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o%t Not e

"I feel unnappy, 1 do mathemaiics to beconre happy.
I L am happy, 1 do mathematics 1o keep happy,
Alfred Rény

Nguin Ion thuong quan niém: “Lop tré bay gid suy nghi khéng chin
chin”. Con the hé tre thi lai nhdn xér “Tu tuong nhitg ngudi di trudc la cb
b, lac hdu”, Thue ra, cd hai edu néi thuong gip trén 43 mic cung mét 18i
d6 13 ldy woi tic lam thude do cho tw duy con ngudi. Diéu nay chi ding
trong nhitng hoan canh cy thé nhat dinh Tu duy thanh cong thie syt khong
phy thufe nhiéu vao d5 tudi, trink 9 hoc vén hién tai, hay hoan cinh gia
dinh, hay bt i véu t6 ngoai cinh nde khic.

Chinh vi viy, co thé ngay hom nay, ban chua phai mét nguei gii Todn, gioi
fur duy logic, thé nhung ban hoin toin ¢o thé dat duoc nhimg diéu d6 bing niém
dam mé va thoi quen khing ngimg hoc héi ciia minh. Hy nhé siing: "Pidw quan
tromg khdng phai I vi tri dangg g, ma 16 ieimg ta dang di'*. DO voi chimg
t6i, ngudi thiy gido gioi khong phii la ngudi co kha ndng “nhéi nhét” hegng
kién thire 46 s cho hoc . inh ciia minh mya d6 phai 1a npudi trong thoi gian
ngén nhit, truyen thy duge cho hoc sinh lirong kién thire cn thiét nhit maot
cach hiéu qué nhét va t6i vu nhét “Newoi 1a co thé quén di diéu ban ndi,
rilweng nhitmg gi ban &€ tai trong long ho thi khéng bao gier rdiat phai”, Triét
li nay chinh l& nguon ddng lue quan trong gitp ching toi bién soan cudn
“Stedung AM-GM & chig mink bdt ding thiee .

Cubn séch niy mdt lin nita 44 dénh ddu su thay déi trong phong cich
viet cua nhom tac gia, voi nhiéu kinh nghiém quy bau duoc nit ra tir thank
cOng clia cudn sach cing b 1a “Str dung phiromg phép Canchy Sciwarz dé
chimg mink bat dang thie "



() diy, ban s& nhan duoc nhitng chia sé nhiét tinh kem theo sy gidr thich
wong tAn vé cic y wong cing nhu tinh toan. Co6 nhimg 161 giai doi khi
khéng tranh dugce vide trinh bay hoi dai, boi 18 chung tdi mudn moi chi tiét
déu tro nén that 1o rang doi véi ban doc.

Cuén sich gbm nhitng ndi dung sau

Chwong 1, Nhiimg nét chung: Trong chuong nay, ban doc s& dugce biét
thém vé lich sir ra doi cia bt ding thirc AM-GM v mit 36 chimg minh déc
sac cho no.

Chuong 2, Mt 56 ki thdt theong sie dung: Mot trong nhimg quan tdm
ciia nhiéu ban doc khi theo d3i mét 1o gigi 1 tai sao ¢o 10i gidi nhu the? Tai
sao lai thém sd nay, bot sd kia? Tai sao bai tip nay lai ding duoc AM-GM?

Chuong ndy s& gitip céc ban giai toa thic mic do. Voi moi kT thuat, truge
tién ching ti gidi thiéu cach phan tich vi dinh hudng trong vige im 161 1ol
gii, tiép theo 1a vin dung nhimg li thuyét &y dé giai quyet nhieu 1Gp bai
todn co ban, va sau cung la cac bai tdp ap dung.

Chuong 3. Céc b todn tong hop: Trong thyc té giai toan, cac bit ding
thirc ta gdp thuomg rat da dang va khéng roi vao dang nhu cac bai toan &
chuong 2. ltic nay ta can phai phdi hop khéo 1éo cac ki thudt moi giai duge
chiing Vily & chuang 3, mét lin nita ban 5& &n fai nhimg kién thirc co ban
duoc hé théng tir chuong tnrde, sau 46 la rén luyén tu duy img bién tinh
huéng mét cach linh hoat truge nhitng vén dé doi hoi sy sing tgo.

Phy lye 1. Mot 56 chuyén dé ndng cao: Gom 2 phan,

v Sap thie e cac bién — Don gian ma hiéu qua.
+ Nhitmg bai toan li thu xoay guanh mot dai heong hodn vi.

Phuy lye 2. Cdc két qua va ki hiéu co ban dnre ding trong sdch: DE gitp
doc gid tiét kiém thoi gian cia minh, chung toi 43 hé thong lai cic két qua
va ki hiéu (khéng kém theo chimg minh) duge dung trong cudn sach nay.
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Phy luc 3. MGt s6 chia sé cing ban doc Piy la diém nhin quan trong,
ciing la phan két cua cudn sach véi nhing kinh nghiém toan hoc, kinh
nghiém thanh cong ma chung téi dd hoc hér, tich lay trong mot thon gian
da1, nay xin duoe trai long cung ban doc. Phin nay gom ¢6 cac myc sau:

+ Todn hoc v cude song;
+ Tan man vé hat dang thirc:
+ Déi diéu suy nght vé thanh cong doi viri cae ban tre.

Nhin diy, nhom tic gid xin duge bay 16 1ong cam on siu sie téi thiy Trin
Hitu Hiép (THPT chuyén Ha Néi — Amsterdam), thdy Trin Phuong (Pho
Giam ddc Trung tim HH g & Phat trién tai ning), cac anh Nguyén Vin
Diing (Hoc vién KT thuit Quin su), Tran Quang Hing (Khdi Phé théng
Chuyén Todn - Tin, Pai hoe Khoa hoc tu nhién HN) dd danh thoi gian dé doc
ban thao va dura ra nhitng gop v tich cue Xin g 167 cam om chan thanh i
Nhi giso Hodng Kiéu cling chii Nguyén Binh Son — Giam déc Nha sach
Hong An, dil quan tim, giop 40 ching 161 ngay 1 nhimg ngdy ddu tién cho
tdi khi &n phim dc bit nay ra doi. Cudi cing, xin cdm on ban Nguyén Hong
Nhung (Hoc vién Cong Nghé Hoang Gia Melbourne) da nhigt tinh trong viéc
tim kiém, cung cdp cho ching t&i nhitng tai liéu lich sir toan hoc quy wid va
ban Hoang Kiéu Nam di dong gop nhitng bai todn va loi giai thi vi.

Mac dis duge bién soan mét cach cong phu nhung chéc chin thiéu sét la
diéu kho tranh khoi. Nhom tac gid hi vong sé nhian dugc nhiéu y kién phan
hdi tir ban doc dé cudn sach co thé hoan thién hon niva trong ldn tai ban
tiep theo.

Moei thur tir gop y vui long lién hé:
Céng Ty Dao Tao & Tw Viin Gido Duc Tia Sing.
Bia chi: 86 4 — 16 164 — Khweong Trung — Thanh Xudn - Heé No.
Dién thoa: 091 2772 656 Email: rmmtggmodnc@gmaﬂ.:‘mu

CAC TAC GIA
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"Mt cudn scch trong mhimg cndn sach me 16i thich'”.
Lam thé nao dé gidi dwye ding, gidi nhanh mdt bai 1oan,
nhit la bat ding thic? Cac em hoc sinh sé tim duoc ciu
ird 101 & chutong 11 va phén Phuy luc cudi sach.
Véi nhing ngwoi day Todn, ching fa sé thiy thém
nhirng goi ¥ cho hge tré caa minh va cho chinh minh,
boi mat viin dé chiic khong chi cé mét cich giai quyét
duy nhat, vy thi: néu ta lai nhin vin dé dy theo mot
huong khic thi sao? Chuong MT s& mang dén thém
nhitng bai todn de ta tip duot va suy ngdm.
T&i quy trong hai tac pia tré nay. Mac di ho chua thue
su la nhitng nguoi thily gido, nhung cach trinh bay
theo dinh hudng su pham 48 va 38 |lam cho ho som
trrgmg thinh va nhimg cuén sach cua ho sau nay sé
cing hitu ich hon voi sé dang doe gia

Tran Hiru Hiép
Nguyén T6 trudng To Toan THPT Chuyén Ha N§i — Amsterdam




CHUONG 1

NHONG NET CHUNG

e e

"This, therefare, 1s Mathematics:

Sthe remumds youi of the invrsibie forms of the xoul:

s gaves {ife to her own discoverics:

she awakens the mind and purifies the mtellect,

she brings to hight our mtvinsic ideas.

she abolishes oblivien and ignorance which are owrs by birth .. "
Diadochus Proclus

1] 6161 THIEU VE BAT DANG THUC AM-GM

~ Trong churong trinh Toan phé thong hién nay, chung ta déu biét dén bat
ding thirc sau;
Néw €8, %, I cde 50 thue khong dm, thi

- ot Rl
—_ >y o, (i)
Ti n
Ddu bang xdy ra khi va chikhi z, = 3, = =g,

Bat ddng thirc nay co tén goi chinh xac la bar ding thire gita trung bish
cong va trung binh nhdn (lnequatity of Arithmetic Mean and Geomeiric
Mean). O nhiéu nwdc trén thé gioi, nguoi ta goi bit ding thire nay theo kidy
viel Wl la bat dang thire AM-GM (Arithmetic Mean - Geometric Mean).

O nuae ta, hit ﬁiﬂg thue nay dirge got theo tén clia nha Toan hoc ngudn
Phap Augustin-Louis Canchy (1789 - 1857), tic la bt ding thirc Cauchy.
That ra, day la mot cach goi tén khong chinh xic vi Cauchy khong phai ld
ngui dé xulit ra bit diing thire nay ma chi 1 nguéi dira ra mét phép chung
minh dac sdc cho no Vay bt ding thire AM-GM di ra doi va phat trién nhu
thé nao? Ciu hoi mang tinh lich str nay di thu hit duoc nhigu su quan tam
cic nhi Todn hoe hign dai.

_G. H. Hardy (1877 — 1947), mét nhi toan hoc xuat sic ngudi Anh noi
tieng van bai ludn A Mathematician s Apology, hay vin phuong phap Hardy
Littlewood cirele - mot trong nhimg cong cu thong dyung nhit hién nay trong
linh vare Gidi tich 50, dugc coi [a nguoi tién phong trong viéc hé thing va
dua ra nhitng nghién ciru vé ngudn goc cac bit ding thirc kinh dién,



Tiép theo ta cin nhic tdi dong gop cua D. 5. Mifrimovic (1908 = 1995) -
nha Toan hoc ngudi Serbia voi tham vong thong ké va tap hop fdi ed cae bat
dang thic su uﬁ: Ong 13 m@t trong nhitng thanh vién sing ldp Hiép hoi
Khoa hoc Serbia, duge biét dén voi cau danh ngdn doc dao: “There are no
equolities, even in the human life, the megualities are alvays met” (tam
dich “Khéng co gi la dang thiec, thim chi ca rrong dor song con ngwl - bat
dimg thire luon iuin hign lin ™).

Trong cudn sach ndy, nhom tac gia da tham khao, tong hop nhiéu ter hiéu
lich sir lién quan dén bit diing thire cua nhing nha Tearn hoc trén, ta do xiu
chudi v xin duoc chia sé fai cing ban doc

Tir thoi xa xua, ngudi o dai da bidt Wi bét ding thire tam gide nhur mdt
vin dé xudt phat tir thwe té. it 1au sau, Fuclid (Oclit) - vi “cha dé cua hinh
hoc” d& st dung v tuong tir phuong phip hinh hoc dé chimg minh bét dang
thire AM-GM tong quét vdi n =2 (AM-GM duge coi la hdt dang e
nguvén thiy thie hai sau bat ding thie tam giac).

Vio thoi ki cdn dai, Cawchy (Cosi) duoc xem nhu ngudi diiu tién phat
hién va dua ra phép chimg minh 1di tinh cho d: dang thiec AM-GM iong
gquat dua trén phep quy nap Toin hoc. Nhumg mot didu it ngudi biét la trén
thue 16, trwoe do, vao nam 1729, C. Maclmam (1698 — 1746), nha toan hoc
noi tieng nguai Scotland d@ chung minh duoc bat dﬁng thirc nay. ﬁﬂg e
nhiéu dong gop 16m trong link vyre bat dang thite. Tuy nhién dng khong chi
trong vé viée dat tén nhimg bt diing thirc tdng quat minh tim duge. Co 18 vi
vy ma lich str bt dang thuc AM-GM lai ghi diu an ctia Cauchy chir khdng
phit la Maclaurin,

Xeét vé y nghfa Toan hoc, bat ding thic AM-GM duge coi la mt trong
bén ciu noi quan trong cho sw phat trién bat dang thue w thoi dai cua
Newion dén dau the ki 20

Trong cuon siach “Means and therr Inequalities” (Springer Publishing
House 1/1988) ciia nhom tac gia P. S. Bullen, . §. Mitrinovi, P. M. Vasic,
ho d3 dua ra trén S0 cach chimg minh cho hit dang thiec AM-GM.

Sau diy la mét 50 chirng minh thong dung va pho ¢ip nhit hién nay.

y By iy AR ;
Cach 1. Pt o = e S Ao B d6, bat ding thirc can chirng minh
n

turong duong voi
o Daa (2)
Véi mot bat diing thic tn:":'lf]g quat thi phép quy nap Todn hoc ¢o 1€ 1a con
duong diu tién va kha thi nhdt ma ching ta nghi toi. Théat vy, ta s€ sir dung
phép quy nap dé chimg minh (2).
Cer so V&i n = 1, bit ding thirc hién nhién ding.
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Gia thiét guy ngp: Gia st bit ding thirc ding voi 1 (n = 1), tie: Vi
moi x,%,,.. &, 20 thi
b R TRt LRt -
r‘.g'" == ] : 1 21‘13:?"';5 i
1 e

Ouy nap: Xét n + 1 s6 thue khong dm =%, .7,z ., taco

(n 1) =@ 5+ ot 3 X

Neéu tit ¢4 cac sd déu bng o thi 1a ¢6 dang thirc va tir d6 suy ra ngay
diéu phai ching minh. Xét cac trudng hop con lai, dé thiy tdn tai it nhat mot
s6 nho hon o va mot s& lon hon o Khong mat tinh tong quat, gia si
z >eavaz <o Khido

(x. ~ajla—2_,)>0 (3)

Xétnsbao,z...2z .z, vongddz. =2 +2 ~a2z—-a>0
Tir do suy ra

o =1 +3,++z  +(@ +2  ~a)=g 45, ++z T,

Do o la trung binh cong ciia . ..., &, 1,1'-; nén theo gia thidt quy nap, ta ¢b

o =a a2 (nz, ez o) a=(1u, 0w, Nazlo). (4)
Mat khéc tir (3) ta fai ¢
o, +z_ -ela-zz . =@ —o)la=r, )>0
suy ra
(z, +z , ~a)}r>2z ., hay Ta>27 (5)

Hién nhién ta ¢6 o > 0. Néu cd it nhit mot trong cic 88 = .a,,...,.7,
bing khdng, dé thiy bét diing thizc cin ching minh hi¢n nhién ding va déu
biing khéng xay ra. Xét cac truimy hop con lai, két hop (4) va (5) thu duoc

ﬂl.bl > [IIIE '“1-'“ i}{mn:‘:ﬂé;} - ﬂ:!IT."'HInznni'

Tir 46, (1) duoc giai quyét hoan todn.
Cich 2. Xétham f(z) = ¢*' — 2 ¢o dao ham
flay=¢"-1
Dé thay f'(1) =0 va f'(«) dbi ddu tir dm sang duong khi di qua diém
£ =1 nén ta co thé kétludn f(2) co gia ui nho nhét la f(1) = 0.



Tudosuy ra e Y >0, hay z < ¢ v moi s0 thye x bt ki,

Ry giar, xét mot diy cac sO thuc khong dm ..., ¥, voi tung binh cﬁng
T R it ok 8
» L
1
Ap dung bat dang thirc = < ¢! vita chimg minh ¢ trén, ta co
I o T . T S -y L TR AR, T
i ] | {'rg. {Ii ”‘;.-ﬂ -.—EII i (4] o
£k fx K
we la
T T r i byt o =
e THd RSt o LT e g? U ma? = g
CUN R
Tir diy, ta duoc

A e n g oo
£ L, T o, hay ;J:,:c, r, =

Déu diing thirc xay ra khi vachikhi i, =7 = =12 > 0.
Cich 3. V& n=1 vé n = 2 bat dang thire hién nhidn dung.

Gia sir bit ddng thirc ding vai n = &, ta chirg minh né ciing ding vai
n = 2k That vay, str dung két qua trubmg hop n = 2, ta cd

:J(ZJ‘;IJ T})N‘“ l":**imx“‘]
ﬁjr[ﬁﬂ .r+J,,““

I, + £, S + T, I Taii + i T +_..+ .ri."
< k k

b2k

£+, e,
2k

Tir trén, dé ding suy ra bitt ding thire ding véi n =2" (m € N}, -

Pén day, 1 ¢o tiép tuc nhu seuw: Véi mai n tiy ¥, ta im duoe 56 ¢ sao cho

n4g=2"

Khi do, voi moi w0, 0,08 8 ol S > 1), taco:

g +o +~+e +a Fa .+t a
: ; - = i } ﬁ; u'l ﬂn (I | HT&! ”ﬂ.n-ﬂ;‘

n+4g

10




Trong bit dang thirc név, chon =28 =T,.00 =T VA

e 1 S, LR R
ﬂhl-=-ﬂ R Sl 1 . il Tt E
t REZ By =
]
GEG R

ta thu diroe ngay- — :jn-a*r_

n

Ciich 4. Ste cdung dger ham két Bop verd quy nap.
Vi n =1, ta cd bt ding thire hién nhién ding.

Gia sir bat ding thirc dimg v6i 5. ta chimg minh 1o ciing ding cho 1 + 1.
Khéng mit tinh tng quat, ta o the gia s x| = mnx{s . 5,,...x .5 .}

£f4+E+-+z

- .
Tacol 2, 14 bién s, con cic sd #,,7,,....z, 14 hiing
Xét ham so

Khi do, dé thay =

o

e ml R ool

flz, )=

]
Eotl, =g o '“’--1]

ntl T e b
Taco
f. B
Ty Tdy Frvrm, 8
!t{zn:r!] = ’[ ' . - H_;F!r"'.i""-:-:-t
§ n+1l

T - T i

P e N
2 T
. n+1

'q+%+m+ar

—_ I‘tﬂ:ﬂ wra I‘

; n
E(m)’. — &8y ik, = (),

T iy

Dodd f(x, ) 1a ham dong bién trén mien

T
Tir do suy ra
fla) 2 (A5

+---+::,]

r

— B2y o X,

g"i'm}]-

-+ T,

¥ i il A ; sds
=[!+:1=;;+ +1:_] —:r:.r,"-r,,{mt—l—:’-t-
T L1

|
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- BTy 5T

[ L

[r : o e i }

['.:‘t G oo B e
n

[{lm)" — I, -“1.]:'“] % 1

}[-fq, i 0 AL b ot
= n

Nhur viy, ta ¢o

Tt A o S
n+l1

> ET T

12 o nat?

hay

R 2 T DL o B E T > niEz n g,
n+1
Viy bit ding thirc (1) cling dung vai » + 1, nghia la cling dung v moi
sb tu mhién n.
Cich 5. D& thy (1) hién nhién ding véi n = 1, do d0 ta chi can xét truomg
hop n > 2. Ngoai ra, ta thiy ring néu trong =, c6 mdt s béing 0 thi bit
ding thirc hién nhién dung, do vy chi cdn xét 2 > 0. Khi d6. bat ding

thire co thé viét lai thanh
&34,
GI‘-I
trongdo A = e B I‘] vaG =, -2,
T
; s ;
Ta sé ch h: —= > : 6
a s& chimg min R (6)

Bit diing thirc nay tuong duong voi

e a4 tn) [
=Wm +a,+-+2) ~

ﬂI‘h
EAR = e Rk o

Diit a — = B0 L i o ¥R
T, + & FomeFE, {n-—]}(x+1+ 2

ab>0vae+(n—1b=n
Bt ding thirc trén trd thanh ab™' < 1.
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Thay a = n — (n — L}b. ta duoc
= (n =10l <1,
ui.'_-th."’ = i T [1’:"’ =11=0,
wd" =T = =1+ b+ 1) 20,
(b — 'i}{ﬂﬁr"’"J (- a B T g S S g S }J‘E :.3:“.
(b=1)j(r =16 = b ")k (= 2(6" 7 =" )4 (b= 1) 20,
(=17 [(n— 107" + (n =207 + -+ B + 1| 20

Do bat ding thirc cudi hién nhién ding nén ta suy ra (6) ciing dung.
Bay gio, su dung lién tiép (6), ta dugc

LETR e SR S e
g he 2 "see

2] CAC DANG THUGNG GAP CUA AM-GM

Biét ding thie AM-GM ¢6 nhiéu y nghia va (mg dung trong viéc glm man
bit dang thirc. Ngoai ra, sir dung bt dung thirc AM-GM, ta co thé giai quyet
duoc nhléu lop bai I{lﬂﬂ tim cuc tri va gia tri lon nhit, gid tri nho nhat cua
ham s6 ma khéng cin ding tai kién thire Giai tich cao ¢p.

Trudce tién, ching ta quan tim nhiéu nhiat dén hai truomg hop riéng cua
bit dang thire AM-GM la

o Trixmg hgp n = 2. Lic nay bit ding thirc duoc viét lai thanh: Néu
a, b la cac 50 tnee khong am, thi

f-—jﬂ > Jab
D dding thire xav ra khi vé chi khi o = b,
Bit ding thire nay con durae viér & hai dang khac trong duong la

ab <

2 3
g ;b] . (a+0F >4ab, ol +¥ 3-"“';-—”2.

o Iriwing hup n = 4. Ta ¢6 bat diing thisc AM-GM cho ba bién khéng
am: Néu a. b, ¢ la cdc 6 thiee khong am, thi

%_ > Yabe.

D déng thnic xay ra khi v chi khi a = b = c
Trong thue t¢ ap dung, ta con su dung mot dnng khac nrong duong cua
bat déng thirc nay la

13



ubcci;—u-i_h.lﬂr]l
s e ;

Sau diy 1a | chudi danh gia duoe thidt [p dua trén bat dang thic AM-GM.
Vet moi 56 thee o.b, ¢, la ludn c6

(i) at +B 40" >ab+be+ca
fa+b+ 1*.}:
3
i) fa+b+e)f > Hab+ be + ca).
(iv) @' + 65+ fa” > abda+b+ )
(v) (ab + fie + ca)’ = Sabe{a 4+ b+ ¢},
Chirng mink
(i) Sir dung bit ding thirc AM-GM cho bé hai s6 dang =* + ¢ > 2y, tacd
@'+ b >2b B+ > e, & +a’ =2

fii) T Y

Cong ba bat dang thic 1rén lai theo vé, ta thu duge
Ya® 4+ b 4 &) = Aab + be + ea),
tr do suy ra
g’ +& ¢ >ab+be+ca
Diy chinh 1a diéu phdi chimg minh
Ding thie xiy ra khivachikhi o =0 =¢
(i) Bat ding thie nay trong dwong vai
Ha*+ 6 +)2a" + 5+ + 2ab +be + ca),
hay
&+ 4 >ab+be+ca
Pay chinh ta bt ding thirc vira chimg minh & phis fi).
(iii) Sz dung phep khai trién tuong tu nhu wén
(iv) Dé ¥ ring abela + b+ ¢) = (ab)(be) 4 (5e)ica) + (ca)(ab). Viy néu ta
dat i = ab,y = be,z = ca thi khi 46, biit dfing thire (fv) s& trér thanh
2oy’ 4 P> oy ye koo
MOt lan nifa, ta lai thu duoe bt ding thie (). chimg minh hoan t.
Déng thirc xay ra khi ab=br=¢a, tic e = =¢, holic b=c =10,
hoice=a=0 hodica=0=10,
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{v) Tuong tu nhu fiv), d8t * = aby =0 2 = ¢a. Lan may ta thu dugc bat
ding thire tuong tw & vai (i 1a
(g 2) >3y + vz + 22)
Diing thitc xdy ra khi ab = be=ca, tic a=b=1¢, holic b— ¢ =0,
holcc=a=10 holica=5h=0.

B] 8&r pANG THUC AM-GM sUY RONG

Trong vach chimg minh thit hai coa bi dang thize AM-GM mia ta @3 trinh

bay & phin 1 ¢o s dung bat dang thire sau: Vo7 moi 56 thae ¢ bt H, ta co
P ¥ )

Sir dung két qué nay, ta con co thé suy ra mdt kér qud khic ting quit
hon, d6 1 bar dang thiee AM-GM suy ring:

Cho o,.4,.....a, ki edc $6 the kivng dm va 2, 5.z ld éic 6 thre
durrng o (Gng hdng 1. Khi do ta co

L TR T e "':‘“':! sear,
Chitng niink

Néu TR+ 08 -t re = 1 thi a6 d = == =0 vi
bét ding thirc hién nhién ding

Xét trudng hop 0,4, + 4+ + 2 a >0,

Bita=za + s Fockda Bl Taed a=n"'"

do dé bat ding thitc trén ¢6 thé viét lai thanh
e

ik

[ ‘! ’!l
n*} a
i LR N o 3

u J t

Sir dung bét ding thirc z < ¢, tacé: L < es

i

e,

-AE’\.

EF o

tir do suy 1a. lﬁ-
f
Hoan toan tuang ty, ta cling c6

ol .t
l-i' { E L - Wy u-n:l £ C = ‘ "
a

o
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Nhin cac bt ding thisc tén lai theo vé, ta suy ra

H = (4
Hal® fa ] 5SS AR geirscin) 5
...\-...'l'—l EE a ] =11
(4]

i

Bat dang thire AM-GM suy rdng duoc chung minh.

Nhiin xeét. Ngual cach chitng minh nhu trén, ta cing ¢6 the sit dung quy nap.
Ban doc ¢o thé ty thu stic minh vai cach chimg minh nay.

4 sU DUNG BAT DANG THUC AM-GM DE CHUNG MINH MOT 56
BAT DPANG THUC KINH BIEN KHAC
Cé rit nhiéu bit dang thic kinh dién (ma chung 1a van thuong hay su

dung) co thé duge suy ra tr bat ding thic AM-GM. Dudi diy, ching ta sé
sir dung AM-GM dé chimg minh lai cac ket qua kinh dién do.

4.1. Ching minh bdt ddng thife Cauchy-Schwarz
Bat ding thire Cauchy-Schwarz duge phat bicu nhu sau:
Vi hai day s thiee tiy ¥ a,,4,....;a, va bbb, tacé

(@b +ab +-+aby < (o} +ai + o+ al) 48] + -4 b) (1)

Trong thé gidi cia nhitng bt dang thac thi AM-GM va (‘auchy-Schmarz
duoc xem la hai bat ding thue kinh dién va thong dung nhat. Chang thuong
duoc su dung trang vigc gidi todn va chirng minh bat dang thirc.

Va mét diéu dic biét la, bat dang thirc Cauchy-Schwarz lai co thé duoc
suy ra tryc tiép tir bat d‘ﬁng thie AM-GM  Sau diy la chiung minh (bing
cach sir dung AM-GM) cua bat ding thirc Cauchy-Schwarz.

Néu Eu‘ =0thitacoe =0, =+ =@, =0 vﬁ(l)hién nhién dung.

=]

Tuong tu nhur viy véi treomg hop )8 = 0.

il

Biy gid, ta xét trudng hop Ea >0 va ):b-‘- > 0. Léy cn biic hai hai

=]

vé cua (1), sau @6 chia ca hai vé cho J

i:u_“] i:bf], ta dugc

16



Tai day, sit dung tinh chit vé diu gia tr tuyét d6i két hop voi bat ding
thue AM-GM, ta co

=l sz 1=
4
T R

"‘ =l za 2 =l Xﬁf’

Fel

A
2
24

0=l

’{LJ[E bl 5%2

¢

4.2. Chiing minh bdt déng thdc Holder

O trén, ta 43 su dung thanh cong AM-GM dve chimg minh bat ding thirc
Cauchy-Schwarr_ Co mot diém ding chi v 14, bat déng thire Cauchy-Schwarz
mai chi cho phép ta so sanh cac dai luong vaéi Ty thira 2. Viy trong trudmg
hep cac s6 mid khéc thi sao?

Xudt phat tir céu hoi nay, nha Toan hoc nguoi Pac Ono Ludwig Holder
(1859 - 1937) da tim duoe dang mo rong cho bét ding thic nay. Vi tén dng
dii duge dung dé dit cho bat ding thire tong quat d6 — bdr ddng thiec Holder:

Cho m,n la hai 56 nguyén dwwomg va g, (i=12..,mj=12..,n) la
cdc s6 thue diomg tiy y. Gia ste w10, la ede 56 duomg sao cho

w, 4w, ++w =1
Khn do, ta co
(5, + -tz )+ F+5, }"" sl el }" >
e o B A SRR Rl R T e
t'.ﬁlmg mmh
i
Dty =1z +z, +++2z viy =-=va
e "
i=LZ.,.,ny=L2....mthiacoy, +4, ++y, =1
va

W, 3 B ,t.ﬂr“_ w, El'=
‘fu le Il-. +'f"2| 'Eﬂ I—m ey rml'r-f-h' zmu

=y U N Y Bl -l o YL L)
Do dé bit ding thirc cin chimg minh c6 thé viét lai thanh

L2 Wy

Biths M TG W oG Hg ST
Toi day, sir dung bat ding thirc AM-GM suy rdng, ta dugc
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® w, ; :
*f-.:i?fi? ity WY TG TR TR

1]
in

L= 1! [ & M
Il':;?ﬁ;_-; i e y;_: ﬂ 'ﬂ!ﬂﬂ‘j + u'}:yn §= 4wt H".Fygh'

9 |
yn:! y.’h‘.‘ e 'y?"ﬂ! i mly'lh': +'wzyﬂ.n'§ + + 11!nym+

Cong cac bat ding thirc trén lai theo vé, ta suy ra
Vb =t + WaiWag < Bon o+ Uil Y S
= u!tl:yll ¥ yﬂ! el I“Tnei}_]' i 3 Mn{ylh + L/ : s FIM}
=y <+ W,  p o P ; il
Biit ding thuc Holder duge chiing minh,
4.3, Chifng minh bat ddng thic Minkowski
Trong phn trén, ta di chimg minh duoc bat dang thirc Holder bing cach
sit dung AM-GM. Vi tr biit ding thic Holder, ta ¢6 thé suy ra duge mot két
qua kinh dién khac — bdt ddng thiec Minkawski:
Cho m,n la hai 56 nguyén demg va x, (i=12....mj=12. 1)

coc 30 thwe dong liey ).

mi

i i L) o] Pl;
Khi do véi mon p > 1, laco: E Zﬂ".; ; >3 > a ] -
R ] =l el
Chirng minh
qu--—g—thitac&q)-lvﬁl+l=1.
pel P g

Do d6, theo bit dang thirc Holder,

i i“ur “_“?;:

i\ gl

B[] |-

i

5 [Sa ]

=k | el
R A pl s jom (Ul
S3(5% 1 ) > i
] el =11 k=
1. . o 3
m n plom [ r A f m Pis |im a "
=Z[{ ] X Zuu] HZ[ ] 2 En:;]
14 fa | ,=F=i =1 LpedN il =11 3=l
] L1 i i " . ) ?1;;
Tiedosuyra. ) | > a’ ztz Ya } :
i=1 | =1 god Lt ™

Bt dfing thirc Minkowski dugc chimg minh.



CHUONG 2

| HO‘I‘ $O Ki THuﬁT THUONG s{ m.ma

“Each prafilem that I solved became a rule,
which senved afferwards 1o sulve other problems ™
Rene [escartes

i NHING Ki NANG CO BAN NHAT CAN CO

Dé sir dung thinh cong biit ddng thire AM-GM, déu tién ddc gid cdn trang
bi cho minh ddy du cong cy co ban (gdm nhimg bién thé AM-GM thudmg
dung) Sau do la vi¢e ren luyén cach nhin tong quan vé timg lop bai toan cling
rhr nhitng phuong phap, nhiing ki thudt cu thé cho timg dang. Co nhimg bai
todn thoat nhin ¢o the ra ngay loi giai, nhung cling co khﬁng it bai toan s& lam
ton ctia ban h’ﬁng ngay, héng wén 1€, thdm chi lau hon nia.

Trong cudn sach ndy, céc van dé duoc trinh bay tir don gian dén phire tap,
phu hop voi 10i tr duy phat trién phﬁ hién hh‘:ﬂ nay Sau day I nhitng vi du
dam chit **nguyén thuy"", duoc coi nhu man khéi ddng nhe nhéing cho cudc
hanh trinh kham pha thé guh bit ding thirc.

Vidu L. Cho 2.y ld cde 6 thiee thoa man © -+ y = 2. Chimg minh
e +y) <2
Lo gidi
. . ‘3 ;
Sir dung bt ding thirc AM-GM dang ab < % ta co

2 2oy + (2" + 9
et + ') = —{21:1;} 4y )< 1' )]1 (I"‘F}
2 4 4
Diéu ding thirc xdy rakhivachikhi s = y = 1. m

Vidu 2. Cho 2,y 14 cic s6 duong thoa min = + y = 2. Ching minh
oy (" +y°) < 2.
Lai giai
Do :r"_-f- W=+ —2y+y) =2+ —ry+y') nén ta 38 quy
bai toan v viéc chimmg minh
sy’ —ay+ ) <1
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a -!-ﬁ+1!+d]J

Sur dung bit dang thire AM-GM b 4 sb dang: abed ﬂ{ .

meh: 'y (e’ —ay+ v = ()@ () (&' — 2@ + ¥7)

T R e it 0| O (5" 8 Y
- 4 B

Tir d6 dé dang suy ra két qua cin chung minh.

Pang thirc xdy ra khi vachikhi z =y = 1. ]

Nhin xét. Tie vi du I va vi du 2, mdt cach ty nhién, ta nght th bai todn tong
quat sau: Cho z,¥ la cac s6 the diomg thoa mdn © + y = 2 va hdng so

ke Z" Chimg minh rang
zy(e* +y') =2
Bai toan nay xin dwoc danh lai cho ban doc thi stre. (Gei yr Ta co thé
ding phép quy nap toan hoc 8¢ ching minh két qua nay).
Vidu 3. Cho ¢ > 0 va a,b > ¢ Chimg minh riing
-J::{a —-¢)+ Jr:[b— e} < Jab.

Lavi gidi
Bét dang thire cAn chimg minh co thé viét lai thanh

PﬂJE-E_C*FJf—*b_"ﬂL
T g b

Sir dung bit diing thirc AM-GM dang 2y < 2% ta ¢
LR e R e Tt I e
R e e B et o B
P{ﬁ' i +ﬂ b *l'! il i &__1‘
= 2 2 2
Bai toan duge giai quyet hoan todn Ding thirc xay ra khi va chi kin
¢ _a—¢
el S R
@ b
Vi di, diing thire co thé xay rakhi o = b = 2c. |

20



Vidy 4. Cho 2y, 2,1 la cac s0 thye duong. Chimg minh réing
1 a 3 B
: z L
- £ 'i" : !’f I_ 3 + & :_} 1
g+ 3yt Y +B8zx 2+ 3try 1+ 3y
Lai giai

Sir dung bat dang thirc AM-GM dang 3abe < a® + 0" + ¢*, dé thiy

.T:‘ y-ﬂ > 3 t.“-'

+ + >
e+ 3yt ¢ +3tz P+ 3y £+ 3oy
- 1.3 % y.'! i
— Iﬂ +_ {ya £ 23 = E‘J} y!- +{=H 4‘ t.l E IE}
3 3
z t

&

+
P+ +y) PAE@E T +5)
Péng thirc xay rakhi vachikhi s =y =2 =1 > 0. =

Vidy 8, Cho a,b,¢,d la edc 56 thue khdng am thoa man
(et+b+e)b+e+diic+d+a)d+a+b)>0.
Chimg minh rang

J“+Jh+J“+Jd22.
b+ ¢+ d c+d+a dia+b a+ b+

I.én gidgi
St dung bat diing thirt AM-GM dang J_ < ~—E-- taco

r—ﬂ(b+r:+d] < a+{b-;-r + Iﬁ.
2Jalh + ¢"+':i]

u+b+c+d

_..-

suy ta;

Nhiin ca hai vé cua bat ding thirc nay cho H—n-:-g > 0. 1 dvoc
P

J T, VO S (1)
boe4d  g+b+e+d

Hean toan tuong tu, ta cling cd

‘ b < 2b [ « & 2

Yetrd+e  o+tb+tc+d Nd+a+d a+btetd
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[ = e ausidg
adbbe " a+bdetd

Céng theo vé bon bit ding thire trén, ta duse

e Sl i weitl W B
'Jh+c.+d '4r+d—ra Nd+a+b VNe+b+e
2 2a _ 2b & 2 2

“a+b 1"E+d+ﬂ+h+t + d a+ﬁ+n+r£+ﬁt+h+c+d i
Phép chimg minh dén day dugc hodn Lt '
Lhuyting dang thie xay ra khi va chi khi trong a,b,c.d ¢6 hai 6 biing
nhau va hai s0 bing 0. O

Nhiin xé. Ban doc cling co the nhin ra dinh gia (1) biing cach sit dung bit
dang thirc AM-GM nhyr sau

’_ﬂwz 9 % 2a @)
b+e+d ;ﬂ{h-_,-+lj' e edd) :

Tuy nhién, cach trinh bay nay khong phu hop vai chuong trinh sach giio
khoa cin nude ta, vi néu @ = 0 thi s& khong t6n tai ding thire

a a
bte+d Jﬂ(hq.p.;‘d ;

Vi ciing chinh vi li do nhu vay, ching toi d& chon cich trinh bay khﬂ
rirérm £a nhu trén dé tranh duge s oo agodi ¥ nniin nay. Mic da nhu the, ¥
teong ctia ching ta van la xudt phat o (2).

Vi du 6. Cho cde 56 diemg a,b,e. Chimg mink ring
1

i TR
. Lon gidi
Sir dung bit ding thirc AM-GM b ba s, ta ¢o

(a4 b+¢) >0,

3

Yabe S SR
a+h+i2abe >0 —4~4+=2 >0
By o :,"jufm
Tu do suy ra
wisealita Nt 20 oy
i it AR Huﬁﬂ
Déu bing xay ra khi va chikhi a =& =¢ > 0. O
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Vidu 7, Cho w,y > | Chumg minh vang. £y +7) >8

(=1 —1
L% gidl
Sir dung bit ding thirc AM-GM, ta ¢o
{I!+yﬂ}_{m:+y2}=.; _rﬂ = y.' ;}2 :F!l - y}
(z — Oy 1) p—1 =1 Ng=l. p=1 as
2y

=

Jr=1(y=1)
Mat khéc, lai dé ¥ riing néu s dung bat déng thirc AM-GM b hai s6 dang

Jab < &2 hi
?
3 PR P R ) B
2 2
¥
£

fr=1=Jho-gg =l

Nhén hai bit ding thite wén lai theo vé, ta thu duoc

Jli -y ~1) < ?

suy ra : > 8. (2)
J{r-liiv—l)
Tir (1) v (2), ta dé ding thu droc digu phai chimg minh:
i . £ L e
Dau bing xay rakhi vichikhi {y -1 -1 &9 2=y=2 O
p=2dy=72

Vi du 8. Clninig mink rang ven mpf '.stffhyr dinrng a,b,c, fa luén co

B 3 a' +b" 449
“EQ?""‘H*E"L i~ P '
(Trdn Quic Anh)
Lai pidi
Sir dyng bit ding thirc AM-GM, ta co
E-l-l- + abe > 20°,
be

23



Thiét 1ap hai bat déng thite twong tu rOi cong lai, ta suy ra
a + I'}'—“-4—5‘"; > Ha" +8° + ")~ 3abe
b ca ob ;
Viy chi ¢in chimg minh duoc
3 & a® + 0" "+ 9

ahe' T 2

2a" + b + ") — Jabe +
Bit diing thizc nay tuong duong vor

— Gabe > 9.

b a = bﬁ X .i +
a ) T
Mat khac, sir dung bt ding thire AM-GM, ta lai co
a® +b° + ¢ > 3a’be’.
Do do, bai toan quy vé chimg minh
5121+§':-—ﬁt >0 voi L = abe > 0.
Diy Ja mit két qua dang, vi theo AM-GM 1a ¢6

of + 2 _ g s o +~§~—3{t’+1}:—{ilt’ T8
¢ t' ¢
s6.2fp 1 -3-n-3=0
Bai todn dugce gidi quyet xong.
Diéu ding thirc xay rakhivachikhi g = b = ¢ = 1. O

Viduy 9. Cho cdc s6 thyec dieomg o, b,c.d. Chimg mirt réng

(a+b)la+b+c)a+b+c+d)
abed
Loi gidi
Bt diing thitc cin chimg minh tuong duong véi
(@+ B)(a +b+¢)a + b4 c+d)f 2 6dabed.
Sit dung lién tiép bat ding thirc AM-GM dang (v + y)’ 2 day, tacéd
(@a+b+c+df >4ddlea+b+c),

(a+b+c) >4ela+b),(a +b) > 4ab.
Nhan ba bit dang thirc trén lai theo vé, ta suy ra
(a+bYle+b+c) (a+b+c+d)f >6dabedle +b)la+b+¢). (1)

> 64,
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Tir do, bang cach don gian ca hai vé cta (1) cho (a +b){a + b+ ¢), ta
thu duoc ngay két qua cin chimg minh Plng thirc xdy ra khi va chi khi
d=a+b4+c
c=n-=+h Sd=2e=44=4a> 0. =

a=>h

Vi du 10. Cho cdc s6 thiee dwomg a,b, e, d. Chieng minh rang

at+b+e+d |6abed o
L = 9,
:-l.?ﬂbﬂd (a+b){b+ c)lc+d){d+a)
Léi gidi
g b
Buj‘rring:n+b+t:+d=u+ +b-1;—c_*_c:d_]r_ d;:u,

do do bt ding thirc can chimg minh co thé viét lai thanh
a+h bh+re c+d d+a

23’ abed g ‘23’ abed - Zgnbr.d : 23 abed =
'_‘:,, =

& 16ahed 1
(a+b){b+c)e+d)d+a)
hién nhién ding vi theo bit ding thire AM-GM bé bén s6 thi

VT}ﬁJﬂ-I—h b+c c4+d d+a 16abed e
= "\ 2¥abod 2Wabcd 28abod 2abed (@ + Db+ c)e +d){d +a)
=5,
Chimng minh hoan tat.
Déu diing thirc xdy rakhi vachikhi a =b=c=4d > 0. O
Vidy 11. Cho 2> 0 va a0, e licdc séduwmg tiy y khing lom fon .
Chnong minh rang
Il'l

i I.
T wsi P— Jwl =1 g gy
a +ﬂu+w+;+.uh (z I}{ 2} ( ,)., =
L giai
e : ; P ;
bat t = ——= 0 <t < . Sudyng bit ding thirc AM-GM, ta co
1

(r=)e - ) (e —a) < {":""IJHI"U**'*”“F[:E-n.J[

T

=(z—1Y
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CEE] "
T - £ ' &
Do do ta ehi can chimg minh duec: = ebes (g —2)" = =,
Vil
Bt ding thitc ndiy co thé viet lai nhw sap

z'{x—t)

Vi

(e =417,
nt

ai(r =1 < "
Sit dung bit ding thire AM-GM, ta ¢co

nt{x ~ )" = — il el

‘ (n-—1]r+r_n—1;-(m~s}[‘ =[n -1]"":r., i

i

<
“n-—1 7" n
Bai toan dugc cmrng minh hoan toan.

Chi'y ring ding thirc xay ra khi va chi khi o, = a, = wag ax 0

BAl TAP

1. Cho w,b,c 14 cac s6 thue tiy ¥, Chitng minh riing
{a +b+c) 2 dlab + be + ca).
2. Cho a,b,¢ 1d cac 80 thuc duong tiy ¥ Chirmg minh riing

fi E b o & S{a + )b+ c)fe + o).

3. Cho a,b,c i cac so thue dwong tiy ¥, Chung minh r_inQ:
AT AE P44
4. Cho a;b,c > O thoamin a + b+ ¢ = 1. Chumg minh ring
b e h 1
;u |- e i J.!H_m % Ve 4 ab EE‘
&, Chimg minh ting voi a,b,¢, 2,4, ¢ 60,0, p 18 cdc 50 thye duong, ta co
(@' + 0+ o' + 2 ) et ) 2
2 (aam + byn + c2p)®
6. Ching minh riing vl moi o, 0,0 duong théa man @ + 6+ c= 3 thi
a'b bie c'a 3
2a + b Y 2+ e : 2eta EEF




7. Cho a.h.c la cac 50 thue tuy v. Ching minh ring

ab  be ea _ llu+d b4+e e
- + + 5

S S |
& i W ek a ¥
8. Cho g,b,e > 0 théa min ebe = 1. Chimg minh riing
a° : b ! d

; : = o : = =,
A4+6I+e] O+e)(l+ay Q+a)l b)) i

Ki THUAT CHON DIEM RO -

Trong bat dan thire, “ki thuit chon diem ron™ 1a mdt ki thyat tn{u quan
trong. Y twong u.hmh la vige xdc dinh duge ddu ddng thire xay ra khi ndo dé
ta co thé sir dung nhﬂ:ng danh gi4 hop li. Ban hiy wong twong néu ban 13
mdt du Ichacl: nu'm; ngu:n_ mmg: biét dm'mg dén hd Guwom nhung lai cim
trén tay tam ban 46 TP Ho Chi Minh v 6 ging tim kiém. Didu ndy 1a vo
ich. Ir-mg bat ding thire cling nhu vy, bat ki danh gia nao (trong chudi
danh gia cua ban) khong “bao toan” dugc diu b‘ang cua bai toan thi chimg
minh cua ban s& bj phi nhin hoan toan. Hay xet nhiing vi dy sau dé hidu ra
hon diéu ching toi mudn dé ciip.

Vidu 2.2.1. Cho = > 1 Hay tim gia iri who nhét ciea biéy thie

=3 4+ :
: A

Phiin tich & dink hicong 165 gidi
L gidi sat. Sir dung bit ding thire AM-GM dang a + b > 2Vab, “dé thiy"

e

y::izé—i >3 J:l=\fﬂ
2r 21

Viy t co két ludn miny = QE.
Newvén nhdn. Lot giai trén s¢ df sai vi trong danh gia trén, ddu bing cia

b it de s e re . T AN o b ay
2r J6

khidrg nim trong midn xd¢ dinh cia bii oA 18 221 (vi :}: < 1). Nei
fi
cach khdc, ngwoi dua ra 101 gidi ndy 82 chon sai “diém roi" coa bai toan.
Sau day 14 1oi gidi dung,
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Lo gicii dhing. Dy doan du ding thite xay ra khi & = 1. D¢ "bio toan”
duoe dau biing khi sir dung AM-GM, ta s€ chon hing s0 o sao cho

1
L =—
2x
Chn-.tsl.mﬂmducrcfx=%.Tfrﬂﬁ,cblﬂ'igiiL
- B le TV by L b B 7
S TR C Tl LT S B, S e S e S
I 2*lz+zz]£2+ F e . ) 2
Viy minyrg. dut duoe khi va ohi khi £ =1. O
Vidy 2. Cho a > 10,b > 100 va ¢ > 1000, Tim gic trf nho nhé ciia
P=n+l+b+l+¢:+l.
0 i &
Phin tich & dinh hudng 1 gidi

Bai toan nay thuc chit co thé tach thanh ba bai toan nha 1a
e Tim gia uj nho nhit cua P -u+i vai a > 10.
it

o Tim gié trj nho nhét cia P, = b+ + voi b > 100.

e Tim giatri nho nhétcua P, = ¢:+l véi ¢ = 1000,
=

Trudc hét, 1 xét biéu thire P; =+ -!-

il

1 : 101 : !

D dodn min P =—{J dat chroe khi a = 10. Khi do, ta sé chon o sao cho

a 1

e —
'
Véi a = 10, ta co ngay o = 100.

Tai dy, su dung bét déng thirc AM-GM, ta co

i
sl s 6 L We 58 2
a 100 1 a 100 100 @
S B R TR SR
100 & 100 =)




Haoan toan nrong tu, ta cing chi ra duge
P> 1004 —. P.>1000+ -
; 100 1000

Tir 46, ta: i dén kbt lufn: minP = 110+ ——,
1000
dat duoc khi va chi khi a = 10,8 = 100 va ¢ = 1000. O
Vidu3.Cho a.bc > 0 thoaman a +b+c = 1 Clumg minh ring

Jﬂ+b+Jb+ﬂ+\fﬂ+ﬂ'-_f‘Ur{i

Phitn tich & dinh hwong loi gidai
il o : ==
Dy doén déu diing thirc xdy ra khi l“ S
a+b+e=1
i e
3

ﬂ+b=ﬁ+r=c+a=%

Tir d6, dé “bao toan” duye diu hﬁug ¢ho béi toan, ta s& danh gia nhu sau.
Bt diing thirc cin ching minh co the viét lai thanh

\(:E(u +h) +J3—{b+c} + JE(H' a) < 2

Téi ddy, st dung bat ding thire AM-GM dang J.r_-:; < _y ta co

r— +{u+|‘r ’— +{b-1 t}
"'[ﬂ+fi]‘¢ h‘?f]"'-:
}*t‘.‘—ﬂ
'.'*'{‘ + a) ~=:—2——.

Cdng ba bt dang thirc trén lai theo vé vai chd § u+b+e =1 tath

duoc ngay diéu phai ching minh. O
Yidu 4.
(@) Cho = =1 va y = 1. Chumg minh ring
:t:qjy -1+ -1 <y,
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) Cho zy >0 va r+y =<1 Timgidmrinho nhar cria biéu thirc

-3

Phan tich & dinh hwong lov gidi
(a) ¥ twéng diu tién ching ta nehi t6i 14 1am thé nao 4é pha bo duoc lop
ciin thiae & vé i (vi biéu thirc bén vé phai khong chira cin). Mot cach tu
nhién, ta nha lai bit ding thirc AM-GM b hai 56 dang

o)
;1=|1——.
\ fh

'Ja_b‘ < il +b,
Thit ‘-’&}', dé v rﬁng‘ J}'.f e M -J[-{y-— [} < Lg_l}. = %

Suyra rjy—1< -?—

Hodn toan twong 1, 14 ciing ¢6; Yz — 1 < %.
Tir do de dang suy ra diéu phai chimg minh.
Déu bing xdy rakhivachikhi i=y-1val=z-1l thicz =y =2,

1
§o= 8
;:"J

(b) Nhin thiy A =

- —1:] l& mot biéu thirc d6i xing chira
u

2,y & dudi miu (tic la 2y = 0) nén ta dir doan ddu bing s& xdy ra khi

IT=y==—,

khi 46 A = 9. Sau day, ta s€ chimg minh nhan dinh nay la ding, tic

-5

T
Biit ding thitc niy o6 thé viét lpi thinh

(=" =1)(y" = 1) > 95y,
hay twong duong 1224 + 8oy _
Déyring 1 > (x + y)' nén ta s& quy bai todn vé viéc chimg minh
(x+y) 2"+ + 827
Sau khi thu gon, ta viét diroc bat ding thic lai thanh
2ry(l = 4zy) = 0,

1*%]39.
y
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dung vi theo AM-GM. ta co

0z ey < \Z +~Ev]-:~ < X
' 4 4
Bai toan dugc gidi quyet xong,
Viy ta két ludn min A = 0 khi £ = y = -15 O

=

Vidu S, Che 2.y ld cde 56 thiee thoa man diéu kién =+ y + ry = 8, Tim
gid 17y 1iho phat cua bicu thirc
P=d"+7.
Phdn tich & dinh hwimg loi gidi
Sai ldm thieomg gap. Su dung bat ding thirc AM-GM, ta co
P+122% A1l Y i

Céng ba bt dang thirc trén lai theo vé vii it gon, 1a suy ra
Yy Fl>s+ytay=8
Do do
P=ux'+y>T

Két ludn: min P =17
Nhan xdt. Lot gidi trén 1a sai vi ta chi chimg minh duoe P >7 chu khong

phai P > 7. That viy, néu xét 1Gi diu bing thi dé thoa min nhimg dinh

gia trén, ta phdi ¢6 =y =1 va & + y -+ oy = 8. Tuy nhicn, di¢u nay

14 khdng thé xdy ra, hay ndi mdt cch khac P > 7.

Ban doc luu ¥ ring khi két ludn min- gid tri nho nhit (hay max-gia i
Ién nhat) ctia 1 bidu thic 14 mot hiing s6 ndo do thi nhat dinh phai chi ra
duroc su ton 1ai cua dau bing, 46 la didu quan trong nhat Va sau day la loi

gidi dung, :
1.in giat ding. DE y riing theo bat dang thirc AM-GM thi

: 2 {2

H=:r+y+ry£r+y+-(f’%£=z+?

trongdo t =z + .

Tudiyasuyra t' +4f 3220, net < -8ve >4

Vadodo t° > 16. Mat kbic, ta lai co

S )
2 2 2

I:+y:2
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r+y=4

Diing thirc xdy ra khi va chi khi: {z =y Sr=y=2
x+y+aoy=2=5

Vay ta ket lugn min P = 8. O

Vi du 6. Cha cdc s6 thue b thoa man cie didu kién
_ 0<a<d 8<b<llvaa+b=11
Tim gia trj lon nhat cua tich' P = ab
Phan tich & dink kwomg lov giai
Tucic giathidt 0<a<38<h<1l vh a+b=11 tadydoan P &
dat gid tri 1on nhit khi @ =3 va b=8 (khi do, 8a = 3b). Viy ta s& su
dung b ding thie AM-GM mét cach khéo Iéo nhu sau

1 (Ba+auf _ [3a+5)+ 5

= —-(8a

( )- (30 )_ 1 o
i3 (.l:i-hm, {id-!-.: BF o4
BTEE :

Viy 1a két ludn duge max P = 24, dat duge khi va chikhi a = 3,6 = 8.0
Vidu 7. Chocde 56 thie a > 0.6 > 0,c > 3 thoamdn a + b+ ¢ = 6.
7 ; ; 27
Ching pinth rdng. abe < i
Loi giai

By dokn dhu Aling thie sky:ia it 0w -os ::-p = 3. Khi 86, a +b =&

Vi vily, sir dung lién tiép bit ding thirc AM-GM dang =y Eif-l- ta co

abc€‘1{r1+h}i.—.,“+b-c-(u+h}' a+b {ulﬂ'l-ﬂ} H

4 4 ' 1 4
Mit khic, theo gid thict thi ¢ 4+ h 4 ¢ =G va ¢ 23 nén ta d! dang suy
ran+h<3 Tudo

f +b).

ale < —{u +|'a)*’~:—--l— 27
4 4 3

Bai toan duge ching minh xong. -
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Vidy 8. Cho o h.c la do dai ba canh cia mof fam giae o6 chu vi bing 2.

