Chuong 1. | .
PHUONG PHAP DAI SO VA DAO HAM

1.1. Cac phuong phap co ban

1.1.1. Dinh li — Vidu
Bt dang thitc tam gisc
Pinh Ii 1.1.1. Véi cac diém A, B, C bat ki trong khf)ng gian, ta cé
AB < AC+CB.
Dang thitc xay ra khi va chi khi diém C trén dudng thing AB.
Vidu I. (Ao — Ba lan 1983) |
Cho «u, b, ¢ 1a d6 dai cic canh ciia mot tam gidc. Chiing minh
a b ¢
b+c+c+a+a+b

< 2.

Chitng minh. Ta c6 , _
a - b ¢ 2u 2b 2¢

. b+('+(‘+a%u+b:(b+<ﬁ)+(b+<')+(('+a)+(c+a)+(a+b)+(a+b)
& < 20 N 2b N 2¢
at+(b+¢) b+(c+a) c+(a+h)
:2(a+b3r<'):2
a+b+c
a b ¢

Vay + + <2.
b+c¢ ¢+a a+b

Vi du 2. (Phdp 1983)

a) Ching minh rdng véi moi 3 di€ém O, A,, A, trong khong gian, ta c6

04| +|04,| <|04, + 04,

+|0A, - 04,

b) Chitng minh rang voi mc_ﬁ 5 diém O, A, Ay, Ay, A, trong khong gian, ta ¢

>[oals ¥ Joa 1oa].
i=1

ISi<jg4



Chirmg minh. a) Ta c6

0| =1~ > (04 +04,)+ 2(()A ~04, ) < %( ).

Tuo’ngtu |
< (6% %) (0% %)

Suy ra

Chii y. Két qua ctia chimg minh trén cho thdy : trong moét hinh binh hanh
téng do dai 2 canh lién ti€p khéng vugt qué tong do dai cdc duong chéo.

b) Theo a)

i'OA,.l <|0A, + 0A)|+|0A, - 04| +|04, + 04|+ |04, - 04,
i=1 '

Mai khic
04, - 04, +|04, - 04,] <|0A, - 0A, + 04, - 04,

+|0A, —0A, - 0A, +0A|

< IC)A1 + OA3I+ ‘OAz + OA4I |
+|0A, + 0A4‘_+ 04, + OA3I

~ Suyra ‘ZIOA,( <|04, +04,|+|0A, + 0A,| +|04, + 04
i=1 ,

+|04; + 0A,|+|0A, + 0A,| +|04, +04,|.
Vay

ZIOA|< > |oa +oa)

I<i<j<4
Phuong phap bién doi thanh mét binh phuong
Dinh i 1.1.2. (Bdt ddng thitc Cauchy-Schwarz)

Cho «q,, a,,...,a, va b, b,,..., b, 1acédc so6 thuc. Lic d6

2, 2 2\ 12 4 12 2 2
(a] +c12+---+a”)(bl +b; +---+bn)2‘(a,b1+a2b2+~--+a”bn) .



Piang thic x4y ra khi va chi khi céc vecto (qy, gy,...,a,) va (b, b,,
cung phuong.

. . g 2, 2 2\( 12, g2 2\ o3
Chitng minh. Ta dat A -—-(al +a; +"'+”n)(b1 +b5 +---+ b, )va

B:(albl +ayby, +---+u,b, )2.

Luc do6

n

A-B= ia,zb,-2 +z (1,2/7_,2 —Z a’b} -2 Z @a;bb,
e

i) i=l 1<i<jsn

o 2,2 2,2
= Z ("f h; +a;h, ‘2":‘“/"’/”./)
1<i<j<n

= Z (aibj—ajbi)zZO.

I<i<j<n .
Dang thic xay ra khi ¢,b, =a b, véimoi i # j.

Vidu 3. (ESTONIA 1997)

Ching minh rang v4i moi s6 thuc x, y ta c6

,\'2+y2+1>_x\/y2+1+y\/x2+1. ’

Chitng minh. Ta cé

2

OS(x—w/)‘/z+1)~+(y-\/,\'2+1>2.

...,bn')

Khai trién va rit gon ta ¢6 bat dang thitc phai ching minh. Dang thic xay ra

khi va chi khi

X:\/—yz—ﬂz x? -i~y2 =x’ +y2 +2.
y= m |
Hé phuong trinh ndy vé nghiém. Vay ddu bang khong xay ra.
Vidu 4. Cho «a, b, ¢ 1a d6 dai cac canh ci'la mot tam gidc. Ching minh
(a+0) b+ era)28(asb=)b+e—a)cta—b).
Dang thitc xay ra khi ndo ? |
Chiing minh. Trudc hét ta c6

(Ja=b) 20 a-2ab+b >0 ath>2ab.

~l1



Ping thitc xay rakhi a =h. Ap dungtacé

(a+b)b+c)(c+a)= 8\/;5\/1_77\/;_ =8ubc.

Déng thifc xy ra khi va chi khi a = b = ¢. Mit khéc

a> a’“’—(b—(')2 =\/a+b—-('.\/a—b+c.

Tuong tu

bob? —(c—a) =Jhtc—anb—cta,
c> \/('2 —(a—'-h)2 = \/('+a—b.\/('7—a+'b.
Nhan céc bat dang thiic trén day vé theo V€, ta cé

abc>(a+b-c)b+c—a)lc+a-bh).
Tir d6 ta c6 bt dang thitc phai chimg minh.

Dang thitc xay ra khi va chi khi a =b =c.
Vidu 5. (Ao 1993) Cho s6 nguyén n >1'va n s6 thuc duo“ng dy, dyy oeny A,

bat S:a1 +d, +--++a,. Ching minh

a)ZS a;

b) Z di >n(n-1),
=]

n—l

C)ZS a.

Chiing minh. a) Theo bat dang thic Cauchy-Schawrz ta cé

S S S (S—a, S-a, S—an)
S—q S a, S—a, S S S

\/S a' \/ 4 ... S \F_a" ~—n2
S —a, S a, NS~aq, S '

Mat khac

Swa‘+,S—a2+---+S_ —1—-——— 1———— --+1—£”-=n-l.
'S S S S

n—l




Suy ra

oy

S S S n”
+ ot — 2> :
S—a, S-—a, S—a, n-1
Dang thiic xay ra khi va chi khi
S—q S—a,, S
= C = @a]:"':(ln:_.
S S - n
b) Ta cé
' S—a, -~ S—a, S—a, s s S
+ =4t =—H+—+—+ -+ —.
a, a, o dy q dy d,

Theo bat dang thic Cauchy-Schwarz

S S S (al a, a ) ,
—_—t— gt —  — =L > p"
a, a, a, )\S  § S/

trong do (ﬁ‘—+—c—2+---+ﬁj=l- Vay
S S S

S—a, S-u, S—u, S S S 2
+ =44 =n+—t—t-t—2—n+n" =nln-1).

a, d, ‘ a, a,  a, a,
A ¥ 4 : N ki . S
bang thic xay ra khi va chi khi ¢, =---=qa, =—.

c) Theo bat dang thitc Cauchy-Schwarz

2

(144 D(a? +dd o ta?) 2 (a,+ay +--+a,) =52

Su'y ra

o)

“

2, 2, 2 S
7 +a2+---+u"_-—n.

Mat khdc, ta cé theo bat dang thitc Cauchy-Schwarz

(ul(S—_al)+.“+an(s—an)){ 4 +--- " jz(al‘}’""‘*'an)zzsz

S—q S—a

-

n

suy ra




Dang thic xay ra khi vachikhi ¢, =---=a, = —.

n

1.1.2 Bai tap
Bai todn 1. Chitng minh rang néu x, y, z 1a cdc s6 thuc duong thoa man diéu
kién x> +y* +z> =1 thi |

t

1 ,
_ -Es.ry+yz+zxﬁl.

Déng thitc xay ra khi nao ?
Chitng minh.

Ta co
1
l—xy—yz—zx = 5(2 ~2xy~2yz—2zx)

]
= —2—(,\‘2 —2ay+y AT —2az 4y =2y 4+ 22)

1(, 2 2 2
:-_2-((x—y)7 +(y-z) +(z—x) )ZO.
Suy ra xy+yz+zx <. |
Ping thiic xay ra khi va chi khi x = y =z D€ chiing minh bat dang thi hai
ta viét
|
Xy+yz4zv2 - 5 < 2vy+2yz+2zv+120.
'Theftt vay
2iy+2yz+2zv+ 1=+ y 427 +2xy+2yz+ 2z = (v+y+ 2)2 2 0.
Dang thic xay ra khi va chikhi x+y+z=0.
Bai todn 2. Cho x, y, z 1a c4c s6 thuc thoa man 0 < x < y <z. Ching minh

)’(—1—+l)+i(x+z) < (l-l-—l')(.\f-i—z).

x z) y x
Dang thitc xay ra khi nao ?
Huényg ddn. Dat hiéu s6

A :(}—+l)(x+z)-y(lfl)——la()wrz).

X oz x'z) 'y

10



Sau d6 ching minh

A G D0-9E-y)
 xyz

Bai todn 3. (POLAND 1962) Ching minh riang véi cc s6 thuc duong bat ki
a, b, ¢ ta cd bat dé"mg thic
at+bt + !
abc '

a+b+c<

~ Diéng thic x4y ra khi nao ?

Loi giai. Trude hét ta cé

(a2 - b(:)2 + (bz'—('a)2 + (('2 —ab)2 >0

kéo theo
a* =2a*be+ bt + b = 2b ca+ Fa” + ¢ =2Fab+atht 20
S at + b+ D b A 224 be + 2b2('cl +2¢2ab. (1)
Mt khéc |
(az —b* )2 +(b2 -t )2 +(('2 —a” )2 >0
=Sdat+ b+t = Fb b = a2 0. 2) .

Cong (1) va (2) r6i rit gon ta cé
at +b + > ubcla+b+c).

| Cuo6i ciing chia bat ding thitc vira tim cho abc >0, ta c6 bat ding thitc phai
ching minh. Dang thic xay ra khi vachikhi ¢ =bh =c.

Bai todn 4. (USA 2001) Cho céc s6 thuc duong «, b, ¢. Ching minh

2 2 2
a b ¢
—+—4+—2a+b+c.
b ¢ a

Pang thitc x4y ra khi nao ?

Hudng ddn. Ta viét

2 2 2 2 2 2 2 2
& bt dr—ub+b Jrb —~bc+c¢ +(' —cd+a

¢ u b G .
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Ngoai ra st dung két qua
a’ —ab+b* > ub,
b* —be+ ¢ 2 b,
? —ca+a® 2 cd.

Bai toan 5. (SINGAPORE 2000) Cho cac s6 thuc duong o, b, ¢, d thoa man

2 2 2 2\3 . .
& +b* =(* +d*) . Ching minh

Pang thirc xay ra khi nao ?
3

Lot gial. G(_)i E = {(a, b, ¢, (1)6 (R+)4 [a® +b* :(('2 +d*) },

3
¢ , - . ..
=-—+-——1. RO rang v61 mo1 so
a

va ham s6 f:E > R cho bsi f((a, b, ¢, d))
thuc A >0 tacod |
: (a, b, ¢, d) eFE (/13a, Ah: Ac, l(l) e E
@ .
f((a by, d))20 | £((A%a, 2, Ac, 4d))20

Vi két qua trén ta cé thé gia st (a, b, ¢, d)e E thoa man «*+h”> =1 ma

khong lam mit tinh chat tdng quat clia bai todn. Khi dé ¢* +d* = 1. Theo bat ding

- thic Cauchy-Schwarz
4 ' 2
(4—+~17—j(a('+bd)2((-2+d2) =1.

da .
Ngoai ra
| + b +d v 2 a2
(ac+bd) <5 2y ;( :—l—(a“+b“+<-“+d“):l;
Tu do
3 3 ‘
AP
a b ac+bd

Poc gia tu tim diéu kién dé dang thic xay ra.
]

12



" Bai todn 6. (AN PO 2001) Cho x, y, z 1a cdc s8 thuc duong thoi man
xyz 2 xy + yz + zx. Ching minh '
xyz 23(x+y+ z).
Dang thic xdy rakhinao ?
Bai todn 7. (IMO 1993) Cho céc s6 thuc duong «, b, ¢ bat ki. Chitng minh
7 b ¢ d 2

+ + + >
b+2c+3d c¢+2d+3a d+2a+3b a+2b+3¢ 3

Diang thic xay ra khinae?
Loi gidi. Goi V& trdi clia bat ding thitc 14 A. Ap dung bat dang thitic Cauchy-

Schwarz

(a+b+('+d)2 =

( /———3—~—.\E(b +2¢+3d) +, /——JL—-.\‘//}((- +2d +3a)
b+2¢+3d c+2d+3a

¢ .\/;((/+2a+3b) + -——C{~—~—.\/(1(a+2h+3(')J
d+2a+3b a+2bhb+3c |

2

(u+b+c+d)
4(ub +ac +ad + be +bd + cd)

<4A(ub+ac+ad+bc+bd+cd) & A>

Vay dé chiitng minh A > 3’ ta chirng minh

(a+b+c+d) >g
4(ub+ac+ad+bc+bd+cd) 3

Bat dang thiic ndy tuong duong voi

3u+b+c+d) 28(ab+ac+ad+be+bd +cd) 20,

< (a- b)2 +(a- (_)2 +(u— d)2 +(h- (')2 +(bh- d)2 +(c¢ -‘c/)2 > 0.
Pang thitc xdy ra khi vachikhi a =bh=c=d.
Bai toan 8. (IMO 1992) Cho céac s6 thL_rc X, y, z>1 thoa man l+—l—+l =2.
, , _ X y z

Chitng minh
13



\/;+y+22\/x—1+\/;—1+\g——1.

Dang thic xay ra khi nao ?

Huéng ddin. Ap dung bat dang thic Cauchy-Schwarz

\/x—1+\/y~l+\/Z—lS\/x+y+z.\/}-1+y—l+z_l. _
X

Yy z

Mat khic

Rant Pl Al :3——(i+~1-+—1-)=1.
y

X y z X

Tir d6 ta c6 bat dang thiic phai ching minh.

1.2. Phuong phap so sanh cac gia tri trung binh
1.2.1. Pinh li - Vi du
Dinh li 1.2.1. (Bd't dang thitc TBC-TBN) Cho cic s6 thuc khong am

Xpy Xyyoony X,

Ta c6 bat dang thic néi ti€ng duge goi 1a bat dang thiic giita trung binh cong
va trung binh nhan viét tat 12 BAT DANG THUC TBC-TBN hay con goi 12 bat déing
thitc Cauchy (cdn phan biét v6i bat dang thicc Cauchy-Schwarz) :

X+ X, et

s onf

n
Pang thic xay ra khi va chi khi x, =x, =---=x,.

Chitng minh. Cé nhiéu céch chitng minh bat dang thitc TBC-TBN. Doc gia tu
tim moét cich ching minh dinh 1i nay.

Vi du 6. (MOSKVA 2000) Cho céc s6 thuc duong x, y, z thoa man xyz =1.
Chitng minh '
Ayt A+ y+z22(xy+ yz +zx).
Dang thiic xay ra khi nao ?
Loi gidi. Vi tinh déi xiing ctia bat dang thiic nén c6 thé gia sit v<y<z Ta

dat flx,y,z)= Xy A+t xtytz —2(xy+yz+zx). Tacé

14



F(xy2)= £, J—f‘)

=x’+y’ +28 4+ y+z-2(xy+ yz +zx)
| —x —yz—yz—x=2yz +2(2x[yz + yz)
=y2+22+y+z~2()’z+.ry+z.¥)¥2\/;+4-t\/)72
= (=20 + (=) —2e({y-2)
= (=) (=) +1-21)
=(Jy-vz) (y+'z—2x+l+2\/};).

Ta c6 x<y<z nén v+z-°r>0 Vay f(x, v, z)- ( \/}:\/}t)
Pang thitc xay ra khi va chi khi y =

Pat a=x vi b=./yz. Licdé ¢ >0, b >0 va ab® =1. T dé
f(a, b, b):a2 +a+2b—4ab
1

L 4
b* b2

+2p-2=
b
:/3—4(2/75 4B +b% +1)

_ -}71_4(1;—1)2 (26° +4b% +2b+1) 2 0.

Péng thic xay ra khi va chi khi » =1. Theo bat ding thitc trén day ta c6
(Av4)>f( \/—;,\/_);) (a,b,b)ZO.
Dang thic xay rakhi y=z, h=1 vd xyz=1, nghiala x=y=z=1.

Vi du 7. (LIEN XO (cii) 1962) Cho cic s6 thuc duong «, b, ¢, d sao cho
abcd = 1. Chimg minh rang

a*+b*+ St +d® +ab+ac+ad+be+bd+cd >10.

Déng thiic xay ra khi nao ? .

19



Chitng minh. Theo bat dang thitcc TBC-TBN cho 10 s6 thuc duong

2 2 10 : :
b+ vdvabtac+ad +be+bd +cd 2 WONEBEd’

=10vabcd =10.
Péng thitc x4y ra khi va chikhi a=h=c=d.
Vidu 8. Cho a, b, ¢ la cdc s6 thuc duong. Chiing minh

] ) 1 ) 1 5 3 |
a(l+b) bU+¢) c(U+a) 1+abc

Ding thitc xay ra khi nao ?

Chitng minh. Nhan hai vé clia bat dang thiic phai chimg minh cho s6 duong

I + ubc¢ sau dé cong mdi vé cho 3 ta ¢6 bat dang thiic tuong duong

1+ abc 1+ uabc 1+ abc
+1 |+ +1 |+ +1126
a(t+h) ) \(h(1+0) c(l+a)
l+a+ab+uabc 1+b+bc+abc 1+ c¢+ca+abc
+ +
all+bh) h(1+c¢) c(1+a)

>6
(+a)+ab(ive) (145)+be(1+a) L (+)+cai+h)
a(1+b) b(1+v(") c(1+a)

( (I+a) a(l#b)j ( (1+b) b(1+<-)j ( (1+¢) <.'(l+a)J
& — + + + + + >6.
a(l+b) 1+a b(1+¢) 145 c(l+a)  1+¢

Theo bat dang thitc TBC-TBN ta cé

(1+a) a(l+b)>2\/(1+a) a(1+h):

>6

a(l+b)+ l+a a(l+b) I +a .
(1+b) bHU+¢) (1+h) H+c)

+ 22 : =
hb(l+c¢) 1+b b(1+¢) 1+b ’
(1+¢) cU+a) (1+¢) ('(1+a) B
(‘(l+a)+ l+¢ 22\/c.'(l+a). I+c¢ =2

Cong cdc bat dang thiic trén vé theo vé ta ¢ bat dang thitc phai chimg minh.

Dang thitc xay ra khi va chi khi .

16




(1+a) | a(l+b):

a(1+b): 1+a‘ 1
(1+b) bU+0)

= =1
b(1+c¢) 1+5b
(+c) _cQ+a) |

c(+a)  1+c
Céc dang thic néy tuong duong voi
a=b=c=1.
Vidu 9. (ROUMANIA 1998) Cho q, b, x, y, z 1a cdc s6 thuc duong.
Chitng minh o |
X y z 3

+ + > .
ay+bz az+bx ax+by a+b

Pang thiic xay ra khi nao ?
Chitng minh. V6icha y _
(a+ b)(xy + vz + zx) = x (ay + bz) +ylaz+bx)+:z (ax + /7y).

Theo bat dang thitc Cauchy-Schwarz

(x(ay+ bz){ry(az+bx)+z(ax+by))(ayjb7 + mib\_ + ax':rhyj

2

: 2(.\'+y+z) .

Suy ra

2
X Z X+y+z
S A S L5 N (1.1)
ay+bz az+bx ax+by (a+b)(xy+yz+zv)

Piéng thic xay ra khi va chi khi ay + bz = az + bx = ax + by. Mit khéc ta cé
(x + y+ z)2 = x4+ y2 +7° + 2xy'+ éyz +2zx. |
Theo bt dang thitc TBC-TBN ta c6
X+ y2 2> 2xy,
y2 +2° 2 2yz,

ol
22 x> 2z,

wATeA DD _noa ’ 17



Cong V€ theo vé& ba bat dang thiic trén day rdi chia 2 v& clia két qua cho 2 ta ¢
x4+ y2 +2° 2 xXy+ yz+zx.

Déng thic xay ra khi va chi khi x = y = z. Cudi cing ta c6

(x +y+ z)2 >3(xy+ 5/2 +zx).

Thé bat dang thic nay vao bat dang thic (1.1), ta c6 bat déng thic phdl
ching  minh. Pang thic xdy ra khi vA chi khi x=y=z va

ay+bz=az+bx=ax+by, nghiala x=y=1z.
Sau day ta chitng minh lai mot bai todn IMO nam 1993 bang moét phuong
phdp khéc.
Vidu 10. (IMO 1993) Cho cac s6 thuc duong «, b, ¢, d bat ki. Chiing minh
a b ' d 2
+ + + >,
b+2c+3d c¢+2d+3a d+2a+3h a+2b+3¢ 3
Ping thitc x4y ra khi nao ?

Chitng minh. Ching ta da chimg minh bai todn niy dua theo bat ding thic
Cauchy-Schwarz (xem bai todn 7). Sau day 1a mot cach ching minh khac dua vao
bét dang thitic TBC-TBN. Dit

A=b+2c+3d >0,
Bz('+2cl+3a>0,
C=d+2u+3b>0,

D=ua+2b+3¢c>0.
A+B+C+D
p )

Cong céc dang thic trén vé€ theo V€ ta suy ra a+h+c+d =
Suy: ra

4= (_SA+7B+C+ D).
24 \
1
h=—(=5B+7C+D+A),
24
.
c=—(=5C+7D+A+B),
24

. 1 !
d=—(=5D+74+B+C).
24



Lic dé vé trai clia bit dang thiic 1a
a b ¢ d 20 1(7BCD _7ABC)

et — = — + e — o —
A B C D 24 24\ A A A D D D

Ap dung bit ding thitc TBC-TBN cho 36 s6 duong, ta cé

B B C D C ¢C D A D D A
—+ —t—t—F+—+ =t —F+—F+—+ - —F—+—+
A A A A B B B B C c C
7 s0 ] 750  : 7 s6
9 pY,~9 1y9
D
+—/i+ +é+—8—+£> %AQBQCQ 5 =30
D D A'B°C'D
7 s6

Dang thic xdy ra khi va chi khi A= B=C =D. Vay
a b ¢ d_ 20 36 16 _2
—t—t =t =2t — :
A B C D 24 24 24 3
Ding thiic xay ra khi va chi khi « = b= ¢ = d. D6 la diéu phai chiing minh.

1.2.2. Bai tap
Bai todn 9. (Ao 2000) Cho hai s6 thuc « va b trong dé « # 0. Chimng minh
a4+ b’ +~l—+ >~J—
a’ d
Ding thic xay ra khi nao ?
Loi giai. Tacéd

a’ + b’ +-17+Q:(b+—1—) +a’ +——3—

a- d 2u, 4a*

>a” + 37 (dang thfrc khi va chi khi » = -—1—)

d4a 2ua

=3 (theo bat déng thic TBC-TBN)

) 9 | h
Vay u- +b“+—7+—2\/§.
a’  d
1

Déng thic xay ra khiva chi khi ¢’ == va h=——
v 4 v 2a
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Bai todn 10. (LIEN XO 1969) Cho s6 nguyén n>3 Vi a,, d,,..., d, 12 cdc
s0 thuc duong. Chimg minh

a a da d H
1 + 2 et n-1l + n >

ay,+a, a;+a, - a,+a; a +ta, 2

Bai todn 11. (TRUNG QUOC 1990) Cho céc s6 thuc duong d;, d,...., a

"

thoa man a4, ...a, =1. Ching minh
(244)(2+w)..(24a, )2 3"

Pang thitc xay ra khi nao ?
Loi gidi. Vi moi chi s6 i=1,2,..., n, theo bat ding thitc TBC-TBN ta c6

24a, =1+1+d, 2331.1.q, =33/a,, dang thic khi o, =1.

Suy ra bat déng thiic , '
(2+a‘1 )(2+a,)..(2+a,)23"Yaq,...a, =3".
Bat dang thic 1 dang thic khi va chi khi ¢, =a, =+ =a, =1.

Bai todn 12. (BMO 2005) Cho céc s6 thuc duong a, b, ¢. Ching minh

2
a  b? P 4(u—b)

—+—t—2a+b+t
b C a ~ a+b+c

Bai todn 13. Cho cic s6 thuc duong x, y, z thoa man x+ y+z=1. Ching

(1+lj(l+ij(l+l) > 64.
A y Z.

Dang thiic xay ra khi nao ?

Loi giai. Dat P-—-(Hl)(nlj(ul). Lic dé
| X y z)

: 11 1 1 I 1 1
P=l+—4—+—+—+—+—+
X 'y z Xy yz IX Xxyz

minh

Theo bit ding thic TBC-TBN -
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11 1 I
—+—+—23¢ V6l g =

|
Xy z 2/;;;’

1 1 1 2
—+—+—2>3y",
Xy yz zx
L
=q .
Xyz

Vay
| P21+3q+3qz+c‘13:(l’+q)3.

Mat khdc ciing theo bat ding thiic TBC-TBN

| : 1
X+y+z23J vz ¢ = > 3 =3.

{/}y—z_,r+y+z

Suy ra

P>(1+3) =64,

Dang thic xay rakhi vachikhi x=y=z= %

Bai todan 14. (ROUMANIA 1997) Cho s6 nguyén n>2 va cdac sd thuc

~duong x|, X,,..., x, sao cho x x,...x, =1. Ching minh

H

i .X?“FX? _nln=1)

>
6, 33 6°
1sicjsn X TN X 3

Dang thic xay ra khi nao ?
Bai todn 15. (BALTIC WAY 2005) Cho céc s6 thuc duong a, b, ¢ sao cho
abc =1. Ching minh |
a b ¢

. + et <l
as+2 bT4+2 ¢ +2

Dang thic xay ra khi nao ?
Loi gidi. V6i moi s6 thuc duong x ta c6 bat ding thic TBC-TBN
1+ x* > 24, dang thitc x4y ra khi va chi khi x =k Vay
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d b C a b ¢
3 + + +
a +2 b“+2 42 7a+1 2hb+1 2c¢+1

R <1 tuong duong voi

B e SURCT ) o

| 1 1 I 1 1 1
S —+—+—F+— > —+—+—23.
ab  bc  ca abc ab  bc  ca

Bit dang thitc sau cing chinh la bat dang thic TBC-TBN cho 3 s6 duong

—1—+—l—+i>3~—-—1———:3.

ab  bc  ca 31((1/)(')2
Pang thitc xay ra khi vachikhi a=b=c=1.
Bai todn 16. (ESTONIA 2003) Cho «, b va ¢ la cic s thuc duong khong
16n hon 2. Ching minh bt dang thic |
' abc 4
<
a+b+c¢ 3
Bai todn 17. Cho u, b, ¢ la cic s6 thuc duong sao cho @+ b +c° =3,
Chimg minh
1 1 I

+ — + > 1.
1+2ub .1 +2bhc 1+ 2ca

Khi nao bat dang thitc 1a dang thic ?
Chitng minh. Ap dung bat ding thitc TBC-TBN vio méi miu s6, ta nhan
duoc '
1 1 1 '
P L e
14+2ab 142bc 14+2ca 1+a +b™ 1+b +¢° 14+c¢ +a”

- Ta c6 két qua sau day bang cach 4p dung de dang thic TBC-TBN : v6i moi
s0 thuc duong x, y, z )
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X+ y+z233xyz,
Xy + yz+zx 233 x*y? 27

Nhan hai bt dang thic trén day vé theo vé ta c6
| (x+y+z)(xy+yé+2x) >9yz.
Suy ra

1

1 9
Xy

TP
z Xx+y+z
Bit ding thitc nay trd thanh dang thirc khi x = y = z.

