dé (1) dang? Ta viét lai (1) nhu sau

162° + (@ — 1)z — 1—0 (242* 4+ 1) < 0. (2)
Vi z € (0;1) nén ta chon a sao cho vé trai ciia (2) c6 thita s6 z — 1 hay
16+a—1—52—a:0:>a:10.
Khi dé6 (2) tré thanh:
162° —242* + 92 — 1 < 0 < (z — 1) (162° — 8z + 1) < 0. (3)
R6 rang (3) ding vé6i x € (0;1). T d6, ta c6 dpem.

e Ta chitng minh C' = 10 1a s6 16n nhat. Gia sit ton tai s6 ¢’ > 10 sao cho véi 17 s thue
duong xq, xs,..., 17 thoa méan

v+ ay g =1
24 (2 + a3+ +al) +a+ ot ar <

thi ;, z;, x5 1a do dai ba canh ctia mot tam giac véi moi 1 <7 < j <k < 17.
Ta xét 17 s6 thyc duong

1 1 1 +a—a2 0< <1
SR T 3T = V16 T T1a o 16

o+ ay ot =1,

1 1 > 1
$1—$3:Z—a: (Z—CL) < E—a:x2:>x1>x2—|—x3,

hay 1, x9, x3 khong la do dai ba canh ctia mot tam giac.
Ta co

17 17
(a) = 24fo' + le

—24 |-+ e/ (Lamty
16 “ @ 16 14
CL—CL
,/—— 14
+ + a+a+ 11
1 1 1\’ 1 1 1
24 | — =) 14y /(= S 4 \/= +144/—= =10 khi a — 0*.
” 4+\/<16 * (16) iV T e e
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2. BAI TOAN TIM HANG SO TOT NHAT TRONG BAT DANG THUC

16

1 1 1 ag—a? 1 ag—a?
(4’\/16 w0\ gt 1 V1T T 1

théa man cac diéu kién ciia bai toan, nhung bo (z1,72,73) khong tao thanh 3 canh ciia mot
tam giac.

N 1
Do tinh lién tuc ctia S, nén ton tai ag € (0; —) sao cho S(ap) < C’" nhung bo

Vay bai toan duge ching minh.

Vi du 2.6. Tim s6 thuc k 16n nhat sao cho bat dang thic sau luon ding véi moi a,b 1a
cac s6 thuc duong phan biét théa man ab = 1

a’?+b> -2

V2(a+b)—2 =

Bai toan chuyén vé tim GTNN ciia biéu thiic
B a?+b* -2

- V20a+b) -2

véi a,b > 0 va ab = 1.

bat t = /2(a+b) > 2, ta co
tt—16  (t+2)(t*+4)

P= - 8
40t —2) 4 ~

khi t > 2. .
Gia stt ton tai k > 8 thoa bai toan. Cho t = 2 + —, suy ra
n

1 1 1\?
k:g—(4+—> (2+—) +4
4 n n

Vi du 2.7. Tim hing s6 duong k 16n nhét sao cho bat dang thic

— 8 (vo li).

Vay kpax = 8.

|(a® = b*) (b* — %) (¢ = a?)] <k(a+b+c)°

ding v6i moi a,b,c > 0.

Giastta > b > ¢, ta co

[(a® = 8%) (b = &) (¢ = a*)]

(&2 o b2) (b2 o 02) (Cl2 - 62)

< (a® = 0%) a®V* = (a +b) \/(a — b)*.ab.ab.ab.ab

5

— )% + 4ab

< (a+b) (M)

5

_(a—l—b)6< ! (a+b+c)°

25v5 T 255 '
1
Tu do ta c6 kpax = ——.
25v/5
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Vi du 2.8 (IMO 2006). Tim hing s6 M nh6 nhat sao cho véi moi s6 thuc a,b,c ta déu
co
|ab (a2 — b2) + be (b2 — 02) + ca (02 — a2)| <M (a2 + 02+ 02)2 )

Bing bién ddi don gian, ta c6
|lab (a* = b%) + be (b* — ¢*) + ca (¢ —a®)| =|(b—c) (a—b) (a—c) (a+b+c)|
Bai toan tré thanh: Tim M nhé nhat dé
(b—¢)(a=Db)(a—c)(a+b+c)| <M (a®+ b+ 7). (1)
Gié stt a = max {a,b,c}, ta co
9(a®+ 0+ =[(a+b+c)’+2(b—c)*+2(a—0b)(a—0)]
> [2v2|(a+b+6) (b— ) +2](a—b) (o)
> 16vV2|(b—c)(a—b) (a—c)(a+b+c)|.