Tim gict tri mho nkir cua bién thiee

P = #u® + 5 + ¢*) + 1habe,
Phin tich & dinh huedng 13 gii

Nhin xét. Voi da 6 nhitng bidu thire ba bién 61 ximg thi gid tri nho nhit

(va ca gia tri lan nhat) cta ching thuémg dat duoc khi a = b = ¢ hodc

a=be=0

Trong bdii toan nay, ¢ dir doan min coa P, taséthirchon a = b =¢ = -E
sau 86 50 sanh voi truémg hop a = b = 1,¢ = 0 {tneong hop nay tam gidc ctia ta
duoe got 1 am gide suy bién) That thi vi khi trong bai todn ndy, & oi hal tnromg
hop ta déu thu duge P = 8.

Viy ta s& thur chirng minh

o + 0 + c:j) + 15abe = 8,
hay 12 (budc nay duoc 2oi 1a déng bic hoa bét ding thirc)
da® + 8"+ ')+ 15ade 2> {a+ b+ ).

Taco
fe+tbtcf =a* +0"+¢ + Hlub(u-+ b} 4 be(b 4 ¢) + cale + ﬂ}] + Gabe,

do do bét ding thirc trén co thé viét lai thanh

d* 4 b° 4 ¢+ Sabla + b) + belb + ) + cale + a)] + Gade <
< 4(a* + 0" + ") + 15abe,
hay tuong duong
P =a" +b" +¢" + dabe ~ abla + b) ~ belb + ¢) — calc + a)
=a’+b"+¢" ~abla+b—c)—belb + e~ a)—cale +a~ &) > 0.
Do a.b,e 1a ba canh cua mot tam gidc nén
a+b=~c20 b4+c—az2l ct+a—-b>0

Tir ddy. sir dung bat ding thirc AM-GM, ta duoc
able +b=e)+ be(b+ec=n)+cale +a-b) <
i ¥ A
:;i'i‘iii}—(u+¢-:~]+LJ;“£(¢+E—41+$%{¢+¢-M

ot b4V Fleta) —clath) =be+a) —alb+o)
2 4
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. Ha® 4 b + %)+ 2abla + b) + be(b + ¢) + calc + a)l — Gabe
= 4
- (@® 4+ b* + ) + [abla + b) + be(b + ) + calc + a)] — 3abe

i bk - _

Suy ra
et + 5+ +Lnb{n + b) — Babe
2
a' + b 4 ¢+ Babe —abla 4 b) —be(b + ¢) —calc +a) _ P
2 2
Do vity, £ > 0. Bai todn dugc gidi quyéi xong.

P>a®+b"+¢" -

Viy ta di dén két luin min P = &, dat duoc khi a:b#c:%hoickhi
a=b=1¢=0 vicac hoan vi tuong img. O
Vidu9 Cho abe la cde s thue khing dm thoa min = +y + 2 = 2,

Clnimg minh rdng

Jz'y + 'z -i-::’:r:+~J:r-y:l +pz’ + 22 <2

(Nguyén Anh Cremig)
Phiin tich & dink hwdng 15i gidi
Dé ¥ ring diu ding thirc xdy ra vi du khi z =y = Lz = 0, Khi do,

J.r’y +y'z+ar= J.I.':If’ + 42’ + 22’

Vi vy, ta hodn todn ¢6 thé str dung danh gid Va + Vb < 2(a + b) (hé qud
trize tiép cua bat ding thire AM-GM) dé logi bo can thire ma van git nguyén
duoc dau bing cua bai toan. Viy ta d8 quy duoc bai toan veé chimg minh

'y 'zt e’ ot + 2’ €2,
hay trong duong
sy(z® +y" )+ y2ly’ + )+ a(s¥ L 2f) <2
Mat khéc, dé thiy
ay(e® + p*) +y2{y’ + 2 )+ a=2(d® +2%) £

<ay(a® + 4 + )+ ey’ + 22+ 27+ =2 + 2+ )

= (zy + yz + z) (2 +¢* + &°).
Do véy, ta chi can chimg minh

(zy +yz+a)(d’ + 3y +2°) <2
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z
Toi ddy, ap dung bit ding thire AM-GM dang ab < (3 1‘; b)

« la duoe

(oy + 2 + 22)(z® + ¢ 4 2%) = % Axy + yr 4 2z} (2" 4y + 27)

Bai toan duge chirng minh xong,
Ding thirc xay ra khi va chi khi # =y = 1,2 = 0 hodccéc hodnvi, O

fidu 10. Che A B.C la ba goc cua mdt tam gige sao cho
Seos A4+ Geos B+ Toos(C =9,
i€ T

Chiimg minh réng: sin® 4 + sin’ £ 4 8in' — > —,
2 2 2 16

(Irédn Oude Anh)

Phan tick & dinh hicdng 1 gidgi
Diiy 14 mét bai todn rit dic bigt, Tuy gid thiét cling nhu bt ding thirc cdn
himg minh chira nhitng hé s6 va sé md hoan toan léch nhau nhung ding

wc lpixdyrakhi A= B=( = —;— Truac hét, ta s& “dai s6 hoa” bit ding
wre lrgng gide nay bing phép ¢t dn phy nhy sau.

Biit = = sin-g.y = z-:iu-? Vi T = sin% {dé thﬁy 2,42 > 0). Khi do, ta
o mét hé qua quen thude A

z"’+y?+zga

TR s

(1)
Ngoai ra tir gid thiét ta dé dang suy ra

o 9 .
bl + 6y +72° = 3 (do cosar = 1 - ZSiu‘%}.

Quay 116 lai bii toin, ta ciin chimg minh: »* + ¢ + 2 = =

Dilu ding thirc xdy ra khi T =y =2 5= = nén s dung biit ding thize

M-GM ket hop ki thudt chon diém roi, ta cb

D |
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1 ] [ % i
TR (RN R T PR ety 1
N A e
s Te o d1 & e W
:c"-l--l—:;fwz'--]'—-nla‘:;#-z‘&E:’rLi,.
16 152 2 16
Coni hai bat diing thire ndy fai theo ve, thu duog
5 1 1
Bz Doy =2t -,
: EXE 1
Sir dung danh gia nay ket hop voi (1), ta duoc
R 1
g 3 4 i p 3
' = ST 4=y h—t ==
&4y a2 41; 5 5
; 9
Az’ o+ By + T2t — -
:, 9 & ' g -
o = L% —E
Fign t5 1 8
o r e LGS S -
Ll S T e
o chink 1a didu phai chimg minh.

Déu dang thirc x&y ra khi va chi khi tam gidc ABC la tam giac dén. O

Nhin xét. Bit ding thie (1) ¢6 thé duoc chimg minh bing cach su dung AM-
GM nhu san: Do Hiu’-’—idl- uin?£+siu’£+'lshlf-l-siu£sm£4:1
2 2 2 2 2
nén ta co
r+y+7 =1
Mit khic, theo bit dang thirc AM-GM thi

gz =2y’ £ J

Két hop vai teén, ta thu duge: »* + ¥ + 2" + 2,"{

|
e +y + 7
3

5 AS
2y +2
3

tir 46 dé dang suy ra (1).

Trén ddy, chung ta da duoc tiép xuc voi nhimg bal toan ma & do viée dy
doan diém roi o6 thé duroe thue kién kha dé dang. Tuy nhidn, rong thuc té,
vidc gidi mt bai toan khdng phai luc nio cing sudn sé nhur viy. Co nhiing
bai toan ma néu chi bing quan sat va cam ahdn thi ta khéng the nao dy doan
duoc diém roi sé la tai dau (vi d5i loc diém roi co thé 14 nhimg diém co gia
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i 1é). Trong nhimg truong hopnhu the, cach tot nhit dé vuot qua kho khan
chinh la g dink diem roi s¢ dat dugc tai mdt b nao do 1o bing nhimg suy
ludn thich hop, ta tim cich danh gid va chon lua b sé cho thich hap (cd thé
ban s phdi gidi nhidu phuong winh, hé phuong trinh thi méi chen duge bg
thich hop) Dé rd hon vé ¥ tuomg ndy, ta xét vi du sau

Vi du 11, Cho cde $6 e ©v.y,2 thda man xy + yz + zv = 1. Tim gid trj
rtfrcr nifntt cna Biéw thre
P=ua' 3y +27.
Phiin tich & dinh hwong lai gidi
Pé tim min P, ta mong mudn 6 mot bit diing thirc dang
¥y +27 > k(zy+oyz + 22,
dé tir d6 sit dung gia thidt 7y 4 yz + zr =1 VA suy ra két qud néu dau
bing co thé xay ra. Bit ding thic niy co dang gidng véi két qua co bin
r 4y +2 >2ay+yz+ o
M6t bt diing thic d3 qua quen thudc va chic hiin riing méi chung ta ai
ciing bidt duge cach chimg minh, d6 13 thuc hién vige ghép clip a1 sir dung
bét ding thire AM-GM
+ — 2SIty +z=x

: S e
T4y b= : = 5
Tir diy goi cho ta mdt didu: Tul sao lai khdng thie ghép cdp nhw thé cho
bai todn nay réi sie dung AM-GM? Co thé thiy duoc co so cua viée ghép
cip cho bit ding thirc &* + ¢ + 2° 2 oy + yz + 22 12 dya trén hai yéu 10:

» Vé trdi co dang tong cua cac binh phuomg, con ve phii co dang tong
cua cac tich, Chinh nr didu do goi cho ta nghi dén viée sit dung danh
ot Er

::.r"'+y’+y*+:-:’ 2 +ua

> ab (bit ddng thite AM-GM cho hai 56).

218 quen Ihum:

. Dﬁudﬁngthﬁnxaymkhl F == i

Ninr vy, mudn ap dung K7 thudt tuong ty vao bai toan nay, ta cin bié
duge diu ding thirc sé xay ra khi nao. Tuy nhién, vigc quan st bai todn chi
cho ta mét dir kién duy nhit, do la 1a ¢o the cﬂrd’mw durrc Hi! P dar min
thi déin hdng s¢ xay ra khi = = y (do vai o déi xirag cia chung), o nghin

la 1a van chua biét duoc gia tri cu thé cia 2.y, 2 14 bao nhiéu
Lic nay ta lam nhu sau: Gia sie rdg khi P dar gid tri etho wht thi
t=y=a>3l z2=0>0 {a? + 2ab =uxy+yz+ zx=1).



(Ta chi cén xét mién sd duong, vi khi thay (x,y,2) boi (—z,—y,—z) thi
bitl toan vin khong d6i) Khi d6, bz = by = az vi dé dam bio dugce diu
dfing thirc ciia bai toan thi cich st dung AM-GM sau la tu nhién nhat

.1+ 1
oy <= ; Z ()
- £ | > 2
2.3 T3
uba;;gi?i- (3)

Cai ma ta mong doi la danh gia [4m sao dé co thé tin dung duoc gia thict
oy +yz+zx=1.

Do do. néucﬁngmrcuqzcacbaldﬁnglhuc{l} (2), (3]&&0?&&11&&!‘1

chua thu duvcdl&lgtw hé sb cia 2y, yz, 2 chuabhugnhau,tavﬁn chua thé

wdtmgdwcgmﬂuut Nhur vy, ta can thém mvtbuucchuyen nho dé giap dua
hé s6 cua 7y, yz, zr vé biing nhau, d6 1a nhin ca hai vé cia (1) cho ab, khi dé

sl r;b[:r2+y }

Cdng ba bit déing thuc (2), (3), (4) lai theo vé, ta suy ra

b 3 2.2 22 2.7 )
e #$+y:}£e}bg_r + )+ (VY +a’2%) + (2’2 + b'2?)

4

2
(b + ) (2’ +9°) + 2a°2°
2 ¥
tirc 3ab < (ab <+ b)(2® + &) + 22’2, (5)

Dén day thi ¥ twong d3 rd, néu ta chon cac s6 a,b sao cho hé s6 cua 2°
ghp 2 ldn hé 56 cla 2”,), tle 20° = 2ab + "), thi vé phdi cia (5) 56 ¢6
dang ctia bidu thirc P, cu thé 12

2ab < (ab + 07 }(z* + ') + 2(ab + b*)2*
= (ub 4 0°)(2* + ¢ + 22°) = (ab + &) P.

Va ta 58 thu duoc cdi minh cdn, d6 12 mot danh gia cho P voi diu dang
thirc co thé xay ra, tirc ta s& tim dugc min P. Nhu vdy, ¢ac s0 a,b thich hop

ma ta di gra dinh o trén chinh la nghiém cua hé phuong trinh
a’ + 2ab = 1
a =ab+ b



Giai hé phuong trinh ndy (co the st dung phuong phép thé, tir phuong

ﬂ

trinh ddu suy ra b = s , thay viéo phong trinh thir hai sé tm dugc

. . 1 R
nghiém), 1a im dugc a = —= b = . T @6 ta suy ra
& 245 :

P> 2ab :hbzﬁz.ﬁ_]?

g g a

J5 -

v&idﬁngﬂiﬁcx&ymkhi1:=y=n=ivﬁz=h=—-—-u. O
% s

Nhdn xé. Mic di phai trai qua mét qua trinh dai két hop vai nhiéu suy ludn
nhu trén, 1a moi dén duac 101 gidi cho bai toan, nhung khi trinh bay 16
gidi thi ta khong cdn phai viét lai quy trinh tim ra va nhu thé no sé tro nén
kha ngan gon (chi khing phai dai dong nhwr & trén). Vi du, ¢ bai nay ta

6 thé viét lai 1o giai nhu saw’ Pt a = J[_ >0 va b= ‘EI o >0
5 l #J

Khi d6 dé thdy o’ + 2ab=1 vi o’ = ab+*, Sit dung bat déng thirc

AM-GM, ta co

ab(z’ + y') 2 2ubry, by +a’z" 2 2abyz, b'2° +a’s’ > 2abrs.
Cong ba bt ding thirc trén lai theo vé, ta duoc
2ab = 2ab{zy + yz + 20) < abls® + ) + (0% + n’zi) + (b'2" +a’s)
= (ab+ 8*)(&* + ¢*) + 202" = a’(2® + ) + 2% = a*P,
tur do suy ra
prie. = K

lh'.

Déng thirc xayrakhi r=y=a va z =0

Yidy 12, Cho =y, 2,t la cdc 5o thue thoa mén zy +yz + 2t + txr = 1, Tim
gid iri nho nhdt cia biéu thiee
P=52"+ 4y +52° + ¢
Phin tich & dink hwing loi gidi

O bai nay, néu quan sat ki mét chit, ban doc s& nhin thiy
ry+yz+dttr=(z+2){y+1),
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vt qua 46 nhan ra duge vai 1o cia 2 vi 2 trong bai todn la doi xung (vi
vai tro coa chuang trong P cung ddi ximg). Nhu viy, 1a o thé dir doan duoc
khi P dat min thi & = = Nhung cling nhu bai trén, ddy la du kién duy
nhit vé diém roi ma ta co thé thu thip duoe 1 viée quan sat bai wan. Do do,
13 cin sit dung ki thuit gia dirh vé diém roi £5i biing nhitng phén tich hop i
dua dén cach danh gid va chon hra b s cho thich hop

Giasokhi Pdatminthz=z=a>0y=b>0vail=¢ =0 Khdo

br=bzr =ay. or=rtz=ul
v ta nghi dén viée sir dung bt ding thue AM-GM nhu sau

T e o
abay < !’__”._i.‘ﬂ’_ ()

.0 1 2.3
o
ezt € .‘:.’f_;:.ﬂ (3)
< a't’ + c".r""
2
T (1), (2), (3) va {4), ta suy ra

acty 4)

elb'z’ +a’y’)

abery < 5 : (5)
abega < AY &N 0
et & i l:f“t”}! 7
b b{n't + r.’;r’). ()

Céng cic bit ding thirc (5), (6), (7), (8) lai theo ve, 1a duge
abe = abo(xry + yz + &+ #r) ‘

e @)+ ola’y + 0°20) 4 be's’ + o) 4 et +.c'5)

2
= (e + b )a* + %) 20’ cy’ + 20’0t
2

L

(0% + bt (r* + 22) 4 2a’ey’ 4+ 2a7HF > 2abe. (9)



Nhir vy dé tim min P, ta chi cin chon cac 36 a,b,c thich bup sao cho
hé sd ciia o', .+ chianhautheotii¢ 5:4:1 Weld
Vesbe' 20°¢ 2%
0 o
Mat khic, ta co ding thic xay ra khi 2 =2 = a,y = bt =c. ma theo
@id thiét thi zy + yz + 2t + fr — 1 nén ta phai ¢6: ab + ba fac+ca = L.
Vi nhu vy, ta dua duge bai toan v& vige giai hé phuong trinh
bi(h +¢)  a'e

. = 247
i : 2 : (10
big)=~—
a(b -+ ) >
Giai heé nay, ta tim duoc o = : D= : va ¢ = : i
o Hoo 200
Khi do, bat dang thirc (9) tror thanh

10a’b(z’ + 2+ 8a'ly)’ + 20°H°F > 2abe,

suyra P=6a" +572 +45 + £ > ;&E=£=i='2\l§.
G

.'b {/'1
Dy chinh |2 dap s& cta bai todn, vi 1a cé diing thue xay ra khi
| 4

PR , y=b= ! , b=e= : |
?5? : m 3‘2%

Nhin xét 1. Ta co thé giarj hé (10) nhur sau: S dung tinh chat ti 1¢ thire

bab+c)  we g a’t _a'ctah (b+e) a
5 2 EElaay 5 5
2 44 2
a u
r o = (!
bt e IR SN e
Tadosuyra: c = v b "o T
5
Thay vio phuong trinh belb + ¢) = «, ta duge
- S 2 1
5a 10a ['_J’ﬁ i

1a tim duoc ngay o 333? Tir 46 dé ding tinh dugc cac gid 1 ol b,c.
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Nhan xét 2. Mdt cach tdng quat, ta chimg minh dugc ket qua sau: 1o mor
2t e R vamn>0 th

I 2rn

EAmy +2 m > \j (ay + pz + 2 + &)

L N o ]

Vi du 13. Cho cdc s6 thue dwong a,b,c thoa man o +b+c=3. Tim gia

tri nho nhat cua hidu thiec

P=g" +bV +¢.
Phiin tich & djnh hwong loi gidi

Quan sat bai toan, diéu trude tién ma ta thiy duoc, do 14 co the dir doan
pgay rang min 2 & dat duge khi @ = b (do vai tro doi xing ciia ching).

Lai quan sat tiép, ta thiy réing gia thiét bai toan lién quan dén nhimg biéu
thitc bic nhdt, con P lai co Iy thira 2 va 3, do vy ta nghi ngay dén viéc
sir dung AM-GM dé chuyén nhing biéu thic nay vé dang bic nhat (cu the,
voi 1oy thira 2, ta str dung AM-GM hai s6 s& dua dugc ve dang bic nhat va
véi Iy thira 3, viée ap dung AM-GM b ba s6 s€ gilip ta chuyén nd vé dang
bic nhit). Didu dang ndi 12 oling nhu hai vi du trude, & bai nay ta van khing
thé dur doan duge diém roi coa nd 13 tai Qﬁu. Do viy, cach t6t nhat & vuot
qua kho khain lGe nay chinh 1a su dung diém rei gia dinh,

Gasttgia=h=u>0vac=y>0 Qe+y=1) tht P dat gia tn
nho nhat Khi do, ta sir dung bat ding thire AM-GM nhu sau

a’ + = >z, (1
b 4 2* > 2, (2)
S+ + ¢ > Hle 3)

Céng ba bt ding thic nay lai, ta suy ra duoe
{a® +0° ') 228 + 247 > 2ula + B) + Iy,
e
P> [21-.{.-1 +b) + 3y’e| — 22° — 24"

Khi dimg tnréc mét bai toan, diéu ma ta mong muon 1a 1am sao dé co thé
tin dung duoc éi da gid thiét cua 4 bai. O bai niy cling viy, s 1d v nghis
néu gia thiét a + b+ ¢ = 3 khong s dung diroc vao déy. Do d6, ¥ wong
cuia ta la chon cic & =,y thich hop sao cho ta c6 thé sit dung duoc gia thiét,
Muédn viy thi hé sdcua o + b v4 ¢ phai bing nhau, tic 1

=3



Vay diém roi thit sw cia bii toan chinh 1a nghiém cia hé phuong trinh
{2:{ +y=3
]21: = 3y’

19 — 37 V37 —1
6

- Khi dé

Chit hé nay, ta tim duge o = T__y G

P>Xrla+b+e)- 21" -2y =65 —22° - 2"

=ﬁ{19"[§]_ 18 - J_} 1 —IJ 541 - 37V/37

12 6 2 108

19 - v/37 Ja7 -1

Vi du 14. Cho cdc 56 thiee diemg a,b.c thoa man o* + 26" + 3¢° = 1. Tim
gidh irj nho whdit cue bién thi
P = 2a’ + 30" + 4%,
(Tren Qudc Anh)
Phan tich & dinh hwdng 167 giiii
Ciing gidng nhu bai trude, v tuwong cua ta cho bai nay do 1a tim cach danh
gia AM-GM giup dua tor Hy thira 3 vé iy thua 2 (va bit dﬁng thire thich
hop do chinh 1 AM-GM cho ba s0, cu thé la dang =* + »* + ¢* > 3r%y).

O bai nay khéng co sy ddi xung ndo nén (a khéng cin phai phin tich gi
thém ma cir gia dinh ngay ring P dat min khi a = 2,b = y va ¢ = 2. Khi

do, vi a.be >0 v o’ + 26° 4 ' = 1 nén ta phai c6
ryz>0vaa’ +2) +328=1. (n
By gio, su dung bit ding thire AM-GM, ta dugc
a* +a* + 2 > 3wa’,
b =o' + ' = Ay’
A+ +2° >3
Bén diy, néu cing tnyre tiép ba bt ding thirc trén lai vdi nhau, ta sé chiing
thu duoe dicu gi quan trong, vi hé s6 cua a*,b".¢" trong bit diing thitc nhin
duoc s& khac voi hé s6 cua ching trong P (ma ta lai can im min P). Nhu
vy, 1a cin mdt phép chuyén nho dé gitip dua hé 56 clia a”,6°.¢* vé dang gidng
nhu cua chung trong P.
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Ta viét cic bt dang thirc trén lai thanh

e e ST (2)
%{2!!" by %yb’. (3)
A2 +2") > Bae'. (4)

Cong ba bat ding thire (2), (3). (4) lai theo vé, ta suy ra duec

3
ra® + 3 yb* + 23::’},

P’ + 30 4 46" + 2 + %y’ +3 23

hay la P > 3|uza’ +§yb’+2z:*;---m*—gy’*23“.

Ta cin st dung gia thiét dé suy ra két qud bai todn, do do cdc sO 7,17
thich hop phai li nhimg 6 sa0 cho hé s6 ciia a’.b",¢” wong (g tao thanh t
1€1:2:3 nicla

3
= 2. %
(R 3
J‘a“I*-y:"“ 3:* =1
Viy ta duge hé phuong trinh 9 35 :
1 J
et : . &) 8 8 .
Giai hé nay, ta tim duge & = —==, = =2 = —=— TUdOsuy ra
407 V407 o7

P > 3afa® +20* + 3¢°) -2 -%y’ *2;"=3:f:-:r:3—-g—ya-ﬂz“
-:3.—..6__

- g, . G 8 9
Bing thire xay rakhi a = b= Vi r= . O
:»iﬁ? J-i{)? Jdﬂ?

Vi dy 15. Che ;::ics:iifh;u:duﬂng ab.c thoamdn a+b' +c' = % Tum

gici tri who nhai cua bids thire
P=a>+b" 4+

(Trdn Quic Anh)



Phén tich & dinh hwong loi gidi

Gidsir P dat gid tri nho nht t4i @ = 2,6 = y v ¢ = = Khi d6 ta phdi cb

$25
.£+y "i'.! ._..-—*-_}—

Bay gio, sir dung bat ding thie AM-GM, ta duoc
i = 2T,
Bt oyt > 3,
e fet vt 42 > 380

1wr dé suy ra
a’ 4z > dra,
l{ﬂf +u') 2 %yb‘,
-1
dct + 2] > -z,
e o { --3
Cong ba bat dang thirc lr:n Ia: theo vé, ta co
a’ +b* +¢' +£"+y—i+—*l‘*2 +'3 b+ :1—.:::
g 3 GO T
i ] 4 N
tire Ealomd g roadt] -2 L2
ek o 7 3
D¢ st dung gid thiét, ta can chon 2.y, 2 sao cho: 27 = %y = %z.
I+y"'+:“—=&
Khi d6, 1a duoe hé phuang trinh g g,
2;r=—:2-p=ag

- 3 z.l [55‘] . yﬂ :i
AL s LA e R o
> 2r{a +¢") et 0 3 :

1
s
650 o a \3 3% 2807

B g i il i s S i

9 2 3 2T
. 3 . T
Pang thire x4y rakhi a = 2,b = = v ce= 3,
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Vi du 16. Cho cdc 56 thee duomg 5.y, 2 thoa man
2r + 4y + Tz = 2zps.
Tim gier tri mho nhai cna bién thiee
P=z+y+a
(Viemamese IMO 75T 2001)
Phiin tich & dink huing I giai
Khi giai bai ndy, mdt cich we nhién, ta mong mudn c6 mét danh gia &
dang thuin nhit (vi thong thuong, ¢ dang nay bat déng thirc sé d& danh gia
hon cac dang khong thuan nhat) nhu sau
(2 4+ y+ 2 (22 + dy 4 72) > kayz,
dé tir 4o, sir dung duoc gia thiét 2z + 4y + Tz = 2oy2 két hop voi viée
diing thie co thé xay ra (ta cin co diéu nay), ta suy ra ngay két qua cin tim.
Biy 010, ta quan sit tiép bat déng thirc thudn nhat trén va thay ring: vé
tral ¢O dang tich cua cac 16ng, con vé phdi lai la tich cua cac bién 56, Chinh
tlr dir kién nay dd goi cho ta nghi dén viée sir dung bat dang thic AM-GM
cho ieng ong & bén vé ai dé chuyén doi ching vé dang tich (vi ban chat
cua AM-GM la nhu vay)
Miic di da phan tich dén ddy, thé nhung vin c6 nhiéu ban méic phai sai
lam pho bien sau: Sir dung bar dang thie AM-GM . ta co

syt 20+ g+ 72 > 3Y22)(ay)(72) = 3Y56yz
Do s
(r+y+ 2V Rr=dy+=T72)> (3#1?;;3 )1 : Ji{{'iﬁxyz = 2?%:@1
Tir dey s dung gia thiér 2z + dy + Tz = 2ryz, 1a suy ra
:ET{{G-U.:;;; i ET'i'.(S_ﬁ;ryz _27Y56

x4y + Tz d 2ryz 2
Ldy cdn bac hai hai vé. 1a dpe

(e+y+ &2

rT‘:
ITYL6
:+y+z‘g\’hq' ’.

-

Bdy chinh la két qua cdn tim,

Nhu di noi o cac vi du trude, 101 gidi wén khdng ding boi vi dang thic
khing thé xdy ra. Thit vy, ta co bat ding thirc = +y+2z > 3xyz xay ra
ddu bing khi = = y = 2, trong khi 46 2z + 4y + 72 > 3Y56y> thi lai dat
duee dang thite chi khi 20 = 4y = 72
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FT=y=23

Mit khac, h¢ phuong trinh:
dr=4y=Tz

lai khéng 6 nghiém duong nén khéng ton tai ding thire cho danh gia

??J&F

-

hay ndi mot cach khig, ta chi ¢ ddu * > chir khong thé co diu =

Tom lai, c6 thé noéi ring viée biét duoc diém ror chinh la chia khoa quan
trong d¢ giai quyét duoc bai toan niy. Thé nhung, dit quan sat bai toan ki
dén dau ta viin khong thé du doan dugc diém roi s& 14 tai ddu (ching co su
ddi xung, hoin vi hay ddu hi¢u dic biét nio). Do 0, cich tét nhit & ddy
chinh I sit dung diém roi gia dink dé suy ra cach danh gia thich hop.

Giasir P dat min khi r = a.y = b v& : = ¢ Khi do, ta phdi co

ab.e>0va 2a + 46 + Te = 2abe. (1)

2 -+P-

Dé lhay khi P dat min thi v&%=-—1 va ta co thé viét cac biéu

thic ¢ + ¢ + 2,22 + 4y + T2 lai thanh

Y+y+i=p- —+b —+f
u b

-
o
i

4+ dy+Tr=20-L4 5. L4 ?c-i
i h ¢

(Ta tach nhu the nay dé dua tir truomg hop ding thire voi cac bién léch
nhau vé truong hop cac bién bing nhau, nhi the thi viéc xél sé dé ding
hom) Ta r.i;n er dyung AM-GM dé bién doi tong thanh tich, thé nhung cac hé
50 a,b.e va 2a,40,7c ¢ diy ta lgi chua biét ching c6 phai la sé tu nhién hay
khdng. Do do, mudn chuyén tong thanh tich thi ta khong thé sir dung bit
ding thirc AM-GM dang thong thuong ma phai 14 dang suy réng, va dé dam
bio duge diing thire, cich danh gid hop li nhét chinh 14

[Tt
5ho) .El"

ﬂ'£+ﬁ y-i—r "-}[:lw'-b-l't
td

a-ll-'l

=44y L -‘—?L--}{.?ﬂ-!--lb-rrr}
i
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Ti hat danh gia nay suy ra
(z+tytef(e+dy+7:)2

}'[n.—,:{:,}[lu‘-#lb*fﬂ][} '-é
ta - fa _Ef: .
- A :r- utE-ri: 2-:'}--“!!— ¢ E gebie 230 dhiT
la b

voi A= (a+b+e)(2a+4b+Tc)

"[

= !u

4-& F‘

€
=
f]

e
]n i '.'n*"-li-?l:

T

L]

Cii ma 12 cAn 14 mdt danh gig dang (z+ y+ 2/ (e + 4y +72) > kryz
démlhéu‘.rﬂ&sudunggréthétmémymkétquabmman Do do, ta phai
chon cac 56 7.4, thich hop sae cho s6 mil ciia chung bing 1, ticla

=g + 2n =
a+b+e Zo+db+Te
2h b
. - 2
a+b+e 2a+H+To @
2 T
o o =1
a+b+ec o444 Tc

Tir (1) va (2): ta tim duge a = 3.0 :% va ¢ =2, Lic naytacd

(z+y+2V Qe+ +12)2(@a+b+cf(20+4b+ ?a}[—f][ﬁ-][i—]

suy ra

(o + b+ Y2+ 4b + Te)ryz

15"

(z+y+z) 2

LAy cin bic hat hai v&, ta thu duoc

rikyba>

Pingthicxdyrakhi v =a=3y=>

abe(2e + 4y + 72)

=(a+b+tef =[—2’-i :

Nhin xét. Hé {(1), (2)} co thé giai nhu sau: Dét

1

3 e G
a+b+e

515
2
——~-21 dr=o=Z |
s 1
%t -+ 4+ To



Khi do, o (2) ta duoe

1
B TES
n_-’ ]
T A+ 2B)
= 1
a8
Do d6
1 : 1 1 1
—=a+b+ +
4 “XA+B) 2AA+ 2B)  24+78

Xem day la mot phu:nng trinh theo B (B > 0). Ta thiy ve trai k}mng phu
thude vao B, con ve phai lai 1d mét ham giam thee B. Do do. néu phucng
trinh co nghiém thi nghiém 46 phdi 14 nghidm duy nhdt Mac khie, dé thay

= i! thoa min. Nhu vay, e phueng trinh twén, tacd A = 48 Khi do

1 1

zu+m 108

1 1

T YA+2B) 128

A

| 24+7B 15B

Ma 2a 4+ 44 + Te = 2alr (theo (1 }) nén ta co

! 1 W e
T T R T R T T T

trdosuyra B = " va o =3 b= i,r e
i 2

Vi dy 17. Cho cdc s diromg 2,y = thoa mdn 35 + 4y + 52° = 2zuz. Tim
gidk tri b nkidit chia biéy thiee
P=dr+2y+2
(Phan Kim Hing)
Lo gidi
Sir dung bat ding thire AM-GM, ta co

Jryz =3+ -9 +5- = 12‘# P )Y =122,
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fue do suy ra
'z > 6.
Tir két qud nity, sir dung bit diing thirc AM-GM thém mot [an nira, ta duoc
P = ﬂ-;t+‘.!-y+1~z£61"‘p';r‘]y:z l:ﬁ?.‘rf;‘; = 36.
Dang thic xay rakhi vachikhi z =y =2 =6 0
Vidy 18. Cho a,b,¢ la cac 50 thue dieong thoa man diéu kign
da + 3+ 4 =22

Tim gid tri nho nhat ciia bién thire. P = a+b+c+ n}- + f + ﬁ
g
Va Qudc Ba Can)
Phin tich & dinh hwong ldi giai

Quan st bai toan, ta thiy gia thiét 14 tdng cla nhing dai luong bic nhit
¢hn biéu thue can tim cuc trj lai ¢6 chira cac phin thic. Nhu v@y, ¥ wong
ciia ta cho bii ndy @6 13 tim cach dénh gia dua nhimg phiin thire vé dang bic
ahit. Co nhu vay mai co thé st dung duoc gia thiét cla bii toén,

Ngodi ra, c6 thé thiy cong cu thich hop duge dung dé danh gid ¢ diy
chinh 14 bét ding thirc AM-GM (chiic hin ban doc déu biét dén danh gid

quen thude = + L] > 2 ¥& >0 Ti bit ding thitc ndy, ta co L >2—-u
r - )

Pay 12 mét vi du cu thé nhit cha viée chuyén tir phiin thire ve dang béc nhit
thong qua AM-GM), :
Dukhﬁngméduﬂoanduvcdiém roi cua bai toan 1a ¢ didu nén ta s€ st
dung ki thuat diém roi gia dinh dé giai bai nay.
Giasit P dat gia tri nho nhatkhi a = 2.b = y va ¢ = 2 Khidow ¢o
Tz >0 vade & Iy + 42 =22,
Ta thiy voi a = 2,0 = y,c = z thi

.t e 2 3

Jit EE: Azt ?;
Do d6, cac danh gia sau s& d4m bio duge diéu kién ding thirc:

L+i}2f__£...1=i
3 37 - V3a 32 3z

2. % 52 2% 4
G

0 3¢ 0
§+E,232 g0 N
e z c = 2
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Suy ra

Va nhur vy, ta dd chuyén duge cée phin thirc vé dang bac nhét vi thu duoc

T ;4 2b] !B de
4 1

P>a+b+c+ . ;
oz i 9 -

I | .
(1= -2 fi- 22 o2
3r y 2 8 2

Vin d¢ con lai 14 ta phai chon céc s6 7,77 thich hop lam sao dé c6 thé
su dung duoc gid thiet da + 3b + 4c = 22. Mudn viy thi cic hé sb cia
a,b,c trong danh gia trén phai lap thanh i 1¢ 4: 3 4. tirc 1a

g2 o8
i_ﬁiﬁ £=1 8
4 3 4
Viy, diem roi thyc sy ciia bii toan chinh 12 nghiém ciia hé phuong trinh

4z 4+ 3y + 4z = 22

SERET SR S ()
3 3 4
Gréi hé nay, tatim duoc v = |,y = 2 v 2 = 3. Khi d6ta ¢o

1—%}“ G c+3+i+%

- I 3 2

P> 1-l o+
3

_da+3%+de 14 22 1425

_22 14 2%

6 SO e o R

Pang thic xdyrakhi a =g =1b=y=2 vie=3=1. o
Nhign xét 1. Hé (1) co thé duge gidi nhu sau: Dat
2

i T 1,.3:

.i o

h{:ﬂk{%vi
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Do 46+ 36 4+ 4 = 22 nén

4

ol 3

ol 30

Jﬁﬂ-_-"k} ; -._‘.1 -3k I 1 =4k

Ta thy day 1& mdt phuomg trinh theo n & Hom nita, vai & < ‘} thi vé i

i mdt ham dbng bién theo &, con vé phai la hing Do 46, nghiém néu ¢6 cia

shurong trinh trén cing & 14 nghiém duy nhat cia no. Mat khac, 42 thity vai

k= -é- thi phuong trinh duge thoa mdn. Viy cd & :;1; f nghiém duy nht
)]

¢ia phuong trinh trén. Ta ddy, dé dang tinh dugt ¢ = Ly =2,z = 1.

Nhin xét 2. Qua cdc vi du trén, ta ¢6 thé thiy duge mdt s6 loi ich wr vide su
dung ki thudt chon diém roi nhu sau.
o NGO gitip ta tim duoc diém roi cla bai todn, 1 do dua dén o1 gidi
thanh cdng.
e Rén luyén KT ning tinh todn va ddc bidt 1d khi ndng gidi phuong
trinh-hé phueng trinh, mét dang todn thuong gap trong cac dé thi hoc

sinh gios,

thi Pai hyc.

Ta két lai phfin nay bang mot vi du hay va klid, va ¢hiing toi s€ chi triah
bay |&i giai cia nd. Vige binh fudn va phéan tich ngudn gde ¥ tuong xin duoe

danh lgi ¢ho ban doc.

Vidu 19, Cho 4.a,...0a, (1> 2) ki cdc so the thoa man

e S oty TR o SRR e
Chimg minl rang
O e L
co8—
B+ L
L giii
sin L
Dit 7, = —-"%L voi k=12, .1~ 1. DEthiy z, >0 véi moi k.
sin l
1



Sir dung bit ding thire AM-GM. ta co

o —-.if > a0,

2 iy s 28
R a

pr ;

1
; A ¥
‘ﬂu--lﬂ--t ; v ﬁ:ﬂ ?-l E“ﬂaiﬂ

T, .0 - ,?,ur g

-
L

Cong n — 1 bt dang thire trén lai theo vé, ta duoc

1 iy 1 Py S 1 ; ) I 1
- Nl o e R T S Ees o R N e T
Ty Tn-q Ty

z Ao, + ayay + a0 )=2 (¥
Miat khac, tir dinh nghia cia z,, tacod

o R, '-'r
Z - . e 1=+ n+ = Jens _
sin Z i R
"1 n-+ 1
1 5i1r:,-(—?-I "-1;:‘“' FENE 28GR
e n+ i n+l  n4l B o
x, ., o e n+1
RN =in :
n+1 n+1
vavoi moi k= 12.....n—2 thi
Dye oo R LTl k] n+l
£ [ B M
z gntye o Gkt Dw sin K+ 1A
nkl n+1 41
_‘Zsi“[ i 1}5 CO% .._F.. -
ik o | il i
Ak n+1
8in
<+
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Do vy

1 1 AR
T i g e +J.'“T—--=Emﬁ
s I": -3 IL -1 n -+ !
S dung ding thirc nay, két hop voi danh gia (7). a co
 ScoR—— (] +a; +--+a )22
;o o A
tr do dé dang suy ra diéu phai ching minh. 0

g b Hab

b oo {addy
4, Cho a,b,c 1a cac 50 thue duong thoa midn e + b+ ¢ = 3. Ching minh

Jalb +3¢) + J0e + 3a) + Je(u +3b) < 6.
§. Cho «.b,c la cac so thyc duong théa mén e + b + ¢ = 3. Ching minh
a2 2 ]
B e A S
b+2 e4+2 a+2

6. Cho n,b.c la cac s6 duong thoéa man a + 2b + 3¢ > 20. Ching minh

3 8
a fl-+n+—+—+i:_"13.
a6 2 ¢
7. Cha m,n la cac hing sb duong vé 1.y,2 la cac so thuc thay ddi sao cho

7y + y2 + 2r = 1. Tim gia tri nho nhat cia biéu thic

P=2a+my +ns’.
8. Chimng minh ring néu a,b la cac s6 duong thoa min o® + 4" = 5, thi
a"+ i >0
9, Cho a.b,c ta ba s6 duong va a > max{b.¢}. Tim gia ti nho nhat cua

P;E+:;2J1+E +3{/1+‘—’,
b ¢ u
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10. Cho a,b,¢ 1 cic hiing €6 duong va r,y.z la nhing sd duong thay doi
sao cho ax + by + ¢z = zyz Timgidtri nhonhitcia P =2 4y + 2
11. Ching minh ring véi moi 0 < ¢ < 1, ta déu o

.I.’fﬂ'\h +r +1W1- .ri < 16.
(ONmpic 30:4, 1996)

B] ki THUAT GHEP BT XUNG

Trong nhiéu bdi todn ma bidu thic ¢ hai vé twong ddi phirc tap, viée
chimg minh tryc tiép trd nén kho khiin thi ta o thé sir dung ki thudt “ghép
dbi ximg” d¢é bai ton trd nén don gidn hon,

O cac bai toan bit ding thire, thdng thudng ching ta hay gip phédi hai
dang toan sau.

» Dang I. Chmgminh Y+ Y +Z>A+-B+C,

¥ twimg. Néu ta ching minh duge X + Y > 2.1 Sau do, wong tu
hoadéchira Y +Z > 28 va Z+ X > 2C (nho tinh d6i xdng
cia bai toin), Sau do chng ba bt diing thire trén Tai theo vé réi rit
gon cho 2, ta cd ngay diéu phai chirng minh

Trong nhitng bai todn (ong qudt hon niva, ta sé chi ra
mX+nY +pZ Z2(m+n+pld
mY +n& + pX Z(m+n-+p)B,
mZ 4+ aN + pY > {(m 4+ a4 plC

Tir do cOng chung lai va rit gon, thu duoc diéu phai chlmg minh,
O ¢ tuéng dan gidn trén, ta 43 ép dung cich lam tong quat voi
m=n=1vap=0

e Dang 2 Chimg minh XYZ > ABC véi XY . Z > 0.
¥ tirong. Néu ta chimg minh duge XY > A4*. Sau do, twong tir hoa dé
chira YZ > B® va ZX > C* (nhd tinh doi ximg cia bai toan). Sau
d6 nhin ba bt ding thirc trén lai theo vé rdi lay ¢in bic 2, tacod
XYZ 2NABC =|ARC| 2 ABC

Yidy 1. Cho a,b.c I ba 56 thie duomg. Chimg minh rémg
ah ke

—+—+ﬂgu+b+c.
8 b

(Dé thi hoe sinh gioi lop 9, TP Ho Chi Minh 2008 - 2009)
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Lovi piai
Baitoanniay codang X + ¥V + 2 > A4+ B+ C voi

ah be e

Xe=—, Yoo FTu— A=mg B=h C=g

" a 0
]

: ¥ vl F y ! R TR s : i 5
Dé v ring 2 biéu thirc 22 v 2 (3 déi ximg v b (e vai trocia & va ¢
[ 2

la nhi nhau). Do dé, su dung k7 thuit ghép doi xung, ta 5& thit chimg minh

ih  be
— et — 22
G i

Thit viiy, bilt diing thirc ndy hidn nhién ding vi theo bat ding thirc AM-GM,

e i & o

Tir do, bai todn duge giai quyét hoan toin
Chu v riing ding thirc xay ra khivachi khi a =b=¢ 0

Vidy 2. Cho a,b.c ki ba so khing ém. Chimg ntieth rdng

a+b+e> Yab® + b + Yoo
Lai gidi
Ap dung ¥ nudmg ban déu, ta 5@ th chimg minh o + b > 2@ .. Tuy nhién,
bét diing thitc néy khong phai ludn dang (phan vi dy 1& « = %,b =1) Vi vily,
ta & phai sir dyung bai 10dn tong quat vai m = Jn = 1,p = 0.

Sir dung bt dng thire AM-GM bé bdn 80, ta ¢o
atbtb+b>48a bbb = 43ab’,
b+c+c+c24m=4@.
c+at+a+a>4c o a-0 =4Voa’,

Cang ba bat ding thire trén lat theo vé sau do chia ca hai vé cho 4, ta ¢o
ngay diéu phai ching minh. Dang thirc xdy rakhi vachikhi a =b=¢ [

Nhdn xét. Hodn todn tuong t, ta ¢o thé chimg minh bai toin tong quat sau’
Fior mon 56 thuc dieong o, bv, Indn co

a+b+e E#m’:‘"* £ ﬁ"ﬂ'r:""l +‘n‘fm" N
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Vidy 3. Cho 2,2 la bu s6 diamg ve n = T Chimg mink réme
f- R |

f.l"d;+yJ:: {‘v; =+ Y+ 2

{Tréini Qnd{ Arilri
_— Lén gidi
Sir dung bit diing thire AM-GM cho 7 8, 1a ¢o

!— . nil=l ¢
+:!: J’_ Sqiaals & Joy™! 2 n r‘/-;: Nry™' = nx,
Ve " ’ Y
|
J_+y‘j7+ '!"JJ.'*‘ w2 e B\F Y™ =y,
=]
zd:+zJ:+ oz J_-lh "l}l!dzl— v =nz

Vu

Cong ba bt dﬁng thlh: trén lai theo v¢, ta thu duoc

£
:EJ:'i'yJid'IJE =
i 2 &

Eﬂ(m+y+:}-‘"1~y” + Ejyz"" + Yo" *).
Mat klide, lai két hop voi két qua tdng quat & vidy 2.3.2, do la
{’Iﬂ“ ; +§{P‘2"] +§{£z" 'Crty+a

xJ£+,pJ£+zJ£
Y 2 T
-T-—(ﬂ _1}(:"""_ ﬁ"'i-.t},
zdg+y‘/£+zd£2x+y+z.
] z x

Bai toan duoc gidi quyét hoan lodn,
Dau diing thirc xdy ra khi va chi khi ¢ =y =z > 0, ]

(n —1)

Ta suy ra

(n—1)

sulc+y+a)—(z+y+2)

hay

57



Vi dy 4. Cho cdc 56 dimmng x,y.2 thoa man wyz = 1. Chimg minh rdng vo
mioi n e N, 1a déu co
r'y+yzFae > ry+yet+
({rdn Quoc Ank)
Lot gini
Sir dung bét dang thic AM-GM cho n 41 sb két hop von gid thict
=1,

Pyt Oy ey g ot e > (0 Y ) e

o

= {n + l)zy.
Hoan toan tuong ty, ta cing co

gz Yzt et tatotamz{ntl) *\'f{y'a}"(z“r}{m]" :

s

= {n+ 1y,

o4+ Y+ e+ ry 2 A )P ) )

"2
= (n + 1)zr.
Cong ba bt ding thitc trén lai theo vé va rut gon, ta thu duoc diéu phai
chirng minh, Dau dang thie xay rakhivachikhi s = y =2 =L o

Vi dy 5. Chimg mink rang véi moi u.b,c dwong, ta co
abe =(b+c—alle+a—bilat+b—c)
Loi gidi

Néu (b + ¢ —a)(c + & —b){a +b—r) < 0 thi bat ding thuc hién nhién
dang. Xét truomg hop (b -+ ¢ —a)(e +a—b)la+b—c) >0,

Dé y ring bit ding thire co dang XYZ > ABC, vi vy su dung ki thudt
ghép déi ximg, ta chi cn ching minh

b > (u+b—=cib+c—ua)

2

That vy, st dung bt ding thire AM-GM dang ay < {'r—-:ﬂ—. sUY ra

[{ﬂ. +b—e)+ b+ -—u}r s
1
Phep chimg minh hoan 1. Dau bing xay ra khi vichikhi e = b= O

(a+b=c)b+e—n)<
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i dy 6. Cha ba 6 disomg 29,3 thod o —— ¢ 14 1 5
I¥2  14% F4pr

Lk Thy 1+
M-GM 1 suy ra

i AL IR L) Dl S ARG B T T A N
Lyz T A4y | ]+a 1iy 1tz Y4y +2)

Chiag monh rdng
1
5 O e
A £
Lo giai
" : .1_ II. i Pt P~ i X $
T g bt il Lo e how ve Bl Bag i

tuc la

s i Yz
l'il-':E V(I-r-u:l‘H-z)
Hoan toan tuang tr, ta cﬂngr.a

-3 52 2 ‘ 1 >3 i
14y VEL+sHl42) 1427 {1+1:}{1+y}
Nhin ba bt ding thire trén Tai theo vé, ta thu duge '
WO SE M TORITOR | TR
(L+2)1+ p)(1+2) {_1+'x]{1+#}{1+z}
tr 4 suy ra

1

.2"-:'—.
L} =g
X G u o £
:Dﬁubﬁngxiiy'r'a#-l";ﬁ 1':” I:*‘t ﬁr$y=:==i-_. (m
| i F o -
a1y 42

Ldy 7. Cho cée s6 thiee khong dm a.b,e thoa man ab + be 4 ca > 0,

Chimg minh réng
:f 1 T,
144 i+t S 3
b4 =ik Ll+f.'




Lot gidi

Dé vy rﬁng néu st dunge AM-GM ngay dé dua biit ding thie khdng chudn
the trén vé dang dong bic, 1@ s& quy bat toan vé chimg minh

—
2] 2 .
,'__JL+ l SRR BT ()
No+e VNe+z ‘ua + B

Tuy nhién, bit ding thirc niy khimg phai Juén dung Ta chi can cho
g=h ¢= 0 sEthivngay VI{l) = 242 >3 =VP{1), v li

Sau dy 12 160 gidi st dyng § wong ghép d6i ximg: Ap dung bat ding
thirc AM-GM b ba s, la co

Jl-a-a.‘ 5 JI + i 4"\!1 + ¢ 5 {q’ 14+a 1+b‘ ’1-+ e
b+ e a4+b = ’Jlbwkc oo N+ b
{1+n*] 144 ;{1+-]
(a+b)(b+eletn)
Vay chimg minh & hoan 13t néu ta chi ra dugc
(4 a1 #0550+ ") 2 (a+b)(b+e)le + a).
Biét ding thirc nay o dang XYZ > ABC, vi vilv su dung ki thudt ghép
ol ximng, ta chi can chimg minh
(1+a') 1 +b') > (e +bF
That vity, khai trién va rit gon, ta thu duge
{ab — 1) > 0 {hién nhién ding).
Bai toan dugc gidi quyét xong,
Ding thire xay akhivachikhi a =b=¢ =1, 0

Vi dy 8. Clumg minh rémg vor moi so durmg a,b.e, fa déu ¢o
a+b b+ % I+M=J‘d{r

:
3:3 rabe ¥ +abe Yo +abe >
(Trein Quoe Anhyj
1 gidi
Dé thiy (1) ¢o thé viét lai thanh

Lot )" W{mm era |
Vu + abc h* 4 ube \’r + abe

A]g dung bét ding thirc AM-GM, ta s& dua bai toan vé viéc chimg minh
bat dang thire manh hon 13

(a4 0 + £)' e + a) = 6dabe(a® + be)(B + ca)(c* + ab).



Vot mot bit diing thie biic cao (bac 1) nhir thé ndy, rd rang ngodi y fuong
sur dung ki thufit gheép 4 ximg ta gan nhu khong con con dutmg ndo khac

Tuv nhién, nhime cach ghep thong thuomg & khong dem la hifu qua
iy dé v su tinh te trong “bude dit phi™ sau

Bit ddng thite trén wrong duwong voi

Gdabela + )b -+ e + a){o” + be (il +eai(e +ab) <
a0 e ey e )
Sir dung ki thujt ghép doi ximg, ta s& chitng minh
fa + (e =+ ) = dalb + o){a® + be).
Thit viy, bit déng thirc nay hién nhign dung vi theo AM-GM thi
(@ bYle +e)f = [I_fz* + b} +alb + r.-;? > dalb -+ c)la’ +be).
Bai todn dugc giai quyet hoan todn.
Diiu ding thie xiy ra khi v chi khi ¢ = b = ¢ > 0. |

Vidu9. Cho a,b.o = 0 vi ab+be + ou = 3. Chung mivh ring

i P 5 . & E] I C
Vi 3"+ Y1+ 38 1-1-3.*}2;’} - ‘J i} |
I N +¥1+88 > { el rEia . oy

(Tran Qhrf‘c‘ Anh)

Lon gidii
Vi bai todn ndy, vige xudt hién cin bic ba ¢ hai vé khién cong viéc cia
t tdr nén kba kho khan Diéu ddu tién 14 phii tim cach lUd: bé hai lop cin
thirc, Viin la ghép d6i xung. nhung 1An nay ta & ghép nhir thé nio?
Hay xét [oi giai sau Néu ta chimg minh duoc

Y1 -+8a ::241,
b+ o

thi bai todn coi nhu gidi quyét xong.
Thét vy, bat ding thirc nay twong duong voi

e oy (1)
bt e
e T : 3 — be
Mﬁtkhac,tuE:nthlétﬁb+'hc+m=3.su}'ra:a=b_Fc.

_ 3 —be a3~ bey 83—t b::}
= ' F L o s
Thay ¢ = <o vio (1), ta duge: 1+ o {b oF
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hay tuong duong
(b+cf 4+ 33 - bic¥ - 8(3 - be) > 0.
Sir dung bat dang thirc AM-GM, 1a ¢o
(b + ¢ff + 33~ bef — 8(3 — be) 2 dbe + 3(3 — be) - (3 — be)
= 3b°c? — Bbe+ 3 = 3(he - 1) >0,
Tir do, chimg minh dugc hoan tat
Déu dang thire xay ra khi vachi khi @ = b = ¢ = 1, O

Vidu 10. Cho a,b.¢ la cde sa thiec duong, Chumg mink ning

(@ +8)(b+c)e+a) (a® + )b + " )" + a®)
* Sabe = (af + be)(B 4 ca)(e® + ab)
(Trdr Qude Anh)

\\\\\

Sau khi nhin chéo, bit ding thirc dé bai co thé viét lai thanh
(a* + be)(* + ca)(c’ + ab)(a + b)(b+ c)(c + a) >
> Habe(a® + )W + )& + o),
Sur dung kT thudit ghép doi ximg, ta s& chirng minh
(! + ab)(a +b) = 2Jub(b* + ) + ).
Thit viy, s dung bit diing thiro AM-GM, dé thy
(¢" + ab)(a+b) = alt’ + ) + b(c” +a’) > z\jai;(h’ + Yt + a’).
Tz do, bai toan doc giai quyét hoan todn.
Déiu dang thire xay ra khi va chi khi @ = b = ¢ > 0. |

L. Cho a,b,¢ la cac s0 thue duong tiy y. Chitng minh ring
a’h’ 4 W -t 2 abela 4+ b+ ¢),
2. Cho a,b, ¢ la céc s6 thire duong tiiy y. Chimg minh ring

B ok : =
—gxy :?J;i[u‘ + b5 + o)
¢ a b

3. Cho a.bc 14 cho sb thyc iy y. Chimg minh ring
(e+b—c)fb+c—a)f{c+a—b)f >
2 (0 + 8 — )0 + " - a®)(c* +a® = b),
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4. Chimg minh ring voi mei sé thuc duong a.b,c ta ludn co

| a® + 2 \ ] o+ 2 _ J[ et +2q° v i
~ e +a4l5 >3
a + ab +be \ﬂ + be 4+ ¢ \, ¢+ ca-Fab

5. Cho a,b,c la cac so thue dwong théa man a + b+ ¢ = 3. Ching minh
bat ding thirc sau

{a{--h f!.--“: Jt;i-u.
| + + >3
vr+ﬂb vn-l-hrr b4eca

6, Cho a.b,¢ la cic s6 thue duwong tiy v. Ching minh ring
. TG b ]

" hﬂ .'! i
S B S N

;abﬁ.r::km 3 9

L b

b+ﬂ-c+a a+b

7. Chimg minh riing vdi moi 56 thye dwong «.b,c ta ludn co

a-+ E b+ %][r 2 u—&J o 4-’{/[413 + B + e*) (e +4%).
a e

8. Cho n,b.¢ la cac sé dwong, Chimg minh ring

(1+a+b0+ )l +ab+be+ea) > 42a + be)(b + ca)le + ab).

