
Chlrrrlzg IV: 1\‘l117'ng rién /cim clrrmg Irong I211! (hing I/1121' /zifn 11111 5-19

§1s. PHU'()'NG PIIAP DON BIBN (MIXING VARIABLE)
T6111 tét n51 dung:

1. 11511 1-511 114%

II. B511d5111g1h11'c 11:1 111611 \0'i @111" 111 11111 1111 gi1111"1 1115111151 .\11'11g

1.B1§1d1'111g1l11'1'c 1\'11511g 111151110511

Z. D511 bién \/0'1 1151 112'11g 1h1'1'c 00111511 kién

3. D511 111511 111'5'11g gizic 11'011g 111111 g111c

III. D511 111511 b§111g 1\'§111uf1111Z1111

IV. B211 111'111g 111110 1111 bién \'0'i c1_1'c 111 11111 d11'5'c 1111 111611.

v. 911111 1y s.\1\1> B5111.111g1111'1~1~ 116111 111é11

VI. D5n hién h§11g11Z1111 151

v11.1)611 111é11 11-11111111 .1111 111111111f.\~1v>

VIII. D5n 111511\"§g11111'111"u11g1111111

IX. D511 bién bng quy 115111 1111111

X. D511 bién 101111 1111511 11i.\1'1\'1

1. E.\11V \'0'i 11151113111)

Z. EMV \'0‘i 111511 11'0ng111n1 gizic.

X1. .\11f~1 11-1e11 11611 1111-i~11 111j1¢ 111111.

XII. D11111 1)‘ 11511 111511 15ng 1111111 (G.\IV1

XIII. \Ih111 1111 \*1‘1 11511 15p

1. DAT VAN DE

' C1ic 1117111‘ 1h1"1n mén. 1r011g 1111511 111111‘ c1'111c111'111g 111 00 1:11 nhiéu b51 dzing 1h1'1'c 11510 11151 111

c1ic'b111 diing 1111'1'c 1151 x1'mg h11y hon vi 11511 C0 C15/111g 1111'1'c xz1y Ia khi c1ic bién $5 bng

nhuu. M51 vi d11 kinh 111511 111 11111 115111;: 111110 AM —GM . chng hgn \1'0'i /1 : 3 111 C0 11511

d€111g1h1'1‘c s1111xé1y1"11c1é1ng1h11'c khi \'i1c111'k11i .\*= ‘\'= : 2 (1:

Bi1i 1.1. C110 .1-. 1. ; 211. Khi 1111 1+1-+ ;z3-

° S5 1u'5'11g c11c 11211 dng 1111'1'c 111111" 1151' 11hi5u dén 1151 121111 c111111g 111 1u511 1i11 ring C15111g

11111'c xziy 1'11 khi \"£11;111 khi 151113 c1'1c 111511 <5 bf'111g 11111111 111 11151 diéu 111511 11111611. .\‘h5n X61

$111 15111 11Z1)' c0 111é 111511;; cam 111101‘ 1101 \1 \*i{.>c x1"1)' 111111; 11151 11:11 11§111g 111111‘ 1151 x1'1'11g

110510 h01111 \‘1 $110 c110 déng 1111'1'c 15111 Q0 111% .\a_\' 1'11 151 11311; 111111 151 ca c1'1c hién $5 1\'11511g

11111131 11111111 1111 (101 1101 11g11'0'i 111111 101111 1111111 Q6 11151 1111111 C15 1'51 c1111_\511 11g11i§p. C112'111g 11311 d11'é'i

dy 111 11151 vid1_11i€u 11ié11c1101111§111 .\é1 1111)":

B511 1.2 [v1\110] c1111 .1-_ _\".;e 21.1-’+_1»1 + .-P =9.1<111¢11s 21.1-+_1~+ 1)-.1-1-;§ 11>.

T1‘011g b€11d1-“Ing 1111'1'c 1111)-' 1111 c1?111 "1" .111; 1‘11<:> (11. _\". :1 1Z1 1 1101111 \'1 0111112; 21-1)



3)() P/zu'u'ng plzdp .WV

' C6 thé nhiéu b2_1n sé ngglc nhién h0‘n khi biél réng cbn en nhfmg héi déng llu'rc mil du

“ = " ra khi czic bién 56 déu khzic nhau_ c}12'mg hqn li\\'|'dg1s;1u:

Bili 1.3: (Jackgarfukel') Cho u./,>.('2() . Chung minh ing: -

. Q _k_
-‘—'——+~!l~+~—‘?§%\1¢1+/v+<*
\/u+/7 \'/2+1" \rr'+u 4

U dZ1y.(i5L1 déng lhtrc my 111 khi (1: 31> > 0. 1' =()(\'Z1c;'1_c dang hozin vi). (‘zic han c(v1]1C'

tn‘ héi Ii: czic gizi lri chng hgn nhu‘ (3. 1. O) c6 gi dzfac hiét mil liun chm déng lhirc xay ru.

Mét czich 111_rc gizic. la thiy dumg nhu" diéu dfxc biét G6 121 do c6 mél bién hing 0. Vi gia

thiét 1Z1 czic bién $5 a. I2. (151 caic thuc khéng fun nén bién hing () ciwn du‘<_>‘c goi IE1 bién

c6 gié tri G trén bién.

° ~M©t diéu thL'1 vi nfra 151 czic ban sé cbn gp nhfrng bait dfing lhirc mil du "='" xny ra

nhiéu h0'n mét Chg (khéng tfnh czic hozin vi). Chdng déu 151 czic bnl ding lhirc dqp vii

kh('>_ chng hgm nhu'm<f>1 bin lozin rl n6i liéng sau dy: T

Bili 1.4 (Iran TST 1996) Cho <1_l1.('2().Ch(rngminhr§1ng:

(u1>+l7c+('cI)[ I w+ 1 1+ 1 _i22
L(u+b)“ (b+(')“ (('+u)'l 4

6 dy, ding thfrc xciy ra khi a = 12 = 1" > O hozflc (1 = 12 > 0. 0 ‘= () (vfx czic hozin vi). Tuy
nhién. néu tinh czic ban sé nhzjn ru rng. du ding thfrc X3)" ra lrong l1'u'(mg hqp nE1y

khéng nm ngoili czic tru'b'ng hqp G" czic vi du u'u"(>‘c.

' Tém lai, trong lhé giéri bit dz“i11g thtrc czic u"n'<\'ng hqp du "=" tln1"6>'11g xay 111 lhco min
trong ba dang sau dy: V

+ Tru'C>'ng hqp tét cé czic bién $5 bng nhau la sc gcpi 121 "cu‘c1ri dat du'Q'c lai lf1n1".

+ Truimg h(_)'p c6 mél $5 czic bién hing nhau' gqi 13 "cue trj dat du'<_1'c c<3 tfnh dévi xfrng"

+ Tru'b'ng hQ'p khi C6 mi)! bién Q6 gizi U1 lrén hién ta sé g(_>i In “cgrc tri (Lin du'Q‘c l;_1i hién“.

Phu'0'ng phzip dén bién duqc dél ru dé gizii quyél czic hit dng thtrc Q6 dang nhu‘ trén.

Bing czich dun vé tru"‘0ng hqp c6 hai bién bng nhuu. hozjc Ii: min bi€§n 06 gizi lri mi bién

lhi bit ding lhrc méri nhfm du"<_1c c6 55 bién it hon nén don gian hon bit dfmg thfrc ban

du. Bic biét néu bit ding thfrc mdi chi cim mcfvl bién thi n6 c6 thé du‘<_>'c chtrng minh

den gién béng czich khzio Sm ham mm bién

' By giy chdng téi sé trinh bily céc ky thuét chfnh cua phu'0'ng php Lhéng qua czic bfli

toein cg thé. Tru‘c'>'c hét. déi tnrcyng r-it quun lrqmg mffchnng téi muéwn ban doc n2'\m bit lil

czic bit ding [hirc v('>‘i ba bién Sau G6 121 czic md réng cho h<"§n bién $5 vZ1cu<">i cimg IE1

phu‘o'ng phzip d§'>n bién tfwng quail cho n bién s5. Trong phn cuéi nixy. chfmg 16i sé gidvi

thiéu czic kélqué"c6dién".1'5i dén nhfrng saingI§10nhO vil kél thflc 121 nhfrng kél qua hét

sL'1'c téng quail. Tinh than xuyén suél cuu chfxng [Oi Ii! 1nLlEn1 ban dqc cam nhn du'Q‘c tfnh

u_1‘ nhién Qua vain dé. Qua d6. czic ban 1)‘ giai du'Q'c "tai @210". dé révi c6 thé tn‘ minh

bu'é'c di trén con du'€mg szing 1:10.
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C‘/zmmg IV: .\'l1'ng vién kiln z'1r0'n_Q {rung I20’! z/(7/lg I/1121' /zifn dqi 55 I

||. BAT DANG THU’C BA BIEN vow cue TR; DAT TAI GIA TR! BIEN DO! xuwe

° Gia su' In cn chtrng minh h-{at dng lime _/'(.\".’\*.:)2() \"o'i ,\_ _\". : Iil czic hién sf» lhgrc
~ , '4 ; . I Ethou mam czic unh chat nim day. Khi G6 la \E‘ lhuc hign mi vL1'O'ccl11'nh mu:

Bin}? I: (K§" IhL1£_ildk;\I1 hui hién hf1ng nhzun Dzinh giix I (_\. _\"_ U2 _/X1. /. 3) \'(\'i I lix

bién sun chm IWQ Q» (I. I. i) H1011 min mQi lfnh chincL1z1l\®(.\'._\.:.i

Bmir 2: [);'mhgi;i_f(1. /. t) 2 ().

Chfl D(§i véhi czic hit dfmg um (1511; hfxc In Q6 lhé lilm chm» /;lu'1'ng minh don giun hon
hing czich chufin hm mic bién l1'on§_' hit dzing lhfrc ll‘L1‘O'c khi llmu hién hui l\Lrb'c.

~

....

Pt»

G
....

Iv

1. Bt ding th|'rc khfmg G iénz

Dfvi \=('\'i nhfrng hl ding lhtrc kh<3ng Q6 diéu kién Lhi dim bién Lhco czic dgai lm_)'ng [rung

\ Y .\'+\‘ ,'__ ":_\:+\‘: \ \ , , _ ,_ ;_ . .4bmh Chang hqn I=%';I = \,='.\"_\‘:I = \§?;—...l;\ k} lhuql chmh dung dc don hm blen

hing nhzlu.

T11 xél m<}l $6 bili main:

Bi 2.1. Cho .\', _\‘. : 2 (). Chtrng minh rang: x + _\" + :_ 2 3~ §-“,\‘_\":
(L 1)

Ch 12'/lg min I1

C(ich1.‘(1)<:> _/'(.\"._\"_:):.\"+_\’+:—3-{.\j\‘:. *V_\"._\*.:>()

, , . . .» ,. .\'+\‘ ._ , ~Bu'0'c 1: Chung mlnh: ‘/ (.\‘.>\'.:)2 _/ (/.I.:,) \"0'1 1:7‘. I11 co: 1‘ 21\'_\' suy 111:

_/'(.\‘._\'.:.)—_/'(l.l.:):.\'+_\‘+:—3-{Fill+:-3-§j1:;;:3({'i—§’:F)2()

Bu*6'c 2: Chfmg minh _/' (L1. :_) = 21+ ; — 3~ 20.
1 * ”'I’hz_‘1t\‘z_“1ylz1c6:_/'(r./‘.:)2()<:>(Z1+:) —Z7l‘:2()<:>(/—:)'(8z+:)2() (dflng)

Két lun: _/'(.\‘.y.;)2_/'(z.z.:)2()

Criclz 2.- <1) <=> ‘/‘(.\-._\‘.:)I.\*+ _\~ + ;-3-{A/L\¢T; 20. v _\~. _\<. ; > 0.

Bu'é'c l:ChL'1'ngminh: _/'(.\‘. >\‘.:) 2/ (/.I.I) \'é'i 1: N/Ty. Tu Q6: Z1 S .\'+ _\- suy 1'11:

f(.\'.>\".:)—‘/'(I.1.:):.\"+_\‘+:—3- Q/.\_w": —§ 2/+:—3~{/.\1\":J:.\~+_\~—212()

. . ‘ "
Bu'6'c 2: Chung mmh _/(1.1.:)= 21+ 3 -3-"\/I"; 20.

Thé1t\=c_1y lucéi _/'(1.z.:)2() <:> (Z1+;)' -2711-_2(1<:>(1—_-A):(8r+;)2() (dung)

Kétluzfm: _/(1-.v\~.:_)2/"(/.1.;)z0

Crich 3: Bu'6'c 1: K)’ lhuz_31l chuén héu lhco tfmg d6i \'O‘i bail Cihg lhirc (i5ng hci

\/ 4 \V: .

Néu .\'+_\‘+:=/\'>O thi(l)<:>(_\'+>\'+:)‘2Z7.\1\':

ii



553 Phlrrmg phzip J/IV

Ti1'd6suy1'u 06 Ihé gié su' .\"+ V\" + 1 :1 (*). khi dé 1,1) Q _/‘ (_\". _\". II — Z7.\‘_\": 20

, .' , ; 1- \ M -\‘+\' \ .1 .. 2 \ ,Bu'0‘c 2: y rang khl {hay .\‘ \'L1_\' bow 1:? lhl dleu k1¢n ('*) van du'(_v'c hm) man urc

E9

151 1+l+:=1. nén la Chl phai xcm xél SL_l' {hay déi cuu .\-_\':. Thco bit déng {hire

\ ’ .\'+ \‘ ~ , 1 . .AM —GM thl .\*_\‘£[ , :1‘. non .\"_\*:S1 3 Q» _f(.\-. _\". 3) 2/(1. 1. 1).
\\ /-‘

Bu'6"c3:Thav:=1—21u1c6:f(r_r.:):1—27z3(1—21)=(l—6z)(l~3r)' 20‘
_A § \-I).

V0‘1Cl1eu k1¢n("-‘)lh1CIangLhu‘c xay1"uQ 3' Q .\"= \' =% Q .\‘ = \" : 3 1%.
‘3r :1 ' A ' J

Vziy lrong tru'O'ng hQ‘p Léng quail ding thirc xix) ru Q .\' = _\" I : > (),

Czich 4: Bu‘6'c 1: Ky lhuét chuén héa Ihco tich d<‘»i \"c'vi bl dfmg lhtrc déng bzic:

' __ 1 ~ \' Y " ~ 1‘: \' INéu .\'_\;-Iv >0 1h1(l)

TU‘ G6 suy ra c6 lhé gia su .\‘_\":, =1 (*).khid(1(1) Q _/(.\-._\".:) =.\ + _\' + I -320
» . \ xi . ‘

Bu'é'c 2: Dé rng khi [hay .\" \*Z1‘\' bO'i I I \/.\'_\" Ihi diéu kién V5‘) Yin du'<_>'c bao tofm lL'1'c 151

1.1.: =1 . nén ta Chl phai xcm xél su lhuy déi cu;1_\"+_\'+ t. Theo hit ding lhfrc AA/I - GM,i
thi .\'+ _\' 2 2\/.\'_\" I 21.11611 .\- + >\* + 3 2 21+ 3 i> f(.\". _\*. 3) 2 f(/. I. 3).

Bu'6'c 3: Thay 12% ta Q6: ‘/_(I.I.;)IZl+—1;—3:(i)¥i1~)2() :> (dpcm)
r‘ 1' 1'

'»-.

,

Vdi diéu kién(*)tl1idé111g'1hU"c xay 1'11 Q <_ -1‘ Q .\"= _\< =1 Q .\"= _\- I 3 :1.
2f:
K

Vz_"1y trong tru'€mg hQ'p téng quail ding thtrc my 111 Q .\- = _\- = 3 > 0.

' Nhn xét:

a) Qua bén czich Him cua vi du trén ta thy néu sir dung phu"o'ng phzip dém bién '\/Oi kf"

lhufat chufin héa thi viéc chtrng minh _/'(.\‘._\". :,)ZO du'Q‘c qui vé chfrng minh hui bl ding

lhfrc \*('>'i111©tbié11 II _f(.\'._\:.:.)2_/‘(1.I.;) : _/'(1.1.:)2O.

b) Néu mét bixi tozin d chun héa (u'rc 15 bail démg lhfrc c6 diéu kién) {hi n6 sé "ggvi

cho chng ta czich dffwn bién (phzii dam bao diéu kién). I\’gu‘Q"c lzgi mél bi tozin chu"a

chuén h6a(b§ld§1nglhl'1'c khéng diéu kién) {hi chdng Lu SE C6 nhiéu czich dé dén bién ho'n.

Khi ("I6 ta sé chQn céach C1611 bién suo cho bélo loim (4fU‘Q'IC "nhiéu" biéu lhrc nhzit [rung bit
ding thfrc — diéu ny cfmg tu"o'ng during vdi chuin héa sao cho biéu lhtrc c_6 dang don

giém nht. Vi thé, mét su" phéi hqp tét gifra Ry thuét chuiin héa v21 dén bién 121 mél diéu

cn thiél. Tuy nhién. khi dd qucn vé'i nhfmg diéu n21y tl czic ban <6 lhiyl}-' khmg Q6 su

km biét dzing ké nilo gm Chflng.



Chlrr/ng IV: 1\’l117‘ng rién kiln c11'(mg [rung 111?’! airing tI111'z~ /zifn zI(11' 55?

' Vi hit ding lhU'C AM — (2.11 111 I 31 quzi don gian nén pl1u'<mg phzip d<'»n hién Q13 lhé

khéng J6 l;;1i nhiéu n luqng. Nhung czic ban >6 hi 1hu)§1 phuc h0"i >11" hiu qua cuu

phuvng phzip C1611 bién qua czic \"1'dg1 minh hQ;1 mu df1_\.

Bili 2.2. [APMO 2004} Cho 11_/>.1~e Z1.Cln'1'11g minh ring:

(111 + 2)(1>1 + :)(1-I + 2)z@<11/>+1><~+1-11)

Clzzhzg minlz

Do vé mii Qua hél ding lhirc I51 hilm chn \'d'i mic hién 11. /1. 1" nén chi cn chfrng minh
bt ding lhfrc cho cdc 56 Lhgrc 11. /1. 1' kh(mg m.

Dill: _/'(11./7. 1‘) = (11: + 2)(/7: + 2)(1': + 2) —9(11/1+/¢1'+1'(13 \'<3'i(1.l7.1'2().

\’ ~ \ *V __ ._‘ _ .__‘ ,_. .__
Xéthiéu: 1/=_/'(<1_/>.(')—‘/’(\/<1/v.\111/>_1",)—(\'11~\/w) ;_2(\11+\/>1 1" +-l(\/11+\’/w) —9("_1

Tirdé. néu giz'1su'<-:1111'11{¢1. /1, 1"} {hi my 111 ¢/201111)" _/'(11./>_1")2 _/'(\11/a. J11/2.1‘)

Tiép lhco Lu sé chirng minh _f(1. 1. 1-) 2 I). Biéu dién f(1_ 1. <') du'O'i dang tam time lwglc 2

{in 1': /'(1.1.<-):(13 +2)“ 1'3 —1811~+(21‘ —13+8).T;1c(>:

A'=(91)’ -(11 +2)' (21‘ -11 +14):-(11 -1): (21"‘ +1111 +32)§0 :>_r'11.1.1->21».

\/§1)'bi1iI0z'1n chL'1'ngminhxong. D;'1ngIhL'1'c xa); 111 khi \'Z1ch1 khi11=/2 :1'= 1.

' Nlzgin xét: Viéc gia' SL1‘ 11 = 111111{11. /1. 1'} 151 111$! 1hL'1 thujt 151 tl1L1'()‘11g dL1‘<_v'c zip dung dé

dévn bién. C511 chL'1 1Z1\'O'i bit déng IhL'1'c hubi§11 déi \L'rng [hi Iu Q6 thé gia sir 11$/251'
(hoéc 112l121'). cim Lmng 1rL1'(1'11g hgvp hit dng Ll1(1'c bu hién hmin \‘j \"(mg quanh {hi lu

v

Q6 lhé gia $1111 = 111f11{11. /2. 1'} 1h0:f1c 11 =11111'.\'{11.

Bili 2.3. [Viét Nam TST 1996] C110 czic s6 lhgrc 11./>.1~. Tim giai lrj nhu nhil cuu :

1 1 ~ : >1 4/‘((1./)_('):(<1+/)) +(/7+0) +(<‘+11) —%(11 +/1 +1‘) }

Gidi

Khéng giéunti11l11611g qu;i1_ gié str 11(11+/1+<')2().Xélhiéu:

f(u_/2.6)—_/'(c1.igl.%)=L%(/>3 +1":)+311(11+/2+1')+%(/9+¢'):_(/)—1'): 20

Hay _/'(11.l>.1')24/'((1.i/7:('.ihi(_)Néu l>+1":0 lhi: _/'(11./).<"):%11*1 20

N§ul2+1*;¢(). chun 11621 b+1':2. Khi dd: _f(11.1.l>=2(z1+1)l +16—57l~(uJ +Z)=g(11)

Dc dimg chung mmh _g>(11)2()bang kl1:10s1i1l1Z1m Lhco bién 11. Do d6 ‘/“((1./>_1')2()

D€inglhL'1‘c xay ru khi vil chi khi 11:/1:010



55-L ‘ Plzmmg pluip JIV
l§51i2.-1. Cho <1./>.<' Z0 lhcm mfm u/>+./><'+rz/=1. ChU'I]<_Y minh:

1 -‘ *1‘ ‘ + ‘ - W

_'<1 + />1‘ Z/1 + at 21' — u/7 Kl] +1; + ("J

\/
r

9:

I \»fa+(/>—(')1 +\///2+(('—u): +\f('+((l—/7): 2 \/J3
‘

{

Ch ling min/1

D31 _/'(u./5.0) :\"T —\/'1’. Tu sé chL'rngminl1: _/'1u./>.<')Z/'(zz././> .1:/%5

Tums hél d5 Ihfi) : 2 D0 \";‘1)' ch: @511 chL'1'ng minh:Ia‘ +/><‘ L1‘ +1’

1 I ” : 5 1 1 : , , : -, + , 2 ,- <:>(/>—(') (_/> +_<- +6/n'+u —>u(/>+<~>)2()
Z/J‘ + at Z0‘ +11/> 21' +z1I

Git! sir u = min{u./2.0} :>

Z/>3 + 20: +8/7('+u: —5(1('l>+¢') = I/73 + Z0: +3/70-411: +5(/7~u)(<"—u) 2 O

2* f(u./>.(-)2 /(61.1.1). .\/1:11 khzic: _/'(u.I.I) 20 <:> u3(-Lu: —7u/+6/:)2()(<IL'111g)

:\ _/‘(mu.lr.(')2(). Dz'h1gtl1L'rc xziy 111 <:> 11:/1 =1.c* = (H1 2 0) cilng cziu hozin vi.

' Nlzgin xét: Bixi toain 2.4 lil m(_3t \'1' du \§ bit ding thirc déi xirng mil cgrc lrj khéng G311 Lzji

Rim. Chfmg In L115)" r§“1ng lrong phu'0'ng phzip dén bién phn quan u‘<_>ng nht 151 dévn vé hai
bién hing nhuu. cbn suu J6 {hi cgrc lri dql 1:_1i rim hay khéng Kai Liam kh(mg phai I51 diéu mu
chét. D513 chinh I21 diém khzic biét cun phuvng phdp so \'('>'i viéc zip dung bit dmg Lllirc c6.
dién \'Z1 n<'>i chung \"(')'i czic dang Lozin mix cgrc tri khng Gal Lai lfun {hi \u' I)‘ hng bl ding
lhfrc c6dién1Z1lu'o'ng déi kh(> khfm.

.

\

~

-.

G»

C
7.“

-.

-fv)

-
I-I

2. Dfm bién vé'i bait ding th1i'c cé (1

Khzic vdi plln Lru‘é‘c. O‘ phn ni1)' khi X61 nhfmg hail ding lh(1‘c Q6 diéu kién. czich Lhtrc

dém bién Qua chflng in sé Q6 diéln khzic. Chng h:;m nhu" \'O‘i diéu kién (//>+/1<'+m :I.
khi chflng 1;1mu<‘m (1611 hui bién bng nhuu tfrc d§'\n 4/'(z/. /1. <‘)2_/M././J [hi bién I o'd[1)'

khng phai 151 IDQH dai |L1'Q'l1f_1 {rung binh cua l>. 0 mil 121 dai ]u\_mg thou min Zul +1: :1.
Téng quail hon:

D5 chtrng minh bél dilng thL'1'c_/'(u. />. (J20 \'é'i czic bién u.b.<‘ thou main diéu kién

g(u,b.(-)=O {hi lhl_l'C hién bu'é'c I la cn chfmg minh _/'(u./).<*)2_/‘(u.I.I) \"é'i I I51 bién

thda min g(u. I. I) =0. Suu dy la} mél vi dgx liéu biéu:

U3

E31

ya

P

' [Tz_1p Ch1'THTT] Cho u./1.020 [him min (1 +/1 +0 = 1. Chfrng minh ring:

C/'11?'ng minh

D31 VT = f(_u./2.0) .Gi2'1 sir :1 = min {(1.110} . D0 41+/>+<': l nén (13%.
1 J



C/lu'0’ng IV: ;\'/Ivzg vin kim <'u'0‘ng Irung I711! ¢!17r1_qI/1111' /zifn zlgzi 555

T11 C6: \/<1 +1/v~1'1‘ 2 Q11. Dod1'1.11é 11511 11i§111;1c111u§111 c111'1'11g 11111111:

\1/)+1<'—(/1: +\/1(‘+1¢1~/>1: Z \Z1/J+1‘1+(ZzI—/5-1‘): <:>(/2-113 13-80121)

—— 1 ‘w » \

Du 1113: \’T2v‘<1 +\1°Z(1—u)+11~3u1’ 2\,’3 <:>1113<1—11>1-1~3<112() (dL'l11g)

B511 df111g 1h1'1'c d11'1_1'c ch1’1'11g 11111111. Ding 111110 .\;~1} 1'11 <:> (11./1.1") 1 —

»—-—'-.

Lu-~

1J,_.

_,_,.._

~__¢

r—’+

J._.

_,._.

',~
~_._,_»

B51126. C111» 11+/2+1" 2 3. T1111 1:11 CZ1Ci1L‘ \‘(11111_1'c /1 \;111 C1101

1113+/\)I/13+/1111"‘ <1-/\)21'1+/<1: 11)

Cilii
Bu'é‘(' l: T1'11'(1'c hél. 111 Q6 \'Z1i 11111111 x61 dé 111111 g1:111 111311 11511 101111.

<\\
5:

\JJ

Chc_>n (' =0. 11:/1 >111z1.x{ suy 111 /1 >0.

H0'1111C1'11,11éu k > O 1h0z1n1Z1111111111c_>i /1" > /1 cf111g1hQz1n1Z111. vi:

1111+/<'>11>1+1'><<-1+1'1={1(+/<1+1’-1][</f+1>+1'-1I<<~1+1>+1’-1]

21

.\11111'\':§y. 1110111 0511 11111 Q1/1 111111 111151 1h0z1111f111 11211 101111.

1¢+1»1</>1+1111-1+11+1'_112‘11+11‘+1'_1)=<1+1'>‘

A

Z¢

B51)" gib‘ 1:1 ch1'1'11g 11> \'13'i /1' >1 1h1 caic 111é1111 115 suu 151 111'1'\'11g d11"o*11g:

(i) (1)d1'111g \'<'1‘1 11191 11. /1. <'1111_1‘c 1h<1;1111f111 <1+l2+¢'2 3.

(ii) (1)d1'111g 161 111111 11./1.<-kh611g{1n1111611111511 11+/1+1" 2 3.

(iii) (1)d1'111g \'<'1'i 1111.11 11./1.1"1<h611gz1111111<1z1n111 11+/1 +1‘ I 3.

(iv) ( 1) d1'111g \'O'i (1:17 I .110 I 3- 2.1‘. \'<'1'i 11191 .\'E [(1.1].

T11g‘11véy.c11i1;5:u (i)I\(I'1')I>(1'1'i)I>(11‘) 1Z1hié11 nh1é1111én1z1ch1c511c11(1'ng1111nh chiéu

11g11'1_1'c 1£_1i.

Tu ch1'1'ng 11111111 111') :>(iii). G111 $1111. /1. 1“ 1Z1c[1c sé 111110 k11<311g [1111 111011 111511

11+/>+(' = 3.

\/1111111 (T61 x11'ng.111c(>1h§gir'1 s1'1' 0211.19 D (1 3 u +1’) § Z.

11511/‘(u.1>.<~):<<H+1>11>1+11<1-I+11-<1+11‘.11511.1-=#1111 XE 10,11 11211-=.1-21

“"1

\J
;\

J

J

1. ~ 1 ,
Tzlcéi f(cl.l>.c)—./_1.\'._\'.(‘1:(rI—/21' _'~1é-‘I:/9) ~a/>|(("+/(>20

F
V

»: 1' :
v12/<—((I%_,t/)1 —c1l22Z /<—(5lf)r—/7) j_ .
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_ , , <Z.'~/1—<‘><Z1+"'>+¢-:' I 1 ITu‘ do lu co: (I: Q T + --

(/7+<')’(ZII’ (u+/2) (<1-—<-P \<1*/1)(u~<’>

—</w~<‘>:<Z/+/>+<-> m/'>~<'):

<\~¢1+/> + \5¢1+('):(/1+¢")‘(ZI1“ m+/>>“<u +<‘>*

1 21+/>+@ ;

=(/>“<')“[ ~ .— ?— —, ‘
1 (1I+/‘)'(u+<‘)' (\¢/~/7+\u+(")’(/2+<')'(Z[)‘,

. —~— § ~

Déndf1§‘u1gi;1\L1'u=min{u./>.z’} L111 <13! \Z1 11+/v+('§(\¢1+/> 7* W1 ‘T <- 1‘.

((1+/7):(u+('>: S (/7+('):(2I):. D0 d6 ¢/ 2 U hu) f/'(<1./>.("> 2 /K.

.\'Ief1Ikhzic.lI1u\' <1: xilo /M/././1\ £1 hién dC>i lax c<'>:. J .

f(l.I.c)= +22 2. [3l@111gll11'1'c dL1\_)'C chtrng minh.
7-lz'(l+z") 4 4

_- , . I _ \ , , .Dang lhuc xay 1'z1<:> u :12 = <' It hOL_1C u=0./>1:-:1 uung cue houn \';.
\'v3

' Binlz Iun: Néu czic hgn chuu lh1_1'c \'L_I'lhZ1I1h lhqo kf thut I151)‘ czic ban Q6 lhé Lluln
1111511 héa bél d:'111g lhtrc réi l:_1i (1611 hién nhu" ph;-in I1"L1x‘»'c. Chimg hz;1n nhu'h;'11 déng lhU'L‘

; A \ . \ 7 ‘ Klhuan nhal cuu baz 2.8 1:1: (u/>+/n'+m)E 1 , + 1 \ + l _ 2%
,(u+/1)‘ K/>+<")' ((‘+u)> I “*

Tu)" nhién. nilu czic ban thu' dén bién thco czic (fzgi lu'Q'ng {rung binh thi czic ban sé thy viéc nily

rt phirc tap. <i611g thbi hiéu (huyc nét dqp cuu phép dén bién [1100 diéu kicfrn.

Bili 2.9. C110 u./2.<‘ 2 0 111021 min u/> +/><- + <11 + (M//7<' I 9.

' Chirng minh ring: u + /2 + 1" + 3a/2r‘ 2 6

. C11/rug minlz

Dill _/'(u./2.0,) =a +/2+(- +311/>0. Gi;'1sL'1'IlZ1bié11tl1Q;1min Z111 -1‘ +611!’ :9 (0513 3)

Khidét1/=/'(z/_lJ.(")—/‘((1./.r):(/2+<-— ZI)+3(l(/7('—I:)

\/O'i d'i<5:u kién débi1i.vi§c dun czic biéu {hire (/1+1-— Z1). (/n'—/3) \'§d;1ng A(/>—r): lit

khzi phfrc lap. Do \'51y.chL1nglu sé m l_\" min czich "khéo" hon.

Xét diéu ki{:n: ab + bc + 041+ ulx" I 2:1! +13 + 60!: <-:> #2 + c" — 21) =I: —/7('
u

'2 0-2/<0 /Hf I/2+r—'2z2()
Dé)'/r2'1ngnéu :> f<1< \»’/2c 3 V61)’ :> ,

' —17('<O — |\I‘ —h('2()

,._._J\i

-.~_.

+

. , .\

Tirdéi 1/:(/>+c‘—Zl)+3u(/n'—I:):(/1+<‘—ZI)i Ii
(vu+1,~

By gid. ta girl sir (1 : min{u.l2.<"}



(‘lz11‘0'n_; I\': .\‘ln?'ng rién kim urrrng {rung /1:7’! (hing I/Mir lzifn dgli 5*“)
w I

, , , _ )4! ,_ ._ ,khl do <1 §l ncn Mi 2 (). \ ;_1§ M10 h;1_\ ,1 mi./>_: )2 ,-‘ i<1_!J=
(11; 1-]

_ , 'L)—.F \ ‘_ .. , , 3u—/11./+l)1;—l:7
.v'1;_1l khuc lhzl) (1: —+ \'uh1cndm In cu: _/ (u./.1}: ~—~~~~ ~~~—~;~---~~~ + (w Z nZ/+6/' 2/ +6/*
Bél dng ll1L'1'c duqc chng minh.

,1

Dnglln'1‘c .\'€'1}'1"u<::> u 1/; : 1" :1 hozjc u I 0./2 _ : 3 cilng czic hoim vi.

3. D611 bién l\r9'11g gizic trong tam gizic:

Bi Clzing lhtrc 1u'Q'ng gizic lmng~l;1m giaic cflng IZ1 bin ding lhirc hu lvién \*| du'(>'11g 1f\i

cht'rng minh kl1(mg khzic hil gi xu \"O'i hl dflng lln'1'c dgli \(‘\ nén 0' d[1§ chx xin néu ru Ina}!

\‘L1i \*1'd1_1 dé minh hQL1L‘l1U \"(rc mqnh C1111 phuvng pluip {rung dung ht dfmg um nix}.

Bi1i2.l0.ChoAABC l‘imgi;iu‘i 1xhonl1f/atclux: ‘I +1-0.\:¢\)(l + <"us:1>’)(l +<"<»,\:(')

(mu

Gm m C‘: min{A.B.C} 3 0s('s§ (*1. Diil
\

_/'(A.B.C)=(1+cos:/\)(l+c0s"B)(]+co>' (‘)

Ta sé chfrng minh: _/'(;\. B.C) 2 _/'(?—’\B . A B . ¢l).T|1;f1t \'{1) la Q0:

(1) <:>(]+('0s:,+\)(1+("0s:B)2(l+z'0s: —~”’\fB)' <:>si113’x:B [(wo\"(‘ —cns(,-\ A 1')’/)— 1120

<2)

TL‘r(*) I11c6:6co>(‘—c0s(A—[>’)—l23—l—1>() :>(Z)dL'1ng

:>(l)df1ngl1u)' _/'(‘~\.B.C)2_/'(ii;[i.iJ§'5.(‘)= §’(C') : i’(3—r'0\C): (1+<‘0s:C)

Dé ma» ;,»(c>z@.|<é1m_>-,1 \(3'i <1) 2*‘/'(.»\.B.C)Z]2—5' (>4 64

Béng lhirc xay 111 <:> AABC déu. V5)’ min _/‘ :1(;_f
7

Bf1i2.l1. Cho lam gifxc ABC kh<3nglL1.Tim gizi lri nho nhzil cuu:

P =
cos A + cos B + cos C

Gizii

Gié str A=mz1x{A.B_C} thi %2A2%. Din .\":c0s%;.\'e [().l]

sin A + Zcos 1; cos 3?P2./‘(-\.): 3
CO*A+2~*m 2 X (c0sA+Zsin
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:> I/'(,\‘) nghich hién tron; [().l]

sin A + Zcos >i1".3;4 -1
:> 4/‘(.\")2-li;=_<,I(A).Tucd '<4):—?-i-,s0

cos A + Zsiné (COS A + kin A
_. '7

7Q

F 5 7 Q

w r

Q.a;|

:> g(A) nghich bién trong ‘— 3- :> <>(‘~\)Z<\»(-"‘§):l+Lj" :> P2l+\'T“
A5 \.

.
'7

Dina lhtrc xaw‘ ru <:> A :l;B = C =5 \'Z1 cdc hozin \'1. Vin‘ min P = l +\—'
” ' Z 4 ' " “

Bili 2.12. Cho tam gizic ABC khfmg til. Chfrng minh 1'§111g:

(sinAsinB): +(sinBsinC): +('sin.#\sinC): >2
~ .<inC \ sin,~\ V sinlf —4

Clzzhlg minlz

Khéng mill tinh timg qu-£uu1gi:1su' E2 A 23. Tu \"i§l bt dim: IhU'C lrén du'(>'i dgms:
I 3 “ ”

‘/'2 (/?\.B.C)2%+Z(sin: /\+sin: B+.\‘in: C)

-1-rOnOd6_f(A B C):sinAsinB+sinAsinC+sinl3sinC
C " ' ‘ sinC sinB sinA

l :B—C/Iv-2 ,:A \
. B+C B+C\ 45111 Asm I

Xéthiéu:d=/'(A.B.C)—_/' A. . 1: '- , _ ;~--
‘ \ 2 2 7 $111.4 \ smB.\‘m( 2

-lsini /M1113’?

Vi E>Az§ nén ~++‘—"21<>.\-an"-z1.v1\~g1>- (120
2 _> s1nBs1nC Z

Ch(1§'1'§111g:si11: B + sin: C é Zr-osl I1@11[£1Cl1lC§I1 chu'ngminl1:

f: (/\.§i%C.B%Q)Z%+Z(si11: A+sin: B+sin: C) <:>c0sA((‘0sA+1)(Zc0sA—l): Z0

B§tdfmgIh£1'c nixy dljlng vi Q 2 A 2%. Tir My ta cé bit dfmg th(1'c cn chfrng minh.

Dfing thirc xciy ra <=> AABC 151 tam gizic déu hozfic [um gizic vuéng cim.

. , ’ , "' "' 1 \ \ A '

Nlzn xet: Su'd1_1ng ding lhu'c: =—ii vu 2c0tB.c0tC:l 1h1 bat ding
$111 A cot B+cot C

thirc lrén urong duvng vdi Bail ding thfrc Iran I996:

(ub+/2c+<'u)y 1 _+ 1 1+ 1*‘l_2
L(u+l>)' (/>+<')“ ((-+U)—J 4

\/



Clzumzg IV: ‘\'Iu?'ng vién kim crrzrng trrmg I717’! dng thlir hi§n dgli 561
m. non BIEN BANG K? THUAT HAM so

D5)’ 121 mét k§' lhuzit 1"§1lqL1z1n Lnjng cuu phuung phzip dén bién. V1 Lhé clning téi gidi Lhiéu

né G ngay sau phén civ bém nht. Trong muc II. chfmg ta lhiy réuxg dé chL'rng to f(.\.'. )2 I) 2

f(r, r, 3) ta xél hjéu <1:f(.\‘.)".:)—_/'(I.:_;) 1'5i lim Czich dzinh gi(1¢1l2 0. Cdch 13m niay

phi! hqp \‘cS'i f 151 czic hilm da thL'rc_ phim thirc don gian nén d5 bién Cléi dgai Trong

lru"£:"ng hqp f 13 cc hm khé bién dfwi dai sé. chéing han: _f(.\'._\‘.: )=.\“ + yl + 1‘ (_\"6i

/< >0) [hi la phéai su dung k§' thuél hilm $5 dé chfrng minh czic dzinh gizi [rung gizm hing
lfnh d<\3ng bién. nghjch bién cL'1;1 hm $5. DC? ban dqc dé hinh dung la: Q6 thé mi) La k§

lhuqlt nixy nhL1' sau: Gizi str c§n chfrna minh f(.\". \". 1) Z f(.\". I. 1) \"(v"i z:g.t;1:\é1hi1zn:- . \ _ . -7

£2 (5) = _/'(.\'.1‘ + s.I — véi s 2 O.

Sau dé chng minh g Lng Vs 2 O (thuiwng str dung dzgo hzlm). suy 111 g(.s'; 2 51(3). .\/{Qt

trong nhng vi dp qucn thuéc \'é"i céc ban 1Z1 dén bién béng him Iéi. {L11-J nhién du"éii diy
chimg ta sé quan sz'1tk_€' lhuét d6n bién trong béi canh lévng quail ho'n_ cfm \"§n dé Yé hilm
Iéi sé du'Q'c tré‘ l2_1i 0' mél nmc khzic Irong bZ1i tozin vdi n bién.

Chng L6i nhfln mgmh ring. dy 151 mél kj thuzit khé. bdi né chm dung nhfmg nét rit
tinh té ctla phuong phtip dém bién. .\l'hf1"ng \"1' du suu dy thé hién rain 1'6 \~e d¢p \Z1 strc

manh cua phu'o'ng phép d5n bién.

Béi 3.1: Cho k ZO\'i1 <1. />, c 2 O. Chfrng minh ring:

k , A A(L) +(i—) 2n1in{2,—-3—}(*L) i

/J + c (' + a CI +12 3‘
E

1

Ch lhzg minh

Bu'6'c 1: Ta chi cn chfmg minh b2‘ud2‘1nglhL'rc khi 2 =23? <:> /< :%% -1

Caic ban hy suy nghT tz_1i suo bit ding thfrc dfmg cho tru‘i>'ng hcyp nily lai dn dén bit
dzing thfrc dmg cho lru"é'ng hQ'p téng quail.

u=/7.610
Ch y; Vdi 1< ={“_§-1 ma ding lhL1'C xé1y1‘atgi (1 =1» = <- >0 hozfac /;:¢~.@ =0

n ‘_

(' 10.17 = O

Bu"6'c 2: Khéng mzit téng quzit cc’) thé gizi su‘ (I + 1) + c = 1 vi! /2 2 c 2 a.

D.’;'1t1‘=L7—;—Q vil 121%, suy ra /9 =r+/n, c= !—m, c1= l—— 21. Khi G6:

- _1—2tk 1+/n k l—n1 k ,_ln3_
()<:>‘/(m)_( 22‘ ) +(1—I—H1)+(1+l7I—l) 22 \'Ol]\_ 1
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\/‘1('2zz nén 31- I Z/1120. V21 l Z/2+<"=ZIn(:n %2lZ%.
;__ _

F _\

‘:4

J...

Ta sé khzio sail f(/11) trén mién me [0, 31— I] \'<'>'i l€ l_ 1 121 hfmg sf).

/<(l+nz)‘—| /<(I—n2)H /<(1+/11);’; > /\'('—m)& '
Ta c6: f’(m): *7‘ — M 20¢ M _ ' -VI

(1—I——m) (l+m—r) (l—r—m)“ (l+m—I)

<:>g(m)=[ln(l-—m)—ln(l+m)]—iii[1n(1—I-—/11)-ln(1—!+m)]Z()

Tacé:g'(/n):( 1 + 1 )+l+/‘(V 1 + 1 )2()/2
‘ I—m 1+/n l—/<.1—I—m l—I+m

—2r +1+l< 2(l—r) >0 —r +1+k 1-1 >0 1

' — <1" ‘X . ' '3 - )

(r—m)(r+m) 1-/\' (1—I—m)(l~r+/11) . I'—/21" l~/< (1_,)~_m1 (

D0 k :2?-=3~l nén 1l]i22 suy ra dé chtrng minh (1') ta cfin chtmg minh
ln2 1-/<

- 2(1—r ~ 1 . 1 ~

, I j+ 7 )$ZO'2ll(I77)='-I+4I_'—3I“+_)l))l_"'2HZ‘ZO
1' '/77' (l—I)' -121"

Ta cé: u'(m)=2(3I—2)m<O Vte{%,%] 2 u(/21) 2u(3r— I)=Z(3!— l)(2r~ H220.
-0 ~

:> (1) dmg 3 g'(m) 2 O 3g(/11) démg bién :> g(/22) 2 g(()) = O :> f'(/21) 2 ()

x ~: l— °z A 1 K -

:> f(m) dong blen :> f(m) 2 f(0):(T“) + .

K L

Bu'6'c 3: Ta céin chtrng minh f(O) =l1(I)=(-$1212’) + 2‘-FI I) 2 2. Vie

/(*1

h'(r)= 2/<’Ak]H _ kk .(1‘3il)_ §0@2‘*'r” $[(1—z)(l—2z)]H (2)
(1-1) 2 ~ I

Trong be‘1td§1ngthtrc cu6i,vét1'éi 151 ham dang bién Iheo 1 v51 vé phai 1:1 hm nghich bién

theo 1, v51 1u'u )7 121 té nén dé chtrng minh (2) ta cén chirng minh:

2k —k- ‘l

2"“ {(1-%)(1-éu .1351 ding mu-Q my dng nén /1(1) nghjch bién. suy ru

h(z)2 11 = 2. Bin toain duqc giéii quyét trQn v¢n!

Nhn xét: Dé théy duqc nét C1‘¢p CUZ1 béli toén nily, ta xét céc truyng hqp déc biét.

a) T1"u"0ng hqp k = 1, La thu ducyc bét déng thtrc Nesbit: L+l+#' 2 -3-'
l2+c c+a a+b 2



C/111‘0'11g H’: ;\'/zvzg vién kim c1r071g trong [2171 11'17ng I/1121: hifn 11111 563

C13 45 1;£1cl1 chrng minh béit ding 1hL'1'c 1151)" (Xcm §24.3). V1’ 1111 I czich liéu biéu 151

1€1+L+1l'+3:11+/>+1'+11+/>+1"+11+/1+1‘
/1+1‘ 1‘+11 11+/7, /7+1" ("+11 11'+/J

:(11+/2+1,-)(%+i+l—)2(11+/>+1~)?—1i:2
l2+1* 1‘+11 11+/1, (/>+1')+(1"+11)+(11+/7) 2

1 1* "Tb) T1‘L1'(7'11g hqp I1" I — 1 la thu du'Q'c btdz'111g 1h1'1‘c suu: ;,—“- + \/?7- + 2 Z
Z \‘1>+1' 1r+11 \/11+/9

Df1)'iE1mc}1b£1it0zin khzi thd \-'1 \"1§'i111©1l1‘Jigiz'1i do111git'1n s1'1'd1111g AM — GM:

Z,‘ 11 :2 Z11 >2 211 :2(11+l2+1'):7
1»~.~1»\5b+C 111 Z\/11(b+1") 111”+b+C “+b+"

1 7 , 4 ; , t A A ~ kc) Truong hqp /< 2~§_ ta co bat dang 1hu‘c sau: ( U ) +( b ) +( C ) 2 3
.1 l1+1' 1"+11 11+]; 2‘

A ~ \ . 1 - , 1 ~ - /~ -A , , 1 1 7Day cung I11 111111 ba1 to-an rm hay da du'(_>’c dang tren 11h1eu tap ch1 toan hqc. Mac du k :§
khéng phai I51 hing $6 151 nhit. nhu'ng 116 mang l:_ai cho chilng ta 1 IO'i gizii rit d¢p:

1z+12+1‘=11+/li£+b+C23-I11£b+C)_ :>( 2“ )32 3” I> Y(i)j Zi
2 2 \J 1 2 b+c 11+b+1‘ -_:*1b+1: -

i\)
IAI‘J

Bi 3.2. Cho k > O.11,1'),1'2 O vii 11+ b + 1' = 3.ChL'1ng minh ring:
/ N‘

_. _ T

(11b)‘ +(lJ17)k +(1"11)‘ Smax J1 (1)

Ch 1271g minh

Khéng 111a‘t 1611;; quail. c6 thé giéi $11‘ /2 2 1‘ (viéc léiy 11 = min{11.b.1r} hay 11 = mz1x{11.b,1'}

sé du'Q'c 11111 ch<_>n dé phil hqp vdi czic bién déi tiép thco).

D231 1:211 v21 111% suy 1-21/2 =1+111,1"=1—1n.Khid6:

>~

Ti

. , ~ . 1 3‘
B511 déng 1h1'1‘c (1) <:> f(111)=11 (1+111)‘ +(1 -111)‘ +(1‘ —111‘)k Smax 3. Q

2

Ta kho $211 f(111) vdi me [0, 1]. Ta cé:
- 1-1

f/(111):/.<11k|:(1+111)H —(1—111)H]—2l<111(I2 -1112)

_/"(111)2O<:> g(111)=11 (1—111)l k -—(I+111)| A]—21112O

>~

I’

Tét nhién 111 Chi can ><é11<1111 > 1 (khi 1 s 1 1111 ban toén d0n giém).

' -/1-1 -1
Tacéz g"(1n)-11k/<(k—l)L(t—1n) ' —(r+m) A]>O
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:\_g/(n1) déwng bién nén g'(/11) = O c6 téi da mél nghiém lrén (O. I).

V1g(O): O. gm‘) : + <><>nén_ch1'c<3hai kha nfmg: g(/21) >O_Vme (O: r| hozfac g (In) = —() + ‘ Vine [(). I]

<:> _f'(/21) > (). V/1z€(_O; I] hoéc f’(_m) = —O+ . ‘Vine [0, ll

<:> f(m)di1én hozflc f(/21“) di xuévng réwi lai di lén. K

Trong czi Z Lru<)'ng hqp [hi cgrc dai cflng Clat 6' bién do d6 _/‘ (112) i max{_/' (O),/' (l)}

V(>"i m =1 :> (- =0 3 _/'(1)=(u1>)‘ g(__”j/’):\ =(§):‘

Vdi m =():>b =¢-=12 f(())=2r‘u‘ +13‘ :21‘ (3—2z)‘ +13‘ =/1(1)

Ta c6: //(r)=2/<(3-21)‘ 1"" -41<(3-21)“ 1‘ +2A»““

, A , A-1

/1'(r)20<:>(%) "+120<:>u(.\')=.\'k —?..\'H +120 vc')'i .\'=3i
I I

Ta cé: 1/(x)=[k\‘—2(/<—l)]_\""3.' Vi u'(.\') cé téi da min nghiém lrén nén u(,\‘) cc’) téi da 2

nghiém trong R’ . lrong dc’) mét nghiém 121 .\" = 1. Tir 66. la sé gia sL'1"z1=min{a. /2. c}.

Khi CI6 la chi viéc xét khi 12 1 vZ1tu‘ong {rng sé 1Z1.\" 3 1.

V1u(.\')ch1'c6tc‘>ida 1 nghiém trong (0. I) nén /z'(r)chic<'>t<“'>i da l nghiém trong

'1 \ ., F '\
ChC1§'1Z1/{(1): O, /I'(%) >0. D0 dé. chi c6 hai kha néng hoéc 11(1) déng bién trén

hozjc 12(1) c6 dang (—O+) véi re Trong ca 2 truvng hqp thi /2(1) luén dgu max t2_1i

hai bién nén /2(/)S max {f(l).f(%)}=n1ax {3.(-3):‘

' Nlzgin xét: C dziy chng t6i khéng git: lhiét <1 = min{a.b.(~} ngay [Er du 151 muén nhzin

mgnh ring viéc d6n vé hai bién béng nhau Iuén lhgrc hién duqc mil khéng cn lhtr Lu gifra

czic bién $6. Chfnh vi 1y do nily nén sau khi Chung minh:
Y ‘

f(u.b,c)$max .4/'(a.l.t){j véi 1%
(')

5 IL .

f(a,b,c)S max .f(t,I.(:)} véi 1%
L1 , A-

ta 06 mé mm ué theo bang czich khéc ma khéns can khao Siil him 1 biénP - -
Vdi m6i u, 12, c cé dinh, xét dy du'Q'c xaic dinh bO'i qui tic sau:



CI IV: V _’ V.,. _. ,: .' , .,. . - -luring 1 hung H6’)! lam cmmg trong but dang thlrt /Il(_.’Il (Igu >63

‘ '/ /7 ' c ~ I7 ‘ 1' 7

(uU‘b(?‘(.()):(u'/LC): (a“r:~i'/)“rr~|'(-‘11~|):i(I"r!'~”' ~; ‘ *7 2

» 1' ‘r1,,_~ w,,_ ~,,_1

~ _ _ \ _ — ._ _

V "M | +/7"» | am | +/7v I {' ‘-. _| -1- _=— _— _-* . I \ '~\¢1(<13”.b:H.<:”)-,\ _ .(:”_] /| 7116; .

Khi d6 ta cé: A/(r1.b,c')S max

r__J\M\

zx ‘;

\___

f'(a’ /2” (", V/ze I‘

J

VME Z

D0 a + b + c = 3 nén dé théy czic dy {r1H}.{l2”}.{("”} déu héi tu vé 1. khi d6:

J
,_.

xf“

J

J
,_

‘.1

f(¢l.b.<')Smax{(_%)_ _f(]_1.1) :1nz1x<L(%)_ (dpcm)

° Bilzlz lugilz: Ky" thuiit chuyén qua gi('>'i hz_1n nily c6 thé téng quail lén lhimh hui dinh l§' dém

bién téng quail lix S1WV v UAIV mil chilng téi SE giéi lhiéu O‘ phn suu. ‘\*I2f1l k_h;ic néu

két hqp tfnh lién Iglc cfla hixm vc'v'i mét ky thuzfn khéc. chflng 121 cbn dqt duQ'c mél két

qua' téng quzit hon so vé'i hai dinh 1;‘ SMV \/£1 UMV_ G6 151 dinh 1)‘ GMV.

Ngoili ra. sau khi c6 U‘). ta cbn 06 mél czich khzic dé dat du'Q‘c diéu phai chtrng minh mix

chi cin sL'1'dL_1ng m(>1 56 hfru han l§1n thz\'y lhé. Tuy nhién, dé khdi trimg lap chang {Oi sé

giéri thiéu né lrong muc hét ding Lhtrc bfm bién \'Z1 czic muc suu d6. khi mi n6 lhuc su

can thiét. Cm trong lru'O"ng hop b2lbiéI1.C|"ll11'lg Léi sé chi su' dung czich liép cén doin gian

nhét (dévn ve-L: 1 bién réi khéno sail). nhm gift du'(_>‘c linh [rung szing Qua phu'o'ng phzip.

Chilng I61 hi vqng ring. suu khi dqc k_§' hui bi tozin trén. lhi czic ban Q6 lhé sL'rdL_1ng kf

thuélt hilm s5c1éLi6l1bié11 lhco nhfmg czich kh;'1cnhuL1. V1’ dL_l tiép lhco minh hgzl cho kiéu

d5n bién vé {rung binh nhn.

\. LBa13.3. Cho a, /2. c > O vi 0190- 1. Chirng minh rang:

a) 81(1+uZ)(l+/23)(l+c'3)§8(u+12+z")4

b) 6-/1>(1+tI3)(1+/7':)(l+("‘)§((l+/J+(‘)h

Chzhzg minh

a)D§1lf(c1.b.('):8(a+/>+(‘)4 —81(l+(l:)(l+/7:)(l-1-('2).TLlCQlhégi21 SL1‘ u 2 /2.

Xét hilm $5 g(r)=f(Ia.£.(") vO'i re /(2.1
I Va J

V, » b /7 3 / /2 ‘ /J 2Taco: g (r)=32(c1——qJ(r(z+7+z") —8lL(1——_](rr1+7)(l+(‘ )
1" 1",

k__ii



Plz lrzmg phzip MW’566

‘ V A ’ ‘ ""(z1+<')3Z81¢/(1+¢'l‘) \6'i z/=/zI—e—[l
I

Vir

Thét véy: 32(d + c)

,— _
‘ A

vg1yg’(1)z 0 vc'>'i re ‘U/l’ .1i
(1

:> g (1)2 g

Phn cén lai

e[ /1-1.1 neng(r)2()ncu _>._ Y

A <1 J

" ( ‘/£1‘ i 1<~~’)>s1(1(1+H> (vi (1%-2‘ z32¢/((11 +2d¢~+3¢-1)z.>2d_3\/ <~ +-

'§

,_.

.._J

r ,—

:> g(I) dbng bi€n I1'@n |\j—l
C .

[i
tL'1'c 15. f(a.b.c')Zf(5_s.'(') vdi .s':\/ab.

a

s“c‘ = .121 ChL'1'ng minh f(.s', s, ¢-) z 0 vdi ° 1

4)

' , 4

\‘ ’° +@\‘ -81(1+l) (1+<--)
(

>-=,-(::~.¢T.¢~:8,; AThay s=L_ ta dLl'Q'CZ f(.s'..s.a)
\/Z \\/<'\/' J xv; ,

' 1

* 9V-1+120¢-I-21¢-+94%=£ 8c'+16c-+ c

Véy bit ding thirc chirng

- \2 5) 9

(ft 1]( ‘ “ 24~‘+96¢-1+s7@‘+7s¢-1+9 <

minh xong. Dang thtrc xa) 1

b) Dét f(a.b,c)=(u+b+c)6 —64(1+c1;)(l+/>‘)(l+("‘)

Gié str (1219 Zc. Xét ham S6 g(l)-

'(f)=6 a——_

QC

/?\

"Bv
\__/

Z?

/—
Vi t€[\/-Il,1]nén g'(¢)

(I

Bét 51:12:13 +(1b+b—;'. K 17

1- I

> m+2+c') —l92(c1——
I [-

— _/'(ta.€.c) vdi IE B/ilg. ll. Ta C61

v t:r13+c1/J+b—;}v(1+c‘:)
\ I“

J’?

\__/

v _ 2 :+a[2+;)—;J(l+<"‘)[_

\/
us

‘J
/——\

N

55.

20 néu (fa +€+c)

. ‘ '\ 11 \‘taco: Ic1+—+c 2nIc1+7+c')

=3 d+Zab+Zluc+_-— __( v bf)‘ >3<¢/+6):am/>32¢1(1+<¢‘) (vi <-$1)

> () véi re“/Q,1A|.su)'1'a g dénc ]L\ U.
\ "‘ 1

+47) Z0

/"a khi\/51ch1’khia=l>=<':1.

/' \1’ 1

b 1 20 rw
k |

/-1 - .; - * , V

O b1en lren //~ 1:. do do 34Véy g'(r) _ "

tirc IE1 f(a,b,c) 2 f(s.s.c) vdi .s' = val).

1) ,\\u/,



Ch mmg IV: N/11771g vién kim clrmzg trong bl?! dn g 1‘l1!i'c hin dgzi 567

4
PH“

Cu6i cimg I21 Chirng minh f(.s". .s". 0) 2 () vdi .s"‘<' = 1. Thay .s' I la du‘<_>'c:

, \ (1 .' \ 1

‘/'(.S'_*\'.('):_/W %+(- } -o4{1+L} r1+(-L‘)
\\/<‘ \ 1' \_ wt‘ ,' \ ('\/(' ,\

' ’_ 1 T \ \- , V. .:0“ +1Zc4\/1' —-lc +3Zc-\.~'(' +1 12+ l,1_> () v1<'S1. B111 loan Chung mmh xong.
<"\/c‘

Bi 3.4. Cho 0.12.02 0_ (1 +17 + c = l. Tim s<"§lh\_1'c k > O ldn nh:/:11 sao ch01

\/41+/<(b—c): +\/b+k(c—a): +\/0+/<(a—/9): S (1)

Gidi

/_

' Bmic I.‘ Cho u =l.b:c'=O vi10(l)suyra /< Sl—%.

Ta S5 Chung minh mi /< :1-“-3 ma bélde“/1ngthL'1'c(l)dL'1ng.

Bf-It f(u./2.1") : \/‘c1+k(/2—z')3 +\//‘b+/\'(c—u)l +\//('+l<(r1—b):

Khéng mil léng quzit. C6 thé girl su' (12/7 2 c.

Ta S5 Chfrng minh ‘/"<u.1;_<-)3/‘m.r.1> (2) \‘c'>‘i 1=l’;"_‘.B@[ b:r+s. C=I'—.S'. do

a+l9+c=1nén a=1—2t.vZ1u‘ra2b2c2O suy ra l23r+.s 24x20.

Xél f((l,/7,c):g(.§') = \/1—Z1‘+4l<.s': +\/z‘+s+/<(3t—s—1): +\/!—S+/~:(3I+s—l): _ trong

dé s€ [Oé] v21 re D5 chtrng minh (2)121 cn chfrng minh g(s) S g(O), muén

véy La sé chfrng minh g(S) nghich bién. Ta c6:

, 4/<s 1+ 2/< —6kz + Zks -1 — 2/< +6kr + 2/<.s

g(S)i ‘I + l 7 + I 1\/l—2z+4/<.s' 2\JI+S+/\'('3[-.Y—1)“ Z\/l—S+/<(3I+.s‘—1)‘

D0 l—2z+4k_s~: 21—.s+/<<3/+.\~—1)3 <:> (1+s—3z)(3k1+3/<.s+l—l<)2O (dfmg)

V - Z'—' Z1‘ ——Z/c ' lnén dé c6 g’(s)SOtach1'céin 1+ A 6/\,+ /‘S + I +6l\[+ OM“ £0
2V/z+.s+/<(3z—s—1)3 Z\/l—s+/\'(3l+s—l)“



_5 68 P11 lrmzg p/nip MV

<:>11+21 -<11.-1-10111111+1+1131-1-1;:1z11+21 -<11-1 + 21.11311-.1»+1(31 +1-- 11:1

¢> ,-11.11: 1-241 11-31111+721 if +14%-11.1-+1441-‘1~4321»‘1’ + (>1 -3211.1 -81.1 +1111-1.6

+ 161- 161‘ +21111-‘.1’ +4211‘? -%1»-‘11~+1_1_121-*1‘ +1441‘11.1~-34111‘1.1~1 2 0

T11 Q6:

/1'1.1»>=141111-321-I -s1» +s<111_1-+161‘+16111‘.1-+1441? -%1»‘1+1141~‘11 -18111111

"//<.»>=x013 +1601‘4288151-48111‘1z11 V_1e1>():§i <11 1eL():%_i) . D0116 /1'11) dang

bién nén I/(.1) S //(i) < O . s11y1‘z1 /11.1") 2 /4%) > ()_ véy g'(_\.) 5 (1 nén kg, which biém guy fa;

/‘((11.1-1:g<.11s g(0) :_/(11.1.1) vo-1 1:?
' Bu'0"c 2: Béy giér ta chi cn ch1'1'ng minh cl1o1r11‘O'11g hqp /1 = c. nghTz1 151:

1/¢T+\./2<1-111+/<11-31111 s J§<=» 211-111+111-31111 s(\E-15):

<=>1(1-3111* $11-£511 @111-v'3Z11[1-<1'+ 1/T1111 -1]§0

11 1 . xii /—~
B511 dang 111u»¢ cu€>ihié1111hién dljng V1 <1+\/3111 s<1+¢31-=%.

T
V51)’ $5 1l111'c d11"0'11g k lén nh511h('>a min b£1i 10611 151 /< = 1-?

Binh Iugin: N61 chung, ch1'1ng 1a sé gép khé khn khi 151111 qucn 1'61 15- 1l1u§11 11£1y. C011

<iu'€)'ng dé chinh ph11c mc}1 bét déng thtrc sé cé nhiéu chéng gui 1l11'1"1hch. (‘I61 hoi ch1'1ng

ta phéi 06 min 511' kién 11"i lién tuc. Sau dy 151 11161 bi 101111 11121 cé lhé 1611 giai c1111 n6 sé

khién nhiéu ban "khiép sq". tuy nhién chng 161 hi vQ11g \1c'1'i $11‘ 116 l1_rc c1'1a ban 1h€1n czic

ban s-5 11111 thiy vé dqp trong saing c1'1z1 116 n ding sau nhng ky‘ 1hu2§1 11'nh tozin 1510

luyén.

1

' J(a’b’(_2O ' 1/) bc ('1
511 3.5. cm 1‘ . T1mgif11r1 1cm nhf11c1111: s = ‘i_+___, 11%

=L(,+;,+[-:3 3+1" 3+(1- 3+1»-

U1

Girii

Khénq m§t1fnh1611<> 111112121 s1'1' (1 2 12 2 1-.\/ C g

D§11cz=s+I_b=s—r1h1biéu1h11'cS1rO‘thZ1nh:f(r)= “(“"’),+ “(1‘+’),+»"'*’j
3+(s+1)“ 3+(s—r)' 3+1"

11111110 1111 1111 11611 mién 1 e 10, 1- 1-1.



Clurmzg IV: .\’h17'ng vién kim cu‘:/ng trong h(7't dng thlh‘ Izién zfgzi 569

, ., _- °-(9-37" - ?~(-l~:') ".1Tz1c0:‘/‘ (H: ‘ _—F‘( A I__+ ‘ \+A'( ‘S I ‘— "“
3+(.s"+!)_ L-»__+(_\._l,)3_£‘ 3+(.x—1)' L3+(-§._,)3:§‘ 3+1"

'~ 8:"r(.":—r3)( + ') Y {A , 3 , :=J'Ur+ (S S , , H \ — “I _ _V1‘e(()..\—¢*) \'0'1 z1:n+(x+1) .\':J+(S—l)
1"‘ u'\" 3+1"

Gizi su" I21 di chirng minh dL1'Q'cf'(l) < ()_ V! € (()_ x — 0) (diéu nil)" sé duqc chrng minh

Zn s: Zs"(?—Zs") 3sau),khidétac6: _/'(1)§_/(0): "'_+ ‘L : ' ‘ _‘ + 5 _=g(s) (1)3+.v 3+(" 3+.v 3+(3_2S)‘

Xél g(s) vdi se Ta c6:

gm): 34_;_13_§~3 +1@;_g4_,_(,_§»1:1<1s(Q»-I-3.»v+4)(A»~-1>:(-E-3.\-+6)

[3+(3-202]‘ (3+»-1)“ [3+<3-2.»~)'_“(3+.§-1)"

D5 méy s:—3s+4>O v21 -E -3.»-+(>=(g-.§—WL_§~+%
. 1- /

‘ ~

J
___|

JJ

‘\

Z

“Ww"J
+

\)J

\_/'

/ '1

nén gm) du'o"ng rm (1, X0) Vii am trén (.»-Mg) mi S0 =%=1.3722s1323...

.A Y x“ , 11$?-45Vz_1y‘V’s€L1;‘§J I11 co: g(s)Sg(_vU)=——j-_f (Q)

Trong (1) \’f1(2). déu ":" xély 1'21 déng lhbi 1:_1i l= 0 \»'Z1 s : xu. u'1'c 121 :1:/1:3‘) \/'21 <f=3—Zs‘U.

,?_
6'» -, ‘ /

\/fay gizi m ldn nhét cém lim 151 iZi:<>.75792454(»...

4
qJ1

Q1

dam aw-C khi ¢1=b=i=1.3722s1323.... <-=@- \F=0.2s54373s3...

\.)

DékétthL'1c.la chtrng minh f’(r)<0.\1re (0, .s" — c"). Tu sé chirng minh:

vo-1;e<<>..»<-¢~>m1<———1, (3) V21 1—~8"-‘(Y‘,’",)(”+")s 1 , <4)
"Y 3+0“ 1/‘\" 3+c"‘

C/u?'ng minh (3): Vi 0+ Zs = 1 vil x > 1 nén rs" < 1.

HO'!1I1f1'£1l1I3+(.\'+I): >-1.\~=3+<]\~ -1): >3+¢-3 nén1z2lhL1du'Q'C(3)

Clzzhzg /ninlz (4): su dung bit déng thtrc AM - GM1u 06:

~~ F 111? 111 » ~u‘1"=1_3+(.s‘+I) J L3+(.\"—l) j 2l(v(.\"‘—1‘)

/ 1 w w \»z

V51 Zc.s‘(zz+1")(3+(':):4(‘.s'(3+.s': +I:)(3+<‘:)£i iL(_“'+3+‘\>>+,_ +3+('~i
\ 3 ,/



Thay 1': 3- Zs \/"Z10. 1u'u 151 I S .1‘ — <' = 3s — 111 C13:

411-+3+.<1 +11 +3+<~1 $413-21).»-+(>+.»-1 +1311-—31' +13-2.»-1* :12+(31.S'—11(.S‘-—2)§1ZSU
, . .

y 1'11 2121111 + 1113 +1") < 4’.

Vév 8(.'S($: —1‘:1(u+\"1 __L X3 _;3 Zm-(11+\-1(3+(':1<, 1 .1‘ 11. --. 1- -4-, -=\
11'1" 11‘1"' 3+1” 4 3+(~' 3+("

T1113). (4) :> f'(I) <0. V115 ((1, .s' — ('1. \/_§1y Max S :£:i:().757924546...

' Nhn xét: Czich 151m nZ1y \'§11 c6 Lhé zip dung c111'Q'c cho bZ1i 105111:

Bili 3.6. C110 a. b. c > O vi1(1+/J + 1' = 3.T1n1g111t1'1 161111h§lcuz1bi§11th[1‘c:

S(c1.!2.1c'):\[i+w#+ fl/7 \'1§'ih§111g $61/< 2 3.
41' +/1' /7‘ +/< (r' +/<

Giiii

Tuy 111'1ién, $2111 khi dun du'Q'c vé 1 bién [hi \'é'i /< téng quzit viéc khzio szit him 121 khzi

ph1'1'c tap. méc db viéc ni1y luén thuc hién (jL1'Q‘C vé 11151 nguyén tic.

T11‘ bi1i tozin 11i1y, chng 11106 lhé phz1l11'ié11 Lhimh 11511 tozin $2111: '

B511 3.7. C110 u. 12. <' > ()1 (1 + /2 +1": 3 vi S10./).(') 1% + U’ —(L[7—
11' +/\' /7' +/< 0' +1;

T1m1€1tcé1 l<1sz10c110 S(u./2.0) S S(1.1.1) =%
1

1

Gidi

D7(1 PI1 rrmzg phrip 11/IV

T1'11'é'c hél. 111' S(1.1.1)ZS(%.%.(1) suy ru /< 2 3. .\1hu' 1111§1n xél O" lrén. bzing (1611 bién La

\

sé quy du‘Q'c vé t1‘11'1‘>'ng hQ'p a = b 2 0 v21 Sum =111z1x{#.S(s(,,s().3 — st,

vc'>‘i .s"1,1Z1 nghiém 1('>'n 11h.-51 c1'1a phu'0'11g Lrinh 6.15 + (7l< '— 91.12 — 18/0 + /<2 + 9k.

Véy ta cn 1in11§lc:/i k 2 3 lhOa11111 b§tphu‘0‘ng1r‘1nh: S(sU_sU.3 — 501 §'1T3k

T11 d6 ta lim duxyc 151 ca czic giai 111 CL1£1 /< IE1 [3. /<11] \'(1'i /<1, = 3.2690313...(Trong 476 /< 121

mg/zié/11 ("um 111131 p/zzrmzg /rin/1 /1430 mm) . Trong cc 13211 toim vé dévn bién. ChL'111g ta sé

t1111'{)'11g xuyén gzip 111111 huémg nh11' \’§1y: $1111 khi Q1611 \-‘<5? 1 bién sé phéi khao szit hém 56

khd ph1'1"c tap. Chfnh vi véy, @161 V61 cc bZ1i tozin 11151 c1_1"c lri at d11'Q"c p111'1'c tap (dzjc biét

151 C510 13511 kiéu nhu' 11m héng $6161 nhét) thi dén bién gén nhu‘1Z1c0n (iuivng duy nhzit.



Cllumzg IV: Nlzz7'ng vién kim cu'0'ng trmzg brft zllzg thlic /zifn rigli 57 l

1v. BAT DANG THU’C BA BIEN vdl cuc TR! DAT auqc TAI BIEN

Néu nhu' trong phn tru‘é'c chng ta Q6 thé hiéu "dén bié11" IZ1 ”d§y hui bién lai giin nhnu" [hi

trong trufmg hcyp nZ1§7 la phai hiéu "df3n bién" nghia I51 "déy mét bién ru hién".

Xél bl déng Lhirc f(.\". _\". 1) 2 0 vc'>'i x, _\", : 2 0. la sé chirng minh f(.\'. _\". Z) 2 f((), s. I).

trong G6 x. 1 IE1 czic dgii lutyng lhfch hqp sinh ru til‘ czic bién u. />. <' . Thfch hqp (Y dily

chinh 151 viéc hf» s§>(().s.l)pl1:ii lh<>;1r11Z111lf1lcz1 czic diéu kién cL1z1(u. /2. 1'). dc‘-vng lhi hiéu

1/ =_f'(.\'_ _\". — _/'(()..\.r)2() cén dam gian nl15I 06 lhé.

CL1@>ici1ng1uch1' viéc kiém chirng _/'(()..»".I)2().

Tru'é'c hét_ dé czic ban 121m qucn vdi czich dén hién "md‘i mé" nil)’. chfmg téi xin HO‘ lai

mél \*1’ du 0‘ phn u"u'<3"c.

Biai 4.1. [B§t ding thlic Schur] Cho 1/. 12. c 2 (). Chirng minh ring:
I

(13 +1)‘; +03 +3</1202113 (b+(') +123 (<'+<z) +0: (u+b)

Ch 1211g minh

Nhém xét I51 ngobi diém u = [2 : <1 ding thfrc cbn dal tai u :/1, <-=()(vi1c:ic hozin vi).

D0 dé. k)’ thuqil (1511 bién ra. bién cé kha nfmg lhimh céng !

D511 ‘/’(u.b. 1') = (13 +/>5 + ('3 + 30/n'— 03 (12 + 0) — /23 (('+ u) — ('3 ((1 + /7)

Ta hi vqng $6 06 f(e1, /2, 0) 2 _f((), u+1'>, c"). Xét hiéu:

al = _f(u. 12. 0) — _f((), 41+/2, 0) = (1/2(L5c — 4a — 41>)

Nhu'\'2f1yl:‘11u khng thé c6 4/ 2 0. cho din cé thé sép u’nl1IhL'1"lg1"cuz1a, /2, (2

Thél dzing tiéc! Tuy nhién. néu cixc ban dimg lai 0' dy lhi cim dzing liéc ho'n.Thz1y vi ho
dd. ta hiy xcm lz_1i vi mo khéng thé 06 zl 2 0. Néu tinh czic ban cé Lhé thy 151 f(a. /2. 0)
sé nho di khi hui bién lién l2_1i gén nhau (d6 chfnh I51 1)‘ do mil la Q6 thé dén vé hui bién
being nhau nhu'l1'ongII.)_ cim 0' dy khi thuy bé (:1. /2. c) bdi (().u +/1.0) {hi "dL1‘£3'ng

nhu"' czic bién cng czich xa nhau. D6 chfnh 151 1)‘ do CZiC|‘. (1611 bién 0' trén {hit bqi. TU‘

dé. tz1nay1‘u )7 IE1 [hay (<1. /1, c") bO'i (().l2+%.c‘+%’) vil xél hiéu:

dd I /_(c1.[>.c')“/'(()./2+%.<~+%)=u((1+/2- Zc)(u +0 — 211)

Biéu thfx vi 121 ta cé thé giai SL1" <1“ 20. Thél vzjy. diéu nily cfmg nhb‘ viéc sép lhtr tu"

nhung khéng phai 121 gifra czic bién a, /2. 1' mi1lZ1 gia czic hiéu 4!“_.z1,).d{, (trong dé z/Nd‘

151 hai hiéu tu"o*ng [gr nhu‘ du). Vi Linh déi xL'rng nén ta C6 thé gié SL1"

cl” =1nax{c1u,d,7,(1(_}.
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Khi dd néu (IU <0 thi ()>(1'U<l,‘1/1, :41/>01/2+1‘ - 2(1): 11' + <1 — 21>): 111 +12 — Z01: \'i1111f1uthu§n

Véy 11“ 20 11énf(u. 11,11) 2 f(O. .1". I) \1<'>'i .1:/>+%1.1 =<'+%. Cuéi ci1ng_ L21 théy

f(O.S.I)=I} +1"; —r:s—1.\": =(1+.s‘1(1-11"): 20 \"i1 chirng minh C1u'Q'c 1105111 I211.

' Binlz lun: Né11 nhu czich chfrng minh c1611 vé hai bién bng nhau 1'51 I11‘ nhién [hi caich

dém mét bién ra bién 151 mét két qué lhgrc $11‘ 1151 ngé‘ V51 déc 61510. 1-10'n 115111 b£1i 101111 sau

déy sé kh5111g (111111 k)’ 11111511 dén bién 1'21 bién 1i1c0n du‘O'ng 1211 yéu.

J11./2.1‘ Z O 1 a

B511 4.2. Cho (1 Chirng n1111111'émg: i+? + 2;
Lab+b(.+C.a:l 11+/2 /)+(' (‘+11 Z

Clzlhzg mi/1/1

r\

Ding 111110 khéng xz'1y1‘a12_1i tilm. 11151tg1i u : /2 = 1. '= O \'Z1 czic hofm vi.

Xét t1"u‘©111g hqp riéng c : ()_ cén chL'1"ng minh:A = _ + L +~1—— 23. véi ab =

LE

12 a+l2 2

1 1 1 ~ 1 3 ° '1-):11.@=¢1+/]:>§z2\/<111=2.1<111d@A=1+-:(i+-)+iz2\/i~-+;:3
s 4 A 4 4 1 4 7

vay by gio 1:1. @111 cn <16nm@11>1én 11830121 hoim 111211111 chL'1'ng minh.

D{1tf(z1, /2, c)=$+/7%i_~C-_+$.Tz1 hy vqng f(c1.b.c)2_f1z1+b.Z-$3.0)

(@1111;/151 @4011 1551 nfly mam 651111 béo aiéu kién @1>+1><-+1-11 =1 1.

, .1 . 1

Xcth1<_eu. f (a_l1.<) f1u+b.f+b.O)

1 + 1 + 1 \_ 1 + 1- z1+[)+~——i
0+1) a+l—q_1_2 b+1—ab] 11+!) H+b+_1_

u+b u+b, u+/>/
Z

12+ 13_1_ l Z+f12+/231 _Z+(<1+/J)‘
1+0 1+1? 1+(u+/2) 11+:/')(1+/2‘) 1+((1+l2)'

_1Z+a2 +b3111+(r1+b):1—(1+c12)(1+b3)[2+(a+b1:1

(1+a3)(1+/2311:1+(z1+/71:1

2ub—c13b31:2+(a+b):] _ub[2(1—ab)—r1b(z1+12)l:1

(1+a2)(1+b:)11+(a+b):j (1+c1:)11+bZ)[1+(u+/2):]

Tz11h§.yd2()11éu Z(1 — z1lJ)2 ulv(z1+/2):. T£rd6.1z1g1é1 s1'1'1'=111z1x {c1, /2. 1'}.

khi dd: 2(1— uh) = Zc(z1+b)2(a+l)): 211/2(u+h)3 :> <1 2 () :>(c1pcm)

Nhn xét: B511 tozin 4.2 121 mint bZ1i 101111 hay nhung chi 121 11161 hé qua (1011 gian c1121 13211

aéng 1h1'rc 151 n61 néng Iran TST 19%. Thét véy. vdi 1hié1 11/; + 111- + 111 = 1 1111111-1<é1

qua cfla bait ding th1'1'c Iran TST 1996 111 cé nguy:
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+ + : 1+ _+ 1+ _2—+4:"—
51+!) b+(' "+” a+l>)“ (l2+c' c'+a)’ (“+7 7*” (“F”)

1 1 1 1 1: 1 1 1 4(u+/2+¢-) 9 *5
( 1 ( /)(/ )( 4 51

vi 11+!) + c = (a +,/J + c)(czlJ + In" + cu) 2 (u + b)(/J + (')((‘ + u).

Tir nhén xét trén ta nhé‘ lai 151 tron“ lI.. bit déuw thL'rc Iran 1996 Clix duwc viai binv k€-' ‘ - C C -
> C C 1

thul dén vé hai bién bng nhau. ‘\/Iét cilu hoi tgr nhién 121: B511 ding lhfrc Iran 1996 C6

thé giai béng czich dén 1 bién ru hién khéng‘? Cu hoi nély sé du'Q'c tra 1O'i suu khi chimg ta

xcm xét bi lozin sau dy:

Biai 4.3. Cho u, /2. 0 2 ()_ :1/2 + be + ('51: 1 (*).ChL'1'ngminhr§1ng:

1,_L.+ FL_+ Q_22+ L
\/0+/2 \//>+(' \/('+z1 \'Z

Clz 12'/lg lninh
Ban du ta cng xél tru'O'ng hqp riéng <" = 0. ciin chtrng minh:

A: %+L+L_z2+L.\1»<'ri¢1/>=
1\/a+b \/Z \/a \/5

Diéu niiy hoim loim don giém xin nhurng cho ban dqc.

-4 ~ ». O - . 1 1Tlep lheo ta se chuna mlnh f(u.b,c)2 _/(0,a+b_ 61+]; .

D5 )7 ring biéu lhirc f(a. 12. c") trong bili toxin 4.3 khzi phirc tap nén dém bién bing czich

Xél hiéu trgrc nép 1£11'§tkh<3 khén. Nhung may man rég fm. />. <-) mi C6 mé biéu dién vé

czic bién .\'=a +12 v21 0 nhu" sau:

1 1 1 1 +1/(c"+u)+\/(l2+(')
I . ‘ \/u+b \/[>+<' \/c+u \/51+/2 \/(/>+(‘)(z'+r1)

1 +\/Zc+u+12+2\/c"+l_
1 +\Z(f+_\‘+Z\/("+1_g((_)

\/61+/P \/('3 +1 v/I 17+: K

Ta C6: A/(C): l—(:\‘—(r‘ -—c\/("+1 so

\/(C2 +1>~‘(2@+.\-+ 21/E +1)

, . .4 , , 1
1D0 do, g(c) ngh1ch blen. Chu y rang: cx = ca + cl; S cu + cb + ah :1 <=> c S —.
.\‘

, l\‘ 1 .' .D0 do: g((.‘)Zg[:/1: :> f(a./J.c')2_/ (O.a+b.)

Phép chfrng minh hoim lit. Ding Lhtrc xéy ra <:> (1 = 0.12 :6 :1 v céc hozin vi.



 i
S74
Ivhan xél: ' PI1lr(rI1g P/nip ,\4v

' KY lhuél déy bién ra bién 0 lrén C6 mél diéu réz dzinv ch y 121 luy y ac‘, 1* <1‘ h ' b '~ - ‘ — :1 on ' "bnv nhau hozic dén |n6t b" ‘ '* ~ /H V - V- at Ian=- _ ten ve O nhung bzcn rna chung la su' dgng vow bién Igzi 1;]
4—x' I ,S -£~_ , = " \ »= - ~ _ - . P\ _ . ;C Y a4-bj. Y urcrng nay xuat phat Lu‘ >1; urong Lrng cuu bg ha] 1-“Sn

(>c=u +b,¢) via b6 ba bién ((1., b. C).
° Thix Khuét bién déi biéu thirc véri a. b. c vé biéu thirc viii (1 +b_<- E1 rn-f_>\ k5’ xhucfu rfu

mm té. C2'\c_b2_m hy chi: y rang, mm bévcléng thtrc 06 diéu kién ba bié_n $6 cng tu0'ng

duorng vdi mm bit aéng thirc hai bién $6. va ky thuét bién aéa trén da gilip chng ta Si!’

dung mét caich triét dé nht diéu kién khi du'a_b§t déng thirc vé hai bién. Til" >7 tu<'>'ng dé,

chng ta c6 m(_5t céch chrngminh "bz‘1tngf>"' véi bit ding thtrc Iran 1996.

Véidiéu-kién ab+bc+ca=l.Be_'1t X=(l+b.T£1C6Z ‘

1 , + 1 , + 1 , = 1, 4-X2 +2‘; +4§x—2=g(c). Bit ding thirc l2_1i duqc quy vé Zbién.
(a+b)“ (b+c)" (c+a)“ X“ (L-2+1)“

4[cx2 + (302 — l)x + 03 — 30:]

(cg +1)3 ~

Nhin vo biéu th1'rc trén, ta méy viéc dzinh gié ngay g'(c) s 0 la khmg mé.

I-):_a0 hm hém g(c) ta c6: g'(c) =-

D0 véy chling ta sé phén ra hai truémg hcyp:

Trm)'ngh_dp 1: c21.Khid6:c2x21
2

Xétdiéu kién: l=ab+bc+ca S%+cx@ .6 24—4cx. Do <16;

cxz +(3c2 —l).\'+c3 —3z:2c(4—c.\‘)+(3c2 —l)x+('3 -30:03 +c—c3.\‘—x2O

<=> g'(c)SO. Tit d6: g(c) S g(l) = f(O,z1+b,—l—).
X a+b

, 4—. 2

Trming hgp 2: cS1.The0 trén ta c6: x‘ 2 4—4cx <=> c 2 .

. V A.

Béy gid, chng ta sé tiép tuc dao hiim dén cép 2:

4U5c2 —1)X2 +1248 —1)x+3c'4 -12¢’ +3]

(02 +l)3

Ta Se chirng minh: g'(c) s 0 <=> hm = (56 —l)x2 +12C(C2 —l)x+3c4 -18¢-2 +3 s 0

g"(¢

Vi hm la tam thtrc béc 2 vc'wi hé $6 ducmg nén: hm s max {h(O).h(%)}.

M51: h(0)'=3¢-‘-1s¢1+3s0; h(%)=-36 —6¢'2—l,—4S0». Do véy h(x)SO<=>g'(c)SO
. C--
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Nhn xét:

- Ky lhuél dy bién ru bién <1 lrén C6 mm méu 1'§ldz'1ng ch(1 y 1:1 my y G6 1:1 dam hai bién

bng nhau hozjc dén m(}t'bién vé O nhung bién mil chimg ta §u'dL_1ng \'é'i bién l:_1i lil

1'4-E 1 " I Y 1 . . 4 .;1T 3 cS—. .\':(l+/J). Y luring nay xual phat [LY sg'1u‘o'ng Lrng cuu bQ hul hlen
\ \ \

(X: u +b.c) vii bé ba bién (cl. /J. 0).

- Thu thut baén am biéu {hire vdi <1. /1. (' vé biéu 1hu~¢ vdi (1+/>.(~ 1:1 mg» R)‘ mum rm

tinh Lé. Czic ban hy chi! )7 ring. mét bét ing thirc cd diéu kién ha bién cling tumlg

du'o'ng \'O'i min bét ding thtrc hai bién V21 k)‘ thugit bién déi lrén dd gilip chng 1:1 _su'

dung mét czich triél dé nht diéu kién khi dun bin dfmg lhtrc vé hui bién. Ti! §" urdng dé.

chng ta 06 min czich chtrng minh "b§1tz1gO"‘ \'é‘i bit démg th(rc Iran 1996.

Vdi diéukién ab +170 + C6111. Bit .\'= <1 +b. Ta C6:

\'2+2z‘2 +4c\'-° ' '
1 7 + 1 , + 1 , = 1, +" _, “=g(<“). B€1ld:'1ngthL'rc 1:_1idu'Q'c quy \/"E? Zbién.

(a+b)' (b+c)" (L-+a)“ -1'" (L-3+1)“

, 4l:c.\'2 +(3c2 —l).\‘+c3 —3c]
D210 ham ham g(c) taco: g (c) =— ‘

L"+l) *

Nhin \/510 biéu thfrc irén, ta théiy viéc dénh gizi ngay g'(<")£() 151 khéng thé.

D0 vzfiy chng ta sé phn ra hai t'ru"(7ng hqp:

Tru’1)’ng h_0'p 1: c 21 . Khi d6: c 2 .\' 21

7

xét aiéu kién: 1= ab +1><~+ ca s %+ (~.\- <=> X: 2 4 - 4@.\-.130 as;

cxz +(3c2 —l).\‘+<r3 —3('2c'(4—c'.\‘)+(3c'2 — l).\'+('; —3(":c"§ +('—<“2.\'—.\‘ZO

<=> g'(c)S O.TL1‘d(5t g(c) S g(l) = f(O.z1+/xi) .

.\‘ (I +1)

‘ A , ~ 4—.\‘2
Tru'0'rzg lzgp 2: c S 1 Theo tren ta co: x“ 2 4—4c'.\' <:> c 2

/_\.

Béy giii, chng ta sé tiép tuc dao hfim dén cp 2:

g,,(C) 4[(5c'2 —1)x2 + l2c(c2 -—13x+3c4 —-1803 + 3]

(cg +1)”

Ta Se Chirng minh: g”(¢-) s 0 <=> h(.\-) : (58 -1).\-1 +12¢-((9 -1).\-+36 -188 +3 s 0

Vi hm 1a tam mu-C bzfac 2 vc'>'i hé $6 du'o'ng nén:/1(.\‘) s n1ax{lz(O).h(%)}.

'7 '7 I A I »

M51: /1(_O)=3c4 —18c‘ +330; /1(—E:)=3<r4 -60‘ ——2—4SO. D0 vgy /2(.\') SO <:>g (c) £0
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Suv rd: g(c)£1nax g — .g —_+_ <:>‘/'(u./>.c)S1nux _/V“ ().¢1+/2.?! ._/'(z./.v)
~ (1 + 7

Vzfly ta chi cn ch£mg’minh bin ding thL'1'c vdi Z bién hing nhau hoiac mét hién h§1ng().

Tru‘{)‘ng hqp Z bién hing nhau C151 du'Q'c chirng minh 0' lrén.

Trong tru'i>‘ng h<_>'p cbn Iqi. ta giél str 0 = O. Bi Lozin trO' thimhz

cm» [I]? = 1. Chrng minh ring; %,+-1?+L_ 2 2 ¢> (1/7((l -1)<s¢f +2;/f +15) z 0
(r1+/2)“ /1' <1“ 4

\/éy bait ding thtrc dLrQc'chL'rng minh.

' Vdi czic bin tozin trén. chng téi rnu(‘>n bqn dqc 06 min ciim gizic dé dflng déi \'c'>'i k)“ thufat dén

bién vé bién. Tuy nhién. trong czic bin nily thi k)" thuzit dén hai bién hing nhau \‘§n phzit huy tic
dung, do dd khéng khoi khé khén trong viéc thuyét phnc ban dcpc sire manh cua k" thuét dévn

bién ra bién. \/“1 thé vdi czic bin tozin suu df1y_ céc ban sé thiy Ky thut d6n \/'5 hai bién hing nhau

mam mam bé tic. don gum vi dang mu-¢ d;1Idu'<_rc khi cfac bién déi mét khc nhau.

3

Béi 4.4. Cho a.b,c2O. Chtrng minh réng: +%[;5§\;'¢1+I>+(- (1)
90+/2 \/[2+(' 4

/\
‘T

+
Q

Clzfmg minh

TrLré'c khi £511 céng bili ny. tu cn xcm déu béng xéy ra trong lrubng hQ'p nilo.

D0 Cl = /2 = 0 khéng lhéu min nén xnét cdch in nhién la nghf dén tru'b'ng hqp bién 1&0 =

0, khi as bét dang thtrc <1) ma» lhilnh LN’/§§i\/¢T+—/5 <2)
\/u+[7 4

Chuz“/1n héuu +12 = 1. Ta c6(l) <:> 1-/2+ 2()(dC1ng)

Véy d§1ngthL'1‘c xz-iy ra khi Q = 3/2 > O, ('=()(vE1 czic hoén vi).

D0 déu being xéy ra khi ca ba bién rbi nhau nén khéng lhé thnc hién phu"o'ng phzip dén

vé hai bién being nhau. Ta sé th1_rc hién theo phu'0‘ng phzip dén mét bién vé bién.

Khéng mt téng quilt c6 thé giéa sL'1'a=1nz1x{c1, 11, c}. Chun héa cho u + /2 + (i=1.

Dz_‘1tr:% Va .s'="—;~‘—',thi¢1=z+.s'. (.'=f—.S', /1: 1 -21.

Khid6b§1td§1ngth(rc(1)<:> /'(.§~)= ’+»*' + ‘-3’ +"~"si <3)
\/.s‘+1—I \/1—r—s \/5 4

Ta sé chtrng minh f(s) 3 max {f(0), f(z)} vc'>'i .s" e [0, I].

Tac6:f'(s)= 1 — r+S + F2’ 1- 1

vS+l_l 2(.s'+1—I); Z(l—i-—.s')5 ‘/3
Vi chu'a xzic dinh ducrc déu cua f'(s) nén Ia dao hixm tiép

J
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/"'(.s')=— 1 5 + 3(I+‘¥) 5 + 3(’1—2I)< .Su'd1_1ng/>:1—Z120su) ru

(§+1-{)1 4<_\-+1-1): 4(l—I—S):

f,,(S): 9 15(z+.§)_ 15H-:1)_ :1s+3§-3731+ l5(1—2r)_ >0

_4(s+l—i)3 8(s+1-1)1 8(l—1—_\~)I 8(.s'+l—-[)3 8(1—r—v»-)1

D0 f"'(s)>() Vse [O1 I] nén theo dinh 11' Rolle {hi phu'0'ng trinh f'(.s‘) : O 06 Léi du hai

nghiém trén [O11]. Mil khzic d;- dimg chirng minh f’(()) S O \'Z\ f’(I) 2 O. nén f'(.s') ch: U6 Lhé

déi déu léi dzl mét lén Irén (O. I). vi hon nfru f'(s) chi 06 lhé cé mét tmng cdc dang mu:

_/"(s)>O. Vse (O11) hozfxc f’(.\") < 0. Vse(O. 1) hoic _1"(_s") 06 dgmg —O+ trén (O. I). Tuy

nhién lrong cél 3 tru'O'ng hqp thi _f(.s") cfmg chi C6 thé Gal cL_1'c dai t:_1i bién. Tifdé suy ra

f(x) S max{f(O).f(I)} Vse [O11].

Dé ding chirng minh _/‘(O)$i- \'E1 [(03% nén _/'(.s)é1nz1x{_/'(())._/'(/)}S%

' Chzi 3?: Bing czich tu'0'ng {gr tu Q6 Ihé chfrng minh hili loin léng quzil suu:

"Cho cl. I2. c Z O vii /< E (O. 1). Khi d6 ta cé bit déng lhtrc:

" A + 1’ A+ " lsq(<1+/>+(~)‘"‘ vdi cL=1+/\--/G".
(u+l1) (l2+c) ((‘+u)

' Trong Irumg hQ'p bu bién. théng thubng chtmg ta Q6 djnh mc}t bién v21 thay thé hui bién

cbn lai. Tuy nhién. déi khi chfmg ta cé thé lZ1m khc hon hing czich chl thay thé min bién hoéc thuv

thé ca ba bién. Vi du don gian sau dy minh hon cho nhfrng czich dén bién dzfxc séic dé.

Béi 4.5. Cho cl, I), c Z O. Chfrng minh rimg:

((1: +1): + 63 )3 2 4(a +12 + c)(a —b)(I> — c)(cf — a)

Ch 1?’/1g.minlz

Dét f(c1,b,(-) : ((1: +1): + ('2 —4(a +b+ c)(a —b)(l>—c)(c—a). Khéng giam léng

quzit. ta cé thé gié su‘ c=min{u.b.c}. Néu (1219 2 0 thi hién nhién f(u.b.c)2(). do d6 ta

an can Xéi khi 122020. Tu co:

f((l.b,c) — f(a.l2.0) =(a3 +12: +<."3)—(a: +/23): +4(_b—cz)c(a3 +ab+b: —3('3) 20

Cu6ici1ng.vi f(a,b,O) = ((13 +123): —’-1(1): —a:)ab I ((1: + 2ab—b2): 2 O nén bixi tozin

ch(mg minh xong. Bing lhirc xély ra khi (a.l),(‘)= (ME —1)!.I.O>. I2 O v51 czic hofm vi.

' Bili toén 4.3 Iii mét vi du vé sL_1' C511 thiél trong viéc str dung phuwng phzip dén bién ru

bién déi vcS‘i bit ding thqc hoén vi. Tuy nhién vdi bél dfmg thirc dfwi xtrng thi sao? Liéu

cé thé my ra déu béng khi khéng c6 hai bién bang nhau.

Chng la xét v1’ du sau dy dé lm 1'6 vain dé nily.

Bi 4.6. Cho a. /2, c‘ 2 O. (I + /7 + c = 3. Chfrng minh ring:

((13 +1)“ +("")((13123 +1/‘C’? +c3cz3)S36(ub+bc' +011)

Ch zhzg minlz
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Khng min Léng quét. ta Q6 thé gia stru Z1; 2 c.

D5! f(a,b.C'):36(Qb+bc+('a) —(a" +h3 +('3)(c1‘:/2‘; +b3z'3 + <"_\:1‘;)

:> /((1.1) +¢-.0) =36a(b+c)—F ‘+ (b+ ¢-)’]u—‘ (b +<-)‘

T

f__/\___\

Q

21 sé chfrng minh f(a./2,0)2f(a.b+(:.O). Th2_”1t\‘2_“1y. ta Q6:

(ab + bc + (ta) I 360 (b + 6) + 36170 2 3651 (/7 + L‘)

L»)

U\

I> f(a./9.0 2‘/‘(a.b+('\11* z \_‘\\ ‘((13 +b3 +c"z)(c1*1lv3-1-1/0‘+c'a’)SL1‘+(b+<')?Ja7(/9+0)’
4

Phn cbn lai ta chi can chimg minh biii tozin trong tru'©'ng hcjp 0 = 0. hay

36ubz<R1;‘ (CH +1»-‘)<:>36zu11>1 ((1-‘ +5‘) (1)

1 1 _

Baf1tr= ab thi (1)<=>f (27—9r)§36<:>%+L2~+423r“ dL'1ngthe0A1W— GM.

Déng thtrc xéy ra <:> c =():u +11 =3 vi al2:2 <:> u = 2,12 = 1, c = 0 v51 ceic hozin vi.

Trén dziy 151 czic bZ1i tozin ba bién, b£1ygi{>"chL'1ng la Sé Xél mél bzn tozin n bién.

Biii 4.7. Cho .x'1,.>c3......\'” 20 théa min x, +x3 +...+.\',_, =1.

ISIS/Sn

¥ T“1m gizi tri lc'm nhit cua biéu thfrc j'(.x",..\'3....,.\"” ) : Z .>cix; (xl +.\'j)

Gii

Xét: f(.\'[....,.\', +.\‘j....,O,...x”)—f(x|_...,xi,...,.\'j,....\-H)=2x‘xj [Z—3(x, +xj_)]

D0 d6 néu 3(x,- +xj)S2 thif(xl,...,x,,....xj,...x”)$f(x],...,x, +.xj,...,O,...x”)

Xét tit cé céc bf) $6 (x,,x3,....xH) sao ch0f(x,,.\'2,_..,.x”) dat maxf. Trong d6 ta chQn

ra bf) $5 (a,,a2,...,a,,) sao cho $6 phn ttr duvng trong bf) $6 dc’) 12 ft nhét (luén 06 thé

chqn ducyc vi S6 $5 du0'ng 151 hfru han)

Gié sfr a] Zaz 2...2a‘ >Ov€1 aM=...:a”=O

Néu /<23thi1=a,+a2+...+a”2%1+a2+a3 =%(a2+a3)<=> 223(a2¥a3)

D0 C16: f(a],a2,...,a”)S_f(a,.a3+a3,O,....a”) 2 f(a|,a3+a3,O,....a”):maxf

:>V61§/ (do bf) $6 (a|.a3+c.'3,O,....a”) c6 $6 $6 duong ftho'n bf) 56 (al.a3.....a”))

Vziy kS2. Khidé maxf(al,a3,...,aH)=maxa1a2(al+a3) véi a|+a2 =1.

M51 a|a2(a, +a3)=al(1—a1)S-BI (AM— GM). D0 d6 f(x],x2,....,x”)Si

D§1ngth(1'c xéy ra khi \/£1 chi khi: x, =.\'3 =%,.\'3 =...:,\',, =0.
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v. D1NH LY s1v1v - BAT DANG THU’C ecu BIEN

T1‘11'é'c 11611. 011011; 111 xcm xél 111111 "ki11h dién" \;11111{1§":

5.1. [l.\1()SL. YiétNamdé|1g11§]C11<111./1,111/2(1_u+/1 + 11+ 11' : 1.

_W
gy

_-.

. - ; . . /(Chung 11111111 12111:: <1/>1‘ +1111! +11/1: + 1/u/1 § v1—_ + l7§-u/><-</ 1 111 _/ V,

C11 ling minh

D€111g1111'1'c xz1}'1"z11\'11i 11 :1) :0 :11 zi 11o;_'1c 11 :1; _ 1" 113.11 :11 1\"£1c;'1c11o1i11 vi).

D0 d6. 1111C1'11g (131111 gizi 111(111g 111u'O'11g 1'51 L15 1'01 \"Z1o hé tfac.

D51 f((1. /1, c. cl) = u/70 + /1<'c/ + cz/cl + zlu/> — l<u/2<"c/ \'O'i /\' = . T11 Q6:

f(u. 12. <'. (1') = (1/1(<' + (I — /<11/) + 1':/((1 + /7)

TL1'd6. 111 hi \'on<1 06 1"(u Iv 1', 1/) < 1111 1 c 1/1) \'<'ri /*iJ5£. V1 () < (1/2 < I: 11611 (15 C6C . . — 1 . . — ,) _ _

diéu 1151)‘ 121 05111 1‘ + 1/ — /<11/2 0. '1‘1'011g 11"11'O'11g Imp 11g11'<_1c 1111. nghiu 151 néu

("+1/— /<11/< (11111 61511111 giai t1'11'c Iiép ftu. /2. 1'. 1/“) 1z1c<3:

_ _;

f(a. /7. <'. (/1) = C!/7((‘ + cl — /we/) + (‘l/16!+/),1§('(/((1-1-/71§ =+]

V3)’ 111 (:6 thé gia' s1'1‘1f11u6n Q6 j'(u./7.0.1/1S_/'(Q.%-21.111/). Diéu 11Z1yc611g111z11{1

1z1C1lh1_rc 111611 611190 viéc 115111 bién n11u'11"én 11151 khéng c511 1116111 1151 Q11‘ gizi lhiél 11210 c110

2 bién 11, /1. Do ao nhO'11'r111 aéi xfrng 1-11 C6 me 11511 2 bién b:1lk]11'0ng 4 bién bang

nhz1u.Ti1'd6.115111116111 .1‘ Ii? 111 cé: _/'(u./2.('.¢l)S _/'(i.I.(".c/)S _/“(1.11.s"..\")= _/'(1.s.r..<)

¢___

_1___-

4_'_

4_'__

— —)=2—l7 :> (1dp'c111)

' Nlzgin xét: Trong 161 gizii 11611. lhuc 01151 1Z1 cL'r 11151 buds 111 lai phZ111 r11 11z1i t1‘u'O'11g hqp:

C6 11161 tr11'O‘11g 11Q'p [hi d€>n bién g1u'Q'c \'£1 mél l1'u'<‘>‘11g hQ']') 11151 bit ding 1h1'1'c hién nhién

dling. D0 d6. 161 giai k11C)11g k11oic6ph§1n 1'51 rém. Ban (100 nén 11‘111h 1121) 1'41 being czich

. ~ . 1» > >‘vphan ch1rng(g1a su co (c1().lJ(,.<(,.c/U) >110 @110 141“./>H.<(V,.z/K, 1 >;7 ) se gqn gang \/(1 ahat

ché ho'n. M61 czich 1111111 bily khzic 1Z1g@p cé hai lru‘1'11g hqp 1:11:

f(u.b.c.,r/)3111z1x{%._/'15—ii.5#.<'.({)} (1)

Viéc ch1'1'ng minh bZ1i 101111 1Z1 khzi dé ding nhé kél quzi (1). tuy 11111611 lhéng 111u‘O‘11g 1111

(1) rzit khé C6 dL1‘Q'C. Tiép lhco 111 xét bi1i lozin:
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U5

,

r

r

iii 5.2. Cho a,.u3.....u,_ 2 (J 111011 main <1] + <1: +...+<1‘_,:12.Chtrnsminhréns:

(11—1)(<1.: #115 + +((:)+II((1[l: (112/2:

Ch z2'ng minh

Vdi /1 : Z \=Z1n : 3 (hi biii lozin quzi don giém. B51)" gid ta <5 chtmg minh hiii [min \"O‘i 11:
~1l1;\§"cln'1'ng minh \'O'i u.h.('.z/ 2 0 thou main 11+/>+<'+d : 4 Lhi:

3(a: +/1: +03 +£/2)+—1(l/7('t/ 2 I6

C/zzhrg min/I

Gifi SL1" 11$/7§(‘§(/.DZ,§l _/‘((1./>.('.c/):3(u: +/>3 +19 +¢l3)+-la/><'z/— 16.

. _ - - 1 ‘3 ‘~ 1Xét hiéu: _/(u.b.c'.z/)—_/(a.[>_#.%) :1 ;’-(1/> ;<<~-(H

va usbscsd nén abS\/abcdS%l+bZC+dJ =1. Do d6: _fm.11.¢~.(1)2.fm.1;.__":‘[.%:‘/>

Thé (.-+4 :4-(1 -1; m can chtrng minh:

./‘(z1,[9.'(:(_[ ltd) : 3[/(1: +/)2 + (4_a_b): \ —(1—b):al2—l62O

J,
T

1

Bait .\‘=#._\" :0/2 [hi biild§1nglhL'1‘C lrén <:> /z(_\") I (Ix: —8.\'+5)_\" + (31-— 2): 2 O

Néu 2.\-1 —8.\‘-F5 2 0 lhib2it(i2inglhL'1'C dng. Néu 2,6 —8.\'+5 s 0 ma do >\- 5 .6 nént

/1(_\") : (2.\': —S.\'+5).\': +(3.\'— 2): I 2(.\"~ l):(.\'3 —2.\"+ 2) 2 () (dpcm)

Being thirc xzly ra <=> u = 12 = c = d =1 hoéc u =0./2 :0 =51 :% via czic hozin vi.

Nlzgin xét: L€)'i giéli cua hai bili tozin 5.1 vi 5.2 vdi /2 = 4 déu rt d¢p vii don gizin. tuy

nhién, chimg ta c6 thé thaiy nhirng ky thuélt su' dung trong 16>'i giéi khéng mang tfnh

du‘<‘>‘ng léi, khé c6 thé zip dgmg cho czic bi tozin bén bién khzic v51 Iii bzil khzi thi khi

chtmg minh véi n bién. Vi v.j21y chng ta cein chling minh phu‘o'ng phzip téng quzit hon. v51

phuong phzip dd sé du'Q'c giéi lhiéu ngay sau dziy:

1. Ph1r0'ng phzip dim bién IIl2_lI1h [SMV — Strongly Mixing Variables]
Dinh 1y [SMV] '

Choi ' De R”,D={.Y=(.\'|,.\‘2....x”)I.\‘i ZCLZXI 2Q.Z.\‘i =n.v=c0nsI} vii so =(.s'..s1....s)€D

' Phép bién déi T: D —> D nhu' sau: vc'>'i m6i phain lfr u =(a],a2,...a” )6 D,a i so.

ta chQn ra 2 chi 55 z'¢j niio d6 (thy theo him f bén dudi) sao cho al. ill’, r5i thay

a,.,a. bdi trunq binh céng Qua chng.J -

- f : D —> R 151 hm $6 lién tuc thOa min: f(a)2 f(T(a)).Vae D.
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Khi dé: f ((1)2 _/' (5,, ).Va 6 D (Phép chimg minh dinh my sé duqc gi('>'i lhiéu O‘ phn sau).

By gib vdi Lu‘ tu‘O‘ng ctr.1di_nh 1}? S.VlV. chimg la xél bi tozin 5.2 v0'"i :12 -1

Bait _f(a1.cz3.....u,_,) = (11—l)(a[ +a§ +...+u;)+r2a|a2...a” -11‘ va gla su' rang

(1 < aw < <0
I _ _ — — /1 .

\ .

, ._ cu +a, (lw +0. ~ n—l n \
Xct hleu: f(a,_a~.,....a”)-—f((1|.g.¢1;.....cz”_,.; =(a~ —u,,)‘£i——u|u,...u,_| 1

' ‘ — ‘ w - 1 — ‘ \ 0 4 ’ 1\ - -'- \ -’- 1

,, \ ,

, 4 4(n—l) X _ J u~+a, (n+0
D0 do. neu —~iZ(z,aq...u”_, [hl f(a1.uv.....cz”)2 1" z1].'i",<1,.....<1__i.'i”

11 ' ' ‘ ‘ ‘ 7 ' " 7

\ , -T7
Ma ta co: nza, +a +...+a 22a +lI—;(a~ +...+u )

‘ Z /1 1 ”_3 9 n—I

—§ It-—" »-\ -1
, H_‘\l "-2 "* /1 ‘(I1-_a)”‘

2(n—'l)- " 2(11a.‘...a”_l i <:>i-,i.2czl(1.\...a,I_|
- ”__3 2(”_2)_l1—? ~

~ , . 2m-1) ~“"’<~-3>"*‘ M ,.-.
Ta se chung mmh: —i2——-—T—<—<:>4(n—1)(n—2) 2/1 .(/1-3) '

I1 Z(rz — 2)‘”"
Z(rz—Z1

Ta (:6: (rz—2)3”_J Z(n—3)” 2 (/1-1)” 3 (AM- GM)

11-!

D0 v2f1y,ta chi cén chL'1'ngminh: 4(n —3)(n —1)""‘ 2/1'H(n— 2) <:> 4(1—l) — 1 +—1—_20
n n a

n—l ~l—l f)
.\ .,/ ., , J

M51 dléu néy hlen nh1cn dung do: 4&1 —l) 24K} —-BI) :E>l
n '

A cl» +61 . , V A . - A

\/gay f(a,,a2....,aH) 2 f(cz,,—'—;—i.z13,...,z1,,). Theo dgnh ly SMVta chl can chung mmh bat

.' , \ ,. II
dang thuc trong truong hqp a] = 12-(n — 1).\', (13 = a3 : ....a” = x v01 0 S x 3

/1-

Khi dé bét ding thirc ma mam;
-|

(rz—l)[(n—(rz—1)gc)' +(Iz—1)x3]+nx"" (n—(n—l)x)—/23 20

4=> (n—l)x” —1zx”" —(n— 1): xi + 2(n—-1): x+2n—n2 S O

Dét g(.\')=(n—l)x” —nx”_1 —(n—1)2.\'2 + 2(n—l)2 .\'+2n—n2 S 0. Ta cé:

g'(.\’)=n(n -1).\-""‘ -—n(n —l)x”": - 2(/1-1): .\'+ Z(n— If =(/1 -1)(.\~- 1)[II.X'”_2 -201-1)]rii
Do d6 g'(x) c6 hm nghiém 1a .\~=1 Va .\-="--\/i‘_)z1.

I1

_»

\\)

Tir dé lap being bién lhién w C61 g(.\‘) s maX{g<1). g
,1-

Milt khzic dé théy: g(O)=g(—5—l)=O nén ta cé g('.\")§O. B51 déng thtrc duqc chirngn-
minh.
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, 11

Dang lhuc xayrz1<=> 11, : 112 =...=c1” :1 hoac 11110.11: =...:11”:i.
IZ-

Chzic hin. qua vi du Lrén. czic ban (151 phn nilo hinh dung LTLIUC suc mgnh 1'51 nél Linh té

cua SMV. Tiép thc0_ chung la sé quay lai B511 5.1 vc'>‘i viéc zip dung SMV.
Khéng mt 11'nh téng quail cuu biu lozin 111 gia su" 11 £11 S 1- S 11'.

Xét f (51.12.1111) = 11121" + /7111 + ('1/11+ dub — l;776e1b('(/ =11("(/1+ cl) +1111 (Cl + 1' — $11")

TL‘1'gi."'1thié1 suy 1'21: -

_ 1 _l i j_ 4 HQ _ »",h+(/ _/7+(/0+1SE(a+b+c+(1)-5:>a+(‘27+(‘282 27 :>_f(z1.b.c.d)S_/‘L11.T.c.-—T)

Theo d1nh1)'1S1\/IV_ta chi cn chirng minh 1,51 <1:ang 11111-C 11-15-1 11:1-31.1; =1-111:1.

Thé 11:1 -3! v510 La cn ch1'1"ngminh:

3:112 +13 §5l7+%at3 <=>(1~3z)(41—l)2(l1r+l)20

Ding thirc xény ra <=> a=b=c=d=ih0af1c a =b=c=%.d =0 cimg czic hoén vi.

Qua viéc $11‘ dung SMV véi hui bizi tozin. min bi 12 bién v51 mcfvt bili 4 bién, czic ban c6

me-2 may r6 mét aiéu. bu‘é"c Xél diéu kién aé cé mé 11611 bién dL1'Q‘C CIJZ1 bzn Iozin 4 bién 121

rét don gién. trong khi vdi 11 bién l2_1i 1'51 phuc tap. D6 chfnh 121 1}‘ do mil 11611 bién vé‘i

dinh 15» SMV 1a 11111 chcpn "hofm hé10" cho bi toén bém bién 1151 nhién phai trong aiéu

kién cé thé dén bién). vil nguqc lai bit déng thtrc bun bién cfmg chfnh 151 (mg dung ldn

nhét cua SMV. Chung ta sé quay lgi biii 5.2 ¢iékl1éng dinh diéu nixy.

Dua v£101€>‘igi31.tath§ydi§u kién aé f<11.1;.<-.1112 _/"(11.1;.%.¥) 121 115%.

V51tr0ng1O'igi2'1i dé.khigié1 $11‘ 11 Sb S c S (1 [hi 1:1 cé nguy ab S1. Tuy nhién. néu chu )1

ho’n. czic bun c6 thé thy ring (102 ah vii (11:51. D0 \'2§y, I21 C6 thé 2 bién b v21 d \'Z1 Lu‘ C16

zip dung dinh lj SZWV 111 chi cn chung minh b§1 ding thirc trong 11'u'b'ng hqp ba bién

bng nhau. Khzii quit lén, chung La cé thé thiy ring mQi bii tozin 11611 bién C161 xung néu

, ‘+41 ‘+d .. ' . _ ,
ta co: f(z1,b.c,d)2f(a,b.%,£7)——) vo'1 41$/2Sc£d thl ta cung co

b+(l l7+([ A . ; , . ,. , ,. .1 ;f(a.l2,c,d)2f(a,—;—-.c.T), do vay ch1 can Chung mmh bzu toan v0'1 bu blen bang
£-

nhau. Tfnh chit nily khéng phéxi luc nizo cung cé vé‘i 11 bién, hozflc néu cé thi chfrng

minh khéng phzii diéu don gian. Vi véy, tiép theo chung I61 sé chi néu (mg dung cua

SMV1ron2 cc bin tozin ban bién.V

Bili 5.3. Cho c1, /9, 1‘. :12 O vii c1+/>+<'+1/ :4.

Chung minh ring: 11191‘ + bu! +1'1lz1+ club + (11110): + (1101/)3 + (c1lz1)2 +(1lz1b)2 £ 8

. Clz 1271g minh

Dét f(c1, /2, c, cl) = z1bc+ bed + 01111 + dab + (abc): + (bu1'): + (cc/11): 1-(dab): .
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Giu \'u"r1 2/1 21' 2 1!. X0! hiéut ‘.*’(5—:¥./>_%"' .1/)— /’(u_/;-_1’.z/7

‘ y ' * ‘ “
\

= ‘~"(/>+(/)+E(~“;l') +110i(/>:+z/:)—Z/1:(/If
\ _ * ' _ J

|\ ~ _- A

~

(S/1+4 +4“/>(~a - 2/1%/1)z<> (do ll/7('l/ z/>14‘ >

Vi mi): [(1/.h.<’.</) S _/'(VLf—5: ./1.i‘35l"_1/) . Thou dinh l\' S§\l\'l;1cI11 u5x1cI1(1'11g minh bl

df1nglh(1‘c mi (1:/>=(-=1-.1/= 4-3». ogvsi;
J

~ \ . ‘ ‘ . ~ ,.\" + 31" (3 — 3.\‘) + 3.\” ('-1 — 3.\")‘ + .\'“ S 8 <:>(.\'—1)'(Z8.\'" —1(v.\‘” —l1.\" — 8) S ()

Dé dimg Chfrng minh: 2&6 -16$ -126 -8 s 0 \<'»"i 0s.\-5%.
3

Bl ding thtrc duqc cln'1'ng minh. Ding llu'1'c x21y1";1khi vZ1ch1 khi :1:/2 : <" = 1/ = I.

Biai 5.4. cm @.1>.¢-.<1z<1 [hm min ,1+/>+¢~+¢/:1.
\

‘ ‘ , 1

ChL'1'n2 minh rénet u“ +124 + 0* + 1/*1 +I;lé(1/>('r/ ZL“ ” 27 27

Chi?’/zg minh

-I ‘V ,_\ . - 4 4 , 4 4 148 IG1asLru2/22¢ 2:/\.1d§1l_/(u./>.<.c/)-<1 +12 TI +1! +?(I/7((/—¥

w

Xél hiéu (1: /‘((1.1). ad)" ./'(L1—J?2rl‘./>.”T‘L“_z//) :L—(a —<')’ +3z1('—%/>1/j(a—/2):

OC\l

Vi M-z/>¢1:»azo:>_/"((1./1.(-.<1)2/(%.1».%.¢/).

D0 dé. thco djnh 1)? S11/IV, tz1cl1icf"111 xél l1‘u'img hqp (1 =11 I <" =1 Khi d6:
Q

4 ,, ,1 3f(U.b‘C,d): (1-2?!) +d4+14§>(17(é9—<1) 217 2d(-ld l;2;l9<l+20) 20

Bing [hire xziy ra <:> (1:12 I c‘ = d Ii hozfac :1 I/7=(':%.zl =0 \'Zx cc hozin vi.
Q

Bili 5.5. Cho a, I2, 0, (1/20 \'i1 (1 +12 + c + 1/ = 4.Cln'1'n2minh1‘§m2:

' (1+¢f)(1+/>1)(1+H)(1+¢1’)z(1+<1)(1+1>)(1+(-)(1+¢1)

Clzzhzg minh

Dill f(u,b.('.11):(l+zz:)(1+l1:)(l+<'3)(l+¢/3)¥(l+¢1)(l+/))(1+(')(l+z/)

\'i1 gizi su' u S/>Sr,'S</. X61. hiéu: P:_/'(z1./2.('.¢/)Z_/(#1t('./2.~—‘(:('.z/).

Ta sé chfmg minh P 2 O .Tl1ét\";_iy.d§tl1§y u+('S 2 nén A



Clzlrmzg ll’: 1\'l1'ng vi?/1 kiln 1'u'1rng lrung [>111 1l17ng 111120 /111911 1/111 55'
,_ _.1 /
1 1.. ~

J._-

(1+11:)(l+1‘:)—11+(_"+<')‘1 =(11~1'):1——+l+C>’+4L”;121)
‘_ Z 1 41 ‘._ 1(1 '

1

.\111111111»11.w_ GM1111: 11+11111+1->§(1+”+“"1 .

D0116: _/' (11_/1.111/) 2 _/1 (%5./2.%(—'.1l)

Vy 1110111 Q1111 c111'1'11g 11111111 11511 115111g 111110 \'1’.1'1 11:/2 =1 -.\.1 :~1—3.1‘:
~ ‘ 1 ;

_/'(.\'_.\‘..\‘.-1—3.\') :11 + .1": L1 +1-1 ~31)’—11+.\')‘(5—3.\'1

: 1.1" +3.1‘ +3.1-1 + 1119.1-1 - 2-1.1-+17)-1.1-‘ +3.1? +3.1~+1.115-3.11

= 9.1-“ - 24.1-* + +4.1“ - 72.1‘ + $1.1‘ - (>81-1‘ + 5+6 - 311.1-+12

=(9.1~“ - 11.1--‘ + 23.1" - 211.1‘ + 111.1-1 -121+ 1211.1--1)‘

=%_.1-‘ 131-11: +2.1‘ +5.11 12.1--11: + 111.11 +.11.1-:):_%1.1~+1>‘ 211

B§1d11g1111'1'c d11\;1’c c111'1'11g 111111h. D:'111g1111'1'c xa'_\ 1'11 k111 1'21 c111 khi 11 =/2:1':1/ :1
B1211 5.6 [Bét ding thfrc Tukervic] Cho 11./2.1-.1120. C11(1'112111111111'§1112

\_. Q |

114 +/>4 +1“; +1/J + 211/211! 211:/23 +1231: +131/3 + 1/2113 +1121: +/7:1/3 (1) I

Clzzhzg min/1

G121 .\L1' 112112121! . X61 _/1111./>.1'.1l'):LS(1)— R511)

:11; +/fv +1“. +1/1+ 211/111! —11:1'3 —/>31/2 — (112 +1: )1/1: + 1/:1

1 __ _ \

I>_/‘((1./7.111/)—_/'1\1111"./>.\1111'.1/1=111—1') ((111-1'1 —/1 —1/ 1211

D0 116 111c0 d111h 11' S1111. V. 1110111 c1'111ch1'1‘11g 11111111 11:11 d€111g 111110 k111i 11:/1 = 1'11.

Khi 111; 1>5111a11g11111-1~ <:> 31"‘ + 11"‘ + 2111231‘ +31% <=>11* +1‘11+1‘1/z 31111’

H1511 11111611 c'11'111g lhcob§1111:'111g1111'1'c AM — GM.

D§111g1h1'1"c my 1'11 <:> 11:/>:1"=1l 11051." 11 =11 1111/ :0 \£1c;1c hofm vi

B511 5.7. Cho .1",_\'.:,.12O t11C1z1111€1n .\‘+ _1"+ 1 +1: 4.

Ch1'1'ngm111h1"§1ng: (1 + 3.\')(1+ 3y)(1 + 3;)(1+ 31)S125 +131.\"_\';1

Clzzhzg minh

D31: f _\". 3.1): (1 + 3.\'1(1+ 3_\")(1+ 3:111 + 311- 131.\"_\":.1

Kh611g11121lt1nhL611g qL11iIl;1_<_1i9. $11‘ .1212 1 21_ K111 (TO:

1

/'(.1,1~.;.1)- \~.~"f§1.1):%l(131\<1-911+3\~)(1+31))

V1 X21212! nén _\‘+1S2. D0 d611é1h2“1)*: 9(1+3)')(1+31)2131_\"1
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\"'é.y ta cé f(.\-._\~. :.r)s _/' . _\~. -“:1 .1). Theo djnh 1;’ s..w.v ma bét dng thtrc sé

duqc chtrng minh xongnéu x = _\" = : =u 2121 : 4—3a:

(1+3n)‘(1+3(4-3n))s125+131n‘(4-3n) <:>(a—l)3(3z1—4)(5Oa+28)SO

Béit dang thirc nixy nién nhién dung.

Ding thL'1'c xay T21 khi .\'= _\" = 1 =1 :1 hozfac .\'= v\' = 1 1%.! =0 viz czic hozin vi.
. J

' Dc‘-n déy chng ta tam thiwi két thc phn d6n bién cho bit ding thirc "cu thé" (c6 ba

hoéc bén bién) dé buévc sang phn dén bién cho bait déng thirc 12 bién. Nhu" chtmg ta sé

méy. dy 12 mét Hnh vyrc khé hon nan. Tuy nhién céc 1.-9 lhuét chfnh aén ant nén téng

théng qua viéc kha'.0 sail bit ding Lhfxc "cg1thé". mil déc biét lé nhfrng lu' tudng manh nha

khi khéo Séil bait dang thirc nén bién.

v|. DON BIEN BANG HAM 1.01

Hiim 16i 151 min céng cu co‘ ban dé dén bién czic bét déng thtrc "dang (:6 ién".

D5 ban dqc tién theo d6i chng t6i xin nhéc 1z_1i czic kién thtrc co‘ ban sau dily;

1. Djnh nghia: M6: nznn S6 f; [(1, b] _> IR ducyc gqi 151 161 nén;

f(n-+(1 -n'))s1f(.\~)+(1 -1)/‘(_>-), v.\»,_\~e [c1,b],VlE [0,1]

2. Tinh chétz

2.1. Giéa strflii hiim C6 dao him dén cp 2 trén khoémg (a. /2). khi dé f16i trén [(1.12] khi
Va an khi f”(x)2O.V.\‘E(z1,l2).

'

2.2. Nén hém f 16i trén Ia. b] ma f lién tuc trén [21, n1. NgL1‘Q'C lai. n§u_f1i€Entg1Clrén [(1.

b] thifléi trén [21, b] <3 f(";~‘]§’ (‘ E‘/(‘\).V.\"._\"e <21. 1;)./ _

2.3. Bén dang mm: Jensen: Gia nu f 151 nznn $6 16i trén [2.1. b]. Khi an ta c6

_- +_-q+___+_-”\ f(.\" +f(.\'l)+...+f(.\‘”)
(1) f[-H "11 \ j|$ I) V.\'|..\'Z......x-H€[a;b]

<11) Vdi .\~, 121,1 $6 thu<_3c dozgn [21, b] vb x, 151 n s6kh611g am cé téng bang 1 ta <36:

f(}\1x|+ Xzxz +...+}»n.\'” ) £7»lf(.rl ) + XZf(.x'2)+ ...+ 7»”f(.\'”)

Czic ban cé thé thiy tfnh chit 2.2 vii mO' réng ra 151 bit ding Lhirc Jensen cé trng dung

true tiép viio phucmg phzip dén bién délc biét 151 czic bit ding thtrc c6 dién. Mét 56 céc

bili tozin khé vdi czic dang lozin niay 151 su két hqp gifra phuo'ng sphép hilm léi \/£1 céc

phuong phép khzic trén czic mién xéc dinh khzic nhau. Ta xét v1’ du minh hoa tiéu biéu

sau dy:
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W
E35

6 1 [V6 (Iich Ba Lan 1992] Cho 1' 1" .4tho;1mf1n 1-+11» : :1
, . ; C \ — CChu'ngm1nhrang: (1)

1+,\-- 1+_\~- 1+,-5 10

Clz 1211g minlz

-+ 1- + ~ ‘Xét _/<1):#,.1<hi<=1<s(1j1<=> _/‘(.1-1+‘/"(v\~)+/(;),s3_/(1).
1+1"

_ 1 ,_ ,, ‘_2r(3-1’)Ta sé chfrng minh f 10m hay f loi. Ta co: f (r)-
_ (l+r')'

,_- ,- /__
nén —j'”(I) 20. Vie [O,\/34%. Vgiy néu .1‘. _\'.:e LO, \/3} [hi bili tozin du'(_>'c gizii quyél.

Trong mrmg hqp cbn lzgi thi chic chin ta sé cé d51u bit ding th11'c 1h1_1'c s1,r. Do veiy c1'1'

viéc chin thimh nhi<5:u1ru'C>'11g hqp con dé xét. Dé don giém. ta giei s';1'.\' 2 1'2 1.

D0 .1" + y + 3 = 1 V51 .1", _\'. 3 khéng déng lhii € [0, 1] nén 1 < 0. Suy ra f(I) < ().

Neu~<— "i+—*——_—-l :— "-'~>-
Néu 0z;z-§ 1111 Cilng vdi

‘ _\ éthil ‘W \w+ “w<é+:+() l(i)né11l11ch1¢§1n,\c1l\h1\_£
+1-' 1+)" l+;- V ' ~

I‘J-—-

¢—*

Q7

Q
Q\

<
V

\ — \
V

1+1" 1+)" l+;" HP)‘ 1+(1)" 3 5 10
'7 '7

do dc'>,1a @111 can Xél 11111 1 < -5
.4 \ ' Y -1\1eu —l>:2—3 Lh1: —"i+—'—+€~—

2 V 1+1: 1+1": 1+;:_
l_l:l 1

+2 10 10<10

/\
w»—

Néu 1 < -3 thi: 11' 2 .1" + 1" = 1- 1 2 4 nén x 2 2 1'21 do <16:

——“+-_w+.\' 1 <%+i+O=—9— (dpcm).
l+.1" 1+1" l+;3 3 3 10

Nhn xét:
ph11‘o"ng phzip

Z
Q(IQ

0»O

ii ph11'0'ng phép dén ba bién chfmg m 0611 c6 mé giai bin 105111 bang
n lhco hai bién bring nhau. Thél véy. néu Q6 hai trong ba bién 11', 1‘. I

thuéc dogm [0,\/gj lhi s1'rd11ng hm léi ta dém du'Q'c hai bién 11Z1y bng nhau. khi dé
b£1i toxin dun vé mél bién $6 v€1 dé ding C1’u'Qc ch1'1"ng minh. \/iéc xét céc t1"11'O"ng hQ'p cbn
lgi 121 h021n toiln don giéan. Méc di1 dén bién hing hi1m 161 151 mfjt céng cu 161, nhung
diém yéu 011:1 né 121 chi zip dung dL!'Q'C cho céc 13511 ding th1'1'c vdi czic bién $6 nm trong
céc biéu [hU'C d<f>c lap nhau (aé c6 mé \»1é1 thimh dang 1/(.1,)+f(.1-,)+...+_/(.1-“)1.
Nhung dy 121 diéu khéng phai 111611 cé l1‘Ong 1>é1aé1ng lhU'C .Tu_v nhién Chng 16i Se gidi
thiafru phuvng phzip d6n bién cho dang léng quail j'(.\"l..1'2,.....1'”) m€1 khéng c6 tfnh chél

trén, 1\/I61 diéu cfmg can ch11 )": m11c dfch c1'1a (1511 bién bng hZ1m lE3i 151 dé dén czic bién
vé bng nhuu. V21diéub§tngO'1i1k§thL1§1td611 bién1"a1bién cfmg c61hélh11'c hién lhéng
qu;1hZ1m 151. C516 ban 06 Lhé 11151)‘ 11gz1)'L1ié11 d6q11z1ké1q11:'1 $1111 dy:
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1111111 1;’-= C1111/': 111. />| » 21 1:1 111131 1111111 1511. 141111111; 11 11$ .\1;1_\{’/ 1111. 1'1/>1}. 111% 151./>1

Chirng minh: \1"1_1" [1611 1110 11C11_!‘d@1gi;'111‘i 11111 11l1{111;11 5 [111/>].

X61 khi 1.1,, —u1 § .1‘, —/I i» .\"_ 1 1.1",‘ — ue [(1./>l.

. - ~ _ -- . .- - 1 "_‘\z .,
Fhcodgnhngh1;1hz11111o11;1co: >7 (</J~ j (.1, )2 Z] §= 211.11,)

suy 111 f(u) IV/'(.1"U ). V61 1.1"“ —/1121.1‘, -11; lhi ch1'1‘ng minh lL1'<1'11g 111'.

Bixi 6.2. [USA TST 2004] Cho 11 2/2'2v2(). ChL'1'ng 11111111 1*§'111g:

Z(\'r1— \1<') 211+/>+('—3-\<1/M‘
1 P‘ ‘F 1

Ch 1211;; mi/zh

1111 _r (/>1 :11 + /> +1-- 3- Q?)/>1? - 2(\/Z} - \Q7)'

Tu c6 _/“(M :—€—:'_.\‘/(i/H‘ >() 11611 _/'(/US 111;1v\{’/'(<1 ‘1__,/1(1)}. \'1:f1l khzic:
J )‘

_/"(¢1)=211+¢--3-{11’<- ~2(\§-\/ks) :~(1<-+3»\‘1f<- -41111-1311 11h¢<»,1111- 0.1111 _ ,_____
.1 ‘ r— _ 1 l

_/_((")=c1+ Z1’ — 3 - §/ac“ — Z(\/u — vq) =—(¢1+3-{11('2—-l\ ¢1(')S()(1l1c<1AM — (1111)

Véy bit ding th1'1'c dL1'c_>'c chtrng minh. Df1ng lhtrc xa) 1'11 c> u 2/> :1‘

BZ11 t0{1n11‘é11 Q6 1111-E lC1ng quail 1611 /1 bién 1111’ czich giai Iu'o'11g t1_1'11hu'sz1u:

Bi 6.3. Cho (1, 2 <13 2 2 11,120. ChL'1‘ng111i11h1'§1ng:

/— é 3 /1
(n—1)(\/zzl — \,‘(!”) 2 ul +112 +...+(1,_, -11» Q/u,<13...r1”

Tiép Ihco chilng 161 $5 din 1'11 J51; Z bZ1i 101111 mE1ch1'1ng 111110 $11‘ IE1 czic bZ1i lozin khé cho

db gii hing bién J61 dai s6 1111)" quy nap.

B511 6.4. Cho () < p < q \'Z1 /1 .\5ll1L_1"c ,1" E[/>.q].ChL'1'11g111inl11‘§1ng:

J

+
'__*1

\.

4"1

_.__|

/\

'\
\.1

Q

(XI+.\',+...+.\'I,)1—+-—+...+— S11‘ ————
‘ ‘ .\'| .1": .1” _ pq

trong dc’) k1’ hiéu [.1] 151 ch1ph§n nguyén c11z1.\'

Cluivzg minlz

T11 gia thiét .1, e [p.11]. ta dé climg dodn 1"f1ng: giai tri {(111 1111511 se G511 d11'Qc khi .1‘ E {/1.1/} ‘vi.

Khi d6. git} s1'1'tr0ng 11 .1", c6 /< $6 /1 \'i11z — k $6 q thi biéu th1'1'c bén Yé‘ trzii hing:

, _, , . 1 1

[1<1)+(11-1-)¢1](l‘~+—”1‘ 111- +(11~k)' +k(/1-/<)' 5+1]
\/1 11 , K11 /1,

w

=11: +k(11—l\')i—(p—q) :11: +l[/21 —(/1—Z/<)>
pq -1

J

L__J

~ 1 ~ ; \ 3 2 3 ,

V1 k nguyén 11611 /1' —(/1—Zl\') S11‘ (/1cha11)\/"an —(11—Zk) S12 —1 (/1 le).

T11‘ dé. ta thu d11'c_>'c bét déng th1'1'c ban du 1'51 chi rz1 111611 t1'u'€>'ng h<_>‘p (1511 bng xzly ra.
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Dén df\_\f. ta chqt nhgin ru: 1\’1;51L1 ch<‘§t Qua Yin dé Ch] lil nhzjn xétt "G111 Iri ldn nhziu xé dgu du'0‘c khi
.\‘, : /7 hoéc .\-I : q \"O'i mQi 1'". V51 nhén xét nix) CO thé chtrng minh 1'51 dig. Thin \5_\. \"<'>'i moi 1'.

"i

ta xem vé mii Iii 1n{>t hilm theo .\": \‘i1 kf hiéu IE1 _/' (V ta sé chung tn:

/'(.\",)S1nz1x{‘/'(V/>)__/'(q)}. \'£1dz§ub§1ng xay ru khi \"£1 ch: khi .\‘/ e{/2.1/}.

Tu 06: _/'(.\') =A\"+§ +C. C6 thé su' dung dam hilm dé ra nguy kél qua \’£1 Chi ra lu(>n du bng\.

xay ru khi .\‘, e {/xq} . Song O'dZ1y_cl1(111g téi Irinh bily mét caich so‘ cp ho'n.

\

Déy: f(.\-I)—‘/'(/1.)=(.\"/.—p)(A—%/)1_/'(,\',)—_/‘(c/)=(.\‘I—q)[A—%/E

TU dd néu _/'(.\",)>1nz1x{_/'(/1).‘/‘(q)} thi .\", <5 {p. q} \'Z1 A — L > O. A —i < O
.\" /) .\'Iz/

:> i < A < i 1n£1uthu§n/1 < 1/.\’j§' >/‘(xi ) S max {_/' ( /1).‘/‘(¢/.1",/2 .\",</

Xél tru'C>'ng hqp du being xtly rut Gia su' f (xi. ) = mz1x{f(/>)_f (c/)} mil 1", e£{/J. 1/} .

Néu _/'(.\"!)=f(/2) thi A=\iiI)>\i.kl1i(T6 A/'(.\*/ )~_/'(c/)<() (1ni1L1lhu§1n)..' xlq

Néu f(,\-/)=_/"((1) ma A:TB;<%. khi do _/"(_\-I)-_/‘(,>)<0 (mflu muim.

Vaiy f(.\‘I ) = max {f(p)._/'(q)} tuvng duong \"<5"i .\"[ e {/2.1/}

Nlzgin xét: (Bi1i tozin n1<')'1"(_3ng) Cho ul 6 [(1. A].b,. E [[2, B] véLi 0 < (1 S A V21 0 </1 S B.

(ail + + (13 )(/)6 + +195)Tim gizi lri ldn nhét CLIZI biéu lhirc: T I
</I/71 + + aw/2”

Bili tozin lrén mang )" nghl 121 lim chén lrén cuzl bit déng thL'1'c Buniakowski

/ f'_“ “3vil nhil Iozin l'1QC Polya d cho mét chzfm Lrén cua T 121: L ii + lib .

4 \ \' :1/1 AB

Mét diéu réll {gr nhién du'<_>'c dét ra I21 chén trén cua bét déng lhirc AM — GM 121 gi‘?
Chng ta sé du'Qc biél ngay kél qua \'<5"i bi1i lozin suu dy:

Bi 6.5. Cho O < p < c/, vi /1 $6 lhgrc .\', G [/Lq].
J

. .\' .\', .\"l F (p — q 2Chung mmh réng: T = —‘ +; + + —’ S 11 +
, \ \1 ° 12/.\" 5‘ J _ c' ‘

I

Ch ling minlz

Theo nhzin xél trén vé hilm _/' (.\') = A.\"+ Q + C ta c6:
.\-

I
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Vdi mqi 1', [hay .\ , b0'i /1 hofic _\ , bO'i q [hi luén c6 it 111151: min n"u'O'ng hgp liim tfmg gi

trj cua T vb khi T kh<5ng15nglénnf1'z1lhi czic gizi tri E {/2.q}.

Sau hfru hzgn phép {hay thé trén Lu 06 .\"1,.\"3 .... ..\‘”e{p.q}. Néu xi =.\": :...=.\"H =q thi

T:/1 chi 151 gizi tri nho nhét ctla T. nén dé tim czin trén cuu T Lu ch: cin xét khi t5n Lai

.\-I. :11. D0 T 121 biéu thtrc hoén vi véng quanh cL'1a.\-t..\-:......\"” nén khéng mt tfnh léng

quzit 06 thé gié su‘ x] = p. Khi dé cho dil .\-3 = p hay xi =q la [hay .\-2 =q {hi T v§n

khéng gia'm. Sau khi thay .\-2 zq ta lai thay .\-3 = [7 (hi T V51’! khéng giém...

Ctr nhu' véy ta thay xcn ké p_ c1 cho czic xi vdi qui tic lhay .\‘,A_ :1/;.\'.M =11 cho dén .\‘”

thi T v§n khéng giélm. Két lhc qué tnh {hay lhé. ta nhén du'Q'c:

-1

~ \ 1 - ‘
T=’-’£-43+-‘L3 (II Ch§1n)\/'51 T=”T1[5+1J+1 (/1 1e) hay T_/1+[QJ(~[2»-(1)—. V11

2 q P ~ q P 2 /M1

D€ingth1'1‘c xziy ra khi xi. E {p.11} v21 xcn ké ké lir xi té'i .\"” (khéng ké v

Cy

:5
U52

J/.

ML.

Binlz lun: Nhu'v:§1y, chng La thy lu"O'ng dén bién G5 xuzit hién lir 1'51 sc'>"m ngay trong

czich tiép Cain c6 dién. M510 din bit ding thirc C6 dién khéng phéli IZ1 mét céng cu manh

nhung dua V510 dé ta m<'>'i (:6 thé "d1i'ng trén vai lzlzvzg ngzréi klzéng 15". Chfmg ta d5

gélp lz_1i hai ky thuél dém bién quan lrqng or czic m1._1c tru‘é‘c 151: Dém bién vé lm v21 (1611

bién ra bién. Déc biét trong tru'€>'ng hqp cgrc tri dat duqc lgi tm thi hiun 16i cim cho La

n1<}tkiéu dén bién nu'z11'5L thL'1 vi mil chdng ta sé lim hiéu <'>"m1_1c sau.

VII. DON BIEN KH()NG XI-"\C DINH — UMV [UNDERFINE MIXING VARIABLES]

Phuong phzip dén bién v<'>'i hilm l5i mil chfmg ta vira xél Q6 mét tm émh hut'>'ng khzi lc'>'n.

tuy nhién, yéu diém cua n6 lb. khéng gizii quyét duqc nhfrng bit ding thirc mi hilm s6

clfla czic bi<—‘:n~kh6ng G dang 1u‘b'ng minh. hay viéc lfnh dgio himm 151 qué phtrc tap. V51

phucmg phép dén bién khéng xc dinh UMV §€: giixp thzio g6‘ yéu diém dé.

Bjnh ly‘ UMV:

Cho Dc{.\‘=(x],.\‘2.....\‘”)6 |.\-I zo.\/z=1_....n}. 0 déng val bi Chfm. G91 A 1:1 [zip hcjp

czic phén ttr trong 1) c6 r thnh phém bng 0 V5111-rthzlnh phém bang nhau (12 0).

- Xét hai phép bién déi T112 :D~>D nhu' suu: Vdi méi phan m

u=(ul,a2....a”)e D\/\, chgn ra hai chi $6 ii] sao cho at =min{u[ >O.r=l....,/1} v51

aj =max{a],a2..:.a”}, sau CI6 {hay czpu/. bc'>‘i (Z,[?>€(c1,..,(1/) (rng \><'ri Tl) vb.

0£'<a1<a].<B' (trng V(§'i T2).

~ Gié sL'1' f:D a R lién lglc lhoa ménz f(a12 min{f(T] (a)),_f(T3(u))},Vc1e D
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Khi dc’) ta cé _/‘(.\-)2n1in{_/'(_\")}_'Vl\‘e D
X? \

Néi dung Qua d1nh‘1§’ cé \'e khzin'i1'utu'Q‘ng. luy nhién lhgrc chit Iai rt "gién di".

Chng ta bit du xem xét UZVIV bng bili Ioém.

Biai 7.1. Cho (1.11. C20. chum minh réna:.. Q, I

(13 +/2} +0} +9abc+-1(z1+/7+¢")28(u/7+b(*+<*(1) (1)

Chzhzg mihh

Dét f ((2.11, (J) = a3 +113 + 03 + 9ul2c + 4-(cl + 1) + 0) — 8(ab +1J("+ ca)

D§1utién.chLingtathL'rd6n bién hai bién bing nhau_ xét hiéu:

.f(¢1.b,c')—_f(:1.i[’:".Zb:‘v') :(3l1+3<-—9¢1+8)?—(b_4‘“)_

R6 ring chvjng ta chu‘z1 thé cc’) két luzin gi. Chng ta Liép luc thtr déwn min bién vé ():

f(a.b.c)—f(a./9+c‘,O) :—(3b+3('—9a+8)b('

R61"fmg,biéu1hL'1'c (3b+3c—9cz+8) hozic i1m.hozf1c kh6n_g€1m.hz1y1£1ta cé:

f(a,b.c")2min{f{a.%.%):f(u_/2+110)} I

Ap dung dinh 1)? U.M. V: f ((1.12. c)2 min{f(.\‘..\‘..\-);_f _v,O):f (:,().0)}

V61 _,(:L*.'_/€i_¢;;)-:%;Z=(,+1,+(- »

Mz§1t khéici f(;,0.0)= :3 +4:2O ; f(.\'.,\'...\')=l2.\“‘ —24.\"3 +l2.\‘=l2.\‘(.\'—1)3 20

_f(y,_\",O) = 2y} — 8)‘: + 8)" =2v\"(_\' ~ 2): 2 O :> f (cI.b.c') 2 O.

Bing thfrc xéy ra <=> (a.b,c)=(0.0.0);(l,l,1);(2,2,0).

Nhn xét: Czic ban cc’) thé nhefln thy r6 ring nghTa cua UMV qua bi tozin lrén, khi mix

viéc hai kiéu dén bién théng thu'O'ng 151 dén hai bién bang nhau Va dy bién ra bién

khéng dgt hiéu qua. Nhung su lién hé gifra hai ky lhuél dé d gip chng ta str dung

UMV mét céch hét we hiéu qua.

Bi 7.2. Cho a,b,c,(12O théa min a +12 + c + (1 : 4.

Chirng minh ring: 2(\/E + \/E + + 2 a/ac + bed + cdu + dab + 4

Clzzhlg minh

D511 2(\/Z + JE+ \/2+ H) ~ am--1>@d - cda - dab—4. Xén caic hiéu:
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. . .+ + \ v~ ~ \—_i\- ‘( I): \'' f(u‘/>.('.¢/)—4/‘(5%lZ.%—Q_r.¢/7) =:(\Ll+\/7—\;2((1+i)))_+((‘+(/):JLE-)~**(l/7;

:(i:_Li%1‘+¢/— _8 ‘l:(u~_l/7)>(¢'+z/—.\')
(\,-‘u+\//7) (\\ll+\'/)+\/‘:((I+/7))?

' _/ ((l./7.l‘_(1)—_/((1-I-/).().(’.(/)

=2(\/2*\/5-\/11+/>)—(z'—(/)=u/1] ~('—z/ [Ia/v(Y—(’—(/)
=_\‘u/;(\u—\1/>+\u+/>)

N 1

Dc dung chung mmh: + “L 2 _ 6
, ' ‘ - ,— ~ _ — -— L-

V“/7(\” +‘/Vb +\/51+/7) (\'u +\//2) (\="(1+\/1 +\ I(u+/1))
r('+zl£Y +1 +1.

hay YZX nén :> _/'(a./2.<')2n1in{‘/'(%_g?J_('.r/)1‘/'(u+/2.O.('.(/)}
('+d2X - “ ’"

Ap dung dinh1)’=U.M.V1uc6:
4

4 4

4-

_/'(a_/2.r'.c/)2min{/’(l.1.l.l):/‘(q.7. _._. . . _ . . =

1

Lu

A
~_»

%/

‘X

/\

J
J

A
‘.1

»-.

_,

.3.

/—\

A
Q

/\
Q

I\
L4

\/
+,_/

A
~_»

Being 1hL'1‘c xay 111 <:> (<1./>.('.</)=(l.1. l.l):(-1.0. 0.0)

Bziy gi©'chL1ngIz1sét1'0'13i Bili lozin 5.2 \=O'i viéc zip dung L'.\/IV.

Bfii 7.3. Cho u1,(13.....c1”2() théu min (ll +113 +...+a” =11. Chirng minh ring:

(I1— 1)(u,: +113:+...V+z13)+/1u1u3...z1,; 2/1:

Clzzing nzinlz

Bit: f ((1I.(l3.....(l”)= (/1 — l)(u|: + (13: + + (15 ) + II(l1(13 ...r1” . Ta C6:

_ _'(zI+a~ u]+zz~ n(a,—(11)_{7(;1_]) )

, 4 /1

j (a|.a3.....u”)—j =ii‘— 'i—zz3¢14...¢1,,

‘ 2(/I-1)f(a,.cz3.....a”)~_}‘(0.111+<13.z1;.....u,,)= —1zz1[r13{i”—~<1;z14ma”

*,_"u5+u3 u;+u3 \:> A/((11.a3....,a”)2m1n%L‘/[%.§—.(1;.....(1”J._/(0111+u3.u3....,a”)r

Theo dinh I3" UMV. ta chi cn chtrng minh bin tozin khi cé 1’tnl1§tn1®ttr0ng n s5

u].u2....,u” bng () hoéc [t ca czic $6 déu bng 1. Trong czic tru'C>'ng hqp ny bit ding

lhfrc déu dé dng chfrng minh.

/\'/1;?" xét: Vc'>'i viéc ap dung UMV 15m 1Ll'(_)'[ \‘(§'i ctic ban Iozin bu bién. bém bién. /1 bién.

chng 16i mu<"§n dé cép dén mét déc {rung cua UMV I51 khéng hé phu thuéc \*Z10 $6 bién

CH3 bait Cléng mu-C. Déc diém my cé duqc vi dén bién uwv SU dung \'<)'i mi bién bait kg.

Dy I21 mét diém 1'51 quan trc_>ng_ khién cho-rt nhiéu bili tozin téng quzit phtrc tap trc'>' nén don

gicin viii UMV. San dy I51 m<_3t trong nhfrng v1’ du dién hinh nht.
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Chlrzmg I\': ‘\‘lz17'ng vién kim cl/‘(rug fro/lg Inf! r/ring t/1 121' /Iifll (lgli 591

U3

51i7.+-I». Cho u,.u 1 . . . ..u >(Hl1ou1nn u +u_ +...+u =21.
. _ 1= '“ ‘ 1~

Tim gizi lrj nho nht cuu 5:115 +¢/5 + + uf + u1u3...u, 3 +I~+ -l—+ .... ..+ I j

Girii

D511 _/‘(u;.u......u,, ) I 11,: + (15 +....+¢if: +0-u1...u;, L+—l—+ .... ..+—1+}
‘ ' ' ' " <1 (1 a

‘ I I /1 ,'

Xél czic hiéu:

U‘) ‘

/
(1. +413 (1 +¢11' j (zz‘.z13.....c1,,)-./{i-'.i!' ..<13......z1”\,

\ 2 2 /
~

((1, —a3 )_ / "~_— ,_—r1;z14.....z1” — —+ .... ..+— (-')
u (1, :1

\1

. [ /u +11. c1+(/~ W1:> _/ (u|.n:.....u” ) 2 n11n§_f (().a| +u:.u;......<1,, )._/‘ ‘iq"—.1—q—'_.c1;......z1,; /f
_ _ , ,

Do vi)’. zip dgmg dinh1)"LW]V121c6: x/' (ul .1/_.....c1H ) 2 M_i_n _/‘(%.%.....%.O.()....O)
_ I K11./1 ' ' '

‘V 2 /.'—I 3 ‘t

Hay gizi tri nhc l1h§lCL1Ll biéu lhrc 121: 1nin‘i.2n.i+(i) .—£— >

L /1-1 /1— 1 /1— 7]

vm. DON BIEN viz e|/l\ TR! TRUNG BINH

Cho dén by gibz trong phu'o'ng phaip dén bién cua chflng la. s6 1511 thuc hién thao tzic

dém bién luén 121 hm hgm. nhb‘ as léyi giai 121 r6 ring \'Z1 mam loim SO‘ cép. Bay 151 mm
diéu rt tét mi chng Léi muén duy tri tiép tuc trong mL_1c nily. By gibr, chfmg téi gidi
thiéu thém mét céch @611 bién nfra dimh C110 ham 161. Ta Sé gcpi dy 121 ky lhuét dém bién
v§giZ1t1'it1‘ung b1nh.ChL'1ngtu sé md du bng hai dinh If sau:

Djnh 1;; 1; cm [121 hm 16» [(1. /1] -> Ta cé: fm> +f</)> 2_/M) +_/“((1 +/1-.\-).v.\-E [(1./1]

Chzhzg minh

Vi .\‘e[a./2] nén .\":la+(1—1)b vc'>'i1e[().1],Khidé: c1+/7—.\':(1—I)(1+I/7.

Ap dung dinh nghia hZm1l6i.Lucc'): _/'(.\')+ _/(u +/>—.\")= f[m +(1 —r)/2] + _/“[(l —I)u +112]

A

S[[f(a)+(l—r)f(1>)1+U1—f)f(§1)+lf(/>)i=f'(u)+f(l>)

L

Djnh 1)" 2:(b§lCIéng1hL'1'c Jensen) Cho f IE1 hilm $6 l6i Ia./1] a R‘ Khi dc’):

V.\',,.x,,.....\'”e[c1,b] ta 06: f(.\'])+f(x,)+...+_f(.\"”)21z_f‘[ J:,,Af~(T)
" - 11
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Chlivzg minlz

Ta cho thgrc hién Ihuit main suu:

- , .\'.+,x.+_..+.\', ; ,' Bn'(}“c I: Néu .\'! =1‘. =...: \',‘ =T =+—'i' (‘*’) {hi bat déng thirc dflng.
" ' /1

° Bzréc 2: Néu diéu kién ('*) khéng théu mfm {hi khéng mil ifnh léng quzil 06 thé girl su'

xl >T >_\"3.

Khi dé {hay bé (.\'I..\'......\‘”) bc'>'i bé (T..\", +.\'. —T......\'h_ 1) {hi nhém duqc bf) mdi cng cé

trung binh céng 151 T. v51 thco dinh 11' I thi gizi lri cuz1hZ1n1fdu"Qc ting lén. M2f1tkhzic.zn(>i

lén IhL1'C hién bL1‘(§'C 2 ma $6 bién bng T téng lén n nnén 1:1 1. do an sau nnién nhét 121 (11-1) lén

th1_rc hién budc 2. ta sé nh2_'1n duqc czic $6 théwa min (‘E’). Chfl y 121 trong quzi trinh thay thé {hi biéu

thirc f 1u6n duqc ting lén. do véy ta cé dpcm.

Binh lun: Trong czic bit déng thfrc cho n bién $6 (n Z 4) thi ky thuét dén bién \§ gizi

lri [rung binh u'u viét hon hén so v<'>'i déwn bién vé lm. Thgit véy. néu clém bién Vé tzim thi

gié sL'1' la d6n du'c_>‘c hai bién vé béng nhau [hi cflng chua thu duqc gi dzing ké. vix lrong

tru€)'ng hqp dé thi sau hu"u han lén dén bién vén khéng thé dual duqc vé truiyng hgp mét

bién (chL'1'chu'a néi 121 dun du"(_>‘c vé u'u‘b‘ng |'1()'p caic bién being nhau). Tuy nhién. néu sir

dung ky mngn dén bién vé gm ng {rung binh <nn:1¢ nén bién i'£l bién) mi nnn hinh la.i

khéc: sau m5i ln dén bién thi $6 lu'Q'ng bién 06 gizi tri c6 dinh Lémg I

C»

I1
A

E3

"3.

zi lri {rung

binh hoéc gizi tri tzgi bién). do dé chi cén hfru hgm ln d5n bién ta sé dun du'Q'c tit ca czic

bién vé czic gizi tri cé» dinh v51 bili tozin xem nhu' giéai quyét xong.

Trong muc niiy, chng t6i Iiép tuc gié'i thiéu hai bili tozin khzic, m trong dé )7 Lu‘c'mg dém

bién vé gizi ng trung binh <15 cho ldi giéi bé: ngbr.

\ 0

Ban 8.1. Ch0a|,a,,...a” > O v21 a]a....a” -1. Chtrng minh ring:

Vdik=4(n—l)1a1u6nc6: 1+ 1 +...+ 1 + ’< 2n+% (1)
CI] (1., (In (I1 +02 +...+CI

Clzzhzg minh

Vdi n = 1, /1 = 2 thi bi tozin don gién, nén du'é‘i déy ta xét khi 212 3.

Tru'é'c hél. ta khzio sail czic lru‘O'ng hqp cé mé dén bién Va nit ru:

Ménh dé1:DZ11f(a].a,....c1”): 1 + 1 +...+ I + '~ .Khid6ta Q6:' [I] (I, (In (lI+(l,+...+CI”

. a a
(1) Neu al S.\"Sa2 va (Z1612 S1 thl f(al,a2,...a”)2f(.X,——~'x2 ,a3,...,u”)



Clzu'0'1zg IV: .\’lu7‘1zg vién kinz cmmg trrmg /2111‘ ¢Ir1l1gth!i"c lzifn dgzi ‘ 1

<111.\'é.u (1-11,)(1-11:)
¢

'1
F___-

.>.*

Q

"1:

1
11 ’ 1: 1

3 -211 Z(1I+z1|(13 +11i2(1!h1
1:1 \ /:‘\.

f(z1|_z1:....¢1” ) 2f(1.1111/:_z1;.....(1H

(ii1')N'éL1 (11.11: 212:1; L111: _/’( 1 11, )>111in{/1111,11. (1 ul) [(141, 0'11 '|u .11,

C/zzing min/1

(I) Tu 06:

(lit!
_1"(;al.<1:....¢1”) /1.\'_ ‘.u=.....u I: 1 + I —i— '\—+ /‘ —-—

\ 1 <1, u. 1 1 1

<.\'*(I| )(v\'— (1:

\_/1

!\

L‘

I _ _. . ._ . _ ~_.L1.

* ' /\'

.' uiu A+ul+a 11,111
' " " * A+.\'+ ‘ '

.1‘

E(A+uI+a3)(A+x+U11“);/<rzIz1.1 1:

f —— ‘ —l-1‘ 11"011gd(> A1211
.\'c1|a3(A+al+¢1:)(A+.r+“‘i‘3) ,1;

/ \
Theo AM- G11/I'I(A+a] +11,)1,1+_1-+1121 24111-11:1 2111111, Q 1dpCm)._ X _

(1'i)CC1ng1ird511gl11i1"c O‘ lrén cho .1‘ : 1 11106: /'((1I.a_....u] )— /(1 111111 1'1\ 11 )~

(1—z1!)(1—<1‘)1/((1:11, —(A+(1; +u:)(.+\+<1.(1,
~~w——v~—~~—~—(——=——-~ \"u 1:1 co dpcm.

(1161: (A + (11 + <13 +1141: +1)

1 \
(111) Xét hui tru"O"ng h<_>'p: (1-

r\

~_/

,§

F 11 '/ 11 _‘

_¢11)N'rl,z1. -2111 Z11, +u,(1, +1 U20

11 1' 11 \,

TH 1: Néu /111112 2Zc1,iZ11I+11!¢12+11th1th€0(1'i): _/"(c1|.z11....z1,’_)2 f'(1.(1|¢13.cz1.....<1”)
1=1 \I:1 //

I7 H

TH 2: Néu /(aim: 5211,1211, +1111: +17 1111 v1 u; S1511: nén 1:106:
i=| \1:“\ /

11 /1

-1-(l[I;+1 (1-(1—

l\/1:

I! I

I c13+1 Z(1,—c1]—cz2+1 Zn, +u]a,+1
:1=1 +121:1 +l:1=.=

(!|(l‘ alu‘ (Il(l, (11111

:> /<c1]a3 S Za, L Z (1, + (11413 +1 V51 theo (ii): _/'(ul.a3....a”)2f(1,a3.....uluI.....u”).
[=1 1=1"4 '

Ynghfa: Ménh 1 gip chdng ta dua bili tozin vé 1 bién.

Ménh dé 2: Ta sé luén dun duqc bit déing lhL'1'c (1) véi czic bién $5 c1,.a1....a” > 0 v21

a]a,...u” =1 vé lru'b'ng hc_>'p 06 11 — 1 bién bng nhau vi 2 1.

CI1 1111g mill h

° B1r0"c I: Bua vé t1"u'C7ng hqp cé 11 -1 bién S 1.

0121 S11 cbn cé nhiéu 11011 1 bién lc'm ho'n 1. ma. 111 06 mé >11-121 11,11: . Th] 811- dgng ménh ae 1

(111) 11:1 luén cc’) me" thay 1><f> (<1,.<12....11,,) 11¢-1 1 11¢ khzic. V511 cé 11¢11 bng 1, 151m @110 f khéng
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ting, v51 hon nfra Q6 $6 bién hing 1 [éng lén 1'1 nhét 151 1. Do d6 $2111 nhiéu nhl (11 -1) 1§1n {hay

thé 1:1 sé nhzin duqc bnj g6111 (11-1) bién S 1.

' Bzréc 2: D1111 (11-1) bién S 1 vé bng nhau.

G141 SU‘ 11, $11: s...s11”_, s1 121 (11-11 bién C6 Lrung binh nh€1n151.\". .\1éu (11-1) baén ni1y

chu'z1 bins nhau thi ai < .1-< 11” I v21 dimg ménh 11$ 1 (1') Lu C6 Ihé {hay bé.__ ._ . .

/ U U \
(c1I.11.....(1”_|.¢1”) bdi 1.\‘.z11.....i.c1” Khi dé f khéng gi€1n1 \1£1 $6 bién hz'1ng.\‘

_ x _ _\. /,

. 11 11 11 4 4

léng lén ft nhét 151 1. Tz1cf1ng1u'u )3 151 iS—1Sl (\'1 11' 11150 nho nhal lrong 11 —1
x ,1"

$6 c1l.c13....11”_, ) nén 11] Sx. do dé viéc {hay lhé 1151)" \'§1n dam béo /1-1 bién déu S 1.

aiéu dé C110 phép viéc thay mé cé mé mm hién lién nép. vay sau hfru han (khéng quzi

11-1) ln thay thé ta sé c6 11-1 bién S 1 déu being nhau. Cu5i_cUng, Lu giai quyét béi

toén 1 bién. tirc 151 chirng minh:

:._.

fL.\~..\-......\-. )2 ;"(1,1.....1) v<'1i.\-S1
.1

D511 g(X):_fL.Y1.\'...'..x,—j%)=£2+x”_'+1 vc'1‘i .\‘€ (0, 1]
X‘ A (11 — 1).\‘ + Jwl

X

r-

/1111--1-”~~

1_____J

Ta cé: g'(x)=--W21+(11—1).\""'l—r L ‘V
.1"

|L(11~1).\'+~~;
.1"

L 
4

1- <1J, n 1

=11,-11%$1 1l‘_‘l_~"1

.1” (11—1).\‘” +1

D0 /< =4(n -1) nén g’(.\‘) S O vé'i xe (O, 1]. Suy 1'z1g(x) 231(1) \/5112106 dpcm.

1

Bfii 8.2. Cho 11 $6 thuc du'o'ng c1|.a3....a” c6 lfch bng l.ChL'1'ng n1inhr§1ng:

')” 211-2(1+a,3)(1+a§)...(1+(1i)S "314 (al +03 +...+(1”)

Ch 1211g nzirzh

V('>'i 11 = 1, 11 = 2 Lhi don giém nén ta chirng minh ch0112 3. Ta thy bi tozin tu'0'ng

du‘o'ng v<'>'i f(a|.(11,...a”)2O v21 cf1ngtu'o'ng duong véi g (u| ,a3....a” )2O. trong do

Zn—Z 1

f(a|.,a2,...a”)=l<(al +11: +...+a”) —(1+a()(1+c1§)...(1+c1j)v51

g(a1,a3,...a”)=lnk+(211—Z)1n(al +113 +...+u”)—1n(1+c1l2)—ln(1+c1§)>...—ln(1+u;)

1- . ” 1 , . , 1 , 1 2. .4 , , . A .
O day k =% .Kha0 sat so bo cac truong hqp co the don b1€Y1, ta xet cac me_:nh de sau day

11 ' “

Ménh aé 1;

(i) Néu a]212c12,z13 thii f(a],a2,...a”)2min{_f(1,a|a2.a3.....a”).f(uI,1,u2a3,...,a”
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.. ,1 I1 \ \ // “lav(11) Neu ax :max{a,}’_:| ya <1] 212:2: 21 Ihli g(a|,u2....c1”)2gL.\'_f_a3,....cz”

C/zzhzg min/I

(i) Xét céc hiéu f(c1I.a3....a”)— j‘(1.zz]z13.c1‘.....¢z”) =

=/<s2”'2 — /<ul”'2 +i:Z(1+ (11:11; ) — (1 + 11‘: )(l + <1; + :13: + as)

(vdi .s'=c11 +512 +...+cz”.u=l+a|a3 +...+a”)

\/_J
Lil

g/

=k(a1 +612 ~1—£l](l3)(S2”73+S2”_4ll+...+ll2”73)+(1—(l]2)(1*(I§)(l+(l;)...(1+(l

:~(l—a1)(l—a,)[k(.s':”"3 +.s"3”‘;u+...+uZ”‘3)—(l+a])(l+a,)(1+u;2)...(l+a§
SL1‘ dung lai ding thtrc 6' trén véri u, déi ch5 cho CI]. ta c6:

_f(aI,a3,...u”)—j (a],1.u3cz_,,....a”]:

=—(l—z13)(1—a})[k(s3”" +s3""‘1-+...+v2"‘3)—(1+u3)(1+a3)(l+uf)(1+uf)...(l+uj)]

(v('>'i v=1+ ax + (Ila; + (14 + ...+ an)

Ttr 2 aémg mu-C av trén, ta may;

- Néu /<(§"'*‘ +s1"“u+...+1"*)-(1+@l)(1+a2)(1+a§)...(1+aj)z0 (2)

thi f(a].a3,...a”)2_/'(l,ala2,a}....,a”)

° Néu /<(s3"'3 +s3”‘4\'+...+1'3"“3)—(l+a2)(1+a]){l+a|2)(l+a§)...(l+a5)SO (3)

thi f(a],z12...._¢1”)2f(al.l.c1:a3,....a”)

D0 dc’). ta chi cn chimg minh trong 2 bit ding thfrc (2) \'i1 (3) cé it nhét mét bit ding
thirc dling 1&1 x0ng.Chf1ng hz;1n,ta git! str (2) sai, v51 sé chL'1'ngminh(_3)dLing.

Muén vé1y,ta chi cn chfmg minh: uz v via (1 +a, )(1+a§)§(1 +a3)(1 +115) 151 xong.

Thél vzfly ta cé:11—v=a3+ alal —al —alcz3 =(l —uZ)(a, —a3)2O

(l+a|)(l+a§)—(l+a})(1+a]2)=(a3 —u!)(a]a3 +a[ +a3 —1)£O

Véy ménh dé (1') chfrng minh xong.

(ii) Vdi viéc Xuél men hilm In ta khéng mé Xél hiéu r61 bién déi, ma thay vE10 as ta dilng
dao him.

a,
Xét: g(r)=lnk+2(n—1)lnfm] +T'+(1‘+...+(1,,j\ %

_ f"—
_1n(1+;1af)—ln(l+f%J—ln(l+a§)...—ln(l+a5)véfirelV\/%,l]

7-
1
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1 111‘ ~ Zcz
2111-1) — j] "rul‘— ’

Tam: 37(1): \“ I1’ - I , ._ :
U‘ u =

Iz1,+ ['+u:+...+uH (|+,~aI-H]+ Ii
_ If ,1

‘
<1‘ =

1111+ '
:»_,%U|_ I /1——1

. ' I‘

~

1

-.

+ I'+(l;+...+(I, 11+,-U]-)‘|+ -

--.

m

r-\

J

J

4

/"‘_

‘Q
;,,

| "1

‘ vu‘ A U‘ , - \ \ ,i _ . 1 , .

V1 IE ncn (1! — j 20. D0 do. gQ1 T1z1thu‘asoc0|11;11.1z1ch1can Chung mmh T
; (II 1'

IF Ti 1

, _ _‘ ‘((1
2 O 11100 the suy ra g dong bxen tron 1

(I
1 :

I ,4 1 1 ~ £l~ £l~

De wet cho gqn. ta cial ('=\1(1+I'(1|')1 1+ j 1.¢l=/¢1,+—'
\ 1' ' I

T11 co; T2()<=>——il—;2l,<:>(/1—11c"32z13+zl(u;+...+u,)
11-1-c13+...+u” (-- *’ '

V1 c 2 1/ (bit dimg lhL'1'c Buniakowski ) nén dé 06 b?1td§111g thirc trén la chi 0511:

(1z—7)c*><1. +...+(1 .Di§u nilv dim" vi ('>u 11, >0] > 111z1\<{u‘.....u,“ _,\ I! - C 1_”‘ _ , r

4 (IICI, 1 (I, _l tllll, (I, (Ila,
Lay I0:-m£1X xi‘ -— lhx In ' .1 .r(,u| :max Li" ,—'=n11n .\'.—-L

\ (I‘ \I ul \ I“ \

7

Vi g déng blcn lrcn nCI1j,'(l)Zg(!;)1V2112!CO(C[pCn1).
1 <1‘

\/2f1yménh dé(i1')chL1'ngminh x0ng.N1énh dé 1 c111'1'ngminh xong.

Trd l£_1i bili lozin. ta sé néi 121 bf» (u].u3....u”) dLrQ'c ll1a_\j lhé b0‘i bé (/>‘_/;2..../2”) néu

Q’:

f((1|.(l3....(l”)Zf([7]./73..../7”) hoéc (a].u3..._u”)2g(l>|./23..../2”)

Ménh dé 2: Lu6n dual duqc \’ét1'L1'Ung hQ'p c6/1- 1 bién bng nhau 2 1.

Clzlhzg mirzll

' Blréc 1: Dun vé lruimg hqp c6 n — 1 bién 2 1.

Giéz sir cbn c6 ° bién u a <1. Khi C16 phéai Q6 1 bién > 1. m La cé thé gié SLT121 ul. Sir
~ 2-2

dung ménh dé 1 (I), ta 06 lhé [hay bi) (u[,u:....a”) bO'i bi) (l,a,a3.cz3....c'1”) hoéc bé

(a|.l.(13cz3....c1”). Chin 3° 15 cho dil {hay bdi 11¢ nZ10.1hi $6 caic bién hing 1 cfmg téng lén

it nhéi 151 1. D0 dé. déng uic [hay thé nil)’ sé pha'i dimg 1e_1i sau khéng quzi /1 -1 ln. Khi

dé,la sé cé 11-1 bién 21.



Clzu'0'11g 11': 1\'I1 Rug vié/1 kiln 011':/rzg trung 12171 Jlzg 1/1121‘ Izifn dgli 5‘)?

° Bmir 2: Tz1c111'1'11g111111h 1111311 c(11hé11111§'11—1 1116112 1 1101 1ru11gh1n11 11h{111 c11;1c11L'111g.

Thz_§1\{1}=_:ia s11'11!2111 _1..211:_lZ1_11,_ \"Z1 11311 .1"-"'\14,11,11~...11_‘ 21.0 > > ' i
Néu11'011g 11~1 hién du lién \'§111 c(111bié11 1\"11;'1c.1-1111 111 >.\‘ >11’, I.

S11‘ dung ménh d§(ii)1u c(>l11é1h;1\ b6 (uI.u‘....u .11 1101 1 ”

J
-0

>.
!‘\

f\

_~~

.,

A

- “ - - - _ 11—1 11) 11/

~ , , \ U up 1 \ .1 , A , .. 11 1 A -
Qhu y 111 %i>u,I I >1 (\"1 111 1:1 so 1011 nhal 11011;‘ cuc so {(1 } 11011 (11 >_\') 0110 11611

\ 1

viéc [hay 111$ 11i1§' \'§“111 d."1111bao 11- 1 111511 (1511 11611 2 1 (dé c6t11ét11;1ytl1§ lién tiép).

C11L'1}'~'1‘§1ng suu k11i111;1y lhé 1111 .\<‘.1 hién 11511151 .\" la’111g I611 1'1 11hf111Z1 1.

D0 d6.sz1u khfmg quzi 11 —1 1511 lhz1)'111él111 ca 11-1 bién 1151111611 déu 115111;: ,1.

Cu5ici1ng1z1gi:'1iquy@:1bZ1i tozin 1 bién.

X61 1151111 S6 /11.1‘) I _‘,’K.\'.
\ /

=111l<+Z1n—1)111:1/1—1).\‘+l—t—(11—1)1111l+.\':)—l111 1+—~l- \'(5‘i \"> 1.
L ll L \I1

2111 11(/1 111.1” 1) -W “(I1

'"—l

_/1- _I —I Y _

”_1_/1-71 _2(I1f1)
11 ‘/11

Tacé" //(1-1:21”-1) -" -3(”_‘)""- -“A
111-111+ 1| 1+-1" 1+\,

“T

1

1)1(11-111.1"!-1)_ _\-1"_1

.\'

r______

_ _ _\- I ___ ‘_,_ v
(11—1).\"”+1 1+1” l+_\"l” -\' L1/1—1).\”'+1 11+_\-3)11+_\-3"’:

\/

l___i_J

C1111)? 121.1 2 1 11611 décé /1'(.\*) 2 0111 ch1cf"1n: ” _ 1” 2 7".” +1
1/1—11.\"+1 (l+.1"')11+_1-"”')

Ta Q6 di§L1nZ1yb§ng dz'111h gizi do'11gia'n: ” -1 2 1 2 “X. +1
1/1—l).\"' +1 .1” +1 (1 +1" )1] +_\-*”‘~ 1

(déu 2 t111'1‘hui 151110 1151 ding 1h1'1"c Buniakowski )

Vfiy vdi .12 1 thi/1'(.\-12011611/1(.\‘)(1611g11ié11.s11y 111/11.1")2/1111=(1\'Z11;1c6((1pc111).

Véy 11511 101111 ch1'1‘11g minh xong. Df1ng1111'1'c my 111 <:> 11] :11: I... :11” =1 \"<'1'i112 3

(0611 vdi 11 = 1, /1 = 2 1111 c6dé11g1h1'1'c).

Nlzfin xét:

' B511 101111 nZ1y 121 c1'1z1 uic g1:'1 P113111 K1111 Himg (1511 1'11 d11'('>'i dang bili Ioén 1110' \/£1 chfrng

minh lrén dy C1111 chng 161 1i1 c111'1'11g n1inh C1511 lién c110 116.

- 0 dy viéc Xél 11611;; moi 2 h£1111 f. g cho phép ta 1110' 1'§>11g 111:1 115mg diam bién; 1111 1111

xél f don giém ho"n_ khi {hi xél g don gian hon. Trong bZ1i lozin 1 {hi vi win C15 c1011 gian

hon nén c111 cn 11161 1151111 f 121 1111.
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IX. DON BIEN BANG QUY NAP THU’A

Trong czic ky thuél dén V5 (n— 1) bién béng nhau. chfmg la cn phai nhéc dén k§' thuét
quy nap thira C15 du‘Q'c Phgmz Kim Hzing giéi thiéu trong cuén szich Szing tgm b't dzing
th1?'c. C6 thé hinh dung vé y" tu‘O'ng d6n bién being quy nap thllra nhu‘ sau. Giéa sir ta cén

Chfrng minh mét bit déng thirc CUZ1 15 bién a,.a3,...,a”cc'> diéu kién rimg buivc la

a;a3...(z” =1, trong dé déng thirc xa'y ra khi n bién béng nhau. Chfnh déng thrc ring
bu<f>c nily khéng cho phép chng ta giai bi tozin béng quy nap. Tuy nhién. néu chimg ta

stra aiéu kién rimg bu<f>c mi thfmh a,a2...aH 21 ma khi as ta c6 mé gial $11. Chang hz_1n

(1,, =min{a,.a3,...,u,,} aé cé a,a3...a”_| 21 Va 111 co mé dung gié thiét cho n-1 bién ny

dé quy vé trubng hqp n-1 bién béng nhau. Sau dy 121 mét vid11d:§1c szic cho k1 thuafu nziy.

1 B:E1itoén.[Ph:_am Kim Hi1ng]Ch0 a|.u;.....a,, >0 1,-z1¢1lu:...u,, =1.

Chllrng minh ring: —%+%—¢+...+4~72 n1in{1_l‘—L.Vl< >0
(l+u,) (1+a3)" (1+u,,) L Z ,1

Ch :2/ng nzinlz

' Ta chtrng minh két qua téng quail hon: 1

Vé'i k >0 vé a‘,a3,...,a” 151 czic s6 Ihgc duong cé tfch alcz3...u,, 21 thiz

1 v+ 1 _+...+ 1 _2min{1, } (1)
(1+c1,)‘ (1+a2)L (1+a”)‘ (1+Q/’z1|cI3...z1“)k

' Chtmg minh quy nap theo I1.

V<'>'i n=1: (1) hién nhién dL'1ng!Gié1 sir d chirng minh (1)C1L'1ng tdi 11 (1121). ta sé

chtrng minh (1) dng véi n+1.
Gqi a[,a2,...,(1”+, 151 czic $6 thgrc du'cmg cé tfch bng s"*' vdi $21 . ta cn chirng minh: ‘

1 + I + + 1 >min 1&1 (7)
(1+a,)" (1+u:)" <1+¢1”$,)" ‘<1+>->‘ “

Trong phén dL1‘c'vi déy ta xem nhu' S C6 dinh. Tru'('>'c hét. ta hy don gian héa bili tozin.

- Ménh aé= Léy k(, =—~i“i;7i1)) mghia 151 %+:L =1)
n .3‘ +5 "

Gi str (2) dimg vo"i /< I/<0, thé thi (2) dng vdi m<_>i k >0. Hon nfru. ta chi cé /(U211

trong truiyng hqp ll = /<0 I s =1 via khi C16 {hi (2) cng dng!

H-r]
1 n+1

Ch'n minh: (2) dnv vdi k =k nghTa1i1 i~_1:+-
g C 0 g(1+a)“’ (1+.s')“‘

Y 1*; Y 4ii M77717 /*1» / >I‘7Z*-1:1 kn

._[ (1+a,)‘ ,1, (1+a,)A" (1+s)‘“ 1

1 1

Néuk>l<Othitad£1nhgizi: '" L‘ ' _ ‘ ‘ z = k

n+1 \ 11+ /1+ (1+5)
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1|] 1 n I 1

Néu k </Q, thi ta dzinh gizi: Zik 2 21
,1 (1,) ,,(l (1')"Z (I+ » : +

Hon nfra. néu /<0 Zn thi: /z+1:(1+s)“’2l+k(,52l+n (vi k‘, 21121 v51 $21)

suy ra 12 =l<H = 5 =1, khi dé (2) hién nhién dng.

~ TrO"lz_1i bi t02'1n cua chljng ta. Ménh dé trén cho phép ta chi cn chtrng minh (2) vé'i

/< = ko. ho‘n nfra. chi cn xét tru'<‘>'ng hqp kn <11. T£1'gi€>'trO' di dé don gian ki hiéu. ta sé

ln(zz + 1)
ki hiéu k thay vi kt, nghia I51 k zi.

" ln(l +5)

Gié str (1, Z (12 2 ...2 am , khi d6 ((l,a3,...,(z” 1&1 czic $5 thuc du‘o"ng cc’) Lich Z1. do d6

., .4 , I 1 1 _ I7 ,.
theo gla thlet quy nap ta co , + A +...+ 2 m1n 1.?‘ v01

(l+uI)“ (l+(13) (l+(z”) (1+(1) J

(1 = 4'/(z|(z2...((” 2 5

W‘ , A , ( ; , .

Ho‘n nfra am = —”. D0 do de co (2) la ch: can chung mmh
(1

12 1 1/ /1 +1 Iik+(L21ni11/1.—i, =1 (3)
A(1+(1> [ SM" )<1+.¢>j

' 1+ (II
(1 /

- Nhéc 1&1 I51 ta aa xem nhu' S (6 dinh. Ta xem vé (mi CD21 (3) nhu' I51 hilm theo (1 Va kf hiéu 1:1 f<(().
_n+l

kn 3* ~
,1 , . _ , , . ,. , ., "/\' "+1

De chung m1nh(3), ta se khao sat j vo'1(1e Ti‘ . Ta co: _/ ((1) =——-'Z—‘-T+———”(k+!
(1-{-(1) * /1 ‘(+13

+‘ -V
l\ (IN

/

LE

\/,
___.z

V
A

V

f'(.»~>z0<=> gm) I(/1+l)[ln(.s')—ln((1)]+(/<+1), 1n(1+((>-1n(1+¥ (_

, , —(/1—k)(!”" —(n+ l)(1” +(11+1)/<.s‘”"(1+(/</7—]).\‘”"
Ta co: g ((1) : _|

(1(l+(1)(u” +.s'” )

I rw] 1| /1*] H*|
g ((1) 2 O <:> /1((1)= —(1z—l<)(z —(1z+l)(1 +(n+ l)l<s ‘ (1 +(/<12 — Us 2 O.

Ta C6: //((1) = (n+1)[—(n —l<)(1” -—/z(1”A‘ +ks”*‘]

Luu )7 151 k <12 nén //((1) déi déu IL)‘ du'o'ng sang £1111 trén Hon nfra /1(0) > () nén

11(0) cng déi déu ttr du‘o'ng sang m trén RT Vi g'((1)=() cimg déu vdi /2((1) nén

g((1)=0 c6 téi da 2 nghiém trén \/(y f'((z)=0 c6 téi da 2 nghiém Lrén RY Hcm

nra. f'(s)=O vil lim f(a)=n21=f(s)=1im f((1) nén nghiém cbn lai cua f'((z):0
u—>()‘ ‘<IH1'<=

trén Rf 151 (10 6 (s.+<><1).

Suy 1'21 f((z) téng trén (.s",(1U) v£1 giam lrén czic khoéng (O,s) v51 (an,<>O).

Tir dé suy ra f((z) 2 f(s) = lim _f(.\') = 1. Va e R’. B511 tozin ducyc giai quyét tr<_>n \/¢n.
.\‘)'v'l>Q
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X. DON BIEN TOAN MIEN - EMV[ENTIF1’ELY MIXING VARIABLES]

T£11ca11h‘11g kf" ihuét dén hié11 111Z1ch1'1ng 111 \'£1'z1 1161651106 111r§1d£1c diém chung 121 khi

{hLl'C hién phép dém biénz _/111./>.(-1z_/’<<1'./>'_1-'1 ma b<f> bu $6 <11./>.<~> 1/51 <11’.//.1-'1 aéu 06

n1{1td:_11 l11‘c_\'ng‘dzf1ct1"11'11g giéng nl1uu.ch€111g hz_1n nh11‘t611g. lich...

Ph11'0'ng php EMV cfmg 06 dgi lu'Q'11g dzjc {rung khfmg 1151 sau khi dén bién. Tuy nhién.

$11 khzic biét hoim 105111 so vdi czic ph11'0'ng phzip dén bién tr11'é'c I51: “D31 l1rQ'ng déc {rung

khéng d5i khi $11‘ dgmg EA/[V121 hiéu czic bién, t1'1'c 151 czic dai l11'<_mg u -12,/2—c,c' —u

Tu‘ tu’O'ng chu dao 011111511/IV 121 chtrng minh khi lémg h0z_'1c giam czic bién di cimg n1©Ld;1i

}11'c_mg. bit ding 1h1'1'c )§u di hoéc kl1(1ng dfvi. T11 d6 ch1 cn chtrng minh bit ding th1'1'c

[rong 11"1rb'ng hqp 11161 bién O‘ bién.

Ch1i)"r§1ng néu s1'1'du11g EMV trong bit déng Lh1'1'c 11 bién_ khi d5n 11161 bién \"ébié11,th1

bit ding I.h1'1'c cm /1-1 bi€;n1 tuy nhié11_ néu bién cbn lqi \’z:111 2 3 lhi \'iéc chimg minh

151 khzi phirc tap. Vi vz_§y chimg 161 ch1 néu nhfrng (mg dung 011:1 EMV trong bit déng

111m: ba bién.

Q‘
,_..

U‘
I-10

(D)

‘.5

('+

-N
Ida

C

1. ENIV v

B51 aéng 11m¢ mi bién S6 cé bién 131 0 chiém 111©Is6 1u~<_>-ng dzing ké trong b;-S1 dang 11111-C

néi Chung vZ1b§1d§111g lhirc ba bién néi riéng. C phn IV. ta d xét dén min k§' Lhuét dé

dy bién vé bién £511 O. V51 by gid phu'o'ng phzip EMV sé cho ta 11161 czich tiép 05111 khzic

vé ky 1hui1tnE1y.Cl11i11g 121 sé bit du hing 1n1}1 bit df1ng lh1'rc khzi néi tiéng:

Béi 10.1. cm <1.1>_<~e . Chimg minh rang;

1(,1+1,1+1111(;,1;,1;1122
\(b—(')“ (<1—c)‘ (b—u)"/ 2

Ch 1271g minh

Vi VT(a,b.c‘)SVT(I(1l.il1!,}<'1) nén ta chi cn chrng minh bl d51ngth1'1‘c trong t1'L1'b'ng hqp

:12 b Z ().cS().T1'11'O‘c hét ta 06:

(I: +b2 +1-3 : (U +b2+ (T + (U _b)~ +(b it)“ +((-_a)_ 2 ((1-1)): +(b—:')3 +(('—u)3
. J

D0 véy ch1'c§"m chtrng minh:

1 1 1 K 1 1 1 ‘ 27((z1—/))'+(/2-6)“+(c'—cz)')I ,+ ,+ , 2 (1)
\(b 1) ((1 () (/1 (1) Z

Belt VT (l)‘= f(a. b. c). ChL'1 _€' ring bait dng th1'1"c trén chi gém czic dai l1rQ"ng déc tr11'ng cda
EMV do dd f(a.b.c)=f1’a—.\".b—.1',c"—,1').\7’.1"eR. D0 véy [21 c6 thé gizi $11‘ mét bién



C‘lzu'r/nv IV: .\'lu7'n <1 vién kiln ('l!'()'lI tron" hrft zldrzv tlz 121- /zién zlui (ll<5 O \_ O \5 . .

bng 0. 036:1} m SE chqn bién />. lire chqn .~.-=/» \1 khi dd mi» Q» (<1-/>.0.<-» ox ih0il

Tr

I}
.4

min (1 —/2 2 (). ("~11 i O .

.4 ; , . ~ ~ \ 1 l I Z7T1CpIhCOI£1CI] chunsmlnh: ((<1—<-L)‘ +1" +41‘)! —w+—_+%+ i2—— (Z)» * 71 , 3
»_\< u tr —u) _

Y , 1 “I ~ ~ ('u—('): 1 1 8
SL1‘ dung cue bz1ICla11gIhu'c: 0‘ +a‘ Zi.—,+—¢4+.

Z <" u‘ (<'—u)‘
\ , I (1+g,) 4 ; , , .T a co: \/T (Z) Z(l +%)(u —(') :?. Bat dang {hut du'Q'c chung mmh.

((1 ()

Ding lhfrc X21)‘ ra khi \'Z1 chi khi u I {.12 :0. <':—I \"O*i re \’Z1 czic hozin vi.

Nhlz xét: Phu'0'ng phzip E1WVl1'0ng bixi main n51)‘ CILIOC su' dung mél czich khzi déc dim.

khi mZ1biéulhL'rc kl16ngdC§i khi dilng E./WV.

Tiép thco ta sé lgxi qua)‘ lgli bit dxlg lhtrc Sclzur mél I511 nfru.

Bili 10.2. (Bét (Hing thfrc Schur) Cho u. /1. (' 2 O. Chirng minh lléllgi

(13 +11}+4"+30/202:1:(l2+<')+/2:(¢'+u)+¢'3(u+/)) (1)
{

CIz 12'/lg minlz
w w ~(1) <=> _/'(u./2,0)=(Z7+('—a)(l2—(')' +(u+<'—1>)((1—(')“ +(u+/2—¢')(f/7—u)_ 20 (Z)

Ta sé chfrng minh: _/'(c1./7.0) 2 _/'(a —.\‘./>—.\'.¢'—.\'). Vxe [U.min{(z./7.1"} ].

Diéu nizy hién nhién dflng vi: /2+c'*z12/>+c—u—.\‘=/>—.\‘+('~.\'—(1+.\' vi czic két qua
lu'0"ng lu‘. Theo két qua cua Bili tuzin 4.1 [hi bail diing thfrc dng lrong 1ru'b'ng hop mét
bién bz-"mg 0. \/éy bét dfmg thtrc du'Q‘c chtmg minh.

Nlzgin xét: Ldi giai Qua \'f dgl lrén di sL1' dung dén bién loim mién \"O'i dang SOS 151:

Sh, ((1./>.(")(/> — 1'): + S/-,(u./1.(‘)(<"— 11): + S, ((1./1.<")(u—/7): 2 O

D51)‘ 151 min kf lhucfll khai hiéu qua V1 n6 giflp la loai ho Inét chu'O'ng ngai bzic Z I51

(u —l2):. (Z2 —(‘):.((' —u):. Do dd ch! cn chimg minh:

SQ (a_l>.c) 2 SQ ((1 — X./7 — .\".(' — .\').g E {(1./2.0}

Tuy nhién khéng pha'i lflc nflo \'§n dé cfmg don gizin nhu' véy. diéu nily sé du'Q'c thé hién
r6 qua bi tozin szlu.

~

Béi10.3.-Chou,/2.c2().Ch(rn2minh:l+i+l+ 9 z4( 1 + 1 + 1 )(1>
I“ (I I) 1' [1+/]+(' _/H-v c+a a+/9‘ ,

Ch ling minlz

B§ld5m2th11c(1)<=>(u+b+¢-)(l+l+__ t i —--“ u ./1 *7+{> ¢'+u a+/2,

F:i
\/

4;
/—\ \

+

v

+

+
DJ

@ ZKi— j(l>—("): 2()<:> Z(1(/)+(")(z1: +41./2+z1c—/2(‘)(l>—(‘): 20
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Dén diy. czic ban cé thé nhén Lhy nguy ring k§' thut 0' bili tru'6'c khéng cbn tzic dung gi

lrong béi tozin nily. Vi xéy. Chng 1-.1 cfln dén rnél kiéu bién acsi Lhfch hqp hon. Hay ch y

réng. trong phuong phaip EMV, czic dai luqng a—1>./>—(*.('—u xuét hién cimg nhiéu {hi

phu'0'ng phzip cimg hi{:u qua.

Vdi tu' tu'0'ng dé, chimg ta bit du bién déi nhu' sau:

Za(1J +c)(a3 +ab +ac—12<')(12 -612 20

<:> 22‘/21(1) +<')(19 — C13 — 2311(1) +c)(u —1J)(u — c\)(1> -012 20

<=> 2Z¢13(1>+<')(12—(')2 +(1J—C):((‘-(I1:((1-17):Z0

Thzfat may mén lil til‘ bién déi trén ta cé thé théiy ring bit ding thirc hién nhién dfmg.

Bing thfrc xay ru khi vi! chi khi cz =12 = c".

Nhfin xét: Bién dfvi vé biéu thirc c6 chiral (12 — ('12 (c'— Cl): ((1-12): 121 m<}1 §? Iu'O'ng r2‘1td<;:p

vi hiéu quzi, caic ban c6 Lhé thy 1'6 dé mgmh cua biéu thirc trong dzinh gié =0. \/Z1 caic

bqm sé thy 1'6 h0'n nfra vai Lrb cua n6 khi chfmg la quay t1'0'1ai bt ding {hire Iran.

Béi 10.4. [Iran TST 1996] Cho £1.12. c 2 O . ChL'rng minh ring:

__J

((117-1-17(,'+L'(111— 1 + I q+ I 22 (11

1L_((l-+-171: (b+('1_ (c'+a1', 4

C6 thé néi, bili toain trén 121 mél trong nhtrng bét ding thirc du'Q'c nghién ctru nhiéu nh§t

vé'i 16¢ nhiéu léwi gun. va mam “ngac nhién" khi baa tozin nay cflng khéng ném ngoéi

pham vi zinh hu'O'ng Qua EMV.

Dziu tién, chling ta sé bién déi bit ding thirc nhu' sau:

b¢-+¢a+(;b_2: 4b(a-—b)+4<‘(c1—(:)+(b—c1:

Z (1>+(>)’ A4 Z 4(b+<-)3

:Z([7_C_)[%_%j+i2(11-0;; ZXL 12c'7—(¢,3 1 )71j(b_(_)2

0+0): (1>+u ' 4 (1)+(' H a_+1>)' (1-1-('1' 417+<"

:Z(u—17)((1—('1(u3+b€'+3u1H:3u(“1(b_L_)2+Z 
4(b+(')'(c+c1)'(u+191' (c+a1_((1+1)1'

:2 1JC(17—(‘): __(17—('):((.‘-(I)2((l—b1:

(c'+u)2(a+b)2 4(12+(.')l(c+a):(a+b12

Véy bét dang (hire (1) W _
(c+a1' (cl +b)' 4(1) +c1“ (c'+u)' (cl +171-

<:> 42 120(1): - L‘: )2 2 (1>— C): (("— (1)2 ((1 —19)2

' ; HZ 1JC(17—Z‘)2 >(17—C12(C—(l)2(CI—1J1:

Vy r6 ri1ng_ ta chi cn xét bi toain khi min bién bng O vil t1"u'b'ng hqp nily dim du'Q‘c

chtrng minh G phiin lru'('>"c. Khéng dirng lai O‘ di1y_ nhin vilo phép bién déi néu trén ta

thiy ring hoiln toim c6 thé 121m chit bail ding thrc thém nfra:



Chzrrmg IV: Nlzvzg vién kim czrmzg {rang brit dizg t.~'z.=£"r hzén am 603
Bi 10.5. Cho 11../2.12 O. Chtrng minh ting:

(ab+bC_+Ca){ 1 + I + I )1)2ii+l5(/;—¢»)_3(('—u)_3(u—b)_:
\(/9+0)" (c+a)_ (u+/9- 4(/1+0) (("+u)V(a+b)‘

Chzhlg minh '

T1l1‘kétquz'1trén_ ta chi céin chtrng minh vé'i c‘ : 0:

ab(L,+L,+—1—, 22+ @(z1—/1)4 2 O
41* 17- (a+b)' 4 4(a+b)h

Ding thtrc xay ra khi vit chi khi (1:19 = c h0a_'1c a = /24" = O v21 czic hozin vi.
C1111 y.~ Czich trinh bily trén 151 aé mé hién tu‘ tu'Cmg CUZI EMV, ngoéi ra czic bgm C6 mé
truc tiép théy ring bit ding thfrc tu'0'ng du‘0‘ng vc3'i:

T v -1 v 7

_>

;._.J

‘_ab(a +b)' —4(z1 -6)’ (12-0) (a—b)' +cu(('3 -512 )H +/2c(/2: —c3)2 2 O

Diéu néy thi hién nhién dng do: :12 a —c 2 0./2 2 /2 —(' 2 O (khi gia str (1212 2 0)
Qua czic biti toain trén, ta 06 théy du'Q'c hiéu qua cua phu"0"ng phftp EMV trong chirng
minh bit ding thtrc déi xirng ba bién. Tuy nhién. bit ding thirc hozin vi mé'i IE1 {mg dung
10"n nhélt CUZI EMV.

Bi 10.6. Cho a,b,<'2O théa mn a+/9+0 =3. Chirng minh: a3/2+/230+ cza + a/70 S 4
N

Chzhzg minh
Tru'<IYc tién. muén SLY dung ky thugit @1611 bién toiln mién. ta phzii loai bo aiéu kién béng
czich muén nh2"'1th6a bit ding [hU'C hay dun ban tozin trc'>'th5<1nh:

\ 7 '7 '> 4 1Cho a.b,c20.Ch£rng minh réng: u‘b+l2'c'+c'u+al9cS§(u+b+c‘)‘

Bét ding mac cn Chirng minh <=> 82¢‘ ~ (mm » 32/>¢~</> + C‘) + 272/7C(_C—[)) 20

<:> f (a,b, 0) = Z (:1 + 419 + 4c)(b — c): + 2'/(a — /J)(/J — c')((' — a) 2 O

R6 rimg ta C6: j"(u.[7,c') 2 f(a — .\'./2 — .\‘.(" — .\'). Vxe E0. min {(1.1).

‘ . 4 , - * 4 :Vaiy chi cén chirng mmh bat dang thu"c kh1 c : O: u‘/2 S_,—7(u +12)’

._?
\

5’ + ” + /2 ' .» , 3 (I (I 2 2 4+  1Ap dung/1M— GM ta co: a /2:4-—~—-hilli =—(a+h)
2 2 3 27

Bit ding thfrc chrqc chtrng minh.

Being thtrc xéay ra <=> a = b = c =1 hoéc a = 2.12 = l.<: = 0 vil caic hon vi.
N/1;?” xét: Trong qué trinh dém bién toE1n mién trong bi1i nay. xuit hién mét biéu thtrc ding chd
y 121 ((1 -mm -‘¢)<(.--(1). Vai trb C1121 né chinh I21 lilm méit mm hozin vi trong phian cbn up cua
bit ding thirc, d§1n dén viéc bién c'f6i vé dang SOS thugin lqi hon.
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O‘ bién. Tuy nhién. bién trong hi tozin niay 1i{:u Q6 giéng vdi Czic bili Lozin u"u'é'c khéng?
Chling ta sé cimg nhau xcm xé! vn dé I151)".

Trude hét. ta th1'r\'(')'i .\'= k = min{r1. b. 0} tirc cho m<_3t bién bémg O. chéing h2_1n 0 = O.

Khi C16: f(u.b_O) :§£+/l. Khéng thé Q6 két luén gi vé max trong tru'O‘ng hqfp nix)".
7 (I

Ta nhéh may rang. khi 111 ChO bién <- I 0 Sé khién (II/J \-1 <>=(-zm~/n. v51 khi d6

_/"((1.1). 0) = 2. Viéc as aa lilm biéu thtrc fm. 1». L‘) yen di 1-51 nhiéu. mé hién <»- viéc khéng

thé Um du‘Q'c max f(u. I2. O).

D0 vziy chdng ta C511 tim mét bién thfch hqp hon. Chfl )7’ ring. khi cz:mz1x{<1_/2,0} {hi

diéu kién cn \'Z1 dd dé a. b.c1Z1ba c2_mh ctlu mét tam gizic (c6th5sL1ybi§n) I51 (1§1>+('.
D0 vziy ta nhfm thy ngay ring b+(: chfnh la bién cua bién u. T_[1' dé. ta bit d§"1u qué
lrinh dziy u vé 12 + z".

Xétd§1nglhL'rc: a —.\" : b—.\" +<" — .\" <:> .\'= b+ <-— u 2 ()

D0 d6 ta nghi dén viéc cho _\": /< =12 + 0 — a.t£rc1Z1ch0 u =12 + c‘. Khi d6:

f(b+c,b.c)=1+ b + C =2— 31%. $2
' Zc+/2 2!7+(' (Zb+(')(2('+/J)

Ding thL'1'c xaiy ra <:> a = /2_ c = O. \/éy max f(u. b. c) I 2

Bili 10.10. Cho (1,1). c'€ [Z3] .ChL'rng minh ring: .

, ,

(a+b+c)(i+l+l)26L~—L+Z+%) (1)
61 5 C‘ l2+(' c'+u a+b

Ch zivzg minh

Dé mm; hién phép dén bién toim mién. mm-¢ hét ta phéi bién déi diéu kién cté bi cho
th1'ch hqp. ChL’1 )7 réng véi m<_>i x._\'.:€ [2.3} [hi .\‘+_\'2 :.3.\‘22y. Do véy. ta sé chfrng

minh bit ding thfrc vdi diéu kién a. I). c 151 dé dili ba canh cua mét tam giéc théa min
bit ding thtrc rng buéc 3min {a.b,c} 2 Zmax {a,b.c} (’*‘). Khi dé,

(1) <=> Z{i———#)(b—c): 2O@Zc1(b+(')(c13 +ul2+ac—2bc)(b—c)2 20
be (z1+b)((1 +(')/

<:> Za2(3a -12 — <')(/7 + ("W1 — 0): — 220(1) + (')(u — /7) (cl — c)(/1 » (‘)3 2 O

<:> Z(12(3zz —b—c)(b+c')(b—c)3 +2(b—c): (('—u): (u —/9): 20 (2)

Dét f(a,b,c)=VT(2) V51 gié sir a = max{a,b,c}.

Ta Sé chirng minh: f(c1,b,(')Zf(a—x,b—x,c—.t), lrong d6 ((1 —.\',b—-.\‘,c—.\') lip thilnh

3 canh CUZI mint tam giéc théa min diéu kién (*).

Gié sir a Zbz c, ta c6 (b — .\‘)+ (c— .\')2 (0 — .\') via 3.(c —.\") 2 2.(a — .\').

tirc 121 xe [O,3.c — 2.0]. D0 dé ta chi cn xét trLr<‘>‘ng hcyp 3.c = 2.a.

Viéc hoim thién chtrng minh xin dimh cho ban dqc.



Chm/ng IV: N11171:g vién kim cm/ng trong brit dng th 12'c lzifn dgzi 607

B511 10.11: Cho a_ /2. u 121 dé dixi 3 cgmh cL'1a1nc}t tam giéc.

lg
FChfrnq minh 1-éne;4(1+Q+£)z3(£+£+_)+3 <1) ,” ‘ /2 c L1 r /1 (1

. , .

Clzzhzg minlz

Btdéxnsthtrc (1) <:> 7(£+§+§—Q—£—Q)+(Q+£+Q+9+Q+5—6)20/7(a(l9 (1 L/761 /2(<1'-/ . . . .

<=> 7(a—b)(b—c')(c'—a)+c1(l>—(*)3 +/1(c—-(1)3 +¢-((1 —/7): 20

Tit dé. ta chi C511 minh b§td§111gtl1L'1'c v<';'i c'=a+/2, tire 151:

7a./1(1) — (1) + (u + b)(a — b?)2 + Cl} +12} 2 O <:> 2:13 + 2/2" — 70113 + 7:13/2 2 O

'7

7 q ~ , ,

<=> 2./2(1) —-%a +§a‘b + 2a"2O.Bétdzi11gth1l'c duqc chtrng mmh.

Bang thirc X51)/171 khi \/'51 chi lghi (1 =1; =(.-

Nhn xét: Str dung EMV ta C15 ding gizii quyél du'c_>'c bili tozin téng quzit:

Cho a, b, c121 dc} di 3 canh cuz1n1(}ttz1m gizic. "Hm hing $6 tét nhét cua bit ding thfrc:

(k+1)Li’+2+£j2/411+-(-h+£j+3
I7 ( a u I7 (

~ V.

Bi 10.12. Cho (1,1), (-18 CK) di canh cua min tam gi2ic(c6thé'sL1)/bién).

, . \ 5./J 5' ' 5 _Chung mmh réng: 9Si_L+-b—_l+i—(£S9.3 (11)
‘ b+c c+(1 11+/2

Cll zhzg minh

"b ‘ ~ 5 1Ta chfrng minh: a+D +b+5c + ( + U 29 /:>Z;(b+(')(b—c)' 2lO(a—b)(b—c)(c-cl)
b+c c+a a+b

D5 ding nhn ra ring ta chi can chfrng minh bit ding thtrc véi (1:12 + c, tirc 151:

<1» + @><z> - C): + <21» + ¢-)6 + <1; +'2¢->171 2 101m»-1))

1

<=> 21>‘ +11/A--9b(1-1 + 28 20:» 2(‘(('—%)_ +%/1% + 21¢‘ 20

Bing thirc X3)’ ra khi va chi khi a =1>=<-.

Mal khéc: a +512 b+5(' <r+5a Z (l>—c)“ 5(a —-b)(b— c)(c'—a) f(U_b‘C)
b+c ("+11 u+b 2(u+/>)(a+c) Z(a+/>)(b+(")(c'+a)

D5 lhéy f(a,b,<‘) S f(('.b. (1) néu (1 Sb S <'. DOVQ)"[£1Ch1C§1I’1 xét khi (1219 Zc.

Khi dé hiéh nhién: f(a,b. c) S f(a — .\‘./7 — .x',<' — .\-), Vxe [(112 + (‘ — :1].

Tir <16, ta chi can chllmg minh bit dang [h'C mi £1 =1) + C, ttrc I51:

6b-+~ c b+5c 6c+5b
+ + S 9‘5 <:>bc(19+l lc)2 O.B5.td:f1ngth(rc du'<_7c chirng minh.b+c 2c+b 2b+c
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Dz'1ngthL'1'cx:1}" ra <:> :1:/>.(':() \"i1 czic hozin \"i.

.\"'l1g?r1 xét: Chéc h:'1n czic ban déu d nhzin sgr diéu rl thin \i 0‘ hili tom nu). d6 chinh lil
lfnh Z chiéu lmng dzinh gizi Iz_1i dL1'Q'cgiaiqL1y§1 l11_»n \"¢n bfmg E1\/IV.

r

.4
3

F

\
\.

2

"w

+.

2

+
\

\J

2

0:
921

10.13. (‘ho <1. />. 1‘ la d() dili 3 cgmhcuu I11@ll£lIN gizic.

~ ‘(I7 /1' N 11' /Y <"Chfmaminhla 2 2| + + '2 + +/>+< ll)

(1)<:>

3(u

'1.)

C/1 ling milzh

(13 /13 0: 11: /1: 1'2, (1: />3 ('3 uz /1i 0: 3
+ + — — » 5+ + + +__+A+~-_m+/)+(->20

/> 1" u 1" u /2 , /J (' 11 4" u />

—h)(/1—¢')((“—u)(u+/2+0) (/2+(")(/>—c'): lu+¢")(u—('): (/2+¢1)(/7—uL>:
~ Y W v__~»-MA-~_ Z + -v ---A--_~ + _—_7~_-~ + Wm WW V» ( 2 0

41/7(' /)(‘ m' bu

£l(lJ-‘-(')(/J—(‘): +/>(a+<‘)(u—<'): +¢'(/2+u)(/2—u):
<:>3(zz—/2)(/>—¢')((‘—u)+

V V / 20(2)
<1‘! <T )+ '

u(/2+0) l l
Giéa su' <":z11L\{zz./1.0}. Khi dd: I 2 — . ‘v'.\‘e [()_ 11+/2~u]

/ 1 I I 1

\"Z1 czic hl ding lhL'1'c lu'o'ng lgr. .\u}' 111 Ch! cn chtmg minh 11) \"O'i <

¢1+7+<'

u /)+<' u—.\‘ /2*<'*Z.\*

-11+/> . ttrc 121:

(1; (Z/1+u)+/wl (Zu+/>)+(u+/1): ((l-/J):
3<1l>(/J — u) + Z O

Z(z1+/))

<:>a*‘ —Za3l>—c1:l1: +-lulu" +/>l 2O<:>(u3 —u/2-1)“); +211/>‘ 20

B51 ding thfrc du'Q'c chimg minh. Ding lhirc my ru <:> a=/1:0
Nhgin xét: SL1" dung EMV In dé dimg gizii quyél du"Q"c bixi Iozin léng quilt:

Cho (1. /J. 0 121 dc} din 3 canh cua m(}t tam gizic. Tim hing $6 [Gt nhzit Qua bait ding thtrcz

(l<+l)L H+ ‘+ _ |2/< _+ _+ H‘ +u+l7+('
/7 n (1 / \( (1 1

. \. )/
Béi 10.14. Cho u./2.01%: ba canh cu;1111(}tIumgiaic (c6 thé suy bién).

Ch(rn<1 minh ring: hi)“-L—(l+2()§ l(v(i+i+—‘%) (lj” ‘ 5112+/>("+¢'c1 u+/2 b+c ("+11

Ch lhzg milllz

ChL’mgtanhz_in1h§y ring. d5ngllu'1'c cu;1(1) khéng my rn khi (l =19 :0. D0 \'_éy1'6ri1ng

nhfrng du'€>'ng léi bién déi d ta dii timg dimg khmg c6 tzic dung. V21 vi vzfxy. U bili tozin

nZ1y.chL'1ngLz1sé bién déi thco min czich khzic.

Bétdéno that (1) {_\ Cl:+/J:+(':—2(tI/7+/7('+('(l) <8(u—/2)(l1—r')((1—<")
° W u/1+l1<'+(‘rI _ (u+/>)(u+c)(/;+<-)

Vi (1.12. c" 151 bu cqnh Qua mét lam gizic nén (13 +123 +03 — 2ub— Z/>0 — 201150. do dé



CI1 1r0'ng I V: Nh1?'ng vién kim cu’(r/Ig lrong I217’! d(?11g th1i'c hifn (Igi 609
néu (1212 2 0 thi bét ding thirc dflng. X6! c 21> 2 (1. bit ding 1hL'1'c 1u'o'ng du'o'ng:

(11 +l>)(u + <')(1.>+ (')(Z¢1lJ + Zbv + Z111 —u: —/>3 —(‘:)
11/) + ¢zr'+ /71‘

Z§§((I—/7)(/7—(‘)(('—¢I)

Xél ()S.\'Szl+/>~r" V51 /'(.\‘)=((1+/>-Z.\')(/7+<'—Z.\')(u+('—Z.\‘)+
- ~ 1

+(a—/1)’+(/>2<')“+(c‘—a)'47 _a_/7_(,+
1

. . . \.

Lu

>1

_ I l + _l + 1

\ 1/—.\ />—.\ (—..
Dé1h2"1yf(())= VT (1). .\/[St khzic ta Q6: ’

4/"(.\") = —Z-1.1": + 16(u + I2 + c) .\' — Z(u: + /1: + (-3 + 3:1/7 + 301' + 3/2(1)

' 1( + 1 + _1 ‘
(u—b)2+(l2—(')3+(c—u): (c1—.\‘)2 (/2—,1‘): (<"—.\'):

+ 3 3- 1 1 1 31 1 1(1—x /)—.\' ('—.\‘

DJ4;.
r-"1

A

J

J

1

__1

S—Z4.\': + l6(<1+/v+<‘).\'—Z(u3 +/)3 +02 +311/7+3a<‘+3b(*) +— a—[2)' +(l2—(‘)_ +(("*u)'_1

S—24(z1+b—c)2 +l6(a+b+z')(a+/2—c')

—Z(u: +122 +r': +3a1>+3u(“+3bc')+%[((1—/7)2 +(h—c')2 +(('—(1)21
J

=1 —’ 2 +59('(u+/))—ll(u2 +/7:)-3711/71I;€—59(('—]7)((’—(1)—Il((I—/7):j§()

Q)J
1"TI

Ll
\O

"3

'./J

Hilrh f(.\') nghich bié1111*011g \/'é'i ()S.\*S<1 +12 — 1'. 11611 [(0)2 _/' ((1 +[> — z") do G6 121

chi cn ch1'1'ng minh (1) vdi 0 =11 +11, ttrc 121 ch1'rngmi11h:

b 2 1 2/ ) ~ 1 1 4c1/12 Sub (12 — (1) <:> 40“ + 3:112 +110/2' 2 O
(12 +123 +3c1/J

B51 diing Lhtrc duqc ch1'1'ng minh. Ding thfrc x2'1y1'z1<:> u : bx = O v£1 cc h0ji1n vi.

Nhgilz xét: C6 thé néi. sL'1'c mganh cL'1a d6n bién loin mién di du'c_>'c lhé hién d§yd1'1t1"0ng

bin tozin lrén. Céc ban hZ1yd§)'/rzlang. bu'c'»‘c dzinh giai fm_/>, 1-) 2 1/"((1-.1~.b-.1. 1--.1-1 <1 czic

bZ1i t0a'1n1ru'é‘c déu khzil0ng.ci>nt1'0ng bZ1i tozin nily. dé ch5tc1'1ad2'1nh gizi thé hién O" qué

trinh ch1'1‘ngminh f'(.\") S 0.

x1. MQT sé KIEU DON BIEN mjxc BIET

.\/[(31 trong nhu'11g dac diém hp dim nhl 011:1 phuong phzip dén bién 151 tfnh da dang
trong ky Lhuét X11" Iy‘. V51 diéu nZ1y sé du"Q'c thé hién 1'0 qua min $6 bi main du'Qc gieli

béngnhf1'ng ky 1111151 (1611 bién aac biél.

B:§1i11.l.Cho .1-._v.;e[—l.l] \/it .\~+1~+;:0.

Chirng mi11h1*:l1ng:\/I+.\"+_\'3 +\/1+_\'+;3 +\/1+;+.\'2 23 (I)

Cluhzg minh



(1 I (1 I’/1u‘u'n;_> plui/1 J11

'1‘1‘Lré'c hét ta sé chfrng minh hé <15: V

Néu :1/121'); 11./)_¢1+/72-11111 \'l+u +\l+/>21+\¢l+u+/1

'1‘hzf11-vi)‘. hinh phu'0'ng I vé hit dng tlwtrc lrén

2+u+/>+2\"(l+u1(l+2Z+¢1+/>+Z\“l+u+/>¢:~(1+uHl+/>121+¢1+/wwu/>21)

Tro‘ lai hZ1i 102.111. [rung 3 s13 .\'+ _\":. \~+ 53.: +1": phai Km 1;_1i it nhl hui Q» hgmg cimg

déu. nén khimg mt linh Iéng quill 111 gin >u' (_.\‘+ _\": >\-+ 59121). Khi d<'»_ [hon nhfm xét

lrén {hi

VT(l) 2l+\"‘1+,\'+A\':+_\'+;: +\‘l+;+_\': I1+\'1\,\1*'f+f:1—+_\':+\(\1-1-f)r+.\':

2l+\,/(.\l—:+:.: +\/1+1)‘ +(.\‘+_\’): :1+\*;(\11—:.+:,3 +\"l+.-1,): +::
~

, \ \ *7‘ ~

Cuéi cimg la ch: cén chirng minh (\1— :, + 1‘ + 91+ 3) + 3" 24

1 /ii . . J . \
¢>2;~ +2\/1-;S z2<:>1-;~ 21-2,-,~ +;_ ¢>.-.~(,---1)§<>

B£1td511g1h{1'c lrén hién nhién dng \'1 -1 S t S 1. In Q6 dpcm.

Dz'il1gl11L'1‘c xz51y1'a<:> .\'= >\" = : I 0.

B51i11.2. Cho (1./2. (1 1/ 201a +12 +<' +</ =3. Tim max: j

u/1(u + Z/2 + 31') + />('(/7 + Zr" + 31/ 1 + 01/ (0 + 21/ + nu) + 1/11 (<1 + Bu + 31>)
I

I I

Gizii

Dé ding chirng minh: _/' (u./2.0.11) S _/'(u./>_<-+ (L0) (<1 :1nin{<1.l>.<".¢/} )

Bili t0i1nl1'O'th£1nh: Cho u.l2.<".¢/ 2 O10 + /2 + (' + d : 3. Tim max:

‘/‘((1./;.(') Ia/7(u + Z/> + 31‘) +/)('(b + Zc (Zu + (‘)/7: + (u + Zu1(u + ('1/>

Ta 06: f(u.l2.c') —f(u+c./2,0) =/>c'(u +c—/2); f(u.l2.<') —f(O.b.c1+<') =(1l2(/>—u —c)

D0 C16: f(u./1.0) S n1a>;{f(u + 0. /1.())._/10./2. u +(')}

M£_'1l1\'hLiC ta c6: _/"(:1 +<-.l>.()) = 2(u +0)/>3 +(u +<-)3/2: 2(3—/2;/)3 +(_3—l7):/):g(/7)

_f(O.l2,cz+<')=(u+(')b3 +Z(<1+("):l>=(u+z")(3—a—¢'): +Z(a+c')3(3—u—<')=g(u+<')

trong dé g(_\') = 9.1" — xi = -(_\‘ — \/3): (.\' + ZQ3) + 6\/F3 S 6J3. 1'2 O.

D0 déi f ((1./2. c-1 S max{f ((1 + c.b.()1._/'(().b.zz + H} I 6\/3

Ding lhirc xély ru <:> u =3— \/13./1: \f3.<'=d =0 viz czic hozin \'1. Vjy 1m1x_/‘((1./>_<'): (m/3

1 -1 Y \‘ Y ‘\

Bai 11.3. Cho .\'._\',1,€{—.Zl.ChL'1'ng minh réng: 81 '—+'—+; ,Z>1'—+—*++'— 1+9
7 \\ _ \ \\ \ .

- '" - ' -/ J .

Ch lhzg minlz



Ch lrmzg IV: .=\'lz 1711g vién kim cumzg trong bl dng tlz 12'c hin dgzi 6] I

D:§1l_/'(.\'__\‘.:,)= '—+'—+-;fZ5['—+;+'—]—9.
- x; \ \ :,'

/___\

'/.'1

4I

,'<\\

-»

.»—,

__/

Gia su' .\‘ I mz1x{.\'. v\'. Tu 06:

» ‘_ /'\_ \~ ;T\ _’i;;_ ; _‘—\/.\‘:)_(8.\‘—'5:)>O_

\~:
A

>1

-1

Z
\_,

gt
/-\

>1

4,

>1r
Z

\,

O0

I.

,.

J

,.

u
__|.

/‘Z

J
<_

'»<47
\_1_/

,-\

¢

1-1 , f.

:>_/'(.\-._\‘.;)z_/'(.\~.({-;.:). B51) giodél /=\A,="-f'.1s1§2 ma;

_/'(.\-.JT:.;)=x('2\/§+§-3)-5[’2€+§-3)=x(2[+%_3)-5(%+1’ -3)

__§i([_1)l(~,[+1)_§([_1)1(I+2):(r—1):(8ir6z—513):(*r—1):(4f5r)(2—z)2(i
13 _ T 1‘ 1'

B51 dfmg thfrc du'Q'c chfmg minh.

Ding thirc xéay ru <2 .\"= _\" =1 hozfac ’\".;)=(2.l.%);(l.%_2);(%.2.l)

xu. emu LY DON BIEN TONG QuAT [emv - GENERAL MIXING VARIABLES]
Trong muc ni1y..chL'1ng léi sé gidi lhiéu dinh 1)‘ G1WV(mGcncrz1l Mixing Valriablcs) dimg dé
dén bién cho 12 $6. Dy I51 mél dinh 1)" rl I5ng quail. bao gém gin nhu' loim bé czic khé néng
dém bién.

1.ChL'1ngta bét din bfmg min $6 dinh nghia lrong khéng gian R".
Djnh nghia 1:

- Khéng gian R” Ii Lajp hqp ctic bf) lhr lu .\‘=(.\"I..\':.....\"”) vdi .\-I e R_Vi.

' Min dy {xm =(.\'lm..r_m...._.\'M lronq R" <g<_>i 1£1h<_3i tu vé 1 =(;|.;, ._:,, )5 R” néu, - . . ,

tirng dy xi”, héi tu vé 3, khi m —»<><>.Vz':1.Z.....n .

~ Cho D C R”. Mél him $6 f : D %1<\‘§ g(_>i IE1 lién u_1c trén D néu: vdi m<_>i diy {xm} C D \/Z1 vé'i

mQi ge D sao cho {xm} h(_3i tu vé 1 thi ta déu cc’): f (xm ) héi Lu vé f(;).

Djnh nghia 2: Cho D c R”. Ta néiz ‘

' D déng néu vdi mqi dy {xm} c D v51 véi mpi ge R” suo cho {xm} héi Lu vé 3 thi ta déu cc’)

:e D.

' D bi chin néu I511 tai $6 Ihuc M sao choz ‘\7’.\'=(.\‘]..\':.....\'” )e D lhi

|,\-,|sM.vz=1,2,..._nA

V1’ du nhu' mcf>l tép hqp hiru han {hi déng vii bi chin.
Chilng ta c6 két qua cén ban sau dy (sé chtrng minh O‘ cu<‘>i muc ny).



(11 I P/Ill’!/llg phzip .\I\

Djnh I)‘ Weierstrass: C110 D Cléng \"11 b1 ch1f111 11‘o11g‘ ” \"i1 _/' : D a R 11611 1110. Th] 1‘

dal gi 111 nhO 11h€1I trén D. 11gl1111 111 1511 1:_1i XHE D $110 who: _/'(.\‘H)3/'(_\‘)_V,\‘e E.

ChL’111g111c|f111g c1'1ké1qL1a 1u'o'11g 1u'\'é'i gi11 111 11111 11h§11.

' Binh lugin: Dinh 1)’ 1111)‘ 151 11161 1110'1'Q111g Cllll m{>1 l\é1q1111 qucn 1h11Q1c: "Cho Ia. /2] I21 1

kh0é111g déng {rung R \'Z1 _/' :[u.l>]»> 11611 1111‘ 1111 f 06 gi1i 111 11110 nhl 11611 [u. /2]". D0

116. Y5 111511 11'11'c gi1'1c 1111 dinh l§' 1 kh1i1*(11"{111g.

2. Djnh 1)‘ GI\I\~':T11.\C*l11(111 gi11Ihi§11‘§111g1

- D 111 1 tzip C011 11"011g Ii". \'Z1 1\ 111 1 11111 @011 111311;; 01.111 D.

' _/':D —> bi li1n161l1i1111 sf} 116111110 11611 1111‘ s110ch11 V/'c(1gi;'111-1 11l1o11l1§1111"é11 1\.

' T ,...,T I D —> D lZ1c11c hé bién 11615111101111 T (.\‘) I I T, (.\‘) I .\‘.V,\'E A.
1 1 P P 1 A

T11 sé 1131 1'11 c1ic1ié11c1111511 dé gi1i11'1 11110 nh2"11 Q1111 4/' 11611 A cfmg ch1'11h l11gi1'1 111 11110

nh€1lc1'111 f trén D. T11 Q6

1)1n111g-c1\~1v1=1\1éu

- /"<1->2m1n{_/‘(T111->}.v_\-E um
1:17 1

' I 1,/<.‘V’.\'€ D 11106 l1111T/””(.\")e A .11‘011gd(1 Tf'(.\‘) I .\'.Tf”(.\') I T, (T,'”"(.\"))

1111 _/‘(.1-)2 m111{_/'(_\~)}_v.\-G 1).
\E.\

Ho'1111f1"a.dé11g1h1'1‘c kh(111g 1'11 111511 D \ A 11511 _/'(.\")>111111_/'(T,(1)).V.\‘e D\/\.
_11J--._».

Dinh 1y (;1\11v2=;\1é11

' ——»/1

- D déng v11 bi chin lrong .

' f('.\‘) > 111in f('T/ (.\‘)).‘V’.\‘e D \ A.

1h‘1 [(1) 2 n1i1l{f(_\‘)}.‘V'.\'€ D. 111111 111111 df111g 111110 kl1{111g ,\:'1y 1'11 11-611 D \ /\.
\&1\

011111 1y (:1\1v3= ;\1é11

' D déng \'i1b1chf1nt1‘011g R".

' j'(.\") > 111111 f(T/ (.\*)).V.\*e D \ /\._..

' T5n11_11c2'1cl11‘1n1 /1, lié11111c D —> thO11111Z111: /1, (.1) > /1, (T, (1')). VXE D\/\.

1111 f(.\~) z111111{_/'(_\-)}.v.\-6 1).

Cluivzg minlz

Chfrng minh GMVI: Ly x E D 111;/T11 c6: _f'(.\')2111i11j'(T (1)) v21b§1ng quy nap suy
1:17 ’ D

ra f(x)2 111m_/‘(T,’”(.1')).V.\'e D. D0 f lién tuc v51 lim T,,,(.\‘) G /\11én:
1:11 - ~1—>X



C.‘/urrmg IV: .\'h17‘ng vién kiln elm‘/lg tr-(mg hfil airing I/1121' /zifn l1(li (w I F

_/'(.\")2 lim| mi_11_/V('l""t.\')) !=I1]jQ_/'( lim T“"(,\')§2 min _/'(_\*j
/r‘4>»-~" V:-]_, r1_, ‘.';—~- 1 .-_@\

I 11Hon nfru. néu >/'(.\') > n '11 _/'(T (.\‘)) [hi do _/'(T_(.\"))2min_/'(_\') nén _/'(>\")> min
,-:7 _». ' né \ \= \

Chfmg minh (l;\lVZ: Do Dinh l)‘ Weierstrass. lén mi .\*H e D sun chm

_f(.\‘,,)$ _/‘(.\'). VXE l).

Néu 1*‘, E A [hi _/'(.\"H) > min_/‘(TA(.\“,)). mf1u1hu::1n. \*’§1)‘ .\-H <5 A \'{l ta Q6 dpcm.
FLA

Chirng minh GMV3: Li)‘ _\‘He A suo cho _/'(_\"|,):Min{_/'(_\')}. Gia su' phan chrng
. ‘.6 \

ring £511 lai :_eD suo cho _/‘(:)<_/'(_\"‘,). D0 /I,(.\‘) hi chén du'(>‘i trén D nén hing czich

c©11g1hén11n(>ll1§n1g \'(‘>kl1ict§n.lz1c6tl1é girl su' /z_ (_\')ZU.‘7.\'E[)_T/:1..."/(.

Chgn 8 >()du 1111011106: _/'(:_)+£Z/1;(:)<|/‘(>\"Y,) .

,;|

Din g(.\"):1nm{A/'(,\')+8/1,(.\')}_V.\*€ D [hi g :D —> I-1 lién1L_1c v21hu'n nfru
_/:|.L '

/
r_;_/

12

g(.x')>1ni12g(T,(.\')).\7“.\"eD\A " _(:)</'(_\"U)SNIi{1{g(‘\‘)}.
/:1. » vs.

Diéu nily mu Lhugn véi dinh 1}‘ 2.

' Binh Iun: Tuy hinh lhirc phzil hiéu ngém gqn nhung GMV Q6 l§m (mg dglng cgrc kl
r@ng1‘f\i. CU mfwi mél (hay mél \"Z1i) phép hién d6i T lhfch hqp 121111 lai c6 m(}1tiéuchu:§n
d<;wn bién. Chang hgn. In Q6 nguy hui hé qu Sllll J51)‘.

Hé qua I: [Phgm Kim Hi1ng.Si\I\'-Strongly NIixi|1g Variables] Cho:

' D C lil mét lip déng. bicl1fm\’E1 xl} =(.\'_.\‘......s')€ D.

~ Phép bién déi T nhu' szlu: vdvi m§>i bi» n (c1,.c13....¢1H)€ D.tz1chQn1'z1sc‘»]c'rn nht vi1s<‘»

nho nhl réi thz1yth§b§mgt1"ung hinh c<_3ng cua chfmg. Girl str ring T: D —> D.

' _/' : D —> R 121 min hixm lién Iuc. déi xirng thou min: _/“((1) 2 _/' (T(z1)).Vue D.

Khi G6: _/‘((1)2A/'(.s‘l,).Vc1E D

Chlivzg minh: ChQn /z(u|.u:.....a”): .2 [hi dé U15)’ /I I D -—> R lién tuc v51

/z(u) > /z(T(a)).V<1E D \ {s0 }. Ap dgmg G1WV3lz1c6 dpcm.

' Glzi clzzi:

Ta cfmg cé lhé zip dung G11/IV1. khi dé _ch1'c5n kiém lra vdi m(_>i (IE D {hi

lim T”'(a) = s0.
IH—);x:



6 14 1’/m'u'ng phzip .H\v

Su kién nily khzi 1'6 ring Yé mél U'L_l'L' gizic. \i1 dé nghi ban dqc {gr chimg minh. \"O'i czich

lilm nix); chfmg 1:106 Lhé ho qua gia lhiél D déng \Z1 hi whim (nglu 15.1 HQ qua 1 0 lrén

dimg vc'>'i mc_>i nip con D cuu Ii" sun cho T(D) C D ). '

Hé quzi 2: [Dinh Ngqc An, UNIV — Undefined Mixing Variables] Cho:

" 1

' D C .\' =(.\‘I..\‘3.....\"” )€ !.\j, 2 0.21", :¢'011§t1L . Gqi A 121 {zip hqp czic phn lL'rl1‘ong D
,»=| 1

06 I thflnh phén hing O vil 11 — I lhimh ph§"1n hing nhuu (120) .

' _/' 1 D —> R lién u_1c_ déi x'(rng thou min:

/ \ 1

/‘(L1 CI a )>n1in'/"g ill‘+u: u (1 /"(U (1 +0 u (1 )‘-I. ,,..., _ . . ._ . | .. ‘I

/_

\___

Thi f(.\‘) Z n_1in{f (v\‘)}.‘</xe D

Chzhzg minlz: Ch<_>n 2 phép bién déi TI .T, 1D —> D nhu' suu: Tim) :T.(u) : a.\“/me A vil

\*é'i mgi phn Lu" u :(u|.a3....u” )6 D\/\. chpn ru Z chi s5 i¢ j mo cho

at =min{a, >O.I =l.....12} \/'51 a, =1m\x{ul.r1,.._.uw}. (mg vdi T1 la Ihzly u’.u‘ bé'i lrung

binh céng cua chimg. trng véi T, ta lhay (11.0, b<'>'i (O,a,+a/4). Thi la cé
$

fm) 2 min{f(T,(@)), f(T3(c1))}.Vue 0.
H

Chtgn /zl(a|.a:,...u”)= [.3 \/Z1 /13 (u1.a2.....u”)=—n1z1X{(z|.zz:.....a”} [hi /7,./13 ID —> R

lién tuc v51 /zé,(a) >/1/(T/((1)),V(1e D \ {sn}, Vj=1.2. Ap dung GM1/31a c6 diéu phai

chimg minh.

' Glzi clzli: Ta cfmg 06 lhé kiém L111 \’O'i mQi 11G D {hi lim’T|'”(u) = (,s'..\'...._.s‘) \"E1

lim T,’”(u) =<<),....<>,,<_....,-H61 zip dung GMVI.
/u—><><> “

3. Sau dy chimg ta sé d§n1"z1\~':1i1'1'ng dung cu lhé.
I ~ |A .. I - /\ ABéi 12.1. (Bat dang tlzzrc AM- GM) Cho n $6 thuc khong am .\-|..\":_....\'”.

/:

Chirng minh ring: 1', +.\", +...+.\"” 211 ./.\"[.r3....\‘”

- Ch zhzg minlz

Being czich chuzin héa, ta c_6 thé gia .<u- .\‘].\':....\'H =1 v51 chtrng minh xl +.\-I +...+.\'” 2/1.

Tét nhién ta chi cf"m Xél khi .\~, 3/1,vz.

Xél D ={.\‘ =(.\" ..\'3.....\‘”) |.\"' E [()./1]. .\"1.\'2....\'/, =1} lhi dé thy D Ciéng vim bi chain.

Xét A:{.\‘U =(l,1.1.....l)} . Xél _/' : D —> R lién tuc nhu' suu:



('l11l'0'rw IV: ‘\"lu7'n ’ vién kim cm/n I Iron" I21?! zln I/uh" /zién dui (11 56 \ 6 - -

\'o'| 11161 .\-:(_.\‘].,\‘:_....\'H )5 D lhl _/ (_\‘):_\-E +.\": +4..+ .\",_,.

Xél T: [)\/\ —> D I1hLI'.\L1UI \"\'v'i n1@i \_:{-\iA~\-341:1-Iv: )5 I) \ ‘\ th] 1<:>n mi .\"‘ I .\' \'Z1lud{1l

T(.\') 151 hé lhu duqc IL'r.\"sz1u khi {hay .\'_ \'i1 .\*, ho'i'u"ung binh nhfm cuu chfmg. khi G6 dé

. E _.:
Y

thdy f(.\-)—_/‘(T(_\")) =( \/’,\'f —\;'.\" ] >(). V51)" tucc3tl1é zip dung G‘\/IVZ dé suy 111

_/'(_\")2_/'(.\"U).V¢\'e D. hon nf1'z1d:‘1u " = “ chi X3)" 1'11 khi .\':.\‘H.

Cho /< > (). .\':..\“3.....\*H 20 xix .\‘| +,\‘3....+.\"h_ :11.

U3

E1
P-ll

Iv
Q

1
‘

ChL'rn~11ninl11"émQ: (.\p.\_.‘..\' )“ +(.\;.\".....\ )‘ +.v.+(.\" J“ §n1ux'<\/1. L ='- - \ H ~ .‘ 1 , = IZ_l

— —\

C11/rlzg minlz

D§1l_/“(.\‘..\‘, .... ..\'_)*(\‘.\‘; \' )‘ +(\‘ Y; \" )" + +(\‘ \', \‘ )‘I — . V. . I. .1. “,... ”_l .

Khéng giénn léng quzil. giri sir .\'| S .\‘3. Khi dc’) .\'| = .s‘—I..\': = .s‘+r \'é‘i [E [Os].

X61 </'<_\-1..\-:..,...\-H > = g(f) I A[<»+n‘ +<.»~-1>*Ji+Br.G -1* >‘

\‘©'i A I (,\1\....\‘” )* _ B : (.\'J..\‘;....\'” )A - ('.\;.\g....\‘” Ji‘ + ...+(.\';.\‘_, ....\‘” 1);’.

T1106: kg/(I) = A/<E(x+r)M —(_\"—r)H]—ZB/<r(.s": —r3 )k"! 20

V ‘ 25
¢:>/1<n=<.§—~;>" -<.<+;;*>wA-’z(>

>

r‘;’__\

;
k.__

J
3*cc

['11‘1

J

/1'4/>:(/<— (s'—I)“+(s"+I) —; /1(1):/<(l<— '(»~—1)”““—(_s+r)*‘*'j>()

V21)//1(1) l@>i_ ho‘n nfru O I /1(O)_ lim/1(1) = +00. D0 dé. hoéc 151/z(r)sE1u6n duong trén

(().s).h0ef1c 121 /1(1) déi dz-‘lu LU‘ aim sang du'o'ngt1'én (O.s). .\'IZ\ g'(r; cimg du vé‘i /1(I) nén

tu suy 111 g(I)§m11X{;Q(()).g(S)}. Tirdé. la c6:

_,’V.\3 +_\A .\", +_\x \‘j (*\‘,..\y......\j) é nmxa / i /(()..\", +.\;..\z......\‘ )."
\ _ !| '1 “ ' . * . _ ‘ H ‘

\ _ _ . ,

Ap dung UZVIVIL1 Q6 diéu phdi chimg minh.

' Nllén xét: Tu Lhy ring néu gifru cdc biéh Chl 00 1n©td€ingtln'1'cz‘£1ng buéc thi ta c6 lhé

C6 dinh (,1 - 2) bién V21 cho 2 bién bién lhién v§11 c6 me bh:-L10 102111 rimg buéc d6". Khi G6.

HQ: qua 3 cho phép chfmg ta thuy vi quan seil su bién lhién Qua ca /1 b1'én.c6lhé chi cn

quan sail su bién thién ctul 2 bién. Trong trufyng hqp gifra cric bién c6 nhiéu ding lhirc
rang bucfac hon thi $6 bién Ch() bién thién phéai nhiéu hon aé bao Ioim céc ring buéc an
Néu nhu' phn l<'m pzic bét ding thtrc m£1 chilng ta d gép chi cé mét ding thtrc rimg
buéc czic bién thi czic bah ding thirc mil gifra czic bién cé nhiéu ding thirc rimg buéc vz§n

151 mét dang lozin la V51 néi chung 1i11‘§t khé. Chfmg ta aén 1'11 hai bili lozin nhu'\*f1y.



(H6 Ph ll'l/IIg p/nip

!—*QU:
.,.N,

-‘I:

2.3. Cho I1 2 3. xét lép hqp D gém tail ca czic bi» 22 $5 lhuc du'0‘ng [him min
3 +...+(1h_ I A. c1f+(1§+...+c1,f I B. trong d6A.BIi1c;icI1§mg $5 du'0'ng cho

ru‘(5‘c thOa min 11B > A3. Chfmg minh réng:

a) Trong D Q6 duy nhét mét phn [tr (b1./):.,....b”) sao cho /)3 I /)3 I I12”.

b) Bié u thtrc f(c1|.a3,....a/I ) I aIa:...uH dal gi tri 1é'n nhit trong D khi \'i1 chi khi

(a|.a,.....a”) 151 mét hozin \'jcL'1a (/)1./73_....[)” ).

Ch 1711g minlz

a) Gia' sir a I (a1,a2,...,a_”) thou (12 I :1} II an. dé ae D la cén awn: > O.

(11 +(n—1)a2 I A. (If + (12 — D5132 I B. Suy ru Cl: 151 nghiém duong Qua phu"o'ng lrinh

(A—(n—l)a:)2 IB—(/1—l)a§ <I>11(n—I)(1§—ZA(/1—I)u:—BI().

Phu'o'ng lrinh nil)" (:6 1 nghiém du'0‘ng duy nhél vi: Lu Q6 dpcm.
b)
' Bzréc I: Ta chfrng minh cho l1"u'b'ng hqp /1 I . ' g g = g

I-I-Ibu

Ln
/\
2

]3+a§+(z§)—(:1;+u: +11.)-

su dun_ h§m_ Ci§1n_ lhfrc

a13+c1;+"a_:—3aIa3a3 I%(a1+u3 +z13)_ 3]

Suy ra f(al,n3.a3)I3a]a2a3+%A(3B—A). cho nén _f(c1,.a3.a_‘) dat giai lri ldn nhét

trén D khi va chi khi c6 2 trong 3 bién <1, bang nhzlu (caic ban c6 me Chirng minh méu
nily being czich khéio sail dun vé khéo sail hilm mét bién — xem chuyén G5 phu‘o‘ng phzip
ABC cua Nguyén Anh Cu'>‘ng 0' chuong sau).

' Bzréc 2: By gid xét tru'b'ng hcyp n téng quail. Léy A IE1 [zip hQ'p tét ca czic bi) n $6 trong
D sao cho cé (/2 — 1) $6 bng nhau. Xét phép bién déi T I D\/\ —> D nhu' sau. cm str

a I (a1,a3,...,a” ) E D \ A, ta luén cé thé ch<_>n ra 3 s<‘>.n151 khéng giam t6ng quit c6 thé gié su"

151 ((11 113,03). sao cho chng déi mét phim biét. Khi dé. I511 tai duy nhét bi) 3 $6 thgrc dutmg

(e1,e3,e3) silo cho e, +e: +5, I (11 +03 +0.. +0; +3.? I all +113: +415. Phép bién d6i

T 151 thay thé (a1,a1.a3) bc'>'i (6112.03) . R6 rimg T(a)e D. V51 zip dung truimg hqp /1 I 3 ta

du'Q'c f(T(a)) > f(a) . Suy ra gizi tri nho nhit cua f(a) d:;1tdu"Q"c khi vii chi khi cl E A.

Bili 12.4. Cho 112 3. xét lip hqp D gém [$1 ccl czic bé n $6 lhuc du"0'ng 06 téng bng A vil
cé tfch bémg B. lrong d6 A. B 121 czic hing du'0'ng cho l1'Lré'c thOz1 min A” >/1”B.
Chirng minh ring;

a) Trong D c6 dlng 2 phn ui“ (bl ,/)3,...,b” ), (c,,c3....,(f”) sao cho

bl >193 I173 =...=/J” \/£1 cl <c2 I 03 I...I cu.

b) Biéu thtrc j'(z1],u3,....u”)I c113+u§+...+ui dz_11gi£1l1"i ldn nhl (lu‘o'ng trng n/20 /1/nil!)

trong D khi v51 chi khi (z11,a2,...,(1”) 15 mét hozin vi cua (bl ,b3,...,/2”) (u1'0ngL'1'ng

(Cl,C3,...,C”) ).



Clzumzg IV: Nlzvzg vién kiln clrmzg Irnng lnilt (hing I/1121* /zifn dgli Kw 1 7

Clzlhzg minlz

a)G1a su (1 I (a[.¢'11_....(1H) thou <11 I <11 II <1, .115 (16 D luc§111 c1‘.<1: >0.
u1+(n—l)u1IA_z11(1l’_5IB.S 'rz1 112 I

A—(/1~l)u: I

4//(.\') I (11 — l).\'”":(n.\' —

.=U:

<I> (11 — 1)u3 — Au!” + B I 0. X61 du LhL'1'c 1/(.\’) I U2 — I 1.\'” — ,—\.\'”’i + H

u_\ u_ 1 nghiénl du'o'ng CULI pl1u‘o'ng lrinh
/1 ‘

A) 3 ¢/(.\-)ngl1ich bién Irén (O; A) \'Z1d6I1f__' bién lrén (inn)
/1 11

Hon nira. z/(O) I B >()>—Li) +[>’ I1/‘i) nén dz1lhL'1'c 1/(.\‘) Q6 d’ g " fl " dII /1

A

LlI1_ _ _1lt_.‘H1 LI'()'H‘l.

r11@lnghi§111thLl®c (01+) \'Z1m{)lnghi§:1nlhu©c (Awe). T{|'d61a1c6 dpcm.
/1 n

b)

' Bu'(i'c I: Ta chimg minh cho Lru'O'ng hqp 11 I 3. Tru'O'c hét_ ta $5 chimg to \'<3'i

(1 = ((l1.z11.(1;)€ D {hi 61/ € [(3./>1] \'(\'i {I l_ Z. 3. TuchL'1'ng minh \\'\‘i II 1 lix an

4B 1 1 1Ta C6: —I4r11a1 S(z11+u1)' I(A—z1.)“ <I><1(/\—<11)* 243
cl, ‘ ' ‘ '

D21 thirc g(.\‘) I _\‘(A —.\'): -4B Q6 3 nghi<;§1n.u‘<mg d6 Z ngl1i{:n1 nho hun 151 /)1 \/"E1 (*1

1 1 1 4BTl1:fuvzf1y, vi bl + 2/73 I A,/J1/)3“ I B 3 (A-1), )‘ I 4/73‘ I T nén /J1 lZ1nghi{rn1 cL’1z1g(.\')
71

m Qi

v51 lu‘0‘ng lL_l' vc'>'i 6,. h0'n nfru lhco dinh 1)? Vi-at tng 3 nghiém 151 ZA > Z1), +('. (néu

I1<YLl'(_)'C 12_1i 7/\<7l) +0 3 " >7/1 7/ -4! /21/213 1211913 ./2 -
C _ __1 I <;__ —_2]- 23 :><“3I——'S?,'S~‘.111&ut11L1é11

(‘[03 cf 16

\"é'i 301 2 (7, + 201 I A > /71 ) nén nghiém 1hL'r bu ld'n hon /11 .

Véy gm, ) 2 O <I> (11 E [Q ./2; ]. D510 biél. Lu Q6 /11.01 E [(1./)1] :> ('1 < /23 < (T: < />1.

1 1 1 1 1 1 1 '>Bay glcrluco ul‘ +11; +11; Iuf +(u1 +411)‘ —Zz/Lu: Ia,‘ +(A—u1) —“—B.
(11

1 1 1 212 2233-/1\.' BXél him $6 h(.\‘) Ix‘ +(A—.\')‘ —— \‘é'i .\'€[c‘1./71].Tz1c6: /I'(.\') I
\ \

Nhu‘ trong phn ghi chin. lalhy phu'o'ng1rinh /1'(.\')I() 06 dfmg 2 nghiém du‘o‘ng 151 /)1

vii C1, hon nfrzl /2'(.\') aim trén (brag) vi duong trén (cg,/)1 )kJ(c'1,/)1 ). .\/I51 khaic. néu

(1, E {b1,b1} thi (a1_(11,(z1) 151 min hoim vi cua (bk./>1./)1) nén

/1(1)] ) I f([>|,b3.b_1) I/1(/7:)_ tu'o'ng Lu" /1(_c; ) I f((.'] .<'1.<'_1) I /I((': ). Tir dd suy 111

f(c1,c1,c_1) S f(a, .u1,a1) S f(\/2, ./21./)1)



51 1 1‘?
I’l11m'ngp/11111 .1l\'

H1111 111111. 115mg 111111‘ @111 \;1_\ 1'11 11111 11/ _11_1.1111 111 111(11 11111111 \1 Q1111 1/1../>1./L1 111131"

11' .1‘:_1\,) 111‘0'11g 1111; 1111111111.

' Bu'(1'c Z: B51)" 11111‘ xél 11'11‘1'1‘11g 111111 /1 1131111 1111111. T11 c111'1'11g 11111111 ch11 1r11"11'11g 111111 gizi 111

111111 11115111 Q1111 11‘11‘11'ng 111_1'p gizi 111 11111 11hf11 1111£1n 1115111 111'1'1'11g 111'. L11) 1\ 1Z1 lip 111111 1:11 011

czic 11111111 \'1 C1111 (1';.1‘:.....1',_). 11gh1z1 1Z1 11_1p 1111p 1:11 1:1 1111' 111} 11 .\1’1 111111; 1) sun C110 013

(11 —1 )sC1hf111g1111;111\'Z11(1'11 11011 $13 Q1111 1.31. Xé1pl16p h1é11d1’11 '1‘ 1 l)\1\ -—> D 111111‘ _\1111.

G1;1s11' 11 =(115.(13...._u, 1€ I) \ A. 1111111'111u11111é c111_1111"113 sf». 111Z11\'11(111g g1a111 limg 1111111

013 111é gia \11'1i1 (1(11.<13.111). \1111 ch11 11111311; 1111 1110 11"11'1‘1'11g 1111]) I >111 111111;; 11111111 \'{1 11111

111111 $13 Q1111 1131.

K111 d13.1C111l'q11 1111)" 1111511 111} 3 $111 111111‘ d11'11‘11<' (1',.1’1.1’;1 .\:111 c1111 11 < 1'1 — cg.
C‘ 1 _ . . _

1q+e3 +01: 111 +11: +111. 1*;1':1'1 = 11111311,. Phép b1é1111C11T1Z11h11_v1hé (<1_.11:.c1;) 1101

(1*i,€3.1{‘). R1‘1rZ111g T(u)e I). \'i111p 11L_111g11"11'1‘)'11g11111111: 3 111 1111'1_1'c f(T(1/1) > _/111).

S11)‘ 1'11g1zi11"1 111111 1111:111'1111f1z1) 1131 1111111‘ khi \‘i1 c111 11111 116 1\,

D11ch11111 1Z1 111611 phai c111'1'11g n111111.

' 1-)6: 11é1 111111‘ 111111‘ 1111)‘. c111'111g 1111 111111 111 11161 c111'1'11g 11111111 ch11 D111h 1}" 11’cierst1"ass.

Djnh nghia 3: Cho 1 1151)‘ s1‘1 {11m}L‘__ (lrong 1111510 111111; F1”). 1\"11}1 1151) {zzm 11u~Q~@

g1_>1 1Z11111}1c1€1yc1111 C1111 dy {aw 1* 111111 {n1k}: 1111111}111ytf111g11g@1cz1c s611g11yé111111'1111g.
' H131 :1

‘*‘V1' 1111: {11,m}x 151 111Q11 11511’ C011 01111 11511 {aw} . D1101 dfw czic cn C1111 c111 $15 sé 11u‘Q'c
~ /11:1 ' V

‘ 111:; ' '

b0 q111111é11k11(111g gy 111611 15111.

E3

B6111? l: [Weierstrass] N161 1151)’ {(1%} 111 c11§111 11‘1111g 1111 c1'1 11161 1151)‘ c011 héi 111.

Clzlhzg minh: S11‘ 111111g 1\'§1 qua ".\’11_\1 11f1}' .\1“1 1h11‘1‘ 111111 111511 \'Z1 111 131151111111 h{11 111“ 1111 111

1:h1c51n ch1'1'11g 11111111 Q1’) 111151 1111)" C011 111111 111§~11. 1

'n*
X151 lip T -{me 4/; 1 |§1n1'>/11:11,” 211m}

T hfru 11311 [hi 115)“ {um} sé g1a111 ké 111‘ 1 ch: $1‘) 115111 1113. X1511 T YO 115111 1111 111 sé lrfch

1111'1_1'c 1 dy c011 1f111g. Trong Q11 h;11 11‘11'©'11g hQ'p 1h1 111 111611 Q6 1 115)’ 0011 11011 diéu.

B6 11$ 2: [Weierstrass] M51 diy {um} b1ch:§1n1r1111g Pi” 1h1 cé 1111}1df1},~'c011 h1f11 111.

Cluivzv milzlz: Xét {am =(.\": m......\‘ 121 m151 11511" 111 11115111 111111" R". Khi 1113 11513" {.1 1
<5 . ' 11.111 ~ -1 1 ' C “ L111

¢1
:1

(D> :
c

C\

1:11 chzfan trong ;- 1 111w con 1.1"!“ } héi 111. Day {.\":_H_,\ } cfmg b1 chgm lrong ,1 nén cé 1



('hu'0'ng IV: 1\’lz17'ng rién kim ('1rm1g {rung In?! 1/ring I/1 r /Iii?/1 dili (119

dy con {mm } héi 111. B51111: czich I51)" "di1}» um @1111 df1_\' @1111" lién 1i§p 11hu' \f1}". @1161 cilng 111

thu duqc dy con {um =(,\*_ .....\‘” 11151 Vi 1 1.11 . 111 013 1131)‘ {.\"__m héi 111 (rung Diéu

G6 cfmg cé nghiu 151 dy {um } héi 111 trong Bi”.

B6 dé 3: (Tfnh ciy an c1121 Cho A 151 1 lzip bichzf1n11‘0ng R. Thi 111111 lg1i M E P, 5110 ChOI

M 3 A (nghia 151 M Sa.Vz1e A) \'i1c6 1n@ldZ1)‘ {mi} tron; A hQ>i l1_1\§M. T1155 kf hiéu

M :inl' A.

Clz12'ngminIz: Tz1ch1'1'ng minh 1"§1ng V2 > 0. Hue A. u — 8 § A. Giz1s11'11g111_1'c lai. Khi db ly

.1-1 E A lily )7‘. being quy n;_1p 111 dung du'Q'c dy {xm} {rung A $110 cho

'.\' S .\' — 8. V111 E '
111->1 n1

._

Khi dd ta c6: .1,” S1", —(m ~ U8. vine ll‘ 121 diéu 1151)" 1115111 1h11§11 \"c'>'i A bi chén du'é‘i.

Nhu'v;'1)'. Vine 1511 mi <1meA $110 cho 11”/—i £ A. Vi dy {um} bichzf11111C‘n cé df1_v
III ‘

con {um} héi ti: vé M trong R. T11 ch1'1'ng minh M S A 11f1'z1 121 xong. Thzil vgiy. 15y ueA

bail ki lhi am ——1—S¢1.‘V’/< E 11611 cho k —><>¢ suy 1'11 M S (1.
~ mk

Cluivzg minh djlzlz I}? Weierstrass: Xét A = f(1)). Ta chirng minh A Q13 ph§'111 111 nho nhit.

T21 sé chi 111 A C6 lfnh chfil suu: néu diy {um} ch1'1'z1 trong A V21 um +61 Lhi 016 A. Thin

véy. Lheo dinh nghiu 1:1 c6 1'”, e D sub cho 4/‘(xm )=um % 01. Vi dy {.\"m} bi chain (ch1'1'z1

trong D) nén c6 idy con {Mk} h{>i {i1 vé 1‘ lrong R". \/‘1 D déng nén re D. Vi
.~

f(.\"m)—>(x nén i/'(.\"m;)->(1. Mzfal khzic. vi {.\'wV}—>¢- \*51 f lién u_1c nén

f (1% ) -> f (1). V1 gidi han 1:1 duy 111151 nén _/' <1») I 01.

Bziy gib’, tz1th5yA bi chin du"<'>'i (vi t1‘1'l:_"1p luzfm trén \"<'1i 01 : —<><> ta sé gzip méu thun).

D0 d6 tbn tai M : infA. D0 dinh nghia 1'/i/"\'Z1 tfnh chit Q1111 A \’1‘111 chi 111 0' trén. suy 1'11 MeA.

\/zf1yA C6 phn L11‘ nhO nhtil 151 M. E)inh]j'ch1'1'11gminh xong.



(121) 1 Plzmmg p/nip 1111"’

x|||. NH1N 1./_1| vA BAI TAP

C110 111_1n 1h{111 111é11. 011 16 1111)" g1{1' 111 1110 111111 1111'11g 116 11h111:1;11 11111111 1111111 \*11'11 111111. N1111'0h1111g 161

1111 11111 11'1111g \'I.. 11611 1116111 1111 111160 11101 11611 111' r111 $11111 111611g 111111 1111111 161 \'11 111111 11011 0110 két qua

111_\fé1 110p. B111 111'111g 1h1'1‘0 _]e11sen 011 thé x0111 111111‘ 11161 11611 011111111 dé 11611 1111-‘:11 \"é 111111 11161 0110h

1111111 0110. V6 0110 1101 111111 1111)‘. 0110 111111 01'» thé 11111 1160 11161 011011 1:11 11211" 1111 11'1111g 011611 11§1 111'111g

111110 1161 11é11g 01111 1111 111111 1111111 1160 Hardy — Polya — LitIcw00(I1

O'11‘é11. 1160 gidi 1111611 nhiéu 11$ 1111111111611 111511 01111 11111 111'111g1111'1'0 1111 1116111 1\'h611g 11011 1111111110h1 111

1161 ké 161 011 0110 1\’§‘ 1h11f11 11611 111611 11111 11111111 11"611g h11'11 111 115 0110 115111 1151111 111160 111‘ 111o'11g 011:1

pl111'0'11g p1111p. \/1101‘111g g1611g 11h11' 111111311 ph11'<1'11g 11111111 1111110. 011 khi 0111'111g 111 1\'h6ng thé tiép 0611

11g11y 11111 101111 bng ph11‘o'ng ph11p 11611 1110111. 11111 0511 phai 111611 1161 11611 1111h 1111611g 1h1'ch 11611. V1

1111 51111 sé 111111h h1_111 01111 111511 11z‘1y.

CZ!

F31

1-1

‘M

1-1

[\1 MEO I] T1111 1511031 0110 s611111'0 /1" s1111011111611 13111-1 >(1 1h1111111Z111:

1l+.\':111+_\':1(1+ :3 121"‘ (.1+>\‘+:_)’1 _ V11‘ /1. 1' > (1

V111 0110 g11111'1/< 11111 1111110. 1111} 11110 1111111 11f111g $6 1'; 1611111111.

Bing g11'1'1 h1_111 111 110 111111; 11111 1111110 /<6 I1). Z1_ s1111g 11111 115111; s6 161 11h111 013 \"0 1111110 11111

11011 nhiéu. C110 1117111 011 1110 1111'1'11é 1115111" 11111‘111g 1111' 11g1_11 khi 0h1'111g 111 11611 0110 111611.11 _\‘. :.

Tuy 11111611. 111111; 011111 1101 mén .1-:1g11_1~:1g11.;:1;_»y ma 11.15»/0111;?) 1111 1111511 11511

(IQ

11gb‘. 111 115 dimg 11611 \"15: 11161 1111111 111111;; 0110h 11111; 01.13. Y 11511151 Hung 11111h 0611g 011110111111

Ph11n 01111 1111 01111 11111 1111111 0111 111 11111111 $111 1111111 11161 111611. h11f10 111111 g1t111 121 1111 111_1ng 11:11

ding 111110 AM — GM suy 1'611g.

D60 xong p112111 11211 115/ng 111110 1111 111611. 013 16 ban 1160 sé 011 011111 g1110 111 1111111 111111" 111111 11511

115111}; 111110 11511 011 1hé01111)'é11 vé 11"11'Q1'11g 111_1‘p h111 bién b1111g 111111u 110510 11161 111611 11:11 31111111

161 bién. P11111 11111 1"§111g 111611 1111)' 111'111g 01111 h21u hét 0110 11111 11€111g 111110 11111 0111111; 111 1111 grip.

Tuy nhién. 11g11y $1111 1111)’ 0111'111g 1111 sé 011115; 02111 0h11 0110 11611 11161 \'1'1111 115111 11g11Z11 "1h611g 1113.

Trong \11' 1111 1111); 1hz_1111 0h1' 11111 11f111g 111110 111111g .\é1 111 1111 111110 1161 x11"11g 1hu1"111 11h211 1111 111611.

B11113. 2. C110 11. /2, 1'2()_C1111‘11g111111l11"§ng:

1 1* 1 I
(113 +/11+1"\—(111/101 (11 +12 + 1'11‘ —3(1z1/101 20

+
|.__1

Ch1 x1"1y1‘11 du "=" 11'011g 11‘11‘11'11g 116'p (11, [1, 1*) = (1, 21. 31). 12 1) (\"110f10 h01'111 v1).

C1111 v1’1"1 nhfrng 11211 déng 1h11'0 11111111 \'1 1h1 11"11"(1"11g h11"p ding 111110 kh611g xay 1'11 1:11 11161

trong ba1r11'1>'11g h1_1p 011 thé 11611 111611 111160 kh11 p116 111511. 111611 1111111 111111" 11111 1111111;

1 B§1i13.3.C11o @110 S6 111111-¢ 11./1,1-. C.\1R: 1111 +111 +1-1): 2 3111‘/1+/11-»‘ +1-~11) 1

1.1 1.~ ,11 . .3-111 _-1211 .311
Ng01111ru'0‘ng hop 11:12 : 0 1111 dang 111110 con my 1'111<111 u:s111 7.l1=s1n'7.1"=s111 3



Clz11'0'ng IV: ;\'lu7‘ng viérz kim ("wring lrnng /1171 dz?/lg 1/1121" /Iifn dgli (11 1

Trong l1"11‘C1'11g hqp 11Z1)' lhi 16 1’Z111g 1111f1'11g kiéu G611 hién chung 111 \'1‘1'11 xél 1\'11611g lhé £111

dung 11110 liép G11'l_1'c.

Trong 11"11‘1‘1‘ng h1_1'p 11 hi§11 1611g quail 1111 \'1{:c G611 111511 1r6 11é11 cut ki kl16 1\"h11. '1‘1'611g

l1'u'6'ng hqp Géng lhuc xay 111 khi 11 hién h:'111g 11111111 lhi 11211 G311; lhu"c .1611»-11 who phép

G611 11161 1110 cu 11 bién 111111'11g Gzing liéc 116 @111 gili q11}§1 1111110 11161 111\_1'11g khzi 11116 czic

11211 Gz'111g lh11'c. m<}l k_\7" lhufil 161 111111 121 G611 1/1 ~ 1) hién hing 11111111 l1‘11‘6'c 111111‘ 11"611g VII.
Czic k_\T'1h11§11 1121)’ 1511 161 0' ch6 116 chi 05111 G611 hién hfru 11311 1:111.

B51)’ gid 111 phai G61 11151 \'6'i kha néng 0110 111 G211 1e_1i C21 151111 vii 111611. R6 1'i111g 111111 11:'111g

G611 vé 11161 hi-én 151 k11611g 0110. D6 G6 c111'111g 111 hi \'Q11g \Z1o Giéu 161 111151 111 c6 11161 czich

d6n bién 102111 cuc. Gai 10:11 11h11'h§11G2'111g l111'1'cJc11sc11. V61 111110 1iéu G6. 11111 Ginh 1)‘ 11l§'§1

G¢p $6111 1'11 G61 phzii ké Gén 151 Gi1111 1)?" S11/I1/(L1(A>l1 hiéh manh) \'i1 L/'.111/(11611 111611 1\'116|1g

xaic Ginh). 1-111i Gi1111 1151)" c6 lhé gqi 1Z1":111h cm song $11111". SIVI1/diing G5 "ch11yénl1‘i"

czic 11511 Gfmg 1h1'1'c c1_1'c 111 G311 G11'1_1'c 1.11 151111. 11‘611g G6 ctli 11511 Gzing ké 1111511 1Z1 1\'116ng 0511

G611 Gu'Q'c hai bién 11511 1\'1 vé h§111g 11hz1u 11121 chi 0:111 G6n hiéh 1611 nhfil vii 111611 11116 n11€1l.

U1141/thi G61 116i gi:-1 1111611 G511 1611 1111i 111611 bzil ki. luy 11hié11 116 cho phép lu dung 11511116

hai l1‘11'{1'11g h<_1'p cuc l1‘i G211 G11'Q'<: 1211 111111 vii 13.1 bién d116'i n161 dgmg 1611g quail.

C111'111g 161 G51 q11z111 $511 hui kél qua l1"C‘n vii 1111511 11121)‘ s1_1'1\'h611g C511 1hié1c1'1u Yiéc lzich 1‘(‘1'i

hzli lru‘(1'11g hcyp 11151 Q6 lhé 11<_1'p nhfil u'u Giém 01111 hui Ginh 1)‘. 1711111 1)" GMV 1\"11611g chi

G011 lhun 111 1611g quail 11111 Ginh 1)" ké 11611. 11121 116 1116' 111 11161 0111111 11"C1'i 11161 161 16 \‘Z111

czic kiéu G611 bién. Y 111"o'11g ch1'11h 151 néu 116 .\':(.\'l..\":.....\',‘,) c11u'11 mi 1516 czic 11*11"6"11g

hqp "161 hgn" (1110 151 lhuéc /\) lhi 111611 06 lhé lhu)‘ lhé b§111g 11161 bé (121 71.1)). Néu 11hu‘

sau khi111;1y1hé v6 hz_111 1§1nn bién sé 11511 vé gizi lri 11‘u11g 1111111 (chz'111g h2_111 11h11" SMV (“c6

Gién")) 1111 1'6 ring 1z1c111 0511 xél l1"11'€1'11g hqp .16 A. Thim chi’ khi Giéu 1151)» khéng c6 1111

Gu‘6'i céc Giéu kién phu 116' khzic kél qud vn G11<_1c chi r11.

B211 1. [Math1i11ks] Cho <1. />. 1- 1&1 1111- 5611111011114 C611C1113§g 1.

C111'1'11g111in111‘§11g: l+l+l+i‘25
u 11 <' 11+/>+<'

B5112. [MOSP 2001] Chou. /1. (“>0 \=Z1z1/>0: 1. Chung 111i11h1'§1ng:

(:1+/>)(1>+('1(('+u12-1111+/>+("~11

B5113. Cho 11.11.1121). Ch1'1'11g111i1111 1‘§111g:

Zia} +113 +c“1)+(ab +120 + 0111+ Zul>c'+12 Zia: +/7: +171 1 +/10117 + ('1 + uc‘(u +01 +11/210 +/21

B511 4. Cho .1, _1", Z 2 ()lh6z1111Z1n .1": +1": + :3 =3.

Ch1'1'11g 111inh 1"2111g: 7(.\_1‘ + 1': + 1.1") S 12 + 9.111":

B511 5. Cho (1, b. c 2 O th6z1111Z111 (1170 = 1. Chu'11g 111inh 1'h11g:

:13 +b3 +03 +(12%£a+/1+1-+%+ll)+%/1



612 l’l111'1mgpI11ip 111'

Bili 6. Chm 11. /2, 1' 2 0. Ch1':'n~1 minh 151112 1 +—~ 1 + I 2— 4 ‘~ ~ 1 . 1 ~ 1 . .

\/-l11‘+/>1‘ \/4/>“+1'11 \-l1"+11/2 ”+/7+‘
Biii 7. Cho 11./1.1'2()1lwz1mf1n 11 +/1+1: Z.

Cl1\'1'111lr11i11hx‘§1I1gI (11: +11/1+/1: H/>3 +/11-+1‘: H19 +1-11+11:1§3

l5£1i8. [Trung Quéc 20051 cm» 11, 11. 1- >1) \-11 11/1 +11.-.1-11 1%.

Chlh'ngn1inh1"§111g: ‘ 1 + 1 +~_ 1—A§3
11'—/)1'+l b'—1"11+1 1"—11'/1+1

B{1i9.Ch011, /2, (‘E [/1, 1/] \1(Yi 0 < /1 3 1/.T‘1n1ui{1u"i ldn nhl @1111: —L +—/1-~ + %
” /7+1‘ (‘+11 11+/2

Béi 10. [Tang quzit RMO2000] Chou. 1.. 1-21> @111 +1> +1 = 3.11111 hing S6 1 > 0 11111»

nht sun cho bit ding lhtrc szlu 1u6n ddng: 111 +12“ +1"! 21112 +/11' + 111. ~

Biii ll.[i\'13lh]iI1kS]Ch0(1. /1, (‘Z0 \'i111/2 +/>1'+1'11= 1.

Ch Una minh 15119: + l¥"Q»7-‘-Q + l3L~‘l‘—‘Q. 2 1
(11+/1)‘ (l>+1‘); (1"+11)' 2

Bili 12. Chimg n1i11l1:\/8/)"+L_ + \/xvi + \/lgui b 2 1 \'/11./2.1“ > O

Bili 13. Cho .\'. \'. : 2 0 t|1oumf1n 11+/1+1-:1.

Cl1U'11g1ni|1h1-sling: \'/.\' + _\": + V’_\" + :3 + \"yt +1": 2 I

Bfii 14. Chm 11./1.1-2 0 .ChL'mg minh: ‘I/)+,4/”’T"" + ‘“'+fl”/7?"/J“ + "/7+.4‘“>?'/9‘ Z-‘+
/7‘ +1" /7‘ +11' 11‘ +1"

B51il5.Ch011. 11, C 2()thOa1mZ1n 111 +111 +1~1=1.

1. ~ 1 . I 1 l 9Chung mmh rang. i~ +i+iS —
1- 1119 l—/>1" l—c11 2

Bili 16. Cho 11. /2, 1' 151 div di bu cqmh 111.1 11161 tum gizic.

. . .,1 ; 1 1 1 1 ; , 11 /1 1" 11'+l2'+1" 11 /2 1'Fun hang $0101 nhalcho but dang lhu'c:—+—+—+/<—1 2—+—+-+/<
/1 1' 11 11/1+/11'+1“11 1' 11 /1

Bili 17. Cho .\'. _\", :6 [-1, l I \‘Z1.\" + _\~ + 3 = O.

Chfrng mi11h1"§mg VII +.\"+%A\‘: + + >\' +g:: + \‘/ll + : +g,\‘3 2 3

Biii 18. Cho 11.l2.1' 2 O.

?(11:l2+l731'+1'l, . ; - . 11)Chung mmh rang: " + 1’ + ‘ + , , , 24
/2 + 1' 11 + 1' 11+!) (,1; .1. /N-~ +1”-

Biai 19. Cho 11.11.11 2 0. Chimg minh: +]% +v/’1+i§i’i+\//1+% 215
7 (‘ (I (T ) (I
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Bi1iZ0. Cho 41. /1. (-20. u +12 + 1' = 3. Chfrng minh rzing:

(/4 +/1"‘ +1"; —3([/7('2(3\/6 (Ll —/v)(/>-(")(<‘~u)

Biii 21. Cho <1, /2, 1'20. <1 +/1+0: Z.Tin1gi{1u*1ldnnh:i1cL'1uhiéL1ll1{1'c:

(<1: —u/1+ /2: Hi/1: —/70+ (3 )(<': — ('11 + :1:
Bi1i22. Clio u. l>. v 2 0. Tim hing sf» /< ldn nhcil dé hit dfmg [hLi'C »;1u LiLTI1_*_lI

: : _: j /\
<1 +12 + ( +]\_u+/>+(‘2l+_

0+/J b+(' c"+<1 ((,+];+(»)- Z 3

Bi1i23. Cho 41.11.02 O. Chimg minh ring hing $5 L61 nhzil cuu bit dzing lhL'1'c:

:13 2': 3 I \ 1+' “Q + ,""’," _z1+/< mA»=; -1.
u‘l2+/2“¢'+("z1 u1J“+/>("+("(1‘ Q‘-1

Bili 24. Cho a. />, 0 2 0 thou main (1/1+/)('+('u + (1170: 4.

Chimg minh ring: 1/ +{>+c-2 u/2+/>('+c'u

Bi1i25. Chou. /2. 1' 2 0. Chtrng minh ring
, : 2 _:_1+1+1> 1 +_-l(c1+/2 +()

(1 /1 (' 11+/7+1‘ (u+];+(-)3

Bfii 26. Cho u. /2, v 2 O thou main uh +/av + <11 =3.

\ ; 4 : ; A ; . ' ’ - 3(/(+1)Tim hang so lot nhai cho but dang lhuc: 1,+/‘U/3 + ]_+']‘/”_ + If /“U, 2
z/'+/1“ l7'+("' ¢"+u' '-

\ . Y _ . 1 _ , , ~Ba] 27. Cho 41, /2. <' 2 () thou mun 1n1n{z//1./>c'.<'u} 2 I. (‘hung mmh rfmgt

13+ 1+1W2 °.
(l+u) (l+b) (l+¢') (]+{’(,[,L-)

Bili 28. Cho (I, 12. c 2 0 lhOa main a[2+bc+<"(1 +ul7(" I 4.

Tim hzing 5616iI1h§lCU£1b§it£T§I1gIh(l'CI (13 +/>3 +1": +3/< 2 (k + l)(u/2+b<>+c"u)

Bi1i29. Clio (1./2.0 2 O thou min (1 +12 + 0 = I.

‘ [J 0 [TChime minh réns ” + + 3 /1
\/a + 212 \//7 + Zc \,(' + Zu \ 3

Bili 30. Cho a.b.c.d2O théa main (1: +123 +0: +112 =4.

Chtmg minh ring I + 1 + 1 + I S 2
3 — (1/7:" J — /2c‘d J — ('1/(1 3 — dub

Bili 31. Chm (I, b, <‘ 2 O . Tim hing 56 /\" 1611 nhl suo cho bail dfmg lhrc suu diy dflngi

a + /J + ('1 + :3/<a£2(' }2]+/\,
b+Zc' ("+20 a+_[2 (,»+[;»+(--



614 Phuwlg phzip JIV

Biii 32. Chm u. />, 1- 2 () thou nifin 11/11': /. Tim hing sf» A icii nhl (16111 iihril) cho bail ding

“mt: <1 + /1 + 1' S 11 + /1 + 1'

11+ k/><- /7 + km 1" + /<11/1 1+ /\"

Biai 33. Cho 11./1.1" 2 (1. Chiing minh iiiiig:

11’ +1»: +1-1 + @211/)1~+(\1: +1)‘ 212+ \/Z)(u/>+/>('+1'z1)

B51i34. Clio 11> 2.11% l\§ vii .\1..\‘,....__\",_ 20 thou min .\'l + _\". + ...+ .\‘l =1 . Tim gizi l1'i_ ldn

nhi ciizi hiéu ihiic
~ ‘ . ‘ _ . , , .

P =_\*i".\‘:' + .\':‘_\"V;‘ +...+ .\',, +11“ M “ (.\..\'3...,\';_

Bili 35. Chou. /1. <'2()iho;1inZ1n 11 + /2+ 1" =3.

Tim hing SC)lC>lI1l1£ilCl1() bi dfiiig ihi'1'c (115 +/>5 +1-F -3) 2 Hui +/2'3 +1“: — 3)

Biii 36. Cho 11.111" 2 0 {T1011 main 11121" :1 Chiing minh ring:

:1: +/23 +1": + 9(c1l2 +/><'+1'c1)2l()(z1+12 + 1')

Biii 37. Clio :1, /2, 1* 2 O Ih('>z1 iniin (1: +/2: +13 =3.

Tim hing M31131 nhi cho béi ding thL'1'c: 11‘ + /1} +1“: + /<11/>12 3 + k

Biii 38. Clio izim giiic ABC Q6 d(i diii 3 cgi1ihlZiBC = (1. CA = /2.AB =1". Gqi p 121 niiii chu

vi CULI Lam gizic \'Z1 111u.111,,.111A 151 di} 11211 bu diiiig {rung lLl_\'éH iuong Ling h;_i ii1'A, B. C

XLICUIQ czic cqnh déi diQn.Ch1'1'1ig iiiiiiliifiiig:
1 I1

111“ +111,’ +111L S\/3/13 +~\_(z1—/>)' +(l>—(')' +(<'—(1)_J

J__.

1

1

4

_J

Bili 39. Cho ium giiic nhqn ABC. Chrng ininh ring:

zi) sinA+siii§+sin-Qzih +.<inAsin§sin£)
'7 '7 '7 Q '7 '7 '7

b) CO_\;é+C()S§~ + c1isg2—J%(l +c0s cosgcnsg)

Béi 40. Cho tum gizic ABC. Chi'1‘ng minh rfingi

cos A_B+c0sB_C+c0sC_A 2 2 (sinA+sinB+sinC)
1 v 3

Bili 41. Cho tum gizic ABC khéng 06 géc iii.
* 1, 5  _3

11) Chung ininhz “H B31“ C + gm? 3m A + “In 331118 Z~\12 +sin A + sin“ B +s1n‘ C
$11] A S111 B s1nC -1

b) Khéng dinh hoefic phu dinh béi déng ih1'i‘c sziu:

sinBsinC + s1nCs1nA + s1nAsinB 2;+4(3\/§_5)wSAwSBCOSC
sin A S111 B :;1nC Z

Bili 42. C110 (1.12. curl ihO;imZ1n: 11+/2+1-+ (1 = Z. Chfrng ininh ring:
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(11 +/)4 +("'1 +5/4 —4u/Jrrd 2(a-/1)(c—c/)

Béi 43. xa 4 $6 thuc <1, 1;, (‘.6/[hO£1]Z_lI’l (I: +/71 +6 +41 :1.

Chang minh rang: l—1a/7 + 1 —1/7(.‘ + I -1!!! + I —1(la + l_1(”) + l—1("u S 8

Bi 44. Cho czic $6 thgrc .\". _\". 1, I thoa min max {.\'_\". _\":. 11. Ix} £1 . Chimg minh:

I \ ~ / ~ ~ I\,1l—.\‘_\'+)'“ +\/l—_\';+;“ +\’l—_',!+l' +\/l—I.\'+.\“ 2\,'16+(.\‘—_\"+;—{)

Bfzi 45. ho czic $6 thuc .\". v\".;.1e [—1;1] thou min .\"+ _\" + :_ +1 =0 . Chtrng minh ring:

N/1+_\'+v\‘3 +\/1+y+;3 +\/11+‘-,+r3 +\11+z+.\~: 24‘

Bixi 46. Cho a.b.(‘.d 2OlhOz1mZ1n (13 +/7: +0: +</I :1.ChL'rng minh ring:

(l—u)(1 —b)(1—c‘)(l—(/)2ub("d

Béi 47. Cho 0,12, cyd 20. Chirng minh ring:

4(a3 +113 +01 +d‘1)+15(abc+bcd+cdu+dab)2 (a+b+('+d)‘1

B:71i48.Ch0c1.b.c2O;a+b+(‘:3 vZ1l<>O.

Tim gizi tr; lc'>'n nht Cll biéu thtrc P=i"1’, +%", +-L,
/<+u“ /<+b" /<+c"

Bili 49. Cho cl./¢.(:2O:a+b+(‘=3 \/Z1 l<>().

Tim gizi tri 1c'>'n nht, nho nh5tc1'1z1: P: 1 + 1 + _ 1

u“ +b+/< b‘ +(’+/< c" +u+/<
B51i50. Cho u1,u3,....c1H 2 0 thou min a]u3...(1,_, =1. Chfmg minh1"§mg:

(IZ—1)(.X‘]2 + X; +...+.\‘3)+/z(n+3) 2 (2n+ Z)(.\'|1+.\'3 +...+.\‘”)

Béi :1. Cho/12> O. .\'] ..\‘:.....r” 2 O vi xx + xi +...+.\‘” - /1.

Tim hing $6 k > O t6t nht sao ch01

(1 + m.\'] )(l + nu‘: + /nxn ) S (In + 1)” + /<1” (.\'1.\‘3..4.\'” -1)

Bi1i52. Cho ul.a3....a”,s,k > O lhOa min: a1al...c1” =.s‘” vii /1 -1 =1.
‘ (l+s)

Xétb§1td5ingthf1'c: 1 4+ 1 k+...+ 1 ‘Sn—l
(l+aI)' (1+a:) (1+a”)

a)ChL'1'ng minh ring bt ding thtrc trén néi chung khéng dimg.

b) Chfrng minh b§td§1ngth(rct1‘én dng trong trubng hqp k = I.
c)T“1mt§tcé1 caic giétri/<(ti1y thuéc n) dé bt ding Lhfrc trén dng.
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Bi1i53. Chm 111.113.....u_,2() Lhéa min 115 +113 +...+11,‘, I/1.ChL'mgminhr§1ng

ll“
\111 11_

J1 1 1‘—+—+ +—
11 ,1

V
-I-

(11 —— l)(11,
-\ w

' +113“ +...+ 11”’ )+ /z(n —

‘"4 >0 " - ‘B313’ . Cho 11].113.....u” _ thou man 11, +113 +...+11” -1. Chirng minh rang

\1l+11l \}

1 11? 11,

I +1
1+1!

+

'+
-<_____

1—11~ 2D SlZ—3+'";
l+11~ Q3

B§1i55. X61 lép hqp D g<;>n1n IhL_rc du'o'ng 11! .11:,....11” lhozi min

11' +113 +...+c1” = 111“ +1133 +...+115.

Tim gizi tri ldn nhit cua f(c1!,c1:,...,c1”) = 11|113...11”.

W
E1

u
.7‘

Xél tzflp hQ'p D g<‘1mns61l111'c 11,.112,..._11,_,>()111021 min (1, + 113 +...+ an =

11]: +115 +...+113 = B. lrong d6 A. B > 0 cl10I1"11'C>"c1h0a1mZ1n A: < 11B.

. . . 1 ~ _- 1 1 1

a)T‘1mg11in‘1nhonhaitcua bléu thirc -—+ —+ +-—.
111 a 11;'7

1 , . . 1 .1 . 1 1 1

b) Hm g1ai1r1nh0'11h§1tcUu bxéu thuc —,+—,+...+—,.
11,‘ 11; 11;

Biai 57. X61 tzf1phQ‘p D g6m 12 $6 lhuc khéng m 11, .c13....,11” 1h0z11n€1n

(1, +11: +...+a“ = A. 11[3+11§+...+11§= B. 11]} +11; +...+(1j = C. lrong dé A B121 Lzic

hing 55 du'0"ng cho 1rL1'6"c sao cho D khzic réng. Tim gizi tri ldn nht Qua biéu thuc

a,c13...11”. '

1 , (I (I “‘ (I
Ba158. Xét Lép hQ'p D gém n $6 thuc du'Ungth®z1n1zm —'+ —+...+—” -12+

11, 11.‘ 11]

\)
‘_/

(11 +11, +...+u”)2
Tim gizi 11-; ldn 111151. gizi 11-1 nhé nht cu-11 biéu mm ‘, -, ,

11" + 11; +...+ 11"
_ IX

“ w
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§19. PHU'O'NG PHAP ABC (ABSTRACT CONCRETENESS)

1. 00 sf)’ CUA PHU’C7NG PHAP

Khi dimg dao hilm dé chtrng minh min $5 bit ding lhirc chim nhiéu bién $6. Inét k§'

lhuzjl cn phi ch dén 121 khéo sail hiun lhco m<}I bién sf) vdi cc bién cbn lai 151 {ham
Tuy nhién. trongczic bit déng thfrc déi xirng ba bién :1. /J. 0 néu sir dung k)’ thuzlt

lrén gaflp khé khim thi chflng ta SE dun bit ding thfrc vé him f(a_b,c) ch: chira czic dz_1i

lucyng u +b+c", ab+bc+cu. ubc". Sau 66 chmg ta sé khéxo sail hi1m f(a,b,c‘) thco bién

abc vé‘i hai dai luqng (:5 dinh 151 u+b+('. al1+bc+c(1. Déy 151 y tu'o"ng chfnh cila
phutmg phzip ABC. Tru"c'>c hét chng ta $6 tim lip Xzic dinh CULl abc bdi czic ménh dé suu diy:

‘ -Y 1 r r !_ 1 \ , 4 . _1. Ménh dé 1.G1a su" 111e|L—<>@.—\ 3] U E\/3.+<>@_! va cuc so lhgrc a. /1. (' thou man

J’ ab + be + ca I 1

Khi d6 tip xzic dinh :1/20

5/

F4i_"\

—Z111:)X3 +111 (6—Z111:)X| +111
s

9 9 _j

T

[u+b+c=111

2. Ménh dé 2. Giéa sir me +00] v51 czic thuc a. b. c khéng aim thba min

(1b+b('+C(I=1 6_2, 3 X (6_2 3 X
.1<m détp Xac dinhabclil I\’1B.X{O.( ”9) 1+'” 1 "1 ) ‘+'”

a+b+c=m 9

Trong dé X, v51 X2151 hai nghiém clia phu'o'ng trinh 3X 3 — 2mX +1 :0.
Chling minh

Xét phuong trinh: X 3 - 1nX 1 + X - 111% = 0 (1). Khi ac» ta can tim méu kién CU21 abc aé

i) Ménh dé 1: Phuong trinh (1) cé ba nghiém thuc.

ii) Ménh dé 2: Phuong trinh (1) c6 ba nghiém thgrc khéng aim.

Ba: f(X)= X‘ —111X2 + X —abc' 3 /'(X>:3X1 —2111X +1

I I / 3

Tacéz f’(X)=0@X,=’”"“g” _3;X3:'”+V;” ‘3

:Bé1ng bién thién X ‘ -°° X1 X3 +°° I

f’(X) \ + 0 - 0 +

f<X> Z7 X Z7
_f(X,)z0

i) (1) cé ba nghiém thuc <:>

f(X3)$O
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111—(Z111:—6)X. n1—(Z111:—())X|
<:> i—————“S<1/>1'§——~i(Z)

9 9

I—(6—Z111:)X: +111 (6—Z/11:)Xl +1111

L 9 9 J[

p_y

Vgiy lglp xzic dinh cuu 11/11" 1 '

ii) {)5 3‘ ring néu a!11'2().11 +/2 + c 20. ab +/M" +011 20 Lhi 11./1.1" 2 O.

D0 dd (1) cé bu nghiém thuc khéng aim c> (I/JC phai lh0é1mZ1n(Z) vi 11111-20.

I! 111—(Z1113—(w)X:\‘L< _<111—-(Z111:—6)Xl
<:> N1.1xi\(].#-~—‘ _z1lJ( _?—9-i

1

véy 1&9 xzic dim 11/11> 121 1v1ax[<>.(6_2"’:)X1+'” ;(6_2'”:)X*+'”
1 9 9

, , ., .; ., F "i .4 A A . .' .Clzu y: ' G121 thlet 11 +12+(-:111e [—<>o.—\/3} J:_\/€1+<>@J' du‘Q'c thlet lap ncn tu dang lhuc

c1b+bc+z"11 =1 v51 bit dilng lhtrc (11+b+(-)2 23(11b+bc"+cc1) =3 h0z_'1c Q6 thé duqc giéi

thfch 111- aiéu kién f1.\-) 06 3 nghiém mu-Q nén f’<X)=3X’-2mx+1=0 phai 06

nghi{em.1L1'c1E1 A':111: -320 <:> me [—i>9.—\/gl

' Tit ménh_d§ 1 ta rill 1'11 mQ>1 nhén xél quun trqng 121 C6 thé chuyén' déi bé (11.b.c") vdi

11.l>_1-e R dé biéu dién tt czi cc phn [tr cua {zip thou mfm 11l2+bc+c11:1. bing

czich str dung bi» (11 +12 + c.11b + 120+ c"a.11bc) \'<'>"i SL_l‘ ring buéc

(6-2 ’)x, (6-2 1)X
u+b+1-=m6[-00,-\/§]J|:\/§,+<><>j \»'Z1a/206 mg ‘+m; mg 1+m

' Tir ménh dé 2 ta cflng rfll ra nhén xét 121 c6lh€chL1§'€n déi bf) (c1.b.c) vdi cl.b.ce

dé biéu dién I51 czi czic phn 1u~¢uu151p Bf’ thou min (I/7+/)(' +111 = 1 _ bémg czich su'dL_1ng

bé (11+/2 +1111/2 +110 + 111.11/21') vdi su rimg buéc

uh
L___....J

<
Fri

4_

DJ

a+l)+c=111€{—<><>.—\/ ubce Max (). 1 ' L

‘_ [ (6—'l111:)X,+111m (6—Z111:)X1+111

L I 9 J 9

3. Ménh dé 3. \/(Si méi bi) (¢1(,.[2(),1'U) e R3 déu 1611 tai (.\'()..\‘(,.‘\‘U)1(1U.ZU,fO)E R} sao cho

110 +110 + co = X0 + _\-0 + yo = :0 + :0 +10

aobu + [7060 + "mam Z -"0-"0 + ~"0-‘.0 + -Y1)-Y0 : 30:0 + 3070 + I031)

'\-U'\.U»\‘(J 3 aobufo 3 5031170

Déng thtrc my ru khi hai lrong ba phn [LT cua bé (c1U.12U.¢"(,) bing nhau.
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C12 1?'ng minh '

Truéc hét ta se chirng minh bili tozin véi czic bf; thgrc (110./20.10) thou mun:

110 +190 + c0 = 1n \/E1 (10120 +1)0c0 + ('0c10 :1 . Theo ménh dé 1 la c6:

(6—Z/n31X,+n2 (6—Z1n:1X +111._ - . I __ '
.8 _i9_§11(,1;()1(,gig?-5

Ta se Xem khi c10b0c0 dat gizi Iri bién thi dac diém cua a0.b0.<r0 se ra sao.

Gia st!‘ 110101-0 = Xét phuqng trinh f(X) : X3 —mX 1 + X - S : 0 11>

, ‘ . _ . 1 - I -3 ' 1-3Ta C6: _/' (X)=3X ‘ — 2mX +1 cc’) hzu nghxém la X1=m \/an 1X, = m + \/m .

_> ' 3

Mat khzic do f(X,)=0,f'(X,)=0 nén phu‘0'ng trinh _f(X)=O phzii cé nghiém kép

X1. tzldéi lz_1i k1’ hiéu g(_>i nghiém kép 15 .\'0..\"0 v51 nghiém cim lqi 1'11 _\'0.

.\"0 + .\'0 + _\'0 = 111 =110 +120 + (*0

Theo dinh 1)? Viet ta Ia cé: .\‘0.x0 +.\'0_\'0 + _\-0.\"0 =1:110120 +1>01~0 + 1-0110

..\-0.\‘0 Y0 = .3‘ S 11011010

' Khi a0b0c0 = S thi hoim toim urong tu" ta c6 sq 1611 tai cuu (:0.:0.10)

Nhu' vé l ta d chL'1'n<1 minh du'o'c bili Ioén d néu trons t1'u'b‘n2 ho‘ 11 +12 +1' =111 \/'21- y -» - - ~ - (1 I) I)

110120 +b0c0'+c0a0 =1. Vdvi mét tu" tu'c'rng hoim ton '.u‘o'ng tu". ban doc hy chtrng minh sgr

tén tz_1i cho trudng hqp: 110 +120 + c0 = 111 vii 110/20 +1201-0 + 1-0110 = —l .

_Bz‘1y giér gié sir (10 +190 +00 =M V a 190 +b010-0+0 a =+N thi liéu czic bé (.\'0..\'0.\'0)
- O 3 0 O “ - - -

v51 (;0.;0,10) cé tén mi khéng. cau 11-21 1c>~i l C6. Thzfu vziy. Xél czic $6

I M
110 190 (:0 . U‘ + 7' +(' — / ,\

((1 .12 .0 )= thoumn hé dleu k1¢I’l , \1[1\\
' ' ' \/|/V1 \/\1v\ \/i/vi

11I12|+1)|1:I+(']c1I=il

Theo chtrng minh lrén thi czic bé (.\‘|..\",._\"]).(:I.;,.I|) I5 1611 tgi vii chgn cc bi)

("‘—0"‘—<)*-"11):(‘/m'Y|*\/ml-|*\/W-"11 Vi‘(:0-30101:<\/W31“/W31"/mil)'Khidéz

1 - M
.\-0 +.\-0 + )0 :\,!UV_\(.\-1+1-1+ 5,1) =\/iN|(;| + ;[ +1‘): 30 +30 +10 = \/m/{W :M =110 +120 +1-0

1 1

.. ..._l.. .,._--- ~_E-_- -_a%W.\0.x0 +x0_\0 +_x0.x0 -YN|(.\].\1+.\'[)l+)|.\l)—~0~0 +_,0t0 +1010 —1N1(~l_,| + ~11‘ +100)-i;N -iN

xoxo-"0 :(‘N)3"-ax]-V1 §(\W)3a|b1C1:”<>br)Cu,:(‘/Wfalblcl §(\/W13 5131'] : 303110
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4. Ménh dé 4. Vdi méi bf) ((zU.l2U.<',,)e la déu Um du'Q'c mét trong hai bé

1
\

(.x',,..\',,.)"(,):(~U.\.(,.IU) e x‘ hoac (O..\‘(,.)',,):(..U,.,(,.l(,)e A‘ sao c_h0:

an +b0 + C0 : x<1+-\'<>+-W): :0 + 30 +10

H02-1C Hobo + boco + Coao : X0-"0 + -\'<)-"0 + >\‘<)~\'0 : 3030 + I-oro +1030
. . . < . < _ -

¢ -"\'\<>‘o -“(>b<>(<J — ~o~0[0

Déng thfrc xéy ra khi hai trong ba phén u'1'cL'1ab<f> (aO,120,c'U) hing nhau.

Jfa0+bU+('O=O+.x0+)=0=30+;0+rU \

Hoac aobo +b0Co + coao : "'0-Yo : 3030 + 3010 “H030

{O S auboco S 101,010

Ding thirc xziy ra khi mét trong ba phn tn‘ cua bi» (zzU.l2(,.¢-U) béng 0.

Binh lugin: Czic ménh dé 3, 4 121 khéng hién nhién vil né cfmg ch1'nh1Z1c0's<'>"cC1a phu'o'ng

phzip ABC. Ch-J1 ring moi biéu thfrc aéi Xumg f(u.b.¢) thco ba bién a.b.(,- aéu cé mé

biéu dién thénh g (A,B,C) théng qua 3 dgai lmjng: A : a +12 + c; B : ab +bc + ca;

c = @196 . "V

D_0 dé dé giém 55 bién, ta sé c6 dinh A,B vi cho C chay. Ta sé ki vcgng him g dat cgrc

tri khi C dat céc gié tri bién. Tuy nhién (7 dy ta cng khéng cn biét mél céch cu thé C

Se am gfzi In bién khi nilo ma chi c§n biét khi c am gié In bién ma céc bién (1,1). C ban

du sé phéi 06 tfnh chit gi dzfac biét. Diéu nily cflng giémg nhu' ta sé tim duqc céc gizi tri

téi han c\'1a him sc‘> mét bién mél khéng Cain tfnh cu thé czic diém tdi hgn ctla nc'> véy.

Céc ménh aé 3, 4 dém béo su‘ 16m tai Qua CZ, b. ¢~1<m c dat 65¢ gizi n-1 bién.

5. Ménh aé 5:

Mqi da mu-C f @161 xrng theo czic bién a,b,c aéu cé mé biéu dién dudi dang da thtrc q>

Lhco czic bién abc.ab+bc+z"a.a+b+c v21 dcg(p(ubc)_l

/\
Q1)

C-
O

(IQ

'\'>

Clzzi )5: Ban doc cé thé hiéu du'th(1"c tfnh theo bzfac cua abc nhu' suu:

Gizi str f(a,b,c) =(a +b+c)abc+ab+bc+ca 151 m<_“>tdathL'1'c béc 4 theo a,b,c. Nhung

khi tinh béc ca da thtrc theo bién abc, ta xem a +b+c v21 ab+bc+ca nhu‘ czic hing

56 172,72. Khi dé da thirc duqc viét laiz f((z.b, c)=cp(abc')=n1al2c+n 121 da thtrc béc nht

theo bién abc.



f;\
'1»

Clnrmzg IV: ‘V/n7"ng rién kim c'u'0'ng troug bf}! zlrfrzg 1/1121" hin rig/i

Ch ling minh

Do mqi da Ihirc d<‘\i xL'n1g \*c'>'i 3 bién u. />. <' déu Q6 lhé biéu dién qua mic da lhirc dC\i

xvlmg CO' SO‘ P(/zx).Q(m./1).R(nz./1./1) nén la ch: cn chfmg minh sgr hiéu dién cho czic

dang da‘thL'1'c P(/2).Q(m,/z).R(/11.11. p) . vdi

(1'2)=a”+l>”+c'”

Q(/12,11) =a'”b” + z1"b'” +1/”(:” + c"/1'” + (“"11" + z1'”<'” (H12/12 />20 )

R(nI, 11, l))=u”'l>”c” +a'”b”c” +h"'z2”("" +b”'u”c" +¢r'”u”l1-” +(r”'u”[>”

Tuy nhién cé thé nhzfm xét thém réng:

' R cé thé biéu dién uu cime vc'>'i abc: R=(abc)') m— ,n—q - /7 /7

' c6 thé biéu dién ua P bo‘ihé1h1'rc: I P(m) P(/1) — P(m +11)q .

Nhu"v{1y ta chi cn chirng minh P c6 thé biéu dién qua (1/2<>.cz/J +/ac + (11.0 +12 +(’_.

Ta sé chirng minh diéu nixy biing phu‘o‘ng phép quy nap:

Véi 11 :O;n =1. ménh aé dii cho hién nhién dng.

Gizi sL'1' la dé chirng minh dU‘L_7‘C P(/<) Q6 thé biéu dién thimh du Lhxlc théng qua czic bién
abc-,ab+bc+ca,a+b+c,Vk 3 /2-1. Nhém xél ring diéu nély cfmg dfmg déi v('>‘i

Q(m,n) via R(m,lz,p) Vm2n2p2O:m+nS/1-1. By gié ta sé chfmg minh tinh

biéu dién ctxa P(/1).

TacézP(/1)=(a+b+c)P(/z—1)—Q(/1—1,1)

Déng thwiz Q(/1—1,1)=((1/2+l>(‘+<?a)P(/1—Z)—R(/1-2.Ll).

Do d6:P(l1)=((1+b+c)P(/2—l)—(ab+b('+<'u)P(/1—Z)+R(/1—2,1.1).

Mét khéc. Lheo giéx thiét quy nap. czic biéu Lhirc P(lz—1)_P(/2—2).R(/z—Z.1.l) déu c6

thé biéu dién du'c'»'i dang da thtrc thco czic bién abc, (1/2+bc + ca,a +b.+ c .( ,

Biéu nély cho ta két luén mm dang aén Qua ménh dé aa néu khi /< = /1. V

Nhu' véy, ménh dé C15. néu d duqc chtrng minh thmg qua nguyén 1}‘ quy nap.

Tinh chit degcp(abc)£%dcg f dU'Q'C suy ra khzi hién nhién. b©"i 16 biéu lhfrc (1120 c6 béc

1:1 3 déi mi czic bién Cl, 1;, C. Do dé khi coi abc la mg3t bién béc 1 ma b@¢ CULI abc phéli

khéng ldn hon é so \’(§'i béc cm da thirc tfnh thco cilc bién a,b,c.
J
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1. Djnh If l: Néu f(ab<".a/7+l2c+¢'u.a +b+c) 151 hixm don diéu trén R lhco (1/J(‘ thi

gié tri 1c'>'n nhét v51 gizi tri nho nhéit ra khi trong bu $6 a.b,c cc’) hai $6 béng nhz1u.cbn

Lrong lép R’ thi xay ra khi cé mét béng O hay cc’) hai 56 béng nhau.

2. Dinh I)" 2: Néu f((1bc,ab+bc' +c'a.a +12-+0) 121 hZ1m l5i trén thco abr [hi gizi lri

ldn nht xay ra khi trong ba S6 a.b,c c6 hai béng nhau. cbn trong tip R' {hi ru

khi 06 mél $6 bmg O hay c6 hai $5 being nhau.

3. Djnh lj 3: Néu f(a/2c,ab +120 + ca,a + b + 0) 1&1 hm 16m trén R lhco abc [hi gizi Lri

nhcb nhélt xéy ra khi trong ba s6 (1,1), c cé hai bng nhau. cbn trong tip R” {hi my ra

khi c6 mét 56 bng O hay cé hai $6 bimg nhau.

N114?” xét: ca ba dinh 1y lrén aéu du'Q'c Chfrng minh dgra vo czic ménh dé 3. 4.

4. Chling minh céc djnh ljz

Ta sé chfrng minh dai dién dinh 1)? 1 béng phuorng phzip phcin chtrng

Xét f(abc,ab + bc + ca,a + /J + 0) 121 him don diéu lrén theo abc.

Khéng n1§t tfnh-téng quail la sé chimg minh dai dién cho 'tru"b‘ng hqp f Léng vii m gizi

tri ldn nhét. Gié sir him s6 f dat gizi tri lé'n nhét tai diém (c1U,l2(,,c(,) trong dé (I0,/90,60

khzic nhau mg am mét v51 gm 11-1 l<'7n nhl 1:1 M. Tuy nhién lai 1511 mi mét bi»

(4%), ZUJO) thoa man:

M =f(aOl20c0.c1(,b0 +b0c0 + c"0c10,aobUc‘0)

B

< f(3<>3oro~aub0 +b<>¢'o + Cuawao +170 + Co): f(Z05070~5o:o + Z070 + 3<17o~3<1+ 30 + To)

iéu v6 19 nily cho phép ta két luén gié tr! lc'm nht xély ra khi cé hai bién béng nhau

X61 f(abc,ab + bc + ca,a + b + c) 151 hém don diéu lrén R’ theo abc.

Néu f Ling vii cn tim gizi tri 1c'>‘n nht thi 151m hoiln toim tuong [L_l' nhu' trén. Xét f ting

vix can tim ié m nh<'> nht. cm SL1 him $6 ‘ am gm 11-i mm nhén 121 m mi aiémg . . _ . .

(1 b .c trons dc’) (1 ,1) c" khéc nhau tirnv déi mét vZ1 khéne cé bién 11510 b§m2 0. KhiU’ U1 (J v U O’ (I C - Q -.,

d6 c6 mét trong hai lrubng hQ'p sau xziy ra:

"1: f(a0buC0*a0b0 ‘Lbuco +Co“n~“<>br>C<1)

> f (x0'\'r>-Y0’ Hobo +b0"0 + C0510’ an '+ bu +(7u ) Z f (-"o~\'<>_‘~r>- X0"-<> + -‘lo-“r> + 311-\X>~ -‘lo + -"0 + -V0)

nz =f(aUb0c0,u0bU +b0co + cOa0,a0b0cO)

> f(O,aUbU + boon +c‘Uz1(),(zO +170 +00 ) = f(O..\'O_\"0..\'0 + xo)
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Ch lr0’ng IV: Nh 1711g vién kiln czzmzg trong 121?’! (Hillg I/2121* hi 512 Jgzi
Diéu vé 1y naiy cho phép ta két luén gizi trj 1611 nhét xii)" ra khi 06 Z hién hing nhau hoécmél hién h§1ng().

° Clzzhzg minh c7_inIz [)7 2 vd 3 hoiin Loin tuong [gr nhu' dinh 1y 1 vé'i czic chd )7 vé czictfnh chit Qua hilm Iévi vii 16m. trong d6 him $6 l6i dal gizi Lri I<'>'n nht . h21m s6 16m datgizi tri nhé nht khi hién dgn czic gié tri 0' hién.

5. Héquii:Ti1'c£1c kétqu6t1'é11tarLit1'adu'Q'c n1©ts<‘\ hé qua If lh sau:

5.1. Hg? qzui I: Gia sir f(a +Z7+(,',u/2+/90+c(z.c1/90)
I21 him du lhtrc héc nht lhco (1/)0,

khi dé him f dam gizi tri lc'>'n nhél. trj mm [men lrong khi cé mi hién hing nhzlu v21
hi1m f dat gié trj 1<'7n nhéit, gizi trj nho nhl trong Rf khi c6 hui hién hing nhau hone méls6 being 0.

5.2. H_é qud 2: Giai sir f(a +/)+c,ab+bc+ca,a/)0)
151 hixm lam lhfrc hzic hai theo abc

véi hé $6 béc cao nht ducmg. Khi d6 hinn fdg1tgizit1'i lc'm nht trong khi cc’) hai hién
bring nhau_ dat giai tr} lém nhét trong khi c6 hai hién hing nhau hozjc mét hién being O.

5.3. H_é qud 3: Mqi da thfrc déi xtmg ha hién (1./J,(' héc hé hon hay hing 3 dat gizi lri
lén nhzit v51 ma m nhc) nh§1lt1'0n<* R khi cé hai hién bénc nhw Va dam um u-i Idn nhéit. via

c. .:~ c ‘ .¢. z:tri nhc'> nht trong khi c6 hai hién hng nhau hozflc mét bién hing O.

5.4. Hg? qm? 4: Moi da mac déi xtrng ha hién (1,b,c' béc hé h0'n hay hing 8 06 h<;E $6 Qua
61219.20: Lrong hiéu dién qua dang f(a/Jc,c1/J+/)<f+<‘a,(1+b+c) khéng 51m dal gizi tri
lé'n nht trong khi co hm bién bang nhuu Va am gizi m Idn nhét trong khi c6 haihién being nhau hay 1n(“>t bién hing 0.

.

Chzhzg minh

5.1. Hé qzui I: Du thirc bzic nhfil m.\‘+ _\' IE1 him don diéu. D0 d6. theo djnh 1y l hilm
f(a+b+c,ab+bc+ca,abc~).

151 da thtrc béc nhél thco abc. don diéu dam gié lri ldn
nht, gizi tri nhO nht trong tz_‘1p khi c6 hai hién héng nhau v51 dat gié trj lc'>‘n>nh2‘1t.gi2itrj
nhé nht trong ZR* khi 06 hai hién hing nhau hoiic méthién hing O.

5.2. Hf qur? 2: Tam thfrc bgic hai vdi hé $6 duong max: +n.\"+ p 151 hilm léi trén doan
lién tuc. Do as theo dinh 1y 2 thi aéi mi ham $6 f(a +b+c.ab+bc'+ca,abc),

121 mét
tam thfrc héc hai thco abc \/£1 hé $6 hgic cao nhzil duvng. u'1'c IE1 mét him lhi nén dat gizi
trj ldn nh§t trong khi 06 hai hién hing nhau v dal gizi trj ldn nhl lrong R‘ khi C6hai hién hing nhau hoézc min hién hing O.

5.3. H_é‘ qu 3: Thco ménh dé 5, dathL'1'c déi xtrng ha bién a,b,c' hzic bé ho‘n hay hing 5
c6 thé hiéu dién thnh da thtrc f((z +/)+(',a/2+/9c+Ca.a/76) vii 121 da thtrc héc nhfil
theo abc (do degcp(c1bc)S%dcgf=% suy ra dcg(p(ub<")=l). D0 dé thco hé qua 1 da
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Lhirc dat gié tri Ié'n nht. gizi tri nh0' nhél trong R khi cé hui bién bzing nhau v51 dat giai

tr; 1c'>'n nht. gizi tri nhé nht Lrong R' khi cé hai bién bng nhuu hoic mét bién hing O.

5.4. Hé qud 4.- Theo ménh aé 5. cm mu-¢ aéi xirng ba bién (1.1). <.- béc bé ho'n hay bang

8 c6 thé biéu dién thnh da [hU'C ((1 + b + c, ab + /Jc + (761.61/)6) vim IE1 tum thtrc béc hai

then abc (do deg<p(al2r-)§§deg_/“:§ suy ra dcg<,0(uh<>)=Z). Hon ntra hésé cua
J J '

(zlblcz lai khéng m nén thco hé qua 3 la di dén két luén du thirc Gal gizi tri ldn nhél

trong khi c6 hai bién béng nhau vi d2_1tgi2in"i ldn nhl trong khi 06 hai bién bzing

nhuu hozfxc m<_3t bién being O.

6. Binh lugin: Do mQi bit ding thirc déi xirng véfi 3 bién déu 06 thé chuyén vé caich biéu

dién da thirc déi xirng 3 bién nén 511' dung 4 hé qua trén la cé Lhé dé dflng chirng minh

dumyc czic bit ding Lhtrc aéi Xumg 3 bién.

7. Mgit $5 drfng tlzzic vd diéu ki_én b5 tr_0’:

D231 a = x+ _\' + :,b = xy + yz + x:,c = 13:. Khi dé ta cé:

'> -v -a -a

7.1. .\"‘ + _\" +1" =0" -2/2

7.2. x3 + _\"3 + 13 =03 —3ab+3c"

7.3. x4 + _\"4 +14 =04 —-4(l217+ 2172 +4z1c

7.4. xs +y5 +15 = as -503./)+5ab3 +5a3c—5l2c

7.5. x° + y° + 1° = a° —6a4b+ 6a}c"+9a3b3 —l2abc+ 30: — 2/)5

7.6. .\'7 + )'7 + :7 = a7 —'/ab +14c1"b2 + 7u4c3 — 7/9311 —- 2102190 + 70113 + 7062

7.7. (x_\‘)3 + ()1): + (3)2 = bl —2ac

7.8. (x)-)3 + (_\*:)3 + (z_\')3 = I93 — 3abc + 3¢.-3

7.9. (.xy)4 +.()'Z)4 + (:,\")4 = 12"‘ —4b3ac+ Zalcz +4c:b

7.10. (x)")5 +(_\,’Z)5 +(z,\')5 =b5 —5ab3c+5a3bc3 +5b3c2 —5ac3

7.11. x_\'(x+ _\-)+ _\':()' + :)+ :,\'(: + x) : ab—3c

7.12. x_\i(.x-2 + _y2)+ _\*:(_\'3 + :2)+ :.x'(:3 +13): a3l_2—2b3 —ac

7.13. .\3‘(.x‘3 + y3)+ )';(_\'3 + ;})+ :,x'(;3 -I-xi’) = a}b—3ab3 -030 +5bc

7.14. .r3y2(x+ y)+ _\‘3Z3()' + 1)+ ;2x3(: + X) = (1123 — Zazc —bc
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7.15. X3 \'3(.\'+ \‘)+\“1:'1(\"+ :)+ Z}.\‘7'(: + X) = (1121 — 3112121" +5002 -0123

7.16. (xzy + _\‘:: + :3.\"Xx)‘: + _\'I: + :13): 91": + (:11 —6c1l2)<" +12’:

7.17. (.\"1'\" + V31 + :‘1.\')(.\"\"; + Yj} + :,\“1)=7113<': + (115 —5u’:12+z112:)1~+124

7.18. (.\“1_\': + _\"3:3 + :‘1.\':)(x:_\"1 + _\"3;7‘ + ;:_\"‘):¢1J(‘: +c1212c*2 + 712:1": +12; —5121c1(‘

7.19. (x4 \'+ Y4; + :,“.\‘\) (.\'\"4 + V14 + 3'41

=12‘; — 12111211‘ — 1611 2121': + 1312303 +0117 — 7111512 + 141-11312: + 7111c'2

7.20. Phu'o'ng trinh bzic ba 113 — (111: +1211 — 1" =0 06 c-zic nghiém thuc X, _\'. I

4:—27c:+(1S¢112—4a11<‘+(1212:—412;2U (I) '

7.21. Phu‘0‘ng lrinh bzic ba 113 -1111; +1211 —(-:0 cc’) czic nghiém 11’]L_l'C .\‘, _\'.; >0

-22¢? +(1s111;-411‘)1-+1111): -41>‘ 20(3 <

\a>O,12>O,c>O

7.27Ph‘ <‘/tr‘hb“ 3- 3‘ —‘= 0'" '* ‘ Q’-. uona m ac ba 11 au +1211 1 O co cac nchxsm .\,_\,3 la ba canh tam ciac

<:> ‘ :13 —-14112 +81‘ >0.

(1>O.12>().<'>O

8. Czic vidgl minh hga.

K-221-I + (131112 -411% + 1f1>1'- 412“ 20

Béi 1. cm 11,b,¢- > 0. Chirng minh rang;

,2 1 A 2 2 _: \3
1_ "bf -22“/j+~j+/>3 (1, 2_~_+i+;.,i21£1;/1;; .2»,

11' +12‘ + 0" 3 11‘ +12‘ +1" 411121" 4 ~\ (112 + ac +121" ,1

Ch ling minlz

1. (1) <=> P=z1bc(u3 +b2 +c2)+%((13 +123 +c31—(113 +12} +c'31(11b +1)c'+(r11)2O

Do dc’) P gizi 111 nhé nhéz khi c6 hai gizi tri trong ba bién bang nhau hay mét bién bang 0.

° Tru'O'ng h(_)’}I> hai bién bng nhau. gia 811- (1: c bit dfing thirc urcmg duong v<3'i:

, 1

c1'b 2 11‘ +2111) :++—2—_———,—<:>(<1—12)
Z11’ +12" 3 2:1‘ +12‘

*7

2 1 1
1 —~ ((+7 Z()<:‘/((I—1J14((l+1)1ZO

r___

I\)
Q

2 +19: 3('lc1} +/2311

' Tru'€>'ng hqp c6 min bién bing O. giel sir c =0. bit ding lhfrc 1u'o'ng duvng vC>"i:
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"\4 ab » 12,i3<=>z1‘ +b3 +3(a—12) 20.
J cl" +11‘

2. Dé y rang cé mé dun <2) vé mét da mu-C aéa Xfl'ng bic 7 mi (I. 1», (- nhung chi 1:1 da

thL'rc béc nhén déi vdi abt . do dc’) Lheo hé qua I Lu xét hai tru'O'ng hqp:

' Truirng hqp hai bién bng nhau. gizi su‘ (1 = (‘ bt ding thfrc tu'o'ng ducmg \'<'7i:

IL
J

r\
~.

.1 1‘ /’ 2 3 \3 / ~ _~ 2\ ,1 2 2 \3Zu +11 +l>| Zu +17 ; _ +/7 _;)>i Zu +12 i

\ [7 4/ \ /1
411311 4 _ |\ :1: + Bub 4:1" \ 11' + Za/J,

((1-12): (:Zcz+/7) (41-1)): (3u3 +l23‘+ 261/J) <:>(U _b): Um/7_(I)3 +a3)]ZO

4” 17 ((13 +115)-

‘ T1"u'b"ng hqp cé min bién b§1ng0. b5ld?mgtl1(1'c d cho hién nhién dling.

Béi 2. [Iran 1996] cm <1,/;.@ > 0. Chtrng minh rang;

((lb+[JC+C(I)( 1 7+ I ‘+ 1 ,722
L(u+/2)“ (b+c)' (1-+41)‘ 4

Clzzhzg milzh

Dun (1) vé dathL'1'c déi xirng béc 6 ctm a_ b_ c vim [Z1 béc hai CUJ. abc vdi hé $6 du0'ng nhu' sau:

9[(a+b)(b+c)(c+a)]2 —4(ab+bc+ca)[((1+b)2(b+(:)2 +(b+c')2 (c+a): +(c+a): (a+b):]2O (*)

<:n2((117c)2 +nab('+p2O (11120) -

Trong dé nz./1_p 151 czic dai 1u‘Q'ng chtra hing $6 hoc chira a+b+c,a12+bc+ca mil ta cng

coi nhu' 151 cc hing $6. Ta cé thé giai thfch diéu nixy nhu' sau: (a+l7)(b+(.")(('+a) cé

dang mab('+n nén 9[(a+b)(/2+(')(<'+u)] c6 dang mw(ub<") +12ab('+p.

4(al2+l2c+ccz)[(a +12): (b+c:)2 +(b+c"): ((+0): +(c+a)2(u+/>)2j:4n1Atrong dé

m = ab + bc + ca duqc coi 151 hing $6 . A I51 mét da thirc béc 4 nén cfmg cé dang mab(,'+/1 .

Véy nén biéu thirc (*) méi c6 dang nhu" trén.

Khi as ham $6 vé trzii am gizi tri lc'm nht khi cé hai bién bang nhau hoic mét bién bang 0.

' Tru'€)'ng hc_>'p c6 hai bién bng nhau, gizli str a = c", bit ding thirc urong du'o'ng véi

((13+2ab)[%+;j23<=>(a——b)2[ 20+!) ,— lm,]2O‘2-b(a—b)22O°
451- (a+b)' 4 2u(a+[>)_ (u+b)_

Tru‘€mg hqp cé 1n<}t bién béng 0. giéx sir z" = O. bit ding thtrc urong during vé'i:

(I/1%w+Lq+Lw}22<:>(c1—/))2[—1——i1_%2O¢:>(a—/2):(4u3+4b:+7(1b)2O
((l+b)_ ll“ 1?“, 4 "/7 4((I+/7)__i



CIuran IV: Nh!7'n vién kim cu'0'n tron bfit (T1111 t/1121‘ /zién (Mi 6378 3’ 8 8 8 . .

Sau dy 11161 \"1’d1_1 La khéng thé lZ1m 11110 Liép ti1'cL'1c hi qua (151 néu mil phai nh()' \"Z10
1n©ls5 bién (I51 hay czic dinh 1)’/' (I51 néu.

I Béi 3. [Russia Olympiad 2005] Cho (1.111 > 0 1111111 mam 111 +1f +8 :1.

Chtrno minh rnv" —ui+—L+l> ”C F 1 1 ; _.> (1)
a” +/>0 If +u(' (“ +0/7

Ch 1212g min I1

Binh lun: Néu dun (I) vé dd thL'1'c 661 xL'1'ng [hi nhém CIu'Q'c mél dzl thL'1'c béc 9 \'é'i (1. I2. c
vi1lZ1b;3.c 3 \’é'i a/>1’. Din;-:11 nZ1y khéng ném trong cilc hé qua]

D0 (16 vé'1bZ1i 102111 11Z1y1u phai s1'1'd1_111glhL1lhué11d6i hi<-@1155 sau dziy:
12- : I

1 I lD231 .\‘=—(:_\"=—(::=£ :> .\j"+_\":+.\-:,=l vZ1(1) <:> i+%+?23 (2)a /J c .\'_\" + 1 _\"; + .1‘ :,\‘ + _\'

Bién dc“/>1 (2) vé da th1'1'c bzic hai thco .\j\"; v<'>‘i hé $6 bzic cuo 111151 khéng m.

Ta ch1'c§‘m xétc;ic11‘11'<‘>'ng hc_>'p khi c6 hai bién hing nhz1u. hay miwl bién bng 0.

2 1 . 1Trung h_0’p I: .\- = :,. Khi d6 (2) <:> ‘L?2 3 \/'61 Z.\1\*+.\" : l.
.\‘\' + .1" .1" + \~

‘- -3 1 ,. , . vThay _\"=l%‘ 1h1tapha1chu"ng m1nh: —j%+h7 23. \7’.\"e [O11].
.'_..\' _ -" 'w _ -'

1 1‘ — + .\- .1" + 1 "‘(
Z ZxD" > .* ',*,— >/ _~' ‘"" ‘ N1eu nay khong qua l\h0 khan va CdC ban se co the g1a1 quyet dé dimg.

Tru'0'lzg hgfp 2: 3 = O. Khi dé (2) <:> L +l +i 2 3 V61 .\'_\" =1 .

.\"_\" .1‘ _\" '

, 1 1 2 1 1 1 1 2 ,Taco—+—2t:>—+—+—2—+?=_>.
.\' v \/ W .n‘ .\' 1" .\'\' \, \-\~

Béi 4. cm .1-, 1-,; > 0. Ch£1'11gm1nh1"§1ng ;

.4 ,4 _4 /7; .. ._ ._

J1 +1.“. ,+1'("§"+";'+".")21+\5 11>.\"\"'+\"';'+;‘.\'" \1 .\~"+\-"+:*

Cluhzg minh

Vé trzii I51 czic biéu th1'1'c chL'1'a cén nén khéng thé dua vé dang dz: lhtrc (T61 x1'1‘11g.

Ta sé dzinh gizi [1'L_l'C tiép theo him déi véri bién XYZ.

V511 véi quy u'é'c a :.\' + y + 3.12 =.\'_\' + _\'; + :,\',(" = .\_w':. S11‘ dung czich hing ding thirc di
J '1 ‘S

A , A .4 4 ; , ; a —2a'b+2b‘+4ac' 2bneu 0 tron ta blen bat dang thuc ve dang: , + 1 21+ \/5
» b‘ — Zac cl‘ — Z12

Hilm lheo C 151 hm béc nhét nén don diéu. Theo dlnh 1)? mét. gizi £11 nhO nht xay 1'21 khi
C6 hai bién béng nhau hay m©t bién hing O.



(>3 8 Ph u'u'ng pluip A BC
__ _? vii

Z.\‘"' + \"‘ £Z(.\” + Zn‘) (-
Trzrr)'nghQ'p I: .\‘=;.Khid<3(1“)¢:» ? , Q ‘ + f— , —,' Zl+\’Z (Z)

\;'.\"‘ + Ix‘ \"' Z.\" + \"

D0 linh Lhun nhl cua bit ding thirc I121)’ nén la cé thé giéi str .\':1_ khi dé

~
. 4

1 ~.. ,— w

f V-1 , § ~
- _ / ~_

<iz><=» ;__-‘f2 —12v5— 52(2;‘+1):, (-‘ 1) 2 ‘H-‘ U T

\53_“'+1 v"'+3 Z)‘:+1+\;'(_\‘4+Z)(Zy:+l) v\~3+2+\~(v\~:+2)(2_\~+l)

a c6 thé dzinh gié czic mu 56 min czich nh¢ nhimg nhung vn dam belo tfnh dng dan cua

du 1('>"n hon hoéc bng sau khi dzinh gizi nhu' sau:

\/(_\-‘ +2)(2_\-~ +1) sJ§_\~‘ + \72:>2_\~- +1+ ‘/(_\~" +2)(2_\-- +1) s2_\~- +1+\I2_\~‘ +\E
Do

()9 +2)(2_\‘+1)2_\-+\/'2’ :>_\‘2 +Z+\/(_\"3 +2)(2_\~+1) 2)? +_\~+2+\5

dd céng \/iéc cim l2_1i CL"l£lChL/lnglil1flCh[l'l'1g minh:

Z_\_

-\ ,_
~+1 /3 , W ,-~ ‘

_("‘ ) f 2 ‘ v_ <2 y" + _\~-‘ +(5-\2)_\~-+(5+2\5_\-)z0
\/5\"‘+2\-2+\/2+1 \~'+\-+2+\»2

. . vii
Tru"r)'rzg lzQ'p 2: 1 =0. Khi do (1) <:>

, + \'* Z .\‘\' 7
w w

Zl+\'2Ti +
\-' .\"_\" \.\'“ + _\"

’ X: + Y2 _ "v xi + \'* .\': + \":»4_1>( >>,q ,F—> >,
Ta CO1 x +_\" _—»'i_/_.\"‘_\" :\ ~_,i',_——'i_l . do do:

Z V Z.\'“\"‘ Zn‘

\'4+\’J '\'3+\'2 ’7X'\' ’ '_ "w

vT(2)z(J§-1) ' + ' ~ + f“ , z(\/2-1 2»;'-+z1+v=2
2.\"' Y" Zn‘ .\" + \"‘ ‘ _.\'\"

Bi1i5. [Mongolia MO 1991] cm u.b.c6 R Vii (H +1f +<-1 =2.

Chimg minh ring: la} +127’ +0‘ —al>(ri5Z\/2

Ch/rng minlz

Dy khéng phzn 12‘ mm bit dang mm: dang da [hU'C binh thubng. déu :1-5 tuyél déi da mm

mqi chuyén mi‘ nén khé khén. Czich giéai quyét hiéu qua 0' déy 151 binh phuong dé tao da

thfrc bc 6. Tuy nhién cfmg cc’) thé lheiy ngay sau khi binh phu‘0'ng {hi hé $6 cua (131226:

bén vé phéi la khéng am. DO véy ta c6 mé zip dung dinh 1y ABC [I'l_,l'C nép V21 dua vé béi

toén hai bién nhu' sau:

Trzrdng nqp 1.- Hai b bémg nhéu

-I.

0»

5

Cho caic $6 [hL_l'C .\'_ _v: X2 + 2_\'3 =2. Chirng minh ring: Ix} + 2)"; —_\'_\'3!$ 2\/5 (1)

" '7 2 v 3 ,

Ta 0,6 (1) <:> (X3 +2)" -13") £(x2 +'l_\"') (Z).

Néu _v =0 {hi ta cé ding Lhtrc

Véi _»-¢0, chia hai vé cho y“ Va din 1:1. khi dé (2) ¢> (H -1+2)“ s(f +2)”
Y



Clzlrmzg IV: .\'Iu7‘ng vién kim czrovzg trong brit zfring thlir hién dgzi 63*)

Ta c6: (H —1+2)' 5(1) +2)’ =r" +413 +Z<z‘“ +61‘ +121: +8=(13 +2)j
Tru‘(§'lIg /lgfp 2.- Mét bién hing 0

Chm cic [hL_l'C .\'. vx": xi + _\': : Z. ChL'mg minh rimgt + _\";§S Z\/Z

Thit \/y la C61

+.

/<__

J

4_

‘ 1 ~ -\ w -‘ /“
:_\.'(.\‘ +\' +\‘ )S\‘(.\' +\") =Z\,Z

U5
E»

' 6. Cho (1.19, 0 2 O thou min 51+/>+<"='Z.ChL'1'ng minh:

\//(1:12 +1230 + (J:(I + \"/:11): + /)6: + ("(13 § Z

Ch zi"ng minh

Dfly khéng phéi 15 bél dang lhL'rc dang da lhirc. hon nfra khéng thé biéu dién mél czich

mau ch6ng bit ding thirc lrén theo czic d2_1i luqng {rung binh ubuu/2+/2<~+m.cz +1>+c".

mi biéu thtrc hozin vi (R/>+/>%-+8“ V51 uh-’ +/M +<-{E khéng me biéu dién thco czic

dai lugmg trung binh ny. Hon thé nfra_ du cén béc hai dd cl dt méi quun hé Qua chflng.

Théng IhLl'{)'ng gap czic bZ1i toain Q6 chiru cén thL'1'c_ chtmg ta sé Q6 rim cch phci chimg di.
Vdi )7 tu'O'ng niiy. binh phuong czi hui vé cuu hél dflng thL'rc. L21 du'Q'c:

413/2 +b:('+(':c1 +41/9: +/K’: +00: + 1\/(u3l>+/>:("+ (‘:u)(ul>3 +1903 + ("<13 ) S4 (1)

B§1td€ingtht1'c by giiv dfx cé thé biéu dién lhco czic dai lm_)'ng1rung binh

A=(l+1)+6:2.8:(l[7+[7(‘+('(I,C:(lb(’Iiii ,éT__* _. ___Aé___._.___ ..

(l)<:>2B—3C+2\/9C3 +(8—l2B)C+B" §4<=>2\/9c*+<x-12B)C+B‘ §4~2B+3C

<=>4(9c’ +(8—12B)C+B3)§(4—2B+3C): =96: +6(4—2B)C+(4—2B)3

¢> 27c: +(8—36B)C+4B3 -(4-23>’ so

Bén diy 1:1 cé me‘ ap dung ABC,h£1m theo C bén mi 121 hm 1<‘>i Va La can di tim gizi 11-@

lc'>‘n nhét. Nhu‘ vgiy 151 ta C6 thé dua vé hai lru‘()'ng hQ'p. nguy ca' cho bili loén ban du.

Tru'0'ng hg/p I: Hai bién bng nhau

Cho x. _\‘ZO thclva min: 2.\-+ _\" : 2.ChL'1'ng minh ring: S 2

»=> .\~‘ + .\-3 (2 - 2.\-) + _\-(2 - 21-): s 1. Vxe [0;1]

@ (.\-~1)(3.\-2 - 3.\- +1)s0 . Vxe [0;1]<=> 3.\-1 -3.\-+12 0,V,\'e [0;1]

Trlrdvzg h_0p 2.- Mét bién biang 0

Cho x._\'2O théa min: x+ y= 2. Chtmg minh ring: \/.\‘:4\" + \/A3‘: § 2

Ta cé: \/X2)‘ +\/.\)i=\/.\_3'(x/;+\/'i\_')§'-\;;fgl\/2(.\‘+_\') =2



(140 Plz u'0'ng pluip ABC

9. Bfli tg7p zip dyng

Bili 7. Cho czic $5 th1_1'c khéng Elm a. I2. 1' thou 111Z1n:.\"v\"+ _\‘: + 1.1": 1.

Chung mmh rang: \/.\_\‘ + V1 )1; + \/:.\- 3 ~12 + Ix)":

B2118. Cho czic $6 [hue duvng a,19.c'. Chfrng minh ring:

.1 + 11 + . I Z . 1 ~ 6
251' + /7(' 21>" + (‘(1 Zc‘ + ab 0' + /9“ + 0' + u/7 + /xi + (‘u

B5119. Cho a.b,c 15:1 czic $6 th1_rc duong.

Ch1'1'ngminh1'2§ng: U 7+ [J ;+ ( ,2 9

(b+c)' (c+a)“ ((1+lJ)‘ 4(“+b+(')
Biai 10. Cho @,b,@ 1:1 czic S611'lL1'C khéng am. chcmg minh rang

/J(' + ca + ab

/\
'_»J>—-

1-1 I v Z-“-
(b+1") +Ju ((r+u) +5/2 (a+[)) +31"

Bili 11. Cho a,b.c 121 czic $5 thuc du'o'ng.

rang: [7+(‘+('+(I+(I+b CI + [7 + C )

(1 b <' /1 + (' L’ + a <1 +19

Bili 12. [Vietnam TST 1996] Ch1'1'11g minh bit dfing thirc suu Chjlng vdi m<_>i 56 thuc a,lJ,c

(a+./D4 +(l2+c)4 +(c+c1)4 2%(c11 +194 +c'4)

Bili 13. Cho czic $5 thuc du'o'ng (1,b.('.ChL'1'ng minh ring :

111+/7 /1+0 c‘+u 31¢!/>+l>("+z'u r‘
,1 + + +2? , w _2\/6+2

\J 0 u 1) \1"u'+1>“+("

Bi 14. [Russia MO] cm S11’ .1-.1 _\". 1 1Z1c£1c duong cé téng bang 3. Chirng minh:

,_ I._
\/.\' + V’ _\' + 2 .\j\' + _\‘I'. + ;\‘

B511 15. Cho Ll. b. C z 0 v51 M +191 +6 =3.

1 Chtrng minh rang; (2 - <111)(2 -11¢-)(2 - cu) 21

Bili 16. cm czic $6 m1_1~¢ khéng m .1, _\-. ;; .1-+1-+ ; : 2.

- ; / 1 1 1 1 1 1

Chfrng mmh rang: O é \/.\" _\" + _\“ 3 + 3* .\" + \,/.\j\"‘ + _\':,' + :_\" S 2

B21i17.Cho czic S61hL1‘C u,b,c2O v (H +111 +1-1 =1.

, . ~ b<' ca ab 5
Chung m1nh réng: -ix + ~?_‘ + —i} 2 —

a—a' b—b* 0-1" Z
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(7l1m)'ng IV: .\"l117‘ng rién kiln cu‘0'ng Irong bl?! zlrilzg I/112? l1ig7!1 zfgli (xii
m. MO’ RONG agm-1 LY ABC

Nln1'czic hqm d lh). déi \'(v‘i uaic bili loain bl ding um@ 06 s1_r ring hu(>c gifru czic bién
(1./1.0. néu su ring bL1Q><_- nil)‘ Ch! lién quzm dén u+/>+<' \"Z1 <1/9+/><‘+¢'u 1h] dinh 1_\'

ABC \E‘ Q6 co‘ h{\i pluil hu} \(rc mglnh. Thé nhung d\:»i \(\'i nhfmg hili man nm ham {him
11/91' hi rimg huéc lhi \;lU_ .

Trong nhfmg n"L1'O'ng hqp nhu‘ vi)‘. chng In \C* ed gfxng lngxi ho di diéu ki{:n nmg buéc
déi \"O'i (1/7(‘ \'Z1 lhu) lhé hing nhfrng diéu kin [hf/ch hqp hon dfvi \(Yi u/><* ha) l0:;1i ht»

hoim mim diéu kién. cu Lhé ho'n 1:1 rnfvl $5 hZ1i main mu:

Bili 1. Cho (1./2.r' > O thou min: (1/)('I1.ChL'l‘_§lmihi

u2+b:+c: +62‘—}(/u+l2+(*+l+i+l) (1)
7 u /7 1'

Clzzhzg minh

Bé1ld§l1gll1L'1'C(1)<3 (1: +/>1 +0: + 62+,;(c1+/1+z*+ (1/1 +/n" +011)

<:> Z(u+/2+1"); +lZ23((1+/1+(")+7(u/>+/><'+¢'u) (Z)

x . , 4 -I Y3 -3Ton [.31 cac so thuc du'o'ng .\". _\'. 3, suo cho: ¢1=i~./>='~,<": *’ .

Y1 XI, .\'\'

M = +< .=\3 ~ .= .‘ -" .1» ~. ==
_ , ,\‘ +\' +3 J(-\ +) +.. ) ,\‘ \' + Y 3 +5, .\“KhlLTO(2)<:'> +122 +7. - ;w_

"" \\S \‘\':‘.\_\_, _— -

<:> 2(.\'} +_\"‘ +;3)Z + 12.\"3_\‘3;3 23(.\": + _\"" + ;“').\'_\":+7(,\"lv\'} + _\"';;'; + ;"‘.\";) (3)

D0 lfnh thun nl1§tc{u1(3). la C6 thé girl str .\' + _\" + 1 =1..\‘_\‘+ _\"; + :,\‘ : 1‘..\"_\"; = u-

Ta C6: .\‘3 + Y3 + :,3=1—3\'+ 3n‘: .\“‘\“‘ + \"1;‘ + ;3.\“ = vi‘ —3\‘u"+3n"3

Khi 616(3) <=> Z(l —3v+3u'): +l2\1'3 23(1—3\'+3w)w+ 7(x": —3\"w+3w:)

<=> 2(1-31»): +9(1-3+)“-+7(1-‘ —3\‘w)2O

Ba thfrc bgic nhét theo w, diéu kién thugin lgi dé zip dung dinh 1y ABC cho (3).

Tr1r0'ng h_0‘p I: : =0. _\"=1

(C6 thé gia sir Y =1 I51 dolfnh thun 11h§lcL'1ubiéu lhtrc sau khi d cho 3 =0)

Bah dang ma-C <3) mm Lhimh: 2(+\--‘ +1)" 2 7+‘ <:> 2(.\~‘ -1)' + .6 2 0

Trm)'ng I1 grp 2: _\' = 1 = I '

(C6 thé gia sL'1"chL'1ng béng l 151 do tfnh thun nhét cua hiéu thirc suu khi cho _\‘ I 5 ).



(1-1»: Phu'0'ng phzip A BC

B5ldfing1lu'1'c(3’)u*0'lhZ1nh: EM: + 2)‘ + llr: 23(.\ \ + Z)>\’+ 7(1.\"1+1)

<=> :.\-" -3.6 —(7.\'3 +126 -<».\-+1z0'=> (2.6 +49 +3.\-l -4*-+1)<,\(-1): 20

Vzfay La cé dpcm.

L Ch(x‘11g111i11h1'§111g: l+‘l+ I Zu +/2+<' (I)
u 1 <

I

‘ \. ‘ , -L . _

Ba! 2. Lho cuc so thuc (1_/).(' 2()1h0'.\m;1n: uh + Ix" + <11 + (1/n‘ =4.

Ch 1211g minlz

T* - ~ \ . _3-\‘_ _3.\‘ __ 31
on 2}l<..1L so thuc duong .\__\.*. >40 (.110. u _»~~_/2-———.< -

_ \+ \+

Khid6(1)L1'é'1hZ1nh: "'+~"+"'+‘+‘“+‘>4' "‘ + -" + ‘" ‘

I \' .\' — !\'+I \'+_'

D0 tinh thun nht ta hy dt .\" + y + 3 : 1. .\'_\‘ + _\":_ + :,\‘ = v. .\_w‘:, = w vi viét lz_1i bit ding thircz

l_Z+1_"v+v1_‘\~24£ X + Y + I’
\ \ 1 \ 1 \ I /

~ \

<=>{.\‘\"(1—;)+.\‘;(1— \')+ \':(1—.\')]L(1—.\‘)(1— \")(1—:)l

2-¥.\'_\":_€.\'(\l— v\')(l — :_)+ >\'(l — I_)(1 —_\")+ ;(l —,\‘)(1

<=>(\"—3\1')(\'— u')Z4\1‘(1—Z\‘+3\\')<::>9n‘: +-l(l—\')\r—\': SO

\+\'/-l

.\' + >\

Dén dy (hi d h<}i tu du diéu kién dé zip dung dinh 1)‘ ABC. Ta quy vé hai 1ru'é"ng hqp

SZIUI

Trumg hqp 3 = 0, bin déng thirc hién nhién (hing.