Ap dung két qua vira chiing minh, ta cé
1 1 1
2 2 + 2 2 + 2 2
I+a”+b™ 1+b7+¢" 1+ +a”

N 9
U+ )+ 002+ )+ 1+ +d?)
~ 9 9
3420 e p2 ) 3423

Bit dang thiic 1a dang thitc khi va chi khi 1+a” +b* =1+b* +¢ = 1+ + 4

sa=b=c=1.
Bai todn 18. (ESTONIA 2003)
Ching minh réng véi moi so thuc duong a, b vac

\/ab(+ +b+ >2\f

Khi nao dang thac xay ra ?

Bai todn 19. (IMO shortlist 1993) Cho a, b, c,d 1 cac 6 khong am sao cho
d+b+c+d=1. Chimg minh

=1.

abc +h( d+<da+(1ab <*1—+1—’Eab( d.
_ 27 2

Khi nao bat démg thic 1a dang thic ?
Loi gidi. Dat

f (a, b, ¢, d)=abc+ bed + cda+ dab - -12176—6117('(1 |

=b<'(a+d)+ad(b+< ——116—17(1
. 27 )
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Ta dé y thay f(a, b, ¢, d) 1a ham s6 d6i xung. Ta xét cdc truong hgp sau :

; 176 ,
Triuong hop 1. Néu b+ ¢ — —2—;7—b(' <0. Tacé

3 3
- b+c+a+d l 1
f@hbﬂgd)sm(a+d)s{~iiiiii):{}J S
3 3 27
9 9. . 2 9 . l
Do la bat dang thic phai ching minh. Dang thic xay rakhi h=c=u=d = s

Tricong hop 2. Néu b+ ¢ —%7776—/7( > 0. Theo bat dang thitc TBC- TBN

i l
f((l, b’ ¢, d)Sb('((1+(1)+((1;(1j (b'f‘( ‘“1‘2’—7‘6—1?() f(a—;( s b, C, (l:(l).

e

Diéng thitc xdy rakhi « = d. Vi tinh d6i xtng ctia f(a, b, ¢, d) nén ta c6 thé
lap di lap lai qué trinh nhu trén :
a+d a+d , a+d a+d
b 1 , = f /', , —, C
I
b+c d+d a+d b+c a+d b+c¢ a+d b+c
<f =f

b ? bd b b

2 2 2 2 g) 2 2
a+b+c+d b+c¢ a+d a+b+e+d (1 b+c a+d 1)
<f =f

> b 2

4 2 2 4

b+c 1 1 a+d 111 1) 1
Aol )5
474 2 4°4°4°4) 27

D6 1a bat ding thic phai chimg minh. Pang thic xay ra khi va chi khi

> b2 Y

4 2 2 4

Bai toan 20. (BULGARIA 1997) Cho «a, b, ¢ 1a cac s6 duong sao cho
abc =1. Chitng minh - '

1 1 1 1 1 1
<

+ + < + + :
l+a+b 1+b+c d+c+a 2+a 2+bh 2+¢

Dang thitc xay ra khi nao ? .
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1.3. Phuong phap ham s6 16i — ham s6 1om
1.3.1. Pinh nghia — Dinh li - Vi du

Dinh nghia 1.3.1. Mot ham s6 f xac dinh trén mot khoang (doan, nira
khoang) I duge goi 1a mot ham s6 161 (lheo thu tu ham s6 16m) néu va chi néu tap
* hop céc diém trong mat phang toa do

{(.\', y)/xel, ny(-\‘)}
12 mot tp hop 16i (theo thit tu 16m).
Ta ciing c6 dinh nghia tuong duong.
Ham s6 f 1a ham s6 101 trén khoang (doan hay nilra khoang) / néu vdi moi
a, bel vavéimoisothuec A e [O, l]
Af(@+(1=2) f(B) = f(Aa+(1-2)b), ding thic khi a = b.

Khi f la ham s6 lién tuc trén / ta c6 dinh nghia

f1a ham s¢6 16i trén [ khi va chi kh1 f( )+f( ) f(i_?tlj,vx, yel,

déng thic khi v = y.
Ham s6 f 1a ham s6 16m trén khoang (doan hay nira khoang) I néu véi moi
a, bel va véi moiso thuc A €0, 1]
Af @)+ =2) f(b) < f(Aa+(1-2)b), déng thic khi a =

Khi f1a ham s06 lién tuc trén [ ta cé dinh nghia

£16m trén [ khi va chi khi f("'):f(y) sf( ‘;Vjv\ vel,

dang thitc khi x = y.

Sau day ta c6 vai két qua lién quan dén ham s& 16i trén mot khoang (cédc
tinh chat nay ciing diing véi cdc ham s6.16m sau khi thay cdc ki hiéu > boi <
tuong ung).

Dinh Ii 1.3.1. Néu f 1a ham s06 161 trén khoang / thi cac tinh chat sau day
la ding

1.Véimota, b,c,d €l saocho a<b<c<d thi
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F(O)=f(@) _ fD)=fFb)
c—a - d—b ,
Nghia la do d6c cua céc cét tuyén giao nhau xuyén qua do thi cda ham f
tang dan.

2. Néu f ¢6 dao ham trén / thi ham dao ham f” 1a ham so6 tang trén /.
Pinh li 1.3.2. (Bdt dang thiic Jensen) Cho f 13 mot ham sé xdc dinh va c6
tinh 161 trén mot khoano [ va n s6 thuc A, ﬂ,, ., A . Lic dé v6i moi s¢ thuc

Xpy Xppeens X thuoc I ta cé bat dang thic

n

f( )+A’)f( )+‘-'+/1”‘f("’”) f ﬂ'l'/\ +/’L)\ + +2’H n
A +A + A o A+ Ay oo '

Dang thic khi x, =x, =+ =x

n:
Dinh li 1.3.3. Néu f c6 dao ham dén cap hai trén khoang / thi
f10i trén I khi va chi khi f"(x)>0 v6imoi v e l.

Chit y 2. C6 mot so tai licu trong nude dinh nghia ham s6 16i theo dinh nghia
ctia ham s6 16m trén day va nguoc lai. Dinh nghia ndy khéc v6i dinh nghia trong
cdc 1ai lieu ngoai van. Theo tac gia, dé hoa nhap véi the giéi chiing ta nén thay d01
dinh nghia nhu trén day.

Ta c6 thé ching minh bat ding thiic TBC-TBN biéng céch sir dung bat ding

thirc Jensen.
Vi du 11. (Bdt ddang thirc TBC-TBN) Chiing minh bt dang thitc giita trung
binh céng va trung binh nhan

a +a,++a e
' 2> dlaa, ...a, véimoisS thuc khong am a,, ds,..., ,.

n

Chitng minh. Néu mot trong cdc s6 thuc «, =0 thi v& phai ctia bat déng thiic
bang khong trong khi v€ trai khong am. Vay trong truong hop niy bat dang thitc
da duge ching minh. Néu «,, a,,...,a, >0. Ta xét ham s6 f(x)=Inx trén

4 z ~ 4 y 7 1 N ~ g .
khoang 7/ =(0, +). Ta c6 dao ham cdp mot f'(x)=— va dao ham cap hai
. ¥

1 " ; g2
f"(x)=~-—<0 trén I. Vay ham f(x) 13 ham s6 16m trén /. Vay theo bat déng
x”

thac Jensen
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1n(a,+a2+‘---+anj>lnal+lnaz+---+ln(/,] =ln(" v )
> 5.ond, ).

n n

Vi ham s6 f(x)=1Inx 1a ham s6 tang trén | suy ra bat déng thic phai
chiing minh. Dang thic xay rakhi ¢, =a, =---=a,.

_ Chii y. Ta ciing c6 thé ching minh bat _déng thic suy rong gitra trung binh
cong va trung binh nhan nhu sau :

Cho n s6 thuc duong u,, d,, ..., ad, va n s0 thuc ,t,,..., ¢, e(O, ’1) thoa
man f, +t, +---+1, =1. Ta cé bat dang thitc TBC-TBN suy rong :

: nooh t,
ha, +td, +--+ta 2alay ..., .
Diéng thitc xay ra khi va chi khi cdc «, bing nhau.
Vi du 12. (Bdt ddng thic giita cdc trung binh luy thia) Cho n21 s6 thuc
duong u,, d,, ..., a,. Ta dinh nghia cdc trung binh "luy thira" 1a cdc biéu thirc

,1

r

r r F .
a, +a, +-+a, | .. .
S —( L2 . j véi moi so thuc r = 0.
n
Dé dang thay

(11+(12 +-+a,

S] 71

‘ n

la trung binh cong va
n
S, =

11 1
— + - +». + -
a,  d, a

la trung binh diéu hoa cua cic s6 «,i=1,2, ..., n. Mat khic ta quy uéc §; la
trung binh nhan clia cic s6 d6. Véi cdc dinh nghia trén day, ta cé bat dang thiic
gilta cac trung binh luy thira ctia céc s6 thuc duong «,, a,, ..., d

n -’
Cho hai s6 thuc r<t ta ¢6 S <S va dang thic xay ra khi
Uy =dy,=...=d,.
Chitng minh. Trong céc trudng hop O <r <t hay r <0<+t, dé ching minh
_ I
bat dang thiic ta 4p dung bat déng thiic Jensen cho ham s6 f(x)=x, a >0 xdc

dinh trén (0, + ). Trong trudng hop r < <0, ta dat b, = i, i=1,2,...,n Sau

U

d6 dua vé truong hop 0 < -1 < —r. .
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Hé qud 1.3.1. (Bdt dang thiic giita cdc trung binh can bdc hai, trung binh
cong, trung binh nhdn, trung binh diéu hoa)

Véi moi x|, x,,..., x, >0, tacd

h

Vidu 13. Cho ba s6 thuc duong «, b, ¢ thoa man a+ b +c¢ =1. Ching minh
(’ 1)2 ( 1)2 ( 1)3 100
a+—1{ +| b+—| +lc+—| 2—.
a b C 3
Khi ndo c6 déng thitc ?

Chimme minh. Xét ham s6 f(x)=x> tren R. Ta ¢ dao ham cdp hai
g | fG . p

f"(x)=2>0. Vay f(x)=x"16itréen R. Theo bat dang thitc Jensen

1{( 1)2 ( 1)2 ( 1)2} (a+b+<' TaEN 1))2
—Nla+=1] +|b+—| +|c+=] |2 +—L~~+*+-
3 a b ¢ 3 3\ua b )

1
3 Yube

2

) (theo bdt TBC-TBN)

z( +- ) (theo bdt TBC-TBN)

Tur d6 ta c6 bat dang thiic

(i) (o) o[+ 2
a+— | +|b+—| +{c+—| 2—.
a b ¢ 3

Déng thic khi a=b = c = %

Vi du 14. Cho cic s6 thuc duong «, b, ¢. ‘Chimg minh
28



(:z+2bj~3(-) <6
a® +2b% +3c*

Ping thitc xay ra khi nao ?

Chitng minh. Ta c6 ham s6 f(x)=x" 13 ham s6 16i trén khoang (0, + )

nén 4p dung bat ding thic Jensen

(u+2b+3<')2 &2 43¢
6 - 6

Ding thic xdy ra khi ¢ = b = ¢. Tir d6 suy ra bat dang thic phai chiing minh.
Vidu 15. Tim s6 thuc bé nhat M sao cho v6i moi a, h >0

Ya+3b<m¥u+b.

Chimg minh. Ham s6 f(x) = Yx 13 ham s6 16m trén [O, +). Vay theo bat

dang thic Jensen |
Ja+Ib < 3}a + b.
2 2

Dang thiic xdy ra khi « = b. Bat dang thitc nay ¢6 thé viét

Yoo Zah

Y7

\ )
Pang thic xay rakhi ¢ =h. Vay M =—
P

Vidu 16. Cho n 21 so6 thuc duong x,, x,, x, sao cho x +.x,+-+x =1.
Chiing minh rang ‘
NN n

\[l——.\'1 \/1—,\ ./ n—1

Khi ndo c6 dang thic ?

Chiitng minh. Ham so f(x) = 161 trén khoang (——oo : 1) nén theo bat

l—x

dang thdc Jensen vé6i x, x,, ..., x, saocho x,+.x, +---+x =1, tacé

n

xlf(.x'l)Jru ( )+ +xf( ”)>f(\1\ +o
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nghia la
1

N ST Jzn

2 Y . . 1 - , ., 2 -
Pang thic xay ra khi x;, =x, =---=x, =~ Mat khic, theo bat dang thic
R

Cauchy-Schwarz

(Lo, + 1ot T, V<L D (2 a2 vt ).

. L | ., 9 . 1 g 2 - N e ! [N .
Pang thic xay ra khi x; = x, =--- =y =-—. Bat dang thic nay c6 thé viét lai
n

2,2 2 1 ' > 1
'Xl +)C2 + .. +,\’n 2 _('/\.] + "-2 4+ _"”) = —
n ) . n
Tir d6 suy ra bat dang thiic phai ching minh.

Dang thiic xdy ra khi va chi khi ., =x, = =x, =—.
- 11

Vidu 17. (Ao 2000) Cho u, b >0 va s6 nguyén n € Z. Ching minh

[1+3‘-) +(1+’i] >,
b a

Dang thitc x4y ra khi nao ?
Chitng minh. Ta xét cdc truong hop :

+ Khi n20 ham s6 f(x)=x" la ham s6 16i trén (0, +0). Vay theo bat

" * dang thic Jensen

a bY a b\”
aY LY 1+~1—7-+1+—~~ b+
(1+~) +(1+~) > —8L d 21+ UJ )
b a 2 2
Ding thic xay ra khi va chi khi %=~}1<:> « =b hoac n=0 hodc n=1.
a

Theo bat déng thic TBC-TBN ta c6 %+ 252,

b u

n b n : i | |
Vay (1+?—) +(1+-—J >2x2" =2""" Déng thitc xay ra khi va chi khi
) a .

a="b hoac n=0.
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+Khi n<-1: Tadat p=-n>1. Khidé
n n p P
(1+3) +(1+£) >2" o b - d — > }_l
b d (a+b)" (a+b) 2

b’ +d” (a+bjp
< > }
2 2

Bit ding thic cudi suy ngay tu bat dang thicc Jensen tmg v6i ham s6

| f(x)=x" 16i trén khoang (0, +0) v6i p>1 va pe Z. Dang thitc xay ra khi va -
chi khi ¢ =bh hay p=1 tic la xay ra khi va chi khi ¢« =bh hay n=-1. Dén day
bai todn da hoan toan dugc ching minh.

Vi du 18. (IMO 2001) Ching minh rang v41 moi sO6 thuc A28 va
a, b, ¢ >0 ta cé bat dang thiic

[7) b « 3
, + + > )
JZ+abe P2 +ica N +aab N1+

Khi nao c6 dang thic ?

Chiing minh. Vi bai todn dang cip déi vdi cic bién «, b, ¢ nén ta ¢6 thé chia
tat ca cac bién s6 cho s6 duong S =a+bh+c¢ dé co bién s6 méi c6 tong bang 1. Vi
vay khong lam mat tinh tong quat ctia bai todn ta c6 thé gia sit a+bh+c¢=1. Ham

P . l S 9 s 2 ’
s6 f(x)=-—=106i trén khoang (O, +00) nén theo bat dang thiic Jensen

Jx
af (2 + 2b¢)+ bf (0 + 2ca) + of (2 4 2ab) > £ (ala® + Abe)

+h (P> + Aca) + (2 + Aab)),
nghia I3 |
d N b . ¢
Ja* +abe b2 +Aca N+ Aab
1
) \/a(a2 + Abc) + b(b2 +Aca) + (¢ + Aab) |

Vay ta chi can chimg minh

(a +/1bc)+h(b +/1<a)+(((, +/1ab)<1;/1
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nghia la

a+bh+3 +3/1abc < %i

Ta ¢6 thé kiém ching d& dang déng thitc
&b+ = ((1 +b+ (')3 - 3(a2b v aic+ab? +act + bt + bR+ 2abe).
Vay
&+ b+ +3abe
=(a+bh+ (')3 - 3((12/) +a'c+ab® + a(2 + bt + b+ 2(1/)(') +3Auabc.

=(u+b+¢) =3(Pb+d e +ab* +act + bt + b)) +3(4 =2) ube

<1-3.6¥ah%® +3(1-2)ubc (bit ding thiic TBC-TBN),

3
a+b+('j

s1+3(/1—8)ab‘(-$1+3(/1~8)[ (bdt TBC-TBN va 4 >8),

A=-8 1+4
+ = :
9 9
bang thic xay rakhi a=b=c.

<l

1.3.2. Bai tap

Bai todn 21. Cho a, b, ¢>0 thoa man a+bh+c=1. Tim gid tri nhé nhat

© clia :
| ( 1 )]O ( 1 )IO ' [ 1)10
d+—| +[b+—1| +|c+—| .
a b ¢
‘ [\1°
Loi gidi. Trude héttacé O <y, b, ¢ <1. Bay gio xét ham s6 f (1) = (.\' +—)
. . X
1Y, 1
tréen khoang /=(0, 1). Ham s6 ndy c6 f'(x)= 10(,\‘+—) [1~—7j, suy ra dao
X x°

ham cap hai

fr(x) = 90(”1](1"1*)“0“%9(1]
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duong trén /. Vay £ (x) 12 ham s6 16i trén / va theo bat déng thitc Jensen

1?())9 ~3f(a+b+( J<f(a)+_f(h)+.f(")

(et (ot o
=la+—| +|b+—| +jc+—| .
a b c

10
Suy ra gia tri nho nhét ctia biéu thiic Ia Bt dat duoc khi u=b=c= -l—

Bai toan 22. Cho d, b>O va p, g >1 sao cho —l—+—1~—1 Chirng minh
P 4

P q
<y b > ub.
P 4
Khi nao dang thiic xay ra ?
Ta c6 bai toan quen thudc phai ching minh bing bat dang thic Jensen sau
day. ' '
Bai toan 23. (IMO 1995) Cho «, b, ¢ 1a cac s6 duong sao cho abc=1.
Ching minh

1 :
ST B R
alb+c) b lc+a) Ala+b) 2

Xdc dinh khi nao bat ding thic trg thanh dang thic.

Chutng minh. Thuc hién phép thé xz—l—, y:—lb— va z':l thi diéu kién
a ¢
“abc =1 tuong duong v6i xyz=1 va bat ding thic phai ching minh tuong

duong véi

2 2

2

y+z z4x x4y

; 1 \ " -
Xét ham s6 f(x)=— trén khoang (0, + ). Tacé f"(x)= ——23— >0 v6i moi
X N

x€(0, +0), suy ra f 1a ham s6 16i trén (0, +o). Vay theo bat déng thic Jensen
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x? : 2 Itz (z+x X+
e
y+z z+Xx X+Yy X y z
(y+z)+G+x)+(x+y)) x+y+z
X+y+z '

>(x+y+ Z)f(
Cudi cling bat dang thitc TBC-TBN cho ta

,\+y+ _\/———

Suy ra bat dang thitc can chng minh. . _
Diéng thitc xdy rakhi vachikhi x=y=z ticlakhi a=h=c=1.
Bai toan 24. (BA LAN 1995) Cho s6 nguyen n>1. Xac dinh gid tri nho

nhat cua ton0

N
)(”
+-e
n

A
4

S=x+

) 1 1
VOl x|, X5, ..., X, sao cho —+:--+—=n.

X Y

X ;

n
. Bai todn 25. Cho s6 nguyén n 21 van s6 thuc duong x,, x,, ..., x, sao cho

n

X, +x, +---+x, =1. Chitng minh

, 1Y 1Y
x+— | + x +~—— ,\ +—~ >n —+tn|,
‘ X, n
1
n

va dang thifc xay ra khi X=X, ==X, =

n

Loi gidi. Vi ham s6 y = x” 16i trén khoang (0 ; +) nén theo bit dang thic
Jensen

n e

4



, e P b ’ NG N 1 ‘ ) » ’ 2 -
Sau d6 vé6i cdc ham s6 161 y=x’ va y=— trén (O, +0), cdc bat dang thic
Jensen cho ta

X, > n

< =n.
n X X, et X,

Cong hai bat dang thiic trén, ta suy ra bat dang thitc phai chitng minh

U z P . » 1
Pang thic xay rakhi x, = x, =---

=

Bai todn 26. Cho s6 nguyén duong n>1 va n s6 thuc duong X,

- - "‘2’ ..
sao cho x| +.x, +---+x, =1. Ching minh |

n

.Xl + /‘.2 +...+ Xn 2 ‘\'-/\-1 + -’(2 +"'+\’./\." .
\/l—xl \/l—-xz I-x, n-1
Khi nao cé ding thiic ?

Bai todn 27. Cho 3 56 x, y, z >0, ching minh

Khi ndo xay ra ding thic ?

Loi gidi. Dat « =[x, b= \/;, ¢ =z. Bit déng thiic phai ching minh tr&
thanh '

- 13 13 13
a”+b +c
alO +b10 +(‘10 ‘
. abc
Theo bat dang thic giita cdc trung binh lu§ thira. Nhac lai

IA

a4+ b7+ =380 =35/087 >38/063 = (4" + b +('10)ab('

T dé suy ra bit dang thic pha1 chung minh. Ping thic xay ra khi
=h=c&x=y=z.

5



Bai todn 28. (IRAN 1998) Cho céc s6 thuc duong x,, x,, x5, X, thoa man

x,x,Xx3x, =1. Chiing minh
St x> X, X, X ! —_——

Pang thic xay ra khi nao ?

Bai todn 29. (Bdt ding thirc Hélder) Cho hai s6 thuc p, ¢ >1 thoa min

l 7 - s ,e . . )
—+—=1. Ching minh rang v6i moi s6 thuc khéng am «,, a,, ..., u, taco
P 49 | |

N !
anbnlﬁ(a{’+a§’+...+a:)p (bf'+bpfl+"'+b,(,')"- .

|ty by | + +oot

a,b,
Khi nao dang thitc xdy ra ?

Chit y. Khi p=g=2, bat dang thic trén day 13 bat dang thiic Cauchy-
Schwarz.

Chitng minh. Dat

A=al +af +-+a’

n?
B=b"+bl +---+b".

Néu A hay B bang 0, thi moi s6 «; =0 hay moi s6 h; =0. Lic d6 hai vé ctia

bat dang thitc déu bing khong. Bay gid ta xét truong hop A =0 va B=0. Pat

1 | . § al .

h=—vat,=—,thi O<¢,r,<lvag+t,=1. Dat x, =~ v61i=12,...,n va
4 q -

q

Yi =—é— voi-i=1,2,...,n Tacod x;+x,++x, =y +y, +---fryn =1. Vi ham
s0 f(x)=¢" 1a ham s6 16i tren R (vi f"(x) =¢* >0 v6i moi x e R). Vay theo
bat dang thic Jensen véi i =1, 2, ..., n.

11

‘_xl}?y]}/h =f(’1 Inx, +¢, lny,.)Stlf(lnx,.)nttzf(lnyi):;\:L+ﬁ.
poq

Cong céc bat dang thirc trenkhi i=1,2"..., n tac6é
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A? B9 A" BY
1 SR

Xyt X, Y ety
3 q P4 I 1
=xlyl+-+xPyl < L+ L

p q
D6 1a bat dang thic phadi ching minh. Péng thic khi va chi khi

Xp =Yoo X, =Y,

=l+l=L
P 4q

: - ) 2 7 3 .
Bai todn 30. Cho a, b, ¢, d >0 thoa man ¢* +d* =(a® +5>) , ching minh

Dang thitc xay ra khi nao ?

Bai todn 31. (USAMO 1980) Cho céc s6 thuc a, b, ¢ €[0, 1]..Ching minh

: b c - '
¢ 4 t— +(1-)(1-»)(1=-c) <1,
b+c+1l c+a+l a+b+1

Khi nao cé dang thic ?
Ching minh. Truéc hét ta c6 nhan xét, khi mot him s6 c6 dao ham dén bac
hai va 16i tren mot doan [a, B] thi ham s6 d6 s& dat gié tri 16n nhat tai & hay S.
‘Ta dat
a b ¢
+
b+c+1 c¢+a+l a+b+1

f(a, b, (') =

+

+(1-a)(1-h)(1=0).

Bay gid cho mot trong céc bién (vi du ) thay doi con céc bién con lai (b, ¢)
c6 dinh thi dao ham cap hai theo bién dé, vi du « la
2b 2¢

+ —>0.
(c+a+1)’ (a+b+1)

fd"(a, b, (') =

Vay £ 16i theo bién « trén doan [0, 1] va dat gi4 trj 16n nhat f0)=f(1)=1
khi ¢ =0, hay a =1. Tuong tu d6i véi bi€n khac. Vay ham s6 f dat gia tri 16n nhat
f(0)=fF(1)=1 khivachikhi a=h=c=1 hay a=h=c=0. D6 12 diéu ta phai

ching minh.

7



Bai todn 32. (USAMO 1977) Cho a, b, ¢, d, e va p, ¢ la cac so thuc duong
saocho O0<a, b, ¢, d, e < p < g, chimg minh

(a+b+c+d+e)[l+l+l+—l—+l)s25+6 P_ 4.
: a b ¢ d e q D

Hay xéc dinh khi nao bat dang thitc 1a ding thic.

Chii y 5. Bt dang thiic ndy c6 tén 1a bat dang thic Kantorovich va 1a mot
trudng hop dac biét ctia bét dang thiic Schweitzer dugc ching minh tuong ty nhu
bai toan trén day. Ban doc tu tim ham s6 16i thich hop.

1.4. Phuong phap thé
1.4.1. Pinh li - Vidu

C6 nhiéu bat déng thic khong thé chimg minh truc ti€p ma phai thay déi
bién s6. V6i cac bién méi, bat dang thic tré nén dé dang hon trong viéc chung
minh. Sau day 1a mét s6 dinh 1i, vi du va bai tap.