9, Ching minh ring voi moi a.b.¢ duong, ta déu co

i’ 1 1{,1_‘_11

. - < - ,
2a+b+e Ww+ece+a 22e+a4b a43 V43 e+ 83

E KT THUAT THEM - BT

Néu ¢ ba phin diu tién, dde gia duoc rén luyén théi quen dinh huéng
dua vao “bé ngoai” ctia mét bai todn thi tir diy, ta sé bit gdp nhimg lop bit
ding thirc phong phii hon ~ nhitng bét diing thirc ma loi gidi cho ching ludn
doi hoit mét tim nhin bao quat cling nhu su ot phi v twdng.

Ki thut thém bét 1a mét minh chitng rd rang nhit cho 16i tr duy sit dung
nhimg “véu t6 ngoai canh” trong viéc giai quyét vin dé.

Ngay sau diy, ching ta s& biit dau lam quen véi ki thudt ndy, nhung
khong phai bang mgt vi du don gian nhu moi khi ma thay vao do sé la mét
vi du neong dbi kho dé hiéu sur khac biét vé tam nhin s& mang lai hai két qua
khac nhau nhu thé ndo.
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Vidu . Cho ab.c ld ha sé thue deomg. Chieg mink rdng
1

quhr + 3!;} .ﬁ.‘l b+ 2e) \}L'i:-:': + 2u)

S By | il e

Lo e

v + .
T b e 2u+."-* W4 Jeda
(Trcin Quoce Anty

=

Ewﬁ

Phir tich & dink fucdng Ioi gidi
Trén thue té, khong it hoc sinh khi gip bii todn nay dil suy nghi nhu sau:
CAn bic hai o bidu thitc vé phai khién ta nghi ngay dén viéc sir dung bat

dang thire AM-GM dang E-J_ < -+ y dé pha chn. Dé § ring

a3 =2J-l-- F 13

\-[ﬂ(&_}'-ﬂb:’ i ﬂ+2b il Il+2b

Uy ra

T

f
5 ‘{_
\jm' (4 + .ZJJ ;;b(fs + ¢} :,,ir,{t. + 24:

l Y
S N A= + :
rl h ¢ |u-:-2h b-i-lf: r:-I-?.ﬂ

!

Vay ching minh s& hoan tht néu chi ra dugc
ji+;i_+1t§;5+:{+:i,
a2 % 4+ T+t W4+ FTeta
Vi 6 khi bidt bt ding thie thu duoe m’n khong phdi ludn dung thi c6
hai cach nght chiing t0i thutmg thiy & da 56 hoc sinh nhu sau,

o Thir nhit: Chine Hét cdeh rdi. Chi ¢o mot con diamg nine véy thél,

Khang thé ¢ von diermg ke dore. Toi s€ khdng sy nghi niws.

s Thir hai: Dé sai (1)

Nhimg rd ring, luén luén cé nbimg van de o1 dén sy sang tgo. Khi
nhirng v tedang o khong con phu hop vo1 phimg H-n tm&n mii, chang ta phai
thay d5i. Thay a6i tir w duy, tdm nhin, din 96c thay 96i hanh déng va i 4o
thay d6i duoc kél qua £ ¢ rdng wiée khane dink moit cach chie chin Vchi
cQ mgl con dinimg cyl nhie veiv " fa mgt veée fam vd ngitta. Muc dich cuo
ching o la gioi quyéd bai (wan chie khéng p.’m i’d' ‘chioe minh con’
cuet minh diing, con dicmg cua ngi khde s Dy 14 mon 15 e duy
phé bién & chinh aéi nuong hoe sinh khi gidi Nhitng khi gip khé khiin nbr
vily, ta thuc sy cin nhi'mg y tuong d6t phi dé virot qua rdo can e duy théng
thuong Hidy xét 101 gial sau.
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Van sir dung bat ding thire AM-GM, nhung lin nay lai dé ¥ ring

Wi P Ty g 2atb
aliz + 2b) 2a+b ala+25) " 2a+b a{m + 2b)°
98 =18 Sy o3 UL .
,.jh(h +2%) Y2%+c bb+2) " 24e bb+20)
23 5 2e+a 3 2e+a
Jele + 2a) 2c+a ele+28) " 2c+a  ode+2a)

Cong ba bat dang thirc trén lai theo vé, ta s& quy bai toan vé chitng minh
] 2 9 By
1 1_1:{ Qa4+ b i 24+ ...s:,-t-a.- (1)
afo +20) Wb+2¢)  ofc + 2a)
Sir dung kT thudt ghep doi ximg voi m = 2,u =1, p = 0, ta sé chi ra
e & H2a + b)

'_‘-I-*ﬂ-—
gD

¢ b7 efa420)
hay twrong duwong
{a 4 2b) > Ab(2a + b).
Dy la mét két qua ding vi theo AM-GM  1a cé
2a+0 3b
%

&

dn+bt 3b)
n++§f{

=g 1
5 5 B(2a + b)

2

(n + 2b) —.{

Hoan toan trrong uyr,
2.1 ¥%4e) 2.1 32+a)
b ¢ Wb+2) ¢ o elc+2a)
Cdng ba bat dang thirc trén lai theo vé v rit gon, ta thu duoe (1)
Tir d6 6 didu phai chiung minh.
Déu déing thirc xdy ra khi va chi khi o = b = ¢ > 0, 0

Vi dy 2. Chiing minh rang véi moi s6 thuc duong iy ¥ a,b,c ta luon c6

i Bl a i C
+ + 2 + + :
b+e c+a a+b v+l b4+e ec4a
. Len giai
Bit diing thirc cdn chimng minh co thé viét lai thanh
TR | b-r—k":_uaﬂﬁ
b+e e4a a+b




Mong mudn triét tiéu “diu tr” dan ta toi ¥ teong sau’ Pé ¥ ring
l'l—fl'. _=l'-'*"r£t’ b-::+1:u.+bt g—a v b+ ¢
b+ ¢ Bfe 42 c+a atb at+b

Vav sau khi thém bdt nhu vay, ta da quy bai toan vé chimg minh

a+b c+a  bte
— - >3
c+o bh+ec atb
Mt khae, bat ding thic nay hién nhién dung vi
]
ﬂ+b+!.':—f-v_ﬂ._ b+ ¢ }qlﬂ'l'b‘ﬂ'l‘ﬂ_b“]'l;
c+a b+e a+b iﬂ'r‘l! b+c a+b

Phep chirg minh hoan tat.
Dﬂudhngthucmymkhwachlkhln=ﬁ=r:r0 O

= 3.

Vi du 3. Clhimg minh ring voi moi 56 thire deovg figy ..o d, a hidn co
bat ding thiv sav

u—d+d*b+ b—r:+|‘!—d

b+d c+b ec+a d+a

E Ut
(Vasile Cirtoare)
Lai giai
Sir dyng ki thudt thém bét, ta ¢6 bt ding thirc di cho tuong duong voi

u—r1+] +d_b+l+b—r:+1+ G- >4
h4d c+b o+ d+u
ﬂ+b+d+ir h+ﬂ+e‘:+d24?
d+b e+b c+a d+u
1 1 1
a+b + +d + <| = 4.
( }Ef'l"fl r'+-a] 2t }!H-{‘ atd]

Mat khae, sit dung lién tiép bat ding thirc AM-GM, ta lai ¢o

2 e 4+ b)
{u-l-b}[ “+ > (a+ b} = ;
d+d ¢+a ) ;{,1+g,}[,:+,,} (d +b) + (c < a)
1 4{a+b)
Ria+b —_— 3
Gy )Ef+!’l c4+al a+b+c+d
Hoan toan tuong tr, ta cung ¢o
(r+d;[1 1 }2 Aetd)
h+r a+d g+b+e+d
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Cong hai bat dang thic trén lai theo v&, ta ¢o ngay dicu phai chimg minh.
Pang thirc xay rakhi vachikhi a = b =¢ =d > 0. O
Vidud. Cho u,b.c I cde 58 thue dwemg. Chig mink réng
a v h + 'S > E
b+¢ c+a a+b 2
(Neskint's lnequelity)

Lot gidd
Cdck 1. Sir dung ki thudt thém bot, ta co bat dang thirc can chimg minh
tuong duong voi

a b ¢ f
+314 e 2 +1] = =
b+ e He+a [ﬂ-_l'*!: s
1 1 1 9
a4+l “+ - D -
{ )[ﬂl+'¢: ct+a -a+¥) 2

T
bt+e cta
St dung bt dang thirc AM-GM bd ba s, ta ¢o
(@ +b)+ (b + )+ (e+ a) > 3¥(a + )b+ ¢)(e + a),
G R T 3 |
a-+l b+@é ﬂ+n'ﬁﬁ::EEjTE::5
Nhin hai bit ding thirc ndy lai vé theo vé, ta suy ra
) o
Ha + D) +c)c+ o)
Diu ding thic xay rakhivachikhia =b=¢ > 0. B

=4

e

{(u*r-b)+{b-e-c}+(c+u)]|dlb

Sz 3%: +0h L elieta = {.

Cdeh 2, Nhin ¢ hai vé cia bit ding thirc vdi a + b + ¢, ta thu droc

= e e

\b+c e+a a+b
a i ¢ 3
-+ +a+b+oc> =(a+b+c),
b4 e+a a+ 2
@ b g ol e
._.._._.+ _.+.. £ :
b+e e¢4+a a+b 2
1 »
o - a4+ 0
] +r+u { &
=0 4 o+

(n+b+r}2~:§(ﬂ+b+ﬂ],

+ Zza+b+c
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Sir dung biit diing thirc AM-GM, ta ¢6

b=y

a’® +e & b+ec
+EI ¢ EJ b+c

= = i
b+ c 1 b+c 4
Tuong ur
7 £ 4 :
b ¢ ﬂai £ +urh_
c4a 4 a-+b 4

Cong ba bat diing thic trén lai theo vé, ta co ngay diéu phai chimg minh, O

Vi du 5. Chimg minh ramg voi moi 56 thue dwong dty 1 a,b,e ta lidn o

fu+[!r+J¢ 3

< >
\Jﬂ.-r-h Vo+e n+n"7;
(Vasile Cirtoaje)

Pln tich & #nﬁ ﬁuﬁng I gidi
y la mot bt dang thirc hoan vi rit ndi ncng thm:mg dugce biét tdi voi
l&i giai su &ung Cauchy-Schwarz. Trong cudn sach nay, chung toi sE g:éq
thiéu toi déc gla mét lon g:a: bang ki thudit thém bot ket hop chen diém roi
khi doc dao ma it ngwoi bict dén.

Ap dung biit diing thirc AM-GM bé hai s dang 2y < -"—‘;—"i ta ¢

"t I‘ dafa+b+¢) Ia+e)
Natb 3 V3ath)a+o) Aa+tb+o)
1 4a[n+h+r}+ 3o+ ¢)
Tﬁ{a-l-b}(u-l-c} 2Aa+b+c)|
Thiét ldp hai bat ding thirc tuong tu va cong ching lai, ta s& quy bai toan
vé chimg minh
V2 ala + 6 + ¢) A ble + & + ¢) i r(u+ﬁ+ )
3 {la+blla+e) (b+clb+a) (o }r;](r--Jrﬁ
4 c+a a+b . b+e =3

Ui + -+ < ;

:?3 a+b+c atbte a+bto 7;

¢+a § i+ b 5 b+f
a+b4+e a+d+e a+b4r

— 2 néntach

3 3

b &,
w2~ V2

V2 o+b+e) bath+e) cdavhte)
(@ +b)a+¢) (b+e)bia) (c+a)c+d)




hay trong duong
ala+h+e)  Matbte)  clarbre) 9

(a+b)a+el (b+e)b+a) (c+ajfe+d)” =%
Quy déng miu s0, ta thu dugc

o
(a+b-+e)iob+bec+ea) < E{a + b){b + e)(e +a),

ha

g Oa + )b+ e)(c+ a) = 8(u + b+ c)(ab + be + ca).
Do (6 + b6 +¢)le + a) ={a + b + ¢](ab + be + ca) — abe nén taco

(a -+ )b+ e)le + a) 2 Sabe
Bat ding thirc ndy ding theo AM-GM
(@ + B)(b + ¢)(¢ + a) = 2¥ab - 2Vbe - 2Jca = Sabe.

Bai todn duge chimg minh xong.
Ding thic xay rakhi vichikhi a = b= ¢ a

Nhin xét. Ta ¢o the (dng két lai hidy qua trong vide sir dung cac ki thudt o
buoc danh gia ddu tién:

. .ip dung AM-GM df gidp losi ha duge Iép cin thirc = viit can quan
trong cla bai toan.

* Ki thult thém bot 42 dua bit diing thic hodn vi ban du vé mét bét
dang thirc dé1 ximy don gidn hon.

* Chon diém roi cho ta bdo toan dﬁu bing ciing nhu bic cia bai toan
{leu v ring day la mm bit diing thire dong bae, khong sir dung chudn héa
trong 107 gidl nén moi ddnh gia déu phai dya trén tinh ddng bic cua nd),

Vidu 6. Cho cic sé diwong a.b,c thoaman o + b+ ¢ = 3. Clung mink bt
deng thire sau

2(ab 4 be +ru]+—+l+—!—-}9
ab b  ca

Phin tich & dinh hicdng lod giai
Dé thiy theo bat ding thie AM-GM, ta cd

ut‘;+h¢+m+-%-+i--!~:= ab + — ! br-!'--}- +|ca+ — :
ah b ra

ab  be ea

> 2 uf:-wl-+2,‘(bc--1~ -I-EJcn--i = G,
wlr © il

~Vay ta chi can ching minh b + b +ca =3 niva la du. Tuy nhién, bit
dhing thire nay lai khong dung vi
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+e)
ab-+betea S E—I_j:;'i

R& rang, néu gitt nguyén “hién trang” cla bai toin, ta s€ cam thi bé thc
vi cach lam thong thuong da khong phat huy duoc hifu qua. Khi ay, ta s€
thir sir dung phép thém bot dé chuyen bai toin vé mdt bit dang thirc wrong
dirong nhung co nhidu y tudmg giai quyet hon.
Péy rang a + bh+c =3 suy ra
(@a+b+ef =a* +b 4+ +2Aab+be+ca)=9,

 nén ta nghl 131 vide cong thém dai lugng a” + b + ¢* vao cA hai vé ctia bt
#ing thie dé bai. Thit vay, khi ¢0 bat ding thire cin chimg minh tro thianh
(@ + b +e) o = —E—-i-lzﬂ +(a" + 8" + ),
: ab  be ca

b S L
ab he co
-ﬁ—‘zd”+b“ St
abr

abelu’ +b" ') €3
Mt khic, lai st dung ki thudt thém bot két hop véi b dé quen thude
< lab+be+ ca)
[ :l- 1

=)

abela + b+ ¢)

ta o abefa® + b + ') = %Ebﬂ(ﬂ + b+ c)(@® +b* + &%)

1
9y
Vay chung minh s& hoan tit néu ta chi ra duoc
(al 4 be + c:u}’[n! +b6 +c") < 27.
Qua thye, bit dang thirc cudi nay dang vi sit dung bét ding thirc AM-GM
b ba so dang

< ~(ab+ be + ca)(a® + b + ).

(8 +y-+2)
a7
tacod (ab—+ be+cafia® + ¥4 =
= (ab + be + ca)(ab+ be + ca)(a® + b + %)

Ty <

k

b+ beten)+ @ +8 )] (@tbse)
< B s i KT )
27 27
Bii todn dugc giai quyét hoan toan,
Diu déng thic xay rakhivachikhi e =b=r=1L O
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Vi du 7. Cho cic s dieemg a,b,c thoamdan o + b+ c = 3. Chimg minh bt
démgr thiec sau:
qr.: + b+ J.; = ab + bc 4 ca
(Russtan MO 2002;
Lo giai
Str dung ki thudt thém bat, ta ¢o bit ding thire tuong duong v

2(Va + b + J;.] > 2ab + bo+ ca).
(@ 4 b* 4 ¢*) 4 2(\.{{:+ Jb = \E] > (a2’ + b 4 ¢')+ 2ab + be + ca),
(@ + b+ ) + E{Jc: +\fg+\fz)2({:+b+rf =9,
Vay ta can chung minh
u?+h*+e“+2[\f$+~f5+x/;)zﬂ.
hay la
[a’+-f;+ﬁ)+(aﬁ+£'+Jz§)+{¢“+JE+JE)39*
Biéu nay 4 hién nhién ding vi theo bat ding thirc AM-GM b6 ba s6, ta co
a“+~£+\ﬁl‘23ﬂu=-;u-~jfzmﬁu.
&+ o+ ool bb =3,
E e+ e 2V ve =3¢

Bai toan dugc giai quyét hoan toan.

Diing thirc xay ra khi vachikhi a = b = ¢ =1, O
Viduy 8. Cho a,b,c la cde 50 tinre chromg, Climg mink réng
g 8,0 e leed
b g N ab + be + ea
(Va Quoe Ba dn)
Lot gidi

Nhin ca hai vé cia bt dang thirc dd cho vai ab + be + ca va déy ring
i
L]

=

(ah + be +1r':::}[£E + = +
» &

ab? bt ed!
: a b |

= (0" + 6" +c*)+ (ab+ be + m}+[ o —
¢
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ta viét duoc bit dang thire lai thanh

S 9eh + be + ca) + (a — e,

a4+ + 2 ¥
e i fi

4 . 3

‘ be
L u; + 25 > Zuib 4 2he,

¢ a

e’

il

Day 1a mot két qua ding vi theo bat déing thic AM-GM,

> 1.

2
{“b +'—‘;5+b — 3ok

= 2be.

Tir d6 suy ra diéu phai chirng minh.
Diang thirc xay ra khi vachi khi a = b = ¢ O
Vidu9. Cho a,b,c la cde 5o thee duong. Chiig mink rang

¥ oo . 2 ® :I 3
:'Ju. -'r'-iJ.L +#b + e +J. + ab > Oy abe |
B+t e +a o'+ T atb+e

(Pham fltee Priv)

Lot giai
Ta & ¢6 ging lam thé nao dé mot trong hai vé cua bat ding thire dé bai
tro nén don gidn hon. Mudn vay, nén thir cho ¥abe "nhay” sung bén vé trai,
te ta 8¢ chung minh

a* + be b* +ca [ +ab Y
e . e i e >
abelh’ + ) abicle” 4 u”) abe(e® + b))  a+b+c

Miit khée, sir dung ki thudt thém bot két hop voi bit dang thire AM-GM,

d a4+ b LT u. + be
abe(b® +¢) #a{b‘ + ') b{u + be) efa” + fn
w4 be
all’ + &) + bla” + be) + e{a” 4 be)
I’ fu.:)
ablu + b) + be(b + ¢) + calc + u)

v
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Hoan toan tuong tu, ta cling ¢d

1II W+ ra %, b +ca)
abele® + a®) * able + b} + bolb + ) + cale + a)
va

abela’® + ') T able = b)Y+ be(b - ¢) + calc + @)

J ¢’ +ab e’ + ab)
3 >

Tir do suy ra

d_ _Ei_t,{’ff,, i 4‘“' b +ca : J e - ab <
abe(l® + ¢°)  Nabele® +a*)  abe(a® +8%)
o* + b + ¢’ + ab 4 be + ea)
= abla + by +belb + ¢) + cale + a)
Bai toan quy vé chimg minh
a® 4+ 0 4 & +ab+ be +en b il
abla +b) +belb+ e)+cale +a) " a+b+¢’

hay
(o' +b" +¢' fab+bedcalla+bte)>
> Blabla +b) + be(b + ¢) + eafe + 2|
Taco
(0 + 0 + ¢ +ab+be+ca)lath+p)=

= (a* + b + ') + E{ah{ﬂ 4 b) o be[h+c}+ca{c+n}]+3&bc,
do dé bt ding thirc trén co thé viét gon lai thanh

o’ 4+ 67 + &' + Babe > abla + b) + belb 4 ¢) + cale +a). in

Trong vi du 2.2.8, ta di chimg minh duge bt ding thirc nay cho tniimg
hop a,b.¢ 1a ba canh cia mot tam giac. Do do, & diy ta chi cin chimg minh
no cho truong hop nguoc lai

Khong mat tinh tong quat, gia sir « > b > . Do a.b,e khong la ba canh
cia mot tam giac nén a > b + ¢. Khi d6, belb + ¢} € abe vado ¢ > 0 nén
ta chi cdn chirmg minh dugc

a® + 0 + 2abe > abla + b) + acla + o),
hay la
(@ +b){e—=b)Y +ac2b—a—¢) 20,
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Do a ~h > ¢ nén
{a+b)la—b) +ac(2b—a—¢) 2 (a4 b}{a— b +ae(2h — a—c)
=g’ =0 )+ uc(2b—a—c)
= ¢(20h - " —ac)
= o|bla — b) +alb - &)z 0
Bai toan dugc chung minh xong
Dang thire xay ra khi va chikhi 0 = b= ¢ O
Nhin xét. Bt ding thic { 1) la truémg hop riéng r = 1 cua mgt két qua tong
quat ma ching ta van bict dén voi cai tén bur ding tnic Schur nhu sau:
Niw a.b,c lacde 56 thie khdng dm va v > 4, thi
a'la=bt)la-c)+ b (- c)b—a)+c(c—a)(e~b) 20
Do (1) ¢6 biic 1 3 nén (1) con duoc goi la har ding thiee Schur bic 3.
Ngoai cach chtrng minh nhir trén, ta con co mot s0 cach chirng minh khac
cho bit ding thize (1) nhu sau,
(‘ach 2. Do
&+ )+ Ple + a)+ Sl b) = alfa + D)+ be(b +¢) + cale +a),
nén ta co bat dang thirc tuong duong
a® + 0+t @b+ o)+ o +a)+ (e + b}|+ Jabe >
> 2[::5(:: i b+ bafb + )+ cac + n]l,

vido a' +a’(b+ ¢)+ abe = ula + bjla+ ¢) nén taco
ala + b)(u + ) + blb + ) (b + a) + e(e + a)le + &) 2
> 2[!‘1!]'{!1*{- b) + befb + ¢} + rafc + u}]
hay I4 (chia ca hai vé cua bit ding thirc cho (u + b)(b + c}{c +a) )

9 ab % he e i B
(@+)b+d) Ba)b+e] (c+b)lcta)”
a b e~

P e g B
b+e c¢+a a+b
Ap dung bit ding thitc AM-GM, 1a dugc

- T | 1 1 1
VT < ub - 0. s ’ e =
5 liﬂ +ef (b+ef| |ot+ef  (ct+af
1 1
e t,u[{“+ by + by
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_ab+ca F ab+bc | be+ cu
(b+eY fe4+a) (o+ by
L CHIRE 1 e "
_EF+I:' -v.'.‘*l-ll' 7} i-ug‘
Cach 3. Taco
S ajllc+a—="hjla+h — ] =

= iub{r: £ b+ belb + ¢) + cale + a) — (0" + 8" + ¢ + 2abe},

do d6 bit dang thite (1) con ¢o thé viét lai thanh
abe > (a+b—c)b+c-al{e+a—b)
Dily chinh 1d két qua cua vi dir 5 ma ta da chimg minh o phiin trude.

1. Cho cic 36 khong dm a.b.c thoaman a + b+ ¢ = 3. Chimg minh
Aa’b + b'e+c'a) + e’ + 0" + )+ dabe > 19

2. Chimng minh riing véi cac s6 duong a.b.¢ ¢ tdng bing 3, thi
ala — 2b +¢) 3 bib — 2¢ + a) - cfc — 2a + b)

= {,
ab + 1 be +1 ca+l
3. Cho cic 56 duong a.b.¢ thoa min a + b + ¢ = 3. Ching minh riing
] | R b

+ + >
14be l14+eca 1+ab

[ e

] k1 THUAT BAT AN PHY

Thé gioi bat ding thic ton tai mt quy tudt rat quan trong la “Zrong mot
dang cy thé thi nhitmg bat ding thirc cang nhiéu bién cang kho™. Diéu oy
ciing ddng nghia voi viéc khiing dinh "Bar foan s tror nén dom gian hon néu
1a dva dieoc mét bt diing thire nhiéu bién vé dang it bién hom ",

7 thudt dat an phu (hay con goi la phép “doi bién™) chinh ld mdt cdng cu
hiru ich dé thirc hién y trong nay.

Vidu L. Cho i,y la hai 56 thue khdac 0. Chimg minh rdng
- 3
_—_*.-II:: !‘rll —+ 24 H—; -3
) ¢ =

(DTTS lop 10 phé thing chuyén, DHKHTN - DHQG Ha NGi 2000 - 2001)
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Lo giai i
Pé y rany bét déng thirc cin chimg minh co the viét lai thanh
y (x f‘.‘.‘f}g =5,

2 —_

(=" +4') ry

4 Fa Pr. 5 1
o= hiwes j_:y_} -

'r'e-u‘ tn‘r + y-} t
Va nhu vily, bai toan duge dua vé dang moi bién don gian 14

TR

Ta ¢6 phin tich
2_! it e
T S e S st [
t t t
do dd bt diing thire trén fuong duong voi

Q-1E=4)
” 2

Theo bdt ddng thite AM-GM, tadéthiy ¢ > 4 Suyrat—12>0,6—4 >0,
Tir do ta duge

-De=d)
Bii toan duoc gidi quyét hoin toan,
Ding thirc xay ra khi vachi khi #* = ¢' & = = +y. O
Vi du 2. Cho cic sd duomg z,y,2 thoa man diéu kign c+y+z = 1.
Chimg minh bat dang thic sau :
3 2

= 14

.-I-
wytyi+x Liy 47
(DTS lop 10 chuyén Tran Phi, Hai Phong 2003 - 2004)
Lo gidi
Dé v ring néu dit t = zy + yz + 2z thi ta suy ra ngay
Py =l gyt =Nyt yz 4+ me) =121
Mit khac, lai theo bit ding thirc AM-GM thi
2 - 2 - S T |
T +y’ +y‘-;—z + z -lz-.r

y+yr+zz < =8 4+ +1,
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suy ra

: i 3

L ol /A

Aoy +yx+ =) +(x" +y +2°) _
_ 4 3 3 .
Viy vui phep dat dn phy nay, ta 43 quy dwoc mde beid iodn ba bicn ve
dang mot bien dom gnem 1a, chimg minh

=<

EE+L‘:‘3l-1 v-:'rif];:_#gi.
1= 4

Ta co thé chirng minh bat ding thirc nay bing bién dbi wong duong.
Thét vily, bat ding thirc trong duong.
31— )+ 2 > 1481 — 20).

3 —4f > 14¢ - 28t
3 — 181 + 281" >0,
M1 = 3t) + ¢t >0 (ding),
Phép chimg minh hoan tat. O
Vidy 3. Cho a,bed > O thoa mdn ab = ed = 1. Chimg mink rang
(a+blic+d)+d>a+b+e+d)
(DTTS lip 10 phd thong némg kiiéu, DHOG, TP Hé Chi Minh 2007)
Lai gidi
DE y ring néu d&t © = a+ by = c + d thi hdr dang thirc bon bién cdin
chitg minh tieng dieong da dre gy vé dang hai bidn dow gian how 1a
Ly + 42 x4 y)
Do wy+4 —2{-::-+_y) =nly-2)+2A2—py)=(z—2)(y —2) nén bat
déing thire trén ¢o thé viét lai thanh
(w—2)(x—-2) 2 0.
Mitt khac, ap dung bt ding thirc AM-GM két hop véi gia thiét, @ co
wn+h> EJ-IETE, t‘—l—dlﬂ\/ﬂ_‘#l
suy ra
z—-220vay—=220.
T do ta co
(¥=2)x=-2)=0,
Bai toan duoc chung minh xong.
Daubdng xavrachikhi a=b=c=d =1.



Nhdn xét. Qua nhitng vi du trén, fa thay viéc dat an phy duong nhu rdt tu
nhién vi “don gian”, chi cin dua vao dang biéu thirc & de bai Tuy nhién,
¢6 khong it nhitng bai toan doi hii su khéo leo hon trong vigc bién ddi,
thém bot dé 1o 36 co thé ap dung duge ki thudt dit an phu mot cach higu
qua. Sau diy la nhimng vi dy dién hinh cho diéu ching t6i mudn chia sé.

Vi du 4. Chung minh rang veri mon 50 thre duomg 0.b,c ta luén co

o &+ be . b+ ca i o % ab
b+ c4a a+h
Lavi giii
Céing thém ca hai vé cia bit ding thirc cin ching minh véi e + b + ¢, ta
thu dugc

lﬂt’ + he " ﬂ] " {b’ toa b]'i-
b+e &+ 0
Mit khac lai dé y riing
a’ +J'm_|_rI _ & +hetalbte) (a+b)(a tc)
b+e b4 b+ ¢ :
sy ra bit ding thire trén tuong duong voi

(2 +b}.{_u + ) i (b +el(b + a) +.(¢ +a)(c+ b) >Aa+b+c) (1)
b+ e ¢+ a+b .

Tdi ddy, dat » = b+ c,p = ¢ +a,2 = a+ b thi (1) & thanh

Zathte

¢ + ab
i+

>Aa+b+e)

b o

Bl RL S S E ]

-y
Ap dung bat ding thire AM-GM, ta co

e e oy Uy m) o o) Us e
b iy 2 By 8

¥ T 2| ¥
s = zr ir 3
> h‘LE.;. _._J.;_ .8 =24 g+ L
Nz » V\u = 2 =z
Ding thirc xay rachi khi a = b =¢ > (. =]

Vi du 5. Chamg mink réng voi moi 56 thue diong a,b,e ta fuon cé

(a + b-i-t-'}f__l_ ﬁtab+bﬂ+fm} >3
2Tabe (a+hb+c)
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Bat dang thirc cin chirng minh tuong duong véi
(a+ b+c) 5 18{ah + bo + ca)

3 EH‘
Qabo (a+b4+c)
hay la
U O S BN ST
a+b+e a+bde a+b+e¢ a+b+e a+be a+b+e
3 .
4. 3’9.
da 0 e B
a+b+c o b+r. @ =+b =+
T&idﬁy,-déjrringnéudétmrﬁ—ﬂ,yw o] G- -
a+b+c e+b+¢e a+bh4 e

thitaco o + y + 2 = 3§ va bt ding thie trén sau phép d6i bién s& 1 thinh

i L
—4 Aoyt )29,

Tz

Bat dang thirc nay tuong diong vii
i+-{:a:+1,f+;:}‘T SO E -y,
Ty

Ty
s ayela’ 4y +2) 23
Bat dang thic nay da duoc dé edp i & vi du 6 trang 71,
Chitrng minh hoan tit. O
Nidn xét. Gia sit xét bai todn gbe, ta chudn hoa a + b+ ¢ = 3 thi duoc

—-1-+_{ub+bt +ee) > 3, hay —~“L+.E{r1!1+bf + ca) >4,
ale 3 abic

Biv cung chinh la b:_n dang thire thu duge sau qua trinh d6i bién, Noi
cach khac, y urdng dt dn phy ody 14 16 gidi thich cho mét tinh chiit quan
trong cua phép chudn hoa, do la “véi nhitng bat dfing thue dong bic khdng
diéu kién, ta hodn toan cothé gid sit a + b + ¢ = A"

Vidy 6. Cho ,y,z > 2 wi & +l+ Sl Chimmg mink rang
2 U =
(r=2)(y=2)z-2) <1
(DTS lop 10 chuyén Lam Sem, Thankh Had 2005 - 2006)

79



Lo gidi
Vi gia thiet 7,4, 2 déu lon hon 2, ta nghi dén viéc dit an phu dé dua bai
todn vé dang don gian va quen thude hon Hay xét loi giai sau.
Pit 2=e+2.y=b0+2z=c+2 vOoi a>0b>0c>0. Bal 10an
duroc quy vé chimg minh

abe < 1,
trong do a. b« la cac 80 duong thoa min
1 g 1 1 S T e b by
a+2 bh+2 ec+12 a+2 b+2 c+2
b h

_ thicom +n+p=1

va
] 2] [
l=ﬂ+"=1+i=b£=i—]=n+;’=sa;= 2m
m a g & Mm T n-t+p
Tuong tu
e 2n == 2p ‘
p+m m+n
Do da bt déng thitc trd thanh
2
2Zm 2n  2p <1,
n+p p+m m+n
hay tuong duong

(m 4+ n){n+ plp 4+ m) > Bmnp.
Sir dung bit dang thirc AM-GM, ta cé
(i 4 u)m 4 p)(p + m) = 2mn - ?J; 2y pm = 8mnp.
Bai toan dwoc giai quyét xong
Diing thre xdy rakhi vachikhi m=n=p tic z=y=2=13. =]
Cich khdc. St dung kT thude ghép doi ximg. Ta cd

1____1_1ﬂ_1__1 l_l
c+2 a+2 b+2 2 a4+ 2 b2

i . b s al
u+2) 2Ab+2)" {u+2}(b+2]'
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Tuong
] l[ £41 I 5 f} b

= ] i . .
b2 Vet D@ +2Y a+2 7 N0+ +2)
Nhin ha bit diing thire trén lat theo vé, ta duoc

1 5 uhe
(a4+2)b+ 2Mc+2) " (a+ 2+ 2c+2)
tir do suy ra
abe <1,

2m 2n 2p
M-I-;u1 p+m : m-+tn

Nhdn xét. Thi thuat d6i bién o =

s0 thye a,b, ¢ thoa min
1 5 1 4 -
w+2 h+2 re+2
l4 mot thu thudt riit thuong uoc su dung trong cac bai toan bit ding
thire. N6 gitip ta dua bai toan tra vé dang don gian hon, tir do co duoc nhiéu
¥ wiomg hon ¢ho bai toian,

1

Vidu 7. Cho a,b,e ki cie 56 thue diemyg thoa mén
ab +be + ca + abe = 4.

J;E + JI; + Wen- = 3
Lo gidi

Gia thiét da cho ¢o thé aaoc viét lai nhu sau

dhe 4+ Aah + he 4 eca) + Ha+h4e) - 0= 124 Zub e+ 0+ ¢),
fa+2+2{e+2)=(a+ 2} b+ 2)+(b+ D)+ 2y + (¢ + 2} + 2),

4 : £ = 1 & 1 :
w42 bh+2 o412
Theo bai tnrdre, ton tai cac sb duong m, 1, p sao cho

Clieng minh réng

ﬂm,h: En!r_ Ep‘
ndp P+ m mtn

Thay vao, bt dang thirc cén chimg minh tro thanh

.:.':m-_ 2n ; n I i .'le _dm <3,
n+p p+m p+m m-+n m+n n+p

Gt =

81



hay trng duang o
S # I

£ m

2 e +2 A
\m+p n+p '\{m—-ﬂ m+n n+Pomtn
Sir dung bt ding thirc AM-GM, ta co

3/ i _'Ti. i ¥i 4+ 1l :

\m+p ntp m+p n+p

] W AR ST .} . g

\m+u m+nu " m+ m o+ n

: f p + m 'E: P 4! T

n+p m+na n+p m+n

Cong ba bt diing thirc nay lai theo vé, ta durge

Emv“+2J"-P+2p-m5
m+p n+tp m+n m+n n+p m+n
m+n n+p m+p -
o+ i rt-{—p m+ p

5

Bai toan duoe chumg minh xong
Dang thirc xay rakhivachikhi a=b=e¢=1

Vi duy 8. Chimig minh rang vér mei 56 thuc dwong a,b.c ta hién co

- - e
A 3+ a #+ 32
vn + (4 ¢) ﬂb + (¢ +a) Vc"+(r:+b}
Li gidi
Bit ding thirc cdn chirng minh co the viét Jai thanh

3 =+ ; J,+, : - >1

HIHF VHﬂfi] JH a+b

u b &
Bauﬂ":”g=“';“‘:=“+"mi[t}wﬁmm
[

1
+ -T-:m:"]
Jl+m“" ;i1+y’ vi+z
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it dyung bt dang thic AM-GM dang JE < - -,:!"t thi

S 1 % 1 dir g
Nee® Ja+sie -zl (Qt@)+l’—z+1) 242
2
Vav chirng minh sé hoan tit néu ta chi ra duge
S 21 at
42 w2 r+2 2
T z%,
' : :
oA 5 4 2 ‘t+“l =19 [ﬁ-*-b 3
il b &
Mat khac, lai theo bt ding thic Cauchy-Schwarz, dé thiy
1 % i’ L u’ = a’
TR ; (b3c)+2a" 20" +e' )42 A+ )
4
| fi L
| B S X o i B
ctal ,, CHFIWTATHOAW AT HF 4
. i
b
1 L e e s ¢
[Hb*’ : (+6F +2° A +0)+27 A+ P+
AL +-*
C

‘(C'dng ba bar diang thirc trén lai theo vé, ta cd ngay diéu phai ching minh.
Déu diing thirc xdy rakhivachikhi a =b=¢> 0.

Vi du 9, ('ho cdc 56 thirc diromg a,b,e bét ki, Chimg minh rdng

@ +b)lbte) | [ +ee)era) | [ +ab)atd) |
J a(b® + ¢*) i ‘! e’ +a*) " ola® + b 2 2.
(Trdin Qudc Anh)

L gl
Dit z=a(b’ +¢' ).y = +a°),2 =ela® + %) Khi do, bit ding
thirc cdn chirng minh chinh la

Jy+: +J.~:+-.s: +J:+y i

x y z

L



Str dung bt dang thire AM-GM bo ba s6, ta co

yte, e fryoo tlte fets JH_H
\/4:”\{ il e \NIJ# £

e+wly -2lztm) o
J."y.?'
Biéu nay mot lan nita lai dung theo bi* diing thire AM-GM vi
(z+y)p+ =)z +a) | 2ay Wz W
Ty= Xz
Chimng minh hodn tat.
Diu ddng thitc xdy ra khi va chi khi ¢ = b= ¢ > 0, =]

Viy ta can chi ra duoc

=B,

Nhdn xét. Chiic chin s& co lic dic gia tr hai ligu ki thudt nay cd phat huy
duoce cho nhimg bai toan voi nhimg diu bing “dac biét” hay khéng? Co
1€ vi du sau déy s@ la cdu tra loi stic tich nht,

Vi du 10. Cho cdc s6 tinee khdng dm a,b.c thoa man
a® + 0 +¢ = 2ab +be + ea) > 0.

U‘rmgmmhrmag la b' Jl!l _'E__J >2.
\,‘L‘ﬂb+r 2be + a” ‘?m+b

(Tran Qude Anh)
Lo giai
Ta thny ngay ding thisc khong thé xay ra khi a4 = b = ¢, Mat khae, véi
nhitng gia thiét ddic bit nhu trén thi vige khai thic no dai hoi phai ¢6 syt hah
té nhat dinh. Loi giai cla chiing t0i nhu sau.

Pé v riing tir gid thiét bai toan, ta suy ra duoc
2ab + ¢ =(b—¢) +(c—a),

nén tir ddy ta co thé dura bai toan vé ching minh

- +J e Y
Vutz Vzta Vr+y
Vi =(a-bly=(b—cfz=(c—u)
DEthdy y+ 2 > 0.2 +2 >0,z 4y > 0. Biy gio, 4p dung bit ding thic

AM-GM, aco -
Jiy+ < l‘;iﬂ



suy ra

20l =)
py NHu+2)
TyL

Y=+ 2

, ta duoc

Nhart ca hai vé cia bt ding thic nay cho

B -
g+2 Ytz

Hoan toan nrong uyr, ta ciing ¢

I’y > 2y : ||.a > 22 "
2 +r rTy+z rT+y cH+y+:z

Cong ba bat dang thire trén lai theo vé, ta ¢co
II-J‘_+ _u +J 2 > dr i 2y " 22 Sy
Vy+2 Vetz r+y T etytzr z+y+z c+y+z
Chimng minh hoan tit,
Dang thirc xay ra khi v chi khi @ =4b=4r >0 holic 0 = b.r =0 va
cac hoan vj tuong g A

Nhin xél. Ngodi ra, doc gid c6 thé tham khio thém nhitng ing dung thu v
khac cua ki thudt dat an phy qua mot chuyén dé rit déc déo mang tén
“nhing bit dang thirc ki la” - duoc 3¢ cap trong cudn sach “Ve dep b
ding thiee qua cde ki thi Mvmpic” coa cac tac gia Trin Phuong - V&
Qudc Ba Cin - Trin Qudc Anh.

8 e |

L. Cho u,b,e 12 che 50 thue dwong tiy v. Chimg minh ring
@b 4 b +c'n’ 2 abela + b+ e)
2. Cho @ b.r 1a cac s6 thye duong tiy ¥ Chimg minh ring

ﬂ_b.;.ﬂ.p%f > J;i{n.’ + i+ L’z}.

L L
3. Cho cac so thue duong a.b,e. Chimg minh ring

SO T }ﬂﬁhhw+h+ﬂm+ﬁ+rf
(@4 bF (b+ef (e+aP” Aab + be + ca)’ '
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4. Chimg minh riing voi moi $6 thire duwong «.b, ¢ 1a ludn ¢6
a b™ 4 "™ i T ol +_ b €
rl:.-ﬂ u'n-.-ﬁr bh"'ﬂ Ty ,!, & il

& Chuny minh ring voi moi s6 thyre bat ki o b ¢ ta ludn co

(a+bPB—=c) + (b +e)ie—a) +ic + af'lu — 0¥ =
> Ha' = ) — &)t —a').
6. Cho u,b,¢ 14 cac 36 thue khong im fy y. Chimg minh riing
W la — b + 55— cf +a(e —a) 2
>{a— W) (b=e)(c—af.
7. Cho ciic s& thuc a.b, ¢ khiic nhau 46t mdt Ching minh ring

3 ‘ b s ; %
i '
4
= e
8. Ching minh ring véi moi sb thuc duong o.b,¢ 13 ludn cé

J{u + b+ e){ab + be + ca) 2 Jabe + J{H +hub—; E}(H-uj.

9, Cho cic so thire duong . b, ¢ thos mdn

21,

(M) 2608)

a-+b4 r.'—'*—l~+}-+_£..
Wy e R

Chung minh ring
2
(ﬁb+ﬁ.«:+m}(\ﬁ5 + b +Vea) 227,

10. Cho ¢ae $0 thue a.b.¢ thoa min

(e +b+e)—+~4+—=10.

g0

111]

Chirng minh rang

(0 + 0" + ::"'}[l:+—+—
a2 £

. BB



. Lai giai
Ap dung bat dang thirc AM-GM, 1a ¢o

S L s e e R TN H]
Waah b atB b gl b 2ds B Ala )
Tuong w
e R
c hbe T £ -“:_b a +ca a 4dle
Céng ba bat dang thire nay lai ve theo ve, ta dugce
L. e b - ¢ E-_il.s.i.:l-l._l
b 4ab ! 4be o' +ca " dla b e) 4

Vi nhu thé, bai toan dugce quy vé chimg minh
11,15,
-

Bat ding thirc nay wrong duong voi
Il+rs]+{l +b +[1 G
fl b e |
Py la mt két qua dang vi theo it ding thirc AM-GM thi
-1-+r1 >3 -l-fi- h>2 l-+f-2 2.
i N
Bii toan duge ching minh xong,
Dang thitc xay rakhivachikhi a = b =¢ = 1. O

>3 4athde==6

=

Nhin xér. Qua nhiing vi dy trén, néu dé v ki, doc gia sé thiy dudn g nhr

hiéu qua da ké nhit cia &7 thudt AM-GM nguoc ddu chinh 14 giup
chuyén cic bat ding thic hoan vi vé dang d6i ximg don gidn chi sau mot
budrc “dém™.
Tuy nhién, khdng cé nghia la sau khi su dung AM-GM nguae diu, “bil
budc” ta phai quy duec bai todn vé dang ddi xung mai la lhanh cong. Sau
da}', hﬂy dén véi nhimg vi du diic bidt hon dé tugu rd hon dige ching toi
mucn dé cap.

Viduy 8. Cho cdc 50 dieomg 1, 0,2 o tich bang 1. Chioag minh ring
'T'-‘y e f,r’z 2'r ul
r+1 yY+1 241 2

(Trcin Quic Anh)
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Lan giai
St dung ki thudt AM-GM nguge diu, ta ¢d

Ty i Ty 3 <1 4 Iy
. A E_fy—_::}:y—-m—.
s 2t 41 Ir 2
Tuong nr.
ot o i W RO e M
. . i T — R
T o | 22kt 2

Suy ra ta cia ching minh
= ; ; - S :
y+ o'z + a‘r?_‘; + m+f+ﬂh
Ap dung bit ding thire AM-GM b ba s, dé thay
- I, PR,
'y F“+ZI}E:‘E,,
- > T
Viy chimg minh s& hoan 14t néu ta chi ra duoc
Xy 4y 4 2 > oy + e+
That vy, lai s dung AM-GM két hop voi gid thigt rys — 1, taco
Py+aly + s 2 Wy Y e = S,
e+ s+ 2 2 Ry's o'z 2'n = Bya.
e+ e+ ry> 3-"{[:2:7- F1-2'y = 32z,

Cong ba biit ding thire trén theo vé rdi it gon, suy ra diéu phai chimg minh.
Péng thire xay ra khi va chi kiti ¢ =y = 2= 1. O

-
=

Vi du 6. Cho cdc 56 duonig a.b,e c6 tich bang 1. Chitmg mink rdng
21+u+1+b+]+ﬂ_
f+b J+e¢ l+an
(Pham Kim Himg)

g+b+e

Lo gial
St dung phep tach
14+ua Lot ;hf‘id—u]!
14 b 1+b
ta 5¢ quy bai toan vé chimg minh
ﬁ(1+ﬂl+f!{1+hj+u{1+ﬂ 53
145 l+ & 14a




Thit vy, str dung bit ding thue AM-GM. 1a ¢6
Ml+a)  cl+0) all+e) M‘ﬁ{] +a) ol+b) s+

I+#6 1+&  3+e Y10 1Fv 1+a
=34

: ’j:lﬂt* =

Tir d6 suy ra diéu phai chimg minh
Diu ding thue xéy rakhivachikhi g = 6 = ¢ = 1, =

Vi dy 7. Che cde 86 thue khdng dm o.b.e thio mdn 6+ b+ ¢ = 3. Chimg
minth rdng

Jﬂ = Ib - =£ :?E,'i-
b+l ¢ +18 a +16 6
{Tdn Quic Ank)
Lai gidi
Sut dung ki thuit AM-GM nguoc diy, ta co
G 1 ah’ i ab® ’
= 1l — | =—|t— -
b' 16 18] - bL18) 16| K P HT
[ 3 i
sdla= o ] ]
- 12 18" 12
Tuong tu, ta clng co
2| =
SIS Bl L R i S AR )
16 16{ 12) &'4167 186 12

do 46 bai toan quy vé chimg minh
1 l:} ah® < be? + ca’

16 12

.2
(

#

B

hay twong duong
ab’ +be’ +ea’ <4
Ta sé chimg minh bt ding thic mank hon 13
al® + b +ea® +abe < 4
Khong mit tinh tdng quét, gid s& b 1a 55 ndm git o v4 ¢ Hién nhién co
alb—¢jldb~a) =0,
do do
ab® b be* + ca® + ahe =ha +cf +alh - a)b —¢) < bla+ ).
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Mit khae, theo bat ding thie AM-GM thi

j b
1% +eta)+leta)
21 3 |

e =+ ll}z % 2h (o4 a) o+ a) &

Tir do suy ra diéu phai chimg minh. Diu déng thirc xay ra khi va chi khi

ta b, ci = (0.1,2) hodic cac b hoan vi tuong ung. O

Nhar xét. O bai toan nay, dau ding thic khong xay rakhi o =b=c=1 ma

li

2.

3.

4.

lai xdy ra khi (a.be) = (0,12} va cac hodn vi twong tng. Tuomg chung
nhir vei ddu bing dic biét nhu the, 1a sé phdi sir dung 161 nhimg cdng cu
manh hon, hién dai hon dé giai quyét. Nhung thue t€ mét l8n niva lai khing
dinh nhitng cong cu manh rnht di khi khdng phai la cdng cu 16t nhit va
kha thi nhat Diéu nay lam chung t0i chot nhé 108 mot clu ndi ndi tiény:
“Ké manh d0i khi khdng phdi ke chién thing, ma ke chién thing moi la
ke manh”. Vi viy, ta khong nén nghi hay ¢0 ging so sanh “phuong phap
hién dai” cOng nhu “phuong phap ¢ dién”, cii nido manh hon, chiit hon.
Bai 18 don gian “dd manh twong 46" 46 chi ¢o ¥ nghia trong timg bal

toan cu thé ma théi
BAl TAP

Chimg minh ring v6i moi 56 thue duong a.b.e.d thoa min diéu kién
a4+ b+rc4+d=4 faco y
il . Ry
14%e 1+¢d 1+da 1+a'
Chitng minh ring voi moi 86 thue duong a.b,¢.4, ta luén co

bt : ? .
'":1,_ﬂ""'£"f' ; / 5 1t ) d =2ﬂ+b+r+d-
W+ P+ 428 d 42 4
Cho cdc 50 thue duong a,bc va a + b + ¢ = 3. Chimg minh ring
s I'J‘! 4

>
a+2® 542 e+2a
Cho a.b,c,d > 0 v a + b + ¢+ d = 4. Chiing minh ring
. 1 1 1 1
+ ¥
a2l Bl 841 dh ]

=2,

5.Cho a,b,e,d > U va a4+ b+ ¢ 4 ¢ = 4, Chitng minh ring
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CHUONG 3
| CAC BAI TOAN TONG HOP

‘I theary there ix no-difference Between theory and practice.
Bt in praciice, there is.”
Yogi Rerro

'Eil | Chntinig miniia r:ing VT ol SO thiee g a,b bt ki ta ludn ¢
fa) (a* +6"Ya +0) > 4r:f.¢fu o i \[:;;],

(8) {a* + B)(o +8) > dab[a + b) - 3ab .

(Hoang Kiéu Nam)
Lo piai
(a) Str dung bt ding thirc AM-GM true tiép dang a + b > QJE* ta s€ quy
bai toan vé chimg minh

a? 44 > 0fab (a4 b Jn—b)

Mat khace, lai st dung bie ding thire AM-GM dang =y < L : 'l , ta o

EY o 1 }-'—'- (=
E-Juﬂ -+-|u + & - ﬁ.,.m'_;]

‘Eu”r:‘:fu-f—f; - J{EJ e

L]

(m £ 8)
4 g

(a+ by

Viy ta chi can chirng minh - < o'+ ¥, hay

SOTCEE SN
2 2
Diu ding thie xay ra khi va cli khi a = & > 0.

(b) Day la két qua manh hon so véi (@) Tuong t nhur bude ddu ¢ ciu (). ta
s& chirng minh

> 1 (hién nhién dang).

ek .
I E‘E\g-zblﬂiﬂ +i'i}"3~/£|- (1)

Toi diy, néu diit @ = ¢°.b = thi (1) tré thanh
z' +y' 2 2ay(2e’ + 2yt - Bay).

a3




Bél ding thite niy tuong duong v
o4 gt ooty aaylds + 2y — 4oy
(& =Y 2 ayle— i,
e y_f%,t_.r 4.9) ~ EJ_.'yi =1

(g —yPie® +y7 )= U

Phep chumg minh hoan (it
Diu ding thie xdy rakhi vachikin a =5 >0 O
i : z o™ 4!‘!‘—3
BAI a Chierg miph rang vo mai n ¢ B ta 0o: = >pl>» S
(Hloang Kiéu Nam)

1.0 gidi
Véi n = 1, bt ding thirc kép ndy hién nhién ding, Sau diy, ta s& xét truomg
hop n € M'.m 2 2. Trube hét, 1a chimg minh bit ding thirc & vé phdl, wre
.ll-l

n!> i
n

Pé v ring theo biit ding thirc AM-GM b hai so dang z° + y* = 22y, ta ¢d

i

Fa
i x, Il_ e E—_-
1'|“—4""—1 3 2] > 21 5 n,
n‘.‘
suy ra Tgn—l.
Hoan toan twong W, ta thiét Jip duoe chudi bit ding thic
(n=1Y ~
2n—2

u-h-l""'i'.

Nhin n — 1 bat diing thirc duoe thiét Idp o trén lai theo vé, ta thu duoc

|n{ﬂ - 1}--*2}3
e

> (n=1)fn=2)-2:1,



sy 1d

pZ il 1) e 92 1
L iy,
|!I-ll-l =

1

Do(n~Din—2)v2 1= % néothténtace =
b

4%

n

D’I hay n'! >

Bir diing thire & vé phai da diroe chirng minh
Dau ddng thire xay ra khi vachi khi # = 1 hodic n = 2.
Tiép theo, 1a sé chirng minh bat ddng thue (vé i 14

[

'I_l

Sir dung bit diing thite AM-GM dang =y < — 4’ -

. laco

I-{n——l}'{{l 1 )"

4 -i
Hoan toan tuong ty, 1a cling ¢o
2
L e
"
k-{n—k)s—.
(n—k) 1

(n— ]}-{u - (n— 1]}5 %

Nhan n — 1 bat ding thic duoc thiét 1ap o trén lai theo vé va ldy cin bic
hai, ta thu dugc

{““3)'.‘5'@'- (1)
Tir 46 nhan ca hai vé cia (1) véi o, suy ra
ﬂ!‘ii
=y 2‘! it
Py chinh la diéu phii chimg minh
Diu dang thie xay ra khi va chi khi n = 1 hodc n = 2. O




E:ﬁl ﬂt’.‘m @ va bl cac sé diuemg thoa man o' + 8" = 2. Chimg minh

= o N
:’i x i K
h e
Va Quoc Ba (dn)
Lévi gidi

Bat dang thuc cin chitng minh tuong duong véi

Sa' + 34" > 8a’h
Pe v ring

Sat +30 =f{a' +b' )+ 40t + 20" = 22" +0' + 1),
do vy bét dng thuc trén co thé viér lai thanh
a' ' + b 41> 407,

hién nhién dang theo bét dang thire AM-GM_
Cha y rang dang thirc xay ra khi va chi khi @ =b =1, O

B

b

| & Cho a,b facde 56 thue thoa mdn Da® + Sab + T4 < 6. Chimg minh
Ta + 5b+ 12ab < 9.
Lo giai
Sir dung bit ding thirc AM-GM, 12 ¢6

|

fa+bb+12ab—-9<T

o' + |+ 8]0 4| +12ab -9
4 4
= Tat 455 4 Pub =6

™ [gﬂz + Sabh -+ ?f)g . “] S 2["-? <+ b? =t 3(16}
< =2a=by <0

Ding thire xay ra khi vachi khi ¢ =5 =

lw-..-lll—IL

= O
@L'hﬂ a va b I ede so khéng am thoa man o' +b* =2, C fimg mink
o' 4+ ')+ 22" <8,
(Vasile Cirtoaje)
i gid -

Str dung bat dang thic AM-GM. ta cé a” + 4" + 1 = 3ab. 0" +2 > 3a

vi &' + 2 > 3h Mét khac, do ¢ + " = 2, nén co thé suy ra ngay

ab<l, 3a<4-0°, J<L—a>



Tir do
Ha' 45+ 2 = 3a.a* + 3 ? + 2a'%" - ab

S@=0"a" + (4 —a*P 4 2" = da* +p')=8
Ding thirc xiy ra Idu vachikhi a =b = o

Al Cho a va b I cdc 56 thie thoa mim o* + 5° = 1. Chimg minh réing
g
V3

ab + max{a, b} < e

(Pham Vo Thuin)
Loi gidi
Khong mat tinh t6ng quat, gia sir a = max{a,b}. Khi d6, sir dung bit
dang thirc AM-GM, ta c6

L | 2 >
a&;g.u + 3& : 1154[1 +3.