Tru'(>'ng hqp _\' = : =1 (ta C6 thé gia su' chng bzing 1 nhb‘ tfnh lhun nh5l):

2<.\~+1>+lz4(-"+L)<=>2.\-(.\-+1)+2(.\-+1)zs.\-<22(.\--U2 20.
x 2 .\'+1

Bili 3. Cho céc 56 thgrc (1. b. c thou min (121.12 21421 \'i1 (1 +1) + 0 + 2 = ubc.

ChL'1"ngminhr§ng: zz +l2+('+326(l+l+l) (1) \

‘ CI /2 c

; . , ; - ' \‘ + N .\' + \4

Ton 131 cac so thgrc du"o'ng .\'. _\', 1 suo cho u ='~—_b : . =—'
\ \ _

lrong dé x, _\', ; 151 bu canh tam gizic xu:‘11t£rdiéu kién £121.!) 21.021.

Clzzhzg minlz

.\'+ \'



(Y l1u"1/ng I17: .\'hz7"ng vién kim czrmzg Irong /1111 zlng tlz 121' /Iifll dqli (1-13

\_.~

1 1 . *1 1‘ 1 .- 1 .1 ~ 1 ,1_11<I>(.\'+_\‘+: ~+l+—i2(11~~\—+—i'+~ ‘ -1121
1 .\ \" _"_ \"+; 3-1-.\' ,\"+ 1' 1

D0 1111h 111115111 111151111116 ihé gia s11" ,1‘ + _\~ + : I 1..\‘_\‘ + j-st. + :,\*I/1..1-11".: 11

,7 .\'\" + 1"? + ;_\' 1' .1‘ 1" 3 \‘<_1<:>(.1-+_\~+;)%I--—~z6|i+%+ 1

» .\'\'_-, 1 1—.\' 1-1" 1-?)

\>+:)‘\-_\- +_A\-;—l‘~;_1-2” .111; _\"1(1_1:")-'~ 1'11 ~€111—,.1‘1_+ :11—_1'1(1—_\'1

' ’ .\'\'I. 11—.1‘)(1—>1")11—:1

_\-\~ + \~; + ;_\- .1" + _\' + 5, — Z ( .1'_\' + _\‘:_ + ,-,1") + 3.111";
<I> (.1 + _\‘ + I)++%—— 2 (1 - —~_-~~ ~~ <——-

.\‘\‘I. 1 — .\‘\‘I — 1.1‘ + \~ + 3 ) + _\‘\" + 1‘: + 5,1‘

()(1—2 3 1 \ 1 . . ~<I>£2——i1Llc>/1(11—/>)2611—Z11Jp+3/1' <I:>3/2’ +((1~11111p—11' S1)
/1 11—/1

D0 .\’. 1'. : 1513 canh C1111 11161 111111 uizic 11611 11511 .1'I1'+11'.\'I11+11'. I Il1+ 1'.. - - g ~ .

T1106: (1 +12 +1" I 3111 + 11+ 11')..\'_\* + _\"; + 3,1" I 111' + 1-11" + 1\"1/ + (11 + 1' + 111)‘ \ Z1

.\'_1':=(11+1'+11')(111‘+1‘11'+11‘11)—111'11" 11é11 biéu 1111'1'c (1) Lhco 11.1311" vcxm 151 11161 111-111 1h1'1c

befac 11111 1hco 1111111‘) \/"Z1 111 c511 11111 gizi 111 lO'n n11§11. D1511 kién 1105111 102111 1huz_'1n 191 dé 111 06 lhé

zip dung d111h1y‘ABC.

T11 xél 11111 11'11'(1'11g h<_1'p suu:

Tru'1}‘ngl1gJ'p I: 11"I() I» 1 I 1+ _\\ D011n1111111§11111h:11.111c131hé gi >11 _\' I1.

B§11d:'111g1_h1'1'c(2)11"O'111Z1n11: 211+ 1)1i+ 1 41%) 2(1('i\’ +i— +1)
.1" .\"+1 .\"+Z Z.\‘+1

1- 1 “ 1 ‘-

<:2 3+.1-+- 26 3-""+3*'+3 +1 ».=»"'_+lz3("'_+"'+l)
<1-+2><2.\-+11 2.1 2.1-1 +5.1-+2

1

w '1

<I> “-1) 2 (,'\-_ I) <I\ 1.1- 1): 12,1‘: +3,\’+2)2() (dL'1ng)3(dpc111)
2.1‘ 2.1" + 5.\‘ + Z .

Trmivzg Izgrp 2: 1’ I 11' I> _\' I 3. D01fnh1hu§n11hé11c11a(2)né111:1 gia su' _\" I 3, I 1,1" S Z

Bf11c1f111g th1'1c (21 <=> (,1-+3)(l+2)26(":"+_Z_])
\.' ._ .\'+

<I> 1.1‘ + 1)(.1‘+ Z)(2,1'+1)2 3.11.1": + .\-+ -1) <I> (2 — .\")(.1'— 11: 20 (c11'111g):>(L1pc111)

B511 101111 duoc c111'1‘n<1 minh.

Tuy nhién khéng phzii 11"11'1‘)"ng hqp 11210 111 cfmg c6 lhé @151 bién dé 10;1i bi» diéu kién nhu

czic \=1cl11c'>'trén. V21 dinh 1;‘ ABC 11101 réng 121 m<_3tgi2'1i phép cho11hf1‘11g1r11'G11g hc_1'p nhu" véy:



(MA I’l11m'r1g p/1 tip .\13(

Djnh I)‘ ABC mO' r(_)ng

VG

K

>

>

\

F

,_.

v»

<

D"

-
-.

I

I~

4'

) Cho 11.174‘ d6ng thévi IE1 czic $6 lhuc h0;_1c 151 czic .\(» lhL_I'L‘ du'o'ng. Khi dd néu dui lnnylwg

~ . \ 1

ul><1u+/1+0 dfx du'Q'c cho Lru'6'c (nghiu 151 d dLl'QC cf» dmh sn) {hi u/>+ln-+<'u >0 dgn i

7'-r*

) Cho (1 /2 (' dénu lhO1 121 czic \6 thuc du'o"ng }&h| do néu dal lu'u'nu u/>< u/2+/n +<u

id tri l6'n nhch\Z1nho nhrhl\l1ico h.\i U011! in wim 11 /> 1 hang n .1u

ii du'Q‘c cho u"u'O'c (nghiu 151 Chi du‘Qc 06 dinh \n) {hi u+/>+(' sé d;_11 gizi tri nhv nh

hi Q6 hui trong bu hién (1./>.(' hng nhuu.

Ch ling minh

i) Gizi su' 41+/2+0: 1 \'Z1 (1/>(' I /H ([ru'{>"ng hqp u +1) + ("=12 Q6 lhé dun vé mriyng hqp

ny mét czich dé dimg hing caich dzfat (1 = n.\'./9 I /1‘\".<' : /11. b:_1n dqc cfmg L151 duqc xcm

qua k§'lhuéLn{1yt1'0ng phn chirng minh dinh 1)" ABC 6' czic phn lrén).

Tu sé chirng minh u1)+bc+(‘(1 d:;11 gizi Iri nho nhl \'Z1 l6"n nhfu khi 06 hui lmng bu hién

(1,1), (' bng nhau trong ca' hui lru'6‘ng hqp u.l>.<'e I9; \’Z\ (1_/7.06 R‘. '

Din (lb + 11¢‘ + (‘(1 = S . Mél 1511 nfrzl. ta lai dun Yé bili tozin I611 t:_1i nghiém cua phu'o'ng minh:

am _f(X) : X‘ -X’ +SX —H1.Tz1c6:_/"'(X)=3X: —2X +5.

Phu'0‘nglr1nh cé hui nghiém XI — ‘ — 6

J

1+\/1- 25 1-\/1 -15

Phu'0'ng trinh c6 bu nghiém khi vi: chi khi f(X3)2 ().f(X, ) S U.

T11 cé: f(X3)2 O <=> (65 — Z)X3 + 5 -9/71 2 O. gia su"c<'>1jpngI1i§1n I51 R_\._

Tru'6‘c tién Lu sé_chL'1'ng minh cho l1‘u'6'ng hqp (l./7.('€ 3;.

G

f(Xl ) § O <=> (65 —- 2)X] + S -9/11 S 0 . gia su'c<'>t;§p11gl1i<f§m 121 Ry’

Qi Sm .Smu\ 1511 1u'Q'L IE1 gizi lri nho nhfh \=Z1 I611 nhfh lrong lip RX‘ ‘W R_\_ (giuo cua hui

{zip nily khzic réng. néu khéng phuvng trinh khéng cc’) nghiém v<'>'i mcpi gizi tri cuu S

Nhén xél ring hai

(IQ

D\

tri ny 121 nghiém cua min trong hzli phu'0'ng trin h

(63 — 2)X ‘+5 —9m = O hay (6S ~ Z)X3 + S-917! = O (czic gizi tri nixy chic chin [611 1z_1i

néu khéng thi phu‘o'ng trinh béc 3 sé cé nghiém khi S chay t6"i céng v6 cimg hoéc aim

v6 ci1ng)_ khi C16 ta sé cé Sm S S S Sum. By giir la sé kiém tra khi S den mét trong

hai gizi tri nZ1y thi liéu c6 t6n tai bu $6 thuc a,b.c" khéng vb hinh thil cua a,b.c sé ra $110.

D

cua lnét trong hai phu'o'ng lrinh (65 — 2) X ‘+5 -9/11:0 ha)" (65 — X's + s—9m :0 ”

iéu du tién 121 1'6 rilng. vi Smm.$m\ e RX‘ q l€V\._ . Diéu IhU'h£1i. do Sm .S:m\ 151 nghiém

HCH



(.'l1u'o‘ng I V: i\'I117‘ng rién kim czmvzg trung [nit ¢[(?'ng 111121" hifn dgzi (M5

hnzfic iii _}"(X]):(). hozfic lii _/'(X:)=(). Khi nii) phu'0'ng irinh hi-jc ha dfi tho \C\ Q6

nghiém kép. hu} n6i caich khzic. ]LiCI1Zl}' |1iI1i1lh[lCL1£1 (11./1.0) Iii .\'.
Biiy giy ta sé chirng minh cho n"u'é>’ng hop u.11. we P ' . Ti'i1'(>"c hét tu cfui phai 0:3 H120 .

I\’h_én xél réng QE RM KW R\.__ \”i i\l'l()l1g[6l1l1_"1iCLiC 55 thuc (1./)_<‘ lhozi min u +/1 + c*= 1.

(1/2+/x-+111 :().u/><~2(). Diéu niiy Q6 nghiu iii Ry F\R\._ lzich biéi ihimh czic khoémg mil

czic cfin 121 ciing fim hozfic ciing du'o'ng. Gigi R; Iii lfip R\ fWR\_ ho di ciic dok_1n ill-nk Ggii

Sm .S,m\ IE1 caic gizi Iii nho nhl \‘{1‘I1h(\ nhfu lrong lip R1 nil}; Tu Q6: Sm S S S §',m\_ .

L)" lufin limng u_i' nhu' lru'b'ng hqp P-.. lu cfmg >0 my 1'21 du'Q'c khi S chgim ufic bién nix)‘

lhi hL1i[1'OI1gb£lbiél1 (z1.b.(') 1Z1 being nhuu. '

ii) Ban dQc c6 ihé dé dimg suy rzi chirng minh dinh 1)" niiy suu khi chi /\cm qua chtrng
minh phén thir nhi O‘ trén. Dévi \'<')'i 11+/2+r" thi khéng Q6 rimg huQ>c vé cén irén khi <1.

/1, (' 2 0. Tuy nhién sé Q6 cén du"é"i do u+l2+<> G51 bi chzfm dirdi hO'i 0.

D0 dé nén trong u‘u'Cw'ng hc_>'p niiy chi lfm lai Sm .\/ii lu di [Oi kél luén cl +/)+(‘ Gal gizi

tri nhé héi khi hai irong bii bién a./2.0 béng nhau.

Dinh I)‘ trén néi iiig chfing la dé Kim gizi tri nho nhi CLl£1 [1/) +bc+ ca hay. (1+/1+ c la

chi cn xét Iru'C>'ng hqp hui irong bu bién (I./).(' hzing nhuu.

C/zzilzg Ia X5 /111)‘! 1/uu /mil $0 vi ¢/141 (75 .\'em ('(i('/I cf/1 L/l_H7_£{ ('l((l Jjn/1 /_\‘ ABC /210' réng.

Bili 4. Cho céic $5 thuc dumig (I./).(‘ lhod mfin (1/2021 .

, . ; 1 1 1

Chu'ngm1nhi'ang: 12 + + ( 1) »

l+u+/2 1+/>+(' 1+("+u

CI1 1211g minh

Nhzin Xél réing hilm $6 ‘oén phéii gicim khi bién (1 15mg. D0 G6 chfing Lu chi cn chirng

minh khi (1bc= 1 (déi \'<5'i lru'€>'ng h(_)‘p (1b(' I /\' 2 1 . lu 06:

1 + 1 + 1 § I + 1 + I £1)
1+a+b l+b+(' l+c+a ]+z_1+b l+h+<- 1+(4+rI

/< l<

(1) <:> f(a.b,c')=(1+u+b)(1+b+(')(1+c+u)—(1+u+b)(l+b+c‘)
—(l+[2+(‘)(1+<“+a)—(l+<'+c1)(l+r1+b)2O

Nhén xél ring béc ciia dai lu'<_>'ng 5111+ be + ca lrong f(c1.b.c) chi 151 b§lC 1 (f(a,b,c) chi 151

béic 311160 a,b,c >. vay nén khi C6 dinh 0+/2+6 ma f(c1,b.c) am gizi tri nhé nhéi khi

(1/9+/)(' + ca dat gizi tri nho nhil. khi ni15'liaiti"ongbzihién (1./>,(' béng nhuu. Ta dun vé

biii tozin: A



646 I’h1r0'ng plzrip .-X BC

‘ I “
Cho czic vi‘-1lu,1‘c .\‘._\' >(?1h0;1mF1n ,\“>\‘ I I . Ch\'rng minh: %~—— +~»~5—-—*§l <2»

Than \" = *—— van (Z) In du'o'c: i+MiS1 c> ——i—-

1+ Z.\' 1+ _\'+ _\"

1 I I Z.\'(.\'—l) (.\+l)
V D X: ' 1+2-Y |+_\-+ In (l+Z.\')(.\“;+.\':+l)

. _\"

f\lhu' vziy ht ding lln'1'c dd du'Qc chfrng minh hoim luim.

I11

»\

351i 5. Cho czic >6 time du'o'ng (1.12, 0. Chfrng minh r§1|1g:'

L+L+;+; -__"’"_MZ; <1,
[7-1-(' ('+(l t!+/7 \‘(([+/7)(/)+( ](( 4-

C/1 ling min Iz

Déi \"O'i bixi loiln nZx_\j thi din Q6 Q6 dinh hui dqi lu"Q'ng nim di nfru lhi chfmg la déu sé

kh(m<* thu CIu'0‘c 11161 hilm $6 161 v<'>'i bién cim lai H61 0" din‘ nu \" 1(;\i. 16m hu\' dun diéu).

Tu)‘ nhién O‘ Gil)‘. ta sé Ihéy du'Q'c su lién hi‘ gifru hui dai IuQ'11g /“w” +——h— + it \'Z1
2+<* <'+u u+/1

u/ac" V
U /, (»i—*———. chfms I21 16:12 v51 tfch cL'1z1 czic dai lu‘o'nQ ——.————_%<

(u+/2)(b+(")(<-+11) “ ‘ ' ' “ />+<' <'+<1 11+/1

Nhu‘ véy chmg la hfly thu‘ chuyén bién lhco hL1‘é'ng I1Z1}' xcm.

4- -A fl /7 ( 2 ,- \. ,
D01 blen .\*:r~_ \" =i. : I-—~ ta dan 101 ban loam lu‘o'n2 du'0'n2 suu:

/>+<" (’+z1 l1+u L g

_ 1 1 l
Cho .\'. \‘_ 1 2 U thou mun: ~— +i + ~— I Z <:> Z.\‘_\'; + .\"_\" + _\': + :,\' I l.

' I+_\' l+_\" 1+;
; Ii

Chime minh rang: .\" + \" + :_ + Z\;.\'\*: 2 Z.._ , . .

_\Ihu' \*2f1y tu sé Q5 dinh X)‘; \*Z1 .\'_\' + _\': + :,\' dun \@ hili lozin suu:

Cho (1.1) 2 O via 211212 + u: + 211/2 =1. Tim gizi lri nho nhfll Qua: Zu +12 + Izzy//>.

1-u‘ __l—<1 ; ,) ]_(,
Thay /2-—_i—-~—v~— (u_1).tz1can chimg minh: _u+ +\/Zu(l—u) 22 (2)

'7 ' '7 (I __[[_cl + _u '-

.'-_"* !"*
' » l—u I ‘ “u

L)
'-Z

Th;1t\'f1)'_ b5tdf1ngth(1'c(2)<:> —+,'—(l—u)22(1—u)<:>—+ i~3—2Z
Zu \1 u “<1 \'l u

1

.7->5 I11’;\l ._(l \ _(I ,) /1)

'-2

.\Aa1kl1:'1c I 1 ~_z~ 2_\'_u.
' \’1~(I \/'?(l~u)u 1—ff)+(I .

'v 1 _

\Ién —]—+ A“£~2—+Z\//Z122-$522.
Zu 1-0 Za

Tém lqi bit dzing lhfrc da duQ'c ch(rng minh hoim toim.



('/rm)‘/lg IV: ‘\'lu7"ng rién kiln ¢'u'u'I1g [rung hfit drirzg I/1121‘ /Iifll zlqli (147
\ \
§ Bai 6. Chm czic \<"~ thus .\'. \“. 3

4

20.

_ , . l\‘:\" 1 3 \‘\";"Lhung mmh: __ ; x +: 2 _ 1 —- \

.\‘ \"' + \‘ 3“ +."f.\' J ,\' + " "
(1)

r\+_
1

Clzzhzg minlz

‘vi XI xv _, I E 3Dal u :'—-_~./1: _ .<':~’_ .h;11dang1hu'c(l)¢:~ +§2 ~
v\" _\" 3* 11+/1 + 0 ) (1/1 + /2<" + (11

Irong dd r/./>.<' li\ czic <5 Ihgrc du"o'ng thoa min u/n' I 1 .

Suu phép déi hién I151)‘ [hi bili main tn)" nén 1'51 don gian néu su' dung dinh I)’-' ABC mo‘ rfmg.

Tu dun vé n"u'O'ng hgp du_\' nhl snu: '

» ~ . ~ Z 1 3Cho cac so lhgrc du'<>'ng .\‘. \' I .\” \" = 1 . Chung mmh rfmgz »-? + — 2 +%
_ D v 21' + \‘ 3 \" + 7 \'\"

2 2 3 2.6 2 2.\-<:> 2 l<:> _ —:2—‘——1
2‘-+ 1~ J V‘-3 + — Z1“ +l A .\" +1

\' \

¢=~("'+2,)("_1)_ 2 2("'+l)_("‘_1)_ (=»(4.\-"‘ +:1<>.\~‘ -.\-+3)(.\—-1): 20\‘+° 3(°\‘+1)

J /J 0 (1 (1 +12 +<"

Biai 7. Cho czic $5 du"0'ng (I./LL". chfmg minl1r§1ng

(1: bl ('2 9(al2+/2<’+<‘(1) -_+_+‘+ , , _ 212
|

I

I

C111?/lg minlz

;: ,1 ,. .
V , ~ 15 11Bu e. V01 m<_>1 .\‘. _\'.; > ()..\*\'; = L ta co (_\-+ \‘ + ;)- +— 2 —(_\‘+ \' + ;+.\*\'+ \";+ :,\'). , 2 4 , . .

Chirng minh: Thin v:;iy_ khéng giélm téng quzit. giri str

.\'= n1in{.\',_\',;} :>I: = .\'_\‘ 21 (1 > O). din P(.\‘. _\'. 1) 151 hiéu VT—VP cuz1bc‘udz’1ng lhrc

trén. Thé ma ta cé

(4.\"_\'(.\' + v\") + 8.\'_\\/.\'_\' -1 l.\'_\‘ —
P(.\',_\',;)—P(r,!.;)= 20

xv

s
5

. ~ qI I/ -J J _ f I
Lama; P(r.r.:) P| 1.1, 1,] <3’ ‘I3’ ‘L’ +8‘+4"’ U >0

\ 1 , 4;

B6 dé du'Q'c chfmg minh.



ff

ih l’I1u"u'ng phzip .»\ BC

» _ __ 5 (F /1‘ <“ I ll 11: +/1‘ I5
.~\p dyrlg: Sn" dglng ho dc n;x_\. L11 co 5 + + _ 4 2 2 ‘ —

/2‘ <" <1‘ ' 4 1" °

\’hu' lhé. d§chL'r11;_' minh hilt dng lhU'C G51 cho. ta Chi cn ch(1‘ng minh 1"§1ng

uZ(1:+l>3_l5 _9(u/2+/2z'+<'u) ;:

41 L “ —\ _ u

v

T,

_ *‘ _- ‘ +12‘ + <" ,'

Kh(n1gm§lIfnl11(>11g qu;i1.gia \u‘ 11+/>+<‘ I L

1

din u/1+/)<'+<'u I %/ (1 Z q 2 UL 1" I (I/J('
J

Khi d6 US(</—b):(/>~('):(¢'—u)3 :—Z7/‘J +Z(l—3¢/;)r+%(l—</3)3(-ll/3 -1)

1-E%:Z7r—(I~¢/)3(l+Z:/)IZ7r—(l+q):(l—Z<])1

chm y rim; <1-¢,>’<1+ Zq) -<1+¢,<1 - 1,»: 4¢,‘ 20 \{1df1)'lZ1mQIIL1mlh(l'c him 2 thou

1' nén Lhco dinh 1)" vé du cuu tum [hire béc Z. lu phai Q6:

(l+¢/)i(l—Zz/) ('1 —¢/)3('l+Z</) (ii)
-7 Z7

Bl ding thtrc (1 ) luring du'0'ng \'d'i
/ , ') Z\ I I w 1 I If(,'_): I l<11~_q )((l *1] ) lh1)_63__>(1(l lf/

Z7)" (Z:/‘ +1)‘

R6 rimg dy IE1 hiun nghich bién thco 1' nén Q6 lhé zip dung dinh 1)‘ ABC 1n0'r{mg. Hoc

c(>ll1éch(rng minh m_rc liép:

(l—¢/)“\l+Z(/) '1:l8q'(8—28z/+61:/‘ —l+l8(/‘ +7784/4 +1 I 12¢/\ -891/0) >0
\ 27 <1+2q’ n —q)3(Ll +2q>1 '

'5'

./‘(H2

B§!d."'l!1g lhL'1'c dL1‘q‘c clu'rng minh xong. Ding 1h(1‘c xay m khi \‘[1ch1 khi u = /2 I <1

I

Bi1i8. Cho _\‘. \'. I./\' > O thou min _\'\‘; =1. Chtrne minh

f— — — — %'7—' "W7
Y '3

J .\ 1 \' .. J
4.‘ +4, - +; Z _,
\ \"+/\" \*:+l< \’.\"+l\' i/1\~+1

I \

Ch ling minlz

/ 1, ~ ~

.. , _ _ '_, A . , u 19 <

B0 (Te. \/01 I11(_)l (I./7,C Z0. In co ll %+-—+———
\ /> <' (1

T/

3(a+l>+(")2

Chmg minh: Khéng rnfu lfnh léng qu{1t_ gia su" a I min{u.l>.<-}

Dial [2 = u+.\‘.L' =41 +_\" (.\‘. _\' 2 O) _ bt ding lhirc lrO'thi1nh

15((l2 +17: +¢":)

a+b+c

(xi —,\'\‘+ Y3 M11 +3.\'\'(Z\" — .\‘)u: +(.\’; ~5.\‘: \‘ + x: V3 + .\'\": + vi )1: + .\'\";(.\'+ \") 2 O

Tu $6 chfrng minh:



C/11r0‘rIg I1} .\'I117'l1g vién kiln z'u'u‘I1g [rung In?! Jlzg I/1111' 1111711 dgli 1'14‘)\ 1 ~
-

~ \111-'(.\' .\'_\' + _\' 111 + 3.111 Z); ~ 1111 + .1" — 5.1" 1 + 6.1" 1‘ + 1'1 +1" ' Z11

/I

111511 \~:_1,\. 1111-1'»; 11‘, =-14.1" -:11“_1~+39_1 [1-* ~11-f1~‘ -1:1-‘_1-‘ +41” 1 I #1 1,11

Né11 .1‘ 2 313 I11 C6 _/'/1_\'1I12.\'_\’(.\'~_ Z‘\‘)(I,\'31_\"— 3_\"1+.\-1": + 1'1) 21) 11611 _/‘(.\‘) 1211151111 111111;

1»1é11.11<»111s _/'<.\11z‘/(3_1~1I311"20. xéu .1-$31 1111

/1.1‘) I121‘; —(1.\‘3\"+.\'\"3 +11): +.\';\‘:(3\"—.\')+ 131.1‘: +41"; — \‘(.\ + \")1)
1‘

‘*1Z v\‘l(.\“‘ +41": — >\"(.\'+ 1):) 2 _\‘31%(.\'+ 1")‘: +31‘: ~ v\‘(.\‘+_\"):

:1“11%(.\'+\')‘+%(.\‘+\')5+3\"‘—\'(.\‘+\'):
:_ %— ‘ ‘ "'

\/

J.)

~1-/if
L/J

\_‘ _/

2

1.

,-

+
,

\_.1J

V
f\

\_l

Do d6. lrong 111111 l1‘11'1‘1'11g 11Q'p. 111 1u(111 Q13 _f(.1‘12(). .s11_\" 111 £16112 U.

B13 dé d11'()‘c ch1'1'11g 11111111.

Ap dgmg: D0 .\'. _\". : > ()..\_1‘: = l 11611 1511 1511 czic $5 d11'0'11g 1/./).(' $110 C110

(15 1“; /)5 » (15 3 3.\"=~q. _\‘ =1, 3 :—§. Bf1tdéng1111'1"c11"O"111E111h: 2%[7 "1 "1
111 /21‘ ' ~§1<"\ +/<11" V/\' +1

S11'd1111g 11:11 d."111g 111110 Holder. 1:1 013:

’ 6: \‘ .’ 2 1-:

“ +/<11’ _ —
- /1‘ 4 " +1111‘

/ 3 y“
. , . ’ 31 1 ~ 1 \ 1T11 QC111 phal c11L1'11g 11111111: '1 Zr1211- +/Q,-):81((1~+/;*+(--)

\1 ) I1 1+ 11.1

S11‘ dung 116 dé11‘é11_ 111 c111 Q1311 c11L'1'11g 11111111 rng

T51 3+/3+ '11 ‘H; < = <3 U 7 ( —(z1+/7+1.')1 232111 +/1' +1“) (1), 11+/>+1'
_j

A 1 , .- , .1 1 _ 1- ‘K110112 mall111111o112 uat. 21:1 $11 11+/2+1" : 1. C1511 11/1+/>1-+111 =—~(/~ (1 21 2O).r:(1/21".
- - Q -

g I

S1'1‘d1111g dz-'111g1hL'1‘c as +/25 +1"; = %(15(1/3 + Z)/‘+ 351/1- 25¢/3 ~11.

1<111 110111 1111- 111211111 151/1 +11‘ 2911511,’ + 211~+1s1,‘_251,’ -11.
I\’h$111 111111 VT - v1> 1:1 hilm 11511 1111111 11100 /-110110 C() 111e11p 111111;; 1111111 1; ABC 11111~1-@1111.
Tuy11hié11 1:106 lhé s11'd11ng 11111111 xé11*)1.\c111 11511 7) 115 c111'1'11g 111i11l111'11'c1iép n1111' sau:
111 C61 151,1 +11‘ -9[151<,’ + 2>1~+35q‘ -251,1 -1]

- 1 1- 11 1
1 , 1z<5q1+11'-9 151<+21( ‘/)7; +“")+351,"-25¢ -11L ,

= 51/216251/X + (1251/[1 + Z50:/4 ~ Z1/3 -101/I — 41/ + 55120

Bét Citing Lh1'1‘c d11"Q'c c111'1'ng 11111111. Ding 1hL'1'c xay 111 <:> .1‘: 1‘ = 3 =1 .



(\5U l’l1u'u'/lg phrip A BC

B211 Ip rip d1_/rzg

.. _ , _ . .\+\+: .— I'— w —.
Bu: 9. C hm 11./>_1'>(1.Qhu'11g mmh: — + \ \\"? 2 ~_ l_\ \1\‘ + N jvi + \~ .".\']

>\ _\

Bili 10. Chm (1./1.1‘ >()c6u'chli1 l.C.\1R: 11: +11: +1‘: + 3 211 +11 ~1'+11/1 ~11." +111

Bili ll. (‘ho 11./1_<'>, () Clu'1’11g1ni11h:"§111g: 11: +11: +1": + Z11/11' + 1 2 Z(11/1+/11' + 1'11)

Bili I2. (‘ho czic x6 [hue du'0'ng (1./Lt’ Q13 lfch hing 1. Chfrng minh ring:

‘ Z I ‘11+1>+1-2é~+-—+—-~
l+11 1+/9 l+<'

Biai I3. [\’i§-t Nam MO 1996] Chn <1./2.('>()1houm51n 11+11+ 1’ + 11/11-:4.

Ch(1'11g111i11l11'§11g: 11 +12 + (211/1+121‘+ ('11

Bili 14. Cho (1./1.1" 2 Q ll1(>u mfm 1112 -1-110+ (‘(1 + 611111": 9.

Chfrng minh rzllng: (1 +1) +(' + 311/102 6

Bili 15. Cho czic sf» thuc du'<~‘ng .\'. _\'. j lhvu mfm: .\‘v\':_ 2 l .

. , . l l 1

( hung mmh rang: é + —~ + ~——v- £1
Z+.\" 1+ \" 2+:

Bili 16. Cho czic s5 lhL_l'C du'o'ng 11.1>.<' \"Z1 (I/K‘ 1 l . Chirng minh ring:

3“ (11: + l)(113 + l1(<': +11S8(11+1>+1')(‘

Bfli I7. Cho czic >6 ll1L_1'c du'o'ng <1.1>.<' 111011111511: (11+1>)(/>+<'>(<‘+11):8.

Tim giai lri ldn nhél \"i1 nho nhl cuu: P 1 \1‘1111<"+ \11+1> +1’

Bili 18. Cho cc s6lh1_1"c u.l1.(' thou min l +/i+i:3.
11 1 <1

, - ; , L

Chu'n_gm1nh1‘ang: 11 +l1+ 1' — .vS1)—(u111'— 1)

Bili 19. Cho (1,1)_(' IZ1 Czic sf) thgrc khfmg fm1.Ch(mgminh mg '

l + 1 + I 2 l()

z1'+11‘ 11‘-+1" 1"+u' (u+/>+¢')'

B515 20. Cho czic $6 du'0'ng (1./>.c'. clu'1'n'g minh

(1 1) 1" 1 3111‘: +12: +1")
—+—+— 2 3.=;——1.~—:——.—
12 c 11 \/(z1+12+<")(u'+b‘+1")

Bili 21. Cho czic $6 du'o'ng (1.12. 0. chtrng minh ring

1/(1: /2: ('3 X 111" +1)" +<'('_‘ + + 2 (1!

K 1) 1 11/' \' 3

Bili 22. Cho cfxc $6 du'0'ng 11.111‘. chfrng minh ring

\/((1: —ub+1>:\)(17: —11<'+<‘:)+ \/(11:—l1("+1"3)(c': —c(1 +1/3)

+ \/(cl ~(‘u+113 )(11: —1117+173) Z (13 +12: +1‘:



C/1u'11'I1g 11': .\"lI17'I:_4 viz"): kiln 1'u'11'11g rrrmg [>111 17111111’ r/1121' IIIQII dgli 115 1

1v.11/101 RQNG TAP some v01 ABC

Trung 11111111 1111_\. c|11'111g 111 <6 xC1'1]1111 11161 11111 1111' 11511 1111111 11111 @111" 11i§11 111 1'11§111 11'1111g Q111‘

117111 111311;‘. D61 1111 11111 11511 1111111 1111_\'. 0111111; 111 11111; 1'13 1111§1 \(1 1111111111; 11111111 1\11111' 11¢ 21:11
LU| 161. Tu} 11111511 11' 1151) .\111 gidi 11111311 \11'1 113111 11111‘ \Q' 1111111111; 31111111 11i1_\ 11'11'11'c. 111511 111011

c111'111g 111 \é 11g111Q‘|1 CLTLI \§ c1'1c11 1111;: 111111; .1/1’C 111111; Q11/1' 11111 1111111 1111} \1111:

B 51i101i11t(1ng quzitz C1111 .1", E 111./1]1 C111'1'11g 11111111 11111;

1/_(.\‘|..x'3......\‘” ) 2 C 11'1111g 1113 (l_/LC 1110111" 11511151 x1‘»u111111'11'1'\'c.

GZ111 1111f1'11g 111111 1111(>11g 11h11‘ 111$ n£1_\'. 111111 11§111g C1111 11511 111111; 1111'1'c 111111111; \11_\' 1111 1111 1111' g11i 111

11

11

P

1611. ngh111 111 111'111g (1 1111) /2. Trong 11111111; 11'11'(1'11g 111_>'p 111111' \';_1). 111 <6 1'61 g:111g c111'1'11g 11111111

/'(.1'l..\':......\'H)2 111111{_/'(11..1'3......\'” ’)._/'(/1..1':......\” C1151 cilng 111 xé 11111 d11'1)'c g111 111 11110

h1"11 01111 h11m $5 11111 d11'<_1'c khi 1111111 $51 gizi 111 115111;: 11 \'11c11c gin 111 c1‘111 1511 115111;: /2 (XCI11 p1111'u'11g

1111p 11E'111 111511 0'ch11'0"ng 11'11'1$c). T11 .1161 111131 >6 \1'111_1:

Bili 1. C110 11./1.16 111.11. T1111 g11'111'1 111'n 111111101111:

_/'(11./>_1"):11 +1; + 1' ~ 11/> —/11' ~ 1'11

Gizii
T11 sé c111'1'11g 11111111: _/111./>.1')§ n111.\{\/‘((1./>.1')._/T11./1.1)} 1*).

C

1'”"1

13 1116 c111'1'11g 11111111 11'11'c 1iép bflng ph11'1'1'ng phzip 1131 sf» 111111" »11u:

/‘(11./2.1')— /"((1./).1')}T/(11./1.1')— /'11./2.111=1'(1'~-11(1,—11—l21: S1).111'1113s11y1'11(’*‘1

Hay hing 11161 C111 nhin gizii 1fch. 11106 lhé s11_\/ 1'11 kél 111111 n11an11 c11(1ng hon 111113 n111_1n xét
11 Z1111 56 don dié-11 11100 bién (1. \/Z1 111116 11'11'c 1i§p $11)" 1'11 (*1.

H111111 105111 1h11'c hién 1111111111 11511 11511" 111111‘ 111'0‘11~' 111‘ (161 \ 1'11 0111' bién />.1'. 111 sé $1111 1"1 111111 ch51.. c c c. .'~
suu: /T111./>.1')S11111x{f(1).1).());/‘(().(1.1); /'(().1.1):/11.1.11}.

T11 kél 1111111 gi1'111'1 11111 11111‘11c1111_1'111./>. 1'1 111 1.

D5111 b:'111g .\11)' 1'11c11:'111g 11311 111111": 11:/1 =(1.1'=1,

1

ca

E-2:

1*’

1 ., . , 1 .1 , 11 /2 1'C110 11./).1'e[1_Z]. T1111 g11111'1 10111111a1c1111111c1111111‘c: % +—~+l
/2+1‘ ("+11 11+/2

Gi1ii

1 , _. ,1 7/; "1'111s€: (:01 n1111' b.1' 111cac11a11g so. 1'11 11 1111111211: g (11./1.1")-%—;+~€T>(J
(1'+1/1 (l1+111’

Nh1r\'cf1y g 1111111111 1131 111111 hié1111.111'c 11111 111111 g1111r1 11>-11 111151 1111 11ch:_1111c11c bién.



(151 I’I1u'u'11_:g pluip 1»\I>’ ('

111' 1111) 111 \11_\ 111 1111111.‘ dlcu 1111111; 11111011:

/I

\.

/\
.4

_1

Ll /
,-A5

/I

\
\4

-ll

J

_“‘,_'_,

11. . V1

V161 11111111; 11511 115111; 1l11'1'c 1111111; 111‘ 1161 \\'1'i @111‘ 111611 /my 111 >11} 1'11 111111 111511 \11u:

'/T.

II

1111./1_<-1§m11.\{ (1_1_1);;<1:.1.1)- 1:;2;1_1;1»1:.:.:1}1

S11) 1"11g1z111"1 11111 111111101111 ‘Q 111 ‘q . 1131 1111111‘ k111 (11./>1) 111.11) \;1c;1c 11111111 \1.
_\

N1111‘ \*§1)' qua 11111 \=1’ 1111 czic 115111 cfmg dfl Q6 lhé phfm 11510 151111 qucn d11\_.1'c \1’1"i p1111‘u‘11g

ph;'1p 1151}; U C1f1§ c111i11g 161 sé néu 1'11 11161 p11u'<>'11g phzip k11{1c. 0111111; 11111111 111111 vim 1111111

1)‘ ABC.

Tmng czic phn 11611. 111 111?1§‘ ring dinh 11'" ABC c111 1/1p 111111; 1111‘1_\'c khi czic hién c11:;1)' 1105111

105111 1m11§__1 I-Z 110511‘ Ff . \'f1)‘ 11111611 (111 111111; 1111111 1§' ABC @110 c1'1c 1111511 11110 111111. 111 phai

R611 111111 mién L113 111Z1nh ;~. 11o;'1c E;

Q1111)" 1111' /2111' 1121111 /.

B511 1. C110 (1./>.1"e [(1.1]. T1111 gizi 111 1611 111111101111:

V/111./).1')=11+/2 + 1' —~ 11/> — /21' — 1'11

_ _,_._ 4__.._.__,**_,._.1,_.-711_____‘4______i1

T21 $611111 czich kéo gifm 110.311 [O11] 111£1nh Pf

Nhén X61 néu nghich G30 11—>i. 111 11111 d11'Q'c 111} $5 115111 lrong 1111311 11;+<>c]. \"'z:111 chu'11
11

bién thimh R‘ d11'Q'c. 111 1.31 tiép 1110 1111' bi» s6 cho 1: i->;1;—1 \"Z1 ta sé 11111 111191‘ bi» >6

115111 trong 1105111 [(1.+c>@1. ;\1h11' \'§1)= 111 115 c1111)'$11 <1 —>(1—l—1 : .1" 11——>%— 1 =.\' 11$ kéo

[111]->[0;1»<>].

T11" 1111f1'11g §" 111‘0'11g 111111 11611. 111 <11 1611 101 giai \;111:

1 1 1 , _ . .. 1 _ 1

D31 <1 =i_/1 =21 : 2 11011; do .\'. _\".:e . B1011 111111‘ d;1c110 110111111111:

1+ .\' 1+ \' 1+ I

. 1 1 1 1 1 1

_f (u.l>.(')=g(.\‘. _\‘. :1): + + — — —

1+1 1+\- 1+; (l+.\~)(1+\<1 <1+\-1('1+:) (1+;)<l+.\")

_(1'1-_\‘)(1+§)+(1+:)(1-1-.\')~1-(1-1-.\‘)(1-1-_\')*3~.\'—_\‘— I _\'_\'+ _\j1- _"_\‘-¢~v\'-1-_\'+ I

(1 +_\‘)(_1+_\')11+ 3) .\‘_\‘: - .\'_\‘ + _\"; + 3.1" + .1" + _\‘ + 3 +1

Dén diy 111c6 111611 g(.\".,\'.:) 3 1. kh6ng cn zip dung thém dinh 1)" ABC nf1";1. 111; nhién

111 cng cé lhé zip dung dinh 1}" ABC 111131 cz'1c11 (15 dimg dé 111111 mi? 11‘u'O‘11g hqp 1111i bién.



Clzlmvzg 11': .\‘lu7'1zg vién kiln czrrrng trrmg [nit zlrilzg tlz 121" hién zlgi 653

C6 hui lqi Lhé khi cluing 111 kéo din m{>I tip déng lhimh lfap Ff nhu lhé nZ1}_ thir nhl IE1 In

Q6 lhé zip dung dmyc dinh 1}" ABC nhu' [rung \"1' du 0' lrén. lhfr hui IE: lu Q13 Lhé dzinh giai

duqc <15 dimg hon. \i 0' df1)' 1;: \{~ dimh giai czic hién \O'i \(§. U. \{1 diéu nil} his nilo cfxng

khzi don gizm.

Bili 3. Cho .\‘. >\". :6 [LI]. ChL'1'ng minh ring: <4t.\‘. >\"_ :) : (.\‘+ _\" + L +l +l H)
\" \* _-

Cluhzg minh

I\/Iét lém nfra la $6 su‘ dung kf tImz§1ké0dZ\n czic bién.

Ta $6 sL'1'dL_mg dinh I)‘ ABC. tru'é'c tién kéo din [1.Z]+ nhu‘ suu: .\'—>il — l :11.
\

V A ((+2 /2+2 ("+1 ..,, ; , C

I\hu' Yay. dill .\‘=~—._\' =?. I =———. tl./7.('€ 3, . T11 can Chung mmh hm wan snu:
u +1 />+ I <* +1

I” +2 /+2 ml‘ + -+
f(a./2.<‘)=I U * 7 +( JP — + + {S10

~\u+1 />+l \u+2 /2+2 ¢~+A_/

".
+

2
+

F

-

,_

M.N1: $10
((1+ l)(l) +1)(<'+l)(u+ Z)(l> + Z)(<“ + Z)

lrong dc’) M =(u+2)</>+l)(<-+1)+m+l)(/>+2)u~+1>+<u+l)<h+l)<(-+2)

V21 N=(tl+1)(_/)+2)((‘+2)-+-(((+2)(/7+1,)(('+2)+((!+2)(/)+2)(('+1)

Thzfu dzing liéc 121 bl dang mu-C; MN—1O(z1+1)(/7+1)(('+1)(u+ 2»/1+2><@+ 2>s0 khéng

Lhé dfmh gizi béng dinh 1)" ABC du'Q'c, do hé $6 cua (131230: cuéi cimg lhu duqc 151 m

(ban doc cé thé nhm ra khéhg ln); khé khén). Thé nhung chljng La khéng bo cuéc mét

czich dé ding, chimg ta sé thL'1"st1'dung dinh 1y ABC mo" r<f>ng dé giéli quyél lru"C>‘ng hqp

nily. C6 dinh abc vii u +12 +0. vi ta sé thfiy biéu thrc lhu du'Q"c 15 da thfrc bglc nhl thco

ab+bc‘ +00. Véy nén ta di dén két luzin bit ding Lhirc dd cho (Tat cuc tri khi c6 hui bién

bzimg nhau. Nhu‘ vzfxy Lu chi cn chimg minh b§td2'/111g thircz

f(a‘a.’b):(2_(I-¥-2+/)+2)(2_((+1 +[>+l)S1O
u+l l2+l z1+Z /1+1

<:»*(2"‘:“-@“;?)(2- "+1 - b+1)2O<=>(<1/2+3/2+Z)(c1b+3(1+2)Z()
a a+2 l2+2

Nhu‘ véy 121 bi lozin d du'Q'c chirng m'inh.

\



95-l I’lz1rr/llg pluip .-1 Ii('
Sau dy I£1 nujt bi tzjp ch0cz'1cl)gmz'1p dl_ll1§1Z

1 ; :

\ . ‘ \ -, - . 4 ._ , ' *1" /7 + ('
Ban-1: Lho u./ave [L1] . Tlm gm 11"! Ion nhzn GU21 blcu lhuc: A =(%~,Z~——

Bu/1('

B§1i5: [YNTST Z006]

Cho .\‘._\'.I€[1.2].Chlyflig minh: (,\"+ A\"+ j); Kl~ + 1 “FL ;2(w§ —*\§ +'~ --- +~ 5-1 1

‘.\ _\" : _\'+I. ?+\ .\+_~.",‘

Bi 6. Chm 11./>_¢' 2 0 thou min (1 + /2* (" I 3.ChL'1'ng minl11'§mg:

(1 /2 1' 3———+i+;2—
0+/2(' />+("u <'+u/> I

‘fa./2.('>() - ‘ , I K .

Bax 7. Cho .Chu"ngm1nhrf1ng: (u+l>+<~\” 2 (1-H0‘ +1)(/2" +l)(<-’ +1)

,___/\__

r\

\
\4

I\

Bi1i8. Chm “Jul > O .ChL'1'ng minh rfxngi 2 (1)
in/n" I 1 5 \ J

Bali 9. Chm 11./).r' 2 U tho;11nZ1n u/1+/u~+ <1: :3. (‘htrng minh ring:

1 1 I 3iji-+'—‘i7 ‘ 72‘
u'+l />'+1 ("+1 I

Bili 10. Cho u.l>.<'2() thou mfm ¢1+/>+u:3 . Chtrng minh ring:

1 1 1 3Z» +—~ + ——~ 3 —

(1—u/7 6-/>1" (v—m 5

Biii 11. Cho u.b.c" 2 O lhOumZ1n <11; +111“ + cu 1 3. Chmg minh ring

(1 +1; +(' Za/>0 + Z,/~—i—-—Ll_b_+ /ff" + (Wmj

Biii 12. Cho (1./2.02 O .Ch(rng minh ring

1+\1+‘12‘§‘4>
3r1"+/><* 3/1‘+<"u 3c"+u/1 7(u'+/>'+('")+13(c1/>+l1('+('c1)

Bi 13. Cho 11.12.02 () .ChL'rng minh ring

((l+/7)w(* ([)‘+(‘)fl + (¢'w+ (1)57 > ,,

u'+h' /2'+¢"' ("+u’ —_



C11 u'u‘ng IV: .\‘I1 1711;; vién kim 1-mmg Irong hr?! ¢/ring I/1121" Inf/I ¢l(1i ' (155

v. emu LY ABC TONG QUAT
T

c I

rong uzic nmc lrén dinh i)' ABC mO'i uh] dL1'Q"c \u'dg1ng JG \CI uic hili lmin 3 hién. B51} gid
uing La sé Hm czich mo‘ réng dinh l)' ABC cho mic hixi [min nhiéu hién. Cluing mu \€* ufln >u'

dung khzii niém I11CYi suu dd). '

1. Kha ABC

(1. z‘)_inl1 ng/zfa: Xél 1n{\l biéu tlmc bu hién _/‘((1./>_¢').

Tu ggi f(cl./M‘) Iix mél hiéli time kl1;i.»\BCn§u nhu hiu ding lIu’1'c /’(V<1./)1") 2 () Q3 lhé duvc
chimg minh dL_1‘;1 vim dinh 1}’ ABC dé dun lmi u'ub"11g hqp \;1u:

i)

ii

b.

Hui bi€11h§\11g:1h;1L1.

)I\1<}i bién b§ng()(Di§u kién nilychi xL1§1 hién khichL'1'ng minh kha ABC déi \"é‘i (I/J(')

Plzzrmzg plzrip chzhzg minh k/1ziABC:

D§ch(1'ng minh mcfvl biéu lhfrc _/'(z/./L1‘) IE1 kha ABC. (11 \C‘ chuyén biéu l|1L'1'¢ /‘(u‘/>.<") thimh

biéu thL'rc g déi \'O"i czic bién A:u+/>+0.8=1//>+/><‘+<"u_C:u/21'. Biéu time >/'(u./>.<') IE1 mél

biéu lhrjrc khz'1/KBC néu nhu' g(;\.B.C) 121 min himm lfwi lhco bién /-LB hozjc C.

V1’ dgl: Chimg minh hiéu1hL'1'c suu lix khél ABC

./“((1./2.r'):u‘ +/2" +("“ + Bu/n" — u/Mu + /H —/>('(/1 + 1') — z'<1(("+<1)

Gil”
Di! A = (1 +12 + 0, B = :1/> + /n" + ("(1. C I ulx". lax Q6:

f((1.1>.('):g(A.B.C) IAR —3AB+3C+3C — .4B+3C IA‘; -4.-\B+ 9C

Xél g(A.B.C) theo bién C.T;1c6: _q':9.g”:() do d6 g IE1 hilm lfwi lhco bién C.

Vi) biéu thfrc _/'(a.l).z") 151 kha ABC.

2.011111 1y ABC tang quét

I Dinh 1)‘ ABC téng quzit
I

Xél min biéu thrc déi .xL'rng /2 bién _/'(<1l.u,.....u”) . [rung d6 f'cé gid lri nho nhfn vii /z23.Tz1

sé coi A/'(ul.z1:,....a”) nhu'1Z1m(}l biéu lhfrc bu bién g(c1,.c13.u;) v(>'i cc $6 z/4.(15.....vc1” du'Q'c

coi nhu 121 caic hing $6. Khi dé néu g kha ABC1hibtd5ng1hL'rc f(a, .a3,...,a”)2 0 cé thé

dun vé xél hai u"u'O'ng hqp sau: u

i)

{I1=2

III bién béng nhau. /2 /n bién bfmg nhau.

)M{)l bién b§1ng0(diéu kién nily Chl .\u§1Lhién khi ch(rng minh kha ABC déi \‘O'i (1/20 >

f ding {hire du'qc'chL'1'ng minh 121 dming néu n6 du'<_>'c chirng minh [rung hui t1'u'b‘ng hop lrén.



Chu"u‘ng IV: .\7l11?"ng vién kim czrrmg trnng hr?! a‘/(ivllg r/1121' 111'?/1 dgli " 655

V .B!NH LY ABC TONG QUAT

Trong czic muc lrén dinh i§' ,-'\BC mdi uh: (iu'Q'c \U'dLli1g kIC' \Ct uzic bin [min 3 hién. B{1_\ gid
chilng Lu >6 lim czich mo" réng dinh 1}" ABC cho mic hili lmin nhiéu hién Chfmg la \E’ cim .\u'
dung khzii niim mdi mu J11}.

'

1. Khzi ABC

a. Djnh ng/zfa: X61 11161 hiéu lhtrc bu hién >/“((1./>.<{).

fl‘ u ggi 4/'(Az1_/).<') IE1 n1Q1 hiémi thtrc khzi ABC néu nhu'h§11 ding lhfrc _/'(Vu./>.<')2 () U(')ll1\:‘ duxc

chtmg minh dun \ Z10 dinh 1}’ ABC dé dun \'§ hui u"u'(mg hqp mu:

i)

ii

Hui bién bzlmg nhau.

) N15! bién bing O (Diéu kién 11Z1ychixLl§l hién khi chirng minh khz1ABC déi \"é‘i (1/)(' )

b. Plzzrr/ng plzrip cluivzg minh klzzi ABC:

Dé chirng minh min hiéu 1hL'1'c _/'(u./1.1") IE1 kha ABC. la \C‘ clluyén biéu lh(1'c /‘((1./>.(') lhfmh

b

b

iéu lhtrc g déi \'é'i czic bién .-\ :11 +/v+<‘. B :(!/)+/)(-+(-LJQC‘ =1:/nu Biéu thL'1c _/’(u./>.(') IE1 min
i§ull1L'1'c kl1."1ABCnéunhu' _Q(/\.B.C) lZ1n1<_3I hiun l{°»iIl1c0bi§n /-LB hozjc C.

V1’ (I41: Chrng minh biéu IhU'U Sjdll lil kha ABC

_/'(u./2.0) :11 “ +/>3 + ('1 + 311/>0 * (1/1(u + />)— />("(/1 + (') — <1/<<< + u)

Gilli
D5! A I (1 +1; + 0. B I uh + hr + ("(1. C :1/bc. K1106:

f(u.l>.c') = g(A.B.C) = A‘ - 3,45 + ac + 3c - AB + ac =14‘ - +41; + oc

Xét g(A.B.C) lhco bién C. Tu C6: g'=9.g”=() do CI6 ‘Q 121 hilm l@\i thco bién C.

v51) biéut1n'rc A/' (_¢1.11.<-) 121 km ABC.

2.f)jnh ly‘ ABC téng quét

1 Djnh 1y ABC tng quzit

E -A . L‘ , ~.'. . / v / < / - . L -
I XctmQtb1eulhu'c dol xung n blen f (c1|.¢13.....¢1h_ tmng do fco glu tr; nho nhal \'Ll /2 23. T21

sé coi _/'(u[.(1,,...,(1”) nhu" 151 min biéu thtrc bu bién g(a,.(13.u;) vdi czic s6 a_‘.(1_;.....u” du'Q'c

coi nhu 151 caic hing Khi dé néu g kha ABC1hib5ldi1nglhL'rc _/'(c1],cz3,...,cz”)2 O c6 Lhé

-

)

Q
Z

1‘-7

<
(Tn

><

FD\

‘-

\ hai tru'é>'ng hqp sau:

m bién béng nhau. /1-/21 bién bng nhau.

) M01 bxen ban2()(d1eu kxen nav ch| ,\umh1en kh1 shuns mmh kha ABC G01 \'0'1 (l/K’)

:1U3

')

>\

(1

r

,,

-»

,
-

,.

->

r

,_

it ding lhirc du'Q’c'chL'1'ng minh IE1 dimg néu n6 du'<_>'c chirng minh lrong hui lru'@'ng hqp lrén.
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'1"11?;111>11'_1'1‘1'1gi11111 111111 1111-[11 111111'g1111111£~111f111¢11 \11g111111 1111111111111 \11}"11111_1i 1116111

1.1,._1-

1111}" k

(*1

.\c11 .1;.\p....1‘ :(1 1111} .\' 11111-1’11\1111111'111g 11111111 1111§1111111g1111igi11111c6 11111111111g11i111 11111.1 1111111

111'111g1'1111 111011 111111111111 1111 11611 111111g 1111111l)'.

N511 .1‘, 1'1'11\1111 111111; 11111111 1111 31111 111 1111111‘ 11111111 111 1111111“ (1. 111gi11 s11 1.\'i..\‘;..\}1 111 11161 111} 111511111

~.gia 11 1 1111113 1117 1111111‘ (1 \‘11 1111111‘ 11111111 11111g 11111 111171. T11 1'11 1111111 1111‘ 111111 .\‘_...\g......\'/, n1111' 111

111111'11g héng s6 \'Z1 x61 1111111 1/'(.\'1..\'3..\'1_.\j,.....\‘H1 111111111 1111111 g(.\',..\‘:..\g). '

T1100

11161 $6 bng (1. Diéu 11i1)' cflng Q13 11g11111 111 11311 11_1i 111} (11./1.1") 111* ( 1

gié11hié1 1h1 g 111 1\'1111ABC. 11:1)’ nC‘11111'1111_11gi11111 1111111111111k11i 111311111 s6 b§111g 11111111.1111y

(11./1.1") 1111)’

T1:

'4

'/.
J

'/.

\/
J2

f1.1‘..\;..1'...\‘l......1”)2 /1(11./1.1‘..\";......1’,

D1611 11Z1)' 1111111 111111111 \'1'1'1 gi111 111161 (*1. T6111 131 11111h 1}' ABC 11’111g 11111111131 1111110 c1111'11g 11111111.

3. Ung d1_1ng 1111111 1)" ABC_t(111g quzit

1::

E5
I—‘

. C1111 11./>.1'.1/ > (1. (111111; 11111111 11111g:

3(114+/>‘;+1“1+1/‘1>l+ 3(u:+/7:+1":+1/3.1 (1)

-111/21'd 11/2 + 111" + 111/ +1211 +121! + 1'11

Ch 1771g minh

B1511 11511111 1h1'1"c 111 <=> _/’111./1.1-.111 : 3111‘ +/>1 +1-"' +111‘ 1(111>+11<-+1111+/11+/>1/+11/1

— 41117011’ (1112 + 111' + 111/ + /21+ [711 + 1'1/)— 1211/1111111: + />1 +1: + 1/: )2 (1 (Z1

.\1h<11 xé11§111g11§11 c6 111n11 bién cl 1111f1Z1|1Z1111 1161 111'1'11g 111c0 1111 bién. \'Z1 ho'11 11E111f 111111 ABC.

N1111‘ \11§1y 11100 11111h1§'111 sé ch1p11é1i xé1c1ic11'11'O‘11g11Q'p s11u(111sé >111 1}" \'é‘i (1)):

11 \/<11 11:0; B1"11d§1ng1h1'1'c 1Z111ién nhién.

ii) X61 11:b=.\‘.1':¢/= 1":

3(.1'4+\'4) 6(.1‘:+\":) 3(.1‘+\'):(.1-1"): Z(.1'—\‘):
Khido(1)<=* 7 '1 21+ 7' 1: '1 ,' 2 _'

2.1" _\"‘ .1" + 1‘ + 4.11 2.1“ _1‘ .1‘ + _\'“ + -1.\'_\‘

/51p 111mg 11211 111'1ng 1111'1c (.1+_1‘1: 24.11 ; .1: +13 2 2.11 111 sé c111'mg 1111n11 111101‘ 1111'6>11g 111)1p n1‘1y.

iii) X61 11 =17 = 01.1.11 = _\‘ I

313.14 +14) 313.1: + 1:) 3(.1— 11:13.1": +Z.\‘1+ 1:1 3(_1‘— 1):
K111dé(1)1:»' _' 21+ , " 1:, ' ‘ ‘ ' 2 ,'

.3>\

'3
ril-

4.1’ f." 3.1‘ + 3.\'_1 4.1“ _\' 3.1"‘ + 2.11"

11119 11511 11£é11"19lh1'l'C 31': + 7\'\‘>71\': V51 11-2 -1- 711,14 \-3 >11-\~ 1:1 <13 r~1"11'1‘n11 11111111 111101‘ 1r11‘P1'11g‘MG ___. WC . _.._. __... 1.. W. . ._.._ 1 _. _ .-. v......c - -...1,..

h1)"p11E1y.Té1n11;111hc0 d111h 1y 111c6 diéu phzii ch1'1ng1111nh.



(150 I’l11m'ng pluip \Ii('

'1‘;1'g111.\11'_1'c1'1g111 111 11110 1111111 111111 gin 111161 1111 11611 \11g111111 111101111111 x11}' 1111111 1116111

1,1,1. - 1- 11--1

.\c11 .1l.1'-....1y_ :11 1111)‘ .11 Q1111-0 1\1111115111g 11111111 111Q1111"011§_' 11111 g11'111'1c(1 11111111h1 g11111111l101111111

11511 1111011; 11111 111c0g1111111é1 1151 11611 11011; 1111111 1}'.

Néu 1‘, 00111111 115111;; 11111111 111151111111 1111111‘ 11111111 \11 1111111“ (1. 111g111 s11 (.\'i._\‘:..1g) 121 11101 111} 111511111

g11'1 111 11011g 110 k1111c (1 \"Z1 1111111‘ 11111111 11111; 1101 11101. T11 Q0 1111111 11111‘ 1111111 1\‘_...\'.......\'/, 111111‘ 111

1111f1"11g 11§111g sf) \'Z1 1161 1151111 f(.\'1..\':..\g..\j,.....\'”) 111111‘11111i1111 g(.\',..\'3..\1_). '

T11c0gi1-'1111ié11111 g 111 1\'11z1 ABC. \‘1_1}' nén 11131111151111 111 11110 1111111 1\'l11 0011111 sC11:11111g 11111111. 1111)‘

11101 $0 bng (1. Diéu 1111; Q1111; Q0 11g11111 111 1011 1111 111} (>11./1.11 dé g(.\"]..\...1.\)

\/
>2

(<1./1.1") 1111}

f(.1| . .13 . .\'._..\j_, ......\'” )2 _/ ((1./1.1; .\';..... .1,‘ ).

13111111151)‘ 1111111 111111111 \'1’11 g1111 1111£'*1(*’1.T1'111111f11 d1_11h1)' ABC 1011; 11111111111 d110'c c111'1‘11g 11111111.

3. Ung d1_1ng (111111 1_\" .-\BC_t6|1g quzit

U5
Q3»

I—l

C110 u./>.<'.</ > 0. C1111'11g 11111111 11"111g:

3(11"'+l>"+("l+1/‘)>1+ 3(u3+h3+(‘3+z/3) (I)
-111/2<"d ll/J + 111" + (111 + 171' + 111/ + (‘(1

C1111’/lg minh

B51 c1&111g 1111'1~1~ 111 ¢> _/’<11_/>.1~.1/1 = 3111‘ +11‘ +1-1‘ +11‘1(111>+11<-+111/+/11-+/11/+11/1

— 411/Jcd (11/1 + u('+ ad + /20+ I211 + 1'1/)— 1211/1011111: + />3 * 1': -1- 11': )2 (1 (Z)

.\1h1_111 X61 1:111g néu C6 1111111 1111111 1/ 1111 f 111 1111111 115.11 x1'1'11g 11100 1111 bién. \'Z1 11011 11C1'11_f kha ABC.

1\11111'\/'z_1y1hc0(1111h1y111 sé chl phzii xé1c1'1c1111'0'11g hqp s11u(111sé x11‘ 1}" v0'1 (1)):

11 vo-1 11:0; B51 11.111; 11111-1 121 1111411 nhién.

ii) X61 11 =12 : .111" = 1/ = _\':

3(.\‘4+\'J) 6(.1‘3+\'3) 3(.\‘+\‘)2(.\'—‘.')2 Z(.1'—_\‘)2
Khid6(l)*:- 7 Q 21+ ,' H ', 7' 2 _ _

2.1" _\" .1" + _\" + ~1.\j\" 2.1" _\" .1" + _\" + -1-.\'_\'

Ap dung b211 ding 1111'1'c (.\"+>\‘)3 24.11" 1 .13 +13 2 2.111" 111 sé c111'mg 11111111 d11'0'c 1111"011g 1117p nE1y.

ii1)Xét u =1) I 1' = .1111’ = ‘\":

?(3.14 +14) 313.13 +13) 3(.\"— 11:13.13 +Z.11"+ 1'31 3(.\*-1*):
K111d6(1)@‘ X' 21+ ' ~=.» ' 1 ' ' 2 ,'

)>»

'3
Q-

C

4.1" _\' 3.1‘ + 3.\'_\' -1.1" _\' 3.1” + 2.13‘

11.0 ba‘_1_ ding 1h1'1"c 31:3 + Z.\:\; 2 3.1:: 3.12 + 2.11‘ + 1": 2 4.\:\; 111 $5‘ chirna 11111111. dI.1'11'c 1111‘PJng

h0'p11f1y.Té1111;11 lhco d111h 1y" 121 Q0 diéu phéi c111'1'ng 11111111.



Clzlrmzg IV: Nlzvzg vién kim Cll‘0'llg trong 121?’! (Mng tlu1'c hi in zT{!i 657

iii 2. Cho céc s6 thuc (1l__a,-_....c1H20 lhdu min ui +u_ +...+uH_ :11.

U1‘

, . ~ 1 1 1 Zn /I/z—l **Chung mlnh rang: + +...+ l + , 2/1+Z\//z—l (1)
ll} (I: u” :1; +0; +...+u;

Clzzivzg milzh

D511 f ((11 _ a3.....(z” ) : VT (1) . C6 dinh (Ii .41; _....(l” ta du'Q'c him bu hién \’Z1khz'1 ABC.

Nhu \'2f1y Lu chi cn xél 2 u'u‘©'ng h(_)'pI

i) Vdi ul =0: B§td511g thfrc hién nhién dilng.

ii) Xét khi nz bién béng .\‘ V51 (11 — m) bién being _\'. ta C6: my + (/2 — m)_\" =11.

, . m 11 — m 2/z\//2 —lChung mmh: + + 1 7 211+ 2\/n -1
.\‘ _\' m.\" + (/1 — m)_\‘ '

k m_\'+ (/1 — 177))‘ m H _ In 2\/12-1 [NIX + ( ll — I77) _\‘]_ ,‘——Ta dun ve bal toanz ~+ + 2 /1+ 2v/1-1
'7 -‘ Y / /1[n1.\"' +(n —/12) V]

_ -_ » 3 '> ‘ _ _ -_ . 3 _ _
<:>m(n /n)(.\ _\) 2“/11 1wm(n m)(.\ 1)) <:>[]m_3+(n_”m‘3_2 T_l_\vTi(X__Y)_2O

71-\t\' IIHLYH +II(lZ -171) _\'_

B§td5ngthL'1'ct1"énli1 dimg din do: mxl + (11 -121) _\‘3 2 2\/nz(n —m) AT 2 2\/n — 1 .\j‘.

Tém Iai bét ding thfrc CIu'Q'c chfrng minh hoim toiln.

Béi 3. Cho a1,a:.....a” 2O.ChL'1'ng1ninh ring:

-\

Z (“i _”/)_ -,5,-<1-5,, a] +51: +..+u”
3 _ \/a|a2...a”

n ((11 +a, +...+a”) ll

Chzhzg minh
‘v

I 1
Z ((1 (1 )

a +0, +...+a lg,-<j§,,Bit f(a|~a'H"-\a,,_|~a,,): _\,'l(l|a""'(I,, _2'”L’ ll ' (1, +41, +...+a”

G dy, C6 djnh al +113 +...+a” V51 Z aiaj. 151 hoim toim khéng cé lQ"i vi béc cL'1a ala3...a”
]§i<'/'51:

khi chuyén vé da thtrc sé rt cao. Vi 1)? do ny la sé 06 dinh (11 +02 +...+aH vi u‘(13...a”_], 1'6

réng f sé trd thilnh m©tdathL'1'<: béc 2 theo a].a,....u”_1 hay mét da thirc béc nhét thco Z uiu/_ .

IS:</Sn

Nhu vgiy f km ABC véi ba bién bé1 ky trong {(z,.}:. 0 dy la ChL'l'ng minh kha ABC déi wi
ab+bc+ca nén ta ch1"c6 mét lruirng hqp duy nhét dé IE1: /II bién bng nhau, n—m—1‘ bién
being nhau.



(158 Ph1r0'11g phzip ABC

G13 SL1‘ (cl,.£13...-.61”=(.\'”..\'”......\"”._\"”._\":...._\"”) (111bién.\". 11—111 bién Vv).

Giz'1 su-.1 2 _\- (.\' 2 _\" 1£1m tu'0"ng 111'). Ta dua vé bi tozin sau:

_ 111(11—111)(.\'” — V” 1' 111\'” +111—1111\"’
Cho .\1 v21). Chirns minh 1'51n2: _ ' S ' ‘ —.\"'” \"”"”

. -._ 4* ,1 \

11 ’111.\‘ + 11' 111-11111” II ' 1

D0 lfnh thun nhél. I21 Q6 lhé cho \'=1..\'21 \'£1ludu'a vé bi min:

f (.1) I 113 1111.\'” + 11 — 1111- —11'1_\‘”' 1111.1” +11 —111)-—111(11—11111.\"' — 1 1' 21)

Chimg ta C151 dun duqc vé trub'ng hqp mét bién_ nhung viéc chtmg minh cho dén thb'i diém nily

van khong de dang chul nun. Thuc chat Chung ta vén vu'é'ng \'i10 mét vén dé khé khan khi

bién 111 vén chgzy \'i1 khéng lién tL_1c trong doan 10.111

Qua czic biii lozin 1 \1'£1 2. chfmg la c6 cam gic ring c6 vé 111 “u'z1" ()_ 1_ 11-1. 11 hon céx. Véy

phdi chng chng ta c6 the? dun 111 vé mi)! trong czic gid lri nixy. néu dfmg nhu‘ thé céng viéc

C1121 chimv ta sé clé dim“ h0'n 1'51 nhiéu.D C

R51 tuyél vbi 1Z1 diéu ny c6 thét. Diéu dé $6 du'<_1c pht biéu lrong caic két qua suu dily:

Kat qud‘ I: Trong tép R hay R’ . khi hai giai 111 MI : 11 +b+c.M, : (1/1+l1('-1-(>11 C1u'Q'c cf) 611111

/_
gy

(IQ

Z\

I3

1 M.‘ = ubc (fiat giai tri 1611 nhfit khi 111.114") :(.\:.\"._\") hoéc céc hozin vi {hi .\'£ y. v21 néu

l /1/I} dat gizi tri nhO nhét khi (u_/9.1") = (:.:.I) hozfxc czic hoén vi {hi : Z1. 1 1

Ch 1211g 1ninh

chang m hy X61. tru'O'ng hQ'p khi M3 am gizi 11-; 1é'n nhl hay nh<'> nhl khi cé hm bién bang

\ A \ ,
nhuu va dua vé bai man:

11/I, = 2x+ y vii M3 I X3 +2.\'_\'. Hiy lim gizi lri 1c'yn11h2'§1cuu: /1/1'; = .\':_\".

Thay y:1VI,—2x.ch1ingta c6: 3x3 —2Ml.\'+M3 = O

213M: —M§1.\-+M|M2
Va 14} =.\-1(M, -2.1):-2.1-‘ +M,,\-1 =

(nhim Xél 3.1/12 - .1/If so)

Do C16. gié tri 1é"n nht hay nhé nhéix cua A/I3 phu thuéc h0Z1n loin vZ1o giai Lri ldn nht v51 nho nhét

01121 x. U dfly cu lhé M3 dz-_11gi£11r1 ldn nh€1tvZ1 nhO nht ln 1u'Ql khi x dqt gizi trj nhé nh£1l\'511c1n

I 'a I '1

, . M —11M —_vM, 1/I M + 1M ——.>M, M
nhét, tire 1f11én lucyt khi; .1 =__-—~—‘3‘ - 5?‘ 5 1 Vi! .1-=2-M1 1‘ - z -2-' z _\~.

Hoiin toén vc'1in1{>t§' tu'O‘ngtu'0ngtu_ch1ing ta mung C101 nhfmg két qua sau:



Ch u'0'ng IV: N11 zhzg viélz kim czr0'lzg trong bf}! rilirzg tlzzic hi in dgzi 659

! I S. A W- . . ., . 4 . \ .,
[ Két qua 2: Trong tap r1. . khl hm glu tr; /VI] =u+/2+c_/VI; :u/21" duqc co dmh vu gm U

i ,

M3 "-=ul2+b('+cz1 dzjt gizi trj 16/n nhét khi (u./71') :(.\‘_.\‘.)") hoéc czic hozin \'j {hi .\' S >\'. Slat gi

tri nhO nht khi (u_/1.0) = (:.:.I) hozjc czic hozin vi thi : 21.

,C.‘»\....'.

Clzzivzg minlz

Trong phn chirng minh cua kél qua 1.chL'1ngu1d€1thu du'Q'c déng thirc sau:

2(3M2 —M,’).\'+M,M. 9,1/1; +2111 f.\- Mf 27M1—M|“‘M}: ¢>"W: '_- :,A +» ‘

* 9 ' x + M1 3 6x + Ml

Nhfm xél ring lrong {zip Ff thi Z7.»\/I3 — N15 SO nén M: dal gizi lri lim nh§1 \"ix nho nhfll ln

lu‘c_>"t khi x dat gizi tri nho nh§1tv£1]('>‘n nht. .\ihz_in xét ring .\' IE1 nghiém khéng fun cuu phunng
1 q

trinh: 2.x" — M,.\" + /VI‘ =0. Gié sU'phu'o'ngt1"inh nZ1yc63ngl1i§*1nIZ1: u SOS/> Sv.

Nhu' vziy A/I3 dat gizi tri ldn nhl via nhc} nhl ln lu'(_>'t khi .\‘ nhfm gizi lri /9 v21 (‘.

~ , . M1 ; . . ,Ta se chung mmh la ST S c de suy ra b S _\‘ S c. That \"z_\y. la co:

M, M1 ., . \ \ .4 ,T: a +b + c :>a =7 —b —c. Thay g1au"g £1 nay vao bleu 1hu'c: ab + /20 + ca =0 ta thu du"Q'<:

M M , 3 -3 -(lJ+c‘)(—‘—l2—(‘J+l)(‘:O<:># 
\ 2 3 3(/2+6)

_ M. .

Til‘ dy dé dilng suy ra /2 S?‘ Sc v21 ta d lhu-CIu'Q'c dléu phu chfrng mmh.

I ~ /\ + - - - 1 - ‘ A - ~ - , 1Ket qua 3: Trong tap R . khl hal gla tr; A/I2 =al2+b('+c‘a.M} :u/n" duqc co dgnh thx gm In ‘

Ml =a +b + c dc;1tgi2ilri nhO nhzit khi (a,b.c) = (.\",x._\") hay czic hozin vi, khi d6 .\" 2 _\‘.

C111?/ng minh

» M} / \ "A . \ ‘aTa co /VII = 2.\' +-—7 trong do x 1angh1¢m cua phu‘o'ng1r1nh .\'* — M,.\"+ ZM1 = O.
_ .

Phuwng trinh nily 06 hai nghiém duo'ng vii mét nghiém m. Gqi chfmg 151 u S 0 Sh S c"

Ta C6: a +b+c =O:> a =—b—c ; abc =—(b +c)b('=—2M; 3120(1) + c) =/V1}

Tit dy dé ding suy ra: b S M3 S c hay b S y S c.

B£1ygib'tz1 sé délnh gié xem MI (b) hay M] (0) 121 gizi tri nho nl1§tcL'1z1 Ml.

Ta c6: Ml (1)) — Ml(c)

:2(b_C) M3(c—qb)7(c+b) :(b_C) 2121" -111/I3 (b+c) :(b_(_) 217303 —{)¢'fb+c.')~ 20
19'6" b“c' /11"

Nhu véy M, nhé nhéit khi x=c 2 y.

Tit ba két qué n51y,chLing la C6 thé téng quilt dinh 1y ABC mc'>'1‘(f>ng cho /2 bién nhu' sau:



(w(w() Phuvng pluip A BC

Téng quét ctla dinh ABC n16‘r()ng

Xét mél biéu thtrc déi x(1'n2 n bién _/' ((5 .u2 _...a” trong dé fc6giz'1t1'i nh0' nhzil. al. E R‘ \'Zx /12 3.

Tu se @0i /'(u|.u:....u”) nhu la mqt biéu lhfrc ba bién g (u,.u,.u~‘) vc'>‘i caic $6 u_‘.a<....u” du'Q'c

‘ » \ , ; ; . , .' , .- ~ A .' . ‘

cm nhu' Ia cue hang so. Khl do neug kha ABC then tmh don d1¢u '* thx bat dang lhu'c |

_/'(u‘.u3....<1H)Z() co lhé dun vé xcl hui l1‘L1'()'ng hqp sau:

i) 11-1 bién béng nhuu.

ii) 1 bién b§1ng() (diéu kiénn{1)'ch1' xul hién khi chtrng minh khi: ABC déi \'c'ii (1190)

B511 dng lhfrc du‘c_>'c chtrng minh 151 dimg néu 116 duqc chirng minh trong hui t1'u'b'ng hqp trén.

Kim ABC I/100 If/1/1 (7011 J1'_éu/1g/a /(1 g” I/160/21(3I1r0/lgbu/aién (I/7L‘.(1/J +'/x" +c(z.u +l2+ (' /xi/lg O.

Cluhzg mirz_Iz

Thco dlnh 1y ABC téng quzil thi bit dfmg thtrc dun Y5 u‘u'©'ng hqp 06 min bién bng 0 hozflc HI

bién bng u v51 11-221 bién being /7.

T1"0ngtru'£)'ng hqp du tién. néu C6 mét bién béng O {hi dinh 1y duqc chirng minh.

Trong lru"é>'ng hqp Lhfr hai. 121 cn chirng minh In S 1 . Thuc \'z_'1y. gizi str m 2 2.

Nhgin Xél ring khi g 121 mét ham kha ABC Lhco mm don diéu ma gm U1 mm 11112;: cm f chi

dat khi mét trong bu dai hwng ulnzub +120 + emu + b + c dat gizi lri lé'n nht hoaflc nhé nhél

(chir khéng cn xét vim lain nhél vira nh0' nhil).

Chfmg ta hiy gié str f dgat giai tri nho nhzit khi abc dal gizi tri nh('> nhél (czic tru"©'ng hqp cbn lgi

chirng minh hoim lofm lu'o'ng tu’).

Khéng mil tfnh téng quail. hiy giéa su" (1 212 v21 xi I a..\': = a._\'; =1). R6 ring ring khi la c<‘>

aim [51 ca czic bién cm lai .\-4..\-_<,...,.\-,1 ma (a,a,b) khéng mé IE1 diém ae him f(.\'1,.\'3,X3)

dat gizi tri nhb nhét; vi nhu' ta (Ti chtrng minh 0" trén giai tri nhé nhéu ny dat duqc lg1i diém

(x..\', Y) mil 0' dé: x S _\'.

Diéu mu thufm nixy cho thy m khéng thé vu'<_)'t quzi 1. vi nhu"v2f1y phéli cé n -1 bién bang nhau.

Nhu'\'2f1y1i1 chimg ta dfx chtrng minh xong téng quail cua dinh 1)? ABC mC>' réng.

By gid hily quay l2_1i \~"é"i bili lozin 3 6' trén m chimg la vgn cbn bc'> ngb.

Chi: )7 ring lrong biai tozin nily ta d su‘ dung dinh 1y ABC don diéu cho ab+bc+ca. D0 d6,

chi 0511 xét u'u"O'ng hqp khi c6 /1 —l bién bng nhau_ v51 dun vé xét b{1i tozin (v<‘>n 1i1tru'()'ng hc_>"p

khi 06 /2 —] bién bng nhau):

f(.\')=11:{(11-1).\"” +1]: —1z7’.\‘ [(n—l).\‘” +1j—(n—l)(.\‘” —1): 20
1

<‘:>113[(n—1).\"'+1][(n-l).\"' +1—/z.\""3'j—(rz—l)(.\‘”—1)_ 20 U")

Cl\U)"r§1ngtac6l1ai ding lhirc sau: .\‘” -1 :(.\'—1)(.\'”"' +.\"”_3 +..+1)



CI1 lrmzg IV: N11 ling vién kim czmvzg trong brit (Hillg thzir hiEn dgzi 661

vi! (12 —-l).\‘” +1—/1.\‘”“: =(.\'— 1): [(/z—l).\‘”“3 +(11—Z).\"”" +...+ Z,\‘+ I]. D0 d6:

(‘*‘) <:>(.\‘—l):[/1:[(/z—1).\'”+l}[(/z—l)-\'”*: +(/1—Z)_\-""1 +...+Z.\‘+1}-(/z—1)(_\"”: +_\'”": +...+ 1): 20
w

Nhim xél1‘511g: [(n—l).\"' +l](—1—T+l)2(.\"3 +1)“
/1—

~
' r|~: /.'<‘~ I _1 ~

[(n—1).\‘” ' +(n—2).\”"+...+Z_\-+1M%+—%+...+g+l)2(_\-3 +,\' 3 +...+.\'3 +1) D056:/I_ /7__. _

~ ~/zZ[(n—1).\"'+l][(n—1).\'”' +(/1—Z).\‘""‘ +,_.+Z.\'+l]
1 w1 _ . ~ _H ~ r: 1:~, /.' .‘ I

2 (.\‘3+l) (,\‘ 3 +.\' 3 +..+.\"3 +1)
<1+——1—-)(l+](+...+ 1 + A17

/2—l 2 11-7 11-1

-1 1 2 _ . 1 . 12—L(I + + .\‘”" + .\"H) EM)“ +... +.\""' +.\"H) =(/1—1)(l +...+_\'”" + .\‘”")
1+ 1 + + l ”

Q ;1 -1

:> [111 [01-1>,\~" + 1][(/1-1).\-"-1 +01 - 2).\-"<‘ + ...+ 2.\~+1]-<11-1>(,\-""‘ +_\-""1 +...+ U120

Nhu' véy chtrng minh cfmg d cé thé két thflc <5 dy.

Béi 4. Cho czic $6 thuc du"o'ng a,b_(',d tho'a min: [l/J(‘(/ = I .

Chirng minhréngt 2*(1+()(1+/f)(1+)(1+(/1)§(u+1;+<-+¢/)“
I

l

Cluiwgmilzh

Xél f((1.l2.c")=Zx(1+(12)(l+/1:)(1+(":)(l+(/3)-(u+/2+(‘+</)()

9 3 3 :31“ \=2‘ i:l+((1+I2+(') +(u/2+l2<“+<'u’) —Z(ub+l2<'+<'u)—Zul>('(u+/>+<')—<z V/2 1" _l(l+d:)—<u-+-/2+¢-+(/)(

Néu xét hilm $6 trén thco bién (1/7 +126 + ca {hi bit ding thirc _/'((/J2. 0) S O IE1 kha ABC.

Nhu vziy la chi cn xét mét trubng hop duy nhit suu:

Cho czic $6 lhuc du'o'ng x,‘\':.\"‘v\*=1.ChL'1‘ng minh: 2“ (1 + .\'3 (1 + _\": ) §(3_\( + y)"

I -
V ~, 3 / 6 ' .. \ , . .Bait dng thirc <:> 2“ (1+.\'“) Fl+i(l KM . Bén diy v1<;c houn lhimh chung mmh xm

\ / \ ,

/\

dimh lai cho ban dqc.

Bi1i5. [China MO] Cho czic thuc duvng a.b,c.(/ théa min: (112111 =1 . Chirng minh ring:

1,+l,+l,+1_22
l+u‘ 1+1)‘ 1+c' 1+1/'

Ch ling min /1

Dzflt ,\:=2——-1i,> 1 . Ta cn chtrng minh: 1 , +—l—¢+%_ 2.\'
1+(l'” 1+0‘ 1+/1' 1+0‘
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<:>11+u: 111+l>31+(1+b3111+c':)+11+c:111+c1312.r11+a:111+b2)11+('3)

4: 1+Z(u +1)-1-('12 +(c1l>+1n'+u1): —4(a[2+1'2<'+<'c1)—Z11/>(’(u+b+(')

2 .~;+.\‘(u +b+c): +.x"(ub+/10+ ("(1): — 2x(c1b+b('+("u) —2.\'u/2c'(a +11 +0) +.\'u:h:(":

<:>1.\‘—1)(ul1+b<"+¢'a)2 +(.\'—Z)(‘u+/2+¢")2 +Z(Z—.v)(u17+ln'+<'a)+Z(1—.\")u12c(_u+l2+(")+.\"—1 SO

Bz‘ud:'1ng1h(1'ct1-én 1:11am ABC khi ta xét theo bién ab +b@ + ca.

D0 <16 ta chi cén xét tru"b'ng hQ'p duy nhét sau:

C110 céc S61h§l'C du'o'ng .\"._\':.\"‘1_\‘:1. Ch(1'ngminh1"{'1ng: + 1 _ 2 2
1+ .\" 1+ \"'

3 1 3 3 .1“ 11: 1+ 22¢» ,—:+h --20
1+.\" 1+1, 1+.\“ -' .\‘ +1 2

0Y

3(1—.\‘)(1+.\'1 (.\'—1)1.\"' +.\'1 +.\"‘ +.\'3 +.\"+1)
\:> + 20

2(1+.\--1 2(.\-“ +1)

<:> (.\‘—1)1£1.\'3 +1)(.\'5 +.\'1 +.\“1 +1": +.\‘+11—3(.\'+l)(.\“1 +1)12O

<-:>(.\‘—1)2(.\‘+1)1_\‘:—.\‘+1)(x3+Zx:+4x+Z12O.

Déu béng xéy_ru <:> u :12 :c=(l :1

1 Biai 6. Cho II lhgrc du'o'ng lhoa min: a,(z3...c1H = 1.

Chfrng minh ring: 1 + 1 +...+ 1 + 4” 2n+2 (1)
[II (12 an /1+a|+u3+...+(1”

Chzhzg minlz

ala, +041, +1141‘ 1 1 1 4;;
(_1)<:> " "* * + + +...+ + 2/2+2

(110203 (14 as an n+a1 +11: +03 +u4 +...+u”

Xét lhco bién (1103 +a2a3 +a;\u| 1'6 rimg bit ding thirc trén 131 khél ABC. Ta chi ciin chtrng

minh bit ding thfrc sau:

Cho caic $6 thuc ducmg X. _\f tho .\‘”_1_\'=1 vix .\' Z 1, khi d6:

”i_1+l+—-—v~i2/1+2 <:>i+.\-""+i-——4i—~—-2zz+2
.\‘ _\' n+(_n~1).\'+_\" .\‘ ”+(”_1)_\.+ 71;]

.\'

_u , »-) _n _n—1/‘:>.\ +11 1 /1.\2h1(/z 1).x n.\ +11

X /1.\"' 1 +(/1—1).\"' +1
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(.\‘—1):,1.\'”_: +'l.\'”_} +..1+n—11 Z(.\'—1):1—(/z—1).\";'“’: +1/1- Z).\"” ‘ +...+114;‘ 1_ . J2 =_ J

.\' /z.\‘”" +(111—1).\"' +1

/1-1 11-? 11-1 12+?; , . X +Z.x' ‘+...+n—1 (n—1.\' +11—2).\' ‘ +...+1Ta can chung m1nh: 2 ) _! (
x nx” +(11—1)x” +1

I 11—1 11 \
n.\' +(n—l ..\' +1 _ _; ,_~ ,_;l(.\"' 2 +Z.\‘”'+...+/1—1)2(n—1).\"'+(/1—2).v"+...+1

\ /

/1+1 1|
A , ; A n.\' +(r2—l).\' +1 n.\'+(/z— 1).\"+1Nhgm xet rang do x21 nen 2 2/2-1. Do do: '

\" \'

VT 2 (11 — 1)(.\'”*3 + 2.\'”"1 + + /1 — 1) 2 (/1 — 1),\‘”“3 + (11 — 2).\"”“1 + +1

Nhu véy ta co diéu phéi chtrng m1nh.

Béi 7. Cho czic $6 x1,x,,...,.x,, > 0 mam mni i+L+...+i :11. chm-ng minh: I

_ ‘ Y1 Y“ Y1!

rI—-1

xl + xi +...+.\"” —r1Se”_] (.\‘I.\'3....\"” -1) trong do c”_| =11-+—1~1) <6
| 11-

Clzzhzg minh

Nhén Xél ring bz‘1i tozin co mé viét lai nhu' sau:

_ /I 1 _ 3 3 1 I " ' 1' 2' 3'\' X‘

, 4 1 . - 1 1 lCho cac so x,,x,,...,x > 0 thoa man: .\' .\', +.\" .\" +.\'_.\- =[n——— —~ r r \'
' -'1 '1!

1| 1

Chfrng minh: .\'| +x, +.\'} +...+,\‘” —-/zSe”_, (.\-].\g....\'” — 1) vo'i cm :(1+%) <0
- ' “ n —

DO as néu xélb§tdingt11i1'cthco bién 1-, + .12 + .1-3 ma bit dang [1‘1L1'C trén 1:1 km ABC.

Nhu véy cong viéc cua ta chi 1£1 bi toén sau:

. -1 1
Cho czic so thuc duong a,b :L— + Z =11. khi do:

a

\

O

n—1

g(a,b)=(1z—1)a+b—1zScH_|(a”"b—1) (“‘) trong do _l :(1+%) <6
/2-

Thay b=ia— vo (*) . ta cn chtrng minh:
nu — n +1

5‘ 1 fl cl” \ » "*1f(a):(n—1)a+———/1S Ht {#1) trong do (12?
]1(1—)1+1 )I-1/ I7(l—)Z-1-1 11

*;> §
a”—na+n—1 “

n(n—1)a2—(Zn2—Zn)a+n:—n ( ,1 )”"
11 1

n(n—1)(a—1): <( ,1 )”"
(a—1)3(a”"3 +251“; +...+(/< —1)u”_‘ +...+(n—1)a0) ""1
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n(n—l) "" , K , ~ 11-1
<:> , ‘ S( '1 j .\han.\c1r&ng: (I ZL.

t lm n 1 nz1"*'+Zc1”“‘+...+ n— ‘ ‘ ~ — ‘

"'(”_1) /1-1 II W1 ,DO dé: VT g * =_/"( )=( ) <=§==>>

(_11___—__l) ‘+-,,(/1—_1) '+ +(”_l) /1 11—1

n _ /1

»|—I _1
T@ichL'1)'"ré1ng f = .ch1'nh1Z1 gizi tri CU21 g(a.b) khi (1 —>iIL_b —><>o.

I2 17- )1

Sau déy I5: mét s6 b§1it:§p cho czic ban zip dgng:

B§1i8. Cho [1,/), 0, cl > O, Chmg minh réng:

-I 4 J J/ \LU+1 +(L+d +122(u+b+(-+d)(l+l+l+l)
(1/2011 (1 /2 (' cl

Bfii 9. Cho a.b,c, (1 > O 1hOz1 min abccl =1 . Chirng minh ring:

(l+a3)(1+l13)(l+c3)(1+1/3)S(c1+/7+("+z/)2

Bili 10. Cho czic $6 thuc du‘o'ng al ,a3,...,(1” thou main: Z(1!(1‘ =1.
|S:</9:

II
\ 3 1

ChL'rn2 minh ring: (12 +...+a3 + ku a,...a 2L+ mm Z.k L- \~ I 11 ] II' /1—l /1(n—1),

B51i11.Ch0 .x*l,.x':,..,.\"H théa min xi: +x§ +...+ =1. Chtrng minh ring:

w ~ 6
.\| +.\: +...+‘\” +L(,1_2)(\/;+1)2.\X.\3.x3 S1

Bi 12. Cho .\‘l,x3,...,.\'” >().ChC1'ngminh rang;

‘I \
(xi + .\', ++ .\',, -11) L + L + + L — 12 ,+ .\‘|.\'. ....\‘” +L2 Z' ' .\'l xi .\'” " .\‘|.\': ....\'”

Béi 13. Cho .\‘],.\"3,...,.\"” 20 thozi min: x] +.\-, +...+.\‘H =12 . Chfrng minh ring:

'7 '1 7

(.\‘l.x‘3....\'”)\n-| (xf +1‘; +...+,\'; ) S /1

Béi 14. cm 0s@<b Va a],a3....,c1” G [(1,1)]. Chtrng minh rang

al +a2 +...+a” -121’/alazman S(1z—l)(\/;——\/5):
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v|. mm-| LY ABC vA cAc BAI TOAN HOAN vg

Trong czic phén [rude chimg ta hu nhu' chi lilm viéc vdi czic bit déng 1hL'1‘c déi .\L'mg mi1 chuu
xél dén czic bél ding thirc hofm \*i. Thélt 1'11 cho dén nu)‘ ctic bit déng Ihfrc hoim vi \'§n 121 mél
khé khén ldn déi \'é'i hiu hét ctic phuong phzip LTZ1 biét. Trong muc nily chfmg ta sé Liép czin
czic bi tozin hoim vi theo czich suu, bu'('>'c méi su‘ dung mél phép déi xtrng héa C15 dun bl dang
thL'1‘c hozin vi \'§ dang dévi xirng. bu‘('>'c hai sir dung dinh 1}‘ ABC Cfé chfrng minh bl dflng thirc
déi xfrng m(3'i thu du'Q'c dé.

1. Déi bién dé CIu"a vé déi xirng

Béi v6‘i mét $6 bzli tozin hofm vi. chfms la chi cn sir dung mét hozfzc \*Z1i phép déi bién don
giéln I51 c6 thé dun vé dang déi xrng mél czich dé dilng. C6 thé nhém théy céng Lhfrc déi bién
cn mang tfnh hozin vi. bO'i vi néu déi bién thco dang déi xfrng [hi chfmg In sé khéng bzlo §_1iO'

chuyén du'Q'c mél bai tozin hozin vi thimh dang lozin déi xrng. Chflng ta xét czic \'1’ du sau:

\. , ; , . ; U Y Z 1B211. Cho cac so 1hu'c x. \'. 3 > O.Chu'n<1mmh1"an<1: l2?\—+-'i+? >— (1)
' V‘ ” 2.\'+_\‘ Z_\'+; Z:,+.\" Z

Clz 1211g min lz

1 1 I I(l)<:12 + + >—.Df1tu=l./>=>.(':i:>(1[Jr'=1.
v + >‘f 2+ 2 + 15 3 "A -" 3_

I , 1 1Khi dé bét ding thL'1'c1rO'th£1nh: 12 —l— + ;— + — > —
Z+c1 2+/7 Z+(' Z

C6 thé nhzin théy khi chuyén Yé dang du lhirc {hi da lhfrc <16 Cfmg chi IE1 béc 3 lhco (1,/7,0 \/‘£1

do d6 151 bzic 1 thco ab+lJc+€a. C6 dinh thém (1+12+<‘. la sé suy ra u'u‘C>'ng hqp duy nht
cn xét dén 151 hai trong ba bién 0./2.0 phaii bng nhau:

,, , ,, _ \ , , _ 2 1 1Ba: toan tr0’tl1anh: Cho (1.12 >0 va a‘b : I. Chung rnmh: 12L+i > —
2+0 2+b 2

(I: 11 \ ; .. , . ZThay b = —, va dun \'e v1¢c chung mmh: 12 T++ > ~
u‘ 2+1! Zu'+l 2

Bit dfing thtrc O" vé trzii tu‘o'ng du'o‘ng vdi: a(u -1)‘ 2 0

; ; ,_ Y; .. 2 (1 (Q )3 7aBat dang thuc 0 we phal tuong duong v01. 4a —;+l > 0 <:> ;a—l +7 > O

Nhu véy bili tozin d du‘<_7c chirng minh. Ding thfrc xéy rz1<:> .\' = _\' = :, > O

\ - 6 .-Béi 2. Cho a,l),c > O. Chtmg minh réna: £+é+i+$ 25 (1)
V19 c u u2l2+b3c+c2c1

CI1 ting minh

y (1 b C . , 6 _Dz_1t.\'=—:_\‘=~;:=~ :> .\'_\';:l.Kh1d0(1)<:> _\-+_\-+:+i--23 (2)
/2 (' (1 .\-\" + v; + ;.\‘
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D51)‘ 151 min bin main don gifm d6i \*O'i dinh 1)" ABC 1no'1"Qmg.

Ta dLl‘£1\’é bin Iozin \‘6'i hui bién béng nhuu. gia .<u' \‘ I 3 2 xv: : 1 :> .\" : . Khi d6
\.

( 1 6 _(2v)<:>.\-+2_\‘+,é25 <:> ‘+2;-+ 1) —32O
\"' +Z.\'\' \"‘ \"' +2

i_ 1 'v-2'+3 ~—1)'+-+21 ‘—l' '

‘\ H), '_ '\ "('\ ) 2O(dL'1ng).
\“(\"‘+2)

Being thmlrc xay ra <:> a = b = c‘ > O

Chflng ta xét mél R)” lhuét khaic <15 dLrabE1i tozin hozin vi vé déi xirng. K)” thuét n21_y phzit huy

hiéu qua mi hu hét cc ban tozin cm mu-¢ mm \-§ bu bién c6 béc kh6ng \"Lr<_)'1quzi 5 lrén

Xét vf dy sun:

}Bai 3. Chirng minh rang; 3m‘ +11‘ +2‘)+4<¢1»‘1)+b“<~+2-M)20. v21.b.¢- V

Chzhzg minh

Chng ta sé gizii quyét mél bin lozin n12_1nhho'n nhu'sz1u:

l97(a4 +17‘ + c4 ) + 28O(a3b + /130+ cga) 2 O (1)

Dzfat :1: 2x + 7_\*;b = 2y + 7:;(" = 2; + 7.\'. Bén dfmg thirc (1) lu'0'ng du'o'ng vé‘i:

_/‘(.\'. _\'. 1) = ZZZ743(.\"4 + _\"4 + :4 ) + Z4OZ96(.\'3_\' + _\"5.\' + _\‘3; + 3})‘ + ;R.\‘ + ;\'3 ) +

+ 92904(.\-1;-1 + _\-1_~? + ;1.\-I ) + 24(>96().\¢-;<.\- + _\- + ;) 2 0

f(.\‘,_\',;) 121 mét du thirc din xtrng 2 hon thé nfra cng I51 min biéu thL'1'c thu§'1n nhit bc 4. D0

dé la dua vs‘: xét lru'€>'11g hqp duy nhéit sau:

f (,\-,1.1)z 0 <=> 2227439 + 4s0592,\-2‘ + 4327e82\-2 + 974512.\v+101s<>s2 z 0

Viéc chtrng minh nixy khéng khé khén vii xin du'Q'c nhu'(>‘ng lai cho ban dQc.

Lbi giéi sir dung dinh 1y nixy thzjt SL_l' 151 \'() cimg gqn d¢p_ Iuy nhién bi quyél 0' dy chfnh 151

czich dzfat n dé chuyén vé déi xfrngz <1: 2.\' + 7_\";b : 2_\' + 7:10: 2:, + 7.\". Khéng phai nggiu nhién

mix chdng ta cé thé di dén céch din nhu' véy. cfxng giéng nhu' Cauchy trqng $6 hay hé bit

dinh, Chng ta phzii am thém an vo aé cé mé giéi quyét van dé. I\/Inc tiéu Qua chflng m 151 cim

bring hé $6 cua czic dz_1i1u'qng hozin vi. Cg thé 6 déy. chfmg ta dét:

cl = x+ky,b I _\‘ + /<;,c = 1 + k.\‘ v51 lim /< sao cho hé $6 cua cép hozin vi

_x'3y + y}; + §3.\'..\]'3 + )1“ + ;\"3 1:1 bng nhau. Cu thé déi véi bin tozin téng quzit:

.\'* + _\'* + 34 +1n(.\‘3_\‘+ )3”; + ;3.x‘)2()_ ta phai tim /\' sao choz nzk] —(m+4)l<: +(4—2m)k +m=O.



Chu'0’ng IV: Nlzvzg viélz kinz czrovzg trong [nit dring tluir /zifn ilgzi 667'

Déi khi dé lim héng S6 tét dé c6 hai bf) hozin vi dugc cim béng hé 56. ching han .\“"\‘ + )3; + :":.\‘.
' I \ I “' 1 I R I I _‘» _1 L - ,1 - >1 /.\'_\"“ + )1" + 3'4 va ,\" _\"‘ +'\" 5, + 3 .\' ..\" _\' +3731 + ;i.\" ta can phal L30 12: den hm bl€I1 khac.

béng czich: a :,\'+m_\~+/23.12 : >\"+ m: +/2111‘: : +mx+/zy

I\Ihu' vé dén d I Q6 16 ban dqc cflnq d dozin du'Q'c tai $110 hu'o'n2 zin niw lai htru hiéu vdi czlc. ) . - . _ - . .

bfli toén hoén vi da thL'1'c béc khéng vu'Q'l quzi 5. LE1" béc 6 mi‘ lén chng ta c6 nhiéu ho'n hai Cép

hoén vi.ch51ng h2_1n cho béc 6121 .\'5_\‘ + )5; + :‘<.\"..\j\"5 + _\";S + :15. .\-"_\': +_\"i:: +:“:.\':.
_:4 :4 2; \ A: 2 :_ V: : _: ,A ~.\ 3" +5" 3 +; .x va .\3';(.\ _\‘+_\‘ 1+; .\)..\_w';(.\_w +_\": +:.\ ) nhu \igy khong phal bao glo

cng cé thé giéai dé tim ra $6 /21,/'1 cho hqp 1)";

Ta Xéi lhém mét S6 v1’ du nfra aé C6 mé hiéu r6 hon vé ky thu;_itnf1y:

B51i4 [MnF]: Cho céc $6 thirc du'o'ng 0,19, c. Chng minh ring:

4 (13111-10¢»-5/>1+9(~’)(@-/1)2+(131f-101%--56+9¢)(/>-<-)’+(13(~1-1()(-(1-511°+9/£)(¢--Q)’20

Ch zhzg minlz

B51 aéng thtrc aa @110 tu'o'ng du'Ong vdi: [(u - Z/9)(a -411) -(/>- 2¢-)<b -40]: +

L_._J

.1

+[(b— 2c')(b —4c')—(c— Zu)(c—4a)]: +€((— 2a)(('—4u) — (cl — 2/v)(a—4[>) 2 O

V<§n di dy IQ mi)! bzii tozin mang lfnh chit lhzich (‘I6 hon 121 mét bin Iozin thuc sir. tzic gia cua
baa 102111 da ngém y dé béi aéng mu-C nily cé aén hai dang dz“/mu being <1 =z>:¢- hoéc
(1 = 2b =4¢-dé gay khé dé cho cdc phuvng phap aa biél. Tuy nhién néu cm biét qua ky lhuét
ABC hozin vi 6 trén thi dy lg1i'l?1 mét bi [zip tél dé zip dung. Tu hy cimg nhau xcm xét:

Dz}: a = 2.\"— 5",!) = 2y — 3,0 = 2: —.\'. B51 ding lhrc d cho tu'0'ng duong véi:

f(.\',_\",;) = 4(.\'4 + _\'4 + ;i)+Zl(.\‘3'\': + _\‘2;3 + ;3.\'3)

—1O(.\‘3)' +.\_w"3 + )3; +_\";3 + :3.\"+ :,\"‘)—5.\1\':(.\‘+ _\‘ + 1) 2 O

Dy 151 mét da thtrc déi xirng béc 4 vii cfmg thuém nhit nén ta chi cn xét tru"O'ng hqp sau:

f(.\~,1,1)=4.\-* -20.6 +37.\-1 -30.\-+9=(.\--1): (2.\--3)’ 20

Béi tozin ny v<‘>n dT khéng cé gi diic biét ho'n biii Lozin 3 néu né khéng xuzh hién thém mét
déu being nfrai Viéc xut hién lhém déiu being nZ1_\/ déi khi lai gip la tim duqc hing $5 k d’§

dfing ho'n. Nhung nhu'C1‘ néi trong phein d§u cna phurmg pl1zip.‘viéc du tién 151 phzii phzit hién
ra déu bang nfly. vi khi d6 ma céng viéc lm baa CUZI chflng m S5 dé dimg ho'n1"§tnhi§Ll.

Chéng han ta gia' sut a =.\'+k_\‘_b= y +k;,c= 3 +/<.\'. Khi cue Lri xa'y ra [hi lrong .\‘. )1; phéi cé

2 gié tri bng nhau, giél sL'1‘tz1 cho )7 : 3, =1 vii khi 66: a = .\-+ k,b =/< + Lc =/<,\‘+ 1.

Tir dy déng thdi két hqp véi hé sau: u : 2/1 v51 (1 I '-H" ta dé ding tim ra du'Q'c

l< = =% hoéc k = —1, .\‘ = 1.. Ti1'd6thu"tri1"c tiép vb ta xuét ra cdch délt nhu' G trén.
4. .'..
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Trong Czic bili tozin O‘ trén. léit ca caic hixi déu du'(_>'c dzfu ru trong Lip luy nhién hu hét czic

bili tozin lgi r21 O'd2;1ng Ff. \"i1h2:1t huéc hon 121 néu héc lc thi phai xét [rung Iép .\ihu' vziy

chfmg lé déi \'O'i caic bi1i loin héc le chng Ia khéng 06 czich xii" 1)‘ liay sao‘ chfmg la hy IhL'1'

xét qua m©[\/1'di1dé' xem liéu cé thé lim I'£1dLI'Q'C phu'0'ng phzip niio hiéu qu:%1h;i)' khéng:

B51ia.Ch0 c1.[2,ce}<.Chf1‘ngminh1"§mg:

(13 +193 +cR)+ 17(u3l)+b:<'+c*:(1)237(01): +/J0: +(‘(l:)+9(l/7(‘

Pu

0;
,—\

Clz zhzg minh

Chng ta cng sé l2_1i dimg )7 lu'<_'mg (Tilt u=.\‘+ki\".b:_\"+l<:.<'= :.+k\‘. Q dy d5'1u hing xéay ru mi

hai dién1cl1uyéu.t1"ong dé c6 mél diéni déc biél 1Z1 (1 :—l./2 :1.(':2 cimg cc hozin vi cua né.

Lc niiy trong bu bién .\‘,_\‘,; sé 06 hai bién béng nhau. ta gia su" IE1 y = 1 (do ta dang mong

dqi mét biéu thL'1'c dévi vé'i .\',_\‘.; nén viéc cho hai bién nilo bng nhau cfmg déu khéng zinh

hu"O‘n<1. déna thbi cine khéna thé cho chfmq bimg 1 vi biéu Lhirc vén khéng thun nhét).
\.‘ @_ \_ \. \4

Khi 66 ta cé hé phu'o'ng tnh sau: .\' + /<_\" =—1:(/< + 1))" = 11/u" + 4\" = 2 . TU" dy ta suy ra duqc phurmg

trinh theo k I1hLl'S21UI 2k: +3/< +1 =0. gizii ra ta duqc /< : -1 hay /< =—%.

\

Tu chcpn k = —% . khi Cfé ta din: a = 2.x‘ — _\*./7 I 2)‘ — :.<- : 2: — .\' \"Z1hé1déngthL'i'c G21 cho tro‘ thimhz

.\“‘ + _\"“ + :3 +3.\'_\";Z.\')"(.\"+ _\") + _\";(_\'+ 3) + ;\-(3 +.\") 151 bét ding [hire Sclzur qucn lhuéc cé thé

chirng minh bng nhiéu céch trong dé 06 021 ABC. Tuy nhién bait ding thirc trén chi qucn thuéc

. L , ' 2 ‘ 2 F 2 V ‘ ~

khl .\',_\',; ZO. May man Lhay cho chung I11. .\": 4”+_,b+( ._\'= ”+4€+ ( .3 I ”+€+4‘ la
I

khéng m nén chtrng minh cfmg CIZ1 c6 thé kél lhc o'd€1y.

Phu'o'ng phzip déi bién nhu" lrén thin s1_r1i1hiéuqué1 nhung khéng phzii liic nilo cfmg cc’) thé lfim

dutyc, ngay ca czich dét bién thir hai cfmg khéng phzlii 151 lflc 11510 cimg tién lqi \'Z1 kha dT. Du'c5'i

dy xin gidithi{:um©1phu'o'ng phdp tiép czfm khzic.

2. ‘M01 quan hé giu'a (I01 xling vi: hoén vi

C6 16 d tir lu czic ban nghc dén ciiu néi bah ding thirc déi xifrng chi IE1 bZ1i toém con Qua bit
dang thfrc mm vi, hm 1e man vi ma dng [hi ta co mé ichu)/éi*n qua am XI.'1'n_<_l mét czich dé

déing. Chéng hgm nhu'bE1i tozini

'7 '7 7

a’ I2" c" a b (I [9 c" (I , \ i. , ;. , ~ ~ ,
—i+—,+—, +\,52 /—+—+— + —+—+— dung thl bzu loan dol xung sau cung se dun
1) “ c‘ u ' b r" (1 \ (1 12 cf

w v w z w -w v ii \
a‘ b“ C‘ b“ ch‘ a" ia I) 0 /J c (Ii+ 7+ ,+ ,+ 7+ ,+2\/§22 ;—+—+—+ —+—+—
ly" g" gr Q“ I)‘ L" V1) c (1 (1 /9 c

Thé nhung min cu héi ngu'Qc lai. néu biii tozin déi xtrng dflng {hi biii tozin hozin vi c6 dimg

(IQ

khéng. Ciu trzi 1é>'i 151 khéng, vii ta (:6 thé dual nguy ra phan vi du:
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11" +1>'1+ 1-3 + 3ul><'2ub(11 +11)+1>('(/>+(')+1'c1(<-+11) 11l1L1‘ng.b2§ld§111g Lhirc hodn vi suu:

11" +173 + 07‘ +311/21-2 2(11:1>+*l>:<'+1'3111 {hi lqi khng dfmg \’<'>'i 1rLr{)'ng hqp (11./>.<") =(O.3.Z).

Tuy nhién mqi bél déng thrc hozin vi déu cé lhé dun xi‘ czic bin 101111 dfvi xirng 1u'0'ng du'0'ng

nhb‘ kf thuét sau dy.

I

“U

hép aéi X11-ng héa

Kf 1/111111 c/z11_\'e11 /201111 111' vc 1701' .\"1'r11g:

Ch0|f(a,b,c) 1Z1 mét him 56 thco céc $6 thuc 11,b.c thou min: f(11,19,c) = f(1J.C,(l) = f(('.a.b).

Khi (.16 dél g(c1.b. 1'):_f(11.b,c)f(c1_c‘.12): /z(11.b.1*)=f(11.b.c:)+f(c1.1r.1>) {hi g./1 151 czic biéu

,_ . . 1 1g(c1.12.c)2O
1hu'c dol xuhg. Bong 1h0‘1 bat déng thuc f(c1.b.c) 2 O 111 tu'o'ng duxmg vm: {I

Y 1u'O'ng déi xtrng hozi nixy cé vé don gian. nhuhg chdng La hy xem thu"sL'1c manh cua n6 nhu

mé 11210 khi kép hqp wi ABC nhé.

I Biii 6. Cho a,1J,c 2 O thou min: (1+b+c = 3.ChL'1'ngminh1'§1ng: P =11:/2+b31~+1-31134 1

Ch1?'ng minlz ‘

D511: f((1,b,c) = 1121) +1230 + 0311 -4
Vii g(a,1),c)= f(a,1),1>)f(a,@,b)=9c* + (39—18B)C+ B‘ —12B+l6

/1((1,b,c) = f((1,b,c) + f((1,c,12) = (1b((1+ 1))+ 120(1) + c) + c(1(c + c1) —-8

Trong d6: B = ab + 190+ c(1;C = (1120. Diéu cén lixm bi)’ gify 151 chirng minh hai diéu sau:

i) g(11,b.c')2O ii) /1(c1.12.c)SO

Ta sé chrng minh diéu lhtr hai t1'u'é"c. do diéu nixy tu'o'ng (T61 don gian. Czic ban cé Lhé théy

ngay 1'51 nhanh chéng /1(a,b,c) S Olcé lhé giéi ngay lép ttrc bimg dinh 1)? ABC. Nhuhg (7 dy

chfmg téi xin dua ra mét lri giéi bing Sclzur nhzmh chéng ho‘n nhu' sau:

(13 + b} + c3 + 341121‘ 2 c11J(a + b) +1211!) + c) + 1"11(c + 11)

<:>¢1'1 +12} +01 +6abc+3[c1b()c1+/2) +121'([2+c) +c11(c'+11)] 23111v1'+4[11l)((1 +19) +1;1.'(/1+0)+c"11('1'+11)1

:>(c1+b+ (9)3 24[a12(11+b) +bc(b+ c) +c11(1‘+ 11)]

- " 1
<=>11b(11+12)+bc(b+c)+c11(1'+(1)S =%<8 :> 11(a.b.<r)SO

Su khé khén ném 0' phém ma 111151, 111 cé mé biéu dién g qua hai dgi 1u'<_mg ab+bc+ca,abc

nhém zip dung dinh 1)‘ ABC. 6 déy chng ta sé c6 géhlg chirng minh g 151 mét hfxm don diéu

thco C being czich 15y de_10 him vil chirng minh dz_10 hilm duong hay aim.

‘L 1((1./2.1')2O



6'/U l’l1u'u'ng phzip A BC‘

95¢; cu(C>=9C3 +(39—l8B)C+B“—I2B+l6=9(“ +(39~18B)C+(B—2)l<B+4)

co'(C):l8C+39—18B

T1‘u‘c'>'c hét nhém xét ring néu /33% [hi chirng minh kél thc. vi 39~l8B2() nén u)(C)2().

Nhu'\'éychL'1ng1a chi cn xét tc lru'b'ng hqp B >.
Nhzfln m rang \=é'i méi B cC§dinl1Lh‘1ho:f1clZ1 (o'(C):18C+ 39- 1:45 =0 C6I1ghiéI" 121

C :§51;l. hoéc 1:1 khéng C6 nghiém.

TrongL1'u'<‘>‘ngl1Q'p diu tién ta cc’): c0(C) Z = B7‘ — 983 + 27B —.
. 1 10. ,_

\/Z1 ta C6 thé chirng mmh B} —9B' + 27B ——% 20 v0'1 B >

T1'0ngt1'u'©'ng hqp w'(C)=18C+ 39—18B=() khimg 06 nghiém. ngla 151 him n"(C) don diéu_

[£1ChICEAiI1ChL’I'l’lg minh bili lozin bun du khi Q6 hui hién hfmg nhuu hay mél bién hing O.

i) Cho (1,!) 2 O thou min (1 +12 I 3.Cl1(1"11g111inl1x"f“1ng: :1:/J S 4

Theo b£itd?1ngthf1"c AM - GM m c6: @111=4-2%-1>§4(~_";"’_)’ =4

ii) Cho (1,!) 2 O thca min Za + b = 3 . Chirng minh ring: (13/2 +1230 + Cl} S 4.

Thay b = 3— Zc1.b§td€ingthLrc d cho <:> 3a; —9a3 + 9a —4 3 0 (dng khi O £ a 3%)

Nhu \/éy ta dii hoim thimh chimg minh min czich dy dtl. C6 thé néi czich chtrng minh nhu trén

cho bili Lozin ny khéng phai 151 czlch chfrng minh hay nht. tuy nhién )'/ tu'O‘ng clla né thi l2_1i C6

thé zip dung cho nhiéu bi lozin hozin vi khzic nfru.

A/Iél cu héi din ru ngay sau bili lozin 151 biéu lhrc (1212+l9:c+c2(1 c6 d:_11 cue tri Lai hai bién

hing nhau hay n1(>tbién bimg O khi la 05 dinh a +b+ 1', (1/9+/)0 +(‘(I hay khéng. Tu hy cimg

xé(th\'rbi1i ton sau:

Béi 7. Cho czic $6 thuc du'o"ng a,b,c thoa min: a: +1): + C‘: : 2(La/1 +bc' + ca).

\ ., . , 4 , 8a:1>+b:('+c:1)
Tlm gla tr; Io'n nhat cua: P =.

(a+l2+c")’

Gidi

Dy IE1 mét bit ding thirc hoén vi thun nhzit. Chilng ta sé su'dL_1ng din céc tfnh chit ny:

Trude hét, 1Q"i dung tfnh chzit thun nhét, chng ta c6 thé dill (lb +bC+ ca = 1.

Biz! mdn zro“ 211:‘:/1/z: Cho céc 56 thgrc ducng a, I), c théa min: a + b + c = 2. ab+bc + ca = 1 .
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Tim gizi tri 1é'n nhal Qua P = (1:17 +1703 4- ('11:.

\/an vé'i }" tu‘O'ng nhu' bili lozin dau. chdng La Gal Q: (1/73 +120: +(‘a:. Thé nhung 0' J51)" bili

tozin 121 di tim gizi tri ldn nhat vi: nhO nhat nén In khng xzic dinh du‘Q'c g vii /1. .\1hu'ng diéu

nily khéng lam chdng ta nao nL'1ng_ chfmg ta van sé str dang )" lLrO'ng nay dé giai quyét biii

toim.

Dal 1‘: (lbc. theo nhu'bZ1i tozin 1 aim lién cuu phn chuyén Gé 12106: re? (1% Tu cé:

P+Q=a2/)+b:c+c:a +1117: +120: +00: =(u+/>+c')(a/2+bc+c'c1)—3z1b(': Z—3I

PQ=9(ab(')2 +{i(a+b+c')3 —6(c1+12+<')(a/>+l)("+('z1)jc'+(ub+bc+m)3 :91: -41 +1 P,Q C6[ 5

./ A . ., . 2—3z—\’—27z3+4r 2—3r+\/—271'+4r
the nhan hal gxa tr; sau : .

Bé m gi lri lén nhét thi la sé quan {Elm dén biéu lhtrc: P=f(z) =?—'_,'a véi re O.j—
7 I l - 2—3r+\'—27z3+4r [ 4]

_ 1.7

Phu‘o’ngt1'inh f'(r) = O C6 mét nghiém duy nhat 151 I:

Nhu vay 1 max {_/(0). f . _/'.
Tir dy suy ra _fm;u = 15- khi abc = 71—7 , hay khi

a ‘L 0.04020492...:b = 0.7824321 l...:c = 1.17"/'36297...

Nhu vay la dgr doain ctla chling ta di bat thnh. that dang tiéc phai khéng czic ban. chng ta

v§n chu'a thé lam du‘Q'c Cliéu d¢p dé trong lhé gi<'>'i hoén vi nhu'ch1ing La di lam Lrong thé giéi

aéi xirng. Qua 1ha1. déiu bang CUEI 1151 dang thfrc hozin vi luén lam @110 chilng 111 cam may 1\-no

chlu nhung luén thfch thLi vii hao hirng. Néu céc ban ngm ngl phan k§' thuat chuyén hozin vi

thimh déi xirng czic ban sé hiéu tai sao chflng hay cé trubng hqp ba bién léch nhau hoac bang

nhau ca chfr khéng phai 151 chi cé hai bién bang nhau nhu' bat dang thfrc déi xtrng. Chng téi

sé tam dirng viéc nghién ciru G day. sau day sé 151 min $6 vi du ntra dé czic ban lam qucn Lhém

cflng nhu khang dinh thém Lfnh hiéu qua lu'0"ng dbi cua k)‘ thual dbi xtrng hozi hoim vi nily.

B:?1i 8. Cho a,b,C 2 O théa min a+b+c = 4.

- ChL'1'ng minh rang: 3<a1b+1>%+(V-%1>+3ez5<¢1b’ +176 + 0:12)

Clzzhzg minlz

Dal f(a,b,(.") = 3((l2b+/72C+(.'2(l)—5((I1): +1202 +cu3)+36

va; h(a,b,c) : f (a,1J.c) + f (z1,c,b) = 72 — 2(ub(u +12) +bc"(b + 0) + ca(c + (1))
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11 (11./1.1:) = _/' (111.1-)._/1 (11.1-1/1) = 14101 +1431: - 1 17612) c + 11419’ - 240111 - 28812 + 12911 c111'111g

la $6 zip dung nhfrng 1<y thuzil h0Z1n 102111 tu'0'11g 111' nhu‘ trong bi1i 102111 $0 1 dé giai quyél bili

lozin 1151)‘. Tru‘0'c hé1. ch1'1'11g 111i11l1 /1(u./2.1") 2 O. Theo bZ1i 102111 l.

a1J(a +/))+/)(‘(/7 +(‘)+c'c1(c+u)§ = 16 < 36 d0 d0 /1(c1./2.0) 2 O.

Chtrng n1inh g(c1_b.c") 2 O.

Ta \11é1 g(a.b.(') 111111111111 1111c) = 44101+<4312-117(1B1c+1B-3>’(64B+1441

Nhu'v2f1y11éu B S Ii} thi ta sé c6 ngily diéu 111111 cl11'111g minh.
J

Xé1B>%.1acc3:co'(C)=882C+4312—1176B.

Nhu" véy cilng §' tu‘0‘11g \*0'i bili 102111 1 111 sé cn ch1L1'11g 111i11h ba diéu sau:

1)@;»~ =64B’~1024B'+ B-Tz01<111BzT‘w(1">B_L/14) 1 1 16384 83200 _ 1

9 3 9 3

Biéu ny C0 thé chirng minh tu"o'11g d<‘>i dé dimg. chng téi khéng dé cp dén chfrng minh 0

dy (t1"L1'b'ng h0'p khéng xziy 1'21 déu bémg)

ii) Cho a.b20 tho min: 20+/2 =4.Ch1'1'ng n1inh1'§mg:

3(c12b+b2z1+c13)+3625(a:b+l>2z1+z13)<:> 182113 +c13b+b3z1

Thay b =4-211 1121111 c6: 311‘ _12111 +1611-1s s 0 1111-1; 0s 11$ 2_ 1111711 1511 111111 nhu'0'ng @1111 111111

d(_>c (1ru'0"ng l'1Q'p khéng xay 1'21 déu béng)

iii) c1111 11.1120 111051 1112111; 11+11=4. c111'1~11g11111111 1%111g; 31R11+3(1z5111f.

Thay 11=4-11 V21 11 cé: Sb} -44113 +48b+362O<:>(b—3)3(8b+4)20

Tém lgai bit ding thfrc du du'Qc chirng minh.

Déu bng xziy 1'21 khi ((1.124?) : (O, 3.1) v51 cc hozin vi vbng quanh.

Béi 9. Cho czic $0 thuc: (1,b,c‘. Chirng minh ring:

(ul +122 +c:): Z 3(¢1}l2+l>c3 +130)

Chzivzg minh

Mét bili tozin néi tiéng c1'1a Vasilc Cirloajc. mét két qua V0 cimg thL'1 v111'0ngthégic'ri hozin vi,

mét bit ding thtrc ré1tm@nh vdi diu being xaiy ra I511 ba diém hoim toim léch nhau. V21 chng ta

hy xem phép déi xirng héa sé giéi quyél bi tozin trén nhu thé no. Trude hét, do tfnh thun

11111‘11,¢111111g111¢11111é111e111 111%-11 1<1e11 11+11+1- = 1.
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Délt f(u.b,c') = (:1: +123 +0: )2 —3(u3l>+123(r+('311) V51

g(c1.b.c) =_f(a.b.(') +f(a.c'./7‘) =2(a: +12: +19): —3@1b(a: +/>:)+l2c(/123 +1": +cc1<¢': +11%]

/1(11.1),1-):/111.111-1_/‘111.1-./11=e>3c1 +1215: -575+ 121c+49B*' -11819‘ +4251 - l1B+l .

C6 thé su‘ dung dinh 1)’/" ABC dé chtrng minh ,g'<11./1.1')2U_ céng viéc 11213.1 xin du'Q'c nhuimg lai

cho ban dQc. C) dziy chvlmg L61 sé C1‘u'ara chirng minh /1(11./11*) 2 (J,

D51 111(1) = 6311 +(211f ~5711+12)1-+4911‘ -6811‘ +4215 -1111+1

Ta C6: c1)'(c) =126c+ 2112: -5712 +12. Ta lai xét bz1t1'u'&mg hQ'p:

D m{—21b2 +5711-12j_ 39691;‘ -49140‘ +2277/11 -46s1»+3@ (631): -391»+e): >0
126 84 84 _

ii) Hai bién bng nhau: Cho czic $6 Lhuc .\',_\'.ChL1'ng minh: (2.13 +11)’ 2 3(.\'4 +.1"‘_\'+ v\":.\”)

c110 11- :1 V21 1111-11 vé viéc chirng 11111111; 1*‘ -341-—‘ +41-1 -3_1~+1z<)¢=>(_1~-1):(_1~1 -1+ 1) 2 0

iii) Mét bién bng O: Cho caic $6 thuc .\',_\‘.Ch1'1'ng minh ring: (X2 + _\':)_ 2 3.x'3_\'

Diéu niiy c6 thé 151m nhanh chéng béng bét déng th'1'1"c AM— GM:

G1-1 +51-1 + %.1-1 + 1-2 2 ‘F‘57.1-“_1- > 3.13. Nhu'v:f1y 1a 11:11 10111 115 1111111 @1111-11g 11111111.

M61 diém nhén vé CR5 manh 111111 phu'o"ng phzip 1151)‘. 1z_ai $210 phu‘o"ng php nZ1y mganh’? Cu tré1 lO'i

151 do tfnh 1u'0'ng duong toén bé trong czic quzi trinh bién 1161. Chi cbn min diéu duy nht dzing

suy nghTl51 vc'>‘i gié lri b nZ10 thi 0J'(c) c6 nghiém hay khéng cé nghiém, Tuy nhién thuc chit.

diéu nz1y¢@111ég1:;11 q11yé1161bé11g 1111111 1y ABC b<>-1 1e b1é11 11111-1 11110 hzlm nily @111 121 11111 111151

11160 ABC (1161 V111 @111: b51 dang 1111'1¢ 1105111 Vi 11- dang 1111 111111 bzjc khéng v11~@-1 qué 4, vi 11111

nhn le_1i chng ta sé thu ducyc mcfn biéu thirc G61 xtmg bzic 8. vén cao nhét IE1 béc 2 C161 vdi abc).
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Biai tzfap zip dgng:

Bini 10. Cho (1./7.0 > O. Tim hn" $6 /< 1(>‘n11h5tsa0 choz

(1 /7 <" kubc , /\'1+-+_+€l_i3_~+*
/1 1' u (u+/>)(/>+(")(c'+u) 8

Béi ll. Tim hing $6 /< ldn nh§1 5110 chot

+3l<21<(Q+ll+5) dfmg Va,b.c>O.
Z)“ (" (I ' .17 (' (I1

Béi 12. Cho czic $5 thgrc du'0'ng a,b,<‘ v51 $5 {hue du'0‘ng p. Chfrng minh ring 1

3 , 2 2 ’ \
/ (I /7 \' / c 3 '

W +[ + Zmin 1%,
~\\a + pl;/' _b+ pc c+ pa (14. P)"

Bi1il3. Cho (1../2.020 théa m€1n:a+/9+c=5.

Cln'rngminh1"§ng: I6((13l>+/>3("+z"‘z1)+6402ll(z1/23 +1203 +1113)

Bili 14. Ch(1'ngminhr:§ng: Mu +12 +0)‘; 2 27((I/72 +120: +('u3 +ab¢') . Vu.b.c2O

Biii 15. Cho c1.b_("Z().Ch1Lrng minh ring:

(:1 +12 +c‘)'\“/(131120: $61217 +l23c'+c'1a £%(z1 +1) +c)" —abc

Bfxi 16. i) Cho cc s6 thuc khéng 21m a,b,c théa min: a +b+c = 3.

Chfmg minh léng: (ab+bc+ca)(a2b+b:c+c:u) £9

ii) Cho caic 56 lhuc khéng m a,b,C lhOz1mE1n: a/7+ bc +<fa = 3.

Chirng minh ring: ((1+b+c")(c13b+b2c+c:u) 2 9

Bili 17. Cho .\'.\",:2O.Ch(1‘ng1ninh ring:
Q €‘» 1" X" 27 “K “§ '71

i) + \“ + 1‘ )+9(.\“ \"" + \";' +;*.\“)2l1(.\"\" + \";‘ +31“)

ii) 2(.\"° +_\"° + I,j)+.\'4_\‘+_\‘4Q+§41Z3(.\i\‘4 +_\";4 +:.\'4)

B51i18.Cho cdc duong a,b,<*. chimg minh 2 _ + , + , + , , , 2 23
/7:13 bl L‘: 17(ab+bc+ca)

Lb‘ c" a" a'+b'+c'

Biii 19. Cho a,b,c > O. Tim hing S6 /< lc'>'n nht sao ch01

1’ C “ (a+b+c): 3
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3. Dizxzg bt ding thdc phg d€1chuy€§x1 hoén vi thimh déi xling
Trong hai phzin trén chfmg ta L15 lilm quen vdi czic bin tozin hozin vi vii chling ta chi gidi quyét chiing

mét czich hoim toim m_1'c tiép. Tuy nhién trong thuc [5 lgi khéngz nhét thiét phi nhu" \';‘1y. chfmg ta cé

thé ép dung C210 bt déng thtrc phu dé cl-1uyé'11 czic dai iuqng hoim vi YE déi ximg. ttrc chuyén hozi bixi

tozin vé déi xtmg dé 06 thé zip dung ABC.

Dé cc ban cé thé hiéu r6 hon §= tu'<'mg néy. xét vi du sau:

FB:21i 20. cm a,b,c >0 moa man u+b+<‘ :3.
1 -v w -

~ 1 \ 1 ,
,1 _ V .ChL'rngm1nhrémg: (<11; +b'<- + <-‘Jinx/7 +/)(' + 5(1) 3 9,“/il‘_

Y Q
|

Ch 1211g minh
"1
1ru<5'ctién chimg ta sé chtmg minh bét ding thtrc phu sau:

Cho czic $6 Lhuc du'o'ng a.b,c lhO€'1min diéu kién: (1 +b+c = 3. Khi 66:

a111+1>%-+¢-%1s%’+. Dziy chinh 1:1 céu baa 1gp CUE! phém aim. 11* ABC viz czic bin toxinab + be + ca

hozin vi. viéc chtmg minh xin duqc nhumg lai cho ban dqc. C) dy chling ia sé zip dung bét
déng thtrc niiy dé dun bi tozin hozin vi ban du vé bixi Lozin déi xtrng.

Nhu' véy: (all) +b2a +c2a)(ab +120 + cu) S iL(_¢1/2 + /)0 + cu) = 9
' (1/7 + /ac + cu

. I 2 3 _:
Céng viéc Qua chilng la 151 phéi chtrng minh: 9\/”H% 2 9.

Bit déng thtrc nay 121 khé hién nhién dua ~30 bét dang mm-Q sau: 3(( +1>1 + C1 ) 2 (ab +bC + (11):.

V51 La cng cé thé két thc chtrng minhé (1 dy.

Bi 21. Cho a,b,c' >0 théa min diéu kién; c1+b+c" = 3. u

Chtrng minh ring: £+Q+52 +2
b c a \= 3

Clzzhzg minh

Ln néy chling ta sé tiép tuc sir dung )" tu‘©'ng trén, chimg ta sé tim m<_3t cén duéri dtl tét cho

ab’ +b¢-1 +003. Trong bili Iép CUZI phém dinh 1y ABC v21 ceic ban toén hon vi, chng la cé béi
tozin sau:

Cho czic $6 thuc khéng ém a,b,c thoé min: ab+bc + ca = 3. Khi dé ta cé:

(a+b+c)(ab2 +b¢1 +6611) 2 9. Hay viét 1@i mét céch thuén nht la;

(a+b+c)(ab2 +bc2 +cc1:)2 (zzb+bc+ca):‘.

‘ , , , , , ab+bc+ca INhu véy \'<'7i diéu kién a +b+ c =3 ta c6 bit déng thtrc sau: ab“ +120‘ +041‘ 2L3;
Nhu véy 151 ta Phéi Chang minh béi iozin sau: (ab +3b‘J“") 2 /”' +"3' + ‘" + 2

G C

!



676 Phming phdp ABC

Xéz ban toén theo bién abc. r6 rng bét dang [hU'C trén 1:1 km ABC.

Nhu véy ta chi can xét hai trubng hQ'p sau:

Trzrng hgfp 1: C = O . bit ding thfrc 151 hién nhién dling.

Trmivzg Iz_0'p 2: (1 I b = x,c = _\'_ bit ding Lhtrc G5 cho tu'0'ng duong vc'>"i:

( 3+2 “)2 21.3 2 (\'+Zv)2 I” 3 3.\' x)" 2\/ .' +_v +2<:>- _, //_.\‘ +)" +2

3\--\~ 3 3\~ \' 3

trong dc’) x, _v > O vii 2.\'+)' =3‘ Thay _\" = 3- 2.\'..\‘e (0.15) la du'Q'c:

(6—3x) 2 2.\"+(3—2.\') +2 (:’3(2—.\') _32\/T\_;‘_T_+€_l
, 3(3—Z.\') 3 3—2.\‘

;J‘~"1> 2 %("_1) @=>(3\/2(.\--1)2+1+4.\--3)(.\--U320
3-2-X \/2.\'--41-+3+1

Nhu véy Chirng minh C6 mé kén thc o day.

Nhn xét: Qua hai béli tozin vita r5i ban doc cfmg c6 thé hiéu dLl'C_7C phéin nilo )" urdng CUZI

phu'0'ng phép néy. Chng ta sé di Lim caic czin trén v51 czfm du‘é'i déi xtrng tét cho céc dz_1i lu'c_mg

hoén vi aé chuyén hozi bE1i tozin ban din thénh béi ton aéi xfmg.

Chng w. héy1§1n1u'c_>"tnhin 1@i hai dzinh gizi ban aéu CUZI Chang ta: V

(ab+bc+ca): a;b+b3C+C;a 3 ((1 +b+c")§ (ii)

a+b+c 27(z1b+bc+cu)

V51 mét dzinh gié khéc, vén lil bfli tép 6 trong phn dinh 11' ABC via czic biai toém hozin vi:

(a+b+c)\3/azblcz Sa2b+b2c+c2aS§%(a+b+c)3-czbc (**)

ChL'1 v ring chilng ta du'a hozin vi vé déi xfrng cét l6i 121 dé ép dung dlnh 1)? ABC nh'§1m quy vé

hai trubng hcyp mét bién béng O vé hai bién bng nhau. Chinh vi véy chdng ta cng sé xét hai

bét ding thtrc trén trong hai tru'b"ng hqp trén dé xcm xét dé léch cua chng ldn nhu' thé nilo.

- Khic=O.b=l.(*)<:>-L341: shit Va (=<=*1)<=>0§¢ gv
a+1 27:1 Z7

1 W \
A , ; a" 1 4(a+l)’ (u+l)’ , , ., , , .,

Nhan xet rang O é —— S a‘ 3 —i— 3 —i do do trong truong hQ‘pl1€_3m can O danh gla
' V a +1 27 27:1

I
sau 151 tét hcm cé: —i—i(£lb+bC+6“) S a3b+b:c+c3a 3 i(a +b +0)" —abc

a+b+c Z7

2 2 v 2‘' Khi b=c=1, (*)\‘-*¢(il—Sa'+a+1S—(£-)— v51

a+2 27(2a+1)



Chzrmzg IV: Nhzivzg vién kim cm/ng Irong bt (hing th 121' lzién (Mi 677

("“*)¢>(a+2)~{/Ia: Sal +¢z+1§_>i(rz+Z)3 —a

P

'7

,, , _‘_ _ }/T: (:7.(l+l): w ((l+2)S 3 .Nhg1nxetrang(a+2)-x/a“ £i~Sa‘+a+l§—i§—(a+2) -—akh1aSl
((+2 Z7(Z(1+l) 27

2 13 ,—. . 4 =

V51 QiS(u+Z){wc1‘ Sc1“+z1+IS*(c1+Z)—c1§£ khi (121.u+2 Z7 Z7(2z1+1)

D0 dé lily bili toxin m ta sé zip dung cc bit déng thtrc khaic nhau, tuy nhién nhé‘ réng khi zip
dung ca cén trén v51 cén du'd'i thi phai zip dung thco cap dé C6 du'Q'c két qué hiéu qua nhéti

i) Czic bit ding thfrc cé du béng xay ra tai ba bién béng nhau vil szit O khi cc’) rn©tbi€§11Li€-n vé O:

Z(ab+bc+ca) ‘v 1 7 4 1LS a'b+b'c‘+c‘a S —(z1+b+c)’ —abca+b+c 27

ii) Céc béit dang {hU'C c6 déu bang my ra khi cé ba bién béng nhau Va khi Zip dung ABC dé su
dung gizi tri nhb nhét cua abc hay ab +bc +ca (a S 1) = c):

<“b+iW:>_Sa:b+,,:¢.+£.:C,Sl’11“i
a+b+c - 27(ab+bc'+ca)

iii) C510 bit ding thfrc c6 déu bing xay ra khi 06 ba bién béng nhau vii khi 51p dung ABC dé

str dung gizi tri lc’m nhéit cua abc hay ab+bc + ca (a 2 b = c)

(a+b+(') Q/(121230: S(z3b+b2c+(.":q S%(a+/)+c)3 —abc

Nhfrng czich dainh gizi trén ctmg chfnh 151 caich dc‘ ban dqc c6 thé tim ra duqc dzinh gizi tét nht
m5i khi czic ban tim duqc mét b§td§11g1h&"c mé'i.

Ngoili ra chng ta cbn c6 mét dzinh gié th vi nfra m 06 thé sL'1'dL_1ng duqc ABC. dé chfnh IE1

bit dieing thtrc Vasile Cirtoaje d5 du'c_>‘c dé cép ngay trong phn trén.

Cho czic S6 thqc a,b,c. Khi dd ta cc’) bét ding thtrc sau: 3(c1317+b3¢'+c‘3z1)S(<13 +b2 +¢-1)'

Bét ding thtrc nfiy tuy khéng dénh gizi trgrc tiép dgli luring all) +b2c + cza, tuy nhién ta <36 Ihé
chuyén qua mét czich d5 dilng nhr \/‘£10 ding thtrc sau:

3 3 3 ( 2 2 >2 ) 1 1 1 _: _2 2a b+b c+c a-(a+b+c) a b+b c+c a —abc(a+lJ+c)—a b —b c —c a

Nhu" véy ta c6 dzinh gizi tét sau:

((13 +193 +c'3)2 +3abc(a+b+c)+3(a3b2 +b2c3 +c2a2)
3(a+b+c)

iv) a2b+b2c+c3a é

(a+b+c)4 —4(a+l2+c)2(ab+bc+ca)+7(ab+bc+ca)3 —3abc'(a+b+c)
3(a+b+c)

Bit ding thL'1'c niiy xét lrong truiwng hqp c6 hai bién being nhau thi tét h0'n nhiéu so vdi céc bét
ding [l'1l1'C as ké 11-en, tuy C6 phén khé phL1'CI2_1p.

2 2 _: 2 [2_ _2

Béi 22. cm a,b,c 20.Ch£1‘ngminh: ma +1’ +7‘ )+" [’K+’_‘+‘x"z5 (1)
(a+b+c)‘ 41‘ +b"+c‘



1378 P/I u'0'ng phzip A BC

Clzzhzg miulz

1-Z(c13+123+c2) ((1+12+:‘)(c1b+l7¢"+(‘a)~31:/20—n1/7:—ln':—c'u: _

(11 <1: , + 1 ; 1 23 ’

(¢1+!>+1~)' 11" +b' +1“

zip dung bét ding thirc: (1:19 +531: + (‘:11 £ _)i(<1+[a+(')" — (1/>1‘ v11 11105.11 ch1'1"ngminh:
.'_./

1
4 .12(az+b:+C2) ((1+l2+(‘)(u1>+b(‘+<'z1)—Z11/7("~T/(u+lJ1-1)

, + 1 _ 1 “ 25 (*)
(a+l§+n')~ ¢1+/7*‘+(‘>

B51 ding thtrc trén hoiln toim C6 1h§ zip dung ABC. do né 1u'o"ng (rng \'é'i mét du lhrc b;21c 5. Ta

xél hai t1'u'é'ng hqp sau:

4 F-12(u: +1) (1(a+l)— 37 (¢1+1\
Tru'0'1zg hgrp 1: b : 1.c"=O, khi C16: (*) @ Q + x" Z 5

(a+1)' (1 +1

dang do 2(¢1- +1)21:>12(@~ +1) 26 Va 1+2711(11+1)1-4(11+1>»‘ 20

(a+1)' (a+1)' 271111 +1)

Trzrdrzg hgrp 2: Z2 : c=1, khi CI6:

-'1 1

,( 3 ,,) (c1+Z)(2a+l)——Z(1—¥~(a+2)'(*)<:>l;:1+-_ 27 Z5

(11-92): ¢1}+2

C>12(<1’ +12)_421_-411*‘ +3011: +3311+22 8111-1)“: (31<1+32)(<1-1)’

(a+2)' ' Z”/(a'1+Z) 1c1+Z)' Z7(u‘+2)

<=>(1s5a“ -156111 -25211 +3O4)(a—1)2 20

Nhu véy bit ding tl'11'1'c CIZ1 du"<_)'c chtrng minh.

Nhgin xét: Trong trumg hqp cé hai bién hing nhau {hi la gap khé khén nht khi (1 2 1 do dé viéc

tip dgng 1>é.1démg1hu-¢ lrén 1:1 hQ'p1}". G151 111 12 vén C6 mé 11111; bémg mél 111 nhé hon. 111111 10.5.

Tuy nhién \~'é'ibE1i102'1n sau thi thét 511‘ 151 czich xu" I)‘ trén khéng hiéu qua.

1

\ , A _,

Bai 23. Cho cac 56 th1_1"c a_b,c 2 O. Chirng minh réng:

7\’}3(c1Z+b3+c2)+z13b+l9Zc'+c:cz>8 U)
rI+b+¢' c13+I27‘+c*:

|

Ch zhzg mirzlz

7\3(a3+lJ2 +62) V(0+11+c)(ab+bc+ccz)—3abc-ab: —1><‘2—cu: >8
H. T

a+b+c 0“ +b’+c‘

,—\

>~..1

\_./

S11‘ dung bit ding ihtrc

3b4_b3 3 <(cz2+b2+./:2):+3abc((1+b+c)+3(a3b3+/Jicz+0102)
a - . c c a_ —

3(u+b+c)

v ta 0511 phaic‘n1'1'ng1ninh:



Ch1r0'I1g I V: N11 l?'ng vién kiln cming lrong b(1t ziring I11 01- hin zfgzi <57‘?

"K3101 +121 +c 1

W . , 1 w ~\- - ~ ~ - ~ ~ ~

"1 310+h+c1'(0b+/2c+c01—1Z0/x"10+/)+¢'1—\0“+/2‘—('“’ -310"/>‘+/11"'—:'1u" ,

0+b+
+ — 21%

F 3'0‘+/)°<—("“110+/11-('.1

R6 rimg bél ding thirc trén 15 khél ABC. ta xét hui umrimg hqp suu:

Trzrdng I1

7\/3(03+1)+30(0+1)2—10:+1)~—302 7\/"l31_(13

(71) I: (' = O./2 = 1. 0 S1 (do biéu1hL'1'c vn (161 xllrng 1\'hituch0 (' = (1)

+1) 301+03+30—c/1 -128<:> + 280+1

_' w

?>10'1+1)(0+1) “+1 310‘1+1)(0+1)

,_ _ ,_
(0'+11 1“ \/Z102+11 ,3 7\/310:+11 7\/6Tac6:L—: 1'3»-?—2,—:>———~2i
0+1 \1Z 0+1 0+1 Z

3 Z 4

V5,  2()
310’+1)(0+1)

Ccfmg hai bt ding thfrc vé lheo vé ta thu dnrqc:

Tru'0flz 0 I1¢ .11

7+/3(@2 +2) 3(0+2)2 (20+1)—120(0+Z)—(03 +2): -3126 +1)

7\/3(03+l) 303+01+30—01—1> 7\/6 >8
0+1 3(a‘+1)(u+1) Z

0' 2: b=('=1

280+2 3103 +Z)(0+Z)
1/ /1 “

7\J_>161<:>~i~——' +2) -04 +60‘: +50: +1Z0+5
0+3 3(0‘ +Z0“+Z0+4)

¢‘—\\—r
1'-l(0—1)3 - (40:+80+7)(0~11:

(0+21
Z,1, .:3)(\/3(a~+2)+a+2) 310'+_1(0+2)

<=>(a-1)‘ 14210‘ +2)-(4¢ +s@+7)(\/31¢,’ +2) +a+2)1z0

Viéc cbn 1&1 1:1 chime minh: _/"((1) =42(@~‘ + 2)-14”: +80 +7)(
nhuimg 1z_1i

-03+21+0+212()xin

/_\
01

»-\

cho ban dgc. Nhu" véy mi toén cng 1<é1 lhdc <>~<1a>».

Nhgin xét: Trong céc béi toaln 6" trén chng ta chi di tim ddnh gizi cho dqi 1u'Q‘ng 0:/1+/.>:<"+::0 .

ab: +1702 +003 m khéng C11 tim dzinh gizi cho Czic dai 1u'Q'ng hoim vi khcic. Thuc chit C111 cn
\ , / " " 7 \ \ » / ~ -1um danh

duqc bié/u

0.
m»Q

<5C‘IQ:3

:,"<1 Br-'0

9%

via cho dai 1u'0'n<> 0‘b+l>‘c+("0 1a (TU. v1 moi dai 1u'0'n<* houn \"i 1\'1mc déu ca the(3 . . C " . . . 3 .

... I 1 ~ ~

dién théng qua bén dai 1u"<_>"ng sau: 0bcr.0b +12<-+ 00.0 + /2 + <10 12 +1: 0 + 0 0.

se khéng dua ra chtrng minh cho nhsln xét trén. tuy nhién ban dqc cfmg cé 1115 dé

lhy mét chfrng minh bng quy nqp. C dfxy chng I61 sé néu ru mél \"£1i céng ihfrc

cn thiét hon, 66 151 biéu dién ctic dai 1u"c_>‘ng hozin vi khzic thco bén dai 1u'Qng dim ké trén. \§n

vdi quy u'<§‘C: 0 = .\' + _\' + ;.b = .\j' + _\"_", + ;\'_ ct I .\_T1



680 Phu'0'ng phzip ABC

.\'3_\" + _\“~’:, + j},\‘=(I(_\‘:_\‘ + ‘\"::,+ 13x) —b3 +00

.\” \"+ _\"i;+ _",4.\'=(c12 —/2)(.\‘:’\'+ yr; + :3.\‘)—u1'>2 +/7L‘+(l2('

.\'3_\‘: + )“;: + 3'1‘? =b(_\-2_\'+ _\'3;+ ;3.\")+b("—a3c

.\'5_\" + _\-5; + 151": (112 — Zu/J + (')(.\'2_\' + _\‘:; + ;Z.\') ——a2b: +a‘<" +123

.\'4_\'3 + _\‘4;3 + fix: =(c1b— c)(.\"3_\" + _\"3; + :,2.\‘)+4abc—c1‘1('—b3 —3c:

Biai tzfap ép dung:

Béi 24.Ch0 (1,1). c‘>O.

. . ; CI 17 c ab + bc + ca
Chung mmh rang: —+—+—+ l—~2\/§+l._ V 1 w ~

b c a a‘ +17“ +0"

B£1i25. ChO u./9.C>0.

. ! '?T.

Chirng minh rang; /3(5+5+ij +2 ;'~i"f’+"f+“i 25
V b c a \a'+b'+c'

1 /12 bl cl (ab+bc'—i;c'k1)2
Bé1i26.ChL'1'n<* minh ranvz ' + + +4 2 7, Va,b. c >0C C 3 2 2 2 2 2

I2 c a \a +b +c

Bai 27. Cho a.b,c2O va 0</< S1.Cht1'ng minh rang

a4 +124 +04 +k(ab+bL'+c‘a)>/(+1
a3b+b3z'+c-Ba a:+b3+(,-3

Bili 28. Tim sf) du'o‘ng k lén nh§tdébz§td€ing1h(1'c sau dfmg vdi mcpi (1.19, c > O:

£+Q+£+ Z3+k.
19 5‘ 9 a'b+b'c+c‘u

Ban 29. Cho a,b,c>0.Ch£1'ng minh rang;

2(£+2+£)+122l(£l2+[7:+wC2)
b C ‘I (a+b+c)'

Béi 30. Cho u,b,c>O.T1mh§1ng s6 ducmg tét nhét ca k sao ch0:

£+Q+£+k> 
b c a _ a+b+c



Chumzg IV: Nh 1711g viérz kim cum:g trong bz1t (Wing thzir hién zfgli 68 l

§2(). PHUONG PHAP GLA (GEOMETRIALIZE ALGEBRA)

|. co’ sd CUA PHU’O’NG PH/SP

xen bit dang mu-Q @531 XL1‘ng 3 bién Ll. 1>. <- z 0. {>511 .\-=/>+¢-. )‘=<'+u.:=c1+b hoeflc

F? /1 1.\':\/l2+c._\"=\/0+0.Z:V\/0+/J . khi C16 .\"._\',: 151 (16 di1i3 cgmh cua 1 tum gizic. Do

mQi tam gizic déu duqc xzic djnh bc'>‘i 3 yéu 16/2. R. r nén bit dfmg thfrc suu khi dun vé x.

_\'. : sé duqc dua tiép vé p. R_ 1". Nhu véy ta d chuyén mét bit ding Ihirc dai $6 thimh
bét déng thirc hinh hQc. T1'u'O'ng hgp trong 3 bién (I. /)_ <' 06 mét bién bng 0 [hi tam gizic

suy bién lhilnh ducmg thing va la néi la tam gizic cé 1': 0. Vi cé mé thiém lap czic hé

Lhrc, bait ding thtrc gifra p. R. r nén trong mét $6 dang lozin [hi viéc chuyén biii lozin

gém 3 dai luqng cl. b, c vé“: p, R. 171Z1thu2f1n lqi hon.

ll. cAc DANG THU’C vrz MOI QUAN HE cAc YEU TO moms TAM e|Ac

Xét tam gizic ABC cé mi» di 3 canh 121 (1. 1;, <1-; nira chu vi ,1 Ji \/Z1 R. »~ lén 1Ll'Q1 121

bzin kfnh duémg trbn ngoai Iiép vim néi tiép cua AABC. Khi dé dién tfch Lam gic ABC 151:

S=pr=%=./p(p—u)(p—b)(p—c) .Ti1'd6 suy ra czic hé Lhtrc

1. a+b+c=2p ; a1>+bc+ca=p2 +4Rr+r2 ; abs-:4pRr

2. 2(ab+bc+ca)=a2 +b3 +0: +16Rr+4r:

3. a3 +b2 +0: =2p3 —8Rr—Zr2

4. ZRr—r3 ——ll;=——l—(/>+('— Za)(c+c1—2b)(r1+lJ—Zc)
9 18p

5. 4Rr—;-3 __p;:-{(b+c—3a)(c+u—3b)(u +b—3c)

-l>-

<.».>

rq_.

‘Q

Chzhzg minh

Dé théy: Déng Lhtrc 1. 4: Dang thtrc 2. <=> Dang thirc 3. nén ta chi chtmg minh 1.

_/i_ 1' ‘ A 7 r2' - El" 2- -
Tacéz P a :> sinA= C2 = p fl 2 5‘ = ’(p, U)

SHIAIL 1+Ig2§ 1+»%', ZR (1>—¢1)‘+*3
ZR (p—a)'

¢—v

(IQ

:>ap3 —2pa3 +513 +01‘: =4Rr(p—a):>a3 —2pa3 +a(rl + pl +4Rr)—4Rrp=O (1)

Tir (1) la thy (1,1). 0151 3 nghiém CL18 phu'o'ng trinh:

X3 —2p.x'2 +12‘: + pg +4Rr).x—4Rrp =0

Theo dinh 1y Viet ta C61 ab + 19¢ + ca = pl + 4R:-+1-3

4. Hé thtrc nily lfm du tién du'c_>‘c nhil tozin 11QC P. Nucsch céng b6 chfrng minh trong tap
chi “Elementary Mar/1", N0 26. 1971 trang 19. Sau dziy 151 mét chirng minh khzic:



683 . Plzu'n'rzg phzip GLA

+\'+;:/1—(1+[>-/2+/2-("I/>
Dét />~11-',\‘_ ;1—/1=_\'.,1>—1'=; * T11 Q6:

:\'+j./'71.-+.\'.<'-_\'+ \'

__,,/___

2>1

/

ZR1'—r: —L:—_—l——(/1+c"—Z1‘1)(t+z1—Zl2)(c1+l2—Z<‘)
9 18p

<:>36Rrp~—18pr: —Z/13 :—(/2+¢'——Z:1)(('+11—2/911(1+b-31')(1)

\/T11) = 911b(:—18ip_~—Zp3 =9c1b(“—18(p—u)(p—l))(p-—1")—Z/)3. Khi dé (11) <=>

' 1

9(.\‘+)‘)(_\'+;)(1-1-3)—18.\;\";—2(.\'+_\‘+;)‘ =—(Z.\‘—_\'—:)(2_\'—:—.\')(2:~x—y) (Z)

Ta (:6: VT(2) =9£\‘3 ()‘+ :)+ _\‘2 (:+.\‘)+ 3: (.\'+ _\‘)+2.\_11—18.\‘_\';

—2[.\"‘ + )3 + :3 +3.12 (_\'+ 1) +312 (.\'+ )')+6.\_T;}

1\J

<:>VT( 1=_/'(.\'._\'.I.)=3[.\‘3 (_\"+:)+_\‘2(_\"+:)+:: (.\'+_\")]—Z(.\"1 +_\"7‘ +;3)—1'/_>.\_w':,

D0 f(.\1_\"_:,) 151 da th1'1'c déi xirng bzic 3 vdi .\". )1; v21 2.\"=,\"+; 121 11161 nghiém C1121

_/'(.\'._\'.:) nén f(.1". _\".:,) chia hél cho (2.\-—_\~—;). Kél hqp vdi Lfnh déi x(1"ng cuu

f(.\'._\".;) :> f(.\'._\‘,;) cfmg chia hét cho (2_\"— ;—.\") via (2.-,—.\'—

M51 deg‘/‘(.\‘_ y, 3) =3 nén suy ru: _/' _\'_ 1) = —(Z.\‘ — *\" — :)(2v\" — 1 — .\")(2:, — .\"— _\‘)

5. Hé th1'1"c nixy lén déu tién cng duqc nhil 102111 h<_>c P. Nucsch céng bé chtmg minh

trong tap chi “EIe1ne111(1r_\" M111/1". N0 27. 1972 (lrzmg 16-17). S2111 dily chimg 161 xin

dun 1'21 czich chirng minh khzic: -

B5 (T5: (111+11)(11+ p)(‘/2 +111)+m11p:(111+11+ p)(1m1+11p+ />111) V111.11./1e R

/1p dung: Bién L161 c151.ng Ihfrc di cho ‘1u'0‘ng du‘o‘ng vdi: D

1Z8Rrp — 32111‘; — 8]); = (311 — 17 — c)(3b — c" — c1)(3c' —a — /1)

<:>3Z(1b1‘—32(p —(l)([J —b)(p —c')—(a+b+(‘)" =(3u —I2—c)(3b—<‘—c1)(3c—zz—/2)

+b+c=4(X+v+I)
= 1_.\"+ _\' '. '.\"+'v\' '

311 —b—1':4.\"
D£f1l<b:Z_\'+:,+.' " T\'+:,>( (1).

3/2—c"—c1:-1)"
-=2;+.\"+_\" V-_+_\->0

3¢'—c1—[>=4;

Khi dé <1, b. 0151 div dZ1i 3 czgmh cL'1a 1 tum giixc V51: p -11 : _\'+ 1. p —[1: ; +.\1[J —<>:.\‘+ _\'

(23)

Ti1'(1) \/51(2) ta C511 chirng minh:

321/2.\'+_\"+ ;)(Z_\‘+ 1+x)(2;+.\‘+_\')—3Z(.\'+_\")(_\"+ :)(; +.\‘)—6-'1(.\'+>\"+ 1,)" =64.\_\";

<:> (Z.\'+ _\“ + i)(2_\‘+ :, +.\‘_)(2: + .\‘+ _\")—(.\‘+ y)(_\' + :11; +.\‘) —Z(.\"+ Ax" + 3)} = 2.\‘_\";



Ch mmg IV: .=\’Izz7'rzg vién kinz cumzg trong bt ring time hién dgzi

<=> (Z,\:+ _\' + :,)(Z_\" + 1 +_\-)(Z; -1- .\"+ _\") +(.\"+ _\")(_\"+ :)(: + _\")

+_

‘J
'D"I

Z“\

CD

,\

:2(\-+»~+;) \-+\.;<\»+~ -»\A>+ W

,\

\IJ
\./

\__ J

JJ

T( . Y .

SL1‘ dung b6 dé \/(Yi /21: _\'+ :_ n : : + x. /1 = *1. + _\

:> V __ _ 1 _ _ ‘ _ .)=Z(\+\+;)|r(_\+ \)[\ +;)+(\‘+;)(;+.\")+(;+,v)(_\'+

SL1" dung b6 dé véi m = x. n : _\“. p : ; :> VP(_

q.)
%/

. 1 .I Z(.\‘+ _\’ + ;)' + Z(.\‘+ y + ;)(.\‘_\' + 3'; + Z.

Khi (T6 (3) 4:» (x+_\')(_\"+:)+(_\‘+;)(;+.\‘)+(';+x)(.\'+_\"_)=(.\"+'\‘+ 1): +,\'_\'+_\':+t.\-

Ding thirc cuéi filing nén (3) Citing, suy ra (dpcm)

|||. c/Sc mm-| LY

1. Djnh If 1: Cho tam gic ABC. D 151 mét diém bét ki thuijc BC. Khi d6:

no: +/21192 :(a'3 +mn)a trong dé AD = c1',BD = /17. DC =11

Ch ting minh

nz: + d 3 — ct: 1 Zinc! COS ADB 12(/11: + 0' 3 — c“: ) I Z/11/111003 ADB
Ta cé :> J

A suv 1'11
v v w ”\* w ~ 1 >"" '

11‘ + 41 ' -12‘ = Z/10' COS ADC I‘/n (/1“ + z/' — /7' ) = Znmzl cos ADC

mJZ(m + 11) + (111 + 11) fl’: —12c2 —~n1/'9: = Z2nnzz'(c0s ADB + c0sADC) <:>(/2111+ cl: )u = /203 #12112:

2. Bjnh I)‘ 2: Tam giéc ABC cé hai géc Z 60° <:> /22 ~/§(R+ r)

Tam gizic ABC cé mi géc s 60° <=> p ue + ,~>

Tam gizic ABC cc’) min géc bng 60° <:> p= \/§(R+ r)

Chlhzg minh

Tacéi P-\/§(R+"):u+1J+c_\/€(1+L)
“R -LR 7 R

: ~L;(c0sA+c0sB+c0sC) =sin(A—%)+.sin(B—¥)+sin(C-Q :T
,_, ' J J, _/

Khéng m§1tt1'nht<§ng quilt gié SL1": x2 _\' 2 :

Dé1t.\":A—%._v:B—€[~,;=C=% :> .\-+_\-+;:0.

\'+ \' \'— \" \"*'\’ \'+\‘T=sinx+sin>v+sin:=sinx+sin_\‘—sin(.\"+_\")=2sin' v‘ c0s' 0' —Zsin' cosl G‘

.\'+\‘ .\'—\" \‘+\'\ \'+
= Zsin-f'Kc0s'f'—c0si—7—'

V

= 45m +511“. ‘T sm '—
'7 I

. \‘ . \‘

L. _ , L. ._ 2

Do x+v+z=O v€1.\'2\"2; nén OSxSx+vS7t :> 4sin"
\'+ \'

'sin'—‘?_0
2
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' V ." —3(R'-)' Néu_\"20<:> B21 thi s1nlZ0 do dé l¥:4s1nQs1nis111l2()
'§ 7 “R '7 7 7

Ttrc 121 ,>zV"§(R+,-) khi AABC cé 2 géc 2 2
J

' - - ?(R - .- \ 4 \

- ;\Iéu)'S0thi .<.1n%§0.d@ as;  :4si11:SiniSinlSOvR 1 6 '>/ , , , ,

Tire la ps\E(R+;-> khi AABC C6 2 géc sg

- Néuy=0thi /J=\/§(R+r) do sin§=0

3. Dinh ly‘ 3: Cho lam giéc ABC (:6 dz} di 3 canh I51 a./>.c.ChL'1'ng minh ring:

2R1 +10R1--E —Z(R—Zr) £1): $21? +1012,-+1-1 +2(R-2»-M35
Cdclz 1: Giél sL'1'a2 b 2 c > O, theo II.1. thi a, I2, (>151 3 nghiém cua phu'o‘ngt1"inh:

M(X>=x~‘ -2,>X1 +(p1 +4Rr+r3)X —4pRr=O

Do M(X) = 0 c6 3 nghiém LI, b. C nén M'(X):3X3 —4pX + [)2 +41?»-+1-1 = 0

» W 'M X 20
célnghiém X,:i2”“K;,Y::i2”"i"A val ( ') <1)

3 ~" [M(X3)£()

Khi d6 A’=(Zp)2 —3(p: +4Rr+r:)= pl —1ZRr—3r3 Z O

AK/Z72 (f -18R»-+9,-1
Tacc’>:(1)<:> pl ) <:>A'\/K2]/)(pZ—18Rr+9r3

AK/K2—p(p:—18Rr+9r:)

<=>(A')"‘ 2/12 (pl -18R,-+9,-1): <=> p‘ -2/>1 (21% +10R»--H)+»~(4R+ r)" so (2)

Ta cc’): A1=(2R1 +10R,~-H): -1-(4R+»~)"‘ =4R(R—2r)3 20 nén suy ra (2) <3

2R’ +10Rr-H —2(R—2r)\/R(R—2r) s p’ $2121 +1010-+,-1 +2(R—2r)\/R(R—2r)

Binh lugin: Vé'i czich chirng minh trén chfmg ta C15 lém tu'O‘ng ring diing thirc trong dlnh

1)? 2 xéy ra khi vii chi khi R : 2r hay tam gizic dz? cho IE1 tam giaic déu. Chng t6i sé chi

ra chinh xzic khi néo 2 vé bz-lmg nhau biing czich giéi hinh hqc sau dy:

Czich 2.- Ta Se Chfrng minh: p’ £2R2 +1010--1-1 + 2(R— 2r)\/R(R— 2»-)
A

<-=> pl -16R»~+5,-1 §(R2 —4Rr+4/-3)+2(R—2r)\/R(R—2r) +R(R—2r)

<:>9.IG2 s[(R-2»~)+\/R(R-2,-)]' <=>3.IG§R—2:-+0]

Trong dd O, I, G 151 tm duémg Lrbn ngoai tiép_ néi

tiép v51 trqng tm cL'1a AABC. Trén du‘{>'ng théng IG K

i»__.
ta liy diém H sao cho [K =3IG. O

B C



Chumzg IV: Nh 1711g vién kinz cmrng trong b(7't dzing thzir lzin dgi 685

Theo dinh 1y 1 ta c6:

01?Hc+0H1.1c=(0c1 +1c.01<)11< 0) Lrong d6 GK =21c.11<=31c;

2 21 1 .1 3—l(R- 5?‘(*)<: 2R(R-2,-)+01<~=3 R'~” +13 +‘ +2" ’9'+”’ )

¢> 6R(R-2»~)+3.01<1 =9R1 -(2,>1 -QR»--2,-1)+2,>1 -32R»~+10,-3

<3 3.016 :3(R3 -4R»~+4,-1) <=> 0K1 :(R—21-)3 <:> 01<=R- 2/~

Trong tam gizic OIKta1u6n c6: OI + OK Z IK hay (R — 2/‘) + O12 3.IG

Tire 151: [J2 §2R1 +10R,~-H + 2(R - 21-)\/R(R— 2,~>

Ding thirc xéy ra <=> O ném gifra I vi K <:> vp: — l6Rr+5r3 = R — Zr+

:> AABC cn. Ma: khzic 121 C62 pl -1612,-+511 2 R(R— 2»~>+ 2(R— 2»~>\/Y2,-)

2R(R-2r)+2(R—2r)2 :(R-21-)(3R-4,-):.> pl 23(R+ /‘)2 :> pz3\/$17

Theo dinh 137 2 thi p2\/§(R+r) <:> Tam gizic ABC c6 2 g6c 2 60°.

Két hqp v6'i AABC cim :> Tam gizic ABC cim (:6 cgmh bén 2 cz_1nh dziy.

- Tuvng tg1'sL'1'dung 114 + OK 2 01 la c6 pl 22121 +101?»--H -2(R-2,-)\/6
Bing thfrc xéy ra <:> K ném giira O vi I <=> \_/pl —16Rr+5r3= —(R— Zr)

3 AABC czin. Mat khzic binh phuong 2 vé 111 c6 bak déng mm: hé qua:

[J2 -16R»~+5,-1 £R(R_—2r)+(R—21-)2 s(R-2»~)(3R-41-) :>;f £3(R+r)2 3p§3J7eT»~

Theo dinh1)’/ 21111 pS\/§(R+ 1-) <=> Tam gizic ABC c6 2 g6c s 60°.

Két hqp v6'i AABC cn :> Tam giaic ABC cn c6 canh bén S canh déy.

Binh lug7n: Tu dinh 1y 1 ta c6 mé tao ra rét nhiéu doan thing C6 dé dili déc met v rit
d¢p nhu'd0z;1n théng OK c6 6 trong b€1i néy.

4. Djnh 137 4: V6'i mqi tam gizic nhc_>n ta c6 czic bit ding Lhfrc:

p2 22R: +sR»~+3»-Z; 211 +191 +2-1 z4(R+»~)’ (1); ab+bc+ca 22123 +12R,~+4

Ch/rrzg minh

D0 3 bét ding thfrc trén 121 tucmg duong nén ta sé chirng minh (1) llm dai dién.

(1) <=> 4R3 (sing A+sin2 B+sin3 C)24R2 (c0sA+c0sB+c0sC)2

<=>sin3 A+sin3 B+sin3 C2(c0sA+c0sB+c0sC): (2)

D0 A, B, C nhon nén ta c6: 2cosAc0sB:\/sin 2Ac0tgBsin 2Bc0tgA , do d6 theo bait ding

thtrc AM— GM: Zcos Acos B S n2ACOtg B Z Sm 2BCO[g A (3). Tuong :
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sin ZB cote C + sin BC com B si11ZCc'>1_QA~.— sin 2.1+ cotq C
ZcosBc0sC£———%j————1—;ZcosCc0s A S»—1%“i__€~——1~-

TU dé suy ra: Z(c0sA c0sB + cosBc0sC +c0sCc0sA)§

11‘ - - ~ . - ~ - - i
S;>_(s1n ZAc0tgB+s1n ZBc0tgA) + (sin ZBcmgC+sin QC c0tgB) +(s1nZCc0tgA+s11i2Ac0tgC)J

=%EcotgB42sin(A+C)cos(A—C)+2cotgCsin(.»\+B)c0<(A—B)+ZcotgAsiniB+C)c0s<B-6‘);

=%['lc0sBc0s(A—C)+ZcnsCcm(A—B)+Zcus.»icos(B—(‘)]

»——+

:— (c0sZA+0osZC)+ic0§2A+c0s2B) +(cosZB+cosZC)]:—i Zeus: A+Zcos3 B+Zc0s3 C—3)

_)>_-

:3—Z(_c0s: A+c0s: B+c0\: C) :.<in3 A+sin: B+sin: C—i/co»: .'i+cos3 B+cos: C)

:> ZicosAcosB+c0sBc0sC+cosCc0sA)+c0s: A+c0s3 B+c0:s: Césinz A+sin: B+sin3 C

:>(Z)di1ng 2 (1) dang (dpcm).

5. Dinh 1y 5; (1: +1»: +6 £81? +4,-1

Clzfrng minh

C6 nhiéu czich chirng minh dinh1§" niiy. Saiidy Iii chtrng mirih >11" dung dinh 1y 3.

Dé y rang; R(1e-2»-)sR(R-2+-)+ :(R— »-)1 DO as;

if $2121 +i0R»--H +2(R-2»-)(R-/-)¢+ ,1)’ QR’ +i0R,--H +2(_R1 -BR,-+2,~1)

¢> 1»: s4R1 ++R+~+3»-1 <:> 2,)’ $8121 +sR,~+(>>-3

<:> (I2 +111 +6 +8R1-+21-3 £8R3 +8R/-+613 <=>( +/>1 +<-I sxlel +411

M511 khzic C12 +1f +<-1 + l6Rr+4r3 :2<¢+1>+1;¢-+1»)

:>8R2 + l6Rr+8r3 2Z(ab+bc+b(‘):>4(R+ r)2 2cz[>+bc+("(z

6. Djnh 1y 6; p:Zl6Rr—5r3 ++l-"_(RR‘3") (_*)

Ch ling minh

Ta <16; 10210-0c<=> lG2\/R(R—2r)—§\/9R3 -(ff +111 +6)
J

<=>3.lGZ3\/R(R—2r) -\/9R1 -(M +1): +¢-1)\=,3.1cz "' +"“L1j§'Y&_ <1)

3\1R(R—2r) +\~9R3 —([i2 +b2 +8)

Do 9.101 =,>1 -16R,-+5,-1 nén pl 216R,--5,-1

:> (R +b’ +5 =2;f -8R»--2»-1 224R,--12»-I (2)
-\ -» i

6Rr—lZr 6Rr—lZr Zr/‘R—Zr

3\/R(R—2r)+\/9R3—24R+l2r3 6\/R(R—2r) ) R
Ti1'(1),(2):> 3.IG2



Chuvrzg IV: N11 vzg vién kiln cu'u‘ng trung bl?! zflzg th1i"c lzién dgli (187

“ '1 (R — 2 ~ . , - ; 1 ;:>9.IG“ 2'——_i'. V;1yrf=’)d11'<_>'c cl1u'11g n111111. Da11gl11u'c my 1‘z1<:> AABC dcuR-

Binlz Iun: Dinh 1)? (1 151 11161 dzinh gizi cén dudi cuu /2: v51 0111' chét 11011 1151*. -;1é11g Lhtrc

pg 216Rr—5r: min chilt xfu nhung né cé thé “C1u'0'11g du“ vdi nhfrng b21tdé11gth1'1'c khé

11011 nhiéu. can 111151 161 111151; /1’ 2 ZR: +10R1--1-1 -21R-21~>\”R(R~ 214) . Tu_\§ 11111511

111nh1111'1"c c1'1a116 khzi céng kénh nén (161 khi1'é11khé zip dgmg.

7. Djnh ly‘ 7: C110 AABC 1110211112111 (121221: \'i1 u +b23c. Khi <16:

1v. cAc DANG THU’C GIU’A BIEN $0 c0 vc'>1cAc YEU TO mono TAM GIAC MC’!

Dy chfnh 151 ph§111“‘xu'o'ng séng" cuu p11u'0'11g phzip. C111 C511 1151111 \'f1'11g czic d€111g t111'1'c L111

c61hégie11quyé1d11'Q"c 11111é11 11:11 151p151 khé 111<§tC£1Ch <10-11 gin.

. \/(3-1 (,_ [,_ C > ()_ Q51 _\-:[>+r,-__\-:(-+u_; =¢1+/2 1111 .1-. _\‘. 1 110' 1hZ111h GQ1 @1511 3 canh 01111

min tum gizic XYZ v21 mét bit ding th1'1'c dai $5 d11'c_>‘c dua vé 11:11 df111g 1h1'1'c hinh hqc vdi
czic bién p, R. r. S 1511 1u'(_>‘1 151 111111 chu vi. bain kfnh du'C1'ng trim ngoai tiép, néi tiép v21

dién tich C110. Lam gizic XYZ.

1. 02 +b2 +c3 = pg —8Rr— Zr: ; (I1)-1*[)(f+(‘(l='—1R)‘+I'2

He? lllui: U- +1)‘ +5 = If _8Rr_2r_ = If -2
' z1b+b('+1:c1 4R,-+1-3 4R;-+ ,-3

Clzfrng minh

Ta C6: .1‘: -1-1‘: + :1 =1c1+/1): +(/2+1‘): +(('~é-(1): :Z((1l +12: +03 +6!/7+/7(.'+('(l) (1)

.\'v\'+_\‘§-1*I,Y:(£l-1-/J)(/7+C)+(/7-1-(')((‘-1-(l)+((‘+(1),((l+b)

=0: +/)2 +c: +3(al>+bc'+c"a)(2).T£1‘(1)\'£1(Z)suy1'a:

' 41a: +121 +c3)=3(.\-I + yz + :,3)—2(.\'\'+1':,+ :,\')

—— -1
'1 1 1 '~

<:> 41412 +19: +c3):(.\'+_\'+:)' — .'_(.\'_\‘+_\‘I.-1-I,\')—(.\" +_\"' +:')1

TJ
[___

\)

<:> 4(a3 +b3 +c2)=4p3 —2(16Rr+4r3)<=>(13 +b3 +c3 = /23 —8Rr—21"3

° 4(c1b+bc+ca)=2(.\'_\"+y;+ :,\')—(,\‘3 + 1'2 + 13)

4(<1b+bc+c(1) = 16Rr+4r3 <-:> z1b+bc+ca=4Rr+1"3

2. (c1+b)(b+(')(c+c1)=.\j\": =4Rrp 1 c1bc=(p —.\‘)(p — V\')(/2 — :)I5;—) = pr:

H» __¢1/1__:;;i L 1:1; _1_ 1:1
‘aqua (g+b)([)+¢-)(¢-+(1) 4R a+b+c pr ab+b(.'+ca rl

3_ a+b+b+c+c"+u:2(2R~I‘)
C a b r
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CI1 1211g min I1

a+/1 b+c c'+a a+b+(" , u+b+(' u+/2+0 _(u+/>+<')(ub+h<'+¢'a) 1

+ + : + + —3- —2>

c cz b (' (1 /7 u/7v

1 w ‘

p(-lRr+r‘_) _3:[)(4Rr+r‘)_§:4R+,-_;:Q(QR_,-)
(P‘-\')(P_.\')(l"'3) ~ P": _ F > r

L_

+
'JJ

2

4. {1} +123 +("1=(u+/>+c)[(a: +/J: +c3)—(c1l2+bc'+(u)7 In‘

=/1(1): —8Rr—Zr: —4-Rr-—r3)+3pr: : 12(1): —-lZRr)

5. (14 +174 +04 :(u2 +123 +02)‘ —2((Il7+/7L'+('(l): +4al2c’((1+17+(')

1 w

~| -\- w- ww
=(p —8RI'—2r ) —Z(4Rr+r ) +4p r

=p4 —4(4Rr+r3)p2 +4(4Rr+r2): — Z(4Rr+r: )2 +-lplrl I /fl — 16R)"/2: +'l(4Rr+ 1": )2

6 u+b+c_ P _JITT _
{labs §/p;~- \2

v

7.1652 =2(.\'2)'3 + _\*3;2 + ;:.\'3)—(.\'4 +_\'“ +14)

Chli j: Trong mél $6 bi loin khi xét trumg hqp 1': 2)‘: +13 la théy ngay bili loin

dng ma chi can Xél thém Iru'(‘)'ng hqp .\-1<_\-1+5 151 day du. Khi dé am

m=.\"3,n= _\":,p= 32 ta lai cé m./1, p I51 dé dz‘1i 3 canh ctla 1 tam gizicv Néu gqi R].r1 1§n

luqt 121 bin kfnh duiwng trbn ngoai tiép \'Z1 néi liép Lam gic ‘\/{NP c6 <16 dili 3 c;_1nh 121

/11,11, p {hit

16$: :Z(/n/z+np+ pm)—(m2 +113 + p3):l6R|/‘I +41]: :> 453 =4R|r| +2]:

Véy nméu bE1i lozin 3 bién qua 2 15m aéi bién S6 ma nhén duqc ban toén 2 bién. Do czic

b€1i tozin ta dang nghién cfru 151 bét ding thfrc déi xirng nén sau khi chun héa‘ [hi czic bi

tozin chi cbn 1 bién v51 néi chung sé giéli duqc mét czich dé ding.

3__a_l__F_:( 1 .)(_l___1_i1_)_3= lll_3
b+c+c+a+a+b a+H-L a+b+b+(:+c+u p x+v+:

p(.\'_v+_\‘:+:,x') p(p3 +4Rr+r2) pg +4Rr+r3 _3_ /23 —8Rr+r3

_ .\'_\'; — 4Rrp '_ 4Rr ‘ 4Rr

9 1 + 1 + 1 :a2b2+b3¢-2+(-3413 :(ab+l2c+ca)'—2c1bc'(a+b+c)
2 2 2 2 2 2 2 2 2Ia b c ab c a b c



Chzrmzg IV: Nhzivzg vién kinz cum:g trong bzit ririlzg tlukc hién Jgzi 689

I':(-41-R-¥-I‘): -2,11,-3 (4R+»-)3 -2,):
/)3)‘2 pl)‘:

10 1 1 1 __1+l+l_.\:\‘+v\‘j+I,\'_/):+4RI'+I':
l a+b b+(" c+(z_.\' )' I. — .0‘: 4R1"/J

2 " " 2 1 " 1 '71 1 1 _\" \" + 1"“; +1 _\" (.\j‘+_\‘1+;\') —1_,\'_\‘1(X+_\‘+;)
11' " + 7 + " : V V7 * 7 : '1 § '1

.\'_ _\'_ Ii .\'__\'“I_ .\'__\'_f,“

(p3+4Rr+r3):—I6Rrp3 (p2+4Rr+r:)2 1

_ 16R:/‘zpj Z l()R:r3p: —R"

12. ab + ac + b(' a‘b" +b"c" +071"
(T b u abc

-

(ab+bc+ca)3 —Zabc(a+b+c) 1'3 (4R+r): -2113/'3 (4R+ 1"): —2p2
abc /9,-3 _ /J

13. a3b3 +b3<:" +c3u} =(ah +11c+cc1)3 —3c1bc(a +b)(b +c')(c + cl)

.=/~‘ (4R+ 1-)‘ -12,11»-‘R

14. 111+ 71 ,+ ,1,a‘+b‘ b‘+c‘ c‘+a'

+

(02 +b2)(a2 +c3)+(b3 +c2)(b1 +112) cl +c12)((.-3 +173)

(5212 +b2)(b: +cl)(c2 +03)

(a2+b2+c'3)Z+a3b2+b2c2+c3a2
((1: +b3 +c2)(c12b: +b:c2 +C2(l2)—(7lb2C2

(pl-sR»~-2»~°)Z+(4R1-+)3—2p%~1 p‘-s<2R+r),p1+5,~1(4R+rf

(P3 —8Rr—2r:)[(4Rr+ H )2 —2p2r3]_ />1,-~' 4/"2 (41%: +6R"+/"2 ) P2 -2/1‘/‘Z -39 (4R+I")3

15. (azb-i:b2c+c2zz)(a2c+b3a+c2b)=a3b3 +/23¢} +c3a3+3¢1:b3('3 +ab('(a3 +193 +03)

=r3 (4R+r)3 —l2R2r3p+3p2r4 +p3r3 (pl —l2Rr):_;-3 [r(4R+r)3 +3p3r3 + p4 —24Rrp3
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v. .cAc vi DL_J MINH HQA

A. cAc BAI TOAN KHGNG méu KIEN

' Bili 1. Cho a. b. (>0. ChL'mgminh1'§1ng :
‘

a+b+b+c+('+u>_1_( u + /7 + (' ) }

z u /2 _ 1+ +b' J <' ('+(1 £1 ,

Ch frng minh

» ( \ . , _ ~ 3 -2; - 1
Ap dung céng thtrc 3 vi 8 ta cfm chL'1'ngmmh: 2(2R ’)24- P 421+’

,. I.

<:> 2R(2R—r)2 p2 -81¢»-+1-1 <=>4R1 +eR,~- H 2,): (df1ngthc0dinhl§' 3)

Bing thtrc xéy ra 4: 11:17 : <1

Bili 2. [Iran 1996] Cho u. I2. 0 > 0. Chtmg minh ring:

1 “+ 1 +_ 1 “Z 9

(u+b)' <b+@>~ <¢-+(,>- 4<~/>+/M-+¢-Q)

Ch zhzg minh

Ap dung céng thirc 1 VZ1 11 lrong phn IV ta cn pha'i chirng minh:

(p:+4f?r7+1;2)2_ 1 9 <:>(p3+4Rqr+qr:)2 _i2 9

16R'r'p‘ R1" 4(4/e,~+,~’) 16R‘:-p" R 4(4R+/->

, (pg +4Rr+r2)2 x A » -A ; .4
Xet A(p) =i——,——:i~. De thay A (p) >0 nen A dong bxen theo p.

16R'rp“

Ta cé [J2 -1eR»~+5»-1 =9./cf z0:> /11 216R,--5,1. Do dé

A(p)2(16Rr—5r2 +4R,-+»~1)' (2€)R‘r—4r:)~ Esze-»-)3 :25R1 -10R»-+1-1

16R%~(1eR»--s) 16R'r‘ (1c>R~5,-) R"(16R—5r) 16R} -5R%~

Cuéi cilng ta sé chmg minh bit déng Lhtrc

25R’-10Rr+»~’ _l> 9 H, 9R’-5R,-+»~1 > 9

16R“-5R3r R_4(4R+r) W’ 1@R-‘_5R3,- —4(4R+r)

<=>4(4R+r)(9R2 -5R»~+ r3)29(l6R"‘ -5R1,-)

\:>4(36R~‘ +9R%~—20R’»~-5R»-1 +4R,-1 +1-»‘)z9(16R»‘ -512%)

<=>4(36R‘ -11R%~-RH +1“)-9(16R~‘ -5121»-)z0¢> 1-(R-2;-)3 20

r:O (1:19 c=O'[2:cr1:O
Ding thtrc xay ra <:> <:> _ _ Q

R:Zr c=a,b,=O;a:/2=c"

‘B51i3.Ch1'1‘ng minh rang; Ll: +122 +6 + 2¢1b¢+1z2(ab+1>(-+¢~a) ,Va. b, C z 0 ‘

Ch 1272g minh

Néu trong 3 $5 a. b. c" cé 2 $6 hing 0 thi ta cé nguy (dpcm).



Chzrmzg IV: .VIz1?*ng vién kinz cm/ng trong b't dzing thzic Izifn Jgli 69

1\léut1'011g 3 $6 cé 2 $6 ¢()1h1zip dgng céc c(1nglh1'1'c 1 v51 141211511 chtrng minh:

pl —8Rr — Zr: + Zprz +12 Z1-1R1‘ + /"3 ) <:> pi + Zpr: +1216Rr+~1r:

~ 1 _. ‘ 4 ;/1?"; 1 ‘ ,
Ta co: 2pr'+l=pr'+]n'+l23-Q4/p‘1' 23Y\/Z7r“.r =91" (1). /2“216Rr—3/'“ (Z)

T£1'(1)\/21(2)La1c6(dpcm).Dinglhtrc x£1y1'z1 <:> u I /1 I 1' = 1.

B£1i4.Ch1'1"ng 1ninh: H + ‘l + ii + 2 4 VII. />. 1- > 0
1 /9 F 61 a‘b+b‘(‘+c'u

Ch ling mirzh

D31 ii: .\-,2 = _\",£ = 3 :> .\j\‘; =1 _\“. 1 > O). B511 102int1‘('71h2111h:
2 L a

Cho xyg : 1. Chmg minh ring: ,\'+ _\- + 1+12 4
.\3" + )1 + ;\‘

Chuyén vé p.R,r ta duqc b£1i tozint Cho pr} :1.Ch1'rng n1inh ring: p+ 3 _ 24
4Rr+r'

Ta C6: p3 216R/"—5r: 231-1Rr+r: )2Z7r3 :> p3 Z27/)1‘: =Z7:> />23

[)+#7Zp+—9j=3~£+i7~Z4-41? 2-1.D£111g1h1'1'c xix)-'1'z1<:> :1:/2 :1".
4Rr+ r‘ 11' 3 p‘ J

Biai 5. Cho .1‘. y.: 1Z1d{> dili 3 canh tam gizic v21 /<1f1 m(>1s6th11"c Z 2.6,

Chirng minh1"e'111g: W" + 7" + *" 2 ,3 (1) I

\/.1“ +19‘; \/_\" +l<:,\' \/;' +k\'_\" \/1+/\' l

Cluhzg minh

Theo bit ding thtrc Buniakowski ta c6:

(2.1")2 +k_\)";); (Zip/.\‘2 -1-/\'_\‘Zj2 S(Z.r)Z(.\"'1+ k\'_\':).

'1

. \< _ .\‘+\"+; '
Suy 1:1: " + ' + ~ 2 (I11) (2)

2 __ _: , _1_1 1. _x\/.\ +19; \/_\7+l\_.\ (/1 +k1_\ \/.\+_\+_1\/.1 +v\}+~ +3]\_\'_\N'

Milt 1(h£1CI.\'} + _\3 + :3 + 3l\:x'_\":, = (.\' + _\‘ + 1)(.\': + _\*: + 33 — .\'_\‘ — _\"; — 3,11) +31/\' +1).\3‘;

=2p(,f +6Rr(/< -1)-3,-1)(3).
Tit (2) v51 (3) ta théy dé chirng minh 61u'c_>'c (1)ch1'c:§n chfrng minh:

2” 2 3 @>4(/<+1)p229l:p2+6RI‘(/<—1)—3r1j
\/p'+6RI‘(/\'~l)—3r2 J/<+1

~<=> (4/< -5) pl -5411»-(/< - 1) + 27»-1. D511 f (1): (41 -5) p° - 54R:-(k - 1) + 27%

=>f’(/<)=4p2 _54R»~=4[, -(1612,--sf)]+10»~(R-2,->20 => f(/1») aéng bién

:> f(/<) z f(2,6) = 5,4p’ —86,4Rr+27r2 :5.4(,f -16R»-+5)z0

Vef1y(*)duQ'c chtrng minh. Being thL'1"c xaiy 1'21 <:> .1‘ = y = 3..
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Bi 6. Cho .\"._\‘.: >(). Tim diéu kién dé b§1ld§111gthU'c suu luén dflng.

Z I -Y 2 74 *1/1+ "7":U\/(\'+\‘)(\‘+') \l§(\+ +-)‘\ (\'+\“}(\"+')(" '/‘

»

V

.4

»

I

I

‘,4
\_/

,-\

~_/

CI1 1212g min /1

Bit _\" + 1 =u.; + .\-=/>..\'+ _\' :0 [hi 41.12. <' 151 dc} dili 3 cqmh Lam gizic. khi d6:

1- , ‘- -1 -.-‘(1)432: pbfaz /_1;“(l+(/1 c1)(p[-9)(p ()J

\/

v
7:74;

(1 7(.

J — ' - -1 -~ ,Q2 I/2(/1 a) _L[1+(l2 u)(/> 7)(/1 c)j<:.¢O§i __(1+I_I§iné) (2It — \/3 \ (![)(‘ > Z _

Diéu th vi (2) chinh 151 m<}l1r0ng caic bit d§hg1hL'1'c cua Jack GarfuIkel_ dé (Z)dL'1ng

hay (1) dilng lhi diéu kién C511 \"E1dL'11Z1tu1n gizic ABC nhqn. Khéng mil tfnh tfmg quzit,

gizi sir (/=1nax{z/.110}, khi d6 AABC nhon <:> [>3 + (*3 >u3 <:>

7 1 w

(.\‘+ \')' +(.\'+ 5)" >( \‘+ ;)'

<2 .\'(.\'+ _\‘ + 1) > vx"; <:> .\' + _\' + 3 >l3 (lrong dé .\'= min {.\‘._\'. 3} ).
.\"

B€1ygi©'tu sé chL'rngminh('2)dL’1ng being GLA.

Ta c6: cos? =sin —é).c0s% =sin —g).c0s%=sin(% —%)

’cn*~ I

F)zf11A':-2-?-,B'=%—€.C'=%—-g. Khi ao; (2) ¢> Z5111/4'2

d6 A'.B'.C' 151 $5 do 3 géc cua 1 tam gizic nhgn c6 min{A',B',C’}2§

_, p 4 '/V pl —(ZR+r)2 3 Q 3(_>)<2E2Rzll+ 4R: *:>p —\/SR/1—4Rr—r SO

( Hc0sA') 3) trong

R5»/KR:-16R '4 1 “R3+8R W 3+R\/9R3+-18R -1»?<:pS \*_ ‘Y’ _ 7'1“ FT I' <:>pj£J 1'-Y-._I' 1 FT _.I

TI -Khéng mil tinh téng quail ta gia sir %£ A'£ B'£ C'§?. Xél czic khé nang sau:

Tru'(‘mg /lQ'p 1: B'$%_ Ap d\_1ng dinh 1)? 21:1 cé pl £3(R+ /‘)2.

Do dé 1:1 chi c§1n ChL'1'ngminh1 6(R + r)’ 331$ +8R»~+ 2»-1 + R\/9R1 +4sR,~+12H

)

(

(>4)



Clzmrllg IV: Nlzvzg vién kiln Cll'U'llg trong b1?'t airing tluir hi?/1 [Igi (>93

<:> 6R: +12R»~+ 6»-1 gm: + am + 2,-1 + R\/9R3 + 481a/~+12»~’

, . /\L‘ -<:>3R' +-1R2'+-lr" SR\‘9R' +-l8Rr+lZr'

Ta cé: R\/9R3 +4sR»~+ 12,1 2 R\/QR: +36R/-+361-3 =3R(R+ 21-) 23/e1 +4R1-+4/-3

‘ , A A' . ' . C’ . 75 . 7[ . inTru'0‘n ho‘ 2: B 23 :> sm sm s1n—2s1r1—s1n—s1I1‘—>().116
.g "’ 3 2 2 2 8 6 24

:> 5_:€,li,i,< 2,16. Ap dung dinh 1)" 3 Lu ch1Vc§mch[1'nQ1ni11h:
~ ' 4sin A—sin Bisin Q

2 2 2

2 _: 2 _: / 2 ,7 _:2(2/e +10RI—I )+4(R—2z)\/R(R—2r)£3R +sR»+2, +R»9R +48/e,+12,

<=>R3+l2R1--41-3+4(R—2r)\/R(R—2r)£R\/9R3+48Rr+l21-3

I L W v / R<=>; +12;-4+4(1-2)¢1(/-2)srwr +4:>1+12 trong do r=—.1e[Z; 2.16),.

vrs +121~4+4(1-2)‘/2.1@(2.16-2)sf +12/-4+2.4(;-2):f +14.41-:18

vPz1\/(3.21+5,e)’ +<1-2)(9.28-1.24;) z;(3.21+5.e)

M51 r(3_21+5.6)-(H +1441-s.s)=2.2’(1-2): 20. do do VP 2 VT.

Véy Z¢@sAzi(1 +HsinA). Déng lhtrc xay 1-11 ¢:> 1: 2 »=> AABC aéu.
2 5 2

Bili 7. Cho (1,/9,6 lil dc} déi ba canh cL'1a1nc_3ttan1 gizic.

Chtrng minh ring: 833;): 2 (a3 +123 +03)?‘ cos Acos B.c0sC (1)

. Clzzhzg mi/zlz

Khéng mil tfnh téng quzit giéa str <12/2 2 0. Néu 123 + ('3 S u: [hi VT 2 0 Z VP (dpcm)

Néu I23 +03 >02 lhi dill (1: =/11.12: :n.<-3 = /2 :> 121.11./2 151 div dixi 3 canh lam gizic.

M231 khzic théo bit ding thirc Holder la c6:

‘v ~% J W ‘

((12 +123 +c2)*=(Z{/5%/IQ/(14) S(a+b+<')'(u4 +114 +<") (Z)

Ti1'(2) vi1(3) suy ra dc? chfmg minh b£1it0zinta chi c§n chimg minh:

(z1+b+(')(c1+b—(')(b+(r—(1)(c'+a—[7)u3/12¢": 2(u“ +/24 +04 )H(z12 +113 -03)

<:>(2c13b2 + Zbzcl +2c3n3 #114 —11*~——c4)z/Zblrrg 2(aJ +124 +04 )H(z13 +123 —c:)

<:>(2m/2 +2np+2pm—m2 -12: — p3)mnp2(/n3 +113 + ;2:)H(/11+1z— /2)
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":>(16R1r, +4-1": 1-1R|r|/1| 2(m: +112 + /2218/211": <:>8R]: + ZR1r| 2/112 +11: +11: (3)

(_3)dL'111g1hc0 dinh 1)? 5. \/:}y(.1)d1'1ng. Dé11g1h1'1'c xay 1'11 <:> a =12 : 1'.

Ghi chzi: R,.r,.p, 1:§n 111‘<_1't 151 bzin kfnh du'Ong trim ngogi liép. n{>i liép \/£1 111111 chu vi

AMNP c6 dé di 3*c;mh 1Z1 121./1.12.

Binh lug?/1: X61 vé linh 1u'o‘ng d11o'11g {hi (1) chit ho'n bit ding 1hL'1'c

8Rr+ -1/"3 2:1: +123 +1.-3 1 C6 ngh1a1Z1 déchU'11g minh 11116 tiép b51i10£1n111c§1n s1'1'd1111g

1 bé dé manh hon <51‘). Véy 11151 lrong 101 giai sau khi 151m chat hon b€1i Lozin being viéc zip

dung Holder 121 12_1i 06 thé chirng n1i11h b.’;'1ng 1 bf) C1-15 vé hinh 1h1'1'c léng ho'n ca 1*) 1Z1 bait

dang mu-Q (3). ca C1U‘Q'C aiéu ni1y 121 <10 111 as @161 bién 1 czich khén khéo 111 11,111 sang

m,n.p . Xin giéli thfch k1 h0'n diéu ny nhu' sau: Ia biét bit déng 1h1'1'c (“'") vé céc dang

1u'Ong 111 né xeiy ra déing 1h1'1'c khi tam giaic déu. Khi czic bién cimg gin nhau th12 vé cng

tién $511 nhau hon. Viéc C161 bién nhu 11'é11 nhém m1,1c dich “kéo giin” khoéng caich gifra

czic bién ra v51 vi véy m?1 bZ1i toén 110" nén “léng ho'11". \/1' du : 111111 giaic Q6 céc czgnh 1§1n

11101 "4. 4. 5" 121 mét 121111 gizic 06 3 géc déu nhqn cbn 121111 gizic cé canh 151 binh phu'0'ng

czic div dfzi dy "16. 16. Z5" 151 111©1 111111 gizic 111. Dy chi 151 11161 m¢0 nhO 11h11'11g 111' t11'O‘11g

\/'z‘11§11111'rng dung CU21I11§1§1 kh111(3'11. .

B5118. Cho 11,111-2 O.Ch1'1'11g minh rang;

( +b)3 32abc(c1+b+c'1Z(c1-11122 H 212+
ab (a+b1'(b+c'1'(c+u1'

Clzzhlg minh

21111111: Z<<1+b>‘<" Z<@+b1<1)+¢-111+@>+4111>¢- 4R»~p+4p# 4111+,»

ab abc abc p ,- 3 1*

32,111-2121;)’ -sRrj2:-1v)-4(4R1~+21~3)1212+ 4(;f -12111--3%)

16p“R'/"' R“

Theo d1nhl)7'31z1 cé [)3 $212’ +10R1~-H +2\/R(R— 21-)(R- 21)

412111 -2R»--411 +2(R—2r)\/R(R—2r)1
R2Suy 1'21: VP S12 +

$132+8(R—2r)(R—}g2+\/R(R—2r)1312+1(>(R_g;)(R-,-)

D0 616121 chi cn chtrng n1i1111: 4(R’_+ '1) 212+ l6(R — if2)(R — F)

¢:>4(R_2r) 216(R_"1Z?I;)(R_'.) <:>4(R—2r)2 2O.Bé1ng1hL'1'c xély 111 <=> R:2r<:>a:b=c
,. _
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Bili 9. Cho u./2.¢-2 0. Chfrng minh rzllng:

(6l+/7):(/9+£'):(('+6l): £l+[)+/7+(‘)([7+(‘+('+(I)((‘+(l +u+/2)
(+2(,$u3];3(-3 2+0 41+/J 7 u b+<" ~£I+/7 <’+u

Ch 1211g minh
-> w 1 w w -v - w -7

(.\‘+_\"—: '
Chuyén vé p_'R.r ta cén chfmg minh: H8'\ '\ " 2 (A +'\ +'\ —)

) \ \ \

é ay VT:
" (Y: + Y: +1: )§r(\'\‘+ \"+:\')2 —Z\'\':( \‘+ \"+ "UD‘th‘ ' 2R,';vP=' ' ' ‘V -1r‘ \-“VI”

(2p: —8Rr—Zr2)[(/)2 +4Rr+r:)2 —16Rr/>31I '7 7 '1 __116R'r'p“
-\

Ta Q6: (pl +4Rr+r2)1 ——16Rrp3 = p4 +2(4Rr+rl)p3 +(4Rr+r2)_ —I6Rrp3

. ‘Y v . 1 3 4 3 -3
M51: khzic: 2(4Rr+r')p‘$9R17>‘;(4Rr+r') s”?-%=-[ii
:>(p3 +4Rr+r2): —16Rrp3 S 113(1): —--75")

Lai c6 pl £4183 +4R/-+31‘: sue’ +_7§". Do as .\-if +_\~1;’ + :56 §4R’,f

Ding thirc xély rz1<=> (1:12 = c.

7 7 '> 1 1 R2 4-2 2 IM51.\"+\"'+:“S8R“+4r'.VéyVP§(8 + I _) ” -1=3R7 =\/T
16R'_r'p‘ r‘

Biii 10. Ch0a.b,('>O.Ch1'1'ng minh ring:

/c1+b b+c' c'+a 3 ab+b(*+('a 19 >-<_%—+——+—+7+—-L>-(»)
\' b H 8 ” I ° “—8c a a“ +19‘ +c'

CIz zhzg minh

Ap dung czic c6ng_thL'1'c 1 vi 3 trong IV ta cn phai chirng minh:

I (“R )

-_ }_____§;_l_:l'+-2 <1). Theo dinh 1y 5 nu 06:
1' p 1

pl S-LR: +4Rr+ 3r:. D0 dé ¢T€chU‘ng r11inh(1)Iz1chic§n chfrng minh:

\ v

I
2:

§__ 4Rr+r >l9H3

/__;

~.

+ _ ‘-1
8 (4R’+4R,~+3H)-8R,--2»-1 8

*1.k1

4(R—2r) >;_4R(R-2r)H8(¢R_,_):>2R,_H£)*
‘_' *—1 '8 _.1 " “ " ‘-'I -3 (ZR 1) \ I

1| Y

+
ru

4

_2>§f]_ 4Rr+r3 1

8 i
V _ \ 4R~-4R»-+H,/

+
*9

/J‘;

~Q
~21

—+4] (2)
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I 4R 3 '41? 4R 3 6RTanh2f1nthz‘1y:~‘,‘(——) +2»/6_+4s3~\*/(~+) $-
\' r \' 1' r 1'

Suy ra: vP(2)§3R,-~-@=1sR3 =s(¥)_ §8(2R—»-)3 :VT(2),.

D0 d6 (2) du‘(_>'c chfmg minh.IL'1'c l?<1(*)dL'1ng. Being Lhtrc xziy ra <:> (1:/2 = z".

Béi 11. Cho a,b. 1- >0. Chfrng minh :

8(a+b+c)2 (113113 +b2c2 +(‘2[Z2)+64(l:1J:C3 - -

26(a+b+c)abc[(a+b)2 +(b+c)Z +(C+(l):]+((I+/7)2(17+(')2(('+(l)2

Ch zhzg minh

Ap dung czic céng thtrc 1, 2, 5 trong IV ta cn phzii chirng minh:

8p2 [(4Rr+r3)2 —2p3r3j+64p2r4 26p3r3 (2,122 —8Rr—2r2)+16p2R2r2

<:>2(4R+r)2 —4pl +l6r3 23(p3 —4Rr—r2)+4R3 <:>4R2 +4Rr+3r: 2 p3(dL'1ng)

B:31i12. Cho a, b, c >'O.

8(a3 +193 +03) 4(a2 +b2 +c2)Ch’ 0 ‘hi Z —l
uncmm (a+b)(b+c)(c'+a) 6117+/16+“!

Ch 1211g minh

Ap dung czic céng thtrc 1, 2 v51 4 trong IV ta cén chtxng minh:

8p(p2—lZRr)>4(p2—8Rr~Zr2) 2,; 4,,1
__ 1 —l<:»i—Z426~9

4PR" 4Rr+ r‘ R" 4Rr+r‘

@2112 4;»: 215 @p2215Rr(4R+»-)_
Rf 4Rr+r' 2(2R+r)

15R»-(4R+,-) 'Ta c6 pl z16Rr-5,-1 vi1l6Rr—5r22? <3 4R1 231%»-+10,-1 (dng)
2(2R+»-)

Bing thtrc xéy ra <=> a = b = c.

Bfii 13. Cho a, Z2, c > O.

616' - . a Z2 c b" 5Chung m1nh. b+C+C+a+a+b+2(a3+b3+C3)2§

Ch lhzg minh

1-am -I -I -, ; +2 n
Ap dung céng thuc 2, 4, 8 ta can chung mmh: p + i 23

»» -; '1 'v '1 '1p‘ —8Rr+ 1"<=>-6
4Rr

-2
2

\/
C7\>_-

- p'—l4R1+r' '—1ZRl— '

41?" Zp(p'—lZRr) 3- .

_-- "7 /2 ' zp ' 3"
2(1): -1210) 4R1‘ 6(p- -12R,-)

<=>3(p2 —14Rr+rl)(p2—l2Rr)22Rr(p3—12Rr—3r2) (*). Do p2 216Rr—5r2 nén



Ch umzg IV: N/1 ling vién kim cumzg trmzg b(';t 175/1g thlir hié/1 dgli 697

J'2(,>° —14Rr+r2)=(;73 -12R,»-3»-1)+(,f -16R»‘+5H)z />3 -12R/-_3»~1 <1)

I -12R»-)z3(4R»--51°)=4R»-+»~(sR-15»-)z4R»~ (2)

,1

Lu
/—\

T.

Nhfm \é thco vé Qua (1) vi <2) la du'Q'c U‘) tirc I51 bi tozin du'Q'c chtmg minh.
B£'ing1hL'1'c x2'\y1'z1<:> u :1) : <2

Bili 14. Cho u. /1. 0 > (). Chmg minh ring:
I

' a-4-/J+[7+¢"+¢'+u+9 ;:¢1{>+/>(W'+c(£ 215(1)
1' fl /7 11' -1-/J‘+(“

Ch ling minlz

Ap dung céng 1hu~¢ 1 Va 3 ta c§n ChU'ng minh: 2(3R"')+9 14R"+"3 , 215 H‘)
1‘ /2" — SR2" — Zr”

Theo dinh 1y 5 ta c6: [>2 §4R3 +4R;-+31-3. DO dé dé Ch11'ng minh <==<) [11 chi c§n chllmg

- . 4R—2r ~_J4Rr+rZ _Q_4R—2r_ _v’4RI-+1‘mlnh. +9 OR 215?, 6Z9[l

<=>4(R__2")z9~ 4R(R‘3") ¢=>(2R-»~)(2R-»-+~/4R,-+H)z9R»-
’ (2R-»~)(2R-1-+\/4R,~+,~1)

Ta c6: VT2(2R— 1-)(2R- »~+\/9,-1 ) =41? +2/e»--2H 292%,-=vP

Vzfay (1) du'Q"c chtrng 1ninh.E)2ingthf1'c xzi)/1‘u ¢:> a =12 =c.

B§1il5. Chd a, Z2, c > O. Chfrng n1inhr§1ng:V

1 1 .1 -, .(1 +17 +( + l6_ul2(, ‘Z9
ab‘. ((1 + /J + K)“

Clzlhzg minh
Ap dung céng thfrc 2 v51 3121 cin chtrng minh:

/1(/1* —12R»-)+ 1621»: >9 A pl -12R»~+1@z,-I >9
151" P} _ H 1'" P2 _

3 - 2 , 2 . *_ ,-"@aIf<p>:€”'32R’+—‘62:‘ => m>=2€’~”*:‘ =2“ f?” )2<>/”_ ‘I)' /'_ /1‘ [J-I'-

Do dc’) f(p) déng bién thco p trc 151 f(p)2 f(\/l6Rr—5r3 Ta sé chtrng minh:

1eR,~-5%-12R»~+ 162,-1 >9____4R—5r_3>6_ 1621" '

2'2 16Rr—5r3 _ ‘—' F _* ]6R“5"

1; 4(R‘2")z6-16(R‘2")\=,1eR-5,224,-<=>16Rz29»~ (Citing)r 16R—5r

Véy bili tozin du'(_7c chirng minh. Ding thfrc xa'y ra <:> (1:12 = ('.
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! \

Biii 16. Chirng mmh rng \'é'1 m<_>1 cz. 12. c" dLro'ng ta c6:

ub('(u+b+(‘) 12(u‘+b3+“)1

(
1 ‘ + w ‘Y ‘V

\ ¢l“+/9"+(’4 (u+I7+c')(u'+/J'+<“')
25 <*>

Ch zhzg minh

Ap dglng czic c6ng1hL'1'c 1, Z. 4 \/21 5121 cn chtmg minh:

/fr“ ' 12/2‘(p'—1ZRr)$

p‘-1(>R»-,1’+2(4R»~+H)' 1>(/f-8R"—2'")

12w(,f-12R»-2 ,,1,~1

/7- _8R’-_ 2'3 p4 —16RI‘])2 +2(4Rr+ r2)2

41(21): — 23/?I'+ 21': ) 124 —(16Rr+r3)p3 +Z(>-lRr+r:): .

If _8R"'2": p4 —16Rrp3 +2(4Rr+r2)2

8(Pj -14RI'+I':) p4 —(]6Rr+r3)pZ +2(4Rr+i'3)2 >0 (U

W /)__8Rr_2r2 p4—l6Rrp3+Z(4Rr+r3)_

Din VT cua(1)1€1f(p).uTa cc’) f’(p) z 0_ do dé f(p)2f(\/16R1‘—5r3 )

s(2R»~-4,-1) 2(4R+,-)2 -(»(16R¢--5/1)
Mz1_/‘(\/16R,--5r )= A _ - _

8Rr—7r‘ 2(4R+,->" -5(1(»R,~-5»-3)

:16(R-21~)_16(R—2»->(2R~1->2 32(R—2z-)1 (8R—5r)
, , 20

8R"7" 32R"—64Rr+27r- (sR-7»-)(32R~-64R,~+27»--)

V:f1y(L*)du'c_v'c chtmg minh. Bing thirc xciy ra <:> (1:12 = c".

Béi 17. Cho <1. b. C > 0. Chirng rninh rang;

0+1) b+<> c+a>Z_(13+b3+c3 §_cz+b+c U)
+ + _ + ,_

c a b 2 ab+bc+ca 6 {»a;,(-

Ch zhzg min lz

4R v, 7 p3—8Rr—2r2 5 ‘$73
,.Ap dung céng lhirc 1_ 3 \/51 6 la cn chimg minh: _ '” ' 2;‘ +> - I

'- '-1Rr+ r“ 6 r‘

¢> 6(4R - Zr) 221 -L2$5" + "2 +5(%/(4121 +410 +371 ),~ —?»»~)
,.

, 9 . . r—i"-"i,
<=>24(R-2,-)z21-“WR 2"+5»4('§ 2’)(R+§” (trong dé A:{’(4R'+4Rr+3r')r)

4R+r A" +3rA+9r‘

<=c>(4R+1-)z21R+_-Z-—5"('f+3")(4Rf")¢>3(R+2r)(A* +31-/-\+9»-1)z5»~(R+3»~)(4R+»-)
A" +3rA+9r'

Ta Céi A1 +3»-A z2JA‘3»- =2\/3,‘ (4/cl +41%-+3,-1)



Clurovzg IV: Nlzlivzg vién kim czrmzg trong bz7't dd/ng thzic hién 0411' 699

Suy ra: 3(A' +3,-A)z2,~\~27(4R~ +4R»~+3,~-)z2»~(101e+7,~>

D0dét1'0ng(Z)th1 VT 2 r(R+ Zr)(2OR +411‘) 2 VP

\/;1y(‘*‘)CIu'Q'c chimg 111i11h.Diz1glh(1'c xay ru <2 u =/1 Iv.
Béi 18. Cho 61. /1, C >0. ChL'1'ngminhr§ng:

i

2(ab+12(~+(,'¢4)(J¥+i—+i(' )
l7+(' c+a c1+/2

A3

7

_ l(al2+/7c+c'c1)(£L7~+313)(;)(u+/2+c)(gl+K+
2 (' (1 12 0 <1 /J

“Il,_i

> 0 0+0 u+b,

(3) , _ I

i(ab+b("+c'<1)'((H*b+/)+(+(+”)—Z{ U +~b + K
( (1 /2 /+ J

Ch 1'rng minlz
Theo biii 1 thi (1) dng. T21 sé chtmg minh b:§td11gth(1'c(2)vi1(3).
Ap dgmg czic céng thfrc 1. 3. 8 vi 12 La cn chfrng minh:

5 Rr+r“ 3 [rijf S /'(4R+z‘)\%—2-——i—4R'_
[(4 »)4R_2,-(2) (4R+r)3-7193(3) (413 w,- p3—8R/'+r3)

<2) <:> (4R+r)(2R—r)£(4R+r): —2pZ <=>2;f +81%: +2R,~-4R,~-H $16131 +8R/-+1-3

¢> /)2 $412’ +510-+ H (dl]l1f_llhCO aim 1y 3)

- , (4R ~> 3—8R- -3
<3) <=> (4R+r)' -2p- s(4R+,~)(4R-2,~)- 

3 . ~ " —8R'T'j 3-’ -+3<:>3r(4R+r)—2p“+Z(/2“—8Rr+r')S~i§%<:>4R—5r2L—%i

<=> [J2 -sR»~+ H $8121 -10R»~¢> [72 38R: - 2133- H (dng lhco dinh1_V3)

Bing thfrc XZ:'1)’1'211l'Ong 3 b§1dZmgthL1"c(l).(2) \/21(3) khi \*£l chi khi LI =/>=<-.

Bili 19. Cho (1,1). 02 O.ChL'1'ng minh ring :

u + 12 + 4' S a+l2+¢'
a‘+2bc b'+2ca ("+2012 415+/76+?”

Ch 12"):g minh

r 4 7 A .\ _ -A Aw 4 ,- -A .4 , ,De {hay VP :3/T. Bay g1o‘ta se blcn dol vc trzu ve b1€Ll 1hu'c cua p.R. r
4R2‘ + r‘

Z[a(l23 + Z¢"u)(<': + Zab
Tz1c6: VT:

(cf +2bc)([2‘ + 2<'a)(("‘ +2511?)

Z(a+b+c)(a:l73 +/93¢": +<‘3a3)+4abc"(a3 +122 +03)—al)c'(c1b+/2c'+ccz)

9a3b2c3 +4abc(a3 +123 +c})+ Z(u3b3 +1130; + (3:13)



700 I’lzu'r)'ng phzip GLA
Ap dung céc ding lhL'1'c 1. 4. 13. 14 c'>'ph§1n IV ta du'Q'c:

" ~

2/2)_('-1Rr+ rl)_ —Zp:r3]+4p/'3 (pg —8Rr—ZrZ)— pr} (41% + 1")

9p:r4 +-'1-p:r:(/>3 —12Rr) -1» Z/'3 :(4R+ 1'); -12/131?}

2/71‘; (4R +1‘): -4123)": +4/>32": —8/12";(4R+r)—pr3(4R+r)

9p:r4 +4/241': —48Rr‘/13 + Zr} (-’lR+/")1 — 24R/>31":

Zpr3(4R+r):—9pr}(4R+r) p):2('-'LR+r):—9r(4R+/‘)2

9/121”) +4/742; + Zr; (-'lR+ 1")‘: —7ZR/)3)“; 9/222': +4/2‘) +Zr(4R+/‘)5 —7ZRr/>3

Ta cn chL'1‘n@ minh: VTS P *:> 2(4R+r): _9r(4R+") S I

4R"+ 7" 9/131‘: +4/1"! +Zr(4R+r)*\ —7ZRr/1: 4R"+/'2

Bin pZ=rvf1 f(1)= 1 X

9Ir‘ +4I“ +2r(4R+r)‘ —7ZRrI

f’(1):_ 8,+9,'- -7?-R" <0 (<10 121610-5»-1 z9R»~>

[9111 +411 + 2r(4R+ 1-)“ -7212»-1]

D0 dc’) f(l) nghich bién theo I lirc IE1 f(1)£f(l6Rr—5r3). Suy ra ta chi ciin chtrng

minh: Z(4R+r)'v—9r(4R+r) g l

9(16R1--511),‘ +4(1sR»~-5,-1)“ +2r(4R+r)' -7212»-(me,--5,-1) 4R"+ "'
<=>2(4R+»-)‘ ~9/-(4R+»-)2 g2(4R+»~)“ +4»-(16R-5,-)2 +9,-1 (1612-5»~)-72R,~(161e-51-)

¢=>4(16R-5,-)2 +9»~(16R-51~)+9(4R+»-)3 —72R(16R—5r)20

<=>4(256R3 -160R»~+25»-1)+144R»--45% +9(l6R3 +8R,~+,-1)-115218 +36OR1-20

<=>l6R3 ~64R»-+6411 z0<=>16(R-2/-)2 20

R=2r ir(1=b=('
, , , cl:/>.('=0

Déng thuc xay ra <:> p- :16Rr-5;--V <:> 1 EG <:>
b=(' c1=O

L"-:0 ('=c1~.b=O

Bi1i20. Cho a, 12. c‘ > O. Chtrng minh rng :

'7

(13 +Zabc+b3 +2abc+c3 +2c1bc>((l+1>+¢')_ (1)
b+c 0+0 a+b _ 2

Clz zhzg min lz

3 3 _3 _ 1 I 1 ,a3+b:' (u+b+c)~(1)<=>(a +12 +c +2abc+)(”+‘/J+b+(_+(_+a)—Z Z

<=>(a3 +/23 +0) +Za17c)(L+i+i—)2i(a3 +19: +02)
0+1; l2+c' 0+0 Z

Ap dgmg czic ding thfrc 1, 2.3. 10 phn IV ta ciin chtrng minh:



Ch 1r0‘ng IV: .\'Iu7‘ng vién kim cu'o'ng trong brit (Mung tluic lzién cigzi 7( 1]

[,>(;f -12R,-)+2,>,~1]-L‘+;Zf_;;+"_ zf§(,f -sR»-- 2,1)

(p‘ —l7_’Rr+Zr')(/7' +-1Rr+r')2i(/)3 _8R]__2)_:) my
-1R2" I

Din /)3 =1v51f(/):VT—VP.Tz1c6:A/"(1)=’+4R'_+"‘I[€—12R"+2"> ~§
V I‘ /_

= 2"8f[é')_+3"_ -g: 3’““i';€’)1+3"‘ 20 (do z2l6Rr—5r3)

:> _f(i) déng bién lhco p. D5 chimg minh (‘*‘) ta sé lhuy />2 =l6Rr—5r3 \'Z10 lrong biéu
3 _j v\ 3 _ 1 l‘:(R—2I') _\ , -.'thug /1 + 4R1 +1 \ u lhu} /2 = 16R)" — Dr +if \ 110 {long cuc b16u

thirc p: ~ 1ZRr+ Zrl. /1: —8Rr— 21": 111 nhén du'Q'c bél ding lhirc cn chL'1'ng minh:

*16R»~-5»~1+5((R*3") ~12R»~+2/~1\(16R}~~5»-1+4R,~+,-1)
’ , \R / 3 - \ r" (R—”r) w2; 16R/~->»~~ ++-81¢--2,» J4R,- 2 R ,

(4R,--3»-~’+*'7(R*3")](20R»--4,?) _: my
¢> R ’ 23(8R1"—7:~:+L]

4R/~ 2\ R /

‘(R-2/')[4R-3»-+’~~
( )(5R-1-) \

<3 R zl(sR-7,-+—__"(R];2"))
R 2

<=> 2(2OR3 —19R/*+31*2)+ @240R3 —35Rr+5/-(R - 21-)

@l1 zs,~(R-2,-)¢=>5/e-1-z4R<:>Rzr (dang)

FRIZ/' }Fu:l7=("
:/>_('=()
=(‘.u=O

Vz}y(1)dL'1ng. D§1ngthL'1‘c xcly ra <=:> [EC <:> Y
7

r=O (':u./JIU
Bili 21. Cho a.12.c>()vi1 u +12 + (=1 ChL'1'ngminhr§1ng:1+1+1S9 (:51)

(1 +190 Z7 + ca 0 + ab -1 (41/7 + In“ + (fa)

. Chlhzg minh
Bién déi vé mi. Do (1 +1)+<>=1 nén p = 1.

1 1 1 Z((I+/7C)(b+C(I)
(I+bL‘ b+('a c'+cl/J (<1+bcr)(lJ+c(1)(("+a[J)

+

(ab+bc‘+('a) (1: (b+c) +b2 (0 +a)+(': (a +./J)]+a1>c'((1 +b+c)
abc+(a3b2 +b2c3 +C3(l3)+(l[7(.'((I2 +173 +c‘:)+a:b3c3

4Rr+r: +(a+11)(b+c)(c+z1)—2abc'+ pl)":
pr: + 2'2 (4R+r): '— Zplrl + pr: (pg —8Rr- Zr:)+ pl)”
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-lR1'+1': +4R1'—Z1': +1‘: A; SR1‘

1": +1": (4-R+1')“ — Z1": +1": (1 —8R1'— 1131+ 1'“, 1'3 (V-lR+1')’ -1‘; (8R+ Zr)+1-J

: _ 85 1 8R, = 01 . V5)’ L110:-‘in phai chirng minh:
1-1412+,-)' -1- <8R+21~)+1~‘ 16R"r V-R"

1 _S——9i_ <11’ 21-5 R (dL'111g):>(*)dL'1ng. Dimglhfrc xii)’ ra <-:> 11:1’; =0.
R’ 4(4R»-+1-1'71.

I

Bili 22. Cho <1,/1.0 > Ogub +110 + ca =1 . Chimg minh réng:

 ZZ5(¢1: +123 +c3)+Z (‘1‘)
:1/20

Chzhzg minlz

T1'uc'7c lién dun \/Z10 (iiéu kién ta di tim bZ1i main géc cuu (, *1

‘.1

(*) <:>~V+b+£) 22'-1-((1: +/>3 +(':)+((1+17+(")“
u/11'

<3(a+b+(‘)(ab+bc+z'u) > 24-((l:+/7:-1-('2) +1 C>(41+b\(1;i<')(('+z1) > 24(<1l+_/1i+c:)_ (1)

U176 (a+/2+0)‘ U/XI (u+/7+0)-

. 41+ 24 3—8R--2-3 ( 1-ale--2-1
Bili tozin du'z1\"é ——,,p2_-ii?_/I I ) <:> B Zivp,;) (W)

/91" ])' 7' 17'

Ta théy ngay VP déng bién thco p nén \/511 G5 by gin‘) 151 chqn cén lrén

pl $41? +4R»~+31~2 hay [>3 5 2R1 +10R»--H + 2(R—2r)\/R(R— 21-) aé gizii quyét ban

tozin. Do (1) t1"<'>' Lhnh Cling thirc khi a=b=c hoéc u=2b:2c (via czic hoin vi) mi

pl S4R2 +4Rr +31‘: chi xziy ra ding thirc khi tam gizic lix tam gizic déu nén ta sé su‘dL_1ng

dzinh gié [)2 $21? +1oR1--1-1 +2(R-2»-L/R(R-21->.

Khi dé (*’*‘) sé du'Q'c chfrng minh néu la chirng minh du'qc:

~ 1?‘; ‘ ~T

R 6[(2R- +1ORr+2(R—2r)\/R(R—2r) -1-')—8Rr—31-'4}

7* A 2R3+1OR1--1":+2(R—2r)\/E(R—2r)

<=>2R‘ +1018,--R1-1 +2R(R-21~>\/R<R-2»-) z12R%~+12RH -181-3 +121-(R—2r)\/R(R—21-)

<=> 2R3 -212%-13R»-1 +181-~‘ z2(61~- R)(R-2r)\/R(R—2r)

<=> (R— 21~)(2R1 + 2R1--9»-1)z 2(6»~- R)(R— 2r)v'R(R - 21-)

<=> 2R’ +2121--91-1 z2(e1~-R)J'1§(R-21) <3)

Néu 61$ R an ta c6 ngay VT 2 0 z VP.

Néu @1~>Rm1<3)<:> (2R’ +2R1~-911): 2(4R3 -4sR1~+144H)(R-21-)R

<=>4R‘ +4121,‘ +811‘ +sR“,--3(>RH -3612111 z(4R-‘ -4818»-+144R1-1 -8181-+96R,~* -28$;-“)R

<:> 4R‘ +sR~‘r-32R’,-1 -36101‘ +811‘ z(4R~‘ -56181-+24()R1~1 - 2881-‘)R



Ch u'u71g IV: .'Wz171zg vién kiln cu'0’1zg trong [nit (Ting tluir /zién 17411’ 703

<3 e4R~‘r - 272R%-1 + 252R;-‘ + 81,-‘ 2 0 <=> (»41§~‘ - 372R%- + 252/<1-1 +81»-~‘ 20
\

<:>64R(R—2r)> +1@»~(R-9»-A)’ 20 <cmn<1). V31)’ _?_("+”+") 225%: +/f +¢~1)+2
4 4 I “ :1/>0

Démg Ihtrc xay ra <:> <1:/2: 0 hoélc <1: Z/2 I Z0 v21 cdc hozin vi

Binh lugin: Tru'6>'ng hqp ding thirc xély 111 khi u I/2:0 cé lhé <15 nhén Lhiy ngay: nhung
cm tru'®'ng hqp ding thirc X213 ra khi u=2b:Zc [hi ta Um ru nhu' suu. Tco lbi girii
being GLA {hi C15/ng thtrc xay 111 khi V51 chi khi:

R=Z

I“
ri/**\

J;‘:

F“i'*1
/i'-I

-1-

=/2:0
,f =2R1 +10R;--H +2(R—2r)\/R(R—2r) <2; i’On§m1giEw I\'i1K

Rzg)‘ \R:2l‘

Diéu kién O nm gifra I \'Z1 K cho ta biét tam gizic d6 phdi 121mm gizic cfm cbn diéu kién

R=%r sé giflp ta tim ru du'Q'c mét ding lhtrc nC1‘:1 121 <1: 2/2 I Zr. Chd y" ring G dfly K 121

diém sao cho YKIBE ).

B51i23. Cho u. l2_ c > O thou min a +12 + c‘ =1. Chimg 1ni11l11"§1ng:

(1: /7 I 5' 3 I
+ + S

5” +1 5!’ +1 59 +1 8\/3(u/> +/>0 +011)

1> <2/(11)

Chzhzg nzinlz

Z(l2(5/7+1)(5(-'+1) Z50/2c"(a+b+(")+5Z[u: (b+c)]+(a3 +12: +03)
VT: =

(5a+l)(5b+1)(5c+1) 125(I[7c‘+'l5(cJ/J+/7(‘+(‘a)+5((l+b+c')+]

25p3r3 +5(4Rrp—2pr3)+ pg —8Rr—2r3

125;»-1 +25(4R»~+,-’)+5p+1

:25,‘+5(4R;~-2,-1)+1-8R»--2%Z 13»-’+12R»-+1 13r’+12Rr+/>3
125,-1+g5(4R,-+,-1)+5+1 150H+100R,-+6 150/‘:+l()()Rr+()p3

Ta cn chtrng minh: 13’: + 1210+ P- w S , 1 = P
150'” +109R"+6P' 8\/3(ul2+/2(:+ca) gJ3(4R,-+ ,-3)

Xét f(p)=VP—VT,‘suy ra

f,( ) 1 2p(15Or2+l()ORr+6p:)—1Zp(l3r2+lZRr+p3)
11 = — 1

8\/3(4Rr+r2) (15011 +1OORr+6p3)

1 p(36r: +l4Rr) 'Xé[ g(p): 12(36):‘: +l4Rr)

8~/3r(4R+r> (75,-I +5ORr+3p2) (75% +5010-+31%)

(3611 +14R,-)(75 +50R»~-9,9)

(75% +5ORr+3p3)3 »'



7t)-L PI1u'0‘ng phrip GLA

Do pl 216R)-—5r3 v21 R2 Zr nén g'(/2) S () :> g(p) nghich bién thco p. u'1'c 121:

f,(p)> 1 \/(16R-5»-)1-(36,-1 +1-1R1‘)

8v3"(4R+") E75»:+5010-+3(16R/--5»~’)}2

\/(1612 51") -(“sf +1-1R-)1 —\ “I J I

8\/3'"(4R+") (60;-' +9sR,-)

Nhz_“1ntha‘1y 4(14R»-+36»~3)=56R,-+ 144,1 s9sR»~+60»-1

2 §21'(16R-51-)£98Rr+60r3
TU‘ Z diéu trén ra lh§y nguy f'(p) 2 O :> f(_p) déng bién theo p.

Véy la sé chirng minh <.1u'<_>‘cf(p) 2 O néu chimg minh duqc 2 O

Z\/l6R—5r > 131' +12Rr+(16R—5r)r i16R—5r >56R+l6r
W 8./3(4R+,-) "lso+100R»-+e(1eR-5»~),- \f3(4R+r) _49R+30r

<:>16R—5r_12(56R+l6»-)2 _1@ 4(R—2r) 2 (7R-14,~)(105R+46»~)
3(4R+r) 49R+-30" 3(4R+r) (49R+3(),~)3

¢>4(49R+30r)’ 22l(lO5R+/-161-)(4R+ )')<:>784R: +5571R1~+2604;-I 20 (dlfmg)

Vgiy bi toén dxrqc chirng minh. Ding thfrc xziy ra <:> (1:1) =c =%

Béi 24. Cho “.1”-20. Ch(1'n<1minhr§1ng: /“Z H’: “'2 +1? "1"" zl
“ <1b+b('+rrrI D (a+b)(b+c)(<-+u) 3

Ch 1211g minlz

Ap dung czic céng thtrc 1 v51 14 phn IV ta (Jim chtrng minh:

[pl -sR»~-#2»-1 4,. 21¢ //1’ -sR»~-12% _1Z;_£ U)

\/ 4Rr+ r' 5R 5, 4Rr+ r" 5 5R '

Theo dinh1§’ 6tz1 c6: /12 216Rr—5r: +ir_(RR_ Zr) nén:

. '7_ , . 11., Ii, Z11), '
( _

!]) -SR»--2,»-> 8R'7’+ *1?” i2(4R+)')(R-I‘) \/2R(R—r)
\/ 4Rr+r2 — 4R+l‘ :\/l R(4R+I‘) : R

:>VT2\/2R(R~r)—R: 2R(R-r)-R’ R_z,~ 2 R-2,-
R RL/2R(R-»~)+R] \/2R(R—r)+R \/2R3 +12

2%= =VP.D§ngth£1'c xéy ra <=> a=b=c
——R+R '

2



Ch zr0’ng IV: Nlzzhzg vién kim cu'0’ng trong b't (7511g tlzzic izifn (1{!i
B. cAc B/l\| TOAN cc'> DIEU KIEN

B§1i25. Cho a.b.c>O:a +/J + 0+ 1 2441120. Chirng minh réng: u +/7+0 Zl +i +l
(

4

Ch zhzg minh
Bi toén du'Q'c dua vé: Cho p +1:4pr3.Ch£1'ng minh ling: pl)": 24R;-+1":

3
7 7 4

.
'7Ta <16; p- z27»-- :>izp+1:> 1723. Ta S5 chtmv mmh: p+l 24(4Rr+ 2")77 ° P .

Ta cé: pl 216R,--5,-2 (1). D0192} nén 4,5 Z9([7+l) :> 4,f Z9-4pI':3pZ9)‘: (2)

Tir(1) v51(2) suyra /J(p+1)24(4RI'+I'3).B§ng[h[1'C xéy ra <=> a = b = c= 1.

a+b b+c+c+a_2
IBé1i26.Cho (1,1), c2Ov5_ ab+bc+ca=l. ChL'1'ngminh:L+—l— ii ’

Ch ting minh
/-<\p dung ding thtrc l v21 10 phn IV ta cé béi tozin sau:

Cho x.»_\",1 >O v 4Rr+ 1'3 =1.

, _ ; 3+4R-+ 9' ~ vChung m1nh1'ang:p€23 <:> p‘ —1ORrp+l20 (1)4Rrp 2

Xét phucmg trinh: f(x)=x3 —1ORrx+l=O; A':25R3/'3 —1

:> X| =5Rr—\/25R3r2 -—1;x3 =5Rr+\/25R:r3 -1

1-Jé chtrng minh (1) ta chi phéi chfrng minh p 2 .\-2 :5Rr + \/25121,-1 -1 . Ta (:6:

\/25R%-2 -1=\/25R2r2 —(4Rr+r2)2 =,~J9R1 —8Rr—r2 £r\/(3R— r)2 =r(3R— »-)

=> 5R»~+\/251$»-2 —1§5Rr+r(3R -_r)=2~3r3.M51tkhéc

pl —l6Rr+5r2 =9.1c1 z0:> p z\/16R,~-5% =\/4-9% . Ta S5 Chrng minh:

\/4-9;-3 22-3% <=> 4~9 z(2-3,-2): <:>4—9r224—12r2 +9;-“
2

1 O
<=>r3(1—3r3)2O.Déngth11'cxéyra<:> <=>x=2_y=z=1

p2=l6Rr—5r2 .

Véy +#C+iz2%. Ding thirc xz'1y ra <=> a=b=l,c=O via céc hoén vi.

M6‘ réngz Cho (I, b, c lil dé dili 3 canh tam giéc théa min ab +bc + ca =1.

Chang minh ring: a-1+1) + bi-c + cia 2 a+b+5c+abc
Chz'mg minh. Trude tién ta nhén théiy béi tozin néy chit hon bi tozin ban diiu b6*i lé:

l_=ab+bc+ca2a(b+c)2a3 :>a£l:(l—a)(l—b)(1—c)2O

<:l—a—b—c+ab¥bc+ca—abc2O¢=>22a+b+c+abc

Ap dung céng thfrc 1 phn IV ta cn phéi chirng minh:
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1Y¢(u;(')(/‘7*(-J > 5 <:>u:+/>:*(‘:+3(u/>+/)0:-c'<I)> 5

(u+/v)(/;+<-)(<'—u) u+/>+<r~r1/H" (u+1'>+<')(<1/2+/n'+<'a)—u/1:‘ u+/>+<'+ul><"

<=> 5‘“‘R"—*"'" 2 -5 /=[5-(1c>R»-+4»?)}<1+2'R»->z5(1-2R}-1
(@+/>+¢-)(1~2R»~) <u+z>+.-><1+2R,~>

<=>5+1012,--<1+2/<1-)(1c>R,~+4,-I>25-10R,-<220/\>,~z(1+2R»><mR»-+4»-1)<1)

Tu C61 <1+ 2R,~>(m1e»- + 41¢ )§1s(1+ 210) Rr =1xR,- + 21e,~.1sm g

SIXRI" + ZRr(u/1 + [J0 + <11): Z()Rr. D0 dé (1) du'Q'c chirng minh.

Vy I + I + 1 2 3 .DngLh\i'cxziyrz1<=>u:l2=l.('=0.
u+b /9+0 <"+u 11+/)+(*+ul>c

Bi 27. Cho (1. I). <">()1h0u min Zb 2:1 +c (b nm gifru u V510).

Chfrng minh: H +1) + 17+‘. ¥ “+“ 2 6(a_ +1)“ +C_)
(f <1 /7 ab +120 + <11

Clzxhzg mirzh

Diéu kién Z/22:1 + 0 <:> .\*+ :, 2 Z_\'. do d6 theo hing <1ngth[1‘c 4 ph§"m B ta C6:

"v

ZR/'—1'3 —L=——~l—(.\‘+'\"~Z;)(_\'+;*Z.\‘)(:+.\'—Z_\")2() :‘.> 18Rr—9r2 2 pl (1)
9 18p

~ 1

6([7' -sR,-- 2,-~)

41¢»-+»-1

, . '7.
Ap dung cong thuc 1 va 3 Lu can chung m1nh: 4R “' 2

,.

<=> (2R-»->(4R+»~)z3(, -am-2»~~’)<:>sR1 -2R»--R 23;? -24R,~-of

<:>8R1 +221?)-+5,-2 23,»: <:>S(R—2/‘)2 +3(1sR»~-9H)z3, (dfmg thco (1))

D§1ngthL'1'c xéiy ra <:> a =b=c‘

B£1i28. C110 151 d(> dixi 3 cgnh mm gizic. Chirng minh ring:

;11+1;1+gm+35233.Qhi(.<)
0 u Z7 ab + />0 + ("(1

Ch z'rng nzinh

Diéu kién (1 s 1; + <~ <:» x+_\'£3:,, do aa theo hing azing mu-C 5 pném B la 06

2

4Rr—1-3 —pT=—g+p(vv+v\-—3:)(J‘+:—3x)(:+.\"-3.\')30 :> 15/"*4": 3112(1)

» A , . ; , . -7- _ )2—8Rr—2r2
Ap dung Cong thuc 1 vu 3 ta can chung mmh: iBi“'+ 33 232~!i~i,——

1' 4Rr+ r‘



Ch mmg IV: Nh 1771g vién kim cumzg trong b't ring t/1 1i‘c hi§n {Mi

<:> ('-lR+33r)(4R+ r)232(p: —8Rr—2r3). Theo (1) ta chi cén chirng minh:

(4R + 33/-)(-LR +1-)2 32 (am - 6,?)

<=> me: +136R:-+33/-3 -(256R,--192»-1)z0<=>(4R-15»->’ (dfmg)

. X + _\" = 3:‘ /‘ /9Vz_iy(_’*‘)d\jng.B€1ngIhL'rc Xf1}’I'Ll <:> { <=> <1;/;;(~ =L+;’~2l;5_J5;/2] ;1
-1R: 151- ~ ~

B§1i29. C110 Cl. /J. 0 2‘ O. <1 +12 + (J :1 vii 1+18c1l2('2 5(u/1 + /7(.' + (‘(1).

Ch'.g -hi u + /2 + c + l2abc 23
ummm /1+<’ <"+u u+b (u+/2)(l2+c')(¢-+u)

Clzzhzg mink

1+ l8abc.‘ 25(ab + bc +ca) <:> (cl +12-+ 0)} + 18511202 5(ab +bc'+ ca)(u +12 + 0)

<:> pf‘ +1811)‘: 25(4Rr+ 13)]; <:> pl 2 Z0Rr—]3r2

Theo céng thL'1'c2vi18ph§.n IV ta c6: U + b + C + 12”!” =
/>+r" @+u 11+!) (u+b)(/2+c)(c+u)

3_3R~ -3 ._ .1_ . .1 _ .=p 4RI_+) +l42[€2(’)OR' 1331?? 8R'+' +7142é=3.E)énglhL'1'c xéyrzmm

a+b+c=l
<=> zz” +12“ +0“ +l5ulJc = Z[(1" (/2+(‘)~i-12‘(c4-¢z)+c2 ((1+/2)]

l+18abc=5(ab+l7c+ca)

B£1i30.Cho (1.12. CZ 0 lhéa min (I +1; + C z max.
( 61

Chirng minh: G2 +b2 4"": + (I4+10\/5)abC Z2\/5+1 (*)
6lb+b£'+Cfl (a+b+c')(ab+bc+ca)

Cluhzg minlz

Khéng mé1 mm téng quét, ta giéa sir (I 2b z C. Theo aiéu kién ta cé:

ab 2 3 3 1 2 2 2a+b+(?-2'—<:>ac'+bc"+¢' 2ab<:>(a+c') +(b+c) 2(a+b) <:>.\' +_\" 2:C.

Do dé AXYZ 121 tam giéc khéng ti: :> .\-1 + y’ + 1’ 28R’ :> /72 24R: +412,-+,~1

, 1- R~-2-1 f -1ApdungcéngthtrclvixllacézVT—VP.:/) 8’ W’ +(14+l0\/0,)’ —(2\/5+1)
4R1‘ + r‘ -1R/‘ + 1"

2 _2@_2=W4iM2O
4Rr + r‘ 4Rr + r‘

(u+b+c)c=ab ‘

Véy (*) du'<_>'c chtrng minh. Ding lhfrc xziy ra <=> <:> a :12 = (\/2 +1)c'
R=(\/5+1)r

I
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Béi 31. Cho (1.12. 02 O théa min u 212+ c . Chtmg minh ring:

at a + b + c + ubc" Z2
/9+6‘ (‘+11 0+/7 \4(a+b)(b+(*)(('+a)

311120 2 ‘/5b_ a + 12 + c +1
' b+c" 0+0 c1+b \/5(u+b)(b+<~)(c+u)

,__.

Ch lhzg minh

>“~ a d’ Lhco hé d51n@LhL'1‘c 5Diéu kién :1 2b+c tu'o'ng CIu'o'ng vc'>'i diéu kién .\-+ )'_q__. 0 0 ng C
.

P <0
P nan 11 ta cé: 4R»~- H -7-}

¢.2

PO

‘B

(.\‘+ \"—3;)(\"+;—3x)(;+x—3y)_

:> 16Rr—4r3 S pl (1). Ap dung céc ding thtrc 8 v 14 phiin IV ta cn chtrng minh:

° 1 1 1612 +1-1 '—]7'—8R;~+;- p — 1- 5'.

4Rr +\/4R‘ W 4R»~ +\"4R_ " 2"“ ac‘

3 ~— ,— ,—

ii‘-——— a— @~
V" H b + C + 1' ab‘ 22.DéngthL'1‘c xay 1'z1<:>[

4Rr + 4R-‘4R,~+\]4R‘4\*'R 3 \-/R ‘ (O

x‘.

/\

3 theo dinh 1y 7)

-lJ.c-O

ayb+c‘+C+a 0+/1 \'(a+b)(b+c)(c+a) 023,226

A '. O - , 8R—3r ' 3r ” ‘3/' 31' 8R-3r 3r
b. Ta can chun: mmh. +\/20R ZN/2 <:> 2- + + 2 \2OR 22

(=7 /SR -3" /3" 2 3" <:> 8R " 3" z 3" <=> 4012 2 27,- (chins)
4 5 5 4. 5 "

I-)§1ngthL'1'c xéy ra <:> a =b,c :0

B51i32. Cho (1,1), (‘Z O théa min (1212 2 c vii Z./9 2a +c.

: a+b l)+c c+u 92>242 a3+b+cw
Chang minh rang: c + a + b + 27- 27 ‘ ab+bc+ca

Chzhzg minh

Ta aa biét diéu kién 2192“ +@ tuvng ducrng véi 18R»-9/ 2 pl

V:-fly dé giéi quyét béi tozin ta chi cn chirng minh:

4R‘3" 92 > 242 ~ 10R‘ 1 1" »—» 54(2R - I')(4R + ,~)+92,-(4R+ r)2 242(1OR—1lr)
r +27‘27 412+,-“

¢> 432122 + 26010 + 381* z 2420R»- - 2662,-1 <=> 4321? - 2160R»~ + 2700,-1 z 0

n V 2R = 5,

, a+c=Zb
<:>1O8(7R—5r)‘ 20 (CIL'1n2).Déngtht1"c xéy ra <:>{ <=>a :3r.l>=2t.c=l (1 >0)



C1zu"0‘ng IV: Nlzvzg vién kiln cm/ng trong 1117'! Jrilzg thz2'c Izién Jgli 70*)

CU

iii 33. Cho a. /2. 1' 2 O thcia min 11212 2 0 vil 212$ (1 + 1'.

1 - ; 1 1 1 Z7Chung mmh rang: W + + Z
a'+1J(' 17'+('a <" +1112 2((,+1;+(-)'

C12 1271g m in 11

1 I 1 Z(b: +c'a1(cr3 +1117)
Ta 06: + + 1 =

61' +19? 11“ +<'r1 K” +61/7 <41‘ +12('1(1>' +('u1(<"‘ +0171

413172 +1926: +0311: +(117(“(u+12+c)+((1+1>+(')(u“ +12} +("11—(u'l +174 +041

2:1"./)1" +(c13b‘~‘ +12?‘("_' +("‘¢z})+(11Jc'((13 +12‘ +r-31

2": (4R+r)2 -2113)‘: + pl/'3 + pi (/13 -—l2Rr)— /2"‘ +161?/'/23 —2(4R+ r13 /'2

Zplri +2‘; (4R+r)3 —lZp3r}R+ /23/"3 (pl —l2Rr)

4Rrp3—p2r2—(4R+r):r3 4Rp:—p3r—(4R+r):r
2p2r4 + 2'3 (4R+ 1'13 —24p3r3R+ p4r2 21):)"; +1": (4R+r)3 -24-p2r3R+ /242'

xe1 hm S6 f(1)= 4R"”'*(4R+")_" ' -37 => /'(1)z0
21-~‘1+1-3(4R +1-)3 - 241-1R1+1-11 3’

D0 as fa) @6115; bién thco 1. 1\/I231 khzic 111- aiéu kién 221s11+1- 3 18R/--91-3 $113

Vi véy néu la chirng minh bzli loin ddng vdi u"u'{>'ng hqp l8Rr—9r2 : pl [hi n6 dljmg vc'>‘i

mc_>i p. Thét Vél)’I

, 4R(1sR1--91-1)-(1sR-91-)1-1 -(4R+1-)2 1- > 27

2(1sR1--91-2)1~‘ +1’ (4R+1-)“ -24(1sR1~-91-1)1-1R+(1sR1--91-1)‘ 1- 2(18R/‘-951

4R(l8R—9r)—(l8R~9r)r—(4R+1-)2 > 27

2(1sR1--91-1)1~+(4R+ 1-)‘ - 24R(1sR1~-91-1)+1-<1sR -91-)’ W81? -9")

H 561$-62R1-+81-1 > 3 H 28R3—31R1-+41-3 > 3

64R’-601211--(10R1-1+641-~* 2(2R-1-) 16R~‘-151211--15R1~1+161-~‘ 2R—r

<:>(2sR1 -31R1~+41-1)(2R-1-)z3(16R“ -15R11--15R1-1 +1611-—‘)

¢> 56R-‘ —90R2r+39R1-2 -41-‘ 2481+‘ -45R11--45R1-I +431-*‘ 1

<=>8R3 -45R’1-+s4R1~1 -521-~‘ 2O<=>(8R—l3r)(R~ 21-)’ 20 (dng)

Ding thirc xély ra <:> cz :12 = c.
3
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VI. NHiN LAI TOAN BQ PHU’UNG PHAP GLA

D5 chirng minh mét bit dng thtrc déi xirng F(a.b.c)2G(a,b,(') \/'66 (1.12. c khéng aim.

la dzfat x=b+ c,_\" :0 + a. 1 =a +12, khidé.\",_\".:trO"thE1nh dé did 3 canh cua mét Lam giéc

XYZ v51 mél bit ding lhfrc dai duqc dua vé bit ding thtrc hinh h(_>c véi czic bién p. R.

r liin 1u'c_rL IE1 ntra chu vi‘ bén kfnh dudng trbn ngoqi tiép \/Z1 nQ>i liép cua tam giaic XYZ.
Sau as ta phéi Chirng minh _f(p)=VT—-VPZO. X61 déu f'(p) réi am ¢a<;h dzinh p

theo R, r. Ta chL'1 }" dén bait ding thflc sau:

2121 +10R»~-H —2(R—2r)\/R(R—2r) spl $2121 +101?»--/-1 +2(R-2,-)JR(R-2p)

, pl =\/2R1 +10R,~-H -2(R-2,->\»’R(R-2»-) 2
Khx as néu am ma /2E [pl_pl l

/)3 =\/2R1 +1ORr— H +2(R— 2»->\/R(R-2,->

Nhn xét: 1. (Binh 1y 3 phan n1);.\1éu AXYZ cn ma p I pl hoéc /)=l1):.

- Néu gizi tri l('>'n nht f(p) hoixc gizi pi pm nhén f(p) am Lgi p =< pl ma AXYZ cn (:6 2

géc daiy bang nhau va s 60°, khi as trong 3 bién .\~, y, 1 c6 2 bién béng nhau v21 nh<'> hcm

bién cbn lai ¢:> Trong 3 bién :1, Z2, c (:6 2 bién béng nhau v51 ldn hcm hoéc bcing bién cén

lai.

- Néu gm U1 mp nhét f(p) hoéc gizi mg pm nhél f(]7) am tai p= pl Lhi AXYZ czin cé 2

géc dziy bng nhau vii Z 60°, khi dc’) trong 3 bié11.\'._\",; 06 2 bién being nhau v51 ldn h0"n

bién cén lai <:> Trong 3 bién a, b. c cé 2 bién bzing nhau vim nhé h0'n hoéc bzing bién cbn
lai.

2. Khi dun bét ding thirc vé dang chtra p,R.I' néu cé biéu thfrc chira r 151m nhn nr Chung

[hi khi r = O hay trong 3 bién a, 12, c‘ cé 1 bién bing 0 [hi dzing thirc xeiy ru.

3. Tir czic nhén pa 1 v51 2 suy ra néu /( p) am gizi 11-i l<'m nhéit. nh<'> nht mai pl hoéc pl

hoefac r=O an céng viéc cbn 131121 Chirng minh bét dang thtrc vc'1i2 bién $6.

Vdi cu hcbi am ra 1a khi niio f(p) dat gizi tri lém nhén. gizi mg pm nhét u_1i pl hoéc pl mp c6

két luzin sau:

3.1. Néu f’(p) z 0 , V pe [pl.pl],1m IVIiI1_f(p)=_f(/Jl)Z1\1z1Xf(]))=f(_lJ2)

Néu f’(p) £ O . V pE[[7l_[)3]{hiNIiI1f(/J)=f([)3)1N[Z1X f(/1):/(pl)
Being thirc xéay ra khi p=pl hozflc p= [73 irng vc5‘i trong 3 bién 95 cl. 12. c cé 2 bién

bng nhau hoéc cc’) mét bién $6 being O.

P ‘ Pl P2 /7 I [71 P2

f'(P) i + f'(11) I —

1*!” /<11.)Z M R mp)

3.2. Néu f'(pll)=O;_f”(p)2O {hi l\/1iI1f([7)=j‘(])U);M8_X_/'(p)=N[£U({f([Jl),]'(])2)}



Chumz IV: ;Vlz17'nv viélz kim cu'0'1z troll 126,1‘ (Trim thlir /zién Hui 71 1
8 b 5’ 8 3 . .

Néu _/"(p0)=O;f”(p)£O thi Max _/'(p)=_/'(/>H)11\'1in_/(/1): r " ‘ _‘

7
>—\

D
,_,\_

/-\

-~
\.¢

%/

/\

T?
J

\._

~_,_¢

r

11 1 P1 P0 112 P /)1 />1) />1

f’(/Y) 1 — + f'</1) 1 + —

.(>.
A 1»

‘ 1/(>1.-1
Hp) f I )\/T”)//(L) fr/>)f/(U)/ I \f.(p

. ,1 1. 1)

4. Trong mét 1'1 czic bi tozin ta tim Gizi U1 ldn nhil. Gizi lri nho nhl hing czich lfnh
dao hilm theo bién 1:113 hozfac thco R hoéc thco r.

Ch Hy nhd 1z_1i caich chfrng minh hinh hQC (7 lrén. chfnh Ln" chfmg minh d6 suy ra
ngay vdi mqii R, 1'06 dinh [hi cé thé tim du'Q"c ba $6 lhgrc khéng m u‘. b’. c" mil trong
ba $6 66 cc’) 2 s6 bémg nhau hoéc 1 $5 béng O. sao cho tam gizic X“Y‘Z' véi L16 di 3
canh 151 b’+c‘. c’+a’, a’+b‘ cfmg c6 R = R“ vZ1r=r‘. Nhu‘ thé. kél hqp nh:§1n xél nily vdi
céc két quél 6' lrén la suy ra trong czic t1"u'b‘ng hgp hilm f'(p) an I61 (don diéu) [hi ta chi
can xét mi mm-ng hqp 616i vc'>'i ba bién a, b. C ban aau 1:1 hoéc trong 3 bién C6 1 bién
bng O, hoéc trong 3 bién c6 2 bién bfmg nhau.
Sau dy chling ta sé liép tuc xét czic v1’ du dé 151m szing to cc nhzfm xét trén.
Chflng ta sé bit du véi nhfrng vf dn c6 lhé 121m du'Q'c being céc phu'o"n~g phzip khzic nhu‘
phu‘o'ng phaip d5n bién hoéc phu'o‘ng phzip SOS;

I B:71il:ChL'rng minh: tgAtgBtgCsinAsinBsinC22—; .VAABC (1)
z

Clzzhzg minlz

I , \ 8 2‘: 1 wDun b€1td§1ngth1'rc(1)\"é dang chfra p.R.r ta cé (1) <2 7/;T)32 /7‘ — 2(R+ 1")".

D511 1:111, xéthzim S6 f(1)=8L{-¢+2(R+»-)3 :1/"'11): 8'", -1<0
27R‘ 27R“

nén lheo nhén xét 3.1 La chi cn xét 2 Lru'C>‘ng |'lQ'p a = b \'Z1 c =1)

Trmfng lzgp 1: a = /2 :> sin A =sin B,c0sA :c0sB.

sinC=sin(18O°—2A)=2sinAc0sA, cosC=c0s(18O°—2A)=2sin3 A—1.

Khi as (1) <=>  22@32sin"A+27Z54sin3 A.
2sin“A—1 3

Theo AM —GM ta c6: 32.<m° A+§+2_77z3~{/328111" =5'-isinl A

D0 d6 (1) du'Q'c chtrng minh. Dng thtrc my ra <:> AABC déu '

Béi 2. cm u.b.ce Chfrng minh: (<11 +2)([): + 2)(<-1 +Z)Z9(u/7+/2(‘+<:a) <1)

Ch zhzg minh

Ta nhén méy ab + 1% + ca S1c1]1b1+|bHc1+1c'i|(z] do as 111 chi can Xél khi (1.1). <- 2 0.
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Ta C6: (1) @ p3rJ +Z[(4R+ 1'): 1'3 —2p2r2]+4(pZ —8Rr—Zr3\)+829(4Rr+ 2'3)

D§1tf(p)=VT-—VP.Ta c6: f'(p)=2pr4 —8pr3 +8p=2p(r3 —2): Z0

Theo két luén 1 ma f(p) am Min khi a=b hozfac CIO.

Trudng hqp 1: a =19. Ta c?1n chtrng minh: (:12 + 2)3 (cg + 2)29(a3 + Zac)

-<;> ah? +40%-1 +48 +2@‘ +sza° +18%. Theo bét déng thtrc AM —GM ta c6:

ale: +02 +1+l24ac
4a3c3 +428ac

2:14 +224a2
3c2 +3a2 26:10

3 a4c2 +4a2c2 +403 +Za4 +82u3 +1800 :> (dpcm)

Trubng hqp 2; @=0, khi dd (1) <=> 2(¢ +2)(b3 +2)Z9L1/7 <=> 2(a’zf +2a3 +21? +4)29ab

Theo bit dang mm; AM —GM ta (:6: @2111 +424ab;2aZ +2111 24111; :> (dpcm)

V51)/(a2 +2)(b2 +Z)(c2 +2)Z9(ab+bc+ca). Ding thL'rc xély ra <=> c1=b=c=l

Bi 3. Gié sir a,b,c 2 O vél ab+bc+ca=3.

Véi l< >0 cho trudc, tim gizi tri nhé nhélt cila S =a+b+c+l<abc.

Chzivzg minh

Ta c6:

. " . F F .S:a+b+C+kabc:\/§(a+;,+¢)+ 3\/3/mm \,/3p 3\3kaba‘

. J@b+b@+@a J<ab+1,¢+¢-a>L J4R1-+»-- J(4R,+,_1)~

Théy ngay ring f(p,R,r)=i+ 151 hflm déng bién theo p. Do d6
4Rr+r2 . .3 3" \/(4R1+2 )

ta chi cn xéttrubng hqp a=b:t2c. Ti: ab+bc+ca=3 suy ra c=3+

SuyraS=a+b+c+kabc=2r+%+kz%:f(z)

(3-3:’) 2 7 1 » 1'(r)=§—-§—+£i=;(1—r')Kk—7) Su ra f (z)=O<:>r=1,r=—f 2 211 2 2 1- Y J2

Va do I233 nén: f(t)2Min{f(1),f[—\;TJ,f(\/37)}:Min{3+k,2\/g}



I Béi 4. Trong m(_)i tam giéc. Ia <26: /J + “' + /"h 2(J— 2") /> (’“)| /)—(‘ /7-/2 />—u R

Clzmirzg IV: Nlzzivzg vién kim cu'0’ng Irmzg b(?'t ailing tluic hiin Jqli 7 I F

(I " - A‘

Chuyén bili tozin vé p.R,r vO'i p. R, r ln lu'c_>‘t 121 nL'1‘a chu vi. bzin kfnh du‘O‘ng trim ngoai
tiép vi: néi tiép CUZI tam gizic ABC ta 06:

V

ab + ca + /9C‘ Zab(p_”)(p_b)
/>—<' P-/I P-(1 (/1—~)(/>—1>)('/>—<")

(lib: +b:c3 +0303 — p[c1b(a +b)+bc"(b+c) +ca(c+ a)]+ pl (ab+bc‘+ca)
(P-@)(P-b)(P—@)

(ab+bc'+ca)2 — pg (ab+bc+ca)— p.abc

(P-~)(/1—b)(P—<‘)

_(P2 +4Rr+r3)2 —p2 (1)2 +4Rr+rZ)—4p:Rr (pl +4-Rr+r3 )(4Rr+ r:)—4p3Rr
pr: pr:

p%~2+16R%-’+sR,-‘+,-* p1+16R1+sR,~+,-3
‘

_ prg _ P

, p2+l6R2+8Rr+r3 2,Dodo(’*‘)@;~ 2(5-R')p<=>16R1+sRr+,-1-(4-%)p1z0
I)

Bat f(x)=l6R3 +81%,-+11 —(4—%).\' (trong dé .\-= pg va coi R1 C6 dinh)

3 f'(x)=%—4<O. Suy ra ta chi ciin xétbéi tozin1r0ngtru'6'ng hqp a =b=1.

(*)/:> Zab Zm 2/)(‘ 2[5_((1+I7—(')(b+z‘—u)(c'+a—l2)j¢1+b+@
a+b—c c+a—b b+c—a (1/)6‘ 2

<:>i2€C+42[5—(2—c)c]€2;"<:>€2£_+8210+¢-+¢-3

<=>2i22+c+a"3 <=>c2(c—l)22O (dng)_C

Du'c'wi con mét hinh hqc thi ding thirc trong bit ding thL'1'c (*) xay ra khi vii chi khi lam
giéc ABC aéu cbn dudi con mét dgi 56 ta cbn thém truirng hqp a = b. C = 0 Va czic hoén vi.

Bfii 5. Cho a,b,c>O, a3 +b2 +02 =3. ChL'1'ng minh réng:

a+b+c2zz3b3 +/JZCZ +c2a2 (1)

Chzhzg minh
Do (1,1), C > 0,a’ +zf +8 =3 nén ta c6 mé dua vé béix dang thirc dang béc vdi Cl, b, C.



Cl1u‘0’ng I V." N11 ling vién kiln cuvng trong blt :71?‘/lg tlz 1i'c hién dgzi
7 I 1

Béi 4. Trong m<_>i tam gizic. ta c6: ab + ‘U + IX (5 V’-J p ( )| p ( /2 /2 p u R|

2 _ 5- >51

Chuyén bi loain vé "p.R,r vé'i p,R,r l§1n1u'o'tl51 ntra chu vi bzin kfnh du'O‘n<> nén nv '
.

~ .= 4 @0331tiép vii néi tiép CUZ1 tam gizic ABC ta C61

ab + £61 + bc _Z"b(p_”)(P‘/7)pi pb p(1(/1
'7 T ‘Y 7a'b‘ +b'c2 +0311"

—~HP—bHP—U

— p[ab(a +b) +bc(./J + 0) + ca(c + a)]+p2(a./1 +./ac" + ca)
(P—@NP—bNp—O

(ab+bc+ca)2 — pl (ab+bc+ca) — p.al9c

(P~~Xp—bMP—@

_(P7+4RI+/)1~p7(p3+4Rr+r2)—4/13R!" (p2+4Rr+1'3)(4Rr+'3)
’ 21 —-1/2 Rr

rz
7

[7 P"-[)2I‘2+16R:I'2+8RI3+)4
3 2 1

- ' _p +l6R +8Rr+r'
pr: P

DO dé (*)(:> p'+l6R“+8Rr+r“ >(
p _ 5- @16R2+sR,~+H-(4-%)p1z0

B:;1tf(x)=16R3 +sR1-+11 -(4- \— .- (trong dc’) .\'=p2 v21 coi R, r c6 dinh)

:> f/(.\‘)=%—4<O. Su/rat h' A§ a c 1 can xét béi tozin trong truérng hqp (1:11 =1.

($)(;\ Zab + 2('(1 + 356- - (a+[2—(~)(b+('— )(2[D_ u c+a—l2)]g+l;+@a+/J—c c+a—b b+‘—
7

1 a abc ._

<=>2%C+42[5—(2—c)c]%<:>é+8210+¢-+03

4 1 = “<=>%22+c+c" <=>2-0 6' (c— l)' 2 O (dilng)

Dudi con mét hinh hc_>c {hi din“ thC irc lrong bit ding thtrc (*) xéiy ra khi v21 chi khi t' ' amgiéc ABC déu cén duéi con mét dgi 56 ta cbnth“ "
" ‘ ' ' '

em truong hqp a = b, ¢ = 0 va cac hoan vg.

B51i5.ChOa,b,c>O,a2+b2+2"3.
'v ' *c — Chung mlnh rang:

a+b+@za1/9’ +1918 +6611 (1)

D0 (1,1), c > O,a3 +b: +c3

Chzhzg nzinlz

=3 nén la c6 me dua vé bél ding thirc aéng béc mi <1,/1, C.
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(1) *‘:> (LF +17“ +(':))7 (a+h+(‘)_ 2(u3Z>: +/7:0: +(::u: ):_‘V'(1.b.c“>O (Z)

P-812--2-I 1 1. 3@ — "(4R+1')'—Z‘1)‘!“i2O(3)

"3Pl
‘1

Dé théy (3) déng bién theo p \/E1 do u./2.0 > O nén la chi phai xét Lru"6'ng hqp (1:12

Theo dlnh 1)‘ Z [hi f(p) dal cue lri mi /5 thi trong 3 bién .\'._\"_: c6 2 bién béng nhau

V21 nh6 ho'n hOZ\c bfmg bién c6n lai. Diéu nily tu'6'ng (mg v6‘i trong 3 bién (1./2.0 C6 2

bién bng nhau‘\' l6'n h0'n hozfac béng bién cbn l2_1i. Tir d6 suy ra la (:6 thé gié sL'r

11:17:]. khi d6 c£1.Thz1y u :/2:1 \'f10 (3) la C511 chfmg minh:

(Z+(‘2)3(2+(')2 »~1 (2+v3)(°+¢-)1:—-3——-iz(1+2<.--) <=~ ' 1 z 3,
27 3(l+2¢-") 2+6

w@[ +1 -1- 1'i“‘_z<1<5>.13<><>s¢-$1new-z¢»’_khi<1o;
L 3(1+2¢-) 2+<-~

J4".

,\

W(5)22_(1- )(1+3@w-¢-2)_1-6722(1+2<-)(11—<->_1-(-i:(-(~)-(%6+6<-f1)20

l+Zc") 2+0" 3(l+Z(") 2+6" 3(1+Z(")(Z+('")

:> (5) ddng :> (3) dilng :>(dpcn1).D§ngthL'rc xéy ra <:> u :[2:c
Béli 6. Cho a.b_c 2 O. "Fm hing $6 k t6t nh§tdéb§td§1ngth(1'c sau luén dilngz

a + b + c +/(‘(1/1+/7('+(,"cl>§_+§ (1)
b+(' ("+11 a+b (u+h+£.)3_2 3

. Clzlhzg minh

Thay u:l1.c=O 1m(1)¢> 2+§z§+§<=>/< S6.Xél(V1)L'1'ng v6'i /< s 6.

V ~ I ~8R‘ ~’ - ~ - P 6

Chuyén vé p,R.,r £1106: \’T(1):p '_ +' + /‘URI?’ ):_/ (p)
4R] /)“

3 f’(,>)v=»;I;- . Do /722l6Rr—5r: va Ago nén _/'(,>)z(>m~¢ 121

g(a.b.c): ‘G + b + C +k-a/)+bC+Cf1 dgu gizi tri nh6 nhl khi trong 3 bién/)+c c+u ((+1) (a+b+(.)~
a,b,c c6 2 bién bzing nhau vZ116'n hon hoilc bimg bién cbn lai.

Theo nhén xét 3.1 ta c6 thé gia str u =19 =12 c. khi d6 bét ding thL'1'c (1)

<:>i +%'+l<~~—-——1+2°',2%+5<:> 2 +-f)¥—l2»/jl—/<-3+2“,
c+1 1- (2+(,.)- L, 3 0+1 ‘_ 2 J (2+(.)~

@L)_6z"(i’);<=>3(2+¢-)3-2m-+1)z0 <:>A':l<(6—l<)§O<:>()£/<£6
3(<‘+1) 3(2+<~)'



Ch zrmzg IV: Nh 17";-zg vié/2 kin: cmrng trang bt (Tg tlz 121' hi?/1 dgzi 7 i 5

:> k = 6 121 héng tél nhl cin tim. \/di k E [(M6) (hi dz'1ngthL'rc xay ra <:> u :12 : <'

\/c'>'i /K : 6 thi d§1ngth(1'c ra <:a =b:<: hojc (1 =1>.('=0 v21 céu hozin vi

F

U

(I

Biai 7. Cho (1.11. c 2 0. Tlm hing $6 /c 1611 nht dé bit dém thirc sau luén dflnv"

¢714+/‘v"!1+c'4_ +k_ (1/7(' \21+£ (U
u'b'+/J‘("+c‘u‘ (u+b)(b+<*)(r“+a) 8

Ch zhzg min I1 ’

4 .2 _ _2 3

(1)<: f(P)=p -1610’) t(4R'+' ) +i""z1+i
(4Rr+r3)_—Zp:r3 R 8

Dé may f'<p> 2 0 nén /(p) aéng bién thco p. Theo ll/lll xét 3.1. ta c6 mé giti st!

a:b=12c.khid6(v1)<:> '
2+@-*+ /((7 >1+5
1+2<': Z(l+('): 8

<:>{2+"4, —I2l<[l— C ,]<:»(l_"22_ 2]"(1_(-); *:>8(l+c')42/<(l+2c3)
1+2<"" 8 2(1+(-)' 1+2c"" s(1+¢-)-

Xét c=O suy ra k $8. Ta sé chfrng minh k = 8151 hing $5 Lét nhl c§m lim.

Thét vgiy ta phéicl'11Lrng minh: s(<-+1)‘ zs(1+2¢-1) <3 <¢~+1>‘ z1+2(-1 (dimg)

. , 4 4 .4 .V<'xil<=8Lac6b1d§1ngth(rc dng: , ‘j +11 K“ _ , + 8””? 22
a“/)'+/)'(*'+('“cz' (z1+b)(/)+c)(c+(I)

Bing thirc x.:'1y1'a <:> (1 :b:c hoixc (1 =b,<,-:0 vi: czic hozin vi.

B:21i8. cm (1,1), C20. al>+bc+cu :3. Tim k 1am mat $210 ChOI

L L 1 _k_>3 L
c1+b+(‘+u+b+(:_ +3

Béi 9. Cho a.b.c2 0. Tim hing $5 k lé"n nht sao choz

/c1+b+b+c+c+z1+k I/(l{7+/)€'+('li 2N/6+/(
V 0 cl 11 \Ja-+b"+<--

Ban dqc cé mé w tz_1o ra nhiéu ban tép khzic nfra ae 11m¢<n-C. Néu aé ban khong quzi ph(1'C

tap tin chic czic bgm C6 thé gizii quyét dLrQ‘c bzling GLA.
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v||. MO’ RQNG GLA vc'r| BAT DANG THU’C n BIEN so (n Z 4)

I/I ai CO lhé Lin ngzly 151 GLA c6 thé chirng minh duqc cho bit déng thirc [tr 4 bién 56 no
lén. Diéu nily cng dé hiéu vi lhéng thu'O'ng chilng la sé cho réng muén zip dung GLA dé

giéi bili tozin n bién thi phéxi di xy dung m(3i quan hé gifra p.R.r ctla du gizic /1 czgnh.

Néu tiép cén GLA Lhco czich lhtrc ny {hi sé din dén bé tic. Chflng la >6 n10‘1‘©ng GLA
theo mét hu'é'ng khzic. being czich str dung nhfrng két qua CUZI dinh 1)? 3 Ihco cdch Lhfrc

nhu" sau:

-.

t)‘

:1

1. L)? thuyét co‘ $6‘ n16‘ rfmg GLA cho rz b

Girl sir _/'(a|,a3....a”) I51 Ga 1hL'rc déi xfrng vdi/1bie‘n $6 a;.uZ.....a,, >0 (11 2 4)

Xét 3 bién $6 bril ki am.zz”.r1/, (nz./1.p€{l. 2.3.4..../1}) \/51 cf) dinh caic bién $6 c<‘)n lgi nhu'

hing s5. Dél .\"=zz,”+z1,,._\"=z1,,+a/,.;=¢1I,+u,”_ khi dd .\'. _\‘. :, 121 3 cgmh cuu tam giéc XYZ

v51 3 bién $6 c1,,,.c1,,.c1/, 06 thé dun vé thilnh 3 bién p.R_r (lrong d6 p.R_r I21 nbru chu vi,

bén kfnh dub'ng trbn ngoai Liép vil néi tiép cua tam gizic XYZ). Tiép thco ta sé mO' réng

dinh 1)? 3 vdi czic két quzi co'bz'1n cna gizii lfch. -

1.1. Mc}tdathL'1'c déi xfrng /1 bién duvng Q6 G210 him cip I don diéu thco p, R hoilc r déu

dat gizi tri nh0' nhét, gizi tri Ic'm nhl khi cé /z -1 bién $6 being nhau.

Tire 121: f(p,R_r_a4,...,u”)2f(a,...,a,.\") hozjc f(p.R.r,a4.....a”)S_/'(u.....a,.x') '

n—l $611 n—l $6 (1

(6 dy ta chcpn 3 bién a,.a3,a3 dé chuyén vé p,R,r)

Ta sé 151m r6 hon méi quan hé gifra a vi: x.

- Néu fl; (p.R.r.a4,....a,,)2O ma né Sé am girl 1;-3 nhé ma: khi cé ,1-1 bién bng nhau

va 11-1 bién ny 1c'>'n ho'n hoéc bng bién cbn lai, \/£1 am gm tri 1é'n nht khi cé ,1-1

bién bng nhau v51 n —1 bién ny nho h0‘n hoéc being bién cim lai.

- Néu f,j (p,R,r,a4,...,a“)SO thi n6 Sé dz_1tgi2i1ri nho nhéit khi C6 n -1 bién bang nhau

V5. 11-1 bién niiy nhé ho'n hoa§1c'b§1ng bién cbn 1@i. Va am gizi tri lé'n nhét khi c6 ,1-1

bién bng nhau v21 11-1 bién nily lén ho‘n hoefic bng bién cén lgxi.

Ta sé chtrng minh dai dién cho truiwng hcyp fl’, (p. R, r_a4....,a” ) 2 O

DO f,;(p,R.r,a4,...,a”)ZO nén f(p,R.r,a4,...,(1”) démg bién thco p.

Trc 151: f(p],R,r,a4,...,a”)Sf(p,R,r,a4,...,c1”)Sf(p3.R,r,a4....,a”)

Theo nhu' nhém xét trong dinh 1)? 3 ta c6:



Clurovzg IV: Nh 1771g vién kiln Cll‘0'llg trong b't ring th 1i'c hién r7{!i

\|

\|

~ p= 1;‘ khi tam gizic 151 Lam gizic cén co 2 canh hon nho hon hozfxc hing cgmh dziy. Biou
nZ1_\;' co nghfa trong 3 bion ban déu co Z hién bong nhuu \'E1 Ion hon hoéc bong bion con

lai. D0 uI,a3.a_; duoc chon mot czich Lu)“ dé chuyén vé p.R.r v51 _/'(z1;.c13....¢1n) 151 da

thirc doi xtmg voi al,a,....a” non zip dung lion Liép voi czic bion con lai ta Ciu'oc:

f(.\'.K_\"....., _\')S f(aI.a3.....a”) (x2
/1—l

- p: pl khi [Elm gizic 151 lam gizic cim co 2 cgmh hén Ion hon hozfac hing canh dziy. Diou

nily co ngla trong 3 bion ban dou co 2 bion bong nhau \'Z1 nho hon hoéc hing bion con

lai. D0 a1,a3.a3 duoc chon mot czich tu)‘/' aé chu)/éon vo p.R.r V21 _/'(u|.c13....u”) 151 da

thirc doi xtrng voi a],a2,...u” non zip dung lién tiép voi czic bién con lgi la duoc:

f(.\'....,.\',)‘)Zf((I1.(l3.....£l“) (.\'S_y).
n—]

1.2. M0i da mu-<1 n bién duong co dao hiim cop 2 f”(,>)z0 aéu am gizi 11-g 1011 nhot khi

trong n bién co /1-1 bi-on béng nhau.

1.3. Mqi da thirc /1 bion duong co ciao ham cop 2 _/”(p)s0 déu at gizi tri nho nhét khi

trong n bién co /1 -1 bién being nhau.

2. Nhén xét: Néu _f(u|.c1,....a”) 1€1daLhL'1‘c doi xtmg voi (l;.cz:_...a” 20 thi til" czic nhgin

xét 3.1, 3.2 trong VI ta moi ch1co mot két qua tam thoi 151 gizi tri nho nht cua v21 gizi tri

Ion nhot cL'1a f dz_1tdu'oc khi co 1 so bion so bng nhau v51 1 so bién so thi chua so szinh

dLl'L_)'C (vi c6 mé C6 mm S6 bién S6 bang 0). Ta S5 Chung minh mm két qué manh hon 151

khi al,a2,...a" 20 thi vén co két luzjn:

trong n bién co 11-1 bion hing nhau. Thot v<

‘E.
::.:\

SI.’

1 mm nhot Va gizi In 1011 nhétf am dL1'(_)'C khi

sir gizi tri nho nhot hozflc gié tri Ion nhot cfla

._,,

\<

‘£3.
,;,_

f(a|,a2,...,a”) dat tai (O,...,O,a....,a,b). Xét bo 3 so (O,a,b) thi theo céc nhén xét 3.1, 3.2

trong v ta cs a =0 hozflc 11=0. Néu 0 =0 thi gi tri nhé nheit hoéac gizi 01 Ion nht S5 cm: mi

(O,...,0.b) suy ra két luzin dng.
n—] '

Nou b=O thi lgi xét tiop Z bo (zz.u.O):(0.0.u). /:\p dung tiop czic kot luén 1. 2, 3 ta suy

ra a =0. Gizi 01 mm nhot hoéic gizitrj 1onnh§1tdz_1ttai (O.0,....O).V§1y céc kot luén 4, 5, 6

d duos mo rong r21 doi voi czic bién khon

S"
U3

931

I-U~

-39)

"U

E“
=1

‘J'

D‘
-o

93

(IQ

23>

5

Biai 1 [IMO Shortlist 1997, Vietnam] C110 (1.12, c,d 20, a +b + c +d =1.

Chrng minh ring: ubc + bc(1+ cc1a+ dab £ % + % abcd ( 1)

Ch z?'ng minlz
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(1) <1? [u19u+ (1 (41/2 +111‘ +('u)](u +12 +('+(1)§ +LZ_(lz11)('z1 (Q)
__ ;/

T w l ‘. * +‘/)4 .
<:>;_pr“ +(_4Rr+/"')(1i(p+(1)S%—+%prwl

+14 ‘ F ~ , 7
D511_/“(/))=VP—VT:Q%+%/1r'(1—L/22" +(4Rr+r')z1Ai(/>+z1)

4 1 ’ , , 1 1 ,

Ta C62 _/'/(1)) 1+?P:/_( ) +%z1r' — Zpr" —4Rrd ~ Z:/1". DC: lhy:

. , _ 4(p+¢1)‘ 4 “+12 11 4 ~2741+|2»9/e-/ ,
%¢1r‘ 22:12" (3): 27 2 P P [ 2 P I M 22p/"+4Rrz1 (-1)

Til‘ (3) \'£1(4‘) my 1'21 f /2) 2 0. Do d6: f (<1./2.('.<1)2 _/'(.\-..\"..\"., _\") (.\" 2 _\")

Thay .\'=1=u=12:('._\":z1 \*i10 (Z) la c§n chirng minh: (3_\"+l)(3+_\")5E;l+%$_\"

¢> 27¢ s_\-* +12)“ +14_\~ <:>-_\-(_\--1)’ (_\-+1-Ugo

Ding thirc my ru <:> _\"=O hofxc ‘_\"=l. Vgiy bit ding thirc (1) dfmg vil ding thtrc xay 1'11

khi a=1>=c=(1:% hO{1C (l:1J:(':%.(1I0
3

Bi 2. [Bfit (‘Hing thllrc Turkervici] Chtrng minh ring \"('>'i moi sf» duong (1.1). 0.11 [L166 i

a‘ +124 +1-4 +11“ +2(l17('(1Z(l:1)2 +1230: +<':¢13 +1130: +u3(': +./23413 U‘) 1

Chlhzg minh

(*) <:§ (:14 +124 +c4)+(1“‘ +2a1;c.'(1 2(a:b3 +1130: +c3a:)+(u2 +123 +("3)(13

<=> p4 —16Rr/)3 +(4R1'+r3): +(14 +2/11‘1(12(4R1'+/'2): -2/731': +(/J3 —8Rr—Zr2)(12

<I> p4 —16Rrp: +114 +2p/'3c1+2p3r3 —(/73 —8Rr—Zr3 )(13 20

Bén dy néu ta @1511 VT 1:1 mél hZ1m thco bién p ma @110 an C6 dao ham dén cap 2 la cfmg

khéng lhé xzic dinh du'Q"c déu cL'1z1 né. Rét may ta C6 thé nhén thiy ngay ring VT nghich

bién thco R néu coi n6 121 min hilm thco R vé'i p.r Q6 dinh. C6 min true lreflc 151 ta lgi

chua xy dung méi quan hé gifra czic bién bng nhau v(>'i bién cim 1z_1i khi khclo sail theo

R. Tuy nhién ta c6 thé thy ngay r§u1g diéu niiy cé lhé tam lhiri b<'> qua. Git: sir

a=b:c=.\'. Ta ciin chirng minh: :1‘ +3.\" +2.\"‘¢123,\"* +3.\"3d3

<:»¢1(.\--@1)3(2,\'+a)z0. Bang thtrc xeiy ra ¢> .1-=4 hoéc (1=0.



Ch u‘0'n ' IV: Nh 1711" vién kinz cumz tron" bril (T511 1/1121‘ hién ¢T(1i 7 19é 0 8 <> 8 . .

Véy bt déng £hL'1'C (f*‘) dimg vii U0‘ thilnh d§111g lhfrc khi u :b:c:¢l IIOQC u =/2:0. (1 =0
vil czic hoén vi.

A

21 xél bzii tozin Léng quail sau:

=—f;i

hL'mg minh r§1ng_:

(1z—l)(a1‘ +u.: +...'+ (1; )+/1~”\1‘¢1i‘z1f...¢zi 2(u] ~u- ~,..+u, )_.V(1..(1,....(I, 20 [

L

Dét F =(n —l)(u§ +0; +...+ai)+12-Q/(1i3z1§...z1i Z(z1I +113 +...+u” )2

C6 dinh a4.cz<,...a”.chuyén u1.a,.a; vé p.R_r la du‘Q‘c:

F:(n—I)(p3 —8Rr—Z/"2 +1143+...+u5)+nQ1/;3r4z1'...z1§—(p+a4 +...+a”)2

.-4‘

Ta théy ngay f 1Z1 hilm nghich bién thco R nén Lu chi cfin xét Lrudng hqp (n - 1) bién
being nhau. Giéz str (11:61: :...=a”_1 =1. dit all =11. Ta cn chtrng minh:

1 Hf 3 TT '(1z—l)(/2-1+a')+n-1/11' —(/1—1+u) 20 <:> (IZ—2)(l: +/1-'§’c1' —Z(/1—l)u2()

/—/\p dung bit ding thfrc AM — GM cho (11 — 2) s6 113 \-"Z111 (1: la cé ngay diéu phzii

chirn minh. Dénv thtrc xéw 1'21 khi u =0 - " uC C ' 1 2_"'_ 11'

Biai 3. Lilm chzfzt hon bit dfmg thtrc qucn lhuiwc:

K 1 1 1 \ 2<61] +11. +...+c1”)—+—+...+— 212
H ‘ (I, £17 fl”

‘ Ch zhzg min I1

Ta d5 ddng CM du'Q'c ccic brft drfng thfrc sau .-

1 1 1 \ 4(uI3+a§+a_§)V0'1/1=3:(u1+(1,+c1;)—+—+— 25+——~ii' ’ al (13 (:3 ulul +a3a3 +a3a,

Vé"i /1:4:
9(aI3 +a§ +11% +a§)(a|+a§+a}+c14) i+L+L+L 210+ ‘' ' (II al (13 :14 (Il(l2+(l1(l3+£l](l4+(l2£13+(l3(I4+(l3(I4

‘ V, _1 1 1 /<(a,:+a3+c1§)
Xct bat dang thuc: ((1, +a, +a;) ~+—+—~ 29-/Mi-%-—' ' ul (£3 (13 alaz +a3u3 +a3al

Czic ban c6 thé nhén ra /< =4 chfnh 1:1 m ldn nhél cé mé aé béz dang thirc khéng bi
aéi chiéu. Vdi 11:4 ma viéc tim ra hing S6 /< lét nhél 121 9 cflng chi Vél V3 hon déi chlit.

Khi aa C6 trong lay GLA {hi bu"é‘c du dozin ms nén khéng can miét v Chflng ta c6 mé
bait tay ngay \/£10 viéc tim hing k tét nht cho bixi tozinz
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/1 , k(1z—l)(z1|3+a§+...+a§)
((11-4-a~+... — — _11“—l<+Z*———i/Ié (“)

_ _Zu,~u;
1_\‘=X

1:/'

\

Gidi: Chuyén a,.a2.u; vé p.R.1' ta cn Lim k sao cho:

, . .2 \ _ 1<( -1) 3—8R~—2-3+ 1+...+ 1

(p+c14+...+(I,,){@+l+...+lJ2n“—/<+ H (P I I U4 H”) _|

pr“ ((4 Cl, ”
I 2 (4R1"+r- ) + 211,41, —z1,a3 —a;a; — _,

l_\'=l
I=/ _]

Dén dziy néu ta chqn (VT—VP) 151 mét hflm thco p {hi mQi chuyén tro‘ nén khé phirc

tap. Tuy nhién nhim maiy (VT—VP) la mél hm Lhco R thi ta may ngay ham ny aéng

bién Va di dén két luém (VT—VP) am Min khi trong 11 bién a,.c13_....c1” cé 11-1 bién

bng nhau. Ta c§1n tim /< tét nhét sao choz

(1z—1+.\‘)(11—l+l_)2113 —/< +——- (”*l)(”_1+x2)
A Z[(n_2l(n_1) + (11 — Ux]

@112 —211+2+(11—1)(.x"+l)—1z3 +k—k(n—,)1+x2)2O <=>(”—1)('\-_1)_ — k(X_1)~ 20
\ 11—,.+2.\' .\' 11 —2+2.x‘

<:>(n—l)(12—2+2.\‘)—k\'ZO -

cm 1» +00 ta dé ding nhén may hang $6 /< 161 nhét 151 2(1z—1).T6m1;1ita cé
I *1 ~» 1

, (1z—l) (a +11, +...+u
(a[+a,+...+c1”) L+L+...+L 21z'—2(11—l)+ ' cl, (13 an ”

Z ”i“1
1.\'=l
1:]

Ding thtrc xéy ra 4:> a, =11; =...:a” hoiac a, =_..=a”_, vé an —>+<><> cimg céc hozin vi
Q

Bi 4. Cho al,a3,...a” 20 vii al +512 +...+a” =11.

Chfrng minh ring: (11—1)(a13 +1133 +...+a§)+12c1[a2...a” 2112

Ch l?'1zg 1n i1z I1

C5 dinh a4,a5,...a” v21 al,bl,c, dua a],a3,a3 vé p_R,r . D5 théy vé tréi 151 m<f>t hm

nghich bién theo R. D0 dc’) ta chi cén xét truimg hqp (12-1) bién béng nhau. Gié str

a, =a2 =...=u,,_I =1 [hi z1”:11—(11—l)I.

Ta can chirng minh: (11 —l)B11—1)I2 +(1z—(11—l)t)2j+11t”'l[11—(1z—l)I]2112

@(11—1){(n—1)I2 +(11—(1z—1)t)2 —1z]+1z[nl”'l —(1z -1)!” -1120

<:>(11—l)E(n—l)(13 —l)+(1z—l)(I—t)[n+l—(11—l)1U+n|:nI”'] (1-1)+(t” -0120

<=>(n—1)2(1—1)[(r+1)—(n+1-(n—1)1)]+n(l-1)[n1”*'—(1”"+1”'3 +...+1)]2O

<=>11(n~l)2 (1-1): —1z(r—1)[(1”"—1”‘2)+(r”"—r”‘3)+...+(r"" —1)]20
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<:>11(11—1): (1-1): —11(1—1)31(11—l)1"“3 +(11—Z)1”"'; +...+31: +Z1+l]2()

J

¢1>11(I—l1_

‘VA’?

w

111-1)‘ —1(11— 111"‘: +(11—2)1”" +...+313 +21 +1U2()

<:>[11—(11—111](1—1)3-A20 (trong (16 A > (1)

Ding lhirc 1'11 <:>1:1 \/11%
11-

B§1i5. Czic s6111g1'c du‘0'ng 11,.113....11,, Q6 1611;: b§1ng11. Chrng minh ring:

3 3 2 . 3 1- » ~ - ~l+L+...+L—112—(11, +11‘ +.1.+11,_ -11) \‘o‘1 11 nguycn du‘0'ng \'a10"n hon _v_
11, 11 11,, 11 '"v

Cl111'11g 111i11lz

Logxi bé diéu kién lu c5n chirng minh:

1 ~ _],(11,+11,+...+11,,),l+i+...+l,~11f2 (' ' 11, 11, 11,, 11

/
’ 11—

r-

:(11,:+11;+...+11:1 T

,__.__

- :1._”|
(11, +113 +...+11,,)“ J

Ta lhéy ngay ring VT démg bién thco R cim vé phai nghich bién thco R. Vi véy la chi
C511 xét t1"u"O'ng hqp (11-1) bién trong 11 bién bng nhau. Ta sin chimg minh:

(11—l+11)(1z—1+i)—1z3 Z-{ —11
U '7 (11—1+111‘

(11—l)(11—1)' 24(11—-1)_11(11—11(11—,l)' <:>(a_,,: ,”_,_a,: 20
‘I ” (11—1+111'

Dzing lhL'1'c x21y1‘ac> 11 =1 hoéc 11 =11 — 1.

Véy déng thirc nfong bit ding thtrc ban du xziy ra khi 11, = 113 =... = 11,, =1

11050 11, =11: =...=11,,_, =7L,;.11,, =% V51 czic hozin vi.
1 11- _

Bli 6. Cho 11,,113....11,, 20 vil 11,113....11,,=l.Ch1'1"ng minh bit déng thtrct

I+1+...+ I + 3” 211+3
11, 113 11,, 11, +113+...+11,,

Chzhzg 1ni11h

C6 dinh 11,.11_;,1..11,,vf1 111.11, + 121.1", + 1.-,.11, .Tath§yngz1y VT nghich bién thco p. Do C16

ta chi cfin xét tru'i>‘ng hqp (n-1) bién béng nhau. Giéz sir 11, :11: =...=11,,_, =11 thi
1I—1

11 :l—. Ta cén chfms mmh: g(11):”?1+11" ' +31211+3
'1 11~| " ‘ ),11

11
1 fl (11—l 11 +1

, ,,_: ,,_1 3,,(,;_.1)a"*3(1_(,")_(11—1)(11”—1){[(11—l)11”+11_—31111”}
g(11)-(11—l111 — + -

‘F [(11-—1)11”+1] 113[(1z—1)11”+l]
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g'(¢1‘):()":>(cz” —I){[(/2——1)u” +1]: -3/zu”}:()

Theo b§1d§1ngth[1'cA1VI— GM1hi [(11-1)“/*+1]: 24¢”-1)u"z3m1" (V1124)

Dodé ;,/(U) cilng déu mi (M -1) vi: g'((1)=()<:>u=l

Néu 4121 [hi g'(u)2():>g(a)2g(1):11+3:

Néu (131 [hi _f(u)S():>_q(¢1)Z-M1):/1+3

\’:§1_\'l;1c<3(dpc1n). Dnglluk‘ \a> ru <:> ul :11: :..,:u, :1.

Bili 7. Cho ul.u3....u” >0 06 téng bfmg 12. Chtrng minh b§ld;'1ng lhtrc:

1 + 1 +...+ 1 —n2M”:1)(1—u1u1...z1_,.)
(I1 <1. an ,;~ ' '

Ch ling minlz

Loai b0 diéu kién la du"c_>'c bili tozinz

/' 1 1 1 W 1 3(”._1)' lI”(l[(lq_..{l”

_ <- Yl
((1|+(1‘+...+a,,)|— +...+-— —/1'2 — “

‘ \u, Cl
‘ 2 "1: ” u, +u3 +...+u,_, I

C6 dinh ¢14.c15....(1_,, dun aI.(1:.(1; vé /1.R.r tn cn chL'1'ngminh:

. F 11 “ T
- \ 1 3( -1) /1 pr'c1 ...a” ‘

_/(/2.R./')=(p+u4+...+c1”){i1+l+...+l}—/z‘— H 1- “ 2
\ /11 :14 a, /1 ( (1, )' 1 p+a.+...+ _ "

Ta Lhéy nguy f(/1.R.r) déwng bién theo R. D0 dé Lax chi C511 xét tru'O'ng hqp (11 -1 ) bién

being nhau. Giél SL1‘ (11:03 =...:uH =r S1 {hi an =11 —(n — U1.

Ta ciin chfrng minh: L——i+——i1 -11 2i—8(”w_1)%rl —1"‘* (12 —(n — l)1)_§
I /1—(I1—l)I 11" * "

<3(fz—1—1z!)[/z—(/z—I)I]+I 28(11w—1)®_[~*1 (”_(n_U[)}
l[Iz (11 U1] 11

\_/

_ —l) (n—1)1” +(n—2)z”’+ +%z +2r+l;z(n—1 (I-1): 8(1z-1) 1 n _~ ~ W_____i ____( ~ , > -

<:> r[/z—(/1-Ur] > I12 I E J

.7

\:> F 1" 121 (dflng V131)
8r[n—(11—1)r]L(1z—1)/”“ +(n—2)z""+...+3z- +21 +lJ

Ding thtrc xdy ra <:> ux =11: :...=u,, :1



Ch uvvzg IV: NIz1?'rzg vién kim czrrmg trong brit 1717,21g I/llir hi $11 dgri
4 72?

4. Bdi tp zip dung:

l. (China TST 2()04)Ch1'1'ng minh ring néu (1./2.<'.d lix caic $6 lhgrc du'o‘ng \'é'it1’ch bimg

lthi l_+ 1_4+ 1~+ 1w21
(1+u>" (1+/>)" <1+<-)' (1+1/)'

2. Cho (I./7.(‘>O i+—l—+i:Z.
1+0 1+1; 1+0

Chmg minh réng: ab +1>('+ m 24(zb('(u +/2 +0)

3. Chimg minh ring bt dfmg thrc sau dimg \'é'i 11../J.z".d 1i\ czic sf» thgrc du'<>'ng:

(I + />2J:I('~Hl1 + ('2+b<1 + (E511 + 025/1 29

4. [Moldova TST 2005] Chfrng minh ring néu u.[2.r'.zl II1 czic sf» thgrc du'0'ng \'f1

u‘+/>‘+¢-‘=3m1;%~+4_+%s1
4-uh 4—/21' 4—(‘u

5. Cho céc (hue du'o'ng (1./2.r".d \'Z1 (1: +123 +03 +a'3 :4.

Ch\'rngminh1';§ng: 2 1 + i 1 + I + 1 22
a‘ +/2<'d 1)‘ +('d(l <“+z1ub d +u/1r‘

6. Git! sir u./1.0 151 cc $6 thuc du'o'ng \'i1 (1: +/>3 + ('3 :1.

Chfrng minh ring: —_ai+?/)—+—}%23
<1‘ +120 /2‘ +111 c +11/2

7. Cho a.11.c2()\/Z1 a + /1 + (1: Z.

Chirng minh: i+l+i£i
("+2 0+2 b+Z Z

s. cm (1, 1». L’ 2 0 Va 612 +111 +8 =1. Chtrng minh rang;

1SL+L+_LS\/5
1+ bc 1+ (fa 1+ ab

9. Cho 41.1). 0121 czic $6 khéng Elm thy Chrng minh ring:

(11 +/7): (/2+0): ((+41):+ W + , 26
c"+al1 a‘+bc b'+ca

l0.ChL'1"ng minh ring vé'i mQi $6 thgrc khéng zim 0.12. curl Q6 tfch bng I thi:

(1+a3)(l+b:)(l+c:)(l+(1:)2(u+b+c+a')2

ll. ChL'1'ng minh ring vc3'i moi (1,1), (' khéng m thi:
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+1715 +04‘) + 4101:l1:;+l2:‘0: +0301: ZHM +b+(>)

u“ +11‘ +0‘ u‘ +17‘ +0

12. Tim hing $6 thuc /<1é'n nhél sao ch0b§1td§11gt11Uc sau dmg ‘7a.b.0Z O:

01 +l<a{> +12: +l<001 +01: +kb0 2 311+/<1

(a+b)_ (0+a1_ (b+01“ ‘L

13. Chtmg minh ring bit dng thtrc sau dimg \'(3'i mqi 11.1.1.0 khéng inn v51 p.q 121 0510

hing s6thOa1nn p 2—2.q 3 20/ +1

012 +qbc +- 192 +0100! 03 + c/ab 31¢] + 1)

bl + pb0+03 02 + p0a+a2 (1: + [701]]-1'17: _ P+2

14. Cho czic $5 du‘0'ng a, I2. 0 cc’) téng bng 3. Chirng minh rzingi

, 1 '+ 1 1 + 3 1 £1

a“+b+0 b'+0+u 0‘+a+b

15. Chtrng minh ring \'O'i mQi $6 tlmc khéng m u.b.0

014 +124 +04 + 01170101 +17 +0) Z01} (I) +01+/;310+u)+ 0; (c1+1))

16. Chirng minh ring: V61 mQi 01, Z2. 0 khéng m ta 1u6n cé: l-
012 (I1 + 0) +112 (0 + 011+ 0:(u~1-191210112 +120+0a1-:1/(u+/21(1) + 01(0+ a)

17. Gié sir czic $6 Lhuc a. b. 0 théa min 01: +12: + 0: = 3.ChL1"ng minh1':§1ng:

a3(b+0)+l23(0+c1)+03(01 +b)£6

18. Gié 511' a, b. c 15 céc $5 thuc du'o'ng. Chtmg minh ring:

(l+l+i)( 1 + 1 1 1 )2 9

a b 0 1+1: 1+1) 1+0 1+ab0

19. Chtrng minh ring néu cz. b_ 0121 céc s6dL1'U11g vil 0112021 thi:

1+c1+1+b+1+0
b '2

61+ +6 1+b 1+0 1+0:

20. [USA MO 2001] Gizi su' a. 11.0151 czic thuc khéng m lhba ‘min dfmg thL'1'c

(1: + bl + 03 + 01120: 4. Chirng minh ring: ub0 + 2 Z ab + b0 + 001 2 01120
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vm. emu LY GLA TONG QUAT

Tron" nllfrnv muc tru‘('>'c chxin ta di thuc hién hui néi dun" chfnh. ThL’1'nh5lchCm<* ta d

lim czich chuyén bl ding thirc ban c15u \'O'i 3 bién Ll. b. c vé bit ding thirc mdi vdi 3

bién p, R, r trong dé p, R. r 121:1 1U'Q'l 15 ntra chu \'i. bzin kinh du'é)'ng trbn ngogi tiép vi
bzin kinh dudng trim néi liép cuu tam gidc XYZ»v<§'i ha cgnh /7-1-(‘.('+(l.(l+/J. Suu dd

vdi dinh 1)’/' 111.3 vil nhfrng ghi chL'1 CY muc V11 chfmg ta nhén théy néu cgrc [r1 cua hm

f(/2) dal du'c_»'c khi p nhgin gizi lri bién \*('J'i mQi R. r 05 cnh thi I21 cfmg chi can xél

u'u'b‘ng hQ'p trong 3 bién :1. b. c c6 min bién hzing O hoéc hai bién béng nhuu. f\’hb' nhén

xét nil)‘ mil viéc giai quyél czic biii Lozin L151 l1"0' nén rét gQn gang. Tuy nhién. \"c'\'i mét s6

hixi lozin 06 dang 'phL'rc lap thi viéc quy vé /1. R. r 121 khzi khé khén \/‘Z1 thiéu khén ngoun.

Trong tru‘O‘ng hqp G6 str dung méi tu‘0'ng quan gifra czic bién (1.19, c‘ trong d:_1i $5 Y5: czic

yéu 16 hinh hgc p, R, r Lu khéng cn quy vé p. R, r nfra mZ1 sé di tim nhfrng dinh 1)" true tiép

cho czic bién dai $6.

chm y rang nhb‘ czic hé mac 1\/.1 \»a1\/.3 cé ma» nhén may mu-¢ chét viéc C6 dinh R. r 151

~ A - - - ~ + + I A» . , \ ; . -4
ta da co dgnh hal dgu 1u"Qng <1/2 + bc + cu vag——l;—5 1'01 khao sat ham so m<_>1 blen a + b

(1 c
+ c. Ta sé vzin gi" nguyén tu' tu'O‘ng nZ1y_ kém lheo min chljt thay déi dé di téi czic dinh
1)‘ rt trong sfmg sau dy.

/
#0/20 = (‘oust

Bjnlz If I: Cho u_/1.<' > (1 IhOu mfm -<1 khi d6 ta c6:
(1/2 + ac + /70 = ('0/Isl

0 Néu _f(a,b.c) 151 mét hixm déng hién thco (1 +/2+ c lhi né $6 datzvzi/1 khi trong 3

bién a,b,c' cé 2 bién bng nhau vZ11<'>"n hon hoéc being hién cbn lz_1i; f(a,b, c')€1qL

max khi trong 3 bién a,l).cc<3 2 bién hing nhuu via nhé ho'n hozic hing bién cbn

lgi.

0 Néu f(a,b,c) 151 mét hilm nghich bién theo a+b+c {hi n6 sé dat min khi

lrong 3 bién (1.b,Cc6 2 bién béng nhau v21 nho hon hoéc béng bién cbn 12_1i;

f(cz,b,c)dgt max khi trong 3 bién a,b,Cc6 2 bién being nhau vil ldn hon hoéc

béng bién cf)n1:_ai.

Clz ting minlz

N(}i dung d1nh1}"c6lhédLrQ'c phzit biéu du'O'i dang sau dziy:

(1120: die

Néu a,b,c,d,e thou min hé diéu kién 5112+ ac+l)c = (12 + Zde

1021220

Khidétacéz Néud2e thi a+b+c22d+e
Néu d £6 thi cz+b+cSZd+e

~ Th:_§lv:_‘1y.xéthZ1m $6;

f(x) = (.\' — a)(x — b)(x — c) — (x — (1)2 (x — 0) = (2d + eA— a — b — 01x3
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Néu d 2:’ thi (1; Zn/2c:d3e2e‘ :>a2e m£1 f('(1\)":~(cz—¢/)3((z—0)§O hay

(Ed +e—(.'—i>—c)(/I £9 Q (z+b+c 2 2d+e

Néu dée thi c"Sc1bc=d3eSe3:>c§e mi: f(c)=—(<'—d):(c—e)2O hay

(Zc1+e—a—b—c“)a:2O:>(1+/)+CS2([+€

Dinh 1)? du'<_>'c chtrng minh.

Tiép theo ta sé nghién ctru him $6 f(a,b,c)= a’ +1)’ +0’ <15 dén dén mél dinh 1)?

cé tfnh trng dung riit rcfmg ri trong chng minh bit déng thllrc.

_' ' ‘ abc = cons!
B_mh ly 2: Cho a,b,c > O thoa man unh chat khw do ta co

\ab + ac" +116 = corzsi

0 Néu 1‘ 2 -1 thi f(a,b,c) = a’ +19’ + 0" déng bién thco a +b+ c

' Néu tS—1 thi f(a,b,c) nghich bién theo a+b+c
Chzing minh

Xét r2—1

Ta cn chirng minh ring néu a,b,(',d,e,f 151 céc s6 thuc duong thoa man:

'/abc Idef (1)

ab + ac + be = de + ef + fd (2)

a+b+c2d+e+f

Thi Q’ +1)‘ +@' 24’ +@' +f'. cm SL1‘ Cl 2/)2: C6 dlnh ¢1_@,_/'

Biéu dién b,c theo a,d,e, f ta duqcz

Tir(1)I>bC=£1—:;]i (3)

Tum :>b+¢-=______ _bC =%£d@+@f+f</—%) (4)

Q>-4

{_______

/i_\

E~
%

VJ

Tir(4) v (3) :>b—c=— de+cj'+fd— 1 —-ldcfcz (5)
a /.

Bait b=f| (a);c=f3(a), ti1'(4) \Z1(5) suy ra:

f,(a)=c=—Lde+ef+fe—— _,ILd@+@f+f@-Q] —4defuj
~ a \{ [1 /

IQ Q_-

3

T_

/.
J

_,/



C/z 1ro‘ng I N11 1711g vién kiln cuvng rrong bf’! tiring tlzzic /zién Jgri 72"
Tfnh dzgo him Qua /> vi 1' thco (1 La du'Q'c

.

4'/@';~§,([( ¢/(ff. ‘i I ,1

L 1/0+ gf +/ — [Z ~ J‘ ~44/Lf/‘£1 ‘

:14” 3~ ' ' u . . ;‘ . _ 11¢

~\ »+<r/+¢(~ flvr: *

T + “v_\M__~i_/,_ - <1<»+<;r +_,2/J‘ + d@+¢_»/ +;¢1* ’ | -4</qr;
(l f /,f\ (1 \\ /1 ll

8»/> Z Zu:
\

. /

def def I d<’+¢?f +fé/~(~* —l'1<_'f '

R‘‘I

\ _ I" _ _ 1 .
a § — u_;__$}_, — (lc+¢ff +_)‘d— U — ' c/e+¢jf 1/1/~ f | —-ldcffuj

“ u \\ u /‘u‘ 1' 1'/\~
\Ld¢»+e}"+fd—(*"I [ -4(/4;, ‘

~
\ \

»

. J, (6.1.

5f2(a)_ ' _ A :1 / /,

at Z112

‘ 3' ( ) E) '.( ) .
A

TU‘ diéu kién gitra a,b,c,(l,e,f ta du'a—i‘;'a[£l v51 i—‘/1;)U vé cl.b,cu1cé:
2 c

. \ \
id; ab+ac +190-gr —2a1)c

J‘-1

\€i

G “ + ' if W ” ' " "*7 ‘ " '

6' \/(0b+ac+l2c—bc)' -4<b@if (cl)

iii
E‘ w

“Zr WK }[cz1)+(&‘+lx'—a[x+\;[(1b+ac+&‘[Jr] —4cz:lx*}
a ' (1

E172 241:

be + — a2+u( \1 (12.
\/(ah + ac')' — 4113121"

— ’a‘b('
11> b -—2h- ; 1_:<F;11“:>M fL%_ P ¥+ K ,H,(.)% 4 J

2:13

<1b("(b + c" — Zu) |— -1

/>¢‘+~ —Lal>+<1<'+u(b—c")J‘ a/,+ _ _~, (

‘ b (
a(b—

bc'(a -19)

2:1"

a —l)
(U) /)( + [H _ UC

Tuong tu ta co: i=?-ii
Eh <1

(I-

Vgy f(a,b,Vc?)=a’ +b' +0’ :0’ +|:f] ((1)1, +[f: (am;

8f(a,b,c) I, ll Bf] (11) ,1 5f,(a)—-—-=. ' Lb"-__ --i
Ha ta + 81> ‘Ht ac

a—b\ - a-
ab + be ~** bc + be ~~ — nu‘

1-! 1—l b—(' I—l 17- C

-z.a +r.b . ?-¢-—'+z.¢-
(I- CI‘

\
1

ab — ac + ac — bc ab — 0' — ab + ac

(I CI

a—t a—h

=t.a'“l —l.b'*' -b%C+t.¢"'+'
U (Z
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Xét 3 tru'b'ng hqp szlu dyt

¢ Tru‘i)'ng hqp 1: X61 /‘Z0.
5f(u.b.c)

Ta sé chfrng minh 'ij~2().Th;1t\/2_\}'1z1c<3:
cu

3' .1. '\) .—'—/#20 <:> u!" (/2—<')—/2"] (a—<')+(""l ((1-/>)2O
(:1

<::> (a"‘ —l>"‘ Xl)—c)—(b"' —<r"‘ X0 —/2)2 O (‘H

Bé chL'1'ngminh(*)tz1sé di chirng minh:

{aw ~/)"' 2 (l+1)(c1—1>)1J' (6)

\b“‘ -@'*’ s (1+1)(b-C)/1' (7)

Thz_“11vaf1y: (6) <:> am +1‘./2' 2 (r+1)a.b’

Xét him g(a)= 61'“ +t.b' —(r+1)a.b'; g(a)= (r+1)a’ —(r+1)b’ 2 O

D g((l) déng bién lhco u :> g(a)2 31(19): O :> (6) dng

(7) ¢=> ;.1>'*' + 0”‘ 2 (1 + 1)1/.¢~

Xéthixm /1(@)=z.11"'+<~’*'-(1+1)//.<»; /1(¢-):(;+1)@’-(r+1)/;’ so

:> /1(0) nghich bién lhco c :> h((')2 /1(1)): O :> (7) dfmg

. . . 5' ./. -

Ti1'(6) vii (7) suy ru ((1"' -—b"I)(12—c)2(lJ"' —<"" )(u—/2) :> /(+)Q2()
(:1

Suy ra f(@.b_@) dang bién th€0 <1 <8)

By gi<‘>' ta giei su" (12 e 2 f. ta sé chtrng minh a Zr!

Xét him = (x—a)(.\" —b)(.\‘ -0) — (X — c/)(.\' — e)(.\‘ ~ f)
=—(u+l>+c—d—e—_f).\‘3 S0.\1\"

:>f(d)=(d~a)((1'—b)(d—c)SO‘

Do (/3 21/ef =abc2c‘} nén c12c; két hqp vdi f(d)S0 :> b S cl S (1 (9)

Til‘ (8) v (9) :> a’ +12’ +0’ de_11min khi (1 = cl

Thay a = d véo hé phu'0ng‘trinh ban diiu CIu'Q'c:

db+c +bc=c1e+f)+ef 2+c:e+_/' (czf

3a'+b'+c 2cl'+e'+f’



C'hu‘o'ng I V: N11 1?'ng vién kim cmrng trong 12111‘ 1/1711g tlz 121- hin rigli 719

' 'l'ru'()'n;_{ hQ'p 2: X61 -I S1 < (1

, . 9./'(<1-/M") .1 A . ,Tu sé chung mlnh -20. 111.31 \":_1yu1c0:
(<1

()*/‘(i/"@211\:>(m*‘-/>"')(/>-<-)-(/>"‘ -<4’*')(/>~(-)s0
Ha

"'—/"‘§z+1 —l/’voi-1s1<011n _g'((1)§()S/1((')I>J_ 7 ( )(” J) JV

~ 11>” -0'" 2(r+1)(l>—¢-)/2'

:> (a""l —b"' )(b — <')§ (I+1)(</—/2)(l>— 0)/2' S([)"1-c"")(c1-/))

Phn liép lhco chirng minh (1U'Q'C lrinh bi)" nhu mus (8) trong u'u'b‘ng hqp 1.

0 Trufrng hqp 3: Xét 1§ -1

- , . 3/’(u-/>-F) . . . ,Tu se Chung mmh T-S(). Phat \‘qy1;1c0:
u

8 .1. ‘ , ‘i(l’_()g0 @(@'*' -/1"‘ )(/>-<-)-(1/*‘ —¢"")(a-[2)20 <10)
3:1

D0 IS—l nén r+1£() \/"E1 a’ £12’ r’ nén ta Q6 lhé dé dimg chimg minh (10) tu'0'ng
lu nhu' trong chfrng minh O‘ tru'C>"ng hQ'p (1). ‘

Két luzflnz T6ng hQ'p czi 3 trubng h(_>'p d xél 121 cé djnh 1§' du'Q'c chirng minh.

Czic hé qud

Hf quii I. Cho czic $6 thuc duvng :1. /2. <1 Khi G6 biéu Ihirc (z'/2' +1/(" +c"u; déng bién
Lhco a -1-/2+0 vc'>'i f<1 \/‘Z1 nghich bién lhco 11+/9+0 vdi I > 1.

1 I .' >.' _l I

C/zzlng min/2." Tu 06 I 5!" +/9" +0 ' dong blen thco (1+/9+0 \-0'1
u‘/2 (3

-1‘> -1 <:> I <1 . nghich bién Ihco (z+b+¢‘ \‘é"i -1 < -1 <=>1‘ >1

‘ labc = cons? _A
Hg qua 2. G18 su' cac so lhuc du'0‘ng :1. /2. c thou man . K111 do blcu

1a +1) + c I co/zsr

thirc (ab), +(bc)[ "1-(CH), déng bién lhco ab+a<'+/n" véi r>—1. nghich bién lhco

ab+ac+bc vdvi I < -1

C/zzing min/1: Bait A = (1b,B = (lC,C = /JC.

ABC = azbgcl = consl

AB + AC + BC = (1/Jc((1+/7 + C) I com"!
Suy ra {

Theo dinh 13° 2 1:1 cé: A’ +B’ +C’ d6ng bién lhco A+B+C \=<'wi I> -1. nghich bién
Lhco /1+ B+ C \'<'>"i l< -1 ta Q6 (dpcm).
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l 1 (1/2:‘ : ('0/z.s"r
Hg) qua 3. (ma su' cuc so zhL_z'c duwng (1. />. <' {iron mun . K111 /in

W1/7' + av + /7(‘ I (Y!/IX!

biéu lhtrc 2((1’ +1)’ )(a—1-1)) déng hién thco (1+/2+0 \"<3'i !> -1 1*)
:'>\:'

C/111'/lg min/1: Z111’ -1-D" )(u-1-1)) :((/‘I -1-/7”} +(""i )-1-((11 +/7" +6; )((1+1J+(') (**)

TLrdinh1)'/Z \'51suy1"a(_*)dC1ng

H? qu 4. Cho czic thuc du"o'ng u. /2. ¢-. Khi d6 biéu Lhrc

£1’ (I) +c)+l)1(<"+ (1) + (" ((1 +11) déng bién thco Cl +1) +0 vdi O < I <1

C/zzhzg minh: u’ (I9 + c) +12’ (0 + (I)-1-("'((l—1-1)) (*)

= (am +b’_' + 0;" )(ab +bc + ca) —abc(a"3 +1)”: + 0" 3)

\/6'1 2‘> O thi r-1> -1. Suy 1'11 cl"! +bH +c'“l déng bién lhCO c1+/7+1" (2)

\/c'>'i r<1 ma 1-2 < -1. Suy ra a": +b"‘ +5’ nghich bién thco (1 +b+¢- <3)

T£r(l),(2)\/"$113)suyra(dpcm)

Nhn xét: Czic hé qua 0' Irén du'Q'c phzit biéu vdi $6 mi I thgrc. Tuy nhién trong thgrc té

dang(*)chil1ayg.§p vdi I= 2, 3, 4, 5 \£1 O <1 <1 (dang cén thirc).

Clui j: Binh 1)? 2 khéng phzil biéu duqc cho n"u‘O"ng hqp n bién nhung la cfmg cé thé cf»

dinh 12-3 bién lrong n bién d6. sau dy cho 3 bién cbn lai bién thién vil zip dung dinh

1)? 2 dé suy ra dé him at cgrc lri thi Lrong 3 bién nily phai cé 1 bién hing 0 hoéc 2 bién

béng nhau.

Bziy gid ta cimg xét xnét 56 vi dg.

' Vfdu 1.- cm /< z0_ (I,/LCZO \/Z1 11+/>+(>:3.

Chtrng minh rimg (ab)A +(l2(-1‘ +(cu)A Smax{3.(=;)_&]

Ch :i"ng min I1

Déi bién A Ibc, B = ca, C = ab

AB+ BC + CA = ub('(a +12 + 0)
Ta Q6: ,

ABC :(abc')'

C6 dinh ubc suy 1'11 AB + BC + CA \'Z1 ABC d§uc6dinh.Thc0d1nh1y" Z ta suy ra

A‘ + B‘ + C‘ 121 hm déng bién thco A + B + C I ab + 12¢‘ + cu.



Ch ll'U'I1g IV: ‘\"I2z7‘ng viéiz kiln c'u'0'ng trong bril Jrilng thzir lzizi r/{Ii .

~J

JJ

Theo dinh 1)‘ I ta chi cn chL'1'n_<__* minh hixi [0311 mmg tru'O'ng hop 3 $6 A.B.C uh I 1*.-ién hfmg
nhau, cfmg 06 nghTA ch: cn chimg minh bixi main bun JQL1 tr'nng tru'b‘ng hqp {mug 3 hién <1./;_ <"

05» Z hién bfang nh-nu. dy bili tozin ch! uén 1 hién Kill dimh cho bgm doc In huim lhién.

V1’ du Z: Ch0 k 20. u,[2,('2O.

L » / A .,
Chirng minh réng +{]%) 1%) 2 min{Z.i‘}

v9+0 0+0. u+b ,_

Clz 1211g minh

B@ib1e11,x:—" .B=—/’ .c:—" .Khid61;1cé/J+(' ('+a u+/2
AB+BC+CA:ub(u+b)l)c:(l2+(‘)+cc1(('+(1):l_ 2

(a+/))(/2+c‘)((‘+a) 11%/9+! (ub+b(.+m)_1
:1./Jr

ABC abc 1

- +(a+b)(b+c)(c+a)
C(01) +/10+ cu) -1

abc '

Vé'i mcpi (a.?b,c £611 Kai a',b',(." sao cho trong 3 S6nZ1)"C6 2 $6 béng nhau vil
‘/a'+b/+6’ (1+b+clW= abc"

Ln/1)’ + I/c’ + C/Ll’ = ab + be + cu

Khi d6 @151 A’: ,"' ,,B= ,5 ,.c= ,"’ ,un 4A’B’C":ABC
11 +0 c“ +u- 41 +19

1’A’B’+ B'C'+ CA’: .412 + BC_+ CA

‘ '—B')(B'—C')(C'—A')=O

Nhu veiy c6 thé zip dpng Z djnh 1)‘ I \*£1 2 suy 1'11 chi cn chirng minh bZ1i tozin ban diiu
Lrong lrubng l'l(_)'p trong 3 55 a.b,(' Q6 2 béng nhuu. Tém lai. 50' (15 chfrng minh cflu

chng w 151 nhu‘ SHU. B61 mi bét ding thirc can chtrng minhF(a,b,c)2(), w déi bién

Lhco céch nilo c6 mé din mi bit ding thtrc A’ +3’ +6’ 2(1)/l.s‘I. Suu d6 Chfrng minh
rzlmg vé'i m(_>i

UQ_

LA

:

A’, B’, C’ théa min

“>2:
:>\‘

‘°€°°1

Q

06 mé CUZ1 A.B.C luén [Em [£_li LI/.1)/.(‘I 5&0 cho khi aéi bién

:B'C'+C'A'=AB+BC+CA
=ABC <=*=)

-B')(B’-c’)(C'-A’)=0

Nhu Lhé ta di C6 lhé zip dung dlnh 1y 1 \/51 dlnh 1)‘ 2 dé quy bixi loin \/<5: lru6)'ng hQ'p lrong
3 bién A,B,C cé 2 baén bang nhau. Thgrc 111 [21 cn Chfrng minh hé (=3) cé nghiém vi

djnh 1)? 1 chi duqc phzil biéu cho R2, trong khi dd (A,B.C) chich;1ylrong 1 tgip con nilo

dé cua \'i chdng cbn bi ring bdéc btri n1§>tquzmhéquuchfnh phép déi bién.
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’ dy 3. [Téng quzit RMO 2000] cm (1. />. <» 2 0 \-:1 M/7+(-=3. Tim hang $6 k 161

4
\.

~

nh§t (nho nhl) dé b§td€ingll1(1'c suu (hing: u‘ +/1‘! +¢" 2 11/1+/vr'+:‘u (1)

Céclz 1: Ta da biét kél qua khé qucn thuéc sau: \u + \‘/2 + \,'(' 211/2+/n'+('u do dé (1)

dling v/< 2%. BygiO"1z1xétb5itdfingthirc khi /< 3%

B5 a‘é: Gm su 61+/>=21z1_ khi d6: <1‘ +1)‘ -a11zmm{(2r)‘ .21‘ -H}
Chzhzg minh: Gia sir (1212. T611 tai 1 $6 khéng z“1n1.\"\'é‘i (1 =1 + .\'.b :2 — .\‘.

Xém ham s6 f(.\-)=(z +.\")‘ +(1—.\-)‘ —r3 +.\‘:: _/"(.\")=/<(z +.\>)H —k(r—.\")H +2.\‘

f"<,\->=m -1><,+.\->‘* +m»-1><1_.\->"1 +2

f”(x):/<(l< -1></< - 2)[(1+_\~)"“-<1-.\-W]

Nhu" véy _/"”(.\') cé nghiém duy nhét .\*=O_ do dé ‘/'”(.\") 121 him don diéu \"Z1 cé khéng

quzi 1 nghiém. suy ra f'(.\") cé khéng quzi 2 nghiém (I 2.\"2()). '

Vi f’(0)=0 Vil f”(0)=2k(k -1);” +2=2-2M1-mzo. DO dé gizi 11-1 nho nhl cm f
SE15)’ tgi .\'=O hozfac A-=1 . so 151 dpcm.

Vé'i b6 dé trén béi tozin du'Q'c chirng minh nhu' sau:

Khéng mil tfnh téng quail gici stra >12 > c. Bill u +12 :2_r21. khi dé:

0‘ + bk + 0‘ —(ab+bc + ca) 2 min{(2r)‘ .21‘ — 1:} — 2(‘I + ck (2)

i) Néu <21)‘ $21‘ -F ma zip dung {>6 dé vcii 21 Vil (-;

VP(2) : Q1)‘ +cA —2z-<-21nin{(ZI+(')k.2(I+%)k —(z+%):}

r ,, A

D0 ZI+c'=3 nén (IA +/2‘ +(" —(a./)+l2c+('u)2min%3‘.2(%)
\ "' 1

.. A k 1 , 4 . \ \ -4
11) Neu (Zr) Z21‘ —t'_ ta co the CO1l1‘Ll'O‘I1g hqp nay g1ong nhu‘ c1 =12: 1 21. c:3— 2;.

Xéthilm g(;)=2;‘ +(3-2;)‘ -2;<3-2;)+;1 =2;" +<3-2;)‘ -e;+3;’
g’(;)=2A-.;_"" -2/<(3—2;)H -6+6; g”(;):2l<(/< ~n.;‘* +4l<(/< -1)(3-2;)“: +6

g”'(;)=2k(/< —1)(l< - 2)[;“‘ -4(3-2;)“‘]
Dé théy g”'(;) \/'6 nghiém vdi 1 2 l_ suy ra g'(:,) cé khéng quzi 2 nghiém.

D0 lim 1 —>;;~:—<>o nén gi£1trinhO nhét cua g (3) vé"i 22 3 21 15,1)/' G 2 diu mint

/\

g (3)2 min{O. Két hcyp ca 2 tru‘6J'ng hqp ta m du'Q'c

L

ak +bk +6‘ —(ab+bc+('u)2min{().Z%T—%]



\J
‘J)

2»J

Clz 1r0'ng IV: N11 ling vién kim cu'0'/zg trnng b1?'t (lrilzg th1i'c hifn l/{Ii

; , ,4 1. _A ~ _» ,3‘ 9 Zln3—1nZ N -De co a +/2 +< Z61/7+/7(+((Il£1}')h21l(.O _ ,——420<:>/\Z=()._)()>
3* + n_>— n1.

‘ ‘9

Khi d6 <5 cé Z Lru‘(‘mg hcyp xay1'z1df1nglhL'rc IE1 4; :11 Iv :1 h(18c_¢1:/) :%_(' :(}

, ‘ , <~+/ - -FCacl12: Tu co (1/>+/2<'+1-<1Si =11 "T"/7 + 1-

XélhilI]1S6 _/‘<A>=<1*+/1‘+(-*~ (/<2!):>_/"(/<):l11/§'(u‘:‘+A+<”)2()

D0 _/'(/<) d6ngbi€11thco /<.u'1'cli1 u‘ +/1‘ +0: 2u+l)+¢'2(1[)+/><"+('(l

\/(ii k < () [hi cho 1 bién =()\*Z1 Z bién =% lull12‘1y ngay BDT kh_6ng t-11011 min

Vy Lz1chicZ‘\11 X61 O S /< <1. L0;_1i b0di@L1kién1ad'u'Q'c bili lozin

1-K ( A A 1.) 12-A(z1+b+(") :1 +/2 +(‘ 2; ((1/2+/>¢'+<'u)

C6 dinh (ll2(‘_((l2+/Jc'+c(! ta lhy ngzly vi; lrzii d{‘>ng bién lhco p cim vé phzii khéng déi

nén lu ch: viéc xél Z bién bng nhuu \*Z1 2 hién cim l:;1i.

Dbzgn xL'r1)" \‘O‘i 1 bién bz_1n dqc 06 lhzlm khan czich 1.

V1’ (lg! 4. Cho u./2.<".</ 2 O \'i1 11+/2+<'+z/:4. V61 l< > U cho L1'u'é‘c_ hy tim gizi lri ldn

nhl cL'1u biéu Ihirc A = ((1/K)‘ +(/m/)‘ + (cc/u)'& + (duh);

Girii

.4 ,1, A A A 4 . _ . , ,
BI€I1 do: A=((1b(') +d‘.[(l)c) +(m)A +-(ab) ]. C0 dgnh zl, abc. ihco h¢ qua 2 Ia co A

déng bién thco a/2+u('+/xx Suy ra A dal max khi lrong 3 bi?/:u lhfrc u/>.l>(".<-u cé 2 biéu

lhirc hing nhuu cfmg tirc 151 Lrong 3 bién u.b.c cé 2 bién bfmg nhuu. Tuvng lu khi Q5

dinh z1.b hozflc c {hay cho d. Suy ra la Ch! phai xél tru'€>‘ng hqp trong 4 bién u.b.c.d c6 3

bién bfmg nhuu vZ1 ldm hon hoiic hing bién cim lqi

Gia sL’1'a:/7:02! :>d:-?¥—31.Suyr;1A=g(I):I"‘+31:‘(4—3I)A
» » ~ F - :4», '\ K 3 K-Do :21; Taco ;,» (r):.>l<./ ‘ |+6k4I ‘<4-_>1>-9A~.1‘(4-31) ‘ V

4
>_

>_

=3l<.1' * [M +2<4-31)"-31<v=1-31> "

8'(r)=0<:>1‘ +2(/4-31)" =31(4-3/)H +2=3Tl?

Bit r=r(1-)= :> r(1) 151 mét song zinh. Til" phu'o‘ng lrinh trén suy ra-3
g'(1)=O<:> 1"‘ +2=3r (1). Phuong trinh (1) c6 khéng quzi Z nghiém thuc du'0'ng phim

. 4 if 4 1‘ xima do ;,>(1):0 :> gmsMux{g<1).g(¢)}:1\m14.(¢) 5
5 w /;



-~»/3'4 I’I1u'0'ngphrip OI

Céc bili tzflp ép d1_mg

B51i5: Tim hing sf: 161 nhéit dé hit ding IhL'1'c au dimg T“c1.l1.z"2():

2'41: +12: +1-I + kaln" >]+ /\'

\/(1/1 +/1_¢'+<'u (U + /7 + U)‘ Z7

Bili 6: Cho a]‘<1,.....a_n >0 v51 u1...uH =1. Chtrng minh ring:

l_L + I ‘+...+ 1 lzmin 1. .-*fl<2O
(l+uI) (l+u:)V (l+<1;)’ 3’

Bfii 7: Cho u.b.r->0. hing sf» k ch01ru'(:‘c.T‘1mgizitri x1h(wnh5itcL1z1

/ A . ~ » »

_§: __/L ‘#7 1'5. kw:  :» ;- gl
(\/1+4", +{.('+u) +(u+1>/] \OlU£u Kn (a+/>)(/2+('}(<'+a) (ms, 3

Bé1i8: Cho a|.a3.....u,, e [OJ]. Chirng minh ring:

~.

1 + 1 +...+ 1 Sl+u+c1, l+c1,+(z. l+r1,+u| 1+1| \ - /_Q‘,lI

J

Bili 9: Gié st! .\‘. )1; I51 czic $6 lhuc khéng m than min .\j\' + _\‘: + :,.\-=3. .\Iéu l< ré 2 thi

.\"‘(_\'+;)+A\"(;+.\')+:"(_\"+_\')26

Béi 10: Git! str .\. _\". I 151 Lfxc sa‘»1hL_1'c khéng m um min _\'\* + _\‘: + :..\*:3 \=Z1

r>2‘—"91%=<>.73s {hi +;--" +5‘ 23
I]-

B£1i11:Cho (1.17. C >0. Chirng minh1"§1ng

(a+£—j_ +(b+L] +(¢r+L]_ 2—?—i12(('M+/7- Hf)
c , \ u , \ b / aha

Bili 12: Cho (1. b. c 2 O théa min ab +bc + ca =1 . Chirng minh ring:

Y 1 + 1 + 1 _2min Z5 . +2L
\/u3+/<I7(' \//73+/<cu \/('3+/(:1/1 -\//\' \//\'+l J

/53\/3;

4

,_/‘__\

R)
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Djnh

Matlzl

§21. PHUONG PHAP EV (EQUAL VARIABLE)
1;? bién béng nhau (cfmg duqc gqi I21 dinh I)" /1-1 bién s5 hing nhuu lrén
inks Site — Inequalities Fnrum. hay lhu'O'ng \‘ié'l 151 I21 Bjnlz If EV — The Equal

Variable Theorem) 121 m(f~l cfmg cu 1'51 manh dé Qiai quvét mét l<'>'p czic bl Clhu thirc
(T61 xfmg khé. Tru'é'c tié-n chfmg ta sé trinh bi)" cw‘ 56‘ 1}‘ lhuyél cL'1z1 phu'<>‘ng phzip. sun G6

SE giéli qL1y§tm@l $6 b2"itd£'§nglhL'1'c1hg1'c SL_I' khé néu nhu't§1n crfmg hing nhfmg czich khzic.

1. Phét biéu agnh 15-

Dé phzil biéu Y5 chL'mg minh Bf/zlz I)‘ EVt;1 <5 str dung INQI b5 dé \‘Z1 min ménh dé phu \-nu

U5
O).

Ea
(0)1

. Cho u.l>.<' 151 czic <6 lhuc l\'h(mg-ilm khéng G511; 1h(“¢i hing nhuu ‘<51 c6 nhiéu
nhét mét 56 b§1ng0_ v51 gin su czic s§th1_1‘c kh()ngZ1m xi _\" 3 1 lhou min

Trong

.\‘+ _\'+ 1 Ia +/1+0 (1). + + :”:(1-"+/)’”+<*“’ (2)

CI6 pe (—<><>.O]1_}(l.+<><>). V<'>'i p I (). [hi (2)dU'Q'(.‘[hZ1}' lhé béi diéu kién .\j\‘; I (1/we > O.

.\Ihu* thé I611 mi hai lhuc .\', _ .\", \’é'i 0 S .\-| < .\": ‘ 1hOz1 min .\;€ [xi . ,\g h0'n n F111

1) Néu .\‘=.\'| \‘{1 /130 {hi ()<_\‘< \‘=:_

7) Néu .\':.\‘1 \"Z\ ;>>1 [hi hoéc ():.\ < _\"§: hozflc O<.\"< _\~: r

3) Néu .\"e(.\*I..\":) thi .\'<_\'<;

4) Néu .\-=.\~, ma .\-=,\-<_-,

Chmg minh cua b5 G5 sé du'<_>'c lrinh bily Lrong muc

Ménh dé. Cho <1./>.c Iii czic $6 [hl_l'C khéng aim khéng démg lhiii bng nhau \'i1 c6 nhiéu
nl1§t1n<§ts6 being O. \*Z1 gié. sir 0 S .\' S >\‘ i 1 thou min

Trong

.\V‘+_\‘+_-,=u+l2+<' (I). X” +>\""’ +3,” =11" +12/’ +<"'” (Z)

dé [JG (—<><>.()] 3J(1.+<><v). \/O'i p =0. phu'o'ng lrinh (Z) lrO'1hZmh .\j\"; =0/2(' >0. Gia

sL'r f(u) l him kha vi trén (0_+<><>). LhOun1z"m g (.\").:_/"(.\") 151 hilm I6i nghiém ngét

trén (O.+@><>). vi dill F; _\‘.:)= _/“(_\") + _/'(‘\')+ [(1)

1)

3)

Néu /7S0 thi F3 nhgin giai11‘i1('>'n nhél khi v21cl1ikl1i 0<.\-=_\-<; Vil F, nhén gizi'

11-i mm nhél khi v chi khi 0<.\-< y = 1,
e

p>1 \/£1 hoflc f(u) lién tuc lgai 11:0 110510 lim_/'(u):—<><> [hi F.‘ 1611 nhl chi
u—->0 ’

khi 0<_\~:,\-<;, vim mm nhit chi khi hozjc .\-=0 hozfac 0<.\-<_\~=;.
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Chng minh. Theo gié $11" .16 ‘\" S : .1£1"cz'1c lién hé ): + : =11 + /2 + (t — .\' v51

./1 _/>_ I’ /1 ./> ./1 ./ ~' -~ -* . > _ . . . 5

1 + ._ -(1 +12 + 1 — .\ la co the bieu dicn \ v51 N thco .1 \O1 .16 [-l‘<-\.‘\]v

T;1ch01'51ng h51m F(_\'i : _/'(.\'i + _/'(_\" 1. 1)) + _/'(:(.\')) nhO nh§111;1i .\":.\1\ \51lc'>'1111h§113i

.\'=.1',. Néu diéu gizi dinhn51y151 d1ing.1his1'1"d1_1ngbé dé dim ldi:

21) F'(x) nho nh§1tkhiO<_\'=_\"< 3. néu /1S0.

V51 F(x) nhé nhzit khi hoéc .\":() hoéc O<.\*<1": 1. néu p >1;

bi) F11-) 1('>'n nhtkhi 0<.\-= >~< 1-_.

Theo th1'1‘11_1‘. dé chfrng minh diéu gia dinh O‘1rén. git! 511' ring XE (.11 . .1",

SL1‘ dung b6 dé. ta C6 O<.\‘< _\" < 3,. T11‘ .1'+ _\‘(.1‘)+ :,(.\‘)=u +b+c Y5

x" + _\"’ (.1) + 3" (.1) =11 ” +b" + c".tz1thu d11‘Q‘C_\*'+ :'=—1. _\'”"y'+ :."_l:'=—.\""’*'

1 A , -/‘*'_-/P‘ , \'”"—\"’”‘ , - 1 1 1 1 ,
V1 vay _\' :. ='—p_i_T,c0 Lhe kien1tr;1kc1qua11ay ladung khi p=O.

: — _\' V1" — :

Ta cé F'(x)= f'(.\‘) + 1:/“'(:) vii

F’( .1») $45-1"5' i 2’ ( 1'”; i 5: i 1”’)
(Y/>—I _.\_p~] \_/>—l _:/>—l _[ \_;k] \_;1~1 \_/kl __,'>—\ 1 _‘-t ‘JP! __/>—:l \_,'>-I X’,/PI) |.(:_/kl \_/PI H’:]k! \_/>*!)

Dog 151 hm léi nghiém ngiit. 11611 \*€§pl1z1i luén du'0‘ng.

M2311 khéc. (.1-P" - _\-"" )(.\-P" — 1”" ) > 0

Bdi vziy, F'(x)>() v51 F(.\‘) téng nghiém ngiu \'('>"i xe (.1-|_,.1‘3). Trir tru'<‘mg hqp 153111 1hu'b‘ng

khi p >1, .1‘, :0 vii lim f (u) =—<><>. 1151111 F(.\-) lién 11_1c trén [.\'l,.1',] v51 vi vziy gizi1ri nhO nhét
n—>() ‘

dgt d11‘<_>'c chi tgli .1‘ = xi v51 gizi tri lém 1111511 dat du'Q"c chi mi .\' = .1‘: .

)4

Dinh 1)" EV (Dinh iy ve czic bién S6 b5§ng nhau).

Cho c1l,a3,....c1H (1123) 151 czic $6 th1_1'c khéng €1m.vf1 OS.1'| S .1‘: S ...S .\"” thda min

xl +1‘: +...+.\’” =01 +413 +.._+a”; .\‘(’ +.\‘§’ +...+.\",c’ :01” +11! +...+a,f’

3
(IQ

Q1-

Q\

JO

Tro 121 $611111-¢.;) ¢ 1.

Vdi p :0. phu'o'ng trinh th1'1' hai du'(_>"c quy uric lhay thé b<'yi .1113 ....1'” =u]a: ...an >0.

5|

Giii str f(u) 151 hilm khés vi trén (O.<><>). thoa mn g(.\'):f'(.\*”") 151 l6i nghiém ng51t

trén (O,<><>) , v51 dét F” (.1‘l..\‘2....,.\‘”)=f(.\'])+f(.Y3)+...+ A/'(.\'”)
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1. Néu pS0 ma FM lo“ nhéu khi 0<.\~, :.\-2 =...:.\-H 51;, V21 nho mat khi

03.1"} §.\'2 Ix; =.._ : .\'”

2. Néu p>0 Va hozfac _/(H) lién tuc tz_1i‘u:O hoc um/(H):-<><> ma F” lam [mad khi
n—>(I

O<x, =.\‘3 :... =.xH_| Sx” . \/£1 nh('> nhél khi .\-I :... :11 :0 \'Z1 xvi :... Ix”
Trong d6 /< e {O.l.....n— 1}

C1212/ng minh. Ta xét czic tru'b‘ng hqp sau:

Néu pe (-—<><>.O] L) Trtr ra tru'é>'ng hQpt§1mthu'c‘>'ng khi /2 >1. .\-1 = O v51

'lii1gf(u):—<>@,hZ1n1 F” (.\'],.\‘:,.....X‘”) d£_1[dLl'(_YC gizi Iri nhb nhit \’¢':11(§'1'l nht \'Z1k€-tluén

duqc suy ra til" ménh dé d néu ('7 trén, sL'1' dung phém chrng. V1'dL_1, xét tru'b'ng hqp

p30. can Chfrng minh F” lén nhét tai (1>l.1;:.4../1”) véi />1 $1): §...s1>” V51 bl 3/JH.