Dinh li 1.4.1. (Nesbitt, 1903) V&i moi $6 thuc duong «, b, ¢, ta cé bt
| dang thic
a b ¢ 3

+ + 2 —.
b+c c¢+a a+b 2

Sau day ta ¢6 nhi€u cach chimg minh dinh Ii nay.
Chitrng minh 1. Sau khi thuc hién phép thé x=b+c¢, y=c+du, z=a+b, bat
dang thic tré thanh

Z Xj—z:i?_g hay Z y+226.

cyclic 2x cyclic X

B4t dang thiic nay suy tir bat déng thic gita trung binh cong, trung binh nhan :

+z ' X X
) NI L P
X X x y vy z z

cyclic

Chit y 6. O day ta c6 dua vao mot ki hiéu méi sau nay sé duoc sir dung
rat nhiéu : :
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Z xzx%y+z

cychic

néu ching ta can cong ba s x, y, z ¢6 vai tro giong nhau ma v dugc "cir" lam dai

dién.

rang

Chiimg minh 2. Ta thuc hién phép thé
a b ¢

X = = z=

% , )
b+c c+a ' a+b

N » t )
Suy ra v6i ham s6 f (1) = s taco
+t

Y A=Y 4o

cyclic cyclic a+b+c

Vi ham s6 £16m trén khoang (0, «), bat dang thiic Jensen cho ta

)53 2005

cyclic

Vi f1a ham s6'don diéu tang, bat dang thitc nay kéo theo

S IHIHE gy 5

cyclic

1
2° b+c¢ 2

Chitng minh 3. Giong nhu cich chiing minh trén day, ta chi can chitng minh

1 | X+y+z X
T>—, trongdé T = ——— va =1.
2 8 3 Z 1+

cyclic
Ta chi can kiém chiing diéu kién

2T

cyclic

=l =2 yz+xy+ yz+ zx.
1+ x

Theo bat dang thiic giita trung binh cong va trung binh nhan, ta cé
1=2xyz+xy+yz+2zx <2T° +3T° = 2T + 3T -120
= QT -1)(T+1) 20
=T l
>3-
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Vidu 19. (IMO 2001/2) Cho a, b, ¢ 1a céc s6 thuc duong. Chiing minh rang
d + b + ¢ >1.
Ja +8bc b2 +8ca N¢* +8ab
Loi gidi. Dé tranh cac can s6 bac hai, ching ta thuc hién phép th€ sau day-

X ='—-i——, y:——b————, z =———£;~. RO rang, x, y, z e(O, l). Ta phai
Va* +8bc Vb? +8ca Ve +8ab

chimg minh x+ y+z2>1. Tachdy ring

2 ) 2

2 2 2 2 2
a X b y ¢ z

8bc 1-12 8ac 1—y* 8ab 1-z

NENFYES
= —= . :
512 \l—x" 1=y \1-22

Vay, ta can phai ching minh bang phan ching v+y+z>1, trong dé
O<x,y, z<l va (léxz)(l—yz)(l——zz)z512(xyz)2. Gia st x+y+z<l1. Luc
dé6 theo bat déng thiuc TBC-TBN

== y)1-22)

>((Xfy+2)2 -—xz)((x+y.+z)2 —yz)((.k"f'y'f-Z)z —22)

:(x+x+y+2)(y+z)(x+y+y+z)(z+x)(x+'y+z+z)(.x‘+y)

2

1 ! ! 1 1. 1
> 4(x2yz)4 2(yz)2 .4(y22x)4 2(zx)2 .4(22A'_y)4 2(xy)2
= 512(.xyz)2.
Mau thudn ! Vay x+y+z21.
Vidu 20. (IMO 1995/2) Cho «, b, ¢ 1a céc s6 thuc d&dng sao cho abc =1.
Ching minh |
1 N ] N I S
@ b+c¢) P (c+a) Sla+b)

3
=

] ) e e 42
¢=—, tacod xyz=1. Lac do bat dang

b=t
Y v Z

.
| —

Lot giai. Dung phép thé « =
thic phai ching minh ¢6 dang
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x° v z” 3
+ > =
y+z z+x x+y 2

Tir bat dang thitc Cauchy-Schwarz, ta c6

~

[(y+z)+(z+,\')+(x+y):l[ x + v’ + z jz(x+y+z)"

y+z z4+x X+Yy

Vay, theo bat dang thitc TBC-TBN

. : !
X° N y° N z” Z.x+y+z’Z?)(Jtyz)B :2.
y+z z4+xX Xx+Yy 2 2 2

Vi du 21. (Korea 1998) Cho u, b, cla cidc s6 thuc duong sao cho
a+ b+ ¢ =ubc. Ching minh

1 l 1
+

+ <
Ji+a® V1+p* 1+

o | W

1 1
Lot giai. Dat x=—, y=—
u b .
1 = xy+ yz + zx. Bat dang thic da cho trd thanh bat dang thiic

1 . .
,z=—. Ta thdy a+b+c¢=abc tuong duong vai

~

oW

X oy oz
\/,x2+1 \[vz%-l \/22+I

" X y z
hay + =

+ <
: i
, \/xz +xy+ yz +2zx \/y‘ +xy+Fyz+zx |z +Xxy+ yz+zx

o w

hay

by y z 3

: + + <=

Jory) Gz Jr+z)(v+x) JEro)(z+y) 2
Theo bat dang thitc TBC-TBN, ta cé

X ~ -\'\/(x+y)(x+z)

\/(.x+y)(x+z) (~\'+)’)(X+Z)’

[(,x‘+_v)+(.\-+£)]
(x+y)(x+2)

X X
+ .
xX+z x4y

I x
~<__
2
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Bang cich tuong tu, ta nhan duoc

ﬂyﬂ;(yﬂ) S%(yinryix]

P

va z gl( z 2 )
\/(Z+x)_(z+y) 2{z+x z+y

Cong ba bat dang thifc trén, ta c6 két qua phai chitng minh.

Vi du 22. (APMO 1996) Cho «, b, ¢ 1a do dai ciac canh clia mot tam giéc.
Ching minh

\/a+b—c+\/b+('~u+\/('+a—b_<.\/;+\/—l;+\/(".

Ping thitc xay ra khi nao ?

oo e | . X+z
Loi giai. Pat x=a+b—-c,y=b+c—-a,z=c+a—-b. Lic d6 u= 5

Xty
2
dang thic khi x = y.

b

o= y;Z. Trude hét ta chd y réng2(x+y)2x+y+2\/.—x';=(\/;+\/;>2,

Ap dung bt dang thic ndy, ta c6 cac bat ding thitc sau

Ja+b=c+Vb+c~a :\/r;+\/;_<__\/5,/,\'+y:2\/;
Jb+c—a+Nc+a—-b =\/—):+\[Z_S\/§«/y+z =2/
Jeva—b+Natb—c =z +x sV2z+x =2V

Cong céc bat dang thuc trén vé theo vé€, ta c6 bat dang thitc phai ching minh.

Déng thiic x4y ra khi va chi khi x =y =z tiic 1a khi va chikhi a=h =c.

1.4.2. Bai tap
Bai todn 33. Cho cic s6 thuc a,b,cel0;2] thod man a+bh+c¢=3.
Chtng minh

a*+bh>+¢° <5
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Loi giai. Pat x=a-1. y=b-1, z=c-1. Lic d6 diéu kién cta bai toin 1a
X, ¥, Z€ [—l, 1] va x+ y+z=0. Trudc hét ta cé démg thuc sau
b =+ 1)+ (y+1) (241
=34+2(x+y+z)+a’ +y 42
=34+ x"+yi42z°
Vay bai todn c6 thé viét cich khéc
Cho x, vy, z¢ [—1, 1] thoa man x + y+z =0. Chiing minh
x4y 4zt <2

a2

Khong 1am mat tinh chat tong qudt ta c6 thé gid st —1<x<y<z<I. DE
chiing minh bai todn ta phan nhiéu trudng hop khic nhau :
Truong hop 1. —1< x <y <z <0 thi
Xyt 4z Sl-\‘|+’y‘+lz| zl.\‘+y+z| =0.
Tfumlg hop nay xayrakhi x=y=2z=0
Truong hop 2. -1<x<y<0<z<I thi
Nyt Sl_rl+|_yl+|z| =l_\‘+y|+z =——x—y+z =2z<2.
T)-m)-ng hop3. -1<x<0<y<z<lthi
x4yt 4 z‘2 < I.,\'l+|y|+|z| =—x+y+z=-2x<2.
Truong hop 4. -1<0<x<y<z<l
Truong hop nay khong xay ra vi x+ y+z >0 mau thudn v6i x+y+2z=0.

Vay trong tit ca cic trudng hop ta luon ludn cé bat dang thic phai
chiing minh.

Bai todn 34. (INDIA 2001) Cho x, y, z 1a cdc s6 thuc duong thoa man diéu

kién xyz > xy + yz+zx. Chimg minh

Xyz > 3(x +y+ z)‘.
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Dang thitc xay ra khi nao ?

=

- 1 1
Hiwong dan. Dat a=—,b=—,
X y

3 l o

. Ldc dé dicu kién cha bai toin 1a

a+b+c<1l va bat dang thic phai ching minh 13 ab+br+ca£§. bé c6 bat

dang thic cudi ciing ndy ta dp dung bat ding thic Cauchy-Schwarz.
Bai todn 35. Cho-x, y, z la cic s6 thuc duong. Chitng minh

2 2 2 2 2 2

X7 —z —X z7 - »
+y + Y >0.

y+z 2+ X+y

Dang thic xay ra khi nao ?

Lot giai. Pat a=x+y,b=y+z,c=z+x. Licdé a, b, ¢ >0. Ta cé

,\‘2 —22 y2 -xz 22 —y2 (a—b)(f (b—c)a ((‘—(1)/?
+ + = + +
y+z z4x X+y b C a

ac  ba be
=—t——t——a—-h—c.
h ¢ a

Ta c6 céc bat dang thitc TBC-TBN

£+EI_ - /a('ba “2a
b ¢ bc

ba bc bubc

—+—2>2 =2b,
& 17 ca
4 Doy 2y,
b « ab

Cong cdc bat dang thiic trén vé theo vé 16i chia két qué cho 2, ta c6 bat déng
. ac bu b ' ey e s ) v v )
thic e +—+-——a—-h-c20. D6 la bat dang thiic phai chimg minh.
¢ a
Bai todan 36. Cho a, b va ¢ la cic s6 thyc duong. Ching minh

a? b ¢ a+b+c
+ + > .
b+¢c c+a a+b s« 2

a4




‘Péng thirc x4y ra khi nao ? |
| Hiéng din. Pat x=b+c¢,y=c+a,z=a+bh va p=a+b+c. Lic déb
“x, y, z la cdc s6 thuc duong. Ta chimg minh bat dang thic

. U+y+ﬂ@£+él+iJ2p?

X oy oz

Tix d6 suy ra bat dang thic phai ching minh.

Poi khi chiing ta chitng minh bt ding thitc bing cach déi cic bién s6 boi
cdc ham so6 luong gidc. Sau day la mot vai bai todn duoc g1a1 theo phuong
phdp nay.

‘ Bai todn 37. Cho a, b, ¢ 1a céc s6 thuc duong thoa man «¢+h+c=1.
Ching minh

a b abc 3\/5 ,
+ + <1+ :

a+bc b+ca c+ab 4

Loi gidi. Bat dang thitc phai chimg minh tuong duong véi

ab
1-+"1 +4 L <14 3J—
bc cd ab
1+ 1+ 1+

bat x = ‘/b( ,f;l- z= ,/ . Luc dé ta pha1 chng minh
z

3f

<1

1+x“ 1+y“ 1427
trong do ., y,'z >0 va xy+yz+zx =1. Dé dang ching minh ring ton tai cdc goc
A B, C e(O, 7z) vOl ‘

B
x =tan—, y =tan—, z:tang, vi A+B+C=r.
2 2 2

Bat dang thifc trg thanh
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33

hay 1+2(cosA+cosB+smC)<1+
hay cosA+cosB+sinCS§\—2/§—.

. B A-B
Chu y rang c:osA+cosB=2cos(A;L jcos( 5 )

A-B
2

ol

<—, sSuyra
s yr
-2

’COSA+COSBSchS(A;B)ZZCOS(”;C).

Vay chi can chitng minh

2cds(ﬂgcj+smC<~3—\é/——?i<::>smC+2§m—2—<—3£

trong d6 C (0, 7). Dat ()= smt+25m5 xac dinh trén khoang (0, 7r). Ham
¢ ’ r ”
s6 nay cé daoham f'(1) =cost + cos—z—. Ta cé

()= O@I“ﬂ*é@l“y—

3

Gid tri cha dao ham cap hai tai diém téi han nay la

f”(%—) = —sin (z)-—lsin (—7{) <0.
3 3/ 2 3
Vay gid tri 16n nhét ciia ham sé trong khoang (0, ) 1a
(2 (2 |
f (-7-[—) = sm(-—l—[—) + ZSIH(EJ = 3.—@.
3 3 3
3v3

4
" Suy ra f(f)zsint+2sm§S~—?——. :

D6 chinh la bat dang thitc phai chimg minh. |
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Bai todn 38. Cho céc s6 thuc x,, x,, ..., x, thoamin —-1<x, x,, ..., v, <1

va ¥ 4+ 44 x* =0. Chitng minh
n
Xy Xy et X S —3—
Ping thitc xay ra khi ndo ?
Hudng ddn. Dat x, =sin(a,) véi i =1,2, ..., n. Tacé diéu kién
0= sin3v(a, )+sin’(a, )+ +sin’ (a,)
= %(BSin (a )~ sin (30{1 )+ 3sin (0{2 ) —sin (3052 )+--+3sin (a,)-sin (3a, ))

sin(3q, ) +sin{3a, )+ +sin (3, )
3

Bai todan 39. (Iran 1998) Ching minh rang, v6i moi x, y, z>1 sao cho

+l . ' .

<:>éin(al)+sin(a2)+---+sin(a”):

1
—+

L1,
Xy

\[x+y+zZ\/x——l+\/y~l+\/z—1.
Loi gidi. Truée hét ta dat a=+x—1,b=+Jy—1, c=vz-1. Lic dé, diéu

kién tr& thanh
| I 1 1

bt ——— =2 b+ P+ A 1 2a7h =1
1+a” 14+b° 1+

va bat dang thirc phdi chitng minh twong dwong véi bat dang thitc

‘\/az +h 4+t 432 u+b+c < ab+be+ca s%.
bat p=bc, g=ca, r=ab. Cong viéc cta ching ta 1a ching minh
p+yq +‘ r S% trong do piHqt+ - +2pgr =1. Ta thuc hién phép thé luong gidc
nhu sau. Ton tai cic goc A, B, C € (0, —725) sao cho A+ B+ C =7 thoa min
p=cosA, g=cosB, r=zcosC
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Cudi cing ta di dén mot bat dang thic luong gidc rdt quen thudc

3 . 2 ’ ~ A A 2 pa
cosA+cosB+cosC < 5> Bat dang thitc nay suy tur bat dang thic Jensen.

Bai todn 40. (VIETNAM 1998) Cho x,, x,, ..., x, 1a cic s6 thuc duong

sao cho

RS DR S B
X, +1998  x, +1998 x, +1998 1998

Chirng minh

Déng thitc xay ra khi nao ?

Bai todn 41. (USA 2001) Cho «, b, ¢ la cac s6 thuc khong am sao cho
a’> +b? + ¢ +abc = 4. Ching minh 0 < ab +bc +ca—abc < 2.

Loi gidgi. Liu y tAng néu a>1, h>1, ¢ >1 thi ¢* +b? + ¢ +ube > 4 trdi gia
thi€t. Vay ton tai it nhat mot trong 3 s6 «, b, ¢ khong 16n hon 1. Gia st « <1, thi

ab + b+ ca—abe > (1—a)be 2 0. Bay gid chiing ta ching minh bat dang thic
thit hai ab+hbc+ca—abc<2. Dat a=2p, b=2q,c=2r, ta c6 di€u kién

P +g*+r+2pgr=1. Vay tén tai mot tam gidc ¢ 3 géc nhon la A, B, C
sao cho
a=2cosA, hb=2cosB, c =2cosC

Lic dé ta cdn phai ching minh

' |
cosAcosB+cosBcosC+cosCcosA—-2cos Acos BcosC S—z—.

S . <, N ~ , e -2 9 » T
Vi tam gidc la nhon nén ta co thé gia su A ZE hay 1-2cosA20. Luu

y rang
cos Acos B +cos BcosC +cosC cos A ~2cos Acos BecosC

= cos'A(Cost-fcosC)+cosBcosC(1 —2cosA).
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Ap dung bat ding thitc Jensen ta cé

3
cos B+cosC SE—COSA.

Mat khéc 2cosBcosC=¢05(B¥C)+COS(B+C)Sl—cosA. Diéu nay kéo
theo o '

cos A(cos B+cosC)+cosBcosC(1=2cosA)

S(%—QosA)cosA +(1:—E2(M)(1—ZCOSA).

/

Cuoi cung, ta cé
(g—cos A)cosA +(ﬂé)(l —~2cosA) = l
2 2 2

Suy ra bat dang thic phai chimg minh.

Bi todn 42. Cho x, y, z (0, 1) sao cho xy+ yz+zx = 1. Chiing minh

X y z 3\/5

] —x

to

Dang thitc x4y ra khi nao ?

Bai todn 43. (APMO 2004/2005) Ching minh réhg vGi moi s6 thuc duong
‘a, b, ¢ ta c6 bat ding thitc |

(@ +2)(B2 +2)(* +2) 2 9(ub + be + ca). (1.2)

Chimg nminh. Chon A, B,Ce (0, —;Ej sao chou = \/itan A, b= \/Elan B,

¢=+2tanC. Sk dung cong thitc quen thuéc 1+tan’ a = ta bién doi bat

2
cCos o

~ déing thitc (1.2) thanh bat déng thiic tuong duong

9 ) )
ZCOS Acos BcosC(cos Asin BsinC

+cosBsinCsin A+cosCsinAsinB) <1 (1.3)
 Tacé thé dé dang kiém ching déng thitc ludng gidc sau day :
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cos(A+B+C)=cosAcosBcosC —cos Asin BsinC
—cosBsinCsin A—cosCsin Asin B.

Tir d6 bt déng thitc (1.3) tuong duong véi

%cosAcosBcosC(cosAcosBcosC—cos(A+B+C))S1. (1.4)

bat 6= éj—gj-g Ap dung bt déng thic TBC-TBN va bt ding thitc
Jensen ta co
cos Acos BecosC S(COSA +CO3$B+COSC)3 <cos’ 6.
Pé chiing minh (1.4) ta chi can ching minh
%COS} 9(0053 7 ~—cos(39)) <1. (1.5)

Sir dung déng thitc cos30 =4 cos’ @ -3cos6 ta co bat dang thitc (1.5) tuong
duong véi '

—22;100540(]-—C082 H)Sl. (1.6)

Cu6i cung bat dang thitc (1.6) suy ra bai bt déing thitc TBC-TBN :

1

2 2 3 (ol 2

(COS 0.008 ‘9(1_C0529)) Sl(-COb 8+COS 0+1—c0529j:i.
2 2 3 2 2 3

Dang thitc xay ra khi va chi khi tanA:tanthanC:—-l—@a=b:(':1

V2

" Bai todn 44. Cho x, y 1i cdc s6 thuc thoa man x* + y* =1. Chitng minh

l16(* + ) =20(* +y*) +5(x +y)| < V2.
Dang thitc xay ra khi nao ?
Bai toan 45. (Latvia 2002) Cho a, b, ¢, d 1a cac s6 thuc duong sao cho

1 1 1 1

+ +——Fnt =1.
l+a* 1+6" 1+t 1+d
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Chiing minh rang abcd 2 3.

Loi gidi. Ta c6 thé viét a° =tan A, b* =tan B, ¢* =tanC, d* =tan D, trong
’ 7[ / , 2 ’ . A ~ 9 N A ” ’
do A, B, C, De(O, 5) Lic d6 dang thic dai s6 da cho tro thanh dang thic

luong giac
B 2 2 2
cos” A+cos” B+cos“C+cos” D=1.

Ap dung bat ding thitc TBC — TBN, ta c6

.2 2 2 2 2 . -
sinA=1-cos> A=cos’ B+cos” C+cos> D >3(cosBcosCcosD)3 .

Tuong tu
sin> B> 3(cochosDcosA)§ ,

: 2
sin- C > 3(cos D cos Acos B)3 ,
9
sin” D >3(cos Acos BeosC)3 .
Nhan bon bat ding thitc trén day ta ¢
sin® Asin® Bsin? Csin® D >81cos® Acos” Bcos” C cos” D
o] 7 ] 9
& tan” Atan” Btan” Ctan™ D > 81
< abietd? > 81
‘ <> abed 23
Do 1a két qua phai ching minh !
Bai todn 46. Chiing minh ring véi moi s6 thuc dwong «a, b, ¢ tacd

\/b+(.'+x/(‘+a+\/a+b> A(a+b+c)
a b ¢ Ja+p) i) cra)

Dang thic xay ra khi nao ?

Bai todn 47. Cho u«, b, ¢ la cic s6 thuc duong thoa di€u kién
| | 1

—+—+—=1. Chitng minh
ab  ac  hc
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a b . < 33
Ji+a® 1+b? A1+ 2

Khi nao dang thic xay ra ?

~ ‘ 7[
Chitng minh. Vi a, b, ¢ >0 tatim duoc O<a, B,y < ~2— sao cho « =tana,

tan x +tany

h=tanf, c=tany. Ap dung céng thiic luong giéc tan(v+y)=
l-tanxtany

nhiéu 14n, tacé tan(a+ S +y)=0 hay a+B+y =r.
tan” | |
an“x . N
=sin® x, v6i chd ¥ rang cdc goc a, B and y

1+tan® x

déu nhon, nén ta cé thé bién ddi bat dang thitc phai chimg minh vé dang

L : 3V3
sma+sm,8+smys—\2/—_—.

Mat khiac ta lai cé

Vi a+f+y=n vaham s6 y=sinx la ham lém trén doan [O ; 72'], ta co
theo bat dang thiic Jensen

1. 1. 1 1 o 3
—smma+—smpO+—smmy<smm—\a+ 0+ = 8N — = ——.
3 Jsinf+3siny 3( B+y) 17

'Bat ding thitc nay kéo theo bat ding thitc phai chimg minh.
Déng thic xay ra khi azﬂzyzg, hay a=b=c=3.

Badi todn 48. Cho «a, b, ¢ 1a do dai cac canh clia mot tam gidc. Tim gid tri
16n nhat va nho nhat cia biéu thic
a b ¢
2 P s T 2 2
2h° +2¢" —a”  2¢T+2a" —-b" 2a°+2h7 —c

1.5. Phuong phap ham s6 don diéu
1.5.1. Pinh li — Vi du |

Dinh li 1.5.1. (Pinh li vé ham s6 don diéu) Cho f:(a ; b)—> R 12 mot ham
s6 ¢6 dao ham trén khoang (« ; b). Néu f'(x) >0 (theo thit tr f'(x) <0) v6i moi
xe(a;b), thi f1a ham s6 don diéu tang (theo thit tu don diéu giam) trén (a ; b).
Néu f£'(x)>0 (theo thit fir f'(x)<0) véi moi xe(a;h), thi £1a ham s6 déng
bién nghiém cich (theo thi ty nghich bién nghiém céch) trén khoang (u ; b).
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Chitng minh. Trudc hét ta xét trudng hop khi f'(x) >0 véi moi x € (aq, b).
- Cho «<x; <x, <b. Ta cin ching minh f(x])<f(x2). Ap dung dinh i trung
binh tén tai ce(x,, xz) sao cho f(.,\‘z)—f(.\'l):j"'((')(,\“2 —-x‘l). Vi f(¢)>0
nén suy ra f(x,)—f(x;)>0. Trong trudng hop f'(.\:) >0 v6i moi x€(q, b), ta

c6 thé 4p dung dinh Ii trung binh tuong tu nhu trén dé c¢6 két qua tuong tng. Trong
cac truong hgp don diéu giam va nghich bién nghiém cédch ta ciing chitng minh
tuong tu. |

Vi du 23 (Ireland 2000) Cho x, y >0 véi x+ y=2. Chting minh ring
Xy? (.x’z + yz) <2

X+y

6
Chitng minh. Sau khi thém vao v€ phai thira s6 nhan 1 :( J , bat dang

thire duge viét thanh

. 6 |
2( : eryj >y (0 +y7) hay (x4 y) 232075 (27 +)7).

Trong trudng hop xy =0, bit dang thic hién nhién ding. Xét truong hop
xy#0. Pat k=xy. Ta ¢6 diéu kién x+y=2 >2 Xy = 2k, suy ra 0<k < 1.
Vay chiing ta c6 thé ching minh bt déng thic khi & =1 nghia Ia xy=1. Lic do
bat déng thic tré thanh

6
‘ (,\'Jrl) 232(,\'2+—];) hay p’ >32(p-2).
X Xx° v

trong d6 p :(.\'+~1~_] >4. Ta cin {im gia tri nho nhat ctia F(p)=p' -32(p-2)

X

N ' 2 ; . 32 N .- ‘ - N
trén [4, oo]. Vi F'(p)=3p>~3220, khi p= ER nén F la (don diéu) tang trén
[4, 0]. Vay F(p)=F(4)=0 vimoi p>4.

Suy ra bat dang thic can ching minh.
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1.5.2. Bai tap
Bai todn 49. (IMO 1984/1) Cho x, y, z la cdc s6 thuc khong am sao cho
x+ y+z=1. Ching minh
b._<. XY+ yz+zx - 2xyz € —.
yry Y 27
Ding thitc x4y ra khi nao ?

Lot gidi. Cho f(x, y,z)=xy+yz+zv—2xyz. Ta gia st 0<x<y<z<I.
’ | ) 1 S ' +
Vi x+y+z=1,taco x Sg. Suy ra f (.x, v, Z)= (1 —3.x)y2+.\'yz+:x+,\'y > 0.

Ta cé

fly,y, z)= x(y+z)+y:(1-2x)S-.x‘(l —-,\‘)+(1 ;_‘-j“ (1-2x)

r

20+ 47 +1
4 .

Ta cAn tim gi4 tri 16n nhat cta F(x) :—3(—2,\'3 +x>+1) tren doan {O, %}

- 3 (1 . 1 L (7 ...

Vi F'(x)==x|==x |20 trén |0, = |, ta két luan F(x)<F|—|=— v6i moi
2 \3 3 3 27

V,\‘ € [O, —l—}
3

Bai todn 50. (USA 1980) Cho a, b, ¢ la ba s6 tuy y thuoc doan [0, 1].

Ching minh

b C
— (=) (=D (1 =) <.
b+c+l c+a+l a+bh+1 :
Pang thitc x4y ra khi nao ?
Sau day la mot céch chirng minh khéac cta mot bai toan IMO quen thudc da
dugc ching minh bang cidc phuong phéap thé (xem vi du 19) :
Bai toan 51. (IMO 1968/2) V6i moi s6 thuc x,, xy, y, y,, 2;, 2, trong d6

R 2 2 P . A, 2 ’
X, X, >0 va x)y, >z, x,y, > z;, ching minh bat dang thitc
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8 1 1
< 5 + :

(v +x) (3 +3)=(z+2,)  xy-z on-z

Pang thic xay ra khi nao ?