Do do, ta co

|(b—c)(a—b)(a—c)(a+b+c)|ggg(aubuﬁ)?

. 3 3
C6 the chon b= 1 thia —1+£ —1—i dé déng thitc xay ra.
9f
Va M =
ay min 35

Vi du 2.9 (Tong quat IMO 2004). V6i mdi s6 nguyen duong n > 3, tim hiing s6 duong

k = k(n) 16n nhat sao cho néu n s6 thyc duong ti, to, ..., t, théa man
1 1 1
(ti+tot-Fty) |+~ =) <k
PR ‘.

thit;, t;, ¢ 1a do dai ba canh ctia mot tam giac v6i moi ¢, j, k thoaman 1 <i < j <k < n.

Gia st ton tai ba s6 chang han ¢y, to, t5 thda man t; + t, < t5. Khi do

1 1 1 t1 ta\ i+t 11
titta+t =3 = ¢ —
(1+2+3)(t1+t2+t3) +(t2+t1)+ » LA s

htts 45
t3 t +to

4
25+55t1+t2< s ) > 10.
ts ty + to

>3+2+
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Xétn >4, tacod

(Zt> (Z > (tr + ta + t3) (t11+t12+ 1)+

- 1 1 1 1 n "
Y|t +ta 1) L " 1
+iz4[(l+2+3)ti+(t1+t2+t3> ]+<Z )( t@->

i=4

210+2(n—3)\/(t1+t2+t3)<1 + — ! + 1) + (n — 3)?

t |ty 1y

> 10+ 2v10(n —3) + (n — 3)> = (n+\/ﬁ—3 i

Déng thuc Xéy ra khi tl = t2, tg = 2t1, tl =

T do suy ra kpax = (n + /10 — 3)2.
Nhan xét 1.

2410t
\/5_1,%:4,...,71

a) Noi dung bai toan IMO 2004 nhu sau:
Cho 56 nguyén n > 3. Gid st ty,ta, ... t, la cic so thuc duong sao cho

1 1 1 )
(ti+ta+--+t) | —+—+--+— ) <n"+1
t t tn

Chatng minh rang t;, tj, tx la do dai ba canh cia mot tam gidc voi moi 1 <1< j <k <n.

b) Ta c6 the tong quat bai toan trén theo huéng khac nhu sau:

Cho cdc so nguyén duong n, k véin >k > 3 va gid st n so thuc duong ti, ta, ..., t, théa
man
1 1 1 2
(httstette) (ot ) < (ne VR =2+ A k).
1 2 n
Chatng minh rdang moi sé trong k s6 t;,, ti,, ... t;, déu nhé hon tong cia k — 1 s6 con lgi

Vi1 < iy < - < iy

III. Bai tap
Bai 2.1. Tim gia tri 16n nhat ctia k dé bat dang thitc sau ding véi moi gié tri a, b, ¢

a* +b* 4 ¢ +abe(a+b+c) >k (ab+ be + ca)”.

Bai 2.2. Tim s6 thuc k 16n nhat sao cho vé6i moi s6 thuc a, b, ¢ khong am va théa man diéu
kiégn a + b+ ¢ =1, ta ludn c6

a b c 1
+ + > -
1+9c+k(b—c)? 149ca+k(c—a)?® 149ab+k(a—b)? ~ 2

Bai 2.3 (Turkey National Olympiad Second Round 2013). Tim s6 thyc M 16n nhat sao
cho v6i moi a, b, ¢ duong, ta luén cé

a4+ 0+ —3abe > M (a62 +bc? + ca® — 3abc) .
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Bai 2.4. Cho céc s6 duong x, y, z. Tim s6 k 16n nhat sao cho:

T z r+y+z
A N (i
Yy oz T Jryz

Bai 2.5. Cho céc s thuc khong am a, b, ¢ thda man ab+ bc+ ca = a + b+ c. Tim s6 thuyc k 16n
nhét sao cho ta luén c6 bat dang thiic:

1 1
atb btc cta

(a+b+c) >k-(a+b+c+1).
( )

Bai 2.6 (Pham Kim Huing). Tim s6 thuc duong k 16n nhat sao cho bat dang thitc sau ding
v6i moi s6 duong a, b, c:

> 9+ k.