203 W3
2(a” + 36") + (4a* + 3)
: 4y3
_ B’ +0°)+3 _ 3V3

4J_ 4’

V3

Dang thirc xdy ra khi va chi khi (o, b) la mét hoan vi ciia [ .

Tirdosuy ra

ab + max{o, b} =ub i a <

O

2
‘o

EAI 7 Cho a,b cac so dwong thoaman a* +b* < o* + b, Chimg minh

oo koo L.
o

D& ¥ ring dau ding thic xdy ra khi a = b = 1, nén biing cach sir dung ki
thudt chon diém roi trong bét ding thirc AM-GM (dé bio toan diu bing cia
bii todn), ta s& lam giam bde cun a’.b* xubng «*.5* nhu sau

'$1=a"4+"+123a°, B 43=0"+p"+ 3550
Do do
r 1‘__ !-)ﬁ'.'.’__
da 1+ 3.

3 a
+b" >
. = 5

g7



Két hop voi gia thiét 43 cha ta duge
da” ~1+5b’-3

e 2}
dod 2
a® + 3 < 4,
P 4= <a4-22%-1)—-2b=1) <6=41b
o 1 % i :
a+ b 6—4b
T day ta suy ra
I ¥ !
bt ek M
a4+ 2= G—=db 2 J—2b
Bai toan duoc chi'ng minh xong. O

BAI 8] Cho a va b fa cic s6 duemg thoa man o' + 0" = 2. Chimg minh
bat dang thirc sau
) ']
LA S
b i

(Michael Rozenberg)
L.3i giii
Cédch 1. Ta co bat dang thirc can chimg minh tuong duong véi
a' + 6" > 2ab,
ha}', ; {ﬂ-‘ 4 ﬁ_!'}l E 3“163.
Nhan cd hai vé cia bat dang thirc ndy vai 3(a” +5°) > 0, ta thu duge
3 + 07 > 2a'h (o +5°).
Pé y ring 3a™a" + %) = (e + °) — (0" +0") = (0" + ") = 2, nén
ta chi cin chimg minh
3a” 4 b)Y = §j(a’ +0") =1,
iy Ha® + 5 +16 > Yo+ b7
Toi déy, sir dung bilt ding thitc AM-GM, ta co
3a® + %) 410 = (a® + 0*)' +(a® + ") +(a® +47) 4 2
> 44f(a® + 5°)%2* = 8(a® + 1*).
Bii toan duge chimg minh xong
Pang thirc xay ra khi va chikhi a = b =1 a
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e ER—

Cich 2. Sau khi thuan nhét hoa, ta co thé viét lai bit diing thire cin chirng
minh dudi dang

o | s
a’+a’gzab;j“ :E’ :

hay tuong duong
(a* +b*) > a8’ + b°).
Do a” +3" = (a* + b')(a" — " + ") nén ta cin chimg minh
(0 +1°) > 2" 2%’ (6 —a’t" +1").
Str dung bat dang thirc AM-GM, ta co
#ﬂnhﬂltﬂ-& i u-‘ib-'l + hﬁ} A {fiﬂ:bsf{ﬂa 5 a:bil 0 bﬂ]
ﬂ adﬂb.‘l +(ﬂl'l _a.lbh _i_bir) £ {_ﬂia +b:}u‘ |

d 1
Tudosuyra a"B(a" — BV 40" < (a* 4+ K*Y - (@® + b°Y ;
S 5 =
Phép chirng minh hodn tit. -

BAIL 8 Cho a va b la cic 56 thie thoa man o + 1 > 0. Chiing mink réng
i Jab il
JO+0 I+l o S8 el P 2
(Jack Garfunkel)
Lai giii
Doa< ]n| vab < ’hl « €n {a chi ¢én chirmg minh
L A

Pit ¢ = & va ¥ = 3" Khi db, bt ding thie én trer thank

gl iala ¥ .0 = <3,
o+ 3y \u+ 32 (x -+ 3y){w + 3u)
Ap dung bit diing thirc AM-GM, ta co

2 2 < r +.1'+y. 2 U < b/ +r+;r;i
r+dy T+y =+ \‘y+3:r. T+y y+3x

& -




i Ty 2 By
(z + 3y)(y + 3z) ~ (z+ Jy)(y + 3r)
Céng ba bit diing thirc trén lai theo vé, ta nhin thiy

_

5

va

o T‘l'l,r

z+ Yy

BTy

B R
2 ~¢+3q

g+ 3

(z+ 3u)(y + 32)

vit do 46 chitng minh <& hoin tat néu ta chi ra duoc ring

Tty T+ Sy 4
z+3y y+3z (z+3yy+3z) 2
Tacd
3wty DAy Ry 3 4(I+ﬂ]2+8;ty
2 2+3y p+3z (x4 3y)(y+ ) i {;; + 3y)(y + 37)
_  fz=w
2=+ 3y){y + 3z)

Bai toan duge chimg minh xong.

Piing thirc xdy ra chi khi 4 = v3a > 0.

Cho a va b li cde 56 thie diong. Chimg mink réng

1 1
Ja ++b 4 <2
( JJa+3b Jb+3a
Len gidi
Sir dung bér ding thirc AM-GM, ta co
Ja  _1f a__ a+b
a+3 2{a+b a+3b
" ogili o)
a+3 2{2 3h
Cong hai két qud trén lai, ta thu duye
J;+JE l| a :']i‘
Hoan toan trong tr, ta cﬁng co
Ya +~£f-1{_¢,_ il
bt3a 2la+b '2_,‘

160




Do vay, dé dang nhin thiy

\f:+\{£) R — l.__ El[u+b'+3]=1
Ja + 3b \..'fb + Ju 2{o+b
Diang thitc xdy ra khi va chi khi o = & O

AL 11| Cho x v y I hai 56 thyee dieomg thoa mén
i e \I’*'_J';i."2 + 2y + 3y =4

Vim gia tri low whdt ciia ©'y.

(Michael Rozenberg)
Lot piai ;
Tu gia thiét di cho, ta d¢ ding nhin thdy =+ y < 4. Do 46, no co thé
duoe viet lai thanh
20" + 2oy + 3y’ = (d—z—y).
Tur dy, bAng mdt sé bién doi, ta co
(z + 4 + Ay +2) =40,
hay

212 4 ;} + (2 y)f =20,

Tot déy, sir dung lan lugt cde bit ding thie AM-GM va Holder, ta c6

= o 2 3 — 2
23| H|2+g] H@Har 23 2+f§] 2+y)| 23 2+\/"1Ty‘].
Tir do suy ra

z
'y
20 >3 2+1=/_l_
4
hay

r'y <32

SR
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Ding thirc xay ra khi va chi khi ¢ = 2y = 4




Cho o va b la cdc 56 khong am thoa man a +b = 2, Chisg mink
bat dang thte sau
: a*t* £ 3ab <4

(Vasile Cirtoare)
Loi gidi
Ap dung bat ding thirc AM-GM suy rong, ta co:
[ &
= CHk
= z h > d--ibsa#ﬁ.
a+b siic a4+b = =
z 1 o b
Mii a4 b= 2 néntco: =1L > adpe,
@ 48] _[tas8) —20b]
T do suy ra: a'l’ < e : | =(2—ab),
Do viy,
a"h* + 3ab — 1 < (2 - ah)’ + 3ab— 4 = ablab — 1)<
viab< ““’] %l

Phép ching minh hoan tat Ding thirc xdy ra khi va chi khi a = =1,
hoica=2vab=0, hoica=0vab=2 =

Al 13| Cho cde 56 thire diong a,b,c. Tim gia tri nho nhdl cia biéu thiec

P=a+b +¢ +—1-
abc

Lai gidi
Sir dung bt ding thirc AM-GM bé 17 s8, ta co

’ 3 » 1 o
P GE+3b—+25-+ﬁ—}1?1 a i L .
h 3 3 'ﬁﬂbc

b3/ ﬁh :11 . 2.“" i GH - |T|':-!H ; 3!5
Ta chu y ti cach xét diu biing cua bai toan. Ping thire xay ra khi va chi khi
& 3T @ 1 1

2 e nluls jay wiiheiFass
iy el Satr ol o b
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Toi diy, dit @ = 25° = 3¢’ = —— = i, suy ra a,b,c s l& nghiém cin hé

abe
ot = NP =1 *b 2 2
il = T = 30 = a=t b= — =, 0=
. t“ 1 o
ahe — =1

e yu g0 o R
Tir do, ta co dau dang thirc xdy ra khi va chi khi (a,b,c) = I! .
; b
P T pa i - ¥ = 1?
val | = % Viy ket ludn duge min P = W O

Chiigg minds réng vit moi 56 tinee dhamg a,b,e,d ta ludn o
L Fed. 1 aabdsdd
SN - RO abed

fAustrian MO 2003)
Léd gidi
Str dung bt ding thire AM-GM bo ba s, 1a co

LEE TE BeRE

= AT
e SRR ]
¥ T
¥l Y }

DN e B ey AL
e d* @ cda
R e

—t— = —
d* g ' T dab

Céng bon bat ding thirc trén lai theo vé vé it gon, ta thu duge

1ol tni it 1 11 eshbkendt

& P& d*  abe  bed cda dob abed
Biy chinh 1a diéu phii chimg minh
Dau bling xay rakhivachikhi e =b=c=d > 0. O
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Cho cde so thie khong dm ab.e thia mdn khdng co hai sS4 nde

dong thei bang 0. Chieng minh ring
b i ou . = ah < 1
Qa+b+e){o+e) (Wb+e+ajlcta) (4e +a+blla+b) 4
(Vasile Cirioaje)
Lavi giai
Dé v ring theo bat dang thuc AM-GM, ta co
b = be < be
(da+b+e)b+e) dalb+c)+B+c)  dalb+c)+ dbe
1 be

"4 ab+beteu

Hodn toan tuong tu, ta ¢ling co

ca = l el
(40 +c+a){e+a) 4 ab + be +ea
ab - & 1 ah ;
(de+a+bjla+b) 4 ab+be+ca
Cang ba bt ding thirc rén lai, thu duge
T 4 o - ab < l
(da+bte)bie) (Htcta)eta) (deda+b)a+td) 4

Piy chinh la diéu phai chimg minh. Déu ding thirc xay ra khi va chi khi
a=h=c>0 holic a =bh>0,¢= 0 vi cic hoan vi bat ki. =

Chimg minh rang véi mof wb.c dwong, ta déu co

Rabe

a+bh+e s . >4
Yobe (@t 0)(b+e)e+a)

(Pham Hien Dic)

L giai

Sir dung bit ding thire AM-GM, ta ¢é
a+bh+c i Rahe
Yabe (a 4+ b)(b + c)lc + a)
a+b b+c 4+ 0 Rabe

= + + ¥
E?ubc 25-‘:&.‘: Wabe  (a+b6)(B +e)c+ a)
4{ a+h bh+v c+n Rabe

bte vm 3
2abe 2Yabe 2Wabe (o + b)(b+c)lc+a)
Ding thire xay rakhivachikhi a = b= ¢

104




BAI 17| Cho a,b,¢ li cde 56 dheong thoa mant a + b+ ¢ = 1. Chimg minh

E s Y e
a4+ 3¢ 3¢ be+2'3+20 ca+ T+ ab+be+en
(Turkish TST 2007)
1.éi gidi

Sir dung bit dang thire AM-GM, 1a ¢o
ah+ 2¢" + 2 =ab4 2" + 2ela+ b+ ¢) = (a+ 2¢)(b + 2¢)

it
__ (@b e)(ab + 2ac) _ [(ab + 2be) + (ab + 2ac)
ab : dob
(@b + be 4 ca)
b ;

tir do suy ra
1 al

s

P

ab | 2"2 b 2 i !_rl'_i'-'.l - be 4 L"ﬂ_]i :

Tuong tu, ta cling co
e P et
be+ 20" + 22 (ab+be 4 f‘.‘ﬂ'.]j ra =20 4+ {ab + be + {::1]2

Cong ba bit ding thirc trén lai theo vé, ta duge
i i 1 = 1‘ 5
ab+ 20" +2 be+2a+20 ca+20°+ 2
ab 4 be+ea 1

= = ,
~ (ab+be+ cal  wb4be+ca

Bai toan dugc chimg minh xong

Bingth&cx&ymkhiv&:hikhin:b:n=%. =

Chimg mink rdng vei moi 56 thiee a.b,c. ta déu co
(@ + 0 2(e+b=c)b+ec~alle+u—Ba+bh+e)
(British M) 2007)
Loi giai
Sir dung bit dAng thire AM-GM, ta ¢o
(a+b—c)b+c—a)lc+a—b)a+b+¢)

= [[“_ 4= -..r;,[q, +~ b+ :,Jnib el = tl}{-ﬂ G il < hear b}l
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(a+b) -] +]ef ~(a=0}]]

-

=[@+0) - l¢" - (a ~bY] < {

= (a® + Y.
Péng thite xdy ra chi khi (@ + )’ — ¢ = ¢* — {a — by, hay b =¢ 0

{"Jnmg ritinh rﬁng viri M{}f sa thur dierng ﬂ.-b'_.t‘. fa ludn co

L ¥4
a® + 8 +e' > 2abe + EIi-]-._tl_
e =
(Hoang Kiéu Nam)

Laoi giai
Bt ding thic ndy 12 1am manh ota bt diing thirc AM-GM b ba 6 dang
a’ +b* + ¢ > 3abe.
Vi két qua lam manh nay, ta co thé chimg minh nhu saw:
Cich 1. Dé y ting
@+ +c _abela’ +b + )
| G e | ab+ be + ca

__|..._.+._.-
a 0 o

nén bat dang thire can chimg minh ¢6 thé viét lai thanh
abe(a® + b + ')
ab -+ be Fea
Chia ca hai vé cua bat ding thirc trén cho abe, 1a dupc
a' +b 4+ i, at + 0 ¢ i (g+b+c}’ :
5 ab 4 be+ca  ab4 be+ ca

a' +bY e’ > Zabe +

abc
hay
(a’ + b" + ¢")(ab + be + ca) > abela + b + ).
Str dung hé qua quen thude cua bat dang thire AM-GM la

(ab + be + ca)
3 ]

abrio+b4c) <

ta s& quy bai toan vé chirg minh
Ha' + 0" 4+ ¢") 2 (ab+ be + ca){a b+ e).
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Tiép tuc st dung bar ding thire AM-GM, ta ¢6
(a+b+¢)

(ab 4 be Fiea)(a 4 b §g) § —————te

4

va

3a® 40 + %) = 3 +b+0)’ —9a + )b+ e)(e+a)
(@ +b) + (b + )+ (e +n)

>3a+b+ c}a---ﬁg 5

3
.—.Ei-t%ﬂj—_}_{ah+bf+r:ﬂ}(ﬂ+b+c).

Ching minh hoan it Ding thic xay rakhivachikhi e =b=¢> 0. ®

Cich 2. Bit diing thac cin chirng minh 6 thé viét lai thinh

{n*+b*+c*lt1+}-+l :

- | = 2abe
R TR -

" ey

hay tuong duong
e

Ilc:a 45 4 r:ﬂ}[—- e ks -ILJ > Anh+ be + ca) + R O o

&

M1 khac, theo hé qua quen thudce cia bit ding thire AM-GM thi

ab+bec+eca<a’ +8 4,

nén ta sé quy bai toan vé viéc chimg minh bit ding thirc manh hon 13

(e + 5" + ,:if}[_l,,_|_1+.].
a b r

Tai dy, sir dung bt déng thirc Cauchy-Schwarz, ta co
bl 0
a & ¢ a+b+c
Suy ra chimg minh s& hoan tat néu ta chi ra duoc
Ha® +0° + ")
n4+b+e
Bt diing thisc nay tuong duong voi

b e o S

3a’ + b+ e > (a+b+e)a® +b° +¢)

l+1+-]+a’ + b 4 P,

= a’ + 0+ '),

4 3{:&3 4P+ )2 8 4+ able 4 b) + be(b + ¢} + calc + a),
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e Aa + b* + *) > abla +b) + be(b + ¢) + cale + a)
-f.-*-}iu’-l-- b —uﬁa+b}]+[b”+c" -—f:c{b+f:}]+[c‘+u’-—cu(t+u)|20
e {a+ a0 + (b+ )=o) +(e+a)e—a) >0

Vi bit diing thire cudi hién nhién ding nén ta ¢6 diéu phai ching minh. O
Nhdn xét. Hoan toan urong tw, ta c6 thé ching minh duoc bai todn tong
quatla: Cho a,a,,....6 > 0. Khi do, véimei mn € N'.n 22 raco

A . R e 1 N
S e |
e %

BAI 20| Cho cde 56 thue diemg b, thoa mdn o+ bt c =3 Chiing
mirth beit dimg thire sam

a +a; +--+a’ > (n—1auy, a +

R 2 2
i ,bc_+b +{3ﬂ+ﬂ' +ﬂbals
i+ i o= h a+ he

(Trén Quoe Anky)
Lot giai
Do gia thiét a +b+¢ =3 nén ta s& quy bai toin vé dang chimg minh
bt diing thitc ddng bic la
o + be = b+ ra = & +ab
h{a+ b+ c) + doa cla+b+c)+dab  ala+b+c)+3be
Mt khic, dé y ring theo bit ding thirc AM-GM thi
b+eca)=bn+b+c)+Iras<ha+b+c)+eat+e’ +a
= a® + * 4 ¢* + ab + be + ca,

nén ta co
a’ =+ he L i + b
Ba+b+ej+dea ~ o 0 +¢' +ab+betca
Tiz 46 dé dang suy ra
a’ + be i b + e = e+ pb
bla+b4e)+3ea cla+b+e)+3ed  ala+ b4 )+
S {a* +be) + (8 +ca) + (¢* +ab) '
T @+ Fab+be+ca
Bai toan dugc chimg minh hoan toan,
Déu ding thirc xay ra khi vachikhi n = b = ¢ = 1. O
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Eil 21] Chumg minh rang vei moi o, b, o & B, ta déu co

fa+4)70b—el + b+ e —a) + ek a)(a—d)
2 8(a® — b')(0* - &*)(c* —a®). '
(Trdn Oude Anhj
L giai
Ditz ={a+b)(b —c)y = (b+c)lc —a),z =(c+a)a—b)
Khi do. bt ding thic tén chiah la
2+ 4+ > dzyz,
hay tuong dirong
(+y+2)@' + ¥+ —oy—yr—ax) 2 0.
Ap dung bt ding thirc AM-GM, dé thay
4y —y-yr-22>0
Do d0, ta chi cdn ching minh duge: &+ y + 2 = 0,
wela (a+b)(b—e)+(b+e)c—a)+(c+a)a—0b)=0
Bét ding thirc nay ¢ thé thu gon lai thaah; o* +6° +¢* > ab + be + ea
la mét bat déing thirc hién nhién ding theo AM-GM
Viiy ta ¢ diéu phii chimg minh.
Piang thirc xay ra khi va chi khita = 6 = ¢ O

Cho a.b,e la cic sé diomg thoa min o + b+ c = 3. Ching minh
hdit dang thiec san;

1
ab 4 be 4 ca + — > abe + 3.
il abe

(Trdn Qudc Ank)
Lo giai
Ap dyung bit diing thire AM-GM, ta co
(a4 b+ c){eh+ he + ca) > 3¢abe - 3¥a"Ve? = Oabe,

sty ra

(@ +b+c)ob+be+ea)  ab+bo+ca
0 3

Sir dung dnh gia ndy, ta dua duoc bai toan vé chimg minh

1 _eb+be+ca

ab + be + ca + P
abe

abe <

+ 3.
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Bat dang thire nay tuong duong voi
wh + be 4 ca s ab + bc 4+ ca 4 1
3 4 abe
Toi diy, str dung bit ding thire AM-GM mét lin niia, ta ducc

e et 2.0 2 e

ab + e + co % ab + bec + ca " 1 > 32 {ab+bn+cu}’_
g 3 abe ODabe

Ma (b + be + ca) > 3abela + b + ¢) = Yabe (két qua quen thujc), nén
két hop vai trén, suy ra
ab+&c+t:u+nb+bc+cr::: 1 Sabe

>3

: = =1
3 3 ; abe — : Sabe
Bai roan dugce chimg minh xong.
Déng thic xay rakhivachikhi a=b=c=1 O

BAI 23| (ho edc 56 thwe damg a,b.c thoa man a+b+c =3, Chimg
minh bes ding thire sau

a4 4h° Wgaet - Al
3 el T & 2 1
al (4 =ab)  be'(d=be)  ca™(4 = ca)
{ Turkish MO 2007)
L gidi

Sur dung lién tiép bat ding thirc AM-GM, ta ¢o
oM V)2 b+

al*(4 — ab) ab* (4 —ab) ~ ab’(4-—ab)
_ Aa+b) i 4
ubd —ab) Jab{-{ — ab)
Bai toan quy vé chimg minh

Jih!-‘(-l —ah)  ~be{d — be) 1’1!.'-:1(-1 - f.:ﬂ]
Miit khic, fai s dung bat déng thire AM-GM b bdn 50, 1a cd
3ub (4 — ub)' = Bab- (4 = ab)- (4 — ab) (4 —ab)
lzm + 3(4 — ab)

4

i
< =3,
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e ab{d — ab)’® < 3°, suy m Yub(4 - ab) < 3. Tirddy, ta c6
! S SR TR B
;H-!l{_-i - ab) m Yab(4 —ab) 3 Yub l

Hoan toan n.mng tu, ta cﬁng ¢

| it |
Fa i et i
Vay chung minh s& hoan 1at néu ta chi ra duge
S R
Yot e Yoo

Thit viy, diéu ndy hién nhién ding vi theo bit ding thitc AM-GM bé ba 0,

3.

AT

3
A > = 3.
J“ 9" efm""jﬂET T“'a,- b ¢
3
Diiu déng thirc xay ra khi vachikhi e = b =¢ =1, =]

BAI 24| Cho 7,2 1 cde 56 thi bat ki thuge doan [% 2| va (ab.c) ta mot

hogn vi tiy y ciia (@, y,2). Chimg mink ring
? | |
Gba" —1 i e | i 60" ~1
dry 46z dyr+5z dzxr+5y
Moldovan TST 2009)

> 12.

Lok gt
Sii dung bt dfing thirc AMSGM (véi chit y hing .y > -;-}. ta ¢

=5z’ +9" + z“]+§- 3z’ — Ay

dey+52< 2z’ +y°)+ 5|7 +%

5% 3 o0 +a’+:-’1—1
< 5(z° + ¢ z}+1+1—1-— 1
Tir diy, do 6i0a” —1 > 0 nén ta dé dang suy ra
ﬁﬂu’-I} 4(60a® 1) _
dzy+ 5z~ 2000° + b6 +¢") -1
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Tuong tu, ta ciing co
6B —1 ~ 60K —1)
dyz+hz — 20a® 4+ b° } ci;l 5]
6O — 1 > 460" — 1) _
dzx + By — 2006 +0F +¢%) 1
C'dng ba bat ding thirc trén lai theo ve, ta duoc
60a* — 1 " GOL =1 1 B0c* —1
dry + 5z dyz+5x  Adzx+ 5y
4{505‘ — 1)+ (600 —1) +4(5nr’ ~1)
2000* + 0" +e') =1

Ping thire xay ra khi v chi kbi 7 = y= 7 = . o

2
BAI 25/ Cho 0 < a < b < ¢ < 1. Chiog mink réng
(0 —8)(b— ) + Ml —c) < ==,
{,
. Lol gidi
Sur dung bat ding thire AM-GM b basbvéichiy 0 <a < b < e <1 taco
(8 = )b —c) + (1 — ) = a*(b — &) + B(c — b) + (1 — )

£ﬂ+%-b-b-{2c—2b)+e’(1-n]

= 12

08

b+b+mr

2h)
_2 }+Hu r)

-3

© Mt khig lai thee bdt ding thic AM-GM thi

ep-ge -] Gad (e -

23 23 23 2
[ﬁ-l Tk 54”[1 _ 108
23 3 | 529
Day chinh 14 diéu phai ching minh,
Dlubingxﬂ}mkhlﬂﬂhlkhﬁﬂﬂbzl{L'=-1-§ O

23 23
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BAI 26 Cho a,b.¢ li cdc s0 diwomg. Chtimg minh ring

J{b+r.-](_c+u]{ﬂ+b}zi\f a +J b +J a2
abe Vb +e e+ a a+ b
(1 i Qm.ft, Arthi
Lai gidi
FEetg e T
P A e e - Bt diing thirc (1) tré thanh
o “J[f#+t x ff'l"ﬂ-z \’u-#b i ﬂ
LS B b Sl e
yr 3 4
Sir dung danh gia co ban

deyale +y + 2) < (my + y2 + =),
ta dua dugc bai todn vé chimg minh

"l 17

(zy + yz + 22 591- hay zy+yz 420 <
Bay gio, sir dung bat ding thirc AM-GM, ta co

= ) {I BN b
(a+c)b+e) " 2lut+e b4ef

Cong bat ding thuc nav voi hai bat ding thirc tuong tu, ta dugc

+w+w{l[ﬂ—§-r: ﬁ1r+u-}~ﬁ .

. i TR T T

Bai toan duge ching n ‘nh xong.

Piing thic xay ra khi vichikhi a=b = ¢, =

BAI 27| (o cic 56 thue dwomg a.bc thoa man abe = 1. Chumg minh reng

(N
b C a

Do alv: = 1 nén t6n tai cic s6 dwong .7,z saocho @ =

d
3
‘3 -3 1}‘

24ttt —=t—=+4—
oD

(International competition SRMC 2006)

ttttt

i —

B

Hlu:

ol

ok
i : y
Thay vao bat dang thirc di cho, ta vi¢t duge né lai thanh
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&
3
"----+-=---::l2+ + -+ — +y+z+z]1
b/} - 2 ¥ ¥ z
3
Hx + g+ z} [u: )y + 2z + )

k)

Yy

: 27
myr{z+y+2) < =+ y¥y + 2f{z+2)

Tz
k--
Str dyung danh gia quen thude
%fr g+ 2)(wy + gz +z2x) < (x+ y)lyp + 2)(z+ z2),
ta dua duogc bai toan vé chirg minh bat ding thirc manh hon la
Iryz(z + y + 2) < {2y + y2 + 22),
hién nhién dung theo biit dany thirc AM-GM.

Chimg minh hoan 1t
Diu ding thire xdy rakhi vichikhi a =bh=0=1 O

Cho u,be ki ede s6 thee deonig. Chimg minh .r'ﬁng
(a® = ab £ I = Ve + AN —ea+ u’};%ubc{n“ + 6"+ ).
(Tran Qude Anh)
- Lo pidi
Str dung bit diing thirc AM-GM, ta co. _

1 2

2\.@(&’ --uﬁ-lLb’}-,-.-n +b \Eﬂb 2 +§_+J§nb
B -1 =

{a + b -'J.?I:Ib o’ 4 b + +2ab

VJ-J'J_H

= 2Ja' 4+ b

% 3 i’n'+b'
a" —ab<4b ._:-\{ T

Sir dung danh gia niy, ta dua duge bai 1o4n vé chirng minh
Ju' +b' b +d o +a
2 2 2

tr day suy ra

2 %umr{u' + 0" + ¢*),
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hay wong duong
Ha' + 810" +e')e' + at) = 5a®pie¥(a® + 6" + 2P
Dén day, st dung 1an luot cac bit ding thie co ban
o+ v)(v 4+ wilw+6) > S(u+v 4+ w{uy 4w +um), Vu,uw >0,

't + w4 '’ > uvwin + v 4 w), Vuswel,

ta co

Ha' + 00" +e')e' +a') >80 +b' + ') a'd* + b'e* + o'a?)
va

a‘t’ + bt +e'a? = u’ir"*:.""(ﬂ'" + 8 + )k

Tir hai danh gia nay suy ra

H{:ﬁi "|"t'.f‘}|:f)'t 4 ‘:l](rl -i-ﬂ*} > M:ﬁzﬂi(ﬂ“' _1_&# _'_L_{}[ﬂ! +51 +ﬂ!].
va nhu theé ta chi con phai chimg minh

(@ +b' +c')a® + 0 + ') > (0" + 6" + )

Bat dang thie nay hién nhién ding theo bt diing thirc Cauchy-Schwarz.
Bai toan dugc chirng minh xong,
Diang thic xay ra khi vachi khi @ = b = ¢ O

Nhin xét. O teén, ching ta da chimg minh duoe bét ding thirc phu

a' —ab+ b > 1}‘“* ;bi

biing mdt cach st dung AM-GM khi la mét.
Ngodi ra, ta cling c6 thé d& dang suy ra duoc bt ding thirc néy tir khai trién
Ha' —ab+ 0V =(a* + ')+ (a— ﬂlr.

@ Cho ab,c la cdae 0 thue g thoag mdan
'+ +et a0+ A

Chimg minh rang
3 ] a
R T B e
NI P ¢! +c'a’ +a' a' + a’t* + b’
(Polish MO 2010)
Lot giai
o Vi " gt 404t
Tir gid thitt d€ ding suy ra — >

P
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nén ta s& quy bai toan vé vige chimg minh bat dang thire dong bic 12

Sir dung kT thudt ghép ddi ximg, ta s& chi ra ring
a* < Ji_‘lu"

hay 30%(0' + 0% + &) < (@ + 0 47, (1)
Mat khac, sit dung bét dang thirc AM-GM b ba 0, ta c6
3a%b' = Hab)(ab)(b*) < a®0® + a0 + 17,
da’c = ae)(ae)(e’) < a'e’ +a'c" + o,
0% = Ha)be)be) < a* + 6% + b’
Céng ba bit ding thirc trén lai theo vé, ta thu duge bt ding thire (1).
Bai toan duge chung minh hoan 10dn.
Diu dang thic xay rakhi vichikhi a =b=¢c =L, O

Che ede 6 thee duwong u,b,c.d thoa man
at+b+e+d=4
( ‘huimg minh rimg
1 1 1 1 :
— 4 —+—t—a@ VL
= T e
(Vasile Cirtoaje)
Lon giai
Véi moi =,y > 0, ap dung bat ding thire AM-GM, ta co
. e+t yY
f+yﬂ:2iy(fz"'if']£ 1 Sxty)
2y 21y Sxy
Sur dung két qua nay, ta thu duge
2 (a+c) = (a =+ c)'bd & (@ +¢) (h+df
T S Bubed 32abed :

a +

Hoan toan trong t,

(b + dy' 7 (b+d)'ea = (b 4 d)'{e + o)
Khd Rahed — 32abcd )

F4d=
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Nhu vay, ta chi can chimg minh duoe
Ea % a4 g i [{u +of + (b + 4}']

s i . s

&b b od drz 32aked
Bat dang thirc nay tuong deng voi
(0 +e)p 4+ 4y la+ V' (b+df|a+c) +(b+d)]
ahiedd a 32abed :

hay
(a + o) (b + af}[{u +o)f + b+ d}f| < 39,
Dén ddy, lai sir dung két qua trén ta co diéu phai chimg minh.
Dé thay ding thuc xay rakhivichikhia = b =c=d = 1. O

Eﬁ Al 31| Cho cdc s thue diemg a,b,o. ["mi'ngmmhrdugwhm mneN,
déu co

&b + +l.'. "a" < E.}.b
R s prim = p o

LA gidgi
Trudre hét, ta s& chimg minh bat diing thirc don gidn hon & vé phai, dé 13
b . e atdite
S (1)
S Habe

Sir dung bat ding thie AM-GM b ba s, 1a co

B b T e e 3u
—+—'-—::-.31’——-=3 Vi T
T b be be Eiﬂbﬂ
i oh b b ¢ _;F 3b
fuos vy _}q e i o i — 1
¢ .-* i ¢ & a 4'\1}

 H
R ri u-” pr T"ﬁ"
Céng ba bat ding thirc nay lai theo vé roi chia ca hai vé cia bt dang
thirc moi thu duge cho 3. ta co ngay (1).
Sau diy, ta s& chirng minh bt diing thire con lai la
1Ly R o2 R ol Y S

2 Jr_ﬂ--rn ¥ Lot :’F—F‘;J‘_E
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Sir dung bét diing thire AM-GM cho 2n - m 56 hang, ta co

a'h® ah” be™

+ + b s +ﬂ*1+L+ 41
Eu-l-r- L‘-'*“ I'I'# (R tl' b En =
i

= (2 + mpne [I'] .

> (2n+ m]?"--{j _m] i

b
= (In+m): =,
e
Tuong tu, ta cling ¢o
e 28 )2 3-8 13 Cn b m)-S,
ﬂ.“'n bn*!-l'l'l i d‘
y. £ ab +{m._.n}.£.+(3n—3]-13€2n+m)~ﬂ*
b":m L""-"" ' (8 b

Céng ba bt ding thirc trén lai theo vé va rlit gon, ta thu duge
a'h™ + e < i b

[
dn-1)2 -+ =\ 2
l."-.rm ﬂhl-ﬂ |-bn- + (" ] L b+r a { j
Mt khéc, lgi theo bit ding thirc AM-GM, dé thily
b
?{nvliﬁn-lil o +~;} (3)
W # 1: :n = b .
Henmtz}vamdédﬁngswm” f“i e
_lnm a—r L h b e ol

Bai todn duoc gidi quyét hoan toan
Chix ¥ ring déing thirc xay rakhiva chikhi a =b = ¢ > 0. a

l.".'hn aboe> 0 via+b+c =1 Chimg minh rang voi moi k>0,
fbc+1 Jea +1 ab+ 1
b+ e)rl— + (o + ahk— + (a -+ b= =
SRl o il [T RE el

Bi1 diing thirc da cho co thé viét lai thanh
i fub 41 +4bn+l

Jcﬂ—}l !ﬂbJrl
Bal Nedaa Wy Vo

+'{lbj'+1+#lff+l
a +1 F+1

] > 6.
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St dung bit ding thirc AM-GM. ta co
& 41 J_n_ J1
ca+ | 2 lub _1 : h .l.+t. -!—122“3_!_]}‘

“EERE e ey
tr do suv ra
Jca-Jr-l_HFu?H s Bl P A1 8 R
I o Qr‘—r—I i Klab+1 ac+H1
dén dén
@ af L . 2 b
offoetl Jab 1) Ak+1)  ifath +1) | ale +1)]
vff-lnl e A k! ab+1 ac + 1

Cong bat ding thire niy voi hai bit ding thire twong ty, ta duce

< fJeat1 o fabri1]. k1) Ifalt* +1) . ale® +1)]
JF e e Z il = |
2 Jﬁ’-i—'l dn‘+lJ g B 7 vt i I
6k +1) 1l~a(t®+1) ale +1)!
~ e b B
I kLZ ab -+ 1 E ac =1
_ B+ Tt +1) ble® 4-1)
K s-z ab + 1 +E.m+1
=ﬁ{ﬁ:+1]__lzr;{b"'-#I}-i-b(u; +1)
k & b+ 1
Bk+1) 1 Gk +1) 6
B e men
~ Ding thire xay ra khi vachi khi ¢ = b= ¢ = 1, O

@(‘huﬁcm’i thire dhemg 2.y, = thoa man myz = 1, Cinimg minb ting
fa) 2y +y' 25 "¢ > oy +yz + o véimpi n e N
B) "y +y'e+2"c > e+ y+ 2 wimpi ne Mn =2,
(Trdn Quic Ank)
Lani gidj
(8) V&i n = 1, bit ding thire cin chimg minh 1 hién nhién dang. Viy ta
chi cin xet tnrong hop n > 2. Khi d6, sir dung bt déng thire AM-GM cho
n+1s8véi luuy syz = 1, thu duoe

Ut ey g e g 2 0+ 10 Y 00 )

= (n + 0 y{an) (zp2)"™" = (n + ey
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Pzryz+ler oo+ zhn+ IJ"‘J[;! 2y (2" ;r}{zrr] G

n=7

= {n4+1)" "ﬁ g2y Hayz)" " = (n+1Dye,
Fr+ Tty ey 4 +ay=2(n+ 1}“‘:"(55}?(3‘!’}(3!’}"'?

n-id

={n+ 1]”"‘3{::)“ Mgz = (0 1)z
Cong ba bit ﬁén% thire trénrlai theo vé :i*ii _rﬁt gon, ta thu duoc ngay diéu
phai chimg minh. Dau ding thuc xay rakhivachikhi r =y =2 = 1.
(b) Theo ciu (@), ta ¢& Voi moi a,b,e dimg thoa mdn abe = 1 va van mo)
ne N, thi

a’h +b"c+ca > ab+ be+ca

|
Sur dung két qua nay voi n = 2.a = —,b =}—vér:=—l—.l‘a.dtw¢
T 2 ¥
S B 6L e b T T g e
SRR A
R R T D il i G N R Bhogmer g
zTy+z=m+y+z.
TYz
Mit khac,
.2 fal' 3 faV.4 -
e R T .—+[— i —— + 1 ads l
& % ta by B o oy
: 2 2
7 "yl'zl-*. :::ZHIFE_ .z'ri
vzt S Py
=yz+2'y+ 2z

Do vily, két hop voi trén ta co
ry+yi+e>rly+z
suy ra bat ding thirc (b} ding véi n = 2.
Xet teomg hop 11 > 3. Do ayz = 1 nén bat ding thite cin chimg minh
€6 thé vide lai thanh
TYy+yz+2"z > ays(z+y +2),
hay la

- = e 2r+y+a
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Téi day, sit dung bit diing thic AM-GM b3 7 — 2 56, ta thu duge
(Y i [ L

T br+ltaklad ~:~11\J-—-z "% = (n =1,
2 e

;_q.'r l-?n1

+I|'+‘l_‘l"'+12{ﬂ_"1]'l ..ﬂ.l“"’:[ﬂ-l}-ﬁ.

W el Yy

—-—+:r+i+ 12 (-1 Jy z 1" =(n-1)y.
: = i

Céng ba bat ding thirc trén lai thea ve, ta thu duge

am) -1 Loy

oAU B 1 +3n—-32(n—-2)(r+yH2). (h
z Y x

Mit khag, swr dung bit ding thirc AM-GM ta dé dang nhén thay
3=3Yapz <r+y+e
Do d6, két hop vai (1) (chi v rﬁng -3 >0), taduge

m} e | woel

+ "y +¥ -yt >h- Dyt
z -

tir do suy ra

i

; =1 zﬂ-l %4
il
o uy i %

Day chinh 12 diéu phdi chimg minh. Bdi toan duge giai quyét hon toan.
Diu diing thirc xay rakhi vachikhi r=y=z=1 a

2L+ + &

Nhgn xét. St dung két qua bai todn ndy, ta ¢o thé chung minh diroe mt ket
qua tha vi khac 1a: Vi mpi s6 thiec dwrpg @, b.c thoa man abe =1 va

vai moi 56 nguvén durmg n, thi

@242 e Lz { h, J’

s

i c i r
f’b}-+~+-3_* +—=4+ =
R R g; g:_

Chumig minh nfwg veri moi a b dwomg, la déni co

b

B i

5 7 5 a4 i i
E—~+L-r{—+ 33[{; + b +r:]+11‘
e ea  ab  abe 4
(Tran Quoc Anh)
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Lo gidi
Theo bit dang thire AM-GM, 1a cd

Céong bat diing thire nay véi hai bat ding thie twong fur, ta suy ra

F ) i [ b bh
T[_ﬂ_ i_._:'-u+i_J+i::*s

b Eogs T + s
b ca ab ihr be oo abl

]
Mat khic, ciing theo AM-GM thi 4- E‘E +b' 4 ¢ =64, dodd

1] ]

a (1)
+——4—
h

> 4(a* + ' + o).
R« G

4]—

Tir ddy két hop voi danh gia o trén, ta co

2 .
.......;..fi....;.—- +—lL}E(nl+b‘+ﬁl}.
b il ab
Suy I
a8 ¢ 4
..._.1_..... e >—(a'+b' +¢
JE be  ra qb} 32abec { L

Sir dung bit dang thirc nay, ta dua ﬁaruc bai toan vé chimng minh
i o8 B e 9 11
AP PR T L SR —

be ca nb+abc-"32 br+ Tab]_i_ 32ﬂbt+

Bit diing thirc nay ¢ the durge viét 135 thanh

1fd o + B .1
32 br o Fiiub 4
“l' ﬁi’ '_,':' |-

-—-+--u4-—~+—3-‘-'~3
be oo o -ghe —

Toi diy, sir dung bt ding thire AM-GM mdt lén nita, ta duge

S 7 - u
O P | e S
be rna  ub abe V be ca ab |ube

Phép chimg minh hoan tit. Ding thirc xdy ra chi khi o =b = ¢ = 1.
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BAIl 35 Cho u.b, ¢ ki cae 50 thue dirong. Clitmg mink r&ng
_,ﬂa{rxrh} +‘] TTEE
\V20a+b+cf (6 +b)(a+b+e)
(Polish Mathematical (lvimpiad 2003)
1o giai
Bat dang thic di cho trong duong vdi
, b
o] 90l +b) +3J fibe il
V?,(r;i-b+r}’ '\r{ﬂ«!-b}{_-ﬂ--i- B4 e)
Sir dung bt dang thirc AM-GM. ta co

g Jala+b) o f 2 [ s +b) o
HJ{u-&b-{-c}“‘ a+lh (a+d+e)
2 Lo e +b) i1

T+l Ase+d+e)
a+fh an+bhte

va

3 Ghe r_,id B X "
3 (a+b)a+b+e) Na+b a+b+e

I AR T
ﬂ+b a+b+co

Cong hai bt ding thic trén lgi theo vé, ta thu duge ngay két qué cin
chimg minh. Pang thirc xay ra khi va chikhia =& = r. O
@ Cho a,b,e la cde s6 thnee duomg, Chimg mink rang
(a'b’ 4 b'c’ b e'a')a + b+ o) 2 abelal’ +be’ + ea” )
(Trdn Qude Anh)

Lai gidi
Sir dung bit ding thirc Cauchy-Schwaiz, ta ¢o

(ab” + " 4 ea®F < (0’6 4 6%t 4+ a’ )b+ ¢ +a),
Tir 46 suy ra, ta chi ¢in chimg minh
a'b! +b'e' +¢'a’ 2 abcla® + B + o*a¥).
Bit dang thirc nay co thé duoe viét lai thanh
s e B e 7 e Ty s X 1 1

Ly gt - :
o a'ble? s e o'a
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dong, vi theo AM-GM ta co

L e, 1 1o i{i;i 511;4]
a:‘:h s, 4 _H:l "r 4 i | 4 {.‘* a
Phép chimg minh duoe hoan it
Pang thie xdy rakhivachikhi e = b =¢ O

’é,&l 33 Cha a,b, ¢ la cae so khang dm thoa man (a + 0)(b+ c)le + a) > 0.
Chnveg munk rang i
Jh” - be + ¢ +Jf" -+ @ _,_Jrf ~ab + b’ 2[{:!1+Dt +m} > 4.
a® + he ' b + ca : Pl o)) . @ +b 4+
(Bt Ngoc Anh)

Sur dung bit diing thic AM-GM, ta co

Z o " e dbe) a0+
J{b‘—h:r-fff}{a‘—I—m:}:‘a“:({‘ +'2)+{' . A e
hr 46 suy ra

BV—bo+e b —be+e < 2Ab* — be + %)
.‘ 'ﬂﬂ + bﬁ (ﬂ! —l- &f_:)ffjj hp + C?] o ﬂla | b: 4 i'.:=

Cong biit diing thire nay véi hai bit ding thire trong tu, ta duoe

Jﬁ* ~be+¢ i Jﬂ’ —ca+a 3 Jﬂ” —ab 4+ ¥
W+ be b 4 e ' fab

l[bﬂ—b:hlvr J*’r‘Jl‘l!‘:*IﬂTf&]'I'E{ﬁ — b + b*)
a +b
=_i_2{llb+b~t:+t.u!

ut + b

L

hay wrong duong
Jb" — bo 4 ¢ & le* - eu -+ a® +Ja’ -~ ab 4 b + 2ab + be + ca)
d4be \ P ica ¢ + ab at 40 4 &
Bai toan duoc chirng minh xong.
Diing thirc xay ra khi va chi khi @ = b,c = 0 (va cac hoan vj). O

('ﬁﬁng iy rding vori mod a,b.e dinmg, ta déu co
alb +¢) b{_t. +a) r:(tl +b) .. yr 16abe

— s sl — i i

a’ +hL b + ca r_I +ab (a+ )b+ )¢ +a)

>4

124



Lo gidi
Sir dung bat dang thirc AM-GM, ta co
ﬂr.t_{fl' + ¢} 4150 !{i{b - @) i dalb + ¢)
et + be = 11, a® + he J{H—E |- be) alb + ¢)
dalb + ¢) _ dafb+¢)
T (et Fbo)talb+¢) (et u){ate)

suy ra

alb + ¢) = dalb+¢)
a +be  (a+biatc)
Tir danh gia nay va hai danh gia twong ty, ta suy ra
alh + ::)+ e + o) = cla + b)
a*+be ¥ +ea ¢ +ab
du(b + c) 5 4blc + a) . defa +b)
“la+b)la+e) (b4c)bia) (etale+d)
Hlafb + e + ble + af + cla+ bY] -
(@ + b)(b + c)(c + a) 3
dl{e + b)(b + ¢){c + a) + dabel
(a+b)lo+c)le+ a) =
16abe
(a4 0)(b+e)le+a)
Déing thirc xdy rakhivachikhia=b=1¢ O

Cho 0 < & < 1. Clumg mini ring

T+ -]-{2.
I-r

3

R

(OIMTT 2008)
Lo% gidi
Sir dung bat dang thirc AM-GM suy ring, ta co

--I-::[i] -1] . 5;;;..1-+{1—.1:}-1z2—'m.
x" @ T
Tir d6 suy ra
::+%:§?.
i
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Do 0 < & < 1 nén dang thirc khong thé xay ra, do vy ta co
- i, e
4

Pay chinh la diéu phai chimg minh. ]

BAI 40| Chitirrg micth réing voi moi w.b.c > O thoa man a -+ b+ ¢ =6, taco
30ube
S
(Trdn Qudc Anh)

a +a +5 -+ et >

Loi giii
Str dung bat ding thirc AM-GM bd 6 s, ta co
o 4 gf +b° A4S 40"+ >N uﬁ:b""v'”* = Gya” *p" te"
i G a®h et = tabe
a"h'c’ m.
Vily chimg minh s€ hodn tit néu ta chi ra duge rang

gfa' P < @ +b 4+

i

hay

il
a4+ b4

4
Thét vily, su dung bt ding thire AM-GM suy réng dang

auﬁ#ﬂc 5'

i Fegie
5 ra+ yb+
a'h’e’ < ¥ v Yabezy 2> 0,
| By re
ta co ﬂ*birr{r“‘t:+ﬁ-#+r:-c“”‘_ n?+b”+{ir2u
o a+bte 6 '

Tir d6 suy ra dicu phii ching minh.
Dau diing thirc xay ra khi vachikhi a = b = ¢ = 2, O

B 41| Cho cdc 56 thiee damg a,b,c,d. Chimg miink ring
‘J+bl+ ..1 b! ['2 . 2 :ﬂ‘ 3 F 2 - g - |
a’ !'+ + -i;i+i+ri—+-ﬂ d+ﬂ+b22_t“]
ab+bedoed beted+da ecd+do+ab  da+ab+be
(Kazakhstan NMO 2009)
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Lo gidi
Sir dung tnre tidp bit ding thie AM-GM cho b6 bén sé, ta co
Ty > 4 i! (@ +8 + )+ +d ) +d )l a1
(ad < be 4 ed}{be + cd + da)led + da + ab){da + ab + be)
Vav ta can chi ra
(@ + 0%+ )b 4 ¢+ &)+ d" +a7)(d 4 @ 45
{ab + be + cd)(be + cd + da)led -+ da + ab){da + ab + be) —
Mit khac, theo bat ding thirc Cauchy-Schwarz thi
(@ + 0" + )P + & + &%) > (ab + be + cd),
(B* + & +d)(* + & + d*) 2 (be + ed + da)’,
(¢ +d' +a®)d* +a° + %) > (ed + da + ab),
(d® +a® 4 8 )(a® + 6" + ') 2 (da + ab + be).
Nhin bon bt ding thire trén fai theo vé va lay cin bic hai, ta suy ra ngay
diéu phai chirng minh. Ding thitc xay rakhivachikhi a =b=¢=d O

Chimg mink réing voi mgi a,b,¢ demg, bdt ding thire sau dimg:

E\G(u +b+0) 2 -ju"” + 0 + ~.f|’:rE +o* +e +at +3v2Yabe.
(Trdn Qude Anh)

Lai gii
Su dung bét ding thire AM-GM, ta co
a¥ube < ab + Ve + Vea.
Bai toan duoc quy vé chimg minh
V& + 08 4 P+ e+ +d® 4 V2(Val + Voe + Jea)
<2V2a + b +e).
Bét ding thirc ndy co thé viét lai nhu sau

(Vo + T + (VP 4 T) 4 (J T + 2

< W2 + b+ o). ()
Theo bit dang thirc Cauchy -Schwarz,
Ja? + 8 4 f2ab < le{u* FF) 4 2ab] = V2(a 1 b).
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Tuomg tu, 1a cling o
b+ &+ e < 26+ ¢), & +a' + v2ea < 2(e +a).
Bing cach cdng ba bét dang thirc nay lai vdi nhau, ta thu duoc ngay bat

dang thire (1) & trén, Phep chimg minh hoan tit
Ding thire xay ra khi vachikhi a = 6 = ¢ O

@ Cho cde 50 thue diwmg a.b.c thoa mdn a + b+ c = ab + be + ca.
Chamg mink rdng

2
e=+f:+c:3J ]b’+1 ¢ +1
2 'y % 2
Loi giai
Sur di g bt diing thire AM-GM, ta ¢é
a +1 1 G+I+a=+l T 5 u+1+{ﬂ+l}'—2a
2 2 2 ia+1 21 2 a+1
tl+1
Do dé, ta chi can chu‘ng rnmh dugc
a b ¢

u+h+a:?> {uwI)-!— b+l]+ [¢+1}-

-l'f'].-b'l‘l_f:"i-l‘

hay
& b T +n+b+£—122_
e+l b+l e+l 4
Tdi day, sw dung bit diing thirc Cauchy-Schwarz, ta dugc:
& b e 5 la+b+c)F
e+l &+1 e+1 ala+D)+bb+l)+cdc+1)
{H*-l-b+r.,:l:'
q‘_ﬂ+b+r)‘+{u~£b+n} - 2ab + be+ ca)
= .‘fu+b+{j’
(utbref +(a+b+e)=2a+b+0)
a+h+¢ ; 1
= =1+ :
¢+bh4eo—~1 e+b+e—=1
ta dua diroc bai toan vé chimg minh
1 atbde—-1
u+b+r:-—1‘r -1 22 g
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Dé thity bat ding thire nay dung theo AM-GM,
Bai toén duoec chimg minh xong.