Giél 51'1" .\"!..\"”_]..\'” 151 caic $5 du'o‘ng théa min 1'] + .\"”_, +.\-H :/>1 + hm +11” v21

.\'l"’ +.\‘I{’_l +,\‘,{' =Z2[” +/1/fl] +b,’,". Ap dung ménh (15 biéu lhirc

F3 (x[..\‘”_,,,\'” ) = f (xi ) + f(.\'”_‘ ) + f(_\"”) l0'n nhal chi Lal .\"| = .\-H < .\'”. diéu nixy m€1u1hu2"1n

mi Qiéthiét cua chng ta r§1n2 F” d'<1Lgi51trilé‘n nhail mai (/»,./>,_...1)”) véi 1), </>H\/ V J‘

Néu pe (0.1) . Truvng hqp ni1y quy vé t1'u‘b'ng hqp /2 >1 . lhay thé 1511 lu'Q‘1czic hién :1,

1 1
K

béri al.” , czic bién xi. bdi xi.” , vil p bC'>‘i L. Vi véy ta cé /z(.\') --.\_'f (.\"“” 1<">i nghiém ngét
P '

trén . Ta nhém théy diéu kién nily tu'o'ng du'0'ng vc'>'i diéu kién ring

g (X) = f'(.\" ""1 ) léi nghiém ngét trén (O.+<>o).Th§1tra, déi vdi chirng minh CUZI chling ta.

chi can Chang minh rang gm l6inghiémngz_1tl1"én (0_+@<=) 1:1 d£1,khi as /?(.\‘) liwi

nghiém ngzfxt trén (0,+<><=). Dé chtrng minh d'i€u_n51y.tu déy‘ g (l)=i/2(x). Do g (.\") l5i
\' Y

nghiém ngét trén str dung bzfud/ngth1'1'c Jensen ta C6:

" ll + ‘Z

1 1 .\' _\' ,. . ; ,.ug — +vg -— >(u+v)g i VO'l mol so ducne .\". \".u.\' VO'l xi \".x y u+v ' “ ‘ '

B5td§1ngth(1‘c nily urcmg du'0‘ng vcii 5/z(x) +3/1(v) >{5+Lj/1 ill+ v
\ \ \ \ u 1+

\" Y ‘

véi u =11‘ v51 v = (1 — I) _\' . trong d6 re (0,1) . bit ding thirc ny quy vé

t~/2(x)+(l—r)h(_y)>/1(rx+(1—r)y) diéu nixy chimg 10 /1(.\‘) léi nghiém ngzflttrén (0.00)
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Ghi chzi. Gia su‘ 0<0L<B. Djnh I)? EV vgin ddng khi .\-I.,\‘: . . . . ..\"“ -2 (OLB). hixm f khé \=i

trén (OLB) \/Z1 hilm g(.\')=_/"(.\-V5") léwi nghiém ngét trén (OL”*I.B”") vdi /'2>l. hoéc

({5""‘.o<"“) v<3'i p<l

Nhr Djnh lj EV. ta thu du"Q'c1n©ts6kéLqua rél c6 {ch khi [hue himh sau dy

Hg? quri 1. Cho a].a3.....a” Z0; (1223) vim gié sir OS.“ S.\'3 S...S.\'H .lh0u min
~ - w 1 1 1

X‘ +.\‘2 +...+.\'” :(I; +0: +...+”,.\'l' +.\'5 +....\'; :61; +05 +...-§-(I;

Gizi sir f IE1 hm kh:/I1 vi trén . Khoa min g (x) = _f’(.\') léi nghiém ngfu Lrén (0.+<>¢).

Hon nf1'a_ hozflc f (x) lién tuc tqi .r=O hozflc 1im_/“(.\'):—<><>. Nhu thé .

\'—>(J

F” =f(.\-1)+f(.\-:)+...+f(,\A”) lé'n nht khi 03.“ IX: =....\-”_, syn VZI nhé nhl khi

xl =...=xk =0 vi1'.\‘L_T3 =...=.x”. trong dc’) kE{O.l.....n—1}

H? qud 2. Cho (II\(l2§~v~§£I” 20: (1123) v21 gia sL'1'O<.\'l £.\-2 3... x” théu min

x‘+.\',+...+.\‘H:a]+(1.+...+u”_ I+1+...+1=l+1+...+l
‘ ' \‘| \'. \] (11 :1, (1,

Gié sL'1"f 1&1 hixm kha vi trén (0.00) thou min g (.\") : l5i nghiém ngél trén (().+<>o).
\ \/-\‘ /

Nhuthé F” =f(,\~,)+f(.\*:)+...+f(.\-H) 1(5'n nhl khi 03», =.\-I =...:.\-M syn. \'{1hO

nht khi 0<.\-I §.\-I =13 =...=.\-H -

Hg? qud3. Cho a‘,a2,...,a” 20; (1123) vii gié su" OSXI x: S....§.\"” théu min

.\' +X +...+.\' :61 +C1 +...+(l , \'.\' .. \‘ :61 (I £1’
I Z 11 l '1 n '12 "/1 I 2"’ II

Gi2'1_ sir f 1&1 hfzm khé vi lrén théa min g (x) = f'(i) l6i nghiém ngzjl trén (O,+<><>).
.\"

Nhu thé F” : f(.\"] ) + f(.\‘2’) + + _f(.\‘”) 1é'n nhél khi O<.\'} =.\"2 =... :.\"H_| Sx” vi1nhO

nhét khi O< X] x: =.\'3 =...:.\‘”

Hé (1164. Cho (1 .a7.....u (1123) 151 czic $6 khénu aim \"Z1 sizi str O£.\A x, £...£.\' lhoa
- I _ /1 - '~ l _ n

mZ1nx]+x2 +...+.x'H zai +0: +...+a”. xi” +.\'§’ +...,\‘,f' =11!” +u§’ +...+u/I’

Trong dc’) p 151 mét $6 thu‘c_ p ¢ O, p #1

a) Véi p <O,P =.\'1.\"3....\'” nhém giil tri nhé nhét khi 0£ .\‘] : .\": :...= .\*”_l S .\-H \/Z1 nhén

11('>'n nht khi 0<.\~l x: =.\;., :...=.\-H

(JO

82>»

.-»

-1
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b) \/('2'i p >O,P = xlxz ...x” nhén gié tri nhé nhl khi OS xl = .\'3 =... = .\'”_] S x” vZ1nh§1n

tri lé'n nhét khi hoc .\- =0 hoéc 0<.\-, Sm :7‘-1_:Q‘:U\.C‘ - 1 - | _ V VI

Chzhzg minh. Ap dung Djnh lj EV Cho hilm [(11) = p lnu . Ta nhén théy 1imf(u) =—<><>
u—)U

, p L) ,, pg 34"‘
vé'i p>O,vé f (u)=—.g(.\‘)=f .\"’_‘ .g (.\')=i_ .\' 1”’

“ (l— P)‘

Do g"(x) >0 vdi x>0.hi1m g(.><) 15i nghiém ngét trén (().+<><>)_ két luén duqc kéo theo

bdi Bjnh If EV '

Hé qud 5. Cho a],a3....,a“ (1123) 1&1 czic s6 khéng ém v21 gia str 031'] 3x3 S...S..\'” thoa

min xi +.\'3 +...+.\'” =al +412 +...+a”_.\‘|" +x§' +....\-5 =11!" +613" +...+a]f

1. Néu p£0 (p=0 dén té'i .rl.\'2....\'” =a|a2...a” >0)

a) vo-1 qe(p,O)U(1,+<><>)_ E:.\'§’ +.\~g +...+.\~j; nhén gizi 11-1 lé'n nht khi

OSx =x, =... =.\' Sx . v51 nhén Qizi tri nhé nhét khi hoéc x :0 hoéc
I .. n l /1 ' v - - I -

O<xlS.>c,=x2=...==,\' '
4 _ I1

b) voi qe (—<><>,0)U(p.l), E=.\-;/ +,\-g +...+.\-ff nhén gm 01 1011 nhl khi

03», =x3 =...=,\-H £.\'H.nhzf1n gizi 01 nhé nhél khi .\-I =....\~L =0 Va .\-M =..._=x”, vdi

chis6ke{O.1,...,/1-1} néodé 4

2. Néu O< p <1

a) V01 qe (O,1)U(p,+<><>), 1<:=.\-;/ Hg +...+.\~j{ nhgin gié m lé'n mat khi

Oéxl =x2 =...=x”_, Sx”, v_?1nh2_“1n gizi tri nh0 nht khi hoéc xl =0 h02f1c'

O<.\'| Sxz =x3 =...=x”

b) v0i_q=(-<><=,p)U(1,+=), E=x,” +.\-g +...+.\-ff nhén gizi mm lc'm nhét khi

Oxl =.\-2 =....\-”_1 Sx” , nhén gié 01 nh<'> nhét khi .\-I =....»k =0 ya xm =... =x“, véi chi

S6 ke{0,l,...,/1-1} néo as

3. Néu p>1:

a) Vdi q =(0,1) u(p,<><>). E=x]" +x§’ +... +x,’I’ nhzfan gizi tri ldn nhét khi

OS.x'] =x3 =... :x”_l x”, vél nhén gizi tri nho nhéit khi xhl =...=.r” trong dé

ke{O,1,...,n—1}
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b) Vdi q=(—<><>,O)LJ(l.p). E=x|" +,\‘§’ +...+.\‘f§ nhém gizi lri ldn nhl khi

O£.\'] :.\"Z =...:.\‘”_l x” . \»'£1 nhén gizi tri nhC> nhl khi .\-I =....\'L =0 vb .\-L‘: :...:.\"”_

trong dc’) ke {0.1...._n — 1}

Clz/mg minh. Ta sé zip dglng Dlnh 1)’/' EV Cho hilm _/'(z1):</(4/— l)(q— p)u"'

\/(ii p >0. dé ding kiém l1‘4r§x11g hozflc _/'(u) lién luc mi 11:0 (trm1gtru'Cmg h<_>'p q >0)

hoiic 1i1r(1)f(u) =—<><> (t1‘0ngtru‘€>'ng hqp q <0 ). Ta Q6 _/"(u)=q: (q — l)(q — />)u"’[ \‘i1

_1_ 1:’ 3 -13 _ I F,/'4‘

g(.x')=f'<.\""1)=q'(q—l)(p—q).\""‘;g (.\')=—-—L((1 ) (Ii (I) .\' 1*"

(P—1)'

D0 g”():) >0 vc'>’i .x>O,hE1m 56 g(.\') 15i nghiém ngét trén (O.+<><>) vi kél luén duqc kéo

theo bé’i I-)_inh ly' EV

Hé qud 6. Cho al .u1_...,a” (1223) 121 czic $6 khéng m. Pe vi: gicl su‘

O< \' < \' < <.\‘ thca min-' 1-‘ I _"'_' /1

xi +.\‘3 +...+.\'” =0] +41: +...+(1”: ,\"|" +.\‘§" +..._\'I':’ =11!” +u§’ +...+(1,’:'

Biéu thirc E: Z,\-,.\'2.\;_ ldn nhéit khi 0s.\», : .\-I = :.\-M 5 \"i1I]hO nhét khi

x] =....\‘A_ =0 V51 .\'k+2 :...=.\'” . trong dé /<6 {0.1,...,n—1}

Chzhzg minlz. Su'dL_1ng hé Lhfrc quen 1hu<_3c

6Z.\-M3 =(§.\-, )" -3(g.\, )(Z.\§)+ 121»,-‘

Ménh dé nZ1y kéo thco bdi hé qua 5 (trlrdng hcyp p : 2 v51 q : 3. hoéc p = 3 \'Z1 <1: 2)

Hg? quri 7. Cho a|,u3....,a” (112 3) 151 czic $6 khéng m \/Z1 gia su" Oé .\"! S .\'3 3.5 xn thou

'7 7 '7 ‘Y ” " " 1 I 1 ‘a~ _ _ _ » .. _ _ 3 J . . _ .

man xi +.\'3 +....\'“ =01 +0: +...+c1”;.\'l +.\‘: +..._.\'H =41] +51: +...+a”

Biéu ma-C E=Z.\-,.\-3.“ léin Ilhél. khi 0s.\~, =.\-2 =....\»”_, $1-H V51 nhb nhéu khi

xl =...=xk =0 v£1xk+1 :...:.\'”t1'ongd6 ke{0.1,..../1-1}

Chzhlg minh. Sn‘ dung hé thirc 6Z.x'|.r3.\'3 =(Z_\'| )3 — 3(Z.\'l)(Z.\" ) + 22 .

Téng Z.\-l,\~2.\-3 1o~n nhét who nht) khi Z3-I lén nh§1t(nhO nhén. Bdi véy, ménh aé

nixy kéo theo bo"i hé qua 5 (_l1'u‘O'ng hqp /1:? \/"Z1 q =3; ). [hay thé lén 1Ll'(_.T1 .\"| .4‘: _ . . . hr”

béi



CI1 u'0'ng IV: N11 vzg vién kim cuvng trong bf}! ring 1/1121‘ hién dqzi 7-ll
2. Ap dung

Bili 1. Néu .\", )1‘: I21 czic $6 lhuc khéng 21m {hi

.\'4(_\'+:)+_\‘4(:+.\‘)+;4(.\‘+)‘)S%(.r+_\"+;)>

Ch 1212g min lz

Vi§tlaib§ldén2ll1f1'c du'é'i dang X5 + vs + :5 +Lj(.\‘+ \"+ :,)5 2(.\'+ \"+ Y4 + \""‘ + :4). _ .- . ‘lg. .»
\/E1 zip dgmg Hé quzi 5(l1‘L1'€>'nghQ'p p =-l V51 1/ :5):

' Néu OS.\"S _\" S 1 thOumf1n .\‘ + _\" + 3 I constant vi .\"4 + _\""‘ + :1 =cons1z1m.

Thi téng _\-~‘ +_\~* + ;-* nho [mm khi hozfic .\~:0 hozfac 0<.\-s _\~= .-..

Truimg hqp .\-:0. Bzit ding thirc t1"O‘thZ1nh (_\" + :)(_\"3 — 4)‘: + 33 )2 2 O

Truivng hqp O< .\"S _\' = 1. B§tdénglh(1‘c quy vé (.\" + 2y)"; — 24.\'*'_\< — 24)”, (.\‘ + _v) 20

D0 (.\'+2_\')) >(2_\')" (.\'+2_\'):, chi céin chirng minh yz (x+2_\')2 —3.\'"‘ —3_\"} (.\"+ _\")2O

1:21 an '

Thét véy. ta C6 _\': (.\'+ Z_\')2 —3.\'4 —3_\'3 (.\'+ _\')= _\‘4 —.\‘4 +.\'(_\"" —.\"‘)+.\‘2 (_\": —.\"3)ZO

Néu .\'S y S 1. d§mgIhL'1'c xz'\y1'akhi _\‘, 3) ~ (0.3 — +

Bi 2. Néu .\-. _\'. 3 121 cilc $6 lhuc khéng aim théa min .\-_\" + _\'; + ;\":l {hi

.\‘+_\"+;+3(Z F—3).\1\‘:22

4
'4

Clzfrng minlz
0 .4 . ., . ,1 , . I w ~ "~Ta \'1etlg1gxath1etdu‘0'1dang (.\-+ _\~ + 3) = Z + .\"' + \" + 3“.

Ap dung Hé qusi 4v (lruiwng hqp p =2)

' Néu OS.\'S X‘ S 1 théa min x+ \"+ I =C0nstant vil .\"2 + vi + :3 =cons1ant

Thi tfch .0‘; nhé nht khi hoéc .x:O hoiac 0< .\‘§ _\' = 1

TruO'ng hqp x = O .

Ta phéli chirng mi11h1'§111gUl1' _\':, =1 suy ra _\" + 3 2 2 1 diéu ny 1Z1 hién nhién vi

y + ; 2 ZN/yg.

T1"u'€>'ng hqp O < ,\‘ S _\‘ I 3. Gicl thiét .\'_\‘ + V\': + :,\‘=1 quy vé 2.\}"=(1— _\")(l + _\‘), \/‘Z1 bit
déing thfrc lrO' thimhz

.\-+2_\~+3(2J§-3).\-G 22. .\-+3(2J§-3).n~3 2-ff“. 1+3(2¢§-3);-1 2-fl“
' \' \'

1-3_v+3(2J§-3);-1 +3(2\/5-3);-“ 20. (1-\/5;): [1+(2\/5-3)_v]z0



742 1 Phu'0'ng pluip E\
B§ld§1ngth11‘c cuéi cilng hién nhién dng. Néu .\‘S '1" S ;.1z1c6 déng thtrc khi vZ1ch1 khi

/(x.\'.;)=& ' 03¢ (x,_\',I)=(O,1.l).

&**

®~

®~
\i_/

D‘

B5113. Néu .1-,_\-.1 2 0 moa min 11b+b<-+1-“=1 1111

1 1 1_ 1 >7
u+b+b+<‘+<t+a a+b+c‘_—

. Chling minh

- \ A . . 7
{-)<',1tb+c=2.\'_<-+a=2_vvz1 a+b:Z.t. Ta can chung m1nh l+—1~+i—-124

X \' I .\‘+\'+I,

véri 2(.1-1 + 1-1 + ;1)+1=(»-+_\~+ ;)’ . Dé lilm aiéu dé. 111 S5 Lip dung He qué 5 (tru'b'ng

hqp p=2 v21 q=—l).

' Néu Oéxé )6 1 théa min .\'+ _\- + ;=cons1an1 vii .13 +13 + :1 =cons1an1 th‘1 biéu

mu-¢ l+l+l nh('> 111151 khi0<x:_\-3;
\' v z

Tru"0ng hcyp 0<x= _\"S 1 tuo'ng duong vdi a :b2c. Diéu kién gia thiél al)+bc.'+cu =1

quy vé c=—1i_,O<a§1.Tac6
Za

1+1+1_l_2:l+2_1_2:
a+b b+c c+a a+b+c 2a a+c 2a+c

:(l_ 1 )_7(1__ 1 ): 1-Q2 _Z(l—a)2:(l—a)(l—3a+5a:-—lla3+12a4)
2a(1 3 ° v ( " "2” 2a+C _ “+5 + 61:) 1+a' ..(1 l+3a')(1+a')

130 1-1120.111 can chtrng minh rang 1-3@+5u1-1111‘ +1211‘ 20
w w

Th%§tv'~'§1y»la c61—3a+5a2 —lla3 +12a4 =<1—3?a) +1111: (5-41) +04 >0

Néu a2b2c, CIéng1h13'c xéy ra khi v51 chi khi (a.b.c")=(l.1.0)

Bixi 4. Gia str x,y,:,t 151 czic s6 thgrc khéng m thda min .\'+ _\" + 1 +1: 3.

Chirng minh ring .1'2v2:2 + 1133!: + 3213.1": +13x2\": $1

Chzhzg minh

Khéng mét tfnh téng quzit, ta gié s1"1'r§1ng .16 _\-' § 3 S I. Néu x=O.b§td€1ngtht1'ctrd
- 3

\ ~ ,. 1 A ¢ , \'+:+f
thanh \‘2:'t3S1,v0’1 v+1+r=3.T1rbatdan<1thu'cAM-GM 1-31$ -—; ,1a thu

D ' C ' \ 3

duqc y:t£1.§/21 vi véy yzzzrz S1.

J

/'\
>1._.

Néu .1->0, vié1 1@1 bét déng lhtrc du‘é'i dang (.1-_»~;1)" , +-1T+L,+Lqjs1
_ Av- Z-



~4

1:-

Ch u'0’ng IV: Nh 1711g vién kinz czrmzg trong b(';t 1717,11g thlic hin (Tgi

.1.)

V51 zip dung Hé quéx 5 (lru'O'ng hqp 12:0 V51 q = —Z ): V

° Néu O<.\'£ v S 1, S1 thoa mn .\‘+ \" + 1 +I=3 \vZ1 .\*\";r=c0n<tan1lhi biéu thirc

1, +-1¢+L3+L,1o-n nhétkhi O<.\"£)':;=l.
X_ \'_ 1- [-

Néu O<xS_\“=;=I,Lir .r+_\‘+;+l=3, tathuduqc O<_\"=;:r<1v§1 x:3(1—)')

B§td§ngthL'1'c quy vé 3.\‘:_\"4 + _\"(’ £1

," 2_\- 3;» *‘

, ; / . , 3\ 3\ \+ v + ° ~Su' dune batd€1n<1lhu'c AM- GA/I. la co .\'—' ~ —' <|é - =1 . vi vjy .\\" <il.“ “ 2 2 \ 3 / ' 9

Cho nén,ch1'c§n chtrng minh ring gxyz + _\'° S1.Th§1tv:_§y. ta C6

l— \'(' —%,\'\‘2 =1—\'(’~4(1—\>)\'2 =(l— y)(l+ \'—3\"3 + V3 + V4 + v5)>

>(l—_\‘)(l+_\'—3_\"3 + _v4)=(1—_\')[(l—_\':): + _\'(1 —_\")1>O
%

Ding thtrc xziy ra khi _v.:,z) :(O_l.l,1) hoéc czic hoén vi.

Ghi ch. Ap dung ny giéi quyél bi toén di duqc post bdi Gabriel D0spines¢'u trén
Maihlinks Sire-Inequalities Forum V510 ihzing 6 ném 2005 sau dy:

¢ Néu .\',_\";:.l 151 czic s6 khéng m lhéa min .\"+ y+ :+1=4, Lim gizi tri 1é'n nhét cua
~ A » Z I I " I " I I Z I I Zbl€U [hl.l'C .\' I + _\'_Z 1- + I I X +f .\' _\' .

4 (1

Gia tri lén nhét la . Gal du'<_rc khi )1 :,t)=(

9
L»J..|>

L»-$>~

U.)-#-

;_,/

A V, \ . ; ; , A .. ' 3 ' ~duqc ket qua nay chung ta thay .\". )2 3. I trong bat dang thuc tren bm

va céc hoan vi. Dé nhan

B£1i5. Gié SL1" .\', _\‘. 1.! 151 czic $5 khéng m thOa min .\"+ _\‘ + 1 + I =4. Chtrng minh ring

13‘; + _\';z+ :I.\"+m" +.\‘l_\"::3 + F1311 + 331%": +13.\'3_\-2 S8

Ch lhzg milzh

Gié sir ring xi )6 331. Néu .\'=().b§ldé11gth(1'c quy vé )':r + 313313 £8, vO"i

. : ; , 3 ,
_\' + 3+2 =4. Tu‘ bat dang thuc AM- GM 27_\';r S(_v + ; +1) .ta co _\':r S§—;l. suy ra

>‘1’+.>‘*1“1’_£ .- A gym
s _ 8 (H-‘”’)£27(l+27 _729<l

Néu .\'>O, viét lai bit ding thtrc Or dang

.x_W':I(l+l+l+l)+.\‘3_\'2;2!2 #,+i,+l,+l, $8,
X .\' Z T x‘ _\" 1“ r"

vé zip dung hé quzi 5 (tru‘Ong hqp p =0 vil q <0 )1
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‘ Néu O< .\-S _\" S 1 £1 thou min x + _\" + 3 +r:-1 YZ1 .\*_\‘;r=c0nslz1nlth‘1czicléng

l+i+l+l vi -1¢+lq+lw+lq l(3'n nhéinkhi ()<.\-<\~::=z
X ,~~ : I .\3- _\~~ ;~ 1- " '

Néu 0<.\-£_\~:;:r,d0.\-+_\~+;+r=4.tucé1§_v:;:1<%v£1,\-:4—31.
3

Bit déng lhirc quy vé

3.1-13 +13 +31-31‘ +r° 58;4(7z" -1815 +121‘ —2z“ +311 —2)§O; 413 (1-1): E(1)£()

Trong d6 E(l)=7—€—§,——i—l.
I 1- 2“ 1*

M51 E(1)< E(i) z. bit déng Lhirc cu<3icUngl1ié11 nhién dmg.
3 L1
~ 0

Déng thirc xay ra khi \~.;_r) :(1.1.1.l)

Béi 6. Néu .\". _\'.: 151 czic $6 thuc khéng m thoa min .\'_\< + _\':. + :,.\' =

i

1+2.\' 1+2." 1+2:in/—_+ in
\/ 3 3 3

3 [hi

Clz 12/ng milzlz

Ta viét .\'_\‘+ y; + :_\‘=3 duéi dang (.\‘+ _\' + ;)' =6+.\'3 + _\"2 + 33

Ap dgmg Hé qua 1 cho hilm f(u)= /Lp3l.u 20. Ta nhim du'Q'c

I (1'): (MIL \/51 tir /'(.\')= \'€(l + 2.\-)1? >0, chirng [O g (X) léi nghiém
<§ 5 -

\/3(1+L.\)

ngét v('>'i x20. Ap dung hé qua 1. néu 031$ _\'S 1 thca min .\‘+ y + gzconstanl v21

x2 + _\'3 + :2 =constant [hi léng

- 1 ’ - ,1 .

\ili1+32" +\/L3'\ + \/1 nh<'>nhalkh1 hoéc x=O or O<_\'S _\‘ =3

Tru‘b'ng hqp x =0 . Ta ph231ichL'rngminh \/1+ Z)" + \/1+ 2; 2 3\/3 -1 véi _\'; : 3

Binh phucng hai vé, b.:51td§1ng1hL'rctr0‘th21nh _\" + 1 + ‘/1 3 + 2 (_\" + 1) 213 — 3\/33

Thz§nvzf1y,ta C6 y + ; z 2\Ff= 2%, \-a do dé

_v+:,+\/13+2(_\‘+;)_

V
to

4\
ua]

+

\/13+4~€>13-36

3—\"3
Truivng hc_>'p O< x3 y : 5. Til" .\j' + y; + ;r :3. Lu nhefm duqc .\‘ =—,’—#——.O< _\‘ 3 .

,( ;; , ., \ 3 _ Y3 ,, /I
Bat dang lhuc lro‘ thanh 1+-—"——-— + 2‘/1 + 2)" Zn;y

/-.\



Chu‘0'ng IV: N11 !7'ng vién kim cu‘:/ng trong bfit tiring tluir Izién (Mi 7-L5

7 ° 1 3+41"—l ,_~ 1 = , .

I + \ 1 < <2 B2itd5111<*th11'ct1'0'thz111h =1*-;<f_. . _ ,‘ ' K /2 \’ 3 4 ” 3(3;l_

1

Z
1

,_...1J_;

Q\4

1.

B11111 phu"o'ng Va nhn 11111 vé 11¢-1 3.111 dU"Q'C 7 -$1-1411 + 241-‘ - 91‘ 2 0 111»

(1 —I)2 (7 +6! —'9I:)2O. Bit ding th1'1'c ni1yd1111g.bO'i\1i

7+61—913 =8—(31—1)3>8—(§—1)_:l>()
4 16

Dz‘/1ngthL'1'c X21)’I"£1 khi v51 chi khi _\".:,)=(1.l.1)
1

23-21

B5117. [Iran,1996] Néu .1-. 1-. ; 3 0. khéng cé 11111 $611510 Cimg bang 01111

1 1 1 > 91+ 1+ q_
(.\‘+_\")“ (_\"+;)' (;+.\')“ 4(-\‘."+,\'3+Z~\‘)

Ch 1111g minh

1\111<>~ 111111 thun 1111511. 111 cé mé gié SLY .1-+1~+ 1-, =1. v<'>~1 gizi 1111é1 nily, bz‘11di11g 11111-@1101

lhimh 1 + 1 + 1 , 2 9 . D€chL'1'ng minh11(3.tz1sE zip
(1-1-)' (1-»~)- (1-;)" 2-2(_1—~+_1~-+1)

dung 11¢ qua 1 ¢11@ hilm _/'(11)=%. ()s11<1. 111 c6 kg1(.\‘)=‘f"(.\‘):?2—_ 1:1 do
1-11 _ (l—.\')‘\

g'(.x)=(i¢lT>O chimg LO g(.\') 161 nghiém ngél vé'i O§.1'<l. Ap dung hé qua 1 \/Z1

1 1 *

GhichL’1tr0ng11111C 5.1. néu O£.\'S _\"§ 3 théa min .\‘+ _\"+ 1 :1 \/51

2 1 2 \ A
1' +1" +1 :c011sLz11111l11t011g

' ' (1-.1)“ (1-1)" (1-1)"
O<x§y=;

T1'u‘(7ng h<_>'p .\'=0. B51 déng thtrc ban du t1‘Cvth£111h

1 1 1> 9 (\'—I)l(4Y:+7\'Z+4§:)>O
+ , + _ hay , _

Y2 (v+:)“ 32 4): 4_\":‘(_\'+:)_

Truimg hqp 0< .15 _\' = 1. B51 ding lhfrc ban (1511 t1‘O'1hi1nh

2 3+ 1,2 9 hay "(" ;‘) z0_
(.\‘+ 1')‘ 4)" 4(3-\‘_\‘+)'“) 2_\":(.\'+)‘)'(2.\'+_\')

£)§1ngth1'1'c xaiy ra khi _\".:) ~ (1.l.1) h0:f1c _\". 1) ~ (0. 1. 1) hoic czic hozin vi vbng.

' 1 1 ++_++ 11110 111151 1<111 hoéc ,1-:0 hoéc

B5118. G151 511' .1". )1: 151 czic s(“11h11"c khéng 51111. khéng cé hai $6 11210 cimg bé111g().

' 3(1+r)Chirng minh1'§1ng11éu ()SrS% [hi Z 1 1 , 2 , , ,
L 1" + \f;+ 1' .\" + _\" + 1' +/'(.\'_\'+ _\‘; +;\')
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Clzlhzg minh

\ , H; ; , .~ .
9+1-:+\‘:+::

D1111 \-‘:10 Ilnh thuan nhat.1u co the gm $11‘ .\-+ _\~+ 3 =3. D511 /1:i"~+;
DO 1 1 :Vl\

Z(_\': + _\*I.+::) (.\'+ _\'+ 3)‘ +.\': + _\": + :2 —Z.\‘(.\"+ _\"+ 1) (‘(/)—-Y)

B§tCI§1ngthL'1'c l1'O'lh5mh 1 + 1 + 1 2 3(1+"_?
/.>—.\' p—_\" /1-: 2p—3+r(_>—p)

I-Dé‘ chL'1'ng minh bit d?1nglh1'1'c ni1y.lz1sé zip dung hr} qua 1 cho him

f(u) =——1—.()Su < p
P _ '1

Ta cc’) g(.\"):_f'(.\')=-liq vZ1g”(.\')=—-Q—7>O
(P--\‘)' (P--Y)“

BO'i thé, g (.1) 161 nghiém ngzfu \"O'i ()§.\"< p. Ap dung hé quzl 1 vim ghi chfl 1rongm'11c

5.1. néu 03.13 1'3 1 thou min .\"+ 1" + 3 =3 v51 .1": +1": + :3 :c0nstant,th1t6ng

%+—‘-+-1- nhé 111151 khi hoc .1-=0 or 0<.\-31:;
p—.\' 11-)‘ p—Z

Tru'€>'ng hqp .1-=0 . B51 ding thirc ban du lr<'>' thimh

1w+17+ 1 W2 \3(l-fr) MYHQ1 23(_1+1-)_

V“ 1' \“+\':,+;‘ \"'+;'+/'1": “+1 5+’

Trong do s='—+*,_s'2Z.HL1y.s‘3+$' —2s—3+r(s“—2s—2)20
I 1'

Do .92 — 2.1" — 2 =(s — 2): + 2(s — 1) > O _ chi cn xét tru‘b'ng hqp 1'12. Trong t1'u'i>'ng hQ'p

nZ1y.hitd5ng lhrc t1"c'>"1h21nh (.1 - 21(2.<* +1 1.1 + 812 0 »

Truiwng hqp O< .\"£ _\‘ = 1. B511 ding Ihrc ban du 110' thimh

7 “( -.~ .+Kz. 2”" .
.1" +.\1\'+ _\"' 3)" .\-' +2)" + r(Z.\'_\‘ +

Tir viéc bait ding 11111-Q ny 1z1mu5n nht. 1:1 cé mé giéa 511- .14 _\- =1 . v<s~1 gi [ma nZ1y.b§l

ding th1'1'c tLr0'ng duong vc5'i 1'4 + .1; — 7.\'+ 5 + Zr(.\'— 1)} 2 0 hay

(.\'—1)2[.\'2 +3.\‘+5+2r(.\‘—1)]2O

Tir .1-1+ 3.1» + 5 + 2;-(.1 - 1) =1-2 + 8.1- + (5 - 21-)(1 - .1) > 0. chirn minh hoiln thimh.C

Ding thirc xciy 1'21 khi _\". Z) ~ (1.l.1) . Trong t1‘u'(7ng hqp riéng r :2, déng tl11'1'c cbn

xziy r21 khi _\'.:) ~~ (0.1.1) hoéc czic hoém vi vbng.



Ch ming IV: Nh [Tng viéll kim cm/ng trung br';t (Trirzg 1/1121‘ Izién cigzi 747

Ghi @1112. vo-1 I": 2_ la C6 b5i1 dang mu-Q qucn biét , , 2 _

.\" + _\'Z + 3' (.\'+ \'+ ,1)‘

»

, )Béi 9. Gla SU .\'. _\". 1 151 caic s6 thgrc khéng m thoa min .\" + y + 3 = 3. Néu /- 2% [hi
J

} w+ 1 ,+ I vs},r+x'+\" /'+\"'+:' r+.\-“+;' "J"-

CI1 ting minh
* 2. , . "D3! p:r+.1'3 + _\'3 + 3‘. Ta can chung mmh I 1 + 1 _ + 1 _ S J

p-—_\"‘ /J—_\'“ p—;' "+'~
V('v'i .\'+ _\"+ 5 =3 v21 .\-2 + v\-3 + 33 = p— r. Dé chirng minh diéu nil)". la sé zip dung hé qua
Icho him _/"(11)=%_.<)s11s\,/$.

p—u'

Ta cé g(.r)=A/'(.\‘)=—v2'\'72 vi! g”(.\')=24'\.(p+:\._)
(P—X') (P--Y‘)

D0 g”(x)>O vdi .\'>O.hZ1m g(.\') l5i nghiém ngzfll vdi 0316 V’? . Ap dung hé qua 1_

néu OS.\"5 _\S 1 lhéa min .\‘+ _\' + :, =3 vii 1'3 + yl + :3 Iconslunl lhi ti/mg

—1€v+%q+i7 11hO11l1§tkhi ()£.\-= _\"S 3. Vi thé,ch1'c5nxéll1'u'O'ng hqpp— x" p—_\‘" /1-3"
.\'= _v. Ta cn chfrng minh ring v<'>'i gizi thiél 2.\'+ 3 =3 bit ding lhirc sau dljng

1 G + ‘Z2 , S 3 . Viétbl dz‘/1ngthL'rc nily du'c'Ii dang sau divr+2.\'" r+.\“+;' I'+2
M '

I ,+ 2 ,S 3 <=>5.x'4—lZ.\'3+(Zr+6).r3—4(r—l).v+Zr—320r+2x' r+9—l2.\'+5x' "+2

<=(.\'-1)3(5.\~1 -21-+2»~-3)z0. D0 5.6 -21-+2»--3=5(v\--é)’ +2(,--§)z0

UQ

Bit déng thL'1'c cuéi cimg hién nhién dfln Bing thfrc xziy ra khi (.\".‘\"_:) =(1.l.l). Trong

trufrng hqp dzfac biét 11%‘ ding thfrc cbn xziy ra khi _\". 1) = hozflc czic hofm

vi vmg.

Bfai 10. Gié str .\~. _»-. 1 121 czic $6 thuc khéng am mm man E +V\»1 + 5 =3. Néu r 2 10 rhi

'5
1 + 1 7+ 1 Ns ’

r—(.\‘+_\')“ r—(_\'+;)' r—(;+.\')_ "'4
C'h1?'ng minh

Dét s= x+ _v + 1. Ta cin chtrng minh ring

3I 9+ 1 7+ 1 -WS
r—(.s‘-X)" r—(s—v)’ r—(s—:)_ '--4
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\/6'1 .\'+_\‘+;=.s‘ \'Z1.\" +>\'“ + 3“ =3.

Ap dung HQ qua 1 cho hZ1m _/'(11)==l_ \'O'i US11 Sx.
r—(s‘—11)'

, ~-= "1 ~12» <._H“Tacé g(.\')=f (.\')=i—~—-—-—-F2“ A) _ \-'£1_g (.1-)=i—€4(sF\ *)+ iv‘) J

l |_r—(.s‘—.\'):I Lr—(.\‘—.\‘)_j

D0 g”(.\')>O v('>'i O§.\'<.\‘. 1151111 g(.\") 151 nghiém ngzfil viii Oéxés. A13 d1_1ng Hé quil 1.

néu 031$ ‘\‘S 3 thoa min .\'+ _\‘-‘F 1 =Constant v51 xi + _\": + :3 =3 thi Léng

"1 ,+ '1 ,+ -1 ~nho'nh£'1tkhih02f1c .1-=0 ho§1cO<.\‘§_\-:;.Vi1hé
r—(s—x)“ r—(.s"—\")' r—(s—:)' .

chi cn Xél céc tru'b"ng hc_>'p .\"=() vi O<.x'S _\" = 1.

Tru‘6Ing hgvp .\'=0. Ta c511 chfrng minh ring til" _\'3 + :3 =3 din lc'>"i

J

J

L»:Ln
\_/

7 - 7 -1‘+ 11+ I ‘§~’ Do 11+ 1_+,"’ °_‘£“'
r—\"' r—_",' ;-_(y+;)‘ "*4 r—\" r—;' r“—3r+\'“;' I'(I'—

Vil (1 + S 2(_\‘ + 11) 6. chi cn chime minh rén:

4 1 . 1 1 %(H-121~.+24)B 1a 9111- 1 ->-?-=20.
a a“~ “°“‘yq“~W° 1~(1--3)(»~-4)(»~-6)

aiéu nfly dlfmg bUi\/11': -121-+24=(»--2)(1--10)+4>0

Tru'O‘ng 1’1(_)']I)0<_\'S‘\‘: 3 . Viét bit déng thfrc O‘ dang thuén nhl

1 ' 3S
Zr(.\‘3 +_\"3 +;2)—3(V\'+;)2 (r—4)(.\‘2 + _\'2 + :3)

D0 v\'= : >0_ ta cé thé gia su' y= 1 =1 . D511 1:/-(.13 +2). r>2r22O. b§tda'1ngth£1'ct1othanh

1+ 2 S 3 _ha 611--1

\_/

.1

/\
'\\

"_ " "' : (T ~ O 2r_
I()

Q.'\.»J

A+l<3)r6r4

'7 7 y{"12 l—3.\‘“—6.\'—3 r—4.\"—8 (;-12)(;-
Bit déng thfrc cuéi cimg dimg b0'i vi

\JJ

'1
.1

-if-8.1--18) >

-- 6.1 3)(1 4.1” 8)

1-2,1-1 —S.\‘—18=r(.\‘: +2)-2.1-1 -8.1-1sz10(.1-1 +2)-2.1-1 -8.1--1s=2(2.\--1)’ 20{-Jim

g thtrc xéay ra khi _\', 1) = (1. 1.1) . Trong tru"©'ng hqp déc biél /"=10. ding thfrc cbn xa'y

L hozflc czic hozin vi vbngra khi \‘ 1) =L—

\ /
G1“

<\
LJIJ

31*
1/

Béi 11. Néu .1-,1-.1 1&1 czic S6 [hL1'C khéng am ma

Y1 Y: ry 3
7 W 7+ '3 '7 7+ '7 '7 '13?3.\"+_\"'+;' 3_\"‘+;‘+.\" 3;'+.\“+_\" 5

C/2 zhlg minlz
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r—r—/—

Thu)‘ .\‘_ _\'.: b0‘i \/.\'.\/‘\'.\/T. 1u'0'ng (mg. bél dllg lhL'1'c tro‘ lhimh

T r
1' . -- .\'; - .\ + + \

2%3.\'+\'+; 3\"+:,+.\" 3;+.\'+>\" 3

Khéng 1nf1ttf11111611g quzil.lz1gi£1 str ring .\"S _\‘ S :_. .\l§u .\-=1). bl dng thfrc qu)" vé

3(\/\" —~/1) + \/\‘j 20. hién nhién dfmg. Néu .\‘>(). do b51CIf111gLl1L'rc nil)‘ lhuén nhf1I.I¢1

gizi su' ring .\"+ _\" + 1 = Z. vi \'ié1lain6dL1'é'idang

V1 + _1 + 1 S 6

\/;(.\'+1) \/)"(v\‘+1) \/?(:+1) 5\/.\‘_i

By gib ta sé zip dung hé qua cho him A/‘(z:)=él.z1 >0
\/;(u+])

?i¢+1 /1 \"'v'\'(\"+3) 0» » \/1-(3\~"+11\-'+3\-+-inT2106 f’(z1)=—‘?j vim g(.\')=_/'15 (.\')="'L'&-
\Zu\/;(u+1)' 7 Z(.\'+l)“ 8(.\‘+1)

D0 g”(.\‘) >0 \Pé'i .\">(). _<,1(.\‘) 16i nghiém ngél trén (().+<><>). /51p dung hé qua 3. néu

O<,\-S VS 1 thou min .\-+ \‘ + 1 =2 vii .\1\‘: =c0ns1anl. lhi léng

‘1 + '1 + '1 1O'nnh:§tkhiO<.\"S_\'=;-u-+1) y‘-+1) J§<;+1>

Vi 1h§.ch1c§1n chtrng minh bit ding thtrc ban du tr0ngt1"uO'ng hqp _\' = : >0. Hon na

nh<‘>'t1'nh lhuin nhz§t.tz1c6lhégia su' _\'= : =1. Bit ding lhfrc quy vé

9.1-‘ -301-S‘ +37% -201-+420. hay <.\~-1): (3.1-2)’ 20

Ding thfrc xziy ra khi y, 3) ~ (1, 1.1) . hoéc khi )1 1) 1. 1) hoc czic hozin vi vimg.

Bili 12. Néu .\',)‘.: 121 czic $6 thuc khéng zim lhéa min x+ v\"+ 1 : 2.

\'" -1-
Cl1L'rng minh ring ; " + j XV

+ _,-- s 1

.\ +1 v+1 1 +1

Clz 12'/1g minh
Ta gia sL'1'r§mg .\"S _\" S 3. Néu X10. b§1td§ngthu'c quy vé _\‘1 S1. hién nhién dL11'1f__! khi

_\' + : = 2. Ngu'(_rc lai. la viét bail d§1ngt11(1"c du'<5‘i dang

71 + 1 + } S 1 \'z‘1;ipdung11équzi3ch0h€1m
\'(\"+1) \‘<\"+l) ;(:'+1) -“'3

>f(z1)=S1.z¢>O. Ta c6 f'(u)
u(u‘ +1) 1,

” _2.\-1(,\-“+5.6-7.\~’+12)
g <-\)—i4i

(.\'2+l)

J
/-\Lu

I~'-I

1 ,, -‘(H +8)
w - ‘ ‘ —

+1“ V51 g(.\‘)=/
+1) \ (\‘+1)
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Du g”(.\') >0 vc'>'i .\'>O.g (U léi nghiém ngzfal trén (().+<><>) . Ap dung hé qua 3. néu

0< .\- S _\' § :, lhéa min .\" + _\" + : : Z \>Z1 .\"_\‘; Iconstant (hi téng

-1 -1 -1

\"(\~: +l)+ \'(\‘2 +1) + :<.-3 +1)

.\Ih<'> nhl khi O< .\"§ _\* = 1 ta nhim du'Q'c 0< _\" = I. S1 \'Z1 .\' = Z(l -

B51 dang mac t1'O'lhi1nh (_\< -1): (19_\~: -18_\~+5)z()_ men nhién dung.

Néu .\'£ _\‘ S ;.d§1nglhL'1'c xay ru khi v\".:)=(O.1.l)

Biii 13. Gia SL1‘ .\'. )1: 2 O lhéa min .\"+ v\"+ : = Z. Néu 1-H < r§3. Lrong dé

I 2 \ _/ _r ,__r'2()- ~l.7l.th1.\(_\+\,)+_\ (_.+.\)+. (.\V+_\)SZ

Clzlhzg min/z

v"é1 mi bit dime thfrc du"c'>"i danv thun nht
1 . §/ - I

. . . _-+ ~+;""' ,. ,. ..\""‘+_\~"‘+_-,"'+2PJ Z(.\'+_\‘+Z)(-X‘ +_\' +1’)

\/Z1 zip dung Hé qud 5 (tru'O'ng hqp p: r \'Z1 q I /"+1 )

¢ Néu 0§.\'£ \" S 1 thou min .\"+ v + :, :COn$t21nl vi .\-' + y" + 3" :c0nstum

Tang .\-"*' + _\~"*‘ + ;"*‘ nhé nhéu khi .\-:0 h@§1¢0<.\—§ _\~ = ;

Tru'€>'ng hqp .\-=0. B51 dang lhirc khoi aéu n-c»"[hZ1nh _\-;(__\-"“ + 5*‘ )5 2

Trong dé _\' + 1 = 2. D0 0< r — 1 § 2.st1"dung b§tdéngthL'1'c1rung binh lf1y thira ta

Til "—1
r'—l r'—l Z Z I Z Z "V

, \ + 4. \ + < \ . V x , - : \ + ..c0'——,)—S['i7—) . V1 v;1y.ch1 can chung mmh rang £1

1 1 1 1

Y! \"'+;" 2 )"‘+:' \ -_ ,
Sudung +——=L42l \';1'ilS1.tz1c0

2 (r+;)_ 2

1-!
w 7 2' w w 4 1 W ~ll__\_:FL+:,')' 21__\_:£_\~~+;'1:(_\‘+Z)___\';(_\~-+;“):()‘—1)

\ 2 / f) / 16 Z 16

Tru'O'ng hqp O< _\-S v\" = 1. Trong bl ding [hU'C lhun nhl. ta bO di diéu kién

/-+1

.\'+ _y+ 3 =2, v21 xét _\" = ;=l.O<.\"SI.Bétdéng1htrc quy vé (Hg) —.\"" —.x"—12O

r+l

Do (1+%) témg va

rU+l

1

>1

"giam khi r ting. chi cn xét trubng hcyp r: ro.

D51: f(.\-)=(1+~;") -A-'1' -.\--1
4.
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-'1 ."-~ _ _,. -+1' ."-'~ --1Ta cé 4/"(.1-)=ll(1+i) -1;,.1-’~ ' -1. 71-1 (.1->="’T(1+g)
I1

'3 '7
_,_ .— '11

DO _/"'(.\') l£'1ngt1'é11 (().1]._/'”((1_)=—@¢ vil

1 _, _r +11j '31 _/' +1 _3—/‘U
70¢ (1)_"T1§/1 -,(,+1_“T-11_,+1_?><>

Tén 15,11 .\"1e(0.1) 1h0z11115111 f"(.\". ) -(1. _f"'(.\*1 < O \'Q'i .1 e (0.13) . \'£1 ‘/'”(.\") >0 \'<'>"i

.\"e(.\"1.1j1 \/‘1 lhé. him f'(.\‘) gizim nghiém 11g511\"O'i xe [OAK vZ1t51ng nghiém ngzit v<')i

1 , +1 1 '11 ,

.1-e[.\»,1]. D0‘/"(0)="%><1 \-:1 /' <1)="1?1(~31) ~2|=0. 10111211 .\":e(().,1"1) 1hoa

min _f"(x: ) =0. f'(.\') >0 \*é'i xe ()..t3). V51 f'(.\-)<0 \*@'i .\'e (13.1). Vi vii)’ hm A/‘(.\')

té11@n<Y11ién1 nvét vdi xe [0..\' \'21 vi2'1n111@hiém nét vdi xe .1] . Do /‘ (O) = /' (1): 0.

chirng to ring f (x) 2 O vdi O < .\* S 1 . Til‘ 66 suy 1'11 két qué mong muén.

Néu .\'S '1" S :.d5111glh1'1'c xz’1)'1‘u khi _\"_;):(().1.1). H011 nfra. khi r=r(,.df1ngLh(1'c cén

XQ}’ 111 khi
_> _ J

Glzi clzzi. SL1" dung cimg czich111u'c11hu‘11'én.1a c6 lhé chimg minh réng véi r >3 \/£1

.\-+ y + 3, = 2.b1éU1hL1'C E(.\". _\‘. _-):.\"’ ( \‘ + 3) + _\"' (3. + .\") + 3" (x +

dal gizi 11"} ldn nhél khi 111i>11r011g czic bién .\". 1;: béng (). Déch1'1'ng minh ménh dé nily.

chi cn chimg minh b51tdé11g1h1"c E(.\'._\".:) S 2 ddng \'é"i O< .\"S _\" = :. lrong khi (16116

khéng dling néu .1-:0 vi mQi sé khéng €1mv\1\'£1 3 thou min _\~ + : = 2. Th_é11vz_iy. vdi
_\" = 1 :1 vi O< .15 1 . $11‘ dung bit ding thirc Bernoulli ta nhzin duqc

1'+1

(l+%) —.\"' —.\-—l>1+(—'+?1)+\—.\"_ —.\‘—1=£%A—.\"' >.\'-.\"' 20

Trong llruiwng h<_)‘p cm ma 1-=4. E(.\-. 1.1) 11511 nhéu khi(.1-_
giéng nhu ta da chfrng minh trong zip dung 1.

B511 14. G151 sir .\'. v\‘. 1 151 czic S61hLl'C khéng m t1'1Oz1 min .\)' + _\‘: + ;\'=3.

Néu1SrSZ{hi.\"'(_\"‘.+:)+_\""(:+.\')+;"(.\’+_\")26

Ch ling minh
vié-1 1%-11 bt dang 1hu~¢ du'é‘i dang lhun 111151

1+1/ *5

x" (_x"+ 3)+ _\"" (;+.\')+ 1' (.\'+ _\‘)26L—a+ + “W
/
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Dé thuén 1i§:11. 1:1 be <11 aiéu kién ,1-1+ 1-; + ;,1/=3. 511- dung diéu kién .1-+1-+ .—, =1. @511

/ ~ » 1 ~_'%1

. . . . 1'1—."—~"—""
d?1ng1hL'1'c11"O'111£1nh .\" (1—.\')+ \" (1— \')+:' 11-11261 \ \

/_.

CJ\

»

\

Dé chtrng minh n6.1a sé zip dung Héq113 1 cho him _/' (111 =—11' (1 — 11) v61 OS11 S 1. T21

cé f'(11)=—r11"'1+1/‘+1111’. vi1 g(.\‘1:_/"(.\')=—1:\"'T1+11-+l).\”:

g”(.\‘)=1'(r—1).\""'3[(1'+1).\'+ Z—r]

D0 g”(.\‘) >0 vé‘i .\'>O. g(.\‘) 16ing11iém11gf111rén [O.+<><=). /5\p dung Hé qufi 1. néu

0£.\'S_\-£:,1hc’>a mén .\'+ _\~+ ;=1 v51 xi + 1": + :2 =c0ns1an1

Téng f(.\')+f(_v)+_/'(:,) nhO11h§1k11111o:§1c .v=O hoéic O<xS_\*:;

T1"u'€mg hqp .1":O. B51 ding 1hL'rc ban C1‘§1u 11'('v111Z1nh _\":(‘\""1 + 1/1412 6. lrong C16 _\": = 3.

su dung bét aémg 1h11~¢ AM - GM, 111 cc’)

1‘1

_\":(_\*"'+:’1'l)22()":)'?=2~3 I >6

Tru‘O'ng hqp 0< .16 1‘ = 1. B511 d511g 1h1'1'c ban du 11'0" 111511111 .11" _\" + _\"'V (.\"+ 1'12 3. trong dé

()<.\'§ _\" v 2.\‘_\‘ + 12 =3. D0 O<.\'S _\" V21 2.11‘ + 1": :3 111 11h£_§11 du'Q'c O<.\‘S 1.

- r 1' '- 7 -1

DQ1 f(x)= .1" _\'+_\‘ (.\'+_v)—3. vo'1 _\'=—.1"+\/.\"‘ +3

Ta cn chfrng minh ring f(.\')2O véi O<.\‘§1.;\Iéu .\'=1.1a cc’) _\‘ =1 \'i1 f (1) =0. Ly

vi phn, phu'o'ng11"111h 2.\"_\"+_1"2 = 3 dn 10"i _\"=%—. f\Ihu'1hé
.\' 1'

f’(.\'):rx"_'_\'+X11-1"‘+r:\3~"-1+(,-+1)),1~j).’=
.1'1("_ 1)-1+ 'i1(-\‘/-_| ~ 3&1 ) $0

.\' '1‘

Him f(.\') gizim nghiém ngét trén [0.l] v51 vi vziy f(.\‘)2_f(1)=O vc'>'i O<.\'£1.

D§1ng1h1'1"c xéy rz1khivi1c111'1<hi _\".;)=(1.1.1)

Ghi chli.

Mczrian Teriva d 11111 r21 11161 1b‘i gitli dgip cho 11‘u'O'11g 11(_>'p dfic biél khi 1*: 2.

Tru'c'7c hét vié1 bfl1 ding 1111'rc du'<5'i dang (.\’_\‘ + 1': + :,\')(.\‘ + _\' + 3,) 2 3(.\'_\":, + 2)

Hay .1 + y + ;2 .\'_\'; + 2

Gié. s1'1"1"§1ng .1‘ S y S 3. gia thiét .\"_\* + Vs‘; + :.\" : 3 d§11 té'i .\'_\" £ 1 \'£1 _\':. 21. V1 vziy

(1 -.1;-)(_1~; -1)+(1- _\-)3 20.111 d6 suy ra 1<é11u@n.
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Béi 15. Néu .\',,.r Q . . . . ..\‘” 151 czic 56 du"o'ng théa min xi +x, +...+x” =i +l+...+-1-
‘ _ _ XI X“ X11

i l+(n—l).\'] 1+<”.-1).‘, 1+<n-1).\-

Ch ling minh
Ta xét hai trufmg hqp

Truimg hqp ,1: 2. B5: dang thtrc ma» lhimh dang Lhfrc

Truimg hqp 1123. Giél sL'1‘r§1ng O<.\"1S.\"2 §...S.\"” . vi ép dung Hé quei 2 cho hixmf(ll)= ll>O

Ta c6 f'(z1)=—£ vix g(.\')=j"[LL\=-A4”.
[H-(n—1)u]_ (\/I+,,._1)"

q
v

@"<.\->:_3@_
2(-11-1)‘

D0 g'(.\') >O.g (x) léi nghiém ngét trén (O.+<><>). Ap dung H5: ué 2, néuq

O<.\'[ Sx, $...S.\'” thoa min xl +.\', +...+.\'” zconstant vi l+l+...+—l—=c0nsIant
- ~ x .\" \'

I Z ' n

thi téng f(.\'1)+f(x3)+...+f(.\"”) nh<'> nhiit khi 0<.\»I §.\-I =_\-3...=.»”.

Bc'rivé1y,ta d chtrng minh b§td§111gth[1‘c —i1——+—l21
1+(1z—1).\‘ l+(n—1)\'

GiathiérO<..v§1syvZ1x+(n-1)y=l+i.
.\" _\"

; , \ 7 ,_ \'(l—.\'3)Dang thuc sau cung tu'0'ng duvng vo'1 (n—l)(_\'—l) ii.
x +y

1 n—l 1 1 /1-1 n~1D + —1= ——+ — =
0 l+(/z—1).\' 1+(/1—l)\‘ l+(n—l).x' H l+(n—l)\' ll

Z w

(IZ—1)(1—X) _<~—1> (>'—1): (I1-])(1—.X') <11-1>.v(1-A--)
/1[1+(1z—l).\'] /2['l+(/2—l)y] n[l+(n—l).\'] n.\‘(l+_\')[l+(n—1)_\‘]’

Ta phéli chirng minh ring .\"(1+ _\")[1+-(n—l)y]2_\'(1+.\')[l+(n—1).\-] hay

(_\" — .\')[(n — l).\'_\"— 112 O . Do _\'— X20 . ta SE chtrng minh rng (11 — 1).x‘_\' 21

_ ~ ( -1):Thét véy, do .v+(n—1)_\"=l+”~1 tacé .x3‘='—\L.
X \' x+(/1—l)\'

v21 vi véy(n—1).\)'—1= >O
x+ /1- v

Vdi n 23,d€1ngthL'rc xéy ra khi v51 chi khi x] =x2 =...=.\‘” =1

thn 1 + 1 +...+ I 21 ‘

H
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I , , 1 . .
B§1il6.Néu u.b.(' 151 caic $6 d11'o"ngth0amZ1n (Ib(‘=1.lhi 11‘ +/2’ +1” +1526(i+]i+i) ‘

ll 7 ('

Ch 1511g minh

Thay a,b,c bO'i i.—1~.-1- tu'o'ng (mg. ta sé chimg minh ring
\' \‘ I

-17+-1¢+i_+l52(>(.\'+_\~+ ;)
.\" _\"’ 3.”

Néu .n"; =1. Gia su ring 0 < x S _\‘ S 1 \"Z1zip dung H{3qL1§l 5 (tru"é>'11g hqp p : O v21 q : -3)

3 Néu O<.\"S _\"S 1 thC>z1 min .\‘+ y + 1 =c0nslz1m vi A3’; =1. thi Léng —1;+
.1“ 1" 1"

nhé 111151 khi 0<.\-= _\'£ 1 '

Viv.j21y_ch1'c§n chtrng minh b:§1dz‘1ngthL1"c khi O< .\" = _\‘ 3 1 3 1, v51 .1-2; :1. hay:

-"Z1-+l}+1526(2.\~+;) <=>l}+.\-“ +1526(2.\~+L_H
X I \’ \ \'~,

¢> .1" -12.1‘ +151-1‘ - 6.1- + 2 2 0 <:(1-.1-)3 (2 - 2.1- 6.1-’ + 5.1-‘ + 4.1-‘ + 3.1" + 2.1“ + .6 ) 2 0

-Bit aéng thtrc cuéi cilng dang néu 2 - 2.1- 61': +5.1‘ + 3.1-‘ z 0 vé'i 0< .1 3 1.

Thefu véy, ta cé 2(2— 2.1--6.1-1 +5.1‘ +3.1)‘ =(2-3.\')1(1+ 'l.\'+%.\'2)+ .1-‘ (1 -3.1) >0

Déng mu-¢ my 111 khi Va chi khi 11:1; = 1- =1

Béi 17. G151 su' a1.c1,,....c1” 121 czic $6 th11"c du'0ng th0a min 11,11, ...u” =1. Néum 151 $6

nguyén duongthéa min m2n—l thi af” +c1',” +...+z1f,” +(n1—1)1z2m(L+L+___+_1_
' (ll U2 CI”

C111?/zg minh

Vdi 11:2 (vi thé 11121). b§td.'§1ngth1'1'C quy vé 411'” +1/3” + 2121- 22/n(c1l+ :13)

Ta célthé chirng minh cnéu my béng czich Céng czic 1>é1<1§ng1h11¢ 11;" z1+m(11. - 1) v51

aL" >,1+m(a — 1), 151 nhtmg hé quzi cua b§td?1ngth1'1‘c Bernoulli. V61 1123.1haythé
- - 2

al,a,,...,a” béi tu'o'n g, ta sé chtrng minh ring
" x x .\‘

1 Z :1

(IQ

C3

D

—1—+—1—+...+—1—+(m—l)lz2m(.\' +.\', +...+.\')
Ill 111 n1 1 - '1

xl X2 \n

véi xlx, ...x” =1. Gié SL1‘ ring O< xi $.12 S...S.\'” via zip dung Hé quzi 5 (lru'€mg hc_>'p

p=O vil q=—m )1

' Néu O<x] $.12 S...Sx” théa min .\"| +.\-1 +...+.\-H =c0nstant v .\-1.\‘3....\"" :1 thi téng

__1m nhcb 111151 khi 0<.\-1 =1-3 =....\-”_1 syn
A] ll '\11
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Vi vziy. chi cn chfmg minh b§1td5ngIh{1‘c nily vdi xi = .\"2 =....\‘”__1 I x§1 . .\'H : _\‘ vii

.\'”"_\~ : 1, khi C16 né tr0'1hZ1nh: i'1',:I1+——ly71 +(m‘—1)112m(/z—1).\"+m)'
.\- \'

su dung bét déng thirc AM - GM. w. cé —”jI1+(,,1-,1+1)z_',ff1 =n1_\'
.\' .\‘

Tiép theo, ta sé chirng minh ring +”—12n1(n—1)(.\'—l)
'\.

Bit ding thfrc nlly urong du‘o‘ng véi x'””*”' -1 —m(n—1)(.\"— U20

Viét 12_1i bait ding thL'1'c du'é'i dang (.\'—1)[(.\'”""'”_' —1)+(.\"’””"”’2 —1)+...+(x— 11320

Diéu nily hién nhién d-.’1ng'. \/(vi /1:2 vi m = 1. b51td:'ingth(1'c {rd Lhimh ding thfrc.
Ng11'Qcl§1i.d§1ngth1'Ic xély ra néu v51 chi néu 111 =u3...=(1” =1

(IQ

Q3)

Z5

B51i18.Gié1 sir .\"1..\"3.....x” 1E1 czic 55 khén 1[1'1021 min xi + x3 +...+.\'” =11. Chtmg

1 I

minh néu k 151 56 nguyén ducmg th0'a min 2 §/< 3/1+ 2 viz r=(i]) -1 thi
/1-

_/1 ,1 _L.\] +12 +...+.\” —/12m (1—.\].\3 ....\”)

Chzhzg minh

Néu I1=2,thib§td§1ngthL1'C quy vé .1,‘ +.\~§ -2z(2" -2)(1 -.\»1.\-1). Vc'>'i /1» =-2 V61/x’ =3.

bit ding thirc nZ1y trO' th§1nh ding thfrc, lrong khi dc’) vé‘i k : 4 n6 tré' thiinh

6.\'1x3 (1—.xI.\‘2)2 O1, hién nhién dflng

Xét tru'€>'ng hqp 1223 v51 0<.\'l x: S...§.\'H théa min xl +1"; +... + x” =n vil

+x§ +...+xf zconstam, thé thi tich xix: ....xH nhO nhél khi hoéc .\'] =0 hozfac

O<.x'] Sxl =x3 =...=.\'”.

' I \ r. . -]\
Tru‘€>'n2 hcr 1' =0. Bét dénv thirc u vé xi +...+.\"‘ Zii- .13 1 ¢ <1 Y ,, .

_ (1z—1)H

vdi x] + ...+xn =11. B51 déang thtrc nily thu duqc bfmg céch zip dung bit ding thllrc

kL A, k k .\,+...+.\”
Jensen cho ham 101 f(u)=u .\", +...+.x-H 2(n—1) ‘ii-—

- n— ,

Truémv hor O<x <x,=x =...==.\" .K)'/ hiéu x =x vii \" =x =...=x =v.P 1 . .C’ l_.. _ /1 1 ’Z 3 I1

Ta cn chtrng minh ring véi O<.x$1§_v vi .\'+(n —1)_y=n bét dzing thtrc sau (ling:

X‘ +(n—1)_v‘ +nr.\3'” 1 —n(r+1)ZO

Ta viél bét ding thL'1'c néy duéi dang f (x) 20, trong dc’)

f(x)=xk +(/z—1)y" +nrx_\""' —n(r+1),vc'ri _v=%
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Ta nhém lhziy f(0):f(1)=O. Do _\"'=—il. la <36
n—

f'(.\') = k (.\'H — YH ) + /zr\""‘: ( \" — .\-) :
=(_\' — ,\‘)[/123*“: — /< (“-3 + _\"'3 + + .\"_: = (;\‘ — .1‘) _\‘”’2 [nr — kg (.\')]

. ./~ 7

Trone dé g(.\')=L+%+...+"%" ‘_n—k yn—k+l \_n~_

Ch )7 ring )'(.x)=”%1\' giém nghiém ng§1t,hf1m g (.\') téng nghiém ngét v<3'i 23/< £11.
/1-

,2 ' _11-1 _') .+ _2 _n—l

Vo'1l<=n+1,taco g(x)=v+.\-+" +...+"‘ =(” “)" ”+* +...+-"—,
‘ ' Y V/1-1 n 1 Y \_!1~Z

\/£1v<'>'i l<=n+2.tacé
5]“): V: + \__1_+_\_: + _\'° +__.+ _\-"w :(n3 —3n+3).\'3 +nw(/i—3).\'+n2 _\-3 _i~”1 B

. Y v\. /z~_. (H l)_ '\- -\‘n—_

oi v$.y,h51m g(.\') téng nghiém ngzfat vé'i 2 §k £11 + 2. véi hilm

/1(.\') =nr—l<g (.\') gizim nghiém ngz_“1t.Chiiyr5ng _/"(.\') =(‘\"—.\') _\"”’3/i(.\')

Ta khéing dinh rang /1(0)>0 Va /I(l)<0. Néu khéing dinh CULI 111 la diing, mi iém tai

.\']e(0,1) um man /1(.i~,)=0, h(.\-)>O Vdi .\'E[O,.\‘1), V51 /7(.\')<O véi .\-e(.\-1.1]. Do

dd, f(x) téng nghiém nggit vé"i xe[0..\']]. v51 giam nghiém ngefat vdi .\‘e[.\'1.l]. D0

f(O)=f(1),ch£rngt6 f(.\')ZO v<'>‘i 0<.\'§1,\-'21 chtrng minh hofm tét

Bé Chung minh rang /7(O)>0, ta gié SL1‘ /7(0)§O [hi /1(.\~)<0 véi .\-e(0,1). f’(.i~)<0

vé'i .\'e(O,1), v51 f(.\") giém nghiém ngét v0"i .\'e[O.1], mziu thuén véi f(O)=f(1).
Ciing vafiy. néu h(1)2O thi l2(.\')>O vc'>'i xe(O,l).f’(.\')>O véi .\'e(O,1), vii f(.\‘) téng

nghiém ngét vdi xe [OJ]. mu thu§1n véi _/‘((1) =f(l).
Vé‘i /123 vii xl Sxz §...£.\'”. déng Lhfrc xéy ra khi .\'1=.x"3 =...=.\'” =1 v51 khi x] =0 vii

. _ __ . __ 77,\2—...——.\”—;;-L"?

Ghi chli 1. Vdi k = 2_ k =3 vii k =4. ta thu duqc czic bit ding thtrc rét dcp sau:

(n—l)(.\']2 +.\‘§ +...+.\'3)+11.\'I.\‘3 ....\‘” Zilz,

(n—l)3 (xf +1";+...+.\‘;;)+n(2n~l).\']x3...x” 211”.

(n— 1)} +x; +...+.\"f')+n(3rz2 —3n+1).\‘1x1....\'” 2/14

Vivi céc $5 khéng m x1,.\‘2,...,.\'H théa min xi + xi +...+,\-H :11

Ghi chzi 2. Vdi k =11, bit ding thtrc néiy dii duqc post trén Mathlinks Inequalities

Forum viio néim 2004 b6'i Gabriel Dospinescu vé Calin Papa
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B51i19. Gia sir .\"l..\"3 . . . . \>¢\"' 151 caic s5dL1'0ngthoa min %+i+... +_l=11 [hi
.1, .1. .1 I_ 11

11-1

.\'|+.\‘,+...+x —12Se .(.\',.\‘.....\' —1).1ron2dée ,= HL <0.. H /I-1 . _ /I \— ]I_1 __I

CI1 1211g 1ni1zl1

Tm me méi sé .\-. bdi L tu'o'nQ trns, ménh ae 110- thnh:
’ 41 “ ‘ '

I

' Néu a],a3,...,c1” 151 czic $6 du'o'ng théa min 11] +11: +...+a” =11 thi

1 1 1alazman —+—+...+——11+e"_| Sew]
ul a, an /

D5 dimg kiém {F21 bit aang mu-¢ nay dung vdi 11: 2.

Xét 1123. gié sL'1"r§ng O<a] £112 3-311” v31 afp dung Hé qué 4 (tru'C)'ng hqp p=—1):

Néu O<c1l $11, $-30” thoa min a.+c1,_+...+11”=11\-'Z1i+L+...+L=cOnS[.thi' ' (ll (I2 CI”

tfch (I161: ...a”, IE1 1('>'n nhét khi O<111 S113 =11. =... =11”.

K)? hiéu 11' =x v51 11, =11. :...=11” =_\". ta cn chfrng minh ring v(5"i O<x£l£_\"<iT
- ~ 11-

vil .\'+(11 -1) \‘ =11. bit ding thtrc dnst \"”_]+(111—1).\'\"”'2 — 11 — n""l Se- - - - ~ 11 |

_<\

Xét f (1') = _v”_' +(11—1).\j'”*3 — (11 —eH )x)‘”_l — e”_I.

Vc'>"i _\' ta phéli chirng minh ring _/'(.\‘)S0 vdi O<.vSl. Ta nhém théy11-

, -1 , f’(x)f(O_)=f(1)=O. D0 _\" =75, ta co —II_}—=(_\"—.\‘)l:n—2—(11—e”_1)y]=(y——.\')/1(x)_ Y .

Trong dc’) /1(x)=11'—2 —(1z—e”_; 151 hiim tuyén tfnh téng.
11-

Ta sé chL'mgminhr§1ng /1(O)<() \'E1/1(1)>O.\‘éu /1(O)2O {hi /1(.\")>0 \-‘(vi .xe(0.1). vi

thé f'(.\') >0 vdi xe (0.1). via f(.\") léng nghiém ngét vdi xe [OJ]. mu thu§n vé'i

f(O)=f(l). Vi v:_iy, l1(l)=e”_I —2>O.

D0 /1(O)<O vi /1(1)>O, chL'1'ngt<t'> tén t2_1i xl E (0,1) théa mn /1(.\"1)=O, /1(.\‘)<O vdi

xe [0,1] vé h(.\') > 0 v<'1i XE (13.13 . D0 dé, f(.\") giam nghiém ng<itv<'1i xe [0..\‘! vil

téng nghiém ng§1tvc'>'i .\'e[.\‘],1].D0 f(O)=f(1)=O.chL'1'ng to ring A/'(.\') SO vdi OS.\'£l.

van 1123, dang thtrc xéy ra khi .1, =1-2 =...=.\-H = 1.
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B..20' ., r ,‘_; ,' I. ,4

a1 Gla su .\I..\. . . . . ..\”l@1ca¢ >0 duong U104 nun .\1+.\. +...+_\,_ -n. Neu k231i1 I

i

.4 ,~ .. _; __n”' —1 ~ ,1. _/. _:. _/ _: _: _:so nguycn duong \/41- Ihl .\. +.\. +...+.\,v -123» \.\. +1. +...+.\,, —/z
n— * - ‘ " " ‘

I

Ch 12/ng minh

Xét hai trubng hqp

Trubrng hqp n =2.B§tdéngthL'1'c quy vé x‘ + <2‘ —- 7).\" .\-, < 2‘_ I ._!__
Vé'i k =3, bait déng thirc trb'thZ1nh ding thtrc. Xétt1‘u’b‘ng hQ'p k 2 4. Tu phéi chtmg

minh ring f(t)£O vc'>'i re[O.l]. trong CI6 _f(r):(1+r)‘ +(1—1)‘ +(2‘ —2)(I—13)—2“

Tacé f'<1>=/<[<1+,>""‘-<1_¢>"’]-(W-41,.

f”(r)=l<(l<-1)[(l+r)H +(1-1)‘i*]-2"“ +4.f”(r)=/<(/<-1)(/<-2)[(1+1)” -(1-r)""]
D0 f"'>() véi 1e(0.1].d;1o hm cp 2 f" tng nghiém ngét. D0

f”(0)=21<(k-1)-2‘*‘+4<0 vi f”(l)=(/<2 —k—8)2“3 +4>O,t6n1z_1ir1e(O.1)th0a

min f"(tl)=O.f"(tI)<O vdi ze[0,z1) \/51 f”(t)>O vc'>'i re (IP11. Vi véy. dao hilm cép

1 f’ giém nghiém ngzfat trén [0,1]] vi ting nghiém ngfn lrén [0,1] M51 _/"’(0)=0 v51

f’(1)=(/<-4)2‘-1+4>0.:6n1@i r.e(0.1) 1ho'amn f’(1.)=O.f'(r)<O mi 1e(0./.).

vii f'(I) >0 véi re (5.11 Bdi véy. hilm f giam nghiém ngzfit trén [OJZ] v21 téng nghiém

ngzflt trén [l3.1]. SL1‘ dung f(O)=f(l)=O_ suy ra f(z)§O \1'c'>'i l€ [().1].

Trufmg hc_>'p 1223. Gié sir ring Oxl Sxz S...Sx” viz zip dung Hé qua 5 (tru‘(>‘ng hC)'p

p=2 v51 q=k>p):

'Néu Oxl Sxj S...S.\'" théa min x] +x: +...+xH =21 v€1

xi: +.x§ +...+.\-3 =c0nstant thi +x§ +...+x: lé"n nhét khi OSx1=x3 =...=x”_l Sx”

Bdi véy, ta cim chfrng minh bit ding thfrc (n —l)x" + yk —nS {(11 —1).\'2 + yz -11].

Trong dé O$xS1£_vvé1(n—1).\'+)'=n.Xét

f(.\')=(n—l)xk +_\"k —n—rE(/1—l).\"3 +_\"3 —/2]. (1z—1).\'+_\'=n

Ta czin chrng minh ring f(.\')SO vdi .\'e[O.1].D0 _\"=—(11—1). ta

1 I _/<-|_ ‘L--|_Z 1 ~( _k—2_ ‘L-—2_ Znr

/<( -1)f(*) A " /<('\ ")’1<(k-1>(/1-1>f '0 A ('7 1)) Au-1)‘fl ,ilii "(x)=.\"_3 —(n—l)2 \'k_3
k(k—1)(l<—2)(n—1)f -

D0 f"<O vdi xe[O,1],d2;1o hm cép 2 f” giém nghiém ng2f1t.SL'r dung (n — l)r</1k

via r=n“2 +n"‘3+...+n+1>2"‘2+2k"‘+...+2+l=2k" —l.Ta c6
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" 1

f”(O)=l<1l<—1)(/2—1)_111': -2II(II—1)I‘>/(1/\'-1111]-112lIA_: —ZnA Z

26111-11: 1'11’: -3111 =Zn"31Z/13 —6l1+3)>U
»

V21 ml)=k<1-1)-2»-<1(k-1)-211*‘ -11:1-1-1+2-2* <0
I217-

Thi suy ra ton l£_1i xl E (0.1) thou min _/'”(x! ):()_ _/'”(x) >() vo'i XE Ulxl) \'Z1 _/'”(x1<()

vo'i xe (x].1}. Vi xziy. Ciao h{1»m cp 1 f’ téng nghiém ngél lrén [0. x1] v giém nghiém

ngét trén [x|.1].

D0 ‘/_i(())=2(/z—1)2"—k(11—1)rz‘": <2Iz“' —/<1/1-1121“: =
12

JJ
/~

\
-Q

=—/21”: 1k (/2 —1)— Z2115 —/11': — 11 — Z/21: —/11’: (/1 — 3130

V51 f'(1)=0. ton tz_1i x3e(O.1) thou min f'(.\':):0._/"(.\")<() voi xe(O.x:) \'Z1

f'(x) >0 vo'i. xe (()Q~\‘2]- Boi \’2§y. him f gizim nghiém ngél lrén [(1. x2] v21 léng nghiém

ngét trén [x:.1].1\/121 f(()) :1/'11) =0. suy ru _/'(x) £0 \'o"i xe[O_1].ChL'1'ngminh hofln

tit. Ding thfrc xéy ru khi xl =x3 I... =x”. hoc khi 11-1 .\", bong O.

B§1i21.N€§u .\'|.x: .... duonglhi ;

xl” +xQ' +...+x,'I' +n(n—1).\'l.\‘, ...x/I Zxlx, ...x” (xl +x. ...+x” —l—+L+...iJ
" - - - x x \‘\'1 I '11

Clzzhzg minh

vs-1 ,1 =2, la ca dang mu-Q. V61 /1z3_ gia st1'1'§1ng 0< .1, 5.1-: s...§.\-H

V51 zip dung I-Ié qua 5 (t1‘u'o"ng hop p =0)

'Néu 0< xi Sxz £...£x” thoa min xl + x3 + ...+x” =constan1 v51 xix} ...x” Iconslanl

lhi tong xi” + xf + ;..+ xi!’ nho nh€1t\/Zitong L+l+...—l— 1o'nnh€1lkhi
_ X1 '\-I ":11

O<xl Sxz =x3 =...=x”.

Vi vzfzy, chi cn chirng minh bit d'§1ngth(1'c lhun nhét voi ()< x] <1 v51

X2 = .\-3 = =1. Khi do bit ding I.11L1'C my thimh x," + (,1 - 2).\-, z(/1-1).\-f.

Hay xi (xl —1)[(.\'l”‘2 —11+(.\'|"“3 —1)+...+(x[ —1)]2O, diéu nixy hiéh nhién dimg

Being thL'1"c xay 111 khi V51 chi khi xi =x3 =...x”.

Ghi chli. Voi 11:3. ta nhén duoc bit déng thtrc Schur cp 3.

+ + + 6xl.\'3.\'3 2(x] + x3 + xi )(x1x2 + .x3.\'3 + x3.\’l)
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Béi 22. [MSC-Hungary]Néu .\-,,.\‘:,....,\~” 121 céc $6 khéng m ma

(11 — l)(x]” + + + xi’: ) + n.\'|.\'2 ....\'” 2 (xi +. X: +...+ x” )(.\':'H + .\‘g_] + + .\"",H)

. . Chzhzg minh ~_

Vé"i n=2, ta c6 ding thtrc. Vdi /123 gia str ring O< xl x, £...§.\'H

vi zip dung hé quél 5 (tru'€>'ng hqp p :12 v51 q=1z— 1) vZ1 Hé qua 4 (tru"0ng hqp p =12 )1

'Néu OSx1S.\"2 S...$,\"" thoa min .\" +.\‘3 +... +.\-H =c0nstant v51

xl” + xg + zconstant thi téng .\'l”“ + ,\‘§”' +...+ .\",']H nhé nhit via lich xix: ....\'” lé'n

ma: khi hoéc X] =0 110230 0<.\~, $1-2 :3.‘ =...:.\'H.

Vi véy, chi cn chtrng minh cho czic tru'b'ng hcyp xl =0 v51 O< xi i x, = xx =...= xn

» -1 \' Trumg hC_)’p xl =0. Bit ding thirc quy vé

(n—~1)(xg +...+x,'I')2(.x'2 +...+.\‘”)(.\'g"' +...+.xI’1"l)

Biéu néy thu duqc uh" bit déng thtrc Chebyslzev.

- Twang hQ'p 0< 3-, $33 =33 =...=.\~” . 95.1 x3 = X3 =...= 3-” =1 ; bét dang thfrc thuin

nht quy vé (rz—2)x]” + xl 2(n — l)x:’_'

Viét lai bét dang thirc néy dudi dang

xi (xl —1)[.x;"3 (xi —l)+.x'{"4 —l)+...+(.\‘l”‘3 —1)—=_

|___

V
CD

Ta nhéln may diéuhéy hién nhién ddng. Vc3'i n 2 3 via X] Sxz s...s X” . d§1ngthL'1‘c my ra

khi xi =x, =...=x“, vél khi x, =...=.\'H.

Béi 23. Néu X 1:1 czic S6 khénv m ma»
I _ n 9

(z1—1)(.1cI"*l+.\'Q'+' +...+.>cI':H)>(.v +.x, +. .+x”)(xl" + 1'1 + + vi’; — \'] \‘ Y”)_ I . ._ . . .2....

Chzhzg minh

van 11: 2, ta C6 aéng mu-C. Véi n z 3, gm sL'1'r§1ng 0s xi s 3'2 s...s 3-”

V21 zip dung Hé quél 5 (truéwng hc_>'p p =n +1 vb. q = n) vi Hé quzi 4 (tru‘b'ng hcyp

p:n+1):

'Néu OSx| x, S...Sx” théa mén xl + xi +...+.\'” =c0nstantvi1

Q).

I3
(‘IQ

xl”+‘ +x§'“ + ...+ xx“ =constanz thi t xl” + +... + x,’,’ nhé nhz‘1tv£1t1’ch .r].\'2 ...x” 151

1c'm nhét khi hoéc xl =0 hozfac 0<.\», <.\-, =3 —... — \-"'_ 3- _'n'
Vi v2_iy,chic§1n xét céc trubng hqp xi =_O vii O<.\-1 33': = x3 =...=x”

V

Truivng hqp x, =0. Bét ding thtrc quy ve

(n—1)(xl”.H +...+.\',’1'+l)2(.\'2 +...+x”)(xg' +...+x;:)
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Diéu néy thu duxjc til" bit ding thtrc Chebyshcv.

Trudng hqp O<xi Sxj :x3 =... =xii . Gizi SLY xi =xi =...:xii =1, bit ding thL'1'c thuzin

nhét quy vé (n —2)xi”" ~§~xi: 2(/2 — l)xi"

\/iéz lai béll dang thfxc nfly du'é‘i dang

xi (xi — l)[.xi""‘ (xi — 1) + xi”’4 — 1‘) + + (xi”’Z — 20

Ta nhén may aiéu ny hién nhién dang. Véi 1123 va .\-i Sxz s...s,\-ii . ding mu-C X.§1)'I‘&

khi xi =x, =...=xii,h02f1c khi xi =0 vé xi =...=xii \/Z1 czic hoén vi.

Ghi chzi 1. Ta 06 thé viét lai bét déng thfrc trén du'('>‘i dang:

- Néu .\-i,.\-3.....,\~ii 1:1 célc $6 khéng am moa min .\-i + .\-I +... + .\-ii =11 -1

thi xi” (1 —xi ) +1‘; (I — x2 xi’: (1 — xii ) S xix1...xii

Ghi chli 2. Gjergji Zaimi vii Keler Marku dil m0‘ réng czic bét ding Lhrc trén vdi m<_>i $6

thuc k du'c'>'i dang sau déy:

(11 —1)(xi"+k +.xg+k +...+ xi'i"‘ ) +xix2 ...xii +xé +... +xif ) 2

2(xi + x3 +... +xii )(xi”+H +.\‘;'+k'[ +...+.\‘i'i’*k'])

Bi 24. Néu .\-i..\~i .... 121 caic $6 khéng am ma

(xi +x, ...+xi —/2) l+L+...L—11]+xi.\‘, +x2Z__ I ll\i X, \ii \i \, \ii

CI1 zhzg m in I1

. » ' -(1-'\1)2(1--W):V61n=2,bétdéngthtrcquyvé " 20
.ix2

Vé‘i 122 3, giél sir ring O<xi x: S... Sxii. D0 bit ding thtrc khéng [hay déi khi thay thé

méi bién x. bdi L, ta cé thé Qia' str xix ...xii >1. Str clung b§tcT§n2Lh(1'c AM GM ta1 ,. v Z _ ~ - _Xli.

nhén dlrqc xi +x2 +... +xii —/12/1."/xix: ...xii —/220
.

V21 vi véy ta 06 thé zip dung Hé qué 5(t1"u‘(7ng hc_>‘p p =0 vii q =—l ):

'Néu O<x < vi <...<x théa min x +x, +...+x zconslanl \/'51 x x, —c0nstant_|_'__ -11 l - 11 l_ u_
thi téng l+l+...L nhé nhl v21 khi O<xi :.\", =... =xii_i Sxii.

xl '\-2 X11 _

A/\p dung ménh dé, chi cn xét tru'®'ng hQ'p xi :x2 =... :xii_i =x v21 xii = _\'

d, A 1 ,_ A ( ) )1 -1 I ‘ _/1-] I > 71 0 bat dang thuc quy ve [ n—l .\+_\ —/1] ——+——n +.\ _\ +%__
X _\' _{'_
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Hav (.\'”—' +-¥_1—/1) r——+(n—l).x‘— —_—i—i'I('Z_1)('\._l)—. . ‘H ,

<
+

|_____.

I
_...1

,,_.

\/

D0 .\""] +LZ:—1—r1=iU.\‘”'l —l)+(.\‘”_: —l)+...-i-(.Y-1)}:§i[.\‘”-I +2_\-"*3 +...+(n— 1)]
\' n \‘

w_ ;~ —\

Vi +(n—I).\"—n:-%1) ~——l7 +—-—2_ +...+(n—l)§
'\_Y\’| '\~ L‘-‘_/'*_ -\'_lI__\ 4‘

Chi cn chirng minh ring

in ‘__
v 1 nl

[.x""‘+2x"" +...+(n—1)]\"+Ei+ 2 + +(/z—I)Jl2n(1z—l)‘H \I 5 \

Bit déng thtrc nZ1y

4:-‘> .\""3_\'+—%—2 +2 .\‘”*3_\"+—1—_———Z7+...+(1z—1){y+i—2‘)2Oxn _ V\_1z—,\ \.
_ 1/ - /

~ w
_1 — _‘ - . I

(.\""_\'3—l) +Z(.\'”“_\"—l) +(n—I)(_\'—l)
X/1-- ‘\_11—.‘\ ' H v\- _

Diéu nily mén nhién dung. Bang mu-¢ xziy ra khi V21 chi khi /1-1 bién .\-,. bang 1

B§1i25. Néu .\"l..\‘2 . _ . . ..\'” 151 czic S6 khéng m thoa min xlxz ....\'/I =1 {hi

1 — 1 <1
\/.\-l+_\":+...+.\'”—/z }l__+__l +.__+ 1__”

V\| X‘ \Il

Ch 1211g minlz

D51 Azxl +.\', +...+.\'”- -11 V51 B=l+-1—+...+L—n
_ '\-I .\-3 ‘Y!’

SL1" dung bit ding thtrc AM-GM. dé lhéy A vi B du'o'ng. Su" dung bixi lru'é'c. bin déng

thfrc sau dy dmg vc'>'i mqi $6 duvng xi ..\‘3 . . . . .,\'”_[

(xx +.\‘3 +...+.\‘”H -12—1‘;-+—¥+...+%—n—l\+x|x3....\"H_l +%]_i22
'\l AZ '\n+] / '\l'\Z ""\l1+l

Bét ding thtrc niay tucng durong vdi

(A—1+.\-M ){B—l+-1—-j+..\-“+1 +—1—22 hay i+B.\-M +AB—A—B2()
‘ l Y I V11 I I

F ~

Thay XW béi \/%.d€1nlé‘i

2 / I

>_-

,_¢

/

,._.

12\/AB+AB-A-Bz0<:>ABz(JK—\/E) -=-12L /_
N

3'

A-\\—r__.

Cu

V
4

>1

\/E
Bétd§1ngth(1‘c cuéi cilng chfnh IE1 diéu ta mong muén.

Bili 26. Néu .\'!..\‘3 . . . . ..\‘” 151 czic $6 khéng iun thba mfm .\'| + .\-3 +... + .\'” =11 thi ’

(xix: ....\'H + ...+ .\'i)£ n

Ch ling minh



Ch u'0’ng IV: Nh 1772g vién kim cuz/ng trong bl?! (Ting tI1zi'c lzién rfgli

\_|

Q‘
'JJ

, . -, w \Vdi /1: 2.b£31tdénglhL'1'c quy vé 2(.\-Ix: -1)" 204 \/Gi /123. gia sir réng

OS.\-I Sxz §...S .\"” vb zip dung Hé qua 4 (lru'C>'ng hQ‘p p : 2)

' Vdi O£.\'l x: S...£_\"”. .\‘| +1": +...+.\'H =12 \'£1 xi: +.\':3 +...+,\"i =constz1m

Tfch .\‘I.\‘: ....\‘” ldn rlhéélt khi ()§.\"l =.\'2 =... =1"/H x” l

Bdi v2§1y.ch|'c§n chtrng minh bit ding thtrc vdi x| :.\-I =... =.\"”_] :.\* v51 xi: : _v. trong

dé OS.\‘S 1 S _\~ v51 (/2 —l).\‘+ V\‘ =11. Trong mqi tinh hL16ng.b§tdé11gIhf1‘c quy vé

.\'"”'1_\""" l_(n—1).\': + ‘\‘3_ S/2

Vdi .\'= O_ bit déng Ihirc nily 151 tm thu‘b'ng. \/di .\- > O. n6 1u'0'ng dlrong vO'i f (x) SO

trong d6 f (x) = \/11-1 ln.\‘+Lln_\"+ln[(11—1).\*3 + _\‘: J — In /1 .

1\/n-
Vdi _\‘=n—(/z—l).\'.Ta 06 _\"=—(/2-1) v21

_1¢

\i_.|\-/

f'(_\') :l_l+ Z\/i(.\'—_\_)_(_\'—.\')(x\/11-1- 2
\/12-1 -Y .\‘ (n—l).\'3 +_\‘3 _\_w‘[(/1—l).\'3 +_\‘-'

Bdi véy. hém f(.\-) ling nghiém ngzfal lrén (0.1] V51 vi mé _/'(.\-)3/(1)=0

20

Dang [h'C xéy ra khi val chi khi 1-I =.\-3 =...=.\~” '=1

Ghi chzi. Vdi 12 =5 . la nhém du'Q'c ménh dé rél d¢p sau déy

° Néu a.b.c,d IE1 céc s6 du’0‘ng thoa min (13 +123 +0: + (13 + er =5 lhi

czbu/('(c13 +1): +1‘: +1/3 +e3)S5

Bfii 27. Gizi sL'1‘ .\', )3; 151 czic s6 khéng m théa mfm

1\1'+>':+zY=3,/>Z%%==0.73s. thi H +_»~" +;" 23
I1-

Chzhzg minlz

Gié1 sir )‘=%n9_ln4. SL1‘ dunv bit dime thirc {rune binh IE1 / thira. ta 06In; . C - - )
L,

x” +v” +1" x" +\-" '( x L L . . ,.+2 . V1 vz_1y.ch1can chung mmh rang .\" + _\"' + 3 Z3J .

Gié $11‘ .\'S y £ ;. Ta xél hai t1'u'()'ng hqp:

Truivng hQ'p .x':O. Ta cn chtrng minh réng _\"’ + 1" 2 3 vé'i _\': =3. Thét véy, SL1" dung

bit ding thfrc AM-GM. la c6 _\"" + 1" 2 2(_\‘:)§ =2 - 3% =3

Trurng hcpp x > O. Bit ding thirc .\"" + _\"' + 1" 2 3 tuong duong v0'ri bit déng thirc thuim nhét

‘- 5 ’i 1 (1 1.\"'+_v’-+;"23('D%) (l+i+l)'.D§1t.\'=a'.)"=/)‘,;=("" (O<aSb£c).
3 .\" )' :
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1 '-

, . '3' <1 ti *1 1

bétdé1ngtht1‘c1r('>'th21nh a+b+¢-z3(_"{") ((11 +51 +(~ )
J

Dé chimg minh b§td§ngthLrcnf;1§*. ta zip dung H6 qué S (trumg hqp p : O viz q =)
‘ ",1 T1 11' Néu O< a Sb S c théa man a +b+ c = vil ab("=c0nstan1thi téng (1 ’ +b’ + c " 1c'm

nh'§1tkhiO<aSb=c

BC>‘i vély chi ciin chtrng minh bé/1t d'§1ngth£1'c véi O< a S/2 : c; nghTa1€1chL'1'n'g minh bit
ding thtrc thun nhét theo x. _\'. 3 vdi O < x S _\‘ = : :1 . Do dc’) bit ding thfrc quy vé

.\""+223(%)E. K1)’/hiéu f(.\')=1n%#2—%1n2—'\',%l1, la cn chfrng minh ring

__,v_ _'__ _1A,

f(.\")2Ovc'>'iO<.\'S1.{-):;10hmf'(.\')="\ |— ' = '('\ 2" +1)
X’. +2 2-‘+1 .\'H (X: + Z)(Z.\‘+l)

C6 cilng déu vc'>'i g(.\') =.\'— 2.\'l_’ +1. D0 g'(.\')<O vé'i .\"e (O..\')) vil g'(.\‘) >0 vé'i

xe(x],1j,1r0ng dc’) x] =(2 —2r)% =-O.416.Hi1m g(.\") giém nghiém ngét Irén [0,.x|], v51

téng nghiém ngaflt trén [.\'],l]. Do g (O) =1 vil g (1)=0, tén tai xi E (0.1) théa main

g(.\‘2)=O.g(.\')>O mi .\-@[0..\-2) v g(.\')<O vdi .\"e(.\'2.1). D0 616, ham /(.1-) ting

nghiém ngét trén [O,.\'2] vim gizim nghiém ngzfit trén [.\':,1] . D0 f(0)= f(l)=O. ta c6

_f(x)2O vc'>'i O<.\'S1.suy1-a két qué mong muén.

Ding thL'1'c xély ra vé'i .\‘= _\' = 3 =1. Hon nfra. néu p: v .\'S _\‘§ 1. ding thtrc
n_>

cbn xéy ra vdi .\"=O val _\' : 1, = N/E

Bf1i28. cia sL'1'.x,_v,; >0 mm min .\A+>~+ ;=3, p2 =0.Z9 ma
1n3—1n2

X" + _\"’ + 3" 2.\')‘+ _\‘; + :,\‘

Ch 1211g minh_

Véi p21, str dgng bél ding thtrc Jensen La cé

/J

.\'+ \‘+;' 3

X” +_\"’ + 3" =3:%(_\'+ v\'+ 3) Z.\'_\‘+ Iv; + :,\'
\ 3 /

By gié gié sir p <1 .1351 r via .\'S y S 1. Bit ding thtrc tu'0’ng du"0'ng vc3'i bit
n — n_

I—7
~ , ;_ ,1 .\'+ \'+ I I w 2

dang ihuc thuan nhat 2(,\"’ + _\"’ + 3" + .1-2 + 3'3 + 1“ 2(.\'+ _v + 3)
- /

S11‘ dung Hé qué 5 (tru'O'ng hqp O< p<1 V51 (1:2). vé‘i xS _\‘S 5,, théa min

.\'+ _y+ 1 =constam, I6/mg xi + _\': + :2 nhO nhét khi .x'=O hoéc O< .\"S y = z
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Y ‘Y F I*1v7‘

y\"”+:"’-—_\':22()‘:)€ —_\':=(_\":)51L2—(_\':) 1‘ _

L_

\/

'1 r— —.

2(_\:)3 — ‘-W):/)]=(_\':)g[2—(%)2‘2(V\":)§L2—{%):—pi=O

JT.

Ii

l\)

/?\
V

\3+
z

Tru'O'ng hqp O< XS _\" = 1. Trong bit ding thirc Lhun nhél. ta bé di diéu kién rimg

bu()cx+_\"+;=3, v51 xél v\"=:=l . O<_\'$1.

, . \ ‘ '> 3"’
B51 déng thtrc quy vé (.\-" + z 2.\- +1

DéchL'1'ngminh b§1Ld2'ingth(1'c nily ta xél hilm f(.\')=ln(.\"" +l)+(2—p)ln%—ln(2.\'+l)

Ta phéi chtmg minh ring f(x)2() \'0"i O<.\'S1. Ta cé

.I7*] 2_ '7 , Af,(v\_): p.\ p 2 ..g(.\)
X’)-l-2 X 2-‘+1 .\"""(x"+l)(2.\‘+l)

Trong dé g (1') =.\'2 +(2/1 —1).\‘+ p + 2(l — p)_\‘:”’ —(p + 2).\""".

V51 g'(.\')=2x+2p—1+2(l—p)(2—p).\"1"’—(p+2)(l—p).\””.g'(.\')

=Z+2(1—P)2(2—P)-\”’ +11(P+2)(1—P)-\””"

D0 g"(.\') >0, dao hiim cép 1 g'(.\') ting nghiém ngzil trén (0,1]. Luu )7 ring
g'(0+)=—<><= v51 g'(l)=3(l — p)+3pZ >0,t6nte_1i.\-1e_(O.1)_lh6a1nn

g'(x1)=O,g'(.\')<O vdi xe(O,x|) vii g'(.\')>O véi xe(,\"|,lj.B<"ri v.';y,hi1m g(.r)giz'1m

nghiém ngét trén [0,3] v51 téng nghiém ngz_“1111"én [.\"|,1]. Do g(O)= p >0 v g(1)=O,
t6n tai .\‘2 E (O,.\‘]) théa min g(.\’3):0.g(.\")>O \'é'i XE [O..\'2) vii g(.\')<O vé'i

xe(x3.lj. Tacng C6 f'(.\»2)=0.f'(_\»)>0 vé'i .\‘E(0..\‘2) va _/'(.\-)<0 vé"i .»e(.\-1,1].

SL1‘ dung két quél n51y.hi1m f(.\‘) Lng nghiém ngét trén [0..\"3] v gizim nghiém ngét trén

[A-3,1]. D0 f(0)=lr12+(2—p)ln%2lnZ+(Z—r)ln%=()
'

va f(1)=0, ta nhém duqc f(.\')2min{f(0).f(1)}2O

Ding thirc xéy ra v<.'>'i .\'= _\" =1 =1. Ho'n nC1"a, khi p: vfl ,\"S _\" S ding lhtrc

con xéyra khi .\-=0 v51 _»~=;=§.

Biai 29. Néu .\",.\'2,...,.\'” (1124) 151 czic 56 khéng 21m théa min 1" +_\"3 +... + xn =11

thi I + 1 +...+i1?—s1n+l—x,,\*., ....\'” 11+! —xqx4 ...x] ll + 1 —.\‘l.\‘, ...x”_l

Chzhz minlz8
1 12-! I

Gizi str x 3 x, S...£ x vé e = Hi .su‘ dulw béId€1n2thL'1'cAM-GM. ta (:6I __ /1 11 I H 1 1? -
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.—1 \ P1

.\',+...+.\’”\ ‘/.\‘]+.\‘,+...+.\'” " 4

.\'l....\'”§ ' <1 " =e,‘_i.V1the
_ \ /1 / '

n + 1 — .x1.\‘} ....\'” 211- 1- em > O vil tit ca czic $6 hang cua bit d§u1gth(rc déu dutmg.

Tru'O'ng hqp xl =0. Dé ding chirng minh rang bét déng thirc ddng.

Trudng hqp .\'1 > O. Gié str ling .\'I.\‘2 ....\‘” :(1z +1)r =conslunl. r >0.

B51 dang mu-C my thimh

"Y1 xi X11 < , 1 1 1 1——+——-+...+——_n+1hdy-—+—i+...+———§—
X! " 1' .\': '- 1' .\'” — I‘ .\'1 — 1' X: — I‘ .\'/I — I' I‘

' \/1

; .\‘+.\,+...+.\H
Su' dung bat dang lhu'c AM— GM. la co (n+1)r=.\‘l.\‘, ....\"” S ———;i———J = 1.

‘ /1

Tmng 56 I‘ Si. Tu" x” S.\'| + x. +... +.\-H :11 <n +1 l 1:1 nhén duqc .\"” Si.
I1 _ 7' I'

B-., . , 1 A . , -4
ox v'q1y,ta co r< .1’. <-— VO118.1CEi cac blen .\i

I.

By gid ta sé zip dung Hé qua 3 cho him _f'(u) =;l—_.u > r. Tu cé _/"(zz):—l—q vi
”_' 1u—r)'

, ‘ 3 , -- 2
g(.\')=f g (.\')=ii“§

A (1—r.\') (1—r.\‘)

D0 g”(.\‘) >0, g(.\') 161 nghiém ngzfat trén Ap dung HQ: qua 3 vél Ghi ch til" mgc

5.1. néu O$.\-I Sxz $...£.\'” tho'a min xi +.\'3 +...+.\‘” =constant v51

.1-,.\-2...1-H =c0nstant, ma téng _f(,\-I)+/(.\-2)+...+f(.\-H) nhO nhét khi

x, £25 =.x3 = = xn. Vi vz_“1y,déch(rng minh be‘1td51ng1h£1'c ban du, chi cén xét trumg

hqp x] =.\' vii x2 =x3 =...=.\"” =_\‘. trong 616 O<x$1S_\' v€1.\'+(n—1)_v=n.Ph5n cbn

lz_1i cua chirng minh dnh cho b:_m CIQc.

Bili 30. Gié su‘ a,b,c 151 czic $5 du'o"ng thou min ubc : 1. Chtmg minh ring

1 1 1 2 21

(1+a)3+(1+;,)3 +(1+C)3 +(1+a)(1+b)(1+c*)

Cluhzg minh

» -~ 1 1 1 ~ 2 2 2 »

K hleu x=i-.\‘=——.:=———,S=.r+\*+:, va =x +y +1 ,tron@ do
y ' 1+a' 1+1: 1+c " -Q ' °

O< x_y,:< 1. Gié thiét abc=l tr('>'thi1nh .\j‘Z =(1—.\')(1 — _v)(1— 1), nghTa1i1

4.2:)‘: +x3 + yz + 13 =1+(x+ y + :—1)2. B5td§1ngth(1'c ban du trtr thimh
.

xi +_y2 +13 +2.\)‘3Z1, nghTa1?1 (.\‘+_y-1-3-1)“ +.\'2 +3‘: +12 21
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~ .. . 2 ~ » ~ 1 , . 1Bing phan chung_ g1a sL1'(.\"+y+ : -1) +.\-' + _\" + 3‘ <1 . Ch1 can chu‘ngm1nh1"ang

-'l.\'_\': + .\"3 + _\": + 33 <1 +(.\-+>\"+ 1 -1)“. ;~/\p dung HQ qué 4 (_11"u'©'ng hqp p : Z 1. néu

031$ _\'S 1 LhOa min .\-+ _\" + 3 =c0nsLant vil .\": + _\~: + 13 zconstam [hi rich .\‘_\":, ldn
nhzit khi 0< .\"= y i 1. BO'i vzfay. ch1c§1n xé1lru'O'ng hqp .\"= y . Ta cn chfmg minh ring

(2.\~+ ; -1)' + 2.1-1 + 5 <1. din 1o-1 4.1-1; + 2.1-1 + ;1 <1+(2.1+ ; -1)". cm1h1é1 phzin
7

, ~ \ 2 3 (.\'—l)— 2 A ,chu"ng,ngh1a1a 4.1-3; + 2.1-‘ + 33 21+(2.\*+ 3 -1) ,huy 3 Zwii.cl11can chung
.1" +(_\‘—1)“

minh1'§ng(2.\'+:,—1): +2.1-3 + :3 21. D0

(\'-—1)2 1"(4\'3—§\-+2)Z.\'+:—12Z.\'+ w" 3—1:' ', " >0
.\~- +(.\'— 1)‘ 241" — 2-\"+l

Chi cn chtrng minh b§td§ngtht1'c \=O'i 1 151 du.
.1" +(_\ —1)'

Ta C6 1’ -1=ii‘""_(3-"'‘4-W2) 151 11 mé
(2x2 —2.\‘+ 1)’

1 _z -_ ~ _2~_:(2'H_:_1)1+2_\_2+::_l:.\' (471 —3,\+Z7) +2_\_:_.\ (.v.\ —4.\+I?):

(2.\'“—Z.\'+1)_ (Z.\"—2.\‘+l)_

2.11 (12.1-* — 28.13 + 27.1-1 -12,1-+ 2) 2.1-112.1-111 (3.1-1 -4.1+ 2) >0
(2.11-2.1-+1)2 (2.1-1-2.1~+1)Z _

D2“1ngth1'1‘c trong b§1tdz'1ng1h1'1'c ban du xziy ra khi v51 chi khi a :12 : (‘=1

Bili 31. Gizi sir (1.12. (-121 czic $6 khéng m thoa miin :1 +12 + (*2 2 v51 a/2+bc + (1121.

0<,-<11111¢1"+1/+¢-'22
_

Clzlhzg minh

Ta ¢<s mé viél diéu ki{:n1h1'1"hai 1111-1&1 dang ((1-1-/J +1-1’ -(<11 +1f +¢~1)z 2

Ta sé zip dung Hé qua I cho him 151 _/'(u)—z1":;\léu OSa Sb Sc théa min

a+b+c=c0nstz1nt v51 (12 +123 + C2 :c011stant,thit6ng f(u) + f (/2) +_/‘(<~) l(3'n nh§1tv'éi

hoéc a=O ho£1c0<aSb=c‘

Tru'O'ng hqp u =0. TU‘ ab +b(' + £1121 ta nhzin du'(_>'c bv Z l . Do dd

Q" +1>" +1-'2 =1)" +2-" z2\1bT¢-"22

Truiing hc_>‘p O<aSb=c. Néu c'2l‘thi a" +12" +c" =0" +2<“"2Zz"'Z2

Néu {<1 thi O<a£b=c<l vii vi thé a"+b"+c"=a+b+c.-22
Véi £1 s 1, g 1- , bét ding thirc ban déu trd thémh dang thtrc 1<111 V21 @111 khi 61 = 0 v51 b : 2- : 1



768 Plurmzg plzdp EV

Bili 32. [Vietnam MO 2004]

Giél su' a.b.c 121 céc $6-du'o'ngthOamZ1n (u +12 + 01' :3Zul>c.

Tim gizi Lri 1O‘n nhéit vil gizi Lri nho nht cua E = ui +124 +

(u+/>+c)

-+(.

Clzzhzg minh

Ta sé Zip dung Hé quél 5 (tru'b'ng hqp p =0.q =-1» )1

0 Néu 0< (1 Sbc théa min a +b+ (r:C0n5tant vi (1l>c=c0nSl21nt_lh1l(§ng a4 +/>4 +04

nho 111151 khi O<a£l2=c Va 1é'n nhéu khi 0<<1=/7&1»

Do mm muém nht, E nh<'> 111151 v0"i 0 < 41$/7 : 1.» =1 v51 ((1 + 2)‘ : 3211 v51 lén nht mi
\ 3 1 1 , , .- 1 1‘:

(1:1) =1 Sc va (c + 2) 1 320. D0 phu‘0'ngt1'1nh (.\" + 2) : _>2.\' co ngh1¢m 2 va -4 i Z\/J_

chtrng to E nhc'> nht vdi ((1.12, 0) ~(2\.1€ — 4.1.1) hozfac caic hozin vi vbng v51 1('>'n nhét vc'>'i

(a.b.(') ~ (1. 2, 2) hoc czic hozin vi vbng. Czic giét1"1c1_1‘c tri cum E 15 vi %.
tu'0'ng (Ing.

25 2

Bfii 33. G121 su" .\'l..\‘3 . . . . ..\’” (12 2 3) 121 czic $5 khéng zim thou min Z1", :1

: \ 3 _ , , 3 —1 ,Neu n'ze{3,4,....1z} [1111+Z.\].\,.\.;>%Z.\1.\.

Ch ring minlz

(Dua thco )7 tu'0“ng CUZ! Yuan Shyong 001'). ‘

D0 22.rl.r2 =(Zxl )2 — . ta cé thé zip dung Hé qua 6 (truimg hqp p =2)

' Vé'i Oxl Sxz S...Sx” théa min Xx] =1 vii zconstant, téng Z.v1.\'2.x"3 nhé

nhél khi xi =...=.\'k :0 v£1.\‘k+2 =...=.\'” trong d6 /<E{O.1.....n—-1},

.\‘l =...=.\'A_ =0 V51 .\‘=.\‘L_T1S.\‘k_2 =...=.\'”=_\‘.MQlkh51c.sU'dung
1 ~

(ZX1)_ I Z X1: + "Y1-\-1 "'51 (Xxx )1‘ :2)‘; +3(Z'\-1)(Z'\'1<\-3)_3Z'Y|"'2'\-3 "

ta nhén du‘o"c 2Z.x].\" :1 — Yxl v21 6Z.\"1.\",.\"2 =1— 32.x-13 + 72
. . 2 /_d] ~'

Béri véy, bait déng thirc 1115' thimh l+m(/n—1)Z:.\"f2(2121—1)Z.rf

hay if(.v,.)z0 trong dc’) f(I)=l(1—mI)[1—(m—l)r]
' [=1

Ta céin chirng minh ring f(.\")+(n +/\' —1)f(_\")2O vé'i

.\‘+(n—k——1))‘=1,()SxS)',()Sx£—LI.
/1- '
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\ .1! ‘ . L z, , _ '7 1
Tu'_/ (1)=6m(1n—1)1 — 2(Zm - l).chu'ng to rang f 101 \vo'1 12%

.>/mm ~

. 7 _] : _ . ,a. Tru‘0'ng hqp .\"2% Su' dung bat dang {hut Jenselz la co
QIII HI —

f(_\‘)+(11»/(~11f(\'>2(11—/<1fiy*1\-+(,]_/(—l)'\_y:(11—/<>I‘_( I ,:Lk_”+”I)t/\'m”*m~H>0\ 11 /\ , /1 /\
‘ M ‘ *' ' ' -" <”»1= _'
Bdi vi (/\' —1z +111) IE1 nguyén

~ 7112-1b.T"'~ _h' _-<1.
Wong Qp \ 31n(m—l)

DO l—nz.\‘>l—i——L:i_—2——>(). K2106 _/'(.\’):.\"(l—m.\‘)[l—(111—1).\"]2()
3(1n—1) 3(1n—1)

Xét 3 tru'O‘ng hqp thco chi $6 k:

TI‘ll’()’llg /l()'p k S11 — m — 1.

Do l—1n‘\'=l—%E1l2l—(1—.\")=.\‘20. ta cc’) f(_\"):‘\‘(1—m_\')[1—(m—l)’\"]20.,_ »_

\/51 vi thé f(.\‘)+(1'1—/< —1)f()")2()

Tr1r6‘11glzgrp k 21z—m+1.

’ (111-1)(1—\') (1n~1)(l—\') 1 (121-—l)\'D ( -1)~-1= --12
1 "-1: - '

O m '\ 11—/<—l m—Z 111-1 n1~Z

1 111-1 Zm—l 111+] » » ~ I- ~ = 0.1 ~:~ -~11‘ -11~~1 1.
>I11—2 HI‘-2 3n1(1n—l) 3m(111—Z)> H CO ‘/U) '\(m'\ HI ‘\ l>k

Va vi mé f(.\-)1 (11 -1' -1)/*(_\-)z0

Trming lzgp k = 11 — 111 :

Ta C6 .\‘+(m—l))'=1. f('\')=_\'(1n_\‘—1)[(nz—1)v\‘—l]=i'x-('¥(*1)(1)im'\.) vii
1 IIl— “

f(.\')+(n—k—l)f()')=f(x) +(n1—1)f(_\')=x[1—11zv)[l—(1n—l).r] +'\-('\’—U(1l_'m) =m1_2)'\‘(l1_”Z\-Y 20
111- m-

Chirng minh hoim tit. Ding thfrc xziy ra néu III hoafac 111-1 lrong czic bién .\'l..\": .... ..\"”

bring nhau v51 céc s6 cén ]:_1i bng O.

B:§1i34. Gizi SL1‘ ,\‘. \'.:,,1 151 czic S6 thuc khéng m xi + _\'3 + :3 +13 =1. Chfrng minh ring

.\"‘ + _\"” + 13 +1’ + .\'_\‘: + _\':1 + :_1.\.'+1.\‘_\‘S 1

Clzzhrg minh

Giél strréng .\'$ _vS;S1 vil zip dgmg Hé qua 7:

' VdiO$.x'§)'§:S1IhOz1m€1nx3 +_\"3 +1: +1: =1 v€1.\‘3 +_\'3 +13 +13 zconslant

biéu thfrc A3": + y:1+ :1.x" +1.\3" 1611 nht khi 0 3 .\' I _v I :. £1 .
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D0 dd. La cn chtrng minh ring 4.\-3 +1’ +31-:1 £1 \~"é"i 31-3 +13 =1.()§.\-£%5z.

xel _/'(.\-)=4.\-‘ +1‘ +31% . Do ac» /:%.1a cé

/»»(\_]:12‘_: +,)(I: + Y1)/+()\_I 3.\'(!—.\‘)(3.\'—I) 3.\‘(I—.\")(1Z.\‘3 — I)

‘i ' I ‘ ' ' I r(3_\<+r)

J

3|
'\,_;

., ,. / \ \ ., ,. / ,

D0 j (.\")<O vo'1 .\"e((),————\| :0 \'a ‘/ (.\*)>() vow .\-"e|Lr.l .h£1m /(x)
, a '>\/“ . 1 /~ 7 ‘

\ - »,' \~ J \»_\,J ~,
1' 1 _1 T 1

gxam nghxem ngat nen \-<1 tang ngh1emng2_1tt1en‘B01 \vz_1y_

f(.\')S max{_/’(0l).f(_v15)}.D0 f(O): f =1 . ta nhén du‘Q"c f(.\")§1. 151 diéu mong

muén.

1 1 '

[\)r——

l\)>—

D§1ngth(|'c X8)‘ ra vé'i _\‘,:.t)=(-5.3. —) vZ1vo"i _\‘.;.I) =(1.0.().O) hozfac czic hbzin

vj cua né.

Ghi clzzi: Tu‘0'ng 11;", ta cc’) lhé chirng minh ménh dé téng quail hon du'('>'i dy:

Néu .\'I..\', .... ..\'” 151 czic $6 thuc khéng fun thoa min :1 [hi

2*-f +_-"?Z.»,\-:1-2 $1 (Vasile Cirtoaje, MS, 2006)
(n—2)(\/n+1) _



Chu‘0'ng IV: Nlzvzg vién kiln cu'0’ng trong hr?! dzfng th12'c Izién (Tgli 771

§22. PHUONG PHAP CHIA D13: TR! (DIVIDE AND CONQUER)

1. TU’ TU’O’NG CHiNH

Céc ban thin mén, vé mefu I)? thuyél {hi r6 rimg dé chimg minh mc}1 bit déng Lhirc lhuéc
loai "chit ché" (ttrc déu déing [hire c6 thé xziy ra) thi khé hon mét bét ding thrc thuc sgr.

vi oéo ta dénh gizi khéng ho-o 1y ma oéo bng khéng Lhé xéy ra v21 do dé phép chtrng
minh chén chin sé khéng dua Ldi lhimh céng. so or ta gép khé khén dé 1o vi mong
muén c6 mét dzihh gizi cho Loin cuc (Lrén ca mién gizi Lri Qua caic bién). D0 dé, khi gép
nhfrng biéu Ihirc biéy-n thién phtrc lap ma sé 1-51 khé khén: mét dzinh gizi oo mo 16: cho
trui)'ng hqp nay nhung lai khéng tét cho tru"é‘ng hqp khc. Khé khén ny thubng xut
hién khi diu ding thtrc xéy ra nhiéu hon mét chg. chéng han:

1. Vi dg 1. Cho x, _\', 1 G [-1. 1] vZ1x + _\' + I = O.ChL'1'ngminhr§1ng:
, I

\/1+.\-+%\-3 +\'/‘1+\'+%;2 +\(/1+;+%.x'2 23

hoéc mom chi khi'd§u dong mu-o chi x3yrat2;1i mél oho nhung bén déng thirc 151 qu cha§1t_

chéng hgnz . '

2. Vi d1_1 2. Chtrng minh ring vé'i mqi $6 thuc du"o"ng cl, b, c thi:
7 7 -7 +1 + -

Ga (W + (wb 6 + (v( (> 2 U 3 (
(1 + b b + c c + a 1-

Dy 151 hai bili toim khé, thém chi rét khé. v€1 chng sé duqc giéi quyét 0' cuéi chuong. 1\/Iét

trong nhfrng céch don gién nht dé khéc phuc khé khén 121 chia mién 151m viéc thimh
nhiéu mién con, mil m5i mién tu'o‘ng déi dun gian dé C6 thé xtr 11' nh<;:- nhimg. Néi mét
czich ném na, thav vi lm mét viéc réh khé dé nhén 100 d6n<>. ta nhén lixm 10 viéc dé, ’, . . . C - .

m€>i viéc chi cn 20 démg, thi v§1n hiéu qua hqn. Nhu véy, tu tudng cua chimg ta khi tin
céng mét béi toxin-bit déng thtrc cé thé tém tét nhu' sau:

' Bu6'c 1: D1; dozin czic trLrO'11g hQ'p xéy ra déu ding thtrc (ta sé ggi Iii céc diém "nhgy
cam"), khoanh vimg chimg lgi vi xét riéng ra. Nhu véy ta chi cm phai lém viéc vdi ceic

béit ding thirc thuc su.

' B|.r6'c 2: Tiép tuc chia mién xaic dinh cua czic bién thimh caic tru'b'ng hqp con dé don
gién héa czic bit ding th1'1'c thuc su ny v51 giai quyél chimg.

Chfmg ta hiy xét mét vi du dé hinh dung tu lutmg néy.

3. Vi d1_1 3: Cho czic s6lhg1'c x, y, 1 cé téng being 1.Ch£1‘ng minh ring:

_*_w+;1+;n§i(1)
1+.\“ 1+)" 1+1" i0

Chzhzg minh
\ -» ~

Nhén xét ring déng lhL'1'<: xéy ra khi vél chi khi x = y = z = 1. Nhiém vu déu tién 121 téch li

diém nhay cém nz‘1y. Xét f(t)=1—l—; thi bét déng thirc cn chtrng minh tuong ducrng
+2"

vdi oat ding thfrc f<.\->+f(_\-)+f<Z>§3f("‘L;'+_Z] <2) ‘
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/\
~_/

4
_J1

Ta c6: _/'”(1):1(i'ii$-)s11.v1€[<>.\/1?] nén hi1n1f16n111‘&n . 11 _T.

1l+1'1

D0 J6 néu .1". _\'.:€ 1 1h11hc0 b2'11d§11g 1h1'1'cJcnscn (Z) dflng 1161111) dL’111g.

F3
4

Dén dy diém 11hz_1y cam d d11'Q'c 111011 1i. Phn cbn 1:11 111 chi phai chtrng mi11h bit d€111g

1h1'1'c 1h1_1'c $11‘. Dé giai quyé1. ch1 c511 chiz11hZ111h nhiéu 11"11'1‘)'ng hQ'p. .

G121 S11 .121-2;. Néu ;_ 2 01111.1, _\~, ; €10,1]CLO1\/13lI1éI1(2)L1L1Tlg :> 11>

Q1

,':\

:5
(IQ

Do 116121 c111 phaii xél khi 3 < (). Xé1czic R1121 nng sau dy: H

Xé1\"<l:Tacé:'—\'1+—#\‘—,+ Z _ <l+4%+O:i :>(1)d1'1r12
° ° D 10 ”
— 1+1" 1+)" 1+3" -

X61 1-2% 121 02:2-1 11111-3:

.\‘ 1‘ I. .1‘ \" 4 4 ' , "

1+ *,+ _§ 1+ ' ‘+~;=f<~9—:>(1)du11g
1+.\" 1+_\" 1+3.‘ l+(1)“ l+(1)' 5 J 10

"1 1/

1 1 1 1 . , -1 .1" : 1 1 3 7 9X1 *Z— -— I —_jT; ‘ ji i _i-§—+—-_:~— ‘Q
C "1 2”‘ 2> > ° “O 1+1-1+]+_\11+1+;1 2 2 10 10<10

X61 _\'Z% v51 ;<—3: Ta C6: 2.\"2.\‘+_\'=I—;24 :> .12 Z. Khi G6:

-Y B‘ Z 2 1, 9 \- » : A A

——-—q+ 1 +—-—,<—+;T()=—. B111 toan den dz1yd11'Qc g1a1quye111'Q11 vgzn.
1+.\" 1+1" l+;' 5 - 10

Théng 1hu"b'ng vé‘i ctic b51i 10in (1011 giim 111111" 11611 thi caic bit déing 1h1'1"c 1h11'c s1_1‘ mil 121

nhén du'<_1c sau b11'15'c 1 khzi dé dé chimg 111inh. Nh11‘ng déi véi czic bi 102111 khé lhi czic

bz§1d€ing 111110 thuc 11i1y cfmg khéng hé 61011 gian. Trong hai m11c tiép thco chimg ta sé

151m quen véi m<f>1cz'1c1'1 giai quyé-1 Cdc bé11 déing 1ht1'c 1h1_1‘c $11. T11"1u"1§"ng v§.n 1Z1chia dé 111:

' Bu‘6'c 221: (chué/1n bi) Bién (161. chuéin 11611 b§11 d:§1ng1ht1‘c 1h11'c s1_1" v<1§- dang thich hbp.

' Bu'6'c 2b: (dt1'1diém)Bé1m nhb theo tirng bién dé x1'1'1},".

Trong b11'<3'c 1 thi 1i1y 1hc0 tirng bi lozin C11 thé mil chng 1a sé phzii dé“: 1'21 nhfmg chién

1u'c_>‘t "1511 céng" hc_>'p 1)? (czic ban sé 1115)’ diéu nily qua czic v1’ du O'ph§111 zip dung). Bu‘é‘c 2

121 11161 bu'c'>'c khé néu czic ban c11u'a C1u'Q'c 151m que11_ tuy nhién suu khi dqc xong phfin 1)?

1hu_v§1 du'é'i dy chic chin czic ban sé db11g 5" \’c’>'i c111’|ng 161 ring: dily m('>'i cH111h 151 b11'é'c

dé 111151. bO'i C6 thé 1h11'c hién 11161 czich nhanh chéng 11151 khéng phzii "déng 11510" nhiéu.

B£1ygii71Z111'1c chng 1a cimg xcm xé11Z1n1111énf10 dé giai quyét czic b§11d€1ng111u'c 11111'c s11".

11. BAT DANG THU’C THL_J’C s1_r MQT BIEN sé

G121 $11 chng 1a 0511 chtrng 11111111 11161 bz‘11 déing 1111'1'c dang _f(,\") > 0 Vxe [(1./2]. C6 16 )3

nié111 du tién czic bz_111 ngh1dé11 121 $11" d1111g d2_10 1121111 dé khao $511 him $6. Tuy nhién cilc

ban 1h1'1‘ hinh dung néu 1a~ phai chfrng n1i11h khoang vii ch11c 1151 dz'111g 1111'1'c 111111" \':_31)'.

trong vbng vi tiéng dbng hb — qu£11i1 mét céng viéc hé1 s1'1'c mé1 moi (v51 khi 11161 mbi

1111 tinh tozin 1'51 dé 11h'§1m 15m).



Chu'0’11g IV: Nlzrzg vién kim cuvmg trong br"1t (T111151 1/1121‘ l1i_é1z c7(1i 773

Khi hZ1mf l lién 1110 tdiéu kién nil)’ r511 phé bién). 11106 Ihé XLT 1)" don giém. S1111 df1§ 151

mél dinh 11' 06 vni trb hél sire quz1n1rQng lrong phuvng phzip chiu dé 111.

1. Djnh 1: Cho f(_.\". _\*) 1£1 hilm lién 11_1c 111' [(1. /2] >< 111. /1} \/Z10 ling 1hc0 bién .\- vix

giélm thco bién _\". Khi d6 Z diéu sau 151 1u'o'ng du'o'ng.

(1) f(.\', .\") > O. \'O'i mgi .\"1hu@c [11. I1] ‘

(1'1')T5n lai dy hfm hz_1n téng 11:.\‘H ix] S...S .\"_m_E :/1 sun choi

f (.\'n..\‘”_i ) > O V11 :().1...._/11

Clz 11'11g 111i11l1

(ii) suy ra (1'). Xé1.\' E [11, b] bait ki 1h] 1611 1.711 0 S 11 S 111 $110 cho xe [.\‘”..\'”_]]

Khi d6: f 1') 2 f (.\'”..\') 2 ‘/' (.\'”..\‘M ) > O

(1) suy 1'a(1'1'): X61 {zip hgip A gém 151ca' caic gizi1r1 ;e[11./2] 5:10 cho: 15n 131i dy hfru han

léng (11.10 <.\‘| <...<.\‘ .1: vi f(.\"”..\'” ,)>O V11=().l.....111.111+! ' < + .

D5 1h51y ring A cé 11'nh ch51 "n<§i di". 11'1'c 151 néu ge A 1h] mQi lrong I11. 3| cfmg thuéc A.

Ta Ihfiy A khzic rgng (11 ra né ChU'£1 (1). vil A bi chin. nén 1611 tqi 3 -sup(A) (chzfm 11611 nhé

nh§1 C1111 A).

Néu ;<b 1hi vi _/'(S..:v)>O \'Z1 11’nh lién 1110 01111 f nén 15111 tai :1 E A (du gin 1) \"Z1

:36 (1.19) sao cho _/'(;l.;:)>O. Khi d6_ la ly dy .\"” 1_u'o'ng Lrng cuu :1 \£1 b6 sung

lhém .\'m+3 = :3 dé suy ra :3 e A. \/E1 nhzin du"Qc n1f1u1hu§m.

Véy b=sup(A). T11 chirng minh Z1 thuéc A nfra 151 xong. Tuvng 111" nhu' trén. vi

_f(l2.b)>0 vb f lién tgc nén 16n tai //e A sao cho f(b'.b)>O. T11 lily dy .\"” 1u'o'ng

(mg C1121 12' (vi/1'1h11©c A) \/Z1b6> sung thém .\* 1 :12 dé suy 111 be A.‘ 111+_

' Nhzfm xét:

a) ".\l5i dfli" 121 11161 19 1huz§1 r51 co" ban. C6 Ié n6 121 mél minh hcpa cho cu: "mét bu'<'1c

thi ngén. nhung nhiéu bu'c3"c hiép lai 1hi ngim dam cung khéng '

b) Phn chtmg minh (1') suy 1'11 (ii) khzi dili nhung czic ban khéng phai bin khon \"1 ci
mi chimg ta sL'1'd1111g chi l51(1'1') suy ra (1')_ mZ1ch1'1"ng minh n6 don gizin dén m1'1'c... hién
nhién. Chimg 16i lrinh biay chiéu ngu'Q"c lai dé gifxp cc ban yén 151m ring n6 0" dy cé
mél su‘ 1u"o‘ng du'o'ng. nghhl 151 con durng cua chling 121 chic chin lhimh céng néu bait

déng thtrc c§1n chtrng minh ban déu I51 dfmg.

Vé'i caich nhin ny 1hi 1u'1u'O'ng chin dé lri néi lén 151 1'6. D6 121 1hz1y vi chtrng minh (1):

f(.\", .1‘) > O Vxe [11.b]. ta dual vé 111 + 1 bili toain nhc'»:

C/112'11g 111111/1." f(_\‘.-\*)>O v('>'i XE [.\'I__..\’M1. 11 :O_ 111. Khi phfm hoach doan [(1. /1] du 151

(chqn day .\'” 1hOz1 (11)) thi cc bixi 105m nhb dng m61 czich "hién nhié11" vi

f (A-“'\.) 2 (X11 "\.1!+l ) > 0 '
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Dinh If trén cbn C6 lén 151 “thuél tozin cyclic“. dy 151 mét thuét loin hét sL'1'c don giém

nhL1ng dem 131 nhtrng tinh néng hiéu qua dén khéng ngb‘. Dé czic ban dé u1'O‘ng tuqng
chng 161 xin trinh b£1y1n©1><5th1'dg1dé1116 phdmg l;1iquzi11'111h11'én:

1

~ ~ ' 1‘ 2.5 V -3 1Vi d1_1 l:ChL'1'ng minh ring: f(.\‘) = +_\"" — 1.520 . VA-20.5
\’.\‘ +_\-+1 -\‘+3

C/1 1271g m in lz

Néu .1 z 1.21111 .1‘ > 1.5 nén hién nhién ta (X3 diéu phéli Cl'1L'1'ng minh. Do dé ta @111 can Xél

khi xe [O,5;1_2]. (dy 151 mét bu‘c'7c d0'n gian nhung c511 thiél bO'i Dlnh If 1 chi phzil huy

[sic dung khi .1‘ di duqc duu vé 11161 dogn xzic dinh no J6).

¢+25 1-1
D51 f(¢1,b)=\/;)7_;*-+\)‘L5 +11‘ -1,5 V61 15211.

+ +1 5+
Vi fm, b) aéng bién theo (1 Va nghjch bién theo 1; nén néu fm, 11) 2 0 1111

_f(x)2O.V.\'e[a,b]. vén aé CU8. ta 1:1 chia dean 10.5; 1.2] 111211111 czic doan 11115 111, 151 sao

cho ca"c dogn nhO nily quét hét doan [0.5; 1.2] 121 xong. Céng (10311 néy rt dé dng, xin
dé xut mét céch:

I (05)1+°5 /05*“ _ -f(0.5;0.55)=\/ "~ 5" + <_~)_+(0.5)‘-1.5>0
(0.55)‘ +0.55 +1 W->5 +1

(0 55)’+v5 /(o55)’ - <f(O.55;O.65)= '4 “' +\/ ' +(O.55)q—l.5>O
\/(0.65) +0.e5+1 0-65+5 .

(0 55)2+25 (0 651‘ _ 1f(0.s5;0.8) + +(0.<>51 -1.5 >0
(0.s)‘ +0.s+1 9~8+>

(08'+25f(0.s;1,2) /i"4)i~*+./(0"8)5 +£0.81‘ 1.5>0
(1.2) +1.2+1 1-2+5

Véy 15211 toén dutyc gizéi quyét.

Nh:§n xét:

a) V5 caich dét hiim f(a, b) thi néi chunq 151 c6 nhiéu czich. Luy nhién don man nhét Iii
151m nhu‘ Irén: B51111 v210 nhfrng ch5 x téng \/‘E1 dét I2 vo nhfrng ch15 .1‘ giam (151 nhién. mét
czich dét tét h0‘n tuvng (mg vé‘i mcf>1 1011 giai_ ngén hcm). V61 caich dzfat don gian n£1y thi

him f 121 duy nht, nén suu nil)" la sé luén hiéu 151 him f duqc xziy d1_1'ng nhu' vziy néu

khéng 06 chL'1 thich n£10 khzic.

b) Czic ban cé mé mac mic vé $11 X1151 hién czic d'02_1n chia, Chang hgn nhu' 10.5; 0.551? T1'1l_l'C

sq rét don gién, trong trutmg hqp ny thi ta chi viéc ly mét $6 ldm hon 0.5 via thtr true

tiép (tit nhién sé niiy cfang lém céng tét) cho dén khi nhzfm du'<_J'c két qua dng. Czic ban

cflng cc’) thé chia tét ho‘n, chzing han [hay [O,5; 0,55] béng [O.5; 0.56] (tuy nhién néu

"tham lam" thay being [O,55; 0,57] thi sé khéng cbn dng nfra vi f(O,55; 0,57) < O).

Trong VII, chng ta sé tré‘ lai vein dé nély being czich chi ra mét czich chia "161 u'u", theo
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nghia (105111 chia 121 11 11hé1 Nhung 1161 chung viéc ch111doa11 khéng c2111 quzi chi 1i. chi
cn dam béo Linh v11'z1 phzii dé 111' 111‘ C11 dén thilnh céng 1Z1 L]Ll'Q‘C.

C) Ta 1h§y 111 doqn ban du pm phéli Chill km 5:11; 10.5; 0.551. 11hu‘ng aén doqn mu hai:
[0,55; 0.65] khozing czich gifra hai bién d5 xa hon. 12160311 1h1'1‘ bu: [0.65; 0.8] 131 xu 11011

60311 hai. v21 d0:_1n cu<5i 1;1i X21 hon nfra. Viéc ny 1161 1611 diéu g1‘? Muén bié1.c£1c bz_1111h11'

kh210 $511 him 11i1y xcm $210. czic bz_111 sé 1h§1yf(_.\') déng bién lrén 10.5: 1.2]. 11'1'c khi .\' cflng
1611 [hi bit ding 1h£1'c cng 1O11g. .\1hu' \-fay czich 1Z1n1 c1111 111 c611 cho biét c1u'c_>'c 11211 ton
manh v51)/é'u 6' ch5 11510!

3. Vi d1_1 2: Cho x 2 0. Kiém Ira xem b2"11 déng 1h1'1"c suu d1'111g hay sui

.3 7 , ‘3
f(.\')= 1-: +-_~5 +\/k-‘ +.\-4 -1.520 (*1

.\' +.1'+1 -\'+3

" Gidi
Truéc he-5:1 ta lép 12;1i mét s61h1'11uc

° Néu .1‘ 2 1,2 hién nhién la c6 diéu ph2'1ich1'1'11g n1inh.

- 1\*éu.\-e[0;1,2].1<111@1o1-.1 dé1j'(¢1.b):v +\/7% +11‘ -1,5 véi 1; 2 11.

+ 2+ 7

Dé thy f(0; 0.1) > 0 suy 1--.1 /'(.1~)>0_v.1e [0;0,1]. Tu ><e1 11111 11511 115111;! 11m~¢

f(0,1;0,2)>0, nhung r51 tiéc bit ding 1h1'1'c nily sai, ta th1'1' ha x11<5ng f(0.1;0.15)>0
11h11‘ng ké cé1 1151 dé111g 1h1'1'c 1rén vin khéng C111ng. Diéu n£1)' bzio hiéu diém chéng 1E111h!

Cuéi cimg ta ha xuéng f(0.1; 0,13) > 0 1h1 m(5'1 dng. Ta lai khéo $511 xcm vdi /2 béng
bao nhic”:u1hif(0,13;/))> 01151 1iéptuc1h11‘c hién‘ quai 11"inh nZ1y dé thu d11'Q'c dy sau: ]0;
0,1], 10,1; 0.13], [O,13; 0,15], [0_15; 0.16]...

Ta thy df1y néy cimg ngy cimg léng n1©1 czich chém chap vii cé vé 11hu'n(1 sé khéng 161

C1L1'Q‘C con $6 0,18. Véy "khu vuc" nZ1y c6 gi déc 11161 mi czich 121111 c1'1z1 ta khéng 1hé \'Ll'Q‘1

qua? Nghi ngd 11Z1y khién 1a thtr kiém nghiém béng czich 1hay

x = 0,18 vZ1o (*) v51 vim dé d11'Qc 1<f> ra: f(0.18) < O. Véy nguyén nhim 1211 dam giém: bit
c1€1ng1h1Lrc(*)b1saiv£1 phén vi <111 121.1 = 0.18. '

Qua v1'd111ré11 céc ban c6 thé thy C1Ll'(_)’C tfnh 11'u viét c1'1a ph11‘o'ng phzip n£1y bc'>'i n6 khéng
chi cl1o1a hé ch1’1"n<' minh C1011 giém caic b€1td€1n@ 1h1'1'c 6111112. 111511h2"1m chi. n6 cm hz'11C ~. C ;_, . p
hién vi1 chi gip 121 czi ph2111 vi‘ d11 cho nhfrng bét déng 1h1'1'c sai. Théu bél ngcr k11i cé 11161

phuvng phaip cé d11'c_.1‘c tinh néng déc biét nh11'1hé.

Sau n51y, dé don gialn, ch1'1ng 1a sé chi cn néi ngén gQn 151:"chia dé 11'1" lhco diy
a,.\" ,.1',....,x .b. Khi C16. méc dinh 151 him “d11'0c xiv dung thco 161 don 912111 v51 doan1 ,,_] . . . ) . \_, -
[(1, b] C1LI'Q'C chqn 151m 11 doan con [(1.1] ],[.1"|.x,]....L.\'”_],b]. Chéng hgm trong v1’ c111 1 111

ché xe [0,5; 1] tré vé sau chi cén n61: "chia dé 11'1" 1hc0 bién .1" nhy day 0.5: 0.55; 0.65;
0.8; 1; 1.2.



T 7!» Phwzrng phzip clzia (Tr? tr]

K R»; aq 3; Cho .\'-E {0.5;0.@5].

.‘ _1 "s

U'n<' minh rf1n<*: "(Xi — + =—l-— — 7 >0C: C — ‘
w _—

\'.\'" —.\'+l (l+.\")"

(T
:7

Chfrng minlz

Chiu dé lri béng dfly sau: 0.55: 0.56; 0.57; 05810.59; 0.60: 0.6110112: 0.63; 0.641065

\/3 czich chiu 151 khéng duy nhét nén cdc ban cimg C6 thé [gr minh thiét lzip dy mdi. vii
chain; [Oi nghT ring nhu‘ thé sé [61 hon. D5 kél thflc xin ITlC'i czic bgn gisli qL1yét mél $6

bi lép sau:

5. Béi 1. Chirng minh ring: \-.\-+1+.\‘7 +%(.\"+1)4 >x+ 1. Vxe [0.1]

6. Bili 2. Chimg minh ring: 2x4 — 2x3 — 2.\"2 —.\"+3.5 > (). V.\">l

~. , . ; 7
7. B211 3. Chung mmh rang: 1.30 +~(~“— >2. V1121

a‘ +1
v

8. Biai 4. Chirng minhr€1ng: + -1.5 > O. V.\'>%
-_.\'— .\' »_

'1

9. Béi 5. Kiém [I11 bét dénv thfrc +;4-220 vdixe [0; 0.651.
\»\ -\-+1 (1+\->

.14/

|u. BAT DANG THU’C THl_J’C SU’ HAI BIEN $0

Xél bii tozin chirng minh _/'(.\"._\-)>0.V.\'e[a.b]._\"e[('.d]. Tiép néi )7 6' II.. ta mong

muén chin hinh hép [(1, /2] >< [0, 11] lhimh czic hinh hép con mZ1 trén méi hinh con [hi bl
ding thfrc sé dxing lhco I61 "hién nhién". \/n dé 121 chia nhu' thé nimo ‘? R6rZ1ng néu chiu
thco c2'1.\' val y thi sé rt phfrc lap. D5 don gi;'1n_ khéng gi ho'n 151 ta chi chia thcd mél bién
réi mdi chia thco bién kin (diéu nily cfmg gifmg nhu' cit bzinh gaié. ban du ta cf}! lhco
chiéu ngang t1‘u‘<3‘c r6i m(3‘i cit theo chiéu dqc). v51 czic ban 1u‘u y" ring khi la thgrc hién
nhu‘ véy cfmg d6ng nghTa vé'i viéc bién mét bili Iozin 1c'>'n hai chiéu thilnh czic bixi. tozin

nhO.mZ1 m5i bi tozin nhb) chi I51 bili lozin m©1chiéu.cziichL'1ngta di du'Q'c lim hiéu trong
II. Chfmg hqn chiu thco bién _\" ta cé:

1. Djnh Ii 2: Cho f(.\", _\', ;)1i1 hilm lién tuc trén [(1, b]><[c. (/]><[(', cl} \‘i1012'1nglhc0 bién

3" v gicim Lhco bién 1. Khi d6 2 diéu sau lix lu'o'ng du‘o'ng.

(5) f(.\‘, v\', _\") > 0. \7’.\‘E [(1, [2], )‘ E [(1 [1].

(ii) T611 t;1iid5yhf1'u han ting c"= yu S yl S _\'2 §...§ _\*”H =d sao choz

Véi m(_>i n :0,l....,m thi _f'(.\‘._\‘”._\"M ) >0. V.\‘€ [0, b]

Cluivzg minh

(ii) auy 2'2 (1'): Xél. ye [(3 d] bél ki [hi tfm Lgi 0 S n £111 sao cho ye [_\‘”._\"M1.

cs; f (.\~. >1 w) 2 f ( .\-, . >g,,_, ) > 0

/—\

-..
~_./

V1

1l_'\‘ ra (ii): Cfmg dL1ng§tu'o'ng urong Lgrnhu"B1nh 1)‘ 1 nhung ph(1'c tap hon \'Z1 chfmg

t6i}:h6ngt1*inh bily G dy. vi chiéu chimg ta ciin sir dung chi 1Z1(_i1'v) suyra(1').



Clluvng IV: 1\"hu'ng vién kiln caving Irong I111! airing I111?!‘ hién zigzi 77/
Chiéu lhuén (i) Suy ra (ii) giljp chlfmg la khiing dinh ring czich 121m nily chic chin sé di
dén lhimh céng. cim (rang tirng lru'O'ng hQ'p cg thé chling 12106 Ihé chirng minh 11161 czich
"ngily tho” nhu' sau:

* ;

2.Vid1_1 1; Ch0u€[1.5: Z]vZ1b€[1:2].C1'1(rngminh1'§1ng: _”_,+ 17L-120
Za+1) \*_l2+u

Clz zhzg minlz

Ta Q6 thé chia thco bién niio cfmg (1L1'Q'C.Ch§1Hg hgm chia theo /2 dé quy vé bZ1i tozin min
.’ 3 \.

bién thco (I. D51; _f(z1._\".;)=L+ 1+— -1 \"O'i (IE1 1.5: Z] V21 Z 2 _\" 2 1 21.Zu+; \/Z;—;z1

Ta lhéy f(a, _\'. 1) déwng bién lhco _\" \/‘£1 nghich bién thco 1. cho nén néu f(u, _\'. 3) > O [hi
f(a. /J, b) > O v6'i mqi be [)1 :1. Ta 15m 1Ll'Q'1 chfrng minh czic b§1 déing thirc sau bng
phuong phzip chin dé tri lhco bién u \'6'i czic day tu'o"ng (mg:

u; 1; 1.Z)>OVue [1.5;2] (\*6'idy 1.5: 1.6; 1.8;Z)

f(a: 1.2; 1.5) > O Vale [1.5; 2] (\"6'id€1)‘ 1.5; 1.55; 1.65; 1.812)

f(a; 1.5; 1.8) > O Vale [_1.5; 2] (v6'idy1.5; 1.5-1;1.64;1.8;Z)
f(a:1.8;2)> 0 V616 [1.5; 2] (vcii dy 1.5; 1.55; 1.7; 2)
Véy la cé diéu p11éichL'rngminh.

*Nlzg?n xét: Ta thiy hilm f cfmg C1Ll'\_)'C xy dung thco 16i don gialnz (1511 y vflo nhng (3116

[2 téng \/£1 déu 3 vim nhfmg ché /2 giam. Czich xiy dung don gian nily 151 duy nhét. do d6
néu néi: "chia dé tri lhco bién b" thi In ngm hiéu 151 \'('>'i hilm f du‘(_>'c dung theo 16i
dé néu khéng c6 chm} thich gi khzic.

3. Vi dl_1 2: Cho ;€ vZ1.\'2 1.ChL'1'ngmin111"§ng:

/.\'(.\‘:(~1+;)+\/f_\'+1++ ':(.\“+1+;)>2\/5
\' .1" +1 1+3-Y \' 3‘ +.\'

CI1 1212g min/z88 f?_*'—éi
5;: f(.\1a.b)= ,1-"("'f'1+") +\/-"+1+“ + 1"'("'f’l+") \»o»i.\~z1vz11z/>2@zl

\’ .\" +b 1+1?-1‘ \1 19' +.\' 8

Tu théy ngay f(.\'. u, Z2) d6ng bién thco :1 vi nghich bién thco b nén néu f(.\'. u. 12) > (1 thi
f(.\'. 1. :1 > O v<5'i mQi 1e [11, [2]. Ta chmg min_h lén 1u'<_>"t caic bail ding thfrc sau:

__ 1_ _i ii 11> '.1,;>@

*8
/§

>1

m>-¢

XI»-n

\/
.9

'\>>
/-\

'-1

\l
_L_-_4

\_/

V
F3

'\-.
/|—\

:-P-
P“,.

.JJ
'1gtz

-1-V
\9.9

**.

E’-
.)J

0o—-'
/->5Q

\1»—‘-.-/

%,\/
.0

.'\~.
-,_/—\

>1

Q

-1‘—~

‘M

C

‘\*~. ,7

-1-\'¢

\_,

Chimg 161 sé trinh biiy 1&1 Lru'6'ng hop du Lién. céc u'u'<1mg hqp cbn 1:_1i czic ban chirng minh
tu'o"ng tux Chin dé tri cho xe [1;+<>¢) [hi khéng duqc. nén ta phzii lhuc hién dzinh gié C15

( 8) + 1 + 8) F
giaii quyét truémg hQp.\"dL'1 1611: 18 >1. 82 \/1%

\/ 7 '1“ \



 
CI1 u'0‘ng 1 V: N11 [Tng vién kim cu'0'ng trong brfr zfring I/1121‘ hién zigli 777Chiéu Lhuén (1') suy ra (ii) gilip chflng [21 khéng djnh ring czich lilm nil)‘ chéc chin sé didén thimh cfmg. cbn lmng tirng l1‘u'O'ng hQ‘p cu lhé chdng 11106 Ihé chrng minh mél czich"ngfly tho“ I1hLl'SL1UI

2.Vid1_1 1; Ch0ue[1.5; Z]v!2€[1:Z].C11[rngminh1‘§1ng: L+ -120I

Zu +1’) \/ Z12 + <1
[I

C111?‘/lg minh
Ta 06 lhé chiu thco bién nilo cfmg dL1‘{J'C. chéng h:;1n chin lheo /1 dé quy vé biii loin mél

.'.' _ . (1: //V YA‘ 1- .») \ 7blen lhco 11.5231: /‘((1. \".:,)=%+ 8 -1 \~'o"1ue[1.5:_]\~'z1 _ 2)" 2 : 21.’ ' 211+ 3 \/2: + <1

Ta lhéy f(c1, _v. 5) dévng bién lhco _\' vix nghich bi:-‘zn lheo 1. cho nén néu _f(u. _\'. 1) > O [hif(‘a, /2. b) > () vdi mQi be I)‘. 1]. Ta lén 1LrQ'l chimg minh czic bél déng lhfrc sau beingphu'o'ng phzip chiu dé lri thco bién (1 vdi céc dy tu'0'ng irng:
f(u;1;1.Z)>()VuE [1.5;Z] (\1'é'idf1y1.5:1.6;l.8;Z)
f(u: 1.2; 1.5) > O Vae [1.5; 2] (\"<3'id51y 1.5: 1.55; 1.65; 1.812)
f(a; 1.5; 1.8) > 0 VUG [1.5; 2] (vé'idy1.5;1.5-1;1.64;1.8;2)
f(a: 1.8; 2) > O Vae [1.5; Z] (véi dziy 1.5: 1.55; 1.7; 2)
Véy la c6 diéu p11é1ichL'rng minh.
*Nhg71z xét: Ta thziy hilm f cfmg duxyc xy dung theo 151 don gién: C1511)" \/£10 nhfrng c115b téng \/"Z1 dét 3 V510 nhfrng ché /2 giam. Czich xily dung don giém nfly 151 duy nhét. do (T6néu n6i: "chia dé tri thco bién b" [hi 111 ng§m hiéu 151 \'é‘i hilm f du'<_>'c dung lhco 161d6 néu khéng c6 chin thfch gi khzic.

7
.3. Vi d1_1 2: C110 IE {$11} \/£1.12 1.Ch1'rngminhrz'1ng:

x\'(.\'+1+:.J ’_.\-+1+i /F\-7+1+:) f+ + >212\/ _\-~+: \lI+_",\‘ \/ _-_-+_\~ \
Clz 1271g milzlz

/. . WD511 f(.\~.@_b)= "‘("‘j*1+“)+ /8-‘+1+”+ ~(~‘j”+"). vé"i.\"21v£112/aéuzl\/ .\"+b \ 1+1?-\' 12‘ +.\'
8Ta théy ngay f(x, (1, Z2) déng bién thco 0 vi nghjch bién thco b nén néu f(x. u. b) > O lhif(.\;, ;, 5) > O v<'>'i mqi ge [(1, b]. Ta chfrng minh 1511 1u'<_>'l czic bit ding Lhtrc sau:

_f(.\-.%.%)>0._f(.\».%.§)>0._;‘(.\-ié)>0._/‘(.1-éé)>0._/"(.1-ég)>()._f(.\'§.1)>0

Chng [Oi sé Irinh bily ki l1'u'©'ng hQ'p d§1u tién. caic tru"©‘ng hQ'p cén lqi cc b:_1n chtrng minhtu'O'ng 111; Chia dé u-1 @110 XE [1;+<>@) {hi khéng duqc. nén :11 phéii [hL1'C hién ddnh giai aé

.1" .\'+g é(.\"+l+é) bgiai quyét trLr<‘7ng hqp .\' an 1<'m: >1. , 2 V/l
.\- + (1)"+\_ 18

7 7 "



'78 Plzzning phzip chia (T? tr_i
[_..-___

1 1- + 1 + —‘ P“
D0 116 (1) dmg néu ta ch1'1"ng minh du'<_>'c b:11c1f1ng1111L'1'c Z \/2.2 (2)

1 + - 1"

Binh phu'o‘ng hai vé 1'61 quy vé phu'o‘ng trinh béc nhzit suy ra bit ding 1h1'rc cuéi dng

vdi m1_>i .\' > 1.6. Phn cbn 1:;1i 121 chirng minh bét ding th1'Ic cubi dung bémg chia dé tri.

Viéc hoim lhimh chirng minh xin nhudng lgi cho czic ban.

C110 dén théri diém nziy céc b€1t déng lhrc 1 bién (Iii L16 nén don gian 11611 tiép thco chng

161 sé khéna 11-inh bv ch1'1'n2 minh cho czic b€11dI"1ng 1h1'rc 1 bién nfra. Riéng vc'>'i bit ding
th1'1'c hai bién. chling 161 561111111 bily czich chia 111111-11hé bng czich chi ra chia thco bién

11510 vi dy $6 tu‘o'ng ling. Ching hgan lrong V1'd11 1 ta sé néir "Chia dé tri theo bién b dé

quy \/@:b€11d5ngth1'1'c mét bién theo 11 1111O'c1€1y sau: 1; 1.2; 1.5; 1.8; Z". Dé két thL'1c III.
dé nghi czic ban giai quyé1111©1s5bZ1i 15111 sau: 1 .

4. B511 tzjp 1. Ch1'1'ng minh: ((z—1)Lk—b%+—2i+ —b >0. V125 [O1 1), Va > 1.

1-1)‘ 1+c1‘ 11* —b‘ '

C1111 D0 be [O; 1) r1én bz_111 dQc 111110 hién phu'0'ng php chiu dé trl thco 12 dé quy vé bit
dz"/1ng thtrc mét bién theo u dé ho'n 151 chia <15 111 lhco :1 dé quy vé b§td§11g th1'1'c 11161 bién

theo b vi ta mé’ich1'c(> 11> 1.

5. B511 113p 2. Cho be 10; 1),11> 1. Kiém 1111 X011’! 1111 1151 11ang11111¢ S£1Ll dng 1111111111

a) (cz-

6. B511 1g1p 3. c111>.1- > 2 1111 ;e [(1%].

(1

1+“ +—2 +—-i—~2(1—b;f —b>0
1-/26 1+0“ (10-

7 7

b) (11-112+-3-,-+5-15-”)-1’--11>0
1—b 1+1!’ (1'-/9'

(Gqi y; 111 1-511 chrng minh béng 1111111-11% 111 111111 1111111 11111-cmg. néu 1>é11 dang 11111-1~ S211 1111 dy

111111111 sé héi 111vé diém sui @1111 b§1de'1r1g1h1'1'c. tL1"d611n1 duQ'c phan vi du).

5 --+1+-
Cht1'11g1ninh1"§ng: +

\/.1” +5x+ 2.13:, +4+14; + 1'

+

“X1 .1~+l+_-_ " :(.\-+1+;%)' >1

+511+ 2.1‘-14:2 +1-1.1; +.\-3

Z

;1 +5.1; + 2; +4.1-~ +141-+1

1v. PHU’O’NG P1-1.6113 CHIA DE TR1VG’| BAT DANG THU’C THUAN NHAT BA BIEN

Phu‘0'ng phép chung:

B511 ding thfrc thufin nhél ba bién 151 mét dang tozin hay. c6 dién nhung vein ch1'1'a dung

nhiéu diéu mdi 1116, déc biét c6 nhfrng bi hinh Lhirc dcm gién nhung 12;1i manh v21 khé

aén 1111111 nggc. Chia 111% 111 121 m1f>11~c111g 111 1111 hiéu 1111 dé giéi q11yé1 nhfrng baa 111111-1hé.

Trong m1_1c néy. czic béi lozin sé du'<_;1c giéi quyét theo cdc bu'é'c chinh nhu' sau:

' Bmfc I: D11‘ doén cic tru'O'ng hqp xay ra du ding thirc (ta gqi 121 czic diém "nhay

cam"). khoanh vilng chdng lgi xét riéng ra. Phn c611 12_.~1i ta chi 121111 viéc vdi czic bit ding
thL'1'c thL_1c s 11'.



Chuvng IV: N/1z?'ng vién kim cu‘0'ng trong bfit airing thz?‘c hifn dgzi 779
' Buc 2: Bién déi, chun héa céc bit déng thirc thus SL1’ vé dang thfch hQ'p r5i dirt
diém bimg céch bém nhO theo tirng bién dé I1’. ’

Muc niiy sé chi xél nhirng vi d1_1 lhét 00 ban, mil v<5'i nhfmg gi dz} {rang bi tru'é'c dc’).

chfmg ta Q6 thé thco d6i min czich dé dimg.

‘
1 + l_+ 1_>

~, /1 fw /

’ Bizi toén 1. Chirng minh 1-émg \/"Gi (I, /1. <->0m11
I

2f
\//cl“ + bzi \/b" + cu V0‘ + ab W11]? +55" + Ca

C/1 {mg minh
-

Bé @119 gon. bang czich chuéin héu m gié SL1‘ <11» + /><- + (‘(1 = 1. cm; ban 1u‘u y 1:1 khi @110

ub:u(*:%. u ++<><> lhi ve‘ lrzii lién vé 2\f2. nén mic dil C6 du “>" nhung (:6 thé Xcm{-

dy 151 I bét ding thtrc dang "chin ché".

Tru‘é'c hét Chling la bién déi bii toim du'é"i hinh mm <15 chiu h0'n. D511»-= (I/7.

_\" = be, 3 = ca thi .\'. _\‘, ; > () v51.\-+5" + 1 = I. Khi J6 bit ding [hire 1u‘o'ng du'0'ng:
1 _ * ,' \~ ; N ~‘,-‘ +; 7~ +;_~- >2\/2 <1)\/.\" + _\"; _\'“ + :,\' \/ 3' + .\w"

Ta déng bile héa (1) vb. ch\.'1'ng minh bail ding thfrc sau dimg vévi m<_>i x, )3 3 > ()

/I (\7+_\"+;)+ /_\'(.\"q+_\'+:)+ ';(
I .x"+\‘; "'+:,\'

>1

.\'+ \‘+C

Z

4.

,

{Mt

V

) ZN/5 (2)I " + .\'_\‘

- Blnic 1: (khoanh vimg diém nh2_1yca'm)

Khéng mét léng quzit cé thé gia str x2 y 2 1. D5 dimg du doém diém nhay cam trong bét

ding thirc (Z) I

Q,

‘=1

= y. ; = 0. Biéu nily gqi L21 dén "d6n bién" V51 ta mu thuc hién bang
czic dzinh giei th so" xem sao.

D§1tf(.\'. _\", 3) = \/T(Z).tz1.xc1kh1 naothx _/ (x._\".:)2_/ (3)

’" \"+\"+"‘ :(.r+\'+:)
SL1‘ dung bit (Hing lhirc AM— GM ta cé: \'(_ , ' ‘J 2

I 1" +.\'_\"

/.\"(.\‘+_\'+;) \‘(.\'+\'+;) .w(.\'+\"+:)2V ' +" ,‘ z,_~"rL_q"'_'
~

d \/ X‘ + _\': _\" + :.\' Ki(.r' + v:)(\" + :1")

D0 Cléd-§'chL'1'ng minh(3)dL'1ngla chi cn chmg minh

4] -\1"(»\"+.\‘+1)Z %.\'+‘\‘+;

V
-2?

L

+

\___';/

1

Z‘

\j(.\'2 +_Y:)(_\‘1 +;\')
( )C> \_\ 2 4

-"+ ."+31 (xi + _\":)(_\": + Ix) (.\'+ _\"+2:)'



780 ~ I’l1zur11g plzrip chin (T6 tr_i

<:/ (A-_ g ('\'T—4'\-:—4'Y:) >0 ‘~‘ \‘\'-—-l\‘" -41" >0 (4)
(.13+\";)(\"3+:,\")(.\'+\'+Z:)2 v - I

1 , A 4 \ , , ., \ -\\ VQT11‘d0.1a1ha\111eu 3 S '~. 111 co da11l1 2121: -1: S'— Si‘. su\; 111 ,n"—-l\*:—'-l:,\"2(). Va;, 8 - 2 (>\_+ Y) . . _ .

(_-1) dling Suy 1'21 (3) dflng. T1'011g11'u'b'ng hQ'p1151y 1z1ch1'1'11g minh 1hc0 kiéu "(i611 bién"
A , ‘, ; , . ./.\'+y .\‘+\‘ \ f _

1h0ng1hu'o'11g:1u'(13)suyratz1can chu'11g m111h: j ;J> ZN/2 (D)

195111=$.Ta¢@;(5>¢>_/(1.1.;)>2\/5 ¢=>2/1§il“i+\/‘(wi“§l >215 16>
S z'+:1 :"+1"

4 , -V , " " 57+") 1*Chuan hoa ch01: 1.kh1do (6)<:>g(:_):2/" *" + >2v’2\ I \ :"+1

»—\)

++

\/1g'(:):(l+:): _(}+:)+ l+:_3_ >0 (do :S%S;~'\'l:'\‘:%=é)
.; 1 1 1 3 A(l+:)— \/;(Z+:,)(;"+])

suy ra f(:) > f(0) > 2\/5 (dpcm).

. . V 1 \- , ~ , . 1 , .. , . 1 .

V2_1y.khl :S"§ 1h1 ba1 101111 du d11'Q'c chung mmh. \"a la ch1 pha1 x01 11'u‘0‘ng hqp con 131

(mi khi dé b§1dé11g1h1'1'c khéng c611 "ch§11ché" 111121).

- Bmic 2a: (chufin bi)

Xét khi 3 Chuén héa cho _\" = 1 suy 1'21 12 32% . .\-21 v51

i‘.\‘(.\'j-l+I)+ ‘f_\'+1_}-3+ ]:(_\‘:!-l+I)>2V,13
\"+_" \ 1+1-Y §'+\'

- Bzrér 2b: (chia d<§t1*i)

in-i

\1'»— L.
D.

Chiu dé11"i1l1co bién I dé quy vé bili 102111 m1}1bién.\‘nh&r dy — ~ l
(Chfl Bu‘é'c nily (T51 du‘<_>'c trinh bily lrong v1’ du Z cua 3.) -

B511 105111 dén dy duqc giai quyét 11911 \>¢n!

' Glzi clzzi. B511 102111 d¢p dé nily dLl'Q'C Pham K1111 Himg gidi lhiéu trén D/1511 Jiuz T111112

/10¢" dudi dang 11161 vén dé 1110“ v51 khéng (:6 161 giai trong m<_31 th©'i gian di1i. L61 giai o"

trén cua chng 161 151 161 giai du lién cho né. Tuy nhién. sau d6 Nguyén Thimh Nhf111 G51

cho bié111"1Q11l©'i gié1ikhzic1‘§1ng§1n gqn.

Cdclz 2. Ta gizi $111» = mz1x{a, 11, C}. 1->511 1-=1-1111+/>1 11>-1/< > 0.

Néu l< S 1 thi (7: + ab S c1/> + /21" + ca. Kél hqp vdi Z23 + ac S ab + /21' + cu.

:12 + bc S ab + be + ca suy ra f((1, /J, 1') 2 3.

Xél khi k > 1. Ta C6: ('2 +czbSl<:(r1+b)('+l<:ubS/<2(c1b+bc+(*a) (1)

(I2 +l2c'+b2 +c'c1<((1+b): +u(l)+(') <(a1+l2)2(1+k3)=@("((1+b)<@(c1b+lx'+c'c1) (7)_ _ kl kl _
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Tir(1) v£1(Z) La c6: 4/'(c1./1.1‘) >l+ : §/' (A)
'1‘ \’z1:+/J('+/f+<‘u /‘ k_+l

Ta chfrng n1inh ‘/‘(/<)>2\/'5 \'<'>‘i 11191 k > 0 (khéng cn /< > 1). Diéu 1121) Q13 d1rQ'c don
gian b§111g bién déi tu'o'11g du'o'11g:

- '1 1” 1&7‘ ~A/'(/<)>2\f<:>%> ‘V3 <=~A°+1+/<\/’/G+1>2\/2/<
\/1€+1(\/1»1+1+A»)

B51tc1§11g1h(1'c cuéi dling do kl +1+/<\//<3 +1 > Zk: +1 > IQ?/< :> (dpcm)
' Nhén xét: Dy 151 11161 l©'i giéi déc ddo nhu‘11g khéng phéli <15 dimg 11ghT rz1. D0 G6.
cfmg d5 hiéu khi lO'i Qiéli béng chia dé tri 151 ldi 2191 déu lién. vi tu lu'0‘ng trong phu'o'ng
phzip chia dé lri re"11do'n gian v51 dé lhuc hién.

Chimg Ia tiép tuc \1'é'i 111c_31tru"O"11g hqp 11151 d511g'1l1L'1"c xély 1'11 0 hui ché.

Béi tozin 2. Cho u. /2, 1" 121 czic 56 Lhuc khfmg £1111.

1

1< ~ 1

ChL'1‘ngn1inl1r§ng: w U 1+ /7 _+ 1 F ,2“ +1) +0u“+a/2+1)" l2‘+[J('+(" <"+(“z1+c1' f1+17+('

- Clzvzg min/z

Kh6ng111§1t611g quzil gia su'u=111a,\{u. /1, <'}. Ch1'1 )" du b§'111g x21)» 111 1:11 hui c116 151 u = /2

= L‘ \/Z112 = 0 = O. :1 lily )7. Ta $15 "khoz111h vilng" lirng ch€\1‘€)i n1('>'i chizx dé I11.

(1 (1 _(\Bu'1ic1a.'Dz'1nhgi£1:VT = f’ _+ f’ 1 ,+ j
(I +c1*/2+0‘/J" Z)" +/2‘<'+[2‘z" c‘ +("u+("u'

'1

> (c13+[>3+r"}')- 4 4 4 .1 .1 .1 2 2 1 3 2 2a +19 +c +ab+b (‘+0 0+1: 12 +/2 (3 +z' (1

D0 C16. biai tozin sé duqc chfrng minh néu cé:

ab} +1203 +003 Zazbz +1711‘: +r*2a3 <:> Z(ab“ +/2:13 ~Zz1:Z7:)+2(c1l>3 —bu‘;)2O

(:>a/)(u—b)2 +[)<‘(b—(")2 +L'U((‘"(l):-1-((1—/7)(/7—(‘)((‘-(l)(lI+/7+(')Z0 (1)

Néu (120212 ta (:6 ngay (dpcm).
Néu U2/12¢ khi dé dé (:6 (1) ta cn ch1'1'11gminh

al;(a—/))2 +ca(c—u)2 2(z1—l>)(/9-c)(c1—¢')(u+/2+N20(Z)

Theo b§td€1ngthC1‘c AM- GM lhi c1b(u—/2): +('u(('—a)3 2 Zu(a—b)(z1—(")vA/Tr

vil ch y a +b+¢-S341. nén déchL'1"ng minh (2) ta c511 cé gm-z(/7 —('):.

Dé thy diéu nfly C1’L’111g khi b S 1.920.

Bzréc lb: Xél Z2 Z l.92c. Khi dé di€111 nhay ca111 thL'1'11h§tu = /2 = c khéng 0611 nfra. lrong
buds nZ1y ta sé giai quyé1n(‘>1diém nhay cam H111‘ Z.
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Néu b =O1hi don gién. néu khéng c6 thé chuéin héa cho [> : 1 khi dd bit déng thtrc O‘ dé

bi 11-0' mam ,"‘ + 1 w+ " _-“L +‘+‘“ 20 (3)
u“+u+1 l+("+(*' c"+ca+u‘ ¢l+1+¢'

Ch >7 rng khi chun hozi nhL1"\/"éy diém nha) cam thin‘ Z suy bién thimh:

C = 0, b = 1. Cl = +@<>.xe11<m éz (.- 20, m chia thimh hai l1'u‘©'ng hqp:

+ Néu :1 3 4 [hi bit ding thrc 151 thus su vi ta chi cn dzinh gizi don gién dé thy bit
dang thtrc (3) la dfmg.

+ Néu c1 > 4. khi d6 bit ding thfrc cé ziiélrz nhgly crim 151 c = O. /J = 1, cz = +<>¢ nén khéng thé

dimg "chia dé tri". Tuy nhién t1‘u'€)'ng hc_)'p nily ta c6 thé chtrng minh bimg (T510 hm

4 _4 3 _i\

Dé1tf(c)= ,a + I __+ , C ,—a +1+( .Vc"€ "— .Va>4.
a‘+a+1 1+c+c“ c‘+ca+u‘ (l+1+¢'

[ii

53
Q\>_-

l*i_J

F 4 3

Ta c6: f'(c)Z0 Vce LQL] :> j'(c‘)2f(O):*1ai+1—aiH2O :> (dpcm)
6 a‘ + u +1 f1+1

Bu'6'c 2; xm khi 02% va 1z1.92(~. lirc 151 0.53z<.-2%. Ta S5 chtrng minh bét dang mu-C

(3) (hai diém nhay cam d c1u'<_rc laich li nén "chiudét1'i" chic chin sé phzil huy tzic dung)

bang chia aé Iri theo bién ¢~ clé quy bail dang [hU'C <3) vé ban tozin mét bién th€0 a nhiv

5. 1. -.4~i~l-l.dlyeau 053,0 5, 3 6

Téng hqp czic bu'c'>"c C151 xét O‘ trén Lu cé bZ1i tozin duqc chfmg mihh xong.

- Nhzfm Xéli Khi am ra ban tozin nixy, Chling téi as dimg chia aé tri aé kiém tru tinh dung

din cua bit ding thirc nhu' lyi giéxi trén. Sau dé né du'Q'c du'a lén trén Mz1thlinks.1'o v21 ('7

dc’) chng téi dfi nhén du'(_>'c mét l‘0i giiii khzic réxt déc dzio cua mét ban ngubi Him Quéc

nhu sau:

Bién Ciéi tuong du‘0'ng bét ding thirc cn chirng minh:
4 4 _4.

, a 7 + , b q + 1 L q 2 36119‘ +Z(c13 —alJ)
a"+ab+b‘ b‘+bc+c‘ c'+ca+u' f1+19+(»' N.

4 ‘ ' - , / \ 1 - /
<:> — 02 + ab L. Két quzi bin loan co du'<_>‘c nh0' danh gla:

(.\.,.\a“+ab+b" ¢l+b+('

Z£_fL“_(l: +(I[):Z 411;‘ :2 12: (a+b+¢-)' :(c1+lJ+<~)a1?€2 3<z1x.

N. £1‘ +ab+b‘ / N. cl‘ +ab+b‘ W. ]+£1+,]? 3+2l§l+.b) ”b+b€+m “+b+C
' ‘ ‘ [7 (I [9 (1

' Binh lugin: Lyi giéi de_:p 1n<'pt czich bt ngbx Qua hai vi du trén. chfmg ta thiy ring céch

giéi hing chia aé tri khéng him la duy nhét. Tuy nhién, déi vé"i céc bZ1i tozin thuc su‘ khé

mil muén c6 mét ldi giéi ngén g<_)n vil dc-;p dé thi khéng hé don gién (nhu chilng ta théy,

nhfrng "1<‘>'i giai mu hai" m chimg téi gidi thiéu aéu 1'5: déc déo). D6 cng 1a 1y do

chéng t6i nhén manh dén tfnh tu nhién v51 don gian cila phuong phép chia dé tri. Chfmg

ta két thc muc ny bémg mét baa tozin khé, ma Chilng téi rét mong Sé C6 mét 1;-n giéi

don gién cho né tit czic ban.



Chu'0'ng IV: Nlzvzg vién kim czrmzg trnng br";t tiring tlz 121' lzién (igli 783
I\ -;
|Bfii toén 3. Cho .\'. )1 I 2 O va .\' + _\" + 1 = J.

, _ ‘ Y Y ' '" .Chung mmh rfmg: ' + ' + ' ” 2\/5 (1)
1 + V\" + _\"; 1 + :_ + :,\‘ \/ 1 + .\" + .\j\"

Giiii
Khéng mét téng quzit c6 Lhé gié sir .\' = max(_.\", _\". 3). Ch )7 réng cé hai Iru'b'ng hQ'p xéy ra
déu d§ngth£1'cl£1.x=_\"= 3 : 1 vZ1.\‘=~3. _\' = 1 =0.
Bu'6'c 1: (khoanh wlmg diém nhgy cam)
Ta bién déi vé mi bél dang [h[l‘C cn chimg minh:

X2 + Y2 + 12

\/F:/1+ _\' + _\'; \!_\"—?\/1 + 1+ Z,\' \/:?\/1+.\"+ .\"_\‘

(.\'+_\-'+3)2

\/A/.\-I + xi)‘ + .\':_\'; + Va/_\~3 + )9; + y3;\- + \/?\/_-,3 + ;3.\-+ ;1.\-_\-

'1

(.\'+_\‘+I)

\!(.\‘+ _\‘ + ;)(.\'2 + xi)‘ +.x':_\': + y: + _\':; + \':;\'+ 1,: + ;2.\'+ :3.\'\")

, 2:(.\‘+_y+;)

V/.\'2 + _\"2 + 12 + xi)‘ + _\":; + 1:.\'+.\')‘1(.\‘+_\‘+ 3)

DO vzy aé c6 diéu ph2'1ich\'1'ng minh la chi can Chfrng minh:
(.\'+v\‘+ 1)) 23[.\': + ya +32 +.\':_\‘+_\'2:,+ ;3,\-+.\_w":,(x+ _\"+'_-_)}

<=> (.\'+ _\'+ 1)} 2(_\‘+ _y+ :,)(.\'2 + y: + ;3)+3(.\‘3_\"+ )"3;+ ;2.\')+9.\'_\';

<:> 2(x_\"2 + )1: + :,\'3)2 x2y+ _\‘2; + ;:.\'+3.\'_\‘;

<=> (xyz + ygz + ;\‘2 + x2_v+ _\':: + jzx) — 6A_TZ 23(.\'3_\‘ + ya; + ;3.\'— 13": — _y;3 — :,\‘2)

¢=>.x"(_v— ;)2 +_\"(:—.\')2 +z(.\'— y): 23(.\'—)')(_\'— :)(.\'— 3) (2)

Tir <16, ta may néu .\- 2 Z 2 _\= [hi (2)dL'1ng. D0 dd, ta chi viéc Xél khi .\~2 _\~ 2 1

Néu 2: 2)", ta c6: (.\'— :)2 2(.1'—:)(.\‘— \');(.\'— 5): +(.\'— Y): 22(x—g)(x— v)

:> é(.\'—;)2 +i(.r— y): 22(.\'—:,)2 +(.\‘—_\‘)2 23(.\'—:)(.\‘—y)

:> (2) dfmg vi ta 06 (dpcm). Véy ta chi cbn phaii xét khi y 2 2:.
*Ch1i Suu bzrdc nfly hai bié _\' viz 3 67:7 c7'zr_0'c Mich /i ru xa v51 ca /mi c/10: "nh(1_\' cam”
nén vciln dé‘ (-011 Igli c/11‘ [[1 "c/ziu dé tr/'”.’ Tu)" n/Iién do (2) cén 06 I11? k/mi I/zcic rhém nén
nhcin Iién la gfcii quyér mg}! vilng nfra c/20 gon gizng rrzrdr /</11' dz?! dié.m.

Néu 2y 2 x, dét a = x — 3, b = _\' — 1 suy 1'a 2b 2 (12 0.Tz1 quy (2) vé chirng minh

(a+:)b2 +(b+ :)a3 +:(a —b)‘ 2((z—b)ab

Dé 06 diéu néy ta chi cn chrng ininh ab: +ba2 2 3(a —b)ab <2 21920 (dng)

vay by gi€>' ta chi cn Chirng minh b£ltdz°1ngtht1'c ban aéu khi X 2 2yvE1 y 2 2;.
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Bu'é'c 2a: (chuzin bi) X61 khi .\~ 2 2_\~ vZ1y 2 2;. Bién déi bin déng lhffc <1) <'=>

,\'+_\"+; .\'+_\'+; ,\'+_\‘+j
X. V ’1 \ I 1 ‘ ‘ I '7

-° + 5 + J >

J

J

/
J

K1

_ \‘+\‘+' , 1 \'+\‘+" I _ \'+\"+" “ ‘
'\§{.\‘+_\‘+;\ +_\'-‘ ‘, ”+_\: X£.\"+'\‘+;l +:-' ',““+;\' '._‘(‘\'+_\'+§‘} +.\‘-’ 5 "+13"

w X
~ 1 s

. , , ‘V
\‘(\"+1+-)" _"+5.\'+/_.\"_+'-l+14'+'.'

Chuanhoz1cho\"=lLz1c0: (3)@ / _ ' ' " 7 +
\’ \ ° . . .

+J .\"+1+: + :,(.\‘+1+:) >1 (4)

1+5;+2.\-+4:,3+l4.\-;+.\n: \5;:+5x;+2;+-1.\"3+1-L.\‘+l_
.4 \ 1 A , : \ ; -1 \ 2 \ .

Neu .\‘ 2 7 thl do OS :3; ncn cu‘ cho nao :_ dong blen thl lhay 3, = 0, cho nnO I nglnch

bién thi thay 1 Ig. khi dé ta c6 dzinh gizi céc bét déng thtrc sau:

\/
.\‘(.\'+l+;) +J _\~+l+; >

.\'Z +5.\‘+Z.\';+4+l4;+ ",3 1+5;+Z.\'+4_",: +14.\';+.\': —

V1-3 +6x+ +9.\-+2
'\‘('\‘+l) + '\>+1 21 .V.\' 2 7. D0d6.lz1ch1'c§n xét khi .\" S 7.

Bu'6'c 2b: (Chia dé tri) Tu chtmg minh (4) béng czich chin thco 1 dé Cuu vé mét bién

theox nhC>'dZ1y sau: (),i.l.l_i.l_%.l. Bili tozin duos gini qL1yé1 lrqn vqn.
, 10864-332

v. QUAN HE G|U’A PHU’O’NG PHAP CHIA BE TR! v/l\ PHU’O’NG PHAP s.o.s

Czic ban thin mén. lrong muc mréc chng téi d lrinh bily czich zip dung ll‘L_l'C liép chia

aeA tri cho czic biii tozin. M510 dil tu' tu'O"ng don gian nhung min nhuqc diém 121 lvi gini khzi

din, mi nguyén nhn chfnh 121 do nhrng dzinh gizi cua chfxng ta quzi don giém (nht 121

H0112 Buds 1 - "khoanh vims diém nhay cam"). Tuy nhién. chia dé tri c6 tu' tudng

chfnh rét don Qién v51 linh hoat nén c6 thé két hqp vé'i czic phuong phzip khéc mél czich

v6 cllmg uyén chuyén dé dgt muc tiéu: giéi quyét bi tozin. Néu caic ban thimh thao mét

phu'o'ng phzip khzic lhi czic ban 06 thé kél hqp chia dé tri \'é‘i phu'o'ng phap do va sirc

manh cua czic phu'o'ng phaip sé téng lén dzing ké. By mé"i chfnh l£1 déc tfnh thfx vi nhéit

cua chia dé trj.

D5 minh'hc_>a. chng I61 sé gidi thiéu véi czic ban mél $5 )9 tudng két hqp chia dé tri vdi

P huorng phzip phn tfch binh phu‘o‘ng S.O.S. By 151 mét phuong phélp mnnh dé _du'c_>‘c

dimg til‘ lu nhung mdi duqc hé Lhéng héu vE1ph6 bién réng 1'Z1i gn déy. Tu‘ tu'b'ng chfnh

121 quy mélb§tdé11g’th£1'c‘lhu§n nhét ba bién cz, 12. 0 vé dang

5, (1;-<->3 +53 (C-(I): +3; (£l—[7): 20

T1"u'é'c khi bét déu, chflng téi xin giéi Lhiéu vdi czic bgm mét cixch phn tfch khéc. Déi

vé'i céc bail déng thfrc bu bién déi xtrng {hi viéc quy vé dang S.O.S nhu' lrén lZ1do'n gién.

my nhién @161 vc'>'i céc bém sizing thftc man vi Vang quanh ma czich quy trén déi khi khéng

Lhich h(_)'p v£1 tao ra céc hé Sl.S2,S3 rl cbng kénh vil khé xu‘ ly‘. Trong tru'O'ng hqp

dé, C6 min czich khzic IE1 quy vé dang sau dy:



CI1 1r(/rzg IV: ;Vh17'ng vién kim c11'0’ng trong I21?! (7(ing 1/1121" hifn (711; 785
\ w ~

S, (b—(*)‘ +S: (1'—(1)'.+S;\((1~/>)' 2S((1—/2)(/1—1-)((1—1")

Czich quy nily 06 3 czii lqi. T1111" nhét. 1151 \'6'i czic dang hoim \'j \'O11g qunnh {hi 116 {gr

nhién vi; don gian ho'11 czich dun \'§ S.O.S chfnh Ihéng. T1111‘ hai. néu \'1§11"zii \'Z1 S khéng
51m {hi I11 chi phzii xét 11'11'C>'11g hop (1 2 /2 2 (' 111Z1 ho qua t1*11'{1'11g h<_1'p (1 2 (' 2 /1 (11111 121

trong bait ding lhL'1'c hozin vi \'E111g qu1111l1 I111 la chi 06 lhé gia <11" (1 = 11111x{(1_/1.0} \*Z1 11131

Chung pha'i xét Z l1‘u'b'11g hgp (1 2 12 Z (- \'Z1 (1 2 1' 2 /1). ThL'1‘ bu. \'i1 quun t1‘Q11g 111151. li1

trong dang trén. khi (1. /2. (' x§1p xi b§111g nhuu [hi vé trzii .\’2‘1p xi 0 \'d'i IE1)" {him Z. l1'011g

khi vé phéi x§p xi O vdi lily [him 3. Diéu 1121)" (Tic biél thfch l1Q'p \'é'i ph11'o‘11g phzip chiu
dé tri. \1'1 khi d6 viéc Izich ly 11‘u'O'11g hqp (1 =11 I (' 121 151 G011 gian.

Cl1L'111glz1hZ1y xcm m<}l \'1’dg1dé thé1_\* d11'<_>'c lqi {ch cuz1c;1cI1 hié11 d(1i 1151)".

Bili toén 1. Ch1'1'11g n1inh r§111g \=('>‘i (1. [2, (' > (H111:

3 3 _,1
(1 “+ ll v+ wc ~2(1+l1+( (1)

2(1‘+b' Zb'+(" 2("+(1‘ 3

~ Ch {mg minh

S1111 dy 151 161 gizii c1'1a Phan Thimh Nun1 du'Q‘c df111g t1"é11 D1511 (1'(‘111 T121111 /1()(~.

Bing czich bién déi tucmg du'o'ng. 111 c6:
2 1

(1) ”’i""’Lz0 (‘- -/1)(2/1+ P11‘:-1+ 9120<=>%;2a2+b2 (1 (17 7 ( 1 (1

3 2 2 3 4 7 1 7 2 4 3 1 4 .1 1<=> 32 (1 b (" + Z2 (1 (' + (1\b + Zaxc 2 42 (1/7 (' + Z211/2 (‘ + 2211 /2

l'Y\'( ('\‘( ('\'( (\’(' l \’{ ('\'{ ( \{'

<1 2Z((I5b2 + asbjcz — Z(14b3(r) + Z((15('3 + (131130: — Z(1"l2(': ) 2 ZZ((134b4 — (1:04)
1'\'1' ('\1' 11.1

<:> 2Z(13b3((1—c)2 +Z;(13c2 ((1-19): 22((1—l1)((1—(')(('—12)(Z(13l2Z +Z;(1:b('\]

Bziy gié’ giéi sir (1 = max{(1. b, ('}. Néu 1" S b thi bit ding thfrc dfmg nén ta chi phzii xél
khi(12 ('21). Ta sé ch1'1'11g n1i11h

Z(13b: ((1-0): + Z(13c}(c—b)2 + (1303 ((1 -12): 2 Z((1— (')((" —/J)((I}(‘2 + (13('/2 + (1312:)

X61 hai tru'<‘yng hQ'pZ

Tru'()'lzg lz_0‘p I: Xét khi (' — /J S (1 — (1 I11 Q6

2(13b: ((1—c)2 + (1}("3((1—b)2 2 211319: ((1— (')((r—b)+4(13('2 ((1— c)((‘— 12)

'42 12 12 1Vi (z‘b +2(1‘(" 20' (c +b(‘+b ) nén suy1‘a(dpcm).

Trzr0"ng hgrp 2. Xét khi (r - I2 2 (1 — (". tu'0'ng t11‘11hu'lrén ta cé:

2(12c3 (0-17): +(13c3 ((1-11): 2 Z6130}((1—(')(('—l>)+4(13(':((1—(')(('—/J)

V1: (1203 + 2(13('2 —(13(c: +176-1-[)3)Z(I:(':[7+(l3C1J-{1}(/J(‘-+-1):)
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=c13b((‘—171+u:bc(("—c112() nén la cfmg c6 (dpcm).

V1 11511 tozin trén khzi don 2ia'n nén vai I16 6116 chia dé 111 151 khéng thuc $11‘ r6 nét. Tuy
nhién. trong czic vi du sau 1:1 sé th§1y tu" tu‘o'"ng chia dé 111 n61 1-6 trong céch chia 11'u'b'ng

hqp. khi 11151 61611166 chué111 do'n1€ 666 S.O.S khéng <16 d€giaiqL1yé1.

B511 tozin 2. Chtrng 11111111 1'§111g V61 :1. 12, 6' > O L111:

- - - qv '1 ~ wq
2(.\'“ + \"‘ +;°)+9(.\‘3\"2 + \"‘;‘ +;‘1.\‘“)211(.\‘:\“‘ +1": +£3.13) (1)

1

Gizii

Bu'6'c 1. Bién C161 bit ding th1'1'c (1) tuung during \/"('71 bit ding 1h1'1'c sau:

' < 11 1; w~ 17 ~~ ;'> -»~ '1-\ -1~
2(.\" +y” + 3' —.\"\“ — \"Z‘ —Z‘.\")+9(.1"' Y‘ + 1'3‘ + ;'.\" —.\"\"’ — V3” — ;‘x°)2O

<1: %§Sl (_\"-312 +5: (:—.\"1Z +53 (.\'—y):1+9(x—y)(_\'—Z)(X—:1(.\3'+_\‘:+;v) 20 (2)

S] =

T11 d

2)‘; + 4_\'2; + 6_\";2 + 3:3 ; S: =21} +4321-+6:.\'3 +3.\'31$3 = 2.1"‘ +4.13)" +6.9": +3)‘;

6,11éu.x'Z _\" 2 ;th1 ta c6 ngay (dpcm), do dc’) chi can pheii xél khi .\’ 2 3 2 y.

Ta 66; 2(.\~- 1): 51 :2[(V\-- ;)+(;— 1112 $1 zs(.1--;)(:- 1-)5‘

2(;-.1-)1 $2 +2(_\+-1)” 5, z4(.1-+;)(;-1-)1/3,53

Do <16. (2) dL'1ng11éu ta chirng minh duqc 85; +41/SIS: 245(x_\'+ _v;+ :,\j1(.\'—_\') (3)

Ta C61 SS1 — 45(.\' — y)(.\'_\‘ + _\‘: + 11') >16.\'° — 13111-2 + 93_\*2.\" — 45:1‘: >151-R — 45:1‘:

Do 66 néu .1 z 3;1111 16 66 ngay (66661). By gib‘ Xél khi .1-s 3;. Néu 2)" 2 1,1111

5,5: >[(Zy): ;+3(Z_\");2 +3:3]S3 >'/1332 :71} (Z13 +4;2.\'+6:,\'3 +3.13)

D0 (16,111 cn ch1'1"ngminh: 15.1"‘ —45:,\'3 +4\/71312:} +4;3.\'+6;\'2 +3.13) 20 (4)

Chuyén vé 161 binh phutmg lén Lhi (4) tucmg du'0'ng:

112:

-1

PO

1.1

1 +4111-+661-2 +31-~‘)z(45;\-I -15.1-312 (5). Khai mén ra va

6611+-f 1111 <5) <6 2+4++ss1+732 +3661‘ -(202514 -13501‘ +225r°120 <6)
~,

D§th2"1y(6)d11ng V1‘ 6 11, 31n6n<1)66ng.

Bu"6'c 2. Nhiém vu cbn 12_1i cL'1a chng ta 151 xét t1'11'®'11g hqp 3: 2.1" 2 1 2 Zy.

Chuén 1166 666 1 = 1 11116166 1666 \'1éI1€;l1 1:13 21- z 1 Va »§z _\». Bién 661

(1) <3 2.1-~‘ +2_v‘ +2+9.\-if +91“ +9.11 -11.1-3»-—‘ -11;-1 -11,1‘ Vxe [1;3]._1~e10;%1

D511

thtrc

f(.\',a,b) = 2.1-~‘ + 26‘ + Z+9."<“1c1: +96‘ +9.11 -11.116‘ -1161 -111-—‘ 1111 651 dang

cn chfrng minh 1'21 f(x, y. y) > O. Lu'u y" 151 f Ming thco a vii giéxm theo b.
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Chin dé Lri Lheo y béng dy sau: O; 0.1; 0.15; 0.2; 0.25: 0.3: 0.35; (1.4: 0.45: 0.5

ta C6 (dpcm). D§1ngthC1'c xély ra khi v51 chi khi X = _\' = 3.

Trong béi main trén. S.O.S di gip chling ta giéi quyét nhanh chéng diém "nhay cam".
Nhung sau khi dat du'<_>’c muc dfch nily. chfmg ta d linh hoal trb' lqi bit ding thfrc ban

du via dirt diém hing chia déL1'j.Tr0nQtru'©'ng hc_>'p ny [hi chia dé tri I31 1u'lu'O‘ng chfnh
cén 5.0.5 121 ki thuzjt. Tuy nhién. chmg w Cf1g‘"C@[hé‘dilI1g s.0.s 121m du'(>‘ng léi chfnh
vii dimg chia dé tri lilm kTthuf1t.

! J) ¢ Cl J

Béi toén 3. Cho u. 11. c > O. Chrng minh ring
w \ -\ / », .1 q

23(a+b+<>)+l3{”_+ ,+‘_ _ —+b—+‘—\; (1)
> -~ - ¢ (1' /

O'\
/-2

|-.
Q__~.

V
IJJ

Ch zhzg minh

3' 2 / 2 \ 3 3

(1)<=>13Z{[‘)’—,+a-2-‘L 210 -+/1-2aJ¢_A,i3Z“("b,b) 22“ bk)

'3"

L

/_

'\
U.-

‘ \.. .\.. (W. .\.[.

__3 a(a—b)2 a(a—b): (a—b)2 3 a(a—b): ((2-19);H10; — 20\_,lOlZ /7: bl 20

Khéng mét tfnh téng quzit gié sL'1'u= max{a, b, c}. Néu :12 ('2 /7 thi:

(a—wb)3 :(a—c+c—b)3 2 (a—c)3 1:(c—b)3 2(a—1c)3 + (c—7b)} :> Z(a—~l>)? 20
b" b" 11- a“ <~- I2"

Nén ta chi can Xél khi a 2 b 2 C. Khi dé:

Z(a—b)3>(a—b)3+(b—c)3_(a—b+b—c)3:—3(a~I2)(b—c)(a—c“) '

W. I92 _ a2 :13 a3 (12

D0 C16, ta chi cén chirng minh: 130 a(ab_:b)_ 2 3(a _b)(lZI;C)(a _C)
I

'=>a2[a(ab:b)2 +b(b_,€)2 + C(C_7a)2]21O(z1—b)(b—c)(a—c)
_ C- H-

Ta dénh gié dcm gién béng béit ding thtrc AM - GM:

a(a—b)2 +b(b—c)2 >2l(a_b)(b_C)_ c(c—a)2 >4c(a—b)(b—-c)
bz C1 * C ’ az * az

nén chi cn chirng minh: 25; + 4c210(a —c) <=> a3 + 702 25ac (ddng) :> (dpcm)
C

Chng ta két thc muc ny béng mét bin tozin cua Phgm Kim Himg. Béi toén n51y d

du'Q'c gic'>‘i thiéu trén Diern dim Tozin hoe vé'i tén gQi IE1 "Théch Thtrc 2", vii cc’) thé xem
nhu mét trong nhirng vi du khé nhét déi vdi phucrng phzip S.O.S. Sau déy, chng ta sé

xem m tuéng chia dé tri h0z_1t déng mé nélo khi kél hqp véi céch biéu dién s.0.s chfnh
théng. Liwi giéi sau déy cng cua Phan Thanh Nam, v21 151 ldi giéi déu tién cho béli tozin

néy trén Dién c7'c‘1n Tacin hoe.
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CC

1 |

££_i_C\‘2+(i+a\2+(i+_[7Y>11 (1)
12 / kc‘ J kn ,’ _ _ c/+b+c

Cluhzg minh

/' 2 . "

(1) <:\ Zka +2a{)+2/X —4- “+17 j(a—b)' 20 (Z). Chuén héa: Cho <1 +12 + c = 1 {hi
13- u+/7+(‘/

/' 1 1 *

<2) <=> EL?-5+-1(-)(¢1-/7)‘ 2()hz1yZf(c1—/2): zo
('\(' )— l\I

Khéng mt téng quilt. In gizi su' u = mux{u. /2, 0}. Néu <' > /2 [hi ta c6 ngay (dpcm) vi
2 2_ ' _ \ \ _ ‘__Z U b -2 G C = mb+b( +('a'(u b)(b UM U) nén du'é'idi1\/Lu chicé11xéIkhiz12
C b (I/)(‘ “

b 2 c.T1‘0ng phn cén lz_1i. ta sé chia thimh czic lruémg h<_>'p dé xél.

Truimg hqp 1. Xét b 2% (hay 1) — c 2 a -11). Ta xél 2 u'u'b"ng hqp con sau dy:

1.1. Xét />z%.¢-z§.Tu cé: cz%+4@-520 Va/x 2().ChL1)'/c1S%nc‘:ntacé:

~ 14_iA+Bzi+(@+i)+4/>+_,->- B-+ 2+i +i+i-5-§>0
-l Zr <1 — Z 3 _3 4u (19)

<--;

4=.u

V
w

,-\

‘J

:> C('a—b): +_A(b—c)3 +B(c—u): 2%(a—c)2 +B(a—c‘): 20

1.2. Xéz bz§.<-sf Ta 06:

C(a—b)3 +A(b—c)2 +B(u—c)3 2(C+ I —4c‘)(z1—c): +(A—l+-lC)(l>—("): +B(a—<'):

Tu'o'ng Lu"nhu'i1"én: C + 1 — 40 2 0, A — 1 + 4C 2().ChL’1§’ (13% nén iu cé:
3

1 1.1. 1 '13 ' 1_'_.l £4. __ _i—Z(A—l+4C)+B2([l+;)|(§T?C)+4b+Z? 3 22(z1q)+2+3.1 5 7-O

Tru‘f)'ng h(_)‘p 2.xe1 /2S%.Tz11u6n c6: C2];—52l.A2;—52 1.
_ J (-

Do dd La chi cn quan tim khi B < 0. Xé1Z1ru'€mg hqp con suu diy:

2.1. xm 11s%,<-2% (khi dé ag). Tucéz

lA+Bz(5@+l)+(2a+l)-7.5z(2+3)+(2-3+5)-7.5=0
2 c a 3 3 "

%C+B2(%a+% +(i+4/7)+3(~-7.5z3\5+2+%-7.5>0

:>C(a—b)2 +A(b—-c): +B(a—c)2 2(—B)£Z(a—I>)3 +2(b—c'): —(_a—(')3]2O

iii toén 4. ChL'1'ng minh ring véfi u, /2. 0 > O (hi: '



Clzu'0’n IV: Nl1l7'lz<1 vién kim Cll‘0'II" Iron" [nit (M110 tlz 121' lzién 1701' 72%“)G O (5 A5 ~ l

Ex)

B)

. Xél khi h§%.c'S—g— (khi <16 212% ’). Ta lgi chin thimh 2 lru'6>‘ng hqp con:
- 7 _

2.2.1. Xét khi 1230.3 \'Z1 r £% . Tu'0'ngu_1"1ru"C>'ng hop 2.1. t;1c6:
3

\

iA+Bzl+(2u+l)-1526+2_7.5>0
" 1' <1

—C + B 2u + L) + (L + 412) — 7.5 2 2 p/E + 2\/3 — 7.5 >0 \'£1su\'1'z1(\dpcm).
9 (1 Z/9 \' 9 '

FJ-—'

2.2.2. xm khi /> 2 0.3 Vil (4%. DO /4% nén 2m - 11> 2 <21 - <->

D0 3.7511 2 1 + 0.750 nén Z.75(/J — c) 2 ((1 - c).TL1‘d6 suy, 1'21:

c=i+l+4¢--52921+l-5z3+3-512.5
[)3 11 '/J Z

A=%+i+4u-5236/>+%+4@-5z3@><0.3+6+§-5213.8
(" C ) ._.

:> C(u—l2): +A(b—(‘)2 2~2—'§i((1—c.'): +—~—13'8,‘(¢1—('): 22.-1(u—(')l
2' 775'

Va B+2.4zl+4b~5+2.4z6%+4><0.3-5+2.4>0
(I

nén: cm -/1): +A(b—c)3 + Bm —c)32().V$1ybZ1it0a'1n chL'1'ng minh Xong.

v|. PH/Iu CHANG LA LO’! GIAI ouv NHAT? '

Czic ban thin mén. c6 lé méi chfmg L21 déu mong muén méi bi1i toain hay déu 06 mét ldi
gizii d¢p 1u'o‘ng xirng. Trong czic muc tru'O'c. chilng in dd ll1§y mzflc dil giai quyél uzic biii
tozin rt khé béng mél du'O'ng léi don gian nhung gia'i bng chiu dé tri khfmg hfxn 121 lO'i

'gi£'1i duy nhfu. Trong muc nil)’. chfmg [Oi din ra dy bén vi dgl minh h<_>z1 dziy dbl sfrc
3* \ , A A » A A A Imgmh va tmh ngh¢ thuat cuu cua phu'o'ng phup chia dé tri. dng thiri chuyén 1é'i cac ban

Cu hOi1‘§ng,li$u 651)’ C6 phai 1Z11(7igi2'1iduynh§1‘?

- . A
I

Bili tozin 1. Chfmg minh rz;mg:A 6” + Ob + ‘(fl Z-25+Q—+" .Vu.[1.<’>O
(1 +12 b +( < +u A

Trude khi néu 167i gizii. chimg téi xin gi<'>‘i thiéu s0' hrqc vé bZ1i lozin thfl vi wily. Tzic gizi

bfli tofm. Pham Kim Himg. d gidi lhiéu bi tozin mcfv sau dy trén Dién dizn Tozin /20¢

trong chu dé c6 tén 121 "Very difficult inequality"

Béi toén m6’: vo-1 mic hang S6 /< > 1 nilo ma b§td:°mgth1'1"c suu ddng \~<'>"i m<_>1 21. /1, <- > 0;

czk + bk + ck >a+/1+0
am +bk—l bk--1 +(_k~1 CA-A1 +(Ik~l 2

Binlz lugin: Bing bién déi d0n giim. ta lhél)’ ring néu bt ding thfrc dfmg vc'>"i /< [hi né
cfmg dfmg vc'>'i k'<l<, do dé hing $6 lén nht cfmg cé nghhx 151 lél nhl. BZ1i tozin 1

khfing djnh bili tozin dfmg vé'i l< = 7, hon nfru Lrong tru'i>'ng hqp /< = 8 [hi c6 phém v1’ du
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(xcm 1\1h:_71n xét O‘ phn sau). Mic db v§1n chuu giai quyét duqc bixi lozin mo‘ nhung cé thé

khéng dinh dy 1:1 mél lrong nhtrng bit déng thtrc mganh via khé nhél hién nay. L61 gizii

duéi dy dua trén 161 giai cua Phan Thémh Nam (ii déng trén Dié~n ¢7'(‘zn Tmin /ma. mét

161 giai déy Iinh nghc Lhuét v21 lang man.

L(?i gidi bdi todn I. Ta viét lai bit ding thirc cn chllrng minh:

6 6 h _f1 _(\ 6“ah /J6+b_/J6 <(‘ +(__c(< [1620
u +17 12‘ +6 ("+0

o e e _<> / <1 <1 e _<» _(> <»\
@(¢4—<~)%+(b—<')b6 ‘6+<-Laé b6+b6 ‘6+°() “J20

cl +12 b +0 11 +1) b +c c +u ,

0 <» <> _n ’ <> <» 0 _- _o _(» 0

<:’(a—")g_o"le+(b—¢')b(» c6_C1a<» b(>'b<> cola a(»j2O
cl +12 Z9 +c a +/2 b +0 c +0

Tit nhién, ta cé mé gia' sL'1'c1 = max{u, 1;, C}. Tu béu dang I1'10'C cuéi. 1-.1 may néu 1220 thi

bér dang thtrc hién nhién dung. Do as la chi can Xé[k1'\1ClZ('Z b. Dé don gi£111.I21chu§n

héa: Cho C = 1, \*€1te‘1tnhién chi can Xé[1<111(I > 1 > /1. Ta nép tuc bién 6161:

6 6 (v (1 6 (>

(.1-1>@+<1-b>“6+”b 2616-‘ *;>(a—1)l+b6 +(l—b)1l+-%]lL—6~j21—%
1—b6 a —b a +1 1—b \ (1 — +

6 6

<:>(a—1)%+~62?l+ —b2O (1). Ta sé chtmg minh f(u, /1, 12) > 0
— (Z -1- (1 —

.6 ]_ 'V_(1

V61f(a..\‘.y)=(a—1)l+'16+ 62 + (6 1); —y>0
l—.x‘ a +1 a —.\'

Chli >7 ring dfly 151 bit ding thirc thgrc sgr. D5 chfrng minh. ta chi cn chia thco I2 dé dun

vé czic bét ding thfrc l bién theo u, bfmg diy sau dy:

0. 0.6. 0.67, 0.7, 0.73, 0.75. 0.77, 0.8, 0.85. 0.9. 1.

B511 toén du'Q"c giéi quyét [I'QI1 ven.

° Nhzfm xét:

a) Trong bién 661 trén ta dii sir dung hing déng thfrc: u + v+ w+uvw:() vdi:

\- v v— 1 -_ -

1¢='-7—~,\1=- ,w=” " (v1(1+u)(1+\')(1+w)=(1 -u>(1-\»)(1-11))
x+\' \‘+; :+.\'

Bing czich ni1y,ta era 151m Xuéu men czic am luqng “Xélp X1 0" 151 [Z -1;. b - ¢-. C - (I ma ta

d dé cz_"1p 6 mgc tru"c'rc.

b) Cc ban c6 thé thy 121 trong 161 giéi trén khéng cc’) bu'c'7c "khoanh vimg diém nhgy cém".

. 1,) ,. .. .. .. _.,,; 1_b°a°-5° . , _
V1 sao vgy. Thuc ra, 1\h1 thuc h1¢n v1¢c v1<;c chm 0 ve cho i(--—(i6 urc la ta da

' 1+b’ a‘ +b
chia czic dgi 1u'(_)‘ng "Xép X1" 0 cho nhau. Chinh vi vay, diém nhgly caim khi caic bién bing
nhau dz": duqc gicli quyél. Dziy chfnh 151 "chia khéa" cua 1O'i gizii nily. Ky Lhuét nix)’ cng

cé mé dilng rét thich hqp vdi dang s.0.s cé lhém dgi 1u‘Q'ng ((1 - b)(b— ¢~)<¢- - CI) ma ta

(ii dé ceip 6' mgc tru'('>'c.
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C) Trong bili tozin n1c'>‘d€1_gié'i thiéu. khi k = 8 [hi ta quy bili tozin vé chimg minh bél ding

thL'1'c sau \*c'>'i mqi u > 1 > [>1 (u —l)L%¥b%+—¢L+ >/2
1—b' a‘+l <1 ~17

Thuc hién viéc chia dé tri Lhco b La thu du'Q'c diiy: 0: 0.55: 0.57: 0.58: 0.585

Ta may dy din nén vé 0.6 nén ma cho /1 = 0.6 V510 1-6i chia dé Lri lh€0 (I ma may Cl lién
vé 1.3. 1-Jiéu <16 din aén du dozin 121 bin dang [hL1'C sai, Vii qua mm {hay
a = 1.3. L2: 0.6, 1: = 1 \/510 thi ta nhém du"Qc cixu lra 1i>'i phu dinh! Cfmg bng caich d6,
thém chi tzi cé thé tim dLrQ'c phém \/1’ du cho /< = 7.5. Diéu niiy chllng ti) bili tozin vc'>'i

lrubng hqp k = 7 151 rélt mgmh.

Béli toén 2. Cho (1, I2, (7 > O vi: (1 +12 + c = 3.

. I ?~ ,1 .1 i ,3 '\
ChL'rngminhr€1ng: 1 _ U , + / , b , + 2 ( , 2;;

\’a'+3/7' \‘/7'+3<"' z"+3u“ '~

Ch lhzg min lz

f a3 a: :13 (13/' : > :Til C0» Va} +3b2 \/ 3 [3 — V; 3"; 3 1

U U7 \/(13 +Za3b3 +12’ ‘I’ +17“

Til’ d6, thay (a.b,c) bO'i <(12,b3.c'2). ta sé chfrng minh bét ding thtrc manh hon sau dziy

4 4 A /3 2 2 _2

(vdimoia, b, ¢~>0>¢ 1” 3+ .1’ .+ 3‘ .z‘J‘(” T’ +‘ ) <1)
‘ a‘ +b' b‘ +0” c" +u '-

Ta chfrng minh (1) being chia dé tri tir don giim dén phL'1'ctz_1p.

- Ta cé mé gié Sn: (I 2 b, C. Néu 1; 2 C ma;

a4 + b4 + 04 bl 0"‘ 04
a" +123 b" +c3 c3 +03 (13 +123 b’ +03 c“ +03

(02 —b2)(a3 —c2)(b3 —C2)([l3b2 +b2c: +<.'2a3) 20
(03 +/)3)(123+c'3)(¢‘3 +03)

nén duéi dy ta chi cn chirng minh cho truimg hqp (12 c 2 /2.

H

'> 4

\.).;.a

((z—/2)= (<z—l))2' Trubng hqp cz £ 2b (v21 a 2 c 2 b). T21 cé: —“‘—_—z1—
2(a' +12‘ .)

(13 +1)“ -

\/3(a2+b2+C2)_(a+b+C):(a—b)2+(b—c):+((r—cz)3 S3((l~(')2+3(C—1J)2
3 3 .3 Z((1+12+(")\/3(a +b +¢ )+a+b+c

D0 as, ta chi can chrng minh: 5, (b—C)2 +3: ((3-(1)2 + 5. ((1-1)): 20 vé'i:

361 +116-~b3 3 36 2s= - - ~ 0
1 b3+¢-3 c1+b+c'>[7-‘+53 b+c>

2 _2 2 ~ 2 2 7. 2_ 2S2:3aj~ca1c 3 -> :30 3 _>0;S3: 2%2Q
c“ +a‘ ¢1+/9+¢ c“ +51‘ l1+¢ u' +12‘ :1’ +b‘
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V21 aiéu nZ1_y hién nhién dng.

- Tru‘O‘ng hQ'p :12 30 2’ 3/2. Tu cé:

.— //~ 3 3\
.ll , - <1 <1

4 5; \!3l” +9+9 - /» .-
(1 <1 u _Z7 \‘ 0 ' ‘~ /' \- <1 +7 +<

‘ _- .2 ‘- 11> 11- 2
u”+l2° Z8 Z Z Z

.117

A

J

J

J

' Cuéi cimg. la xét tru'O‘ng hqp a 2 Z/J. (1 é 30 (V51 :1 2 c 2 /J). Khi dc’). bt dzimg LhL'1'c 121

thuc s1_1'. Chun héa cho a = 1. vii dun vé bit ding thircz

4 F /3(1+b1+¢-3)
1 1+ .1’ 1+ f > ‘ (2)vé"i l2e[O.i]vi1 ¢-QP1]

1+/J‘ /2' +0‘ (T +1 2 2 3

Thus hién chia dé lrj thco 12 dé quy vé bili Lon mél bién theo 0 nhb‘ dy

0. 0.3. 0.4. 0.45, 0.5. Bin tofm aén dy duqc gm quyét t1'(_>n vqrn.

' Nhzfm xét: Til nhién sau khi gizii quyél diém "nhay céun", la C6 lhé t1‘(Y\'éch(1'ng minh
trL_1'c tiép bit ding thfrc O‘ dé bili. Tuy nhién O dy chimg In C6 géng chirng minh (1) vi

né la 1 bil dang mac d¢p y nglu. .\/101 hé qua CUZ1 bit dang thfrc <1) 1:1

4 4 _4 V

:11 + ‘/9 1+ Kc ‘Zu+L>+£
cl‘ +11‘ /2‘ +0 c" +11‘ ~

By 151 mét tru'O"ng hqp riéng cua bili Lozin mO' d gidi thiéu O‘ bixi tozin 1. via cfmg 151 mét

hé qué true tiép ctla bili tozin 1. Bém thin bi lozin hé qua nily d 151 khzi manh v21 121 m(}t

vi du in tu‘<_>‘ng cho phuong phzip S.O.S. luy nhién phu"o'ng phzip nixy d béc 16 gio'"i hqn

khi @161 m2_'1l vdi czic bél dang mu-Q manh ho'n. Ban dpc cé mé xcm 10-1 giéi ban tozin 2

hing czich sir dung bit dfing thtrc Holder (T5 du'Q'c trinh by O" §3, nhung vc'>'i bit ding
thrc manh hon (1). rél khé dé Q6 su" lua chcpn khzic.

Chng I11 liép luc vc5‘i m{>tb51i t<1éx11'§t116i tiéng sau dfmy

Bili toén 3. Cho x, _\'. 1 > O th0a' .\')'Z = 1. Chfrng minh ring:

.\ .\ _,

v +2 1 +2 .\‘"+2

Bili tozin n21y c"1‘u'Q'c gic'>'i thiéu trén dién dim .\4athfricnd.nc1 \‘r5"i nickjnamc lzic gizi 151 "Cu
bé quiing khn G0". Bang W hinh thfrc 10>/e1 d¢p lzrmm bit dang thtrc [~51 khé. val mile

din nhén duqc rfxt nhiéu su quan tzim nhung cho dén bfxy gié G <16 van chua cé l©'i giai.

Chli )’/ ring néu thay mil 4 bO‘imf15lhibi1i10z’1n khéng cbn dng.

Clzzhzg minlz

Do xy; = 1 nén ta cé thé thuy (.\', _\", 1) bdi véi u, 12. c > 0 vii viét lai bit ding
C (I J

5 5 _5

thtrc cén chimg minh: 1” + 417 + ‘ 21
(Za" +11 )c (Zb +0 )0 (20 +11 )1;
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(_Ch(1 5'1: cdc ban lhL'1' suy nghf 1511 >110 [hay bé (.\'. _\‘. 3) bO'i bé 111Z1kh611g phai 151
(- (1 >

bé :1 cam 11111; 11111-2 co gi bit 11;»-1 10 mi (~11(~h 11111 nhf1l'.’)
7 (' £1

Ap dung bét dng thirc CBS. 11106:

*1

‘V7-_ (16 + /7!) +f (‘(3 > ((1) +/7) -1-(A)

(Z414 +/24)1z1 (Z114 +("4)(1/7 (Z13 +(1“)l2(' (Z114 +/1"‘ )(’(1+( Z/14 +1"! )1:/>+(Z(“’ +114 )/>1"

D0 d6. dé C6 diéu h€1ich1'1'11Qminhla ch1 02111 chL'1'n9mi11h:P ( -
((13 +/27‘ + 1:3)“ 2 Z((1l>'=‘ +121"; + ("(15 ) +11/)("((1; +123 + (:3) (1)

Nhin bé ngoili thi C6 vé nhu' dy chi I51 mét bit déng thtrc don gizin. vil déu béng cfmg
@111 my 111 1111 m@1 @116 duy 111151 111 11 =1; = 1-. Tuy nhién bé1 dang 1h11¢ 11> 1111 121 mél bé1
aang thtrc mglnh 1-21 khé dén 11 <11. Dy lhI,1'C 111 121 11161 (111511 dzing ngac nhién. Sau dy.

O
D‘

C\

3
US

Q>

xin dé xut mél czich 1511 céng:

Khéng 111é1t t1'11h léng quail gia 511' (1 = m11x{(1. /2. 1'}. .\1'éu(12/> 2<'th1:

((15('+[7<'(1+ ('51)) —((15b+b5(‘+ 05(1) = ((1 —/2)(/2— 1.-)((' ~ (1)

T

((1+/2+(")((1: +1): +1':)+(1/7(E£O
nén thay ((1, /2. c) bo"i ((1, 1', 1;) thi vé 11111 bit d5111g lhfrc khéng C161 trong khi vé phcli bfll
déng th1'1'c I€11"1g lén. D0 d6. la ch1c§n xé111‘11'©"ngl1Q'p (12("2l2(nh11d néi. diy 121 mél k1
thuét 1'51 lhu'b'ng dimg dé giéli quyét bO'l mél Ir11'(7'ng hqp khi gzfip bZ1i 101111 hozin vi vbng
quanh).

By gid ta thL'1' dimg phu'o'ng phzip phn lich binh ph11'o"ng S.O.S. Viél lai:
. w

-1 -w 4 _‘ -4 \ -v -v((13 +123 +c3)((13 +17” +(f“ —3(1/2(.‘)Z2(1b('[%+b—+L—((1“ +17‘ +1”
2 1 (1

vi sL'1'd1111g czic phin tfch: (13 +/23 +(‘3~3(1/2('=i€lL-[((1—/2): +(/2-1"): +((‘—(1)2j

1 '1 2 2 '" 1 1 _ +2 + I -4 - A ; . A A%+12" —4(1‘ :m#L((1—l2) la \'1etl1_11 baldanglhu‘cl1‘c11 ve dzjng:
7

5,111-1-)1 +5311--1111 +5_1<11-11>: 2012)

vé'i sl =5 —4(1b(3b3 +2/11.-+1-1 );s3 =5 -4111-(31-I + 21-11+ 111)

S3 =5 —4c(1(3(1: +2(1b+l>2 )1 trong 116$ =3((1+b+(')((13 +/23 +03)
Néu (1 = c hozjc b = (' Ihi bi lozin don gifm. Ng11'Q‘c lai. la 1h1_1'c hién bién (T61:

<2) <=>(s, +s3)1(--11>: +(s2 +s3)1(--11>: +2s;(11-1-)(1~-1120

S +5 . S,+S .H1 s_(—/2+ _ .1_(1—(+S >03
2 (1-0 2 ("-17 3 ()

Khi chia xu5ng nhu‘ vziy thi diém nhay cam d du‘Q'c tzich 1i, nén bit ding 1h1'1"c (3) 121 mét
b§td€1ng1h1'1'c thuc s1_r. D0 d6 "chia dé/11'1"chf'1c chin phzit huy tc dung:
Chuén héa @110 1- = 1 khi dé 11> 1 1-11 11 < 1. 11101151)’: \/T13) = 1111, b, 1)) =
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(1-11)[3<a+11+1)(11‘ +11‘ +1)-219113171 +21>+1)-21113111 +2111>+1f)]
(1-1

+(u—1113(a+b+11(c13 +/93 +1)—2b(3+Z<1+c1Z1—2z113a3 +Zal7+b:)_
1—/7

+3141 +b+1)(a3 +113 +11—4u(3c1l +211/7+b3)

____|

Bit 11(0) = 3(a+b+l1(a3 +193 +1)—2b(3+2a+aZ)—2a(3(12 +2ab+b21

\’((I) = 3(a+b+1)(a~‘ +5 +1)-21m(31f +21>+1+)-2<1(31H +2@1)+1f)

Ta sé chtrng minh 11(0) > 0, 111(1) > O bng 2 phu'0"ng phzip khéxc nhau.

Ta C631/(cz)=1Zc13 +3193 +3+ 9021) —9z12 —4b— 1Zab— Z122 >0 Vc1> 1. Z7 <1

nén z1(a)>z1(1)=6+6b3 -101>+31;* -2171 >0

Ta khéng mé dimg dao hilm aé Chfrng minh +111) > 0. Hiiy 1u'u y dy 1:1 nhfrng bét dang

lhirc thuc SL_I'I1éI"1 chia dé tr! chéc chén phaii di dén kél quzi. SL1" dung chia 61?: tri thso I1 dé

quy vé béi tozin mét bién theo a nhb d€1y: 0; 0.5; 0.75; 0.9; 1 ta sé chtrng minh duqc
v(a) > 0. By gi€>'Lr<'312_1i béli tozin.

:(1—b2)i:3((l-1-12'+1)((l3+/)5+1)-21iji(l3[7§+21J3-'-1)—-2[1(3Ll2-1-261172-1"/95)}

(a—11[3(cz+b] +1)(a3 +1113 +1)—2b3 (3+Za+1121—2a(3a: +2111): +/233
+

1-/7]

+3(a+bl +1)(c13 +121} +l)—4cI(3a3 +Zab3 +1233) V61 Obl <b2 S1.

Khéng khé khén ta c6 thé chtrng minh C1u'Qc: f(a_b.b) > f (a.bl,b2) Vbe [bl .123]

Him f(a,b|,b2) khég hén d dévng bién theo bl v€1 nghich bién thco bl. tuy nhién

f(a,b,b)> f(a,b,,b2) dL'1ng_Vbe[b\,b2] ducyc suy ra tir céc dzinh gizi sau:

3(a+11+1)(11~‘ +17“ +1)-21m(31f +21>+1)4211(31 +2ab+1f) "

>3(11+1);+1)(11~‘ +11,‘ +1)-21>;<1(31;§ +21); +1)-2143111 +2107; +b33).V/2e [1>,,1¢;]

V21 3(a+b+1)(a3 +b3 -1-11-2/713-1-2(l+[l2)—2[l(3(I2 +261/J-1-/7:)

>3(11+1¢; +1)(a~‘ +bf +1)—2b2 (3+211+1)-2q(31f +211./13 +11§).v1>e[1;,,11;]

cuéi cimg, ta thgrc men phép chia aé 1+1 theo baén 11 aé quy vé bét ding thtrc 1 bién 11160

a nhd déy:

0; 0.29; 0.42; 0.51; 0.56; 0.6; 0.63;-0.65; 0.67; 0.685; 0.714; 0.726; 0.736; 0.746; 0.756;

0.765; 0.774; 0.783; 0.792; 0.801; 0.81; 0.821; 0.833; 0.847; 0.863; 0.883; 0.91; 0.95; 1

Bi toein du'Q'c gizii quyét trgn vgn!

' Nhzfmn xét: C déy m{>t 15m nfra ky thuzit chia ceic dai 1u'c_>'ng xp xi 0 mix ta d dimg
[1‘_Ol'1g bili toén 1 lai phzit h0y téc dung. Tuy nhién, vi n6 quzi don giém nén viéc chia dé
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tri phéi thuc hién khzi dili dbng. .\'hu'ng czich lim nil)» khfmg phai 151 duy nhél. vi: chng
téi hi vqng ban CIQQ sé 06 czich giai khc ngén gQn hon.

Chimg 1:1 kél thc muc nily \"O'i min bin £02111 dii giéri lhiéu o'd§1u chuyén C15.

}Bi1i t02'1n 4. Chox. _\‘. :. E I-1, 1] v£1.\‘+_\'+ : = 0.
I

v : 1

ChL'1_'ng minh rng: V/1+.\‘+%_v2 +\/l+_\*+%:: +\/1+:+%_\'3 23

Tru0"c khi giéli bi ny, xin néi déi lbi vé xuéil xtr cua 116. Bili lozin 1121); dfl duqc dun lén
Dién 076112 Tocin /10¢‘ v51 Mathnf1"icnd.nct nhung vén khéng nhém du'c_>"c l>'i gisii. N0 duqc
151m manh tir béli tozin du'c'>'i dy cL'1a Phan Thiinh Nam.

Biii toén ban d:51u.Ch0.\',)',z e [-1, 1] vE1x+ _\" + 1 = O.Ch1'rng minh ring:

T: \/l+.\'+_y2 +\/1+_\~+;2 +\/1+;+.\-I 23

Sau diy 121 lo-i gizli d§u nan Qua tzic girl baa Loain. mél liwi gizii hay vé mél tu'O'ng.

B5 aé 1.- cm céc $6 [hU'C (1. b, 11, 1- 5&0 @110 caic cén [hU'C du~é'i diy cé nghia. Khi dé 2
diéu sau 151 tu'o‘ng duongz

(1') \/a+u2 +\/b+v2 2J2(a+b)+(u+1')2

(ii) 4(u — v)(bu — av) 2 (:1 — by
Trc'>' lai bili tozin. Ta xét thtr khi no thi c6 bét ding Ihirc du'é'i dang sau:

' / <»+:>1
A \N/1+x+T+ l+_\‘+?2\;2(2+x+_y)+il— (l).Thcob6dé1lhi(1)d£1ngkhi

v '1 w(_v—;)E\>(1+_\‘)—;(l+.\‘)j2(x—_\')' hay (_\‘—;)“ +(_\‘3 —:,3)2(.\'—_\‘)'

Xét 3 bit ding Ihtrc sau: (_y—;)2 +(_\"‘ — ;3)2(.\"— y): (2)

(:—.\')2 +(z3 —.\"‘)2(_\'—:): ;(.\'—_\‘)2 +(.\"‘ —)'“)2(:—.\'):

Do khi céng 3 bét ding thtrc trén La (:6 bit ding {hire dng nén phéi cc’) ft nhéit mét trong
3 bit ding mu-C dung. Khéng giém téng quzit. gizi SLT <2) dng Q <1) dling.

- Y2 7'2 \ I \'2Bat a= l+.\‘+T,b=\/1+_\'+T th1(l)<:> (a+lJ) 24—2:+'? (3)

T£1'd6tac6:\/1+.\'+_\"3 +\/l+_\"+;2 = (13 -9%)} +\_//2‘? +%;3

2\/((1+b)2 +§(|_\~|+@;:)1 av/4-2;+%(§_\-!+J;1)2

SL1‘ dung bit ding thtrc <5" trén ta tiép tuc LhL_1'c hién viéc "d611 Cain":

T2\/4—2;+%(|_v]+l:])2 +\/l+;+%.\-2 _\iy(\/4-2; +\/I +;): +%(1.\'F+%_\'[+[1I):

V
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2 (v‘4—2; +\/1+;)_ +333 (do ].\-1+§\-5+§;12§.\-+ \"?+§:§=_
, .\

J
»

~,

Plzmrng pimp ( Illa (Te tr!

7? y: é n:
'?Cu5icu11g.1z1c6: \‘(L\'-1—2:+\/1+3) +3:3 2_»<:>(\/'4—Z:+\’él+:) +3::29

<=>2\/(4-2;)(1+;> 24+ ;~3_—? <:>4(4-2;)(1+;)z(4+ :.~3;* Y

<:>15;’ +61‘ -9;‘ z0<:,~3;: (1+ ;>(5-3;)z0 (dng w/ze [-11 11;

V§1ybZ"1i loin chirng minh xongf Bing lhtrc xay ra khi \"Z1ch1 khi .\‘ : _\' : 1 =0.
Bin tozin nziy d du'Q'c dun lén D11511 J5:/1 Tod/2 /z<)<'. v51 0' (16 d nhén d'u'Q'c l©'i giai 1'51 don
gian sau dy Qua thiy Trn Nam Ding.

B5 :75 2: Cho czic $6 lhgrc <1, /2 $210 cho czic cn lhtrc du'6‘i dy 06 ngla.

Khi as; \1Tu+\/Ez1+\/'1+(l+/> <=>¢11>z0

Trd l2_1i bili tozinz Trong 3 $6 x+ _\"3,)' + 13,; +.\'3 phai c6 2 $6 cimg déu (tire IE1 Lfch cua

chng 2 0 ), ta c6 mé gm SU121 .\-+ _\-1 Va _\-+ 5. Khi as. Zip dgng b6 aé;

'v -v ll T ‘ 1 -a / 1\/l+.\'+_\" +\/l+)"+:,' +\'l+;+.\"' ZI+\/(1+.\'+_\'+:')+_\" +\f(l+:)+.\" 2

V L : , f ,~_~------ r__ 1

21+v’(\/l+.\-+_\,-+53 +\/1+3) +(_\‘+.\-)' 21+\j(\/1—:v+:,3 +\/1+3) +33

Cu6ici1ng,ta chfrng minh: — 3+ 3: + \/1+ 3,) + 33 24

<:>Z+Z;3+Z\/(1—;+:3)(1+i)>4<:>;2+\/1+1} >1.,/._ _

Néu:2Olhi\~/1+1} 2l;néu;<()thi 33 +\/:21: +l+:3 :1+::(1+:)21.
Bin tozin chfrng minh xong!

Nhu‘ véiy Bi loin 4 l kél quzi lilm manh cL'1a chng téi cho bili tozin ban du. O‘ dziy déng

thfrc xziy 1'21 tni hai ch?) 121x = _\" = 1 = O v£1.\" = O, _\' = 1, 3 = -1. \/iéc xL1§l hién hai diém

"nhay cam" nhu' lrén khién czic démh gizi O‘ Lrén lip tire gép no‘ ngai. Tuy nhién hing

"chin ae 114" la dé dflng khéc phL_1c.

L(}’i girii bdi tozin 4.

Bzréc la: (khoanh vilng diém nhay cam th{1"11h§t)

Tru'é‘c hét chng ta c1'1' viéc lzfip lai con du'é>‘ng cfl cua thy Trn Nam Ding:

Trong ba $6 .\"+%)‘2._\‘+%::.:.+%.\'3 phzii cé it nhl 1 cép cilng déiu mix ta c6 thé gizi

sir 1:1 (.\‘+% \~1)(\~+%;1)z0. Khi dé m co dzinh gizi:

\!l+.\-+%_\*: +\/1+)-+-3:3 +\/1+;+%.\-2 21+\/l+.\-+%_\-3 +_\-+%;3 +\J,‘1+;+%.\'3
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I

1’ 1_;‘;1_; 7,: 7_; 1_-v1(1—,_+-6“ )1*6>\_ +\-(lw-1.1+?/).\ 21-1'Vl\\'1—._+6__ +\,1‘f',,/1+§\

*Nh(7n xét: lJ11'<}'1' 175111/1 gizi 0'1"/113 /151)‘ ("/11 Jam /7(((I 1/1111 /M71131 0' 1'1 Ir!’ //11} 11/1111 .\'u_\' ru, ('1)/1

/</1i .1" z 0. ‘\‘ = /. 1 = —l I/11 /111511 I/1111' /Jén p/1111‘ J17 11/10 /11/11 3 /1611 \"1'§¢' 1"/111'11g 111111/1 lr11'<'

Iié/9 IE1 /\'/1131151 r11'0'11g. C/1111/1 1'1 \"1_i_\" /11111‘ 111311 1-1111 /111111" /1(1)" 1"/11 /[1 1111'/1 /1' bu /Jién .1", )1 1 /"u

/</101' 11111" 11/1u\" 011111 1/111' /1/1111.

Xél

4

(5 -.

1 1—:+l;3+\j1+;1+l;:24<:> j;1—;;:+l;’=21—Z1:
9 ,1 9 \~‘ 9 9 9

-1 1:‘ 49;‘ 491 1 1 9-37:7 9+37>11: *' + '— 2()<:> ;‘—~;——S()<:>9S;§Z%

Nhu' véy Z 2 -0.95 lhi bili 101111 du"c_>'c giai quyét. Do vzy 0' bu'é'c (iép lhC0 la ch1 cn

3 9 81 81 9. 3 14 1-1

ch1'1'ng minh bail dfmg th1'1'c ban du ,d11ng V36 [—1.—().95] nfra 1£1x0ng.

Bzréc lb: (khoanh vimg diém nhay cam th1'1' 2)

X61

bun (1511 dng. Thin \':_3.y. bién 1161 lu'0'11g du‘o"ng:

1 7~/
‘l 1\+ 9»+\1-9 - 1 -<1

ye 10.7. 11, XE 10.95 - _\-, 1 - _\~1 val ;e 1-1,_0.951. T11 Sé @1111-11g minh 1151 aémg lh(1'C

.\'+—\" +\'+l(.\'+\‘)' + 11—.\'—\"+l,\':Z3

T;1xc111_\"1Z1111<}1h§111g $6 bél ki lhuéc [().7. 1]. D511

1 7 1 3 I 7 2 ~f(.\'):\11+.1‘+5_\" +\1/l+_\‘+%(.\'+v\') +\//l—.\‘—_\‘+é.\‘ -3. V.\‘e[().95—_\‘.1—_\']

Nhiém \'11c1'1a1z1 lZ1ch1'1'ng minh >/' (.1) ZO.V.\'-E [(1.95 —_\".1—_\"]. Ta C61

.1 3 1 1 7-1+ 7.1" 1 -9 + 14.111.11:? 71-. w+_-
* \/9+9.\‘+7y\" 3 \/9+9_\~+7(_\-+1)“ 6 \/9—9.\"—9_\"+7.\"3

D§1tg(c1.l1._\')=i- 1 +l- 7”+7‘y +l- _9+Ma
3 \/9+91;+1é\»’ 3 \/9+9)-+7(1,+’\~)* 6 79-911-9;-+1111

l-1€1n1g(c1. 12.)") lng lheo 11 \'Z1gi:¥11n lhco /1 nén _/"(.\-1 = g .\‘. y) S g(1 — _\‘.(1.95 — _\". _\")

Déd {mg kiém Ira g(l—_\‘.(1.95—_\‘. )1) <0. Vye [(17.1] (di1y 1Z1 bt dz'111g 1h1'1'c thuc 511' 1 bié-n

$6). V2_“1yf’(.\‘) < O Vxe [(1.95 — _\".l — suy 1'11 f(.\') giam lrén [(1.95 — _\‘.1—_\'] .

D 16 f(-)>/(1-~)=/1--+1-1+ 1'E+~+/111--)3 -2QC .\ _4 _\ \‘.1_ 9) _\ ‘\ .

D511 /1(_\') = f(l — _\'e[O.7.1].Tud§dZ1ng kiém 1111 /1'(_\')<() V_\‘E [(17.1] (di1y1Z1 bl

d§1ng(h1'1'cth11"c 511‘ min bién $6) nén /1(_\") 2 /1(1) = ().
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~ Bzréc 2a: (chuén bi)

Xél céc truimg h(_>‘p cbn 12_1i 121 ge [—l:—O95]._\‘€ [—0.05;O.7]. Hai diém nhay cém d duqc

tzich li vi bit déng thtrc cua ta lc ny 151 mél bél ding thtrc thuc sh". Thay .\'=—:—_v

vim bit ding lhirc ban dim. La cé bét ding thtrc tuong du‘o'ng:

{1—;~\~+l\-3 + \/11+ \~+Z:3 + ;‘?l+;+l(\-+3): 23
V ' 9' \‘ ' 9 Y 9'

D511 (1 = —;1h‘1 ue [0951] \'21b5.td5ng lhtrc lrén duryc \=i£3z1;1i:

. ' . . ,
\!,/1+u—v\"+%_\" +\/'1+_\"+%u' +\/l—c1+%(_\‘“ +Z‘\‘</+11‘) 23

~ Bzré'c 2b: (chia dé tri)

Ta cn chtrng minh bit ding thirc cuéi khi ye [—O.()5;().7] \"Z1 ue [D9511].

Sir dung phurmg phzip chiu dé tri thco bién _\' dé quy vé bi main mél bién theo :1 nhb diy
sau: -0.05: 0.35; 0.48; 0.57; 0.62: 0.65: 0.68: 0.7

Biii tozin du'Q'c gizii quyét [1‘Ql'1 v¢n! »

vu. KIEM TRA BAT DANG THU’C THl_J’C su MQT BIEN so BANG PHU’O’NG PHAP LAP

Déi \'<'Ii bit déng thtrc lhuc su min bién 56. ta cfmg cé thé kiém tra hing phuong phép

leflp nhd két qua sau dy.

1. Dinh lj. Cho f:1R —>R mél hm téng v21 lién tuc. [(1, 12] 151 1 khoclng déng trén IR. Khi

dé hai ménh dé sau dy 121 tu'o"ng CIu'0'ng:

(1') f(.\') >.\" . Vx-E [(1.12]

(ii) Dy .\"0 = u..\‘” = f (.\‘”_1) LhOa min: .\'” >12 \"é'i n an 1c'>'n.

Ch lhzg minh

(i) suyrz1(ii):

Til‘ (1') néi riéng ta 06 f(a) > a. Diéu ny cflng cé nghTa 121 .\'1 > .\"U, mil f Léng nén suy 1'21

dy {xn} 151 déy téng. Gizi str X” Sb,V1z thi diy {xn} Iémg vii bi chzfm trén (bdi 12) nén héi

Lu vé mét gidi han ce [a,b]. Ti: dinh nghTa x“ =_f(.\"”_1) Vf Iién tuc. cho n—> +<><> dé

chuyén qua giéi han ta dLl‘(_)'C c = f(c). Diéu ny mu thu§n véi (1').

(ii) suv ra (1'): G151 sfr tém tai ce a,b1 sao cho (c) S c. Vi x =0 Sc nén bn u / na ,. 0 .-.> q fl .P

ta <36: x” = f(.\'”_1)$ f(c)Sc. Biéu nily méu lhun vé'i (1'). A

Luuj/1"§1ng.cng nhu‘ O 2.. ('1' dy chimg tz1ch1'c§“1n hiéu )7 nghia d1n'h 1)? dé zip dung, cbn

trong trinh biiy thi chi dimg nhfrng su kién hién nhién. Hon nfra, chiéu ta sé str dung chi

121 “(ii) Su_\' m m" Va khi as chi can f dang biéh 1:1 au.

2.Vid1_1 1. Chirng minh rang mi XE [0, 11 ma; \/.\-+1+.\-7 +$(.\-+1)‘ > _\'-F1
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Ch 1111g minh

\/.\-+1 +.\-’ +%(_\-+1)4 >.\‘+l <:> _f'(.\~)=\/_\"+l +.\" +llO(_\-+1)‘ »l>.\" _ Y/.\-e [0, 1]

D5 théy f déng bién trén [O. 1]. Giél sL'1't6ntai:€ [0, 1] $210 cho 3 2 f(:)_
Tacé: ;20:>;2f(;)zf(O)=0.1:>:2‘/‘(;)z_/'(0.1)>0.19

:>:2/‘(;)z_,"(0.19)>029:;z_/'(;)z_/'(0.29)>0.4:>;z_/'(;)z_/‘(0.4>><).56

:>:2_/‘(:)2f(().56)>O.85 :>;2_/‘(H2_/'(O.85)>l.85>l.

D0 1 > 1 mu thun \'é'i gizi sL1' ge [0, 1] nén suy 1'11 f(.\") > .\' . Vxe [0, 1] (dpcm)
' Nhzjn xét 12 Dinh Lrén cho ta mét czich chia dé tri "léi u'u" cho czic bit ding thirc
lh§l‘C.SL_l‘ mét bién 56 c6 dang f(.\') — .x > 0 vdi f 121 hZ1m téng vix lién tuc. Mét cu héi lu"

nhién 151 khi nixo mél bit ding thfrc cc’) thé quy vé dang trén. Thuc lé chi ra rng hu hét
céc bit ding thirc mcfwl bién déu C6 lhé bién déi du'Q'c vé dang Lrén vii cc’) nhiéu czich
151m nhu véy. Nhung <5‘ déy chfmg léi giéi Lhiéu mél czich dung duqc cho nhiéu lrumg
hqp vc'>"i viéc sh" dung ménh dé sau:

' Ménh dé: giéx str g khzi vi lién tuc Lrén R (hilm g Q6 dao hZ1m \/Z1 dao hm lién tuc) vi;

5/(X) S—M,Vxe Khi dd b§td§1ngthL'rcg(.\")>0, Vxe [(1. /11 1u‘o'ng du'o'ng \-oi bit dang

2
V » .-)

thL'1'c f(x) > .\', Vxe [(1, 1)]. Lrong C16 j (.\'):.\'+%.V.\‘E [u.b] IE1 him ting \/"£1 lién tuc
1

trén R. (Chi! )7 ring mién xéc dinh.R c6 thé {hay béng czic mién khzic thfch hqp mil
khéng émh hu'c'mg gi).

3. Vi d1_1 2. chu-ng minh rang v<'1im<_>ix > 1 ma; 2.\-‘ - 2.6 - 2.6 —/\‘-f-3.5 >0 <1)

Ch zhzg 'minlz

D511 g(.\') =2.\~* -2.\-3 -2.\-1 -,\~+3.5 ma (Q/(1') =s.\-" -6.6 -4.»-1 chuu chéc duohg.

Tuy nhién: g’(.\-) +3=(8.\~‘ -s ) +(2;\-1 -4.\-+ 2)z0. Do d6_ Lz1thay(1)bGib§1td§1ng

, 2 2 ,. 2-*‘_2~"‘_2-1 - 'thu'c tu'o'ng du'o'ng la f(.\i) > .\" vo‘1 f(.\‘)
J

Ta thy f déng bién trén mién .x > 1. Gia' su‘ L611 tai ; > 1 sao cho 3 2 f(;).
Th] ta c6: ;>1:>;z/(;)zf(1)=1.16 :;z/(1)2/'(1.16)=1.2
:>;zf(;)zf(1.2)=1.23_:>;z/(;)zf(1.23):1.26 :;z_f(;)zf(1.26)=1.29

:>;zf(;)2f(1.29)=1.33:>;2f(;)zf(1.33)=1.39 :;2f(;)zf(1.39)=1.51
:>z2f(z,)2f(l.51)=1.79 ;>;zf(;)zf(1.79)=3.24 :>;zf(;)z_/(3.24)=47
Nhu'ng r6 rimg khi z > 47 thi f(g) > Z nén ta cé (dpcm). ' ‘

' Nhén xét 2: D61 vé‘i bi loin 1 bién s6 thi phucmg phzip lzjp 151 rt tién dung v21 dzfac

met thfch hqp khi dimg mziy tfnh no uii aé kiém tra bit ding thirc. Tuy nhién, n6 khéng
thé mc'>' réng cho bi tozin 2 bién (hay néi chfnh xéc h0'n 151 chng t6i chua mé" r(_‘>ng du'c_>'c

né cho bi toém hai bién). Do d6 C15 czic ban dé thco d6i, 0‘ II. chling téi chi gié'i' thiéu
mét céch Iflm mZ1_c6 mé néi két vc5'i tru'O'ng hqp 2 bién.
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VIII. NHiN 1.411 PHU’O‘NG PHAP DAC VA NHU’NG Bin TOAN THACH THU’C

1. Nhin lgi phu"0"ng phép DAC

Czic ban thin n1§11. phuong phzip chia dé L11 1'11 ddi dé gizii qu_\j€r1 11hf1‘11g bE1i 101111 H16 11121

chiing [61 di thirc $11‘ gip 11"O'11g:_1i khi zip d1111g czic phu'o‘11g phzip khzic. Do d(1_ chfing L(1i

mong ban dQc cflng sé sL1'd1111g 116 v'é'i 11111c dich 11Z1§_ vi lhirc lé chng 16i \'é11 thich 11161

161 gizii khzic. néu c6_ h011 Iii m<°_.1t l€>'i gizii bzing cl1iz1dél1‘i. Tuy 11hié11.di~§u d(1kh(111g 121111

giam )7 nghiz1'c1'1u phu'0'ng phzipgbéi 11hu' céc 11hZ1 102111 l1Qc vén Lhu'{1"ng 1161: "Tr11"é'c khi

11111 11161161 gizii dcp. hy 11111 mét 1611 giai d!"

Theo dtinh gizi CLvl21ChL'lng I61 Ihi bu'O‘c khé 111151 lrong phu‘0'11g phzip 1151)’ chinh IZ1 "bu‘(5'c

1". Dy 151 bu'('>'c dbi hOi chling ta phai giai du'c_1'c bZ1i 101111 trong miil L1‘u'Q1'11g hqp "11hO".

nhung "quun t1‘c_111g". .\‘hu' chiing 121 thy trong czic vi (111. bu'c'1'c 11i1y 1hu‘>'11g ch1'1'z1 nhiéu

bién héa vii néi chung 151 khéng don giéin. Tuy 11111611. khé kh€111 11i1y 1151111 O'b2'111 chit bZ1i

105111. v1 ciic ban hy tu‘0‘ng 1LrQ'11g_ néu ch1'111g ta khéng lhé gii quyét hili 105111 [song mél

1ru'(3'ng hqp r1h('> [hi 151111 vgi cé hi vqng giéi né lrong t1'u'i>'11g hqp léng quail. N61 nhu' véy

nghia 151 chia dé tri khéng thé gip chiing la né minh kh(1 M12111. 11121 chi gip chfmg 11.1

nhin théy khé khén 1h1_rc 511' 0' Ciu v51 cho phép chflng I11 (1611 111511 t1'1_1‘c tiép véi cl1L'111g

(chfing ta chi phéli giéi quyét bZ1i lozin Irong ttmg 11'u"b'11g hQ'p nho vii khéng 1111111 bin 151111

dén caic tinh huéng khzic). Chinh sir tip {rung nE1y sé cho cl11'111g ta co‘ héi nhiéu h0'11 dé

gizii quyét v5111 dé. Nhu véy. chiu dé L11 kh611g chi IE1 v';§111 dé ki lhuét mil c6111 11611 quan

dén khiz1cz_111h Lu" duy. Div 151 11161 diéu 1'§1tquz111 11'c_>ng.

Czic bqn thin mén. ph1r0'11g phzip chiu dé tri du'<_1‘c h0i111 thién tir nhfr 1'1 1u'O'ng ban

I3
(IQ

du ctia Phan Thilnh Na111 vc'1‘i nhiéu 161 giai G51 déng 11611 D1511 dim Toain h(_)C. T1'u'c'>'c

dy, vi 11161 $6 1)" do, cé nhiéu ban khéng hiéu dirqc Lu tu’O'11g niiy vii cho 151 1611 giai quzi

quzi phtrc tap. h02f1c 11hém lén \'<'>'i phu'0'ng phzip phn lich ‘oinh phu'O11g S.O.S. Tuy nhién.

chling léi hi vQ11g biy giir c[1c b:_111 1151 1105111 105111 111611;; suét Lu‘ 1u'o”11g 11Z1y. Cuéi cilng.

chflng 161 1u'u )7 ring strc 111z_111l1 cua phu'0'ng phzip cl1iz1 dé 111 n§1m 0‘ _s1_1' 1i11h hoai @1111 né.

mic dii so‘ <16 ch1'1'11g 111i11h d daily 1111. 11hu'11g G61 vdi méi hi1i 101111 1‘ié11g ta c511 cé czich

dzinh 9121 v21 u'c'1c lu'o'n<1 riéns 1u'0'11<2 (1112.
5/ . - 1. 1, ~. 5/

2. Nhfmg biii toén théch th1i'c

Nhu' chL'1-ng t6i (T51 1161, phu'o'ng phzip chia dé tri ra dbi vdi n11_1c dich gizii quyél czic bit

ding Lh1'1'c khé, thém chi 1'51 khé. mil ch11 yéu 151 czic bili tozin chua cé 1(1’i giai. D0 dc’).

11115.11 11:11 1511 cfmg 1<11a deflc 111e1 1111311 C11111. c111111g 101 115.11 111 clay 10 11511 101111 11111 11161 11111

déu chua cé 1611 giai hoim chinh du'Q'c céng b6. Theo dzinh gizi cua chiing 161 thi dfxy 151

¢11¢ 11111 ding 1111'1¢ <1¢p 11:1 11116. 111 v<_)11g czic 111111 S5 11111 dL1'Q'C 11111éu c11é11 11111 vi 11111 11111

U0

caich giai chiin
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Bfai 1. Chmg minh ring \"é‘i (1. /2. c > () thi:

I’ 1 4 1 \ . ,f 11' 1'2‘ <“ 1> ,’ 1 2 / 2 , >1 ,_: :3\3 \ , + + _\1u +u/2+/2 +\/J '1‘/)(+( +\,~< +(<z+uw » ~ w

\.'Zu‘ +/2' Z/2' +0‘ Zn" +u'
Bi 2: Cho .\". vv. 3e (-1: 1) \=i1.\' + _\~ + 1 = 0.

Chtmg minh ring: 1 + 1 + I 2 3
. 1 ‘: 1 _: _ 1 ,1V/1+.\+3_\ \;1+_\+3,_ \/1l+*_+3.\

Biai 3: Cho x, _\". 3 > 0 thoa min .\' + _\" + 3 = 3.

2 -§ 1 " '\
, . ; .\" — \" \" —:‘ ->‘ _ -3Chung mmh rang: ~ ; + 2" + Q ;‘ $0\“+\"+: \”+."+\‘ Z‘+\"+\'

Biii 4. Chfrng minh réng \*('>'i u, 12. (' > 0 thou uhc = 1 th‘1:

\/
<\

DJ]

'<;1+ /-/;+ _<_
\I2+/>1 \‘:+(-1 \2+¢/1

Béi 5: Cho .\", _\", 3 2 O v£1x_\' +_\"; + ;.\" = 3.

Chrng minh réng: '\ + ‘\ + *' Z2
J:/5l—.\"+,\" \/Z_\"+; \/i;+.\"

Bili 6: Cho .\', _\', : > O_ x + \' + : = 3.ChL'1'ng minh ring:

\/2.\'+ _\': + 3} +\/Z_v+;: +.\'3 +\/Z; +.\‘2 + )3 26

Bfai 7: Cho x, y, 3 > O, xy; = 1. Chfrng minh ring:
w ~ 1 / '> 7 '>\/1+1" +\/1+_\" +\/1+: §\/.r+_\>" +\/_\~+;“ +\»/;+.\"

Biai 8: Cho a, 12. c > O. chtrng minh ring:
4 4 _4‘(I 1+ 112 \+ ‘L }2(1+?+(,

3a‘ +2/2' 3b' +20 30' +20 5

Béi 9: Cho .\', _\‘, 1 > 0. .\'_\i; = 1. Chirng minh ring:

.\- .\ - 3+ ~ 2
2 + 1 / 2 X/§.\'+ y _\"+ 1 x;+.\‘ -

Bili 10: Cho x, __\', 1 > O, .\"_\'; = 1. Chirng minh1"§1ng:

1 1.\'+\" \'+;' -+\-3
> - \, , >5ik+iL+iA _J

_Y + Z I + .\' .\‘ + _\'

vc'>*i k = 1, 2, 3, 4. Tim phém vi du véi k = 5.
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Nhin l2_1i chung IV

Sziu cuéc hénh trinh déy khé khn nhung cfmg aéay himg mu aa két thc, by gib" 121 lc dé

chling ta dimg chém vii nhd lai [zit ca nhfrng gi vra trai qua. Cfmg l his dé chng ta min ln nfra

duqc chiém nguérng vé dgp cua nhfmg viénl kim cutmg hién dai. ln nil)" nhfrng vién kim cuong

d¢p dé éy d duqc din cimg nhau trong mét birc tranh gin nhu" 121 hoim mi. bao quét ca thé gidi

bét ding lhtrc. Bét du vc'>'i vdi phu"o"ng phzip téng binh phuong SOS. tiép dén 151 phu‘0"ng phzip

d5n bién MV. czic phu'0‘ng php dénh gizi um ABC. hinh hqc héa can $6 GLA va dinh 1y bién $6

bing nhau EV. cuéi cimg 15 phutmg php chia dé tri DAC.

Phu'0‘ng phép phn tfch téng binh phxrcmg. nhu‘ tén gQi Qua n6. léy }'* tu'Gng {Er dlnh lj" x3 2 O

vdi mqi x lhuc vb c6 co so chin ché 15 czic dinh 1;‘ Hilbert néi réng mc_>i da thirc thuén nhét v51

khéng aim cé thé biéu dién du'c'>‘i dang téng binh phu'0'ng cuu czic hixm hfru ty thuc. Tuy nhién

viéc biéu dién céc da thL'rc thuiin nht thémh téng cdc binh phucmg cua czic him hfru 1)” thgrc theo

dinh 1}” Hilbert chi mang tfnh 1)’/' thuyét mil khéng C6 tfnh thgrc himh. Phucmg phép phn Lich

témg binh phuvng <15 chi ra mm czich khéc pm diéu as. Cu mé. aéa véi béx ding thirc ba brén

G61 xirng (hoén vi) ta cé thé dua dLl‘(_)'C n6 vé dang don H gién

S, (19-6): + S2 (c—a)2 + S3 (a -—_b)2 2O.Ti1' biéu dién d6 ta tién himh Lim hiéu m<"§i quan hé

gifra czic hé s6 S, . S; . S; . Néu ceic hé $6 dc’) c6 méi quan hé C111 téat. chéng h2_1n nhu‘nhC1'ng diéu

kién trong 5 ménh dé mgc II §17 {hi ta cé lhé c6 ngay két qua mong dqi. Ngoi ra déi véi czic

bi toén hoén vi ta (:6 lhé tim czich dua bit ding thirc \-'5 dang

5, (b- ¢-)2 + 52 (C - U)’ + $3 ((1 - 1))? z S(u - /M/1 - c)(a - <->. Sau as mdi nén hfxnh am gizi

céc hé s6 S, , S; . S3. S. Céch lm niiy cé nhiéu lqi lhé dzfac biét déi vdi céc bhi toén hon vi (cé

thé xem lai czic ghi ch trong muc V §22_ phu'o‘ng phzip chia dé tri).

Khéng giéng nhu" phucmg phzip phin tfch léng binh phu*o'ng SOS. phu"o'ng phzip dén bién rim

czich thu hgp béi toén F(x| ,xl_.....\'” ) 20 trén tép D vé Lép A nhé ho'n. Tép D 15. tép con cua

R" trong khi d6 A 151 tép con gém czic phn ttr cua D. thoa min lhém lfnh cht nélo dc’), v1'd1_1 m5i

phn tir cL'1aA thumg 06 nhiéu Lhimh phi-in béng nhuu (dén czic bién xi _.x':......\'H vé czic gizi tri

{rung binh) hoac cé nhiéu thilnh phén mam lrén bién (dén bién vé bién). Dé nén himh aiéu dc’),

véi m5i phn u'r x bit ky trong D ta sé Lim min-dély céc phiin u'1' khzic .\",x”,... suo cho

F(x)2 F(x') 2 F(.\/) 2 Trong dé gidi hgan cila dfxy nily 151 min phn ttr cua A v51 nhu' vély

chi cbn cn chtrng minh F(.\') 20 v('>'i mqi x thucf>cA. Dy .\'..\"',x”,... duqc xéc dinh b6"i mfpt

toén m T néo ao, sao cho .\"=T(x),x'=T(.>;'),... Déi vé‘i dinh 1y d{“>n bién m2_mh SMV <<16n

bién vé tm) IE1 T1 du’qc dinh nghTa trong dinh 1)? 1 muc V §18. viz déi v('ri dinh 1}," dén bién

khéng xzic dinh UMV (d6n bién ra bién) 121 phép tozin T = min{T,,T;} trong dé T, 151 phép tozin

duqc dinh nghTa trong SMV vim T; duqc dinh nghia trong mus VII §l8. Cuéi cimg. dinh 1)?

GMV 0 mL_1c XII di téng quzit met aé hai aim 1y SMV Va UMV bang czich aa chi ra mét diiy
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T,, T3. .T,, cc’) mm ch2'11du1c‘>1de‘1o2'1n 111 T dinh nghia bo'1iT = min{T,. T3. T,,} gip @110

so‘ db chimg minh 0"1rén duqc vain hilnh nhu' mong dc_J'i. Cflng nén lu'u >7 ring néu nhu SMV chi
thgrc s1_1' hiéu qué \’('>'i céc bili Lozin bén bién nhung sé gp khé khn v('Yi czic béi tozin nhiéu bién
thi UMV vb GMV nhd C510 tozin 111‘ T X510 dinh thozii mzii hon d khc phgc d11‘<_rc yéu diém d6 dé

ma thémh Cong Cl_l réu hiéu qua @161 véi czic bZ1i tozin nhiéu bién.

Hai phu"o'ng phzip ABC, GLA di theo 11161 huc'>'ng khzic. C11 thé. nhu" (iii biét bait déng 1h1'1"c mét
bién du'c_rc coi 151 d duqc giai quyél 1rQn vgn nhd czic céng cu him $5 hozfac dinh 1}‘ Fermat. M61

S\_l' kién h(_7‘p 1y 121 1>é1 aang 1h|L1'c Cng 1'1 bién 1111 cimg dé [n Cng. Thco as khi cé b51 aang lh1'rc

F(<1_z>. 1-) 2 0 v('>’i rimg bu<f>c <1m1.1>_¢> 1:1 c6 mé C6 dinh 2 bién 11. 1» Va CO1 F lZ1h51m m@1 bién G

1he0 c dé khéo Tuy nhién {£1} thco ring buéc (I).dg1ng c1'1z1 G vZ1mi§n xéc dinh phirc tap C1121 c

theo a vil b khién cho cch giai quyét nZt1y khéng hiéu quzi. Dé kh2'1c phuc diéu dé phubng phzip

ABC thuc hién mét phép d6i bién vdi A =u +b+<-;B=u!2 +bc+ <"a:C =41/ac". bit ding 1h1'rc

ban 115111 no 1hE1nh H(A.B,C) 3 0. 1->én dy ta C6 dinh A, B 1121 coi 11 1:1 h51m mél bién 1< theo c. 111

06 thé khéio $211 K 1'51 (T1121 1'11 kél luim bin Lozin. Mién xzic Clinh c1121 C l1'1c nZ1y sé 121 lép con nE1o db
ca c2'1c khoang duqc cho 011 thé 1r0ng czic ménh dé 1 v51 2 muc I §19.

Cng tu'0‘ng t11'nh1rv2f1y phu'o'ng phzip GLA lién hinh déi bién 11. b. c thZ"1nh p. R_ r trong C16 p_

R, r lain 1u"qt 151 n1'1‘a chu vi, bén kinh dufmg trim ngoai tiép v£1 bzin kfnh duimg trqn néi tiép tam
giéc XYZ C6 dc} déi ba canh 1§'1n 11101 151 .1'=b+c, y =c'+a.: =a +b. B511 ding Ih1'rc mdi lL’1c

nay S5 1:1 I-I(_p,R,r) 2 0. Ta c6 dinh R. r v%1 CO1 H 121 ham mét bién K thco p. ta c6 mé khéo Sit K
v dua ra két luén bZ1i lozin. Ch1'1 9 IE1 mién xzic dinh cua p l1’1c nZ1y sé IE1 lép con cua khoimg du'qc
cho cu me trong dinh 15/ 111.3 §20.

Mét cu héi 111' nhién dutyc 1151 ra: “du 151 s11'kh£1c biét ch11 yéu gifra ABC v51 GLA". Thuc ra
cc’) thé théy ngay ring hai pl1u'0‘ng phzip n£1y chi hiéu qua khi czic hm mét bién theo C v51 p d1'1

£61 (don diéu). Bf) I61 cila céc 1121111 n£1y 1311 phu thuéc vE10 dang cua bit ding th1'1'c ban du. Kinh
nghiém cho 1hé1y d6i bién thco ABC luy don gin nhung lai chi hiéu quéi déi vdi czic dang da
th1'1‘c. hoéc phén tl11'1'c 1'1 ch1'1‘z1 cén_ cbn khi gép cc biéu 1h1'1'c nhiéu ting cén thi dénh gizi hm min
bién lheo C 1211511 khé khn. Ngu'<_)c l2_1i. méc db (161 bién thco GLA hoi ph1'1c lap. nhung C161 vc'n'

czic dang chL'1'z1 nhiéu cén th1'1'c thi viéc khélo 5511 hilm mét bién thco p lgi 151 khzi thuzjn tién. Nhu‘
véy s11‘ khéc biét gifra ABC vi GLA chu yéu nim O phqm vi Lrng dung.

Mét diém ding ch1'1 Y khzic 151 vdi (D GL1 I61, chng h;1n trong truémg hqp (D =
{a 2 O,b 2 O, c 2 O} thi véi mQi A, B cc‘) dinh luén tbn tai u.b, c sao cho trong ba $6 néy c6 mét

sé bng O hozfxc hai $6 bng nhau dé C dqt céc gié tri bién, cflng nhu vzfzy. \/('11 mqi R, r 06 dinh
luén {Sn bi) ba s6 thuc khéng m a',b',c' m21 trong ba $6 d6 cé 2 $5 béng nhau hozfac 1 $6 béng 0,

sao cho tam gizic X’Y’Z’ vc'>’i dc} di 3 cgnh I51 b'+c',c'+a'_ c/+12’ cng 06 R = R’ vé r = r',
khi (T6 p‘ cflng am céc gié 111 bién. D6 1511 luqt 1a n<_3i dung C1121 czic ménh dé 3 v 4 muc 1 §19 V21

céc ghi @1111 trong muc v11 §20. Tu céc ménh aé aac ma ny @1511 161 1<é1qua1anéu hém 1<<c> V21

K(p) dil 161 (don diéu) thi ta chi cn chimg minh bél ding thirc ban dziu trong truimg hqp trong
ba bién 21, b, c C6 min bién béng O hozfac 2 bién béng nhau. Hai kél qua khé 1u‘0"ng dbng nily gifra
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ABC v21 GLA C110 11151}-1 ring 1.11151 1r1nl1 giam bin-‘:11 suu khi 1161 bién 115111511 161 111{)1 hién 111'Qng 1hL'1

vi: 1h11'C C1151 la (151 gizin liép 1i111'C hién 11161 pl1ép"d5n bién".

l\/I31 kh2'1C. nhzln xét ring 11‘011g GLA th1_1'C ch51 C1111 viéc C6 dinh R. r I51 C6 djnh

41 +1’; + (' \ - = ~ - ~ub+bC+<'a \'z1 —l;—- . C011 \'lt_3C khan sat p dong nghm v01 khao $111 11+/7+1". D111h ly
ll 7('

ABC 11101 réng C110 phép Chqn thy )7 2 lrong 3 bién 11 +12 +1". Cl/J +120 + (‘ll . ubz‘ dé C6 dinh 1'51

khao sail 11100 bién Cm 1211. Vé ph1'z1 11111111 (111111 I)? bién $6 bémg nhau EV muc I,§2l 1r011g lruémg

l1(_1'p riéng n = 3 vil p = 0 11ghié111 1211 111131 ph§111 CUL1 dinh 1)? ABC 1110' 1'(>ng. O dd ta C6 dinh

11 +1) +1‘ vi1 11110 dé 11-111111 sail than ab +b<' + cu . Trong 1r11‘€1'ng hqp 11 = 3 vb p = 2 La Cflng thu

duqc 111©1 ph;1.11 dinh I)’/‘ ABC 1110‘ r1}11g. ('1 116 111 C1‘) dinh u +12 + (‘ 1'21 ab +/211+ cu dé khao sail lhco

ahv. Trong 1r11'O11g hqp léng qué1 dinh 1)? bién $6 being nhau 121 11161 1110‘ réng 1h11'C $11" lriél dé khi

C6 1111111 41+/1 + 1‘ vZ1 u +11" + 1"" ;(/1: 3) \i1 kl1;1o $511 d1r<_J'C 11161 ldp hi1m F xzic dinh h0'i 11151 $6

diéu kién khzi Ch€_1l Ché. 111c}1 IZ1 l1i1111 l~ phai C6 Lfnh Ché11 pl1f111 If
bién: F(u.l>.C)=_/’1'u}+_/'(12)+f(c). hui 151 dzing diéu CUH F phai du 161 ( _/' (11) 1Z1hi1111 khzi vi

1

11611 (O.+x») 1hOz1111Z111 g (.1) = 4/"(.1 "") 151161 nghiém ngzfu1ré11(().+@c)).11g0€1i r11 C611 n1{.11 diéu

ki1-}r1 b6 sung. Cl11'11h diéu dé cflng khién 15111 (mg d1_111g CU11 EV khéng 1i111'C s1_1' r<}11g. d£f1C biét déi

vO'i CziC 11511 ding 1l11'1‘C 1102111 vi lhi dinh I)’/' EV gn 111111 110' 11611 v6 hiéu

Cu I101 (1511 ra 151 v('>‘i Czic bizi 101111 hon v1 liéu C6 111éC6 nI1f1'11g CziCl1 661 bién kl1a1C tién 1'Ch hcm

kh611g. 1'21 néu phai chqn bién C6 dinh 1ru"('>‘C khi khao $111 1121111 $6 thco Caic bién Cbn lgii [hi Ch<_>n

nh11' lhé 11510 151 161 11‘u. \/:‘1n dé nZ1y (15 tirng duqc dé Cp 11161 C1161 trong 1111_1C Vl §19. iuy nhién

Cz'1Ch gizii quyé1 khi dé IE1 dimg 111<_“>1 phép 1161 xfmg 11611. v21 111111‘ 1h§ vin C6 1'51 nhiéu yéu diém.

Binh 1)" 1 W11 1311111 1)? Z m11C IX §2O IE1 11161 h11'('>'ng di 11161. C1111 Y ring 11161 khé khn trong C{1C béi

tofm bit ding m£1"C 151 viéc C6 Czic $6 mil, Chfnh Czic $6 n1f1 khién C110 Czic phu'o'ng phzip gép rét

11111é11 1<11c1 1<11.=11~1. 1111111 1; 2 :15 g-;1'1p 111 111 111- 15111 aé ni1y. C11 111é 1161 1111 Céc 115.1 dang IhU‘C

F(a,b.c)2() 111 11111 CziCl1 (31111 vé dang A’ + B’ + C’_ suu dé dun vZ10 dinh 1)? 2 v21 dinh 1)‘ 1,

Céng viéc C611 lai 1Z1ChL111g minh Czic hé kiéu (‘*‘) (v1' d11 1 vi1v1'd112 n111C IX §2O) C6 nghiém. Dy

121 11161 $111110 1'(>11g 1h11'C s1_1'Cuz1Ca ABC \'Z1 GLA. V21 vé thuc Chél. Chng 121 dang phzit trién tiép

hién. 11:'Q'ng “dén bién gizin liép" 111111 G5. dé Cép 011671.

Phép dén bién gizin Liép ni1y dé1C biél CO lqi 1151 vdi Czic 33511 déng 1h1.'1"C hozin vi. 661 \=c'ri Czic

hét Cling 1h1'1‘C (16 1111 khé khn Cl11'11h 115111 ('1 \'i{:C 11511 déng11'11'1‘C x€1_\j 1'21 khi Czic bién Ll. b. C r51 iéch

nhau. Nl1u’ng v61 phép 631 1l11’Ch l1(_>"p_ 1511 C3 Cz'1C 11"11'1‘111g !11_1p G6 11611 sé n§1111 Lrong m(_31 diéu kién

duy 21125.1, Chfing 113.11 A = B. C5211 j ring khé khn Chinh 115111 G viéc Chqn phép 1161 bién thfch hqp

dé 1; vim /iua -;11.1'c_rC bit d?111g L!11'1'C vé dgmg mong 1nu<§n. vita am bao hé (*) néi 1rén C6 ngliiém.

D51)’ sé 151 11161 vn (115: 1116 lhgrc $11‘ khé, thzich l!'1(1‘C czic ban dqc ham 1116 szing 1210 bét dfing th1'IC.

Biéu cuéi cimg Chimg 161 muén néi dén 151 ph1.ro11g php chia dé 111 (DAC). M510 dt1 ph11'011g

phzip ni1y duqc xép cimg 11161 111110 nh1mg tinh thn C1121 116 131 hoim 105111 khzic vdi czic céc phuong

p11z1p scs, MV, ABC, GLA, EV. C11 111é 1161 11111 1151 11a11g1111'1~¢ F(x) 5 011e11 mién D. pl'1u'0ng

phép Chia dé lrj 11111 Czich Chin nhO mién D 1l1£1‘nh Cz'1C 1111511 D1. D3. $110 Cho trén méi mién d6

1.1 115 me co 111111~11g c1:11111 gizi 111111 g1:111. SZIU dd 111111 1:111 11-é1 111111 01¢ 1111111 1y 1161 1111 111 111 1111 111é11

Cn Cl11'r11g-111i11hv Dziy I21 11161 t11'1u'Cmg 1'51 p116 bién khéng C111 trong linh v11'C bit ding 1h1'1'C. m:Z1

C6111 151 hiéu qua lrong nhiéu lT11h \’L_l'C'TOZil1 hQC vi1 déc biét 121 1r0ng Tin hqc.
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CHU’O’NG v. MQT sé SANG TAO vé BAT BANG THUG  

§ 23. NHUNG BA; VIET CHQN L(_)C BAT BANG Tzfc

§ 23.1. VE MQT DAY BAT BANG THUC BAC BA VA UNG D[_ING

1. DAY BAT DANG THU’C DONG BAC BAC 3

M1_§nh J5: \/(Si hai $6 lhuc dLr0'ng .\'. _\" ta chimg minh (ILl‘L_)'C
1

; . ~ q . \ -\ 1.‘.\3-(x+'\-)S[/ S(.\'+‘\.)(,\"‘ 4+-.\‘_\.+_\")s_\_-‘ g(_\"' +_\"'1) (1)
2 \ A / 6 (\ \)\ -

Déy 121 Inc}! bl ding thfrc rl don ginn dnh cho hoc .\inh THCS4 Tuy rhién chdng lz1sEll1§1)' n6
C6 nhiéu [mg dung gié Iri Lrong chirng minh bit ding lhfrc. Tru'<'Yc hél Ll sé chimg minh diy czic
bit ding thirc nily.

‘ " ‘\ . -: 1 - I<:\(.\‘+)')} 24.\'_\.'(.\'+_\‘)<:‘>.\“ +_\“ 2.\‘_\"(.\+_\‘)<:>(.\'+V\")(_\‘—_\') 20

X3 43.1 (_\,+ _3_\3- +3‘; '"' (\.\-—— _\'}§2(.\"~ v\")' —(.\' * \;'_\") ~ ('3. \_H’_‘.: 2 V“. ‘,1
0' ' - : ‘ ' I L

,- > ‘ ' '
2 6 6 * 6

(x+ .\‘)(-X‘: +x\'+ Y2) (6.\'+ \"‘)(4.\': +4.\"\' +4\"3L) (12 .\'\)\.3i/'\‘* T}: *(/-Y" Hi; \.*\ ‘
* >6 I 624 I 624 1--
SL1‘ dung bit dfang thirc AM- GM ta C6

(X3 Y1): (.\'+ _\')J (4.\'3 —4.,‘\3‘+4y1)£[(.\'+_\‘): +(.\*+ _\"): +(4_\'3‘—4.\_§'+4‘\': Z(.\'3 +

4(.\'+ Z7.4(_.\‘+ _\")’ (.\'+
Dédzmg may rang < 1) no thimh d11g mu-C khi val chi khi .\» = y.

||. MOT s0 (me DUNG

Sau déy ta sé néu mét $6 \'1’d1_v minh hqu \/iéc {mg dung dfxj, bt déing thtrc (1)

Bili 1. Che zz, c 151 czic $6 thgrc du'0'ng. Chtrng minh rzxg

3 1 1 Fé > (2)
3 " 3 1

Chzing minh

Sir dung bit ding thtrc (I). v<'>’i mcpi $6 thg1'C du'0"ng (IQ ta cc’)

(13%-1J3> (L+b)3 _c'3+11}>/(‘+1/)3
2 " 2 '\ 2

Céng hai bit déng thirc trén. vz‘1tiépu_1c zip dung bait déng thfrc ( l ) ta nhzin du'Q'c

3 3 _3 3 _\ , .

(1 +19 +¢ +d > a+!2 (+11 2 +4/\ :qlv(U+b+C_+d)1
J_

to

,-\

w

‘/

+
/-__

J

\_,

V
w

l"“'iT

/—\

2
Q+

N

+
'\

rq

\_

l___..__!
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Vdi (1 1 til‘ bt ding thirc trén. ta nhim duqc

1

:17‘ +12} +6” +(QK+l,i+9')

2 _32\
» >1((,+;,+.+i‘:3(2iL+_<"3ha,

‘ 3 \ 3 >

a3+b?~+C_1+(a+b+<*)} >4(a+b+c\} hay, (13 +173 +0} >(a+b+c )3
3 — 3 / ' 3 _ 3 .

Dfmg thirc xay ra khi vé chi khi a = I2 = c.

Bini 2. [Crux] Cho a. b. 0 151 czic $5 thuc duong. Chung minh:

uj‘ +1)‘; + 0‘: + 841170 Z 2

3!!/X‘ (u+/2)(b+(')(('+u)

CI1 1271g m inh

Sir dung bit déing IhU'C AM- GM , m <2) ta cé

L+‘ "2 = 2ax b}+c1 (a+b+(")" [(c1+l2)+(b+c)+(c‘+u)T
3 '5 6 J

El;-(35/(a +b)('/9+(')(<*+a))3

, ; .. V, . L .' , ' \ ,. .

Do do, ket hqp v1¢c su' c11_1ng bat dang thu'c i + '— 2 2. vol m<_>1 .\'. _\" > O. ta du'<_;vc
\" \"

a3 +123 +c3 Sabc ‘> (a+b)(b+c)(c+c1) + 8ab¢- 22
61176‘ +(a+b)(/2+c)(c+c1)_ 841/9!‘ (a+b)(b+c)(c+a)

Ding thtrc xéy ra khi v51 chi khi a = b = c.

Biai 3. Cho a, 1). 015 cflc $6 thuc du'0'ng. Chtrng minh ring

b+c + 1,-+0 + a+b S2
} c1+{/4(b}+c‘3) b+\“/4(c'3+a") (‘+\3/4(c13+b")

Chzhzg minh

SL'rd1,1ng bér déng mu-Q <1). [21 cé U'4(1>—‘ + H) 2b + (V

D0 dé a \3l4(b} + 03) > a +/2 + ¢'.Suy'rz1——-L+ C §?——b+ C

_ c1+\}/4(1>3+c3) a+b+C

Chtmv minh tu"0n<> tu ta cng cé ‘“+a < C+ a " H +b < a +bo : .» -L _» —

lJ+(/4(c3+a') a+b+6 c+\3/4(a3+b3) a+b+c

Cimg czic bit ding thtrc trén. ta thu duqc

b+c + c+a + u+b $2(¢l+1J+C):2
a+\'“’/4(b3+c3) 12+?/4(c"3+(13) c+\3/4(a'1+./93) a+b+('

Bang thtrc xéy ra khi va chi khi (Z = b = @.



C]lll‘07lg V: Mgit s5 sdng I410 vé b(7't Jrirzg thlir

1

‘ Biai 4. [USA 1997] Cho a. /2. 0151 ctic $6 thuc duong. Chfrng minh ring:

. ~ +‘ 1 +\ ¥ <1u“+b"+ulJc l2“+("+(1/Jr z'”+a"+ab(" 51/71‘

' Chzhzg minh

Sn‘ clgmg bit ding th(1'c (1), ta C6 (13 + b3 2 al2(a +17)

DO CI6 C13 +173+al;c2c1b(z1+b+c‘).Suy ra 1 g S 1

¢1* +1)’ +¢1[;¢- a1>(u+/2+6‘)

Tu‘cmgtu‘tacc'> ‘ 3 1 . ‘ 1 £ 1

1;’ + 5"‘ + (;[;( /2c(c1 +12 + 0) 0‘ + (13 + ubr (“(1 ((1 + b + C) .

Céng czic bit ding thirc trén. ta duvc

1 + + < I (1 +1 + 1): 1

a*’+b‘ +ubc b‘ +0‘ +(1bc c“‘+a"+c1l7c“ 51+/7+? "17 bi" (‘fl 411%‘

Bang mu-C xy ra khi v51 chi khi (1 = 11 = C.

Bili 5. [Romania 1997] Cho .\', _\", 3 IE1 czic $6 Lhuc during thou min diéu kién .\'_\‘: = 1.

\“) + Y9 v‘) + :9
Chfrng minh ring:

_1> _\>

\"6+.\z\z+\(' \(’+ ‘
+ ‘? 6+ (vx (22

H V ‘ ' \":> +1 I +_--Y’ +\']

Chzhlg milzh

Bing céch dét a = 15,12 = _\‘3.cr : :3 [hi abc = l. B2‘1tdz“i11gtht1*c trén tro' thimh
'4 "4 I X 1 10' +12‘ + Z2‘ +0‘ C.‘ +[l‘ >")

w '> ~ ~»+ w w—“a‘+ab+b“ b'+bc'+c' c'+ca+(/“
\ 1

, ‘ : .' , , -Y‘ + \“ -\' + V
Su" dung bat dang thu"c (1), ta co{i2+, suv ra

1 1 "4 1 1 \a*+b' b’+c C“ + (l‘
'7 7+ '7 7+ 3 ‘V2a‘+ab+b' b‘+bc+(" ("+ca+a'

>02-b+l2g-(‘+020 gm

Q)

+ I2 +<')2%-3x‘/11190:

r" +x\'+ \-3 3 '

2

Déngthc x2'1yrakhivE1ch1'khia=b=c= 1 hay.\‘:v\"=;= 1.

Biai 6. [Poland 2007] cm (1. 1». C. (1121 czic S6 IhLl'C dutmg thou min aiéu kién i + /l + l + 7 :
(I J ( C

+

’ 3 3 3 __x ‘/__:_:_ 3 / ,~ 1

Chimgminhring: Q/" jb +i/” Z‘ W1‘ -7" /4 j“ §2<@+/)+(-+(1>-

Z

C/uing minh

,1 ,3 l: 2
. : ; , , ~ -I + - + ’ ,Su' dung bat dang thuc (1), ta co 3 D0 do

\ \

3X(l3+./)3 +i/b3+(‘3 +§/c'3+(/3 +\;/1/3+0‘ §a2+/2:+b:+c3+c'2+d2+d:+a‘
\ 2 2 2 2 a+b /2+0 c+d d+a



8()S 1 V15 mgit dd)" bfit (Ting tlzzir bgic ba viz ling dglng

Vi dé chirng minh (3). ta cn chng minh

- - -1 ,_ _ _+ -
u +1) +19 +( +4 +c! +11 .c1 7S¢_(u+17+<'+(/1--1

a+11 1J+(' ("+11 d+u

* as +19: “uh ” 1 - 1 1 l 1

a +17 (1 +11
Talm1§"r€mg (1+12—1=-1-»-=—-—‘—. Dodé . neudat .\-:—._\~:—.::—.r:— thi ta

1+1 <1 1) (' (1

4117

C6 du'0'c .\" + v + 1 +1: 4 \'Z1 khi dd. (4) dLl‘4_)'C viét du'c'>'i dang 71 + I + i_1 +L 2 Z
‘ ' .\-+_\- _\'+; ,,+r r+.\-

\
\

Sn‘ dung bait G2‘111gth|I1"c (al +11, +...+u”][l+l+...+l 'l2n2.a7 >0.i=1.2_....n. ta duqc
’ (Ix ll, (17 /l+l+]+lZ 4 :2

x+v \‘+: :.+r r+.\- (.\'+\~)+(\-+;)+(;+z)+(z+.\") ‘

BingthL'1'c xay ra khi vil ch1'khi.\'=_\'= 5 =1: 1 hay a =12 = 0 = (1: 1

A 1. k

B%1i7.Ch0a.b_<'>O v51/<2g.Chim<zminhr§1ng:1 G ) +1 [9 ) +1 C 5 2 3
3 ” 1 (+11 1‘. 2+0, ' 0+1) ,_

C11/mg minlz

/\p dung bt d§111gtht1'c AM — GM. ta cé

bJl\>

w

\z1+b+c')= >Q7(1(12+('): hav >-3- (ll
3 Q -' ' “ 1)+(' _{/1'u+b+c'

\

Dodévdi/<=Zthi( Z’ )k+( 1’ )A+( " )Lz 3
3 v‘1J+C c+a c1+1>

_/11 _n1 __/n ll _+ _+ \'”
Néu/<>l.maa1/"=51:h11,1>1.snrdun\w-—-—"+1 J“ 2L?""J .v.\-,\~.;><1II

3 2 3 -
2 7 '1

i ' ' \A A A

<,~ » mm »»< K >' 1J+(' ' ' ' 0+1) 2+0 ' u+19/ 2‘

Biai 8. Cho \'. 151 czic $6 thus dutmg théa mfm diéu kién .\'_\'; = 1.

2 -3 2
, . \

Chung mmh rang '\ + ' + *' 21
.\'+\‘+\"'_' \'+:+:*.\' ;+.\‘+.\‘ \‘

Bfii 9. Cho a, b; 0 I51 czic s6 thuc dzrcmg. .

Chtrng minh ring (:11 +123 +031 1, + 1‘ + 1‘ ‘Z21/1+‘. + "+0 + (‘+1’)
U" [)' C-‘ / O Cl b (‘

Bili 10. [JBMO 2002, Shortlist] Cho u, 12. 0 I51 céc $6 thuc du"o'ng.

‘ \ I I I1 \
. - ; ' 1' ‘ 'Chung mmh rang ‘I, + 7_ + ‘ 2 ‘I + [7 +(

1)‘ c" cl" /7 F ll

Biai 11. Cho a, 12. @151 czic 56 thuc du"0'ng. Chfmg minh ring
'7 '1 '1

3/4:1} +411‘ +5/4123 +407’ +1/40"‘ +4u‘ £——4”_ +——4b_ +21"-
a+1J 1)+c 0+0
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§ 23. 2. 1-101 BIEN $0 nil: s_ANG TAO VA
CHUNG MINH BAT DANG TH1'1’c

Phép J(§‘i bié/n so”, [mg (lung II'()I7g ('/zlhzg min/1 /xi’! Jcirzg I/11'r(‘ (Tu (7z(’0'(" (75 (Up /</zzi 12/2ié‘u Ira/1;: ca

('u(§rz s(i('h. Tlnjm ('/11'lr(1rzg ("/2z('(/rig IV /</11' plzn !1'('/V1 /mi phzruvzg p/nip ABC viz GLA ('/Ming 161'

Jr? ch!‘ ra c/10 c(i(' b(_m I/1c?'_\' rchzg /J/Iép (7(5‘i hiélz k/1(3ng (“/21 gizip ('/11?/lg (‘(1 (“(5 I1/Iiéll I/vzuqin 101' /1072

Irony vi_é(* (J/Izhlg mil;/I Ir;r(' lie’,/9 1751 (Tdng I/n'r(' md (‘Fr/1g /‘(ii (‘(5 z'('/'2 [mug ("(1 \’1'é(' gicmz /Jiéll /10570

I/urc /Iié/1 (f(ic' phép “(_1(§n /Jién gizin r1'(5/2". D0 /1/IL?/1g _\‘ ng/27:1 (Yd. /1511' 1"ié’l I151)" Sé nip [rung rim

hiéu lg‘ /1071 vé (‘(i(' /1gu_\'(911 I('?(' ("(2‘ /van cz1(1 />/Iép (7(31' bién.

LDOIHENDESANGTAOBATDANGTHUC

Néu ban C1‘Qc theo déi cuén szich tn‘ du cho dén trang nil)" {hi ban d Lrai qua rat nhiéu phuong

php (czic vién kim curing) dé gizli czic bin dang Lln'rc khé V51 rah khé. Tuy nhién. an ban cé giai

duqc mél bfli toén khé [hi khéng c6 ngla 1E1 ban d chinh phnc CIu‘Q'c n6 lO()‘7( ma thcol chnng

téi ban chi chinh phuc du'Q'c 49%. Gizi tri 51% cbn lai sé Lhuéc vé ngu'(‘>'i sang lzic ra dé loan. Nhu'

vay. ngubi sang tic ra dé toain du'<_>’c dzinh gizi cuo hon ngubi giai bin lozin bdi vi céc bin toxin déu

khéng phai la “tit trén trbi ro'i xubng", mil thubng du"Q'c bat ngubn tn‘ mét vii Y tudng nE10 dc’).

vay mm mé no c6 rhé Sing Lao ra mél aé toén néi Chung V21 m@lb§t¢Tang1l1f\'cll1 vi néi riéng?

Cau tra lbi luén nam trong lam lay cua czic ban vi Q6 rat nhiéu con d'u'>'ng dé khzim phzi v21 sang

tao ra céc bin tozin. Trong phn mt)‘ (Tau cna bili viét nay chflng téi sé tao cam xdc szing Lao cho

ban IU‘ nhfrng van dé don gian nhal trong bat dang tlmc.

I Bdit0(in1.Ch0 a,l7,C > O.Ch(1'ngminh rang: ((1 + b)(b+ c)(c+ (1) 2 8(1l9(' (1) I

; L . ‘ - C \ ABat dang thu‘c <=>128—(l—~i—~—(——. Bat .\‘=—a—,_\‘=i—,1=——,th1batb+(' ("+0 ((+1) b+(" ('+(1 ((+5
dang thirc [rd thanh: 1 2 8.\'_\"; . Vi bat ding Lhtrc nay clnra cc bién mdi .\‘, _\‘. I nén ta can phai

thiét lap méi quan hé gifra .\', _\", 1. Dé y rang: 1+ .\' = (ii. hay L = Tir dc’)
/2+0 l+,\' (1+b+c

suy ra:

1 + 1 + 1 b+c" +'(‘+(1 + ((+12 :2(a+b+C):2
l+x 1+)‘ 1+: (z+/2+6 (1+/2+(" 0+/2+6 0+/9+0 '

Nhu' vay chmg ta tao ra bfli tozin mdi sau day (’k§' hiéu ST dubc hiéu IE1 sang tao):

ST 1. Cho X, y,; > 0 thOa man aiéu kién L+L+L= 2 (2).
" l+x 1+v 1+;

Chfrng minh rang: 8x_\'z 3 I

Khéng may khé khan, la C6 lhé phfu biéu bZ1i tozin téng quzit:



810 051' bién $5 (T5 sting tgm rd cluhzg min/1 bt J/Ting th1?'c

ST 2. Cho .>c|,.x'3,...,.\'” >0; -1—_+...+%: n—1.ChL'mg minh .\-,....1~” s-Ii” (3)
1+"! 1+'xr| (11-1)

Dy 151 mét biii toén khé. Tuy nhién néu biét "nguén géc" 01121 né [hi viéc tim ra 161 gizii sé don

gién. Til" bZ1i Lozin ny chling la cc’) thé dzflc biét héa dé I310 ra bixi Lozin sau dy:

- 2\' *- .
ST 3. Cho x, _\', 1 > O thoa min % +——'— + 3“ :1.Ch1'mgminh .\'\";'1 S L

1+.x 1+ \" 1+ 5 ' 5°

Béy gib" xél .\', _\', 1 > O. Ap dung bixi tozin 1 vdi (1 = y + ;,b = 1 + c,c = x+ _\" , ta c6:

(S+x)(S+y)(S+:) 2 8(S—.\')(S—)')(S—;) ddy S I .\'+ _\'+ Z . M511 khzic. thco bili

t02'm1th1:(S —.\')(S — _\=)(S — 3,) 2 8x_\':, nén:(S +.\')(S + _\‘)(S + 1) 2 82.\'_\";. Ké111Q'p1é_i1[21

nhgin duqc: (51 __1~1)(51 _ \-1)(51 -1-F ) 2 3‘_\-’\»1;1.Ti1~d6ra cé béi tozin 4

I \ I I \
ST4. Cho .\',y,;>O.DZ1t S =x+_\‘+1.Ch(1"ngminh1%—1 ][-‘;—11LS—,—1 128] (4)

\ \" /1 \" j I‘ /

Dé “Che diu" bét S, ta cho S S 1 vé nhén du'Q'c bili toén méi:

muz >0 , . 1 1 / 1 " 1 1ST 5. Cho . Chung mmh rang: —, -1 ——; —1 Ki -1 > 8* (5)
x+ y + Z £1 x" _\"

Dy 151 min bi tozin khzi hay. Nhung ta sé thziy né hay hon qua méi quan hé vc'ri bin toém dufri déy:

ST 6. Cho a,b,c > O.ChL'1'ng minh ring: U + b + C 21 (6)
\/a‘ + 8/20 \/1)" +8ca \/c" +8019

(IMO200l)

Bit x = S-6’ ; V = ii!) ;Z = —i———C , bait ding thirc c§n trd thimh"
2 ' 1 2 ”\/a +8b€ \/I9 +8ca \/0 +801) I ~

x+ y + 1 21.Bygi€1ta sé rim n1<‘>iliénhégifra .\',_\". :, . T11" ding thirc =1 ta
a“ b‘ c"

thiét 1:§1p duqc méi quan hé gitra .\', y, 1 :

x2:_w(12 1w_1(17_1):83
a“+8bc x‘ a“ _x' / _\‘“ Z."

Nhu' vzfay ta cn chirng minh bi toén sau:

\ \ \ .

ST 7. Cho x, y, 3 > O,(=L, —1)[L,— -1): 8‘1.ChL'1‘ng minh réng: x+ _\7 + 3 21 (7)
x" y“ z"

R6 rimg dy 151 mcfat phzit biéu theo dang “ng11'qc” cua b€1i toxin 5. V51 dy cng 151 mét 161 giéi

cho béi 6:
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Béy gib chng ta tiép cén bin tozin I véi u./9.0 lé db din 3 czgnh min tam gidc. Sn dung dinh 137'

hém s6 sin trong tam gitic [11 c6 1/ = 2Rsin A;/2 = ZR>in B; 1": ZRsin C khi db bit ding thtrc

(I) trO'thi1nh

(a+12)(b+c)(c+a) 28abc <2 (sin/\+sin B)(sinB+sinC)(sinC+sinA) 28sinAsinBsinC

c> (Zsin#cosA¥)(2singc0s-§)(2sin%os 2 8.s"inA sin Bsin C

Bién déi vii nit gqn tiép theo ta nhzfm dutyc mét bit ding thtrc khzi hay trong tum gizic.

ST 8. Chimg minh: 8 sin ésingsin g § cos A g B cos B ; C cos C I A véi moi tam gizic ABC

Nhu' véy tir m<_'>t bin toxin (1) rét don gian chng ta cé thé déi bién dé szing t:_10 ra 8 béi toén mdi.

Chng ta sé thuc hién tiép )7’ tu'O'ng néy v('>'i mél bin tozin sau dyf

Bdi toén 2. Chimg minh rang;

1 + 1 + , S 1Va.b,c2O.
a‘ + b"‘ + abc 12*‘ + 0"‘ + abc 0‘ + a’ + abq fl/96

Béy cng 151 m<}t bin tozin qucn thu(_3c vdi nhiéu ban. Céch Chung minh ngzin nht IE1 dzinh gizi:

(13 +193 2 ab(a +12) suy ra

Z‘ 1 £2 1 :2 c :(l+1)~i-(‘:1
,._\.,a‘+12'+a1)c ma12(a+12+c) W (1+1J+c' (1+11+¢'

Ba I ow am x = ab” ; ~ = "5" ;; = "1"‘ . ma biz ding thfrc aa ChO3 O 1 1 .1 1 1 I \ \.
1)‘ + c‘ +a1)c c" +a‘ +(l1)C a‘ +19’ + abc

trd thénh x + y + 3 S 1 . Tir déng thfrc 9% ~ 2% - a—{) = 1 suy ra méi quan hé gifra x, y, nhusau:
a"' ' c"

l=i+i+1:>L2:i+i_i_1:>l+i_l_1\ l+i_i_1 i+i_i_1 :8
x ca ab 12c _\' Z x _\' 1 X /1: x _\" x y Z

Dé cho gQn. ta [hay déi hinh thfrc. thé .\'. _\', 3 b0"i czic k}; hiéu nghich dao l,l,l v51 di dén:
-\' Y Z

ST 1. Cho x,_\',: >1 thoamn diéu kién: ()'+;—.\'—1)(;+,\"~)'—l)(.r+y—;—1)=8

Chirng minh ring: l + i +i S1.
.\' _\‘ I

Dé 37 ring néu —1- + L + 1 = 1 thi .\', _\‘, 1 > 1 . ta sé phaft biéu l2_1i bin tozin du'é"i dang “ngu'(_>"c”:x v 2,

ST 2. Cho x, y, 3 > O thcba min diéu kién: .\"_\' + y; + :,\' = .\'_\"3

Chtmg minh ring: (_\*+g—.x"—])(;+.r—_\‘—1)(x+_\'—;—l) S8

Qua 2 vi du nhé trén_ C6 lé céc ban cng d hinh dung ra mét czich “szing tgxo béi tozin mdi”

khéng [Sm thubng til" nhtmg bin tozin rét don gian. Dé rén luyén tu" duy séng tao ban cén phai

xéy dung théi quen lét di lét l2_1i vn dé, suy nghT m0‘ réng. phfm biét gifra hinh thirc v51 ban chét.
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Chfnh viéc khai thaic bin Iozin du'<')'i czic gnu dc} khzic nhuu sé ginp ban thu du‘(_>'c rzit nhiéu kién

thirc quan trqng hon rél nhiéu so \"(>‘i viéc dgc lvi giai cua n6 mung lai. \*i1 cam hon nfru né sé

gilip ban szing I510 111 czic bin tozin min. gib czic ban hi)’ rén luyén viéc szing lao then 5" mung

déi bién cua Z \*1'dutrén qua cc bin Iozin sau;

Béi 3. Cho a.b.<’>() thba min abc: I ..Chn‘ng minh ring:

a li + < la + <~. 1; 3‘
<1‘ +1?‘ +0!) 11' +0" +l><* 0‘ +0 +(“u

) '1

B§1i4.ChL'1'ng minh réng: —”— + -2- + —(—— 2 3 Vu.b.<“ > O

b+c c'+u 51+]; Z

B513 5.Ch1'rng minh ring: 61- + If + U 2 a+/9+ (I V0.1)./<'>()
b + c c + (I cz +12 Z

_, . \ 1 1 /*1 /3( :+11+-3)
B2116. Chimg mmh ring: ‘Z + 1) + ‘ 2 \ a 9 L Vu,b.€ > O

b+c c+a 0+1; 2

Bin 7. Cho a,b.c‘ > O thoa min (1 + I) + c = ubn" . Chfrng minh ring:

£l+[J+('22(1~+ 1‘+1)_
b+c 0+0 0+/2 1+a- 1+[;_ 1+5

Béi 8. :1. Chirng minh ring: (/2 + C — a)(c + (1 —[7)(a +12 — c") S (1/)0 Vu.b.c > O

_
1 V

1 1 ((1./7.L'>O
b. Chung nnnh r51ng:(a—l+ —)(b — 1 + —-)(c— 1 + —) S1 v01

I) \ C ll {(1/)(' : 1

Béi 9. Cho (1,1). C la ba $@'>Im_1~¢ phan biét.
~ - 1

I Chung minh ring: + 2 Z

Bin 10. Cho a.b,c > O.ChL'1'ng minh ring:

a§+ !)w+ ('72_i3_

(/7+0) (<.'+(z) (u-+19) 4

Bi 11. Cho cz.l).(' >0. Chnng minh ring:
'\

g_+[l+.(_Z_Q_.+_2.._+__L._+i
/2 v <1 /1+0 ('+u u+1> Z

Bili 12. Cho a_b.ce . Chung minh ring:

V

a(/7+c“)}+l>(c‘+u)}+<'(u+l2);2O

Béi 13. Cho a.b.ce 11.2]. Chtrng minh ring:

. ((1+/2+¢')(i+-L+l)Z6(JL+—L+-$2-).u 1) c h+(' 0+0 u+lf

Bi 14. Cho a,b.c 20. Chtmg minh ring:

T

((ll7+/7('+C(I)£ 1 _+ 1 1+ 1 _\_-(2
(u+b)' (b+(r)‘ (c'+u)_/ 4
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||. PHEP son BIEN NGH!CH 9A0 TRONG CHUNG M!NH BAT DANG THU’C

Khi giai main. m1_1c dfch chung cuu phép déi bién >6 I51 nhém chuyén tinh thé til‘ bZ1'i tozin khé

bién déi sang trgng thzii dé bién dc"->i hofic dun vé czic dang tozin gn gfli hon. Chng ta cé thé gélp

k§' thuét déi bién $5 khéng ch: 0' trong chimg minh bit ding thirc m£1 cbn 0' trong czic dang tozin

gizii phuong trinh. gidi han.t1'ch phn Trung cdc chuong truirc chfmg ta cflng bit ggip rét nhiéu
1511 czic bit dng thirc giai hing phurmg phtlp déi bién $6. by gid chfmg I6i xin gidi thiéu mét
kg thuzit déi bién c6 me <15: tén lili “Phép déi bién nghich am".

Béi l. Cho (1,/)_c.z1'>().Cht1'ngminhring: '

ubr bod cda (lab u + b + c + d+ + + < (1 )
ab + bc + cu 190+ cd + du cd + (la + ab (la + zz/2 +120 — 3

Phn tfch viz tim téi 107' gidi
Bu'6'c 1: Dzinh gizi Ck} chfat cuu bit dimg thtrc ( 1 >

MCI hu'('>'ng tu‘ duy don gian IE1 su'dL_1ng JAM - GM dé 06 dnh gizi dai dién:

abc ((1 + Z2 + C)‘ -

S — . tu'0‘ng tgr cho 3 biéu Lhtrc cbn lz_1i ta dutyc. khi dé ta C6:
ab +120 + cu 2'/'((1/9 + be + 0(1)

VT/1)< (a+/).+<*)‘ ([2+c+c!)‘: (c‘+(/+11)‘ (4/+u+b)3
\ —27(ab+bc+ca) Z7(/2c'+("c/+1/'11) 27(("z/+c/(1+u/2) 27((/a+a/)+bc)

Tit dé cn chrng minh:

(a+/2+0); (b+c+d)'= + (<.'+(/+0)‘ ((/+a+l2)‘
9((1b+/)c+ca) 9('bc+c(l+c/a) 9(c'(/+4/a+ab) 9(c/a+u/)+b(')

S(1+!)+c+d(l‘)

Tuy nhién do (cl +19 + 0)“ Z 3(r1b + be + ca) nén I11 06 dzinh gizi:

(a+b+c)3 3(a+b+c)(a/)+bc+cu) 61+/2+0
9(ab + 150+ ca) 9(ab + bc + ca) 3

Tuo'ngt1_1"suyra VT(l')Z a+€+C+b+€+d+C+(€+a+d+g+b =a+b+c+d.
- J -

Nhu‘ véy czich dzinh gizi 1153' khéng thfmh cfmg vii bZ1i Lorin cfla chng [Z1 121 c6 Y nghTa.

Bu'é’c 2: Béy gid ta sé binh tfnh dé rim l('>"i gii bili tozin theo mét léi tu duy khzic su sic hcm. Dé
abc 1 1 _.

§" 151: = I . do d6 dc vinip béi tozin U0" nen "gQn gim”
(11) + [)5 + (“(1 (I/7 + /)(' + (‘(1 1 1 1 C C

abc + j + *
(1 /2 C

v<'>'imcf>thinh1hLrc dé chiu hon. ta déi bién bang céch dar .\- = l, \- = l, 1 = i.z : i.
(1 ' 12 6 d

I \
Khidé(l)¢<> 1 + 1 + I + I slLl+l+l+1<2>

.\'+_\'+; _\'+;+r ;+i+x z+.\-+_\~ 3_x _\" 3 I
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Di bién $5 (TE szing tgo vd chzhzg nzinh b(';td17g th1Pc

Th AM-GM"':VP(2 =l All i l12l -3-zl »1——=\/T2‘
eo taco ) 9gLX+.\‘+:/ 3%(:~\_+_\,+: ()

Nhzjn xét: Viéc am bién béng céch léy nghi_ch dao pl. _\~ =}l. 1. = 1 .z=ll 121 khzi ru
(1 3 (1 C

nhién. vii déy cfmg chfnh 1i1 mét k1 thuét mia chxing 161 mubn gidi thiéu dén czic ban trong biai

viét néy. Thuc ra being mbt k1 thuét dzinh gié khéc khé nhin hon mbt chxit. cfmg cho ta két qua:

1

.\'\‘I. .\'+ _\' + T. A ;_ ,; M

(x+ _\'+ ;)(x_\‘ + _\'Z + Ix) Z .7_7x_\"; :> ' § -————. Nhu" v:_1y G01 b1en trong bm

.\‘\' + \‘Z + :,\‘ Z7

nixy chua him 1:21 con dubng duy nhét. tuy nhién 0 vi db suu czic ban sé nhzfm théy rang cdch C161

bién nhu‘ trén phai 121 con dubng tit yéu:

__
1 1 1 1 1

Ba12.Ch0 a,b,c,d>Othoamz1n: ,+ ,+ ,+ ,=—.
2+a' 2+b' 2+c' 2+d" 2

Chtrng minh ring: abcd 2 ab + ac + ad + bc + ed + db

Phn tfch viz tim téi 107' giiii

1 1

Tacé: abcd2ab+ac+ad+bc+bd+cd<.:*,>1Z + 1 + +1 + 1 + 1

ab ad ad bc bd cd

~ . .1 1 1 1 1 1 .

Dé bin toén don glém h<7n ta dét (1 = —, b = —, c = —. cl = — v51 quy vé bin tozin sau:

.\' \" 3 I

q ~ -\ ~

I!
.\ \ 1, I 1

C110 .1‘, _\', Z.I > O thou nzn: , + ', + W + , = —.

2.1-" +1 2;" +1 2:,‘ +1 2r" +1 2

C1112’/lg minh rng: 1 2 xy+.\*1 + xi + y; + yr + gt

1' x2 vi :2 I: x+ \'+;+I 3 ‘

Tacé: —= , + ‘G + , + , 2 ,( ; 7 I
2 2x"+1 2_\"+1 2;-+1 '2r'+1 2(.\~"+_v+;"+r-+2)

Suy ra x2 + yz + :2 +13 +2 2 (x+ _\'+:,+I)3 <:> 12.\j\"+x;+xI+_\'1+_\‘I+ gt (dpcm)

Qua hai vi db don giém cé lé czic ban dfi phn no thy duqc vé dbp cua phuong phzip dbi bién.

Tuy nhién dé Cam nhzin r6 hcm sirc manh cua phuong phép nfly. chng ta hy tiép tuc sir dung

dbi phép dbi bién dé giai quyét vi d1_1 rt dzfxc $510 sau dy:

Biai 3. Cho a,b,c,d > O thoa min 3/5 min(a,b,c) > max(a,b,c) .

1 1 1 1 1 64

Chirng minh ring: _ + , + 1 *+ ‘ 2 , (1)

Ja’ — bccl Sb’ — ca'a Sc‘ — abc 5d’ — abc (a + b + c + d )“

Plzn tfch vd tim tbi 161' gidi

Bu'6c 1: Tim hiéu bizi todn:

Biéu kién 1/§min(a,b,@) > max(a,b.c) la c§'\n thiér vi giéx $11 1><> aiéu kién nay <11 ma béi toén

khéng cbn dng nfra. chng han cho a =10 Va b = C = 4 =1. biéu kién ny C6 y ngh1a 151 dé

xéc 12f1p céc bait ding thirc dtmg Sax —bcd > O , 5123 — cda > O .503 — dab > O .5d7’ — abc > O.
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Bu'6'c 2; Tm lai van aé. phim lfch hZ1i toén. r6 rilng khi nhin vim béu déng thirc (l)ch1ingta cc’)

cém gizic la dufmg nhu" bait ding mu-Q nily khé chit Va qua thzfxt cfmg rt khé Kim du'(_>*c m(_3t céch
dzinh gizi kha thi dé céng phzi bi twain (czic ban cc’) thé thu" bing czic dzinh gizi quen thuéc mé czic

ban d biét dé cam nhén r6 h0‘n diéu nizy). Tuy nhién hiy mu mét phép déi bién nho nhO: -

Bat X = i. _\~ = l. ; : L1: i. Khi déh§1Id11gth(1‘c(I)t1'0thZ1nh:
<1 Iv < d

X3 Y2 1,2 I3 641': \‘:;:IZ
1 + " _‘ + ‘ + 1 2 " K (2)

5 ygl — .\“ 33!»: — _\" Srxy — 1‘ 3.\"_\": ~I (.\'_\‘: + _\";r + grx + r.\'_\' )*

1 7 ' ~ w

.\ \ \. I 4 - .,D0 1 . ' 1 . X . 1 > O nen theo bat déng [hut CBS ta co:
3 Y1! — .\" 3:11‘ — \“ Srxv — 3 Jxv: — I?

VT(2)2 (.x+v\‘+;+!)z‘ (.\'+_\‘+;+r‘)'
5(xyz + yzl + ;lx+r.x1\") — (x + _\" + + I’ ) 4(x)'; + _\':r + 11.x + txy)

A ; , . .\'+ \" + 3 +1 2 64x2 $1323Vgy ta can chu'ng mmh ( ' ) 2 ' x

4(.\')': + _\‘Zl + :I.\' + t.\‘_v) ‘ (xy; + _\':r + 1r.\" + Ixy)‘

Hay (x + _\' + 1 + I): (.\'_\': + _\';i + :I.\" + I.\'_\")3 2 256.x'3_\"3:j3I3 .

Bait ding thirc cuéi dung theo AM - GM. vay ta cé méu phzii chfmg minh!

Nhzfan xét: 6 bit dimg thirc (1) ta nhén théy 50" IZ1 “dai lu‘<_mg manh" trong khi bcd IE1 “dai
. , . Iluqng yéu"_ tu' do ta thay néu 5(1) —b<‘d cang Ion thi ixi cang nho. dy chfnh 151 nguyén

50 -110’!
nhén géy cho ta cam giéc ring bit ding thfrc (1) khzi chin. v21 cfmg gy khé d5: trong céc phép

dzinh gizi. Tuy nhién bang czich déi bién nghich dziox : l. _\" = i, 1 = l. 1 =l] [21 nhém duqc
a 4' z

bit ding thirc (2) vdi m<_3t tinh trang khzic hén: trong bél déng thirc nily 5):! IE1 dai lu'c_mg yéu

.
~ . 1 'con x3 la dal luqng manh, nen 5);"! —x" cang nho. déng nghla vo'1 cang l0"n. Do do

- \':r— vc‘

bit axing thtrc <1) as trc">'th51nh bit dang thtrc <2) km léng. sé czic ban men thém vé hiéu qué cila
phép déi bién néy Chfmg ta xét thém mét bin tozin khé sau déy:

Béi 4. Cho a,b,c,d > O. Tun hing $6 k > —l bé nht sao cho bait déng thirc suu luén dng:

bad 4
% 2 (1)

g-:z(l<c1+\/;)(/<a+\/J)(l<cz+\/%) 1<+1

Ph/1 lich vd tim t()i ldi giiii
B1r6'c 1; Phn rich bi tozin, r6 rilng dang thirc xéay ra tai vi [1-1' mu nhit ma ai cng dé ding nhzfm

ra dé 121 a = b = C = (1 . Tuy nhién aé Kim duqc k 16: nhét thi ta can phai XC dinh thém mét vi m
khzic nra mil ding thirc cc’) thé xziy ra. Tét nhién trong nhfmg tnrmg hcyp nhu' thé ny thi vi tn’
du béng G bién I51 noi ta thxrdng hay hu'<'mg dén: '
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1951' biéll $5 {I5 szing I410 vzi clzling minh brit (Ting thli'c

Thu" Cho =1 nén tdi 0 vb b.c.d la hang $6 khi dé \/T( n nén tdi 1. nén ae bt dang [hU'C 11> luén

.4

_

\ - , 4 v - L _ \ ¢ , ¢ - L A 1 ..', V

dung Ihl phal co 1 2 ff hay /< 2 3. Nhleu kha nang /< = 3 I21 gla tr; nho nhat dc bat dang thu'c

(1) dlng V51 ta sé chtmg minh diéu 1121)".

Bu'6'C 2: Chtmg minh cho truimg hqp /\' I 3. Lflc ny bét déng thirc xay ra t2_1i hai ch?» 66 I51

(1:1) I (' : cl hoéc (1 —> O ( />.<‘_(/ I51 czic hing sf) ht ki). Do G6 trong caic dainh gid tn cn phai

d€_1c biét chfl $110 cho dfau hing phai dam ban xay ru tai hui vi tn’ néi trén. Khi /\' = 3. (1) trO

bu] , -

thimh: 2 1 (Z). Theo bét ding thirc Minkowski ta c6:

(341 + \/;9?)(3c1 + \/cc! )(3u + \/(1/2)

30 + - V/(3u)(3u) + \/120$ \/1341+ /;)(3u + c)

3a+\/ad = \/(3a)(3a) + \/cd é \/(3a+<“)(3a+ d)

3:1 + @ : \/(3u)(3a) + \/(db S \/(_3u +d)(3u +/2)

Nhfm vé theo vé suy ra (30 + \/;)(3(l + \/?c7)(3a + \/F/3) S (30 + b)(3u + (')(3a + (1)

. I) '1
Do dé dé chimg n1inh('/Dtzxcén chimg minh: I M 21 (3)

W (3a+9)_a+c 311+:

Bit ding thirc duéi mziu c6 dang (u + 3/>)(u +3c')(a +31! ) . SL1" dung bit dimg thtrc AM— GM:

/u+3/)+a+3c+a+3d\,‘ x

) ) L I =<@+1;+<~+(1)L(a+3b(a+3c(u+3z/)3
J y

B2f1t.\‘=%l.'\'=%.I.=%.I=(]—1khidé:

v

J 1

VT3= .: " 2 " = " =1

() ;;\/(3_\'+.\')(3:,+.\‘)(3r+.\') %_‘&‘j(3'\'+.\"+3;+.\'+3T+-Y): ;.\-+_\~+;+r
¥

3

Cuéi cimg czic ban dqc hily u_r giai céc béi tzip sau dé rén luyén thém vé ky thuét déi bién néy

B51i5.Ch0 a,b.c > O viz 2 min(a,b,c) > mz1x(a,b,c) _ Chimg minh ring:

3,1 1 1

40' -120 4/)“ — ca 40‘ — ab ab + I20 + ca

Béi 6. Cho a,,a3,...,an > O Chimg minh ring:

(1.11; an. ( ,
>

nil ___l

\/((11 — 1)u, + (1: )((11 — 1)a, + (1; )...((L/1 — Dal + :1”)

Biai 7. Cho a,b,c,d > O vim (1 +b +0 +d =1. Chirng minh ring:

abc bcd cda dab
+ + +

l+2d 1+2a 1+2b 1+2('
S ab + ac + ad +120 + bd + cd



Clzu'0‘11g V: .1113! 511 sling t(10 1/5 bzit (7r71zg tl1 12? 817

§ 23.3. PHUO?\'G PHAP BANH GIA HAM SO TAI BIEN
Phuong phzip nil)" I511 du tién duqc 1116 hién 0' bili Iozin 1 dL1'O'i dy trong cuén sch cua Lzic gia

Plzzrmzg pluip 1n(11'giz1i 12251111 t11_vé11 sirzlz (I411 hgc 111611 Torin do Nhil .\u§t ban G150 duc xut

ban nm 1995. $1111 ni1_\' d11'Q‘c 1r1’ch .d§111 [rung ph:111 "1‘\1'I1l7'1zg 101' girii (111 t11'gmg"c11a cuén szich Ba
tlzqip kj‘ 1151/11 dg1i lzyc 111011 Turin do NhZ1 xufu ban D311 hqc Q1160 gia TPHCM xut ban nim
2O()0. B211 viét n€1y duqc hoim lhién trén cor so" [hum khao 11161 s6 \'1(1U minh h(_>a cuu b£1i viél

ding lrong tgp chi Mathe1natical Reelimzs 4/2006 \'{1 c1’1c 1511 lié11 11611 lnlcrncl.

1. co so‘ L\"1‘11L'\"E1‘v.Z\ cAc 111x11 D.§.1\’G 111m 1190 c0'1sA1\" 1

1. Nguyén 1)‘ chung
1.1. B211 phu'0'ng11"i11h (11111 dzi11g1l11'1'c) _/"(.1-12111 d1’111g‘V.1"e D <:> M111/'(.\")2111

15/)

1.2. B.'51tph11‘0'11gt1'1nh (b§td2'111g1h1'1'c) _/‘(.1-)§111dL'1ng Vxe D <=> Max f(.1-) § 111

151)

1.3. Néu f(.\') lién tuc trén D \-"Z1 Min f(.\‘) =111 ; Max f (.1) = M [hi tip gizi tri C1121 _/1.1‘)
161) 121)

151 [111:1\/I] hay 111Sf(.\')S1'VI vO'i mQi xe D

2. Hiim bzfxc nh§t

1161 ..... ~ B

Q__

>
\_“Q

ii,

cU'_"'4___"@

_____Q

"@

I

U’""_“o:

A /"<1-11 '"'“ (X

‘ A ---_/W)

Him $6 f (X) = ax + b. Vxe [OLB] c6 <16 lhi I21 mél doan thing nén c6 czic 11'nh chit sau

f(a)2O
2.1. f(.\')=a.\'+b2O.V.\'e[OL.B]<:> <:>M111{_/((X).f([3)}2O

_/ (11120

1/“(c1)S0
2.2. _/ (.1-) =.1.1-+11 s0_v_\.@ [015] ¢>1j_(] <=> M11x{j (o1).f(B)}s0

7 _

2.3. f(.\‘) :a.\'+b2 111.V.\‘e <=> Eim <:> M1'11{f(0c).f([3)}2111
2 _111

/Z/1

\>*x

)S111
2.4. f(.\‘):z1.\'+bS111.\7.\'e Ot. <:> <:>Mc1.\"{_/1(O()._/'(B)}S111

_111

E.

/-J1

/-\/‘\

vs:

2.5. Néu f(.\‘) =a.x"+l>.V.\‘e [(X.f>] {hi Mi11{f((1).f(B)} S _/'(x)S Mm-{f((1).f([3)}

2.6. Néu hZ1m j'(.\‘I..\'3......1'”) vdi .\']..\‘2_...,.x” e [OLB] I51 hixm béc 111151 thco tirng bién s6

xk E [OLB] thi f (xl ..\‘3......\'H) dat gizi 111 1611 nht hoéc nhé nht <=> x| ..\'2.....x” e {£11.



>41 X Pl1u"u'ngph(ip zlrinlz giri Izflm $5 mi bién

3. Hixm hzflc hai vii hilm li. hixm lom

1(1)

9727:)

\
_@______

Y

13
*“‘“T"'>

1

1 I
1

\1
...$1w

f"i”>

ID

__~'______>

[(01)

3.1. 1\‘§11 /“\.\') =u\‘: +lz\"+('.((1>()) \'(3'i ye [(1. 1111 f“(_\"3 S 1'Wu.\‘{ 1" (O1). /'([3)}. '~7.\‘€ [(1.

3.2. Néu _/'11-1 11111211111111 11.311 [(1.5] 1111 /11-1 3 ;1/.1\-{11<11.1._/ 1131} ;:~1-2 [(1.13]

3.3.1\1é11 11,1-11.11‘+111—+¢-.111<111\<>1 .\~e[01.B] 1111 _/1.1-12.111m{_,1"1@11._1 (B)}.V.\‘€ [@113]

3.4. Néu _f(.\‘) IE1 1151111 I6111 trén [(1. [hi ‘f'(_\‘)Z1WiI7{>f'((1)._f‘(B)}.V.\'E

11. cic 1s.T\~1 'l1{\P MAL1 MINH HQA

l. Céc biai tofm minh hqa cho hixm bzfac nht

‘ Biii l.T1m.\1dé bit phu‘<1'ng 1r111h .1": + Z.\‘(sin _1‘ + cos _\") + I 20 d1'1ng \<'ri ‘V16 Pl. I

Gizii

__ . _ /-7 . , .; _. ,1 . 1

Dal 11: $111 _\" + cos 1'6 1L—\/Z. \<Z_1. kh1 do h1c11 C101 balpl1u'0'ng11‘1nl1 vc dapng suu:

g(u)=(Z.\‘)u +(.\‘3 + l)2().V11e€Q—\/3.\/3 14¢ Min (1020
.'I’» "\Z \l

1

72

* . . . ; .. T 7 ;""T A

D0 do 1111 _\‘ = g (11) lz11nQtdo;111llm11g \'0‘1 u e 1_—\JZ.vZ _\ ncn

9:

Min g(u)?_() <2 ~

J (-15 ) 2 0 1}’ - 215.1-+1211 1|.1-12 J2 +1

[g (J5) 2 <1 + 2\/2.1-+120 U1-1 s ~72 _1

Béi 2. [Mathematical Refletions 4/2006]

Cho 11.12.02 O 1h011n1z'1n 41+/2 + ¢- =3 Ch1'1'11g1ni11111"§111g: (13 +12: + ('3 + abc'2 -1 (1) I

C1117’/zg minh

1111:”: +<11+1~1* -3/»1»+111>1-21~.:>11¥ +13-111’ +111-21/11-24

<:>f(u):(z1—Z)u+2u3 —6c1+52011'011g d13()S11=/><'S(@)' =§(3—a):.

. F » .

D6 (hi _\* : f (11) 15111161 doqn thing vdi ue L();%(3 — (1)' :’\lh1n \'Z1o hui du mdt 111 cé:

f(O)=2a3 —6a+5=2(u—%)> +%2();_/“l(3-—u):):i(u— 1): (:1 +2)2()
_ D 4 -1»

nén f(u)20; ue[();%(3—u):j| hay (13 +123 +1-3 +ul>c2-1



Clzmmg V: 1\I_6!.91§ szilzg tgm vé 126,1‘ Jrilzg tluir 819

P Bili 3. Chirng minh ring: Z(u +12 + 1-)—(u/2 + /21' + cu) £ -1,\7’ u_b. (‘E [(J. Z].
:

Clzlhzg minh

Bién G61 b§11d€1ngth1'1'c \'§da_1ng sau _/' (:1) :(Z — /1 — (')u + Z (b + 1') — 121- é -l.Vz1.12.c€[().Z]

D5111] _\"=_/'(11)li1n1©1dog111ll1éng \‘é'i as [().2] nén f ((1)5 Mc1.\'{_/'(0);_/' (Z)}

T-11 co _/(U):-l—(2—/7)(2—(')S4Z_/‘(2)=—1-—/7(‘S—1I>_/'(c1)S4.V(l,/7.(‘E [(1.2]

B51i4. [mo 25 - Tigp Khfic 19841

Cho (1.1). c Z O 1110211115111 11+/2 + <' =1 . Ch1'1‘ng minh ring: ab +/21' + 1"(1— Zubc" S 2;/7 (1)

C/zzhzg minh

Bién déi b2‘1td§-1ngthL'1‘C (l)<=>(l(/7+5‘)-1-(1—2£l)/7('S%<:(l(1—(l)+(1—2(I)/76$}
_ .7

<:>/'(u)=a(l—u)+(l—Z(1)uS% \<5'i 0311:/)(‘S(%)— =(]+Y
1 ,1

D6 thi v\~:_/‘(u) 151 11161 doan lhéng vyi 11e]();+_1L(l——11)'l'. Nhin \-"Z10 2 déu mill La c6

f(O)=u(1—z1)S

1 1_1 1 1 _1’2s 1-

[(14-(l—u)
v

|______J

1J

:l<l
4 27

1
1

/(I(l—c1) )—Z(—Z(1‘ +11 +1)-IL§—2(z1—§)1(a+%)]S%.

I-

Vgiyj'(u)§%.V11eL();%(1—u)‘4

J

hay ab + 191" + 1'11 — Zubv S T77-

B51i5. Cho a.b,c-20 thoa min a+b+¢-=l.Cl1L'mg minh: (13 +/2" +03 +6<1/24 23 )

Ch 1211g minh

Bién 661 1>é1<1§ng 11111-Q (1) Q (11 + /1)‘ - 311/1(11+1>>+ 1--‘ + (>11/>1» 2%

<=> (1 - <1)‘ -311b(1 —1~) +1-1‘ +611/112% <3 ¢11>(9¢~-3)+3<F -31- +%z0

<=>f(ll)=(9t'—3)u+3(‘3 —3c.'+%2O\'c'Ii ()Su=abS((%'b)- 51%)!
. , F v

B61111 _\" = f(11) lZ1métd0:;1nthéng véi ue LO;%(1—<")'].

w' 1

Nhinv5102d§i11mL'11tacé /(0)=3(1~-§) 2 ; -1-0/(4(1 1) )>0

V{“1yf(11)2O.\7z1e[():%(l—- H2] hay (13 +/)3 +1-3 +6r1b(‘2§



$10 I’I1u'u"ng p/nip drinh giri hiun .\'r'§ tgzi hién

it B5116. C110 11./1.120 1110111115111 11 +/1+1-=1 1C111'1'11g 11111111: 4111‘ +/1; +11: 1+ 1511/1112 1(1) 1

('lz11'/1g minh

B1én 1161 1151111111111 1111'1~¢ <11<=> 4;_111+1>1‘- 311/‘>1 11 + /1 1_ + 11-‘ +1511/1121

<:>~1€(1_<'): —3z1l1(l—r')1+(": +15u/1("21<:>-1(1~<'1; +1111/1(¢'—1)+-11"’: +15uln21

<:>4/'(11)=<3711-12111+41-‘ +411 -1-1‘ 21 “'1-1 11$” =11/>§(%B1'

B51111 _\' I _/' (111 1Z1111{>1d0;11111111g \(>'i 11 6 ();%1 1 — 1-1: . .\'11111 \£1<1Z 111111 1111'111;1c(1

f<111:3(21»-113 +121;/‘(£11-1~1’\):1+r1-1-1:(Q-1121 1

\/z_"1y ‘/'(11121.V11e1():i11—1"1:j 11113‘ -1111: +11"; +1-1 1+1511/>021.
1

\ B5117.Ch11'ng1111n111"5ng: (1—¢1)(1—/>111—<-111—<!1+11+/1+1‘+1121.111_1>.<-.de[(1.1] 1

Chzivzg minlz

Bieu dien bat ding t11L'1'c du'('1‘i dang 1111111 1150 nhfu 11ié11 $6 (1. 11111111 xi» I1, 1'. (I. 1:1 06:

f(a)=[1-(1—b)(1—(")(1—zl)]u+(1—/2111—(-)(1—d1+l2+¢"+z/21.V(1.l1.<'.(1'e
[(1.1]

B51111 _\"=f(u).V(1€ [(1.1] 1Z1111(}1d0:_1n111z'1ng nén 1\1i11l_/111):.\1i11{_/'(())._/'11)}
=1#1"1.1;

Tucé_/'(1)=l>+c+¢I+121.V/2.11116[(1.1]

f(0)=(1—11)(1—<‘1(1—d1+/>+¢'+c1<:>_1J1l2)=[1—11—¢')(1-1/1]/>+(1—("1(1—z/1+(‘+<1

Déthi _\'=g(b).\7be [(1.1] 1Z1111<}1do2_111111Z111g 11611 Min g(l>):M1'11 ((1).g(1)}
1»~|r1.1]

,—-

3':

Tacég(1):c+d+121:g1())=(1-1-111—d)+¢'+d=1+<'1/21:\f(())=g(/2121.V'be[().1]

Véy f(a)2111z1y(1—u)(1—/>)(1—c1(1—¢/1+u+b+<'+;l21.‘€’u./>_<".a'E[().1]

Bi1i8.C111'111gmi1111:S= “ + 1’ + “1+11-11111-1>)<1#1-)§1.\111.1>.1»e[<1.1]\
b+<~+1 1-+<1+1 11+l>+

Chzivzg minlz

Khéng mz-:11 t1'11ht611g quz'11_g1t1 >11" (1 = Mu.\'{11.l>_r"} . khi C16

$s“_+”i'i‘+(1-11111-11111-1->s1<:> f(11>=£'l’i+11-11111-11111-1~)-1s(1.v11.1>_1~e10.1]
b+c+l ‘ /1+1-+1

B61111 1" = f (u),Vc1e 10.1] 1Z1111§1td0;1n thing nén 11/11:1.‘ f(u) = .11/lu.\'{_f (O).f 11)} . T11 cé
11a (1.1

' ~ ~ (l13+<'3)(b+§'—1)—l1z‘
f(O):_[liL_+b(A_(b+(_):b<'(b+c)—(/1'+<" )—l>('§ Z £0

b+('+1 l1+('+1 1)+¢'+1

f(1)=li"l-‘-Li-1:0.Tu‘d6s11v1-:1 /'(11)§<1.v'11.1>.1-G[<1.1]:.s"§1.v11.1>.1~e10.1]
b+c+1 ' ‘

1



Clzznmg Y: 111131.15 nirzg tgm 1115 [1111 111711;; tl1111' 1\'I l

B5119. C110 .1‘. ..\'.....,\‘.,_,,i e [—l. 1] \1'1"i 13115 .\' .T1111g1;i11"1 11111>1111;11c1111111é11111110

1 S:.\,.1'.+.1g\'.+_..+.1‘. .\. .+.1'. ,.\

(;1j111'

Né11coi .1"! 121111611 $13 \'i1c61111111c;'1c 111511 >6 1111 S lZ1hi1111hz_1c 1111211 \"O'1 .1"; nén

111111 Y5‘ ( .1", 1: M1‘11{S(—l).S (1)} . LZ1111 111'0‘11g 111' \‘<'>'i 1111- 111511 s61 .1". >11)" 1'11 M1118 115111511 czic gid
115 —|_11

111 .1‘; E{—111}.\T//1' : 1.211 + 1. D11 1'6 Z11 +1 s6 hang .\"l..\;.....\":M 11é1111"o11g 1z_1p hqp

{.1"|.\‘:1.\-3.1;:...;.\"3H.\'3”_i ;.\*:H_E.\";} 1511 1:11 1'111h1 I p11:111111'1111j11gi1111‘11l11'0'11g. Kh1'111g111r11 1111h

16n<1q11111.v1a s11.\"..\" : 1. K111 111'» .S'=l+.\‘ 1". +...+ 1". 1".’ +1! \" >1—1—l— —1:1—"11C. C '3 -1.‘ .i/:._v:_ .2’. _ ,_ .

\/('11 1| =1. 111.1‘. :1. :...= \,,_. =~1:.1"1 :,\‘,_ :...:_1‘.A, =1 1111f\1111S : 1-211

2. Czic 11511 tozin minh 111111 cho tam th1'rc I111»: hui l10zf1c hi1m I131

2 7
1

1

B511 1. Cho 11./>.1'.1/6 [(1.I].c111'1'11g111111h1'§111g:

11*1,+11a-+1-111111111-1111» 1/>1? +11/1 +1/11§i

Chzing min/1

Khéng 111211 11'nl116ng 1111111. 111ch1 Q2111 X61 11"11'i111g 110p 11:11 dién /.12 1/. D31 \'<§ trzii IZ1 h{1111 >6

_/"((1./1.1-.1/) =11111+/1% +1111 +1/111 -11115 +/>1-1 +1-1/1 +1/11’) hay 111é11 1161 1:111-1'11 dz_111g

_/‘((1./9.1111’): (/7 -1/111: +111’: — /71 111 + /131' + (":11 — /71': -11/I

\/111 11211 1111 _/'(11_1>.1~.11) 1£11111f>11;11111111'1"1~ 115111111 11151111. 1111 111_t~11311@1~11111 11-112011121111 161)

nén 111 C6 _/'(11./1.111/)3 11/l11.1"{_/‘ ((1./1.0.1/1.,/'(1./1.111/)} \'<'>'1 11191 11610.1]

J
\43C

/\

T1156 ch11'11g111111h ‘/' ((1. 11.111! ) - —— \11f(1./1.111/)S%.

0 Ch1'1"ng111111h f (0.12. 111/ ) S vi/—

Tl12f11\'zf1y.1;1xé1 _/' (1)./1.111/) =01!) -1/1(/2 +1! -1-) 1'61 11111 k11:11111g .s1111:

+ Né’11l2+1/—1'<()1111/'(0./2.1.11)=1"(l>—1/)1/2+1!—1'1S()<%.

+ Néu 1» + 11- 1- > 0 1111 111111» 1151 111111;; 1111'11~ 1111- 0.11, 111111;

f(0_b_(‘_(l)S(('+/7-—1/i;/7+1/-0)" If}:/7).~ lb;

1 111:0./1:1 -1 ‘

B51112 111110 xay ra kh1 Ya c111 kh1 <=> (11.l1.1".1/) = 0. l.'l.—” i /7 1/ /1+ cl 1 3!(“:— = —" .

\)_)>_<



I’hu"u'ng pluip ddnh giri hizm s5 tgri bién

S22

0 Chirng minh f

Thin vixy biéu <11

‘ ‘ bc ha
\i1 mqt tam thin.

+ f(1.b.('.U=( ,

.~s

f(\.b_1_\\)=U'.f(Lb.O.
) 7

T
17-1‘

J~£'_

'U.l1.<".d)§>—

~4

§11_fU.I1.<".<l)=(1—(-M:+(<":
~\h/+h+1n»-If -hr

1'1 nén ta 06 __I' (1.b.¢'.¢1)§ Mu.\"{_/' H.h.¢".1)._f l\\.l1.¢-.U)}

1-1m-1 +(1>1 ~\)<~+b-bl s1v1u,\-{_1"(1.1>.\.n;/
u.1>.0.\)}

w

1:1-11‘=11<1-1>\s("J-‘ii’-\
=l<l5;

2 4 2/

1 3 >;_bH_Nu+(__h)<\b+(\—<~)+\+<--K
'

' 3

J
\J<75

+ [U b (' O)=l1+b'(“-[9 —I7c --

' khzll néna G5 Xéi ta cé

Két lun: Téng hC_)'p cac

1 1
'3 '1:<-§—_V(1.I>_('.d€{O.\]

f (a.b. (ad) =(l7—— (1)02+(¢1:—-b3)u+l)'('+(‘“d~b(
—<c -67

1 11)<i.vu.1>.¢-.¢1@[<>.\]

<1:b+b:c+ c c1+ z a
Z 1: —(ul>:+!>¢":+cd

+(u _q_/

I (1) H1 m6\ hoain vi K02
N 3

Ding th(\'c xay ra khi vim chi khi (0. 1. <".

é’ #7 4'" W “T

I >0 C‘h\\'n~1n1inh1"€u1g:
Bi1i2.Ch0a.7.('

. .

"‘ " <7Y<& zfm
 “{'(TbZ§1wLl.Y{(\fZ

—\/by .(\/11 — 2' . ~ \v

L,_,-_,,-..

Gifa st!‘ u S

(1) <=> Q1’-—”——’ ubt _

Tacé f'(

Chzhzg minh

bs<~.1<h1<w M~.\-{M —@Y k - 6)’ 1% _ JZH :(\J[;-T -W1) V3. [Z1 CO

21%. <(\/71 ~ \/Z): <=>_/'(.\')=%§(.\;+¢z+(")—§/tgl?
s(\#'Z~<T):.us,\-=1>§¢.

x) =%-%.\*':/3 \/Z? ._/'”(.\'§ =—%.\"’;' ‘
2 O_V4\‘ 20.Su§'1'u _/' U) RM irén \O.+@<>)

( H KhC>n~1m§\t tinh t6n<1 quit. gia su" ‘/' (M 2 _/‘ (N . B511 mfm

vix do dé _f(.\‘)=Mc1.\‘(f(cz§._/‘
c .

\ V

'
< ( — \/TL): = u + 0 — .

chuyén thnh viéc chime

E1

<::~2v

a+2c+

"minh Ha):-(Zu+()—\-u
_

1 Z 3 1
F“ »7 11‘ : _

: - Y

I

_§a + —_g c + \/u <' <:> 6\juc é u + _<- + _\\,' <1 <11 hcohm dangthu1.u~\;\/I
- GM ta co

,~, .
‘ r ’" ;, F vf .* ~—

3\Ju‘c = u + 0 + c + \/T11’ + 1/aw + \[u'<‘ 2 6K/c1.c.<'.u‘ .0 = (w\=/at (dpcm)

' A ’ ‘ '" ' K 1‘%‘1\WZ

/\

E1 céc $6 thuc khong am. uhung mm 1 C

Bi1i3.Cho a\.a3,...,an
.

411 +0: +...+a“
2

_,,~'—"’— u‘a....uH _ /1u.\ £1, — a

H
" \S|<y§n

\ I

Chzhzg minh



Cll lrmlg V: Jlgit $1; sling rgm >15 hr?! J17}:g tluir X33

B5 (Z15: Néu‘/'(.\'):.\'—nqQI" + p \'('Yi,\‘€ ['11./1] \'(')'i ¢/20 {hi /-(.\‘)§‘11(I_\'{_/'((‘l)._/>(/7)}_

» . . , = ;—* +\.3 .* /——\ 3Ap dung : Gla su' <1 Zu, 2...2u .kh1do /VI:/.\' ( u_ — /u ) :( ya, — ."u_) '- 1 1. \ . \, \,» . \, 1,

villa cn chirng minh ai +11: +...+u” —11’§.'¢1]r1:...¢1,_ —n(u‘ +u'”)+ _ \ S0.

J
~

"T
-

I\ -

B211 F((I| .c13.....u” )=ul + (I3 + + 1/” ~— /1’\’J‘z1|z13...¢1” — /1(u: +11” )+ Z11\/lulu”

V('>'i czich coi ak e[a”.u| 1 zk :5 lm bién 56 vE1 c6 djnh czic bién cbn la;1i thi dé 3'1 rimg

véi al Zn, 2...2u” 20 nén ,,}TI¢1/.efc1”.(1J.V/< :2./1-1 V51 hilm F(ul.a,.....u“) C6
_ \‘ i:A “ _

dang hm f (X). Ap dung b6 aé béng CLiCh [hay Q‘ mi <1, J1“ vim vé phéi du"6i dy ta cc'>

F(z1|.(1:.....aH )3 Ma.\‘{F(ul.u3 ....aA,__: .u| .uA_I,....u” ).F(z1I.r13_...¢z;_, .<1”.z1M .....u"
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3. Gié tri nhb nhét trong tzflp hqp céc gié tri l6'n nh§t

Dang totin nZ1§' sL'rd\_1ng ménh dé quzm trgng sau dy:

\ Ménh d¢5.Cho.\".u.0<.Be \-<5-1 (X<[?) khi déta 06 1\'lil1{Y\'1z1X3‘§_\'—(11}:-El—“il~
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Cluhzg min/1
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111. BA! TAP DANH CHO BAN not 'l‘U' (;1A1

Béi 1. Chimg min_h rang U‘ + 1+‘ + H 5 Su/21'. vu./>1-é (1. 2]

Bili 2. Cho u.b.c' 2 O thoa min (1 +12 + 1' = I . Ch(rng minh ring:

7 ( u/1 + hr + cu) 3 Z + 911/21'

Bini 3. Chimg minh rang <1, +/>+ <¢>(i+[i+ l')§1<>_vu./>.<-E [L2]
(I 7 (' ‘

Bi 4. Cho u,b.z' 2 0 th('>z1mn u +1) + (=1 . Chimg minh rngz

1 + 9ul1(' 2 -1(ul> + In‘ + cu)

Bili 5. Cho 11.11.:-20 thou min u + I7 + <- : I . Chfrng minh ring:

1+o(u‘ +11‘ +(-~‘)z5(u’ +111 +6)

Bili 6. Cho u,/2. 1: 2 () thou min u +12 +1": l . Chfmg minh r:51ng:

#+?li+__]i§Q
I-111) 1-/2(' l—('u 8

Bfii 7. Cho a,b,c.(1.e€ [p.q];O< p < q.Ch1'rngminhr§mg:

/ I

(cl+b+("+d+e)(l+l+J-+l+i)S25+6[ 15- £1
(I 11 (' 1/ (K \/q /1’,\ ,

Biii 8. Cho u|.u2 .....uh_ e [p.z/]( p. 1/ 20) . Chirng minh ring

(u|+u,+...+a l+ — S113+C(!1)Wi
- 3 4pq

Trong d6 C(n)=n3 néunch§1n\'i1 C(n)=n3 -1 néu /1 lc.

Bini 9. Chtrng minh ring L + —[’- + —"— 2 2.Vu./9.1->0
l>—<' <'—u (I-/J
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Biii 10. Ch1'1-ng111i11h:ul +11. +....— 111 ~111(1. —u.11. —...—11,,u151%1.'<7u1.¢1......z1He[OJ]

B51111. C110 111.c1: .....11,__ E T1111 gi'1111‘i_ I011 11h§1c11z1bi~§111h1'1'c:

~.
1

1 ~.
~

S:(ul —u:)“ +(u1 —z1;)' +...+(u] ~11“ Y +(11: -111)“ +,..+(11,__1—uH)“

Biii 12. Ch0_/1.1") = 3.1‘: — -1.1+ l — Zu. T1111 .\'1i11{ .\'1;1.\ 14/‘(.\‘) }
~15-1;I

-1 ~ 1 . 1
,

B511 13. Chox) : T .1” — .\"' + 3.1" ~ 4 + 5:1. T1111 ‘.\’[i11{1'\11;1x 1‘/‘(.\') 1}
~-131$: ‘ ‘

B-:1114.c1111_/1,1-1: 11*‘ - 2.1‘ - 3.1-1 + 1 - 311. 11111 .\1111{.\111.1 _/1.11 }
1\ I ‘

1 ~.

B51115. Ch0_.\') = .\" — 5.1” + l().\‘ + Z11. T1111 I\1’l1n1l M;1.\_ _/‘(.111
L—lS\S‘£ }

-1 -_ .1 ' _ 1

1s21116.c111:1_/‘(.1->= _‘-—(4“"" “L”-"+’ .11111 1\1111{1;111’1 1/"131-1;}
.\'-J 1 >11: 1 ‘

_: -1 '3 w |

B511 17.c11@_f1.1»>= 1‘ +("+”“:“"+")11111 M11111‘ M111 _1_/1.1->1

.\'+_ I ~-151$’:

2 .-1 4; I . 1 . .