1.6. Phuong phap thiét lap thém " nit chan”
1.6.1. Vidu

Sau day chiing t6i dua ra thém hai cdch ching minh khdc ctia bt dang thitc
Nesbitt nhu 1a mot minh hoa cho phuong phap sap duogc trinh bay. Trudc hét

chiing ta c6 mot vai ki hieu méila > va .. Goi P(x, y, z) la mot ham cé 3

cyclic sym
bién s6 x, y, z. Ta dinh nghia :

Z P(.\', v, z): P(x, v, z)+P(y, z, X)+P(Z, X, y),

cyclic

ZP(x, y,z)= Pb(x, y, 2)+P(x, 2, y)+ P(y, x, )+ P(y, z, x)

sym
+P(z, X, y)+ P(:, Y, \)

Vi du Z Fy=xy+yreiy, Zx’3 : 2(.\'3 +y %i3)

cyclic sym

. ) 2 2 ‘

sym . sym

Vi du 24. (Nesbitt) Vi moi so thuc duong «, b, ¢, tacd

7 b ¢ 3
+——t >—.
b+c¢ c¢+a a+b 2
. . (a 1Y
Chitng minh. Tu ( —,—) 20, tasuyra
b+c¢ 2 ,
8a _
4 >.1_ bte _ Ba—=b-c
bre 4 a o Alatb+c)
b+c
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a Ru—b—¢ | 3
Tir dé sy Buzh-c 3
© 2 ) A(aibrc) 2

cyclic b+ cyclic

Mot s6 bat dang thic c6 tinh chat tuan hoan ¢6 thé dugc ching minh nho dat
thém cac "mit chan”. Gia st ta mudn ching minh

Z F(x, v, z) >C.

cyclic
Néu mot ham s6 G ¢6 tinh chat «
(D F(/\ y, ..)>G(\', Y, z) védimoi x, y, >0, va

@ ¥ G(x y,2)=C véimoi v, y, 2 >0,

cyclic
thi Z F(x,y ¢z Z G(v, y, z)=C.
’ cyclic - cyclic

Vi du, n€u mot ham s6 F thoa man
X
Flx, y,2)2—
. X+y+z
véi moi x, v, 7> 0, thi khi ldy t6ng tuan hoan, ta cé
> F(v,yz)21.
cychic
Khdc véi cach chiing minh bat dang thitc Nesbitt trén day, ta c6 thé chon cdc
"nit chan" nho hon.
Sau day ching ta lai ¢6 thém mot cach ching minh thi hai cia mot bai toan
- quen thuodc (Xem Vi du 20). '
Vidu25. (IMO 2001/2) Cho «, b ¢ la céc s6 thuc duong. Ching minh

a . b N ¢
| \[az +8b¢ \/l)2 +8cua \/('2 + 8ub

, 4 4
Chitng minh. Dat x=d?, y=5b?, 2

>1.

It

¢3. Ta Gim cdc "mit chan” cla

2 »
(.\' +y+ z) trong do x, vy, z>0. C6 ciac "mit chan” nho hon nhu 3(.\'y+ vz + :x)

2

vd 9(vyz)3. Tacé | .
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2 2

- 2 I
(.\' + v+ :) =XNTH Yy +IZT v+ ay+ yz+ vz 4+ I+ X

Ap dung bat ding thitc TBC-TBN :
' 133

YV oAZ XY+ XY+ VI Yz z 4z 2 8yl ydzd,

I 3 3 I 3 33
5 L3 ;
Suy ra (v+y+z) 07 +8x2y4zd = x2 | k2 +8yiz9 ),
. s i3
nghia Ia X+ v+z2\ x| 2 +8y4z4 ).
3
x4 EE
Suy ra Z e 2 Z — =1
X 3 3 3 A +)7+ o4
cyclic 5 ] 4.4 cyclic “
X +8ytz
4 4 4

Sau khi thé x=«?, y=h3, va z=¢*, bat ding thitc phai chiimg minh duoc

viét lai

a
LAY
‘ cyclic (12 +8bhc
Vi du 26. (URSS 1990) Chimg minh rang v6i moi s6 thuc duong
d, dy, ..., d, thoaman u, +d, +---+u, =1, tacéd

2 2 I
4 n-1 q, I

+ +oet + > —
a, +dy,  dy+dy a, +‘a, a, +a, 2

S ]

a

1=l

Chitng ninh. Trude hét ta dua thém cac "niit chdan” méi. Ta ching minh

2

b~ 3b—¢
>
b+ 4

v6i moi s6 thuc duong b, ¢. That vay bat dang thitc ndy tuong duong véi

4?2 (h+c)3h-c) o b =2+ = (h=¢) 20,

Diéng thiic xay ra khi b =¢. Apdung

o]

a, S 3u, - iy

a, +d, B 4
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= W

a 3a —a
> n )|

a, 4

-+

all

Cong céc bat dang thiic trén vé€ theo v& ta c6

. 2 d? 2 b, et 1
a’ . a5 as . a: a, +d, ++ua
! + 2 NS n-1 + n > 1 2 . N R—
a,+a, a,+a, a, +a, a, +aq 2 2‘
1

Dang thic xay rakhi g, =a, =---=a, =—.

1.6.2. Bai tap
Bai toan 52. (IMO 2005/3) Cho x,y, z la cac s6 thuc duong sao cho

xyz > 1. Chung minh

JER ¥ 52
— S 2 >0
5,.2,.2 s, 2 2" 5 3 2
XTHY 4+zT Yy X" D 4xT+y
Loi gidi. Ta c6 bat dang thic tuong duong
R 25 2,8
X" +y +z7 y +z7+x 4+ x4y
Caylezrd alayiat 2, 2+2
X z7 X 7 X4y 4z
hay s 3T s ot s 2 s3
XHy +z" Yy 4z 4T 2 HxT+y
Ap dung bat ding thitc Cauchy-Schwarz va két qua xyz > 1, ta cé
2
(5,2, 2 2, .2 ; LT 2 2, 2)
(x +y +z )(yz+y +z )2 x~(yz)2 +y +z 2(,\' +y +z ) ,
22,2 42 4 52
X z z

RN N R
X y Z X ‘y+1,
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Ldy t6ng tudn hoan bat dang thic trén day va chd y

2,02, 2 ' )
XT+Hy +zT2ay+yz+zx, taco

2,2, .2 2, .2, .2 2, .2, .2
Xy +z WX +y +z LA +y +z Xy +yz+zx

<2+ <3.

5, 2,2 5, 2, 2 s 2 2 2, .2, .2
XNy T oy 424X x4y XYy 4z

Bai todn 53. Cho ba s6 thuc duong «, b, ¢. Chiing minh

a b S S a+b+c

+ 2 2 + ) 2 T
@ Hab+b* b Hbe+t ot Hca+d’ 3
Dang thic xay ra khi nao ? |

Bai todn 54. Cho n s6 thuc duong «,, ds, ..., a,. Chimg minh rang

4 4 4
7 d, : a,
+ 2 +o
2 2 2 2 2 2
(a+a )@ +d2) (ay+a;)(ad +di) (4, +a )(a? +a)

1
Zz(al+a2+---+a").

Pang thitc xay ra khi nao ?
Loi gidi. Dat vé trai chia bat dang thuc 1a P va dat

Q= % + as ot 4
(w+a)(a+@) (era)@+a)  (a,+a)(a+a)

Ta co |
P—Q =d, ~dy+dy —dy+-ta, ~a, +a,—a =0
Vay P=Q. Suy ra P:;(P+Q). Vay bét dang thic phai ching minh
twong duong véi bt dang thiic

4, 4 4, 4 : 4, 4
a) +dy d, +ay d, t4q,

Tyt . oyt e
(aI +(12)(c11 +az) (a2 +a3)((12 +a3) v (a” +a1)(a” +q )

2%(“1 + d, +---%(1,,).

Ta tao mot "nut chdn” méi bang céch chimg minh bat diang thic

x4yt
(x+ y)(x2 +y2)

1 . o
> Z(\ +y) v6i moi*sé thuc duong x, y.



Bang tinh toan don gian bat dang thic ndy twong duong véi
4(.\'4 +y4)2(x+y)2 (.\'2 +y2).’ *)

Ta co ‘ ‘Z(x +y) (H—y)

9

va 2(at )2 (2 +y?)

Nhan hai bat dang thtc trén vé theo vé& rdi it gon ta suy ra duoc bat dang
thuc (*) cin ching minh.

Ap dung két qua vira chiing minh ta cé

4 4
a, +d, |

R —(al+a2),
(a,+a2)@q-+a2)

4 4
d, + dy

' (a2 +a3)(a§ +a32)

_—((12 +(13),

4, 4 «
d +a 1
o 2——((1 +“1)-
2 2 4 n
(a,+4q, )(a" +d; )
Cong cac bat dang thic trén vé theo v€ rdi riit gon, ta cé bat ding thic phai
chitng minh. Déng thtc xay ra khi va chi khi ¢, =u, = =y

ne

Bai todan 55. (USAMO Summer Program 2002) Cho a, b, ¢ la céac so thuc
duong. Ching ndinh

2 2 2

( 2u jé ( 2b )5 ( 2 jS »
+ + = 3.
b+c CH+u a+b

Hudng ddn. Ta ching minh bat dang thic

2

>3] ~—— .
b+c¢ d+b+c¢

Bai toan 56. (APMO 2005)

Cho «, b, ¢ la céc s6 thuc duong thod man abc =8. Ching minh
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2

: a- N b* N A ¢
\/(1+a3)(1+b3) \/(1+'b3)(l+<'3) '\/(1+(-3)(1+a3)
Loi giai. Ta chimg minh "nit chan” dau tién
L
1+)C3 - 2+.\72

4
2__
3

vé1 moi so thuc X. (1)

Bit déing thic nay tuong duong véi

(2 +,>g2 ) 2401+ x°) = 2 (x=2) 20.
Dang thic xay ra khi x =2. Thay x 1an luot bdi «, b, ¢ tacéd

2 7 2
a’ b~ "

Ja+a)1+b?) ' Ja+)(a+ ) ' Ja+)0+a)

9

4a* 4b* 47
> - —+ — + - —.
(2+a“)(2+b") 2+62)2+¢2) 2+ (2+d%)

Tiép tuc vGi v€ sau cha (2) ta ¢

(2)

9

4 4b* . 4¢3
2+a2)2+p2) +p9)2+2) 2+ (2+d?)

a’ (2+(72)+b2 (2+u2)+('2(2+b2)

:4)(
(2+a2)2+562)(2+¢)
S(a, b, (') 2S(q, b, (') 2
= x = = s
72+28(a, b, c) 36+S(a,byc) |, 36
S(u, b,(')

trong d6 S(a, b, ¢)= 2(® + B> + )+ (ab) +(he) +(ca)’ . Theo bi dang thitc
TBC-TBN tac6 ’

&b+ >3 (ab(')2 =12,

(ab)2 Jr(b(:)2 —i~(('a)2 > 3\3/((11)(')4 =48.

Chi y rdng déng thiic xay ra khi ¢ = b =c=2. Cong céc bat dang thic trén
day, taco .
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S(a, b, ¢)=2(a® +b* + ) +(ab) +(be) +(ca) 2 72. 4)

Vay > =—.

ol

4a N 4b° N 4¢7 >i
(2+a)(2+p*) (2+p1)(2+2) 2+2)2+4) 3

Bit dang thitc di dugc ching minh. Déang thic xay ra khi va chi khi
a=h=c=2. A

Bai todan 57. (USAMO 1996) Cho a, b, ¢ la céc s;”)' thuc duong thoa man
abc = 1. Chiing minh |

Vay

ab . b cd '
5 5 + S 5 + 5 5 S l
& +ab+b’ b+ b+ cCHeat+a

Ding thic xay ra khi nao ?
Huong ddan. Ta chimg minh
ab ¢
. 5 S .
& +ab+b”  a+b+c
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Chuong 2.
'PHUONG PHAP HINH HOC VA LUGNG GIAC

2.1. Phép thé

2.1.1. PDinh li - Vidu
- C6 rat nhiéu bt déng thic dugc ching minh bang cdc phép thé. Truéc hétta
ching minh bai toan dugc ching minh lan dau bai Euler (1765).
Vi du 27. (Bdt ddng thirc Euler) Goi R va r 1an luot 13 ban kinh clia céc
duong tron ngoai tiép, ndi ti€p cha tam gidc ABC. Lic d6 ta ¢é6 R >2r va dang
thitc xdy ra khi AABC la tam gidc déu.

Chiing minh. Pat BC=a, CA=b, AC =b, p :ffigi‘; vi S Ia dién tich

ab

AABC. Nhic lai cdc cong thic : § = va' = —Z[—;— = \/p(p——a)(p—b)(p ~¢).
ot . abc S s
Vay bat dang thiic R > 2r tuong duong véi ZE >2— hay abc 28— hay
- P P

abe28p(p—d)(p-b)(p-c). Vabaitoan dua vé chimg minh vi du sau day.
| Vidu 28. Goi a, b, ¢ 1a 3 canh ciia mot tam gidc. Lic d6 ta ¢6 bat dé“ing thic :
abc>2(b+c—a)c+a-b)a+b-c) 2.1
Dang thitc xy ra khi ¢ =bh =c.
Chitng minh. Ching ta stt dung phép thé sau day.
Dat x, y vazlacacséthucsaocho: a=y+z, b= x+é:, ¢ = x+y. Lic dé bat

~ dang thitc phai chiing minh la
(x+y)(y+x)(z+x)28xyz véi moi x, y, z>0 (2.2)
Bat dang thitc nay tuong duong véi |

(x + y)(y+ x)(z + .X‘);S,X'yz = ,\'(y~z)2 + y(z -_x)z + Z(,\‘—y)2 >0
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Tir day ta suy ra bat dang thitc phai chimg minh.
Vidu 29. Cho x, y, z>0. Ching minh bat déng thuc :
_xyz2.(y+z—,\')(z+x—y)(,\‘+y—z) (2.3)

Pang thic xay ra khi nao ?

Ching minh. Vi bat dang thic c6 tinh déi ximg véi cdc bién s6 nén khong
lam mat rinh tong quat cla bai todn ta gia st x>y>z. Lic d6 x+y>z va
z+x>y. Néu y+z>x thi x, y,z la 3 canh cua mot tam gidc, va két qua da
ching minh & vi du 29. Néu y+z < x thi \

’ wyz>02(y+z=x)(z+x—y){v+y-2)

R6 rang truong hop dang thirc chi xay rakhi v =y =z.

Vidu 30. Cho x, y, z 20, chimg minh bat déng thic sau day la ding

xyz2(y+:-~,x')(:+.\‘—y)(x+y~z) (2.4)
Chitng minh. Vi x,y,z>0 nén ton tai cic diy s6 thuc duong

{,\‘”}, {y"}, {:”} sao cho

Iimx,=x,limy =y limz =z

n-—>» N0 H=>N
V&i mbi s6 tu nhién n, 4p dung vi du 29 ta c6 bat dang thiic :
'\-nynzn Z (yn + Zu - ’\.n )(Zn + Xn - yn )("—n + yn - ZII )
LAy gi6i han ca 2 v& ta c6 di€u phai chiing minh. Di nhién ding thic xay ra
khi x=y=1z.
2.1.2. Bai tap

Bai todn 58. (IMO 2000/2) Cho u, b, ¢ la cac s6 thuc duong sao cho
abc =1. Ching minh rang

(a(~1+l)(b——l+l)[c'~l+—l,—)s I (2.5)
b ¢ u ‘

Loi giai. Vi abc =1 nén ta dat
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P

x! ..

—, b:l, ¢c=—V6i x,y,z>0.
y z

Ta viét bat dang thic da cho theo x, y, z :

[£_1+£](1_1+£)(i_1+z)51
Yy yj)\z Z/\x X

o xyz Zv(y+z—x)(z+x——y)(x+y—z).

. a=

-

Pay chinh 12 bat dng thiic da ching minh & vi du 31.
Bai todn 59. Cho ABC 13 mot tam gidc vuong. Ching minh rang

R>(1+2)r (2.6)

Dang thidc xay ra khi nao ?

Phép thé thuong duoc 4p dung cho cdc bét déng thiic lién quan dén cc canh
~ ctia mot tam gidc. Sau khi thuc hién xong phép thé ta bo di dicu kién chiing 1a céc
canh cia mOt tam giéc. |

Bai todn 60. (IMO 1983/6) Cho u, b, ¢ 1a cac canh cua moét tam gidc.
Chitng minh
‘ azb(a—b)'+b2<'(b—c)+c'2a(('—q)%0. : (2.7)
Dang thitc xay ra khi nao ?
Lot giai. Sau khi dat a=y+z,b=z+x,c=x+y Vbi x, y,z>0, bat dang
thuc tré thanh

3 2 2 2
x%+jﬂx+fy2x32+xfz+xw?

NN
hay +—t+—2x+y+z,
y z X

bat dang thitc nay suy tir bat dang thitc Cauchy-Schwarz

2 2 2

(x+y+z)(£y—+zz—+—z;j2(x+y%:)2.

Bai todn 61. Cho a, b, ¢ 12 d6 dai 3 canh clia mot tam gidc. Ching minh bat
dang thirc

a b ¢
+

2.

+
b+¢ c¢+a. a+bh



2.2. Bat dang thirc Weitzenbick
2.2.1. Vidu

Trong muc nay ta dé cap dén bat dang thitc Weitzenbock va cic bét dang
thitc lién quan.

Vi du 31. (IMO 1961/2- Bdt ddng thirc Weitzenbéck) Cho a, b, ¢ 1a do dai

3 canh clia mot tam gidc c6 dién tich S. Ching minh bat dang thirc
@+ +c? 2438
Chung minh. Dat a=y+2, b=z+x,c=x+y vé1 x, y,z>0. Lic dé do ap
dung céc bat déng thic :
(p+q)2 >4pg va (p+q +r)2 > 3(17q +qr+rp),
bét déng thitc phai ching minh tuong duong véi
2 2 2)?
((y+z) +(z+x) +(x+y)") >48(x+y+z)xyz
That vay ta cé
((y +z) +Gz+x) +(x+y) ) > (4yz +4zx +4xy)’
>16(yz+zx+ xy)2 >16.3(yz.zx + zx.xy + xy.yz)
= 48(.r2yz +ylzx + zzxy) =48(x+y+z)xyz,
dé 1a bat dang thiic phai ching minh.

2.2.2. Bai tap
Bai todn 62. (Bdt dang thicc Hadwiger — Finsler) Chitng minh rang véi moi
tam gidc ¢6 do dai cac canh «, b, ¢ vadién tich S
2(ab+bc+ca) —(d® +b* +¢2) > 44/38. (2.8)
Dang thiic xay ra khi nao ?
Chitng minh 1. Sau khi thay a=y+z,b=z+x,c=x+y, trong dé
¥, y, z >0, bat déng thiic phai chiing minh tr& thanh bat déng thitc
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xXy+yz+zx 2 \/3-“)’2(-“ +y+2),

Cudi ciing dp dung hing déang thifc, ta tim duoc dang tuong duong ciia bat
déng thic phai chitng minh

R R (e )
)z(w y2) +(yz—zx) +(ze-wy) o

(xy+yz+zx)2-—3,xryz(x+y+z 3

D6 1a mot bat dang thitc luén ludn ding. |
Chitng minh 2. Ching ta chiing minh bt ding thitc nhd tinh chdt 16i clia

ham s6 y = tan x. Trudc hét ta cé cong thitc luvong gidc quen thudc :

2ab+2bc+2ca *(az +h? +(‘2)
: =tan—+tan—+tan—.
4S5 ‘ 2 2 2

~ N ~ P Py i 7r A, pA ”’ Ve K
Vi ham s6 tanx 16i trén khoang (O ; —2-), bat dang thitc Jensen ching to

(e 2e) 4,8.¢
2ab+2b<'+2(';1;a ) sl 22 2|5

Suy ra bt dang thic phai chitng minh.
Bai todn 63. (Bdt ding thirc Darij Grinberg) Cho a, b, ¢ 13 d6 dai céc canh
clia mot tam giac. Chitng minh céc bat dang thifc :
& +b° +¢ +3abe -2b7a=2¢Mh =24 ¢ 2 0
3a*h+3b%c +3c¢*a—3abc - 2b*a—2¢*h - 2d*¢ 20
Bai todn 64. (Bdt ddng thitc Neuberg-Pedoe) Cho ay, by, ¢, 1a do dai 3 canh
cua tam gidc A B,C, c6 dién tich S, va a,, b,, ¢, 12 do dai 3 canh clia tam giac

A,B,C, codiéntich §,. Chimg minh
| (112 (b;“ +('22 —c1§)+h12 ((22 +a§ ——/722)+('12 (ag‘ +/722 ——('§)2v16S,S,_,

Chii y. Day 1a m& rong cha bit dang thitc Weitzenbock. G. Chang di chiing
minh bét dang thiic ndy bing s phic. Sau day 1a 3 cach ching minh bat dang thic
bang dai s6. ' |



Loi gidi 1.
Bodé 1.

a]2 (h22 +(r§ —a§)+ b12 (c:f +a§' - b22)+('12 (az2 + 1722 —cg' ) > 0. (2.9)
Chitng minh bé dé. Bat dang thic (2.9) tuong dwong véi

(af +8] +c a2 +b2 +¢2) > 2(aPa? +b702 +22). (2.10)

Theo cong thitc Hé-r6n véi i =1, 2 tacé

1652 = (@ + b2 +c2) =2(a* +b* +c*) >0

2,2, 2 4, .4, 4
= af +b + >\/2(a, +b, +c; )

Theo bat déng thitc Cauchy-Schwarz

(a2 +62 +c2) (a2 +02 +¢2) > 2(af + b+ )2 (ad + b0 +c2)
>2 (alzaz2 + blzbz2 + ({_12(’_22 )
D6 chinh 12 bt ding thic (2.10) phai chiing minh.
Theo bé dé (2.9) ta c6
_o2(p2, 2 2 2( 2 2 2 2( 2 22
L=a} (B +3 —a})+ bt (v = b2 )+ (&2 + b2 —2)>0.
Vay bt dang thic Neuberg-Pedoe tuong duong véi
> -(1652)(1682) 2 0. C(2.11)
Pat U=bic;-byc} ;V=cla; —clal ; W =a?b? —a?b thi bit ding thic
(2.11) twong duong véi
L7 -(1687)(1652) = -4 (UV + VW + WU ) > 0.
Mat khac tacé

2 42
a;U + bV + W =0, hay W:-i"—U—’—"—v,

2 2

2
2 2202 Y 44t (Pt —p?
suy ra UV+VW+WU=—£I‘7(U—f‘—§‘2——l)Lv) il ((1 a 1) 12
O a, .
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- 2 2 2 , 2
Vay UV+VW+WU=—£I‘—[U——(—’——5-’———LV) 105 vz <o,

2 22
& a 4a1 8

Loi giai 2.
BS dé 2. (Bdt ddng thirc Aczél) Cho a,, ay, ..., a,, b, b,, ..., b la cic s6
thuc thoa man :
@ zd+otd VA bz 44Dl

Bat dang thic sau day 1a ding :

n-n n

b, —(aby ++ab )2 (@ —a2 = =2 ) (B2 =2 == B7).  (2.12)

Chitng minh b6 dé. Theo bat dang thiic Cauchy-Schwarz ta cé

ab, Z\/(ag +---+ai)(b22+---+b3) 2a2b2+---+a"b".

Lic d6 bat dang thitc (2.12) trong duong véi bat dang thic

(alhl (a,b, +- +a,b )) (alz——arq : ---—a:“,)(hlz-—bzz—---—bf). (2.13)
Vi truong hop @ —a; —---—a’ =0 1a tdim thudng nén chi c4n xét trudng hop
al2 —a§ —- —ai > 0. St dung tam thic bac hai P(x) sau day
P(x)=(ax=b) =Y (¢,x-b) (2.14)
| i=2

=2

:(af—ia?)x2+2(albl—znzaib]x+(b —Zb ) (2.15)
i=2 i=2

Thay x—ﬁ- vao (2.14) ta co P( ]——Z(a ———-b) <0, va vi hé so
dy

cia x* trong P(x) la af —a’ —---—a’ >0 suy ra biét s6 & cia P(x) khong am.

Vay

i

({an-Fon)| o[ -5 ) -5 )0
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P6 chinh 1a bat déng thic (2.13).
Ta tré lai cach chimg minh thit hai chia bét ding thitc Neuberg-Pedoe. Trudc

hét viét lai bat déng thic nay theo «,, b, ¢,, 45, b,, ¢,

(af +d2 +a2)(bE +2 +hE)-2(ald? +’7 b3+l

5 2 2
2\/((a;2 +b; +<',2) ——Z(af +b' +¢! ))((uzz +b§ +('§') —2((1; + b5 +<-g))
Ta dung phép.thé
X, :al b -f-(1 \[_al \/ib]?‘,x4 :\/E('f,
2 2 2 2 2 2
yy=a; +by +¢5, y, =\/§az, Y; =2b2, Y4 =\/§('z,
Tuong tu bd dé 2 ta ¢
2.2, 2,2 s 22 2 2
Xp > Xy XD X VA Y >y Y Y,

Ap dung bat ding thiic Aczél ta c6 bat ding thiic

XY= XYy =Xy Y3 =AY, 2 \/(*12 “("'22 J“"32 +X§ ))(le “()’% +)’32 +)’§ ))

D6 1a bat dang thic phai ching minh.

Sau day 12 mot cich ching minh khic don gidn hon.

Loi giai 3. Gia st 2 tam gidc A B,C, va A,B,C, c6 céc dinh trong mat
phing c¢6 he truc toa do truc chudn 1a A (0, p,); B, (p,, 0); C,(p;, 0) va
A, (0, ¢,) 5 By(ga,0); C,(gs, 0). Suy tir bat ding thicc x* +y* > 2|xy|| tacé

(1]2 (b,2 +¢ 22 (12)+b ((r;“f +c122 —b22)+(',2 ((122 +/722 —('22)
=(py—p2) (247 + 204, )(P7 + 93 )(243 = 24245 ) + (07 + P3)(242 ~2434,)
=2(p,—p) @ +2(4s~42)" P2 +2(pss — 1)

(([) p, ql )2 +2((q3 ~q, )2 12 )2

2 4'(1’3 “l’z)%”((h —612)[7,l = 165182
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Bai todn 65. (Bdt ddng thirc Tsinsifas) Cho p, ¢, r 1a cic s6 thuc duong va
a, b, ¢ 1a do dai cic canh cia AABC c6 dién tich S. Chiing minh :

L2y 4 pry 22238 ~ (2.16)
' q+/' r+p q+p

Huong ddn. Theo bat ding thiic Hadwnger-Fmsler (2.8), dé chimg minh -
(2.16) ta chi can ching minh

[) (12 + ([ b2 + r (.2 Zl(a-{-b-*-(‘)z ——(a2 +b2 +(,'2)

q+r I'+[)' q+p

ptq+r o p+q+l p+q+r 2

b’ + 2—1—(a+b+(')2

q+r r+p q+p

hay ((q+r)+(r+p)+(p+({))(qi’_az+r_|1»pb2+ plq('z)Z(a+b+(')2.

hay

Bit déng thitc cudi cling nay chinh la bat dang thitc Cauchy-Schwarz.

2.3. Bat dang thic Erdés-Mordell

Chiing ta s& dé cap dén bat dang thic Erdés-Mordell va cic bat dang thic
lién quan.

2.3.1. Vidu
Vi du 32. (Bdt ddng thitc Erdos-Mordell) Néu tir mot diém P bén trong
tam gidc ABC ha cic doan thang PH,, PH,, PH, vuong géc véi cac canh cla
tam giac thi
PA+PB + PC 22(PH, + PH, + PH,) - (2.17)
Chi y 1. Bat dang thitc (2.17) dugc Paul Erdés dua ra nam 1935 va duge

Mordell chimg minh trong cing nam dé. Sau nay nhiéu ngudi dua ra ciac cich
ching minh khéc. Sau day chiing ta ching minh bai todn theo cach clia Mordell.