Déng thirc xay ra khi vachikhi a =b=¢ = L O
BAI 44] Cho cde 56 dimg a,.a,,...,a_ thoa mén diéu kign aa,. o =1
Chiosg min rang
2 2
a +a,++a > [ “ J“’;1+~-a+ i‘«_zﬂ
(Gabriel Dospinescu)
Léi gidi
Sir dung bit ding thirc AM-GM, véi mdi i (1 <i <n), taco
af’+1‘:1ul+l a’ +1 jﬂ+]+{ﬂ‘+1}?—2ﬂl
e | e g -8 2 a + 1
3 T T +-|' __'"_'"‘L_.'iu
@ +0-
tur do suy ra
| n
,ui 3 3 ~, @
.E“: 2 i {a 1' S S 041
| 1
Bai todn durore dua vé chimg mmh
t.'l:
ik .|._ i ;
Zn o Lu e +1
Bét ding thic nay co ﬂ'lélhu'gon fai thanh
i +¢I- 3 - E‘dﬂ,
?:l:' gﬂ.*i-
turong duong
2 da
Z(& 1)t —Lu v 4R
rd a +1
ﬂ&ylimétkétquﬁdﬁng,viﬂlwm-ﬁﬂtanﬁ
> IR TN (S gl N
] b=l =l
Bﬂmﬁum::lnmgunnhxmg.
Diing thirc xdy ra khi vichikhi a, =a, = =a =1 O
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BA1 48| Cho a,b,¢ la cde 86 thue diong. Chimg mink ring

1 L 1 3 1 " 3J:5ubc(d + b+ c}(u. + b+ ::}?_
(b+ef fc+al (a-tbf A(ab + be + ca)’ '
(Pham Hine Dic)
Lai giai
Dt a— L5 =L va c =L Bétding thirc 4 cho duoc viét lai thanh
x Y z
vz 3 P 4 =y 5 3J3{:ty+yz+zz}(zy+yz+zz)’
(p+2) (z+2f (E+y) Az +y+2)
Sir dung biit ding thirc Cauchy-Schwarz, ta ¢o
y'e gy (y2 + 2z + 7y

4 + >

(y+2f (2+2F (z+p) {y+‘:]’+{z+:ﬁ}a+{m+y}'
= (g2 + 22 + 2y)’
Az" + o' 4+ oyt oy ax)

Do do, ta chi can chig minh

(yz + 2 + oy } :i\ﬁi(.ty + yz + zo)(wy + y2 + 2=
el +o' +2" +aoy+yztaz) Hz+y+2) '
hay tuong duong

Mr+y+2) S My +yz + 2z 3 + 27 Fay+pz 4 sl
Ta chitng minh bat dang thirc nay bing cach sir dung AM-GM nhw sau
My +yz + 22)(@* + ¥ +2 +ay+ e +ax)f

=2—;-2{:ﬂy+y2+m}-{r‘t+y’+z‘ + oy + yz + &)

{2? ﬂ_ﬂi‘yz-!'ﬂ)‘l'i'{rz-i-yf+1£+-ﬂy+y=+::£]f
o . |

o 3 ;
=+ +4 + Ay +yz + m:}r =Ar+y+2)
Chu v ring ding thirc xdy ra khi va chi khi o = b= ¢ m

BAI 46| Chuimg minh ring voi moi sé dwong a.b.c.d ta déu co
(@ + b)Y (b + e)'le + d)'(d +a)’ > 16a"°d*(a + b+ c + d)".
(George Tsintsifas)
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Lani giai

Dit o = i,b = i.c =l,d *—*4} va thay vio trén, ta co thé viet lai bt
z
tang thire da cho nhu sau
(x 4+ 4 (g + (2 + )t + 2) = 16{zyz + yat + ziz + tzy)'.
tuong duong
(= +¥)'(y + 2)' (= + 1)t + 2)°

> 16(zyz + yet + ste + tey) (x + y){y + 2)(z + ){t + ).
Ap dung bt ding thirc AM-GM, ta ¢

(2 + )y + Dz + 0+ 1) < [EF y}+(y+ﬂ:(3 4+ (4 7))
(z+y+z+1)
= - :
Viy chimg minh s& hoan tdt néu ta chi ra duoc
(+yly+ez+t)t+2)>(x+y+ 24 t)(zyz + yst + 2tz + try),
Sau khi khai trién va nit gon, ta duoc
(z2 — )Y > 0 (hién nhién ding).
Bai toan dugc chirng minh xong.
Diing thirc xiy ra khi va chi khi u = b= ¢ = d. O
BAI 47| Cho a,b,¢ I cde 56 thiec khing dm thoa man khéng o6 hai 56 néo
dimg thei bang 0. Chimg minh rdng
1 i 1 + 1 i 8{ab + be + ca) > 11 ‘
(b+ef (e+a)l (a+b) (a+b+cf d{ab + be + cu)
{Trédn Quoc Anhy)

Lo gidi
Nhin cd hai vé cua biit ding thire dil cho véi eb + be + ca v chi ¥ ring
ab+bc+ea  a 3 be
(b +ef bte (b+o)f
ta viét duge 6 lai thanh
a b ¢ ]+

be: ca ab
- - ~ -+ — + +4
b+ec c+a a+h (b4 e {¢.+h}a {ﬂ+b}’
L] Al J‘
+H(ub+bt. + ca) EH
(4 + b+ ¢)' 4
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Sir dung bat dang thire Cauchy-Schwarz, ta ¢co
@ 4+ h + - > f:‘:l il b_*-_c)’
b+c rc+a a+b ab+c)+be+a)telatd)
. le+b+e)
2(ab + be + ca)

he on ab
— -+ -
G+ef (ct+af (a+b)
he ) ab
pe- =
2o+ XD N+

rd 1

4
4

=, —

be 8 .
;‘m*"il*"mﬂ AT+ ) 4
_ x| (eta) (6 +b)f 3
A+ M +a") H M) 4
[(b+¢)+(e+ a) +(a+b)] 3
THF o) 4+ M ) 4 ) 5
G (a+b+e) A
Yo' +3* +6) 4
Véy ta chi cin chimg minh duge
{a+b+e)f (a+b+ef | 8ab+be+ va)
Aabtbetea) A" +8 +¢)  (a+b+c)
Do

ab 1'3

5

%3

3
>
1

(a+b+c) 3. (a4 b+ & a’ + i + ¢ L X
Aeb +be + ca) 8lab+be+ca) Hab+be+ea) 2

nén bit diing thic wén co thé viét lai thanh

(a+b+e)f e (a+b+ef 3 a +b +
RBlab + be +ca)  Blab 4 bc 4 ca)  ab+ be + ca)
(a+b+e) E{ub+bﬂ+m]’}7 Eme

2a’ +8* + ) (@a+b+e¢) 2 2 2
hién nhién ding theo bat ding thirc AM-GM. Phép chimg minh hodan tit.
Diing thirc xdy ra khi va chi khi a = b,e = 0 (vi cac hoan vi). o

]
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Cho u,b,c I cdc s duomg, Chimg mink ring

1 1 , 1 2
- + - : E?ﬁ-.
2a+b 2+4e 2e+a Yla +b)(b+c)e +a)
(Trdn Qudc Anhy
Lo gidi

Nhin ca hai vé cua bt ding thirc cho 2(a + b + ¢), ta viét duoc né lai thinh
‘2(a+b+c}+2(u+ b+ ) _*__E(f: +b+{:}_} dlatbte)
2u 4+ b 2+ ¢ dE+a - ﬂ;{u.—l—.b}(b.}.ﬂ}{d.j_u}

Daz(ﬂ+b+ﬂ}:1+ b s 2e T
2a+b 2e4+b 2a+1
b c i a b &
+ 2 4 2 -4+ 3
b-i-2ﬁ+r:+2ﬁ+ﬂ+2ﬂ] [_2!1+r: 2c+a 2n+bJ+
Ha+b+c) -

> :
= :ﬂi(a + b}(b+ e){c +a)

S dung bit ding thire Cauchy-Schwarz, ta duoc

b e Ly (@ + b+ e) i
b+2a c+20 a+2  Wb+2u)telet 2)+alat2e)
= b SoN 2 (a+b+c)
b+e 2e+a 2a4+b T al2+c)+ b2 +a)+e(20+ D)
(a+b4ef |
3ab + be +::r1}'
Do d6, ta chi cin chimg minh
A+ b + ¢ i da+b-+e) :
3ab + be + ca) fa+ 0 + e + a)
hay
b . HedbEd
-}{ﬁh “+ he -+ I','H} {ﬂ “+ b}{b B C](C - u}
Ap dung bét diing thirc AM-GM,

¥ - 2
LASE S AR TR L L
Hab + be + ca) Sadb + be 4+ ca)
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ta dua duoc bai toan vé chimg minh

Ed (a+b+cf % a+b+e
3lab 4 be +ca) — Yla + b)(b + e+ a) -
hay twong duong

B{a + b)(b + ¢)(c + a) 2 8(ab+ be + ca)(a + b+ ).

Pay la mot két qua quen thude. Vay bai todn duoc chung minh xong.
Diing thirc xay rakhivachikhia=b=c | O

("hm:gminﬁr&nguﬂfwfs&fhyrdmm a.b,e,d o6 tang binh phuong
bang 4, ta déu co

a'e + bled 4 c’da + d'ab < 4,
Leni gidi
Sir dung cic bit diing thire Cauchy-Schwarz vé AM-GM, ta ¢6
a'be + e = acla’h + °d) < ucﬁn' +e')(B' + &)

Tuong tu, ta cling ¢

(b +d*Yva' + ¢
V2
Do vdy, chimg minh s& hoan tit néu ta chi ra duoc ring

(@ + PV +d& +(F +d°YVa' + & < 542,

Pén diy, bang cach sir dung dinh gid sau cho cic 58 khong dm .y
ry+y'r=aya* + ') = o’ — sy + ¥y ) +y)

oy + (2" —zy + ¢/ 2l o _

<4 ( :y mr{1+y1=£54—ﬂ1{:+y}

]

o Iy | Eya
< :y}m={r +y )

bled +d'ab <

2.2
ta d& dang suy ra dugc két qua cia bai toin dil cho.
Pang thitc xay rakhivachikhia =b=¢c=d =1 O
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@("kﬂ a, by > 0 va ab + be + ca = 3. Chiig minh véng
(@ Ja? +a + B + b+ Ve + ¢ > 32
@) Y5a° + 3a + Y50* + 3b + Y5e® + 3¢ > 6.
(Trdn Quoc Anh)

(a) Str dung bat ding thie AM-GM. 1a co

vu'! +[J.:P'1J a' a \Eﬂ-"

Tir d6 suy ra, ta chi can chimg mink
a a a
a! +0d + ¢t 23
Bit ding thirc nay c6 thé viét lai thanh
B, i 1
L] H I
al + bt 4 ¢ anb{rbc-i—{:n‘ o
3 4
Vi do day la mdt bit diing thire thuan nhét véi a,b,¢ nén ta co thé bo qua
gid thiét ban diu ab + be + ca = 3 va chuin héa cho
i e
6! +b' et =3
Khi do, ta vist duge (1) lai thanh
ab + be +ca < 3.
‘ E 3
Dit z =o',y =b',z=c' Khidd z+ y+ 2z =3 va ta phdi chimg minh
H 4 i
(ab)® + (be)® +(ca)® < 3.
Bay g, sir dung bét ding thirc AM-GM, ta duge

' 4 4 :
(ab) + {bn)“ 3 [::u}’ < ab. f_% +bc.“'_ﬂ.+_l+ ._«_-_a..‘:_.tf.i.}.
4-c 1-a 1—b
: + o
-
_ dab 4 be + ca) - 3abe

3
Miat khac, tir bt ding thire Schur

(e + b+ ) + Yabe > 4la + b+ e)(ab + be + ca),
ta suy ra

4{ab+bc + en) — 3abe < 9.
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L] i

1
: 2 . i
Két hop voi danh gi& & tén, ta co ngay: (ab) + (be}* + (ca)’ < == 3.
Pheép chirng minh duge hoan tat
Ding thirc xdy rakhi vachikhi e =b=¢=1
(b) Theo bt ding thirc AM-GM, ta c&
o e e 3

V5a* + 30> ﬁslj(u‘r‘u“ — 24t

Do 86
i e
Yord +3a+Po* 1 + P52 +3e 220t 400 +¢'| @

Miit khic, theo chimg minh trong phin {a) & trén, ta 48 chimg minh duoc

4 i a
at +b' 4ot 23 (3)
Két hop (2) va (3) lai, suy ra bat ding thire cin chimg minh O

BA! 51| Cho a.b,¢ l& cac sé dumg thoa mdn & + b+ ¢ = 3. Chiimg mink

i',;i+b¢:+i’fb+m+%+ub g?ﬁtub+bc+ ca),
(Trein Quoc Ank)

- L i
Déy ring
(@ + be)(b + ca) + (b + ca)(e + ab) + (o + ab)(a + be)
= ab+cla® + b))+ abc® + be + afd* + &)+ a’be + co + b(c! + a*) + cab’
= (ab 4 be + ca) + cla® + ¥) + all’ + &)+ b{e® +a’) + abela + b+ o)
= (ab+ be + ca) + ¢{a’ +b) + ob’ + ')+ b{e” +4a”) + 3abe
= (ab + be+ ca) + (a + b+ c){ab + be + ca) = Hab + be + ca).

Do dé, néu ta dit ¢ = .“—Eff’-,y - 9’-1“2—"-"1: - %ﬂ thi bit ding thire

cdn chimg minh 6 thé dwoe viét lai thinh
':{:;+{G+3};13:y+yz+zn (1)
Trong hai 50, 1a d3 ching minh duge

3 4 I
a' + bt -E-fr:*] 5 ab 4+ be + ca

3

. Yabec> 0
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Ma theo bit dang thire Holder thi
i i E
a? +b3 4 ¢
3

2 - %
daiadf,
=
a3

5
[a+ b—l—n]a
I 3

t i i &
[ai D7 42 [a-g_bq-c 1 abtbectea
3 3 = 3 :
Tir bt ding thire nay, ta thily ring néu a + b+ ¢ < 3 thi bat dang thirc

scu 5€ dheore thea mdn
Yo+ WP+ ¥Yc>ab+be+en

Sir dung nhin xét nay, ta suy ra bit ding thirc (1) s& duoc chimg minh
xong néu ta chi ra duge

Do d6

g4+y+z<d
Tuy nhide diis nky 1 bide abida vi
a+be b+vca r+ﬂb__.i+n-ﬁ+'btr+[ru

- 3= — + ,
s, o Y . - 2
et e
Ei.*.m!:f_}.i—::}'
2 P
Phép chirng minh den day duge hoan (at.
Chii y ring ding thic xay rakhi vachikhi e =b=ec =1 O

BAI 52 (ho a,b,¢ I cde 56 dinomg thoa mdn a + b+ c = 3. Chimg minh
bt dang thic sau:

—j-{ub + be + m:}JtE + be -+ ea = (a+ be)(d+ ca)(e + ab).
V3

(Trdn Quoc Anh)
Lod gidi
Ap dung danh gia co ban
ryz < (Iﬂ+w+ﬂ)‘ , ¥ryz>0
Mz +y+2)

cho £ = a + be,y = b+ cn,z = ¢+ ab, taduge
(@ + be (b + ca){c + ab)

}{u +be)(b + ca)+ (b + ca){e + ab) + (¢ + ab)(a + be)]
3la + be) + (b + ea) + (¢ + ab)]

(*)
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Theo bai 5/, 1a c6
(a + be)(h + ca) + (b + ca)(c + ab) + (¢ + ab){a + be) = 4ab + be + ca),
Tir ddy, két hop voi (*), ta suy ra
16{ab + be + ea)’
3(3 + ab + bc + ¢a)

(ﬂ. + Eif.!']“? + .cﬂ}{t" + ab) <

Béi toan duoc quy ve chitng minh

L6{ak + be + ca)’
33+ ab + be + ca)

—}[ub+bﬂ+cn}\fab+bc+mg
343 '

Bét ding thire nay twong duong voi
(ab + be: + ca) + B > 2yf3(ab + be + ca),

hién nhién ding theo AM-GM
Phép chimg minh hoan tit.
Piing thire xay ra khi va chi khi @ = b = ¢ = 1. O

@f‘hm:g minh rang vei moi o,b,c diemg, ta déu oo
(1+a+b+c){1+ab+be+ca)> 4J2(a+bn-)fb+m}{¢+u&).
(Tran Quéc Anh)

Lo giii
Dé y ring
(14 a4+ b+ o)1+ ab+ be + ca)
=14 a)(1 + )1+ )+ (e 4+ )b+ )(c + a).
Tir diy s dung bit ding thire AM-GM,
(14 a+b+ )1+ ab+be+ ca)>
> 2J(1 + 2)(1 4 b){1 + c)(a + b)(b + €)(c + a).

Nhur thé, ta ¢dn phai chimg minh
(1+ a)(1+ b)(1 + e}u + b){b + e)e + a) > 8(a + be)(d + ca)(c + ab).
Dén diy, ta tiép tuc sir dung bit ding thire AM-GM nhu sau

( +a)(b+ )= (b +ca) + (e + ab) 2 2J(b + ea)e + ub),

(A+b)c+a)=1(a+be)+ (c+ab) > E‘J{u + be)(e + ab),

(14 )@+ b) = (@ + be) 4 (b + ca) = 2J(a + be)(b + ca).

Nhin ba bitt ding thirc niy lai theo v¢, ta thu duoc diéu phdi chirng minh
Péng thuc xay rakhivachikhi a = b =c = 1. O
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BAl Q Ching minh réng véi moi o, b c duemg, fa déu o

4{&1+b=+¢32] _ @+ 2b b+ 2c c+ 2a > 13,
R TR e
(VD Oude Ba Cdn)
L gidi
Sir dung bit ding thitc AM-GM, ta cé
a+2 \ﬁ{a + 2bY' = Evg{a + Y
;u + 2 ;iﬂ{u’ + 26" J{a + 2b) " 3(a’ + 26%) + (a + 26)
J3(a + 2)

30° 4 Zab + 56°
do do
a-=2b b+ 2{! c+ 2a
Ja + 2 Jb’ ;:*‘ 0
(a+ 20} (b + 2y (c+2a) | (*)
2% | 20b + 56 W + We 45 26 +2ea+5a®|
Mt khac, theo bit ding thirc Cauchy-Schwarz, ta lai co
(o + 20} (b + 2¢) (¢ + 2u)
3 i =5 t3 7
20 +2ab 4+ 5" A + 2be 4 T 2t + 2ea + Ha
L (a+ 28) + (b4 26) + (¢ + 2a)
T (20" 4+ 2ab + 5" ) + (20% + 2be + Be*) + (26" + 2ca + 5a”)
= Ofa + b+ )
o + 08+ )+ 2ab + be+ ca)
Két hgp v (%), ta suy ra
a+2b b+ 2¢ ¢+ 2a

:Fa + 25 Jb’ 4 2° Je‘ + 2d°

27(a + b + o)
= T(a® + b + ')+ 2Aab + be + ca)
Bii toan duoc quy vé chirmg minh
f 4 b Ta +b+cf
a4 +d) e tbsof —_n
ab 4 e+ en Tl +b° + ¢ )+ Aabh + b+ ca)
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Pit z =a’ + b + ¢ va y = ab +be + ca Bit diing thire (**) ud thanh -

ﬂ*l- 27(r + 2y) <18 [+ % %)

u 1e+ 2y
a 7 AT e D
Do iz _d2 8 8 dTs+d) B
y 4 7 7 Ty T

2(r+2) 27x+3y) 27 37 -1y _+£
Tx 4 2y Te+ 2y 1 T T(Tz4+2y) T
nén bat ding thirc (**¥) c6 thé viet lai la
51_[& +2y . Bly
T\ Te+ 2y
hay teong duong

g . L e O

TS

— > 18
i Tz + 24

Bt ding thirc nay hién nhién ding theo AM-GM.
Viy bai toan dugc chiing minh xong,
Déng thirc xdy ra khi vachi khi a = b=« O

Tr+2 81
Tty 8l

BAI 58| Chizmg minh réng viri moi sé thee g o.b.c 1@ ludn c6

afb + e)’ $ We +a) 2 olu + b)Y
a+4+b+e WH+e+a 4+a+b

= af3abc:{ + b+ ¢).
(Nguyén Vin Quy)

Lo pii
Binh phuong hai ve coa bit ding thie dé bai va st dung bét ding thire
AM-GM dang (2 + vy + 2} 2> 3{oy + y2 + 2r), taco

ab +off | Metaf | da+dy ]’ e ablh+ cf (c + af

= Zfﬁq+b+n){%+:+u}‘

2a+b+e WHe+a WwHa+b
Viy ta cin chira

ablb + o) (e + u) .

hay

(b + cfilc+af
>i+b+e
Zﬂ{iu+h+r}[2b+c+a}_ﬂ+ 14
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Tai diy, sir dung bat ding thire Canchy-Schwarz, la thu duoc

E b+ ef(e+af
o(2a + b4 c)(2b+ ¢ + u)

[{ﬁ+ r}ll'r +a)+(e+alladbh)+{at b}(b-kt.i
A Zrt£n+b-|:,){2b+n-‘u}
111’ +6° + ¢+ 3ab + b+ ca}l
T S et bt )@ rcta)
Bai toan quy ve chimg minh

[u + 5 40 + Bab + be Hu}j
e Pa+b+e (1)
Em’.?.u~‘ b4 j{% + €+ a)

Dé han ché khdi lugng tinh tozn, ta co thé chudn hoa ¢ + b+ ¢ = 3. Khi
46, néu &3t ¢ = ab + be 4 ra vi v = ade thi dé thay
P Hubdbercaj=(a+b+cY +ab+betca=94g
va :
Et‘{zu +h+e) 2+ e+u)= Er[f{i +a)(3+b)

= (o | bt e)+ Glabk + be + ca) + Jabe

= 37 + 6g + Ir.
Do viy, (1) duoc viét lai thanh

D
27 -+ by + Ar

g* = Hr
2T + bg + 3r
Bat dang thirc cudi hién nhién ding vi theo AM-GM thi

g’ = 9r = (ab 4+ bc + ca) = Yabe
= (ab + be + ca)’ = 3ubela+b+¢) > 0.
Phép chimg cua ta dugc hoin tat tai day.
Dau ding thire xay ra khi vachikhia = b =¢> 0, 0

hay tuong duong > 1),

Nhin xét. Bii toan trén co tn tai dang phat biéu khic dudi dazg hinh hoe
la: Cho a,b,c la ba canh cua mot tam giac co dién tich S Khi do, ta ¢
2
2a’(b + c — a) Zb”ri-u-b) @ +b— f)}dJ_S
b+e et a a+b
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Tir d6, ta ¢6 thé suy ra hé qua yéu hon nhing rat quen thude do chinh 1a
bt ddng thie Hadwiger-Finster trong tam gide:

Nab + bec+ca)— (0 +6" +¢') 2 4\’-'-_5-»5'.
Ban doc hily chimg minh nhdn xet trén

@ Chionar mrin rémgr viri mon a,b, e daong, ta déi co:

abe - (@ 4+ bi(a + b+ 2¢) & l
(@+0)(b+c)e+a) ™ (Ba+3+2)f 8
(Trdn Quoc Anky)
Lo giai

Trude hét, ta & ching minh bit ding thirc bén phai. Si dung bét ding
thirc AM-GM, ta co

{u+b}{a+b+i‘::)=-1--{‘}.n+2&]+{ﬂ+h+2{!}

}_[{2:1 +2b) + (a4 b+ 2¢)
z| 2

%fam 3 + 261

Tir 46 suy
(e +b)(a+b+ Zr‘] 1

—

Bat B+ B

Bﬁngmucxiymkhjvéchi khi @ + b = 2e.
Tiép theo, chiing ta s& cung dén voi bit ding thic vé bén trai. Co hai
cach chimg minh bt ding thire ndy nhu sau.

Cdch 1. Sir dung bat ding thirc AM-GM, 1a co

(@+e)bte) i+ datdte) . cdatbdbte) (a+b+2e)
ab i (a+b) e
=l
suy ra
il = fa + b)?

(a+e)b+e} ™ (a+b+2)
Sir dung danh gia nay, ta ducc '
abe i B wh s W (a + b)Y
(a+bB)d+eXe+a) a+b (atc)b+e) a+b (a+b+2e)
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tir do suy ra, bt dang thire di cho s& duge ching minh néu 1a co
clet+b) _(a+dath+ 2e)
(atb+32cY ~  (3a+3b+ 2e)

hay la
(@ + b+ 2¢)' = ¢{3a + 3b + 22) 8))
Ap dung bt diing thie AM-GM, ta duoe

¢(3a + 3b + 2¢) =%~b§c- (3a + 35 + 22) 5% 2 +2(3“:3ﬂ+3c}f
=(a+b 4 2),
suy ra (1) ding Phép chimg minh hodn tit.
Diing thirc xay ra khi va chi khi @ = b = ¢ -
Cdch 2. Ta viét lai bit ding thirc ciin chimg minh nhu sau

(a +b){b +c)c +a) g (3a 4+ 3b + 2¢)

abe ~ (a+b)la+b+2)
Dé y ring
(a+ )b+ c)e+a) ablu+b)+ belb 4 ¢) + cale + a) + 2abe
abe b
=a+b+b+c+a+u+l
¢ i b
do vy ta co
u+b+b+r+{:+a+22 (3a + 3b+ 2¢) :
- n b (a+b){e+b+ 2c)
Sir dung hat r.ﬁng thuc Cauchy-Schwarz, la duge
a+h b+ec c+a (a4+bF  +cf  (etaf o V¢
s + 2= + + 4+ — 4 —
R TR dorh)  db+d Herke & 8

[{u+i;}+(b+ ='=}+{r-‘+u}+a+hr
a4+ 0)+ alb 4+ ¢) + ble + a) + o + b
(a4 3b 4 2
" (a4 b)a+b+2)
- Bat ding thirc dugce chimg minh xong. =
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EAI 57 Cho ab.c I cde 56 thue thoa mdn o + 0" 4+ ¢ = 1. Chimg minh
beir dang thiee san

(a—b)(b—e)le—a)u+b+e) > —ﬁ;

(IMO) 2006)
Lan gidi
Bét diing thirc ¢dn chimg minh co thé dugc viét lai thanh

(a=B){b—c)a —c)a+b+c) ET;J_E'

Do tinh hoan vi vong quanh nén khong mat tinh tong "-1"311 ta ¢ thé Bid
st ¢ = min{a,b,c}. Khi dé, d& thiy (a —c}(h - ¢) > 0. Sit dung bit ding
thitc AM-GM dang (z + y)' > 4oy vi 2" + ' > 22y, tacod

Ba +8 + )] =[2o—0) +(a+b+ef +2Aa—b—0)
= 4[2{{1 — )b~ c]][‘?.{n —bY +(a+b+e)
> #la— )b — ) 2v2(a — b)(a + b + c),

suy ra 3 > 164206 — B0 — e)a — e}(a+ b +¢),
_ a
hay fa—8)(b—cla—clle+bt+e)< :
16v2
Tit do suy ra didu phdi chimg minh. Vi gia thi€t ¢ = min{e, 5.0}, 12 i

dang thitc xdy ra khi va chi khi
ouMiede, 1 Ve-3d =
T T &2

Cho ayb,e > 0 W @ +6° + ' + abe = 12. Chuimg minh rding
19" + 0 + ") + Gab + be + ca)

> J6.
a+b+e
(Trdn Qube Anh)
Sir dung bat ding thirc AM-GM, ta co

19(a” + b* +¢*) + 6(ab + be+ ca) = 2-8{a’ +b" + &)+ 3a + b+ ¢

2&;’[%{:1’ + b +ﬂ*)r-3{n+b+c]’
= 12#3{:1’ + 8 4P la+b+e)
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Tir d6 suy ra, ta chi cin chimg minh
1243(a* + " + ¢ Fla+ b+ ¢ > 36a+b+¢)
Bat diing thirc nay co thé viét lai thanh
(6 +6° +¢*) 2 9a+b+0),

hay la
Ma* L LV 2 Ha+ b+ e)(n® +5° L0 + abe).
Khong mit tinh téng quat, gia sir a > b > . Nhin ca hai vé cua bt ding
thirc trén cho 4(e + ¢)’, ta duoc
16(a® + 0" + *Platef >4 -(a+c)(a+b+c) Ha' + b +c* + abe).
Sir dung bt diing thic AM-GM,
d:(a+ellatbd+e) 3o + 6" + ¢’ +abe)
< [(a + ffa + b+ e)+ 3(a* + b* + ¢ + abe)]
Nhu véy, bt diing thirc trén s& duoc chimg minh néu 1 cé
Ha+c)a’ +0° +c* )2 (a+cf(a+b+0)+3a" +b" + ¢’ + abe).
Sau khi khai trién va riit gon, ta viét duoc no lai thanh
(a—b)b—e)3b—a—2e) >0,

Bat dang thirc nay chi ding khi 36 > o + &

Béy gio, ta xet truong hop no khong ding, tire 13 khi 35 < a + ¢ Khi do,
ciing biing cach sir dung AM-GM tuwong e nhur trén nhung thay vi nhiin cho
Ma + ¢f roi danh gia AM-GM thi lic nay, ta lai nhin cho 4{a + b)".

Véi cach danh gia nhu vy, bat ding thire cudi cing ma ta thu duge la

(@ —e)(b~e)(a-+b-de) >0,

v day 1d mdt két qua dung, boi vitacod (a ~ ¢)(b—¢) = 0 va

at+b—3c>2a+e—3ec>3b—3c >0

Phép chimg minh dén diy duoc hoan tit. Voi gia thiét @ > b > ¢. ta co
dingthic xay rakhi s =2 va b= ¢ = |. a

BAI 59| Cho a.b.¢ I cdc 56 khong dm thoa man (o + b)(b+ ¢)(c +a) = 1.
Chimg minh rang
Jabla + b) + Jbe(b + ¢) + Jea(e + a) = ¥2 - Jab + be + va.
(Trdn Quéc Ank)
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Bét ding thire cin ching minh tuong duong voi

Hub[a + b) + yJbelh + c) + Jeafe + l_ﬂr > {E{ab + be + ca),

hay la
abla + b) + belb + ¢) + calc + @)

+2[Ja’br:(n +b)la+e)+ Jb‘c:u{b +c)(b+a)+ Jc"ab(c + a)(e+ b]]
> YA (ab + be + ca).
Sit dung bit ding thitcc AM-GM, ta cd
Jabela + b)(a + ) + calb + c)(b+a) + Jcablc + a)(c +b)

b Bd‘fu?bc{n +b)(a + t:)q./!l!;i(b + ¢)(b '-I-E-.Jc’ub{c +a)e+b)

= 3yt (a + b) (b +c)(e +6) 2 3Ya’b*e? - Babe = Gabe.
Tir 86, bii todn dugc quy vé chimg minh

abla 4 b) + be(b + ¢) + calc + a) + 12abe > Ya(ab + be + ca). (*)
Pé ¥ ring ub{a+b]+bc(ﬂ+c}+cu[::+u]+12ubn
= (a + b+ c)(ab + b+ ca) + Sube,
do viy bit diing thirc (*) co thé viét lai thanh
(@ + b+ ¢){ab + be + ca)+ 9abe > Y4(ab + be + ca),

b
tuong duong a + o+ ¢+ z-ﬁ.
ey ¥ & : ab+ be + ca

Do tinh déi xing gitfa céc bién nén khong mt tinh tong quét, fa ¢d the
gia st ¢ = min{a,b,c}. Khidd ab+bc+ca = 3ab, suy ra
Yabe > 3
: ab + be + ca
Tir ddy sir dung bt ding thirc AM-GM, ta dugc

a+b+c+ e >a+b+e+3c=a+b+dc
ab -+ be + ca

=(u+b}+2{a+c}+2(b+cJ+%c

3
}(ﬂ+b}+2{a+c)+2{b+ﬂ]
- 3

> Yalat+0)a+e)b+ o =1

Diing thirc xdy ra khi va chi khi a = b =yl-,r.-r 0 (va cic hodn vi), O
2
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BAI 60| (/o a,b,c la cdc s6 khing am. Chimg mink réng
[11(a® + & + ) + 5(ab + be + ca)|(ab + bc + ca)’

> %{u + b)Y (b + eY{c+a)l

(V& Qude Ba Cdn)
Lo gidi
Bat ding thie can chimg minh ¢6 thé viét lai thanh
A[11(a + b+ cf' —17(ab + be + ca)|(ab + be + ca)’
> 27|(a + b + c){ab + be + ¢a) — abel
tromg duong v
17(a + b + ¢ (ab + be + ca)’ + H4abela + b + c)(ab + be + ca)
> 68(ab + be + ca)’ + 2Ta’b'e’.
Theo bt ding thirc AM-GM, dé dang nhin thiy
3abe(a + b+ ¢){ab + be + ca) > 27abc".

Do do ta chi cdn chimg minh
17(a + b + ) (ab + be + ca) + Slabe(a + b + ¢)(ab + be + ca)
> 68(ab + be + ca)’. (*)

Néu ab+be+ca=0 thi ta co a=0b=c=0 va bat ding thirc trén
hién nhién ding. Xét tnrong hop nguoc lai
ab+bec+ca> 0
Khi d6, chia ca hai vé cia bit diing thic (*) cho 17(zb + be + ea), ta dugc
3abe(a + b + o)
ab + be + ca
Theo bat déng thirc AM-GM, ta lai cé
Sabela +b+c),, _Sabe
ab+bc+ea  a+b+c
nén chirng minh s& hoan tit néu ta chi ra dugc rling

g > 4ab + be + ca),
a+b+e

(a+b+e) + > 4(ab + be + ca).

{a+b+e) +

hay

et > 2ab 4+ be + ca).

g+l +
u+b+e
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Py chinh 1a bt ding thire Schur bic ba dang phin thic

Bai 10an dugc gidi quyét xong

Fl?mg thitc xay ra khi va chi khi e =b=r, hoic a = b,c =0 (va cac
hodn vi tuong ung). O
~Nhin xél Tu bai nay, ta suy ra duge | két qua yéu hon nha kha dep mit la

(0 + b + " Job+ be +ea) = gf:z + )b+ e+ a)f

BAI 61| (o a.b,c i cdc 56 thie khong am. Chimg minh ring
(a+ P +e)lc+a) >(a + 8 +¢" +ab+be + ca)(ub +be + cay.
(Nguyén Huy Tung)
L gidi
Khdng mét tinh tong quat, gia su ¢ = min{a,b,c}. Néua+bh=0thitacd
— b =c =0 va bat ding thic la hién nhién Xét ruomg hop @ +b > 0
Khi do, s dung bat ding thic AM-GM, ta co

a® + b + ¢ +ﬂb+bc-i~{‘.5£%{u+ﬁ}+

at +b 4+ +ub+bc+cul
a+bh :

Do dé, ta chi ¢in chimg minh dwgc

By 2 :
-]-(r.t+b}+ur (58 +ﬂ&+b¢+mr{ub.+bc+m]’
1 a+b |
<(a+ by (b+c)(c+a),
hay tuong duong

a’ +b6 + " +ab+bet ca
a+b
< u + 0)(b + ¢){e +a)
a® +0' +¢' +ab+betca (a4 d) + '+ ac+ be—ab
a+b = utb
¢ + ae + be — ab
a+0

la+!l+ ]{ﬂ&+bc+cu)

Taco

=g+ b+

*

do vy bt déng thirc trén 6 thé viét lai thanh
2a + bYDb + ¢) (e + a) — 2(a + b)(ab + be 4 ca)
g (¢° + ac + be — ab)(ab + be + ca)
e a+b '
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va sau khi thu gon, ta dugc

gL = v
a+b
Tai day, sir dung bat dang thirc AM-GM mét ldn niva, ta duge:
(¢ + ae + be — ab)(ab + be + Ca)

? {{e2 + ac +be —ab)+ (ab + be | mi]r (2 + 2 +cf

4 4
1a suy 1a
2%(a + ) — (" + ae + be — ab)(ab + be + ca)
a-+b
| h+ﬁ+u+ﬂ
E&:*fu—hb}-c}(zﬂ_km_ihff E_*Er?(ﬂﬂi-b} (
4(a + b) Aa+-b)

: ano 7
=2 (a+ b))~ —c*lu+b)= —¢ > (.
(u + b) L (u+ b) mt[u+b}_

Phep chirng minh hodn tit Dau ding thic xdy rakhi S u=6=¢. O

BAI 62 o a,b,c l cde 56 dinmg. Chiimg minh réing
) fJ‘ ‘.? I ;
:ﬂ i i £ﬂ+ +£.
a +b¢ BFiea e 4 ab 23¥ abe

(Michacl Rozenberg, Pham Hinu inic)

Lon gidi
i
i 23 fre:
Dé ¥ ran 2 e ;
rooa a’ + be @’ +he
do véy bat dang thirc cin chimg mink co thé dugc viét lai thank

he cu ah a+b+e
4 + + -
a* +be b 4eca + ab W ahe
Sir dung bét déng thirc Cauchy-Schwarz, ta duoc
be e ab x (be + ca + ab)’
. g i +
@ +be '+ea c+ab” bi(at 4+ bf.j + ca(h’ + ea) + ablc’ + ab)
oy a’'b’ + b’ +:.*2n’+2nbr(n+b+e}
be' +cfa’ + ah' + ebela + b+ ¢)
abele + b+ ¢)
b'e’ +c'a’ +a’’ +abela+ b+ o)

=&
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Bii toan duoc quy vé chung minh
abela + b+ ¢) n+b+c
. + =2
bt + e +a'h +abela + b+ c) Ei;ubc
Mit khac, theo bat dang thire AM-GM thi

 abelatbte) L8 +b+¢
B2 + oo’ +a't’ +abela+b+¢)  2¥abe
= abe{a + b+ ¢) +,iln+b+t:
Be + fa® +a’'b? + abela + b+ ¢) 6&/abe
o abela + b+ ¢) u+b+¢]“
= NWe +'a’ +a'h + abela+b+¢) 6¥abe
2a+b+re)

7 ESIJ 27 [b*«:’ 4 d® 4+ o't + abcla + b+ c}]'
Viy bai toan s& duge chimg minh xong néu ta chi ra duoe
Aa+b+c) 227[6° + e’ + 0’ + abe(a + b+ )| ()
Ap dung bit ding thirc co ban
(u+ v+ wf >3uv+w+wu), Yuv,weR
ket hop vdi bt diing thic AM-GM, ta co

oa+b+e) =2|(a* +2Be)+ (B + 2ca) + (¢ + 20b)|
= 6y (a® + 2be)(b’ + 2ca)
= ﬂzla’b’ + 2e(a® +4') + 4nbc’]
=63 o' +12) " cfa® +5')+ abey e
=6y 0’ + 12} abla® + b*) + 24abc) Ja
> 6 a’t" + 125 ab(2ab) + 24abe) Ja
= 30{a’V + 0% + ’'a’) + 2abc{a 4+ b+ ).
Mit khic, lai co
308" @' + 2abe(a + b+ )~ 27[25:“#’ + abe(a + b+ c}]

= 3[11‘1’}’ + 8¢+ ¢'a’ —abe(a + b+ o)
= %lu"'{b ~cf + ¥ (c~a) +Pa - bf] >0,

Két hop hai danh gia nay lai, ta thu dugc ngay (1).
Phép chimg minh dén day dugc hoan tat.
Déng thirc xay ra khi vaichikhi s = b =« O
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BAI 63| Gid str a,b,c 1 cdc 36 thue khing dm thoa mdn a+b+c =2 va
ab + be + ca > 0. Chumg minh rdng

iy 2 2 i T P 3 I b
\/I: -+ fibc + ¢ +Jf‘z-rﬁtﬁlﬂ +{[ﬂ + Gab -+ b 22+L.
b4 ¢+ a a+b {E
(Tran Quoc Ank)
Lai giai

Cich 1. Do tinh d6i ximg gifra a,b,c nén khong mat tinh t0ng quat, ta co
thé gid sir ¢ = min{a,b,c}. Khi do, dé thiy
ala® 4+ bac+ ') =a’ + Ja’e + 3a’c + e’
>a' + 3a’e + Jad’ +&°

= (a+¢)',
tir d6 diin dén
2 p 2
ﬂ+f]tiﬂ-f'£ > _1_,_}2 1 = 1 = (1
(& + ¢) ala+¢; ala+ el o [a+ﬁ]
4 2
Banh gia tuong tu, ta cling co
i L)
b +ﬁb:.+c’} 1 )

b+ ¢) _[b+E]
2

ﬂitx=u+—_§ v&y=h+§. Ta s& chang minh

a® + Gab + b* . o +bry+ 4

(ol = (Eiw)
o’ +6ab+b"° 2 (a — by
(& + b)Y ﬁ{n+b]?ﬁ{n+b}"
do do biit diing thic trén ¢o thé viét lai thanh
2[ B . | (a—by __{'z—yl"'_
I{a—?—b}” (z+yF| (a+b) (z+)
Doa—b=xzx—ynéntacd
i S }[a—h}z_{a—b}"
(a+bf (c+yf| (@+b) f(z+y)

(3)

Dé y ring
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va dity 1a mot két qua dung, bai vi ta co

St dung hiing ding thire ' — o' = (¢* —v* )i’ +¢*), ta co thé phan
(o + b) {:r+1u) I'-i-!'l}? (.i:-i- yY
1 {E(a—-b)"{z
J:c‘ + bzy + o S92 1

tich nhan 1 va viét duoc bat dang thire trén thanh
- B
PRE e
b (e+yl| (a+bf —
T T z+y {2

I : =t }‘| :
Gy mra.
Béy gio, uir (1), (2) va (3), ta dua dugce bai toin vé chimg minh
vﬁix,y:rﬂvar-i—yfﬁ.

Bat ﬁingﬂtimn&y wrong dlmngvﬁi
- Jx’+ﬁry+ﬂ’ —_
T zf 2 ‘2'
Str dung bit ding thire AM-GM, ta co
1 1
o + £ i -2~
e 3;][ ?l:m -5 i
va
q{,r il o NI B Vel _{{l”z'f‘ﬁ-'*'h"i*lf
2 1
S g wn AEW L
64"y T Vedaty

3 3 3

= =,
oy " oz rgy V2
Két hop hai danh gia nay lai, ta thu duoc két qua nhu trén.

Phép chimg minh duoc hoan tat.
Piing thire xdy ra khi vi chi khi @ = b = L,¢ = 0 (holic cic hodn vi). ®
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Cdch 2. Dt ¢ = J:-a,'y# x”g VA &= -.": Ta pha chirng minh: Né‘u;m,y,z
la edc 56 thye khdng dm thoa man .r" - .y’ - :’ =2
SR MRS PR Y

e §° 4+ 2 2"+ ?5
Sir dyng bét déng thirc Holder, voi moi u,v > 0, taco
(' + 'Y+ 0) =W +0°)
Tir &y say ra, néa u 4 v > 0 thi
yu' 4 o' x 1 @
@+ Tyl +4° ;
Ta sé sir dung danhi gia nay d¢ chimg minh bit ddng thirc trén,
Khong mat tinh tong quat, gia su z = min{r,y.z} Khi do, ap dyng bat
diing thire (4), ta co
{[y‘ +6y78 +2' 2 Y+ 2 + (- 2)
Py R )
2 1

-\t{fy-i-z +(y~¢.'}-.}{y+z}*+(y-—z?
S

Paoh gia twong ty, 1a c_iing oo

IV

}

v_'ja‘* + 6t 4 2

i
-"} | — -
4y Jﬂ}z- y'

Mit khic, theo bét diing thite AM-GM,
Yo' 62y 10 Y6 ) + 48 J‘iﬂy{-‘va + )

= 4+ i 4y = oy

e e cn

e .

V{:r; + yi}l'
Viy ta chi con phai chimg minh

._.__..l_._ 1 i dry &5
£ﬂ+ Juth = e
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hay wong duong

%721’{2 ) gzy’(z ') 1(1 +y’}’l

/ l I
1- — = w{ > 34—,
i J*2] $FR-y) {f2-7) 33

S&dungb&td&ngthﬁc AM-GM, ta ¢co

e P mﬂ“ T]W
- ””‘-i‘“”-]""*‘ii‘*f—’} i

;} [2 v') :‘;31; (2 ) 4{5 + ')

ofE +f.r){?- )2 - y')
3

=
[ 2
Q*—z @+ P2 - ) -7)

J
Iz+.y;Hw+ff(ﬁ+p’+=">£2—r">(2-y”

- 3 = 342

(z* + ¥ F=-22°)2-9y") Q'+ VE-27°)4-2)
= 32 _-3
> ik

2(:‘+y‘}+1’1-2:~')+{4 2y}
4

Két hop hai danh gia nay lai, ta :hu duoc ngay két qua nhu trén.
Phép chimg minh duge hodn tét, =

Ciek 3. Trude hét ta s8 chimng minh két qua sau: Vai moi a,b > 0, thi
(a* 4 6ab + b')a* +0) > (a+ 1), (5)
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Thit viy, sit dung bit ding thirc Cauchy-Schwarz, ta co
(@ + Gab + b )@’ +0") = (a+ b)Y (a* + 0*) + dab(a® + V7)
>{a+by(a® +b") + 1ab- (“—";ﬂ:- = (a4 b)".
Bay gid, i (5), ta suy ra duoc
Yo' +8ab+¥" 1
a+b '#u’-{-b’l
Thiét 1dp hai danh gid tuong tw, ta quy duge béi toan vé ching minh
1 1 1 1
& + o
"jﬁ’-rr:‘ J‘ﬂi+r!’ J‘a2+b’ i
Do tinh ddi xung gita a.b,c nén khong mit tinh téng quat, ta co thé gid
sit ¢ = min{a,b,c}). Khi do, dé thiy

I (¥
#b1+3{1"b- 2| = fl+£-,
= +2. 2

HL’+u"5 e+
J""—"“"_ Y. 2
Vo' +0° < llat=| +b+<].
a _J[u, 3| 5

Vﬁynéuﬂt:=ﬂ+§.y=b+% thi béi todn s& quy vé chirmg minh

b 1 | R
+ + =2+ viizy>0vaz+y=12
;I J!p‘ ;‘f.r: + 3,1'i ;"2
Tai diy, sir dung bit ding thic AM-GM véi chu ¢
2zy + (* +!1""}r =2

2

aylz + ") =%*21‘y*{ﬂ—" Fy') S%

(x4 y)f
2

P2y > =5

1a cO
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111
?EJ*E.W(E-L;;’)—'_[E_% y7

Chimg minh hodn tit, O

.@fm&n‘g minh rédng vei moi 1.y, 2 > 0, bdt dang thec sau ding
{.r+y+:} x+y+ n:-l»z_l]

S 2 AT
Ty r+z T+Y

{Bao Qian Liu)
_ Lan pidi
Bit ding thite ¢in chimg minh ¢é thé viét [ai thanh
{r+y+z) T+ 2 r+y_2]

2?:-27[
ayz (T+y T+z2

(x4 y +2)° =My 27(y —2¥
P P
Ap dung bt ding thic AM-GM, ta ¢6

(r+y+2) -=2Tmr = -[i.r-i-{ﬁ- JE}:J + Juz + Jy_z'}a = 2Ty
227 [o 4 (7~ VE)| i - i - 2Ty
= 2y (Jy — V7).

Do do ta chi cén ehimg minh duge
‘:’y"f— ‘f") 27(y ~ 2¥
zyz {4:+;r}{-r+zl
hay la
A1 (4B
i J_}ix: Gt +a)|-
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Dy la mt két qua ding vi theo bit dang thire Cauchy-Schwarz, ta co

(W] (e

1
i A

Bai toan duoc chimg minh xong

Bing thirc xdy ra khi va chi khi 7 = y = 2 O

BAIl 68 Cho cdc 56 khdng dm a,b,e,d. Chimg mink ring
(@ +b+c+d)f 24[u{c+d)‘+u{d +a)’ + ela + bY + d(b + ¢,
Loy giai
Cich 1. Dé y ring
2Aabe + bed 4 cda + dab)
= ad(b 4+ ¢) + de{a + b) + ebld + ) + bule + d),
a(c® +d") + b{d" + a") + o(a® + ) + d(i® + ¢*)
=a'(b+e)+ e+ d)+ &' (d+a)+d' (et h)
Tir hai diing thirc niy suy ra
P =alc+dy +b{d +a) + cfa +b) +d(b+ )
= la(e” + d") + b{d" +a”) + cla” +b°) + d(b" + )]
+ Aabe + bed + eda + dab)
=|a'(b + c) + b (c + d) + c'(d + a) + d*(a + b)]
+ |ad(h + ) + defa + b) + cb{d + a) + balc + d)]
=ala 4+ d)(b+c)+bb+a)c+d)+cle+d){d+a)+dd+c)add)
={a+c)la+d) b+ c)+ (b +d)(b+ a)lec +d).

Ap dung bét diing thirc AM-GM. ta cé
a+ d ;;1 i
a4 A-j 2 B2 ?':f“ ) _etbotdy
(b+a)(c+d) < {H“)i("*"f ={u+b:¢+ar'
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Do do

- ¢+ d)’ b+c+d
PSP N kb e + )-8t ;"' Y
fat+tb+e+d)
4 : ‘
Nhin hai vé ciia bit diing thirc ndy cho 4, ta thu dugc ngay két qua can
chitng minh. Déng thirc xay ra khi vachikhi  =c va b = d. "

Cidch 2. Ta s& chi ra ring, dé ching minh bt ding thirc 43 cho, ching ta chi
cin xét no trong trubmg hop (a — ¢)(b — d) > 0 la di. Thit vdy, gia si

(a—c)(b—d)<0.
Khi do, néu dit a, = b,b, = ¢,c, = d,d, = a thi 12 vin c6 mot bit ding
thirc furmg fir nhur bit diing thirc ban dau (nhung véi bién a,b ,c,,d ) 1
dlafe +d) +h(d +a) +oala +4) +&GB+4)]
<o +b++d).
Nhung lic nay ta lai ¢o (@ — ¢, )(b —d )= —(a—c)(b—d) > 0. Chinh

tir diéu nay d3 cho phép ta giai thich cho li ludn “ta chi cdn xét bai todn voi
(a=e)b—d)>0 ladu” & trén.

By gio, vai gia thiét (a — ¢)(b ~ d) > 0, sir dung AM-GM, ta 6
(a+b+c+d) =|@+d)+ b+ (@+b+c+d)

>da+d)b+e)a+bd+c+d)

= df(a+d)(b + ) + b+ )(a+dF|

= 4lud +¢f + bd +af + od +af +d{b+n}’].
Nhur viiy, bat dng thirc s& dugc chirng minh xong néu ta cb

a(b + c)’ +c{a + d) > e(a + )’ + a(c + d)’
Sau khi khai trién va rist gon, ta duoc
(b+d){a—rc)(b~d)>0,

dung dotaco (a —c)(b—d) > 0,
Phép chimg minh cia ta dugc hoan tit. O

Chu ab,¢ ki cde s0 diwng thoa mim abe = 1. Chimg minh rdng
Blfe® + DR + 1)(* + 1) < Bla+b+¢)'.
(Pham Kim Hing)
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L giai
Do abe = 1 néntaco

a+l= a° + 3&*!}1:*"' - == %‘r;({f{? S ab’c’),

tur do suy ra
(a* + 16" + (" +1)

= Ya'b*c’ l‘Ja* + W){ifﬂ_’ 4 ‘\‘E’F]{W-&- W)
(V4 ) 8 + V) U+ 4T,
Viy biit diing thirc da cho co the viét 1ai 1a
51(%_‘+' bzn*)(ffb_‘+ ﬁ)(@+m)5 8(a+b+¢)'.

Vi vi day 12 mot bét ding thic thuan nhat voi a,b,c nén gia thiét abe = 1

mmcchuhmdmkh%gmntacdﬁngﬁénketquantm,tamthéboquamva
chuiin héa cho a + b + ¢ = 3. Khi do, bit ding thirc trén tro thanh

Hl(#u_'+€fﬁ) Jf +W)IJ:+W]<_:H-3‘,
hay wong duong

p=(da’ + e )" + e’ + ') <2
Biy gia, sir dung bér dang thirc AM-GM, ta co

(e + 85 (m 07 + (0 + 4
() (o + 87 + o7

3

P <

Mit khac, ciing theo AM-GM thi
2 .
Qﬂu +.t;+n! {(li‘_r-’ghﬁ+f;"+1.

Do do, ket hop véi trén ta dugce
B (¢* + 20) + (b" 4 2b) + (" + 2} + (2ab + 1) + (2bc + 1) + (2ca + 1)
Y 9
_(a+bd+ef +2a+b+c) k3 3 +2-3+3 _,
9 3 ;

Phép chimg minh hoan tit Dangthirc chixayrakhi a =b=¢=1 0O
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BAI 67| Cho a.b,c > 0 thoa man o + 2 + 3¢ = 4. Cliimg minh rang
(2a” + be) (25 + cal(2¢” + ab) < 32,
(Trdin Quee Anh)
1.6 gidi
Ciich 1. Sit dung bat diing thue AM-GM, 1a ¢o
%[{u + 2b)(b + 2e)(c + 2a) — Yube

= (a+ 25)(2¢" + ab) + (h+ 2¢)(2a° + be) + (c + 2a) (24" + ca)

> 3Y(a + W)(h + 2c)(c + 2a)(2a° + be) (2 + ca)(2c* + ah).
Ma (a+ 2b)(b + 2e)(e + 20) = Oabe < (o + 20)(b + 2c)(c + 2a) nén ur
lién ta suy ra
{!{ﬂ + 2b)(b + 2¢){c + 2a)(267 + be)(2b* + ca)(2¢* + ab)
a + 20)(b + 2¢){c + 2a)
3 .

<!

hay la

any? B | |
(26" + bo) (2" + ca)(2e’ + ap) < BT 2V b *f'] il
Tir danh gia nay, ta dua duge bai toan vé ching minh
{u + 26 (b + 2¢)'(c + 2a) < 32-8,
hay wong duong (a + 26)(h + 2¢)(c + 2a) < V32 8 = 16,

Sir dung bat dang thirc AM-GM mét lan nita, ta duge
(a+ 2)(b + 2¢)(c + 20) = %-(u +2B)- (4b + 8¢)- (¢ + 2a)
2 1[(a+28) + (4 + 8¢) + (c + 2.:}}'

4 3
- & :
= (a4 2!;+3c] =18
Bii toan dugce chung minh xong.
Dang thirc xdy ra khi vachikhi a = 2,6 =1 va ¢ = 0. -

Cich 2. Trudc hét, 1a s& chimg minh bat diing thirc trong truomg hop @ > b.
Ta o dé ¥ ring
20" 4 be < 2a° +ac < 2a + ).
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Mat khac, theo bat dang thirc AM-GM thi
2
(%' + ca +2c" +ab) _[?(b’ +¢)+alb+e)

(26° + ea)(2¢" <+ ab) <

1 1
> 200+ <F +alb+ o) (4 ef(at 2+ 2F
N " 4 4 ] F 4
< te)ia I B3] o ami ey,

Két hop hai danh gia trén lai, ta ducc
(2a” + be)(2° + ca)(2¢® + ab) < Ba + )’ (b + o).
Nhur vy, bat diing thie (voi a > b) s& dugc chimg minh néu ta cé

(a+c)y(b+cY 5’% =4

hay la :
(a+c)b+ec)<2
Day la mdt két qua diing, bai vi theo AM-GM ta co

_ (a+2b+ 3¢’ 2
: K
Tém lai, ta 42 giai quyét xong duoc bai todn cho truong hop a > b, va ta
co thé phat bidu lai didu ma ta vira chimng minh nhyu sau; Vo7 moi b 50
khdng dm x,4,2 thoa man = > y, 1a co

(0 ) + )2 4y <SRBT )

Biy gid, ta xét truong hop a<b Khi dé, ap dung (1) véi
(i6.,2) = (b,a,c) (& rang b nay thoa min dicu kién « > y), ta c6 ngay
(20" + be)(2" + ca)(2” + ab) = (25" + y=) (2" + 22)(22* + zy)
{{1:+2y+3::)° ={2ﬂ+b+3r:)"
= 128 s
Ma a < b nén 2a + b+ Jc < a + 26+ 3e = 4. Két hop véi trén, tasuy ra
¥ ]
(@ + 2b+ 3c) -0
128
Bai toan dugc gidi quyét hoan toin. O

(2a° + be)(26* + ca)(2” + ab) <
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BAI 68) Gid sir a.b,c i cdc 56 khong am thoa man @+ b+ ¢ = 3 v khong
co hai $6 nao rong chning dong thoi béng 0. Chimg minh rang
g -Gy el o8 5 e+ 0)b+c)le+a)
i o Je kb Ja-Eb B 22

(Trén Qude Anh)

L giii
: : = e i 1 b4+c_ 3
Sir dung biit ding thire AM-GM, ta ¢cé: Jt;-l-=c+ pooes +;E-E$,
e 1 = 3 _b-!-cmﬁ_:*[b-i-ﬂ]‘
' Jite 22 42— 42
Tir iy din dén ab > Gab — ab(b + E}_.
b+e W2
Sir dung dénh gia nay va hai dinh gia twong t, ta dua duoc bai toan ve
chirng minh két qua manh hon 14
[6ab — ab{b + c)] + [fibe — befe + a)| + [6ea — cala + b)]+ 4
2 Aa+ b){b + e)(e + a).
Tac: (a+b)b+ec)e+a)=(a+ b+ c)lab+be+ ca)—abe
= 3ab + be + ca) —abe,
do d6 bit diing thire trén co thé viét lai hanh
[6at — ab(b + ¢)| + [6be —be{e + a)] + [6ea — cale + b} + 4
> B(ab + be + ca) — 2abe,
vé sau khi thu gon, ta dugc -
ab® + be* + ea’ +abe < A (n
Ta chimg minh bét diing thuc niy nhi sau: Do tinh hoan vi vong guanh

gitta cac bién nén khdng miit tinh tdng quat, ta co thé gid st & nim gila a
va ¢, Khi 86 dé thay (b — a)(b — ¢) < 0, do vay

ab’ + b(:a + cu + abe = ll{u + r.'}? - G{ﬁ' - ﬂ}{fﬁ - r.'] < dla+ :.'):

1 12642 (w4 )] 4 :
=W a+ecy <~ | =—la+b+c) =4
Rt it z{ L J

Bai todn duge chung minh xong.