Bfai 1s.c1111>/1.1->= -LLizd‘T ‘+‘”+“).1‘1111 .\1111{ 11111 111.1->1}
X“ 'i‘~_\€l I

B511 19. c1111f11->= "A H“+3"‘_,+‘3_;”"'+“’*1’ . T11111\1111{1\1111 1 /"11-1!}
l< I

\.
.1-'—x+ 1 ~11 ‘

Bili 20. Ch0f(.\") = .\'+ \1-L1": + 2.1- +1 + 311 .T1n1 1\'[i11{ Max ‘/(.11)
-151511 -

___

B511 21. c1111 11.1-1 = *' + 211. 11111 1\11111{1\1111.1, _/1.1-1
|S\S\l '

B§1i22. Cho f(.\') = .1‘ ~ -111+ 1111.1": — 3). T1111 M111 {~E\1/1111 3 ‘/‘(_\*) }

_ 3( 45+" ."J'." +2 ."3."+2." :3 \ _ 1
,

Bi1l23.f(_\') : mm \ mg I) (UGO: \ sm U . T1111 f\’1111{M;1x‘1_/(.\‘)1}

35111 .1-+2005‘ .1‘ - ‘ER ‘ ‘

B1211 24.11111 Min { M111 1.1-‘ 111.1? +/1.1+ 1!}
11.1111‘ —\S1S1
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§ 23.4. l’Hl"()'.'\‘(; PH‘-KP 'nrl.1> 'l‘L'\'E;\ (‘m"1\(; »\nxu B.-Y!‘ n..\.\(; 'l‘H("(‘

Tmng phfm hiun li h;'1ld;'1n;_' :ln'1‘c _Iumcn'. hum mm 20-i. mm 16m \o‘i gm djrh 1_\' RC1‘
LCF. LCRCF ch(|ng lz1lln1'(mg gzflp cilc lvld;'1n;_* llmc uv<l;_111;_' phul hiéu mu d§1_\t

Mfnlz (!§:Cl10 ul.u:.....<1=$ 6 /)_ we I\5 [hm mfm <1; +11; +...+u ;/m. \(>"i ue 1).

Khi ddI11c<3:_/'(u1)=~_/'(u:)~...-~_f'(<1,_)2/g/"(IN hOQL' /'(u: }+_/'(u:j+...+_/'(z1/I)S/1/T11).

Ding Llmfrc xti) 111 khi ui :11‘ =...:u, 111.

Tu) nhién \"<'Yi mivl \<‘wd@ng]1E\n1 Q _\" I’/“(H kh(mg lfvi <kl1(>ng 16111) trén mién

[J :[0£.B] nhung \§111u3dS1l1i 11§1111l1"(:11li§pLL1}§11 _\‘; ‘v\A\ +13 l:_\i diém 1:115 {CAB} Q13

phu‘o‘ng u’1nh I21 v\" : _/"(u)(.\'—u ) + _/(u) ha)" \'i§l gqn dui dang \ : .-\_\ + l>’ {hi luu'>ll1(:

nghi dén c]1uy{:11 dzinh giai _/‘(.\‘) 2 .7-\.\" + B. TA E [(1. TL‘1‘d<3 >u)' ru
. ~ \‘
' ' __ Au + B ’

/'( :)z,x.L~1:+1;
I

‘ \

'\\

\/

‘“P

v-.
~

, \
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'/.

‘)Z.»\.(1, +B

73$

‘/‘ ((1! ) + + _/' (an )2 /H Au + B) : /1/'(u)

Suu d)'cl1L'1ngt;1.xc'Iczic bili main liéu hiéu.

Bili 1. [H5ng Kfmg, 2005] Cho (1./1. (1 d >() 1l10am€m 11+/> +<"+</ =1.

Cl1t1"n;l111inh1'511g:(>(u‘+/5 +01‘ +(/‘Eu: +123 +¢~: +<l: +% (1) }

C/11?"/lg minh .

(1) <:> _/'(a)+ ‘/U7) + f((") + ‘/‘(z/)2%;\“/:1./>.r".</€ (0.1) lmng d(> _/' ( \‘)=().\'; —.\':..\‘€ (0.1)

D0 hui vé 151 biéu thL'1'c déi xL'rng \'<'J'i u.b.(*.¢l nén dé I115)‘ dung 1lu'rc my 111 Ilji diéln mi

a =11 :(-=c/ két hop \'é’i (1 +/> + <' +d : l su)‘ ru diém mi lil <1 1/1 :0 Id =5.

Tit d6 xél liép luyéyn cuu \‘ = /' (.\‘) l:_1i .\-Ii 06 phu'0'ng lrinh: \‘ :l,.\' —i_.
' -1 ‘ {S <3

_ I 3 -
M511 khzic _/(X)-(§_\--§)=§(4.\~-1) (3.\"+1)20.Vxe(0_l)3_/'(.\")2=§.\'—%. V.\"e(()_1)

Suyru_/‘(u)+_/'(b)+_/‘(<-)+_/'((/)2%(<1+[>+(>+d)-%:£;;‘Vu./1.0.1/e(0.1)
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§ 23. 5. PHU'O'NG PHAP HE $0 BAT DINH

C/1111131 1:1 5'5 fiép I1_1(' ('(I(' v\‘1zr0'11g (1111 11171131 /zé X13 11'1"/z11"r1'11g I \‘c‘1 1'/111’:/11g Ill <'z711_Q 11/111' 11111
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T0'1n trit ngii dung

I. Phiin 1. Md déw

II. Phn 2. Ky thuét chuén héa vé U.C.T

III. Phn 3. U.C.T v51 ky thuzil phn Lzich caic tru'O'ng hqp

IV. Phn 4. Kél h(_>'p bit dang mm: \/ornicu Schur \'('>'i U.C.T

v. Phn 5. Mét dang biéu dién ma vi

' VI. Phin 6. Czic bili tozin vdi diéu kién clu'1'z1 cu trc nhim

vn. Phén 7. ucfr mO' réng

VIII. Ph§1n 8. K)? thuét U.C.T trong bit ding lhlic Iu'Q'ng giaic

IX. Phén 9. Bili tép zip dung

1. MC7 BAU

Trong nqélsédang10én‘b§td€ingthl1'c nhiéu bién déi xfrng, chflng ta c6 thé tzich mét bit
ding Ihtrc ban du lhz‘1nh czic bit ding thirc bf) phén cimg 06 chung mét qui luél 11510 dé
vi1 dua bi tozin vé viéc chtrng minh dai dién cho min bt déng thtrc bé phefm. Nhu véy

mu chél cua phu'o'ng phzip nily chinh lil viéc phzil hién ru czic bit ding thirc bc} phén mil
ta cc’) thé gqi 121 béit ding thirc co' Tuy nhién hu hél czic ldi giéi mi chimg ta gap lrén
czic mi liéu aéu khéng chi din viéc xy dung bél ding lhirc co" SO" dén aén su théc méc

cua ban dQc trong viéc Irinh bily lO"i gisii mél czich khfmg tu‘ nhién. Phzii chimg bit ding
thL'rc co sd du'c_1c tao ra mét caich mi) mm thtr nghiém rét nhiéu ln hay viéc xy dung
czic bét ding thirc nhiéu bién du'Q'c £210 ra tir chinh viéc léy 1ru'é'c bit ding thL'1"c co" SO:

Cu trél lri 15 h0Z1n loim khéng phéi nhu‘ véy. Bén ngoili vé dqrp cua czic dang béi ding
thtrc ny déu chira dung mél néi dung cé linh chit qui luzfu. Chng la sé cimg nhuu lixm

quen \'é'i phu‘o‘ng phzip nhém phzit hién ra czic bit-ding lhL'1'c co' so" vé'i czic dang bit ding
thirc nhiéu bién déi xrng. Phutmg phzip nily cé Lén gQi 151 "Plz1r0'1zg pluip Izé s5 b('1t

d_i1zIz", tén tiéng Anh 151 Undefined Coefficient Teclznique (U.C. T.)
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8 Phuvnglurhfsébtdz

CU

51il.Ch0 11.111" > O thou mim 11+/1+('=3.Ch1'1"ng n1inh1"§1ng:

q 2 2 _:)1w+1‘+1‘+_(11+1>+1,25m
1

(1 /7 < ' J

Ch ling minlz

. 1 21 7 2
Ta sé chfrng mmh —,+L 2 ——l . (Zu)

<1‘ 3 3 3

1 21 7 21 2-1 7 21,+ b z-- U211); l_+ ‘ 23- ‘ 121-)

1>- 3 3 3 1- 3 3

- - , , . -11<21+<+? ,
That vay xct chung mmh d@1d1¢11(211)<:> Z O dung \711> 0

311‘

Céng (211). (Zb). (20) \'('>'i chfl 3'1 u+b+1=: 3 suy1'a(7dpcm). Déng Lhtrc xa'y ru <:>

(1 =11 I c=1.

N111111 xét: L61 gizii trén 1n nhién nén Chilng 111 g1a1 thich duqc czich pnm men bén

ding thirc 00' so‘ cho viéc chtrng minh (1). Dé 3'1 ring czic bién $6 trong diéu kién v21

trong ca hui biéu lhtrc cua bit ding lhtro (1) quun hé vc'>‘i nhau thco 11611 két céng nén La

cé thé téch thco lirng bién dé chtrng minh bit dimg thrc c<1 R0‘ 121m dai dién. Suy nghi 111

nhién nhét cua chljng L21 1i1ch1'1'ng minh bét dé11g thtrc suu: ’

§+£2§@ ZO
11' 3 3 311'

R0 ring bit délng thfrc nily khéng hoim toén dfmg \‘/u > O.

V5 mét logic [hi viéc xziy dung bait ding lhirc trén_'c6 vé khéng 6n vi chfmg 111 sé khéng

511' dnng dén aién 1<1en 11 + 1+ 1- = 3. Do dé chng ta S5 xiy dnng m<§t 1>51 dang mu-Q dang

gizi dinh ma vé pnaa cc’) mé S11’ dung aién kién (1+b+c =3. 1n-C 1:1 Chling ta Xél czic 1351

ding thtrc viét duéi dang gia dinh sau dy:

-17-1-L“ 2§+111a+1z (311) ; —1—;+%;Z§+111b+11 (31)); lw+E€;2§+111¢'+11(3c')
:1" 3 3 1)" 3 3 c" 3 3

Trong dé111vZ1111Z1 czic hé 56 chuu xzic d1nh.Cc}11g(\3a)_(3b).(3¢)tu cé:

1 1 1 2111 +2111 +21--‘ _ _ ,
_+ 3+ 3+ ZJ+111(c1+b+(“)+_w11:J+3(111+11)

41‘ I7" 0' J

Nhu" véy O‘ dy 2 hé 56111 \15111 phai théa min diéu kién 111 +11 = () <:> 11 = -111.

Tné 11=—11z van (3:1) dz3n aén L,+__'
(lg

R)
LAQ

2§+111(c1—-1) (3)
3

Bén dy ta chi cn xzic dinh hé; s6 duy nh§1L15111dé be‘1tdéng1lu'1c (2) I21d(1ng.



Chzmng V: M431 s5 sling tgm vé bftt drfrzg thzic 835
De )7 ring vé'i a =b =6 =1 thi bit ding tht'1'c (1) xziy ra du bing nén viéc bién déi bit
d§1ngtht'1'c(V3)c§n1Z1m xut hién nhn tt'1' (u -1). Thitt \/fay ta c6:

a

Khi cho a : 1 thi ta Q6
(u+l)

I
v_)_-_

ex
~.‘J

Jr\

%2—+/n((1—l)<:>(u—l) Z—e—*/2 20 (4)
1 Ia: 5 ((u+1)(Z(13—3) A
- 3 3 t 3111 /'

I — 3 2 t , , ; .- 7 1 ..'
) 1 —€ tu‘ do ta dtr doun rang vo'1 n1:—5 thl blcn

3

@161 <4) S5 xut hién biéu th1'1'c ((1-1): .
‘

,. 1 1 1 , ,1 1 2’ 7 2V01 m =—l thl bat danv thu'c co'so'1z1: ~+—L 2 ——iC
3 u“

J

bu

L»

U.)

Béi 2. Cho a.b,c.d > O théa min a +12 + c + <1: 4.Cht'1"ngminh ring:

I I I l

1 a
, + , + , + , 22
"+1 b‘+1 (“+1 z/“+1

Ch 1271g minh ,

~ , 4- - A 4 4 1 , t , 7Ta se xac c11nh he so m de bat dang thuc sau la dung: 7% 21+/n(a—1)

(a— l)(a+1)

c1'+l

<=>e2/n(a—1)<:>(c1—l)[—i—/n)2().
c1‘+l a'+l /

. 1
_ 2 - 1Vc'r1a= 1 ma -‘KL:-1 nén chc_>n n1=—l. K111 <16; +22-(1 <=>i(",iz0 (dting)a‘+l a'+l a'+l

7-
,Tuong ttr euy ra: Z;;:%l2Z;2i:4—%2c1:2 :> (dpcm)

Ding tht'1‘c xz'1yr:1 khi v51 chi khi :1: b = c = d =1.

'7 '7

. 1 " “N/zg7nxét:Di1ng AM - GM cfmg chtrng mmh dtrqczf=1—# 2l—i=l—g
1a‘+l a“+l 2a 2

Biii 3. [Algebraic Inequalities Old and New Method] ,

(1-1_];+(~=3 (1'+b+c‘ b'+c+u c'+u+17

a_b.c>O I 1 1

Cho .Cht'1'ng minh réng , + , + v $1

CI1 zhzg minh

a —
~ 1 I 1 1Ta céntimm sao cho —,€=ve~$~+1z1(z1—l)<:> —¥£n1(a—])dt'1nga‘+b+c a'—a+3 3 3(a‘—c1+3)
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~ 1 1

Tu'o'ng Lu" nhu' trén la Um du dozin rimg \"0'1 111 = —(‘) Lhi bat déng lhu'c co" $0‘ dung.

, A , ' (11—I):(3— 1) 111-1)3(1>i '1

Thgatvgytuco1-—Si—%<:>()£—%~L<:>0S1—l
11'—11+3 9 1 3(11'—11+3> 3(11‘—11+31

Nhén xét. Béi toém léng quzil da 1111170 giai qu}ét hang dinh li LC]? tron; “.~\1g1h1‘z1ic

Inequalities — Old and ,\'c\\" 1ncthod"cL1utéc gia \1'z1\*ilc Ci1"mv.jc.

C1111 11I.11~....11H 1111'111' s15 1/11_1'1"1</1131114 [1111 1/11111 1111711 11; +111 + +11’ :11.

, . - 1 l l

C1zz1'11g 11111111 r1711g , + _ +... 1 § I

11]" -111 +11 111-111 + 11 11; —11__ +11

Bili 4. Cho 11.11.1211 151 czic thgrc khfmg m thou min 11:+/1: +1": + 11: = -1.

Chirng minh: 2(11‘ +11‘ + 1-‘ + 11 ) 2 2 + 1/2 + 111; + 111- + 1111+1)1-+/>11+111~

U2

C1z1Z"1zg111i11l1

Ta C6111:-1-172 +1": +11: I-1<:> (11+1>+1'+11)2 :Z(Z+111>+111'+1111+1>1'+1711+1'111

<:> (11+/9+1*+11) I \1Z(Z+1111+111"+1111+111'+1211+1111

B51 (Hing Lhtrc Q51] chtrng minh tu'0'ng (Tu'o'ng \'c'Yi

Z(11‘1+121+1“1 +11'1)2 Z+;;—(11+1>+1'+11)

, ‘1

“_—‘4

J

Ta cn tim 111 sao cho 211} 2gil+111(11: -11 <:>(113 ~11 @‘——111'2() (*)dC1112
Z Z(11+l1 p

Cho 11:1, dudozin 111.=%L .Ta sé chimg minh bl ding lhirc (*") dng v<'>'i 111

Thét V5)’ Z11} 2lUjll+%(11: —l1 <=> (11—-11(811: —11—'1121)<:> (811+71(11—1): 20

Biéu néy hién nhién dL'1ng.D51nglhL1'c my 111 khi vé ch1 khi 11:11 =1-=11 =1 .

/11.1>.1' >0 , 11

Bi1i5. Cho .Ch1'mg minh réng: 4(i+‘+~)+5(11‘ +12‘ +1") 2 27
1 .1 ,1 111 11 1'1

11 +12 +1 -3

C1z11‘1zg minlz

1 1 ( -1115 3+5 -4) 1

Ta tlm 111 sao cho i+511' Z 9+111(11’ -1) <:> -il~——-~~(L—*~fI~~-7* 2111(11—!)(11' +11 + 1)

11 11

, 1 , ; ~ 1 - -L - 3 _=

Cho 11 = 1 ta co the du doan rang 111 : 2.T11se chung mmh: —+311 2 7 + Z11 (1)
(1

Q
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(u—1):(—Z</3+u+-1) ;1 ~<:>—S—i2(). D0 uS \_~ Q»-Z41‘ +<z+-LZU:':11)dL|ng_
(1

Tu d6; XE + if 2 31+ 22”‘ = 27 (dpcm )5

Délig lhL'rc x3)'rukhi \'£1ch1khi (1 :1) : <' : l.

W

E1

:~

v.

+

_+ __;\ .

gu.//.1 >()
‘

. Chm/.' .(,‘hL'mgmin|1rngi + + —l—+ 141+/>+) )2 7
w cl 7 z ‘

)\

('I11}'ng minlz

Nhn xét \'é'i 11:/w:<-=1 {hi ding llrc .\Ci}' r11, T1106 11" +/>7 —<-i :31:-1;./).<~e(().\3)

Ta $5 lim $5 Ihuc /11 salo cho hl diing lllfrc mu dfmg \ di mqi u 6 (()_ \ 3]

i+%u21n(u3 —l)+—Z <:> _/'(u):3/nu’; —-M: +(7—3//z)u—3S()
(I _ 3

Ta c§1n lim m saq cho _/‘((1) S 0 Va E (0. Q3) vi) _/‘((1) I (J <:> (1 = l.

Du dozin (1: 1 151 diém cue d@icuz1f(u'). khi d6: f'(l)=()<:>9m—8+7—3m:()<:>m:%.
7

'41-$-

17*

Q)

DOG(){;1s€ chirngminhl~)§ld5ngll1{1'c co‘ >0‘: l + (12 inf —l)+Z
(l

Thilwiy. h:ildz'111glhL'rc llmng du'o'ng: (11 —l):(()—u) 2 (J ailing do (1 E (U. \.“~ ).

TL1‘0'r1gtu'\'E1su)1'u l+/l+l+%(<1+/>+<')2(l(/(1: +/>3 +0: ~3)+'/:7 (dpcm)
(I 7 (' J _ W

1-):'mg1hu-¢ x:'1_v 111 khi vi: @111 khi (I 11):) 1 1.

I{u,.u3.....<1 20 H
/1 1 (IV /1

B1117. Cho . Chung mmh rang: xi‘ < —

DJ

Q

1u1+(1:+..4+u”=/1 5+5 8

C/I ling min/1

; 11' I (5—3u‘)(<1,—l)
Tu xc um hq s0n1su0cl10 j S — + mtu ~ 1) <:> %—f_— S m(u; — 1)

3¢1f +5 8 5 8(3u_f +5)

5 — 3<1 .V61 :1, :1 thi I Tl“ nén 111 d1_1'd.o{1n //1: qL thi b;»'1ldéngIhu'c co so lrén 151

8(3uI’ +5) ~‘-' 32

1

11' I (¢.§—l.) (5+u H11 —1)dung. Thz_1t\"2_1_\-': +_'— S —_ + ——~ <:> U Sk-S (dung)
30" +5 8 31 3Z(3u' +5)
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Déiu bzlmg <=> a, =61: =...=u,; =1

Binh lun: Qua czic bili tozin mo’ du ta c6 Lhé th§1\' rim‘ czic d2_1n<* bit dim" lhfrc Lrén"‘ C‘ C2

khéng hé quan tm dén s6 bién. Ta hoim toim cé thé tbng quail vdi 11 bién mil

khéng lém zinh hudng dén czich gizli. Xét m6 hinh t5ng quilt suu dy:

Bzii todn tng qudt: Cho czic sf) thuc khéng m c1‘,c1:,....(1” thba min diéu kién:

h(a|)+/1(u3)+...+h(u”)=0 (*). ChL'1‘ng minh ring f(cI|)+f(c13)+...+_/(an ) 20

H

Lc'>'p céc bi toein ny thubng cé diéu kién (‘?‘) 121 Z11,“ =12 v21 cé thé du'Q'c gieii quyét
/=1

béng céch xy dung bét ding thirc co sO' cé chung qui luét cho czic bién.

Vi czic biéu thfrc mang tinh déi xtrng nén ding thtrc thu'b'ng dal Lai czic diém cuc tri 121

czic bién $6 being nhau. Khi dé ta phzii xzic dlnh hé $5 m sao cho bit ding thc
"k

f(aI.)2m-/1(a’.) hay {g(a,f)1' p(a,.)20 ding V(11,a:,....(1n 20 th<'>am€1n(‘*‘“)

Trong dé g(c1i) I (al. —xk) vdi xk 121 diém cuc tri cua bait ding thirc.

Béi toén sé duqc giéi quyél néu p(a,.)2O. Trong trubng hQ'p p(cl,.)2O chi dng trong

mét mién nghiém nixo 66 thi ta sé tién himh chia L1'u'(mg hcyp dé giéi quyét bi tozin. Tuy

nhién trong phn 1 néy ta sé khéng dé cép nhfrng bili tozin nhu‘ véy mil sé dé cgip 6 phn sau.

Sau khi dé m ra bit ding thfrc co' sé' thi viéc chirng minh né khéng quzi khé khn cé

thé dun trén phucmg phép phn tfch nhn ttr hozjc sir dung dao hilm.

Qua mét véi vi du mO' aau ban age C6 mé hiéu CILYQC muc dich CUZ1 U.C.T. G céc phén

tiép thco viéc xéc dinh hé 56 sé duqc trinh 'bé1y min céch so‘ 1LI'Q'C bc'>'i vi nhfrng béi toém

dé mang tinh phfrc tap nhiéu hon mé U.C.T chi don Lhun 151 bu'c'>'c dém dé di dén lévi

giéi chit khéng thé du'a ta céch chtrng minh m_1"c liép.

||. Ki THU/__\T CHUAN HOA vA U.C.T

By giéw chng ta sé bu'é'c sang mét khoang khéng gian mdi v('>‘i ldp bit déng thtrc thuén

nht déi xirng ba bién vé ki thueflt chuén héa két hqp vé'i U.C.T. Trué'c hél Ia sé nhéc lai

dinh nghTa

- Ba thirc f(a, 1), C) @161 xtrng <=> f(a,b,c)= _f(b,¢-.@) = f(c.a,l7)

- Ba mucfm, b, C) muén nhét trén mién D<:> f(l<a,kb,kc-)=k”f(a,b.c)

V k, cl. I9, (‘E D, k ¢ 0.11: must

Hiéu mét céch don gién da thfrc thuiin nhét néu né 151 téng Qua célc don thirc dbng beic.

D0 mét 56 lfnh cht Qua hilm thun nhét ta cé thé chu?/an héa diéu kién CUZI bién S6 dé

dUn gién héa viéc chirng minh. Ta 06 lhé chuén héu mét da thfrc thun nhét déi xtrng ba

bién bang czich am CI” +1>" +4’ =1<.@b¢-: p. 61/7+/)('+CcI=l',... By I21 ky mum rt quan



Chumzg V: M471 s5 sdng tqm 1-15 bf}! zfring thz2'c 83*)

trqng gip ta don gién héa \'E1 qui bit dzillg-Ilu'1‘c chirng minh thew timg bién. H51)’ cimg dén

vdi mmjl 56 b§Id:'i11gthL'l'cIhu§n n11§ld('§i u'1‘ng ha bién Gé [h5§'c<3x1g dung cua L'.C.T

1BaiL[Nemmu1chungnnm1@ng Ti_+-ii-+-:;*>§.<n@u@>o <n
7+0 ¢'+u a+b _ ;

Ch zhzg minlz

-»J.Khéng n1§1tt1'nht6ng quail chL1?m 116:1 1/+b+c~

Khid6(1)¢:-ii—+-ll-+-iédzi an
3—a 3~/2 3—c Z

A , , A , u 1 31:1 1)
Ta can Chung mmh bat dang lhucz i 2 —+n1(zI—1J<:> ?— 2 mm ~ 1)

3—u Z 213-0)

~
1 3 —1 T —1 ‘

Dé dilng du dozin 171:5. Ta cé: ~(— 2”: <:> LL 2 0 luén dng.
4 3—u 4 -'1(3—u)

Véyifl 2La_l.Tu"0'ng1u'tac6: b 23h_l; (1 23('_l
3-61 4 3-12 4 3-(‘ ’-1

Céng vé theo vé ta cé diéu phrii chirng minh. Ding thirc my ra khi (1:1) = 0.

\-Ba12. Cho a,b,C 151 czic s6thL_1'c khéng inn. Chfrng minh ring:

(b+('—u)3 (c1+cr—b)3 (u+/2—r‘)3 3(u3+/23+('3)
. 1+ . .+ _ 12 1 (H2a‘+(h+c')' 2b'+(c1+c*)' Zc‘+(/>+u)‘ (a+[2+(')'

Ch ling minlz

Chun héa (1+11+(' = 3. Khi d6 bt dng thfrc (1) urcmg du'o‘ng \*é'i

~JJ

as-2H1 m.-zml 13-2m’ ~ _ w

_ ) + + _ 2a'+/2"+(~" (2)
a'—2a+3 l2'—Z/9+3 <"—Z<'+3

‘ - 4 A ' , , \ , 213*2 *2 *Ta cfm xzic dgnh m dc bat ding lhuc CO'SO‘S2lL11£1dLl11gI 2 :1‘ + mm — 1)

u" ~_u+3
< +3 1-4 +( 7 ,_ _<‘+?<1-4 +<

hay  aEm U U -1-lH<l(6l—1)§O. V01 (I I 1 thl iii’32 (I (1 U16
c1‘—2a+3 u“—Zu+3

“J

., , . -—&m3 1

kh1d0 ch<_>n m = -6.121 sé chu'ngm1nh: ,—~— 2 a“ — 6(u — 1) (Zn)
r1" — Zu + 3

, A , 2(3—2a)3 » c1(6—a)(a—1): ,That vay ta co: +20‘ —6(a -1) <:>‘i2() dung Vae (0.3).
a'—Za+3 u‘—Zzz+3

23-ml 7 23-2-1 ,
Tu'0'ng lu ta c6: $212“ —6(b—1) (2b); $20‘ —-6(('—1) (20)

b'—2b+3 c'“—2c'+3

T£1'(2u). (213). (2c) suy ra (Z) dfmg :>(dpc1n).¥)ng1hL'1‘c x21y1'z1<:> (1:12 = 0.
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1 (b

Béni 3. [1-)é 1111 Olympic 30 - 4,1<11é1 11,1511 XII - 2006]

~ '1 - - , 1 I
Chtrng minh réng M)?“ + but”) W + “Hf 7) _ £9 . Va./>.<' >()

+(")"+u' (('+u)'+l7' (¢1+l7)'+¢-‘ 5

Ch zhzg minlz

Khéng 11151 mm 16mg quail chuén 11621 a+b+¢- = 3. Ta cé 1>é1 déng lhtrc 11> 111011; du'O‘ng

Véi a(3—a) b(3—b) c(3—c) $9
9—6a+2a‘ 9-6b+2b' 9—6c+2c" 5

Tuo'ng tg nhu trén ta dé dng tim ra bét déng thtrc co‘ $01 sau:

3- 21 9 -1 1 18 .1 .1 .

a( a) , 3 + a <2’ Oé (u ) ( a+?) . D1éu nZ1yh1én11h1é11 ddng.
9—6a+2a' 25 25(?9—6a+2u‘)

Bang 11111-Q xéy ra khi 1/21 @111 khi (1: /9 =1-.

Bfai 4. Cho a,b,c>O. ChL'1'ng minh ring: U , + [7 w + (> 7 2 9 (1)
(b+(')‘ (c“+u)' (u+l7)' 4(u+b+(')

4

Ch ling nzinlz

., - 3
Chuénhéaa+b+c=3.Khid6(l)¢:> " ,+ /’ ,+ ‘ ,2-121

(3—-u)‘ (3—b)‘ (3—(')‘ 4

, I 2 - -1 1 < —2
D11 doén bét ding th1'rc co‘ sc'>' 15 a , 2 G I (2a) <:,- (U ) U , (1)20 Iuén dmg

(3—a)“ 4 4(3—a)'

2 —l - 2 -—
Vae (0,3). Tuong tu ta cé: b , 2 b (2b); C , 2 ( I (2c).

(3—./J)‘ 4 (3—c)‘ 4

Til‘ (221), (2b). (20) suy ra(2)d1I1ng :>_(dpcn1).Déngth1'1'c xéy ra <:> cz =1) = c.

._ , . --3 1 --3/1 -3-1 1

B5115. Cho a,b.c>O. Chung mmh: (b,+( U) , + (U,-H 7) , + (Nib U , 2- (1)
2c1‘+(b+(')' 2b“+(u+<')‘ 2<"+(/9+a)‘ Z

Ch zhzg minh

Khéng mt tfnh téng quzit, chuén héa a +12 + c : 3.

Khi (160) (#3-40)‘ 23-411)‘ €3—4c')‘ Zl
2a“+(3—a)' 2I2‘+(3—lJ)‘ 2("'+(3—c)‘ Z

3_ I 1 I in

Sir dung bét déng thirc co sci sau (, 4”) , 2 M 7 1: M 1,) ()9 8”) 2 0
2a‘+(3—a)‘ 6 6(c1“—Zu+3)

Biéu nay hién nhién dling vi OSaS3:>39—8c1239—24=l5>O.

Tu0"ng tu vc3'i czic bién cbn lai ta cé diéu phai chtrng minh.

Ding th1'rc xéy ra khi v51 chi khi cl = b = C.



Clzmrlzg V: .-Wgit sf} sling tgm 1'5 bit (fling r/uh‘
5’-'+ 1

' B:Z1i6. [USAMO 20031

(/>+<"+Zu)" (u+(+Z/>): luV+/1+3":

\

\

\

, , (Cho u./2.0 >0. Chung mmh: , _ + + ', 3 8 ll)
‘Zu"+(/7+0)" I/>“+(u+<")‘ Zr" +(/1+0)‘

Ch zhzg minh

Khéng rnét tfnh tfmg quail chué-n hda (1 +/> + v I I . Khi d6 bl dng thirc ( I 1 1u'0‘ng du'0‘ng \'('ri

m+l)3 </>+1f ((+1): l
1 .+ ‘ \+ w ~ $62:1‘ +(l—u)' 2/2“ +(l—/7)‘ 20' +'(l—<')'

V ; ; . . <+1>1 12 +4 <7 -1H4 +1-Sudung bat dang lhuc co‘ so" sau ,0 ' , S (Q @ O W , U , )Zu‘+(l—u)' J Za‘+(l—(1)"

Diéu nily hién nhién d[111g.{)f§nglh(rc xayrukhi\"£1cI11'khi <1 :12 :<".

Bili 7. Cho (1./2.0 > 0. Cl1L'1'ng minh: M

(Zu+/7+€)2 (Z/>4-(‘+<1)3 (Zc+u-/2): 12‘+ ‘+ < (1)
-la“ +(/)+¢')“ 4/2} +(c+z1)‘ 40" +(a +/2):‘ — Ll ~.~/>+('

C/Ming mi/1/1

Khéng mt tinh téng quzi1.gia' su‘ 11+/2+0 : 3. bl ding lh(1'c (1) lr0' Lhimh

‘(a+3)' $l2+3)‘ 1(('+3)2 :s4‘(2)'
4a" +(3—a)* 4/2' +(3—b)‘ 4c“ +(3—(')‘

. ‘A 3 1 2 1Xétda1d1¢n L;(u+) ; S;u+).(2;1)
411' +(3—u) 3

V

q 1 : 2 '_ :Than véy C6 _(z1+I)_ ‘(u+_>) :(Zu ‘+lZu‘+9)(u 1) 20
3 4u"+(3—u)' 3(u“+3u‘—9u+9)

, <1 3): 2(/+1> <- if 2<-+1)Tu‘o'nglg1'u1co: 3+ 3 _ S 7“ (Zb); ;( + ‘ ‘_£ (W (Z0)
4/7 +(3—/1)’ J -H" +(3—(')‘ J

T£r(2a).(2b), (2c)suy1"a(2)dL'1ng :>(dpcm).DénglhL'1"c xz1y1'u<:> 11:12 :1".

Bi1i8. Cho cc khéng m (1,/>.('.(!. Chirng minh ring:

V
J

¢_n

J

J

.1

J

-\

a b 0 (Z - -

b:+-2+1: -:+l3+3 l3+3+/3 3+/:+-:_- ’~ ~ - - L

C 6 (, ( ll ( (I J (I 7 ( - \/U + ]) + (- + (j

J
_)/\

Ch zhzg minh

. , ~ ~ ~ ~ 4 1
~ 1 3/?claw ¢1~+1>~+(-~+¢/- =1. kh1d6(1)~:> " _ + ’_+ ‘ \+ ‘ ,2 ‘ ‘ <2)

l—(/" 1-/7' l—(‘ 1-1/‘ Z
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5 , . c1 ~ - Z
Ta se Chung m1nh:-i-__-Z——u' <:> u(1—u*)S~:.

l—(1~ ~ 3x,//3

Q5

J<\
w

S11’ dgmg bét déng th1'1'c AA/I - GA/I_ ta (:6

1 1. 1 . 1 . 1'72 1 2(1- 1)“: 4 1

a“(1-a‘)“=—><2u“><(l—u‘)><(1<—a')5-Mi;i——) :—3z1(l~<1‘)£i.
2 2 3 77

Z’
ufl

b 3 E w ' 3 /? 1 1 I‘ 5

Tu0111gtu'.1a cé 5 2 \/ 11'. L , 2 \j<". C _ 23x/Dd“
l—b‘ 2 l—c‘ Z l—d‘ 3

Céng 1511 1u'Q‘t czic bt ding thtrc lrén. 11106 dpcm.

Ding 1111'1¢ xdy ra 1111 Va @111 1<11_1 3t1‘0ng 4 $6 11./21.11 bang nhau. $6 cbn l2_1ib§1ng0

Bi 9. [Crux mathematicorum]

I/3 Z/3 2/'3
, . ; <1 b (' a +1) +c

Chu'ngm1nh rang: + + 1__ 2 W. Va,b,c" >0 (1)
Q/a +11 {/11 + 1" \/0 + (1 '\‘/2

C/112'/lg mirzlz

4;‘ .
Ta sé ch1'1'n2minh i—\—Z5.\"" -1. Vx > O (Z)

Th:§11\1éy.néu 14% 11111>é11a§mgm1'1~¢1z1 hién 111111311.

D

_‘) 'w /13 _] _'\-__3
Néu XZLI Xét i/(Ix) 128.1 j.,(_\_) 584.1 Fl .\;§(i.\7 5114 )_

\/5 <.1~ +11(5.1-- -11» (.1-5‘ +1)-<5.1~ -1)

, 3 3 = 5 .1 ~ , ,. .

Ta c6: f (.\') = 0 <:> .\"=1. .1'=—1L—4\/-'—_§. Ta de dang k1en1 Lra du'Q'c ring f ('1') > O \'0'1 mQ1

.\"e(1.4LIE) v21 f'(.1-)<O 1116111191 xe
' <_\1D , ‘

D0 dé /11-1 2 min{f(l). lim _/‘(,1-1} =1 v.1-2 Vzjy 1151111511151 [hl1'C 121 aung.
.\—>4-OQ

‘

, A ; , \ ,. x »- ,
Su' dung bat dang thu"c nay vo"1 .\' Ian l11'Q'tlhz1y bo"1 ~*;~—, ‘,~. > ~ , la co

\' b \' c (1

i/511 5 .. 1 £5/> 5 ~ 1.‘ "51- 51‘ 1 1‘
———>—a'3——b33 " —i—> /12’ 1"’ " —-\—/i>—<-'“—Zc1"__' —* , ‘ 
Q/a+I)_4 4 Q * +(' 4 4 Q/c'+a 4 ’

Cfmg 3 bt déng thirc trén ta cé (C1‘pcn1).Déngth1'rc xziy ra <=> a = 12 = 0 > O.

[.4

D‘



Chu'0'ng V: 11/[git $6’ sting tqm 115 bf}! airing th12'c

1 Biii 10. Cho a./9.1" > O. Chtmg minh 1"z§11g:

:13 />3 1" 11+/>+:'
I + + , 2 (1)

\/4512 + a/)+4h3 \/4/7" +/2¢'+4(‘3 \,"-'l('3 + ('c1+-1113 ~’

Ch zhzg minh
'1

1 (.
Ta Ch(1'ng mlnh —q°‘?z3.\~-1. v.1-20.

\/41" +.\"+4

36.-4 . .-- ‘Z 5.--I
Ta ¢o-,%-(3.\--1)- =(#1f(1%4)z0 acmg.

4.x" +.\'+4 41" +.\"+4 "

6.\ - ,

suy ra :i——2|3x— 1| 23.\‘— 1. Déng thu‘c xay 111 <:> .\- = 1.
\/41" + .\'+4 '

SL1" dung bét ding thtrc Lrén véi phép thé 12111 1L1'Q'1 thay .\‘ bdi %.[l.5. ta c6:
0 a

'v 1 16 _ _ ‘_

i7i——f23cz—12;——%b—%23b—<'; 23¢~—¢1
\/4:1" +ab+ 412‘ \/4/1" +l7('+4¢" \*'4c' + (11 +40"

Céng 3 bzit ding Lhlic Lrén_ la 06 (dpcm). Dfmg lhfrc xz'1y1'a khi vil chi khi u=b=('.

a.b,c>O 1 1 1 1 3
B51111. Cho { .ChL'1‘ng minh rng +_ + §

a+b+¢'=3 </711+? </1>1+7 </¢-1+7 3

CI1 zing minh

Ta sé chL'rng minh Vxe (0.3) (2). Xét _/"(.\")=(31—7,\")‘1(.\"1 +7)
\,/3 .\"7 + 7

Ta cé: f’<,\-) = 7<31- 71->’<.\--1)(21 + 21.1-+ 21.1-1 + 21.1-»‘ + 21.1“ + 21+‘ - 101-“ )

R6 rimg f'(x) = O chi c6 2 nghiém du'o'ng phn biét 151 1 v51 xv E (1.3).

Khi x di qua 1 thco chiéu téng th] A/'(.\') @161 d2'1u til" aim sung duong. qua .\',, [hi _f“'(.\")'d(“'»i

déu tit du'o'ng sang m nén ta cé f(.\")21nin{f(1.).f(3)}= 48*‘ .V.\-e(O.3). Suy 111(2)

dimg. Bring Lhixc my 1'21 <:> X = 1. SL1 dung bt ding thtrc (2) 1£\C1L1'Q'CI

1 31—7a 1 31-7/2 1 31-70
- S ‘ 1'73 , ‘ ‘is

\/3 :1" +7 48 Q/117 +7 45 '\‘/("'1 +7 48

1 3D0 dc’) 1 + _;_+ _%S 1 [93—7(a+b+c)]=— (dpcm)
x3/a7 +7 \’/b7 +7 Q/c7 +7 43 2

Ding thtrc xizy ra <=> 41:12 = c = 1.
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|||. U.C.T VA KI THUAT PHAN T/SCH cAc TRUGNG HOP

U czic phén lrén 121 di linn qucn xdi min $5 h£1i mim khi dun xé d;_1ng

/(u )2./21-/1(¢1J1<=>},>(z1;):: />(u‘,)2()

Néu [7(_(l,)ZO [hi C6 ngzl)‘ diéu phai chimg minh. TL1)" nhién khéng phai bun giiv I16

cfmg xufit hién p((1,)2O. Trong u"u'Emg hqp />(uA)2 O Ch! dflng \"(\'i mét mién ngl1i<§:m

niio d6 [hi viéc chfmg minh sé phai di qua xnét chiéu l1u‘('>'ng khc. d6 IE1 .\CI lhém u'u\’mg

hqp bién (I, ngoili mién xzic dinh dé /1(0) ) 2 0. Thu'()'ng [hi buds nil)" phirc lap \'Z1 dbi hoi

ngu'i>‘i liim phéli cé nhfrng dfmh gizi mung SL_1'lil1h té nhiéu hofn. Chflng Lu >6 dén \"O'i mél

S6 bin man tiéu biéu cho ky lhul nily.

Béi 1. Cho a.l>.(".c12() théa min u +/2+<*+d : 4. Chimg minh r§mg

(1+m‘><1+/r'><1+<-*»<1+(/*)z<1+<><1+/>~‘>(1+¢-‘><1+(/H <1)

C111?’/zg min I1

Khéng lnfu lfnh Léng quit. gin sir :12/1 2 1' Z (I 2 O. X61 Z\1‘L1'£*'ngl1q'p:

+ T1'ut>'ngl1<)'p1..\‘éL1 (1z3:>/>+(-+4s1:<>s/;§1.<>s¢-s{.<>§¢1gé.
3

:>(l+a4)(l+b4 )(l+(“4)(l+d")—(l+11‘)(1+/>5)(l+<"")<l+(!2)

\/
2.:

_F F “ ‘

2(1+u4)—(l+a})(l+l')Ll+(%) ‘=6-%u‘~%_ —%u‘—%:%(u‘~—Z)>0

Ki.

:>(1+1,‘)(1+1>"><1+(-*><1+(/*>z<1+u‘><1+/>-‘ ><1+¢~‘><1+¢/‘>

+ Tmamg hqp 2; Néu 3 2:12/2 2 <- z (1 20. mi (1) <:>Z[2m<1+<>-21ml+()]z0
[\A

Xéthilm $6 _/'(.\‘):2ln(l+.\**)—2ln(1+.\"‘)—.\"+1 ma 0s_\-$3.

, , 8\‘3 6Y2 (.\‘— l)(—.\'(‘ + ,\“< + .\"[ + 7,\': + .\'+l)
Tac0:_/'(.\")= f — _' —l=

.\"+l .\”+l (\' +ll(\“+1)

D5 thy _/"(.\') :0 chl c6 Znghiém dLl‘O'l1gpl1f1I1bi§1 121 1 \"Z\ .\'H E (2.3). Khi .\' di qua 1

thco chiéu Léng dn [hi _/"(.\") déi du lir Zxm szxng duvng. khi .\‘ di qua .\‘,, lhi _/"(U déi

déu tit duong sang Elm nén ta

06 f(x)2min{f(1).f(3)}=min{0.Z(ln-11 —ln 14-1)}=0 . Vre [0 3]

Suy 1'21 2m<1+.\-* >-21n<1+,\-‘ > z.\--1 Vxe [<13] :>Z{21n(1+6?)-21n(1+u‘ >_%zZ<u-1) :0 _

Véy ta c6 (dpcm). Bng thtrc xziy 1'11 <=> u :12 :1: 1/:1. _

r'\| In -



Clzumzg V: 11¢}! SI): sting rgm 115 bzft ¢I'(ing Ilzzir S45
I ,

13 " 2 '\) ‘ NB2112. Chung mmh Ll ~+ _ ‘~ , L ,2— .V(/./1.<‘>() (I)
V u'+</>—(')‘ /1'+(_u~‘-("F <"“—¢/>+¢1)' 5

('11 1?‘/lg min/1

Khéng mt tfnh 16ng quail chuén lmu u + /2 + 1' I 3 . Khi <16 hit ding [htrc 1 I ) tu'0'ng duong \'O'i

' />* W 3 M §
U ‘+, w+‘ ,2f<:>Z ‘ Zfll)u“+(3—u)' />‘+(3—/))‘ t"+(3—<'Y 3 Zu‘—(n/+9 J

' 11‘ i“zl—7 7 ~Tz1su'dL_1ng bél démg lhtrc co‘ so" suu ,i— 2 5+ <:> (bu — Zl)(u— 1)‘ Z 0
Z11‘ —6u +9 Z3

Khéng mt lfnh Iéng quail giéa st!" (12/2 2 0 :‘> 51212:". Xél hui l1"L1'{mg hqp mu

+ Tru'O'ng hqp 1; c‘2%:>8u—Zl28/>—Z128('—Zl2().

+ T1'u'O'ng hqp Z: l\1z1.\{u./>.<'}S%
L

. , \ I 49Kh1 d6 ta co: _/(:1): w U = W 2 >%
Zu‘—(m+9 l+{3_l)‘ DU 5

cl

D0_f'(¢1)d@>ng bién lrén (().3] nén diéu nily hién nhién dflng.

Véy bi tozin CIu'Q'c chtmg minh. Ding lhirc xa) 1'11 <:> u I /> = ('.

B£1i3 [Algebraic Inequalities — Old and New Method]

l l l (Choi .ChL'1'n2 minh + 1 + + 2 1) (1)
[u.l),(J.d >0

11+/>+<'+d=3 “ 3u:+l 3/5+1 3(-3+1 3(/3+1 7

Ch lhlg min I1

; , . . ; .» 4 , \ , l 4Ta can xuc dgnh h¢ so dc but ding lhu'c sau 111 dung 7? 2—+m(2z1—l)
'7.>u'+1 7

= \ \ ; V, , , 1 52-4% 3<21-1>1<12¢1-1)De dune um 1";\halda1w 1hu'c co so‘ suu 2 ‘ <:> L 3 7 2 0
b b 3a: +1 49 -l9('nu' +1) ‘

Tu'o'ng lL_l' vdi czic bién cbn l:_1i. Xél hui l1'L1'C~'11g hQ'p suu dy

+ Trufyng hqp l: 1'nin{u./>.('_d}21%:> 1311-12 I2/7-1 2 l2<--12 llz/-1 20

. l . 4) l -18+Tru‘€mg hqp 2: z/<—:>l+3z/' <—2—f>—(
I2 48 l+_»(/' -1)

Xél lucmg u_1‘ vdri caic bién cm lz_1i ta tim ru diéu phai chimg minh.

Bang thtrc xziy 1‘£1 khi val chi khi (1: 1) = <- = (1 =
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B-21i 4. [Algebraic Inequalities — Old and New =.\Ieth0d]

Cho a./9.0 151 céc $6 lhuc du'0'ngth011n1€m (1: +/1: +19 2 3.C11L1'ngminl1 ring:

‘¢1=_¢1: /2 —/7' <'\—c' ~>O (U
_ W . _ . . , —

41‘ +b' +c" If +11‘ +0" (9 +17‘ #41‘

Ch ling minh

; yr , 1 1 1 3
Bat dang lhuc (1) <~,- Q , , + g _ 1 + i , e 3 _ W ,

u‘ +b“ +5" ./J‘ +0“ +0" (“ +12“ +u' cl“ +19" +1”

Tir dziy suy ra ta chi c511 chirng minh £1-u'O'11g hqp u: +123 +0: = 3 151 1111.

M6 Ia“ \
Ap dung 1>é1aang111u-¢ 4114- GM, 1+1 cé -1- g _ -,: = +1‘

' u‘ +1 2\/(,3

Bét (1: = .\".b3 = _\",c: = 1, 11'1c dé la cé .\'+ _\'+ 3 = 3 vé do dé ta phaich1'1'11gm1nh

122 *1 @2L(3—.\‘_ .\-‘+1 ‘j2O@Z£ )20
(2)

(1-1 2-V‘ +3 1+, 6 lx“ —.\" +2.\'+3, W \ 6(2.\"" —,\“ +Z.\'+3i) /
-~~———.\’ -
.\"+1

Khéng m§ttf11ht6ng quail gizi su‘ .\' 2 _\" Z :,_:> _\" 212 1 , X61 1141 1ru"O"11g hqp

+ Tru'©'ng hcyp 1: V1" + I. 213.13 2

Khi dé ta cé: -2.11 +3.\~+3 > 0.-2;? +3» +3 > 0.-2;’ +3: +3 > 0 :><2><11111g.

+ T1‘u'€>'ng hQ'p 2: _\"+ Z §1:>.v 2 2

1 I -\ P 1 2
Khi G6 ta C6: (2.x'* —x +2.\'+_>)—J(x+1)= Z.\"' —.\‘ —3.\'— 2

1 3 2 1 ? 2 1-‘ .1-+1 1

:.\'3£2——-%'"j Z.Y3K2-*-i;—jj=?>O:> §f
.\' .\" .r* Z Z‘ 2' Z 2.1“ —.\" +2,\‘+3 D

1 ; , _ 1+1 \"+1 4
NhLrv2_1y ta can chung mmh: w , + _ '_ £ 7

——:,' +Z1+3 Z)" —_\'” +Z_\"+3 3

- 7 ~ -

Ta sé chL'1‘ng minh +31Vke [(1.1] <:>-1/<° 2('/< +1)(2/<—1) V/<e[O.1]
2/<' —k'+2k+3 5

Néu k Sé thi hién nhién bait déng thirc dC1ng11én(2)dL'1ng suy ra (dpcm).

Néu 1 2% 1111

418 —(k+1)(2k—1)24k3 -2(2k-1)=2<2/H -2/<+1>z21/<1 -2/<+1)=2(k—1)3 20



Chzrz/ng V: 11/[git sf; sdng tqw vé bfit dzing tluic - 847

\ 3+1 v \‘+l 7
Tu" _\"+;Sl:>\".;€[O.l] :> 3%; _ ‘, S? :>(Z)dung.

v Z;'~:“+ZZ+3 3 Z\"“—\"+Z\'+3 3

\/<11)" bi 105111 du'(_>'c giai quyét hoim 102111. D§1ng1h(1'c xii)‘ 111 <:> (1 =12 = 1' I I.

Nlzn xét. D51)’ 13 mQ>1 kél qua mqnh h<1'n cho bii toém 3 uiong 1\'i lhi I.\/IO Z005 01111 tdc

giéi Vasile Cirtoaje. Bili tozin géc bun du 151 \*<3'i diéu ki-in u/3021. Diéu kién Qua bi

toém trén chit h0'n vi Lhco bit d5111g th1'1‘c AM — G11/[ta Q6

(13 +1): + cl 2 3 :> 3 - Q/((1190): 2 3 :> <1/71' 21

Chung ta hy dén vc'>'i 161 giai cua chinh téc gia bi totin trén. d11"Q'c trich 111' quyén Algel2rui<

Inequaliries, Old un(lNc11‘ Met/20:/. T21 qui viéc ch1'1‘ng minh bzli t0z'111 sau:

Bfai 5. Cho (1,1), c IQ céc s6th1_1‘c d11"o‘11gtl1(1z1111§n 413 +113 +03 = 3.Ch1'r11g minh

I 1 1

. +_ +_ S1
(1? +3—a3 /75 +3—l23 (“\+3—c3

CI1 fr/lg minh

Khénv m§tt111ht611<1 uét_ 121 213 su' (12/2 2 4- 2 O. Xét hui t1"u"b'112 ho" suuC - - - .P

+ Tru'€>'ng hqp 1: a S \/2 :> :1./> S \/I2 . Tu s1'1'd1111g czic bit dng th1'1‘c c0"sz1u

1 <3-(H 1 <3-/>1 1 <3-H
< 3- ‘< 3* ‘< 3*a‘+3—u 6 [;'+3—/2 6 ("+3—c 6

Thét véy Xél bién @161 1 I 1-3“: = (“_1):(“5 +12” _3‘f2 _6”_3).
0' +3—u' 6 6(cl‘ +3—u‘)

/ 1 \/ _, - 1 1 6 3
va danh gla 11° +2114 —3a2 —6a—3=a‘Lu} +211‘ —3~———_J

a <1‘

Saz(Zx/5+4—3—3\/5—%)=—a2(%+\/5)<O

+ T1'u‘é'ng h(_)'p 2: a > \/5.1413 .+b2 +¢-3 = 3 :>b3 +1‘-2 <1

. , , 1 1 1 1 1 1Kh1d0tac0: ; ,+ Q ,+ i w< 7+ 3+ _

a’ +3-0" /9' +3—b‘ C +3—(" :1‘ +3—-u‘ 3-17‘ 3-0‘

Métkhéc ; 1 ,< 71 1: l < I <1
a‘+3—a' Z\/5a'+3—c1" (2\/2-l)c1-3+3 ( —l)

Ix)

Q
r~>1

I\)

+
kn

o\

. \. , , 1 1 , . 1 1 5Nhu' vay bzu Loan se du‘Q"c gm quyet neu ta chung mlnh du"<_>‘c Ti£8
- — 7' - —c'



8-18 Plzzrovzg phrip hf $5 I2}?! djnh

Thét Véy mcé ll 1 _§_:9(l>‘ +1->‘_l)—51?'(-~

3-/2“ 3-K 6 6(3-/>“)(3—(")

Nhu'vf1y bili main du'<_J'_c giai quyél. Dz'1ngthL'1'c x<"'1yra <:> <1:/>=('=1. <

Nhn xét.LO'i giaii cuu lzic gia Vusilc Cirloujc nga)‘ tir dfiu cflng d su' dung‘ L7.C.T

nhung 116 l2_1i dun lu dén czich xél trL1'C\'ng hgp khzi le V1 phni so sfmh hién \'(»'i

I_ ,_ \ , \ . , , . . L ,, , .

\/‘Z . Day la mm hm loan d¢p \'0'1 nlneu mo‘ rqng Ihu \1.

Bili 6. Tim hing $6 k [61 l1h§ldéb£§lld51'1glhLTL‘ dung \ Gi mqi u_/>.<' 20 \

XL

7*“

'3.

+
{L

?\
U‘

A17'

+
Z____A_

/\
{___‘_‘

Bi
7*

4-

'1 '\ 1 \ 1 —
_ _ _ _ ’ , _

c1+}>+n') '

'51 +(/2+0) ' + ("+0 kc +(u+2 '+

Gidi

Cho a =11 = 1.0 = O ta dLl'Q'C k 2 5. Ta sé chL'1‘ng minh 5 chinh lé gié tri cfin tim.

Lire 121 chfmg minh: , , + _i_ 1 , + , , éf (1)
\_ ‘+(b+(')' \!Jb'+(('+zz)‘ \§5c"+(u+/2)“ 3

/ (15 [)3 ('3 (c1+h+c)

1 MI

su dung bad dang lh(l'C CBS. la 06: _

§((l+/7+(')Z 
\<'\( 50- +(b+(~)“ / :\'1"5(I~ +(b+(')'

x

3
.

ta chirng minh: S l (2) _

W 5a" +([>+(")' 3 ‘i

Khéng méit tfnh téng quilt chuén héu u+l>+c =1 vé (1212 212 0 suy ra a2%2c‘2O. ~

-» -1 1 ‘

Bét dang thtrc (L2) ‘E’ , ” + 1’ + _ ‘ l.
6a‘—2(H_-1 6b‘—2b+1 6("‘—2c+l 3

Ta phéi xét hai lru"O'ng hcypz

1 , 27¢? Z 27¢’ (3u—l):(8u—1)

1

+THl: -2—Lac09— ——,—i—: 121—1— , w: , L 20
( 8 2:611‘-—2a+ .. l 6a‘—Zc1+l/ 6a‘—2a+l

+TH2:c5lLacé: 6": + 6": + 6": -2
8 6u:—2a+l 6l>2—'l/2+1 6c3—Z("+1

211-1 + 211-1 + 662 u—b—c + />—('—u + 60:

6a‘—2a+1 61¢-21¢+1 6c‘—Z('+l 6(ll—2(I+1 61%-2/»+1 (>6-2¢-+1

2(a—b)3(3c—2) +(_( 6(- 1 1 )

(6a3—2a+l)(6b3-2b+1) 66-2<-+1 6u3—Zu+l elf-2/1+1



Chu'0'ng V: A/[git $5 szing I(l0 vé bf}! (Hing thlic 8-L1)

~ . ( l l
Ta cén chtmg m1nh: \ M § E + ‘

60' —Z('+l 611' —Z<z+l 6/>“—Z/>+l

- , 1Vi (Si nén S1 V51)’ ta sé ch(1'ngm1nh lS—‘i~+_iI-
8 6<~' —2<-+1 (Mr -2” +1 6/1- -2/)+1

L \ I A A _ , , .Neu b 3% thl IS ——_—-i ncn bat dang thuc dLrQ'c chung mmh
3 617‘ — 2/1 +1

Néu b 2% {hi zip dgng b§ldflngtl1(1'c CB.§_lz1cl11c§1n chL'1'ngminh

4 26(u3 +b3)—Z(c1+b)+Z <:> [Z(u+/>)+('](u+/2+0) 2 3(u: +/>3)

Tit gm thiét b 2%: 31> z Cl. do dé: [2(a+l2)+('](u+lJ+(") 2 2m +/))2

=3(a2 +b3)+4ab—a2 +122 Z3(u: +l22)+a(3b—u)23(u: +193) :> (dpcm)

D§1ngthL'1"c xéy ra <:> a =1) = c hoéc (1: 11.0 I O \/Z1 czic hoém vi.

\/fay héng S6 /< 161 nhéu I21 5.

Cl.[7.('>() 1 1 1

B51i7.Ch0 .ChILmg minh ,, + ‘ + £3 (1)

'\jJ

"'2

+
L14

a+l2+(r=3 \/u'—3z1+3 \"l7"-3/7+3 \/(‘:-

. Clzzhzg minh

Khéng mt tinh téng quail. gié str :12/2 2 c > 0.

Dé ’/rn ——iiS.\"+1V.\"2@(Z)§ o 2 2
\/x —3x+3

Thzfnvéy, (2)<=>(.\-+1)\/.\-1-3.\-+322’: <.\~-1>1<.\-1’+.\--1)z0 (dflng)

/5 1

Suy ra: Néu Cl 2b 2 0 2% thi SL1’ dgng b§td€ing1h(1'c(2)tz1c6(l)du'Q'c chfmg minlm

Xét OQSQ Khi dé. cé hai khé nmg sau xély ru:

" -1
, , , 3 ‘ 1+NéubS l,tac6: a‘—3a+3=(a—%) +5321; b'—3b+3=(b—l)‘—b+22l

( /— \3 -_
c2—3c+3=(1—c‘):—c+22(1—i\/5-1J—i\B1+2?-I6

‘Y

7 7 /I -- / - (\»>+1)

Do do; VT(l)§-2-—+—\/E+1<3
\B 4
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+ Néu 1) 21. suy ra 2 2 :1 212 21.Xé1hZ1m $6 _/'(_\-) = \-bi 131-5 2
' l ~» -»—_x\‘+3

, , sf - 241+ 15
Tu co: f (.\') =—+ii<—,— < O :> _f(_.\-) 1511151111 16m.

-1(.\" —3.\'+3)"'

D0 C16 lhco bit ding LhL1‘C Jensen 1:106: f(u)+_f(/7) § = Zfm
\I‘ T w5 3—1z+_»

Z 1 Z
T, '1'. ' . _‘_ w

!['—

J

1

.1 phax <.hung mlnh. I1
-

$1/.:\ + £3
\‘ - \'I'—3l+3 \‘-lI‘—6[+3

_3 <»_»,,,< 4 -, ‘ I -

L<J

'1"
¢.J

DJ

\(

L9
V

LA
an

hr’
\_/

+
Q.)

36(z 1) (361 -54‘ +7491 ~l~O2r’+l()991 -01-161+l171l: , W , 4_ '20 (3)
(z“—3z+3)-(41-—6r+3)~

cs me kiémtra(3) dL'1ngnén(_1)dL'mg_ ‘

Déng Ihirc xé.y1':1k11i \'Z1ch1 khi 11:12 I 0 = 1 .

B5118. [1\"I6"r{>ng ti1'P0lan

.-., , ._ , . ; 1 ' 9
Cho a,b.ce its thoa man a+b+c=l. Chung m1nh1'ang—T[L+%—+<(—£—

(1 /7 +1 c +1 1O

d 1996]

>+1

Khéng n1€1tlfn11t6ng qL1tgi:'1 su (12/2 2 (- :> (12

~

+ Truéng hqp 1: (7 2 —i ta cé

9 [ a 1) c‘ J £180 5 u \
1 7 + 7 + 'V : Z + 1 7 ;i

IO a‘ +1 b“ +1 c" +1 W 25 30 af +1,

Ch l1'Ilg milzh

Q.)-—

\/

X61 hu i 1ru'O'ng hqp suu:

/-\

U)

Q

.__

xv.)
J/Q

4-

— ' 'a+3) 20
5O(c1‘ +1)

+ Tru<‘>ng hqp 2: c £ —%. Ap dung bit ding thrc AM — GM. ta c6 —,”— +—;17— £1
Cl 1-+1 b"+

Khi <16 néu f 13 -126 <:> -5- 2\/6 3 (f 5 —% la c6 ngay diéu ph2Li chtmg minh.
c“ +

Xét truimg hc_>'p: —5 — Z\/F6 2 (*1<hi dé ta 06 3+ V6 i u :> ———,” S i.Tirdysuy1'a:
wu'+1

(1 b c (I b 1 1 7 9
1 + , + _ 3 7 + , §—+—:--<—

a‘+1 b‘+1 c‘+1 u"+1 b'+1 5 2 10 10

Véy bt ding thtrc duqc chtrng minh. Bing Lhirc xay ra <:> (1:12 I c =%.



Ch !!"0'llg V: A/[git S6 szing tgw vé‘ brft (7511g th12'c H5 1

|v. KET HQ’P BAT DANG THU’C VORNICU scuun v<'3*| U.C.T

Trong chu‘o'ng II chimg [Oi d gidi thiéu bit dzing thirc Schur mO‘1'{>ng \'Z1 czic (mg dgng.
By gib chimg ta sé thy sgr kél hQ'p gifx'z1\’0f|1icu Schur vdi U.C.T sé [£10 ra nhfrng lO'i
giéi khzi n LuQ'ng \’£1 d¢p mil. Tru'é'c hél chdng ta hi)‘ 11l1§c lgi hél ding lhfrc Vornicu
Schur.

} 1. Bt ding th|i‘c Vornicu Schur: Cho (1 2/1 2 0 \"{1 A.B.C 20 khid<'>bi1dfmgllu'1"c

A(a—b)(a—c)+B(/>—(')(b—a)+C(c—(1L)(<-—/2)20
IE1 dfmg khi \*Z1chi khi

i.A2Bh0:f1c CZB

ii. A><a 2 B><b

iii. B><c‘ 2 C></2 (Néu c/./),<'1Z1b;1c@nh cuu ma}! lam gidc)

iv. \//3+ \/E 2 \/E

2. Hai dang bién déi chinh tic vi: céc (mg dung ciia dgng 2

21/(gr? n/(€r— r/f 3+ 6’€— Effj-F CG" — 415' vi ff

A(a—b)3 +B(b—(')3 +C(<f—a)2 =A(cz—/))(a—('+("—b)+B(b—(")(/>—a+c1—L‘)+C(c—u)(('—b+/2—u)

= ZA((z—11)(a —c) + 2,40) —<')(b —c1)=Z(A + B)(/9 —z')(/9 — (1)

Dgmg 2. A(2a —b—(')3 +B_('217—('—z1)3+C(Z('—u—/2): 20

A(2(1—-/9-0): +B(2/J—('—(1): +C(Z('—a—l>): =

=22/4(a—l7)((1—(')+2A(z1—1J): +2A(('—(1)3 = Z2/\(c1—/))((1—(') +Z(A+B)(£l—/J):
1‘_\‘( ('\'( (‘W :‘\< um

=2ZA(a—b)(c1—a')+Z(2A+B+C)((1—b)(L(1—c')=Z(4A+B+C)(u—/2)(c1—c')

Dang I lé dang phn tich chinh [sic Qua phLro"ng phép S.O.S mét phu'o'ng phép CI5 15)‘

lélm qucn thu<}c Vffi nhiéu ngu‘O‘i. Tir phép phn ‘rich lrén ta cé‘ll1§ lhy ring m<‘>i lién hé

gitra phuong phép S.O.S \/:21 bit ding thirc Vornicu Schur I5 rt méu thiél. Tuy nhién
trong béi viét néy chmg ta sé khéng dé cép véin dé néy mé chtmg la sé chi xcm xét dang

2 ('7 trén. Vi tinh {mg dung cua né trong U.C.T I51 nhiéu ho"n vé né cng 151 mét su két
hqp mang nhiéu )7 nghTa.

Béy gib hy mo" déu béng mél béli toém lréng c(> vé don giéln nhung cflng khéng qué dé

dé tim ra l(‘>‘i giai néu khéng chqm ddng dudng di.
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Iru.b.c'2O
Béi 1. cmi .ChL'rng minh 3m‘ +11‘ +<-*'>+¢f +1f +¢-1 +6 2 em‘ +b‘ +6»

+11 2u +('_=.

Chrhzg minlz

Theo U.C.T dé ding tim 1'21 bét déng thtrc co" 50' SHU

304 +0: +2260}—4c1+4<:>((1—U:(3u: —Z)2O

Ta qui béi toén \'§chL'1'ng minh Z(c1—1):(3c13 — Z) 2 0

Thét\’é)'Z(c1—1):(3c1: —Z) 2 O <:> Z('3c1—3):(3z1: —Z) 2

<I>Z(3(I—(l—1)—C)2(3(I: -2)z0<=»Z<2@-1>-@>1<3¢f -2)z0
("yr < \'4'

<=>Z(4a3 +112 +c2 —4)(a —b)(a —c)2O
l'_\‘('

Khéng nlét tfnh Léng quzit gia sir a Zb Zc khi d6 ta cé

()

4:12 +113 +02 —4Z4b2 +a3 +02 -4246 +191 +02 —4

Theo dinh 1i 1 La 06 (dpcm).

Ding thirc xdy 1'21 <:> (1:12 = c‘ =1 hofic (c1.b.(')=(/—

. W w w 1 I: w 3-‘: q"" I
Lz_11C6 4c'+(1'+b'—4-240'+%Q——4=4("'+£—¥——4=£Q)——2O

.1)-1->

DJ-P-

» , ‘. , ~ -,- 4 . 3 ,7 \

Nhgm xet: Bal toan se du'Q"c glal quyet Lrong tru'o'ng hqp 311 -2 2 0 <=> a 2 vi. Tru‘o'ng
' J

hqp cbn la_1i a$\E r6 réng sé khé giéai quyét vi vé phéi cua diéu kién trong u'u'O'ng hqp Z

khé ié. nhiéu khé néng sé d§n dén nhtmg tinh toén phtrc Lap khéng cin thiét. Tuy nhién

cn chl )7 mét diéu 121 ding thfrc cua bili tozin niiy xziy 1'21 tai hai diém cuc tri vi véy

khéng thé zip dung mE>i U.C.T vi dgmg phzil biéu cL'1a 1<y.mua1 nily sé cho ta duy nhl

min diém cue tri cén m. Nhu véy viéc két hqp gitra U.C.T \/51 bit déng thtrc Vornicu

hd ‘ h utdnSchur khéng dun thuzin Ii giéi quyél bili tozin mét czic ¢p mét mil cbn u'<5'nc 21 é

viéc giéi quyét trubng hqp ding thirc xéiy ra khi cé hai bién bng nhau v khzic bién cbn lgzi.

a b.c>O
Biai 2. cm ’ .chu~ng minh rang 2<u~‘ +5‘ +¢-~‘>+9 z su +b3 +5) (1)

a+b+c=3

Ch /mg minlz



Chirzing V: Mgit 5'5 szing tgm v5 bfit (T1711 g thzic S53

Ta cn xéc dinh hé $6 I77 cho b§1_dinglh(1'c c0's0‘sz1u: 2117‘ + 32 511: +/11((1— 11

<=> ((1 — l)(2u: — 341- 3)2m(<z—1). V0141: 1 thi 2:1: — 3:1 — 3 : —-1 nén chqn /21: —-1.

Bél ding thtrc Z03 +3 2 5:13 -441 +4 4:» ((1 — l)2(Za — 1) 2 O

Tu'0'ng lg1'\'é'i cslc bién I2, 0 La suy ra:

Bémaang[nae<1>¢»<u-1<2u-1>+<b-1(2b-1>+<@-1f<2@-1>z0

1 ~

<:>(2u—b——c)'(Zu—l)+(Z/>—('—u)'(Zb—l)+(Zc'—a—lJ)l(Zc'—1)2O

<:> 6a(a — b)(u — C) + 617(1) — z')(/7 — (1) + 6z‘((' — u)(c‘ — /1) 2 O

Khéng ml tfnh téng quit gia su" (12/J 2'0.

Khi dé thco bit ding lhrc Vorrzicu Schur ta Q6 diéu phai chirng minh.

Ding thirc xely ra khi v chi khi (1:1) = (" hoéc a = O_l> : 0 =51 cimg céc hozin vi.

Nhfm xét. Lai mét béi toén don gizin nhung diéu mu vi 0' bili tozin nixy I51 (Ting thirc dat

du'c_>‘c tz_1i 2 diérn. Néu nhu' gizii min céch théng thu'O'ng bng U.C.T thi khéng lhé giéi
quyét bzii tozin mél czich triét dé v51 rnél 1§'1n nfra bit ding lhL'1'c Vornicu Schur lai phzit

huy téc dung cixa nc'>.

Biii 3. [Romania TST 2006]

}(l./7.(' >0 1 I 1

Cho > .ChL'rng minh rfmg _ + _ + W 2 u“ +/2“ +0‘ (1)
L<z+/)+(‘=3 U» /7‘ V‘

Ch zhzg minh

Theo U.C.T d<§dZ1ngtimra bét déng thtrc co‘ so‘ sau —1¢+4u 2 413 +4. Khi 66
a‘

(l)<:>2((l—1)'(H;Zu—z1")2O<:>Z(Za—/2—<‘)‘El+Zu—c!'“)2O@Z(4AA+B+C)m_/))(u*(_)2()

('\'l' av ('\( (Ii (>\!

, 1+2—G2 1+2b—b3 1+2C—C: A ; , ; , ,,,
Trong do A = , *.B = b, .C = , . Khong mat tmh tong quat gm su'

a‘ “ 0"

Zbzckhi dé C6 A_B: l+Zl27—b‘ l+Zuw—u' I(u~l>)(Zf117w+a+/M20

12' u‘ cl“/2“

Tirdé suyra 4C+A+B24B+A+C24A+B+C

Ap clung bit ding lhtrc AM - GM la c6: 3 : (1+b+('2 3~ Q/uhc <:>12 §‘/ubc
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3 '1 I , 4 1 1 S 2 2:>_—:2Q.Dodo 4A+B+C~ ,+—,+ ,+—+—+——6~
Q (L135. (I - ]; ~ 6- - (1 /2 ('

=(i, 1 {+9 _—-+—+—~-‘.72 _ _ _-_,_ ?- 220-3>:0
a" If 0' U " \ ‘ {r'c1[7('

+
\J

---\

Q._-

@-,__.

F‘>--

J
§/

I\)
~—\

Q>-

+
v,_-

+
'\>--

J
\_/-

V
R)

"-\

Lu

DJ

\___/

Theo djnh 11' 1 la C6 diéu phai chfrng minh. Ding thfrc x51y1"z1<:> (1:11 = c =1

Bili 4. Cho _ .ChL'1'n2 minh réna w . ‘ _ F (1) &

7 '3

K j“~”-">0 \ 5+/>‘+<»‘-%>5(5\E-7)

I (1-<1»-[7+(':3 Q ‘I (lj+/7"+('_\—‘ \/3+]
i

I

C12 lhzg min/1

(1)422: a5—” “Q u3+/ Q 1“ :20/:>Z:((1—l)' z13+Z<1:+%?-’,"~\/_¢1+i-—;’ _*‘l\'_ }_(‘
\

K s(s 5-7) 24_2(»\ " 18-” *5 °(?7—°% /3)‘>

W. \/3 +1 \ 3 + ,' (W “ \/3 +1 Q3 T ,-;

<:> 2‘/4M“ +M,, +11/l‘_)(u—/:)(a—¢~)20. lrOng dé

. 38-22¢? 2(%7-vz)
M” :(l3 +2C1_ +——ri?Ll+ 

\/3+1 N/3+1

,3—223 23-23" . 3-225 2 ~23?
.M,,=b“+2b‘+-éi-i\/—b+—(—7—é_i‘j3);/\/I,=<\3+2¢-“+2/—¢+—@