Loi giai. ((MB], Mordell) Bat d, =PA, d, =PB, d;=PC va h =PH,,
h, =PH,, hy = PH,. Ap dung dinh 1{ cosin ta cé

H,H? = b2 + b =2h,h, cos(m — A) = hZ + b} —2h,hy cos(B+C).
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Suyra H,H; =(h,sinC+hysin B)2 +(h, cosC — hy cos BY’

do d6 H,H, 2 h, sinC + h; sin B.

Vi H,H, =d,sinA, taco

d Z(anCJh0 +(an3)hz-
sinA/) ~ \sinA/J -
Li luan tuong tu nhu trén, ta co

d, Z(ST“A)IH(Sf“C)/z] va d3z[sf“3)h]+(sf"‘4)hq.
N sinB/ sin B sinC sinC/ ~

Cong ba bat déng thic trén ta cé

sinB  sinC sinC sinA sinA sinB
Cdy+dy+dy 2| ——+— Iy +| ———+— Iy +| ———+— hy.
: sinC sinB sinA sinC sinB sinA

Cu6i ciing bat dang thic gita trung binh cong va trung binh nhéan cho ta
dy+d, +dy 22h +2h, +2h,.

2.3.2. Bai tap

Bai todn 66. (Bdt ddng thirc Barrow) Cho P 13 mot diém bén trong tam
gidc ABC va goi U,V,W 1a cidc giao diém cua phan gidc cdc géc
BPC, CPA, APB ln luot véi cac canh BC, CA, AB. Ching minh ring

PA+PB+PC >2(PU+PV + PW).
Chimg minh. Trudc hét ching ta can mot bat dang thifc luong gidc

Bé dé 3. Cho x, y, z, 0,, 0,, 0, 1a cdc s6 thuc vé6i 6, + 6, + 60, = x. Liic dé,
N4y 2t 2(yé cosé), +zxcosf, +.xycos 0, ). (2.18)

Chiing minh b6 dé. S dung 6, =7 —(6, +6, ), ta cé thé ching minh dé dang
dang thic sau day

Xyt —2(yzcos€, +zxcosd, +xycost93)
= (z——(x(;()S 8, + ycos 6, ))2 +(xsin8, — ysin 6, )2 > 0.
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Tré lai chitng minh bat dang thitc Barrow. Cho d,=PA, d,=PB, d,=PC,
I, =PU, I, =PV, I, =PW,20, =BPC, 20, =CPA,va 20,=APB. Ta cin phi
chimg minh d, +d, +d; 2 2(/l +1, +1;). Diéu ndy dé dang suy ra tir cdc dang thic

d,d ' 2dd 2d/d,
I = 2ddyd; cosf,, l, =3 cosf,, va I, =12 cosb,.
dy +d, T dy+d, - d,+d,

Theo bit ding thic trung binh cong — trung binh nhan va b6 dé trén day,
diéu nay cé nghia la

[, +1, +I3S,/d d, cos @, +/d,d, cos() + dd cos@, < 2(d +d, +d)

Bai todn 67. (IMO 1996/5) Cho ABCDEF 1a mot luc giac 16i sao cho AB
song song véi DE, BC song song voi EF va CcD song song v&i FA. Goi R,, R., R,
1a cdc ban kinh cac duong tron ngoai ti€p cua cac tam gidc lan lugt 1a FAB, BCD,
DEF. Goi P la chu vi ctia hinh luc gidc. Chimg minh ring

P
R,+R-+R,>=.
Bai todn 68. Cho p, 4 va r 1a cac s6 thuc duong. Goi 6, 8, va 6; la cac s6
thuc thod man 6, + 6, + 0, = 7. Lic do, ta c6 bat dé"mg thitc sau day.

pcosf, +c/0039 +rcosé, <i(i’— Py qu

2

Huéng ddn. Dat (x, y, z) = ( fq’ f’p ,/ ) va ap dung cong thic 2.18

trén day.

Bai todn 69. (Nikolai Nikolov) Duong tron noi ti€p (k) cua tam gidc ABC
tiép xdc véi ba canh BC, CA va AB tai A, B,, C,. V&i mot di€ém bat ki K trén (k),
goi d 1a t6ng khoang cdch tir K dén cdc canh cua tam gidc A B,C,. Ching minh
ring KA +KB+KC >2d. |

Bai todn 70. Cho x,, ..., x, la cac s6 thuc duong. Goi 6,, ..., 6, 1a cic so

thuc sao.cho 6, +---+6, = 7. Lic do, .
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X, cos @, + x, cos B, + x; cos0; + x, cosf,

< \ﬁ“"r"'z 30, ) (3 + x50, ) (303, +Xz/"3)_

2 2, 2
s XO+x, X +x XX+ XX, L
Huong ddn. Pat p=-"L—2 43 "3 o="12 "34 3 3= L
2x,x,  2x3x, 2 q

Tl nhan xét ring 6, +6, + (6, +6,) =7 va 6, +6, +(6,+6,) =7, tacé thé
suy tir bat déng thiic 2.18, cdc bét ding thitc sau day
X, cosf, + x, cos b, +l¢os(63'+94)ﬁ plA= \/;—,
va x,¢086, +x, cos B, + Acos(6, +6,) < q.A =[pg.
Cong cac bat ding thiic trén day vé theo v€ véi nhan xét

cos((93 +€4)+COS(9| +92)=O,

ta cé X, €0SO, +x, cos b, + x; cos0; +x, cos, <2/ py

_ \[(XIXZ + 30, ) (0 + 450, ) (x, "'szz).

xlxz.x‘}-/‘.4

Bai todn 71. Goi a, f3, y la cic gbc cua tam gidc d6i dién véi cac canh cé

cdc do dai l4n luot Ia @, b va ¢. Ching minh bat ding thic

a(l.{__l_).’_b(_]__{__l_)_*.((_1_4.}_]22(&4_-1_)_4_.‘_)
By y o« a p a By

2.4. Bat dang thiic Ptolémé
2.4.1. Dinh li — Vidu

Pinh li 2.4.1. (Bdt ddng thirc Ptélémé) Cho ti giac 16i ABCD, ta cé bat
dang thuc sau day

AC.BD < AB.CD + BC.AD.

Dang thiic xay ra khi td gidc ABCD noi ti€p dugc trong mot dudng tron.
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Chumg minh. Tit D ta vé tia DO va tu C v€ tia CO sao cho OCD = ACB va
ODC =BAC (O 1a giao diém ciia ching)’. Ta c6 AODC - ABAC. Suy ra
oD _DC _0OC
AB AC BC’

Tir dé

AC.OD = AB.CD
oc _BC M
DC  AC

Tacé ACD = OCB va (1) suy ra AOBC — ADAC suy ra

OB _BC _ Ac.0B=AD.BC.
AD  AC

Vay

AC.OD+ AC.OB = AB.CD + AD.BC = AC(OB+0D) = AB.CD + AD.BC.

Do OB+0D > BD. Vay AC.BD < AB.CD + AD.BC. Dau dang thic xay ra
khi OB+0OD =BD tic 1a O, B, D thing hang nghia 1a khi BAC = BDC. Piéu
nay xay ra khi ABCD la tr giac ndi ti€p duoc trong mot dudng tron.

Vi du 33. (New Zealand 1998) Cho M, A,, A,, ...,A, (n>3) la n diém phan
biét trong mit phing sao cho |

AA =AA==A_A =AA.
Ching minh bat dang thic |

S B 1 S
MA,-MA, MA, - MA, MA, _,-MA,~ MA,-MA,

va xac dinh moi truong hop bat dang thidc tré thanh dang thic.
Loi gidi. Ap dung bat ding thirc Ptélémé cho tir gidc MA, A A,,, tacod

MA, AA,, +AA MA, >AA. MA,

' Doc gia ty vé& hinh vé
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(truong hop k =1 cho ta mot dang thic). Chia hai v€& cha bat dang thic nay cho
MA, . MA, . MA,,, tacé

| A A > AAL _ AA, _
MA -MA_. ~MA -MA_, MA -MA
Cong tat ca cdc bat ding thitc ddnh s6 bdi k=1,2,..., n—1 V& theo v& ta
nhan duoc
Al A” A” A3 An—] An
= + = SN +

, + -2
MA,-MA,  MA, - MA, MA,_,-MA,

A]An _ A]Al — AlAn
“MA, -MA, MA -MA, MA -MA,

Tir gia thi€t A/A, = A,A, =---= A A, ta c6 bt dang thic phai chimg minh.
Déng thiic xay ra khi méi bat déng thitc con nghia la c4c bat dang thic ving
véi k=1,2,...,n—-1 1a dfmg thic. Diéu nay xéy ra khi cic diém A, AL ALM

ciing nam trén mot dudng tron theo tu d6. Trong trudng hop ndy A, A4,, ..., A, 1a

mot n- gidc déu va M & trén cung nho A/A .

2.4.2. Bai tap

Bai toan 72. (OLYMPIC 30/4, VIETNAM 2000) Cho hinh ch6p tam gidc
S.ABC. Gia st cac trung tuyén ke tir § clia cadc mit bén SAB, SBC, SCA tao véi céc
canh ddy AB, BC, CA cic géc bang nhau. Chiing minh dién tich moét mat bén cta
hinh chép nho hon téng dién tich cdc mat bén con lai. -

Chitng minh. Goi a 13 géc tao boi cic trung tuyén SM, SK, SL v6i cac canh
ddy AB, BC, CA. Vi vai trd ciia cdc mat bén nhu nhau nén ta chi can ching minh
| dt (ASAB) < dt (ASBC) + dt (ASCA).
Bat ding thiic nay tuong duong véi cic bat dang thirc sau day
SM.ABsina < SK.BCsina +SL.CAsina
& SM.AB < SK.BC + SL.CA |
< SM.KL < SK.LM + SL.KM
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Bai toan giai xong néu chiing ta ching minh bit déng thitc duqc goi la bdt
ddng thitc Ptélémé clia hinh hoc khong gian SM.KL < SK.LM + SL.KM v&i mot ti
dién SMKL bat ki. |

That vay trong mit phang (KLM) ta ldy diém N sao cho :
: + M va N & hai phia ctia dudng thang KL,
+ KL =SK va LN =SL.
Tir gia thiét trén ta c6 hai tam gidgc SKL vd NKL bing nhau. Suy ra
SP = PN. Goi P la giao diém cta KL va MN, bt dang thiic Ptolémé trong tir gidc
MKNL :

KL.MN <LM.KN + LN.KM
Mat khac, KL.SM < KL(SP + MP) = KL.PN + KL.PM = KL.MN.

Vay KLSM < KLMN <ILM.KN +LN.KM = LM.SK +SL.KM. Ngoai ra
d4u ctia dang thic khong xay ra. Tir day suy ra bat dang thitc phai chimg minh.

Bai todn 73. (China 1998) Cho P 1a mot diém bén trong tam gidc ABC.
Chimg minh bat déng thitc

DA.DB.AB+ DB.DC.BC + DC.DA.CA > AB.BC.CA.
Chii y. Ngoai cach sir dung bat dang thitc Ptélémé ta c6 thé giai bai todn nay
bang cich sir dung's6 phitc (Xem muc Phuong phép s6 phiic).
2.5. Phuong phap vecto
Trong hinh hoc déi khi ching ta st dung vecto dé ching minh cac bat ding

thirc. Sau day 1a mot vai vi du.

2.5.1. Vi du

Vi du 34. (TIEP _KHffC 1983) Cho tam gidc ABC va mot diém O bat Ki trén
canh AB cla tam gidc khong tring véi dinh clia né. Ching minh bat dang thiic
sau day :

OC.AB<OA.BC+0OB.AC
Chitng minh. Vi AO = xAB va OB =(1-x)AB trohg d6 xe(0;1) nén

ta co



oC =l5§+X5! = EA+\(EE—EA), =l(1 —,X')EZerEE'
| <(]—x)|a‘_{!+x|a§|

Dau dang thic khong xay ra vi cdc vecto CA va CB khéng cung phuong.
Suy ra ‘ "
OC.AB<CA(1-x).AB+CBx.AB = CA.OB + CB.AO
Vi du 35. Cho da gidc déu A/A,...A noi ti€p trong dudng tron tam O,
bén kinh R =1. Ching minh rang v6i mét diém M bat ki trong mat phéng chia
dudng tron thi :
BA +BA,+---+BA, 2n

Chitng minh. Vi da gidc A A, ...A, déucétam1aOnén Y OA =0. Tacé

i=1

iMA,. =il5:47—5ﬁ7[

i=1] =] -

04, - OM||04)|

i
i=1

> " (OA,. —OM).OA,. =ﬁ:52,2 —W.ia‘i:n-b—f/lﬁzn (dpcm).

’21 l:] [:‘

2.5.2. Bai tap |
Bai todn 74. Cho tam gidc ABC. Ching minh cdc bat dang thiic sau day :

a) cosA+cosB'+cosCS-2%,

I R .
b) cos2A+cos2B+cos2C Z~—2— néu cic goc A, B, C déu nhon.

Loi gidi. a) Trén cdc canh cua tam gidc ta vé cac vecto don vi nhu sau : vecto
¢, trén tia AB, vectd e, trén tia BC, vecto e, trén tia CA. Dat s =¢, +e, +e, thi

—  —\2 7 . 2 . ,
§° = (el +e, + e3) 2 0. Khai trién bat dang thite trén day ta c6
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——— —

1+1+1+2(el.e2 +e,.e +e3.€|)20.

Mat khéc

¢.¢;, =—CosB ;e,¢;, =—cosC ; e.¢; =—Cos A
suy ra bat dang thic
3-2(cosA+cosB+cosC)>0

b) Goi O la tam dudng tron ngoai ti€p va H la tryc tam cta tam gidc ABC.
Ta c6 dang thic  vecto OH=0A+0B+0C vi OAOB=R*cos2C,
O0B.OC = R? cos 2A, OC.OA = R* cos2B nén

2

OH =(5E+(ﬁ+b_é)2 20

—————

& "0—,42 +574°2 +0—A2 +2(52.5§+573.5Z‘+0C.0A)20

&> 3R? +2R* (cos2A +cos2B +cos2C) =0
&> cos2A+cos2B +cos2C > —% (dpcm).

- Bai todn 75. Cho tam gidc ABC. Goi R 1a béan kinh ‘duc‘mg tron ngoai tép,
m,, m,, m_ 1an luot 1a do dai cdc duong trung tuyén xuat phat tir cdc dinh A, B, C
clia tam gidc ABC. Chimg minh bt dang thic

m(zl +m,:f +m(2, ngRz

Bai todn 76. Cho ABCDE 1a mot ngii gidc 16i ndi ti€p trong nira dudng tron

bin kinh 1 don vi. Cho biét d60 dai cic canh AB=a, BC=h,
CD = ¢, DE = d, AE =2. Ching minh bat dang thic

a> +b* +¢* +d? +abe+bed < 4.
Lot giai. Tacé
3 —_ = 2 2 AN A
4=AE* =(AC+CE) = AC* +CE* +2ACCE.

———

Vi AE =2 la duong kinh dudng tron nén ACE = 90°, do d6 AC.CE =0.
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Vi vay

4=AC?+CE* =(aB+BC) +(CD+DE)

= AB* + BC* + CD* + DE* +2AB.BC +2CD.DE.
Do d6, ta chi can ching minh réng
abc < 2AB.BC va bed < 2CD.DE.
Vi 2AB.BC =2abcos(180° — ABC) = 2abcos AEC = ab.CE va ¢ <CE nén
abc <2AB.BC. Bit déng thitc thi hai duge ching minh tuong ty.
Bai todn 77. Cho tit gidc ABCD c6 d6 dai cic canh «,, 45, 45, a, va do dai
cac duong chéo m, n. Chimg minh

2 2, 2. 1 5
a) a; +aj +a; >§a4.

b) &l +a; +a; %ai >m® +n’
Bai todn 78. Cho ngi gidc 16i ABCDE. Dat AB+ BC = a. Ching minh dién
tich S clia ngii gidc 161 ABCDE thoa man bat dang thitc

5+\/§

16

2
a .

S<

Dang thiic xay ra khi nao ?
Loi gidi. Goi A’ 1a giao diém clia AD va CE. Vi ABCDE 1a ngii gidc 16i nén
 diém A' & trén doan AD va trén CE. Vi AB//CE va BC//AD nén ABCA' la

—— —

hinh binh hanh. Suy ra BA=CA' va BC = AA’. Dit a = BA, b= BC. Vi A'D, BC

cung huéng va A'E, BA cung huéng nén ton tai cdc s6 thuc duong &, k' ‘sao cho

A'D=kb vi A'E =k'd. Tacé

ED=AD-AE=kb-k'a | (1)
AC=BC-BA=b-a )
Vi ED// AC nén kb-k'd//b—a suyra k = k', nghiala :

AE =AA' + AE=BC+d'E=b+ki (3)
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BD=BC+CA+AD=BC+BA+AD=b+a+kb
=(k+1D)b+u @)
Do AE //BD suy ra

KL k1) =1 @k=‘/§"1 (loai k:“‘/§“1<0).
1k 2 2
Tir dé AD:AA’+A'D=I;+\/§2_II;:1+2\/§B.
Vay BC 1 2 \5-1
' D 1+45 1445 2
2

Vi dt (ABC) = dt(CDE) = dt(CDB) = dt(AA'C) nén dién tich clia ngii gidc
= dt(ABCDE) = dt(ABC) +dt (ACA") + dt (CDE) + dt (AEA’)
=3dt(ABC) + dt (AA'E).
Mt khac |
dt(AA'E) _dr(AAE) _di(AAE) _AA'_BC _5-1
dt(ABC)  di(ABE) dt(ADE) AD AD 2

5445 5145
4

Suy ra S————-—d (ABC) =

AB.BC.sinB

<5+\/§(AB+BC)2 545

4 2 16

Nhu vay bt ding thic trén di duoc ching minh. Déng thic x4y ra khi

AB=BC=4<.
2

Bai todn 79. Bén trong mot n-gidc 16i AA,...A, ldy diém O sao cho

OA +OA +--+0A, ~0. Goi d =0A, +OA +-++0A, va P la chu vi cua dd
4nd

n_

~ gidc. Ching minh d > P khinchanva P2 khi n 1¢.

&1
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2.6. Phuong phap so6 phiic

Tfong phéan nay, chiing ta dé cap dén vai 4p dung s6 phiic dé chiing minh bat
déng thirc hinh hoc. Ta da bi€t moi s6 phic déu tuong tng v6i moét diém duy nhat
trong mat phang pfn’xc. Vi vay ta c6 thé ding ki hiéu todn hoc cta tap hgp céc s6
phitc C, ciing nhu cha mat phang phitc 13 C. Céng cu chinh cla 4p dung nay la
bat dang thic co ban sau day. -

2.6.1. Dinh li — Vidu

Pinh 1i2.6.1.Cho z,, ..., 7, €C, lGc d6 |z,|+--+|z,| 2|z, +--+ 2, |

Chitng minh. St dung phuohg phap chimg minh quy nap trén n dua trén bat
déng thitc tam giéc.

Sau day ta chiing minh lai bit dang thitc Ptélémé bing s6 phiic.

Vi du 36. (Bat ddng thirc Ptélémé) V6i moi diém A, B, C, D trong mat
phéng, ta c6 :

AB.CD + BC.DA > AC.BD.

Chiing minh. Gia st ring a, b, ¢ v 0 1a céc s6 phic twong tng véi céc
diém A, B, C, D. Bat dang thic phai chiing minh tuong duong véi |

la—bl-lel+1b—cl-lal 2 la - cl-|#].

Ap dung bit dang thitc tam gidc cho (a- b)c +(b——c)a (u—c)b, tacé
diéu phai chimg minh.

Vi du 37. (BALKAN 1996) Goi O va G Ia tam dudng tron ngoai ti€p va
trong tdm cua tam gidc ABC. Goi R va r 1a ban kinh cia cic dudng tron ngoai tiép
va noi ti€p éﬁa tam gidc. Chimg minh OG < \/mr—) :

Loi gidi. Gia sir tam O 1a diém géc clia mat phang phic. Goi z,, z,, z, 1an
luot 12 cic s6 phic tuong tng v6i cac diém A, B,C. Lic dé ta cé

)
“~

(Zl +2'24“23)2

loc

. St dung phép tinh don gian ta viét

2 1
0G" = (3]af +3

2 3 2 2 2 2
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—ZX Xy 2
w + w"|.
Z+Xx  x+y

|x—ya)l+lza)2 ~xl>4

Vi lwl=1 vd @’ =1, ta cé |zc£)2—x|=la)(za)2 —,\')lzlz—xa)l. Vay ta phai

chitng minh

|x-—ya)l+|z—-xa)' 2

4zx  4duxy
- .
Z+X X+y

Muon vay ta chi cin ching minh bdt ding thic

4zx 4 ,
l(.x'-ya))+(z—xa))l_>. a2 A hay |p—qa)l2|r—-sa)', trong doé

Z+x x+y ,

4zx 4 xy N ’ .
p=z+Xx,g=y+x,r= vaS= .Roérang p>2r>0 va ¢25>0. Suyra

z+x X+Yy

lp- qa)l2 ~r-sol* = (p—qo)(p-qw)-(r-so)ir-sw)

=(p* =17 )+(pg-rs)+(4* - §%) 0.

D6 1a diéu phai chimg minh. Cu6i cling bat ding thitc tr& thanh dang thic
khi va chi khi AABC la mot tam giac déu.

Bai todn 81. Cho P 1a mot diém bt ki trong mat phang chia tam gidc ABC,

c6 trong tam G. Chitng minh bat dang thic sau
PA’BC + PB’CA + PC’AB 2 3PGBCCAAB.

Bai todn 82. (China, 1998) Cho P 13 mot diém bat ki bén Atrong tam giac
nhon ABC v6i d0 dai cac canh la BC=a, CA=bh, AB=c. Dit PA=x,
PB =y, PC = z. Chimg minh rang

ayz +bzx +cxy 2 abc, | (2.19)
déng thic xay ra khi va chi khi P 12 tAm dudng tron ngoai ti€p chia tam gidc ABC.

Loi gidi. Gia st D 1a diém g6c clia mat phang phic va goi toa do phiic
ciia cac diém A, B, C lan lugt 12 u, v, w. Ta viét lai bat dang thic 2.19 dudi

dang s6 phic

Iuv(u - v)l + lva)(v —a))l + la)u(a) — u‘)l > l(u —v)(v- a))(a)——u)'. (2.20)
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Ta kiém chimg dé ding déing thic
w(u=v)+volv-o)+ou(w-u)=-(u-v)v-o)w-u), 2.2
tir d6 2.21 kéo theo 2.20 1di 2.19. Viéc con lai ta xdc dinh khi nao thi ding thic
xay ra. Dat |

. - uv - _ Ve N wu
: 2 (v—uXw-u)’ 3 (a)—v)(u—v)'

(u-0)lv-w)

Véi cach dat trén day ta viét 2.20 va 2.21 thanh cic bat dang thic va dang
thitc nhu sau

‘z]|+ Z, +|z3|21'
Z,+zy+z3=1.
Vay dang thic chi xay ra khi va chi khi zl, Z,, z; 1a cdc s6 thuc duong. Gia

st z,, z,, Z, la cac s0 thuc duong. Vi

2 2 2
_2122_( v ) _2223_( w ) _2321_( u )
- ’ - ’ - .
Zy w—Uu A u-—v 22 V-

Tir s6 phic

¢6 binh phuong la mot s6 thuc am nén 1a cac s6 thuan ao ;
V—@ |

vay géc tao bdi cdc vecto biéu dién u 1a AD va vecto biéu dién v—w 12 BC la

géc c6 s6 do 90°, suy ra AD L BC. Tuong tu la s6 thudn ao, suy ra

w-u
BD 1 AC. Viy D la tryc tam cua tam gidc ABC.
Dao lai néu D 1a truc tam ctia tam gidc nhon ABC. Diém D & bén trong tam
gidc va AD L BC nén gbc tao boi cac vecto AD va BC ¢6 s6 do1a —90°, suy ra
u

ton tai s6 thuc duong r; sao cho = —ri. Tuong tu ton tai s6 thuc duong r,, r,
V-w

v )
sao cho =-hi; ——=-Kl. Vay 2 2, 3 la cdc s6 thuc duong. Tur cdc

w—u u-—v

két qua trén ta két luan dang thic xay ra khi va chi khi D 12 tryc tdm clia tam
gidc ABC. .
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Bai todn 83. (PUTNAM 1998) Cho .A, B, C 14 cdc diém phan biét c6 toa do
nguyén trong mit phang cé hé truc toa do Dé-cac. Ching minh ring néu

(1Bl +|BCl)* <8.1ABC]+1

thi A, B, C 1a 3 dinh cha mot hinh vuéng. O day |XY] 13 do dai cha doan thing XY
va [ABC] 1a dién tich cia tam gidc ABC.

2.7. Phuong phap lugng gidc
2.7.1. Vidu

Dé ching minh cdc bat dang thic luong gidc ta cé thé st dung cac phép
bién doi luong gidc, cdc cong thic lugng trong tam gidc, ti gidc... Sau day 1a
mot sO vi du. ‘

Vi du 38. (BALTIC 1994) Goi «, B va y lan lugﬁ 12 cdc goc d6i dién céc
canh c6 d6 dai «, b, ¢ cia mot tam gidc. Chimg minh

a-(—l—+l)+b-(l+—l—j+c-(—l—+}—)22-(1+-£+£).
gy y «a a B a B ¥

Chitng minh. RS rang, bat ding thic @ >b kéo theo a > f va tuong tu
a<b kéo theo a < f, vay (a—b)(a‘—ﬂ)zo va aa+bf 2aff+ba. Chia bat
dang thiic cusi cting nay cho s6 duong af ta cé |

abulb (2.22)
p a a p

Tuong tu : .0 >4, C (2.23)
y a a vy

va boesb < (2.24)
y B By

Dé két thic phin chiing minh ta cong ba bat dang thic (2.22), (2,23) va
(2.24).

Vi du 39. Ching minh ring trong moi tam gidic nhon ABC, ta c¢6

3
cosA+cosB+cosC£—2—.

Chitng minh. Vi ham s cos x186m trong khoang (O ; izr—), vay két qua trén

chinh 1a bat dang thitc Jensen. v
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Chu y rﬁr;g ham s6 cosx khong 16m trén khoang (0 ; 7). That ra ham s6 dé6
16i trong khoang (% ; 7[). Tuy vay ta biét két qua cos A +cosB +cosC S% van
ding cho moi tam giic.