Déng thirc xdy rakhi vichikhi a=b=c=1 hoic a = 0b=le =2

{va cac hodn vi tuong tmg), o

L 4
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ﬁﬂwcﬁc— 36 khong dm a.b,c thoa mén a + b+ c = 3. Chuimg minh
hat déng thiec sau
(2 +ab* V(2 + 06 ) (2 + ea®) < 3458
(Trin Quoc Anh)
Lan giai
Trong hai 68, ta d3 ching minh duoc ab® 4 be” 4 co® €4 — abe (xem
biit ding thirc (1)), va bing cach chimg minh tuomg ty, ta ciing co
@b+ e+ c'a < 4 —abe
Sir dung hai danh gia nay vé bat ding thirc ¢ bin
(a+b+c)
e

ta dugc
(2 +ab* W2+ b )2 + cd®)

= B+ 4{ab” + bc” + ca’) + 2abe(a’h + b'c + ¢’a) + a’b’c
< 8 +4 4(4 ~ ube) + 2ab(4 — abe) + a*be*

= 46 + abe) + a’b'c*(abe — 2)

< 46 + abe).

Tu déy suy ra

(2 +ab* P2+ b (2 + ca’) = {12 + ab*)(2 + be* ) (2 + ca? Jr (2 +bc%)
< [4t6 + abe)] (24 5¢%)
= 166 + abe)'(2 + bc®).

Mit khac. theo bat dang thirc AM-GM, ta lai co
" [1a+befo+ 20)]

bt el |20 A0 + B )
- " o7
va
Mﬂ+iu]=%.%,c,{c+h]£% 2&+,~+3{¢+gu]r

= i_.{ﬁ +bh+e) =4,
27

do do
g
(6 + abcY (2 +B7) < (1 _tl'? = 216

25
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Két hop vai danh gia o trén, ta duge
(24 ab® V(2 +b" V(2 4 ea’) < 16- 216 = 3456,
Phép chimng minh hodn tit Ding thirc xay ra chi khi a = 0.6 = Le=2. O

BAI 70| Cho cdc s6 khang am a,b.c théa man o + b+ ¢ < 3. Chimg mink
bdr dang thiec san
‘a,\/l+-‘41fHl + 1+ ¢ + el +a* <B.
(Pham Kim IHing)
Lén gidi

Sir dung bat diing thirc AM-GM dang Joy <= +u

, taco

- :_ 1
v =aJ{b+l}[b“—b+1}Eﬂ'(b+1}+-(: b+1) _ alb 2+21_

Thiét lip hai bit dang thire wrong tu va oéng ching lai, ta thu duge
% r_1+fa“' +£-J1+r:’ +EJI+HJ ’ ah +hr.'"+m2+2{a+ﬁ+c}
3 ab* + b’ + ca’
& 2
Bai todn duge quy vé chimg minh
ab” + be* +ca’ <4
Diy la hé qua cua bt ding thitc ab® + be’ + ca® + abe < 4 da duoc
chimg minh ¢ hai 68. Vay bai todn duoc gidi quyét xong Diu bing xay ra
khi va chi khi (a,b,¢) = (0,1.2) va cic hoan vi tuong ing. O

+ 4.

R R 3
BAI 71| Cho cdc 50 khong dm ab,c thoamdn a + b+ ¢ = 3. Chimg minh
hdt ding thire sau
(ab" + be’ 4 ca’){ab + be + ca) < 16.
(Ircn Quoe Ank)

Lo gidi
Biit diing thire ciin chirng minh tuong duong voi
(ab® + be® + ca’)(ab + be + ca)* < 16° = 256,
Ap dung bét diing thire AM-GM, ta duoc
{ab® + be” + ea)Y (ab + be + ca)
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s Hab +be + ca)  lab® + be” + ¢a®)

2
o 1[2fab+be + ca) +2 (ab’ +be’ +ca )l‘
il 3

= ?[{nb + be + caf + (ab® +bc’ + m’}]a .
7

Do do, bt ding thirc s& dugc ching minh néu ta chi ra duoc

256 2T
1

(ab + be +-ca) +ab’ + be' +ea® € 3 =12

Taco
(ab + be + ca) + ab® + be’ + ca’

= (a®V" + b%e" + *a’) + 2abela + b + )+ (ab® + be® + ca®)
= (a0 4+ ab” ) + (b'c’ 4 be’) + (e'a’ + ca’) + 2abela + b+ )
= ub’(u+b)+ be'lb+ ¢) + ca'(c + a) + 2abeln + b+ ¢)
= ab®(3 — ¢) + b (3 = a) + ca’ (3 — b) + Gabe
= Wab® + be’ 4 ca’) = abofa + b + ¢) + Gube
= 3ab’ + be* + ca® + abe).
Vi vy, bat ding thirc trén ¢o thé viét lai thanh
ab’ + be' +eu“+ab¢5£— 2

Diy li mit két qua quen thuc va no da dugc chimg minh trong hdai 68.
Cha y ring diing thite xay ra khi va chi khi a = (Lb = 1,¢ = 2 (hofic cic
hoin vi twong ung). - a

| Cho ab,o ta cde 56 thee dw?:g. Chimag minh ring

{n+b)[b+:)(t+u} a’ I + 3

be iu+m F4ca o +abl

(Tran Quéc Anhy)
Lai gidi
Cich 1. Elita—lb—-f; RS 2 Bat diing thirc cén chirng minh trd thanh
o Z
feioraera 4 w = oz )
y 1Yz T M v Y +m P4y
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-.rﬂ'
Do SR, ' neén la co

2t 4 yz T+ yz |

i 3 - an z + y)y+2)(z + 1)
i PR S *J[' N+t
ey Yz Tty Ty

Sir dung bat ding thie Cauchy-Schwarg, ta duge
« y' s (z+y+a)
* v 273 2 %
Firy vvm 2+ay @)+ ra) e @)
i yt+ys+=x %1
L+ rytpr s

va
{z+y}{y+z}{z+§]:r(y’+z’]+y{z’+:’}+z(z’+f)+2wz
gl FoilE SRS -'Wf
L b _{_:ﬁ*!-',;.y"*}_2
yz z 7y
? 3 S
yrtE g% bE L
yz 2T zy
% }
_(y+sf  etaf ),
yz =z zy
}[{;a,.'_+a}-t_-{?:+::|=]+{:H-:.t)l’w‘i
3 yz+ 2+ 1y
_dGEhysar L Me by ae).
Yy+yztzx 2y +ys +2x
Tir hai danh gia trén, ta dua duoc bai toan vé chimg minh

4{ B ?4.4
ses +1|+3—=+4:
3[A+B ] B E

viid=2"+y"+ 27 B=ay+yr+ 2=

Bl i thaje i o6 b vidi Iy ;- 37y gy ia + B)

A+ B B
dung vi theo AM-GM ta co

43 4{ A+ B) 4B
+3-#——-:>4 :
A+ B e JA-;-B

Phép chimg minh diroc hoan tét
Piang thire xay rakhi vachikhi a =b = ¢ ]

2 2
EY a4

2 8,

44{A+B)r iy

B
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Cich 2. Bar ding thirc can chimg minh co thé viét lai thanh
ﬂﬁl(ﬂ + b)b + ¢){e +a) > 4 a’ i b F e 1
abe _n’ +be W 4ea & +rle
Trude hét, dé pha cin cua bidu thirc vé tréi, ta sé sur dung bét dang thue
AM-GM b bon s6 nhu sau
_ltf{u + b)(b + ¢)(c +a) § 16abe
: abe (a-+b){b+¢)(c+a)

ik il(a +b)(b+c)c+a)| 16abe -3
abe (@ + B)(b + €)(c + a)

suy ra

3#&; +0)(b+e)e+a) | o 16abe
abe T {a+b)b+c)e+a)
Sir dung dinh gia nay, ta s€ quy bai toan vé vige chimg minkh
a b e 4abe
+ + + <2
' +be B 4ea ' +ab (a+b)b+e)e+a)”
Bit ding thirc nay twang duong vai
[1 e be
a + be
hay 1

ca

2 +11
b +ea

i

ab ] i dabc

& +ab] (a+b)b+c)e+a) =4

be o ta +a!: >1+ 4abe |
be+a® ca+d ab+c (a+b)(b+c)lc +a)
Str dung bét ding thire Cauchy-Schwarz,
be = ab. (be + ca 4 ab)’ e
be+a'  ca+b  ab+ e T belbe + o' )+ cafea + 8 ) + ablad + o)
% abe(a + b+ ¢) :
@'t + 0 +d’® +abele + b+ )
Dé thiy chirng minh s& hon tit néu ta chi ra duge
abela + b+ ¢) S 4 dabe :
b + b 4 rabela+b+e) T (a+b)(b+e)(e+a)

hay
(a+0)b+e)e+alatbte)> 4[2&’#’ + abela + 0+ r.}]. (1)
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Lai dé y rang
(a+b)b+e)et a)u+bte)
= |(a + b+ e)(ab + be + ca) ~ abe|(a + b+ )
= (a4 b+ e¥(ab + be + ca) — abela + b + ) (2)
= (a* + & + &) ab + be + ca) + ab + be + ca) — abela + b+ ¢)
= ab{a® + &) + be(b® + )+ calc’ +a°) + 25: a’h’ + -lmbcz a.
Tir (1) va (2), suy ra ta chi ¢dn chimg minh
ar(a® - 0) + be(d’ + &) + ca(c® +a’) > Aa®V" + 0" + a’).
Diéu nay 'a hién nhién ding vi theo bat ding thirc AM-GM thi
ab(e® + b°) > ab- 2ab = 27V,
be(b® + ') 2 be: We = We?,
calc® +a*) > ea- 2ca = 200’
Bai toan dugc giai quyét hoan toan.
Déu ding thirc xdy ra khivichikhi a =b=¢> 0. O

Nkdn xét. Bing cach lam twong tu, ta chimg minh dugc két qua téng quat
nhu sau: Foi moi a,b,e,n > 0, taco

J(u+b}{b+u}[c+u} g & n-—3

= 4 +
Babe nla®* +b¢ b 4eu ¢ +ab n

Uhiiﬂg minh réng vai moi z,y,z > 0, ta cé

e dryz +{:r+y)’+{:r+z)’.
(z+ y)(z + 2) e+ y+z

(Bao Qian Liu)

Lo gidi
Biit déng thirc can chimg minh tuong duong voi
{z+y)’+[ar+a}3}r+ dryz
(prp)+ia+s) — - E+pz+a)

(z+y)+(z+2)-

hay 14

Xz +y)z+2) i dryz :
(x+9)+ [z +2) (z+y)z+ 2)
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Nhin c hai ve cua bit ding thirc rén cho (z + y) + (x + z) va chi y ring
WI(3+F}+{I+31] _ dryz + dzyz
(= +y)(zx+ 2) T4z TH+Y
ta viet duoc né lai thanh

dxyz i dryz

Az +y)z+2) 22z 4y + 2} + :
T+ 43

Ap dung bat dang thic AM-GM, ta co

dayz

< 3 _ 5 Joyz < (2 4+ ),
z+Y 2,f
dzyz -lryz

- Buv{zz < ¥z + z).

I+3 PINE

Do dé
w2z + g+ z)+ e
T

2V ¢ o2ty +2)+ oz + y)+ pz+ 2)
+y z+2

=27’ + 2y +yz + 2) = Az + y){z + 2).
Bai toan duge chimg minh xong.
Ding thire xdy ra khi va chikhi # = y = 2. )

BAI 74| Cho a,b,0,d I cdc 36 thine khing dm thoa man a + b+ ¢ +d = 4.
Chimg minh réng

ab be cd da Jabed
+ “+ + -+ =<1
c+d+4 d+a+4 e+b+4 b+e+4 3
(Trdn Quée Anh)
Lin giai

Néu trong bin s «.b,e,d ¢o ba s6 bing O thi bat ding thic dd cho hién
nhién dung. Xét truong hop nguoc lai, nic la
(a+b+c)b+tetd)c+d+a)d+a+b)>0.
Khi do, sir dung bt ding thirc AM-GM, 1a ¢6

] 1 1
crd+4 Qtetdtlc+dta) :;?(b+c+d}'fc+rf+u1
S e kg R
“4lb+e+d c+d+a
Do do
___f{b__,l[ ab + = ‘
c+d+4 4lb+c+d c+d+a
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Tuong ty, 1a cung co ue 41-1-[ i + ot o
. d+a+ 4 4ldtaetb e+d+a)

cu {i cd 4 cd "

u+&+4“4 u-l-u':ic d+a+b)

da da

bte4+4 ™ 4b+r+d a+bd+c)

Cong bon bat dang thire trén lai theo vé, 1a duoc
ab be ed da

ﬂ+b+4+b+n+4 ﬂ+d+4+d+n+4
Hao+d)  Yeta) , dd+d) , da+o)]
“4ib+c+d c+¥dt+a d+atb a+b+c
alb + d) aﬁ+r+d—ﬂ i e
b+c+d  btec+d b+c+d

Ma

nén ta co
ab s be n cd 3 dn
a+b+4 b+ctd c+d+4 dta+d
Eu+b+r+d_l @ el i ca 4 db
4 lb+e+d c¢+d4+a d+a+b a+b+e
_ _1[ ac bd + ca + db ‘
b+c+d c+d+a d+a+b a+d+c
Sir dung dénh gia ndy, ta dua dwoc bai toén vé chimg minh
ac hd ea db 1
b+ﬂ+d+c+d+n+d+ﬂ+b+a+&+c2§ﬁ;£
Piy la mét két qua ding, vi theo AM-GM ta co
ac bl g ea b
b4+c4+d c+d+a dta+d a+b+c
T bd LR dh
h+c+fc+d+ad+n+{n+b+t

{vahed

" Yb+crdictd+a)d+arb)atbto)
. 1iv/abrd
Tbtetd)+(e+dta)t(dtatd)tlatbte)
16+ abed _ 4 hed
“Maibieil 3>

|
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Phép chimg minh dén diy duoc hoan 14t Chi § rang ding thirc xdy 13
khivachikhha =6 -c=d=1 holic a=h=2%c=d =0 (vi ¢cac hoan

vi tong ang), O
Cho 2.y, 2 I cae s6 duomg thoa min zyz = 1. Chimg minh rang
L s 1 = 1 X
(x+1Fy+2) @+0){z+2) @E+D)(z+y) B8
(Trdn Onoc Anh)
Léi giai

Cach 1. Sir dung bt diing thirc AM-GM, ta co

(24 1F = (22 +1)+ 22 > 222(z" +1), y+2> 2w,
tur 46 suy ra 1 < 1 = 3 ;
(z+1V(@y+2) " il:,i?myz(z' +1) 4_1;3(::’ +1)

Viy ta chi cin chimg minh

1 1 1 3
Jm“‘+1+;.iy‘+1 +1-:‘”+1 ﬂzi

Po r,4,z>0 va ayz =1 nén ton tai cac so6 duomg o,b,c sao cho

o= JE, v =£ Vi 2 =JE. Khi d6, bit ding thirc trén dugc viét lai thanh
a ) ¢

i ] c 3
+ < —p. l
Jﬂ+b+Jb+r. Jt«}n ..,72 (h

Sir dung bit ding thirc Cauchy-Schwarz, taco

[ a Jb [ i
—_—
a+b b+e Vci—u
3 @ " b + c
(a+b)iatec) (+e)b+a) (c+a)lc+d)
_ Ha+b+c)ab+ be+ ca)
7 (G + b)(0 + c)(c+ a) :
Do 86, (1) s& duoe chimg minh néu 12 ¢6
-1{:t-i-h+r)(n£l+br+m) 9

(a+0)b+c)c+a) 2

I(r.r.-i o+ a)+{c+ b)]x
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hay twong duong

8(a + 0 + c)(ah + be + ca) < Ha + b)(b + ¢)(c + ).
Diy 14 mdt két qua quen thude
Viy bat diing thirc cua ta da duoc chimg minh xong.

Chu ¥ ring dang thirc xay ra khi vichikhi x =y =2 =1, L
Cich2 Pat r=a'.y=H0 vaz=¢" Taco
1 i 1 ” a'b'e
4+ D{y+z) (o' +0°0 +¢") (@ +abe)'(p’ +¢)
ab’e’

= (@® +bef(b* +¢")
Do d6, bét ding thirc cin chimg minh cé thé viét lai thanh
nffﬂa " be'a® i ca’d®
(a® + bl (6 + ') (0 +ea)(c’ +a") (" +ab)i{a" + )
Sir dung bit dng thire AM-GM, 1a ¢6
(a® + beY(b + €) = Mc* + o' )+ ola’ +05) > '.ZJ;".N:'.[E1 + W) + ),
tur 4o suy ra

<=
8

1 S h+¢
(0 + be)(b+¢) ~ dbat® +6°)a* + &)
Sir dung danh gia nay két hop voi bat ding thirc co bin

A =be+2) 200 4 &,

ta dugc
ab’e’ ‘_: ab’c’(b + ¢)
(a* + b (0" +¢") T da® + 0% )’ + )" =be + )
o al’c* (b + ¢)

= Aa’ + ) + )+ )
Viy bit diing thire d& cho & duge chimg minh néu ta co

ab’i* (b + ) © bla'(c+a)
T T S s G e 3 -
Aa® + 0"} a" + )b +¢*) 20 + ) +a' ) +a¥)
ca'h’(a+ b) < 3

2 g : FPaE
Aot + oY + 6" +4*) T 8
Bat ding thuc nay ¢ thé duoc viét lai thanh
dabebe(b + o) + calc + u) + ablu + b)) < 3(a* + 0°)(FF + )(F +a?),
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hay teong duong
4Iﬁbtﬂ+ﬂ)+hc(b+ﬂ}+ﬂﬂ[f+ﬂ_]l{1 b P4 s

ahe ™ ab be ea
|
Dﬂ E _.-ii = (a;._- ﬂ_ VE
ab ah
B+ ) 4 cale + {a — by - — af’
abla + b) + bo{h + ¢) + cale 8) o dd f.-)‘+(-’.l L]’+{c @)
abe ih be ca

nén bit ding thirc trén twrong duong voi
H2 +m) 2+ n) 2+ p} = A6+ m+n+ p),

i BY o, =
MR VN LN T O L

a ra be
Taco

32+ m)2+n)(2+ p)=3(2+m)4+2n + 2p+ np)
H2+m){4d+2n 4+ 2p)

38+ 4(m+n+p)+m@n+ Zp}]

> 8+ dm + n+ p)| = 24+ 12(m + n + p)
2U+4(mAn+ p)= K6+ m+n+ p)

W

I

Phép chimg minh dén diy dugc hoan tat =
Cich 3. Dt r =o', y=10" va :=¢" v&i o,b,c > 0. Bat ding thirc cén
chimg minh trg thanh
1 1 1 3

4 < -
(@ +1' (6 + %) (B + 1) +4%) . (e +1)"(a® +b") 8

Sir dung bat ding thirc Cauchy-Schwarz. ta co

J(u=+]){b= +f32)-?‘_'ub+t=l+;:= c’+1'
-

i
2
J{_a’ + 1) +5%) zur+b=%+b::b—t-1-,

i
Nhin hai bit ding thirc nay lai theo vé, ta suy ra
(" +1)(c* +1)
M |

() +1)(F + %) 2

tir do dan dén
1 be

(o +1)*{b*+.:*; (@ + DB + 1) +1)
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Sit dung danh gia nay va hai danh gia tuong ty, ta dua duoe bai wan vé
chirng minh két qua manh hon

bﬁ + {Hl -3 +
(@ + DO+ D +1) (o + I 1) +1)
abr < _a

{u FOE+DE +D
Bit ding thirc nay co thé viét lai thanh
3o’ + D" +1)(¢" +1)= 8(ab + be + ca).

Dé § ring
[ta = 1) = 1|6 = 1)tc = D[ (e ~ Do~ D] = (¢ = (b~ 1 (e = 1F 2 0,

do do trong ba sd {a —1){b —1),(b—1){(c —1),{e = 1}{a — 1) phai <o it
nhit mit s6 khéng am. Va vi day li mot bat ding thitc 461 ximg nén khong mit
tinh tong quat, ta oo thé giasa (a —1)(b—1) > 1, hay la a +b < 1 +ah Tu
day 1a dirge

ab + be + ca = ab + cla + b) < ab + el + ab)

ST Eny T S e
;

Mt khic, theo bit ding thirc AM-GM thi

-I“-»

(@ + 1)t +1)>2a:2b = —,

r
Viy ta chi con phai chimg minh
a7,
e +1) >
=

2 I'.Z"l'-i“i“],},

L

hay la
ﬂ+l:{2.

E

Bat ding thirc nay hién nhién ding theo AM-GM. O

Nhdn xét. Bat ding thirc (1) ma ta st dung trong cdeh 1 & trén con o6 mét
chimg minh khac nhu sau: Sir dung bat diing thirc AM-GM. ta ¢6
[28 | 3alb+e)  Alab+be +ca)
Ya+b N2Aak+be+ea) Ha+b)b+c)
1| Ba(b+e) | Hab+het - b + ca)|

<2
T 2 Ef_urb-i-ht:-‘rr-ﬂ"i i{a+ul.’:+r'1;
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Tir danh gia ndy va hai d.ﬁnhgiimug ty, ta suy ra

LERL S
n+b b C+a

.:;.1. 3albh + ¢) + Ifec +a) % Jela + b)
= 2{2{ab+ be +ca) 2ab+ be+ca)  2Aab + be +ca)
4{ab + be + ca) | Hab + be+ca) + d{ab + be + ca)
Ha+8)b+e) Ho+c)let+a) Bleta)lat+b)

& IM 8(a+ b+ ¢)(ab + bc + ca)

e 3a + b)(b + o)(c +a)

Viy ta chi con phai chimg minh
_1 4 8a +b+ c)ab+ bet ca)|
2 Ha+o)b+ci{lcta) |

hay la
8(a + b + c)(ab + be + ca) < Ha + b)(b + c)(c + a).

Péy 1a mot két qua quen thude.

BAI 78] Cho ciic s6 khing dm a,b,c thoa man diéu kign o +b* + & = 3.
Chimg minh rdng

a h ¢
- 4 + <1
h42 e4+2 a+2

(Vasile Cirioaje)
Lai giai
Bit diing thire cin chimg minh nrong duong véi
afa + e+ 2) + bt + 2)(a + 2) + c{e + 2)(0 + 2)
< (o +2)(b + 2)(c + 2).

Taco
afa + 2)(e + 2) + oo+ 2)(a + 2) + cle + 2)(b + 2)

= a(ae + 2a+ 2¢ + 4) + blab + 20 + 2a + &) + c{be + 2c + 2b + 4)

= (ab® + b + ea®) + Aa® + 8" + ")+ 2ab + be + ca) + 4{a +b +¢)
= {ab® + bc” + ca’)+ 6+ 2ab+ b+ ca) + Ha + b+ )

va

(a 4 2)(b + 2)(e + 2) = abc + 2ab + be + ca) + 4(a +b + c)+ 8,

175



do do bit ding thirc trén co thé viét lai thanh
ab® + be' + ea’ — abe < 2.
Khong mét tinh ting quit, gid s b 14 sb nim gilta o va ¢ Khi do, dé thay
(b —a)(b~ec) =0,
dan dén
ab® + b + ca® — abe =ba® + ¢’ )+ alb—a)(b — ¢) < bla® + &)

= Jb'(a’ + 'Y = 1-2b'~(n’+c’)’
2

{Jl[zbwz-(uuc’}l“ o
=Y2 3 o

Bai toan duoc chirng minh xong.
Diing thirc xiy ra khi vA chikhi a =b=c =1, hokc ¢ = 0,b =Le = /2
(hodc céc hoan vi tuong (ng) o

Cho a,b,e 1a cde 56 thie duong. Chimg minh rdng

ali be ca 3
- + <~
a+ 3¢ b +3" 430 4
Lii gidi
Sir dung bt ding thirc AM-GM. ta co

a +%’*<a +h‘1+?b* N +:,*) o 7 +=‘ft

Do d6, ta chi ¢in chimng minh duge

a’ b ¢ 3
2 . + 9 7 o E .
a’ 4 b b+ e ¢ +a -,E

Diy la mét két qua quen thude (xem lai phan chimg minh bai 75).
Chi v ring diing thirc xay rakhi vichikhi e =0 =¢ 0

Chuimg minh rénig véi moi a,b,c diong, ta lun co

Bﬂb’F_l_ &bc‘*F+ 8ca® !{3
(a+b)* (b+ ¢y (e+a)| — ;

(Trdn Quée Anh)
176



: L gidi
Str dung bt ding thire AM-GM, ta ¢

[ 4
_ . 3. BT o L #
{_abf{a‘i —u-b+b'}£_§q ab + {u.l ub + b ) i (m I‘b}

L]

tur do suy ra
_(a+b)
o

®

a'b'(a” + ) = (a + a}j{ab)‘{u” —ab+ ¥ )] < (a+b) j ;ﬂs

tirc la

]
(a+ )" = Y4 (@’ +b") = Babdla’ + 4.
Sir dung dénh gia fay, ta duoc

sab? | | Bat® g JT
R P T L

Va nhur thé, bai 1oan dugc quy vé ching minh

J 5’ +J g J u’ o3
gt 5 — i
a’+ b b+ ¢ +a 72.
Dit ¢ = b’y = a’,2 = ¢, bt ding thirc trén tré thanh
T 7 [ £ 3
+ < —=.
J¢+y+\{y+z Uz-l-z:"':E
Bdy chinh la bat dang thire (1) da duoc chung minh trong bai 75.
Chu y riing ding thirc xay ra khi va chi khi a = b= ¢ o

Nhin xét. Hoan toan tuong ty, ta ciing chimg minh duoc két qua sau

» 8 v
:gzb |+ .%" il e 2ca <3.
a +b b' +¢

¢ +a’
Cho cde 50 khiong am a.b,¢ thoa man dién kién ab + be + ca = 2,
Chimg mink réng
&b ke +23 n\{b? +c + b\fn"' +a° +cya® +4°.
(Trdn Qude Anh)
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Lo gidi
Cdch 1. St dung bit dang thie AM-GM, ta co

1+': h
i ae Vo pd c]=.E|r-1-c- e
2 € b+re
Ti do suy ra
ol + ¢ + Ve +a' +ea’ + 1
be ca ab}
i - +cla+b—
<alb4e b+c]+b{r+a c-‘:—a) r[ﬂ- —
1
=4—m'.u‘:[l + : + ]
b+e ¢+a a+b

Miit khac, theo céc bt ding thirc Cauchy-Schwarz thi

e e S (1+141) i 9 :
b+e c+e a+b {a+b)+B+e)+(c+a) Aa+b+c)
Két hgp vai trén, ta dugc

ab? ¢t 4+ bJet +at +eva® + 6 <2~ Lo

Aa+b+e)

Bai toan dugc quy vé chimg minh

= Habe

Aa+b+e)
Biy gi¢r, sir dung bt ding thirc Schur bac ba (dang phén thirc), ta lai c¢6
Dabe Yabe 50

a’ + 5 +¢* > Aab + be + ca) - ——— =4~
=R ) a+b+c at+b+c

Nhu vay, phép chimg minh s& hoan tit néu ta chi ra duoc

J_ Qabe £5 Duabe
a+b4+c Na+b+c)
Bit ding thirc ndy wrong duong voi

le_ Qabe 'Z—J-i— Dabe
2 a+b+e a+b+c

hién nhién diing do Jﬂ.-& £l =2
a+b+ec

Ja? 102 4+ 8 52

>0,

Diing thire xdy ra khi va chi khi (a.,c) 14 mat hoan vi cia b (v2,72,0). ®
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Cidch 2. Khdng mit tinh tong quat, gia sit a > b > ¢ > 0. Khi d6 sir dung
bat ding thie AM-GM, ta co
o' + 0 + ¢°) = (ab + be + ca)(a® + V° + &)
> abla® 4 b*) + be(b® + %) + calc® + a*)
> 2a%0° + 2% + 2%a* > 2aF (6 + ),
suy ra va' +b +¢ > ayh’ + ¢

Nhu vy, bit ding thirc s& duoc chimg minh xong néu ta cé

bya® + & +efa® + 1 <2 (1)

Do a > ¢ nén

3 3
@' +¢ ﬂﬂ’+n¢£u’+u¢+%=[n+£] ;

2
U]
+—| .
o+t

+(:[¢l+~g-]=ab+ﬁc+ﬂa=2,

Tuong ty, do a > b nén: @® + 0" <

Ti do suy ra

el +c& +eal +8 <b

C
" N s
2

Viy (1) ding. Bai todn duge chirg minh xong, -

f?Mgmfnh rang vai moi 56 thue dinmy a,b.e, ta luén co
B 8.9 '§ abe 15
b+c+u+-l u"+#:’+r!’:2 4
(Biti Ngoc Avih)
Khong mit tinh tong quat, gia sit ¢ = minfa,b,c}. Ta cd bat ding thirc
cn chitng minh twong duong véi

f.‘..q.i.:,ﬁ_.g “E{lu ; 31::{: 1|]2[’.'.'.
b ¢ 4 o 4 a +b +c
Dé ¥ ring
4
E+£+£-3; E+.E....2 + .'.’...t..f._]_._i
P ¢ a b o ¢ o a
_@=t)  (a—e)b—c)
ab ac -
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dabe  (a+b+e)(a® +b'+ —ab—bec—ca)
a* + 0 e a*+ b + ¢
(a+b+ c)|(@ —8) + (a = )b —c)]
= at+ o+ :
Do viy. bt ding thirc trén cd the viét lai dudi dang
M{a—b) + Nla—e)b—c) >0

trong do
1 F _af+bd+e N—l 3 a+b%c
ab 4 s ca 4 a®+b' 4+
Do (2 —b) > 0 va (@ — ¢)(b —c) > 0 nén ta chi can ching minh M >0
vi N > 0 la ¢ Mt khag, lai ¢& ¢ = min{a,b,c}, nén N > M. Viy ta chi
cin chimg minh duoe M > 0 13 bai todn dugc gidi quyét xong.
Sur dung bat ding thirc AM-GM, ta co
@+ 4 =(a+b+e) —3a+b)b+e)c+ a)

_

:"(ﬂ+b+¢-]5__3I{“+"-')+(b+c)+{::+ﬂ}r
% 3
o Shia

9 ¥

suy ra
a+b+c¢ 5{[9{&’-&-5’4::")“ ’ i .
a’ +b* + ¢’ a +b‘+c ﬂ{a'+b“+c*}‘ (a® +0°)
e e
*'fr" n ate 3 ab'

do do

Bii toan duoc gidi quyét xong,
Déu bing xay ra khi vachikhi a =b=¢3> 0. O

BAIBIChuz>y>z2>0 t‘mzngmmhr&ag
(-ﬂ"f‘z}? r+y+tz

T me+yz+m:

(Hodng Kidu Nam)
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Léi gidi
Sir dung bét déng thire AM-GM, ta co
4
(z +y + 2) +322J:-i- T+y+z
Wrytm oy +yz + 22
Viy ta c6 the quy bai toan vé viéc chiing minh bit déing thirc mank hon
(z 4+ 2) S 2z ty+ ) +3"
xz dlay+yr+ 2
Bat dang thire nay tuong dwong voi
(2 + 2 2

—4>=
Iz 3

(z+y+a2) _.3‘
Iy +yz+z2x
(-2 S (-9 +(@y~2f +(z—a)f
e T Sy + yz + 2x)
Miit khéc, do gia thiét = > gy > # > 0 nén hién nhién ta co
D£y—z2<z~3 0<r-y<z-=2

Hay

Suy ra (-9 +(@—2) +(z—2F <3z~ 2}
Vay chimg minh s& hoan tit néu ta chi ra duuc
(‘szf} {I“‘E}:

= mytys+ar
Dicu nay ld hién nhién ding vi zz < 2y + yz + =2,
Diu ding thirc xay ra khi va chikhi z =y = 2 > 0. =)

BAI 82 Chuimg minh réng wsi moi 56 thiec damg a.b.¢ 1a Indn c6

@+ b+ Jd4a ol b+t ec—2u
- 2 J3a’ + 0" + %) + 2abey ———
a+b bh+e : e+a ha . cz a(b + ¢)
(Virgil Nicula)
Lan giai
n . 2 3
e v rin =a+b- én suy ra
y rang g @ = nen suy

ab be ca

L 4 F | 7 2 2
b o :

g + i@ +r+c +a i ‘

a+d b+ec c+a)

a+b b+e c+a

=2{a+h—l—c—
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Mat khac,

b4+c— 1 1 1
+ be + ea) — dabe|——+ + :
o’ T a{b + .:3 =hs ) b+ec c+a a+b

Do 46, sau khi binh phuong hai vé cia bt ding thirc d¢ bai va rit gon, ta
sé thu duoc

5 a’b’ 16abe(ab 4 be + ea) =
Eu +4Z{u+b)’ +(u+ﬁ)(ﬁ+r:}{c+ﬂ} =

(H

Téi ddy, st dung bt Ging thirc AM-GM dang £ + y = 24/, ta ¢b
{'u+b}z+ 4a’t’
4 (a+8) ~
Thiét 1ap hai danh gia nwong ty va cdng chung lai, ta thu duge
: 2 S 212
a’+b +e +ab+bc+m+4z ah
2 (a4b

v > 2ab + bc + ca),

hay

)1 i b! c& b+ be +
42 L. 22{ub+bn+ca)—-a+ tc g e

(a + b) 2
Viy ta s& quy (1) vé viéc chirng minh bit diing thirc manh hon la

a’ .|.f;=+p_=—ab-bc—ca+ 16abe(ab + be + ca) EMCE i :
2 (a+ b)(b+c)e+ a) b+e
Bit ding thirc ndy c6 thé viét lai nhu sau

1 i A(ab+bc+ca) 1
3\ "J-Z“b)""i"bc(a+b;(a+c;(c+a) B or

1 . 4{ab+bc+m)—(za’+32ab)
E(E“ - o)+ dabe (6 + B0+ +e) 20
3 s dabce
st )[z erErer e

Bt ding thic cudi hién nhién dang do ta co
@+ e <ab—-bec—eca>0

>0,
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1 dabe L dabe
o 3;’
2 {a+b)(b+e)e+a) 2Jah - 2be - EJ—

Bii toan dugc gidi quyét hoan toan
Déau ding thire xay ra khi va chikhi o = b = ¢ > 0. O

Ching mirh r&ng Vi moi 56 thue dmrag o, b.c ta ludn co
(a+ b+ cfla+b)b+c)c+a) > 2dabe(a® + b +¢*).
Loi gidi
Bét ding thirc cin chitng minh ¢6 thé viét lai thanh
(@a+8)(b+c)c+a) W(a® + b + %)

abe T (ad+b+cf

trong duong
(e +b)(b+c)e+a) . IHa" +b° +¢%)

ahe —HI—S (a+b+e)f _1120‘ )
Taco
(a+b)(b+c)e+a) Ly a(b — ¢f + b{e — a)f + cla - b)Y
abe abe 1
ﬂ[az*l-li’*i-cz}_t (a— b)’+{b—cf+{c-—n)’

(a+b+ef (a+b+c)

Do do, (1) 6 the viét lai dudi dang
Sb-cf+8(c—aY +5(a—-by >0,

trong do
1 8 1 B 1 8

—_—

— — — i —

§ m————_ 5§ = , —,
 be {(a+d+ef ' oa (a+b+ef ° ab (a+b+o)
Khong mét tinh 1dng quat, gid sir a > b > ¢. Khi do, ta thity ngay

§ >2828.
Mit khie, sit dung lién tiép bat aingmnc AM-GM, ta lai c6
S | 16 s gl
§+8 = —— - ————
e {;.rr+1'.':—|*+|:}‘l ;b,;- (ﬂ+b+c}’
4 16 s 16

“albte) (a+b+e)f |”+{h+"")i (n+k+r):_

183



Tirdosuy ra 28> 28, > 5 + 8 > 0. Sirdung keét qud nay véi chu ¥ ring
(@ —ef® = (a—bf, taduge
Sb—cf +Sfa—cf +S(@-b28@—¢) +8(a—b)
> (5, + 8. )a—0F 20.

Bai toan duwge gisi quyét hodan toin DE thiy dang thire xay ra khi va chi
khi a = b = ¢, hofic @ = 2b = 2¢ (va cac hoan vi tuong img). a
@{.‘fm cdc 5o dieomg 1.y, 2 thoa man ryz = 1. Chimg minh ring

, ST TP G

e >5
SR R D
_ (Vasile Cirtoaye)
Loi gidi
Pitr=a’y=5b.2=c"Khido,tacoabc=1 va
2o b G SRS e G

= LT R SR T e
T § 3 g+ygexr a B & o5 4

be b ab Gabe

=aﬂ +u"lr+ 1‘rc+ 3 !r 3
a b ¢ a* +b" 4+
be ©ca ab Gabe

; &y B2 S+
Do véy, bit ding thire cin ching minh co thé viét lai thanh
ab_ b ca Gabe

3 = e ——
¢ a b ad+se
hay tuong duong
a’b’ + b’ 4+ c'a’ = 32’’’ a’ +b° + ¢ — Jabe) Se
a'd’e’ a® 4+ + ¢ =i
Taco

a’t® + ' + '’ - 3o’
= (ab + be -+ cu)[u*b’ + e’ +c'a® — abela+ b+ r:_]]
= %{u& +be + ca}lu?{b —e)f + b (c—af + a - ﬁ)‘]

Vi
a® + b 4 ¢* —3abe = (a + b + c)(a® + 8* +¢* —ab — be — ca)

- %{a + b 4 r:}[{b ~e)f +(c=af +(a —b]’],
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do vy bat dang thire trén trong duong voi

ab + be + co ik u-+b+c
a(h—rel = h—e) >0,
zulb.![:;’ Z / ms +ha+ﬂaz{ }’ >

hay 1a 3 [(a* 4 b* 4 ¢*) @b + be + ca) — M@ +b + o)) (b — e > 0.

Dat 5 ={a" +b" +¢*){ab+be+ca)— 2 (a+b+c)va S5 twong tir.
Ta phai chuimg minh
8 (b—c) + S (c=a) + S (a~b) >0
Khong mét tong quat, giasir a > b > ¢ Khido, déthay: § >S5, > 8.
Lai co
S, 4+ 8 =2a" +b" + " )ab + be+ ca) - 2 (0° + A Na+b+¢)
> Aa* +b° + ¢*)(ab + be + ca) = 2a®V + 0 + fa®)a + b +¢)
=2y ab(a® + 5*) + aha)_a’ ~ 3 a’W'(a + b) - abcy S be] 2 0,
vita co
Y abla® + %) =) "abla+ b)(a® — ab+5') > " abla + b)(ab)

va

abcy " a* = abcy 2 ': ¢ > ubczﬁc.

Suyra 28 > 25, > 8 + 8 > 0. Tir ddy, véi chit ¥ & bét ding thirc
(@—e) 2 (a-b).
ta co
S(b—e) +8,(c—af +8(a—bf 28,(c—af + 8 (a—b)
>S5 (a—b)y +S (a—0by
= (8 +8)(a—-by >0.
Béi toan dugc chirmg minh xong,
Ding thirc xay rakhi vachikhi s =y =z=1. O

Cku a,b,¢ la cdce 56 thue dheong thoe man diéu kign a + b + ¢ = 3.
Chicg minh rdng
AP L LR
a. I & %

(Tran Quoc Anh)
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Do a } i + ¢ =3 nén 1a o thé viét lai bit ding thitc cén chimg minh
duoi dang chuan tic
ah doon, B0C o lmibigy
e a b dadsbdrey A4
Biit dang thirc nay teong duong voi

ab  be P

2Tabe

oa
o b hdbo)———r-roac >0 (I
= f=—d——fa kbt gl-lle+E+e) e (n
: P o ‘ i I £ S
Do ub+bﬂ+m-(rx+b+c)=u{‘b ef + b (e —a)f +¢'(a b)Y s
" R b 2abe

2Tabe  (o+b+c)’ —2Tabe
fa+b+cf  (a+d+e)f
a® 4+ b 4 ¢’ — Babe + Ii[Zuh{u +b) - Eubcl
(&4 &+ e)
Lat+b+ oY (@—bf +33 efa — by
(a+b+cf
i Z{u + b+ 7c)a—b)
2a +b+rf
nén bat dang thirc (1) co thé viét lai dudi dang
Sb—cf +8{c—af +5(u-b) 20,

a+b+c—

—_

trong do
e JTa+b+re) h i HTb+c+a)

— — ——t

* be HMa+b+e) P eu Yat+bto)
¢ HTe+a+bh)
" ab Mgkl
Khong miit tinh tong quat, gia s a > b > . Khi do, ta s& chimg minh
528 59,
Vi dy, ta chimg minh S, > S . Bét dang thire ndy twong duong véi
b 3T+ e+ a) ik HTe +a+h)
ca Ho+b+ef " ab Ha+bd+of
b ¢ 5 HTh+e+a) HTe+a+b)

— e

ca ab ~ Ha+b+e) dlatb4e)
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b — ¢ X (b ~ ¢)
abe T Aa+b+ef

“*

Do & > ¢ nén
Ab+ c)(a+ b+ ) > Yabe.
Ap dyng bit diing thirc AM-GM, ta c6
b s c)la+ b+ e)f =2b+ ¢)- dald + ¢) = 8a(b 4+ ¢)' > Ba- dbe > Yabe.
Viy S, > 5. Tuong ty, ta cling ¢6 S, > §,. Mic khac,

S 48 _i+___3{4b+4c+u} 2'__i_3{db+4c+u)
b 2a+b+c) ca ab  Aa4b+e)
2 3{4b+4c+n) (a—2b— 21:]"
¢ 2Aat+b+tef 2a(u+b+c)"
Dodotasuyra 25 > 28, > 8 +8 >0, hayla § > 8, > 0. Tir ddy,
voi chi y ring (@ —c)' > (a - b)Y, taco
S(b—cf +S(a—cf +S(a-b)>8(a—c)+8(a—b)
> (8, +S)a~b)y =0

Bai toan dugc gidi quyet hoan toan. Dé thay ding thirc xay ra khi va chi
khi a =b = ¢, holic a = 4b = 4¢ (va cic hoan vj tuong ung). O

CMG&CJ& thiee diomg z,y, 2. Ching minh rﬁug
& @+ +7)z+y+32) S @ +y+a)
Tz & Tz

(Trdn Quoc Anh, Micheal Rozenberg)
Lévi giai

Dé pha bo lop cin thirc & vé phai, ta sé dit z = o,y = b° va 2 = ¢° vai
a,b,e > 0. Khi d6, bat dang thirc cin chitng minh tré thanh

(a® + 6" 4 ") (a® + 0* + %) 1~i{a"'+b‘+c’}

34 +
a’b’e’ abe
hay tuong duong
(@® +0b° +c*)a® + " + V)

~0>14
a'he? 5 abic

- T 3 |
g’ 8 4
-SJH
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Taco

(ﬂ.‘ +bl'l +C.){_ll= +b! +EI} g E}

u.'lblc!l
(@ 8" 4~ 3a%") + ) a’(B* + ) — B’’’
a’h’c’
%fu’ PR ) B A T,
. abe’
= E{sa"’ + 6 4o =Y
= 2a"c*
va
o' +b* ¢ ey (a4b+c)a’ +b +c —ab—be~ ca)
abe abe
(a+b+e)(b—ef +(c—af +(a — b |
- = :

Do @, bit ding thirc trén co thé duge viét lai dudi dang
Sb—cf +8(c—a)+S(a—by >0,
trong do
8 = (0" +c* +3a°)(* +be+ ') -14a’V°(a + b + o),

8, =(c" +a' +30")" + ca + &Y — 14d° c’(a+b+¢),
S =(a"+ 0" +3c)(a® + ab+b") - 140’0’ (a + b + ).
Ta s& chimg minh néu b > ¢ > 0 thi § < §,. That vy, bat ding thirc
nay twong duong véi
(e +a® +3) (" +ca+ @) < (a* + " +3)(0* + ab+ B
€ +a’ + 3 . (a +ab+ ')
a® + b + 3¢c* (¢’ + ca+a’y
2b* — ¢*) o b—c)a+b+c)(2a® + b 4+ ¢ +ab+ ac)
a" + 0" 4347 (¢* +ea+a’)
b’ +bc+r:’}{ (a+b+c)(2a" + 0" + ¢ + ab + ac)
a' +b' +3c ~ (¢" +ca+d’Y :
Do & > ¢ nén

2" + " +¢* +ab+ac> Ad® +ac+ ).
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Viy ta chi can chimg minh
¥ 4be+c & a+b+e¢
TP T et

hay
(a* + ae+e)(b° L bet ) <(a® + 0+ 3c)(a + b +c) (1)
Ap dung bat dang thirc Cauchy-Schwarz, ta ¢o

(a® +b% 4 3¢™)(a + b + c;:-[u b +J-d¢'2} [n +:F+2c] @
Mit khae, theo bit ding thirc AM-GM thi

2 ] ]
a2ty 2 ;‘?+c’}[b’+b Z"' +c’]

=%w+ﬂw+m

(a* +ac+e" )V +be + ") <

‘:E{:;?+c:}+{ﬁ?+i:‘]= )

4 >

3 3 : 3
=|={@®+b")+~=c*| <|a® +8 +=¢].
4{;: ) 21]:_:'1 +2L[

Két hop (2) va (3), ta suy ra duoc (1). Hay noi cach khac, khing dinh
“néu b >c thi §, < S "lading.

Quay trd lai bai toin, do tinh dbi ximg nén khdng mét tinh tong quat, ta
co thé gia sit a > b > c. Khi d6, sit dung két qua trén, ta d& thiy

8 >8 >8.
Vay néu ta chi ra ring
g +8 20, i4)
thi bai todn s& duge gidi quyét xong. Thit viy, néu § + 5, > 0 thitaco
28 >25,>8 +8 0.
Mi(a—¢) > (b—c) (doa>b=>c)nén
S(b—cf +8a-cf +S(a-b)=8(b~c) +8a—cf
>8(b—cf +8,b—c)
=(9, +8)b—ef =0
Nhur viy, van dé con lai chi la chimg minh duge (4). Ta co
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8 48 = (z a*)l[b"' +be+ ) +(a +ac+ |- 16"V {a+b+0)
+2[a’(b* + be +€'f +0'a® +ac+ ") — 60T (a + b + )|
Do d6, co thé thiy (4) duge suy ra truc tiép tr hai bit dang thirc
(@" + 0" + )" + bet &) 4 (a* +ac+ c‘)’! > 16a’0c’(a + b+ ) (5)

va
a'(h* +be+ ') + 60’ tac+ ') 26a'0 (a+b+e) (6)
( himg minh (5). Ap dung lién tiép bit ding thirc AM-GM dang

ta co
l[b’ +bhe+c*)+ (¢ +ea+ u"'jr

2
a +0" +ct +efat b c}r
% 2
> 2cfa + b+ e)(a® + " + ),
Sir dung déanh gia nay, ta chi cin chimg minh
(a® +8* + c*)(a” + b° + ") > 8a'Fe.
Ap dung bit ding thitc AM-GM b 5 sb, 1a cb

E | i a
ﬂa+ba+n:=“_+‘_+b_+£.+c’;:_- - Va'b’e’,
- S T glﬁ

(0" +bec+') +(c +ea+a’) >

tr do suy ra

(a® + 6" + )@ + 6" + ') > %ji'_s:u’b’c > 8a’b’c.
256

Chimg minh (6). Sut dung bat ding thirc AM-GM, ta duoc
a’(b* + be + Y +b6(a® +ac+ A7) — 6V a+b+e)

> a*(3be)® 4+ b*(3ea) — 6a’6'F(e + b+ ¢)

= 9a°’c® + 9b'c’a’ — 62’V (a + b+ ¢) = 3a'B'P{a + b —2¢) > 0.
Bai toan dugc chimg minh xong,
Déiu bing xdy rakhi vachikhi z =y = 2 > 0. O
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8AI1 87) Cho a,b,c L cic s6 diomg. Chimg minh ring

3 3 LB
2 P /g S N T
+ > 3.
b 4e cta a+h
Lov giai

Khong mat tinh tong quat, @ia sir ¢ + b+ ¢ = 3. Khi do6, sir dung bat
dang thirc AM-GM, 1a co

10a

ey
b+e Ea(b+c}r_{b+c)_21'2~a{b+c}+(b+c}+2-2'

Bii toan dugc quy vé chimg minh

a
10 > 3.
2211{6-+r:}+b+c+4

Téi iy, sit dung bit diing thirc Cauchy-Schwarz,

z a - (@ +b+c)
0(b+c)+b+c+4” Y al2alb+0)+b+ o+ 4|
0

¥ 2Ea’(b+e}+2(ab+bn+m)+12'
Va mét lan nita, 1a lai 1am manh duge bit ding thirc 43 cho, do la dua no
vé chimg minh
a’(b + ¢) + ¥ic +a)+ ¢’ (a + b) + (ab + be + ca) <9,
Bit dling thirc nay co thé viét lai nhir sau
3[a*(b + €) + V' (c + a) + (o + )] + (a + b + ¢)(ab + be + ea)
< (a+ b+ ).
Sau khi thu gon, ta dugc
ub{u+b}+be{b+c]+cu{c+u]5a‘ + 0 4+ + 3abe
Diy chinh la bat ding thirc Schur bic ba. Bai toan dugc chimg minh xong.
Ding thirc xy ra khi va chi khi & = b = ¢ a
Chiimg mink réng véi moi s6 thiec dhamg a,b,c, ta iudn ¢6
1 1 1 1
(3a + 2b +¢)f i (36 + 2c + a)’ i (3¢ + 2a + b)* = 4(ab + be + ca)
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Lo giai

— < : . laco
(r+yl  dav
1 1 ; 1

ay

(3a+2b+ ¢ [(a+ 28+ (c+ 20)] ~ Hat+ B)le+ 2a)’

Sir dung bit ding thirc AM-GM dang

Do d6, ta chi cin chimg minh dugc

3 K 1 + 1 + I E 1 |
(@a+2b)(c+2a) (b+2)(a+2b) (c+2a)(b+2) " ab+be+ca
hay

(@ + 2b)(b + 2¢)e + 2a) = 3(a + b + ¢)(ad + be + ca),
Khai trién va rat gon, ta thu duge bat ding thic tong duong
ab' 4+ +ca’ 2 a'b+ e 4 o
Do tinh hoan vi vong quanh cia bai toan nén khong milt tinh 1ong quat, ta
co thé gia sit b la s6 hang ndm gitra a v& . Khi do, ta dé thiy danh gia
ab® 4 bef 4 ca® > a'b -+ Ve 4 fa
chi khi va chi khi ¢ > b > a. Nhu viy, néu ¢ = b > a thi bai toan cua ta
s& dugce chimg minh xong,
Xét tnzomg hop a > b 2> ¢, lGc ndy ching ta s& sit dung bit ding thic
AM-GM nhs sau
1 i 1 - 1
(3a + 2b + cf I{“+b+f‘l+{2ﬂ+b]r ~da+b+c)(2a+b)
Vin viée st dung danh gia nay, 1a phai chimg minh
i | = 1 = 1 < 1 :
at+bteclZ2a+h 2b+e¢ 2cta ab+ bc + ca
hay wong duong

(2a + b)(2b + ¢)(2¢ + a){a + b + ¢)
> (ab + be + ca)|2a' + b + ') + T(ab + be + ca)].
Doa>h>e¢ nén
(2a -+ 8)(2b + e)(2c + a) > 3{a+ b+ c)(ab + be + ca),
va ta chi cin ching minh dirgc
Ha + b+ ) = 2Aa’ + 0" + )+ Tab + be + ca),
Thu gon lai, ta thu duve mét bt ding thic hién nhién ding theo AM-GM.
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Bai toan duoe chirng minh xong,
DE thity diing thirc xdy ra khi va chi khi a = b = o O

BAI Bg Cho cde 56 thue ab,e thoa mber ab + be i ca > 11. Chimg mink
bt ding thire sau

Yo' 'u‘ +3 + —{i'r. +3 > -J_
(Tran Quéc Ank)
LA gidi
Trude het, ta s& ching minh: Vo7 moi a,,a,,...,a_ > 0, thi
3 3 3
Jﬁl‘i"a?:' +ﬂ“ aﬂl+uﬂ+ +GJI.-_. (l}
Tl

ey T
me:-‘*{“ﬁ“ﬁ — wlbl=%.b,-—-%,...,b =%'-.

n L]
Khidotacod &' +&] + -+ b* = n va (1) duoc viét lai thinh
b+b+--+b <n
va bit diing thirc niy co thé dugc chimg minh kha dé dang bing AM-GM

b*+1+1 # 4
RO e S bz*;"‘ﬂ....,.ﬁ.__lﬁ

N O i e W B
5 3
Quay 1o lai bai toan, ap dung (1) ta cé

a’ +1 i‘
Ja* + —{v—z—-—b@r A
W3 =37 +_§' >
c’+3=5}1_2-;/5l 1

=,
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Tur didy, bing cach dat: P = Yaf +3 4+ ! b +3 4 -{g vel +3,
;r,-:‘il_q -

ta duge
[ !b‘ +1
J sk
F
J_-H iJh -H_t_Jc’{-l
4 10 20
Miit khac, theo bat dﬁng thirc AM-GM thi =
Jn-‘4-1+ b + Jc‘ \Hu +1 JEH.#@‘H
i 10 10 20

=3§[(a OO )+

1 P
5#'5

4 ._....+...‘

S00
Nhu viy, ta chi cin chimg minh duge
Je @+ +n . 8 . 23
33] + P —
800 592 s

Béng mdt sd bién ddi don gidn, ta thiy bit ddng thirc nay twong duong voi
(a* + D + 1) +1) > 100,
Do (b* + 1){¢* +1) = (be —1)* + (b + ¢’ nén
(@ + D[+ cf + (e~ 1y | > 100.
Sir dung bit ding thite Cauchy-Schwarz, ta ¢co
(a® + 11[[!? + ef + (be— 1)’] > [u{b + ¢) + (be — ”.r = (ub + be + ca = 1)
S(11=1) = 100,

Phép chimng minh hoan tit
Ping thire xay ra khi vachikhi a=1,b=2 va ¢ = 3. O

Nhin xét. Thit ra, bt ding thirc (1) ma ta 44 sit dung d€ gidi bii 10én irén la
mot truomg hop m:ng coa bat dang thic mrung bink iy thia shu sae Cho
@y o 8, la cde 56 thuee khong am. Khi dévai mot s > r > 0, fa co

(2)

n

I i
s 1 LB 4 L - SA Elr
[nl L P R }[“1 T ek a .

i )
Bét dang thirc (1) chinh 1a truémg hop ang voi s = dr =1 cua (2).
Dé chitg minh (2), ta c6 thé sit dung cach chimg minh nrong tr nhu (1).
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BAI 90| Gid st a,b,c L cdc s6 thuc khing Gm thoa mén ab + be + ca > 0.
Chaimg minh rang

T—ﬂ_"i" g i < Ei'\‘ﬂ“l‘&'l'ﬂ.
va -+ b b+« ;1.‘ i 1
(lack Garfiinkel)
Lo graii

K héng mit tinh téng quat, gia s # |a sO ndm gifra a va o Khi do, ta co
hai truomg hop xay ra.
s Tnwmghpp I o < b < ¢ S dung biit ding thirc Cauchy-Schwarz, ta ¢o
L

a b -
e a0 u
[Ju+b b+ e c-l-n],

5(-a+b+r,}[ 3 ]
a+bh b4+e ecta

Do do, 12 chi cin chirmg minh

a 1 e 25
o e 2
a+b b+ c¥+o 16
Bit dang thirc nay dung dota co
@ b ¢ 3 . (h-clc—a)lb=0a) B

+ = ]
a+b b+c ec+a 2 2Ae+b)b+e)cta)”

o Truwomg hop 2. o > b > e Trong truong hop ndy, 4p dung bt ding
thiuc AM-GM, ta dugc

b b 1
< +—va+b.
Jh +e (b4 ::}Jﬂ b 4

Tir d6. bai toan duge quy vé chimg minh

@ b’ 1 ¢ b =
+ 4 =a+b+ <z :
Ja—i—b {ﬁ+c}\fn+b 4 3 ;ﬂ+u 4 La

Tacoé
g b’ S b(b + ¢) = be
;ﬂ'i-b (b+c‘]\!ﬂ+b u’ﬂ+n’i I:f1+ﬂ)3ﬂ+ﬁ
be
=aja+bh — —_—
(b4 cha+b
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do vy bat ding thue trén ¢6 thé viét lai thanh

C e Dy
5—Ja+b+c—Ja+b],
J{t-}-a (b+ cha +b '1[
hay twong duong
be o o

C
Jeta (B+eche+b ™ 4[Ja +b+c+\f;+i;)'

Ma ¢ > 0 néntaco
1 b 5

—+ L]
Ju+c (b4 cha+b 4(Ja+b+c+-fa+b)

1A

hya+e 54u+c
b+ cia +b 4(Jn+b+c+4u+]

Do a > b > ¢ nén ta co cac danh gia

Nu+r, i b— =0 . , b—e
[b+r:} a+b b+c a+b b+c b+ b

2{b+c]
va
ha+c Wa+ce
[ a+b+c+-fa-) ;J?[[n+b+c}+{a+b

= 2b—¢
8 2a+2b+c
2.5.. 1.._...._2?___‘3_ R ’M
8 2b+2b+¢c BY db+e
Vi nhu viy, bai todn sé duge chimg minh xong néu ta chi ra dugc

b '2(b+{.'
42(!14-::} sYdb+e =

Ap dung bt diing thirc AM-GM, ta ¢
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=22 | st L4
sw;w SVab+b
e {?._u é}]
AR, XD
Phep ching minh hoan tat.
Chu y ring ding thire xdy ra khi va chi khi a = 3b va ¢ = 0 (ho#c cac
hodn vi tuong tmg). O

Eﬂ! 91| Cho edc 50 thiee ¢, s, k, trongdo t > 0.3 21 va k > 1. Chimg minh
bat déing thirc san
' — (s 4+ k)t + s> (t-17
Bit dﬁng thirc cin chirng minh cé thé viét lai thanh
B 2 +s—12 (s 4+ R0+ 282
St dung bét déng thirc AM-GM suy rng véi chit § riing
1 > () f-i-’?.__._g:ﬁﬂ, 1 +3+k—2#1‘r

1

s+k~1 8+k-1" s+k—1 s+k—-1
ta dugc
3 O T .
1 _tnkk+‘!+'l" 21!:2“*”5}14—1 . patk=l =t”.
s+k=—1 s+k-1

Bai toan duoc suy ra vé chimg minh
O 4 245 =12 (54 k) + [——1-. g ewhad g
+4-1 s4k-1
Bat diing thirc nay co thé viét lai nhu sau
[k—;]t“*+12—M]t+3-12{a+k]t*1
s4+k=1 s+ k-1

T&i diy, tiép tuc st dung bt ding thirc AM-GM suy rong mot 14n nita
(Ian nay cha v ring

k—;zﬂ. Q*M}ﬂ‘ R 1 3
s+ k—1 s+ k-1
| 84 k—
ksl e S Ly G F w4k
| s+kr1][ Py b
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ta duge

[k- 3 lat'*"+[‘Z-—3+km2]-t+(3—l)-l
s+k=1 a+k—1
Rk g ekl ‘.«:*

ZEARE"y -+*='-1"‘| = (s + k)"

Bai toan duoc ching minh xong. Chi ¥ ring ding thirc xay ra khi va chi
khit =1 hoict=0vis=lL holics=h =1 0
@fﬁh@minﬂ réing viri moi s6 ngicén diomg v, ta déu co

] + ! o < In2.
n+l n+2 n+n
: Lai gidi
Bét ding thirc can chitng minh ¢ the viét lai thanh
1-*--1— 1-—"-1'—**!* vl - - >n—In2
n+1 n+2 "R
twong duong

n 4..'.z+1+...+”+("_-1}
n+1 n+ 2 n+n
Sir dung bat dang thirc AM-GM, ta ¢d
n +u+l+“_+n+[u—-1}}"4 e e L S
n+1 n+2 ] n+1 n+2 n+n

>n=Inl

T
— —'.
: 2
Do dé, bai todn sé duroc chirng minh xong néu ta chi ra dugc

—}n-tnz hay la *-l-l—}lﬂlu—z-
2 2" 2

Dt { = -0 < t < 1. Bt ding thirc trén o thanh
T

g 2

n+mn

_f(f)-:-—lT+!1n2-—12ﬂ.