6+1 ¢3+1 \/3+1 \/3+1

~~~ ..@ “3-22’? < 2-? -
Ta cé 4/wl, +/‘V1,,+M(_ :40“ +1)" +¢-~‘+2(4n~ +12‘ +(-->+’( 8, “)u+)(6 F QM) 2

\"3+1 \/3+1

Z41-(l’:+(v];i)‘—+§§£I:+(/J+(’)2+3(38:22 _ (1+9(62:38w|3)2
3 -\/3+1 \/3+]

4A_

JJ
\_/

Q
<_

‘A-T‘

3 -, ’\ 1 T 3 ,

4a,,+(3-g) +8a3+(3_[l)3+_)(J8:22\,/3)a+9(62:38\/J):15((l+3—_ -) (mm/3-3)2O_

-3 \,/3+] v’3+1 4

Tu"o"ng tug ta céz 4M,’ + Mr, + M“ 2 0. 4M( +MH +M/5 2 0

Khéng mt tfnh Léng quzit.gic'1 sir a 2 b 2 c 2 O :> 0+1) 2 2.

Ta C6: (4M +M,, +M(4)—(41\/1,,+M(_+M”) =3(M”—M,,)

/ ' / \
‘-11 3 ~ ~ 1 -11

=3(a3~b3)+6(a—b) a+b+l%i'—123(a“—b’)+6(u—b)\2+-Li 20
\/3+1 ‘ K \/3+1 ,

DO (T61 Z(4/V1U,+/\l,7+/W1)((1—l7‘)(;1—-0)

=((z—lJ)[(a—c‘)(41\/I” +/V1,) +M( )—(l7—C)(_~'lM,, +M( +MH )] +(-1M‘ +.-M” +M,,)((1—c)(lJ—<') 20



Clz11'o’ng V: 1/‘V117! S6: szing I110 Vé b1'1t (Ding tIz11'c $55
V. MQT DANG BIEU DIEN THU Vi

Chng ta sé bit du 1&1 mél diing lhL'1'c \'Z1 sé thziy $11‘ phzit [rién thfl vi [U116

11“ +/1‘ +1" 11‘ If ("A

1: 1 1 1 Z A 1 1 + 1- 1 1- + 1 1 1
11 +11 +1“ 11 +17 +1" 11 +/9 +1" 11 +12 +1’

Ding th1'1'c nixy tréng dcm giém nhung 1z_1i déng vai trb quan lrqng trong viéc chfrng minh
mél lc'>'p b51a:mg1h11¢ ma khéng mé $11-a11n;_» du'(_>'c 1\-$1 1111151 X£iC dinh hé $6 khi x11€1thién
ly {him brie />. Néu chi $11 dgng nhfrng bién déi théng lhuimg {hi sé phL'1'c 1:_1p_ vi vi)‘
chflng [:1 sé su‘ dung 6510 hilm vdi hui dinh l§" cw bém suu dily:

I. Bjnh l1'Fermat.

Gia sir hilm $6 _/“(.\‘) xzic dinh Lrén [11.l2] v Q6 c1_1'c tri dial phuvng tz_1i .1‘, e [11.b]. Khi dé

néu f C6 d2_10 ham mi .1-1, ma _/"'11-‘A, 1 = 0

2. Bjnlz I1’ Roll. G13 su" f:[11,l>]+ R lién tuc v51 kha vi trong khozing (11.12). Khi dé néu

{Sn tai .\'|.v\'2 e ((1,1)) sao cho f(.\‘|)=_/'(.\-2) {hi 16ntz_1i .\'(, e (.\'|..\"3) $110 cho _/"(.\'(,)=()

Biai 1. Tim hang S6 1< >0 161nhzi1aéb51as1ng 1h11¢ SZIU dljng \»¢»~i mm 11_1>.<- >0;

11 1) 1' 3
'1 w + v -v + / 1 w 2 /\l/<a'+(>b+1')' \//<b'+(c'+(1)' \//<1"+((1+/J)“ \//\'+4

Gizii

Cho a = 1.!) =1" =0 tu c6 k S%. Tu sé chfrng minh /< =% 151 gizi lrj £61 nhét dé bt démg

thllrc 15 dling. Thgit v2_‘1y khi k =% lhi b§1Id§1ngth(1'ctrO'thzinh

11 /7 1'
__ + ___1_ + 1 _ _ 21

\/11' +Z('l>+1‘)‘ N112‘ +Z(c'+11)' \//<1" +(11+/2)‘

,. , . , ; 11 11”Ta sc phal xac dgnh hq: so k $210 cho 2 ; 1 .-
\/11' +2(/2+0)" 4’ +/7 +5

Q dy ta chun héa 12 I 1' =1 dé viéc vii-c xzic djnh hé $6 du'<_J'c don giém hcm.
k

. , ; , . , 4 11 (1 TKhl do ta can xac dgnh hq so k sao cho iizki <:> 11‘ I -2113‘ +11” 2 O

\/11' +8 (1 +2

D51 f(a) = aka -2112‘ +112. Ta cé f(c1) 2 O,f(1) = O nén theo d1nhlfFermz1ttac6

f'11)=0. Dof’(11)=(k+2)11“' -41111‘-' +211 nén f”<1>=<1'+2>-41<+2=0<=>1=%.

. ~ , : ; , L , (I 1Nhu‘ vz_1y ta se du doan bat dang 1hu'c sau la dung , 2“ ‘/2411: .1/4 :~'4.2/.1
V11 +-_(1>+1') W1 +\//2 +\'c

,.
2:7

J4

Sau khi dii hon lhimh xong bu‘<§'c du dozin chng ta 06 nhiéu con duirng dé lgra chqn.
Théng thLr<‘img thi phép bién déi tuong duong luén mang lai hiéu qua néu bi/11 dzing thfrc
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v. MOT DANG BIEU DIEN THU vg

Chxing ta sé bit du IU'm@1 déng lhirc \‘£1séth§y su‘ phzit lrién lhd \-i LU‘ né

1_ cl‘ +11!‘ +5" u‘ b*_ cl"
+

u“ +11" +('A <1" +/2‘ +0‘ :1“ +12‘ +0‘ £1‘ +b* +0‘

Ding thL'1‘c nily tréng don giém nhung l:_1i déng vui trb quan lrqng trong viéc chL'rng minh
mét Idp bit diing thtrc mil khéng Ihé sir dung 6[u‘<_>'c k)‘ lhut xzic dinh hé $6 khi xL1§thi§11

lily {him bc p. .\‘éu chi str dung nhfrng bién déi lhéng lhuffng {hi sé phfrc lap. vi \'§“1}‘

chilng la sé sir dgmg dqo hiun \'é‘i hui dinh 1)" cu ban mu dy:

I. Djnh If Fermat.

Giei sL'1' hm $6 _/'(.\‘) xzic dinh Lrén [air] vim c6 cuc tri dia phuong tgi X‘, E [all]. Khi dé

néu f c6 Ciao hilm tqi xl, thi _/"(.\]A,)=0

2. Djnlz ll’ Roll. Gizi _/' :[a,b} —> hén tuc \=£1 kha vi trong khofang ((1./9), Khi dd néu

t6n tzgi .\'|..\'2 e ((1,1)) sao cho f(.\‘; )= _/'(.\"3) lhi lén lgi .\;, E (X, ..\‘3) sao cho A/"(.\'(,)= 0

Béi 1. Tim hing $6 /< > () I<§t nht dé béil ding Lhfrc sau dng \=é'i mqi (1,/7.(‘>():

a b (" 3
'v 1 + w + I v 1 2 /\//<a'+(b+c")' \//<bZ+(c+(1)‘ \//\'<"+(u+lJ)' \’]\'+4

Gizii

Cho a = 1.12 =0 =0 ta cé k 3%. Ta sé chirng minh k =% 151 gizi tri I61 nhét dé bit ding

thtrc 121 dng. Thin véy khi /1' :% [hi bz‘1td§ngth(1'c1rO'thZ1nh

(1 [7 ('L4+ %v__-__ + __i_ 2 1

\/a3+Z(11+<*): \J"'12:+Z(c'+z1)3 \/V/<c":+(u+/2):

_ ,. , . . 4 (1 0'Ta se phal xac dgnh 11¢ so k sao cho ,_h 2 ; , :-
\/(l' +Z(/2+0)" ‘I +/JR +5‘

Q dy ta chuzin héa 12 = c :1 dé viéc viéc xzic dinh hé $6 duqc don gicin hon.

a a‘- 1 A » - A L ~” " ”Khl do ta can xac Chnh hq so k sao cho —F.-izki <:> a‘ ' -211" +11“ Z O

\/<1: +8 (1, + 2

Ba: f(a)V= 61"” - 2a“ + (R. Ta 06 f(u) 2 0,/<1) : 0 nén theo dinh 11' Fermat ta 06

f'(1> = 0. D0 fm = (k +2)u‘*' -4k¢‘"‘ +2” nén f/<1) = (/< +2)-4/< +2 = 0 <:> /< =§.

4

Zk’

Q1

.\ ~ , A 1 . Q , £7Nhu' vay ta se du doan bat dang thuc sau la dung 2 _/ /

\/11' +Z(Z>+<")' Qal +‘\‘//2" 0’
Suu khi dé hon lhimh xong bu'<’Ic du dozin chng ta 06 nhiéu con duiing dé hra chcpn.

Théng thuimg thi phép bién déi urong du'0'ng luén mang 12_1i hiéu qua néu bit ding thfrc
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cor 56151 (hing. Tuy nhién bit démg Lhirc co 50' trén chi l phong dozin logic. nén Q6 thé

n6 sé khéng dng. Ngoili ru. mét $5 bixi Loén khi bién dbi tu'0‘ng duong gzip khé khfm {hi

nén “thy cc {mg bién" cho czic tinh huémg cu thé. Chtmg ta tiép tuc quay lz_1i bhi tozin trén

véi phép chirng minh cho bér dang mu-c co $6. '

Theo bit ding thtrc Holder La cé

1 f 4 l 5 I__ f

(1+1)I(b-‘ +0‘) 2I:+<.~<:>2‘b/E‘-+1/F)‘ 2b+c<:> Q/bT+\‘/0" 22i;(l’—:ij4.

951 1=ifj—‘* thi m phéii Chfrng minh

§ 4 ,_
a \'/u 1,/' 1f ;~ 1 1 1,] ~ 1+ 1 1,,‘ 1

2 <:> \/a‘ +2\»1‘ Zx/av/u“ +81" <=>4\»z‘(vu" —\»z3 )- 20. dung
_ _ 4+»>i/T

a +82 L, 1

(dpcm). Bing thtrc xay ra <:> a = b = c hoixc a =1 > 0,12 : c = 0 v czic hoén vi.

Nhfm xét: C6 thé tim hé $6 /< béng céch su‘ dung bit ding thirc AM - GM nhu' sau

k
a a . .

1 1

————2—‘—— <:> cl“: -202‘ +a: 20 Q aka +a‘ 2 2:13‘
7,/a +8 ab +2

1: 1 ‘Ff
Mat khéc theo béu dang [hU'C AM— GM ma Q‘ +11 z 2M *' .

Nhu' vgiy ta c6 cn xéc dinh k sao cho 2\/:1‘? =2aZ‘ <:> ak“ =u“ <:> k +4 :4k <:: k zg

B§1i2.[IMO2O01]ChL'mgminh , " + wb + H‘ 21,Va,b.c>O(1)
\/a3 +8120 \/19' +8111 \/c‘ +811!)

Clz 1?/zg minh

Tucmg u_r nhu' trén La xfly dung du'Q'c bit dng thL'rc co‘ s('>':

a am
' 2 4/1 4/‘ 4/‘ (2)

\/a2+8bc a ’+b ’+<' ‘

Thét V51 (2) Q am +bH +043 Zamx/(12 +8120.
. .)/

Sf: dung b§td§ngth(1'c AM— GM, ta c6: bm +cm 2 2b3”<-3”?‘ = 21“. trong dé I=

Ta cn chtrng minh: a4/3 +214/3 2 czl/3\la2 +813 <:> 414/‘W113/3 ~12/3)“ Z O (dfmg)

Nhu' véy bét ding thirc (2) duqc chtrng minh. Sir dL_1ngtuOngtu'ch0 b, c rbi c(“_>ng lai

-X -1 4

. F § .3
mcé a + b + c 2a4+b4+c4:1

\/a2 +8bc \/I23 +800 \/(12 +8ab LIE +51‘? +53

Ding thirc xéy ra khi v51 chi khi a =12 = c h0zf1'c b —>O,c —>'0.
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’ Béi 3. Cho (1.19. (7 151 czic $6 LhL_1'c khéng Elm. Chrng minh ring

, . 1 .
‘ q » x

Y 1

5, cl +l’ I2 \+|, (, >1 !

i \#'c1‘ +(b+(.')‘ \!u"+((:+u)' \,r“’+(u+/2)’ |

Clzzhzg minlzf*"i 3
A A .' , , I 51“ 51 .,Xay dung du"Q'c bat dang lhuc co" sot 2ii ('1)

\~u‘ +(l>+c)' u‘+/>'+c'

C6théch£1'11g minh bit déing thtrc co's<'>'ni1y trén theo nhiéu czich:

Ccich I: Ta c6: (*) <=> 2412(1): +<:3)+(/23 +0: )2 2 a([2+c‘)}. Thin vziy ta cc’)

1 _4 .1 1 (1

2a2(b: +v('3)+(l92 +03)‘ 2c1:(/9+<'): +<——(b: )—2 Ag](bit) =u(b+(')’

Cdch 2: Theo bt dng thrc AM — GM la c6:

\/1+/<7‘ =\/<1+/<>(1-A-+A»’> s(”"')‘“(l""+k_) :1+/<5

Ap dung bél ding thL'rc co" sd lrén ta cé:
3 Ia 1 2 1 2 1 (1

a3+(l2+c)-‘ fl+(b+vC)1 1+71V(’;,7_+7(_)‘ 1+b‘_-_!-7_c‘ u'+l2‘+c'
\ C, Z cz :1"

Ap dung tu'0ng tgr vdi czic bién cbn l2_1i. Céng vé theo vé ta cé cc’) diéu phéii chimg minh.

Béng thfrc xziy ra khi v51 chi khi ba bién bang nhau hoilc 06 hai bién dim vé 0.

‘ ‘ 1

Bé1i4. Chirng minh _ ” _+ I 1’ _+ _ ‘ _ 2- . W./M-><>
a’ +(/2+0)‘ /2‘ +(c+u)‘ 0' +(u+/2)“ 3

Clzzivzg minh

su- dung bér ding thtrc CBS, ta cé:

1 3 _3 / g 1 ~ ; 1 \a b c 1 U /7‘ (
I "+1 "+* 12—;: > 1+/1‘ “+€V‘ H 1a*+(b+c)’ b'+(c+u)’ c”+(u+b)' 3 \’u‘+(/>+c")' \4u'+(('+u)" \’c‘+(u+l>)'

Theobz‘1i3tacc'> /2 “X ;+\/1 1’? ,+/_ "‘ 21.
\ \‘‘a‘ +(12+c)' a' +(c'+a)° +(a+/2)}

Til‘ d6 suy ra bét ding thirc dU'Q'C chrng minh4

Bang mu-C xay ra khi v51 @111 khi (Z : b = c.

-2
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v|. CAC BAI TOAN VCYI BIEU KIEN cum cAu TRUC NHAN

O Lrén m as Xél kT1hL1f1l U.C.T. »-<3-i diéu kién cho u"u"<'»'c U,‘ +u§ +..,+<1jH H1; =11. Bf1ygiO'

chling ta sé xét kT lhufu U.C.T. v<é‘i dang diéu kién Flu,‘ = C. Khi dé viéc tim ra b-I ding
1:1

thirc co‘ $6‘ khzi khé khén vi ta khéng lhé dzinh gizi theo tirng bién du'c_>‘c nfra. Lilc nily muén zip

dung U.C.T chang ta phzii dilng dén mét $5 tinh chit cua him

F‘; , i I

\_ - , . ~ 1/12+ ' /2 ’<'+u 0 41+/2
Ball. Cho Jain >0. Chu'n2m1nh1‘n<1 ( N I + N + \/ 2 \/fl

1 Til,/M-=1 “' “ b+<-+1 c'+u+l 0+/7+1 H

Cluivzg minh

/ip dung bt déng thirc Holder ta Q6:

’(l\//J +0 In/c+ a c\/u +11 2 fl(/7 +('+1)2 3

+ + Z-——— 2((1+b+¢) -

b+c+l c'+a+l a+h+l, /7+0 /
D0 dé La cn phéli chtrng minh: ((1+l7+(r)3 2 ZZ—:1~—a(b[+:+1)

7 ('

<3 Z<1~‘+3Z£‘+3Z1l+s z 4Zzzl2+4Z(z +22%
17 a b+('

Ap dung be”ltd:‘1ngth£rc AM - GM ta cé:

<>—‘a>yb_yb>$‘ab.q*7 a <L2u+’1)Zb
—_ (1 . —_ ./_ ——_— — — —

_f/2 _‘ __fa _‘b+(' _ ___b _ _cz
<>\1 !\t <\: 4\z ()4 ¢\< ()4

Ti1'd6tacé:\/T—VP2(Zw:zz3 +5-??%+%?—£%—4?;c1/2—4??a+6

Z;u3 +g¢1l1—4%r1+6=g(c13—4a+%+2)

Xét f(.\")=x3—4x+l+Z+21nx wi .\->(m1¢<s¢ f’(.\‘)=(.\'—1)‘/3x+3+%—l
.\- \ Y‘ .\'/,

Néu1-<1m1%zi,néu.\-z1:>1>l <1@<m _/"(.\-)=0<=>.\-:1
A" -Y -\'

D5 dang kiém Lra réng A/' (X) z f (1) = 0 .v.\~ > 0 hay 1-‘ -41-+ i + 2 2 -2111 .\-.v.\~ > 0.
.\'

Nhu véy La cé: 2&1} —4a +l + 2) 2 —2Zlnc1 : O. Bid tozin duqc giai quy€§t.

('\(’ ('\’1

Déng thrc xeiy ra <=> a = b : c = 1.

.
1 1 '

B51i2.Cho {“~”*‘>° .ChL'rng minh , 1 , + , , + , , 21 (1)

abczl 3a'+(a—l)‘ 3b“+(b—l)‘ 3c'+(c-—l)'

Clzzhzg minlz

Xét hai tru'(>'ng hqp sau
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+ THI: I\/Iin{u./xv} S%.gia str I51 <1 é 23113 +(¢/—I>" S I *2 I I) dflng

+ TH 2: Min {u.lv.('} > L. kI1id(>taxétdzinh aid 2 l + /< In .\"
3 " 3.\"+(.\--1)‘ 3

Q dy ta qui vé him $6 I-6g;u'it \»'c’>'i chil }" In (1 + In /2 + In 0 :0.
Tiép tnc quan sé11h5ydz‘ingth1'rc my ra khi vzi chi khi u = 12 :<-=1.

Ti!‘ dé tu C6 phai xzic dinh I; sao cho f'(_I) = (): _/'(.\‘) = ,é1+%I11.\‘—%
3.\"'+(.\'—I)' 3 3

7 _4_ _.=__ ¢__ ,.=_
Ta C6: _/"(.\') = _(l6'\*< Rm A U : “U 1_)(I6'\ I2 = O <':> x = I (do .\- > i ).

3.\-(4.\" — Z.\"+I)“ 3.\"(-Ix" — Z.\‘+ I)‘ 2

D5 ding kié/m Ira duqc f(.\~)z_/I1>:0 . v.\->l Q I21-Zlnx v.\->i
1 3.\--+<.\--1>- 3 3

I:> 6 + 1 + 1 2Z(%—%I11.\'):I—%In(c1b<'I=I
3a“+(a—I)‘ 3/2‘+([>—I)‘ 3<“+(<.'—I)" A‘, 9 J ' J

Bit ding thtrc CIU'Q‘C chirng minh.

Bing lhirc xéy ra <=> a = 1’) = c =1 hoafac a —> <>@./2 a <><>.c —> 0' v51 czic hozin vi.

Nhgin xét: Sau dy l51Ii>'i giai tém Iéll nhung réit én tu'Q"ng cua Vasilc Cirloajc.

1
, ; ; , , I I Z(1(u— I)Su' dung bat dang thu'c co' 50': , _ 2 1 <:.» , ‘ 2 0

3u'+(z1—Iv)‘ Ia‘ +I (4a“—Zu+I,)(Z(1’+I)

Diéu nily hién nhién dfmg vdi mqi $6 thgrc khéng m. TU dé La c6 (dpcm)

Ic1.b.c' >0 L I 1 1B2113. Cho j .Chu‘ng mmh rang ‘ + _ + , S _> (I)\al2('=I u'—zz+I b‘—/1+1 ("‘—(-+I

Ch ling minh

Truéc hét, la sé chrng minh f(.\') = + In .\'—I § () ‘v’.\"-5 (O_I.8]
_\" —.\‘+

~ ~
. \

, 1-2; 1 .-—I -.-~-1Thétvz§1y,tacé: f<,\->= , ‘ ,+-=“ )5‘ ‘ _ I
(.\" —.\"+ I)‘ .\' .\‘(.\'" — .\'+ I)‘

R6 ring phuong trinh .\"'I —.\"3 — I = O chi cé duy nht I nghiém xe (0.21.

do dc’) ta (15 ding kiém Ira du'Q'c f(x) S min{_f(I),f(I 8)} = O

Nhu mé. néu ca 3 S6 ¢1,1>,<~ déu kh6ng Idn hon 1.8 ma ta co (dpcm), vi khi as
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/
1 +1

Ngu'Q'clai.néut511tai (1 $110 cho 1121.8. Néu 112 Z.11\c6

1 1

+ + 1 < 1 +‘

1 + 1 + 1

11'—11+l l1'—/2+1 z“'—'
=_1(11)+‘/1(!>)+_/1(0)S3—ln11—ln/1—ln('=

\/T(11= 1 1 - 1 - —=3
a“-c1+l (b_1‘)~+3 ((‘_1,3+3 Z'—Z+l ~ .

7 4 '7 4

-L-.1)-—

+
J—,J

Nhu1h1§.1a @111 cn X61 11$ 2. ltrc 111 22 1121.8.

Gia str I220. khi dé do “$2 nén b2—\/1:.Néu 1121.9. 111 cé
'7

VT(1)= , 1 + , 1 + 1, 3 , 1 + 1 +

a'—a+1 b-—b+1 (__1)' 3 l.9'—1.9+1 1_,1+1 -

Néu (1 S 1.9. suy ra 11 2 khi dé 111 cé

/\
UJ

\/1.9

-|—~uJ

VT(l): ,1 + , 1 + 1, 5 ,1 + 1 +l<3
c1‘—c1+1 b'—b+1 ( 1“ 3 l8‘—l8+l 1 1 +1 3

L '1 +4 19 ’19 -1»

. 1_ ’ " \/ - '1

Bit déng thfrc du'Q'c chimg minh. Déng thfrc xély 1'11 <:> (1:11 = 0:1.

Nhn xét: Ta cling c6 thé chirng minh b211t ding thirc Lrén bang caich khélc nhu' sau

Taséchtrng minh , 1 + , 1 1+ 1 2lV.\'.V\".:>O..\1\":=1 (1)
+ \4 1.\'“ +.v+1 _\"' +_\" "' +‘.+1

111
. A 1 .

11p p 11111

Thatvay,t0n1;11 111,11, p > 0 $210 cho .\' =—+. _\' =i,,:, =—, khl do
111' 11" p‘

4 -1 _

111 /1 7

<1><=~ 4 , ,_+, _ .1+, .’ 1121121
111 +111“11p +11“/1' 11 +11'p111+ p"111' /)‘ + p'11111+111'11"

Str dung bit ding thtrc CBS ta cé

VT(2)2
- 7 '1 '7 -»

(111‘ +11" + p')‘
4 4 4 2 3 1 2 2 2

111 +11 +p +11111 +11 p +12 111 +11111p(111+11+/1)

(1113 +113 +122):
2 '7 '7 '7 7 :1

I71-1 +11-1 +174 -1-2(llI2I1_ +)1_‘l)3 + ]7_IIZ_)

By gii)‘, str dung bit déng thtrc trén khi thay .\"._\.Z. bdi ta cé
_

11' 2“ 1"
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1 4 |.= '7 : 1 3/; 1 ')_111‘ 4/>1 J1‘ 21‘: i(z1+1_+ .1?-"r1+_'(1 +1134
a"+a'+1 b +/2‘+1 (f +(=“+1 1F+u'+1 />"+/>'+1 1"+<"+1

(a:+a+1)+(c1:—u+1)‘(/13+/>+1)+(h:—/2+1)‘ (<':+("+11+(1'3—<'+11<4<3 7 + ~1—

(u'+c1+1)(z1'—a+1) (/>'+/>+1l(/>'—/7+1) (<"+<'+l)(1"'—1'+1)

@111 +_1+_lJ+|-,l+‘l +1] 134u'+u+1 l2'+b+1 <'"+('+1 \u'—u+1 />"—/1+1 ("—('+1/

Lz_1i s1'1'dung b§tC12'1ngL11L'1'c11'én. L11 c6 , I + _ I + q 1 21
<1" +r1+1 Ir +l>+l 1" +1-+1

Suy 1'11 1 I + 1 + 1 1 S3.\/f1ytz1c6dpcn1.
a‘—z1+1 l2“—l>+1 <'“—('+1

’ .1. -./ 0 . .Biii 4. Cho {CI H ( > .Ch1'1'11g mi11h1‘éng: 11+”: +l1+1/7: +1l+(: + 11+;/3 $4 (1)
abcd = 1 +11 + 1 +1‘ + 1

Ch 1111g min lz

, 1 1 .- 1 ls ,. , ., 1.--1.-‘-P-3.--1Xetham so f(x)= 2+ +L—1 \1o"1 .\">O.1z1 co /(.\’)=$l+)
.\" +1 2 - ' Z.\'<.\" +1)"

Déth£1yphu'o‘11gt1'111h .\-’ —.\‘ —3x—1 =0 chicdduynh§l111©111ghiém .\-H E (1.-'1].

do 116111 cé: f(.\‘)S111ax{_/'(1.)._/14)} = 0 V.\'e(()_~1]

V51 nhu‘ thé. ta di dén néu ca 4 $5 (1,1). C, d déu khéng 1611 hon 4 lhi ta C6 dpcm vi

VT(1):f(a)+f(/2)+f((")+f(zl)S4—-}7(1na+1nb+1n("+1nz1)=4

Néu I511 1:_:1i 1 sc‘>.ch:'1ng h:;1n 151 (12 4. K111 d6.chL'1 )‘1'§1ng vc'>'i mQi .\' > O, ta C6

.1-+1 21 21.1-1-17.1-+4 21 .1-+1 21
, = - s 3 , 5

.\"“+1 17 1'/(Y-+1) 17 .\"+1 17

Ti1'd£1y,lad11'c_>'cVT(1)S1+"_+3X21§_1+‘{+3X21=-1.
1+<1~ 17 1+4- 17

V.9f1y(11d1rQ'c chL'1‘ngmi11h. D511g1h1'1'c .\éy1‘z1<:> 11:/1 -1': <1 = 1.

B5115. Cho a] ,u3,...a” > 0 thoa min Cl1(I:0rl(l” :1.

. ; ‘ ~ f 1 I‘ '

Chllrng m1nh rang 11:1‘: +1 +\/11; +1 +...+\/11” +1 S \/21:1] +113 +...+a”) (1)

Ch 1111g minlz

Xéz him S6 f(.\-> = \/.6 +1 - 2\./'.;+L/\5—%J1n.\" mi .1-> 0



862 Pl1u'0‘11g plzzip Izé $5 bfit cT_inh

,_ _

_ 1, (.\‘—l)1—Z.\':+.\‘-1—Z.1':\Z1.\':+1] ,,
Kh1do1ac0: _/ (.\")= L _ 1, ":>_/ (.\*):()c>.\":l

( _ 1 1 ,

.\‘\ 2_.\'> +l)(\1l\“ +\'_\" +1)

Qua 1 [hi f'(x) déi cléu 1E1‘ du'o‘11g sang £1111 11611 _/"(.113/'(1):(1.“v’.\">(1 '

~ , -1 /— 1/ \
Diéu as cé nghm 151 1.1- +13 21.1--1 _ -# 1111,17. v.1->0

_ 1

¢
J1

\ vi;
Su" dung b§11 ding thtrc co" so‘ nily chm 11 bién vZ1c@ng vé thco vé 11106

r— 1 \
VT(l)S\/EM‘ +11, +...+u”)— \/2 —¢l(1nc1i +1na, + ...+ In up)

\' 1

ll

=\/5(uI—1-(1: +...+(1”)—|(\/5—— ln (1, :\/2111, +11: +...+c1”)
\ \ =

§:]'_'

if:

V51)’ b§td§1ngthL1‘c du'Q'c chrng minh. Df111gthL'1'c ..\\3§"1‘a <:> ui :11, =1 an =1.

Nlzgin xét: B211 Loin Lrén cim cO lhé giéii qL1y§1 béng 111C_1l bfit d5111g lhtrc co‘ so" qucn lhuéc

\/.1-I +1 S\!5(.\'_\/F+1)<i()§(\/?—1j~.\Vv.\'>()

SL'1'dg1ng bit ding Lhirc Lrén 1511 11.191 cho 11 bién céng lgi £1106:

/"

VT(l)§\/E((11+a: +...+¢1”) _ —

+

,§1

1E4=

F1

\
/—

J S\/Z(ul+(13+...+(/H)

I

\Bai 6. [Algebraic Inequalities - Old and New Method]

fa,b,c > O . , , ,

Cho { . Chung mmh réng: :1‘ +12‘ +0“ +9(c1b+/7('+c'a) 2 10(a +l>+c)
a c =

Chzivlg minlz

Ta cn xalc dinh hé $6 k sao cho: (12 +91%“: (13 +2 21Oa+kln a . Tu'o'11e tu' cc hn tru"é‘c ta
' (1 ° ' p

tim duqc k = —]7 .Tz1 sé chL'1'11g minh: _/“((1): :13 +2—lOc1+171nu20
u

Théu V5)/' f'<11>:v1,_ 9 -10+ 17 = W -10“: +17“-9 i((I_1)(2c[: ‘8”*9)
' ' . _ ‘:13 41 (13 (13

Ta C6 f'(a) =0 <=> a=l.T£1'dz'1y.l£1 d§dE1ngth§ydu"Q‘c _/'(u) 2 ‘/'(l) :0.Va >0

hay (12 +2—1Oa2 —17ln (1. SL1‘ dung lu‘0‘ng I11‘ \'O'i b.c' 1'5ic@11glgi\'é1hc0 La C6 dpcm.
a

Ding thtrc xziy ra <::> a I I) = 0 = 1.
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B317 Cho cac so duons a I7 ( (1 6 f thoa min Cl/7L(/Ff =1 c un_ mmh rén_

,

"\

4)~

(

2*

rs

rs

2a+l 2/2+1 2<-+1 24/+1 20+! 2_/'+l
-1-

1

" ‘+u+1 /f+/>+1 +(+1 1/1+1/+1 <P+»+1 /1' "+1-

£2

~

~+

-\

C/I ling minh

, 0 . . .Xét hm $6 F('.\") :—j'\+1 +i111'1 —l vb": x > O. ta co
.\‘" +_\-+1 J

Fwy) —2.:'3 —Z.\‘+w1 1 (.\‘— l)(.\3w— 31': —.\‘— 1)

(.\“ +.\"+1)‘ 3.\' 3.\'(.\"‘ +.\‘+1)“

ChL'1 Y ring phuong trinh .\"1' -313 —6.x—l=O chi cé duy nhzil 1 nghiém xn e 14,12], {Lt dfly ta

dé ding suy ra duqc F(_x*) S n'1ax{f(1),f(12)} :0 Vxe (0.121

D0 dé. néu 1\1ax{u.12.('_(/.0.‘/‘}§12. La c6:

VT(1)= :F(u)+F(b)+F(c)+F(d)+F(e)+F(f)S6—%(lnu+1nb+1n<'+1nd+lne+lnf):6
J

Néu Mz1x{a,b,c.(1.c,f} 2 12, giéi sir (1: Max{c1./2_c'.(l.c*._/1} 2 12 . khi (16 véi chL'1 )7 ring vdi mqi

Dothi 12.1—+1 :1_7.\-13-5.\~+1g1:> 32.1-+1 S1
.\'“'+.\'+] 6 6(.\"+.\‘+1) 6 .\"+.\‘+1 6

DO'd6VT(l)s 72a+1 +5><7S.2><12+l+5><7<6
a'+a+l 6 12~+12+1 6

B51 déng thirc du'c_>'c chtrng minl1.Dzingth(1‘c xay ra <:> (1:12 : c I (I : 4» : _/' = 1.

1

Bili 8. Cho czic s6 du'o'ng u.b.<‘.z/.e._/“ thou min u/>ca'ej':1. chtrng minh ring:

7a—1 vZ2—l in--1 wd—1 111-1 7_/-1 so
a"+u+I b-+1>+1 <~"+c+l c/"+(/+1 c‘+e+1 f"+_/‘+1

Clzzhzg minh

I ¢-1 1- . , .-- -w‘-.-1-3;Xéthémsé F<.\-)=%,‘ -IL V61 .1->0.w c6 F(.\->=—1‘U1 ‘ 6‘ ‘+1’
.\'“ +.\'+1 3 3.\‘(.\‘2 +.\‘+ 1):

ChL'1),"r§mg phuong trinh —x3 ——6x3 —3.\'+ 1:0 chi c6 duy nhfit 1 nghiém 1'0 >%.
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tir dy ta dé dimg suy ru du'Q'c F(.\')S1nz1x{_/‘(l)._/‘"<%)}: 0 . Vx 2 %

D0 dé. néu min{a./2_<-.d.e_f} 2 % La Q6:

VT(l) = F(_a)+F(b)+ F((')+F<d)+F(e)+F(f) §l?(1nu+ln/1+ln<'+ln(1+ln@+1n_f) =0

Néu min{a.b.('.d.e.f} é % \'€1gia sL'1' (1: min{a./1.1". 1/.<*._/'} lhi 113%

Déyréng véimcpi x>O Lhi ,'\._l £ (x/?+1):l : 2 -1
-~"+1 (V/§+1)"+<¢:,+1>+1

1

Dodé VT(l)$ “'1 +5’ 3 -12 -1\<0
/

/_._

§
\

._.J__.

+>-

--'—' ,__.

+

+
U\

/—=

/
uflw

uz +c1+l

Bit ding thtrc duryc chirng minh. Déng lhirc xay rz1<:> (1:12 = c = d = e = f =1

Bili 9. Cho caic sé duong (1,1). c. c1.@.f,g c6 lfch bng l.ch(1'ngminhr§1ng:

ml —a+l)(/73 -/)+1><<~’ —(~+1><¢/1 -(1+1><@1 -¢»+1><’/"1 -_/'+1><g1 ~g+1>z1 <1)

Cluhzg minh

B§1d§1ngth\'rc(1)tu'0ng du‘0'ng v<'>'i 2ln(u3 —a+l) 2 0

(“S4

Xét him 56 F(.\')=ln(.\"3 -.\-+1)-.\-+1. Ta cé F'(.\~)=’——~("',1)(2_i‘)
.\'_ -.\'+

Tirdéy,1a cc’) Fm 2 mm{f(1),f<2.75>} =0. Vxe <0,2.75]

D0 dc’) néu czic $6 a,b_c,cl_e,f,g khéng vu'c_>‘t quzi 2.75 La cc’) ngay dpcm vi

Zln((12 —z1+1)=ZF('cz)2Z(1—¢1)=O

Nguqc12_1i,gia sir 16:1 Lai a 2 2.75. Khi as, cm; y rang .\-1 -.\~+1z% Vxe nén

Zln(zz2 —a+1)2ln(a: —a+1)+(v1n%Zln(2.75: —2.75+l)+6ln%>O

Bit ding thtrc duqc chirng minh. Bing thirc xéy ra <:> a =12 = c : (1: e = f = g =1.
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VII. U.C.T MC’ RQNG

Nguy Iir phn m6‘ dau chilng 1:1 d din V511 dé xzic dinh hé .\6 nz lhco bat dang that

/z(u,)2_/'(u__)+/m1'L +n \"6'i diéu kién cuu bixi loan 121 :1,“ +uI +...+z1f =11. Tu§ nhién czich xzic

dinh d6 déi \'6'i mQ»1 $6 hili loan lai kh6ng hiéu qua. Diéu d6 cflng kh6ng phai hoim loim I11

khéng t6L. Vi n6 sé lh6i lhflc chfmg la tim 1'11 czic dang xaic dinh hé s6 khzic. N/16L czich true

quan chdng la sé phfm tfch m{>1 bai Lozin cu thé dé thy CIu'6‘c nhfmg gi d duqc néu ra 6't1'én.

>0 [
F

./. '

l Bai1.[Tap chi Crux, Canada] Cho Ju ; ( .

50+/)+('f-3

Chimg minh: —;+HL+~1—~Si
9——ub 9-/><" 9—u(" 8

Clzzhzg minlz

siéu du tién la Chllg ta nghT aén viéc xhiét lip m©Lb§td§111gthU'c ¢@- $6‘ dang

——8— S 1+/n.\'+/1 :> ——8— S1+nz(.\'—1).tirdédgrdozinm= l.
9—.\‘ 9—.\‘ 8

Nhung rat tiéc v6'i I71 =% thi bat dang thtrc trén hofm toim khéng dljng ké ca 1u' urdng chiu

trudng hqp nhu' 0' phn 3 cfmg khéng Lhé zip dung du'Q'c. Thét xéy \'6i mzé L21 c6

8 S 7?‘ <:> OS — (lg l)_ . bit d51<1ll1L'1'c niw khéng lu6n dimu.
9—,\' B 8(9— Y) “ ' “

Tuy nhién la c6 lhé sir dung U.C.T \*6'i m6l 3" luring m6'i me hon bang czich thiél lip bat ding

thirc co" $6‘ sau: Z)-—8—— S 1 +m(.\‘3 — l)+11(.\'— 1) (‘*‘)_ Y

Viéc xzic dinh hé S6I1‘Og bit dang lhtrc trén am hm su‘ chit Ché l1'0nglf1p man vi am khi ndi

l6ng mién nghiém cua bién sé khién cho bai toén khéng dimg. C6 nhiéu hé $6 thoa min de‘-130

thiinh dgai luqng binh phu"0"ng (.\'—1): nhung la phai xéc dinh sao cho dau cua bat dang Lhtrc

("'") lél dang. Ta Q6: (‘*‘) <:> 0S(.\'—l)[/n(.\"+1)+n—T1] (**)_ Y

TU‘ phzin tich trén r6 rang ta phai xéc dinh n thco m sao cho xuat hién nghiém .\' =1 dé hinh

thé-nh dai1u'qng(.\'—l)2.t£1'Clé1n1(.\'+l)+n—§L =0 <:> 11 =9i—121(.\‘+l) :> 11 =%—2m
— \‘ — \'

Thé vao la 06 (’*‘*) <:> O S ('.\‘— l)\:1z1(.\-+1)—Z111+%_9_1+ <:> () 5 (_\-_1a)3(72,,,_g,,,_\-_1)
\

D5 thay rang viéc xéc dinh hé 6651; khéng ciwn don gian nhu" L1'u6'c. N6 déi hoi la phai tim

ra nhfrng Lrdc lu‘Q"ng chat ché dé bét dang lhtrc khéng déi chiéu. SLY dung diéu kién

a.b,c>O A.

ta c6 dunh gla 3>max{u1>.l>c.<-u}Z0 va con co the lam chat horn nua:
a+b+c=3

%21nax{ab,bc.'.ca}2O. Tuy nhién d6i v6'i bai toain nil)’ {hi chi can sir dung diéu kién yéu la

3 > max{ab.bc.c'a} 2 0. B51)/gié>"ta can xéc dinh hé $6 m dé b§1td§1ng1h£1"c trén dang Vxe [0:3).
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Néu m < U [H1 \'d'i 1‘: (J L11 nhzfm dL1'Q'C mél hl déng thtrc ngu'Q'c chiéu. \’;j) Q6 lhé dgr dozin m 2

()_ khi G6 71/11- I — Xuzx Z 72/n — 1 — Z-1 I -L8/11-1

. , \ .. Q _ . 1

Ta can co -18/1121 <:>/112 L) . \/51)" ncn tn sc dgr doun m I 7_ :11: L.
-15 -LS 12

.. _ , . 4 . , ,.
Ba) gm‘ lu se1hu'cl1u"ng mmh hal dang {hut co's0'd1|11g \ 0'1 HI 1 $111: ll;

, _ , 8 _\-1+-n+4? <.\"-1»3<_‘—y) , .

Th£_1t\'§1y1z1c0: —— é —il—‘ c> 0 3 ~—+‘—\* tluon dung»
9 — _\" -L8 -W‘) — .\")

Ap dung bit déng thtrc co" sci‘ lrén \'O"i czic bién ab./)c"_<'(z [L1 cé:

1 1 1 I , 1 ~ . \ \ f
+ + S I ((1'l7' +l>'(" +("“u' +-lu/1+-1/90+-1¢"c1)+i:

9-u/2 9—/7(‘ 9—u(' 48 16

Ta cn chfrng minh: u:/23 +11%: + (la: + -la/2 + 4/n‘ + -lc'c1 é 15 (Z)

Dél k Ia/)+1>("+ca. zip dL_1ng bl dng lhfrc All - GM \'21 bl ding lhtrc Sclzur L21 Q6:

4v—9
- k S 3.0/n" 2 x11;1x{()_—'¢—} . Ta xél hui t1'L1'>'11g hqp muj

+ Truimg hop 1. .\’$u 4x S 9 lhi

\/T(Z‘) = (uh +/20 +<'u): +-Hub» Inc + m)— (Ml/7(' I /\"\ + -l/< — (wu/20 S $61 +9 : <15
1

+ Tru'O"ng hQ'p Z. Néll ~l.\' Z 9 (hi: \'T(Z| = (ul7+/)(‘+ cu): +-W1/2+/>('+:*u)—6<1/7:"

=/<1 +4A~_(»u/><-$16 +-lk —2(-lk -wzm —l)(k -3>+15§15

B€1td5ingLhL1'c duqc chtrng minh. Déng thtrc xa)" ru khi \"Z1chi khi u =12 = <' I 1.

Tiép thco chimg [Oi <6 khng di vim chi Liél mil chl dun ru czich Lhiél lip bit déng Lhrc co‘ 50'

mét czich khzii quail. Chung 121 héy dén \=é'i b:71i tozin suu

W

E1
IQ

[Moldova TST 2005]

}Vc'l.b.(‘ > 0 ; 1 ] 1

Cho 4 \ ‘ . Chung mmh rang: i+~i+—; $1
Lu +11" +<- ‘ : 3 -1 — ab 4 — />(' -1 — vu

Ch ling minh

,. = f\ . ? 2.-1+; 12 <.--1’?-2»
Vo'1OS.\‘£3tz11u0nc0 —,—§1\i_\;<:>()§\j_L(—3—\—

2 -l—\' lw l\(4—\')

Lai c6 mz1x{ub.b(".<ru} 2 < nén la c6

3 3 3 Z(u:12:+b:(‘2+c3u:)+z/12+/7('+cc1+36
+ + £

4 — (I/7 4-/71" 4 — ca 15
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Ap dung hit déng Ihfrc AM - G)/I vi CSB t;1c<3

~ w '»~ ~ \ < - ~ ~

11'/2' +/>1" + u: Su‘ +17" +r"' =3 1 <1/1+/><" +<‘u §\'3(u:/J" +/13¢" +(":</31$?»

Cimg ctic czic bt ding lhtrc co'sO'11‘én vé thco \'é I11 06 diéu ph2'1ichL'1'ng minh.

Dng 1h(1'c xi} ra <:> (1 :/1:1-: l.

Nlzgin xét: D51)" 1'51 rnél bi todn khéng klw \é Q6» nhiéu cdch tiép czjn khzic nhuu.

Ap dung bél déng lhL'1'c qucn lhuéc suu L + I 2 %— \ 51 bail déng (hire A.\'I — G31.
.\' \‘ _\‘ \"

Tac<'):l/ ‘w+1 _i/ T‘ ,\z_ 3 = 1 .v.1E0;2.2L 4_(,~ 4_/,~, 2L8_(,-_/,-V,’ 8—2(1/J 4-017 ”’ L j

_/

\/

Qui biai tozin vé chL'rng minh %“_+—]~—_+~A1 _ i 1.
-¥—<1“ 4-12" 4—<"

SL1‘ dung bit ding lhirc co" so‘ suu % < Alla.
4-113 _ 18

1 I> 0 , . 1 1 1 1
~213. Cho / , , _ _ . Chu'ngm1nh: + + + S Z (1)

(1 ‘ + > ‘ +(' ' +d ' I -1 3 — (1/av 3 —/2rd 3 — cc/(1 3 *4/u/2

DU

(L/7. (zz

I /

Ch ling minh

D51)" lél mét béli toén khé \'i \*2_“1y \*i<_§c thiél lip hé $6 pha'i cn nhfmg dénh gié chit ché \é suy
luén hqp Ii. Chung ta héy cimg phim tich con CIu'O'ng di dén 1O‘i gizili cuu béi toém nély

V 7 1
Ta sé xéc djnh hé $6 /21,11 sao cho 7-Z— é 1 +m(_.\"‘ — 1)+n(.\'— 1) . Vxe O;—8~

_>—.\' 3x/§4

Nhu‘ CI5 phzin tich O"n"éntat11nra /1 = 7]; — 2m . lkhi dé ( 1) <=> (.\'— l)2((vm -1 — Z/rm‘) 2 O

Z~
@410

.1; ___/
DO‘

D5 théy I77 2 () :> 6122 — I — Z/n.\"2 6/21- l— /n._Ta cn c6 6/n—1———/212 O <:> m 2L
6 _ i6,

3\/E

D0 nén ta chi cn cé IlIZ1i4~.Vé1yChQI1 nz=1—5/in/z:—l%

s 5 '

:> B§tdénglh(1"c co sot 2 £ Sr _3X+12 <1; ()3 (A-_l)_(8_)5'Y) chine VxeI:().%]3-1‘ 14 I4-(3—.\‘ y V

Sir dung bl ding thirc co sci‘ vdi chin y max {al1c.bcd.cdmdab} § —8T suy ra la Cain
3 3

Chfrng minht 5(a2l23c3 +b2c3d2 +c3d3a3 +(/3112/92)——3(ab(.'+lJ('d +c'(1'cl+¢1c1/9) S 8 (2)



868 l’l1u'0‘r1g p/nip I247 $0, bfil zijlzll

C15 Ilzé c/1z2'ng mi/1/1 In?! dd/zg I/uh‘ Irén /uhzg /I/Iiéu mic/1. Sm! <T<Ij-" xizz rrin/2 /2(1)‘ nu}! (‘tic/1 z/z_m

\'[m k_\‘ I/Illgif /If/In /Oi.

- 1 ‘ \
. 1 /7 ~ ~ 1 ~ 2

Dél 1" I %_/\ ‘ = = u/2.)’ 1 <1! khl do. In co I‘ 2 .\‘./<' 2 ‘\".

B:511dz'mglhL'rc(Z) <:> _}"(.\') I I().\‘:/<: +1O_\'31‘: —3.\'\!/Z_\'+ Z/<3 —3_\'\,/Z.\‘+ Z1: ~8

'\ _

Tu c6 j"(.\-):2()k-3 +'T;-37.-; 20 3 _r'<.\-> 121 hilm 1C»i 3 _/'<.\-)§m\{_,»(2,1)__/40)}

\x‘(2.\-+211)’

Ta c6 /(0) =(,\~1¢2 +1)(’>_\-M2 -:4) so do _\-W2 g -L <§
J 2'

'11 /

f<f>:1<>y%’ -(»_\~1+1<>AH3 -31\2_\~+2/6 -8 1 g(_\')

Tuong Lu nhu‘ trén ta cfmg cc’) g(_\') 151 hilm liwi nén g(_\") §nmx{ (/<3)

'12

7:
/*\

/\
\_/

V
._2,,

Ta cmgcé 54(0)=(k1+1)(5m2-8)s0 do A-1\0_2§_3:<§

2»;

4_

14.)

Ll

g(z:)=-l(k1—1)(5l<z+l)£() do l<1\’5 §L;i=1

Vgy b§l déng thL'1'c du'<_>‘c chfrng minh xong.

Nlzn xét: Trong lb'i giai nil): chfmg la lhiy nhfrng dzinh gi linh Ié cuu U.C.T déng vui U0 151

n"1©Lbi1n dqp quun trc_>ng dé di dén lO‘i giai. Tiép lhco chimg la sé lhfi)‘ du'Q'c sL'1'c manh cuu

U.C.T. qua Z ldi gizii déi lép nhuu déi v<5'i Z bili tozin cfmg déi lzip nhuu vé min; dc} manh. yéu

Clla dzinh gm bém déng mu-C.

Bi1i4.Ch0 c1.l>.c'.z1e R thou min u: +12: +<': + 4/: :1.

1

Chimg minh I + + 1 + 1 + I + I s 8 (1)
1 — ab 1 -120 I — (‘cl 1 — (la 1 — ac 1 —/X1

Chxivzg minh

: ,: ,4 \ 2 2 2 -1 \ 1 1 3 ,. ‘\'2+Z:
B0 de. Neu .\-. \'.: 2 O \=a Z.\" + \‘ + 3 S— [hr ——+-iSi vol 11: i;——i

. . ~ »,

J l— .\_\' 1 —.\': 1-.\‘u -

/ \.+_\" '\.3+_2\
C/zzing mi/1/2: Thin vziy. b§1Ldi1I1g1l1(l'U <:> | 1—.\-~=%' |\1 1S(1—.\-_\")(1—.\‘:)<:>

\ /Y /*i, F"?~ \ if 1' ~ 1

\'+; \"+;‘ 1 1 { \"+;' \'+; \‘+; \'“+:f \~‘+;" \'+:,
17- ‘—-—.\" — _\‘:,\'“ Sx ' O — ' A<:> ' ' 7 .\'— _\‘:,\‘S.\' '—~i —'———

2 2 \ 2 2 ,~ 2 2 2\J 2 2 ,



CIlu'1)'ng V: A/lg?! $6 sdng tqm 115 blt r7(?_g 111121" - 56*)

<:>\_1v v\ .v1| ;_\ +__ __\+_,|<:_\ +1 !‘+\‘
Sim» » » ~

r- , -1 v _-S -_ i——¥\. 1 , \ . _ .'_/\.+_" I /.+_‘.'1.- _~ ._1 .3 _- _ _

_ _. ~\ ;_. ._. ._. _

1 I I
_\ +.__: 3 " I I ‘+'—.\‘(_\"—\.) 1F x(_\"+:) (_\'—:) (\"—:)' \\{ 2 +\("\ I<=»-¢§-|1-

4 41 ~

(3)

*:> ‘ ~ S S0 (2)
- —' " " 1' .' _"_ 4 .:\‘2+_‘_' \‘+_"_

1 +’ * 4-’X2: \:'2
: ~ » -

\ +__ \ +_ '\ ~ ~ '7dung \/1 u2‘—;— \'z1 do do 3.\'\/'iq— Sl<:>,\"(_\"+;')S$

Nhung bit déng lhfrc nily dfmg vi 2.\-2 + _\'3 + :3 S B6 dé du"c_>‘c chfrng minh.
J

/ip dglng: Girl sir 1:12 -17: \4 2 1 2 \ : : 3 : 3_ dqt u +12 : Z.\" V11 (' + zl I Z_\‘ 3 .\’ + _\' = %
J ._

/\

, 1 ; A , 1 1 2 \ 1 1 2Su dune bo de trcn. ta co + < _\'z1 + <

V12

h l—ac' l—ad _ l—u\' l—/70 l—ln/ _ l—l2\‘

_\'3 +412 +113 = 1 < 3 nén lheo b6 dét1"én.lz1c11g cé 2 i~+—l—\ Si
3 l—uv\" l—l2_\' l—.\j'

., , 1 ; , _ 1 1 \ 1 ITa su' dung cac bat dang lhu'c quen thuqc S , va S ,

:>f

Bit

1-1117 l—.\" l—('z/ l—_\"'

4 l l . 4 l(a,b,c',z1) S——~+—-—;+?_. Ta sé chimg mmh »S+ --~~,—+i~, S8 '

l—.\1\' l—.\"' l—\~- 1-11" l—.\"' l—\~-

1:13»./3%, khi d6 béit déng thtrc @141-111411 -/+1130 (lu6n dng)

Bili 5. Cho ', 7 , , . Chirng minh: + + + S (1)<1"+l2'+(-'+(1':] l—(1l; l—l>c 1-04! l—da 3

{a.b.c,de IR ' 1 1 1 1 16

Ch zhzg minh

Tucmg m czic bi lru'c3‘c. ta thiét lap duqc {>51 dang um L s 32.11 +10 . v.1 s l ‘

Ti1'dy.ta suy rz1CILrc_>'c VT(l)S?(u3b3 +12%: +03:/2 +rI:(13)+4T?

OJ

Din

‘cu

g lhirc x2'1y1'u<=> (1:/2=("=zl:i%.

l—.\' Z

11LhLm.LhA.mmLL

K7

:__(a~»»~40s~~~~~401(>' +(."')(b‘ +4/')+?S6(u' +b'+('“ +d')‘ +T)=? 3(1dpcm)

Nhfin xét: R6 rimg bili tozin 5 manh hon hn bili lozin 4 vi sir dung‘ 5 ta 06 ngay kél qua c1'|u-1. ~

Ngoiai ra. la cbn cé min caich “linn manh" khéc cho bili lofm trén.



W/(1 P/Iu'u'r1g;2l1zip I16 $5 [nit r7_ir1l1

1 \Z/ (
I

1

iii (1. C110 41./'1.1".¢l' E th0:1111Z1n 11' +163 +1‘: +11: :1. Ch1'1'11L~' 111i11h1"§111;l:

U5

_+ _+~ 1+ 1+ 1+ <38
1_(z1+b‘)‘ ]__l1;('w' 1_(':("~§¢1)' 1_<c1§u\)‘ l_(11§<')_ 1_(/74511,)’

1

Ch ting milzh

B511 101111 nily d du‘Q‘c ban Zhz1oB111 dun 1'11 11161 lb'i giai 1511 d¢p b§111g czich $11‘ dung 11:11 ding

1h1'1'c CBS. O‘ 4151)‘. chL'111g 161 xin d11'Qc gidi thiéu 11161 1611 giai khzic thco lu' lu'0'11g L'.C.T. S11

dung bl ding th1'rc 1101111 bZ1i. Lu 0111 0511 ch1'1'11g minh

((1+b)"' +(u+("1‘ +(u+d); +(/1+<")4 +(/7+1/1" +(('+z/)4 S61

Thétv§1y,1a cé (a+b)4 I 2((14 +11‘ +(1u3b3)—(u —/>1‘ § Z(u4 +/1* +6u2b3)

Tu'0'11g 111 vdi czic $6 hz-_111g cim lai. 111 suy 1'11 du'<_1c LHS S (1(u3 +11: +1-I +1/3): : (1

B51 d§111g 1h1l1'c du'<_;~'c chL'r11g minh xong.

Thzit 111 nhién. cu hoi sau d11‘<_)"c defu ra. liéu bé11dé11g thrc $1111 06 d1i11g‘?

B5117. Cho a.b,c.z/ E R th©z1mi11 a3 +123 +1‘: + c/3 :1.Cl1[r11g111i11l11"§111g:

1
1 1 1 1 <16

1+ 1+ 1+ _.- _

'(1+[2\' {b+("~'_ 1 1/(‘+1/\1“ 1 “r/+u‘“ 3

~ 7 / |\ 7 / \ 7 J1
,

} 1_111_1 _1 _1
1

L111

1

Thét néc 121 bé1<1émg1hu-C 11Z1ykl16ng dflng! va-1 vi (111 11: 1; = 0.4 11:1 1- = (1: \/0.84.

__ u,b.c'.d 20 1 1 1 1 1

B2118. Cho . Chung mmh rang + + + $1
c1 +12 + c" + (1 1 4 5 — abv 5 — /J('(/ 5 — ("(111 3 — dub

Clz 1?/ng milzlz

T21 c6 thé thiél lzflp 61100 b§1td5111g1h1'1'c suu é .1‘: +.\*+1(). V2 2 .1" > O. D0116:
_ — 1"

+, Néu n1£1x{abc,bcd,cdc1,(/ab} 3 2 1111 su" dung bét déng Lhtrc trén. ta c511 ch1'1':1g minh

azbzcz +b:c3d2 +c:d:a: + clzuzbz + abc +bcd +1110 + dab S 8

B§1a=1ng111u:¢ nay C6lhédéC1§1l1g Chrng minh bang C1611 bién, EV hoéc ham 161.

Thét veiy, khéng 11151 11'11h téng quilt. ta cé lhé gizi s1'1'1"é11g (121) 2 C 2 cl. D51 f((l,l),c, (1) 1E1\'é

trzii Qua bit ding 1h11'C cn chirng n1i11h. T1"u‘O'c hét. ta sé chirng 111i11h 1":§111g f(a,b,c,(l) dat gizi

tri 1611 nhét néu v21 chi néu u :19 = c. -'

Néu a > C.[z1 xét hiéu /1 I f(r.,b.r.c/1—_/‘((1./2,('.(l). trong G6 1: 1¥.T11c6:



Chmmg V: Mg?! 55 .\:(iIIg rgm 1'5 I161 zirilzg tlz1i'c \_ §

/1 I%1¢1—¢‘):(/1+1/)—%(u—1"1:1>:¢/3 +1/1: +1/'\ J{j.%§111+<'); —11;<":)

2%(u—(‘):(/2+1/)—%(u—("):h:¢/3 I%(u—¢‘):(/2+d—/2:1/3)

z§<11-1-111<1>+(/-/11/,1z%<(1-<->31/1-/)1/>21)

Diéu nily cc’) nghfa 121 néu (1 >0 [hi 111 c6 lhé lhuy a,c‘ b<'>‘i dé 06 giai 111 ldn hon

cL'1a f((l.b.(‘,(/). W511 khzic. gizi 111 1611 nhl chic ch§1n 1511 l:_1i. \"Z1 £11‘ d6. I11 suy 1'11 gi(1 111 km

nh51t d§11d11'Q'c néu \'Z1ch1' néu :1 I /7 I 1'.

Tiép lhco. Lu s€ch1'1'ngmi11l1 A/'1r.r.r.(/13 8 \'didi§11ki§*11 3/ +</ I -1.1 S 1 S
3

Ha)/15113 +314-31111 +1“ +314-31111‘ §s<=>4<2+41+.111 +41‘ -v1‘><1-11’ 2().T;1c(1

_/

\/
I.

1_

J

JJ

I

1.

1 4 /2 4 3 4 _ 4 . 4 1 ,2+41+31-+414 -71*=1* -J . -_+--1 _ | 4+ .4 ,4 -71=’ z0+.x1e11
\1 1 1- 1 11431 1431’ 1431- (431 /.1 128

max{abc,bcd,cc/(1.110/2} 2 2 v21 gia $11 (11102 Z. khi J6. ch11 )" ring \‘c'>'1 moi .1‘, _\' 2 O..\‘+ _\~ S 5.

mc6l+_ I __l __l .\_\(IO .\ _\) 20
5 J—.\'—\' 3—.\‘ J—\" 5(5-.\")(5—\")(5—.\"—\")

<1
,———’+—\

>1»-

'/.

1 1 1 1 1 1 1 1 3 12‘)Suyrz1%++£%—+: I>_ +_ +_ §_ +5.
3—.\' J—_\" J—.\'—_\‘ 3 3—.\' D—_\‘ J—: 3—.\'—>\'—I. 3 4+_\~+:§5

Ch1'1 )" ring Z(<1:l23<': +u/21*) $ 8 v51 (1/)0 2 Z 11611 bcc/+04/z1+¢/(1/>< 5. do dc’)

L’\(

1 1 1 1

5 — bad 5 — czla 5 — dub 5 — d( ab + be + va) 5

- A . . 1 1 3
Ta can chung mmh: _i+7—i——-— S 3

J — (1170 3 — (/( <1/7 + /20 + (‘(1) J

,———-I »—Bil .\' I 4-11 do (1170 2 2 Ilén -1 2 .1‘ I c1+/7+1‘ 2 341'/11/>1" 2 3-

Thco bét dang 11111-C AM - GM 1111 11113 $7.1-“.1111 +111-+111 s 5.1-’
J

. . I 1 ID0 dé. ta chi cén ch1'1'ngm1nh ll-IS;
_5 ,2 35-271 5 3.1 (4 .1)

Hay f<.\-> = .1“ -4.1-~‘ I801‘ 43611.1-1 -(>75 3 <1

Ta cé _/"<11: 6.1-‘(.1 -41+ 4.1-‘(.1--12) +481-<15 - 4.1-1 < <1

4 * ‘TSuyrz1f(x) lZ1hZ1m nghjch bién. do (‘I6 _/'(.\') 3 f(3x‘/2)= Z7(-'l8\/4 -77) < O

Ti1'd€1y, 1:106 dpcm. Déng lh1'1'c X51)’ 111 khi \'i1 c111 khi u I /2 I 0 I (1 I 1.



S72 Pl111"11'ng pluip Iz;7 3'5 I111! u'_inl1

Eli 9. Cho u.b.1‘€ R lho'umf1n :13 +1): +1": :1.Ch1'rngminh ré11g:

E11

1 1 1 9g V
1 + 1 + 1

3+0‘ ~Z/)1’ 3+1?‘ -1111 3+1" ~ Z11/1

Ch 1211g nzinh

, . \ .. . 1 s 9.-1-12.1 4?
Ta sé chung mlnh ring vo'1mc_>1 .\-e [-1.1] lh1 i-S;

3,+.\' 16

That véy, C6 9.\" —1Z.\'+-13 8 :(.\‘+11(3.\'+1)' 20
16 3+,\- 16(3+.\~)

Sir dung bit ding tl1L'1'c nil)". \=(3‘i chL'1 )7 ring {<13 — 21211123 — 21"u_c"3 — 211/216 [-1.1] . 121 suy ru du'Q'c

s 1 . , 1

Z-—,-—s—Z<91<1- -21><~>~ -1211- -21;<»>+43)
,.\., 3+0“ — Zbc 16 W.

Nhu' vg,y_ 111 @111 cn chfrng minh $219111: -21%-)1 -121111 - 2111-) + 431$ 9

@3204 +3Za2b2 +2Zc1:l2c"—4Zc1/2(u: +l72)2O
£'\(' <‘\’1' ('\'1' ('_\’l

<=>%Z:(a—b)Z(3(1+3b—4(')2 @721-’<¢1—11)1 20
r'_\"<’ “ 1'\1"

Bé1td§1ngth1'1‘c ny hién nhién dimg. Véy ta cé dpcm.

Bing thtrc xay ra <=> (c1.b.c) 1 —] 11056 (r1.b.c) :[—— —— ——

/i7

4
u

4\
_u1~

.4!_

DJ]

3!._-

bi)‘._-

<_
uM

%.../

v|||. KY THUAT U.C.T. TRONG BAT DANG THU’C LU’Q’NG G1/I\c

Trong czic phn tru'd'C chfmg ta <15 th§1_\/ du'Q'c \'z1i lrb Qua U.C.'l". lrong czic hit ding thL'1'c dqi

s6. Thé nhung déi vc'>‘i czic bin tozin 1u'Q‘ng gizic 1111 $110? Chfmg 111 sé 11m dnwc ngay 161 giai dip

vé sfrc mgmh cua U.C.T. trong phn nily. T1‘u'é‘c hél chimg ta quan {aim dén ménh dé quun

trqng sau dy:

Ménh 022;

Néu f(x) 151 him khéa vi béc 2 v51 161 lrén khozing (1a1_ /2) 1111 f(.\')2f(_\“)+f'(_\")(.\'—_\*).‘i\1 _\"e(11.b)

Néu f(x) 151 him kha vi bélc Z vil 16m trén khoang ((1. I2) thi j’(.\‘)Sf(_\")+f'(_\")(x—_\").V\‘.ye (1112)

Ch lhlg minlz

Nhén xét: Ménh C15 trén 1Z1m<}t hé qua’: truc tiép cua dinh 13'" Lagrange:

Néu .1-= _\~ [hi bét déng th1'1"c 11-<>~ 111211111 dang thtrc.

8 1



Clluwirzg V: .\Ig3t s1§ sri/lg rgm 1'15 11111 17111151 I/112? \_ 3

Néu xi _\‘ 1111 111co 1111111 1}‘ Lagrange. 11311 1:11 1 sd 111111‘ (‘E 1.111“) (110510 1'€1_\'..1')) >110 c1111

'.')— '1 '1 _,V/(1) v/1):./(H
.1"—\"

+. Néu .\'> _\" .1111‘ 11{1_\ (‘G (.1'._\"). do _,f'(.\’) 111 h£1m 161 11611 ,f' 1.11) 11611; h1é11.1111d<1

. .1 1 ) /1 1 _ . ,, .j ((*)2_/'(_\').s11y1'11 !+\~2_/ (_\"1c>_/(.\")2_/1_\")+_/ 11")(.\"—_\") (11111->1-1
.\'—\"

+_ .\1éu >1‘ > .1" 11'1c 1151)’ we 111.1’). do f(.1') 1511151111161 11611 _/”'(.\') d1“>11g 111511. do dd

_/1.1‘) —_/'11") ., , . .,f (1) S _}‘ (_\‘). suy 111 1?§ _/ (1') ¢> _/ 1.1") 2 _/(1) +_/ (_\')(.\'— _\.') 1110.1-< _1‘)
.\"— 1‘

Turing 111' 111 Q13 ké1 qua khi f 121 1121111 16111 1'51 11151111 dé d1r1_1c c111'1'ng 11111111.

Hé qzui: \/('11 11)" 1huf11 U.C.T. 11111111 11111 >1‘) 1h11'c /1' \z10 C111) 11:11 ding 1h1'1'c 1/1.1") 2 /<1.\"—C1)+111

cd nghiém b<}i .1" = C! 1111 hién nhién 11100 111é11|1 11511611. 1;1\11_\' 1‘11c111‘1_1‘c k : _/"((1). D51)" 151 11161

1051 qua khzi 1h1’1 v1\"Z1c611111éu 1'1"11g dung.

Cl11'111g 1:1 hy xét 11161s6 1'1’ d11 dé 151111 1'6 diéu 11511;

E Béi 1. C11o1;1111 gizic ABC. ch1'1'ng 111i11h1'§111g: cos.-1 +111» B+ 1‘o.\‘(" S‘—;
_

Ch ling minlz

Nhfm xé11"§111g d:'111g1h1'1‘c xz'1y1‘z11\'hi \'Z1c1111\'hi A = B = C I §
,7

Ta c§1n1h1é1 1:_'1p 1151 d2'111g 1l11'1"c cosx S /<(.1"—%)+%; 1/.1e (0.11)
J _.

Xé1h51n1 _/'11") : c0s.1‘ vdi .\'€ 10.71‘). 121 06 _f'(.1") = —.\i11.1' 2 I —%.
3

, 3 1 , . F . .do d01z1d11"Q'c /< =—i;~. T11 can ch11'ng111111h cos .1 § —‘/T’1.1"—§)+% . V1"-2 (0.71)
_ ' _ 1 Q _

Dy 1Z1 111cf>1 1151 ding 1111'1'c \'1111 11611 quun dén czic "d;1i 111'Q'ng" 111'Q'ng 91:10 \"11'11 11611 quun dén
bién 1111_1'c nén 121 k11(111g 111é s11'd1111g bién 1161 111‘0'11g d11'1>'11g 111111‘ czic 11511 105111 11‘11'15'1‘ 11121 phai >11"

d1_111g 11I_1O hZ1n1.

1; 5;, 1 1
X61 g(.1‘) =c0s.\-+\’?J(.\'—§)~% . T11 ed: 111.1"): x—j—s111.1'=() <:> .1‘: g v_\' :'—,nj _'§ j
Ti1'di1y. hing czich lip bang bién 1111611. 111 dé dimg suy 1:1 d11'1_1'c

g(_\') 3 11111.11 {g<§).g(T£)} I 0 .1716 ((1.71)
' J

S1'rd1111g b§11 ding 1h1'1'c nZ1y 1511 1u'1_11 vdi A,B,C 161 cfmg 1z_1i. 111011

3 15 3cosA+cosB+c0sCS;—T(A+B+C—1t1=3

B§1dz'1ng1ht1'c d11'Qc c111'1'11g 111i11h. Dé11g1111'1'c x21y 1'11 khi \'£1 chi khi AABC (1511.
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Ch ling minlz

Tu‘0'ng In nhu' lrén. ta tlnél lip du'Q'c hl dim; thtrc .\iI1.\' S >
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Th2§t\'2_1y. xét helm $5 _/‘(.\") = .\"in.\'.la1c6 _/'”(.\') : —sin_\- < 0 Vxe (OJI). s

4/'<.\-> 2 _/"<.\->(.\---E) + : . Vxe (om

Til‘ dfly, SL1‘ dung ln 1u'Q'l \'é'i /\.B,C réwi céng l2_1i. Lu ca’) dpcm. Ding thtrc xay ru khi \'i1 chi khi

tum gizic ABC déu.

‘w
TE ‘ \‘-‘ V‘—*:~*,'f . TIE
\

l.l\"I'l1

(U.TU

” <n

\

Eli 3. Cho tum giiic ABC . ChL'rng minh ring:
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D0 d6. dé chtrng minh (1) 1:1 ch: c§11cl1(1'z1g minh

11

["1

9(2+\<‘ ’—v ~

16 §)\’FZ‘:(l—>"i11%)(I+c0s%):
224.-\3

/

(l—siI1‘;\,(l+co.\#;\~) i

1.1

J,»

,.*_.‘ ,

\
~ w

\/

_ w
+

,1
_‘__/

1
3

-3!
.- A _A_l_- > 3 _*\’3<:> Z>1115+Z~c0>? 55111.4 _ 5+T

l\( (\('

‘\ ‘
D0 Zsiné _ nén la chi cén chung mmh Z(c0s —;s1nA 2 ~‘—~‘-

rn " _ 4‘-<' _ L '

/\

4;

C.»

-JJ

‘,

Z.)

Q3

Xél hilm $5 f(.\') :c0sx—%sin 2.\-+ .\"—g—€ \é"i .\"e (0.?)

T21 C6: ‘/"(.\‘) = —$in .\'+ I —c0sZ.\" I sin .\'( Zsin .\‘— 1) : (1 c> .\' :21
1

Qua g Ihi f/(x) déi du u'r{1n1 sung du'o'ng nén /'(.\‘) 2 :0 ‘T/XE (01%)
\7 ‘ _»

D0 (01%) nén f(%)20:>c0s%—%sin.-\+%—%—€-20
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TU'O'I1f_.Z[LI'.lZ1 06 c0s€—%sinB 2 c0s%—%sinC 2
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A . ‘ -' 3 3 3/? . ,D0 do Z(c0s%—%s1nA)22(%—%)+Tf:%l 2 (J) dung :> (dpcm)

Déng thirc xz'1y1"z1<:> A = B = C =
Q

Vdi czic biii tozin déi ,\L'mg nhu thé. cdc ban 06 lhé dé dimg lhiél Iép du'Q'c bit ding lln'1'c co‘ sO'
nhu'ng cbn czic bili todn bt déi xirng {hi $210"? Liéu c6 thé Lhiél lip du'q'c <15 dimg nhu'1rC‘n‘?Czii
khé 0' dy, chfnh 121 biét du"Qc déng thirc xziy ra khi nilo? TU" d6. la méi 06 Lhé dé dilng lim
du"c_>'c Iivi giai cho bimi loain! Sau dy IE1 mét vi du:
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B£1i4 [VNTST 2001] cm» Tim ma lri nho 1111510011 P=i+2+2 k
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Girii

Mdi nhin. bixi tozin nily chéng Q6 vé gi 151 l bili main luqmg gizic ca. nhung czic ban yén lflm "ky
phzip” luxjmg gic vén c6 thé rip dung du'Q"c cho bixi ni1_\/Y
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$76 1’hu'u'ng phzip I117 $17 1217! cT_iI1lI
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su\/1'11 /1' >1 vi11101113 P I .\'+ \"+ I I /<(1.\"+ \~'+ 1') > _1"'+ \~'+ 1"’

Nhu'1hé.dé11111 gi1i11'i_ 111111 111151101111 P. 1110111 01111 x01 1.1+ 1-11+ 7: I 1.111‘.-.

1\/IQ1 011511 d1'111g 01111 }'" 111 \'<'1'i df111g 111110 1.1+-11" +7: I 1.11:, 111 kl1(111g 1115 111111 \w§ l11"11'11g gi110 ngu)‘

d11'Q'0 vi 0h:7111g 013 1 C11'111g 1h1'1‘0 11110 111111" 111$ 011. 11111111; 111') l1_1i gqi n1115‘ 0110 111 11011 d1»‘111g 111110:

.\1éu A. B. C 151 3 géc 01111 11161 111111 g1110 1111 11111 A + 11111 B +11111 C I-11111/111111 B 11111 C

T11 dy 111 nay 1'11 y" 1u'0'11g 11111 011011 0h11yé11 \‘§ déng 111110 11611 v11 111 06:
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D90 1171 giéi 11"é11. 0110 ban 51 hén sé (K11 cu héi 111111 $110 111 06 thé 0hQ11 du'q'0 0110 S6
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f(A) 2_,*'1./W)+f'(.\I)1A—.11I11 NB) 2 V/'1.\'1+_/"1 .\'11/>‘— N1: /'((‘) 2 _,/1P1+ f"1l’1((‘— I’)

:> 141111114 + 711111I3+ 411111 C

21-111111111 +711111 ;\'+-111111 P+ 1-1,/"(ll 11.~\—,\l ,1 + 7 /"1 .\’1<l§ — .\"1+-1 /"1l’J((‘ ~ /’)

D0 A.B.C 151 3 géc 01111 111131 111111 giziu 1111011 111311 111 cf111g phui 1111111 M..~\"'.P sun 01111 c111'111g

cfing 111 3 géc cflng 121 111131 111111 gizic 11111111. H1111 111111. 116: 11111 111111; 1111‘1)'c gia 111151 1111;. 111 11111

chQ11 M. N. P $1111 C110 l-1_/"(.~'11'1= .7_/"1.\') : -1_/"1 P1

‘§>.VI.:\'.P>()

Vf1y111c6 hé ‘M+.’\’+P=7t

k14]/"1111: 7_/"(N1 = 4_/"1/>1

Giéli hé nf1y. 111 d11'Q'c kél qu 111111‘ 11611!

1x. BA1 TAP AP DL_JNG

B£1i1.[Di5n dim T115111 l1(_1c] C110 11./1.111/.0 2 (1 :11; +/2; +1-1 +1/1 +1»; :1.
. ~ ~ w ~ ~

. ., . . 1 . .1 . u /J 1 cl 1'T1n1 g1z111"1 1111011l1a1c11z1b1c11111111: ;+ + + + __ .
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B511 2. [Crux Mathenlaticorunl. Problem 3032]

Ia./1.r"2U . 1 1 1 9
C110 1 q 1 .Cl11'1'11g111111h1‘f111g:--é 1*‘ +—€ S +

1z1'+/>'+(" =1 l—u/1 l—/11' 1-111 Z

B5113. [Mathematical Excalibur, V01 9, Num 1. 8/2004]

11.12.1111 > O . . 1 . 1 . ~ . . 1Cho .Ch11"ng111111h1'§111g: 61111’ +11 +1“ +1/1 )2 (11"+b'+1~'+d')+~
lk(1+/>+('+z/=4 8

Biai 4. [Old and New Inequalities]

1,.l.*>0 . ... . . 1Cho {Ia H .Cl1L1'11g111inh1"é111g: 6(u”+/2‘+1")+l25(a'+/)'+("1
]z1+l2+('=l

c1.b.c>O L I I 1 Z7
Cho . Chung 11111111 rang: +i‘+ §—

7+t‘=1 1+0‘ 1+/1' 1+1" W

B5115. [Old and New Inequalities]

{(1 +1

B5116. [Old and New Inequalities] Cho a.l2.1'e (1.2). '
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S78 Plzzmvzg phrip I1? sf} bf}! z7_i/zh

Biii 7. Cho (1./>.('.d 151 czic $5 thuc du'o'ng thou min (!/)('£/ =1 . Clwirng minh rang:

I 1 1 1‘+ 2+ ‘

l+u+(/“+11” 1+/7+1)‘-‘~/> l+z'+('“+r“ l+<1'+z/'+d"‘

'cl_/7.('.z/ > U

B51i8. [China TST 2004] Cho -‘ .

(I/NU 1 1

, . ~ 1 1 1 1

Chu‘ngmmh1'2'1ng: + ‘-+ + ‘ 21
(l+u)’ (l+/7)’ (l+(')' (l+1/Y

Bili 9. Cho c1,[).c,(/ > O. Chtmg minh ring:

c1 /1 (' c
+ + I + >1

Q/:1‘ + 63/201! §/'12“ + 63m/cl Q-’L"' +631/uh {N +6311/M‘

Bili 10. Cho (1./1.0 > O. Cln'\'l1g1nix1l11‘§mg:

<3¢1+1;+¢->" <3/>+(-+1/P <3<-+1/+/1)‘ 375
§ 3 T 1 1+ 1 §—

(/)+(') +30 (('+<1)‘ +3/9' ('u+/9) +3<" ll

Bf1i1l.Ch0 (1./7.0 > O. Chfrng minh rng:

(z1+b—<r)l (l>+('—u)3 (c“+u—/v): >(1:+I>:+('l
7'(u+l>):+l7z*: 7(1>+(-):+l7(1: 7(r'+u)3+l7l>3_5(u+[>{(~):

Biii 12. Cho mm giaic ABC nhQn. lim gizi lri nl1Onh:51LcuubiéL1 lhtrc

P 1 um A + 2 um B 3» 5 um C

Bili 13. Cho cdc $6 du'0'ng ABC. tim gizi tri Idn nhl cuu biéu lhfrc

P = sin” Asin” Bsin” C

trong (16 111./2. p IE1 cixc $6 du"o'ng cho t1'ué'c.

Bi 14. [VMEO 2005] cm lI‘LI'O'C czic S6 du'0'ng a.b.<- V21 .\-. _\‘. ; 1&1 czic s6dL1'0'ng lhO21m€1n

ax+b_\' + ct, I ,\'_\": _ tim gizi tri nh0 nhl Qua P = .\"+ _\" + 1



Chu'0'11g V: .1113! .117’ .\'(i11g tgm 111511111 171111 g tlz 111' $7‘)

§ _- CAC PHEP 110111111)’ THLAX NGH{CH 111120 ctic 110 DAI
TRONG TAM GIAC

\.)
JJ

9*

M151 12121 17171111 1/1111' 1'15 1/zé /1/1111 /111311 1/1111"! 11/111511 1/1/11g /\"/1111' 11/11111. T/"(111<,1 111111‘ 1111)" 11/111' 1111'

/1/115/1 17131 /711511 1/1111111 11g/1_1'r"/1 1/1011 1111‘ 1713 1/111' 11111111 111111 111111". 1'/1111111 I11 1'15 1/16 /111511 1111" />111

171711}: 1/1111' J1_1i .113’ 1/11111/1 /111.1 17111111 1/1111" /11'q1‘11_<; 1'i1Z1' 11111111 111111 ‘u1'1'1<'. 1'11 11g11‘q11' /111', /116.11 1111‘ /111.1

67171111 1/1111' /1111‘/1g g1'1i1' 11111131 111111 g1'11<" 1/11111/1 1111‘ /111,1 171711;; 1/1111' 17111 vi‘. T1‘1_\" l)'l1‘1§'IIAL’ /111'/1 111 1/115

I11 .11? 1"/1111111 111111/1 /111,1 171711;’ 1/1111" 11'11'1_111<4 171111 /111111 11/1111 1"-15 1/115.
~

1. D!NH NGHTA

1. Phép 1161 main 11111911

, 4- .: \'+: :+~\' ~\-’+ Y -1 , .;. .4Cho .11 _\‘. I > 0. phcp G01 111011 11: ‘ 1 /1: 1 017' d11'<_>'c g<_11 111 phcp 1101 111611

thuén vdi ba bién .1; _\". t
~ T1'11lz cl11"1t: " 1+ \~

11+/>::+T'=;+1->1-

_\‘-1-Q1/1+<‘=.\'+f:.\‘+11>11

c'+r1=’\'+"—J;+\=_\"+/1>l>
\ . '-

~ Y nglzfa: \/6'1 czic bét ding lh1'1‘c dai $6 bu bié11.\'._\". 1 > ()_ phép (161 bién néu 11611 cho

phép 1'11 chuyén czic bit df111g lhtrc dqmi $51 lhfmh czic bit dng 1h1'1'c 11"0ng mm gizic vdi dé

di ba canh 11. b_ 1'. S1'1"d1_1ng czic h51111 lu"1_1‘11g gi-dc trong 111111 gizic. ci11'111g 111 c6 lhé 1hu 6111170

161 giéi cho bili 105111 n1Q>1c1ich 61111 gian hcm.

2. Phép (151 bié'n nghich

Cho 11. 11. c 151 dc} d£1i bz1ca11l1 Q1111 111m gizic ABC. D0 111111 giaic ABC 111611 013 d11'(1'11g 11"{1n

néi 111-‘:p nén lu6n1§“>n tai .11 _\‘. : > 0 $110 cho 11:1-+ :1/> I : +_\‘;1"=_\"+ _\- .

A
T1131 vziy, gin $11" d1rb'11g 116111 1161 tiép c1111 111111 gizic ABC X .\"

, ;
1tiép xL'1c v15'1 cac canh BC. CA. AB Ian 111'c_>'1 1511 N1. N. K: K \

.1'=AN=AK=p—a>O y “

_\'=BK=BM:p—l2>()
B C

;=c1v1:c1\1=,>-<~>0

v Ynghia: néu m©1b?11d€111g 1h1'1‘c gifra dc} diii czic canh c1111 n1c}11z1m gidc khéng thé quy

vé céc him 1u'Q‘ng gic 1111 chng vn 06 1h€ quy vé 11511 déng 1h1'rc dai $6 vdi czic bié11.\".v1".

; > 0 v thuén 11611 hon 1r0ng viéc 11111 161 gia'1.



SRO Czic plzép 1151' bié thugin ngh_ich then cdc (IQ dizi trong tum giriz

u. BIEU DIEN c/Ac am LU’C_)’NG TRONG TAM 0|/ac THEO cAc BIEN X, y, z > 0

_\"+: :_+.\" .\'+_\" _

Cho .\'. \'. 1 >().Ba1 <1: 1/>=—:—:¢'=f. su} ruu_/2.¢'ludud;11 _> uanh CUL1 moi tum

gizic ABC. 121 sc biéu dién czic dai 1u"Q'ng cuu tum gizic ABC:

_\"+ \- + -
.\'=Z(p—u): \'=Z(/>—/2): ::Z(;I~¢'): />=—'T4

Sv\/"(.\‘+v\-+f.).\j\': R‘(.\‘+_\")(_\'+;)(:+.\‘) )_*l_ _\~_\';

4 8\/(.\'+ \"+:).\'\':, 2 \’»\‘+."+3_i_i 7]
Z‘/.\'_\':,(.\' + _\" + 3) Z\/.\'_\';(,\' + ‘\" + 3) 2\/.\3';(.\‘ + _\‘ + ;)

(.\'+_\')(.\'+;) (_\‘+;)(_\‘+.\') (:+.\')(.'.+_\")

4_'+~+; ’ ";.‘+‘+;
sinA+sinB+sinC= (\ '\ N“ (\ '\ )

(.\-+\')(\"+;)(;+.\')

CO§A:.\'(.\'+_\'+:)—_\‘_", CL\B:v\'(.\‘+>\"+;)—:,\' CO§C::,(.\‘+_\'+:)—.\‘_\"

K (.\'+\")(.\'+:) Q k (\‘+;)(\‘+_\") ~ ‘ (_"_+_\‘)(:+\'“)

4,\'\"c0sA+c0sB+c0sC=l+ié+"—;
(.\‘+ \')(\"+:)(:+.\‘)

T???’ /iii
'l\/.\'\‘:.(.\'+ \'+ 1) ZJ.\'\":(.\‘+ \‘+ 3,) 2\j_\'_\‘1(.\'+ \'+ 3)

L‘ A=—-'—-?'—— :1; B:-%i—'—-—;lz C=—i~—'i
an .\'(.\"+ \"+ ;)— \": in \"(.\'+ \~+ :)—:,\" m :(.\‘+ \"+ ;)—.\'\"

V
4(.\'+_\"+;) 4(.\‘+_\‘+:,) 4(.\"+v\"+;)

tanBtanC:———-—— 1 tanCt:mA=—-——— 1 tanAmnB=l——
Z.\'+\'+:, Z\'+;+.\' Z;+.x+\"

8.\'_\":(x+ _\" + 1) ‘/.\'_\':(.\‘+ _\' + I.)
tanA+tanB+tanC=T _

L.\'(.\‘+ _\‘ + 3,) — _\":,]:_\"(.\'+ _\" + I.) — I,\']_Z.(.\‘+ _\" + 1) — xyj

.\"(.\'+_\"+:_)—-_\':, _\‘(.\'+_\'+:,)—:,\' ;(_\"+_\‘+:,)—.\j\"COlA: ZCOLBI- ICQ1C: 
Z\/.\‘_\‘; (X + ’\" + 3) Z\“'.\‘_\‘; ( .\- + >\" + 1) Z\'.\j\':_ ( .\' + _\‘ + 3)

Z.\"+\"+; Z\"+:_+.\‘ Z;+.\‘+\"
c0tBc0tC:i'—~—; c0tCcotA:—'————: c01Ac01B=—i1‘——

4(.\‘+\'+:_) 4(.\-+\'+;) 4(_\"+\"+;)

.\'2 + vi + 52 + .\'\‘+ Y; + :,\'
colA+c0tB+c0tC= ' ' '

2\/.\'_\‘:, (x + _\" + 1)

siné= _i~—-—’\_: " Q1112: [fit ' §in§—= ‘:—-il—'\—'\‘
2 (.\'+_\')(.\"+:) N 2 \/(_\"+:)(_v+.\') M 2 \/(:.+.\')(:+)')



Clzuvng V: Mg}! szj sring tgm 115 I217! airing I/1121"

. A . B . C .\1\".'
sm — mm — .\m A =LL’

'7 '3 '3_ _ _ (.\'+>\*)(_\*+t)(:'\l

A [3 (‘ \,‘_\‘:_(‘\*+:}+\:,\'(:+.\"\+\_>;_\'(.\"+,\")
sm T + sm j + \|n T 1 %————%:;_i;+1+;:~*~~

_' _ _ \'(V\j+‘\'VH>\.‘+f)(f+‘\)

A I .\'(_\+_\"+:V) Ii‘ -‘_\'(.\‘+_\‘+:) (‘ fl ;(_\‘+_\’+;)
C0.\‘—: v-i-— ;co>—: A 1c0.\A: §————

Z \i(_\"+_\")(.\‘+:) Z \i(‘\‘+:)(W\"+.\') Z \‘(:+_\")(;+_\')

A B (f (.\' + _\' + 1) N _\'_\';(.\'+ _\" + 1)
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J< '

tzm—tan—lzm— = ' I = ; '
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+ 4 7 7

(_\'+;) (.\‘+_\‘)'(.x'+;)'



~48} Cdc phép 115i Irié tlzugin 11‘,

' "" " (w.\' _

"/1_icl1 tlleo mic (lg? dili {rung tam girh

_)_ .\'\";((1\"+5>\-+51) .\>\__ +‘1
; V \')(_\"+;)(_-_+.\‘) |.\_\"+_'. W/1'

c0s(l?—( — ,

- ~> <_\+.(X-+ _\")(_\‘+ :_)(_\ + .

.\'\‘_'_ .\' \ .. ,

’ — 6* —~~—+*~~'~+A- ;+lJ1c0.\(B—(‘“)+c:>s'lC—.»\)+cm(.~\—B):?—+—+— }

(__\+r\')(\‘+f'Iif+\)i l\*f, j+.\ .\'+’\,

-l "N “ \"\t{.\+\~rH:".‘-') .Z\;$ \‘_\‘:(_\"+>\‘+1)(_ —>\ I _\ _
_1sin(B—(‘)= - x

(.\(+_\‘)(_\-+ :.)(_\~+ :)> (~\* .\'H.\‘* ~ )5 * V

B—C Z.\'+4\"+_., _Z
‘A ~+-‘(-+\A)

"'" Ix + >\~ + :~ I I
.

(\'+I)

'/.

COS ° Z \"+_' \}(.\-+>\')(.\'+:) \:(.\'+_\‘)(_\ ._)__ ..

A-8B—C C—Acosia-c0s»i+c0L< F—-~ 1
“ Z Z
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.\"+_\"+:.)(v\
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CI1 mmg M62 $6, sting tgm vi bfir ihig th 121' 883

|||. AP DL_JNG PHEP DO! BIEN THUAN

, I

I

L "A "‘}<“7(\+\"l _'+'2(:+.\")“. V'.\'._\'_;>(), Biii 1. ChL'1'ngminhrang: (>4.\>\'.2(.\'+'\~+_,) __ _' _) (\ 2) !

'B('§d¢5: T=sinA+sinB+sinCS

° Clui/ng

?’m~
r"_'—1

5__

Z
Qn°

/,._

Z
I3

..

minh: T = —

Lu

/__

\

-J

——— \1nB -—

,___

./‘

.1 E __ I \ ' _. I T -A /-\

(§in'A+i)+(sin'B+§—) +l/~ '" A 'B +(ili+cos'2\ =il
4 4 2 3 3 2

“——i—— + COS

CI1 ling mi/1/1

'3

’_ \ ,

/
Jfl

-I /-v aw - /
_ , \, J 4 \~ J , 511] A am H
— ‘ ,~ ~ + 3 - 1+ _2— » cos B + —:- - cos A l

'7 '7 w /~> s\ 3 \J' 3 .

_ )‘/ "-(-+\'+z) 3’?, ‘ , 4(.\‘+_\‘+:, .\_w_, .1. V
' Ap dgmg: Bat dng thu'c d cho Iu'0'ng duorng 3

(.\‘+_\")(>\‘+:,)(;+.\') Z

" " ‘ \"+* ") msZN//.\1\"; (X + _\‘ + 3) Z\/.\‘v\‘__ (.\‘ + _\ + __) 2\/.\)_, _\ + _,

H ~ “ ') (;+,\-)(:+y) 2w (.\"+\')(.\'+;) (_\+:)(_\+.\

su dung phép aai bién Lhuén mi b;1bién.\'._\

SID

'. 1 ta duu vé bét dfmg thirc lrong tam gizic suu:

If . \ A

0 ~'ru<:>AABC deu <:>.\":_\*:;.' A+sinB+sinC if (dpcm). Du bin: xa)

T

W
99»

--1.

IQ

Cinlng minh: 8\/.\'_\': L/.\-(.\-+ _v)(,r+ 1) + \/_\"(‘\~ + :)(_\" + _\~) + \/:(: + _x')(: +

S18.\‘)"; + 5[.\(\' (.\' + _\') + _\':(_\' + 3) + ;v( 1 + H1 . VA‘. )1; > O

- ~ . A , B , C 3' B6 dé: T=sm +s1n—+.<1n S
2 6 7 w

1’, A _ B
<— §1n-—+s1n— +1

Clzfrng minh

— — VAABC

, . . A . B _ C _ A . B A B A B
-' Chzrng mmlz: T = sm — + sm— + sm — = s1n— + sm w .1 + c0s—c0s~— — s1n-s1n—

° ° 7 \ ° 7 / 2 2 2 2

1211 3A ;B‘_A_B3~‘— ‘<——s1n—s1n—:~
_2M‘ 2 2) J 2 2 2 2

+— (.O.\ + LO.

' Ap dyng: Bét déng thirc dii chd tuong duvng vdi

'7\/' ") +\/"\‘(;+.\')]_ Sg(.\'+_\')(_\'+ ;)(:,+.\')L/.\)'(.\‘+ y) + _\;,()' + 2 \t

<:> \/_\':(_\"+ I.) +\/Z,\'(Z+.\') +\/.\j"(.\‘+_\") Sgv/(.\'+ _\")(_\‘+:)(2+.\)



884 Cdc phép (IOY bién thugin 11gh_icI1 then cric g) dfzi lrong mm gnu

,\'Z

¢

\ -,
\‘ I .\ \ J

<7-‘z ‘ +

Su' dung phép doi hién thugin \'o'i ha hién .\‘. >\*. 3 tu dun \'§ bit (I511; lhtrc {rung lam gizic \.1u

_ 4 B . C J 4 ; , ;
sln : + sm: + sm i § j :> (dpcm >. Dau hang my ru c> A.~\B(_ nicu <:> .\" 1 _\" I :_.

.

~ 1

+5 ' _S~(l)
\-(.\'+\‘)(_\'+:) \/('\’+:)(L_\"+.\]) \'J(;+.\')(_-+_\"_) Z

Bi1i3. Cho .\‘. )1 1 > 0. Clufng minh rimg:

v.\‘+ _\"+ 3, QM’/.\'(’_\.'+;) +\5F_\"(;+.\') + \,?/;( \ + \’))

J.)

4-

T
A

I \ ( \

1 
.\‘+\")(\"+;)(:_+.\") —

J

/2
J7'_'

F

ca.)

i/
__J

’ 1A 3 / 15 _§— cos'—+- + c0s'~+— +-
\ ,7 “L/I \ 3 4 G

C111?’/lg minlz

\lJ

J4

1,‘.

0.)

7 ~ A B C . -
‘B6 dé: T:cos:+c0s7+c0sT_S-. VAABC

\

A
/ J

cosi cos: B ' 1\ 3 2 s B 2 ~ A 3\wi1+si11‘—|+i“+sir1'— ~
x 1 2’ \ 1 ,7/\

_)

\
2'" C ‘ cos A cos B

2 ’ A 3 B .» ‘ » B 9 A
° Chi?/ng minh: T = — cos—-L +cos—-_1~ + \/3 i“»sin—+—;“ - sin—

2 2 2 2 2 5 2 J? 2\/T \ \~ J

oi

'7

' Ap dung: Bit ding lhfrc d cho tuong duong \"o'i
, - _

f.\'(.\+_\"+;) _\'(.\‘+A\"+;) j;(.\+’\'+:_)
+5 \+ — 3

'7\‘(.\'+ \‘)(.\-+3) \s’(\~+:)(\-+.\"; \‘\(:+,\2)(;+_\~) _

Q)

<\
VJJ

SL1" dung phép doi bién thugin \'é'i bu bién .\‘. _\". I. In dun \'é bail dfmg lhirc lrong tum giac sau

A B C 35 2 2
A

2 2

c0s?+cos—é-+c0s7S—,)— :> (dpcm). Dau bang my rz1<:> AABC dcu <:> .\' = v\' = 3.

Bili 4. Cho .\'. _\‘, : > 0. Chfrng minh ring:

.\' _\" I. g 9 (ax)

(.\"+\")(.\-+1) (_\"+;)(_\-+.\") (;+.\")(:,+_\‘) -l(.\"+_\"+:) A

Ch ling minlz

., . 3' B6 J8: T:c0s A+cos B+c0sCS:

° Chzivzg minlz: T = cos A + cos B + cos C :(cos A + cos B).1+ sin A sin B — cos A cos B

3 l[(c0sA+cosB)3 +1:]+l(sin3A+sin2B)—cosAcosB§i
') '7 2

' Ap dung: su dung phép doi bién thugin voi ba bién .\‘. _\‘.._. I21 co:



Clzmrng V: .11’(31 sf; sdlzg lgm vé blt zlrilzg 1/1111‘ SS5

Z(p—a_) Z(p—/2) Z(p—¢") 9mm + + —s -- ~
-1/7(' 4&1 4L1/7 -Mu‘ <4-/7 -4- U)

"V/>+('—(1 (’+u—/> u+/7-—z“'<:>(u+!v+¢')§ + + ii‘)
\ In" nu 11/v ,

((l+/7+(‘)(/7+('—ll) (u+l>+(')(r'+u~/2) (u+/v+(')(u+/7~(')
=:> + + S9

/n" (‘<2 u/I

(l1+<"):—u3 (('+u):*/ff (u+[>):—<':1: + + $9
In‘ cu u/2

7j
<:> Z(C0s,—\+c0sB+c0sC)S3 <:> c0sA+c0sb’+c0sCS: 2 (dpum)

D§L1b§|1g xa')'rz1 <:> AABC dfru <:> .\- : \" I :.

\. \ i\'.' 1' .‘\'i7 \ \
Ban ... Cho .\". \‘. §| > O V2.1 .\" + \" + _ > Max “~" — .ChL'1'ng minh rfmg:

/,.4\

____V_

: \‘ \" I

6-l.\"2_\'7‘:'1(.\'+_\'+;): 2 2'/{;L.\'(.\‘+ >\'+3)—_\";I_\"(.\'+_\"+:“)—;\‘?;;(.\'+‘\"+;)—7 '

'/
'¢

_._J

~

}' <"">

Ch 1}‘/lg minh

' B5 :76‘: um A + um B +l21n C 2 3&3 VAABC nhpn

, 8.0‘: ( .\‘+ _\"+ 3) \/_\_\":,( .\-+_\'+ 3) ‘_' Ap dung: (“) 1;» , T __ 23\,3
_\‘+_\‘+;)—_\':, >\"(.\"+>\"+:)—:,\‘ f3 :_(.\‘+_\"+:_)—.\_w'j!

F4

>1

Z\/.\'\';(.'\'+ \" + 1) Z\/.\‘\':(.\'+ \" + 1) Z\f.\'\";(.\'+ \‘+ 3) r

.\‘(.\’ + y + Z) — _\'Z _\‘(.\‘+ _\" + 1) — ;\' :(.\‘ + _\" + 1) — .\‘_\‘

\/
\.;J

<\
,_,J

su dung phép d6i bién Lhuzfm \=c3'i bu bién .\". v\". :_ la cé:
I \

.\-+ \' + 1 > Maxi ‘M’ 1 ‘A <:> cosA > 0: cosB >0; co>C >0 <:> AABC ilhajn. ix NJ

1\/Iél kluic (1) <:> 1;mA + um B + um C2 3\/3 :> (dpcm)

Dfiu b§1n<1 xéw 111 <:> AABC déu ¢:> .\‘ : \" = :.\_ . .

. Chm ,\"_ >\‘. : > 0. Chmg minh ring:

C3
Q»

--.

DJ

“ " "'+\\+ " " __Z "\+\+"

,\<

>1
J

+
'/.

,

+
I

,

'4 _,.

+
, .

/,
_.)

\/

,'~.
/.

.

,

C111?‘/zg minlz



886 Cric plzép :10!‘ bién thug?/1 rzglzjclz {I100 cric J53 (Mi trmzg mm gnu
__

' B6 H6: col A + cot B + col C Z \/3 VAABC

, x: + vi + :3 + .\'\" + \": + :,\" V:' Ap dung: ('-") <2’ ‘ VB._' 2 \,.»

'l\‘.\'\':(.\' + \' + 3)

.\'(.\‘ + ): + 3,) — _\': _\" (.\' + _\~ + 1) — ;\‘ : ( .\" + _\* + : ) — ,\'_\- I;
<§' , + + 2\/_» (I)

Z\/.\'_\'.", (.\‘ + >\" + 3) ZN/.\'_\‘: (.\' + _\" + 1) Z\'.\'_\': ( .\‘ + _\‘ + 3)

SL1‘ dgng phép déi bién lhufm \'O'i In bién .\". )1 I ta 06:

(1) <:> coLA+c0lB+c01)C2\/B :> (dpcm)

Du being xay 1'21 <:> AABC déu <:> .\‘ : _\~ = :.

Bi 6. Cho .\". _\'_ 3 > 0. ChL'mg minh ring:

4(.\‘+ \"+ 1)./.\'\":
' I ' 4 S‘/.\"(_\‘+;)’+ \/_\‘(:+.\‘)+\/;(.\'+_\'

./(.\'+ _\')(_\‘ + :,)(; +.\‘)
J V‘)

Chzhzg minh

~ \ . . . A B C
° B6 J8.’ sm A + sm B + sm C S cos? + cos: + cos? VAABC nhqn

' Ap dung:
,- _,

4(_\-+_y+;)\/_\1\~;(_\-+3-+3) N/_\'+_\"+; M/'.\'(_\"+:) +\/>\"(:+_\‘) +\/;(,\‘+>\‘)_1
(") ‘=> _ _ _

(-*+.\')(.“+3)(3+-Y) \{.\'+_\')(_\‘+;)(;+_\‘)

FJ

/\/\

_'-1f

2\/A3"; (.\" + _\' + 3) 2‘/.\'_\':,(.\‘ + y + 3,) ':,(.\" + _\" + 3)
*2 + + _

(.\-+v)(.\~+:) (v+:)(v+.\-) :+.\>)(:+_\-)

.\'(.\'+\"+;) I \'(.\‘+\‘+:,) !:,(.\'+\"+;)
§\/(.\"+_\')‘(.\‘+:) \}(:\‘+:)k)"+_\‘) \/(:_+.\‘)%:+_\)

SL'1'd1,1ng phép déi bién thuén vdi bu bién .\'. _\". I Ia c6:

. . . A B C
(1) <:> s1nA+s1nB+s1nC£c0s?+cos:+c0s7 :> (dpcm)

Du bng xéy ra <:> AABC déu <:>V.\" = y = :

Bini 7. Cho .\-, _\-. ; > 0. Chtrng minh ring:

.\-(v+;):+.\~(\-+;)2+.\-(\~+;): /I /— -,_____-__i S\/_\':(_\‘+:)+\/r.r(:+.\')+\/
\/(.\'+ _\")(_\' + :)(:, +_\‘)

‘<74
A

.\'+ \

Ch 1211g minh

» ~ . A . B . C' B6 (T2: c0sA +c0sB+c0sC£sm7 +s1n7)—+sm: . VAABC

° Ap dung:



Clzlmvzg V: Mg?! $6 sting tgm vé hr?! zlrihg rlzliz“

+

\'( W + —:)+\~*-1+9) ;(,\‘: + vi) +(m~; \ \‘."( \ +17 (J~ \*:\"‘ .-~»\"> ~ \ .\'\"\_.\"'~ \)
( )¢:> ’ -" s

\_/

{.\'+v\')(_\"+; 1+1) \.(.\‘+\")(\‘+:)(:-+.\')

4,“-_-_ \:"_\': (_\~ + Z) + \=/:.\‘( : + .\") + \, .\-_\'(.\' + _\")
4:» ' :3 . .,__..<_.M_.,_

(\.\‘+ _\-)(v\' + ___)(._. +.\') + \/;(>\'-|- \' + :_)(: +_\')

.\'(.\‘+ v\'+;)—_\‘; _\‘(.\‘+)‘+ :)—:_.\‘ ;(.\'+ _\'+ ;)—,\‘_\"

W (.\'+\‘)(.\‘+;) (\"+:)(\"+_\-) (:+_\")(:+\") _

_.____?__ y,i_____-+
.= _\‘f, 3 - \' .\‘\'Si +5 —+* (ll

\3(.\‘+ \")(.\+:,) \::(\'+;)(_\~+.\') \*(:_+ \')(:+_\‘)

SL'1'dL_mg phép déi hién thufm \'6'i ha hién ,\". _\". t 111 C61

, .\ ‘ B ‘ C(I) <:> c0sA +c0s B+c0sC§s1n7+.\1n:+ \1n—; 2 (dpcm)

Du bins xa'v ra <:> AABC déu <:> .\- : \- = :..\. .1 .

Bi1i8. Cho .\‘. \', 1 >0.Ch(rngminl11'z§ng:

l___J

F‘7

8.\"3_\'3;2 2 Ev (.\" + _\' + 3 ) — _\':_

1

,\

.\'+ \‘+;)—:_\"j[:,(.\"+ \'+ ;)—.\-\':’ (*‘)

Ch /rng minh

, , _ A B C
° B0 dc: 1;1nA +1zm B + tun (. 2 cot 7 + col : + cot j. VAABC nhqn

' Ap dung:
1 r— —\r- —»— ~

Ncu ;.\'(.\'+ \'+ :)— \": y; \"(.\‘+ \"+ ;)—:,

Xét [.\'(.\"+ _\" + 3) — _\";]i_\"(.\‘+ _\" + 3,) - 5,

f’.
l_.___

F"'*l

/.
L.._..

(_____

;(.\'+ _\" + — SO tl1i(*)dLi11g.

_",(.\‘+ \"+;)—.\‘\"1>O

Tu C6: {|:_\'(.\'+ _\' + 1) — Ix} +{;(.\‘+ _\" + ;)—.\')'1=(_\" + 3): >0

[;(.\'+v\'+ ~ >0

{.\‘(.\‘+ _\' + 1) — _\"::t+[_\‘(.1'+ _\'+ ;)~ :,\:(.\'+ _\"): >0

:> .\-(.\'+ \‘+;)— \":>(): \"(.\'+ \"+ I )— ;\">(): :(.\'+ \‘+ :)—.\"\->0. Khi d6

8 .\_\‘; (.\"+ _\" + 3) \,f.\)"; (,\'+ _\~ + 3) X4. \- + _-

("‘)<:> - ‘ _ —2(;+_‘+; ’+~— (1)
|:.\'(.\"+_\"+:)<_\‘:H_\'(.\'+_\'+:)—t,\'lL:(.\‘+_\"+:)—‘\j'l \ \ -‘T3

SL1" dung phép d€§i bién thuén \'C»‘i ha bién .\". ‘\". 1 la c6:

.\'(.\'+_v+;)—v\";>(); _\"(.\'+_\"+;)—;\->0; :(.\"+_\'+:)—.\"_\->() <:> AABC nhqn



>388 (Tzir plzép 051' bién I/lug?/1 ngl1_iz-I1 tlwu cric J43 dizi rrung tam giriv

. ‘ A B (‘
1 I > ¢:> tun A +u1nb’ + um ( 2 col -T + cm T + col T 1?» (dpmn

Du bfmg xa)'rz1<:> AABC déu <~:> .\" : _\" I :_.

i (

Béi 9. Cho .\‘. \". 1 > O. Chtmg minh réngz

;rx(.\'+)‘+z)—y7.1Ty(x+§‘+Z)—Zx§§ Z(X+§'+Z)—X§'ji
* “ -“- "Sx_\'7 (")

x+)')(}'+Z)(Z+.\)

Cluhzg minh

.» ; , A 4 B , C' B0 (Te: comk co.sBc0sCS s|11:s111:s111T . VAABC

' Ap dung:

(>51) ._ (-\-+_\.+Z)—_\":Z€_\'(.\’+_\"+:)"UK:(_\-+_\"+:)—_\3E

x (.\"+_\")2 ( \~+:): <;+.\-)3 _1_\'+.\')l[\‘+f-)‘f+-\<’ *

_.__1

'/.

Su‘ dung phép déi bién Lhuén \‘C>'i bu bién .\". _\'. :_ Lu CO1 -

‘ A _ B . C
(1) <:> cos A c0sBc0s C S sm 75111 :sm 7 :> (dpcm)

Du being xay1'uV=> AABC déu <:> .\‘ = v\" = 3

I B51i10. Cho .\’. _\'. 1 >().ChL'1'ng minh rzingi

')( \"+ \‘ + :.)(.\"\" + \'I + ix) 2 x/\':( \' + 1) + \/:.\'(; + .\')V + \/.\"_\"( \'+ I (*‘)
E

' Clzlhzg minlz
.

A A 3A QB 3C ”_ h\ ,B _C\‘\_' B0110: cos -—+cos -+c0s ~21s1n~+sm—+s1n—]
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s; 34”‘ F11: ~11’? <' \c1:—2/>Su\ 1'21 ,_ —— § 1' — ~ <:~ —+:~__._;: S ——-~ (dpun)
\/1 — 211:" \ J \/1’ — Zcu" ~‘

Biii 10. Cho czic s6 lhgrc <1. I). 1'. 4/ > (), Ch(1'ng minh ring:
9(u + /7 + 1" + 1/)(u/21‘ + 11/u/+ um! + /20¢/I § -Ha/1 + at + uz/+/>1’ +/></+ :1/)3

Ch 1211g minh

' B5 £15.‘ (I! + \' + n‘) 3 2 3(11\" + \‘\\" + Wu) V11. \'. we

' zip dung: Xél du time l’(.\') = (.\" — uH.\" — /1)(.\ — <')(.\‘ — ¢/).

SL1‘ dung dinh 1)‘ Rolle su} r;1P'(.\')c6hz1nghiém /11. :1. /7‘

Tu cé

P'(.\‘) : -l.\"; — 3(u + /2 + <' +1/).\': + Zm/> + nu" + uc/+ />(' + /91! + <1/).\'~ (<1/n' + ulul + (ml + /M/)

. , , 1

SL1‘ dgmg dgnh ly \’\c1c1uc0:m/1 + up +12/21 = 7 ((1/1 + <10 + an/+/7<"+lu/+("c/)1

1
J l

m + 21 +1) = In: +11 + <' + (I): HIII/7 = In//n' +¢z/>1/+1/<"</+/In/)

Tu C6 (mu +1119 + pm) I 2 3(_I/1/1.11;) + IIl]J./7/1 +/ml./n/1) = 3/11/1/1(/71 + /1 + p)

I v 9:> 1( (lb + ac" + ml + In.‘ + lid + (1/)' 2 E (:1 + /2 + 1' + 1/)( (1/)1‘ + (1/)d+ 5111/ + /7(‘£/)

:‘> 9(a + /2 + (' + c/’)(c1l>c' + (1/Pd + u<'c/ + bu/) S -Hub + at + 11¢/+ /10 + lnl + (1/)3

Biii ll. Giti su'.(1|.a3.u;.u_..(15 >0. Chfmg minh 3(Z(1, ) (Z41;/,1!‘ )S(Zz1f<1‘, ) _

Cluhlg minh
X61 P(_.\‘) = (.\‘ — z1|)(.\" — u;)(.\‘ ~ u;)(_\' ~ u4H.\‘ — 11;).

SL1‘ dung dinh 1)‘ Rolle suy 111 P'(.\') Q6 h<‘\n nghiém [hue during m. /1. />. q.

Ta 06 P'(.\') :5.\‘4 —4(Z¢1,).\'; + 3(Zu‘a .\'3 — Z(Zui<1 ,<1; .\'+ Zz1,<1,z1Az1,,J

Sn‘ dung dinh1y"\/iCLclac<3

4m+1z+p+q=;(u! +03 +113 +u_‘ +05)

3
mn + Hp + pq + mp + mq + nc] = 720,41]

J

v
mnp + /zpq + _1)(/I77 + qmn = f(Z¢1,z1,z1A )J ,

Ap dung bzli tép tru'<'>'c (1106:

9(m + n +11 + q)(1mzp + nznq + mpq +17/u/) S ~1(‘/21/1 + mp + 1211/ + up + /Iq +121/V):



L\‘~)(w l’l1m1'11gplzzip drinlz giri cziu I11‘ s13 um zla tluir 111711;; djnlz I)‘ \‘1'£’1‘0

1’ \\
1

1?

F4

U (Z11
\ _

11)

Y ~. 1 . 4 1 , > L

Ba! lZ.(h0c;1c so 1h11'c11./11111/>(). Lhung 11111111 11111;:

3111+/1 + 1' +1/H11/1 + 111' + 111/ + /11" + /11! + 011"» §

S (11 +/1 +1'+1/1': + Z111/11'+11/ul+<11"1/+1'11"1/1

D31

- C'I11?'11g 11111111

P(_.\‘) = (.\‘ — r1)(.\' — /1)(.\‘ — (')(.\' — 1/).

$11-111111;; dinh I)‘ R0110 suy 1'11 P'(.\') Q61 bz111gl1i§m111. 11_ /1, T11 Q6

P '(.\‘) I-1.\ ‘ ~ 3(u +11 + 1' + 1/).\': + Z(u/9 + 111+ 111/+/11" +/11/+ 1'1/1.1‘ — (11/11' + 11/11/+11<"1l+/112/)

SL1" dung d2'111g th1'1'c Cauclzy \’Z1 hail dng 1h1'1"c .~\.1I-GM 111 013

(111 +11 +/1)(11111 +11p +/11111—11111;>=(111 +11 )(’11 +/1)(/1+111)

(111+11)+(11+p)+(/1+111)1‘ 8 1

(111+11)(11+]1)(]1+111)S1 1 =_)7(111+11+/1)‘
1 J 1 _

8 1

:> (111+11+p)(11111+11/1+/1111)S T7(111+11+/1) +11111/1 (I)

, . , .1 , 1

SL1‘ dung dgnh I)" \/101011100 11111 +11/1+p111= ?((1/1 +/11'+<‘11+<'1/+1/11+/11/)

Y l
111 +11 +/1 = £111 + /1 + 1‘ + (I); 11111/1: I (11011 + /1011+ <1/11 + 1/11/11

Thuy bu d:'111g 1h1'1'c nZ1)' V510 (1 ) 111 nh:_‘111 du'<_1c chL'1'11g minh. l

\ . , ; . - L |

B111 13. Cho cac s01h1_1"c u./1.0.1/>0.Chung1111nh1‘;111g:

9 1 1 ~ 1 f
l’%(z1' +11“ +("' +11‘)+%((1/1+u1'+uc/+l1('+[1(l +111” 2

. '1

~ "3
1 _7

2 Z(11l1 + 111" + 1111 + />1" + /Jd + ("(1 )' + -l—E—((1 +11 + 1' + z/)((1l1(‘ + 11/111 + 1111/ + /1611)
1

X61

CI1 1571g 111 inh

da Lhtrcz P(_.\') = (_\" — a)(.\" — /1)(,\" — c)(.\" — 1/).

S11 dung dinh 1)? Rolle suy 1‘z1l"(.\‘) Q6 bu nghiém 111. 11. /1. Tu Q6

P '(.\') = 4.1’; — 3(a + /1 +1"+ 1/).\": + Z(u/1 +111"+111/+110+/1(l+<"(/‘1.\'*(11/11'+11/11/+1111/+/112/)

S1'1‘d1,1ng b§1CI2'1nglhL'1'c: (111 +11 + p)(111: +113 +113) 2 911111/1. SU)' 111

(1113 +113 + pl + 11111 +11/1 + 11111): 2(11111+11_p+/1111)2 + 9(111 +11 +;1)11111/1

Bi 14. Cho czic $6 thuc (1. /1. 1'. 1/ > 0. Chmg minh 1"§1ng:

9(ll +17 + 6' + I/)2 4(ub + 11<."+ ad +121‘ + I111 + ('11)
+ 2 <11) + 11¢‘ + ad +121‘ + bd + ("cl + 9

16 ubc + ubd + aczl + bcd

Xét

CI1 1271g minh

(Ta 1h1'rc: P(.\') = (,\‘ — a)(.\‘ — 11)(.\' — c)(.\" —- 1/).

S1'1'd11ng dinh 1)? Rolle suy 1'11 P’(.\’) cé bu nghi§rn1 111. .1. /1. Ta c6



Clzuvng V: Mgit $5 szing tgo vé bf} dring thzic R97

P "(_x) : 4x" — 3(a + b + C + (Ox: + 2(ab + ac + ad + by + ha’ + cd).\' — (abc + abd + acd + baa“;

. A ; , ~ 2 ~ 1 I ,‘Su dung bat dang thuc: in‘ + — : /11‘ + — + — 2 J
m m m

m1z+n)+ 7/n 3 2 1 Z ~ Z:>m2 +11: +p2 +25%‘ +—+n' +—+p' +—29
Hlllp nz 12 p

Thé a. /2. c, d theo m. n. p :> (dpcm)

Biii 15. Chang minh ring:

Q/labc + abd I acd + bcd N;/ab + ac + ad £190 + bd + cd V“ b‘ U, 0

1

?

J
Ch 1212g m'in/1

Xét da [1'lU'C P(x) = (.\‘ — a)(.\' — l1)(x — c')(x — d).

SL1‘ dang dinh ]_V Rolle suy ra P’(.\') cé ba nghiém m. n. pa Ta cé

P '(,\') = 41-3 — 3(a + I2 + c + d)x2 + 2(ab + ac + ad +196 + lad + cd)x — (abc + abd + acd + bcd)

SL1’ dung bit déing thfxc AM — GM via dinh 1y Viéte La C6

J 3 abc + abd + acd + bcd {ab + ac + ad + bf + bd + cd
1 np 1 1 _ ’ 1 Y"! ~ _ ;
1m + + p 2 > 3\/( Imp) *—\ V >\i

Bixi 16. [Viét Nam MO 2002] cm da thtrc P(.\-) =.\-L‘ +a.\'3 +1»-+¢-=0 cé ba nghiém I

‘

thuc. Chirng minh rang; -l2ab + 27¢ s 6<1~‘+10\/(Q1 _ 211) <1) f

Ch zhzg mi/zlz

GQi xl, x2, x; IE1 ba nghiém cla P(x). Str dang dinh 1)?" Viéte ta C6

x, +x2 +x3 =—a ; xlxz +x3.\'3 + .\'3xl =12 ; .x'[.r3.r3 =-c :> a2 — Zb=.\',: +x§ +.\‘§

Ta C6: (1) <:> 6(x, +1‘: +x3)(x,3 +1‘; +.¥_§)527.r1.\"3.\'_, +lOv(.\‘]3 +x§ +x33 (2) I

- Néu X13 +15 +.\-Li =0 <=> ,\-,=.1~2 =.\;, =0 m1<2)1a dling 3 <1) 151 dilng

- Xét ,1-,2 -FX32 +x§ >0. Khéng ma: mm réng quét gizi su .\-,1 §.\-§ s.\-_§. chm rang hai vé

CL1£1(2) déu 151 czic biéu mu-C déi Xrmg béc 3, do dé Ia (:6 me‘ chun héa x]: +.\-§ +.\-§ =9.
Ttr Ciéy suy ra: .\~§ 23 Va 2.\~,.1-3 $6.130 do; (2) <=> 2(.\-1 +.\-2 + .\-3 ) -_\~,\-,\-3 s 10

Sir dung bén déng thfrc CBS ta c6

[2(x1 + x3 + x3 ) — .\',.r3.\';] 2 = [2(.\', + xi ) + (2 — xlxz )1‘; J 2

£ [22 + (2 —.\'1.\'3 )2][(.1', + X3): + .\'_§]={8 —4,\'l.\'3 + (xix: ):][9-+ Zxlxj]

= 2(x]x2 )‘ + (M2 )2 - 20.1-1.5 + 72 = (M2 + 2)’ (2.\-,5 - 7) + 100 s 100

:> 2(x1+.x3 +.\'3)—xlx2.x3 S10 :> (2)151 dng :> (1) 1&1 dng

Bing thirc xéy ra <=> X| = -1 ,¢\-2 =.\-3 = 2 <=> a=—3, z>=0, ¢-=4.



898 Phzro'ng phrip (Ttinh gizi cric hé .95 cua (Ta tlz12'c bring z7_inh If Viéte

Béi 17. Gia st'1'phL1'Ung trinh 11.1-*— <11-~‘ + /1.1-L 1-.1 + 11:0 ma <1. 1;. 1. 1/> 0 c6 b6n nghién

LhL_1'cthu<}c khoans Chime minh ring: Z1u+ 1641' > 80h + 3”(1d
» -1 p _

.1

CI2 1271g minh

G91 11511 nghiém cL'1z\phu'o'ng trinh 1&1 .\",..\x..\2_..\; € ((1%)

Str dung dinh 1)‘ Viéte Lu c6 czic hé Lhfrcz

{xi + X: + ,\u_ + .\; :1
1

.\'1.\‘3 + .\'I.\'3 + .\‘1.\"4 +.\":.\‘3 + .\‘3.\‘4 + .\'_~\.\'4 =/9/ u

.\"\.\"3.\'3 + .xl_\'3.\'4 + xl.x'_,.\-4 + .\-3.\'3x_. =c/a

.\'].\'3.\';.\‘4 = (1 /(1

b
D0 61> U nén Z1u+164(‘2 80/7 + 3206! Q Zl+16'-'1-£28O—+3ZOi

(I (1 a

<=> Z1 +16-1(.\'!.\':.\‘_; + .\‘].\j3,\'4 + .\‘| .\'3.\‘4 + .\':.\‘3.\‘4 1 2

2 8O(.\‘I.\'3 + .\"1.\‘_; + .\'|.\'4 + .\'3.\‘_, + .\'3.\'4 + ,\‘;\_\‘4 ) + 3Z().\'l.\‘:.\'3.\‘4

su dung bél dng 1m'1¢ AM-GM, 111 cé

1-2.\-,+1-2.\-\+1- 1 1+1» ‘

(1-2.\-,)<1-2.1-:>(1-21-,>s - =1 .Suyra
\ / 3 /

(‘J

3‘.
>1

1,1

\

I‘
w

4_

,4

27<1- 2.1-I >11 - 21-1)<1 - 2.1-, 1 s <1 + 2.1-4 1‘

27<1- 2.1, ><_1- 21-I )(1 - 21~4)s<1+ 2.1;, )3

X 27(1- 2.1-,><1_ 2.1-} )(1 - 2.1-4):(1+ 2.1-If

270 - 2,1-2 )<1 - 2.\;1)<1- 2.1-4 > g <1 + 2.11 >3

:> 81(1 —Z_\‘, )(1— Z.\‘1)(1—- Z.\'3)(1— 2.\'4 ) S (1 + Zx] )(1_+ Ex: )(l + Z.\'3)(1+ 2x4)

<:> 8O(.\‘|.\‘3 + .\-Ix; + .\‘].\‘_. + .\‘3.\"3 + .\'2.\'4 + .\‘;.\"4 ) + 32O.\"|.\'3.x3.\‘J_ S

S 'l1+164(.\',.\'3.\‘3 + .\-].\"3.\'4 + .\'}.\'3.\'4 + ,\‘3.\'3.\"4)

Bi 18. [H0ngk0ng MO 1997] Cho f1.\‘1=.\'” +c1‘.\'”_' +...+a”_‘.\'+a” 15 C121 thirc bélc 11 2 Z

v<'7ic;'1c nghiém thuc bl .l23,...‘1>H. Chtrng minh ring: _

1 1

f(x+1) —l—+—-—~+...+—1—— 22/1" \7x>bl,b,,....b,,
x—bl x—b3 .\'—b ' ‘

1| J

Ch kng nz in I1

Ta céf(.\'1=(.\'—bl)(.\"—b2)...(.\'—b”) 3f(.\'+11=(1+.\‘—bl)(1+.\'—b:)...(1+.\'—bH)

SL'1'd\_1ng bait délng thirc AM-GM, ta cé



* ' 899Cl2;r<;':zg V: M431‘ s6; sting tgo vé bfh 171:’/zg t/zztr

. 1 1 1j(.\'+!){——+i+...+i _
' \ /, \ ‘L \ /2. " ‘- _'—¢, _"“

I 1+.\'—b l+.\*~
\ 5“

( ) ( J’ J” (.x'—l7;)...{_~;*!>”) \ ,\'~l>: .\'—l2”

\

§'_‘_

\i
,

-+

\-
~

 vi_
I 1.

>1

U
\_,

/\
/-'

v
1

\_,

/__

/

_C7

\_/

; '(1+.\--/>, )" (1+‘\--/4‘-L7?-€i :;1-

D§1t!=.\'-1),->0 "\7',\'>b,-.Khi112Ztac(3

(1

1

'7 I .

~ L \, n ( 11 —

/ . ~\ I

. _ \ , ,
+1)!‘ 21+/zl+l2—(”_>—l'I' =%[1z(/1-1)!" -2/zI+Z]+2/11

1. _.

\/I/z(/z—l).2'—i———_” _

1 l 1

_-+1 |———-+i+.A.+-——fu )§\.\"—b1 .\'—b2 .\‘—b” —

w I .' /2~./1—Z) , \+__i ;gg,;;. buy rs.

\____

+-
rs:

~ ‘—l>.>" (l+‘—/1,.)”>

V
\.

q\l

¢1f‘~‘_

>1

NH“ 1' ————i‘A ‘ II-\l/(L111); =2:22
bl \'—b,, '

} Bvi 19. Cho da thirc P(.\‘)=.\'" +a§.\""’] +...+z1”_;.\'+1 vé'i U],(13,...,G”_:Z0C(§ 11 nghiém
‘ I+' >-’thu'c .\' .Ch\'In@ minh rnv: P .\“ > (.\' . 1 ’ ‘V.>;_ J

- l /1 V ~.

I

)

C111?/lg min/z

B5 (10; (bin ééng thirc Mi/zkowski 2;

§a'b,b2...b,, + Q/’¢-,4-:...<»,I sq?/>, +01 ><1>2 +<~1;...<1>;, +¢/,> ‘vb,.q 20

Ap dgmg: Do (1, .c::....,c1,:_; 20 nén czic nghiém cua P(,*.']1L‘: .‘_"i..r3...._.‘;" <11)

SH‘ dung dinh 1}? Viétc ta cé (—1)".*:‘.\':.....r,_ =§. Strdung b6 dé ta cé

Q/P(x) = — xl — x2 — xn ) = + Ix, (x +

2 ”lx.x...x + ” ‘X x2...x, = x + 1:> P(x) 2 (.\' +1)”

)...(.\'+lx”§)2

V l I

\/ ,1

Bi1i20. Giél sL'1"dath£rc béc n R, (x) =.\"' +a|.\'”“ +...+a”_,.\"+an cc’; 11 nghiém thgrc.
F

, . - Zn
Chung mmh réng: as 2——]a3

r1—

Ch ting minlz
'3 '1 7 , '3 '7-- +.\--= .-—.~ +.x' —.- .-, .OS(.\‘, A3) (1 + +(\| \,,) (3 x3) + +(\_ xn) +

'7 '7 w 1

+("-3 _‘\‘-1)’ +"'+(x3 —x!I)— +(x4 _'\'5)_ +"'+('\.n—|_X!1)_

ll H

<:> OS(n—l)Zxi2—2 Z ,\',..x"]- = (rz—l)HZ.\'l) ——2 Z x[.\'/_ -2 Z .\',.\'l_

i=1 l$i¢_/Sn 1=l l$i¢j5n l5i¢j$/1

2

7 '3 '7 2
4:» OS(n—1)(a[ —2a2)—2a3 =(n—1)a]' —2na3 4=> z1[2%a2 (dpcm)

, _



900 Plzzrovzg phép ddnh gizi cdc hé S5 czia (Ia tlzzic bring cT_ilzh If Viéte

Gizi str P” (X) = c1,,.\'” + al.\""“' +... + aH_I.\‘+ an =O'(uU ¢

U3
53/

v-.

l\J
Pi

Z

cénnvhi“ ll‘ ' <1 "0 ' LC ¢m u_1c duonc. Chunc mmh rang: ll! 2£—”i
510/

/ \‘ /|

Q

\\ nah /V;

n~l
u \

, (1- 1 1 1 \‘ . .' ; ,
Ta CO ii = .\‘| .,\x.....\‘”I -— + — + + — I. Su' dung but dang thlrc AA/I — GM

cz ‘ ' \‘ \' \" 5

I) \ I ” 1 /

:> Z211.“ ..x‘3.....\‘”i<=>P 2(.\',.\-3.....\'”) I 4
610 “ \ \_ \ \/_ -I __~” \ H610 J :10

Ch zhzg minh
/ .

\ 11 \n~1
u”_l 1 aH_l ,,-,1

2

J

Bi 22. Gizl str P“ (.\-) : .\-" - <1‘;-"" +...+ (-1)”“‘ u,,_,.\~ + (-1)” (1,, =

cé n nghiém thuc du‘o'ng. ChL'mg minh rénv

¢./_%_<_

1[14=

0

21+ J/a,
I

Chzhzg minh

. B5 (1 +.\-;)(1 +x;)....(l +.\',,) 2 (l+Q/xl .... ..\'” )1! V.\‘l..\'3.....-\'H >0

' /{p dglng: Gizix str phu'o‘ng11'inh cc’) /1 nghiém 121 .\',..\"3...._.\'” >0

Ta Cé(1+.X])(1+X3)....(1+X,,) = l+al+c1: + ...+ an

,.

Trong dé ak = 2 .\',|x,_ .... .x,‘ Suy ra /I

l§i,<i.<...<iA 511 X

1+ a,

,=|

2l+{/Z: (dpcm).

B51i23. Cho da thL'1‘c P” (X) = .\'” +a|.\'”" +...+ u”_,.\"+ an cé II nghiém thL_rc

Chtrng minh ring: ]z1‘,£1”_kl2(Z)_

"\
~

II

Ta C6 S, =Z.\‘k =—a[ ; Sk = Z ,\'il.\',_ .... ..\‘,‘ =(—
I <

CI1 zhzg min I1

k= 1s1,<12<...</‘,1! _

su dung bér ding thtrc AM - GM. Ta ¢<s

Z X,‘ ..\-,

l$1[<i~<...<i‘ 5/1

:> | akc1”_k|2(

>7‘:

, (A

.... ..\‘,A.?_(;Z)[(.Y]...X”)(?:U]‘H 3 ;@L|2( )| "1’

‘vigil! .

H

<Z3.k'£I‘-1?
11'

)2|“" (""1 <=>l<w~-k1Z():P,1

77:

7.‘:

l)kak

‘WI

an Vk =

(dpcm)

1.—n

—kI2(1:k)‘ an‘ (11% ' DO (Z):(nEk)* (z:U+(|1]lZ‘Yl):(_1’1I:lE‘)+(nQZB1):(nQ/<>



Ch zrmzg V: Mgit s5 szing tgzo v15 bfit 11(7):g tIn2'c

B'24.G".'"d h" P —- -*in 121 QU at uc H (x) -.\” +a|.\” ' +...+u”_,_\"+a,_, cé n nghiém thgrc ducmg.

Chirng minh ring:

r.

Q
>~

‘Z:

>~

——><%:A>-1

|

|

-an I

901

Su' dung béi 23 ta c6

/—\

>>

"\
~

»

Q'2

,

‘M
A

7.‘
V

A

J2

+

)()/ll) (

Ch zhzg nzin I1

_)(/£1) +-~~-+(ii)(8) =(3i’) -1

IA 2 -3 7

- n

)' +(-)' + +(i§)'

Bili 25. Gié sir P” (x)=x” +a].\'"*l +...+a” =0 <36 12 nghiém thuc duong.

n~’

Chirng minh ring: %1, Vi S k § n
L /1

Ch zhzg min/z

Xét da thL'rc: P” (x) =.\'” + a,x”') + ...+ a”_]x+ an. B30 hi1m(n— l<)1§nta (:6

Rf”_k’ (x) = n(Iz — l)...(k + 1)xk + (I7 — l)(n — Z).../<.a,..x'k_ + +

+ (12 — k +1)(n— k).....2c1k_ 1.x + (11 — /<)....2><1a‘

' “ ' _ ‘ 1 _ ' .hay P”"'_k'(.\')=i,\'k +@—'z1,.\""' +Q!4az~.\"“' +....+LWcz‘
/<' (/<—1)' (/<—2)' _ 1'

:> R‘, (x) =

SL'r dung hé qua dinh 1;? Rolle “gifra hai nghiém Qua dao hém cép m luén {Sn tai mét -

k.

7.‘:

(A -)

nghicm ctla Ciao him cép (m+1)‘ suy ra tlnh chét sau:

Néu P,,(x) 06 céc nghiém déu du'0‘ng {hi P‘”*"(.\') cflng C6 czic nqhiém déu du'o'n", tire 151

n—] n~Z n—k—I
' k 1 * 1

_( . - - av‘P”‘” I‘)(x):xL +~a,.\'L ]+iu..\" 3 +....+Ac1‘__l.\'+—‘
)1 ~ /1 I1” ( ) (A) (A) (A)

11 Q-1 C

Rk(x) c6 czic nghiém déu du'o’ng. Theo bili 23 dc‘>i vdi da thtrc

n /1-] , H -IP” (X) _x +a,x +...+c1”_|x+a” ta co |ak[2(k)) an

nE1y cho da thtrc

Vl\ -1, n nén zip dung két quzi

n—l 11-1 n—k+l

R‘,(.\')=QR,(”—k)(.X)=)Ck +(,+])czI.x'k' +@a3x"3 +....+¥I )aA__|.x'+[i—I"
” (A) (A) ( ) (A)

I>

(ff -1‘)

Ma. > .

<2) "W

>.~l'.



902 Plnrovzg plzcip (Ténh gid cdc h_é s13’ czia (Ta tIzr}'c brirzg c7_inh I35 Viéte

|k i

. \ I a. I (1 ' .

Chung mmh rénaz '—' > -l| V1 £ k S n
" " I 11 n

v
1

Bi1i26. Gié sir P” (x): x" + a[x”" +...+ an =0 c6 n nghiém thgrc ducfng

Theo bfii 25:

._ _ _kv ,1__

1W6“! 4

,-\

>>

‘J

Ch 1i'ng min Iz

. (Ax , .‘A~\1*]

, , *i:J;_,
(IT?) /\' i"n

_Q
_')“‘

1-;

'7.

~

“V?
>~:

SU\ Id
11-! i I 1/’

(R-1)
* ‘ 3 ,., '-) (Ll _é

_,_<4_

>.~>
\.../

/‘\~_
,__

\_./

\/
/-\

>.~:£2‘
\../

, ( ).\ ). ( 1)!z! 1 ,
Ta co = L = = do do

('£)(H ”' " <3‘)

,-\
M.>.~

‘/

V

ai

l<!(n—k)! i!(k-1')!

("f-1) ,_L4. .___L""1.’.. -

ak ‘*1 ‘(J iim-L)! gk (i—l)'(n—k\‘

._ — V '3 k <:> —' 2 -—
Pl I1 I I H I1

i l l k 1 1 A

!\

_ , '~_ , W} 1

Liy thira béc cé hai vé ta cc’) {L ZIL :> (dpcm)
(L W (';)j (Q)

7 _
B§1i..7. Gié sir P” (x) - x” + alx” l+...+a

a, ak_
O: L-Chirng minh rénc

('1') ‘(ii
1

,_\|,\:

>:-:'~
_>~

.@2M
J1

= O C6 n nghiém th1_Ic du0'ng.

\7’1Si§l<§ I1

Ch 1211g minh

scr dung két qué cfla baa 23 aéa véi da {hU'C Rm m nhzin duqc

"i";—'—*2m 3} la‘ ’;>(;;;i)(~—§+i) (n—z')!(n—k+i)!i!(l<—i)!

1 <k> 1

:>§a,ak_,. n! _(l<—i)%(n—l<+i)! :(’,-1)

('£)' (Z) ‘

(:1-1) (n~k+i)
k 1 i

a- a °

7 ‘cl-ak, (’£)(§) k!(n—k)!n!

11!

,5

_%>

7?‘

‘ a,
¢:> ~

r\
-_

>.~

Q
>.~

H? quii: Cho k =21 ta Q6

k!(rz—

;:
":

_.;iZ.

'-It

_ Hm-i>i W111.“ (
/<>!

v

(’f)'

>r-I
~<,/

Y
7*?‘

n '
1 /\— '

,_.\_

\.L_/

,‘



Chzrmzg V: M@t $5 sling tao vé bat (Tang that
B. BA| TAP TU’ GIAI

\ . , _ L Y ’ / ' '+ 'Ball. Chung mmh rang: (1l7+l><'+(‘(¢’+d¢1+l- S
Z abv + a/Ml + 1241/ +01/a

: 1 /A +1 + '+ 1 “Z
S 3([l/7('+(l/7d +b("d+c(/a) +~i— i Va. /r. <1 d > 0

' 4 \ abr + a/Jd +/wed + ca/a If

Bi1i2. Cho caic thuc a./2.<-.d>0.ChL'1'ng minh ring:

lO_3(abC+U(_d +a/7d +bCd) 3(a+[2+c+(/)+ Z(a/2+ a<'+a(/ +/)(‘+/Jd +c(/)
4(ab(" + a('(/ + a/Jcl +1><‘d)

36 (abc"+ and + abd +bc:d)
+

3(a +b+<'+ d)+Z (ab + a¢'+ac/+bz‘+l>(/+("z1)+lZ(a/7<"+a<"c/+a/2d +ln'z/)1

Béi 3. Cho czic SC‘)lh1._l‘C <1. 1;. C‘. (1 > 0. chm-ng minh 1-émg;

(ab+ac+ad+bc+bd+111): +9(a+b+('+d) 3 2

2 6(abc + abd + act! + bcd)(a + b + c + (1 ) + (ab + ac + ad + 17¢" + bd + Cd ) + 6(ab(“ + abzl + act] +170:/)

B51114. Cho czic $6 (hue a, b. c, cl, p > O . Chfrng minh ring:

2(a +12 + c + d + p)(ab(' + abrl + abp + a('a' + acp + ad/2 + bu] + bcp + [nip + rd/2) S

S 9 (ab + ac" + ad + ap +120 +/)(/ + bp + czl + 0/1+ z/p)7

Bizi 5. Cho céc $6 thuc a. /2. c. d. p > O . Chtrng minh ring:

3(a + b + c + d + p)(ab + at + ad + ap +/20+ /Jd +17]; + ("(1 +('/1+ (1/2)

S8(a +19 +<' +d + p)3 + lO(al2(' + abd + a/117+ acd + ac]; + ad/2 + bu! + />0/2 + Ix!/I + ('1//1)

Bili 6. Cho czic sf) that a. b. <1 cl. p >0. Chmg minh ring:

(a+b+C+d+P)2 +E_ (al2+a(‘+ad+ap+bc+bd+(1p+cd+c‘p+dp)
25 3 (abc + abd + abp + acd + acp + adp + bed + bcp + bdp + cclp) _

Bai 7. Cho caic $6 thgrc CI, b. C, 6/, p > 0. Chtrng minh rang;

%(ab+ac‘+ ad +ap+b<‘+Z2d +bp +cd +011 +a’p)+

3(a+l2+('+a'+p)
abc + abd + ab/7 + acd + acp + adp + bcd + bcp + bdp + Ct/[J _

S 2 abc + abd + abp + atzl + acp + adp + bad + bcp + bdp + (rd/7) 2 +
25 (

a+b+('+a'+p I
abc + aba' + abp +-aca' + acp + ac/p + bu! + bop + bdp + cap /
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B51? 8. Gié .<u- phu'0'ng trinh ax: + bx + c = O (a ¢ O) C6 hai nghiém x,_ .\'3€ H). + co).

. . \ 2a——b a(6a+b+8c)
Chung mmh ring: 2

(1-b+c (a+c)(3a—b+c)

Bfii 9. Gia su |a(b — (“)1 > [bl — ac] + [(2 — ab|. Chirng minh: néu phucmg trinh

ax: + bx + c" = O cé nghiém Lhyrc {hi {Sn Iai it nhét 1 nghiém .\-U e (().\/§ -1)

Bi 10. Gizi SU phu'o'ng trinh ax" + lax: + c.\" + (1: 0 (u ¢ O) cé bu nghiém thuc du'o'ng (06

, \ , \ 4 1»-1‘ -3 11 3
me béng nhau).ChL'1'ng mmh réng: liz-

da —abc 2

Béi 11. Gié str phu'o'ng trinh x3 — p.\‘2 + qx — p = O vdi p. q > O cé ba nghiém thuc

. \ 1 \/5 ‘
x,, x2, x; 21. Chtrng mmh réng: p2 Z+?J(q+3)

Bili 12. Giel sL'1'phu'ongtrinh ax} + bxz + c.\' + d = O (a ¢ O) C6 ba nghiémx1..x";.x; > O.

. . ; ~ ~, —b3c3
Chung mmh rang: .\'|' +_\". +.\'Z Zia-

‘ ' 8la*

Biii 13. Giai sir 1'lLI’O'T1°YI‘i1'1hX4 + ax} + 2x3 + bx + 1 = 0 cc’) bén nvhiém thgrc x,, X3, x;, x4.D C - .

Chirng minh ring: a2 + 122 2 8

Béi 14. cm su P(x) = ""‘* + ¢1,.8°"~‘ + + c1;Q0_<,\' + (12006 cé 2006 nglfliém mu-C phn biét Va

(I109; = (13003 I ICIZQQQ! >

Béi 15. cm da thtrc 1>,,(.\~)=V\-" +a,.\-"“ +...+an_|.x'+u” véi cc hé S6 a].a3....,a” 20

théa min a, + <13 +...+a”_,Z7.ChL'1'ng minh rémg: néu P(.\") cé n nghiém thuc thi ul 2 Z.

Bli 16. Cho R, (X) =X” +a|.\"H +...+a” =0 vi Q(.\') =x”' +b]x'”'I +...+/2,”

cm sL'1'P(.\')§Q(.x) Va tén {$1 bk sao ChO 11;‘ | > (’f)2006‘

Chfrng minh rang mém tgi Z1; thOa min |¢1,-| > 2005.

\ - ‘
B31 17.0121 SLT.\‘,- > 0 (i-1,/1). Chirng minh réng:

I

' .. _ .. .

l§i,<i <...<n lSi[<i~<_..<i‘<n
" _ ‘ V1 S p S k S n

Béi18. Gié sir x,~ > O (i Chxing minh ring:

Z .\'I,| ..\‘,: Z xi: ..\',: .....\',_‘ (H )

<,; I /\ ilSi|<:~< ..‘<1,§n l§i1<i.<. .‘<i;___ > '-
. . . _ /1Z

lS|'¢<.F3<. ..<|_Sn



CIzu'0'lzg V: Algit s5 sdng tgm vé b('1t (Ting tlzzic 905

§ 23.8. BAT DANG THUC KHONG THUAN NH1/ST

Trong (7/11r0'n_g I /11111" /51?’! J51/1g I/1121* AM — GM 1;/Ming Ia Jr? /[1/21 qucn \*(}'i crit bdll Jdng I/11'f(r 06

szf phu lrgin gizz ccic Hing (T131 xzhzg k/1(311g J6‘/1g Z7421’. D6 c/1171/1 [£1 12/11711g 1'1’ du J51! lién mic

19671 c7‘(711g I/1121: k/16mg I/111511 12/1671. Cd ll1é /1/1611 I/1c?i\' r()ng /26?’! 17:7/lg I/1z'r(* /</10mg I/111(3)/:1 11/161'! 1‘l11r(}'11g

1'61! k/16. D61 1161' ccic 1961 c7c'1ng I/1121' loaf zzd)" p/11r0'ng p/nip gidi 111'/1 cu/1g r,-d'p c/10 ta 111! )1/11'é‘u

céng cu I01. Tu)" 11/1ién, dzrdi 171?)" 0/11?/1;; 1131' sé c/11 szf a'z_1/lg /J/11r0'11g /2/nip Jqi $0’ J5 11111 c0/1g Ihé

gidi c?c§)' mdi mé n&_\'.

w
\ ~ A -Bai 1. Cho a,b,c,d 151 nhung s6 thgrc. Chtrng minh réng:

(1301 +5)(13b2 +5)(13@2 +5)(13d1 +5)2324[ab¢(1+4(111)<-+131-(1+¢d11+dab)+1]2

Chzivzg minh

X614 $6 sau (12 —1,b2 -1.03 -1.:/2 -1. Hién nhién trong 4 $5 nily sé c6 2 $6 cimg dg‘1u

gié SL1‘ (1?-1.1% -1. Khi d6: (13);: +5)(13b’ +5) I
=7(a2 -1)(b1 -1)+1s(9a1b1 +401 +4171 +1)z1s(9a11f +441 +4b3 +1)

Tiép t1_1c Xél 3 $6; (H -1).(¢/1 -1),(27¢1f -20(1): +/f)+13)
Khéng mt tfnh téng quzit, ta C6 lhé xét 21ru'b’ng hc_>'p sau:

Trubng hc_>‘p1:(c2 -1).(¢11 —1)ci1ng du. Khi <16: (136 +5)(13¢/I +5) =

=7(¢-3 +1)((1* —l)+18(9c2d3 +41-1 +4611 +1)z1s(9@%1’ +46 +442 +1)

Ap dung bit ding thtrc CBS, ta du'Qc:
'

(13a1+5)(131f+5)(13¢-2+5)(13¢11+5)z1s1(901171+4)?+41)’+1)(9@%12+4¢~1+4(/1+1)

:324(¢1f +4612/)2 +4611/f +4@’ +4)? +1)((-141 +46 +441 +41-Id: +4841 +1)

2 324[abcd + 4(abc +bcd + cda + dab) + I]: (dpcm)

Tru'€>'ng hqp 2; (6 -1)_(27a’1f -20(¢ +1f)+ 13) cilng déiu. Khi <16;

(9)6-if +4a1 +4111 +1)(13<~1 +5)=(@1 -1)(27<1f —2O(a2 +1f)+13)+

+l8[5a3b3cj2 +4(a3/12 +1120: +(*:c13)+1j)218[5z12b3c"3 +4(c12/73 +1220: +c3a2)+1]

Ap dung bit ding thtrc CBS, ta du'<_>'c: (13:13 +5)(13l;3 +5)(13c: +5)(13d3 +5) 2

2182 [5a2b3c2 +4(a3l23 +1925: +c3a2)+lj(l3d3 +5)

=324[a2b%’ +4a3b2<~2 +4b3¢-3 +46“: +4a11f + 1]((1’ +4+4¢/1 +441 +4413 +1)

2 324[abcd +4(abc+bc(1 + cda+c1'ab)+1]: (dpcm)

D§ub§1ngxéyra<=> a=b=c=c./=1.
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Bi1i2. Cho (1../2.1111 151 nh'Cmu .35 thuc. Chime minh :"§.x1~2"

(541 +7.)(5/>1 +7)(511 +7)(541 +7)z

2 9Eu1J('c1 + 2(u1>c+/2(*z1+z'c1u +¢1c11)) + 3(u17 +(I('+(l(1+17('+17(l'+('(1)+—l(£I-1-17+(‘+-(1')-P51:

F

4'

Y

Chzhzg minlz

Xél 4 $6 sau (1: — 1.123 — l.c-3 —l,r1: -1. Hién nhién trong 4 $6 ny $6 cé 2 $6 cimg délu

gizi SL1‘ 41 -1./11 -121<m4o; (541 +7)(5/>1 +7) =

=(41 -1)(/>1 -1)+12(241/»1 +341 +3/+1 ++)z12(241/>1 +341 +3/>1-+4)

Tiép luc xét 3 $6: ((3 -1).((13 —l).(a31>2 -1)

Khéng mt tfnh téng quin, La c6 lhé xél 2 t'ru'O‘ng hqp suu:

Truéng hqp 1; (2-1 -1).(41 -1) cilng d§1u.Khid6: (51-1 +7)(541 +7) =

=(@1 -1)(41 -1)+12(2<-141 +31-1 +341 ++)z12(2(~141 +311 +341 +4)

Ap dung bait ding th(1'c CBS. ta du'Q'c:

(541 +7)(51;1 +7)(5(-1 +v)(541 +7)z121(241111 +341 +3/)1 ++)(2<-141 +32-1 +341 +4)

=9)a:b2 +2031): +217: +241: +Za31>2 +3021): +3u: +3112 +3172 +3b3 +3+4u2 +41): +4+4+5)

(@141 +22-1 +2641 +21-141 +241 +3+3<-1 +341 +341 +341 +3<-141 +++4++¢-1 +441 +5)

29Eub("d + 2(a1)c"+12c'd +<'(1u+z1u11) + 3(u12+ac'+u(1+1x'+1><1 +611) +4(a+17+('+a') +5]:

Truémg hC_)‘p 2; (2-1 -1).(411>1 -1) Cilng du. Khi as; (24141 +341 +3111 +4)(5¢-1 +7)

=(u2122 — l)(c3 —l)+3[3u2122(.': +5(<1:/23 +1220: +c'3u3)+7(a: +133 +<':)+9]

23[3u212:c'3 +5(a:1>3 +1111": +c'3a:)+7((13 +1): +c'31+9j

/ip dung b§ld§\ngthL'1'c CBS. ta du'<_7c:(5z13 +7)(5b: +7)(5(': +7)(5c1: +7) 2

236[3a3b3c3 +5((I21J2 +1220: +c2a3)+7(a2 +b: +c'31+9l(5c12 +7)

291414141 +441b1<-1 +/41111-1 +41-141 +441b1 +1](41 +4+441 +441 +441 +1)

2913121924‘: + 211312302 + H2202 +Z1'3a3 + 251:1): +3031): +3030: +311: +31J:('2 +317: +302 +441: +

+41% +441 +4+9](41 +2+241 +241 +241 +3+3+34‘ +3+341 +341 +4++++++41 +9)



Chuvng V: J/Ig3t $5 sdng tgzo W5 bf}! (fling thlir‘ 907

2 9)—ul7cd + Z( ubc + /7:11 + (Ida + z./1:12) + 3(c1!7 + z1('+ (:1! + /7<~ + /7d -1- ('11) + -H 1; +./'7 +1" + (1') + 5]‘

Déu hing Xay 111 <:> <1 =/7 I 0 I 1/ :1 .

)

Bi 3. Cho u,Z7,c.d.e I21 nhing s61huc.ChL'mg minhriing:

(5711 +7')(51 +7)(5@’ +7)(5¢11 +7)z

2 9[aZ7cc1' + 2(a/90 + bad + cda + dub) + 3(ab + ac" + ad + be + bd + (‘(1) + 4(a +17 + c + d) + 5] I

CI1 zhzg nzinh

Xét 4 $6 a3 —1,b3 -1.02 —1.d3 -1. Hién nhién [tong 4 $6 sé cc’) 2 s6 cimg du gial sir

<12 +1.1): -1. Khi déz (5)11 +7)(5/f +7)

=(¢f -1)(1f -1)+12(2¢1f +3711 +3/1’ +4)z12(2¢H1f +37,’ +3/>1 +4)

Tiép tL_1c xét 3 56: ((-3 —l).(d: —1).(c1:l73 -1)

Khéng mil tfnh téng quzit_ ta c6 thé xél 2 t1'u‘O‘ng hQ'p sau:

Tru'{7ng hQ'p 1; (C2 -1).((11 -1) cilng déu. Khi as; (56 +7)(5¢11 +7) =

=(¢1 -1)(¢12 -1)+12(2¢-2711 +36 +3711 +4)z12(2¢-1+/I +36 +3711 +4)

Ap dung bit ding thirc CBS. la dLrc_>'c:

(5111 +7)(51>1 +7)(5H +7)(5+/1 +7)z121 (25111): +33’ +3111 +4)(2¢-Id’ +35 +3¢11 +4)

=9(7b1 +2731): +2111 +311 +2751»: +3</+1 +332 +376 +331 +37)’ +3+4@1 +47} +4+4+5)

(Ed: +26 +2611’ +24%)’ +27/1 +3+3<-1 +37-11 +38 +37/1 +37»-1711 +4+++4<-1 +44’ +5)

29);ubcd + 2(abc'+l9('d +cu'a+(/u/7) + 3(u/7+(1('+ad +l7('+/7d +c‘d)+4(z1+b+c'+d)+5]2

Tmcmg hqp 2; (H -1).((Hb1 -1) cimg déu. Khi do; (271131 +37H+31+4)(5¢~1 +7)

=(a2!7Z —l)(c"3 —1)+3[3a2/92¢": +5(u2/72 +b2c2 +(*:c1:)+7(a3 +17: +('2)+9]

Z3[3a2b3c: +5(a2b: +1730: +c3a:)+7(c13 +b3 +c:)1+9}

,-\

Ll
"\

J

Ap dung bit déing thtrc CBS. ta du'Q‘c: (5:13 +7){5b3 +7) ' ~' +7)(5.;/3 +7) 2

F‘ 1, 1 1 1 1, 1 1 1 1 1 1 1 “)( 1236I_3(z'/71*“ +J(a“z')' +12%" +c'u")+7(a' +b' +<“)+9_)\5z/' +7)

29[a:Z73c": +4a3b3("2 +4[73c: +4030: +-M3112 +1}(d2 +4+4d3 +40’: +4d:,1'-1)
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29[a:b3c: +21I2b3c3 +93c‘2 +2020: -Flash: +3a3b3 +3a:c‘3 +3a2 +3b3('2 +3173 +303 +403 +

+41f+4{-1 +4+9]((/1 +2+2(11 +&11 +2¢/1 +3+3+3¢/*‘+3+3¢/1+3<11 +4+4+4+4{1’- +9)

Z9[Ll/Jlfd + 2(ub(' +bcd + ('(1(1+d(,I/J) + 3(ub +c1c+ ad +b<'+ bd + cd) +4(a +1) +c + (1) +5]:

Déu bng xéy ra <:> a:b=c=c1=1.

Biai 4. Cho 56 thuc 0L2 2. .\-:..\':.....\'” > O (Z5116 N ). Tim tit ca czic 56 k sao cho tén l£_1i

hing $6 Ck >0 thoa min: (.\‘|“ +l)...(.\'S‘+l)2CA(.\-1+...+x7_)A (*‘).

Khi <16, tim $6 ck rét nht.

Ch {mg milzlz

Chirnv minh Qém 2 buéc:

Bu‘c'>'c 1; Tim gié Iri /< Va du doén $6 {<51 ck

Cho X1 =...=x”_l =0 ma <==-> u"('7thé1nh: X: +1zc‘_..\-,‘, \*c'ri ck >0

Néu k < 0 ma khéng dng vi ta ChO X” ->+0. khi ac» VT(‘*“*‘) ->1 cbn VP(**‘) ->+<><>.

Cbn néu k 20L [hi (**) cfmg khéng dming vi la cho x” —>+O, khi d6 VT(“"°")<VP(*“‘) cbn

VP(**)—>+<>@. D0 dé. ta Sé Chirng minh vc'>'i /(E [0.<><] ma S5 mém mi héng S6 ck >0 um

m5n(*).Thzf1tvéy: (;f +1)...(A\-ff +1)zi.\-IF‘ +1
irl

C‘ I

L _a _(2'Yi) 0c—k_ k g_ 1 ( k ye? A

211(,1Z.\i) +l- "CH + u_k Zk Lg:FM oL_k (.\i+.\3+...+.x”)
n

Biéu d6 Chfrng to ac‘ >0 um min be‘1tdéngthuc(*).

L .

(1 L

Du dozin CA 1 Cho x. =(_k})°‘ ,i=1.n :>' Ck £(—-Oi) (:1_k)((x'%l(—)u
’ OLn——k (X/z—k k

0 L‘ II

Ta sé chirng minh C‘ :(-ll-Z) (11% )(—(-X”%/")a 121 hing $6 tét nhl cn Lim.
Om — ' ‘

Bu'<')c 2: Chtrng minh . Trude hét La cn chi ru:

A _‘ L j
voi /<20 ta luén c6: .\-°‘ +12-L (_—°"’A"‘)“ /J1 {E +(11-1)(——"'

QJ

 J
-IQ

0Ln—k ' Ouz—l\



Clm'0’n<> V: M_6t $5 sdng tgm v? bzft Jng thz2'c 909
Théu véy. lhco béz déng mm: AM - GM:

\/
»§

>7‘

1<L> <“+'~>@ H [111 +<~~~(+>@)]

.\-“+1

T

(\*)%+()Ln—/<;>( l< )<1_(_>0cn' /< (Oi/1—/<)
A L k 1 k Om

(Z

. 2 \.:+@-w_—/~: Q

' 0crz—' '

_ /< W

(1\ ~._1~

.\‘:+(n—1)( V/‘— )u+a_——/‘»/1(~ 1‘ )u
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Thét vé ,xét n $6 xi — —l% a.1'=l.1z.Tr0n2n $6 nil sé cc’) 2 $6 cim du. Gizi su- . 1 g, C

; :(]If[)
/< ~ A.2+(/2-1) L L1 211"‘: € U .\‘ +...+.\‘ ' (**)

7

Ch Y déu “=" xziy ra khi .\-:(fk )u . Cuéi ctmg ta chi cn chi ra:
r1— '

[¢ ()] < )<1 H)001-/\' Om —l<

'7

oc-/<
2

\'.2———L “,.\-1.-L‘ aci1n2d§uvc'rii¢j.Khid6:
' 1 ,1/< ~001-/< O1 —

'1 7

[.\,.1+<n-1)()“][.\-j+<n-1>($[)“]

(Xz~<#k>Q)+»1<$>“[@~e+<~-»<$>&]

2n(#)a +.\'§ +(I1—Z)(—,zl<j<)a]

'v

L/>§

1 '7 1 7

'v

\ou1—/\ OL

Z Z

D0 dé VT(**)2r1(i—)a +(/z—l)(%)a]...
0m—l< (X —/<

[xii +x/2. + (n — .+(n — l)(Ek7<);

QJ

[.\-1+(1z—1)((Xnk:k)a] _*‘17(Z>u—z£_]<)@”
{0UZL_;\,;¢A1”“2‘[\_;+(”_1)(U”/ik)”

J7‘
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Dua vixo chfl }§' trén La cé thé chxing minh duqc being (n — 3).

Xér
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NZPTZ] 1/ m I . I '1" n—m , _ I \
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II

Cuéi cng, zip dung bit ding thrc CBS La duqct

/‘"'_'_

e-\
-.

,-. V, : 1 - s , = n—m

Oi/z—k

J

>>

Q

>1

./\

/m A \€ in \ I‘ ‘if m \“
3 ’ | I 2 ' Q+(/1—m)(i—) l/r2ki—-F”‘J + Z19, J2(f”P) 1241, + Z

‘ I / \ \r I I I

_Q*

— , — . ‘,4 \ _ _
.— 7 - »

‘ < *_> \
I II

Su / ra VT(‘*‘ "1"*‘)211"" i-— Q .\' <=> (dpcm):<m>*@ *j% > “(Oi/z—k)_WKg VJ

Déu bimg xéy ra <=> xi
i,
on

Kétluzf1n:T2‘1tca'1 czic gizi mg 1< can tim 151 /(E [0. <1]. Hang S6 16¢

A

Ck ( Om k)“ (n—A )<(1/1]‘-/<)5

Nlz

om —

(in xét:

1. Véi truémg hqp O1: 2.11 = 3 c61<‘>'i giéi being k)? thuét 2, rt dgzp nhu‘ sau:

Bit xl =tga,_\-2 =1gb_.\'3 :tg(.' . a,b,ce

Bit ding thtrc cn chtrng minh <:>

2-K . . . L‘

CL2(c0sac0sbc0s¢") (c0sac0sbs1nc+c0sasmbc0sc+s1n acosbcosc) (1)
/(



Chu‘0’ng V: Algit 55 sling tgm vé bin‘ cfring tlzzh‘ 91 ¥

Ta cé: cos a cosbsin 1' + cos u sin bcos <' + sin u cos/>cos 1' I sin u sin /Min 0 + sin (<1 + [> < <-)

I \
\ 4 . . . _1 + ' } . _<

va s1nus1nl2s1n('Ss1n (@_i):n :s1n(¢1+b+(')=31z—4/2 1

Q ‘I

c0sz1c0sbc0s("§c0s"%+:+(_)=(1—n3)5. D0 d6. dé ch(1'ngr11inh(l)lz1c2§n ch: xu:

1 ~ jg"; 1 YA 1 ~ 0:‘ A—2(l—zz')- (:1‘+3n~4n’) ¢:>—2(1—/1‘) ~ (311).
Ck CA,

Theo ball dang thirc AM - GM, ta c6: "

. (\*}l A 1>~ ',

(1—l1:)Qf‘ (3/1)A =(&‘3(l—n:)) 3 v(%3n:\)j -3“

S3; ‘/_(l6——/z£)++/\31z: ‘ISM: :3; 2% V

1 v

1.1

./.. .1. /
4- ‘ .

W
Du béng xay fa <:> 11:\J,/big hay .\"| :.\‘3 Ix}

2. Vc'>'i 01:2. »1=3. /< = 2 ma; (.\~f +1)(c\-§ +1)(.\-j +1)z-jinn! +.\-I +.\-R )’

Dzfat a=\/§x,,l>=\/5x3.(’=\/5x3 ta dumjc:

((12 +2)(b3 +2)(c2 +2)23(u +b+c): 29(a/>+bc+('a)

By 151 bin Asian Pacific Ivlathcmatica Olympiad 2004.

3. Ta cc’) lhé téng quail héa dé thu dubc bin loin:

C110 Irm§'c $5 I/Izfc (X2 Z, 2 S ne 112/me rd .\"| ..\": .....\'H 20. Tim 1&1 cc: ccic $15 k mo

;,’:1=

2 . ; .' - _ ~ ’ \‘
c/10 Ion ml hang so CA > O I/10:1 man: (.\',‘ + 1) 2 C‘ Z xi ....\"

, ,
= t)<1 <. <1,,_Sn

1</11¢-10 rim 55 151 c‘
_'['/\

Kétqué: l<e[O.(x] viz ck (c,'j’)_‘ °‘ 151 giai n-5 [61 111151.

Lyi gién chi tiét hoim toiln tucmg In nhu trén (ban dQctg1‘h0Z1n thnh).

Chzi 3?. Khi <1: 2. n =3,m = 2 thi ta nhén du'c_>'c bin tozin VMEO 3 sau:

Tim I5! cc? ccic I/zgrc l< sao c/10 I521 mi lznng $5 C‘ > O scm ("/10 175! Jcing rhzi/c suu 6/ling

~<1><~><1>\’O'l can so I/2411' (1.19, 0 my _\'. (1 +1 11' +1 0 +1 2 Ck la/>+l2c+ca|

‘Ben 5. Cho ¢1_ b. C 2 0.Ch1'1'ng minh rang; (R +111 +6 + 2¢1b¢~+3z(1+@)(1 +1>)(1+¢~) x

Clzfrng minh
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Béit ding thtrc cn chtrng minh tu"o'ng duong vdi

£12 +17: +0: +abc'+Z2ub+/9c+cu +u+b+c

Xét 3 56 (a—1),(b—l),(c—l), trong 3 s5 ni1y sé cc’) 2 cimg déu. ta Q6 Lhé gia su' 151

(a—l).(b—l) .suy1'a ub2u+b—1.Khid6:

(1: +17: +5‘: +ubc+Z2u: +19: +0: +(‘(a+b—l)+2

=%(u~l2): +(<‘—l): +%(b—]): +fi(u—1)3 +ab+l2c+ca+a+b+c2al2+bc+ca+a+b+c

Nhgin xét: Ngoi czich giai nhu' Lrén [21 cbn czic céch giai sau dy:

- Czich 2:

Ta c6 bt dang lh[l'C Tukervici: Ll: +111 + 8 +1+ 2\/Z5 z ab + 11¢ + (II + (1 +11 + (-

Mil 2\/E; S abc+1 nén suy ra dpcm

' Czich 3: Dr§1tf(a.b,c)=a: +172 +0: +abc+Z —a -12 — c—c1b —/>0 —ca

Néu a,b,c>3 {hi L+%+l<1 hay abc>ab+bc'+ca . do dc’)
a c

f(a,b,c)>a2 +b3 +8 +2—(l—b-C>0 :> (dpcm)

Néu c6 1 S6 bé ho'n hoélc bang 3,gi2'1 str 151 (I s 3.

Khi d6: f(a,b,¢)-f(a.bj"/”£°)=(3"’)ib“')_ 20

Ta cn chirng minh: f(a,L;C ,-—]7;")Z0. Ta c6:

f(a,.\'.x)=a3 +x3 +a.\'2 +2—a—2x—2ax=(a+1)(x—1)2 +(a—l)2 20 Vx

Bi 6. Cho a,b.c,c1 2 O. Chirng minh ring:

3(a2 +122 +02 +41: ) +2ub('d +22(a +b+c'+d)2 (*)

Ch z'rng minh

Xél 4 $6 (a—1).(b—1).(c'~1).(d -1). Trong 4 $6 niiy sé c6 2 s6 cimg du. ta cé thé gizl

sir 151 (a—1),(b—1) ,suy ra abcd 2cda+bc:d —cd.

' Néu (c—l),(d—l) cimg déu thi cd2c+d—l , suy ra:

abcq/Zcda+bcd—cd2(c+d—1)(a+b)—cd=(a+b)(c+d)—a—b—cd

D0 dé: vT(*)z3(¢ +192 +6 +d2)+2(a+b)(c+d)—2a—2b—2cd+2

=(a+b+c+d)2 +(a—b)2 +2’(c—c./)2 +(a—l): +(b—l)2 2(a+b+c+d)2 (dpcm)

' Néu (a—1).(b—1),(c—l) cilng déu thi ac>c+a—l,bc2b+c—1

3 abcd2cda+bcd—cd2d(c+a—1)+d(b+c—1)—cd=d(a+lJ+c)~2d



Chzrmzg V: M_5t mi’ sting tgo vé1 brt (hing thz2'c

Suy ra: vT(=1<)z3(¢f +111 +6 +d:)+2d(u+b+c)—4d+2

=(a+b+c+d)1 +(u—b)2 +(b—c): +(c—a): +Z(d—1)2 2(c1+b+c+(/)2
Nhgin xét: Bét ding thL'1'c trén yéu h0'n bit ding thtrc Tu_kervici 121:

az +173 +1": +d2 _+ 2\/abcd 2ab+ac+ud +bc+bd +cd

B:?1i 7. Cho a,b,c 2 0, (11 +171 +11-1 >0. Chfrng minh rang;

1 1 1 2 +122 1 1 1 ,1+ + + ( + + )0)Za+l 2b+1 2c+1 a+b+c 3 a+b+l lJ+c+l c+a+1

Xét 3 (a—1).(b—1).(c—l). Trong 3 $5 néy sé cé 2 $5 cimg du, ta c6 thé giél $1.1’ la

' CI1 zhzg minh

(a—1).(b—1).suyra

ab+l2a+b <:> (u+c'+I)(/J+<i+l)2(('+Z)(u+/2+6)

,2 1 2 1 (3 17+ I 2 1 + 1

(¢+2)(a+b+a) (a+¢+1)(b+¢+1) ¢+- 11+/1+< u+c+l b+c+l

D d’:VT(*)2 2 2 2 z2( 1 1 1 )aO O a+b+1+c+2+a+b+c c1+b+l+b+c+l+('+a+l (pom)

B"8.Chb-O'"- -1*--~-
1

a1 oa, ,¢> thoaman abc+ab+b¢+¢a§4 h0ac(a 1)(b l)(¢ USO.
Chtrng minh ring:

l+l+l+ 3 + 3 + 3 +12 6 + 6+6+ 3 (*)a b c a+b+l b+("+l c+a+l 2a+l 2b+1 2c+1 a+b+c

' Néu (a—l)(b—l)(c—1)SO. D§dz‘1nglac6du<_>1c:

1 < 1 1 1 1

C/1 zhzg min I1

,.._.

+ + +a+b+c a+b+1 b+¢-+1 c+a+l

MIL»)

2

1 1 , .2.+2 +2.Dod0tach1can
b c

6+6+6(1hq, -11:1 1 1 3 1»cunomln a+b+C+a+2+b +
+2

J}
1\>

2a+1 Zb+1 20+

Ta c6: :> (1) dC1ng:> (dpcm)

3 1 3

° Néu c1bc+ab+bc+caS4
Bu'6'c 1. Chirng minh bét déng thtrc sau (dilnh cho ban dqc):

1+1+1_9>91+1+1)(1+1+1_1_1_1)
ab _c a+b+c ¢1+2 b+2 c+212a+l 2b+1 &~+1 a+b+c' b+¢-+1 c+u+1

Bu'6'c 2. Tacéz 42abc+ab+bc+ca <=> i+—L+iZ1.Suy ra:a+2 b+2 c+2
L L L 9( 1 1 1 1 1 1 1 )a+b+c2 a+b+c+2a+l+2b+1+2c'+l a+b+c b+c+l c+a+1

KéthQ'pvé’ib?1i7suy1'a:%+%+%+a+Z+1+ +3 1+ 3 1+1
b c+ c+a+
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29—6(1+1+1)+9(l+l+1)+l.a+b+c a+b+l b+c+l c+u+l 20+} Z/2+1 26+}

=6+6+6+3—3{2+2+2)+
Zu+l Zh+1 Zc'+l a+12+<' a+l2+] b+c+l ('+u+l

3( 1 1 1 2 .1)2 6 6 6 3

+ 2a+1+2b+1+2("+1+a+_b+('T3 'lu+1+Z17+l+Z(‘+lJ_u+[7+(’

Sau dy 151 min 56 bili tép luyén tzip dimh cho ban dqc.

Bili 9. Cho .\',_\'.; 2 O. Chtrng minh: .\'_\'j(.\' + 2)(_\" + 2)(; + 2)S[l +%(.1j\"+ _\"; + 3)],

\. 3€['111] . . v3 -3 I \-1
Ba1l0.Cho .Ch1rng mmh: 1l+.\~+‘—+\/l+_\~+~‘ +\/1+;+"-—£3

+_\‘+;:O \ 6 6 6

/'—*'——-r—’\——\

P.>1'/.
‘/.-/ I,

\+

(T1

TA

Bili ll. Cho < .ChL’1'ng minh:
Max {.131 _\':. :1.1.\'} £ 1

1 -a / 1 J w

V/1—.\3~+_\" +\/1—_\~;+;" +\/1—;1+z“ +\l—I.\'+.\" 24

Bi1i12.Cho a,b,c>O.Chrngminhr§11g:(i+i+l)( 1 + 1 + 1 )2 9
a b c I+u 1+/1 1+0 l+ub("

Bili 13. Cho .x,..\’2.....\'” 20. Ch1'rng minh ring:

(n—1)(.\'l2 +.\'§ +...+.\‘i)+2.\'|.\‘:...x” +n—Z2(.\'] +.\': +...+.\‘”)2

B§1i14.Ch£mg minh rang; (362 +2)(31>’ + 2)(3¢~* + 2)25[abc—2(ub +66 +6-(1)13

B;-211 15. Chirng minh rang; (1361 +5)(13b’ +5)(13¢~1 +5)(13111 +5) 2

Z 36[l2(abc+ bcd + cda +dab) + ab +bc +ca + ad +bd + ad]:

B231 SM = Z .\',-].....\',‘ (k <11) V21 .\'1..\'l.....\'” E R

1‘, <...<iAC{l.Z....n}

Bi 16. Chtrng minh czic bait déng th1'1"c sau:

($4.4 _ S14 +1): + (53.4 _ $1.4 )2 2 %(‘/553.1 + ‘$514)-

(49s4v4 -3715M + 2809): +371(75_U -535M )3 23601‘ (SM + 514 + 35“ +1)’

1'93 -21324 +49): +21(3sH -75,4)’ z2_%‘l(sM +2534 +5sH +2):
, 4.4 6 1. . _ . .

(Sis “Z335 +4S1.s)2 +2(S4.s _2S2_s +4): 2(S1.s “$4.5 +1);

(56.6 “$4.6 +526 -1): +(Ss.6 “$3.6 +516): 2%6I(6S6_6 "$4.6 +5516 +1);

(ssw - 205% +503“ -125): +10(4s5_6 -10510 + 253,‘) )2 z96,04(s4_6 + SM )2
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§ 23.9. PHUONG PHAP ss (SCHUR - sos)
1. PHU'O'NG PHAP ss v(')'1BAT DANG THUC CO DANG THUC TAI TAM
1. Dzfat vén dé

Khi dtrng tru'6c m<f>t béi bit ding thtrc déi x_L'rng hozfxc hofm vi vdi ba bién s6 chéng han

15:1 A(c1,b,c)2B(a.b,c) thi phuong phép hay duqc s(r dung nht 151 phucmg phzip SOS

(xem Chu‘o'ng IV. §17) vdi phép bién déi c6 cu trdc déi ximg theo dinh dang sau dy:

5 = A—B = SU(b—C)2 +5/,(¢--(1)1 +sF(u-bf 20
Dé cé mét caich nhin phong ph h0'n vé czic dang béli bit ding thirc déi xirng hoéc hoein

vg véri ba bién Chdng mi Xin gidi thiéu Phzrmzg phdp ss (ScIzur- 505). D510 aiém
cua phucmg phép néy 151 chfmg ta sé chqn phn Lu‘ lém nhit hoéc nho nhét trong ba bién
s6 vé bién di/vi dé nhefm ducyc biéu Lhfrc khéng déi xirng vdi phn ttr nily nhung 1€_1i déi
xirng vdi hai bién s6 cbn lai. Tén gqi SS (Schur — SOS) ducyc hinh thimh 151 do ta xuzit

hién czic biéu thtrc (a -17): ; ((1 —c)(b—c) dé dua vé dinh dang chirng minh:

f(a,b,c) = M (a —b)2 + N(a — c)(b—c) 20 trong dc’) c = m21x(a.1J,c')hOZ1C <'= min(a,b.c)
Khi as bét aging thtrc as @110 duqc Chang minh néu ta ChL'1'ng minh CILIQC M.N 20. .

Tru'c'7c hét chling ta cimg 121m quen véi mét $6 khai trién thufmg du‘<;c s11'cl1_1ng trong
phzin Lfch cla phuong phép SS:

1. a3 + bl + cg — ab—bc—cc1 = ((1 —b)2 + (cl — c)(b — c)

2. :1] +19" +0‘ —3abc=(a+b+c')(a—b)2 +(a +b+c)(a—(')(b—c)

3. ab(a+b)+bc(b+c)=ca(c+a)—6abc=2c(a—b)2 +(a+b)(a—c)(b—c)

4. ab: +1902 +ca3 —3abc=c(a—b)2 +b(a—c)(b—c)

5. (14 +b4 +c4 —abc(a +b+c)=[(c1+b)2 +c2j(a—b)2 +[ab+(a +c")(b+c)](a—c)(b—c)
6. a3 (b+c)+b3 (c+a)+c3 (a+b)—2abc(a+b+c)=

=(a +c)(b+c)(a -19): +(2ab+ac+bc)(c1—c)(b -0)
7. a3b+b3c+c3a—zzbc(a +b+c)=(ca +cb)(a ——b)2 +(a2 +ac)(a —c)(b—c)

~ 2
8.£+Q+£—3=-—l——(a—b) +l((l—C)(/9-6)

b c a ab ac

9. b+@+C+“+a+b-6: 2 (c1—b): +_@+"<a-@><b-¢->
a b c ab abc

1()_ a 1’ C _.?i= 1 _b3 _- b_-
b+C+C+61+61-l-17 2 (a+c)(b+c)(a )+2(a+b)(b+c)(c+a)(a CM L)

a+kb+b+kC+L.+ka_3: k1((,_;,)2 +1<(a~¢-)(b-¢)[(1<1-/<+1)a+(/<-1>b+/<¢]
.611“/<6’ 5+/<61 6+/\'b (c+ka)(c+l<b) (a+/<b)(b+l<a)(c+/<b)

3 3 2 ~ \2 (a+b+c)(a+b+2c')12, 51 b C _a+b+¢: a+b+C _b L _-)b_b+c+c+a+a+b 2 (a+c)(b+c)(a I +2(a+b)(b+c)(c+r1)(a C(

By gid chlfmg ta sé cimg 151m quen vi du md déu vdi bit ding thfrc Schur quen Lhuéc.
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2. Céc bini teflp m§u minh hqa

Bi 1. van ceic S6[1'1L_1'C “.19. C khéng am béu kj» ta luén cé:

. a3 +123 + ('3 + 3abc 2 ab(u +12) +b('(b +c) + ac*(a +0)

Clzzivzg minh

Khéng mt tinh téng quail gié sL'1' c= min(a,b.c) . SL1‘ dung khai trién:

a3 +b3 +0] —3abc=(c1+b+c)[(a—b): +(a—c)(b-c (1)

ab(a + b) +bc(b + c) + ac(a + c) — 6abc = 2c(a — Z7): + ((1 + 11) (cl — c)(b — c) (2)

Ttr (1) v51(2) suy ra bat dang thfrc d ChO C6 me‘ viét 1@i du"c'>'i dang:

(a + b — C) (Cl — 12): + (‘(0 — c) (/2 — c) 2 O(1u6n dng do c" = min (a.l2,c)

Being thtrc xély ra khi v21 chi khi a =12 =(- hozic a =b.c=O vi caic hozin vi.

Bili 2. Chtrng minh ring: ——a+1) +———(I+"+i1)+"£i1+[l+—‘¥ Vc1.b.c>O
a+c b+c b+a 1) c (I $

Ch zhzg minh

Khéng mél tfnh téng quzit gié sir c=min(a.b.c) . Su" clung khai trién:

2

\~ 2‘ - (-\'—.\") (-\'—1)(.\'-1) \ 2 2 , 2 , 2 .2 ,.
'—+— +> —3 =————— +——-——i [hi bat dang thus da cho co the v1etdu'o‘1dz_1ng:
_v 1 x .\'_v xz

L__ Li. _ 2  1-__ _- _-
[ab (a+c)(b+c)](a b) +[6IC (a+c)(a+b)](a (‘Nb 020
B§1td5ngth£1'ctrén hién nhién dfmg. Bing thirc xéay ra <:> a =12: cm

Bf1i3.ChL'1'ngminh: (“+”); +(”“"')I +(“+"): + , 2"?" 2131 Va.b.c"2O
(b+(‘)' (c+u)' (a+b); 67+/9"+¢'3 ‘

Ch {mg minh

Giel sir c= max(a.b_c). Vdi .\'._\',: bit ky La cé khai trién sau:

+ + 3_<2-+.»><~<~2>1Jr<x+>~><»-+zm-:><.\-—:>
2 2 2 _ _ 2 2 2 2

_\‘ 3, x .\' _\~ .\' 1

Ta du'a bét ding thtrc trén vé dang:

[ (a+b+2c)2 Z(a+b+c) ](a_b)2
(a+b):(b+c)2 3(a3+l23+c‘3)

+[(a+2b+c7)(2a+bj+c)_ 2(a+b1+c)‘ ](a_C)(b_C)2O
‘ (a+b)'(a+c)' 3(a3 +19" +0’)

Theo ‘Chebyshev ta c6: 3(a3 +123 +c3)2(u: +123 +c: )(a+b+c) .D0 c=max(a,b.c) nén

(a+2b+c)(b+2a+c)> 4(a+b)2 > 2 > 2 > 2(a+b+-c) (1)

(a+b)2(a+c)2 (a+b)2(a+c)2 61:+¢'2 ¢l3+b:+¢‘2 3(cl3+b3+c3)

vb. (a+b,+2C)_ , 2 4 (2). Ta sé chtrng minh 2 2 7 1, , (3)
(a+C)"(b+C)" (a+c)(b+c) (a+c")(b+c) a‘ +b' +0"

Thét véy: (3)<: Z(a2 +1): +C2)Z£lb+[)C+(lC+(‘2



Chzrovzg V: M_6t s5 sling tgro v5 b't dzing thz2'c 917

<:> ((12 +123 +c2)+a: +17: 2(ab+bc+(‘a) (hién nhién dflng)

Tam) V516) (a+b+2c'); 2 23 2 Z(‘a+b2+c')2 (4)
((1 +0)‘ (b+c')_ ll“ +17‘ +6" 3(a’ +b‘ +0)

Tit ('1) v51 (4) ta c6 diéu ph2'1ich1'rng minh. Ding thtrc xély ra @ a =b: c

Béi 4. Chirng minh rang; “I +1’: + "1 +s("§+"§’+"‘f) 211 Va.b.c>0
b" c“ a" a'+b'+("

Chlhzg minlz
Gia' sir 0 : min(a.b.c) . Ta dua bait déng thtrc trén vé dang:

(a+b)2 8 2 (u+c)(b+c)i,T——i](cz——b) +[ 7 , — , 8, ,](a-—c)(b—c)20a‘b' a'+b“+c" a‘c“ a‘+b'+c‘
'>

Ta c6 ((Hwiw)_=(~1-+l)_ zi7z%,28<13 +b2 +03. D0 c'=min(a,b,c) néna"b‘ fl [7 (];+¢-)' a‘+12‘

(a+c)(b+c)(a2 +123 +c2)22\/;.(c+c)(a3 +01 +¢'2)=4(*\/;c(z12 +2c2)

= + i+i + Zr: )2 4c'\/;(".4~‘:'; > 85120: :> ((1 + CH!) + C) > 8 ’

3 3 3 / \/ 27 a‘('2 a2+b2+c2
D0 d6 ta cé diéu cén chtmg minh. B§1ngthL'1'c xéy ra <:> a =12 = c. '

Birzh lugin: Chng ta C6 thé théy vé d¢p cua phLr0'ng phzip SS qua caic vi du trén, dgic
biét 151 Bi 3 vi Bi 4. Néu czic ban chirng minh hai v1’ du néy bémg phucmg phép SOS
co béin déi duqc dé cép [hi sé phéi xét téi hai mrmg hqp a Zb 2c vb a $12 3c.
Ngoili ra chimg ta cng c6 thé chirng minh Béi 3 v51 BE1i4 bzing phxrong phzip SOS ngén
gqn ho’n nhung khéng dLrQ'c tu nhién vdi sq lrc_>‘ gip CUZ1 mét b6 dé sau déy 1

B5" J5‘: Cho {'I;'Y’Z1>O khi d6 la cc’): ..\'2 + _\': +33 2%(x+ _v+ ;+%+%+%)-6 .

Troné VD3 <13: .\':ib1 pi; 1:1. VD 4 6511.\»=£;\~=§;;=£1hi.u-1:1A” b+c' c+c1 c1+b - /2' 0 a '

Chfmg ta sé tiép tuc lm quen vdi phucmg phzip SS qua cc vi du sau diy:

Bf1i5.ChL'1'ngminhr§1ng: a + b + C + abc 22 Va,b_c>Ob+c c+a a+b 2(a3+b3+¢-3) 3

Gidi
Gizi sir c = max (a,b.c). Ta cé khai trién sau:

7ii: (a—b)~ a‘+b+2c
gb+6' 2 (a+c)(b+c)+(a (Mb C)2(a+b)(b+c)(c+a)2O
D0 d6 bit dzing thtrc trén c6 thé viét duc'>'i dang:

1 a+b+c 3

[(C+6l)(C+l7) 6((13+b3+(_'3):I(a +

a+b+2c
V a+b+c __ __

+[2(a+b)(b+c)(c+a) 6(a3+b3+L-~‘)](a 0(1) O20



Chu'o’ng V: M_6t s5 sting tqm v5 b17't ding thz2'c 917

<:> ((12 +173 +c3)+a: +173 Z(ab+bc+(‘u) (hién nhién dilng)

TiI(.2)V(3)SuyI_a (a+bq+Zc)' 2 27 12 Z(‘u+bx+c')‘ (4)
(a+c)'(b+c)' 6l'+19'+C" 3(c1’+b‘+c“)

TLr(1) vii (4) la c6 diéu ph2'1ich1'rng minh.B§1ngth1lrc xziy ra <=> a :5: c

Béi4.Ch1'1'ng minh rang; “I +1’: + “I +s("§+"f+“‘§) 211 v¢1.b.1->0
b’ 0“ a“ a"+b‘+("

Chlhzg minh
G121 sir c : min(a.b_c) . Ta dua bait déng thtrc trén vé dang:

(4-”,)_'-Ska-112+[“'+"Z<’3+‘*’-, 8, 0111-1->111-1-120a‘b' a'+b“+c" cfc“ a‘+b‘+c‘

Ta c6 ("1i,)_=(l+i)' zi,z,L,zs111 +11 +1-1.130 c=min(a,b,c) néna“b‘ (1 [9 (b+¢-)' cl‘ +12‘

'3
Z

'2U
/\

(a+cr)(b+c)(a2 +113 +c2)22\/a('.(c+<*)(a3 +03 +c2)=4 (12 +202)
2 2 2

_; <1_: W , . .=4c‘\/a¢'(a—+£—+[l—+2("724c'\/(z(*.44ii2‘I6 >801" :>(a+(3([Z+()> , 8, ’ 1
3 3 3 / \' 27 a‘c' a‘+b‘+c"

D0 d6 ta c6 diéu cén chtrng minh.Béng1hL'1'c xay ra <:> c1=b = c. '

Binh lugin: Chng ta 06 thé théy vé d¢p 011121 ph1r0'ng phép SS qua czic vi dgl trén, déc
biét 1a Béii 3 Va B2114. Ne’-11 czic ban chirng minh hai v1’ <;111 nay béng phuorng phzip sos
00 bim d dLfQ’C dé ceip thi sé phéi xét t<'>'i hai tru6>'ng hqp a Zb 2c via a Sb sc.
Ngoili ra chfmg ta cng c6 thé chirng minh B5113 v51 B5114 being phuong phzip SOS ngén
gqn hcm nhung khéng duqc tu nhién vc'>'i su trc_>' gip cfla mél b5) dé sau dy 1

11 {~\u>'»1>0 ., ,1 1 13, 111B0 (Te: Cho khl do ta co: .1 + Y +1 >—(.\+ v+ -+—+—+—)—6
~.\'_\‘Z:l ’ _ 2 ' N .\' _\' Z

Trgng \/D3 _\-:Sa+b; yz?-b+C; ::—iL.+a , VD 4 X22;\'=Q;1f=£[h1.\'\‘ZIl.b+(' c'+a a+b - /7' c" a '

Chng ta sé tiép tuc lm quen vdi phucmg phzip SS qua czic vi dp sau dy:

B£1i5. Chirng minh r§1ng:_b_‘:_(_ + Cit] + aib + C1) 2% Va,/2,c> O

Gidi
Gié sir c= max(a,b.c). Ta c6 khai trién sau:

,
1ii: (a—b)' a+b+2c'

;.:b+C 2 (a+c)(b+c)+(a (Nb C)2(a+b)(b+c)(c+a)ZO
Do d6 bit ding thfrc trén c6 thé viét du<5'i dang:

1 a+b+c 3

[(c+a)(c+b) 6(a-‘+b~‘+(;»‘)](a b) +

a+b+2c a+b+c _. _.
+[2(a+b)(b+¢-)(c+a) 6(a~1+;,1+,1)](" ‘W’ 02°
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Theo bét dang thtrc Chebyshev ta cc’) 3&1‘ +11‘ +6 ) z(1 +191 +1~1)(a +17 +1->.

Ta sé chirng minh:

1 > 1 h 2(Z bl -1)z(1) 19- 1 -1)(C+a)(c+b)_2(a2+b2+C2) ay (1 + +¢ a + ¢+a( +1

K: l > 1 2 a+b+c
(a+a)<c+b)'2(a2 +111 +1-1) 6(a‘+1f+¢-~‘)

A +b+2- 1 +b+~
DO C_maX(a~b_'C) nan 2(a+Z)(b+c)c(c+a) 2(a+c)(b+c) 2(,(a£:_+b3 it-3)

Til" d6 ta cc’) diéu phéi chtrng minh. Ding thtrc xay ra khi vb chi khi 11:12 = c

Béni 6. Cho 11.1), C 151 11¢ @1211 3 canh tam giéc. Chtrng minh rang;

2113 (b+¢)+2b2 (c+a)+ 2c: (a+b)2a3 +b3 +0‘ +9abc

Chzhzg nzinh

Khénv mét tfnh ténv uét, Qié str c = max c1,b,c . Xét czic bién déi sau:¢ == Q -
22412(b+c‘)—12abc‘=2Zbc(b+c')—12abC=4c(a—b)2 + (20 + 2b)(a —c)(b—c)2O

3abc—a3 -123 —c3 =—(a+b+c)(a—b)2 —(a+b+c)(a—c)(b—c,-A)

Do dé VT—iVP=(3¢-—a—b)(a—b)2+(a+b—c)(a—c)(b—c)20

_. 22 V .13, ‘Z0
D V 61b+b£‘-l-C61+(a+b)(b+c)(c.'+a) G C

B£1i7. Chtrnw minh‘ rén<v- "' +1" +‘" 8”“ \

Chlfng minh

Khéng mét tfnh téng quét, gié sir c= max {a,b, c} . Xét czic bién déi sau:

Tm‘ Z112;-lié ‘1=a1,+1l-+m‘“*”)2*;&;‘““""’*‘)2"
8abc -20 3_ 1 __ __

(a+b)(b+c)(c+a) 1 (cz+b)(b+(:)(c+a)(a b) (c1+b)(./9+c)(a L)(b O20

VT— P= 1 - 2" L -1):
V (6lb+bC+CtI (c1+b)(b+c)(('+11))(a J +

1 I _. _.+(ab+bC+(_a (b+C)(C+a))(a c)(b c)2O

B:‘1i8. Chtrng mmhrémg; (£+Q+£)_ z(a+1)+¢-)(l+l+l) v11,1»,1-20 \

C c a (1 b c

Chlhzg minh

Ta C6; VT_9:(Q+2+£)_ ._.9= (.q.+2+£.+3)+ (£+Q+£+3)bca ab bca ac bca
W-_9:2(a—b)2 +(a—b)(a—c)(a+b)

ab abc

_ = _ YLQ 2 .9 )_l) _ ._ (_1_(£ Q £)_¢1+/9)VT VP (11 b) (ab(b+C+a+3 +(c c1)(c b) b+(_+a+3



Clumng V: Mgit so‘ sdng rqm v45 bt (T1712g thz2'c ' 919

Gié1su'z':n1in{a.b.<'}.tac6:£+Q+5+323:>i(£+Q+£+3)2i
b c' :1 (11211) c" u ab

,~ 1, - _ 1 Cl b C 11 +19 ab: + 121': + (‘(13 + 3c1bz‘ <1 +19Ta.sechungm1nh.——+—+-—+3 2 <2 2at 11 c Cl abr z1<'.c1h<- abc

¢> ab: +1203 + ("(13 + 3abc 2 ac(a + b)

<:> ab: + 12¢‘: + ca 2 + 3abc 2 ca 2 + abc ¢> ab: + bar: + 201702 O

1 I

Béi 9. ChL'1'n<1 minh ring: a+b+b+C+ C+a£ (a+b+C)_ Vc1,b.c>O“ b+c' ("+11 11+!) c1b+bc+cc1

Ch zhzg minlz

G121 $11" c = min{a_b.c}. Ta cc’):
1

V7-_3: (a—b)2 +(c1—c.')(b—(‘): (a—b): +(c1—(')(/>-0)
ab+bc"+c'0 c1b+bc"+c‘a (z1+(>)(/2+1‘) (a+b)(b+c)

<->1 1 - 1 1'1-->1-~>’ 1 - 1 _Q ” b [ab+b<-+111 <a+1»><b+¢-11+" ‘ ‘[¢,1,+1,@+1-U <11+1>><11+1>>]>°

Ta C6 ngay ab+bc+caS(a+c)(b+c) V51 ab+bc+caS(a+b)(b+(') :> dpcm.

Bi 10. cmmg minh ring; 2%/f'l‘)'s(‘k‘)‘J:§’1+J:')_ Vk $1 '

a ' u 2c" ("(1

Ch zhzg minh
Khéng mt tfnh léng quail, gizi s1'r c=min{a,b.c}

vT_3:(a_b):[ /<1 J+(a_c.)(,,_(.)(/<10-1<(1+k%-+111>+1b-Mb)
(kn-1—c)(l<b+c) (a+l<b)(b+kc)(('+/cb)

_.: 1 1 __ 1 )

VT J (Q Z7) {ab+bc+ca)+(a (Mb £)(ab+bc+ca

v‘ BDT (-1)‘ 1 - ‘<2 )
ay Q” J ub+bc'+c"a (/<a+c)(l<b+c) +

( _)(b_ _)£' 1 _1111-111+/<11-+111>+11>-11/>‘_0
+a C C ¢lb+bc'+c'c1 (a+/<b)(b+/<c)(c+kb) >

Cuéi cilng @111 can cmmg minh (kn +1-)(/<1;+¢-)2 /<1(¢117+1;¢-+111)

va (£1+/<b)(17+/<(‘)(C‘+/(b)Z(/(261-/(CI+/<2C+/<3/1+/([7—/<2/))(£Ib+/)C+C(l)

Khai trién Va S1: dung /< $1; 61 2 1-;/92 C ta nhéln du‘Q'c dpcm.

I

1 b +
1

B€1i11.Ch1Lrngminhr§1ng: ‘1+b+”+"+°'+“+3(“b+”‘+“’)z4 Va.b,c>0
c‘ c+a a+b (a+b+L.)3 '

Chzhzg minh
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Khéng méll tinh téng quzit. gial 51'1" 1: = min{a.b.c"}
'1 .

Xét g+b+b+(‘+¢'+(1_3: (a-b)' +(a—c)(b—c')
' b+c c+u a+b (a+c)(b+c) (a+b)(b+(")

3("b+”“f"“):- (""’)_ , -("“')(b‘§‘) . Khi dé b5lnd5ng1hu"ctro1hi1nh
(a+b+c)'—1 (a+b+c')' (a+b+c.')_

_ 3 1 _ 1 (_.)( _.)/l1_____i1_L_
(U b) [(a+c)(b+c) (¢;+b+¢~)3j+a t b C \(a+b)(b+c) (a+b+C)3)>0

Ta c6 (a+c)(b+c)S(a+b+c)2 vi (a+b)(l1+c)S(a+b+c)2 3 dpcm

Céc b:31i tzflp du'6'i dy chii yéu duryc dgra trén céc ding thfrc trong hai dang sau dy:

Dgmg 1.- f(a,b,c)=%+%_-—+%—a—b—c=—i—a_Z1” +_—”'Z6” +i°";“'
2 2 2 _2 2 2 2 _2 ,

=61 -1’ +1’ -¢ -" -1’ +b -@ =a+b(a—b)'+l7—+—c(a—c‘)(b—c')
b c a cl ab ac"

3 3 3 3 3 3 3 F
. 1 -, . .

Dgmg 2: f(a,b,(.-)=g—+b—+£~—cz‘ ~11‘ —c3 =g—i+b—l+i
b c a ./J c" <1

:a3—b3 +b3—c3 __a3—b3 _b3 -03 :02 +b2+ab(a_b)1 +123 +03 +bc(b_C)1
b 0- a a ab ac

2 2 _2 3 3 _3

Bé1i12.Cho a,b,c>O.Chi1'ngminhr§1ng: " +” +‘ z3(‘1 H1 H)
5 5' 61 a“ +b' +0"

Chzhzg minh

Khéng mét tfnh téng quilt, gié sir c=min {a,b,c}

2 2 _2 2 2 2 _2 _2 2TaC6;@_+b_+s__a_b_C=2_11_+b_s_+¢i(1_
b c a b ( a

=a_ _b2 +b— _C_ -0- _b_ —b2 _C2 =a+b(a—b)2 +i—-b+C(c1—c)(b—c)
b c a a ab ac

3 2 ,3 , —(a+b+¢-)= (a—b)' + (u—(')(b—c‘)
a“+b‘+c“ a'+b‘+c‘ a“+b'+c‘

Véy:M:a+b_ 12(61j-l1)j;N:b+c_ €1+b1+2c7

ab a“+b‘+c‘ 61¢‘ a'+b'+c"
D5 théy M 20. Ta 56 chtrng minh NZO.Th2_“1tvzf1ybién déi bét ding thirc :

N2O<=>(a2 +122 +c3)(b+c)2ac(a+b+2c). Sfrdung AM— GM, ta c6:

(02 +192 +c2)(b+c)22c(a2 +123 +c2)=c[a: +(%a2 +2b3)+(%a2 +2c2)+%a>

>c(aZ +ab+2ac)=ac(a+b+2c). Véy N2O:> dpcm.

_ 3 2 _3

Biii 13. Chtrng minh ré1ng:a7+b—+C—2\l3(a4 +124 +c4)
c a

Chlivzg minh

Khéng mét tfnh téng quait, gié sir c = min {a,b,c}



Chuvng V: Mgit s5 sring tqo M5 b('1t ding thzi'c 921
3 3 _3 _:_ 3 z_ __1 >3_ 3¢1_+b_+¢___£,1_;,-_(.1:i+/0+0

12 0 a 12 0 u
2 2 3 ,1 2 3 _3 : 1 3 1 . ,1 3:11 —12 +b —r _a 12 +12 z :41 +12 +a12(u_/)) +12 +0 +12((h_(_)

12 0 u u (112 Cl('

Bién déi biéu ll'1U‘C sau dziy du"0"i dang

\13(u4 +124 +04)—(u2 +122 +021:

2(a+b): (a_b)2+ 2(a+0)(b+0) (a_C)(b_(_)
\13(a4 +124 +041+a: +122 +03 \13(a4 +124 +0*\1+a3 +12: +0"

Vé M_a3+bZ+ab_ Z(a+b12
.

'y ab ‘ 4 -1 4 2 2 2’\/3(a +b +01+a‘+b'+0‘
N:b3+¢-3+b¢-_ Z(a+0)(12+0)

ac \13(a4+b4+041+a3+b2+02

Ta c6: (\13(a4 +124 +041_+a2 +123 +031(a3 +122 +a12122(a3 +b2 +02)3ab

z2@12(2(a1 +1f))z2a1;(a+b)’ 3M 20

(\13(a4 +b4 +04)+a2 +12: +021(c12 +b2 +b01_%0(12+0)( (01: +122 +0211

220(a3b+ab0+a20+a031=2a0(a+0)(l2+0):> N 20

V

R)

Biii14. ChL'1'ng minh rang: (ob +b°0 +0’a 1 23ub0(a Z2’ +12 0 +0 a‘1
I ; 12 *1 1:3 41 4241 I

C1z1'rngminh

f(a,12,c)=(a3'122 +12%-1 +8112 )2 -3ab¢-(@4123 +b‘¢~‘ +¢-M‘). Bat kf hiéu céc biéu thirc

P=a6b4 +b604 +06a4 —C15194C—-b56461—C5G417=CI51J4(Cl —0)+b504 (12—a) + 05014 (0—12)

Q=a5b203 +b502a3 +05a3b3 —a5b40—b504a—05a412

=a12502 (a2 —031+b05a2 (122 —a21+0a5122(02 -1221.

Suy ra f(a,12,0)= P + 2Q . Bién déi czic biéu thtrc P, Q ta cé

P =a5b4 (c1— 01- 05014 (12 — 0)+12504 (12 — 011- 0504 (12 — (1) — (1504 (a — 01+ 41504 (12— 0)

=04 (a° —b°1(a—b1+a”(a—0)(b4 —041+a40J (a —0)(b ~01

=a4 (014 +a312+a3b2 +1112} +b41(a -12): +[a5 (b3 +b20+b0: +c."31+c14c'4](c1-—0)(12—01

J1

~)

~'/\

Q
u

Q=ab‘0‘ “ —0Z)+b05a2 (12: —a2)+0a5123(02 —1231=ab503 (:13 —031—a51230(122 —031+

+a2b05 (If —a21—a12305(b2 —a21—ab305 ((13 —0l1+a12205 (122 -02)
=—abc5 (az —b21(a—121+a12202(a2 —021(123 ~03 1—ab30(123 —031(a4 -041 =—a1205 (a+12)(a—12)2 +

+[ab302 (a +0)(b3 +b0+c31—ab20(b+0)(a3 +a20+a02 +031](a—0)(12—0)

=—a12c5 (a+b)(a—b)2 +ab30(a1220+12203 —a312—a30—ab20—a303)(a—0)(12¥0)

TU‘ dé suy ra f(a.12,c)=P+2Q2O

*7



922 Phlrmzg phrip SS

3. Céc biii tép zip dung dnh cho bgn dqc tL_r giéi

Bili 1. Chirng minh ring:

ff w+ ,b_ 7+ ,7‘: i2 ” + ['7 + " .Va.b.c20
l2'+<*‘ c"+u' u‘+b' /9+6‘ (‘+11 11+!’

Bi1i2 Cho u Z9 z'>O Chimv minh rnv am +g> ”h+ /7(_+ ‘U' ~ ~ ' ' c c ; 1 ~._ — w '\ ~

a‘ +1)’ +1" 3 cl“ +12‘ +:"
\. , . ; ~ - 4( 1 +11 + >1

Ba13. Cho (1,b.c>O.Chu'ng mmh rang: b+‘ + C + (I + ‘I H) 2 U J ( )+ 2
a b c ab + In" + ac

Béi 4. Cho a b C>O. Chtrnw minh rénw ("+”)(b”")(""") + M": +1; H2) >12
' ’ Q C C abc (1b+b(r+ca —

.1 s ,1 -
Bf1i5. Cho a,b,c2 O.Ch1'mg minh rémg: i1(‘—+—3i,25

“bf (z1+b+c)'
2 3 _2

Bili 6. Cho a,b,c2O. Chfrng minh ring: a +17‘? + b +C‘£ + C +6113 2%
(b+c)_ (c'+a)' (a+b)‘ -

Bi1i7.Ch1’rng minh rang; ---"'+b“ +——”'+"” +-—"'Mb 2:1 +b+ C v@,b,¢-> 0
b+c c+u a+b

_ .3 3 _3

B51i8.Ch(1'ngminhréng: —-LI+5 +( +————i81"l)‘‘Z2 Va./2.c>0
Zubc (u+b+c')’ 2

Bé1i9.Chi1'ngminhréng: i+i+iz%-+i+““-+%“l’- \'/u.b.(~>0
41 /9 (' a'+b(.' b'+('a ("+ub

Bi 10. Chimg minh ring:

cl2+b€"+l23+(.'(i+c2+a132 Cl /+_-‘~b + c Va’b,(_>0

(b+c)' (c+c1)' (a+b)" b+C ‘+a “+17

B51i11.Chtrng minh rang; 23 va,b,¢->0

B5i12_ Chang minh: (a +b)(b+c)(c+a) + 4\/§Sa12+1bc+‘ca) 28+4\/7; Va‘b’£_>O

‘ 41/76' cl‘ +b' +c‘

Bi 13. Chime minh ram; “' +"" + b" +°"‘ + "' Ml’ zl+i+l V0.12 ¢->0
p C cz2(b+c) b3(cr+a) c3(u+12) ll 19 6‘ [a

Béi 14. ChL'1‘ng minh rang;

i+l+l2(a+b+¢-)( ,1 + _1 + 7‘ \]Va.b.c>O
(1 17 F \2a“+12€ Zb‘+("a 2c'+ub/

Biii 15. Chfrng minh ring: an + 17- + U + 9(‘ib+bC+Cfl) 212 Va./2_c>0
u, '7 '7 7 '7

b" c" cl‘ a'+b‘+c'

B£1il6.Cho “’b"'20 .ChL'1'ngminhr§1ng: ”2_"‘i+9iL5£+i"-1122;
a+[;+¢-=1 b+c ('+a 11+!)

BE1i17.Ch£mgminhr§1ng:(ab+bc+ca)[ '1 ,+ 1 ,+ 1 N22?/’c1.b,c20
(a+b)' (b+c)_ (c+a)', 4



Chu'0'ng V: Mgit S5 sling tgm vé b('§t ring thzic 923
II. PHIQONG PHAP ss vix BAT DANG THL'“c KHONG CO DANG THL"'C TA] TAM

1. Dzfat vén aé

Nhu‘ chng la d biél SOS vil SS 151 hai phuong phép khzi hiéu qua véi cc b§1tdénglh[1'c
3 bién khéng chL'1'a cén. nhung mét yéyu t6 tién quyét dé dun vé dang chun cua phu'0'ng
phzip 121 bél dang thtrc phai c6 déu béng dam lai tm. Véy véi nhrng bii lozin khéng cé
déng thrc tai tm thi suo? Trong muc n51y chimg téi dun ra mét $6 \/1' du quy tir bit ding
thL'1'c tai bién vé chfrng minh bit déng Lhirc tai tém, céng viéc Iu'O'ng chimg khé khén hon
nfiy lai giljp ta xzic dinh duqc mét dubng léi qucn thuéc \/£1 rétrng hcn dé chfrng minh.
Czic bi tozin sau day cé mé gip czic ban nhin nhén r6 hcm vé ky thuzit nily.
2. Céc bili tzfap m§u minh hga

41,12,020 , , . 27B3l1.Cl'1O . Chung mmh: a" (b+c)+b“ (c+(1)+c"‘ (a +b)S— (1)a+b+c:3 4

Ch1'rng minh

(l)<=>a2 <b+@>+111 (c‘+c1)+c'2 (CI +b)$i(a+b+¢-)3

<:>4(a2 (b+c)+b2 (c+a)+c'3 (z1+b))S(a+/2+0); (2)

Dé )7 ring ding thtrc xéy ra khi a =b=%;c=0 \/£1 caic hozin vi nén néu ta gm nguyén bit

ding thtrc nhu' trén thi khé c6 mé bién @161 vé dang chun cua phuvng phép sos Va ss.
Chling ta sé xut hién )7 tu'<'>'ng 121 cfmg thém mét biéu thtrc khéng m vo vé tréi cua bit
ding thirc (2) dé c6 thém diéu kién ding thc xéy ra tai tm a =b=c :1 nhung v§1n phéi

bélo toiin diéu kién ding thirc v§m xéiy ra tai a =12 =%;c =0. Trong bfxi tozin n51ychL'mgta

céng lhém biéu mu-C khéng m 121 kCI17C. aé xzic dinh /< ta ChO (I =b= C =1 ta du'Q’c /< =3.
til‘ d6 ta gizi sir c = min(c1.b,c) vi chtrng minh bait ding thfrc manh hon sau dy:

(a+b+d32MaWb+d+bWc+d+cWa+bH+Mm-Q)
A

<=>(a+b—c)(a—b)2 +c(a—c")(b—c)20 dL'1ng(dpcm)

B21111 lugin: Bu"c'>'c mm ré nhéu {Tong l<‘>'i giai trén chinh 121 y lu'(5'ng chuyén m bit ding
mu»; (2) vé bit dang mu-Q (3). Céng viéc lu'O'ng chllrng lilm ChO bél dang mac chefu hon
néy l2_1i gip tao nén mél ding thtrc nfra cho b§tdzingth(1'c ban d§u.déingthf1'c tai tm.
Chfnh diéu ny dzi giilp ta cé nhng céch dainh gié qucn lhuéc lhéng qua hai phuong
phzip SOS via SS. Tit dé viéc tim ral£>'igié1icf1ngu_1'nhién vii d§ dimg ho'n.Ch1i)7réng
dé hrqng céng thém V§1OIhLI'@T1g cc’) dang l<.a/2c.f (a.b.c) dé dém bao cho déng thtrc ban

déu cla dé béi v§1n xy ra (ding thfrc tai biér1).tr0ng dé f(u,b,c) duqc lua chQn lily
véo ban tozin, thumg 151 dé tién C110 viéc bién 0:61. ta aén vé'i ¢.<1¢ bii tozin nép theo.



924 Ph zr0'ng phdp SS

~
.b.'20

Béi 2. Cho 1“ ‘ .ChL'rng minh;-1—+_1-+-1—z§ (1) \

kab+/K-+(,-51:] l>+c c+u a+l7 2

Ch zhzg minh

Tacé(1)v<:(ab+b¢'+ca)(i1+i+i1)_22—5
b+(- c+a a+b 4

Déng thtrc cua vi du 2 xély ra khi a=b=1.c:O v51 czic hoain vi. Tu'o'ng u_1'v1'dg1 1 ta céng

thém vilo vé phzii mét 1u'c_>ng ——-—€————4abC . Ta chtrng minh bit déng thtrc chafzt hcm:
(a +b)(b + c)(c + cl)

(,7 1, .)(1_ 1 1 )2225 4abc (2)
a + C-Ha b+c+c+a+a+b 4 +(a+b)(b+c)(c+a)

<=~(ab+bc+ccz){ 1 7+ 1 7+ 1 7j+
(a+b)' (b+c‘)' (c+a)'

+4(a +b+c)(c1b+bc+cu1> 25 + 4c1bc'

(a+b)(b+c)((r+a) — 4 (u+b)(b+c')(c+zz)

, , ; (cl +b + c)(alJ +bc + ca) abc
Ch 0: =1

“wan” (a+b)(b+c)(c+a) +(a+b)(b+c)(c+a)

Dodétachicénchirngminhz(ab+bc+ca)( 1 7+ I 7+ 1 7)>2
7(a+b) (b+c) (c+a) 4

Déy 151 bét déng mu-C Iran 96 quen thuéc.

Ta S5 Chang minh mi bang phutfng phép ss

D51x:a+b;y=b+c;:=c+a.Gié1 su':=max{.\',_\".:},1a C6 x+ _v2z

Ba‘1td?1ngth\'rctrén <=> (2.\w‘ + 2v: + 2:,\'— x3 — Y2 — :2 +—1—7+l7)> 9
x _\ 1

<=>-2(,\3'+_v3+:,x'—xZ—7v3—:2)£%+—%+%)+[(x2+)'2+;3)[J7+%-+%)—9il2O
X“ _\"‘ 3‘ x“ y“ 1'

Ta C6: 2(.\3'+ _\'z+ Z,X~.\'2 — )‘2 —:3)(—1—7—+—l7—+l7)=
x v 1

-2 ¢.+#.+%(»1-.~~>2~2 —k~+%+% <»»~:><>~:>
1.' \' 1' X“ \' 1'

Z(\+\2 1 2 I - -

119+)‘:+12){3:+-%+%1-9=%%L(X—>')“+ (v*—1)()‘—1)
x" _v' 3") .\")"‘ x'_\'“:'



Chzrovzg V: M_6t sf; sting t(r0 vé bfit Jrirzg thzlc 925

Dam; M = 2('\‘,+ - 2('Y:'Y: +{Y2_,::, + it: )1
.\ _\ .\ _\ ..

(xi + _\'3)(.\'+ ;)(_\'+ Z(.\‘3_\": + _\‘2;: + ;2.\':)
‘IV: -, w > _ \ 1 7'.\"v\"';' .x'“>\"';'

Ta sé chirng minh M 20_1V20.Th:§11véyta cé:

M 2O<:> (.\‘+_\"): 13 Z(.\‘3y3 + _\i3;1 + ;3.\'3)<=>.\‘_\";: +1713: —.\‘_\*)2O

N2O<:> (xz + _\'2)(x+ z)(_\'+ ;)—2(.\'3_\"3 +_\"3;2 +;3.x2)2()

_ '7 '7

<=>~Y.\’(-\".Y)°+<-(X +.\* )(X+.\‘—¢)Z0

Czic bit d2'ingth£1‘c trén déu dng vi 3 = max {x,_v, 3} vii .\'+ _\' 2 ;.
Binlz lufin: Bén chit thuc su cua béi tozin trén chfnh 121 bit ding thirc Iran 96 quen
thuéc, tuy nhién diéu nfzy dzi duqc n di qua viéc khuyél mit dai Iuqng

40/26KLLrong bit déng lhtrc (2). Cu hoi dial ra 151 viéc tim ra /< : 4 v51(a + b)(b + c)(<' + (I)

1 \. , \ .- , .. \ . .; L \f (a,b, 0)= trong bal toan nay l1¢u co phal la mqt dleu may man, hay la

mét su trimg hop ngglu nhién. Céu tra ldi Iii khéng, ta xét phép bién déi sau:

->L L LA (b b. L %>§b+c'+c+a+a+b_Z<:> a + 6+“! h+c+(.'+a+a+b _ 4

<=>(ab+bc+ca)£ 1 + 1 + 1 + 2 + 2 + 2 j>25(a+b)3 (b+C)3 (C+a)2 (a+b)(b+c) (b+c')(c+a) (c+a)(a+b) _

<:>(ab+bC+Ca) 1 + 1 + 1 +4((l+b+C)((lb+[7C+C(l)225
(a+b)' (b+c)2 (c+a)l (a+b)(b+C)(c+a) 4

<:> (ab+lJc+ca) 1 + 1 + I -2 +4[ —1]20
(u+b)Z mt)’ <<-+0): 4 <a+1>><b+@><¢-+0)

_ _)/ 1 I 1 _2 4abc

C>[(ab+bC+w L(a+b)2+(b+c)2+(c+a)2J 4 +(“+b)(b+C)(C+a)>O

Bién Ciéi dén dy luqng d5. hién ra. Tuy nhién khéng pheii béli toén nilo
(0 +b)(b + c)(c + (1)

cfmg 06 mé dé dang tim ra f (@,z>, C) . Nhiéu béi tozin yéu céu Chng ta phéi d1_1'CI0zin v51 du
dozin khénv h2’1i'ba0 Hid cnq chfnh xéc. 1-De‘ 151m 1'6 diéu d6, ta xét lié vi du sau:O C §/ < .
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Bi 3. Chirng minh: ~. " (P + Q) + "(f + ”_) + "(F + Z1) 2 2 v 2 0
b‘+<" c"+a‘ a‘+b‘

Ch zhzg minh

Ta sé chtrng minh bét déng thirc manh hcm v§1n dng:

a(b+c) . b(cv+a) ('(u+b)>,+ 8¢;3[;3¢-3
W v + 1 1 + '~ 1 “ w 1 1 w 1 v

17‘-F11" C'+6l' lI'+/J‘ (:1-+12“)(l2‘+('“)(<“+a')

L0’i giil:
(1)<=>Z:L1(b+c')(a2 +b2)(c12 +c2)j22(a2 +b2)(b2 +c‘3)(c2 +al)+8aZb3c3

x_\'/11

<=> Za (I7 + C) + 2217201 + abczlaz (b + 0) 2 2Za4 (bl + ('3)+12a2b2c3
.§_\'IlI _§'V\‘lH .\ \ HF \_\'I7|

Giéi sir c=min(a,b.c') . Tu Q6: VT—VP=M(u—b): + N(zz—c)(b—c)

Trong d6: M =2(a3 +193 +c:)(a+b—c)c2O

N=(a2 +122 +c2)(n —b)2 +(a3 +b3)c+(c1+b)c3 +2("(a3b+b2c—a2c——b2c)ZO

Léi girii 2: Dua bit ding thtrc cn chtrng minh vé dang: ‘

su (b-¢-)3 +s,; (C—(l)2 +S(,(a—b)2 20. \/<'>"i:

S” b¢7--ai + (l2(w[]+C¥)2 bc:w(2a37+b3q+c'27) 20

(c1'+b')(a'+c“) (a“+b‘)(b"+c')(c'+a‘) (a"+b‘)(b‘+c'“)(c‘+c1')
Tu'0'ng tgr ta cé S,,,S‘v 20, bit ding thtrc duqc chtrng minh

Binh lun: Sq lgta chQn f (a.b,c) = flbc vc'>'i chL'1 )7 dé dng hcm
(cf +b')(b' +c‘)(c' +a')

cho viéc bién aéi aa v6 mm lilm bét dang mu-¢ dling. Tuy nhién ta {U hc'>i néu {hay

f(a,b,c:) bdi mét lu’Q'ng khéc thi bét ding thtrc sau khi clu doén liéu c6 cbn chfnh xaic.

Ta hy thfr vdi f (u,b.c") ta cn chirng minh:

a(b+c) b(c"+u) c'(a+b)>2+ Sabc
+ +

b2+c3 c3+a3 a3+b: (u+b)(b+c)(c‘+u)

Being tiéc 151 bét ding thirc trén khéng dimg. Phém vi dg cho bit ding thfrc trén 1&1

a =b =l,c=%.Ti1'dz“1yb@n C6 thé théy ring khéng phai su lua chqn nfio cng mang lgi

hiéu qua mong muén. Sgt lua chqn d6i khi dbi h<'>i mél chin may min, mét chill tinh té

v51 cé mét cht nhay cam cua ngubri 151m bit ding thtrc.



Chumzg V: M_6t s5 sdng tgo v5 b(7't ring thz2'c 92
,’ . 1 1. 1 - ‘‘Béi 4. Cho a.b.<r20.ChL'1'ngminh r2'111g: (u+b+z')] _ U , + , h , + 76 _ '24

I \\b‘+<" ("+u‘ a'+b')
Ch zhzg minlz

Bt ding thirc hién nhién dng11éuta chrng minh duqc:

./ _: , 3 3 ,3
(u+/2+0); _u ,+ ,1? §+ _(' _ I24-+ 4a_b (X (1)\l1‘+v“ (""+u' u‘+b'/ (<1'+/>“)(/2‘+c")(("'+u')

Ldi gidi 1:

1 (b+¢~) 4 111.1(1):, f‘ , + U, , 24+ ”_ 7‘
§19'+¢'_ §;1b'+<»" (a3'+b:)(l1‘+cZ)(<'2+413)

Trong bE1i toim 3 ta di chirng minh du'Q‘c bait déng thtrc:

a(b+c)+b(cr+u)+r.'(cz+b)22+ 8a3_/13¢,-2

11: +62 c‘: +03 cl: +11: ((1: +b3)(b: +<~3)(¢-3 +413)

Céng viéc cén lai 151 chirng minh: ‘

Va: + 7b: wV+ ac: + 451311302 22
, 7 '\ 1 5 '7 '7b‘+a“ c"+u‘ <I‘+b‘ (cf+b“)(/2‘+(")(("+a‘)

<=>(a: +123 —('2)((13 —/2:): +1‘: ((1: —c':)(l23 —c:)2O

Gié su C = min(u.b.c) b§ldéngthL'1'c cuéi mén nhién dimg.

Ldi gidi 2.~ Bét dang [hU'C cé me viét 19a an-<71 dang

5“ (1;-¢-)3 +s,7 (<>-(1)1 +s(_ ((1-1»): 20. lrong as

S (b+c')2 + b(,-—(13 u:(b+c‘)2
H 2((I3+1J3)((l2+(‘:) (al+/)3)(a2+cZ) 2(u3+bl)(b2+c‘:)(('2+u2)

S (c+a)3 + (V-u—b3 + b3(("+a)2
I) 2(1): +c2)(b3 +02) (112 +<:3)(bl +02) 2(u3 +b2)(b3 +c2)(c: +412)

S (a+b)2 gbfg? + cl (a+b):
F 2((‘3+a2)(c2+b2) (c:+c1l)(c:+l22) 2(u3+bZ)(l7:+("3)(('3+a3) .

Gia sir u 2!; 20. ta chllrng minh du'Q'c S,,.S,) + S‘/.S,7 + S1 20.21;) dung tiéu chuén 2 can

phu"o'ng phaip SOS ta C6 dié-u phéi chtrng minh.

‘Y w 1 _

B£1i5. Chtrng minh réng: “,i’E+/’T+L‘j+‘,;"’2zl. Va./2.020b‘+(“ c‘+cz' c1'+b' 2

CI1 zhzg min lz
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Ta chtrng minh bit ding thtrc manh hon

W " " - 3 :_:
u$+b£+b7+cc71+L +a_/3>Q+ 4aqb (

b“ +0‘ 0‘ +a“ a: +12‘ _ 2 (a' +bl)(b‘ +cr3)(("3 +aZ)

L01‘ gii 1_.: B51 ding thL'1'c tuwng du'0'ng véi:

2ZUa3_+b(')(a2 +b:)(a2 +c3)j2(a: +bZ)(b3 +c"3)(c'3 +a:)+8a:b2c:

<:> Zzab + 22:17:03 + Zczbcz Cl} + Zcz1>('Zz1l(b + ct) Z 32:14 (bl + c2)+12c11l2:(':
_\'\'ll1 ,\_\'IlI ,\ WI] §'v\’!H \ \'IlI

Gia SL1‘ c=min(a.b,r') , ta cc’): VT—VP=M(a—b)3 +N((I—(‘)(b—C). trong as

M =2(a4 +b4)+4ab(a2 +b2)+a3b2 +abc2 +(a+b)c3 +(2a2b3 —a2c3 —b2c3)

+ 2c(a3b+ ab: — (130 —b3c) 20

N=c[(3ab+ 2c'2)(a +b)+4ubc + Zn"; +(u2b +al_92 -a3c—b:c):\2O. Suy ra dpcm

L61’ gitii 2.- Dun {>51 dang thirc vé dang s0s¢

S“ (b-—c)2 + Sh (c—a): + SF (a —b)2 2O_ trong dé

S (b+(")Z 1 + a2(b+c):

H 2(a2+b2)(a3+c2) 2(b2+c:) 2(a3+b3)(b2+c2)(c3+a2)

(c+a)2

B“

3(+)21 (‘ Cl

Sb_ 1 v "1 1 _ 7 1 + w 1

Z(b“+c'“)(b“+a') Z(c'+a") 2(a' '

Sr: (a+b)2 1 c1(a +12):

+
KT‘

J
‘/

(b‘ +c3)(c2 +02)

+
2(c2 +a2)(c2 +122) Z(a2 +123) Z(c12 +b2)(I23 +c2)(c2 +a2)

Gié sir a Zb Zc ta chimg minh du'(_>'c S,,.S,, + SW51, + S‘_ Z0, ép dung tiéu chuéin 2 trong

phucmg phép SOS ta cé diéu phéi chtrng minh.

\_ a,b,C20 , , ‘ 1 -> 7 -1 -a '\ 1

Ban 6. Cho . Chung mmh: (cf +b")(b“ +c“)(c‘ +a‘)S—
a+b+c=l 32

Ch 1271g minh

Bit déng thirc tucmg during vdi: ([13 +b3)(b2 +c2)(¢-3 +a3)§3%(a+b+c)6

Ta chirng minh bét ding Lhtrc chzfit hon sauzl

(a+b+c)6 232(a2 +b3)(bZ + cl )(c2 + a:)+473cz3b3c:

<=> (a+b+c)6 232E614 (/92 +c3)+b4 (cl +a2)+c4 ((12 +b2)]+537a2b2c3



Clzuvlzg V: ‘V1531 5'13’ sdng tglo 115 bl?! (Tng tl11i"c 92¢)

Gia \u' ('—1i((1./7.1‘) . Bit ding lh(rc Q6 Lhé viél Igi duvi dgmg:
.

M =(u —/7)“ +N(<1—(‘)(/>—(*)2(). Tmng L16:

M =(a+l))’ +I()((1z+/2")('+1'/((1+/>)'a/J<'+3(u+/1)(': +1470/7(‘: +1704 +
ZIr“(u:/>+u/>3 —u:<"—/1:r~)2()

N =4(<1—/NJ +<£(u+/>)(79u/7+ 70: )+57¢1/>r"+(" + l7(u:/2-11/>3 —(1:¢'—/2319320(dpcm).

TI

V _ .Bi1i7. Chimg minh: ((1+/>)(/»+<-)((-H1)zzm -L/7(')(/7: +<‘u)(¢" +11/>). ":/U./>1-z<>
k

Chzhlg minh

B§ld€1ng1hL'1'chi§n nhién dfmg néu ta chL'1'ng minh du'Q'c:

(0 +b)_ (l2+c)' (c+u)' 24(a2 +/1(*)(/)3 +('a)(('3 +1112) +3Zc1:[13<':

Gié $11 <' = min (:1,/2. r) . I21 C6

VT—VP=((1—/7): (l>—("): (0-0): +8al):c'(a -12): +4r1[>c(a+b)(u —c‘)(1>—-H20 (dpcm)

\ c1(/>+(') b(c‘+a) ('(c1+/2) v
|Bi1i8. ChL'1'ngminh1'€mg:‘ , + + 7 2 _ Va./2.020

11' + />0 12‘ + cu (" + ab

CI1 1211g minh

~ ,_ . _c1(b+(') l7(('+a) c(a+/J) 84131135:Tdsechungmmh. + + 7 22+,
:1‘ +bc /1‘ +00 0' +0/1 <0‘ +/><-)(h- +('(1)(c" +1112)

<:> Z[u(l2+c')(b: +(."a)(c2 +u/))]2Z(u: +/2(')(l22 +('a)(c"2 +0/9)+8u3/12(':

<:> Z 414 (b2 + cg ) + 3111202: (13 (b + c) 2 Zlbsc + 2(1[7¢'Z :13 +1251:/22¢-3
.\'_\'”I _\\'I7l .\_\'IH _\_\lll

<=> [Q10 + bc — :1/2): + cl (4011 + ('3 — Zuc — 2bc)](a — 1)): + abc(a + b)(a — c)(b — c) 2 O

Gia' str ct = min(u./7,0) bail déng thirc cuéi hién nhién d11ng.1a c6 diéu cén chirng minh.

Bi1i9.ChL'1'ngminh: 7” 1+ vb w+ ,(> v2i( 1 + 1 + I )Va,b,c2O/;~+(-- (--+(;- Q-+b~ 5/2+0 (‘+51 z1+b

' Cluhzg minh

Ta chfmg minh b§l ding thfrc manh hon:

a + b + c >i1( 1 + 1 + I )+ 36u3b3c2
b2+c3 c‘2+a2 612+/>3 5/?+<' "H1 61+/1' 5(a:‘+b3)(/>3+<;3)(<.-3+a3)(a+b+c)
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I’lzu'0'ng plzrip S5

um b— +(l_ \\/1: hi +(.7 D '\\.'|"/)+(> 5<(l~ +17“ )(~l7f +('>)\('“ +(!'>)

Ta 06 Lhé chtrng minh GLYUC czic hit dng Lhrc mu:

aw .+ 11* j&zi( ~ + 1» (+ (V W
5\l1“+(" ("+u' u‘+/Y,/' 3~/7+!‘ <'+f1 ¢1+/7

_1_\/ 11: +_ /22 + _c: ‘+ -lulhlci __l__-1(2)

3\l1‘+¢": ¢“+u' u'+l>“ (u3+l>:)(/13+<<:)\¢-IH11), -‘

‘T

a(f2+:L)+]>€(-+11)+c(qu+{>w)Z2+
8¢1‘:l>:(~f (K

b'+¢" <"+u' u'+/1' (u‘+l1‘)(l>'+¢"')(("+u')

,1

Céng vé (1'). (Z) \'E1(3) suy1'u(“'*) dfmg vii bt dng thrc duqc chtrng minh.

[(1./>.¢-20 \ . . w

Ban 10. Cho 3'
. Chung mmh r51ng:u‘1> +b'z~ + 071$-1

\\a+b+(“=3

Ch ring minh

Bit din" thirc c§3n chtrnu minh lu'o"n<1 du'o"n<1 \‘é'i (1317 +l1:('+(':c1S74—(c1 +l>+<-)’\

C ” “ ” 7.7

Giéx sir c = min(u.1>_<~) . ta chtmg minh bit dimg thirc manh hon:

4(cz +1) + 0)? 2 27 ((1:/2 +l>:("+(‘:<1)+ 27ub(’

<:> (4a + 4b +c)(c1—b)1+(1()l2 + 40 — 1 lu)(u — ("W11 — N 20

Chli j ring Lu C6 d§\ngthL'1‘c sau v(')'i mQi $6 thL_1'c c1.b.ct

P(t1 —c)(b-c')(u —b)2 - PM -12): (cl — c)(b—(‘) =0. Cho P =— lz111hén du'<_)'c:

4(( 1)( )(b ) “ 4(u+b)(u I1):— (c1—l))' +--4(l;J—;—-(z1—(:)(l)-z")-10

Do as bin dang mu-¢ cc’) mé viél lai: M =(a -1;)’ + N(a -<-)(1>-(-)z0_ trong do

M :4a +4b+C_ _4(u +l))((l-;-(')(17-C) c'(4a: +412: +9lul>—4u:'—4l>c") 20

u) av

N :16b+4(__Ha 4(a+/7)[(u—h)2 :(-1u+l>)(z1-/Z/2): +4ul7c Z0

an (17

a,b.c2O , , , 7 . . F-

Bal 11. Cho .Chu"ng mmh: (a'b+b‘c+c‘a) +2(ab“ +120‘ +ca“)S6\/3 (1)

a+b+c=3

Ch zhzg milzlz



CI1 lt‘(}‘Ilg V: 31(3)‘ sdng l(I0 M5 bfh‘ (Ting thli'c 93 I

(1)<:> (u2b+/7:0 + <:3u)+ Z(ul>: +b(': +ca: (H +/7 +( )>

7
Z

u

\O(

T11 chfrng minh bl dng thfrc manh ho'n:

9((l:/J +/>30 + <~:¢1)+ 18(01): +/xi + (":12 )+(5-lvg —8l)al7c'S Z\\’§(a +/2+1");

Gia .s'L'1' (' = min(u./1.<') ta c6: \’P—\’T = M ((1 —l2): + N'(u — <-)(/2 ~('). Vc'v'i:

M =2¢§m +/>>+(14x/'3-27)(-L~ +”)("“’)”""’
~ (I/7

J
(~_

JJ

,\

2

‘\ 7 ‘

\/§c(2u‘ + 212' — 2:10 — 2121' + (18 —9\/€,)a/1) 0

ab m

N:(8\/§_9)u+(8\/€_19)b+2\/§t_+Z\/3(c1+[;)(u—/2)“
(I)

I_ \/€(2a+(2+\/3)/2)(a+(l—\/§)l>): +2\/gal./ac‘ >0
_ ab —

Biai 12. Tim hing $6 k tét nht sao cho bit dng thirc suu dfmg vc'>'i mQi s5 thuc khéng

A 4
am 11.19. (" I /< ((1 + b + 0) 2 ({1}!) +1730 + (:30) + ab('((1+ 17 + 0)

l Ch 1212g minlz

Cho a =3_b : 1.0 =0 suy ra k 2 3?’/6 . Ta chtmg minh diy chfnh IE1 gizi tri cn lim. nghTa IE1:

') \ :ghz +12 + (‘)4 2 (all) +19‘ 0 + 0' <1) + (zb('(u +12 + c)

Khéng mét tinh téng quiu. gié sir c = min ((1../2.0) . Tz1chL'mg minh bét ding thirc mgmh hon:

27(a +b +c)J 2 256(z13b+b"c+z'3a)+473<1bc(u+1>+c) <:> M ((1-1)): +N(c1—c)(b—c‘)2O

Vc'>'i: M =27(a+b)2 —4Oac'—4Obc+ISOc3 — [2,/(G +b)_ +68(aZ/7)C](u“C)(b_C)
a

N=2l6ab—l48a3 +1081»: -121!“-+135b¢~+27¢-1 + [27("+[’)_ +68(b"+b)"](“'b)_
[1

Ta C6: M.c1b=c‘(27(a +b)(a—b)2 +189abc+41c(a+b)2 —68c'3(c1+b)]2O

N.ab = (276 +140!) + 31% )(u - 3/1): + ¢-(sew + 680‘ -1891121; + 6711111 ) + 2711118

Néu 68:13 +68/>1 —189a3b+67ub2 20 bit aéng lhirc hién nhién dilng

Néu 68¢‘ +681? —189a3b+67ub: $0

N.ab2(27a2 + l4ab+ 3b3)(u—3b)2 +b(68a3 +68b3— 189$/>+ emf)



932 Phzrzmg plzdp SS'

Dimg C1210 hiun kiém Ira du'Q‘c

(27111 + l4al2+3/93 M -31))’ +/¢(as¢ + 68113 -129¢R1>+ 67@1f)z0

' - , , . . , '7

Bit ding lhuc du'Q‘c chung mmh. Vay ta co Kmm Ifgg.

Bili 13. Tim hing sci» k 161 nhét sao cho b5lLdi\ng1hU'c sau dfmg \'c'>'i mQi $6 [hL_l'C khéng

im (1.l7.<'I l\'(tI+/7-Q-(‘)4 2(u"/7+/v':<‘+("zu)+((!:/7: +/wit: +z':z13 )+u/>(‘(u+/)+r')

,..

Girii

Cho u =2,1)=l.c=O suy ra k 2% . Ta sé chimg minh déy chinh lZ\gizilr1c§1n m. nghia 151:

%(a+b+c‘)4 2(c13l9+b3c+c'}c1)+(a3l): +1730: +c:al)+ab("(u+b+c')

Khéng mét tfnh téng quail. gié str 0 = min(a./2.0) . Ta chirng minh b2‘xtCI§1ng1hL'rc chzfal

ho'n sau: 4(a+b+c)4 ZZ7(u3b+b3c+c3cz)+ 27(a3b3 +1230: +030:)+54ub('(u+b+c)

<:>M(a —b)2 +1\/(a—c)(/;—<")20. Trong d6:

1 w '7 ' I ' I , -— ‘ — ‘M:4(a_ +b_)+13(_ +20ub_7(_(u+b)_(-M +-11> +Z0z1l2+7ar,(a ¢)(b 1,)

‘ (I/J

C[(Cl + l7)(4a3 + 417: +1301) + 7c1(') — 711217 — ("(4:12 + 412: + '/ab + 7u["):1> 0

ab —

NZ“); +43 _23a1 _7m_+29ab+2Ob(_+ (4-a“ +41>- +2<m£+m-)(a-1,)-
CI

(a+b)(4a+b)(a — 2/2): +acE4b('+u3 +3123 +30/1+6(z1— 2l1):]>O
.ab _

Bit ding thirc du'Q'c chfrng minh. ta cé km :5;

3. Céc balli tzflp dimh cho bz_1n dqc t\_1' gizii

a.b.('2O ‘ , '\ ,

Ball. Cho .Chu‘ngmmh1‘éng: (cf +bc)(b‘ +ca)(<~' +1117) £1
a+b+c=2

BM 2_ Chang minh ring: (1/J +quc +74bc + bc +11%: +1405: + ca +wcb +:lc1b 2 4 vmbac

b‘+c' c"+a' u'+Z2"

\_ a,b.c2O L ’§ , , . _ ,

B2113. Cho .Chu'ng mmh rang: a‘b' +121" + ("cf + abtél
a+b+c=2

Bi 4. Tim giz'1u'inh('>nh§tcL'1a F =“_+-/‘Q +£+"_+ vé'i (1,1). C’ 2().(k 20)
c + kl) 41+ kc /2 + ku



C/zu'0'ng V: ./Wgit s0’ sting t(!0 IV? bzit tiring tl1z2'c 933

§ 23.10. cAc TONG B01 XUNG VA BAT DANVG THUC HOAN V]
Trong 0/21/'0'ng ll §7 /</21' lim hiéu lid’! Jc'n1_g> I/7121' Sc/nu" ('/Ming iu J17 /(1112 z/1101] \'(}'1' \'i_é<" $12’ (lung wit p/Iép
/1ié'n ¢7<3i dzm lré/I (“dc Ja //1z'r(' J<§i .\‘1'r/lg View <76 ('/zzhzg mi/1/2 (‘cit /nil! J17/lg I/1z'r(' J13] .\-L?’/lg bu biéyn.

Tmng 1'/zzrmzg /V. §/<3’. 1)/Iép 1/521 /Jié’/1 EMV 1'51 {mug £422 p/11/'</n_q p/nip (J/Iiu J6 Irj DA C. p/ui‘/1 p/2<5'i

/zap vr}'i [7/7ll'!I’IZ_£{ /2/nip SOS. <'/211/lg m J6 /1/14711 I/10')" mqil p/zé/1 /11¢?’/2 4701' mi} ("(3 /I1'_éu /{rt k/If <"/Izhzg min/1

("zit [nil Jllg I/1121' /m /vie‘,/2 /mzi/2 \‘_/l ('11 I/zé Jzi /[1 viéz" I121"/2 /":1 ('<i(' (741! /zrqr/lg ("(3 du/1_Q

((1 — /9) (1) — 0) ((1 —- C). Trong bfli 1'1?! 11[1_\‘ ("lzzing keg! /mp $121" mqm/I cruu /mi /2/1zr0'/zg p/nip J6 [(711 (“(3/lg

rriél dé mic bail (Mug I/uh‘ /mzin \'_1'.

|. agm-| LY

Vdi m(_>i bé bu s6 thuc u,b.c ta ky hiéu p I (1 +1) + Cl(/ : ab + 12¢‘ + cu: r : abc.

Khi d6 c6 czic ding lhirc SZIUI

(1: +b3 +6: = />3 -21]

ax +/2" +0: : /1" — 3/Jq + 31‘

(14 +/2”’ +04 = /24 +2:/3 +412/‘-4/23:]

nib: +b3c3 + 03:13 = (/2 2/Jr:

(13 (b+c‘) +b3 (c+u) +0: ((1 +17) = pz/-3/'

a“(l)~Fc)+b3 (c+a)+c" (u+/2) = pl:/—2q — pr

(a—/2): (/2—c): (c—-(1): = plql + l8pqr—27r: -4:/5 -4/fr

. JA20
Biéumhtrcf(X):AX3+BX+C:[X __B

min 1
H>j(X)z0vX¢¢A=zf-4Acs0

Xrnrn

j(®2O {C30 ‘wLjfX)2OVX2O¢¢ ‘Q
XIIIIII 2 O S O

Lf(X )>0 |@A~¢f-4Ac>0
- mm _ _ _



934 Cdc tng (7r§ix121zg 1'12 bfh‘ (ldg t/Mir hozin vj

|| . AP DL_lNG

Chn ta dz} biét huong hzi su' dung czic dai lu‘0'nQ La ,1‘ tronu viéc chirns minh czic bit dine lhtrc
D ~. L./ - - g, \_ - §_, \.

déi x\'mQ. cén G div 121 nhfmg {Ina dun“ cho bit din" thirc hozin vi vbna uanh. chfl \7' ring c6 nhiéu bZ\i
- . - - C ¢ . . Q . _

toén duqc dim ra 151 rét khé.

‘ Vidgl I. Cho 0.17.6 121 czic $6 Lhgrc khéng fnnthOz1rn€1n (I +17 + 0 I 3.

Chimg minh azb +1230 + (‘:41 3 -'1 (‘*‘)

Ch ling nzinh

Ta c6: <:> 2215111) £8 <=> Z(12b—Z¢1l23 S 8—Z(13b—Zcz/1:
(‘\'(' _4“\‘( ( \z 1 H ¢ \1

<=>(a-b)(b—c)(a—c)S8—Za3(b+c)
.y\m

D0 dé chi can chimg minh khi (a - b) (b - c) (a - C) 2 0 . ha. ding lhirc lu'Ung during van;

—b)2 (b—c)2 (c—a)2 £8 —Za2 (b+c)

<=>\/(pic/3 +18pqr—27r2 —4q‘ -4615") £8—(/J5/-31‘)

- <=>(p3q2 +18pqr—27r2 -4:/3 -4:/"r)S(8— pr/+31‘):

<=> 36/'3 +(4p3 ——24pq+48)r+4c/3 -161):/+6420

<_'=> f(r):9r3 +(p3 —6pq+12)r+(/3 —4pc/+1620 ’

Vdi p=3: f(r)=9r2 +(39—l8q)r+q}—12c/+1620

. -39 + 18
N115“ thy I}m,, =Ti . Xét hai tru'é>'ng h<_>'p

Néu OSqS%:> 11,30 thi: f(O)=q3 -125/+16=(q+4)(q—2): 20

Néu % S q S3 3 rm 20. l21C6 _f(rmm ) = 24:1’ ~216q2 +648q —63O 2 OVq E

Suy ra 2 OK/r 2 O (dpcm).

Vidgl 2. Cho a,b,c 121 cclc $6 lhuc khéng m c6 téng biing 3.ChL'1'ng minh ring:

021) +1220 + ("Ia + 2(ab2 + be: + ("(12 ) S 6\/3

\
Clz 1211g mi/zh

B51 ding thirc tu'0'ng ducmg vdi



C/urovzg Y5 Mgit $0 sring Igm vé b(7t dring tlzzir “)3?

r— '—

2Z(1:l7+4Z(l17: é lZ\/3 <=> 3211: (/2 +0) + Zia/2: -— 2:1:/2 S 12¢}

42>

,-\.- /H \\./r.‘ \".t '\-.

32a:(b+c")+(»u—b)(/2—c)(c-:1)SlZ\/§

Tucl1|'c§nclu'mgminh htdéng lhirc khi ((1 — />)(/9 — (‘)((.' ~ (1) 2 O. nghiu 151

320 (h+<")+\,(a—/2) (/>—c) (0-0) §l2v',v

<:> 3(p¢/~3r)+ V“/23¢/I + l8p</r— Z71": ~-lc/R —-l/2‘/‘ S12 G

<:> pic/I + 18;):/1"— Z71‘: —4c/R — -111:1‘ S (1Z\/E : 3/1:/+ 91‘

\ w w .—
_ ‘ — - - '1

‘,1

Z.

)_

<=> f(r) = 1081': + (4/2'; -7212:/+ Z16\/5) /'+ 41/‘; + 8/)3:/3 —7Z\/€/n/ + 432 2 O

216»,-102-21o\5
"Um du'<_J'c QM = ‘-7)? . xét hni tru'i>’ng hqp:

N éu O£c]S D1;]‘lI1§OL}1if(O)=4(q+1Z+6\//§)(c/+3—\/5): 20

I v1e¢3+108Néu"{<q<33r'_>O.1;1c6

/"(,;1)=4(,‘_-36¢ +108q+81—108¢3 20\7’z/e Q \,’?»+§;3

216 _ _> "-
T (_“_‘

___._____J

\_ _

Vi \'\' f‘ /' khénu {rm \'c'7i moi 1'20 (d cm).._ , _ . P

V1’ dy 3. 'l“1m hing $5 k lé'n nhl suo cho bit dz'_1ng1hL'1'c sau Gluing vdi mQi $6 th1_1'c khéng m a.b.c*:

?'T'

(a+b+c)4 2 ((131) +173c+('3c1)+(c13/2: +1210: +<'3(1:)+al>c(a +/>+<‘)

V

Cluhzg minlz

('71 a = 2,!) = 1.0 I O la su ' ra /< 2 Ta sé chfrna minh rnw div 151 Qiai tri can Um. nshia 121 bi./)7 \. C _ g, - \_

ding thfrc d cho ddng \"(>"i /< = Khéng mt Linh Léng quail gia su' /7 = 3 . Lu 06

2i7(a +1) + (")4 2 Z (13/9 + Z;/93¢": + (11902 a

<§

<II>

8 J /' \ " \
T7(<1+l2+¢") 2! Z(z3l2+Z(1/2; |+2Zl73c': +!{ Z(1:l)—Zc1Z2‘ |+2abc(a+b+(')
_ \

u /. \\'11 \ '\-. / >

%(u+/)+c)4 2 Zn; (/2+c)+2Z‘1b:(*: +(u+/)+<")(u—/2)(/2-c)((1—(')+ Zc1bc'((1+/7+0)



936 Cdc Hing déi xlhzg rd brit (717/zg tluir Imzin H

Ta chi cn xél 11161. Lru'(v‘ng hcyp. hfal déng thrc tuong du'0'ng \'O‘i:

ji7(c1+l;+<')*: 2,11%/-2:/I — /2r+ 24/: —/-lpr+Zpr+

+ p\/pl:/3 + 18/)qr -271‘: ~44/1 —-1/fr‘

<:> p3(/1::/3 + l8pc//‘— 271': —-H/3 —4/>31‘) /24 — pic/+3/)r‘)“

<:> f(r) = 36/fr“ +1)“ — Z?-112’:/) r + p’ + 4121/” —-E76? /2“q 2 O

w

<:> [23 (pi:/I +18pqr— Z71‘: —-la/x -4/1}/')§(%/>1 — plq + 3/9/‘)-

<=.> f(r) = 36/131': +<%/2* — 24/riz/)1"+%/23 +4/)3:/3 —!:—(% /7h(/ 2 ()

V(§'i p : 3: f: 324/'3 +(l404 — 648))‘ + 36¢/F -4321] + 576 2 0 ‘

Xét hai tru'€>’ng hqp

Néu osq §%:>39-18¢, 20.1111 f(0)=3c>(q+4)(q'-2)‘ 20

Néu %Sc] S3 suyra

-» _ \ , [_ '»

A=(39—l8(/)' —4.9.(c/' — 12¢/+ 16) =—36(/3 +32/-lz/' —97Z(/+945 S () V (/E

Do dé f 2 0V1‘ 2 O (dpcm).

Vfdy 4. Chtrng minh bét ding [hire .\uu vdi czic $6 thgrc a,b,c :

V
0)

,1

+

+
/,,

1

Cluhzg minh

Néu p = 0 bz§td§1ng1l1U'c c6Lhé\'ié1l;;1iIZ1 7(_\'3 + 13 + )1)‘ 2 O. hién nhién (hing.

X61 lruyng hqp /7 ¢ O. khéng m2‘1l Lfnh léng quail. gié str p I 3 . la c6:

<=> 2((l2 +123 +63 )1 2 3(LZ(l3b+Z(ll7}j-i-3(Z(l‘=[)—Z(l/)3J
mu ) \ u 1\LL.“ K...

<::~ 2(a: +b3 +0: )2 2 3203 (b+<")+3(a +b+c)(a —1>)(b—c)(a -0)

Chi cn xél trufmg hqp (cl —- /J) (1) — C) (cl — 0) 2 O. bit diing th:'1‘c tu'o'ng dLI'O‘I1}_l \'é'i:

~  '
<:> 2((1: +123 +(":)_ 232:1; (l2+(')+3(a+/>+<.')\/((1-17): (/2—<‘): (0-11):

V
\»J

c> 2 pg — 2( I _ - pic/— Z:/3 — 77' + 3/; ///13¢/3 +18/2:/r— Z71‘: —-lc/F -4/fr/ I \



CI1 uv'ng .Wg§t.v6'.s'(i11g tgm vi blt zirilzg thzic ‘J37

~‘ 1 ~ \ 1 ~ \ ‘ »<:> 9p‘ (p1/‘ +18]7(/l‘— Z71" —'-lq“ -4/fr) S /1' — Zq) —3(/rzq — Z:/3 — /21')‘ 1

Q|__‘

c> f(/')Z5Z/211': -i-<8-1-/)(]: -228/1::/+48/>§)1'+-1/2“ —-14/2‘:/+168;/1/3 —Z7Z/)2!/‘ +l96¢/1 2

\/(>1 ,1 :3; _,»"(,-)=4(s@7»-1+(s3q1-1539q+2916)»-+49q* -mzq‘+3402q’-s019q+656x)z<>
Tacé:

A':(e>3¢f —1539c/+2916): »226x(49q‘ -am,‘ +3»102¢ -s(>1<><,+e5(»1) =-21s7(7q-18)’ (q—3): $0

Vi vejy 2 O v('7i m(_>i s6 thgrc r (dpcm)

Vidy 5. Xzic dinh hing s6 thuc l<'>"n nhl k sao cho bit ding lhtrc suu My dimg vdi mcgi (1,1). c*> O:

Q+Q+9+k 23+k
(1/9 C a“ +1)‘ +0“

Gizii

B51 ding Ihirc (‘IE1 cho tu'0‘ng du"0"ng \‘('>'i:

/ ’ \Q ll V7k >6 71¢-‘ 2 Q ’

U-Z\~(~:]7+%:(’j+_ a:+l23+c3_ +~ \.\g"+g[7)
Z02 (b+c)

Q M +2/\, al)+bc+ca 26+2/\_+ ([‘_/7)(b_")(”_")
abc (13 + [)3 + cl (1120

Cl1ic§nxéL1ru‘Ongl1Q'p ((1 — b)(b — <')((1— 1') 2 O

pq —3r 72/<6/7 2 6+ \/[J36/I +1819:/r— 27/‘: — 4:/g —- 4/1:1"
I 1>‘—-¢/ "

(pl:/3 +18pqr— Z71‘: — 4:/7’ — 4/111/)(/1: — Zz/)2

S [(1%] — 3r)(p: — 2(1) + Z/cc/r — (6 + 2/\')r(p3 — 25/)?

Khéng mt mm léng quilt gm sL'rr§1ng p = 3 . Sau khi km lrién, viét 1@i bit ding thtrc dudi dang

= 4(ArZ + Br + C) 2 O . Trong dé

A I 81/<2 + 9/<3:/3 +54/<(/3 + 729/< — 9725/ + 108:/I + I 87 — 54/czq — 405/cq

B = 2187 -1086,‘ +1()8()q2 -3159:/-18/<q‘ - 243/“, + 135/\-1,1

C = 4c/;' —36c/4 +8l(/'1
l

D5 ding chfmg minh ring A \'Z1 C khéng m. X61 hai u'u'O'ng h<_>"p:



‘J38 Criz‘ 113:1g J01 xzhzg viz bl zlrirzg th12'c Imcin v_1

Néu

L»)

7.“

_|_.

 \
11-J/1-l+101~+19)

NéuOS(/S 3B2()3_f'(1')>()

2(k+6

2(/1+6)

311111-\/1»’+1(1/<+49)
) Sc/£31111A:B3—-1AC:—9(q—3)2(2q-9):

(481/‘ + 24/1-1,‘ + 41 11,‘ - 14411,’ - 4681/ - 9/81,1 + 16214, + 12961, - 7 1 <1)

T1111 du'<_>'c /(Hm I — Z . dy 1Z1gi;i 111 C511 11111..

Vi dl_4 6. T1111 hing 56 k 1611 1111211 $210 C110 1151 déng lhirc sau dng \'0“i mQ1 s6 111110 du'o‘ng (1.12, c 1 1

— —+——-\-1< (1+1>+c 23 1\'>r\ —-———-— \
"1 5 3 '1 7 N

X

<1“ b‘ 1" <1‘ + 1)‘ + c‘

b + 1 a \ \ \ \ 1(1-1- 7-1-(F

Tacé

Z 1 1

. , ~\_ I 1\ 1 _. ._
+‘Z\;/)0/ZN +(c1+/2+<,)(a1 j2)(b <)(( )

11<:>__i._i__

1 1

Chzhzg mirzh

(1; 12 + (f

.. 1 ‘... <1 >0 czar

D0616 (>1) <=> 2 %+2k(¢1+1>+¢)ze(1+1)---—":+1’: “Z
Z

Zu'1(1J+<')

a+b+c

l+[I+ I (u+/>+(')(u—1>)(l>—¢")(z1—r')
+21-(¢1+/;+<-)-(»(/<+1)" ’ "2

abc‘ (1 +19 + <1 5112(-

Xél 1rub"ng11(_Jp ((1 — /9) (I) — 0) (cl — c) 2 O . \'i§1 1511 b51dé11g1111'1"c du'('>‘i dang:

pzq —2q3 — pr >3 — 25 /2\/plz/3 +18/)qr— 271*: -1-11¢/*1 -4/211'
ii???-—

<:> f(r): [(1135] — Zq: '— pr)/1+ Zkp:r—(v(k + 1)r(/1: — Zc/)1

+2/<1;-6(k+1)’ /2
1 _ p r

—p4 (plz/3 + 18171/r — Z71": — 4:/'1‘ ~ ~lp‘;r)2 (1

Tu'011g tug gié $11 p = 3.sz1u K111 kh;1i1rién1;1cé = 4(Ar3 + Br + C) 2 O . Trong dc’)

A : 7211,: + 361%,: + 3241<1- 378q +11341» —594kq - 216181, + 361,1 +1539

B = 2187 - 48611, + 270/<q* - 36m,‘ - 19441, + 3511/1 - 361,1‘ .

C I 9q"‘

Nghiém qu cua p1111'<mg1r1n11 B = O 111011 min (1,, 6 10.3] 121

1 KM 28/8-10111»-119 W, 1.“

G" 4(1+/1') ‘/,+ ‘/'17 + +31§.1" /



C/urzrn V: Mét $5 will 1' I110 1'15 hr?! £71711" Ihzir 939)g . 1» . ¢.

~ /Z yI r '1 /= -1475 — 2382/1' — 960/\' — 80/C + 36\/.»*\ + J6/\' V N

N = —lZk4 + 32-1/<63 —— 63/<1 + Z7-11/< + Z979

X61 hai truimg hqpz

<
2:

3

Néu O S c] S c/H lhi B Z O. ta 06 Lhé chL'1’ngminh r§1ngA \'Z1 C khéng 51111. \1 f 2 O

Néu c/_, S q S 3 1111

A = 15; —4AC =—729(c/-3): (16c/3 +16/<31/3 +32/\'(/R -252/<(/3 -1891]: -36/<31]: +324/<q+SlOq—7Z9)

T1111 duoc km z l.58554()OO68. 1151)‘ 1Z1gizi tri Q5111 11111.

V1’ dy 7. X110 dinh hing s61h1_1'c 1611 11h§11k $110 cho b§1Ldf1ng 1l11'1'c suu 111111; \=('1i 11191 11_/9,1" > O:

(9+3/<)(Vu:+/2:+<':)
‘—‘ + /l + i + /1' 2S
/7 C ‘I (c1+b+1')'

Gidi

B51 ding 1h1'1‘c 1u"o'ng du'0"ng vdi:

{;Q+;%]+3k2 +[Z§_ZaE
b "1' + b + C _ (‘\t 1'\'< I)

1 1 - 1 . 12” (’+‘)+7k 6(3+l<)(a'+12"+0“)>(¢1-/;)([;-(-)(¢~-(1)
W abc — (a+b+(_)3 _ abc"

T11ch1c§1n xél1r11'émghQp ((1 — />)(l) — (')((‘ — (1) 2 O. vié-1 lqi b2§t1T5ngll1(1'c1ré11G dang

pq—3r 6(3+/\')(l72 ‘Q1/)> \/pic/3 +18[7(])'—27)‘: -4/7'1 -4/fl"
I‘ I) 2 _ I‘

<=>f(r) =Up(/—3r)p2 +2/<p:r~6(3+l<)(p3 -25/“PT —(p3q3 +18/>qr—27r3 -4123 —4p"r)p4 20

Gié s1'rr§ng p = 3.sz1u kl1ikhait1"ién1a c6 = 4(Ar3 + Br + C) 2 O. Trong G6 »

/1_= 144/Sq: + 86411/1 + 1296/<1 0136081, + 136081 +1291“/I - 8641-lq - 71211/<1/+ 37098 ~

B =1(>2/<1/1 -48611, - 36451, + 4861/1 + 2187

1

C I Slq‘

X61 hai truimg hqpz

3(15+2/<-\/153+3(>1+411)
Néu O S q S 1111 B khéng ilm. tu"0‘ng 111‘ v1’ du tru'c'>‘c ta c6 thé cl11'1"ng

4(3 + /1') '

minh ring’ A 2 O, C 2 O_ 11hé11du‘qc f 2 O



940 Cric térzg zhili xmzg viz bf (Ting tlzzir Izorin vg

!_i€€‘—_T
3@s+2k-¢m3+36k+4w)

Néu Sc/§3tac(>AIB"-—4AC=—729(z/-3)-
»l(3+l<)

(16k3q‘+-96kq3-+l44q}-—36k2q:-—972q:-—432kq3A-324kq-+l944q-729)

Vi \/fly tim du'Q'c /(Hm = 33/Z —- 3 . dy 121 gi tri cn tim.

V1'd1_l 8. Tlm giai {ri ldn nht Qua hing $6 k sao cho bit dang thirc suu dmg vdi mQi (1.1). C > O 1

/< (13 +123 +03 ’Q+Q+LZ —k+3
l) c a ab+bc+<'a

' Girii

Nhfm ca hai \’<§bz§1déng lh{1'c \'c'>"i 2 La (:6:

' \ 9 I I _Z //ll _k(u +b +¢ )_ . [l_

b &'\(' + b + L‘ _ ‘\ ('\l (\‘r
+ZaJ> 7l<+6+ 2

2613 (b+¢~) 2(a3+b:+C:) (a_b)(b_C)((

¢>“' - , +2k—62

F4
~\r\

w-\

abc (G +b+C)- abc

Chi cn xét lru"<‘:>'ng hcyp ((1 — I2) (I2 — C) (C — (1)2 O.v'iéL1aibé1dé1nc1hu¢ 0 dang

<:> =

F"‘—'1

___/

(pq — 3r)q —— Z/<r(p: — 2(1) +(2/< — 6‘)/z/T

pq—3r_2k(P2'2Q) +2k_6: \/pic/3 +18/2qr—27r3 — 1 —

2 q 1

—q3 (plql +18pqr— 272': — 4/13- 41251") 2 O

Gizi sir p = 3 . khai lrién ta thu dLl'Q'C f = 4(Ar: + Br + C) Z O . Trong dé

A = 9k2q2 —54k2q + 81k: — 2'/kc]: + 81/{(1 + ‘Z7:/2

B = kc]; —— 27c]; + 27:/3 — 271%]:

C = (15

Vi vgiy Kim mm =1,aa;/1:1 Lri cn tim.

Vidy 9. Tun til ca czic $6 [hL_l'C k $210 cho bt ding thtrc sau dfmg vdi mqi $6 thuc u,l),c 1

1 ~_ 1 k 1“
a(a+kb)‘ +b(h+/<c)' +C(("+/ca)‘ Zg—%7—l—(a+b+c)4



Chu"o*ng V: M452‘ $5 scing tgm 115 bfit dng thzir U-H

Gilii

Néu p=O 1111 (i1=)<=>“-(/11+/)1-+(~1)’(/< -2)/<1-1»+1z0.

Vi véy méu kién can 121 k s 2

X61 lruimg hqp p i O_ khéng mét t1'nh téng qu2'11_ gia $11‘ /7 = 3 . Nhén Ihéy

\ 1 1 z_ '\ " /1

6/<21 (1319 + 2/<22: ab: I 3k X! Z (13/2 + Z11/)3 \|+ /<3 ab‘; + Z1613/) +
111 (\1 ‘ 1\ 11 / \< < 1

+ 3/< cl’/9 — Z3012” \| + /1" Z0123 — Z (13/JJ
111 / \ 11 1

W
1 .

:(k7‘ +3k)Z(13(l2+¢')+k(k3 —3)(a+b+c)(a—/))(b—c)(c—a)

. 1 , . , 2 1 1 ‘Vi\'2}ytz1 06 (*) <:> 2; (14 +6/<50‘/2+ 2/("E/1/9" + 6/6;;/9'<" 2  ((I+/1+ (")4

1 , '1-\ 2 1- 1‘<=>22¢+(/<1+3k)Za‘(b+¢)+ek-Z1)-1-'-L;ll(a+/1+1)‘ z
.\_\'n1 _1_ " .-/nu "'

2l<(/<2 —3)(a+b+c)(a—b)(b—c)(c—a)

Chi cén xét1r11'{7'ngl1Qp VP 2 O, viét lai béit déngtl1£1"c:

4 7 , 1 1 . , 1 . . 1 2(/<+1)3/>42(p +261‘ +4pr—4p‘q) +3/<(p"c]—2q‘ —pr)+/<” (/1'q—2q' — pr)+6k' (cf -2111") —T—
2l<(/<3-3)/J\/pic/2+]8pqr—27r2—4p3—4p}r

‘

Binh phu'(mg hai vé.11myp bdi 3, sau 1\-111 mi t1‘i§11la c6 f (1-) = 4(/11-1 + Br + C) 2 0. Trong d6:

A = 63/<“ + 54/<1‘ - 27/H +12(>1»1‘+135/<1 -108/< +144

B =1s72-918/< +99/<1‘ -7561»: +27/<2/I +4811: -
—864q —9O/cc/2 + 51/86,1 + 27/hf -10s0/<*' + 252/<“

+135/<5 +648l<q—27Ol<‘q+81q/<2 -90/<4:/2 +648l<‘q+3l<"q2 -135/<“q-162A~‘q

C = 6084 - 1476/<11: - 492/<~‘q1 + 486l<2q2 + 2754/<q + 675/611+ '

+4051,/<1 + 225/66,1 -162/<*q + 6/(“(12

-27/<“q-81/Sq -1404/< -306/<1‘ -13231,’ +135/H +9/<“ +54/<1‘ —5616q+1608q2 +27/Sq“

-12¢,‘/< -22¢/*1-~‘ +21q*/<1 +15/1%,‘ +/<‘*q‘ -am,‘ -216/<16,“ —108k‘q" +27Oq"k +171:/3k} -144q~‘ +46,‘

D5 ding chirng minh ring A du"o'ng. Ta c6:



942 Clic tg (T01 xlhlg viz bfit dzing tlzzic hozin W

"41

AIB: -4Ac=-81/61¢,-3)’1/<1-313131“-181‘ +151-2' -66/6 +63/C +6311 -361-+1211; +

(2811 + 781‘ -171'“ + 326/<2‘ -372/8 + 2761- —1521q

- 841"‘ - 721-“ + 274/6 -1681'" + 792/6 + 1441- + 780]

suy r21 diéu kién d1‘1c11ak 151

(16/<4 —5k3 + 30k: —1'-’1l< —56) S O <:> —O.9377(Y/9399 S /< £1.Z33Z89162

Vfdy 10. Xzic (111111 hing $6 1é'n 111151 k sao c110 bit dfmg 1h1'1'c sau dimg \'é'i mcpi (1./7, c‘ 2 (1:

cl‘ +12" +1" + A, nu/91' 21+ A,

ab +/21' + ca c1/2' +121" + ca‘

Girii

B211 d2'1ng1h1'1"c 1u'cmg duomg v<'>"i: 3kab(' + — 1- /<)(c1l>: +1903 + 111212 O

ab + 121' + ca

2 2 2 \ 2 2 _2 /
<=> 6/<ab'c +£—-————Zb:ZC:£u —~ 1 — l<)[%;(1l72 +ga:b/1 2 1\——————Zb1 Ea —~ 1 — /< gaff; — 012'}

<:> ( —1—k)%cz3 (b+c) 21 —1—l<)(u—b)(b—(")(c—a)

X61 1ru'>'ng hqp VP 2 O. v1é1 l:_1i bail d2'1ng 1h1'1'c (7 dang:

__ -‘_’-7 -> w 7

6kr+ ~11]--1-/< (pz/—3/‘)2 £—_—q—1—k p‘(]‘+18pqr—Z7r'—-4q3—-4p3r

<:> f(r) = [ékqr +(p3 —(k + 3)c/)(pq — 31-)1: —

(pl —(k +3)q): (plql +18pqr—27r3 —4§/3 —4p“r) 2 O

Khéng mét tinh 16ng quzi1.gié1 sir p =1. Sau khi khui trién 111 c6 f = Ar: + Br + C . Trong 616

A = 10861111’: +324c/Zk +3244/3 -108:/k —216(/ + 36

B = -361%;-‘ -1801;‘/< - 216:1" +4q1/<1 +84q2l< + 1801,: -81,/< -42¢, + 4

C=4q3(qk+3q—1)2 5

A :16(3q—1)2(ql< +3q -1)2 (12/<34‘ + 36¢,“/< + seq‘ -4121'? - 24111/< -361,2 + 2ql< +121;-1)

Tlm duqc knm = kn = 08493557485 . dy 1&1 giz’11r1c§1n11m.

3(a3+b2+cZ) xabc

+)T1ro1ng11rv0'1 bat dang 1hu'c: 2 + k 7 ' , , 2 1+ k
(“+174-C)‘ ab'+bc“+ca'



Clzmrng V: M431 $0’ sting I410 vé bfil ilring 1/1121" 943

Vfdgl 11. (‘ho czic Q) thuc du0"ng (1./>.<' . Tim hz"1n2-$6 k l('m nhi suo Chm hit dnu Lh(1'c .\;1u dlinu~ . ~ I

?(/c1"'+/>“+<':) " ~ " I

\ t ' +/\' 11'/>4.-/>‘<'+<'”u

\/
+

>5

111+/2+<')> <1:/73 +/>"(": +1911: _

Girii

Khéng mcit lfnh Léng qu;'il_ gia su‘ /J I I. Tuvng u_r \'(')‘i \'1' du 1ru'O'c. suu khi bién d(>i lu Chl cfin chfrng
minh rang:

' 1 w w

2 3( /T 25/) /\'(l’_(/w_ 25/‘ _ /7") 2_2/‘V l\'_1>\//13¢/3 +181):/‘r -271‘: -41/*1 -4/fr
/2“ 1/‘ — Zpr z/‘ — 7/Jr

/< _31_- .2. ,._  V 1<:>2(3_6q)+ (5/w 5/ ')_2_2/£2/\\/q +]8(/I Z71 4c] -ll
q‘ -2/1r c/I -21‘

r- , —\ ‘
<:>§LZ(3—6q)((/2 —2r)+/<(q—Z¢/3 —/')—'l(/\' +l)I;¢/I Z 2 kl ((1: +|8(//‘-2713 —~1q‘: —4r)

<1/_;'(,-)=4(,\,-I+B»~+C)z0

Trong (T6: ' ‘

A =144q’ + 36¢,/< -9m, + 9/<3 -12/< +16

B = -144$ - 66¢/< + 96¢,‘ - 6c/2/<3 + 34q3l< -16¢,’ - 31//<3 - 4n//< + /<2

C = q‘ (36q~‘ + 24¢/1/< - 24¢ -+ 41¢//<3 + 2/< -14¢,/< + 44/ - A-1)

Ta 06: A = —/<3 (31; - 1f (10&,* + 726,1 - soq‘ +16(f - 44¢/I/< +12q1/G + sq/< - A-1)

Tlm dune km“ I /<0 z 1424183337

1 I " I3((l +/J'+(') 1 3 2_: _: 3

+) Tu'0'ng u_1'\'é'i bél dfmg lhtrc: v + k U /7: +1) + C; U 2 I + /<

((,+/;+(-)' u‘/7+[2(('+¢' (1

Vfdgl I2. 'I‘1m héng $6 k 1611 nhl $210 cho bit déng lhirc suu dfmg vdi mqi s6 thus khéng aim (1.17, 0 :

0' +1)‘ +0‘ +/\, (1'/3+/2'€+¢"zf 2 1 +1‘, "

fl/9 + /Pf + (‘fl ab‘ +/20' +cc1'

Girii

Gia su' p =1. Sau khi bién d6i.lach1'c§n chtmg minh ring:

(1—3(/)2 (q—3r)3 2 [1—(Zk+3)(/T ((12 +84/r—Z7r: —4(/R —3p':r)

<=> =4(Ar: + Br+C) 20 . Trong dé:

A'= 27qZ/<3 +815/3k +816/I — 27://< -54:/+9



‘)4-1 Czic téng (Mi xzhzg viz I70! {king th1i'c lzocin 11

B = -18¢,‘/<1 -542,‘/< - 542,‘ +4(,11‘ + 302,11 + 1s<,’- 44,/< - 1 21, +1

C = e/‘(-11]:/<3 +12:/jk +9:/I —c//<3 —7c/k —6c/+l< +1)

Nhfm th2‘1y::

A

T1111 du'Q'c km‘ I /{U I +

+)

I -(3q _1): (32,-1+ 22,1): (122,»‘/6‘ + 3e<,‘1» + 36,,‘ - 41,1-1 - 211,11 - 362,: + 12,/1' +121, - 1)

3% + 5 z 2777562200

Du‘0"i dfly 121 rnét $6 bét d§11g 1l11'1'c lu"o'11g I11‘:

a2 +b3 +03 +1‘, a3l)+l)3c'+c'3c121+k
ab +120 + ca ab’ +120‘ + ca‘

2 2 _2 4 4_ _4

a +b +c +kab+bc+c a>1+k
K1/9 + bf + Cf! ab‘ + /204 + ca‘ _

(I
I Z Z 3 Z 3_Z _3 I

+1) +0 +kal2\+b7¢ +( (1 >1+/\,
(1b+b¢' +06 (Fbf +121" + clrzj‘ _

V1'dl_1 13. C110 czic tl1u'c khéng Z1111 u.b,('. T1111 hing $6 k lc'>'n 1111511 $110 cho bit ding 1h1'rc sau G51),

Z 2 I3(a +12 +0) a4b+b4C+(_1a
dng: 7 +l< X , , , , , 21+/\'

((1 +[9+¢»)' ab" +b’c' +c‘a' .

Gi(ii

1 -.

B231 ding thirc Luong duorng \'é'i:

/< b+- ;-1-- 1‘ I -12

2

32 (1: ,~ W

12 / J

— — — (1 +2191)! H((1—l2)

Chi cn xét trufmg hqp VP 2 O. Khéng 111§t11'nh téng quail. gia su" p = 1. viét lai b§11déng1l11'rc:

1
k(q—3c/3 +5qr—r) +(2—6q —l<)(q2 —c]r—2r)T 2

z (2~6q’ -/<)3(¢,1+1s¢,,--27,-1 -42,‘ -41-)

¢>f(r)=4(Ar3+Br+C)2O

Trong dé:



Clzlrzmg V: Mt 56 szing tgm vé brft J5’/lg tluir 945

A = 2521;/1 +121/<1,‘-132q»‘+ 91-11,1 +1141/1/1 + 40¢/1+ 31//<1 - 341,/< - 20¢, + 716- 21 + 4
B : -1801;-‘ - 301-1,‘ +1101,‘ -11/1-if - 68/<1/2 - 20¢,‘ + 111,1 + 441,1/1 - 41,/6 - 6z/k + /<1

C I 4/} (i36c/4 — Z-la/; + 24¢/ll; + 44/I +-lq/C. — 1'-la//1' — /<3 + Z/1')

Tu cé:

A:-(3q—1)3(/<—2q+6(/3): (1 121; +8/<1,‘ -84¢,‘ +4/éq‘ +6011,‘ +16¢f +3/61,1 —44q1k+2q/<2 +8111-1*)

"l“11ndu'Q"c /(mm = /<0 = 089985123

+) Suu C151)" [£1 11161 $6 bin ding thirc cimg dang:

1 1 _1 4 4_ ‘4
(1 +11 +( +1‘, )(1~I)+l2w¢~+¢‘a_21+/\,
415+/J£'+¢'ll 0'12" +b'c“ +c'(z'

1 1 ,1 1.1 1.1 1 3a+b +c +/{(1./14+/240 +€a 21+/\,
r1b+bc'+<"r1 (1 b +1: c+<- a

1 1 _1 2 1 1_1 _.= 1a +19 +¢ +ka 124 +125 +(4a 21+k
a/)+bc+ca (1 ];+]; (-+¢- (1

a1+b1+c_1 3((1:+l):+K‘3)
Clzu y. Trong bon v1 d11 1ru'0'c co the lhay bcn , h0z_1c dang nhu‘ vay dcab+b( +00 ((1: +17: +6:

thu du'Q'c nhung bét déng 1h1'1'c méri 1u"0'ng 111".

Vfdgl I4. Cho (1,1), c 2 O. 1in1h<*1ng $6 /< ldn nht sao cho bail ding 1h1'rc sa11d?1y Clng

(ll; +%+%+/<(al9+l)c+c(z) 2l<(k+1)(a3 +1): +02)

Girii

Gié sir p = I , tucmg 111 véri v1’ du tr1rc'>’c ta c6 f(r) = 4(Ar2 +Br+ C) 2 O . Trong d6

A =96/2k: +27:/2k +2”/qz —6c//<3 —27z/—l8q/< +k3 +3/< +9

B=—9(/3/< -18:/3 +6:/2/<+19c/2 —c/k —8q+1;C=c/5

Nhén may A = -3(3q-1)’ (c/-1): (4q“/<2 +121//<+12q’ -q’/<1 -121,1/< -161,1 + 2c/k+8q—l)

Tlm dwc I /<1) = V1828 +6372‘/Q _ 106 " 5'+-z2.5s14121s2
3i/1s2s+372~@ 3

Vfdgl15. T1m hing s6 k lé'n nht sao cho b51d€1ngth1'1‘c sau dng vc'>’i m(_>i S6 lhgrc khéng aim a,b,c:

4 4 -13k 3 -‘[93 32 k 1 b b .+0 + +¢ ( + )(a + c+¢a)

Girii



946 Cric t0r1g 1701' xzing viz brit airing tluir lman 1:

G121 s1r p = 1. 111'0ng1g1'\'1’d11Lr11‘é'cLu C6 f 1') = -1(AAr: + Br + C) lrong d6

,1 = 1081-if + 81q1-1<181*q+1<181-q- 54¢, + 6311- 361 +9

B = -11181-*1,‘ ~18/<q‘ - 511,‘ +100A~1,? -(1%-<,* + 151,: -571-Q, ~43/éq +1 12¢, + 91-~‘ ~

c I q~‘ (4/G1,‘ -12/<4‘ +91,‘ +121-if + 101-1,: - 61¢ - 31%, ~ 2111/1 q + 31)

Tac<'1A = -(31,-1)‘ (—3q+l+ 28¢,-31-)’

.1-(481-Zq‘ +364‘ -521%,: +481<¢f -361,1 +481-%,-281q+12q~9/6 +6/< -1)

Vi véy = ~ 1698078389

<1 k aJb+blC+C:” + I +/2: +(: >(k+1)(ub+l2("+m)+) Bz‘1td5ng1h1'rc 1u‘o1nC11_r3 (1 " _
a“b+b'c+c"u

\ V1’ dz_1 16. T1m giai tri 1c'>'11 111151 cuu hing 86 l< .8110 cho bail déng thtrc sau dfmg v61 11191 u.b_c 2 O

3k +(1: +/2: +<-3 2 (k +l)(ab+/>('+c(1)
ab + In‘ + ca

Girii

Gia su" p = l_ 1u'ong1u'v1'd111rén tz1c(1 f(r) I 4(.'-Xr: + Br + C) . Trong dé

A = es/<1

B :12/61,1 +9/<4/l - 456,11 - 3/<1, +91»:

c = q1(1611q1 + 24/<q’ +9511-’3<,1»1-178,-<>¢,+31» +1)

Nl12f1ntl12‘1y: A = -271-1 (34,-1)’ (161%f + 24/11,1 + 91,’ +121//<3 + 211,- 3/G)

v1 v:_3y : /<0 = -08079785278

k ”2b+bZC+C2a + 2 +1): +<3 > (k+l)(ab+bc+ca)+) B§1dfing1h1'rc11r0ngl11': 3 '-——-————-— cl ' _
a+b+c

i Vi dy 17. Chtmg 11111111 b§.1 ding thtrc sau \'<'J'i a.b.c 2 O

£L /l L /\-> 3 k' c1:+b:+<*2\§
l)+c+c1+ _( + ){\ul1+l9c+c(1,'

Gizii

G121 su' q :1 .d2f1t t= 3/ pl — Z . 111‘0ngt11'\'1'du1r11'<'>'c. vié-'112_1i b§11d5ngth1'1'c O dang:

: 4(Ar2 + Br+ C) 2 O . Trong dé

A:

B:
C:

3 -1

Z?

1,>7‘

+
+nu

\)§—/

-1
-\

U:

1

-(211-I +3/<-9);: +(/<1 -3/1+9)

—(l<+3)r3 +k-4]



C/zumzg V: Mgit $5 szing [(40 vé 171?’! (Tring tluir 947

Tu c6: A : (z -1): (:7 - 21“/< -41“ +r*‘l<: + 215k + 2r"k: +8r‘l< — 21‘ +r‘k3 +12r‘l<

+8? -zk-’ +411/<-ml —8rl<—8r—2/<3 -4k-4)
Vi vfzy /\'m_n I kn I O.3SZ()494092. Bili main dL_1'(_J'c giéii quyél xong

i A/I6’ réng I: Cho (1.b_(‘ > O . xzic dinh hng $6 k ldn nhl sao cho bt déng thtrc sau dfmg f

~ , I A

u b c |/a‘+b‘+c'w
1I+-+I23i—I-—‘~-

/v ( (Ir \_ ab + I20 + nu ,1 I

Gidi
Tutmg u_1' nhu Lrén. gia sir:/I1.d§l I I pl — Z. ta C6: I 4(Ar2 + Br + C). Trong CI6

A I ‘

\O
'~@T1

\J

'\
>~

+
I;

+

B: _

C=1

(1 -31‘ -4)

Mr? réng 2: Cho a,b,c lix czic $6 thgrc duong. tim diéu kién ciin v€1 du cua k v I sao cho bit déng lhtrc

saudng: £+/l+—C—+kZ(3+/<) ——i[l_+Z)_+C_d
b 0 cz ab+bc+ca/

Vidgz I8. Xzic dinh himg $5 l< ldn nhl sao cho bit dng thirc sau ddng vdi m<_>i s6 lhuc duong (1,1). 0 :

%+€+%+/<(a+b+c) z(3+3/<)‘/__-"3+1’; +62

Gizii

Turmg [gr céc vi du t11rc'rc. gia str p I 1. dét 2‘ I ,/3 — 6q . viét Igai bét ding lhtrc

I Ar2 + Br+ C 2 O. Trong d6

A=1296(r2kZ +211/< +1’ -218;-1/<+¢+/<1 -/< +7)

B = 4(1s1~‘1< +181‘ —18r*l< + 9;‘ -541*‘/< -54¢“ + 5411/< + 2161* -405)

C :1“ -12¢" +541‘ -10811 +81
Nhzfan may

A' = 972(r—1)2(8r“l3 +16r“k -1“ + 6Or‘l< + 421"‘ — 60r‘i<3 — 6Or‘l< +1531“ — 288r“l<

+36t3 + l44t2l<2 — Z7913 + 324tk — 2701-10815 +108l< —-81)

Vi vziy ta tim duqc knm I /<0 I 4356328100

+)B§1tdéngth(1"ct6ng quzit: %+%+€—+k(a+b+c) 2(3+3k)£—————a_+b3_ +6“)



nu. BA] TAP DANH CHO BAN DOC TU’ GIAI

Béi 1. Tim hing $6 1\' l('>'n nhit $110 cho bi: ding thirc suu dflng \'O'i m(_>i c1.1>_(' 2 U

1+’-’+‘—'_+/<—;l_”'——l—23+/<
/7 Y U u‘+11+('

Biai 2. Tim 115mg s<‘> 1< lO'n nhéll $110 cho bit éillg LhU‘C suu dfmg \"c'>'i mQi (I.1),(' 2 0

1 I :_ >3 1
u +17 + < +kc11>+1>(~+<c12;v_+/\,

1) + (' (' + (I £1 +1) HI)’ + bf‘ + (“(]' 2

Béi 3. Tim hing >6 k ldn nhl $110 cho bit dfing 1l1L'rc suu dfmg \<'>'i mpi u.1>.<' 2 O

gI+/1+g_32k(L+_/>_+_;_g)
17 1' :1 1>+<' c+u 0+1) Z

Bili 4. Tun hing $6 k lém nht sao cho bit ding thL'1'<: sau dfmg \'c'>'i mQi a.1).c 2 O

1< 1?‘ . . . 1 1 g

LJ—((z‘ +12‘ +0") Z(l((l+1\'1))>+1)(17+1((')1+('(('+1((1)‘

\~
Ban 5. Cho ctic $6 thuc du'o‘ng a,b.c' . Chirng minh ring:

§—(a: +17: + ('3 —%(a4 +171 + 0". —a17<'(-u +17+ 2 511:1 +123 +12(1> + <")1+ (‘(0 + (1)1)
3 3

2 %(a+1)+(/‘)4 + 1551514 +124 +0; —a/>('(a +17+('))

Béi 6. Tun hing 56 k ldn nhét sao cho bit déng thirc suu dimg \'é"i m(_>i $6 lhuc khéng aim (1,1). C :

\}a'+1)'+c' +/\, 30110 ‘21+k
(I19 +196‘ +61! ab" +120" + cu‘

+) Ch )1 ring bili tofm nily khzic \'c'ri vi d1_1 10. C6 lhé nhén ru trong czic vi du 10. 1 I. 12. 13 khi {hay

2 2 1 ' 2 2 2 ' 3((13 +121 +03) 1iii b<'>'i hoéc ———i—% ta lhu du'Q"c czic bait ding Lhirc m0"i. lrong
(11) +12c+ ca \ ab +12<- + (11 , (U +1, + L.)-

dé C6 nhmg bf déng lhL'1'c Yél khé

Béi 7: Cho czic $6 lhgrc du'0'ng (1.17. c. xzic dinh diéu kién can V21 du cuu k V51 I sao cho bét ding [hire

b 3(a: +113 +03) \'

sau dng L+—+i+1< 2(3+1<) -—i——,i
b C ‘I (a+1)+c)_

948 Cric Mug d0'i.\'z21|g vi! bfit ng t111?'c Izuzin vj



Chzrzmg V: .1113! 5'13’ szing 1110 vé b1'11‘ ring 1/1121‘ 9-W

1//I

IQ

NHUNG BAT DANG THUC CH(_)N LQC

§ 24.1. CAO BAI TQAN CO NHIEU LO'I GIAI

Trmzg /11111‘ 11(1)‘ 1'/11111;» 161' ‘QI'I}'I' 1/11';-‘11 \"r}'i 1111* /24111 111131 S13 /nil 171111}; 1/1111' 17¢}; 1'11 113 11/111311

/()1 g1'111'. \/01' /1111 _\‘ r1131" /</1111' 1/1111: /11/1' /"13/1;’. 11111 mi 111151 /1111' 1111111 111' 11/111311 3,1151" (T13 /</1:11’

/1/11111 /(1 1/1151 1/111111 1'11! 1119/1 1711‘/I1‘ 1/11111/lg .\'11V\"<*/1 1'1’/1 /11\1511.

‘l(1>(‘>() 1 ‘.1 1
Bili l. Cho . Cllfrnu minh 151112: 11111-1") + <>(/2 —1')S \»'11/2 (1)

1/ > >0 k g N \2 1'

Cluivzg minh
\ a_ /i _

S ( \/'11/2 )' Cdclz 1: Binh phuung hui vélz1c6(_1) <:> ix/c'(11—1V")+ 1

/_.
-

A

I?

L___1J

<:> ("(0-1")+('(l>—(')+ZN/(‘(11—<')1\/¢"(/1-1")S11/)¢=> 1112 + Z02 — (‘(11 +/1) — Zc\/(11— 1')(/2 -1‘) 2 O

<:>1" +(c1—(')(l2—<')—Z1'\/(11—1'1(/>—1')20 <:> l:("—\,/‘(r1—<‘)(/>—T)1_ 20 (Z)

, A , ,1 Q (I1)D0 (Z) dung ncn (1) dung. Dau bung xa) 1'11 <:> 1'=\=(11—1')(12—1*)<:>1'=i/
11+ J

° Cziclz 2: D3141: 1-1.1+ 1) :12 I 1'(_\" + 1) (.\‘. _\" > O). 11106

(1) <:> \/czx +\/cg)‘ Sq/(.\'+1)(_\'+l) <:> \/.?+\/_\' $\,(.\‘+ 1)(_\"+ 1)

<:> .\'+_\‘+2\’/F§.\'_\'+.\‘+_\‘+1 <:> 2N/.F§.\—_\~+1 <:> ()S(\/.._\:_1‘ —1)2 dng

- Cciclz3: 11> <=> 11+ /is SL'1'(iung AM-GM 111 cé\ (1/2 ab

»-

»-\

U

»\

,_

“\
/~\

m
~

!\

1/

“\
~

3‘

IK

/

~

-\
\1

_/

,1 (:1 1 ) — —
1‘ 1 _

1\' ah + \1' <1/2 2 I112 + 11 ,»| + Z 1'1 + /1 Z 11 + I2 ,1

11' 1'1 -1" c"_ : __ :1_ _
4 ; /2 (1 11 1' c‘ 1111Dauban2xav1"u c> 1 <:>—+~=l<:-><":¥

~ 1; -1- 1- /7 <1 u +12_:;~:1__
111 [2 /2

- Czich 4.- 511- dung hl ding 1hu~¢ CBS 111 co/L /i T F‘ Ii
\/z" (11 — 1') + \/1' (Z) —<') = \/11 -1- \ 1" + v’(' \f/2 — 1‘ §

1

fr ~ 1?.
1

5 l_(\'11—<') _ _

L__
V44_

(\?): +(\/I/7—('):



; ; , \/u-c \//I iii” u/>
Dau bang xay ra <:=> -?=—i <:><~:\/(a —(')(b—c) <=> ¢-=———

\/(~ \/]7—(- (!+/7

J7_=(\/zz—(‘.\,/T) i7/t=\/'z1—(,'+(=\/Z
' Cdch 5: Bét 2

l\A\T.-——(\/2.x/7—(‘ ‘—- :\/v(.'+/7—(':\1/I:

\_/

¢

I> \H*f<(,= (') +5-(A) 2 7,1?" 41711? =

' Czich 6: Bzfat _\':\/<'(a—c) +\/('(b—(') :>(_\"—\/("(41-—<'))“ =('(l1—r)

1 ._i._ 3

<:> [\*:+c(a—b):1 =(2\\/c(a—c)) <:> \‘4-5-2\'3('((I-17)-FL‘:((1-/JV:4\‘:(l(‘—4\'2('3

<=>f(¢‘) = [Q1 -11): +4_\>1](-1 -2)": (a+b)c-+ _\-* =0 A

Ta c6 y thuéc tép gi tri cua hilm $6 <:,~f(c) = 0 c6 nghiém (-

<=> A'zO<=>4y4 (ub— _\'3)20<:> ya £ab<:> _\"§\/E :> (dpcm)

= Ccich 7: Phuong phzip luqng gizic

}('/z1=sin: .\" :0<.\~<1t/2
41) <:>T= \[“(1-£)+ -(1-‘-A)s1.£>;;u \

b :1 \u 11 - "[0/l>:s1n'y :O< _\- <1:/2

' ~ w I 1 1

Khi d6: T = \/sin“ .\".c0s‘ _\' + \/sin‘ _\:c0>' .x = sin xcos _\"+sin _\"c0s,\" : sin(x+ _\') £1

° Cdclz 8: PhLrQ'ng phzip hinh hQc Q

Xét tam gizic ABC vé'i C16 dZ1i czic canh l T

\/(I \/I7

CB = \/Z ,CA = \/E \/£1 du'b'ng cao CH =

DBH=\/a—c;AH=\/b—c "
B \/(1-0 x//9~<' A

\/c(u — c) + Jc(b — c) = ZSCBH + 2554” = ZSC/H,

= \/Z1_\/Zsin C 3 \/ab :> \/("(41 -1-) + \/((17 -1‘) S \/ab

I \ ,
l I 1 /7

Déu béng xéy ru <=> 4 BCA = 90° <:> ~=-+- <1») <-=-"—
L’ (I b u +12

- Cdch 9.- Trén doqin thing AB c6 a@ diai u + 1) F

, V.

/§
lziy diém H sao cho HA = :1. HB :11. Trén czic

dean thing HA. HB, léy czic diém l. J sao cho HI / // \,\

/, 1, K. V, \ H,

= HJ : c. Dyrna czic ntra du"0ng trbn dufme kinh // A ‘H }/ ‘5- - . \ W \

AB, HA, HB \'c'>‘i céc tm 151 O. O,. O3. .~\ ,,‘ H I‘, \\,_ B

/
4//

<>>0 Cdc bdi tozin c6 nméu Ian" gun"



Chazing V: Mg?! s13’ sdlzg tgm n5 bf}! zlrig 1/112? ‘)5!
Dung HF L AB; l.'\'I J. HA: _I.\' ; HB. Kl1id6d§dZ1ng_~luc<‘> '

[M1 \//A./H = \/(‘(11 — ()1 J.'\" = \/./H..1b’ = \“<'(/) -1‘): I//5 I \/‘H»\.lll§ I \,:1Z

Nfvi MN @511 HF tgai K. .\7c‘>i FA. FB cit czic nun du'b'ng lrbn du'img kfnh HA. HB ln ]LI\_\'l

lai P. Q. Tu Q6 A AFH I L AFB I A HQB : 90". Tird(\su_\'ruFPHQlZ1hinh cl1C1'nh;‘u.

Khi dd PQ \*£1 HF cit nhau lqi T 151 {rung diém cuu xnfvi du'€»'ng. .\"lzf1t khzic. ta cé A FPQ=
LFHQ:.£FBH =4 BQO;.LFPQ:LPQH

3 A PQH : A BQO; :\ A PQO; : 90" :> O;Q L PQ. Tu'0‘ng tu. O,P _L PQ. suy ra PQ
151 tiép luyén chung ngoili cua hui nun dufmg uim dutmg kfnh HA. HB.

TL!’ dd Suy 1'21 trong hinh lhang ;\"HJ.\' \'O‘i du‘{w"ng [rung binh HK; Lu CO

\v<'(a — 0) + \/(‘(11 — 1') 1 [M + JN = ZHK 3 _’HT = HF 1 \/<1/>

41./>,c'>O A A ?_
J _ , V . 1 . 1 I . 1Bili 2. Cho \ g.Tim glzi tr; nho nhl S: {tr +7 + ‘Ir + + Iv" +
tz1+b+cS_; /7 \ C" \J N“

Ch 1?"/lg minlz

' Cziclz I: Bién déi vZ1su'dL_1ng bét déng lhirc AM — GMm, Lu cé:

S: ;u"+%+...+%+ 5/1-+ _+...+ ‘+ ;<-"+ ,+...+ ,
V‘ 1612' 161)‘ 16¢" 161" ‘I 16a ' 1 661“

: “H”-H
‘ ii’

A

' 11 I( Ir\ \ ‘ 2 — .___.._H__ ,_____H_._____
w I - \ € \ . . 1

1’ ‘Y -' T /7 1 ._ (' I .. Ll . /7 J L' ‘2 :17") " + :17-’~ »‘17+;~_,, = 17!», +1 %+' 1 ‘

\-* \*l6“‘b-‘~ \» \"1r>”‘H- +\{ \1<»'".r- ‘ Y_\,»m*/>‘" \1(>%“" \¢'1<>m-‘[1
4. Y { 

. ,‘ . 4_‘ = /7 __s 1' ,~ _/ 12 W 3--‘ '/'?;-*"»‘_-_-'A'_,- ‘:7 /17 '~

N [ \/\/l6“b'° \'16%-'° \"1@m'"j N \"1s%,*/>-w‘

= 3‘/E > 3‘/I7 >3‘/17 Vdi u=b=z'=l 1n1wns=—-‘NF
2~‘Q<2a2b2@>‘ ,, .7 (2u+21¢+2@)" 1 1 1_. /

' Cdch 2: Bién déi vii sir dung bit ding lh[X‘C Cauchy —Schwarz:

r .r~—, H?I3 _:_.] - __ - 3 i. _Va +1): [La +17:/H1 +-1)2\/E ‘\¢1+bJ

<J
Z __

J

\

~1—~

+ /;Z)3+1=——l -{SI/23+l i(l3+-1:)>—L-i{l1+i§
17 \' ¢ / 17 <

» ‘ -\ I/Z ~ — /Z
\' ‘\_ 1 \/ \ /‘

V1/(" +2‘-2- c‘ +7/MP +4") 2?-L("+;/J

4J
J

-L



952 Czic bizi toxin 1:6 nhieu I01 gun

1 ” 4 4 4\ 1 1 ' 1 17
:> S2t~La+b+1~+—+—+~1=%-111+l>+1-+-+—+i+B(l+-+-1|

11 /2 11 \/17 L -111 -11 -11

<\

:1“

Zi
\/1'/' ', ' - ‘ 4/2 '* " (1 /2 1~“,"i

4‘"C-1

C7\

.

1;-‘Q 1 1 1 1:1’ _/111]‘ 1/ 4; 1"]
‘Ii :——i‘3+i"

M 411 41; 41- 41 V11 b 1-11 V/17‘ 4 ;/(,;,(-/,1

K7’ 4: ‘ ” 4: \ 1/? '
2 L[3+ ” 1 2 L134 ”-2l=M7.v1a~1 11=11=1~:l11111 mns=i

117 4 117 4 1 ° 2~ u+b+1" V‘ 1 ' /1 _ ,_

I

\_ .2 /

- \ , -,' Cdclz 3: B13 (76: (Bt ring tIu?c Milzkowski)

\/11,2 +bf + \/11§ +1233 + \/11_.f +1133 2 \/(11, +113 +113): +(b, +/23 +/)3): (1)

Apdgnzg:

w 1 7 7 I \2S: 1'/11-+—,+ X19-+i,+\/1--+L12,)(11+b+1-) +{l+l+lJ
V b“ \ 1" 11' 11 b 1'

2

2

1 1’1 1 1: 15 1 1 1‘:
(11+l1+1:) +—{—+—+— +— —+-+—I

\ 16 [2 1/ 16 12 (1' \(l '1 \(l '

15’ /1 1 1“:2 1 -)._1-.(l l L) _ 3.1___._
\/(a+)+( 4 11+b+1' +161 1112 1')

.~— “ ii 311%,,”.311/T.1+@.;_1 2 ;2+Q.i1__
2 11b 1' 16 16 (,,+1,+(-)-

~ 3

~- F
2 \/2+1’°~4=\/“+135 =\/153 =3‘/‘7 . \/111 11=1>=1~=l 1111 MinS=

2 16 4 4 4 2 2 2

° C1ich4: D517=(11,l);T=(b,l);T=(1",i)
b 1‘ 11

\Tu|111+|v1+!11'12|11+1'+ 11‘id§nlC'ri:

1 1 3'1 4 1 4 2 1 1 1S: /11~+i,+\/b~+—7+ 11--+—l;~2 (11+b+1-) +£—+-+-1
\ b‘ 1" V 11‘ V ’ 11 Z2 <'/

1 _ 1 1 1—»—~1 1—1
\ \ U [7 C’ {(11/21')'
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CI1 u'0'ng V: .\/[git $6’ szing tgm 1&5 b (it (T1711g t/1121' 9531,. ..1‘. 1I 3‘ i'\/(u/10)‘ 4-L-1
\/ 16 11111111-1- 16 @1111/>1-1’

2 3- .3’-i/:(z1!n-)2

V \'

I *1’-1l | +15 1 3 ,2+1J 4 J\11/. . , . ‘:3. ._’ _. :6
I61/((1/1(5): 16 ‘('4'/7+§‘)> \'l 16 ' 2

3

3\F‘>1“77. 1 x _ TV61 u:/1=<‘=— 'Ih1 l\’11nS:%
2 7

1

1 /. 1 . 1 1. 1 ‘1'Cdch5: S-=[\/cr+—¢+ 1/1-+ + 1‘<'"+ _ I :u"+<+/1- + +(--+\ b V c \1 u /9 < :1

".1.1.1
'

I+Z\/(c13+L)(/23+L“)+Z /(/13+ l_)((“3+%)+Z -5'((“3+ ‘)((13+
12“ c“ c" :1‘ \ £1" If

. . . 1 1 1 1 \ 1 1 1 72:1-+/2-+c-+—;+—+—,+2 ub+—]+11<-+— +|m+—
/2' 0" :1" /21‘ ,1 m \ (1/2 1

, /
1

.
__ __, \

\~ . 1 IL I l 1 13 1 1 1=11-+/1-+<--+ 1+,+,]+ Lw+_+,}+
I6 /2‘ c" :1‘ , 16 12‘ 1'" <1“

* -1 K1

16 uh (' (‘(1 1 (12 - ' ,1
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+Zt(u/J+1)c"+<‘u)+1' 1+]+1]+h[ 1+ I + I

k /2 16 / In (<1 J

26-“/<13/>3('3 I - I - I +15-3»; l<1’»l+\ 1< ‘ ‘ 1(~“ 16 \/111 /1‘ 1-‘w' 16/2' 11' " '
' 1 1 1 1% hi“+ 2 6 - Val: ~ 110 - ca- - - +

1 I 16/ l I6 J

1

Q1

6412 21' 6c'u uh In" (‘(11
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. 1 _ TV61 (1:/):c:=: Ihi M1nS=£
° Czich 6: SL'1"d11ng bél ding thL'1"c AM— GM, 111 Q6
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Czic l1izimzi1z 015 111111511 I()'igir11

, :, : := 1 T 2 1 ~~— '~~~——~» -

1

1 ‘. 1 ~ 1 ~ ~- 1 .

(11 I _ 1- _ _ 1
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S2 +1/1' *1 +11" +1.11’ ‘) _123<\111/101-‘ +1ul><'1:~

u+h+1~.
1
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.- '1 1 _

1 _ 1

Da11:hm@w :>U§z§\—~?—~1 :I.Xé1jh)=r+4\é11eU.~‘
1

1 1 1

Tz1c<3: _/"11):»—"fl <11 Y/1e111.&1 :> /'11) giam 11611 -3
I“ 1 _
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l_._._

_1__._-

1
17 T 317 .. T7

:> }'(1)2_/'1l)=— :> S23» ,1—7—:lL.\/o‘1c1:l1:<"=l111‘11\/11nS:lE~
1

1 4 \11 2 2 2

1
v_;e10.11

,1___,\__

‘/.

\1

B5113. C110 .3 T1111 girl 111 nhO11h§1c1'111hi1m $5 0051.1: +1": + 3 3)

+ \‘ + 3 : >

Clzzivrg minlz

' Cdch I: P11u'o‘ng phzip hinh hQC

~ '§ \ \ ; ..

D0 ,1‘, _\". :e 10. 1] suy ru O < xi + 3'3 + 1‘ <.\'+ _\*+ :,=§<% vu ham so _\" = c0501 g1am

trén nén {hay vi 11m Minc0s(.\'3 +_\'3 +13) ‘ta sé 11m 1\/1ux(.\"3 +_\'3 +13). Xzic dlnh

hél1'1_1c1Qad© Oxyz.

Tip hqp czic diém 1\11(.\'._\". 3) 111611 min diéu kién .1". _\". :6 [(). 1] ch:_1y trén hinh hép c:_111h 1

vdi czic d1nh1A(O.1.1):B(1.1.1):C(1.0.1);D(().O.1):A'(().1.O);B'(1_1.
(1); C'(k1.

0. O): O10. (1. O1. Tép hqp czic diém

M11. _\‘. 1,) thOu1nf1n ,\" + _\‘ + 1 1% 3

_ 3/Z

-1

chay 11611 mzf11ph51ng(P): .\' + )1 + 3 =3

V1 vzfay tép hqp czic diém 1\’1(.\'. _\'. 1) 1h(>z1111Z111

hai diéu ki¢n aé ban 1a da mac EIJKLN __: 3/2
.\‘

trong dé czic diém E. 1. J. K. L. N
3/2 II\

1f111'ung diém ctic cgmh hinh lép phu'o'ng. _*

1'

1-‘

_W

1\Q
X\r'"', \‘\:yO\

$1

Gqi O’ 151 hinh chiéu cuu O trén EIJ1<1.I\1. Tu cé O’ 151 \'i1'a 151 151111 cua hinh lép phuong vita

121151111 c1'1a111c giéc déu E1J1<L.\1.

1\/I31 khzic 0.\/11 = .1-1 +11 + 5 vi \'2§y 011 1:1 CUC am khi 1121 @111 khi QM 1z1¢1_1-¢ aaa. hay khi

vii chi khi .\/11r1L1ng vdi 1 Irong sziu Cimh E. 1. 1. K_ L.
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. 4 _

'1' 1. 3 ‘\ ‘ ,‘ ! _ " ‘ 5' €D:1n1o'1 .1-‘+\"“ +3‘ £()1\ ‘ :1+1=l 2 co.\(.\" + 1-" +:'12c0s:
+

:2 1\/1i11c0.<1/_.\‘3 +1‘: + :_3)=c0s%_da1d11'(_1'c khi (,1; _\", :1 1Z1 hozin \*1c1111 (1.().%1.

' Czich 2: Phu'0'ng phzip lam lh1'1'c 1150 hai

D0 .1‘. _\"_ 1610. 1] xuy 111 0 < .1‘: +1: + :3 <.\"+ _\'+ :I§<g V51 1121111 $5 _\' = coson girim

lrén nén lhuy vi tim T\1i11cos1.1."3 +13 +t:1 [L1 >6 11m Mz1\(.\-: +13 +33). Khéng ml

11'nhlC\ng quail gia $11‘ : = 1\1ux{.\‘. _\'_ 1} :> 3

1 1 ~ _ ‘~ 1 19 1 _\"‘+;'S(.\'+\‘)'+;“=(%—;) +;'=Z—3;+Z;‘=/1;)

DE\1h1_\"=f(;‘) 1Z1pz1rab01 vc'>'i hé 5151:1111 1h1'1"c (1: 2

{D
[___

J:—-

E

5‘ 7

11116 .\'+ \‘=3—: \i1 su\* 1'11 S = .1" +. -, .

>0

5 ~ 5
V1 véy Mzlx,/‘<11 = 1\11:1x{_/"(£1-_/'1111}=./151I./111:1 . Dim 1111 1\1111\.s":i

, 1

- 1
:24 1. '— '-

Vdi (x, 1:1) 1€1h0zin vi c1111 (111%) thi Min c0s(.\": + vi + :,3)=cos:.5

B5114. Chou. 12. @151 dc} dZ1i ba canh c11z1n1{>ttan1 gizic. 1

Ch1'1'ngmi11h1'ng: T = (ll/J((l—/7) +1231-(12 — 1") + 1-3:110 — :1) 2 0 (1)

(IMO24 — France 1983)

Clzzhzg minlz

- aim 1.- cam giai cm biél 1»i¢1 ngn gpn

Khng m511If1111l611g qu{11.gia' $1111: .\’1z1.\(u. /1. <') 1111

c13l1(c1—l))+/230(1) — 1*) + (‘:a((‘ -— (1) = 0(1) + 1' — <1)(/2 — 1‘): +/7111-/>)(z1——<')(u+l2 — 1") 2 ()

° Cdch 2: Czich giai c1'1at£1c giz/1 b£1i 102111 '

T =%1_(a-b)3(]7+c—a)(b—c+11)+(b—<')3(c+a—/>)(<‘—u+l2)+(<‘—u)3(a+/>—1.')(u~b+(')]20

° Criclz 3: S1'1"d11ng bait ding th1'1"c hozin vi
1 1

B211 d2'1ng thL'1'c (1) <=> 113/2 +1230 + U111 2 113/22 + /131'“ +

| hr" S at
G13 $111121; 2 1". dé dime ch1'1‘n2 minh '

~.

1' u

S (lb

5 5 1413+/202/23+c1('2(‘:+a/2

SL'1‘c111ng b§1ld€1ng lh1'1'c hoén \'1 \'<3‘i hz1i diy lrén 111 c6

1)('(_£I2 + In‘) + (101192 + ac) + (11211; + (111) S /u'(/2: + ac) + 11111": + (1/2) + C!/7((I2 +111")
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<:> (ll/7: + />30: + (>311: i 11‘;/1 + /15<' + 0:41

' Ccich 4.‘ (Cch Qua d®i US) A

Gia su' tm duimg trim néi Liép tam giélc A ABC -" -“
\l

nép xc vdi BC. CA. AB ill .\4. .\'. P. P

Din AN = AP = .\- > 0. BP = BM = _\- > 0. V“

_ ‘_ - ~ BC‘\/I _ CN _ \,>0.1m Y W I C

41 =_\" + 3.12 = :_ +.\; 1' =.\‘+_\" \'£1

bél ciéllg thtrc lrO'lh£1nh .\'_\": + )2" + :_,\"1 — _\">\":,(.\- + _\" + 3) 2 ()

3 3 3 Y: -3 \-3
<:> .\‘_\" + ‘\-; + ;.\" 2 .\1\‘;(_\' + >\~ + 3) <:> '—— + *‘ +'— 2 _\" + >\- + 1

_ \. \.

7 \ W\'- _Z .1 ; \~- __I .1

Taco: (;+.\-+_\~)('—+~—+"— |2(_\~+_\‘+:,)- :> "—+ *- +"‘—2.\-+_\~+:,
\ I \' \' / 1 \' \"

' Czich 5: Kh6ng111§ttfnht611g quzit_gi2'1 su‘ a 2 /2 2 <1 Tu c6b§ld§.ngthL'1'c

(I2/J(Cl-/7)+(IZ('([)—(')+('2(I(('—(I)Z()<=> ‘Q _ l ~—7 -Q _ b—1 + — -5 20

Dét .\'= (I :V\'=Q 2x2 _\'2 l. Khi dd bét déng thL'rc l1'O'th£1nh
<‘ c"

“ '1 1 ‘ 1 w

.\"‘\'-.\'“ \" + \"‘ — \" +.\‘—.\" 20

<:> _f(.\‘) : _v_\'3 —(_\‘3 + l).\': +.\'+ )5 —>\"3 2 O. T11 C6f'(_\') : 3_\‘.\‘2 — Z()"2 + l).\‘ + 1

:>_/""<;.\-L) I 2[3_\~_\~ - (E + 1)] 2 2[3_€ - <6 + 1)] = 2<_\-1 - 1>z 0 \7’_\' 2 1

:>f'(.\')gié1mI1'én [)3 + <><=~) :>_/"(.\') Z/”(_\") = _\"" — Z)‘ + I I (_\" — 1)(>\‘3 + _\' + I) 2 O

D§nlé‘i‘/'(.\')gi2'1mlrén[_\".+ 00) :>/'(.\') 2,/‘(_\') = _\'(_\" — 1): Z O :> (q.c.d.)

' Mdrging I: Cho tum gizic AABC \'C>’i dc} dimi bu canh 12111. /2. v \=Z1 2 S ne N.

Khi G6: c1”b4<1—b) +/)"<"(/1-0) + ¢“"u(z' — <1) 2 ()

Chzhzg min/1

Sn" dung quy nap: \"o"i II = 2 la cé: 1/3l;(u — 12) + l>:<-(/1 — e) + <':z1(('— (1) 2 0

Giti sL1'bt<i511gtl1i1‘c dng téi /1. Kh611g111§1tLf11ht611g qu{1t.gié1 >u~ u 2 [2 2 0.

Thco gid lhiét quy nap: a”b(u -12) + b"<"(/2 — ("J + 0” u(c" — (1)2 O

:> I/'("(/1 — c) 2 — u”l2(u — /1) —— ¢‘”u(¢" — (1) 2 12”“ ¢'(L/2 — 0) 2 — £1”/72((l — /2) — c'”ub(c — cl)

:> a”+'l2(c1—/2) + b'”' (1/1- 0) + 0”“ a(c—u) 2:/“I l2(u-h) —u”l23(u —l2) — ("(1/>(¢'—c1) + ("M u(c—c1)

= u"/2(u — /2): + ¢'”z1(¢"— (1)(c — 12) Z 0

Ap dung ngu)-'é11l)"qu>'nz_1|) suy ru di§‘:uphaichL'1'ngminh.
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I
E

(i'r(311g 2: Chm (1. /2. 1' > 0 \i1 Min ((1./1.(') 2l‘~.\/1z1x(11./>.(-) . Chtrng minh rzilng:
4

= (13/1((1—/11+/>:('(/9 -1") +(':(l((‘— (1) 2 ()

\l

C/1 1211g 1ni11I1

T = ((1—/7)‘ ((11; + />1" — ("(1) + (/1 — (T (b('+('(1— (1/2) + ((' — (1)' (("(1+ (1/7 — bc)

Tru"b'ngl11_>'p 1: Néu (12/2 2 (" thi 111 c6:

J

7

J

.1

*1

Ii‘?

T: ((1—l9)_((1/1+/>('—(.'(1)+(‘(1L(/)—(")" +((‘~(l)>J+/)((I—(') ((1—(')2 —(l7~(‘)2] 20

I‘ I‘ 1"Tru‘b'ng h1_)'p 2; .\Iéu 1121-21>1h1 1111-61> = (\1m<11. 1». 1-1 2 lu 3 [/1 +\//1 2 2 /(l 21 :>’
-1 (1 (" \‘ (1

'4 1'? 1?” 1'7 * \ A \ ,
__ _ ,\~ />1" + V11/1 2 \/(1(‘ :> \ (1/1. v/11'. \ (‘11 la dc) dzu bu c2_1nh cua mgl tum gmc. Dal

1*“ * Q
\1 (1/7 = .\‘ + _\' 1 \"/)(' = _\' + 1 1 \/(‘(1 I 1 + .\' (.\'. _\'. 3, > ()) . T11 Q6:

T= ((1 —b)2 ((112 + b(‘—(*(1)+(b — (‘)2 (/7(' + ('11- (1b)+(("— (1): ((11 + (1/7 —l)(")

= ((1-12): ()3 + v\'.\"+ _\'; —.\";)+(/9-1): (:3 + :,\"+ :_\'—.\3")+((‘—(1)1(.\‘3 +.\1\"+ x: — yg)

Do (12 (" 2 /2 :> .\' 2 1 2 _\‘. SU‘ dung bétdi/1ng1h1'1'c Cauchy 1:1 cé:

((1 -0): .\‘: + (/7 —('): :3 2 Z(((1—(')(b —(')(.\‘: = Z((1—(')(('—1>).\':, (1)
1- ~1 1 w "

-L((1—(') +(/>—(') —((1—l)) _(.\';=—Z((1—-(")(('—/9).\': (Z)
~1

w w

((1 —b)' (ya + _\'.\'+ )1) + (b —(')“ (:_\" — .\"_\") + ((" —(1)' (.\'_\' — )1)

=_\'((1—b)[(2.\‘+_\')((1—(')+(2;+_\‘)(('—/H920 (3)

C(§ng thco vé (1). (2) v£1(3) ta du'(_>'c: T2 0 (dpcmf)
'

° M17 rging 3: Cho (1. b. (~ > O \*£1 \/(1b.\(/?_\/Z IE1 dc} dili bu cz_1nh cua m(}l lam gizic.

ChL'1'ngminhr§mg: (13/1((1—12)+/>:('(/2-1")+(’3(1(('—(1)2() (1)

Clzzhzg 111i1zlz

B6 (T5: Cho cdc 56 thuc 111.113. (1;.A].A;.A_~, lhéu min Cliéu kién:

l.A1+A3>O\/A3+A;>()vA_;+A, >0

2. A,/4; + AZA; +A}A, 2 0

Ta 06 b2“1td§ngth(1'c A[((1; — (1;)2 + A;((1; — (11): + A;((1, — (13): 2 O

/ip dgmg:

T = (1:/)((1 — /7) + 1230(1) — (") + ('3(1((' — (1) = (13!) + l>‘x(' + (‘Ra — (1/2“ — [203 — ("(13
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2 1 3* ‘

T2”/My u +17 +0 u[?+l1('+¢'u);

. , >9 -Y: —(~\' - MY (-\"— .\")' - M — X)‘ ,

Su' dung cong thuc = +7 1 Ix ~ _\‘ + ——-— _ \z1 co:
\ \ \ Y

£+£+i:u+/7+(_+(a—l>): +(/7~c): +(('—u):

( u /7 c1 /2 c

(1/7 ]7(' (‘(1 :11: (1): + (T: ) +/7: (C2 +112) + ('2 ((12 +172)

0 u b Zulu“

:”+b+(_+l§_('(u—b): +/7((‘-"(l): + a(b—('):w
Z_ uh ('11 In

L_.__

_'1

J

J

J

_.|

/

T:ub(|1(z1—U/2)' +(/1-ho)‘ +((‘—(u): _%\( ('(u—l1);+u(l>-(")2 +l>(('—u)_‘
' -_ 1 (1/7 I70 ("(1 J4

T: (u—l)): £l2<'—é\]+(b—('): i‘\V¢'z1—%‘\1+(¢‘—u): Ltz/1-lain
_»;_, /_, .;.

'lT= (cz —b): (Z/10 -('3)+ (l>— (‘)3 (Z011 —u3 ) +(('— (1): (Z017 -113)

2T: (:1 —b): (ab + bc' — ('u)+ (b — (")2 (bc + cu —_ c1/2) + (<"— M: (cu + ab —b(‘)

Dial A, = bc + 110- ab;/43 = ac" + ab — Ix‘: A; = ab +12<'— ca

:> A‘ + A; = Zuc > O; A; + A; I 21:12 > O; A; + A1: Zbc > O. M2f1tkh£\c.dzf1tz1:bc; \*= ca

,_ Ii ._ .i
W - ab :> \/u -\/bc; \/\' -\/37; \/ab . khi dé

Al/A3 +/-\3A3 +A3A, =(u+\'—w)(v+w—u)+(\'+w—u)(w+u—v) +(w+u—v)(u+\'—w)

=11: —(v-— \\')2 + Y: -—(n'—u): + H’: —(zl —\‘): =7_(u\‘+ v\\'+u'u)—(u2 + vi + W2)

= 4m‘ — (u + 1‘ — H')2 :(Z\/F + u + \‘ — — u — 1" + W)

= (J1—1+~F+~$)(\/5+ \/T — ~/T)(\/?+ W“/§)(~/T+ v’17— \5)>0 (3)

Vi 151 dé di ba cgnh cua mét lam giaic. (3) dng.

SL1’ dung B0 dé ta cé (2)dL'1ng I-v(1)CiC1ng.(dpc1n)

Bi toén 5. Cho a, /2. c > O tho'a min abc" = 1

Chirng minh ring: T =(a — 1 +l)(b — 1+ i)(c— 1 +lj£ 1

I1 c a

(IMO41 —K0rea 2000)

Ch zhzg minh
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' Clzzhzg minh I: B6 G5: 1_\‘ + 1 — _\‘)(:, + .\' — _\'l(.\" + _\< - 3) 3 _\‘_\"; ‘-7.\1_\. :5

1 1 ‘ I

I-1

v—

+

'-I

/\

~
_

Apdgllzg:(<1+1—F)(u+Z-I — _u-17:/~)

‘_i'€+_.l’i_"-l *_.L _"1 1-’\:>(u 1+1’)/$1.1 /7Vj(\/5+1 <1;s1<=>;@ 1+/)’|(<1/1+/) 1)‘\E+(-I 1)s1

<=> T=(u—l+/L7H/7-]+%H('—l+£)Sl

' C/zzhzg minlz 2: Gié sL‘rgif1'ulmbiéu [hire (u—1+%):(/2—l+lH('—-1+-1») c6 mét hiéu
\ J’ (' ~ (I

lhL'|"c kh6ng_f1m. Qhing hqm: (1 — I +-/‘—<() :> (1—- I < ()1 /l<l
J 7

:> a<lvf1b>l :>/2—l+l>()\'Z1<-—l+l=<‘+>0:~T<()<1:>(dpcm)
(' Ll (1

Giasu" (Q-1+i)z0;(/>-1+i)z0;((»-1+i)z0.Tm.
b ¢ [1

, » ‘" :7
— ~ — —=><1— — —— : '— ~— £10"

1 l\ 1 I F » I 1 _ ~>< ‘b—l+—)(c—1+~ =c'(b—l+—)(l——+l7)=('Ll2*—(l——) _c'l7"
c' 11/ <‘ 1‘ c

J

Lig

/\

'— — — —= '— — —— '=' ""— —— Sm"

7 ‘v

u—1+l)l(b—l+l‘~‘<‘—1+l —£<1>‘l2"¢-"‘ <:> T: u—l+— —1+— r—l+— £1b cl \ (I

' Cluhzg minlz 4: Vi abc =1 nén trong ha $6 a.b,c phéli c6 mét $6 khéng 1é‘n h0'n 1 v51

mt}! $6 khéng bé hon 1. Khéng mil lfnh léng quail. gia str (121 212. Tacé

-1 1—/l——(a—l+]i)<b—]+%)(c‘—1+l)=(u—l+l)(('+l—Z)+@i2() I> (dpcm)
J z (1 \ /1 < (1

' Chzivzg minlz 5: Viél lai bait déng lhirc du'é'i dang d5ng béc

.1/2:_2" 3/32_:\ R 22_:
(1-\3/(zbc+———-aifC J[l)—\/3 c1b¢'+—i(lb( )[c—\3/(1120 +20b C S abc

c a

D511 a = x3 ;b = y} ;c = :3. bér déng thtrc {rd lhimh

t 1 (.\'v:)3
H 1 (.\"\':)2 ~ (-W2):x‘ — x_\*: + _\“ — X)"; + 3” — xy: + S (.\'_\':)3

\" ;\ 2 / r‘

<:> (xzy — )3; + :3._x)(_\'2; — ;3.\' + .\'Z_\")(:2.\' — .\‘:_\" + _\'3;) S (x_\';)3
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<:> 2(.\‘3'\")L‘ + 3(.\':_\')( v\":_'_)( ;:.\') 2 Z(l.\‘3_\‘)(_\":;)(.\'3_\" + _\"::_) (1)

1 1

Lai dzfn m=.\"3_\"1/1: _\"::,; p = :,3_\‘ \hib5tdémg1h{rc(1)c6 dang

Cl" +19’: + <5 + 3al2<' 2 (1/Nu + /1) +/>('(/2 + <') + <'(z(<" + (1). dung Lhco bit dfmg thtrc Schul-

édpcm)

° Clzfmg minh 6: SL1‘ dung gizi thiét abc =1 111 Q6 czic ding thirc

/,

\

!\,__.

/-\

-1+l\+/X/(1-11§l\'=.2
ll} L 17,]

1" / 1\ ' \

/

\ \ \

lia—l+l +c[1>—1+l)=2 ;lLb—l+l)+ai c—l+l)=7_
u /2 \ ¢

I2 ( \ a

1 _

Dial .\':[a—l+—!;_\":Ll1—l+—,;;:ic—1+—J.Luchicén xét .\',_\',I,20.Thc0 AM
12 ( \ u

0 1 ( a b ¢

- GM ta co _ = —.\'+ cy 2 2 ——.\'_\‘ :> .\'_\" S —~.Chungm1nh1u'o"ngtu _\'; S — va Ix S —.

(Z :1 <
(1 b

Véy (.\‘_\':,)' £ .—.
¢ a I2

. (1 b 1' I 1 :> .\'_\‘I. S 1 (dpctm)

, . - .\' \' I ,. 4 ; . , \

' Chzrng mmh 7: Bat <1: — ./2 = '— . (' =— vo"1.\'. _\". 1 > 0 .Bal dang thuc lro lhanh
\" : \"

(i+l—]T£—'\—+i—l)[—”-+l—l)<1<:>(\"+;—x)(;+x—\‘)(.\'+\"—:)<.\'\"‘
\ ~ / 3 x \ \

_ __ _,,

Véy ta chi cn chtrng minh bin déng thtrc suu vdi u*u"i)'ng hqp khéng tiim thu'©'ng a,b,c 121

dé di bu cgnh cuu n1()1' lam gizic:

(11 +c'— z1)(c+ cl —l1)(a +b—(') Sabc (1)

' Cluhzg nzinh 7a: Bu nhim u'1' 0‘ vé lrzii cua (1) déu ldn hon hay béng O.

sfr dung AM - GM, Lu C6:

(u+('—b,)+(/2+u—(')
\/(c1+c'—b)(b+a—c) £ G

;-b+a_C)(C+b_a)S(b+a—(‘)+(c+b— (1)
I

2

(I

7

\l(c1+c.'—b)(c'+l2—75£jl?—j((1+6‘-b):(C+b~a) =0

:> (b+c—c1)(cr+a—b)(u+b—c')Sabc‘ :> (dpcm)

Ding Lhtrc xziy ra <=> a = 12 = c =1.
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' Chzhlg minh 7b: D0 a.b.<' 121 dé déi bu canh CL1i1 11161 tam gitic 11611 I511 1211 cdc
/12./1.p>(}lh0an1n (1 = m + I1, 12 = /z + p. (‘ I [2 +111. Khi dc’) bét déng thtrc trO'111Z11111

(m+n)(/1+ p)(l2 +111) 2 8112/1/2 . Tu 06 '

(m +n.)(n + p)(p + m) -8/mzp = m(/2 — /2): +/11/2 —/22): + /2(/11-11): 2 (1 (dpcm)

' Chlhzg minh 7c: Khéng mél lfnh téng quzit gia $11‘ (12/J 2 c‘. khi dé viét b§11d2'i11gthU‘c

(1)du"é'idar1g suu (1((1— b)((1— c) + b(b -— (‘)(b — (1) + (‘(0 — (1)(c —b) 2 O

<:>((z—b):((z+b—c)+('(('—(z)((‘—b)Z0 (2)

Do b2"1tdéng1h1'1'c(2)df1ng nén b§1td51nglh1'1'c(1)du'qc chirng n1inh.

' Cluhzg minlz 7d: Khéng mt tfnh téng quail gia s11" (121920. Néu hai l1'Og ba $5

(z,b,(' b§111g nhau [hi bit ding 1h1'1'c (2) hién nhién dling. Xé111'u"b'ng 11Q'p (1>/2 > 0. khi

4 L (1 b (
do bat dang lhu'c (2) Luvng duong v0'1 ——i+ ——— 2 O

12 ( (1 ( (1 [7

‘ V. (' {(1 > /9 > 0 (1 [9
Bat dang Ihuc nay luon dung v1 i > O va 1] :> i—>i.

(z—b L(1—('>b—('>O b—<‘ (1—('

' Chzhzg minh 7e: Khéng mil tfnh téng quziLgic'1 su' (1 Sb S c. D511 b = (1+.\‘;(‘= (1+_\'

thi x;_\" 2 O. B511 déng thtrc (2) 110' lh€1nh (.13 —.x'_\"+ v\"2)(1+(.\‘— y):(.\"+ y) 2 O 111611 ddng

(dpcm).
\ A

O Chzhzg minlz 7f: Khong mt tfnh téng quail gia' str (12 b 2 (' \/Z1 (1511

f((z,b,(") = (z((z —b)(a — c) + b(b — c)(b — (1) + ((0 — (z)((‘ —b)
, \ .

Ta cé f(a,b,(‘)—f[£z—Ji,a—JF£,(‘1=((z—b)2((z+b—£jZO
2 2 , 4

/(z+b (z+b /I (z+b‘1
L\/13; fL?,?‘,C']=CLC—?

/

. . b +1
1Suyra j((1,b,c)2j{g:—,%,(‘12O(dpcm)

° Chi?/zg minh 7g: Bién C161 b§1l dz‘/111g thirc (1) vé dang

3(zb(" 2 (1(b3 + cg — (12) + b(c2 + (13 —b2) + c((12 + bl — cc)

b2+c1—(12 '2+(z2—b1 (13 +b3—(‘3 3 ,

¢> +‘ + S—.Gi."1su' BC=a,CA=b,AB=c 11111151
2190 Zea Zab 2

3 . . .

d§1ngt11L'rc ni1y tré‘ thénh COS A + COSB + COSC S ;. luén dng vc'>'1 ITIQI tam guic ABC.

' M0“ rging 1: Cho (1, b, c, 1> 0 théa min (zbc = 1. Ch1i"ng minh wing:

T=(a—I+l)(b—I+l)(c—I+l)S(a+b+(‘1[l+l+lj(l—I3)+4—3I.
/9 6' (1 (1 b ("



9:1: Cdc bdi todn co’ nhiéu liri girii

' _M(3“;'g31zg 2: Cho c1.b,c 151 czic 55 du'o‘ng cé tich béng 1. C1"11'1'ng minh ring

111-1+%)1b~1+%)+1b—1+%)(c—1+%)+1c—1+%)(a—1+%)23

B511 toém 6.C1'10 a, 12. c 151 czic 56 thuc du'o'ng. Chtrng minh réng: 1

1 +- 1 + 1 2 3 (1) '

a(1+b1 [211 +0) 011+ cl) 1+¢1/"J

(Hungarian Mathematical Olympiad 2003)

Ch zhzg minlz

~Ch.:'1,'Iz1.'1<:\ 1 -1 1-1 1-120
Hgmm 1) a(1+b) 1+@11¢'+.b(1+c) 1+£1bC+c(1+a) 1+0/10

Ha(bc—1)—(ab—11+b(ca—1)—(bc—11+c(ab—1)—(ca—1)>0
w a1b+11(abc+1) b(c+1)(cIbc:+l) c'(a+l)(abc+1) _

,;(ab~l) 1 1 1+(bc-1) 1 1 \+(ca-U1 1 1 >0
abc+1 a+1 g(b+1), abc+1 b+1 b(c+l)/I abc+1\c+1 ¢-(a+1)_

14112-1): + (!n'—l1: + (cu—l): >0
W a(a+1)(b+1)(abc+11 b(b+1)(c+11(abc+1) c(c+1)(a+1)(ahc+11 _

Ding thfrc xéxy ra <:> a =b= c >0.
' Clzzhzg min]: 2: Ta c6:

1 1 1 _(1+"abc)+a(1+b): 1 _c1b(1+('1+(l+a)
a(1+b) 1+b@ 1+@/M a(1+b1 1+abc ¢1(1+b)

\/
L____J__J

1 + 1 1 b(1+c)+ 1+a
a(1+b) l+abc 1+abc 1+b g(]—1-I)

@+ 1 + 1 1 1¢-(1+<1)+ 1+1;
b(1+¢-) 1+abc 1+abc1_ 1+c b(1+¢-)

1 + 1 1 (1(l+b)+1+c
¢-(1+¢1) 1+abc 1+abc 1+0 ¢~(1+a)

1 1 1 "3 _
3[cI(1+b1+b(1+c1+c(1+u)1+1+¢1bC

1 1+
1 1911+-c)+ 1+a +(.'(l+a)+ 1+b +a11+b1+ 1+0

l~1-abs b a(1+b) 1+6‘ b(1+c‘) 1+a c(l+a)

> 1 6_6'b(1+c)‘ 1+a _c(l+a)_ 1+}; _a(1+b)_ 1+c 6

_1+abc 1-1-b a(1+b) 1+0 b(1+¢-) l+a (‘(1-4-(1) 1+abc

D§nté1i(1)d1j1ng.D§1ng1htrc xéy ra <=> C1 = b = C > 0.

° Cluing minlz 3: '

, . , 2b sb
B6 ae: Néu "' ' V1” ' th1a|b3+l)1a22a,a;+b1b2

(13 £112 [Q3 Zbz

Chlhlg UZillil.' 0 § (C11 — b1)(b3 — (I2) =((I|112 + 171612) — (CI1Cl2 '1' 171172) :> C111); '1' b1CI2 Z C1102 '1' I311);



Chzrang V: M45! s5 sdrzg tgm v63 bf}! ziring thzic 963
A d ._H>(:> /1 +_u/90 + l ubc + 1 (lbc 23

p mtg 1111+/9) a(l—f—/7) /7(l+(‘)+/7(1+(') (‘(14-11) (‘(1+(1)
H 1 ab 1 b( l ca >3
W a(1+/9)+l+c1+b(1+c)+1+b+c(1+a)+l+<'_

/:>l- 1 +b~ 1 +l- 1 +c~ I +l- x +41» 1 26
11+b 1 12 1+0 1 'Cl l+i ( 1+“

a I7 0

S11‘ dgng b6 dé ta cé:

i~ I +[7- 1 2i~ 1 +l>- 1 = I + b
a 1+!) 1+} a 1+1 l+b 1+0 1+1;

a a
1‘ 1 _‘ 1 >1_ 1 __ 1 1 C

+ b1+@+‘1+1“b1+1+‘1+@ 1+b+Hw
b b

l- 1 +a~ 1 2l- I +a~ 1 = I + G
c" 1+0 l+_1_ (' 1+1 l+u 1+6 l+a

- c c

1 1 1 1 1 1 1 1 1_. 1,. _. _. . 26 (3:>al+b+ 1+1+b1+¢+‘1+1+@1+@+“1+1 :>(mm)
a /7 c

' Cluhzg minh 4:

' M6’ rng .' C110 cI,b,C /£1 ccic so”, r/1z_rc a'zr0‘ng. C/lzing n11'nl1 rc’1ng

1 + 1 + I 2 3‘
a(l+b) b(l+c) c(l-Hz) §/gb¢~(l+\"/abc)

B511 toén 7. Cho ' Chtrng minh ring: Osab +b'c+ ca — 2abcS-1a+b+c=l 77

{¢b¢z0

(IMO25 — Czech 1984)

Chzhzg minh

' Chzhzg minh 1: Gia Lhiét din tdi a, /2, c e [0,1] :> ubc e [0,1]. suy ra

ab + 120+ cu — Zubc 2 3Q/ab.bc.ca — Zabc = 3(abc)-2 — Zabc Z 3abc — 2a/ac = abc Z O.

Déng thtrc xay ra khi \/21 chi khi (c1.b,c') 1&1 hoim v1cL'1a(O.0, 1).

B5 (75: (b + c — a)(c + a — b)(a + b — c) S abc V (1.1), 0 2 O

/dwg:B$dmgmmm=U—2mU—2MU—2dSaM

<:> 1 — 2(a + b + c) + 4(czb + 110+ ca) - Saba" 3 abc
3<=>ab+bc+ca—2abcSl(l+ab(')Sl[l+(1)}=l

4 4 3 27

° Chziwg minh 2: Ta sé chimg minh bit déng thtrc ab +bc+ca — 2abc$—277



Q64 Cdc bZ1itoa'n c6 rzlziéu lz)'i gii

Khéng méu mm téng qum giéa SL1‘ (1 2 17 2 <- :> 0< (- §%

Bién dc‘1i\’i1th€§: S: a1>(1— Zc) + ("(41 +121: u/2(l — Z0) + c(1 — <'>

s("*1’)'(1~:<-)+(-<1-<-)-/til-(1-2(-)+<»<1-0:10+l(-1+1:/(0
2 \ 2 2 4 4 ’

'\_}'

/-\Pg

"2

C

+

I
L»-J

[_<'=O

Ta CC/)1 _/"(¢~):-§(3<--1)=0 <=> 1

I (.:_- 7

Being bién lhién chi 111 S S l\/Iz1x_f'(('):?—7. Déng thirc xay ra c> a =12 =(‘ =%

° Chzhzg minlz 3: (l(1)+(‘)+(1—2(1)/7L‘:£l(1—(l)+(l-2t!)17('=(I(1—£I)+(1—2(I)ll:f(ll)

,- ‘ 3 ( '_ 2 ,; , Q I. - \ L . \ . _§

v01 0311 :b(:S(/i—“:—‘-) =—L—_fi. De y rang_ do thg ham so _\" =_/ (u) 1:1 mot doan [hang

vc'vi ue[():—l—(1—a):]Tacé f(())=a(l—¢1)SF1iL—l)-T:l<—7-—
4 ' ‘ L 2 A 4 27

w

- I 3 _1 3 3 7 1 1 1 7
(Z(l—(I) )—Z(-261 +[l +1)—E7—I(2(I+§)((I'"§)

Véy f(zl)£77,i.D§u"="xéyra <=>a=l2=c=—1€.

Biii toén 8. C110 (I. I2. 0 > O. Chirng minh rzlmgz

(b+cjr1): + (C+(l7—/7): + (a+b:c): 2%‘ (1)

(b+c')'+a: (c+a)'+b3 (a+b)“+<': 3

(The Japanese § proposal —PSFJIMO38 —Argentina 1997)

Chzhzg minlz

, _
u /J 0 "

' Chzrng mznh I: Dal/21: 0+1; + c: a, =—:b, :—: c, =— :> ul + I1, + c, :1
m In m

(b1+c]—a])_ (K, +0, —hl)' (ul +17] —c,)' 3

(1) 4:?» _ + + _ 27
(bl +('|)' +(z|' (c1+u|)“ +171‘ (al +b|)' +(",' 3

1 "v *

_:,T: (1_2‘j|)~ (1_2{7|)_ U_Zi'|) 2%

(l—a|)'+c1l3 (1-15) +b|2 (1—('|_) +c'l3 5

' . 1-2.~’ 2?-'4;
Ta sé chirng mmh: f(.\") =—-0( ),\) 2——-—)O53 \ .X/xe(0. 1)

1—.\‘ ' +.\'3 '~

<=> 25(1-2.\-)2 z(23-54.\-)[.\~1 +(1-.\-)’] <: 2(3.\--1): (61-+1)z0



Ch u'o’ng V: Algit sr§ szilzg tgm vé bzit (Trill g th12'c 963

'7 3><3—5-1(u1+/2l+(',) 33 r:%r<~1>+%/41>‘>+L/’<(>.>z4--l:a
25 D

+('"lI)H 3 ,__ Zczl>+Za(' 12> <' Cluhzg minlz 2: (, l) <:» T ([7 _—x_2 _
j(;,+(1):+L,2 5 f;jcl3+[2-'+('3+Zl><' 5

Ky hiéu S‘ = Q‘ +111 + H. ~51 bién am;

55: Z (1/2 +1().s'2 :13/>0 + Z02 :13/>:(' S 63"‘ + 6.x": Z ab +1Z.s'$‘ u:/)(' + -18u3b3<'3

.\‘\r1| \\!7I \\m
.14

,\ T71] \\11.‘

<=> 653 + s3 Zub + Z.$Zc13b(.' + 82 albzcz 21OsZzl3bc'+ Z02 (131930

.\ \ I7! A \'I7! _\v\"m mm _\ \'/11

<:> jaw + Mb - zmz +3@*z><- + 2“-‘/9 -12¢H1;1¢~+41H1>%-1)z0 <3)

su- dung bit démg Ihirc Slzur, nhn ca hm vé mi 4m-

:> 2(4(z4l2(' —8u3/23¢" + -1412/2303) 2 O

\ \'IlI

Suy 111(3) <:> Z(3a“ + Z115/2-2

S£1'd1,1ng bit ding thfrc AM— GM, Ln cé bit ding thirc sau \'Z1 (3) du'Q‘c chfmg minh xong.

u J/>3 — c1Jb('+ Zuj‘/27‘ — 4:1 K1230) 2 0

—- a4l73]2 O 1 — z1*[7('j]2O
.\_\'III , '.

22[ —(1"b3c']2O \ 3 Wb+0c+ab +uc _u;b3(, 20

J

2-
I\)

1'2

O.

Li]

.\\r11 .\\.1

' C/zlhzg minlz 3:

Giél str a 2 b 2 c‘. d£§1lf(a.lJ.c")=

1 1 '7

(l1+("—zz)' (z'+c1—/2)” + (u+b—(')_

(b+(‘)3+u3 (c+cz):+b3 (c1+b)3+c3

Bu"6'c l:Tz1sé chtrng minh f(a.l>.<")2 ‘f'(i"1'17 .i"J_;Z7.(')

T‘: (b+<':—a): +(('+(1:—b)3

FJ
J!\

J

(b+(.') +a- (c'+u) +12-
2 " ,:T3

_ u+b' u+l)'(£+*;')~ + , )

\__/

/.._\

B:§1tA=1J+c'—a:B=('+a—1>:x=(l2+(')3+u:;_\"=(¢'+a’)2+/22
2 3 2 » » » 1

.\'+ \"=(b+c') +11" +(c‘+a) +b" :2(a" +b- +0" +m+('b)

A)‘—B.\‘=(b+("—a)[(c+a)2 +b3]—(c+a—b)K(b+c)2 +a3]



'-=[(c1+b+<')—ZzzHz13 +173 +03 + lac]—[(a+b+c')—Z11][u3 +b3 +03 + Z./9?]

=Z(b—c1)(u3 +223 +:1'3)+—'1-(‘(53 —a:):Z(/'J—a)(u3 +1): +03 +4cu+'-1012)

Ix)
»\

W

—a)[(a3 +/'13 +c3 +ca +cb)+3ca +3('b]=(/J-—a)(x+ _\'+6ca +6017)

_(A+B) A2 +33 _(A+B)- :(A_\"—-Bx) :(b—a)'L.x"+_\'+6c'(a+b)j

D{ill

-\' + _\‘ X _\' X + _\‘ .0‘ ( x + _\") .\_w" ( x + 3')

=a—;_-Q3.v+)'—2[(c+;)2 +:3]=Z(a3 +123 +03 +(ur+l2<‘)~2(("3 +233 +2(.‘Z)

=2(a3 +b3 +ac+bc)—(a+b)2 —2c(a+b)=a3 +152 —2ab=(a—b)2

(A+B)3 262 462 Zc2[(\‘+\')—2(c+:)2—2:3] 2[.:( bf215- : — : D ' : a-

TIZT,/‘:> ' _

X+>' <¢+1>"+Z1 -\'+-Y [<@+;>1+11](.\-+,') [<@+;>1+:1](x+_\~)

(b—a)2[x+ \'+6c(a+b)T gt-3(a_ )3

\J

lilv
I_\

~ -M-*+.\') [Q-+1)’ W)

[\'+ \'+6c(a+b)]l 2(.:
Néu (1:1) ma <2) dang. Néu 61¢!) thi (,2) <1? ' ~ _

"T" (c+:)‘ +33

[x+y+6c(a+b)T (.\'+\'): a(.2 2(.2
Tacé ' > ' 2 ' :4>2=-‘-—>_i

.\_w" _\‘_\i .\‘_\' (-3 ( (. + Z): + :2

Bu'6'c 2: Ta sé chtmg minh f(a,a,c)2%.D:f1t u =i'21, Lhi
C

f( 3, 3 -2a,a,c)2— <=> J (u,u,i)2— VIIZHQKZ-li+——#Z%,
5 5 4”2+1 (u+1)2+u3 3

_,__, 2 41¢ >—2H 211 1 <i
2u3+Zu+1 4112+] 5 4113+! 2u3+2u+1 5

<:>5(4u3 +4143 +2u~4u3 —l)S8u* +8113 +6113 +2u+l<:>(u—1):[2(u+l)3 +2113 +l:]2O

Chzhzg minh 4:

B5 J5." Cho czic s5 thuc (1,. :11, a_-X, A,. AZ, A; théa min diéu kién:

1.A1+A2ZO;A3+A3Z0;A3+A|20.

2. Néu a_ u £0, hm‘ a_ Za 2:1, (hi A, 20 véi ([1, 1'2. 1}) :(1, 2, 3)

Ta

'x '2 I ' '1 ': 1 2 ‘

c6 bét ding thtrc A](a2 — a_~,)2 + A;(a; — a1)2 + A;(a1— cz3)Z 2 O

966 '
Cric bdi ma” c6 nhiéu mi girii



Chming v.- Mgit S0’ sa'ng tgm vé Mi: ming thzic . 967

Apd€mg:(1)<:> 2a(b7+c) 2b(c;i—a) 2c(a:*b) £1?

(b+c)'+u3 (c:+a)'+b3 (a+b)'+c3 3

(¢1+b+<-)2 (a+b+c)2 (a+b+c)2 27
<2 + + <

(b+c)3+a3 (("+a)2+b3 (a+b)2+c3—5

1 1 l 27 1

1;» , + , + 7 3 - , (2)
(l2+c')'+a3 (c+a)'+b3 (a+b)_+c3 5 (a+b+c)_

D2_“1tx=(b+c)2+a2,y=(c+u)2+b2,z=(a+b)2+c2vi1.s'=a+b+c

Tm(2)<=>l+i+l,sE~-1:
x \' ; 5 5-

Ch )7 r§1ng:_\'+ y + 3 = a9 + b9 + ('9 + ([2 + c)2 + (c + (1)9 + (a + Z1):

= §<a+b+@>’+%[<b-C)’+<@-a>2+<a-hf] = gsz+%[(b—c)2+(c—a)2+(a—-b)2]2gs3 <3)
J

D5n1<'wil+l+lz 9 ;27<1z 9
x _y 3 .\'+_v+z: 5 $2 x+_v+z

v1vay,(2)<=>l+l+l- 9 s9[§-‘_~ ‘ u
.\‘ _v _: .x"+_\'+; 5 5" .\"+_\"+g/,

¢><%\»+,v+1>[;+;+%)_9§9(;%i_1]
x \ \, \J s ,

- 7 1 7

Q -_\'+l_2 +{__‘_‘+i_21+[i+._\'_ \,§I8_(a—b)'+(b—‘(~)'+(c,_cz)-
Y \' kg y / \‘ 3 , 5 Y‘

R)

<:>(X-.\') +(.\’-Z) +(Z—.\‘)_Sl8'(a-12)"+(b—jc)'+(c—a)' (4)
n x: 1'/\ 5 5-

Ta cé: .\'— _v=(b+c)2 +a3 —(c+a)3 —b3 =2c(b—a) V51

.\'_\‘=[([) +0): +a3:H:(c+a)2 +b3]2

202 (03 + 2:13 + 2b: +2ca + 2cb+4ab) =03 [(11-i-b+c)2 +(u +12)?

D0 G6, (x—)')2 S 4c2(a—b)2 4(a-bf
D‘ c1[(a +b+ ¢-)9 +(a +1;)9] ((1+b+c')2 +(a+b)2

Tu‘0'ng lug ta c6 thé chzlrng minh:

2 Z Z 2
(,V—Z) < 4(b—c) \ (z—x) < 4(c—a)

_ .va _
Y1 (a+b+c)2+(b+c)‘ ZX (a+b+c)2+(c+a)2

Céng ba bit ding thfrc tucvng [gr ta c6:



968 Cdc bdi todn c6 rzlzié Im gm:
-a ~ ~ 1 1

(x-\'] (\'—. ) +(_,—.x")V .a—b) (b—c) (<-—a)

.\'\‘ \'_'. I\'

/\
»i;

_(L1+[J-H‘): +(a+b): (a+l2+c)2 +(b4I~c): §u+/2+<-)3 +(('+a):

V1 \'z_‘1y(4)d1ing néu la chng minh du'Q'c

,9“) (a+/>+c'):+(u+l>):J
<(,_;,)1§i_.mi‘+<,,_(.)1 i__l1ifF;;L,T +

10 (u+b+<')' +(/2+(')'

+<¢»-¢1>"Li-i‘<'*LQ;__ >0 <5)
10 >(a+b+c): +(('+(1 :-

55“ hi ; y:_<i;Z:_@i[h1
a+b+c a+b+c' ~ a+b+c'

7 1 1 T q L *
<5)<=> <@-b>-[i-___,]+<b-¢->-P-- 1 ,j+<¢--(,>"P- 1,Jz0

IO l+Z‘ 10 l+X' IO l+Y*

hiéu u1=a.a;=l2,a;=cvZ1

A]:9_ 17:A2:9_1v:A1:9_1q
10 l+X- W l+Y~ ’ 10 l+Z-

Khéng m§tt1’nhL6ng qu£'1t.gié1 sir a 2 Z2 Z c. Thi ta (:6 a, 2 (I3 2 (1; and X § Y S Z. V1 va)

A, §A3 SA; Cén chtrng minh A, +A; 2 O_ i,+—~l-—-“-32 (6)
1+X- l+Y" 5

C+Cl (‘+61

M511 khzic. -L? $1 dLing,bc'ri véy (6)dC1ng. D5n1<31‘A, + A; 2 0; A; + A3 z 0;
1+X-

A; + A, 2 O ,ci1ng viii A3 > O.z'1p dung b6 dé, (1) dling.

Ghi clzzi: (1) xi? 1, + I7 + 1, £ 27 1

(b+c)'+a3 (c+a)'+b3 (a+b)'+c' 5 (a+/2+0)“

Ti: dzinh gié tét hon Y—1X— +71)/—,£%, ta cfmg cc’) mét bit ding thtrc chat hon+'+‘
° Ch 1211g minh 5:

B5 (75: (b+c—a)(c +41 —b)(a +b—(.')Sab(:

/{p dung: Bit .v=——b+C;\'=%(‘+(l;;=—(I+[7 :> .x'+ \'+;26<»l ‘—'-~' ~ -~ 6:
' ' (1 ' 11 6‘ ' \J ' '

~ (1+c) (1)

:m~

Qf'\

vm

vs

~z

w

,(C+ +
, . 1 b c

Ta se chung mmh: .\'_\" + y; + gx 2 Z(x + y + 5) <=> ZL“-~ 2 —i
C}L' C_\C G



Clzmmg V: Mg?! $5 sdng tgo vi bit (Ting rhzic 969

(u+l7+c')(u3 +/J: +c"3)+3<1/we 511 +/2+c')(u3 +173 +(':)—-(:1: +/2‘: +02‘)c> 22
abn u/>0

<:> <13 + 11"‘ + ("J —i-Bubc 2 113]) +l73(" + ('11! + u3<" +/13:1 +0:/2

<:> (/2 + c — a)(c‘ + u —b)(u +1) — <') S u/21' (dng lhco b6 dé)

Bién déi vix su'd1_mg b§Ldéngth(1'c Cauchy —Sclzwarz ta c6:

(/)+("1—a): (¢'+z1~—/9): (a+/)q—<')Z :(.\':—1): +(_\~jI)2 +(;f1)2
(/,>+(')'+a3 ((*+a)'+lJ: (u+b)_+("3 -\'>+] .\"+1 3“+|

2[<.\--1) (,\--1)+<;-1>j’ (.\-+_\~+;.- )1

(xi +1) (_\-3 +1)+(;3 +1) (1-3 +_\~3 +13

+

L»;

+

+
DJ

. “ :"‘3 2 1 , ., 7
Ta chfrng minh:  2§@5(,\"+_\'+:—3)‘ 23(.\" +y“ +;")+9(x""+\'-+3-)+3 5

<:> 5(.\- + _v + ;)2 - 30(.\- + _\‘ + ;) + 45 z 3<.\-2 +_\~1 + 13+ 9

<:> T = (.\‘ + y + 1): — 15(.\' + _\" + 3) + 3(.\‘_\" + _\'; + _-_.\‘) + 18 2 O

Tu C61 T 2 (X + _\" + Z): -15(.\~+_\~+ ;) + <>(.\- + _\- + ;)+1s
= (.x+_\"+ ;)2 — 9(.\‘+v\"+ 1) + 18 = [(_\'+_\'+ 3) — 3][(.\'+_\~+;) —- 6] 2 O (dpcm)

' Clzzhzg minlz 6:

(UQX (/2+:')c1w ((+111)!) (a+{w)(' £2
(b+c)'+a" (c-+a)'+/7‘ (u+b)'+c" 3

Chuén héa (1 +b + C = 1, khi do béil ding thirc ma mam

’ (j—u)u (31-12)/2 (‘1—(')(' g
Zu'—Zu+l 2b'—'l/2+1 Z("—2('+l 3

su dung bé.1 dang lhtrc AM - GM ta cé:

2a(1_a)S(1+(1)' @261: _2a+l21_(l+a)' :(1—a)(a+3)
4 4 4

Suyra: (}—z1)u S 4(1—a)a 4-(1,,

2u‘—2c1+l (l—a)(a+3) (H-J

Tu"o*n<1tu: (,1_b)b £ 4!’ ; (,1_(')C S 4(“
“ 211--2/>+1 /1+3 2<~--2<-+1 <~+3

Céng thco vé ba b§ld5ngth{1'ct1"én suy ra ta chi cn chfrng minh:

_‘_1r;+i+;%r"_§§<:>_1_+_1_+_1_2i
a+3 b+3 (“+3 3 a+3 /7+3 (‘+3 I0
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Theo./41VI~GM 1 + *_+ K2 9 =9u+3 /5+3 <"+ (u+b+(')+9 10

Bait déng thtrc dU‘Q'C chtmg minh.Dé1ngthLrc xay ra <:> a =b = c >0.

' Clzlhzg minh 7: Chuén héa a + b + c =3. Bét ding thfrc {rd thimh

(3-2(1): (2-vb)’ (3-M’ 2
v 7+ ‘ '_ 1+ j W2"?

<3-u)"+w (3—b)'+b" <3-¢)"+¢~ >

@Z4c12—l2¢z+9Z§,:2 1 _S§
(~‘\"(-2(l2__6(1+9 5 ,_\.<.2z13—6cz+9 5

Nhén Xé[I"2l11’l° .1 sl— 2 (.\'—1)\‘I>(2,\'+1)(.\‘—l): 20. luén dlinv v.\-20.
25 °' C 2.\’3—6x+9’5

Su ra 7 1 + , 1 + , 1 §§—2( +b+c—3):§.(d cm)
Y 2a“—6a+9 2b'—6b+9 2<.-'—6c+9 5 25“ 5 P

Ma rging: Cho a, b. c > O. Chtrng minh réng:

_ 2 2 —
- 0

_ <:>(1E .

[0L(b+c)—a]1 +[0L(c+a)—b] +[OL(a+b)—c] >3(2a_1)7 FA/37—'B 3\@+Q5]
7 ’) 1 28 28

OL(b+(')' +02 OL(c+a)' +122 OL(a+b)' +c3 4OH'1

. l 1

B511 t02'an 9. Chimg mmh: (.x_w'+_\';+;\') %+aq+i1 22.V.\'._\',z2O (1)
(x+\")' (_y+:)_ (;+.\‘)' 4

(Iranian Mathematical Olympiad I996)

Ch zhzg minh

° Clzlhzg minh 1: B5 0'63: Cho céc 56 thuc Cl], (13. 41;, Al, A3. A; théa min diéu kién: '

1./1‘|+A32()§/42+/4320;/1.3+/"\|Z0.

2. Néu al Sai Sal hay a, Zal za, ma Aj 20 vc'>'i(1'|,i;,i;) =<1,2.3)

Ta (:6 bit ding thfrc Al(u; — (13): + A2(a; — a,)2 + A;(a] — a2)2 2 0

I,
, Y \ .. \ .\"\' _\':, IA‘ W > 9Apdgmg: (1)/:>L ' + " + J [ V+ 7+\'+; ;+\' x+_\' . .- , 7- _ -)- 4|_(.\+\) (\+~) (~+.\ J

+

__ 2 __ __ __QK _\- + 3»
Z 3) {I 117 +1 _\.; +[l _,_\- vi}

\-+1 g+.\' .\'+\' 2 L4 (\.+‘.)- 4 (\.+:)- L4 (Z+_\.)-

, ' \ ~Taco: '1 ' + *- -2:
5 1 ‘ 1

".—.'“ -\'—.\' _(\ \) (. \) ( )

_\‘+I. :.+.\' .\'+_\" Z Z(.\‘+_\‘)(.\‘+:,) 2(_v+:)(_\"+.\‘) 2(;+.\‘)(;+)')



Clzzmvzg Mgit .15 sdng mo 155! driizg I121;-"c 97 i

*1
;\_v

Vi

\.)
[____.

4;-..

.1} , 1 I )5

' _\") 1§__\" + 3}

1- —\ r—

\,
», = .

_ I / _

L

15
4»

vzf1y.(11) sé dxing néu ta chtrng minh du‘Q'c:

7 -1

(.\‘—:)“ <;—.\-)' (-1-1)" 7' (1-1): (1‘—:)2 <:—v>2

.1...

~ .~ - 7, ‘is 1: p“-
§ ' \: Y) ()7 ~-i (1, .1‘)1,'—" ~i=— \\+, 1*‘ _i

1 ’\+:) (1 1} (\+\} (1 ) I‘ '_ T-!-.\'

(‘\

(1+yn1+;>+11+;uy+11+(;+1u}+)1lS(x+,11+(,+:)1+<;+Xv

T " ‘__F Z I - :5 Z
I .

hay "-1. —L—-—1;‘+(:—.\") ‘Li +

¢*(

D511

.\_w" .\':) %——?—, +(\',.—\:\") 1+1,
1 1 1 >1

w 7 T
1

){<1+wHX+ (1+;y_ jr+:Nr+I) k+Xfj
_ _ 1 O+(X“.\') [ -$430 (-)

'- -' " I 1+1-‘_:2 1‘1_:"2
1»<-1.1-+.\*11»+-.>

+(1\'—1.1')2[ . 2 — 1 WGZLZ_(:,+X)(Z+_\') .(;\-+:_'\‘)__;

’7

1" (.1 + 1) ( .1" +1") )1 + 1.1- "

\ 2 1
CI] = yg, (1; = ;.\‘, (I3 : X)‘ va A] = a — 7 ;

.1" (.\'+ _\')(.\'+ 1) (_\-\1+_\-Z)"

- I 2A3: , — :A;= — 1

Xzic dinh Al + A. =

.1‘ (.\‘+1)(.\'+1') (_\~;+y.\‘)'”' ' I-’(:+'\')(:+.\') (:,r+:v)2
F

~ . . .2 . - .2 . -\ _ _-\+.\ - - - _ _+~_
1 .\‘\'+.\'; '"+

-\ -\ 1
2 Z 2\':(.\‘+I)+2\‘2(\'+f) Z(\“‘+\")+2( '+\'3):

P1

v<>-1, +11 = ---= ;
.\"(.\‘+;) \"(\‘+:) .\"\‘"(.\'+;)(\'+;) .\"‘\"“(.\"+") ' Z)

r
,-\

._¢

+

S11 dung bit déing thtrc .13 + )3‘ 2 .\‘_\'(.x + _v) v51 2(x2 + 1'2) 2 (x + )1): ta c6:

2 2 2.13-(.\'+,\~)+(.1-+_1-)2 1 (.\'+ _v)[2.\'_\" +(.\'+ _\*):]+ Z =x3(x+;) \'2(\'+;) .\'3v3(.\'+;)(_v+;) x3_\"3(.\'+;)(v+:,)

_. ~+ .-+1~1-1 ,. = ,. W (1 . ~ ' 1 1KethQ'pv0‘1(3)danto‘1/11+/432 , — 1+
( 1 ( J (1 1Q

(,1_w- + .1-1) + (.\_w~ + 11:)

*1

'1

.\‘ "

‘w

J
/\

L-

+
I

\_/

/-\

'/

+ !
\/

ti

I I
7 + 7

(XV + x;)' ( 1‘: + \'.\')_ J

_\':v\"(.\‘+;) _\‘+; 4“~+x= ' --+ 1- 3

1 1 1 1 1

ll

:[.\"\': (.\‘+ 1) + \".\'3 (Y + 1)]-

r.-__

>1

.+ J
3(_\'+;)' _\'"(;+.\")'l

12 L (1 1 _[ 1 1 (3)
1 \+_ \ (1 )1 L( ) (\~ H)

1
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___J

3'11‘; ;
‘ 1 I

‘L (\ J \“

J

J

13'" 5+3 "'(:+.\")_

L____.

— : + >0
""(.\"+:)' \‘.\'3(\'+;)_+|L.\'-Y: (.\‘+ 3) .\'3 (_\‘+:)_

Tu'0'ngtu'tz1 cé th€chL'1'ng minh A; + A; > O vil A; + A, > ().

Biiy giiv gia su .\' 2 y-2 :_ 2 () [hi (1, é (12 é (l}.

\ " ,

Dé-1 A1: 1, 2 _, 1 1 : \~
'_(.\'+3)(.\'+-Y) (_",+.\‘)'J \'3(\"+:)(\‘+.\')(Z.+.\‘)“

Ti1'.\"2 _\‘ 2 O suy ra 2(; + .\-)2 — (y + :)(_\‘ +1‘) 2 2(; + .\-)3 — (.\" + l)(,\‘ +1") = Z(.x + 3): >0

Dn tdi A3 > O. SL1" dgmg B3 dé ta Q6 dpcm.

' Clzzhlg minh 2:

Bi; (75: Cho czic 55 thuc CI|,C1Z. c1¢,.A1,A3,A;,thOa1nin Ciiéu kién:

Néu (1, Sal sag an A] 20,,/xi 20 \/Z1 (133143 +qfA: 20 .l<hid<3u1 cé bit dang lhU'C

Al(a3 —,u;)2 + A;(_a; —— (11): + A;(a1— £13): 2 O

/ip dglng: Khéng mil tfnh téng quzit_gi21 str x2 _\h 2 1 > 0.

_\"+:=2a .\'=—(z+12+c

D51 ; +.\'=2b <=> _v = a —/2 +1: :> c1.b.<' 151 d<f> dixi ba canh cua mét lam gizic.

.\'+v\"=2c' :,=u+/)—("

D0 3 2 \' Z .\' > 0 nén (1212 2('>O.B§td5ngthL'1‘C céin chtrng minht1'O'lhf1nh

(20/>+Zbc+Zca—al—b:—c2){—%+—-%+%j2%
\4c1‘ 4/2“ 4c“, 4

<:>(Zab+Zb('+Zccz—a3—b1—(':){%+%+%d29<:>Z(a1—lJ)3(l——%w2O
_u' 11' <"/ (‘.1 \”/7 (“,1

2 1 2 1 2 1 (

Dz_1tAl= — ,.A,: —,.A;= —,
bc 51‘ ' ca b" ab @-

Bt ding thL'1'c cn chirng minh <=> Al(b—c)1 + A3(c—a)2 + A3(a ~12): 20

D0 a2bZc>O vi b+c>a nén A120 v51 A3 20

Ta Chung minh 11’/43 +8/-xi 20 <=>1f +<-~‘ Zabc.

M51 b + c > a nén ta chi cn chtmg minh I93 +03 2 (b+(')bc <:> (b—c')3 (b+c) 2 O (dilng)

B2"1t ding thirc du'Q'c chimg minh. Ding thfrc xay ra <:> .\' : _\" = : hoéc .\' = _\‘. Z = O hoéc czic

hozin vi urong tmg.

Z(_'_+.\‘)_—(\"+;)(\"+.\') »
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° Cluhzg milzlz 3: B01 :2’? (b§11 déng 1h1'1'c Schur)

.\"' (.1‘— \")(.\‘— ;)+ 1"‘ ( 1‘-— \‘— .\‘)+ 3," (1 — .\‘)(; — 1") 20 . V1. 11:. r>()

A1p dgmg: Bién déi E1511 ding th1'1‘c thnh:

Z (4.15 1" — .14 1‘: — 3.1315 + .1” 1"; — 2.131‘: 1 + .1‘: 1'3 :3 ) 2 O

\\'”7

S1'1'd11ng bait déng th1'1'c Sclzur vdi r : 1 lu cé:

.\'(.\‘— _\*)(.\' — ;)+ _\"(A\" — :)(‘\' — .1") + :,(:, — .\‘)(: —— _\') Z O

Nhn hz1i vé c1'1a1 bit ding th1'1'c \'<'>'i 1111"; 1'21 khai trién chng thco czic téng déi x1'1'ng La

C61 Z(.\'41';—Z.1‘3\‘1;+_\'31‘3:2)2() (Z)
.\ \'I7I

M511 khzic, SL1‘ dgng b51c1:4.ng 1h1'1¢ AM - GM din 1<'>"i:

.15_\"-1-_\'"§;+;5.\‘Z,\'4_\‘3 +_\'“;3 +151‘: ,
:> ZU.\"v\'—.\'"v1"')+3(.\"’_\'—.1"‘_\"‘J20 (3)

< s \ 1 "4 I 1 \
.1" _\‘+_\~’ ;+:,31"2.1" _\" +_\“ 3‘ +11 .13 ~\-~1

ccmg <2) vdi <3) 11511 1o-1; Z(4.\-H-.1-£1-1 -3.1»~‘_\~~‘ + .1-*1-.-, - 2.1131; +1-1_\-1;1)z0
\\’lH

Clzzi j: ding lh1'1'c xziy ra khi vZ1ch1khi hozfic .1‘ = _\' I 1 > () h0§1c.1-= _v > O. ; = 0,

hozflc _\" = 3 > O. .\' :();h0zf1c 3 : .1‘ > O_ _\‘ = ()

' Cluhzg minlz 4: (Chfrng minh cua Marcin E. Kuczma, Warszziwa, Poland)

Khéng mil tfnh téng quai1.gi€'1 s1'1'.\' 2 _\" 2 1 > O.

1 1 '
D31 S:(_1_w'+_\";+;\‘)[ 3 + I + 1 Z‘

L(.1'+_\') (_\'+_,) (~+_1) J

A =(2.1"+ 2_\'— :)(x— :)(y— 1) + :(.1-+1‘):

, .

B=%»;1.1-+_\~-2:.)(11.1-+11_\~+2;)

C=(.1'+_\')(.\'+;)(_\-+3)

D =(.1'+ _\" + ;)(.1‘+ y — 2;) +.1'(_\"— ;)+ _\'(.\'— ;)+(.1'— 1‘):

E=%- ;(.1'+ _\')(.\‘+ )'+ 2;): (.\'+ _\'— 2I.)2

Ta c6: C3(4S—9):(.1"—_\')3{(.1"+_\")(A+B+C)+%(.1'+:)(_1'+:)D]+E
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:> c1(45-9)z0 :> 52%

° Chzhzg minh 5: (Vedula N.Murty, Andhra University. Visakhapatnam, India)
x

- ,\'“-“Z 1+-Y -\'+,\' \ . \' . . .,
Bat a = Lb: 11:? 3 <1. /7. c la dc) da1 ba canh cue. mQt tam g1ac.

L, L 1..

Khéng m§1tf11ht6ng quit gié. 511‘ 0 < :1 £ b i z';vdid1§u kién 11+/2 > c Suy 1'11:

2112 -11¢-<0< 21>: —ca 32¢-1 -41/1. Bién déi 1:51 dang 11.11-Q

(1) <=> bc(b -0); (Z113 —/91') +<'c1(c—cz)' (2/2: —¢-@1120 (Z)

+ Néu b : c thi (1) <=> ccz(c—z1): (J13 —c"a)2O luén dfmg

+ Néu b < c {hi 0- b >0. Ta c6: 2(.a3 +b3)2(z1+b): >c(c1+/7)

be — 2a3 ["0 I20 — Z112 ix"
I>2l72—C61>l7C—2(l2>O :> , <1:> ’» <

211' — ca at Z/2‘ — ca ac

Vi c—a2l (c—a)j 2c—a22 (c—a)i 2bc">bc|/bcw—2a3j

c—b (¢--5)‘ 0-/9 a (C-_[7)" ac u(‘\2b' —ca

:> bc(b—c): (2513 —bc')+ca(c—a): (2b2 —ca)>O

Ding thtrc xéy ra <:> .\'= y = 3 hozfac .1-=_v_;=0 hoéc cric hoén vi.

' Chzhzg minlz 6: Buc I: Chirng minh czic céng th1'Ic:

1. (p—a)(p—b)+(p—a)(p-b)+(p—a)(p—b)=4Rr+/‘Z; pg =Zbc'—4Rr-r2

1 1 1 (Z171): —l6Rr/23
2. W + + 7 : , , ,

cl‘ b" c‘ l6]rR“r‘

Thét véyz SL1‘ dung dinh 1)? Viéte cho phu‘o'ngt1"1nh:

1. p -0, p -12, p -1: 15 ba nghiém cua: X3 — pxz +(4R+ r)r.1'— pr: =0

:> (p—-a)(p—b)+(p—a)(p—b)+(p—a)(p—b)=4Rr+r2 :> pl =Zbc—4R!'—r2

Q»-

Q~>--

q--

2 - - - :1 ba nghiém CUZIZ 4pR»~1-~‘ - (pg +1-2 + 4R1->712 + 211.1 -1 = 0

1 1 1 L1 1 1): [1 1 1)2 —,+-;+—,= —+—+— -2 ——+—+—- =
a “- b ' c ' a b c ab be ca

p:+,_:+4R,.\2 2p _(Zbc‘)2—l6R2‘p2

_ 4pRr J 4pRr_ l6p3R3r3
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Bzmr 2: Chtrng minh: pl 216Rr~5/"Y P5‘)

' B5 _\"(.\‘—_\‘)(.\'—Z)+\'"(\'—;)(\‘—.\')+:"(;—.\')(;—\‘)2O Vx. v.1 >0 r > O

Chzhzg minh (’*‘).' D511 cz : _v + 3 :12 = 1 + x : z' I x + _\'

/.‘ ' 1 2 .' ' "+1 (Z-F I 5 .'1 {/1 Y _ '3 \:(*)<:>‘\+Q+ J 2l6_(\+;\)() A _:!.\_1 _5.]:’ U k

\ »_ 8\/_\:y:(_\'+ v\' + :1) 1_ \: ,\ + >\‘ + I (\ 1. V X + v\' + I J

(x + y + 3): (.\" + _\')(_\" + ;)(g + .\‘) Sn;
<—> 2 —

-1 .\‘+\~+:, -'1-(.\'+ \"+ 1)

\
<:> (.\-+_\~+;)‘ +5.\"y:24(_\-+_\~)(y+;)(;+x)

<:> .\'3 + _\'3 + :3 + 3.\'_\"; 2 _\‘; (_\" + 1) + :,\'(; + X) + X)-(_\' + _\‘)

<:> x(x— _y)(x— :)+ _y(_\~ — :,)(_\" —.\')+ :(: —x)(: — _\")2O (dpcm)

Ding thL'1'c xziy ra khi vii chi khi x = y : 1 <:> (1:11: c <2 AABC déu.

» \'+; ;+_\' .\'+ \-' \ A \, _,° Ap dguzg: Bat a= ' ;b= ;c=T' :\ Cl.b,('1€l dc) dal bu cz_1nh tam g1ac.

<1><:> Up~a><p-b>+(P-am-1»>+(P-@><p~b>](§+;+§)z§

b 3—l6R- 2 3

<=> (4R,-+r1) zg@(4Rr+»-1)~[(2/ac) —16RI‘p2:’Z36p2R3I‘:

<=> (4Rr+ H )'[(Z/DC) 1 —l6R/~(Zb¢-—4R:-— 1-1)]z36(Zb@-4R,--»~1)R1,-1

(Em 2 Zbc
<:> (4R+,-)~ j _4R(25R+I-)_-+4R(4R+»->(2sR+4,-) 20 <2)

ll / /-

- - bc , , _1-):m=Lb+bL“’=; .T£r B6 dé 1, 2 dfm 161; 122012-4»-. Ta cé::
I’ 7'

(2) <=> f(r)=(4R+r)r1 —4R(25R+r)r+4R(4R+r)(25R+44r)2()

f'(r)=2(4R+ ,~)1 —4R(25R+ 1-) > 0 V12 20R ~ 4r

:> hE1mf(x) giém trén [20R -4»~_+»<»)

:> f(¢)zf(20R-4,~)=4,~(R-2,-)2 20 (dpcm)

Bang mu-Q xéiy ra khi v51 chi khi AABC aéu ¢:> .\— = _\~ =
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° .1\/I0‘ rging I: Cho x. \". :_ >Olh0z1mZ1n Min(.\"._\".: ) 2-i—i\1ax(u.1>_<'). Chtmg minh:

(1)<:>

'- 1
1 1 1 \ 9 1 (A ‘-)

m+~;+_~;)i _+ \+ _2—‘— L1)(\W \ \ 1

§L(_\'+_\')‘ (_\"+;)_ (;_+_\")_J' V (.\‘+_\")'

¢JVJ

\' F .\_T _l___;

- 1-+»>’ 4

Ch lhzg minlz

>1 (.\"—_\‘):’_k _\- _3 5 (.\'—_\‘):

~12 ,~»2,r ;z 2 »

6 <_\w (X-+_\') <'\: ~\~ Z /_ my (.\'+ _\')_

~| w 1

(1)

<:> ZL(.\'— (8.\'+8v\'-101)

<:> T

1 1

.\ _\~ 3 _5:(.\‘+_\")(.\‘—_\')'+()"+:)(_\'—:)“+(:+_\‘)(:—.x')'
\'+; ;+.\" I\'+\" Z Z(\"+I.)(I.+.\')(.\‘+\") _

@;[<» t

:'\

;'/ , 5(:.—\")(I.—.\")

(.\"—_\")' 5 (.\‘—_\')' 1"’ 8 5

W ;2(_\-+;)(;+.\-)'1e;(_\-“)1 7' ') L(_\~+;)(;+.\-) (_\»+,,~)12O

J

,--_\-) s(.\-+‘\~)-10;—+1— 20

F’ 1

£11

<
<’\ \_

.\‘-F \'

;(_\-_ Y): Q0

\_/,

 4

—\

.\‘ + \'
- _1

a w w

3 W 5(\’—\‘)_(\‘—')_('—-Y)-: ;[(_\-- _»~) (s.\-+ 8)" - 101)} z 0."_\"j:i.'
Khéne mt tfnh téne uét Qié su" x 2 \f 2 : :> 1 Zix.- y q - . 4

T 1 '1 7

D3! ? =(3: +411 +8\‘)u‘ +(3;—5u—\')v‘ +(3; +411 —\')(u+1') —

T tr

T w '7 "
—2(3u +9v)u' +(—4u)\" +5u(u+\') —

_ 5u2v3(u+v)’

'_(2;+u+2\‘)(Z;+v)(Z;+u+\')

.\‘=:,+u+\'S4;2u+\'S3:. D511 té'i:

\ _ 5u:\'3(u+\')'

Z (O+u+Z\‘)(O+\')(O+u+\")

‘ , .51= ~ 10*3/4?‘-"41-12~»‘:10”_‘+19”_V+”v__§u\(u+\): u + u 1+3 ll \ + u\ 20 :>(dpCm)~

11+ Zr 11+ Zv

' M6‘ r_6ng 2: Cho .\'. _\". : > 0 LhOa min 1\4in(.\"._\".:) Z0cMax(u.b.c) 1 Ole [().1].

-\ I

ChL'1'ngminh:(x_\'+)":+:,\')[ 1 w+ I 1+ 1

( ) (\ ~) (~ \) 4 4~( \).x+_\" _'+*‘ -+.'“ M
x+_-‘

- Mo‘ rg3ng 3.- Cho .\-. _\-. ; > 0 v51 .\3' + _\-; + ;,\-z Max {.\-1._\~1.;1} . Chtrng minh:

( -\.\'+v"+;\')[ I + I + 1 £§+;Z:—i-="
A L(.\'+_\')(_\"+;) (__\'+;](;+.\') (;+.\')(.\‘+_\‘) 4 3m,\/(_\-+_\~)(_\-+3)
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§24.2. VF: MOT BAT DANG THUC THI TOAN QUOC TE

C/zzing m liéj) iz_u" p/lain 111'/1 mqji’ /1811' Ind/I I/11' ()/v\"m/air ("(5 /I/ziéu (‘dc/2 giui. ¢7c?_\" /'51 mg}! bdi
mzin mi’! Jdr /Jiél. mi ('0 lhé p/nil /riéu //zen (‘(1 /mi ("db/2 /zin/1 /zuc viz J41! .\"<§. Hm: 111711

rlzflz/2 /I/20' /1/1z?ng (‘dc/1 p/nil /91'é‘11 /</zcic 11/mu (715 /nfl 1215 (‘(5 11/zfmg /no rqing viz /dz" giui /16'!

szfc Jgp JG.

. \ \ . \ IBfxi tozin. Cho lam gizic ABC vdi dg dai ba cgmh 151 a. 11. c va cé disn u'ch la S.

Chtrng minh 1-sing: (13 +123 +(‘3 24\/.35 (1)

Ch z'rng minh

, I . .

° L0‘? gidi I: S = \/p(p—c1)(p—lJ)(])—<.')=2\;(/2+<'+u)(l>+(‘~u)(<*+u—/2)l'u+]9—c)

w ww #1 ‘aw:> 16$" I 2(_c1“/J“ +111." + c'u‘) — ((14 +121 + 0'!)

<1) <=> ((1: +/>1 +<~1): z3><1e>$1 =3[2(u11>1 +b3(-3 +(~1@1)-hr‘ +/>* +(-~‘J]

<:> 4[(a"‘ +1)‘ +(")—(c13l>3 +1930: +("3(13= [M3 —/>3 )3 +(1>3 —(': )2 +((‘3 ~11: VEZO

[3

[ sinC=§ '1 4 4 .4 2: $1,: v2.2L0_l_gl,(h_ 2: ab 45' +0 +b +¢ +2u 11 l-_c1( —_b_c_’:l
lmsczuz +123 -03 (I217: 40-31;:

lab

:> I653 = 2(a2b2 +11%": + 0202) — ((14 +124 + ('4)

Tir (14 + 124 + cl 2 412/12 + /1302 + czaz suy ra 1652 S (12122 + bzcz + (gal S (14 + /24 + (I4

:> ((11 + b2 + (2)2 = (14 +194 + ('4 + Z(uZbZ + /7202 +(“:c12)2 4852 :> (13 +1): +(‘3 24\/ES

- Liri gun‘ 3; sm C+c0sC= 2sin(C +30°) s 2

2 /2 \2

:> \5£gi)+£Li-S23 0' — cl‘ — /2“ + 4a/2 24\/3-5
ab Zab A

Tuo'ng tu" ta c6: bl — cl — a2 + 4ca 24\/§S ; :12 -122 — ('2 + 4120 24\/55

:> 4(ab + bc + ca) — ((12 + bl + cl) 2 l2\/5S

Mzjt khzic ab + bc" + ca S (13 + bl + cl :> l2\/5.5‘ £3(aZ +123 + cl)

- Ldi gm; 4.- <1) tu'Ung au-Qng vc'>'i (R + bl + ((12 +19 - 2abc0sC) 2 z ab sin c

<=>zI2—£lb(CO$C+ 3sinC)+b22O<:> f H : Q '- c0sC+\/§sinC Q +120

, (I11/IO 3 —Hu/zgary I961, Weitzenbock ’s irzequality) H



Q75;

.

\/1; m ()1 11111 tiring I111}? tlzi main qu(1c re

T;1c<'vA:(c0s(“+ \'K.“;si:1 —-l§(1 +31(c0\3 (‘+\'in3 (‘)--l=():»|/’1?—",2O‘T

' L1)'igirZi5: :13 +123 +<'3—~1\13S :41: +113 +(u3 +1): —Zu11co> C) — Z\'13u/rsinf

1 / 1

~ 1
KT —

: 'l(u—/71_ +-111171 I—c0s1 C-171120 :> u: +113 +03 2-K35
\ >v

1

1

.

° L0'i gidi 6.‘ S3 =p(_p—a](p—11)(p—(') =p\‘(p—a)(p—12)\(/>—1>}(/>—<"1\‘[p—<')(/>—<1)

(/>—u)+(/1-17) (p—~1>)+(/1—(1 (p—c)+(/1-0) p /;’(1+[7+(»\‘
é 11 ~ ’ ’< —=—u12<'§—1?i[

' w '> 1 8 8'\ 1 ,

(¢1+h+(~)4 <[(l3 +13 +13)(u3 +/>3 +<-3)]: ((13 +1>3 +1-31:
I _ I :> (dpcm)

1()><Z7 l6><27 . 16><3

' L01 girii 7." -1\/13.8‘ =4\ 3\1/2(/1—u)(/>—17)(/2-0) 3-1\ _“\p\_\V
\

— — —————-—-—-— — ‘F1/>—u)+(1—/>)+( 1-0)?

4/13 :(u+11+¢‘)3 <11: +13 +l31(u3 +123 +<‘31:u:+/7: +(_:

'\ -a w

J J J

' L()'i gidi 8: Dial (1: V\' + 1112 = 1 + .\';c = .\‘+ _\" \O'i .\‘, _\'. 1 > O khi £16

1 ~ 1 ‘\> 1

(1: +12: +0: 1 :1(\"+:,)' + ;+.\')_ +  \"+ \" 216(\":+:,\‘+.\‘\')’ 2
1

16.3(.\"_\‘._\‘: + _\':.:.\‘ + x_\'.)‘:) = 1-18,\"_\‘: (X + _\' + 3) = 48$: :> (dpcm 1.

., ~
,€_i—l—i—-—

' L()‘igi(1i9.' B0 J5: m/1 +111) +/>111 2 \/311111/>(121+lz+ 12) V111. II. p > O

Apdglng:df1tp—z1=.\'./2—1J=)'_p-—('=; :> p=.\'+‘\'+;

(1: +1): + cl 2 c111 + 12¢‘ + ("(1 = (\' + :,)(:_ +.\’) +1: + .\')(.\‘ + Y) + (.\' + \')(\" + 1) 2

\13(.\‘+_\')(_\'+ j_)(:,+.\')[(.\+ _\"\+(_\'+ :f)+(:+.\')] Z

; 7 F; 1:‘ , ,’— _

\‘3>< Z\/.\'_\‘ >< ?.\ \'_' >< Z\./ :,\- >< Z<.\' + _\" + 3) = —¥\/3.\'_\'Z(.\ + ‘\' + 3,) 1 -R 3.3

° l;()‘igi(ii1().' B0176‘ 81/1— (1)1/> —11)(L/2 ~ <") S zz1n".T/11?! \'¢_i_\":

8(p — c1)(])—12)(_p— ('9 I Z\1(/7—u)(p—15><Z\1(p—12')(/>—z'1><Z\/(p—(')(/1-(1)

£ [(11 — u) + (p —12)] ><[Lp — 1)) + (p — c)]>< [(p — L‘) + (p — u)] 2 ulu"

Ap dgmg: ><

DJ

J (413 +121 +c3)=(l3 +13 +l31(u3 +123 +¢'31S(u+1)+c)2
1 X

1 ((13 +113 +031" Z(3{ uzblvz 1270311303

:> (us +1>: + 03): Z 3(11>(‘(u +1) + L‘) 2 -18/>(;> —u)(_p—1>)(p— ('1) = 48$:



(,‘lzm;'ng Y: 3143! sting rqm M5 121?} dring tluir ‘ '9

.1.»

, -\
S

/

* L<"}'i gizii 1'1: 13131123." sin A + sin B + sin C S 4%

J

» I 1 ‘ 9
Ap dung: + -+ 1 2 Z ZN 3

1s1nA sinb’ sinC s1nA+.s1nB

' I L + 2 -L 12 ~--~I~_-Sw 2 iv 35(1: + />3 +1‘: 2 (1/2 + hp + ('11: ZS: ---~ '

+811

\. 25 X 9 _

» ~_sinA sinB sinC,* sinA+sinB+sinC

° Lr}'i giiii I2: B6 sin A + sin B + sin C S

QJ

J4\
WW

.»{p dgmg: z1+ /2 +1": ZR(sinA + sinB + sinC) S 3\/3R

9a/2<' 9a/>0 /3
((1: + /2: + <':Hu + /2 + 1") 2 9u[n" :> <13 + /2: + ('3 2 ——— 2——_ :4-\’_>S

u+h+v

DJ

-<2
Lu

E

' Lfri gizii I3: Khéng mfit Linh liing qul. gin sL'1‘<12/224' Q11/>2 ac 2 /><'

IS ZS ZS
<:> %—2——2— <:> sinA 2 sinB 2 sin(‘

sin C sin B sin A

I I _ 5 (1/7 2:102 '/n
Su‘ dung bat ding lhuc hoan vi cho hzu day don d1¢u § I21 (.6

is1nA 2 sin BZSIH C

(1/>sinA + c1¢"sinC + l2<"sinB 2 ul>sinC + u<"sinB + /7¢‘sin:\

absinb’ + ucsin/X + [n"sinC 2 cl/2sinC + uvsinb’ + lu*sinA

:> ((112 + 110+ l2c)(sinA + sinB + sinC) 2 3(_u/>sinC + u<'.<inB + />('sinA).= 18$

W3:> (<13 +/>3 +('3)%218$ :> (1: +[23 +('3 2~l\/33

- L02‘ giiii 14; Ba‘ aé; cot/A + co1B + C0lC 2 \/3

zip dung: lhco dinh I)‘ Cosine trong tum gizic tu Q6

‘QR =/>1 +21 - ZI2<-c0sA:/23 +2-I -4s¢<>i A
1 W 1 3 '8

+< 12' Ia" +41‘ —Zc'c1c0sB=(" +11‘ —-150018

iv: =41: +123 - 2(I[7COSC=LI2 +123 —'-1S COIC

:> uz + /:2 + 02 = 4S(c01A + cotB + c0tC) 2 4\’§S

' L(>*igi1iiI5: r:(/>-41)tan%=(p—b)u1n€i=(p—("Mung

:> r-‘ = (p — a)( p — /2)(p — c) tan Q tan ~75 tan g
. 2 ‘IS _S ,, A, B C __ A Q Q43> T): -7I2.n€tan5tan?<=>1-ptan 2[Z1I1 ZIHH 2

A B , A , B , C A B C 1Ta cé l=Zian—lan—23~‘/tan"—tan-—tan"— :> tan—tan—tan—S——
2 2 \ 2 2 2 2 2 2 3\/5



980 V5 mg7t [nit (hing 1/1121’ thi main qzuic té

. _ ~ 1, 1 4 7 P ~ 1

:>u“ +17" +1" Zjm +l)+(')' =—/2' =-l\/3/1‘ ><i,_Z
5 3 3\/3

w A B C T‘ .

2 -Lv’€;,1- tan 5 tan 7 tan 7 : 4\/5])!‘ =_ -N35

.. b+<'—u (‘+Ll—17 u+/2—<*' L0'z gmz I6: D51 .\*= ;_\‘= ::= :> S : \/.\"_\":(.\"+ >\"+ 3)

cl: +123 +0: =(.\‘+_\"): +(_\'+ 5,): +(;+.\‘): Z4(.\‘_\'+ _\‘:,+ ix) (Z)

Ta C6: 4(.\3" + _\':, + :_\') 2 4»/BS <-_—> .\')‘ + _\"; + :32 ‘/3.\"_\~;(x + _\‘ + 3)

1 1“
<=> (.\3'+_\‘;+;\‘)' —3.\)";(.\"+_\"+:,)2O <=> — (.\3‘—_\':)' +(_\':—;\')_ +(;\'~.\_\‘)__l2() (3)

J

J__.

Ft

J

D0 (3) dling nén(_Z)cC1ng dflng. Vi véy (13 +123 +03 24\/BS

° L()7' gizii I7: Xét tam gizic ABC. Gqi M IZ1 trung diém BC.

Ké dubng cao AH _L BC. Tu cé: a3 +/23 +03 = BC: + AB: + AC3

. . I 35 1 ~ A
=BC" +2AM" +¥z-f_+2A1+

{B 1 .
z 2 ¥~2AH" =2\/§BC.AH=4\/§S

\ - . .. . 2. B H \/I C
° L01 gun 18: Dung tam glzic deu AB,C sao cho ’

B. B1 O" cimg mél phfa déi \'c'>'i AC. SLY dung dinh /; F,»

/my/ +
h

1)? Cosine cho tam gizic AB,C 1:1 cé ///
I/I x

BB‘: : BA: + B,/+6 - 2BA.B,Ac0sLBAB, " I Z B (

2 bl + 02 — Zbccos |A — 6O“\ \‘
:1): + H - 21>c(c0sAc0s6()° + sinAsin60") B;

[21

=12: + cl — %(b2 + 03 — (12) — \/gbcsin/\ =5: (<13 +/73 +('3 ) ——4\/BS1

Do BB1: 20 suy1‘a%[(a3 +123 +(>3)—4\/g5} 2 O :> (13 +123 +03 24\/BS
\

. < YB *~~~ *~

° Léi girii I9: Dung czic tam gizic déu ACB1. B ,_,/_/_/W; _ \_, \
\. U \ \ .

ABC1 sao cho B, B1 ov cimg mét pm déi vé'i \-\\. ‘\-:-
,_ ‘. ‘(>1

AC Va c. c, o cimg n1(}tbb‘d61 vo‘1 AB. ‘=
h

GQiO;,O31§1Lm CUZ1 czic tum gizic aéu ACB, Va BC,

Bl



Chu'0'ng V: Jlgit $5 szing tqm H5 bib‘ ling th 121‘ “)8 l

Xél lam giaic O_»AO= la cé

AC 1 AB - \

OIA = _:m = —’_; (LA =4? :‘—_ \'Z\ .4();A(). I 4 - 60°:
Zsln 60° ‘H3 ' Zsm 60° \/3 ' '

1

= ' -\ w 3 ‘I(10? =—(!>3 +('3)—ZO;A.();A.cos§A—60°i =%(/r +<-")—£(cosAc0s6O°+sinAsin6()°)
3 \

'J~I

,* ~ . - ,— \
2/7('; 7- (--- - 3 , V ~

\ - ,

‘u 1 , ‘ / 1 1 _ 3 . ,0&0: :-(/>- +¢-~)-_: Lix-+$§1nA }=_(u- +1>- +¢-~ -4\/35)
2 2 v/H * " 6

DO 01031 20 suy ra HM +111 +<-1)-4N/.35] 2 0 :> <11 +/>1%+¢-1 246$
3

/ \./' \
‘ \3n~*

- L61‘ gitii 20.- /;\l b/// \\\\
D 0-’, *5‘ O

‘ ‘h B B Z/ ~\\C\\\

Linc dln CILIC um ] S110 (, O .

OI dcimg
,_ 0,

min phla J01 \'o'1 AC \*u '

4 0,/ac = 4 O,CA = 30". Gqi 1 1:1 lm.
. /‘\!\\\\_ A

duvng lrm néi liép cuu tam Qizic ABC. /I - ‘ \ '
7\\\_\

Xét tam gi£'1cIAO|:lA =

10,3 :1/A3 +O,A1 —2IA.O,A.c0sAlAO1=L—+————ic0s —-—30°

(p—u)2 +!i_2(p—u)/i
/’<;— '

p — /2 A 1  \///
- 0,A=¢; AlA0,:;——30°\ ‘>1

cos V3 E2 l

FJLQ

-11): 123 Z(p—c1)l2 'A

- cos: 3 \/gcos 2 1

Q2.

6
O

I/Y

A
—c0s 30° + sin —/isin 30°)

1 11) 3 X/3 COS 2 2 /
In -

(p — u)l>(' /1: (p — (1)17 A:+i+——(/)—<1)/)—l—><I£1n—
/> 3 \/E '7

/>7 ~ iI?/7

:1€;[6('(/J +('—-:1) + Zl2(u +/> +(') —-3(/J + c'+ u)(/)+ (’—u) —4\/3prl
_p

JD»

3<'(p—u)+ />11—3p(/2—u)—\/3p(p—u)tz1n~!

— -1

= #0303 + 303 -123 + 2:1/2 + 2/20 — (mc — 2 O.Su)'rz1:
¢_p

3:13

+ 3a:

3/23

+ 3<-1 - 1% + 251/; + 2b<~ - at 2 4&5
+ 3b: - (:2 + 2“ + 211¢-- 6:112 2 4\Es

+ 303 — :13 + '/lab + Zac — 6/20 2 4-\/g5

:> 5(c/3 +1>3 +62)-2((l/7+/J('+('(I)Z12\/ES

M511 khc BM: +193 +t3 ) =(a3 +l13)+(l23 +03 ) +((-3 +u3)Z 2(ul>+/2c+("a)

J!!!’

1



982 . V15 mg?! bfit ring th12'c rlzi twin z]z15c' If
1 > \ ~ w f \ _ , i

2* 5(u3 +11: + 0') — Zu + /1: + F) :3(£1'+l>‘+i’)2 1Z\i3$ :>‘u‘+/7“+("2 -l\,3.S'

Sau dy Id mgit $0’ nu? rging czia bdi tozin thzi v_i ndy

A/I0"rg3ng 1.- CI: +171 + <-~‘ 2 4935 + (<1-/if + <11 - (‘)2 +<@ - (I): <2) 1

< r

I(Biil Jdrzg r/1121" Hadwinger — l'insler)
i

L67’ giiii I: (Q) @ Z(a/> +120 + ('11) — ml +1): + cl) Z -l\,"'3S

\ /—

<:>4S[ _1C+ _1 + _] i—4S(c01A+c0iB+c0tC)2-1»/3S
sin sin A sin B /

1-c0sA —c .\' —c0."1 0 B 1 s C A B C
-2» + + 2 V5 <:\ tan — + tan — + inn — 2

sin A sin B sin C 2 Z Z

A B B C C A ,
SL1‘ dung déng 1hL'1'c tan tun 7 +1an

/ A B C‘:

lan— +1an—1zm- =1 ta co:
2 2 2 2

.A 1B ~C A B
1an—+1an—+mn—— =tnn- +u1n' —+u1n- —+ 2Z1an—lun—

2 2 Z 2 2 2 Z 2

1 1A ~B\ A B A B A B: '“ H _'“_ _—’ 4 il i> 1. —.£ Z "' ’_:,‘Z2(Lan 2+tan +_Zi<1n31¢1n2_Znn°'1nq+ Zllljldllj _>

A

A B C A B C ,7
DO[Z1113--I"[8D7+lZ1T'i?>OI>i21I1?+li1I']:~+ll1:Z\,/J :> (dpcm)

_:

Ld’igii2: (2)1: [(12 -(1;-C)“

L____|

+
F‘

Q“

._4-[J

\/
4_

<
oi

in

3 —(c—z1):i+[<'2 —(u—b)'4_

<=»(P—b)(/1—<")+(P—¢")(P-<1)+(1>—<1)(P—b)Z\/31>(1>—~)(P—1>)(P—<") <3)

Lct.\'=p —z1,y=p — b, :=p — c, SLl)"I”£1(3)<:>.D‘+_\‘Z+Z32‘/3.\j';(.\.‘+_\‘+Z)

<=> (x_\"+ _\‘;+ Ix): 23.x3':(.\-+ _\' + 3,) <=> (.\'_\‘— )1): +(_\"; — ;\')2 +(:,\‘—.\"\")2 20

L0? girii 3: Ap dung bzii lozin géc cho tam gidc MNP. lrong dé M, .\1. P 1511 1u'Qt Iii tm

duérng trbn biing liép czic géc A. B. C cua tam giéc ban du.

- iwm-mg 2.- (lb + 21¢ + (‘(1 z 46 5

»— C‘ w v w'1

'M6'r_6ng3: ab+bc+cu2 4\/3S+%i_(a—/1) +(b—c) +(c'—u) j

‘ Mr? rfing 4: a3” +123” +02” +i(a—b):” +(h—<‘):” +(c—a)3”] ‘V/ze N

\\/-W

' Mé’rg3ng 5: 03 +b: +0: —2(a/2+17:-+ccz)+—@@9¥24\/§Su+b+c

' Md‘r§ng 6: a°‘b°‘ +b°‘c°‘ +c°‘a°‘ 24°‘\/33-“ S“ . VOL 21;0(eR (4)



Clzzrovzg 1": Jlgit 5'5 xzing tqm 1'45 bf}! zfrig flu?!" ‘)5?

. " “ M " “" \u "“ ‘H |' ~m .,L0'1g1a1:(-.11<:~ fig +[ T5 } +l fb } 2-; ‘ \§»-- KS".>1n(/ ‘>111.-X1 \‘mB'

I 1 1 ‘ .» , . ‘ ,4: + + 2 \/3‘ “ . Su' dgmg hat dang {hut (auclzy Lu co:s1n“A s1n"‘[>’ .\"1n“F

I 1 l . 1 1 l F
~ <1 + ‘ (1 + ~ <1 ~ 2 ’ W ' u ~ - (1 ~ ' r< ~ I ~ _i—l“*'“_¥sm A sm B sm ( \;.\1n A .\1n B sm ( Um] A Sin Bsm (‘fl

~ ~ ?
J 3 /-I4;Z Z Y, :\/A

.= sin A + sin B + sin C D“ \/3“
\/ 3

' 1VIé‘rg3ng 7: Cho u. /2. c‘ 151 dc} dZ1i bu cgnh cua mét lam gizic \'6'i dién tfch S. Gia su" .\'. _\". I
lix czic $6 thuc théa min .\- + _\" > 0. _\" + :_ > O. 3 + 4\‘ > () xix .\‘_\' + V\‘: + :.\'>(). Chirng min}

ring: .\-<1: + _\"/2: + :1‘: 2 4.‘/_\_w + _\~; + :,\‘.S (5)

...4

Lrii gidi: (5) <:> ya: + v\"/23 + gm: + If — Zu/vc0>C ) 2 ZN/.\1\‘ + _\": + ;.\'(u1>sin C)

<:> (.\-+:)%+(_\*+:)Q2Z(:cos(‘+\’I\T-+_\":;;:si11(‘) <6)
. 7 (1 ‘

Ta cé (.\"+:)—+(_\'+:,>—22~ ;‘(.\~+_-_)~(\<+:)—=2‘-N/'(.\-+:)(\~+:)
/9 <1 \' /P ' 11 ‘

SL1‘ dung bit dng lhirc Cauchy —Schwar:, la c6ii /" .__,~ ("L;cosC+ \/.\'_\‘+ V\":+ :_\'sinCS \(;" +_\'_\'+ _\*:_ + :.\*)(co.s" L *sm‘ C) = \‘(.\'+ _")(_\'- I)

:> 3(:c0sC+V'.\‘\‘+ \":+ :.\'sinC)S(.\"+ :);—'+(_\~+ 1)/-7 :<6)d(1ng
~ - > u

_\‘+\_)£:(\‘+_)k (1 L [)3 :u:(.\'+Z)
‘ /7 ' N (1 \'_\-+3 A\‘+I.

B51112 thfrc xdv ru <:> i <: q

c0s3C_ sin3C I

x 3 \= \1\' + _\‘I + :,\' ;\ __1 — .\'\"+ \": + :,\" _ (.\-+:)( \~+;)

Thé cl = (13 + /13 — Zu/>c0sC vim la C6

%_
. »+ ‘Y ~\*+: Q ~ \/.\'+: I.0' =u- u‘ ~———_u- -ii?

.\'+f- \/,\‘+: \/(.\'+:)< \"+:)

c" ‘\~ .\'+; Z: .\'+ \‘ <‘ \‘-\‘+_\‘ cl z‘<:> —):l+ — : ‘<::>—: _._:>'__: /__*
xzz \+, \+, \+* u ' +\, _‘ ‘. _‘ i Q T \, \‘ i \/_\'+:, \/.\'+_\"

\ . 1 , , u /J <'
V1 \/"qly dang thu'c xay ra <:> __ = = ?_

/\'+; \/;+.\' .\‘+\"\ . *

Uhg dung clia mri rging 7 trong tam gizic v0"i (Ty? ddi 3 cgmh Id a, b, c



9-‘~11 V? mgit b(7t (fling tlz 121' thi mzin quéc té

7.1. u: + If + :53 2 -l\”'§_S‘ + 141-/>)3 + (1: — (")3 +(¢" — <1“): (1)

, . : . / * / + '— " ‘ ' — * ‘— " ‘ ‘<
Chzmg mmlz. Bat dang thu'c <:> <1" 7 I U +15“ ‘ Ttll I) +1" U +/' 4 2 -+\ 35

(I I7 ('

Str dung m0‘ rng 7 suy ra chi cn chimg minh

Z 23@zz(z1—/1)(a—(')+b(/)—<')(l2—u)+('((*—a)(('—l>)20
11/1

Dziy chfnh IE1 bit dfmg Ihirc Schur bzjc 3.

7.2. ¢Hb+1>%-+¢-%1z8.iE.sJ§

Clzzhzg minh. TU'_b§t ding thirc Hadwigc1'- Finsler suy 1'21 ab + bc +ca 2 4»/__'§S

Su dunv mo ronv 7 ta LO. aw!) + bl + c Wu 2 4» ab + In + ca._S 2 8.1/27.S\/5
C . O

/ 1 -v

7.3. 3“/;(>z4\/[R +/>- +¢-- .5

Clzfrng minh. SL'1'dungnz0"rg3ng 7 ta c6

. - ‘ 1 [T77I ,7}~ _

cl" b—(+/)3 (Tl:-§~("' (l—b24\/cl‘ +17‘ +<".S <:>3u/J<'2~'l\/cl‘ +19" +(".S
(1 7 c

w ,_ _

7.4. (b + a‘ — (1):: + (0 + a'—b)b + ((1 +12 — 4%": 2 Si/3.S\/S

Clu?.'zgmin/1. SL'1‘dg1ngnlé'r(5ng 7 ta c6

(b+c—a)a2 +(c+a—b)b: +(a+b—c)z': 24\/“Zz1b+Z12c*+2c'z1-113~12: ~('3.S

Tit bit déng thirc Hadwiger - Finsler la cc’)

4x/Zab + 211+ Z011 - (R - />1 - 8 .5 z 4\/M55 .5 = s#§.sJ§

* M0 rgng 8: Gizi str (1. b. @151 dé din ba c2_1nh Cl1£l1“n@llam gizic vdi dién tich S.

, _ ; .\' @ \" 7 - ; ~

Chung mmh rang: -41- + ' ~11‘ + ~(" _ (7) VA‘. _\‘_ 1 >0
v + : : + r \" + \"

V
Q

/~\
L».:\|

V)

Lb'i giaii: SL1" dung két qua cuz1n1d'r(31zg 7 ta C6

x . \' . 3 1 I .\‘ \' \‘ Z 3. x
———-(z'+'i-b-+—-—-(‘-24X, ' + ' ~ + - .S
y+3 ;+x .\'+_\" \4\'+; ;+.\‘ ;+.\" .\'+ _\' .~;+ y V\'+:_

\/ -"'\“\‘+; 1+1’ :,+.\' .\'+\‘ .\'+\' \"+;Taséch£1'n2minh4X\/

I I

by

+ '\_ - '1 + Z - X .S>7/75

_\'_\‘ )1’. ;\' Zé
(_\' + ;)(; + _\") (3, + _\')(.\‘ + v\") (.\"+ V\‘)(_\" + 1) 4

<_:> 4[.\‘_\'(.\‘ + _\-) + _\':(_\‘ + Z) + ;.\'(: + .\:)] 2 3(x + _\1)(’\" + :)(:, + .\')

<=> xzy + xyz + )3; + )‘;Z + 12x + 1x2 2 6x_v:



CI1 mmg V: .Mg3t $5 szing tgm v¢5 bf}! (fling th 121' 985
Su' dung bét ding [hU'C Cauchy ta Q6

.\"'_\" + .\j\"' + _\'“: + _\':' + _\‘;' + .1’: 2 6. Q/,\"_\"..\j\‘“._\"‘:._\‘:“.:‘.\‘.zx ‘ : 6.\'v\‘;

Bil/JflngIhL'1'c cu5ici1ng dimg kéolhcohldzmg lln'rc(7)cf1ng dning.

° M(i'rg3ng 9: Gia SL1‘ u. /2. 0 151 dé din bu cqmh cuu mQ>1 tum gizic vdi dién tich S. I

.

1 ChL'1'ng minh ring: 4\jf§5‘+3.Z(¢1—/1):2¢13 +/)3 +03 (8)
E

L6‘igizii:Dzf1lu='\"+ :11) = 1 + .\': c = ,\" + v\‘.

Bait déng lhfrc (8) <=> 4\/§S 26(a/2+/n-+<'u)—5(u3 +/)3 +03)

<:> 4\/3.\_TZ(.\'+_\‘+:) 26U_\'+;)(;+.\')+(;+.\')(,\"+)")+(_\'+_\‘)(_\'+;)1—5Z(_\'+;):

<=> V3.\_T;(.\‘+_\‘+;) 22(.\3"+V\‘3+;\')—(.\'3 +_\"Z +33) (9). D§1l.\‘=p3;_\' = 1/3; 3 =11.

D0 dé (9) <:>

\,/’3—[73(/Zr: (pl +1/I +13) 2(p+z/+r)(p+q—r)(r+ p~q)(c/+r—/2)

<:> pa/2',/3(p‘ +c/' +1") 2(p+q+r)(/1+:/—r)(r+ p—z/)(c/+r— 1

/1)

' ~ w w ‘

Dc dng C6 V :\ (diéu ph:iichL'1'n_<_1 minh)
/1:/r2(/J +1] — 1" (r + p -1/)(q + 1' — />)

= { '“v(p'+¢/‘+r')2p+q+r
)

Clzzi j: Til‘ cc bit ding thirc (Z) \/51(8) la lhu du'Q'c bél ding [hire

{4J§s+3.Z(@-1+): 2:13 +/+1 +<-I 21.2w-1+>* ++J§5‘<1(>_>

T‘"h"@' wk" ' "2> ~ --a se c un, mlnh tron: ét qua (10) lhlL21C 11¢ §é _ va l CLld ZQ1 12)“ 151 czic gizi tn’

tél nhét. hay 151 ta chirng minh md rcfvng sau:

' Md rging 10: Giél sir (1. /2. c" I51 div diai b21c:_1nh cua mél lam gizic v<3'i dién tfch S.

Néu la cé 4v€s+<1Z<<+-11): 2111 +/>1 +1-1 2132 +1-/>)’ +4\§s ma 0+ 2 3 \"Z1BS 1.

L<‘)'i giziiz Din

Jr:/2—a>O fz1=\"+:
_\'=p—[J>O:>» >=;+_\':>S=\/;(/>—u)(/J—b)(p—<‘) =\/.\>\‘;(.\‘+_\‘+;)

M: J—('>O ":x+v
— "v

X61 hiéu Tu =4J3s +G.Z(cz—l1) -((11 +/>1 +6)

Tu =4\/3S +(2OL—l)(c12 +112 +c"3)—ZO£(a/)+bc'+ca)

Ta =4~’§S+(Z0<—l) (y+;)3 +(;+.\')2 +(.\‘+_\')2:!—2£X{(_\"+;)(;+,\') +(;+.\")(x+_\~) +(.\-‘+y) (_v+g}]

(“$1



9&6
~

' V? mt Mir dzing tlzzir lhi twin quéc té

7;, =4\3$+Il(L—1)(.\': T >\": +3: —Z(Cx+lH.\_\"+>\": +:,\‘). Lct <1’ =>\‘:1/>' = ix: 1" : .\‘_\"

%T(L 1 Z\;‘3.\j\‘:_(.\"+ _\"+ 3) +(C1—1)(.\': + _\": + :3)—((1+l)(.\1\"+_\*:+ LY)

%'[“;Z\/3(11lv +/>0 +021 )+(on—1)(/l%+‘/‘f ~+ U/,7—)~(OL+1)(u +/2 +(')
_' zl 7 L‘ '

Din H =b'+("'.l; :c'+(/1? :1/+l>' 2 ¢_1_/2.? 15166 dili bu canh cuu min tum gizic

T(I=ilTq=3\/3Z(—~5)(F—5)+(0<—1‘*(F—)(—5)(F—F)Z~%j—<<1+1)F
" (/>-<1)

~T?—-—'— F1 +1-,f +1-<1

=2\/3(a.1; +/1.?+F.E—;_>3) +((X—1)—“'—i_i—‘~—(U~+l)])
/7

=\/3['l((*1.l;+/2.F+FI_)—(c'z3 +53 +F3)}+(OL—l) fr Ian: A+tzn1:E+t;1n' — v!—(0c+l)1'1

JQ

:\‘;Il2§(Lz1n%+u1n—§+l:m%)+(01—1)F(Lan:%+1un3%+mn3%)—(a+l)

=2J3;—>.:"(l'.\n$-+tan%+tan 7‘ +(0L—l)/Tklanl é+1an3 %+u\n: %)—(0L+l)/-1

ii I f_ __ _ __ __ _l = 2 [Mun A um B tan C tan A +1un B +Lz1n C)
,7 \J 2 2 2 2 2 2

+(OL—1)(lan3%+lun3~1%+1an3g)—(OL+1)

D511 u:lz1n%;\‘=tu11%;n":lung 2 m~+\'n"+m1 =1

/ 1 2 v _;.

Ta C0: TQZ():> —_—=Z\/3u\"\\‘(zl+\'+n')+(Ot—l)(u'+\'".+n‘i)—(0(+l)2() ("')
p

§ u—~>0 T; ;
Cho 4; thl f-—>2(OL—1)—(Ol+l)=OL—3. Neu on < 3lh1E111U.\‘<»_wnthoamzm

:\1‘.w——> p

‘ . T’ ~ ,. . .

z1<,v(,+\‘(,m,+m,11(,=l. luy nhlcn. {‘—"~<() muu thuan \/0'1 (’-‘) :> I\4m0t = 3

Pu

-»
T 2—1{*"— 1 1 .

TLrO'ng tu. is = Z\/3u\"\\'(u +\‘ + xv) +(B— 1)(u“ + \" + xv“ ) ~(§+ 1) SO (_‘*"*‘)

p

A \ E,” _>+°° _ . _

I\leuB>11h1cho ' :> T—>+<><> :> :|111.\‘|.\v1lh0£11nan
1\\'.n' —>() p

T; _

ll1\’;+\‘|\\‘1+H'|ll|= l. Luy nhién_ —_‘—'>O mu lhun \'(5'i (’“‘*‘) :> ;\/Iax = 1 .

P1

v1 v2§yb§td§1ngIhL'1‘c 4¢§s+3.Z(u-bf 2211 +19 +2-121.321-/>>’ +4\/55 121161 nhl.



Clzu‘u'ng V: 31171 $5 xzilzg 11111 1'15 {>111 1?17'11g 111110 987

§ 24.3. 0&1; c11LfY‘1}it< vi: BAT 1).-i\NG Tm';'c NESBITT-SHAPIRO
I. 45 CACH CHUNG MINH BAT DANG THU'C NESBITT
Trong kho timg czic I151 dng 111111 néi liéng. c6 mét hfit dfmg Lhirc d lhu hfxt duqc >11

ch y cu111"§lnhi§u nhZ110:inh<_»c limg d;111l111‘é11lh§giO'i lrong su<‘)11h§kyXX1 D6 chfnh
lil ht déng thirc Ne.s'ln'lI - S'l111p1'r0. X17111 I903. nh Tmin h(_lC Anh Nesbitt di dun 111 bit
déns lhtrc:

11 /1 1' 3 ,v—~-+i+i_2~ ‘V 11_/1_1">\) (I)
/>+1‘ (‘-1-11 11+/) 2

Chrng minh kél qua nix) khéng khd. suu dfxy IE1 45 czich chrng minh khdc nhau lrong d6

1:6 nhiéu cch do ban Duong Dirc Lm szing lzic vim su'u tm. Cc ban doc ham thfch tim [Oi

cfmg c6 lhé £11‘ minh lim lhém min $6 czich chirng minh khzic nf1u.

1. Nhém 1: S11 dying djnh nghia. bién d6i tu'o'ng du'o‘ng, dzinh gié d:_1i dién

-0111111; ” + I’ + (I -24, U ALI/—b _§\]+I'/-L‘ "lll;+<' (“+11 11+!) Z \.l2+(' Z, \1'+11 _,» ‘».11+/2 Z

Z11—l>+11—1'+/>—1"+/>—11+L—11+<'—/>:lZ(u_/))(
1 l )

Z(/2+1‘) Z(1'+11) Z(11+/2) ZN (‘+17 ¢'+¢I

-\ 1 ~

(11-12) (/>—<")' (<'—11)' 11 [2 1" 3= + + 20 :» ——+€.+——2—
Z([7+1“)((:+c1) Z(1'+11)(11+/J) 2(11+/1)(b+1') /7+1‘ (+11 11+!) 2

° Cdclz 2: Khéng mét u'nh Léng quit. gizi su" 1' = min{a,/2. 0} . gQi ve‘ lrzii hél dé1ngth1'rc la S ta C6

3 (1—-b): I 11 +1) — 26 3S——= ( + (11—<")(b—c")2O.suyraS2—.
2 (11+c)(b+c) 2(11+b)(b+c)((‘+ 11) 2

- 012111 3.- Ta chirng minh (131 dién bait dang 1hu~¢

——”—2i-8ai£<:>411(11+l2+(')2(811—/2—1*)(lJ+c')<:>(211—/2-1"): 20/2+1‘ 4 c1+l>+1'

Khidé KI /9 1' Zl_(811—b—1')+(8b—(‘—11)+(81'—11-17):5
[2+1' ("+11 11+/2 4 41+/7+<' Z

° Cdch 4: Chufin héu 11+/2+1':3.T11sé chirng minh dai dién bt ding lhirc

i=qi2i+i(11—I)<:Z1123—11+3(3—11)(11—1)<=>3(11—1):20
[7+(' 3-H 2 2

-» (1 /7 < 11 /7 1' 3 3 _3Khxdo[Ht+l_+”+a+b_3_u+3_b+3_(_25+5(11+/1+1-3)-5

' Cdclz 5: Chufin héa 11+b+1"=3. Ta sé chimg minh dqi dién b:‘1td2ing1h(x'c

\/
Ln

,\

Q

R)Lu

L2-mi @)4112(3—z1)(3(1—1)<:>Z(z1—l): 20
3-11 4

. .)_-; (1 (I /7 + 1 +l7+(13”‘ ) 3—c1+3—I> 3—c' 4
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CdCh6__(1)<:S:(u—/2)+(a—<*)+(/)—(')+(l>—u)+(('—¢1)+(('—/H20
b+(' (f+a a+/1

.. \ _ -~ _»+ _ -_ -_’
G13. su' <12/22¢" lhl S2” 17+” C +b ‘ /7 61+‘ ”+‘ ”=0:;> dpcm

('+[I ('+C(' ('+(l

2. Nhém 2; S1i‘d1_|ng bét dang mu-¢ AM - GM A

\ 1’ \
'C¢ich 7: (1)<=>‘1+i 1+~[7i'+1+~1\]22

\ /J '/ ) \ 7+6

T

("+0

(_

u+/2, /_

(‘_x,u+b+c+u+b+c u+b+(">9 Q — l 1 1

W + _—/;~L(a+1;+<-)L——+i+—]29
u+b a+b 11+!) 2 b+(' ('+u a+b

/
<:> T: [(b+c)+(c'+a)+(a+b)]k%+L+—l~7)Z9

2+(' (‘+0 51+),

SL'1‘d\_1ng bél aéng thtrc AM - GM, ta cé

. 1

T 2 3.3/(b+c)(c+a)(a+b).3.3—+L+L =9 :> (dpcm)
\/2+(' ('+u u+l>

- cm;/1 8; SL'1'd\_.1ng bit déng lhtrc AM - GM, 111 cé

=—— _- _ 'i——=a(12 h+c u[ Zu 1>+(‘J u I 7a b+<"
+ + > <7 -

I2 + c 4 2 b + (‘ Za Z I2 + 0 Zu

_ _ (+41
=— + 2---_ i~i:hbl +<‘+a by 7b (‘+u\l /2 Q 71> -

4 Z J7 “ \/ 7/7('+u \_<'+u ° ; c+u _

7 1 a+b+ccl“ 19' cl3 + + +
b+c' c."+a a+b

'7 7

2

('3 +a+l2 0/ Z0 u+/7 >(“ ,, Zc" 11+!)EL + ]__4;:?-_=(~
41+]? 4 Z 11+]? .20 Z \fu+b Zr

2a+b+c

:12 If 0' 3
:> ——+a + ———+b + ————+c 2—(u+b+(')

l2+(‘ c'+a a+/9 / Z

a [J c' \ 3 . a 11 0 3
<:>(z1+/J+<')[i—+—+—-——J2—(a+l2+(‘J:> »l+i+—-—2—

/7+6 (‘+0 41+!) Z l7+<' (‘+41 u+b Z

¢->

xi4‘

/7 + (,‘ =.\' >0

-Ca¢119.- B5 - —~ -‘“+‘_'“"‘ " "_‘ "‘+“"

,____,

r\

+
I\

_.

u+b::>O

\+\ \ ..-\>() :> (1:i——@ 1/2% 1 c=—'i
. 2 ,) 7

, , ; ; , , \ \‘+;—.\' ;+.\(—\" x+\'—: 3
Khl do bat dang thuc t1"o' thanh ' + ' + ' 2 —

Bx 2v Z: I.’

\' .. 3 x x \' ,, , /\" N \, x x \'
<:>T-'—+—+——+—+—+'—23+J=6.Ta co: T26.r>‘—~—-—'—-—-'—=6

.\‘ .\' _\‘ _\" 3 1 \.\‘ x \' \"

' Cziclz 10: GQi vé trzii bit déillg thirc cn chtrng minh 121 T.
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/7 c <1
_ r‘ u /2D5111’: i+%+—— ;Q= —~—+—-—+~+ :>P+Q=3\‘z1

/1+0 ('+u u+/2 />+(" ('+u 11+/'2

1 11+/7+/J+("+('+u>, _/11+/9 /7+0 ('+u X»: __)-.\I - » :_
/)+r' ('+u u+b 14/9+0 ('+u 11+/2

2:.

+
“ta

I

u+(' /2+0 <'+/> ,1a+(' />+u 0+/1
/7+1" ('+(l 11+/2 \'/2+c' <"+c/ a+[>

3:> 2T+(P+Q)=2T+3 2 3+3 2 T2:
, ' . _ l b 1 ' 1CUCIZ II.

Theo b5mdémg1h(rcAM- GM, med; 523:/(L+l)(L+i)(_"_+l)
\/>+<' Z (.'+(1 Z 11+!) Z

Ta chi cn chtrnq minh: (i+i){i+i)(#—+i)21
“' /2+0 Z (“+0 Z 41+/2 Z

<:>(Ba+/2+c)(2[2+c‘+a)(2("+<1+12)28(cl+b)(l>+c*)(("+u)

Theo AM - GM: 20 +19 +0 = (a +12) + (u + 0) 2 Z\/((1 +b)(u + cr)

Liim tuvng Igr vdi 2 bit ding thirc cbn lai réi nhn thco vé ta c6 dpcm.

- cam 12.- (1)55=(L+1)+(L+1)+(L+1)22
b+c (‘+11 11+‘/7 Z

su dung b§ld§1ngthf1‘C AM- GM 111 cé 5 2 31/ — a k
\1\1)+c c+a a+b

T21 chi cim chfrng minh
I

- 2

3£L+lj[L+l)K;+1j2 —) ':>8(a+b+c)'1 227(a+b)(b+c)(c+a)b+c c+a a+b 2

Theo AM - GM: sm +11 + C)‘ = [(51 +11) + <b+¢») + (C +a)]3 2 27(a +b)(b+ @)<@+ (1).

, -
~ \ -\'+\'+Z' Caclz13:Da1.\‘=i—,_\~=i.:=—% va S=——'—

Z2+c (‘+0 u+b 3

Ta C6 L+il~ + =2 hay xv + \-3 + :,\"+ 2.\‘\‘: =1. Tu cn chirng minh S El.l+.\- l+\‘ 1+; ' ' ‘ ' 2

Theo/{M-GM, mo; 1=.;\-+_\~;+;\-+21;-;s351 +25‘ »=>(2s-1)(s+1)’ 203.92%

'CzichI4: D€1t.\‘=i.\‘=i.'=—Ltac6 —L+L+L=Z (*)
' b+c"' (‘+0 \' (1+b l+.x' l+_\‘ 1+;

. 3 3 , ,Ta cén chirng mmh .\"+ _\‘ + 1 2 Thét \*2_“1y. gm su" .\'+ V\" + 3, < K. khl C16 thco bél déng

thtrc AM-GMthi 1 + 1 + 1 2 3 2 9 > 9 =2.l+x l+_\" 1+; .=/(1+_\.)(1+\.)(1+:) 3+.\‘+_y+; 3+3
' 2

T+Q: + + 23-‘-‘ - - :3
1
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‘a

,
_ .

5

Bat dfmg Lhuc nay muu lhuan \'0'1(‘=‘) ncn dleu gm .\u' .\' + _\' + 1 < : la szu.

3 u /'1 4<' 3

\"@}' .\-+_\~+:2—<::-’+~—+——2~—.
Z ./v+<‘ <"+u u+b Z

° Czich15: D511 .\'-IQ 1 ‘:15 1 3. =i:>.\‘\‘:,=1.Khid(\
r u /1

. \ _ # .. ~ k

(H <:>——'\4++—+—‘—'—23 <:>Z(.\"\"+ \"':+:_'.\')2.\'* ‘.~‘-:~‘—.\‘\"+ \":+j,\'.

1+ :,\ 1 + .\"_\" 1+ _\': Z ' ' '
'

Theo bit ding thtrc AM -GM ta Q6

. w . _\"\‘+.\"'+'T.' ~'-,+ ~“—,+_~~ _-1+-">+ ~'—_
_\ _ \ \_ \ _ \ \ \ x \ \_

.\‘ \"+\" 3+; .\‘=' +' ' '+ ‘

1
1

J 3 v

21/.\“\'\'::,: +{/.\‘:_\“":_3 +14/;:_\'3;'\ =.\‘+ _\" + 1.

Tudng tu ta (:6: xi)‘ + )3; + :_3.\' Z .\'y + _\~:, + :,\* . Céng hui ht ding thtrc irén ta duqc dpcm.

I 3

'CdchI6: —il~+—7——+;—2— <:>ZZu(u+l1H¢1+<‘)23(u+/>)(.l1+<*)(('+c1)
/1+0 (“+11 0+/2 Z M

<=> Z(u: +113 + ("B ) Zulu +17) +/v<"(/2+<*) +('u((‘+ :1). SU‘ dung All — GA"! 1uc(\1

2&1" +1>‘):Z(¢z +l2)(u: +11: 4ul2)2Z(u +/2)(Za/1;(1/1):Z<:/v(¢z+/2) ::»(dpcm)

' Céch I7: Tu sé chfrng minh dqi dién

/FT Pi ri‘ "1" —-

" _z§ if ‘L -T :, 2(\/<1“ +v1>-‘ +w~‘ )z?»W</>+m . ThcoA.~VI- GM1ucé

b+( “ \/u’ +\/I2“ +\/c‘

Z(\/(13 + \/123 +\/¢-7‘):(\/41" + \/hi‘ +\/II>3)+(\/11‘ + \/Av‘ +\/(5)23/>\>;;+3z"\/£1.

. (1 17 (' 3 \/:IT+\[l;'T+v/,0? 3

Veg}-'7 + +1 '2—- ,__ __ =‘§ (dpcm).

I>+c‘ ¢'+u u+l7 2 \‘/U3 +\/1,7‘ +,¢(.-‘ -

' Cdch I8: Din .\'=5.)" =11. Khéng mil tfnh léng quill gid su" u 2l>2.r-:> x2 _\" Z1

.
c- <-

(1)<:>-i-+—+\—+——l—2i.ThcoAM-GMu1céy+l .\‘+1 .\'+_\‘ Z

""+l+"\~+122:> "“ + '\_ 22- 1 — 1

\'+1 ,\"+1 \‘+l .\+1 .\'+1 \'+l
\

Ta chi czin chirng minh: 2 -—l— —’1—+—l—2%
.\‘+l \‘+1 .\‘+\' _

<:>_1__71721 1 4\'~—l 2 _, _\'—l

Z )'+l _\'+1 .\‘+_\" Z(_\‘+1) (_\'+U(_\'+_\")

B£‘1tdz;1ngth'(1'cn{1yluén dfmg vi .\-Z _\'21 :> _\"— 120 \'Z1 Z(_\‘+1\)S(.\' + l)(.\‘ + _\").
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' Céch I9: LZ1m nhucriclz I8.1a cn chtrng minh i_+L+; 3 vdi X 2 \- Z L
.\-+I .\<+1 .\-+_\~ 2 '

__: _: 2
D231 A = .\"+ _\' vix B = .\'_\'. bél déng thirc urong du"o'ng vé'i 2 $-

(.\'+l)(_\'+l) ,\‘+_\' Z

A" -2B A 1 3 _ _hay 3+-><=>2A*-A~-A+2zB<7A-2;
A+ B+l A Z -

Dé )7" ring 7A—Z > O vii A3 24B_ $L|y1'z1tachic2‘1n chfrng minh
4<2A‘ —A3 —A+2)2 A3(7A¥2) ¢> (A—2)3(A+2)2() luén dng :>(dpcm)

° Czich 20: Sir dung b§tdf1ngth(1'c AM — GM u + + 2 3>\‘|/:13!’EC);

kn

ru4.

JJ

V

:(a+/2+6);2%¢l(l>+¢~):3;/(u+l2+c)3_ T \/e—b+"<:.> " >3‘/g “V;u 1. _ - 3
u :+- A_. 2

L \/(a+l2+c)

. ll b C 3\/3 m/Z + b\/Z + (‘\/ZVgay + + 2 . | .
- - k .1b+c ( +a a+b V/(a+b+(,)

Chun héa u +l2+ r" =3. Ta cn chvlrng minh a\/:7 +b\/E + z\/c 23
/~* -—

. u\/z1+u\/'u+l23u
Theo AM — GA/I, la 06: b\/Z + [>\/‘fl; +12 3/) :> u\/Z + /7\/Z + <'\/F 2 3 (dpcm)

/_ /_'
(‘\/c‘ +('\/0 +12 36

' Cdclz 21: SL1‘ dung bit déng lhirc AM— GM, la Q6

. , 1+ - 8 I2 +(1+-)>v,/°<1+-)<=><? +1+-)->8~.’ ‘.~> ” > ”a>¢___u)c _a2<_a _ ,
a b+<' (2a+b+c)'

I If _1

Til‘ d6 lu chtrng minh duqc VT(l) 2 8” , + 8) , + 86 _

(2a+b+c)‘ (_2b+c+u)' (2c+a+b)'
Kh6ngmz§l1inht<‘>ng quail gié str a +b+ c = 3. khi dd ta chi cn chimg minh

a2 bl ('3 3 :12 1 3 ",+ ,+ ,2 .Béy1<%~mg 1-,z—+~(a-1) <_*)(a+3)‘ (b+3)‘ (c+3)“ 16 (a+3)‘ 16 32

3 '7

Thf1l\"$y. (*) ':>;(a—l)'(c1—3) SO luén dimg vi ()<a <3.

Tr</mg (“'") {hay (1 ln luql bO'i b,c r6i céng thco vé czic bit ding lhirc la duqc

1 11 -3 3 3 3 3

G ,+ J L,+ C ,2 + (a+/J+C—3)=—.(dpcm)
(a+3)" (b+3)' (c+3)‘ 16 32 I6

' Czich 22: Khfmg mfil tfnh léng quzil_ gia sir 1121221‘. Tu sé chirng minh

11+!) + (‘ >12 + (' + u‘(;;;)
b+(‘ (+11 a+/>_l2+(' ('+u a+l2
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Thélvéy(#)¢¢£L1QH+§;;Q4NQ11i2()
/7+1" ("+11 11+!)

Vi 112/120 nén “—/'72”_b \'E1 (_“2(_u suy 1'21

l>+(* (1+(' 11+!) 11+1'

(1—b+b—("+(“—11>u—/9+/v—(*+("—(1 (1—b+b-("+1"-11
_ = =().tL'rc lZ1(*)c'iL’111g.

/)+'(“ ('+(l (I+l7 (I+(' ('-FL! (l+(' (1+('

211 2/J 21" (1+l2 /7+(‘ (‘+11 <“11+/1 /7+1" (‘+11 ~

Ttrdé + + ’ 2 + + 23;] '>< 3 >< -=3 (dpcm)
/7+(‘ ("+11 (l+/J /1+1" 1'+(1 11+/2 l>+(' (‘+11 ((+12

--ca¢1123.- B5 aé .- l . V11/>.(~> 0:115 1“;

3 K 3 1

Clzziwg minlz: Sir dung bit dring lh(rc AM — GM, ta c6:

r 3 +l+-” ’ +l+~"""'” - +l+-11"+(/z—1)(L3i() 2/1~"(1" ”i7——L :11@—[) 11

8 K I w

1

n+1

n 1 _,n1.1 I 1 1| 1

+ ;,~+(,,_1)(%+;L) 2,,.~;,~ Mg ZNQQ) 1,

\ _ » w

T

+[ 1| f +l7+ _‘r111|—|‘ +1 11+]

(>”+(”_1)((1 Z’ 1) 2”.~(_~ 11 1 :”((1 Q 1)
_ K _ /

7

:>((1" +l>” +1-")z»1(@5i)” I ((1 +lv+(.')—3(11—1)(%i)I' =3(l[37i-p~5;)I]
3 . .

zip dgmg: Khéng n1llinl116ng quail gin su' 11+b+(': 1. S\'1‘dL_1ng AM — GM, ta cé

(2—2(1)(l+11)(1+(1)SUq 2”) (a +a)j =
>

_— +1+G1 W % ;
3 27 -

27 . 2 . 2 .

D0 do _“-z_1¢(1+11>-. Tu'o'ng ((1 izl/111+/>>-.#zl1~(1+1->- . Ttr (16 -

1—(1 32 l—b 32 l—(‘ 32 3

I 27 , ~_ . . 1 1

VT(l):Yi(7+I—)7+1—(?23—7[((13+l2 +1" )+2((1‘+12‘+(.")+((1+b+(*)l2%. :

' Ceich 24: Khéng rnét tfnh téng quail gizi su" (1+b+(>=1. Khi d6 0<a,b.("<I. Theo 3‘

céng thtrc cp $5 nhn lili v6 han ta cé

VT(1)

5

-v-DO +0:

:T£Z+T2E+T£:: ”+Zp”+§¥=

Sir dung b6 aé <;»- cziclz 23 111 an-91¢

i[\/1%‘

' Czich 25: Khéng mt Linh téng quzit. gia' sir (1 +1) + 1': 1. Tru‘é'c hét ta sé chfrng mmh

(a” +1)" +1-")z3Z(—,—) =
1 3

11= ' 1

-X1 1| *+b+C

(1 + be 1) + ("(1 (' + 11/)
T = ——— +——— + ——— 2 2. su~ dung k§'thL1é1t(i6ng bzjc trong AM - GM, ta cé

b+c c+u a+b

11:! n=l

\J.)

lP42

1

ll ,,

(5) :~‘-iii
'1J

111%

II II I1+b + 1: )

:>(dpcm)
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T (r/+b)(u+<') (b+(;)(\/)+u) +(c+u)(c+/J) 2 (a+/))+(b+(_)+((_+.a) 2

b+c' (+11 61+!)
. , ; .. ; , , .4 -\'\' -\'+\‘ .. . ,Tu" do. ket hqp \‘0‘1 bat dang thut quen blet L" 3 vo'1 m<_>| .\'. _\' 2 O . ta co

.\:+ \‘ '

/ ' I" ' I 1 3U + ) + K 22- K — L” — (U 2Z-—~[(/2+c)+(<"+a)+((1-i-19)]:-
/>+(' (‘+51 51+/2 /2+0 <'+(1 61+/2 4 Z

' Cziclz 26: Su' dung btdi/u1gthL'1'c qucn biét (.\'+ _\" + 1): 2 3(.\‘_\‘ + _\‘; + :,\‘) ta cé

( U 1; (» )‘23} ab [M (u
/1+0 ¢'+(l 61+/71 L(b+<-)(¢'+u) (z‘+(1)(a+/2) (r1+l2)(/>+(j)J

Suy ra bit ding th[rc C15 cho IE1 dng néu ta chtrng minh dutyc bfit dfmg th{1'c mgnh hon IE1

__._____J

' ab bc ca 3+ + 2 —
(_b+c')(c+u) (c'+u)(a+b) (a+l7)(b+c) 4

<=> 4[ab(a + b)‘+ l>c(/9 + c) + c'(1(c + 0)] 2 3((z + b)(/2 + <')(<' + (1)

Kh6ngm§1l11'nh \<"5ng quél gizi su" (1 +b+c = 1. bit ding thtrc 1rO' lhimh
4[ab(1— <') +l)c‘(l — (I) + c(1(1—b)]2 3(l — (l)(,1—/2)(l— C)

1 I 1 9
<:> (1/2 +/10+ c612 9a/Jc" <.=> — + — +— 2G

(1 /2 G u+l)+c'
Bél déng thirc cuéi luén dimg lhco A1VI- G411 vi ta c6diéuphaichL'1'ng minh.

- cam 27; su dung bér aang mu-C AM - GM, ta cé

(1 a 1 5 <13 9a 9:1_-+%+- 2» 1 = 2l2+c /2+4‘ 2 Z(_/2+0)‘ 3Q/Za(/)+c)(b+(') 2(a+b+t)
Tu'o'ng tu la chtrng minh du'Q'c

-

b /9 I 9/) c <' 1 9c+ +— Z V11 + +—EMc+a c+a 2 2((l-f-I)-i-(.') a+l2 a+b 2 2(a+b+c)
, , , " 9 3Céng theo vé bu bé1d€1ngth£1'cl1"én cho 111 2VT(1) +% 2 3 <=> VT(1) 2 3.

' Ca’ch 28: Khéng n1§1ltfI1l1l6ng quilt. gick su" a +b+(' = 3.

su dung brim dang um AM - GM, m C6
Z R 3 3a Za Zn cz a (l\/Z, = 2 : = :> 2

(3-HY 251(3)-(l)(3-fl) [2a+(3—a)+(3—a)]‘ 4 3~fl 2

3

\/>+b\/5+ \/—Tu'0'ngtu'vi1suyra VT(1)= a + b + C Za a C C25.
3—a 3—b 3-6 2 2

- '19.-.‘;'<1h'-a-11 "Qd"<.Z""' iiCacz2 B"1td"m_t uc AC 0 tuonb uonp \o1g(b+(_ +g(a+h)(u+(_)

su dung bE§ldél1g[h(l'C AM - GM, la cé
~\(;I)A+l2i;(L)1+l2.L;_L)1+i2_i;

b+c 4 b+c' 0+0 4 c+(1 a+lJ 4 ((+1)
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Y

w -

Ta Chl can chung mmh 241- + Y‘—1'—“[L—~25
W -17+? f'\f.‘(u+1>)(u+(“)

<:>Zu(u+b)(u +(’)+Z2[J('(1J+6’)Z3((l+[7)([7+(')(£'+(l)<=>(IR +173 +1"; 23ub(‘
U

B51 démg lhirc cuéi 1u6n dng lhco AM — GM \"z1Lz1c(>dpcm.

3.Nl16n1 3: SL'rd1_1ng céc bit ding thnic c6 Ciién khéc

° Czich 30: SL1‘ dgmg bait ding thtrc CBS ta Q6

, ‘I 1 ' \: w

[LN/>+r')+/>(<'+zl)+r'(u +/UH —Ll——+—)+(l !Z(u+/)+¢’)'
\/2+0 <'+u 0+/7‘

(I 12 (' ((1 +11 + (‘)3 3(c1/9 + hr‘ + ('0) 3

:> + + 2 2 :-
l2+<" <‘+u (l+/1 u(l>+(')+/>(("+u)+c(u+/2) Z(u/7+/2c'+('u) Z

C
.1.)

' Ccich 31: Khéng 1n§1tlfx1l11611g quz'1l.gia str (1.b.c€ ( .. ) \"Z1 a +l>+c =3.
w

q u a
Kh1d0tz1c0(a—l)‘ 2O<:>a+1Zu(3—(1)<:>f——2——3-0 cz +1

I) I22 c ('2
Tuong tu 2 1 2

3—l> /2+1 3-0 (‘+1
C<"_>ng lhco vé bu bit déng 1hL'1'c trén \'Z1 six‘ dung bin démg tlu'1'c CBS ta du"Q'c

VT“): (1 b 0 (13 +11: +1.‘: 2((1+l>+('): :5.
3-41 3-11 3-0 0+1 b+1 ("+1 11+/2+<"+3 Z

°' Cziclz 32: KI16ng1115tlf11h1611g quail gizi sir u Sb S c :2 u +1) S 11+ c S12 + ('

aébéf 5/b+(“2('+u2c1+b

3 1 1 1 3 41 /1 ('
-—s-—s—— ~‘s—s~§

' \l7+(' (“+0 11+!) \/>+(‘ (“+0 u+b

Str dung bét déng thtrc Clzebyslzev ta c6

/ I

Iki+-l)—+_(-)[(/2+¢‘)T(('+(z)+(u+l2)]Z3Li(l)+c)+-Lu-+11)+i—(u+b)J
b+(" c+u a+/7 /2*c c'+u a+l7

<:> I L+L+»;1[2(a+b+c")]Z_3(u+/>+z')<:>
'\/1+0 (‘+u u+l>/

(1 12 z‘ 3(u+lJ+(') 3
+ 4- > :--

l2+(" (‘+t!|(I+[J_2((I+/7+6) Z

. ' _. ) (__¢1__L)_ Z11;/l;Q_)Cach33 (1<:>;b_ 2>0<=»; >(

Zu—l>—(“2Zl7—c—u2Z('—z1—b
Gi21sL'1' (121120 thi 1 1 1___2__Z__

./2+(‘ (‘+u u+/2

J
JJ:“

M

b+('Theo bit dimg thirc Clzebysev: _— (la — /2 — c)W2—1—1= O:> (dpcm)
7 (’ . £\l J

A"\£' (\r_ J\_
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4. Nhém 4: Sir dung bét ding thc czjn dgi

W2

aSbSc

1 1 1i§__§___
h+r‘ ("+0 a+1)

u+b+<*

' Cdch 34: Khéng mil tfnh téng quzil gia str u S1J$c:>a+11Su+('S1)+c'

. Theo bét démg thL'1'c1z0an vj Lu cé

.2b+¢+u ‘A a+12+<2c+a+12
1)+(' <'+u a+12 b+<> c+u u+12 /2+0 ("+0 ((+12 b+r <‘+u a+12

Céng theo vé hai bah ding Lhfrc ny Lu nhim duqc dpcm.

CdCh35: (1)<:>Z:z1(a[+l2+c1>3(a+7b+(')4:2 (,3 >a+£>+(_
2+0 _ _ b+c'_

Gizi str a Zb 20, theo b§1d§1ngLhf1'c1z0élz v_i thi
-> 1 w7Z u‘

b+c(\( 22 acikb Va 211+ c 22 410+ c('\'(' ('\'(‘ l'_\‘('

Suy ra ZL2l[ZL4-Z_i]=l2—L‘2“Lbz Zl2h(“+b): =-h”+g+"
_’_1J+c' Z ’a<\r +12 ‘_\_a+c 2___ 0+1) 4’_‘_ a+b

' Cdch 36: TrLré'c hét ta sé chfmg minh b2‘1t déng thtrc sau vdi moi a_12.c2O:

u + 12 + L‘ 2 Zab + 2\bc + Zea (1)
12+c 0+0 0+1? (<'+u)((*+b) (c1+171(u+(f) (b+c)(b+a)

1

Thét vily (_l)<:*'(13 +123 +03 +3[z12<'2Z(zb(a +b) +Z12c(12+c‘1+2c(z((‘+0). dlflng lheo Sclzur

Cu6icU11gtu chi cn chtrng minh

Z*—<.,.

Zab -Zi ¢:> ab(cz +b)+19c(12+c')+ca(('+a)26a12c dnino theo AM— GM.+a)(c+12) 2 I 1 C

- Cam 37: Gqi vé mii ct1a(1) 1:1 P, ta 06

3 2[a(a—b)(a—c)+b(b—a)(12—c)+c(c—a)(c‘—12)]+(a+b+c*)[(a—b)3 +(12—c'): +(c—a)2J
P

2 4(a + 1))(12 + c)((' + (1)

Theo b§1td§ngtht1'c Schur thi a(a — b)(a — c) + 12(1) — a)(b — c) + c(c — a)(c — 12) 2 O

kéth_ vdi (a+b+c) (a—b)3 +(19—c): +(c—a)3 20 suy ra diéu phzii chfmg minh.OP

- cam 38; G<_>i vé trzii cua (1) 15 P, ta co

P _2 (20 +1) + c)(a — b)(a — c) + (Zb + c + a)(19 — a)(b — c) + (Zc + a + b)(c — a)(c -19)
2 2(a +1))(b + c)(c + a)

Khéng n151tinht6ng quzit_ gié str a 2 b 2 C. suy ra 251 +12+c 2 219+c+a2 2c+a +1)

Sir dung bait ding thrc Vornicu — Schur (hay bah déhlg thirc Schur suy réng) ta Q6

(Za + 1) + c)(a — b)(a — c) + (2b + c + a)(b — a)(17 — c) + (20 + a +19)(c — a)(c -19) 2 O

Til‘ dé suy ra diéu phéi chirng minh.
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5. Nhém 5: Phuvng phzip giéi tich

' Cdclz 39: Khéng mét tinh téng quail gizi su'c12/2 2 c.DZ1t .\'=<z 2/22¢-.

\" b I‘
Ta cé (1) <:> _/'<.\“|= 3 +——+ K \*(>'i.\'2122('>()

/7 +(' (‘ + \; _\'+/7

_, I /1 1" 1 /7 ('

=>./w=, —, .~ ,> ~ ,- ,=0
v+<" <_\"+<->' <»\"+/>>- 1>+(' (h+<-)' (/>+<~1-

. _ . . Z12 +(
:>_/(.\") tang[[>. +<>c):>‘/ (_.\')2f(1>): _— (2)

/>+<'

~ ‘_ . 3 ./ ~ .1 ,~__Z.\'+c . .

Dal .\ ~12 :> .\ 2 ¢ >().xc1ham 50 _q(.\_) - —+— VO1 .\ 2 ( > ()
.\' 4'

:> g'(.\‘) 1 > O V0 > O :> g(.\') lfmg lrén [(1 +<>@) :> g(.\") 2 g(¢') : (3)
.\'+(")‘ ~

\ \ I ' 3

Tu‘ (2) \'El (3) suy ra —a— +—7——+i—2— Va. 11. 1" > O

b+(t ("+0 0+1) Z

- ca¢n40.- B51 .Y=-i—,)‘:——L,1=—i—
b+(" ('+a a+b

Xét him _f'(I):-[—(I>O) la C6 f'(!) =———]——,>O suy ra f téng trén (0;+<><>)

‘+1 (z+1)‘

M511 khzic _/"’(I):—(—;—_<() Y/1e(O:+<><>) nén 16m lrén khoémg (O;+<><>)

1+1)‘

Khi <16 zip dung bét ding thirc Jensen la c6

» '\_+'\‘+Z3x2'f(X)+f('\_)+~/3(3):-L( " + 1» + " ):i:f(i)
3 3 c1+b+c (I+[7+(‘ u+b+(' 3 \Z

.\‘+\‘+; -

suyra ——‘——2l \':>.\'+_\'+:=—‘5—~+—/)—~+—‘——Zi (dpcm)
3 Z b+c c+ (I a +12 2

~ 3

-ca¢h41.-B@ms=@+1>+@m¢@¢<1><=>if-+iL+-L»
S—cz S-1) S-—c 2

xahamsé j<.\->=?"'- vc'>"ixe(0,S) ,

—.\'

, , S ZS ,. .

Taco f (.\"):————, :> _/ (.\')=——¢ >0 vo'1m<_>1 .\'e(O. S)

(S —.\')' (S —.\')‘

:> f(x) 151 him léi t1'én(O. S). Sn" dung bél ding thfrc Jensen ta cc’)

41.1’ ¢'_~ -,1~+b+c_~S_~ _3
W;+§S_b+;S_(_—/<~>+f</,>+_m>z.».r(~—~“3 )-11(3)-3 25*-5

3

' Ccich 42: Khéng méletfnh téng quét giai su (12!) 2 c v21 a+b+c =1.

owl/a

1 2
Khi as (12%. cs; suy ra (1%-1721-025, nén ((1./>.@)>(%,%,%).
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Ap dung bél dang lhtrc Karamata cho hi1m _\" I j (X) = 161 trén (().1)_ G01 \"o'1 b1)
\

trcfvi (c1.b,c) ta cé VT(1)=_fm)+f-(b)+f((-):_f"(% _ _ =;\J \ J \ 3

,
1

+
\~>

/i‘\<

DJ'—‘ \J.

+
’\-.

/'_i‘\

Lu-- \_/

J_»J

B511 déng thirc duqc chirng minh.

6. Nhém 6: Phu'0'ng phép hién dzgi

(1 1) ‘ c1+/2- c1z@1143.- B51 f(11,b,1~):k+__+-‘- YZ1 1=_ 111 c6
b+c' c+11 11+/2 2

7('((l_/)_yC)_

‘ ‘ (c1+c')(b+(')(u+/)+Z1‘)

3 2 - 3 ‘— 3Matkhacxalaicé f(r,r,c)—;=l+7l--=£i2O.
_ 1-+1 -1 2 2z(<-+1)

1 . 1 -- , }\ ’ . 3Tu'ha1batd€1nglhu"ct1'cn suy ra f(c1,b,(‘) 2 j (1‘.f,c‘) 2

, (1 b 1 /~'Cach 44: Dal f(a,b,c)=?+l+—— vi t= b.
b+c c+a 11+!)

Z
'-A

Khéng méit tfnh téng quzit, gia sir C=II1iI1{(l,/),C}, ta cé I2 c v21

f(a,b,¢>)—f(a,b,r)= “(PO + who +C_r
(b+c)(/9+1) (c+c1)(t+a) a+b

/ 1>r—cL a 12 _1):1‘—c (a—b)'
_a+b 12+! r+11 ,1 11+/2'(b+I)(I+c1)_

3 _] I I _] I
Min klizic ta 12_1i 06 f(c1,b,1‘)——: ((1 )) +_ (G I) + (I J) 20

2 2(b+z)(r+<1) 2(b+r)(11+b) 2(a+b)(z+a)
_ 3

Suy ru f(a,1).c)2j(c1,b,I)2;.

° Cdclz 45: Nhfm xét ring vé trzii Q1121 bit dfing lhirc lim mi)! hilm déi xfrng déi \’é'i bu bién
a,b,C, néu viét né du'é'i dang da lhirc thi duqc mét da thirc Q6 béc khéng quzi 3. Theo
dinh If ABC ta chi cakm xét bit ding thirc trong hui trumg hc_>'p:

— Trzrdng hop 1: Mét trong ba bién a,b,c bzing O. giél su‘ 1' = O. Bit d€ingth(1'c [rd thimh
‘sb , .%+ - 2% luén dung theo hm déng mu-Q AM - GM.

(I ...

— T/-zrdrzg hop 2: Hai trong bu bién (1.b,C hing nhau. gia str /9 I c. Bit d51ngthL'1'ct1‘dthi1nh

1'1 Z/2 3 ((1 — 2

+ 2 Q *:> 1)) 2 O.1u()ndLing.
21> (1 +12 2 2/1((1 +12)

Bét ding lhrc du'Qc chirng minh xong.
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1|. MO’ RQNG BAT DANG THU'C NESBIT

Chfmg ta vira du'Q'c hlm qucn \»'é'i 45 céch chirng minh bin ding thixc Nesbit. Diéu ny

néi lén diiy thL_rc su 151 mét bit ding thirc khéng khé dé chirng minh. Tuy nhién viéc mo‘

réng bait ding Lhtrc Nesbitt cho n $6 thgrc duong (1124) lai khéng don giém chin no.

Suét 53 ndm nhiéu nh Iozin hcpc di tim czich mé réng v chfrng minh bin ding thtrc Lrén

cho czic Lrudng hqp defxc hiét v51 téng quét nhung mi dén nm I958 min hoc trb cua

Nesbitt 121 Mordell mdi tim in du‘(_>'c czich chirng minh cho n = 4, 5, 6 chém dirt min thdi

gian din biii toain chua c6 IO'i gizii. Nzinz I954. nhil Tozin hqc My Shapiro d dun ru

ménh dé téng quzit v51 n6 du'Q'c gain vdi tén gQi bzit airing thii'c Shapiro

M_énh 1151: Giél sir a]_a2,...uH > 0. Xét tinh dimg sai cua b§1td€ingLh(1'c sau:

' ul al (Inf! an H
f”(ai,a,.....a”)= + +...+ + 2— (2)

' a,+(1~ u.+a u_+u 0+0, 2
_ ,\ _> J I. I I _

I

Ngay tir khi ra ddi, bit ding thfrc (2) dii cuim hull du‘Q'c su ch )7 cua rah nhiéu ngubi

dam mé toén hqc. Thém chi né néi tiéng dén miic mil mim I990. Lai héi nghi toain hcpc

Oberwolfach vé czic bit déng thtrc. czic nh toim hqc d phai nhéc lai 102m bi) lich su"

chtrng minh lu diii ctla né mix déi khi du'Q'c xcm 151 v6 vcpng. Bélt dzing lhU‘C Shapiro tuy

vc'>'i vé bé ngoizi c\_1'c ki dcrn gién nhung dé chfrng minh né 151 diéu v6 cLmg_kh6, do chiing

ta phéxi xét mét $6 luong rt lén czic truémg hqp riéng biét. Diéu nay khéng 151m cho

chling ta ngac nhién, bdi vi [xii airing I/112/0 Shapiro kliorlg ailing vdi moi so 1‘z_r n/zién n.

Trong phn tiép theo ciia chuyén dé ny, chfmg léi chi c6 géng trinh bfmy tém til lai czic

két quti quan trqng cua czlc nhil tozin hqc lién quan dén bit ding thtrc (1) mix khéng dé

caip chi tiét dén czic chirng minh bc'»'i vi {Yong mi)‘. $6 t1"u"é>’ng hqp viéc chirng minh dbi néi

pheii sir dung dén czic kién thtré cua lozin cao cp vu"c_>'t ra ngoili chu"0'ng trinh tozin phé

théng. Trude hét xét truiwng hqp don gian nhét khi n = 4.

, . 1) - 1

2.V<'rin=4,bétdéngthirc(2)tr0thE1nh: “ + + ‘ + ‘ 22 V51, 1;, ¢-.d>o.<3>
b+c c+c1 cl+a u+b

/ \
' I 1

Cln'mgmin/1: Ta C6 [a(b+c)+b(c+z1)+c(d +c1)+(1(cz+b)] —a—+i)—+-L-—+—(— I2
\b+c.' ("+41 5/+u ((+17

7- I '_~_ / Q ,

i/a(b+c).\.;’;££-Z +\/b(¢-+d).\Jc%g +\/c(a'+u).\i——d:.a+\/c1(a+b). ——aibJ :(a+b+c+d)_

' (c1+b+c:+d)3
Suyra: 61+ b + C + d 2

b L cl+c' '+ d+a u+b z1(b+c)+h(c+d)+c((l+a)+(1((i+b)

r(u+l2+(r+c1): I (a+u')+(h+c) 2 24(u+d)('/)+c)

>—]
ca

0 Q

+
L.

.—-‘

.__...

(LI+b+('+d): :[<u+b>+<<.-+¢1)]’ 24(u+b)(c'+z1)



Clurring V: N113: 5'15 sdng tqm 1'15 hf}: drilzg 112121" Q9‘)

I>

:1Z(11+/7+1'+1/)3 2-l1:(11(/7+1")+/7(1"+1/)+1'(1/+11)+(1'(11+/7)):

111+/>+1*+1l)3 4
2 — = 2.Suy1'z1(dpcm)

11(h+1')+/>(1'+11)+1'(1l+ 11)+ 1/(11+/2) Z

,_ \ 11 11, 111‘ 114 11; 5
3. V01 11:: th1(2)tr0thanh: ‘ + ~ + + + ' 2- V 11, > ().

113 +111 11‘ +114 114 +111 11; +11| 11] +11, 2

C/1111111 111111/1: B511 11] 1 11“: 11, = 11-. Su'd1_1ng bé1td§11gth(1"c CBS ta c6:

1:l(1‘_| +11“: 11l(11_, +111)+111(113 +11_.)+11;(11‘, +11_<)+114(11; +(ll)T(l_;\(tIl +

Ta sé chfmg minh;
(111 3 1 +114 115) 23

1 5
<:>(11, +111 +113 +114 +115)‘ 25[11](113 +11}“)+11:(’11_} +114)+11_,(114 +115)+114(11_< +11])+115(11l +113 )1

<=> (11, +113 +113 +114 +115) 2—

<:> >(

5 111 (11]+111+11=+11.+11<)32 . _ 1 .

<::(l

q \

L:

r\

>_.

(I 1

Z11_1(11‘_] +11L_3).Z——‘i2(11! +11, +11; +11_, +111)
I 1 ‘+111 . ' '

+11 +111 +

11_)

» 11'(113 +113)+113(113+114)+11‘(11; +11;)+114(115 +11|)+115(11! +113) Z

1

3 +13 +13 +13 +l3)(11l: +11% +11; +115 +11§)Z(11l +113 +113 +114 +115)

-I-AK11

F4*-I

("1

111' +115 +11; +111 +11_;)Z(111 +113 +11‘ +114 +115)

w- '7 'v W ~ '>

+113+11]+11_1 +115) —(11f +115 +11; +11; +11§)

B51 ding thL'1'c cuéi dimg lhco CBS. TU dd suy1"11(dpcn1)

L___|

;____

4. Vdi 11:6 thi (2)11-drhnh

11 11~ 111 11 11; 11‘

‘ + - + ‘ + 4 + 1 + " 23.V11,>0(3)
113 + 113 113 + 114 114 +115 115 + 116 116‘ + 111 11, + 113

1

1

C/21112;; 111111/1.' D511 117 =111;11S = 113. St1'd1,1ng b§1td§1ng1h(1‘c CBS. la cé

(1 (1 H‘

(_1l11i+ 111+: ).Z~——i 2 (111 + 113 + 11; + 114 +115 + 116)

1:1 1:1 (‘Aw + “A4
Z1

U
WM?

,_

(ll; (11, +113 +11_1+11J +115 +116)“

_(l ‘ _'+'[l (I Cl "'(l (I (l +61 +(I £1 +11 +61 + +M ‘.4 ,( 31 _,)+ 2(3 4) 3(4 5) 4(11_;+11) 11_;(116 11|)+116(11|+11Z)



N) C1111 clz1l_\‘§11 1'15 b1'1t 1l1f1zg 1/1111 Nesbitt — Shapiro

»-\

Ta sé Chung minh

(>11l+11: + 113 +114 + 11; +111)“
23

11] (113 + 11; ) +113(11= + 111)+ 11,(114 +115)+ 114 (115 + 116 ) + 115(11(‘ + 11] )+ 11(11| + 113)

(1

7

@1(11| + 113 + 11; +114 + 11; + 116)“ 2 3Z11k(11k_i + aka)
1=1

c> 11!: + 1132 + 11; + 115 +11; + 11$ 2 (11 (113 + 113 ) +11: (113 + 114 ) + 111(114 +115)+

+ 114 (11; + 116 ) + 1151116 + 111) + 116 (111 + 113 ) — 211,114 — 2113115 — 211311,‘

w

1 1' 3 1 ,
<:> 111+114 —?(113 +11; +115 +11(,)J +1(113 ~11; +11; -116)‘ 20, dung suy1'a(dpcm)

L 1.

Phuong phzip chtmg minh (2) bng bat ding thtrc CBS cho 11: 3.4.5.6 151 mét chirng minh 151

dgzp. Czich chirng minh niay d1_1'z1trén mét bit ding 1h1'1'c gién tiép I51 bit ding th1'1c:

(11 +11 +...+11 )“ 11 ,

' 3 " 2+ (_’=‘) V11;.11,....,11” >0
11l(113 '+11;)+113(113 +114)+...+11H(11I +113) Z “

Tuy nhién khéng thé dhng phuong phép lrén nhm Lao ra (‘*‘) dé chirng minh (2) dmg

vc'1i 1127‘ vi khi d6 bit ding thL'1'c (‘I’) sé khéng cbn dilng nfra. Thét véy. ta sé chrng

minh (‘*‘) khéng dimg V 11 2 7 béng phém vi du sau déy

' P111111 v1'd11:

Léy 11, =11: =11} :1 vi 114 =115 =11(, =...=11”_1 =11” =8 [hi

. 1 2

[3 + (I2 — 3)€] )1

("‘) <1‘-1 i-1*-7Z— (""*)
3+€>s+(211—9)e- 2

vo-1112 7,111 ¢11<_111 8 1% v:1111évz1@ biéu 11111-1 vé 11-111 CLl€1 111 C6
ll

1 7

13 -3111*] (3LH” )1011 < +10 :9.1>1<ZS£

3+1>~L+1211-911*!-A; 3 3 2 2
1011 - 10011"

' Kétlug?11.' V6111 2 7 {hi bt déng 1h1'rc (**) khéng dimg suy 1'21 (*) khéng dming

$1111 1111 @1111-ng 11111111 111211111 Céng 12) dng V111 11 =3.=1,5.11, M111-111111111 5111111111/1 1~1*111;,1 b11'1

cT1I;11g I/1111' Shapio $5 /<l11311g dzing 1101' 11101 1127. Nm 1956, Ligllthill ln dziu tién C15. tim

ra mét phén v1’ du cho bt déng Lhtrc nily vé'i 11:20. I-lai ném sau, ngoi Mordell.

Zulauf v51 Rankine cng tim ra mét phzin vfd1_1ch0 11=14.ZulaufcC1ng G5 cé mét nhén

>111 111111113 111 déng 11111-1:

SM: (a].....11”.11”_|.11”)= S” (111 ,...,11” ) +1 (6)



C11 mmg V: 11/lg)! $0’ sting [gm vé hlt zizing tI112'c I001
1

Tia‘ div 611;: nhgln ‘(él ring néu lim duqc mél phan \'1'd11 cho (1) vdi 11 1120 dé [hi cfmg sé
cé czic phém \"1'd11 cho 11+ Z.11+~l....

1\"1i1n I959. Zulauflgi cho thém min phan \'1'd1_1kh:ic vdi 11 =53.
1

N17112 1963. Diananda dii thiét lép du'Q'c mél ding lhirc khzic 1'51 n luxjng. dé chfnh 151:

((1 —(1‘.)(a -11)
511%?<ul"""u11~l'a11JZSI1((I|""’U11)+%_

H») H I \ H I

L “X11 (an + (ll )
Z

'I‘£1'di1y suy 1'11. néu vdi mét bc} gifm lri (111.....a”) 11510 dd 121 C6 S” (c1l.....c1")S% vix C6

mét gizi lrj 1" n£10 G6. lS1"£11. (35 11121 c1,,_].a,,.11/H (ch1's6tu§1n h0£1n)do‘n diéu (chfmg ta
cé thé Q13 su rfina 1":1z). [hi sé dén dén su dL'1n<* dén CUZ1 bét dine thllrc4. \_

- C
£1

11+lSM (c1].....(1”_] .51” ) Sf.
Vc'>"i 11 1e thi r6 rimg ring luén luén cé mét gizi tri 1- nhu" thé do chu5i tun hoim c6 d(_3 dili lé
khéng thé chuyén gifra s1_1"tz'1ng v51 s1_1giam 0 mQi vi tr1'. Dia1za11da nit ra du'(_1c dinh 11' sau

B_1'11lzl1'Dia1za1zda. Néu (Z) sai v(3'i 11 =11‘) lé no dc’) [hi n6 sé sai vdi mQi 112110. Néu (2)
dng cho 11 =11‘, chgm nilo d6 thi n6 cflng sé (hing vdi mQi 11 £11”.

Cimg vdi dinh 11' nily éng C151 dua ra mél phém vf du cho (1) vdi 11:27. Diéu nixy cé
nghia 151 (Z) sai véi mcpi 11 lé 2 27 . Cimg mét lép luzin nhu' d5 du'(_>"c $11 dung trong dinh lfD1'a1za11da

cfmg cho thiy vé‘i 11 ch§1n. CléLl béng cua (2) xav ra <'>1mQi diém. 11“ =%(l + 01. I —01,..., I +01. 1 — 01),

(OSOLSI) trongkhivdi11lé116<:h1xay1'avéi 11° =(l.....1).

Cimg Iilc ny Djokovic d Chirng minh ring (2) dling cho 11:8 v Bajsanski chfrng
minh (2)cf1ng dng cho 11: 7. Nrim 1968. Nowosad d chtrng minh (2)dL’1ng cho 11 =10
v51 vi vzfxy lheo If thuyél lrén bfl1d511g thfrc Shapiro cimg dng cho 11 =9. D0 d6 cho dén
IL'1c ni1y.ch1'c€>nlai 06 IO l1'u'O'ng hqp chu'z1du'Q'c xzic dinh IZ1 khi 11 :12 déi vé'i11ch5n vi
11 =9.I l.....25 khi 11 lé. Nlim I971, Daykin vZ111/Ialcollz (T51 chfrng minh (Z) sai vc'>'i 11 = 25

\-"£1 Kr1'sti11ase11 cfmg 651 chtrng minh (2) Citing cho 11:12. v51 vi véy dng cho 11:11.
V210 nflm nfly Drilzfeljd d dun ra mél chfrng minh 1'51 ngin g<_>n. so cp mil Iai séng 1:10.
Dévng Ih©'i éng d dzinh gizi xzip xi mét bit dfing lh1'1'c gin vdi Shapiro dng v('>'i mQi 11:

" 11.
, .Z1-2%-0.989133... Viéc chtmg minh b€11déngthL'1"c trén d1_1'a theo mél dinh I1’

1:1 1+! 1+_ L‘
~

n61 tiéng v51 mét bit ding thL'1'c hozin vi sau dziy.

1911111 I1'Dri1zfeljd. Néu am g(.\') 121 mél bao 161 <111~<a~1 @1111 11111 him 161 gizim

-1

f(.\')=Z(c*"' +25) vl /1(.\')=e“ [hi ]1zfgS“ (.1, ......\'”)2g (O) dling v(3'i mQi 11.
11

0111111 thuc @1111 (0) 1511 gin 11¢-1 1; 1,» (0) = 0.989133... \/£1116 khéng p11.~11 111 mét $6 11111



l()()Z 'Cau clzuyén vé bt (Hing thlfc Nesbilt — Shapiro

E B1§I17r11zgtlz11rI11Jd11 v_i. Néu :1] £11: S...§uI_ VZ1 121 Z/J: 2.12/2” thi G51 v61 bt kj" hozin vi

H II

(k].....l<”) nilo @1111 czic chi $6 (l.Z.....1z). Lu cé bzi1dz“1ngth1'rc: Z11,/2112 Z/1,121 . I

1:9 1:’

\/iéc lim mién dfmg Cllil (Z) dz} kéo di gén 20 ném suu dé. B511 déu \"z1n nzim I976_

Godunova vil Leni di chirng minh (2) dimg cho 11 :12. Cilng lL'1c nily Buslzell cng d

dun ra m<}l pha'n vi du khzic cho 11 = 25 \/Z1 éng cfmg dun ra mét chfrng minh so cp mdi

viii 11

Nm

=7. Buslzell cimg vdi Craven d chimg minh 1"§'1ng (2) dimg vdi mqi 11 16: S23.

I979, Troesclz v21 Searcy d xét bili tozin dai $6 caic gizi tri riéng luong (mg v51

chfrng minh mél két qua n luqngz B111 ring 1/112+ (2) k/101131 c'1‘1ing 1101' moi 11214. Bcimg

czic/1 c/[rug 11111)" Ifn/1 s13. (31131 J51 (‘/11 rcz rdng (2) Jzing 1'01 111111 11 1'/11711 212 viz 11 /0 £ Z3.

N(Fm 1985. trong tap chi Math Computing. Troesch (Ti thnh céna trons viéc dual 1'21
\_ \(

m<_>l c htrng minh (2) dung cho 11:13 v21 dén 1117111 I989 {mg mO'i chmg minh du'Q"c

11: 23.Nl111'\’f1y(2)df1 duqc chtrng minh cho tit ca cc gid tri /1 cbn l2_1i 151 15. l7. 19 v21 21.

Gin 40 nflm sau khi Shapiro dé xu§11 bin loém. Troesch d Iii ngu'6>'i két thc mél giai

d0:_1n lich su‘ kéo di cho viéc chtrng minh bit ding thirc 1'51 1161 liéng nily khi mil 6n

théng

(IQ

qua viéc giéai bili tozin vdi 11:23 vix d hoim lhimh viéc chtrng minh (2) vc'>'i kél

qua in tu"Q'ng nhu‘ sau:

B51 dé11gIh1'1c (2)d1'1ng vévi mqi 11 ch§n £12 via n lé § 23 ,m<_>i gizi I11 cén 1211 cua 11 thi (2) sai.

Sau éng mét S6 nhil tozin khdc nhu' Dia1za1zda_ Mordell v21 Daykin cfmg di dé xul mét

$6 bui toun mo" rgng. Nzim I992. Achim Clausing di dé nghi bZ1i tozin sau: *

\ " F ‘ . A - 1 1 A Y

M_é11h dé 2: Chimg minh: 2 . Va, > O _ 01 daylx] la phan nguyen cuax. (7)
,=1 U»: “M - /

C6 lé dy lai lil mét thzich thtrc ldn nfra cho c€1c nhil tozin h(_>c tré trong thé ki XXI nily.

U7
QQ)

\<

‘E.

£7 chng ta quay trd lqi vfm dé IE1 tim f(11) =inf f” (a|.c1,,...,(1”). ttrc 151 tim cén du'é'1 cua bit
11,>4) '

- _ f<11) f(11) 1 _11

déng thirc Shapiro. Nm 1938, Ranikin da chtmg minh 7» : lim ‘Z :inf ——— < — .7. l()

N17111 1

1I~)<>¢ II 1121 H 2

971, Drinfeljd dd chfmg minh 7» = g (p(()) = 0.4945668... t1'1'c li1ch1'mg minh duqc:

M_enh
11 (1 , c1. (I 11

171' 3: ' + ' +...+ ” ' + ” >().989133><— . Vu1.(1,,...z1”>O(8)
(1: +113 (1; +114 11” +41] 11‘ +113 2 “

Tap ch1'Kvant cua Nga s0, 4 1117111 1991 d chimg minh being ton so c2‘1p 2 két qua sau diy:

Mgn1mé4.- "' + “Z +...+ ”"" + ”" >(\/§—l)11=O.4142l35611,\'/a,>O (9)
(I2 +673 (13 +(lJ (In +61] (ll +0:

1w¢n1m@‘5.- "' + "1 +...+ ”"-' + “" >5n=O.41666666/1.\'/(1,>O 110)
(1 +11. (1‘+a a +11 u +11, 12I _\ _~ -l 11 l l ..



Clzzrmzg A/I6! $5 sting tgm 1'5 bill ding tluic 1003

Bay giév [oi xin gidi thi<_:u mét czich dainh gi I61 nhét hing tozin s0' cép vé bét ding thtrc nily:

MénlzzI§6:S: "1 * "1 +...+ "'1-1 + "" >().4577996n.Vu,>() <11) I

<1, +11; <1, +¢/4 Ll‘, +<1, 11‘ +u~

C11 1211 g minlz
r

, » - 0! ,Xc1O<0c<1;/<eN .Da1u =11 zu \:u.: [3={.Tuco:
- /I-I I /1»- _ Q)

U’ ,1
:1, +0U¢IH +k‘B(O£c1,=l+c1,T3)_kB

;M=

-M
Q

“+

ll”)
F-i

_§l‘.

1
+

+1 ({I~[ + (1i+_,4. ;_ = w :I

L4 ‘-L —/(B/12 ('+ —kBn (12)
a +01

!'\
~

\ F 9 , I A IF11/+61%!’
I B(Ol(1I +a,_,

H 1‘ 1
1:11 +0L‘a I (Om, +01“) f

Lu! I +al* 1 ~l l x 1 I +0! ‘ ( I)‘ I
- -_ (Iv +11

Ta sé chrng minh: (z1I+0L‘z1l,]((>u1,+¢1,!)A >0L‘ ((1, +u/ |)A| (1?)

I- 1¢=>(l+0c‘z,)(<x+r1)L2oc‘(1+1‘)"I vdi 1/=L+—20
(I

I

,\¢
Xé[hQI11S6 _/(1)-(1+0<‘r)(o1+1)-‘-0n‘(l+z)' ' v<'viz2().

Ta co; f""’ (1)=(1+u‘1)(@<+1)""' /<(l< —I)....[l< -(m-1)]+

+1”-<1‘ (oc+z)‘ " l<(/<—l)....[l<—(nz—2)]—0¢‘ (1+¢)"' (l<+1)l<....[l< -(m-2)]
1:1) )_ ' _ -11-rl:> f‘ (0 -l<(/<—1)....[l<—(m—2)][(/<—m+l)0ck "'+mo¢““ ’ —(l<+1)o¢‘]

2 A-(k —l)....(k —/11+ 2)[(A- +1)"Q@<“*'""‘"'"*"""‘1*-"'*" —(/< +1>o<*]=o

DO f(1)lf1 m()t da IhU'C béc /< nén _/'“(1)=¢~(>/131:.‘/""‘(0)20

:> f“*"<1)z_/"“‘*'>(0)z0 :> _/"‘*"(1);/“‘"1’(0)z0. _/'(1)zf(0):0
Ta cé: f(/)2 O VI 2 () :> f(r,) 2 0 VI, 2 O :> (13) dng

Ti1'(12) v51 (13) suy ra:

I’ W II

S 22%/< + 1)-‘W/Bkk _,/\-B” :(/< + ])(qB)L!¥1 -/(B11
I=] 1+] 1+: 1:1 i~! :+l

Bit

- . A A

/<(1—o<) “°‘
. F

ziL</<+1>(@¢>>)<‘~ -k5],1:[<k+1)i_A-L ll

[ ]

. r, !\ A

.\»=**'/L >1: 0c:l——f——.khi <1<>:;,»(.\-)=(/<+1)-—-°‘iA-L
\1 (X \ '1 O1_ '-A [k(1—0<)]51' 1-



1004 ' Cu clzuyén vé bf}! (Hing tIui'c Nesbitt — Shapzro

Taco: g(.\‘)=Q<:.» I2

1 ‘\.‘ 4:1-+1 1 (,\-‘"'-1)‘? \_ . - \. __ ,A- _./\+l//\—[]— , .\ ' —_ — \ ' '—.\!\ \,-,| 2 1| A. -- ~

‘AA \_ / V

l<(\“L'! l)AI(V/\‘+l)'l /\':\"‘““(\-“I ‘hr ”" 1‘ (YH ly:> g'(.x')= ' _ A Al _ ' ' -1) 3_(/(+1)/<*li—.\‘Ji—~"9?
‘Z! \.~

, , (A-+1>1<.\»“‘-k1(.\»"‘-
1 1

.\ .\

~A

<;> [(l< +1)|<.\-‘*’-k1.v‘*'+k1][(/< +1)/\-"'-

__J

>1
L__

.....

T47

/-\

.. F. ~L I

l<+1)/<"*‘ -.\-l-‘-_~l:0

—.\'(.\‘“' —1):O

.—k _I__ I
<2 /<(,\"k+' +k)[(/(+1)/\"" —.>;]—.\‘k+: +.\‘=O <:> (.\"+I +/\')[(k+1)/<‘*' —k\'l=.x"+‘ —.\'

,_L ‘ /J2
<=> (/< +1)/<*+“.\~**' +(/< +1)/< H —/Q-‘*1 -A-=.\-"'1 —.\'

l Ad
<=> (/<+1).\-‘*2 -<k+1)H¥M-‘*' +(/G —l).\-—(/<+1)l<‘T*7':0

__w,,l 4_
<:> /1(.\‘)=.\"‘+2 —k“".\“+' +(/< —1).\’—/< "' =0

l

Ta 06: //(.\—)=(/<+2).\-‘*' -(/<+1)/<**'.\-‘ +(/< -1)

’7
2(k+1)»"*'/(~——/‘Z2~x*”')k(/<—l)—(k+l)l<kL‘.\"‘ :(/<+l)UkZ‘)H (/<-1)‘-5i —/<‘l*‘].\"‘

4, 1 k

Tasé chirng minh: (k:2)M(k—1)1"l*1—k‘:T2O <=> (1<+2)’*"+1(/<-1)?‘-1412/<

A . A

-<:> (l<+2)A(l<—l)2l<"" <=> ZL <:> (Hg) 21+—l—
/< /(-1 /< /<—l

" 2 I
Ta c6: (1+»/lg) >1+Z-k=3>1+. V/<22 :>/1'(.\‘)>()3/1(.\')[énglrén(l;+<><>)

I Bl _l,
Mét khéc. /2(.\') 121 him lién tuc via lim /1(x)=+<><>: /1(l):k —/<"‘ —k ‘*1 <——l<‘*‘ <0

nén phu‘o'ng trinh /z(.\') I O cé nghiém duy nhz‘-1t.\'.)> I ,X I 1 x" + °°
L g (.x) I + O —

:> g (X) = O co nghlem duy nhat xv > l. } Max

:> Béng bién thién cua him g(.\‘). Tir dé suy ra 34-“) V /v \-
Max g(x) = g(x¢>) vé'i x0 151 nghiém cua phu'o'ng lrinh

_ 4->2 1+1 _ ‘ :4;

lz(x)=.\'k*3 —k“*'.\'M +(/<~1).r—k“*' =0 v21 g(.\')=¥J1) [(/<+1)k‘*' —.\']
L

.\'

Sir dung Maple ta tfnh duqc czic gizi tri g(.\'@) tuvng (mg vdi czich chQn czic gizi tri cua k, vi du

k = 500 thi xo = 1013294063 v51 g(x<,) = 0.4577996.



Clzlrmzg V: 11/I13! 5'0’ szing I110 vé I111! 1711ng tlz11“c I()()5
111. MQT so DANG PHAT TRIEN CUA BAT DANG THU’C SHAPIRO
B1Clng1hL'1'c Shapiro khong dong \'o‘i moi bi} so Lhuc 11,.11:....11” >(§.Tuynhiént;1co
me chfmg minh hén ding 11m Shz1pi1‘O dflng »o~1b¢»$é1h1_11~ 11!.11:....11,, >0 don diéu

1111111 115 7. cm 1>¢> 11:1; 1-<3 don diéu bait k5 111.111....“ >11 111-1 1:1;

3

1()<11|S11,S...§11”‘S117’ (1 (1 U H
| “ ‘ .Khidot;1c6 ' +...+ ”" + " 2—
L111 2113 2...211”_l 211” >0 11, +11} 11” +11] 11] +11, Z

Ch ling minh

11, 11%] 11,1 11, 11” 11]Bat S = +...+ “ + 1 1T: " +...+ +
11, +11; 11,‘ +11[ 111 +11, 11, +11: 11” +11, 11] +111

S1'rd1_1ng bz‘1td5111gth1'1'c AM — GM ta co: 1 S+T (ll +02 +u.+ ‘[11+] +U11 + U11 +611 2 nuiélul +UZ u11—l +6111 u11+al
ll:+(l; (l”+((] (l!+(l, \(l3+(l~\ (1”+Cl] C1I+U1

M51 khaic. xét hiéu:

(I _ (I (I, _ (I: (I _ [I U _ (15 T I 7 + + + 11 I 11 + /1 1

11, +11, 11: +114 11” +11| 11] +11,

Bié11doibi§uthL'1‘c: 11” ~11] :(11” —11”__])+...+(11} -11: )+(11: —11]

Tirdo suy rat

/ 1 1 1 1 ‘ 1 1 ‘S—T=(11, —11,) i——> +(11, —11§) ———§ +...+(11”_] -11”) ?———i' a2 +113 11] +112 ‘ ‘ 113 +114 11‘ +112 11” +11] 11. +113

° Néu O<11l S11, S...S11H_| S11” thi 11‘ -112 S0111, -113 £0.....11”_l -11“ SO

\ A » ,1 » A A 1 \ L 1 L , LDo 11! +11, la tong nho nhat trong cac tong 11, + 11/. nen + la so lo'n nhat trong cac so
” 11' +11,

1 1 1 1 1 1 1

' 3 — S0. — $()_....i—?SO.Suyra S—T20.
(ll +(I/ (I: +03 (II +(l:, (IR +614 (ll +(l: U” +5!‘ (1|+(I:

' Néu 11‘ 2111 2...211”_] 211,120 [hi 11' -11, 20111‘ —11} 2().....11,H —11”2()

\ A 1 L , A A 1 \ -1 1 X , -1D0 11l + 11,121 tong Ion nhat trong cuc tong 11,. + 11/ nen i la so nho nhat trong cac so' 11] + 11,

1 1 1 _ 1 1 1 1:> — 20, — 2O..... — 2O.Suy ra S—T2O.
11. +11» 11 +11 11 +11 11, +11 11 +11 11 +11 11 +111 j Z 3 I Z _1 4 ] I 11 I 1 I

Nhu' véy trong ca hai truong hop. ta déu co S — T Z O hay S 2 T. suy ra

2szs+Tz/1:>sz%

Chzi )1: Ta cng co thé chirng minh ménh do hing phuong phép quy nap



1006 ' Cu clzuyén 11151111! d(1ng thzic Nesbitt — Shapiro

Bil)‘ git! chflng la sé mél hozin vi khzic @1111 11|.11.....11” dé din dén ménh dé sau

:\
-..

1VIénh 115 8: Gia su‘ 11:_11:....11l_ > 0. Xé1b5tdéng1hL'1'c sau:

, Ll‘ 11,: Ll} (/1
(pH(11,.11:.....11“)= “ + ' +...+ + 2 (12)

11 +111 11. +11‘ 11” 1 +11, 11, +111 3I _

a. Khi 1-:1 ma bit 115mg m11¢ 16 acmg \-111 mqi day 11|.11:....11H>Ohay khéng‘? .\1éu

khéng lhi c6 1611 tai nhfmg gizi 111 xzic d1nhcu1111dé n6 dL'1ngh11)= khéngl’

b. Tén tqi hay khéng mél him“ sf» 1->0 dé bt 415111“ thfrc dllnv vdi moi div 11..1'1,....11 >0
C C‘ C - . 1 H

c. Tim 111©tc.11du'di thfch hgp cho him 56 q>”(11l.11,.....11”). ll

, , 11 11, 111 =

Xetba1dz'1ng1hu‘c vo'1 11 =3 la co: (pr :—%—+-i"-+—*———2%
‘ 11, +11; 11: +11] 11' +11, 1

; ; 11\+11; 11,+11; 11i+11x 11,+114
Xct bal dang thu'c \'o'1 11 =4 I11 co: (pH : * + ‘ 2 2 1 * . " :2

‘ 113 +11J 11] +11; \'11. +114 11] +11;

Ta sé c1u'1'ng minh ha cu a.(b1dfi11g1hL'1'c khng dflng khi 1125 ) , b. vii c. v<'7ikétqu1'1:

céndu'd'idL'1ng cuu hixm $6 <p”(11E.11,.....11”) 151 X: Z.

1
11 1

That \-"gay chQn 111 :11. =1:11L =11“.\7’/1 231111 11111_—%——=11111—T”i‘—_T=O.Vl< 24
_ 3 ' 11—§l1(l‘il -1- ZIAA 114;!) (I .1,“ '

11. 1 11‘ (IF 11] 1

V0": k S3: 11n1—;—=11111i,=1. 11n1-—‘i:l1m~——J=(); l11ni=1nnZ——=1.
11->011] + (13 1H<11+u‘ 114111: + (14 11->11 1 +61 11-») 11” +11: 11—>111+ U”

_ , _ ; H , 1 117‘ 11” 1

Khl do 11m(p”(1.1.11' .....11 )=11m I + 4 +...+ M + =2
‘H11 » 1'-1° 1+ 11‘ 1+ 11 11 ' +1 11 +1/

Gié sir tém t:;1i 1">Osa0 cho cp” 2% {hi 2254-1. V1124. nhung diéu nily v611'.

Bil)’ gid ta sé chirng minh vdi mcpi 11>-1 lhi (p (11 .11 ,....11 )>2.'_ 11 1 I 11 _

1

(111 +11, +...+11”)
Th2_1tvg1y.su‘dL_1ng CBS ta 00 (p”(11|.11,.....11”)2-i——‘————i—-—.

' 2(11[112 +0211; +...+11”11])

Ta sé chtrng minh (11| +11,‘+...+11, 24(1111. +11.11 +...+11 11 )
_ 1 1 _ _ 3 11 I

, ~ M I
Néun C1'15.I1l1'11 (11| +113 +...+11” =[(11l +11; +...+11”_l)+(113 +114 +...'+ 11” 2

24(11, +113 +...+11”_] )(113 +114 +...+11/1) 24(11|112 +11211;+...+11”11])

Néu111e'lh1g1é1 $11" 11” =Mi11{11].112...._11”}. khi dé la c6

(111 +11: +...+11”)' 24(11[ +113 +115 +...+11”)(11: +114 +...+11H_‘)24(11l112 +112113 +...+11”111/
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Chzrmzg V: .1/‘(it $0’ sling [(10 vé bflt zilzg tlurr I007
Nln 1973. nhzi Tozin hqc Elbert d nghién ciru ball dng thirc lrong ménh dé sau dy:

Ménh J5 9: Gié. sir 11i i11.....11,: >(). X61 hing so <"l6L|1h51cuz1b§l dng thtrc sau:

111 +1.1.‘ (I. +<1_. 11,4 +1.1, 11,; +111
§'H_(1l!.¢1....._1'I; )1 + ' +...+ " '+ ' ' Z117' 11' +117 11, +11; 11,, 1 +u,_ 11 +111

Néu dél \;/(.\") 151 mot ban 161 du'c')'i cum hui hilm 151 I/'(_\") :%(l + 1*‘ l;l1(_\‘) Ii}+
~ 1+1»

/( )

Dél 1': lim i V61 ‘<4 (/1) = l/if gm (111.u,.....11H [hi 1" :\jJ(()) 10.978012...~ /2 L. ,1, *

Min hu'('>'11gtiép czfm khzic I21 so szinh cdc biéu thirc hozin vi dang Shapiro chflng Lu xél ménh déz

Ménlz :76 I0: Gié sir u].11._...11” >0. Xél czic biéu Lhirc hoim vi sau:

(ll (I, [IN (ll Cl, ll”E” = + " + + ' F : + - + + "

<1: +113 <13 +c1J 11] +113 ” 111 +11: 11: +113 11” +11]

Chlrng minh hoéc bzic ho bit ding thirc EH 2 F”.

v<a-i”:3-.h1¢ome \-1&1 E‘=L+L+‘k'; F1:—L+i+-L
' l2+<' ("+11 11+]; (I+l,7 l7+1' (‘+11

Trong t1'u'b'ng hqp nily ta C6 bt ding tlnlc dljng E: 2 F; .Thz§l \=2_‘1y. xél biéu lhirc

G=i+L+—i-.lheoAM-GM1ac<3 E}+G23:F.+G:>E.2F1
c1+l2 l)+1‘ (‘+11 ' ’ "‘ 1

By giO'chL1ng ta sé xél lruimg hqp téng quail vdi lO‘i giai cuu nhil loim hoc Mj"

Hillel Gaucllman, Easlern Illinois University, Charleston, Illinois.
Su" dung phxrong phzip bao l5i duqc phzit Irién bdi Drinfeld tn sé bzic bo béil déng lhlrc 0'

l1‘011g1\/I§1‘11lz (T1510. T1'u'c'>‘c khi liun diéu nily ta cn min két qua mo‘ du suu dy

Gqi f(.\") IE1 hixm duqc xdc dinh nhu suu

,r »|

(l~e§l(1):+@\l ..\'<()
/(.\‘)=~,

_<<~_1> .120

ri

I‘J>—-

Dé ding kién1l1';1dL1'Q‘c1'§mg j'(.\‘) 151 hilm l@>i lrén (—<><=.O) vii (0.+<><>) . Til‘ _/"(O' ) =—i

val f '(() ):—% ta sL1y1'z1d6ll1icL1u _/'(.\") cé dang nhu" hinh 1:\| Him/1 l
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G<_>i g(.\-) 151 nu}! bun I131 cuu _/'(.\"1 \"i1 luén bé ho'n hozic bfang _/'(.\‘). D111 [hi cuu g(.\")

gém ha ph§n nhu'Iré11 hinh Z:

1
1

1
1 /

1

‘,1___

1
, , ,

1

>,/,
1 , ,

--><

Hin/1 Z

1

1

~1
1 1

(Cl) _\‘:1l-(151101 +e‘1 khi .\-<.\"'; (C3) _\'--101‘ —l1 khi .\'>.\“ \'Z1(C‘) 1Z1dL1'C‘11g

R)-—‘

tiép tuyén chung cuu (Cl) \'Z1 (C3) khi .\“'£.\'§.\"’.

K1 hiéu X 151 lung dc} giao diém C1111 (C1) v<5"i t1'11c Lung. S1'1'd11ng Maple. czic ban c'i<1>ng

nghiép. Peter Andfews \/‘Z1 William Sl0ugh_ di ch1 1'11 ring

)»=—().0Zl9875218...

Dinh Ii 1. V61 moi s<§11g11yén du'o‘ng 11 \'i1mQi 55111110 du"o'ng u| _z11.1..¢1H la Q6

E” — F” 27-.11

Djnh li 2. Trong dinh 11 1. 7» IE1 héng s616111h§t. Hay néi céch khzic. vdi 111Qi 2-;>0 tém

L311 11 111151 11161 $5 ngu)'é11 du"o'11g n \'Z1czic $6 1h1rc d11"o"11g u|.u3....u” lhéa main

E” —F” <()1+8)/1

. , |7»| . , . . , 1 . A 1 A 1

Nhzgn xet. Chcpn £=7. Kh1 do s1rd1111g dgnh 11 2. I011 1:31 mot so nguycn d1ro'ng n va

czic $6 th1_1'c duorng a‘.z12....u” théa min E” — F” <(>»+8)l1 =%1z <0. D51)/chfnh IE1 nhém

xét bzic bé b§1tdé1ngth1'1'c n€:u1‘a11'0ng Ménh dé 10.

Chng minh dinh If 1. Trong chirng minh du'é"i Cly chimg ta $11" dung 11161 b2"1t ding

thtrc quen biél G6 151 B511 ding [hire lmdn v_i: Néu .1", 5.1‘: §...S.\'” \*i1 _\"| Z _\": 2...2 _\"H thi

/I /I

2:1‘ 1" 2 Z.\',_\', .t1‘0ng dé (/<l.....kw) 121 n1Q\1h0én vi c1'1a b6 ch1 $6 (1.2...../1).
1=l 1:1

1-);111<,=”—1;1'. =‘1——‘; ...;1-H =”-1. khi dé /<1/<,...1'” :1.
U1» _ (I3 (In _

E: 1 1 1

" 1111+/~11 +1~,.1<1+1>,>+m1+1.>

r=++_1_+...+-¢- -

” 1+l<, l+k, 1+/<1,



Chu'0’ng V: M'_6t $5 sting l(l0 we bfit ling thlic 1009

\/=21)"

E—F= 1 — 1 +...+ 1 — 1 :[1—1 1 +...+ i—l—1-
" ” Al(1+/<2) 1+k-I /\»H(1+/<i) l+kl \_l<, l+l<2 [kn 1+/<I

GQ1 (m].1n:...../21”) 151 mét hozin vi clia (l<|.....kH) sao cho ml £1112 §...Sm”. Khi dé dy

L~1;i —1;..1:-1—- —1 151 d€1_\/gian1\'51 dy %:i1—:...;——l—— 151 dy téng.
mi /n1 /11” 1+ 111“ 1+ m”_l 1 +121]

Su' dung bét déng Lhtrc Horin v_i la cé

E —F 2 L-11%-+...+ L-1%
” ” ml 1 + /21” I77” 1 + /11]

m~—-

;[\4=

1+m H I71 —

n , . 1+m.

l1\4
ET)

1-1771‘ + 11+-|-1 -1 ( 11 + n+1—i ”II,nll+1—I)

_ 1I(1+m“[l) H1”[I( '11- = 2,171 ¢]‘(l+}n )(1+m )
/1 — i n+1»!

” 1— cl ml + )21”+l_i
Bat <‘, =m,m,,+,_,- la nhan dLr<.>'<r E,, — F,, =21, _ trong do 1, =—.—i?—

,:, Zr‘, (1 + I71, )(1 + IIIIHH)

, , L 2 2Chu y rang c]c'3...c”=(/111111;.../12”) =(/<[/<2.../<1’) =1.

N‘ 1-cl. ml + n1”+l_' 1- cl.
1 eu c _ 1 1 ‘C. = . _ .

’ ' 7:‘ I71 +111 +1+m m 7c" 1 i n—1~I I’ /|+I—y "' I

‘ 1-0 1+/11/11 1_ I 1-0. 1+mm _|_ \Neu(~,,<1th1'cI=_’.1— z§’1- '7
J’ (1+mi)(l+m~~1—i)/ ‘J.’ (1+2,/122,/r1”+]_))_

1—c,. 1+0, \ 1-\/I: 1* :
QC» (1+@)+1

('7 d€1ychL1ng1a sL'1'd11ng b§td5ngth(1'c quen biét (1+x)(1+_\')2(1+ ,\/x,_v2O.

Véy 1:1 duqcz E” — F” 2Zi+Eli
1-,<1\/L‘, + 6', qzl

1-)5: C, =e-".1111; E” —F” 2 2 11-gig‘ +6" 1+ Z%(e‘""' -1)
1-, <0 .1-, 20

PJ
‘T

chu y rang 1a ¢-l<~2...(-H =1 ta cé .1] + ,1-I +...+.\-H =0. b€11d§1ngthL'rctré'Lhénh

\.
/-\

/.
\_/

V

E”—F”2Z_. _ (.1-I.)

r=1

\ " +.-,+...+. \
Do f(.\-)1z1 hilm léi nén %2g(.\‘,)2gL )=g(0)=X

[=1

Tém Iai ta 06 E” — FHZ7»/1.1-Dinhlf I duqc chirng minh.
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Chling minh dinh 112. \/O‘i E >0. gqi .1” \'£1 .\'" nhu' 0 hinh Z.

1—ll
Din 11,, =(,1'_ 1-U :e‘“. <1‘, .d§ dilng kiém tra }~=01‘,—i”~+(l—0L‘,11H

.1‘ —_\‘ Z11” /V +\~
H U

, , L 1,, 11,. ~ , 4 ~ \
Chu y rang 111,‘ .13) “ =1 va ()<O(H <1. V111 11 du Ion co the 11111 duqc 011 \=;1 111 $210 cho

'01, 151111131 phim $6 \"O'i m§u $6 111 11 \"Z"1tu'sf1 IE1 \f1cl1§111. 11;" .\"K‘_’“‘ =1.

1 ‘ ‘— 1~@ _

1 1 ‘E ‘H1 1\,11 Q .1,-.-i ‘1<- \"£1a.i+(1—c/1,)?-~—}.< — 1*‘)in 1', 1 2 ' 711 ' . 1
1 l+\1\,\ /1 ~ —-1 \\H +1“ ~

. .

D0 01111 151 chan nén la Q6 lhé C131

11 11

~ . F - 1 Q--1. . (‘W .

ll
/<,=61',=€'1'=614:-Si /<u,,,:5/< =€"/<u I: :1’:

if"

, , ~ 10¢ /1 §(l—(1 ]11

Chu y rang kIk,...l<” =11; I .11; " :1. Tudo ta du'<_1'c

likll 1'-

ll
1-“'1 1- \

5 OL111 5 Otln -IT
+.__+€—‘li_i-_ : / \_ + L i/\'.(I+l\q) kH(l+/<|) I 1 Z 11] Z /

11]

on_'-I

o|\1+ 6 (1+6)

1"-' 1_ '. l_ ,

+ 6 + \/M —(lx11—1)+i—————r_\;

\

01 _5
C‘

+
Q5

4;_

M 1:
/\
57

/vn (1 + 5)

f /_
<1 / as-11 1 1-11 1-\/1;, (11, -5111)

1 1-5 1 I 1 I
= _——- --—-- 1 -- 1- -.

n[2 L5+11l +ul(1+5) 111+ /|+a! 2111 +( O(!)\,/T11+"1»+" 11]\J/’:(l+5)(1+\/GI)‘

- \ 1— 1- /1-
£11-— —'—+—6—-”‘——l+l +01 —-—ll—'+(1—c1c|)—V—;“1i“+l.-1

+11, ul(l+5) , /_-ll‘: \/“+110 11 1+\;\>U

, OL /1_§ 8-H] 1 X

Néu 5 d1'1nh0_ T"-i+i———+1 <-2
11‘-:\6+ll| 11l(l+5)

Su'dung(*'") .1z1suy1‘z1

k, l+l< -_ 1 1? . .

1 /\ 1 /\
i'——+...+——%:11(§+)»+§;+§)=11(7.+s)

( ”) v ) 3

'~ \ (I- . -I. r \ / »§ ~

Cu61cung.1a chQn 41' =l.‘i‘:l<,. l£1£1z—l.—-'—=/<,,. D1eu do lu co the v1 l<|l<,...l<” =1.
11 a " ' '

I II

V51)/La cé E“ — F” <(7»+8)11. Dinh 112 duqc ch1'1‘ngminh xong.



C/11t'0'ng V: :1/[git srj sting [(10 ve": bfit (fling thzir 101 l

IV. MOT so DANG PHAT TRIEN CUA BAT DANG THU’C NESBIT

Bi 1. Cho a. /2. c. rl. /2. q > 0 v51 1 S k E N.ChL'rng minh réng:

:1‘ /2‘ 1" uh‘ + /1"] + ck:
+ + 2

/2/7 + qc pa + qu /Ia + qb p + 5/

5” 6 AIL an bu (_n a11—1 +b.'1—l +(_/1-1
. K ‘~ . U' _ 1 I I'£1I1"I _

all ;,_(.>() C h+(' c+u 41+}; Z

\___.

Bli 3. Cho .ChL'm2 minh rénez + + 2%
[U_;,_(.>() /7+0 ("+a ((+17 Z\ u+b+c

/
,in E ‘,\J' um /711 ('1: 2 ‘V’ an +/7/1 + ('1: \

Bfii 4. Cho (.212. (1 p > O. Chtmg minhr§'1ng:

cl + b + c >l[_a(/2"’+c")+l2(c""+a")+<"(u"+[2’7)~%
b+(- C+a U +1) _ 2 b/1+] +(_p—| (_/v~| +u/HI cl/1~I +[7/>+|_j

Bili 5. Cho a, 11, c > 0. Chtrng minh ring:

a la 0 3 l[ (0-11): (b——c)2 (<"—a)2 ]—i+i+i2—+— + +
b+C <'+a ((+17 2 3 ((l+(‘)(l)+C) (b+a)((‘+a) (¢‘+b)(a+b)

-» '1 '1
. F - . - ._ -

Bfai 6. Chimg minh: EL +3];+i 2i+l} gt/7), +———(/7( )_ +26a)—_ .\7’a,b_c>O
//7+5 9+" "+17 2 4k(a+/1)“ (/2+(')' (('+a)'_

Béi 7. Cho :1. /2. c _> 0. Chirng minh ring:
'> w 'v

a b 1' 3 1 ((1 ~12)’ +(b—(:)3 +(c‘—z1)_——+i+i2—+—-
' 1) +0 c + a 41 +12 2 5 ab +bc+ca

7

\. , . ; (1 b c 3 (L1-(.‘)_
B1118. Cho 0 21224->0. Chung mmh rang: + + 2- +

b+c (‘+0 u +12 Z ab+bc+¢'a

Bi 9. Cho r, x151 Czic [hut duung. r < s VZ1 a.b.('e (r.
1

, - : * 3 '— )_Chung mmh rang: G + b + ( i + (' S
Z7+(' (.'+a a+b Z 2r(r+s)

Bi 10. Cho a. 1;, <- > 0. Chrng minh_r§‘1ng:

l+a2+b3+<'22 a + b + c 22_%_czb+b€+cci
q 2 _ -_ ub+bc+ca b+c c+a a+b _ a +19 +£-

Bi 11. a) Cho (1,1), C> 0 Va S6 thuc 1< théa min 0s/< s%
vChL'1'ngminhr§1ng: U + b + (' +ka{7+b€+a§2k+§b+c ("+0 a+b u-+b-+¢-- Z

b) Tim $6 thuc /< lé'n nhét sao cho bét ding thtrc dling vé‘i mqi a, 12.0 > 0

a + _b + c +kab+bc+ca>k+3
b+c c+a a_+b a3+b3+(~3 2



H) 1 I Cu clzuyn 1'5 [Nil tiring thlit’ Nesbitt — Shapiro

~. , v ; ' '7 [-1- -+ ' “
Bal 12. Cho a.1>.c" >0. Chung mmh rang: ‘I + I7 + ( +: "3 /K‘ (‘f 21°

/2-+6 (‘+41 42+/7 3u~+[;~+(~- 6

\. . . . 1 - :~‘/ 1 ~

Ba] 13. Cho u./>_('Z(1. Chung mmh rang: U + 1) + C + W ax 2 Z
l2+<‘ ('+u u+/J Z(a+b+c')

B€1il4.Ch0u//1.020.Chimgminhrimgz ” + 17 + ‘h + “I1”; _zl
/2+c 0+0 ((+12 2(u~‘+;)»‘+(--‘) 3

B§:1i.l5.Ch0¢1.b.c'2O.Chirngminhréng: U + 17 + C + Zulu‘ Z31
I2+<' (‘+a Ll+/J .3((,~‘+},~‘+¢-»‘) 18

Ba] 16. Cho u,b.("2 0. Chung mmh réng: ” + /7 + ‘ + Jab‘ Z2
b+c‘ 0+0 41+!) -,>(u+b+(.)»‘

Bili 17. Cho a.b.c2 O.ChL'1'ng minh ling:

(1 + b + (: +4(u+b+‘<‘)(a!2+l2‘('+¢'zQ25
b+c‘ c+u 11+!) 4+];-+L~~

B51il8. Cho a.b.c2O.ChL1'ng1ninh1"§mg:() U + b + C +9(a{7+b(J+(Yi) 26
b+(' (‘+0 u+b a-+];~+(--

Bi1il9.Cho a.b_c2O.Ch(1'ngminh1'§§ng:A “ + ” + " +1@(“{’+”‘j+“‘f)zs
b+<‘ c+a a+b U-+1,-+5

' \ U 1, C. (a+12)(b+c)(c+a)
Ba120.Ch0 u.b.c2O. Chung mmh réng: + + +4 25

b+(‘ (‘+11 a+b Q“ +5“ +(~-‘

w

B§1i21. Cho(1./2.020.Chirngminh: U + /7 +— C +2lF “bf 9322
. />+r <'+¢1 ¢1+/I _(u+l2)(l>+r')(<'+<1)

Bi 22. Cho u.l2.c"2(). Ch(1'ng1ninh1‘§1ng:

(c1+b+c)L§‘(b:(_)2 /7/2%(bi(> + Cid + Uib)2(z1l2+1)c+ca)[ga:_%j

Bé1i23. Cho a,b.<‘ZO.Ch1'1'ng minh rang;

:1 + b + 0 2 2a/2 + 2110 + Zca

b+(' c'+u 61+!) (c'+c1)(('+b) (c1+/))(a+c) (b+c)(/)+u)

B§1i24. Cho c1.l2.c2O. Chirng minh ring:

a + I1 + c > (l2+[J(' + b2+ca + c2+ub
1?-H‘ 6'+l1 61+/7-(a+b)(u+c) (b+c)(b+a) (c+a)(c+b)

Bi1i25.Ch0 a.b.c>O.ChL'1'ng minh: U + [J + C 2 jbf + fa + val)
5+? 6+6! 61+/7 u'+bc l7'+c‘a c"+ab

1 w w

B51i26.Ch0u.l>_(‘2().Ch(1'ng minh: " + 1’ + ‘ 2 f’ + _" + f
/1+6 (‘+0 61+]? a‘+b(r l1'+cu c""+ab

Béi 27. Cho u.b.c"Z(). Chimg minh ring: [1 + £3 + if 2 ( an 1+h)1+)(n)
7 F " “ ” ’ 4 cl’ +12’ +c." +2abc:
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B:§1i28. Cho 11./2.1 151 J6 dili bu cgnh CL1£l 11161 tum giaic. Chtmg minh rémgi

11 1; (‘ < 2(zl}+l');+(":)
/7+? 1'+¢1 11+!’ -11‘ +/7‘ +1"; +11/71'

B51i29. Cho 11./2.1 151 Ck} di bu cqmh Qua n1©1Lumgizic.ChL'rngminh ring:

‘i'+—/>’—+%§l(11+/>+<')(l+i+i\
/1+1“ 1'+<1 11+!) 6 .11 /J ('1

Béi 30. Cho 11.b.1' IE1 dé di bzl cqmh ctla mét tam gizic. Chtrng minh ring:_L+L_+ [7

/7 + 1' 1' + (1 (1 +1) Z /J 1‘ 11

Bili 31. Cho 11.111-2().Ch(1‘ng minl1r§mg:

¢1_+ I; + 1- S (u+/>+(')(c1'+b’+z.")
/7+6‘ £'+¢1 0+/P 11/2(z1+12)+l7('(/>+<')+1"11(('+1.)

B21632. Cho 11.111-20. Chfrng minl11‘5hg: '

11 + I; + 1- > Z7(11+Z>)(/)+c)(c+u)
/7+0 <'+ll 61+/>-l6(r1+l2+c)(11/2+bc+<:c1)

1 1 w

Bi1i33.Ch011.b,1->0.Ch{1'nQ minh: f‘ .+ /’ ,+ _‘ ,2 ” + 1’ + ‘
V b'+("' (“+c1' 11‘+b' /9+5 5+" 51+/9

Biai 34. Cho u, 12. 1" > 0 \/£11". .s' 151 czic $6 thgrc duong $210 cho 1-2 s.

1‘ 1' _1' ,\ ,\ __\

Chirng minh: Vt’ + _b + _( 2 U + /7 + (
/7' +(' 1*’ +11 11’ +/J /7 +1" 1" +11" 11‘ +12“

Biii 35. Cho 11.b.1' 20. Chirng minh ring:

( 11 _)l +( 11 )2 +( 11 ):+ 1011/J1" 22
/7+0 />+<»' /7+1‘ (c1+/1)(h+r“)(('+11)

Biii 36. Cho 11.12.12 O.ChL'1'ng n1i11h1‘§111g:

11 A 11 3 (1 A 1311120+ ) +( ) + 22
(b+t') (b+(" /1+0 (u+h)(b+<.-)(<-+a)

Bi1i37. Cho 11.1 ¢~>0 ~21 ">100 2-1. Chtrnv minhr§1nQ:

( 11 )” +( /2 )” +( 1* )” + _(2"'[ —3)<1bc' 22
b+<‘ f»'+¢l "+19 2”} (11+b)(b+r')(c+u)

Béi 38.010 11.1.1 z O.Ch1'1'ng minh ring;

:4 /_/>_ »(/§_~)__11/1;___>»
\"/?+"+ "+41+\111+l>+_’\ J (¢1+/>)(b+c')(('+11)__

Biii 39. Cho 11./2.1-20 vil Zéne N . Chfrng minh ring:

_,‘ Z11 , Z11 Z11 (-)1!»-) ~) > Saba" M/_.1__ 11!? ~/__ _ _ -_ 2. ,2
\"11+c+ b+<'+\'/7+c+ \/7 ) '\}(11+b)(l2+c)(c'+:1) \
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B51i4O. Cho u../7.020 vil k 210g: 3—1.Chimgminhrnvg:

’ k A '- "1

( u I2 ) +( c ) +3(Z‘]—3) Quin‘ 22
./2+0 \c+a a+b 2‘ a+b+(4'

Bili 41. Cho a.b.('2 O viz 1221. Chtmg minh ring:

(l + b + (' Z(§)”_ l

(l)+c')” (('+u)” (cz+l7)” 2 (c1+b+(")”_'

Ju.b.(">O A,
L am bu Cu Q

B21142. Cho \ va so thgrc 0/21. Chung mmh rang: l—+——-—+——-2;
{(11%-.—.1 />+c' c"+a (1 +/7 Z

Béi 43. Cho u. b. c > 0 vi $5 [hL_l'C k théa min k 2% .

K b A I; 3

Chirng minh réng: ( U ) +( ) +£ C ) 2
b+c c+a u+b Z‘

Bili 44. Cho u, b, c > 0 vix $6 Lhuc r thtwa min r 2% -1
n ;

Ch\'1'n2minhrén2: ( U )r+( 1’ )r+( C )'2 3
” ” b+c 6+0 u+b '1"

B51i45. Cho al,a2,...,a” > 0 .ChL'rng minh rang;

-—-—+-————+...+ 2 -— + +...+
(13 +113 (:3 +114 (1, +a2 4 4 u_ ~

‘\

U1 ‘I: an 311 1 "1 ‘I: (I/I

, ax 41,

Biii 46. Cho al .02 ...,a” IE1 dy $6 thuc duong GU11 diéu ting ttrc li1

O < al S (13 S S am S an U u a

. Chung mmh: ‘ +...+ ”‘ + ” 2—.

al 2:1, 2...Zu”_l Z11“ >0 4’: +51: “H +“1 "1 +4: 2

Bi 47. Cho a.b.c2O. Chirng minh rang;

11 + b + (~ a(b+<")7+ 7b(c+a)1+ w('(a+b))

17+? 5+4 "+5 4 b'+bc'+c" c‘+('a+a“ a‘+ab+b'

Bili 48. Cho (1, 12, c > 0. Tim thuc k ldn nht sao cho bit déng thirc sau luén dtmg

a b c 3 k.Max{(u—b)2 :(b—c)2-'.(c—u)2}
-;- + 2—+

b+c c+a a+b Z ab+bc+(ra
3 3 _3

Bi~1i49.Ch0a,b.c2O.Ch(rngminh: “ + 1’ + ‘ 21+ 3(" +”f‘_)
5+9 5+“ “+17 2(a+b+c)(a'+b'+c')

Bi 50. Tim hang S6 Iét Q1151 C118. 1< aé bét aémg thtrc sau dng mi mQi 41.1“-z 0

u + b + c >l+/(K 3(a3+b“+c*3) __l\

b+<" ¢"+u <1+b—2 (cl+l2+c')(al9+b('+<'a) ,
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§ 24.4. BAT DANG THU'C JACK GARFUNKEL
; 4,\ - .

VA MOT so MO' RQNG
Mél trong czic dang rit khé Qua bail déng IIILTC IE1 bili main tim hing $6 lét nht lrong dzinh gizi.

Néi chung xé/i dang lofm ni1_\ CLl;_1b€:lI ding 1h(rc nhiéu bién $5 ch: Q6 thé 1imdu‘(_>'c l€>'i gizii néu ta

quy du'Q'c lir bit dimg Ihfrc nhiéu hién .\<‘\ \'é m(}1 bién s6. Khi G6 du ding Lllirc khéng nht Ihiét

dgl lzgi [fun mil Q6 thé my ru I31 cc diém Iéch nhau. Hng lfvt nhét trong dzinh gizi Lhuiyng H1

gizi lri nho nh5l hoéc ldn nhél cuu mét him $6 nilo C16. Chfmg La cimg lixm qucn Yé dang loin nixy

qua bit Cliihg LhL'1'c néi liéng CUL1 nhfi main hqc M)‘ Jack Galjfzuzkel dun ra nim 1989.

Béi toén. [Bfli 1490* tgp chi CRUX] Wm hing sf» k nho nh§1 sun cho bl ding thirc

+ + S /< \/(1 + /2 + 0 dung \'0'1 m(_>1 (1./2. 1' la cuc so thuc du'o'ng.‘/ ‘ V ,

z
Cr

+
f\

B51)’ 121 b§L ding Llmc khé vix d5 khimg 06 ldi giai hoim chinh nilo du'Q"c dun ra lmng mél thbi

gian din. K116 khén déu lién la <>~ viéc du dozin giai In nho nhsn CL_IL1/{. hay néi khzic di 121 xzic dinh

duqc lrufmg h<_>'p ding thtrc xziy ru. R51 khé doém lru'('>'c. 121 ding thirc xziy ra khéng phali lrong
tru'(mg hqp <1 =l> =0 nhu vgxn Lhubng gzfxp. Véy lilm thé nixo dé tim duoc gizi tri Ck’). Nhfrng m
[Oi sflu sic vé bét ding lhirc trong nhfmg nm gin dy cho chimg 1:1 mét $6 kinh nghiém dé gizii

quyét \'§n aé nixy. so 121 déi véi czic bit déngthL'1'c aéi Xfrng hoéc 1105111 vi bu bién ma déng lhtrc

tlnrdng xay ru khi C6 hai bién béng nhau hoéc bién cbn lai dal gizi lri bién.

SL1‘ dung nhén xét nily Lu xél I1 : c . khi dé bit ding {hire {rd lhimh: \-"a+l2+\fg S/<\Ja+2b .

, , 7 7‘ Ti? T‘ *-
Str dung bét déng thirc Cauchy — Schwarz: \’u+/>+\:;Q SN/(1+%)(u+b+/1):\,%\,a+2/>

;\
Jya]

vdi ding thirc my ru khi vZ1ch1 khi u : /> . TU" Z dzinh gié trén suy ra k 2 . Xét caic gizi tri tgi bién:

Néu <-=<>.b5w15ng1hn-¢ t1'()'thZ1nh +_‘_+\l*/)3/\»\*(1+1> hay la \/>(<1+1;> gm —l)(a+12)+h.
\u+b

cm /1=0 [2 thu duqc A-21. do as /<—l2(). Ap dung bi: ding thtrc AM _ GM ta cé

(k~l)(u+b)+b22\/l<—l\j12(a+b). dang [h[l'C x£71yrakhivZ1chikhi (k —1)(1=(2—/\')/). diéu

nily chi 06 thé néu 1 S k 3 2 . Tirdf\ythL1du'Q'c 2\/k -1 21 hay [£1 k 2% .

Do %> nén kha némg lix gizi tri cn tim. Ta sé di chirng minh diéu d6.

Bit ding th1i'c Jack Garfunkel. \/6i czic >6 thuc khéng [mm :1. h. c ta c6 bit déng thfrc:

- wi——~L+?/]i+i_(__S‘—\c1+l)+<'
\/z1+b J/2+0 \"c+u 4

Ding thirc xay ra khi v51 chi (a. 12. c) lE1c£1c hoim vi can (3.l,()).



I016 Bfit airing th 12'c Jack Garfunkel rd mgit 55 /110' rging

By 121 mét bin dang thirc dai 56 réu néi tiéng: d¢p. khé vs day thzich [h[1'C. Nhfrng lixi giai CUL1 né

déng thri cfmg cho ta nhtrng phurmg php mdi dé ch\'mg minh mét $6 ldp bit ding thirc khzic.

Sau dy 151 mcf>t s6 161 gizii chljng téi tzip hqp du"Q'c [Er ném 2003.

Ldi gidi 1. [2003, Gabriel Dospinescu]

*—" :"’—" ,,
v ; ' . - W -v w 7 7 ~, w '>

Dat Y: ——*.\': !'L+(.I: ]———")+L:>£l:Y_+\'_-f_.b:.\'~+I,_-\'_ £‘:\‘_+f,2—.\'_

(__

Q
Ix:+

Q“

4‘

l‘J

Z

Pd

; ; , 1, .\-3 +\;3~;3 \-1+;3—.\": :_2+.\'3—\‘3 $5
Bat dang thuc tro thanh ' + ' + ' S *1“ \/.\"' + \~' + 3‘ _

\. V I Y

.

.‘—" "—:(."—:)." " : "f
hayx+_\-+;+1(\ ’\)('\ )\ (\+'\+ )§31/12 \j.\"+_\--+1‘.n:

R6 rZ1ng chi c§n chimg minh b§td§1ngth(1'c trong trumg hqp J y: + :2 Z .\" Z _\‘ 2 1 Z O.

D0 2%‘/.r2 + _v3 + 33 2—3(.\" + J)‘: — :2) nén ta chi cén ch(1'ngAminh bin ding thtrc

.\-+ _v+:+ (X_'Y)('v_Z)(;:j:)(X+ Fri) 3%-\-+v/_\~1 -12)

» L ~ , ~
,- - 1 “ " /

Dleu nay tuong duong vo'1 f (x) S O vcn mql \/y‘ + 1' Z12 _v trong do:

f(,\')=4(_\‘— I.).\'3 — _\":,\': +(4Z3 —4_\'3 +4_\'3;+4v\"32 —5_\‘:,\l_\"2 +1: ):,+4_\':.(_\‘2 -32)

Néu y = z thi f(.\') =—.\)‘2 (.x'— _v)— .\3'3 (5\/E —7) SO. Gia stry > z ta c6

» '7
'7

f(O)=4_\‘:(_\" -1" 20); f(_\‘)=)":(_3_\"+4;—5\/y" +1." )£0

f(\/_y2 + :2)=2_\'z(4z\/_\"2 + :._: — yz —5:2)=—2_\':(\/_\'2 + :3 -21): £0

Mzfatkhéc lim f(.\')=—@<>; lim f(.\')=+<><>

V‘1véyf(x)c6 1 nghiém x‘ SO, 1 nghiém x3 e (0._\'] vil 1 nghiém x3 2 \/_\': + :2 ,[U'C 1i1f(x)

khéng cé nghiém nilm gifra y vb \l_v2 + :2 , nghia 1Z1f(.\*) khéng déi du trén \/_\"2 + :2

nhungf(y)SO vi11°(\/_\': +1’ )SO,vithéf(x)§0v6i mQi V";-1 +1? 2.\'2_v.

'1 w

. - \I +1
D5.I1gih(1’CX2§.yT21<Q X '3 7<=>xi)'::=(2:1:\/5)<=>a:b:c=O:3:l.

2Y=\/\" +1“

Binh lugin. Y tufyng déi bién (a,b.c) thénh (x._\".z) lé rét tu‘ nhién. Bu'('1c quan trqmg nhét trong

, . \ ., ; '.' . 5\/5 2 2 2 5< _ 2 2) A ~ - .

Chung mmh la su' dung bat dang thu"c T .\' + _\" + 1 21 .\ + \/_\" + 1 . Day la mQI$\1§’

nghi mglo hiém_ bdi vi né phé v6 tinh chit hoén vi cua bit ding thirc ban du. Tit démh gié ny

chling ta nhzfm duqc czic biéu th\'rc y) viz f <\’_\'2 + :3 )dcm gian dén khéng ngéi Dy qua thuc

la mét ldi giéi rét den vb can déxm.
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Lrii gidi 2. [2006, Ph:_1m Kim Himg] Th60 tu'O‘ng (161 bién trong l‘0i giai 1 ta sé chimg minh
.\’—\‘ \"—;)(.\'—:,)(.\"+\'+; ' 1“:.\‘+_\"+;+( ‘

“ ' )S3:' \/.\"'+v\*'+:" hay
xx":

(x_'\‘)('\__:).(t;::)( \.+'\v+:)— S5T_{5(.\-+_\~+:)\/?wL‘:?—(.\'+_\"+:)2

\'01m(_)1 \f‘_\“ + 3' 2 .\‘ Z _\" 2 1 Z O. B5)’ g1Jta sé Chung mmh nhzjn xét sau:

Nhgirz xét. Néu ta giam X. y. Z di cimg mét dai luong t(()S1S 1) thi vé trzii téng trong khi ve‘

.1 .. . . 1 , . , (.-+‘+:—?113 \ \ _ - \phal g1am. That vay. ta se chung mmhj (1): la ham tang tren[0.:] va\'—I \‘— :-
g(1):#(.~:+ _\~+;—31)\/(.\--1): +(v\"-1): +(;—1): —(.\"+ v\"+ 3-31): gi£imtrén[().;]

A A V \ q j I / 2That vay. dat111=.\--1.11=_\1—1.p=;—1va A:\/111' +11‘ +pl,B=111+11+/).kh1 dota CO

1112113/12f'(I)=(111+1z+ p)((111+11+ p)(1111z +np + p111)—611111p)2O vZ1the0AM-GMth1

r’l5\6 5\/5 B3 \ A .g'(r) = - A + — 619} 3 0 , ttrc lb g (1) gizim Lren [(1. 1] .Nhqn xét duqc ch1'1‘ng minh.\ 1

Béy giw ta sé chirng minh bit ding thirc sau khi d cimg giém .\', _\'. : di mét lu'Q'ng 1 ném gifra O

via 3. Ta ch<_>n I sao ch0(.\‘— 1): = (_\' -1)? +(; -1): (dé théy I611 Iai I nhu' vziy). vi thé ta chi c§n

chimg minh bit ding thirc trong trubng hqp xi : _\": + 3 3 . nghia 151 c = 0.Fi 1" 3

Khi 1- I 0 bétd§1ngrh(1"c1rorhi1nhL+ vi s 3 111 +11 <:> 2 0 ,dL'1ng (dpcm)
\/<1+l2 4 \/a+b

Binh lurz. Lbi gizii trén d su‘ dwlg phuong phzip dén bién toim mién. Dy 121 m<f>t phu'o"ng php
151 manh aé gizii célc béz déng thirc ba bién @161 xirng hay hozin vi ma déng [hU'C my ra khi ba
bién béng nhau hoaic mét bién dat gizi tri bién.
Mét diém th vi nfra trong k>'i gizii trén 121 viéc nhin hai vé cua bit ding thL'1'C

vé'i (.\' + _\' + 1) tru'é'c khi sir dung nhafln xét. Tgi sao phai 151m viéc nily? Hy xét bit déng thirc:

(-\'—.\‘)(.1‘-1)(:\;_—:>(-Y+.\"+1)55:15 /1H1 +:1'_(_\.+A\.+:)
.\v\ _,

Néu ta cilng giém x. y, z di mét d2_1i lu'Q‘ng 1(O S13 1) thi vé trzii tang. Xét vé phzii:

. _,_ / I I Ij (1)=¥\1(_\"—1) +(_v—1) +(;—1) —(x+_\'+:—3l)

D5 diing chimg minh him ny khéng téng cfmg khéng giém. V1 thé ta khéng thu du'Q"c két luén gi.

L67‘ gidi 3. [2007, V6 Quéc Bzi Cn] SL1" dung bét ding thtrc Cauchy - Schwarz ta 06:

VT: S;/’(5” +b+9C)';(11 +11)(5:+11+9(~) :5“ +1) + C): (11 +11)(5Z+1>+9¢-)

Ta cn chfrng minh (a +b+<-).g——i7+17)“; 3%. Bit diing thirc ny ddng bdi vi:

l6(VP—VT)(z1+b)(b+(')(<'+u)(5(1+b+9(r)(5b+c+9u)(5c+a+912):

2111101+1;)(¢1+91>)<11-31>)’ + 243Z11»‘1f¢~+s35Z<1’1>1-1 +232Z11*b¢-+123(111°11%-1 20
l‘\‘(' (",1 ( \1 z'\‘('
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Binlz lun. B1160 .\"u' dung hit df111g thirc Cauclzy — Schwar: rt 1hL'1 vi. Tu 013 thé giai 1h1'ch céic

hé $6 5. 1. 9 du'c_)'c tim 1'21 11hu' thé 11210. Ap dung hét ding thirc Cauchy — Schwar; ta Q6 "

-v

’_ cl \ . . ._ . ._
s((n+b'\ +(\')‘\.\;(z1+/v)’ \"(/2+0) ;(<'+(1)//lwn '\_'\W>U

+

+

Min czich 11_1'11h1é11 1z1c131hé chqn .\‘ I 11+ ml; + 211". _\" =17 +/110+/1:1. I = 1' + ma + /1/J v('>‘i /11.1120

/, -

Khi 6'6 ta C6 I _i£l S Z—————-—————-U z1(u+/11/7 +1211)
/ 1 1

[V1

\\ W. \1/11+]; K. ((1 +b)(u +111/2 + 111') ‘I

Dén that ‘av u(z1 +b)(u +/11/7+ 110)‘ [2([J+<')(b+/m'+m1)' ('(('+(1)((.'+/nu +/1l2)'

C ‘ ' ‘ W u /7 (

Ta d biét bt da'111g thrc ban du d€'111g 1h1'rc xély 1'11 khi u = 3, I2 : 1. 1‘ = 0(\=i1 czic hozin vi). thay

céc gizi tri dé vZ10 diéu ki€_:11 trén ta nhim CIu'Q'c -H3 +111)‘ :(1 + 311)‘ hay Zm — 3/1=—5. Ngoi

ra. dé C1011 gi2'1n.ta $5 ch(_>n m. 11 thoa111Z111 Z¢1(</+1r1l>+/z¢"):(zz+ b + ('1'. ngh1a 121 m + 11 = 2.
l'\1

1 . L 4- ~ ; . - 4 1 , , - , . A

V1 vay m=%./1:? C1101 cung ta can chu'11g m1nh bat dang thuc hoan v1 v0'1 bgc 6 .

L61 gizii tiép theov thun t1'1ys1'1‘d11ng 1:211 ding thtrc AM- GM. phén binh luén dimh cho ban dqc.

L61‘ girii 4. [200s, Lé Hfru aién Khué]

Giz'1s11‘(1 +17 +1‘ I 1 vi) 11511 A=(u+/2)(/2+<")(¢'+cz).B=Zc1:(b+(")(<‘+u).

Khidéi ——i- —iSiw1+l2+¢'<:>(Z:u\//(/2+c)(('+u)Y SEA
4 K 1 16

u + /2 + <

\/u +/2 db +1" \/1* + (1

<:> B+ ZZ:c1b(u+(')\/[(11+/>)(l>+<')SEA <:>3ZZub(u+<‘)\/((1+l>)(b+(‘) S25/4-168
L\( (K

Sir dung bit d€1ng1l11'rc AM — GM cho hai 561:1 cé

VT: = 2“)/{(211/Jw/(I +(" Y = Z"’ALZz12l>2 (0 + a) + 2261/7:('\/(Cl +1.-)(a +/1) \
(’\(' / L'\L' [H /

/\
_j]\/.

DJ

S2mA[Z:a2l>3 (('-1- :1) + ZZub:('(2c1+b+(') = ZmA(ub+bc + m)(c12l1+[>2(‘+('2c1 +3c1bc")

= 4[32AZbc](8a3b + 8123c + 803a + 2461120) _ 2/—\2_1>c + (8a3b + 8/231‘ + 802:1 + Z4al2c)]_

V1 thé. chi cn chL'r11g1ni11l1 3ZA(al2+ /20+ ca) +8021) +8l231" +8030 + 240120 S 25A -1613

<:>3ZA(ub+17('+(‘c1)+8((1:/1+/72¢‘+0111+311/Jc')(u+b+('): S Z5/H11 +b+c'): —16B(u+l2+(")

<=> 2ab(r1 + b)(a — 31> + 21-): + Zzzl;(»{3Z <1: + Zu12\]Z().dL'111g (dpcm).

Nhgirz xét. Budc d§1u tién s1'1‘du11g AM - GM cé thé thay thé bdi s1'1'd1_mg Cauchy — Schwarz

VF: = ZIUA /Zczb\1"c1+('\J2 S 2"",/44211/2 (Z¢1l1(¢1+c')) = 2mA(u1>+bc' +c'(1)(a:l2+l)2c+c3(1 +3abc)



Clzumzg V: ./1/Igilsél _s'a'1zg tgm 1-'6‘ brit zlzing th12z' l() I 9

Bi)’ giiw chflng Léi clnlyéll sung min 56 dang Iéng quit cuu bit ding thfrc ni1_\'.

Céch téng quzit dan gian nhzit 151 téng $6 bién. Ta Q6 bili main nhu's:1u:

W
935

toan 1. Tnn hang so k nho nhat sao cho vé'i czic so [hm khong am <1. I2. 0. <1 ta co

. i
. v ru_ + b 1- ( + (1 S/\\/u+/>+c'+(1vu+b+(' \’l>+u+¢/ \/0+:/+<1 w/+u+/2

Lin giai szlu dfay duqc phdt trién dun trén bit dang thfrc Jack Garjfunkel.

L0i gizii. Ch0(u./2.r'.zl) =(3.l.().0) la nhén du'Q'c k Ta sé chirng minh bit ding thirc déi

,. \ ,W\‘,_‘.\ A 4,; .vo'1 /< :% va do do la gm tr; can um. Khong mat tmh tong quat. g1£i$U' <"=1n1n(u.12.c'.c/).

Theo bit dng thfrc Jack Garfunkel ta cé: U + , /) + C + ‘I S Qvu + /2 + 0 + (I
V/0+/2 \/'l>+c'+u’ \»‘/("+1/+<1 4

Vivzjy Z Ji ,l__+ fl) __. + ,,§:_‘Z___—— _.‘L,,,__+ _L[___
H‘/,_(_L,w’u+/9+0 \"u+/7 \//2+¢'+d \/c+¢/+11 \,('+z1+u \<°l)+c1+u

* <5\/c1+/)+(."+d —t/i+n<5 ’ +/+*+/_— — ___ ii_—\/(1 2 c r
4 \/(‘+1/+11 \/l2+(/+11 4

Do cl + (I +12 2 c + d +11 nén ta Q6 diéu phzii chimg minh.

Nhgin xét. Cfxng theo )7’ tu*o“ng nziy caic ban Q6 thé gizii bili tozin sau dziy:

Béi tozin 2. Chirng minh viii mc_>i $6 thgrc khéng inn (1, /2, 0. k thou min /< S Mu.\'{u_b.c} ta c6

~ ' wU + b + ( + I‘ S;\/(1+b+c'+/<
\/0+/2+l\' \//J+("+/< \/("+u+/< \/0+/7+0 4

vm /< = 0 ta co bin dfn1gth(1'c Jack Garfunkel.
: Ldi giai Qua bin tozin l cfm giilp chdng ta giai dutyc bin tozin Iéng quzit hon sau dy:

5 Bfii toén 3. Cho n IZ1 s<§tg1'11hiér1 l<'>'n hon Z V21 czic s6 Lhuc khng m ul .u,.....u” 2 O. Tlm hing
5 56 thuc k nho nht sao cho bit dfmg thtrc suu dy dflng

1 (1 I 11, an ‘~——--L+ + + < '
/ _/\'\_'z1| +0: +...+a”

/a +c1 + +c1 141 +0 + +u =0 +u + +u x* \; I I ll—| \,~' I F 11 \' 1| I 1|--_

L62" gizii. Cho(u],u3.....u”):(3.1.O.....O) ta nhén duoc k 2% . Néu ta cé thé chng minh bit ding

thfrc vdi k =% thi sé IE1 gizi tri cn tim. Ta chirng minh diéu nily bzing quy nap.

Vdi n : 3 ta cé bit diing thtrc Jack Garfunkel.

Gia str bit dz'ingth(1"c dnng tdi n. ta chfrng minh n6 cng ddng véi n + 1.

_ - \ i ‘ ,. .Bat VT If (c1!_(13.....¢1h,): A” . [hl A” Siv/(1! +113 +...+u/, \'O’lII](_)1(l!.lI:.....(1wZ0

~ , . 3 F ., .Ta se Chung mlnh A, 3- /(1 +a. +...+u , .G1a su a =1na1x(u .a,,....c11+! 4 \( I _ n+| /1 1 I _ Hvl

|
» __ . -. _ A A ,



1020 B('1t zT(711g tlzlir Jack Garfunkel viz 11113136’ nui rging

D531/2v:(1!.12: :z1:.....l2H =¢1”_E.12”:(1”+z1”_| V51 B” :_/'(121.12:.....12”

. 12‘ 121

Thé1h1 AM: i ‘ + 2 +...+
\/=12: +12: +...+12”_E +11” \/12: +12.‘ +...+/2"

17 c1 a
1 1

I1 11 I1_.
¢

+ +
1

'1

V/1H +11“ +11, + ...+11”_3 \/11” +11, +11: + +11%; V11,“ +11, +112 +...+11H_,

12 12 u u
:BH+ I 1

11 + 11+]

1

CO

+

11 1

\_/

12 +12, +...+12” | +zz” Q12] +12, +...+12” 1 \112v]+121+/2, +...+12,_ , ya” ]+121+12. +...+12 I

_ — ,, ._ — 1 _ .—_ ' _ H-—

__U“

_U'

____/

.\A

/"‘_"

4,

—+

+

u (1
11+] 11+!

12 +12: +...+12”_l +0” \12| +12: +...+12H / \ <1”_l +12] +12: +...+12”_| \f12” +121 +12: +...+12”_3 1

Do dé. tir bl +b2 +...+12H_I +11” 212, +122 +...+12”_| vi1

(1 M +12, +123 + ...+12”_l 212” +12] +122 +...+12H__3 suy ra AM £BH.

1v1;111<11.16.11166<.111"11111e1 1111116 B $2 '11 +11,+...+11 =1 11 +11,+...+11 +11
L q - p II l 11 I 11

V

Bilzh Iuqin: C6 thé lhy mt; rzfmg bili ton thco czich ny. czic két quzi dz_1t duqc 151 khzi 1r<_>n \'¢n.

4 _ _ /Iv-I '

~ ~ 5
1\1ay AM 3 B” £11/ul +11: +...+u” +61%] .(dpcm)

M61 cflu héi khzic 151 11111 hing $6 k 11116 nh€11 sao cho bit ding th1'1'<: suu dng v<'2'i mqi a.12,c,d 2 O:

" + 1’ +,“ + ‘I s/<\/11+b+1-+11
\/a+12 \/12+c' 1/(‘+c1 1,/(1+(1

By 151 m<f>t bi1i 102111 r511 khé vi vn chua (:6 161 giai hoiln chinh

Tuy nhién. sL'1"d1_1ng mziy 111111. Ji Chen 1151 lim ra két qua xép xi nhu sau:

Gié.lr1c§“1n11n1 k = l.435'l(2(28O92582209310763 151 nghiém @1111 dz11h1'1'c

161“‘+2151»‘* -65201-'1 ’-111231511" +26:13141-*

-13071319/1“ +47s32121»* -63453437/<1 + 2805631

Ding 1l11'1"c dal duqc khi d = 0 v51 <1, 12, 6 ln lu'Q'1 1Z1 nghiém @1111 czic da lhirc bit 1<11a quy sau dy

3016.1-1‘ - 30106.1-7 +1305s7.1~“ - 3205881‘ -

+2s5356.1-* -4616641--‘ + 26766411 -85824.1-+115s4

15021-*‘ +14679_1~7 + 589281" + 1219641‘ +142560_1* +90672_1~‘ +1<2264_1’ - 47521 - 1600

754;“ -58455 +1<2216;" -37935;‘ +45610:“ #50031‘ +16560;1-4241; +400

R6 1z111g dy khéng 1111111 11161 két qua 11611. v1 111é 11511 661116 661 dy 121 11161 11211 161111 11111.

C6 mét két qua khzi degp cimg dang. 1n1§1c dim yéu hon.



C]lll‘07lg V: M171 SI): sting t(!0 1'15 I111! dzirzg tluh" I031

02in 4. \/(ii czic $6 thgrc khéng aim 11, b. 1'. 1l'clu'rng minh ring

cc
E:

P‘?

1
~ 1 9,U + 7,‘) + ,1 + (Z <§\11+/>+1'+1!

\/11+/7 \'1>+<' \/'1‘+c/ \/'11+11 —

L01 gmi. [vs Quéc Ba cén]

Khéng mil Lfnh téng quail gia $11" 11 + /1 + 1- + 1/ I 1 \'Z1 11-02/2 + 1/ . D511 .\" = 11 +1‘ [hi .\"2%.

SL1 dung bét déng lhtrc Jack Garfunkel ta c6

L1/++;§i\%1,+1)+1»=i1»?_7
\/11+/1 \//7+0 \/1'+c1 4 4

9_('_+?—.(/_+9LSly/1'+1/+11:l\l—/>.\/'1\zi}'
\"z’+1/ \/1/+11 \/11+1' 4 4 -

Z 9§%\/1-1/—9+%\*'1—/9-9
u_,,‘l._11 \/11+ b ' \/1‘ + 11 9 \/11+ c

=%(\/1-1) +\//1-1/)—\/("+11S%\/Z(Z—b—1/)—\/c'+11=%\/2(l+.\‘)—\/;

U l .: \ .4 _ 7?? WDe dang klem Lru ; \/2( I + .\") — \/.

4;-

/1

/\
I\)J)

L \'('yi mQi 1 2 12 7. Bél d§mglhL'1"c duryc chimg minh.

Chil )7 ring ding thfrc khéng xziy ra.

Chimg la cé lhé {hay déi hé s5c1'1a czic bién dé nhzfm duqc czic b2‘11 dimg thirc th vi sau dy:

Béi toén 5. Chimg minh ring vdi czic thuc ixm 11, /J. 1" ta cé bt dfmg Ihirci

11 /7 1' 3+ + i /—(11+l>+c)
\/11+ 21> \/b + 21' \/1' + Z11 2

961 mi bin déng mu-¢ nily khéng cc’) déiu dang 11111-Q. »-21 khéng phai 121 hang $6161 nhéu.

Mét két qua mzgnh hon phin biéu trong bzii toim dudi dy:

Biai toxin 6. Chtrng minh ring vdi czic s6 thuc 5111111. Z1, 1-11106 bél déng thircz

I S/\'\/11+/7+1“
11 + 12 + 1

\/11+ Z12 \/[2 + Z1" v 1' + Z11

Trong as 1 =%+ V;-1+1 =1.17995%s
\/2\/3 ‘/5

Ding thfrc my 1'11 khi vb chi khi 11: Z + 2\/3. /2 = 1. c' 1 O vii Czic hozin vi.

Ldi gii. Dzfat .\' = \/11+ 21).)": \/1' + Z11. 3 I \/12 + 21' thi

xi +4)": — 2;: b 33 + 4x: — Z)": _\"2 +412 —Z.\‘:(1: : _(':
9 9 9

\ ; ; , , , .\‘2+4\"3—Z:3- x2+\'2+_'.2 _Va batdang1hu'ctr0th11nh Z £l<,/ ‘Q hay 111
\- .>z_\'1' ' .



I020 B("1t (7r111g 111111‘ Jack Galfzuzkel viz mgit $5 nu) rqing

Bait112:c11.12::z1:.....1>H_1=c1”_E.1)”=¢1”+11”_1 Yb B” = _/'(\11;.17:_....1v” I.

1). In
Them: Aw . = ‘ + 5 +_..+

/|*| I
VI

V111; +17- +...-I-17' , +11, \/1)., +/>_ +...+1v
. _ 1'—; 1 _ \ /I

b11—I U1: u11~I
' + + I

V1/1M +11” +11, + ...+1>”__, \11v” +12] +/>3 + ...+b”_: \/11M +11] +123 +...+hH

/7I bl (I11 ([11+]

=B”+ — I — , +
\='1>] +17, +...+11I_l +11 11> +17, +...+1> "12" +12 +111 +...+12_ , ‘(I +17 +17“ +...+12

1 _ 1 11 \ I _ 11--I \, 0 I _ 11—_ \ II’I I _ I1—|

\.

»\\;

\.
___\»

i,_/

+
"13

+

(1 Cl I
11~IIBH + I

'.-1~I 1

\/I171-I-17. +...+1) +0 1) +17. +...+b‘ , 1 (1 +12 +1), +...+11 1'12 +19 +1), +...+17
\ _ /1 I ll \ I _ 1.—I / , \ 11~I I _ I1—I \~ 11 I _ 11—_

D0 <16. {L1 17] +192 + ...+17H_] +11” 21)‘ +123 +...+1J”_1 \'Z1

a +12 +11,+...+b_ 212 +12 +b,+...+19 ,suyraA SB.
11+] I _ 11 I 11 I _ II*_ 11-I II

Mef11khzic.theo gia1I1ié1quy nap B” §%\/bl +123 +...+bH =%\/11] +0: +...+u” +11%} .

V1 \"€1y A, SB SZJQ +c11+...+a +u . .(dpC111)
' 1+1 /1 I ._ 11 11+!

Binh Iugilz: C6 thé 1I1§y 1116 réng bi tozin lhco czich nily. czic két quzi dz_1t du'<_1c IE1 khé lrc_>n v¢n.

M61 cu I101 khéc 15111111 I1§111g $6 k nho nhl $110 cho bt ding tI1L'1'c suu dng \/61 n1Qi a,b. (3 d 2 O:

1" + 1’ +,“ +,d §k\1u+b+(-+d
\/a+b \/11+c' \/c'+c1 \/(1+(1

Dy I21 11161 bE1i 101111 151 khé vi \'§1n chua cé I01 gii hoim chinh

Tuy nhién. sL1'd1_1ng1111'1yI111I1._]iChen dZ111111ra két qua xép xi nhu sau:

G151 111 ciin 11111 k = 1.4352668092582209}10763 I5111gI1iém cua dz11I11'rc

101"‘ + 2151" -05201-‘1-110_1151»"’+ 20243141“

-130713191“ + 41832121 * - 034534371 1 » 2005034

1)éng1110-Q (151 dLl'(_>'C 1011 <1 = 0 va (1, b, 1- 1511 ILl'(_)'I Ii1ngI1i§111 um cc da II1LIC 1551 1<11a quy SZIU dy

3016.1-*' - 30106.1-7 + 1305271“ - 320580.11‘ -

+2s5350\-* - 4616041--‘ + 2676041-1 - 85824.1» + 1 1534

1508;” +14079_\~” +5s92sv“ +124964_\-~‘ + 1475001‘ +90672_\~‘ +19264_v* -47521 - 1600

7541* - 58455 +1911@;“ - 37935;‘ + 45610;“ — 35003:‘ +16500;3 - 4241; + 400

R6 rilng dy khéng phaii 11161 kél qua dcp. V1 thé vén c6 thé coi dy IE1 11101 bZ1i 105111 md.

C6 mét kél qua khé dcp cimg dang. mzflc dL1 yéu ho‘n.



Chmmg V: 1\1g§t.s'(§ sting tglo 1'15 brit Jrig thllr 1021

U11

E1

tozin 4. V01 czic 1h1_1'c khéng Z1111 11. /2. 1-, 1l'ch1'1“ng minh ring

1 - 2 -1
U +1‘) + ,‘ + yd <‘§\u+/>+('+1'!

\/L14-/7 \"./7-1-(' \/('+(/ \/£1-1'1! ‘-

Lin‘ g1"111". [vs Q1161 Bé c5111

Khéng 111511 lfnh téng qu2'11 gia $11" 11+/2 + 1' + 1/ :1 \'Z1 11:12!) + 1/ . D511 .1" = 11+ 1' Lhi 12%.

S11" dung bit dng 1h1'1‘c Jack Garfunkel 111 cé

i+?—__b_+%Si\/11+/2+('=i\/l—d V51

\/11+/2 \//>+(' \/("+11 4 4

i'—+#[—+,i§i\/(‘+1/+11=i\1—l2.Vi\"Q§'
\/(’+1/ \/1/+11 \/u+(' 4 '1'

Z +12r1_;12 11".
11./1_1-.1/ \/(1 +1) 4 \/1' + <1 4 \1 11+ 1'

5 I 5 ' ’=Z(\/l—b+\1’1—1/)—\/0+0Siy/Z(Z—lJ—(/)—\/c'+(1=%\/Z(l+x)—\/I

D1? 1151112 kiém 1r11 3 \/2(1 +1-1 — \/.16; \'('>’i moi 1 2 .1' 2 L. B51 d§nQ1h1'1'c duoc 01111112 minh.‘ 4 2 ' Z “ ' ‘
Ch1’1 Y ring ding 1h1'1'c khéng xziy ra.

Chuing ta cé 1hé1hz1y déi hé $6 c1121 czic bién dén11g1n d1rQc czic b1"11 df1ng 1h1'rc 11111 vi sau dy:

Bili tozin 5. Chimg minh ring vdi czic s6 th11'c 51111 Cl, 11. 1" 11106 bit ding 1h1'1'c:

u /2 1" 1-+ L + ?_S —(z1+1>+c)
\/11+ 212 \/b + 21' \/1" + Z11

1361 1-1'11 11111 1151111111111-1 nZ1y khéng 111 11511 11§11g 11111-1:. 111 khéng phai 111 115111; $6161 111151.

R)1,.)

M61 két qua mgmh hon phzit biéu lrong bi1i toim d1r<'Ji G51)-'1

B511 toén 6. Chtmg minh ring vc'>'i czic $5 [hue 5111111, I2. 1-111136 bin déng 1h1'rc:

(1 I2 c 1?‘?+ + §k\111+/>+1-
\/11+ Z1) 1/I2 + Z1" N/1' + Z1!

T111115; 1111 1 1213+ 71+; =1.179959(1s
\‘._.

TJ

JE
/.

L1.)

<2?

E

Ding th1'1'c xay 1'z11\'hi \'Z1c111 khi :1 : 2 + Z\/3./1 =1.c=() \'Z1c;ic hozin vi.

L1>1" gidi. 1->111 .1 = 111+ 2b. 1- = 1/1+ 211. 1 = 1/11 + 21- 1111

.1-I +41»: - 2;: Z ;1 +4.1-1 - 21-1 11’ +48 - 2.1-1(I: . 7: .L':
9 9 9

1 A .' . 1 1‘ -‘2+4‘2—2Z3' 1'1“? '2+II: 1Va bat dang 1hu‘c tro thunh Z \ Slqf \ ‘L hay la
\" .1

('_\'(‘ '

1

1



1022 Bf]! ziizg 111121‘ Javk Garfunkel vi: n1(3ts(§ mu rging

:ZLl+ :ZL- :(,\- + \~ + ,-,)§3k\;3(.\* + i-1 + ;1)- an + _\» + I)l1(1§1C1I1@lcCi1 khziii
\ \l\l \i

\ (.\-—\~):
Z(.\'— \'—;)(.\'—;)\ ‘§3l<\,/3(_\'“ + \" +3“ ) —3(.\'+ \"+:)—ZZ—f—

' nr '

I \ \

_ \ V ~. , . 4 ." I , i \ + 4-~
R0 rang chi can chimg minh hat dang thirc irong irumig hqp 2 x2 >\' 2 t. Z O .

Tir diéu kién Zxl 3 y: + 4:,:.d§:d£1iig kiém ira pl1Ll‘Ol1§_IIfinl1 Z(.\‘ — r )' :(_\" -1)‘ + i-H; -1)‘ cé

hliilighiém0§!l§I11iX1(I:.1)\'Zl\'(§'ifI1Qi()SISI|[RC6 Z(.\‘-—I)_ §(‘\'—r)' +4(:—r)'.

Ta 06 thé gifim x. 5'. 2. di m(>i dqi lu'Q'ng I him lrong [OJ] ] . khi dc’) vé lrzii ting.

Tu cé thé chiing minh vé phni giam. c6 nghiu iii hiim s<‘i

1

f(r)=3l<\/3((.\"—r)3 +(_\--1) +(:+z) )—3(.\~+_\~+;—31)~2X% giamu"én[().1l].\-_

, A , _ _, 111+/1+) _ 1

1"1i:_1l\';1y.d2_1i/2i=x—r.n:_\"—I_p=;—rlhij (1)=—9ki—h+9—22 Q
I71\/3(/213 +123 + pl) HI-IL/> _

, ( _ )2 III-i-11+ )
Ta se Chung minh 2 Z 2 9 — 9/<-iii?

iii-/1»/>
in‘ i/3(_)I7: +113 + /)3)

(;;;~,1)3 m+/1+];
D0 k >1 tzi chi c§"m chirng minh 2 Z 2 29-9 _~¢—iw . Ta 06

M-/> ”' \,"3(n1“ +11‘ +p')

VP9l

I
'-I1)

Ii -\ w 1

\,i‘3(nz‘ +/1‘ + 1)“)

/ah

JJ

_(

, \ , 3 20/1
/ m+;1+ p \_ Z7(/22' +11‘ +p‘)—9(m+n+p) >2 0.‘.

I , W >
ml +11: +p3 .“3(nz3 +113 +p3 ) +m+n+ p 2 (”7+”+ P)“

Z(ni—Iz):
‘ — _ '\'< I ' \

Vi vfiy chi cim chirng minh 22%22%? hay Z(m—/1) L-4-l7—(——2i-J20
/H )

Bit ding thirc cuéi ciing dfing vi

' '~ m+ri+p ' (‘H "T m+n+p '

2(m+n+ ]))Z2/21+\.=/4113 +417: 22/n+\j/13 +4123 2311123/123/2.

By gié ta cén chirng minh bit ding thirc sau khi dii giém céc bién di min dai lu"Q"ng re [0,1]] .

Néu chc_>n I =11 ta chi cn chilrng minh bit d§ingthi'1'ctrongtru'6ng hop 2x3 = _\-3 + 4:3,

nghia I51 <- = 0. B5: d§1ngth(1'C ban aéu my thfinh _“— + 6 s A»/<1 + 1» .

\/a+2b

l—b
Gizi sfra +12 : 1 tziphai chi'1'ngminh g (12) =—i+ \/Z; S k vdi-n1Qi be [0,1].

\/1+1;



Clzzrzrng V: Mg?! $6’ .§'(ilI_Q tqm mi blt ring tluir I023
, H '_“) , , \ ; .. .' ,5 .,TTucog (/7):— +L_.D()(1()‘Q (/2) cungclau\'01 \;(l+/>) —(b+3I\/l>_Z(l +/1)\’1+/2 2\//1

nghia 121 cimg d:‘1u\=<'>'i (l+ /W — (/> + 3)“ l> :—3/7: — (1/> + I .

=\ . . ; ~\~ 2‘?-2 F ~De dung chung mmh rang Q1113 g (/7) : —l + a {:+T+ /-1 + % : /< .

M" \ \/3 /! \./Ix/3 \" \/3

7:
~—\

B51 ding thtrc du'Q'c chrng minh. Téng qudt hon ta c6

\. , . : _ _ l:‘+5/T; 1, _ ‘_ Lan toan 7. Cho q lu so [hgrc thou mun () S q £% h02_1c q 2%= 1.l9_s.w7>Z-+3 . Tun hang_ _’ 7

W

$6 thus k nho nht sun ChO hi! déng thirc sau dfmg véi mpi $6 thuc (1. /2. <7

" |_u . + /_/J _ + __(.'_. S/\'\/41+/7+0
\/(1 + (]/J N"/2 + qt \/c" + qt

1.61" gizii. f
Tru'b'ng l10'p 1. Xét OS q Si. cho u =12 - ¢ =1tanhém duoc /< 2 .' Z \,‘z/ +1

Tn sé chrng minh b§td31gtl1u'c: ,__” ._ + ,__/’_. , + __" S J’ A \./(l+/1+1‘
N/11+ L][7 ~ V‘/> + qr \f(' + qu \( 1/ +1

SL1" dung bit ding thtrc Cauchy - Schwar: IL} 06

—€¢§'_ +?lL+_&L * _€(a+l2+<-)‘i+L+#).
\/a+ql> \/12+:/<' \,‘('+c/u . u+c//7 17+‘/4‘ "+1/(1

Ta chi cn chimg minh U + b + ‘D 3 3
u + qb Z7 + qr" c" + z/u 1+ q

<=>1——i-—j+’l—L\]+f1— F ]23— 3 <=> b + C + U 2 3u+(//9, b+q('/ \ ("+1/(1,, 1+q u+</[2 b+q(' (‘+1/(1 l+q
Lai zip dung bit dzing thtrc Cauchy — Schwarz ta 06

/7 (- (1 2 (u+/2+<*):
¢l+¢//7 /Y+¢/F (‘+1/11 u(<‘+q<1)+/7(u+qb)+<'(/>+¢/(')

Tu chi cn chfmg minh (1 + q)(a +/2+0): 23(u(<‘+qu)+/2(u +1//2) +(-(h + q<~))

<=>(1—Zq)((13 +17: +03 —uI>—lx"—('u)2()<:>(I-211)

F"“"|

\ 1 7

(u_—b)' +(/2-0)“ +(c"—z1)_1Z().

A ." . 4- \ -.' v. , . -, - 1 \ \ * 3Bat dang thut CUOI cung hlen nhxen dung. Vg1)'g1atr;canInn la +.
\1(/+1

n+i\1T3Tru‘6'ng h<_)'p 2. :12 Chox = \/u + qb. _\" = \/c + qa. 1 = \//J + qc thi

2+ 1 1 '1 7+ ') 7 'Y 1+ '3 ') WX z'\"—(:' 1' c'.\"—:\‘“ \" (':'—z.\"I . 1 Z): I 1. CZ. 1 I
9 9 9

Bét déng thirc tro thimh



1024 Brit ¢Ig thzic Jack Garjfunkel viz nzg31‘s5 mo" rng

Z.t: +q‘:_\': ‘—<[f: gk + _\': + ll
,\-,- (zf +1).\' \v 9+1

-\ ~ 1

<=>¢/Z'\f\_‘—'+(L</3 —<1)Zqj~(r/I ~</)(-\'+ .\"+ :)§
1" ' |'\. '

kw 3 1 .
S—g£———L.i)\/'.\“+_\"+;‘—(c]“—q+l)(.\‘+)‘+;)

\/11+}

<:>q(,\'-—_\')(_\‘—;)(3—.\-)(—L+L+-L13
.\_w" _\'; :,\' 1,

/<3+lr—}. . w . . .-~-3
S—(q:_—) \/.\" +_\" +5,“ —((/‘ ‘q+1)(.\'+ _\'+:_)—(q' —q)

v
N. -\'

‘ I I

Ta chi cn chtmg minh trong trub'11g hc_>'p 2 .\‘ 2 y Z 1 2 O.
£1

Tirdiéu kién q.\"3 £ _\": +q3:,2.suyrat§>nt;1iOS/1§;.q(.\'—/])2 =(_\‘—l])2 +q2 (1-11): v51 véi

m<_>i OSISII £2106 c](.\‘—I)2 £(_\*~r)2 +q1(;—r)3.

Néu ta giz'11n.\'. _\', ; di mét 1u'Q"ng re [01]] thi vé tréi téng. ta chirng minh vé phéi giam. \/"Z1 nhu

thé chi cfin chimg minh bt d2'i11g thirc ban diiu trong tru'€>‘ng hqp c : O. Xét helm $6

/<(q‘+1),»';~V'J?r‘i 1 (-\'—\')3 »

f(r)=~——\/(.\-+0" +(_\'—z) +(;—r) —(q' —q)Z-+_;—(q- —q+1)(.\‘+_\‘+ :—3r)
}(1+] .\ I

E)5_1I m=.\'-_r.n=_\"—l.p=:—f tacé

f,(,):_k(q°+l) n1+n+p +3(q3_q+l)_(qg_q) Z 021-611)“

\/4/+1 \/ml +113 +1): "M/I "1-

/I
1

, k f +1 , _ -

Taphaichirng minh 3(q' —c/+1) 1—ii— 1£((1' —q) Z
3 \/‘H12 +11: ‘Pp: / n1_r|_p I”-

, .
. '

kal 1 ,

Ti1‘b€1tCIéngthL'1'c ban déu. cho u = b :(-=1thi ta nhém duqc /< Z ——3— <:> ——i:— 2 L vi thé
‘

1 + q 3 \/-3’

3(q3_q+l) 1_k\/1+1 m+n+p £3(q;_q+1)/]_ m+n+p

3 \Im2+n:+p‘ \/3(nz3+n3+p3)

D0 dé ciin chirng minh

3(q2_q+1) 3(n,1+r11+P3)_(m+n+p)1

\}3(m3+rz2+[1:)(\/3(1n2+n2+P2)+m+n+l)) "P '7'“

hay cé mé viét 1&1 1:1 5,, (m -,1)’ +5”, (,1 _ pf + sn (m— ,1): 20 trong as



C/1 rm‘/lg V: 11/[git S6, Sling rgro 115 bfét airing tluir

:/1:/>3 {QM/I —¢/H/21+11+/1')3 —3((/I -4/+l)n1:

Sm : pi/21: LZM; —z/)(m+/1+/1): -3(¢/I —</+1)/1:

.1

'1

J

J

.4

J

'—"L..._‘

S” I/21“/'1"§L'l(z/' —¢/)(m+rz+ /2)' —3(q“ —c/+1)/J“

|_.

\/3 111.2112 p20. I11 c6 Z(c/2 —([)(lH+II+[7)3 2l8((/I —q)p3 Z3(q: —q+l)p:. do dé S1220

Vivé.yti1‘S”(/21-/1): ZS” (m—/1): +5” (11-1)): ta phéai chtrng minh

Sm +5” 20 V51 S” +Sp 20

Diéu n£1y dfmg bC>‘i vi %(Sm +S”):(q3 —q)(m+/1+ p)2 ([72 +n3)—3(q: —q—+-1)/12]):
.'_”1_

2(q: —q)%(/1+p):(\p2 +n2)—3(q2 —z/+1)/13;): 2l8((/3 —q)n3p3 —3(q2 —q+l)/2:122 20 via

—;l—¢(S/7 +S”):(c/I —z/)(m+n+ p):(/n: + p3)—3(z/I —z]+l)n13p3
n"

Z(q3 —C[)(II1+2/J): (/11: + p3)—3(c/3 —z/+1)/223113

2(q2 —q).8mp.Zmp —3((/I —q+l)/nap: 20

Nhu" véy ta aa chL'1'ng minh fm nghich bién. Theo lép luén o trén, ta chi can Xél bét ding thirc

ban d?1utrongtrL1"b‘11g hqp c = 0. nghfa I51 i+\/E 3 k\/a +12 .

\/a+qb

Khéng m§1tt1'nht6ng quzit. gm su‘ (1 + 1) = 1, khi dé gizi In nhO nhét Qua /< chfnh 1:1 gizi tri lam nht

cL1a hm $6 f (x)L+ trén [O.1]
‘/l+(q l),\

I -1 -‘ 1 \ : .. - 3Tacé f (.\')=— +L cung dau v01 (l+(q—1)x)x—x((q—l)x+q+1) hay
2 1 6 -1 \-3 25\/( + ( 1 )- )

cilng du véri P(.\') =(q—l)2(q—2).x3 +(q~l)(q—5).x2 —(q2 —q+4) x+1

Czic ban cc’) the‘ tu chirng minh két quzi sau:

Néu s q < 2 thi Pm cé hai nghiém ém Va mc}t nghiém trong (0,1).

Néu q > 2 thi P(x) cé mét nghiém m vii hai nghiém duorng xi £ min (l,x2 ) vé f(.1:] ) > f (I).
Néu q = 2 thi P(x) chi cé Citing hai nghiém phén biét, 1 nghiém m vii 1 nghiém ducmg e [0,1].

Trong czi ba truimg hqp, ta c6 két luafm chung:

, 1 . ,
Gié In nhé nhét cua /< 151 il°—+\/Q trong do X0 la nghiém duong nhé mm cila

J1-+-(q—l).\'0

phuvngtrinh (q—l)2 ((]—2).\'3 +(q.—l)(q—5)x2 —(q2 —q+4)x+l=O
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Nlzgin xét. Ta cbn c0 hai tru'O'ng hqp riéng dtfit biét cua hili tozin nily. dé I51:

/
V

G I Z-R
ww ' - '

—\/ww 1'—\-l-\/1}‘ \

1. q + ./J +14 2% :7 ‘ P“ [vu+l>+('
\/n+4/7 \//7+-l(' \‘("+-lu =_ (“(1__1+

u /'2 c"
2. + + <

4.
DD

DJ

/ ',_ ; _
_\/3—3 ‘-

J

‘J

+
'14

Z
VJ)

/via + 3b \1Z/2 + 3v \ Z0 + 3a
_ V_+\;

J

I

'a+/>+v
-\ \'l—l + \'/3 _

Tru'b'ng hqp cuéi cimg vain IZ1 hai bixi toim mo" sau dy:

\. , .. V 1?+5\/13 Q, . . 4 A _' I
B21 toan 8. Gm su' %< q < Tlm gla In nho nhat cua k sao cho bat dang thuc

" + I’ G" £l<\/u+.b+¢-
N/a + z/l1 J12 + qr \/‘c + qa

Dng vdi mqi 56 thuc khéng m a. b. <2

Binh Iugln: Bét ding thirc Jack Garfunkel 151 trubng hop dzfac biét cua bi1i tozin {mg vdi q = l. D0

dé bili tozin 8 mdi thuc su 121 bili tozin téng quzit Qua cua bit ding lhirc Jack Garfunkel chir

khéng phai 1Z1 bili todn 7. D61 vdi bi tozin lily chimg tu khéng thé (hoiic rzit khé dé cé thé) du

dozin du'Q'c tru">'ng hqp cu thé my ra déng thirc khi q nhim mét gizi tri bit ki trong khoang

1“+5\/1??%< q < do dc’) tzic gia nghi ring. trong b<'§n czich chirng minh bait ding thirc Jack

Garfunkel 6' trén. néu cc’) mét czich C6 thé giéi duqc bZ1i tozin 8 thi dé phéi 151 czich thtr 2 (do czic

czich cbn lz_1i déu d1_ru trén su biét trudc diu dfing thfrc cu thé). Néu khéng. chng ta phzii tim ra

mét huémg giéi quyét khtic cho bit ding thirc Jack Garfunkel. R6 rimg bét ding thirc v§n cén

nhiéu diéu mu vi dang Che caic ban d(_>c mam phél

Bi toén 9. Cho k 151 s5 thuc duong nhé hon 1. Tim gizi trl nho nhzit cim M sao cho bit ding

thirc a k + b k + C A £ M (a + b + <-)H dng v('>'i mcpi $6 thgrc khéng m a, l2, ca

(a+lJ) (l7+(f) (c+a)

Binh lug?/1: Chxi y‘ ring néu k > 1 [hi khéng tén t2_1i gizi tri Cua M. Thét véy, cho c = O bét ding

thirc t1"O'thZ1nh if+ 12"‘ S/1/l(a+b)H.C<">dinh :1 viz cho b —>0 . khi dc’) VT —> +<><> trong

(cl +12) G

khi VP —> Ma H , mu thun.

g I A

Theo du dozin CU21 chng téi, M = max 1 + k (1 — k )

/

Bi viét tam climg tr dy, hi vqng duqc trao déi véi céc ban vé bili toain nily trong ma}: dip khzic.
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§ 24.5. cAc BAT DANG THUC CO LO'I GIAI HAY

Tm/lg /nz/(' /1(7)" <'/11?/lg 10/ _qir}'i I/ziéu \‘</“i ("air /um mg}! sdy /rd’! JJ/lg I/1z'r(' cfuzg n/2z?ng

1'/212'/1;; min/1 nit J5/1. (“(5 nu}! .81}, /2211' {ruin z/zrr}'1' dd)" (717 Ju'(2'¢' Jé cqfp 107' 0' <'ciz* 0/1u'1/mg

/rzr/}‘<; [rung uric r‘/rm/n_q <70. ¢'/21in_Q J17 <7’z1'1_/0 gm/' \'<)'i 11/117"/1g p/rm/'z1_<q p/zci/1 /</zci (‘/nu?/1 Mic.
.’\»’_Qzr'(/(' /¢_1i_ Ju .\"/}' (xiv (‘/IZ}'Il§' mi/I/2 4/z1'r}'i Jd)" rd’! Ii/1/1 /zm/I viz /\'/20/lg {"12"/lg 11/14770 111(2); I/zen
("dc /z},'z1_\"8z1 If/<'Ir11v)‘<' /11711.

1 Bfli 1. Chou_/2. ¢'>()lh(>z1111€1n 1% + IL +L=2 . Chirng n1inl11n<Y:
<1 +/2 1+0 /_ C

u+b+<+2( .1/2 /)( + ((1)21 H»)
Z u +/> 1>+(* 0+ :1 Z

Ch ling milzlz

{)2:1{S:(I+/)+('1T161/7+/)(‘+L'(llP=(l/]('.ThiL+L+LI§ <:>
1+5: 1+/2 1+0 2

<'—“>'_7.[(1+/J)(\1+L‘)+(1+L‘)(1+[I)+(1+(l)(1+/))]:3(I+CI)(1+/7)[l+L‘)

<:> 3P + T: S + 3. Su'dL_1ng b§tdz“h1glhL'1"c AM — GM, £2106:

;:1+1+12 3 2 9 :9++2 l :1 1 17 1+(' Q/'(1+(,)(1+/,)(1+(-) (1+u)+(1+l2)+(l+(') 5+3

:>3(S+3)2 l8c>3S29<=>S23:>S+326.Tasécht1"ngminhT23.NéuT<3thi3>T=

/17 :>P<l:>3P+T<6:>muthu§n:>T23.ab + 126+ cu 2 3%/ub.l2(".<'u =

La.)

<31

TaC6:c1+[2+c+2(ul2 + 19¢" + cu )22 ©§+2(SLi)22
Z 11+!) lJ+c (‘+0 Z Z ST—P 7

<=> $<sT-P)+4(sP+T1)z9(sT-P) <3 s1T+s(5+3-'r)+4r1295T-3(s+3-T)

<=> S3T+S3+6S+9+4T3ZlOST+3T <:>(T—3)(S—3)(S+1)+4(S—T)22O (2)

Do S 2 3 vZ1 T2 3, nén (2) dfmg :> (1) dimg.

B51i2. Cho (I. 11, c’. 41> O lhéa min (1/15+ bed + cz1u+ dub : 11+ b + z" + c/.

ChL'rngminh1"§1ng: \fl+2”_ +\/i1+_)b_ +\/1+,f_ +\/l+qd_ $a+b+c+a' (1)

Chzlmg minh

°B('H7é=.' 1+“: +l+b2 +14%‘: +l+d: =u+!2+('+da+b b+(* c+d z1+a

- Chrhzgminh: VT—VP=1+”_ -“+1”: —b+ 1+” -¢-+1”: —da+b b+c c+d d+a



111% Ciic In?! (Mug rhz2'c' cri h}’i girii hm

11+!) iv+< 1'+J 1/+12 111+/1 (‘+1 1' A/5+1‘ u+u»‘

=11! +/1 + 1‘ + 1/ — u/n‘ — />11! — ulrl — du/>11 I + 1 ‘ 1

1—u/> 1—/2(“J_1—-1'1/+1—¢/u {1—u/2+1—u/'+"1—b<'+1—//<1)
! I

:1)

1____

i_(u+l4>)1('+(/1 1/>+c)1(1'+<1

' /11) dz/lzg: str dung hit déng lhirc Cauchy —Schwar; ta c6:

2(u+l>+(‘-9-111=2(u+/>+('+(/1
1

1 11+“?+1+/;1+1+(P+1+</1‘)
11+/> /7+1‘ z'+c/ z/+41

“+i ~19 1;-P 1+1/’
I[111-1-/)1+1/7+(’1+((‘+z/1+1!/+(1)1[1'U +1 ' + ‘( +- )

4! /2 / <1 (I Ll

\/

I>

/-*—‘~\ /

1i.1+u‘ ,"“_11+/>- ;1+<-~ 1

((+12

» + 1+<- 1+ +111 fl. ti ,1;
w 1 -. ; q\ _____\'\

+
z

T

\‘(l+/J
» 1-’ I “'\_+(\!F::+\( +([\:Ci‘+\([+(!v vJ :t\k\2‘\'1+(l'

Su+b+('+(/'1+1 1+/I 11 -1 ’1 11\, ')(1 +\ 6) +\‘+’)c +\/+q¢

B511 3. Cho .\". _\". :, 121 czic $6 L11u'c_ Chirng minh1'§1ng:

\ -v -\'~‘ w ‘v 1 1“

, Z11“ +_\"' + T) ZL(.\'+ ‘\'+ :,)(_\"* + _\" + :'1~Z.\'_\":_§ (1)

Ch ling minlz

VT(1_) = Z11‘: + \': + :31; =Z(.\"‘ + 4\'(‘ + j,'"1+6(.\‘: + _\'3 )(_\': + 3311;: +131

VP(

I>

1) = (.\'+_\'+ I.):(.\‘:-1-v\‘: +13): -4.\‘_\':(.\‘+ v\"+:,)(.\'3 + Ax": + 33)

-1-

\/T(1) —— VP( 1 ) = _\-4(\_\" + 1 ~ ,\-)3 + _\-‘(; + .\' — _\‘): + 141.1 + _\- - 3): +

Z.\‘:_\‘:(.\' ~ _\")l + Z)':;:(_\‘ — 1): + Z;3.\':(; — X): + Z.\‘1v\'::,: 2 (1

:> VT(1) 2 VP(1)<:> 2(.\‘1 + _\~1 + _-F )3 z[(.\A+ _\‘ + :.)(_.\¢ +1? + ;’)- 2.\-_\-;_1:

B £114. Cho .\‘. \'. :_ > O \’i1.\‘\‘1 : .\' + \" + 3 + Z.ChL1'ng1nin1\r5ng:

§ '\

1. .\"\' + _\';A+ ;.\" 2 Z(.\" + _\‘ + I) (1) 2. \/.\‘ + \/T + §%‘/.\'_\‘1 (Z

Clzzhzg minlz

D§1lu:L;l1Ii:<':L :>.\'\';=.\'+\‘+:,+Z<=>u+l>+c= 1

.\‘+1 \'+1 1+1 ' ‘

T

1 \"\"+ \

1—(1 /2+0 1-12 ('+u 1—c' 11+/2
:1 C6: .\'= I ;_\": = 1:: =

<1 u /2 12 1' c

_"; + ;.\" 2 Z(.\‘ +_\" + 1) <:>



('/1u'11‘ng Y: 111131 mi’ szirzg I110 1'15 /1111‘ 111111;; tl111'1" L

._:_ 1 ++1')(1"+/1‘? (1'+11)(11+/>1 (11 *1"_1'+11 11+/7'+/v)(/2+1‘?

V
J

{/1
43>

11/7 />1‘ 1'11

,1

»\

<:> 11(11+/2H11+1')+i2(/1+1")(i2+11)+1'(1-+11)(1"+/>)2Z211/>(11+/2)

<:> 1'1(11~/7)(11—1')+/2(/2—1'")(/1—11)+1'\1‘—11)(1'—/))2()

2.»

B§1d(mg1hL'1'c 01161cimgdLing1l1c0Schur. Vi \‘2f1)'..\j\'+_\"; + 3.12 Z(.\‘ + _\‘ + 3)

‘*1 \/‘Z \.1

5 T C 3 1 3; ~* /11" 3.\+\/\ +\1-,S?\,.\\_ *;> _ _—-21 §:
\ 2 \/(11+b)(11+1') »_

/\

I+/;+
SL1 dung hit dng lhirc AM — G31 111013:

i§4

(11+l2)(11+1") 2 +1 11+

'/ /21' §l(Z/2/+ 1' )+l([1' +/11
1‘ I 2+1‘ 2+11 Z1"+11 1“+/1 Z

Bi1i5. Cho 11./>. 1">(). Cl1(1'11g111i11l11"§mg:

1

u+b+1Ki+i+l)z9+@-Qilii%) u)
11 /21 +11' +/7' 1"

1 <:>

Clz 1211g min lz

() Q+Q+]l+Q+£+£+ >]()
/2 1." 11 1' 11 /9 11' +/23 +1‘: —

'-l(11l)+/21'+1'11)

/1 1 11 1 11 /2 H ; (>+/"+-"

‘[ /> (11~/1): “(11—/112 > 1°(11—/1): > °(11—/2):11, _ _ _—+~—3: —= - 1 ._1 1 1
/> 11 11/1

, /7 1' (/2—1')' Z(/2~1')‘>Z(/v—1")~> Z(/1-1‘)

2!!/7 11‘ +/7‘ 11' +/J“ +1"
~ '\ 1

Tz1c0:+—+——Z= = _ _

:> £+£+Q

1' /2 Z11‘

1 1

Z/J1‘ Z13 +1": 11: +123 +1‘:

~ (1'—11)' 2(1'—11)' Z(1'—11)' Z(1'—11)'L+(_l__'2: :
\ 11 1‘ 1'11

Z 1 1 Z 1 7 1

2?" 1" +11‘ 11‘ 4+/)' +1"

- ~ Z’r'(11~l2):+(/2—1'):+(1‘—11);] 1-¥(11b+/)1-+1111+¥+i~62 L . 1 , =4— 1 1 .
12 1 11 1 11 /2 (1 1 (1 1"+/>~+" ~+/-+1"

Bili 6. Cho .\". v\". 3 > O 111611 mf1n.\"+_\" + 3 : 1. Chirng minh ring:

.\'\‘ Y: - 1- 7
1;,+ 1. + ‘z.<,0 11>

l—.\"_\" l—_\";' 1—;" .\" -

Clz 1111g minh

'B5d@(MouJx120v&u+b+1=IAN(uhY+%bN”+(uU”S1%.VQ§neN



H130 Cdc 12111 zlring tIu2‘c cri I01 gm: ha\

° (.'I1z2'ngnzinI1: Khng 111211 Iinh 16mg qu;i1.gia su' (1 2 /1 2 <-.

Su'd1_mg hit dng lhrc AM - GM 11106:

" w_1”
, \.—;

41+ +' ‘ " _ 4

I 111 1 1 ,1 1 . 1, - , 1- ,

%=1i‘ ———;)—(— 21111/v+c11 Zr!"/1' +(1”c"" +11"./7" ‘("21/'!>" +b”(" +<"'u’
L _:._. ,1 .

° Ap d1_mg: Str dgmg céng Ihtrc léng c§p $6 nhim v6 hgm la 06:

1

17)‘ _ 1+-—'¢=\":,l+(\":) +(\‘;) +...+ ,5

.\\ _\\ 1 I J 1

~——‘¢—,~:7‘——,:.\\"11+(_\‘\") +(.\'\") +...i