Vi du 40. Trong moi tam gidc ABC, tacd cosA+cosB+cosC < %

Huédng ddin. Dat BC =a, CA=b, AB=¢. Sit dung dinh li cosin trong tam
gidc ABC ta c6 thé viét bat dang thitc trén day theo do dai cdc canh cua tam gidc la
a, b, c: ‘

b+t —a* F+d*-bt b -
et +
2bc 2ca 2ab

Bo miu s6 ta c6 céc bat dang thic tuong duong

3
<-—.
2

3abc 2 a(b2 +¢? —az)+b(c2 +d* —172)+c(a2 +bh? —(:2),
<> abc 2 (h+cf}—a)(c+a—b)(a+b—c).
Day chinh Ia bit dang thitc da ching minh trong vi du 29.
Chii y. Trong chuong 1, ta dd ching minh bdt dang thitc hinh hoc

R > 2r tuong duong vé6i bdt ddang thitc dai s6 abc 2 (b+c¢—a)(c+a-b)a+b~c).
Chung ta ciing biét trong ching minh dinh 1i trén day bit dang thic dai s6 nay
C o a2 . o 3 A

tuong duong véi bdt dang thice luong gide cos A+cosB+cosC < 5 bén day mot
van dé khic dugc datra :

Trong mot tam gidc ABC bat ki, c6 ton tai hay khong mot 1ién hé tu nhién

s~ Y R 4 ~ N 4 7 P4 RA 7’ N
gitta cos A+cosB+cosC va —, trong d6 R va r la cac ban kinh cta cac duong
R

tron ngoai ti€p va néi ti€p clia tam gidc ABC ?

Sau day ta c6 mot s6 két qua quen thudc — cac hoc sinh ¢6 thé tim trong céc
sach gido khoa phd thong nang cao.

Két qud 1. Goi R va r 1a ban kinh cdc dudng tron ngoai ti€p va noi ti€p cla

tam giac ABC. Lic do, taco cosA+cosB+cosC = 1+—;—.
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Huéng dan. St dung déng thiic
a(B*+ 2 =a?)+b( 2 +a® = b?) +e(&® +b> =?)
= 2ube+(b+c—a)(c+a—b)a+h-c).
Chitng minh chi tiét dé danh cho cac ban hoc sinh.
Két qud 2. a) Cho p,q,r 1a cic s6 thuc duong sao cho
p* +¢* +r° +2pgr =1. Chitng minh rang tén tai mot tam gi4c nhon ABC sao cho
p=cosA, g=cosB, r=cosC. |

b) Cho p,q,r=0 véi p*+q¢*+r°+2pgr=1. Ching minh ring tén tai
A, B, CG{:O ; —725} saocho p=cosA, g=cosB,r=cosC,va A+B+C =r.

Vi du 41. C6 ba tia xudt phat tir mot diém O bat ki trong khong gian, tao véi

nhau cic géc a, B,  trong d6 0° <a < B <y <180°. Chimg minh ring

B 4

sin-—+sin“— > sin .
2 2 2

Hinh 2.7.1

Hudng ddn. Chon cic diém A, B, vd C lan luot trén ba tia, sao cho

|0Al =10B| =10C|=d va BOC =a, COA = 8, AOB = y. Cic diém niy phai khic

nhau va khong cuing ndm trén mot duong thing. Trong tam gidc can BOC c¢é géc

& dinh a va canh bén d (xem Hinh 2.7.1), ta ¢6 |BC| = 2d sin—ai. Tuong tu véi cac

tam gidc COA va AOB, |CA|:2dsin§ va |AB =dsing. Vi

|BC|+|CAl > |AB

b
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ta co
2dsin& +2dsinP > 2dsin L.
2 D)

Suy ra bat déng thitc phai chiing minh.

Vi du 42. (PUTNAM 2003) Cho s6 thuc x bat ki. Ching minh bat dfmg
thuc sau : ’

: ' 1 1
sin x +cos x +tan x +cot x + —— + <2J2-1.
sinx cosx

Ding thitc x4y ra khi nao ?
Loi giai. Ta viét
f(x) =sIn X +cos.x + tan x + cot x +sec x +Cscx

] 1 sin .x +cCos x
=Sin X +COS X + + ,

SINXCOSX  SINXCOSX

va sinx+cosx = \/Ecos(n' /4~x); diéu nay cho phép ching ta thay thé
y=m/4—-x. Véibién s6 mdi nay,
. |
Sin X cos.x =—sin2x = —cos 2y,
: 2 2

va vol ¢ =+v2cosy, tacd

f(y):(1+<ﬁ)(1+ 2 l)—l

('2 -
2
=+ .
c—1
Cudi cung ta chimg minh |¢ + 1 >1+2v2. Véi ¢ >1, tacé
c—
T+(e-D+ 214242
¢ —

bang cach 4p dung bat ding thdc gita trung binh cong — trung binh nhén
(Bat dang thic Cauchy) cho 2 s6 hang sau ciing, va dang thic xay ra khi
c—1= \/5 (loai). V6i ¢ <1, tuong tu nhu trén, ta té :
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2—1+2\/§,

—l+1-c+
l1-c¢

dang thitc xay ra khi 1—¢= V2. So sénh céc két quéa nhan duoc ta c6 bat ding
thitc can chimg minh. 4 |

Vi du 43. Cho hinh chép tam giic S.ABC cO cidc canh bén doéi mot vudng
g6c nhau. Goi «a, 8, y 1a céc g6c giita dudng cao xuat phat tir dinh S va cdc canh
bén cua hinh chép. Chiing minh

2 2 2
cos’ o coSs Ccos 3
+ B + 4 <—

sin® B+sin*y  sina+sin’y  sina+sin® 8 4
Hudng ddn. Ap dung dinh 1i Pythagore trong cic tam gidc vuong, ta c6
cos® a +cos®* B+cos’y =1, suy ra sin® a +sin® B +sin’ y = 2. bat
a=sin @ +sin® B, b=sin* B +sin’ y, ¢ =sin’ y +sin’ a, lic d6 a+h+c=4.
Mat khic cos’ & =1-sin’ :1—(2—sin2 B —sin® }/)=sin2,B+sin2}/—l =b-1.
Tuong tu cos’ f=c—1 va cos’y =a—1. Khi d6 bit ding thic phai ching minh

c6 dang

b C a a b « 4
1 1 1_9
S —+—+—2—
a b <

Do a+b+c¢ =4 nén bat dang thic sau cling ndy tuong duong véi

(a+b+d(l+l+l)29

a b ¢

Cuéi cung dé ching minh bét dang thic nay ta chi cdn nhan hai bat ding
thitc Cauchy (bat dang thirc TBC-TBN) cho 3 s6 duong

a+b+c >3\/ab(

l+1+123 1

a b c \3/ab(:.

Déng thic xdy rakhi a=h=c ticlakhi @ = f =y <> SA =SB =SC.
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2.7.2. Bai tap
Bai todn 84. (BALTIC 1991) Cho A, B, C la cdc gbéc cia moét tam giic
nhon. Ching minh bat ding thic |
sin A +sin B > cos A +cos B + cosC.

. . P s g . ’ 7[ n
Loi giai. Trong mot tam giac nhontacé A+ B> PX vay
. (7
sin A > sm(—i——-B) =cosB

va sin B > cos A. Tir c4c bat dang thitc nay ta c6 |
(1-sinA)(1-sinB) <(1-cos A)(1-cos B)
va sinA+sinB >cosA+cosB—-cosAcosB+sinAsinB
<> sinA+sinB>cosA+cosB-cos(A+B)
=cosA+cosB+cosC.
Suy ra bat déng thitc phai ching minh.
Bai todn 85. (BALTIC 2005) Cho «,f va y la 3 goc thod man

0°<a, B,y <90° va sina +sin B +siny = 1. Ching minh rang
2 U
tan” o +tan ,8+tanf;/2§.

Bai todn 86. Goi O 1a tam dudng tron ngoai ti€p cua tam giac nhon ABC va
goi A, B' va C' lan luot 1a tam cac dudng tron ngoai ti€p cac tam gidc BCO,
CAO va ABO. Chiing minh rang dién tich clia tam gidc ABC khong vuot qua dién
tich tam gidac A'B'C’.

A

1h v
S —

Hinh 2.72
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Lot gigi. Goi R la ban kinh dudng tron ngoai ti€p ciia tam giac ABC 'va goi
a, B va ¥ 1an luot 1 céc géc clia tam gide trén. Lic d6 BOC =2a, COA =2,
AOB = 2y. Vay
Sasc =Ssoc +Scoa +Saos -:—Rg—(sin 2a +sin2f+sin2y).
Vi tam gidac BOC la tam giac can, dudong trung truc OA' cia canh BC
cling la phan gidc nén BOA =COA' = a. Tuong tu, COB' = AOB’ =p
va AOC' = BOC' = y. Xét tam giéc B'OC’. Budng cao ké xu6ng canh B'C' ¢6 do

dai g—, vay |B'C'| == (tanﬂ+tan}/) va dién tich cha tam gidc nay 1a

2 2

&

Spoc = %—(tan B+tany). Ciing vay, Scoa = %(tan y +tana) va

R
Siop = —é——(tan a +tan ). Suy ra,

By

, R

Ham s6 f(x)=tanx~2sin2x 16i trong khoang [O ; %} that vy dao ham
cap hai cta né

f(x)= Zsinx +8sin2x >0 véi moi xe[() : —725}

COS3 X

B4t déng thic Jensen cho ta
o+ ,6 +y V4 2
fla)+f(B)+F(y)23f =3 tan—é-—Zsm——é—— =0

Vay tana +tan B +tany > 2sin2a +2sin 23 + 2sin2y. Cudi cung tir cac bat
déng thirc trén ta suy ra S, 2 S, 50

Bai todn 87. (Bulgaria 1999) Mot tic giac 16i ABCD noi tiép trong mot
duong tron ma tam O cta ndé & bén trong i gidc. Goi MNPQ la ut gidc c6 cac
dinh 13 hinh chiéu clia giao diém céc dudng chéo AC va BD lén cdc canh cha ti
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gidc ABCD. Chitng minh dién tich clia tf gidc ABCD khong nho hon dién tich ciia
ti gide MNPOQ.

Bai todn 88. (USAMO 1998) Cho «a,, a,, ..., a, 1a c4c s6 thuc thuoc khoang

(O ; f—j sao cho
2

V4 T Y4 |
tan(ao————)+tan(a, ——)+---+‘tan(an ——)271——1.
>4 T4 4

Chitng minh

tan(a, )tan(q, )...tan(a, ) = n""'

. . 7. - 72- S . ,
Loi giai. Dat y, = tan(ai _Z) vo1i=0,1,2,...,n Tacd

tan(a,.) = tan((a,. —%)+Z~) = i)f * 1 i
=Y

Vay ta c6 thé viét bai todn dudi dang khdc.

Cho cac so6 thuc y,; v, ..., ¥, e(~1 ; 1) thoa man y,+---+y 2n—-1.
S l+y,

Chiing minh ] -2 n"!
i=0 L7,

Diéu kién cua bai todn cho takét qua : véi i e {O, 1,2, ..., n} ta co

1+y, ZZ(I—yj).

i#j

Sau dé 4p dung bat dang thitc TBC-TBN cho » s6 duong

s 2%2[1—);1. ZH(I—yi):z).

h i) j#i

Nhan t4t ca bat dang thic vira nhan duge khi cho i chay tir O dén n, ta thu
duge két qua |




Tu bat dang thic ta suy ra Hf_o—————— >n

1+yi > n+l-
1-y,

Po6 1a diéu ta phai chiing minh.
. s 7[ N N P ~
Bai todn 89. Cho 0 < < Py va x,, X,, ..., x, la cac so thuc sao cho

sinx, +sinx, +---+sinx, > n.sina.
Chitng minh

sin(x, —a)+sin(x, —a)+---+sin(x, —a) 2 0.



Chuong 3. |
CAC PHUONG PHAP HIEN DAl

3.1. Phuong phap hoan vi
3.1.1. Pinh li - Vidu

B4t dang thirc giita cdc biéu thic sinh ra do sap xé&p lai thit ty (hodn vi) goi
tat 12 bdt ddng thirc giita cdc hodn vi. D6 13 mot bat ding thitc manh va cé nhiéu
ung dung.

Pinh nghia 3.1.1. Cho 2n s6 thuc ¢, <a, <...<a, VA b <b, <...<bh .
Ta goi tong
A=ab +a,b,+---+a b,
12 tong thif tu clia cic tich s6 ab,, v6i i=1,2, ..., n vaténg
B=ab,+a,b, ,+---+a,b,
1a téng nguoc clia cac sé do.
Néu x,, x,, ..., x, lamot hodn vi ciia céc s6 thuc b, <h, <...<h , tagoi tong
X=ax +ayx,+-+ax,
14 "téng x40 tron" clia cdc s6 da cho, lic d6 ta cé dinh 1i
Dinh li 3.1.1. (Bdt dang thirc giia cdc hodn vi)
A2X2>B.
Trong trudng hop néu g, <a, <...<aq,, thi bat dang thic trén day 1a dang
thic néu b, =b, =---=b,. |
Chiing minh. Trudc hét ta ching minh A > X bang quy nap theo n. That rd
rang khi n=1. Gia sl bat dang thitc ding khi n=4k>1. Ta xét n=k+1. Dat
X, =by,, va x,, =b;. Taco (ay,, ——a,.)(bk+l —b,.)ZO. Suy ra
ab; +ay by 2 aiby, +ay,b;.
Nhu vay trong téng X ta c6 thé hodn vi cic s6 x; v6i x,,, dé c6 téng 16n
hon. Sau khi hoédn vi ta dp dung gia thi€t quy nap cho k s6 hang ddu va két luan
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A>X. Bit dang thic X2>B suy tr A>X bing cich st dung
-b, <-b, ,<...<-b thaycho b <b, <...<b,.

Vi du 44. (Bdt ddng thicc Chebysev) Cho 2n s6 thuc a, <a, <...<a, va
b, <b, <...<b,. Ching minh
ayb, +a,by +---+a,b,

a, +d,++a (b, +b,+--+b
2( 1 2 Il)( ! 2 ,I)Za]b[)+a21)l1“‘l
n

+4a b,

Chitng minh. Ta cé n bat dang thitc giita cdc hodn vi

Hon
A2ab, +aby+---+a b =B,

....................................

Azab, +a,b+---+ab, ,2B.
Cong tit ca cac bat dang thitc trén day vé theo vé& sau dé chia céc vé cho n ta
c6 bat dang thic Chebysev phai ching minh. Dang thic xay ra khi

a,=b,...,a,=b,.
Vidu 45. (USAMO 1974) Cho «, b, ¢ >0. Chitng minh

u+b+c

a'b’ ¢ = (ubc) 3
Dang thitc xay ra khi nao ?
Chig minh. Vi tinh chat d6i xiing, ta c6 thé gia sit ma khong 1am mat tinh
chat t6ng qudt cha bai todn ¢ <b <c¢. Licdé Inu<Inh<Inc.

Theo bat dang thiic Chebysev, ta c6

alna+blnb+clnes (q+l7+(')(ln(1+lnb+ln(’).

Bat ding thic nay tuong duong véi

athtc )

In (a"'bbc“ )>1n ((ab(') 3
Suy ra bt dang thic phai chitng minh.

Ding thitc xay ra khi va chi khi a =b =c.



Vi du 46. (IMO 1978) Cho c,, ¢,, ..., ¢, 1a n s6 nguyén duong phan biét.
Ching minh

- c ' 1 1
oA=L 2 I — e —,
4 " n 2 n

Chiing minh. Goi ay, d,, ..., a, 1a cdc phan tir ¢, dugc sap x€p lai theo thir tu

tang din. Vi cic «, la cidc s6 nguyén duong phan biét nén ¢, 2i. Vi

—, nén theo bat dang thic giita cac hodn vi,

“~

1>l>m>

2

¢ ¢ a a 1 1
2t 2t A b,
2 1
4 - n 4 n 2 n

Vidu47. (IMO 1995) Cho a, b, ¢ >0 thoa man abc =1. Chimg minh

1 1 1 3
3 t3 3 2z
| a*(b+c) b (c+a) a+b) 2
Khi nao dang thic xdy ra ?
| 1 1 L
Chung minh. Dat x=bc=—, y=ca= s z=ab=—. Bat dang thic phai
‘ a ¢
chimg minh twong duong véi
al A ) > E
y+z z4+x x+y 2

Do tinh d6i xtng ta c6 thé gia sit x <y <z ma khong mat tinh chat tong

” K4 N e ’ ‘ ’ z P 2 ; \ 1 l ] a~”.
quét cha bai toan. Lic dé ta c6 x> <y*<z* va < < . Theo bat
y+z z4+x Xx+Yy

déng thic gifra cdc hoén vi

2 2 = 2 2 2
X X -z
PR A > T AR

y+z z+Xx x4y y+x z+y x+z
2 2 2 2 2 2
X z X z
A > TR A

y+z z4X X+y Xx+z y+x z+y

Suy ra

2 2 2 2, .2 2.2 2. 2
X7 yo oz l(x +y ! +z z+.\'j

+ + >~
y+z z+x x+y 20 x+y y+z Z4 X



Mat khéc bat dang thiic giita trung binh cin bac hai va trung binh cong

1245 r+s . (r+s)
= < 1'2 +s° 2 —
2 2 2

Déng thitc xay ra khi r =s. Ap dung bt dang thic nay vao 3.1 tacé

x? N y? N z* 2x+y+2233xy2:§.
y+z zZ+Xx x+y 2 2 2

Dang thic xdyrakhi x=y=z<<a=b=c=1.

3.1.2. Bai tap

Bai todn 90. Xéc dinh gia tri nho nhat cha ham s6 luong giac

: si® x  cos’x /s
flx)= + — trén {0; —|.
cosx  sinx 2

. | V4 e e . 1 1
Loi giai. Cho x e (O ; ——j, cic day so (sm3 x, cos’ x) va ( , — )
2 ‘ COSX sinx
don diéu cing chiéu tifc 12 cling tang hay ciing giam.

Vay theo bat dang thic giita cdc hodn vi

.2 2
=sin" x+cos” x =1.

3
+COS™ x -

(x)2sin’ x-
f .
sin x - cosx

Mat khac ta cé f(%) =1. Vay gid tri nh6 nhat ctia £ (x) 13 1, dat dugc khi
_ .
X ==,
4
Bai todn 91. Cho 3 s6 thuc khc‘)ng am «, b, ¢. Chitng minh
& +b + 2a’h+ b+ a2 3abe.
Bai todn 92. (IMO 1990) Cho 4 s6 thuc khong 4m «, b, ¢, d thod man
ab + bc + cd +da=1. Chitng minh
a3 ’ b3 (_3 d3

+ + +
b+c+d c+d+a d+a+b a+b+c

1
2 —.
3

Déng thic x4y ra khi nao ?

Loi gidi. Dat
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3 3 3 3
d b ¢ d

= + + +
b+c+d c¢c+d+a d+a+b a+b+c

vi x=b+c+d, y=c+d+a,z=d+a+b va t=a+b+c. Vivai trdo cia cic bién

nhu nhau nén ta cé thé gia st a2h>c2d. Lic d6 «"=2h"2¢"2d" va

1 g2 : :
-2 ! 2 1 > l Luc dé bat dang thic gifra cdc hoan vi cho ta
Xy z t : ,

a+b*+ct+d* 2ab+bc+cd+da=1.
Dang thitc xdy ra khi a = b = ¢ = d. Bat dang thic Chebysev cho ta
Sl +p+ e +d?) ,—1—+l+l+l :
4 X y z t

Ciing van bat dang thic Chebysev cho ta
a3+b3+c'3+d3Zi—(a2+b2+('2+612)(a+h+('+d).
Mit khic a® +h* +* +d> 21 va 3(a+h+c+d)=(x+y+z). Vay
SZ%(X%})+Z+{)(%+%+§+—}).

Cudi cung dp dung hai lan bat déng thitc TBC-TBN cho 4 s6 khong am ta c6

SZ—I-—,44xyzt.44 ! :19:1.
48 | xyzt 48 3

Péng thic xdy rakhi a=h=c=d=1.
Bii todn 93. (IMO 1975) Cho 2n s6 thuc x>, 2..2x, Vi

< n

X, 2x,2...2x,. Cho moét hoidn vi (zl,zz,...,zn) la mot hodn vi cla

(Y5 Y35 -++» ¥, )- Chiing minh bat dang thic

(x =¥ )2 +("2 —Y )2 +.4(x, -y, )2 s (*"1 —Z )2 +(x, -2, )2

Pang thic x4y ra khi nao ?
Bai todn 94. (IMO 1978) Cho day so6 (xk )keN,A la mot day s6 tu nhién doi

mot khdc nhau. Chimg minh véi n > 1 ta c6 bét dang thiic

aYal



da, a, 1 1
a+—=+ 21+ —+-
2° n- 2 n

Dang thitc xay ra khi nao ?
1 I, a2 e e .
Loi gidi. Vi 1>—>...>— nén theo bat dang thitc gilta cac hodn vi ta co
n
4y

2

9 “2
tOng d; +—=+...+
2° n

nho nhat khi va chi khi ¢, <4a, <...<a,. Mat khéc cic q

phan biét nhau timg doi mét nén . >i. Suy ra
a a 1 1
a+—=+. . L2l =+ -
27 n 2 n

Diéng thirc xay ra khi va chikhi ¢, =1,a,=2,...,a, =n.

n

Bai todn 95. (TRUNG QUOC 1985) Cho n s6 duong a,, as, ..., a,.

Ching minh
,
a4 LG Y
—+—=+.. +——+—"2q +ta,+...+q,.
da, a, . a, q

Bai todn 96. (IMO 1998) Cho x, y, z>0 sao cho xyz =1. Ching minh
| 3 3 3
2 b b >3
(1+y)(1+z) (1+2)(1+x) (1+x)(1+y) 4

Loi gidi. Sau day 1d mot cich ching minh bai todn dua vao bat dang thic
Chebysev. Vi vai trd clia x, y, z nhu nhau ta cé thé gia sit x < y <z ma khoéng mat
tinh téng qut clia bai todn o |

: < : < : .
(1+y)(1+z) " Q+2)U+x) " Q+x)(1+y)
Theo bat dang thic Chebysev

3 3 3
X y z

(1+y)(1+z)+(1+z)(1+x)+(1+X)(1ff)’)

>x3+y3+z3( 1 1 | |
> + +
3 (1+y)(wz) (U+2)(0+x) (1+x)(l+y))

100



3 Py +2 0 Btx+y+z

‘ - (*)
3 (1+ )1+ y)(1+2)

Pat trung binh cong chia cic s6 x, y,z la a= EEITE Theo bit dang thitc

gilta trung binh can bac hai va trung binh.cong
3 .
va : ' Bu=x+y+z233xyz =3,
34xty+z) :

va (l+,tf)(l+y)(1+z)$(—-——'—4~3~—L~) =(+a).

Thay céc bat dang thitc trén vao (*) ta cé

3 3 3
al + J + - sad 8 T
(1+y)(+2) (+2)(0+x) A+x)(1+y) (1+a)
. n .« - . ga . . » 2 . 6(13 3 , 2 ,‘
Viéc con lai 1a chimg minh bat dang thic 72 —. Theo bat dang thic
(1+a)
TBC-TBN
3 3
a>3xyz =1 va Oa - :6(1— ! j
(1+a) I+a
nén ta chi can chimg minh
1 Y3 .
fla)=6[1- > fla) = £(D).
l+a 4

Piéu nay suy tir tinh chit déng bién cta ham s&
3

f(x):6[l— 1 )

1+x

trén khoang (1, + ).
Bai todn 97. Cho a, b, ¢ >0 va s6 nguyén duong n. Chimg minh

a” bn " .an~l +bn—| +Cn—l
+ > .

+ >
b+¢ ¢+a a+b 2

Dang thic xay ra khi nao ?
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3.2. Phuong phap bién doi vé dang thuan nhat
3.2.1. Vidu

C6 rat nhiéu bai toan ching minh bat dang thitc véi cic rang buéc, vi du nhu
ub=1,xyz=1, x+y+z=1,... Viéc chimg minh c4c bat dang thitc khong thudn
nhat nhung d6i xitng cé cdc rang budc nhu thé trd thanh dé dang sau khi bién ddi
chiing thanh cdc dang thuin nhat. Sau dé 4p dung cdc bét dang thic manh nhu bat
dang thitc Schur va bat dang thic Muirhead. Sau day 1a mét vi du don gian.

Vi du 48. (HUNGARY 1996) Cho a va b la céc so thuc duong sao cho

«a+b =1. Chitng minh
a* b* 1
+ >
a+l b+1 3

Chitng minh. St dung diéu kién «+b =1, ta dua bat dang thic phai ching

minh vé dang thuan nhat, nghia I3,
] a* b*
~< +
37 (w+b)a+(a+b)) (a+b)(b+(a+b))

hay a*b+ab® <d’ +b°,

bat déng thitc nay suy tr (¢ +5) = (®b+ab?) =(a-b) (a+b) 2 0.

Dang thitc xay ra khi va chikhi a =b = %

Bat dang thitc a’bh+ab® <a’ +b* trén day c6 thé t8ng quét nhu sau
Vidu 49. Cho u,, a,, b, b, 1a céc s6 thuc duong sao cho a, +u, =b, +b, va
max (“1’ a2) > max(bl, b, ) Cho x va y la cac s6 thuc khong am. Liic dé, ta cé

xa, y112 + x“z yal > .Xhl y”z + x”z ybl . (32)

Cln?ng minh. Khong lam mat tinh t6ng qudt ta cé thé gia su,
dy 2 dy, by 2 b,, a) 2 b. Néu x hay y bang khong, thi bat dang thic da dugc ching
minh. Vay ta chi cAn chitng minh bat ding thic trong trudng hop ca x 1in y déu
khéc khong. Tir két qua a, +a, =b, +b, ta suy ra g, —a, =(b,—a,)+(h, —a,).

Ta dé dang kiém ching rang

.
ay by yh2 _ )CI;2 yhl

+ X7y —x

ay dy

XY

[ Watal



- 2 yaz (xal 4 4 yal~¢12 _ xh, —a; yhz —ay = sz ~uy yhl -uy )
— xaz y(12 (,thl —dy _ yh, s )(xhz —th _ ybz i ) )

- (x”' —y" )(xh2 —y™ ) >0.

[y Uy

vy
Chii y. Doc gia tim xem khi nao bat déng thirc 3.2 tré thanh dang thic ?

3.2.2. Bai tap
Bai todn 98. (IRAN 1998) Ching minh rang v6i moi s6 thuc x, y, z>1 sao

cho ++L 4122 taco bat ding thitc

X Yy z ,
\/x+y+z 2\/,)«‘—1+\/y¥—1+'\/z—1.

b=

| =

Loi gidi. Sau khi thuc hién cic phép thé dai s6 « =
cdn chitng minh bat dang thiic
‘\/1 1 1 \/1—61 \/1—19 ‘\[1—(-
——t—2 + + ,
a b ¢ a b ¢

trong d6 a, b, c'e(O ; 1) va a+b+c=2. St dung diéu kién a+b+c¢ =2, ta dua
dén bat dang thic

a+b+c a+b+c ) la+b+c

1 TR Y Y
—(a+bh+)| —+—+—12 + +
2 | a b ¢ a b b

hay \/(“+b+<')(l+—l—+_l.)Z‘\/b"'""a+\/C+a"h+“\/a+h—(-,
a b ¢ d b ¢

bit dang thitc nay suy tir bat dang thic Cauchy-Schwarz

\/[(b+('—a)+(c+a——b)+(a+b——(ﬁ)](—1—+—1—+—1—) >

a b ¢
\/b+(’—a \/c'+a—-b \/a+b—c
> + + .
a b ¢
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Bai todn 99. (VIET NAM 1996) Cho a, b, ¢, d 13 bon s thuc khong am
thoa man diéu kAif‘;n
2(ab +ac +ad +bc +bd + cd) + abc + abd + bed = 16.
Chitng minh

a+b+c+d> —i—(ab+a(.'+ad+bc+hd+cd)
va xdc dinh khi nao déng thic x4y ra ?