Taoh f/t)= -]-)—'+I1|2 =2 U2 6 sy rabam f(t) déng bién
trén (0.1).
Dodo f() > li:{}; fit) = (). Bai todn duoc chimg minh xong. O
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Nhkdn xét. 1n2 chinh 12 hing s6 16t nhit dé bt dang thirc
1 1 I

“+ =+ res

n+1 n+2 n+mn

ding. Ban doc hily thir chitng minh két qua nay.

< k

BAl 93| Cho n.b.c la cic si thue khdng am thoa man ab + be+ca =1
Chainig mintt rang

ab+1 bec+1  ca+l
+ 5§ ¢
a-+b b+e c+a
Lon giai
S:}dl,mghhctﬁngﬂ‘nkchhi{i's{dangm+y+;:_ﬁJ:J{;:;y+y3+zx],mnﬁ
ab+1 beil catl
adh b c+a
- ,‘s[a&+1_bﬁ+1+bc+lqm—l—1+nn+1.txb+1]
o a+d b+c b4c c+a c+n a+b)

Viy bai toan quy vé chimg minh
ab+]+b::+1+bﬂ+l_cn+l+cu+1lab+123’
a+d b¥+e b+c c+ao c+a a+b

hay
2 (1 +ca)(l +ab)(b +¢) o
@+DE+Oc+a)
Mat kha Jai 8¢ ¥ ring voi ab + be+ ca = 1 thi
Y (1 +ca)(1 + ab)(b -+ <)

=Aa+b+c)+ ) all? + ')+ Babe + 2ebelab + be + ca)
= W + b+ ¢)(ab + be + ea) -+ Eﬂ{bl +¢*) + Babeo
= 3a + b)(b + c){c + a) + Babe,

nén tir do suy ra
Zu t+ ca)(1 + ab){b +¢) S Ha+b)(b-+e)et a) + 8abe _ ,
(a+b)b+cle+a) — (a+b)b+eMeta)
Bii toan duoc giai quyét hoan toan.
Déu ding thitc xdy ra khi vt chi khi g = b = Le = 0 hofic céc hain vi.O
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BA| 94 Chiing minh réng voi moi a,b,c € [0,1], ta co

+ - > +{1—a)1 -0 ~-8)< 1.
p+e+1 ctadl aFb4l = ) )

(USAMO 1980)
: Léi giii
Khdng mit tinh tong quat, gia sit a > b > ¢ Khi do, dé thay
a b ¢ = @ b c

+ + < + +
dde+l eEta+l add+l T b4+l 64041 4 b+1
_u+ﬁ+c_1 l-a

" b+eFET T 1+bte
Viy bai toan s€ dugc chimg minh xong néu ta chi ra duge

ey S el el B

14b4+e ™
hay la (chi y ring 1 —a > 0)
(1-b)(1-e)1+b+e)—1<0.
Déy la mt ket qua ding vi theo bt ding thirc AM-GM b ba sb,

{1—b}+{1-c]+{l+b+c_]’=

(1-b)(1—-c)l+b+e) < = L

Phép chirng minh hoan tat.

Vi gia thiét a > b > ¢, ta co ding thirc xdy ra khi a = b = ¢ = 1, hoiic
khia=bt=1lc=0 hodickhia=1vab=c=0. O
BAI98 Cho a,,a,,....a, €[0.1] v S = a® + a® + -+ &’ Cluimg mini

a, a, i 1

1 Rt . g

n+1+8~-a' m+1+8—a; n+1+8-a) "3
(Moldovan TST 2007)

: Lo giai
Sir dung bt ding thitc AM-GM, véimoi 1 < 1< n, tacéd
Mm+1+5—a' =3 (a'+2)+32>38)"a +3>8(s +a,++a).

= J=i

. a 1 a
el IR B L WE T T
Bén diy, bing cach cong n bat dang thirc trong trcho i =1.2....,n, ta
thu duroc két qua nhu trén,
Ding thic xdy ra khi vachikhi ¢ =a, =--=a_=1. =

L
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@Cﬁn LTy &, >0 thdamdn z.7,--1_ = 1. Chﬁrtgmﬁﬁrﬁ'lg

e T e T
BBl &b z +n—1
(Romanian TST 1999)

L L gidi
Ta ¢ bit ding thirc cin chimg minh wong duong voi

el s Tobitie e -3
e TR TR e s~1 x+u—1

1 | n
o - >1-
n-1 z +n-1j- n-1
hay 12 ST . e T AT Sl
Zi+n-1 z,4+n-1 501
Toi diy, sit dung bit ding thirc AM-GM, ta ¢6
a1
'T': L= :I = :l
& +h—1 1 a2 :

T, +(n—-1)zz =) =z +Mm-zz--z)

w1
::I"
_
n-1 a-l s
N - O el v
Tuong ty, ta ciing co
n-1
I, 5 ;rj“ 1
EFp=L = . 2= 2t
2 " +I!" S s o
a-=1
z I!"
2 An=1= =22 = et
= A R S o A
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Céng n bit diing thirc trén lai theo vé, ta thy duge

ST COEDRSE J D S P e e
z+n—-1 =z -+n—1 z +n—=1

Do 1a diéu phai chimg minh.
Ping thirc xay rakhi va chi khi @, = 5, =~ =2z =1, (=]
EM 97| Cho «,,%,,.- ., 7, la cdc 50 thue dwortg thoa mdn

R 1.

Chipg minh rang
iz:‘{‘l +x)> 2%;—l__[(l +x)
=] (2 |

L gidi

St dung bit dliing thirc trung binh Iy thira, ta d& dang chimg minh duoc

(a + 1)°
-5

Tir két qua niy két hop vai bt dang thic AM-GM va gia thiét dé bai, ta ¢o
Ygu+s) =g+ e 2 a0+ nJl’!
=1 i=1 §rif =S | ol
= ir‘ +n = i{x‘: +1) 2> 2‘—152.:(::_ 1)
=] = =i

> nJﬁ{m, f1 = 2—:}]’[(1 +1)

Pling e xdy rakhivachikhi 1, =2, = =2 =1. |

a' +1>

vai moi a > 0.

BAI 98| Cho n > 3 la mit 56 tie nhién cho trare va a,n,,...,a, ki cde s
thiec dieong thoa man a,a, --a_ = 1. Chimg minh rdng
: + : el 1 <1
n=2+4a-4+a  a—=24a +a n—24a +a
(Vasile Cirtoaje)

Loi gidi
s R 3 b %
Pt 1 = ——=. Nhén xét ring ta c6 thé thu duoc két qua bai toan bing

n
cach cong n bit ddng thirc sau lai véi nhau
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=z 3 ¥ YR
1 —2 {G$+ﬂl+ .u‘
n—24a +a _uz'+ta‘_;+-“+ﬂ '

R N

."__2 ,u’u.a.l.
ﬂ—2+ﬂ1+u = ﬂ. -i—-l’t e +u

n-—2 {u; +a; +ta
n-2+a +a ~ a +a;+-ta
Ta sé chimg minh bat din gthim thir nht, nhimg bét ding thirc con lai
duoc chimg minh tuong ty. Bat ding thirc thir nhat tuong duong voi
(e +a, )0y +aj & a’) >(n - 2)(a] +a}).
Theo bt ding thirc AM-GM. ta ¢o

L [ | i "Tr_'_ ﬂ—'2
) il i g 2 (R 2){ap, e ) =

(aa,)"?
Do d6 ta chi cin chimg minh
o, +a, E{EI%)T*[H[+£1;}.
hay twong duong
I n -3 (=
a +a, ?[ulu]"l g o

Bt déing thirc niy ding vi ta co thé viét lai n6 dudi dang

(4~ —ag® )lat —ag) 20

Diing thirc x4y ra khi va chikhi g =, =--=a =1 O

BAI 99| Cho a,b,c va 2,5,z ki cdc sd thiee dheomg thoa man
a+b+eiz+y+a)=@ ++) + +2)=4
Chimg minh rang

abrayz < 282
36

Vasile Cirtoaje, Mircea Lascu)
Lo giii
Sir dung gia thiét két hop voi bit dang thirc AM-GM, ta duge
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Aab + be + ca){wy + yz + 22)
=[e+b+ef —(a +0 +)[(z+y+2) =&+ +2)
=20-(a+bte)f(e +4 +2')-(z4+y+z)(a +b +¢")

S0-2a+b+e)iz+y+2pfl@® +02+0) P + P + ) =4,
fir do suy ra
(ab + be + ca)izy + yz + zr) < 1.

Mt khic, biing céch nhan twong tng hai bt ding thirc co ban
(ab +be + caf > 3abe(a+b+¢), (ay+ yz + zz)f > Jeyz(z +y + 2),
ta dugc

(ab + be + ca)(zy + yz + 2z > SGabezys.
Két hop vdi trén, ta suy ra

1> (ab + be + ca) (ry + yz + 22) > 367y2,

hay
abezyz < l
36
Dé ¢4 diing thie xdy ra, ta cdn ¢o
(ab + be + ca)’ = 3abela+ b+ )
va

(wy + y2 + 22) = Jaya(x + y + 2).
Nhung, s hai phuong trinhndy tasuyraas=b=c vi r =y =z, vind
khéng thoa man gia thiét clia bai toan
(e+tb+elzty+z)=(@+8+) "+ +2°)=4.
Do vily, déing thirc khéng thé xay ra, tirc ta phai co

abcryz {.}_
T ol

Bai toan duoc chirng minh xong. O

("ha a,b.e.d e lacde 50 e iy, {“hthuemfrmr&ng
at+b+c+dte B st E{ﬂ"ﬁ)’

5 2 atbtet+dte
(VE}Qu&Bd{.’ifn)

204



Loi giai .
Sirdungtinhmuinnhit,ta:éﬂtéchuﬁnhﬂn:hna+f:+::+d+e=5.

Bt 7 = Yabede. bit ding thirc cin chimg minh tré thanh
10001 -12) > Y (a—b).
Sur dung bat dang thirc AM-GM, 1a co
Y (a—b) =2y a'~2) ab
=2(Y 6" +2)ab+2) ac) - 6) Jab—4) ac
= 2(2::)’ -6y ub—4) ac
< 50 — 50¥a’h?e?d%? = 50 — 50z°.
Do do ta chi cdn chimg minh
100(1 — =) > 50 — 50",
Bat ding thirc nay ding vi sau khi thu gon, ta dugc
50(z —1) > 0.

Bai toan dugc chimg minh xong.
Ping thic xdy rakhi vachikhi s =b=c=d = ¢ O

“Tell me and 1 forget.
Teach me and I remember.
Involve me and I learn.™
(Benjamin Frankiin)



CHUYENBE |
sAP THU TU CAC BIEN

DON GIAN MéA HIEU Qud

“The essence of mathematics is not (o make simple things complicated,
beak to make complicated things simple. ”
S, Crudder

Cude song hang ngay cua chung ta gbm mat chudi cong vie va sur klér.
dién ra lién e Chinh vi viy, dua trén nhimg danh gid, nht'rng 50 unh de
nhdn biet dscu gi la quan uong, diéu gi la uu tién hang diu s& giup tiét kiém
duoc nhidu thin glan va cong sirc. Noi cach khac, ncu rén luyén tc-t thoi
quen tr duy sap xép hop 1 thi hidu qua wng viéc ciia chung ta sé tién dén
gig térl wu. Do chinh 1a nguon cam himg ciing nhu thong diép ma hai e
@id mudn i o1 ban doc qua chuyén dé nay.

Al 1 ( ho abe I cae so khdig dm thda man diéu kign a + b+ ¢ = 2,
Chuireg minh rang

L:HE + f)z}iﬁ" -+ t"._,l;f":! + .-:“.:] <2

Phén tich & dink hedng lon gidi
Vi bai toan “dic biét” nay, diu bing dat duge chikhi a=b=1¢=0

(ho&c cac hoan vi), chir khong phat khi u = b = e = g CO kha nhiéu y

tudmg “hién dai” duoc dua ra dé giai quyvét nd. Vi du nhu
e Viét lai bat diang thire ¢can chimg minh duai dang chuan tic la;
i h 4+ e)
(@ + 02} + et +a) < Ef-‘-f—i?'f-’-L
San d6 su dung phep khai trien true tiep... Tuy nhien, cong viec nay thuc
su s€ lam mat rat nhicu thoi gian Biéu do din nguoi ta déa con dudng
thir hai “ngan gon” hon, do la
e Git nguyén bai toan va st dung phuong phap pgr (tic da thic doi
xtrmg). Nhung qua thue, i0i gidl nay van doi hoi khéng it bo dé, khi
trinh bay s¢ phai xdy dung lai phuong phap... D6 cing 1 1i do vi sao
hurdmg giai quyét sau dav duoc coi la lén @i “dep” nhit cho Wi pio
phut nay.
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Khong mét tinh t&ng_quat, gia st ¢ 1a s nho nhét trong ba s a.b,e. Ta
sé théng nhdt cach viét tht 1a ¢ = min{a.b,¢}. Khi 46, d€ dang nhin thiy

B glb+§].

Thét viy, khai trién va rit gon thi bit dang thirc nay tuong duong voi
¢4+ b — ) > 0 (hién nhién ding do ¢ = 0 vii ¢ < )

Hodn todn turong ty, ta cing ¢6

i i
& 4a' <

Mit khic, lai 88 ¢ ring
S E ¥
a® + b* £1n+i'-l +[b+ fl-} :
2 2

Do 86 sit dung ba danh gia trén, co thé thiy ngay chimg minh s& hoan tit
néu ta chi ra duge

)

Téi day, néu dat z =¢+§.y=h+§ thi ta 43 quy dhase bai todn ba
bidn ban ddu vé bai todn hai bién den gicm ko rat nhiéw, 46 18 chimg minh
ey +y)c2veiny20vaz+y=2
Sir dung bt ding thic AM-GM, ta co

2
i
b=
¥

<3

2
a+m]+
2

ks

(@ +y’}=%ru'2wf{z’ +y1) <

3
—-zxyf;z[rzy] -

1 |2zp+(2" +9)
2’”[ 2

Chimg minh hoan tat O

Nhin xét, Vé bin chat, & trén 1a da su dung y tuong cta mot trong nhiing
phuong phap “hién dai” higu qua nhét, 46 chinh la phép “don bién”, hay
con gt la “giam bién”. Ta 43 chimg minh

fla.bye) < [

< 2.

sLSp e
a8
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Con nhin vé goc d trinh bay “c6 dién” nhu trén thi diéu thi vi & ddy la
ar mot bai 10an ¢o dau bang “bat binh thuong™ (u = b = 1,¢ = 0), ta 3 dua
né tré vé mt bai toan vai diu bing “binh thuong” (khi z = y — 1) dé ur dé
d& dang sir dung AM-GM gidi quyét nét. Diém nhin quan trong 14 vide thiét
lap ba danh gia phu dua vao gia sir ¢ = min{a.b,c}. Néu ddc gia dé v ki sé
thay diéu dang lvu ¥ nhit la ci ba danh pia nay déu “bdo toan” duoc diu
bing cua bai toan. Sau ddy 14 mét sb bai toan trong ty.

BAI 3 (o a,b,c L cic 6 khong dm thia méin diéu kién b + be + ca > 0.
Chuimg minh réng
i 1 1 10
b"+e’+e’+a“+u’ I-b*:j[u+b+n}3'
Loi gidi
Do tinh d6i ximg gilta cac bién nén ta co thé gia stt ¢ = min{a,b,c}. Khi
do, thire hién danh gia twong tu nhu hdi todn 1, ta ciing cé
@+ <2 Py, ad+P <P tR 122 <P 3¢

véi :::=a+§!ﬂi y=b+§. Nhu vily, ta chi con phai chimg minh

1 10
~ta > : |
z #Z2+y  (z+yp) ()
Bat dng thirc ndy c6 thé ducrr, viét lai thanh
- 4 2
- ST e S
2y L +y T (24 )
¥z +y’) T +y’ 1
1y’ 4’y 1:’+;r’
Sir dung bat diing thirc AM-GM, ta c6
3[z‘+y?}} 3-227y 6 il
4y T a2’y dzy T (z+y)f

10
T (z+y)

hay twong duong

] Z 2

a:+y+1:_}2:s+y’ 1 _L:, 4_
42y 4y %y 2+¢ o (z+yP

C&nghmdanhglénéyla:,talhudum:(lj Chimg minh hoan tit.

Bing thirc xay ra khi va chi khi a = b,¢ = 0 (hodc cac hoan vi). O
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BAI A Cho a,b.c la cae s khing dm thoa man diéu kién ab + be + ca > 0,

Clubig minth rang
e BTBOCN ] IR IE DS T VNI
P+t e d+Y P+ (a4 b+l

Va Quoe Ba Cdn)
Lan giai

Gia su ¢ = min{a,b,c} va dit ::-—:a.+§,y=b—_l— % ta d€ thay
g+ <2, P+ <Y

g+ <a + ¥V +f <d +E+E <+
Da viy, ta chi ¢dn chimg minh

=
ig+i.+ 1 _!+——-“ 2
T y" .1:“-1—y .t:+y:K (.:+y}
hay nrong duong
b i
;+y’+ 4 B ;

.+.. —. . ;
2y 2Z+¢) F+y =+
Sir dung béit diing thirc AM-GM, ta co
e 8 1 2 ]
VI >2)= : + = 4]~ 4
= ‘! vy T4y T+d [J:f,r =+

: -8 16 32

chen - = > — — =
@ T4y Qo)+t (@ +Y)
Bai toan dugc chimg minh xong.
Ding thire xay ra khi va chi khi @ = b.c = 0 (hodc cic hoan vj). O

BAI4 Cho cic 56 thuec khing dm a,b,c Chimg minh réing ta ludn cd

St Badrl b tes e b e e rideia
(Trén Oude Anh)
Phan tich & dinh hwimy lori gidi

Viée diu tién chung ta can lam d6i voi nhimg bai toan chira cin thire 14
“pha cin” Co thé ndi, khong pha duoc can déng nghia voi “1oi giai hoan
chinh s& con & rit xa”. Lwu v ring tuy bit dang thirc nay ciing xdy ra diu
bing khi @ = b,e = 0 nhu cac bit ding thirc & trén nhung viée chiing minh
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Jlabe) < f

& bai toAn nay 1a vo cung phire tap. Khi cic phuong phap manh nhét ni
khai trién, pgr, tham chi don bién cling khéng giai quyet duge thi mdt lan nim,
ta lai !hﬁ)' hiéu qua bt ngo ctia nhitng ¥ nrong don gidn nhung ddy tinh t& Ta
cung dén vin i giai sau.

Khéng mat tinh tong quat, ta co thé gia sir ¢ = min{e,b,c}. Khi do, ta
ching minh duoc

J;;+1§:3_*\‘4:+c, ﬁ+%2xﬁr+u. Ju.-+b+c*3-_‘~~,}'n+b.

Cong ba bat ding thuc trén lai theo vé, ta thu duoc diéu phai ching minh.
Déu déng thirc xay ra khi va chi khi @ = b,¢ = 0 hofic cac hoan vi. D

GHE=b+20
2 2

Nhin xét. Hoan toan tong tu, ta chimg minh dwoc bai toan tong quat: Cho
cic s6 thiee khong dm a.b.c va k € Z'. Chimg minh rang

osllbstevtfarbteclYavrb+¥ot+e+Yeta

Qua cac vi dy trén, doc gia co 1€ da phiin nao thay duoc higu qud cia viée
s&p thir t cc bién. Va chung t0i tin ring vdn con nhiéu bt ngo tha vj khac
dang cho doc gia trong phan tiép theo cia chuyén dé nay.

BAIS Cho u,b,c ki cdc 56 thiee thoa man
(o —b)(b = c){e—a)=0.
(himg minh rang

i : 1 1 1 9

b+ - + -+ =l s
8 Ha—-bF (d=c)f (c=0a)| 2
(Dao Hai Long)

Phén tich & dink hwdng 13 gidi

M@t kinh nghiém ma chung téi mutiln chia sé @ diy, do la véi hau hét cac
bit déng thiuc d6i ximg ba bién thi diing thirc chi xay ra khi c6 it nhat hai
bién bing nhau hodc it nhat mdt bién bang 0, tirc la khi

(a —=b)(b—c){c—a)=10 hodc abec = 0.
Picu do cling ddn 16i phwong phép xac dinh dau biang don gidn va higu

qud nhat la cho hai bién bing nhau hodic mdt bién bing 0, dua vé bai toan
hai bién don gidn hom. Ta s& lam mau biing chinh bai t1o4n ndy, rd rang diéu
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kign dé bai nuong duong voi (a —b)(b — c)c—a) = 0. Vi viy, ta s& thit
cho mt bién bing 0 dé tim ra diu diing thirc. Khong mét tinh tdng quat, gia
sit chon b = 0. Bat ding thirc dé bai trd thanh

1 1 9
{ﬂ +C:} *‘-I‘ '|' o
fa=c)i| 2
hay tuong duong
= o2 a=+r:: 5
—+—+ i
e, gk T S
Str dung bat ding thirc AM-GM, 1a ¢6
g _c
e
Mit khac a'+¢ e Lie 2 > 0, suy ra s +& sk
“fa=a¥ 2 a7 (a=cf ™ 2
Tir 46, dé thiy
2 3 s 2
s Uy '__:__.-E_
e ey 3

a' &
Ding thire xdy ra khi va chi khi { 2 42

Viy qua bude “nhap” trén, ta dd xac dinh duoc diu bing cia bai toan 14
khi @ = —c = 0,b = 0. Tir 6 dan dén l0i giai sau.

Dé y ring
a b+ =

v,
o (@ =0 + (b~ cf +(c~af
> - .

(a+b+c)f +(a—bf +(b—c) +(c —af

Bai toan quy vé chimg minh

(b —c) a) 1 L ﬂ
ta=b) + (B —ef +(c- }]lfu_b), i e el

Khéng mait tinh téng quét, gia sit @ > b > ¢ Khi d6, néu it = =a — b
viy=~b-cthiec—a=—(r+y) vazy>0. Bitdingthic (1) ré thinh

=



1 1 27 :
—+ > — 2
¢ el i

Mt khac, chinh vi du ding thic xdy ra khi @ = —c = 0.4 = 0 nén suy
ra trong bat dang thirc (2), dang thic sé xay rakhi = =y > 0. Biéu nay cho
phép ta ¢o thé sir dung mot cach “t nhién” nhimg bt dang thire don gian
4 hoan tt chimg minh. Thit vdy, (2) c6 thé viét lai thanh

1 I 1 27
2t + g5+ =+ e Pt (3)
(* + 2y “L’ e

[z‘+y“ +{I+y}’]%+

e

Ta lai cO
= ‘4 3 g l 3 :
 tay+y ::l'(:!f+1l}' +EL'I'—¥)Z zoet ¥)

va

il
(x + ) T
Bai toan dioc giai quyet hoan todn. o

BAIG Cho =,4,2 fa cac s6 khimg dm thea man (x = y)(y — 2)(z =) = 0.

Chimg minh réng

I 1 1

- +
(z—-y) (@-2 (2-2)
(Trdn Nam Ding. VMO 2008}
Phiin tich & dinh huwdng loi giai

Do dai lugng xy + yz + zw la “yéu hon” so vin z° + ¥ + 2z néntacod
thé du dodn ring bai toan nay nhiéu kha ning 5& “kho” hon bai toan wén. I
nhét i vé ddu biing, lan nay khdng xay ra khi # = -,z = 0 mala khi

Gizﬁ i - = U{I,

Ta sé danh gid thé nao d¢ “bdo toan” dupc dau bang “ki la” ndy. Va
phuong phap sip thir tw cac bien mét 1an nira lai phat huy hiéu qud, dem lai
& gidi don gian dén bat ngo!

(zy + yz + zx)

— —

o —
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Khéng mat tinh téng quat, gia s » = min{z,y,2}. Dé ¥ riing
1 i 1 ﬂ23”+.1:*+y”—-2:r—2zy

(y—2f (2—zf (v =2y (z— =)
_(m=9) +2As=2)(z—)

(v —2)(z—z)
e ==y i <

W-2(z—=) (z-=)z—y)

Suy ra
] 1 1

@-oF @- G-2
WEE T L o 2
-3 W-2z—z) (2—2)z—y)
Sir dung bit dng thirc AM-GM dang a” + F* > 2ab, ta co
1 & (z - g) > 2
(z—yf (w—2fz—2z (z-9)z—-2)
Tadosuy ra

1 1 i 1
G- W-F G- G-nE-n
Chimg minh s& hoan tat néu ta chi ra dugc ring
(z—z)z—y)Soy+yz+
Bét dang thirc nay twrong diwong voi
H2x 4+ 2y—2) 20,
hién nhién ding do 2 = min{x,y.2}.

Vi gid thiét = = min{z, v 2}, 1a co ding thirc xdy ra khi va chi khi

=]
(z—yf =(z—y)z—2)

=1
2 -3y +y =0

Giai hé nay, ta tim duoc I—Siz\r vaz=0




Q_T_ﬂ g mink rang vii moi 86 thiee khdng dm x,y, =, ta fuon cé
(' +y+0) 2z 4y +2)o—y)ly—2){z—x)
(Phan Thanh Namj
FPhin tich & ﬁnk kmg loi giai

() bii toan nay, tam thisi ta chua can dé y 10i dau bang, chi cin dy doan
dang thirc s& xay ra khi mot bién bang 0 lada

B*‘iy g0, quan sat s¢ b, nh&n xét: biéu thirc vé trai co dang binh phiong,
con biéu thirc vé phai co sir xudt hign ciia con 86 1. Mt cach ty nhién, ta

nghi ngry toi bit ding thire (a + b)’ > 4ab,

Tuy whién, néu st dung no thi a,b ¢ diy sé la gi? Clu trd 161 12 trude
tién, ta phai chon a.b sao cho ching Ia nhitng dai luong dong bic (vi bit
diing Thire 44 cho la ddng bic). Ap dung cy thé & ddy, ta nhan thdy a.b phai
I3 nhitng biéu thirc bic hai. Diéu dé dan dén 16i giai sau

Do vai tro cia cac bién 7,1,2 ¢6 tinh hoan vi vong quanh nén ta can xét
haitruimghopla r 2y >z vz <y<z

Néu ¢ > ¢ > 2 thi (x — y)y — 2)(z — 2) < 0 nén khi do, bat ding thirc
dil cho hién nhién ding. Xet truimg hop con lai ¢ <y < 2 S dung bt
diing thirc AM-GM dang 4ab < (a + b)Y, taco

Hrx+y+z)(z—ylly—2)(z—x)
=Hz+yt+2)y—2) z-wlz-13)
<[z +y+)y—a)+-yi-of.
Tur do bai toan duoc quy vé chimg minh
Py +d 2+t y—n)+(z—y)z—2)
Sau khi thu gon, ta duge
{2z 4+ 22 -y) 20 (dingdo 2>y >z > 0).
Phép chimg minh hodn tat.
Vai gia thiét  1a s6 ndm giita = va 2z, ta c6 déing thirc xdy ra khi
E"r:;:+z]fﬂ—:r}= {Z-H}fz-:ﬂ' i e {\f.;. -]]z.:rr 0o O

Nhin xét, Néu doc gid dé y thi & thily dicu thi vi 14 trong hai bai toan vira
roi, con s0 4 xudt hién mot cach “khong tinh co” chit ndo, dudng nhu
no di tro thanh “dau hiéu” mang tinh “quy luat” cho mét lop nhimg bai
toan tuong nr.
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BALE Clitmig mink ring vii moi 56 thiec kiving dm .y, =, 1a luon ¢6
(z+2y+Diz+v+z)y zdz+p)ly+ 2)z+ ).
Phén tich & dinh hwong 167 gidi
Néu trude d6 la nhimg bai toan déi ximg, hoan vi vai ca ba bién z,y, 2
thi gitr diy, ta biit gip mdt bai toan chi d6i ximg vai hai bién la = va =

Dung phuong phap du doan quen thude (da trinh bay & bai 5), nhin thay
dau bing xay ra khi y=02=2 Y wong dau tién cia ta co 1€ 14 sir dung

danh gia don gidn y > 0 dé dua vé chitng minh bit ding thirc ddi ximg
(@ +y+2) 2 Uz +y)y+2)z+7)

Nhung thit dang tiéc vi danh gid nay dem lai cho ta mdt bt ding thirc sai
(ching han chi ¢én cho a = b = ¢ = 1. ta thily ngay VT = 27 < VP = 32).

Sau day la I gidl dung.
Do vai trd clia = va z trong biit diing thirc trén la nhu nhau nén ta hodn
toan cO thé gia sit r > z. Ap dung bit dang thirc AM-GM, ta c6
(z4 y+z2) > daly~+z).
St dung dinh gié nay, dé thay chung minh s& hodn tét néu ta chi ra ducc
a(x + 20+ 2) 2 (x4 y)(z + 7).
Bt ding thire nay twong duong voi y(x — 2) > 0 (dangdo = > 1),
Bai toan dugc ching minh xong.

—_—

Diing thic xay rakhi vachikhi 2 =2 =~ v y =10. O

g

Nhin xét. Khi doc 161 gid bai toan nay, hoc sinh thuong hoi ching tdi vi sao
lai s dung bat ding thirc (s +y + 2) > de(y + z) ma khong phéi la
(z4+y+2F >dylz +2) hay (z 4y +2) = dalz + ). Cau tra 1o thye
ra rfit don gian, Néu danh gig (2 +y +2)° > dy(z + 2) thi dau ding thirc
s& khéng duoe bio toan, Nén nhé diu bing xdy ra khi £ = 2 = -_-},y =0
Mit khie, voi gid st o > 2 thi hién shién 13 z(y + 2) > 2(z + ) nén
danh gia (x + y + 2zJ > 4z(y + 2) khi d6 s& "chat” hon va hiéu qua dem
lai chiic chin s€ tot hon.

Tét nhién, do vai trd cua « va 2 14 nhur nhau nén néu ta gid st nguoc lai
la z > = thi khi 46 s& phai sir dung danh gia (v + y + 2)° 2 42(z +y).
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@ Che cdc s6 khong dm a,b.c thoa man e + 2b + 3¢ = 4. Chimg nurh
bat démg thee sau
ab—betea <2
(Trén Quoc Anh)
Lo gidi
Hién nhién la do b2 > 0 nén ta chi can chimg minh a(b + ¢) < 8 l1a da.

Miit khic, lai @€ v riing theo bit ding thire AM-GM dang =y < (= :"")‘1 thi

M

(¥
—+
2

h+£]
2

4

Jc o Jc
alh Sl alh — = s b.l._{z‘
b+e)< +2] 5 [ 2’_

_ (a+264+3¢)
5
Bai toan duge chung minh xong,

2

a=2
Diu diing thirc xay ra khi va chi khi {,, — ¢ Jure fb=1. (=]
0

f'ﬁu a,b,¢ la cae 86 khdng dm thoa man diéu kign a + b + ¢ = 3.
Chimg minh ring
(e = b)b—c)e—a)< %

(Trdn Quic Ankh)
Phin tich & dinh hwong loi gidi
Nhimng bai toan hoan vi thuing gdy cho ching ta nhiéu kho khin khi tiép
¢én hon |3 nhimg bai toan doi xung. Chinh vi vy, viéc sir dung danh gia
phu dé quy vé dang d6i x(mg la mdt trong nhing cach lam phé hién dé giai
quyet nhiéu lop bai toan hoan v,
Dé ¥ I'ﬁl'lg, neéucoi P = (1 = b} (b~ ¢){c —a) thi

P<IP= JP*.
Tirc la chitng minh s& hodn tdt néu ta chi ra duoc riing P”ﬁ%, hay
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2T
(a—bF(b—cf'(e—a) <=

R& rang, viée su dung danh gia hlen nhién trén 43 giOp ta quy diee bat
ding thia: hodm vi dit cho vé dang doi ximg dom gian hen.

Vi diéu thi vi ¢ ddy li voi mot bt dang thirc doi xing, ta hoin toan co
thé gid st @ > b > ¢ (khdng mat tinh tong quat). Khi 86, dé thay
(b—c)y <8 va (c—a) <a’.
Viy ta chi can chimg minh
2?
Ib".‘ b .l
«*6*(a —b)' < e,

hay twong duong
da’h’(a — b <27,

E |
Ap dung bt ding thirc AM-GM b ba s dang mg[fig—“-] tacd

4a’b’ (0 —b)' = (2ab)(2ab)(a” — 2ab + ") <

A2ab) + (2 — 2ab + b‘}]‘
3

3 - 1
Mt khac, lai thiy ngay a4 b< e+ b+ ¢ =3 nén tir d6, ta suy ra diéu
phai chirng minh, Bai toan duoc giai quyet xong.
Vai gia thiét @ > b > ¢, diu dang thire xay ra khi

__{u’+2ab+bf " et

a+b+ec=3

X 3 3—+«3
a’—Eub+b’=2ab¢b(a.b.ﬂ}u["+2ﬁ.q EJ-.U].
ce=10

BAI 11| Cho a,b,¢ la cde 56 khong dm thoa man diéu kién a + b+ ¢ — 3.
Chuimg minh ring
(a’ —ab + 6" )(b" — be + ¥l —ca+a?) <12,
(Pham Kim Hung)
Lai gidi
Khong mit tinh tong quat, gid sir a > b > ¢ > 0. DE thay
WV =be+ct <V, *~cat+a’<d.

217



Viy chimg minh s& hoan tat néu ta chi ra duce
a’bla’ —ab+ b )< 12
Sit dung bét ding thirc AM-GM b6 ba s6, 1a co

— 4 3ab Jab . 4 3
a’h (u"—ab+h’)--a-T-———z “fa’ —ab+b7)
{3ab _ 3ab . il
S i *eah 4 b
{‘_i-l : : +':ﬂ- L) = } =4{ﬂ-:':b)'
_ﬂl . :

E § W
< da+d+e) _
¥
Diy chinh la diéu phai chimg minh.
Ding thirc xay ra khi vi chi khi (a,b,¢) = (2,1.0) hodccachoanvi. O

12.

BAI13 Cha a,b,c l edc 56 the duomg thoa man didu kién @ + b+ ¢ = 3,
Chinig minh ring

(a* + b* + *)(a® - )’ - D) -a") < 1293-———‘@

{Trdn Quoc Anh)
Len gidgi
Sir dung két qua cua bar 10, ta ¢
(o —=b)b—e)lc—n)< !TJE
Viy chirng minh s hoan tit néu ta chi ra duoc
243

(@ + b+ e a4 b)(b +c)c+a) < 5y

hay

(@ +0* 4+ ) Ha+b)(b +e)c+a) < %

: TR R e el
Ap dung bit ding thirc AM-GM dang «y < e ta ¢o
(2" + b + ) Ma + b)(6+ c)(e +a)

{[ﬂﬂ+bﬂ+g“+3{u+6){b+r}[ﬂ+ﬂ]r#[a+b+c}’_?ﬂﬂ
5 1 = 4 e
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Tir d6 suy ra diéu phai chimg minh.

.5+J-3

Ding thirc xiy ra khi va chi khi {a,b,¢) = hoié cac

hoan vi twong ung ()

BAI 13 Chimg minh réng voi moi 56 thue khong am a,b,¢ la udn c6
(@+ b+ cf = 25¢5(ab + be + ca)(a —B)(b — e){e — a)
( Trédn Oudc Anh)
Laoi gidi
Tuong tr nhu bude dau cua hai /0, ta sé quy bai toan nay vé chimg minh
bt diing thire manh hon 12
(@ +b+¢) =5 (ab+ b+ ca)’(a = bY' (b —¢)'(c —a).
Khéng mit tinh téng quat, gia s a > b > ¢ > 0. Khi d6, dé thiy
(b—c) <F va(e—¢f <a’.
Viy ta chi ¢in ching minh

(b +c)

a’h’ (a— b)’{ub + be + cu]! < -

Sir dung bt diing thire AM-GM b6 5 s6, ta co
a'b'la — by (ab + be + ca)’ = (ab)ab)(a — b)Y (ab + be + ca){ab + be + ca)
- [2(ab) + (a — bF + 2(ub + b+ ca)|

e
Véy chi ¢iin chirng minh
Dab + (a — b)Y + 2Aab + be + eca) £ (a + b+ o).
Diy la mdt két qua ding, vi ta cod

2ab + (a — b)* + 2(ab + be + ca) = a® + B + 2Aab + be + ca)
a4 b F 2(ab + be 4 ca)
=(a+b+e)
Bai toan duoc gidl quyét xong.
Diing thitc xdy ra khi va chi khi =(2—J5)a vit o= 0. hotic clic hoan
vi tuong Ung. 2
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@Fﬁﬂ cde 50 khong dm o b.c thoamdn o +b+c= Js. Chueng minh
hat dang thire sau
(u? ~ F) (b - e - aJ}EJg.
(Trdin Qucc Anh)
Lo¥ gidi
Ta s& chimg minh bit diing thirc manh hon la
(@* — 'Y (* — P - a’) <5,
hay
(a + bF (b + cf (e +a)(a = b)'(b—c)(c —a) <.
Sir dung danh gia hién nhién
(a+b)(b+c)(c+a)=(a+b+e)ab + be + ca)—abe
5{u+b+c}{ub+br:+¢a)=i‘g(abi-b::-i-m],
ta s€ quy bai toan vé ching minh

(a+b+ n]“’
5t :
Dy chinh 14 bit ding thirc @ hde /3. Chimng minh hodn it
Diu bang x4y ra khi va chi khi u=(2—\f§)b va ¢ = 0 holic cac hoan

Vi tirong (ng, O

(@ —bY (b -cY(c—aY(ab+be+eca)y <1=

Nhdn xét. Ta thuong sir dung nhimg danh gia thich hop dé quy mét bai toan
dang hoan vj vé dang d6i ximg. Tuy nhién, diéu niy khong phai ludn
ding. Co nhimg bai todn kho da duve gidi quyét theo 16i “tu duy ngiroc
lai”. Sau day la mdt minh hoa dic sic cho y wrdng dic dao nay.

BAI 18 Chuimg minh réng vii moi s6 the khong dm a, b, ¢ @ fudn ¢

g{n+ﬁ+r)_}_\’n: ¥ be + VB + co +ye* + ab,

(Pham Kim Hing)
Lon it
Diy 1a mét bit ding thire chit va kho dé timg duge giéi thiéu trong nhicu
sach tham khao hién dai nhung tit nhién, kém theo no 14 nhitng chifng minh
mang néng chit “tinh toan”, “may moc” Sau diy la 16i giai cia chang 16i.
Khing mat tinh lfmg quat, gia sir a > b = o Khi do, sur dung bat dﬁng
thirc AM-GM, ta ¢d
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b |
2 n’+bc5c+u+a ibc.
;11“:1

: b
2 +ea <b+4c+ “‘"‘,
h+e

¢ 4 ab

2\’;:"_4-;! <b+c+

4
Céng ba bt ding thisc trén lai theo vé, ta thu duge
z(m + Ji2 +co + M)

a + be 3 b 4 ea+ e +ab
ate b+ ¢

:i'_i_ : | - |
BRI T . A

e b+c

Tir 86 bai todn duoc dua vé chimg minh

< a+ 20+ 3+

f+w+§+3
a+e b+ ¢

f+m+$+ﬁ
0+ b+e

Ha+b+e)> 26+ 2+ 3¢+

1

hay twong duong a +6 >

Doae>02>¢ néntaco
2 2 z 2 2 ]
a +bt':5.u +m-maﬁb +c Eb +bc;
a+c a4 b4+ c b+ e

Tir d6 dé dang suy ra diéu phai chumg minh
Vi gid thiét a > b > ¢, ta c6 ding thirc xdy ra khi a = b,c = 0. O

b.

@ Cho ba 56 thue diemg &y, 2. Cluimg minh ring

g gt g
-——-+—y—+—+m+y+z22J{r’+y’+z’}[£+1+£}

Y z T ¥ %
(Pham Hitu i)
Phin tich & dinh haing loi gidgi
Nhin v&o vé trai cua bit dang thirc dé bai, mdt cach wr nhién, dé pha bo
I cin thire “kho chiu” ta nght &1 vige su dung AM-GM dang

EJ;E;Eu-i-b,

Lidu a = 2 + ' +2°,b = =+ =+ = ¢ duge khong?

o !
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Nhu d3 dé cdp o hau todn 7, véi mdt bat dang thirc dong bic thi khi ap
dung AM-GM, hai “dai luong™ a va b cing phii déng bic. Trong khi néu
chon nhu trén thi o la biéu thuc bic hai, & 14 biéu thirc bic khdng == chua
hop li. Vi vay trong bai toan ndy, truge tién ta nghf i viée thém bét
z 4+ y + 2 (1a biéu thire bic mot) nhy sau

2\}[:’+1ﬁ'+z‘}{£+£+i}
o e

iy JQ[:: Ty 44y ](.nl-y«tz}

4 49tz y
218+ + 7
= .‘.i[ r+ytz
Tuy nhién, t&i iy thi bit ding thirc cudi ta thu dugc lai khdng con ding
nira (doc gid ¢o thé w kiém chimg) Mt khac, rd ring néu khong loai bo
duoe 1ap cin thire, ta khong cé cach nao khai thong sy “bé 1ic”,
Ciu hoi dat ra la ta s& vuot qua ro can do nhur thé ndo? Cing mbt vin

dé, cing mét cong cu nhung cach gidi quyét sau lgi thé hién mot duy
hoan 1oan mdi, mot tim nhin sang tao d€ tir 46 diin 16i hiéu qua dot pha

Khéng mat tinh tong quat, ta gia st y ndm gitta r via z. Str dung bit
dang thirc AM-GM dang 2\.“5 <a+b taco

J{I Lt +z’} sz +IJ i = y[£+ +£
y=== .r

r +y + 2’
Viy chiing minh & hoan tat néu ta chi ra dugc ring

+[i+£+i]{x+y+z}.
-

i

¥ ox -

.t

v

3 a
R g T
—-~-+-—+—-e'-z+'_nr—i—;.2:‘:'*-y'l'z +y£+£+i_
¥ & T ] y & X

Bt diing thic nay ¢ thé viét Iz thanh
Eopand it o Beoplly-8) o
z Yy T Iy =
hién nhién diing theo gia sit y 1a s& ndm gidia = va 2.
Bai toan duoc giai quyét hoan toan
Déu ding thirc xay ra khi va chi khi 7 = y =z > 0. |
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BAI 17 Chitmg minh ring vivi moi s6 thiec khdng dm o,b.c 1a ludn ¢6
(a® 4 b* + & +ab+be + ca) = 4(a’h + e+ cla)la+ b +¢).
(Vo Quéc Ba Can)
L giai
Khéng mét tinh tong quat, ¢d thé gid st b 14 sb nAm gidra a va c S
dung bt dang thirc AM-GM dang 42y < (s 4+ v}, tacd
a’l + b'c -+ c'a

4a’b+ Ve +cla)a+b+e)=4- : “bla+ b+ )

2 a'b+ e+ e'a
ot b

+b(a+h+c)r‘

Bii toan quy vé chimg minh
a'bh+b'c+c'a
B

? 2 a 2
Déy ring ﬂb+b:+r'a =q +fm+%, do do 1a eo

& +F 4+ +ab+be+ea> +ba+b+e)

@b+ e+ c'a
b
c'a
a’ + be+ T

o +0° +c +ab+be+co—

—bla+b+c)=

=a'+0 4+ +ab+be+ca- — (ab +0* + be)

3 fa=h)b—rc
:t‘.i-!—c.‘ﬂ—:f—fm=r{‘ 2(, &)

(do véi gia thiét b nam gifra a,¢ thi (2 —b)(3 —c) = 0).
Chimg minh hoan tat.
Diéu ding thirc xay ra khi va chi khi @ = b = ¢ > 0. O
BA 18 Cho a.b,¢ I dp dai ba canh ciia ot tam gidc. Chimg mink ring
(@’ + be + c'af > abela® + 0 + *)a 4+ b+c)
(Vo Quoe Ba ('dn)

20,

Lot gidi :
Khdng miit tinh tong quat, ta gia st o la & ndm gilta b va . Sir dung

: +y) .
bit ding thirc AM-GM dang 2y < (—I—JL] 12 co

Ibc{u+b+c]+n{a’+h’+n‘)}i
- :

abe(a® +0 +)a+bte) <
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Do do chimg minh s& hoan tat néu ta chi ra duge
2a’b + Ve + Fa) 2 bela + b+ ¢) + ala” +5° + o).
Taco
Aa®b + Ue+ e'a) — bela+ b+ ¢)—alu® +b° +¢°)
= Ha'b + e+ ¢'u) = (abe + bc + b’ ) — (a” + ab” 4 fa)
= 2a’b + Ve + ¢fa —abe —be" —a" — b’
= (a®h + ca® = abe — a”) # (a'b + Ve + ?a — ab” — be” — ¢a®)
= —a(¢ = 0)(u — )+ (@ —=b)a—c)(b—rc)
= —{¢e+a—b){a-h)la—e).
Do a nidm gita b,c nén (& —bla—~¢)<0. Laico c+a—b>0 do
a,b,e 1a ba canh cua mot tam gide Suy ra
—{c+u—b)la—b}a—ec)20.
Ti dy ta co diéu phai chimg minh,
Dau ding thirc xay ra khi vichikhi a = b = ¢ > 0. o

Nhiin xét. Phuong phip sip thi tu céc bién khong chi phat huy higu qua cho
nhitng bit diing thirc mdt diu bing (tai tim hofic tai bién) ma no con gitip
gidi quyét khong it nhimg bai todn hodn vi “chit’ va “kho” voi hai déu bing.
Hay dén véi nhitng vi dy sau dé hiéu rd hom di¢u chiing 15 mudn dé cip.

BAI 19 ¢ ho cdc 50 kidng dm a.b.c c6 ting bing 3. Chimg mink ring
a'b+b'c +c'a+abe < 4,
(Vasile Cirtouje)
. Lo gidi
Day 14 mot bit dang thire rit ndi tieng voi dau bang xay ra khong chi khi
6 =b=e=1 macon xdy ra khi (s.b.¢) = (2,1.0) va cac hoan vi. Pdc gid
hﬁ}’ chi ¥ 1&1 nhimg danh gia khéo 1éo sau vi ty tim ra nguyén nhin vi sao
dau bing cua bai toan van duoc “bao toan” tron ven.
Khong mit tinh tdng quat, co thé gid st b 14 56 nim gilta 4 vi ¢ Ta s
chimng minh
a’h + b'c + ca + abe < e+ o).
Thé vy, bét diing thire nay tuong duong vai
cla = b)(b— ¢) > 0 (ding theo gia sit).
Viy ta can chi ra duge
be+a) <4
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'»’a qua that, diéu nay 13 hién nhién vi si dung bat dang thirc AM-GM bo
ba 50, 1a ¢6

+a c+al
, : g § +
Be I'u‘]1=4-b-ﬂT“-‘+n54 gdi -
=%(a+b+c)’ = 4.
Tir dé suy ra diéu phai chimg minh. 0O

Nhin xét. Mau chot cla loi giai nay @6 1a biing cach sir dung danh gia
a’b + %+ c'a + abo < ble + a),

ta d3 quy duoc bai todn ba bién vé bal toin mét bién 1a b (vi ¢+ hoin
toan ¢o th coi 1a 3 — b) dé gidi quyét. Ddc gia sé thay rd sy hidu qua nay
hon nira qua vi du tiép theo.

BRI 20 (o cac 56 the chamg a,b.c c6 tong bing 3. Chimg mink ring
(a®b + b'c + c*a)(ab + be + ca) < 9.
Vasite Cirtoaje)
Lot giai
Khong mit tinh tong quat, gia sir b 13 56 ndm gilfa @ va ¢ Tuong tu nhu
hai 19, ta co danh gia

a'b+ e+ ca < ble + a)f ~ abe = blc” + ca + a’).
T dosuy ra
(a’h + bc + ¢*a)(ab + be + ca) < b(c" + ca + a”){ab + be + ca).
Mit khac, theo bit ding thirc AM-GM, ta lai co

(¢* +ca+a ]+{r1b+bc+cu)

(¢" + ca + a’)(ab + be + ca) <

2
[E+u)’(:;+h+r} {+a}’
Dovdy (a’h+ b%c + c'a)(ab | be +cn)5§b(u+c)’+
Bai toan dugc quy vé chimg minh:b(a + ¢f < 4.
Bit ding thirc ndy di duoc ching minh & bdi /9.
Phép chimg minh hoan tat.
Chu y ring ddu ding thirc xdy ra khi va chi khi a = b = ¢ =1, o
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Cho cdc sd khong am e, b, ¢ thoa mén khong co hai 0 o dong thei
bimg O Climg minh rang
2 ] L ;
a +bh +c 3 dabe $9
ab 4 be4ca a’bh+ Ve 4 cfa+ abe
(v Oudc Ba Can)

3

Lo giai |
Khong mét tinh tong quat, gia s b la 5O ndm pifta @ va ¢ Mt lan nira,
su dung danh gia
a’b -+ be+ ¢'a + abe < ble + o),
ta s& quy hai toan vé chimg minh
2 T '
a +b +c i 4‘“, >392
ab+be +oa (o +af

o' 0 4+ (atb+e)
qb-i-—.'n:-#t:d  ab+be+ea =
dugc viét lai thanh

(@a+b+c) e e da’ + ac + ¢°)
ab -+ be +ca (a+cf (u+cj"* .'