1*-\"1\" 1—(.\‘\")' _ d

.. \. - I l ‘

1~<>=>' ~ “

: :,\-11 +(:,\")1 +(:,\')4‘I '\ 1—(:,\‘)

:> D; ~ + '11:; + ‘ix 7 S (.\'\'+ \';+ :,\"‘)+Z1(_\'\'):1"! +1 \'t):H +1t.\'1:H1

<_

l—.\"\"‘ l—\"‘;' l—:'.\" M‘

K1.)-—

-
4. . _ 1 1 _1 1 1 _1 1_ 7
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VT(l)—VP(l) =uT(/>. c'.(/)-H14 +/7"‘ +04 +d" +2(l/7('(/-(I2/72 —/7%: —('3d3 —d3u3 —<13c'1 —b3d3 20

B£1il6.Ch0x 2 _\" 2 : > O vf1_\"3 2 .\':. Chrng minh rng:

\_Z__ ,_2\. Y2 \.
' M + ” ' +'+2Z(.\'3 +_\'3 + ;3)—(.\‘_\"+ )‘:+ LY) (1)

\ \ I

C/1 1?‘/1g minh

(:—.\')(_\"—.\'): (.\*—_\")(>\'—:): (_\'—:)(.\"—:):
.\' \' I

(_\"—:)(x—:) (.r—v\")‘ (_\"—;)' (.\‘—_\‘)(.\‘—:)

I \" \' \"

.\'Z/\+.\_1‘B = .\‘(_\'— :)(.\'— 1) — ;(.\'—_\")2 +.x(y—;)2 — y(.\‘~ )‘)(.\‘—;) = 2(.\'— :)(_v3 -13) 2 O

1

:> A 2 0 hoeflc B 2 0. néu A 2 01111 <22)<:> (.\-- :)A 2 0 :> (dpcm). Néu
Y

1

B 2 0 {hi <2) ¢> (.\‘—_\')B+ 2 0 :> (dpcm)
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1
Bai 17. Chm u_ /1. c 111 dg dili h;1c£_1nh Qua mgvl mm gizic. Qhtmg minh ring:

1 11: —/>1 /7: -1‘: 1': -11: I 1

1
+ <1" _;<:

;u‘+u/>+/Y />'+/><'+<"" 1"‘+<"u+u', I

Clzzhzg minh

(1)<:> 3\((l+/7+(“H(I/7+/X‘-1-(UH£l—/711/7'-(')1('—(()‘ <1¢13+¢1l>+/1:)(/13 +l><'+("3H(':+¢'u+z13)

B511 dng 11u'1'c lrén 061115 chimg minh bfing czich clltrng minh 1:111 1u'1_>'l mic bail ding lhirc

d1x‘('\'i diy:

' 1(u—~b+<'1)(u/7+{)("+<'u)1§%(u+/>11/)+¢‘)(<'+u)

' 81141—12)(l>—N11"-c1)1<8(1l2¢'£((1+1211/2+(')(c-+u)

' 4(2%(a +l>)(l7+<')(('+u)S1u: +0/1+l>:)1/7: +lx'+('3)(z’3 +('(1+u3)
v

1.__.»_

B511 18. Chou. /2. <"> O \*Z1u +/2 +1": 6.ChL'mg minh1"§'1ng:

\/1 + u + \/1 + /1 + \/1+(' Z Q15 + 11/1+ /J(‘+ ("(1 (1)

Ch rhzg minlz

' B6 (T15: (u1"+ \'\r+ WHY ‘ _ +- 1 _'+ 1 12. V11. \'. w > O

\L(u+\')' (\"+n')‘ 1u"+u ' 4

11__f__

\/

° A111 dg1ng:D2f1l1+ u = 9x 11+ I2 = 9)"; 1+ 1" : 9:, 1 .\'. _\". 3 >5 \“Z1.\' + _\" + :, =1riii /—

")Z9\/.\"_\"+ _\'; + 11¢: \/I + + \/3, 2 J‘/.\'_\‘ + _\‘;+ :,\' (Z)

D51 .\'=—l,~:_\'=L,::,=L,.11"0ng dém./1.p > O :\ -l—,+L,+L,:1.
I11‘ 11' ])' !7I_ I1“ [)-

(l)<:> 3(\/I+

Z\4/fl

+

5

Thi1uc<jm= L: __3 ;/1: L: 3 ;p= L: L .

\/.\‘ \/1+/7 \/Z, \/1+0

D0 (1. l>. 1' 151 din dili bu C£_1111'1 01111 mél tum gizic. /n. 17. p cfmg lil dé dixi bu canh cUu111©Ltan1

Q

+

giéc. SL1‘ dung b:511 déng lhirc Cauchy —ScIzwar: La C6:

1 + 1 > 4 > -1 4 > 1 1

. : ii____ _V:>;
\/'.\- ¢§+\/y \,(l+1)(.\‘+_\~) \/211-1) \/G 9

S1'rdg1ngb6détz\c6:(z1v+\'w+\ru) 1 ,+ 1 7+ 1 z/2 (*)
(u+\")‘ (\'+n')' (u'+u)' 4 -

p+m—/1 m+n—p 11+ p—m
Datm=u+v:n=v+w;p=u'+u:>u= 7 ;\'= 7 ;w=

1

1



Clzming V: .\Ig§t 5'5 sting [(10 bl?! u‘r7hg thzir H139

Tl1‘1(*‘)<=> (/Z111/2+Znp+I/1/11-/113 ~11: ~ /F [_ +—l1-+L\ 129
111' 11' /2* 1

Til" I: + ~l< + ~ 1; =1 :> Znm+2/112+]/2//129+/113 +113 + />3 Z6\"'/11: +113 + /13 (3)
111‘ /1‘ /r .

. 1 1 ‘ , é" ~ — .+—Than" m=%:/z:—~—; >:'I+ \‘;m(\)_l;1u> \,\'+ \" +\: 23 .\‘\'+ \‘:+;.\. . \. \ . .\.\' \‘.‘ \,f

JJ

V1 \'§1}’ (Z) dflng. my 1'11 \'1+ u + \,/1+/2 + \/I +1~ 3 \/15 + u/1 + />(- + (-11

Béi 19. [Polish MO — 1992] Cho czic $6 lhuc 11. /1. <1 Chtrng minh ring:

(/2+(‘—a): (z'+a —/7): (11 +b—(‘): 2(1): +<': —u3 )(("3 +a: —/>3 Ha: +1): -03) (1)

C/uing minlz

' Néu (1)3 +1“: —u3 H/('3 +113 —!>3 )(u: +11: —('3)§() {hi (1) 151 dflng.

- Chang minh (/71 +¢~l —(I: HE +(1: -/>1)(u1 +/11 -<-1)>0

Néu céhui nl1nu’rf1m. vfdu (/23 +¢>3 —u3)<O:(<"3 +a3 —/>:)<() lhi

Zn": =(/>3 +03 —u:)+((~l +0: —/>3)<() :> m51uthu5n:>
w w w \ \ ~ \ ~ ~(If +(" —u“)>()1(¢"' +u' —/1')>():(r1' +17‘ —¢"“)>O [hi

1 - 1

J(/>+<*~u)' (z'+u—/2)' —(l>3 +1": —u3)((': +11: —l23)=2(z/—l>)' (113 +/23 —<'3)2()

((+6!-/7): (z1+/2—('): —(('3 +u3 —b:)(u3 +1): —¢'3)=Z(/2-H: (/2: +c3 —u3)2()
w 1

[(c1+b—(')_ (/2+("—u)' —((1: +123 —<"3 )(/2: +c3—z13):Z(c'—(1):((': +113 —/>3)2()

:> (/2+<'~(1)4 (c+u—/2)4 (0 +/2—<‘)J 2(1): +03 -11: )2 (1-3 +11: —/2?): (<13 +/>3 -03 )3

3 (b+c—a): (('+u—l2): (c1+b—("): 2(1): +03 —a:)(('3 +413 —/J:)((l: +123 -13)

Biai 20. [CRUX 854] Ch0.\". _\~.;>0. 951 A: -“‘ ,+ 3' ,+ "T ,
(_\'+:)_ (Z-+-.\‘)_ (.\‘+_\')'

B_ ‘Y: + :1‘ +_(\'+,\‘)(;+.\") (;+ \')(.\'+ Y) (.\'+:)(\'+ 5).

Chfmg minh ring: 1. 4A+8B£9 2. A+3B23

Clzzhzg minlz

.. \ --~ ~-— --- —.-—' ‘—:(;—.')1.'B6dé: " -‘+~‘ *"+*" “= (‘ "‘)(" ) ‘
.\'+_\" _\"+:. I.+.\' (.\'+\')(\'+:)(:+.\‘)

/ .

, , .\—\" \'—: :3—.\‘ .\'—\" .\"—\"= /\‘—; \'—:\° Clzu'ngmznl1: ' + ‘ + = ‘ — ' + ' — '
x + y _\' + 1 ; +1‘ .\" + \" 3 + .\' v + ; 3 + x
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' Ap dun 1:4 (

w
_S

.

? \

,_/\

>,'/_

\¢-/

A

‘F " "\' ‘ 1 \T

J»

_@__.._-

I

L_'_L_4

+
rL__4

J-

! ‘-rm

__|

,,_ |+%__ - Z

5 >¢>§<{B-5)s4(§-.»x)<:>2(B-i)si-A.Taco;
\ -1- 4 4 -1-

(_\'—I) (:—.\'J' (.\'—\")'
+ +

:<\->+<?\»»;><~—>"> _~<»=»><>~~¢><:-»>
+_\")(;+_\') [‘\‘+:)(:+.\") — .(.\+\")(\‘+:)(:+.\‘)

~ ~ 3

(;+.\3 __' 14 (.\‘+_\"

‘T,

L_____

4( >\"+;)’ 4(;+_\"): '-1(.\‘+_\"):

_ _,\ .\\ 3
B——= ' + + ' ——

_\_.(_\ + ~)+ _,\(_.+.\')+.\'_\‘(.\'+ _\") -3
— (.\‘+_\')(_\"+:,)(:+.\‘) 4

-lK_\';(_\" + 3) + :,\'(:, + _\') + .\'_\'(.\'+ _\')1—3(.\'+ >\")(_\‘ + .\‘)(; +.\‘)

-1 (_\"+.\")(;+.\') (;+>\")(.\'+\") (.\‘+,-_)(\"+:_) -1

41;_\';(_\" + 3) + :,\-( 3 +_\") +.\‘_\"(.\'+ >\') -6.\'_ p

-1(.\'+_\')(_\"+ ;)(;+

1

r)

_4J

_ -+ _

w

4(.\"+ _\‘)(_\'+

.\‘(_\"—;) +_\‘(:—.\-)3 +;(.\"—_\"):

i -'l(.\'+_\")(y+_\’)(;+.\‘)

\Ién(l)‘1-, q[\('\ ~) "(N A) +“('\ '\) ]<('\‘_:)2 +(:‘—'\')2 +(x_\‘)Z
A “ W (.\"+\')(\"+.\‘)(;+_\‘) _

I I
»_,-~—~ +v——- ---» w

»\

3L(.\-+;~)(A\~+.\-)(~ .\-> am]
") :+_\)

(_\-+ :.)' (:+.x)" (x+ \-)3
_ w 1

_'—: +—-i———2.\*2O<:> \‘—
3 (.\"+\")(;+.\') (\‘—\')(\' ;)>

<32“ )[ \+ ] N) \+~ O
cyc - *~ cvc -I

1

\._\. ._.. .,_‘ _'—' ‘—" 1'—'

1

.9 “ 1 1 aw---'
/,

. ,+_» \.+~ 1 _[(* .\)(> ~)(~ -U] >

(I ‘A)(~ '){.\'+_\' _\'+; ;+.x')_ (.\'+\')(\'+;)(;+.\') '0

<=> Z()‘—:)2[3.v— l20

- - 7-(. ~) (_\~-1)’
2.<-) <=> @{B—ZWzZ_/AH (\‘+'\_)()_+Z)(z+x)zZ(Y+_)2



Chuvng V: Mg9t 5-5 szing tgm v5 bfit (Ting tI112'c )4

;1r('.\'+_\")(;+_\')
Sudung Z(v\‘—:) —

_\')(Z+_\')_2._

,\"+:

r___

'/.
+

,

\:
'-»-.

_..___‘|

1 w w

(.\'V—_\‘) (_\*—:) ’(:—.\')
(.\'+_\‘)(_\'+ :)(:+.r)

Khéng n1§1lt1'nl1l6ng quél giei su' x 2 _\" 2 3 > O. TL1‘ (_\"— 3): £ _\"3 S(v\‘ + 1))" v

OS (x— _\')(.\'— 3) § (.r+ _\")(.>;+ ;)_ (4)dL'1ng néu lucé lhé-chL'1'ng minh

_\"(.\'—;)2 2(x—_\')(.\'—:)_y <2 y(.\'—;)(_\"—;)2O dng :> (dpcm)

A» I . 3Glzi clzzi: (1) vi: (2) cé thé viét 1211 thnh O3 2(B—Z)S%—/1. S 3(B—%) (5)

D5 méy 21a hé S616II1h§ICil& bé11d€§1ngthi1"ct1'én. Béy gm ta S5 Chung minh rang 3 151 hé
$6 tét nhét CL18 bét ding thfrc vira néu.

. . > . , “ 3\ ,Thgit véy. gla sL'1' ton tax 0L <1 Lhoa mn i—AS(2+ O!.){B—ZJ dung Vx, y, 1 > O

4* ‘ 3‘<:>LZ—AJ—2£B——iJ_01\B—ZJ¢>0<Z.x(_\ Q4) <6)5y"?!-,.'
. 3.2.2 . 3

+ ,_ (1 >) -\.\ _(-\ .\) *1Cho _).—->0 lrong (6) ta co. (X.\_\(.\+_\)2—L———‘—
(.\'+)").\'_v x+ y

'1 1

<:> OL(_\‘+ _\') 2(.r _\‘) (7) Vx, _\f > O.

Cho .\'=l v51 y —> 0* l1"0ng(7) la c6 0! 2 1. diéu néy mu thugn véi gia str on <1. Vi véy 3 Iii

hé S6 (61 nhét C1121 bz'itd€ingthL'1"c §- A 5 3[B -.
Béli 21. Cho caic $6 thuc x, _\‘ Lhcha min xy > 0.

, . \ Zn‘ .\'3 + V2 .\'+ \'Chung mlnh réng: —'—+ i‘ 2 \/5+?‘ (1)
.\'+_\' Z 2

Clzzhzg minh
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T2106: <

1

.\': + Y:
1 \\r4?—~—' - _ _ \

1 1 ~
— _

;‘.\" + \"' ‘— .\'+ \' _.\'\" w ' > (.\'+ Y) —-in
>)<:>\;—%— —\/‘.\‘_\'2 ' — ' <:> ,__"__ _ ' '

J 4 Z .\‘+\" ¥\-»+\<3 Z(.\‘+\‘)

/‘M -

J .

+
Z?

‘>17

\»~~‘(\~>~ ><.~-.\->% W
Ix: + \~- ~ ~\(+ _\'

\ '>
* + \.~' .\'_\'

Néu .\' + _\'<()1hi bit ding lhL'1'c hién nhién. B51)" giiv tu xél lru'b'ng hqp _\"+ _\' > O

K -ii 1

.2 1 / ‘ ,3 3 ‘F

D0 (16 (Z) <:> .\'+_\'2 <:’> ((\'+>\'): 2!

SL1‘ dgmg btil dfmg thfrc Cauchy —Sclzwar:, la c(>:

(,’.\"+_\" <(1- 1,)‘ . ._ ¢.._( . _

\I——2—+\¢.\\/ _ + \T—+.u/_.\ +\ +..\\-(.\+\)
-»"ii \- 5 \ ' /' ~ ~ \“+\'“ ‘ ~ » 2

J

J

>1

\ /

"7 N " < <
B2112... Cho (11_ (13. (me ‘_~<( lhOa man 1 _ (1, < (1; < < (1,, _ 1000. Chfrng minh ran“ ton

tai ie {1.2.3.....l0} thou min (z,_| —(1,<1+3{,(1,(1,_\

SL1‘ dung df§ng1hL'rc: (13 +12‘ +03 73a/>(-:%((z+b+(")[((1—b): +(/1~(‘)l +(('—(l)2]

Ch zhzg minlz

Tu c6: (13 + />7‘ + (5 < 3(¢/>(- <:> (1. /2. <" 121 bu 56 déi mét phim hiéx vi (1 +12 + (- < ()

/-— — \ 1* !—- (-
Suy 1'21 (114 — (1, — l < 35/(1‘,(1,_i ¢:> Q‘(1,_, — {J~’(1, — {"1 < O <:> Q/(1,_l — {Yul <1

T111S(1,<(1;<(1;<...<(z1|Sl()()O:> ISQ/(1,

"i *’ ri ‘i F‘ ri P

F \\‘
<"\/LI; <_..<'\!(I|]

/\
41*’

Y‘?

:> (Q/(13 -5/(1, ‘)+({/(z’3_—Q/(13 )+...+(§/(111 —Q/'(1,,,,)=§‘(zH —{/(1, $10-11‘)

:> Min{({/(13 — Q/‘(II -1/u3).....({/an -Q/(1|U)}S%<l :> (dpcm).

U0‘
:3»

-
[Q

5*’

Cho (I. b. ('. (/6 I-l 1 (1l)('([ ¢ O thOu mfm (1 + [2 + (' + (I I O.

Dill S] = (1/1 + be + (‘(/ 1 S; = (1(' + (!(/ + /2(l.

Tim diéu kién dé czfap thgrc du‘o'ng (On. B) lhoa min S : O£S| + [SS3 £ O

Ch {mg minh

'(1+(1=A (l=A—(1 "(/=A—(1
D51 :>A+B=O:~B:—A; 2

b+('=B \('=B—b ('=—A—I>

5 =OtS, +BS3=(1(al>+b('+('(1)+§((1('+ (1(i+1>(1)

S=Ot[(zb+b(—A—b)+(—A——b)(A—(1)]+B[u(—A—b)+(l(A—(1)+b(A—(z)]



.. !\ .. !\
-\C11 uving V: ,\'1g)t $1} szing tgzo vé I1 1}! zlring I/1121' 104

S1 O£(u/2 — />A — /13 — A: — /2/\ + (IA +11/2) +B(—uA — uh + uA — 413 + [IA — 1112)

S = Zfxuh — ZOL/7A — OL/)3 — CM: + O(uA + —ZBc/I2 -13:13 + Bl).-\

S = _/' ( A) I —OH; + (‘Om + B/2 — 20¢/1) A + Zonal? — OL/>3 — Zub — Ba:

Do (—OL) < O su} ru S =_/'(A) 2 O ¢:> A.‘ i O

<=> (Om +[5/1 — 20¢/7)" + 4(X(ZOuz/9-01/P3 — Zu/v—Bu:)£O

<:> —4a[5)¢13 +(4013 —6oaB)u/a+(B3 -40¢B)/>3 £0

<:> u'(a—4B)u3 + Z()((Z(>L—3§)u/v+B(B—-1(1)/73 £0 (1). Xéx hai L1-u"b"r.g hqpz

° Trzrdvzg hgp 1:0 < on S chia hui \'éct1z1 (1) chobz ¢ () V21 dél 1‘: % . ta Q6:
7

g(r)=0<(o1—4B)13+2o<(20c—3[5)r+[3({3—401)s0V1

T£r0c((x—4B)<() suy 1-11 g(1)S()VI<:>A',S()<:> 0<3(20<—3B)3—o<B(0<~4{3)(B—4u)£O
'

<:> 00-2065-2o<B1 +B‘§(1¢=>(_\1“‘-_/-V -_/~ +130. Lot .\‘:%e(O.1]

mQ

\\_

J
/_

"coQ

\

\)
,/—__

u>$2

\_,\

<=> .6‘ -2.\-1 -2.\-+1s0 Vxe (0,1]<:>(.\-+1)(.\-I -31-+1 so Vxe (0_1]

<=> .\-1 -31-+130v.\-e(0.1]<=>£¥s.\-s1

-, /_
va véy, vdi0<o<§Bthi 5:015, +BS;s0<: i%’5s%s1(2)

° Tru"()'1zg lzgp 2: () < B 3 01. chia hai vécua (1) cho ul i O v51 dét u = % . ta cc’):
3

/I(l!):B(B—4(X)ll2 +20L(ZOt—3[3)u+OL(O£—4B)SO V11

D0 B(B—4O£)<Osuy ra /z(u)§0‘V’u<:>A',,SO<:> 0£3(ZOL*3]3): —0LB(0(—4B)(B—4OL)SO

\_ . I.

<:> (x‘—2<x3B—2on[?>3+B~‘sO¢:~£%] —2L€j —2[€7+1s0.D5t _\"=%e(O_1]
// \ /

<:>_\'3—2_\'3—Z_\‘+lSO V_\'e(O.I] <=> (_\-+1)(_\-1-3_v+1)§0 V_\'e(O,1]

<=> _\~1-3_\~+1s0 v_»»e(0,1]<=>3;2‘Es_\-$1

Vi v£_“1y, vé'iO<B$OL 1l'1iS=0LS[ +BS3SO<:> #S£S1(3)
r. J.

' Kétllzg71z.' lLr(2) v£1(3) kéotheoz 3%/5S%S1 v 3%/Sgél

)B51i 24. Chirng minh: 03 +123 +03 +abc+422(al2+bc+ca). Va. 1). c > O (1) ‘

Ch 12/ng minlz



I04-1 Cric [Nit zig tl1z2'c cri 107' girii ha)‘

1 1 ~

Ll)<=> T: (u—1)'+(b—Z)' +(('—Z)’ +(u—Z)(/>—Z)(<'—Z)2U

Trong bz1biéuLhL'1‘c (u — Z) 1 (/7 — Z) 1 (¢'— Z). luén lén lai hai biéu Lhirc cimg déu. chéng hgm

(u—Z)(\/2-D20. '

T

D

111:6: T2Z(u—Z)(/>— Z)+(u — Z)(l1— Z)(<'— Z)+(<'— Z):=(a — Z)(l1— Z)c+ (c‘—Z)32

fang thL'1'c xa_\'1"z1<::> u :1; :1-= Z.

(-3

r

B ili 25. Chou. l>. 1") 1Z1 hilm s<3lié11tL_1c \"Z1 déi xtrng \‘<'>'i u. 12. <' du‘0'ng.

hU'I1! minh: NGLI f'(u./2.¢')2 f'(\E.wE.c) lhi Ha./1.<-)2

Ch ling min h

Dmh nghia céc day $6 {u,,}_ {v,,}_ {mm} nhu' sau: u, = \/uh :\~| = \/(IIJIW1 =0 1

ll :\'”_l : \/\'”n'” 1n-M] =14” . Th1 f (11.17. 6) 2 _f (11”.\"H.n'”)2j (z1”_l.\'M_\1'H_,) va 11,,

. ln :1 + In b '\’= + -" ~ ~ .

abc. Dal .\‘U = In c;.\', =——iq—:,\‘,,_, ='ivi. Th1 11,, 1 Y” =c‘" 1w” :0 " '. D0

(X21 1 _'\.I1):—l('\-II _ ‘yr: ‘)‘ {X71} U11"- _‘

‘,?— ~j— /-1 ~/i
HOn nfra limun = lim \'” =li1nwH ={=ub(" . Vi vzjy _;"(a.l2.c) 2 f (\‘/ul2("_Q/al2c.Qal1(')

l1—)w I7-—! I r7—>>¢

Béi 26. Cho 41. 12. c' > O. Chimg minh ring:

\/((131) +1230 + c’:(1)(zzb3 + be: + ('11:) 2 zzl2¢'+Q/(z1"+ ub(')(b3 + ul2<")(<"‘ + abc)

' CI1 livzg minlz

BSL ding thtrc d-Z1 cho tu'0'ng duvng \"<'>'i

/ 2 \ 1 I \ / 2 \
. J ' 1 .

(5+Q+5)([l+i+Q) 21+1€L1+LJL1+]’—J| 1+5—J
c a b c a /J bc . cu \ ab

Bit .\':Q , >\' =2 1 ; =% {hi .\". )1 :_ >0 \"£1.\"_\"; = 1. 1:1 C6 bit déing thtrc <:>

c‘ (I 2( 
.

. _\/" \ '

\/'(.\-+_\‘+;)£%+%+%)21+2/K1+Ml+%/]\\i1+ij W)

, /

Bait z:ijL1+'—"W1+=\—\I1+lj:(x+_v+;)£l+l~+lj=z‘ +1
\/\ \ \ \ ~

S

D‘./\ _I, _, D. _

. : ; , , \' I I "
udung bat dang thu'c Cauchy ta co: r= — — — _ _ — 2 — Z —=2

Z._'“_‘____

/_"\

+
'4'-<

\\__/

/’i\\
__.

+ t.
\_/

/ii
._.-

+
'/.. \/

\/
‘ii

J
-_/__‘_

'(<‘<1

%

(*)<:> V\/1‘+l2l+1<:>r7‘+12(1+1):<:>z(1+1)(1—2)2O dLing:>(dpcm)

B51i27. Cho c1. I2. c‘ > O.Ch(1'ngminhr§1ng:

%+%+%+L+L+L23(#+L+L)
b'+('“ ¢-+(;— 51--+-/7- (I Z7 0 11+!) l)+c c+u



Cl111'0'11g M131 56' sring [(10 1'15 /1111 zirig tl112'c ~18

VT: (113 +/'13 +03)

1-r_ ~ .

Clzlhzg 1ni11/I

F
f\

~

1 + I + 1

(b:+c3) /2(.c'3+11:) c(<13+l2:)l

I ii (1/>3 +('3)+<z': +11:)+(11: +17:'>~ )~

iih—‘

2i1;+¢,+
'7 ; '- \ \/(I \//J

/

Vi.“

1-\

~

/\
\.

1 + 1 + l

23+('3) lv(1'3+11:) c"(u:+l23)_]

:l{~1—+i"I"l)'§'L__‘+'?1_T-Fill‘
° 11 /1 1 ’ ’— ' \?11/1 V /21' \/ c-11

~ + '— 4.?-__
4 (1 /2 -ll; 1' -1 1' 11 11+/2 /1+1" (‘+11

"> 7 '>

211+1:22:;1+11+ + + + 7‘ + )
11+/1 l2+(" 1'+11 11+/2 /)+1' ("+11 \11+/1 /7+1’ ("+11

B:E1i28. Ch0.\"._\".:lhOz1mfm()<.\‘<v\"S 1: O < _\- < : S 1: 3.\‘ + 2)" + 3 S 4.

Tim gid lri 1611 11|1§LcL'1;1 T: 31; + 2)": + :2

Ch 11'1zg minh I
D0 3.\" + 2_\" + 3 S 4 :> 3.x" S 4 — Z)‘ — 1 :> 3.\'2 S .\-(4 — Z)‘ — 1) = 4x —— Z.\‘_\" — gx

:> T : 3.\‘2 + Z_\"2 + :3 S 4.x‘ —— 'l.\'_\' — ;.\‘ + Z)": + 3: = 4.\" + Z_\"(_\' — .\‘) + :(: — .\')

1 1 ~ 1 ~ 110S -’l.\' + Z(__\' —.\‘) + (I —.\‘) =,\"+ Z)" + 1 S \/(-;+Z+l)(3.\" +2)" +1“) =
1 a a

:> s1Q:>'1"s1—0.\/'6-i.\-Ii;
\-' 3 3 K '\ 3

Tru"b'ng hqp 1.

/\
4.)

1

"-:.:11hi MaxT=‘¢0

Clz12'1zg min I1 2

Néu.\-<§1h1T:s.\-1+2;-1+;1 .(§)_+2-11+11=lfl 3 1\/laxT<1—gQ.
3 1

Tru'<‘)'ng h(_)'p 2. Xzic djnh 12% thi tir caic diéu kién O < .\" < v\" S 1; O < .\" < 3 S 1

1

, (_\'—.\‘)(1—_\‘)Z0 +\‘\'+\'—.\‘—\"32O .’\'3S.n‘+\‘—.\'
dan £01: <:> ' ' '_ <:> '1 ' '

(:—.\')(1—:)Z() \.\":+;'.—.\"—:'20 :‘S.\':+:—.\'

:> T: 3x2 + Z)": + 12 S 31‘: + Z(.\'_\‘ + _\' — .\‘) + .\‘; + 1 -— X I .\'(3.\" + Z)" + 1) + 2)‘ + ; — 3x

S 4.x‘ + (2_\" + 3 — 3.\‘) = (Bx + Z)" + 3) — Z.\‘ S 4 — 2.\' S 4—%=%

Két luzfmz »-oi 1:} _\~ = ; = 1 1m1\111>< T: Q
7 -

B§1i29.Ch011.l1.c'..\‘._\‘. : > (). Chtrng n1inhr§'1ng:

11.\' byi&_ +S +
("I

_\‘+Z :+.\' .\‘+_\' Z

1 ./——
+~(11+/2+1-)2\/117+v’[><~ + \H



1046 Cric l1('1t cirzg tlzlic cri I01 gm: ha»

Ch ling minlz

11.\ in 1,. 1i+++ +(11+/>+(‘)——(a+lv+(')
\'+: .',+.\' .\'+\* Z

I * 1' \ 1' \
1 c1.\' ‘ bv ‘I 1';

= i+11+ -";+l>l+|\+\ \1+ ;
1 1

+1" ]——(11+/7+0)
\ / 7-_ .- \__-+_~ 1 /_

.\+\+N .\+\+,, .\+\+,, 1

=11» ' +b- ' +1"- ' ——(11+/7+1")
_\'+:_ ;+.\' .\'+v\' Z

= %U\'+:)+(:+.\')+(.\"+ Y)

|___.1

{—”»~+i+L)—l(11+/2+1-)
\>\'+; ;+.\‘ .\'+)' Z

2 %(\/;+\/1j+v/<—*)_ —%(11+/1+1-)=\/E+\/;+\f1;

B51130. Cho c1_ b. c‘. x. _\'_ :6 11 + [2 + c = 2; ab +1211-+ 1'11 § c1bc+ 1. Chirng minh 1én<l

(ax+by+cZ)224[(1—a)yZ+(l—b)zx+(1—c1x}@ ’

Ch ling minlz

T1l1"11+b + 1-: Z vb ab + 120+ cc1§11b<-+ 1.$uyra(c1—1)(b — 1)(c — 1) 2 0.

Khéng mét tfnh téng quail gié str a = 1\/1ax{c1.b.c}. D0 d6 112 1; b < 1; c < 1; b + _

- ~ 7 -2 Z --7 _ , .

Dal 11 =1; 1 v=”1i’——¢;. T11 se chung mmh b7 -117 = ca -117
11 11

b2_ u2__ ab+11c+2l2—c1—l2—c 11b~11c—Zl1+u+/1+0_4((I—1)(b~1)(¢‘—1)

[)2 — 112 = 1b+11)(b—11):(1>
<1 11

__ - _
(I (l u‘

C2_“1:((_+\_)((__\,):((_+z11)+2c'—Z)((__(1/2+2c—Z)
<1 11

C2 ‘,2: ca+ab+2c-—11—b—c c11—(1b—2c+11+[2+c :4(lI—1)(/9—1)(L‘-1)
£1 (I (1

,_. .._

-+21 —2)( l+2"—2)bc+2c1——2—11\*:bc+2c1—2—— J fl) t

11'

c12bc+ Z113 — 2113 —- 113120 — Bab: + Bub -— 2111.": — 4170 + 41‘ + 2110+ 4/2 — 4

_ 112

2(a3 —a2 -1112: +ab—c1<:2 —Zbc+2c+ac+2b—2) _4(c1—1)(l7—1)(c—1)
'_ 1 _ '>

Cl“ Cl-

Suy ra bl -113 : 1": — 1'2 = /71‘ + 2c1— 2 — 111' 2 O. M511 khzic ta c6:

< -‘ -_-~ -_-—— ~--—O_(c1.x+11\'+v_v)w+(b1 11q)\7+(c” \"71~1+2(b“ 1/)\‘.;

: 113.\‘3 +113)‘: +1913 +Z(c1c'+Zb—Z).\j"+Z(11b+Z1'—2)x;+Z11\{\‘:+(/)3 —u2)_\'2 +

+(c3 —-1*: )3: + Z(b1' + 211- 2-111‘) \'Z

>0

>0



Clzmnzg V: Jig}! $5 scing tgm 115 bfit airing 1/1121" I04”
I (13.>."‘ +/7:)": +<’"‘;3 + Z(zu'+Z/>—Z).\1\"+Z(u/>+Z¢"—Z).\';+ Z(/>¢'+ Zu -1) \‘:,

\/fay (u.\"+/>_\‘ +<"_ ) 2-1}] -11) _\': +(] —/>“J:,\"+(1—¢').\‘\" {

U1

éi 31. Cho x. 3 > O. Chfrng minh ring:

1 .\'" + \"' + 1" + \/3.\'\"_'.(.\ + \" + 2 Z (xv + \"; + :3‘) }I . . . . .

CI1 1'rng minlz

SL'1'd1_1ng hl ding thL'1'c Cauchy —Sclzwar: [2106

3.'\'"(_'+‘+“)“\/l(\‘\" -->(- ~ )\ \__, \ ‘\ __ - __,,+_\_\__+.\_\; .\+_\+: 2.\\/_\:+’\\;\+:_

Sn" dung bl dfmg thL'rc Sclzur I1106

-\'(»’.\‘—\/_\")(\/.\"— \/:)+_\"(\/Y-\~’:)(\ \" —\/I)+:(\é: —

-v ~ 1:> .\" + _\"‘ + 1' + .\'\/_\"; + _\"v';\' + 3

/A\

"-1/VT

2 V/.\1\' (ZN/J .\1\" > + \-’_v\": (2\/’\': ) + \/:.\" (2v:.\-) I 2 (xv + \': + ;.\')

v-

HG-po
(\+_\~)+\,F(y+;)+w/;(:+_\')

Bi1i32. Cho <11. (13. 11,1. bl. /23. 12,, > 0.

Cln'1"ng1ni1\h1-§1ng: —l‘il—2—’1—+~”1i (1 >

1 1 1

Z u, Z /2,Z (ll +1).
!=l 1:]

Ch [mg mi/zlz

A, B,Dzf1tA,=1;l>’/=12 1 =1:
(1, />2 1+1 I B, A,+B,A+

Ar BI A B
I

Tz1c6(1)*—* I > I 1 H

:»~
+

C0

<=> EULA, I \ A B I

“F4

/=l 1=l /II " " ‘\ 1:

vT<L2)= is, = Z (A,B’,)= (A,B,)+ Z (/\,B] +A/3,)
= = [Sn/S/1

9’
+

F4‘
o:

-l\’]
9.

+
\w

v

l[\4_

lS1< /Sn

n AI BI 1| A B \
Z,:|‘I' I ,=| 1§'.'§I ‘

~94

_'\

A
1

, -_-

4+8 =

Pa‘

[V]

/

lS1.,?Sr1\

" I A +5, -’ A. +8, A, +3A1; 2 if-\,B,+~+A 3+‘
é ' A! + Bi law‘ " " A, + B, ~’ V Aj + B,

: ,»=1 v:| r I ,=1 ,:|

w _ + V; 1. 2 1 + 1

2 11 2» 28¢ zm 2+ 21):

.Z(A]+B,) (2)
l

A+B\(AB;-’J
A,» + B,



W48 Czic bt zhilzg thz2'c 06 Ir)‘i girii hay

(AB) Z {AB A/+B’+AB 5+8’ x‘: . + A i——i '. —i2"’ ?£“'A+B ”A+B.l
r'=l 1SI<,'§r: \ ' ' " / /

»~ H AB‘ ‘AB 'AB >7’ AB ‘K BA’+B"’ AB A’+B'
1' I)+2\' [T ;I)_;(|[)+Zk/%ii + /'jAI+B]j

= ISi</S/1 = ISr<jSn F ,

’ Av+B. A‘+B'_\: Z (A:Bi+A/B102 Z L‘41B1 +A_/B] AI_;_BjJ
1§i<j5n I§1<j5n ' ' , ‘ '

/
1 A, +8, A +3 7

A-B- 1-NB. — AB»+’~ A'B-'i; Z0
<2 15%!‘ I J + Y! ‘ ) IEQIL I I A‘ + B‘ + J J A1 + Bl. /

’ A, B. \ A,-B -AB, 1

4:, Z (AlBV_+AIB')_l14,3/i_L+AIBj3; : Z $20
lSi<jS1z J ~ \ A’ +B/ J Al +B/ !S1<_'Sn (AI

Bili 33. Cho (1.12, c> O vz‘1x._\', 1 20.ChL'1'ng minh ring:
<v+Z)_\'c‘+:,b+(:+_\_); _--+ .\‘b+_\‘a2+

cz ab ( \) c

2(.\'+)‘)(x+:)+(y+:)()'+x)+(:+.Y)(;+_\') ‘ (1)

Ch zhzg minh

SL1" dung bit déing thtrc AM - GM ta c6:

VTU)=§i%:(g+)")+%;(;+.r)J2g2\K%;(;+_\')][%:(:+x)1=g2;/(;+y)(:+.\')

Ta sé chtrng minh 22»/(_\-+ y)(.\"+ 3) >Z(.\'+ _\')(.\'+ Z) ('7)
c_\c c_\c

Dél [(2 = y + 1. V2 I .\‘ + 3 _ \\'2 = _\' + v\'. [hi (2) ’

<:> Z(\'3 + W2 -ll:)\‘H‘ZZ\‘:\\‘: <=>ZZ:z47‘\»'2Z(ll3\'3 +ll2l’W):2Z(ll2\'2 +u2\'w)
.\>\‘m _\\'llI \\'!JI \_\1Il ('v\'(

dng thco btdéng thL'1'cMuirlzead. Vi véy (2) dfmg :> (1) dng.

Bé_i 34. Cho a. 1>,<.-1:1 ba $6 Lhgrc phn biét. ChL'1'ng minh béx dang mu-C

_f1_ _/9_ _f-'_ >7 1

t/)—c+c—c1+a—b__ ()
Ch ling minh

> .. , , ; /J b c c a
Daunen chu /rang: A: a - + ~ + - =—1

) " b—c c—a c—a a—b a—b b—c

Do ac»; +(L)2 +(—"-)1z-2A=2 <2)
b—c c—a a—b
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5/1—<' <'—(1§ i<"—u 0»/7' 341-12 />—<‘§—= '

/\ » 1 - -1.:“ \ n
1 1 z \ -

5 -1Lr(_Z) \"z1(_3):»|}‘?'1+;/%;+}‘?1} 243-~“—
g/> 1 r u, u /7, ,[> ¢

.1a // PM b 1 %+i< _c1l>;A1:1(J)

___§:_.

\ ' ‘;L%+1;!z:
L‘_(l'§ I61"/7%

. . . ., . . ; 'Ba13:. Cho a. /2. <' la dq dal ba canh cua mqt lam glac. Chung mmh rang:

|L+i+L>J6-1 (1)10-11 b~c" c—u

Clz 1?‘/1g m in I1

Duénda A=~iL-+-ll-+-lé-1B:-J2-+-l¥—+—5—
r1—/7 17-0 (‘-11 />—a ('—b a—('

Ta cé/A + B : 3. Gia su‘/A 2 O.

(A_B)Z:(2B_3)1:((1+/)+b+('+L'+(l‘)::{(l+/J):+(/J+(‘):+{('+(12_2:C_2
.u—/1 /1-0 ('—u, (1-1) /2-0 ("-0

\ » ~ - ?+¢c-2 FTu" ((1 - bf s u. suy ra C 2 12. ncn Az’?z\/6 -1

, , A 3+ \,/C — . .' , .X61 nuong hqp A S O. Ta co B 2 0. ncn B=L_>- _bo1 vay dc chung mmh

AS 1 — ta phz'1ichL'1'ngLO1'§ng C> 27 +4\/P6

Bit a = '\" + 1;!) = 1 + .\‘ 1 c" : .\' + _\" vi gia' st!‘ réng .\‘ 2 _\" 2 3 lhi:
'3 1 '7/.\;+_\'+2; ' Z.\‘+_\"+;\_ .\‘+Z_\‘+: 'C(n)@)= + J +

.1 w >6

\—\/ \ \ \ \

QC v.0)

Giéi hé J 8" . L21 thu du'(_>'c Min C(.\'. _\".O) > 27 + -1\/68C(.\'. _\‘.())&_Z Q

5)"

Béi 36. Cho :1. b. 4" IE1 dé dili bu cgnh Qua 1 lam gizic_ .\'. _\', 1 2 O. .\1\- + y; + gx = l.

ChL'1'.1q minh rc71n2:(1.\"+/9\"+(":,2 2(ab+b<'+('u)—(u3 +/22 +cZ) 1)C‘ ad .

Clzzhzg minh

1, \ 1 7 ((L\'+[7_\‘ +01)Dal T: c1.\'+ b_\"+ 0; va S = (ax + by + 0;)“. Th1 S = T" \’Zl SL.
.w + \'I. + :.\'

Vc3'i 3 = O la C6 .\'_\' = 1, suy ra S = (ax + Z2y)2 2 4ub. Ta sé tim MinS < 4:112.

7
H - X \v \ l> -'v<>1;¢0_ am -=1, va -_=\». Th: s=€__("”+"+‘) .11. \~>0; 1 ll + V + ll\'

1

1

1

1

1



H)5l) Cdc bfh clrzg tluir c6 l()'i gii hay

H g Mu‘ +lw'\'“ + <" + Zu/nu" + 111111 + I/><‘\"
\——¢ . —

u + \' — in"

<:> S (11 + \‘ + zn") I (13113 + />3\": + ('3 + Zr:/2111" + Batu + I/um‘

<=> Fm>=(/ml +[(2¢//1-s)\~+ 200-5111 +/>111 -6-(2/7('—5)\‘+(': =0

Tac6:F(u):0c61'1nh§lmélnghiém

<:> A=[(Zu/7- .s“>\- + luv-3]: ~41,-* [/>111 + 2(/7('—S)\‘+(‘:]Z0

<:>G(\')=$(S—4u/2H": + Z[(Zu/7—S)(Zuc—S)—Zu3(Z12c—S)]\'+(Zuc'——5): —4u3c: 20

Tir 0 < 5 < 461/» suy 111 Gm z 0 cé n [mm mét nghiém

<:> A’:[(Zab—$)(Zuc — S) -Zn: (Z/21“ — S)]_ — S(S —4¢z/2)[(Zc1z"—S): —4u2(.“:12()

<:>s1[5+2(1((1-/M->1: -.s'1<.§-411/>>(5-4“) z<><:> 5 z :(<11>+/;<-+¢-(1) -((11 +1; +¢-1)

(“<1/2— 3' )\' + 7110 — S
_' , , — ‘ “ ‘ U "' U

D;1ng[hu'Q Xgly 1'11 4:) \~:LQ_tL 1 ll:- 
:1 +17 ——(' Ia"

DZ1l.\‘ = 11;. _\' = \'Z V210 dilng LhL'1‘c.\*_\"+_\":_ + :,.\‘ I 1. £2106:

, ‘ . (Ia/>—S )\‘+Zu¢'—S
(u\‘+\*+11):':l<:>;= ,_li.\"=” h“ :u=— U _ U

\/'u\" + ll + \' 1’ +17 “ <‘ 2!!‘

Vi \-fay Min T = Min (ax + by + ('1) = \/vZ(zzb + l>(' + ca) — ((1: + bl + 03)

Bizi 37. Cho n. k 121 czic $5 nguyén vdi n 2 k 2 3. Cho 71,13. 1,, 151 czic $6 thuc duong

théa min (r; +13 +...+r,1)—l—+»~l— +---+l <(11+\"Z/<3 —4l<+-1-/<)_ (1)
_ 1

Chirng minh ring méi s<‘»1r0ng l< $5 1,1 .1,_ .....1£ bé h0'n téng um k-1 $6 cbn l:_1i \'é'i m<_>i 1

‘§i,<i;<...<i‘£i,,. .
\

Ch 1271g minh

Gia su' [On tai 11. 1;. IL v£1z,+r; ++r‘_, §1;.1uchtrng minh

/ 1

(:,+1,+...+rk) l+~1~+...+l 22(k—1) +2 (2)
- I, I, tk

Thét véy. @511 (k - ml + 1 = ,1. su dung bit dng IhL1'C AM - GM m 06

/' / 1 \+...+z,.
(1[+_..+z ) -l~+...+l =(r.+...+r _) l+...+-1— +1lQ+z i+...+—1— +1

. A . kl k

is TA '1 U ', IL J1 U1

_!—? fl 1 1‘+...+1H (A-—1):1.
2(l<—1)*\1/z]...zk_i-(l\—1);-1}T...[ + +1 H‘ +1

Y; A-1 A 1 k~l



Clzzrmzg V: M13! .10’ szilzg I110 1151111! drilzg 111121‘ 1051

2(1- 1>’+r ‘ 1' " ’'—l)>+l"‘""'\*1T+#\| +1

>~

,
,F _ 1,’ _"‘ '1, 1 » 1 . ,, 1 ._ _ ,211--1) +1111-1) +1_;‘**"~\1,'|[~'1 +1:2(1--1)'+2 :12)<11mg.

' Néu

' Néu

/ 11

T11 =1, :...:1_»=11>U
Dang thirc X51)" 1'11<:> 4 ' ' (A "1l) . X61 hui kha nng:

' 1, 1 '— 11

12 : l<1h1(Z)1nZ1u1hu§n \'O'i (1)

11 2 /< + 1 {hi

1

"_l

,1

M»

1:1

Y

2Z(/<—1)“+Z+(1z—/1)‘+(11~/<)»Z
,1

;_\/]= I_
;14»

.\,_ii
;>4»

jlif
5%

1%‘

§T
jl\4=

_“ _ 12,/]%+(_

--.

\/
.\

____J

:- ,: _

J

,

2%__ /__1

~.

\_7/.

M>

\\‘pi

\___,.

; \,=

2211»-1): +2+(,,-1): +211,-1-1,211--1)‘+2

véy La

:11, -1, +121/< -1): + 2)~ =(,, + \@*-"l1-Tl-1»)‘. 1)1é11nz,y I11£1UlhLl5I1 ~01 <2). Vi
cé diéu ph:'1ich1'1'ng minh.

Bili 38. Cho (1,. 11,, 151 czic $5 [hue du'0"ng (3 £116 N) thca min '

3 1 _

11,3 +11: +...+c1,§<T~‘”—1(11, +11. +...+11,,)_ (1). Chimg minh réng_ _ .

11,. 11,11, I51 dc} dili bu canh 01111 1n1}tt11n1 giaic vdi mQi 1 3 i <j < k S /1

CI1 1211g minh '

Khéng mil 11'nh téng 1111111. gia $11 1511 lai 1'./1 /< thou min u,_ 11,. 11, khéng 121 dé di bu

cgmh n1<}11arn giaic. gizi s1'1'1Z1c1,.11;.(1; \*di11, >11, +113.

'\ '\

Bu‘6'c 1. T1156 chirng minh 11,‘ +1151-11; 2§(11, +113 +11,)' (Z)

(2)<:>

<:>T:

, .

8(11,3+c1§+u§)23(11, +113 1-11,) <:> 5(11,3+11§+11;)Z6(11,u3 +(1311}+113c1,)

'7

SP1, —%(z1, +113 +5(11,3 +11§)—%((1, +11: )3 —611,113 20

' 1

Ta C6 T2 SW11, +c1,)—%(11| +c1,)] +5(11,2 +a§)—%(11,+11.)3 —611,11,

= %(c1, +113 )2 +5(11,3 +11§)—%(z1, +113 )2 —611,113=4(11| —113): 20 2 ('2) dng.



H152 Czic l1("1t cf(il1gtl112"c c6 107' gizii hm

Bu'(')'c 2. T11 sé ch1'1'ngmi11h l:3(_u,: +1133 + r

2
»,

+
mfl

—(1(u1 +113 +11=)uA 20. ‘V-1 S /< S11 (3). Ta Q6

I 2 EH11 +113 +u1)2 +8115 —6((1I +0: +ux)u; =8i (1; ~g(u} +113 +11; ) 20

Bu'6'c 3. Ta sé ch1'1'ngminh <1,3+¢z§+...+11,§2q—"%1((1,+ (1. +..,+ (1,, (4)
’ _7IZ— ‘

T2106: (3/1—l)((113 +11; +...-1-ui) —3(z1| +u~ +...+u”)2 =8! ((11: +a§ +41%) —3(a] +0, +a1)'
_ _ L _ . _ .

1__,_°_1

+

II

+Z[3(¢1§+(1§+(z§)+&1§ —6((1l +112 +(z3‘}(zJ+[(11—3)(z1_§ +...+z13)—(u4 +...+u” S1120

kzl

B:‘1ld2'1ng thirc cuéi cilng ddng bdi vi (Z). (3) cflng dng thco b§td51nglh1'1‘c Cauchy —

Sclzwarz. tu Q6 (11—3)(u§ +...+(1i)2(a; +...+11H )2 :> (1-'1) dflng.

130(4) mu lhun \"O'i (1)_"suy 111 gia $11" bun du 1515111 :> (dpcm)

Béi 39. [Austrian - Polish MO - 1999] cm 5 S116 N. Tim czic Sé1lhL_1'C 161 nh2"'11/<1. 12

(ll (I2
thou man kl <T_ + +...+ U” <k~ .Vu|,u3. <1,,>() (1)

u|+u2 <13+<1} (1H+u, '

Ch 1211g minlz

Ta sé ch1'1'ngminh kl = 1. kg :11— 1. Thin véy. 115115‘: (1; + (1; + + u,,_ {hi

(11 +a.+ an u|+...+u”
> ' ...+ = :

S S S S S
5 :1. G111 $11-T> 1 +1»-o-1.+ >0.

111

D5110, = 1. a» = I. . 11,, = 1”" (1 > O) [hi Tzli-S—+£~—l
' S l+1”" 1+1

D5111>” I "‘:>” l< ” 1 =.\-:>T<l+.\':>m€1u1hu5n.
' .\' 1+1 1+1z—l—.\‘

.\‘

v1 véy. 1'1 = 1 12105111 du'é'i 16111 111151..

\-1-I71
S1'1'd11nglf11h chét: 11éu()<.\" <1‘ \-"Z1/11 >0 thi l<%»— _suy 1'21

_\' >\" + 111

- :>T< -11—l(ll <S—u3 (13 <S—u; am <S—u1 ,,_§_§_
S S(1, +113 S (13 +u3 S

Giri $11" T </1- 1 -.\"\1'é'i.\"> ().

(In-1-(I1

11!

1-95111,:1.a2=1,...,(1,,=1"“ <1>011h1T=L- ii-1 1
1+1" 1+1 1+1

+ > .

- \' 1 11-1-—\' n—l> ~
{-)2_11l< ' :> < ':> n—l—.\‘:>T>rz—l—.\':>muthuén.

1z~1—x 1+1 11-1 1+1

v1 v2f1y,k3 :11 - 1 1i1cz§11trén nhO 111151. "



C1m'12'ng V: M17! 5'11 swing 11112 1'15 b111 1l1711g 111111‘ [U53

7}:

iii 40. D§1t11.12_ 1">()\‘i111+12 + 1'1].
ChL1'11g111i11h1‘1i11g: (1 + 11)(1+12)(1 + 1'12(311+1')(312 + 11)(31'+12)

C11 11'11g minh

(1 +1111} +1211] +1")~(311+1')(3/2+11)(31'+121: ZZ(/2+1')(11—12): 20 Q 111150111)

B iii 41. D3111. 12. 1'2 O V2111 +12 + 1' I 3.Ch£1'ng minh ring:

i_+_L+?C_2§ (1)
11 + 121' 12 +1.'11 1' + 1112 2

Clz11'1zg minh
. q

(1) <:> 11(12+111-)(1"+1112) +12(1'+11/2)(11+1>1")+1111+121")(12+1‘11)23(11+121“)(/2+1‘11)(1"+1112)
2

<:> 311121'+11:123 +1231: +1311: 231131231: +11121'(113 +123 +13) \/('21 11+/2 + 1': 3

<:> (1112 +121"+ 1'11) 3 + 21112111112 + 121' + 1'11) 2 311312313 + 1211121

<2 (1112 + 121' + 1'11) 3 — 311121"(11 +12 +1')211121‘[3 + 311121‘ — Z ( 1112 +121'+1'11)]

<:> 313 (11—1.")2 +3123 (1-11): +311: (11-12): 2

211121'[(11 +12 + 1')l — 3(1112 +121‘ + 111) +911121' —(11 +12 + 1')(1112 +121‘+ 111)]
1

<:>(31'13 +121'113 —%11121‘)(12—1‘): +1312: +1'1112: —%11121")(1"—11)2 +131‘: +11121‘2 —%11121‘)(11—12): 2 O

Dél AI =3113 +121r11: —%11121' 1 A. =3123 + 1'11/23 —%11121' ; A; = 31‘: + 111213 —%11121:

Khéng n1§lt1'nht€211g quail gicl $11112 b 2 1* :> A12 A; 2 A3. Ta cé A3 + A; =
3 (123 + 1'3 ) + 11121" (12 + 1‘) — 11121" 2 6121‘ — 11121- : (6 — 11)121' 2 O.

'1 1 w '1 '

Suy 1'11 AI (12—1')_ +143 (1"—11)_ + A; (11 -12)“ 2(A3 + A;)(11—12)’ 20 2(1dpcm)

B iii 42. Cho 11.12.1‘2() \'Z111/2 +121'+ 1'11: 3.

Chfrng minh ring: %7+%7+—l—,2i (1)
l+11' ]+12- 1+1" 2

Clzfmg minh

1112 +121 + 111Khéng 111€1ttfnh1611g quzil.gi2'1 >11-1-212 2 11 :> 121-21 =1. D0 116
J

'2

I

1 + 1 3 :( 1 1 )+( 1 1 )2 <1-0-w1_n >0
+5 1+1-I 1+12<~ 1+5 1+b<- 1+1-1 1+b<* (1+b2)(1+1-3)(l+121-)-

:> #121 Ta sé chirnv minh %,+—2i2§
1+b3 1+1: l+b1 C 1+a- 1+bC Z



,- 4 .- ,_

10>-1 C111 1111t1T1111glh11c co I111 gun my

¢:> Z(3+/>1"+ 311:123(l+1131(l+/11"1<:>11: +11/>+111'231131>1'<:.11+/3ii211/>1"
s

1 1+1>+- 15* /2+/'+'1 =1 :~ =1‘

Ta co: (iii 2 \111111- 1 5'i)%¥‘— < 1111111‘ 2 \ 1111-111' ~1'11 ~\/11111: 11111“ (dpcm)
A 3

B§1i43. Cho 11.11.1'2()\'11+11 +1'+ 11111’ 1 l.
_ '7 1 - '7 -

Chimg minh réng: 1112+1)1-+1-11S £ (1)
-11 >1"

Ch11'11g 111i11l1

DE}!111=5U:~3111=11+/1+1'=l—11b1":>
J

A:(2+11121')(1+Z11111"):(3-—3111)(3—6111)I 3(1-111)(1—2111)

7 — 11111‘ 6 + 3111 2 +111

3(l—111)(1—Z1111 . 3(l—3111—111‘;1 -- 3:> A-3/712 :—-ii; —3;]13 : :3< abt m
Z+111 Z+111 Z+111

3 - ~

Tu 06 (1) <:> 1112+1J1’+1'11S1»\ <2 3-’—”;——tlL7iS3111' —(1111+121'+1'11)
~

_+111

1 -1‘-21 1- ~

<=>  §3(11+lJ+1')' —9(1112+121*+1'11)
Z+111 "

<=> (11+12+1')7‘ —Z711121rS3(Z+111)(113 +123 +13 —1111—121'—1"111 (2)

3111=l—11111'Sl:>111S%:> Z+11127111=%(11+1J+1‘):>3(Z+m)24(11+1>+1')
J _

Nhlrng (11 +12+1‘)(113 +113 +1‘: —1111—b1'—~1'11)=113 +123 +c3—311b1".Suy1‘a(Z)s€ ddng

néu ta C6 lhé chirng minh (11 +11 + 1)} — 27111116 -H113 +11“ + 1"‘ — 311111")

<=> 113 +123 +13 + 311191'2111>(11 +11) +121'(12 +1")+1‘11(1'+11) dng Lheo Schur.

Biii 45. Cho 11. 11. 1'. 112 0 \*Z111111-+1>1‘11+1'1111+ 111111 = 4.

ChL'mg minh ring: 11: +1): +1-3 +1132-1

Clzzhzg minlz

Luén tén t2_1i.\'._v. 3 2 0 thou min 11121" + 121-11+ 1-1111 + 11111) = 4.1)": ; xy; = 1;

11b + 111' + 1111+ 111' + 1211+ 1'11: Z(.\'_\‘ + 3"; + :,.\") ; 3(11+1) + 1" + 11) = 4(.x' + _\‘ + 1).

:> 112 +173 +cl +113 =(11+b+1'+1l)2 —2(11b+11c+111l+111"+b11+1'11)Z4

<:> [%('\'+ _\'+ 3)]: — 4(.\3' + y; + :,\') Z4 <:> 4(.\‘+ _\‘ + 1): —9(.\"_\'+ _\': + :,\') 29

VT:3(x2 + _\'3 + ;3)+(.\‘3 + _\‘2 + :3 -.\'v\‘— _\‘: —:,\')29§1.x2)'3:3 +%Z(x— )1): 29
k (.>\.(.
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1.1 B51 as

CHU’O’NG‘Vl. TONG KET

§ 25.1 TOM TAT NHUNG v11?:1\1 KIM CUONG VA
/ .2 ; I -;

' CAC BAT BANG THUC CO BAN
ng thirc AM — GM:

u| +11“ +...+tIH /1 _ II2\/c!|u3...u” , V(1I.r1:....u”2()
/1

D5111g1hL'1"c x21yr;1 <:> :1] = u~ =... = 11”

1.2 Bét ding th'c AM-(}Y\1lsu_\"r(>ng:

——~<\ ll
1‘

:-~-~“~€ R 01,15 +a u + . +01, (1
C110 < 4 K111 <16LI3 3 ' ' ’ ” 2(<1i”"z1§“’...<1;" )“"”*' *“

,___

_Q

Q

2.1 Bait dfing tluic Cauchy — Buniakowski - Schwarz

(X E R~ a1+a3 +.,.+0<,,

(all + (132 + ...+ (15 H115 +193: +...+/2,_?)2(u1l2§ +113/23 +...+ (1111),: )2 .‘V'u,.b,~ E 1%

<1, (1, up
Dang thuc xay 1'11 <:¢~——= ' =...=—‘

/9| /J, 12”

2.2 Bt dfing th1i'c Cauchy — Buniakowski - Schwarz suy rrfmg:

Cho HI bé Ihuc khéng m (z1l.z13.....c1”_,.c1,,);(l>,./23.....l2”_I.11”):...;(/2,./23..... p”_| . pn)
. , :11 i IKhl do. ((11171.../)| +a3b3...p3 +c1”b”.../J”) §(<1]” +112” +...+ 0,’: )...(p|'” +129’ +...+]?/I")

Déng lh1'1'c xa'y1'z1<:> :1, :/7| :...:/1| =u3 3b: :...:p3 =...=z1n :19” :...: /1”

3.1 B51 dang 11111-¢ Holder:

, z1l.(z,.....z1,,eR' + l 1Cho 2 bé sé ' ' ~ v21 /). qe sao cho _+— =1
[[7]./)3...1,17”€R- /1 q

l l

Khi d6 ta C6: (u|" + af + ...+ (1,f’)1”.(12]"+ 122" +.'..+/2,1’ )‘I 2 all)‘ + (13./)3 + + unbn

3.2 1\/10 nfmg 1 ciia bér ding th1i'c Holder

a|.a,.....a” E R’ 1 1

Cho " va p. qe m sao cho — + — =1 . Kh1 do ta co:
bl b, R p q....,b E1 +

7 1 (I 1 1 1 I)(all), +0319: +...+z1,,[2”)”S(z1l"+z1§’+...+a,{) (bf +/23’ +...+b”’) (3) Vpq #0

(B1'1t drfng thzic Francis —Lithew00d)
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3.3 M6 r<“_>ng 2 ciia bfit ding thirc Holder

1a\.a,.....zz” e 1'
lv,.[2_...._l2”eR' Q’/1|.]):.....pHe R‘

Cho I71 b6 $6 ' v21 3 . Khi (16 ta cé

!
pl + pl +...+ /2” =1

{1l.1:...._/He R“

1 \l 1

n /1 I; II I, II I,

Zn,/>,....1,§L j’) [Z11/’J
i=1 i=1 !=| /

3.4 M6 rqmg 3 am bait aémg tum: Holder

/ .

(I1.u_.....(I”ER

1>l,b....._h” E R’ j(1,l3.....7»>()
Cho III bf) $6 ' vb m $6 thou min 1

..................... .. a+B+m+7\:1

l|.l2.....l”e

n H U n B n V"

Khidétacé °‘ 1 _[ 21),)
l I

ll\4
T

1%

T
llvl

4.1 B5: aéng th1i'c Minkowski
I 1

1

u ,a,..._.u E Rf ” \\/> / <1 " p

I _ n ~ “A 4 , p I, /1

Cho va l< pe K; .kh1d0 20‘ ) bk _ (ak +14)
Y‘F‘~+‘

11>1.b:.....1>” E m \ kzl = I = J

+
/._.\

il\’]=

V
IT”?

_F4

4.2 Mé' réng ciia bait aéng thfrc Minkowski

'1' w-
\ (ll.(11....,(I E IX

_ II

I I2 .b,.....12 6?‘ \ c .c,. ..._¢ e='%*

Ch0nzb(_‘>s<°.>thL_1'cdu'0ngj ' - "’ X VO 11 1' 1" L ,

. . . . . . . . .. q,+q2+ ...+q”=1

I _
1.1.. ....1”eR

I l i

II 77 II I, H P I1
p

21. {Zia},-a,A"j +[Z:c1,b,-P1 + ...+[Zq,/fj 2[Zq,(a,+b,+ ...+l,-Y] \7’p>l

I l 1| / 1] I I

I E
I

1

H Nv II "7 K H 1 /1

b. {Z1},-af I +[Zq,b,"jI + ...+LZ;q,_l/'3! S[Zq, ((1, +b, + ...+I,_)”]p Vp <1

i:l 1=l i=I 1:1
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54 B§td§ngtht(Ihebyshev

Cho hai dy him hgm cc thuc c1,.a2.....u” \'Z1 /2, ./23“.../2” . khi dé

'1 [zq 2113 2...2uH la] S113 §...Sa,,
' Néu cé 2 dy don dléu cimg ch1éu 1 hoéc thi

l@>/1>m>a, [qsblsmsg_7__
c1]b;+c1~b~...+¢z”l2” u, +c1....+a 12‘ +/2,...+b_ _ > _ 7! _ ll

n n)1

Fa, Ea: 2...2a” Jul Sag S...Sa,,
' Néu cé 2 dy don dléu nguqc chiéu hoéc thi '

@g@§ sq [qzgzmzq

zqbl +u.l>....+(1”1J,, 41' +u,...+u bl +l2,...+b_ _ . s _ H _ II

n 12 n

a, = :13 = = an
Bing thrc xéiy ra <:>

Lb‘ = I73 = = /J”

5.2 Bt ding th'c Chebyshev suy nfmg:

Cho m| .m2,...,m” >0 théa min ml +1112 +...+ mu =1

A al Zav 2...2a” al Sa, S...£a”
“ hoac ' th1' Néu c6 2 dy don diqu cung chieu qzgzmzq gags _q

m (1 Z2 +m,a.b, +...+m a [J 2 H7 (1 +/ma, +...+m (1 I77 b +m,b, +...+m bIll ___ 1|/111 ll __ Irn I] __ un

; _; [(11265 2...2u” (l| SL1, S...Sa”
' Neu co 2 day don du-;u ngu'<_>‘c Ch1€U ‘ h0z_1c ‘ th1[@§@s sq qzgzmzq

mlalbl +/213113112 +...+m”a”b” S(m]a, +m3a2 +...+111”(1”)(1z1i12! + /113123 +...+m”b”)

V, (11:02 :...=(I”
Dang thuc xay ra <:> .

b, =12: =...=b”

6.1 Bit diing th1i'c Hoén vj cho hai dy d0'n diéu cimg chiéu

Q Cho hai déy s6 {hue htru han duqc sip thir tu cimg chiéu nhau chéng hgn li1 hai dy don diéu
cl, Sag S...Sa”

tfmg .Gc_>i (rI,r3,....r,,) 1511 hoén v1tuyyc11a(b,,b2,....b
qs@smsq

”),khidétac6

albl +a3b2 +...+a”b” Zaltl + (1313 +..._+ 11”!”
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I058

6.2 B§t ding thc H0

‘ d \§ thir n_r ngu"Q‘c chiéu nhau chCho hai div $6 thuc hu'u hgm u'(_>'c 3 p

J

51>! 2/>3 z...z/>,,
.G_1 I. _,_,

ulhl +a3h3 +...+u”b” Sal!‘ + £1312 + ...+

6.3 Bit di'ingth1'rc Hozin vi t6ng quét

" " 6 thé dimh $6 \'i1 sip lai thfr ur nén

én vi cho hai dy dun diéu ngu'Q‘c chiéu

ng h:_1n IE1

u] S <1; .€...§ uh,

0' ( ‘ I-v 1 ] 151 l hOliH\"_1[Ll}"§"CLl£l (/7,./>:...../7” ) . khi d0 ta Q6

(III!!!

khéng mt tinh téng quail ta céVi vdi moi day hull h:_1n ta c . .

' ' h"u han duqc sip xépthLrtu'ci1ng chiéu ttrc lathé via str C6 hai day $6 thuc u

<1 ul > :1‘ > > <1”

_ ' hozfxc
Q1, <0. S...S H“

bl £112 .€...S/>

I].

Eét S Iu‘/2| + (l~v[7'1 +

rz I

t,,) 15 l hoim vi tu_§" y" Qua (I

+ U“/7” 1 T =uII| +1131: + ...+ 11”!” 1 5-all?” + <1:/)”_I +

b >/L >...Z/J”

7|. b;..... l2,,).

— ...+u”l7,. khi d6

.s' = albn + a3l)”_| + ...+ anbl S T = u,I, + (1313 + + nut” S S = all), + (13/>2 + + uni)”

Nhgin xét:

' /2 ) nén cé (/1!) bait
" S6 czic bit ding thirc hoiin vi chfnh

dang mu-C hozin vi v21

' Bét ding thirc hoain vi xay 1'21 déu b

(la, 1"» b 151 dy dirng. tirc. /-».....

'Tac

(1, , z3,....r,,) 151 m<f>t hozin vi tu

I51 $6 hoén vi cuu bi) 11 $6 (l2l.b3..... H '

M21x‘T=S 1 Min T=.s"

‘I1 rm (ll In)

ng khi vi1chi khi mét trong hai dy (a,.a2...._uH) hoéc

:1, =01 =... =11”

1Z1J
bl =/)3 -'=... =/2”

t cm" tu nhu' trén néu c6 dinh bi) (bl.l23.....b” )vi1 gqing cc'> czic bit déng thtrc hozin vi u‘ C

y cua (a].a3....,a”)

b'"t ciia bit d§l1gihl§'C mam vg6.4 Céc trufmg hqp 65¢ It}

Gia sL'1"(.\"1..\";. .\",,) 121 m(>t hozin

trén (a I2) v51 rl \-.......\', e(a. I2)

vi cua (.\'|..\‘3......\"”).

ta cé' Néu f(.\') 121 him $6 khéng giém . . .. L

, , , .

J Z.\‘ x +.\-3_/‘(.\'3)+...+.\‘”\/‘(JH)
-Y1/v(-"1)+-\':f(>\-2)+~~-+-Y~/ (H) 1/( 1)

-Néuf(.\')l£1

Xlf(.\'])+,\‘3f(/\'3 +...+.\-H

-Néu f(.\').g(x) li1h€nns6 kho

f(v\1)z:(-\1)+f(-\'1)g(-Y1)+~--+/'

hilm s6 khéng tng trén (a, b) vi: xi . .\"3 ,

) f (-2, ) x.’/‘ (I1 ) +-X31” (X1 ) +-A--+ -\','..f (-\1.)

"nv 2ié1mtrén(_a, b) v x,,.\'3,..., H ’

f(\'1) (*I)+f(~Y1)g(-Y1)+--~+f(-*~)g(XL)

xn e (a, b) ta co

CV x e(a. b) ta co

Qo

/\

_'/.
_

I70
/?

Q».
_

\/

»
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- Néu _/'(.\-) I51 ham $6 khéng gizim trén (<1. 21> va g(.\') 121 hflm $6 kh6ng ting trén (CI. b) ma

V .x],.x3 xn E (a. /2) ta cé bit ding thirc sau

f(.\', )g(.\‘l )+_/'(,\'3 )g(.\'3)+...+ A/"(_\'” )_q(.\'H)S_/'(.\=] )g(.\“')+ _/'(.\'3)g(.x;)+...+ f(.\'”
7.1 B§td§ngth1i'c Schur

Vdi (1./>.@ 2 0 vé k I51 S6IhL1'C bfir ki ta luén 06:

CIk((l—1J)((l—C)+1)‘([7—CI)(b—C)+Ck(C-Cl)(L‘—b)20

7.2 Bét ding th1i'c Schur suy rimg 1 (Vornicg Schur)

Xét bit ding thL'1'c: x(a—b)(a—(') +_\'(b—c)(b—a)+ ;(c'—a)(c—b)2O (1)

Khi dé (1) ddng vdi mcpi u 211 2 0 2 0 v .\". _\". : 2 0 néu thoa min I trong czic khé néng:

i. X2 _\" (hoc 52 _\")

ii. ax 2 by

iii. b: Z 0)‘ (néu a,b.c IE1 dé di 3 cz_1nh cua 1 tam gizic)

iIV.

, w w '1IV. x‘ + _\“ + 3‘ S 2(.\3' + y; + :,\")

7.3 Bt ding th1i'c Schur suy nfmg 2 -

Cho p.c/.,,\',y,3,(1,b,c‘ 121 c_zic $6 duong sao cho (a, b. c) V51 y.:) 151 czic bi) don diéu cilng

chiéu. Khi d6 ta luén c6:

.\'[(c1"—b")(a" —c")+(a"—-b")(a” —c”)j+_\‘[(b" —("’)(b” —a”)+(b" —c")(b" —a”)]

+;[(c” —a")(c” —b”)+(c“' —a")(c" -12” U20 (1)

» -»

7.4 Bait dng th'C Schur suy rfjng 3

Djnh ll’ 4: Xét bit ding thirc sau. trong m5i hm s5 f : R —> R :

Z/"(cl—b)f(a—c)f(c1—d)_f(z1—e)2O

Khi dd dé bét dzing thfrc dfmg thi hZ1m s6 f phéi théa min 2 diéu kién sau déy:

i. f 151 him don diéu tng. ii. x f(.\')2O véri Vxe IR

7.5 Bt ding th1i'c Schur m6‘ r{)ng cho tam giéc

Cho hai tam giéc vdi dé déi czic canh tuong img ABC(a, b, c) ; AIBICI (al ,1), ,c] ). Khi dc’):

aIbc(a°‘ —b“)(a°‘ —c°‘)+b|ca(b°‘ —c°‘)(b°‘ —a°‘)+c,ab(c°‘ —a°‘)(c“ —b°‘)2O V021
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7.6 Hé quzi b§t dng thirc Schur \'(>'i cuntnic déi xirng 3 bién

Cho (I./7.(‘ 2 ()_ dét p I u + /2 + <1 (1:11/7 + hr" + (11. r I abr. Khi dé ta C6

/1: 2 3c] p Iq + Spr 2 -H/2 plq 2 3111' + Zq: ¢/2 + 91‘: Z 4/Jqr

z/I 2 3/>1‘ pa/3 + 3c/1' 2 4/1:1‘ /n/I 2 3/) :1‘ + Bqr Z:/'1 + 91': 2 7/)1/r

p‘:2Z7r />4 +3</I 2-lplq Z/)2 +9r27/>q /23/*+g/:26/>¢11"

/2} +92‘ 241211 1 /2". +41]: +6/>r25p:q

8.1 Bét azmg ma-¢ Muirhead

- D_inI1nglzTa:Gi21 sir czic bién $6 u].z13....a” e 3+ vb bc} $5 mil 0c1.0c:....,0t” e

I\’_x?Izi_éu: Tap bién $6 X ={@, .z13....u,,} 1 Tflp $6 ma Ot = {<><,. <12. ....a,,}

Ba thirc déi xirng S v('>'i céc bién $6 Qua tép X v51 $6 1nE1cL'1ut2§p C1151

FF

5.? = $fj=.;ff?,i'.;;;f“" = <1?‘ ~$$T§ii§§ + + ~§" -519$ }

Hai bf) S6 <x:(0c,.013.....0<” );B:([?>,B3.....[3”) g<_)i 1:1 hai bi» S6 dang bzfac khi _vZ1 chi khi

on, +oa: +...+o¢” =BI +[3: +...+B”

Cho hai bf) 56 0c:(0c,.012.....cx”):[5:(B,.B3.....B“) démg bzf1c.tan('>ib{) 01 tréi hon bé [3 via

011205 2...OL”;BI 2B3 2...[?>”

viét ki hiéu Oi >B1<m\/11 chi khi ta cé <11 +___+@<k 251 +...+BL v/< =1_7T1

0cl+<x1+...+a”=13I+[53+...+B”

' Dinh 1)? Muirhead véi sé ml": th1_1'c:

Xét czic bién S6 a].cI3....u” E -va aI§u'lQ~vvQu”\$] .B1.....B,, E . Khi d6 néu (X >5 tfrc 1:1

0112013 2...0<”;B, 25: 2.13”

~—— \ (1 <1 _a3...._a,, [5 _B3‘..._[3,, [3

(11 +-~-+Q-;\, Zl +---+6‘ I-n'_l thl SX _ Su|\.u2....u” 2 Su||.r1:.....u,, _ S/\’

ion] +012 +...+cxH=B1+[5: +...+BH

D(?0Ig1i:NéumQib<f> X _={u].a3....a”} gém n $6 thuc du"o'ng ta cé Si‘, 2 SE thi on >B

8.2 Hé quziz Bét dang thirc ASYM

Ch01>1b{>s6 (OLH,(X1:.....(1]”).(OL3I,(X32....(X3”)....((Xm].0Lm3....,cl”m) vc'ri /n./ze Z*

0c|,.+0c,,.+...+0cm, — ,‘ 4

,d:_1t 1,. = ' V1 =1.n . Khl do vm cac blen so .\‘,,x,.....\'” 2 O ta co:
HI ' '

> .

‘S<1u°l|:---<11” + S“:|(122-~-L12” + + S@m|(1m:~~-<1,,m " m5'1':---1”
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9. Céc dinh I)‘ Fermat cho hilm m¢§t bién 56

9.1 Djnh 1; vé hiim dun diéu

Cho hilm s5 _\" = _/' (.\‘) xzic dinh Yin lién tuc trén [(1.12].

O Néu _/"(.\') 2 0 ‘V’.\'e ((1. /2) thi _/'(.\‘) t2'1ngtrén[u./2] \‘Z1 _/'(.\1) I _/'(u). f(,\') = f(‘/2‘)

' .\Iéu _/"(.\‘) S () Vxe (<1. b) thi _/‘ (.\‘) giamt1'én[u_/2] vi I\'[Im| _/‘(.\') = _/'(b). !\%z1xI_/'(.\-) = _/'(u)
\E 11'. 1 YE 41./>

9.2 Dinh 1y vé aiéu kién @511 aé mam 56 c6 cgrc tri

Gizi su' y = _/' (.\') xzic dinh trén m<_3t lain czfu1 an bé cua diéfI1.\'(> E (a. 12) v51 cé c'Iz_10 hZ1mt2_1i diém

.\'<,. Khi dd néu hixm 56 ‘\" = _/' (x) dat cgrc tri tz_1i A], thi _f'(.\‘(,) = U

9.3 Djnh 15‘ 1 vé aiéu kién an aé hixm 56 c6 c1_1'c tri

Gin su' y = _/' (.\") xzic dinh Lrén [(1.12] \'Z1.\1, e ((1. /2). Trong min lfm cén an bé 8 > O cua diém 11..

néu _1"<.\-) {hay am du khi .\- di qua .\-H (cé me khéng I611 ¢¢1_;"'<g.\-(,))_ 1h1_;z.\~> am Cl_l‘C m mi .\-(,.

' Néu f'(.\‘) <0 Vxe (.\'(,— £_ .\"l,) \"Z1_/"(_\‘) >() ‘V.\"e(.\1,. .\1,+ 8) thi.\1,lZ1di€§1nc\_1'c tiéu.

° Néu f'(.\‘) > O ‘T/xe (.\',)— 8. .\'u) \-'Z1f'(.\‘) < () Vxe (.\'<,. .\‘<, + 8) [hi .\';| 151 diém cuc dai

9.4 mun 1y 2 vé aiéu kién cm aé hiim 56 c6 cgrc trj

Gizi sir _\' = f (x) xzic dinh trén [(1. b] V51 .\1, e (u. /2). Trong mét lfm cén dil bé 8 > O CUB diém .\'<, ,

h£1m $6 _\- = f (.\-) cé dao him cp 2 lién tuc. déng thri f'(.\;,) =0 viz _f”(.\'(,) ¢ O thi xo IE1 mcf>t

diém cue tri cua hilm $5 vdi su phn loqi chi tiétz

' Néu _/"(.\'<1) = O \‘Z1_f"(.\"<,) > O thi .\1, 151 diém cue tiéu cua hE1m _]'(.\').

' Néu f’(.\1,‘) = O \‘Z1f"(.\1,) < () thi 11, [£1 diém cuc d:_1i cua hf1mf(.\').

10. Djnh Ii Lagrange hm m<}t bién s6

Néu him s€'>f lién tuc trén doan [a. /2] \"Z1 C6 dao hZ1m trén khoang (<1. /2) thi tén tai it nhét m{>t

. ., / —
gizi tri u (v61 u < c < I2) sao choj (0) =.

7—(l

11. Djnh I)‘ Lagrange hém nhiéu bién $5

11.1 l~)ie5u kién cn ciia cgrc tr_i hiun nhiéu biélr

Gié su"h51m 56 u'= f (xi ..x'3 .\'” ) = f(X) xzic dinh, lién tuc v£1 cé caic Ciao hém riéng theo tit ca

czic bién déc lép trong mién D ={X(.\-,.\-3.....\-h_ )\.\; G (a,.1>,),1=U}1<hi dé ta cé dinh 1y;



1062 Tém trit nh1?ng vién kinz Cl¢'07lg

Dinh lj: Diéu kién cn dé hilm $6 w: _f(x| ..\‘:......\'” ) dat du'c_rc cuc tri (cue dgi hoéc cuc tiéu)

tai diém D IE1 tai diém dé tit ca czic Ciao h£1m riéng cp mét triét tiéu:

/ ‘r
wxl = _/7‘, (X, . .\'2.... X” ) = ()

i= l.2.....n

11.2 I-)ie;u kién J1? czia cgrc tr_i hdm nhiéu bién

Gié sir D I51 mét diém dimg cua him 55 u-=f(xl,x2....,x”)=_f(X) vi; tz_1i

diém d6 hilm $6 cé tit ca czic daohém riéng cép 2 lién tuc. Nhu d biét. vi phn t0i1n phén cép

hai cixa hém 56 n bién $6 w=_f(.\'],.>c3_...,x”) tai diém X (.\'l,.>c2,....>c”)e D 151 mét dang toiin

ll II

phu'0’ng c£1a n bién $6 (1,\~1,¢1.\-3,...,(1.1-H; d - f = ZZc1ijd.r,.d.rj
i=1 /=l

, \/ \'A A . a1f<><>_~_-
Trong do aiv la cac dao ham nenq cap hal: a. =-———= f..(.\' ..\',,...x )

J - 1/ 8Y8‘. -1} l _ n

I 1

Dinh 1)":

1. Néu dzf IE1 mét dang toim phuomg xéc dinh duong thi diém dtmg IE1

diéz are tiéu cua hém 56 f(X) ;

. , . _ _ _ _ .

2. Néu 4 f 151 mét dang toiln phuong xéc dinh am ma diém dimg X (.\-l,.\-2 ,...x") 121 diém

are dqi cla him s6 f(X). '

: 3 ' — '-i “"'
3. Neu d f 151 m<f>t dang toim phuong khéng xéc dinh thi diém dimg X (.r|,,\'2\....x'”)

khéng phcii Id di§r21 cgrc rri cfla hiam 56 f ( X) .

Ma trén cila dang toéln phuorng cl If IE1 ma trén vuéng véi czic phn ttr lé czic dzgo hém riéng cép

hai tai diém dirng X (gqi I51 ma trén Hess): '

an an... an an al2...cz]k
_

a a, ...a 3~f(X) a,]u,,...ak
H: 21 '2 2” .tron<Y do: a =—‘l.BatH = ' “ 2 . (k=1,2,....n)

C U ax‘ E)» A............... .. .,_ .j ................ ..

anl an am! “Ll ak akk2 ... .2-..

Mint trong céc phuorng phzip xem xét tfnh xzic dinh ctla min dang toén phuong lé dua véo caic

dinh thirc con chinh ctla mé train cua dang toim phutmg (I6. Ch )1’ ring, dinh th(rc con Hk tao

mam ta 1< dbng aéu via 1< cét du ctla né. Nhu véy H cé n dinh thirc con chfnh ta cap 1 aén n.

Ap dung dinh 13? vé du hiéu dang toén phuong xzic dinh ta 06 quy tic sau dy:
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Qu)" tic xéc dinh cqc trj hing xét dfiu céc djnh thirc con chinh

I. Néu I5! ca Czic dinh thtrc con chfnh cua ma trim H déu du'0‘ng (HA >0 vdi mqi

k = 1. 2_..._/1 > ma diém dirng HI. lixdiém <'u‘<‘I1'él1CL'1u hiim $6 /‘(X ).

Z. Néu (—l)A fl‘ >0 \"O'i m(_)i k =1.Z.....n. tfrc IE1 mu train H cf) tit Q21 czic dinh thirc con
chfnh cp lé inn v21 [Pit ca czic dinh thirc con chinh cip chain duvng. thi diém dirng

IZ1 J1'é/1z(~;r<~J¢_1icL'1a hZ1n1s6 _/' (X ).

12. Bét (Hing thc Bernoulli

12.1 Dzgng nguyén thtiy clia bit Cling tlnic

cia SL1‘ (11.11: ....¢-In 121 czic $6 I|'11l'C cilng d§u1\'i1l<3"n hon <-1). Khi dé ta c6:

(1+a|)(l+u3)...(l+u”)Z I+(u| +u3 +...+<1”)

12.2 Dgmg c0‘ bzin cua bét diing th1i'c

' S6 mfl tgr nhién: Va > —l. V126 1‘1§<tz1c6(l + <1)” 2 l + nu

' S6 mix thL_rc:

Vu>—l. V/EQ \"Z1OSrSltz1cé (l+u)"S1+ra
‘Y/a>—l_ VreQ v (ISO) U (/'2 I) ta c6: (l +u)"2 1 + ru

12.3 D:_1ng téng quzit ciia bit dfing th1i'c

' Truimg h(_)'p 1: VA‘ > -1. V0 S 0L S I tu Q6: (1 + x)“ S 1 + OL\‘

H¢'q1m1.~vr>().v0s@<s 1 tacéz r“S0u+(1—0z)

H_éc/1102.-11“ +E%—1)S%-116,Vu>().V()<0z<{3 .Déub§1ngxayra<:>

Hé qua 3: u“ + (0c— 1)u(‘,‘ S (>Lz1(‘)‘_'.z¢_Vz1.11U>0.‘v’O<_ OL <1 Du béng xay ra <=>

~ Truimg hqp 2: Vx > -1. V0<e(—<><>. 0] u [L +<><>) ta cé: (1 +.x)°‘ 2 1 + oar

Héquu /: V1 > 0, Vone(—O<>. 0] u [l. +<><>) Ia c6: r“2 011+ (1— cx)

H_eq1m2.- 11“ +[%-1]>%-M‘ .Vu>().VOL>B>() .Dz‘1u b§1ngx21yra<:>
\

H_é qud 3: 11“ + (01 —1)ufj‘ 2 0Lz1f)‘*'.z1.Vz1.z1U>0,V0L >1 Déu béng xay ra <:>

13. B-t ding thlic Jensen

Gia' sL'1".\-l,.\-3....,.\;,eI vZ1oz,.0c3.....0c,,e[O;l] vc'>"i oz, +05 +...+0z” =1,

- Néu f<.\-) 121 hixm 161 trén ma w cé b§1td§r1gthU'c

f(oc,.r, +0c3.\-2 +...+o<,,.\',, ) 5 cxlf(x, )+OL3f(.\'3)+...+O(”f(.\'”)

-Néu f<.\->121 hém l6m trén 11 thi ta cé bét déng thirc

f(oc,.\~1 +012»-2 +...+oc,,.\-H )2o¢,f(.\~,)+0c3f(x2)+...+on,,f(x,,)
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14. Bit ding thfrc Karamata ~

Cho I b@11s61hu‘c du'Q'<: sip 11111‘ 111' (11) =(111.11;..... 11,1) vii (111 =(17,.11;..... 11,.) \'('>'i(11_)>(11) ttrc 151

11111111111111 hé diéu kién

111] 211‘

111! +113 Z121 +112

....................... .. Khi dé ta c6:

11 +11 +...+11 >b +1) +...+17
l Z 11-1 _ 1 I 11-!

11] +112 +...+ 11”_l +11” =19] +113 +...-1-17”_l+17”

~ Néu 11111111111 161 trén I 1111 /<11,>+f<11:)+...+/111”) z 11111) +1111) + +111.)

- Néu f1:1 hilm 16m trén 1 1111f<11l>+/'111.)+...+f<11H) $111,) + 1112) + + f11,,)

15. Bét ding tl11i'c v6'i czic hm 113i bén phiii via l6m bén tréi ~

15.1 Dinh 1y hilm S6161 bén phéi 1911111 1y RCF)

C/10 f (11) 111111131/111111 .v11.\"111‘ 1711111 11-511 1</101111;’ I C R 1'11 151' 11111 112s,se E .

, ,+ +1”
.' f f I Z i—'—i— (l)V.\‘|..\‘2 . . . . ..\'”e1111u111111111

“ 1/11 (1) cung 1711119 V.\'I..\‘,......\'” e 1; 11111111111711 '€—'i—_#' 2 s

x, =.\'. =...=.\‘” 2 s ‘ 11

{\'l+,\‘,+...+.\'”=11s _\- +_~<w+___+\-

15.2 Djnh 1y hiim 56 16m bén 11111 (inh 1y LCF)

Cho f (11) I51 hém xzic dinh trén khoang 11¢ R vi1l6m v<'1i 11$s,se11.

‘ .\'] +.\‘, +... +.\'”
Neuf(xl)+_f(x,)+...+f(.\'”)S11/ ——-—"-———— (2)V.\'l..\‘,....,.\'”e1lthoaman

_ H _

1111(2)c1111g d1111g VA‘, . .\"3....,.x'” e 1110111111711 —‘l'—%— S s
.\"l+.\'2+...+.\"“:11s _\- +_\-,+___+\-H

{\l \, \“ I < S
I1

15.3 Djnh l§'/ hém 16m bén tréi — 113i bén phéi (Bjnh I)" LCRCF).

C110 11 < 1‘ 117 C111" 111111‘, f /11 1111111 11'é11 1116 111311 k1101111g I = 111. 16111 11'é11 [11, 1"] 1'11 151' 11'é11

N611 xi ..\"3,...,.\'” E I 1111111 1111711 .1-I + .\-2 + ...+ .1-H = S = const, 111151111 191611 1/1111‘

E=f(,\“)+ f(x:)+...+ f(.\‘”) 1'7111g1'1111'_1'1O'1111111111151 .\‘l =.\': =...=.\'”_] Sr”

15.4 Dinh 1y cném uén d0'n ({)§nh 1y SIP).

C110 f 111 1111111 k1111 vi 1'11]; 2 1ré11 R véi diém u6n don, 0110 S 111 55 1111rc 1'5 d_1'1111 1'11 1-110

g(.\'1=f(.\')+(11-l)f(i—T\'). N511 .\'1,.\‘,......\'” /51 0111." .911 111111‘ 111011 1111111

11- -

.11-1-,.\‘Z +...+.\‘” =S,111i ingg(x1£f(x[)+f(.\'3)+...+f(.\‘”)Ssupg(x)
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16. Bit ding thirc Popoviciu vi: czic d:_1ng1n0'r@ng

16. l B§t (Hing thlic Popoviciu (1965)

Chohi1111flZ1h21n1l§>itrén khoang if \-:1 .\‘._\".:e ii. khi d(>1;1c(\b?1Idz'111gthL'1‘c

. . 2 Y "+:‘ .’:+ "+;‘- -_/(x)+_/(_\‘)+_/(:)+3_/[\l%/}2'l_/1%;+Z_f{;%}+Z_/

16. 2 Md nfmg 1 B5: <1-ring th1i"c Popoviciu (A. Lupas. 1982)

Ch0hZ1n1f1Z1hZm1 15i trén khoémg I \'Z1 .\-_ _\". :€ I. khi G6 \'O’i m(_>i 11.1] . r >0 ta 06:

'/ p.\' + qr + 1'; \‘.(-‘ . _. .3
13/ \)+q/‘(‘\)+1_/(p+q+1)_/l\ />

1 - ,

z</1+¢1>1/[L+"»‘]+<(1+»~>/‘[“"""]+<»1+p+q q+r / r+p
16.3 l\110'r()ng 2 B§t dfing th1'1>c Popoviciu (Vasilc Cirtoaje, 2002)

Né11f1d /181/11 151' Ir?/1 /</mu/lg I 1'51 ul .u3.....a” E I I/11‘

_/‘(all)+f(u:)+...+_f'(z1”)+I1(/z—Z)./‘(u)2(11—l)Lf(/9|)+f(b:)+...+f(b”)].

16.4 M6‘ rng 3 Biit ding th1i"c Popoviciu (Vasile Cirtoaje, 2004)

Néluf/[1/'z(‘1/11l1§iI1'é/1/</zocmg 17 W1 u .(11..,..u E 7 1/1i_ | _

2 _/ax +41/.j ((11 )+j (c13)+...+_/ (u”)+‘/ ((1)2-]:|S;1S”j

a]+u,+...+u” 1

rrogzg do (1=6. va bl. zizul 1'01 /1201 1.
11 /1 '1:!

16.5 Md r(_'5ng 2 Bit ding tluic Popoviciu (Bill Zhao, 2005)

Néu flil /252/11 /51' Iré/2 k/wring 1 rd a|.a:....,(1” e I/1i

:_M=

_| _3 u1+u3+...+a, r1]+a3+...+a_(L) (H1-)+~(':L1).r1%—,’ 2111 Z 1 ——i''
/1 , KM \ 111

.. ., .,,,,.

17.1 Bét dng th1i'c Petrovica

Cho f(.\") I51 hi1m léi trén [O. u]. Gizi 511' .\'|..\'3,.....\-H e [0, u]sz10 cho x, + .1-3 + ...+ x” E [O.a].

Khi C16 ta C6: f(.\‘, ) +f(.\"3 ) + + f(.\'” ) S _f(.\‘| + .1": ++.\'”)+(1z-1)f(O)

17.2 1v1¢f>- rqmg 1 B5: aéng th1i'c Petrovica

Cho f1.\")lZ1l1i11nl{3itrén [0.a] vb pl . pl“... /2” 2().Gi2'1 str x,..\‘3 ......\'” e /1,.\",1 v51

i=1 ‘

I! H I1 \ /12 p,.\", < (1. Khi (T6 ta c6 b§tdé11gth1'1'c Z p,f(.x",) S f /21.1"’. pl —1j.f(O)
i:l 1:1 1=l 1=]
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17.3 M0" réng 2 Bét d-Zing th1]'c Petrovica (Vasic)

Cho f(.\') IZ1 hilm l5i trén I0. u] \'i1 xi ..\'3......\',,_ p!,p3...._ p” 20 théa min czic diéu kién sau:

1. .\'|..\.'3......\',, E [().u] 2. 1)‘ . /13..... /1,, 21 3. [7;_\‘/ E [().u]
/=5

1:;—l n~~I H

4. 2 PIX‘ : Z /)‘».\" :...: Z [)1-XI (III <11: <...</Ikvl)
(=1 |=11] 1:r|_, I

H 1 II I1 \
Khl do ta co bat déng thu"c: Z pl] (.\', )3 kf[ZZ p,.\", w—[l< -2 /2, J] <0)

I:| 1:! / 1:1

18. Bit ding thc trong tich phén Riman

18.1 Bt dzing th'c c0' biin trong tich phén Riman

/w

- Ménh aé1.- Néuf 121 mét hflm $6 lién tL_1c trén [(1. />1 v21_f(.\‘) 2 0. w-e [(1. 1)] ma jf(.\->d>< 2 0

11

1I />

0 M_énh dé 2.‘ Néuf_ g lién tuc trén Ia. /2] v51_f'(.\‘) 3 g(.\'). Vxe Ia. I2] thi J.f(.\‘) dx 3 '|.g(.\‘) dx

H1/Iénlz aé 3; Néuf 121 mét mm $6 lién tuc trén [(1. 111 um min f<,\-) 2 0 . we {(1. 111 Va hilm $6

/1f (1-) khéng aémg mi: bang 0 trén [(1. 1>1 rhi [_/m dx > 0

- Ménh aé 4.- Néuf. g 1:1 hai hilm 56 lién tuc trén [(1,111 thou man f<.\-> s gm, w-e [ml
h >I

v51f(x). g(.\") khéng déng nhét vc'>’i nhau trén [(1, b] thi .“f(.\') dx < Ig(.\‘)dx

0 M_é/zh 175 5: Néuf 151 mét hm $6 lién Iuc trén [(1.12] th<'>a min m 3f(.x) 3 M Vxe [(1. b] v
I)

hilm f(.\') khéng déng nhét vdi m hozfac M thi m(l2—a) < '[f(.\')dx <M(b—a)

|/ I;

¢1Wg9lzl1(T¢56.' Néuf 151 méthllmsé liéntuctrén M111 ma f(.\‘)dx e |_/'(.\~)]dx

l> b

0 Mén/1 (11.5 7: Néuf, g lil hai hZ1m 56 lién tuc trén [(1.12] thi If (1') g (x) dx 3 (.\") g (x)1dx

- Djnh ly' vé gid tr_i [rung binh: Néuf la mét hilm $6 lién tuc trén [(1, 111 ma [611 tgi in nht 1

I)

diém ce [a, b] sao Cl"1OIf(.>;)dx =f(c)(/9 — a)

U
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' Dj/zh l_\‘n1(ir(31zg vé giri lr_i Irung hinh: Gi .\"u'_fI g lZ1hz1i hiim $6 lién tL_1c trén [(1. 1)]

Néu g(.\') 2 () Vxe [(1. /2] hoéc ,Q(.\') 3 () Vxe [(1. [1] [hi I611 tz_1i it nht n1©tdiém<*eiu./2] suo cho

/v /

I/'(.\")g(.\‘)dx : _/'(<') [g(.\')dx
>

18.2 B-t ding lhl]'C Cauchy — Bunhiakowski - Schwarz

\

w
-.\ _

I1 /v

Cho haihZ1ms(§ _/‘lg lién tuc trén Ia. /2]. Khi d6 ta 06: /'(.")v J p < f .‘ I

1s. 3 B5: aéing thc Young

/i_

"<

V l 1 , , , ” I "Chop. q > I thoa min — + ~ =1. Khl do ta co: ab § L + )— Va. b >0
P ¢/ I’ ¢1

18.4 B5: ding mu-¢ Hilbert

1Néu 11,. /1, 2 0; - + l :1;,> >l\th1khid6:
1> £1

I 1

18.5 Bit dng thlic tich phn Holder

_l\4>
2M»

Cho p. q > l vdi L + l =1vi1flgli1 hai hilm $6 lién tuc trén [(1.12].
P 41

I I

I: /2 I; Iv (I

Khi dé ta c6: ‘H/(.\')g(.\‘)1(/.\" S[ J’|f(.\')[" ch‘) £'[g(.\‘)l" (Ix?

/

\A(\)d\J __,- 3(\)z.\'J‘g:(.\")z/.\‘

‘ /> ‘ /isi Ea; Eb’;/I ‘

117+” Qin \nl ml
/J

Déu béng my ra <=> 3 A. Be R. A2 + B3 > 0; A[f(.\‘)|” = B|g(x)I" Vxe [(1./11

18.6 B(7't ding thrive tich pluin Mirzkowski

Cho p > 1 vhf, g 151 hélm $6 lién tuc trén [(1.12]. Khi <16 ta c6:

[1 /1, /2 I, I,

’d < |f<\i’d + g<>|”dx _ .') X

g(\') ~

l I

I) .

[j'(.\‘)+g(_\') J E .\' x1

18.7 Brit déng tlu?"c tfch phn Diaz

Ch0f(.\'). g(x) I51 czic hém lién tuc trén [a.l2],_f('.x') ¢ O v51 /213% £M Vxe [a.b].

[2 I1 Ir

Khi G6 ta C6: '[g2(.\')dX +Mnz}._f:(.\')dx S (M +121) I_f(.\')g(.\')dx

.1‘ (X)

I l
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, ..

18.8 B1?! dng tIu?'c tfch phn G.POIya

j()<<1§_t't.\")§A’
Chofl g IE1 czic him] lién tuc trén Iu./1] \'Z1 <3 Vxe [u.bl

[<></as;_1m§B

/> Iv

AB): ‘I :(.\')d.x. V/':(.\‘)dx
+ A, J v , ,

Khi dd ta 06: ” 7 z 2 “A/’B
4(lA[7B ///’ \‘_ ((11)-f

Ly/'(.\")g(.\")dx

1s. 9 Bfit dfing thirc um phn Chebyshev

7:

Cho hai hm séx), g(.\') lién u_1c' vb don diéu trén [(1. 1)]. Khi 66 ta c6:

a. Néuf(.\"). g(.\‘) 151 hai hZ1m cimg déng bién hofxc 151 hui hZ1m cimg nghich bién thi ta cc’)i /'(.\'),<'(.\')dx> —— _/'(.\")dx i g('.\‘)dx
/9- ‘ _ — —

b. Néu x). g(.\') cé tfnh don diéu nguqc chiéu nhau tirc 151 mét hm déng bién v21 mét hilm

nghich bién thi ta cé bit dfmg thircz

1, 1 1; ‘/’ 1 /> \i (.\')g(.\')dx § i _/'(.\')dx —% '(.\')dx
l1—u;|.f 17-03‘. l2—uJLg

19. PHUUNG P-HAP PHAN Ticn TONG BiNH PHU’O'NG (s.0.s)

Xét bt ding thirc A 2 B trong dé A, B 151 czic biéu thirc chira czic bién 56 a.b.c .

Gié SL1‘ ta bién aéi au~<_>~¢ béir dang thirc A - B 2 0 c6 dang:

5 = A— B = saw -<4): + 5,) (C-11): + 5‘ ((1-/1): z 0 <1). Xér czic ménh aé sau:

19.1 Ménh mé 1.- Néu 511 2015,, 20; st 20 ma

-> '7

S =5” (b—c)' +S,, (c—c1)“ +S( (c1—b)2 20

Dy 121 mét trufmg hqp rim thu'>'11g.>DL1'é‘i dy ta S5 Xéi 05¢ dziu hiéu khéc aé < 1) ddng.

19.2 Ménh (R5 2: Cho czic $6 thuc u./).('.S_v|, . Sh . S! Ihoa min 2 diéu kién:

i) S‘, +S,, 20:5,, +5‘. 20:8‘. +5” 20.

ii) Néu (1 ébsr hoéc (I 2122c ma 5,, 20

Khi détacé 5:3“ (b—C)2 +s,,(¢--<1): +s1_ ((1-b)’ 20 <1)
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19.3 .'\/I§nh 1753." Cho caic 56 IhL_1'C (1.12. (1 SH .5’, . S1 thozi min diéu kién:

Néu (($17 Sr hoc (12/1 2 0 thi SH 2 ()_S_ 2 O \'{1 SH, + ZS,, 2 O15, + ZS.“ 2 O

Khi dd ta cé S = S (/2—(-): + S, (('—u): + 5 (1/—/7): 20 (1)

19.4. A/Iénlz ck?‘ 4: Cho cdc 56 thuc u./>.<'.S/1.S,».5'__ thozi min diéu kién:

Néu (l§17§(' ma 5,, 20.5,, 2 0 +21 />15‘ +1-15,, 20

Khi détacé 5=5N (/>-()3 +5. (1-,1): +5; ((1-/>)’ 20 <1)

19.5. A/Ilzlz :75 5: Cho czic 56 thuc u.b.<:.SH.S_,, _ .9‘ thozi main Z diéu kién:

i) SM +S,, >0 v S,’ +Sl_ >0 v Sf +5” >()

ii) SUS,, +S,,S( +S(,Su 20

Khi déta c6 5:5“ (/;—(-)2 +5,, (<--(1): +5 (+1-/>>’ 20 <1)

19.6. Ménh :15 6: Cho czic 56 thuc u.b.¢".S ,.S,7.S thoa min diéu kién:
1. . 1 -

i)a£b£ch0§1ca2122<*

ii) Tém mi 01> 0 $110 ChO 5“ +oc2S(_ +(@<+1)° 5,, 20

( I[a—h[ZO(|("—b| ]('—b|ZOL]u—b1

iii) S(_+S,,Z0 v S“+S,,2O

5_+°‘?““‘5, 20 5 +°‘i"“5, 20
( a 7 (I u I

Khi <16 ta C61 S” (17-0): +S/7(c—u): +S[ (c1—b)l 20 (1)

Hé qud: Cho czic 56 thuc a.b.(r. S”.S,, . St thozi min czic diéu kién

i)aSbSch0€1cu2b2c ii) SH+S[+4S,72O

|a—b|2|c~b[ |c-—bl2|u—bl

iii) S‘_+S,,2O v SH+S,,2O

S(,+2S,,2O S”+2S,,2O

Khi <16 ta cé: 5“ (b—(‘): +5,7 (C—(1): +5(_ (.1-1;): 20 '
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20. PHUUNG PHAP DON BIEN 0\~1\~'>

20.1 BAT DANG THUC 3 BIEN v01 cuc TR! DAT TA! (;1A TR! BIEN 0(‘>1x1'1'Nc

' Gia $11‘ ta 0511 chfrng minh bit dfmg [h[1‘C f )3 3) 2 0 vdi .1‘, _\'. I. 151 czic bién $6 thuc thoa min

czic u'11h chill 11510 dfly. Khi dé ta sé thuc hién Z bu'('J'c chfnh sau:

Bm3'c 1: (KT thut (1611 vé Z hién hing nhau) Dzinh gizi _/'(.\‘. _\‘. 1) 2 _/'(l. I. Z) \*<')'i I l bién suo

cho bé s6 (I, 1. 1) thou 1115111 11191 tfnh chzit cua b{> (.11 _\". 3).

Bu'd'c Z: Dzinh girl f(1, 1. 1) 2 0.

Ch 3": B61 v<'>’i czic bit d§u1g thirc déng béc ta cc’) thé lilm cho chtmg mi11h don gian ho'n béng

czich chuén héu caic bién trong bét dimg th1'1'c t1'u'0'c khi th1_1'c hién 2 bu‘é'c

20.1.1 1s51a5ngm1'1-¢ khéng aiéu men;

D51 v<')'i nhfrng bt ding thirc khéng cé diéu kién thi dém bién theo céc dz_1i lu'<_mg trung binh

+ Z + I
_' .\' \‘ .\‘ Y . 2 . , 1 ; 1 -4 3.

chang hz_1n t= 711: 1/.\1\';I = \ la ky [hLl€_1IC1'1lI11'1 dung de don 2 b1e11 bang nhau.

20.1.2 nén bién v6'i bah dz“1ngth1'1'c c6 aiéu kién

Dé chimg minh bit dng th1'1'c_/'(u.l1.<")20 véri caic bién a.I2.(" thoa min diéu kién

g(_a.l2.c')=0 rhi th1_1"c hién budc 1 1.1 can Chimg minh _/'(u.b.c")2f(u.I.I) vdi 1 151 bién 1h<>=1

min g(u. r. 1)=0

= 1 = _ . ~ 2

20.2 DON BIEN BANG Kl THUAT HAM SO

., , 1 , . . . ,. \' + I. ' , . .

Gla su' can Chung m1nhj(x. _\". 1) 2 j(.\". I, 1) \'0'1 1:"?-. ta xct ham: g (.1) =j (.111 + .s'.l — s)

véri s 2 O. Sau C16 chirng minh g téng Vs 2 O (thubng s£1'd1_1ng Ciao him). suy ra g(s) 2 g(O).

20.3 BAT BANG THUC 3 BIEN v('>‘1 c1_1'c TR! DAT DUUC TAI B11“;N

Xétb§1tdz§ngthi1'c f(x. y, 3) 2 () vdi x. y, 3 2 O, ta sé chtrng minh f(x. y, z) 2 f(0, s, I), trong dé s,

1121 céc am luqng thfch hqp sinh ra 10 czic bién 21, b. C . Thich hqp <1 dy chfnh 121 viéc 1><f> $6

(0.51) phéi théa min" 151 ca Czic diéu kién cua ((1, b. C). aémg thbi hiéu

d : f(.\‘_ )1 3,) — f (0. .1"./)2O c511 don gian nhét cé thé.

Cuéi cimg ta chi viéc kiém chimg ‘/' (0. .1'.!)2 0.

Dinh 1y dém bién mzjnh [SMV-Strongly Mixing Variables]

Cho: ' De §R”.D={.\"=(.\'1,.\'2....x”)\.\'i 201.21%. 2(X.2.\',.=ns=c011sr} V51 so =(s.s,...,s)ED

' Phép bién déi T: D ——> D nhu‘ sau: \'é‘i méi phiin ttr a = (a..a3....a” )E D,a ¢ so.

4
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Lu chqn 111 Z chi >6 ii _/' nilo d6 (thy thco hilm f bén dudi) suo cho ul. ¢ (1, . r5i {hay 111.41, bO'i

[rung hinh céng cuu chting.

' _/‘ : D % F. 151 hi1|11s6 lién u_1cth0;1mn: _/Wu 1 2 _/'(T(u)).\7ae D.

Khi d6: _/' ((1)2 __/"(xv ).\7(lE I)

20.4 DON BIEN KH()NG XAC DINH [Ul\'1\"— UNDERFINE I\/IIXING VARIABLES]
Bf/1/1 If UM V:

cm DC{.\'=(.\'1_.\'3.....\'” )E |.\; Z().Vi:l.....1z}. 0 déng Vil bi Chill. Gqi A 121 tép hqp czic

phzin Itr trong D c6 I thimh phn hing 0 V51 /1 —rthi1nh phn béng nhau (1 2 O) .

- Xét 2 phép bién déi T] ‘T3 :D + D nhu" sau: Vdi méi phn Lu" a =(u|.u3,...u” )6 D \ A. ch(_>n

ra 2 chi $6 ii _/' suo cho ul :min{u1, >();I =1.....n} v51 (1,=1nz1x{u[.u2....a”}. sau dé thay

(11 .u/ bé'i OLBE (111.11, ) (irng \'é'i T] ) \'Z1 OL'< ul <u/ < (Emg vé'i T: ).

. Gizi sir /' 1 D —> Ts liéntucthOz1mf1n: f(u) 2 min{_f(T| (u)),f(T3 (u))}.Vae D

Khi dé ta cc’) fm ZI11in{_/‘(v\‘)}.V.\'E 1)
\E.\

20.5 DON BIEN vi; GIA TR! TRUNG BiNH
L51 phucmg phzip dém bién ntra dnh cho hiim l6i duqc dua trén co sci hui dinh 13" sau:

Dinh 1y 1; Cho f 1:1 hilm 161 [(1.171-> Tu c<3:f(u)+_f(12)2_f(.\*)+f(u+b—.\").V\'e[(1.12]

Djnh ly 2: (bér d5l11gth(1'c Jensen) Cho f 1:1 him $6 l6i [(1.1)] -> Khi dd:

\' + \' + ..+ 'Vx] ..\'3_...,.\'” e [(1.11] ta c6: f(.\'l’) + f(.\"3 ) + + _/'(.\‘” ) 2/1 n_f(T)

20.6 DON BIEN BANG QUY NAP THUA A

Gié sir ta cn chimg minh mc_‘>t bit déng thirc cixa n bién a, ,a3,...,a” c6 diéu kién rixng buéc IE1

(z](l2 ...(1” =1. trong dé ding th(rc xziy ra khi n bién bng nhau. Chinh dzing thirc ring buéc nily

khéng cho phép chimg ta giai bZ1i tozin bng quy nap. Tuy nhién. néu chfmg ta stra diéu kién

réng buéc Iai thimh a,(13...(1” 21 thi khi dé ta c6 thé gia sL1‘.ch2'ing hzgn (1,, : min{(1,.a;.....(1,,}

dé cc’) (11613 ...a”_, 21 v21 ta cc’) thé dimg gia thiét cho n-I bién ny dé quy vé trudng hqp n-1 bién

béng nhau. Sau dy IE1 mét \~'1' du dzjc sic cho ki thuét ny.
V
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20.7 DON BIEN TOAN MIEN [ EMV — ENTIRELY MIXING VARIABLES]

Tit ca nhfrng kf thuflt d5n bién mil chtmg tn dn duqc dé cép O czic muc trén déu cé mét déc

diém chung IE1 khi thuc hién phép d611 bién: _/'(u.l>_<")2f(u'.i/.1") {hi bé bu $6 (c1.l2.c) V51

(1/.11’. z") déu C6 mét dgi lu'<_>'i1g dac trung giéng nhau. chfmg han nhu‘ téng. tfch...

Phu"o'ng phzip EMV cfmg cé dai lu'c_>'ng dzfac {rung khéng déi sau khi dén bién. Tuy nhién_ su khzic

biét hoim toim so vdi czic phuong phzip d6n bién tru"('>'c 151: "Dai luqng die tnmg khéng d6i khi

SLT(IL_1g EMV 151 hiéu czic bién. ttrc 121 cdc dai lu'c_mg u -12.12 — (".0 — u

Tu tu'(mg chu dao cua EMV I51 chimg minh khi thg hoc gizim caic bién di cimg mét dai 1u'c_mg.

bit ding thirc yéu di hozflc khéng d6i. Tir C16 ch1 cn chimg minh bt ding th\'1'c trong tru'b'ng hqp

mét bién 0- bién.

Ch jl réng néu sir dung EMV trong bzit ding thirc n bién, khi dém mét bién vé bién, thi bit

dang thirc cbn ,1-1 bién. tuy nhién. néu $6 bién cbn lai vén 2 3 thi viéc chtrng minh la khzi

phirc tap. Vi véy EMV thuimg su dung trong bt dimg thtrc ba bién véi phuvng phzip dE“>n biém

cé bién Iai O hoc (1611 bién \-"Oi céc dai luqng trong tam gizic.

20.8. DON BIEN TONG QUAT [GMV — GENERAL MIXING VARIABLES]

Déy lé min dinh ly‘ rit téng quén. bao gém gin nhu' toim bc} czic kha nng d6n bién.

20.8.1 Chfmq m bét aéu ban» mét 56 dinh nhh tron" khénv "ian .
C ~ G >.

.. ._ - - c c c -

Dinh nghia 1:

' Khéng gian IR” IE1 tzip hqp czic bé thir tu .\"=(.\'|..\"3....,x”) véi xi E R.Vi.

. Min diiy {xm =(.\"l_m,,\'lm......rM trong gQi 121 h<f>i u_1 vé :=(:.l,:3, ...z,,)e IR" néu

timg dy .\',._m héi tglvé 1, khi m —><><>.Vi=1_2...../z.

' Cho D c: R”. Mét him 56 f : D —>R<. gc_>i 151 lién tuc trén D néu: vdi mqi diy {xm} c D v21 vdi

mQi ge D sao cho {xm} héi tu vé 3. thi ta déu cc’): f (xm) hcf>i tu vé f(;).

Dinh nghia 2: Cho D C IR” . Ta néi:

' D déng néu vdi mqi dy {.\'m} c: D v21 vdi mqi 1 e R” sao cho {xm} héi tL_1 vé 1, thi ta cé 3 E D .

- D bi Chan néut6nI2_1is6th1_1'c M sao cho: v.\- = (.\-,..\-2.....\-H )e D, ma ‘Xi! SM,Vi=1.2,...,n .

Vi du nhu' mét tip hqp hflu hgm thi déng v bl chén.

Chng ta cé két quzi cfm ban sau dy (sé chimg minh <3 cuéi muc néy)
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Djnh ly‘ Weierstrass: Cho D déng via bi chén trong R". vé f : D —> R lién tuc. Thi f dat gié

tr} nho nht trén D, nghia 151 t6n t2_1i X0 E D sao cho: f(x(, ) S f(.\'),Vxe Chdng ta cfmg cé

két qu2'1tu"0ngtg1'vc'wi gizi tri ldn nhéit.

' Binh lugirzc Dinh I3" nily lb mét n1o'1"éng cua mét két qué quen thucf>c: "Cho [0, b] 1:3 1 khoéng
déng trong R via f : [(2./2] —> lién tuc. thi f cc’) gié tri nho nhéit trén [(1, 12]". D0 dé. vé mét truc
gizic thi dinh 137' 1 khzi 1'6 r'£1ng.

20.8.2 Djnh 1y GMV: Ta S5 lu6n gia thiét rang;

' D151 1 t2_“1p con trong R”. vb A 151 1 teip con déng cua D.

- f : D -> R 121 mét him sf} lién tuc lién tuc sao cho fcé gizi tri nhé nhét trén A.

- T, ,..._T‘ ; D -> D la czic phép bién @161 $210 cho T, (x) = = Tk (X) = /\',\V'XE A.

Ta Sé am ra czic tiéu chuéin aé gié In nho nhit Cllil f trén A cng chfnh IE1 gié In nhé nhzit cila f
trén D. Ta cé

Dinh 1y GMVI: Néu

- f<.\-) 2 mm{f<Tj(.\»)}.v_\-6 D\A
/:1./\'

- Vj = 1,/(,V.\‘E 1) ta c6 lim Tj”’(_\-)e A . trong dc’) T/F’<.\-) = _\-,Tj."’(_\-) = T] (T].”“' (.0)

rhi f(.\-) z rnin{f(_\')}.V.\'e D.
\'E.'\

Horn nfra, ding thtrc khéng xziy ra trén D \ A néu f(x) > mm f(T] (x)).V.\'e D \ A.
j=I,k

Bjnh 1y GMV2: Néu '

' D déng v51 bi chén trong R”.

' f(x) > ITlQf(T].(.\')),V.\'E D\A.
j=1.L

thi f (x) 2 min{f(y)}.Vxe D , hon nra ding thirc khéng xéy ra trén D \ A.
\'E.\

Bjnh 1y GMV3: Néu

~ D déng V21 bi chén trong R”.

* f(x) > min f(T.(x)),Vxe D \ A_

~ T6n tz_1i céc hém s6 hj lién tuc D —> R théa mén: /1]. (x) > hi (T1 (x)), VXE D\A.

rhi f(x‘)2min{f(_\‘)},VxeD.
A

\'eA
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21. PHUONG PHAP ABC

Xé1 111-p Czic 11511 di1'1g1hL1'c 1151 xirng 1111 111é1111. 11. 1-011111;: 1111-:1 vé 1151 dZ1ng1h1'rc hZ1m _/‘<11.11.1-1

C111 chim Czic dai lu‘Q11g 11 +12 + <~. 11/2 +111" +111 . 1117:‘ so s1i11h \1é'i héng sé. Khi <16 chling ta sé

khéao sail hhm 1111.12.11) thco bién 11121- véi hai C131 lu'c_>‘ng C11 dinh 121 11+12 + 1'. 11/2 +121'+1-11.

21.1 Djnh 1)‘ 1: Néu f(a12c'.c112 +121'+ 011.11 + 12+ 1') 121 hm don diéu trén 1:1 theo (1120 thi gizi

111 ldn nhfat v gizi 111 nhO 111151 xtiy 1'21 khi trong bu $6 11,12. 1' CO hai $6 bng nhau. c011 trong tép

Ff 1111 xziy ra khi cc’) 11161 56 bng O hay cc’) hai $6 bring nhau.

21.2 Dinh 1)‘ 2: Néu f(c1121'.c1l2 +120 + <'c1.c1+12+1') lZ1hi1m 161 trén thco (1120 thi gizi tri Km

nht xziy ra khi trong ba 56 (1,12.1' C6 hai $5 bng 11111111. cbn trong tép PC thi X21)‘ 111 khi C6 mét

$6 béng O hay C6 hai 56 hing nhuu.

21.3 {)1nh 1)" 3: Na-‘:11 f(11121',(112 +120 + 011.11 +12 + C) 121 1121111 16111 trén E1‘ theo (1120 thi gizi tri

nhé nht my 111 khi trong bu $5 (1.12,c C6 hai 56 b§111g nhau. cbn trong tép R‘ thi xziy ra khi

cc’) 11161 $6 bng O hay cé hui $6 bzllng nhuu

CIQ

21.4 D1nhl)"ABC 1716' njn

i) Cho 11.12,(' d511g thbi 1L1 czic $6 th1_1c hoc 151 czic $6 thuc duong. Khi dc’) néu dai lu'(_mg

111211.11 +12 +1" 115 du‘(_2"c Cho tr11\5'c (nghiu [Z1 <15 du'<_>'c C6 dinh sn) thi 1112 + 120 + 1'11 sé dat gizi tri

1611 nht vil nho nht khi C6 hui trong bu bién c1.12.1‘ bfmg nhau.

11) Cho 11.111 11611;; mo-1 1:1 ¢11¢ >6 111111: du'0'ng. Khi 1111 11-éu 1111 111-Q-11g 11111-. 1111+111-+111 as

dutyc cho trurc (nghhl 121 <15 du'(_>'c C6 dlnh 55111) thi 11 +12 + 1‘ sé dgat gié tri 11110 11h§1t khi C6 hai

trong b11bié11 a,12,1‘ bng nhuu.

21.5.1)11~111 LY ABC TONG QUXI‘

21.5.1 K1111 ABC: T11 g<_11 f(1i,11.1-) 121 111511 biéu 111111 kha ABC néu 111111 1151 dang 11111~¢

f(a,b,c) 2 O 06 thé du"Q"c ch1'1'ng minh d1_1"11 vim dinh 13" ABC dé dun vé hai trubng hqp sau:

i) Hai bién béng nhau.

11) M61 111é11 b§1ng() (1)1511 1<1e11 11z1y¢111 1111511 hién 1<111 ¢111'111g 11111111 km ABC @161 111-1 abc)

21.5.2 Dinh 13" : Xé1n1c}tb1éu1h1'rc 1161 xtrng 11 bién _1'(z1‘.z1:.....11,__) . trong dé f C6 gizi tri nhé

nh§1tv£1 112 3. T11 sé C01 ‘/' (111.1'13.....a”) nhu' 15111161 biéu thirc bu bién g(c1| ,113,11_;) vc'1icziCs6

114,c15....,(1” du"c_1c coi nh1rI£1c1’1c hing Khi dé néu g kha ABC thi bait ding thirc

f(al .513 (1,, ) 2 O cé thé (11111 vé xét hai 11"u"Ong hqp sau:

1) 111 111é11 bang 11111111. 11-111 1111111 Bang 11111111.

11) 111111 1111111 11111111 111115111 1<1».§11 1121111111 111251111511 1<111 chirng 11111111 11111 ABC 1161 V(§’i 11111-)

B51 déing thirc du'c_>'c chvlrng minh 1&1 dng néu né du"<_>'c chtrng minh trong hai mrbng hqp trén
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22. PHUUNG PHAP HiNH H(_)C HOA BAT DANG THUC 94150 (GLA)

22.1 PHU’O’NG PHAP GLA VO’I s BIEN so vA PHEP 901 BIEN so TRONG TAM e|Ac

- \/di u_ /2. 0 > 0. dét .\" :/> + (1 _\' Iv + (1.: =11 +12 thi .\'._\'. :trdthi1nh dc} dili 3 canh cua mét tam

gnu XYZ vé-1 ,1. R. 1151511 lu"c_>'l 151 nun chu vi. bzin kfnh du"0‘ng trbn ngoai tiép. néi nép val dién
tfch cuu tam glzic XYZ. Khi dd ta 06 czic ding thuc vi: czic dinh 1;‘ quan trcgng sau déy:

22.1.1 Céc dng thirc co" ban

1. (1: +1): +63 =12: —8Rr—Zr:; ub+b(’+c'a=4Rr+r2
~ 1 1 _: 2

H§qll(i: ”_+bl+('_ :1] _8R’_2' = P -2
' 1112+ be + ("(1 4R,- + ,-3 4R,- + ,-3

2. ((1+l2)(b+¢')((>+a):.\j"; =-1R/"p; abc=(/2 —.\")(p- _\')(p — :):S—2 : pr:
. p

H@,I,,,;_.  :L; l+l+_1,: ~ L+;+L=;
(a+1>)(l>+c)(<~+a) 41? u b <" pr ab be‘ ca ,-3

3_ <1+b+b+c+c+(1:Z(ZR—I‘)
0 (1 11 r

4. (13 +123 +cr3=(z1+b+c)[(c12 +b2 +03)—(ab+bc+ca)]+3abc

= p(p3 —8Rr— Zr: —-4Rr— r3)+3pr3 = p<p2 — l2Rr)

5. (14 +/)4 +04 1(1): —SRr—Zr:): —Z('-lRr+r3): +4]):!'2 I pd —l6Rrp3 +2(4Rr+/'3):

'i:

it
if;

~.u
‘J

6 a+b+c
xx/abc 3 -3 '

7.1651 =2(.\~2_\-1 +,\-If + RH)-(.\-* +V\-"‘ +1‘)

- 2—8Rr+r2
b+c+c+a+a+b (a+ +0 a+b+b+c+c+a 4Rr

9 1 +_1_+ 1 _(ab+bc+ca)2—2abc(a+b+c) _(4R+r)2-2172
' (12 bl ('3 11212303 pzrz

'1 Z,‘ 2 4 ' 210- 1+1+1:l+l+l:\_\+)+\:p+Rr+r
a+b b+c' ('+u .\‘ _\' - Z A3‘: 4Rrp

1 1 1 :(.\‘_\'+_\';+;\‘)2—Zx_\';(x+_v+;):(pZ+4Rr+r3)_ I

X: _\‘2 :2 .\‘2_\'2;1 l6R3r2p2 RT
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12.

13.

14.

; up [;<- ((1/1+./7r'+('z1)2—Zab('(u+/7+<'):(4R+")_"2P2
/7

(1! + +
r’ /2 u u/10

(z’:'l>‘_‘ +/7'21"; ~.- ("(13 =(u/2 +l7r'+c"u)3 —3u/7('(u J—/>)(l> +(')(('+u) = 1"‘ (4R+ 1‘); — l2p'r3R

' piv8(1R+r)1p:+5r:(4R+/‘)3
I + 1 + 1 :

¢I:+/7: />:+<': (':+¢1: 4/"ii-LR:+6Rr+r:)/J:*Z[>Jr:—Z/"1<-ll€+r"‘\’

+¢“;u" +303/2:0: +61/J(‘((l; +113 +03)15. (a3l;+12:c'+c’:u)(u:(*+/>:u+(“:/2):¢z}[2‘: +/>"<"‘

-\ 1 w_\

1 — 7 3 Q )+3 1313 +123/'3 (pl —lZR2')=/"3lLr(4R+r)'} +3/fr‘ +pJ' -24R!‘/fl=r‘:(4R+r)' LR 1“; 1

22

1.

2

3. Binh lj 3:

4. Dinh lj 4: \/<'>'i mcpi tam gizic ta c6

.1.2 Céc dinh 1y

Binh 1y 1: Tam gizic cé mi géc 2 60° <:> ,> z ue +1-)

r— _)

Tam gizic cé hai géc 3 60° <:> /2 5 \/3 (R +1

Tam gizic cé min géc bng 60° <:> p : ( R + 1")

. Dinh 13" 2: Vdi mQi tam gitic ta cé czic bit déng thtrc
- 1 w /ii

' - "+7(R—2r)/R(R-21‘)2R2+1ORr—r3—2(R—2r)\/R(R—21-)3/r£21? +10/21+» _ N

Vdi mc_>i tam gizic nh<_>n ta cé czic bat dang thfrcz

'7

pl 22R: +8Rr+3r:; (12 +113 +03 Z4(R+r): (1): c1b+ln'+cu2ZR: +12Rr+4r'

(I: +17: +62 S8RZ +41‘:

5.Dinhl§'5: vm m<.>itz1m gizic ta cé [>2 z1<>R,~-5,-I +-——"'(R1; 2") <*>

22.1.3 Phu"0"ng phép chung

Dé chtrng minh mét bét d§mgtht1"c dc‘>i xtrng F (a.b.c") 2 G (a.b. c) vdi a. b. c khéng 5m, ta dzfat

x =12 + c, _\' = c + u. : = a + b. khi dd .\'. ,\'. 3 trd thénh d(f> dZ1i 3 canh cua mét tam gizic XYZ v51

mét bét déng thtrc dgi $6 duqc dua vé bit ding thirc hinh hqc vc'ri czic bién p, R, r liin luqt 151 ntra

chu vi. bzin kinh duémg trén ngoai tiép v51 n{>i tiép cua tam gizic XYZ. Sau dé ta phzii chimg

minh f( p) =vZ,- VP 2 0 . xet déu f'( /7) 161 tim czich démh gié p theo R. r.

Ta chfl 37 dén dzinh gizi rét quan trcgng sau dy: V

2121 +10R»--H —2(R—2r)\/R(R—2r) $113 §2R3 +1oR/--H +2(R—2r)\/R(R—2r)

‘ pl=\/2R1+10R»--H-2(R-2,->\/'R(R-2r) Ih1pE[p1.]J2]Khi dé neu dqt

pl =\/2R’ +10R,~-H +2(R—2r)\/R(R'—2r)
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N11 (in xét:
1. Néu AXYZ cfln ma ,1: ,1 hoic p I ,4.
' Néu gin tri ldn nh2‘1t_f(/7) hoéc gizi tri nh('> nht [(12) dal ta_1i p = pl [hi AXYZ Cain cé 2 géc dziy

béng nhau vil 3 60°. khi G6 trong 3 bién .\‘. _\'. 3 c6 Z bién béng nhzlu V51 nhO hon bién cbn l2_1i <:>

Trong 3 bién u. /2. 1" c6 2 bién béng nhau V21 ldn hon hone bang bién cbn lai.

' Néu gizi Lri l<)"n nht _f(p) hozfac gizi tri nho nh2‘1t_f'(p) dal tai p : p: thi AXYZ cn c6 2 géc dziy

béng nhau V212 60°. khi dd [rung 3 bién .\‘. >\'. I 06 Z bién hing nhau V21 ldn hon bién cbn lai ¢:>

Trong 3 bién u. /2. <' Q6 Z hién béng nhau \"Z1 nho hon hoéc hing bién cbn Iai.
2. Khi dun bit d€ing thtrc vé dang clnru /2. R. r néu 06 hiéu thirc chira r lflm nhim tn‘ chung [hi

khi r = 0 hay Lrong 3 bién <1. /2. 1" 06 I bién b§1ng() [hi déng thirc xay 1'11.

3. Tin" czic nhén xét l \'212 .\"L1§'ranéu _/' ( />) dglt giai tri kin 11h5n. nho nht tai /)1 hoac /1: hozfac

r = O thi céng Yiéc cbn lai IE1 chtrng minh bin dzing thfrc \'(3'i 2 bién $6.

van cziu hoi (T$t1'z1 I51 khi nilo f([))d2_1[ [Y1 ldn nht. gizi In nho nht I2_1i 111' h0zf1c pl m c6 két
luén sau:

3.1. NéLlf’(p)2().Vp€[/)1./)3] thi Minf(p)=f(p|)1M€1Xf(p)=f(
Néu f‘(p) § 0 . Vpe E/21./2:] thi Minf(p)=f(p:):Mux f(p)=f(/2])

Dng thtrc xay ra khi p : pl h0:§1c p = /1: Lrng \’d‘i [rung 3 bién 56 cl. 1). c cé Z bién 56 bng

“E

\_/

nhau hozfac c6 min bién $6 b§1ng().

U

9

P

‘O

Q

E?

HP) \ + mm

Hp). /-(pi)/_/-(/1;) Hp ./'(1 \ f(P2)

3.2. Néu f"(/J(,)=Q:_f”(/1)2() thi §\/Iin_/'(/2):_/'(pU)1I\/I£1xf(p)=MaX{_/'([§|).f(p3

Néu f’(p0):0;f'(p)§O thi Maxv/'(p):_/‘(pU);Minf(p)=Min{f(/1|).f(/22)}

“Q
~11

E’

F3

+

Q

“*1
~r>

13

3+

E

E?

D — F3 -
_/>(/),)\ /./'(/73) I /A/v(/)1»)\

"M ./<,».> ""’ mm rm)
4. Trong min $6 it czic bin tozin ta tim Gié tri lén nhét. Gizi tri nhé nhét being czich tinh dao hém

theo bién I = /)2 hoic theo R hone theo r.

Chli Hy nhé‘ lai czich chnng minh hinh hQC 0'n"én. ch1’nht£rchirng minh d6 suy ra ngay véi
m<_Ji R. 1" c6 dinh thi cé thé tim duqc bu $6 thuc khéng 51m 21‘. b‘, c‘ mil trong ba s6 d6 cé 2 s6

béng nhau hozfac I s6 b§1ng(). sao cho tam gizic X'Y‘Z' vc'>‘i dé din 3 canh 151 b’+c‘. c‘+a’. a'+b’
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cflng c6 R = R" via r = r". Nhu thé. két hqp nhén xét nE1y v<'yi céc két qua G trén ta suy ra trong

czic truémg hqp him f(p) an tét (don diéu) thi ta chi cn xét hai tmimg hqp C151 vdi ba bién -z1_ b.

c ban du 151 hoélc trong 3 bis.-‘n cc’) 1 bién béng 0, hoiic trong 3 bién cé 2 bién bng nhau.

22~.2 PHUONG PHAP GLA cuo n BIEN s6;

G13 511- f(a1.cl3,...a”) 121 da thllrc déi xirng vé'i/1biéns(‘> c11.z13,...,a” > O (n 2 4)

Xét 3 bién $5 bit k1 am.c1,,_cz',, (111.11. pe {1.2,3.4..../2}) v51 c6 dlnh czic bién $6 cén lai nhu hing

55.1-Jzflt .\"=am +11”. _\" :a” +a/7. :, :11!” +am.1<hi d('>.\'__\'. 1121 3 cgmh cua tam gizic XYZ v51 3 bién

$6 am,c1”,(1p cé thé du'a vé thimh 3 bién p_ R. r (trong dé p.R.r 1E1m'1'a chu vi, bzin kinh duiyng

trbn ngoai tiép \/"£1 1161 tiép cua tam gizic XYZ). Ta cé czic két qué m0 réng sau dy:

22.2.1 M61 da thirc déi ximg n bién duong cé dz_1o hilm cp 1 dam diéu theo p, R hoefic r déu dat

gizi tri nhO nht, gizi tri 1611 nht khi cé 11 -1 bién $6 béng nhau.

TL'1'c lé: f(p_R.r.a4,...,u”)2f(a,...,a1.\‘) hoilc _f(p,R,r.a4,..._(1”)Sf(a,...,a,x)
n-1 $6 a /1-1 $6 a

(G dy ta ch<_>n 3 bién a1,a3,a3 dé chuyén vé p. R, r) 1

- Néu flj (p, R, 1, 1%.... an ) 2 0 thi né Se am gié m nhc'> nh2‘1tkhicc'> /1-1 bién bang nhau va

n -1 bién nély lén ho'n h0€_1c bimg bién cbn 1z_11. vi dzgt gizi tri 1c'm nht khi cé n -1 bién bng

nhau vii n -1 bién nby nho h0'n hozfic bing bién cbn 1z_1i.

' Néu fl: (p,R,r.a4....,a” ) SO thi n6 sé dgt gizi tri nho nh§t1d1ic6 n -1 bién bémg nhau v51

11-1 bién ni1y nh<'> hon hozfic béng bién cbn 12_1i. via dat gié tri 1<'m nht khi cé 11-1 bién béng

nhau v51 n -1 bién nily 1c'm hom hoéc béng bién cbn lai.

Ta sé chtrng minh dgi dién cho trumg hqp fl: (p, R. r.c14..... a” ) 2 0

Do f,',(p,R,r.a4,...,a,,)20 nén f(p_R,r,a4.....a,,) déng biéntheop.

Trc 1&1 f(p1,R,r,a4,....a”)Sf(p.R,r,a4,....a”)Sf(p3.R.r.a4....,u”)

Theo l'1hU'I11'1§tI1 xét 3 trong 21.1.3 ta c6:

* p = pl khi tam gizic 151 tam gizic cim cé 2 canh bén nhé hcm hoéc bing c2_1nh déy tirc 1i1tr0ng 3

bién ban diiu cé 2 bién bng nhau vix 1('m hon hozfac bfmg bién cbn 12_1i. D0 al , a3 , (13 duqc ch(_>n

mét czich tuy Y dé chuyén vé p.R,r vi f(ai.c13,...a”) 151 da thtrc déi ximg vdi al,a3,...a” nén

zip dung lién tiép vdi céc bién cbn 12_1i ta duqc: f( x, _\" ) S f (a,.a3,...,a,,) 2 y)
\__,.__-

n-l
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' p : p. khi tum giaic IZ1 tum gizic sin c6 2 cqnh hén l<'J'n h0‘n huzic hing cnnh dd)’ UR" lil {rung 3

hién bun du Q6 2 hién hn nhuu \'Z1 nho hon hoéc hn" hién chn lai. Do <1. <1. 11. C{u'0c chon— 5- . 5 . ,~ _;~ _\ . .

n1{)tczichIu_§ §"décln.1y$n vé />. R. r vn _/' (<1. .<1:....<1”) 151 da thirc din xirng \'('>’i u.{.u2....u” nén

zip dung lién tiép vdi czic hién cbn lai t;1du'c_>'c: V/'( _\* ) 2 _/"(u,.u3.....z1,,) (.\-3 _\")

22.2.2 .\1<_>i dn [hire /1 hién du'0'ng Q6 dao hilm cp 2 _/'”( p) 20 déu dgt gié trj l('m nhét khi trong

12 hién Q6 12-1 hién hing nhuu.

22.2.3 Mqi dn Ihtrc /1 hién du'o'ng c6 6:10 hflm cp 2 ’/“(L />) S O déu dz-_1I gizi tri nho nhit khi trong

n hién cé /1 —1 hién hing nhuu.

22.2.4 Néu _/' (11; .<13....uH) I51 da thirc déi xtrng \’é'i ui.u:....uH 2 () [hi tircc nhzfm xét 3.1, 3.2

trong 22.1.3 ta mdi chx c6 mét két quat:_1mthi>‘i lil gin tri nho nh§tcuz1\‘Z1gizitri l('m nhzémt Qua f
dat duqc khi C6 I s6 hién $6 hing nhau \’£1 1 s6hié11 $6 Ihi chu'a so szinh du'c_>‘c (vi cé thé 06 mét

$6 bién s6h§1ng()). Tu sé chirng minh mét két qua mqnh h0'n 151 khi ul . u: ....a” 2 O thi vn c6

két lufm: gizi tri nho nht v21 gin tri lc'>'n nhfitf dg1tdu'(_>'c khi trong n hién 06 11 -1 hién hing nhau.

Th$t\'§1y.gin sir gizi tri nho nht hoéc gizi tri Km nht cun f (:1, .u:.....a”) dz_1ttz_1i

(O.....().u.....u.b). Xét bé 3 $6 (0. (1.12) thi theo czic nhén xét 3.1, 3.2 trong 22.1.3 ta cé a =0

hoiic /1 = 0. néu (1 I 0 an gizi tri nho nht hozfac gm In l<'>'n nhét Sé an mi <0.....o_1>; suy ra két.22
H*i

luén dL'1ng.N€.*u z> = 0 ma 1.11 Xél nép 2 ms (¢1.r1.U);(().().u). Ap dung nép Q-ac két luén 21.1.3. ta

suy ra u =0 . cm trj nho nhzh hone gié tri lO"n nht G-.-)1 tai (O.(),....()). Véy czic két luém trén G51

CIu'<_>‘c mO' réng ra déi v<'>i czic bién khéng 51m.

22.3. PHU'()'NG PHAP GLA TONG Qu&'r=

[ubc = ('()l1.S‘[
Bi/zh I)‘: Cho u./2. v > 0 thoa min i khi dé ta cé:

fl!) + 110+ be I cons!

' Néu f(a,/2,0) 121 mét hizm d{“>ng hién theo u + 1) + c thi n6 sé dat min khi Lrong 3 hién

(1,/9,0 c6 2 hién hing nhau vi ldn hon hoc hing hién chn lgai; f(a,b,(')dat max khi

trong 3 hién (1./9.0 cé 2 hién hing nhau V21 nh('> hon hozfic hing hién chn lz_1i.

' Néu f((z.b.c) 151 mét hilm nghich hién theo c1+b + c thi n6 sé dat min khi trong 3

bién (1./2.0 cé 2 hién hing nhau vi nho hon hoiac hing bién cbn l2_1i: ]"(a,l).c)dat max

khi trong 3 bién (1./2.0 Q6 2 hién héng nhau \v'Z1 ldn hon hoéc hing hién chn lai.
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23. PHUUNG PHAP EV (EQUAL VARIABLE THEOREM)

23.1 B6 dé. Cho u.b.c 151 céc s6 thuc khéng 51m khéng déng thdi bng nhau v51 cé nhiéu nht

mét s6 bng O, v21 gia str céc $5 thuc khéng zim .\- 3 y 3 ; théa mn

.\'+ _v+ ;=c1+b+(' (1). X" + _\"" + 3"’ =51” +17” +c" (2)

Trong dc’) p e (—<><>. O] U (1. +<><>) . Vdi p = 0 . phuong trinh thtr 2 trO"th€1nh .0": = abc » 0 . Nhu thé

t6ntz_ai hai $6 thuc .\',. xi v('>‘i 03.x} <_§-3.th0'a main xe [.\"[..\':].h0n nira

1) Néu .\-:.\"1 v51 p30 thi O<.\'<>\"=:

Z) Néu.x:.\"l v21p>lthih0zf1c O=.\‘< _\‘3 1 hoéc O<.\‘<_\*=;

3) Néu xe (.\']..\'3) thi .\-_< _v<:

4) Néux=.x3th1x= _\'< ;

23.2 Ménh aé. Cho Q,/)1 C 1:1 czic 56 thuc khéng am khéng dang thdi béng nhau va ¢c> nméu

nhit min $6 béng O, vil gia 511' O 3 x 3 _\* 3 1, théa min

x+_\'+3=a+b+c (1). .\"’ +_\'” +1” =a" +12” +0” (2)

Trong dé pe (—<><>,0]U(l,+<>@). \/bi p=O,phu"o"ngtrinh (2) trdthnh .\_w'z=abc>O.Gia sir

f (u) 151 hilm khzi vi trén . théa miin g (x) = f'(.\‘ 513) 151 hZ1ml6i nghiém ngzflt trén

(0,+<><>).V5 din F3(\',_\'.Z)=f(.Y)+f(y)+f(Z)

1) Néu p 30 thi F3 nhén gizi tri ldn nhét khi \'i1 chi khi O< .\"= ‘\"< 1. vé F; nhén gié tri

nhé nhét khi Va chi khi 0<_\-< y = 1

2) Néu p>l vZ1h0Z1c f(ll) lién tuc tai 11:0 hozjc 411213) _/(11):-<><=. ma F3 ldn nht chi khi

0<.\-=_\~< ;, Va nho nhétchi khi hoéc ,\-=0 hoéc 0<.\-< _»~= ;.

23.3 Djnh 1y EV (Djnh 1y vé céc bién S6 biang nhau)

Cho al,a2,...,a” (n 2 3) [Z1 ceic $6 thuc khéng €1m,vZ1 O 3.\"1 3 xi 3...3x” théa min

x1+x1+...+.\‘"=a1+a2+...+a” ; .\'l” +x§’ +...+.x:=a1" +41; +...+a:

Trong dé p151 56 thuc, p $1.

Véi p : O, phuorng trinh thtr hai duvc quy u"<':c thay thé bdi diéu kién xlxz . . ..\:” =a]a2 ...a” >0.

< > EGid str f(u) IZ1 him kha vi trén (0.00). thoa min g(.\")=f’ .\""‘ 121 léi nghiém ngzflt trén

(O,<><>), vE1d2f1tF”(x],.\-3 . . . . ._\‘”)=f(.\'])+f(x2)+...+f(x”)
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- Néu PSO ma F” ldn nhit khi 0<.\-E =.\-3 :...=_\;,_! syn. vi nho nhéu khi

OS.\‘i S1‘: =1‘; =...=.\‘”

- Néu p >0 vs. hotfac _/<11) lién tuc tqi ll :0 hotfzc !lIin‘1]f(u)=—<><> thi F” ldn nht khi

O< xi =3‘: =... =.\‘”_! ix” . V51 nhO hél khi .\‘1 =... = .\'k =0 V51 .\‘k+3_ I... =.\'”

Trong dé /< E {O.1...../1 — 1}

23.4 Céc hé quii clia dinh 1)" EV

Hé quri I. Cho a:.u3...._a” 20: (1123) v51 giéi sir O§.\-I Sx: S...£.\"” thOa min

xi +.\'l +...+.\'” Iul +513 +...+a”..\‘1:+.\‘§+....\'i:a]2 +413: +...+z13

G121 sir f 151 hém khzi vi trén (0.+<><>) . thoa min g (x) = f'(,\') [Si nghiém ngt trén (0,-|<><>).

Hon nt1"a.h02f1c ‘/'(.\') lién tuc tz_1i .\'=() hoac f(.\")=—<><>. Nhuthé
\

F“ =f(.\'l)+f(.\'2)+...+ f(.\'”) ldn nhét khi O§.\‘| =.\‘3 =....\'“_I x” . V51 nhO nhét khi

.\‘] =...=x‘ =0 vé .\'k+2 =...=.\'”,tr0ng dé ke{O.1...../1-1}

Hévqu2. Cho u].u3.....a” 20: (1123) v£1 gizi s[1‘0< xi ix: S...$.r” théa min

.\‘I+.\‘.+...+.\'”=aI+u,+...+c1,,. l+l+...+1=1+1+...+1' _ ' .\'1 .\': XII (ll (I2 ll”

Gizk sirf 121 hm klqéa vi trén (O.<><>) thou min g (x) = l6i nghiém ngzfit trén ((),+o<=) . Nhu
v \

mé F” =f(x|)+f(.r3)+...+f(.\‘”) l('m nht khi OS.\'| =,.~2 =...=.\-”_l £x”.vi1 nhO nhélt khi

O<.\'i Sxz =_.\‘} =...=x”

Héqzu? 3. Cho aI.a2.....u” 20: (1123) v51 gia su" U§.\‘I ix: S...S.\'” thoa min
.\'] +_\’Z +... +.\‘” =0] +a3 +...+a”.' .tl.\'3 ....\‘” =ula2 ...u”

Gizi sir f 151 hilm khzi vi trén théa min g (x) = f'(l) l6i nghiém ngzjt trén.
Y

Nhuthé F” = /(_\-1)+ f(.\-2)+...+‘/"(.1-H) lérn nht khi 0<..-, =.\-2 =...=.\-”_, Sx”, vb nhO

nhtkhi O<x <.\‘, —.\' —.. ~ \‘I____§_‘_'/1
'

Hi qmi 4. Cho al,a3,...,a” (1223) 151 czic 56 khéng ém vii gia st1'O£.\‘, 3.4, £...5x” théa

m€1n,\']+.\‘3 +...+.\'” =0] +c13 +...+a”. X!” +.\'§ +....\‘,f =u]" +111’ +...+aIf'

Trong dép IE1 n1§>ts(§thu'c. p ¢ 0. p 11
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:1) Vdi p <0. P = .\"i.\g nhzin gid lrj nho nht khi (J S .\q_ : .\": :... I .\'”_E S X” v21 nhén gizi tri

I01". nh§I khi ()< .\"._ S xi :_\-I :... = .\'h_

b) \/(yi p > (). P = .\§.r3 ,.,_\',__ nh:_"1ngit1'i nho nht khi US .\-I =.\‘: :... : .\-H S _\‘,__ VZ1 nhzfm gizi tri

ldn {mat khi hoéc .\-i :0 hoéc 0<.\»; §.\-I :_\-R :,..=.\;:

Hg? qmi 5. Cho 415.11: ...'..u” (/1 2 3) 121 cc $6 khéng m V51 gié. su' ()S .\", S .\z S...S x” thOa

min .\'] + .\‘: + + 3'” = (1; +11: + + r1”..\';” + X1’ +....\';f’ I 11.’) + (If + + 0,’;

1. Néu /JSO ( 11:0 d2:ll1IO'i .\‘,.\',.4..\‘” =(1!(1,...z1h_ >0)

a) VO'i qe (/2.0) J(l_+<><>). E = .\"§’ + +...+ .\":;' nhzin gizi tri ldm nht khi

OS x] = xi =.._ =.\", _I S xv _ \"z‘1nh2§n gizi tri nho nhl khi hozflc .\", :0 hoilc

O<.\' <.\', =.\'} =...=.\'”l__.
b) Vdi qe (——<><>.O) L)(p,l). E :.\‘;’ + .\'§’ +... + nhfln gizi tri ldn nht khi

OS xl Ix, =... =.\‘H_1 S .\'”. nhén gizi tri nho nht khi 1'} =....\'L =0 v xv: =...= .\"” . vé'i chi

$6 ke{().l...../1-1} nilo dé

2.Néu O</><l

Z1)Vé'i 1/e(0.1)J(p.+<><>). E=.\-;/ +.\-g +...+.\~;( nhén gititri ldn nhfzt khi

0<.\1 "‘.\} — —.\' , <.\' .\'i1nhén aid [Ti nho nhét khi hoéc .\" ~() hoéc_1__‘ _II'l_/I ~- - - 1- -

()<.\'E §.\': =1} :...=.\‘”

b) Vdi q=(—<>o.p)u(1.+<>¢). E : .\-1” + +...+ .\-:1’ nhfm giét1"jléx111h5tld1i

OSx| =.\»2 =...,\-”_E, syn . nhén giét1‘inhO11h§1Ikhi .\-, =....\-A =0 v51 .\-M =...=.\*H.vc'>"i chi $6

ke {0.1....,n — 1} nu dé

3.Néu p>1:

:1) Vé-i 1, =(0.1) U([7_°<>). E =.\A;' +.\~;' + ...+ Xjj nhgin gizi In Idn nht khi

0s .\'1 :.\-2 = ...:.\-”_, S.\‘,,.\‘i1nh§\n gié tri nho nhflt khi .\-M =... : X” trong dc’)

ke {O.l.....n— 1}

b) Vé'i q =(—<><>.O) U (1. p). E = XI" + + + nhfm gizi trl I(')'n nht khi

031-I =.\~, =...=;\-H_, syn . V51 nhém gizi tri nho nhét khi .\-1 =....\-A =0 vb .\-M :...=,\~” . trong

d6ke{O.l,....12—l}
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Hé quli 6. Cho <1,.z1:...,.(zH (112 3) 121 cdc s6kh611g 51m. pe{1.2} v51 gia str

()S.\‘i S1: S...S.\‘” thOz1m€1n ’

.\"] + ,\-3 + + X” = cl: + 41: + + an: .\"1-"' + + . . . .\f;’ I <11" + us” + . . . + (1:

Biéu thirc E: Z_\2E.\—:.\-2 ldn 111151 khi 0§_\-1 = .\-3 :.,.= s.\-H. \'Z111h<>11h§1I khi

.\'1=....\“=() \'i1.\"_: =... =.\‘,_, .{mng G6 ke {().1...._n~1}

Hé quwri 7. Cho uI.u3 ...._u” (/12 3) I21 czic $6 khéng Elm \-'21 git! str 0 S .\‘1 S .\'2 S...S .\-H thOa

min X]: + X5 + . . NYE I (ll: + C154"... 4- (151 Xi‘ '5' 1- . . I [Ii + (lg + . . . + (ll?

Biéu thirc E = Z.\‘1,x‘:.\3 ldm nhél khi 0 S xi =.\"1 :....\’”_: S,\'”.vZ1nh0 nht khi

.\',:‘..=.\'k 10 vZ1.\'A_3 :...:.\"” trongdé /<6 {O.l.....1z—l}

24. PHUONG PH/QP CHIA DE TR! (DIVIDE AND CONQUER)

24.1 PHU'O'NG PHAP CHIA mi: TR! VO'l HAM 1 BIEN

Djnh I)‘: Cho f(.\'. _\') I21 hm lién tuc tir [(1. bl >< [(1. /2] viao tng theo bién .\' vé giém theo bién

_\'. Khi d6 2 diéu sau 151 tuomg during.

(1') f(.\1 .\*) >0, vdi m(_>i.\'tlu1q3c [(1, [2]

(ii) T611 t:_1i dy him hqn ting (1 = X0 S .\'Z S ...S .\‘,M :1: sao cho:

_/ (.\‘”..\‘_M ) > O ‘V/I I O. HI

24.2 PHUONG PHAP CHIA DE TR! \*<)'1 Hjuvl 2 BIEN

Binh li: Cho f(.\; _\". 3) lé hilm lién u_1c trén Ia. l>]><[<', d]><|c, (/1 vZ1o R. téng thco bién y v51 giam

theo bién :,. Khi dé 2 diéu sau 151 tucmg during. .

(1') f(.\', _\‘, _\') > O. V.\‘€ [11, I2]. _\' +5 [0, 1!].

(ii) T611 tai dy him hgm tng r= yu S _\-I S )5 S...S _\"M =41 sao ch01

Véri mc_>i n =O.l.,..../n {hi f _\‘”._\"”_] ) > O. Vxe [(1.12]

24.3 PHU'O'NG PHAP CHIA mi TR! v(')'1 BAT DANG THUC THUAN NH/§T BA B11-‘:N

' Bu'r}'c 1: Du dozin czic truiyng hqp xay ra du dfmg thL'1'C (ta g<_>i ii1 céc diém "nhzgy cam"),

khoanh vimg chling lgi xét riéng ra. Phn cbn lai ta chi 151m viéc vdi czic b§1td§1x1gth(1'c thuc SL_l'.

' Bu'0"c 2: Bién déi. chuén héu czic bét déng thirc thuc sgr vé dang thfch hop rE">i dirt diém hing

czich ham mm then) [irng bién aé ><u- I1’.
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25. BAT DANG THLTC NESBITT-SHAPIRO ‘

25.1 B;i1a:111g11111~¢ Nesbitt

V11./2.1‘>O (1)

25.2 Bit ding thirc Shapiro -

Gia sir 111.113....1111 > 0. Xét tfnh dflng sz1icL1z1b51td11gthi1‘c sau:

(I1 (1, (l11_1 (111 )7

1}‘11(111.111.....1111)= + “ +...+ + 2+ (Z)
11, +111 111 +111 1111 +111 111+11, Z

B51 déngthi1"c (2) (hing vdi m(_)i 11 chgn £12 \‘i1 n lé 3 Z3 ,mQi giai trl cén lai cua 11 [hi (2) sai

25.3 B51 ding 111111 Shapiro 1111 diiy 111111 1111311

Cho 1111111111 16111111 1111311 11511111" 111 . 11: 1111 > 0 111-1 111;

O<111§11,S...S11_ S11 U
_ . , , 11 11 1

” 1 ” Kh1dotac0 ‘ +...+ ” ' + ” 2'—
1112112 2...Z1111_121111>() 11, +111 1111 +111 111+11, 2

25.4 Bénh gié xp xi bfit dng th11'c Shapiro

11111111 4/1991; ”' + ”‘ +...+ ”"‘ 1 ”" >(¢z-1)11=0.4142135611,v11,>0
(l,+(l1~1 (l:1+(l_1 (I11+(I1 (l1+(I:

111 11, 1111_1 1111 ,
Kvant 4/ I991: + * +...+ + > ‘ 12 =O.4l6666661z. V11,>O

11, +111 1111-111 1111 +111 111+112 13

1 11 11, 11 _. 111

Tr111zPh1r1mg 2004: S = L‘ + »~;— + +L+ —i’ > 0.4577996/1 . V11, > O

(I: +(l3 (I3 1:-Ll; (l11+(l1 (I1-l-(1:

11, 11, 1111_ 11 11

DI‘lllf€l]d I971 ‘ + ‘ +...+ " 1 + ” >O.989l33><—, V111.11,....1111 >0
112 + 113 11_1+11_, 1111 +111 111+112' 2 ‘

111+ 111 11, + 111 1111_1 +111 1111+ 11,
Elbert 1973: ‘ + ' +...+ + ‘ 2097801212 , \1111.11,....1z11>O

11 + 11 11 + 11 11 + 11 11 + 11 ‘
I I I 3 11-] 11 11 l

Hillel Gauchmarz, Eastern Illinois University, Charleston, Illinois (2002).

111 11, 1111 111 11, 1111

Bat E11 = + ~ +...+ ; F11 = + ' +...+ .V111. >0
1l,+111 11,1+111 111+11, 111+11, 1l,+111 1111+(I1

V51 >1 = —0.02l9875218...Khi dé ta 06 czic dinh 1y sau:

Djnh li 1. Vé'i mQi $6 nguyén du‘0'ng 11 vb mQi $6 th1_1'c duong 111.11,....1111 ta C6 E11 — F11 Z 7112

B11111 112. Trong 911111 11' 1_ >1 1:1 11§111g 113 161 111151. Hay 11111 111111 1111111. V111 111111 8 >0 1611 1111 11

nhét mét $6 nguyén du'o‘ng 11 v21 czic s6th11'c du‘0ng 111.113....1111 1111111 miin E11 — F11 < (X + 5-:)n
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26.1 Bt ding thl]'C trung binh ly thira \'6'iS6I1'll] tL_r nhién
Gizi str a, .11: .....u” 2 () \'Z1 m. /< e N’: 1hOumZ1nm< A". khi dé La 06 b§ld2'inglhL'1'c:

I

' A A A 3 _m n: 11.-'_A/ul +113 +...+u,_, >wu: +143 +...+z1,i
T/Q — X, _ — 7:11

' 12 \4 /1

26.2 Bét ding thirc trung binh ly thira v6'i s6 m hiru sy

Gia' st!" zz1.zz3..v._z1” 2 0 v21 /2. q E Q‘ 111621 min p < q. khi d6 la c6 bait déng thtrc
I

1

’ ‘/ ‘/ 1/ W V I’ /I‘ 1* ‘ ,,(ll +cl, +...+u 1/ * (1 +u, + +0T = _‘.-_L'L > 212-L = T
" II J /2 ll "

26.3 Bfit ding thlic trung binh déi xling

Gizi sir (1,.a3 .....u,, 2 O. Ki hiéu czic téng v51 céc giai tri trung binhlu'o‘ngL'1'ng:

S a +a +...+a
S, =11, +413 +...+a” V21 T, 22

/1 /2

/51 cziaj
S. = Z cziai va T, : ; : Z %_' _ H!Si</Sn |Si<_/$n(2)

J:

\ XSL '1“-U’:SA. - Z a...<1, \*a T‘ =‘ T- ,‘ (J

‘ Z
|§1|<. ,<1, Sn \jISi|<...<iA5/1

I

/S 01:1, an, _...S” — a,a3....c1” va T” — H) — 1, T ,1/a|a3...a”

H ~ /I

Bat P, =%;P3 =(%):....: =(—5”‘+):...:P,, =(Sf”)

"' /\ /1

<><w>/ (z)=@: <;;)=@,3’=@::=(::)=1

26.3.1 Bét aéng thc Newton:

PM PM < Pf Va sk_, .s‘__, s sf

Ding thirc xéy ra <:> cl, =a3 =...=a”

2563.2 B5: aéng mu-Q Maclaurin

T, 2T2 2...2T‘, 2TA__, 2...2T”

Déng thtrc xziy ra Lrong (11-1) bit déng thtrc <:> a, =03 =... =u”
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27. Céc bét d2'1ngth1'1‘c su“ dgng tam thirc bzfac hai

27.1 B51 akin,-1 thfrc Aczela

Cho :1: — (13 — — 41,3 > 0 . Khi G6 ta c6 bét déng thirc
I _ 1

"‘

(¢1l:—¢1§—...—<z,€)(l1._:—/1;—...—l15)S(a\bl—a3b3—...—a”l2”)2

2'/.2 B5: azing thfrc G.P0lya

l()<(1S(11.rl3.....¢z”SA
Cho Khi G6 ta 06 bit ding thtrc

'LO< 1) Sl>1.l>3_....b,|, S B

gal §l2‘- \\%;u,12,/1

27.3 Bit déng thmic Abel

Cho 2 dy 56 (:11. (13. u,,) 1 (.121. 12;. b,,) trong dc’) 12.2123 2 ...2bn 20.

ll;/1»

Bit sk = .(/< z) . Gqi m=Min{Sl.S3....S”};M =M¢1.\-{s1.s.,...s,1}

khi G6 ta C6: mbl S al/21 + (1:12: + + uni)” S Mb!

27.4 Bt azing thc om

Cho 2 dziy $6 u,_a3.....u” v21 /2] .b:...._/2” trong dd u|a3....¢l” ¢()

.. . I . b -
G1a su" nz. M la 2 so thoa mun m S—‘ S M \'/k : 1.11

ak

Khi C16 ta C6 Z123 + m/W2 ai S (m + M )Zakb‘
k=i k=I L:l

» -,

27.5 Bit déng th-c Kantorovis 1

Cho 2 dy $6 (an. (11. u,,) ; (bl, [7], l2,,) v21 2 s<°'>zn.1\/Ith('>a1n€1n diéu kién

II II 1
2 I1 2

O<mSb1,b3.....b,,S/VI. Khidéta cé: [Zb;.az;][Z—akT:\Sl\i £1-+ 21-} 241;]
‘:1 H /2. 4 m M kzl .

I V,

27.6 Bét déng thirc Kantorovis 2

Cho dy 56 a1, <13. (1,, (/1 2 2) thcia min diéuv kién O < 171$ a1. a3. ..., (1,, S M.

. ” . -1 V
f I

Khl dé ta cc’) Zlak - Sn" + "(H ) {M — In

k 1 ,: . 2 I71 M

”l\’]
"\
:~
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27.7 B51 dang mm Grussa

‘/0<aSu. a_. u §A r l

cm " ” .Khid6 Ilia‘/2I—%Zu,Z/2, §%(A—u)(B— )
1()<12S.'>]_/>:.._..l>” SB M11; /1' 1:1

28. B51 azing mu-¢ Sleyfer

H V? 11

Cho u|.a._....u,, E Ii. Khi d6 (11 — U241: +11-':;'H(1: 2_
~ r V 1

29. Bt ding tluic Véyetstrat

Cho u .u1.....u, >0. Dl S ‘:1, +11, +...+u .Khi CIO ta Q6 cic bit dfilw thuc

[I1

\ 1:1

1

1 _ 1- - /.'_ . , I.‘ ( C‘

8)(l+<1I)(l+(13)...(1+u”)2l+S/I

b) (l—(1!)(I—(13)...(l—u”)2l—S”.‘€/()SzzJ SI

C) (l+ui)(l+a3)...(I+c1”)S%.\7’S” <1

a) (1-(1,)(1-(1:)...(1-~”)sT%.v()§<1/.ans” <1

30. B5: azing thirc Ky Fan

n

.\'
I i. H k

Gin str .\: 51 crlc $6 duone trons ‘(lg “ Khi dé JIL 3\ \’--]
,.

31. Bt ding thlic A.M.Ostr0wski

/_._

>~

::1=

<1-

/~\

.._..

h ~' — — ~' —C 0 hai day k.16ng ty lé u-(u1.....un) v51 12-(l2l.....l>”) v51 day s6 thuc x_(,\|, xn) thoa
II I1

min diéu kién Z(zi.\', =0. 212,1, =1
1:1 i=l

32. B5: aéng th1i'c K.Fan vi: J.T0dd

Vdi mqi déy $6 thuc u = ((1, .....an)vZ1 /J =(b1...._b” ) théa min diéu kién a,..bl ¢ a/bl ung
r1

Z 1
A /:1

(i¢1I:Ji]ZIl1[3\—iz1!/11- L’
\ /=1 ' r=| / \1=! -/

\

»:.l\’l

?-‘
(Z

41' \-~ _
T. I /1‘ — H aj

\-'01 i¢ '. ta c eu cé ' S 2 i
’ ‘ / 1 3 1 1 /bl ‘lib;
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, .

27. Czic bét ding thc su"d1_1ng tam thc bzfac hai

2'/.1 B5: ding thc Aczela

Cho :13 — (15 — — (13 > 0 . Khi (T6 ta cé hail (WW thirc
I _ 1: ' ( C

: 2 : 1 2 3 1

(411 -03 —...—u” )(l>1 -122 '...—[7H)§((l\/71—£l2/7: -...—(l”[7”)

27.2 B5: aimg thfrc G.P0lya

’()< (I S uk.(1,.....<1” S A

cm» l ‘ Khi as tax as hz‘ud5ngrh(1"c

\()< I2 Sh] .l>:...../1,; S B

Ii H 1 /
1 1 Ifgal [Z13/7,» SILV

%_

(I

f

ZS

>2
53%‘

412/.
l

27.3 Bét aéng thirc Abel

Cho 2 dy $6 (:11. <13. a,,) : (/21. 11;. b,,) trong dé 12.212: 2 ...2h” 20.

ll:/]>

Bat 5. = (1. =1.Il).GQiHI=1‘/]iI1{Sl.S2....S”}Z/V] =,v1<1.\-{s,.s2,...sH}

khi dé ta c6: ml); S (I1/71 +1131): + + an/2” S Mb.

27.4 B:‘1td§ngtlu'rc Dial

Cho 2 dy $6 u, .z13.....z1” v51 12' _/>:...._b” [rung dd u,a3....u” $0

. b. ——

G121 su'nz,1\/I la 2 so thoa man m S —‘ S M Vk = 1.11

uk

ll > I1 II

Khi dé ta C6 + /n/V1210; S (m + M )2 akly
I<=1 k:l A=!

I -,

27.5 Bait ding thc Kantorovis 1

Cho 2 dz"1ys6(a1.a;. u,,) 1 (b1,b3, b,,) \/£1 2 s<">n1.1\/Ithc'>am§n diéu kién

0<IIZ§lJ|.b1_....b,,§/VI.Khid()[£1C(§l Zbkai Sl[’M+ zai
‘:1 H /2‘ 4 m M kzl .

» -.

27.6 Bit ding thirc Kantorovis 2

Cho dy $6 (11, 41;. (1,, (/1 2 2)th(>z1m€1n diéul kién O < I71 S :11. (13. ..., (1,, S M.

'v
V-—-— _
|

1 1 I/VI
Khidétacé Zak~ ——Slz‘+£(L——) /—— /1

kl 2 \m M

>.~

r\
>5“'"

K2
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27.7 Bét ding thl]'C Grussa

O<a$a,,a3 ..u,,SA hi I E 1

Cho .Khidé — c1,.b,——, at. bi S—(A—u (B-19)
()<bS.'2,,b2.....l)” SB "1 .-'=| /1' ‘=1 i=1 4

28. Bét ding th11"c Sleyfer

|= 1| \I=

n '1 ‘I’ /1 I
Cho a,.a3.....a” e R. Khi d6 (r1—l)2(1i2 +11 - Vnzziz 2 2:1,}

I I I

1 -,

29. Bt ding thc Vyetstrat

Cho (1 .z1,.....a >0. am 5 ~11 +0, +...+u .Khi dé la c6 czic btdénc thtrcI _ 11- - n_ I _ n C

a) (I+uI)(l+a2)...(l+u”)2l+S”

b) (1-51])(l—a2)...(l—u”)2l—S”.VOSaISI

c) (1+a|)(l+a3)...(l+a”)S%—.\/S” <1

d) (1—a])(l—a2)...(l—a”)S§5¢_VOSai Sl;S” <1

, ..

30. Bt ding thfrc Ky Fan

/‘

W‘:1
>1.

>~>4
\__/'

/\.
ft"?

”'M~*:1~
/_\_/%

~—---

'‘>1
>.~

\_/

Gizi sir .\‘1..\x......>;” I51 czic $6 du'o'ng trons Khi dd _/
/_ _ YA

31. B5: aiing thdc A.M.Ostr0wski

Cho hai dzliy khéng ty lé u =(al,...,a") v51 b=(b,.....b”) vii dy sf} thuc x=(x|,....x”) thda

II II

min diéu kién Zalwi =0. Zlarri =1
/"=1 i=l

32. B5: ding th1i"c K.Fan va J.T0dd

v<s-1 mqi day 56 thuc <1 =(a],...,a”)vZ1 b=(b,.....b”) théa méin diéu kién a,_.bj ¢aj1>, img

§Z”; "3 a 3
. . . :. , ‘= '7 'vé'1 1:: ,ta deu co ' ' S i'~—

J ’ 3 2 a b a b/I /I ll
J ' ' ./

EA>;@A2J£;I’~iJ%(;@%b¢J ‘  

l[\4=
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" ‘ Z11 b saocho ab ¢ab,(i¢').t21déuC6

33. Bit azing mac K.Fan via J.Todd

1§l<jSn
Gizi sir pi). (1'.j = l.._../111' ¢ _j) thOa min diéu kién /2” : pji . p = Z pi]. i O

kh1d0 vo'1m<_>1c2f1pc1ay so thus u!.....u” v 2]..... S i /. /. . j

1;/1=

1" n
~

J

/\

£1

M

I
\Z<1"
\I—l / I

5?

ZF/Li
Q.

H

v'

\______

\ 1,
.\ ;=g_1=

7_Ll

u_/7 ~11 17.
I 1’ 11/

I
1 I/.,, \

34. Bit ding thc Beckenbach

:LM:

\.- AE

2

+T.

:~E4:

(-\',- +

Cho .\',..\~, >OVie 1.1%: ne A/'1; pe[l;2]. Khidé u
_

Z(
.

_p—] _/1-1
.\,+_\,) Z1, Z)!

5:1 |=l 1:1

35. Bét aéing mac SuranYi

cm czic s6dum1g a|.c13....a” . Khi do ta cé bét déing mac;

(11-—l)(af’ +ag +...+(z:f)+l1uI(13....(1” 2(u, +a3 +...+a”)(u[' 1+0; ]+...+a,',' )

36. B5: azing um-¢ Vasile

Cho czic s5dL1'0:1g cl] . <13 . ...<z”. Khi dé ta cé bét diing thirc

¢z{' +a',' + ...+ ax + n(/1 — 1)Cl1(lw--.11“ Z c1]c1,....a” (a] + (1, + ...+ an +L +
_ _ _ ~ C11 Cl» Cl”

37. B51 aémg thirc Jack Garfunkel

Véi céc s6 thL_1'c khéng m a. b. c ta c6 bit ding thtrc:

5 ’ ‘ ‘
—i-—+—l—+-—i——S-—\/a+b+c
\/a+b \/b+c \/z:+a 4

Bing thirc xéy ra khi v21 chi (a, 12.0) 151 czic hozin vi CUZ1(3,1.0).
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§ 25.2. cAc BAT BANG THUC CH(_)N L(_)C DANH CHO BAN DOC

Bi 1. cm 11.111‘ >0. chu-ng minh: ;%"++h‘('v) gé I27 +(<1+ 1> + 1-) + i
a:+b( 1 a+..-.h'~<1';/l i_€'_1-iB2112 Cho al1(>() C un_mmh <gu(b+(_)< +3 J

Bf1i3. Cho 11./1.1-21). cmmg minh: (a+l2+(.'): (£121)+b2(‘+('3Cl)Z96I/7(‘(L1: +12 +6)
F—_—f' I

Béi 4. Cho a.b.c >0. Chfmg minh: Z\/1(,1) +/() S\/(\/u + \/5
. 51- 1" )(,'

,_.

,._.

,...

/€\\

S

“F11
Bi1i5. Cho 11.111->0. Chirng minh: (<11 +11’ +1-1): (l+%+-1-)22(a+b+c)3 -270/91

CI (

1.
1 1 - (11 +12+c)B2116. Cho (1.1). (I20. Chung mlnh: 1 3 2

g1/(,1 +5; \/5(z1b+bc*+cu)

Biai 7. cm a,b,(.'2().ChL'1'ng minh: Z ,1}? 2 ( 37("+f3;’“)
.1-1-ll'+ C 2 a'+b‘+c‘ ab+bc+ca

Z

B51i8.Cho a.b.c>0.ChL'1'ng mi11h: Z6/L”$1
1'\'z" \! (1 + C V‘ Ubf

B2119. Cho u./2.:->().Ch1'1'ng minh: 2%g\/hip+\if(a+h)(1ZlZ£)(( +a)

Bi1i10 cm ”‘b‘C20 ChL'1‘numinh' 21+‘? <_13(“2+b2+¢‘2)Mi/z{a+b,b+c.c+a}>O C ' 1. a+c _ a+b+c(\r‘

B:?1il1.Cho (l,b.C>O.ChL'II1" minh: Z6/i";+1’ s§“;"’+"
O L‘ +ab \/abc

Biai 12. cm a,b.c>0.Ch1'mg minh' Z1/Ci$1
l N. c‘ +ab \/‘ abc

,b, ~20
. . " 1Bi 13. Cho a C ,ChL'rng minh: ZM1'n{a+b.b+c,c+a}>O ,,., a“+8b‘ a2+b"+c“

2 .B"14.Ch .b.' O.Ch" _ " h ‘ 0; /ta+"" 2‘a1 0 a 1 > ung m1n rant

.b_ -20
- 1 1 J 1 1 1Biai 15. cm {u ‘ .ChL'1'ng minh: Z “ +1’ 22 3(“ Eb +6)a+b+">O :HHa+M+c



IUQU .\’l1'ng hr (fling 1/1121‘ chgm [QC

\

ml / > (3

Ban 18. Lho ~<'
‘ -1S/\'€_.x.ChL1'ngm\nh1'fmgI

./). ‘Z0 3 _) "?T—T'—if
Biii 16. Cho <4,” ( . Chfrng minh: Xi”,-’{f’“ii2\‘3ul>¢~(u"l>+/>1-+1-'11)

§\;\’/z{u+l2./)+<".<'+11}>0 /1+1‘

§u../>.<’2()
Ba! 17. Qho .

.()$l\e \z1 2§H=C::.ChLl'I1§I11ll'1hI

‘ ( l

Mi/1{u +/1./1 +1 <11" + ll} >(I

I2 +, K Jr/‘R ‘1l\/1+/7_¢'\+<'I;IKZZV-/;+1

/3+" \“+(' \'/7+‘! \y¢l’/7'+/7'4"-a-(‘U1
r

. 7.('_

\\1\/1~Il{4I +/7./7 4" tit‘ + :1} >0

(1 ‘ /7 ¢' (u+/v)(/1+<‘)(¢'+ul>-,c'k

i u./1. c“ _>_ (1

‘
/\ __

\/PH’ \‘(‘+u+\/7+U+ (<1+/)+(*)\ \

Bi 19. Cho <' .ChL'1'ng minh rng:
V

1\
Win {<1 + 11.17 + 11¢‘ + {1} > ()

-____ ?__ __ rii-—-ii
" ;‘{_- 1i:§5(l(u+/v)(l>+(')(<'+u)>25

\/2
u I /1 I 1 _

T.» +f + ,, _ _
*0 \n'+<1 \(I+/1 8\" (u+/)+(.)‘ 4

u./1.0 2 (J , .

Biii 20. Cho / . Tim gi Lri nho nhél cuu hiéu thirci
.\1'i11 {LI + /2./1 + 1'. <' + u} > U

L1 + I; +71’; <~ 6) ‘;65(iz/7+{1('+<“cl)

r
(1./J. 0 2

\1v+c' \/l>+u \/)+u 8-l\ U-+/7-+<-—

r O , .

Béi 21. Choy . /\" > 0. chirng n1i11l1h51lda|1gthL'rc:

i a+l>+z'>()

v_u F/2 #1 S la

(2l<—3\/l<+2)u+k/>+¢- (2l<—3\'/<+2)/1+k¢'~u (zk-_wk+2)<»+1<u+/J k—\//<+l

§u.l2.('2() . .

Bili 22. Cho <f . k Z 2 ~51 [J 2 O .chL'1"ng minh bit ding lhirc:
i\Mm{u + I2./2 + ('.<' + cl} >0

gar: +‘-1(l< +‘/1)'{_l>(' ‘bl +4(k + ]))}‘(.'(I ;z'“ -i—4(k + p)"\cb 23k\#\ 
\ /7 \ (

B“23.Ch»
a‘ ~'{ /1 }0

4

Q

.———~~———\

'-\-

3 + pl2c+¢'3 ‘ “Z +

.[).('Z()

Mu1u+>.>+¢<+u >

(l +1) + (' +4(

pc1('+ u‘ \ 12' + pbc + a‘

.ChL'rng minh ring:

u+l2+<')(u/1+/n'+('u) >§
b+(" ¢'+u u+/2 11;+/1:+(': —



VI ' Trfng /((7)!

Chfme minh: Xi + 2
H b+(' u'+/2'+c“'

109]

6

('lm'o'r1g .

" />. <- 2 0
Bi 24.0110 “‘_

}\M1n{u +/2./1 + ¢’.<' + 11} >0

- u +l6(llfJ+}9(;+((£ 28
a‘ +b' +1”

>0
.Chu'ng mmh.

I2 +0

i'u_/1.<*_

-+u}>()
Bili 25. Cho <f

{M1/I{u +17./> + (:1

' ' h ring:
1

B§1i26.Chu
u./1.<' 20

<1‘
Chung mm/+0 ('+<1}>Mi/1{u+/>_7 .

(u+lv)(/1+(')(¢'+u)
3 ' ~ Z3’ ‘l +-1

‘+l>’+c"
u + I +

/2+1" (‘+41 11+/> U

- u +12 +0 +9 ¢z{2+l>€*+¢z£ 25
) ' +12" +0‘

;'u./7.<-z<_> -

.ChL'mg mmh:
}>() \u+b)(l7+(")(r'+u

Cho <

17.lJ+r'.('+u
Bili 27.

[A/Ii/r~{(I +

Bi1i28. Ch
311./7.020

.ChL'rng minh:
WI/z{u + I). /7 + (1 (' + 1/} > O

(b+1>c+("a)2l5(a3+b3

C
r__-~\__

-\

J

b W + 3 1_ - h_w w + w' _+(l (1 +

I

I

r\ \

ll

+6)
4 _:

L +lZ\/'6 a

(z1+h) >33/‘ 241195

- _~\/a+b+¢'

/2' +11" <'

1'41./2.<'2()
B3129. Cho 4 .ChL'mgm1nh: Z 53

[M1/1{u + /1./2 + ('. 1" + 11} > 0 W \' u“ + Zb

Chan" mmh Z4 u: +3120 > 3(ab+b(‘+c'a)
” ‘ \(2(/>1 +@1) al +1»: +6

1'41./>_z'Z()

(“+u} >0’
B§1i3(). Cho \

§kMi/1{u +/2.b+:'_

' ‘ h ring:Bi 31. Cho
Min{a+b.

"(u.b.(" 20
. Chung m1n

12 + (‘.0 + u} >()

+111 2-0 < 9 1

-7/<+lc1+l>+r'2l<(u3 +/2:)+¢1l1 —

512 9\/5

L\(

z >() Chun<Ym1nh15ng' Z ~t’+* 2
'3 '7 ') 1 7 'l\/(I'+§l7‘ \/u‘+b'+¢'

ab+b<+¢u) 2

Bi 32. Cho u./2. ' . " C ' ' .

htrng minh: gbiv +3 (log:
u.b.¢'2()

Bli 33. Cho .C
Min {(1 + 12. I2 + 0. c" + a} > ()

h u + b + 1* +123 ab+bc+(‘a
u+b V a+b+c‘ ~

Chirng min :

b+c c+a

(1.1). ('20
0.Biii 34.

/V17n{z1+ _ .

" 'nh:

Cho
/2 b+c ('+u}>

k >0. Chung m1
l<‘>()

)_(k—l)‘+(/<— ‘

/\‘(l<—l)

Bi 35. Cho
Min{z1+/7.b+('.z

7 Y(u)‘l I W + 1 W + I U i2Ma
' (b+(')' (('+u)_ J

(ul7+ln*+ '

|_(u+b)

a_ 2. _

'+(1}>O

>1
/——~/\-—<

,_.\

l\J3.)

,_,_
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c1./>.("2() -

\

Ba136. Cho . (1 > O. ne T1-1 . Chung mmh rng:
1m{u+11./)+('_(*+u}>O -

.-‘/‘~—\

P‘

/ /| \ r1 ‘\_:‘ _n ‘V ‘ ' 7!! ’

}1+ Q“ I_\l(1+ 0"’ 1+ O“ ,|z,v1m\;(o¢+1)‘;]/9'ii,3—H
(l>+(')' __ ((‘+u) ,_ +/7),’ ,/' 1 ‘\ 2’ / J

§u.lv.(‘2() .

Bai 37. Cho <'
. Chung mmh réng:

§_ Mi/1{u + />./2 + (“.0 + {1} > O

113+/>:+<-3+lZ(¢:+/1)(/>+("H<'+u)>41
u/>+/2<"+('u (”+/,+(‘)‘ 9

Bf1i38. Cho 11.1.1.0 > O . Chimg minh1‘;51ng: Zn: la _)\\l2Z bi +/7('+C__
1

4-
y »-.1 cl“ +1(/7' +1" .'\-< :1" +(/7 ‘ (')'

(u.l1.('2(),3SnE Y 11 .~

Biii 39. Cho J .ChL'1'n2 x11i11h:2il—u(/7+ L )2 a”" +12”_' + 0”"
‘LFVII/z{u+/>.l7+(".('+c1}>O y W £1: +191-

' [(1.1). ('20 \

Ban 40. Cho <
. Chung mlnh réng:

]kMi/1{u+/2.17 + (', r" + u} > O

W + -) ~ ~ ~

(I/>+l7('+('clSZ£l%l-yi-£51"+/>'+('“
u‘+/n‘

Bili -ll. C110 u.l2.(->().ChL'1'ng minhrng: LH2 ‘l2 Z f:(a3 +12: +03 )(£+Q+£)
\ 17 / \ /7 L‘ (1

nu ’ ’

Béi 42. Cho a.b.c>().ChL'1'ng minh1"§\ng: Z——j”(_+/7!) 2(u: +/>3 +02) /————————b( 3 )

W (' u+ 7 (1 (' u+ +0

Biai 43. cm Ja‘/"C 20 . Chfrna minh: Z_—-"(/’J“ ‘J 21+ _-_-—"{’+"f+ “j
LMil1{u+12.l2+(".c'+u}>O p W u: + Zbt a“ +/7' +0"

Béi 44. cm <1.1>,<»>0. Chtrnu minh rnsi Z;a("”’ z_ii-3("_H” H”)
V V .. cc+c1) Z(a+l2+¢')

./_ '20 . I 3

Béi 45. Cho {U 7 ( .ChL'rng minh réng: Z-—-F9(a , +b 2%
”+/7+('>O 2 u+/)+c')_+9cI“+b'

.B51i 46. Cho a_b.c" >0. Chimg minh ring: Zv?——1)+(‘22\;53+——[U +i—b +—%/
u ‘ 2+0 c'+a a 7

Béi 47. Cho a.b.c >0. Chtrng minh ring: XIV/‘—Ltb 23x/5\JI———————]”:]fif
5- a 2 c ca

.1. ‘Z0 .

Bi1i48.Cho U ’ L .ChL'1'ng minh: Z-f’+“1’;‘-Ts-_l_
Milz{(1 +/1.12 +c.c'+ cl} >0 W. 41‘ + (1b+b' 61+/7+6



Chlrmlg v1.- Tég kéz 1093
\ ~ 1 w \

_ ' I ' ' - .-
Ba‘1i49.Cho u.b.c>().Ch(1'ng minhrfmg: Z__“*” 23-j-"+1’ +‘

N, ("(0 + /J) u/> + /20 + <11

B:21i50.Cho l“‘[?‘('2() .ChL’1'ng minh: Z 22
’Min{u +b.b+ ('.<' + u >0 .\. (Zb +c)(b + 20)
K 1 (

Bili 51. Cho u.b.('>().ChL'1'ng minh réng: £+Q+5+2¢E Z(l+)2
/7 F ll u'+b‘+("

\. [a*b*('20 - L \/(1: +/7(' 3\./5Ba152. Cho 1Ml_”{u (Z-C U} 0. Chung mmh rang. Eli? 2———2

.1. -zo . '

Bi1i53. Cho la 7 ( .Clu'rngminhr€1ng:
" LMI/1{u+lJ.b+c.<'+u}>0

u 22; ubc +1

l’\( 174-C \}(a+l2)(h+c)(('+a)

B€1i54. Cho (1.b.<' >0. Chtrng minh réng:

1i+§i+l£~+Lii2(a+b+c)22i§iZ~£ii2ii£i
/7 (' (l 2 _ Z a+b+c

Bi1i55. Cho 0.12.0 >0. Chirng minh ring: %+L)-—i'-£+32 2(%b+Q-:i+M'TZ)
~ 2 c a c c a a

Biii 56. Cho ~ 1‘ .ChL'1'ng n1inh1"§u1g:23+3(u: +112 +c2)Z4(l +a)(l+b)(1+c')an-:
{cl I) (‘>0

l'u.h.r">() . . _ . ,
B21137. Cho .Chu'ngm1nhr€1ng: l8+Z(u' +/>' +1")23(l+u)(l+b)(l+c)

u2<'= '

Ja.b.c->0 7 I k

B€1i58.Ch0 ab+bc+ca>O \/£1 C‘ =1r1ax$(%)L,-él-0‘ 2'1‘. ()k _l)]. Chirng minh:[bl \, - /\ A-1

Z:———a—l—SCk (cz+l2+<')5i| (véi k = 2. chimg I21 C6 bit ding lhfrc Jackgarfukel)
"\"'(z1+b)5

Bz‘1i59. Cho O < (1 < b < c < I. Chtmg minh ring:

31-2 /-31-(L%-L)(r1+9+¢) (_a+ 1+(+ a2c)1+a+l+b+l+C

.1. -. />0 . '

Bili 60. Cho H7) ( i , , .ChL'1‘ng minh:  (l+abc'd)(i+i+l+l)
u'+b‘+c' +11‘:-'1 2 fl b F (1

.b. .->() 2 .1 2

Bi1i61.Cho (I, ( , , .ChL'rng minh: i/a+"-+§/11+‘-+§/¢+Lz%/12ab¢-+42
a" +11‘ +4" =3 <' fl [7



1094 .\'1z17'ng bf}! dring 111121‘ clzgm lgu

Ia[.cz3.....a__, >() 1 H

Bax 62. Cho <_ . Chung mmh: Z»—.———— 2; . Tmng dd quy U66; (IM : (11

\¢1.‘¢1:...¢z,___‘(z” =1 u:,[c1_1 +1) _' ' ‘

~
~

Bili 63. Chirng minh: Z(.\‘: + _\'3 + Z: 2 ((.\‘+ _\' + Z)(.\‘: + _\": + Z: )— 2131.)’ .‘V’_\‘_ v\'. I E §

Bi 64. (l].(l\.....(l,‘_ Z()_Ch(1'ng minh ring:

(u1' +/2-l)(z1’:’ +/z—l)...(u,'_' +/1-11) 2(u} +11: +...+u,__ )”

1a1.z1:.....u,_, 20 _

132116;. Chm 3 . Chung mmh ring:
la, —a =0‘ —a~ =...=(1 1-0,\ _ 1 ~ . ,=- .-

_ ua +c1‘u,
1‘ + l‘+_H+ 1‘ £12 1 1/, , V»

U1‘ (15 (1,-I Z ¢!,(1:¢1,_<1,,_}

Béi 66. Cho u,12_c" > (). Chung minh ring:

Z !2+2 u17<'(c1+12{(1v+c)(<L+a)

<'\‘1 cl“ +1)(' \1((z‘ +1)¢')(1)‘ + ccl)((" +5112)

a,,a3.....a” > O _

Ba167. Cho . Chung mmh réng:
(1I(13...czH_|c1,! = 1

4i+€_L__+ +___L_>l§/E
1 1 , 2 / 1 _ 2

\‘-‘(ll +111 \+ (1: +0: \. 41” +0“

B§1i68 Cho (1 11 c" > O \"1 12> (1 ChL'1'n<* minh' U/N + 3” _1 > ~5ub+h('+m
1 /1(u"+1>1+¢'1) '1 \'u: +113 +(”

a_1v.('.(12O \

Ba: 69. Cho K z 6 , .Ch(1'ng mmh rfmg:
(1 +17 +0“ +11" :4

J1

a12c+ 120:1 + (‘(10 + club +

L

2-Q 2-

Bili 70. Cho a.b.c"e R. Chtmg minh ring:

%(a2 +173 +031: —%(a4 +124 +04 —c11>c(a+1>+('))2a((z+17)3 +1)(1>+(')} +c(('+u) 2
_ 3

2i(u+11+(")4 ——1—((z4 +124 +('4 —(I17(‘(CI-1-17-1-('11
Z7 125

4;
rJ1

—-——'“_—(a3 +123 +1‘: +1/31§——2¢—— (¢l+12+(,'+c11



Cllmmg VI: Tang kéz
l()Q5

Bai 71. [lran National Mathematical Olympiad 2007]

\ , .' 4 _ ._ , . I j I 1- > |Cho u./7.0 lu cuc .\Otl1Ll'C dtronu )h2H1 h1et.Chu'n2 mmh: !i+/7l+‘"L€”i >1
' “I ' ° [u—b l>—r" z'—u[|

Bai 72[lran National Mathematical Olympiad 2007]

,— r-— - _ 3Tim >6 T l<'m nht >110 cho \’u' + /2' + r" + ti" + (P 2 T(v’u + v"l> + \.~z~ + \/J + \/0)

dting voti moi u.l>.<'.¢/.e2() \'ittl1oui11Z1ndi§':u kién u +l>:<"+z/ +e.

Bai 73. [Middle European Mathematical Olympiad 2007]

Cho u./2.0.1/>() thou mun dieu kien 11+/7+1-+1/:4.

Cl1t'1'ng111ii1h1"§111g: ul/21' + /131-11 + rldu + tllu/>3 -l

Bai 74.. [Middle European Mathematical Olympiad 2007]

Cho u.h.(-,1] lit cuc so thtrc thou mun diéu kién Sa.l>.<'.cl 3 2 vii ubcd =1 .

Tim gizitrl l('m 11h:itct1ubieutln'1'c S =(u +l)(h+l)(<'+i)(d +i)
/2 <‘ 1/ u

Bai 75. [China Northern Mathematical Olympiad 2()07]

Cho u./2.0 la do dui 3 cqtnh tum gizic suo cho u +b+c=3.

Tim gm trl nl1onhtct'1ubiéuthfrc: T :14: +12: +0: +%u/ac

Bai 76. [China Northern Mathematical Olympiad 2007]

Cho u.l2.<' lu czic thtrc du'0'ng thou mun <1l><':l vii Z S k E N.

A A ,4 »
Chtmg n1inl11'51ng:,L +/7a + (#23

u+/7 l>+<' (‘+11 Z

Bai 77. [Croatia Team Seletion Test 20()7]_

Cho ullm->() thou min u+l>+<~= l. Chtmg minh rang: %+/7—+5—23(¢z3 +11‘ +0‘)
7 (' (1

Bai 78. [Romania Juior Balkan Team Selection Tests 2007]

Cho (1,1). 0 >0 thou mun I + 1 + 1 2 l.u+l)+l l)+('+l c+u+l

Chung minh rang: 11+/> +t~2u/7+/>(‘+ <11

I
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Bai 79. [Romania Juior Balkan Team Selection Tests 2007]

Cho .\'. >\‘.:. 20. Chirng minh rang: g;2.\3': +— — — - - —
3

Bai 80. [Yugoslavia National Olympiad 2007]

Cho .\"._\"_; >0 thou man _\-+ _\- + 3 :1.Ch1'rng minh rang \-Oi $6 u_r nhién k bat ky ta Q6:

- ~rro _~+, ;-~[*7 + "\[ 0+,“ 2+
X1 1+v\_A +:,. '\_1¢|+:1 +-\_~ ::,~1 +-(A +\_A '7

Bai 81. [Cezar Lupu & Tudorel Lupu, Romania TST 2007]

Cho a].a7.....u”;bl.lJ,...../7” E $11122 2) mm min Zn’: :21); =1_Z;]|¢1/21:0.
1 I l

- - '= 1

|: ':

> 2 Z
II n \

Chirng minh rang: K20’) +£ZbI ] £12.
I 1 I 1 /

Bai 82. [Macedonia Team Selection Test 2007]

Cho CI,[7.(‘>().Ch0'QI11111i1l'0.l1‘lI 1+—-‘Z2-‘L
“ " ul2+l2(:+c(1 a+b+('

Bai 83. [Italian National Olympiad 2007]

a) van 11> 2, tlm gié 111 1c'm nhzit hang $6 1-” sao cho bat dang mu-Q

—1—+——l—+...+——l——2¢>,, dfmg véi mqi u].a1.....a,_ >0 thOa min a|(1,...(1” :1
c1l+1 a,+1 a”+1 ‘ ‘ ‘

h) vo-1 11> 2_ tim gizi 11-1 1c5"n nhat hang $6 dnsao cho bat dang mu-C

—l—+—1i+...+——1———2d7, dting véi mQi ul.a,...._a” >0 thoa man ala,...aH =1
2:1! +1 2a, +1 241” +1 " "

Bai 84. [France Team Selection Test 2007]

C110 a,b. c, (1 >0 thoa min <1 + b + 0 + (1 =1 . Chirng minh rang:

6(a3 +b3 +03 +d})2uZ +l>2 +c3+d2 +é



Clzmmg VI: T6’/lg /céil I09
Bai 85. [Greece '\‘ati '

B

7

1 onal ()1) mpiad 2007]

Cho a.b.<' IE1 do din 3 canh tam giaic. Chirng minh rang:

~-1 -X 4(("+u—/7) +(u+/2-0) (/2+¢"—<-)_+ Zu/2+/>('+("uu(u+1J—(') /7(/2+0 :1) <'(('+ /1)_ U _

ai 86. [Bulgaria Team Selection Test 2007]

cm» Zlze/\/'.Tin1gi;it1'itolnhil
~ I 9

[>41
“V,

Q

Llld hang so C(11) sao cho bit dang lhrc

_ 12) Z [Z,\-‘,.\-V,+\,='T\‘_[[ china Vt \'_ \" E 0 '.1.. (.1) thoamzin (l—.\")(l—_\‘/.)2§

Bai 87. [Poland Second Round 2007]

Cho <1./1. (:1! >0 thou man (lieu ki

Bai 88. [Turkey T

Bai 89. [Moldova

Bai 90.

én i+l+l+i:4. Chtrng minh rang:
u /> (" (I

. . ; .\ \

R/(ll +17“ +»‘ 1" +‘" +-=5“ +4 +11"/""‘ $201+/>+<~+</)-4\ 2 2 \’ 2 \' 2

eam Selection Test 2007]

Cho u,/9.c'>() thoaimfm a+/)+c=l. Chfrng minh rang:

l + 17 + 1_ 2 1

(1/1 + Zc‘ + Zz" In" + Zn‘ + Za 410+ Z/9' + Z/7 fl/J + /70 + 61!‘

National Mathematical ()l_vm

Cho u|.a:.....c/H E thou man <1‘ 2Ai.“V’/< :1./1.ChL'1'ng minh1‘§'mg:

( +1 +i‘ T +l >2i”(l+ +° + +:1] )0: 2... (1,: _(”+I)' ul 413 /1:1”)

piad 2007]

[Moldova National Mathematical Olympiad 2007]

Cho al_a3.....z1” e [().l]. Dal 5:111‘ +a; +...+u,':. Chimg minh rang:

Cl I (I, LI” <l
Z/z+l+S—uI" Z/2+l+S—u; Z1z+l+S—u‘l 3

I1

Ba "i 91. [Peru Ieam Selection Test 2007]

Cho (1.b.c>() thou man 11+/2+(->i+ 1 1

, - '7_ E+—. Chung minh: z1+l)+('2—3a L. U .( (I + b + c" + ubt
Bai 92. [Peru Team Selc ‘ti ‘ 'L on "l est 2007]

Cho u./2.(~ la 3 canh cuu mot lam gizic. Chimg minh rang:

\/b+('—(1 \'(‘-l-[I-/J \‘u+/7—('+ _. + r _ $3F /— '/—_ ‘/— /_ /l r /l //—\/)+\,'('—\(I \,(“+\/LI—\//9 \,(l+\,'/7—\,‘('



ll)9h‘ .\'l117'ng brit airing rh 1&1" chgnz Igc

Bill ‘)3. [Romania Team Selection Tests 20071

[¢zE.u_.....u__:_ 20
C1104 i 7 .Timgizil1'g lO'n nhatgua S =(l —¢1‘ )(l—u_ -11”)

[u;+u§+...+¢1;:l " '

Bai 9-l. [Ukraine Matheniatical Festival 2007]

Chm u_/>.<" >0 vii 1:/>1" 2| . (‘htrng minh rang:

' l ‘I 5 1/
Ll){~51-FLILIH/J+}7;lH('+:I%_—{)Zjg‘

b) Flu‘ +ul +(l'l'l)(/7; +/1: +/>+1ll<7 +1-3 +(‘*l)2()-l-(LI: +u+llll2: +l>+1)l<-3 +<-+1)

Bai 95. [Asian Pacific Mathematical ()l_\"mpiad 2007]

Cho .\"._\".: >0 thou mun \‘.\" + V _\" + \’: L l. Chtrng minh rimgi

X: + Y1 \‘: + f_\‘ 1: + .\'\‘
_a___i._a;.___.W + >7 _ + __ __ 1 21

\/Z.\': (_\‘+ 1) \,Z\"' (:_+,\'l (.\"+ _\")

Bai ‘)6. [Brazilian ()l_\‘mpiad Revenge 2007]

Cho u.[2.<'e \'é'i <1/n" :1 . Chimg minh ring:

413+/>3+¢-3+-1—_+ l‘+%+2(¢1+l>+<-+i+l+l)26+Z[!l+i+5+5+5+Q)
(,- /;- (~* 1/ /> (2 u /9 (' u I) 1'

Bai 97. [India National Matlieniatical Olympiad 2007]

Chm ,\; \‘. : >0 . ChL'1'n2 minh ram:

‘ ‘ ~ ~
\ ~ ~ 1

(__.\ + _\‘+ :)' (_\'t + :.\'+_\"\")' §3l_\"' + \".-+ 3‘ ll?’ + f.\*+.\"' l(_\"' +.\"\"+ \"'l

Bai ‘)8. [Brirish National Mathematical Olympiad 2007]

1

Chm u_b.c>(). Chfmg minh rang: la: +b3 l_ Zlu+lv+(*)(u+/>-<')(/>+<'—-ul(<'+¢1-bl

Bai 99. [Korean National Mathematical Olympiad 2007]

Tim tail ca czic giai lri k duwng dé hat ¢i§1x1g1l1f1'c sau mm; \b'i mqi a.l2.(' > U

u + /2 + (' > l

0 + klv u + /<0 /> + /<41 — Z007

Bai l()(). [Hungary-lsarel National ’.\1athematiCal ()l_\'mpiad 2007]

Clmu.l>.r"_1!e’-?. thou min (I: 51.113 +/2: £5.11: +/vi +1‘: S1-Lu: +/7: +1-3 +1/2 S30.

Chtrng minh raligi 41+/1+ r; + (I 3 ll)
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Cdc ban [him mén! Vzfly 121 Qzic ban d Qimg Qhfmg 1(>i di l<'>'i muc Quéi Qimg Qua Quén

l\)
UI

be

2'

szich l0'n nil): Qua _[hl_.l'C Qzic ban dd bU‘()'C nhtmg bLl‘O‘L‘ di that din. bit du v<'>'i nhfmg bt
dimg thL'1'Q d:_1i >6 Q6 dién (AM — GM. Cauchy — Sclzwarz. Holder, .1/Iirzkrlwski.
Ci1el2_\'sIzev) {Oi nhfmg hit dimg thu"Q Qzin dai thl ding Ihirc hoan v_i_ Shur. Muirhead).
TU" nhfmg hbn dd tang Qua phuong phixp giai 11'Qh um; dung CUL1 dam hinn. Qzic dinh I)"

Lagrange. Bernoulli. _]en.s"en. Karanzata. RCF. LCF. Poporiciu. (mg dung Qua u’Qh

phim Riman) Ql1L|)\':11 sung linn quen \'(>'i nhfmg phu"0'ng phdp Qiy moi me. nhfmg vién
kim Qu'o'ng szing Iflp lzinh {rung lhé gidi bait dfmg 1hL'rQ dai $6 >0" Qp hién dqai (S.O.S. MV,
A.B.C. G.L.A. V. D.A.C). Czic ban d (iU‘Q'C Ihu"O'ng thtrc nhfrng bixi viét rt dz_'1Q sic \'{":

bflt ding thtrc theo nhiéu Qzich tiép Qjn khfxc nhuu (LCC. T. {mg dung Qua phép déi bién.
G61 bién thu.71n nghich, (mg dung Qua dinh l§‘ Viet — Rolle. Qzic bt déng thtrc khéng
thuén nht, hon vi). Cfzc ban Qfmg d Qimg Qhfmg Li khao 5:11 nhiéu bili main riéng r/I

dzf1Q biét. nhfmg bili mim Q6 nhiéu l(>'i giai. vil méi li>'i giai lgli Q6 mét )" ngla khzic nhau.
\ / / A r / /

1di khi Qfmg Q6 Qa nhfrng hui toun Chl Q0 m<_>t Quch giai. nhung C£1Lh giai Qua no lqai thuc
su" n tu'Q'ng. Himg ChL_lC Qhuyén d§_ himg trém \'1' du \'Z1 himg nghin bi tozin. D6 Qhfnh
X110 151 [t ca nlxfmg gi Qhimg téi G51 Irinh bu)‘ \"O'i Qzic ban. Nhung qua tit ca nhfmg trang
szich dc’). Qzic ban dfl thu lLIL_YI]1 du'(_>"Q Qho minh nhfmg gi. dy m_O'i thuc su IE1 diéu Qhimg
téi CZUTI thy [rim I10 nht khi thuc hién Qng \*iéQ bién sogm néi dung Quén séch. Vi IE

C16. Qdc ban hy tiép tuc Qimg Qhng t6i "di" nc'§t nhfmg dimg du'<'>'i dy sau khi d trdi
qua mét qué trinh tu rén luyén khéng dé dimg 0' nhfmg Qhu'o‘ng tru‘O'Q. Chung Iéi hi von
nhfmg phn tich nily sé gip Qhng téi (lnhfmg ngu'O‘i lixm szich) \'i1 Qaic ban (nhfrng dQQ

gizi dill)’ dam mé) Q6 thé tro nén gin gfli \‘O'i hhuu hon. \"i1 nhu \'z})". hfin néi dung Qu6n
s£'1Ql1 Qfmg sé {Oi \'(>‘i Qzic ban dQQ IUQI Qaich dé dimg hon n'u'C>"Q.

Déi vdi hu hét mqi ngu'O‘i. bit du bao gib Qfmg 121 mét \'iéQ khé. Chuong thtr nhl
Qua (H1611 séch dL1'O'C dimh riéng dé trinh him)‘ \'§ nilm bit dimg lhtrc dai $6 kinh dién. Ln
lu'Q1 151 AM - GM. Cauchy — SCl1war;. Holder. .Wink0w.s"ki. Chebyslzev, trong dé bén
béit ding thirc dfiu tién Q6 thé dimg dé Qhimg minh I511 nhuu. Khéng <15 dé Q6 thé dién té
hét strc mqmh Qua QziQ bt ding thtrc nily déi \0"i nhfmg bit déng thtrc Q6 dién théng qua
mét \'i1i \"1' du Qu L115. Hon nfm néu Q6 thé nfim vfrng \"i1 {mg dung du‘Q"Q Qhimg trong Qaic
bili tozin cu thé mét Qzich Iinh lmat [hi CO Ihé Qoi nhu ban d "bi§t“ khzi nhiéu vé Qzic bét
ding thL'1'Q dgii Vi lé dd. Chung {Oi luu Qhon Qzich trinh biiy quy pham. di [U Q15 dén
khé. Qhi tiét 0'ti1'ng djnh 1)‘. Qfm ké trong xirng \"f du vb luu Ch(_)I1 min s6 lu‘Q'ng b£1i tu giéi
khzi ldm dé ban dg>Q luyén tip. Bén L'Z_1I1h dd Qhung téi Qfmg dzi gui grim khzi nhiéu nhfrng
k§‘ thuét zip dung Q;iQ hit dfmg [h[l'C Q6 dién mi vim timg [rung >;1Qh. Tiéu biéu phai
nhc lai. dd 151 k)‘ thul Qhcm diém mi. Qfm hing hi‘ sfv. k_§ thuét tzich phn thtrc flm V51

1

1

1

C
\

I
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dzinh gizi inu trong ting dung ctia bit ding thtic AM — GM_ K)’ thi12_“1t sip xép bién dé

O
J"

E\

zip dung bfit dng thtrc C11€b)“'S11€\' cftng 151 inét k)’ thuét tinh té vi ding )7’. citc ban

cn thuc hiinh iiliiéti néu 111L161] str dung thimh than trong czic biii tozin (161 xting, ta ké cél

inét 56 biii tozin hozin \"i nfra. 1

Trong chtrong 11. chting téi tiép [L_1C cftch trinh bity quy pham khi tién hiinh gidi thiéu

czic bait ding tht'i'c ciiii dai. Czic bait ding tht'i'c d6 ln 1Ll'C_)'[ 151 bait E1§I1f_l I1'1L1'C hoén vi, bait

ding t1iL'1'c Schur vii bait dng thttc 11/Iuirhead. C6 thé hiéii béit déiig tht'i'c hoftn vi lii cfii

nhitn ciia bit ding thtic Chebyshev. vii do G6 nhftng bin tofin déi xting cc’) thé giéi bzing

Chebyslzev cng giai (1Ll'Q'C nh(i' bfit ding thttc hozin vi. hon nfrzi c6 khzi nhiéu biii tozin

hozin vi chi cé thé sti dung bait ding thtrc hofin vi dt“: gizii quyét \'i néu sit" dung bfit ding

thttc Clzebyshev thi ciic dénh giit sé ti"O' nén i'5it phtic tap. Cfing trong chttong niiy chting

ta d bit du céng phzi cftc bit Clitng tht'1'c d(’>i xttng in{>t czich c6 hé thbng hon. Bit du

vdi viéc sti" dung bit ding thL'i'c Shur nhb viéc quy czic bzit ding thttc ban dti vé ciic bin

tozin don gién hon trén cftc da tht'i'c Vie! ba bién co‘

bzin p =a +b+ <-. q =01) +l7c + cu. I'=(I17(‘. Tiép theo dé 1Ll'Q‘C db Young ciing nhfing phép

bién aéi ttéi xt'i'ng. bat ding tittt-t~ Muirhead, vet dc biét lit bit ding thttc ASYM azt dtra

ra mét con dubng "chu2“in nitic" khi giéi czic bi toén déi xtrng. 1-I-)6 lii quy bait ding thtrc

déi xtmg vé czic da thtrc déi xtrng co‘ ban ciia czic bién, sau (16 str dung nhfing dénh gizi

trén czic da thtrc 6161 xtrng co‘ ban d6 dé dun in két luén bin tozin. Phtrong phép nity déic

biét IO ra cé hiéu lttc khi ta d cé ti"u"é'c trong tay nhfing dnli gizi dti chét. dzftc biét lit khi

06 sti trén 1511 ctia czic Iéllg (I61 xting dbiig bzfic khzic nhziu.

Bu‘O'c viio chu'0'ng I11. lain dziu tién trong cubn szich nity ciic ban du'<_i'c 15in quen \*c'7i

nhfing ting dung ciizi phép dao hiim, vii cé thé ngay létp tt'i'c nhzfm thy strc manh tiém

titng ciia phirong phzip khao szit him $6 trong chtrng niinh bit dfiiig thttc. Thzftt véy, néu

lit bit ding thtrc mét bién. ta cé thé éip dting ti"t_ic tiép dinh 1)‘ Ferinat vé czic diéin t<'>‘i

han, ttéu 151 béit tiétttg thtrc nhiéu bién, ttt cé thé khéto szit iétt itt~t_>~t theo tirng bién. Du lit

biti tozin don giém hay cé hinh thtrc pht'i"c tap, két qua vn dat dtrqc khi chting ta kiém

soétt duqc dfiu ciizi d2_1o hiim CL18. céc hiim $6 théng qua czic khéng diém ctia chting. Phétt

trién séu sic hon >7 tung niiy. bfii toiin cuc ti"i cé ritng buéc trén 137 thuyét d du'Q'c giéi

quyét triét dé nhb" czic dinh 1y Lagrange. Mét mzflt khiic céng cit dao hitm v51 céc dinh 1)?

ciia giiti tich cho phép ta khéio szit hinh dzing ctia cétc him $6 chi'nh xaic t(>"i tting “dia

phu'0'ng'" (str ting giziin cua hiim sfi tai mcfit diéni). Ttiy nhién v<)‘i nlifing bait ding tht'i'c

nhiéu bién thi 56 “din pliu'o'ng" sé bi téng lén quzi nhanh via qtizi "1é'n". D0 dé cn c6

nhfing huéng tiép céin déc biét khzic, Czic bt ding thi'i'c Jensen. Karamata, RCF, LCF.

Popoviciu C1L1'Q'C phitt trién theo ciing niét tti tttéiig. D6 151 \‘t5'i nhfrng hém dii tét (dab

hitm cép 2 théa man czic tfnh citétt ttzto dély) thi ttt cé thé tién hitnh tiétt czic bé nhiéu bién

vé mét S6 bé nhiéu bién khftc dzfic biét hon. Nhu" vgty biti tozin S6 ttti nén khzi tié cling.

Cutfii ciling vein gir nguyén tinh thin ctia phtrong php gidi tfch, chting ta lai tim czich

tiép czin czic bit ding tht'1‘c incfit czich “toiin cut“. db chfnh lit nhfing ting dung diic sic ciia

tfch phzin Riman. Trong chttong niiy. niéc dii vain C5 gfing dzip ting nhtrng chuén inuc



Clzzrong VI: Tég knit
l I01

trong czich trinh by 1)? thuyét vb béi tép. chfmg téi d chm déng tao cho czic ban mét
nhip suy nghi tim {Oi dé céi tién czic phuvng phézp. khc phuc l'1hLl'Q'C diém_ phzit huy u"u

(EQ

diém cua chlin Dy cng l mét czich khO'i déng t<“§t dé cc ban c6 thé bu'('>'c \/Z10
chuong thL'r tu‘. chu"o"ng bao gém czic béi ton rt dcp. caic }'-' tubng rét m(5'i. cfmg I51

chu'o'ng hay v51 khé nhét cuén szich. .

Chu‘0'ng IV. nhirng vién kim cu‘0'ng Qua bait ding tlu'rc so" céip hién dai. Dy thuc su‘ 151

tép hop cua nhfrng hu'()'ng di mdi. nhfrng )7 tu"o'ng m<'>"i nhm céng phzi thé gi<3'i béit déng
thirc da dang vii phong phli. Dy cfmg 1E1 ln du tién nhtrng )7 tnrong nily duoc din cgmh
nhau trong mét méi quan hé théng nhét. Bét du vdi phucng phzip S.O.S, phuong phép
nz‘1y duqc phzit trién nhé‘ viéc dzinh ‘ hé $6 cua téng binh phuong c6 dang

('3.

‘xx

r'>
§\

F“

S] (b—¢-)2 +52 (0-11): +5], (u—l2): 20. hoélc dang czii tién ctla n6 I51

S, (b—('): +53 (('—a)2 +S3 (u—/>)2 2$(c/—/>)(/2—(")(z1—¢“) dimg dé Xi!‘ 1}’/I(‘)t h0‘n déi
v('>'i czic bit ding thtrc hozin vi. Tiép theo d6 151 )" tu'O'ng vé phép dén bién. Nhu‘ dii néi, )7

tu'é'ng cua phurmg phép clén bién 151 khéng chimg minh "ngay" nhu‘ S.O.S mix tim czich
thu h¢p bili toén F(x,, x3, , x,1)Z 0 trén tép D vé tép/\ nhé h0'n, c'>'déyt:§1p/\ c6 nhirng
tfnh chit die biét no C16. réi sau d6 méi xfr 1y cu thé trén tip/\ . Y tufmg rzit don giém
nily d duqc trién khai vdi himg logat dinh 1)? rt manh nhu S.M. V, U.M.V. G.M. V, m5i
dinh 1y thfch hop véi nhimg bit dé'ing thtrc c6 $6 bién khzic nhau. Sau phuong phép dén
bién, chng ta aén vdi chilm ba phuong phép A.B.C, G.L.A, E. v. va mac an bét déu
vdi muc dfch d<‘>i bién dé nén himh khéo Sm nhm giélm bién, héu nhu‘ ngay lap ttrc C6
thé nhém théiy ba p11u‘o'ng phzip nily d thu"c hién ctmg mél )7 tudng, dé I21 dén bién gizin
tiép. Khzic vdi dén bién nuc tiép. dé dim bién gizin tiép ta tién himh déi bién tru'O‘c, réi
mc'>‘i thuc hién phép dén bién trénczic bién mdi. sau d6 c6 thé lai quay laillém viéc trén
czic bién cfn. czic bién dé lc niiy di duQ'c d6n \=é nhfrng tru"O'ng hqp CIz_‘1c biét. Y tuéng
tinh ré nily Cflng aéng moi dZ1tram(}Lc£1u hoi khé 151 cé nhfmg phép déi bién nilo thuc su
cé y nghTa vb hiéu qué, dy vn cbn 151 cu héi mé". Cuéi cilng, phuong phzip chia dé tri
dun ra Va mén khai mét y tu'O'ng khéng méi. nhung khéng hé don gién. D6 121 thay vi
tim céch chirng minh trén toim mién xzic dinh ta tim céch chia nhé thénh czic mién don
giéln hon, dé sau khi cé nhfrng dénh gizi trén timg mién ta cé thé két hop nhfmg két qué
d6 lai nhO' nhfmg dinh I)? néi déi. Dy lil [t cé nhfrng )2 [Ll'O'ng lc3'n nhzit d du'Q'c trién
khai trong suét chu'0'ng b6n. Trong chuvng ni1y cézc bait ding thirc déi ximg dé dlrqc giéi
quyét mét czich khai triét dé, mét biii toén cimg 06 thé du'c)'c quyét bng tit cé czic
phuong phzip, ttly tinh huéng cu thé mil lO'i gizii sé cc’) dé phfrc tap khzic nhau. Trong mét
chu'0'ng ma cam hirng szing t2_10 C6 me} bit gap <>~ :5: céi caic biai tozin, Chfmg téi lua chgm sir
dung mét czich trinh bily mang dérn tfnh tim tbi khzim phzi. czich lrinh béy quy pham
truyén théng d dumyc n_O'i léng v(>‘i niém tin ring czic ban, nhfrng déc giél rét néng déng,
sé tiép thu duqc nhfrng )7 urémg v51 nhfmg phu‘0'ng phzip ny mét czich dng dén vé dy
dd nhét khi du'Q'c chtmg kién lai chfnh xzic con dufyng mil czic tzic gié d di qua dé tim ra
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chfmg. C111'1ng 101 k1 \'1_1ng 1"f1ng sz111 1<h1 11:1 qucn 1111100 101 czic 11211 \’i1 giai quyét vim 11?:

trong 11mg chuyén dé. cc 112111 cng sé Q0 nhfrng szing 1210 CUE1 riéng n11n11 trong 1u'0'ng 1211.

Sau 11011 chu'0'ng 11511 1'01 0111111 1111111 11i1y 1\'h{1 qucn 1hu(1c. 0' c11u‘0'ng Q1101 cimg. chu'0ng

1151111. c1111ng 101 1151 1011; 11011 1'21 011011 10c 11101 s0 11211 \'ié1_ cfmg 111111‘ 11511 102111 déc sic n11§1

115 g11'1 101 czic 11311. D0 1i1 p1111"011g p1111p L/'.C. T. 110 121 11211 ding 111111‘ Nesbitt — Sharpiro.

<10 1Z1 kf‘ 11111§11p,q,r 1105111 11. \"i1 110 151 1511 11111€*11 11511 101111 1'01 101 giai (100 (1110 cilng 11101

dzmh s;ic11 11511 0111‘ 11in 15111 1\'11(1ng Q0 101 gizn. V21 c(1n 111111111 chuyén 111“: 110n ntra ch1'1ng 101

n1u011 g11'1 101 0110 111111. C11 1111 ca n11f1'ng 111é11 111'» vi c111'1ng 101 11111011 1101 v01 czic ban 1"1'1ng

1116; g10'1 11511 ding 111110 0011 r111 1"Q1ng \'i1 0011 1211 11111511 111§u 11111 \'1. T211 0:1 nhfrng ph11'0'ng

phzip d 00. 111c0 11101 1<111z1 c:_1n11 11110 11(1_ c111 151 111‘0'11g 1101. 1'21 111 n111é11 1<h0ng 111é 121 102111

nzing. c111n11 \'1 111$ 111011 c(1 1111f1"11g 111511 11101 1110 11011 c110 cc 11an 0' 1111111 11"11'0'c $11" sing 130

\'21111111111§1n 151111 viéc ng11ié111 1110. Dé 11111111 110110110 (11511 110 11511" g10' 11111)" \"1 dzinh g1z1s1'1c

111z_111h c1'1z1 nhfrng ph11'0"11g 11111111 (151 Q0. c111'1ng 111 11511 11111 cilng nhau n111n 131 xc111. 0011

nhirng 11211 105111 11110 v§111 d11ng 0" ngoin 121111 \"<'1'1. 111611 11111611 rng viéc 116111 1110 11m 101 Yé

nhC1'ng 11511 10011 cC1n 501 1111 \'i1 1111'0'ng 101 n11fn1g (11511 11101 111 sé 151 c1111"0"ng két 1\'110ng 111?:

1111011 110p h0'n \‘0'1 11101 112111 nglnén C1111 1"(1ng 1<11§1p 111111 011011 séch m chfnh czic ban dung

c5111 11"én tay. '

C210 11211 ding 1111'1'c 111u'0'11g d11'0'c p11f1n 1031 11160 nhiéu czich. Phn (311121 1he0 50 bién ta

00 11:11 ding 111110 1111 bién. 11011 bién 151 1151 ding 111110 nhiéu 111§n. P11f1n chia 11160 hinh

1111'1'c ta Q0 11:11 dZ"111g 111111‘ d(11 x1'1'11g. 11511 c1§111g 111111‘ h01'1n vi. P11€1n c111a theo C1511: 1fn11 1a c0

11511 ding 1111'1'c 111115n 1111511. 11511 11€111g 111110 1<h(111g1h1121n 1111111. 1\/11:11 phu'0‘ng philp 10 ra C6 uu

thé v01 dang 11211’ 1<h011g c0 g1 dam bao 1511 gin d11"0'c uu thé 110 k111 zip d1_111g dé gizii quyét

nhirng 11211 10511 111111f1c dang k1111c. T1"11'0'c 11é1 c111'1ng 11a hy 116111 cdc 112311 ding 1h1'1c (101

x1'1'ng, 11111511 n11511. b0‘1 v1 dy 121 dang 1151 diing 1h1'rc C1011 gi:1n_ quen.1hu{1c, vii ph0 bién

nht. D01 v01 nhtrng 11511 d§111g 1111'1"c dang 1121)’ \'1é_Ec zip dung cc 11211 ding 1111'rc 00 dién

11111'1‘111g 110111 1:11 111é11 qua cao. 1\/101 1111'0'ng 111 1511 n1a11g 1101 h11'0'11g cén 11111 khi tin céng czic

11511 dz'1ng 111110 trong 11110111 nay 151 s11" d1_111g czic 1151 dfmg 111111‘ Muir-head. Shur vi1ASYM.

Y 1u'0'11g chu c1101 121 do 11101 11.-"11 déng 1111'1'c 11611 x1'1‘11g déu c0 thé quy 11% 11211 déng 1h1'1'c 1r©n

1§1n gifra czic 10ng (101 x1'1"ng co‘ 112111 c1121 czic bién bun C1511. c110 nén néu 00 nhfmg 1151 dng

1h1'1c co‘ 50' dim manh, 1111 111 cfmg sé dé ding c0 d11'0c nhirng két qua cn chtrng minh. Han

ché 0' dziy 151 v0'1 nhfrng 11511 ding 1111'1"c C0 sin n1111' Muirhead. Slzur v51 ASYM thi viéc

g1€11 quyét nhfrng khé khn phzit sinh khi c0 nhiéu téng C101 xtrng béc khzic nhau xu211

hién cimg trong 11511 101111 11'0" nén 1'51 11110 khn. C11 thé 11011. C0 111é 1161 ké 1211 0' dy 13 bin

toén r511 k110 v51 h0‘n 111111 11'011g $0 ch1'1ng c11u‘z1 c0 101 giéli 1r0n v¢11. Czic ban c0 thé xem 1211

czic 1<y hiéu trong chuyén dé vé 1151 ding 1111'1'c Muirhead.

B511 1: C110 czic bién .1". 1-. :. 21). T1111 hing $0 k 1611 n11§1 sao c110 1151 dine 1h1'1'c sau luén dfmg
. 1.

1..

Sm + l<Sm,,_(_ 21/1 +1)Sm trong 110 111.11, .l1|.u3./13.1": 151 czic $0 nguyén c1u"011g1h0a min:

M :11] +11] =02 +/13 +<'3;u12/>|;u3 Z113 2031411 2113
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Béi 2: Cho cc hién .\". y. 3 2 U. Tun himg >6 k I51 nhzh suo cho bait ding thtrc sau luén dimg:
+ l\Sm,,W 2 (/< + 1 ).S‘m,,_‘_ trong d(> M.ul./>,_<-M13./>;.1~: I21 czic $6 nguyén du"0ngth(>amf1n:

u, 2/>| 21': 1 11' +/2] 211? +/>3 1 M111; +/2! +<'| =03 +/7: +0:
‘

Bi 3: Cho czic hién .\"._\~.: 20. Tlm hing >6 /< [SI nht sun cho bit d2'h1g thfrc sau luén
dung: .S‘“__,,: +/<5'K'_=‘,m g(/< +1)Sw none,, do <1;_/>1.¢/3_/w:.<-3.1+,/>‘.<-1 [£1 czic $6 nguyén

du'o'ng thou mn:

<1! 2/>, Zq iu. +u_ 2/1; +/1‘ 21; +<"3 1 u: +/vi :11. +/27‘ +1‘: :u1+/>;+cg
Bili 4: Cho czic bién .\"[.>\>,_....\;: 20. Tun hiing s6 A I51 nht sun chu hl ding thirc snu

luon (hing: ‘S'“,]“,: + l<.S‘W 2(/\ + l).S‘,;k,,\ _,, trong dé

(a|.u3....u” ).(l1l .11: ..../>_,_, ).(¢~, _<-3 ....:~”) 121 3 dily nguyén dutmg khéng ginn sao choz

(1, +aZ +...+(1A 21), +12: +...+l>‘ 21"! +("1+...+(" V/\' =l.lz—l

(l| +113 +...+u,_, =/2| +/)3 +...+l1” =1] +0: + +c‘”

Téng quzit hon 1 chflt nfra 121 bin main sau:

Bli 5: Cho czic bién khéng fun .\-,..\"3.....\‘,4_. Tun hing $6 /c tét nhin sao cho béh ding thtrc
sau luén ddng: 5-WW U -5‘/7_h_v__/M 3/\-(SUN —.S",é“,‘__H“, ) trong dd

(u|.a3....c1”).(/1:./73..../7”)_((',.('3....c'”).(<1'|.</3....z1,:)
IE1 céc d€1ysC§ngL1yén duong khéng giam:

at +41: +.._+uL 2/1! +/2: +...+/1%,, Zvl +02 +...+_(";_ 2:/| +1/3 +...+zl, V/< =1./I—l

cl, +u3 +...+u” =/>1 +l>3 +...+b”=("1+<': +...+z'” Iz/I +z/3 +...+z/H

Bili 6: (‘ho div s5 ki1(mQ ling {an} \'E1 l hofm \i cuu n6 (ne Z’ ). Chlrng minh_ g, .

_ . . ....__ _ . . .... .

.\ .

réng néu .\", Ex. 221'” 20 lhi Z.\"[".\'l"....\-,‘,"' > Z \-,"‘ Y’? > T \~,“" vi” ‘ \',‘,"

I ( x \! (\l

chn y'.- Ban tozin trén cé y nghIa aéi v<3'i bill dang thtrc hozin vj tu‘0‘ng [U nhu béz ding
thirc Muirhead déi vé'i bét dng thtrc d6i xirng. Lm manh hon bin tofm trén ta c6:

Bili 7: Cho Z dy khng limg {an} .{/2”} thou min déng 1hO"i czic (héu kién suu:

(ll +u2 +...+u” =12‘ +/)2 +...+b”

__1CIl+(13 +...+u‘ Zb] +b3 +...+b‘ Vk =1./1-

Dy hién {xn} khng Lfmg \'i1 khfmg Elm Q0 {yn} In I hozin vi cuu n(>.

Chtm minh rim": .\""‘.\‘1"....\""' 2 \'/1' vi” ...\""‘p C I _ n - ! . _ n
l'\l '\4

Vi1tu'o'ng tu" quzi trinh tu sé cé nhtrng bin bit déng thtrc hozin vi sau:

4



H04 .\'hin l(!i vr) mo" ra

5
E".

'0)

E

C1‘ =Z:<1f"'u§‘-‘...<1,‘__"" =C(0<!.0c3.....on”). Dzflc biét néu o<‘.<:n:_...0c” 1a caic $6 tu"

x K

nhién t£1'O dén 9 thi ki hiéu mdi du"Q'c d6i 15: Cu‘u:___u/ = C(0n1.(x3_....0c,, ).

Ngoili ra néu (1,201: 2.20:‘ >(x‘_] =0<k_3 =...=(x” :0 thi CrW:__A(,H = Ca‘(‘L:M‘(1k

B:21i_8: Cho /\/l.a|./21.a3.b3 151 cdc $6 nguyén du"o'ng $210 choz M=a|+bl:a3+b3;

a, > (1: 212: >111. Cho 2 bién .\'._\‘ 20 . Tlm héng $6 /< t6t nht dé bit ding thtrc sau dng

v6'i mqi .\-.‘\~ 2 O 1

cg‘, + /<c“3,,: z (k + 1)ch_],,1

Bi 9: Cho czic bién .\". \~. 1, 20. 'I“1m hing $6 k t6t nht $210 cho bit dfang thirc sau 1u6n

Q4-

CI»

D
(IQ

Cm +/<(f“,_,,“_ 2(/< +l)CM,» trong G6 1\/1.¢1,.l¢|.(z:_/>14: 151 czic $6 nguyén du'0‘ng‘

th6a man:

M =a, +121 =41: +123 +('31u12/2l;a3 2/23 2<'3;u, 2:12

Biii 10: Cho céc bién x. _\'. ; 20. Tun hng $6 k t6t nhét sao cho bét ding thtrc sau lu6n

dng: Cm +/<Cu_,,“,_ 2 (k +l)CuI,,M trong G6 M,a,.b,.¢~,.u2.l13.<-3 121 czic $6 nguyén duong

th6a man:

(1, 211, 20, ;a|+l2l 2:13 +1231M=al+b|+('I:a:+b3+c'3:

Béi 11: Cho czic bién .\-_ _\~. :. 20. Tlm hing $6 l< t6t nhét $210 cho bit ding thtrc sau lu6n

(hing: CM] +kCh,;,,_(_= 2(k+1)C”‘,,_(_ trong d6 (11.111.a3.l)3.('3.a;.b;.c3 121 czic $6 nguyén

duvng th6a min:

cl] Z17, 2 (‘I 1 (11 +113 Zbl +123 2 cl +63 1 ul +bl =03 +17: +(‘3 :c1_§+l9; +03;

\-Bal 12: Cho céc bién .\-,..\-2,....\'” 2 0 . Tlm hing $6 k t6t nht sao cho bit ding thtrc sau

1u6n dng: CW:___l,” + l<Ct.|‘.:__4(.” 2 (k + 1)C,,l,,:____,,” trong <16

(al_c13,...c1”).(b],b3....b” ).(c,.c3....cf”) IE1 3 dy nguyén duong kh6ng giém sao ch02

ai +a3+...+uA 2/11 +b3 +...+bA Zcl +("3 +...+q V/<:l.11—1

(11 +a3 +...+a” =b] +123 +...+b” =0! +c3 +...+c”

T6ng quét h0'n 1 chtlt nua 151 bili tozin sauz
. \ » » » 1 »

Biii 13: Cho céc bién kh6ng m .\-,..\'2.....\‘”. Tnn hing $6 k t6t nhét sao cho bit ding

thtrc $aulu6n dflng: C —C H 2k(C(l(_ ( —C,l,1 (,1) trong dé

(al.a

giém

c u1u3.$.¢l,, [>|[_..._[>,, - 1 ¢_....

3....a”).(l2,_b2_...b”),(c,,c2....<:”).(dl,a'2....d”) 151 czic déy $6 nguyén duong kh6ng

sao ch01

a| +a2 +...+a‘, Zb, +b3 +...+/Jk Zcl +03 +...+c" 20'] +d3 +...+dk Vl<=l.n—l
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<11 +111 +...+¢/F =/vi +/>3 +...+/5, =1-, +(-3 +...+(‘H=(/1+6/:+...+(/H

Dy thirc sir 121 nhung bin tozin rt khé Q6 lO"i gizii trbn wgn. Tuy nhién néu 06 thé cé lbi
gizii trQn v¢n cho bili tozin niio db trong >6 nhfrng bin main nix)" thi ta $6 lai cé thé 06 thém
nhfmg bzit dfing thtrc déi xirng thuain nhfit r2"it chén, vii nhfmg chimg minh séng sun hon
cho nhiéu bin main dbi >u'1"ng c. TU bin 6 no" di. czic két qua rim du'<_>'c sé I16 no trirc tiép
\’i<§:c giai céc bin toiin hnzin \"i. By gib; chnng ta hfiy néi mét chfit vé czic bin tozin hozin

vi. R6 ring trong ca cu<‘>n szich nny d <13 r2“it nhiéu 1;-in chnng ta céng phzi cc bin tozin

hozin vi bng nhiéu czich vdi nhfrng céng cu khzic nhuu. Tuy nhién mqi viéc vin rfn khé
khnn. Véy du 121 khé khén chfnh. C6 thé néi don gizin khé khfln chfnh nm 0" Ch€) dfinv
thrc trong czic bl ding thfrc hoain \"i IE1 rfit khé kiém sozit. Théng thu'é>'ng lrong czic bfit
ding thL'rc dbi xtrng thi déng thtrc xa)‘ ra tzii nhfrng vi tn’ khzi dcp. nhu' céc bién being

nhau. hoc 1 bién dat gizi tri bién \'i1 czlc bién cbn lni bfmg nhau. Ngoai lé cé mét $6 bét
(ing thirc dbi xnng mi déu being dat du'Q'c khi czic bién rt léch nhau. $6 nily rzit ft. Tuy

h‘A A ~ / A - , \ K _n ien doi v<')‘1 cac but dang Lhiic hoan \"i thi \'i¢c dang thnc xay ra khi czic bién rét léch
nhau. léch cél tm \-'21 0' rait xa bién in rfit ihu"bng gélp. Thubng thi khi dé dng thtrc sé xay
ra khi céc bién thou min min hoc IUQI viii he} thtrc dzic biét nilo dé. vii do dé cc’) thé c6
tru'(‘>‘ng hop ding thnc xziy ra tgai v6 han bé $6 (czic b6 niiy thém chi khéng ty‘ lé vdi
nhau). Déu sé IE1 hu"O'ng di szing sun nhfit véi nhfrng bi tozin loai néy. Cho dén gib chng
ta c6 hai hu'('>‘ng di sau dy. Hu"c'>'ng di mu nhfit 151 su' dung czic phirong phzip vbn dilnh
cho bit ding thirc dbl xtrng kém theo min $6 su cai tién nilo dé. Chng ban 06 thé czii

tién phu'0'ng phzip S.O.S'. D.A.C vii thzim chi’ ca phu'o'ng phzip sir dung Slzur dua V510

phép bién dbi bin tozin \=é dang téng czic binh phubng nhu' sau

5,(/J—z‘):+S3(<‘—u):+S‘(z1—/2):ZS(u—lJ)(/>A(")(('—(1). I-Iu‘é"ng di ny ti) ra cc’) hiéu

quzi trong rt nhiéu bin main khé. dzfic biét khi n6 du'Q'c hé trQ' bO'i mét $6 bzit ding thirc
phu du manh. Hubna di thllr hui IE1 Lim czich dbi bién nhém quy tail ca czic tru"Cmg hqp
ding thnc xay ru khi czic bién bun dziu léch nhuu vé Irubng hop dilng Lhirc xay ra khi czic

bién mdi khé "d¢p“. Dé thuc hién dubc diéu dé chfmg In cn s(1'dung dén nhfrng dinh 1;? ‘

d nén ra trong mnc phuvng phzip G.L.A téng quit. Theo dd dbi vdi bit déng thtrc cn

chtrng minh C6 dang F(a.b.c) 20, ta sé chbn czich déi bién thfch hqp cc’) thé cl§1n téi béit

ding thtrc A’ +B’ +C' Zwnsl. Sau dé chérng minh ring véi m<_>i gizi tri 06 thé ciia
A.B.C Iuén tbn tz_1i ui'.b',<" sao cho khi dbi bién ta nhén duqc A’. B’,C' théa min:

A'B'= B'C’+ C14’: AB+ BC+ CA

’ '6': ABC ("‘)
. —B')(B’—C')(C'—A'):()

/\

Lfic niiy ta da cé thé zip dung dinh I; 1 vii dinh l§7' Z trong muc 2O.VIII dé quy biii toén
vé trLtb‘ng hqp trong 3 bién A. Bf cé 2 bién bng nhau. Thirc ra ta czin chirng minh hé

(*3) 06 nghiém vi dinh l§7' 1 chi du'Qc phzit biéu cho trong khi dé (A.B.C) chi chay

trong 1 nip con niio db CUL1 vi chiing cbn bi rimg buéc boi mét quan hé qua chfnh
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phép 1161 bién. Tuy nhién dy cfmg chinh 111 "gm chfm Asin“ cuu phu'o‘ng phzip n21)‘. T211

$110 \'§1y. B01 vi t1"u'O'c khi d(1i bién chimg ta khéng thé biét dLI'L_)'C hé 1*‘) cé 11gl1ié111 hay

khéng. Trong 11161 $6 tru‘b'ng hqp don gian thi 1:106 thé khéng dinh ngay diéu £16. Nhung

trong t1‘u'b'ng hop téng quit thi moi Yiéc khéng c6 g1 chic chn. H011 nfra ngay Q21 khi d

quy vé 1ru'b'ng hqp dng thtrc don gian cua bién mdi. néu czich déi bién quzi phtrc tap [hi

khi quay lai bién cf1 ch1'111g 1:1 cfmg sé gép 1511 nhiéu khé khim vé 111511 tinh 101111. Dé hinh

dung duqc nhimg khé khim d6 czic ban cc’) thé Lhtr 11111 phép d6i bién 1111011 hqp vdi 11:11

105111 sau dy:

11211 14. [vs Quéc B21 C511]

T1111 hing $6 k 1131 1111511 sun C110 11511 df111g th1'1'c .\;1u dnng \1'1’>'1 11101 $6 thuc du'0'ng :1. b. c:

¢_1+/l+iZ )"k(z1' +/1' +c")+9_/‘V

b <' (1 \J u/2 + In“ + cu

Nhu' vziy vain dé nily Q6 111?.‘ 1161 1Z1 mO‘i dang 0' \*2_1ch X1151 phzit \‘i1 Vin dung dqi nhfmg tim

tbi cila chfnh czic ban trong tu'o'11g I111. Chfmg I11 hiy chuyén sung czic 11511 ding thL'1'c

khéng thuiin 111151. C6 Lhé coi czic bit dfmg thirc nily IE1 1 phn cuu céc bit dz'111g thtrc (1611

xtmg. B01 vi 116 V5111 121 511' t1'{1n ln gifru cz’1<: t(1ng (161 xtmg co ban trén céc bién géc, $6

bit ding thtrc 11hu' thé 11i1y tuy khéng thuc 511' nhiéu, czich pht biéu cé thé h0‘i cbng

kénh. nhung déc biét n t11Q"11g.

D511 sh) = 2 .1-,|1....1-, 11 <11) V51 .1,..11:.....1»,,€ ?.. Khi as 111 06 czic 11511 aéng

i)<.1.<i‘c{l_2....n}

thirc sau

Bé1i15.1L5§_4 -sin‘ +1): +13‘, -$131)’ 2;-%%(\5sU + \/?.§:_4)‘

Bé1i16.1l41)_s')_, -3715:) + 22109): +371(7s,__) -535,‘) )2 23110115“ + 514 + 35)); +1):

B§1i17.1;9S4.)_, - 215:)“. +49): + 21(3sU -75:74. )’ zl‘§l(_§)__, +251) + 55)) + 2)’

B511 18.1555 -2515 +4515 )2 + 2(5); -25:5 +4): z(_51_§ -5)., +1)’

\- 1
I ~l Z

Ba119.1S -5 +5“-1) +(s(-51(+s)()>i(o5M-s1(+5sH+1)
1 6.6 -H1 _. 5.1 .1. 1 ..1 _ . -1.1 .>

Lb -— 205% + 50516-125): + l()(4S_=_h — l().S').,%h + 255%)" Z 96_()4(S4_h + SM)"

U5

E1
IQi:

'36
AC/1

Nhu' vzfxy. C6 thé néi cc bin tozin hozin vi \/E1 czic bi tozin khéng 1l1u5n nht (khfmg m£:1Ll

muc) sé lb nhfrng hu'é'ng di chu yéu cua cl11'1ng ta trong tu"0"ng lai. 151 nhién, nhfrng bin

tozin déi xfrng thun 111151 v5n 121 11161 11131111 1151 milu n16’ dé céc ban tiép t1_1c trién khai

nhimg y tubng mdi c1111 minh. Chng 161 sé 1161 ké lai mét $6 bi tozin hozin vi cé dang

khzi don gian. 11hu'11g viéc gizii quyét d11'Q‘c 116 \/15111 IE1 nhfmg cu hbi 1110'. thzich th1'1'c ban dQc.
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Béi 21. [Phan Thilnh Viét] Cho .\'. \". : > (). .\‘_\": = 1. Um k [Gt nhét dé

.\‘+\'3 \"+:,3 3+‘-3 '

_\'+ 3‘ ;+.\'“ .\'+_\"”

Ghi clzzi: bait ding thirc dng vdi /'< = l, 2, 3, 4 nhung sai vdi k = 5.

Bfii 22. [M6 réng bét ding th1i'c Jackgarfukel]

-1)‘+/<‘(A»-1) 2

fa./2.c>O
1. Cho va CA I/nax LL .Chu"ng mlnh rang:k >1 /<“ (k -1)

/2

R:,»

/'\

P?‘

2%} 3 Q (21 +1; + 2-) ' (vdi l< = 2. chng ta cé bér déng thirc Jackgarfukel)
"\'1'(¢1+12)i

2. Cho u, /2, (" > O V51 q 121 hing $6 thuc durmg. Tun k t6t nht sao cho bit déng thtrc sau Citing

(1 I2 0
+ , + Sl<\/a+b+c

\/a + c//2 \/Z2 + qc \/c + qa

3. Cho 12, c, d > O. Tlm s6 [hL_l'C.k nhO nhét sao Cho bét ding thtrc sau dimg

a ’+ b + C + (1 £k\/a+b+c+d
‘\/51+!) \/./2+0 \/c+d \/(l+a

Biai 23. [Cu bé qung khn aa - MnF] Cho 2+, 1>. C > 0, 2112- = 1. Tim k [at nhét aé

u b c+ + k >1
11* +2 2-‘ +2 <1 +2

Ghi C/‘Iii.’ Bét dfing mu-¢ dling véri /< = 4 nhung sai véi /< = 5. Luix y rang khi /< gén vdi
gizi trj tét nht thi (1.12. 0 ch'<1yt<'>'i ba girl tri Iéch nhau vZ1 léch bién.

Bé1i24. [Duvng Dire Lm] cm 21.112 z 0;“ +11 + 2- : 3 . Tim $6 dutmg /< +6: nhét aé

ab + 12¢" + ca < 3

/<+c12 /(+122 /(+03 /\'+1
Ghi chzi: VT-hinhth1'rc, ban tozin nily gén giéng vdi biai tozin 3.5 Cil §1s (Phuong phzip
dén bién). V21 o d6 ta ea phéi st!" dung ky thuét dén bién bang hém S6 rét vat vé. Tuy
nhién béi tozin o trén lai la bin rosin hozin vj vi aa khé hcm gap nhiéu 1511. Cng nhu biai
23. d§1ngthL'1'c xay ra ('1 bili nily cfmg léch tm v21 léch bién.

~

B§1i25. [Du"0'ng {)li"c~Lém] Cho u.l2, 0 2 Oza +12 + 1- = 3 v21 k > 0.

Timgiétrjlén nhzit,nhonhétctlabiéuthtrc 7 1 + j I + , 1a'+b+k b'+c+/< c”+a+l<
Ghi chzi: Xét trubng hqp riéng /< =1 . bang phuong phzip dén bién ban va Q1150 Bd can
d tim duqc gizi tri nhé nht cua biéu thirc xép xi 0.9168... 121 nghiém cila mét phucmg
trinh béc cao vdi nhtrng tfnh tozin réit phtrc tap; cbn gié tri lém nhét thi c6 thé du dozin
xép xi 1.3532... bang méy mm vé rat khé c6 mé tim duqc m(}t dzinh gizi thfch mp vi
ding thirc xéy ra khi ba bién léch nhau v51 léch bién (khéng cé bién nélo bng O).
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Biti 26.

U3

E1
l\)
.\'

» Y (1 £1’) u_
[Phan Thfmh Viét] Xét tép hc_>'p D gém n s6 thtrc dtrong thoa min ——'~ +-h 4-...+—" :/1+1.

42, <1; cl,

; ; (u'i+r1.+...+u,_):
Ttm gtu tr; l0'n nhat. gm tr; nho nhat cuu hteu thtrc trcn D.

Ll‘_ + LII + + cl;

Ghi chzi: Ldp biti tozin khéng thun nhét thuéc dz_1ngtnity cbn rét nhiéu v21 ngay ca vcn

nhfrng biti tozin déi xtrng né cfmg n chtra nhfrng khé khén nhét dinh.

[Ph2_1m Kim Hilng] Cho a. /2. c > O. u + 12 + c : I vit czic $6 tht_1"c r, s.

Tun gizi tri ldn nhét gizi tri nho nht cun u’/2‘ + !> '1“ + 0'11".

Glzi clzzi: Béi tozin nity dd xut hién hon 3 nm trén cdc dién dim thno luén. tuy nhién

cho dén nay vn chi c6 nhfrng lb'i giai cho mét $6 trtrmg hqp dzftc biét.

Bfii 28. [Phgm Kim Himg] T‘1m Qizi tri nho nhzit cum ——~—”+ H’ + 717+ 1*" + c‘.+ k” vc'>'i a. I2. c. k > O
” /2+/<0 ¢'+/at u+/</2

Ghi clzzi: V61 k = I thi ta cé bit dng thtrc AM— GM. \'b'i k = 2 bin tozin c6 mét ldi giai

khzi dcp. Trong t1"u"b'ng hqp téng qu:'tt.cht'1ng ta chtru cé Ibi giai tr<_)n v<_:n.

Théng thtrémg. sztu khi mitt bit dng tht't'c dtrqc chtrng minh. ta thuirng tint czich tham $6 héa né

v51 détt ra czic bin tozin tim hing $5 [61 nhét dé bin totin v§n dting. biti Z1. Z3. 24 lit nhfmg dién

hinh. Viéc dzjt ra czic cziu dc) nhtr thé thtrc str 121 nhfrng thzich thtrc ldn vdi nhfrng phu'o‘ng phftp

hién cé. Tait nhién. nhfmg cziu db c6 hinh dang quzi phttc tap sé bi bé qua. v51 ngttdi ta sé chi teftp

trung vZ10 nhfmg bin tozin c6 dang don gian viz dqp dé nhzitt. Cc blti toain Z7 v21 28 lb nhfrne vi dt_1

rét tét. Trén thtrc té ké tit" hic chting dtrqc din ra. G5 cé rftt nhiéu phuvng phzip mé'i ra dyi. nhtrng

vén chua dtt dé giéai quyét triét dé. vit vi thé v'5t1 dang cn nhftng cf} géng tim tbi tiép theo.

Czic ban thn mén! Véty lit chting t6i d trinh bZ1y tit czi nhfmg gt minh muén gtri gm tdi céc

ban. D6 151 nhftng kién thitc rit co ban n5: bt ding thnc. nhfrng nén tang vftng chic dé czic ban

vita cé thé tiép tnc tint tbi sftu h0'n vé thé gic'>'i cua czic du lc'>'n hon nho h0n_ vim C6 thé tim dtrqc

nhftng (mg dung tronu céc biti tozin thttc té. D6 lit nhfma tu' ttrcmtl v21 nhfrna tim tbi rt nhiém
\.. - \_ \_ t_/ C

ttic cét vé 1)?" thuyét lén thtrc hitnh ctta nhiéu tzic gin. Czic tn" ttnmg fay da du"Q'c phzit trién m{)t czich

triét dé. V51 cfmg nhb dé né trv thitnh nhfrng phtrong phzip dcp dé nht hién nay. Chting téi hi

vqng ring tinh thin sng tgto ty sé Chrqc czic ban tiép tttc vit phzit trién lén nhfrng ting cao hcm.

Trong Tozin hQc. khéng chi c6 riéng b§t ding tht'rc. nhung dé c6 thé hbc vii litm tozin tét. thi tinh

thin szing tz_1o IE1 yéu t6 khéng thé thiéu. Mét mong m('>i lc'>'n cua chting téi khi bait tay tht_1'c hién

cuén séch nity lit phrii litm suo xy dung du'Q'c mét cuén ttr dién bit ding thtrc SO‘ cftp ditnh cho

tit cit czic déi ttrcyng ban doc. Quit thtrc chting téi d c6 gftng hét strc dé thé hién duqc tm

nguyén 66 trén ttrng trang saich. Nhtrng qua théri gian chting téi nhém thy viéc truyén dtrqc cam

himg szing tz_1o vit tinh thzxtn hqc tép tozin h<_>c tdi czic ban déc gift <15 lit m©t czii gt dé ldn lao hon

nhu' thé’ rét nhiéu. Vi véy chting téi hi vcpng czic ban déc gia sé dén nhzfln nhrng kién tht'1'c duqc

trinh bity mét catch chu déng v tfch ctrc nhzit cé thé. C6 nhu' thé cuén séch nity mdi thuc sn" c6

ich. Chtjc czic ban thilnh céng!
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"1\'0ns6ng Viét .=\"am co trrinén \'U'l‘{llIg/1(I_\‘/(/Irillg. Life is good for only two things, discovering
dn tgic Viét Nam c6 u'u'{;'c re rang xanh vai car cirang mathematics and teaching mathematics.
quzilc nnz than n'u‘y'c hay khong, chfnh la 11/11)’ mg?! ‘_ _; ; , . , - . . , ,, Simeon Poissonplum rat I071 0‘ cong hgc tap cua cac chau.

; A ’[\"lza giiio khring phai Iii ngu‘z}‘i nhdi nhét kién(H0 (,hli\llI1h nhan dip khan irumig duu tlen cua' , _ , i , _, , _, A _tlzirc ma do la cong vzgc cua ngu'o‘i kilo‘! day ng_0nnu'0'c \1gt Nam Dan chu Long hoa num 1946) , A ,, _ , _lll‘(l cho tam hon. (Uyham l§at0'D1t)

1. S1_r ra am ciia cudn séch:

Chdng ta di di dén {rang cudi cimg ciiu min cudn szich d duqc tic giéi hoiii lhai 20 nm vii
duqc chiip bin lrong gzhi 10 nm. Trong sudi cuéc hnh biii niiy. cam xL'1c cua tic gizi cng dirqc
[hay ddi thco Ihri gizm. Bin dziu IE1 khzii vqng ludi iré v(')'i Lrdc mudn duqc vielt vé mang kién thirc
dam ma’: nhdt lir khi cbn 121 hcvc sinh phi» ihfmg. Tiép dd iii sh‘ b6 trq qufmg bzi hinh zinh czi nhim
dé day luyén thi diji hQc \'<'7i mél cudn saich ddu lay: Ccic plum‘ng phap va kf rhugit chzivzg minh
Brit (fling thzic do Nhii xuii bén TP.HCM phél hiinh nm 1993. Sau nfly cam xiic duqc bd sung
dy dii horn khi di1'Qc biél vé sii"d§1u ur céng phu cua cfic gia dinh c6 con em dam mé hQc toén
vdi mong mudn lrd thémh hQc sinh gidi lhi qudc gia. qudc té. Nhiéu gia dinh tdn rét nhiéu tién
cda 10 cho con in h(_>c nhiéu lhiiy khéc nhau. thzflm chi’ c6 gia dinh phai thé chip nhil dé I:-iy tién
cho con hQc luyén thi Tozin qudc Lé. Nhu vfiy ding sau cuzi trim huy chuvng 121: "Hgc sinh Viéi
Nam d mat rail nhiéu thdi gian chi dé hQc dugc m<_">i kién thirc hay mfn k§' nfmg phuc VU cho
mét cuéc thi n210 dé". khfic vdi hqc sinh nu'é'c ngoiii viii ciuzg mot don v_i rhoi gian ngoai viéc ti_r

hoc chuyén sziu m6n hqc yéu ihich hq cén duqc nm bit nhiéu kién thirc ky néng bd {ch Lhiél
thirc vii gin gfli vdi cuéc sdng. Phdi chfmg vdi cac hoe sinlz gioi chfing ta khfmg nén day hqc
iheo kiéu who gl.()lkl'é’l1I/1llZ‘”, cho van ba ban toén dé h<_>c sinh nghi gin hét buéi hc_>c r61 chfra
mil nén day hqc thco "nhu cziu n kién mm czia h_0c sinh” vdi phuong thirc ddi thoai cdi md:
"Trao toim bf) théng iin_ 121i iiéu cho hqc sinh V51 hudng din hqc sinh czich tiép cén, xii 1)? théng
tin rdi czich mt; réng vn dé. caich l2_10 ra czic vein dé mdi". Nhén ihirc [£1 nhu‘ vgiy nhimg viéc bién
thfinh hanh déng lgi lién quan lruc iiép dén 11161 sir kién. dd iii chuyén viéng thém cua Tdng
thdng /VI] Bill Clinton sang thém Viél Nam iii‘ 16/11/2000 dén 20/11/2000. Téc giél d
d6i thco sci‘ hién dién Qua Tdng méng My khi aén thém Vén Miéu Qudc Tu Giém, gép g6"
thin thién vé'i ngudi dim H51 N<_‘>i tai khu phd c6 buén bzin Hiing D510 vii déc biét viao lc
16h ngay I7/11/2000 khi gap g6" vdi czic giang vién vii sinh vién DH QGHN Tdng
lhdng d5 phat biéu: “We cannot change the past. What we can change is the future” tam dich
151: “Chzing ta khéng thé thay ddi du'_ac qua khli; czii ma chzing ta thay ddi la tirmzg lai”.

Chinh céu néi nay d lam téc giél r<‘7i bd "monk dfit mau m(7 luyén tlzidg1ihQc"tir ném
2001 cho dén nay dé quyét téim viét mcf>t cudn seich gidi thiéu nén Tozin h<_>c ph<"> théng
cua Viét Nam ra thé gidi vii cfing 1&1 théng diép mong mudn du'Q‘c dzip lz_1i thién chi’ ciia
Tdng thdng Bill Clinton: “Khép lai qua k/Ill’ dau thzr0’ng dd hzréng dén tirmzg lai”.
Vdi )7 dinh gidi thiéu cudn szich khéng chi mang )7 nghia thuein tiny vé Tozin hQc H15. cbn
mang )7 nghia vé su lién iudng vdi tu' duy cuéc s5ng,ti1'nm 2003 tzic gizi dé suu tam v51

mua czic doan phim tu liéu dé tz_10 ra mét video clip dzii 60 phfit gidi thiéu vé cudn szich.
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2. V111 116 cua T0z'111 h1_)0 trong 0u60 s6ng

C6 11111 qu11n diém 0110 1101111 1161 1:111 11111111 Y6 11u1111 niém \"111 116 01111101111 h00 110ng C101 s6ng

X51 h61. M61 qu1111 diém s11y 16n T01111 1100 121 611g 11111 01111 0110 11g{11111 1111011 h60 6611 111110 d6ng n11211

11111 k11111 n16111 1116ng 111in11 06 ngh111 151 p11f1i g161 1011n. M61 qu1111 1116111 06 s11y 0110 0110 ng1111h kinh

16. 1211 c111n11. qu:'1n 111 k11111 110111111 11111 x0111 n11¢ 1111 116 01111 T011n 1100. V6 quzm diém c111u 11én

ch1111g 111 06 111é Lhéy $11" 1:10 l1f1u khi kl1611g 011p n11111 1h611g tin 1111111 bl kién 111110 11161. C110 n11f1

khoa h00 Howard Gardner, Thomas Amstrong C151 0h1 1'11 06 1111)’ 10311 h111h 1h6ng n11nh

n1i1 kha 11:'1ng 111611g n1111h 1'1? 111111 101111 0111 111 11161 11"0ng bay 10111 1111111 11Z1y. T111 nhién

1h6ng 1111nh v6 T01111 1100 1Z1 1031 hinh 1116ng 11111111 01111 1160 nén <16 06 1116 n€1111 11511 nh111111

0h6ng khi chuyén sung 0110 11nh 1110 k11110. .\lg11'6'1 g161 T01111 111 11g1r6‘1 06 kh1'1 néng suy

luén 10g10 161. 11nh 101111 0611 1hg"111 \1'i1 kién 111 suy 11g111kl11 gép 11nh hu611g kh6. n§111 vfrng

nhfrng k11111 1116111. 11g11)'611 1510 111111 1116'11g 0611311 dé 06 1116 1111 d1111g 0h1111g v110 11hf1'ng bili

1011n 011 111é. N11C1'11g d1'1'0 1111h 116 111 11611 16 0110 \11{:0 111111111 0611g 110ng 11161 11nh 1110 0611

dén du 60 11111‘ 0110 11nh v1_1'0 11g116 111ué11'7). V6 11111111 1116111 X0111 11h¢ \'11i 116 01111 T01'1n h00

cimg b60 16 s1_111ép 0311 111111110 11161 0110h 1161 h6"1 n111ng néng 15111 11611 11611 d1111g kiéu 1111

én 116n. T011n 1160 kh6ng chi 111611 1115211 ph6 111611 v61 0110 phép 1011n $6 h00 11011g 0110 g1110

dich. bu6n bzin 111611g 111u'6'11g 11151 116 1u6n in hién \’6'i v111 116 06ng 011 k116ng 0111 110ng

0110 ngimh k11011 hc_>c 11h11\/.611 1;". T111611 vain. C611g nghé 1h611g 11n. H611 h00. S111h h0c mi1

c6n 611160 1'1"11g d1_1ng 1611g 1511 11"0ng 0110 ng£111h Y 1100. Kinh 16. T111 0h111h. Ngim 111mg v11

021 ngimh Lué11 phzip... D6 06 thé p11611g 61160 0110 1£1u \*f1 1111 Apolo \'i1 lép ghép 0h1111g

trong k11611g gian 1h1 pl11'11 06 $11‘ d611g g6p 01111 p11u'0ng 1111111 vi p11f111. 6130 1151111 riéng. 111nl1

1191 vi phn. 1y 111uy61 biéu 111511. 111111 S6 101111 111.... 11011; \/$1 1y 11111 111511 1111. Bé 113 111é 11110 1161

n1u11 111111 qua 1111e1nc1 11151 k116ng sq’ b1 116111 cép 1111 k110a11 1h1 p11z'1i 050 dén 1'111g dung 01111 1)‘

1,3

(-4

thuyét mi 116:1 1h6ng 1111 \'01 11111111g*1'111g d1_111g 01111 101111 161 1110. 1 hu)/61 1'11 hinh 1100 dai $6.

C110 nhE1 k111h 16 1100 d11'6c g12'11 Nobel g1111 1111}-' déu 06 11611 qu11n dén 1116n k1n11 16 1uc_111g v61 $11

d6ng g6p quan 11611g 01111 0110 1116 111n11 10:10 1100. 1\‘11f111g diéu 11611 n161 ng11'6'1 06 1116 nghc d1“1u 116

<15 C16 cép 6611 n1111ng 01111ng 111 0111111 11111) 1161 \'111 116 611 01111 T01111 1100 11"0ng 111' duy logic 11p dung

cho 0110 v11n <16 XZ11161. N111111 1151)" 161 x111 ké 11111 01111 011uy<f:-11 \'11i v6 111‘ duy 10g1c. Chuyén

1h1'1‘ nh61 151 11“1n 161 d11'60 n10'i 111m g111m k11110 0h0 cu6c 1h1 1111' sinh 1h1111h 110h 01111 m61

1ru'6'ng C1511 h6c 1:11 H21 N61. O p111111 1111 1'1'11g x11" 161 0611511 1116101111 h010h0 111611111's1nh v61

n61 dung: "Theo em Jiéu kién c(1n J15 mgit ngzriri Jdn ring l('1y dzrgc mgit ngzriri vgr tré Id

gi?". R211 nhzlnh 0116ng 1111' sinh C151 1111 161 v61 nhiéu 111611 kién: "11gzr0'i,d&rz éng J6 phdi

tdi gidi, 06 hgc vj, dja v_i, c6 nhd, tili sdn, 06 sz1'c khcie... " Khi 116 161 n61 dy 111 0f1u h0i

logic @1111-1<11o11g 111111 11111111111111 1111-‘:11 1>1é1>111 11131. 1>1é11 111311 011n 1111115511 111311 011ung 1111511

dé c1"1u 1hf111h nén 11161 s1_1" \‘1f11 111611 111'6'ng 11510 d6 11151 11611 11160 b6 111 1h1 kh6ng 1hé 1510 1'11

d11'0c s11v:§11 hién 111'0'ng 11Z1y nfra. Em dun 111 1 10:11 0110 diéu k16n'11h11'11g 616 kh6ng ph1'1i 111

diéu kién b110 qu1110hung nh211 vi W111 06 1116 1 ng11'6'1 1111 xc 6111 kh6ng 06 1511 sém. C1111 v1.

1100 v1 n11‘1 v1.11 06 1'6‘ 111 0110 1161) vién 11'é_ d¢p. Q dily diéu kién 0611 66 1 ngu'6'1 dim 6ng

16y d11'o'c 06 vg’ tré 1211 don gian "0ng r'1y phrii gid dd!" 1301 vi néu m('1t tlzugic tinh gid

1111 kh6ng 111124 C6 1111111 111{:111l('1y an-qc vq n-1; 1111-Q-Q! 15111111611 dy 1111 1:1 aiéu 1111311 0110 ma

k116ng phC11 121 111é11 kién 1111 1-1 111111 1é @110 1h1"1y néu 1111 06 11161 11111131 111111 "gm" 11161 1111

111111116 15y 61100 v6'0111'1' ch11'11 1161 dén 151)’ d11'0‘0 v0'11'6! 11111)’ 111611 v0ng 11z'1n1 1111111 06 don)
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Cz'1u chuy1§11 1h1'1' hz11 111 11161 Q6 hz_:1n gzii 15111 11gi1_\J gap 1:11 11161 161 dén nh Q11 11‘11'u cimg gia

dinh. Khi 116 161 1161: "f)u'()'c r5i nlurng 111.514 Irrii m1ra<tl1i an/1 khéng dén (7611 nhé."'.

Lén gép 1211 c6 51y 1151 1111011 161 151: "M11! Ijclz sgr” \1 h6m 116 11111 11‘011g xzmh. néng diu

dimg mil anh (151 $111 h<;11 kh6r1g dén v21 cng kl1611g g61 di-$11 1Z1m 021 111151 ch6' 00111 mi.

T61 c11‘6‘1 v21 dzip 1311: Anh dflu Q6 $111 h¢11. khi 115 1161: "Néu 11'6'1 111u'u 1h1 anh kh6ng 11611"

kh6ng c6 ngh1a 151 ”Tr0'i n1111g cIu1c clufn anh sé 115111" n1Z1 chi 111'o‘ng d11'0'ng v6'1 cu:

"Khi anh dén thi triri ch(1c chzin klzéng mzra”.

Hai C5111 chuyén 11611 121 11161 11111111 ch1'1'11g1h1'1 v1 Y6 su' dung 1u' duy logic trong 11g6n ngfr.

1\/16'1"611g 1'11 néu chdng 111 phdi 111' \':1n s0.f111 111510 czic vén ban phzip 1uf11_ h1'_.1‘p d6ng k1nh_ 16

Cho czic 1161 1116 1h1 vui 116 cua 111' duy logic 111 1211 quun 11'Q11g. Chéng h2_111 1:1 bién thé cu

chuyén 111L'1'ha1 1l1£1nh 11161 diéu kién trong hqp d611g giao 1111z_“1n himg 11hef1p khéu gifra hai

bén : "N614 trdi mlra thi bén A kluing giao Izdrzg tgzi chn cling trinh cho bén B", nhu

véy khi 1161 nng bén A \'6n c6 thé giao nhzin 11111 n161 ch6 khzic czich xa hing 1rf1m

k116mé1(12_1iC£1ng chng hz_1n) mi1 v6n kh6ng b15111 hqp d6ng!...

Hién nay 1:-_11 M)‘ vZ1cz1c nu‘6"c ph11'o"ng Tf1_v nghé 1uz_"11 s11" 151 nghébé 1hu nhép cao 11hé11 v51

mac d1l1 chng 111c6 _11h16u 11gu'6‘1 151111 G1110 $11‘ 131 czic 1ru'6'ng D111 h(_)c. \/ién nghién ctru

nhu'ng kh6ng C6 m61 211 11'6'1hf1nh 11161 111511 s11‘ 1161 liéng 1:11 c{1c nu'6'c n51y. B61 c6 16 diéu

1<1e11 @511 aé 1111 111111111 111511 111 g161 111 1111111 c6 11111151 1<111é11 T111111 11111 1:1 ng6n 11g11- 11111111;

nhC1'ng ngu‘611 V161 Nam c6 khei némg nZ1y déu di vi16 cc ngimh khoa hqc 111' nhién mZ1

quén CI1 m£11 ngimh Luét dy hép d§n. Trong nu"6"c cfmg vgiy ch1'1ng 111 cfmg cn r51 nhiéu

ng1r6‘1 c6 111' duy logic h0{11 d6ng Lrong czic 11nh v1rc X51 h61 dé kién toim czic vim bém

11111111 1111§111111:1¢ 111- 11511 @1111 @511 1161 1111- 11‘011g 111111-1 1111<é1 111111 d6ng 1<111111é 1111 1:111 1161 11¢

nu'6'c ng0i11 mZ11<h6ng 1:511 phai thué luél s11'11u‘6‘c ng0£11 111' vz‘1n...

Chng 161 vira néu ra vui 116 c1'1a Tozin hcpc du'6'1 nhiéu khfa canh khaic nhau v6'i ké-11u2§1n

— Toxin h<_>c déng vai 116 n611 tang 1hcn ch61 dé ph1 11"ién khoa hcgc 11rnh1én cfmg nh11' 121

$111 déy 11>g11~ 111-‘: 11é1 1161 @111; 15111 aé X 11131.

— Kh6ng nén vZ11<h611g1h§d611gnh211ch1c6 n16110z_1ih1nh11'1'1h6ng n11nh 121 Toain hcpc

— C6 1'51 nhiéu con du‘6‘ng 1'611g 11111 cho nhfrng ngu‘6'1 c6 111' duy Torin hqc. Nhtrng ngudi

xu:?11 sic 11115511 c6 thé lién phong di du 11'011g czic 11nh vuc szing 1210 c1121 cc chuyén ngimh

111 nhién. NhC1'ng ngu'1‘7i 116p sau 06 lhé s1'rd1_1ng 111 duy Toén h<_>c vo czié ngimh nghé X5

h61 nh11': Y lé, K1nh16.TZ1i chfnh. Ngn himg. Xziy d11'11g. M61 11'1r6'ng... h Lu:§1.

<
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3. Vai trb c11a bét déng th1i'c 0' béjc hgc ph6 théng

B511 dang 111111 1111111 511111 1111e11 @1111 11111 111111 nguy 111 11111 4. 5 111711 Tiéu 11111; 11111 1111111 niém

so szinh phz“111 s6.@16'p 6151511 so szinh cdc lfly thira v6'1 $6 mE1 111 nh16n.O16p 7, 8151 so

$111111 1111 111é~11 111111 11111 $6 dang 1:111 11111-Q. 11112111 11111-1. 6 ldp 9, 10 11111 $11111 11111_1~1~ g1<'11 11115111

bit ding 1h1'1'c Csi (AM — GM)_ Buniakowski (CBS) (2 S6 1'61 dén n $6) C16 c6 lhém

c6ng c11 chL'1'11g n11nh 11:11 ding 1h1'1'c cho czic biéu 1h1'1'c ch1'ra cn. U 16'p 11. 12 czic cm

dLl'QC lrang b1 lhém ph11'011g phaip ch1'1ng n11nh 11511 ding 1h1'1'c bing C1210 hflm. 11'ch phfm vii

GO

"2
Q)\

Q

c£'1c phu'o'11g phdp 1hz1n1 khaoz Tam 1h1'1'c béc haiz H111h hqc. \/cc10 v51 Lu'6'n
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Nhin ldng quail trong <:hu'o'ng trinh Tmin phé Ihéng lu Q6 thé n<'>i bait déing thtrc

déng vui trb rt quan Lrbng trong viéc phiu trién Lu duy Tozin hQC néi riéng vii phzit trién

Lu‘ duy logic néi chung. Bgin d<_>c C6 lhé dbng czim \‘c'>'i nhgin dinh niiy khi di dqc qua hon

1000 trang trong cuén szich F121)". .\/[Z10 clii c6 thé néi dy 1?: min cuén szich viét rt céng

pbu vii chi liél giéi lhiéu czic phu‘o'ng phiip déc séc nhzil chirng minh bail dzing thL'1'<: dai

56. nhirng néi chung Lrir czic hQc sinh giéi qubc giu. quéc lé lhi nhfrng ban dbc cbn Iai

vain gafip khé khén khi giai czic bzil ding thfrc khéng tfim thuimg cé trong szich hozfac nzim

ngoiii szich. Sir hip din Qua bit ding thi'rc chfnh 151 tfnh da dang khéng Iép Iai ném trong

tu tudng cua nhtrng ngubi dafat ra czic dé tozin indi. Tail nhién néu chimg ta dimg czic céng

cu mginh du‘Q‘c gidi lhiéu Lrong saich nhu: 11/Iuirhead,D(10 hdm, SOS, ABC, A/IV, EV,

RCF, LCF, GLA, 0/ac... mi hiiu nhu' mqi ban aéu cé thé giéii du'c_>‘c. G day chng téi

muén nhin mgmh dén tfnh hsip din cuzi bait ding lhtrc cbn duoc hiéu khéng chi vé dc}

khé mil cbn duqc nhin nhén thco khiL1CaI]h su‘ dung céng cu ban ché dé chirng minh. D0

cé rit nhiéu céng on khiic nhau dé chtrng minh bail déng ihtrc nén dbi hOi ngubi giéi

phéli nhzfm dién chfnh xzic dzfic diém réi ttr dc’) lira chbn cbng on cho phii hqp. Bail ding

thlI1'C 1

ml

3

in linh \'L_1'C khé nhung czii khé khbng nm G gzinh nzflng vé 1u'c_mg kién thtrc mil

G yéu cu vé éc quan linh cam tinh lé vii sL'rc szing Lao déi diio cua ngirbi giai.

4. Y nghia ciia viéc {mg dgng tu" duy bait ding thiic vim cu()c séng

Trong cuén szich niy ngoiii viéc giéi thiéu min czich d§1ydunhErng vién kim cuong trong

bit ding thrc thi diéu tzic gia tém déc nhiit 151: "K3" tlzugit clzgn Jiéin r0'i" viii tfnh triét

hqc duqc thé hién trong cu chuyén vé bi» phim "TéIzéran 43" di C1’u'o'c giéri thiéu 6

phan mt? déu cubn szich. Tuy nhién dii ban CI<_>c cc’) Lhé linh héi dy dti czic phuong phzip

aé 06 mé giéi quyét m(_)i bin béi dang um im vén chi 151 mét két qua khiém iém (khén

U0

khéc gi mét ngubi ch0'i gioi cb vua) néu czic ban khéng vain dung du'Qc clnh hirc'>'ng ciia

"Ki thugit chgm diém r0’i" sung céic linh vgrc du baio. dzinh gizi hay so szinh nhfrng su vét

hién tu'c_mg dién ra trong din séwng. Bcii vi Brit ding thi'1"c tozin hqc 151 so sénh tinh cbn

dzinh gizi sir bién déi lrong cuéc séng 121 so snh déng vii: "Tr0ng mqiz I/16' gi(}”i vqin déng

viz bién Jéi, con ngzrdi win n/14?/1 1/1121' (TZl’(7‘(‘ nliz?/ig gi dz? .\‘(i_\" ra /10430 dang .\'zi_\" ra nlzzrng

111611 ggip klui k/Min k/11' dcin/1 gici vé n/1z7'ng gi .v€ ¢7é'1i.1\’gzr0'1' Ia Ircin Iro“ i'(3'1' n/217mg bzit

dng th12'c tzrmzg Iai klzi p/mi Jim ru n/zz7'ng ¢/11v\~é'r Jjn/1 <2/w cug3c d'0’i minh viz cé l</11' c/10

vgin ménh czia cii m_6t ddn tg7c. N111?/ig ngu ¢71r<§'ng mo‘ ru Irzriii" mail. ngu dirring 11510 dcin

Jén tlzimh céng, nga J1/'<)‘ng 11210 sé gdp rhdr /2411'. C111 k/11' I/101' giun qua Ji con rzgznii /n<}'1'

hiéu ¢2’zrQ'c Ifn/1 Jlilig, sai czm (111)?! Jjn/1 {rung quzi k/12?. Chflng la 06 thé léiy thém

nhrng vi dn dién hinh minh hcpa cho vzin dé du bzio dé chqm diém ro‘i trong cuéc séng.

— Ngily xua czic gia dinh vii czic lhiéu nfr thén qué luén khzit khao duqc Vua tuyén 151m

cung phi, nhung hQ du ngr ring do vua cé himg trm cung lain my nC1' nén méri (:6 cu

néiz "cugic d(}‘i czia ngznii cung phi chi Id cdi may mdn dfin dén nié‘/n 06 dml té tcii!”

— Khéng ai cc’) thé ngb’ ring. sir m0‘ du hén 15 huy hoiing cua Céng nirorne Diana véi
5.4

Théi tti Vucmg quéc Anh Charles lz_1i dn dén m<’_>t két cuc dziy bi tham.
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— Ngity 7/1 1/1917 Chtl nghia .\/1;ic—L<":nin dfi dot phzi thimh cong vo'i czich mgng Nga. mo
toang czinh Qua con dtrong tién thing lén Chu nghizi hoi cho nu'('Yc Nga vii nhiéu din
t{>c khzic trén thé gio'i.Nftm 199]. Mikhail Gorbachov v('>‘i chfnh szich czii to d nhzin
chim con du'o'ng tiéh lcn Chti nghiu xi hoi ctla nu'o'c Nga vii mo‘ dziu cho su sup aé hé
thong czic nu‘o"c xi hoi chn nghia o Dong Au. Nu'o'c Nga @151 méit 74 ném di theo con
duong cua chu nghia xi hoi vii gio dziy ho d quay vé con duong phét trién ctla chu
nghia tu" bétn...

— Sau theit bai nzjng né trong Dai chién thé gidi lain tht'r II, gioi lénh ciao Nhét chia liuh 2
phc thco 2 duong 161 xy dung dzit nu‘c'>'c. Mot duong 161 dzin vi do thzim hoa chién tranh
viz bom nguyén tti" dé xy dtrng czic nh n1£1yo't1'ong mii cho an toZ1n(thoi gian xy dung
5 — 7 nm). Mot duimg loi khzic tfnh dén chu ky xziy ru chién tranh dé thuyét phuc xéy
dung nhunh czic nhfl mziy tqi cc thnh pho vcn bién nhm giam chi phf xuzit nhép khziu
tgto gia toc ting truong dot phi (thoi gian xity dung I — 2 nrim). Nhgit Hofmg d szing
suél chon phuong in hai \/"Z1 thuc tién d chtrng minh quyét dinh niiy dng khi chi sau
15 nm nu'c'rc Nhét CI21 \’u'on lén trO' thimh ctidng quoc tht'1' hai trén thé gioi vé kinh té.

V, , -
5. S0 sénh gla tri siin phm dé suy ngm trong nén kinh té tri thc
Viét Nam dL'1'ng mu hai mé giéi vé Xuét khéiu gao Va cix phé. dirng mu nhét vé Xuét khéu
hat tiéu vii hat diéu nhung GDP ctia Viét Nam xép hang 123 trén thé giéi. Nhung thong
diép mil nhit bzio Thomas Friendmmz cua to‘ bzio New York Times muon du'a ra 151 khzii
niém dimg trong 1t1'o'ng v51 gizi tri ctia San phm aé so sinh trinh do Quoc gia. Hiiy xcm
mot v1’ dtlz dé thu du'Q'c 500 USD. nguoi ta co thé him gt?

—T2§p doim Than vii Khozing szin \/iét Nam bzin 5 trill than dd.
—N6ng din O‘ Dong bng séng Ct'1'u Long bzin 2 tiin ggm.

—Trung Quoc bzin chiéc xe gain mziy trong lu'c_>'ng 100kg.
—HZ1ng Sony bzin chiéc tivi trong luong 10kg.
—I-ling Nokia bzin chiéc dién tho2_1i_trong luong 0,Ikg.
-Hing Intel bzin con chip my tfnht1"<_)ng1u'o'ng 0,0Ikg.
—Hang Microsoft bém mot phn mém trong luong 0kg.

Con réit nhiéu nhirng sém phzim co gizi tri cao nhu'ng trong luong chi 151 Okg nhu czic
pht minh szing ché hay gift tri thuong hiéu_.. Hilm luong tri thirc cimg cao, trong luqng
sén phaini cimg nhc. D0 hrong xut khiiu being lain hilng d tro nén v6 nghia. Giai tri sétn
phzim duoc do bng hilm luqng chit xaim vii gizi tri kinh té chit" khéng phzii bfmg trong
luqng. Quan trong hon nfra. do lit buo nhiéu gizi tri gia témg vii bao nhiéu lqi nhuén.
Két luiinz X51 hoi 151 mot gié tri tong hoz1_ str phzit trién ctiu czic czi nhn hay ctia czic
ngnh nghé déu phéi hu'o"ng dén muc dich phuc vtt sir phét trién ctia xii h<}i. Trong su
bién doi vein dong muén mflu cua xi hoi. Toén hoc luonidéng vai tro nén tang then chot
dé phzit trién khoa hoc ttr nhién cng nhu' l soi dy logic dé két noi czic vzin dé X51 hoi.
Rén luyén tu' duy bait ding thtrc cfing lit rén luyén tu‘ duy tozin hoc vii lit nhfrng budc di
deiu tién nhtmg rzit quan trong déi voi moi hoc sinh trong viéc chu§1n bi hitnh trang ttr
duy aé btréc V210 nén kinh té m mu-C.

H51 N61] ngizy 0] Ihcing 01 ncim 2009
Trfirz Phzrmzg
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. PHU LUC
1. THONG KE TAC GL5. CAO CHUYEN Bf: VA BA1 VIET

CHU’O’NG I: NHEFNG VIEN KIM CU’O’NG CUA BAT D§NG THU’C CC) DIEN

§1. Bit ding thtrc AM — GM vi cic k7 thuit chqn diéim rdi T1-n Phmmg

§2. Bit ding thl'fc Cauchy — BunhiaC6pski — Schwarz Tr‘in Phu’dng vi

vi k7 thuit chgn diim rdi V6 Quic Bi Cin

§3. Bit ding thL'|’c Holder vi k? thuat chqn diém rdi Tr'an Phu’dng vi
V6 Qu6'c Bi Cin

§4. Bit ding thirc Minkowski vi k7 thuit sir dung Tr‘in Phu’dng

§5. Bit ding thirc Chebyshev vi kv thuat sir dung Tran Phu’dng

CHU’O’NG ll. NHU’NG VIEN KIM CU’O’NG CUA BAT DANG THU’C CAN DAI

r

~ ~ ~ i

§6. Bit ding thfrc hoén vi vi ky thuat sir dung Tran Phtrdng

§7. Bit ding thL'|'c Schur vi k7 thuit sir dgng Tr'in Phlfdng vi
Lé Trung Kién

a

§8. Dinh Iv Muirhead vi bit ding thirc d6'i xL'|’ng Tr"in Phu‘dng vi
‘ Hoing Trgng Hfén

cnuowe m. NHUNG VIEN KIM cuoue cup. PHU’O’NG PHAP GIAI TiCH

§9. Dinh Iv Fermat vi (mg dung trong bit ding thirc Tr'in Phu’dng

§10. Dinh Iv Lagrange vi cic nlrng dung trong bit ding thirc Tr‘in Phlrdng

§11. Bit ding thirc Bernoulli vi cic (mg dung Tr'in Phmrdng

§12. Bit ding thlfrc Jensen vi k? thuit sir dung Tr'in Phu’dng

§13. Bit ding thirc Karamata vi k7 thuit sir dgng Tr‘in Phu’dng

§14. Bit ding thirc vdi cic him $6 [ii bén phii vi |6m bén trii Vasile Cirtoaje

§1S. Bit ding thl'1’c Popoviciu Vasile Cirtoaje

§16. Bit ding thL'rc trong tich phin Riman Tr‘in Phu’dng

.
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CHU’O’NG IV. NHUNG vuéw KIM cuows CUA BAT DANG THU’C HIEN DA!

I

I

§17. Phu’o’ng phép phén tich t6ng binh phu’dng (SOS) r‘én Tué'n Anh

2‘: Trén Phu’dng

<-1

!

§18. Phu’dng phép d‘6n bié'n (MV) Phan Thénh Viét via

' Lé Trung Kién

§19. Phu'dng phép ABC Nguyén Anh Cu’6ng

§20. Phu’o’ng phép hinh hqc héa dz;1is6’(GLA) Bili Viét Anh

§21. Phlfdng phép EV Vasile Cirtoaje

§22. Phu’o’ng phép chia d€ tri (DAC) Phan Thénh Viét

cuuowcs v. MOT so SANG TAO vr: BAT DANG THU’C

§23.1.Vé mét déy bt d§ng thfrc béc ba vi! irng dung Cao Minh Quang

§23.2. D61 bié'n s6 d€ sémg tgo vé chfrng minh bit ding thirc Phah Thénh Viét

§23.3. Phu‘dng phép dénh gié hém s6' t:;1i bién Trén Phu’dng

Pham Vén Thuén

§23.4. Phu’dng phép tié'p tuyén chL'rng minh b5't ding thl'rc Lé Phi H\‘m9

§23.5. Phu’dng phép hé s6' bé't dinh V6 Qu6'c Bé C5n

§23.6. Céc phép bié'n d6i theo céc d6 déi trong tam giéc Tr“5n Phu’dng

§23.7. Dénh gié céc hé s6'ci1a da thL'rc b5ng dinh IY Viéte Trn Phu’dng

§23.8. Bt ding thirc kh6ng thu“5n nhiit Nguyén Qu6'c Hu’ng Nguyén

§23.9. Phu’dng phép SS Bach Nggc Thénh C6ng

§23.10. Céc tfing d6'i xirng vé bé't ding th\3’c hoén vi l Bach Nggc Thénh C6ng

§24.1. Céc béi toén c6 nhféu ldi giéi Tr‘én Phu’dng

§24.2. Vé mt bt déng thirc thi toén qu6'c té' Trénihddng

§24.3. Cu chuyén v'é béit déng thirc Nesbitt - Shapiro Tr‘én Phu’dng

§24.4. Bé't d§ng thL'|’c Jack Garfunkel vé mf>t s6' md rcfang Lé H’u Dfén Khué

§24.s. Céc bat aéng thirc c6 mi giéi hay Tr'5n Phlfdng

cuuowe vn. mus KET 1,5,1 phqdng



1116

II. THONG KE TEN TAC GIA CA1: BA1 TOAN THAM KHAO
(khfmg théng ké céc biai tozin cua téc giéi Trn Ph1r0’ng)

Chzi thich kl’ hiéu cdc b_&i todn: 21.9: B211 tozin 9 CL121 §21: 7.2.17: B511 tozin 17 cila §7.2;

1.11.3: B511 tozin 3 cila muc 11 §1: 1.2.1I1.4: B211 tozin 4 cua muc 111 §1.2

CHUUNG 1. NHUNG v113:N KIM CU'O'NG CUA BAT DANG THUC cc‘) DIEN

Du'0'ng Dlic Lm: 1.V.8. 1.V.9. 1.V1.7, 1.\/1.8, 1.V11.12, 1.\/111.7, 1.XI.lO, 1.X11.9.

1.X\/.4, 1.XV1.22, 1.X\/1.24, 1.X\/1.27. 1.XV1.32. 1.XV1.34, 1.X\/1.36, 1.XV1.38,

1.X\/1.42. 1.X\/1.46. 1.XV1.52. 1.X\/1.53, 1.X\/1.54, 1.X\/1.56. 1.XV1.59, 1.XV1.61,

1.XV1.65. 2.2.4, 2.3.1.6. 2.3.1.9. 2.3.111.15. 23111.16, 2.3.111.23. 23111.25, 2.1V.36.

2.1V.38. 2.1\/.40. 2.1\/.41. 2.1\/.44. 2.1V.45. 2.1\/.50: 3.2.1.13. 3.2.1V.9. 3.2.1V.11,

3.2.1V.14, 3.2.1V.15. 3.2.1\/.17. 3.2.1V.19. 3.2.1V.23. 3.2.1V.3O: 5.1.16.

Trn Quéc LUQTI 1.\/1.7. 1.V1.9. 1.V1.11, 1.X.3, 1.X.14. 1.X\/1.40. 1.XV1.41, 3.2.1V.16.

V6 Quéc Bé cén. 1.x\/1.25, 2.2.16, 2.3.1112. 2.3.1115, 2.3.1116. 22111.20, 2.1\/.32.

. 2.1\/.39, 3.2.11.9, 3.2.1\/.18.

Phz_1m Kim Himg: 1.\/11.14, 1.X1.7: 2.2.7. 2.3.1118, 2.1\/.47: 3.2.1.11, 3.2.11.6, 5.1.17.

Vasile Cirtoajet 1.\/111.9, 1.1X.1O, 1.X\/1.30. 1.XV1.48; 2.2.8. 2.2.19, 2.1\/.48; 3.2.11.2,

3.2.1V.25: 5.1.9. 5.1.19. 5.1.22.

Darij Grinberg: 1.1\/.6, l.1X.5; 2.2.13. 23111.24, 23111.26, 5.1.20.

Michael Rozenbergz 2.1\/.46; 3.2.1V.20, 3.2.1V.21.

Phan Thnh Nam: 1.XV.7, 1.XV1.23; 2.2.15, 2.3.111.9.

Phan Thénh Viét: 1.X11.13: 3.2.11.1,3.2.11.4.Tr§1n Tuz‘1n Anh: 1.1.11. 1.\/.2, 1.X11.l2.

Trz‘in Nam Dfmg: 1.1X.4, 1.X\/1.26.: Phz_1m Him Dire: 1.XV.3; 2.2.17, 23111.18

Phgm Vin Thuzfm: 1.X\/.8. 1.XV1.33.: Mircea Lascu: 1.\/1.4; Lé Trung Kién:1.1X.9

Ph:;1mTh£mh Tin: 1.X.9: Gabriel Dospinesscu: 1.XV1.43.;Naye1: 1.XV1.6O.

B2_1ch Nggc Thnh C6ng: 1.XV1.57 1 Samin Riasa: 2.2.18 : Jack Garfunkel: 2.3.111.1

Nguyén Viét Anh: 2.3.1114; Nguyén Anh Tu§n: 23111.17; V Dinh Qu§'1: 2.3.111.21,

Nguyén Vin Thgch: 2.1V.37; 3.2.1V.29 ; Harazi: 2.1\/.42 ; Fedor Petrovz 2.I\/.43.

Sung Yoon Kim: 2.1V.49 1 Hojoo Lee: 3.2.1.12 ;A1exeyG1adkich: 3.2.1.15.

Triplethz 3.2.11.3 ; Parkdoosungz 3.2.11.5 1 Lé Him Dién Khué: 3.2.11.8
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c11u'0'1~1c 11. NHUNG VIEN KIM cu'0'1\=c cm 13A'1"1)/we THUC c,§.1\1 1)/51

Vasile Cirtoajez 7.2.2, 7.2.10. 7.2.11. 7.2.12. 7.2.20. 7.2.21. 7.3.1114. 73111.18, 7.3.1\/.35.
7.3.Iv.37, 7.3.1\/.39.

Dmmg 1)11»¢ Lm: 7.2.17. 7.3.1113. 7.3.1116, 7.3.1v.23. 7.3.1v.26. 7.3.1v.2s. 7.3.1\/.30.

Phgm Kim Hilng: 7.2.13. 7.3.1115. 7.3.1116. 7.3.1119. 7.3.1\/.24. 7.3.1\/.25.

Ph2_1m Hfru D110: 7.2.5, 7.2.15. 7.3.111.17. 7.3.1\/.23.
, ..

V6 Quc Bé Cn: 7.2.6, 7.2.14, 7.2.19, 7.3.1118.

Nguyén Thlic V Hoiang: 7.3.111.2, 7.3.111.7, 7.3.111.11.

Phgm Sinh Tn: 7.3.111.1O, 73111.15, 7.3.111.19.

Ji Chen: 7.2.4 ; Walther Janousz 7.2.7 1 Hojoo Lee: 7.2.8. 7.2.9.

Nguyén Anh Tuiin: 73111.16 ; Darij Grinberg: 7.3.1v.27.

CHU'0'NG 111.1\111U'1\1c v11E1\1 KIM CUONG cm PHUUNG PHAP c1A1Tic11

Vasile Cirtoaje: 14.2.1, 14.2.2, 14.2.3, 14.2.4. 14.2.5. 14.2.10, 14.2.12, 14.2.14, 14.2.16,
14.2.19, 14.2.21, 14.2.26. 14.2.28, 14.2.31. 15.5. 15.9.

Jack Garfunkel: 9.2.v1.5 ;Tr£1n Nam Dng: 10.2.v1.2;
1

Phgm Kim Himg: 10.2.\/11.9, 14.2.29.

Marian Tetiva: 14.2.27 : Bin Zhao: 15.2; Gabriel Dospinescu: 15.7.

CHUUNG IV. NHUNG VIEN KIM CUUNG CUA BAT BANG T111'1'c HIEN 041

H0j00 Lee: 17.111.3, 17.111.23, 18.4.2, 19.111.4, 20.V.26,

Ph2_1m Kim Himg: 17.111.5. 17.1116. 17.1V.5. 17.1V.25;.18.3.3, 18.4.6, 18.5.7, 18.7.4,
18.11.2,18.X111.6. 18.X111.20, 18.X111.29, 18.X1I1.30, 18.X111.42, 19.V.9, 20.V.13,
20.V11.4.5, 20.V11.4.lO, 2O.\/11.4.19. 20.V111.4. 2O.V111.6. 20.V111.11, 21.11, 21.12,
21.34, 22.1V.1. 22.V.4. 22.V1.1. 22.\/111.8,

Vasile Cirtoaje: 17.111.9, 17.111.15, 17.111.16, 17.1I1.20, 17.111.24, 17.1V.14; 18.2.4.
18.X111.l2, 18.X111.15, 19.11.15, 19.111.1, 19.111.19, 19.1V.6, 19.1V.7, 19.1V.9, 19.1V.10,
19.1V.6, 19.1V.8, 19.1V.9, 19.1V.13. 19.V.6. 19.V.12, 19.V.13, 19.V.14, 19.V1.9.
2O.V11.4, 20.V11.4.3, 20.V11.4.7..20.V11.4.13. 2O.V111.9, 20.V111.10; 21.1, 21.3, 21.6.
21.9, 21.10, 21.11. 21.14, 21.15. 21.17, 21.18, 21.20, 21.21. 21.23, 21.24, 21.25, 21.26,
21.27, 21.28, 21.29, 21.31, 21.33, 21.34,

V6 Qufic Bé C§1n:

17.I11.12, 18.2.9, 18.X111.34, 18.X11I.35, 19.111.7, 19.111.8, 19.V1.18, 19.V1.29,
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Nguyéh Vim Thach: 17.1111

Q.)

\1
L_.

._.

_..

.11. 19.v1.1s.Tr£"1h Quéc 1.111111; 17.1\/.12.

Du'0’ng Dire Lam: 17.111.17. 17.1\/.3. 17.1\/.4. 17.1\’.5. 17.1\/.8. 17.1\/.9. 17.1\/.13.

17.1\/.15. 17.1\/.17. 17.1V_18. 17.1V.22. 17.1\/.23. 17.1\/.2‘-1: 18.X111.25. 18.X111.26.

18.X111.31. 18.X111.32. 18.X111.37. 18.X11l.48. 18.X111.49. 19.11.10. 19.1\/.11. 19.1\/.12.

19.1V.13. 19.V1.19. 19.\/1.25. 19.\/1.27. 19.\/1.28. 19.\/1.30. 20.\/.31. 20.\/111.5.

Lé Trung Kién: 17.111.22. 18.2.9. 18.-1.3. 18.7.1. 18.7.2. 18.10.5. 18.10.8. 18.10.12.

18.10.13.18.10.14. 18.X111.16.18.X111.18.18.X111.22. 18.X111.33.

Phz_1m Hfru D110: 17.111.21. 17.1\/.20. 17.1\/.21: DarijGrinberg:17.1V.2. 19.11.9. 20.V11.4.9

Michael Rozenbergz 17.1V. 16. 21.16: Tran Nam Ding: 18.2.7. 19.1V.5. 21.32. 22.V.3.

Nguyén Anh Cuimg: 17.1\/.19; 19.111. 19.114. 19.116. 19.11.13. 19.11.16. 19.11.17.

19.111.17. 19.1V.2. 19.V.1. 19.\/.2. 19.V.3. 19.\/.8. 19.V1.5. 19.V1.7. 19.V1.8. 19.\/1.13.

19.\/1.16. 19.\/1.17. 19.V1.20. 19.\/1.21. 19.\/1.23. 19.\/1.24. 20.\/1.9. 22.V.2,

Phan Thanh Nam: 18.2.5.18.2.6. 18.4.5. 18.5.3. 18.6.5. 18.11.1. 18.12.4. 18.1.3.1.

18.X111.13. 18.X111.41. 18.X111.1-14. 18.X111.-15: 21.5. 22.V.3. 22.\/111.2.

Phan Thanh Viét: 18.3.4. 18.12.3. 18.X111.17_ 18.X111.38. 18.X111.52. 18.X111.55.

18.X111.56. 18.X111.58. 22.1\/.2. 22.1V.3. 22.V1.2. 22.\/1.4. 22.V111.1. 22.V111.3.

22.\/111.4. 22.V11l.6. 22.V111.7. 22.V111.9. 22.V111. 10.

Bili Viét Anh: 19.1115; 20.V.10. 20.V.11. 20.V.12. 20.\/.13. 20.\/.14. 20.\/.15. 20.V.16.

20.\/.17, 20.\/.18. 20.\/.19. 20.V.20. 20.\/.21. 20.V.22. 20.\/.23. 20.V.24. 20.\/.27.

20.V.28, 20.\/.29. 20.V.30. 20.V.31, 20.V.32. 20.\/.33. 2O.V1.6, 20.V1.7. 20.V1.8,

20.V11.3. 2O.V111.7.

Jackgarfukel: 18.4.4. 18.X111.39. 18.X111.40 1 Nguyén Minh 1-)1'1'c: 18.5.1.

D510 Hiii Long: 18.10.1;1)inh Nggc An: 18.12.21 Murray Klamkin:~18.X111.7.

Trim H1")Thz_1nh Phil: 18.x111.57. lVllrC€€1L2lSCllZ 1<).2.11.20.\/11.4.2.

Nguyén Viét Anh: 19111.19; Pham Sinh Tan: 19.11120; Nguyén Anh Tuanz 19.111.22.

Gabriel Dospinescu: 19.V.7. 21.19; Bodanz 19.V1.1;Vf1 Dinh Qu§/: 19.V1.10. 20.\/.4.

Nguyén Duy Khanh: 20.\/.8. 20.\/.9: W.1.Gridas0v: 20.\/1.1: Marian Tetiva: 20.V11.4.2.

Faruk Zejnulahi: 2O.\/11.4.8; Walther Janous: 20.V11.4.18. 20.V111.9. 21.14,

Janos Suranyi: 21.22; Nguyén Truimg Thgz 22.V.1,
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Cuoi cimg 121 mét hili hail cuu Tzic gia dimh lfmg chu ban dqc. Dy 151 mél trong sziu bili hail cua
tzic gia duqc szing Izic thco nguyén I_\" L6 hqp lrong 51m nhac vi1du'(_>'c VTV phzil séng trong mél $6
sgr kién I611. Bili hail du'Q'c ;\"zi11g uic H1351)‘ 29/7/2007 dé chilo mtrng IMO 48 dién ra Ihnh céng tél
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lhfrc Irong lé bé mac IMO 48. Nguy mu dé biii hail d du'(_>"c Yang lén \-‘ho khoanh khc cuéi cimg
lL'1c 18h201r0ng 15 bé mac IMO 48 du'Q'c VTVI 1TLl}’éI1 hinh Iruc tiép t2_1i TT H61 nghi Quéc gia.

FLAME OF IMO
Bzxlladcl J. nu)

Music : '|"R-\,\ Pm 0\(;
Word: Truong Dieu Linh
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<:/ (A-_ g ('\'T—4'\-:—4'Y:) >0 ‘~‘ \‘\'-—-l\‘" -41" >0 (4)
(.13+\";)(\"3+:,\")(.\'+\'+Z:)2 v - I

1 , A 4 \ , , ., \ -\\ VQT11‘d0.1a1ha\111eu 3 S '~. 111 co da11l1 2121: -1: S'— Si‘. su\; 111 ,n"—-l\*:—'-l:,\"2(). Va;, 8 - 2 (>\_+ Y) . . _ .

(_-1) dling Suy 1'21 (3) dflng. T1'011g11'u'b'ng hQ'p1151y 1z1ch1'1'11g minh 1hc0 kiéu "(i611 bién"
A , ‘, ; , . ./.\'+y .\‘+\‘ \ f _

1h0ng1hu'o'11g:1u'(13)suyratz1can chu'11g m111h: j ;J> ZN/2 (D)

195111=$.Ta¢@;(5>¢>_/(1.1.;)>2\/5 ¢=>2/1§il“i+\/‘(wi“§l >215 16>
S z'+:1 :"+1"

4 , -V , " " 57+") 1*Chuan hoa ch01: 1.kh1do (6)<:>g(:_):2/" *" + >2v’2\ I \ :"+1

»—\)

++

\/1g'(:):(l+:): _(}+:)+ l+:_3_ >0 (do :S%S;~'\'l:'\‘:%=é)
.; 1 1 1 3 A(l+:)— \/;(Z+:,)(;"+])

suy ra f(:) > f(0) > 2\/5 (dpcm).

. . V 1 \- , ~ , . 1 , .. , . 1 .

V2_1y.khl :S"§ 1h1 ba1 101111 du d11'Q'c chung mmh. \"a la ch1 pha1 x01 11'u‘0‘ng hqp con 131

(mi khi dé b§1dé11g1h1'1'c khéng c611 "ch§11ché" 111121).

- Bmic 2a: (chufin bi)

Xét khi 3 Chuén héa cho _\" = 1 suy 1'21 12 32% . .\-21 v51

i‘.\‘(.\'j-l+I)+ ‘f_\'+1_}-3+ ]:(_\‘:!-l+I)>2V,13
\"+_" \ 1+1-Y §'+\'

- Bzrér 2b: (chia d<§t1*i)

in-i

\1'»— L.
D.

Chiu dé11"i1l1co bién I dé quy vé bili 102111 m1}1bién.\‘nh&r dy — ~ l
(Chfl Bu‘é'c nily (T51 du‘<_>'c trinh bily lrong v1’ du Z cua 3.) -

B511 105111 dén dy duqc giai quyét 11911 \>¢n!

' Glzi clzzi. B511 102111 d¢p dé nily dLl'Q'C Pham K1111 Himg gidi lhiéu trén D/1511 Jiuz T111112

/10¢" dudi dang 11161 vén dé 1110“ v51 khéng (:6 161 giai trong m<_31 th©'i gian di1i. L61 giai o"

trén cua chng 161 151 161 giai du lién cho né. Tuy nhién. sau d6 Nguyén Thimh Nhf111 G51

cho bié111"1Q11l©'i gié1ikhzic1‘§1ng§1n gqn.

Cdclz 2. Ta gizi $111» = mz1x{a, 11, C}. 1->511 1-=1-1111+/>1 11>-1/< > 0.

Néu l< S 1 thi (7: + ab S c1/> + /21" + ca. Kél hqp vdi Z23 + ac S ab + /21' + cu.

:12 + bc S ab + be + ca suy ra f((1, /J, 1') 2 3.

Xél khi k > 1. Ta C6: ('2 +czbSl<:(r1+b)('+l<:ubS/<2(c1b+bc+(*a) (1)

(I2 +l2c'+b2 +c'c1<((1+b): +u(l)+(') <(a1+l2)2(1+k3)=@("((1+b)<@(c1b+lx'+c'c1) (7)_ _ kl kl _



Clzznrn IV: 1\/'lz!7"r1 vién kiln czrmzv tron" hrit zTrirz<' rluic lzién (Mi 781g g O -> 6 - -

Tir(1) v£1(Z) La c6: 4/'(c1./1.1‘) >l+ : §/' (A)
'1‘ \’z1:+/J('+/f+<‘u /‘ k_+l

Ta chfrng n1inh ‘/‘(/<)>2\/'5 \'<'>‘i 11191 k > 0 (khéng cn /< > 1). Diéu 1121) Q13 d1rQ'c don
gian b§111g bién déi tu'o'11g du'o'11g:

- '1 1” 1&7‘ ~A/'(/<)>2\f<:>%> ‘V3 <=~A°+1+/<\/’/G+1>2\/2/<
\/1€+1(\/1»1+1+A»)

B51tc1§11g1h(1'c cuéi dling do kl +1+/<\//<3 +1 > Zk: +1 > IQ?/< :> (dpcm)
' Nhén xét: Dy 151 11161 l©'i giéi déc ddo nhu‘11g khéng phéli <15 dimg 11ghT rz1. D0 G6.
cfmg d5 hiéu khi lO'i Qiéli béng chia dé tri 151 ldi 2191 déu lién. vi tu lu'0‘ng trong phu'o'ng
phzip chia dé lri re"11do'n gian v51 dé lhuc hién.

Chimg Ia tiép tuc \1'é'i 111c_31tru"O"11g hqp 11151 d511g'1l1L'1"c xély 1'11 0 hui ché.

Béi tozin 2. Cho u. /2, 1" 121 czic 56 Lhuc khfmg £1111.

1

1< ~ 1

ChL'1‘ngn1inl1r§ng: w U 1+ /7 _+ 1 F ,2“ +1) +0u“+a/2+1)" l2‘+[J('+(" <"+(“z1+c1' f1+17+('

- Clzvzg min/z

Kh6ng111§1t611g quzil gia su'u=111a,\{u. /1, <'}. Ch1'1 )" du b§'111g x21)» 111 1:11 hui c116 151 u = /2

= L‘ \/Z112 = 0 = O. :1 lily )7. Ta $15 "khoz111h vilng" lirng ch€\1‘€)i n1('>'i chizx dé I11.

(1 (1 _(\Bu'1ic1a.'Dz'1nhgi£1:VT = f’ _+ f’ 1 ,+ j
(I +c1*/2+0‘/J" Z)" +/2‘<'+[2‘z" c‘ +("u+("u'

'1

> (c13+[>3+r"}')- 4 4 4 .1 .1 .1 2 2 1 3 2 2a +19 +c +ab+b (‘+0 0+1: 12 +/2 (3 +z' (1

D0 C16. biai tozin sé duqc chfrng minh néu cé:

ab} +1203 +003 Zazbz +1711‘: +r*2a3 <:> Z(ab“ +/2:13 ~Zz1:Z7:)+2(c1l>3 —bu‘;)2O

(:>a/)(u—b)2 +[)<‘(b—(")2 +L'U((‘"(l):-1-((1—/7)(/7—(‘)((‘-(l)(lI+/7+(')Z0 (1)

Néu (120212 ta (:6 ngay (dpcm).
Néu U2/12¢ khi dé dé (:6 (1) ta cn ch1'1'11gminh

al;(a—/))2 +ca(c—u)2 2(z1—l>)(/9-c)(c1—¢')(u+/2+N20(Z)

Theo b§td€1ngthC1‘c AM- GM lhi c1b(u—/2): +('u(('—a)3 2 Zu(a—b)(z1—(")vA/Tr

vil ch y a +b+¢-S341. nén déchL'1"ng minh (2) ta c511 cé gm-z(/7 —('):.

Dé thy diéu nfly C1’L’111g khi b S 1.920.

Bzréc lb: Xél Z2 Z l.92c. Khi dé di€111 nhay ca111 thL'1'11h§tu = /2 = c khéng 0611 nfra. lrong
buds nZ1y ta sé giai quyé1n(‘>1diém nhay cam H111‘ Z.
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Néu b =O1hi don gién. néu khéng c6 thé chuéin héa cho [> : 1 khi dd bit déng thtrc O‘ dé

bi 11-0' mam ,"‘ + 1 w+ " _-“L +‘+‘“ 20 (3)
u“+u+1 l+("+(*' c"+ca+u‘ ¢l+1+¢'

Ch >7 rng khi chun hozi nhL1"\/"éy diém nha) cam thin‘ Z suy bién thimh:

C = 0, b = 1. Cl = +@<>.xe11<m éz (.- 20, m chia thimh hai l1'u‘©'ng hqp:

+ Néu :1 3 4 [hi bit ding thrc 151 thus su vi ta chi cn dzinh gizi don gién dé thy bit
dang thtrc (3) la dfmg.

+ Néu c1 > 4. khi d6 bit ding thfrc cé ziiélrz nhgly crim 151 c = O. /J = 1, cz = +<>¢ nén khéng thé

dimg "chia dé tri". Tuy nhién t1‘u'€)'ng hc_)'p nily ta c6 thé chtrng minh bimg (T510 hm

4 _4 3 _i\

Dé1tf(c)= ,a + I __+ , C ,—a +1+( .Vc"€ "— .Va>4.
a‘+a+1 1+c+c“ c‘+ca+u‘ (l+1+¢'

[ii

53
Q\>_-

l*i_J

F 4 3

Ta c6: f'(c)Z0 Vce LQL] :> j'(c‘)2f(O):*1ai+1—aiH2O :> (dpcm)
6 a‘ + u +1 f1+1

Bu'6'c 2; xm khi 02% va 1z1.92(~. lirc 151 0.53z<.-2%. Ta S5 chtrng minh bét dang mu-C

(3) (hai diém nhay cam d c1u'<_rc laich li nén "chiudét1'i" chic chin sé phzil huy tzic dung)

bang chia aé Iri theo bién ¢~ clé quy bail dang [hU'C <3) vé ban tozin mét bién th€0 a nhiv

5. 1. -.4~i~l-l.dlyeau 053,0 5, 3 6

Téng hqp czic bu'c'>"c C151 xét O‘ trén Lu cé bZ1i tozin duqc chfmg mihh xong.

- Nhzfm Xéli Khi am ra ban tozin nixy, Chling téi as dimg chia aé tri aé kiém tru tinh dung

din cua bit ding thirc nhu' lyi giéxi trén. Sau dé né du'Q'c du'a lén trén Mz1thlinks.1'o v21 ('7

dc’) chng téi dfi nhén du'(_>'c mét l‘0i giiii khzic réxt déc dzio cua mét ban ngubi Him Quéc

nhu sau:

Bién Ciéi tuong du‘0'ng bét ding thirc cn chirng minh:
4 4 _4.

, a 7 + , b q + 1 L q 2 36119‘ +Z(c13 —alJ)
a"+ab+b‘ b‘+bc+c‘ c'+ca+u' f1+19+(»' N.

4 ‘ ' - , / \ 1 - /
<:> — 02 + ab L. Két quzi bin loan co du'<_>‘c nh0' danh gla:

(.\.,.\a“+ab+b" ¢l+b+('

Z£_fL“_(l: +(I[):Z 411;‘ :2 12: (a+b+¢-)' :(c1+lJ+<~)a1?€2 3<z1x.

N. £1‘ +ab+b‘ / N. cl‘ +ab+b‘ W. ]+£1+,]? 3+2l§l+.b) ”b+b€+m “+b+C
' ‘ ‘ [7 (I [9 (1

' Binh lugin: Lyi giéi de_:p 1n<'pt czich bt ngbx Qua hai vi du trén. chfmg ta thiy ring céch

giéi hing chia aé tri khéng him la duy nhét. Tuy nhién, déi vé"i céc bZ1i tozin thuc su‘ khé

mil muén c6 mét ldi giéi ngén g<_)n vil dc-;p dé thi khéng hé don gién (nhu chilng ta théy,

nhfrng "1<‘>'i giai mu hai" m chimg téi gidi thiéu aéu 1'5: déc déo). D6 cng 1a 1y do

chéng t6i nhén manh dén tfnh tu nhién v51 don gian cila phuong phép chia dé tri. Chfmg

ta két thc muc ny bémg mét baa tozin khé, ma Chilng téi rét mong Sé C6 mét 1;-n giéi

don gién cho né tit czic ban.



Chu'0'ng IV: Nlzvzg vién kim czrmzg trnng br";t tiring tlz 121' lzién (igli 783
I\ -;
|Bfii toén 3. Cho .\'. )1 I 2 O va .\' + _\" + 1 = J.

, _ ‘ Y Y ' '" .Chung mmh rfmg: ' + ' + ' ” 2\/5 (1)
1 + V\" + _\"; 1 + :_ + :,\‘ \/ 1 + .\" + .\j\"

Giiii
Khéng mét téng quzit c6 Lhé gié sir .\' = max(_.\", _\". 3). Ch )7 réng cé hai Iru'b'ng hQ'p xéy ra
déu d§ngth£1'cl£1.x=_\"= 3 : 1 vZ1.\‘=~3. _\' = 1 =0.
Bu'6'c 1: (khoanh wlmg diém nhgy cam)
Ta bién déi vé mi bél dang [h[l‘C cn chimg minh:

X2 + Y2 + 12

\/F:/1+ _\' + _\'; \!_\"—?\/1 + 1+ Z,\' \/:?\/1+.\"+ .\"_\‘

(.\'+_\-'+3)2

\/A/.\-I + xi)‘ + .\':_\'; + Va/_\~3 + )9; + y3;\- + \/?\/_-,3 + ;3.\-+ ;1.\-_\-

'1

(.\'+_\‘+I)

\!(.\‘+ _\‘ + ;)(.\'2 + xi)‘ +.x':_\': + y: + _\':; + \':;\'+ 1,: + ;2.\'+ :3.\'\")

, 2:(.\‘+_y+;)

V/.\'2 + _\"2 + 12 + xi)‘ + _\":; + 1:.\'+.\')‘1(.\‘+_\‘+ 3)

DO vzy aé c6 diéu ph2'1ich\'1'ng minh la chi can Chfrng minh:
(.\'+v\‘+ 1)) 23[.\': + ya +32 +.\':_\‘+_\'2:,+ ;3,\-+.\_w":,(x+ _\"+'_-_)}

<=> (.\'+ _\'+ 1)} 2(_\‘+ _y+ :,)(.\'2 + y: + ;3)+3(.\‘3_\"+ )"3;+ ;2.\')+9.\'_\';

<:> 2(x_\"2 + )1: + :,\'3)2 x2y+ _\‘2; + ;:.\'+3.\'_\‘;

<=> (xyz + ygz + ;\‘2 + x2_v+ _\':: + jzx) — 6A_TZ 23(.\'3_\‘ + ya; + ;3.\'— 13": — _y;3 — :,\‘2)

¢=>.x"(_v— ;)2 +_\"(:—.\')2 +z(.\'— y): 23(.\'—)')(_\'— :)(.\'— 3) (2)

Tir <16, ta may néu .\- 2 Z 2 _\= [hi (2)dL'1ng. D0 dd, ta chi viéc Xél khi .\~2 _\~ 2 1

Néu 2: 2)", ta c6: (.\'— :)2 2(.1'—:)(.\‘— \');(.\'— 5): +(.\'— Y): 22(x—g)(x— v)

:> é(.\'—;)2 +i(.r— y): 22(.\'—:,)2 +(.\‘—_\‘)2 23(.\'—:)(.\‘—y)

:> (2) dfmg vi ta 06 (dpcm). Véy ta chi cbn phaii xét khi y 2 2:.
*Ch1i Suu bzrdc nfly hai bié _\' viz 3 67:7 c7'zr_0'c Mich /i ru xa v51 ca /mi c/10: "nh(1_\' cam”
nén vciln dé‘ (-011 Igli c/11‘ [[1 "c/ziu dé tr/'”.’ Tu)" n/Iién do (2) cén 06 I11? k/mi I/zcic rhém nén
nhcin Iién la gfcii quyér mg}! vilng nfra c/20 gon gizng rrzrdr /</11' dz?! dié.m.

Néu 2y 2 x, dét a = x — 3, b = _\' — 1 suy 1'a 2b 2 (12 0.Tz1 quy (2) vé chirng minh

(a+:)b2 +(b+ :)a3 +:(a —b)‘ 2((z—b)ab

Dé 06 diéu néy ta chi cn chrng ininh ab: +ba2 2 3(a —b)ab <2 21920 (dng)

vay by gi€>' ta chi cn Chirng minh b£ltdz°1ngtht1'c ban aéu khi X 2 2yvE1 y 2 2;.
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Bu'é'c 2a: (chuzin bi) X61 khi .\~ 2 2_\~ vZ1y 2 2;. Bién déi bin déng lhffc <1) <'=>

,\'+_\"+; .\'+_\'+; ,\'+_\‘+j
X. V ’1 \ I 1 ‘ ‘ I '7

-° + 5 + J >

J

J

/
J

K1

_ \‘+\‘+' , 1 \'+\‘+" I _ \'+\"+" “ ‘
'\§{.\‘+_\‘+;\ +_\'-‘ ‘, ”+_\: X£.\"+'\‘+;l +:-' ',““+;\' '._‘(‘\'+_\'+§‘} +.\‘-’ 5 "+13"

w X
~ 1 s

. , , ‘V
\‘(\"+1+-)" _"+5.\'+/_.\"_+'-l+14'+'.'

Chuanhoz1cho\"=lLz1c0: (3)@ / _ ' ' " 7 +
\’ \ ° . . .

+J .\"+1+: + :,(.\‘+1+:) >1 (4)

1+5;+2.\-+4:,3+l4.\-;+.\n: \5;:+5x;+2;+-1.\"3+1-L.\‘+l_
.4 \ 1 A , : \ ; -1 \ 2 \ .

Neu .\‘ 2 7 thl do OS :3; ncn cu‘ cho nao :_ dong blen thl lhay 3, = 0, cho nnO I nglnch

bién thi thay 1 Ig. khi dé ta c6 dzinh gizi céc bét déng thtrc sau:

\/
.\‘(.\'+l+;) +J _\~+l+; >

.\'Z +5.\‘+Z.\';+4+l4;+ ",3 1+5;+Z.\'+4_",: +14.\';+.\': —

V1-3 +6x+ +9.\-+2
'\‘('\‘+l) + '\>+1 21 .V.\' 2 7. D0d6.lz1ch1'c§n xét khi .\" S 7.

Bu'6'c 2b: (Chia dé tri) Tu chtmg minh (4) béng czich chin thco 1 dé Cuu vé mét bién

theox nhC>'dZ1y sau: (),i.l.l_i.l_%.l. Bili tozin duos gini qL1yé1 lrqn vqn.
, 10864-332

v. QUAN HE G|U’A PHU’O’NG PHAP CHIA BE TR! v/l\ PHU’O’NG PHAP s.o.s

Czic ban thin mén. lrong muc mréc chng téi d lrinh bily czich zip dung ll‘L_l'C liép chia

aeA tri cho czic biii tozin. M510 dil tu' tu'O"ng don gian nhung min nhuqc diém 121 lvi gini khzi

din, mi nguyén nhn chfnh 121 do nhrng dzinh gizi cua chfxng ta quzi don giém (nht 121

H0112 Buds 1 - "khoanh vims diém nhay cam"). Tuy nhién. chia dé tri c6 tu' tudng

chfnh rét don Qién v51 linh hoat nén c6 thé két hqp vé'i czic phuong phzip khéc mél czich

v6 cllmg uyén chuyén dé dgt muc tiéu: giéi quyét bi tozin. Néu caic ban thimh thao mét

phu'o'ng phzip khzic lhi czic ban 06 thé kél hqp chia dé tri \'é‘i phu'o'ng phap do va sirc

manh cua czic phu'o'ng phaip sé téng lén dzing ké. By mé"i chfnh l£1 déc tfnh thfx vi nhéit

cua chia dé trj.

D5 minh'hc_>a. chng I61 sé gidi thiéu véi czic ban mél $5 )9 tudng két hqp chia dé tri vdi

P huorng phzip phn tfch binh phu‘o‘ng S.O.S. By 151 mét phuong phélp mnnh dé _du'c_>‘c

dimg til‘ lu nhung mdi duqc hé Lhéng héu vE1ph6 bién réng 1'Z1i gn déy. Tu‘ tu'b'ng chfnh

121 quy mélb§tdé11g’th£1'c‘lhu§n nhét ba bién cz, 12. 0 vé dang

5, (1;-<->3 +53 (C-(I): +3; (£l—[7): 20

T1"u'é'c khi bét déu, chflng téi xin giéi Lhiéu vdi czic bgm mét cixch phn tfch khéc. Déi

vé'i céc bail déng thfrc bu bién déi xtrng {hi viéc quy vé dang S.O.S nhu' lrén lZ1do'n gién.

my nhién @161 vc'>'i céc bém sizing thftc man vi Vang quanh ma czich quy trén déi khi khéng

Lhich h(_)'p v£1 tao ra céc hé Sl.S2,S3 rl cbng kénh vil khé xu‘ ly‘. Trong tru'O'ng hqp

dé, C6 min czich khzic IE1 quy vé dang sau dy:
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\ w ~

S, (b—(*)‘ +S: (1'—(1)'.+S;\((1~/>)' 2S((1—/2)(/1—1-)((1—1")

Czich quy nily 06 3 czii lqi. T1111" nhét. 1151 \'6'i czic dang hoim \'j \'O11g qunnh {hi 116 {gr

nhién vi; don gian ho'11 czich dun \'§ S.O.S chfnh Ihéng. T1111‘ hai. néu \'1§11"zii \'Z1 S khéng
51m {hi I11 chi phzii xét 11'11'C>'11g hop (1 2 /2 2 (' 111Z1 ho qua t1*11'{1'11g h<_1'p (1 2 (' 2 /1 (11111 121

trong bait ding lhL'1'c hozin vi \'E111g qu1111l1 I111 la chi 06 lhé gia <11" (1 = 11111x{(1_/1.0} \*Z1 11131

Chung pha'i xét Z l1‘u'b'11g hgp (1 2 12 Z (- \'Z1 (1 2 1' 2 /1). ThL'1‘ bu. \'i1 quun t1‘Q11g 111151. li1

trong dang trén. khi (1. /2. (' x§1p xi b§111g nhuu [hi vé trzii .\’2‘1p xi 0 \'d'i IE1)" {him Z. l1'011g

khi vé phéi x§p xi O vdi lily [him 3. Diéu 1121)" (Tic biél thfch l1Q'p \'é'i ph11'o‘11g phzip chiu
dé tri. \1'1 khi d6 viéc Izich ly 11‘u'O'11g hqp (1 =11 I (' 121 151 G011 gian.

Cl1L'111glz1hZ1y xcm m<}l \'1’dg1dé thé1_\* d11'<_>'c lqi {ch cuz1c;1cI1 hié11 d(1i 1151)".

Bili toén 1. Ch1'1'11g n1inh r§111g \=('>‘i (1. [2, (' > (H111:

3 3 _,1
(1 “+ ll v+ wc ~2(1+l1+( (1)

2(1‘+b' Zb'+(" 2("+(1‘ 3

~ Ch {mg minh

S1111 dy 151 161 gizii c1'1a Phan Thimh Nun1 du'Q‘c df111g t1"é11 D1511 (1'(‘111 T121111 /1()(~.

Bing czich bién déi tucmg du'o'ng. 111 c6:
2 1

(1) ”’i""’Lz0 (‘- -/1)(2/1+ P11‘:-1+ 9120<=>%;2a2+b2 (1 (17 7 ( 1 (1

3 2 2 3 4 7 1 7 2 4 3 1 4 .1 1<=> 32 (1 b (" + Z2 (1 (' + (1\b + Zaxc 2 42 (1/7 (' + Z211/2 (‘ + 2211 /2

l'Y\'( ('\‘( ('\'( (\’(' l \’{ ('\'{ ( \{'

<1 2Z((I5b2 + asbjcz — Z(14b3(r) + Z((15('3 + (131130: — Z(1"l2(': ) 2 ZZ((134b4 — (1:04)
1'\'1' ('\1' 11.1

<:> 2Z(13b3((1—c)2 +Z;(13c2 ((1-19): 22((1—l1)((1—(')(('—12)(Z(13l2Z +Z;(1:b('\]

Bziy gié’ giéi sir (1 = max{(1. b, ('}. Néu 1" S b thi bit ding thfrc dfmg nén ta chi phzii xél
khi(12 ('21). Ta sé ch1'1'11g n1i11h

Z(13b: ((1-0): + Z(13c}(c—b)2 + (1303 ((1 -12): 2 Z((1— (')((" —/J)((I}(‘2 + (13('/2 + (1312:)

X61 hai tru'<‘yng hQ'pZ

Tru'()'lzg lz_0‘p I: Xét khi (' — /J S (1 — (1 I11 Q6

2(13b: ((1—c)2 + (1}("3((1—b)2 2 211319: ((1— (')((r—b)+4(13('2 ((1— c)((‘— 12)

'42 12 12 1Vi (z‘b +2(1‘(" 20' (c +b(‘+b ) nén suy1‘a(dpcm).

Trzr0"ng hgrp 2. Xét khi (r - I2 2 (1 — (". tu'0'ng t11‘11hu'lrén ta cé:

2(12c3 (0-17): +(13c3 ((1-11): 2 Z6130}((1—(')(('—l>)+4(13(':((1—(')(('—/J)

V1: (1203 + 2(13('2 —(13(c: +176-1-[)3)Z(I:(':[7+(l3C1J-{1}(/J(‘-+-1):)
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=c13b((‘—171+u:bc(("—c112() nén la cfmg c6 (dpcm).

V1 11511 tozin trén khzi don 2ia'n nén vai I16 6116 chia dé 111 151 khéng thuc $11‘ r6 nét. Tuy
nhién. trong czic vi du sau 1:1 sé th§1y tu" tu‘o'"ng chia dé 111 n61 1-6 trong céch chia 11'u'b'ng

hqp. khi 11151 61611166 chué111 do'n1€ 666 S.O.S khéng <16 d€giaiqL1yé1.

B511 tozin 2. Chtrng 11111111 1'§111g V61 :1. 12, 6' > O L111:

- - - qv '1 ~ wq
2(.\'“ + \"‘ +;°)+9(.\‘3\"2 + \"‘;‘ +;‘1.\‘“)211(.\‘:\“‘ +1": +£3.13) (1)

1

Gizii

Bu'6'c 1. Bién C161 bit ding th1'1'c (1) tuung during \/"('71 bit ding 1h1'1'c sau:

' < 11 1; w~ 17 ~~ ;'> -»~ '1-\ -1~
2(.\" +y” + 3' —.\"\“ — \"Z‘ —Z‘.\")+9(.1"' Y‘ + 1'3‘ + ;'.\" —.\"\"’ — V3” — ;‘x°)2O

<1: %§Sl (_\"-312 +5: (:—.\"1Z +53 (.\'—y):1+9(x—y)(_\'—Z)(X—:1(.\3'+_\‘:+;v) 20 (2)

S] =

T11 d

2)‘; + 4_\'2; + 6_\";2 + 3:3 ; S: =21} +4321-+6:.\'3 +3.\'31$3 = 2.1"‘ +4.13)" +6.9": +3)‘;

6,11éu.x'Z _\" 2 ;th1 ta c6 ngay (dpcm), do dc’) chi can pheii xél khi .\’ 2 3 2 y.

Ta 66; 2(.\~- 1): 51 :2[(V\-- ;)+(;— 1112 $1 zs(.1--;)(:- 1-)5‘

2(;-.1-)1 $2 +2(_\+-1)” 5, z4(.1-+;)(;-1-)1/3,53

Do <16. (2) dL'1ng11éu ta chirng minh duqc 85; +41/SIS: 245(x_\'+ _v;+ :,\j1(.\'—_\') (3)

Ta C61 SS1 — 45(.\' — y)(.\'_\‘ + _\‘: + 11') >16.\'° — 13111-2 + 93_\*2.\" — 45:1‘: >151-R — 45:1‘:

Do 66 néu .1 z 3;1111 16 66 ngay (66661). By gib‘ Xél khi .1-s 3;. Néu 2)" 2 1,1111

5,5: >[(Zy): ;+3(Z_\");2 +3:3]S3 >'/1332 :71} (Z13 +4;2.\'+6:,\'3 +3.13)

D0 (16,111 cn ch1'1"ngminh: 15.1"‘ —45:,\'3 +4\/71312:} +4;3.\'+6;\'2 +3.13) 20 (4)

Chuyén vé 161 binh phutmg lén Lhi (4) tucmg du'0'ng:

112:

-1

PO

1.1

1 +4111-+661-2 +31-~‘)z(45;\-I -15.1-312 (5). Khai mén ra va

6611+-f 1111 <5) <6 2+4++ss1+732 +3661‘ -(202514 -13501‘ +225r°120 <6)
~,

D§th2"1y(6)d11ng V1‘ 6 11, 31n6n<1)66ng.

Bu"6'c 2. Nhiém vu cbn 12_1i cL'1a chng ta 151 xét t1'11'®'11g hqp 3: 2.1" 2 1 2 Zy.

Chuén 1166 666 1 = 1 11116166 1666 \'1éI1€;l1 1:13 21- z 1 Va »§z _\». Bién 661

(1) <3 2.1-~‘ +2_v‘ +2+9.\-if +91“ +9.11 -11.1-3»-—‘ -11;-1 -11,1‘ Vxe [1;3]._1~e10;%1

D511

thtrc

f(.\',a,b) = 2.1-~‘ + 26‘ + Z+9."<“1c1: +96‘ +9.11 -11.116‘ -1161 -111-—‘ 1111 651 dang

cn chfrng minh 1'21 f(x, y. y) > O. Lu'u y" 151 f Ming thco a vii giéxm theo b.
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Chin dé Lri Lheo y béng dy sau: O; 0.1; 0.15; 0.2; 0.25: 0.3: 0.35; (1.4: 0.45: 0.5

ta C6 (dpcm). D§1ngthC1'c xély ra khi v51 chi khi X = _\' = 3.

Trong béi main trén. S.O.S di gip chling ta giéi quyét nhanh chéng diém "nhay cam".
Nhung sau khi dat du'<_>’c muc dfch nily. chfmg ta d linh hoal trb' lqi bit ding thfrc ban

du via dirt diém hing chia déL1'j.Tr0nQtru'©'ng hc_>'p ny [hi chia dé tri I31 1u'lu'O‘ng chfnh
cén 5.0.5 121 ki thuzjt. Tuy nhién. chmg w Cf1g‘"C@[hé‘dilI1g s.0.s 121m du'(>‘ng léi chfnh
vii dimg chia dé tri lilm kTthuf1t.

! J) ¢ Cl J

Béi toén 3. Cho u. 11. c > O. Chrng minh ring
w \ -\ / », .1 q

23(a+b+<>)+l3{”_+ ,+‘_ _ —+b—+‘—\; (1)
> -~ - ¢ (1' /

O'\
/-2

|-.
Q__~.

V
IJJ

Ch zhzg minh

3' 2 / 2 \ 3 3

(1)<=>13Z{[‘)’—,+a-2-‘L 210 -+/1-2aJ¢_A,i3Z“("b,b) 22“ bk)

'3"

L

/_

'\
U.-

‘ \.. .\.. (W. .\.[.

__3 a(a—b)2 a(a—b): (a—b)2 3 a(a—b): ((2-19);H10; — 20\_,lOlZ /7: bl 20

Khéng mét tfnh téng quzit gié sL'1'u= max{a, b, c}. Néu :12 ('2 /7 thi:

(a—wb)3 :(a—c+c—b)3 2 (a—c)3 1:(c—b)3 2(a—1c)3 + (c—7b)} :> Z(a—~l>)? 20
b" b" 11- a“ <~- I2"

Nén ta chi can Xél khi a 2 b 2 C. Khi dé:

Z(a—b)3>(a—b)3+(b—c)3_(a—b+b—c)3:—3(a~I2)(b—c)(a—c“) '

W. I92 _ a2 :13 a3 (12

D0 C16, ta chi cén chirng minh: 130 a(ab_:b)_ 2 3(a _b)(lZI;C)(a _C)
I

'=>a2[a(ab:b)2 +b(b_,€)2 + C(C_7a)2]21O(z1—b)(b—c)(a—c)
_ C- H-

Ta dénh gié dcm gién béng béit ding thtrc AM - GM:

a(a—b)2 +b(b—c)2 >2l(a_b)(b_C)_ c(c—a)2 >4c(a—b)(b—-c)
bz C1 * C ’ az * az

nén chi cn chirng minh: 25; + 4c210(a —c) <=> a3 + 702 25ac (ddng) :> (dpcm)
C

Chng ta két thc muc ny béng mét bin tozin cua Phgm Kim Himg. Béi toén n51y d

du'Q'c gic'>‘i thiéu trén Diern dim Tozin hoe vé'i tén gQi IE1 "Théch Thtrc 2", vii cc’) thé xem
nhu mét trong nhirng vi du khé nhét déi vdi phucrng phzip S.O.S. Sau déy, chng ta sé

xem m tuéng chia dé tri h0z_1t déng mé nélo khi kél hqp véi céch biéu dién s.0.s chfnh
théng. Liwi giéi sau déy cng cua Phan Thanh Nam, v21 151 ldi giéi déu tién cho béli tozin

néy trén Dién c7'c‘1n Tacin hoe.
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CC

1 |

££_i_C\‘2+(i+a\2+(i+_[7Y>11 (1)
12 / kc‘ J kn ,’ _ _ c/+b+c

Cluhzg minh

/' 2 . "

(1) <:\ Zka +2a{)+2/X —4- “+17 j(a—b)' 20 (Z). Chuén héa: Cho <1 +12 + c = 1 {hi
13- u+/7+(‘/

/' 1 1 *

<2) <=> EL?-5+-1(-)(¢1-/7)‘ 2()hz1yZf(c1—/2): zo
('\(' )— l\I

Khéng mt téng quilt. In gizi su' u = mux{u. /2, 0}. Néu <' > /2 [hi ta c6 ngay (dpcm) vi
2 2_ ' _ \ \ _ ‘__Z U b -2 G C = mb+b( +('a'(u b)(b UM U) nén du'é'idi1\/Lu chicé11xéIkhiz12
C b (I/)(‘ “

b 2 c.T1‘0ng phn cén lz_1i. ta sé chia thimh czic lruémg h<_>'p dé xél.

Truimg hqp 1. Xét b 2% (hay 1) — c 2 a -11). Ta xél 2 u'u'b"ng hqp con sau dy:

1.1. Xét />z%.¢-z§.Tu cé: cz%+4@-520 Va/x 2().ChL1)'/c1S%nc‘:ntacé:

~ 14_iA+Bzi+(@+i)+4/>+_,->- B-+ 2+i +i+i-5-§>0
-l Zr <1 — Z 3 _3 4u (19)

<--;

4=.u

V
w

,-\

‘J

:> C('a—b): +_A(b—c)3 +B(c—u): 2%(a—c)2 +B(a—c‘): 20

1.2. Xéz bz§.<-sf Ta 06:

C(a—b)3 +A(b—c)2 +B(u—c)3 2(C+ I —4c‘)(z1—c): +(A—l+-lC)(l>—("): +B(a—<'):

Tu'o'ng Lu"nhu'i1"én: C + 1 — 40 2 0, A — 1 + 4C 2().ChL’1§’ (13% nén iu cé:
3

1 1.1. 1 '13 ' 1_'_.l £4. __ _i—Z(A—l+4C)+B2([l+;)|(§T?C)+4b+Z? 3 22(z1q)+2+3.1 5 7-O

Tru‘f)'ng h(_)‘p 2.xe1 /2S%.Tz11u6n c6: C2];—52l.A2;—52 1.
_ J (-

Do dd La chi cn quan tim khi B < 0. Xé1Z1ru'€mg hqp con suu diy:

2.1. xm 11s%,<-2% (khi dé ag). Tucéz

lA+Bz(5@+l)+(2a+l)-7.5z(2+3)+(2-3+5)-7.5=0
2 c a 3 3 "

%C+B2(%a+% +(i+4/7)+3(~-7.5z3\5+2+%-7.5>0

:>C(a—b)2 +A(b—-c): +B(a—c)2 2(—B)£Z(a—I>)3 +2(b—c'): —(_a—(')3]2O

iii toén 4. ChL'1'ng minh ring véfi u, /2. 0 > O (hi: '



Clzu'0’n IV: Nl1l7'lz<1 vién kim Cll‘0'II" Iron" [nit (M110 tlz 121' lzién 1701' 72%“)G O (5 A5 ~ l

Ex)

B)

. Xél khi h§%.c'S—g— (khi <16 212% ’). Ta lgi chin thimh 2 lru'6>‘ng hqp con:
- 7 _

2.2.1. Xét khi 1230.3 \'Z1 r £% . Tu'0'ngu_1"1ru"C>'ng hop 2.1. t;1c6:
3

\

iA+Bzl+(2u+l)-1526+2_7.5>0
" 1' <1

—C + B 2u + L) + (L + 412) — 7.5 2 2 p/E + 2\/3 — 7.5 >0 \'£1su\'1'z1(\dpcm).
9 (1 Z/9 \' 9 '

FJ-—'

2.2.2. xm khi /> 2 0.3 Vil (4%. DO /4% nén 2m - 11> 2 <21 - <->

D0 3.7511 2 1 + 0.750 nén Z.75(/J — c) 2 ((1 - c).TL1‘d6 suy, 1'21:

c=i+l+4¢--52921+l-5z3+3-512.5
[)3 11 '/J Z

A=%+i+4u-5236/>+%+4@-5z3@><0.3+6+§-5213.8
(" C ) ._.

:> C(u—l2): +A(b—(‘)2 2~2—'§i((1—c.'): +—~—13'8,‘(¢1—('): 22.-1(u—(')l
2' 775'

Va B+2.4zl+4b~5+2.4z6%+4><0.3-5+2.4>0
(I

nén: cm -/1): +A(b—c)3 + Bm —c)32().V$1ybZ1it0a'1n chL'1'ng minh Xong.

v|. PH/Iu CHANG LA LO’! GIAI ouv NHAT? '

Czic ban thin mén. c6 lé méi chfmg L21 déu mong muén méi bi1i toain hay déu 06 mét ldi
gizii d¢p 1u'o‘ng xirng. Trong czic muc tru'O'c. chilng in dd ll1§y mzflc dil giai quyél uzic biii
tozin rt khé béng mél du'O'ng léi don gian nhung gia'i bng chiu dé tri khfmg hfxn 121 lO'i

'gi£'1i duy nhfu. Trong muc nil)’. chfmg [Oi din ra dy bén vi dgl minh h<_>z1 dziy dbl sfrc
3* \ , A A » A A A Imgmh va tmh ngh¢ thuat cuu cua phu'o'ng phup chia dé tri. dng thiri chuyén 1é'i cac ban

Cu hOi1‘§ng,li$u 651)’ C6 phai 1Z11(7igi2'1iduynh§1‘?

- . A
I

Bili tozin 1. Chfmg minh rz;mg:A 6” + Ob + ‘(fl Z-25+Q—+" .Vu.[1.<’>O
(1 +12 b +( < +u A

Trude khi néu 167i gizii. chimg téi xin gi<'>‘i thiéu s0' hrqc vé bZ1i lozin thfl vi wily. Tzic gizi

bfli tofm. Pham Kim Himg. d gidi lhiéu bi tozin mcfv sau dy trén Dién dizn Tozin /20¢

trong chu dé c6 tén 121 "Very difficult inequality"

Béi toén m6’: vo-1 mic hang S6 /< > 1 nilo ma b§td:°mgth1'1"c suu ddng \~<'>"i m<_>1 21. /1, <- > 0;

czk + bk + ck >a+/1+0
am +bk—l bk--1 +(_k~1 CA-A1 +(Ik~l 2

Binlz lugin: Bing bién déi d0n giim. ta lhél)’ ring néu bt ding thfrc dfmg vc'>"i /< [hi né
cfmg dfmg vc'>'i k'<l<, do dé hing $6 lén nht cfmg cé nghhx 151 lél nhl. BZ1i tozin 1

khfing djnh bili tozin dfmg vé'i l< = 7, hon nfru Lrong tru'i>'ng hqp /< = 8 [hi c6 phém v1’ du
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(xcm 1\1h:_71n xét O‘ phn sau). Mic db v§1n chuu giai quyét duqc bixi lozin mo‘ nhung cé thé

khéng dinh dy 1:1 mél lrong nhtrng bit déng thtrc mganh via khé nhél hién nay. L61 gizii

duéi dy dua trén 161 giai cua Phan Thémh Nam (ii déng trén Dié~n ¢7'(‘zn Tmin /ma. mét

161 giai déy Iinh nghc Lhuét v21 lang man.

L(?i gidi bdi todn I. Ta viét lai bit ding thirc cn chllrng minh:

6 6 h _f1 _(\ 6“ah /J6+b_/J6 <(‘ +(__c(< [1620
u +17 12‘ +6 ("+0

o e e _<> / <1 <1 e _<» _(> <»\
@(¢4—<~)%+(b—<')b6 ‘6+<-Laé b6+b6 ‘6+°() “J20

cl +12 b +0 11 +1) b +c c +u ,

0 <» <> _n ’ <> <» 0 _- _o _(» 0

<:’(a—")g_o"le+(b—¢')b(» c6_C1a<» b(>'b<> cola a(»j2O
cl +12 Z9 +c a +/2 b +0 c +0

Tit nhién, ta cé mé gia' sL'1'c1 = max{u, 1;, C}. Tu béu dang I1'10'C cuéi. 1-.1 may néu 1220 thi

bér dang thtrc hién nhién dung. Do as la chi can Xé[k1'\1ClZ('Z b. Dé don gi£111.I21chu§n

héa: Cho C = 1, \*€1te‘1tnhién chi can Xé[1<111(I > 1 > /1. Ta nép tuc bién 6161:

6 6 (v (1 6 (>

(.1-1>@+<1-b>“6+”b 2616-‘ *;>(a—1)l+b6 +(l—b)1l+-%]lL—6~j21—%
1—b6 a —b a +1 1—b \ (1 — +

6 6

<:>(a—1)%+~62?l+ —b2O (1). Ta sé chtmg minh f(u, /1, 12) > 0
— (Z -1- (1 —

.6 ]_ 'V_(1

V61f(a..\‘.y)=(a—1)l+'16+ 62 + (6 1); —y>0
l—.x‘ a +1 a —.\'

Chli >7 ring dfly 151 bit ding thirc thgrc sgr. D5 chfrng minh. ta chi cn chia thco I2 dé dun

vé czic bét ding thfrc l bién theo u, bfmg diy sau dy:

0. 0.6. 0.67, 0.7, 0.73, 0.75. 0.77, 0.8, 0.85. 0.9. 1.

B511 toén du'Q"c giéi quyét [I'QI1 ven.

° Nhzfm xét:

a) Trong bién 661 trén ta dii sir dung hing déng thfrc: u + v+ w+uvw:() vdi:

\- v v— 1 -_ -

1¢='-7—~,\1=- ,w=” " (v1(1+u)(1+\')(1+w)=(1 -u>(1-\»)(1-11))
x+\' \‘+; :+.\'

Bing czich ni1y,ta era 151m Xuéu men czic am luqng “Xélp X1 0" 151 [Z -1;. b - ¢-. C - (I ma ta

d dé cz_"1p 6 mgc tru"c'rc.

b) Cc ban c6 thé thy 121 trong 161 giéi trén khéng cc’) bu'c'7c "khoanh vimg diém nhgy cém".

. 1,) ,. .. .. .. _.,,; 1_b°a°-5° . , _
V1 sao vgy. Thuc ra, 1\h1 thuc h1¢n v1¢c v1<;c chm 0 ve cho i(--—(i6 urc la ta da

' 1+b’ a‘ +b
chia czic dgi 1u'(_)‘ng "Xép X1" 0 cho nhau. Chinh vi vay, diém nhgly caim khi caic bién bing
nhau dz": duqc gicli quyél. Dziy chfnh 151 "chia khéa" cua 1O'i gizii nily. Ky Lhuét nix)’ cng

cé mé dilng rét thich hqp vdi dang s.0.s cé lhém dgi 1u‘Q'ng ((1 - b)(b— ¢~)<¢- - CI) ma ta

(ii dé ceip 6' mgc tru'('>'c.
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C) Trong bili tozin n1c'>‘d€1_gié'i thiéu. khi k = 8 [hi ta quy bili tozin vé chimg minh bél ding

thL'1'c sau \*c'>'i mqi u > 1 > [>1 (u —l)L%¥b%+—¢L+ >/2
1—b' a‘+l <1 ~17

Thuc hién viéc chia dé tri Lhco b La thu du'Q'c diiy: 0: 0.55: 0.57: 0.58: 0.585

Ta may dy din nén vé 0.6 nén ma cho /1 = 0.6 V510 1-6i chia dé Lri lh€0 (I ma may Cl lién
vé 1.3. 1-Jiéu <16 din aén du dozin 121 bin dang [hL1'C sai, Vii qua mm {hay
a = 1.3. L2: 0.6, 1: = 1 \/510 thi ta nhém du"Qc cixu lra 1i>'i phu dinh! Cfmg bng caich d6,
thém chi tzi cé thé tim dLrQ'c phém \/1’ du cho /< = 7.5. Diéu niiy chllng ti) bili tozin vc'>'i

lrubng hqp k = 7 151 rélt mgmh.

Béli toén 2. Cho (1, I2, (7 > O vi: (1 +12 + c = 3.

. I ?~ ,1 .1 i ,3 '\
ChL'rngminhr€1ng: 1 _ U , + / , b , + 2 ( , 2;;

\’a'+3/7' \‘/7'+3<"' z"+3u“ '~

Ch lhzg min lz

f a3 a: :13 (13/' : > :Til C0» Va} +3b2 \/ 3 [3 — V; 3"; 3 1

U U7 \/(13 +Za3b3 +12’ ‘I’ +17“

Til’ d6, thay (a.b,c) bO'i <(12,b3.c'2). ta sé chfrng minh bét ding thtrc manh hon sau dziy

4 4 A /3 2 2 _2

(vdimoia, b, ¢~>0>¢ 1” 3+ .1’ .+ 3‘ .z‘J‘(” T’ +‘ ) <1)
‘ a‘ +b' b‘ +0” c" +u '-

Ta chfrng minh (1) being chia dé tri tir don giim dén phL'1'ctz_1p.

- Ta cé mé gié Sn: (I 2 b, C. Néu 1; 2 C ma;

a4 + b4 + 04 bl 0"‘ 04
a" +123 b" +c3 c3 +03 (13 +123 b’ +03 c“ +03

(02 —b2)(a3 —c2)(b3 —C2)([l3b2 +b2c: +<.'2a3) 20
(03 +/)3)(123+c'3)(¢‘3 +03)

nén duéi dy ta chi cn chirng minh cho truimg hqp (12 c 2 /2.

H

'> 4

\.).;.a

((z—/2)= (<z—l))2' Trubng hqp cz £ 2b (v21 a 2 c 2 b). T21 cé: —“‘—_—z1—
2(a' +12‘ .)

(13 +1)“ -

\/3(a2+b2+C2)_(a+b+C):(a—b)2+(b—c):+((r—cz)3 S3((l~(')2+3(C—1J)2
3 3 .3 Z((1+12+(")\/3(a +b +¢ )+a+b+c

D0 as, ta chi can chrng minh: 5, (b—C)2 +3: ((3-(1)2 + 5. ((1-1)): 20 vé'i:

361 +116-~b3 3 36 2s= - - ~ 0
1 b3+¢-3 c1+b+c'>[7-‘+53 b+c>

2 _2 2 ~ 2 2 7. 2_ 2S2:3aj~ca1c 3 -> :30 3 _>0;S3: 2%2Q
c“ +a‘ ¢1+/9+¢ c“ +51‘ l1+¢ u' +12‘ :1’ +b‘
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V21 aiéu nZ1_y hién nhién dng.

- Tru‘O‘ng hQ'p :12 30 2’ 3/2. Tu cé:

.— //~ 3 3\
.ll , - <1 <1

4 5; \!3l” +9+9 - /» .-
(1 <1 u _Z7 \‘ 0 ' ‘~ /' \- <1 +7 +<

‘ _- .2 ‘- 11> 11- 2
u”+l2° Z8 Z Z Z

.117

A

J

J

J

' Cuéi cimg. la xét tru'O‘ng hqp a 2 Z/J. (1 é 30 (V51 :1 2 c 2 /J). Khi dc’). bt dzimg LhL'1'c 121

thuc s1_1'. Chun héa cho a = 1. vii dun vé bit ding thircz

4 F /3(1+b1+¢-3)
1 1+ .1’ 1+ f > ‘ (2)vé"i l2e[O.i]vi1 ¢-QP1]

1+/J‘ /2' +0‘ (T +1 2 2 3

Thus hién chia dé lrj thco 12 dé quy vé bili Lon mél bién theo 0 nhb‘ dy

0. 0.3. 0.4. 0.45, 0.5. Bin tofm aén dy duqc gm quyét t1'(_>n vqrn.

' Nhzfm xét: Til nhién sau khi gizii quyél diém "nhay céun", la C6 lhé t1‘(Y\'éch(1'ng minh
trL_1'c tiép bit ding thfrc O‘ dé bili. Tuy nhién O dy chimg In C6 géng chirng minh (1) vi

né la 1 bil dang mac d¢p y nglu. .\/101 hé qua CUZ1 bit dang thfrc <1) 1:1

4 4 _4 V

:11 + ‘/9 1+ Kc ‘Zu+L>+£
cl‘ +11‘ /2‘ +0 c" +11‘ ~

By 151 mét tru'O"ng hqp riéng cua bili Lozin mO' d gidi thiéu O‘ bixi tozin 1. via cfmg 151 mét

hé qué true tiép ctla bili tozin 1. Bém thin bi lozin hé qua nily d 151 khzi manh v21 121 m(}t

vi du in tu‘<_>‘ng cho phuong phzip S.O.S. luy nhién phu"o'ng phzip nixy d béc 16 gio'"i hqn

khi @161 m2_'1l vdi czic bél dang mu-Q manh ho'n. Ban dpc cé mé xcm 10-1 giéi ban tozin 2

hing czich sir dung bit dfing thtrc Holder (T5 du'Q'c trinh by O" §3, nhung vc'>'i bit ding
thrc manh hon (1). rél khé dé Q6 su" lua chcpn khzic.

Chng I11 liép luc vc5‘i m{>tb51i t<1éx11'§t116i tiéng sau dfmy

Bili toén 3. Cho x, _\'. 1 > O th0a' .\')'Z = 1. Chfrng minh ring:

.\ .\ _,

v +2 1 +2 .\‘"+2

Bili tozin n21y c"1‘u'Q'c gic'>'i thiéu trén dién dim .\4athfricnd.nc1 \‘r5"i nickjnamc lzic gizi 151 "Cu
bé quiing khn G0". Bang W hinh thfrc 10>/e1 d¢p lzrmm bit dang thtrc [~51 khé. val mile

din nhén duqc rfxt nhiéu su quan tzim nhung cho dén bfxy gié G <16 van chua cé l©'i giai.

Chli )’/ ring néu thay mil 4 bO‘imf15lhibi1i10z’1n khéng cbn dng.

Clzzhzg minlz

Do xy; = 1 nén ta cé thé thuy (.\', _\", 1) bdi véi u, 12. c > 0 vii viét lai bit ding
C (I J

5 5 _5

thtrc cén chimg minh: 1” + 417 + ‘ 21
(Za" +11 )c (Zb +0 )0 (20 +11 )1;
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(_Ch(1 5'1: cdc ban lhL'1' suy nghf 1511 >110 [hay bé (.\'. _\‘. 3) bO'i bé 111Z1kh611g phai 151
(- (1 >

bé :1 cam 11111; 11111-2 co gi bit 11;»-1 10 mi (~11(~h 11111 nhf1l'.’)
7 (' £1

Ap dung bét dng thirc CBS. 11106:

*1

‘V7-_ (16 + /7!) +f (‘(3 > ((1) +/7) -1-(A)

(Z414 +/24)1z1 (Z114 +("4)(1/7 (Z13 +(1“)l2(' (Z114 +/1"‘ )(’(1+( Z/14 +1"! )1:/>+(Z(“’ +114 )/>1"

D0 d6. dé C6 diéu h€1ich1'1'11Qminhla ch1 02111 chL'1'n9mi11h:P ( -
((13 +/27‘ + 1:3)“ 2 Z((1l>'=‘ +121"; + ("(15 ) +11/)("((1; +123 + (:3) (1)

Nhin bé ngoili thi C6 vé nhu' dy chi I51 mét bit déng thtrc don gizin. vil déu béng cfmg
@111 my 111 1111 m@1 @116 duy 111151 111 11 =1; = 1-. Tuy nhién bé1 dang 1h11¢ 11> 1111 121 mél bé1
aang thtrc mglnh 1-21 khé dén 11 <11. Dy lhI,1'C 111 121 11161 (111511 dzing ngac nhién. Sau dy.

O
D‘

C\

3
US

Q>

xin dé xut mél czich 1511 céng:

Khéng 111é1t t1'11h léng quail gia 511' (1 = m11x{(1. /2. 1'}. .\1'éu(12/> 2<'th1:

((15('+[7<'(1+ ('51)) —((15b+b5(‘+ 05(1) = ((1 —/2)(/2— 1.-)((' ~ (1)

T

((1+/2+(")((1: +1): +1':)+(1/7(E£O
nén thay ((1, /2. c) bo"i ((1, 1', 1;) thi vé 11111 bit d5111g lhfrc khéng C161 trong khi vé phcli bfll
déng th1'1'c I€11"1g lén. D0 d6. la ch1c§n xé111‘11'©"ngl1Q'p (12("2l2(nh11d néi. diy 121 mél k1
thuét 1'51 lhu'b'ng dimg dé giéli quyét bO'l mél Ir11'(7'ng hqp khi gzfip bZ1i 101111 hozin vi vbng
quanh).

By gid ta thL'1' dimg phu'o'ng phzip phn lich binh ph11'o"ng S.O.S. Viél lai:
. w

-1 -w 4 _‘ -4 \ -v -v((13 +123 +c3)((13 +17” +(f“ —3(1/2(.‘)Z2(1b('[%+b—+L—((1“ +17‘ +1”
2 1 (1

vi sL'1'd1111g czic phin tfch: (13 +/23 +(‘3~3(1/2('=i€lL-[((1—/2): +(/2-1"): +((‘—(1)2j

1 '1 2 2 '" 1 1 _ +2 + I -4 - A ; . A A%+12" —4(1‘ :m#L((1—l2) la \'1etl1_11 baldanglhu‘cl1‘c11 ve dzjng:
7

5,111-1-)1 +5311--1111 +5_1<11-11>: 2012)

vé'i sl =5 —4(1b(3b3 +2/11.-+1-1 );s3 =5 -4111-(31-I + 21-11+ 111)

S3 =5 —4c(1(3(1: +2(1b+l>2 )1 trong 116$ =3((1+b+(')((13 +/23 +03)
Néu (1 = c hozjc b = (' Ihi bi lozin don gifm. Ng11'Q‘c lai. la 1h1_1'c hién bién (T61:

<2) <=>(s, +s3)1(--11>: +(s2 +s3)1(--11>: +2s;(11-1-)(1~-1120

S +5 . S,+S .H1 s_(—/2+ _ .1_(1—(+S >03
2 (1-0 2 ("-17 3 ()

Khi chia xu5ng nhu‘ vziy thi diém nhay cam d du‘Q'c tzich 1i, nén bit ding 1h1'1"c (3) 121 mét
b§td€1ng1h1'1'c thuc s1_r. D0 d6 "chia dé/11'1"chf'1c chin phzit huy tc dung:
Chuén héa @110 1- = 1 khi dé 11> 1 1-11 11 < 1. 11101151)’: \/T13) = 1111, b, 1)) =
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(1-11)[3<a+11+1)(11‘ +11‘ +1)-219113171 +21>+1)-21113111 +2111>+1f)]
(1-1

+(u—1113(a+b+11(c13 +/93 +1)—2b(3+Z<1+c1Z1—2z113a3 +Zal7+b:)_
1—/7

+3141 +b+1)(a3 +113 +11—4u(3c1l +211/7+b3)

____|

Bit 11(0) = 3(a+b+l1(a3 +193 +1)—2b(3+2a+aZ)—2a(3(12 +2ab+b21

\’((I) = 3(a+b+1)(a~‘ +5 +1)-21m(31f +21>+1+)-2<1(31H +2@1)+1f)

Ta sé chtrng minh 11(0) > 0, 111(1) > O bng 2 phu'0"ng phzip khéxc nhau.

Ta C631/(cz)=1Zc13 +3193 +3+ 9021) —9z12 —4b— 1Zab— Z122 >0 Vc1> 1. Z7 <1

nén z1(a)>z1(1)=6+6b3 -101>+31;* -2171 >0

Ta khéng mé dimg dao hilm aé Chfrng minh +111) > 0. Hiiy 1u'u y dy 1:1 nhfrng bét dang

lhirc thuc SL_I'I1éI"1 chia dé tr! chéc chén phaii di dén kél quzi. SL1" dung chia 61?: tri thso I1 dé

quy vé béi tozin mét bién theo a nhb d€1y: 0; 0.5; 0.75; 0.9; 1 ta sé chtrng minh duqc
v(a) > 0. By gi€>'Lr<'312_1i béli tozin.

:(1—b2)i:3((l-1-12'+1)((l3+/)5+1)-21iji(l3[7§+21J3-'-1)—-2[1(3Ll2-1-261172-1"/95)}

(a—11[3(cz+b] +1)(a3 +1113 +1)—2b3 (3+Za+1121—2a(3a: +2111): +/233
+

1-/7]

+3(a+bl +1)(c13 +121} +l)—4cI(3a3 +Zab3 +1233) V61 Obl <b2 S1.

Khéng khé khén ta c6 thé chtrng minh C1u'Qc: f(a_b.b) > f (a.bl,b2) Vbe [bl .123]

Him f(a,b|,b2) khég hén d dévng bién theo bl v€1 nghich bién thco bl. tuy nhién

f(a,b,b)> f(a,b,,b2) dL'1ng_Vbe[b\,b2] ducyc suy ra tir céc dzinh gizi sau:

3(a+11+1)(11~‘ +17“ +1)-21m(31f +21>+1)4211(31 +2ab+1f) "

>3(11+1);+1)(11~‘ +11,‘ +1)-21>;<1(31;§ +21); +1)-2143111 +2107; +b33).V/2e [1>,,1¢;]

V21 3(a+b+1)(a3 +b3 -1-11-2/713-1-2(l+[l2)—2[l(3(I2 +261/J-1-/7:)

>3(11+1¢; +1)(a~‘ +bf +1)—2b2 (3+211+1)-2q(31f +211./13 +11§).v1>e[1;,,11;]

cuéi cimg, ta thgrc men phép chia aé 1+1 theo baén 11 aé quy vé bét ding thtrc 1 bién 11160

a nhd déy:

0; 0.29; 0.42; 0.51; 0.56; 0.6; 0.63;-0.65; 0.67; 0.685; 0.714; 0.726; 0.736; 0.746; 0.756;

0.765; 0.774; 0.783; 0.792; 0.801; 0.81; 0.821; 0.833; 0.847; 0.863; 0.883; 0.91; 0.95; 1

Bi toein du'Q'c gizii quyét trgn vgn!

' Nhzfmn xét: C déy m{>t 15m nfra ky thuzit chia ceic dai 1u'c_>'ng xp xi 0 mix ta d dimg
[1‘_Ol'1g bili toén 1 lai phzit h0y téc dung. Tuy nhién, vi n6 quzi don giém nén viéc chia dé
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tri phéi thuc hién khzi dili dbng. .\'hu'ng czich lim nil)» khfmg phai 151 duy nhél. vi: chng
téi hi vqng ban CIQQ sé 06 czich giai khc ngén gQn hon.

Chimg 1:1 kél thc muc nily \"O'i min bin £02111 dii giéri lhiéu o'd§1u chuyén C15.

}Bi1i t02'1n 4. Chox. _\‘. :. E I-1, 1] v£1.\‘+_\'+ : = 0.
I

v : 1

ChL'1_'ng minh rng: V/1+.\‘+%_v2 +\/l+_\*+%:: +\/1+:+%_\'3 23

Tru0"c khi giéli bi ny, xin néi déi lbi vé xuéil xtr cua 116. Bili lozin 1121); dfl duqc dun lén
Dién 076112 Tocin /10¢‘ v51 Mathnf1"icnd.nct nhung vén khéng nhém du'c_>"c l>'i gisii. N0 duqc
151m manh tir béli tozin du'c'>'i dy cL'1a Phan Thiinh Nam.

Biii toén ban d:51u.Ch0.\',)',z e [-1, 1] vE1x+ _\" + 1 = O.Ch1'rng minh ring:

T: \/l+.\'+_y2 +\/1+_\~+;2 +\/1+;+.\-I 23

Sau diy 121 lo-i gizli d§u nan Qua tzic girl baa Loain. mél liwi gizii hay vé mél tu'O'ng.

B5 aé 1.- cm céc $6 [hU'C (1. b, 11, 1- 5&0 @110 caic cén [hU'C du~é'i diy cé nghia. Khi dé 2
diéu sau 151 tu'o‘ng duongz

(1') \/a+u2 +\/b+v2 2J2(a+b)+(u+1')2

(ii) 4(u — v)(bu — av) 2 (:1 — by
Trc'>' lai bili tozin. Ta xét thtr khi no thi c6 bét ding Ihirc du'é'i dang sau:

' / <»+:>1
A \N/1+x+T+ l+_\‘+?2\;2(2+x+_y)+il— (l).Thcob6dé1lhi(1)d£1ngkhi

v '1 w(_v—;)E\>(1+_\‘)—;(l+.\‘)j2(x—_\')' hay (_\‘—;)“ +(_\‘3 —:,3)2(.\'—_\‘)'

Xét 3 bit ding Ihtrc sau: (_y—;)2 +(_\"‘ — ;3)2(.\"— y): (2)

(:—.\')2 +(z3 —.\"‘)2(_\'—:): ;(.\'—_\‘)2 +(.\"‘ —)'“)2(:—.\'):

Do khi céng 3 bét ding thtrc trén La (:6 bit ding {hire dng nén phéi cc’) ft nhéit mét trong
3 bit ding mu-C dung. Khéng giém téng quzit. gizi SLT <2) dng Q <1) dling.

- Y2 7'2 \ I \'2Bat a= l+.\‘+T,b=\/1+_\'+T th1(l)<:> (a+lJ) 24—2:+'? (3)

T£1'd6tac6:\/1+.\'+_\"3 +\/l+_\"+;2 = (13 -9%)} +\_//2‘? +%;3

2\/((1+b)2 +§(|_\~|+@;:)1 av/4-2;+%(§_\-!+J;1)2

SL1‘ dung bit ding thtrc <5" trén ta tiép tuc LhL_1'c hién viéc "d611 Cain":

T2\/4—2;+%(|_v]+l:])2 +\/l+;+%.\-2 _\iy(\/4-2; +\/I +;): +%(1.\'F+%_\'[+[1I):

V
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2 (v‘4—2; +\/1+;)_ +333 (do ].\-1+§\-5+§;12§.\-+ \"?+§:§=_
, .\

J
»

~,

Plzmrng pimp ( Illa (Te tr!

7? y: é n:
'?Cu5icu11g.1z1c6: \‘(L\'-1—2:+\/1+3) +3:3 2_»<:>(\/'4—Z:+\’él+:) +3::29

<=>2\/(4-2;)(1+;> 24+ ;~3_—? <:>4(4-2;)(1+;)z(4+ :.~3;* Y

<:>15;’ +61‘ -9;‘ z0<:,~3;: (1+ ;>(5-3;)z0 (dng w/ze [-11 11;

V§1ybZ"1i loin chirng minh xongf Bing lhtrc xay ra khi \"Z1ch1 khi .\‘ : _\' : 1 =0.
Bin tozin nziy d du'Q'c dun lén D11511 J5:/1 Tod/2 /z<)<'. v51 0' (16 d nhén d'u'Q'c l©'i giai 1'51 don
gian sau dy Qua thiy Trn Nam Ding.

B5 :75 2: Cho czic $6 lhgrc <1, /2 $210 cho czic cn lhtrc du'6‘i dy 06 ngla.

Khi as; \1Tu+\/Ez1+\/'1+(l+/> <=>¢11>z0

Trd l2_1i bili tozinz Trong 3 $6 x+ _\"3,)' + 13,; +.\'3 phai c6 2 $6 cimg déu (tire IE1 Lfch cua

chng 2 0 ), ta c6 mé gm SU121 .\-+ _\-1 Va _\-+ 5. Khi as. Zip dgng b6 aé;

'v -v ll T ‘ 1 -a / 1\/l+.\'+_\" +\/l+)"+:,' +\'l+;+.\"' ZI+\/(1+.\'+_\'+:')+_\" +\f(l+:)+.\" 2

V L : , f ,~_~------ r__ 1

21+v’(\/l+.\-+_\,-+53 +\/1+3) +(_\‘+.\-)' 21+\j(\/1—:v+:,3 +\/1+3) +33

Cu6ici1ng,ta chfrng minh: — 3+ 3: + \/1+ 3,) + 33 24

<:>Z+Z;3+Z\/(1—;+:3)(1+i)>4<:>;2+\/1+1} >1.,/._ _

Néu:2Olhi\~/1+1} 2l;néu;<()thi 33 +\/:21: +l+:3 :1+::(1+:)21.
Bin tozin chfrng minh xong!

Nhu‘ véiy Bi loin 4 l kél quzi lilm manh cL'1a chng téi cho bili tozin ban du. O‘ dziy déng

thfrc xziy 1'21 tni hai ch?) 121x = _\" = 1 = O v£1.\" = O, _\' = 1, 3 = -1. \/iéc xL1§l hién hai diém

"nhay cam" nhu' lrén khién czic démh gizi O‘ Lrén lip tire gép no‘ ngai. Tuy nhién hing

"chin ae 114" la dé dflng khéc phL_1c.

L(}’i girii bdi tozin 4.

Bzréc la: (khoanh vilng diém nhay cam th{1"11h§t)

Tru'é‘c hét chng ta c1'1' viéc lzfip lai con du'é>‘ng cfl cua thy Trn Nam Ding:

Trong ba $6 .\"+%)‘2._\‘+%::.:.+%.\'3 phzii cé it nhl 1 cép cilng déiu mix ta c6 thé gizi

sir 1:1 (.\‘+% \~1)(\~+%;1)z0. Khi dé m co dzinh gizi:

\!l+.\-+%_\*: +\/1+)-+-3:3 +\/1+;+%.\-2 21+\/l+.\-+%_\-3 +_\-+%;3 +\J,‘1+;+%.\'3
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I

1’ 1_;‘;1_; 7,: 7_; 1_-v1(1—,_+-6“ )1*6>\_ +\-(lw-1.1+?/).\ 21-1'Vl\\'1—._+6__ +\,1‘f',,/1+§\

*Nh(7n xét: lJ11'<}'1' 175111/1 gizi 0'1"/113 /151)‘ ("/11 Jam /7(((I 1/1111 /M71131 0' 1'1 Ir!’ //11} 11/1111 .\'u_\' ru, ('1)/1

/</1i .1" z 0. ‘\‘ = /. 1 = —l I/11 /111511 I/1111' /Jén p/1111‘ J17 11/10 /11/11 3 /1611 \"1'§¢' 1"/111'11g 111111/1 lr11'<'

Iié/9 IE1 /\'/1131151 r11'0'11g. C/1111/1 1'1 \"1_i_\" /11111‘ 111311 1-1111 /111111" /1(1)" 1"/11 /[1 1111'/1 /1' bu /Jién .1", )1 1 /"u

/</101' 11111" 11/1u\" 011111 1/111' /1/1111.

Xél

4

(5 -.

1 1—:+l;3+\j1+;1+l;:24<:> j;1—;;:+l;’=21—Z1:
9 ,1 9 \~‘ 9 9 9

-1 1:‘ 49;‘ 491 1 1 9-37:7 9+37>11: *' + '— 2()<:> ;‘—~;——S()<:>9S;§Z%

Nhu' véy Z 2 -0.95 lhi bili 101111 du"c_>'c giai quyét. Do vzy 0' bu'é'c (iép lhC0 la ch1 cn

3 9 81 81 9. 3 14 1-1

ch1'1'ng minh bail dfmg th1'1'c ban du ,d11ng V36 [—1.—().95] nfra 1£1x0ng.

Bzréc lb: (khoanh vimg diém nhay cam th1'1' 2)

X61

bun (1511 dng. Thin \':_3.y. bién 1161 lu'0'11g du‘o"ng:

1 7~/
‘l 1\+ 9»+\1-9 - 1 -<1

ye 10.7. 11, XE 10.95 - _\-, 1 - _\~1 val ;e 1-1,_0.951. T11 Sé @1111-11g minh 1151 aémg lh(1'C

.\'+—\" +\'+l(.\'+\‘)' + 11—.\'—\"+l,\':Z3

T;1xc111_\"1Z1111<}1h§111g $6 bél ki lhuéc [().7. 1]. D511

1 7 1 3 I 7 2 ~f(.\'):\11+.1‘+5_\" +\1/l+_\‘+%(.\'+v\') +\//l—.\‘—_\‘+é.\‘ -3. V.\‘e[().95—_\‘.1—_\']

Nhiém \'11c1'1a1z1 lZ1ch1'1'ng minh >/' (.1) ZO.V.\'-E [(1.95 —_\".1—_\"]. Ta C61

.1 3 1 1 7-1+ 7.1" 1 -9 + 14.111.11:? 71-. w+_-
* \/9+9.\‘+7y\" 3 \/9+9_\~+7(_\-+1)“ 6 \/9—9.\"—9_\"+7.\"3

D§1tg(c1.l1._\')=i- 1 +l- 7”+7‘y +l- _9+Ma
3 \/9+91;+1é\»’ 3 \/9+9)-+7(1,+’\~)* 6 79-911-9;-+1111

l-1€1n1g(c1. 12.)") lng lheo 11 \'Z1gi:¥11n lhco /1 nén _/"(.\-1 = g .\‘. y) S g(1 — _\‘.(1.95 — _\". _\")

Déd {mg kiém Ira g(l—_\‘.(1.95—_\‘. )1) <0. Vye [(17.1] (di1y 1Z1 bt dz'111g 1h1'1'c thuc 511' 1 bié-n

$6). V2_“1yf’(.\‘) < O Vxe [(1.95 — _\".l — suy 1'11 f(.\') giam lrén [(1.95 — _\‘.1—_\'] .

D 16 f(-)>/(1-~)=/1--+1-1+ 1'E+~+/111--)3 -2QC .\ _4 _\ \‘.1_ 9) _\ ‘\ .

D511 /1(_\') = f(l — _\'e[O.7.1].Tud§dZ1ng kiém 1111 /1'(_\')<() V_\‘E [(17.1] (di1y1Z1 bl

d§1ng(h1'1'cth11"c 511‘ min bién $6) nén /1(_\") 2 /1(1) = ().
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~ Bzréc 2a: (chuén bi)

Xél céc truimg h(_>‘p cbn 12_1i 121 ge [—l:—O95]._\‘€ [—0.05;O.7]. Hai diém nhay cém d duqc

tzich li vi bit déng thtrc cua ta lc ny 151 mél bél ding thtrc thuc sh". Thay .\'=—:—_v

vim bit ding lhirc ban dim. La cé bét ding thtrc tuong du‘o'ng:

{1—;~\~+l\-3 + \/11+ \~+Z:3 + ;‘?l+;+l(\-+3): 23
V ' 9' \‘ ' 9 Y 9'

D511 (1 = —;1h‘1 ue [0951] \'21b5.td5ng lhtrc lrén duryc \=i£3z1;1i:

. ' . . ,
\!,/1+u—v\"+%_\" +\/'1+_\"+%u' +\/l—c1+%(_\‘“ +Z‘\‘</+11‘) 23

~ Bzré'c 2b: (chia dé tri)

Ta cn chtrng minh bit ding thirc cuéi khi ye [—O.()5;().7] \"Z1 ue [D9511].

Sir dung phurmg phzip chiu dé tri thco bién _\' dé quy vé bi main mél bién theo :1 nhb diy
sau: -0.05: 0.35; 0.48; 0.57; 0.62: 0.65: 0.68: 0.7

Biii tozin du'Q'c gizii quyét [1‘Ql'1 v¢n! »

vu. KIEM TRA BAT DANG THU’C THl_J’C su MQT BIEN so BANG PHU’O’NG PHAP LAP

Déi \'<'Ii bit déng thtrc lhuc su min bién 56. ta cfmg cé thé kiém tra hing phuong phép

leflp nhd két qua sau dy.

1. Dinh lj. Cho f:1R —>R mél hm téng v21 lién tuc. [(1, 12] 151 1 khoclng déng trén IR. Khi

dé hai ménh dé sau dy 121 tu'o"ng CIu'0'ng:

(1') f(.\') >.\" . Vx-E [(1.12]

(ii) Dy .\"0 = u..\‘” = f (.\‘”_1) LhOa min: .\'” >12 \"é'i n an 1c'>'n.

Ch lhzg minh

(i) suyrz1(ii):

Til‘ (1') néi riéng ta 06 f(a) > a. Diéu ny cflng cé nghTa 121 .\'1 > .\"U, mil f Léng nén suy 1'21

dy {xn} 151 déy téng. Gizi str X” Sb,V1z thi diy {xn} Iémg vii bi chzfm trén (bdi 12) nén héi

Lu vé mét gidi han ce [a,b]. Ti: dinh nghTa x“ =_f(.\"”_1) Vf Iién tuc. cho n—> +<><> dé

chuyén qua giéi han ta dLl‘(_)'C c = f(c). Diéu ny mu thu§n véi (1').

(ii) suv ra (1'): G151 sfr tém tai ce a,b1 sao cho (c) S c. Vi x =0 Sc nén bn u / na ,. 0 .-.> q fl .P

ta <36: x” = f(.\'”_1)$ f(c)Sc. Biéu nily méu lhun vé'i (1'). A

Luuj/1"§1ng.cng nhu‘ O 2.. ('1' dy chimg tz1ch1'c§“1n hiéu )7 nghia d1n'h 1)? dé zip dung, cbn

trong trinh biiy thi chi dimg nhfrng su kién hién nhién. Hon nfra, chiéu ta sé str dung chi

121 “(ii) Su_\' m m" Va khi as chi can f dang biéh 1:1 au.

2.Vid1_1 1. Chirng minh rang mi XE [0, 11 ma; \/.\-+1+.\-7 +$(.\-+1)‘ > _\'-F1
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Ch 1111g minh

\/.\-+1 +.\-’ +%(_\-+1)4 >.\‘+l <:> _f'(.\~)=\/_\"+l +.\" +llO(_\-+1)‘ »l>.\" _ Y/.\-e [0, 1]

D5 théy f déng bién trén [O. 1]. Giél sL'1't6ntai:€ [0, 1] $210 cho 3 2 f(:)_
Tacé: ;20:>;2f(;)zf(O)=0.1:>:2‘/‘(;)z_/'(0.1)>0.19

:>:2/‘(;)z_,"(0.19)>029:;z_/'(;)z_/'(0.29)>0.4:>;z_/'(;)z_/‘(0.4>><).56

:>:2_/‘(:)2f(().56)>O.85 :>;2_/‘(H2_/'(O.85)>l.85>l.

D0 1 > 1 mu thun \'é'i gizi sL1' ge [0, 1] nén suy 1'11 f(.\") > .\' . Vxe [0, 1] (dpcm)
' Nhzjn xét 12 Dinh Lrén cho ta mét czich chia dé tri "léi u'u" cho czic bit ding thirc
lh§l‘C.SL_l‘ mét bién 56 c6 dang f(.\') — .x > 0 vdi f 121 hZ1m téng vix lién tuc. Mét cu héi lu"

nhién 151 khi nixo mél bit ding thfrc cc’) thé quy vé dang trén. Thuc lé chi ra rng hu hét
céc bit ding thirc mcfwl bién déu C6 lhé bién déi du'Q'c vé dang Lrén vii cc’) nhiéu czich
151m nhu véy. Nhung <5‘ déy chfmg léi giéi Lhiéu mél czich dung duqc cho nhiéu lrumg
hqp vc'>"i viéc sh" dung ménh dé sau:

' Ménh dé: giéx str g khzi vi lién tuc Lrén R (hilm g Q6 dao hZ1m \/Z1 dao hm lién tuc) vi;

5/(X) S—M,Vxe Khi dd b§td§1ngthL'rcg(.\")>0, Vxe [(1. /11 1u‘o'ng du'o'ng \-oi bit dang

2
V » .-)

thL'1'c f(x) > .\', Vxe [(1, 1)]. Lrong C16 j (.\'):.\'+%.V.\‘E [u.b] IE1 him ting \/"£1 lién tuc
1

trén R. (Chi! )7 ring mién xéc dinh.R c6 thé {hay béng czic mién khzic thfch hqp mil
khéng émh hu'c'mg gi).

3. Vi d1_1 2. chu-ng minh rang v<'1im<_>ix > 1 ma; 2.\-‘ - 2.6 - 2.6 —/\‘-f-3.5 >0 <1)

Ch zhzg 'minlz

D511 g(.\') =2.\~* -2.\-3 -2.\-1 -,\~+3.5 ma (Q/(1') =s.\-" -6.6 -4.»-1 chuu chéc duohg.

Tuy nhién: g’(.\-) +3=(8.\~‘ -s ) +(2;\-1 -4.\-+ 2)z0. Do d6_ Lz1thay(1)bGib§1td§1ng

, 2 2 ,. 2-*‘_2~"‘_2-1 - 'thu'c tu'o'ng du'o'ng la f(.\i) > .\" vo‘1 f(.\‘)
J

Ta thy f déng bién trén mién .x > 1. Gia' su‘ L611 tai ; > 1 sao cho 3 2 f(;).
Th] ta c6: ;>1:>;z/(;)zf(1)=1.16 :;z/(1)2/'(1.16)=1.2
:>;zf(;)zf(1.2)=1.23_:>;z/(;)zf(1.23):1.26 :;z_f(;)zf(1.26)=1.29

:>;zf(;)2f(1.29)=1.33:>;2f(;)zf(1.33)=1.39 :;2f(;)zf(1.39)=1.51
:>z2f(z,)2f(l.51)=1.79 ;>;zf(;)zf(1.79)=3.24 :>;zf(;)z_/(3.24)=47
Nhu'ng r6 rimg khi z > 47 thi f(g) > Z nén ta cé (dpcm). ' ‘

' Nhén xét 2: D61 vé‘i bi loin 1 bién s6 thi phucmg phzip lzjp 151 rt tién dung v21 dzfac

met thfch hqp khi dimg mziy tfnh no uii aé kiém tra bit ding thirc. Tuy nhién, n6 khéng
thé mc'>' réng cho bi tozin 2 bién (hay néi chfnh xéc h0'n 151 chng t6i chua mé" r(_‘>ng du'c_>'c

né cho bi toém hai bién). Do d6 C15 czic ban dé thco d6i, 0‘ II. chling téi chi gié'i' thiéu
mét céch Iflm mZ1_c6 mé néi két vc5'i tru'O'ng hqp 2 bién.
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P11 uvng phtip 1-11111 115 rrj

VIII. NHiN 1.411 PHU’O‘NG PHAP DAC VA NHU’NG Bin TOAN THACH THU’C

1. Nhin lgi phu"0"ng phép DAC

Czic ban thin n1§11. phuong phzip chia dé L11 1'11 ddi dé gizii qu_\j€r1 11hf1‘11g bE1i 101111 H16 11121

chiing [61 di thirc $11‘ gip 11"O'11g:_1i khi zip d1111g czic phu'o‘11g phzip khzic. Do d(1_ chfing L(1i

mong ban dQc cflng sé sL1'd1111g 116 v'é'i 11111c dich 11Z1§_ vi lhirc lé chng 16i \'é11 thich 11161

161 gizii khzic. néu c6_ h011 Iii m<°_.1t l€>'i gizii bzing cl1iz1dél1‘i. Tuy 11hié11.di~§u d(1kh(111g 121111

giam )7 nghiz1'c1'1u phu'0'ng phzipgbéi 11hu' céc 11hZ1 102111 l1Qc vén Lhu'{1"ng 1161: "Tr11"é'c khi

11111 11161161 gizii dcp. hy 11111 mét 1611 giai d!"

Theo dtinh gizi CLvl21ChL'lng I61 Ihi bu'O‘c khé 111151 lrong phu‘0'11g phzip 1151)’ chinh IZ1 "bu‘(5'c

1". Dy 151 bu'('>'c dbi hOi chling ta phai giai du'c_1'c bZ1i 101111 trong miil L1‘u'Q1'11g hqp "11hO".

nhung "quun t1‘c_111g". .\‘hu' chiing 121 thy trong czic vi (111. bu'c'1'c 11i1y 1hu‘>'11g ch1'1'z1 nhiéu

bién héa vii néi chung 151 khéng don giéin. Tuy 11111611. khé kh€111 11i1y 1151111 O'b2'111 chit bZ1i

105111. v1 ciic ban hy tu‘0‘ng 1LrQ'11g_ néu ch1'111g ta khéng lhé gii quyét hili 105111 [song mél

1ru'(3'ng hqp r1h('> [hi 151111 vgi cé hi vqng giéi né lrong t1'u'i>'11g hqp léng quail. N61 nhu' véy

nghia 151 chia dé tri khéng thé gip chiing la né minh kh(1 M12111. 11121 chi gip chfmg 11.1

nhin théy khé khén 1h1_rc 511' 0' Ciu v51 cho phép chflng I11 (1611 111511 t1'1_1‘c tiép véi cl1L'111g

(chfing ta chi phéli giéi quyét bZ1i lozin Irong ttmg 11'u"b'11g hQ'p nho vii khéng 1111111 bin 151111

dén caic tinh huéng khzic). Chinh sir tip {rung nE1y sé cho cl11'111g ta co‘ héi nhiéu h0'11 dé

gizii quyét v5111 dé. Nhu véy. chiu dé L11 kh611g chi IE1 v';§111 dé ki lhuét mil c6111 11611 quan

dén khiz1cz_111h Lu" duy. Div 151 11161 diéu 1'§1tquz111 11'c_>ng.

Czic bqn thin mén. ph1r0'11g phzip chiu dé tri du'<_1‘c h0i111 thién tir nhfr 1'1 1u'O'ng ban

I3
(IQ

du ctia Phan Thilnh Na111 vc'1‘i nhiéu 161 giai G51 déng 11611 D1511 dim Toain h(_)C. T1'u'c'>'c

dy, vi 11161 $6 1)" do, cé nhiéu ban khéng hiéu dirqc Lu tu’O'11g niiy vii cho 151 1611 giai quzi

quzi phtrc tap. h02f1c 11hém lén \'<'>'i phu'0'ng phzip phn lich ‘oinh phu'O11g S.O.S. Tuy nhién.

chling léi hi vQ11g biy giir c[1c b:_111 1151 1105111 105111 111611;; suét Lu‘ 1u'o”11g 11Z1y. Cuéi cilng.

chflng 161 1u'u )7 ring strc 111z_111l1 cua phu'0'ng phzip cl1iz1 dé 111 n§1m 0‘ _s1_1' 1i11h hoai @1111 né.

mic dii so‘ <16 ch1'1'11g 111i11h d daily 1111. 11hu'11g G61 vdi méi hi1i 101111 1‘ié11g ta c511 cé czich

dzinh 9121 v21 u'c'1c lu'o'n<1 riéns 1u'0'11<2 (1112.
5/ . - 1. 1, ~. 5/

2. Nhfmg biii toén théch th1i'c

Nhu' chL'1-ng t6i (T51 1161, phu'o'ng phzip chia dé tri ra dbi vdi n11_1c dich gizii quyél czic bit

ding Lh1'1'c khé, thém chi 1'51 khé. mil ch11 yéu 151 czic bili tozin chua cé 1(1’i giai. D0 dc’).

11115.11 11:11 1511 cfmg 1<11a deflc 111e1 1111311 C11111. c111111g 101 115.11 111 clay 10 11511 101111 11111 11161 11111

déu chua cé 1611 giai hoim chinh du'Q'c céng b6. Theo dzinh gizi cua chiing 161 thi dfxy 151

¢11¢ 11111 ding 1111'1¢ <1¢p 11:1 11116. 111 v<_)11g czic 111111 S5 11111 dL1'Q'C 11111éu c11é11 11111 vi 11111 11111

U0

caich giai chiin
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Bfai 1. Chmg minh ring \"é‘i (1. /2. c > () thi:

I’ 1 4 1 \ . ,f 11' 1'2‘ <“ 1> ,’ 1 2 / 2 , >1 ,_: :3\3 \ , + + _\1u +u/2+/2 +\/J '1‘/)(+( +\,~< +(<z+uw » ~ w

\.'Zu‘ +/2' Z/2' +0‘ Zn" +u'
Bi 2: Cho .\". vv. 3e (-1: 1) \=i1.\' + _\~ + 1 = 0.

Chtmg minh ring: 1 + 1 + I 2 3
. 1 ‘: 1 _: _ 1 ,1V/1+.\+3_\ \;1+_\+3,_ \/1l+*_+3.\

Biai 3: Cho x, _\". 3 > 0 thoa min .\' + _\" + 3 = 3.

2 -§ 1 " '\
, . ; .\" — \" \" —:‘ ->‘ _ -3Chung mmh rang: ~ ; + 2" + Q ;‘ $0\“+\"+: \”+."+\‘ Z‘+\"+\'

Biii 4. Chfrng minh réng \*('>'i u, 12. (' > 0 thou uhc = 1 th‘1:

\/
<\

DJ]

'<;1+ /-/;+ _<_
\I2+/>1 \‘:+(-1 \2+¢/1

Béi 5: Cho .\", _\", 3 2 O v£1x_\' +_\"; + ;.\" = 3.

Chrng minh réng: '\ + ‘\ + *' Z2
J:/5l—.\"+,\" \/Z_\"+; \/i;+.\"

Bili 6: Cho .\', _\', : > O_ x + \' + : = 3.ChL'1'ng minh ring:

\/2.\'+ _\': + 3} +\/Z_v+;: +.\'3 +\/Z; +.\‘2 + )3 26

Bfai 7: Cho x, y, 3 > O, xy; = 1. Chfrng minh ring:
w ~ 1 / '> 7 '>\/1+1" +\/1+_\" +\/1+: §\/.r+_\>" +\/_\~+;“ +\»/;+.\"

Biai 8: Cho a, 12. c > O. chtrng minh ring:
4 4 _4‘(I 1+ 112 \+ ‘L }2(1+?+(,

3a‘ +2/2' 3b' +20 30' +20 5

Béi 9: Cho .\', _\‘, 1 > 0. .\'_\i; = 1. Chirng minh ring:

.\- .\ - 3+ ~ 2
2 + 1 / 2 X/§.\'+ y _\"+ 1 x;+.\‘ -

Bili 10: Cho x, __\', 1 > O, .\"_\'; = 1. Chirng minh1"§1ng:

1 1.\'+\" \'+;' -+\-3
> - \, , >5ik+iL+iA _J

_Y + Z I + .\' .\‘ + _\'

vc'>*i k = 1, 2, 3, 4. Tim phém vi du véi k = 5.
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Nhin l2_1i chung IV

Sziu cuéc hénh trinh déy khé khn nhung cfmg aéay himg mu aa két thc, by gib" 121 lc dé

chling ta dimg chém vii nhd lai [zit ca nhfrng gi vra trai qua. Cfmg l his dé chng ta min ln nfra

duqc chiém nguérng vé dgp cua nhfmg viénl kim cutmg hién dai. ln nil)" nhfrng vién kim cuong

d¢p dé éy d duqc din cimg nhau trong mét birc tranh gin nhu" 121 hoim mi. bao quét ca thé gidi

bét ding lhtrc. Bét du vc'>'i vdi phu"o"ng phzip téng binh phuong SOS. tiép dén 151 phu‘0"ng phzip

d5n bién MV. czic phu'0‘ng php dénh gizi um ABC. hinh hqc héa can $6 GLA va dinh 1y bién $6

bing nhau EV. cuéi cimg 15 phutmg php chia dé tri DAC.

Phu'0‘ng phép phn tfch téng binh phxrcmg. nhu‘ tén gQi Qua n6. léy }'* tu'Gng {Er dlnh lj" x3 2 O

vdi mqi x lhuc vb c6 co so chin ché 15 czic dinh 1;‘ Hilbert néi réng mc_>i da thirc thuén nhét v51

khéng aim cé thé biéu dién du'c'>‘i dang téng binh phu'0'ng cuu czic hixm hfru ty thuc. Tuy nhién

viéc biéu dién céc da thL'rc thuiin nht thémh téng cdc binh phucmg cua czic him hfru 1)” thgrc theo

dinh 1}” Hilbert chi mang tfnh 1)’/' thuyét mil khéng C6 tfnh thgrc himh. Phucmg phép phn Lich

témg binh phuvng <15 chi ra mm czich khéc pm diéu as. Cu mé. aéa véi béx ding thirc ba brén

G61 xirng (hoén vi) ta cé thé dua dLl‘(_)'C n6 vé dang don H gién

S, (19-6): + S2 (c—a)2 + S3 (a -—_b)2 2O.Ti1' biéu dién d6 ta tién himh Lim hiéu m<"§i quan hé

gifra czic hé s6 S, . S; . S; . Néu ceic hé $6 dc’) c6 méi quan hé C111 téat. chéng h2_1n nhu‘nhC1'ng diéu

kién trong 5 ménh dé mgc II §17 {hi ta cé lhé c6 ngay két qua mong dqi. Ngoi ra déi véi czic

bi toén hoén vi ta (:6 lhé tim czich dua bit ding thirc \-'5 dang

5, (b- ¢-)2 + 52 (C - U)’ + $3 ((1 - 1))? z S(u - /M/1 - c)(a - <->. Sau as mdi nén hfxnh am gizi

céc hé s6 S, , S; . S3. S. Céch lm niiy cé nhiéu lqi lhé dzfac biét déi vdi céc bhi toén hon vi (cé

thé xem lai czic ghi ch trong muc V §22_ phu'o‘ng phzip chia dé tri).

Khéng giéng nhu" phucmg phzip phin tfch léng binh phu*o'ng SOS. phu"o'ng phzip dén bién rim

czich thu hgp béi toén F(x| ,xl_.....\'” ) 20 trén tép D vé Lép A nhé ho'n. Tép D 15. tép con cua

R" trong khi d6 A 151 tép con gém czic phn ttr cua D. thoa min lhém lfnh cht nélo dc’), v1'd1_1 m5i

phn tir cL'1aA thumg 06 nhiéu Lhimh phi-in béng nhuu (dén czic bién xi _.x':......\'H vé czic gizi tri

{rung binh) hoac cé nhiéu thilnh phén mam lrén bién (dén bién vé bién). Dé nén himh aiéu dc’),

véi m5i phn u'r x bit ky trong D ta sé Lim min-dély céc phiin u'1' khzic .\",x”,... suo cho

F(x)2 F(x') 2 F(.\/) 2 Trong dé gidi hgan cila dfxy nily 151 min phn ttr cua A v51 nhu' vély

chi cbn cn chtrng minh F(.\') 20 v('>'i mqi x thucf>cA. Dy .\'..\"',x”,... duqc xéc dinh b6"i mfpt

toén m T néo ao, sao cho .\"=T(x),x'=T(.>;'),... Déi vé‘i dinh 1y d{“>n bién m2_mh SMV <<16n

bién vé tm) IE1 T1 du’qc dinh nghTa trong dinh 1)? 1 muc V §18. viz déi v('ri dinh 1}," dén bién

khéng xzic dinh UMV (d6n bién ra bién) 121 phép tozin T = min{T,,T;} trong dé T, 151 phép tozin

duqc dinh nghTa trong SMV vim T; duqc dinh nghia trong mus VII §l8. Cuéi cimg. dinh 1)?

GMV 0 mL_1c XII di téng quzit met aé hai aim 1y SMV Va UMV bang czich aa chi ra mét diiy
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T,, T3. .T,, cc’) mm ch2'11du1c‘>1de‘1o2'1n 111 T dinh nghia bo'1iT = min{T,. T3. T,,} gip @110

so‘ db chimg minh 0"1rén duqc vain hilnh nhu' mong dc_J'i. Cflng nén lu'u >7 ring néu nhu SMV chi
thgrc s1_1' hiéu qué \’('>'i céc bili Lozin bén bién nhung sé gp khé khn v('Yi czic béi tozin nhiéu bién
thi UMV vb GMV nhd C510 tozin 111‘ T X510 dinh thozii mzii hon d khc phgc d11‘<_rc yéu diém d6 dé

ma thémh Cong Cl_l réu hiéu qua @161 véi czic bZ1i tozin nhiéu bién.

Hai phu"o'ng phzip ABC, GLA di theo 11161 huc'>'ng khzic. C11 thé. nhu" (iii biét bait déng 1h1'1"c mét
bién du'c_rc coi 151 d duqc giai quyél 1rQn vgn nhd czic céng cu him $5 hozfac dinh 1}‘ Fermat. M61

S\_l' kién h(_7‘p 1y 121 1>é1 aang 1h|L1'c Cng 1'1 bién 1111 cimg dé [n Cng. Thco as khi cé b51 aang lh1'rc

F(<1_z>. 1-) 2 0 v('>’i rimg bu<f>c <1m1.1>_¢> 1:1 c6 mé C6 dinh 2 bién 11. 1» Va CO1 F lZ1h51m m@1 bién G

1he0 c dé khéo Tuy nhién {£1} thco ring buéc (I).dg1ng c1'1z1 G vZ1mi§n xéc dinh phirc tap C1121 c

theo a vil b khién cho cch giai quyét nZt1y khéng hiéu quzi. Dé kh2'1c phuc diéu dé phubng phzip

ABC thuc hién mét phép d6i bién vdi A =u +b+<-;B=u!2 +bc+ <"a:C =41/ac". bit ding 1h1'rc

ban 115111 no 1hE1nh H(A.B,C) 3 0. 1->én dy ta C6 dinh A, B 1121 coi 11 1:1 h51m mél bién 1< theo c. 111

06 thé khéio $211 K 1'51 (T1121 1'11 kél luim bin Lozin. Mién xzic Clinh c1121 C l1'1c nZ1y sé 121 lép con nE1o db
ca c2'1c khoang duqc cho 011 thé 1r0ng czic ménh dé 1 v51 2 muc I §19.

Cng tu'0‘ng t11'nh1rv2f1y phu'o'ng phzip GLA lién hinh déi bién 11. b. c thZ"1nh p. R_ r trong C16 p_

R, r lain 1u"qt 151 n1'1‘a chu vi, bén kinh dufmg trim ngoai tiép v£1 bzin kfnh duimg trqn néi tiép tam
giéc XYZ C6 dc} déi ba canh 1§'1n 11101 151 .1'=b+c, y =c'+a.: =a +b. B511 ding Ih1'rc mdi lL’1c

nay S5 1:1 I-I(_p,R,r) 2 0. Ta c6 dinh R. r v%1 CO1 H 121 ham mét bién K thco p. ta c6 mé khéo Sit K
v dua ra két luén bZ1i lozin. Ch1'1 9 IE1 mién xzic dinh cua p l1’1c nZ1y sé IE1 lép con cua khoimg du'qc
cho cu me trong dinh 15/ 111.3 §20.

Mét cu héi 111' nhién dutyc 1151 ra: “du 151 s11'kh£1c biét ch11 yéu gifra ABC v51 GLA". Thuc ra
cc’) thé théy ngay ring hai pl1u'0‘ng phzip n£1y chi hiéu qua khi czic hm mét bién theo C v51 p d1'1

£61 (don diéu). Bf) I61 cila céc 1121111 n£1y 1311 phu thuéc vE10 dang cua bit ding th1'1'c ban du. Kinh
nghiém cho 1hé1y d6i bién thco ABC luy don gin nhung lai chi hiéu quéi déi vdi czic dang da
th1'1‘c. hoéc phén tl11'1'c 1'1 ch1'1‘z1 cén_ cbn khi gép cc biéu 1h1'1'c nhiéu ting cén thi dénh gizi hm min
bién lheo C 1211511 khé khn. Ngu'<_)c l2_1i. méc db (161 bién thco GLA hoi ph1'1c lap. nhung C161 vc'n'

czic dang chL'1'z1 nhiéu cén th1'1'c thi viéc khélo 5511 hilm mét bién thco p lgi 151 khzi thuzjn tién. Nhu‘
véy s11‘ khéc biét gifra ABC vi GLA chu yéu nim O phqm vi Lrng dung.

Mét diém ding ch1'1 Y khzic 151 vdi (D GL1 I61, chng h;1n trong truémg hqp (D =
{a 2 O,b 2 O, c 2 O} thi véi mQi A, B cc‘) dinh luén tbn tai u.b, c sao cho trong ba $6 néy c6 mét

sé bng O hozfxc hai $6 bng nhau dé C dqt céc gié tri bién, cflng nhu vzfzy. \/('11 mqi R, r 06 dinh
luén {Sn bi) ba s6 thuc khéng m a',b',c' m21 trong ba $6 d6 cé 2 $5 béng nhau hozfac 1 $6 béng 0,

sao cho tam gizic X’Y’Z’ vc'>’i dc} di 3 cgnh I51 b'+c',c'+a'_ c/+12’ cng 06 R = R’ vé r = r',
khi (T6 p‘ cflng am céc gié 111 bién. D6 1511 luqt 1a n<_3i dung C1121 czic ménh dé 3 v 4 muc 1 §19 V21

céc ghi @1111 trong muc v11 §20. Tu céc ménh aé aac ma ny @1511 161 1<é1qua1anéu hém 1<<c> V21

K(p) dil 161 (don diéu) thi ta chi cn chimg minh bél ding thirc ban dziu trong truimg hqp trong
ba bién 21, b, c C6 min bién béng O hozfac 2 bién béng nhau. Hai kél qua khé 1u‘0"ng dbng nily gifra
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ABC v21 GLA C110 11151}-1 ring 1.11151 1r1nl1 giam bin-‘:11 suu khi 1161 bién 115111511 161 111{)1 hién 111'Qng 1hL'1

vi: 1h11'C C1151 la (151 gizin liép 1i111'C hién 11161 pl1ép"d5n bién".

l\/I31 kh2'1C. nhzln xét ring 11‘011g GLA th1_1'C ch51 C1111 viéc C6 dinh R. r I51 C6 djnh

41 +1’; + (' \ - = ~ - ~ub+bC+<'a \'z1 —l;—- . C011 \'lt_3C khan sat p dong nghm v01 khao $111 11+/7+1". D111h ly
ll 7('

ABC 11101 réng C110 phép Chqn thy )7 2 lrong 3 bién 11 +12 +1". Cl/J +120 + (‘ll . ubz‘ dé C6 dinh 1'51

khao sail 11100 bién Cm 1211. Vé ph1'z1 11111111 (111111 I)? bién $6 bémg nhau EV muc I,§2l 1r011g lruémg

l1(_1'p riéng n = 3 vil p = 0 11ghié111 1211 111131 ph§111 CUL1 dinh 1)? ABC 1110' 1'(>ng. O dd ta C6 dinh

11 +1) +1‘ vi1 11110 dé 11-111111 sail than ab +b<' + cu . Trong 1r11‘€1'ng hqp 11 = 3 vb p = 2 La Cflng thu

duqc 111©1 ph;1.11 dinh I)’/‘ ABC 1110‘ r1}11g. ('1 116 111 C1‘) dinh u +12 + (‘ 1'21 ab +/211+ cu dé khao sail lhco

ahv. Trong 1r11'O11g hqp léng qué1 dinh 1)? bién $6 being nhau 121 11161 1110‘ réng 1h11'C $11" lriél dé khi

C6 1111111 41+/1 + 1‘ vZ1 u +11" + 1"" ;(/1: 3) \i1 kl1;1o $511 d1r<_J'C 11161 ldp hi1m F xzic dinh h0'i 11151 $6

diéu kién khzi Ch€_1l Ché. 111c}1 IZ1 l1i1111 l~ phai C6 Lfnh Ché11 pl1f111 If
bién: F(u.l>.C)=_/’1'u}+_/'(12)+f(c). hui 151 dzing diéu CUH F phai du 161 ( _/' (11) 1Z1hi1111 khzi vi

1

11611 (O.+x») 1hOz1111Z111 g (.1) = 4/"(.1 "") 151161 nghiém ngzfu1ré11(().+@c)).11g0€1i r11 C611 n1{.11 diéu

ki1-}r1 b6 sung. Cl11'11h diéu dé cflng khién 15111 (mg d1_111g CU11 EV khéng 1i111'C s1_1' r<}11g. d£f1C biét déi

vO'i CziC 11511 ding 1l11'1‘C 1102111 vi lhi dinh I)’/' EV gn 111111 110' 11611 v6 hiéu

Cu I101 (1511 ra 151 v('>‘i Czic bizi 101111 hon v1 liéu C6 111éC6 nI1f1'11g CziCl1 661 bién kl1a1C tién 1'Ch hcm

kh611g. 1'21 néu phai chqn bién C6 dinh 1ru"('>‘C khi khao $111 1121111 $6 thco Caic bién Cbn lgii [hi Ch<_>n

nh11' lhé 11510 151 161 11‘u. \/:‘1n dé nZ1y (15 tirng duqc dé Cp 11161 C1161 trong 1111_1C Vl §19. iuy nhién

Cz'1Ch gizii quyé1 khi dé IE1 dimg 111<_“>1 phép 1161 xfmg 11611. v21 111111‘ 1h§ vin C6 1'51 nhiéu yéu diém.

Binh 1)" 1 W11 1311111 1)? Z m11C IX §2O IE1 11161 h11'('>'ng di 11161. C1111 Y ring 11161 khé khn trong C{1C béi

tofm bit ding m£1"C 151 viéc C6 Czic $6 mil, Chfnh Czic $6 n1f1 khién C110 Czic phu'o'ng phzip gép rét

11111é11 1<11c1 1<11.=11~1. 1111111 1; 2 :15 g-;1'1p 111 111 111- 15111 aé ni1y. C11 111é 1161 1111 Céc 115.1 dang IhU‘C

F(a,b.c)2() 111 11111 CziCl1 (31111 vé dang A’ + B’ + C’_ suu dé dun vZ10 dinh 1)? 2 v21 dinh 1)‘ 1,

Céng viéc C611 lai 1Z1ChL111g minh Czic hé kiéu (‘*‘) (v1' d11 1 vi1v1'd112 n111C IX §2O) C6 nghiém. Dy

121 11161 $111110 1'(>11g 1h11'C s1_1'Cuz1Ca ABC \'Z1 GLA. V21 vé thuc Chél. Chng 121 dang phzit trién tiép

hién. 11:'Q'ng “dén bién gizin liép" 111111 G5. dé Cép 011671.

Phép dén bién gizin Liép ni1y dé1C biél CO lqi 1151 vdi Czic 33511 déng 1h1.'1"C hozin vi. 661 \=c'ri Czic

hét Cling 1h1'1‘C (16 1111 khé khn Cl11'11h 115111 ('1 \'i{:C 11511 déng11'11'1‘C x€1_\j 1'21 khi Czic bién Ll. b. C r51 iéch

nhau. Nl1u’ng v61 phép 631 1l11’Ch l1(_>"p_ 1511 C3 Cz'1C 11"11'1‘111g !11_1p G6 11611 sé n§1111 Lrong m(_31 diéu kién

duy 21125.1, Chfing 113.11 A = B. C5211 j ring khé khn Chinh 115111 G viéc Chqn phép 1161 bién thfch hqp

dé 1; vim /iua -;11.1'c_rC bit d?111g L!11'1'C vé dgmg mong 1nu<§n. vita am bao hé (*) néi 1rén C6 ngliiém.

D51)’ sé 151 11161 vn (115: 1116 lhgrc $11‘ khé, thzich l!'1(1‘C czic ban dqc ham 1116 szing 1210 bét dfing th1'IC.

Biéu cuéi cimg Chimg 161 muén néi dén 151 ph1.ro11g php chia dé 111 (DAC). M510 dt1 ph11'011g

phzip ni1y duqc xép cimg 11161 111110 nh1mg tinh thn C1121 116 131 hoim 105111 khzic vdi czic céc phuong

p11z1p scs, MV, ABC, GLA, EV. C11 111é 1161 11111 1151 11a11g1111'1~¢ F(x) 5 011e11 mién D. pl'1u'0ng

phép Chia dé lrj 11111 Czich Chin nhO mién D 1l1£1‘nh Cz'1C 1111511 D1. D3. $110 Cho trén méi mién d6

1.1 115 me co 111111~11g c1:11111 gizi 111111 g1:111. SZIU dd 111111 1:111 11-é1 111111 01¢ 1111111 1y 1161 1111 111 111 1111 111é11

Cn Cl11'r11g-111i11hv Dziy I21 11161 t11'1u'Cmg 1'51 p116 bién khéng C111 trong linh v11'C bit ding 1h1'1'C. m:Z1

C6111 151 hiéu qua lrong nhiéu lT11h \’L_l'C'TOZil1 hQC vi1 déc biét 121 1r0ng Tin hqc.
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CHU’O’NG v. MQT sé SANG TAO vé BAT BANG THUG  

§ 23. NHUNG BA; VIET CHQN L(_)C BAT BANG Tzfc

§ 23.1. VE MQT DAY BAT BANG THUC BAC BA VA UNG D[_ING

1. DAY BAT DANG THU’C DONG BAC BAC 3

M1_§nh J5: \/(Si hai $6 lhuc dLr0'ng .\'. _\" ta chimg minh (ILl‘L_)'C
1

; . ~ q . \ -\ 1.‘.\3-(x+'\-)S[/ S(.\'+‘\.)(,\"‘ 4+-.\‘_\.+_\")s_\_-‘ g(_\"' +_\"'1) (1)
2 \ A / 6 (\ \)\ -

Déy 121 Inc}! bl ding thfrc rl don ginn dnh cho hoc .\inh THCS4 Tuy rhién chdng lz1sEll1§1)' n6
C6 nhiéu [mg dung gié Iri Lrong chirng minh bit ding lhfrc. Tru'<'Yc hél Ll sé chimg minh diy czic
bit ding thirc nily.

‘ " ‘\ . -: 1 - I<:\(.\‘+)')} 24.\'_\.'(.\'+_\‘)<:‘>.\“ +_\“ 2.\‘_\"(.\+_\‘)<:>(.\'+V\")(_\‘—_\') 20

X3 43.1 (_\,+ _3_\3- +3‘; '"' (\.\-—— _\'}§2(.\"~ v\")' —(.\' * \;'_\") ~ ('3. \_H’_‘.: 2 V“. ‘,1
0' ' - : ‘ ' I L

,- > ‘ ' '
2 6 6 * 6

(x+ .\‘)(-X‘: +x\'+ Y2) (6.\'+ \"‘)(4.\': +4.\"\' +4\"3L) (12 .\'\)\.3i/'\‘* T}: *(/-Y" Hi; \.*\ ‘
* >6 I 624 I 624 1--
SL1‘ dung bit dfang thirc AM- GM ta C6

(X3 Y1): (.\'+ _\')J (4.\'3 —4.,‘\3‘+4y1)£[(.\'+_\‘): +(.\*+ _\"): +(4_\'3‘—4.\_§'+4‘\': Z(.\'3 +

4(.\'+ Z7.4(_.\‘+ _\")’ (.\'+
Dédzmg may rang < 1) no thimh d11g mu-C khi val chi khi .\» = y.

||. MOT s0 (me DUNG

Sau déy ta sé néu mét $6 \'1’d1_v minh hqu \/iéc {mg dung dfxj, bt déing thtrc (1)

Bili 1. Che zz, c 151 czic $6 thgrc du'0'ng. Chtrng minh rzxg

3 1 1 Fé > (2)
3 " 3 1

Chzing minh

Sir dung bit ding thtrc (I). v<'>’i mcpi $6 thg1'C du'0"ng (IQ ta cc’)

(13%-1J3> (L+b)3 _c'3+11}>/(‘+1/)3
2 " 2 '\ 2

Céng hai bit déng thirc trén. vz‘1tiépu_1c zip dung bait déng thfrc ( l ) ta nhzin du'Q'c

3 3 _3 3 _\ , .

(1 +19 +¢ +d > a+!2 (+11 2 +4/\ :qlv(U+b+C_+d)1
J_

to

,-\

w

‘/

+
/-__

J

\_,

V
w

l"“'iT

/—\

2
Q+

N

+
'\

rq

\_

l___..__!



806 V5 mg}! dy bzit dring thzic bgic ba vd ling dguzg

Vdi (1 1 til‘ bt ding thirc trén. ta nhim duqc

1

:17‘ +12} +6” +(QK+l,i+9')

2 _32\
» >1((,+;,+.+i‘:3(2iL+_<"3ha,

‘ 3 \ 3 >

a3+b?~+C_1+(a+b+<*)} >4(a+b+c\} hay, (13 +173 +0} >(a+b+c )3
3 — 3 / ' 3 _ 3 .

Dfmg thirc xay ra khi vé chi khi a = I2 = c.

Bini 2. [Crux] Cho a. b. 0 151 czic $5 thuc duong. Chung minh:

uj‘ +1)‘; + 0‘: + 841170 Z 2

3!!/X‘ (u+/2)(b+(')(('+u)

CI1 1271g m inh

Sir dung bit déing IhU'C AM- GM , m <2) ta cé

L+‘ "2 = 2ax b}+c1 (a+b+(")" [(c1+l2)+(b+c)+(c‘+u)T
3 '5 6 J

El;-(35/(a +b)('/9+(')(<*+a))3

, ; .. V, . L .' , ' \ ,. .

Do do, ket hqp v1¢c su' c11_1ng bat dang thu'c i + '— 2 2. vol m<_>1 .\'. _\" > O. ta du'<_;vc
\" \"

a3 +123 +c3 Sabc ‘> (a+b)(b+c)(c+c1) + 8ab¢- 22
61176‘ +(a+b)(/2+c)(c+c1)_ 841/9!‘ (a+b)(b+c)(c+a)

Ding thtrc xéy ra khi v51 chi khi a = b = c.

Biai 3. Cho a, 1). 015 cflc $6 thuc du'0'ng. Chtrng minh ring

b+c + 1,-+0 + a+b S2
} c1+{/4(b}+c‘3) b+\“/4(c'3+a") (‘+\3/4(c13+b")

Chzhzg minh

SL'rd1,1ng bér déng mu-Q <1). [21 cé U'4(1>—‘ + H) 2b + (V

D0 dé a \3l4(b} + 03) > a +/2 + ¢'.Suy'rz1——-L+ C §?——b+ C

_ c1+\}/4(1>3+c3) a+b+C

Chtmv minh tu"0n<> tu ta cng cé ‘“+a < C+ a " H +b < a +bo : .» -L _» —

lJ+(/4(c3+a') a+b+6 c+\3/4(a3+b3) a+b+c

Cimg czic bit ding thtrc trén. ta thu duqc

b+c + c+a + u+b $2(¢l+1J+C):2
a+\'“’/4(b3+c3) 12+?/4(c"3+(13) c+\3/4(a'1+./93) a+b+('

Bang thtrc xéy ra khi va chi khi (Z = b = @.
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1

‘ Biai 4. [USA 1997] Cho a. /2. 0151 ctic $6 thuc duong. Chfrng minh ring:

. ~ +‘ 1 +\ ¥ <1u“+b"+ulJc l2“+("+(1/Jr z'”+a"+ab(" 51/71‘

' Chzhzg minh

Sn‘ clgmg bit ding th(1'c (1), ta C6 (13 + b3 2 al2(a +17)

DO CI6 C13 +173+al;c2c1b(z1+b+c‘).Suy ra 1 g S 1

¢1* +1)’ +¢1[;¢- a1>(u+/2+6‘)

Tu‘cmgtu‘tacc'> ‘ 3 1 . ‘ 1 £ 1

1;’ + 5"‘ + (;[;( /2c(c1 +12 + 0) 0‘ + (13 + ubr (“(1 ((1 + b + C) .

Céng czic bit ding thirc trén. ta duvc

1 + + < I (1 +1 + 1): 1

a*’+b‘ +ubc b‘ +0‘ +(1bc c“‘+a"+c1l7c“ 51+/7+? "17 bi" (‘fl 411%‘

Bang mu-C xy ra khi v51 chi khi (1 = 11 = C.

Bili 5. [Romania 1997] Cho .\', _\", 3 IE1 czic $6 Lhuc during thou min diéu kién .\'_\‘: = 1.

\“) + Y9 v‘) + :9
Chfrng minh ring:

_1> _\>

\"6+.\z\z+\(' \(’+ ‘
+ ‘? 6+ (vx (22

H V ‘ ' \":> +1 I +_--Y’ +\']

Chzhlg milzh

Bing céch dét a = 15,12 = _\‘3.cr : :3 [hi abc = l. B2‘1tdz“i11gtht1*c trén tro' thimh
'4 "4 I X 1 10' +12‘ + Z2‘ +0‘ C.‘ +[l‘ >")

w '> ~ ~»+ w w—“a‘+ab+b“ b'+bc'+c' c'+ca+(/“
\ 1

, ‘ : .' , , -Y‘ + \“ -\' + V
Su" dung bat dang thu"c (1), ta co{i2+, suv ra

1 1 "4 1 1 \a*+b' b’+c C“ + (l‘
'7 7+ '7 7+ 3 ‘V2a‘+ab+b' b‘+bc+(" ("+ca+a'

>02-b+l2g-(‘+020 gm

Q)

+ I2 +<')2%-3x‘/11190:

r" +x\'+ \-3 3 '

2

Déngthc x2'1yrakhivE1ch1'khia=b=c= 1 hay.\‘:v\"=;= 1.

Biai 6. [Poland 2007] cm (1. 1». C. (1121 czic S6 IhLl'C dutmg thou min aiéu kién i + /l + l + 7 :
(I J ( C

+

’ 3 3 3 __x ‘/__:_:_ 3 / ,~ 1

Chimgminhring: Q/" jb +i/” Z‘ W1‘ -7" /4 j“ §2<@+/)+(-+(1>-

Z

C/uing minh

,1 ,3 l: 2
. : ; , , ~ -I + - + ’ ,Su' dung bat dang thuc (1), ta co 3 D0 do

\ \

3X(l3+./)3 +i/b3+(‘3 +§/c'3+(/3 +\;/1/3+0‘ §a2+/2:+b:+c3+c'2+d2+d:+a‘
\ 2 2 2 2 a+b /2+0 c+d d+a



8()S 1 V15 mgit dd)" bfit (Ting tlzzir bgic ba viz ling dglng

Vi dé chirng minh (3). ta cn chng minh

- - -1 ,_ _ _+ -
u +1) +19 +( +4 +c! +11 .c1 7S¢_(u+17+<'+(/1--1

a+11 1J+(' ("+11 d+u

* as +19: “uh ” 1 - 1 1 l 1

a +17 (1 +11
Talm1§"r€mg (1+12—1=-1-»-=—-—‘—. Dodé . neudat .\-:—._\~:—.::—.r:— thi ta

1+1 <1 1) (' (1

4117

C6 du'0'c .\" + v + 1 +1: 4 \'Z1 khi dd. (4) dLl‘4_)'C viét du'c'>'i dang 71 + I + i_1 +L 2 Z
‘ ' .\-+_\- _\'+; ,,+r r+.\-

\
\

Sn‘ dung bait G2‘111gth|I1"c (al +11, +...+u”][l+l+...+l 'l2n2.a7 >0.i=1.2_....n. ta duqc
’ (Ix ll, (17 /l+l+]+lZ 4 :2

x+v \‘+: :.+r r+.\- (.\'+\~)+(\-+;)+(;+z)+(z+.\") ‘

BingthL'1'c xay ra khi vil ch1'khi.\'=_\'= 5 =1: 1 hay a =12 = 0 = (1: 1

A 1. k

B%1i7.Ch0a.b_<'>O v51/<2g.Chim<zminhr§1ng:1 G ) +1 [9 ) +1 C 5 2 3
3 ” 1 (+11 1‘. 2+0, ' 0+1) ,_

C11/mg minlz

/\p dung bt d§111gtht1'c AM — GM. ta cé

bJl\>

w

\z1+b+c')= >Q7(1(12+('): hav >-3- (ll
3 Q -' ' “ 1)+(' _{/1'u+b+c'

\

Dodévdi/<=Zthi( Z’ )k+( 1’ )A+( " )Lz 3
3 v‘1J+C c+a c1+1>

_/11 _n1 __/n ll _+ _+ \'”
Néu/<>l.maa1/"=51:h11,1>1.snrdun\w-—-—"+1 J“ 2L?""J .v.\-,\~.;><1II

3 2 3 -
2 7 '1

i ' ' \A A A

<,~ » mm »»< K >' 1J+(' ' ' ' 0+1) 2+0 ' u+19/ 2‘

Biai 8. Cho \'. 151 czic $6 thus dutmg théa mfm diéu kién .\'_\'; = 1.

2 -3 2
, . \

Chung mmh rang '\ + ' + *' 21
.\'+\‘+\"'_' \'+:+:*.\' ;+.\‘+.\‘ \‘

Bfii 9. Cho a, b; 0 I51 czic s6 thuc dzrcmg. .

Chtrng minh ring (:11 +123 +031 1, + 1‘ + 1‘ ‘Z21/1+‘. + "+0 + (‘+1’)
U" [)' C-‘ / O Cl b (‘

Bili 10. [JBMO 2002, Shortlist] Cho u, 12. 0 I51 céc $6 thuc du"o'ng.

‘ \ I I I1 \
. - ; ' 1' ‘ 'Chung mmh rang ‘I, + 7_ + ‘ 2 ‘I + [7 +(

1)‘ c" cl" /7 F ll

Biai 11. Cho a, 12. @151 czic 56 thuc du"0'ng. Chfmg minh ring
'7 '1 '1

3/4:1} +411‘ +5/4123 +407’ +1/40"‘ +4u‘ £——4”_ +——4b_ +21"-
a+1J 1)+c 0+0



Clzmmg M_6t $5 sring tgm vé blt (king Ihzir 309

§ 23. 2. 1-101 BIEN $0 nil: s_ANG TAO VA
CHUNG MINH BAT DANG TH1'1’c

Phép J(§‘i bié/n so”, [mg (lung II'()I7g ('/zlhzg min/1 /xi’! Jcirzg I/11'r(‘ (Tu (7z(’0'(" (75 (Up /</zzi 12/2ié‘u Ira/1;: ca

('u(§rz s(i('h. Tlnjm ('/11'lr(1rzg ("/2z('(/rig IV /</11' plzn !1'('/V1 /mi phzruvzg p/nip ABC viz GLA ('/Ming 161'

Jr? ch!‘ ra c/10 c(i(' b(_m I/1c?'_\' rchzg /J/Iép (7(5‘i hiélz k/1(3ng (“/21 gizip ('/11?/lg (‘(1 (“(5 I1/Iiéll I/vzuqin 101' /1072

Irony vi_é(* (J/Izhlg mil;/I Ir;r(' lie’,/9 1751 (Tdng I/n'r(' md (‘Fr/1g /‘(ii (‘(5 z'('/'2 [mug ("(1 \’1'é(' gicmz /Jiéll /10570

I/urc /Iié/1 (f(ic' phép “(_1(§n /Jién gizin r1'(5/2". D0 /1/IL?/1g _\‘ ng/27:1 (Yd. /1511' 1"ié’l I151)" Sé nip [rung rim

hiéu lg‘ /1071 vé (‘(i(' /1gu_\'(911 I('?(' ("(2‘ /van cz1(1 />/Iép (7(31' bién.

LDOIHENDESANGTAOBATDANGTHUC

Néu ban C1‘Qc theo déi cuén szich tn‘ du cho dén trang nil)" {hi ban d Lrai qua rat nhiéu phuong

php (czic vién kim curing) dé gizli czic bin dang Lln'rc khé V51 rah khé. Tuy nhién. an ban cé giai

duqc mél bfli toén khé [hi khéng c6 ngla 1E1 ban d chinh phnc CIu‘Q'c n6 lO()‘7( ma thcol chnng

téi ban chi chinh phuc du'Q'c 49%. Gizi tri 51% cbn lai sé Lhuéc vé ngu'(‘>'i sang lzic ra dé loan. Nhu'

vay. ngubi sang tic ra dé toain du'<_>’c dzinh gizi cuo hon ngubi giai bin lozin bdi vi céc bin toxin déu

khéng phai la “tit trén trbi ro'i xubng", mil thubng du"Q'c bat ngubn tn‘ mét vii Y tudng nE10 dc’).

vay mm mé no c6 rhé Sing Lao ra mél aé toén néi Chung V21 m@lb§t¢Tang1l1f\'cll1 vi néi riéng?

Cau tra lbi luén nam trong lam lay cua czic ban vi Q6 rat nhiéu con d'u'>'ng dé khzim phzi v21 sang

tao ra céc bin tozin. Trong phn mt)‘ (Tau cna bili viét nay chflng téi sé tao cam xdc szing Lao cho

ban IU‘ nhfrng van dé don gian nhal trong bat dang tlmc.

I Bdit0(in1.Ch0 a,l7,C > O.Ch(1'ngminh rang: ((1 + b)(b+ c)(c+ (1) 2 8(1l9(' (1) I

; L . ‘ - C \ ABat dang thu‘c <=>128—(l—~i—~—(——. Bat .\‘=—a—,_\‘=i—,1=——,th1batb+(' ("+0 ((+1) b+(" ('+(1 ((+5
dang thirc [rd thanh: 1 2 8.\'_\"; . Vi bat ding Lhtrc nay clnra cc bién mdi .\‘, _\‘. I nén ta can phai

thiét lap méi quan hé gifra .\', _\", 1. Dé y rang: 1+ .\' = (ii. hay L = Tir dc’)
/2+0 l+,\' (1+b+c

suy ra:

1 + 1 + 1 b+c" +'(‘+(1 + ((+12 :2(a+b+C):2
l+x 1+)‘ 1+: (z+/2+6 (1+/2+(" 0+/2+6 0+/9+0 '

Nhu' vay chmg ta tao ra bfli tozin mdi sau day (’k§' hiéu ST dubc hiéu IE1 sang tao):

ST 1. Cho X, y,; > 0 thOa man aiéu kién L+L+L= 2 (2).
" l+x 1+v 1+;

Chfrng minh rang: 8x_\'z 3 I

Khéng may khé khan, la C6 lhé phfu biéu bZ1i tozin téng quzit:



810 051' bién $5 (T5 sting tgm rd cluhzg min/1 bt J/Ting th1?'c

ST 2. Cho .>c|,.x'3,...,.\'” >0; -1—_+...+%: n—1.ChL'mg minh .\-,....1~” s-Ii” (3)
1+"! 1+'xr| (11-1)

Dy 151 mét biii toén khé. Tuy nhién néu biét "nguén géc" 01121 né [hi viéc tim ra 161 gizii sé don

gién. Til" bZ1i Lozin ny chling la cc’) thé dzflc biét héa dé I310 ra bixi Lozin sau dy:

- 2\' *- .
ST 3. Cho x, _\', 1 > O thoa min % +——'— + 3“ :1.Ch1'mgminh .\'\";'1 S L

1+.x 1+ \" 1+ 5 ' 5°

Béy gib" xél .\', _\', 1 > O. Ap dung bixi tozin 1 vdi (1 = y + ;,b = 1 + c,c = x+ _\" , ta c6:

(S+x)(S+y)(S+:) 2 8(S—.\')(S—)')(S—;) ddy S I .\'+ _\'+ Z . M511 khzic. thco bili

t02'm1th1:(S —.\')(S — _\=)(S — 3,) 2 8x_\':, nén:(S +.\')(S + _\‘)(S + 1) 2 82.\'_\";. Ké111Q'p1é_i1[21

nhgin duqc: (51 __1~1)(51 _ \-1)(51 -1-F ) 2 3‘_\-’\»1;1.Ti1~d6ra cé béi tozin 4

I \ I I \
ST4. Cho .\',y,;>O.DZ1t S =x+_\‘+1.Ch(1"ngminh1%—1 ][-‘;—11LS—,—1 128] (4)

\ \" /1 \" j I‘ /

Dé “Che diu" bét S, ta cho S S 1 vé nhén du'Q'c bili toén méi:

muz >0 , . 1 1 / 1 " 1 1ST 5. Cho . Chung mmh rang: —, -1 ——; —1 Ki -1 > 8* (5)
x+ y + Z £1 x" _\"

Dy 151 min bi tozin khzi hay. Nhung ta sé thziy né hay hon qua méi quan hé vc'ri bin toém dufri déy:

ST 6. Cho a,b,c > O.ChL'1'ng minh ring: U + b + C 21 (6)
\/a‘ + 8/20 \/1)" +8ca \/c" +8019

(IMO200l)

Bit x = S-6’ ; V = ii!) ;Z = —i———C , bait ding thirc c§n trd thimh"
2 ' 1 2 ”\/a +8b€ \/I9 +8ca \/0 +801) I ~

x+ y + 1 21.Bygi€1ta sé rim n1<‘>iliénhégifra .\',_\". :, . T11" ding thirc =1 ta
a“ b‘ c"

thiét 1:§1p duqc méi quan hé gitra .\', y, 1 :

x2:_w(12 1w_1(17_1):83
a“+8bc x‘ a“ _x' / _\‘“ Z."

Nhu' vzfay ta cn chirng minh bi toén sau:

\ \ \ .

ST 7. Cho x, y, 3 > O,(=L, —1)[L,— -1): 8‘1.ChL'1‘ng minh réng: x+ _\7 + 3 21 (7)
x" y“ z"

R6 rimg dy 151 mcfat phzit biéu theo dang “ng11'qc” cua b€1i toxin 5. V51 dy cng 151 mét 161 giéi

cho béi 6:



Chzrmzg V: MQI $5 szing tgzo 115 b't ring tIzz?'c 81 1

Béy gib chng ta tiép cén bin tozin I véi u./9.0 lé db din 3 czgnh min tam gidc. Sn dung dinh 137'

hém s6 sin trong tam gitic [11 c6 1/ = 2Rsin A;/2 = ZR>in B; 1": ZRsin C khi db bit ding thtrc

(I) trO'thi1nh

(a+12)(b+c)(c+a) 28abc <2 (sin/\+sin B)(sinB+sinC)(sinC+sinA) 28sinAsinBsinC

c> (Zsin#cosA¥)(2singc0s-§)(2sin%os 2 8.s"inA sin Bsin C

Bién déi vii nit gqn tiép theo ta nhzfm dutyc mét bit ding thtrc khzi hay trong tum gizic.

ST 8. Chimg minh: 8 sin ésingsin g § cos A g B cos B ; C cos C I A véi moi tam gizic ABC

Nhu' véy tir m<_'>t bin toxin (1) rét don gian chng ta cé thé déi bién dé szing t:_10 ra 8 béi toén mdi.

Chng ta sé thuc hién tiép )7’ tu'O'ng néy v('>'i mél bin tozin sau dyf

Bdi toén 2. Chimg minh rang;

1 + 1 + , S 1Va.b,c2O.
a‘ + b"‘ + abc 12*‘ + 0"‘ + abc 0‘ + a’ + abq fl/96

Béy cng 151 m<}t bin tozin qucn thu(_3c vdi nhiéu ban. Céch Chung minh ngzin nht IE1 dzinh gizi:

(13 +193 2 ab(a +12) suy ra

Z‘ 1 £2 1 :2 c :(l+1)~i-(‘:1
,._\.,a‘+12'+a1)c ma12(a+12+c) W (1+1J+c' (1+11+¢'

Ba I ow am x = ab” ; ~ = "5" ;; = "1"‘ . ma biz ding thfrc aa ChO3 O 1 1 .1 1 1 I \ \.
1)‘ + c‘ +a1)c c" +a‘ +(l1)C a‘ +19’ + abc

trd thénh x + y + 3 S 1 . Tir déng thfrc 9% ~ 2% - a—{) = 1 suy ra méi quan hé gifra x, y, nhusau:
a"' ' c"

l=i+i+1:>L2:i+i_i_1:>l+i_l_1\ l+i_i_1 i+i_i_1 :8
x ca ab 12c _\' Z x _\' 1 X /1: x _\" x y Z

Dé cho gQn. ta [hay déi hinh thfrc. thé .\'. _\', 3 b0"i czic k}; hiéu nghich dao l,l,l v51 di dén:
-\' Y Z

ST 1. Cho x,_\',: >1 thoamn diéu kién: ()'+;—.\'—1)(;+,\"~)'—l)(.r+y—;—1)=8

Chirng minh ring: l + i +i S1.
.\' _\‘ I

Dé 37 ring néu —1- + L + 1 = 1 thi .\', _\‘, 1 > 1 . ta sé phaft biéu l2_1i bin tozin du'é"i dang “ngu'(_>"c”:x v 2,

ST 2. Cho x, y, 3 > O thcba min diéu kién: .\"_\' + y; + :,\' = .\'_\"3

Chtmg minh ring: (_\*+g—.x"—])(;+.r—_\‘—1)(x+_\'—;—l) S8

Qua 2 vi du nhé trén_ C6 lé céc ban cng d hinh dung ra mét czich “szing tgxo béi tozin mdi”

khéng [Sm thubng til" nhtmg bin tozin rét don gian. Dé rén luyén tu" duy séng tao ban cén phai

xéy dung théi quen lét di lét l2_1i vn dé, suy nghT m0‘ réng. phfm biét gifra hinh thirc v51 ban chét.



812 Di bién 5'0 :16 srilzg tgm viz chzivzg minh bin‘ (Tng tluit‘

Chfnh viéc khai thaic bin Iozin du'<')'i czic gnu dc} khzic nhuu sé ginp ban thu du‘(_>'c rzit nhiéu kién

thirc quan trqng hon rél nhiéu so \"(>‘i viéc dgc lvi giai cua n6 mung lai. \*i1 cam hon nfru né sé

gilip ban szing I510 111 czic bin tozin min. gib czic ban hi)’ rén luyén viéc szing lao then 5" mung

déi bién cua Z \*1'dutrén qua cc bin Iozin sau;

Béi 3. Cho a.b.<’>() thba min abc: I ..Chn‘ng minh ring:

a li + < la + <~. 1; 3‘
<1‘ +1?‘ +0!) 11' +0" +l><* 0‘ +0 +(“u

) '1

B§1i4.ChL'1'ng minh réng: —”— + -2- + —(—— 2 3 Vu.b.<“ > O

b+c c'+u 51+]; Z

B513 5.Ch1'rng minh ring: 61- + If + U 2 a+/9+ (I V0.1)./<'>()
b + c c + (I cz +12 Z

_, . \ 1 1 /*1 /3( :+11+-3)
B2116. Chimg mmh ring: ‘Z + 1) + ‘ 2 \ a 9 L Vu,b.€ > O

b+c c+a 0+1; 2

Bin 7. Cho a,b.c‘ > O thoa min (1 + I) + c = ubn" . Chfrng minh ring:

£l+[J+('22(1~+ 1‘+1)_
b+c 0+0 0+/2 1+a- 1+[;_ 1+5

Béi 8. :1. Chirng minh ring: (/2 + C — a)(c + (1 —[7)(a +12 — c") S (1/)0 Vu.b.c > O

_
1 V

1 1 ((1./7.L'>O
b. Chung nnnh r51ng:(a—l+ —)(b — 1 + —-)(c— 1 + —) S1 v01

I) \ C ll {(1/)(' : 1

Béi 9. Cho (1,1). C la ba $@'>Im_1~¢ phan biét.
~ - 1

I Chung minh ring: + 2 Z

Bin 10. Cho a.b,c > O.ChL'1'ng minh ring:

a§+ !)w+ ('72_i3_

(/7+0) (<.'+(z) (u-+19) 4

Bi 11. Cho cz.l).(' >0. Chnng minh ring:
'\

g_+[l+.(_Z_Q_.+_2.._+__L._+i
/2 v <1 /1+0 ('+u u+1> Z

Bili 12. Cho a_b.ce . Chung minh ring:

V

a(/7+c“)}+l>(c‘+u)}+<'(u+l2);2O

Béi 13. Cho a.b.ce 11.2]. Chtrng minh ring:

. ((1+/2+¢')(i+-L+l)Z6(JL+—L+-$2-).u 1) c h+(' 0+0 u+lf

Bi 14. Cho a,b.c 20. Chtmg minh ring:

T

((ll7+/7('+C(I)£ 1 _+ 1 1+ 1 _\_-(2
(u+b)' (b+(r)‘ (c'+u)_/ 4
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||. PHEP son BIEN NGH!CH 9A0 TRONG CHUNG M!NH BAT DANG THU’C

Khi giai main. m1_1c dfch chung cuu phép déi bién >6 I51 nhém chuyén tinh thé til‘ bZ1'i tozin khé

bién déi sang trgng thzii dé bién dc"->i hofic dun vé czic dang tozin gn gfli hon. Chng ta cé thé gélp

k§' thuét déi bién $5 khéng ch: 0' trong chimg minh bit ding thirc m£1 cbn 0' trong czic dang tozin

gizii phuong trinh. gidi han.t1'ch phn Trung cdc chuong truirc chfmg ta cflng bit ggip rét nhiéu
1511 czic bit dng thirc giai hing phurmg phtlp déi bién $6. by gid chfmg I6i xin gidi thiéu mét
kg thuzit déi bién c6 me <15: tén lili “Phép déi bién nghich am".

Béi l. Cho (1,/)_c.z1'>().Cht1'ngminhring: '

ubr bod cda (lab u + b + c + d+ + + < (1 )
ab + bc + cu 190+ cd + du cd + (la + ab (la + zz/2 +120 — 3

Phn tfch viz tim téi 107' gidi
Bu'6'c 1: Dzinh gizi Ck} chfat cuu bit dimg thtrc ( 1 >

MCI hu'('>'ng tu‘ duy don gian IE1 su'dL_1ng JAM - GM dé 06 dnh gizi dai dién:

abc ((1 + Z2 + C)‘ -

S — . tu'0‘ng tgr cho 3 biéu Lhtrc cbn lz_1i ta dutyc. khi dé ta C6:
ab +120 + cu 2'/'((1/9 + be + 0(1)

VT/1)< (a+/).+<*)‘ ([2+c+c!)‘: (c‘+(/+11)‘ (4/+u+b)3
\ —27(ab+bc+ca) Z7(/2c'+("c/+1/'11) 27(("z/+c/(1+u/2) 27((/a+a/)+bc)

Tit dé cn chrng minh:

(a+/2+0); (b+c+d)'= + (<.'+(/+0)‘ ((/+a+l2)‘
9((1b+/)c+ca) 9('bc+c(l+c/a) 9(c'(/+4/a+ab) 9(c/a+u/)+b(')

S(1+!)+c+d(l‘)

Tuy nhién do (cl +19 + 0)“ Z 3(r1b + be + ca) nén I11 06 dzinh gizi:

(a+b+c)3 3(a+b+c)(a/)+bc+cu) 61+/2+0
9(ab + 150+ ca) 9(ab + bc + ca) 3

Tuo'ngt1_1"suyra VT(l')Z a+€+C+b+€+d+C+(€+a+d+g+b =a+b+c+d.
- J -

Nhu‘ véy czich dzinh gizi 1153' khéng thfmh cfmg vii bZ1i Lorin cfla chng [Z1 121 c6 Y nghTa.

Bu'é’c 2: Béy gid ta sé binh tfnh dé rim l('>"i gii bili tozin theo mét léi tu duy khzic su sic hcm. Dé
abc 1 1 _.

§" 151: = I . do d6 dc vinip béi tozin U0" nen "gQn gim”
(11) + [)5 + (“(1 (I/7 + /)(' + (‘(1 1 1 1 C C

abc + j + *
(1 /2 C

v<'>'imcf>thinh1hLrc dé chiu hon. ta déi bién bang céch dar .\- = l, \- = l, 1 = i.z : i.
(1 ' 12 6 d

I \
Khidé(l)¢<> 1 + 1 + I + I slLl+l+l+1<2>

.\'+_\'+; _\'+;+r ;+i+x z+.\-+_\~ 3_x _\" 3 I
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Di bién $5 (TE szing tgo vd chzhzg nzinh b(';td17g th1Pc

Th AM-GM"':VP(2 =l All i l12l -3-zl »1——=\/T2‘
eo taco ) 9gLX+.\‘+:/ 3%(:~\_+_\,+: ()

Nhzjn xét: Viéc am bién béng céch léy nghi_ch dao pl. _\~ =}l. 1. = 1 .z=ll 121 khzi ru
(1 3 (1 C

nhién. vii déy cfmg chfnh 1i1 mét k1 thuét mia chxing 161 mubn gidi thiéu dén czic ban trong biai

viét néy. Thuc ra being mbt k1 thuét dzinh gié khéc khé nhin hon mbt chxit. cfmg cho ta két qua:

1

.\'\‘I. .\'+ _\' + T. A ;_ ,; M

(x+ _\'+ ;)(x_\‘ + _\'Z + Ix) Z .7_7x_\"; :> ' § -————. Nhu" v:_1y G01 b1en trong bm

.\‘\' + \‘Z + :,\‘ Z7

nixy chua him 1:21 con dubng duy nhét. tuy nhién 0 vi db suu czic ban sé nhzfm théy rang cdch C161

bién nhu‘ trén phai 121 con dubng tit yéu:

__
1 1 1 1 1

Ba12.Ch0 a,b,c,d>Othoamz1n: ,+ ,+ ,+ ,=—.
2+a' 2+b' 2+c' 2+d" 2

Chtrng minh ring: abcd 2 ab + ac + ad + bc + ed + db

Phn tfch viz tim téi 107' giiii

1 1

Tacé: abcd2ab+ac+ad+bc+bd+cd<.:*,>1Z + 1 + +1 + 1 + 1

ab ad ad bc bd cd

~ . .1 1 1 1 1 1 .

Dé bin toén don glém h<7n ta dét (1 = —, b = —, c = —. cl = — v51 quy vé bin tozin sau:

.\' \" 3 I

q ~ -\ ~

I!
.\ \ 1, I 1

C110 .1‘, _\', Z.I > O thou nzn: , + ', + W + , = —.

2.1-" +1 2;" +1 2:,‘ +1 2r" +1 2

C1112’/lg minh rng: 1 2 xy+.\*1 + xi + y; + yr + gt

1' x2 vi :2 I: x+ \'+;+I 3 ‘

Tacé: —= , + ‘G + , + , 2 ,( ; 7 I
2 2x"+1 2_\"+1 2;-+1 '2r'+1 2(.\~"+_v+;"+r-+2)

Suy ra x2 + yz + :2 +13 +2 2 (x+ _\'+:,+I)3 <:> 12.\j\"+x;+xI+_\'1+_\‘I+ gt (dpcm)

Qua hai vi db don giém cé lé czic ban dfi phn no thy duqc vé dbp cua phuong phzip dbi bién.

Tuy nhién dé Cam nhzin r6 hcm sirc manh cua phuong phép nfly. chng ta hy tiép tuc sir dung

dbi phép dbi bién dé giai quyét vi d1_1 rt dzfxc $510 sau dy:

Biai 3. Cho a,b,c,d > O thoa min 3/5 min(a,b,c) > max(a,b,c) .

1 1 1 1 1 64

Chirng minh ring: _ + , + 1 *+ ‘ 2 , (1)

Ja’ — bccl Sb’ — ca'a Sc‘ — abc 5d’ — abc (a + b + c + d )“

Plzn tfch vd tim tbi 161' gidi

Bu'6c 1: Tim hiéu bizi todn:

Biéu kién 1/§min(a,b,@) > max(a,b.c) la c§'\n thiér vi giéx $11 1><> aiéu kién nay <11 ma béi toén

khéng cbn dng nfra. chng han cho a =10 Va b = C = 4 =1. biéu kién ny C6 y ngh1a 151 dé

xéc 12f1p céc bait ding thirc dtmg Sax —bcd > O , 5123 — cda > O .503 — dab > O .5d7’ — abc > O.



Clzzrmzg V: Mt $5 sting tgm vé br7't airing thzir 815
Bu'6'c 2; Tm lai van aé. phim lfch hZ1i toén. r6 rilng khi nhin vim béu déng thirc (l)ch1ingta cc’)

cém gizic la dufmg nhu" bait ding mu-Q nily khé chit Va qua thzfxt cfmg rt khé Kim du'(_>*c m(_3t céch
dzinh gizi kha thi dé céng phzi bi twain (czic ban cc’) thé thu" bing czic dzinh gizi quen thuéc mé czic

ban d biét dé cam nhén r6 h0‘n diéu nizy). Tuy nhién hiy mu mét phép déi bién nho nhO: -

Bat X = i. _\~ = l. ; : L1: i. Khi déh§1Id11gth(1‘c(I)t1'0thZ1nh:
<1 Iv < d

X3 Y2 1,2 I3 641': \‘:;:IZ
1 + " _‘ + ‘ + 1 2 " K (2)

5 ygl — .\“ 33!»: — _\" Srxy — 1‘ 3.\"_\": ~I (.\'_\‘: + _\";r + grx + r.\'_\' )*

1 7 ' ~ w

.\ \ \. I 4 - .,D0 1 . ' 1 . X . 1 > O nen theo bat déng [hut CBS ta co:
3 Y1! — .\" 3:11‘ — \“ Srxv — 3 Jxv: — I?

VT(2)2 (.x+v\‘+;+!)z‘ (.\'+_\‘+;+r‘)'
5(xyz + yzl + ;lx+r.x1\") — (x + _\" + + I’ ) 4(x)'; + _\':r + 11.x + txy)

A ; , . .\'+ \" + 3 +1 2 64x2 $1323Vgy ta can chu'ng mmh ( ' ) 2 ' x

4(.\')': + _\‘Zl + :I.\' + t.\‘_v) ‘ (xy; + _\':r + 1r.\" + Ixy)‘

Hay (x + _\' + 1 + I): (.\'_\': + _\';i + :I.\" + I.\'_\")3 2 256.x'3_\"3:j3I3 .

Bait ding thirc cuéi dung theo AM - GM. vay ta cé méu phzii chfmg minh!

Nhzfan xét: 6 bit dimg thirc (1) ta nhén théy 50" IZ1 “dai lu‘<_mg manh" trong khi bcd IE1 “dai
. , . Iluqng yéu"_ tu' do ta thay néu 5(1) —b<‘d cang Ion thi ixi cang nho. dy chfnh 151 nguyén

50 -110’!
nhén géy cho ta cam giéc ring bit ding thfrc (1) khzi chin. v21 cfmg gy khé d5: trong céc phép

dzinh gizi. Tuy nhién bang czich déi bién nghich dziox : l. _\" = i, 1 = l. 1 =l] [21 nhém duqc
a 4' z

bit ding thirc (2) vdi m<_3t tinh trang khzic hén: trong bél déng thirc nily 5):! IE1 dai lu'c_mg yéu

.
~ . 1 'con x3 la dal luqng manh, nen 5);"! —x" cang nho. déng nghla vo'1 cang l0"n. Do do

- \':r— vc‘

bit axing thtrc <1) as trc">'th51nh bit dang thtrc <2) km léng. sé czic ban men thém vé hiéu qué cila
phép déi bién néy Chfmg ta xét thém mét bin tozin khé sau déy:

Béi 4. Cho a,b,c,d > O. Tun hing $6 k > —l bé nht sao cho bait déng thirc suu luén dng:

bad 4
% 2 (1)

g-:z(l<c1+\/;)(/<a+\/J)(l<cz+\/%) 1<+1

Ph/1 lich vd tim t()i ldi giiii
B1r6'c 1; Phn rich bi tozin, r6 rilng dang thirc xéay ra tai vi [1-1' mu nhit ma ai cng dé ding nhzfm

ra dé 121 a = b = C = (1 . Tuy nhién aé Kim duqc k 16: nhét thi ta can phai XC dinh thém mét vi m
khzic nra mil ding thirc cc’) thé xziy ra. Tét nhién trong nhfmg tnrmg hcyp nhu' thé ny thi vi tn’
du béng G bién I51 noi ta thxrdng hay hu'<'mg dén: '



816 »
1951' biéll $5 {I5 szing I410 vzi clzling minh brit (Ting thli'c

Thu" Cho =1 nén tdi 0 vb b.c.d la hang $6 khi dé \/T( n nén tdi 1. nén ae bt dang [hU'C 11> luén

.4

_

\ - , 4 v - L _ \ ¢ , ¢ - L A 1 ..', V

dung Ihl phal co 1 2 ff hay /< 2 3. Nhleu kha nang /< = 3 I21 gla tr; nho nhat dc bat dang thu'c

(1) dlng V51 ta sé chtmg minh diéu 1121)".

Bu'6'C 2: Chtmg minh cho truimg hqp /\' I 3. Lflc ny bét déng thirc xay ra t2_1i hai ch?» 66 I51

(1:1) I (' : cl hoéc (1 —> O ( />.<‘_(/ I51 czic hing sf) ht ki). Do G6 trong caic dainh gid tn cn phai

d€_1c biét chfl $110 cho dfau hing phai dam ban xay ru tai hui vi tn’ néi trén. Khi /\' = 3. (1) trO

bu] , -

thimh: 2 1 (Z). Theo bét ding thirc Minkowski ta c6:

(341 + \/;9?)(3c1 + \/cc! )(3u + \/(1/2)

30 + - V/(3u)(3u) + \/120$ \/1341+ /;)(3u + c)

3a+\/ad = \/(3a)(3a) + \/cd é \/(3a+<“)(3a+ d)

3:1 + @ : \/(3u)(3a) + \/(db S \/(_3u +d)(3u +/2)

Nhfm vé theo vé suy ra (30 + \/;)(3(l + \/?c7)(3a + \/F/3) S (30 + b)(3u + (')(3a + (1)

. I) '1
Do dé dé chimg n1inh('/Dtzxcén chimg minh: I M 21 (3)

W (3a+9)_a+c 311+:

Bit ding thirc duéi mziu c6 dang (u + 3/>)(u +3c')(a +31! ) . SL1" dung bit dimg thtrc AM— GM:

/u+3/)+a+3c+a+3d\,‘ x

) ) L I =<@+1;+<~+(1)L(a+3b(a+3c(u+3z/)3
J y

B2f1t.\‘=%l.'\'=%.I.=%.I=(]—1khidé:

v

J 1

VT3= .: " 2 " = " =1

() ;;\/(3_\'+.\')(3:,+.\‘)(3r+.\') %_‘&‘j(3'\'+.\"+3;+.\'+3T+-Y): ;.\-+_\~+;+r
¥

3

Cuéi cimg czic ban dqc hily u_r giai céc béi tzip sau dé rén luyén thém vé ky thuét déi bién néy

B51i5.Ch0 a,b.c > O viz 2 min(a,b,c) > mz1x(a,b,c) _ Chimg minh ring:

3,1 1 1

40' -120 4/)“ — ca 40‘ — ab ab + I20 + ca

Béi 6. Cho a,,a3,...,an > O Chimg minh ring:

(1.11; an. ( ,
>

nil ___l

\/((11 — 1)u, + (1: )((11 — 1)a, + (1; )...((L/1 — Dal + :1”)

Biai 7. Cho a,b,c,d > O vim (1 +b +0 +d =1. Chirng minh ring:

abc bcd cda dab
+ + +

l+2d 1+2a 1+2b 1+2('
S ab + ac + ad +120 + bd + cd
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§ 23.3. PHUO?\'G PHAP BANH GIA HAM SO TAI BIEN
Phuong phzip nil)" I511 du tién duqc 1116 hién 0' bili Iozin 1 dL1'O'i dy trong cuén sch cua Lzic gia

Plzzrmzg pluip 1n(11'giz1i 12251111 t11_vé11 sirzlz (I411 hgc 111611 Torin do Nhil .\u§t ban G150 duc xut

ban nm 1995. $1111 ni1_\' d11'Q‘c 1r1’ch .d§111 [rung ph:111 "1‘\1'I1l7'1zg 101' girii (111 t11'gmg"c11a cuén szich Ba
tlzqip kj‘ 1151/11 dg1i lzyc 111011 Turin do NhZ1 xufu ban D311 hqc Q1160 gia TPHCM xut ban nim
2O()0. B211 viét n€1y duqc hoim lhién trén cor so" [hum khao 11161 s6 \'1(1U minh h(_>a cuu b£1i viél

ding lrong tgp chi Mathe1natical Reelimzs 4/2006 \'{1 c1’1c 1511 lié11 11611 lnlcrncl.

1. co so‘ L\"1‘11L'\"E1‘v.Z\ cAc 111x11 D.§.1\’G 111m 1190 c0'1sA1\" 1

1. Nguyén 1)‘ chung
1.1. B211 phu'0'ng11"i11h (11111 dzi11g1l11'1'c) _/"(.1-12111 d1’111g‘V.1"e D <:> M111/'(.\")2111

15/)

1.2. B.'51tph11‘0'11gt1'1nh (b§td2'111g1h1'1'c) _/‘(.1-)§111dL'1ng Vxe D <=> Max f(.1-) § 111

151)

1.3. Néu f(.\') lién tuc trén D \-"Z1 Min f(.\‘) =111 ; Max f (.1) = M [hi tip gizi tri C1121 _/1.1‘)
161) 121)

151 [111:1\/I] hay 111Sf(.\')S1'VI vO'i mQi xe D

2. Hiim bzfxc nh§t

1161 ..... ~ B

Q__

>
\_“Q

ii,

cU'_"'4___"@

_____Q

"@

I

U’""_“o:

A /"<1-11 '"'“ (X

‘ A ---_/W)

Him $6 f (X) = ax + b. Vxe [OLB] c6 <16 lhi I21 mél doan thing nén c6 czic 11'nh chit sau

f(a)2O
2.1. f(.\')=a.\'+b2O.V.\'e[OL.B]<:> <:>M111{_/((X).f([3)}2O

_/ (11120

1/“(c1)S0
2.2. _/ (.1-) =.1.1-+11 s0_v_\.@ [015] ¢>1j_(] <=> M11x{j (o1).f(B)}s0

7 _

2.3. f(.\‘) :a.\'+b2 111.V.\‘e <=> Eim <:> M1'11{f(0c).f([3)}2111
2 _111

/Z/1

\>*x

)S111
2.4. f(.\‘):z1.\'+bS111.\7.\'e Ot. <:> <:>Mc1.\"{_/1(O()._/'(B)}S111

_111

E.

/-J1

/-\/‘\

vs:

2.5. Néu f(.\‘) =a.x"+l>.V.\‘e [(X.f>] {hi Mi11{f((1).f(B)} S _/'(x)S Mm-{f((1).f([3)}

2.6. Néu hZ1m j'(.\‘I..\'3......1'”) vdi .\']..\‘2_...,.x” e [OLB] I51 hixm béc 111151 thco tirng bién s6

xk E [OLB] thi f (xl ..\‘3......\'H) dat gizi 111 1611 nht hoéc nhé nht <=> x| ..\'2.....x” e {£11.



>41 X Pl1u"u'ngph(ip zlrinlz giri Izflm $5 mi bién

3. Hixm hzflc hai vii hilm li. hixm lom

1(1)

9727:)

\
_@______

Y

13
*“‘“T"'>

1

1 I
1

\1
...$1w

f"i”>

ID

__~'______>

[(01)

3.1. 1\‘§11 /“\.\') =u\‘: +lz\"+('.((1>()) \'(3'i ye [(1. 1111 f“(_\"3 S 1'Wu.\‘{ 1" (O1). /'([3)}. '~7.\‘€ [(1.

3.2. Néu _/'11-1 11111211111111 11.311 [(1.5] 1111 /11-1 3 ;1/.1\-{11<11.1._/ 1131} ;:~1-2 [(1.13]

3.3.1\1é11 11,1-11.11‘+111—+¢-.111<111\<>1 .\~e[01.B] 1111 _/1.1-12.111m{_,1"1@11._1 (B)}.V.\‘€ [@113]

3.4. Néu _f(.\‘) IE1 1151111 I6111 trén [(1. [hi ‘f'(_\‘)Z1WiI7{>f'((1)._f‘(B)}.V.\'E

11. cic 1s.T\~1 'l1{\P MAL1 MINH HQA

l. Céc biai tofm minh hqa cho hixm bzfac nht

‘ Biii l.T1m.\1dé bit phu‘<1'ng 1r111h .1": + Z.\‘(sin _1‘ + cos _\") + I 20 d1'1ng \<'ri ‘V16 Pl. I

Gizii

__ . _ /-7 . , .; _. ,1 . 1

Dal 11: $111 _\" + cos 1'6 1L—\/Z. \<Z_1. kh1 do h1c11 C101 balpl1u'0'ng11‘1nl1 vc dapng suu:

g(u)=(Z.\‘)u +(.\‘3 + l)2().V11e€Q—\/3.\/3 14¢ Min (1020
.'I’» "\Z \l

1

72

* . . . ; .. T 7 ;""T A

D0 do 1111 _\‘ = g (11) lz11nQtdo;111llm11g \'0‘1 u e 1_—\JZ.vZ _\ ncn

9:

Min g(u)?_() <2 ~

J (-15 ) 2 0 1}’ - 215.1-+1211 1|.1-12 J2 +1

[g (J5) 2 <1 + 2\/2.1-+120 U1-1 s ~72 _1

Béi 2. [Mathematical Refletions 4/2006]

Cho 11.12.02 O 1h011n1z'1n 41+/2 + ¢- =3 Ch1'1'11g1ni11111"§111g: (13 +12: + ('3 + abc'2 -1 (1) I

C1117’/zg minh

1111:”: +<11+1~1* -3/»1»+111>1-21~.:>11¥ +13-111’ +111-21/11-24

<:>f(u):(z1—Z)u+2u3 —6c1+52011'011g d13()S11=/><'S(@)' =§(3—a):.

. F » .

D6 (hi _\* : f (11) 15111161 doqn thing vdi ue L();%(3 — (1)' :’\lh1n \'Z1o hui du mdt 111 cé:

f(O)=2a3 —6a+5=2(u—%)> +%2();_/“l(3-—u):):i(u— 1): (:1 +2)2()
_ D 4 -1»

nén f(u)20; ue[();%(3—u):j| hay (13 +123 +1-3 +ul>c2-1



Clzmmg V: 1\I_6!.91§ szilzg tgm vé 126,1‘ Jrilzg tluir 819

P Bili 3. Chirng minh ring: Z(u +12 + 1-)—(u/2 + /21' + cu) £ -1,\7’ u_b. (‘E [(J. Z].
:

Clzlhzg minh

Bién G61 b§11d€1ngth1'1'c \'§da_1ng sau _/' (:1) :(Z — /1 — (')u + Z (b + 1') — 121- é -l.Vz1.12.c€[().Z]

D5111] _\"=_/'(11)li1n1©1dog111ll1éng \‘é'i as [().2] nén f ((1)5 Mc1.\'{_/'(0);_/' (Z)}

T-11 co _/(U):-l—(2—/7)(2—(')S4Z_/‘(2)=—1-—/7(‘S—1I>_/'(c1)S4.V(l,/7.(‘E [(1.2]

B51i4. [mo 25 - Tigp Khfic 19841

Cho (1.1). c Z O 1110211115111 11+/2 + <' =1 . Ch1'1‘ng minh ring: ab +/21' + 1"(1— Zubc" S 2;/7 (1)

C/zzhzg minh

Bién déi b2‘1td§-1ngthL'1‘C (l)<=>(l(/7+5‘)-1-(1—2£l)/7('S%<:(l(1—(l)+(1—2(I)/76$}
_ .7

<:>/'(u)=a(l—u)+(l—Z(1)uS% \<5'i 0311:/)(‘S(%)— =(]+Y
1 ,1

D6 thi v\~:_/‘(u) 151 11161 doan lhéng vyi 11e]();+_1L(l——11)'l'. Nhin \-"Z10 2 déu mill La c6

f(O)=u(1—z1)S

1 1_1 1 1 _1’2s 1-

[(14-(l—u)
v

|______J

1J

:l<l
4 27

1
1

/(I(l—c1) )—Z(—Z(1‘ +11 +1)-IL§—2(z1—§)1(a+%)]S%.

I-

Vgiyj'(u)§%.V11eL();%(1—u)‘4

J

hay ab + 191" + 1'11 — Zubv S T77-

B51i5. Cho a.b,c-20 thoa min a+b+¢-=l.Cl1L'mg minh: (13 +/2" +03 +6<1/24 23 )

Ch 1211g minh

Bién 661 1>é1<1§ng 11111-Q (1) Q (11 + /1)‘ - 311/1(11+1>>+ 1--‘ + (>11/>1» 2%

<=> (1 - <1)‘ -311b(1 —1~) +1-1‘ +611/112% <3 ¢11>(9¢~-3)+3<F -31- +%z0

<=>f(ll)=(9t'—3)u+3(‘3 —3c.'+%2O\'c'Ii ()Su=abS((%'b)- 51%)!
. , F v

B61111 _\" = f(11) lZ1métd0:;1nthéng véi ue LO;%(1—<")'].

w' 1

Nhinv5102d§i11mL'11tacé /(0)=3(1~-§) 2 ; -1-0/(4(1 1) )>0

V{“1yf(11)2O.\7z1e[():%(l—- H2] hay (13 +/)3 +1-3 +6r1b(‘2§



$10 I’I1u'u"ng p/nip drinh giri hiun .\'r'§ tgzi hién

it B5116. C110 11./1.120 1110111115111 11 +/1+1-=1 1C111'1'11g 11111111: 4111‘ +/1; +11: 1+ 1511/1112 1(1) 1

('lz11'/1g minh

B1én 1161 1151111111111 1111'1~¢ <11<=> 4;_111+1>1‘- 311/‘>1 11 + /1 1_ + 11-‘ +1511/1121

<:>~1€(1_<'): —3z1l1(l—r')1+(": +15u/1("21<:>-1(1~<'1; +1111/1(¢'—1)+-11"’: +15uln21

<:>4/'(11)=<3711-12111+41-‘ +411 -1-1‘ 21 “'1-1 11$” =11/>§(%B1'

B51111 _\' I _/' (111 1Z1111{>1d0;11111111g \(>'i 11 6 ();%1 1 — 1-1: . .\'11111 \£1<1Z 111111 1111'111;1c(1

f<111:3(21»-113 +121;/‘(£11-1~1’\):1+r1-1-1:(Q-1121 1

\/z_"1y ‘/'(11121.V11e1():i11—1"1:j 11113‘ -1111: +11"; +1-1 1+1511/>021.
1

\ B5117.Ch11'ng1111n111"5ng: (1—¢1)(1—/>111—<-111—<!1+11+/1+1‘+1121.111_1>.<-.de[(1.1] 1

Chzivzg minlz

Bieu dien bat ding t11L'1'c du'('1‘i dang 1111111 1150 nhfu 11ié11 $6 (1. 11111111 xi» I1, 1'. (I. 1:1 06:

f(a)=[1-(1—b)(1—(")(1—zl)]u+(1—/2111—(-)(1—d1+l2+¢"+z/21.V(1.l1.<'.(1'e
[(1.1]

B51111 _\"=f(u).V(1€ [(1.1] 1Z1111(}1d0:_1n111z'1ng nén 1\1i11l_/111):.\1i11{_/'(())._/'11)}
=1#1"1.1;

Tucé_/'(1)=l>+c+¢I+121.V/2.11116[(1.1]

f(0)=(1—11)(1—<‘1(1—d1+/>+¢'+c1<:>_1J1l2)=[1—11—¢')(1-1/1]/>+(1—("1(1—z/1+(‘+<1

Déthi _\'=g(b).\7be [(1.1] 1Z1111<}1do2_111111Z111g 11611 Min g(l>):M1'11 ((1).g(1)}
1»~|r1.1]

,—-

3':

Tacég(1):c+d+121:g1())=(1-1-111—d)+¢'+d=1+<'1/21:\f(())=g(/2121.V'be[().1]

Véy f(a)2111z1y(1—u)(1—/>)(1—c1(1—¢/1+u+b+<'+;l21.‘€’u./>_<".a'E[().1]

Bi1i8.C111'111gmi1111:S= “ + 1’ + “1+11-11111-1>)<1#1-)§1.\111.1>.1»e[<1.1]\
b+<~+1 1-+<1+1 11+l>+

Chzivzg minlz

Khéng mz-:11 t1'11ht611g quz'11_g1t1 >11" (1 = Mu.\'{11.l>_r"} . khi C16

$s“_+”i'i‘+(1-11111-11111-1->s1<:> f(11>=£'l’i+11-11111-11111-1~)-1s(1.v11.1>_1~e10.1]
b+c+l ‘ /1+1-+1

B61111 1" = f (u),Vc1e 10.1] 1Z1111§1td0;1n thing nén 11/11:1.‘ f(u) = .11/lu.\'{_f (O).f 11)} . T11 cé
11a (1.1

' ~ ~ (l13+<'3)(b+§'—1)—l1z‘
f(O):_[liL_+b(A_(b+(_):b<'(b+c)—(/1'+<" )—l>('§ Z £0

b+('+1 l1+('+1 1)+¢'+1

f(1)=li"l-‘-Li-1:0.Tu‘d6s11v1-:1 /'(11)§<1.v'11.1>.1-G[<1.1]:.s"§1.v11.1>.1~e10.1]
b+c+1 ' ‘

1



Clzznmg Y: 111131.15 nirzg tgm 1115 [1111 111711;; tl1111' 1\'I l

B5119. C110 .1‘. ..\'.....,\‘.,_,,i e [—l. 1] \1'1"i 13115 .\' .T1111g1;i11"1 11111>1111;11c1111111é11111110

1 S:.\,.1'.+.1g\'.+_..+.1‘. .\. .+.1'. ,.\

(;1j111'

Né11coi .1"! 121111611 $13 \'i1c61111111c;'1c 111511 >6 1111 S lZ1hi1111hz_1c 1111211 \"O'1 .1"; nén

111111 Y5‘ ( .1", 1: M1‘11{S(—l).S (1)} . LZ1111 111'0‘11g 111' \‘<'>'i 1111- 111511 s61 .1". >11)" 1'11 M1118 115111511 czic gid
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§ 23. 5. PHU'O'NG PHAP HE $0 BAT DINH
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1"(§12_Q \"i_é<' X1111 .\'1 111151 /151111 mi w)'1' 110/1 111>\‘é11 ¢7zr<1"(" 11811 11'<111_g1 §Z3.4. C/111 v\‘ 1*c’111g 11611 11/111'

ccic _\‘ 11r0'11g ("(711 lnI11_g> /zé X6, 11'(111g 1"/1z1'<1'11_g1 I 1/1111111 !1i_\" 111111131 1115111 _s'[1<" J41! .s"(§ 1/11 11111131

<'/zzrovzg [I1 p/1z1'0'11g /1/nip 11/11311 111‘ Lc1g1'u11g<* /Q11‘ (/11 1/1111111 11i_\‘ 111111131 1112111 xc'1'z' giui 111'/1 1'51

fl (‘(5 /</1:1 11d1z_g 1/1111' /15111/1. T1"r111_g1 /1511‘ \"1'é1 11[1_\‘ 0/11711;; 1131' 11111 ("air/1 /<6’! /10‘/1 1/1411 /111/1 /101411

l1(11'/1/1zr(1'1zg /1/uip J11 (YE J1 dén 11/1171131 /0'1 giui I/1411 111111 \'_c11 vi! .s"ci11g smz c/10 mg}! /rip 1111

rging (“dc /1411 c?'[111g I/1121' 1'1 /1a_\' 11/111511 /11'é'11. c701.\"1?11_q /1z1_\" /101111 \j1'...

T0'1n trit ngii dung

I. Phiin 1. Md déw

II. Phn 2. Ky thuét chuén héa vé U.C.T

III. Phn 3. U.C.T v51 ky thuzil phn Lzich caic tru'O'ng hqp

IV. Phn 4. Kél h(_>'p bit dang mm: \/ornicu Schur \'('>'i U.C.T

v. Phn 5. Mét dang biéu dién ma vi

' VI. Phin 6. Czic bili tozin vdi diéu kién clu'1'z1 cu trc nhim

vn. Phén 7. ucfr mO' réng

VIII. Ph§1n 8. K)? thuét U.C.T trong bit ding lhlic Iu'Q'ng giaic

IX. Phén 9. Bili tép zip dung

1. MC7 BAU

Trong nqélsédang10én‘b§td€ingthl1'c nhiéu bién déi xfrng, chflng ta c6 thé tzich mét bit
ding Ihtrc ban du lhz‘1nh czic bit ding thirc bf) phén cimg 06 chung mét qui luél 11510 dé
vi1 dua bi tozin vé viéc chtrng minh dai dién cho min bt déng thtrc bé phefm. Nhu véy

mu chél cua phu'o'ng phzip nily chinh lil viéc phzil hién ru czic bit ding thirc bc} phén mil
ta cc’) thé gqi 121 béit ding thirc co' Tuy nhién hu hél czic ldi giéi mi chimg ta gap lrén
czic mi liéu aéu khéng chi din viéc xy dung bél ding lhirc co" SO" dén aén su théc méc

cua ban dQc trong viéc Irinh bily lO"i gisii mél czich khfmg tu‘ nhién. Phzii chimg bit ding
thL'rc co sd du'c_1c tao ra mét caich mi) mm thtr nghiém rét nhiéu ln hay viéc xy dung
czic bét ding thirc nhiéu bién du'Q'c £210 ra tir chinh viéc léy 1ru'é'c bit ding thL'1"c co" SO:

Cu trél lri 15 h0Z1n loim khéng phéi nhu‘ véy. Bén ngoili vé dqrp cua czic dang béi ding
thtrc ny déu chira dung mél néi dung cé linh chit qui luzfu. Chng la sé cimg nhuu lixm

quen \'é'i phu‘o‘ng phzip nhém phzit hién ra czic bit-ding lhL'1'c co' so" vé'i czic dang bit ding
thirc nhiéu bién déi xrng. Phutmg phzip nily cé Lén gQi 151 "Plz1r0'1zg pluip Izé s5 b('1t

d_i1zIz", tén tiéng Anh 151 Undefined Coefficient Teclznique (U.C. T.)
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8 Phuvnglurhfsébtdz

CU

51il.Ch0 11.111" > O thou mim 11+/1+('=3.Ch1'1"ng n1inh1"§1ng:

q 2 2 _:)1w+1‘+1‘+_(11+1>+1,25m
1

(1 /7 < ' J

Ch ling minlz

. 1 21 7 2
Ta sé chfrng mmh —,+L 2 ——l . (Zu)

<1‘ 3 3 3

1 21 7 21 2-1 7 21,+ b z-- U211); l_+ ‘ 23- ‘ 121-)

1>- 3 3 3 1- 3 3

- - , , . -11<21+<+? ,
That vay xct chung mmh d@1d1¢11(211)<:> Z O dung \711> 0

311‘

Céng (211). (Zb). (20) \'('>'i chfl 3'1 u+b+1=: 3 suy1'a(7dpcm). Déng Lhtrc xa'y ru <:>

(1 =11 I c=1.

N111111 xét: L61 gizii trén 1n nhién nén Chilng 111 g1a1 thich duqc czich pnm men bén

ding thirc 00' so‘ cho viéc chtrng minh (1). Dé 3'1 ring czic bién $6 trong diéu kién v21

trong ca hui biéu lhtrc cua bit ding lhtro (1) quun hé vc'>‘i nhau thco 11611 két céng nén La

cé thé téch thco lirng bién dé chtrng minh bit dimg thrc c<1 R0‘ 121m dai dién. Suy nghi 111

nhién nhét cua chljng L21 1i1ch1'1'ng minh bét dé11g thtrc suu: ’

§+£2§@ ZO
11' 3 3 311'

R0 ring bit délng thfrc nily khéng hoim toén dfmg \‘/u > O.

V5 mét logic [hi viéc xziy dung bait ding lhirc trén_'c6 vé khéng 6n vi chfmg 111 sé khéng

511' dnng dén aién 1<1en 11 + 1+ 1- = 3. Do dé chng ta S5 xiy dnng m<§t 1>51 dang mu-Q dang

gizi dinh ma vé pnaa cc’) mé S11’ dung aién kién (1+b+c =3. 1n-C 1:1 Chling ta Xél czic 1351

ding thtrc viét duéi dang gia dinh sau dy:

-17-1-L“ 2§+111a+1z (311) ; —1—;+%;Z§+111b+11 (31)); lw+E€;2§+111¢'+11(3c')
:1" 3 3 1)" 3 3 c" 3 3

Trong dé111vZ1111Z1 czic hé 56 chuu xzic d1nh.Cc}11g(\3a)_(3b).(3¢)tu cé:

1 1 1 2111 +2111 +21--‘ _ _ ,
_+ 3+ 3+ ZJ+111(c1+b+(“)+_w11:J+3(111+11)

41‘ I7" 0' J

Nhu" véy O‘ dy 2 hé 56111 \15111 phai théa min diéu kién 111 +11 = () <:> 11 = -111.

Tné 11=—11z van (3:1) dz3n aén L,+__'
(lg

R)
LAQ

2§+111(c1—-1) (3)
3

Bén dy ta chi cn xzic dinh hé; s6 duy nh§1L15111dé be‘1tdéng1lu'1c (2) I21d(1ng.



Chzmng V: M431 s5 sling tgm vé bftt drfrzg thzic 835
De )7 ring vé'i a =b =6 =1 thi bit ding tht'1'c (1) xziy ra du bing nén viéc bién déi bit
d§1ngtht'1'c(V3)c§n1Z1m xut hién nhn tt'1' (u -1). Thitt \/fay ta c6:

a

Khi cho a : 1 thi ta Q6
(u+l)

I
v_)_-_

ex
~.‘J

Jr\

%2—+/n((1—l)<:>(u—l) Z—e—*/2 20 (4)
1 Ia: 5 ((u+1)(Z(13—3) A
- 3 3 t 3111 /'

I — 3 2 t , , ; .- 7 1 ..'
) 1 —€ tu‘ do ta dtr doun rang vo'1 n1:—5 thl blcn

3

@161 <4) S5 xut hién biéu th1'1'c ((1-1): .
‘

,. 1 1 1 , ,1 1 2’ 7 2V01 m =—l thl bat danv thu'c co'so'1z1: ~+—L 2 ——iC
3 u“

J

bu

L»

U.)

Béi 2. Cho a.b,c.d > O théa min a +12 + c + <1: 4.Cht'1"ngminh ring:

I I I l

1 a
, + , + , + , 22
"+1 b‘+1 (“+1 z/“+1

Ch 1271g minh ,

~ , 4- - A 4 4 1 , t , 7Ta se xac c11nh he so m de bat dang thuc sau la dung: 7% 21+/n(a—1)

(a— l)(a+1)

c1'+l

<=>e2/n(a—1)<:>(c1—l)[—i—/n)2().
c1‘+l a'+l /

. 1
_ 2 - 1Vc'r1a= 1 ma -‘KL:-1 nén chc_>n n1=—l. K111 <16; +22-(1 <=>i(",iz0 (dting)a‘+l a'+l a'+l

7-
,Tuong ttr euy ra: Z;;:%l2Z;2i:4—%2c1:2 :> (dpcm)

Ding tht'1‘c xz'1yr:1 khi v51 chi khi :1: b = c = d =1.

'7 '7

. 1 " “N/zg7nxét:Di1ng AM - GM cfmg chtrng mmh dtrqczf=1—# 2l—i=l—g
1a‘+l a“+l 2a 2

Biii 3. [Algebraic Inequalities Old and New Method] ,

(1-1_];+(~=3 (1'+b+c‘ b'+c+u c'+u+17

a_b.c>O I 1 1

Cho .Cht'1'ng minh réng , + , + v $1

CI1 zhzg minh

a —
~ 1 I 1 1Ta céntimm sao cho —,€=ve~$~+1z1(z1—l)<:> —¥£n1(a—])dt'1nga‘+b+c a'—a+3 3 3(a‘—c1+3)
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~ 1 1

Tu'o'ng Lu" nhu' trén la Um du dozin rimg \"0'1 111 = —(‘) Lhi bat déng lhu'c co" $0‘ dung.

, A , ' (11—I):(3— 1) 111-1)3(1>i '1

Thgatvgytuco1-—Si—%<:>()£—%~L<:>0S1—l
11'—11+3 9 1 3(11'—11+3> 3(11‘—11+31

Nhén xét. Béi toém léng quzil da 1111170 giai qu}ét hang dinh li LC]? tron; “.~\1g1h1‘z1ic

Inequalities — Old and ,\'c\\" 1ncthod"cL1utéc gia \1'z1\*ilc Ci1"mv.jc.

C1111 11I.11~....11H 1111'111' s15 1/11_1'1"1</1131114 [1111 1/11111 1111711 11; +111 + +11’ :11.

, . - 1 l l

C1zz1'11g 11111111 r1711g , + _ +... 1 § I

11]" -111 +11 111-111 + 11 11; —11__ +11

Bili 4. Cho 11.11.1211 151 czic thgrc khfmg m thou min 11:+/1: +1": + 11: = -1.

Chirng minh: 2(11‘ +11‘ + 1-‘ + 11 ) 2 2 + 1/2 + 111; + 111- + 1111+1)1-+/>11+111~

U2

C1z1Z"1zg111i11l1

Ta C6111:-1-172 +1": +11: I-1<:> (11+1>+1'+11)2 :Z(Z+111>+111'+1111+1>1'+1711+1'111

<:> (11+/9+1*+11) I \1Z(Z+1111+111"+1111+111'+1211+1111

B51 (Hing Lhtrc Q51] chtrng minh tu'0'ng (Tu'o'ng \'c'Yi

Z(11‘1+121+1“1 +11'1)2 Z+;;—(11+1>+1'+11)

, ‘1

“_—‘4

J

Ta cn tim 111 sao cho 211} 2gil+111(11: -11 <:>(113 ~11 @‘——111'2() (*)dC1112
Z Z(11+l1 p

Cho 11:1, dudozin 111.=%L .Ta sé chimg minh bl ding lhirc (*") dng v<'>'i 111

Thét V5)’ Z11} 2lUjll+%(11: —l1 <=> (11—-11(811: —11—'1121)<:> (811+71(11—1): 20

Biéu néy hién nhién dL'1ng.D51nglhL1'c my 111 khi vé ch1 khi 11:11 =1-=11 =1 .

/11.1>.1' >0 , 11

Bi1i5. Cho .Ch1'mg minh réng: 4(i+‘+~)+5(11‘ +12‘ +1") 2 27
1 .1 ,1 111 11 1'1

11 +12 +1 -3

C1z11‘1zg minlz

1 1 ( -1115 3+5 -4) 1

Ta tlm 111 sao cho i+511' Z 9+111(11’ -1) <:> -il~——-~~(L—*~fI~~-7* 2111(11—!)(11' +11 + 1)

11 11

, 1 , ; ~ 1 - -L - 3 _=

Cho 11 = 1 ta co the du doan rang 111 : 2.T11se chung mmh: —+311 2 7 + Z11 (1)
(1

Q
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(u—1):(—Z</3+u+-1) ;1 ~<:>—S—i2(). D0 uS \_~ Q»-Z41‘ +<z+-LZU:':11)dL|ng_
(1

Tu d6; XE + if 2 31+ 22”‘ = 27 (dpcm )5

Délig lhL'rc x3)'rukhi \'£1ch1khi (1 :1) : <' : l.

W

E1

:~

v.

+

_+ __;\ .

gu.//.1 >()
‘

. Chm/.' .(,‘hL'mgmin|1rngi + + —l—+ 141+/>+) )2 7
w cl 7 z ‘

)\

('I11}'ng minlz

Nhn xét \'é'i 11:/w:<-=1 {hi ding llrc .\Ci}' r11, T1106 11" +/>7 —<-i :31:-1;./).<~e(().\3)

Ta $5 lim $5 Ihuc /11 salo cho hl diing lllfrc mu dfmg \ di mqi u 6 (()_ \ 3]

i+%u21n(u3 —l)+—Z <:> _/'(u):3/nu’; —-M: +(7—3//z)u—3S()
(I _ 3

Ta c§1n lim m saq cho _/‘((1) S 0 Va E (0. Q3) vi) _/‘((1) I (J <:> (1 = l.

Du dozin (1: 1 151 diém cue d@icuz1f(u'). khi d6: f'(l)=()<:>9m—8+7—3m:()<:>m:%.
7

'41-$-

17*

Q)

DOG(){;1s€ chirngminhl~)§ld5ngll1{1'c co‘ >0‘: l + (12 inf —l)+Z
(l

Thilwiy. h:ildz'111glhL'rc llmng du'o'ng: (11 —l):(()—u) 2 (J ailing do (1 E (U. \.“~ ).

TL1‘0'r1gtu'\'E1su)1'u l+/l+l+%(<1+/>+<')2(l(/(1: +/>3 +0: ~3)+'/:7 (dpcm)
(I 7 (' J _ W

1-):'mg1hu-¢ x:'1_v 111 khi vi: @111 khi (I 11):) 1 1.

I{u,.u3.....<1 20 H
/1 1 (IV /1

B1117. Cho . Chung mmh rang: xi‘ < —

DJ

Q

1u1+(1:+..4+u”=/1 5+5 8

C/I ling min/1

; 11' I (5—3u‘)(<1,—l)
Tu xc um hq s0n1su0cl10 j S — + mtu ~ 1) <:> %—f_— S m(u; — 1)

3¢1f +5 8 5 8(3u_f +5)

5 — 3<1 .V61 :1, :1 thi I Tl“ nén 111 d1_1'd.o{1n //1: qL thi b;»'1ldéngIhu'c co so lrén 151

8(3uI’ +5) ~‘-' 32

1

11' I (¢.§—l.) (5+u H11 —1)dung. Thz_1t\"2_1_\-': +_'— S —_ + ——~ <:> U Sk-S (dung)
30" +5 8 31 3Z(3u' +5)
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Déiu bzlmg <=> a, =61: =...=u,; =1

Binh lun: Qua czic bili tozin mo’ du ta c6 Lhé th§1\' rim‘ czic d2_1n<* bit dim" lhfrc Lrén"‘ C‘ C2

khéng hé quan tm dén s6 bién. Ta hoim toim cé thé tbng quail vdi 11 bién mil

khéng lém zinh hudng dén czich gizli. Xét m6 hinh t5ng quilt suu dy:

Bzii todn tng qudt: Cho czic sf) thuc khéng m c1‘,c1:,....(1” thba min diéu kién:

h(a|)+/1(u3)+...+h(u”)=0 (*). ChL'1‘ng minh ring f(cI|)+f(c13)+...+_/(an ) 20

H

Lc'>'p céc bi toein ny thubng cé diéu kién (‘?‘) 121 Z11,“ =12 v21 cé thé du'Q'c gieii quyét
/=1

béng céch xy dung bét ding thirc co sO' cé chung qui luét cho czic bién.

Vi czic biéu thfrc mang tinh déi xtrng nén ding thtrc thu'b'ng dal Lai czic diém cuc tri 121

czic bién $6 being nhau. Khi dé ta phzii xzic dlnh hé $5 m sao cho bit ding thc
"k

f(aI.)2m-/1(a’.) hay {g(a,f)1' p(a,.)20 ding V(11,a:,....(1n 20 th<'>am€1n(‘*‘“)

Trong dé g(c1i) I (al. —xk) vdi xk 121 diém cuc tri cua bait ding thirc.

Béi toén sé duqc giéi quyél néu p(a,.)2O. Trong trubng hQ'p p(cl,.)2O chi dng trong

mét mién nghiém nixo 66 thi ta sé tién himh chia L1'u'(mg hcyp dé giéi quyét bi tozin. Tuy

nhién trong phn 1 néy ta sé khéng dé cép nhfrng bili tozin nhu‘ véy mil sé dé cgip 6 phn sau.

Sau khi dé m ra bit ding thfrc co' sé' thi viéc chirng minh né khéng quzi khé khn cé

thé dun trén phucmg phép phn tfch nhn ttr hozjc sir dung dao hilm.

Qua mét véi vi du mO' aau ban age C6 mé hiéu CILYQC muc dich CUZ1 U.C.T. G céc phén

tiép thco viéc xéc dinh hé 56 sé duqc trinh 'bé1y min céch so‘ 1LI'Q'C bc'>'i vi nhfrng béi toém

dé mang tinh phfrc tap nhiéu hon mé U.C.T chi don Lhun 151 bu'c'>'c dém dé di dén lévi

giéi chit khéng thé du'a ta céch chtrng minh m_1"c liép.

||. Ki THU/__\T CHUAN HOA vA U.C.T

By giéw chng ta sé bu'é'c sang mét khoang khéng gian mdi v('>‘i ldp bit déng thtrc thuén

nht déi xirng ba bién vé ki thueflt chuén héa két hqp vé'i U.C.T. Trué'c hél Ia sé nhéc lai

dinh nghTa

- Ba thirc f(a, 1), C) @161 xtrng <=> f(a,b,c)= _f(b,¢-.@) = f(c.a,l7)

- Ba mucfm, b, C) muén nhét trén mién D<:> f(l<a,kb,kc-)=k”f(a,b.c)

V k, cl. I9, (‘E D, k ¢ 0.11: must

Hiéu mét céch don gién da thfrc thuiin nhét néu né 151 téng Qua célc don thirc dbng beic.

D0 mét 56 lfnh cht Qua hilm thun nhét ta cé thé chu?/an héa diéu kién CUZI bién S6 dé

dUn gién héa viéc chirng minh. Ta 06 lhé chuén héu mét da thfrc thun nhét déi xtrng ba

bién bang czich am CI” +1>" +4’ =1<.@b¢-: p. 61/7+/)('+CcI=l',... By I21 ky mum rt quan



Chumzg V: M471 s5 sdng tqm 1-15 bf}! zfring thz2'c 83*)

trqng gip ta don gién héa \'E1 qui bit dzillg-Ilu'1‘c chirng minh thew timg bién. H51)’ cimg dén

vdi mmjl 56 b§Id:'i11gthL'l'cIhu§n n11§ld('§i u'1‘ng ha bién Gé [h5§'c<3x1g dung cua L'.C.T

1BaiL[Nemmu1chungnnm1@ng Ti_+-ii-+-:;*>§.<n@u@>o <n
7+0 ¢'+u a+b _ ;

Ch zhzg minlz

-»J.Khéng n1§1tt1'nht6ng quail chL1?m 116:1 1/+b+c~

Khid6(1)¢:-ii—+-ll-+-iédzi an
3—a 3~/2 3—c Z

A , , A , u 1 31:1 1)
Ta can Chung mmh bat dang lhucz i 2 —+n1(zI—1J<:> ?— 2 mm ~ 1)

3—u Z 213-0)

~
1 3 —1 T —1 ‘

Dé dilng du dozin 171:5. Ta cé: ~(— 2”: <:> LL 2 0 luén dng.
4 3—u 4 -'1(3—u)

Véyifl 2La_l.Tu"0'ng1u'tac6: b 23h_l; (1 23('_l
3-61 4 3-12 4 3-(‘ ’-1

Céng vé theo vé ta cé diéu phrii chirng minh. Ding thirc my ra khi (1:1) = 0.

\-Ba12. Cho a,b,C 151 czic s6thL_1'c khéng inn. Chfrng minh ring:

(b+('—u)3 (c1+cr—b)3 (u+/2—r‘)3 3(u3+/23+('3)
. 1+ . .+ _ 12 1 (H2a‘+(h+c')' 2b'+(c1+c*)' Zc‘+(/>+u)‘ (a+[2+(')'

Ch ling minlz

Chun héa (1+11+(' = 3. Khi d6 bt dng thfrc (1) urcmg du'o‘ng \*é'i

~JJ

as-2H1 m.-zml 13-2m’ ~ _ w

_ ) + + _ 2a'+/2"+(~" (2)
a'—2a+3 l2'—Z/9+3 <"—Z<'+3

‘ - 4 A ' , , \ , 213*2 *2 *Ta cfm xzic dgnh m dc bat ding lhuc CO'SO‘S2lL11£1dLl11gI 2 :1‘ + mm — 1)

u" ~_u+3
< +3 1-4 +( 7 ,_ _<‘+?<1-4 +<

hay  aEm U U -1-lH<l(6l—1)§O. V01 (I I 1 thl iii’32 (I (1 U16
c1‘—2a+3 u“—Zu+3

“J

., , . -—&m3 1

kh1d0 ch<_>n m = -6.121 sé chu'ngm1nh: ,—~— 2 a“ — 6(u — 1) (Zn)
r1" — Zu + 3

, A , 2(3—2a)3 » c1(6—a)(a—1): ,That vay ta co: +20‘ —6(a -1) <:>‘i2() dung Vae (0.3).
a'—Za+3 u‘—Zzz+3

23-ml 7 23-2-1 ,
Tu'0'ng lu ta c6: $212“ —6(b—1) (2b); $20‘ —-6(('—1) (20)

b'—2b+3 c'“—2c'+3

T£1'(2u). (213). (2c) suy ra (Z) dfmg :>(dpc1n).¥)ng1hL'1‘c x21y1'z1<:> (1:12 = 0.
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1 (b

Béni 3. [1-)é 1111 Olympic 30 - 4,1<11é1 11,1511 XII - 2006]

~ '1 - - , 1 I
Chtrng minh réng M)?“ + but”) W + “Hf 7) _ £9 . Va./>.<' >()

+(")"+u' (('+u)'+l7' (¢1+l7)'+¢-‘ 5

Ch zhzg minlz

Khéng 11151 mm 16mg quail chuén 11621 a+b+¢- = 3. Ta cé 1>é1 déng lhtrc 11> 111011; du'O‘ng

Véi a(3—a) b(3—b) c(3—c) $9
9—6a+2a‘ 9-6b+2b' 9—6c+2c" 5

Tuo'ng tg nhu trén ta dé dng tim ra bét déng thtrc co‘ $01 sau:

3- 21 9 -1 1 18 .1 .1 .

a( a) , 3 + a <2’ Oé (u ) ( a+?) . D1éu nZ1yh1én11h1é11 ddng.
9—6a+2a' 25 25(?9—6a+2u‘)

Bang 11111-Q xéy ra khi 1/21 @111 khi (1: /9 =1-.

Bfai 4. Cho a,b,c>O. ChL'1'ng minh ring: U , + [7 w + (> 7 2 9 (1)
(b+(')‘ (c“+u)' (u+l7)' 4(u+b+(')

4

Ch ling nzinlz

., - 3
Chuénhéaa+b+c=3.Khid6(l)¢:> " ,+ /’ ,+ ‘ ,2-121

(3—-u)‘ (3—b)‘ (3—(')‘ 4

, I 2 - -1 1 < —2
D11 doén bét ding th1'rc co‘ sc'>' 15 a , 2 G I (2a) <:,- (U ) U , (1)20 Iuén dmg

(3—a)“ 4 4(3—a)'

2 —l - 2 -—
Vae (0,3). Tuong tu ta cé: b , 2 b (2b); C , 2 ( I (2c).

(3—./J)‘ 4 (3—c)‘ 4

Til‘ (221), (2b). (20) suy ra(2)d1I1ng :>_(dpcn1).Déngth1'1'c xéy ra <:> cz =1) = c.

._ , . --3 1 --3/1 -3-1 1

B5115. Cho a,b.c>O. Chung mmh: (b,+( U) , + (U,-H 7) , + (Nib U , 2- (1)
2c1‘+(b+(')' 2b“+(u+<')‘ 2<"+(/9+a)‘ Z

Ch zhzg minh

Khéng mt tfnh téng quzit, chuén héa a +12 + c : 3.

Khi (160) (#3-40)‘ 23-411)‘ €3—4c')‘ Zl
2a“+(3—a)' 2I2‘+(3—lJ)‘ 2("'+(3—c)‘ Z

3_ I 1 I in

Sir dung bét déng thirc co sci sau (, 4”) , 2 M 7 1: M 1,) ()9 8”) 2 0
2a‘+(3—a)‘ 6 6(c1“—Zu+3)

Biéu nay hién nhién dling vi OSaS3:>39—8c1239—24=l5>O.

Tu0"ng tu vc3'i czic bién cbn lai ta cé diéu phai chtrng minh.

Ding th1'rc xéy ra khi v51 chi khi cl = b = C.



Clzmrlzg V: .-Wgit sf} sling tgm 1'5 bit (fling r/uh‘
5’-'+ 1

' B:Z1i6. [USAMO 20031

(/>+<"+Zu)" (u+(+Z/>): luV+/1+3":

\

\

\

, , (Cho u./2.0 >0. Chung mmh: , _ + + ', 3 8 ll)
‘Zu"+(/7+0)" I/>“+(u+<")‘ Zr" +(/1+0)‘

Ch zhzg minh

Khéng rnét tfnh tfmg quail chué-n hda (1 +/> + v I I . Khi d6 bl dng thirc ( I 1 1u'0‘ng du'0‘ng \'('ri

m+l)3 </>+1f ((+1): l
1 .+ ‘ \+ w ~ $62:1‘ +(l—u)' 2/2“ +(l—/7)‘ 20' +'(l—<')'

V ; ; . . <+1>1 12 +4 <7 -1H4 +1-Sudung bat dang lhuc co‘ so" sau ,0 ' , S (Q @ O W , U , )Zu‘+(l—u)' J Za‘+(l—(1)"

Diéu nily hién nhién d[111g.{)f§nglh(rc xayrukhi\"£1cI11'khi <1 :12 :<".

Bili 7. Cho (1./2.0 > 0. Cl1L'1'ng minh: M

(Zu+/7+€)2 (Z/>4-(‘+<1)3 (Zc+u-/2): 12‘+ ‘+ < (1)
-la“ +(/)+¢')“ 4/2} +(c+z1)‘ 40" +(a +/2):‘ — Ll ~.~/>+('

C/Ming mi/1/1

Khéng mt tinh téng quzi1.gia' su‘ 11+/2+0 : 3. bl ding lh(1'c (1) lr0' Lhimh

‘(a+3)' $l2+3)‘ 1(('+3)2 :s4‘(2)'
4a" +(3—a)* 4/2' +(3—b)‘ 4c“ +(3—(')‘

. ‘A 3 1 2 1Xétda1d1¢n L;(u+) ; S;u+).(2;1)
411' +(3—u) 3

V

q 1 : 2 '_ :Than véy C6 _(z1+I)_ ‘(u+_>) :(Zu ‘+lZu‘+9)(u 1) 20
3 4u"+(3—u)' 3(u“+3u‘—9u+9)

, <1 3): 2(/+1> <- if 2<-+1)Tu‘o'nglg1'u1co: 3+ 3 _ S 7“ (Zb); ;( + ‘ ‘_£ (W (Z0)
4/7 +(3—/1)’ J -H" +(3—(')‘ J

T£r(2a).(2b), (2c)suy1"a(2)dL'1ng :>(dpcm).DénglhL'1"c xz1y1'u<:> 11:12 :1".

Bi1i8. Cho cc khéng m (1,/>.('.(!. Chirng minh ring:

V
J

¢_n

J

J

.1

J

-\

a b 0 (Z - -

b:+-2+1: -:+l3+3 l3+3+/3 3+/:+-:_- ’~ ~ - - L

C 6 (, ( ll ( (I J (I 7 ( - \/U + ]) + (- + (j

J
_)/\

Ch zhzg minh

. , ~ ~ ~ ~ 4 1
~ 1 3/?claw ¢1~+1>~+(-~+¢/- =1. kh1d6(1)~:> " _ + ’_+ ‘ \+ ‘ ,2 ‘ ‘ <2)

l—(/" 1-/7' l—(‘ 1-1/‘ Z
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5 , . c1 ~ - Z
Ta se Chung m1nh:-i-__-Z——u' <:> u(1—u*)S~:.

l—(1~ ~ 3x,//3

Q5

J<\
w

S11’ dgmg bét déng th1'1'c AA/I - GA/I_ ta (:6

1 1. 1 . 1 . 1'72 1 2(1- 1)“: 4 1

a“(1-a‘)“=—><2u“><(l—u‘)><(1<—a')5-Mi;i——) :—3z1(l~<1‘)£i.
2 2 3 77

Z’
ufl

b 3 E w ' 3 /? 1 1 I‘ 5

Tu0111gtu'.1a cé 5 2 \/ 11'. L , 2 \j<". C _ 23x/Dd“
l—b‘ 2 l—c‘ Z l—d‘ 3

Céng 1511 1u'Q‘t czic bt ding thtrc lrén. 11106 dpcm.

Ding 1111'1¢ xdy ra 1111 Va @111 1<11_1 3t1‘0ng 4 $6 11./21.11 bang nhau. $6 cbn l2_1ib§1ng0

Bi 9. [Crux mathematicorum]

I/3 Z/3 2/'3
, . ; <1 b (' a +1) +c

Chu'ngm1nh rang: + + 1__ 2 W. Va,b,c" >0 (1)
Q/a +11 {/11 + 1" \/0 + (1 '\‘/2

C/112'/lg mirzlz

4;‘ .
Ta sé ch1'1'n2minh i—\—Z5.\"" -1. Vx > O (Z)

Th:§11\1éy.néu 14% 11111>é11a§mgm1'1~¢1z1 hién 111111311.

D

_‘) 'w /13 _] _'\-__3
Néu XZLI Xét i/(Ix) 128.1 j.,(_\_) 584.1 Fl .\;§(i.\7 5114 )_

\/5 <.1~ +11(5.1-- -11» (.1-5‘ +1)-<5.1~ -1)

, 3 3 = 5 .1 ~ , ,. .

Ta c6: f (.\') = 0 <:> .\"=1. .1'=—1L—4\/-'—_§. Ta de dang k1en1 Lra du'Q'c ring f ('1') > O \'0'1 mQ1

.\"e(1.4LIE) v21 f'(.1-)<O 1116111191 xe
' <_\1D , ‘

D0 dé /11-1 2 min{f(l). lim _/‘(,1-1} =1 v.1-2 Vzjy 1151111511151 [hl1'C 121 aung.
.\—>4-OQ

‘

, A ; , \ ,. x »- ,
Su' dung bat dang thu"c nay vo"1 .\' Ian l11'Q'tlhz1y bo"1 ~*;~—, ‘,~. > ~ , la co

\' b \' c (1

i/511 5 .. 1 £5/> 5 ~ 1.‘ "51- 51‘ 1 1‘
———>—a'3——b33 " —i—> /12’ 1"’ " —-\—/i>—<-'“—Zc1"__' —* , ‘ 
Q/a+I)_4 4 Q * +(' 4 4 Q/c'+a 4 ’

Cfmg 3 bt déng thirc trén ta cé (C1‘pcn1).Déngth1'rc xziy ra <=> a = 12 = 0 > O.

[.4

D‘



Chu'0'ng V: 11/[git $6’ sting tqm 115 bf}! airing th12'c

1 Biii 10. Cho a./9.1" > O. Chtmg minh 1"z§11g:

:13 />3 1" 11+/>+:'
I + + , 2 (1)

\/4512 + a/)+4h3 \/4/7" +/2¢'+4(‘3 \,"-'l('3 + ('c1+-1113 ~’

Ch zhzg minh
'1

1 (.
Ta Ch(1'ng mlnh —q°‘?z3.\~-1. v.1-20.

\/41" +.\"+4

36.-4 . .-- ‘Z 5.--I
Ta ¢o-,%-(3.\--1)- =(#1f(1%4)z0 acmg.

4.x" +.\'+4 41" +.\"+4 "

6.\ - ,

suy ra :i——2|3x— 1| 23.\‘— 1. Déng thu‘c xay 111 <:> .\- = 1.
\/41" + .\'+4 '

SL1" dung bét ding thtrc Lrén véi phép thé 12111 1L1'Q'1 thay .\‘ bdi %.[l.5. ta c6:
0 a

'v 1 16 _ _ ‘_

i7i——f23cz—12;——%b—%23b—<'; 23¢~—¢1
\/4:1" +ab+ 412‘ \/4/1" +l7('+4¢" \*'4c' + (11 +40"

Céng 3 bzit ding Lhlic Lrén_ la 06 (dpcm). Dfmg lhfrc xz'1y1'a khi vil chi khi u=b=('.

a.b,c>O 1 1 1 1 3
B51111. Cho { .ChL'1‘ng minh rng +_ + §

a+b+¢'=3 </711+? </1>1+7 </¢-1+7 3

CI1 zing minh

Ta sé chL'rng minh Vxe (0.3) (2). Xét _/"(.\")=(31—7,\")‘1(.\"1 +7)
\,/3 .\"7 + 7

Ta cé: f’<,\-) = 7<31- 71->’<.\--1)(21 + 21.1-+ 21.1-1 + 21.1-»‘ + 21.1“ + 21+‘ - 101-“ )

R6 rimg f'(x) = O chi c6 2 nghiém du'o'ng phn biét 151 1 v51 xv E (1.3).

Khi x di qua 1 thco chiéu téng th] A/'(.\') @161 d2'1u til" aim sung duong. qua .\',, [hi _f“'(.\")'d(“'»i

déu tit du'o'ng sang m nén ta cé f(.\")21nin{f(1.).f(3)}= 48*‘ .V.\-e(O.3). Suy 111(2)

dimg. Bring Lhixc my 1'21 <:> X = 1. SL1 dung bt ding thtrc (2) 1£\C1L1'Q'CI

1 31—7a 1 31-7/2 1 31-70
- S ‘ 1'73 , ‘ ‘is

\/3 :1" +7 48 Q/117 +7 45 '\‘/("'1 +7 48

1 3D0 dc’) 1 + _;_+ _%S 1 [93—7(a+b+c)]=— (dpcm)
x3/a7 +7 \’/b7 +7 Q/c7 +7 43 2

Ding thtrc xizy ra <=> 41:12 = c = 1.
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|||. U.C.T VA KI THUAT PHAN T/SCH cAc TRUGNG HOP

U czic phén lrén 121 di linn qucn xdi min $5 h£1i mim khi dun xé d;_1ng

/(u )2./21-/1(¢1J1<=>},>(z1;):: />(u‘,)2()

Néu [7(_(l,)ZO [hi C6 ngzl)‘ diéu phai chimg minh. TL1)" nhién khéng phai bun giiv I16

cfmg xufit hién p((1,)2O. Trong u"u'Emg hqp />(uA)2 O Ch! dflng \"(\'i mét mién ngl1i<§:m

niio d6 [hi viéc chfmg minh sé phai di qua xnét chiéu l1u‘('>'ng khc. d6 IE1 .\CI lhém u'u\’mg

hqp bién (I, ngoili mién xzic dinh dé /1(0) ) 2 0. Thu'()'ng [hi buds nil)" phirc lap \'Z1 dbi hoi

ngu'i>‘i liim phéli cé nhfrng dfmh gizi mung SL_1'lil1h té nhiéu hofn. Chflng Lu >6 dén \"O'i mél

S6 bin man tiéu biéu cho ky lhul nily.

Béi 1. Cho a.l>.(".c12() théa min u +/2+<*+d : 4. Chimg minh r§mg

(1+m‘><1+/r'><1+<-*»<1+(/*)z<1+<><1+/>~‘>(1+¢-‘><1+(/H <1)

C111?’/zg min I1

Khéng lnfu lfnh Léng quit. gin sir :12/1 2 1' Z (I 2 O. X61 Z\1‘L1'£*'ngl1q'p:

+ T1'ut>'ngl1<)'p1..\‘éL1 (1z3:>/>+(-+4s1:<>s/;§1.<>s¢-s{.<>§¢1gé.
3

:>(l+a4)(l+b4 )(l+(“4)(l+d")—(l+11‘)(1+/>5)(l+<"")<l+(!2)

\/
2.:

_F F “ ‘

2(1+u4)—(l+a})(l+l')Ll+(%) ‘=6-%u‘~%_ —%u‘—%:%(u‘~—Z)>0

Ki.

:>(1+1,‘)(1+1>"><1+(-*><1+(/*>z<1+u‘><1+/>-‘ ><1+¢~‘><1+¢/‘>

+ Tmamg hqp 2; Néu 3 2:12/2 2 <- z (1 20. mi (1) <:>Z[2m<1+<>-21ml+()]z0
[\A

Xéthilm $6 _/'(.\‘):2ln(l+.\**)—2ln(1+.\"‘)—.\"+1 ma 0s_\-$3.

, , 8\‘3 6Y2 (.\‘— l)(—.\'(‘ + ,\“< + .\"[ + 7,\': + .\'+l)
Tac0:_/'(.\")= f — _' —l=

.\"+l .\”+l (\' +ll(\“+1)

D5 thy _/"(.\') :0 chl c6 Znghiém dLl‘O'l1gpl1f1I1bi§1 121 1 \"Z\ .\'H E (2.3). Khi .\' di qua 1

thco chiéu Léng dn [hi _/"(.\") déi du lir Zxm szxng duvng. khi .\‘ di qua .\‘,, lhi _/"(U déi

déu tit duong sang Elm nén ta

06 f(x)2min{f(1).f(3)}=min{0.Z(ln-11 —ln 14-1)}=0 . Vre [0 3]

Suy 1'21 2m<1+.\-* >-21n<1+,\-‘ > z.\--1 Vxe [<13] :>Z{21n(1+6?)-21n(1+u‘ >_%zZ<u-1) :0 _

Véy ta c6 (dpcm). Bng thtrc xziy 1'11 <=> u :12 :1: 1/:1. _

r'\| In -



Clzumzg V: 11¢}! SI): sting rgm 115 bzft ¢I'(ing Ilzzir S45
I ,

13 " 2 '\) ‘ NB2112. Chung mmh Ll ~+ _ ‘~ , L ,2— .V(/./1.<‘>() (I)
V u'+</>—(')‘ /1'+(_u~‘-("F <"“—¢/>+¢1)' 5

('11 1?‘/lg min/1

Khéng mt tfnh 16ng quail chuén lmu u + /2 + 1' I 3 . Khi <16 hit ding [htrc 1 I ) tu'0'ng duong \'O'i

' />* W 3 M §
U ‘+, w+‘ ,2f<:>Z ‘ Zfll)u“+(3—u)' />‘+(3—/))‘ t"+(3—<'Y 3 Zu‘—(n/+9 J

' 11‘ i“zl—7 7 ~Tz1su'dL_1ng bél démg lhtrc co‘ so" suu ,i— 2 5+ <:> (bu — Zl)(u— 1)‘ Z 0
Z11‘ —6u +9 Z3

Khéng mt lfnh Iéng quail giéa st!" (12/2 2 0 :‘> 51212:". Xél hui l1"L1'{mg hqp mu

+ Tru'O'ng hqp 1; c‘2%:>8u—Zl28/>—Z128('—Zl2().

+ T1'u'O'ng hqp Z: l\1z1.\{u./>.<'}S%
L

. , \ I 49Kh1 d6 ta co: _/(:1): w U = W 2 >%
Zu‘—(m+9 l+{3_l)‘ DU 5

cl

D0_f'(¢1)d@>ng bién lrén (().3] nén diéu nily hién nhién dflng.

Véy bi tozin CIu'Q'c chtmg minh. Ding lhirc xa) 1'11 <:> u I /> = ('.

B£1i3 [Algebraic Inequalities — Old and New Method]

l l l (Choi .ChL'1'n2 minh + 1 + + 2 1) (1)
[u.l),(J.d >0

11+/>+<'+d=3 “ 3u:+l 3/5+1 3(-3+1 3(/3+1 7

Ch lhlg min I1

; , . . ; .» 4 , \ , l 4Ta can xuc dgnh h¢ so dc but ding lhu'c sau 111 dung 7? 2—+m(2z1—l)
'7.>u'+1 7

= \ \ ; V, , , 1 52-4% 3<21-1>1<12¢1-1)De dune um 1";\halda1w 1hu'c co so‘ suu 2 ‘ <:> L 3 7 2 0
b b 3a: +1 49 -l9('nu' +1) ‘

Tu'o'ng lL_l' vdi czic bién cbn l:_1i. Xél hui l1'L1'C~'11g hQ'p suu dy

+ Trufyng hqp l: 1'nin{u./>.('_d}21%:> 1311-12 I2/7-1 2 l2<--12 llz/-1 20

. l . 4) l -18+Tru‘€mg hqp 2: z/<—:>l+3z/' <—2—f>—(
I2 48 l+_»(/' -1)

Xél lucmg u_1‘ vdri caic bién cm lz_1i ta tim ru diéu phai chimg minh.

Bang thtrc xziy 1‘£1 khi val chi khi (1: 1) = <- = (1 =
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B-21i 4. [Algebraic Inequalities — Old and New =.\Ieth0d]

Cho a./9.0 151 céc $6 lhuc du'0'ngth011n1€m (1: +/1: +19 2 3.C11L1'ngminl1 ring:

‘¢1=_¢1: /2 —/7' <'\—c' ~>O (U
_ W . _ . . , —

41‘ +b' +c" If +11‘ +0" (9 +17‘ #41‘

Ch ling minh

; yr , 1 1 1 3
Bat dang lhuc (1) <~,- Q , , + g _ 1 + i , e 3 _ W ,

u‘ +b“ +5" ./J‘ +0“ +0" (“ +12“ +u' cl“ +19" +1”

Tir dziy suy ra ta chi c511 chirng minh £1-u'O'11g hqp u: +123 +0: = 3 151 1111.

M6 Ia“ \
Ap dung 1>é1aang111u-¢ 4114- GM, 1+1 cé -1- g _ -,: = +1‘

' u‘ +1 2\/(,3

Bét (1: = .\".b3 = _\",c: = 1, 11'1c dé la cé .\'+ _\'+ 3 = 3 vé do dé ta phaich1'1'11gm1nh

122 *1 @2L(3—.\‘_ .\-‘+1 ‘j2O@Z£ )20
(2)

(1-1 2-V‘ +3 1+, 6 lx“ —.\" +2.\'+3, W \ 6(2.\"" —,\“ +Z.\'+3i) /
-~~———.\’ -
.\"+1

Khéng m§ttf11ht6ng quail gizi su‘ .\' 2 _\" Z :,_:> _\" 212 1 , X61 1141 1ru"O"11g hqp

+ Tru'©'ng hcyp 1: V1" + I. 213.13 2

Khi dé ta cé: -2.11 +3.\~+3 > 0.-2;? +3» +3 > 0.-2;’ +3: +3 > 0 :><2><11111g.

+ T1‘u'€>'ng hQ'p 2: _\"+ Z §1:>.v 2 2

1 I -\ P 1 2
Khi G6 ta C6: (2.x'* —x +2.\'+_>)—J(x+1)= Z.\"' —.\‘ —3.\'— 2

1 3 2 1 ? 2 1-‘ .1-+1 1

:.\'3£2——-%'"j Z.Y3K2-*-i;—jj=?>O:> §f
.\' .\" .r* Z Z‘ 2' Z 2.1“ —.\" +2,\‘+3 D

1 ; , _ 1+1 \"+1 4
NhLrv2_1y ta can chung mmh: w , + _ '_ £ 7

——:,' +Z1+3 Z)" —_\'” +Z_\"+3 3

- 7 ~ -

Ta sé chL'1‘ng minh +31Vke [(1.1] <:>-1/<° 2('/< +1)(2/<—1) V/<e[O.1]
2/<' —k'+2k+3 5

Néu k Sé thi hién nhién bait déng thirc dC1ng11én(2)dL'1ng suy ra (dpcm).

Néu 1 2% 1111

418 —(k+1)(2k—1)24k3 -2(2k-1)=2<2/H -2/<+1>z21/<1 -2/<+1)=2(k—1)3 20



Chzrz/ng V: 11/[git sf; sdng tqw vé bfit dzing tluic - 847

\ 3+1 v \‘+l 7
Tu" _\"+;Sl:>\".;€[O.l] :> 3%; _ ‘, S? :>(Z)dung.

v Z;'~:“+ZZ+3 3 Z\"“—\"+Z\'+3 3

\/<11)" bi 105111 du'(_>'c giai quyét hoim 102111. D§1ng1h(1'c xii)‘ 111 <:> (1 =12 = 1' I I.

Nlzn xét. D51)’ 13 mQ>1 kél qua mqnh h<1'n cho bii toém 3 uiong 1\'i lhi I.\/IO Z005 01111 tdc

giéi Vasile Cirtoaje. Bili tozin géc bun du 151 \*<3'i diéu ki-in u/3021. Diéu kién Qua bi

toém trén chit h0'n vi Lhco bit d5111g th1'1‘c AM — G11/[ta Q6

(13 +1): + cl 2 3 :> 3 - Q/((1190): 2 3 :> <1/71' 21

Chung ta hy dén vc'>'i 161 giai cua chinh téc gia bi totin trén. d11"Q'c trich 111' quyén Algel2rui<

Inequaliries, Old un(lNc11‘ Met/20:/. T21 qui viéc ch1'1‘ng minh bzli t0z'111 sau:

Bfai 5. Cho (1,1), c IQ céc s6th1_1‘c d11"o‘11gtl1(1z1111§n 413 +113 +03 = 3.Ch1'r11g minh

I 1 1

. +_ +_ S1
(1? +3—a3 /75 +3—l23 (“\+3—c3

CI1 fr/lg minh

Khénv m§tt111ht611<1 uét_ 121 213 su' (12/2 2 4- 2 O. Xét hui t1"u"b'112 ho" suuC - - - .P

+ Tru'€>'ng hqp 1: a S \/2 :> :1./> S \/I2 . Tu s1'1'd1111g czic bit dng th1'1‘c c0"sz1u

1 <3-(H 1 <3-/>1 1 <3-H
< 3- ‘< 3* ‘< 3*a‘+3—u 6 [;'+3—/2 6 ("+3—c 6

Thét véy Xél bién @161 1 I 1-3“: = (“_1):(“5 +12” _3‘f2 _6”_3).
0' +3—u' 6 6(cl‘ +3—u‘)

/ 1 \/ _, - 1 1 6 3
va danh gla 11° +2114 —3a2 —6a—3=a‘Lu} +211‘ —3~———_J

a <1‘

Saz(Zx/5+4—3—3\/5—%)=—a2(%+\/5)<O

+ T1'u‘é'ng h(_)'p 2: a > \/5.1413 .+b2 +¢-3 = 3 :>b3 +1‘-2 <1

. , , 1 1 1 1 1 1Kh1d0tac0: ; ,+ Q ,+ i w< 7+ 3+ _

a’ +3-0" /9' +3—b‘ C +3—(" :1‘ +3—-u‘ 3-17‘ 3-0‘

Métkhéc ; 1 ,< 71 1: l < I <1
a‘+3—a' Z\/5a'+3—c1" (2\/2-l)c1-3+3 ( —l)

Ix)

Q
r~>1

I\)

+
kn

o\

. \. , , 1 1 , . 1 1 5Nhu' vay bzu Loan se du‘Q"c gm quyet neu ta chung mlnh du"<_>‘c Ti£8
- — 7' - —c'
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Thét Véy mcé ll 1 _§_:9(l>‘ +1->‘_l)—51?'(-~

3-/2“ 3-K 6 6(3-/>“)(3—(")

Nhu'vf1y bili main du'<_J'_c giai quyél. Dz'1ngthL'1'c x<"'1yra <:> <1:/>=('=1. <

Nhn xét.LO'i giaii cuu lzic gia Vusilc Cirloujc nga)‘ tir dfiu cflng d su' dung‘ L7.C.T

nhung 116 l2_1i dun lu dén czich xél trL1'C\'ng hgp khzi le V1 phni so sfmh hién \'(»'i

I_ ,_ \ , \ . , , . . L ,, , .

\/‘Z . Day la mm hm loan d¢p \'0'1 nlneu mo‘ rqng Ihu \1.

Bili 6. Tim hing $6 k [61 l1h§ldéb£§lld51'1glhLTL‘ dung \ Gi mqi u_/>.<' 20 \

XL

7*“

'3.

+
{L

?\
U‘

A17'

+
Z____A_

/\
{___‘_‘

Bi
7*

4-

'1 '\ 1 \ 1 —
_ _ _ _ ’ , _

c1+}>+n') '

'51 +(/2+0) ' + ("+0 kc +(u+2 '+

Gidi

Cho a =11 = 1.0 = O ta dLl'Q'C k 2 5. Ta sé chL'1‘ng minh 5 chinh lé gié tri cfin tim.

Lire 121 chfmg minh: , , + _i_ 1 , + , , éf (1)
\_ ‘+(b+(')' \!Jb'+(('+zz)‘ \§5c"+(u+/2)“ 3

/ (15 [)3 ('3 (c1+h+c)

1 MI

su dung bad dang lh(l'C CBS. la 06: _

§((l+/7+(')Z 
\<'\( 50- +(b+(~)“ / :\'1"5(I~ +(b+(')'

x

3
.

ta chirng minh: S l (2) _

W 5a" +([>+(")' 3 ‘i

Khéng méit tfnh téng quilt chuén héu u+l>+c =1 vé (1212 212 0 suy ra a2%2c‘2O. ~

-» -1 1 ‘

Bét dang thtrc (L2) ‘E’ , ” + 1’ + _ ‘ l.
6a‘—2(H_-1 6b‘—2b+1 6("‘—2c+l 3

Ta phéi xét hai lru"O'ng hcypz

1 , 27¢? Z 27¢’ (3u—l):(8u—1)

1

+THl: -2—Lac09— ——,—i—: 121—1— , w: , L 20
( 8 2:611‘-—2a+ .. l 6a‘—Zc1+l/ 6a‘—2a+l

+TH2:c5lLacé: 6": + 6": + 6": -2
8 6u:—2a+l 6l>2—'l/2+1 6c3—Z("+1

211-1 + 211-1 + 662 u—b—c + />—('—u + 60:

6a‘—2a+1 61¢-21¢+1 6c‘—Z('+l 6(ll—2(I+1 61%-2/»+1 (>6-2¢-+1

2(a—b)3(3c—2) +(_( 6(- 1 1 )

(6a3—2a+l)(6b3-2b+1) 66-2<-+1 6u3—Zu+l elf-2/1+1



Chu'0'ng V: A/[git $5 szing I(l0 vé bf}! (Hing thlic 8-L1)

~ . ( l l
Ta cén chtmg m1nh: \ M § E + ‘

60' —Z('+l 611' —Z<z+l 6/>“—Z/>+l

- , 1Vi (Si nén S1 V51)’ ta sé ch(1'ngm1nh lS—‘i~+_iI-
8 6<~' —2<-+1 (Mr -2” +1 6/1- -2/)+1

L \ I A A _ , , .Neu b 3% thl IS ——_—-i ncn bat dang thuc dLrQ'c chung mmh
3 617‘ — 2/1 +1

Néu b 2% {hi zip dgng b§ldflngtl1(1'c CB.§_lz1cl11c§1n chL'1'ngminh

4 26(u3 +b3)—Z(c1+b)+Z <:> [Z(u+/>)+('](u+/2+0) 2 3(u: +/>3)

Tit gm thiét b 2%: 31> z Cl. do dé: [2(a+l2)+('](u+lJ+(") 2 2m +/))2

=3(a2 +b3)+4ab—a2 +122 Z3(u: +l22)+a(3b—u)23(u: +193) :> (dpcm)

D§1ngthL'1"c xéy ra <:> a =1) = c hoéc (1: 11.0 I O \/Z1 czic hoém vi.

\/fay héng S6 /< 161 nhéu I21 5.

Cl.[7.('>() 1 1 1

B51i7.Ch0 .ChILmg minh ,, + ‘ + £3 (1)

'\jJ

"'2

+
L14

a+l2+(r=3 \/u'—3z1+3 \"l7"-3/7+3 \/(‘:-

. Clzzhzg minh

Khéng mt tinh téng quail. gié str :12/2 2 c > 0.

Dé ’/rn ——iiS.\"+1V.\"2@(Z)§ o 2 2
\/x —3x+3

Thzfnvéy, (2)<=>(.\-+1)\/.\-1-3.\-+322’: <.\~-1>1<.\-1’+.\--1)z0 (dflng)

/5 1

Suy ra: Néu Cl 2b 2 0 2% thi SL1’ dgng b§td€ing1h(1'c(2)tz1c6(l)du'Q'c chfmg minlm

Xét OQSQ Khi dé. cé hai khé nmg sau xély ru:

" -1
, , , 3 ‘ 1+NéubS l,tac6: a‘—3a+3=(a—%) +5321; b'—3b+3=(b—l)‘—b+22l

( /— \3 -_
c2—3c+3=(1—c‘):—c+22(1—i\/5-1J—i\B1+2?-I6

‘Y

7 7 /I -- / - (\»>+1)

Do do; VT(l)§-2-—+—\/E+1<3
\B 4
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+ Néu 1) 21. suy ra 2 2 :1 212 21.Xé1hZ1m $6 _/'(_\-) = \-bi 131-5 2
' l ~» -»—_x\‘+3

, , sf - 241+ 15
Tu co: f (.\') =—+ii<—,— < O :> _f(_.\-) 1511151111 16m.

-1(.\" —3.\'+3)"'

D0 C16 lhco bit ding LhL1‘C Jensen 1:106: f(u)+_f(/7) § = Zfm
\I‘ T w5 3—1z+_»

Z 1 Z
T, '1'. ' . _‘_ w

!['—

J

1

.1 phax <.hung mlnh. I1
-

$1/.:\ + £3
\‘ - \'I'—3l+3 \‘-lI‘—6[+3

_3 <»_»,,,< 4 -, ‘ I -

L<J

'1"
¢.J

DJ

\(

L9
V

LA
an

hr’
\_/

+
Q.)

36(z 1) (361 -54‘ +7491 ~l~O2r’+l()991 -01-161+l171l: , W , 4_ '20 (3)
(z“—3z+3)-(41-—6r+3)~

cs me kiémtra(3) dL'1ngnén(_1)dL'mg_ ‘

Déng Ihirc xé.y1':1k11i \'Z1ch1 khi 11:12 I 0 = 1 .

B5118. [1\"I6"r{>ng ti1'P0lan

.-., , ._ , . ; 1 ' 9
Cho a,b.ce its thoa man a+b+c=l. Chung m1nh1'ang—T[L+%—+<(—£—

(1 /7 +1 c +1 1O

d 1996]

>+1

Khéng n1€1tlfn11t6ng qL1tgi:'1 su (12/2 2 (- :> (12

~

+ Truéng hqp 1: (7 2 —i ta cé

9 [ a 1) c‘ J £180 5 u \
1 7 + 7 + 'V : Z + 1 7 ;i

IO a‘ +1 b“ +1 c" +1 W 25 30 af +1,

Ch l1'Ilg milzh

Q.)-—

\/

X61 hu i 1ru'O'ng hqp suu:

/-\

U)

Q

.__

xv.)
J/Q

4-

— ' 'a+3) 20
5O(c1‘ +1)

+ Tru<‘>ng hqp 2: c £ —%. Ap dung bit ding thrc AM — GM. ta c6 —,”— +—;17— £1
Cl 1-+1 b"+

Khi <16 néu f 13 -126 <:> -5- 2\/6 3 (f 5 —% la c6 ngay diéu ph2Li chtmg minh.
c“ +

Xét truimg hc_>'p: —5 — Z\/F6 2 (*1<hi dé ta 06 3+ V6 i u :> ———,” S i.Tirdysuy1'a:
wu'+1

(1 b c (I b 1 1 7 9
1 + , + _ 3 7 + , §—+—:--<—

a‘+1 b‘+1 c‘+1 u"+1 b'+1 5 2 10 10

Véy bt ding thtrc duqc chtrng minh. Bing Lhirc xay ra <:> (1:12 I c =%.



Ch !!"0'llg V: A/[git S6 szing tgw vé‘ brft (7511g th12'c H5 1

|v. KET HQ’P BAT DANG THU’C VORNICU scuun v<'3*| U.C.T

Trong chu‘o'ng II chimg [Oi d gidi thiéu bit dzing thirc Schur mO‘1'{>ng \'Z1 czic (mg dgng.
By gib chimg ta sé thy sgr kél hQ'p gifx'z1\’0f|1icu Schur vdi U.C.T sé [£10 ra nhfrng lO'i
giéi khzi n LuQ'ng \’£1 d¢p mil. Tru'é'c hél chdng ta hi)‘ 11l1§c lgi hél ding lhfrc Vornicu
Schur.

} 1. Bt ding th|i‘c Vornicu Schur: Cho (1 2/1 2 0 \"{1 A.B.C 20 khid<'>bi1dfmgllu'1"c

A(a—b)(a—c)+B(/>—(')(b—a)+C(c—(1L)(<-—/2)20
IE1 dfmg khi \*Z1chi khi

i.A2Bh0:f1c CZB

ii. A><a 2 B><b

iii. B><c‘ 2 C></2 (Néu c/./),<'1Z1b;1c@nh cuu ma}! lam gidc)

iv. \//3+ \/E 2 \/E

2. Hai dang bién déi chinh tic vi: céc (mg dung ciia dgng 2

21/(gr? n/(€r— r/f 3+ 6’€— Effj-F CG" — 415' vi ff

A(a—b)3 +B(b—(')3 +C(<f—a)2 =A(cz—/))(a—('+("—b)+B(b—(")(/>—a+c1—L‘)+C(c—u)(('—b+/2—u)

= ZA((z—11)(a —c) + 2,40) —<')(b —c1)=Z(A + B)(/9 —z')(/9 — (1)

Dgmg 2. A(2a —b—(')3 +B_('217—('—z1)3+C(Z('—u—/2): 20

A(2(1—-/9-0): +B(2/J—('—(1): +C(Z('—a—l>): =

=22/4(a—l7)((1—(')+2A(z1—1J): +2A(('—(1)3 = Z2/\(c1—/))((1—(') +Z(A+B)(£l—/J):
1‘_\‘( ('\'( (‘W :‘\< um

=2ZA(a—b)(c1—a')+Z(2A+B+C)((1—b)(L(1—c')=Z(4A+B+C)(u—/2)(c1—c')

Dang I lé dang phn tich chinh [sic Qua phLro"ng phép S.O.S mét phu'o'ng phép CI5 15)‘

lélm qucn thu<}c Vffi nhiéu ngu‘O‘i. Tir phép phn ‘rich lrén ta cé‘ll1§ lhy ring m<‘>i lién hé

gitra phuong phép S.O.S \/:21 bit ding thirc Vornicu Schur I5 rt méu thiél. Tuy nhién
trong béi viét néy chmg ta sé khéng dé cép véin dé néy mé chtmg la sé chi xcm xét dang

2 ('7 trén. Vi tinh {mg dung cua né trong U.C.T I51 nhiéu ho"n vé né cng 151 mét su két
hqp mang nhiéu )7 nghTa.

Béy gib hy mo" déu béng mél béli toém lréng c(> vé don giéln nhung cflng khéng qué dé

dé tim ra l(‘>‘i giai néu khéng chqm ddng dudng di.



852 Plzznmg phzip hé $5 brit (Tin/1

Iru.b.c'2O
Béi 1. cmi .ChL'rng minh 3m‘ +11‘ +<-*'>+¢f +1f +¢-1 +6 2 em‘ +b‘ +6»

+11 2u +('_=.

Chrhzg minlz

Theo U.C.T dé ding tim 1'21 bét déng thtrc co" 50' SHU

304 +0: +2260}—4c1+4<:>((1—U:(3u: —Z)2O

Ta qui béi toén \'§chL'1'ng minh Z(c1—1):(3c13 — Z) 2 0

Thét\’é)'Z(c1—1):(3c1: —Z) 2 O <:> Z('3c1—3):(3z1: —Z) 2

<I>Z(3(I—(l—1)—C)2(3(I: -2)z0<=»Z<2@-1>-@>1<3¢f -2)z0
("yr < \'4'

<=>Z(4a3 +112 +c2 —4)(a —b)(a —c)2O
l'_\‘('

Khéng nlét tfnh Léng quzit gia sir a Zb Zc khi d6 ta cé

()

4:12 +113 +02 —4Z4b2 +a3 +02 -4246 +191 +02 —4

Theo dinh 1i 1 La 06 (dpcm).

Ding thirc xdy 1'21 <:> (1:12 = c‘ =1 hofic (c1.b.(')=(/—

. W w w 1 I: w 3-‘: q"" I
Lz_11C6 4c'+(1'+b'—4-240'+%Q——4=4("'+£—¥——4=£Q)——2O

.1)-1->

DJ-P-

» , ‘. , ~ -,- 4 . 3 ,7 \

Nhgm xet: Bal toan se du'Q"c glal quyet Lrong tru'o'ng hqp 311 -2 2 0 <=> a 2 vi. Tru‘o'ng
' J

hqp cbn la_1i a$\E r6 réng sé khé giéai quyét vi vé phéi cua diéu kién trong u'u'O'ng hqp Z

khé ié. nhiéu khé néng sé d§n dén nhtmg tinh toén phtrc Lap khéng cin thiét. Tuy nhién

cn chl )7 mét diéu 121 ding thfrc cua bili tozin niiy xziy 1'21 tai hai diém cuc tri vi véy

khéng thé zip dung mE>i U.C.T vi dgmg phzil biéu cL'1a 1<y.mua1 nily sé cho ta duy nhl

min diém cue tri cén m. Nhu véy viéc két hqp gitra U.C.T \/51 bit déng thtrc Vornicu

hd ‘ h utdnSchur khéng dun thuzin Ii giéi quyél bili tozin mét czic ¢p mét mil cbn u'<5'nc 21 é

viéc giéi quyét trubng hqp ding thirc xéiy ra khi cé hai bién bng nhau v khzic bién cbn lgzi.

a b.c>O
Biai 2. cm ’ .chu~ng minh rang 2<u~‘ +5‘ +¢-~‘>+9 z su +b3 +5) (1)

a+b+c=3

Ch /mg minlz



Chirzing V: Mgit 5'5 szing tgm v5 bfit (T1711 g thzic S53

Ta cn xéc dinh hé $6 I77 cho b§1_dinglh(1'c c0's0‘sz1u: 2117‘ + 32 511: +/11((1— 11

<=> ((1 — l)(2u: — 341- 3)2m(<z—1). V0141: 1 thi 2:1: — 3:1 — 3 : —-1 nén chqn /21: —-1.

Bél ding thtrc Z03 +3 2 5:13 -441 +4 4:» ((1 — l)2(Za — 1) 2 O

Tu'0'ng lg1'\'é'i cslc bién I2, 0 La suy ra:

Bémaang[nae<1>¢»<u-1<2u-1>+<b-1(2b-1>+<@-1f<2@-1>z0

1 ~

<:>(2u—b——c)'(Zu—l)+(Z/>—('—u)'(Zb—l)+(Zc'—a—lJ)l(Zc'—1)2O

<:> 6a(a — b)(u — C) + 617(1) — z')(/7 — (1) + 6z‘((' — u)(c‘ — /1) 2 O

Khéng ml tfnh téng quit gia su" (12/J 2'0.

Khi dé thco bit ding lhrc Vorrzicu Schur ta Q6 diéu phai chirng minh.

Ding thirc xely ra khi v chi khi (1:1) = (" hoéc a = O_l> : 0 =51 cimg céc hozin vi.

Nhfm xét. Lai mét béi toén don gizin nhung diéu mu vi 0' bili tozin nixy I51 (Ting thirc dat

du'c_>‘c tz_1i 2 diérn. Néu nhu' gizii min céch théng thu'O'ng bng U.C.T thi khéng lhé giéi
quyét bzii tozin mél czich triét dé v51 rnél 1§'1n nfra bit ding lhL'1'c Vornicu Schur lai phzit

huy téc dung cixa nc'>.

Biii 3. [Romania TST 2006]

}(l./7.(' >0 1 I 1

Cho > .ChL'rng minh rfmg _ + _ + W 2 u“ +/2“ +0‘ (1)
L<z+/)+(‘=3 U» /7‘ V‘

Ch zhzg minh

Theo U.C.T d<§dZ1ngtimra bét déng thtrc co‘ so‘ sau —1¢+4u 2 413 +4. Khi 66
a‘

(l)<:>2((l—1)'(H;Zu—z1")2O<:>Z(Za—/2—<‘)‘El+Zu—c!'“)2O@Z(4AA+B+C)m_/))(u*(_)2()

('\'l' av ('\( (Ii (>\!

, 1+2—G2 1+2b—b3 1+2C—C: A ; , ; , ,,,
Trong do A = , *.B = b, .C = , . Khong mat tmh tong quat gm su'

a‘ “ 0"

Zbzckhi dé C6 A_B: l+Zl27—b‘ l+Zuw—u' I(u~l>)(Zf117w+a+/M20

12' u‘ cl“/2“

Tirdé suyra 4C+A+B24B+A+C24A+B+C

Ap clung bit ding lhtrc AM - GM la c6: 3 : (1+b+('2 3~ Q/uhc <:>12 §‘/ubc



85-1 P/1 m/ng p/nip /1;? s5 bfit (7_in/1

3 '1 I , 4 1 1 S 2 2:>_—:2Q.Dodo 4A+B+C~ ,+—,+ ,+—+—+——6~
Q (L135. (I - ]; ~ 6- - (1 /2 ('

=(i, 1 {+9 _—-+—+—~-‘.72 _ _ _-_,_ ?- 220-3>:0
a" If 0' U " \ ‘ {r'c1[7('

+
\J

---\

Q._-

@-,__.

F‘>--

J
§/

I\)
~—\

Q>-

+
v,_-

+
'\>--

J
\_/-

V
R)

"-\

Lu

DJ

\___/

Theo djnh 11' 1 la C6 diéu phai chfrng minh. Ding thfrc x51y1"z1<:> (1:11 = c =1

Bili 4. Cho _ .ChL'1'n2 minh réna w . ‘ _ F (1) &

7 '3

K j“~”-">0 \ 5+/>‘+<»‘-%>5(5\E-7)

I (1-<1»-[7+(':3 Q ‘I (lj+/7"+('_\—‘ \/3+]
i

I

C12 lhzg min/1

(1)422: a5—” “Q u3+/ Q 1“ :20/:>Z:((1—l)' z13+Z<1:+%?-’,"~\/_¢1+i-—;’ _*‘l\'_ }_(‘
\

K s(s 5-7) 24_2(»\ " 18-” *5 °(?7—°% /3)‘>

W. \/3 +1 \ 3 + ,' (W “ \/3 +1 Q3 T ,-;

<:> 2‘/4M“ +M,, +11/l‘_)(u—/:)(a—¢~)20. lrOng dé

. 38-22¢? 2(%7-vz)
M” :(l3 +2C1_ +——ri?Ll+ 

\/3+1 N/3+1

,3—223 23-23" . 3-225 2 ~23?
.M,,=b“+2b‘+-éi-i\/—b+—(—7—é_i‘j3);/\/I,=<\3+2¢-“+2/—¢+—@

6+1 ¢3+1 \/3+1 \/3+1