3.3. Bat dang thirc Schur
3.3.1. Pinh li - Vi du

Trong rat nhiéu truong hop, dé ching minh mot bat dang thic ching ta
khong thé tim dugc mot phuong phdp don gian. Vi vay phai can dén cic cong cu
di manh trong ching minh. Sau day 12 mot bat dang thdc don gian nhung céc tng
dung ctia né thi rat "manh”. -

Dinh li 3.3.1. (Schur) Cho x, y, z 1a cac so thuc khong am. Véi moi r >0,

ta cod

Z " (x-y)x~z)=0.

cyclic
Ping thic x4y ra khi va chi khi x = y=_z hay hai trong 3 s6 x, y, z bing
nhau con s6 thit ba biang khong.

Ching minh. Vi bat déng thic c6 tinh chat d6i xiing theo ba bién s6, nén ta
c6 thé gia sir x > y > z ma khong 1am mat tinh chat téng quét cia bai toan. Lic do

(x—y)[,r"(x—z)—yr(y—z)]+z"(x—z)(y——z)20,

va mbi hang tlr clia v& trai 12 khong am. Trong trudng hop x>y 2>z, déng thic
xay ra khi va chikhi x=y va z=0.

Chi y 1. Doc gid tu chitng minh két qud sau ddy la sai :

Véimoi a, b, ¢, d>20 var>0, tacod

d (a—b)a=)a-d)+b" (b—Hb-d)(b-a)+¢" (c—a)c=c)a=d)+
+d" (d~a)(d-b)(d ) 20.

Chii y 2. Trudng hop dac biét cha bét dang thitc Schur khi r =1 sau day c6

104



nhiéu tng dung :

> x(x—y)x- Z)>O<:>3)cyZ+ZA =Y %y

cychic cyclic sym
ol nyz+Zx3 ZZZXZy & xyz 2 (x+y-—z)(y+z-—x)(z+.\'—y)
sym sym sym

S4(x+y+ z)(xy+y2+ z.xt) <(x+y+ 2)3' +9xyz.

Vi du 50. Cho x, y, z 1a cdc s6 thuc khong am. Lic dé, ta cé

) 3 3 3
3xyz + X+ _y3 +z°> 2(()(_)))5 + (yz)i' +(zx)2 )
Chitng minh. Theo bt ding thiic Schur va bat dang thic TBC-TBN, ta c6

3
3xyz + Z x> Z Xy+ayt 2 Z 2(xy)>

cyclic cyclic cyclic

Vi du 51. (IMO 1984/1) Cho «x, y,z la cic s6 thuc khéng am thod man
x+y+z=1. Ching minh O < xy+ yz+zx—-2xyz < 2l7

Loi gidi. St dung diéu kién x+y+z =1, ta cd thé bién doi bat dang thuc vé

dang tuong duong.
0<(xy+yz+ zx)(x +y+z)-2xyz < %(x +y+ z)3 :

Bat dang thitc bén trdi 12 hién nhién vi né tuong duong vdi

O<xyz+ Z x%y.
sym

Bat dang thitc bén phai dugc suy tir
7 Z X +15xyz —6Z.x'2y >0.

cyclic sym

Ta co

72 x~ +15xyz - 6Zx y= (2 Z x3—Zx2y)

cyclic sym cyclic sym

+5(3Ayz+ Z A ——Z\ y)

cyclic sym
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Vay 2 Z x> > szy va 3xyz + Z x> szy.

cyclic sym cyelic sym
Ta chii y
2 Z X —szy = Z (x3 +y3)— Z (xz)’*’x)’z)
cyclic sym cyclic cyclic '
= Z (x3 +y3—x2y—xy2)20.
cyclic

Bit dang thic th hai duge viét lai

S x(x-y)(x-2)20,

cyclic

day chinh 13 mot trudng hop dac biét clia bat dang thiic Schur (r =1).
Vidu 52. (APMO 5/2004) Ching minh rang v6i moi s6 thuc duong a, b, ¢,

(® +2)(B* +2)(2 +2) 2 9(ub+ be +ca).
Loi gidi. Sau khi khai trién, bat ding thic tré thanh

8+(abc) +2Y ’h* +4Y a* 293 ab.

cyclic cyclic cyclic
Tix bat ding thitc (b —1)" +(bc~1) +(ca~1)* >0, ta nhan duge
642 d’b* 24 ab.
cyclic cyclic
Vay, chi can ching minh

2+(abe) +4Y a* 25 Z ab.

cyclic cyclic

Vi 3(a? + b* +¢*) 2 3(ab + be +ca), nén viéc con lai 1a ching o

2+(ab(')2 + Z at 22 Z ub & 2+(ab<')2 =2 Z (ab—%az).
cychic cyclic cyclic
That vay, dp dung hai 14n bat ding thitc TBC-TBN cho 3 s6 thuc duong, |
taco: '
abc

2+(abc)’ =1+1+(abe)’ 23y(abe) =97
. 3" Vabc

1N4



504 S Alabrbetca)—(arhrc)

a+b+c

_22( b=t )

*eyelic

Bat dang thitc cudi ciing chinh la bt déng thac Schur trong truong hop r =1.

Vidu 53. Cho t e (0 ; 3]. Véi moi a, b, ¢ 20, ching minh :

3=+ t(abe)r + D d 222 ab.

cyclic cyclic
Pac biét 13 c4c bat déng thitc khong thudn nhat
5 1 14 2 2 2
Z4—(abe) +a* + b+ 22(ab+ be +ca),

2+(ab(7)2 +a®+b*+cr22(ab+ be + ca),

14 2abc +d* +b* +¢* >2(ab+ be + ca).
2
Loi gidai. Dat x=a3,y=b

——t+t(xyz)f + Z X >ZZ xy)

cyclic cychc

(SR
ﬁu}u

, bt dang thiic tro thanh

y 2 =1(

Vay theo vi du 50, ta chi can chitng minh
3

3—t+t(xyz)r 2 3uyz,
nhung day lai 13 két qua ctia bat dang thiic TBC-TBN :

3=t 1 (xyz)r>(33t i)[]%ﬁ(('\‘yz)?)%j*ﬁ:xyz.

3 3

Doc gi4 c6 thé chimg minh ring khi a=h=c = 1 thi bat dang thic tro thanh
dang thic.
Vidu 54. Cho a, b, ¢ 12 d¢ dai 3 canh cia mot tam gidc. Ching minh

d . b . & S \/?—)

\/2b2 + 2¢2 —d? \/2(.'2 + 2a* —b* -\/2612 +2b° —¢?
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Déng thitc xay ra khi nao ?

Chitng minh. Pat a=y+z,b=z+x va c=x+y. Chi y ring a, b, ¢ déu
duong. Ta c6

Z a =Z y+z

cyclic V 2,72 cyclic ‘4X2 + 4xy+ 4xz+ 2 + 22 — 2)’2
y

, N 9 ~ 1 ~ n, -,
Ta xét ham s6 16i trén khoang (0; +o0) 1a f(x) = NS Khong 1am mat tinh
| x

tong quét ta gid sit x+y+z=1. Ta c6

Z(y+z)(4x +4xy+4xz+y +z° —2yz) ((y+z)+(z+x)+(r+y))

cyclic

x f chcnc(y'{_z)([lxz +4.X’y+4)\'2+y2 + 22 "2}'2) |
| ()’+Z)+(z+x)+(x+y)
22

\/chc,.c ¥ (y+z)+(4x +dayz)+(4nyz +4az? ) +yP + 22 -y -y

Chii ¥ rang

Z 4x° (v+ z)+ (4,>c_y2 + 4)«}'z)+ (4xyz +4x22)+ Y4z —ylz- yz*

cyclic

= Z 207 +7x° (y+ z)+8xyz.

cyclic

Vay 8()(+y.+z)3 >3 Z 207 + 757 (y+z)+8xyz

cyclic

< Z 4x> + 24x7y +8xyz > Z 3¢ + 21y + 12xyz

sym sym .
o 2x° +2y 4273 +3( (y+ )+y (z4x)+2? (x+y))>24xy7

Bt déng thic cudi cung nay suy tir bat déng thicc TBC-TBN. Poc gia tu xac
dinh khi ndo dang thic xay ra.

Vi du 55. Cho a, b, ¢ 1a cic s6 thuc duong sao cho a+b+c+abc =4,
Chu‘ng minh '
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a_ b L ¢
Jb+e Ne+a Na+b

Pang thic xay ra khi nao ?

> \gz_(a-'!-b+(‘).

Chimmg minh. Theo bat dang thitc Cachy-Schwarz

(zaM)[z “ )Z(a+b+(')2.

cyclic cyclic b+c

Nhung theo bat dang thitc Cauchy-Schwarz mot 1an nita

\/(a+b+c')(a(b+c)+b(c+a)+c'(a+b)) > Za\/b+c'.

sym

Vay Za\/b+('2—\/5—2_—(a+b+(')-\/—a—ﬁj—(;—

ab+bc+ca

cyclic

Nhu the ta chi can ching minh a+b+c¢ 2 ab+bc +ca. Bat dang thic Schur
trong truong hop » =1 cho ta

Qubc
a+b+c

Z4(ab+b('+(‘a)~(a+b+(:)2.

Ta chiing minh bat dang thic @ +b+c > ab +bc + ca bang phan ching.
Giastt ab+bc+ca>a+b+c¢ Tacod

Yabc
a+b+c

>4(ab+bc +ca)-(a +b+(')2

s4(a+b+)—(a+b+c) =(a+b+)d=(a+b+¢)) =abcla+b+c).

Suy ra a+ b+ ¢ <3. Do bat dang thitc TBC-TBN ta cé a+b+c >3Vubc suy
ra abc <1 duatéi 4 =a+b+c+abc<3+1. Vo li ! Dén day ta c6 bat dang thic
phai chimg minh. Pang thic x4y ra khi vachikhi a=b=c=1.

3.3.2. Bai tap
Bai todn 100. (IMO 2000/2) Cho a, b, ¢ la céc s6 thuc duong sao cho

abc =1. Ching minh ,
(a—1+l)(b—l+lj(c—l+—l—)s1.
b ¢ . d
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Loi gidgi. Bit dang thitc ndy twong duong véi bat dang thic thudn nhat
¥

(a—(abc-)’/3+(_"f%)_zi) b—(ahc)"” + ﬁ‘iﬁi_)_zf_)

sau day' :

¢

(ahr)zBJ

a

(.'——(ab(')”3 +

Sau khi thé a=x, b=y’ ¢ =2’ véi x, y, z>0, bat ding thic dugc viét lai

nhu sau
2 2
[x3 —Xyz + (xyi) J()’ —Xyz+ ( xyz) J[z —Xyz + (xyi) ] < x3y323,
y X

diéu nay kéo theo

(Xzy—' yZZ + zzx)(yzz - ZZ.)C + ,\'zy)(ézx +v,\'2y + yz ) S ,\3y3 :
hay 3y’ + Z 'x6y3 > Z x*ytz 4 Z xy*z?
cyclic cyclic cyclic
hay 3(25) (%) 20+ T () 2 3 () (5%2)
cyclic sym

day 12 mot trudng hop dic biét clia bat dang thiic Schur.
Bai toén 101. Ching minh ring trong mot tam gidc nhon bét ki ABC, ta c6 :
cot® A+ cot’ B +cot’ C+6cot Acot BeotC 2 cot A+cot B+cotC.
Sau day la mot bat dang thitc khéc c6 diéu kién rang buéc abc = 1.
Bai todn 102. (Tournament of Towns 1997) Cho u, b, ¢ 1a cac s6 thuc
dwong thod mn abc = 1. Ching minh |

1 I 1

+ + <l.
a+b+1 b+c+1l c+a+l

Loi gidi. Ta viét lai bat dang thitc phai chiing minh nhu sau :

' C6 thé xem vidu 51
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1 1 | 1

+ + < :
a+h+(ab(')”3' h+c+(al7(f')”3 ('~f-cz+(abc‘)”3 (abc')l/3

Ta thuc hién phép th€ a=x", b=y, c=2" véi x, y, z>0. Thi bat ding
thic trg thanh,
1 ‘ 1 1 1
3 3 + 3 3 + 3 3 s
XT+y +xyz y +zZ+xyz zZT X +Xxyz XYz

di€u nay tuong duong véi

xyz 3 (0 + 4 xz) (5 + 27+ xyz)

cyclic
< (x3 J—y3 + xyz)(y3 +2z° +xyz)(z3 +x° + xyz)

hay Z x%y’ ZZ x’y?z*

sym sym

Ap dung bat dang thitc (3.2) ta cé

Z/\'Gy:; - Z .X6y_3 +y6)(3 > z xSy4 +y5X4

sym cyclic cyclic
5 4 4 5 2.2 5.2
.:Zx (y +z)22x (yz +yz)
cyclic cyclic
5.2.2
=Y xR
sym

Bai todan 103. (KOREA 1998) Goi I 1a tam dudng tron ndi ti€p cua tam giac
ABC. Chitng minh

BC? + CA? + AB?
3 .

Bai todn 104. (Ki thi chon doi tuyén USA 2000) Ching minh rang v6i moi
s6 thuc duong «, b, ¢ bit dang thiic sau day la ding

LD Yabe smaxi(Va ), (Vb 2, (Ve —a)'}

va xdc dinh khi ndo bdt ddng thite dé la ddng thite ?

IA2 +IB*> +IC* >

Loi gidi. Vi a, b, ¢>0 neén ta dat x=+/a, y=+b, z=+/c. Bat déng thic
TBC-TBN cho ta )
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Mat khéc theo bat dang thitc Schur trong trudng hop r =1 ta ¢6

Ay

9,_X£__24(,xy+yz+zx) (x+y+z) -_2(\y+y”+7x) (x2 +y*+z 2).

X+y+z
Sau khi thay ¢ = X%, b= y v z=c? vao bat dang thitc vira ching minh

ta co

a+b+c—33 fibc‘ S2(a+b+c'—\/;/;—\/l—7;—\/:c;)
—(Ja-vp) + (b v +(Je=a)
<3max{(Va—VB) . (Vb &), (Ve —a)}.

Chia 2 vé clia bat dang thic niy ta c¢6 diéu phai chimg minh. Doc gia hay
x4c dinh khi nao cé déng thiic.
Bai todn 105. Cho a, b, ¢ 12 d6 dai cdc canh cha mot tam gidc. Chimg minh

'{
2u+ czb > a3 + b3 + ¢+ 2uabc.

Bai todn 106. (Ki thi chon doi tuyén USA 2003) Cho «a, b, ¢ 1a cé4c s6 thuc

.
WCh+ate+be+ bu+¢

thudc khoang (0 ; g) Chimg minh

sinasin{a—b)sin(a~¢) sinbsin(p—c)sin(b-a)
sin(b+c¢) sin(c+a)

sincsin(c—a)sin(c—5b)

> 0.
sin{a+b)

Dang thitc xay ra khi nao ?

Loi gidi. Truée hét ta c6 ding thic lugng giac

cos2v—cos2u
V) =

2

sin(u +v) sin (1 - —sin® u—sin?v.

Dit x =sin’a, y =sin’ b, z=sin? ¢. Liic d6 bat dang thic phai ching minh

tuong duong voi




\/—(r—y)()«—7)+\/—(y—z)(y~r)+\/‘(2—\)(”—V)

sin(b+¢)sin(c +a)sin(u+b)

Vi sin(b+c)sin(c+a)sin(a+b) >0 nén bat ding thicc nay chinh 13 bat
2 ! 1 ‘
dang thire Schur trong trudng hop r = 3
Bai todn 107. (Bdt ddng thitc Surdnyi) Ching minh ring véi moi

Xy o X, 20, taco:

(fl”‘l)(,\-l"z—}-,..—i-)(, )+m1 n—("|+ X, )( 1n l+‘_'+xn—1).

n

Bai todn 108. Chimg minh rang v6i moi s6 thuc khong am thi

@ +b = 2‘ abv 2a° +2b° + bc'\/2/72 +2¢% + cav 202 +24% .

Diéng thitc xay ra khi nao ?
Loi gidi. Truéc hét ta c6 nhan xét day 1a mot bat dang thic manh hon bat
“dang thic Schur véi r =1. Dé chimg minh bat ding thidc nay ta phai khir cic dau

can thifc bing mot bé dé. Ta ¢6 J2x% +2y2 > x4y = =2 Ngodira :
X+y

B6 dé. Véi moi so thirc x, y khong am sao cho x + y > 0, tacé
a2 o 2
3x7 +2xy+ 3y > /2{‘72 +2)‘2.
2(x+ y)
Chitng minh bé dé. Ta cd

2
(3x2 +2,\'y+3y2) —4(,\‘ +y)2 (2x2 +2y2)
=oxt 4 12x3y +22x2y2- + l?.)cy3 +'9y4 —(8x4 + 16-v3y + 16_\‘2_y2 + 16,\‘y3 + 8y4)
=x? ~4x3y + 6,1'2y2 ——4.!t‘y3 + y4 = (,\‘ — y)4 > 0.

Dang thiic xay ra khi x =y.

Ta trd lai chimg minh bai toan. Nho bé dé trén day, ching ta chimg minh

Z .a(a—/?)((l“(') = Z (213 +ab('—ah(a+h))

cyclic cyclic .
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(322 +2ab +3b2%) ab

2(ath) —ab(a+b)

5>

cyclic

¥ 3a3h +2a%b% +3ab® = 2a°h — 4d*c* —2ab’
2(a+b)

cyclic

B ab(a—b)2
-CYZC:“C 2(a+b)
Nhung ta lat c6

Z (b+('-a)(b—c')2 =2 Z ala-b)a-c),

cyclic cyclic

nén chi can chitng minh

z (b+('—a— be )(b—c)ZZO.
cyclic b+c

Vi tinh déi xing nén ta c6 thé gid st @ > b > ¢ ma khong lam mat tinh tong
quat cta bai todn. Lic do

(a+b—c—~ ab )(a——b)2 > 0.
a+b N

(c+a—b— ac )((a—c‘)z _(b-c)?)>0.

a+c¢

3 (bﬂ-—a—b”" )(b;(,-)2+ > ((:+a—b— aad )(b—(:)?‘ > 0.

cyclic +tc _ cyclic a+c
Cong ba bat déng thic trén day v€ theo v€ ta c¢6 diéu phai chimg minh.
Ping thitc xay ra khi va chi khi a =bh =,
Bai todn 109. (Iran 1996) Cho cic s6 thuc duong x, y, z. Ching minh
1 1 1 9
(xy+ yz +zx) 5+ 5+ =2
(r+y)" (y+z)” G+x)7) 4

Ping thitc xay ra khi ndo ? .
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Bai todn 110. (BAt dang thirc Vascile Cartoaje) Cho cic s6 thuc duong
a, b, ¢. Chimg minh

1 - 1 BN 9

2 ‘>+ 2 "l+ 2 2 ) 2 2)°
4d° —ab+4ab*  4b° —bc+4ct 4t —ca+da® T 7(d + b +?)

Ding thic xay ra khi nao ?

Loi gidi. Sau khi quy déng mAu va rit gon ta dua bt dang thitc phai ching
minh vé dang tuong duong. |

D d®=2d°b+a’be 20, | (1)
sym : ’
> a’b-4d"b* +34’b 20, 2)
sym
Za4b2 ~a'be—a’b +24°hc - dPb e 20, , (3)
sym
> d'be =24’V e+ db* 20. | (4)
sym

Trong dé6 (1) dp dung v6i r =4 va (4) dp dung vdi r =1 (sau khi nhén cho -

abc). Bat dang thic (2) 1a két qua cla Zsym ab(a—b)* >0, va (3) 1a bat dang thic

tam thuong (a-b) (b—c‘)2 (c—a) 20. Két qua cé dudc sau khi trir 56 lan (1)
vé1 84 lan (2), 208 1an (3), % lan (4), ro1 4p dung bat dang thiac TBC-TBN sau
dé chia cho a’b*c*. Doc gia tu tim cic diéu kién dé ding thirc xay ra.
Bai todn 111. (Viét Nam, 2006 bang B) Tim s6 thuc k 16n nhat sao cho véi
moi s6 thuc duong u, b, ¢ thoa man diéu kién abc =1, ta ludn ludn cé bat ding thic
I 1 1
—+—5+—5+3k2(k+D(a+b+c). (3.3)
a  b® » :
Ping thirc xay ra khi nao ?
Hudng ddn. Gia st ton tai s6 thuc & thoa méan dé bai. Chon

1

a=h= ,c'=(n+l)2(neN_).
Tur (3.3) suy ra .
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n’ +2n+1+

(n+1)" n+l

k<
" n® +2n+ 2 |
n+1
Vi
nt+2n+1+ : i 21
lim (n +21) ey,
S n+2n+—"——1
n+1
suyra k <1. Véi k=1 bat ding thic (3.3) tré thanh bat dang thic

1 1

1
—+—+—5+322(a+b+0).
da b C

Dé ching minh bat déng thic ndy ta 4p dung bat ding thitc Schur sau khi dat
| l-

s Y=, Z2=—.

!
a b C

X =
3.4. Bat dang thirc Muirhead
3.4.1. Pinh li — Vi dy
Bét dang thic Muirhead 12 mot dang tdng quét rdt quan trong ctia bat dang
thitc, TBC-TBN. D6 12 mét cong cu manh trong viéc giai mot s& bai todn vé bat

dang thitc. Trude hét ching ta ¢6 mot dinh nghia téng quat vé trung binh gilta cac
s0 thuc ngoai cac trung binh cong, trung binh nhan thong dung. |

Dinh nghia 34.1. Cho x;,xp,...,x, la cic so6 thuc duong va

p= (p1 s Doy eees Pn) 1a mot bo 7 s6 thuc bat ki. Ta goi "trung binh kiéu p" 12 s8 thuc
_ Py P,
[[7] —-n—; Z Yo o(2) " Foln)
‘o€,
trong d6 S, 1a tap hop cac hodn vi cla {1, 2, ..., n}.
Vidu :

[(1, O, - O)]: (n“l)'(l] +X2+...+xn) _ X] +./\2 +...+X"
n! n

a trung binh cong cta cic s6 thuc x, x,, ..., x, VA
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11 1
- | B

: , 17 1 n — - -
_1_ l l :n.x1 xg..ox) P,
W\n'n " n)| n! L2 "

la trung binh nhan ctia cdc s6 xy, x5, ..., X

-
Ta ciing dua thém dinh nghia vé mot quan hé thi tu giita cac bo sé thuc.
Dinh nghia 3.4.2. Cho 2 bo s6 thyc bat ki p=(p;, pp,.... p,) Va

g=(41.4,..+4,)- Ta bao - p=(p;, py,....,p,) 1a chan trén

g =(q1, qz,-...‘, qn), ki hiéu

=P P2 s D) 4= (a1 @2 -5 4)

néu chiing thoa man céc diéu kién sau |
1. py2p, 2'-'217,: va ¢y Zqr 2. 24,
2op129L Pt pr2qitdy, s DDy P 2 gy et g,

3. 1)1+Pz+~--+pn=q1+qz+~-%q,,_- |
Dinh li 3.4.1. (Bdt ddng thirc Muirhead) Cho x|, X,, ..., x, 12 céc s6 thuc

duong va p, ¢ 1a cdc b n s6 thue sao cho p > ¢ thi ta c6 bat dang thic [p] >[q].

Déng thic xay ra khi vd chi khi p#¢g vd x=x,=..=x,. Vi du
111 | _, .

(1,O,...,0)> (——, — e —~) nén TBC khong 16n hon TBN va bat dang thitc TBC-
n n . n

TBN Ia mét trudng hop dic biét clia bat dang thitc Muirhead.
Dic biét trong trudng hop n=3 bit ding thic Muirhead duoc dién ta
nhu sau : ‘

Cho a=(ay, ay, a3) va b=(by, by, by) 1a cdc bo s6 thyc sao cho a > b.

Nghia la
a 2dy 2ay20
b, 2by2bhy 20
< a 2 b

a, +a, Zbl +b,
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Cho x, .y, z la cdc s6 thuc duong. Lic dé, ta c6
| Z xhy®gh > Z xP Pz
sym sym
Cht'mg minh trong truong hop n = 3.
Triong hop 1. by zay: Tu ay2a +a, —Fbl va ua;2b; ta suy ra
ay = max(ul +ay — by, /71) sao cho max(al, c12) = gy = max (a, tday; —by, bl).
Ngodi ra W a +ay—b 2b +a3—b =a3 VA uj+ay—b >2by>by, ta cb

max () +ay —by, ay) 2 max(by, by). Ap dung bat ding thitc (3.2) hai 14n ta c6

Z xa, ya_, Za‘ - Z Z’a" (xa,yar2 _+_Xa:yaI )

sym cyclic

> Z 2% (XuIJru2 —hlyhl + .X'h'yu' +a,—b, )

cyclic

= Z _\-bl (),»(lx+(‘z -hl Z“i + yax Z(-‘|+a2"—hi )

cyclic

> 2 K" ()’hzzh‘ +yPz": )

cyclic
Z b, b, _b,
= Xy 2.
sym
Truong hop 2. by <ay: T 3by 2b+by+by =a; +ay +uy 2 b +uy +ay ta
suy  ra by 2ay+a3—=b va  u; 24y 2b 2ay+a;—-b. Vay, ta c6
max (ay, a3) 2 max (by, ay +ay —by) va max(ay, a, +az —b; ) > max by, by ).
Ap dung bat ding thiic (3.2) ta cé

Z 4 yu: U Z B4 (yu: e yu} e )

sym cyclic

> Z ,\Ca‘ (ﬂ)b' Z'u:+u;—b, _+_y(12 +a, b, Zh’ )

cyclic

_ Z yb! (/\,ulzaz+uw—l7l +x(’:+“:””.z".)

cyclic *
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Chii y. Dang thic xay ra khi va chi khi x =y =z Tuy nhién, néu ta cho
x =0 hay y=0 hay z=0, thi bat ding thic tr& thanh ding thiic trong trudng hop
dy, dr, a3 >0 va by, by, by >0 khi va chi khi x=y=z hay x=y,z=0 hay
y=z,x=0 hay z=x, y=0.
Vi du 56. (IMO .1995) Cho a, b, ¢ la cédc s6 thuc duong sao cho abc =1.
Chitng minh
1 ] ' 1 3
. +— +— >
ab+c¢) b (c+a) (a+b) 2
Chitng minh. Bt dang thitc phai chiing minh tuong duong véi
1 1 1 3
3 t3 3 = 473
ab+c) b (c+a) la+b) 2(ube)*’”

Thuc hién phép thé a=x>, b=y, ¢=2" véi x, y, z>0. Liic d6, bat déng
| 1 ,_ 3
cyclic x9(y3 +Z_) 2{4 44"

c6 bat dang thirc phai chitng minh

ZKIZ 12+2Z\12 93_*_2‘) 96>3Z\11 85—{-6\8 88

sym sym sym sym

, 1212 X 11.8.5
hay (Zsm.x y ——Zsym-x yL)
12.9 3 11 .85 9. 9.6 R
+2(Zsymx y'z —Zsy X y'z )+(Zsym,x y’z _zsyml vz )20.