1 I (ab + bc + ca)
a?+b+ct

1 1
b 44 =
(a+ +c)<a+b+c

Bai 2.7 (Kiém tra Truong He Lé Qay Do6n nam 2014). Tim hing s6 k& nhé nhat sao cho
v6i moi s6 thuc duong a, b, ¢ théa man a + b + ¢ = 3 thi ta luon c6 bat ding thiic:

k(a*+ 0"+ ' =3) > a®+ 0>+ ¢ + 3abe — 6.

Bai 2.8. V6i cac s6 khong am a, b, ¢ théa man a + b+ ¢ = ab + be + ca. Tim s thie k 16n nhat
sao cho
a+b+c+k-abc>3+k.

Bai 2.9. Cho a, b, c 1 cac s6 thuc duong. Tim hing s6 k 16n nhat sao cho bat ding thic sau
ding:

a+ 0+ N ab + be + ca

(@+b)(b+c)(c+a) (a+b+c)

>3+k5
-8 3

Bai 2.10 (Vietnamese Team Selection Test 2009). Tim tat ca cdc hiang s6 k sao cho bat
ding thic sau ding v6i moi sé duong a, b, ¢ :

3
® ik bk k) s (ke )
b+c c+a a+b 2

Bai 2.11 (VN TST — 2013). Tim s6 nguyén duong k 16n nhat dé bat dang thiic sau ding voi
moi s6 thie duong a, b, ¢ théa man diéu kieén abc = 1:

1+1+1+ k >3+k;
a b ¢ at+bt+c+1— 4

Bai 2.12. Xét cac s6 duong a, b, ¢ théoa man abe = 1. Tim s6 k 16n nhat sao cho

11 1
a®+ b+ +3k> (k+1) (—+—+—).
a b ¢
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Bai 2.13. Xét cac s6 duong a, b, ¢ théoa man a + b+ ¢ = 3. Tim & 16n nhat sao cho

1 1 1
-+ -=32k(a®+b*+-3).
a b ¢

Bai 2.14 (Tap chi Pi - P47 — 7/2017). Tim s6 thuc k bé nhat sao cho v6i moi bo ba sb thuc
a, b, c ma abc > 0, ta luon co

abc+/~c‘((a—b)2+(b—c)2+(c—a)2)+22a+b—l—c.

Bai 2.15 (Tap chi Pi - P68 — 9/2017). Tim s6 thuc & nhd nhéat sao cho véi moi s6 thuc
duong x, y, z ma min {zy,yz,zz} > 1, ta luon c6

YEIDEID(E 1) < (%) ok

Bai 2.16 (Tap chi Pi - P61 — 9/2017). Tim s6 thyc k& nhé nhat sao cho v6i moi s6 thuc a,
b, ¢ 1a do dai ba canh ctia mot tam giac, ta luén cé
a b c ab+bc+ca 3

Jaowbewaa 2y
b+c+c+a+a+b+ a2+b2+c2_2+

Bai 2.17 (P5 — 2/2017). Tim s duong k nh6 nhat sao cho véi moi s6 thuc duong x, y, z thoa
méan diéu kien /zy + \/yz + v/zz = 1, ta luon c6

1 1 1 9k + 3
+ + < .
r+y+k y+z4+k z4+ax4+k 2

a

Bai 2.18 (BMO 2012). Tim s6 thuc & 16n nhat dé d6i véi moi a,b,c khac 0 thda man |—| +

1_'_1
b c

< 3, ta déu c6 bat dang thiic

02+ 4 (0 + )] [0+ 4 (a2 + 2)] [P +4 (a2 + )] > k.

Bai 2.19. Cho ay,as, ... ,as la cac s6 thuc bat ki ¢6 tong bing 0. Tim hing s6 ¢ = ¢(n) 16n nhat
sao cho bat ding thiic sau ding:

n
CZ\CLZ-IS Z la; — a;| .
i=1

1<i<j<n

Bai 2.20. Tim hing s6 M 16n nhat sao cho v6i mdi n nguyén duong ton tai cac sb a;,as,...,a, > 0
va by,ba,...,b, > 0 dong thoi théa man cac diéu kién;

1) ZZ:l bk = 1; Qbk Z bk—l + bk+1, vk = 2,...,71;

i) a2 <14 3F  aib;, k=1n;

i) ap, = M.
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