~~~ ..@ “3-22’? < 2-? -
Ta cé 4/wl, +/‘V1,,+M(_ :40“ +1)" +¢-~‘+2(4n~ +12‘ +(-->+’( 8, “)u+)(6 F QM) 2

\"3+1 \/3+1

Z41-(l’:+(v];i)‘—+§§£I:+(/J+(’)2+3(38:22 _ (1+9(62:38w|3)2
3 -\/3+1 \/3+]

4A_

JJ
\_/

Q
<_

‘A-T‘

3 -, ’\ 1 T 3 ,

4a,,+(3-g) +8a3+(3_[l)3+_)(J8:22\,/3)a+9(62:38\/J):15((l+3—_ -) (mm/3-3)2O_

-3 \,/3+] v’3+1 4

Tu"o"ng tug ta céz 4M,’ + Mr, + M“ 2 0. 4M( +MH +M/5 2 0

Khéng mt tfnh Léng quzit.gic'1 sir a 2 b 2 c 2 O :> 0+1) 2 2.

Ta C6: (4M +M,, +M(4)—(41\/1,,+M(_+M”) =3(M”—M,,)

/ ' / \
‘-11 3 ~ ~ 1 -11

=3(a3~b3)+6(a—b) a+b+l%i'—123(a“—b’)+6(u—b)\2+-Li 20
\/3+1 ‘ K \/3+1 ,

DO (T61 Z(4/V1U,+/\l,7+/W1)((1—l7‘)(;1—-0)

=((z—lJ)[(a—c‘)(41\/I” +/V1,) +M( )—(l7—C)(_~'lM,, +M( +MH )] +(-1M‘ +.-M” +M,,)((1—c)(lJ—<') 20



Clz11'o’ng V: 1/‘V117! S6: szing I110 Vé b1'1t (Ding tIz11'c $55
V. MQT DANG BIEU DIEN THU Vi

Chng ta sé bit du 1&1 mél diing lhL'1'c \'Z1 sé thziy $11‘ phzit [rién thfl vi [U116

11“ +/1‘ +1" 11‘ If ("A

1: 1 1 1 Z A 1 1 + 1- 1 1- + 1 1 1
11 +11 +1“ 11 +17 +1" 11 +/9 +1" 11 +12 +1’

Ding th1'1'c nixy tréng dcm giém nhung 1z_1i déng vai trb quan lrqng trong viéc chfrng minh
mél lc'>'p b51a:mg1h11¢ ma khéng mé $11-a11n;_» du'(_>'c 1\-$1 1111151 X£iC dinh hé $6 khi x11€1thién
ly {him brie />. Néu chi $11 dgng nhfrng bién déi théng lhuimg {hi sé phL'1'c 1:_1p_ vi vi)‘
chflng [:1 sé su‘ dung 6510 hilm vdi hui dinh l§" cw bém suu dily:

I. Bjnh l1'Fermat.

Gia sir hilm $6 _/“(.\‘) xzic dinh Lrén [11.l2] v Q6 c1_1'c tri dial phuvng tz_1i .1‘, e [11.b]. Khi dé

néu f C6 d2_10 ham mi .1-1, ma _/"'11-‘A, 1 = 0

2. Bjnlz I1’ Roll. G13 su" f:[11,l>]+ R lién tuc v51 kha vi trong khozing (11.12). Khi dé néu

{Sn tai .\'|.v\'2 e ((1,1)) sao cho f(.\‘|)=_/'(.\-2) {hi 16ntz_1i .\'(, e (.\'|..\"3) $110 cho _/"(.\'(,)=()

Biai 1. Tim hang S6 1< >0 161nhzi1aéb51as1ng 1h11¢ SZIU dljng \»¢»~i mm 11_1>.<- >0;

11 1) 1' 3
'1 w + v -v + / 1 w 2 /\l/<a'+(>b+1')' \//<b'+(c'+(1)' \//<1"+((1+/J)“ \//\'+4

Gizii

Cho a = 1.!) =1" =0 tu c6 k S%. Tu sé chfrng minh /< =% 151 gizi lrj £61 nhét dé bt démg

thllrc 15 dling. Thgit v2_‘1y khi k =% lhi b§1Id§1ngth(1'ctrO'thzinh

11 /7 1'
__ + ___1_ + 1 _ _ 21

\/11' +Z('l>+1‘)‘ N112‘ +Z(c'+11)' \//<1" +(11+/2)‘

,. , . , ; 11 11”Ta sc phal xac dgnh hq: so k $210 cho 2 ; 1 .-
\/11' +2(/2+0)" 4’ +/7 +5

Q dy ta chun héa 12 I 1' =1 dé viéc vii-c xzic djnh hé $6 du'<_J'c don giém hcm.
k

. , ; , . , 4 11 (1 TKhl do ta can xac dgnh hq so k sao cho iizki <:> 11‘ I -2113‘ +11” 2 O

\/11' +8 (1 +2

D51 f(a) = aka -2112‘ +112. Ta cé f(c1) 2 O,f(1) = O nén theo d1nhlfFermz1ttac6

f'11)=0. Dof’(11)=(k+2)11“' -41111‘-' +211 nén f”<1>=<1'+2>-41<+2=0<=>1=%.

. ~ , : ; , L , (I 1Nhu‘ vz_1y ta se du doan bat dang 1hu'c sau la dung , 2“ ‘/2411: .1/4 :~'4.2/.1
V11 +-_(1>+1') W1 +\//2 +\'c

,.
2:7

J4

Sau khi dii hon lhimh xong bu‘<§'c du dozin chng ta 06 nhiéu con duirng dé lgra chqn.
Théng thLr<‘img thi phép bién déi tuong duong luén mang lai hiéu qua néu bi/11 dzing thfrc



Clzzrmzg V: ./W43! $6’ szing tqlo 115 bzit zirzg 1‘Iz1i'c S55
v. MOT DANG BIEU DIEN THU vg

Chxing ta sé bit du IU'm@1 déng lhirc \‘£1séth§y su‘ phzit lrién lhd \-i LU‘ né

1_ cl‘ +11!‘ +5" u‘ b*_ cl"
+

u“ +11" +('A <1" +/2‘ +0‘ :1“ +12‘ +0‘ £1‘ +b* +0‘

Ding thL'1‘c nily tréng don giém nhung l:_1i déng vui trb quan lrqng trong viéc chL'rng minh
mét Idp bit diing thtrc mil khéng Ihé sir dung 6[u‘<_>'c k)‘ lhut xzic dinh hé $6 khi xL1§thi§11

lily {him bc p. .\‘éu chi str dung nhfrng bién déi lhéng lhuffng {hi sé phfrc lap. vi \'§“1}‘

chilng la sé sir dgmg dqo hiun \'é‘i hui dinh 1)" cu ban mu dy:

I. Djnh If Fermat.

Giei sL'1' hm $6 _/'(.\‘) xzic dinh Lrén [air] vim c6 cuc tri dia phuong tgi X‘, E [all]. Khi dé

néu f c6 Ciao hilm tqi xl, thi _/"(.\]A,)=0

2. Djnlz ll’ Roll. Gizi _/' :[a,b} —> hén tuc \=£1 kha vi trong khofang ((1./9), Khi dd néu

t6n tzgi .\'|..\'2 e ((1,1)) sao cho f(.\‘; )= _/'(.\"3) lhi lén lgi .\;, E (X, ..\‘3) sao cho A/"(.\'(,)= 0

Béi 1. Tim hing $6 /< > () I<§t nht dé béil ding Lhfrc sau dng \=é'i mqi (1,/7.(‘>():

a b (" 3
'v 1 + w + I v 1 2 /\//<a'+(b+c")' \//<bZ+(c+(1)‘ \//\'<"+(u+lJ)' \’]\'+4

Gizii

Cho a = 1.12 =0 =0 ta cé k 3%. Ta sé chirng minh k =% 151 gizi tri I61 nhét dé bit ding

thtrc 121 dng. Thin véy khi /1' :% [hi bz‘1td§ngth(1'c1rO'thZ1nh

(1 [7 ('L4+ %v__-__ + __i_ 2 1

\/a3+Z(11+<*): \J"'12:+Z(c'+z1)3 \/V/<c":+(u+/2):

_ ,. , . . 4 (1 0'Ta se phal xac dgnh 11¢ so k sao cho ,_h 2 ; , :-
\/(l' +Z(/2+0)" ‘I +/JR +5‘

Q dy ta chuzin héa 12 = c :1 dé viéc viéc xzic dinh hé $6 duqc don gicin hon.

a a‘- 1 A » - A L ~” " ”Khl do ta can xac Chnh hq so k sao cho —F.-izki <:> a‘ ' -211" +11“ Z O

\/<1: +8 (1, + 2

Ba: f(a)V= 61"” - 2a“ + (R. Ta 06 f(u) 2 0,/<1) : 0 nén theo dinh 11' Fermat ta 06

f'(1> = 0. D0 fm = (k +2)u‘*' -4k¢‘"‘ +2” nén f/<1) = (/< +2)-4/< +2 = 0 <:> /< =§.

4

Zk’

Q1

.\ ~ , A 1 . Q , £7Nhu' vay ta se du doan bat dang thuc sau la dung 2 _/ /

\/11' +Z(Z>+<")' Qal +‘\‘//2" 0’
Suu khi dé hon lhimh xong bu'<’Ic du dozin chng ta 06 nhiéu con duiing dé hra chcpn.

Théng thuimg thi phép bién déi urong du'0'ng luén mang 12_1i hiéu qua néu bit ding thfrc



856 - Plzumzg phzip 11;? s5 hfit zI_inIz

cor 56151 (hing. Tuy nhién bit démg Lhirc co 50' trén chi l phong dozin logic. nén Q6 thé

n6 sé khéng dng. Ngoili ru. mét $5 bixi Loén khi bién dbi tu'0‘ng duong gzip khé khfm {hi

nén “thy cc {mg bién" cho czic tinh huémg cu thé. Chtmg ta tiép tuc quay lz_1i bhi tozin trén

véi phép chirng minh cho bér dang mu-c co $6. '

Theo bit ding thtrc Holder La cé

1 f 4 l 5 I__ f

(1+1)I(b-‘ +0‘) 2I:+<.~<:>2‘b/E‘-+1/F)‘ 2b+c<:> Q/bT+\‘/0" 22i;(l’—:ij4.

951 1=ifj—‘* thi m phéii Chfrng minh

§ 4 ,_
a \'/u 1,/' 1f ;~ 1 1 1,] ~ 1+ 1 1,,‘ 1

2 <:> \/a‘ +2\»1‘ Zx/av/u“ +81" <=>4\»z‘(vu" —\»z3 )- 20. dung
_ _ 4+»>i/T

a +82 L, 1

(dpcm). Bing thtrc xay ra <:> a = b = c hoixc a =1 > 0,12 : c = 0 v czic hoén vi.

Nhfm xét: C6 thé tim hé $6 /< béng céch su‘ dung bit ding thirc AM - GM nhu' sau

k
a a . .

1 1

————2—‘—— <:> cl“: -202‘ +a: 20 Q aka +a‘ 2 2:13‘
7,/a +8 ab +2

1: 1 ‘Ff
Mat khéc theo béu dang [hU'C AM— GM ma Q‘ +11 z 2M *' .

Nhu' vgiy ta c6 cn xéc dinh k sao cho 2\/:1‘? =2aZ‘ <:> ak“ =u“ <:> k +4 :4k <:: k zg

B§1i2.[IMO2O01]ChL'mgminh , " + wb + H‘ 21,Va,b.c>O(1)
\/a3 +8120 \/19' +8111 \/c‘ +811!)

Clz 1?/zg minh

Tucmg u_r nhu' trén La xfly dung du'Q'c bit dng thL'rc co‘ s('>':

a am
' 2 4/1 4/‘ 4/‘ (2)

\/a2+8bc a ’+b ’+<' ‘

Thét V51 (2) Q am +bH +043 Zamx/(12 +8120.
. .)/

Sf: dung b§td§ngth(1'c AM— GM, ta c6: bm +cm 2 2b3”<-3”?‘ = 21“. trong dé I=

Ta cn chtrng minh: a4/3 +214/3 2 czl/3\la2 +813 <:> 414/‘W113/3 ~12/3)“ Z O (dfmg)

Nhu' véy bét ding thirc (2) duqc chtrng minh. Sir dL_1ngtuOngtu'ch0 b, c rbi c(“_>ng lai

-X -1 4

. F § .3
mcé a + b + c 2a4+b4+c4:1

\/a2 +8bc \/I23 +800 \/(12 +8ab LIE +51‘? +53

Ding thirc xéy ra khi v51 chi khi a =12 = c h0zf1'c b —>O,c —>'0.
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’ Béi 3. Cho (1.19. (7 151 czic $6 LhL_1'c khéng Elm. Chrng minh ring

, . 1 .
‘ q » x

Y 1

5, cl +l’ I2 \+|, (, >1 !

i \#'c1‘ +(b+(.')‘ \!u"+((:+u)' \,r“’+(u+/2)’ |

Clzzhzg minlzf*"i 3
A A .' , , I 51“ 51 .,Xay dung du"Q'c bat dang lhuc co" sot 2ii ('1)

\~u‘ +(l>+c)' u‘+/>'+c'

C6théch£1'11g minh bit déing thtrc co's<'>'ni1y trén theo nhiéu czich:

Ccich I: Ta c6: (*) <=> 2412(1): +<:3)+(/23 +0: )2 2 a([2+c‘)}. Thin vziy ta cc’)

1 _4 .1 1 (1

2a2(b: +v('3)+(l92 +03)‘ 2c1:(/9+<'): +<——(b: )—2 Ag](bit) =u(b+(')’

Cdch 2: Theo bt dng thrc AM — GM la c6:

\/1+/<7‘ =\/<1+/<>(1-A-+A»’> s(”"')‘“(l""+k_) :1+/<5

Ap dung bél ding thL'rc co" sd lrén ta cé:
3 Ia 1 2 1 2 1 (1

a3+(l2+c)-‘ fl+(b+vC)1 1+71V(’;,7_+7(_)‘ 1+b‘_-_!-7_c‘ u'+l2‘+c'
\ C, Z cz :1"

Ap dung tu'0ng tgr vdi czic bién cbn l2_1i. Céng vé theo vé ta cé cc’) diéu phéii chimg minh.

Béng thfrc xziy ra khi v51 chi khi ba bién bang nhau hoilc 06 hai bién dim vé 0.

‘ ‘ 1

Bé1i4. Chirng minh _ ” _+ I 1’ _+ _ ‘ _ 2- . W./M-><>
a’ +(/2+0)‘ /2‘ +(c+u)‘ 0' +(u+/2)“ 3

Clzzivzg minh

su- dung bér ding thtrc CBS, ta cé:

1 3 _3 / g 1 ~ ; 1 \a b c 1 U /7‘ (
I "+1 "+* 12—;: > 1+/1‘ “+€V‘ H 1a*+(b+c)’ b'+(c+u)’ c”+(u+b)' 3 \’u‘+(/>+c")' \4u'+(('+u)" \’c‘+(u+l>)'

Theobz‘1i3tacc'> /2 “X ;+\/1 1’? ,+/_ "‘ 21.
\ \‘‘a‘ +(12+c)' a' +(c'+a)° +(a+/2)}

Til‘ d6 suy ra bét ding thirc dU'Q'C chrng minh4

Bang mu-C xay ra khi v51 @111 khi (Z : b = c.

-2
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v|. CAC BAI TOAN VCYI BIEU KIEN cum cAu TRUC NHAN

O Lrén m as Xél kT1hL1f1l U.C.T. »-<3-i diéu kién cho u"u"<'»'c U,‘ +u§ +..,+<1jH H1; =11. Bf1ygiO'

chling ta sé xét kT lhufu U.C.T. v<é‘i dang diéu kién Flu,‘ = C. Khi dé viéc tim ra b-I ding
1:1

thirc co‘ $6‘ khzi khé khén vi ta khéng lhé dzinh gizi theo tirng bién du'c_>‘c nfra. Lilc nily muén zip

dung U.C.T chang ta phzii dilng dén mét $5 tinh chit cua him

F‘; , i I

\_ - , . ~ 1/12+ ' /2 ’<'+u 0 41+/2
Ball. Cho Jain >0. Chu'n2m1nh1‘n<1 ( N I + N + \/ 2 \/fl

1 Til,/M-=1 “' “ b+<-+1 c'+u+l 0+/7+1 H

Cluivzg minh

/ip dung bt déng thirc Holder ta Q6:

’(l\//J +0 In/c+ a c\/u +11 2 fl(/7 +('+1)2 3

+ + Z-——— 2((1+b+¢) -

b+c+l c'+a+l a+h+l, /7+0 /
D0 dé La cn phéli chtrng minh: ((1+l7+(r)3 2 ZZ—:1~—a(b[+:+1)

7 ('

<3 Z<1~‘+3Z£‘+3Z1l+s z 4Zzzl2+4Z(z +22%
17 a b+('

Ap dung be”ltd:‘1ngth£rc AM - GM ta cé:

<>—‘a>yb_yb>$‘ab.q*7 a <L2u+’1)Zb
—_ (1 . —_ ./_ ——_— — — —

_f/2 _‘ __fa _‘b+(' _ ___b _ _cz
<>\1 !\t <\: 4\z ()4 ¢\< ()4

Ti1'd6tacé:\/T—VP2(Zw:zz3 +5-??%+%?—£%—4?;c1/2—4??a+6

Z;u3 +g¢1l1—4%r1+6=g(c13—4a+%+2)

Xét f(.\")=x3—4x+l+Z+21nx wi .\->(m1¢<s¢ f’(.\‘)=(.\'—1)‘/3x+3+%—l
.\- \ Y‘ .\'/,

Néu1-<1m1%zi,néu.\-z1:>1>l <1@<m _/"(.\-)=0<=>.\-:1
A" -Y -\'

D5 dang kiém Lra réng A/' (X) z f (1) = 0 .v.\~ > 0 hay 1-‘ -41-+ i + 2 2 -2111 .\-.v.\~ > 0.
.\'

Nhu véy La cé: 2&1} —4a +l + 2) 2 —2Zlnc1 : O. Bid tozin duqc giai quy€§t.

('\(’ ('\’1

Déng thrc xeiy ra <=> a = b : c = 1.

.
1 1 '

B51i2.Cho {“~”*‘>° .ChL'rng minh , 1 , + , , + , , 21 (1)

abczl 3a'+(a—l)‘ 3b“+(b—l)‘ 3c'+(c-—l)'

Clzzhzg minlz

Xét hai tru'(>'ng hqp sau



Clzzrring V: A/[(31 x(§ szing rgm M5 bf}! (71111g r/112's 859

+ THI: I\/Iin{u./xv} S%.gia str I51 <1 é 23113 +(¢/—I>" S I *2 I I) dflng

+ TH 2: Min {u.lv.('} > L. kI1id(>taxétdzinh aid 2 l + /< In .\"
3 " 3.\"+(.\--1)‘ 3

Q dy ta qui vé him $6 I-6g;u'it \»'c’>'i chil }" In (1 + In /2 + In 0 :0.
Tiép tnc quan sé11h5ydz‘ingth1'rc my ra khi vzi chi khi u = 12 :<-=1.

Ti!‘ dé tu C6 phai xzic dinh I; sao cho f'(_I) = (): _/'(.\‘) = ,é1+%I11.\‘—%
3.\"'+(.\'—I)' 3 3

7 _4_ _.=__ ¢__ ,.=_
Ta C6: _/"(.\') = _(l6'\*< Rm A U : “U 1_)(I6'\ I2 = O <':> x = I (do .\- > i ).

3.\-(4.\" — Z.\"+I)“ 3.\"(-Ix" — Z.\‘+ I)‘ 2

D5 ding kié/m Ira duqc f(.\~)z_/I1>:0 . v.\->l Q I21-Zlnx v.\->i
1 3.\--+<.\--1>- 3 3

I:> 6 + 1 + 1 2Z(%—%I11.\'):I—%In(c1b<'I=I
3a“+(a—I)‘ 3/2‘+([>—I)‘ 3<“+(<.'—I)" A‘, 9 J ' J

Bit ding thtrc CIU'Q‘C chirng minh.

Bing lhirc xéy ra <=> a = 1’) = c =1 hoafac a —> <>@./2 a <><>.c —> 0' v51 czic hozin vi.

Nhgin xét: Sau dy l51Ii>'i giai tém Iéll nhung réit én tu'Q"ng cua Vasilc Cirloajc.

1
, ; ; , , I I Z(1(u— I)Su' dung bat dang thu'c co' 50': , _ 2 1 <:.» , ‘ 2 0

3u'+(z1—Iv)‘ Ia‘ +I (4a“—Zu+I,)(Z(1’+I)

Diéu nily hién nhién dfmg vdi mqi $6 thgrc khéng m. TU dé La c6 (dpcm)

Ic1.b.c' >0 L I 1 1B2113. Cho j .Chu‘ng mmh rang ‘ + _ + , S _> (I)\al2('=I u'—zz+I b‘—/1+1 ("‘—(-+I

Ch ling minh

Truéc hét, la sé chrng minh f(.\') = + In .\'—I § () ‘v’.\"-5 (O_I.8]
_\" —.\‘+

~ ~
. \

, 1-2; 1 .-—I -.-~-1Thétvz§1y,tacé: f<,\->= , ‘ ,+-=“ )5‘ ‘ _ I
(.\" —.\"+ I)‘ .\' .\‘(.\'" — .\'+ I)‘

R6 ring phuong trinh .\"'I —.\"3 — I = O chi cé duy nht I nghiém xe (0.21.

do dc’) ta (15 ding kiém Ira du'Q'c f(x) S min{_f(I),f(I 8)} = O

Nhu mé. néu ca 3 S6 ¢1,1>,<~ déu kh6ng Idn hon 1.8 ma ta co (dpcm), vi khi as
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/
1 +1

Ngu'Q'clai.néut511tai (1 $110 cho 1121.8. Néu 112 Z.11\c6

1 1

+ + 1 < 1 +‘

1 + 1 + 1

11'—11+l l1'—/2+1 z“'—'
=_1(11)+‘/1(!>)+_/1(0)S3—ln11—ln/1—ln('=

\/T(11= 1 1 - 1 - —=3
a“-c1+l (b_1‘)~+3 ((‘_1,3+3 Z'—Z+l ~ .

7 4 '7 4

-L-.1)-—

+
J—,J

Nhu1h1§.1a @111 cn X61 11$ 2. ltrc 111 22 1121.8.

Gia str I220. khi dé do “$2 nén b2—\/1:.Néu 1121.9. 111 cé
'7

VT(1)= , 1 + , 1 + 1, 3 , 1 + 1 +

a'—a+1 b-—b+1 (__1)' 3 l.9'—1.9+1 1_,1+1 -

Néu (1 S 1.9. suy ra 11 2 khi dé 111 cé

/\
UJ

\/1.9

-|—~uJ

VT(l): ,1 + , 1 + 1, 5 ,1 + 1 +l<3
c1‘—c1+1 b'—b+1 ( 1“ 3 l8‘—l8+l 1 1 +1 3

L '1 +4 19 ’19 -1»

. 1_ ’ " \/ - '1

Bit déng thfrc du'Q'c chimg minh. Déng thfrc xély 1'11 <:> (1:11 = 0:1.

Nhn xét: Ta cling c6 thé chirng minh b211t ding thirc Lrén bang caich khélc nhu' sau

Taséchtrng minh , 1 + , 1 1+ 1 2lV.\'.V\".:>O..\1\":=1 (1)
+ \4 1.\'“ +.v+1 _\"' +_\" "' +‘.+1

111
. A 1 .

11p p 11111

Thatvay,t0n1;11 111,11, p > 0 $210 cho .\' =—+. _\' =i,,:, =—, khl do
111' 11" p‘

4 -1 _

111 /1 7

<1><=~ 4 , ,_+, _ .1+, .’ 1121121
111 +111“11p +11“/1' 11 +11'p111+ p"111' /)‘ + p'11111+111'11"

Str dung bit ding thtrc CBS ta cé

VT(2)2
- 7 '1 '7 -»

(111‘ +11" + p')‘
4 4 4 2 3 1 2 2 2

111 +11 +p +11111 +11 p +12 111 +11111p(111+11+/1)

(1113 +113 +122):
2 '7 '7 '7 7 :1

I71-1 +11-1 +174 -1-2(llI2I1_ +)1_‘l)3 + ]7_IIZ_)

By gii)‘, str dung bit déng thtrc trén khi thay .\"._\.Z. bdi ta cé
_

11' 2“ 1"
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1 4 |.= '7 : 1 3/; 1 ')_111‘ 4/>1 J1‘ 21‘: i(z1+1_+ .1?-"r1+_'(1 +1134
a"+a'+1 b +/2‘+1 (f +(=“+1 1F+u'+1 />"+/>'+1 1"+<"+1

(a:+a+1)+(c1:—u+1)‘(/13+/>+1)+(h:—/2+1)‘ (<':+("+11+(1'3—<'+11<4<3 7 + ~1—

(u'+c1+1)(z1'—a+1) (/>'+/>+1l(/>'—/7+1) (<"+<'+l)(1"'—1'+1)

@111 +_1+_lJ+|-,l+‘l +1] 134u'+u+1 l2'+b+1 <'"+('+1 \u'—u+1 />"—/1+1 ("—('+1/

Lz_1i s1'1'dung b§tC12'1ngL11L'1'c11'én. L11 c6 , I + _ I + q 1 21
<1" +r1+1 Ir +l>+l 1" +1-+1

Suy 1'11 1 I + 1 + 1 1 S3.\/f1ytz1c6dpcn1.
a‘—z1+1 l2“—l>+1 <'“—('+1

’ .1. -./ 0 . .Biii 4. Cho {CI H ( > .Ch1'1'11g mi11h1‘éng: 11+”: +l1+1/7: +1l+(: + 11+;/3 $4 (1)
abcd = 1 +11 + 1 +1‘ + 1

Ch 1111g min lz

, 1 1 .- 1 ls ,. , ., 1.--1.-‘-P-3.--1Xetham so f(x)= 2+ +L—1 \1o"1 .\">O.1z1 co /(.\’)=$l+)
.\" +1 2 - ' Z.\'<.\" +1)"

Déth£1yphu'o‘11gt1'111h .\-’ —.\‘ —3x—1 =0 chicdduynh§l111©111ghiém .\-H E (1.-'1].

do 116111 cé: f(.\‘)S111ax{_/'(1.)._/14)} = 0 V.\'e(()_~1]

V51 nhu‘ thé. ta di dén néu ca 4 $5 (1,1). C, d déu khéng 1611 hon 4 lhi ta C6 dpcm vi

VT(1):f(a)+f(/2)+f((")+f(zl)S4—-}7(1na+1nb+1n("+1nz1)=4

Néu I511 1:_:1i 1 sc‘>.ch:'1ng h:;1n 151 (12 4. K111 d6.chL'1 )‘1'§1ng vc'>'i mQi .\' > O, ta C6

.1-+1 21 21.1-1-17.1-+4 21 .1-+1 21
, = - s 3 , 5

.\"“+1 17 1'/(Y-+1) 17 .\"+1 17

Ti1'd£1y,lad11'c_>'cVT(1)S1+"_+3X21§_1+‘{+3X21=-1.
1+<1~ 17 1+4- 17

V.9f1y(11d1rQ'c chL'1‘ngmi11h. D511g1h1'1'c .\éy1‘z1<:> 11:/1 -1': <1 = 1.

B5115. Cho a] ,u3,...a” > 0 thoa min Cl1(I:0rl(l” :1.

. ; ‘ ~ f 1 I‘ '

Chllrng m1nh rang 11:1‘: +1 +\/11; +1 +...+\/11” +1 S \/21:1] +113 +...+a”) (1)

Ch 1111g minlz

Xéz him S6 f(.\-> = \/.6 +1 - 2\./'.;+L/\5—%J1n.\" mi .1-> 0
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,_ _

_ 1, (.\‘—l)1—Z.\':+.\‘-1—Z.1':\Z1.\':+1] ,,
Kh1do1ac0: _/ (.\")= L _ 1, ":>_/ (.\*):()c>.\":l

( _ 1 1 ,

.\‘\ 2_.\'> +l)(\1l\“ +\'_\" +1)

Qua 1 [hi f'(x) déi cléu 1E1‘ du'o‘11g sang £1111 11611 _/"(.113/'(1):(1.“v’.\">(1 '

~ , -1 /— 1/ \
Diéu as cé nghm 151 1.1- +13 21.1--1 _ -# 1111,17. v.1->0

_ 1

¢
J1

\ vi;
Su" dung b§11 ding thtrc co" so‘ nily chm 11 bién vZ1c@ng vé thco vé 11106

r— 1 \
VT(l)S\/EM‘ +11, +...+u”)— \/2 —¢l(1nc1i +1na, + ...+ In up)

\' 1

ll

=\/5(uI—1-(1: +...+(1”)—|(\/5—— ln (1, :\/2111, +11: +...+c1”)
\ \ =

§:]'_'

if:

V51)’ b§td§1ngthL1‘c du'Q'c chrng minh. Df111gthL'1'c ..\\3§"1‘a <:> ui :11, =1 an =1.

Nlzgin xét: B211 Loin Lrén cim cO lhé giéii qL1y§1 béng 111C_1l bfit d5111g lhtrc co‘ so" qucn lhuéc

\/.1-I +1 S\!5(.\'_\/F+1)<i()§(\/?—1j~.\Vv.\'>()

SL'1'dg1ng bit ding Lhirc Lrén 1511 11.191 cho 11 bién céng lgi £1106:

/"

VT(l)§\/E((11+a: +...+¢1”) _ —

+

,§1

1E4=

F1

\
/—

J S\/Z(ul+(13+...+(/H)

I

\Bai 6. [Algebraic Inequalities - Old and New Method]

fa,b,c > O . , , ,

Cho { . Chung mmh réng: :1‘ +12‘ +0“ +9(c1b+/7('+c'a) 2 10(a +l>+c)
a c =

Chzivlg minlz

Ta cn xalc dinh hé $6 k sao cho: (12 +91%“: (13 +2 21Oa+kln a . Tu'o'11e tu' cc hn tru"é‘c ta
' (1 ° ' p

tim duqc k = —]7 .Tz1 sé chL'1'11g minh: _/“((1): :13 +2—lOc1+171nu20
u

Théu V5)/' f'<11>:v1,_ 9 -10+ 17 = W -10“: +17“-9 i((I_1)(2c[: ‘8”*9)
' ' . _ ‘:13 41 (13 (13

Ta C6 f'(a) =0 <=> a=l.T£1'dz'1y.l£1 d§dE1ngth§ydu"Q‘c _/'(u) 2 ‘/'(l) :0.Va >0

hay (12 +2—1Oa2 —17ln (1. SL1‘ dung lu‘0‘ng I11‘ \'O'i b.c' 1'5ic@11glgi\'é1hc0 La C6 dpcm.
a

Ding thtrc xziy ra <::> a I I) = 0 = 1.
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B317 Cho cac so duons a I7 ( (1 6 f thoa min Cl/7L(/Ff =1 c un_ mmh rén_

,

"\

4)~

(

2*

rs

rs

2a+l 2/2+1 2<-+1 24/+1 20+! 2_/'+l
-1-

1

" ‘+u+1 /f+/>+1 +(+1 1/1+1/+1 <P+»+1 /1' "+1-

£2

~

~+

-\

C/I ling minh

, 0 . . .Xét hm $6 F('.\") :—j'\+1 +i111'1 —l vb": x > O. ta co
.\‘" +_\-+1 J

Fwy) —2.:'3 —Z.\‘+w1 1 (.\‘— l)(.\3w— 31': —.\‘— 1)

(.\“ +.\"+1)‘ 3.\' 3.\'(.\"‘ +.\‘+1)“

ChL'1 Y ring phuong trinh .\"1' -313 —6.x—l=O chi cé duy nhzil 1 nghiém xn e 14,12], {Lt dfly ta

dé ding suy ra duqc F(_x*) S n'1ax{f(1),f(12)} :0 Vxe (0.121

D0 dé. néu 1\1ax{u.12.('_(/.0.‘/‘}§12. La c6:

VT(1)= :F(u)+F(b)+F(c)+F(d)+F(e)+F(f)S6—%(lnu+1nb+1n<'+1nd+lne+lnf):6
J

Néu Mz1x{a,b,c.(1.c,f} 2 12, giéi sir (1: Max{c1./2_c'.(l.c*._/1} 2 12 . khi (16 véi chL'1 )7 ring vdi mqi

Dothi 12.1—+1 :1_7.\-13-5.\~+1g1:> 32.1-+1 S1
.\'“'+.\'+] 6 6(.\"+.\‘+1) 6 .\"+.\‘+1 6

DO'd6VT(l)s 72a+1 +5><7S.2><12+l+5><7<6
a'+a+l 6 12~+12+1 6

B51 déng thirc du'c_>'c chtrng minl1.Dzingth(1‘c xay ra <:> (1:12 : c I (I : 4» : _/' = 1.

1

Bili 8. Cho czic s6 du'o'ng u.b.<‘.z/.e._/“ thou min u/>ca'ej':1. chtrng minh ring:

7a—1 vZ2—l in--1 wd—1 111-1 7_/-1 so
a"+u+I b-+1>+1 <~"+c+l c/"+(/+1 c‘+e+1 f"+_/‘+1

Clzzhzg minh

I ¢-1 1- . , .-- -w‘-.-1-3;Xéthémsé F<.\-)=%,‘ -IL V61 .1->0.w c6 F(.\->=—1‘U1 ‘ 6‘ ‘+1’
.\'“ +.\'+1 3 3.\‘(.\‘2 +.\‘+ 1):

ChL'1),"r§mg phuong trinh —x3 ——6x3 —3.\'+ 1:0 chi c6 duy nhfit 1 nghiém 1'0 >%.
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tir dy ta dé dimg suy ru du'Q'c F(.\')S1nz1x{_/‘(l)._/‘"<%)}: 0 . Vx 2 %

D0 dé. néu min{a./2_<-.d.e_f} 2 % La Q6:

VT(l) = F(_a)+F(b)+ F((')+F<d)+F(e)+F(f) §l?(1nu+ln/1+ln<'+ln(1+ln@+1n_f) =0

Néu min{a.b.('.d.e.f} é % \'€1gia sL'1' (1: min{a./1.1". 1/.<*._/'} lhi 113%

Déyréng véimcpi x>O Lhi ,'\._l £ (x/?+1):l : 2 -1
-~"+1 (V/§+1)"+<¢:,+1>+1

1

Dodé VT(l)$ “'1 +5’ 3 -12 -1\<0
/

/_._

§
\

._.J__.

+>-

--'—' ,__.

+

+
U\

/—=

/
uflw

uz +c1+l

Bit ding thtrc duryc chirng minh. Déng lhirc xay rz1<:> (1:12 = c = d = e = f =1

Bili 9. Cho caic sé duong (1,1). c. c1.@.f,g c6 lfch bng l.ch(1'ngminhr§1ng:

ml —a+l)(/73 -/)+1><<~’ —(~+1><¢/1 -(1+1><@1 -¢»+1><’/"1 -_/'+1><g1 ~g+1>z1 <1)

Cluhzg minh

B§1d§1ngth\'rc(1)tu'0ng du‘0'ng v<'>'i 2ln(u3 —a+l) 2 0

(“S4

Xét him 56 F(.\')=ln(.\"3 -.\-+1)-.\-+1. Ta cé F'(.\~)=’——~("',1)(2_i‘)
.\'_ -.\'+

Tirdéy,1a cc’) Fm 2 mm{f(1),f<2.75>} =0. Vxe <0,2.75]

D0 dc’) néu czic $6 a,b_c,cl_e,f,g khéng vu'c_>‘t quzi 2.75 La cc’) ngay dpcm vi

Zln((12 —z1+1)=ZF('cz)2Z(1—¢1)=O

Nguqc12_1i,gia sir 16:1 Lai a 2 2.75. Khi as, cm; y rang .\-1 -.\~+1z% Vxe nén

Zln(zz2 —a+1)2ln(a: —a+1)+(v1n%Zln(2.75: —2.75+l)+6ln%>O

Bit ding thtrc duqc chirng minh. Bing thirc xéy ra <:> a =12 = c : (1: e = f = g =1.
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VII. U.C.T MC’ RQNG

Nguy Iir phn m6‘ dau chilng 1:1 d din V511 dé xzic dinh hé .\6 nz lhco bat dang that

/z(u,)2_/'(u__)+/m1'L +n \"6'i diéu kién cuu bixi loan 121 :1,“ +uI +...+z1f =11. Tu§ nhién czich xzic

dinh d6 déi \'6'i mQ»1 $6 hili loan lai kh6ng hiéu qua. Diéu d6 cflng kh6ng phai hoim loim I11

khéng t6L. Vi n6 sé lh6i lhflc chfmg la tim 1'11 czic dang xaic dinh hé s6 khzic. N/16L czich true

quan chdng la sé phfm tfch m{>1 bai Lozin cu thé dé thy CIu'6‘c nhfmg gi d duqc néu ra 6't1'én.

>0 [
F

./. '

l Bai1.[Tap chi Crux, Canada] Cho Ju ; ( .

50+/)+('f-3

Chimg minh: —;+HL+~1—~Si
9——ub 9-/><" 9—u(" 8

Clzzhzg minlz

siéu du tién la Chllg ta nghT aén viéc xhiét lip m©Lb§td§111gthU'c ¢@- $6‘ dang

——8— S 1+/n.\'+/1 :> ——8— S1+nz(.\'—1).tirdédgrdozinm= l.
9—.\‘ 9—.\‘ 8

Nhung rat tiéc v6'i I71 =% thi bat dang thtrc trén hofm toim khéng dljng ké ca 1u' urdng chiu

trudng hqp nhu' 0' phn 3 cfmg khéng Lhé zip dung du'Q'c. Thét xéy \'6i mzé L21 c6

8 S 7?‘ <:> OS — (lg l)_ . bit d51<1ll1L'1'c niw khéng lu6n dimu.
9—,\' B 8(9— Y) “ ' “

Tuy nhién la c6 lhé sir dung U.C.T \*6'i m6l 3" luring m6'i me hon bang czich thiél lip bat ding

thirc co" $6‘ sau: Z)-—8—— S 1 +m(.\‘3 — l)+11(.\'— 1) (‘*‘)_ Y

Viéc xzic dinh hé S6I1‘Og bit dang lhtrc trén am hm su‘ chit Ché l1'0nglf1p man vi am khi ndi

l6ng mién nghiém cua bién sé khién cho bai toén khéng dimg. C6 nhiéu hé $6 thoa min de‘-130

thiinh dgai luqng binh phu"0"ng (.\'—1): nhung la phai xéc dinh sao cho dau cua bat dang Lhtrc

("'") lél dang. Ta Q6: (‘*‘) <:> 0S(.\'—l)[/n(.\"+1)+n—T1] (**)_ Y

TU‘ phzin tich trén r6 rang ta phai xéc dinh n thco m sao cho xuat hién nghiém .\' =1 dé hinh

thé-nh dai1u'qng(.\'—l)2.t£1'Clé1n1(.\'+l)+n—§L =0 <:> 11 =9i—121(.\‘+l) :> 11 =%—2m
— \‘ — \'

Thé vao la 06 (’*‘*) <:> O S ('.\‘— l)\:1z1(.\-+1)—Z111+%_9_1+ <:> () 5 (_\-_1a)3(72,,,_g,,,_\-_1)
\

D5 thay rang viéc xéc dinh hé 6651; khéng ciwn don gian nhu" L1'u6'c. N6 déi hoi la phai tim

ra nhfrng Lrdc lu‘Q"ng chat ché dé bét dang lhtrc khéng déi chiéu. SLY dung diéu kién

a.b,c>O A.

ta c6 dunh gla 3>max{u1>.l>c.<-u}Z0 va con co the lam chat horn nua:
a+b+c=3

%21nax{ab,bc.'.ca}2O. Tuy nhién d6i v6'i bai toain nil)’ {hi chi can sir dung diéu kién yéu la

3 > max{ab.bc.c'a} 2 0. B51)/gié>"ta can xéc dinh hé $6 m dé b§1td§1ng1h£1"c trén dang Vxe [0:3).



866 PI1 umzg plzcip 11;? $5 bfh‘ d_inh

Néu m < U [H1 \'d'i 1‘: (J L11 nhzfm dL1'Q'C mél hl déng thtrc ngu'Q'c chiéu. \’;j) Q6 lhé dgr dozin m 2

()_ khi G6 71/11- I — Xuzx Z 72/n — 1 — Z-1 I -L8/11-1

. , \ .. Q _ . 1

Ta can co -18/1121 <:>/112 L) . \/51)" ncn tn sc dgr doun m I 7_ :11: L.
-15 -LS 12

.. _ , . 4 . , ,.
Ba) gm‘ lu se1hu'cl1u"ng mmh hal dang {hut co's0'd1|11g \ 0'1 HI 1 $111: ll;

, _ , 8 _\-1+-n+4? <.\"-1»3<_‘—y) , .

Th£_1t\'§1y1z1c0: —— é —il—‘ c> 0 3 ~—+‘—\* tluon dung»
9 — _\" -L8 -W‘) — .\")

Ap dung bit déng thtrc co" sci‘ lrén \'O"i czic bién ab./)c"_<'(z [L1 cé:

1 1 1 I , 1 ~ . \ \ f
+ + S I ((1'l7' +l>'(" +("“u' +-lu/1+-1/90+-1¢"c1)+i:

9-u/2 9—/7(‘ 9—u(' 48 16

Ta cn chfrng minh: u:/23 +11%: + (la: + -la/2 + 4/n‘ + -lc'c1 é 15 (Z)

Dél k Ia/)+1>("+ca. zip dL_1ng bl dng lhfrc All - GM \'21 bl ding lhtrc Sclzur L21 Q6:

4v—9
- k S 3.0/n" 2 x11;1x{()_—'¢—} . Ta xél hui t1'L1'>'11g hqp muj

+ Truimg hop 1. .\’$u 4x S 9 lhi

\/T(Z‘) = (uh +/20 +<'u): +-Hub» Inc + m)— (Ml/7(' I /\"\ + -l/< — (wu/20 S $61 +9 : <15
1

+ Tru'O"ng hQ'p Z. Néll ~l.\' Z 9 (hi: \'T(Z| = (ul7+/)(‘+ cu): +-W1/2+/>('+:*u)—6<1/7:"

=/<1 +4A~_(»u/><-$16 +-lk —2(-lk -wzm —l)(k -3>+15§15

B€1td5ingLhL1'c duqc chtrng minh. Déng thtrc xa)" ru khi \"Z1chi khi u =12 = <' I 1.

Tiép thco chimg [Oi <6 khng di vim chi Liél mil chl dun ru czich Lhiél lip bit déng Lhrc co‘ 50'

mét czich khzii quail. Chung 121 héy dén \=é'i b:71i tozin suu

W

E1
IQ

[Moldova TST 2005]

}Vc'l.b.(‘ > 0 ; 1 ] 1

Cho 4 \ ‘ . Chung mmh rang: i+~i+—; $1
Lu +11" +<- ‘ : 3 -1 — ab 4 — />(' -1 — vu

Ch ling minh

,. = f\ . ? 2.-1+; 12 <.--1’?-2»
Vo'1OS.\‘£3tz11u0nc0 —,—§1\i_\;<:>()§\j_L(—3—\—

2 -l—\' lw l\(4—\')

Lai c6 mz1x{ub.b(".<ru} 2 < nén la c6

3 3 3 Z(u:12:+b:(‘2+c3u:)+z/12+/7('+cc1+36
+ + £

4 — (I/7 4-/71" 4 — ca 15



Clzu'0'ng V: J/[git 5'5 scing tqm vé bfh‘ airing thzic R67

Ap dung hit déng Ihfrc AM - G)/I vi CSB t;1c<3

~ w '»~ ~ \ < - ~ ~

11'/2' +/>1" + u: Su‘ +17" +r"' =3 1 <1/1+/><" +<‘u §\'3(u:/J" +/13¢" +(":</31$?»

Cimg ctic czic bt ding lhtrc co'sO'11‘én vé thco \'é I11 06 diéu ph2'1ichL'1'ng minh.

Dng 1h(1'c xi} ra <:> (1 :/1:1-: l.

Nlzgin xét: D51)" 1'51 rnél bi todn khéng klw \é Q6» nhiéu cdch tiép czjn khzic nhuu.

Ap dung bél déng lhL'1'c qucn lhuéc suu L + I 2 %— \ 51 bail déng (hire A.\'I — G31.
.\' \‘ _\‘ \"

Tac<'):l/ ‘w+1 _i/ T‘ ,\z_ 3 = 1 .v.1E0;2.2L 4_(,~ 4_/,~, 2L8_(,-_/,-V,’ 8—2(1/J 4-017 ”’ L j

_/

\/

Qui biai tozin vé chL'rng minh %“_+—]~—_+~A1 _ i 1.
-¥—<1“ 4-12" 4—<"

SL1‘ dung bit ding lhirc co" so‘ suu % < Alla.
4-113 _ 18

1 I> 0 , . 1 1 1 1
~213. Cho / , , _ _ . Chu'ngm1nh: + + + S Z (1)

(1 ‘ + > ‘ +(' ' +d ' I -1 3 — (1/av 3 —/2rd 3 — cc/(1 3 *4/u/2

DU

(L/7. (zz

I /

Ch ling minh

D51)" lél mét béli toén khé \'i \*2_“1y \*i<_§c thiél lip hé $6 pha'i cn nhfmg dénh gié chit ché \é suy
luén hqp Ii. Chung ta héy cimg phim tich con CIu'O'ng di dén 1O‘i gizili cuu béi toém nély

V 7 1
Ta sé xéc djnh hé $6 /21,11 sao cho 7-Z— é 1 +m(_.\"‘ — 1)+n(.\'— 1) . Vxe O;—8~

_>—.\' 3x/§4

Nhu‘ CI5 phzin tich O"n"éntat11nra /1 = 7]; — 2m . lkhi dé ( 1) <=> (.\'— l)2((vm -1 — Z/rm‘) 2 O

Z~
@410

.1; ___/
DO‘

D5 théy I77 2 () :> 6122 — I — Z/n.\"2 6/21- l— /n._Ta cn c6 6/n—1———/212 O <:> m 2L
6 _ i6,

3\/E

D0 nén ta chi cn cé IlIZ1i4~.Vé1yChQI1 nz=1—5/in/z:—l%

s 5 '

:> B§tdénglh(1"c co sot 2 £ Sr _3X+12 <1; ()3 (A-_l)_(8_)5'Y) chine VxeI:().%]3-1‘ 14 I4-(3—.\‘ y V

Sir dung bl ding thirc co sci‘ vdi chin y max {al1c.bcd.cdmdab} § —8T suy ra la Cain
3 3

Chfrng minht 5(a2l23c3 +b2c3d2 +c3d3a3 +(/3112/92)——3(ab(.'+lJ('d +c'(1'cl+¢1c1/9) S 8 (2)



868 l’l1u'0‘r1g p/nip I247 $0, bfil zijlzll

C15 Ilzé c/1z2'ng mi/1/1 In?! dd/zg I/uh‘ Irén /uhzg /I/Iiéu mic/1. Sm! <T<Ij-" xizz rrin/2 /2(1)‘ nu}! (‘tic/1 z/z_m

\'[m k_\‘ I/Illgif /If/In /Oi.

- 1 ‘ \
. 1 /7 ~ ~ 1 ~ 2

Dél 1" I %_/\ ‘ = = u/2.)’ 1 <1! khl do. In co I‘ 2 .\‘./<' 2 ‘\".

B:511dz'mglhL'rc(Z) <:> _}"(.\') I I().\‘:/<: +1O_\'31‘: —3.\'\!/Z_\'+ Z/<3 —3_\'\,/Z.\‘+ Z1: ~8

'\ _

Tu c6 j"(.\-):2()k-3 +'T;-37.-; 20 3 _r'<.\-> 121 hilm 1C»i 3 _/'<.\-)§m\{_,»(2,1)__/40)}

\x‘(2.\-+211)’

Ta c6 /(0) =(,\~1¢2 +1)(’>_\-M2 -:4) so do _\-W2 g -L <§
J 2'

'11 /

f<f>:1<>y%’ -(»_\~1+1<>AH3 -31\2_\~+2/6 -8 1 g(_\')

Tuong Lu nhu‘ trén ta cfmg cc’) g(_\') 151 hilm liwi nén g(_\") §nmx{ (/<3)

'12

7:
/*\

/\
\_/

V
._2,,

Ta cmgcé 54(0)=(k1+1)(5m2-8)s0 do A-1\0_2§_3:<§

2»;

4_

14.)

Ll

g(z:)=-l(k1—1)(5l<z+l)£() do l<1\’5 §L;i=1

Vgy b§l déng thL'1'c du'<_>‘c chfrng minh xong.

Nlzn xét: Trong lb'i giai nil): chfmg la lhiy nhfrng dzinh gi linh Ié cuu U.C.T déng vui U0 151

n"1©Lbi1n dqp quun trc_>ng dé di dén lO‘i giai. Tiép lhco chimg la sé lhfi)‘ du'Q'c sL'1'c manh cuu

U.C.T. qua Z ldi gizii déi lép nhuu déi v<5'i Z bili tozin cfmg déi lzip nhuu vé min; dc} manh. yéu

Clla dzinh gm bém déng mu-C.

Bi1i4.Ch0 c1.l>.c'.z1e R thou min u: +12: +<': + 4/: :1.

1

Chimg minh I + + 1 + 1 + I + I s 8 (1)
1 — ab 1 -120 I — (‘cl 1 — (la 1 — ac 1 —/X1

Chxivzg minh

: ,: ,4 \ 2 2 2 -1 \ 1 1 3 ,. ‘\'2+Z:
B0 de. Neu .\-. \'.: 2 O \=a Z.\" + \‘ + 3 S— [hr ——+-iSi vol 11: i;——i

. . ~ »,

J l— .\_\' 1 —.\': 1-.\‘u -

/ \.+_\" '\.3+_2\
C/zzing mi/1/2: Thin vziy. b§1Ldi1I1g1l1(l'U <:> | 1—.\-~=%' |\1 1S(1—.\-_\")(1—.\‘:)<:>

\ /Y /*i, F"?~ \ if 1' ~ 1

\'+; \"+;‘ 1 1 { \"+;' \'+; \‘+; \'“+:f \~‘+;" \'+:,
17- ‘—-—.\" — _\‘:,\'“ Sx ' O — ' A<:> ' ' 7 .\'— _\‘:,\‘S.\' '—~i —'———

2 2 \ 2 2 ,~ 2 2 2\J 2 2 ,



CIlu'1)'ng V: A/lg?! $6 sdng tqm 115 blt r7(?_g 111121" - 56*)

<:>\_1v v\ .v1| ;_\ +__ __\+_,|<:_\ +1 !‘+\‘
Sim» » » ~

r- , -1 v _-S -_ i——¥\. 1 , \ . _ .'_/\.+_" I /.+_‘.'1.- _~ ._1 .3 _- _ _

_ _. ~\ ;_. ._. ._. _

1 I I
_\ +.__: 3 " I I ‘+'—.\‘(_\"—\.) 1F x(_\"+:) (_\'—:) (\"—:)' \\{ 2 +\("\ I<=»-¢§-|1-

4 41 ~

(3)

*:> ‘ ~ S S0 (2)
- —' " " 1' .' _"_ 4 .:\‘2+_‘_' \‘+_"_

1 +’ * 4-’X2: \:'2
: ~ » -

\ +__ \ +_ '\ ~ ~ '7dung \/1 u2‘—;— \'z1 do do 3.\'\/'iq— Sl<:>,\"(_\"+;')S$

Nhung bit déng lhfrc nily dfmg vi 2.\-2 + _\'3 + :3 S B6 dé du"c_>‘c chfrng minh.
J

/ip dglng: Girl sir 1:12 -17: \4 2 1 2 \ : : 3 : 3_ dqt u +12 : Z.\" V11 (' + zl I Z_\‘ 3 .\’ + _\' = %
J ._

/\

, 1 ; A , 1 1 2 \ 1 1 2Su dune bo de trcn. ta co + < _\'z1 + <

V12

h l—ac' l—ad _ l—u\' l—/70 l—ln/ _ l—l2\‘

_\'3 +412 +113 = 1 < 3 nén lheo b6 dét1"én.lz1c11g cé 2 i~+—l—\ Si
3 l—uv\" l—l2_\' l—.\j'

., , 1 ; , _ 1 1 \ 1 ITa su' dung cac bat dang lhu'c quen thuqc S , va S ,

:>f

Bit

1-1117 l—.\" l—('z/ l—_\"'

4 l l . 4 l(a,b,c',z1) S——~+—-—;+?_. Ta sé chimg mmh »S+ --~~,—+i~, S8 '

l—.\1\' l—.\"' l—\~- 1-11" l—.\"' l—\~-

1:13»./3%, khi d6 béit déng thtrc @141-111411 -/+1130 (lu6n dng)

Bili 5. Cho ', 7 , , . Chirng minh: + + + S (1)<1"+l2'+(-'+(1':] l—(1l; l—l>c 1-04! l—da 3

{a.b.c,de IR ' 1 1 1 1 16

Ch zhzg minh

Tucmg m czic bi lru'c3‘c. ta thiét lap duqc {>51 dang um L s 32.11 +10 . v.1 s l ‘

Ti1'dy.ta suy rz1CILrc_>'c VT(l)S?(u3b3 +12%: +03:/2 +rI:(13)+4T?

OJ

Din

‘cu

g lhirc x2'1y1'u<=> (1:/2=("=zl:i%.

l—.\' Z

11LhLm.LhA.mmLL

K7

:__(a~»»~40s~~~~~401(>' +(."')(b‘ +4/')+?S6(u' +b'+('“ +d')‘ +T)=? 3(1dpcm)

Nhfin xét: R6 rimg bili tozin 5 manh hon hn bili lozin 4 vi sir dung‘ 5 ta 06 ngay kél qua c1'|u-1. ~

Ngoiai ra. la cbn cé min caich “linn manh" khéc cho bili lofm trén.



W/(1 P/Iu'u'r1g;2l1zip I16 $5 [nit r7_ir1l1

1 \Z/ (
I

1

iii (1. C110 41./'1.1".¢l' E th0:1111Z1n 11' +163 +1‘: +11: :1. Ch1'1'11L~' 111i11h1"§111;l:

U5

_+ _+~ 1+ 1+ 1+ <38
1_(z1+b‘)‘ ]__l1;('w' 1_(':("~§¢1)' 1_<c1§u\)‘ l_(11§<')_ 1_(/74511,)’

1

Ch ting milzh

B511 101111 nily d du‘Q‘c ban Zhz1oB111 dun 1'11 11161 lb'i giai 1511 d¢p b§111g czich $11‘ dung 11:11 ding

1h1'1'c CBS. O‘ 4151)‘. chL'111g 161 xin d11'Qc gidi thiéu 11161 1611 giai khzic thco lu' lu'0'11g L'.C.T. S11

dung bl ding th1'rc 1101111 bZ1i. Lu 0111 0511 ch1'1'11g minh

((1+b)"' +(u+("1‘ +(u+d); +(/1+<")4 +(/7+1/1" +(('+z/)4 S61

Thétv§1y,1a cé (a+b)4 I 2((14 +11‘ +(1u3b3)—(u —/>1‘ § Z(u4 +/1* +6u2b3)

Tu'0'11g 111 vdi czic $6 hz-_111g cim lai. 111 suy 1'11 du'<_1c LHS S (1(u3 +11: +1-I +1/3): : (1

B51 d§111g 1h1l1'c du'<_;~'c chL'r11g minh xong.

Thzit 111 nhién. cu hoi sau d11‘<_)"c defu ra. liéu bé11dé11g thrc $1111 06 d1i11g‘?

B5117. Cho a.b,c.z/ E R th©z1mi11 a3 +123 +1‘: + c/3 :1.Cl1[r11g111i11l11"§111g:

1
1 1 1 1 <16

1+ 1+ 1+ _.- _

'(1+[2\' {b+("~'_ 1 1/(‘+1/\1“ 1 “r/+u‘“ 3

~ 7 / |\ 7 / \ 7 J1
,

} 1_111_1 _1 _1
1

L111

1

Thét néc 121 bé1<1émg1hu-C 11Z1ykl16ng dflng! va-1 vi (111 11: 1; = 0.4 11:1 1- = (1: \/0.84.

__ u,b.c'.d 20 1 1 1 1 1

B2118. Cho . Chung mmh rang + + + $1
c1 +12 + c" + (1 1 4 5 — abv 5 — /J('(/ 5 — ("(111 3 — dub

Clz 1?/ng milzlz

T21 c6 thé thiél lzflp 61100 b§1td5111g1h1'1'c suu é .1‘: +.\*+1(). V2 2 .1" > O. D0116:
_ — 1"

+, Néu n1£1x{abc,bcd,cdc1,(/ab} 3 2 1111 su" dung bét déng Lhtrc trén. ta c511 ch1'1':1g minh

azbzcz +b:c3d2 +c:d:a: + clzuzbz + abc +bcd +1110 + dab S 8

B§1a=1ng111u:¢ nay C6lhédéC1§1l1g Chrng minh bang C1611 bién, EV hoéc ham 161.

Thét veiy, khéng 11151 11'11h téng quilt. ta cé lhé gizi s1'1'1"é11g (121) 2 C 2 cl. D51 f((l,l),c, (1) 1E1\'é

trzii Qua bit ding 1h11'C cn chirng n1i11h. T1"u‘O'c hét. ta sé chirng 111i11h 1":§111g f(a,b,c,(l) dat gizi

tri 1611 nhét néu v21 chi néu u :19 = c. -'

Néu a > C.[z1 xét hiéu /1 I f(r.,b.r.c/1—_/‘((1./2,('.(l). trong G6 1: 1¥.T11c6:



Chmmg V: Mg?! 55 .\:(iIIg rgm 1'5 I161 zirilzg tlz1i'c \_ §

/1 I%1¢1—¢‘):(/1+1/)—%(u—1"1:1>:¢/3 +1/1: +1/'\ J{j.%§111+<'); —11;<":)

2%(u—(‘):(/2+1/)—%(u—("):h:¢/3 I%(u—¢‘):(/2+d—/2:1/3)

z§<11-1-111<1>+(/-/11/,1z%<(1-<->31/1-/)1/>21)

Diéu nily cc’) nghfa 121 néu (1 >0 [hi 111 c6 lhé lhuy a,c‘ b<'>‘i dé 06 giai 111 ldn hon

cL'1a f((l.b.(‘,(/). W511 khzic. gizi 111 1611 nhl chic ch§1n 1511 l:_1i. \"Z1 £11‘ d6. I11 suy 1'11 gi(1 111 km

nh51t d§11d11'Q'c néu \'Z1ch1' néu :1 I /7 I 1'.

Tiép lhco. Lu s€ch1'1'ngmi11l1 A/'1r.r.r.(/13 8 \'didi§11ki§*11 3/ +</ I -1.1 S 1 S
3

Ha)/15113 +314-31111 +1“ +314-31111‘ §s<=>4<2+41+.111 +41‘ -v1‘><1-11’ 2().T;1c(1

_/

\/
I.

1_

J

JJ

I

1.

1 4 /2 4 3 4 _ 4 . 4 1 ,2+41+31-+414 -71*=1* -J . -_+--1 _ | 4+ .4 ,4 -71=’ z0+.x1e11
\1 1 1- 1 11431 1431’ 1431- (431 /.1 128

max{abc,bcd,cc/(1.110/2} 2 2 v21 gia $11 (11102 Z. khi J6. ch11 )" ring \‘c'>'1 moi .1‘, _\' 2 O..\‘+ _\~ S 5.

mc6l+_ I __l __l .\_\(IO .\ _\) 20
5 J—.\'—\' 3—.\‘ J—\" 5(5-.\")(5—\")(5—.\"—\")

<1
,———’+—\

>1»-

'/.

1 1 1 1 1 1 1 1 3 12‘)Suyrz1%++£%—+: I>_ +_ +_ §_ +5.
3—.\' J—_\" J—.\'—_\‘ 3 3—.\' D—_\‘ J—: 3—.\'—>\'—I. 3 4+_\~+:§5

Ch1'1 )" ring Z(<1:l23<': +u/21*) $ 8 v51 (1/)0 2 Z 11611 bcc/+04/z1+¢/(1/>< 5. do dc’)

L’\(

1 1 1 1

5 — bad 5 — czla 5 — dub 5 — d( ab + be + va) 5

- A . . 1 1 3
Ta can chung mmh: _i+7—i——-— S 3

J — (1170 3 — (/( <1/7 + /20 + (‘(1) J

,———-I »—Bil .\' I 4-11 do (1170 2 2 Ilén -1 2 .1‘ I c1+/7+1‘ 2 341'/11/>1" 2 3-

Thco bét dang 11111-C AM - GM 1111 11113 $7.1-“.1111 +111-+111 s 5.1-’
J

. . I 1 ID0 dé. ta chi cén ch1'1'ngm1nh ll-IS;
_5 ,2 35-271 5 3.1 (4 .1)

Hay f<.\-> = .1“ -4.1-~‘ I801‘ 43611.1-1 -(>75 3 <1

Ta cé _/"<11: 6.1-‘(.1 -41+ 4.1-‘(.1--12) +481-<15 - 4.1-1 < <1

4 * ‘TSuyrz1f(x) lZ1hZ1m nghjch bién. do (‘I6 _/'(.\') 3 f(3x‘/2)= Z7(-'l8\/4 -77) < O

Ti1'd€1y, 1:106 dpcm. Déng lh1'1'c X51)’ 111 khi \'i1 c111 khi u I /2 I 0 I (1 I 1.



S72 Pl111"11'ng pluip Iz;7 3'5 I111! u'_inl1

Eli 9. Cho u.b.1‘€ R lho'umf1n :13 +1): +1": :1.Ch1'rngminh ré11g:

E11

1 1 1 9g V
1 + 1 + 1

3+0‘ ~Z/)1’ 3+1?‘ -1111 3+1" ~ Z11/1

Ch 1211g nzinh

, . \ .. . 1 s 9.-1-12.1 4?
Ta sé chung mlnh ring vo'1mc_>1 .\-e [-1.1] lh1 i-S;

3,+.\' 16

That véy, C6 9.\" —1Z.\'+-13 8 :(.\‘+11(3.\'+1)' 20
16 3+,\- 16(3+.\~)

Sir dung bit ding tl1L'1'c nil)". \=(3‘i chL'1 )7 ring {<13 — 21211123 — 21"u_c"3 — 211/216 [-1.1] . 121 suy ru du'Q'c

s 1 . , 1

Z-—,-—s—Z<91<1- -21><~>~ -1211- -21;<»>+43)
,.\., 3+0“ — Zbc 16 W.

Nhu' vg,y_ 111 @111 cn chfrng minh $219111: -21%-)1 -121111 - 2111-) + 431$ 9

@3204 +3Za2b2 +2Zc1:l2c"—4Zc1/2(u: +l72)2O
£'\(' <‘\’1' ('\'1' ('_\’l

<=>%Z:(a—b)Z(3(1+3b—4(')2 @721-’<¢1—11)1 20
r'_\"<’ “ 1'\1"

Bé1td§1ngth1'1‘c ny hién nhién dimg. Véy ta cé dpcm.

Bing thtrc xay ra <=> (c1.b.c) 1 —] 11056 (r1.b.c) :[—— —— ——

/i7

4
u

4\
_u1~

.4!_

DJ]

3!._-

bi)‘._-

<_
uM

%.../

v|||. KY THUAT U.C.T. TRONG BAT DANG THU’C LU’Q’NG G1/I\c

Trong czic phn tru'd'C chfmg ta <15 th§1_\/ du'Q'c \'z1i lrb Qua U.C.'l". lrong czic hit ding thL'1'c dqi

s6. Thé nhung déi vc'>‘i czic bin tozin 1u'Q‘ng gizic 1111 $110? Chfmg 111 sé 11m dnwc ngay 161 giai dip

vé sfrc mgmh cua U.C.T. trong phn nily. T1‘u'é‘c hél chimg ta quan {aim dén ménh dé quun

trqng sau dy:

Ménh 022;

Néu f(x) 151 him khéa vi béc 2 v51 161 lrén khozing (1a1_ /2) 1111 f(.\')2f(_\“)+f'(_\")(.\'—_\*).‘i\1 _\"e(11.b)

Néu f(x) 151 him kha vi bélc Z vil 16m trén khoang ((1. I2) thi j’(.\‘)Sf(_\")+f'(_\")(x—_\").V\‘.ye (1112)

Ch lhlg minlz

Nhén xét: Ménh C15 trén 1Z1m<}t hé qua’: truc tiép cua dinh 13'" Lagrange:

Néu .1-= _\~ [hi bét déng th1'1"c 11-<>~ 111211111 dang thtrc.

8 1



Clluwirzg V: .\Ig3t s1§ sri/lg rgm 1'15 11111 17111151 I/112? \_ 3

Néu xi _\‘ 1111 111co 1111111 1}‘ Lagrange. 11311 1:11 1 sd 111111‘ (‘E 1.111“) (110510 1'€1_\'..1')) >110 c1111

'.')— '1 '1 _,V/(1) v/1):./(H
.1"—\"

+. Néu .\'> _\" .1111‘ 11{1_\ (‘G (.1'._\"). do _,f'(.\’) 111 h£1m 161 11611 ,f' 1.11) 11611; h1é11.1111d<1

. .1 1 ) /1 1 _ . ,, .j ((*)2_/'(_\').s11y1'11 !+\~2_/ (_\"1c>_/(.\")2_/1_\")+_/ 11")(.\"—_\") (11111->1-1
.\'—\"

+_ .\1éu >1‘ > .1" 11'1c 1151)’ we 111.1’). do f(.1') 1511151111161 11611 _/”'(.\') d1“>11g 111511. do dd

_/1.1‘) —_/'11") ., , . .,f (1) S _}‘ (_\‘). suy 111 1?§ _/ (1') ¢> _/ 1.1") 2 _/(1) +_/ (_\')(.\'— _\.') 1110.1-< _1‘)
.\"— 1‘

Turing 111' 111 Q13 ké1 qua khi f 121 1121111 16111 1'51 11151111 dé d1r1_1c c111'1'ng 11111111.

Hé qzui: \/('11 11)" 1huf11 U.C.T. 11111111 11111 >1‘) 1h11'c /1' \z10 C111) 11:11 ding 1h1'1'c 1/1.1") 2 /<1.\"—C1)+111

cd nghiém b<}i .1" = C! 1111 hién nhién 11100 111é11|1 11511611. 1;1\11_\' 1‘11c111‘1_1‘c k : _/"((1). D51)" 151 11161

1051 qua khzi 1h1’1 v1\"Z1c611111éu 1'1"11g dung.

Cl11'111g 1:1 hy xét 11161s6 1'1’ d11 dé 151111 1'6 diéu 11511;

E Béi 1. C11o1;1111 gizic ABC. ch1'1'ng 111i11h1'§111g: cos.-1 +111» B+ 1‘o.\‘(" S‘—;
_

Ch ling minlz

Nhfm xé11"§111g d:'111g1h1'1‘c xz'1y1‘z11\'hi \'Z1c1111\'hi A = B = C I §
,7

Ta c§1n1h1é1 1:_'1p 1151 d2'111g 1l11'1"c cosx S /<(.1"—%)+%; 1/.1e (0.11)
J _.

Xé1h51n1 _/'11") : c0s.1‘ vdi .\'€ 10.71‘). 121 06 _f'(.1") = —.\i11.1' 2 I —%.
3

, 3 1 , . F . .do d01z1d11"Q'c /< =—i;~. T11 can ch11'ng111111h cos .1 § —‘/T’1.1"—§)+% . V1"-2 (0.71)
_ ' _ 1 Q _

Dy 1Z1 111cf>1 1151 ding 1111'1'c \'1111 11611 quun dén czic "d;1i 111'Q'ng" 111'Q'ng 91:10 \"11'11 11611 quun dén
bién 1111_1'c nén 121 k11(111g 111é s11'd1111g bién 1161 111‘0'11g d11'1>'11g 111111‘ czic 11511 105111 11‘11'15'1‘ 11121 phai >11"

d1_111g 11I_1O hZ1n1.

1; 5;, 1 1
X61 g(.1‘) =c0s.\-+\’?J(.\'—§)~% . T11 ed: 111.1"): x—j—s111.1'=() <:> .1‘: g v_\' :'—,nj _'§ j
Ti1'di1y. hing czich lip bang bién 1111611. 111 dé dimg suy 1:1 d11'1_1'c

g(_\') 3 11111.11 {g<§).g(T£)} I 0 .1716 ((1.71)
' J

S1'rd1111g b§11 ding 1h1'1'c nZ1y 1511 1u'1_11 vdi A,B,C 161 cfmg 1z_1i. 111011

3 15 3cosA+cosB+c0sCS;—T(A+B+C—1t1=3

B§1dz'1ng1ht1'c d11'Qc c111'1'11g 111i11h. Dé11g1111'1'c x21y 1'11 khi \'£1 chi khi AABC (1511.

1’

.;J

J<\
,»1

Ch01z1111<1iz1c ABC. 01111112 11111111 15112: 5111A +si11 B+sinC 3

W E!

IQ

1

F



R74
I’lzu'0‘ng phdp I1? 513' bf}! Jjnh

Ch ling minlz

Tu‘0'ng In nhu' lrén. ta tlnél lip du'Q'c hl dim; thtrc .\iI1.\' S >

J,»

'/.

Th2§t\'2_1y. xét helm $5 _/‘(.\") = .\"in.\'.la1c6 _/'”(.\') : —sin_\- < 0 Vxe (OJI). s

4/'<.\-> 2 _/"<.\->(.\---E) + : . Vxe (om

Til‘ dfly, SL1‘ dung ln 1u'Q'l \'é'i /\.B,C réwi céng l2_1i. Lu ca’) dpcm. Ding thtrc xay ru khi \'i1 chi khi

tum gizic ABC déu.

‘w
TE ‘ \‘-‘ V‘—*:~*,'f . TIE
\

l.l\"I'l1

(U.TU

” <n

\

Eli 3. Cho tum giiic ABC . ChL'rng minh ring:

—sin ‘gw(l+c0s (1—.<in [§)(1+cos€) t1—sin€“1+c0sg)>w+\/IH)
+~ + __ 3

A

)sinA (1+sin"\) sin B(l+sin B) _\inCkl+sinC
Z 2 Z \ 2 Z Z

Ch zhz g minlz

Ap dung bét ding thtrc CBS. ta C6

T{l—sin ’Q‘)(l+c¢>s

F/T

l—si11'§)(\1+c0s’§H

' ‘ _ V-L" <2)

)
4.. ,

‘

W sin A Kl+sin Zsin (1—sin +c0s ‘;\Hl+>in

Su7dL_mg b5tCI§ngthL'1"c A1\/I-GM ta cé: sin — sin 2
1—sin

TLIO'I1f_lIL_1',[Z1 cé SiI1—€j—(1—.\‘iI1£2;—) éli 1 .<in%{1-sing) éi

:> Zsin%(1 —sin%)(il +c0s%)Ll +sin%) £ +co,\%)(l +sin%)

=%{3+Z:sin‘—g\—+Zcos%+%Zsi11

.1.)

JQ
J)

_ChL'\ )7 ring: Zsillig 3%. Z0054? é‘-‘ _ Zsin A 3 ‘—;
<"\"4’ '7' "' ‘\< “ '/' < 1

'

:> Z:si11%(?1—sin-’%‘)(l+cosé)LH-sing)§§(3+—

\)J

{ n.

_/J

JDJ

+
Lu

J

1
16

I? . -
>

A A A A 9(w+
Zsin/*(l—sin )(1+cos )(1+sin ) ~ \

7 1 1 2
tn" " "' " ‘

A
JJ

+
U.»

4~__/__

\>3>

A

Z _ _ /_ »_ Z

'w

J4ZL

\ 9(7+\//g)‘Z 16



Chu'0'n I V: Mrit s1§ xzirzv mo vé I217’! (7ri1z<I rluic -‘#75F» . e~ . 1-

‘“$il'1‘3,([+CU\‘_}} I6 ~

Thaw mo U) su\" 1'21 T ‘ " F? 2 , — Tf"§ \,_ll—;\in-’— +m.\-1 iI

d / n (1 \1n X “M 7 ) ' 3
5 w

\ 4

.‘ ,\
.—- _,

m: $1

<43,

+ . ‘ —

D0 d6. dé chtrng minh (1) 1:1 ch: c§11cl1(1'z1g minh

11

["1

9(2+\<‘ ’—v ~

16 §)\’FZ‘:(l—>"i11%)(I+c0s%):
224.-\3

/

(l—siI1‘;\,(l+co.\#;\~) i

1.1

J,»

,.*_.‘ ,

\
~ w

\/

_ w
+

,1
_‘__/

1
3

-3!
.- A _A_l_- > 3 _*\’3<:> Z>1115+Z~c0>? 55111.4 _ 5+T

l\( (\('

‘\ ‘
D0 Zsiné _ nén la chi cén chung mmh Z(c0s —;s1nA 2 ~‘—~‘-

rn " _ 4‘-<' _ L '

/\

4;

C.»

-JJ

‘,

Z.)

Q3

Xél hilm $5 f(.\') :c0sx—%sin 2.\-+ .\"—g—€ \é"i .\"e (0.?)

T21 C6: ‘/"(.\‘) = —$in .\'+ I —c0sZ.\" I sin .\'( Zsin .\‘— 1) : (1 c> .\' :21
1

Qua g Ihi f/(x) déi du u'r{1n1 sung du'o'ng nén /'(.\‘) 2 :0 ‘T/XE (01%)
\7 ‘ _»

D0 (01%) nén f(%)20:>c0s%—%sin.-\+%—%—€-20

L /IA 1 ,- TC A \/J:>cos§—5>1nA2(g—5)+—4—

’_
.

TU'O'I1f_.Z[LI'.lZ1 06 c0s€—%sinB 2 c0s%—%sinC 2

Q

4
4".-H

,
A . ‘ -' 3 3 3/? . ,D0 do Z(c0s%—%s1nA)22(%—%)+Tf:%l 2 (J) dung :> (dpcm)

Déng thirc xz'1y1"z1<:> A = B = C =
Q

Vdi czic biii tozin déi ,\L'mg nhu thé. cdc ban 06 lhé dé dimg lhiél Iép du'Q'c bit ding lln'1'c co‘ sO'
nhu'ng cbn czic bili todn bt déi xirng {hi $210"? Liéu c6 thé Lhiél lip du'q'c <15 dimg nhu'1rC‘n‘?Czii
khé 0' dy, chfnh 121 biét du"Qc déng thirc xziy ra khi nilo? TU" d6. la méi 06 Lhé dé dilng lim
du"c_>'c Iivi giai cho bimi loain! Sau dy IE1 mét vi du:

}a.l9.('>O

[2161/>+2/)<»+&-@512 “ <' /’ F '

-

1

B£1i4 [VNTST 2001] cm» Tim ma lri nho 1111510011 P=i+2+2 k

I

Girii

Mdi nhin. bixi tozin nily chéng Q6 vé gi 151 l bili main luqmg gizic ca. nhung czic ban yén lflm "ky
phzip” luxjmg gic vén c6 thé rip dung du'Q"c cho bixi ni1_\/Y

'> \ ,Dét .\' = L1)" =Z:: = Q Lhn la co .\"._\‘. 3 >0. 2.\"+-1_\"+7:, S 213';
(1 0



$76 1’hu'u'ng phzip I117 $17 1217! cT_iI1lI

T110511 11m 31111111 1111011111§101111 P I .\'+ _\'+ 1

Néu 1.1+-11‘ +7; < 1.11:. 11511 .1" I /11". 1' I /1\"'. 1 I /<1’ >110 01111 Z.\"+-1\"'+ 7;’ I Z.1"\":'

su\/1'11 /1' >1 vi11101113 P I .\'+ \"+ I I /<(1.\"+ \~'+ 1') > _1"'+ \~'+ 1"’

Nhu'1hé.dé11111 gi1i11'i_ 111111 111151101111 P. 1110111 01111 x01 1.1+ 1-11+ 7: I 1.111‘.-.

1\/IQ1 011511 d1'111g 01111 }'" 111 \'<'1'i df111g 111110 1.1+-11" +7: I 1.11:, 111 kl1(111g 1115 111111 \w§ l11"11'11g gi110 ngu)‘

d11'Q'0 vi 0h:7111g 013 1 C11'111g 1h1'1‘0 11110 111111" 111$ 011. 11111111; 111') l1_1i gqi n1115‘ 0110 111 11011 d1»‘111g 111110:

.\1éu A. B. C 151 3 géc 01111 11161 111111 g1110 1111 11111 A + 11111 B +11111 C I-11111/111111 B 11111 C

T11 dy 111 nay 1'11 y" 1u'0'11g 11111 011011 0h11yé11 \‘§ déng 111110 11611 v11 111 06:

7 7 /_
D511 .1‘ I \/7121. _\" I $11.; I Q /1 lhi 111 013 /12.11. p > 0.111 +11 + p I mnp

\1<

111' C16 1611 1111 0210 gm 1111911 A.B.C $110 0110 111 I 111n A./1 I 11111 B. p I 11111 C

khi d6 111' m+1z+ [J I /Imp 111911)’ 1'11 A.B.C 1113 11130 11111111 01111 1 111111 gi1'10

,__

B1511 1h11'0 P d11‘1)'0 \‘i§1 1111 111111‘ $1111: P I %(1~111111 /1+ 71111113 + -111111C)

, 1 1 . .. -- . , ., 38111-\'
Xe1h11n1 so _/ (.1) I 111n_\' vo‘1 .\'e1110<1 j (.1) I »I¢ >1)

—-’ COS ,\'

Suy 1'11 f(.\') 121 min 11Z1n1 151. 111 do 11611100 b6 dé 11611. 111013:

l(
f(A) 2 /‘(111'0111ni)+ f E11r011111—— A —11r011111——J I1 + — A — 111011111-—

‘ 7 7 /

U.)§

1,»§

'./J

\1/1
\

DJ

\1$
\1

\]Q

Lu

\|4
\W

\/

_ \ - \\/ - ,1'— - ’— " - "'—

/‘(B1 2 _/'[11r01a11 + ‘f'{11rc11111§/11 B — 111'0111n I 3‘/#7 + B —_ 111011111?/|

[(C1) 2 _/'111r01an 1/71+_f"(11r011111\/711C - 11r0111n I \/7 + 81C — 111011111 \/71

1\/lé1kh1'10: 111011111;+111'111111¥+111'01:111\j7 In I> l’I‘]%[1-1_f(1-\)+7f(B1+4f(C)}

~23

\]Z
\J

1

If / 1 C _ I ‘"2 _

1/ 1; ., ,, _ / _ 7 — 1

2 l5\ 7 + 121/1+ B + C) —— :2 111'011111lV— +111‘011111l\— + 111011111 v7 1|: Q
1'-1 L \ 7 7 ,_' Z

V61 A I arctan I 111011111 3—\;l;C I 11r0111n \/7 1111 1\~1i11P I 1-?

D90 1171 giéi 11"é11. 0110 ban 51 hén sé (K11 cu héi 111111 $110 111 06 thé 0hQ11 du'q'0 0110 S6

3\[7 Syfi F . , , - , 1 . 1 1 A

arc1an—7—;111‘c1an—7—;11r01an \17 mc_11 0110h h1"_>'p 11 de 00 1110 $11" dung 1111 110 11011 d11'11 11100 1u

1u'O‘ng U.C.T?T§1nhié11 G6 khéng p111'1i 111 111511 111117111 11111611. 1h11"0 1'11 111 1111 111111 111111 §11u

S1'1'd1_1ng b6 dé trén. 111 06



Clzzrmzg V: 1'1'I(7r.s"f1.wi11g tgm 1'15 [>111 ring tluir S77

f(A) 2_,*'1./W)+f'(.\I)1A—.11I11 NB) 2 V/'1.\'1+_/"1 .\'11/>‘— N1: /'((‘) 2 _,/1P1+ f"1l’1((‘— I’)

:> 141111114 + 711111I3+ 411111 C

21-111111111 +711111 ;\'+-111111 P+ 1-1,/"(ll 11.~\—,\l ,1 + 7 /"1 .\’1<l§ — .\"1+-1 /"1l’J((‘ ~ /’)

D0 A.B.C 151 3 géc 01111 111131 111111 giziu 1111011 111311 111 cf111g phui 1111111 M..~\"'.P sun 01111 c111'111g

cfing 111 3 géc cflng 121 111131 111111 gizic 11111111. H1111 111111. 116: 11111 111111; 1111‘1)'c gia 111151 1111;. 111 11111

chQ11 M. N. P $1111 C110 l-1_/"(.~'11'1= .7_/"1.\') : -1_/"1 P1

‘§>.VI.:\'.P>()

Vf1y111c6 hé ‘M+.’\’+P=7t

k14]/"1111: 7_/"(N1 = 4_/"1/>1

Giéli hé nf1y. 111 d11'Q'c kél qu 111111‘ 11611!

1x. BA1 TAP AP DL_JNG

B£1i1.[Di5n dim T115111 l1(_1c] C110 11./1.111/.0 2 (1 :11; +/2; +1-1 +1/1 +1»; :1.
. ~ ~ w ~ ~

. ., . . 1 . .1 . u /J 1 cl 1'T1n1 g1z111"1 1111011l1a1c11z1b1c11111111: ;+ + + + __ .

1—(I 1—/1' 1-0 1—z/ 1-1"

B511 2. [Crux Mathenlaticorunl. Problem 3032]

Ia./1.r"2U . 1 1 1 9
C110 1 q 1 .Cl11'1'11g111111h1‘f111g:--é 1*‘ +—€ S +

1z1'+/>'+(" =1 l—u/1 l—/11' 1-111 Z

B5113. [Mathematical Excalibur, V01 9, Num 1. 8/2004]

11.12.1111 > O . . 1 . 1 . ~ . . 1Cho .Ch11"ng111111h1'§111g: 61111’ +11 +1“ +1/1 )2 (11"+b'+1~'+d')+~
lk(1+/>+('+z/=4 8

Biai 4. [Old and New Inequalities]

1,.l.*>0 . ... . . 1Cho {Ia H .Cl1L1'11g111inh1"é111g: 6(u”+/2‘+1")+l25(a'+/)'+("1
]z1+l2+('=l

c1.b.c>O L I I 1 Z7
Cho . Chung 11111111 rang: +i‘+ §—

7+t‘=1 1+0‘ 1+/1' 1+1" W

B5115. [Old and New Inequalities]

{(1 +1

B5116. [Old and New Inequalities] Cho a.l2.1'e (1.2). '

,__ ,_
,‘ . ; /)\'a <'\/b u\/1*"Chung m1nh1'a11g: F + + P 21

-1/J\/Z —c'\/0 ~1(‘\/;—~11\@ -'1a\/1) —l2\/Z



S78 Plzzmvzg phrip I1? sf} bf}! z7_i/zh

Biii 7. Cho (1./>.('.d 151 czic $5 thuc du'o'ng thou min (!/)('£/ =1 . Clwirng minh rang:

I 1 1 1‘+ 2+ ‘

l+u+(/“+11” 1+/7+1)‘-‘~/> l+z'+('“+r“ l+<1'+z/'+d"‘

'cl_/7.('.z/ > U

B51i8. [China TST 2004] Cho -‘ .

(I/NU 1 1

, . ~ 1 1 1 1

Chu‘ngmmh1'2'1ng: + ‘-+ + ‘ 21
(l+u)’ (l+/7)’ (l+(')' (l+1/Y

Bili 9. Cho c1,[).c,(/ > O. Chtmg minh ring:

c1 /1 (' c
+ + I + >1

Q/:1‘ + 63/201! §/'12“ + 63m/cl Q-’L"' +631/uh {N +6311/M‘

Bili 10. Cho (1./1.0 > O. Cln'\'l1g1nix1l11‘§mg:

<3¢1+1;+¢->" <3/>+(-+1/P <3<-+1/+/1)‘ 375
§ 3 T 1 1+ 1 §—

(/)+(') +30 (('+<1)‘ +3/9' ('u+/9) +3<" ll

Bf1i1l.Ch0 (1./7.0 > O. Chfrng minh rng:

(z1+b—<r)l (l>+('—u)3 (c“+u—/v): >(1:+I>:+('l
7'(u+l>):+l7z*: 7(1>+(-):+l7(1: 7(r'+u)3+l7l>3_5(u+[>{(~):

Biii 12. Cho mm giaic ABC nhQn. lim gizi lri nl1Onh:51LcuubiéL1 lhtrc

P 1 um A + 2 um B 3» 5 um C

Bili 13. Cho cdc $6 du'0'ng ABC. tim gizi tri Idn nhl cuu biéu lhfrc

P = sin” Asin” Bsin” C

trong (16 111./2. p IE1 cixc $6 du"o'ng cho t1'ué'c.

Bi 14. [VMEO 2005] cm lI‘LI'O'C czic S6 du'0'ng a.b.<- V21 .\-. _\‘. ; 1&1 czic s6dL1'0'ng lhO21m€1n

ax+b_\' + ct, I ,\'_\": _ tim gizi tri nh0 nhl Qua P = .\"+ _\" + 1



Chu'0'11g V: .1113! .117’ .\'(i11g tgm 111511111 171111 g tlz 111' $7‘)

§ _- CAC PHEP 110111111)’ THLAX NGH{CH 111120 ctic 110 DAI
TRONG TAM GIAC

\.)
JJ

9*

M151 12121 17171111 1/1111' 1'15 1/zé /1/1111 /111311 1/1111"! 11/111511 1/1/11g /\"/1111' 11/11111. T/"(111<,1 111111‘ 1111)" 11/111' 1111'

/1/115/1 17131 /711511 1/1111111 11g/1_1'r"/1 1/1011 1111‘ 1713 1/111' 11111111 111111 111111". 1'/1111111 I11 1'15 1/16 /111511 1111" />111

171711}: 1/1111' J1_1i .113’ 1/11111/1 /111.1 17111111 1/1111" /11'q1‘11_<; 1'i1Z1' 11111111 111111 ‘u1'1'1<'. 1'11 11g11‘q11' /111', /116.11 1111‘ /111.1

67171111 1/1111' /1111‘/1g g1'1i1' 11111131 111111 g1'11<" 1/11111/1 1111‘ /111,1 171711;; 1/1111' 17111 vi‘. T1‘1_\" l)'l1‘1§'IIAL’ /111'/1 111 1/115

I11 .11? 1"/1111111 111111/1 /111,1 171711;’ 1/1111" 11'11'1_111<4 171111 /111111 11/1111 1"-15 1/115.
~

1. D!NH NGHTA

1. Phép 1161 main 11111911

, 4- .: \'+: :+~\' ~\-’+ Y -1 , .;. .4Cho .11 _\‘. I > 0. phcp G01 111011 11: ‘ 1 /1: 1 017' d11'<_>'c g<_11 111 phcp 1101 111611

thuén vdi ba bién .1; _\". t
~ T1'11lz cl11"1t: " 1+ \~

11+/>::+T'=;+1->1-

_\‘-1-Q1/1+<‘=.\'+f:.\‘+11>11

c'+r1=’\'+"—J;+\=_\"+/1>l>
\ . '-

~ Y nglzfa: \/6'1 czic bét ding lh1'1‘c dai $6 bu bié11.\'._\". 1 > ()_ phép (161 bién néu 11611 cho

phép 1'11 chuyén czic bit df111g lhtrc dqmi $51 lhfmh czic bit dng 1h1'1'c 11"0ng mm gizic vdi dé

di ba canh 11. b_ 1'. S1'1"d1_1ng czic h51111 lu"1_1‘11g gi-dc trong 111111 gizic. ci11'111g 111 c6 lhé 1hu 6111170

161 giéi cho bili 105111 n1Q>1c1ich 61111 gian hcm.

2. Phép (151 bié'n nghich

Cho 11. 11. c 151 dc} d£1i bz1ca11l1 Q1111 111m gizic ABC. D0 111111 giaic ABC 111611 013 d11'(1'11g 11"{1n

néi 111-‘:p nén lu6n1§“>n tai .11 _\‘. : > 0 $110 cho 11:1-+ :1/> I : +_\‘;1"=_\"+ _\- .

A
T1131 vziy, gin $11" d1rb'11g 116111 1161 tiép c1111 111111 gizic ABC X .\"

, ;
1tiép xL'1c v15'1 cac canh BC. CA. AB Ian 111'c_>'1 1511 N1. N. K: K \

.1'=AN=AK=p—a>O y “

_\'=BK=BM:p—l2>()
B C

;=c1v1:c1\1=,>-<~>0

v Ynghia: néu m©1b?11d€111g 1h1'1‘c gifra dc} diii czic canh c1111 n1c}11z1m gidc khéng thé quy

vé céc him 1u'Q‘ng gic 1111 chng vn 06 1h€ quy vé 11511 déng 1h1'rc dai $6 vdi czic bié11.\".v1".

; > 0 v thuén 11611 hon 1r0ng viéc 11111 161 gia'1.



SRO Czic plzép 1151' bié thugin ngh_ich then cdc (IQ dizi trong tum giriz

u. BIEU DIEN c/Ac am LU’C_)’NG TRONG TAM 0|/ac THEO cAc BIEN X, y, z > 0

_\"+: :_+.\" .\'+_\" _

Cho .\'. \'. 1 >().Ba1 <1: 1/>=—:—:¢'=f. su} ruu_/2.¢'ludud;11 _> uanh CUL1 moi tum

gizic ABC. 121 sc biéu dién czic dai 1u"Q'ng cuu tum gizic ABC:

_\"+ \- + -
.\'=Z(p—u): \'=Z(/>—/2): ::Z(;I~¢'): />=—'T4

Sv\/"(.\‘+v\-+f.).\j\': R‘(.\‘+_\")(_\'+;)(:+.\‘) )_*l_ _\~_\';

4 8\/(.\'+ \"+:).\'\':, 2 \’»\‘+."+3_i_i 7]
Z‘/.\'_\':,(.\' + _\" + 3) Z\/.\'_\';(,\' + ‘\" + 3) 2\/.\3';(.\‘ + _\‘ + ;)

(.\'+_\')(.\'+;) (_\‘+;)(_\‘+.\') (:+.\')(.'.+_\")

4_'+~+; ’ ";.‘+‘+;
sinA+sinB+sinC= (\ '\ N“ (\ '\ )

(.\-+\')(\"+;)(;+.\')

CO§A:.\'(.\'+_\'+:)—_\‘_", CL\B:v\'(.\‘+>\"+;)—:,\' CO§C::,(.\‘+_\'+:)—.\‘_\"

K (.\'+\")(.\'+:) Q k (\‘+;)(\‘+_\") ~ ‘ (_"_+_\‘)(:+\'“)

4,\'\"c0sA+c0sB+c0sC=l+ié+"—;
(.\‘+ \')(\"+:)(:+.\‘)

T???’ /iii
'l\/.\'\‘:.(.\'+ \'+ 1) ZJ.\'\":(.\‘+ \‘+ 3,) 2\j_\'_\‘1(.\'+ \'+ 3)

L‘ A=—-'—-?'—— :1; B:-%i—'—-—;lz C=—i~—'i
an .\'(.\"+ \"+ ;)— \": in \"(.\'+ \~+ :)—:,\" m :(.\‘+ \"+ ;)—.\'\"

V
4(.\'+_\"+;) 4(.\‘+_\‘+:,) 4(.\"+v\"+;)

tanBtanC:———-—— 1 tanCt:mA=—-——— 1 tanAmnB=l——
Z.\'+\'+:, Z\'+;+.\' Z;+.x+\"

8.\'_\":(x+ _\" + 1) ‘/.\'_\':(.\‘+ _\' + I.)
tanA+tanB+tanC=T _

L.\'(.\‘+ _\‘ + 3,) — _\":,]:_\"(.\'+ _\" + I.) — I,\']_Z.(.\‘+ _\" + 1) — xyj

.\"(.\'+_\"+:_)—-_\':, _\‘(.\'+_\'+:,)—:,\' ;(_\"+_\‘+:,)—.\j\"COlA: ZCOLBI- ICQ1C: 
Z\/.\‘_\‘; (X + ’\" + 3) Z\“'.\‘_\‘; ( .\- + >\" + 1) Z\'.\j\':_ ( .\' + _\‘ + 3)

Z.\"+\"+; Z\"+:_+.\‘ Z;+.\‘+\"
c0tBc0tC:i'—~—; c0tCcotA:—'————: c01Ac01B=—i1‘——

4(.\‘+\'+:_) 4(.\-+\'+;) 4(_\"+\"+;)

.\'2 + vi + 52 + .\'\‘+ Y; + :,\'
colA+c0tB+c0tC= ' ' '

2\/.\'_\‘:, (x + _\" + 1)

siné= _i~—-—’\_: " Q1112: [fit ' §in§—= ‘:—-il—'\—'\‘
2 (.\'+_\')(.\"+:) N 2 \/(_\"+:)(_v+.\') M 2 \/(:.+.\')(:+)')



Clzuvng V: Mg}! szj sring tgm 115 I217! airing I/1121"

. A . B . C .\1\".'
sm — mm — .\m A =LL’

'7 '3 '3_ _ _ (.\'+>\*)(_\*+t)(:'\l

A [3 (‘ \,‘_\‘:_(‘\*+:}+\:,\'(:+.\"\+\_>;_\'(.\"+,\")
sm T + sm j + \|n T 1 %————%:;_i;+1+;:~*~~

_' _ _ \'(V\j+‘\'VH>\.‘+f)(f+‘\)

A I .\'(_\+_\"+:V) Ii‘ -‘_\'(.\‘+_\‘+:) (‘ fl ;(_\‘+_\’+;)
C0.\‘—: v-i-— ;co>—: A 1c0.\A: §————

Z \i(_\"+_\")(.\‘+:) Z \i(‘\‘+:)(W\"+.\') Z \‘(:+_\")(;+_\')

A B (f (.\' + _\' + 1) N _\'_\';(.\'+ _\" + 1)
c0s—c0sAc0s— :

Z Z Z (.\"+\")(\"+:)(_'+_\')‘ii — ~7 —-» ~—~~~-1

F._C_

4
>7

A B ( \,,\'+_\"+; (\+3)+\_\"(;+,\-)+\_Y;(.\'+_\')T
cos—+c().\'~+c0s~: C _ . -‘

3 2 3 (.\"+\~)(\"+:)(:+.\')

Z‘

A ,1 _\": B ;‘ :.\’ C .\"\"I A 1 lun—: A 1 la1n~: A
/_ \;‘.\'(.\‘+\"+:) Z \'(.\‘+ \"+ 1) I \?t(.\‘+_\"+3)

B C .\' C A \" A B 3
Ian —1an— =A 1 lan~1z1n — IA 1 tun ~— um — I —-A

Z Z .\‘+_\'+; Z Z .\‘+v\‘+: Z Z _\-+_\‘+;

A B C .\'\‘: 1" 1 1 I \
lz1n—+ tz1n—+ tzm—-= —+~+—|

Z Z Z V.\"+\"+:A.\' \' Z,

A B C E .\'\': I If .\"\":

J< '

tzm—tan—lzm— = ' I = ; '
2 Z Z _\-+\-+1)‘ .\'+_\‘+;\.\'+_\‘+;  _
A .\'(.\"+_\"+;) B x _\'+", C :,(.\'+_\'+;)c0t—= /A :c0l—=1i,—;c0l—= A
2 _\';‘ Z ;\' 2 J .\'_\"

+

Q

A B C (.\"+_\‘+:) ’,\~+\-+3c0t—+c01—+c0l—= L: /+~—(.\"+\"+;)
Z Z Z .\'_\': \' .\')‘Z 'A _ 1

4-\//.\TI.(.\‘+ \'+ I.) ;F.\‘(.\‘+ \'+ f.)— V143 + \" + 1) — VI} — -l,\'\':(.\‘ + \' + 3)sin2A: ' A P " A ' :c0sZA:‘ '
C 'T~ '

L(.\‘+\')(.\‘+;)J2 ' ' ' "J

r*‘1
,_\

L-

+
'/

\¢/

>

+
4

V

V311 (.\‘+ \'+ ;)4 .—Z.\\:(3\'2 +313 —8\:)(.\‘+ \"+ 1); +.\": (X4 + _\'J — 16):( _\'+ 3) +36_\'::2)
@@@2<B-c)=" " ' " "J, ", , +

(_\"+:) (.\'+y]'(x+:)' 1

.\'3(x4 + _\'4 —16_\';(_\'+ +36_\‘::3 )(.\'+ _\‘+ 3): —Z.\‘3_\'_",(3_\'2 +313 —8_\:)(.\'+ _\-+ 3) +.\'4_\'2:2
+ 4 7 7

(_\'+;) (.\‘+_\‘)'(.x'+;)'



~48} Cdc phép 115i Irié tlzugin 11‘,

' "" " (w.\' _

"/1_icl1 tlleo mic (lg? dili {rung tam girh

_)_ .\'\";((1\"+5>\-+51) .\>\__ +‘1
; V \')(_\"+;)(_-_+.\‘) |.\_\"+_'. W/1'

c0s(l?—( — ,

- ~> <_\+.(X-+ _\")(_\‘+ :_)(_\ + .

.\'\‘_'_ .\' \ .. ,

’ — 6* —~~—+*~~'~+A- ;+lJ1c0.\(B—(‘“)+c:>s'lC—.»\)+cm(.~\—B):?—+—+— }

(__\+r\')(\‘+f'Iif+\)i l\*f, j+.\ .\'+’\,

-l "N “ \"\t{.\+\~rH:".‘-') .Z\;$ \‘_\‘:(_\"+>\‘+1)(_ —>\ I _\ _
_1sin(B—(‘)= - x

(.\(+_\‘)(_\-+ :.)(_\~+ :)> (~\* .\'H.\‘* ~ )5 * V

B—C Z.\'+4\"+_., _Z
‘A ~+-‘(-+\A)

"'" Ix + >\~ + :~ I I
.

(\'+I)

'/.

COS ° Z \"+_' \}(.\-+>\')(.\'+:) \:(.\'+_\‘)(_\ ._)__ ..

A-8B—C C—Acosia-c0s»i+c0L< F—-~ 1
“ Z Z

" I ‘+\'; ’_
' \‘\": JL‘ ‘Vii\ I+

/ *"' W; " »

‘ " ' \‘ . 3, ‘LL ;‘\'+:,+ §j,+_\'+ ;.\
+ ' \ I

’ \ \ \ \ \

ii‘
J

\(.\+\")(y+._)(_.+,\)!_

Z

4L

,i__.i.._i
— ‘\*(\‘-»~\'+:) ,_~l>’—§_>___\

' \;+_\‘ \f.\+_\f .

‘ ,‘(_\'+ \"+i)(_\‘~v1l:B—C \"~_. »~ -

‘— 1 >111

' \")(\'+")(\"+;_)
sm .,—=‘\.+:\i(_\v+A\‘)(_\.f:) (‘\+A

.\"+_\"+:.)(v\

.1 ~ \+ +~) \/\-\':(\"+\-+3) :\,,_

__~+;_

_‘vj

.:B—C \(
Q11} = __i____ ‘€_____

4 7(\ )v(\+\)(\+_) (\'+-)yi(\'+\-)(.\'+:)+(Z.\"+_\"+;)\j_\':5

/\-\'I.(.\' + _\~ + 1).\3'..(." _\" \. ._ , . V/5:‘-iii/Y,,=i—~i——; K wiwi
\'+ ' :+.\' .\'+_\‘

" \"'\‘t(.\'+\'+Z), .\‘)";(.\‘+ _\'+;) . .\1\":,(.\'+)"+\,) . .‘ ,

/1; =i—,;: /1,j :i—-i,—; /If =—i,i
(\'+ ")' (:,+.\")‘ (.\‘+_\')_

I 7\‘+\‘+‘): \‘j'—°" \'(\'+\"+;) (_\"—:,) _(/_.
III: :

- +- \‘(\'+I)(\'1-.\‘)(.\‘+_\"r'_.)_l::, Y

~ 4.\': + yz + Z: +-l.\'(_\' + __\*. . .
~ : + __

‘ 16 -l 16 16 4

‘- -(;+_\‘)(Z+\')(.\'+v\"+;)\‘(.\'+\')(.t+\,)(.\‘+_\' *4) _/3 .V

/J I l ' ('7-+.\"+\-)/§=' ' ~ ~' (Z\"+:_+.\') _\,(2.\'+_\"+;)

‘ ' ’ .\'(.\'+_\‘+I)" "\'(\‘+\"+:) . .\-_\~(.\+_\+__)—~1——: /ryr =7l-—I u

I

, \':(.\-+y+_,)_ _2__, .

I/7 ‘,4 _ ' I K

-H -1-\ -1 -1



CI1 mmg M62 $6, sting tgm vi bfir ihig th 121' 883

|||. AP DL_JNG PHEP DO! BIEN THUAN

, I

I

L "A "‘}<“7(\+\"l _'+'2(:+.\")“. V'.\'._\'_;>(), Biii 1. ChL'1'ngminhrang: (>4.\>\'.2(.\'+'\~+_,) __ _' _) (\ 2) !

'B('§d¢5: T=sinA+sinB+sinCS

° Clui/ng

?’m~
r"_'—1

5__

Z
Qn°

/,._

Z
I3

..

minh: T = —

Lu

/__

\

-J

——— \1nB -—

,___

./‘

.1 E __ I \ ' _. I T -A /-\

(§in'A+i)+(sin'B+§—) +l/~ '" A 'B +(ili+cos'2\ =il
4 4 2 3 3 2

“——i—— + COS

CI1 ling mi/1/1

'3

’_ \ ,

/
Jfl

-I /-v aw - /
_ , \, J 4 \~ J , 511] A am H
— ‘ ,~ ~ + 3 - 1+ _2— » cos B + —:- - cos A l

'7 '7 w /~> s\ 3 \J' 3 .

_ )‘/ "-(-+\'+z) 3’?, ‘ , 4(.\‘+_\‘+:, .\_w_, .1. V
' Ap dgmg: Bat dng thu'c d cho Iu'0'ng duorng 3

(.\‘+_\")(>\‘+:,)(;+.\') Z

" " ‘ \"+* ") msZN//.\1\"; (X + _\‘ + 3) Z\/.\‘v\‘__ (.\‘ + _\ + __) 2\/.\)_, _\ + _,

H ~ “ ') (;+,\-)(:+y) 2w (.\"+\')(.\'+;) (_\+:)(_\+.\

su dung phép aai bién Lhuén mi b;1bién.\'._\

SID

'. 1 ta duu vé bét dfmg thirc lrong tam gizic suu:

If . \ A

0 ~'ru<:>AABC deu <:>.\":_\*:;.' A+sinB+sinC if (dpcm). Du bin: xa)

T

W
99»

--1.

IQ

Cinlng minh: 8\/.\'_\': L/.\-(.\-+ _v)(,r+ 1) + \/_\"(‘\~ + :)(_\" + _\~) + \/:(: + _x')(: +

S18.\‘)"; + 5[.\(\' (.\' + _\') + _\':(_\' + 3) + ;v( 1 + H1 . VA‘. )1; > O

- ~ . A , B , C 3' B6 dé: T=sm +s1n—+.<1n S
2 6 7 w

1’, A _ B
<— §1n-—+s1n— +1

Clzfrng minh

— — VAABC

, . . A . B _ C _ A . B A B A B
-' Chzrng mmlz: T = sm — + sm— + sm — = s1n— + sm w .1 + c0s—c0s~— — s1n-s1n—

° ° 7 \ ° 7 / 2 2 2 2

1211 3A ;B‘_A_B3~‘— ‘<——s1n—s1n—:~
_2M‘ 2 2) J 2 2 2 2

+— (.O.\ + LO.

' Ap dyng: Bét déng thirc dii chd tuong duvng vdi

'7\/' ") +\/"\‘(;+.\')]_ Sg(.\'+_\')(_\'+ ;)(:,+.\')L/.\)'(.\‘+ y) + _\;,()' + 2 \t

<:> \/_\':(_\"+ I.) +\/Z,\'(Z+.\') +\/.\j"(.\‘+_\") Sgv/(.\'+ _\")(_\‘+:)(2+.\)



884 Cdc phép (IOY bién thugin 11gh_icI1 then cric g) dfzi lrong mm gnu

,\'Z

¢

\ -,
\‘ I .\ \ J

<7-‘z ‘ +

Su' dung phép doi hién thugin \'o'i ha hién .\‘. >\*. 3 tu dun \'§ bit (I511; lhtrc {rung lam gizic \.1u

_ 4 B . C J 4 ; , ;
sln : + sm: + sm i § j :> (dpcm >. Dau hang my ru c> A.~\B(_ nicu <:> .\" 1 _\" I :_.

.

~ 1

+5 ' _S~(l)
\-(.\'+\‘)(_\'+:) \/('\’+:)(L_\"+.\]) \'J(;+.\')(_-+_\"_) Z

Bi1i3. Cho .\‘. )1 1 > 0. Clufng minh rimg:

v.\‘+ _\"+ 3, QM’/.\'(’_\.'+;) +\5F_\"(;+.\') + \,?/;( \ + \’))

J.)

4-

T
A

I \ ( \

1 
.\‘+\")(\"+;)(:_+.\") —

J

/2
J7'_'

F

ca.)

i/
__J

’ 1A 3 / 15 _§— cos'—+- + c0s'~+— +-
\ ,7 “L/I \ 3 4 G

C111?’/lg minlz

\lJ

J4

1,‘.

0.)

7 ~ A B C . -
‘B6 dé: T:cos:+c0s7+c0sT_S-. VAABC

\

A
/ J

cosi cos: B ' 1\ 3 2 s B 2 ~ A 3\wi1+si11‘—|+i“+sir1'— ~
x 1 2’ \ 1 ,7/\

_)

\
2'" C ‘ cos A cos B

2 ’ A 3 B .» ‘ » B 9 A
° Chi?/ng minh: T = — cos—-L +cos—-_1~ + \/3 i“»sin—+—;“ - sin—

2 2 2 2 2 5 2 J? 2\/T \ \~ J

oi

'7

' Ap dung: Bit ding lhfrc d cho tuong duong \"o'i
, - _

f.\'(.\+_\"+;) _\'(.\‘+A\"+;) j;(.\+’\'+:_)
+5 \+ — 3

'7\‘(.\'+ \‘)(.\-+3) \s’(\~+:)(\-+.\"; \‘\(:+,\2)(;+_\~) _

Q)

<\
VJJ

SL1" dung phép doi bién thugin \'é'i bu bién .\‘. _\". I. In dun \'é bail dfmg lhirc lrong tum giac sau

A B C 35 2 2
A

2 2

c0s?+cos—é-+c0s7S—,)— :> (dpcm). Dau bang my rz1<:> AABC dcu <:> .\' = v\' = 3.

Bili 4. Cho .\'. _\‘, : > 0. Chfrng minh ring:

.\' _\" I. g 9 (ax)

(.\"+\")(.\-+1) (_\"+;)(_\-+.\") (;+.\")(:,+_\‘) -l(.\"+_\"+:) A

Ch ling minlz

., . 3' B6 J8: T:c0s A+cos B+c0sCS:

° Chzivzg minlz: T = cos A + cos B + cos C :(cos A + cos B).1+ sin A sin B — cos A cos B

3 l[(c0sA+cosB)3 +1:]+l(sin3A+sin2B)—cosAcosB§i
') '7 2

' Ap dung: su dung phép doi bién thugin voi ba bién .\‘. _\‘.._. I21 co:



Clzmrng V: .11’(31 sf; sdlzg lgm vé blt zlrilzg 1/1111‘ SS5

Z(p—a_) Z(p—/2) Z(p—¢") 9mm + + —s -- ~
-1/7(' 4&1 4L1/7 -Mu‘ <4-/7 -4- U)

"V/>+('—(1 (’+u—/> u+/7-—z“'<:>(u+!v+¢')§ + + ii‘)
\ In" nu 11/v ,

((l+/7+(‘)(/7+('—ll) (u+l>+(')(r'+u~/2) (u+/v+(')(u+/7~(')
=:> + + S9

/n" (‘<2 u/I

(l1+<"):—u3 (('+u):*/ff (u+[>):—<':1: + + $9
In‘ cu u/2

7j
<:> Z(C0s,—\+c0sB+c0sC)S3 <:> c0sA+c0sb’+c0sCS: 2 (dpum)

D§L1b§|1g xa')'rz1 <:> AABC dfru <:> .\- : \" I :.

\. \ i\'.' 1' .‘\'i7 \ \
Ban ... Cho .\". \‘. §| > O V2.1 .\" + \" + _ > Max “~" — .ChL'1'ng minh rfmg:

/,.4\

____V_

: \‘ \" I

6-l.\"2_\'7‘:'1(.\'+_\'+;): 2 2'/{;L.\'(.\‘+ >\'+3)—_\";I_\"(.\'+_\"+:“)—;\‘?;;(.\'+‘\"+;)—7 '

'/
'¢

_._J

~

}' <"">

Ch 1}‘/lg minh

' B5 :76‘: um A + um B +l21n C 2 3&3 VAABC nhpn

, 8.0‘: ( .\‘+ _\"+ 3) \/_\_\":,( .\-+_\'+ 3) ‘_' Ap dung: (“) 1;» , T __ 23\,3
_\‘+_\‘+;)—_\':, >\"(.\"+>\"+:)—:,\‘ f3 :_(.\‘+_\"+:_)—.\_w'j!

F4

>1

Z\/.\'\';(.'\'+ \" + 1) Z\/.\‘\':(.\'+ \" + 1) Z\f.\'\";(.\'+ \‘+ 3) r

.\‘(.\’ + y + Z) — _\'Z _\‘(.\‘+ _\" + 1) — ;\' :(.\‘ + _\" + 1) — .\‘_\‘

\/
\.;J

<\
,_,J

su dung phép d6i bién Lhuzfm \=c3'i bu bién .\". v\". :_ la cé:
I \

.\-+ \' + 1 > Maxi ‘M’ 1 ‘A <:> cosA > 0: cosB >0; co>C >0 <:> AABC ilhajn. ix NJ

1\/Iél kluic (1) <:> 1;mA + um B + um C2 3\/3 :> (dpcm)

Dfiu b§1n<1 xéw 111 <:> AABC déu ¢:> .\‘ : \" = :.\_ . .

. Chm ,\"_ >\‘. : > 0. Chmg minh ring:

C3
Q»

--.

DJ

“ " "'+\\+ " " __Z "\+\+"

,\<

>1
J

+
'/.

,

+
I

,

'4 _,.

+
, .

/,
_.)

\/

,'~.
/.

.

,

C111?‘/zg minlz



886 Cric plzép :10!‘ bién thug?/1 rzglzjclz {I100 cric J53 (Mi trmzg mm gnu
__

' B6 H6: col A + cot B + col C Z \/3 VAABC

, x: + vi + :3 + .\'\" + \": + :,\" V:' Ap dung: ('-") <2’ ‘ VB._' 2 \,.»

'l\‘.\'\':(.\' + \' + 3)

.\'(.\‘ + ): + 3,) — _\': _\" (.\' + _\~ + 1) — ;\‘ : ( .\" + _\* + : ) — ,\'_\- I;
<§' , + + 2\/_» (I)

Z\/.\'_\'.", (.\‘ + >\" + 3) ZN/.\'_\‘: (.\' + _\" + 1) Z\'.\'_\': ( .\‘ + _\‘ + 3)

SL1‘ dgng phép déi bién lhufm \'O'i In bién .\". )1 I ta 06:

(1) <:> coLA+c0lB+c01)C2\/B :> (dpcm)

Du being xay 1'21 <:> AABC déu <:> .\‘ : _\~ = :.

Bi 6. Cho .\". _\'_ 3 > 0. ChL'mg minh ring:

4(.\‘+ \"+ 1)./.\'\":
' I ' 4 S‘/.\"(_\‘+;)’+ \/_\‘(:+.\‘)+\/;(.\'+_\'

./(.\'+ _\')(_\‘ + :,)(; +.\‘)
J V‘)

Chzhzg minh

~ \ . . . A B C
° B6 J8.’ sm A + sm B + sm C S cos? + cos: + cos? VAABC nhqn

' Ap dung:
,- _,

4(_\-+_y+;)\/_\1\~;(_\-+3-+3) N/_\'+_\"+; M/'.\'(_\"+:) +\/>\"(:+_\‘) +\/;(,\‘+>\‘)_1
(") ‘=> _ _ _

(-*+.\')(.“+3)(3+-Y) \{.\'+_\')(_\‘+;)(;+_\‘)

FJ

/\/\

_'-1f

2\/A3"; (.\" + _\' + 3) 2‘/.\'_\':,(.\‘ + y + 3,) ':,(.\" + _\" + 3)
*2 + + _

(.\-+v)(.\~+:) (v+:)(v+.\-) :+.\>)(:+_\-)

.\'(.\'+\"+;) I \'(.\‘+\‘+:,) !:,(.\'+\"+;)
§\/(.\"+_\')‘(.\‘+:) \}(:\‘+:)k)"+_\‘) \/(:_+.\‘)%:+_\)

SL'1'd1,1ng phép déi bién thuén vdi bu bién .\'. _\". I Ia c6:

. . . A B C
(1) <:> s1nA+s1nB+s1nC£c0s?+cos:+c0s7 :> (dpcm)

Du bng xéy ra <:> AABC déu <:>V.\" = y = :

Bini 7. Cho .\-, _\-. ; > 0. Chtrng minh ring:

.\-(v+;):+.\~(\-+;)2+.\-(\~+;): /I /— -,_____-__i S\/_\':(_\‘+:)+\/r.r(:+.\')+\/
\/(.\'+ _\")(_\' + :)(:, +_\‘)

‘<74
A

.\'+ \

Ch 1211g minh

» ~ . A . B . C' B6 (T2: c0sA +c0sB+c0sC£sm7 +s1n7)—+sm: . VAABC

° Ap dung:



Clzlmvzg V: Mg?! $6 sting tgm vé hr?! zlrihg rlzliz“

+

\'( W + —:)+\~*-1+9) ;(,\‘: + vi) +(m~; \ \‘."( \ +17 (J~ \*:\"‘ .-~»\"> ~ \ .\'\"\_.\"'~ \)
( )¢:> ’ -" s

\_/

{.\'+v\')(_\"+; 1+1) \.(.\‘+\")(\‘+:)(:-+.\')

4,“-_-_ \:"_\': (_\~ + Z) + \=/:.\‘( : + .\") + \, .\-_\'(.\' + _\")
4:» ' :3 . .,__..<_.M_.,_

(\.\‘+ _\-)(v\' + ___)(._. +.\') + \/;(>\'-|- \' + :_)(: +_\')

.\'(.\‘+ v\'+;)—_\‘; _\‘(.\‘+)‘+ :)—:_.\‘ ;(.\'+ _\'+ ;)—,\‘_\"

W (.\'+\‘)(.\‘+;) (\"+:)(\"+_\-) (:+_\")(:+\") _

_.____?__ y,i_____-+
.= _\‘f, 3 - \' .\‘\'Si +5 —+* (ll

\3(.\‘+ \")(.\+:,) \::(\'+;)(_\~+.\') \*(:_+ \')(:+_\‘)

SL'1'dL_mg phép déi hién thufm \'6'i ha hién ,\". _\". t 111 C61

, .\ ‘ B ‘ C(I) <:> c0sA +c0s B+c0sC§s1n7+.\1n:+ \1n—; 2 (dpcm)

Du bins xa'v ra <:> AABC déu <:> .\- : \- = :..\. .1 .

Bi1i8. Cho .\‘. \', 1 >0.Ch(rngminl11'z§ng:

l___J

F‘7

8.\"3_\'3;2 2 Ev (.\" + _\' + 3 ) — _\':_

1

,\

.\'+ \‘+;)—:_\"j[:,(.\"+ \'+ ;)—.\-\':’ (*‘)

Ch /rng minh

, , _ A B C
° B0 dc: 1;1nA +1zm B + tun (. 2 cot 7 + col : + cot j. VAABC nhqn

' Ap dung:
1 r— —\r- —»— ~

Ncu ;.\'(.\'+ \'+ :)— \": y; \"(.\‘+ \"+ ;)—:,

Xét [.\'(.\"+ _\" + 3) — _\";]i_\"(.\‘+ _\" + 3,) - 5,

f’.
l_.___

F"'*l

/.
L.._..

(_____

;(.\'+ _\" + — SO tl1i(*)dLi11g.

_",(.\‘+ \"+;)—.\‘\"1>O

Tu C6: {|:_\'(.\'+ _\' + 1) — Ix} +{;(.\‘+ _\" + ;)—.\')'1=(_\" + 3): >0

[;(.\'+v\'+ ~ >0

{.\‘(.\‘+ _\' + 1) — _\"::t+[_\‘(.1'+ _\'+ ;)~ :,\:(.\'+ _\"): >0

:> .\-(.\'+ \‘+;)— \":>(): \"(.\'+ \"+ I )— ;\">(): :(.\'+ \‘+ :)—.\"\->0. Khi d6

8 .\_\‘; (.\"+ _\" + 3) \,f.\)"; (,\'+ _\~ + 3) X4. \- + _-

("‘)<:> - ‘ _ —2(;+_‘+; ’+~— (1)
|:.\'(.\"+_\"+:)<_\‘:H_\'(.\'+_\'+:)—t,\'lL:(.\‘+_\"+:)—‘\j'l \ \ -‘T3

SL1" dung phép d€§i bién thuén \'C»‘i ha bién .\". ‘\". 1 la c6:

.\'(.\'+_v+;)—v\";>(); _\"(.\'+_\"+;)—;\->0; :(.\"+_\'+:)—.\"_\->() <:> AABC nhqn



>388 (Tzir plzép 051' bién I/lug?/1 ngl1_iz-I1 tlwu cric J43 dizi rrung tam giriv

. ‘ A B (‘
1 I > ¢:> tun A +u1nb’ + um ( 2 col -T + cm T + col T 1?» (dpmn

Du bfmg xa)'rz1<:> AABC déu <~:> .\" : _\" I :_.

i (

Béi 9. Cho .\‘. \". 1 > O. Chtmg minh réngz

;rx(.\'+)‘+z)—y7.1Ty(x+§‘+Z)—Zx§§ Z(X+§'+Z)—X§'ji
* “ -“- "Sx_\'7 (")

x+)')(}'+Z)(Z+.\)

Cluhzg minh

.» ; , A 4 B , C' B0 (Te: comk co.sBc0sCS s|11:s111:s111T . VAABC

' Ap dung:

(>51) ._ (-\-+_\.+Z)—_\":Z€_\'(.\’+_\"+:)"UK:(_\-+_\"+:)—_\3E

x (.\"+_\")2 ( \~+:): <;+.\-)3 _1_\'+.\')l[\‘+f-)‘f+-\<’ *

_.__1

'/.

Su‘ dung phép déi bién Lhuén \‘C>'i bu bién .\". _\'. :_ Lu CO1 -

‘ A _ B . C
(1) <:> cos A c0sBc0s C S sm 75111 :sm 7 :> (dpcm)

Du being xay1'uV=> AABC déu <:> .\‘ = v\" = 3

I B51i10. Cho .\’. _\'. 1 >().ChL'1'ng minh rzingi

')( \"+ \‘ + :.)(.\"\" + \'I + ix) 2 x/\':( \' + 1) + \/:.\'(; + .\')V + \/.\"_\"( \'+ I (*‘)
E

' Clzlhzg minlz
.

A A 3A QB 3C ”_ h\ ,B _C\‘\_' B0110: cos -—+cos -+c0s ~21s1n~+sm—+s1n—]
Z Z Z \ Z Z Z ,

, ,\'(.\'+_\'+;) _\"(.\'+_\"+;) :,(.\‘+>\"+f.)' Ap dgmg: (*) /:> + + 2
(.\"+\")(.\‘+:.J (\"+:_)(\-+_\') (;+,\“)(:+‘\")

\’\':(\"+:)+\/I.\"(:+.\')+\/.\1\"(.\'+_\‘)T

\< >< ~>\ j

1 ' v

/.\"+_\' '\'+". (i+_\')

.\'(.\'+_\‘+;) _\'(.\'+_\"+;) ;(.\"+_\'+;)
W (.\'+ \")(.\‘+;) (\'+;‘)(\'+.\') (;+.\')(;+A\')—

1 - -—— V - -—— V ~-—~-— j I
1- ;' _\':, 5 :.\' .\'_\"

2\(.\-+_\~)<.\~+;>+\/(_\-+;)(_\-+_\-)+\/<;+,\->(;+_\~)j H’

SLT dung phép d5i bién lhu:_'1n \"é‘i bu bién .\". _\". :, ta c6:

w

7 A ~ B - C I _ A 4 B . C ‘
(, <:> cos" ~+c0s‘ ~—+cos“ —2\ sm +s1n—+s1n~ \ :> (Ldpcm) '

'7 7 ') '7 ') '7 ‘
, \ -1

D§u bng xay ra ¢:> AABC déu <:> .\- : _\" I :.



C/Ill'()'IIg 1 .' Jig?! .\'(iIZ§ Igm 1'15 I111! zlrivng I/1111' \'.\’*)'

Q’

__ \1 __\ ,‘\1
111 11. C1111 .1. 1". : >1)111111 111+ :_ > .\l11\-1~;~~—;-~~— .(1111'11~111111111"1111~1*

,\ \' 1

1 1 1 1 1111_1;.1-+\»+:._,+%+_+i_1Z__i11_._ --
’ .\' \‘ 3 _\‘+ 1+; 3 .\‘\‘i

1 1
1

Ch 1211g min I1

< w' Bu de: 11111 — + 11111 — + 11111 — + 11111~- 11111 -1 11111— 2 i~ . VAABC 11111111'7 '7 '7 '1 7 '7 '§

» ' 1'\‘_ 1 1 1 1_.,__+_' Ap rlylzg.‘ 1*) <r>
\.\'+_\'+I .\' \' 1'

1 ,1 \ 11wé21()\/J

.1‘+\"+:,I 3

+.

.\‘\'.', .71 1 1\ I 11": 1 111113/:> /";1—1-+-+-1+ ~~»~»~~_—z»_~ 111
1 3\1.1'+\"+;1\_1" \" 1/ \,+\"+:.\+\’+_'_

_

S1'1'd1111g phép 1161 bi€§11‘111111'§11 \'<'>'i 1111 111511 .1; _1". I. 111 1'13:

.\‘+\‘+;>1\/1:121/{'—;

(1) ¢:> 11111— + 11111 ~ + 11111 % + 11111

1 ' -
1 \": 3,1‘ \‘\'~

1 >1‘ \‘ 1. 1

<:> AABC11111111

‘1§5
11—11111—_—— 111 cm)

A B (‘ 1 B C 1) 1

111 ' > ~ 2 p
Z Z Z Z Z Z 3

D§111b§11g 1'11 <:> AABC 111311 <=> .1" : 1' = :

Bi/zlz Iuén: .\1hb' phu'o'11g phép 1151 bién 1111)’ \'Z1 0111' c(111g 111111‘ 1‘h11_v1§‘11 1161 gifrn c1'11‘ C1311

111'Q‘11g 11"1111g 111111 gizic ABC \'1‘1 c1'1c 111511 .1". _\". 1". 1111111 hi1; 11"011g 11111c 11. chng 111 06 111é

k11?111g 1111111 1'Z111g: "C6 /2110 11/111311 /2111 1717/1g I/1111" 111111 g/‘(iv /1/'0'/1g I/11 .117 (‘(5 />11)‘ /1/ziu /nil
1717/11' I/1111' 17111‘ .11} I1r0'/1g 1711'0'11g "

1v. AP Dl_JNG PHEP DO1B1EN 1161-11011

Cho 11. Z2. 1' 111116 (1511 3 c1_11111 C1111 111131 111111 gizic. S11'd1111g ph11'0111g 11111111 1161 1111511 11gh11‘11 <1 I
_\" + :1/1 = 1 + .1‘: 1' = ,1‘ + _\'. 1'111'1'11g 111111111111‘ 1151 115111; 111111 x1111:

1

B511 1. C111'1'11g 11111111 ring: 111/13 +1-31+/>11-3 +111)+<11<1"‘ + />31 > 11‘ + />1 + 15+ 211/11' 1*‘)

<=> Z(_\"+;)

F;

~ 1 1 1
2.1" + 1'“ +1“ +1.11 \"+:)1

Clzzivzg mi/1/1

(=1) <:> Z(41'+1)E(;+.\'): +(.\‘+_\‘):j>Z(_\"+:)‘ +Z(‘.1"+_\')(_\"+ ;)(: +11

‘+3\':(\"+:)+:‘1+4\\":+°Z\":1\"+:)

<:> 22.1": (‘\'+:)+Z(_1‘+ :)(_\‘: +::1+ZZ.\'(A\"+:): >

> 22.1"‘: +32 \":(_\' + :1 +-1.11": + 221:1)" + I)



890 Criv p/zép (/151' 1211511 Ilzugilz ngll_i('/1 I/100 (‘lit J53 dizi [rung tum gilic

<2 ZZ_\";(_\"+;)+Z;(_\"‘ +:“)+Z_\":(A\‘+;‘)+ ZZ_\":(A\"+:)+ 11.‘-$\.'i >

> Z}: .\" + 52 _\' 3, ( ‘\" + : ) + -¥_\j\" 1 <=> 8.\j\‘: > U

| \, , . ; 1 ; ; ,

4 B2112. Chung mmh rangi u' (p — u) + /> (/) ~ Iv) + <" t/> — 0) S /mix" <'")
'1

Cluivzg minh

2 1 1

(*) <:> .\‘(_\"+;)’ +_\‘(;+.\‘)' +:(.\'+_\") S(_\"+_\"+3)(_\-+;)(;+,\‘)[.\'+’\")

<:> Z.\'LA\"‘ + 3; +3’\‘:(_\‘ + :)2S(.\'+ _\'— ;)§rZ.\">\;"_ +Zv\':(\_\"+

<-:> Z\';(L_\": +13 1 +3.\)‘:Z(_\'+;) S l\_\":(.\"+_\‘+:) +.\)";Z( >\"+:) +Z\":l _\': +3: +ZZ\":;’§

<:> Z.\‘_\":(.\‘+ >\"+ :)§Z(_.\"‘ +’_\-7‘ + 3") <:> Zh-+ _\<)(.\*— _\‘): 20 (dpcnn

Du hing xziy ra <:> ,\' : _\" I 3 <:> u : /1 c <:> A;-\BC déu

‘Bili 3. Chfmg minh ring: (13 ((1-11) +/13 (/>—r")+(": (c“—u’)2() (“‘) 1

Chzivzg minlz

1 \ w

(*) <=> (\-+;)'(\~~.\~)+(:.+.\-)"(:— \~)+(.\(+ \')'(.\"—:)20

<=> Z_\‘(_\'+f,): —Z.\‘(_\'+:): 20 @ y.\"‘ +y_\':: + ZY>\‘::—[Y_\'t(_\‘+ +(1\'_\‘Z

; 3 .\': \'3 Q: .\‘ \' I
<:>Z:.\"+Z1_\‘;<6.\-_\";2()<:>—+++ +—+'—+—2(> (1)

\‘I I\' \‘\‘ ' \ \

SL1‘ dung bit dng thtrc AA/I — GM, ta Q6:

.\‘ ' _\' ‘ I ' .\- _\" 3 5 .\' ‘ >\‘ ‘ I ‘ .\' _\" 3—+—+ +—+—+A26-~;—-—~ ~—-—-~16 (dpcm)
_\'; :,\' .\'_\' .'. .\' _\" \I _\“; _",\' .\'_\' I, .\‘ )'

Déu béng xayrz1<:>.\-=_\"= 3 <:> u =11 = <- <:> AABC déu

LA-.

\/
,-

B£1i4. [mo l983]ChL'1'ng1ninh1‘§1ng: (1:/7((I—/J) +1f(-w 4 <'> + <~%¢<(- f (I) z 0 (*1 (

Ch lhzg minlz

(*) @ xv} + 7;; + :1‘ — .\‘\";(.\" + \" + 3) 2 O
_ ) . .

,\ \'2 __1 41

<:> .\‘_\"‘ + _\';" + ;\“‘ 2 .\'_\";(.\‘ + _\" + 3) <:> '— + " + i— 2 ,\' + V\" + 3
_ \. Y

/ ‘I 7

, \' “ -" ~, \‘ ’ “
T:1c0:(;+.\'+_\")L'—+ *" +5——72(.\"+_\‘+:)‘ :> '—+>'~+¥2.\"+_\‘+: (dpcm)

3 .\" \‘ , :, .\" V\"



C/1 u'11‘11g M131 $6’ .\"1i11g 11111 1115 11111‘ 171111g t/1111' X111

§ 23.1. PHUONG PHAP BANH GIA cAc HE s(') cm DA TH[."C BANG
DINH LY YIETE 5

T1'1.111_g> 11/111511 11'1r1)‘11g /111/1. 111 sé 3117/1 r111 11/111511 /\'/111 /L"/11711 11211 11/111' 1'11 g[111g /1111 1111"/1 1'/111'11_',1 §

111111/1 11'11'1' 116-/1 1111; /111,1 17171111 1/1111' \"11'i 1111‘ /111511 /11111 171111. T11>\"11/111311 11611 1111/1 11111 /11111 111131 1'/1111,

1'/11 /11111;; 111131 (/111111‘ 111131 1111') /1/115/1 17111 /111511 171111 ‘Q/1Il1 111111 1715 1‘/11111;; /11 .117 1/11)" 1711111" /11/1 17111111 1

1/1121" 11111 1"/111'11_g1 111111/1 r15 1/1_111_g1 1/111111 1/111131‘ \"11 171111 KQ11111 /11111 1111 11/111311. T111111’ 111111" 1111)" 1"/11111;’ '
111 /111)" 1'1112_Q .s"11'1/111111 17111/1 /\‘ \*i1>11' 171‘ 1/1111" /111311 1111" /1/111/1 17131 /111711 11/111 \'1_1_\'. 1\"_g111111 1'11 1"/11111;,’

111 1'1711g A1711/11111 1711'11'1' 11/11811 1111/1 1‘/1111 r111 171*/1 $11711 1‘/1111/1 1111' /1;‘ .113 1711 1/11'r1- 11/111‘ 11/1171111 1/11'111‘2

1111 1'13 S13 11g/1115111 1"1111 J11 1/1111' 1713.

P/z11'0’11gp/nip." D5 chfrng minh czic 11211 dng 1hL'1'c o'11;;1ng nZ1_\ la [hut hién Rhco hui bu'é'c:

B11190 I: Su' dgng djnh 1_\'" Viétc chuyén caic bl ding lhfrc gifru caic hé s5 01111 du 11u'r<.'

lhanh bat déng t1u'1'c giL1z1c;ic ng11ié1n 111111111 l11L1'c.

B1r11'c 2: SL1" dung bél 115111;; lhirc dai 55 dé chirng minh 1151 déng thL'1'<.‘ gifra czic ng111§1n \'Z1

111116 suy 111 bt ding 111110 gifru czic hé $6 cuu du l1u'1'c.

A. cAc B/kl TAP MAU MINH HQA

Bi 1. X61 1171p hQ'p 1 gésm @111 tum 11111-1 131711 11111

f(.\‘1=11.\'3 +/1.x'+1' (11¢O1 $110 ch0_f(.\') = O C6 Z11ghié111x|_.\‘;e1() 11

(11 -—/1)(Z11—/1)
Tim rvmx ___

/'-\>€/ 11111 —/1+ 1')

C/111’11g 111111/1

I .
_ . , .1 , 1) 1 ( . ,

SLl'C11,lI]g dgnh 1y Vzete ta co _\'| +.\-I :—~ vu .\'i.\": =-—. khm do
(1 {l

[1 1 /1 ‘, 1- 2-
A: (11—/1)(1_11—/1) 1 5,11 U1 (1+.\‘ +_\A)(°+.\ +\'~)

~ _1_—1-_
c1(11 — /1 + 1') 1_ /7 + 1' 1+ .\-I + _\'3 + .\'|.\'3

(I (1

XI: + +1", + .\'. x +.\-1 + .\’ + xx 1+ .\* .\x +.\' + .\'.=2+ ' -32+‘ - ' ‘§2+ '- ' -=l+\+ .+

w _ 2 _
Vc'>‘i 211: Z1‘ = —/2 ¢ O hay f(.\‘) = 11(.\'—1)“, 11 $0 thi 1V1ax gig=3

f<-\+1/ 11(11—/1 + 1‘)

"I .\"_, .\',.\‘3 1+.\', +.\‘3 +.\‘I.\"3 1+.\‘, + .\"3 + .\‘|.\':

wJ

X|..\‘3€1.;.+°<>). Chtrng minh: (-111-/1)12 + \I/512 Z(411— Z11 + 1')
\ 51/

/ :¥\
'3

B5112. Giéi sL'1'phu'0'ng11‘inh f (X1 = 11.13 +/1.\'+1- = O (11>()1 c6 hui nghiém g

(1)
1

C/z 1111g 1ni1z/z

, . , , /7 1 1' ,
S11" dung dgnh 1y \/lctc ta co .\', + x3 =—— va .\"].\-I = —. do do

(I (I

(-111-/1){Z+\— 211-'111—Z/1+1')<:>l4—-~

2&1
Li

\)

2v
1:1

+
‘<~‘_..

“-1
V,

‘:\
J

1

_ '7 _.__
<:> (4 + x, + .\*3)(Z + 1/.\',x3 )2 Z(4 + 2.1] + 2.\13 + .\",.\'3)

' /1 1 \'
.

1

\ (I \ /1

i
=

mnunnhhhhmmhhm1.1uuunn



H91 Plzzmvzg pluip 1111/1/1 gili c1i1~ I117 .11} 1-1111 J11 1/1111 I117’/zg 1111111 I1 here

-1+_1.+.\x I 1Z+_\;,1+1I+.\1,= I
‘:1 ' ' 2 .-—_._ c> A» ' 2 "IL—LT_

4+‘1,+"\z+\-1‘ *1 1 -,- 1‘+_.‘ _._ __,\,\‘_; _ .\‘)(2+\7.,1 :4‘-\_\'i\'\

1 1 Z 1 1 1

<:> 17+——*>———~—~- <:> 4--+*.A4>**4:_~~ (“'1
q + \\ *1 \ 11 11'1 ~ -‘w ’. T _~ # "7," H

“+'\‘ “+1: ' \'i'»‘ 1+ ‘ 1+ ’ 1+
Z I \1 1

3 .11 3 .11 1 q 1 1 Z .

D<f1111=7.1‘=~§1111(1)<‘:>1_)<:‘>———-¢+4<2—4~- $11,121
~ - 1+11' 1+1" 1+11\"

1 1 '_ 1 :1 1 2 1 1 1’

E

T1110 _+ _ w

1+1!‘ 1+1“ 1+11\" \1+11‘ 1+11\‘/1 .1+1"‘ 1+11\"/

1'—11(' 11 1" “_1'—11 11(1+1"31~1'11+11:1_ (\'—111:(111"—11 >()
1+ll1'|\_1+z1' 1+1" 1+111" (]+[,31(1+\-3) 11+111)11+11‘)(1+\"'1

V1 151)‘ (Z) C1L1'Q‘C c111'1'11g 111i11h do (16 11:'11.d:'111g 1111'1'c 1 1 ) d11'1_1‘c 0111111; 11111111.

B5113. G121 s1i'11.\: +1/> — 111.1: + 11* — /1) .1 — 1' : (1 1 1 ) 111 ¢ ()1 01': 11:1 11g11i{.>111 1Z1 111} 11511 1111 01111111

. . ., . . ; 211-/1 11

Q1111 111111 111111 g111c.C11u'ng111111111'n11g: ——~~——— +- >11 11)
11-1-1'—/7 /1

Clzzivzg minlz

T110611) <=> 1.1- 11111.1: +/>.1+1-1:0 <:> .1: 1 1 .1 = .11 ; .1 = .\;

/)2_.
1 Z~_1+1. 1

1211<=>_l"_+-->11=;~ ' '- - A->11
C 1° /7 1\i\‘\\‘\ \,\_"'.+ _._" --_

1 + - » - »

L1 L1 (I

4.1

<:> (Z+.\'| +13 )(.\‘1 +.13)—(1+.1I.1: +.1] +1: ) > (1 <:> .1] +13 — 1 +1.: +15‘ +.1!_\"3 >11 1_.)

'./J

D0 1. xl. 1Z1 dc} 11211 11110131111 cu21111(}1111111g1;ic11é11( ) C11'111g @1Z)11(111g.

B511 4. G111 s1'1'p11u'0’11g 11’11111.1*1 — .1: + 11.1 + /2 : 1) Q13 1111 11g11i§111 d11'0'11g 1c1'> 111é 1111311111 11111111).

, _ ~ Z11—3l2+1 3
C1111'11g111111111‘z'111g: ~———~ S — 12)

11 ~/1+ Z -1 .

Clzmzg minh

G13 su'ph11‘0‘11g11'11111cC1112111g11i1}111.11..\;..1=>1). S11'111_111g 11111111)’ Viéle 111c(1:

.11 + .1; + .1; = 1 1 .111; + .1;.1. + .1~..11 = 11 1 .\q.\";.\a = —/>

21.11.11 + 11.1, + .\g.\". )+ 3.\",.\x.\g +1.1] + .1; + .111 31.11 + .1. + .1.)
12> 1;» - ~ 1 ‘ " - ~ » s - 1

- w

1.1.13 + .131, + .1;_\'1 ) + .\'i.13.\'. +1.1] + .1: + .\:_ ) +1 .1 +1.1: + .13 + .111

.1i .11 .1; 31-\', * _\'; +-\'1 1

<:> 4- + —*— + A-W 3 ~--~?~-»—
1+ .11 1+ .1: 1+ .1; 3 +1.11 + .1: + .11)

1 -. / .\ V, .‘

+.1. + .\'_ /1 .1; 3+1 11 + 1: + 1

/\
J.)

_c

1 1 1 9
<:> + + 2

l+.1l 1+1-3 1+.\z_ 3+1.\-,+.\":+.\;.)



Ch 111/‘ng V: 3113f .v1§ sting tgm 1'15 12171 171711;; tlzzir 8*)?

SL1" dung hit ding (ln'1‘cAM - G111 (ax Q6

l I l 3 V+ + 2 _ __ _. __1. 2 ——--~——~»——
1+-Y1 1+ X; 1+ -\'= §(l +_\"1 (<1 +.\a ((1 +1\,( 3+ (.\¢ +.\; +-\11 \

I \ . _ .. . 3 1 , .1B313. Gla su'11.\‘ + /2_\' +1'.\' — 1/ =()(11¢())c0ngh1<;1n duong.
, . ; ; 0+1/—/1 _;'1/Chung mmh rang: +1 — -‘,(— 21

\‘ 11 \11
(

Ch ling minlz

° B51715.‘ (I + XI )(1 + .\‘: ((1 + .\"; ) 2 (1 + Q,/,\’1.\'3.\g ‘V11. .\‘;. .\a > O

~A' 1111110: ~‘.*'il+:(~/_—/7—*~i21<:>1—£+£+i2(l+==5i1
p ' 6 11 \11 11 11 11 ‘ \11

<2 1+ (xi + .\', + .\‘; ) + (,\",.\x + .\\.\'; + \z\ vi )+ \'| \u \“ >> (ll + \'| \‘ \" );

<:> (l+.\"l)(I+.\'3)(1+.\';)2(1+ {,1/.\'|.\‘3_\'_; 3 (Cipcm)

Biii 6. Gia str11.\“‘ + />_\-3 + 1-.\' + 1/ = 0 (11 ¢ ()) 06 nghiém du'o"ng_.

. . ~ 311/)1" + 81)’: — 31/113Chung mmh réng: 1:12 O

£1‘

C/1 1271g minh

A. A _\-f + xi + /'_\-I + _\z + _\g' B0 171?: J ’ Zl J ‘ I V \‘, \-~ xx > O
J w J

-Apdgmg:  2() <3 _3.i2()
11’ 11 11

11,
11

<:> ——3(.\'| + X2 + .\g )(.\‘:.\'3 + .\u.\g + .\";.\', )— + .\'. + 4\'- — 7\', \A \x > O

<=> +.\'f +.\'§ ——(.\‘] +.\". + Y1)‘ +?\‘] \;\' —8(\'| + \‘. + 3v, \ >0.> _. ._.; _ __ — . .‘:.\'_~‘_

_ "— ' ung :\ (dpcm)
1

x 2 2 I I
.\“ +.\"' +.\} .\‘ +.\‘ +.\‘;/2 ' 3 1 >[ ' d lad

_ \ 3

Bili 7. Gizi sL'1'phu‘0‘ng trinh ax: — xi + bx — 1' = () Q6 nghiém du"o'ng .

Ch('1'ng min_h ring: 2 +12 2 631"

Clzfrrzg minh

1 1 \ 1 .\'] . X3 , X3 > 0
- B13 1112- [1+_M1+_|{1+_)z1s4 V61

-"1 -‘F / -Y1 rl + xy + \" 1_ _ - v_ -3:
, . , 1*‘ / ‘”'Apdg1ng: 11.1’ — .\" + b.\"—1- =0 (1) <:> 1'(—J —[>Ll +l—11=O (12)

x .\", x



S94 Plum‘/zg pluip dzinlz gizi cric I119 .10’ clia (Ia th 121' lrfing djzzlz I_1‘ Viéte

..' 1 , 1. 1 1 1 1 1 , .. . -

Ncu .11. .13. .11 111 cac 11gh1¢n1 Q1111 (1 ) 1111 —.——.4 lucac ngl11g111cu;1(Z1
.1, .11 .11

l I 1

Tuc(1 Z + /.1 2631" <:>’1+~7+—~+~26-1
1' ( (1

"1 1 1‘ '1 1 1 1 1

<:l+| +~-+ 1+1 + + 1+ 26-1
1 .11 .12 .1: 1» .11.\x .\A.\1 1111 1 1112 111

/ 11/' \ ’ 1

— — — 1264 :> (dpcm1

H
/T

+
_~._. I

if_.

\i
/ix

+

Bili 8. G151 su' phu'o'ng 1111111 11.1“ — .11 + /1.1 ~ 1- : () c<3 ngh1én1 du'o‘ng.

, . 1 1:~%fh+Nf+4u- U

C111111g mmh ring: F-'~~—~~—--~—*€ Z -1

(1/1 — 1' I
C1111/lg mi 11 ll

; A .1-.3 .15 .1, + .11 + .11

' B0 (Te: " + - + Z ‘ “ V11. .11. .11 > (1

.13 +.1; .1; +.1"1 .11 + .13 Z _ K

:_,: ,:.1_ 1_, :_-)I__q1_
Ap dung: u -la />+_/2 +-lur 23 (u _/2) _(/2 -1111 2 1

ul1— 1" Z 411/) — c" 2

1 1 -1 1 -»
71

(.11' + .15 +11)" — 2[(.11.13 + .1311 +.1:1.11)‘ — 2.11.1":.1"1(.11 + .1: + .11 )

1:,» A = 2 0
ab — 1'

.114 +.1j + +b(_.113 + .113 +15 J

1‘: A = ' ’ _ ' 2 (1

(.11 + .1. + .11 )(.11 .1, + .111; + .111, )— .\'1.1_.1'1

Tu cé .11:(.11 + .1_1)(.11 +11) = I: + .11 (.1: +.11)+.1:.111 I = (.11: +12)

__/‘

F“"1

(.11 + .11 )(..11 + .11 ) + (.11 + .1‘: )(.1: + .11 ) + (.1: +.11)(.1, + .11) .11 + .13 +11

(.1: +.1'_1 ’)(.1; + .11 )(.11 + .11) 3

' .11 + .1; + .1}

-2 ' + - + ' 2 ' 1 2 1 dpcm)
.1: + .111 .11 + .11 .11 + .12 2

Bili 9. G121 s1'1phu'0'11g t1finh.1'1 — 11.13 + /1.1 —¢* =‘() 06 ba nghiém du'o"ng

I , . ,1 (' 1 w

Chung m1nh rang: 1:1: £ j 1/If — 21>

\/17‘ — Zuc 3

Clzzhzg minh

G121 s1'rphu"ongtr1nh C6 bu nghiém 121 X1. X3. 11; >0 khi G6 ta cé b§1d2'1ng th1'1'c1€____
3 3 ri .11 + .1, + .11 1.11" + .12 + .1;

3 SQ/.11.11.11 é ‘ ‘ 3 1 ' ‘

1 1 1 1 1 1 ~» 3 1 3
+ + ; 1 + 1 +

.11" .1? .1; .11 .1; .11



(Tl1n'0’ng Y: Jlgit xv}, sling [gm M5 hr?! drihg t/1121' -\‘*)."»

_ , ,.\ , 3 36 1" 41 ‘(I —~ I/1
Su'dL_1ng dgnh 1} \/ICIC la co <~—~~ 3 —— § \,1" S j 3 —~-1 ;~~

A/>~ 11 /1 ~ \= ~\ 1 ?

s; 34”‘ F11: ~11’? <' \c1:—2/>Su\ 1'21 ,_ —— § 1' — ~ <:~ —+:~__._;: S ——-~ (dpun)
\/1 — 211:" \ J \/1’ — Zcu" ~‘

Biii 10. Cho czic s6 lhgrc <1. I). 1'. 4/ > (), Ch(1'ng minh ring:
9(u + /7 + 1" + 1/)(u/21‘ + 11/u/+ um! + /20¢/I § -Ha/1 + at + uz/+/>1’ +/></+ :1/)3

Ch 1211g minh

' B5 £15.‘ (I! + \' + n‘) 3 2 3(11\" + \‘\\" + Wu) V11. \'. we

' zip dung: Xél du time l’(.\') = (.\" — uH.\" — /1)(.\ — <')(.\‘ — ¢/).

SL1‘ dung dinh 1)‘ Rolle su} r;1P'(.\')c6hz1nghiém /11. :1. /7‘

Tu cé

P'(.\‘) : -l.\"; — 3(u + /2 + <' +1/).\': + Zm/> + nu" + uc/+ />(' + /91! + <1/).\'~ (<1/n' + ulul + (ml + /M/)

. , , 1

SL1‘ dgmg dgnh ly \’\c1c1uc0:m/1 + up +12/21 = 7 ((1/1 + <10 + an/+/7<"+lu/+("c/)1

1
J l

m + 21 +1) = In: +11 + <' + (I): HIII/7 = In//n' +¢z/>1/+1/<"</+/In/)

Tu C6 (mu +1119 + pm) I 2 3(_I/1/1.11;) + IIl]J./7/1 +/ml./n/1) = 3/11/1/1(/71 + /1 + p)

I v 9:> 1( (lb + ac" + ml + In.‘ + lid + (1/)' 2 E (:1 + /2 + 1' + 1/)( (1/)1‘ + (1/)d+ 5111/ + /7(‘£/)

:‘> 9(a + /2 + (' + c/’)(c1l>c' + (1/Pd + u<'c/ + bu/) S -Hub + at + 11¢/+ /10 + lnl + (1/)3

Biii ll. Giti su'.(1|.a3.u;.u_..(15 >0. Chfmg minh 3(Z(1, ) (Z41;/,1!‘ )S(Zz1f<1‘, ) _

Cluhlg minh
X61 P(_.\‘) = (.\‘ — z1|)(.\" — u;)(.\‘ ~ u;)(_\' ~ u4H.\‘ — 11;).

SL1‘ dung dinh 1)‘ Rolle suy 111 P'(.\') Q6 h<‘\n nghiém [hue during m. /1. />. q.

Ta 06 P'(.\') :5.\‘4 —4(Z¢1,).\'; + 3(Zu‘a .\'3 — Z(Zui<1 ,<1; .\'+ Zz1,<1,z1Az1,,J

Sn‘ dung dinh1y"\/iCLclac<3

4m+1z+p+q=;(u! +03 +113 +u_‘ +05)

3
mn + Hp + pq + mp + mq + nc] = 720,41]

J

v
mnp + /zpq + _1)(/I77 + qmn = f(Z¢1,z1,z1A )J ,

Ap dung bzli tép tru'<'>'c (1106:

9(m + n +11 + q)(1mzp + nznq + mpq +17/u/) S ~1(‘/21/1 + mp + 1211/ + up + /Iq +121/V):



L\‘~)(w l’l1m1'11gplzzip drinlz giri cziu I11‘ s13 um zla tluir 111711;; djnlz I)‘ \‘1'£’1‘0

1’ \\
1

1?

F4

U (Z11
\ _

11)

Y ~. 1 . 4 1 , > L

Ba! lZ.(h0c;1c so 1h11'c11./11111/>(). Lhung 11111111 11111;:

3111+/1 + 1' +1/H11/1 + 111' + 111/ + /11" + /11! + 011"» §

S (11 +/1 +1'+1/1': + Z111/11'+11/ul+<11"1/+1'11"1/1

D31

- C'I11?'11g 11111111

P(_.\‘) = (.\‘ — r1)(.\' — /1)(.\‘ — (')(.\' — 1/).

$11-111111;; dinh I)‘ R0110 suy 1'11 P'(.\') Q61 bz111gl1i§m111. 11_ /1, T11 Q6

P '(.\‘) I-1.\ ‘ ~ 3(u +11 + 1' + 1/).\': + Z(u/9 + 111+ 111/+/11" +/11/+ 1'1/1.1‘ — (11/11' + 11/11/+11<"1l+/112/)

SL1" dung d2'111g th1'1'c Cauclzy \’Z1 hail dng 1h1'1"c .~\.1I-GM 111 013

(111 +11 +/1)(11111 +11p +/11111—11111;>=(111 +11 )(’11 +/1)(/1+111)

(111+11)+(11+p)+(/1+111)1‘ 8 1

(111+11)(11+]1)(]1+111)S1 1 =_)7(111+11+/1)‘
1 J 1 _

8 1

:> (111+11+p)(11111+11/1+/1111)S T7(111+11+/1) +11111/1 (I)

, . , .1 , 1

SL1‘ dung dgnh I)" \/101011100 11111 +11/1+p111= ?((1/1 +/11'+<‘11+<'1/+1/11+/11/)

Y l
111 +11 +/1 = £111 + /1 + 1‘ + (I); 11111/1: I (11011 + /1011+ <1/11 + 1/11/11

Thuy bu d:'111g 1h1'1'c nZ1)' V510 (1 ) 111 nh:_‘111 du'<_1c chL'1'11g minh. l

\ . , ; . - L |

B111 13. Cho cac s01h1_1"c u./1.0.1/>0.Chung1111nh1‘;111g:

9 1 1 ~ 1 f
l’%(z1' +11“ +("' +11‘)+%((1/1+u1'+uc/+l1('+[1(l +111” 2

. '1

~ "3
1 _7

2 Z(11l1 + 111" + 1111 + />1" + /Jd + ("(1 )' + -l—E—((1 +11 + 1' + z/)((1l1(‘ + 11/111 + 1111/ + /1611)
1

X61

CI1 1571g 111 inh

da Lhtrcz P(_.\') = (_\" — a)(.\" — /1)(,\" — c)(.\" — 1/).

S11 dung dinh 1)? Rolle suy 1‘z1l"(.\‘) Q6 bu nghiém 111. 11. /1. Tu Q6

P '(.\') = 4.1’; — 3(a + /1 +1"+ 1/).\": + Z(u/1 +111"+111/+110+/1(l+<"(/‘1.\'*(11/11'+11/11/+1111/+/112/)

S1'1‘d1,1ng b§1CI2'1nglhL'1'c: (111 +11 + p)(111: +113 +113) 2 911111/1. SU)' 111

(1113 +113 + pl + 11111 +11/1 + 11111): 2(11111+11_p+/1111)2 + 9(111 +11 +;1)11111/1

Bi 14. Cho czic $6 thuc (1. /1. 1'. 1/ > 0. Chmg minh 1"§1ng:

9(ll +17 + 6' + I/)2 4(ub + 11<."+ ad +121‘ + I111 + ('11)
+ 2 <11) + 11¢‘ + ad +121‘ + bd + ("cl + 9

16 ubc + ubd + aczl + bcd

Xét

CI1 1271g minh

(Ta 1h1'rc: P(.\') = (,\‘ — a)(.\‘ — 11)(.\' — c)(.\" —- 1/).

S1'1'd11ng dinh 1)? Rolle suy 1'11 P’(.\’) cé bu nghi§rn1 111. .1. /1. Ta c6



Clzuvng V: Mgit $5 szing tgo vé bf} dring thzic R97

P "(_x) : 4x" — 3(a + b + C + (Ox: + 2(ab + ac + ad + by + ha’ + cd).\' — (abc + abd + acd + baa“;

. A ; , ~ 2 ~ 1 I ,‘Su dung bat dang thuc: in‘ + — : /11‘ + — + — 2 J
m m m

m1z+n)+ 7/n 3 2 1 Z ~ Z:>m2 +11: +p2 +25%‘ +—+n' +—+p' +—29
Hlllp nz 12 p

Thé a. /2. c, d theo m. n. p :> (dpcm)

Biii 15. Chang minh ring:

Q/labc + abd I acd + bcd N;/ab + ac + ad £190 + bd + cd V“ b‘ U, 0

1

?

J
Ch 1212g m'in/1

Xét da [1'lU'C P(x) = (.\‘ — a)(.\' — l1)(x — c')(x — d).

SL1‘ dang dinh ]_V Rolle suy ra P’(.\') cé ba nghiém m. n. pa Ta cé

P '(,\') = 41-3 — 3(a + I2 + c + d)x2 + 2(ab + ac + ad +196 + lad + cd)x — (abc + abd + acd + bcd)

SL1’ dung bit déing thfxc AM — GM via dinh 1y Viéte La C6

J 3 abc + abd + acd + bcd {ab + ac + ad + bf + bd + cd
1 np 1 1 _ ’ 1 Y"! ~ _ ;
1m + + p 2 > 3\/( Imp) *—\ V >\i

Bixi 16. [Viét Nam MO 2002] cm da thtrc P(.\-) =.\-L‘ +a.\'3 +1»-+¢-=0 cé ba nghiém I

‘

thuc. Chirng minh rang; -l2ab + 27¢ s 6<1~‘+10\/(Q1 _ 211) <1) f

Ch zhzg mi/zlz

GQi xl, x2, x; IE1 ba nghiém cla P(x). Str dang dinh 1)?" Viéte ta C6

x, +x2 +x3 =—a ; xlxz +x3.\'3 + .\'3xl =12 ; .x'[.r3.r3 =-c :> a2 — Zb=.\',: +x§ +.\‘§

Ta C6: (1) <:> 6(x, +1‘: +x3)(x,3 +1‘; +.¥_§)527.r1.\"3.\'_, +lOv(.\‘]3 +x§ +x33 (2) I

- Néu X13 +15 +.\-Li =0 <=> ,\-,=.1~2 =.\;, =0 m1<2)1a dling 3 <1) 151 dilng

- Xét ,1-,2 -FX32 +x§ >0. Khéng ma: mm réng quét gizi su .\-,1 §.\-§ s.\-_§. chm rang hai vé

CL1£1(2) déu 151 czic biéu mu-C déi Xrmg béc 3, do dé Ia (:6 me‘ chun héa x]: +.\-§ +.\-§ =9.
Ttr Ciéy suy ra: .\~§ 23 Va 2.\~,.1-3 $6.130 do; (2) <=> 2(.\-1 +.\-2 + .\-3 ) -_\~,\-,\-3 s 10

Sir dung bén déng thfrc CBS ta c6

[2(x1 + x3 + x3 ) — .\',.r3.\';] 2 = [2(.\', + xi ) + (2 — xlxz )1‘; J 2

£ [22 + (2 —.\'1.\'3 )2][(.1', + X3): + .\'_§]={8 —4,\'l.\'3 + (xix: ):][9-+ Zxlxj]

= 2(x]x2 )‘ + (M2 )2 - 20.1-1.5 + 72 = (M2 + 2)’ (2.\-,5 - 7) + 100 s 100

:> 2(x1+.x3 +.\'3)—xlx2.x3 S10 :> (2)151 dng :> (1) 1&1 dng

Bing thirc xéy ra <=> X| = -1 ,¢\-2 =.\-3 = 2 <=> a=—3, z>=0, ¢-=4.



898 Phzro'ng phrip (Ttinh gizi cric hé .95 cua (Ta tlz12'c bring z7_inh If Viéte

Béi 17. Gia st'1'phL1'Ung trinh 11.1-*— <11-~‘ + /1.1-L 1-.1 + 11:0 ma <1. 1;. 1. 1/> 0 c6 b6n nghién

LhL_1'cthu<}c khoans Chime minh ring: Z1u+ 1641' > 80h + 3”(1d
» -1 p _

.1

CI2 1271g minh

G91 11511 nghiém cL'1z\phu'o'ng trinh 1&1 .\",..\x..\2_..\; € ((1%)

Str dung dinh 1)‘ Viéte Lu c6 czic hé Lhfrcz

{xi + X: + ,\u_ + .\; :1
1

.\'1.\‘3 + .\'I.\'3 + .\‘1.\"4 +.\":.\‘3 + .\‘3.\‘4 + .\'_~\.\'4 =/9/ u

.\"\.\"3.\'3 + .xl_\'3.\'4 + xl.x'_,.\-4 + .\-3.\'3x_. =c/a

.\'].\'3.\';.\‘4 = (1 /(1

b
D0 61> U nén Z1u+164(‘2 80/7 + 3206! Q Zl+16'-'1-£28O—+3ZOi

(I (1 a

<=> Z1 +16-1(.\'!.\':.\‘_; + .\‘].\j3,\'4 + .\‘| .\'3.\‘4 + .\':.\‘3.\‘4 1 2

2 8O(.\‘I.\'3 + .\"1.\‘_; + .\'|.\'4 + .\'3.\‘_, + .\'3.\'4 + ,\‘;\_\‘4 ) + 3Z().\'l.\‘:.\'3.\‘4

su dung bél dng 1m'1¢ AM-GM, 111 cé

1-2.\-,+1-2.\-\+1- 1 1+1» ‘

(1-2.\-,)<1-2.1-:>(1-21-,>s - =1 .Suyra
\ / 3 /

(‘J

3‘.
>1

1,1

\

I‘
w

4_

,4

27<1- 2.1-I >11 - 21-1)<1 - 2.1-, 1 s <1 + 2.1-4 1‘

27<1- 2.1, ><_1- 21-I )(1 - 21~4)s<1+ 2.1;, )3

X 27(1- 2.1-,><1_ 2.1-} )(1 - 2.1-4):(1+ 2.1-If

270 - 2,1-2 )<1 - 2.\;1)<1- 2.1-4 > g <1 + 2.11 >3

:> 81(1 —Z_\‘, )(1— Z.\‘1)(1—- Z.\'3)(1— 2.\'4 ) S (1 + Zx] )(1_+ Ex: )(l + Z.\'3)(1+ 2x4)

<:> 8O(.\‘|.\‘3 + .\-Ix; + .\‘].\‘_. + .\‘3.\"3 + .\'2.\'4 + .\‘;.\"4 ) + 32O.\"|.\'3.x3.\‘J_ S

S 'l1+164(.\',.\'3.\‘3 + .\-].\"3.\'4 + .\'}.\'3.\'4 + ,\‘3.\'3.\"4)

Bi 18. [H0ngk0ng MO 1997] Cho f1.\‘1=.\'” +c1‘.\'”_' +...+a”_‘.\'+a” 15 C121 thirc bélc 11 2 Z

v<'7ic;'1c nghiém thuc bl .l23,...‘1>H. Chtrng minh ring: _

1 1

f(x+1) —l—+—-—~+...+—1—— 22/1" \7x>bl,b,,....b,,
x—bl x—b3 .\'—b ' ‘

1| J

Ch kng nz in I1

Ta céf(.\'1=(.\'—bl)(.\"—b2)...(.\'—b”) 3f(.\'+11=(1+.\‘—bl)(1+.\'—b:)...(1+.\'—bH)

SL'1'd\_1ng bait délng thirc AM-GM, ta cé



* ' 899Cl2;r<;':zg V: M431‘ s6; sting tgo vé bfh 171:’/zg t/zztr

. 1 1 1j(.\'+!){——+i+...+i _
' \ /, \ ‘L \ /2. " ‘- _'—¢, _"“

I 1+.\'—b l+.\*~
\ 5“

( ) ( J’ J” (.x'—l7;)...{_~;*!>”) \ ,\'~l>: .\'—l2”

\

§'_‘_

\i
,

-+

\-
~

 vi_
I 1.

>1

U
\_,

/\
/-'

v
1

\_,

/__

/

_C7

\_/

; '(1+.\--/>, )" (1+‘\--/4‘-L7?-€i :;1-

D§1t!=.\'-1),->0 "\7',\'>b,-.Khi112Ztac(3

(1

1

'7 I .

~ L \, n ( 11 —

/ . ~\ I

. _ \ , ,
+1)!‘ 21+/zl+l2—(”_>—l'I' =%[1z(/1-1)!" -2/zI+Z]+2/11

1. _.

\/I/z(/z—l).2'—i———_” _

1 l 1

_-+1 |———-+i+.A.+-——fu )§\.\"—b1 .\'—b2 .\‘—b” —

w I .' /2~./1—Z) , \+__i ;gg,;;. buy rs.

\____

+-
rs:

~ ‘—l>.>" (l+‘—/1,.)”>

V
\.

q\l

¢1f‘~‘_

>1

NH“ 1' ————i‘A ‘ II-\l/(L111); =2:22
bl \'—b,, '

} Bvi 19. Cho da thirc P(.\‘)=.\'" +a§.\""’] +...+z1”_;.\'+1 vé'i U],(13,...,G”_:Z0C(§ 11 nghiém
‘ I+' >-’thu'c .\' .Ch\'In@ minh rnv: P .\“ > (.\' . 1 ’ ‘V.>;_ J

- l /1 V ~.

I

)

C111?/lg min/z

B5 (10; (bin ééng thirc Mi/zkowski 2;

§a'b,b2...b,, + Q/’¢-,4-:...<»,I sq?/>, +01 ><1>2 +<~1;...<1>;, +¢/,> ‘vb,.q 20

Ap dgmg: Do (1, .c::....,c1,:_; 20 nén czic nghiém cua P(,*.']1L‘: .‘_"i..r3...._.‘;" <11)

SH‘ dung dinh 1}? Viétc ta cé (—1)".*:‘.\':.....r,_ =§. Strdung b6 dé ta cé

Q/P(x) = — xl — x2 — xn ) = + Ix, (x +

2 ”lx.x...x + ” ‘X x2...x, = x + 1:> P(x) 2 (.\' +1)”

)...(.\'+lx”§)2

V l I

\/ ,1

Bi1i20. Giél sL'1"dath£rc béc n R, (x) =.\"' +a|.\'”“ +...+a”_,.\"+an cc’; 11 nghiém thgrc.
F

, . - Zn
Chung mmh réng: as 2——]a3

r1—

Ch ting minlz
'3 '1 7 , '3 '7-- +.\--= .-—.~ +.x' —.- .-, .OS(.\‘, A3) (1 + +(\| \,,) (3 x3) + +(\_ xn) +

'7 '7 w 1

+("-3 _‘\‘-1)’ +"'+(x3 —x!I)— +(x4 _'\'5)_ +"'+('\.n—|_X!1)_

ll H

<:> OS(n—l)Zxi2—2 Z ,\',..x"]- = (rz—l)HZ.\'l) ——2 Z x[.\'/_ -2 Z .\',.\'l_

i=1 l$i¢_/Sn 1=l l$i¢j5n l5i¢j$/1

2

7 '3 '7 2
4:» OS(n—1)(a[ —2a2)—2a3 =(n—1)a]' —2na3 4=> z1[2%a2 (dpcm)

, _
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Gizi str P” (X) = c1,,.\'” + al.\""“' +... + aH_I.\‘+ an =O'(uU ¢

U3
53/

v-.

l\J
Pi

Z

cénnvhi“ ll‘ ' <1 "0 ' LC ¢m u_1c duonc. Chunc mmh rang: ll! 2£—”i
510/

/ \‘ /|

Q

\\ nah /V;

n~l
u \

, (1- 1 1 1 \‘ . .' ; ,
Ta CO ii = .\‘| .,\x.....\‘”I -— + — + + — I. Su' dung but dang thlrc AA/I — GM

cz ‘ ' \‘ \' \" 5

I) \ I ” 1 /

:> Z211.“ ..x‘3.....\‘”i<=>P 2(.\',.\-3.....\'”) I 4
610 “ \ \_ \ \/_ -I __~” \ H610 J :10

Ch zhzg minh
/ .