Vi (12,12,0)>(11,8,5),(12,9,3)>(11,8,5),(9,9,6)>(8,8,8) neén
theo dang thitc Muirhead méi hang wr trong bat déng thirc cudi cung 1a khong am

thitc trg thanh Z . Quy déng mau s6 va bé mau so, ta

va tir d6 ta c6 bat dang thic phai ching minh.
Vidu 57. (IRAN 1996) Cho x, y, z 1a céc s¢ thuc duong. Chiing minh
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(\y+yz+z\)[ 1 ! + 1 2]2—9—.

(x+y) (y+7) Z4x) 4

Chitng minh. Bat dang thitc phai chiing minh tuong duong véi

42)\ y+22 X y7+6x y*z? ——Z)cy —62 xyt Z.\'3y22_>_().
sym cyclic sym cyclic sym
Ta viét lai né nhu sau
(Z ,\‘Sy _ Z .x4y2 ) n 3(2 x5y _ Z ,\'3y3 )
sym sym sym sym _,
‘ +2xyz(3xy2 + Z .x3 — Z xz,y) 2 0.
cyclic sym

L (5,1)>(4,2),(5.1)>(3,3) va (3,0)>(2,1) vay theo béit ding thic
Muirhead va bat déng thiic Schur, vé trii clia bat ding thic trén day 12 tng clia ba
hang tir khong am. D6 12 diéu phai chiing minh.

Vi du 58. Cho x, y,z la cdc s6 thuc khong &m sao cho xy+yz+zx=1.
Ching minh
: + ! + ! 2—5—.
xX+y y+z z4+x 2

Clnmg minh. St dung Xy+yz+zx =1, ta thuéin nhat bat dang thdc phai
chiing minh thanh dang : ‘

11 Y _(5Y
(\y+yh a\) + + 2| =
xX+y y+z z+x 2

hay 4Z Xsy + Z /\‘4yZ + 142 x3y22 + 38,\‘2y222 > Z ’\-4),2 " 32 «\'3)’3

sym sym sym sym sym
hay | (szy——z.x' y2)+3(z.x5y—z,\'3y3)
‘ sym sym sym sym
+xyz ( Z A7+ 142 xty+ 38xyz) >0.
sym sym

Do cdc bo s6 (5, 1) > (4, 2), (5, 1) = (3, 3) nén theo bat dang thitc Muirhead
ta c6 két qua. Trong bat dang thic trén diay, néu khong cé diéu kién
xy+ yz+zx =1, thi ding thitc xay ra khi v chi khi x=y,2z=0 hay y=z, x=0
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hay z-%.x,y=0. Vi xy+yz+zx=1, nén ding thic x4y ra khi va chi khi
(x, y,2)=(1,1,0),(1,0,1), (0, 1, 1). |

3.4.2. Bai tap
Bai todn 112. Cho 3 56 thyc duong a, b, ¢. Ching minh
| (a+b)(h+c)c+a)>8abc.
Déng thic xay ra khi ndo ? |
Chitng minh. Khai trién va rit gon ta ¢ bat dang thic twong duong
a*b+da*c+bc+ b a+cCa+cth 2 6abc.
Vi (2,1,0)>(1,1,1) vay theo bdt dang thic Muirhead
[(2,1,0)]=[(1, 1, 1)]. Déng thic xay rakhi a=b=c.
Bai todn 113. Cho céic s6 thuc duong «, b, ¢,d thoa min abcd =1.
Chiing minh | | |
15+ 17+ 1,+ 1722.
(1+a)” U+p) (+c) Q+d)
Dé‘iﬁg thtc x4y ra khi nao ?

Bai todn 114. (IMO 1990) Cho céc s& thuc duong sao cho xyz=1.

Ching minh

3 3 o 3
X y -

z 3
() 0+2) (D0 Gr0)(ley) 4

Ding thitc x4y ra khi nao ?
Sau day 12 mot cdch chimg minh bai todn niy dua vio bat ding thic
Muirhead. ‘
Loi gidi. Sau khi quy déng miu s6 va khir méu ta c6 bat dang thic
tuong duong ‘
4()c4+y4+z4 +‘x3+y3+23)23(1+x+y+z+xy+yz+zx+xyz).

V6i céc ki hiéu da dua ra bat déng thiic tugng duong véi
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4[(4,0,0)]+4[(3,0,0)]=2[(0,0,0)]+3[(1,0,0)]
+3[(L 1L, 0)]+[(1. L 1)].

Vi diéu kién xyz =1 ta 4p dung bét déng thic Muirhead nhiéu lin nhu sau
[(4.0.0)]2($.4.4)|-[0.0.0)]
3[(4,0,0)]23[(2 1, 1)]:3[(1, 0,0)],
3((3,0,0 ]>3H-‘;T i 1)} 3((1,1,0)]

va [(3.0,0)]2[(LL1)].

Cong céc bat dang thitc vira nhan duoc ta cé bét dang thirc phai chimg minh.
Diang thic xay ra khi vachikhi x=y=z=1.

Chii y 1. Trong bai toan trén day ta c6 thé "néi" bét diéu kién rang buoc

thanh diéu kién rong rdi hon xyz > 1. Lic dé6 ta ¢ bat dang thic

[(/?l,pnpz] (P =7, py=r, py=7)]

trong dé » >0 bat ki.

Chii ¥ 2. Theo bat dang thic TBC-TBN ta cé két qua sau day. Cho cac bo n
sO thuc p va ¢, ta cé

2 2
Bai toan 115. Cho a, b, ¢, d > 0. Chimg minh

g( 5 1) 3 adhe + bdac +cdab + beJad +abed +acbd.

[p]+[q~]2[p+q}

Huong ddn. Tru6c hét ta viét bat ding thic dudi  dang .

3 7’0t s - e g A A > ’ e . ~ N
Zsym a Zzsym ab\cd, vé6ichi ¥y rang @ xudt hién 6 1in bang cach déi vai tro tir

a sang b, ... ; ab\cd xudt hién 4 14n sau khi déi vai tro cia ¢, d. Cu6i ciing bat
déng thiic tuong duong véi :
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6[(3,0,0,0)]> 4{(1, L, % -;-ﬂ

P6 1a k& qua cha bdt ding thic Muirthead v6i 2 bo s6

(30,0, O)>(l, = l).

2 2
Bai toan 116. (USAMO 1997) Cho a, b, ¢ >0. Chitng minh

1 1 1 1
E T3 T3 = .
a’ +b +abc b+’ +abe o +a +abc  abc

Dang thic xay ra khi nao ? |
Sau day la mét céch ching bai todn nho sir dung bat dang thic Muirhead.
Léi gidi. Sau khi quy dong va bd miu 6 réi nhan cho 2 ta ¢ cdc bt ding
thitc tuong duong
> (e +5° +abe) (b + ¢ + abc) abe
sym .

< Z(a3 +bh + abc")(b3 +* 4 ab(')(o‘3 +a+ abc')

& S (abe+3a* e +4d°D* P + a*h )

sym

< Z (413/73('3 +24%p +34* P e+ d'be + 2c15/)2('2

sym
= S (24°° - 24°%?) 2 0.
sym ; | ,
Bit dang thic cudi cing nay 1a két qua cha bat dang thitc Muirhead tng v6i
2bos6 (6,3,0)>(5,2,2). |
Bai todn 117. (IMO-shorlist, 1990) Cho cic s6 thuc «, b, ¢. Ching minh

(® +ab+b) (B2 +be+ AN +ca+a®) > (ab+be + ca)’.
Khi ndo dang thic xay ra ?
Huéng ddn. Sau khi khai trién hai v€ réi nit gon ta dua bat dang thic phai

chimg minh vé dang
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(a2 +ab + b?‘.)(b2 + bc + (;2 )((72 +ca+a® ) ~(ab+bc+ c'a)2
= Z(—l— a*be+da*b? ——lazbz_('2 —a3b2(').
2 2

Ap dung bat ding thic Muirhead {ng véi hai bo s6 (4, 2,0)>(2,2,2) va
(4,1,1)= (3, 2, 1). T d6 ta c6 bt ding thiic phai ching minh.

3.5. Phuong phap chuan hoa
Trong cdc muc trudc, ching ta bién déi mot bat dang thitc khong thuan nhat
thanh thuin nhat. Tuy nhién céc bat dang thitc sau khi da thuin nhat lai cé thé
duoc chudn hoé bang nhiéu cach.
3.5.1. Vidu
Vi du 59. (IMO 2001/2) Cho a, b, ¢ 14 cc s6 thuc duong. Chitng minh

a N b N ¢ >1
Ja? +8bc b +8ca N +8ab
, = | . , ” a ) b & 1
Huong dan. Ta thuc hién phép thé x = = z=

,)’—' L) .
a+b+c a+b+c¢ a+b+c¢

- Bai toan trd thanh bai todn ching minh
xf(x2 +8yz)+ yf(y2 +82x)+ Zf‘(Z?' _+8xy) =1,

trong dé f(¢) =7 Vi ham s6 f 1a ham s6 16i trén R* vad x+y+z=1, nén 4p
4 . ‘

" dung bdt ding thic Jensen ta cé

xf(x2 +8yz)+.yf(y2 +82x)+ zf(z2 +8xy)

' Chia bat dang thic cho a+b+c ta duge bat ding thitc tuong duong

a

Z \/ at+b+c >

cyclic a? 8bc

B i VSN SO

(a+b+c) (a+b+c)
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Z}f(x(,{cz +8yz)+y(y2 +82x)+z(z2 +8xy)).
Chii y rang f (1) =1. Mat khac ham s6 f nghich bién nghiém céch trén R,
nén chi can chitng minh
12x(x2 +8yz)+y(y2 +8:zx)+2(z2 +8_x'y).
St dung diéu kién x+y+z=1, ta thudn nhat bat ding thic thanh bat
" dang thuc ’ |
()c-l~y+z)3 > )c(x2 +8yz)+y(y2 +82)r)-+-z(z2 +8xy).
Cu6i cling, bat déng thic nay suy ngay tr

(x+y+z) —x(x? +8yz) = y(y? +82x) = (£ +81)

=3[)c(y——z)2 +‘y(z—x)2 +z(x—y)2J > 0.
Trong céch giai vi du trén day ching ta da chuin ho4d mot bai toan khong ¢6
diéu kién rang budc trd thanh bai todn c6 diéu kién, d6 1a x+ y+z=1. Sau day Ia

mot cach chudn hoa khéc véi xyz =1.

, . . . y bc ca ab e s ,
Huéng dan. Ta thuc hién phép thé x=—, yz;—, z=-. Lic do, ta co
- a” ¢

xyz =1 va bt dang thiic tr&y thanh |
SR S U
J1+8x \/I+8y J1+8z

bét ding thic nay tuong duong v6i

> \/(1+8x)(1+8y) > J(1+8x)(1+8y)(1+82).

cyclic

Binh phuong hai vé ta c6 bat ding thic tuong duong

> V1+8x >510.

cyclic

8(x+y+2)+2,/(1+8x)(1+8y)(1+82)

Biét rang, xyz =1. Bat dang thiic TBC-TBN cho ta x + y+z23 va

8 8 8

(1+8x)(1+8y)(1+8z) > 9x%.9y9 929 =729
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8 4
va Z VI+8x > Z V9x? >9(xyz)27 =9.

cyclic cyclic

Tir bat dang thuc trén day ta cé

8(x+y+z)+2\/(1+8x)(1+8y)(1+82)
> V1+8x 28x3+2x+729x9=510.
cyclic '
Vi du 60. (IMO 1983/6) Cho a, b, ¢ 1a do dai céc canh cia mot tam giic.
Chiing minh ‘ |
a*b(a-b)+b*c(b-c)+ctalc—u) 20.
Chitng minh. Sau khi thay th€ a=y+z, b=z+x,c=x+y cho x,y,z>0,
~ bat dang thic trd thanh

2 2 2
. X z
Cz+y x+27y 2 xPyz+xy*z + xyz® hoic ——+2—+——Z.x+y+z.
: ' y z X
Bat dang thitc nay 12 thudn nhat, vi vay ta dua vé trudng hop cé diéu kién

rang buoc x+y+z=1. Lic dé, bat dang thitc phai chitng minh 1a

Aol

trong d6 f(x)=¢*. Viflaham s6 13i trén R, ta 4p dung b4t ding thitc Jensen

yf(§)+zf(§)+,xf(x)>f(y At §+x :J F=1.

3.5.2. Bai tap

Bai todn 118. (KMO Winter Program Test 2001) Chng minh ring véi moi
a, b, ¢ >0,

dé duoc

\/(azb +hic+ ('za)(ab2 + bt + (,'az) > abc

+%/(Q3 + ab(:)(b3 + ab(')(c'3 + abc)
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Loi gidi. Chia bat dang thitc cho abc, ta c6 bat dang thiic tuong duong

AV 2 2 2
\/(fl—+-[3+-(—)(—(‘-+ﬁ+!)—) 2abv+i/(ﬁ—+l)(?——+l)((——+l).
¢ a b/)\a b «c be ca ub
Sau khi thé x = %, y= 2 z= i, ta nhan dugc diéu kién rang budc’ xyz.z 1.

¢ a
Liic d6 bat dang thitc phai chiing minh tr& thanh

\/(x‘+y+z)(xy+yzf23‘) 21 +i/(§f1)(i-+l)(-z—+1).

y

Tir rang budc xyz = 1, ta c6 hai dang thic

EREY N Ea e R

(x+y+z)(ay+yz+zx)=(x+y)(y+2)(z+ )+ 1z

=(x +»y)(y+z)(z+x)+l.

bat p=%/(x+y)(‘y+z)(z+x), bit dang thiic twong duong Vvdi

JplHl=1+p.

Ap dung bat ding thic TBC-TBN, ta c6

p 22y 2yz 2zx =2,

Suy ra (173+1)—(1+,p)2 =p(p+1)(p-2)>0. |

Bai todn 119. (Putnam 03A2) Cho «,, a,,...,a, va b, b,, ..., b, 1a cic s6

thuc khong am. Chimg minh

(alal ceedy, )1/" +(blb2 ".'bn)]/” < [(d] + bl )(a2 + bz)...((ln +b"):|l/n ]

Bai todn 120. (IMO 2/1999) Cho 1 12 mot s6 nguyén vé6i n > 2.

(a) X4c dinh hing s6 nho nhat C sao cho bat dang thifc

Z XX, (x,2 +sz.)SC(Z‘x,.)4

1€i<j<n 1<i<n
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ding véi moi s6 thuc x, ..., x, 20.

(b) Véi hang s6 C nay, hay tim xem khi ndo déang thic xay ra.

Loi gidi. (Marcin E. Kuczma) Véi x, =...=x, =0, bat ding thitc ding v6i
moi C >0.Vay, ta xét trudng hgp x, +...+x, >0. Vi bt déng thiic 1a thudn nhat,
nén ta c6 thé chudn hod thanh x, +...+ x, =1. Taki hiéu

F(xl, ooy xn)= Z XX, (x,2 +x12A).
1<i<j<n

Tu gia thiét x, +...+x, =1, tacé

F(xl,...,x")z Z x?xj+ Z bxixj.: Z 3Zr z l—x)

1€i<j<n 1<i<j<n 1<ign J#l 1<ign

(=)
XXX ).

n

fl

i=1

Ta két luan C = —:; Vay chi can chiing minh

L1
F(x,.ox)s~=F|=,=,0,...,0]
(1000 5,) < (2 2 )

Dén day ta phai ching minh mot b6 dé

> o 1 _
Bode. 0<x SySE kéo theo -t <yt -yt

Chimg minh bé dé. Vi x+y<l, ta c6 x+y> (x+ y)2 > X%+ xy+yt

Vi y-x20, suy ra y>-x*>y’—x> hay y y > x* , d6 1a bé dé phai
chimg minh.

Ta xét cac truong hop

1
Truong hop 1. szl 22X, 2.2,
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‘Truong hop 2. x,2—2x,2...2x,. Dat x; =x va y=l-x=x,+...+x,.

Viy2x,,...,x,, dodé

F(x, ..., x,,)-—;x3y +Zn:x,.(xl?' ——,\‘,.3)

i=2

<xy+Z (=) =2y 37 =y).

Vi x3y+y(y2 ‘—y3):x3y+y3(1 -~y):}xy(}c2 +y2), nén chi can chimg minh

: , 1
xy(x +y )S g

Sir dung x+ y =1, ta chuan ho4 bat dang thiic trén day nhu sau.
xy(x2 + yz)s —é—(x + y)4 .

Tir dé6 ta c6 két qua (x+ y)4 —Sxy(xz + yz) =(x- y)4 > 0.
Bai todn 121. (IMO-shorlist 1991) Cho n 12 m6t s6 nguyén cho trudc véi

n>2. Tim gi4 tri 16n nhét cla téng

2‘ Xl-Xj (Xi +X_j)’

1<i<j<n

trong dé x,,...,x, 20 vd x, +...+x, =1.

3.6. Phuong phap sir dung duong thang ti€p tuyén

Day 1a mot phuong phap don gian dé chiing minh bat déang thic lién quan 16i
cdc ham s6 c6 dao ham.
3.6.1. Vidu

Vi du 61. Cho a,b,c,d la cic s0 thuc duong sao cho a+h+c+d=1.

Chimg minh

* | 6(d® +5° +¢° +'d3)2(a2+b2'+c2+(12)+%.



Ping thitc xay ra khi nao ?

Chitng minh. T gia thi€t tasuy ra a, b, ¢, d € (0 ; 1). bat f(x)= 6> — x2.
Lic d6 bat dang thic tré thanh

F@)+ FB)+ £+ F(d)> é—

Ta biét bat dang thic da cho tro thanh dang thic khi a=b=c=d = ?:: Vi

vay ta tim phuong trinh ti€p tuyén cla dé thi ham s6 f(x) tai di€ém cé hoanh do
X 1 va tung do f(ljzL Phuong trinh cta ti€p tuyén dé la
4 4) 32
N2
1 1 1 1 1
=f = Ix| x—— |+ fl == 18x| —| —=2x| —||x
g f(4) ( 4) f(4) ( (4) (4”
3 2
()1
4 4 4
Sx—1

Sy= .
y‘8

Vay dé thi ham s6 c6 tiép tuyén tai diém M(—l- ; —1—) Ia y= ng—l. Bang

| 4’32
céch v& d6 thi ham s6 ta nhan thay tiép tuyén tai M & dudi dé thi ham s6. Vay ta
) Sx-1"~ Sx—1 sz R ,.
c6 f(x)2 o 6x° —x*> . Bat dang thic nay tuong duong véi

48x° —-8x* =5x+120.
Diéu nay hién nhién vi ‘ '
48x° —8x% = 5x+1=(4x~1) " Bx+1)20
véi moi x € (0 ; 1). Cuéi cing ta cé.

5a+5b+5<-+5d—4_

F@+fFB)+ O+ f(d)> ; _;_

‘Dang thitc x4y ra khi a=b=c=d=:11-.
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Vidu 62. (USAMO 2003) Cho a, b, ¢ 1a cic s6 thuc duong. Chiing rﬁinh

Qu+b+c)  @b+c+a)  Qc+a+b)
: =+ — =+ —— ~<8.
2a° +(b+¢) 2b* +(c+a) 2¢” +(a+b)
Khi nao dang thic xay ra ?
Chiimg minh. Bang céch st dung phép thé o' = a(a+b4-(r), b =bla+b+c),
' =cla+b+c) tacod thé gia st O<a<h<c<l vd a+bh+c=1 makhong lam
mat tinh téng quat ctia bai todn. Ngodi ra ta dat ham s6

f(x‘)~ ()(+1)2 B X2 +2x+1 véi 0<x <1
22+ (1=x) 37 -2x+1 '

Liic d6 bat dang thitc phai chiing minh ¢6 dang

fl@)+ )+ flc)<8.
. . , | SN 1} 16 s .
Dang thitc xay rakhi a=b=c= 3 va f 3 = ER Phuong trinh ti€p tuyén

v6i d6 thi ham s6 tai diém M(—;— 1;) 1a

1Y 1) 16

= — X —— +_..._,

=535
12x +4

ha = .
y )’_3

Bang truc quan hinh hoc ta thiy dé thi ham s6 & dudi tiép tuyén. Vay
12x+4 ‘

flx)<

V61 moi x € (O, 1-).

Ta c6 thé kiém chiing bat dang thic nay nhu sau

X +2x+1 _12x+4
3x2-2x+1 3

& 365 =152 =2x+120 < (B3x=1)" (4x+1) 20 véi moi x (0, 1).

Bat dang thitc cu6i cing nay 12 hién nhién. Vay
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12a+ 4
(a) < ,
fla 3 |

F(b) < 12b+4
. - 3 2

12044
flo)< 3

_)<12(a+b+<-)+12_
< - =

8.

Suyra f(a)+ f(h)+ £
D6 chinh 1a bat dang thiic phéi chimg minh.

3.6.2. Bai tap
Bai todn 122. (JAPAN 1997) Cho a, b, ¢ 14 céc s6 thuc duong. Chiing minh

(b+(.‘—a)2 (bJrcf—-a)2 (b+<'—a)2
+ +

3
> —.
(b+c¢) +a* (b+¢) +d? (b+c)2+a2 5

Bit dang thic khi no tr& thanh dang thic ?
Chirng minh.
Giong nhu trong vi du trén day ta c6 thé gid st O<a, b, c<l va

a+h+c=1. Liic d6 hang tir dau tién clia V€& trai c6 thé viét 1a

(1-24) 2

(l—a)_z—i*a2 1+(1-24)
bat x=1-2q, y=1-2bh, z=1-2¢ thi x+y+z=1 va —1<u, y, z<l1. Lic
8
dé6 bat dang thic phai chimg minh tuong duong véi

1 1 1 27
+ + <

2

1+x2 14y 1422 10

- », . 1 2 , i3 -
Truéc hét ta c6 nhan xét khi x=y=z =§ thi dang thic xay ra. Ta dat

ham s6
ft)= : > VO —1<g<1.
141 .
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Liic d6 bét dang thic phi ching minh tuong duong véi
27
_f(x)+f(y)+_f(z)sﬁ.

o . L3 > . - . « 2 1 1
Mat khac phuong trinh ti€p tuyén cua do6 thi ham s6 tai diem M (5, f (—D

3
19
Véi f| = |=— la
f(s) 10
1

q(l)( 1) 9 2X3( 1) 9 271454
y=f|=|t-=|+==~ f—m | =T
s\ 73) 10 1U73)710 7 50

' 9

1+

Biing truc quan hinh hoc (d6 thi clia ham s6) ta nhan thdy dé thi & phia dudi
tiép tuyén. Vi vay ta chi cin kiém tra bat dang thic f(¢) < :$

D6 chinh 1a bat ding thic

L 221408 o (3-1)°(4-31)20 véi moi re (-1, 1),
1+ 50 :
Bat dang thiic cudi cung 12 hién nhién. Vay ta cé
Flo) g Z2xT4
50
_27y+54
ot 2T
fly)s—-
-27z +54
f( ) ——
50
Cuoi ciing ta ¢
. : 2N x+y+z)+162 27
£+ Fy)+ (o) e 2ty rz)+l62 27

50 10’
D6 1a bat dang thitc phai ching minh. Hién nhién ding thic xay ra khi va

chi khi xzy:z:—;- tiec 1a khi a:'bz(':%.

Bai todn 123. (Thi chon doi tuyén IMO cua Trung Quoc, 1999) 1‘1m gid
tri 16n nhat cta biéu thitc *
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at+ovat - —d,
trong d6 «,...,a, 1a cdc s6 khong am thoa man
a ++a, =1.

3.7. Phuong phap su dung tinh chit cia d(;an thang

3.7.1. Pinh li — Vidu

Pinh li 3.7.1. Cho ham s6 bac nhdt f{(x)=ax+5b. Néu t6n tai hai s6 thuc
a < B saocho f(a)=0va f(B)20 thi f(x)>0 véimoi x<(a; f).

Chitng minh. Vi f(,x)- 12 ham s6 béac nhét nén dé thi cha f(x) 12 mot dudng

thing. Tir tinh chat clia doan thing : "n€u hai d4u mit cda doan thing 12 hai diém

(a, f(a)) va (B, £(B)) & phia trén truc hoanh Ox thi doan thing d6 hoan toan &
trén truc d6" suy ra f(x)20 Vxe(a, B).
Vidu 63. Cho x, y va z 1a cac s6 thuc khong am sao cho x+y+z=3.
Chiing minh
x4yt 427 +xyz 2 4.
Dang thic xay ra khi nao ?

Chimg minh. (Pham Van Thuan va Triéu Van Hung — Mathemat - ical
reflections 4 (2006)) Ta viét bat déng thitc phai minh duéi dang |

(erz)2 ~2yz+x° +xyz24

hay (3-x) - 2yz+x% + xyz > 4.
Bat déng thic ndy twong duong véi bat dang thic
(x=2)yz+2x* —6x+524.

Dat yz =t va vé trai cla bat déng thic trén 13 ham s6

F(O)=(x-2)r+2x* ~6x+5,
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thi f(r) 12 hAm bac nhét theo . Theo b4t dang thitic TBC-TBN ta c6

(B-x)?
4 4
(3—)()2

Ta dat ¢, = thi 0<t<t, Vay theo dinh Ii trén day dé ching minh

bt dang thic da cho ta chi cdn ching minh £(0)>0 va f(1,)>0. Diéu nay duoc
suy ra dé dang tir o |

f(0)=2x —6x+5=2(x———;—) +%>O,

f(r0)=_-jz(x—1)2(x+2)zo.

Ding thic xay ra khi va chikhi x=y=z=1.
3.7.2. Bai tap

Bai toan 124. ((Mihai Piticari, Dan Popescu, Old and New In-
equalities)) Cho «, b va ¢ 1a céc sO thuc duong sao cho a+h+c =1.

Chimg minh
S +b*+2)<6(a®+b +3)+1.
'D4u ding thirc xay ra khi nao ? |

3

Loi gidi. Sit dung dang thic (b+c¢)’ =3bc(b+¢) = b +¢° ta dua bat dang

thitc phai ching minh vé dang

5(a2 +(b+c) =2b) <(® +(B+¢) =3bc(b+¢))+1.

Sau khi riit gon ta co bat dang thitcc méi tuong duong v6i bat ding thic phai
chimg minh

F()=9a-4)t+(2a~-1)° 20.

Ta phai tim tap xac dinh clia ham s6 bac nhat f(¢). Ta ¢6 t20 ngoai ra
theo bat dang thiic TBC-TBN

" 2‘ | 2
t=bc< (h+c) = (1,—=a) .
: 4 4
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Vay 0<r<t, trong dé t, = . Theo dinh 1i 3.7.1 dé ching minh bat

(l_a)Z .
4

dang thitc da cho ta chi cn chimg minh f(0)>0 va f(7,)20. Diéu nay dé dang

’ 2 1 2 2 ” . ”
vi f(0)=(2a-1)"20 va f(to =Za(3a-l) 2 0. Pang thitc xay ra khi va chi

khi a=b=c':~l—.
3

Bai toan 125. (BMO 1979) Cho x, y va z la céc s6 thuc duong sao cho
X+y+z=1. Chimg minh
T(xy+yz+ zx) < 2+ 9xyz.

Dang thitc xay ra khi nao ?
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