Do 2 nén bit ding thirc wén co thé

hay tuong duong
Ha® +ac+ F)ab+bec+ea)<(a+c)f(atb+ef.
Ap dung bit déng thirc AM-GM dang 4ab < (a -+ b)’, ta co
Ma® + wc+ ) (ub + be + ca) <[(a +ac+ ) + (ab+ be 4 ca)|
= [{a +¢f + bla+ c]iz
=(a+cflat+b+te)

Chirng minh hoan tit,
Dang thirc xdy ra khi va chi khi a = b = ¢, hoic a = b.e =0 (va cic
hodn vi twong ung) 0

1. Ching minh ring voi moi 36 thuc khong m a,b,¢ 1a ludn co
(@" +b° + Y > 27(a = bY' (b — ¢)'(c —a)’.
2. Chirng miinh réng vai moi 56 thue a,b,¢ bit ki, ta luén co
(@° + 8 +¢°) = 2a—b)(b— cf[:: =L
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3. Cho a,b,¢ 1a cAc sb thuc khdng dm o6 tong bang 2. Chirng minh ring
@b + )+ P )P ) <2
4. Cho cic sb thue a,b,c ddi mdt khic vhau thoa man a+b+¢ =0
Chung minh rang
lab <+ be + .r:u}"' . + ! - ! = E
fa b)Y = (ee)t fe-a)] 16
£ Tim héng s6 & t5t nhit sao cho bit dﬁng thire sau ding vén moi 50 thyrc
khong dm a.b.c
(a+b+c)® 2 kia® + 6 +)a—-b)(b—c)(e—a).
6. Chimg minh riing v&i moi 0 thue khong im n,b,¢ 12 luén co
(2" + ab + be)(b® + be 4 ce)(e® + ca + ab) > (ab + be + ca)’.
7. Cho ciac s0 khong im .b,e théa man b + be + ca > 0. Chimg minh
Aa* + b0 + ¢) i ube
(a+b+c)f a’h + Ve + '
8. Cho cac 56 khong am a,i,¢ thoa min ¢ + 26 + 3¢ = 4. Chimg minh
(2a" + be) (26" + ca)(2¢” + ub) < 32,
9, Cho a.b,¢ > 0 la cac 50 thuc khong dm théa man
at+b+e=3vaab+bo+ca>0,
Chirng minh rang

o

L (e Fb)(b + e)fc + :1)

VE'T'G’TTT w2

10. Cho cic s6 thue duong a, b, ¢,d. Chitng minh ring
(a+b)atb+elia+btetdf

> 64,
abed
11, Cho cic s khong im a,b,¢ thoa man a + b+ ¢ = 1, Chimg minh
(a® + ab+ be)(¥* + be + ce)(c® + ca + ab) - abe < ;1[285

12. Cho #,y,z 1 cac so khdng am théa min = + p + z = 1. Ching minh
A + o' + 2+ Diay® + vz + 22" 4 ay2) € (27 + ¢ + 27 + Bage).
13. Cho a.b,c 1a cac so thyue khéng dm thoa mén a + b+ ¢ = 1. Tim gid trj
Iém nhat ciia biéu thirc
P =g 4¢3+,



CHUYEN BE 2 :

NHONG B6AI TOAN Li THA XOAY
go(mnu MOT D@l LUONG HOAN VI

P
]
L]

Thé gidi chung ta dang song ludn tiém dn v6 van nhiing quy ludt tu nhién
vit xi héi. khach quan cling nhu chi quan. Viée nam bat, van dung nhimg
auy ludt d6 dé tro thanh chia khoa giai quyét nhiéu van dé quan trong trong
khoa hoc noi riéng va trong cude song noi chung

) linh vire bat dang thic so cap, chung t6i da tim ra khong it ket qud
mang tinh hé théng, tir d6 chimyg minh thanh cong su lién quan giira nhiéu
|6p bai toan. Sau ddy, nhom tac gia xin dugc gioi thiéu 1w ban doc mot
chuyén dé gdm nhiing két qua doc dao vai su xuit hién duéng nhu “tinh co”
cia mot dai luong hoan vi ki la”.

BAI 1| Chingg minth rémg vai moi 56 thue dieong a,b.c ta ludn co

[ & 42 J b+ 2% ‘j & 4 2
[ + - -+ = = 3
\lu“ + ith + be L' + bec + cu & + ca + ab

(Tran Qudc Ash)

Phan tich & dinh hwdng loi gidi
Mot cach w nhién, diéu diu tién 1a nghi 161 do6 la pha bo lop cin thirc
bing cach s dung bat ding thirc AM-GM cho bg ba s0. Thit vy, dé thay

(r{i+-2b3 "J b+ 2f +J ¢ + 2a°
a® + ab -+ be b 4+ be+ ca & + ca+ab

HW @ + 2 Jb’ P2 \/ & + 2a°
~ YNa? +ab+be NV Hhe 4+ ca ¢ +ca+ab

Viy ta $& quy bai toan vé chimg minh bét ding thirc manh hon la
(a” + 26°)(* + 20" )(¢® + 2a7)
> (0 + ab + be) (B 4 be + ca)(® + ca+ ab),

T6i ddy, ta thu duoc mdt bai todn co dang “ghép d6i ximg"” quen thude.
Lai dé v ring, theo bat ding thirc Cauchy-Schwarz,

(a® + W )D* + 20%) = (b° + b° + a® )b+ + ) > (0* + be + caf,

suy ra (a® + 26%)(b" +2¢*) = (0" + be + ca).
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Hodn tean tuong tu, ta cling co
(0 + 2" )e* + 2a*) 2 (" + ea + ab)
Vit (©® 4 2a%)(a® | 26°) > (a® + ab+ be).
Niidn ba bat diing thure vira thiét lap lai theo vé rdi Idy ciin bic hai, ta thu
duore ngay diéu phai chimg mink,
Ping thirc xay rakhivachikhia = b — ¢ O

BA a Cho cac 56 thire diomg a,b,e bat ki. Chimg minh ring
Jﬂ{ﬂ? + uf;—é— bc‘] + Jb{b’ + be + ca) = ,fc(r:j + ca + ab)

@b b+r¢ r4a
< g—\,m 4+ b+ r.
(Trdn Quéc Ank)

Phiin tich & dink hwimg loi pidi
Pay |4 mdt bat dang thic dong béc, ¢d hai vé cua no déu chira can. Ta sé
uu tién tim cich “khir cin” & biéu thirc ctia vé phirc tap hon, trong bai toin
ndy ld v trii. Mot cach t nhién, ta nghi toi vie sir dung AM-GM dang
z+ y
# ‘:" L

Biéu nay duong nhu rat phi hop vai v twang pha can cang nhu sy uat
hign “tinh ¢ ciia con s 2 & vé phai bai toan,

Nhurng trong déu ciin 1a mét biéu thire bic 3, ta khdng thé chon don gian
x=a,y=a +ab+ be vili do sau: Dau ding thirc ciia bai toan xay ra khi
va chi khi @ = b = c. Néu sir dung bét ding thirc AM-GM nhur trén thi déu
diing thire s& phai xay rakhi z = y, tirc @ = a® + ab + be.

Khi d6, cho @ = b = ¢ = 1 chiing han, ta thay ngay a = a° + ab -+ be, tirc
ta diu bang cia bai toan s& khéng dwoc “bdo toan™. £¢ cng chink la li do vi
sap voi nhimg bat dang the dong bdc, cac dal liemg trong danh gia cia
chumig ta fudn ludn phai dam bao diéu kién dong bic. Ta sé lam nhu sau.

Budc dau tién la nhin thém Ja + b — ¢ vao ca hai vé, thu duge

Ju(r; 4+ b4 c)(n® +abd be) s \jb{ﬂ $ b+ e)(B + be + ca) i
a+b b+¢
Jn:{a +b+e)c” + ea + ab)
i+

5-;-{a+-b+cj.
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Toi diy, nhin thiy vé phai da mat can, con biéu thirc trong cin cua vé
trai ¢ bac chin (chinh xac 1a biic 4), diéu nay cho phép ta sir dung dugc bit
diing thirc AM-GM mét cach hop li nhu sau

Jala + b+ )@ +ab+b0) _ afa+b+e)+ (@ +ab+ bo)

a+b P 2(a + b)
_(2a+e)a+d) 2ate
a4 b) g

Tuong tu, ta suy ra

EJn(u+b+c}{a‘+nb~i*br:}§2a+1:+2h+a+2c+¢l
a+b 2 2 2

%{a+b+c}.

Tir d6 ¢6 didu phai chimg minh Bai toan duge gidi quyét hoan toin. O

Diu ding thic xdy ra<>a=b=¢>0

i;EE Cho cde s6 thiee duomg a,b,c. Chumg minh rdng
ab® + be® + ca’
(ab + be + ca)la +b + ¢)
% 13(a* + ab + be)(b* + be + ca)(c” + ca + ab)
= (a+b+c) :

(Trdn Qudc Anh)
Pitdn tich & dink huwdng loi gidi

O bai toan nay, moi viée twong chimg nhu don gian hon Biéu thirc can
biic ba & ve phai li tich cua ba dai luong dong bic. Viy ta nghi ngay i viée
ap dung bér diang thirc AM-GM cho b ba 56,

Y(a* + ab+be)(V + be +ca)(e’ +ca + ab)

{(a’+a&+bc]+(b""+&c+ca}+(c‘+m+ab}=[u+b+r..f_
= 3 3
ab® + be* + ea’ 4
(ab+ ke +ca)(a+b+c) ~ 3
Nhung néu ban doc dé v thi thir cho ¢ — 0, bét diing thic trén s& trd
ab’ 4 - 852~ a)

thanh 1 + — > —, >0, sai khitachon 0 < 2b <
aba+b) -3 " daMatd) o <

Bai t0an quy vé chung minh: 1 +
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Nhu vay, hudong suy nghi “théng thudmg” nay da khong dem lai cho ta
k€t qué mong muon, Dicu nay dong nghia vai viée ta cdn tim ra mdt hudng
di moi dé gidi quyét vin dé. Hay x¢t 1i giai sau.

Bat diing thirc can chimg minh c6 thé viét lai thanh
" (a4 b+ ¢)(ab’ + be® + ca®))|
ab + bhe 4+ ca
> Y(a* + ab + bc)(B* + be + ca)(c® + ca + ab).
Trude hét, dé y téi hiing dang thirc
(e + b+ ¢)(ab’ + bc” + ca”)

1 :
4[{u+b+c} +

(a4 b+c) +
h + be 4 ca
_ 2 (@® + ab+ be)(c + a)(c +b)
o ab + be + ca ;

Mat khac, lai theo bat ding thirc AM-GM b6 ba 56 thi
Y (a" + ab+be)(e + a)(e + b)

> 33(a® + ab + be) (¥ + be + ca)(c’ + ca + ab)(a + bF(b + cf(c + o).
Viy chirg minh s& hoan tat néu ta chi ra dugc

Yla+ b7 + o' (c + o)
ab + bec + ca

5e
3

bay {a +bY(b4+c)(c+a) > g—:;-{ub + be + ca ).
Didu nav 14 hién nhién vi theo hai két qua quen thudc la
(a+b)(b+e)c+a)2> E{n + b + c)(ab + be + ca)

v (a4 b+ c) > 3(ab+ bc+ ca),
thi ta co

(2 +b)' (b +ef(e+a)f 2 %(u + b+ e)(ab 4 be 4 ca)’

P 2_': Ial + be + ca)- fub + b m]’

64 3
= —(ab :
27( + be + ea)

Chitng minh hoan tit.
Diing thirc xay ra khi va chi khi a = b = ¢ > 0. 0O
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Nhkin xét. Bai todan nny ¢6 mit dieu dac biét, d6 14 1o gidi khang bt nguon
tir vé phirc tap ma tir sy hu:n ddi coa vé don gidn hon. Néi cach khic, ta
@2 tu pha v& “rao cdn” cua 161 tr duy binh thuong, thim chi la “dam” &
nguoe lai 06 dé tim ra con dudmg thanh cdng.

@ Chimg minh rdng vol mol 50 thue duong o,b.c ta ludn ¢

a +b +e ah he co
> gy = -
ab+be+ca o' +abtbe bV +botea & +ce+ab
(Tren Owoe Anh)
Phiin tich & dinh huwong loi gidi
Dé dang nhin thiy theo bit diing thirc AM-GM, hién nhién co
2 2
al +4* + 2 >1
ab +be + ca

nén dé thdy chimg minh s& hoan tit néu ta chi ra duoc ring

ab be ea

+ 3
o’ +ab+be V' +beteo €+m+ﬂ
Sir dung ki thuft thém b, ta c6 thé viét lai bit diing thirc trén trd thanh
be ca adr

- — + — +

la’ +ab+be b +botca ¢ +eatab

' 3 - 4
. -+ ; + : ]'.‘-‘_-2.

<1

b B ab+be W +bc+ca ¢ +ca+tab
Mat khiic, theo bét diing thirc Cauchy-Schwarz, ta ¢6

be cil ab
= .*.t g A
@’ +ah+be O +bc+ea ¢ +can+ab
(be + ea + aby
br(ﬂ + ab + be) + ca(b® + be + ca) + ab(c® + ca + ab)
(bt--f-{d‘l*i ub)
h’i+r"u +a'l’ +Eabr(u+b+r]
va
4 * B
. 4 - o
0 fab+be BV +bo+eca & H+ou+ab
(6 + b+ o)

(u +ab+ be) + (b" + be + ea) + (¢ + ca + ab)
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{-:r +b+cf
a’ + 5 + o+ 2ab 4 be '+n:r.)
Tu do suy ra diéu phai chimg minh.
Dau ding thirc xay ra khi va chi khi ¢ = b= ¢ > 0. O

@ Chueasg munh rding veri moi 36 thiee dirong a,b.c ta luon co

a+b -+ ah be ca
=~ "3 T T3 by
ab+betca ™ & Fbet b VWV 4eca+c & 4 ab 4’
(Tran Quoc Anh)
Phin rich & dinh hwong lov giai

) bai toan nay, khong thé sit dung phuong phap thém bt nhu trén, Vi
nhirng v twong thong thuong khong goi cho ta bat cir giai phap nio kha thi.

Chung 16 xin chia s¢ vai ban doc mét kinh nghiém, d6 la khi cim thay
nhitng con dudmg minh lya chon duong nhir da tré thanh nhimg “16i mén t
duy”, khéng mang lai mét diu hidu kha quan ndo thi dimg do du, hily manh
dan sir dung sy sing tao dé tim ra con dubmg mai phi hop cho chinh minh.

Trong trudmg hop cu thé ndy, ching ta cin xem xet i nhimg yéu 16
“nizoai canh” ¢6 thé thém vio.

Bé y ring theo bit ding thic Cauchy-Schwarz, ta co:

alr ablc® + be + a”) nh{r +br'+r:}
o’ +be+ I {u + ho + b ) (e’ +bc-hu} (we + be + ab)’
Hoan toan tong ty, ta ciing co
be = bela® + ca + b°) br{ri + ca + b)
Woreated (b +eat ot +ea ﬁ’} (ab + ca + be)'
ca ca(b’ +ab+¢") m{bﬂ +ab+c’}

¢ +ab+a* {r' + ab 4 «* )b + ab + r‘} (be + ab+ ca)
Cing ba biit diing thirc trén lai theo vé, ta thu duge
’ab 1+?ﬂu ,+zm=
@ +be+b bV +ea+e ¢ +ub+a
s ablc’ 4 be+ a’) + bela” + ca +b') + calb” + ab + ¢°)
5 (ab + be + ca)
(a*h + b'c + c'a) + 2abc{a 4 b+ ¢)
(ab + be + ca) +
Viy chirng minh s& hoin tat néu ta chi ra duge
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(0’ + 0% + .-:."q] + 2abe{n 4 b+ ) P at+b 4
{ab + be + {.'flf ~ ab+ be 4 ca '

hrong duong vai
(0 4 b" + " )(ab + be + ea) 2 (a0 + 0'c + ¢"a) + 2abela + b + ¢).
Sau khi thu gon. ta duge
ab® + b 4 ca’ > abela + b+ ¢),

hay la
- | F
&£ 4 4 + 3 >ae+b+e
R A
hi¢n nhién ding theo bit ding thirc Cauchy-Schwarz.
Bai toan ducc gidi quyét xong.
Diu diing thirc xdy ra khi vichikhi a =b=¢ > 0. O

Nhiin xét. Sau ddy, 1a s& dén voi hai thir thich “cing dang” nhung khé hon
(vi néu ding cach giai trén s& bi ngurac diu ngay).

@ Néu a,b.e li cde 36 thie dwemg, thi

w40 4t > ul . by _ o ‘
ab+bc+ce " W 4be+e’ P Hea+d P dab+ P
(Trdn Quic Aih)
Lon giai
Dé v ring
a ah cafca = b*)

ab+be+oq ¥ +bete o (0" + be + ¢ Yab + be +ca)
Do d6 bat déng thire ¢dn chimg minh tuong dwong véi
OO a — ’ = —a’

afea =0 ) i abfeh — ) i befbe — a) o

: . - = ().
VW +bete® EHeata’ ot Fab+id

Lai co
cafea~ ") Pale -+ b 4 c)
P ibeted B ibers
nén ta co thé viét lai bat ding thirc trén dudi dang
cu & ah : We o ab+be+ca
bV +bet+e +eatd dtab+0 T a+bte
Sur dung bat ding thire Cauchy-Schwarz, ta co

4
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2a . a’h = be
B 4+be+¢ E4oat+a’ o +ab+b?
s (ea + ab + bef
= a{d” 4-be + ¢ )+ b + ca+a’ )+ ola’ +ab+b7)
_ab+be+ca
B g+ b4 ;
Péang thirc xay rakhi vachikhi ¢ = b = ¢ a

BAI 7| Cinimg mink réng v mof 56 e dieomg a,b.e ta ludn ¢
: “EY, ' 1
al + b0 +e O e b Py ¢ .
ab+be+ca a' +abtbe b +bedca e +catab
Lad giai

Dé y rang
Aa® + ab+ be) = (a* + 2bc) + (a* + 2ad),

nén sir dung bit déng thirc Cauchy-Schwarz dang : {1[}--}- -1-] 1aco

F+y 4lz vy
a’ +ab+be  (a® + 2be) + (a° + 2ab) 41’ + 2bc o' + 2ab
hay
r:z I‘II (14
3 + :
o' +ab+bec T Aa® +2c)  2Aa+ 28)
Tuong tu, ta cling ¢o
bt e i’ SR
W +bec+ca = AV +2ca) 2Ab+2)
vil

2 2 .
c < c + -
¢ +ea+ab A +20b) 2c+2a)
Tir 46, bai toan quy ve chirng minh
a* b ! i b €
S o st + - = il
' +2c O 4+2ca c +2ab a+20 b+2¢ e+ 3a
>, 2Aa’ + 0" + ')
=~ ab+betea
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BAt dang thirc nay chinh |3 tong cta hai bit diing thirc sau

a2 : _b' i et at + 0 + ¢ (1)
a® +2e B+ 2be r:+;?nb ab+be+oca'
] i P e a + b+ : @)
a+2 b+ ¢+2a dah+be+ea
Cluimg minh (1).
a’ d a*(a —h)(a — &)

" - it ding
ab +be+ca a* +2e¢  (ab+ be + ca){a’ + 2be)
thirc (1) ¢6 thé duoc viét lai thanh
a’(a—b)(a—c) : b (b — c)(b— a) 4 (e = a)(c—b) >0.
a* + 2be b* + 2ea ¢! + 2ab
Khong mit tinh téng quat, gid st @ > b > . Khi do dé thity

e —a)le - b)

=0,
e* + 2ab
- P Ba—a b’{b —)b-a)
do viy ta chi cdn chimg minh :
" 5 a’ + 2be 2 4 2en

hay

=) a'la~c) W(b- r:)
2’ +2e b +2a

Bitdinamﬁcnéydilngﬁiﬁ:da—hgﬂ va

a'la—c) b-c) da'la—c) bMla-c) 2fa’-0")a—-c)
@’ + 2be b"'-I—Ecu u+..br B +2a (o +2bc'l{b’+.?.ca}
Chiong mink (2).
o 2h
Tﬂm"+2;,=1_a+3g, do viy bét ding thirc (2) ci thé viét lai thanh
al +b 4+ ¢ g b e a >3,
ab+ be + ca a+2b b4+2c ¢+ 2a
Ap dung bt diing thirc Cauchy-Schwarz, dé thay
b s s 0 (b+c+a)
a+26 b4+2c c+2a bla+ )+ olb + 2c) + alc + 2a)
(a+b+¢)

T 2a® + 0 + )+ (ab+ be + ca)
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Tir 46 suy ra ta chi cén chimg minh
a +b +¢' AHa+b+e) -
+ : . >3,
ah + bet-ca  2a’ + b + )+ (ab + be + ca)
Dit x = ua® +b" + ¢ va y = ab + be + ca. Bt ding thirc trén trd thanh
-.:. N
] 2r+y

hay tuong duong
(22 -y)z -y}, ,
y(2z +y)
Piy la mét két qua ding vi ta ¢d
=0 4P+ 2ab+be+eca>y
Bii toan duoc gidi quyét hoan toan
Diu bang xay ra khi va chi khia = b= ¢ > 0. O

@ Cho cic 50 e dworig @, b,c. Chimg mink rang
(0® + ab + be)(B® + be + ca)(c® + ca + ab) > (ab + be + ca)’,
(Trdn Quéc Anh)
Phén tich & dinh hwong lai gidi
Nhin vao bii toin ndy, chic hiin nhiéu ban doc s& nho toi bét ding thirc
“tuong " va quen thude hon, 44 13
(a' +ab+ V) +be+ ') +ea+a’) = (ab+be+ ca). (1)
Bit ding thire (1) c6 1 18 gidi biing cach sir dung bét ding thirc Holder
kha dep mit nhu sau. D€ ¥ ring
(a® 4 ab+ V)0 4 be + )" +ca+a’)
= (a® + ab 4+ b°)(c* + B + be)(ea + a® + %)
> (ab + be + ca)’,
Quay trds lai bt dAng thirc dé bai la
(a® + ab 4 be)(b* + be 4 ca)(¢’ + ca + ab) >(ab + be + ca)’.
Vi bé ngodi “twong ", viin c6 mii 3 ¢ vé tréi (Ja dau higu dic trung
cho y twomg sir dung bét ding thic Holder), tuy nhién & diy, viéc “ghép
cp” cic s6 hang & vé trai tr& nén kho khan hon rit nhiu. Va mét lin nira,
phuong phap sip thir tu cac bién lai thé hign hiu qua tyét voi ddi voi
nhitng b£ dang thirc hoan vi. Hay xet lon giai sau.
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Khdng miét tinh 1dng quat, gia st b 50 niim gitta ¢ va ¢ Do do
(a-W)d=¢)20,
suy ra ab 4 be = b + ca.
Sir dung danh gia don gian nay, ta s& quy bai toin vé chimg minh
(@ 4+ b* + ea)(b" + bo + ca)(c® +ca +ab) > (ab+ bc + ca)’.  (2)
Miit khac, lai dé v riing theo bit ding thire Holder,
(@ + B + ca)(b* + be + ca){e’ + ca + ab)
= (a” + b* + eca)(b’ + be + ca)lab + & + cu)
> (nh+be+ ﬂﬂ}:!=
Bai toan duge giai quyet hoan todn.
Diu ding thitc xay rakhi vachikhia = b =¢ > 0 O
Nhin xét. Diém nhan cus phép ching minh trén & vige sir dung danh gia
ab + be > b + ca 48 dom lai sir do1 pha, khai thong t_hlf*. bé tic ban dau
khi ta cam thiy kho khan khi “c6 ghng ghep ciip” cic s6 hang dé sir dung
bat diang thirc Holder.

@ Chimg minh rang vii moi 3o thuc dueng o, b, ta Iuén co:

[ a b e
2 + &
d+2b b4+2¢ e¢+2a

ﬂ?' bz r‘u

: + + ' 4 1.
“a'+ab+be MV +be+en A +catab
(Trdn Quoc Anh)
Phin tich & Ginh Wrdmg 103 gidi

Diy la mdt bat ding thirc bic cao va kha “chit”. Vigc tim ra sy li€n hé
gilra cac dai luong va moc noi ching vao vai nhau la chia khoa daé gidi
quyét nhiing bai toan nhu thé niy.

Sir dung ki thudt thém bon, bat ding thire cin chitg minh tuong dwong véi

b + a) clm 4 b) alh + ¢)
2 +ab+be B +betea & +catab
2 1 f 4 i L ] :
a+26 b+2% i+2a
alb + ¢) + e +a) + ela + b)
ab +be+ ca

Lagi dé ¥ riing 2 — nén ta co thé viet lai

bat déng thirc trén thanh
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ble 4 a) i ela + b) i alb + c)
a+ab+be B tbe+ca ¢ +ca+ab
b{c%u]i¢[u+b}+a{bi~r)zd[ b R ]

ab + be 4 ca b+2a ¢c+2 a+2c
Téi ddy, sit dung ki thudt ghép déi ximg, d& thiy chimg minh s& hoan tht
néu ta chi ra duge

-+

ble+us) . blcta) o
a’ +ab+be abidetea b+2a

hay
1 " 1 1 4 :
a' +ab+be ab+be+ca  (e+allb+ 2a)
Pay 1a mét két qua ding vi theo bat dang thirc Cauchy-Schwarz, 1a co
1 = 1 < 1
& +ab+be ab+bc+ca (&' + ab+ be) + (ab + be + ca)
4
#{r:-bn}(bi-ia]'
B todn dugc gidi quyét xong.
Béng thirc xay rakhi vichikhi a=b=¢> 0, 0

BAI 10 Chiing minh rimg voi moi 56 thire dweong a,b,c. ta déu co
@ i b + ¢ Eﬂlﬂb+bc+fu}+
a +ab+be bV +betea o +cotab (e +0+c)
(Trdn Qudc Anh)

Lo gidi
Nhinc&l‘ivémbﬁmﬁngthimmchuvﬂin+b+n,mdm;u:
' a’ b ¢
-
[n"’+nb+bf: b"+br:+::u+r;2+¢ra+nb]
}g(ﬂb'f‘bﬂ'i-ﬂﬂ}
R O

alb + c) & bie + a) 4 elo + b)
a Fab+be B +betca ¢ +cotab
Sir dung biit ddng thirc Cauchy-Schwarz, ta ¢o

a b* : g
o ] b o .
a° +ab+be b 4+beteca ¢ +eca+tad
(a+ b+e)
=53 5 —==1
(@° + ab + be) + (b7 4 be + ea) + (" + ca + ab)

+
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Vi

_ufb+e) bie 4 a) g ela 4+ b)
at+ab+be b Arbetea & ¥ ca+ab
& la(b 4 ¢) + e + a) + {a + ﬁ}r
= alb + ¢)(a® + ab + be) 4 bl + a)(b* + be A ca) + cla + )’ + ca + ab)

A(ab + be | ca)
@' +8 4+ vab+be+ca
Do do ta chi cdn ¢chimg minh duoc

4(ab 4 be + ca) o Wab + be + ea)
o' +0° +c +ab+bc+ea” (atb+c)f
hay tuong duong

1 i s
ab+be+ea o +6° +c' +ab+be+ca
e (14 2)°

“{ab+ be + ca)+ (@° 4 B 4+ 4 ab 4 be + r:u.)T
hién nhién dang theo bit ding thic Cauchy-Schwarz.
D¢ thay dang thirc xay rakhi vachikhi a = b = ¢ O

1+

BAI11] Cho a,b,¢ l cdc 56 i duong tiry 5. Chimg minh ring

a(b + ¢) ble + a) oa +b) a+b+e
] + 2 * 2 5 '
a’+ab+be B tbeteca E4catab”  Yape

(Trcin Quée Anh)

1+

Phiin tichk & dink hwdng Iin giai
Sir dung bat dang thie Cauchy-Schwarz, dé thiy
a' . b* & S la+b+e)
a*+ab+be YV +bectea E+eatab (a+b+cf
S ‘ b g
noi cach khac: 1 < - + + .
ey @ +ab+be B 4betca o +eca+ab
Viy ta s€ quy bai toan vé chimg minh
2 F 4 2
I 1 . * 2 : + 2 -
ln +ab+be b +beteca € 4ca+ab
alb + ¢) + ble + a) A cla + b) c3tbte

a'+ab+bc B +be+ca Fi+ca+abl”  Yabe
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tuong duong voi

a b 6 at+b+te
(a+b+c)|— + +— < ,
a* +ab+be V¥ 4+bc+ea o +oa+ab Yabe
diee @ b c 1

+ - + = = -
a*+ab+be ¥ 4+botea & +oadab gabc
Toi day, dé pha lop can thuc bic 3 & vé phii, ta s& sit dung phuong phap
chuin héa Hoan toin c6 thé gia sir abe = 1 Viy ta cin chimg minh

a b -
- g - r El' {l]
a* +ab+be b +beteca ¢ +ca+ab

Mt khic, do abc =1 nén ton tai phép dbi bién a =2 p =% o= %
Y z z

Khi do, (1) tro thanh bét ding thic dong bic 1a
2 7.
a3 ‘Lay - | #1; i 3 zﬂj i: 1‘ {2)
Ty 43Uz Y +vaT vy 4 +xyr

Sur dung bo dé don gidn o' +0° > abla +b), tacd

'y & 2y i z
Py oy Tz byl vy s+y+z
Tu do suy ra

'y ¥z 2’z
-2 3 T 3 3 % ] 3
T'+Y gz Y AHErrIgr 3 I Ay
c——+—4£ 4
T+y+z c+yY+z z+y+z
Bai toan duoc giai quyet hoan todn,
Déau ding thirc xdy ra khi vachikhi a = § = ¢ > (. (]
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1. Chirng minh riing véi moi s6 thue du-:mg a,b.¢ ta ludn co

(a+b+cf s 1
(b 4+ be = ca)’ @’ 4 ab+be {:H—b-h]

3. Cho ¢ic s6 thyre duong 4.6, ¢ théa min
(4a + Hb)(4b + Be)(de + ba) = 729,
Ching minh riing
abe{a® + be + ca)(W + ca 4 ab)(¢® + ab + be) < 27,
3. Cho céc s6 thuc duong a,0,¢. Chimg minh réng

ath4e 22 s Iu*?f?-i'r:l_
ab + be + ca @' + ¢ a' +b &
4. Cho cac s6 thuc duong a,b.c. Ching minh ring

a+b+e EE i1 ik :1+b+:: ‘
ab + be + ca a’ +ab+0  at+ ¥+
8. Ching minh ring vai moi s6 thuc duong a,b,¢ ta déu co

e+b+e ':':E a 5 a+l.>+c.1
ab 4+ be + ca e +ab+be @l 4046
6. Cho céc 58 thue duong a,b,c. Ching minh ring

a6 +b+¢ \'E I‘I+b+r‘

————e > T
ab + be + ca o + be +h1 P e



CAC KET QUA Vé Ki HIEU PUOC DANG
TRONG SECH

i) BAT DANG THUC AM-GM
Néu a,, @,, ..., o lacac so thue khdng im, thi
a ta, +--4+a - N—
1 F- B % on i
N it Jﬂiﬂ: u‘n'
Bﬁng thirc xay ra khi va chi khi @ =@, =i=a.

Tir bat dang thie AM-GM, ta ¢6 cac hé qua sau day rit hay duoc si dung
trong chimg minh bat dang thuc:

(1) (a+b+ (:]3 > Hab + be + ca) v moi a, b, ¢ € &
(i1} {ab+ be + ca) > 3abc{a + b+ ¢) véi moi a, b, ¢ € R:

(i) abla + b) + be(b + ) + calc + a) = Gabe vai moi a, b, ¢ > 0.

B 841 pAnG THUC AM-GM SUY RONG

{Thnc&caﬁthucdusng 0 g W théa min wtw, oo bw =1,
Neéu @, 4, ..., a_ lcacsd thuc khong dm, thi

L. w
. ¥ wwow g
wa, +wae, +orfwa >ata’ ",

Déing thirc xdy ra khi vé chi khi a =4, = - =a_.

1]

Bl eAT oANG THUC cAUCHY-sCHWARZ

Cho hai day s0 thuc By, By oo @ VA b, by, . b Khido 1aco

(0 o ' € (4 ek )4 44 )

& s : s s a, i
Dang thirc xay rakhivachikhi — = -2 =... = =,
b b b
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[ AT DANG THUC TRUNG BINH LOY THUA

Choa,a, ...« la cac 86 thue khéng dm. Khi do voi moi 5 = v 2> (), ta co

n
af +a; +--+a )

i

=

1
[q+q+m+ﬁr

4}

Diu diing thirc xay ra khi va chi khi a; =a; = ... #a.

BAT DANG THUC HOLDER

Choxz, (i=12.,m j=12..7n) 14 cac sb thye khong dm. Khi do
1

I Eﬂ:ru]ﬁ >3

=] | jul =i

i

Mét cich tong quit, néu p,, By, .., P, la céc s thuc duong théa man

504

=l

PPyt p, =1, thitaco H[Ezu
gl j=d

[ 8&7 pANG THUC MINKOWSKI

Cho =z, =12 ..mi=5L%..n) la cac so thue khong am Néu
pzl, th

- =

3 E] ) |

l"l J"FI

i P
P

1
i=l

-

B BAT DANG THUC SCHUR

Cho céc s6 thuc khdng &m a, b, ¢ Néu r > 0, thi

a"(a —b){a — e) + b (b — &)(b— 6) + ¢ (& = a)(c—b) > 0.
Dang thirc xay ra khi va chi khi ¢ = b = ¢, hofic ¢ = 0 va b = ¢, hofic
h=0vic=a holcc=0vaa=>_
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Hai tmhghcphﬂ} dum:audungnhal i:ua.bﬁlda.ng thic ndy la r=1
(Mic nay ta goi la bat ding thirc Schur bic ba bai vi no c6 dang bic ba) va
i = 2 (bt diing thire Schur bic bon).

Trong trudng hop r = L ta cb cac dang tuong duong sau:

() a4+ 6+ " + 3abe > abla + b) + be(b + ¢) + calc + a);
(b) 4{a’ +b" + ")+ 15abe > (a + b+ ¢);

{c) a + b +c +j'-b£— > Aab + be + cal;
a+b+e
) a i ] " dabe

4 + > 2
b+ec c+a a+bd (a+bd)b+c)c+a)

Trong truong hop + = 2, ta cling ¢0 cic dang tuong duong
Zu' + ubcza > Eab(a’ +b')
(b) 6&1‘&.‘2& > (ZZﬂﬁr Eu’](z'u’ + Zub}.

6] cAc ki HigU V& TONG VA TicH

« 3 - Téng hoan vi, cye 14 viét tit cia cyclic. Vi du:
£

+ Vi ba bién a, b, ¢, ta¢o Zcﬁr = a’h + Ve +a

(=

+ V@i bon bién a, b, ¢, d, tacd Zu“b =a'b + Ve + *d + d’a.

+ Mot cach tong quat thi
Ef{ﬂi, Gy, 0 a )= fla, r,.‘,uﬂ}-}-f{u:. By assni B} F
. 4ot fla e, .. u“_l}.

Trong toén bd cudn sich nay, ta ding Z thay cho Z Vﬁtmﬂgm&sétmﬁng
By
hop c6 nhiéu bién, ta dung 2 4 ki hidu téng hodn vi cia babién a, b, ¢

abr
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» E : Témg dot xang, svm la viét it cua symmetric. Vi du
L

+ Vi ba bién a, b, ¢, taco
Ea"’b = &b+ Be+ fa+ba+lb+a'c
w
# V@i hon bién a. b, ¢, d, taco
Zu."b —a'b+e+d)+b(ctdta)tei(d+a+b)+
]

+d*(a + b +¢).

o [ 1: Tich hodn vi, cve 1a vidt it clia cyelic. Vi dy;
L

+ Vi ba bién a, b, ¢, 2 c6 [J(a +b) = (a + b)(b + c)(c +a).

+ Véi bén bien a, b, ¢ d. taco

[Tta 4 b) = (a + b)(b+c)(c+ d)(d + a).

+ Mt cach tong quat thi
nf{ui, RS TR (PR Wy 1o el e R
ape

Trong toan bg cubn sach nay, ta dung | | thay cho [ ] vé trong mét 56 ruong
L4 0
hop o6 nhiéu bién, tadimg | | @& ki hiéu tich hodn vi cta ba bién a, b, «

a b e

o [ 1: Tich déi ximg, sym 14 viét tit cua svmmetric. Vi du:
i

+ Vi ba bién a, b, ¢, 1a co
[T(e® +b) = (a® +B)(* + e’ +a)(b* + a)lc’ + b)(a’* + c).
L

+ Voi bon bién a, b.c. d. taco
[[(a+t)=(a+8)(a+ c)a+d)(+ )b+ d)c+d).

=



CHIA SE CUNG BAN DOC

“Learning is nol attatned by chance.
It muxi be .i'mrgﬁ'.rfﬂr with ardor and attended to with diligence. ™
Alfréd Rénw

1] ToAN Hoc & cudc sone

Trong sudt thoi hoe sinh, chang i ludn c6 ging di tim loi gia dap
hop li cho mdt chudi cdu héi dai loai nhu “Ta hoc Toan dé lam gi? Ta
sao 1ir lop | dén lop 12 déu phai hoe Toan? Tai sao di vao ngdi truong Pai
hoc nao di ching nira, trong nudc hay ngoal nuoe, ta cling van phai hoc
Toan dai cwong? Liéu tu duy Toan hoc la that sy cin thiét hay chi la man
ty khen ¢da din trong nghe? "

Dudmg nhu bt cur hoe sinh ndo cling ting ty dit ra nhitng cdu héi nhu
viy. Vi mét [& don gian, ban cir thir tromg tugng xem. D6i khi, ta khong biét
muc dich cia nhiing th minh dang lam, tham chi la d4, dang va sé lam
hang ngay. Diéu do that phi li. Ching phai moi thir déu co nguyén do cla nod
sa0” Vi con dudng di tim dép an cho nhitng ¢iu hoi nay thit sy tha vi 40i
vai chung ti.

Sur tiromg quan ki dién giiva Toan hpe va cuge song.

Thiit vity, ban ¢6 ngac nhién khong néu ching toi chia sé mot dinh nghia
ring: “Todn hoc la thir ngdn ngit thé hiéa cudc sing mét cdch ngdn gon
v logic mhit. Vi the, lgi ich cia vige hpe Todn tricde tién va quan trong
nhit chinh la trang bj kién thice cén thiét gidp hoc sinh nhin bidt deoc
thé gidi bén ngoai cd vé dinh tinh ciing nhie dink liwgng, tic d6 ning cao
tw duy, tim nhin, phdt trién nhitng ki ning phan tch, xw li tinh #ﬂéng
cho hoe sinh trocge khi cac em bwde ra xd kji. "

Poc gia hiy thir doc ciu chuyén co thyre sau va cing suy ngim.

Tir lop 1, tai sao hoc sinh g hoe dém deu tien? Vi dem gian, dua ire nao
lii khéng (6 mo khi ai do hoi “Gia dinh chdin cé may nguoi? ", hay “Nha
chau cé may anh chj em?" . Bi ciing la mot cdu bé nhe viy.

Mudn biét dege cdu ira lot, Bi phat hoc dém, triede tién la dém sé huomg
béng ddu ngon fay.
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Nhung khi leo cay thang o nha, cau bé lai tie hoi “Khong biét cau thang
0 bao nhiéu bdc nhi? Nhiéu qud, khong dém bing ngon tay e, Minh
wiucn biét chink xdc ca. Phei lam sao bdy gior nhi? ", Diomg nhic doc dinre
suy nghl cua B, me bar ddu day cdu vé nhimg con s6. Cdu bé rdt thich thi
vi nhtmg cdu hoi ctia minh dwoe giai dap ddy di va rd rang. Niém dam mé
Foun hoc, st ham hiéw biét bat dédu bimg Ién trong cdu.

Mot ngay kia, ba ngoai dén choi. Ba mang cho cdu hai chiéc bdnh
ngot. “Cheu vdn con mot cdi o nha niva. Vay la td1 cé chau 6 ba chiée”

cat hé noi.

Khi dv, nguevi me ngdi bén canh va hoi cdu rdng "Giong nhe lan trine
con 6 hai chiée bit, me ing con thém mdt chiée niwa. Tar ca ciing la ba
chide phai khdng nao? Vay con cé muon biét trong toan hpe diéu do duwac
Fidw thi thé néo khdng? ™

“Me chia se cho con ngay & " — Cdu bé hao hiee,

“Nhitmg niw cdv, hién pomg cho nhdn trong cude song chinh la :aq-um goc
ctia phép cing trong lodn hoc. Con 5& biéu dién nhimg diéu trén béng phép
cong. Chit ymhé: 142 =3, va 2+ 1=3. Vavthirdrang 1 +2=2+1.
Dy let tink chdt giao hodn ~ mot tinh chat quan cua phép cong ma con vie
thety chre cdch chimg minh qua thiec 1€ do." — N me giai thich

Cau bé vie an bank vim nghién ngdm nhitg cdu néi cua me. “Cho va
nhdn™ ... Mink nhdn roi, whing nén minh cho thi sao nhi?

Sau khi dn xong chiéc banh ciing la hic cdu e tim ra cdw tra loi. “Con
hay nghe cac anh ldp wrén noi dén cong va tric. Nign la cing, vdv chdc cho
s¢ la trie phai khong me? "

2y ‘(m wrai me thorg minh l&m. Vé con hdy nhir mét bai hoc rang frang
enge song, hiy chan hoa voi thién nhién, yéu thwong quan tim (& 1ai ca
moi rrgmh‘ (‘hia s¢ hanh pinic ciea minh va con sé nhdn lgi dieye nhimg diéu
ki dién " - Ngweeri me din dang idm sy

Qua ciu chuyén nay, ta ¢o thé thiy duge phuong phap gido duc hiu qua
thue su Ia thé nao. Ngudi me da kich thich tri 16 mo ciia con trai minh, the
hién mét cach tir nhién vé sy gin gii gitra Todn hoe va cude song, kheéo léo
mér rong cho con nhimg bii hoc dang quy dé 1 46 khoi diy niém dam mé,
su ham hiéu biét cua dira tré
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Méi con ngudi déu cin li do & thire diy vao mdi budi sang Ching ta ¢6
thé mo udre tro thanh mét nha vén, mét doanh nhin, hay mét nghé si. Diéu
d6 rit dang tria trong, nhit 14 khi ching ta cb ging hét minh dé vuon toi
thanh cong Va Toan hoc, khéng phai 1a “vit cin” hay “thd tuc” dé ching ta
dén véi ude mo ay. Toan hoc chinh la "déi canh” cho ching ta bay nhanh
hon, tiét kiém nhiéu thoi gian hon. Bai d0 14 nén tang cia tr duy logic, tu
duy tmg bién tinh hudng, giai quyét vin dé cling nhir chia khoa dé mé canh
cira Pai hoc, tiéng ndi chung cia ting lop tri thirc.

Do chinh 1a li do vi sao nhimyg con ngudi phi thudmg, nhitng nha hidn triét
ciia moi thon dai nhu Archimede, Galilea, Leonardo Da Vinci, Pythagore,
Euclid .. luén ¢6 mot diém chung: ho déu I nhimg nha Todn hoe!

Lai noi vé Bill Gates, chic hin ai ciing biét éng da timg hoc Pai hoc
Havard nén co 1 khong ai dam khiing dinh ring Bill Gates khéng gioi Toan.

Cudi cung, xin duge nhiic lai cdu noi ndi tiéng cua Albert Einstein thay
cho loi két ciha bai viet “Pure mathematics is, n its way, the poetry of
logical ideas”. (Toan hoc thudn tiy, theo cdch cua riéng no, la thi ca cua tie
duy logric).

) BAT DANG THUC TOAN HOC

Qua bai viét tneére, hin doc gia s€ ddng y voi ching t6i ring “Toan hoc”
thit ra khong hé xa la nhu nhiéu ngudi van wong.

Tat nhién. diy 1a mgt linh vire rgng lén nén viée chon loc kién-thire lai
cang tro nén quan trong.

. Vi vige nhdn thare mot sur vt nay phy thude vao viée nhdn thirc mol
s vt khac ... nén ta co the nhdn biét ngay rang lidu trude hét nohién ot
mo1 swrvgi khae nao do ¢d lot hay khong, cu thé li nghién ciru swe vdt gi theo
trinh renao .. " (Descartes — Céc quy tic chi dao cia tri tug).

Ban ¢ 16 mo mudn biét vi sao ching 18i cling nhu rat nhidu ngudi iam
Toan lai dam mé Bt dang thirc dén viy?

Li do du tién ¢6 18 1a ngudn goe tr nhién cua no.

Xa héi théng tin cing nén kinh té thi tnsomg da tao nén su canh tranh
ciing nhu méu thufin vé loi ich gitra timg ca nhin, wng nhom nguoi. Po la
mat trong nhirng tién dé quan trong tao nén phép so sanh hién dai. Trong
cude sdng, diéu ndy duge thé hign rd rét qua nhimg vén dé hang ngay nhu
“Phuong phap nao 6t hen?”, “Du an nao khd thi hon?", hay “Ai la ngudi
giau nhit thé gigi?"
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Bxoi voi Todn hoc, phép so sanh hay noi cach khee ki ehuoi quaasi hé giii
nhinig con $6, nhitg dai hepng, nhimg biéu thire tie phiec tap dén don gian,
i cheore thé hién rdt vo trong (Dih viee mang tén Bit ding thire.

Bér dang thirc 14 khoi ngudn, 1a céng cy co bin nhit cho viée phat trién
cdc phuong phap t&i tru tme dung vao mol mit cia 46 song.

That viy, mot diéu hién nhién !a ngiy hdm nay, gin nhur ai trong
chiing ta ciing s¢ hitu mét chiéc dién thoai di déng, va gan nhu gia dinh
nao clng s hira mot chiéc tivi. Nhung it al biét rﬁng tnrdc khi co sy
“gitp d&” cua Todn hoc, cac nha quan 1i truyén thong 43 timg phai dau
dau voi bai todn sau.

Tim phuomg an sap xép 1060 wu cdc tram phdt seng (tram trung chuyén)
verl (tew v

o Néu mdt &6 thiar quce s& ddn dén miec do phic song thdp.
s Nhmg néu mit do dety qua thi chi phi s€ king cao, mdt khdc de xay
ra hign neong nhien song (do giao thoay,

Biing cich st dung Li thuyét ludng cue dai, mot nhém nghién ciu da
giap tiét kiém duoc 70% chi phi xdy dung cac tram thu phat, hon thé nira
con tang 40% chat lugng song — digu ma chic chin cac nha kinh doanh
khong thé lam duge néu chi dua vao kinh nghiém hay cam tinh.

R rang, img dyng la yéu 16 quan trong trong viéc thiic day sw phat trién
cua nhien nganh Toan hoc.

* Bai todn tim nghiém cue 15 chinh li ngudn gdc cla Gidi tich (dao ham)
vit Li thuyét bién phan.

« Khoa hoe vé du hanh viil try d& 1am nay sinh inh vige diéu khién téi tu.

* Hay nhu céu do dac mot cach chinh xéac nhirng viing dit réng 16n c6
hinh thi: dic biét lam xudt hién phuong phap Binh phuong toi thidu sau
do 1a Hinh hoc vi phan ..

Quay tro lai vin dé Bit d&ng thirc 50 cdp, c6 mot diéu thit dang suy ngh,
do la trén thye t€, 90% hoe sinh yéu thich Bét ding thirc ma ching toi ting
biét déu roi vio tinh trang' ngay ndo cting hoc, sach nao ciing doc, phuong
phap nao ciing thudc, nhung .. gip mdt dang Todn “Ia mot chut cang
khong g:a: duoc! Giong nhu khéng it ban tré tudn thic mic téng; “Vi sa0 ¢6
rit nhiu vi¢e nguoi khac lam duoc ma minh lai khong lam dugc?”.

Néu vity, ngiy hom nay ching 15i s& héi lai ring “Tai sao ¢6 ntﬁmg bai todn
ban vira nhin da biét cach [am. nhung ¢o nhimg bai toAn phii nghi mét 15 phit,
tham chi o nhiéu bai toan ban nghi ci ngay vin khéng gidi quyét duge?”
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Chiéc chia khoa thianh cong & div chinh 1a kidn tinic va tdm mhin

Trong Bit dang thire noi chung, cé rit nhidu bai toan khong co l&i gidi
trong mot thdi gian dai. D6 la do “nhitng v tuiny cii khéng con phi hop vai
nhitng bai toan mé”

Ta khong thé hoc thude hét cac bai todn, cac lon gial va te khang dinh
minh 12 mét “chuyén gia” Con dudng hiéu qua nhit chi co thé la tim hiéu
agon nguén vin dé va phong thirc tr duy logic. Hay thir mé rong tim nhin
ciia minh, ban s& mét lin nira thiay duoc mdi twong quan ki diéu gita Toan

hoe v cude song.

Khi nhin vio mét bat ding thirc

Khi nhin vao mdt v&nd&

-
Panh gia 1ong quan vé tinh ding
sai, dd kho, d6 chit cia bai toan.

Panh gid tong quan vé &b kha
thi, muc d6 cdng viée (du an, cong
trinh .. .).

Phén tich vé cac dai lvong, moi
lién h¢ gita cac dai luong trong bit
ding thie do (so sanh dai hrong
nag manh hon .. )

Phin tich vé nhilng yéu 16 cu
thanh nén vin dé xem xét mdi lién
quan pitra chiing (dé c6 mdt goc
nhin cu thé hon).

Thia s dung nhimg phuong
phap quen thude, nhimg danh ga
thuomg gip (dua vao kien thic va
kink nghiém).

The su dung ohimg phuong
phap gidi quyét quen dung tir trude
(dua vao kién thic va kinh
nghiém).

Vi néu cac budc trén vin chua dén két qua cudi cung, thi do la luc ban
cdn vuot qua rdo cian e duy cua minh. Hay sit dung su khac biét tinh @ vé
tm nhin 82 tim ra con duéng ridng, va quan trong hon, hdy gilr viing niém
tin, dilng cam virot qua kho khin, thir thach trén con duong dy dé dén duge
véi thanh cong thit sir. D6 chinh mét trong nhimg bai hoe tuyét véi nhit ma
chiing t6i muon chia sé cang ban doc.

Bl 601 BifU sUY NGHI VE THANH CONG BG1 VG CAC BAN TRE ——

CQ+PQ>1Q
Chi 36 théng mink (1Q - imtelligence quotient) ld quan trong nhing

chi sé hiéu hoe (CQ — curiousity quotient) va chi 50 dam mé (PQ - passion
quotient) ngay nay con guan trong hon.
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T Friedman 43 dé cap i “bdr dimg thirc quan trong nhdt trong cuge
song” tén & cudn sich “Thé gion phang " noi tiéng

Qua thuc, nhirng con ngudi ham hoc hoi va giau dam mé hoan toan ¢
the tur hoe, twr lam viée va tu tao dong lirc cho minh. 6 chinh la li do ho tro
nén thanh cong

Nhung ngiy hém nay, duong nhy thé hé hoc sinh, sinh vién ciia ching ta
&4 quén di hai diéu thuee s quan irong Do chink li tink naec dich va sw
kién tri trong cudc song.

Dimg nén lam bat cir diéu gi ma ban khong biét hay chua timg nghi t&
muc dich cua nd. Chiing ta cin li do rd rang cho ting cong vigc hang ngay
dé dam béo nhirng viéc lim @6 déu mang mit ¥ nghia, mdt gia tri nhat dinh,
Pua ra mot cai dich rd ring, sau d6 vach ra con dudng kha thi dé viron t6i la
vige [am cén thiét

Dicu kién cin dé co nhing muc tiéu phu hop vai minh do la ban can
trang bi mét tdm nhin bao quit di kém voi sy ham hoc hoi. Hoc héi ¢ diy la
hoc hoi tit nhitng nguoi thanh cong - nhimg con ngudi tich cyc chir khong
phdi nhimg ke tiéu cuc,

Vi dy, trong s6 10 nguai cing nganh nhin xét vé thanh cang cia mot ca
nhin ndo do, xin chiic chiin voi ban ring s& c6 9 ngudi ndi ring: “Anh ay
gidi thit. Nhung minh chac chian minh khdng lam dugc vi:

o Anh iy cd mét tri tué siéu pham. Chung ta thi khong,
¢ Anh Ay cb nhidy tién, nhidu mdi quan hé. Chung ta thi khong,
o Anh dy li ngudi luon gip may méan "

Qua thuc, ¢o hang trim. hang nghin li do dé nhimg ngudi thit bai wr tri
hodn thinh ¢dng cua minh. M&i khi ban nhin thiy ai do thanh cdng, ban s€ dé
dang nghf ring ho it gip phai vin dé va it tro ngai hon ngudi binh thuong. Co
thé sy tai ning, may min di gitip ho 1éo l4i thanh cong qua quing 8 day kho
nhoc do mét cach dé dang. Moi thir duong nhur déu xay ra theo nhimg gi
Thugng DE dinh sin cho ho. Nhung thyee 1€ di chimg minh rang:

“Khéng co gigi han tse duy nde cia con ngwot ngoai gici han do chinh
con ngudi dii ra” (Napoleon Hill).

Nhimg ngudi thanh cong nhdt lai chinh 12 nhimg ngudi d3 timg thit bai
nhiéu nhat. Va mdt trong nhimg yéu to quan trong nhit [am nén diéu ki diéu
chinh la su kién tri, diing nhu ciu noi: “Keé thét bai ludn ludn bo cude som,
ngudi thanh cdng kién nhiin dén cudi cing”,
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Dudng nhir khi ¢on tré, ai ciing ¢d wde mo, hoai bao nhung khong ahiéu
ngudi dam theo dudi, duy tri ngon lira cua minh dén cung Pa phan nhimg
ngudi thiit bai mét rit nhidu thoi gian chi 4@ lam theo nhing diéu ma ngoai
cinh tac ddng. Ciu chuyén sau diy la mot minh hea dic sac cho két qua cla
viéc khdng kién tri véi chinh kién cia ban thin.

C6 hai cha con nha no dat mot con liza ra che ban. Cha ngdi lén lumg
liea, con di b theo san.

Ngrevi hén deimg theiy thé lidn noi: “Cha gi ma khing biét thiomg con,
dé cho con minh phai di bi!". Nghe vgy ngedi cha lién nhay xudng hmg lin
nincing cho con ciabi hea,

B mot chée hai cha con lai nghe nguwoi hai bén dimg chi trich: “fim
con that vé ¥, ngoi ung dung rén hag hiea trong ki cha lai & bé". Nghe
nlr vy hai cha con lai bao nhuu: chi con mdt cach dé cho thién ha khoi
noi, la hai ta cing cui hiea

Thé la hai cha con cing leo lén lung . Ninmg & dwge mot doan o
tiép tuc nghe mot lon nhdr xét khdc: “Dimg nén nginse di gia suc nhie vay,
lam sao con lica €6 thé chiu dung e sic néng thé chie”. Nghe thdy hai
cha con Idp tee nhay xuoing khoi g Hea,

Di dere mét quing, lan nay lgi co ngii khdae phé bink: “Thdi dai dot,
co i ma khong dam cuivi lai phai i bg"'. Hai cha con khong biét nght sac
cho phai, danh nai hng khiéng con liea dén che!

Doi khi chiing ta s& bi anh hudng rat nhidu béi nhimg ¥ kién trdi chieu
ngodi cudc song. Di nhién can phii biét ling nghe nhitng dong gop xdy
dung cia ngudr c6 thién chi. Tuy nhién, bén canh do chung ta khong nén dé
minh bi rung ddng boi nhing loi dém pha thidu nén tang tir do dan dén
nhitng quyét dinh sai 1am._BDimg lo so cic ngon gio cua nghich canh. Hiy
nhé ring mot con diéu bay 1én duge vi nguoc chicu gioé chir khong phai vi
cang chidu gi6.

Cubi cing, xin chiic cic ban hoe sinh, sinh vién sau khi doc xong
cubn sich nay s& ¢b di nim tin virgt qua moi thir thich dé aén voi
thinh cong trén con dwing minh di chyn.
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