\ 11 \n~1
u”_l 1 aH_l ,,-,1

2

J

Bi 22. Gizl str P“ (.\-) : .\-" - <1‘;-"" +...+ (-1)”“‘ u,,_,.\~ + (-1)” (1,, =

cé n nghiém thuc du‘o'ng. ChL'mg minh rénv

¢./_%_<_

1[14=

0

21+ J/a,
I

Chzhzg minh

. B5 (1 +.\-;)(1 +x;)....(l +.\',,) 2 (l+Q/xl .... ..\'” )1! V.\‘l..\'3.....-\'H >0

' /{p dglng: Gizix str phu'o‘ng11'inh cc’) /1 nghiém 121 .\',..\"3...._.\'” >0

Ta Cé(1+.X])(1+X3)....(1+X,,) = l+al+c1: + ...+ an

,.

Trong dé ak = 2 .\',|x,_ .... .x,‘ Suy ra /I

l§i,<i.<...<iA 511 X

1+ a,

,=|

2l+{/Z: (dpcm).

B51i23. Cho da thL'1‘c P” (X) = .\'” +a|.\'”" +...+ u”_,.\"+ an cé II nghiém thL_rc

Chtrng minh ring: ]z1‘,£1”_kl2(Z)_

"\
~

II

Ta C6 S, =Z.\‘k =—a[ ; Sk = Z ,\'il.\',_ .... ..\‘,‘ =(—
I <

CI1 zhzg min I1

k= 1s1,<12<...</‘,1! _

su dung bér ding thtrc AM - GM. Ta ¢<s

Z X,‘ ..\-,

l$1[<i~<...<i‘ 5/1

:> | akc1”_k|2(

>7‘:

, (A

.... ..\‘,A.?_(;Z)[(.Y]...X”)(?:U]‘H 3 ;@L|2( )| "1’

‘vigil! .

H

<Z3.k'£I‘-1?
11'

)2|“" (""1 <=>l<w~-k1Z():P,1

77:

7.‘:

l)kak

‘WI

an Vk =

(dpcm)

1.—n

—kI2(1:k)‘ an‘ (11% ' DO (Z):(nEk)* (z:U+(|1]lZ‘Yl):(_1’1I:lE‘)+(nQZB1):(nQ/<>



Ch zrmzg V: Mgit s5 szing tgzo v15 bfit 11(7):g tIn2'c

B'24.G".'"d h" P —- -*in 121 QU at uc H (x) -.\” +a|.\” ' +...+u”_,_\"+a,_, cé n nghiém thgrc ducmg.

Chirng minh ring:

r.

Q
>~

‘Z:

>~

——><%:A>-1

|

|

-an I

901

Su' dung béi 23 ta c6

/—\

>>

"\
~

»

Q'2

,

‘M
A

7.‘
V

A

J2

+

)()/ll) (

Ch zhzg nzin I1

_)(/£1) +-~~-+(ii)(8) =(3i’) -1

IA 2 -3 7

- n

)' +(-)' + +(i§)'

Bili 25. Gié sir P” (x)=x” +a].\'"*l +...+a” =0 <36 12 nghiém thuc duong.

n~’

Chirng minh ring: %1, Vi S k § n
L /1

Ch zhzg min/z

Xét da thL'rc: P” (x) =.\'” + a,x”') + ...+ a”_]x+ an. B30 hi1m(n— l<)1§nta (:6

Rf”_k’ (x) = n(Iz — l)...(k + 1)xk + (I7 — l)(n — Z).../<.a,..x'k_ + +

+ (12 — k +1)(n— k).....2c1k_ 1.x + (11 — /<)....2><1a‘

' “ ' _ ‘ 1 _ ' .hay P”"'_k'(.\')=i,\'k +@—'z1,.\""' +Q!4az~.\"“' +....+LWcz‘
/<' (/<—1)' (/<—2)' _ 1'

:> R‘, (x) =

SL'r dung hé qua dinh 1;? Rolle “gifra hai nghiém Qua dao hém cép m luén {Sn tai mét -

k.

7.‘:

(A -)

nghicm ctla Ciao him cép (m+1)‘ suy ra tlnh chét sau:

Néu P,,(x) 06 céc nghiém déu du'0‘ng {hi P‘”*"(.\') cflng C6 czic nqhiém déu du'o'n", tire 151

n—] n~Z n—k—I
' k 1 * 1

_( . - - av‘P”‘” I‘)(x):xL +~a,.\'L ]+iu..\" 3 +....+Ac1‘__l.\'+—‘
)1 ~ /1 I1” ( ) (A) (A) (A)

11 Q-1 C

Rk(x) c6 czic nghiém déu du'o’ng. Theo bili 23 dc‘>i vdi da thtrc

n /1-] , H -IP” (X) _x +a,x +...+c1”_|x+a” ta co |ak[2(k)) an

nE1y cho da thtrc

Vl\ -1, n nén zip dung két quzi

n—l 11-1 n—k+l

R‘,(.\')=QR,(”—k)(.X)=)Ck +(,+])czI.x'k' +@a3x"3 +....+¥I )aA__|.x'+[i—I"
” (A) (A) ( ) (A)

I>

(ff -1‘)

Ma. > .

<2) "W

>.~l'.
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|k i

. \ I a. I (1 ' .

Chung mmh rénaz '—' > -l| V1 £ k S n
" " I 11 n

v
1

Bi1i26. Gié sir P” (x): x" + a[x”" +...+ an =0 c6 n nghiém thgrc ducfng

Theo bfii 25:

._ _ _kv ,1__

1W6“! 4

,-\

>>

‘J

Ch 1i'ng min Iz

. (Ax , .‘A~\1*]

, , *i:J;_,
(IT?) /\' i"n

_Q
_')“‘

1-;

'7.

~

“V?
>~:

SU\ Id
11-! i I 1/’

(R-1)
* ‘ 3 ,., '-) (Ll _é

_,_<4_

>.~>
\.../

/‘\~_
,__

\_./

\/
/-\

>.~:£2‘
\../

, ( ).\ ). ( 1)!z! 1 ,
Ta co = L = = do do

('£)(H ”' " <3‘)

,-\
M.>.~

‘/

V

ai

l<!(n—k)! i!(k-1')!

("f-1) ,_L4. .___L""1.’.. -

ak ‘*1 ‘(J iim-L)! gk (i—l)'(n—k\‘

._ — V '3 k <:> —' 2 -—
Pl I1 I I H I1

i l l k 1 1 A

!\

_ , '~_ , W} 1

Liy thira béc cé hai vé ta cc’) {L ZIL :> (dpcm)
(L W (';)j (Q)

7 _
B§1i..7. Gié sir P” (x) - x” + alx” l+...+a

a, ak_
O: L-Chirng minh rénc

('1') ‘(ii
1

,_\|,\:

>:-:'~
_>~

.@2M
J1

= O C6 n nghiém th1_Ic du0'ng.

\7’1Si§l<§ I1

Ch 1211g minh

scr dung két qué cfla baa 23 aéa véi da {hU'C Rm m nhzin duqc

"i";—'—*2m 3} la‘ ’;>(;;;i)(~—§+i) (n—z')!(n—k+i)!i!(l<—i)!

1 <k> 1

:>§a,ak_,. n! _(l<—i)%(n—l<+i)! :(’,-1)

('£)' (Z) ‘

(:1-1) (n~k+i)
k 1 i

a- a °

7 ‘cl-ak, (’£)(§) k!(n—k)!n!

11!

,5

_%>

7?‘

‘ a,
¢:> ~

r\
-_

>.~

Q
>.~

H? quii: Cho k =21 ta Q6

k!(rz—

;:
":

_.;iZ.

'-It

_ Hm-i>i W111.“ (
/<>!

v

(’f)'

>r-I
~<,/

Y
7*?‘

n '
1 /\— '

,_.\_

\.L_/

,‘



Chzrmzg V: M@t $5 sling tao vé bat (Tang that
B. BA| TAP TU’ GIAI

\ . , _ L Y ’ / ' '+ 'Ball. Chung mmh rang: (1l7+l><'+(‘(¢’+d¢1+l- S
Z abv + a/Ml + 1241/ +01/a

: 1 /A +1 + '+ 1 “Z
S 3([l/7('+(l/7d +b("d+c(/a) +~i— i Va. /r. <1 d > 0

' 4 \ abr + a/Jd +/wed + ca/a If

Bi1i2. Cho caic thuc a./2.<-.d>0.ChL'1'ng minh ring:

lO_3(abC+U(_d +a/7d +bCd) 3(a+[2+c+(/)+ Z(a/2+ a<'+a(/ +/)(‘+/Jd +c(/)
4(ab(" + a('(/ + a/Jcl +1><‘d)

36 (abc"+ and + abd +bc:d)
+

3(a +b+<'+ d)+Z (ab + a¢'+ac/+bz‘+l>(/+("z1)+lZ(a/7<"+a<"c/+a/2d +ln'z/)1

Béi 3. Cho czic SC‘)lh1._l‘C <1. 1;. C‘. (1 > 0. chm-ng minh 1-émg;

(ab+ac+ad+bc+bd+111): +9(a+b+('+d) 3 2

2 6(abc + abd + act! + bcd)(a + b + c + (1 ) + (ab + ac + ad + 17¢" + bd + Cd ) + 6(ab(“ + abzl + act] +170:/)

B51114. Cho czic $6 (hue a, b. c, cl, p > O . Chfrng minh ring:

2(a +12 + c + d + p)(ab(' + abrl + abp + a('a' + acp + ad/2 + bu] + bcp + [nip + rd/2) S

S 9 (ab + ac" + ad + ap +120 +/)(/ + bp + czl + 0/1+ z/p)7

Bizi 5. Cho céc $6 thuc a. /2. c. d. p > O . Chtrng minh ring:

3(a + b + c + d + p)(ab + at + ad + ap +/20+ /Jd +17]; + ("(1 +('/1+ (1/2)

S8(a +19 +<' +d + p)3 + lO(al2(' + abd + a/117+ acd + ac]; + ad/2 + bu! + />0/2 + Ix!/I + ('1//1)

Bili 6. Cho czic sf) that a. b. <1 cl. p >0. Chmg minh ring:

(a+b+C+d+P)2 +E_ (al2+a(‘+ad+ap+bc+bd+(1p+cd+c‘p+dp)
25 3 (abc + abd + abp + acd + acp + adp + bed + bcp + bdp + cclp) _

Bai 7. Cho caic $6 thgrc CI, b. C, 6/, p > 0. Chtrng minh rang;

%(ab+ac‘+ ad +ap+b<‘+Z2d +bp +cd +011 +a’p)+

3(a+l2+('+a'+p)
abc + abd + ab/7 + acd + acp + adp + bcd + bcp + bdp + Ct/[J _

S 2 abc + abd + abp + atzl + acp + adp + bad + bcp + bdp + (rd/7) 2 +
25 (

a+b+('+a'+p I
abc + aba' + abp +-aca' + acp + ac/p + bu! + bop + bdp + cap /
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B51? 8. Gié .<u- phu'0'ng trinh ax: + bx + c = O (a ¢ O) C6 hai nghiém x,_ .\'3€ H). + co).

. . \ 2a——b a(6a+b+8c)
Chung mmh ring: 2

(1-b+c (a+c)(3a—b+c)

Bfii 9. Gia su |a(b — (“)1 > [bl — ac] + [(2 — ab|. Chirng minh: néu phucmg trinh

ax: + bx + c" = O cé nghiém Lhyrc {hi {Sn Iai it nhét 1 nghiém .\-U e (().\/§ -1)

Bi 10. Gizi SU phu'o'ng trinh ax" + lax: + c.\" + (1: 0 (u ¢ O) cé bu nghiém thuc du'o'ng (06

, \ , \ 4 1»-1‘ -3 11 3
me béng nhau).ChL'1'ng mmh réng: liz-

da —abc 2

Béi 11. Gié str phu'o'ng trinh x3 — p.\‘2 + qx — p = O vdi p. q > O cé ba nghiém thuc

. \ 1 \/5 ‘
x,, x2, x; 21. Chtrng mmh réng: p2 Z+?J(q+3)

Bili 12. Giel sL'1'phu'ongtrinh ax} + bxz + c.\' + d = O (a ¢ O) C6 ba nghiémx1..x";.x; > O.

. . ; ~ ~, —b3c3
Chung mmh rang: .\'|' +_\". +.\'Z Zia-

‘ ' 8la*

Biii 13. Giai sir 1'lLI’O'T1°YI‘i1'1hX4 + ax} + 2x3 + bx + 1 = 0 cc’) bén nvhiém thgrc x,, X3, x;, x4.D C - .

Chirng minh ring: a2 + 122 2 8

Béi 14. cm su P(x) = ""‘* + ¢1,.8°"~‘ + + c1;Q0_<,\' + (12006 cé 2006 nglfliém mu-C phn biét Va

(I109; = (13003 I ICIZQQQ! >

Béi 15. cm da thtrc 1>,,(.\~)=V\-" +a,.\-"“ +...+an_|.x'+u” véi cc hé S6 a].a3....,a” 20

théa min a, + <13 +...+a”_,Z7.ChL'1'ng minh rémg: néu P(.\") cé n nghiém thuc thi ul 2 Z.

Bli 16. Cho R, (X) =X” +a|.\"H +...+a” =0 vi Q(.\') =x”' +b]x'”'I +...+/2,”

cm sL'1'P(.\')§Q(.x) Va tén {$1 bk sao ChO 11;‘ | > (’f)2006‘

Chfrng minh rang mém tgi Z1; thOa min |¢1,-| > 2005.

\ - ‘
B31 17.0121 SLT.\‘,- > 0 (i-1,/1). Chirng minh réng:

I

' .. _ .. .

l§i,<i <...<n lSi[<i~<_..<i‘<n
" _ ‘ V1 S p S k S n

Béi18. Gié sir x,~ > O (i Chxing minh ring:

Z .\'I,| ..\‘,: Z xi: ..\',: .....\',_‘ (H )

<,; I /\ ilSi|<:~< ..‘<1,§n l§i1<i.<. .‘<i;___ > '-
. . . _ /1Z

lS|'¢<.F3<. ..<|_Sn



CIzu'0'lzg V: Algit s5 sdng tgm vé b('1t (Ting tlzzic 905

§ 23.8. BAT DANG THUC KHONG THUAN NH1/ST

Trong (7/11r0'n_g I /11111" /51?’! J51/1g I/1121* AM — GM 1;/Ming Ia Jr? /[1/21 qucn \*(}'i crit bdll Jdng I/11'f(r 06

szf phu lrgin gizz ccic Hing (T131 xzhzg k/1(311g J6‘/1g Z7421’. D6 c/1171/1 [£1 12/11711g 1'1’ du J51! lién mic

19671 c7‘(711g I/1121: k/16mg I/111511 12/1671. Cd ll1é /1/1611 I/1c?i\' r()ng /26?’! 17:7/lg I/1z'r(* /</10mg I/111(3)/:1 11/161'! 1‘l11r(}'11g

1'61! k/16. D61 1161' ccic 1961 c7c'1ng I/1121' loaf zzd)" p/11r0'ng p/nip gidi 111'/1 cu/1g r,-d'p c/10 ta 111! )1/11'é‘u

céng cu I01. Tu)" 11/1ién, dzrdi 171?)" 0/11?/1;; 1131' sé c/11 szf a'z_1/lg /J/11r0'11g /2/nip Jqi $0’ J5 11111 c0/1g Ihé

gidi c?c§)' mdi mé n&_\'.

w
\ ~ A -Bai 1. Cho a,b,c,d 151 nhung s6 thgrc. Chtrng minh réng:

(1301 +5)(13b2 +5)(13@2 +5)(13d1 +5)2324[ab¢(1+4(111)<-+131-(1+¢d11+dab)+1]2

Chzivzg minh

X614 $6 sau (12 —1,b2 -1.03 -1.:/2 -1. Hién nhién trong 4 $5 nily sé c6 2 $6 cimg dg‘1u

gié SL1‘ (1?-1.1% -1. Khi d6: (13);: +5)(13b’ +5) I
=7(a2 -1)(b1 -1)+1s(9a1b1 +401 +4171 +1)z1s(9a11f +441 +4b3 +1)

Tiép t1_1c Xél 3 $6; (H -1).(¢/1 -1),(27¢1f -20(1): +/f)+13)
Khéng mt tfnh téng quzit, ta C6 lhé xét 21ru'b’ng hc_>'p sau:

Trubng hc_>‘p1:(c2 -1).(¢11 —1)ci1ng du. Khi <16: (136 +5)(13¢/I +5) =

=7(¢-3 +1)((1* —l)+18(9c2d3 +41-1 +4611 +1)z1s(9@%1’ +46 +442 +1)

Ap dung bit ding thtrc CBS, ta du'Qc:
'

(13a1+5)(131f+5)(13¢-2+5)(13¢11+5)z1s1(901171+4)?+41)’+1)(9@%12+4¢~1+4(/1+1)

:324(¢1f +4612/)2 +4611/f +4@’ +4)? +1)((-141 +46 +441 +41-Id: +4841 +1)

2 324[abcd + 4(abc +bcd + cda + dab) + I]: (dpcm)

Tru'€>'ng hqp 2; (6 -1)_(27a’1f -20(¢ +1f)+ 13) cilng déiu. Khi <16;

(9)6-if +4a1 +4111 +1)(13<~1 +5)=(@1 -1)(27<1f —2O(a2 +1f)+13)+

+l8[5a3b3cj2 +4(a3/12 +1120: +(*:c13)+1j)218[5z12b3c"3 +4(c12/73 +1220: +c3a2)+1]

Ap dung bit ding thtrc CBS, ta du'<_>'c: (13:13 +5)(13l;3 +5)(13c: +5)(13d3 +5) 2

2182 [5a2b3c2 +4(a3l23 +1925: +c3a2)+lj(l3d3 +5)

=324[a2b%’ +4a3b2<~2 +4b3¢-3 +46“: +4a11f + 1]((1’ +4+4¢/1 +441 +4413 +1)

2 324[abcd +4(abc+bc(1 + cda+c1'ab)+1]: (dpcm)

D§ub§1ngxéyra<=> a=b=c=c./=1.
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Bi1i2. Cho (1../2.1111 151 nh'Cmu .35 thuc. Chime minh :"§.x1~2"

(541 +7.)(5/>1 +7)(511 +7)(541 +7)z

2 9Eu1J('c1 + 2(u1>c+/2(*z1+z'c1u +¢1c11)) + 3(u17 +(I('+(l(1+17('+17(l'+('(1)+—l(£I-1-17+(‘+-(1')-P51:

F

4'

Y

Chzhzg minlz

Xél 4 $6 sau (1: — 1.123 — l.c-3 —l,r1: -1. Hién nhién trong 4 $6 ny $6 cé 2 $6 cimg délu

gizi SL1‘ 41 -1./11 -121<m4o; (541 +7)(5/>1 +7) =

=(41 -1)(/>1 -1)+12(241/»1 +341 +3/+1 ++)z12(241/>1 +341 +3/>1-+4)

Tiép luc xét 3 $6: ((3 -1).((13 —l).(a31>2 -1)

Khéng mt tfnh téng quin, La c6 lhé xél 2 t'ru'O‘ng hqp suu:

Truéng hqp 1; (2-1 -1).(41 -1) cilng d§1u.Khid6: (51-1 +7)(541 +7) =

=(@1 -1)(41 -1)+12(2<-141 +31-1 +341 ++)z12(2(~141 +311 +341 +4)

Ap dung bait ding th(1'c CBS. ta du'Q'c:

(541 +7)(51;1 +7)(5(-1 +v)(541 +7)z121(241111 +341 +3/)1 ++)(2<-141 +32-1 +341 +4)

=9)a:b2 +2031): +217: +241: +Za31>2 +3021): +3u: +3112 +3172 +3b3 +3+4u2 +41): +4+4+5)

(@141 +22-1 +2641 +21-141 +241 +3+3<-1 +341 +341 +341 +3<-141 +++4++¢-1 +441 +5)

29Eub("d + 2(a1)c"+12c'd +<'(1u+z1u11) + 3(u12+ac'+u(1+1x'+1><1 +611) +4(a+17+('+a') +5]:

Truémg hC_)‘p 2; (2-1 -1).(411>1 -1) Cilng du. Khi as; (24141 +341 +3111 +4)(5¢-1 +7)

=(u2122 — l)(c3 —l)+3[3u2122(.': +5(<1:/23 +1220: +c'3u3)+7(a: +133 +<':)+9]

23[3u212:c'3 +5(a:1>3 +1111": +c'3a:)+7((13 +1): +c'31+9j

/ip dung b§ld§\ngthL'1'c CBS. ta du'<_7c:(5z13 +7)(5b: +7)(5(': +7)(5c1: +7) 2

236[3a3b3c3 +5((I21J2 +1220: +c2a3)+7(a2 +b: +c'31+9l(5c12 +7)

291414141 +441b1<-1 +/41111-1 +41-141 +441b1 +1](41 +4+441 +441 +441 +1)

2913121924‘: + 211312302 + H2202 +Z1'3a3 + 251:1): +3031): +3030: +311: +31J:('2 +317: +302 +441: +

+41% +441 +4+9](41 +2+241 +241 +241 +3+3+34‘ +3+341 +341 +4++++++41 +9)



Chuvng V: J/Ig3t $5 sdng tgzo W5 bf}! (fling thlir‘ 907

2 9)—ul7cd + Z( ubc + /7:11 + (Ida + z./1:12) + 3(c1!7 + z1('+ (:1! + /7<~ + /7d -1- ('11) + -H 1; +./'7 +1" + (1') + 5]‘

Déu hing Xay 111 <:> <1 =/7 I 0 I 1/ :1 .

)

Bi 3. Cho u,Z7,c.d.e I21 nhing s61huc.ChL'mg minhriing:

(5711 +7')(51 +7)(5@’ +7)(5¢11 +7)z

2 9[aZ7cc1' + 2(a/90 + bad + cda + dub) + 3(ab + ac" + ad + be + bd + (‘(1) + 4(a +17 + c + d) + 5] I

CI1 zhzg nzinh

Xét 4 $6 a3 —1,b3 -1.02 —1.d3 -1. Hién nhién [tong 4 $6 sé cc’) 2 s6 cimg du gial sir

<12 +1.1): -1. Khi déz (5)11 +7)(5/f +7)

=(¢f -1)(1f -1)+12(2¢1f +3711 +3/1’ +4)z12(2¢H1f +37,’ +3/>1 +4)

Tiép tL_1c xét 3 56: ((-3 —l).(d: —1).(c1:l73 -1)

Khéng mil tfnh téng quzit_ ta c6 thé xél 2 t1'u‘O‘ng hQ'p sau:

Tru'{7ng hQ'p 1; (C2 -1).((11 -1) cilng déu. Khi as; (56 +7)(5¢11 +7) =

=(¢1 -1)(¢12 -1)+12(2¢-2711 +36 +3711 +4)z12(2¢-1+/I +36 +3711 +4)

Ap dung bit ding thirc CBS. la dLrc_>'c:

(5111 +7)(51>1 +7)(5H +7)(5+/1 +7)z121 (25111): +33’ +3111 +4)(2¢-Id’ +35 +3¢11 +4)

=9(7b1 +2731): +2111 +311 +2751»: +3</+1 +332 +376 +331 +37)’ +3+4@1 +47} +4+4+5)

(Ed: +26 +2611’ +24%)’ +27/1 +3+3<-1 +37-11 +38 +37/1 +37»-1711 +4+++4<-1 +44’ +5)

29);ubcd + 2(abc'+l9('d +cu'a+(/u/7) + 3(u/7+(1('+ad +l7('+/7d +c‘d)+4(z1+b+c'+d)+5]2

Tmcmg hqp 2; (H -1).((Hb1 -1) cimg déu. Khi do; (271131 +37H+31+4)(5¢~1 +7)

=(a2!7Z —l)(c"3 —1)+3[3a2/92¢": +5(u2/72 +b2c2 +(*:c1:)+7(a3 +17: +('2)+9]

Z3[3a2b3c: +5(a2b: +1730: +c3a:)+7(c13 +b3 +c:)1+9}

,-\

Ll
"\

J

Ap dung bit déing thtrc CBS. ta du'Q‘c: (5:13 +7){5b3 +7) ' ~' +7)(5.;/3 +7) 2

F‘ 1, 1 1 1 1, 1 1 1 1 1 1 1 “)( 1236I_3(z'/71*“ +J(a“z')' +12%" +c'u")+7(a' +b' +<“)+9_)\5z/' +7)

29[a:Z73c": +4a3b3("2 +4[73c: +4030: +-M3112 +1}(d2 +4+4d3 +40’: +4d:,1'-1)
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29[a:b3c: +21I2b3c3 +93c‘2 +2020: -Flash: +3a3b3 +3a:c‘3 +3a2 +3b3('2 +3173 +303 +403 +

+41f+4{-1 +4+9]((/1 +2+2(11 +&11 +2¢/1 +3+3+3¢/*‘+3+3¢/1+3<11 +4+4+4+4{1’- +9)

Z9[Ll/Jlfd + 2(ub(' +bcd + ('(1(1+d(,I/J) + 3(ub +c1c+ ad +b<'+ bd + cd) +4(a +1) +c + (1) +5]:

Déu bng xéy ra <:> a:b=c=c1=1.

Biai 4. Cho 56 thuc 0L2 2. .\-:..\':.....\'” > O (Z5116 N ). Tim tit ca czic 56 k sao cho tén l£_1i

hing $6 Ck >0 thoa min: (.\‘|“ +l)...(.\'S‘+l)2CA(.\-1+...+x7_)A (*‘).

Khi <16, tim $6 ck rét nht.

Ch {mg milzlz

Chirnv minh Qém 2 buéc:

Bu‘c'>'c 1; Tim gié Iri /< Va du doén $6 {<51 ck

Cho X1 =...=x”_l =0 ma <==-> u"('7thé1nh: X: +1zc‘_..\-,‘, \*c'ri ck >0

Néu k < 0 ma khéng dng vi ta ChO X” ->+0. khi ac» VT(‘*“*‘) ->1 cbn VP(**‘) ->+<><>.

Cbn néu k 20L [hi (**) cfmg khéng dming vi la cho x” —>+O, khi d6 VT(“"°")<VP(*“‘) cbn

VP(**)—>+<>@. D0 dé. ta Sé Chirng minh vc'>'i /(E [0.<><] ma S5 mém mi héng S6 ck >0 um

m5n(*).Thzf1tvéy: (;f +1)...(A\-ff +1)zi.\-IF‘ +1
irl

C‘ I

L _a _(2'Yi) 0c—k_ k g_ 1 ( k ye? A

211(,1Z.\i) +l- "CH + u_k Zk Lg:FM oL_k (.\i+.\3+...+.x”)
n

Biéu d6 Chfrng to ac‘ >0 um min be‘1tdéngthuc(*).

L .

(1 L

Du dozin CA 1 Cho x. =(_k})°‘ ,i=1.n :>' Ck £(—-Oi) (:1_k)((x'%l(—)u
’ OLn——k (X/z—k k

0 L‘ II

Ta sé chirng minh C‘ :(-ll-Z) (11% )(—(-X”%/")a 121 hing $6 tét nhl cn Lim.
Om — ' ‘

Bu'<')c 2: Chtrng minh . Trude hét La cn chi ru:

A _‘ L j
voi /<20 ta luén c6: .\-°‘ +12-L (_—°"’A"‘)“ /J1 {E +(11-1)(——"'

QJ

 J
-IQ

0Ln—k ' Ouz—l\



Clm'0’n<> V: M_6t $5 sdng tgm v? bzft Jng thz2'c 909
Théu véy. lhco béz déng mm: AM - GM:

\/
»§

>7‘

1<L> <“+'~>@ H [111 +<~~~(+>@)]

.\-“+1

T

(\*)%+()Ln—/<;>( l< )<1_(_>0cn' /< (Oi/1—/<)
A L k 1 k Om

(Z

. 2 \.:+@-w_—/~: Q

' 0crz—' '

_ /< W

(1\ ~._1~

.\‘:+(n—1)( V/‘— )u+a_——/‘»/1(~ 1‘ )u
om 11 /\ noc—/< ’ oc—l<

/< Om

F

Q

/5 4

U
A F pa *5

Z I (1

t /\ _I

DO d6 VT(*)2lI£lI£,§i(w+l<)é/1;[x,2+(Iz—1)(%—)u] ]

pU__z —O01——k '

/S

- . 3 2

on -k - on —l<

5',

Eu if ,, 2 3

01/1—l<’ ' .: ' Oi —k

-,:1:

Thét vé ,xét n $6 xi — —l% a.1'=l.1z.Tr0n2n $6 nil sé cc’) 2 $6 cim du. Gizi su- . 1 g, C

; :(]If[)
/< ~ A.2+(/2-1) L L1 211"‘: € U .\‘ +...+.\‘ ' (**)

7

Ch Y déu “=" xziy ra khi .\-:(fk )u . Cuéi ctmg ta chi cn chi ra:
r1— '

[¢ ()] < )<1 H)001-/\' Om —l<

'7

oc-/<
2

\'.2———L “,.\-1.-L‘ aci1n2d§uvc'rii¢j.Khid6:
' 1 ,1/< ~001-/< O1 —

'1 7

[.\,.1+<n-1)()“][.\-j+<n-1>($[)“]

(Xz~<#k>Q)+»1<$>“[@~e+<~-»<$>&]

2n(#)a +.\'§ +(I1—Z)(—,zl<j<)a]

'v

L/>§

1 '7 1 7

'v

\ou1—/\ OL

Z Z

D0 dé VT(**)2r1(i—)a +(/z—l)(%)a]...
0m—l< (X —/<

[xii +x/2. + (n — .+(n — l)(Ek7<);

QJ

[.\-1+(1z—1)((Xnk:k)a] _*‘17(Z>u—z£_]<)@”
{0UZL_;\,;¢A1”“2‘[\_;+(”_1)(U”/ik)”

J7‘
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-\

‘K?-

ChL’1§’r€1ng né

,-——\

I-Z‘.
.-

+

‘CU
\_/

2

§>

:2
\_

HJ

A

,

)
\-/'

,__

“’>~

>.~

QJ

/__.._.

~!J

J2

N>-.~

:2

-P51
.

>.~

>~

Q

+

+17‘

véi B,y nguyén duorng théa man n >B+"/.

C_

/_W

Q
~J

*0:
/‘Q

:
7?‘

. .

“T

/_'_.

Q4

-\

_ <11" ii‘

+

8
7*

7?

all ~ :

\

—0n—/\

__\\

-<

D“

+

/ iii11-1? =

:1/V

‘j’ Oi/2—/\'

(x]_

k :+Z[1: (/1*B—Y)(iA_v

\/

‘ ,

—‘,/(——l‘——|(‘ cimg dim {hi
I/

\
‘C2

:1/_' :\

ou —A ’__Y(.C11z—' /1|

/_

i) iZ."‘*Z”F*"1-B-'/’%% J
_(1II—'

Dua vixo chfl }§' trén La cé thé chxing minh duqc being (n — 3).

Xér

VT (

(n~1—

>7‘

\_/

/.\

NZPTZ] 1/ m I . I '1" n—m , _ I \

~*(_L) “ I < - 1) _~_" 1" 1: I3 '1"
H OLn—/< ' + H KOL/‘ kl /‘K721 7' /1 )

Y]

uép thco) k :().n —4

I7 ‘ +177
~-~ - '01-/<1 _

Q

- 1 1 ~, '2 ~ '\ '~

\/(xi m nvu én bé hon /1 v51 af ¢b' " bf

(1

C y /_,{n, . {XI ..\‘3
,-- ‘‘ '.....\"}\'o‘1z=1.m_]=}.n-m

II

Cuéi cng, zip dung bit ding thrc CBS La duqct

/‘"'_'_

e-\
-.

,-. V, : 1 - s , = n—m

Oi/z—k

J

>>

Q

>1

./\

/m A \€ in \ I‘ ‘if m \“
3 ’ | I 2 ' Q+(/1—m)(i—) l/r2ki—-F”‘J + Z19, J2(f”P) 1241, + Z

‘ I / \ \r I I I

_Q*

— , — . ‘,4 \ _ _
.— 7 - »

‘ < *_> \
I II

Su / ra VT(‘*‘ "1"*‘)211"" i-— Q .\' <=> (dpcm):<m>*@ *j% > “(Oi/z—k)_WKg VJ

Déu bimg xéy ra <=> xi
i,
on

Kétluzf1n:T2‘1tca'1 czic gizi mg 1< can tim 151 /(E [0. <1]. Hang S6 16¢

A

Ck ( Om k)“ (n—A )<(1/1]‘-/<)5

Nlz

om —

(in xét:

1. Véi truémg hqp O1: 2.11 = 3 c61<‘>'i giéi being k)? thuét 2, rt dgzp nhu‘ sau:

Bit xl =tga,_\-2 =1gb_.\'3 :tg(.' . a,b,ce

Bit ding thtrc cn chtrng minh <:>

2-K . . . L‘

CL2(c0sac0sbc0s¢") (c0sac0sbs1nc+c0sasmbc0sc+s1n acosbcosc) (1)
/(



Chu‘0’ng V: Algit 55 sling tgm vé bin‘ cfring tlzzh‘ 91 ¥

Ta cé: cos a cosbsin 1' + cos u sin bcos <' + sin u cos/>cos 1' I sin u sin /Min 0 + sin (<1 + [> < <-)

I \
\ 4 . . . _1 + ' } . _<

va s1nus1nl2s1n('Ss1n (@_i):n :s1n(¢1+b+(')=31z—4/2 1

Q ‘I

c0sz1c0sbc0s("§c0s"%+:+(_)=(1—n3)5. D0 d6. dé ch(1'ngr11inh(l)lz1c2§n ch: xu:

1 ~ jg"; 1 YA 1 ~ 0:‘ A—2(l—zz')- (:1‘+3n~4n’) ¢:>—2(1—/1‘) ~ (311).
Ck CA,

Theo ball dang thirc AM - GM, ta c6: "

. (\*}l A 1>~ ',

(1—l1:)Qf‘ (3/1)A =(&‘3(l—n:)) 3 v(%3n:\)j -3“

S3; ‘/_(l6——/z£)++/\31z: ‘ISM: :3; 2% V

1 v

1.1

./.. .1. /
4- ‘ .

W
Du béng xay fa <:> 11:\J,/big hay .\"| :.\‘3 Ix}

2. Vc'>'i 01:2. »1=3. /< = 2 ma; (.\~f +1)(c\-§ +1)(.\-j +1)z-jinn! +.\-I +.\-R )’

Dzfat a=\/§x,,l>=\/5x3.(’=\/5x3 ta dumjc:

((12 +2)(b3 +2)(c2 +2)23(u +b+c): 29(a/>+bc+('a)

By 151 bin Asian Pacific Ivlathcmatica Olympiad 2004.

3. Ta cc’) lhé téng quail héa dé thu dubc bin loin:

C110 Irm§'c $5 I/Izfc (X2 Z, 2 S ne 112/me rd .\"| ..\": .....\'H 20. Tim 1&1 cc: ccic $15 k mo

;,’:1=

2 . ; .' - _ ~ ’ \‘
c/10 Ion ml hang so CA > O I/10:1 man: (.\',‘ + 1) 2 C‘ Z xi ....\"

, ,
= t)<1 <. <1,,_Sn

1</11¢-10 rim 55 151 c‘
_'['/\

Kétqué: l<e[O.(x] viz ck (c,'j’)_‘ °‘ 151 giai n-5 [61 111151.

Lyi gién chi tiét hoim toiln tucmg In nhu trén (ban dQctg1‘h0Z1n thnh).

Chzi 3?. Khi <1: 2. n =3,m = 2 thi ta nhén du'c_>'c bin tozin VMEO 3 sau:

Tim I5! cc? ccic I/zgrc l< sao c/10 I521 mi lznng $5 C‘ > O scm ("/10 175! Jcing rhzi/c suu 6/ling

~<1><~><1>\’O'l can so I/2411' (1.19, 0 my _\'. (1 +1 11' +1 0 +1 2 Ck la/>+l2c+ca|

‘Ben 5. Cho ¢1_ b. C 2 0.Ch1'1'ng minh rang; (R +111 +6 + 2¢1b¢~+3z(1+@)(1 +1>)(1+¢~) x

Clzfrng minh
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Béit ding thtrc cn chtrng minh tu"o'ng duong vdi

£12 +17: +0: +abc'+Z2ub+/9c+cu +u+b+c

Xét 3 56 (a—1),(b—l),(c—l), trong 3 s5 ni1y sé cc’) 2 cimg déu. ta Q6 Lhé gia su' 151

(a—l).(b—l) .suy1'a ub2u+b—1.Khid6:

(1: +17: +5‘: +ubc+Z2u: +19: +0: +(‘(a+b—l)+2

=%(u~l2): +(<‘—l): +%(b—]): +fi(u—1)3 +ab+l2c+ca+a+b+c2al2+bc+ca+a+b+c

Nhgin xét: Ngoi czich giai nhu' Lrén [21 cbn czic céch giai sau dy:

- Czich 2:

Ta c6 bt dang lh[l'C Tukervici: Ll: +111 + 8 +1+ 2\/Z5 z ab + 11¢ + (II + (1 +11 + (-

Mil 2\/E; S abc+1 nén suy ra dpcm

' Czich 3: Dr§1tf(a.b,c)=a: +172 +0: +abc+Z —a -12 — c—c1b —/>0 —ca

Néu a,b,c>3 {hi L+%+l<1 hay abc>ab+bc'+ca . do dc’)
a c

f(a,b,c)>a2 +b3 +8 +2—(l—b-C>0 :> (dpcm)

Néu c6 1 S6 bé ho'n hoélc bang 3,gi2'1 str 151 (I s 3.

Khi d6: f(a,b,¢)-f(a.bj"/”£°)=(3"’)ib“')_ 20

Ta cn chirng minh: f(a,L;C ,-—]7;")Z0. Ta c6:

f(a,.\'.x)=a3 +x3 +a.\'2 +2—a—2x—2ax=(a+1)(x—1)2 +(a—l)2 20 Vx

Bi 6. Cho a,b.c,c1 2 O. Chirng minh ring:

3(a2 +122 +02 +41: ) +2ub('d +22(a +b+c'+d)2 (*)

Ch z'rng minh

Xél 4 $6 (a—1).(b—1).(c'~1).(d -1). Trong 4 $6 niiy sé c6 2 s6 cimg du. ta cé thé gizl

sir 151 (a—1),(b—1) ,suy ra abcd 2cda+bc:d —cd.

' Néu (c—l),(d—l) cimg déu thi cd2c+d—l , suy ra:

abcq/Zcda+bcd—cd2(c+d—1)(a+b)—cd=(a+b)(c+d)—a—b—cd

D0 dé: vT(*)z3(¢ +192 +6 +d2)+2(a+b)(c+d)—2a—2b—2cd+2

=(a+b+c+d)2 +(a—b)2 +2’(c—c./)2 +(a—l): +(b—l)2 2(a+b+c+d)2 (dpcm)

' Néu (a—1).(b—1),(c—l) cilng déu thi ac>c+a—l,bc2b+c—1

3 abcd2cda+bcd—cd2d(c+a—1)+d(b+c—1)—cd=d(a+lJ+c)~2d



Chzrmzg V: M_5t mi’ sting tgo vé1 brt (hing thz2'c

Suy ra: vT(=1<)z3(¢f +111 +6 +d:)+2d(u+b+c)—4d+2

=(a+b+c+d)1 +(u—b)2 +(b—c): +(c—a): +Z(d—1)2 2(c1+b+c+(/)2
Nhgin xét: Bét ding thL'1'c trén yéu h0'n bit ding thtrc Tu_kervici 121:

az +173 +1": +d2 _+ 2\/abcd 2ab+ac+ud +bc+bd +cd

B:?1i 7. Cho a,b,c 2 0, (11 +171 +11-1 >0. Chfrng minh rang;

1 1 1 2 +122 1 1 1 ,1+ + + ( + + )0)Za+l 2b+1 2c+1 a+b+c 3 a+b+l lJ+c+l c+a+1

Xét 3 (a—1).(b—1).(c—l). Trong 3 $5 néy sé cé 2 $5 cimg du, ta c6 thé giél $1.1’ la

' CI1 zhzg minh

(a—1).(b—1).suyra

ab+l2a+b <:> (u+c'+I)(/J+<i+l)2(('+Z)(u+/2+6)

,2 1 2 1 (3 17+ I 2 1 + 1

(¢+2)(a+b+a) (a+¢+1)(b+¢+1) ¢+- 11+/1+< u+c+l b+c+l

D d’:VT(*)2 2 2 2 z2( 1 1 1 )aO O a+b+1+c+2+a+b+c c1+b+l+b+c+l+('+a+l (pom)

B"8.Chb-O'"- -1*--~-
1

a1 oa, ,¢> thoaman abc+ab+b¢+¢a§4 h0ac(a 1)(b l)(¢ USO.
Chtrng minh ring:

l+l+l+ 3 + 3 + 3 +12 6 + 6+6+ 3 (*)a b c a+b+l b+("+l c+a+l 2a+l 2b+1 2c+1 a+b+c

' Néu (a—l)(b—l)(c—1)SO. D§dz‘1nglac6du<_>1c:

1 < 1 1 1 1

C/1 zhzg min I1

,.._.

+ + +a+b+c a+b+1 b+¢-+1 c+a+l

MIL»)

2

1 1 , .2.+2 +2.Dod0tach1can
b c

6+6+6(1hq, -11:1 1 1 3 1»cunomln a+b+C+a+2+b +
+2

J}
1\>

2a+1 Zb+1 20+

Ta c6: :> (1) dC1ng:> (dpcm)

3 1 3

° Néu c1bc+ab+bc+caS4
Bu'6'c 1. Chirng minh bét déng thtrc sau (dilnh cho ban dqc):

1+1+1_9>91+1+1)(1+1+1_1_1_1)
ab _c a+b+c ¢1+2 b+2 c+212a+l 2b+1 &~+1 a+b+c' b+¢-+1 c+u+1

Bu'6'c 2. Tacéz 42abc+ab+bc+ca <=> i+—L+iZ1.Suy ra:a+2 b+2 c+2
L L L 9( 1 1 1 1 1 1 1 )a+b+c2 a+b+c+2a+l+2b+1+2c'+l a+b+c b+c+l c+a+1

KéthQ'pvé’ib?1i7suy1'a:%+%+%+a+Z+1+ +3 1+ 3 1+1
b c+ c+a+
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29—6(1+1+1)+9(l+l+1)+l.a+b+c a+b+l b+c+l c+u+l 20+} Z/2+1 26+}

=6+6+6+3—3{2+2+2)+
Zu+l Zh+1 Zc'+l a+12+<' a+l2+] b+c+l ('+u+l

3( 1 1 1 2 .1)2 6 6 6 3

+ 2a+1+2b+1+2("+1+a+_b+('T3 'lu+1+Z17+l+Z(‘+lJ_u+[7+(’

Sau dy 151 min 56 bili tép luyén tzip dimh cho ban dqc.

Bili 9. Cho .\',_\'.; 2 O. Chtrng minh: .\'_\'j(.\' + 2)(_\" + 2)(; + 2)S[l +%(.1j\"+ _\"; + 3)],

\. 3€['111] . . v3 -3 I \-1
Ba1l0.Cho .Ch1rng mmh: 1l+.\~+‘—+\/l+_\~+~‘ +\/1+;+"-—£3

+_\‘+;:O \ 6 6 6

/'—*'——-r—’\——\

P.>1'/.
‘/.-/ I,

\+

(T1

TA

Bili ll. Cho < .ChL’1'ng minh:
Max {.131 _\':. :1.1.\'} £ 1

1 -a / 1 J w

V/1—.\3~+_\" +\/1—_\~;+;" +\/1—;1+z“ +\l—I.\'+.\" 24

Bi1i12.Cho a,b,c>O.Chrngminhr§11g:(i+i+l)( 1 + 1 + 1 )2 9
a b c I+u 1+/1 1+0 l+ub("

Bili 13. Cho .x,..\’2.....\'” 20. Ch1'rng minh ring:

(n—1)(.\'l2 +.\'§ +...+.\‘i)+2.\'|.\‘:...x” +n—Z2(.\'] +.\': +...+.\‘”)2

B§1i14.Ch£mg minh rang; (362 +2)(31>’ + 2)(3¢~* + 2)25[abc—2(ub +66 +6-(1)13

B;-211 15. Chirng minh rang; (1361 +5)(13b’ +5)(13¢~1 +5)(13111 +5) 2

Z 36[l2(abc+ bcd + cda +dab) + ab +bc +ca + ad +bd + ad]:

B231 SM = Z .\',-].....\',‘ (k <11) V21 .\'1..\'l.....\'” E R

1‘, <...<iAC{l.Z....n}

Bi 16. Chtrng minh czic bait déng th1'1"c sau:

($4.4 _ S14 +1): + (53.4 _ $1.4 )2 2 %(‘/553.1 + ‘$514)-

(49s4v4 -3715M + 2809): +371(75_U -535M )3 23601‘ (SM + 514 + 35“ +1)’

1'93 -21324 +49): +21(3sH -75,4)’ z2_%‘l(sM +2534 +5sH +2):
, 4.4 6 1. . _ . .

(Sis “Z335 +4S1.s)2 +2(S4.s _2S2_s +4): 2(S1.s “$4.5 +1);

(56.6 “$4.6 +526 -1): +(Ss.6 “$3.6 +516): 2%6I(6S6_6 "$4.6 +5516 +1);

(ssw - 205% +503“ -125): +10(4s5_6 -10510 + 253,‘) )2 z96,04(s4_6 + SM )2
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§ 23.9. PHUONG PHAP ss (SCHUR - sos)
1. PHU'O'NG PHAP ss v(')'1BAT DANG THUC CO DANG THUC TAI TAM
1. Dzfat vén dé

Khi dtrng tru'6c m<f>t béi bit ding thtrc déi x_L'rng hozfxc hofm vi vdi ba bién s6 chéng han

15:1 A(c1,b,c)2B(a.b,c) thi phuong phép hay duqc s(r dung nht 151 phucmg phzip SOS

(xem Chu‘o'ng IV. §17) vdi phép bién déi c6 cu trdc déi ximg theo dinh dang sau dy:

5 = A—B = SU(b—C)2 +5/,(¢--(1)1 +sF(u-bf 20
Dé cé mét caich nhin phong ph h0'n vé czic dang béli bit ding thirc déi xirng hoéc hoein

vg véri ba bién Chdng mi Xin gidi thiéu Phzrmzg phdp ss (ScIzur- 505). D510 aiém
cua phucmg phép néy 151 chfmg ta sé chqn phn Lu‘ lém nhit hoéc nho nhét trong ba bién
s6 vé bién di/vi dé nhefm ducyc biéu Lhfrc khéng déi xirng vdi phn ttr nily nhung 1€_1i déi
xirng vdi hai bién s6 cbn lai. Tén gqi SS (Schur — SOS) ducyc hinh thimh 151 do ta xuzit

hién czic biéu thtrc (a -17): ; ((1 —c)(b—c) dé dua vé dinh dang chirng minh:

f(a,b,c) = M (a —b)2 + N(a — c)(b—c) 20 trong dc’) c = m21x(a.1J,c')hOZ1C <'= min(a,b.c)
Khi as bét aging thtrc as @110 duqc Chang minh néu ta ChL'1'ng minh CILIQC M.N 20. .

Tru'c'7c hét chling ta cimg 121m quen véi mét $6 khai trién thufmg du‘<;c s11'cl1_1ng trong
phzin Lfch cla phuong phép SS:

1. a3 + bl + cg — ab—bc—cc1 = ((1 —b)2 + (cl — c)(b — c)

2. :1] +19" +0‘ —3abc=(a+b+c')(a—b)2 +(a +b+c)(a—(')(b—c)

3. ab(a+b)+bc(b+c)=ca(c+a)—6abc=2c(a—b)2 +(a+b)(a—c)(b—c)

4. ab: +1902 +ca3 —3abc=c(a—b)2 +b(a—c)(b—c)

5. (14 +b4 +c4 —abc(a +b+c)=[(c1+b)2 +c2j(a—b)2 +[ab+(a +c")(b+c)](a—c)(b—c)
6. a3 (b+c)+b3 (c+a)+c3 (a+b)—2abc(a+b+c)=

=(a +c)(b+c)(a -19): +(2ab+ac+bc)(c1—c)(b -0)
7. a3b+b3c+c3a—zzbc(a +b+c)=(ca +cb)(a ——b)2 +(a2 +ac)(a —c)(b—c)

~ 2
8.£+Q+£—3=-—l——(a—b) +l((l—C)(/9-6)

b c a ab ac

9. b+@+C+“+a+b-6: 2 (c1—b): +_@+"<a-@><b-¢->
a b c ab abc

1()_ a 1’ C _.?i= 1 _b3 _- b_-
b+C+C+61+61-l-17 2 (a+c)(b+c)(a )+2(a+b)(b+c)(c+a)(a CM L)

a+kb+b+kC+L.+ka_3: k1((,_;,)2 +1<(a~¢-)(b-¢)[(1<1-/<+1)a+(/<-1>b+/<¢]
.611“/<6’ 5+/<61 6+/\'b (c+ka)(c+l<b) (a+/<b)(b+l<a)(c+/<b)

3 3 2 ~ \2 (a+b+c)(a+b+2c')12, 51 b C _a+b+¢: a+b+C _b L _-)b_b+c+c+a+a+b 2 (a+c)(b+c)(a I +2(a+b)(b+c)(c+r1)(a C(

By gid chlfmg ta sé cimg 151m quen vi du md déu vdi bit ding thfrc Schur quen Lhuéc.
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2. Céc bini teflp m§u minh hqa

Bi 1. van ceic S6[1'1L_1'C “.19. C khéng am béu kj» ta luén cé:

. a3 +123 + ('3 + 3abc 2 ab(u +12) +b('(b +c) + ac*(a +0)

Clzzivzg minh

Khéng mt tinh téng quail gié sL'1' c= min(a,b.c) . SL1‘ dung khai trién:

a3 +b3 +0] —3abc=(c1+b+c)[(a—b): +(a—c)(b-c (1)

ab(a + b) +bc(b + c) + ac(a + c) — 6abc = 2c(a — Z7): + ((1 + 11) (cl — c)(b — c) (2)

Ttr (1) v51(2) suy ra bat dang thfrc d ChO C6 me‘ viét 1@i du"c'>'i dang:

(a + b — C) (Cl — 12): + (‘(0 — c) (/2 — c) 2 O(1u6n dng do c" = min (a.l2,c)

Being thtrc xély ra khi v21 chi khi a =12 =(- hozic a =b.c=O vi caic hozin vi.

Bili 2. Chtrng minh ring: ——a+1) +———(I+"+i1)+"£i1+[l+—‘¥ Vc1.b.c>O
a+c b+c b+a 1) c (I $

Ch zhzg minh

Khéng mél tfnh téng quzit gié sir c=min(a.b.c) . Su" clung khai trién:

2

\~ 2‘ - (-\'—.\") (-\'—1)(.\'-1) \ 2 2 , 2 , 2 .2 ,.
'—+— +> —3 =————— +——-——i [hi bat dang thus da cho co the v1etdu'o‘1dz_1ng:
_v 1 x .\'_v xz

L__ Li. _ 2  1-__ _- _-
[ab (a+c)(b+c)](a b) +[6IC (a+c)(a+b)](a (‘Nb 020
B§1td5ngth£1'ctrén hién nhién dfmg. Bing thirc xéay ra <:> a =12: cm

Bf1i3.ChL'1'ngminh: (“+”); +(”“"')I +(“+"): + , 2"?" 2131 Va.b.c"2O
(b+(‘)' (c+u)' (a+b); 67+/9"+¢'3 ‘

Ch {mg minh

Giel sir c= max(a.b_c). Vdi .\'._\',: bit ky La cé khai trién sau:

+ + 3_<2-+.»><~<~2>1Jr<x+>~><»-+zm-:><.\-—:>
2 2 2 _ _ 2 2 2 2

_\‘ 3, x .\' _\~ .\' 1

Ta du'a bét ding thtrc trén vé dang:

[ (a+b+2c)2 Z(a+b+c) ](a_b)2
(a+b):(b+c)2 3(a3+l23+c‘3)

+[(a+2b+c7)(2a+bj+c)_ 2(a+b1+c)‘ ](a_C)(b_C)2O
‘ (a+b)'(a+c)' 3(a3 +19" +0’)

Theo ‘Chebyshev ta c6: 3(a3 +123 +c3)2(u: +123 +c: )(a+b+c) .D0 c=max(a,b.c) nén

(a+2b+c)(b+2a+c)> 4(a+b)2 > 2 > 2 > 2(a+b+-c) (1)

(a+b)2(a+c)2 (a+b)2(a+c)2 61:+¢'2 ¢l3+b:+¢‘2 3(cl3+b3+c3)

vb. (a+b,+2C)_ , 2 4 (2). Ta sé chtrng minh 2 2 7 1, , (3)
(a+C)"(b+C)" (a+c)(b+c) (a+c")(b+c) a‘ +b' +0"

Thét véy: (3)<: Z(a2 +1): +C2)Z£lb+[)C+(lC+(‘2
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<:> ((12 +123 +c2)+a: +17: 2(ab+bc+(‘a) (hién nhién dflng)

Tam) V516) (a+b+2c'); 2 23 2 Z(‘a+b2+c')2 (4)
((1 +0)‘ (b+c')_ ll“ +17‘ +6" 3(a’ +b‘ +0)

Tit ('1) v51 (4) ta c6 diéu ph2'1ich1'rng minh. Ding thtrc xély ra @ a =b: c

Béi 4. Chirng minh rang; “I +1’: + "1 +s("§+"§’+"‘f) 211 Va.b.c>0
b" c“ a" a'+b'+("

Chlhzg minlz
Gia' sir 0 : min(a.b.c) . Ta dua bait déng thtrc trén vé dang:

(a+b)2 8 2 (u+c)(b+c)i,T——i](cz——b) +[ 7 , — , 8, ,](a-—c)(b—c)20a‘b' a'+b“+c" a‘c“ a‘+b'+c‘
'>

Ta c6 ((Hwiw)_=(~1-+l)_ zi7z%,28<13 +b2 +03. D0 c'=min(a,b,c) néna"b‘ fl [7 (];+¢-)' a‘+12‘

(a+c)(b+c)(a2 +123 +c2)22\/;.(c+c)(a3 +01 +¢'2)=4(*\/;c(z12 +2c2)

= + i+i + Zr: )2 4c'\/;(".4~‘:'; > 85120: :> ((1 + CH!) + C) > 8 ’

3 3 3 / \/ 27 a‘('2 a2+b2+c2
D0 d6 ta cé diéu cén chtmg minh. B§1ngthL'1'c xéy ra <:> a =12 = c. '

Birzh lugin: Chng ta C6 thé théy vé d¢p cua phLr0'ng phzip SS qua caic vi du trén, dgic
biét 151 Bi 3 vi Bi 4. Néu czic ban chirng minh hai v1’ du néy bémg phucmg phép SOS
co béin déi duqc dé cép [hi sé phéi xét téi hai mrmg hqp a Zb 2c vb a $12 3c.
Ngoili ra chimg ta cng c6 thé chirng minh Béi 3 v51 BE1i4 bzing phxrong phzip SOS ngén
gqn ho’n nhung khéng dLrQ'c tu nhién vdi sq lrc_>‘ gip CUZ1 mét b6 dé sau déy 1

B5" J5‘: Cho {'I;'Y’Z1>O khi d6 la cc’): ..\'2 + _\': +33 2%(x+ _v+ ;+%+%+%)-6 .

Troné VD3 <13: .\':ib1 pi; 1:1. VD 4 6511.\»=£;\~=§;;=£1hi.u-1:1A” b+c' c+c1 c1+b - /2' 0 a '

Chfmg ta sé tiép tuc lm quen vdi phucmg phzip SS qua cc vi du sau diy:

Bf1i5.ChL'1'ngminhr§1ng: a + b + C + abc 22 Va,b_c>Ob+c c+a a+b 2(a3+b3+¢-3) 3

Gidi
Gizi sir c = max (a,b.c). Ta cé khai trién sau:

7ii: (a—b)~ a‘+b+2c
gb+6' 2 (a+c)(b+c)+(a (Mb C)2(a+b)(b+c)(c+a)2O
D0 d6 bit dzing thtrc trén c6 thé viét duc'>'i dang:

1 a+b+c 3

[(C+6l)(C+l7) 6((13+b3+(_'3):I(a +

a+b+2c
V a+b+c __ __

+[2(a+b)(b+c)(c+a) 6(a3+b3+L-~‘)](a 0(1) O20
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<:> ((12 +173 +c3)+a: +173 Z(ab+bc+(‘u) (hién nhién dilng)

TiI(.2)V(3)SuyI_a (a+bq+Zc)' 2 27 12 Z(‘u+bx+c')‘ (4)
(a+c)'(b+c)' 6l'+19'+C" 3(c1’+b‘+c“)

TLr(1) vii (4) la c6 diéu ph2'1ich1'rng minh.B§1ngth1lrc xziy ra <=> a :5: c

Béi4.Ch1'1'ng minh rang; “I +1’: + “I +s("§+"f+“‘§) 211 v¢1.b.1->0
b’ 0“ a“ a"+b‘+("

Chlhzg minh
G121 sir c : min(a.b_c) . Ta dua bait déng thtrc trén vé dang:

(4-”,)_'-Ska-112+[“'+"Z<’3+‘*’-, 8, 0111-1->111-1-120a‘b' a'+b“+c" cfc“ a‘+b‘+c‘

Ta c6 ("1i,)_=(l+i)' zi,z,L,zs111 +11 +1-1.130 c=min(a,b,c) néna“b‘ (1 [9 (b+¢-)' cl‘ +12‘

'3
Z

'2U
/\

(a+cr)(b+c)(a2 +113 +c2)22\/a('.(c+<*)(a3 +03 +c2)=4 (12 +202)
2 2 2

_; <1_: W , . .=4c‘\/a¢'(a—+£—+[l—+2("724c'\/(z(*.44ii2‘I6 >801" :>(a+(3([Z+()> , 8, ’ 1
3 3 3 / \' 27 a‘c' a‘+b‘+c"

D0 d6 ta c6 diéu cén chtrng minh.Béng1hL'1'c xay ra <:> c1=b = c. '

Binh lugin: Chng ta 06 thé théy vé d¢p 011121 ph1r0'ng phép SS qua czic vi dgl trén, déc
biét 1a Béii 3 Va B2114. Ne’-11 czic ban chirng minh hai v1’ <;111 nay béng phuorng phzip sos
00 bim d dLfQ’C dé ceip thi sé phéi xét t<'>'i hai tru6>'ng hqp a Zb 2c via a Sb sc.
Ngoili ra chfmg ta cng c6 thé chirng minh B5113 v51 B5114 being phuong phzip SOS ngén
gqn hcm nhung khéng duqc tu nhién vc'>'i su trc_>' gip cfla mél b5) dé sau dy 1

11 {~\u>'»1>0 ., ,1 1 13, 111B0 (Te: Cho khl do ta co: .1 + Y +1 >—(.\+ v+ -+—+—+—)—6
~.\'_\‘Z:l ’ _ 2 ' N .\' _\' Z

Trgng \/D3 _\-:Sa+b; yz?-b+C; ::—iL.+a , VD 4 X22;\'=Q;1f=£[h1.\'\‘ZIl.b+(' c'+a a+b - /7' c" a '

Chng ta sé tiép tuc lm quen vdi phucmg phzip SS qua czic vi dp sau dy:

B£1i5. Chirng minh r§1ng:_b_‘:_(_ + Cit] + aib + C1) 2% Va,/2,c> O

Gidi
Gié sir c= max(a,b.c). Ta c6 khai trién sau:

,
1ii: (a—b)' a+b+2c'

;.:b+C 2 (a+c)(b+c)+(a (Nb C)2(a+b)(b+c)(c+a)ZO
Do d6 bit ding thfrc trén c6 thé viét du<5'i dang:

1 a+b+c 3

[(c+a)(c+b) 6(a-‘+b~‘+(;»‘)](a b) +

a+b+2c a+b+c _. _.
+[2(a+b)(b+¢-)(c+a) 6(a~1+;,1+,1)](" ‘W’ 02°
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Theo bét dang thtrc Chebyshev ta cc’) 3&1‘ +11‘ +6 ) z(1 +191 +1~1)(a +17 +1->.

Ta sé chirng minh:

1 > 1 h 2(Z bl -1)z(1) 19- 1 -1)(C+a)(c+b)_2(a2+b2+C2) ay (1 + +¢ a + ¢+a( +1

K: l > 1 2 a+b+c
(a+a)<c+b)'2(a2 +111 +1-1) 6(a‘+1f+¢-~‘)

A +b+2- 1 +b+~
DO C_maX(a~b_'C) nan 2(a+Z)(b+c)c(c+a) 2(a+c)(b+c) 2(,(a£:_+b3 it-3)

Til" d6 ta cc’) diéu phéi chtrng minh. Ding thtrc xay ra khi vb chi khi 11:12 = c

Béni 6. Cho 11.1), C 151 11¢ @1211 3 canh tam giéc. Chtrng minh rang;

2113 (b+¢)+2b2 (c+a)+ 2c: (a+b)2a3 +b3 +0‘ +9abc

Chzhzg nzinh

Khénv mét tfnh ténv uét, Qié str c = max c1,b,c . Xét czic bién déi sau:¢ == Q -
22412(b+c‘)—12abc‘=2Zbc(b+c')—12abC=4c(a—b)2 + (20 + 2b)(a —c)(b—c)2O

3abc—a3 -123 —c3 =—(a+b+c)(a—b)2 —(a+b+c)(a—c)(b—c,-A)

Do dé VT—iVP=(3¢-—a—b)(a—b)2+(a+b—c)(a—c)(b—c)20

_. 22 V .13, ‘Z0
D V 61b+b£‘-l-C61+(a+b)(b+c)(c.'+a) G C

B£1i7. Chtrnw minh‘ rén<v- "' +1" +‘" 8”“ \

Chlfng minh

Khéng mét tfnh téng quét, gié sir c= max {a,b, c} . Xét czic bién déi sau:

Tm‘ Z112;-lié ‘1=a1,+1l-+m‘“*”)2*;&;‘““""’*‘)2"
8abc -20 3_ 1 __ __

(a+b)(b+c)(c+a) 1 (cz+b)(b+(:)(c+a)(a b) (c1+b)(./9+c)(a L)(b O20

VT— P= 1 - 2" L -1):
V (6lb+bC+CtI (c1+b)(b+c)(('+11))(a J +

1 I _. _.+(ab+bC+(_a (b+C)(C+a))(a c)(b c)2O

B:‘1i8. Chtrng mmhrémg; (£+Q+£)_ z(a+1)+¢-)(l+l+l) v11,1»,1-20 \

C c a (1 b c

Chlhzg minh

Ta C6; VT_9:(Q+2+£)_ ._.9= (.q.+2+£.+3)+ (£+Q+£+3)bca ab bca ac bca
W-_9:2(a—b)2 +(a—b)(a—c)(a+b)

ab abc

_ = _ YLQ 2 .9 )_l) _ ._ (_1_(£ Q £)_¢1+/9)VT VP (11 b) (ab(b+C+a+3 +(c c1)(c b) b+(_+a+3
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Gié1su'z':n1in{a.b.<'}.tac6:£+Q+5+323:>i(£+Q+£+3)2i
b c' :1 (11211) c" u ab

,~ 1, - _ 1 Cl b C 11 +19 ab: + 121': + (‘(13 + 3c1bz‘ <1 +19Ta.sechungm1nh.——+—+-—+3 2 <2 2at 11 c Cl abr z1<'.c1h<- abc

¢> ab: +1203 + ("(13 + 3abc 2 ac(a + b)

<:> ab: + 12¢‘: + ca 2 + 3abc 2 ca 2 + abc ¢> ab: + bar: + 201702 O

1 I

Béi 9. ChL'1'n<1 minh ring: a+b+b+C+ C+a£ (a+b+C)_ Vc1,b.c>O“ b+c' ("+11 11+!) c1b+bc+cc1

Ch zhzg minlz

G121 $11" c = min{a_b.c}. Ta cc’):
1

V7-_3: (a—b)2 +(c1—c.')(b—(‘): (a—b): +(c1—(')(/>-0)
ab+bc"+c'0 c1b+bc"+c‘a (z1+(>)(/2+1‘) (a+b)(b+c)

<->1 1 - 1 1'1-->1-~>’ 1 - 1 _Q ” b [ab+b<-+111 <a+1»><b+¢-11+" ‘ ‘[¢,1,+1,@+1-U <11+1>><11+1>>]>°

Ta C6 ngay ab+bc+caS(a+c)(b+c) V51 ab+bc+caS(a+b)(b+(') :> dpcm.

Bi 10. cmmg minh ring; 2%/f'l‘)'s(‘k‘)‘J:§’1+J:')_ Vk $1 '

a ' u 2c" ("(1

Ch zhzg minh
Khéng mt tfnh léng quail, gizi s1'r c=min{a,b.c}

vT_3:(a_b):[ /<1 J+(a_c.)(,,_(.)(/<10-1<(1+k%-+111>+1b-Mb)
(kn-1—c)(l<b+c) (a+l<b)(b+kc)(('+/cb)

_.: 1 1 __ 1 )

VT J (Q Z7) {ab+bc+ca)+(a (Mb £)(ab+bc+ca

v‘ BDT (-1)‘ 1 - ‘<2 )
ay Q” J ub+bc'+c"a (/<a+c)(l<b+c) +

( _)(b_ _)£' 1 _1111-111+/<11-+111>+11>-11/>‘_0
+a C C ¢lb+bc'+c'c1 (a+/<b)(b+/<c)(c+kb) >

Cuéi cilng @111 can cmmg minh (kn +1-)(/<1;+¢-)2 /<1(¢117+1;¢-+111)

va (£1+/<b)(17+/<(‘)(C‘+/(b)Z(/(261-/(CI+/<2C+/<3/1+/([7—/<2/))(£Ib+/)C+C(l)

Khai trién Va S1: dung /< $1; 61 2 1-;/92 C ta nhéln du‘Q'c dpcm.

I

1 b +
1

B€1i11.Ch1Lrngminhr§1ng: ‘1+b+”+"+°'+“+3(“b+”‘+“’)z4 Va.b,c>0
c‘ c+a a+b (a+b+L.)3 '

Chzhzg minh
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Khéng méll tinh téng quzit. gial 51'1" 1: = min{a.b.c"}
'1 .

Xét g+b+b+(‘+¢'+(1_3: (a-b)' +(a—c)(b—c')
' b+c c+u a+b (a+c)(b+c) (a+b)(b+(")

3("b+”“f"“):- (""’)_ , -("“')(b‘§‘) . Khi dé b5lnd5ng1hu"ctro1hi1nh
(a+b+c)'—1 (a+b+c')' (a+b+c.')_

_ 3 1 _ 1 (_.)( _.)/l1_____i1_L_
(U b) [(a+c)(b+c) (¢;+b+¢~)3j+a t b C \(a+b)(b+c) (a+b+C)3)>0

Ta c6 (a+c)(b+c)S(a+b+c)2 vi (a+b)(l1+c)S(a+b+c)2 3 dpcm

Céc b:31i tzflp du'6'i dy chii yéu duryc dgra trén céc ding thfrc trong hai dang sau dy:

Dgmg 1.- f(a,b,c)=%+%_-—+%—a—b—c=—i—a_Z1” +_—”'Z6” +i°";“'
2 2 2 _2 2 2 2 _2 ,

=61 -1’ +1’ -¢ -" -1’ +b -@ =a+b(a—b)'+l7—+—c(a—c‘)(b—c')
b c a cl ab ac"

3 3 3 3 3 3 3 F
. 1 -, . .

Dgmg 2: f(a,b,(.-)=g—+b—+£~—cz‘ ~11‘ —c3 =g—i+b—l+i
b c a ./J c" <1

:a3—b3 +b3—c3 __a3—b3 _b3 -03 :02 +b2+ab(a_b)1 +123 +03 +bc(b_C)1
b 0- a a ab ac

2 2 _2 3 3 _3

Bé1i12.Cho a,b,c>O.Chi1'ngminhr§1ng: " +” +‘ z3(‘1 H1 H)
5 5' 61 a“ +b' +0"

Chzhzg minh

Khéng mét tfnh téng quilt, gié sir c=min {a,b,c}

2 2 _2 2 2 2 _2 _2 2TaC6;@_+b_+s__a_b_C=2_11_+b_s_+¢i(1_
b c a b ( a

=a_ _b2 +b— _C_ -0- _b_ —b2 _C2 =a+b(a—b)2 +i—-b+C(c1—c)(b—c)
b c a a ab ac

3 2 ,3 , —(a+b+¢-)= (a—b)' + (u—(')(b—c‘)
a“+b‘+c“ a'+b‘+c‘ a“+b'+c‘

Véy:M:a+b_ 12(61j-l1)j;N:b+c_ €1+b1+2c7

ab a“+b‘+c‘ 61¢‘ a'+b'+c"
D5 théy M 20. Ta 56 chtrng minh NZO.Th2_“1tvzf1ybién déi bét ding thirc :

N2O<=>(a2 +122 +c3)(b+c)2ac(a+b+2c). Sfrdung AM— GM, ta c6:

(02 +192 +c2)(b+c)22c(a2 +123 +c2)=c[a: +(%a2 +2b3)+(%a2 +2c2)+%a>

>c(aZ +ab+2ac)=ac(a+b+2c). Véy N2O:> dpcm.

_ 3 2 _3

Biii 13. Chtrng minh ré1ng:a7+b—+C—2\l3(a4 +124 +c4)
c a

Chlivzg minh

Khéng mét tfnh téng quait, gié sir c = min {a,b,c}
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3 3 _3 _:_ 3 z_ __1 >3_ 3¢1_+b_+¢___£,1_;,-_(.1:i+/0+0

12 0 a 12 0 u
2 2 3 ,1 2 3 _3 : 1 3 1 . ,1 3:11 —12 +b —r _a 12 +12 z :41 +12 +a12(u_/)) +12 +0 +12((h_(_)

12 0 u u (112 Cl('

Bién déi biéu ll'1U‘C sau dziy du"0"i dang

\13(u4 +124 +04)—(u2 +122 +021:

2(a+b): (a_b)2+ 2(a+0)(b+0) (a_C)(b_(_)
\13(a4 +124 +041+a: +122 +03 \13(a4 +124 +0*\1+a3 +12: +0"

Vé M_a3+bZ+ab_ Z(a+b12
.

'y ab ‘ 4 -1 4 2 2 2’\/3(a +b +01+a‘+b'+0‘
N:b3+¢-3+b¢-_ Z(a+0)(12+0)

ac \13(a4+b4+041+a3+b2+02

Ta c6: (\13(a4 +124 +041_+a2 +123 +031(a3 +122 +a12122(a3 +b2 +02)3ab

z2@12(2(a1 +1f))z2a1;(a+b)’ 3M 20

(\13(a4 +b4 +04)+a2 +12: +021(c12 +b2 +b01_%0(12+0)( (01: +122 +0211

220(a3b+ab0+a20+a031=2a0(a+0)(l2+0):> N 20

V

R)

Biii14. ChL'1'ng minh rang: (ob +b°0 +0’a 1 23ub0(a Z2’ +12 0 +0 a‘1
I ; 12 *1 1:3 41 4241 I

C1z1'rngminh

f(a,12,c)=(a3'122 +12%-1 +8112 )2 -3ab¢-(@4123 +b‘¢~‘ +¢-M‘). Bat kf hiéu céc biéu thirc

P=a6b4 +b604 +06a4 —C15194C—-b56461—C5G417=CI51J4(Cl —0)+b504 (12—a) + 05014 (0—12)

Q=a5b203 +b502a3 +05a3b3 —a5b40—b504a—05a412

=a12502 (a2 —031+b05a2 (122 —a21+0a5122(02 -1221.

Suy ra f(a,12,0)= P + 2Q . Bién déi czic biéu thtrc P, Q ta cé

P =a5b4 (c1— 01- 05014 (12 — 0)+12504 (12 — 011- 0504 (12 — (1) — (1504 (a — 01+ 41504 (12— 0)

=04 (a° —b°1(a—b1+a”(a—0)(b4 —041+a40J (a —0)(b ~01

=a4 (014 +a312+a3b2 +1112} +b41(a -12): +[a5 (b3 +b20+b0: +c."31+c14c'4](c1-—0)(12—01

J1

~)

~'/\

Q
u

Q=ab‘0‘ “ —0Z)+b05a2 (12: —a2)+0a5123(02 —1231=ab503 (:13 —031—a51230(122 —031+

+a2b05 (If —a21—a12305(b2 —a21—ab305 ((13 —0l1+a12205 (122 -02)
=—abc5 (az —b21(a—121+a12202(a2 —021(123 ~03 1—ab30(123 —031(a4 -041 =—a1205 (a+12)(a—12)2 +

+[ab302 (a +0)(b3 +b0+c31—ab20(b+0)(a3 +a20+a02 +031](a—0)(12—0)

=—a12c5 (a+b)(a—b)2 +ab30(a1220+12203 —a312—a30—ab20—a303)(a—0)(12¥0)

TU‘ dé suy ra f(a.12,c)=P+2Q2O

*7
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3. Céc biii tép zip dung dnh cho bgn dqc tL_r giéi

Bili 1. Chirng minh ring:

ff w+ ,b_ 7+ ,7‘: i2 ” + ['7 + " .Va.b.c20
l2'+<*‘ c"+u' u‘+b' /9+6‘ (‘+11 11+!’

Bi1i2 Cho u Z9 z'>O Chimv minh rnv am +g> ”h+ /7(_+ ‘U' ~ ~ ' ' c c ; 1 ~._ — w '\ ~

a‘ +1)’ +1" 3 cl“ +12‘ +:"
\. , . ; ~ - 4( 1 +11 + >1

Ba13. Cho (1,b.c>O.Chu'ng mmh rang: b+‘ + C + (I + ‘I H) 2 U J ( )+ 2
a b c ab + In" + ac

Béi 4. Cho a b C>O. Chtrnw minh rénw ("+”)(b”")(""") + M": +1; H2) >12
' ’ Q C C abc (1b+b(r+ca —

.1 s ,1 -
Bf1i5. Cho a,b,c2 O.Ch1'mg minh rémg: i1(‘—+—3i,25

“bf (z1+b+c)'
2 3 _2

Bili 6. Cho a,b,c2O. Chfrng minh ring: a +17‘? + b +C‘£ + C +6113 2%
(b+c)_ (c'+a)' (a+b)‘ -

Bi1i7.Ch1’rng minh rang; ---"'+b“ +——”'+"” +-—"'Mb 2:1 +b+ C v@,b,¢-> 0
b+c c+u a+b

_ .3 3 _3

B51i8.Ch(1'ngminhréng: —-LI+5 +( +————i81"l)‘‘Z2 Va./2.c>0
Zubc (u+b+c')’ 2

Bé1i9.Chi1'ngminhréng: i+i+iz%-+i+““-+%“l’- \'/u.b.(~>0
41 /9 (' a'+b(.' b'+('a ("+ub

Bi 10. Chimg minh ring:

cl2+b€"+l23+(.'(i+c2+a132 Cl /+_-‘~b + c Va’b,(_>0

(b+c)' (c+c1)' (a+b)" b+C ‘+a “+17

B51i11.Chtrng minh rang; 23 va,b,¢->0

B5i12_ Chang minh: (a +b)(b+c)(c+a) + 4\/§Sa12+1bc+‘ca) 28+4\/7; Va‘b’£_>O

‘ 41/76' cl‘ +b' +c‘

Bi 13. Chime minh ram; “' +"" + b" +°"‘ + "' Ml’ zl+i+l V0.12 ¢->0
p C cz2(b+c) b3(cr+a) c3(u+12) ll 19 6‘ [a

Béi 14. ChL'1‘ng minh rang;

i+l+l2(a+b+¢-)( ,1 + _1 + 7‘ \]Va.b.c>O
(1 17 F \2a“+12€ Zb‘+("a 2c'+ub/

Biii 15. Chfrng minh ring: an + 17- + U + 9(‘ib+bC+Cfl) 212 Va./2_c>0
u, '7 '7 7 '7

b" c" cl‘ a'+b‘+c'

B£1il6.Cho “’b"'20 .ChL'1'ngminhr§1ng: ”2_"‘i+9iL5£+i"-1122;
a+[;+¢-=1 b+c ('+a 11+!)

BE1i17.Ch£mgminhr§1ng:(ab+bc+ca)[ '1 ,+ 1 ,+ 1 N22?/’c1.b,c20
(a+b)' (b+c)_ (c+a)', 4
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II. PHIQONG PHAP ss vix BAT DANG THL'“c KHONG CO DANG THL"'C TA] TAM

1. Dzfat vén aé

Nhu‘ chng la d biél SOS vil SS 151 hai phuong phép khzi hiéu qua véi cc b§1tdénglh[1'c
3 bién khéng chL'1'a cén. nhung mét yéyu t6 tién quyét dé dun vé dang chun cua phu'0'ng
phzip 121 bél dang thtrc phai c6 déu béng dam lai tm. Véy véi nhrng bii lozin khéng cé
déng thrc tai tm thi suo? Trong muc n51y chimg téi dun ra mét $6 \/1' du quy tir bit ding
thL'1'c tai bién vé chfrng minh bit déng Lhirc tai tém, céng viéc Iu'O'ng chimg khé khén hon
nfiy lai giljp ta xzic dinh duqc mét dubng léi qucn thuéc \/£1 rétrng hcn dé chfrng minh.
Czic bi tozin sau day cé mé gip czic ban nhin nhén r6 hcm vé ky thuzit nily.
2. Céc bili tzfap m§u minh hga

41,12,020 , , . 27B3l1.Cl'1O . Chung mmh: a" (b+c)+b“ (c+(1)+c"‘ (a +b)S— (1)a+b+c:3 4

Ch1'rng minh

(l)<=>a2 <b+@>+111 (c‘+c1)+c'2 (CI +b)$i(a+b+¢-)3

<:>4(a2 (b+c)+b2 (c+a)+c'3 (z1+b))S(a+/2+0); (2)

Dé )7 ring ding thtrc xéy ra khi a =b=%;c=0 \/£1 caic hozin vi nén néu ta gm nguyén bit

ding thtrc nhu' trén thi khé c6 mé bién @161 vé dang chun cua phuvng phép sos Va ss.
Chling ta sé xut hién )7 tu'<'>'ng 121 cfmg thém mét biéu thtrc khéng m vo vé tréi cua bit
ding thirc (2) dé c6 thém diéu kién ding thc xéy ra tai tm a =b=c :1 nhung v§1n phéi

bélo toiin diéu kién ding thirc v§m xéiy ra tai a =12 =%;c =0. Trong bfxi tozin n51ychL'mgta

céng lhém biéu mu-C khéng m 121 kCI17C. aé xzic dinh /< ta ChO (I =b= C =1 ta du'Q’c /< =3.
til‘ d6 ta gizi sir c = min(c1.b,c) vi chtrng minh bait ding thfrc manh hon sau dy:

(a+b+d32MaWb+d+bWc+d+cWa+bH+Mm-Q)
A

<=>(a+b—c)(a—b)2 +c(a—c")(b—c)20 dL'1ng(dpcm)

B21111 lugin: Bu"c'>'c mm ré nhéu {Tong l<‘>'i giai trén chinh 121 y lu'(5'ng chuyén m bit ding
mu»; (2) vé bit dang mu-Q (3). Céng viéc lu'O'ng chllrng lilm ChO bél dang mac chefu hon
néy l2_1i gip tao nén mél ding thtrc nfra cho b§tdzingth(1'c ban d§u.déingthf1'c tai tm.
Chfnh diéu ny dzi giilp ta cé nhng céch dainh gié qucn lhuéc lhéng qua hai phuong
phzip SOS via SS. Tit dé viéc tim ral£>'igié1icf1ngu_1'nhién vii d§ dimg ho'n.Ch1i)7réng
dé hrqng céng thém V§1OIhLI'@T1g cc’) dang l<.a/2c.f (a.b.c) dé dém bao cho déng thtrc ban

déu cla dé béi v§1n xy ra (ding thfrc tai biér1).tr0ng dé f(u,b,c) duqc lua chQn lily
véo ban tozin, thumg 151 dé tién C110 viéc bién 0:61. ta aén vé'i ¢.<1¢ bii tozin nép theo.
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~
.b.'20

Béi 2. Cho 1“ ‘ .ChL'rng minh;-1—+_1-+-1—z§ (1) \

kab+/K-+(,-51:] l>+c c+u a+l7 2

Ch zhzg minh

Tacé(1)v<:(ab+b¢'+ca)(i1+i+i1)_22—5
b+(- c+a a+b 4

Déng thtrc cua vi du 2 xély ra khi a=b=1.c:O v51 czic hoain vi. Tu'o'ng u_1'v1'dg1 1 ta céng

thém vilo vé phzii mét 1u'c_>ng ——-—€————4abC . Ta chtrng minh bit déng thtrc chafzt hcm:
(a +b)(b + c)(c + cl)

(,7 1, .)(1_ 1 1 )2225 4abc (2)
a + C-Ha b+c+c+a+a+b 4 +(a+b)(b+c)(c+a)

<=~(ab+bc+ccz){ 1 7+ 1 7+ 1 7j+
(a+b)' (b+c‘)' (c+a)'

+4(a +b+c)(c1b+bc+cu1> 25 + 4c1bc'

(a+b)(b+c)((r+a) — 4 (u+b)(b+c')(c+zz)

, , ; (cl +b + c)(alJ +bc + ca) abc
Ch 0: =1

“wan” (a+b)(b+c)(c+a) +(a+b)(b+c)(c+a)

Dodétachicénchirngminhz(ab+bc+ca)( 1 7+ I 7+ 1 7)>2
7(a+b) (b+c) (c+a) 4

Déy 151 bét déng mu-C Iran 96 quen thuéc.

Ta S5 Chang minh mi bang phutfng phép ss

D51x:a+b;y=b+c;:=c+a.Gié1 su':=max{.\',_\".:},1a C6 x+ _v2z

Ba‘1td?1ngth\'rctrén <=> (2.\w‘ + 2v: + 2:,\'— x3 — Y2 — :2 +—1—7+l7)> 9
x _\ 1

<=>-2(,\3'+_v3+:,x'—xZ—7v3—:2)£%+—%+%)+[(x2+)'2+;3)[J7+%-+%)—9il2O
X“ _\"‘ 3‘ x“ y“ 1'

Ta C6: 2(.\3'+ _\'z+ Z,X~.\'2 — )‘2 —:3)(—1—7—+—l7—+l7)=
x v 1

-2 ¢.+#.+%(»1-.~~>2~2 —k~+%+% <»»~:><>~:>
1.' \' 1' X“ \' 1'

Z(\+\2 1 2 I - -

119+)‘:+12){3:+-%+%1-9=%%L(X—>')“+ (v*—1)()‘—1)
x" _v' 3") .\")"‘ x'_\'“:'
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Dam; M = 2('\‘,+ - 2('Y:'Y: +{Y2_,::, + it: )1
.\ _\ .\ _\ ..

(xi + _\'3)(.\'+ ;)(_\'+ Z(.\‘3_\": + _\‘2;: + ;2.\':)
‘IV: -, w > _ \ 1 7'.\"v\"';' .x'“>\"';'

Ta sé chirng minh M 20_1V20.Th:§11véyta cé:

M 2O<:> (.\‘+_\"): 13 Z(.\‘3y3 + _\i3;1 + ;3.\'3)<=>.\‘_\";: +1713: —.\‘_\*)2O

N2O<:> (xz + _\'2)(x+ z)(_\'+ ;)—2(.\'3_\"3 +_\"3;2 +;3.x2)2()

_ '7 '7

<=>~Y.\’(-\".Y)°+<-(X +.\* )(X+.\‘—¢)Z0

Czic bit d2'ingth£1‘c trén déu dng vi 3 = max {x,_v, 3} vii .\'+ _\' 2 ;.
Binlz lufin: Bén chit thuc su cua béi tozin trén chfnh 121 bit ding thirc Iran 96 quen
thuéc, tuy nhién diéu nfzy dzi duqc n di qua viéc khuyél mit dai Iuqng

40/26KLLrong bit déng lhtrc (2). Cu hoi dial ra 151 viéc tim ra /< : 4 v51(a + b)(b + c)(<' + (I)

1 \. , \ .- , .. \ . .; L \f (a,b, 0)= trong bal toan nay l1¢u co phal la mqt dleu may man, hay la

mét su trimg hop ngglu nhién. Céu tra ldi Iii khéng, ta xét phép bién déi sau:

->L L LA (b b. L %>§b+c'+c+a+a+b_Z<:> a + 6+“! h+c+(.'+a+a+b _ 4

<=>(ab+bc+ca)£ 1 + 1 + 1 + 2 + 2 + 2 j>25(a+b)3 (b+C)3 (C+a)2 (a+b)(b+c) (b+c')(c+a) (c+a)(a+b) _

<:>(ab+bC+Ca) 1 + 1 + 1 +4((l+b+C)((lb+[7C+C(l)225
(a+b)' (b+c)2 (c+a)l (a+b)(b+C)(c+a) 4

<:> (ab+lJc+ca) 1 + 1 + I -2 +4[ —1]20
(u+b)Z mt)’ <<-+0): 4 <a+1>><b+@><¢-+0)

_ _)/ 1 I 1 _2 4abc

C>[(ab+bC+w L(a+b)2+(b+c)2+(c+a)2J 4 +(“+b)(b+C)(C+a)>O

Bién Ciéi dén dy luqng d5. hién ra. Tuy nhién khéng pheii béli toén nilo
(0 +b)(b + c)(c + (1)

cfmg 06 mé dé dang tim ra f (@,z>, C) . Nhiéu béi tozin yéu céu Chng ta phéi d1_1'CI0zin v51 du
dozin khénv h2’1i'ba0 Hid cnq chfnh xéc. 1-De‘ 151m 1'6 diéu d6, ta xét lié vi du sau:O C §/ < .
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Bi 3. Chirng minh: ~. " (P + Q) + "(f + ”_) + "(F + Z1) 2 2 v 2 0
b‘+<" c"+a‘ a‘+b‘

Ch zhzg minh

Ta sé chtrng minh bét déng thirc manh hcm v§1n dng:

a(b+c) . b(cv+a) ('(u+b)>,+ 8¢;3[;3¢-3
W v + 1 1 + '~ 1 “ w 1 1 w 1 v

17‘-F11" C'+6l' lI'+/J‘ (:1-+12“)(l2‘+('“)(<“+a')

L0’i giil:
(1)<=>Z:L1(b+c')(a2 +b2)(c12 +c2)j22(a2 +b2)(b2 +c‘3)(c2 +al)+8aZb3c3

x_\'/11

<=> Za (I7 + C) + 2217201 + abczlaz (b + 0) 2 2Za4 (bl + ('3)+12a2b2c3
.§_\'IlI _§'V\‘lH .\ \ HF \_\'I7|

Giéi sir c=min(a,b.c') . Tu Q6: VT—VP=M(u—b): + N(zz—c)(b—c)

Trong d6: M =2(a3 +193 +c:)(a+b—c)c2O

N=(a2 +122 +c2)(n —b)2 +(a3 +b3)c+(c1+b)c3 +2("(a3b+b2c—a2c——b2c)ZO

Léi girii 2: Dua bit ding thtrc cn chtrng minh vé dang: ‘

su (b-¢-)3 +s,; (C—(l)2 +S(,(a—b)2 20. \/<'>"i:

S” b¢7--ai + (l2(w[]+C¥)2 bc:w(2a37+b3q+c'27) 20

(c1'+b')(a'+c“) (a“+b‘)(b"+c')(c'+a‘) (a"+b‘)(b‘+c'“)(c‘+c1')
Tu'0'ng tgr ta cé S,,,S‘v 20, bit ding thtrc duqc chtrng minh

Binh lun: Sq lgta chQn f (a.b,c) = flbc vc'>'i chL'1 )7 dé dng hcm
(cf +b')(b' +c‘)(c' +a')

cho viéc bién aéi aa v6 mm lilm bét dang mu-¢ dling. Tuy nhién ta {U hc'>i néu {hay

f(a,b,c:) bdi mét lu’Q'ng khéc thi bét ding thtrc sau khi clu doén liéu c6 cbn chfnh xaic.

Ta hy thfr vdi f (u,b.c") ta cn chirng minh:

a(b+c) b(c"+u) c'(a+b)>2+ Sabc
+ +

b2+c3 c3+a3 a3+b: (u+b)(b+c)(c‘+u)

Being tiéc 151 bét ding thirc trén khéng dimg. Phém vi dg cho bit ding thfrc trén 1&1

a =b =l,c=%.Ti1'dz“1yb@n C6 thé théy ring khéng phai su lua chqn nfio cng mang lgi

hiéu qua mong muén. Sgt lua chqn d6i khi dbi h<'>i mél chin may min, mét chill tinh té

v51 cé mét cht nhay cam cua ngubri 151m bit ding thtrc.
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,’ . 1 1. 1 - ‘‘Béi 4. Cho a.b.<r20.ChL'1'ngminh r2'111g: (u+b+z')] _ U , + , h , + 76 _ '24

I \\b‘+<" ("+u‘ a'+b')
Ch zhzg minlz

Bt ding thirc hién nhién dng11éuta chrng minh duqc:

./ _: , 3 3 ,3
(u+/2+0); _u ,+ ,1? §+ _(' _ I24-+ 4a_b (X (1)\l1‘+v“ (""+u' u‘+b'/ (<1'+/>“)(/2‘+c")(("'+u')

Ldi gidi 1:

1 (b+¢~) 4 111.1(1):, f‘ , + U, , 24+ ”_ 7‘
§19'+¢'_ §;1b'+<»" (a3'+b:)(l1‘+cZ)(<'2+413)

Trong bE1i toim 3 ta di chirng minh du'Q‘c bait déng thtrc:

a(b+c)+b(cr+u)+r.'(cz+b)22+ 8a3_/13¢,-2

11: +62 c‘: +03 cl: +11: ((1: +b3)(b: +<~3)(¢-3 +413)

Céng viéc cén lai 151 chirng minh: ‘

Va: + 7b: wV+ ac: + 451311302 22
, 7 '\ 1 5 '7 '7b‘+a“ c"+u‘ <I‘+b‘ (cf+b“)(/2‘+(")(("+a‘)

<=>(a: +123 —('2)((13 —/2:): +1‘: ((1: —c':)(l23 —c:)2O

Gié su C = min(u.b.c) b§ldéngthL'1'c cuéi mén nhién dimg.

Ldi gidi 2.~ Bét dang [hU'C cé me viét 19a an-<71 dang

5“ (1;-¢-)3 +s,7 (<>-(1)1 +s(_ ((1-1»): 20. lrong as

S (b+c')2 + b(,-—(13 u:(b+c‘)2
H 2((I3+1J3)((l2+(‘:) (al+/)3)(a2+cZ) 2(u3+bl)(b2+c‘:)(('2+u2)

S (c+a)3 + (V-u—b3 + b3(("+a)2
I) 2(1): +c2)(b3 +02) (112 +<:3)(bl +02) 2(u3 +b2)(b3 +c2)(c: +412)

S (a+b)2 gbfg? + cl (a+b):
F 2((‘3+a2)(c2+b2) (c:+c1l)(c:+l22) 2(u3+bZ)(l7:+("3)(('3+a3) .

Gia sir u 2!; 20. ta chllrng minh du'Q'c S,,.S,) + S‘/.S,7 + S1 20.21;) dung tiéu chuén 2 can

phu"o'ng phaip SOS ta C6 dié-u phéi chtrng minh.

‘Y w 1 _

B£1i5. Chtrng minh réng: “,i’E+/’T+L‘j+‘,;"’2zl. Va./2.020b‘+(“ c‘+cz' c1'+b' 2

CI1 zhzg min lz
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Ta chtrng minh bit ding thtrc manh hon

W " " - 3 :_:
u$+b£+b7+cc71+L +a_/3>Q+ 4aqb (

b“ +0‘ 0‘ +a“ a: +12‘ _ 2 (a' +bl)(b‘ +cr3)(("3 +aZ)

L01‘ gii 1_.: B51 ding thL'1'c tuwng du'0'ng véi:

2ZUa3_+b(')(a2 +b:)(a2 +c3)j2(a: +bZ)(b3 +c"3)(c'3 +a:)+8a:b2c:

<:> Zzab + 22:17:03 + Zczbcz Cl} + Zcz1>('Zz1l(b + ct) Z 32:14 (bl + c2)+12c11l2:(':
_\'\'ll1 ,\_\'IlI ,\ WI] §'v\’!H \ \'IlI

Gia SL1‘ c=min(a.b,r') , ta cc’): VT—VP=M(a—b)3 +N((I—(‘)(b—C). trong as

M =2(a4 +b4)+4ab(a2 +b2)+a3b2 +abc2 +(a+b)c3 +(2a2b3 —a2c3 —b2c3)

+ 2c(a3b+ ab: — (130 —b3c) 20

N=c[(3ab+ 2c'2)(a +b)+4ubc + Zn"; +(u2b +al_92 -a3c—b:c):\2O. Suy ra dpcm

L61’ gitii 2.- Dun {>51 dang thirc vé dang s0s¢

S“ (b-—c)2 + Sh (c—a): + SF (a —b)2 2O_ trong dé

S (b+(")Z 1 + a2(b+c):

H 2(a2+b2)(a3+c2) 2(b2+c:) 2(a3+b3)(b2+c2)(c3+a2)

(c+a)2

B“

3(+)21 (‘ Cl

Sb_ 1 v "1 1 _ 7 1 + w 1

Z(b“+c'“)(b“+a') Z(c'+a") 2(a' '

Sr: (a+b)2 1 c1(a +12):

+
KT‘

J
‘/

(b‘ +c3)(c2 +02)

+
2(c2 +a2)(c2 +122) Z(a2 +123) Z(c12 +b2)(I23 +c2)(c2 +a2)

Gié sir a Zb Zc ta chimg minh du'(_>'c S,,.S,, + SW51, + S‘_ Z0, ép dung tiéu chuéin 2 trong

phucmg phép SOS ta cé diéu phéi chtrng minh.

\_ a,b,C20 , , ‘ 1 -> 7 -1 -a '\ 1

Ban 6. Cho . Chung mmh: (cf +b")(b“ +c“)(c‘ +a‘)S—
a+b+c=l 32

Ch 1271g minh

Bit déng thirc tucmg during vdi: ([13 +b3)(b2 +c2)(¢-3 +a3)§3%(a+b+c)6

Ta chirng minh bét ding Lhtrc chzfit hon sauzl

(a+b+c)6 232(a2 +b3)(bZ + cl )(c2 + a:)+473cz3b3c:

<=> (a+b+c)6 232E614 (/92 +c3)+b4 (cl +a2)+c4 ((12 +b2)]+537a2b2c3



Clzuvlzg V: ‘V1531 5'13’ sdng tglo 115 bl?! (Tng tl11i"c 92¢)

Gia \u' ('—1i((1./7.1‘) . Bit ding lh(rc Q6 Lhé viél Igi duvi dgmg:
.

M =(u —/7)“ +N(<1—(‘)(/>—(*)2(). Tmng L16:

M =(a+l))’ +I()((1z+/2")('+1'/((1+/>)'a/J<'+3(u+/1)(': +1470/7(‘: +1704 +
ZIr“(u:/>+u/>3 —u:<"—/1:r~)2()

N =4(<1—/NJ +<£(u+/>)(79u/7+ 70: )+57¢1/>r"+(" + l7(u:/2-11/>3 —(1:¢'—/2319320(dpcm).

TI

V _ .Bi1i7. Chimg minh: ((1+/>)(/»+<-)((-H1)zzm -L/7(')(/7: +<‘u)(¢" +11/>). ":/U./>1-z<>
k

Chzhlg minh

B§ld€1ng1hL'1'chi§n nhién dfmg néu ta chL'1'ng minh du'Q'c:

(0 +b)_ (l2+c)' (c+u)' 24(a2 +/1(*)(/)3 +('a)(('3 +1112) +3Zc1:[13<':

Gié $11 <' = min (:1,/2. r) . I21 C6

VT—VP=((1—/7): (l>—("): (0-0): +8al):c'(a -12): +4r1[>c(a+b)(u —c‘)(1>—-H20 (dpcm)

\ c1(/>+(') b(c‘+a) ('(c1+/2) v
|Bi1i8. ChL'1'ngminh1'€mg:‘ , + + 7 2 _ Va./2.020

11' + />0 12‘ + cu (" + ab

CI1 1211g minh

~ ,_ . _c1(b+(') l7(('+a) c(a+/J) 84131135:Tdsechungmmh. + + 7 22+,
:1‘ +bc /1‘ +00 0' +0/1 <0‘ +/><-)(h- +('(1)(c" +1112)

<:> Z[u(l2+c')(b: +(."a)(c2 +u/))]2Z(u: +/2(')(l22 +('a)(c"2 +0/9)+8u3/12(':

<:> Z 414 (b2 + cg ) + 3111202: (13 (b + c) 2 Zlbsc + 2(1[7¢'Z :13 +1251:/22¢-3
.\'_\'”I _\\'I7l .\_\'IH _\_\lll

<=> [Q10 + bc — :1/2): + cl (4011 + ('3 — Zuc — 2bc)](a — 1)): + abc(a + b)(a — c)(b — c) 2 O

Gia' str ct = min(u./7,0) bail déng thirc cuéi hién nhién d11ng.1a c6 diéu cén chirng minh.

Bi1i9.ChL'1'ngminh: 7” 1+ vb w+ ,(> v2i( 1 + 1 + I )Va,b,c2O/;~+(-- (--+(;- Q-+b~ 5/2+0 (‘+51 z1+b

' Cluhzg minh

Ta chfmg minh b§l ding thfrc manh hon:

a + b + c >i1( 1 + 1 + I )+ 36u3b3c2
b2+c3 c‘2+a2 612+/>3 5/?+<' "H1 61+/1' 5(a:‘+b3)(/>3+<;3)(<.-3+a3)(a+b+c)



_ 
E

i

930
I’lzu'0'ng plzrip S5

um b— +(l_ \\/1: hi +(.7 D '\\.'|"/)+(> 5<(l~ +17“ )(~l7f +('>)\('“ +(!'>)

Ta 06 Lhé chtrng minh GLYUC czic hit dng Lhrc mu:

aw .+ 11* j&zi( ~ + 1» (+ (V W
5\l1“+(" ("+u' u‘+/Y,/' 3~/7+!‘ <'+f1 ¢1+/7

_1_\/ 11: +_ /22 + _c: ‘+ -lulhlci __l__-1(2)

3\l1‘+¢": ¢“+u' u'+l>“ (u3+l>:)(/13+<<:)\¢-IH11), -‘

‘T

a(f2+:L)+]>€(-+11)+c(qu+{>w)Z2+
8¢1‘:l>:(~f (K

b'+¢" <"+u' u'+/1' (u‘+l1‘)(l>'+¢"')(("+u')

,1

Céng vé (1'). (Z) \'E1(3) suy1'u(“'*) dfmg vii bt dng thrc duqc chtrng minh.

[(1./>.¢-20 \ . . w

Ban 10. Cho 3'
. Chung mmh r51ng:u‘1> +b'z~ + 071$-1

\\a+b+(“=3

Ch ring minh

Bit din" thirc c§3n chtrnu minh lu'o"n<1 du'o"n<1 \‘é'i (1317 +l1:('+(':c1S74—(c1 +l>+<-)’\

C ” “ ” 7.7

Giéx sir c = min(u.1>_<~) . ta chtmg minh bit dimg thirc manh hon:

4(cz +1) + 0)? 2 27 ((1:/2 +l>:("+(‘:<1)+ 27ub(’

<:> (4a + 4b +c)(c1—b)1+(1()l2 + 40 — 1 lu)(u — ("W11 — N 20

Chli j ring Lu C6 d§\ngthL'1‘c sau v(')'i mQi $6 thL_1'c c1.b.ct

P(t1 —c)(b-c')(u —b)2 - PM -12): (cl — c)(b—(‘) =0. Cho P =— lz111hén du'<_)'c:

4(( 1)( )(b ) “ 4(u+b)(u I1):— (c1—l))' +--4(l;J—;—-(z1—(:)(l)-z")-10

Do as bin dang mu-¢ cc’) mé viél lai: M =(a -1;)’ + N(a -<-)(1>-(-)z0_ trong do

M :4a +4b+C_ _4(u +l))((l-;-(')(17-C) c'(4a: +412: +9lul>—4u:'—4l>c") 20

u) av

N :16b+4(__Ha 4(a+/7)[(u—h)2 :(-1u+l>)(z1-/Z/2): +4ul7c Z0

an (17

a,b.c2O , , , 7 . . F-

Bal 11. Cho .Chu"ng mmh: (a'b+b‘c+c‘a) +2(ab“ +120‘ +ca“)S6\/3 (1)

a+b+c=3

Ch zhzg milzlz



CI1 lt‘(}‘Ilg V: 31(3)‘ sdng l(I0 M5 bfh‘ (Ting thli'c 93 I

(1)<:> (u2b+/7:0 + <:3u)+ Z(ul>: +b(': +ca: (H +/7 +( )>

7
Z

u

\O(

T11 chfrng minh bl dng thfrc manh ho'n:

9((l:/J +/>30 + <~:¢1)+ 18(01): +/xi + (":12 )+(5-lvg —8l)al7c'S Z\\’§(a +/2+1");

Gia .s'L'1' (' = min(u./1.<') ta c6: \’P—\’T = M ((1 —l2): + N'(u — <-)(/2 ~('). Vc'v'i:

M =2¢§m +/>>+(14x/'3-27)(-L~ +”)("“’)”""’
~ (I/7

J
(~_

JJ

,\

2

‘\ 7 ‘

\/§c(2u‘ + 212' — 2:10 — 2121' + (18 —9\/€,)a/1) 0

ab m

N:(8\/§_9)u+(8\/€_19)b+2\/§t_+Z\/3(c1+[;)(u—/2)“
(I)

I_ \/€(2a+(2+\/3)/2)(a+(l—\/§)l>): +2\/gal./ac‘ >0
_ ab —

Biai 12. Tim hing $6 k tét nht sao cho bit dng thirc suu dfmg vc'>'i mQi s5 thuc khéng

A 4
am 11.19. (" I /< ((1 + b + 0) 2 ({1}!) +1730 + (:30) + ab('((1+ 17 + 0)

l Ch 1212g minlz

Cho a =3_b : 1.0 =0 suy ra k 2 3?’/6 . Ta chtmg minh diy chfnh IE1 gizi tri cn lim. nghTa IE1:

') \ :ghz +12 + (‘)4 2 (all) +19‘ 0 + 0' <1) + (zb('(u +12 + c)

Khéng mét tinh téng quiu. gié sir c = min ((1../2.0) . Tz1chL'mg minh bét ding thirc mgmh hon:

27(a +b +c)J 2 256(z13b+b"c+z'3a)+473<1bc(u+1>+c) <:> M ((1-1)): +N(c1—c)(b—c‘)2O

Vc'>'i: M =27(a+b)2 —4Oac'—4Obc+ISOc3 — [2,/(G +b)_ +68(aZ/7)C](u“C)(b_C)
a

N=2l6ab—l48a3 +1081»: -121!“-+135b¢~+27¢-1 + [27("+[’)_ +68(b"+b)"](“'b)_
[1

Ta C6: M.c1b=c‘(27(a +b)(a—b)2 +189abc+41c(a+b)2 —68c'3(c1+b)]2O

N.ab = (276 +140!) + 31% )(u - 3/1): + ¢-(sew + 680‘ -1891121; + 6711111 ) + 2711118

Néu 68:13 +68/>1 —189a3b+67ub2 20 bit aéng lhirc hién nhién dilng

Néu 68¢‘ +681? —189a3b+67ub: $0

N.ab2(27a2 + l4ab+ 3b3)(u—3b)2 +b(68a3 +68b3— 189$/>+ emf)
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Dimg C1210 hiun kiém Ira du'Q‘c

(27111 + l4al2+3/93 M -31))’ +/¢(as¢ + 68113 -129¢R1>+ 67@1f)z0

' - , , . . , '7

Bit ding lhuc du'Q‘c chung mmh. Vay ta co Kmm Ifgg.

Bili 13. Tim hing sci» k 161 nhét sao cho b5lLdi\ng1hU'c sau dfmg \'c'>'i mQi $6 [hL_l'C khéng

im (1.l7.<'I l\'(tI+/7-Q-(‘)4 2(u"/7+/v':<‘+("zu)+((!:/7: +/wit: +z':z13 )+u/>(‘(u+/)+r')

,..

Girii

Cho u =2,1)=l.c=O suy ra k 2% . Ta sé chimg minh déy chinh lZ\gizilr1c§1n m. nghia 151:

%(a+b+c‘)4 2(c13l9+b3c+c'}c1)+(a3l): +1730: +c:al)+ab("(u+b+c')

Khéng mét tfnh téng quail. gié str 0 = min(a./2.0) . Ta chirng minh b2‘xtCI§1ng1hL'rc chzfal

ho'n sau: 4(a+b+c)4 ZZ7(u3b+b3c+c3cz)+ 27(a3b3 +1230: +030:)+54ub('(u+b+c)

<:>M(a —b)2 +1\/(a—c)(/;—<")20. Trong d6:

1 w '7 ' I ' I , -— ‘ — ‘M:4(a_ +b_)+13(_ +20ub_7(_(u+b)_(-M +-11> +Z0z1l2+7ar,(a ¢)(b 1,)

‘ (I/J

C[(Cl + l7)(4a3 + 417: +1301) + 7c1(') — 711217 — ("(4:12 + 412: + '/ab + 7u["):1> 0

ab —

NZ“); +43 _23a1 _7m_+29ab+2Ob(_+ (4-a“ +41>- +2<m£+m-)(a-1,)-
CI

(a+b)(4a+b)(a — 2/2): +acE4b('+u3 +3123 +30/1+6(z1— 2l1):]>O
.ab _

Bit ding thirc du'Q'c chfrng minh. ta cé km :5;

3. Céc balli tzflp dimh cho bz_1n dqc t\_1' gizii

a.b.('2O ‘ , '\ ,

Ball. Cho .Chu‘ngmmh1‘éng: (cf +bc)(b‘ +ca)(<~' +1117) £1
a+b+c=2

BM 2_ Chang minh ring: (1/J +quc +74bc + bc +11%: +1405: + ca +wcb +:lc1b 2 4 vmbac

b‘+c' c"+a' u'+Z2"

\_ a,b.c2O L ’§ , , . _ ,

B2113. Cho .Chu'ng mmh rang: a‘b' +121" + ("cf + abtél
a+b+c=2

Bi 4. Tim giz'1u'inh('>nh§tcL'1a F =“_+-/‘Q +£+"_+ vé'i (1,1). C’ 2().(k 20)
c + kl) 41+ kc /2 + ku
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§ 23.10. cAc TONG B01 XUNG VA BAT DANVG THUC HOAN V]
Trong 0/21/'0'ng ll §7 /</21' lim hiéu lid’! Jc'n1_g> I/7121' Sc/nu" ('/Ming iu J17 /(1112 z/1101] \'(}'1' \'i_é<" $12’ (lung wit p/Iép
/1ié'n ¢7<3i dzm lré/I (“dc Ja //1z'r(' J<§i .\‘1'r/lg View <76 ('/zzhzg mi/1/2 (‘cit /nil! J17/lg I/1z'r(' J13] .\-L?’/lg bu biéyn.

Tmng 1'/zzrmzg /V. §/<3’. 1)/Iép 1/521 /Jié’/1 EMV 1'51 {mug £422 p/11/'</n_q p/nip (J/Iiu J6 Irj DA C. p/ui‘/1 p/2<5'i

/zap vr}'i [7/7ll'!I’IZ_£{ /2/nip SOS. <'/211/lg m J6 /1/14711 I/10')" mqil p/zé/1 /11¢?’/2 4701' mi} ("(3 /I1'_éu /{rt k/If <"/Izhzg min/1

("zit [nil Jllg I/1121' /m /vie‘,/2 /mzi/2 \‘_/l ('11 I/zé Jzi /[1 viéz" I121"/2 /":1 ('<i(' (741! /zrqr/lg ("(3 du/1_Q

((1 — /9) (1) — 0) ((1 —- C). Trong bfli 1'1?! 11[1_\‘ ("lzzing keg! /mp $121" mqm/I cruu /mi /2/1zr0'/zg p/nip J6 [(711 (“(3/lg

rriél dé mic bail (Mug I/uh‘ /mzin \'_1'.

|. agm-| LY

Vdi m(_>i bé bu s6 thuc u,b.c ta ky hiéu p I (1 +1) + Cl(/ : ab + 12¢‘ + cu: r : abc.

Khi d6 c6 czic ding lhirc SZIUI

(1: +b3 +6: = />3 -21]

ax +/2" +0: : /1" — 3/Jq + 31‘

(14 +/2”’ +04 = /24 +2:/3 +412/‘-4/23:]

nib: +b3c3 + 03:13 = (/2 2/Jr:

(13 (b+c‘) +b3 (c+u) +0: ((1 +17) = pz/-3/'

a“(l)~Fc)+b3 (c+a)+c" (u+/2) = pl:/—2q — pr

(a—/2): (/2—c): (c—-(1): = plql + l8pqr—27r: -4:/5 -4/fr

. JA20
Biéumhtrcf(X):AX3+BX+C:[X __B

min 1
H>j(X)z0vX¢¢A=zf-4Acs0

Xrnrn

j(®2O {C30 ‘wLjfX)2OVX2O¢¢ ‘Q
XIIIIII 2 O S O

Lf(X )>0 |@A~¢f-4Ac>0
- mm _ _ _
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|| . AP DL_lNG

Chn ta dz} biét huong hzi su' dung czic dai lu‘0'nQ La ,1‘ tronu viéc chirns minh czic bit dine lhtrc
D ~. L./ - - g, \_ - §_, \.

déi x\'mQ. cén G div 121 nhfmg {Ina dun“ cho bit din" thirc hozin vi vbna uanh. chfl \7' ring c6 nhiéu bZ\i
- . - - C ¢ . . Q . _

toén duqc dim ra 151 rét khé.

‘ Vidgl I. Cho 0.17.6 121 czic $6 Lhgrc khéng fnnthOz1rn€1n (I +17 + 0 I 3.

Chimg minh azb +1230 + (‘:41 3 -'1 (‘*‘)

Ch ling nzinh

Ta c6: <:> 2215111) £8 <=> Z(12b—Z¢1l23 S 8—Z(13b—Zcz/1:
(‘\'(' _4“\‘( ( \z 1 H ¢ \1

<=>(a-b)(b—c)(a—c)S8—Za3(b+c)
.y\m

D0 dé chi can chimg minh khi (a - b) (b - c) (a - C) 2 0 . ha. ding lhirc lu'Ung during van;

—b)2 (b—c)2 (c—a)2 £8 —Za2 (b+c)

<=>\/(pic/3 +18pqr—27r2 —4q‘ -4615") £8—(/J5/-31‘)

- <=>(p3q2 +18pqr—27r2 -4:/3 -4:/"r)S(8— pr/+31‘):

<=> 36/'3 +(4p3 ——24pq+48)r+4c/3 -161):/+6420

<_'=> f(r):9r3 +(p3 —6pq+12)r+(/3 —4pc/+1620 ’

Vdi p=3: f(r)=9r2 +(39—l8q)r+q}—12c/+1620

. -39 + 18
N115“ thy I}m,, =Ti . Xét hai tru'é>'ng h<_>'p

Néu OSqS%:> 11,30 thi: f(O)=q3 -125/+16=(q+4)(q—2): 20

Néu % S q S3 3 rm 20. l21C6 _f(rmm ) = 24:1’ ~216q2 +648q —63O 2 OVq E

Suy ra 2 OK/r 2 O (dpcm).

Vidgl 2. Cho a,b,c 121 cclc $6 lhuc khéng m c6 téng biing 3.ChL'1'ng minh ring:

021) +1220 + ("Ia + 2(ab2 + be: + ("(12 ) S 6\/3

\
Clz 1211g mi/zh

B51 ding thirc tu'0'ng ducmg vdi



C/urovzg Y5 Mgit $0 sring Igm vé b(7t dring tlzzir “)3?

r— '—

2Z(1:l7+4Z(l17: é lZ\/3 <=> 3211: (/2 +0) + Zia/2: -— 2:1:/2 S 12¢}

42>

,-\.- /H \\./r.‘ \".t '\-.

32a:(b+c")+(»u—b)(/2—c)(c-:1)SlZ\/§

Tucl1|'c§nclu'mgminh htdéng lhirc khi ((1 — />)(/9 — (‘)((.' ~ (1) 2 O. nghiu 151

320 (h+<")+\,(a—/2) (/>—c) (0-0) §l2v',v

<:> 3(p¢/~3r)+ V“/23¢/I + l8p</r— Z71": ~-lc/R —-l/2‘/‘ S12 G

<:> pic/I + 18;):/1"— Z71‘: —4c/R — -111:1‘ S (1Z\/E : 3/1:/+ 91‘

\ w w .—
_ ‘ — - - '1

‘,1

Z.

)_

<=> f(r) = 1081': + (4/2'; -7212:/+ Z16\/5) /'+ 41/‘; + 8/)3:/3 —7Z\/€/n/ + 432 2 O

216»,-102-21o\5
"Um du'<_J'c QM = ‘-7)? . xét hni tru'i>’ng hqp:

N éu O£c]S D1;]‘lI1§OL}1if(O)=4(q+1Z+6\//§)(c/+3—\/5): 20

I v1e¢3+108Néu"{<q<33r'_>O.1;1c6

/"(,;1)=4(,‘_-36¢ +108q+81—108¢3 20\7’z/e Q \,’?»+§;3

216 _ _> "-
T (_“_‘

___._____J

\_ _

Vi \'\' f‘ /' khénu {rm \'c'7i moi 1'20 (d cm).._ , _ . P

V1’ dy 3. 'l“1m hing $5 k lé'n nhl suo cho bit dz'_1ng1hL'1'c sau Gluing vdi mQi $6 th1_1'c khéng m a.b.c*:

?'T'

(a+b+c)4 2 ((131) +173c+('3c1)+(c13/2: +1210: +<'3(1:)+al>c(a +/>+<‘)

V

Cluhzg minlz

('71 a = 2,!) = 1.0 I O la su ' ra /< 2 Ta sé chfrna minh rnw div 151 Qiai tri can Um. nshia 121 bi./)7 \. C _ g, - \_

ding thfrc d cho ddng \"(>"i /< = Khéng mt Linh Léng quail gia su' /7 = 3 . Lu 06

2i7(a +1) + (")4 2 Z (13/9 + Z;/93¢": + (11902 a

<§

<II>

8 J /' \ " \
T7(<1+l2+¢") 2! Z(z3l2+Z(1/2; |+2Zl73c': +!{ Z(1:l)—Zc1Z2‘ |+2abc(a+b+(')
_ \

u /. \\'11 \ '\-. / >

%(u+/)+c)4 2 Zn; (/2+c)+2Z‘1b:(*: +(u+/)+<")(u—/2)(/2-c)((1—(')+ Zc1bc'((1+/7+0)



936 Cdc Hing déi xlhzg rd brit (717/zg tluir Imzin H

Ta chi cn xél 11161. Lru'(v‘ng hcyp. hfal déng thrc tuong du'0'ng \'O‘i:

ji7(c1+l;+<')*: 2,11%/-2:/I — /2r+ 24/: —/-lpr+Zpr+

+ p\/pl:/3 + 18/)qr -271‘: ~44/1 —-1/fr‘

<:> p3(/1::/3 + l8pc//‘— 271': —-H/3 —4/>31‘) /24 — pic/+3/)r‘)“

<:> f(r) = 36/fr“ +1)“ — Z?-112’:/) r + p’ + 4121/” —-E76? /2“q 2 O

w

<:> [23 (pi:/I +18pqr— Z71‘: —-la/x -4/1}/')§(%/>1 — plq + 3/9/‘)-

<=.> f(r) = 36/131': +<%/2* — 24/riz/)1"+%/23 +4/)3:/3 —!:—(% /7h(/ 2 ()

V(§'i p : 3: f: 324/'3 +(l404 — 648))‘ + 36¢/F -4321] + 576 2 0 ‘

Xét hai tru'€>’ng hqp

Néu osq §%:>39-18¢, 20.1111 f(0)=3c>(q+4)(q'-2)‘ 20

Néu %Sc] S3 suyra

-» _ \ , [_ '»

A=(39—l8(/)' —4.9.(c/' — 12¢/+ 16) =—36(/3 +32/-lz/' —97Z(/+945 S () V (/E

Do dé f 2 0V1‘ 2 O (dpcm).

Vfdy 4. Chtrng minh bét ding [hire .\uu vdi czic $6 thgrc a,b,c :

V
0)

,1

+

+
/,,

1

Cluhzg minh

Néu p = 0 bz§td§1ng1l1U'c c6Lhé\'ié1l;;1iIZ1 7(_\'3 + 13 + )1)‘ 2 O. hién nhién (hing.

X61 lruyng hqp /7 ¢ O. khéng m2‘1l Lfnh léng quail. gié str p I 3 . la c6:

<=> 2((l2 +123 +63 )1 2 3(LZ(l3b+Z(ll7}j-i-3(Z(l‘=[)—Z(l/)3J
mu ) \ u 1\LL.“ K...

<::~ 2(a: +b3 +0: )2 2 3203 (b+<")+3(a +b+c)(a —1>)(b—c)(a -0)

Chi cn xél trufmg hqp (cl —- /J) (1) — C) (cl — 0) 2 O. bit diing th:'1‘c tu'o'ng dLI'O‘I1}_l \'é'i:

~  '
<:> 2((1: +123 +(":)_ 232:1; (l2+(')+3(a+/>+<.')\/((1-17): (/2—<‘): (0-11):

V
\»J

c> 2 pg — 2( I _ - pic/— Z:/3 — 77' + 3/; ///13¢/3 +18/2:/r— Z71‘: —-lc/F -4/fr/ I \



CI1 uv'ng .Wg§t.v6'.s'(i11g tgm vi blt zirilzg thzic ‘J37

~‘ 1 ~ \ 1 ~ \ ‘ »<:> 9p‘ (p1/‘ +18]7(/l‘— Z71" —'-lq“ -4/fr) S /1' — Zq) —3(/rzq — Z:/3 — /21')‘ 1

Q|__‘

c> f(/')Z5Z/211': -i-<8-1-/)(]: -228/1::/+48/>§)1'+-1/2“ —-14/2‘:/+168;/1/3 —Z7Z/)2!/‘ +l96¢/1 2

\/(>1 ,1 :3; _,»"(,-)=4(s@7»-1+(s3q1-1539q+2916)»-+49q* -mzq‘+3402q’-s019q+656x)z<>
Tacé:

A':(e>3¢f —1539c/+2916): »226x(49q‘ -am,‘ +3»102¢ -s(>1<><,+e5(»1) =-21s7(7q-18)’ (q—3): $0

Vi vejy 2 O v('7i m(_>i s6 thgrc r (dpcm)

Vidy 5. Xzic dinh hing s6 thuc l<'>"n nhl k sao cho bit ding lhtrc suu My dimg vdi mcgi (1,1). c*> O:

Q+Q+9+k 23+k
(1/9 C a“ +1)‘ +0“

Gizii

B51 ding Ihirc (‘IE1 cho tu'0‘ng du"0"ng \‘('>'i:

/ ’ \Q ll V7k >6 71¢-‘ 2 Q ’

U-Z\~(~:]7+%:(’j+_ a:+l23+c3_ +~ \.\g"+g[7)
Z02 (b+c)

Q M +2/\, al)+bc+ca 26+2/\_+ ([‘_/7)(b_")(”_")
abc (13 + [)3 + cl (1120

Cl1ic§nxéL1ru‘Ongl1Q'p ((1 — b)(b — <')((1— 1') 2 O

pq —3r 72/<6/7 2 6+ \/[J36/I +1819:/r— 27/‘: — 4:/g —- 4/1:1"
I 1>‘—-¢/ "

(pl:/3 +18pqr— Z71‘: — 4:/7’ — 4/111/)(/1: — Zz/)2

S [(1%] — 3r)(p: — 2(1) + Z/cc/r — (6 + 2/\')r(p3 — 25/)?

Khéng mt mm léng quilt gm sL'rr§1ng p = 3 . Sau khi km lrién, viét 1@i bit ding thtrc dudi dang

= 4(ArZ + Br + C) 2 O . Trong dé

A I 81/<2 + 9/<3:/3 +54/<(/3 + 729/< — 9725/ + 108:/I + I 87 — 54/czq — 405/cq

B = 2187 -1086,‘ +1()8()q2 -3159:/-18/<q‘ - 243/“, + 135/\-1,1

C = 4c/;' —36c/4 +8l(/'1
l

D5 ding chfmg minh ring A \'Z1 C khéng m. X61 hai u'u'O'ng h<_>"p:



‘J38 Criz‘ 113:1g J01 xzhzg viz bl zlrirzg th12'c Imcin v_1

Néu

L»)

7.“

_|_.

 \
11-J/1-l+101~+19)

NéuOS(/S 3B2()3_f'(1')>()

2(k+6

2(/1+6)

311111-\/1»’+1(1/<+49)
) Sc/£31111A:B3—-1AC:—9(q—3)2(2q-9):

(481/‘ + 24/1-1,‘ + 41 11,‘ - 14411,’ - 4681/ - 9/81,1 + 16214, + 12961, - 7 1 <1)

T1111 du'<_>'c /(Hm I — Z . dy 1Z1gi;i 111 C511 11111..

Vi dl_4 6. T1111 hing 56 k 1611 1111211 $210 C110 1151 déng lhirc sau dng \'0“i mQ1 s6 111110 du'o‘ng (1.12, c 1 1

— —+——-\-1< (1+1>+c 23 1\'>r\ —-———-— \
"1 5 3 '1 7 N

X

<1“ b‘ 1" <1‘ + 1)‘ + c‘

b + 1 a \ \ \ \ 1(1-1- 7-1-(F

Tacé

Z 1 1

. , ~\_ I 1\ 1 _. ._
+‘Z\;/)0/ZN +(c1+/2+<,)(a1 j2)(b <)(( )

11<:>__i._i__

1 1

Chzhzg mirzh

(1; 12 + (f

.. 1 ‘... <1 >0 czar

D0616 (>1) <=> 2 %+2k(¢1+1>+¢)ze(1+1)---—":+1’: “Z
Z

Zu'1(1J+<')

a+b+c

l+[I+ I (u+/>+(')(u—1>)(l>—¢")(z1—r')
+21-(¢1+/;+<-)-(»(/<+1)" ’ "2

abc‘ (1 +19 + <1 5112(-

Xél 1rub"ng11(_Jp ((1 — /9) (I) — 0) (cl — c) 2 O . \'i§1 1511 b51dé11g1111'1"c du'('>‘i dang:

pzq —2q3 — pr >3 — 25 /2\/plz/3 +18/)qr— 271*: -1-11¢/*1 -4/211'
ii???-—

<:> f(r): [(1135] — Zq: '— pr)/1+ Zkp:r—(v(k + 1)r(/1: — Zc/)1

+2/<1;-6(k+1)’ /2
1 _ p r

—p4 (plz/3 + 18171/r — Z71": — 4:/'1‘ ~ ~lp‘;r)2 (1

Tu'011g tug gié $11 p = 3.sz1u K111 kh;1i1rién1;1cé = 4(Ar3 + Br + C) 2 O . Trong dc’)

A : 7211,: + 361%,: + 3241<1- 378q +11341» —594kq - 216181, + 361,1 +1539

B = 2187 - 48611, + 270/<q* - 36m,‘ - 19441, + 3511/1 - 361,1‘ .

C I 9q"‘

Nghiém qu cua p1111'<mg1r1n11 B = O 111011 min (1,, 6 10.3] 121

1 KM 28/8-10111»-119 W, 1.“

G" 4(1+/1') ‘/,+ ‘/'17 + +31§.1" /



C/urzrn V: Mét $5 will 1' I110 1'15 hr?! £71711" Ihzir 939)g . 1» . ¢.

~ /Z yI r '1 /= -1475 — 2382/1' — 960/\' — 80/C + 36\/.»*\ + J6/\' V N

N = —lZk4 + 32-1/<63 —— 63/<1 + Z7-11/< + Z979

X61 hai truimg hqpz

<
2:

3

Néu O S c] S c/H lhi B Z O. ta 06 Lhé chL'1’ngminh r§1ngA \'Z1 C khéng 51111. \1 f 2 O

Néu c/_, S q S 3 1111

A = 15; —4AC =—729(c/-3): (16c/3 +16/<31/3 +32/\'(/R -252/<(/3 -1891]: -36/<31]: +324/<q+SlOq—7Z9)

T1111 duoc km z l.58554()OO68. 1151)‘ 1Z1gizi tri Q5111 11111.

V1’ dy 7. X110 dinh hing s61h1_1'c 1611 11h§11k $110 cho b§1Ldf1ng 1l11'1'c suu 111111; \=('1i 11191 11_/9,1" > O:

(9+3/<)(Vu:+/2:+<':)
‘—‘ + /l + i + /1' 2S
/7 C ‘I (c1+b+1')'

Gidi

B51 ding 1h1'1‘c 1u"o'ng du'0"ng vdi:

{;Q+;%]+3k2 +[Z§_ZaE
b "1' + b + C _ (‘\t 1'\'< I)

1 1 - 1 . 12” (’+‘)+7k 6(3+l<)(a'+12"+0“)>(¢1-/;)([;-(-)(¢~-(1)
W abc — (a+b+(_)3 _ abc"

T11ch1c§1n xél1r11'émghQp ((1 — />)(l) — (')((‘ — (1) 2 O. vié-1 lqi b2§t1T5ngll1(1'c1ré11G dang

pq—3r 6(3+/\')(l72 ‘Q1/)> \/pic/3 +18[7(])'—27)‘: -4/7'1 -4/fl"
I‘ I) 2 _ I‘

<=>f(r) =Up(/—3r)p2 +2/<p:r~6(3+l<)(p3 -25/“PT —(p3q3 +18/>qr—27r3 -4123 —4p"r)p4 20

Gié s1'rr§ng p = 3.sz1u kl1ikhait1"ién1a c6 = 4(Ar3 + Br + C) 2 O. Trong G6 »

/1_= 144/Sq: + 86411/1 + 1296/<1 0136081, + 136081 +1291“/I - 8641-lq - 71211/<1/+ 37098 ~

B =1(>2/<1/1 -48611, - 36451, + 4861/1 + 2187

1

C I Slq‘

X61 hai truimg hqpz

3(15+2/<-\/153+3(>1+411)
Néu O S q S 1111 B khéng ilm. tu"0‘ng 111‘ v1’ du tru'c'>‘c ta c6 thé cl11'1"ng

4(3 + /1') '

minh ring’ A 2 O, C 2 O_ 11hé11du‘qc f 2 O



940 Cric térzg zhili xmzg viz bf (Ting tlzzir Izorin vg

!_i€€‘—_T
3@s+2k-¢m3+36k+4w)

Néu Sc/§3tac(>AIB"-—4AC=—729(z/-3)-
»l(3+l<)

(16k3q‘+-96kq3-+l44q}-—36k2q:-—972q:-—432kq3A-324kq-+l944q-729)

Vi \/fly tim du'Q'c /(Hm = 33/Z —- 3 . dy 121 gi tri cn tim.

V1'd1_l 8. Tlm giai {ri ldn nht Qua hing $6 k sao cho bit dang thirc suu dmg vdi mQi (1.1). C > O 1

/< (13 +123 +03 ’Q+Q+LZ —k+3
l) c a ab+bc+<'a

' Girii

Nhfm ca hai \’<§bz§1déng lh{1'c \'c'>"i 2 La (:6:

' \ 9 I I _Z //ll _k(u +b +¢ )_ . [l_

b &'\(' + b + L‘ _ ‘\ ('\l (\‘r
+ZaJ> 7l<+6+ 2

2613 (b+¢~) 2(a3+b:+C:) (a_b)(b_C)((

¢>“' - , +2k—62

F4
~\r\

w-\

abc (G +b+C)- abc

Chi cn xét lru"<‘:>'ng hcyp ((1 — I2) (I2 — C) (C — (1)2 O.v'iéL1aibé1dé1nc1hu¢ 0 dang

<:> =

F"‘—'1

___/

(pq — 3r)q —— Z/<r(p: — 2(1) +(2/< — 6‘)/z/T

pq—3r_2k(P2'2Q) +2k_6: \/pic/3 +18/2qr—27r3 — 1 —

2 q 1

—q3 (plql +18pqr— 272': — 4/13- 41251") 2 O

Gizi sir p = 3 . khai lrién ta thu dLl'Q'C f = 4(Ar: + Br + C) Z O . Trong dé

A = 9k2q2 —54k2q + 81k: — 2'/kc]: + 81/{(1 + ‘Z7:/2

B = kc]; —— 27c]; + 27:/3 — 271%]:

C = (15

Vi vgiy Kim mm =1,aa;/1:1 Lri cn tim.

Vidy 9. Tun til ca czic $6 [hL_l'C k $210 cho bt ding thtrc sau dfmg vdi mqi $6 thuc u,l),c 1

1 ~_ 1 k 1“
a(a+kb)‘ +b(h+/<c)' +C(("+/ca)‘ Zg—%7—l—(a+b+c)4



Chu"o*ng V: M452‘ $5 scing tgm 115 bfit dng thzir U-H

Gilii

Néu p=O 1111 (i1=)<=>“-(/11+/)1-+(~1)’(/< -2)/<1-1»+1z0.

Vi véy méu kién can 121 k s 2

X61 lruimg hqp p i O_ khéng mét t1'nh téng qu2'11_ gia $11‘ /7 = 3 . Nhén Ihéy

\ 1 1 z_ '\ " /1

6/<21 (1319 + 2/<22: ab: I 3k X! Z (13/2 + Z11/)3 \|+ /<3 ab‘; + Z1613/) +
111 (\1 ‘ 1\ 11 / \< < 1

+ 3/< cl’/9 — Z3012” \| + /1" Z0123 — Z (13/JJ
111 / \ 11 1

W
1 .

:(k7‘ +3k)Z(13(l2+¢')+k(k3 —3)(a+b+c)(a—/))(b—c)(c—a)

. 1 , . , 2 1 1 ‘Vi\'2}ytz1 06 (*) <:> 2; (14 +6/<50‘/2+ 2/("E/1/9" + 6/6;;/9'<" 2  ((I+/1+ (")4

1 , '1-\ 2 1- 1‘<=>22¢+(/<1+3k)Za‘(b+¢)+ek-Z1)-1-'-L;ll(a+/1+1)‘ z
.\_\'n1 _1_ " .-/nu "'

2l<(/<2 —3)(a+b+c)(a—b)(b—c)(c—a)

Chi cén xét1r11'{7'ngl1Qp VP 2 O, viét lai béit déngtl1£1"c:

4 7 , 1 1 . , 1 . . 1 2(/<+1)3/>42(p +261‘ +4pr—4p‘q) +3/<(p"c]—2q‘ —pr)+/<” (/1'q—2q' — pr)+6k' (cf -2111") —T—
2l<(/<3-3)/J\/pic/2+]8pqr—27r2—4p3—4p}r

‘

Binh phu'(mg hai vé.11myp bdi 3, sau 1\-111 mi t1‘i§11la c6 f (1-) = 4(/11-1 + Br + C) 2 0. Trong d6:

A = 63/<“ + 54/<1‘ - 27/H +12(>1»1‘+135/<1 -108/< +144

B =1s72-918/< +99/<1‘ -7561»: +27/<2/I +4811: -
—864q —9O/cc/2 + 51/86,1 + 27/hf -10s0/<*' + 252/<“

+135/<5 +648l<q—27Ol<‘q+81q/<2 -90/<4:/2 +648l<‘q+3l<"q2 -135/<“q-162A~‘q

C = 6084 - 1476/<11: - 492/<~‘q1 + 486l<2q2 + 2754/<q + 675/611+ '

+4051,/<1 + 225/66,1 -162/<*q + 6/(“(12

-27/<“q-81/Sq -1404/< -306/<1‘ -13231,’ +135/H +9/<“ +54/<1‘ —5616q+1608q2 +27/Sq“

-12¢,‘/< -22¢/*1-~‘ +21q*/<1 +15/1%,‘ +/<‘*q‘ -am,‘ -216/<16,“ —108k‘q" +27Oq"k +171:/3k} -144q~‘ +46,‘

D5 ding chirng minh ring A du"o'ng. Ta c6:



942 Clic tg (T01 xlhlg viz bfit dzing tlzzic hozin W

"41

AIB: -4Ac=-81/61¢,-3)’1/<1-313131“-181‘ +151-2' -66/6 +63/C +6311 -361-+1211; +

(2811 + 781‘ -171'“ + 326/<2‘ -372/8 + 2761- —1521q

- 841"‘ - 721-“ + 274/6 -1681'" + 792/6 + 1441- + 780]

suy r21 diéu kién d1‘1c11ak 151

(16/<4 —5k3 + 30k: —1'-’1l< —56) S O <:> —O.9377(Y/9399 S /< £1.Z33Z89162

Vfdy 10. Xzic (111111 hing $6 1é'n 111151 k sao c110 bit dfmg 1h1'1'c sau dimg \'é'i mcpi (1./7, c‘ 2 (1:

cl‘ +12" +1" + A, nu/91' 21+ A,

ab +/21' + ca c1/2' +121" + ca‘

Girii

B211 d2'1ng1h1'1"c 1u'cmg duomg v<'>"i: 3kab(' + — 1- /<)(c1l>: +1903 + 111212 O

ab + 121' + ca

2 2 2 \ 2 2 _2 /
<=> 6/<ab'c +£—-————Zb:ZC:£u —~ 1 — l<)[%;(1l72 +ga:b/1 2 1\——————Zb1 Ea —~ 1 — /< gaff; — 012'}

<:> ( —1—k)%cz3 (b+c) 21 —1—l<)(u—b)(b—(")(c—a)

X61 1ru'>'ng hqp VP 2 O. v1é1 l:_1i bail d2'1ng 1h1'1'c (7 dang:

__ -‘_’-7 -> w 7

6kr+ ~11]--1-/< (pz/—3/‘)2 £—_—q—1—k p‘(]‘+18pqr—Z7r'—-4q3—-4p3r

<:> f(r) = [ékqr +(p3 —(k + 3)c/)(pq — 31-)1: —

(pl —(k +3)q): (plql +18pqr—27r3 —4§/3 —4p“r) 2 O

Khéng mét tinh 16ng quzi1.gié1 sir p =1. Sau khi khui trién 111 c6 f = Ar: + Br + C . Trong 616

A = 10861111’: +324c/Zk +3244/3 -108:/k —216(/ + 36

B = -361%;-‘ -1801;‘/< - 216:1" +4q1/<1 +84q2l< + 1801,: -81,/< -42¢, + 4

C=4q3(qk+3q—1)2 5

A :16(3q—1)2(ql< +3q -1)2 (12/<34‘ + 36¢,“/< + seq‘ -4121'? - 24111/< -361,2 + 2ql< +121;-1)

Tlm duqc knm = kn = 08493557485 . dy 1&1 giz’11r1c§1n11m.

3(a3+b2+cZ) xabc

+)T1ro1ng11rv0'1 bat dang 1hu'c: 2 + k 7 ' , , 2 1+ k
(“+174-C)‘ ab'+bc“+ca'



Clzmrng V: M431 $0’ sting I410 vé bfil ilring 1/1121" 943

Vfdgl 11. (‘ho czic Q) thuc du0"ng (1./>.<' . Tim hz"1n2-$6 k l('m nhi suo Chm hit dnu Lh(1'c .\;1u dlinu~ . ~ I

?(/c1"'+/>“+<':) " ~ " I

\ t ' +/\' 11'/>4.-/>‘<'+<'”u

\/
+

>5

111+/2+<')> <1:/73 +/>"(": +1911: _

Girii

Khéng mcit lfnh Léng qu;'il_ gia su‘ /J I I. Tuvng u_r \'(')‘i \'1' du 1ru'O'c. suu khi bién d(>i lu Chl cfin chfrng
minh rang:

' 1 w w

2 3( /T 25/) /\'(l’_(/w_ 25/‘ _ /7") 2_2/‘V l\'_1>\//13¢/3 +181):/‘r -271‘: -41/*1 -4/fr
/2“ 1/‘ — Zpr z/‘ — 7/Jr

/< _31_- .2. ,._  V 1<:>2(3_6q)+ (5/w 5/ ')_2_2/£2/\\/q +]8(/I Z71 4c] -ll
q‘ -2/1r c/I -21‘

r- , —\ ‘
<:>§LZ(3—6q)((/2 —2r)+/<(q—Z¢/3 —/')—'l(/\' +l)I;¢/I Z 2 kl ((1: +|8(//‘-2713 —~1q‘: —4r)

<1/_;'(,-)=4(,\,-I+B»~+C)z0

Trong (T6: ' ‘

A =144q’ + 36¢,/< -9m, + 9/<3 -12/< +16

B = -144$ - 66¢/< + 96¢,‘ - 6c/2/<3 + 34q3l< -16¢,’ - 31//<3 - 4n//< + /<2

C = q‘ (36q~‘ + 24¢/1/< - 24¢ -+ 41¢//<3 + 2/< -14¢,/< + 44/ - A-1)

Ta 06: A = —/<3 (31; - 1f (10&,* + 726,1 - soq‘ +16(f - 44¢/I/< +12q1/G + sq/< - A-1)

Tlm dune km“ I /<0 z 1424183337

1 I " I3((l +/J'+(') 1 3 2_: _: 3

+) Tu'0'ng u_1'\'é'i bél dfmg lhtrc: v + k U /7: +1) + C; U 2 I + /<

((,+/;+(-)' u‘/7+[2(('+¢' (1

Vfdgl I2. 'I‘1m héng $6 k 1611 nhl $210 cho bit déng lhirc suu dfmg vdi mqi s6 thus khéng aim (1.17, 0 :

0' +1)‘ +0‘ +/\, (1'/3+/2'€+¢"zf 2 1 +1‘, "

fl/9 + /Pf + (‘fl ab‘ +/20' +cc1'

Girii

Gia su' p =1. Sau khi bién d6i.lach1'c§n chtmg minh ring:

(1—3(/)2 (q—3r)3 2 [1—(Zk+3)(/T ((12 +84/r—Z7r: —4(/R —3p':r)

<=> =4(Ar: + Br+C) 20 . Trong dé:

A'= 27qZ/<3 +815/3k +816/I — 27://< -54:/+9



‘)4-1 Czic téng (Mi xzhzg viz I70! {king th1i'c lzocin 11

B = -18¢,‘/<1 -542,‘/< - 542,‘ +4(,11‘ + 302,11 + 1s<,’- 44,/< - 1 21, +1

C = e/‘(-11]:/<3 +12:/jk +9:/I —c//<3 —7c/k —6c/+l< +1)

Nhfm th2‘1y::

A

T1111 du'Q'c km‘ I /{U I +

+)

I -(3q _1): (32,-1+ 22,1): (122,»‘/6‘ + 3e<,‘1» + 36,,‘ - 41,1-1 - 211,11 - 362,: + 12,/1' +121, - 1)

3% + 5 z 2777562200

Du‘0"i dfly 121 rnét $6 bét d§11g 1l11'1'c lu"o'11g I11‘:

a2 +b3 +03 +1‘, a3l)+l)3c'+c'3c121+k
ab +120 + ca ab’ +120‘ + ca‘

2 2 _2 4 4_ _4

a +b +c +kab+bc+c a>1+k
K1/9 + bf + Cf! ab‘ + /204 + ca‘ _

(I
I Z Z 3 Z 3_Z _3 I

+1) +0 +kal2\+b7¢ +( (1 >1+/\,
(1b+b¢' +06 (Fbf +121" + clrzj‘ _

V1'dl_1 13. C110 czic tl1u'c khéng Z1111 u.b,('. T1111 hing $6 k lc'>'n 1111511 $110 cho bit ding 1h1'rc sau G51),

Z 2 I3(a +12 +0) a4b+b4C+(_1a
dng: 7 +l< X , , , , , 21+/\'

((1 +[9+¢»)' ab" +b’c' +c‘a' .

Gi(ii

1 -.

B231 ding thirc Luong duorng \'é'i:

/< b+- ;-1-- 1‘ I -12

2

32 (1: ,~ W

12 / J

— — — (1 +2191)! H((1—l2)

Chi cn xét trufmg hqp VP 2 O. Khéng 111§t11'nh téng quail. gia su" p = 1. viét lai b§11déng1l11'rc:

1
k(q—3c/3 +5qr—r) +(2—6q —l<)(q2 —c]r—2r)T 2

z (2~6q’ -/<)3(¢,1+1s¢,,--27,-1 -42,‘ -41-)

¢>f(r)=4(Ar3+Br+C)2O

Trong dé:



Clzlrzmg V: Mt 56 szing tgm vé brft J5’/lg tluir 945

A = 2521;/1 +121/<1,‘-132q»‘+ 91-11,1 +1141/1/1 + 40¢/1+ 31//<1 - 341,/< - 20¢, + 716- 21 + 4
B : -1801;-‘ - 301-1,‘ +1101,‘ -11/1-if - 68/<1/2 - 20¢,‘ + 111,1 + 441,1/1 - 41,/6 - 6z/k + /<1

C I 4/} (i36c/4 — Z-la/; + 24¢/ll; + 44/I +-lq/C. — 1'-la//1' — /<3 + Z/1')

Tu cé:

A:-(3q—1)3(/<—2q+6(/3): (1 121; +8/<1,‘ -84¢,‘ +4/éq‘ +6011,‘ +16¢f +3/61,1 —44q1k+2q/<2 +8111-1*)

"l“11ndu'Q"c /(mm = /<0 = 089985123

+) Suu C151)" [£1 11161 $6 bin ding thirc cimg dang:

1 1 _1 4 4_ ‘4
(1 +11 +( +1‘, )(1~I)+l2w¢~+¢‘a_21+/\,
415+/J£'+¢'ll 0'12" +b'c“ +c'(z'

1 1 ,1 1.1 1.1 1 3a+b +c +/{(1./14+/240 +€a 21+/\,
r1b+bc'+<"r1 (1 b +1: c+<- a

1 1 _1 2 1 1_1 _.= 1a +19 +¢ +ka 124 +125 +(4a 21+k
a/)+bc+ca (1 ];+]; (-+¢- (1

a1+b1+c_1 3((1:+l):+K‘3)
Clzu y. Trong bon v1 d11 1ru'0'c co the lhay bcn , h0z_1c dang nhu‘ vay dcab+b( +00 ((1: +17: +6:

thu du'Q'c nhung bét déng 1h1'1'c méri 1u"0'ng 111".

Vfdgl I4. Cho (1,1), c 2 O. 1in1h<*1ng $6 /< ldn nht sao cho bail ding 1h1'rc sa11d?1y Clng

(ll; +%+%+/<(al9+l)c+c(z) 2l<(k+1)(a3 +1): +02)

Girii

Gié sir p = I , tucmg 111 véri v1’ du tr1rc'>’c ta c6 f(r) = 4(Ar2 +Br+ C) 2 O . Trong d6

A =96/2k: +27:/2k +2”/qz —6c//<3 —27z/—l8q/< +k3 +3/< +9

B=—9(/3/< -18:/3 +6:/2/<+19c/2 —c/k —8q+1;C=c/5

Nhén may A = -3(3q-1)’ (c/-1): (4q“/<2 +121//<+12q’ -q’/<1 -121,1/< -161,1 + 2c/k+8q—l)

Tlm dwc I /<1) = V1828 +6372‘/Q _ 106 " 5'+-z2.5s14121s2
3i/1s2s+372~@ 3

Vfdgl15. T1m hing s6 k lé'n nht sao cho b51d€1ngth1'1‘c sau dng vc'>’i m(_>i S6 lhgrc khéng aim a,b,c:

4 4 -13k 3 -‘[93 32 k 1 b b .+0 + +¢ ( + )(a + c+¢a)

Girii



946 Cric t0r1g 1701' xzing viz brit airing tluir lman 1:

G121 s1r p = 1. 111'0ng1g1'\'1’d11Lr11‘é'cLu C6 f 1') = -1(AAr: + Br + C) lrong d6

,1 = 1081-if + 81q1-1<181*q+1<181-q- 54¢, + 6311- 361 +9

B = -11181-*1,‘ ~18/<q‘ - 511,‘ +100A~1,? -(1%-<,* + 151,: -571-Q, ~43/éq +1 12¢, + 91-~‘ ~

c I q~‘ (4/G1,‘ -12/<4‘ +91,‘ +121-if + 101-1,: - 61¢ - 31%, ~ 2111/1 q + 31)

Tac<'1A = -(31,-1)‘ (—3q+l+ 28¢,-31-)’

.1-(481-Zq‘ +364‘ -521%,: +481<¢f -361,1 +481-%,-281q+12q~9/6 +6/< -1)

Vi véy = ~ 1698078389

<1 k aJb+blC+C:” + I +/2: +(: >(k+1)(ub+l2("+m)+) Bz‘1td5ng1h1'rc 1u‘o1nC11_r3 (1 " _
a“b+b'c+c"u

\ V1’ dz_1 16. T1m giai tri 1c'>'11 111151 cuu hing 86 l< .8110 cho bail déng thtrc sau dfmg v61 11191 u.b_c 2 O

3k +(1: +/2: +<-3 2 (k +l)(ab+/>('+c(1)
ab + In‘ + ca

Girii

Gia su" p = l_ 1u'ong1u'v1'd111rén tz1c(1 f(r) I 4(.'-Xr: + Br + C) . Trong dé

A = es/<1

B :12/61,1 +9/<4/l - 456,11 - 3/<1, +91»:

c = q1(1611q1 + 24/<q’ +9511-’3<,1»1-178,-<>¢,+31» +1)

Nl12f1ntl12‘1y: A = -271-1 (34,-1)’ (161%f + 24/11,1 + 91,’ +121//<3 + 211,- 3/G)

v1 v:_3y : /<0 = -08079785278

k ”2b+bZC+C2a + 2 +1): +<3 > (k+l)(ab+bc+ca)+) B§1dfing1h1'rc11r0ngl11': 3 '-——-————-— cl ' _
a+b+c

i Vi dy 17. Chtmg 11111111 b§.1 ding thtrc sau \'<'J'i a.b.c 2 O

£L /l L /\-> 3 k' c1:+b:+<*2\§
l)+c+c1+ _( + ){\ul1+l9c+c(1,'

Gizii

G121 su' q :1 .d2f1t t= 3/ pl — Z . 111‘0ngt11'\'1'du1r11'<'>'c. vié-'112_1i b§11d5ngth1'1'c O dang:

: 4(Ar2 + Br+ C) 2 O . Trong dé

A:

B:
C:

3 -1

Z?

1,>7‘

+
+nu

\)§—/

-1
-\

U:

1

-(211-I +3/<-9);: +(/<1 -3/1+9)

—(l<+3)r3 +k-4]



C/zumzg V: Mgit $5 szing [(40 vé 171?’! (Tring tluir 947

Tu c6: A : (z -1): (:7 - 21“/< -41“ +r*‘l<: + 215k + 2r"k: +8r‘l< — 21‘ +r‘k3 +12r‘l<

+8? -zk-’ +411/<-ml —8rl<—8r—2/<3 -4k-4)
Vi vfzy /\'m_n I kn I O.3SZ()494092. Bili main dL_1'(_J'c giéii quyél xong

i A/I6’ réng I: Cho (1.b_(‘ > O . xzic dinh hng $6 k ldn nhl sao cho bt déng thtrc sau dfmg f

~ , I A

u b c |/a‘+b‘+c'w
1I+-+I23i—I-—‘~-

/v ( (Ir \_ ab + I20 + nu ,1 I

Gidi
Tutmg u_1' nhu Lrén. gia sir:/I1.d§l I I pl — Z. ta C6: I 4(Ar2 + Br + C). Trong CI6

A I ‘

\O
'~@T1

\J

'\
>~

+
I;

+

B: _

C=1

(1 -31‘ -4)

Mr? réng 2: Cho a,b,c lix czic $6 thgrc duong. tim diéu kién ciin v€1 du cua k v I sao cho bit déng lhtrc

saudng: £+/l+—C—+kZ(3+/<) ——i[l_+Z)_+C_d
b 0 cz ab+bc+ca/

Vidgz I8. Xzic dinh himg $5 l< ldn nhl sao cho bit dng thirc sau ddng vdi m<_>i s6 lhuc duong (1,1). 0 :

%+€+%+/<(a+b+c) z(3+3/<)‘/__-"3+1’; +62

Gizii

Turmg [gr céc vi du t11rc'rc. gia str p I 1. dét 2‘ I ,/3 — 6q . viét Igai bét ding lhtrc

I Ar2 + Br+ C 2 O. Trong d6

A=1296(r2kZ +211/< +1’ -218;-1/<+¢+/<1 -/< +7)

B = 4(1s1~‘1< +181‘ —18r*l< + 9;‘ -541*‘/< -54¢“ + 5411/< + 2161* -405)

C :1“ -12¢" +541‘ -10811 +81
Nhzfan may

A' = 972(r—1)2(8r“l3 +16r“k -1“ + 6Or‘l< + 421"‘ — 60r‘i<3 — 6Or‘l< +1531“ — 288r“l<

+36t3 + l44t2l<2 — Z7913 + 324tk — 2701-10815 +108l< —-81)

Vi vziy ta tim duqc knm I /<0 I 4356328100

+)B§1tdéngth(1"ct6ng quzit: %+%+€—+k(a+b+c) 2(3+3k)£—————a_+b3_ +6“)



nu. BA] TAP DANH CHO BAN DOC TU’ GIAI

Béi 1. Tim hing $6 1\' l('>'n nhit $110 cho bi: ding thirc suu dflng \'O'i m(_>i c1.1>_(' 2 U

1+’-’+‘—'_+/<—;l_”'——l—23+/<
/7 Y U u‘+11+('

Biai 2. Tim 115mg s<‘> 1< lO'n nhéll $110 cho bit éillg LhU‘C suu dfmg \"c'>'i mQi (I.1),(' 2 0

1 I :_ >3 1
u +17 + < +kc11>+1>(~+<c12;v_+/\,

1) + (' (' + (I £1 +1) HI)’ + bf‘ + (“(]' 2

Béi 3. Tim hing >6 k ldn nhl $110 cho bit dfing 1l1L'rc suu dfmg \<'>'i mpi u.1>.<' 2 O

gI+/1+g_32k(L+_/>_+_;_g)
17 1' :1 1>+<' c+u 0+1) Z

Bili 4. Tun hing $6 k lém nht sao cho bit ding thL'1'<: sau dfmg \'c'>'i mQi a.1).c 2 O

1< 1?‘ . . . 1 1 g

LJ—((z‘ +12‘ +0") Z(l((l+1\'1))>+1)(17+1((')1+('(('+1((1)‘

\~
Ban 5. Cho ctic $6 thuc du'o‘ng a,b.c' . Chirng minh ring:

§—(a: +17: + ('3 —%(a4 +171 + 0". —a17<'(-u +17+ 2 511:1 +123 +12(1> + <")1+ (‘(0 + (1)1)
3 3

2 %(a+1)+(/‘)4 + 1551514 +124 +0; —a/>('(a +17+('))

Béi 6. Tun hing 56 k ldn nhét sao cho bit déng thirc suu dimg \'é"i m(_>i $6 lhuc khéng aim (1,1). C :

\}a'+1)'+c' +/\, 30110 ‘21+k
(I19 +196‘ +61! ab" +120" + cu‘

+) Ch )1 ring bili tofm nily khzic \'c'ri vi d1_1 10. C6 lhé nhén ru trong czic vi du 10. 1 I. 12. 13 khi {hay

2 2 1 ' 2 2 2 ' 3((13 +121 +03) 1iii b<'>'i hoéc ———i—% ta lhu du'Q"c czic bait ding Lhirc m0"i. lrong
(11) +12c+ ca \ ab +12<- + (11 , (U +1, + L.)-

dé C6 nhmg bf déng lhL'1'c Yél khé

Béi 7: Cho czic $6 lhgrc du'0'ng (1.17. c. xzic dinh diéu kién can V21 du cuu k V51 I sao cho bét ding [hire

b 3(a: +113 +03) \'

sau dng L+—+i+1< 2(3+1<) -—i——,i
b C ‘I (a+1)+c)_

948 Cric Mug d0'i.\'z21|g vi! bfit ng t111?'c Izuzin vj



Chzrzmg V: .1113! 5'13’ szing 1110 vé b1'11‘ ring 1/1121‘ 9-W

1//I

IQ

NHUNG BAT DANG THUC CH(_)N LQC

§ 24.1. CAO BAI TQAN CO NHIEU LO'I GIAI

Trmzg /11111‘ 11(1)‘ 1'/11111;» 161' ‘QI'I}'I' 1/11';-‘11 \"r}'i 1111* /24111 111131 S13 /nil 171111}; 1/1111' 17¢}; 1'11 113 11/111311

/()1 g1'111'. \/01' /1111 _\‘ r1131" /</1111' 1/1111: /11/1' /"13/1;’. 11111 mi 111151 /1111' 1111111 111' 11/111311 3,1151" (T13 /</1:11’

/1/11111 /(1 1/1151 1/111111 1'11! 1119/1 1711‘/I1‘ 1/11111/lg .\'11V\"<*/1 1'1’/1 /11\1511.

‘l(1>(‘>() 1 ‘.1 1
Bili l. Cho . Cllfrnu minh 151112: 11111-1") + <>(/2 —1')S \»'11/2 (1)

1/ > >0 k g N \2 1'

Cluivzg minh
\ a_ /i _

S ( \/'11/2 )' Cdclz 1: Binh phuung hui vélz1c6(_1) <:> ix/c'(11—1V")+ 1

/_.
-

A

I?

L___1J

<:> ("(0-1")+('(l>—(')+ZN/(‘(11—<')1\/¢"(/1-1")S11/)¢=> 1112 + Z02 — (‘(11 +/1) — Zc\/(11— 1')(/2 -1‘) 2 O

<:>1" +(c1—(')(l2—<')—Z1'\/(11—1'1(/>—1')20 <:> l:("—\,/‘(r1—<‘)(/>—T)1_ 20 (Z)

, A , ,1 Q (I1)D0 (Z) dung ncn (1) dung. Dau bung xa) 1'11 <:> 1'=\=(11—1')(12—1*)<:>1'=i/
11+ J

° Cziclz 2: D3141: 1-1.1+ 1) :12 I 1'(_\" + 1) (.\‘. _\" > O). 11106

(1) <:> \/czx +\/cg)‘ Sq/(.\'+1)(_\'+l) <:> \/.?+\/_\' $\,(.\‘+ 1)(_\"+ 1)

<:> .\'+_\‘+2\’/F§.\'_\'+.\‘+_\‘+1 <:> 2N/.F§.\—_\~+1 <:> ()S(\/.._\:_1‘ —1)2 dng

- Cciclz3: 11> <=> 11+ /is SL'1'(iung AM-GM 111 cé\ (1/2 ab

»-

»-\

U

»\

,_

“\
/~\

m
~

!\

1/

“\
~

3‘

IK

/

~

-\
\1

_/

,1 (:1 1 ) — —
1‘ 1 _

1\' ah + \1' <1/2 2 I112 + 11 ,»| + Z 1'1 + /1 Z 11 + I2 ,1

11' 1'1 -1" c"_ : __ :1_ _
4 ; /2 (1 11 1' c‘ 1111Dauban2xav1"u c> 1 <:>—+~=l<:-><":¥

~ 1; -1- 1- /7 <1 u +12_:;~:1__
111 [2 /2

- Czich 4.- 511- dung hl ding 1hu~¢ CBS 111 co/L /i T F‘ Ii
\/z" (11 — 1') + \/1' (Z) —<') = \/11 -1- \ 1" + v’(' \f/2 — 1‘ §

1

fr ~ 1?.
1

5 l_(\'11—<') _ _

L__
V44_

(\?): +(\/I/7—('):



; ; , \/u-c \//I iii” u/>
Dau bang xay ra <:=> -?=—i <:><~:\/(a —(')(b—c) <=> ¢-=———

\/(~ \/]7—(- (!+/7

J7_=(\/zz—(‘.\,/T) i7/t=\/'z1—(,'+(=\/Z
' Cdch 5: Bét 2

l\A\T.-——(\/2.x/7—(‘ ‘—- :\/v(.'+/7—(':\1/I:

\_/

¢

I> \H*f<(,= (') +5-(A) 2 7,1?" 41711? =

' Czich 6: Bzfat _\':\/<'(a—c) +\/('(b—(') :>(_\"—\/("(41-—<'))“ =('(l1—r)

1 ._i._ 3

<:> [\*:+c(a—b):1 =(2\\/c(a—c)) <:> \‘4-5-2\'3('((I-17)-FL‘:((1-/JV:4\‘:(l(‘—4\'2('3

<=>f(¢‘) = [Q1 -11): +4_\>1](-1 -2)": (a+b)c-+ _\-* =0 A

Ta c6 y thuéc tép gi tri cua hilm $6 <:,~f(c) = 0 c6 nghiém (-

<=> A'zO<=>4y4 (ub— _\'3)20<:> ya £ab<:> _\"§\/E :> (dpcm)

= Ccich 7: Phuong phzip luqng gizic

}('/z1=sin: .\" :0<.\~<1t/2
41) <:>T= \[“(1-£)+ -(1-‘-A)s1.£>;;u \

b :1 \u 11 - "[0/l>:s1n'y :O< _\- <1:/2

' ~ w I 1 1

Khi d6: T = \/sin“ .\".c0s‘ _\' + \/sin‘ _\:c0>' .x = sin xcos _\"+sin _\"c0s,\" : sin(x+ _\') £1

° Cdclz 8: PhLrQ'ng phzip hinh hQc Q

Xét tam gizic ABC vé'i C16 dZ1i czic canh l T

\/(I \/I7

CB = \/Z ,CA = \/E \/£1 du'b'ng cao CH =

DBH=\/a—c;AH=\/b—c "
B \/(1-0 x//9~<' A

\/c(u — c) + Jc(b — c) = ZSCBH + 2554” = ZSC/H,

= \/Z1_\/Zsin C 3 \/ab :> \/("(41 -1-) + \/((17 -1‘) S \/ab

I \ ,
l I 1 /7

Déu béng xéy ru <=> 4 BCA = 90° <:> ~=-+- <1») <-=-"—
L’ (I b u +12

- Cdch 9.- Trén doqin thing AB c6 a@ diai u + 1) F

, V.

/§
lziy diém H sao cho HA = :1. HB :11. Trén czic

dean thing HA. HB, léy czic diém l. J sao cho HI / // \,\

/, 1, K. V, \ H,

= HJ : c. Dyrna czic ntra du"0ng trbn dufme kinh // A ‘H }/ ‘5- - . \ W \

AB, HA, HB \'c'>‘i céc tm 151 O. O,. O3. .~\ ,,‘ H I‘, \\,_ B

/
4//

<>>0 Cdc bdi tozin c6 nméu Ian" gun"



Chazing V: Mg?! s13’ sdlzg tgm n5 bf}! zlrig 1/112? ‘)5!
Dung HF L AB; l.'\'I J. HA: _I.\' ; HB. Kl1id6d§dZ1ng_~luc<‘> '

[M1 \//A./H = \/(‘(11 — ()1 J.'\" = \/./H..1b’ = \“<'(/) -1‘): I//5 I \/‘H»\.lll§ I \,:1Z

Nfvi MN @511 HF tgai K. .\7c‘>i FA. FB cit czic nun du'b'ng lrbn du'img kfnh HA. HB ln ]LI\_\'l

lai P. Q. Tu Q6 A AFH I L AFB I A HQB : 90". Tird(\su_\'ruFPHQlZ1hinh cl1C1'nh;‘u.

Khi dd PQ \*£1 HF cit nhau lqi T 151 {rung diém cuu xnfvi du'€»'ng. .\"lzf1t khzic. ta cé A FPQ=
LFHQ:.£FBH =4 BQO;.LFPQ:LPQH

3 A PQH : A BQO; :\ A PQO; : 90" :> O;Q L PQ. Tu'0‘ng tu. O,P _L PQ. suy ra PQ
151 tiép luyén chung ngoili cua hui nun dufmg uim dutmg kfnh HA. HB.

TL!’ dd Suy 1'21 trong hinh lhang ;\"HJ.\' \'O‘i du‘{w"ng [rung binh HK; Lu CO

\v<'(a — 0) + \/(‘(11 — 1') 1 [M + JN = ZHK 3 _’HT = HF 1 \/<1/>

41./>,c'>O A A ?_
J _ , V . 1 . 1 I . 1Bili 2. Cho \ g.Tim glzi tr; nho nhl S: {tr +7 + ‘Ir + + Iv" +
tz1+b+cS_; /7 \ C" \J N“

Ch 1?"/lg minlz

' Cziclz I: Bién déi vZ1su'dL_1ng bét déng lhirc AM — GMm, Lu cé:

S: ;u"+%+...+%+ 5/1-+ _+...+ ‘+ ;<-"+ ,+...+ ,
V‘ 1612' 161)‘ 16¢" 161" ‘I 16a ' 1 661“

: “H”-H
‘ ii’

A

' 11 I( Ir\ \ ‘ 2 — .___.._H__ ,_____H_._____
w I - \ € \ . . 1

1’ ‘Y -' T /7 1 ._ (' I .. Ll . /7 J L' ‘2 :17") " + :17-’~ »‘17+;~_,, = 17!», +1 %+' 1 ‘

\-* \*l6“‘b-‘~ \» \"1r>”‘H- +\{ \1<»'".r- ‘ Y_\,»m*/>‘" \1(>%“" \¢'1<>m-‘[1
4. Y { 

. ,‘ . 4_‘ = /7 __s 1' ,~ _/ 12 W 3--‘ '/'?;-*"»‘_-_-'A'_,- ‘:7 /17 '~

N [ \/\/l6“b'° \'16%-'° \"1@m'"j N \"1s%,*/>-w‘

= 3‘/E > 3‘/I7 >3‘/17 Vdi u=b=z'=l 1n1wns=—-‘NF
2~‘Q<2a2b2@>‘ ,, .7 (2u+21¢+2@)" 1 1 1_. /

' Cdch 2: Bién déi vii sir dung bit ding lh[X‘C Cauchy —Schwarz:

r .r~—, H?I3 _:_.] - __ - 3 i. _Va +1): [La +17:/H1 +-1)2\/E ‘\¢1+bJ

<J
Z __
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\
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+ /;Z)3+1=——l -{SI/23+l i(l3+-1:)>—L-i{l1+i§
17 \' ¢ / 17 <
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952 Czic bizi toxin 1:6 nhieu I01 gun

1 ” 4 4 4\ 1 1 ' 1 17
:> S2t~La+b+1~+—+—+~1=%-111+l>+1-+-+—+i+B(l+-+-1|

11 /2 11 \/17 L -111 -11 -11

<\

:1“

Zi
\/1'/' ', ' - ‘ 4/2 '* " (1 /2 1~“,"i

4‘"C-1

C7\

.

1;-‘Q 1 1 1 1:1’ _/111]‘ 1/ 4; 1"]
‘Ii :——i‘3+i"

M 411 41; 41- 41 V11 b 1-11 V/17‘ 4 ;/(,;,(-/,1

K7’ 4: ‘ ” 4: \ 1/? '
2 L[3+ ” 1 2 L134 ”-2l=M7.v1a~1 11=11=1~:l11111 mns=i

117 4 117 4 1 ° 2~ u+b+1" V‘ 1 ' /1 _ ,_

I

\_ .2 /

- \ , -,' Cdclz 3: B13 (76: (Bt ring tIu?c Milzkowski)

\/11,2 +bf + \/11§ +1233 + \/11_.f +1133 2 \/(11, +113 +113): +(b, +/23 +/)3): (1)

Apdgnzg:

w 1 7 7 I \2S: 1'/11-+—,+ X19-+i,+\/1--+L12,)(11+b+1-) +{l+l+lJ
V b“ \ 1" 11' 11 b 1'

2

2

1 1’1 1 1: 15 1 1 1‘:
(11+l1+1:) +—{—+—+— +— —+-+—I

\ 16 [2 1/ 16 12 (1' \(l '1 \(l '

15’ /1 1 1“:2 1 -)._1-.(l l L) _ 3.1___._
\/(a+)+( 4 11+b+1' +161 1112 1')

.~— “ ii 311%,,”.311/T.1+@.;_1 2 ;2+Q.i1__
2 11b 1' 16 16 (,,+1,+(-)-

~ 3

~- F
2 \/2+1’°~4=\/“+135 =\/153 =3‘/‘7 . \/111 11=1>=1~=l 1111 MinS=

2 16 4 4 4 2 2 2

° C1ich4: D517=(11,l);T=(b,l);T=(1",i)
b 1‘ 11

\Tu|111+|v1+!11'12|11+1'+ 11‘id§nlC'ri:

1 1 3'1 4 1 4 2 1 1 1S: /11~+i,+\/b~+—7+ 11--+—l;~2 (11+b+1-) +£—+-+-1
\ b‘ 1" V 11‘ V ’ 11 Z2 <'/

1 _ 1 1 1—»—~1 1—1
\ \ U [7 C’ {(11/21')'

.-

+
\)J
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\/ 16 11111111-1- 16 @1111/>1-1’

2 3- .3’-i/:(z1!n-)2

V \'

I *1’-1l | +15 1 3 ,2+1J 4 J\11/. . , . ‘:3. ._’ _. :6
I61/((1/1(5): 16 ‘('4'/7+§‘)> \'l 16 ' 2

3

3\F‘>1“77. 1 x _ TV61 u:/1=<‘=— 'Ih1 l\’11nS:%
2 7

1

1 /. 1 . 1 1. 1 ‘1'Cdch5: S-=[\/cr+—¢+ 1/1-+ + 1‘<'"+ _ I :u"+<+/1- + +(--+\ b V c \1 u /9 < :1

".1.1.1
'

I+Z\/(c13+L)(/23+L“)+Z /(/13+ l_)((“3+%)+Z -5'((“3+ ‘)((13+
12“ c“ c" :1‘ \ £1" If

. . . 1 1 1 1 \ 1 1 1 72:1-+/2-+c-+—;+—+—,+2 ub+—]+11<-+— +|m+—
/2' 0" :1" /21‘ ,1 m \ (1/2 1
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. 1 _ TV61 (1:/):c:=: Ihi M1nS=£
° Czich 6: SL'1"d11ng bél ding thL'1"c AM— GM, 111 Q6
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J
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+
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Czic l1izimzi1z 015 111111511 I()'igir11

, :, : := 1 T 2 1 ~~— '~~~——~» -

1

1 ‘. 1 ~ 1 ~ ~- 1 .

(11 I _ 1- _ _ 1
_ _

S2 +1/1' *1 +11" +1.11’ ‘) _123<\111/101-‘ +1ul><'1:~

u+h+1~.
1

\3 — -
.- '1 1 _

1 _ 1

Da11:hm@w :>U§z§\—~?—~1 :I.Xé1jh)=r+4\é11eU.~‘
1

1 1 1

Tz1c<3: _/"11):»—"fl <11 Y/1e111.&1 :> /'11) giam 11611 -3
I“ 1 _

_1_,_--

l_._._

_1__._-

1
17 T 317 .. T7

:> }'(1)2_/'1l)=— :> S23» ,1—7—:lL.\/o‘1c1:l1:<"=l111‘11\/11nS:lE~
1

1 4 \11 2 2 2

1
v_;e10.11

,1___,\__

‘/.

\1

B5113. C110 .3 T1111 girl 111 nhO11h§1c1'111hi1m $5 0051.1: +1": + 3 3)

+ \‘ + 3 : >

Clzzivrg minlz

' Cdch I: P11u'o‘ng phzip hinh hQC

~ '§ \ \ ; ..

D0 ,1‘, _\". :e 10. 1] suy ru O < xi + 3'3 + 1‘ <.\'+ _\*+ :,=§<% vu ham so _\" = c0501 g1am

trén nén {hay vi 11m Minc0s(.\'3 +_\'3 +13) ‘ta sé 11m 1\/1ux(.\"3 +_\'3 +13). Xzic dlnh

hél1'1_1c1Qad© Oxyz.

Tip hqp czic diém 1\11(.\'._\". 3) 111611 min diéu kién .1". _\". :6 [(). 1] ch:_1y trén hinh hép c:_111h 1

vdi czic d1nh1A(O.1.1):B(1.1.1):C(1.0.1);D(().O.1):A'(().1.O);B'(1_1.
(1); C'(k1.

0. O): O10. (1. O1. Tép hqp czic diém

M11. _\‘. 1,) thOu1nf1n ,\" + _\‘ + 1 1% 3

_ 3/Z

-1

chay 11611 mzf11ph51ng(P): .\' + )1 + 3 =3

V1 vzfay tép hqp czic diém 1\’1(.\'. _\'. 1) 1h(>z1111Z111

hai diéu ki¢n aé ban 1a da mac EIJKLN __: 3/2
.\‘

trong dé czic diém E. 1. J. K. L. N
3/2 II\

1f111'ung diém ctic cgmh hinh lép phu'o'ng. _*

1'

1-‘

_W

1\Q
X\r'"', \‘\:yO\

$1

Gqi O’ 151 hinh chiéu cuu O trén EIJ1<1.I\1. Tu cé O’ 151 \'i1'a 151 151111 cua hinh lép phuong vita

121151111 c1'1a111c giéc déu E1J1<L.\1.

1\/I31 khzic 0.\/11 = .1-1 +11 + 5 vi \'2§y 011 1:1 CUC am khi 1121 @111 khi QM 1z1¢1_1-¢ aaa. hay khi

vii chi khi .\/11r1L1ng vdi 1 Irong sziu Cimh E. 1. 1. K_ L.



Chu'o'1zg V: M131 sf; sling rgm vé‘ b('1I dd’/zg tlz 121' 955

. 4 _

'1' 1. 3 ‘\ ‘ ,‘ ! _ " ‘ 5' €D:1n1o'1 .1-‘+\"“ +3‘ £()1\ ‘ :1+1=l 2 co.\(.\" + 1-" +:'12c0s:
+

:2 1\/1i11c0.<1/_.\‘3 +1‘: + :_3)=c0s%_da1d11'(_1'c khi (,1; _\", :1 1Z1 hozin \*1c1111 (1.().%1.

' Czich 2: Phu'0'ng phzip lam lh1'1'c 1150 hai

D0 .1‘. _\"_ 1610. 1] xuy 111 0 < .1‘: +1: + :3 <.\"+ _\'+ :I§<g V51 1121111 $5 _\' = coson girim

lrén nén lhuy vi tim T\1i11cos1.1."3 +13 +t:1 [L1 >6 11m Mz1\(.\-: +13 +33). Khéng ml

11'nhlC\ng quail gia $11‘ : = 1\1ux{.\‘. _\'_ 1} :> 3

1 1 ~ _ ‘~ 1 19 1 _\"‘+;'S(.\'+\‘)'+;“=(%—;) +;'=Z—3;+Z;‘=/1;)

DE\1h1_\"=f(;‘) 1Z1pz1rab01 vc'>'i hé 5151:1111 1h1'1"c (1: 2

{D
[___

J:—-

E

5‘ 7

11116 .\'+ \‘=3—: \i1 su\* 1'11 S = .1" +. -, .

>0

5 ~ 5
V1 véy Mzlx,/‘<11 = 1\11:1x{_/"(£1-_/'1111}=./151I./111:1 . Dim 1111 1\1111\.s":i

, 1

- 1
:24 1. '— '-

Vdi (x, 1:1) 1€1h0zin vi c1111 (111%) thi Min c0s(.\": + vi + :,3)=cos:.5

B5114. Chou. 12. @151 dc} dZ1i ba canh c11z1n1{>ttan1 gizic. 1

Ch1'1'ngmi11h1'ng: T = (ll/J((l—/7) +1231-(12 — 1") + 1-3:110 — :1) 2 0 (1)

(IMO24 — France 1983)

Clzzhzg minlz

- aim 1.- cam giai cm biél 1»i¢1 ngn gpn

Khng m511If1111l611g qu{11.gia' $1111: .\’1z1.\(u. /1. <') 1111

c13l1(c1—l))+/230(1) — 1*) + (‘:a((‘ -— (1) = 0(1) + 1' — <1)(/2 — 1‘): +/7111-/>)(z1——<')(u+l2 — 1") 2 ()

° Cdch 2: Czich giai c1'1at£1c giz/1 b£1i 102111 '

T =%1_(a-b)3(]7+c—a)(b—c+11)+(b—<')3(c+a—/>)(<‘—u+l2)+(<‘—u)3(a+/>—1.')(u~b+(')]20

° Criclz 3: S1'1"d11ng bait ding th1'1"c hozin vi
1 1

B211 d2'1ng thL'1'c (1) <=> 113/2 +1230 + U111 2 113/22 + /131'“ +

| hr" S at
G13 $111121; 2 1". dé dime ch1'1‘n2 minh '

~.

1' u

S (lb

5 5 1413+/202/23+c1('2(‘:+a/2

SL'1‘c111ng b§1ld€1ng lh1'1'c hoén \'1 \'<3‘i hz1i diy lrén 111 c6

1)('(_£I2 + In‘) + (101192 + ac) + (11211; + (111) S /u'(/2: + ac) + 11111": + (1/2) + C!/7((I2 +111")



956 (‘tic Irili tuzin cri nlziéu 1<)‘i giriz

<:> (ll/7: + />30: + (>311: i 11‘;/1 + /15<' + 0:41

' Ccich 4.‘ (Cch Qua d®i US) A

Gia su' tm duimg trim néi Liép tam giélc A ABC -" -“
\l

nép xc vdi BC. CA. AB ill .\4. .\'. P. P

Din AN = AP = .\- > 0. BP = BM = _\- > 0. V“

_ ‘_ - ~ BC‘\/I _ CN _ \,>0.1m Y W I C

41 =_\" + 3.12 = :_ +.\; 1' =.\‘+_\" \'£1

bél ciéllg thtrc lrO'lh£1nh .\'_\": + )2" + :_,\"1 — _\">\":,(.\- + _\" + 3) 2 ()

3 3 3 Y: -3 \-3
<:> .\‘_\" + ‘\-; + ;.\" 2 .\1\‘;(_\' + >\~ + 3) <:> '—— + *‘ +'— 2 _\" + >\- + 1

_ \. \.

7 \ W\'- _Z .1 ; \~- __I .1

Taco: (;+.\-+_\~)('—+~—+"— |2(_\~+_\‘+:,)- :> "—+ *- +"‘—2.\-+_\~+:,
\ I \' \' / 1 \' \"

' Czich 5: Kh6ng111§ttfnht611g quzit_gi2'1 su‘ a 2 /2 2 <1 Tu c6b§ld§.ngthL'1'c

(I2/J(Cl-/7)+(IZ('([)—(')+('2(I(('—(I)Z()<=> ‘Q _ l ~—7 -Q _ b—1 + — -5 20

Dét .\'= (I :V\'=Q 2x2 _\'2 l. Khi dd bét déng thL'rc l1'O'th£1nh
<‘ c"

“ '1 1 ‘ 1 w

.\"‘\'-.\'“ \" + \"‘ — \" +.\‘—.\" 20

<:> _f(.\‘) : _v_\'3 —(_\‘3 + l).\': +.\'+ )5 —>\"3 2 O. T11 C6f'(_\') : 3_\‘.\‘2 — Z()"2 + l).\‘ + 1

:>_/""<;.\-L) I 2[3_\~_\~ - (E + 1)] 2 2[3_€ - <6 + 1)] = 2<_\-1 - 1>z 0 \7’_\' 2 1

:>f'(.\')gié1mI1'én [)3 + <><=~) :>_/"(.\') Z/”(_\") = _\"" — Z)‘ + I I (_\" — 1)(>\‘3 + _\' + I) 2 O

D§nlé‘i‘/'(.\')gi2'1mlrén[_\".+ 00) :>/'(.\') 2,/‘(_\') = _\'(_\" — 1): Z O :> (q.c.d.)

' Mdrging I: Cho tum gizic AABC \'C>’i dc} dimi bu canh 12111. /2. v \=Z1 2 S ne N.

Khi G6: c1”b4<1—b) +/)"<"(/1-0) + ¢“"u(z' — <1) 2 ()

Chzhzg min/1

Sn" dung quy nap: \"o"i II = 2 la cé: 1/3l;(u — 12) + l>:<-(/1 — e) + <':z1(('— (1) 2 0

Giti sL1'bt<i511gtl1i1‘c dng téi /1. Kh611g111§1tLf11ht611g qu{1t.gié1 >u~ u 2 [2 2 0.

Thco gid lhiét quy nap: a”b(u -12) + b"<"(/2 — ("J + 0” u(c" — (1)2 O

:> I/'("(/1 — c) 2 — u”l2(u — /1) —— ¢‘”u(¢" — (1) 2 12”“ ¢'(L/2 — 0) 2 — £1”/72((l — /2) — c'”ub(c — cl)

:> a”+'l2(c1—/2) + b'”' (1/1- 0) + 0”“ a(c—u) 2:/“I l2(u-h) —u”l23(u —l2) — ("(1/>(¢'—c1) + ("M u(c—c1)

= u"/2(u — /2): + ¢'”z1(¢"— (1)(c — 12) Z 0

Ap dung ngu)-'é11l)"qu>'nz_1|) suy ru di§‘:uphaichL'1'ngminh.



Clzumzg V: Mgit .\'(§ sdng ((10 v(5I1('1t (I(71zg 1/1111 957

I
E

(i'r(311g 2: Chm (1. /2. 1' > 0 \i1 Min ((1./1.(') 2l‘~.\/1z1x(11./>.(-) . Chtrng minh rzilng:
4

= (13/1((1—/11+/>:('(/9 -1") +(':(l((‘— (1) 2 ()

\l

C/1 1211g 1ni11I1

T = ((1—/7)‘ ((11; + />1" — ("(1) + (/1 — (T (b('+('(1— (1/2) + ((' — (1)' (("(1+ (1/7 — bc)

Tru"b'ngl11_>'p 1: Néu (12/2 2 (" thi 111 c6:

J

7

J

.1

*1

Ii‘?

T: ((1—l9)_((1/1+/>('—(.'(1)+(‘(1L(/)—(")" +((‘~(l)>J+/)((I—(') ((1—(')2 —(l7~(‘)2] 20

I‘ I‘ 1"Tru‘b'ng h1_)'p 2; .\Iéu 1121-21>1h1 1111-61> = (\1m<11. 1». 1-1 2 lu 3 [/1 +\//1 2 2 /(l 21 :>’
-1 (1 (" \‘ (1

'4 1'? 1?” 1'7 * \ A \ ,
__ _ ,\~ />1" + V11/1 2 \/(1(‘ :> \ (1/1. v/11'. \ (‘11 la dc) dzu bu c2_1nh cua mgl tum gmc. Dal

1*“ * Q
\1 (1/7 = .\‘ + _\' 1 \"/)(' = _\' + 1 1 \/(‘(1 I 1 + .\' (.\'. _\'. 3, > ()) . T11 Q6:

T= ((1 —b)2 ((112 + b(‘—(*(1)+(b — (‘)2 (/7(' + ('11- (1b)+(("— (1): ((11 + (1/7 —l)(")

= ((1-12): ()3 + v\'.\"+ _\'; —.\";)+(/9-1): (:3 + :,\"+ :_\'—.\3")+((‘—(1)1(.\‘3 +.\1\"+ x: — yg)

Do (12 (" 2 /2 :> .\' 2 1 2 _\‘. SU‘ dung bétdi/1ng1h1'1'c Cauchy 1:1 cé:

((1 -0): .\‘: + (/7 —('): :3 2 Z(((1—(')(b —(')(.\‘: = Z((1—(')(('—1>).\':, (1)
1- ~1 1 w "

-L((1—(') +(/>—(') —((1—l)) _(.\';=—Z((1—-(")(('—/9).\': (Z)
~1

w w

((1 —b)' (ya + _\'.\'+ )1) + (b —(')“ (:_\" — .\"_\") + ((" —(1)' (.\'_\' — )1)

=_\'((1—b)[(2.\‘+_\')((1—(')+(2;+_\‘)(('—/H920 (3)

C(§ng thco vé (1). (2) v£1(3) ta du'(_>'c: T2 0 (dpcmf)
'

° M17 rging 3: Cho (1. b. (~ > O \*£1 \/(1b.\(/?_\/Z IE1 dc} dili bu cz_1nh cua m(}l lam gizic.

ChL'1'ngminhr§mg: (13/1((1—12)+/>:('(/2-1")+(’3(1(('—(1)2() (1)

Clzzhzg 111i1zlz

B6 (T5: Cho cdc 56 thuc 111.113. (1;.A].A;.A_~, lhéu min Cliéu kién:

l.A1+A3>O\/A3+A;>()vA_;+A, >0

2. A,/4; + AZA; +A}A, 2 0

Ta 06 b2“1td§ngth(1'c A[((1; — (1;)2 + A;((1; — (11): + A;((1, — (13): 2 O

/ip dgmg:

T = (1:/)((1 — /7) + 1230(1) — (") + ('3(1((' — (1) = (13!) + l>‘x(' + (‘Ra — (1/2“ — [203 — ("(13



958 Ctic bizi todlz ('6 nlzié 101' gilii

2 1 3* ‘

T2”/My u +17 +0 u[?+l1('+¢'u);

. , >9 -Y: —(~\' - MY (-\"— .\")' - M — X)‘ ,

Su' dung cong thuc = +7 1 Ix ~ _\‘ + ——-— _ \z1 co:
\ \ \ Y

£+£+i:u+/7+(_+(a—l>): +(/7~c): +(('—u):

( u /7 c1 /2 c

(1/7 ]7(' (‘(1 :11: (1): + (T: ) +/7: (C2 +112) + ('2 ((12 +172)

0 u b Zulu“

:”+b+(_+l§_('(u—b): +/7((‘-"(l): + a(b—('):w
Z_ uh ('11 In

L_.__

_'1

J

J

J

_.|

/

T:ub(|1(z1—U/2)' +(/1-ho)‘ +((‘—(u): _%\( ('(u—l1);+u(l>-(")2 +l>(('—u)_‘
' -_ 1 (1/7 I70 ("(1 J4

T: (u—l)): £l2<'—é\]+(b—('): i‘\V¢'z1—%‘\1+(¢‘—u): Ltz/1-lain
_»;_, /_, .;.

'lT= (cz —b): (Z/10 -('3)+ (l>— (‘)3 (Z011 —u3 ) +(('— (1): (Z017 -113)

2T: (:1 —b): (ab + bc' — ('u)+ (b — (")2 (bc + cu —_ c1/2) + (<"— M: (cu + ab —b(‘)

Dial A, = bc + 110- ab;/43 = ac" + ab — Ix‘: A; = ab +12<'— ca

:> A‘ + A; = Zuc > O; A; + A; I 21:12 > O; A; + A1: Zbc > O. M2f1tkh£\c.dzf1tz1:bc; \*= ca

,_ Ii ._ .i
W - ab :> \/u -\/bc; \/\' -\/37; \/ab . khi dé

Al/A3 +/-\3A3 +A3A, =(u+\'—w)(v+w—u)+(\'+w—u)(w+u—v) +(w+u—v)(u+\'—w)

=11: —(v-— \\')2 + Y: -—(n'—u): + H’: —(zl —\‘): =7_(u\‘+ v\\'+u'u)—(u2 + vi + W2)

= 4m‘ — (u + 1‘ — H')2 :(Z\/F + u + \‘ — — u — 1" + W)

= (J1—1+~F+~$)(\/5+ \/T — ~/T)(\/?+ W“/§)(~/T+ v’17— \5)>0 (3)

Vi 151 dé di ba cgnh cua mét lam giaic. (3) dng.

SL1’ dung B0 dé ta cé (2)dL'1ng I-v(1)CiC1ng.(dpc1n)

Bi toén 5. Cho a, /2. c > O tho'a min abc" = 1

Chirng minh ring: T =(a — 1 +l)(b — 1+ i)(c— 1 +lj£ 1

I1 c a

(IMO41 —K0rea 2000)

Ch zhzg minh



Clzmrng V: A1(7! s5 xii/1g tqm 115 In‘?! cflzg llzzir ' 95‘)

' Clzzhzg minh I: B6 G5: 1_\‘ + 1 — _\‘)(:, + .\' — _\'l(.\" + _\< - 3) 3 _\‘_\"; ‘-7.\1_\. :5

1 1 ‘ I

I-1

v—

+

'-I

/\

~
_

Apdgllzg:(<1+1—F)(u+Z-I — _u-17:/~)

‘_i'€+_.l’i_"-l *_.L _"1 1-’\:>(u 1+1’)/$1.1 /7Vj(\/5+1 <1;s1<=>;@ 1+/)’|(<1/1+/) 1)‘\E+(-I 1)s1

<=> T=(u—l+/L7H/7-]+%H('—l+£)Sl

' C/zzhzg minlz 2: Gié sL‘rgif1'ulmbiéu [hire (u—1+%):(/2—l+lH('—-1+-1») c6 mét hiéu
\ J’ (' ~ (I

lhL'|"c kh6ng_f1m. Qhing hqm: (1 — I +-/‘—<() :> (1—- I < ()1 /l<l
J 7

:> a<lvf1b>l :>/2—l+l>()\'Z1<-—l+l=<‘+>0:~T<()<1:>(dpcm)
(' Ll (1

Giasu" (Q-1+i)z0;(/>-1+i)z0;((»-1+i)z0.Tm.
b ¢ [1

, » ‘" :7
— ~ — —=><1— — —— : '— ~— £10"

1 l\ 1 I F » I 1 _ ~>< ‘b—l+—)(c—1+~ =c'(b—l+—)(l——+l7)=('Ll2*—(l——) _c'l7"
c' 11/ <‘ 1‘ c

J

Lig

/\

'— — — —= '— — —— '=' ""— —— Sm"

7 ‘v

u—1+l)l(b—l+l‘~‘<‘—1+l —£<1>‘l2"¢-"‘ <:> T: u—l+— —1+— r—l+— £1b cl \ (I

' Cluhzg minlz 4: Vi abc =1 nén trong ha $6 a.b,c phéli c6 mét $6 khéng 1é‘n h0'n 1 v51

mt}! $6 khéng bé hon 1. Khéng mil lfnh léng quail. gia str (121 212. Tacé

-1 1—/l——(a—l+]i)<b—]+%)(c‘—1+l)=(u—l+l)(('+l—Z)+@i2() I> (dpcm)
J z (1 \ /1 < (1

' Chzivzg minlz 5: Viél lai bait déng lhirc du'é'i dang d5ng béc

.1/2:_2" 3/32_:\ R 22_:
(1-\3/(zbc+———-aifC J[l)—\/3 c1b¢'+—i(lb( )[c—\3/(1120 +20b C S abc

c a

D511 a = x3 ;b = y} ;c = :3. bér déng thtrc {rd lhimh

t 1 (.\'v:)3
H 1 (.\"\':)2 ~ (-W2):x‘ — x_\*: + _\“ — X)"; + 3” — xy: + S (.\'_\':)3

\" ;\ 2 / r‘

<:> (xzy — )3; + :3._x)(_\'2; — ;3.\' + .\'Z_\")(:2.\' — .\‘:_\" + _\'3;) S (x_\';)3



960 Ctic bfli torin 06 nhiéu Iifi girii

<:> 2(.\‘3'\")L‘ + 3(.\':_\')( v\":_'_)( ;:.\') 2 Z(l.\‘3_\‘)(_\":;)(.\'3_\" + _\"::_) (1)

1 1

Lai dzfn m=.\"3_\"1/1: _\"::,; p = :,3_\‘ \hib5tdémg1h{rc(1)c6 dang

Cl" +19’: + <5 + 3al2<' 2 (1/Nu + /1) +/>('(/2 + <') + <'(z(<" + (1). dung Lhco bit dfmg thtrc Schul-

édpcm)

° Clzfmg minh 6: SL1‘ dung gizi thiét abc =1 111 Q6 czic ding thirc

/,

\

!\,__.

/-\

-1+l\+/X/(1-11§l\'=.2
ll} L 17,]

1" / 1\ ' \

/

\ \ \

lia—l+l +c[1>—1+l)=2 ;lLb—l+l)+ai c—l+l)=7_
u /2 \ ¢

I2 ( \ a

1 _

Dial .\':[a—l+—!;_\":Ll1—l+—,;;:ic—1+—J.Luchicén xét .\',_\',I,20.Thc0 AM
12 ( \ u

0 1 ( a b ¢

- GM ta co _ = —.\'+ cy 2 2 ——.\'_\‘ :> .\'_\" S —~.Chungm1nh1u'o"ngtu _\'; S — va Ix S —.

(Z :1 <
(1 b

Véy (.\‘_\':,)' £ .—.
¢ a I2

. (1 b 1' I 1 :> .\'_\‘I. S 1 (dpctm)

, . - .\' \' I ,. 4 ; . , \

' Chzrng mmh 7: Bat <1: — ./2 = '— . (' =— vo"1.\'. _\". 1 > 0 .Bal dang thuc lro lhanh
\" : \"

(i+l—]T£—'\—+i—l)[—”-+l—l)<1<:>(\"+;—x)(;+x—\‘)(.\'+\"—:)<.\'\"‘
\ ~ / 3 x \ \

_ __ _,,

Véy ta chi cn chtrng minh bin déng thtrc suu vdi u*u"i)'ng hqp khéng tiim thu'©'ng a,b,c 121

dé di bu cgnh cuu n1()1' lam gizic:

(11 +c'— z1)(c+ cl —l1)(a +b—(') Sabc (1)

' Cluhzg nzinh 7a: Bu nhim u'1' 0‘ vé lrzii cua (1) déu ldn hon hay béng O.

sfr dung AM - GM, Lu C6:

(u+('—b,)+(/2+u—(')
\/(c1+c'—b)(b+a—c) £ G

;-b+a_C)(C+b_a)S(b+a—(‘)+(c+b— (1)
I

2

(I

7

\l(c1+c.'—b)(c'+l2—75£jl?—j((1+6‘-b):(C+b~a) =0

:> (b+c—c1)(cr+a—b)(u+b—c')Sabc‘ :> (dpcm)

Ding Lhtrc xziy ra <=> a = 12 = c =1.



Clzmrng V: M_6t $5 sting tgm v5 bf ling llzzic 901

' Chzhlg minh 7b: D0 a.b.<' 121 dé déi bu canh CL1i1 11161 tam gitic 11611 I511 1211 cdc
/12./1.p>(}lh0an1n (1 = m + I1, 12 = /z + p. (‘ I [2 +111. Khi dc’) bét déng thtrc trO'111Z11111

(m+n)(/1+ p)(l2 +111) 2 8112/1/2 . Tu 06 '

(m +n.)(n + p)(p + m) -8/mzp = m(/2 — /2): +/11/2 —/22): + /2(/11-11): 2 (1 (dpcm)

' Chlhzg minh 7c: Khéng mél lfnh téng quzit gia $11‘ (12/J 2 c‘. khi dé viét b§11d2'i11gthU‘c

(1)du"é'idar1g suu (1((1— b)((1— c) + b(b -— (‘)(b — (1) + (‘(0 — (1)(c —b) 2 O

<:>((z—b):((z+b—c)+('(('—(z)((‘—b)Z0 (2)

Do b2"1tdéng1h1'1'c(2)df1ng nén b§1td51nglh1'1'c(1)du'qc chirng n1inh.

' Cluhzg minlz 7d: Khéng mt tfnh téng quail gia s11" (121920. Néu hai l1'Og ba $5

(z,b,(' b§111g nhau [hi bit ding 1h1'1'c (2) hién nhién dling. Xé111'u"b'ng 11Q'p (1>/2 > 0. khi

4 L (1 b (
do bat dang lhu'c (2) Luvng duong v0'1 ——i+ ——— 2 O

12 ( (1 ( (1 [7

‘ V. (' {(1 > /9 > 0 (1 [9
Bat dang Ihuc nay luon dung v1 i > O va 1] :> i—>i.

(z—b L(1—('>b—('>O b—<‘ (1—('

' Chzhzg minh 7e: Khéng mil tfnh téng quziLgic'1 su' (1 Sb S c. D511 b = (1+.\‘;(‘= (1+_\'

thi x;_\" 2 O. B511 déng thtrc (2) 110' lh€1nh (.13 —.x'_\"+ v\"2)(1+(.\‘— y):(.\"+ y) 2 O 111611 ddng

(dpcm).
\ A

O Chzhzg minlz 7f: Khong mt tfnh téng quail gia' str (12 b 2 (' \/Z1 (1511

f((z,b,(") = (z((z —b)(a — c) + b(b — c)(b — (1) + ((0 — (z)((‘ —b)
, \ .

Ta cé f(a,b,(‘)—f[£z—Ji,a—JF£,(‘1=((z—b)2((z+b—£jZO
2 2 , 4

/(z+b (z+b /I (z+b‘1
L\/13; fL?,?‘,C']=CLC—?

/

. . b +1
1Suyra j((1,b,c)2j{g:—,%,(‘12O(dpcm)

° Chi?/zg minh 7g: Bién C161 b§1l dz‘/111g thirc (1) vé dang

3(zb(" 2 (1(b3 + cg — (12) + b(c2 + (13 —b2) + c((12 + bl — cc)

b2+c1—(12 '2+(z2—b1 (13 +b3—(‘3 3 ,

¢> +‘ + S—.Gi."1su' BC=a,CA=b,AB=c 11111151
2190 Zea Zab 2

3 . . .

d§1ngt11L'rc ni1y tré‘ thénh COS A + COSB + COSC S ;. luén dng vc'>'1 ITIQI tam guic ABC.

' M0“ rging 1: Cho (1, b, c, 1> 0 théa min (zbc = 1. Ch1i"ng minh wing:

T=(a—I+l)(b—I+l)(c—I+l)S(a+b+(‘1[l+l+lj(l—I3)+4—3I.
/9 6' (1 (1 b ("



9:1: Cdc bdi todn co’ nhiéu liri girii

' _M(3“;'g31zg 2: Cho c1.b,c 151 czic 55 du'o‘ng cé tich béng 1. C1"11'1'ng minh ring

111-1+%)1b~1+%)+1b—1+%)(c—1+%)+1c—1+%)(a—1+%)23

B511 toém 6.C1'10 a, 12. c 151 czic 56 thuc du'o'ng. Chtrng minh réng: 1

1 +- 1 + 1 2 3 (1) '

a(1+b1 [211 +0) 011+ cl) 1+¢1/"J

(Hungarian Mathematical Olympiad 2003)

Ch zhzg minlz

~Ch.:'1,'Iz1.'1<:\ 1 -1 1-1 1-120
Hgmm 1) a(1+b) 1+@11¢'+.b(1+c) 1+£1bC+c(1+a) 1+0/10

Ha(bc—1)—(ab—11+b(ca—1)—(bc—11+c(ab—1)—(ca—1)>0
w a1b+11(abc+1) b(c+1)(cIbc:+l) c'(a+l)(abc+1) _

,;(ab~l) 1 1 1+(bc-1) 1 1 \+(ca-U1 1 1 >0
abc+1 a+1 g(b+1), abc+1 b+1 b(c+l)/I abc+1\c+1 ¢-(a+1)_

14112-1): + (!n'—l1: + (cu—l): >0
W a(a+1)(b+1)(abc+11 b(b+1)(c+11(abc+1) c(c+1)(a+1)(ahc+11 _

Ding thfrc xéxy ra <:> a =b= c >0.
' Clzzhzg min]: 2: Ta c6:

1 1 1 _(1+"abc)+a(1+b): 1 _c1b(1+('1+(l+a)
a(1+b) 1+b@ 1+@/M a(1+b1 1+abc ¢1(1+b)

\/
L____J__J

1 + 1 1 b(1+c)+ 1+a
a(1+b) l+abc 1+abc 1+b g(]—1-I)

@+ 1 + 1 1 1¢-(1+<1)+ 1+1;
b(1+¢-) 1+abc 1+abc1_ 1+c b(1+¢-)

1 + 1 1 (1(l+b)+1+c
¢-(1+¢1) 1+abc 1+abc 1+0 ¢~(1+a)

1 1 1 "3 _
3[cI(1+b1+b(1+c1+c(1+u)1+1+¢1bC

1 1+
1 1911+-c)+ 1+a +(.'(l+a)+ 1+b +a11+b1+ 1+0

l~1-abs b a(1+b) 1+6‘ b(1+c‘) 1+a c(l+a)

> 1 6_6'b(1+c)‘ 1+a _c(l+a)_ 1+}; _a(1+b)_ 1+c 6

_1+abc 1-1-b a(1+b) 1+0 b(1+¢-) l+a (‘(1-4-(1) 1+abc

D§nté1i(1)d1j1ng.D§1ng1htrc xéy ra <=> C1 = b = C > 0.

° Cluing minlz 3: '

, . , 2b sb
B6 ae: Néu "' ' V1” ' th1a|b3+l)1a22a,a;+b1b2

(13 £112 [Q3 Zbz

Chlhlg UZillil.' 0 § (C11 — b1)(b3 — (I2) =((I|112 + 171612) — (CI1Cl2 '1' 171172) :> C111); '1' b1CI2 Z C1102 '1' I311);



Chzrang V: M45! s5 sdrzg tgm v63 bf}! ziring thzic 963
A d ._H>(:> /1 +_u/90 + l ubc + 1 (lbc 23

p mtg 1111+/9) a(l—f—/7) /7(l+(‘)+/7(1+(') (‘(14-11) (‘(1+(1)
H 1 ab 1 b( l ca >3
W a(1+/9)+l+c1+b(1+c)+1+b+c(1+a)+l+<'_

/:>l- 1 +b~ 1 +l- 1 +c~ I +l- x +41» 1 26
11+b 1 12 1+0 1 'Cl l+i ( 1+“

a I7 0

S11‘ dgng b6 dé ta cé:

i~ I +[7- 1 2i~ 1 +l>- 1 = I + b
a 1+!) 1+} a 1+1 l+b 1+0 1+1;

a a
1‘ 1 _‘ 1 >1_ 1 __ 1 1 C

+ b1+@+‘1+1“b1+1+‘1+@ 1+b+Hw
b b

l- 1 +a~ 1 2l- I +a~ 1 = I + G
c" 1+0 l+_1_ (' 1+1 l+u 1+6 l+a

- c c

1 1 1 1 1 1 1 1 1_. 1,. _. _. . 26 (3:>al+b+ 1+1+b1+¢+‘1+1+@1+@+“1+1 :>(mm)
a /7 c

' Cluhzg minh 4:

' M6’ rng .' C110 cI,b,C /£1 ccic so”, r/1z_rc a'zr0‘ng. C/lzing n11'nl1 rc’1ng

1 + 1 + I 2 3‘
a(l+b) b(l+c) c(l-Hz) §/gb¢~(l+\"/abc)

B511 toén 7. Cho ' Chtrng minh ring: Osab +b'c+ ca — 2abcS-1a+b+c=l 77

{¢b¢z0

(IMO25 — Czech 1984)

Chzhzg minh

' Chzhzg minh 1: Gia Lhiét din tdi a, /2, c e [0,1] :> ubc e [0,1]. suy ra

ab + 120+ cu — Zubc 2 3Q/ab.bc.ca — Zabc = 3(abc)-2 — Zabc Z 3abc — 2a/ac = abc Z O.

Déng thtrc xay ra khi \/21 chi khi (c1.b,c') 1&1 hoim v1cL'1a(O.0, 1).

B5 (75: (b + c — a)(c + a — b)(a + b — c) S abc V (1.1), 0 2 O

/dwg:B$dmgmmm=U—2mU—2MU—2dSaM

<:> 1 — 2(a + b + c) + 4(czb + 110+ ca) - Saba" 3 abc
3<=>ab+bc+ca—2abcSl(l+ab(')Sl[l+(1)}=l

4 4 3 27

° Chziwg minh 2: Ta sé chimg minh bit déng thtrc ab +bc+ca — 2abc$—277



Q64 Cdc bZ1itoa'n c6 rzlziéu lz)'i gii

Khéng méu mm téng qum giéa SL1‘ (1 2 17 2 <- :> 0< (- §%

Bién dc‘1i\’i1th€§: S: a1>(1— Zc) + ("(41 +121: u/2(l — Z0) + c(1 — <'>

s("*1’)'(1~:<-)+(-<1-<-)-/til-(1-2(-)+<»<1-0:10+l(-1+1:/(0
2 \ 2 2 4 4 ’

'\_}'

/-\Pg

"2

C

+

I
L»-J

[_<'=O

Ta CC/)1 _/"(¢~):-§(3<--1)=0 <=> 1

I (.:_- 7

Being bién lhién chi 111 S S l\/Iz1x_f'(('):?—7. Déng thirc xay ra c> a =12 =(‘ =%

° Chzhzg minlz 3: (l(1)+(‘)+(1—2(1)/7L‘:£l(1—(l)+(l-2t!)17('=(I(1—£I)+(1—2(I)ll:f(ll)

,- ‘ 3 ( '_ 2 ,; , Q I. - \ L . \ . _§

v01 0311 :b(:S(/i—“:—‘-) =—L—_fi. De y rang_ do thg ham so _\" =_/ (u) 1:1 mot doan [hang

vc'vi ue[():—l—(1—a):]Tacé f(())=a(l—¢1)SF1iL—l)-T:l<—7-—
4 ' ‘ L 2 A 4 27

w

- I 3 _1 3 3 7 1 1 1 7
(Z(l—(I) )—Z(-261 +[l +1)—E7—I(2(I+§)((I'"§)

Véy f(zl)£77,i.D§u"="xéyra <=>a=l2=c=—1€.

Biii toén 8. C110 (I. I2. 0 > O. Chirng minh rzlmgz

(b+cjr1): + (C+(l7—/7): + (a+b:c): 2%‘ (1)

(b+c')'+a: (c+a)'+b3 (a+b)“+<': 3

(The Japanese § proposal —PSFJIMO38 —Argentina 1997)

Chzhzg minlz

, _
u /J 0 "

' Chzrng mznh I: Dal/21: 0+1; + c: a, =—:b, :—: c, =— :> ul + I1, + c, :1
m In m

(b1+c]—a])_ (K, +0, —hl)' (ul +17] —c,)' 3

(1) 4:?» _ + + _ 27
(bl +('|)' +(z|' (c1+u|)“ +171‘ (al +b|)' +(",' 3

1 "v *

_:,T: (1_2‘j|)~ (1_2{7|)_ U_Zi'|) 2%

(l—a|)'+c1l3 (1-15) +b|2 (1—('|_) +c'l3 5

' . 1-2.~’ 2?-'4;
Ta sé chirng mmh: f(.\") =—-0( ),\) 2——-—)O53 \ .X/xe(0. 1)

1—.\‘ ' +.\'3 '~

<=> 25(1-2.\-)2 z(23-54.\-)[.\~1 +(1-.\-)’] <: 2(3.\--1): (61-+1)z0



Ch u'o’ng V: Algit sr§ szilzg tgm vé bzit (Trill g th12'c 963

'7 3><3—5-1(u1+/2l+(',) 33 r:%r<~1>+%/41>‘>+L/’<(>.>z4--l:a
25 D

+('"lI)H 3 ,__ Zczl>+Za(' 12> <' Cluhzg minlz 2: (, l) <:» T ([7 _—x_2 _
j(;,+(1):+L,2 5 f;jcl3+[2-'+('3+Zl><' 5

Ky hiéu S‘ = Q‘ +111 + H. ~51 bién am;

55: Z (1/2 +1().s'2 :13/>0 + Z02 :13/>:(' S 63"‘ + 6.x": Z ab +1Z.s'$‘ u:/)(' + -18u3b3<'3

.\‘\r1| \\!7I \\m
.14

,\ T71] \\11.‘

<=> 653 + s3 Zub + Z.$Zc13b(.' + 82 albzcz 21OsZzl3bc'+ Z02 (131930

.\ \ I7! A \'I7! _\v\"m mm _\ \'/11

<:> jaw + Mb - zmz +3@*z><- + 2“-‘/9 -12¢H1;1¢~+41H1>%-1)z0 <3)

su- dung bit démg Ihirc Slzur, nhn ca hm vé mi 4m-

:> 2(4(z4l2(' —8u3/23¢" + -1412/2303) 2 O

\ \'IlI

Suy 111(3) <:> Z(3a“ + Z115/2-2

S£1'd1,1ng bit ding thfrc AM— GM, Ln cé bit ding thirc sau \'Z1 (3) du'Q‘c chfmg minh xong.

u J/>3 — c1Jb('+ Zuj‘/27‘ — 4:1 K1230) 2 0

—- a4l73]2 O 1 — z1*[7('j]2O
.\_\'III , '.

22[ —(1"b3c']2O \ 3 Wb+0c+ab +uc _u;b3(, 20

J

2-
I\)

1'2

O.

Li]

.\\r11 .\\.1

' C/zlhzg minlz 3:

Giél str a 2 b 2 c‘. d£§1lf(a.lJ.c")=

1 1 '7

(l1+("—zz)' (z'+c1—/2)” + (u+b—(')_

(b+(‘)3+u3 (c+cz):+b3 (c1+b)3+c3

Bu"6'c l:Tz1sé chtrng minh f(a.l>.<")2 ‘f'(i"1'17 .i"J_;Z7.(')

T‘: (b+<':—a): +(('+(1:—b)3

FJ
J!\

J

(b+(.') +a- (c'+u) +12-
2 " ,:T3

_ u+b' u+l)'(£+*;')~ + , )

\__/

/.._\

B:§1tA=1J+c'—a:B=('+a—1>:x=(l2+(')3+u:;_\"=(¢'+a’)2+/22
2 3 2 » » » 1

.\'+ \"=(b+c') +11" +(c‘+a) +b" :2(a" +b- +0" +m+('b)

A)‘—B.\‘=(b+("—a)[(c+a)2 +b3]—(c+a—b)K(b+c)2 +a3]



'-=[(c1+b+<')—ZzzHz13 +173 +03 + lac]—[(a+b+c')—Z11][u3 +b3 +03 + Z./9?]

=Z(b—c1)(u3 +223 +:1'3)+—'1-(‘(53 —a:):Z(/'J—a)(u3 +1): +03 +4cu+'-1012)

Ix)
»\

W

—a)[(a3 +/'13 +c3 +ca +cb)+3ca +3('b]=(/J-—a)(x+ _\'+6ca +6017)

_(A+B) A2 +33 _(A+B)- :(A_\"—-Bx) :(b—a)'L.x"+_\'+6c'(a+b)j

D{ill

-\' + _\‘ X _\' X + _\‘ .0‘ ( x + _\") .\_w" ( x + 3')

=a—;_-Q3.v+)'—2[(c+;)2 +:3]=Z(a3 +123 +03 +(ur+l2<‘)~2(("3 +233 +2(.‘Z)

=2(a3 +b3 +ac+bc)—(a+b)2 —2c(a+b)=a3 +152 —2ab=(a—b)2

(A+B)3 262 462 Zc2[(\‘+\')—2(c+:)2—2:3] 2[.:( bf215- : — : D ' : a-

TIZT,/‘:> ' _

X+>' <¢+1>"+Z1 -\'+-Y [<@+;>1+11](.\-+,') [<@+;>1+:1](x+_\~)

(b—a)2[x+ \'+6c(a+b)T gt-3(a_ )3

\J

lilv
I_\

~ -M-*+.\') [Q-+1)’ W)

[\'+ \'+6c(a+b)]l 2(.:
Néu (1:1) ma <2) dang. Néu 61¢!) thi (,2) <1? ' ~ _

"T" (c+:)‘ +33

[x+y+6c(a+b)T (.\'+\'): a(.2 2(.2
Tacé ' > ' 2 ' :4>2=-‘-—>_i

.\_w" _\‘_\i .\‘_\' (-3 ( (. + Z): + :2

Bu'6'c 2: Ta sé chtmg minh f(a,a,c)2%.D:f1t u =i'21, Lhi
C

f( 3, 3 -2a,a,c)2— <=> J (u,u,i)2— VIIZHQKZ-li+——#Z%,
5 5 4”2+1 (u+1)2+u3 3

_,__, 2 41¢ >—2H 211 1 <i
2u3+Zu+1 4112+] 5 4113+! 2u3+2u+1 5

<:>5(4u3 +4143 +2u~4u3 —l)S8u* +8113 +6113 +2u+l<:>(u—1):[2(u+l)3 +2113 +l:]2O

Chzhzg minh 4:

B5 J5." Cho czic s5 thuc (1,. :11, a_-X, A,. AZ, A; théa min diéu kién:

1.A1+A2ZO;A3+A3Z0;A3+A|20.

2. Néu a_ u £0, hm‘ a_ Za 2:1, (hi A, 20 véi ([1, 1'2. 1}) :(1, 2, 3)

Ta

'x '2 I ' '1 ': 1 2 ‘

c6 bét ding thtrc A](a2 — a_~,)2 + A;(a; — a1)2 + A;(a1— cz3)Z 2 O

966 '
Cric bdi ma” c6 nhiéu mi girii



Chming v.- Mgit S0’ sa'ng tgm vé Mi: ming thzic . 967

Apd€mg:(1)<:> 2a(b7+c) 2b(c;i—a) 2c(a:*b) £1?

(b+c)'+u3 (c:+a)'+b3 (a+b)'+c3 3

(¢1+b+<-)2 (a+b+c)2 (a+b+c)2 27
<2 + + <

(b+c)3+a3 (("+a)2+b3 (a+b)2+c3—5

1 1 l 27 1

1;» , + , + 7 3 - , (2)
(l2+c')'+a3 (c+a)'+b3 (a+b)_+c3 5 (a+b+c)_

D2_“1tx=(b+c)2+a2,y=(c+u)2+b2,z=(a+b)2+c2vi1.s'=a+b+c

Tm(2)<=>l+i+l,sE~-1:
x \' ; 5 5-

Ch )7 r§1ng:_\'+ y + 3 = a9 + b9 + ('9 + ([2 + c)2 + (c + (1)9 + (a + Z1):

= §<a+b+@>’+%[<b-C)’+<@-a>2+<a-hf] = gsz+%[(b—c)2+(c—a)2+(a—-b)2]2gs3 <3)
J

D5n1<'wil+l+lz 9 ;27<1z 9
x _y 3 .\'+_v+z: 5 $2 x+_v+z

v1vay,(2)<=>l+l+l- 9 s9[§-‘_~ ‘ u
.\‘ _v _: .x"+_\'+; 5 5" .\"+_\"+g/,

¢><%\»+,v+1>[;+;+%)_9§9(;%i_1]
x \ \, \J s ,

- 7 1 7

Q -_\'+l_2 +{__‘_‘+i_21+[i+._\'_ \,§I8_(a—b)'+(b—‘(~)'+(c,_cz)-
Y \' kg y / \‘ 3 , 5 Y‘

R)

<:>(X-.\') +(.\’-Z) +(Z—.\‘)_Sl8'(a-12)"+(b—jc)'+(c—a)' (4)
n x: 1'/\ 5 5-

Ta cé: .\'— _v=(b+c)2 +a3 —(c+a)3 —b3 =2c(b—a) V51

.\'_\‘=[([) +0): +a3:H:(c+a)2 +b3]2

202 (03 + 2:13 + 2b: +2ca + 2cb+4ab) =03 [(11-i-b+c)2 +(u +12)?

D0 G6, (x—)')2 S 4c2(a—b)2 4(a-bf
D‘ c1[(a +b+ ¢-)9 +(a +1;)9] ((1+b+c')2 +(a+b)2

Tu‘0'ng lug ta c6 thé chzlrng minh:

2 Z Z 2
(,V—Z) < 4(b—c) \ (z—x) < 4(c—a)

_ .va _
Y1 (a+b+c)2+(b+c)‘ ZX (a+b+c)2+(c+a)2

Céng ba bit ding thfrc tucvng [gr ta c6:



968 Cdc bdi todn c6 rzlzié Im gm:
-a ~ ~ 1 1

(x-\'] (\'—. ) +(_,—.x")V .a—b) (b—c) (<-—a)

.\'\‘ \'_'. I\'

/\
»i;

_(L1+[J-H‘): +(a+b): (a+l2+c)2 +(b4I~c): §u+/2+<-)3 +(('+a):

V1 \'z_‘1y(4)d1ing néu la chng minh du'Q'c

,9“) (a+/>+c'):+(u+l>):J
<(,_;,)1§i_.mi‘+<,,_(.)1 i__l1ifF;;L,T +

10 (u+b+<')' +(/2+(')'

+<¢»-¢1>"Li-i‘<'*LQ;__ >0 <5)
10 >(a+b+c): +(('+(1 :-

55“ hi ; y:_<i;Z:_@i[h1
a+b+c a+b+c' ~ a+b+c'

7 1 1 T q L *
<5)<=> <@-b>-[i-___,]+<b-¢->-P-- 1 ,j+<¢--(,>"P- 1,Jz0

IO l+Z‘ 10 l+X' IO l+Y*

hiéu u1=a.a;=l2,a;=cvZ1

A]:9_ 17:A2:9_1v:A1:9_1q
10 l+X- W l+Y~ ’ 10 l+Z-

Khéng m§tt1’nhL6ng qu£'1t.gié1 sir a 2 Z2 Z c. Thi ta (:6 a, 2 (I3 2 (1; and X § Y S Z. V1 va)

A, §A3 SA; Cén chtrng minh A, +A; 2 O_ i,+—~l-—-“-32 (6)
1+X- l+Y" 5

C+Cl (‘+61

M511 khzic. -L? $1 dLing,bc'ri véy (6)dC1ng. D5n1<31‘A, + A; 2 0; A; + A3 z 0;
1+X-

A; + A, 2 O ,ci1ng viii A3 > O.z'1p dung b6 dé, (1) dling.

Ghi clzzi: (1) xi? 1, + I7 + 1, £ 27 1

(b+c)'+a3 (c+a)'+b3 (a+b)'+c' 5 (a+/2+0)“

Ti: dzinh gié tét hon Y—1X— +71)/—,£%, ta cfmg cc’) mét bit ding thtrc chat hon+'+‘
° Ch 1211g minh 5:

B5 (75: (b+c—a)(c +41 —b)(a +b—(.')Sab(:

/{p dung: Bit .v=——b+C;\'=%(‘+(l;;=—(I+[7 :> .x'+ \'+;26<»l ‘—'-~' ~ -~ 6:
' ' (1 ' 11 6‘ ' \J ' '

~ (1+c) (1)

:m~

Qf'\

vm

vs

~z

w

,(C+ +
, . 1 b c

Ta se chung mmh: .\'_\" + y; + gx 2 Z(x + y + 5) <=> ZL“-~ 2 —i
C}L' C_\C G



Clzmmg V: Mg?! $5 sdng tgo vi bit (Ting rhzic 969

(u+l7+c')(u3 +/J: +c"3)+3<1/we 511 +/2+c')(u3 +173 +(':)—-(:1: +/2‘: +02‘)c> 22
abn u/>0

<:> <13 + 11"‘ + ("J —i-Bubc 2 113]) +l73(" + ('11! + u3<" +/13:1 +0:/2

<:> (/2 + c — a)(c‘ + u —b)(u +1) — <') S u/21' (dng lhco b6 dé)

Bién déi vix su'd1_mg b§Ldéngth(1'c Cauchy —Sclzwarz ta c6:

(/)+("1—a): (¢'+z1~—/9): (a+/)q—<')Z :(.\':—1): +(_\~jI)2 +(;f1)2
(/,>+(')'+a3 ((*+a)'+lJ: (u+b)_+("3 -\'>+] .\"+1 3“+|

2[<.\--1) (,\--1)+<;-1>j’ (.\-+_\~+;.- )1

(xi +1) (_\-3 +1)+(;3 +1) (1-3 +_\~3 +13

+

L»;

+

+
DJ

. “ :"‘3 2 1 , ., 7
Ta chfrng minh:  2§@5(,\"+_\'+:—3)‘ 23(.\" +y“ +;")+9(x""+\'-+3-)+3 5

<:> 5(.\- + _v + ;)2 - 30(.\- + _\‘ + ;) + 45 z 3<.\-2 +_\~1 + 13+ 9

<:> T = (.\‘ + y + 1): — 15(.\' + _\" + 3) + 3(.\‘_\" + _\'; + _-_.\‘) + 18 2 O

Tu C61 T 2 (X + _\" + Z): -15(.\~+_\~+ ;) + <>(.\- + _\- + ;)+1s
= (.x+_\"+ ;)2 — 9(.\‘+v\"+ 1) + 18 = [(_\'+_\'+ 3) — 3][(.\'+_\~+;) —- 6] 2 O (dpcm)

' Clzzhzg minlz 6:

(UQX (/2+:')c1w ((+111)!) (a+{w)(' £2
(b+c)'+a" (c-+a)'+/7‘ (u+b)'+c" 3

Chuén héa (1 +b + C = 1, khi do béil ding thirc ma mam

’ (j—u)u (31-12)/2 (‘1—(')(' g
Zu'—Zu+l 2b'—'l/2+1 Z("—2('+l 3

su dung bé.1 dang lhtrc AM - GM ta cé:

2a(1_a)S(1+(1)' @261: _2a+l21_(l+a)' :(1—a)(a+3)
4 4 4

Suyra: (}—z1)u S 4(1—a)a 4-(1,,

2u‘—2c1+l (l—a)(a+3) (H-J

Tu"o*n<1tu: (,1_b)b £ 4!’ ; (,1_(')C S 4(“
“ 211--2/>+1 /1+3 2<~--2<-+1 <~+3

Céng thco vé ba b§ld5ngth{1'ct1"én suy ra ta chi cn chfrng minh:

_‘_1r;+i+;%r"_§§<:>_1_+_1_+_1_2i
a+3 b+3 (“+3 3 a+3 /7+3 (‘+3 I0



970 Czic bfli roan 00' nhiéu 1m" gun

Theo./41VI~GM 1 + *_+ K2 9 =9u+3 /5+3 <"+ (u+b+(')+9 10

Bait déng thtrc dU‘Q'C chtmg minh.Dé1ngthLrc xay ra <:> a =b = c >0.

' Clzlhzg minh 7: Chuén héa a + b + c =3. Bét ding thfrc {rd thimh

(3-2(1): (2-vb)’ (3-M’ 2
v 7+ ‘ '_ 1+ j W2"?

<3-u)"+w (3—b)'+b" <3-¢)"+¢~ >

@Z4c12—l2¢z+9Z§,:2 1 _S§
(~‘\"(-2(l2__6(1+9 5 ,_\.<.2z13—6cz+9 5

Nhén Xé[I"2l11’l° .1 sl— 2 (.\'—1)\‘I>(2,\'+1)(.\‘—l): 20. luén dlinv v.\-20.
25 °' C 2.\’3—6x+9’5

Su ra 7 1 + , 1 + , 1 §§—2( +b+c—3):§.(d cm)
Y 2a“—6a+9 2b'—6b+9 2<.-'—6c+9 5 25“ 5 P

Ma rging: Cho a, b. c > O. Chtrng minh réng:

_ 2 2 —
- 0

_ <:>(1E .

[0L(b+c)—a]1 +[0L(c+a)—b] +[OL(a+b)—c] >3(2a_1)7 FA/37—'B 3\@+Q5]
7 ’) 1 28 28

OL(b+(')' +02 OL(c+a)' +122 OL(a+b)' +c3 4OH'1

. l 1

B511 t02'an 9. Chimg mmh: (.x_w'+_\';+;\') %+aq+i1 22.V.\'._\',z2O (1)
(x+\")' (_y+:)_ (;+.\‘)' 4

(Iranian Mathematical Olympiad I996)

Ch zhzg minh

° Clzlhzg minh 1: B5 0'63: Cho céc 56 thuc Cl], (13. 41;, Al, A3. A; théa min diéu kién: '

1./1‘|+A32()§/42+/4320;/1.3+/"\|Z0.

2. Néu al Sai Sal hay a, Zal za, ma Aj 20 vc'>'i(1'|,i;,i;) =<1,2.3)

Ta (:6 bit ding thfrc Al(u; — (13): + A2(a; — a,)2 + A;(a] — a2)2 2 0

I,
, Y \ .. \ .\"\' _\':, IA‘ W > 9Apdgmg: (1)/:>L ' + " + J [ V+ 7+\'+; ;+\' x+_\' . .- , 7- _ -)- 4|_(.\+\) (\+~) (~+.\ J

+

__ 2 __ __ __QK _\- + 3»
Z 3) {I 117 +1 _\.; +[l _,_\- vi}

\-+1 g+.\' .\'+\' 2 L4 (\.+‘.)- 4 (\.+:)- L4 (Z+_\.)-

, ' \ ~Taco: '1 ' + *- -2:
5 1 ‘ 1

".—.'“ -\'—.\' _(\ \) (. \) ( )

_\‘+I. :.+.\' .\'+_\" Z Z(.\‘+_\‘)(.\‘+:,) 2(_v+:)(_\"+.\‘) 2(;+.\‘)(;+)')



Clzzmvzg Mgit .15 sdng mo 155! driizg I121;-"c 97 i

*1
;\_v

Vi

\.)
[____.

4;-..

.1} , 1 I )5

' _\") 1§__\" + 3}

1- —\ r—

\,
», = .

_ I / _

L

15
4»

vzf1y.(11) sé dxing néu ta chtrng minh du‘Q'c:

7 -1

(.\‘—:)“ <;—.\-)' (-1-1)" 7' (1-1): (1‘—:)2 <:—v>2

.1...

~ .~ - 7, ‘is 1: p“-
§ ' \: Y) ()7 ~-i (1, .1‘)1,'—" ~i=— \\+, 1*‘ _i

1 ’\+:) (1 1} (\+\} (1 ) I‘ '_ T-!-.\'

(‘\

(1+yn1+;>+11+;uy+11+(;+1u}+)1lS(x+,11+(,+:)1+<;+Xv

T " ‘__F Z I - :5 Z
I .

hay "-1. —L—-—1;‘+(:—.\") ‘Li +

¢*(

D511

.\_w" .\':) %——?—, +(\',.—\:\") 1+1,
1 1 1 >1

w 7 T
1

){<1+wHX+ (1+;y_ jr+:Nr+I) k+Xfj
_ _ 1 O+(X“.\') [ -$430 (-)

'- -' " I 1+1-‘_:2 1‘1_:"2
1»<-1.1-+.\*11»+-.>

+(1\'—1.1')2[ . 2 — 1 WGZLZ_(:,+X)(Z+_\') .(;\-+:_'\‘)__;

’7

1" (.1 + 1) ( .1" +1") )1 + 1.1- "

\ 2 1
CI] = yg, (1; = ;.\‘, (I3 : X)‘ va A] = a — 7 ;

.1" (.\'+ _\')(.\'+ 1) (_\-\1+_\-Z)"

- I 2A3: , — :A;= — 1

Xzic dinh Al + A. =

.1‘ (.\‘+1)(.\'+1') (_\~;+y.\‘)'”' ' I-’(:+'\')(:+.\') (:,r+:v)2
F

~ . . .2 . - .2 . -\ _ _-\+.\ - - - _ _+~_
1 .\‘\'+.\'; '"+

-\ -\ 1
2 Z 2\':(.\‘+I)+2\‘2(\'+f) Z(\“‘+\")+2( '+\'3):

P1

v<>-1, +11 = ---= ;
.\"(.\‘+;) \"(\‘+:) .\"\‘"(.\'+;)(\'+;) .\"‘\"“(.\"+") ' Z)

r
,-\

._¢

+

S11 dung bit déing thtrc .13 + )3‘ 2 .\‘_\'(.x + _v) v51 2(x2 + 1'2) 2 (x + )1): ta c6:

2 2 2.13-(.\'+,\~)+(.1-+_1-)2 1 (.\'+ _v)[2.\'_\" +(.\'+ _\*):]+ Z =x3(x+;) \'2(\'+;) .\'3v3(.\'+;)(_v+;) x3_\"3(.\'+;)(v+:,)

_. ~+ .-+1~1-1 ,. = ,. W (1 . ~ ' 1 1KethQ'pv0‘1(3)danto‘1/11+/432 , — 1+
( 1 ( J (1 1Q

(,1_w- + .1-1) + (.\_w~ + 11:)

*1

'1

.\‘ "

‘w

J
/\

L-

+
I

\_/

/-\

'/

+ !
\/

ti

I I
7 + 7

(XV + x;)' ( 1‘: + \'.\')_ J

_\':v\"(.\‘+;) _\‘+; 4“~+x= ' --+ 1- 3

1 1 1 1 1

ll

:[.\"\': (.\‘+ 1) + \".\'3 (Y + 1)]-

r.-__

>1

.+ J
3(_\'+;)' _\'"(;+.\")'l

12 L (1 1 _[ 1 1 (3)
1 \+_ \ (1 )1 L( ) (\~ H)

1



972 Ceic bdi main 06 nlziéu 101' gm!

___J

3'11‘; ;
‘ 1 I

‘L (\ J \“

J

J

13'" 5+3 "'(:+.\")_

L____.

— : + >0
""(.\"+:)' \‘.\'3(\'+;)_+|L.\'-Y: (.\‘+ 3) .\'3 (_\‘+:)_

Tu'0'ngtu'tz1 cé th€chL'1'ng minh A; + A; > O vil A; + A, > ().

Biiy giiv gia su .\' 2 y-2 :_ 2 () [hi (1, é (12 é (l}.

\ " ,

Dé-1 A1: 1, 2 _, 1 1 : \~
'_(.\'+3)(.\'+-Y) (_",+.\‘)'J \'3(\"+:)(\‘+.\')(Z.+.\‘)“

Ti1'.\"2 _\‘ 2 O suy ra 2(; + .\-)2 — (y + :)(_\‘ +1‘) 2 2(; + .\-)3 — (.\" + l)(,\‘ +1") = Z(.x + 3): >0

Dn tdi A3 > O. SL1" dgmg B3 dé ta Q6 dpcm.

' Clzzhlg minh 2:

Bi; (75: Cho czic 55 thuc CI|,C1Z. c1¢,.A1,A3,A;,thOa1nin Ciiéu kién:

Néu (1, Sal sag an A] 20,,/xi 20 \/Z1 (133143 +qfA: 20 .l<hid<3u1 cé bit dang lhU'C

Al(a3 —,u;)2 + A;(_a; —— (11): + A;(a1— £13): 2 O

/ip dglng: Khéng mil tfnh téng quzit_gi21 str x2 _\h 2 1 > 0.

_\"+:=2a .\'=—(z+12+c

D51 ; +.\'=2b <=> _v = a —/2 +1: :> c1.b.<' 151 d<f> dixi ba canh cua mét lam gizic.

.\'+v\"=2c' :,=u+/)—("

D0 3 2 \' Z .\' > 0 nén (1212 2('>O.B§td5ngthL'1‘C céin chtrng minht1'O'lhf1nh

(20/>+Zbc+Zca—al—b:—c2){—%+—-%+%j2%
\4c1‘ 4/2“ 4c“, 4

<:>(Zab+Zb('+Zccz—a3—b1—(':){%+%+%d29<:>Z(a1—lJ)3(l——%w2O
_u' 11' <"/ (‘.1 \”/7 (“,1

2 1 2 1 2 1 (

Dz_1tAl= — ,.A,: —,.A;= —,
bc 51‘ ' ca b" ab @-

Bt ding thL'1'c cn chirng minh <=> Al(b—c)1 + A3(c—a)2 + A3(a ~12): 20

D0 a2bZc>O vi b+c>a nén A120 v51 A3 20

Ta Chung minh 11’/43 +8/-xi 20 <=>1f +<-~‘ Zabc.

M51 b + c > a nén ta chi cn chtmg minh I93 +03 2 (b+(')bc <:> (b—c')3 (b+c) 2 O (dilng)

B2"1t ding thirc du'Q'c chimg minh. Ding thfrc xay ra <:> .\' : _\" = : hoéc .\' = _\‘. Z = O hoéc czic

hozin vi urong tmg.

Z(_'_+.\‘)_—(\"+;)(\"+.\') »



Chzrovzg V: 1\‘/[t 50' sting tgm 115 b('1t ring thzhr 973

° Cluhzg milzlz 3: B01 :2’? (b§11 déng 1h1'1'c Schur)

.\"' (.1‘— \")(.\‘— ;)+ 1"‘ ( 1‘-— \‘— .\‘)+ 3," (1 — .\‘)(; — 1") 20 . V1. 11:. r>()

A1p dgmg: Bién déi E1511 ding th1'1‘c thnh:

Z (4.15 1" — .14 1‘: — 3.1315 + .1” 1"; — 2.131‘: 1 + .1‘: 1'3 :3 ) 2 O

\\'”7

S1'1'd11ng bait déng th1'1'c Sclzur vdi r : 1 lu cé:

.\'(.\‘— _\*)(.\' — ;)+ _\"(A\" — :)(‘\' — .1") + :,(:, — .\‘)(: —— _\') Z O

Nhn hz1i vé c1'1a1 bit ding th1'1'c \'<'>'i 1111"; 1'21 khai trién chng thco czic téng déi x1'1'ng La

C61 Z(.\'41';—Z.1‘3\‘1;+_\'31‘3:2)2() (Z)
.\ \'I7I

M511 khzic, SL1‘ dgng b51c1:4.ng 1h1'1¢ AM - GM din 1<'>"i:

.15_\"-1-_\'"§;+;5.\‘Z,\'4_\‘3 +_\'“;3 +151‘: ,
:> ZU.\"v\'—.\'"v1"')+3(.\"’_\'—.1"‘_\"‘J20 (3)

< s \ 1 "4 I 1 \
.1" _\‘+_\~’ ;+:,31"2.1" _\" +_\“ 3‘ +11 .13 ~\-~1

ccmg <2) vdi <3) 11511 1o-1; Z(4.\-H-.1-£1-1 -3.1»~‘_\~~‘ + .1-*1-.-, - 2.1131; +1-1_\-1;1)z0
\\’lH

Clzzi j: ding lh1'1'c xziy ra khi vZ1ch1khi hozfic .1‘ = _\' I 1 > () h0§1c.1-= _v > O. ; = 0,

hozflc _\" = 3 > O. .\' :();h0zf1c 3 : .1‘ > O_ _\‘ = ()

' Cluhzg minlz 4: (Chfrng minh cua Marcin E. Kuczma, Warszziwa, Poland)

Khéng mil tfnh téng quai1.gi€'1 s1'1'.\' 2 _\" 2 1 > O.

1 1 '
D31 S:(_1_w'+_\";+;\‘)[ 3 + I + 1 Z‘

L(.1'+_\') (_\'+_,) (~+_1) J

A =(2.1"+ 2_\'— :)(x— :)(y— 1) + :(.1-+1‘):

, .

B=%»;1.1-+_\~-2:.)(11.1-+11_\~+2;)

C=(.1'+_\')(.\'+;)(_\-+3)

D =(.1'+ _\" + ;)(.1‘+ y — 2;) +.1'(_\"— ;)+ _\'(.\'— ;)+(.1'— 1‘):

E=%- ;(.1'+ _\')(.\‘+ )'+ 2;): (.\'+ _\'— 2I.)2

Ta c6: C3(4S—9):(.1"—_\')3{(.1"+_\")(A+B+C)+%(.1'+:)(_1'+:)D]+E



974 Ccic b£1it0a'n 00' nlnéu 10-1 gidi

:> c1(45-9)z0 :> 52%

° Chzhzg minh 5: (Vedula N.Murty, Andhra University. Visakhapatnam, India)
x

- ,\'“-“Z 1+-Y -\'+,\' \ . \' . . .,
Bat a = Lb: 11:? 3 <1. /7. c la dc) da1 ba canh cue. mQt tam g1ac.

L, L 1..

Khéng m§1tf11ht6ng quit gié. 511‘ 0 < :1 £ b i z';vdid1§u kién 11+/2 > c Suy 1'11:

2112 -11¢-<0< 21>: —ca 32¢-1 -41/1. Bién déi 1:51 dang 11.11-Q

(1) <=> bc(b -0); (Z113 —/91') +<'c1(c—cz)' (2/2: —¢-@1120 (Z)

+ Néu b : c thi (1) <=> ccz(c—z1): (J13 —c"a)2O luén dfmg

+ Néu b < c {hi 0- b >0. Ta c6: 2(.a3 +b3)2(z1+b): >c(c1+/7)

be — 2a3 ["0 I20 — Z112 ix"
I>2l72—C61>l7C—2(l2>O :> , <1:> ’» <

211' — ca at Z/2‘ — ca ac

Vi c—a2l (c—a)j 2c—a22 (c—a)i 2bc">bc|/bcw—2a3j

c—b (¢--5)‘ 0-/9 a (C-_[7)" ac u(‘\2b' —ca

:> bc(b—c): (2513 —bc')+ca(c—a): (2b2 —ca)>O

Ding thtrc xéy ra <:> .\'= y = 3 hozfac .1-=_v_;=0 hoéc cric hoén vi.

' Chzhzg minlz 6: Buc I: Chirng minh czic céng th1'Ic:

1. (p—a)(p—b)+(p—a)(p-b)+(p—a)(p—b)=4Rr+/‘Z; pg =Zbc'—4Rr-r2

1 1 1 (Z171): —l6Rr/23
2. W + + 7 : , , ,

cl‘ b" c‘ l6]rR“r‘

Thét véyz SL1‘ dung dinh 1)? Viéte cho phu‘o'ngt1"1nh:

1. p -0, p -12, p -1: 15 ba nghiém cua: X3 — pxz +(4R+ r)r.1'— pr: =0

:> (p—-a)(p—b)+(p—a)(p—b)+(p—a)(p—b)=4Rr+r2 :> pl =Zbc—4R!'—r2

Q»-

Q~>--

q--

2 - - - :1 ba nghiém CUZIZ 4pR»~1-~‘ - (pg +1-2 + 4R1->712 + 211.1 -1 = 0

1 1 1 L1 1 1): [1 1 1)2 —,+-;+—,= —+—+— -2 ——+—+—- =
a “- b ' c ' a b c ab be ca

p:+,_:+4R,.\2 2p _(Zbc‘)2—l6R2‘p2

_ 4pRr J 4pRr_ l6p3R3r3



Ch mmg V: J/[git $6 sling tgro vé b(';t Jrinng tlzlic 975
Bzmr 2: Chtrng minh: pl 216Rr~5/"Y P5‘)

' B5 _\"(.\‘—_\‘)(.\'—Z)+\'"(\'—;)(\‘—.\')+:"(;—.\')(;—\‘)2O Vx. v.1 >0 r > O

Chzhzg minh (’*‘).' D511 cz : _v + 3 :12 = 1 + x : z' I x + _\'

/.‘ ' 1 2 .' ' "+1 (Z-F I 5 .'1 {/1 Y _ '3 \:(*)<:>‘\+Q+ J 2l6_(\+;\)() A _:!.\_1 _5.]:’ U k

\ »_ 8\/_\:y:(_\'+ v\' + :1) 1_ \: ,\ + >\‘ + I (\ 1. V X + v\' + I J

(x + y + 3): (.\" + _\')(_\" + ;)(g + .\‘) Sn;
<—> 2 —

-1 .\‘+\~+:, -'1-(.\'+ \"+ 1)

\
<:> (.\-+_\~+;)‘ +5.\"y:24(_\-+_\~)(y+;)(;+x)

<:> .\'3 + _\'3 + :3 + 3.\'_\"; 2 _\‘; (_\" + 1) + :,\'(; + X) + X)-(_\' + _\‘)

<:> x(x— _y)(x— :)+ _y(_\~ — :,)(_\" —.\')+ :(: —x)(: — _\")2O (dpcm)

Ding thL'1'c xziy ra khi vii chi khi x = y : 1 <:> (1:11: c <2 AABC déu.

» \'+; ;+_\' .\'+ \-' \ A \, _,° Ap dguzg: Bat a= ' ;b= ;c=T' :\ Cl.b,('1€l dc) dal bu cz_1nh tam g1ac.

<1><:> Up~a><p-b>+(P-am-1»>+(P-@><p~b>](§+;+§)z§

b 3—l6R- 2 3

<=> (4R,-+r1) zg@(4Rr+»-1)~[(2/ac) —16RI‘p2:’Z36p2R3I‘:

<=> (4Rr+ H )'[(Z/DC) 1 —l6R/~(Zb¢-—4R:-— 1-1)]z36(Zb@-4R,--»~1)R1,-1

(Em 2 Zbc
<:> (4R+,-)~ j _4R(25R+I-)_-+4R(4R+»->(2sR+4,-) 20 <2)

ll / /-

- - bc , , _1-):m=Lb+bL“’=; .T£r B6 dé 1, 2 dfm 161; 122012-4»-. Ta cé::
I’ 7'

(2) <=> f(r)=(4R+r)r1 —4R(25R+r)r+4R(4R+r)(25R+44r)2()

f'(r)=2(4R+ ,~)1 —4R(25R+ 1-) > 0 V12 20R ~ 4r

:> hE1mf(x) giém trén [20R -4»~_+»<»)

:> f(¢)zf(20R-4,~)=4,~(R-2,-)2 20 (dpcm)

Bang mu-Q xéiy ra khi v51 chi khi AABC aéu ¢:> .\— = _\~ =



976 Czic bdi toxin c6 nlziéu lfrz gm:

° .1\/I0‘ rging I: Cho x. \". :_ >Olh0z1mZ1n Min(.\"._\".: ) 2-i—i\1ax(u.1>_<'). Chtmg minh:

(1)<:>

'- 1
1 1 1 \ 9 1 (A ‘-)

m+~;+_~;)i _+ \+ _2—‘— L1)(\W \ \ 1

§L(_\'+_\')‘ (_\"+;)_ (;_+_\")_J' V (.\‘+_\")'

¢JVJ

\' F .\_T _l___;

- 1-+»>’ 4

Ch lhzg minlz

>1 (.\"—_\‘):’_k _\- _3 5 (.\'—_\‘):

~12 ,~»2,r ;z 2 »

6 <_\w (X-+_\') <'\: ~\~ Z /_ my (.\'+ _\')_

~| w 1

(1)

<:> ZL(.\'— (8.\'+8v\'-101)

<:> T

1 1

.\ _\~ 3 _5:(.\‘+_\")(.\‘—_\')'+()"+:)(_\'—:)“+(:+_\‘)(:—.x')'
\'+; ;+.\" I\'+\" Z Z(\"+I.)(I.+.\')(.\‘+\") _

@;[<» t

:'\

;'/ , 5(:.—\")(I.—.\")

(.\"—_\")' 5 (.\‘—_\')' 1"’ 8 5

W ;2(_\-+;)(;+.\-)'1e;(_\-“)1 7' ') L(_\~+;)(;+.\-) (_\»+,,~)12O

J

,--_\-) s(.\-+‘\~)-10;—+1— 20

F’ 1

£11

<
<’\ \_

.\‘-F \'

;(_\-_ Y): Q0

\_/,

 4

—\

.\‘ + \'
- _1

a w w

3 W 5(\’—\‘)_(\‘—')_('—-Y)-: ;[(_\-- _»~) (s.\-+ 8)" - 101)} z 0."_\"j:i.'
Khéne mt tfnh téne uét Qié su" x 2 \f 2 : :> 1 Zix.- y q - . 4

T 1 '1 7

D3! ? =(3: +411 +8\‘)u‘ +(3;—5u—\')v‘ +(3; +411 —\')(u+1') —

T tr

T w '7 "
—2(3u +9v)u' +(—4u)\" +5u(u+\') —

_ 5u2v3(u+v)’

'_(2;+u+2\‘)(Z;+v)(Z;+u+\')

.\‘=:,+u+\'S4;2u+\'S3:. D511 té'i:

\ _ 5u:\'3(u+\')'

Z (O+u+Z\‘)(O+\')(O+u+\")

‘ , .51= ~ 10*3/4?‘-"41-12~»‘:10”_‘+19”_V+”v__§u\(u+\): u + u 1+3 ll \ + u\ 20 :>(dpCm)~

11+ Zr 11+ Zv

' M6‘ r_6ng 2: Cho .\'. _\". : > 0 LhOa min 1\4in(.\"._\".:) Z0cMax(u.b.c) 1 Ole [().1].

-\ I

ChL'1'ngminh:(x_\'+)":+:,\')[ 1 w+ I 1+ 1

( ) (\ ~) (~ \) 4 4~( \).x+_\" _'+*‘ -+.'“ M
x+_-‘

- Mo‘ rg3ng 3.- Cho .\-. _\-. ; > 0 v51 .\3' + _\-; + ;,\-z Max {.\-1._\~1.;1} . Chtrng minh:

( -\.\'+v"+;\')[ I + I + 1 £§+;Z:—i-="
A L(.\'+_\')(_\"+;) (__\'+;](;+.\') (;+.\')(.\‘+_\‘) 4 3m,\/(_\-+_\~)(_\-+3)



Clzzmvzg V: .v\/I43! $6 szing [gm W? hr?! ding thzit 977

§24.2. VF: MOT BAT DANG THUC THI TOAN QUOC TE

C/zzing m liéj) iz_u" p/lain 111'/1 mqji’ /1811' Ind/I I/11' ()/v\"m/air ("(5 /I/ziéu (‘dc/2 giui. ¢7c?_\" /'51 mg}! bdi
mzin mi’! Jdr /Jiél. mi ('0 lhé p/nil /riéu //zen (‘(1 /mi ("db/2 /zin/1 /zuc viz J41! .\"<§. Hm: 111711

rlzflz/2 /I/20' /1/1z?ng (‘dc/1 p/nil /91'é‘11 /</zcic 11/mu (715 /nfl 1215 (‘(5 11/zfmg /no rqing viz /dz" giui /16'!

szfc Jgp JG.

. \ \ . \ IBfxi tozin. Cho lam gizic ABC vdi dg dai ba cgmh 151 a. 11. c va cé disn u'ch la S.

Chtrng minh 1-sing: (13 +123 +(‘3 24\/.35 (1)

Ch z'rng minh

, I . .

° L0‘? gidi I: S = \/p(p—c1)(p—lJ)(])—<.')=2\;(/2+<'+u)(l>+(‘~u)(<*+u—/2)l'u+]9—c)

w ww #1 ‘aw:> 16$" I 2(_c1“/J“ +111." + c'u‘) — ((14 +121 + 0'!)

<1) <=> ((1: +/>1 +<~1): z3><1e>$1 =3[2(u11>1 +b3(-3 +(~1@1)-hr‘ +/>* +(-~‘J]

<:> 4[(a"‘ +1)‘ +(")—(c13l>3 +1930: +("3(13= [M3 —/>3 )3 +(1>3 —(': )2 +((‘3 ~11: VEZO

[3

[ sinC=§ '1 4 4 .4 2: $1,: v2.2L0_l_gl,(h_ 2: ab 45' +0 +b +¢ +2u 11 l-_c1( —_b_c_’:l
lmsczuz +123 -03 (I217: 40-31;:

lab

:> I653 = 2(a2b2 +11%": + 0202) — ((14 +124 + ('4)

Tir (14 + 124 + cl 2 412/12 + /1302 + czaz suy ra 1652 S (12122 + bzcz + (gal S (14 + /24 + (I4

:> ((11 + b2 + (2)2 = (14 +194 + ('4 + Z(uZbZ + /7202 +(“:c12)2 4852 :> (13 +1): +(‘3 24\/ES

- Liri gun‘ 3; sm C+c0sC= 2sin(C +30°) s 2

2 /2 \2

:> \5£gi)+£Li-S23 0' — cl‘ — /2“ + 4a/2 24\/3-5
ab Zab A

Tuo'ng tu" ta c6: bl — cl — a2 + 4ca 24\/§S ; :12 -122 — ('2 + 4120 24\/55

:> 4(ab + bc + ca) — ((12 + bl + cl) 2 l2\/5S

Mzjt khzic ab + bc" + ca S (13 + bl + cl :> l2\/5.5‘ £3(aZ +123 + cl)

- Ldi gm; 4.- <1) tu'Ung au-Qng vc'>'i (R + bl + ((12 +19 - 2abc0sC) 2 z ab sin c

<=>zI2—£lb(CO$C+ 3sinC)+b22O<:> f H : Q '- c0sC+\/§sinC Q +120

, (I11/IO 3 —Hu/zgary I961, Weitzenbock ’s irzequality) H



Q75;

.

\/1; m ()1 11111 tiring I111}? tlzi main qu(1c re

T;1c<'vA:(c0s(“+ \'K.“;si:1 —-l§(1 +31(c0\3 (‘+\'in3 (‘)--l=():»|/’1?—",2O‘T

' L1)'igirZi5: :13 +123 +<'3—~1\13S :41: +113 +(u3 +1): —Zu11co> C) — Z\'13u/rsinf

1 / 1

~ 1
KT —

: 'l(u—/71_ +-111171 I—c0s1 C-171120 :> u: +113 +03 2-K35
\ >v

1

1

.

° L0'i gidi 6.‘ S3 =p(_p—a](p—11)(p—(') =p\‘(p—a)(p—12)\(/>—1>}(/>—<"1\‘[p—<')(/>—<1)

(/>—u)+(/1-17) (p—~1>)+(/1—(1 (p—c)+(/1-0) p /;’(1+[7+(»\‘
é 11 ~ ’ ’< —=—u12<'§—1?i[

' w '> 1 8 8'\ 1 ,

(¢1+h+(~)4 <[(l3 +13 +13)(u3 +/>3 +<-3)]: ((13 +1>3 +1-31:
I _ I :> (dpcm)

1()><Z7 l6><27 . 16><3

' L01 girii 7." -1\/13.8‘ =4\ 3\1/2(/1—u)(/>—17)(/2-0) 3-1\ _“\p\_\V
\

— — —————-—-—-— — ‘F1/>—u)+(1—/>)+( 1-0)?

4/13 :(u+11+¢‘)3 <11: +13 +l31(u3 +123 +<‘31:u:+/7: +(_:

'\ -a w

J J J

' L()'i gidi 8: Dial (1: V\' + 1112 = 1 + .\';c = .\‘+ _\" \O'i .\‘, _\'. 1 > O khi £16

1 ~ 1 ‘\> 1

(1: +12: +0: 1 :1(\"+:,)' + ;+.\')_ +  \"+ \" 216(\":+:,\‘+.\‘\')’ 2
1

16.3(.\"_\‘._\‘: + _\':.:.\‘ + x_\'.)‘:) = 1-18,\"_\‘: (X + _\' + 3) = 48$: :> (dpcm 1.

., ~
,€_i—l—i—-—

' L()‘igi(1i9.' B0 J5: m/1 +111) +/>111 2 \/311111/>(121+lz+ 12) V111. II. p > O

Apdglng:df1tp—z1=.\'./2—1J=)'_p-—('=; :> p=.\'+‘\'+;

(1: +1): + cl 2 c111 + 12¢‘ + ("(1 = (\' + :,)(:_ +.\’) +1: + .\')(.\‘ + Y) + (.\' + \')(\" + 1) 2

\13(.\‘+_\')(_\'+ j_)(:,+.\')[(.\+ _\"\+(_\'+ :f)+(:+.\')] Z

; 7 F; 1:‘ , ,’— _

\‘3>< Z\/.\'_\‘ >< ?.\ \'_' >< Z\./ :,\- >< Z<.\' + _\" + 3) = —¥\/3.\'_\'Z(.\ + ‘\' + 3,) 1 -R 3.3

° l;()‘igi(ii1().' B0176‘ 81/1— (1)1/> —11)(L/2 ~ <") S zz1n".T/11?! \'¢_i_\":

8(p — c1)(])—12)(_p— ('9 I Z\1(/7—u)(p—15><Z\1(p—12')(/>—z'1><Z\/(p—(')(/1-(1)

£ [(11 — u) + (p —12)] ><[Lp — 1)) + (p — c)]>< [(p — L‘) + (p — u)] 2 ulu"

Ap dgmg: ><

DJ

J (413 +121 +c3)=(l3 +13 +l31(u3 +123 +¢'31S(u+1)+c)2
1 X

1 ((13 +113 +031" Z(3{ uzblvz 1270311303

:> (us +1>: + 03): Z 3(11>(‘(u +1) + L‘) 2 -18/>(;> —u)(_p—1>)(p— ('1) = 48$:



(,‘lzm;'ng Y: 3143! sting rqm M5 121?} dring tluir ‘ '9

.1.»

, -\
S

/

* L<"}'i gizii 1'1: 13131123." sin A + sin B + sin C S 4%

J

» I 1 ‘ 9
Ap dung: + -+ 1 2 Z ZN 3

1s1nA sinb’ sinC s1nA+.s1nB

' I L + 2 -L 12 ~--~I~_-Sw 2 iv 35(1: + />3 +1‘: 2 (1/2 + hp + ('11: ZS: ---~ '

+811

\. 25 X 9 _

» ~_sinA sinB sinC,* sinA+sinB+sinC

° Lr}'i giiii I2: B6 sin A + sin B + sin C S

QJ

J4\
WW

.»{p dgmg: z1+ /2 +1": ZR(sinA + sinB + sinC) S 3\/3R

9a/2<' 9a/>0 /3
((1: + /2: + <':Hu + /2 + 1") 2 9u[n" :> <13 + /2: + ('3 2 ——— 2——_ :4-\’_>S

u+h+v

DJ

-<2
Lu

E

' Lfri gizii I3: Khéng mfit Linh liing qul. gin sL'1‘<12/224' Q11/>2 ac 2 /><'

IS ZS ZS
<:> %—2——2— <:> sinA 2 sinB 2 sin(‘

sin C sin B sin A

I I _ 5 (1/7 2:102 '/n
Su‘ dung bat ding lhuc hoan vi cho hzu day don d1¢u § I21 (.6

is1nA 2 sin BZSIH C

(1/>sinA + c1¢"sinC + l2<"sinB 2 ul>sinC + u<"sinB + /7¢‘sin:\

absinb’ + ucsin/X + [n"sinC 2 cl/2sinC + uvsinb’ + lu*sinA

:> ((112 + 110+ l2c)(sinA + sinB + sinC) 2 3(_u/>sinC + u<'.<inB + />('sinA).= 18$

W3:> (<13 +/>3 +('3)%218$ :> (1: +[23 +('3 2~l\/33

- L02‘ giiii 14; Ba‘ aé; cot/A + co1B + C0lC 2 \/3

zip dung: lhco dinh I)‘ Cosine trong tum gizic tu Q6

‘QR =/>1 +21 - ZI2<-c0sA:/23 +2-I -4s¢<>i A
1 W 1 3 '8

+< 12' Ia" +41‘ —Zc'c1c0sB=(" +11‘ —-150018

iv: =41: +123 - 2(I[7COSC=LI2 +123 —'-1S COIC

:> uz + /:2 + 02 = 4S(c01A + cotB + c0tC) 2 4\’§S

' L(>*igi1iiI5: r:(/>-41)tan%=(p—b)u1n€i=(p—("Mung

:> r-‘ = (p — a)( p — /2)(p — c) tan Q tan ~75 tan g
. 2 ‘IS _S ,, A, B C __ A Q Q43> T): -7I2.n€tan5tan?<=>1-ptan 2[Z1I1 ZIHH 2

A B , A , B , C A B C 1Ta cé l=Zian—lan—23~‘/tan"—tan-—tan"— :> tan—tan—tan—S——
2 2 \ 2 2 2 2 2 2 3\/5



980 V5 mg7t [nit (hing 1/1121’ thi main qzuic té

. _ ~ 1, 1 4 7 P ~ 1

:>u“ +17" +1" Zjm +l)+(')' =—/2' =-l\/3/1‘ ><i,_Z
5 3 3\/3

w A B C T‘ .

2 -Lv’€;,1- tan 5 tan 7 tan 7 : 4\/5])!‘ =_ -N35

.. b+<'—u (‘+Ll—17 u+/2—<*' L0'z gmz I6: D51 .\*= ;_\‘= ::= :> S : \/.\"_\":(.\"+ >\"+ 3)

cl: +123 +0: =(.\‘+_\"): +(_\'+ 5,): +(;+.\‘): Z4(.\‘_\'+ _\‘:,+ ix) (Z)

Ta C6: 4(.\3" + _\':, + :_\') 2 4»/BS <-_—> .\')‘ + _\"; + :32 ‘/3.\"_\~;(x + _\‘ + 3)

1 1“
<=> (.\3'+_\‘;+;\‘)' —3.\)";(.\"+_\"+:,)2O <=> — (.\3‘—_\':)' +(_\':—;\')_ +(;\'~.\_\‘)__l2() (3)

J

J__.

Ft

J

D0 (3) dling nén(_Z)cC1ng dflng. Vi véy (13 +123 +03 24\/BS

° L()7' gizii I7: Xét tam gizic ABC. Gqi M IZ1 trung diém BC.

Ké dubng cao AH _L BC. Tu cé: a3 +/23 +03 = BC: + AB: + AC3

. . I 35 1 ~ A
=BC" +2AM" +¥z-f_+2A1+

{B 1 .
z 2 ¥~2AH" =2\/§BC.AH=4\/§S

\ - . .. . 2. B H \/I C
° L01 gun 18: Dung tam glzic deu AB,C sao cho ’

B. B1 O" cimg mél phfa déi \'c'>'i AC. SLY dung dinh /; F,»

/my/ +
h

1)? Cosine cho tam gizic AB,C 1:1 cé ///
I/I x

BB‘: : BA: + B,/+6 - 2BA.B,Ac0sLBAB, " I Z B (

2 bl + 02 — Zbccos |A — 6O“\ \‘
:1): + H - 21>c(c0sAc0s6()° + sinAsin60") B;

[21

=12: + cl — %(b2 + 03 — (12) — \/gbcsin/\ =5: (<13 +/73 +('3 ) ——4\/BS1

Do BB1: 20 suy1‘a%[(a3 +123 +(>3)—4\/g5} 2 O :> (13 +123 +03 24\/BS
\

. < YB *~~~ *~

° Léi girii I9: Dung czic tam gizic déu ACB1. B ,_,/_/_/W; _ \_, \
\. U \ \ .

ABC1 sao cho B, B1 ov cimg mét pm déi vé'i \-\\. ‘\-:-
,_ ‘. ‘(>1

AC Va c. c, o cimg n1(}tbb‘d61 vo‘1 AB. ‘=
h

GQiO;,O31§1Lm CUZ1 czic tum gizic aéu ACB, Va BC,

Bl



Chu'0'ng V: Jlgit $5 szing tqm H5 bib‘ ling th 121‘ “)8 l

Xél lam giaic O_»AO= la cé

AC 1 AB - \

OIA = _:m = —’_; (LA =4? :‘—_ \'Z\ .4();A(). I 4 - 60°:
Zsln 60° ‘H3 ' Zsm 60° \/3 ' '

1

= ' -\ w 3 ‘I(10? =—(!>3 +('3)—ZO;A.();A.cos§A—60°i =%(/r +<-")—£(cosAc0s6O°+sinAsin6()°)
3 \

'J~I

,* ~ . - ,— \
2/7('; 7- (--- - 3 , V ~

\ - ,

‘u 1 , ‘ / 1 1 _ 3 . ,0&0: :-(/>- +¢-~)-_: Lix-+$§1nA }=_(u- +1>- +¢-~ -4\/35)
2 2 v/H * " 6

DO 01031 20 suy ra HM +111 +<-1)-4N/.35] 2 0 :> <11 +/>1%+¢-1 246$
3

/ \./' \
‘ \3n~*

- L61‘ gitii 20.- /;\l b/// \\\\
D 0-’, *5‘ O

‘ ‘h B B Z/ ~\\C\\\

Linc dln CILIC um ] S110 (, O .

OI dcimg
,_ 0,

min phla J01 \'o'1 AC \*u '

4 0,/ac = 4 O,CA = 30". Gqi 1 1:1 lm.
. /‘\!\\\\_ A

duvng lrm néi liép cuu tam Qizic ABC. /I - ‘ \ '
7\\\_\

Xét tam gi£'1cIAO|:lA =

10,3 :1/A3 +O,A1 —2IA.O,A.c0sAlAO1=L—+————ic0s —-—30°

(p—u)2 +!i_2(p—u)/i
/’<;— '

p — /2 A 1  \///
- 0,A=¢; AlA0,:;——30°\ ‘>1

cos V3 E2 l

FJLQ

-11): 123 Z(p—c1)l2 'A

- cos: 3 \/gcos 2 1

Q2.

6
O

I/Y

A
—c0s 30° + sin —/isin 30°)

1 11) 3 X/3 COS 2 2 /
In -

(p — u)l>(' /1: (p — (1)17 A:+i+——(/)—<1)/)—l—><I£1n—
/> 3 \/E '7

/>7 ~ iI?/7

:1€;[6('(/J +('—-:1) + Zl2(u +/> +(') —-3(/J + c'+ u)(/)+ (’—u) —4\/3prl
_p

JD»

3<'(p—u)+ />11—3p(/2—u)—\/3p(p—u)tz1n~!

— -1

= #0303 + 303 -123 + 2:1/2 + 2/20 — (mc — 2 O.Su)'rz1:
¢_p

3:13

+ 3a:

3/23

+ 3<-1 - 1% + 251/; + 2b<~ - at 2 4&5
+ 3b: - (:2 + 2“ + 211¢-- 6:112 2 4\Es
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-Ca¢119.- B5 - —~ -‘“+‘_'“"‘ " "_‘ "‘+“"

,____,

r\

+
I\

_.

u+b::>O

\+\ \ ..-\>() :> (1:i——@ 1/2% 1 c=—'i
. 2 ,) 7

, , ; ; , , \ \‘+;—.\' ;+.\(—\" x+\'—: 3
Khl do bat dang thuc t1"o' thanh ' + ' + ' 2 —

Bx 2v Z: I.’

\' .. 3 x x \' ,, , /\" N \, x x \'
<:>T-'—+—+——+—+—+'—23+J=6.Ta co: T26.r>‘—~—-—'—-—-'—=6

.\‘ .\' _\‘ _\" 3 1 \.\‘ x \' \"

' Cziclz 10: GQi vé trzii bit déillg thirc cn chtrng minh 121 T.



CI1 In/rzg V: A/[(31 $5 szinlg tgm vé b('§t (7511g tlzzic 981)

/7 c <1
_ r‘ u /2D5111’: i+%+—— ;Q= —~—+—-—+~+ :>P+Q=3\‘z1

/1+0 ('+u u+/2 />+(" ('+u 11+/'2

1 11+/7+/J+("+('+u>, _/11+/9 /7+0 ('+u X»: __)-.\I - » :_
/)+r' ('+u u+b 14/9+0 ('+u 11+/2

2:.

+
“ta

I

u+(' /2+0 <'+/> ,1a+(' />+u 0+/1
/7+1" ('+(l 11+/2 \'/2+c' <"+c/ a+[>

3:> 2T+(P+Q)=2T+3 2 3+3 2 T2:
, ' . _ l b 1 ' 1CUCIZ II.

Theo b5mdémg1h(rcAM- GM, med; 523:/(L+l)(L+i)(_"_+l)
\/>+<' Z (.'+(1 Z 11+!) Z

Ta chi cn chtrnq minh: (i+i){i+i)(#—+i)21
“' /2+0 Z (“+0 Z 41+/2 Z

<:>(Ba+/2+c)(2[2+c‘+a)(2("+<1+12)28(cl+b)(l>+c*)(("+u)

Theo AM - GM: 20 +19 +0 = (a +12) + (u + 0) 2 Z\/((1 +b)(u + cr)

Liim tuvng Igr vdi 2 bit ding thirc cbn lai réi nhn thco vé ta c6 dpcm.

- cam 12.- (1)55=(L+1)+(L+1)+(L+1)22
b+c (‘+11 11+‘/7 Z

su dung b§ld§1ngthf1‘C AM- GM 111 cé 5 2 31/ — a k
\1\1)+c c+a a+b

T21 chi cim chfrng minh
I

- 2

3£L+lj[L+l)K;+1j2 —) ':>8(a+b+c)'1 227(a+b)(b+c)(c+a)b+c c+a a+b 2

Theo AM - GM: sm +11 + C)‘ = [(51 +11) + <b+¢») + (C +a)]3 2 27(a +b)(b+ @)<@+ (1).

, -
~ \ -\'+\'+Z' Caclz13:Da1.\‘=i—,_\~=i.:=—% va S=——'—

Z2+c (‘+0 u+b 3

Ta C6 L+il~ + =2 hay xv + \-3 + :,\"+ 2.\‘\‘: =1. Tu cn chirng minh S El.l+.\- l+\‘ 1+; ' ' ‘ ' 2

Theo/{M-GM, mo; 1=.;\-+_\~;+;\-+21;-;s351 +25‘ »=>(2s-1)(s+1)’ 203.92%

'CzichI4: D€1t.\‘=i.\‘=i.'=—Ltac6 —L+L+L=Z (*)
' b+c"' (‘+0 \' (1+b l+.x' l+_\‘ 1+;

. 3 3 , ,Ta cén chirng mmh .\"+ _\‘ + 1 2 Thét \*2_“1y. gm su" .\'+ V\" + 3, < K. khl C16 thco bél déng

thtrc AM-GMthi 1 + 1 + 1 2 3 2 9 > 9 =2.l+x l+_\" 1+; .=/(1+_\.)(1+\.)(1+:) 3+.\‘+_y+; 3+3
' 2

T+Q: + + 23-‘-‘ - - :3
1
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‘a

,
_ .

5

Bat dfmg Lhuc nay muu lhuan \'0'1(‘=‘) ncn dleu gm .\u' .\' + _\' + 1 < : la szu.

3 u /'1 4<' 3

\"@}' .\-+_\~+:2—<::-’+~—+——2~—.
Z ./v+<‘ <"+u u+b Z

° Czich15: D511 .\'-IQ 1 ‘:15 1 3. =i:>.\‘\‘:,=1.Khid(\
r u /1

. \ _ # .. ~ k

(H <:>——'\4++—+—‘—'—23 <:>Z(.\"\"+ \"':+:_'.\')2.\'* ‘.~‘-:~‘—.\‘\"+ \":+j,\'.

1+ :,\ 1 + .\"_\" 1+ _\': Z ' ' '
'

Theo bit ding thtrc AM -GM ta Q6

. w . _\"\‘+.\"'+'T.' ~'-,+ ~“—,+_~~ _-1+-">+ ~'—_
_\ _ \ \_ \ _ \ \ \ x \ \_

.\‘ \"+\" 3+; .\‘=' +' ' '+ ‘

1
1

J 3 v

21/.\“\'\'::,: +{/.\‘:_\“":_3 +14/;:_\'3;'\ =.\‘+ _\" + 1.

Tudng tu ta (:6: xi)‘ + )3; + :_3.\' Z .\'y + _\~:, + :,\* . Céng hui ht ding thtrc irén ta duqc dpcm.

I 3

'CdchI6: —il~+—7——+;—2— <:>ZZu(u+l1H¢1+<‘)23(u+/>)(.l1+<*)(('+c1)
/1+0 (“+11 0+/2 Z M

<=> Z(u: +113 + ("B ) Zulu +17) +/v<"(/2+<*) +('u((‘+ :1). SU‘ dung All — GA"! 1uc(\1

2&1" +1>‘):Z(¢z +l2)(u: +11: 4ul2)2Z(u +/2)(Za/1;(1/1):Z<:/v(¢z+/2) ::»(dpcm)

' Céch I7: Tu sé chfrng minh dqi dién

/FT Pi ri‘ "1" —-

" _z§ if ‘L -T :, 2(\/<1“ +v1>-‘ +w~‘ )z?»W</>+m . ThcoA.~VI- GM1ucé

b+( “ \/u’ +\/I2“ +\/c‘

Z(\/(13 + \/123 +\/¢-7‘):(\/41" + \/hi‘ +\/II>3)+(\/11‘ + \/Av‘ +\/(5)23/>\>;;+3z"\/£1.

. (1 17 (' 3 \/:IT+\[l;'T+v/,0? 3

Veg}-'7 + +1 '2—- ,__ __ =‘§ (dpcm).

I>+c‘ ¢'+u u+l7 2 \‘/U3 +\/1,7‘ +,¢(.-‘ -

' Cdch I8: Din .\'=5.)" =11. Khéng mil tfnh léng quill gid su" u 2l>2.r-:> x2 _\" Z1

.
c- <-

(1)<:>-i-+—+\—+——l—2i.ThcoAM-GMu1céy+l .\‘+1 .\'+_\‘ Z

""+l+"\~+122:> "“ + '\_ 22- 1 — 1

\'+1 ,\"+1 \‘+l .\+1 .\'+1 \'+l
\

Ta chi czin chirng minh: 2 -—l— —’1—+—l—2%
.\‘+l \‘+1 .\‘+\' _

<:>_1__71721 1 4\'~—l 2 _, _\'—l

Z )'+l _\'+1 .\‘+_\" Z(_\‘+1) (_\'+U(_\'+_\")

B£‘1tdz;1ngth'(1'cn{1yluén dfmg vi .\-Z _\'21 :> _\"— 120 \'Z1 Z(_\‘+1\)S(.\' + l)(.\‘ + _\").
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' Céch I9: LZ1m nhucriclz I8.1a cn chtrng minh i_+L+; 3 vdi X 2 \- Z L
.\-+I .\<+1 .\-+_\~ 2 '

__: _: 2
D231 A = .\"+ _\' vix B = .\'_\'. bél déng thirc urong du"o'ng vé'i 2 $-

(.\'+l)(_\'+l) ,\‘+_\' Z

A" -2B A 1 3 _ _hay 3+-><=>2A*-A~-A+2zB<7A-2;
A+ B+l A Z -

Dé )7" ring 7A—Z > O vii A3 24B_ $L|y1'z1tachic2‘1n chfrng minh
4<2A‘ —A3 —A+2)2 A3(7A¥2) ¢> (A—2)3(A+2)2() luén dng :>(dpcm)

° Czich 20: Sir dung b§tdf1ngth(1'c AM — GM u + + 2 3>\‘|/:13!’EC);

kn

ru4.

JJ

V

:(a+/2+6);2%¢l(l>+¢~):3;/(u+l2+c)3_ T \/e—b+"<:.> " >3‘/g “V;u 1. _ - 3
u :+- A_. 2

L \/(a+l2+c)

. ll b C 3\/3 m/Z + b\/Z + (‘\/ZVgay + + 2 . | .
- - k .1b+c ( +a a+b V/(a+b+(,)

Chun héa u +l2+ r" =3. Ta cn chvlrng minh a\/:7 +b\/E + z\/c 23
/~* -—

. u\/z1+u\/'u+l23u
Theo AM — GA/I, la 06: b\/Z + [>\/‘fl; +12 3/) :> u\/Z + /7\/Z + <'\/F 2 3 (dpcm)

/_ /_'
(‘\/c‘ +('\/0 +12 36

' Cdclz 21: SL1‘ dung bit déng lhirc AM— GM, la Q6

. , 1+ - 8 I2 +(1+-)>v,/°<1+-)<=><? +1+-)->8~.’ ‘.~> ” > ”a>¢___u)c _a2<_a _ ,
a b+<' (2a+b+c)'

I If _1

Til‘ d6 lu chtrng minh duqc VT(l) 2 8” , + 8) , + 86 _

(2a+b+c)‘ (_2b+c+u)' (2c+a+b)'
Kh6ngmz§l1inht<‘>ng quail gié str a +b+ c = 3. khi dd ta chi cn chimg minh

a2 bl ('3 3 :12 1 3 ",+ ,+ ,2 .Béy1<%~mg 1-,z—+~(a-1) <_*)(a+3)‘ (b+3)‘ (c+3)“ 16 (a+3)‘ 16 32

3 '7

Thf1l\"$y. (*) ':>;(a—l)'(c1—3) SO luén dimg vi ()<a <3.

Tr</mg (“'") {hay (1 ln luql bO'i b,c r6i céng thco vé czic bit ding lhirc la duqc

1 11 -3 3 3 3 3

G ,+ J L,+ C ,2 + (a+/J+C—3)=—.(dpcm)
(a+3)" (b+3)' (c+3)‘ 16 32 I6

' Czich 22: Khfmg mfil tfnh léng quzil_ gia sir 1121221‘. Tu sé chirng minh

11+!) + (‘ >12 + (' + u‘(;;;)
b+(‘ (+11 a+/>_l2+(' ('+u a+l2
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Thélvéy(#)¢¢£L1QH+§;;Q4NQ11i2()
/7+1" ("+11 11+!)

Vi 112/120 nén “—/'72”_b \'E1 (_“2(_u suy 1'21

l>+(* (1+(' 11+!) 11+1'

(1—b+b—("+(“—11>u—/9+/v—(*+("—(1 (1—b+b-("+1"-11
_ = =().tL'rc lZ1(*)c'iL’111g.

/)+'(“ ('+(l (I+l7 (I+(' ('-FL! (l+(' (1+('

211 2/J 21" (1+l2 /7+(‘ (‘+11 <“11+/1 /7+1" (‘+11 ~

Ttrdé + + ’ 2 + + 23;] '>< 3 >< -=3 (dpcm)
/7+(‘ ("+11 (l+/J /1+1" 1'+(1 11+/2 l>+(' (‘+11 ((+12

--ca¢1123.- B5 aé .- l . V11/>.(~> 0:115 1“;

3 K 3 1

Clzziwg minlz: Sir dung bit dring lh(rc AM — GM, ta c6:

r 3 +l+-” ’ +l+~"""'” - +l+-11"+(/z—1)(L3i() 2/1~"(1" ”i7——L :11@—[) 11

8 K I w

1

n+1

n 1 _,n1.1 I 1 1| 1

+ ;,~+(,,_1)(%+;L) 2,,.~;,~ Mg ZNQQ) 1,

\ _ » w

T

+[ 1| f +l7+ _‘r111|—|‘ +1 11+]

(>”+(”_1)((1 Z’ 1) 2”.~(_~ 11 1 :”((1 Q 1)
_ K _ /

7

:>((1" +l>” +1-")z»1(@5i)” I ((1 +lv+(.')—3(11—1)(%i)I' =3(l[37i-p~5;)I]
3 . .

zip dgmg: Khéng n1llinl116ng quail gin su' 11+b+(': 1. S\'1‘dL_1ng AM — GM, ta cé

(2—2(1)(l+11)(1+(1)SUq 2”) (a +a)j =
>

_— +1+G1 W % ;
3 27 -

27 . 2 . 2 .

D0 do _“-z_1¢(1+11>-. Tu'o'ng ((1 izl/111+/>>-.#zl1~(1+1->- . Ttr (16 -

1—(1 32 l—b 32 l—(‘ 32 3

I 27 , ~_ . . 1 1

VT(l):Yi(7+I—)7+1—(?23—7[((13+l2 +1" )+2((1‘+12‘+(.")+((1+b+(*)l2%. :

' Ceich 24: Khéng rnét tfnh téng quail gizi su" (1+b+(>=1. Khi d6 0<a,b.("<I. Theo 3‘

céng thtrc cp $5 nhn lili v6 han ta cé

VT(1)

5

-v-DO +0:

:T£Z+T2E+T£:: ”+Zp”+§¥=

Sir dung b6 aé <;»- cziclz 23 111 an-91¢

i[\/1%‘

' Czich 25: Khéng mt Linh téng quzit. gia' sir (1 +1) + 1': 1. Tru‘é'c hét ta sé chfrng mmh

(a” +1)" +1-")z3Z(—,—) =
1 3

11= ' 1

-X1 1| *+b+C

(1 + be 1) + ("(1 (' + 11/)
T = ——— +——— + ——— 2 2. su~ dung k§'thL1é1t(i6ng bzjc trong AM - GM, ta cé

b+c c+u a+b

11:! n=l

\J.)

lP42

1

ll ,,

(5) :~‘-iii
'1J

111%

II II I1+b + 1: )

:>(dpcm)



Clzuvfng V: 3147! $6’ sling tgm 1'5 bfit (717)/lg tlzzic 993
T (r/+b)(u+<') (b+(;)(\/)+u) +(c+u)(c+/J) 2 (a+/))+(b+(_)+((_+.a) 2

b+c' (+11 61+!)
. , ; .. ; , , .4 -\'\' -\'+\‘ .. . ,Tu" do. ket hqp \‘0‘1 bat dang thut quen blet L" 3 vo'1 m<_>| .\'. _\' 2 O . ta co

.\:+ \‘ '

/ ' I" ' I 1 3U + ) + K 22- K — L” — (U 2Z-—~[(/2+c)+(<"+a)+((1-i-19)]:-
/>+(' (‘+51 51+/2 /2+0 <'+(1 61+/2 4 Z

' Cziclz 26: Su' dung btdi/u1gthL'1'c qucn biét (.\'+ _\" + 1): 2 3(.\‘_\‘ + _\‘; + :,\‘) ta cé

( U 1; (» )‘23} ab [M (u
/1+0 ¢'+(l 61+/71 L(b+<-)(¢'+u) (z‘+(1)(a+/2) (r1+l2)(/>+(j)J

Suy ra bit ding th[rc C15 cho IE1 dng néu ta chtrng minh dutyc bfit dfmg th{1'c mgnh hon IE1

__._____J

' ab bc ca 3+ + 2 —
(_b+c')(c+u) (c'+u)(a+b) (a+l7)(b+c) 4

<=> 4[ab(a + b)‘+ l>c(/9 + c) + c'(1(c + 0)] 2 3((z + b)(/2 + <')(<' + (1)

Kh6ngm§1l11'nh \<"5ng quél gizi su" (1 +b+c = 1. bit ding thtrc 1rO' lhimh
4[ab(1— <') +l)c‘(l — (I) + c(1(1—b)]2 3(l — (l)(,1—/2)(l— C)

1 I 1 9
<:> (1/2 +/10+ c612 9a/Jc" <.=> — + — +— 2G

(1 /2 G u+l)+c'
Bél déng thirc cuéi luén dimg lhco A1VI- G411 vi ta c6diéuphaichL'1'ng minh.

- cam 27; su dung bér aang mu-C AM - GM, ta cé

(1 a 1 5 <13 9a 9:1_-+%+- 2» 1 = 2l2+c /2+4‘ 2 Z(_/2+0)‘ 3Q/Za(/)+c)(b+(') 2(a+b+t)
Tu'o'ng tu la chtrng minh du'Q'c

-

b /9 I 9/) c <' 1 9c+ +— Z V11 + +—EMc+a c+a 2 2((l-f-I)-i-(.') a+l2 a+b 2 2(a+b+c)
, , , " 9 3Céng theo vé bu bé1d€1ngth£1'cl1"én cho 111 2VT(1) +% 2 3 <=> VT(1) 2 3.

' Ca’ch 28: Khéng n1§1ltfI1l1l6ng quilt. gick su" a +b+(' = 3.

su dung brim dang um AM - GM, m C6
Z R 3 3a Za Zn cz a (l\/Z, = 2 : = :> 2

(3-HY 251(3)-(l)(3-fl) [2a+(3—a)+(3—a)]‘ 4 3~fl 2

3

\/>+b\/5+ \/—Tu'0'ngtu'vi1suyra VT(1)= a + b + C Za a C C25.
3—a 3—b 3-6 2 2

- '19.-.‘;'<1h'-a-11 "Qd"<.Z""' iiCacz2 B"1td"m_t uc AC 0 tuonb uonp \o1g(b+(_ +g(a+h)(u+(_)

su dung bE§ldél1g[h(l'C AM - GM, la cé
~\(;I)A+l2i;(L)1+l2.L;_L)1+i2_i;

b+c 4 b+c' 0+0 4 c+(1 a+lJ 4 ((+1)
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Y

w -

Ta Chl can chung mmh 241- + Y‘—1'—“[L—~25
W -17+? f'\f.‘(u+1>)(u+(“)

<:>Zu(u+b)(u +(’)+Z2[J('(1J+6’)Z3((l+[7)([7+(')(£'+(l)<=>(IR +173 +1"; 23ub(‘
U

B51 démg lhirc cuéi 1u6n dng lhco AM — GM \"z1Lz1c(>dpcm.

3.Nl16n1 3: SL'rd1_1ng céc bit ding thnic c6 Ciién khéc

° Czich 30: SL1‘ dgmg bait ding thtrc CBS ta Q6

, ‘I 1 ' \: w

[LN/>+r')+/>(<'+zl)+r'(u +/UH —Ll——+—)+(l !Z(u+/)+¢’)'
\/2+0 <'+u 0+/7‘

(I 12 (' ((1 +11 + (‘)3 3(c1/9 + hr‘ + ('0) 3

:> + + 2 2 :-
l2+<" <‘+u (l+/1 u(l>+(')+/>(("+u)+c(u+/2) Z(u/7+/2c'+('u) Z

C
.1.)

' Ccich 31: Khéng 1n§1tlfx1l11611g quz'1l.gia str (1.b.c€ ( .. ) \"Z1 a +l>+c =3.
w

q u a
Kh1d0tz1c0(a—l)‘ 2O<:>a+1Zu(3—(1)<:>f——2——3-0 cz +1

I) I22 c ('2
Tuong tu 2 1 2

3—l> /2+1 3-0 (‘+1
C<"_>ng lhco vé bu bit déng 1hL'1'c trén \'Z1 six‘ dung bin démg tlu'1'c CBS ta du"Q'c

VT“): (1 b 0 (13 +11: +1.‘: 2((1+l>+('): :5.
3-41 3-11 3-0 0+1 b+1 ("+1 11+/2+<"+3 Z

°' Cziclz 32: KI16ng1115tlf11h1611g quail gizi sir u Sb S c :2 u +1) S 11+ c S12 + ('

aébéf 5/b+(“2('+u2c1+b

3 1 1 1 3 41 /1 ('
-—s-—s—— ~‘s—s~§

' \l7+(' (“+0 11+!) \/>+(‘ (“+0 u+b

Str dung bét déng thtrc Clzebyslzev ta c6

/ I

Iki+-l)—+_(-)[(/2+¢‘)T(('+(z)+(u+l2)]Z3Li(l)+c)+-Lu-+11)+i—(u+b)J
b+(" c+u a+/7 /2*c c'+u a+l7

<:> I L+L+»;1[2(a+b+c")]Z_3(u+/>+z')<:>
'\/1+0 (‘+u u+l>/

(1 12 z‘ 3(u+lJ+(') 3
+ 4- > :--

l2+(" (‘+t!|(I+[J_2((I+/7+6) Z

. ' _. ) (__¢1__L)_ Z11;/l;Q_)Cach33 (1<:>;b_ 2>0<=»; >(

Zu—l>—(“2Zl7—c—u2Z('—z1—b
Gi21sL'1' (121120 thi 1 1 1___2__Z__

./2+(‘ (‘+u u+/2

J
JJ:“

M

b+('Theo bit dimg thirc Clzebysev: _— (la — /2 — c)W2—1—1= O:> (dpcm)
7 (’ . £\l J

A"\£' (\r_ J\_
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4. Nhém 4: Sir dung bét ding thc czjn dgi

W2

aSbSc

1 1 1i§__§___
h+r‘ ("+0 a+1)

u+b+<*

' Cdch 34: Khéng mil tfnh téng quzil gia str u S1J$c:>a+11Su+('S1)+c'

. Theo bét démg thL'1'c1z0an vj Lu cé

.2b+¢+u ‘A a+12+<2c+a+12
1)+(' <'+u a+12 b+<> c+u u+12 /2+0 ("+0 ((+12 b+r <‘+u a+12

Céng theo vé hai bah ding Lhfrc ny Lu nhim duqc dpcm.

CdCh35: (1)<:>Z:z1(a[+l2+c1>3(a+7b+(')4:2 (,3 >a+£>+(_
2+0 _ _ b+c'_

Gizi str a Zb 20, theo b§1d§1ngLhf1'c1z0élz v_i thi
-> 1 w7Z u‘

b+c(\( 22 acikb Va 211+ c 22 410+ c('\'(' ('\'(‘ l'_\‘('

Suy ra ZL2l[ZL4-Z_i]=l2—L‘2“Lbz Zl2h(“+b): =-h”+g+"
_’_1J+c' Z ’a<\r +12 ‘_\_a+c 2___ 0+1) 4’_‘_ a+b

' Cdch 36: TrLré'c hét ta sé chfmg minh b2‘1t déng thtrc sau vdi moi a_12.c2O:

u + 12 + L‘ 2 Zab + 2\bc + Zea (1)
12+c 0+0 0+1? (<'+u)((*+b) (c1+171(u+(f) (b+c)(b+a)

1

Thét vily (_l)<:*'(13 +123 +03 +3[z12<'2Z(zb(a +b) +Z12c(12+c‘1+2c(z((‘+0). dlflng lheo Sclzur

Cu6icU11gtu chi cn chtrng minh

Z*—<.,.

Zab -Zi ¢:> ab(cz +b)+19c(12+c')+ca(('+a)26a12c dnino theo AM— GM.+a)(c+12) 2 I 1 C

- Cam 37: Gqi vé mii ct1a(1) 1:1 P, ta 06

3 2[a(a—b)(a—c)+b(b—a)(12—c)+c(c—a)(c‘—12)]+(a+b+c*)[(a—b)3 +(12—c'): +(c—a)2J
P

2 4(a + 1))(12 + c)((' + (1)

Theo b§1td§ngtht1'c Schur thi a(a — b)(a — c) + 12(1) — a)(b — c) + c(c — a)(c — 12) 2 O

kéth_ vdi (a+b+c) (a—b)3 +(19—c): +(c—a)3 20 suy ra diéu phzii chfmg minh.OP

- cam 38; G<_>i vé trzii cua (1) 15 P, ta co

P _2 (20 +1) + c)(a — b)(a — c) + (Zb + c + a)(19 — a)(b — c) + (Zc + a + b)(c — a)(c -19)
2 2(a +1))(b + c)(c + a)

Khéng n151tinht6ng quzit_ gié str a 2 b 2 C. suy ra 251 +12+c 2 219+c+a2 2c+a +1)

Sir dung bait ding thrc Vornicu — Schur (hay bah déhlg thirc Schur suy réng) ta Q6

(Za + 1) + c)(a — b)(a — c) + (2b + c + a)(b — a)(17 — c) + (20 + a +19)(c — a)(c -19) 2 O

Til‘ dé suy ra diéu phéi chirng minh.
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5. Nhém 5: Phuvng phzip giéi tich

' Cdclz 39: Khéng mét tinh téng quail gizi su'c12/2 2 c.DZ1t .\'=<z 2/22¢-.

\" b I‘
Ta cé (1) <:> _/'<.\“|= 3 +——+ K \*(>'i.\'2122('>()

/7 +(' (‘ + \; _\'+/7

_, I /1 1" 1 /7 ('

=>./w=, —, .~ ,> ~ ,- ,=0
v+<" <_\"+<->' <»\"+/>>- 1>+(' (h+<-)' (/>+<~1-

. _ . . Z12 +(
:>_/(.\") tang[[>. +<>c):>‘/ (_.\')2f(1>): _— (2)

/>+<'

~ ‘_ . 3 ./ ~ .1 ,~__Z.\'+c . .

Dal .\ ~12 :> .\ 2 ¢ >().xc1ham 50 _q(.\_) - —+— VO1 .\ 2 ( > ()
.\' 4'

:> g'(.\‘) 1 > O V0 > O :> g(.\') lfmg lrén [(1 +<>@) :> g(.\") 2 g(¢') : (3)
.\'+(")‘ ~

\ \ I ' 3

Tu‘ (2) \'El (3) suy ra —a— +—7——+i—2— Va. 11. 1" > O

b+(t ("+0 0+1) Z

- ca¢n40.- B51 .Y=-i—,)‘:——L,1=—i—
b+(" ('+a a+b

Xét him _f'(I):-[—(I>O) la C6 f'(!) =———]——,>O suy ra f téng trén (0;+<><>)

‘+1 (z+1)‘

M511 khzic _/"’(I):—(—;—_<() Y/1e(O:+<><>) nén 16m lrén khoémg (O;+<><>)

1+1)‘

Khi <16 zip dung bét ding thirc Jensen la c6

» '\_+'\‘+Z3x2'f(X)+f('\_)+~/3(3):-L( " + 1» + " ):i:f(i)
3 3 c1+b+c (I+[7+(‘ u+b+(' 3 \Z

.\‘+\‘+; -

suyra ——‘——2l \':>.\'+_\'+:=—‘5—~+—/)—~+—‘——Zi (dpcm)
3 Z b+c c+ (I a +12 2

~ 3

-ca¢h41.-B@ms=@+1>+@m¢@¢<1><=>if-+iL+-L»
S—cz S-1) S-—c 2

xahamsé j<.\->=?"'- vc'>"ixe(0,S) ,

—.\'

, , S ZS ,. .

Taco f (.\"):————, :> _/ (.\')=——¢ >0 vo'1m<_>1 .\'e(O. S)

(S —.\')' (S —.\')‘

:> f(x) 151 him léi t1'én(O. S). Sn" dung bél ding thfrc Jensen ta cc’)

41.1’ ¢'_~ -,1~+b+c_~S_~ _3
W;+§S_b+;S_(_—/<~>+f</,>+_m>z.».r(~—~“3 )-11(3)-3 25*-5

3

' Ccich 42: Khéng méletfnh téng quét giai su (12!) 2 c v21 a+b+c =1.

owl/a

1 2
Khi as (12%. cs; suy ra (1%-1721-025, nén ((1./>.@)>(%,%,%).



C/Il(‘(I’llg V: A113! $1"; sling Igm v15 b1'1t dzing tluic 997

Ap dung bél dang lhtrc Karamata cho hi1m _\" I j (X) = 161 trén (().1)_ G01 \"o'1 b1)
\

trcfvi (c1.b,c) ta cé VT(1)=_fm)+f-(b)+f((-):_f"(% _ _ =;\J \ J \ 3

,
1

+
\~>

/i‘\<

DJ'—‘ \J.

+
’\-.

/'_i‘\

Lu-- \_/

J_»J

B511 déng thirc duqc chirng minh.

6. Nhém 6: Phu'0'ng phép hién dzgi

(1 1) ‘ c1+/2- c1z@1143.- B51 f(11,b,1~):k+__+-‘- YZ1 1=_ 111 c6
b+c' c+11 11+/2 2

7('((l_/)_yC)_

‘ ‘ (c1+c')(b+(')(u+/)+Z1‘)

3 2 - 3 ‘— 3Matkhacxalaicé f(r,r,c)—;=l+7l--=£i2O.
_ 1-+1 -1 2 2z(<-+1)

1 . 1 -- , }\ ’ . 3Tu'ha1batd€1nglhu"ct1'cn suy ra f(c1,b,(‘) 2 j (1‘.f,c‘) 2

, (1 b 1 /~'Cach 44: Dal f(a,b,c)=?+l+—— vi t= b.
b+c c+a 11+!)

Z
'-A

Khéng méit tfnh téng quzit, gia sir C=II1iI1{(l,/),C}, ta cé I2 c v21

f(a,b,¢>)—f(a,b,r)= “(PO + who +C_r
(b+c)(/9+1) (c+c1)(t+a) a+b

/ 1>r—cL a 12 _1):1‘—c (a—b)'
_a+b 12+! r+11 ,1 11+/2'(b+I)(I+c1)_

3 _] I I _] I
Min klizic ta 12_1i 06 f(c1,b,1‘)——: ((1 )) +_ (G I) + (I J) 20

2 2(b+z)(r+<1) 2(b+r)(11+b) 2(a+b)(z+a)
_ 3

Suy ru f(a,1).c)2j(c1,b,I)2;.

° Cdclz 45: Nhfm xét ring vé trzii Q1121 bit dfing lhirc lim mi)! hilm déi xfrng déi \’é'i bu bién
a,b,C, néu viét né du'é'i dang da lhirc thi duqc mét da thirc Q6 béc khéng quzi 3. Theo
dinh If ABC ta chi cakm xét bit ding thirc trong hui trumg hc_>'p:

— Trzrdng hop 1: Mét trong ba bién a,b,c bzing O. giél su‘ 1' = O. Bit d€ingth(1'c [rd thimh
‘sb , .%+ - 2% luén dung theo hm déng mu-Q AM - GM.

(I ...

— T/-zrdrzg hop 2: Hai trong bu bién (1.b,C hing nhau. gia str /9 I c. Bit d51ngthL'1'ct1‘dthi1nh

1'1 Z/2 3 ((1 — 2

+ 2 Q *:> 1)) 2 O.1u()ndLing.
21> (1 +12 2 2/1((1 +12)

Bét ding lhrc du'Qc chirng minh xong.
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1|. MO’ RQNG BAT DANG THU'C NESBIT

Chfmg ta vira du'Q'c hlm qucn \»'é'i 45 céch chirng minh bin ding thixc Nesbit. Diéu ny

néi lén diiy thL_rc su 151 mét bit ding thirc khéng khé dé chirng minh. Tuy nhién viéc mo‘

réng bait ding Lhtrc Nesbitt cho n $6 thgrc duong (1124) lai khéng don giém chin no.

Suét 53 ndm nhiéu nh Iozin hcpc di tim czich mé réng v chfrng minh bin ding thtrc Lrén

cho czic Lrudng hqp defxc hiét v51 téng quét nhung mi dén nm I958 min hoc trb cua

Nesbitt 121 Mordell mdi tim in du‘(_>'c czich chirng minh cho n = 4, 5, 6 chém dirt min thdi

gian din biii toain chua c6 IO'i gizii. Nzinz I954. nhil Tozin hqc My Shapiro d dun ru

ménh dé téng quzit v51 n6 du'Q'c gain vdi tén gQi bzit airing thii'c Shapiro

M_énh 1151: Giél sir a]_a2,...uH > 0. Xét tinh dimg sai cua b§1td€ingLh(1'c sau:

' ul al (Inf! an H
f”(ai,a,.....a”)= + +...+ + 2— (2)

' a,+(1~ u.+a u_+u 0+0, 2
_ ,\ _> J I. I I _

I

Ngay tir khi ra ddi, bit ding thfrc (2) dii cuim hull du‘Q'c su ch )7 cua rah nhiéu ngubi

dam mé toén hqc. Thém chi né néi tiéng dén miic mil mim I990. Lai héi nghi toain hcpc

Oberwolfach vé czic bit déng thtrc. czic nh toim hqc d phai nhéc lai 102m bi) lich su"

chtrng minh lu diii ctla né mix déi khi du'Q'c xcm 151 v6 vcpng. Bélt dzing lhU‘C Shapiro tuy

vc'>'i vé bé ngoizi c\_1'c ki dcrn gién nhung dé chfrng minh né 151 diéu v6 cLmg_kh6, do chiing

ta phéxi xét mét $6 luong rt lén czic truémg hqp riéng biét. Diéu nay khéng 151m cho

chling ta ngac nhién, bdi vi [xii airing I/112/0 Shapiro kliorlg ailing vdi moi so 1‘z_r n/zién n.

Trong phn tiép theo ciia chuyén dé ny, chfmg léi chi c6 géng trinh bfmy tém til lai czic

két quti quan trqng cua czlc nhil tozin hqc lién quan dén bit ding thtrc (1) mix khéng dé

caip chi tiét dén czic chirng minh bc'»'i vi {Yong mi)‘. $6 t1"u"é>’ng hqp viéc chirng minh dbi néi

pheii sir dung dén czic kién thtré cua lozin cao cp vu"c_>'t ra ngoili chu"0'ng trinh tozin phé

théng. Trude hét xét truiwng hqp don gian nhét khi n = 4.

, . 1) - 1

2.V<'rin=4,bétdéngthirc(2)tr0thE1nh: “ + + ‘ + ‘ 22 V51, 1;, ¢-.d>o.<3>
b+c c+c1 cl+a u+b

/ \
' I 1

Cln'mgmin/1: Ta C6 [a(b+c)+b(c+z1)+c(d +c1)+(1(cz+b)] —a—+i)—+-L-—+—(— I2
\b+c.' ("+41 5/+u ((+17

7- I '_~_ / Q ,

i/a(b+c).\.;’;££-Z +\/b(¢-+d).\Jc%g +\/c(a'+u).\i——d:.a+\/c1(a+b). ——aibJ :(a+b+c+d)_

' (c1+b+c:+d)3
Suyra: 61+ b + C + d 2

b L cl+c' '+ d+a u+b z1(b+c)+h(c+d)+c((l+a)+(1((i+b)

r(u+l2+(r+c1): I (a+u')+(h+c) 2 24(u+d)('/)+c)

>—]
ca

0 Q

+
L.

.—-‘

.__...

(LI+b+('+d): :[<u+b>+<<.-+¢1)]’ 24(u+b)(c'+z1)



Clurring V: N113: 5'15 sdng tqm 1'15 hf}: drilzg 112121" Q9‘)

I>

:1Z(11+/7+1'+1/)3 2-l1:(11(/7+1")+/7(1"+1/)+1'(1/+11)+(1'(11+/7)):

111+/>+1*+1l)3 4
2 — = 2.Suy1'z1(dpcm)

11(h+1')+/>(1'+11)+1'(1l+ 11)+ 1/(11+/2) Z

,_ \ 11 11, 111‘ 114 11; 5
3. V01 11:: th1(2)tr0thanh: ‘ + ~ + + + ' 2- V 11, > ().

113 +111 11‘ +114 114 +111 11; +11| 11] +11, 2

C/1111111 111111/1: B511 11] 1 11“: 11, = 11-. Su'd1_1ng bé1td§11gth(1"c CBS ta c6:

1:l(1‘_| +11“: 11l(11_, +111)+111(113 +11_.)+11;(11‘, +11_<)+114(11; +(ll)T(l_;\(tIl +

Ta sé chfmg minh;
(111 3 1 +114 115) 23

1 5
<:>(11, +111 +113 +114 +115)‘ 25[11](113 +11}“)+11:(’11_} +114)+11_,(114 +115)+114(11_< +11])+115(11l +113 )1

<=> (11, +113 +113 +114 +115) 2—

<:> >(

5 111 (11]+111+11=+11.+11<)32 . _ 1 .

<::(l

q \

L:

r\

>_.

(I 1

Z11_1(11‘_] +11L_3).Z——‘i2(11! +11, +11; +11_, +111)
I 1 ‘+111 . ' '

+11 +111 +

11_)

» 11'(113 +113)+113(113+114)+11‘(11; +11;)+114(115 +11|)+115(11! +113) Z

1

3 +13 +13 +13 +l3)(11l: +11% +11; +115 +11§)Z(11l +113 +113 +114 +115)

-I-AK11

F4*-I

("1

111' +115 +11; +111 +11_;)Z(111 +113 +11‘ +114 +115)

w- '7 'v W ~ '>

+113+11]+11_1 +115) —(11f +115 +11; +11; +11§)

B51 ding thL'1'c cuéi dimg lhco CBS. TU dd suy1"11(dpcn1)

L___|

;____

4. Vdi 11:6 thi (2)11-drhnh

11 11~ 111 11 11; 11‘

‘ + - + ‘ + 4 + 1 + " 23.V11,>0(3)
113 + 113 113 + 114 114 +115 115 + 116 116‘ + 111 11, + 113

1

1

C/21112;; 111111/1.' D511 117 =111;11S = 113. St1'd1,1ng b§1td§1ng1h(1‘c CBS. la cé

(1 (1 H‘

(_1l11i+ 111+: ).Z~——i 2 (111 + 113 + 11; + 114 +115 + 116)

1:1 1:1 (‘Aw + “A4
Z1

U
WM?

,_

(ll; (11, +113 +11_1+11J +115 +116)“

_(l ‘ _'+'[l (I Cl "'(l (I (l +61 +(I £1 +11 +61 + +M ‘.4 ,( 31 _,)+ 2(3 4) 3(4 5) 4(11_;+11) 11_;(116 11|)+116(11|+11Z)
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»-\

Ta sé Chung minh

(>11l+11: + 113 +114 + 11; +111)“
23

11] (113 + 11; ) +113(11= + 111)+ 11,(114 +115)+ 114 (115 + 116 ) + 115(11(‘ + 11] )+ 11(11| + 113)

(1

7

@1(11| + 113 + 11; +114 + 11; + 116)“ 2 3Z11k(11k_i + aka)
1=1

c> 11!: + 1132 + 11; + 115 +11; + 11$ 2 (11 (113 + 113 ) +11: (113 + 114 ) + 111(114 +115)+

+ 114 (11; + 116 ) + 1151116 + 111) + 116 (111 + 113 ) — 211,114 — 2113115 — 211311,‘

w

1 1' 3 1 ,
<:> 111+114 —?(113 +11; +115 +11(,)J +1(113 ~11; +11; -116)‘ 20, dung suy1'a(dpcm)

L 1.

Phuong phzip chtmg minh (2) bng bat ding thtrc CBS cho 11: 3.4.5.6 151 mét chirng minh 151

dgzp. Czich chirng minh niay d1_1'z1trén mét bit ding 1h1'1'c gién tiép I51 bit ding th1'1c:

(11 +11 +...+11 )“ 11 ,

' 3 " 2+ (_’=‘) V11;.11,....,11” >0
11l(113 '+11;)+113(113 +114)+...+11H(11I +113) Z “

Tuy nhién khéng thé dhng phuong phép lrén nhm Lao ra (‘*‘) dé chirng minh (2) dmg

vc'1i 1127‘ vi khi d6 bit ding thL'1'c (‘I’) sé khéng cbn dilng nfra. Thét véy. ta sé chrng

minh (‘*‘) khéng dimg V 11 2 7 béng phém vi du sau déy

' P111111 v1'd11:

Léy 11, =11: =11} :1 vi 114 =115 =11(, =...=11”_1 =11” =8 [hi

. 1 2

[3 + (I2 — 3)€] )1

("‘) <1‘-1 i-1*-7Z— (""*)
3+€>s+(211—9)e- 2

vo-1112 7,111 ¢11<_111 8 1% v:1111évz1@ biéu 11111-1 vé 11-111 CLl€1 111 C6
ll

1 7

13 -3111*] (3LH” )1011 < +10 :9.1>1<ZS£

3+1>~L+1211-911*!-A; 3 3 2 2
1011 - 10011"

' Kétlug?11.' V6111 2 7 {hi bt déng 1h1'rc (**) khéng dimg suy 1'21 (*) khéng dming

$1111 1111 @1111-ng 11111111 111211111 Céng 12) dng V111 11 =3.=1,5.11, M111-111111111 5111111111/1 1~1*111;,1 b11'1

cT1I;11g I/1111' Shapio $5 /<l11311g dzing 1101' 11101 1127. Nm 1956, Ligllthill ln dziu tién C15. tim

ra mét phén v1’ du cho bt déng Lhtrc nily vé'i 11:20. I-lai ném sau, ngoi Mordell.

Zulauf v51 Rankine cng tim ra mét phzin vfd1_1ch0 11=14.ZulaufcC1ng G5 cé mét nhén

>111 111111113 111 déng 11111-1:

SM: (a].....11”.11”_|.11”)= S” (111 ,...,11” ) +1 (6)



C11 mmg V: 11/lg)! $0’ sting [gm vé hlt zizing tI112'c I001
1

Tia‘ div 611;: nhgln ‘(él ring néu lim duqc mél phan \'1'd11 cho (1) vdi 11 1120 dé [hi cfmg sé
cé czic phém \"1'd11 cho 11+ Z.11+~l....

1\"1i1n I959. Zulauflgi cho thém min phan \'1'd1_1kh:ic vdi 11 =53.
1

N17112 1963. Diananda dii thiét lép du'Q'c mél ding lhirc khzic 1'51 n luxjng. dé chfnh 151:

((1 —(1‘.)(a -11)
511%?<ul"""u11~l'a11JZSI1((I|""’U11)+%_

H») H I \ H I

L “X11 (an + (ll )
Z

'I‘£1'di1y suy 1'11. néu vdi mét bc} gifm lri (111.....a”) 11510 dd 121 C6 S” (c1l.....c1")S% vix C6

mét gizi lrj 1" n£10 G6. lS1"£11. (35 11121 c1,,_].a,,.11/H (ch1's6tu§1n h0£1n)do‘n diéu (chfmg ta
cé thé Q13 su rfina 1":1z). [hi sé dén dén su dL'1n<* dén CUZ1 bét dine thllrc4. \_

- C
£1

11+lSM (c1].....(1”_] .51” ) Sf.
Vc'>"i 11 1e thi r6 rimg ring luén luén cé mét gizi tri 1- nhu" thé do chu5i tun hoim c6 d(_3 dili lé
khéng thé chuyén gifra s1_1"tz'1ng v51 s1_1giam 0 mQi vi tr1'. Dia1za11da nit ra du'(_1c dinh 11' sau

B_1'11lzl1'Dia1za1zda. Néu (Z) sai v(3'i 11 =11‘) lé no dc’) [hi n6 sé sai vdi mQi 112110. Néu (2)
dng cho 11 =11‘, chgm nilo d6 thi n6 cflng sé (hing vdi mQi 11 £11”.

Cimg vdi dinh 11' nily éng C151 dua ra mél phém vf du cho (1) vdi 11:27. Diéu nixy cé
nghia 151 (Z) sai véi mcpi 11 lé 2 27 . Cimg mét lép luzin nhu' d5 du'(_>"c $11 dung trong dinh lfD1'a1za11da

cfmg cho thiy vé‘i 11 ch§1n. CléLl béng cua (2) xav ra <'>1mQi diém. 11“ =%(l + 01. I —01,..., I +01. 1 — 01),

(OSOLSI) trongkhivdi11lé116<:h1xay1'avéi 11° =(l.....1).

Cimg Iilc ny Djokovic d Chirng minh ring (2) dling cho 11:8 v Bajsanski chfrng
minh (2)cf1ng dng cho 11: 7. Nrim 1968. Nowosad d chtrng minh (2)dL’1ng cho 11 =10
v51 vi vzfxy lheo If thuyél lrén bfl1d511g thfrc Shapiro cimg dng cho 11 =9. D0 d6 cho dén
IL'1c ni1y.ch1'c€>nlai 06 IO l1'u'O'ng hqp chu'z1du'Q'c xzic dinh IZ1 khi 11 :12 déi vé'i11ch5n vi
11 =9.I l.....25 khi 11 lé. Nlim I971, Daykin vZ111/Ialcollz (T51 chfrng minh (Z) sai vc'>'i 11 = 25

\-"£1 Kr1'sti11ase11 cfmg 651 chtrng minh (2) Citing cho 11:12. v51 vi véy dng cho 11:11.
V210 nflm nfly Drilzfeljd d dun ra mél chfrng minh 1'51 ngin g<_>n. so cp mil Iai séng 1:10.
Dévng Ih©'i éng d dzinh gizi xzip xi mét bit dfing lh1'1'c gin vdi Shapiro dng v('>'i mQi 11:

" 11.
, .Z1-2%-0.989133... Viéc chtmg minh b€11déngthL'1"c trén d1_1'a theo mél dinh I1’

1:1 1+! 1+_ L‘
~

n61 tiéng v51 mét bit ding thL'1'c hozin vi sau dziy.

1911111 I1'Dri1zfeljd. Néu am g(.\') 121 mél bao 161 <111~<a~1 @1111 11111 him 161 gizim

-1

f(.\')=Z(c*"' +25) vl /1(.\')=e“ [hi ]1zfgS“ (.1, ......\'”)2g (O) dling v(3'i mQi 11.
11

0111111 thuc @1111 (0) 1511 gin 11¢-1 1; 1,» (0) = 0.989133... \/£1116 khéng p11.~11 111 mét $6 11111



l()()Z 'Cau clzuyén vé bt (Hing thlfc Nesbilt — Shapiro

E B1§I17r11zgtlz11rI11Jd11 v_i. Néu :1] £11: S...§uI_ VZ1 121 Z/J: 2.12/2” thi G51 v61 bt kj" hozin vi

H II

(k].....l<”) nilo @1111 czic chi $6 (l.Z.....1z). Lu cé bzi1dz“1ngth1'rc: Z11,/2112 Z/1,121 . I

1:9 1:’

\/iéc lim mién dfmg Cllil (Z) dz} kéo di gén 20 ném suu dé. B511 déu \"z1n nzim I976_

Godunova vil Leni di chirng minh (2) dimg cho 11 :12. Cilng lL'1c nily Buslzell cng d

dun ra m<}l pha'n vi du khzic cho 11 = 25 \/Z1 éng cfmg dun ra mét chfrng minh so cp mdi

viii 11

Nm

=7. Buslzell cimg vdi Craven d chimg minh 1"§'1ng (2) dimg vdi mqi 11 16: S23.

I979, Troesclz v21 Searcy d xét bili tozin dai $6 caic gizi tri riéng luong (mg v51

chfrng minh mél két qua n luqngz B111 ring 1/112+ (2) k/101131 c'1‘1ing 1101' moi 11214. Bcimg

czic/1 c/[rug 11111)" Ifn/1 s13. (31131 J51 (‘/11 rcz rdng (2) Jzing 1'01 111111 11 1'/11711 212 viz 11 /0 £ Z3.

N(Fm 1985. trong tap chi Math Computing. Troesch (Ti thnh céna trons viéc dual 1'21
\_ \(

m<_>l c htrng minh (2) dung cho 11:13 v21 dén 1117111 I989 {mg mO'i chmg minh du'Q"c

11: 23.Nl111'\’f1y(2)df1 duqc chtrng minh cho tit ca cc gid tri /1 cbn l2_1i 151 15. l7. 19 v21 21.

Gin 40 nflm sau khi Shapiro dé xu§11 bin loém. Troesch d Iii ngu'6>'i két thc mél giai

d0:_1n lich su‘ kéo di cho viéc chtrng minh bit ding thirc 1'51 1161 liéng nily khi mil 6n

théng

(IQ

qua viéc giéai bili tozin vdi 11:23 vix d hoim lhimh viéc chtrng minh (2) vc'>'i kél

qua in tu"Q'ng nhu‘ sau:

B51 dé11gIh1'1c (2)d1'1ng vévi mqi 11 ch§n £12 via n lé § 23 ,m<_>i gizi I11 cén 1211 cua 11 thi (2) sai.

Sau éng mét S6 nhil tozin khdc nhu' Dia1za1zda_ Mordell v21 Daykin cfmg di dé xul mét

$6 bui toun mo" rgng. Nzim I992. Achim Clausing di dé nghi bZ1i tozin sau: *

\ " F ‘ . A - 1 1 A Y

M_é11h dé 2: Chimg minh: 2 . Va, > O _ 01 daylx] la phan nguyen cuax. (7)
,=1 U»: “M - /

C6 lé dy lai lil mét thzich thtrc ldn nfra cho c€1c nhil tozin h(_>c tré trong thé ki XXI nily.

U7
QQ)

\<

‘E.

£7 chng ta quay trd lqi vfm dé IE1 tim f(11) =inf f” (a|.c1,,...,(1”). ttrc 151 tim cén du'é'1 cua bit
11,>4) '

- _ f<11) f(11) 1 _11

déng thirc Shapiro. Nm 1938, Ranikin da chtmg minh 7» : lim ‘Z :inf ——— < — .7. l()

N17111 1

1I~)<>¢ II 1121 H 2

971, Drinfeljd dd chfmg minh 7» = g (p(()) = 0.4945668... t1'1'c li1ch1'mg minh duqc:

M_enh
11 (1 , c1. (I 11

171' 3: ' + ' +...+ ” ' + ” >().989133><— . Vu1.(1,,...z1”>O(8)
(1: +113 (1; +114 11” +41] 11‘ +113 2 “

Tap ch1'Kvant cua Nga s0, 4 1117111 1991 d chimg minh being ton so c2‘1p 2 két qua sau diy:

Mgn1mé4.- "' + “Z +...+ ”"" + ”" >(\/§—l)11=O.4142l35611,\'/a,>O (9)
(I2 +673 (13 +(lJ (In +61] (ll +0:

1w¢n1m@‘5.- "' + "1 +...+ ”"-' + “" >5n=O.41666666/1.\'/(1,>O 110)
(1 +11. (1‘+a a +11 u +11, 12I _\ _~ -l 11 l l ..
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Bay giév [oi xin gidi thi<_:u mét czich dainh gi I61 nhét hing tozin s0' cép vé bét ding thtrc nily:

MénlzzI§6:S: "1 * "1 +...+ "'1-1 + "" >().4577996n.Vu,>() <11) I

<1, +11; <1, +¢/4 Ll‘, +<1, 11‘ +u~

C11 1211 g minlz
r

, » - 0! ,Xc1O<0c<1;/<eN .Da1u =11 zu \:u.: [3={.Tuco:
- /I-I I /1»- _ Q)

U’ ,1
:1, +0U¢IH +k‘B(O£c1,=l+c1,T3)_kB

;M=

-M
Q

“+

ll”)
F-i

_§l‘.

1
+

+1 ({I~[ + (1i+_,4. ;_ = w :I

L4 ‘-L —/(B/12 ('+ —kBn (12)
a +01

!'\
~

\ F 9 , I A IF11/+61%!’
I B(Ol(1I +a,_,

H 1‘ 1
1:11 +0L‘a I (Om, +01“) f

Lu! I +al* 1 ~l l x 1 I +0! ‘ ( I)‘ I
- -_ (Iv +11

Ta sé chrng minh: (z1I+0L‘z1l,]((>u1,+¢1,!)A >0L‘ ((1, +u/ |)A| (1?)

I- 1¢=>(l+0c‘z,)(<x+r1)L2oc‘(1+1‘)"I vdi 1/=L+—20
(I

I

,\¢
Xé[hQI11S6 _/(1)-(1+0<‘r)(o1+1)-‘-0n‘(l+z)' ' v<'viz2().

Ta co; f""’ (1)=(1+u‘1)(@<+1)""' /<(l< —I)....[l< -(m-1)]+

+1”-<1‘ (oc+z)‘ " l<(/<—l)....[l<—(nz—2)]—0¢‘ (1+¢)"' (l<+1)l<....[l< -(m-2)]
1:1) )_ ' _ -11-rl:> f‘ (0 -l<(/<—1)....[l<—(m—2)][(/<—m+l)0ck "'+mo¢““ ’ —(l<+1)o¢‘]

2 A-(k —l)....(k —/11+ 2)[(A- +1)"Q@<“*'""‘"'"*"""‘1*-"'*" —(/< +1>o<*]=o

DO f(1)lf1 m()t da IhU'C béc /< nén _/'“(1)=¢~(>/131:.‘/""‘(0)20

:> f“*"<1)z_/"“‘*'>(0)z0 :> _/"‘*"(1);/“‘"1’(0)z0. _/'(1)zf(0):0
Ta cé: f(/)2 O VI 2 () :> f(r,) 2 0 VI, 2 O :> (13) dng

Ti1'(12) v51 (13) suy ra:

I’ W II

S 22%/< + 1)-‘W/Bkk _,/\-B” :(/< + ])(qB)L!¥1 -/(B11
I=] 1+] 1+: 1:1 i~! :+l

Bit

- . A A

/<(1—o<) “°‘
. F

ziL</<+1>(@¢>>)<‘~ -k5],1:[<k+1)i_A-L ll

[ ]

. r, !\ A

.\»=**'/L >1: 0c:l——f——.khi <1<>:;,»(.\-)=(/<+1)-—-°‘iA-L
\1 (X \ '1 O1_ '-A [k(1—0<)]51' 1-
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Taco: g(.\‘)=Q<:.» I2

1 ‘\.‘ 4:1-+1 1 (,\-‘"'-1)‘? \_ . - \. __ ,A- _./\+l//\—[]— , .\ ' —_ — \ ' '—.\!\ \,-,| 2 1| A. -- ~

‘AA \_ / V

l<(\“L'! l)AI(V/\‘+l)'l /\':\"‘““(\-“I ‘hr ”" 1‘ (YH ly:> g'(.x')= ' _ A Al _ ' ' -1) 3_(/(+1)/<*li—.\‘Ji—~"9?
‘Z! \.~

, , (A-+1>1<.\»“‘-k1(.\»"‘-
1 1

.\ .\

~A

<;> [(l< +1)|<.\-‘*’-k1.v‘*'+k1][(/< +1)/\-"'-

__J

>1
L__

.....

T47

/-\

.. F. ~L I

l<+1)/<"*‘ -.\-l-‘-_~l:0

—.\'(.\‘“' —1):O

.—k _I__ I
<2 /<(,\"k+' +k)[(/(+1)/\"" —.>;]—.\‘k+: +.\‘=O <:> (.\"+I +/\')[(k+1)/<‘*' —k\'l=.x"+‘ —.\'

,_L ‘ /J2
<=> (/< +1)/<*+“.\~**' +(/< +1)/< H —/Q-‘*1 -A-=.\-"'1 —.\'

l Ad
<=> (/<+1).\-‘*2 -<k+1)H¥M-‘*' +(/G —l).\-—(/<+1)l<‘T*7':0

__w,,l 4_
<:> /1(.\‘)=.\"‘+2 —k“".\“+' +(/< —1).\’—/< "' =0

l

Ta 06: //(.\—)=(/<+2).\-‘*' -(/<+1)/<**'.\-‘ +(/< -1)

’7
2(k+1)»"*'/(~——/‘Z2~x*”')k(/<—l)—(k+l)l<kL‘.\"‘ :(/<+l)UkZ‘)H (/<-1)‘-5i —/<‘l*‘].\"‘

4, 1 k

Tasé chirng minh: (k:2)M(k—1)1"l*1—k‘:T2O <=> (1<+2)’*"+1(/<-1)?‘-1412/<

A . A

-<:> (l<+2)A(l<—l)2l<"" <=> ZL <:> (Hg) 21+—l—
/< /(-1 /< /<—l

" 2 I
Ta c6: (1+»/lg) >1+Z-k=3>1+. V/<22 :>/1'(.\‘)>()3/1(.\')[énglrén(l;+<><>)

I Bl _l,
Mét khéc. /2(.\') 121 him lién tuc via lim /1(x)=+<><>: /1(l):k —/<"‘ —k ‘*1 <——l<‘*‘ <0

nén phu‘o'ng trinh /z(.\') I O cé nghiém duy nhz‘-1t.\'.)> I ,X I 1 x" + °°
L g (.x) I + O —

:> g (X) = O co nghlem duy nhat xv > l. } Max

:> Béng bién thién cua him g(.\‘). Tir dé suy ra 34-“) V /v \-
Max g(x) = g(x¢>) vé'i x0 151 nghiém cua phu'o'ng lrinh

_ 4->2 1+1 _ ‘ :4;

lz(x)=.\'k*3 —k“*'.\'M +(/<~1).r—k“*' =0 v21 g(.\')=¥J1) [(/<+1)k‘*' —.\']
L

.\'

Sir dung Maple ta tfnh duqc czic gizi tri g(.\'@) tuvng (mg vdi czich chQn czic gizi tri cua k, vi du

k = 500 thi xo = 1013294063 v51 g(x<,) = 0.4577996.



Clzlrmzg V: 11/I13! 5'0’ szing I110 vé I111! 1711ng tlz11“c I()()5
111. MQT so DANG PHAT TRIEN CUA BAT DANG THU’C SHAPIRO
B1Clng1hL'1'c Shapiro khong dong \'o‘i moi bi} so Lhuc 11,.11:....11” >(§.Tuynhiént;1co
me chfmg minh hén ding 11m Shz1pi1‘O dflng »o~1b¢»$é1h1_11~ 11!.11:....11,, >0 don diéu

1111111 115 7. cm 1>¢> 11:1; 1-<3 don diéu bait k5 111.111....“ >11 111-1 1:1;

3

1()<11|S11,S...§11”‘S117’ (1 (1 U H
| “ ‘ .Khidot;1c6 ' +...+ ”" + " 2—
L111 2113 2...211”_l 211” >0 11, +11} 11” +11] 11] +11, Z

Ch ling minh

11, 11%] 11,1 11, 11” 11]Bat S = +...+ “ + 1 1T: " +...+ +
11, +11; 11,‘ +11[ 111 +11, 11, +11: 11” +11, 11] +111

S1'rd1_1ng bz‘1td5111gth1'1'c AM — GM ta co: 1 S+T (ll +02 +u.+ ‘[11+] +U11 + U11 +611 2 nuiélul +UZ u11—l +6111 u11+al
ll:+(l; (l”+((] (l!+(l, \(l3+(l~\ (1”+Cl] C1I+U1

M51 khaic. xét hiéu:

(I _ (I (I, _ (I: (I _ [I U _ (15 T I 7 + + + 11 I 11 + /1 1

11, +11, 11: +114 11” +11| 11] +11,

Bié11doibi§uthL'1‘c: 11” ~11] :(11” —11”__])+...+(11} -11: )+(11: —11]

Tirdo suy rat

/ 1 1 1 1 ‘ 1 1 ‘S—T=(11, —11,) i——> +(11, —11§) ———§ +...+(11”_] -11”) ?———i' a2 +113 11] +112 ‘ ‘ 113 +114 11‘ +112 11” +11] 11. +113

° Néu O<11l S11, S...S11H_| S11” thi 11‘ -112 S0111, -113 £0.....11”_l -11“ SO

\ A » ,1 » A A 1 \ L 1 L , LDo 11! +11, la tong nho nhat trong cac tong 11, + 11/. nen + la so lo'n nhat trong cac so
” 11' +11,

1 1 1 1 1 1 1

' 3 — S0. — $()_....i—?SO.Suyra S—T20.
(ll +(I/ (I: +03 (II +(l:, (IR +614 (ll +(l: U” +5!‘ (1|+(I:

' Néu 11‘ 2111 2...211”_] 211,120 [hi 11' -11, 20111‘ —11} 2().....11,H —11”2()

\ A 1 L , A A 1 \ -1 1 X , -1D0 11l + 11,121 tong Ion nhat trong cuc tong 11,. + 11/ nen i la so nho nhat trong cac so' 11] + 11,

1 1 1 _ 1 1 1 1:> — 20, — 2O..... — 2O.Suy ra S—T2O.
11. +11» 11 +11 11 +11 11, +11 11 +11 11 +11 11 +111 j Z 3 I Z _1 4 ] I 11 I 1 I

Nhu' véy trong ca hai truong hop. ta déu co S — T Z O hay S 2 T. suy ra

2szs+Tz/1:>sz%

Chzi )1: Ta cng co thé chirng minh ménh do hing phuong phép quy nap
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Bil)‘ git! chflng la sé mél hozin vi khzic @1111 11|.11.....11” dé din dén ménh dé sau

:\
-..

1VIénh 115 8: Gia su‘ 11:_11:....11l_ > 0. Xé1b5tdéng1hL'1'c sau:

, Ll‘ 11,: Ll} (/1
(pH(11,.11:.....11“)= “ + ' +...+ + 2 (12)

11 +111 11. +11‘ 11” 1 +11, 11, +111 3I _

a. Khi 1-:1 ma bit 115mg m11¢ 16 acmg \-111 mqi day 11|.11:....11H>Ohay khéng‘? .\1éu

khéng lhi c6 1611 tai nhfmg gizi 111 xzic d1nhcu1111dé n6 dL'1ngh11)= khéngl’

b. Tén tqi hay khéng mél him“ sf» 1->0 dé bt 415111“ thfrc dllnv vdi moi div 11..1'1,....11 >0
C C‘ C - . 1 H

c. Tim 111©tc.11du'di thfch hgp cho him 56 q>”(11l.11,.....11”). ll

, , 11 11, 111 =

Xetba1dz'1ng1hu‘c vo'1 11 =3 la co: (pr :—%—+-i"-+—*———2%
‘ 11, +11; 11: +11] 11' +11, 1

; ; 11\+11; 11,+11; 11i+11x 11,+114
Xct bal dang thu'c \'o'1 11 =4 I11 co: (pH : * + ‘ 2 2 1 * . " :2

‘ 113 +11J 11] +11; \'11. +114 11] +11;

Ta sé c1u'1'ng minh ha cu a.(b1dfi11g1hL'1'c khng dflng khi 1125 ) , b. vii c. v<'7ikétqu1'1:

céndu'd'idL'1ng cuu hixm $6 <p”(11E.11,.....11”) 151 X: Z.

1
11 1

That \-"gay chQn 111 :11. =1:11L =11“.\7’/1 231111 11111_—%——=11111—T”i‘—_T=O.Vl< 24
_ 3 ' 11—§l1(l‘il -1- ZIAA 114;!) (I .1,“ '

11. 1 11‘ (IF 11] 1

V0": k S3: 11n1—;—=11111i,=1. 11n1-—‘i:l1m~——J=(); l11ni=1nnZ——=1.
11->011] + (13 1H<11+u‘ 114111: + (14 11->11 1 +61 11-») 11” +11: 11—>111+ U”

_ , _ ; H , 1 117‘ 11” 1

Khl do 11m(p”(1.1.11' .....11 )=11m I + 4 +...+ M + =2
‘H11 » 1'-1° 1+ 11‘ 1+ 11 11 ' +1 11 +1/

Gié sir tém t:;1i 1">Osa0 cho cp” 2% {hi 2254-1. V1124. nhung diéu nily v611'.

Bil)’ gid ta sé chirng minh vdi mcpi 11>-1 lhi (p (11 .11 ,....11 )>2.'_ 11 1 I 11 _

1

(111 +11, +...+11”)
Th2_1tvg1y.su‘dL_1ng CBS ta 00 (p”(11|.11,.....11”)2-i——‘————i—-—.

' 2(11[112 +0211; +...+11”11])

Ta sé chtrng minh (11| +11,‘+...+11, 24(1111. +11.11 +...+11 11 )
_ 1 1 _ _ 3 11 I

, ~ M I
Néun C1'15.I1l1'11 (11| +113 +...+11” =[(11l +11; +...+11”_l)+(113 +114 +...'+ 11” 2

24(11, +113 +...+11”_] )(113 +114 +...+11/1) 24(11|112 +11211;+...+11”11])

Néu111e'lh1g1é1 $11" 11” =Mi11{11].112...._11”}. khi dé la c6

(111 +11: +...+11”)' 24(11[ +113 +115 +...+11”)(11: +114 +...+11H_‘)24(11l112 +112113 +...+11”111/



I

Chzrmzg V: .1/‘(it $0’ sling [(10 vé bflt zilzg tlurr I007
Nln 1973. nhzi Tozin hqc Elbert d nghién ciru ball dng thirc lrong ménh dé sau dy:

Ménh J5 9: Gié. sir 11i i11.....11,: >(). X61 hing so <"l6L|1h51cuz1b§l dng thtrc sau:

111 +1.1.‘ (I. +<1_. 11,4 +1.1, 11,; +111
§'H_(1l!.¢1....._1'I; )1 + ' +...+ " '+ ' ' Z117' 11' +117 11, +11; 11,, 1 +u,_ 11 +111

Néu dél \;/(.\") 151 mot ban 161 du'c')'i cum hui hilm 151 I/'(_\") :%(l + 1*‘ l;l1(_\‘) Ii}+
~ 1+1»

/( )

Dél 1': lim i V61 ‘<4 (/1) = l/if gm (111.u,.....11H [hi 1" :\jJ(()) 10.978012...~ /2 L. ,1, *

Min hu'('>'11gtiép czfm khzic I21 so szinh cdc biéu thirc hozin vi dang Shapiro chflng Lu xél ménh déz

Ménlz :76 I0: Gié sir u].11._...11” >0. Xél czic biéu Lhirc hoim vi sau:

(ll (I, [IN (ll Cl, ll”E” = + " + + ' F : + - + + "

<1: +113 <13 +c1J 11] +113 ” 111 +11: 11: +113 11” +11]

Chlrng minh hoéc bzic ho bit ding thirc EH 2 F”.

v<a-i”:3-.h1¢ome \-1&1 E‘=L+L+‘k'; F1:—L+i+-L
' l2+<' ("+11 11+]; (I+l,7 l7+1' (‘+11

Trong t1'u'b'ng hqp nily ta C6 bt ding tlnlc dljng E: 2 F; .Thz§l \=2_‘1y. xél biéu lhirc

G=i+L+—i-.lheoAM-GM1ac<3 E}+G23:F.+G:>E.2F1
c1+l2 l)+1‘ (‘+11 ' ’ "‘ 1

By giO'chL1ng ta sé xél lruimg hqp téng quail vdi lO‘i giai cuu nhil loim hoc Mj"

Hillel Gaucllman, Easlern Illinois University, Charleston, Illinois.
Su" dung phxrong phzip bao l5i duqc phzit Irién bdi Drinfeld tn sé bzic bo béil déng lhlrc 0'

l1‘011g1\/I§1‘11lz (T1510. T1'u'c'>‘c khi liun diéu nily ta cn min két qua mo‘ du suu dy

Gqi f(.\") IE1 hixm duqc xdc dinh nhu suu

,r »|

(l~e§l(1):+@\l ..\'<()
/(.\‘)=~,

_<<~_1> .120

ri

I‘J>—-

Dé ding kién1l1';1dL1'Q‘c1'§mg j'(.\‘) 151 hilm l@>i lrén (—<><=.O) vii (0.+<><>) . Til‘ _/"(O' ) =—i

val f '(() ):—% ta sL1y1'z1d6ll1icL1u _/'(.\") cé dang nhu" hinh 1:\| Him/1 l
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G<_>i g(.\-) 151 nu}! bun I131 cuu _/'(.\"1 \"i1 luén bé ho'n hozic bfang _/'(.\‘). D111 [hi cuu g(.\")

gém ha ph§n nhu'Iré11 hinh Z:

1
1

1
1 /

1

‘,1___

1
, , ,

1

>,/,
1 , ,

--><

Hin/1 Z

1

1

~1
1 1

(Cl) _\‘:1l-(151101 +e‘1 khi .\-<.\"'; (C3) _\'--101‘ —l1 khi .\'>.\“ \'Z1(C‘) 1Z1dL1'C‘11g

R)-—‘

tiép tuyén chung cuu (Cl) \'Z1 (C3) khi .\“'£.\'§.\"’.

K1 hiéu X 151 lung dc} giao diém C1111 (C1) v<5"i t1'11c Lung. S1'1'd11ng Maple. czic ban c'i<1>ng

nghiép. Peter Andfews \/‘Z1 William Sl0ugh_ di ch1 1'11 ring

)»=—().0Zl9875218...

Dinh Ii 1. V61 moi s<§11g11yén du'o‘ng 11 \'i1mQi 55111110 du"o'ng u| _z11.1..¢1H la Q6

E” — F” 27-.11

Djnh li 2. Trong dinh 11 1. 7» IE1 héng s616111h§t. Hay néi céch khzic. vdi 111Qi 2-;>0 tém

L311 11 111151 11161 $5 ngu)'é11 du"o'11g n \'Z1czic $6 1h1rc d11"o"11g u|.u3....u” lhéa main

E” —F” <()1+8)/1

. , |7»| . , . . , 1 . A 1 A 1

Nhzgn xet. Chcpn £=7. Kh1 do s1rd1111g dgnh 11 2. I011 1:31 mot so nguycn d1ro'ng n va

czic $6 th1_1'c duorng a‘.z12....u” théa min E” — F” <(>»+8)l1 =%1z <0. D51)/chfnh IE1 nhém

xét bzic bé b§1tdé1ngth1'1'c n€:u1‘a11'0ng Ménh dé 10.

Chng minh dinh If 1. Trong chirng minh du'é"i Cly chimg ta $11" dung 11161 b2"1t ding

thtrc quen biél G6 151 B511 ding [hire lmdn v_i: Néu .1", 5.1‘: §...S.\'” \*i1 _\"| Z _\": 2...2 _\"H thi

/I /I

2:1‘ 1" 2 Z.\',_\', .t1‘0ng dé (/<l.....kw) 121 n1Q\1h0én vi c1'1a b6 ch1 $6 (1.2...../1).
1=l 1:1

1-);111<,=”—1;1'. =‘1——‘; ...;1-H =”-1. khi dé /<1/<,...1'” :1.
U1» _ (I3 (In _

E: 1 1 1

" 1111+/~11 +1~,.1<1+1>,>+m1+1.>

r=++_1_+...+-¢- -

” 1+l<, l+k, 1+/<1,



Chu'0’ng V: M'_6t $5 sting l(l0 we bfit ling thlic 1009

\/=21)"

E—F= 1 — 1 +...+ 1 — 1 :[1—1 1 +...+ i—l—1-
" ” Al(1+/<2) 1+k-I /\»H(1+/<i) l+kl \_l<, l+l<2 [kn 1+/<I

GQ1 (m].1n:...../21”) 151 mét hozin vi clia (l<|.....kH) sao cho ml £1112 §...Sm”. Khi dé dy

L~1;i —1;..1:-1—- —1 151 d€1_\/gian1\'51 dy %:i1—:...;——l—— 151 dy téng.
mi /n1 /11” 1+ 111“ 1+ m”_l 1 +121]

Su' dung bét déng Lhtrc Horin v_i la cé

E —F 2 L-11%-+...+ L-1%
” ” ml 1 + /21” I77” 1 + /11]

m~—-

;[\4=

1+m H I71 —

n , . 1+m.

l1\4
ET)

1-1771‘ + 11+-|-1 -1 ( 11 + n+1—i ”II,nll+1—I)

_ 1I(1+m“[l) H1”[I( '11- = 2,171 ¢]‘(l+}n )(1+m )
/1 — i n+1»!

” 1— cl ml + )21”+l_i
Bat <‘, =m,m,,+,_,- la nhan dLr<.>'<r E,, — F,, =21, _ trong do 1, =—.—i?—

,:, Zr‘, (1 + I71, )(1 + IIIIHH)

, , L 2 2Chu y rang c]c'3...c”=(/111111;.../12”) =(/<[/<2.../<1’) =1.

N‘ 1-cl. ml + n1”+l_' 1- cl.
1 eu c _ 1 1 ‘C. = . _ .

’ ' 7:‘ I71 +111 +1+m m 7c" 1 i n—1~I I’ /|+I—y "' I

‘ 1-0 1+/11/11 1_ I 1-0. 1+mm _|_ \Neu(~,,<1th1'cI=_’.1— z§’1- '7
J’ (1+mi)(l+m~~1—i)/ ‘J.’ (1+2,/122,/r1”+]_))_

1—c,. 1+0, \ 1-\/I: 1* :
QC» (1+@)+1

('7 d€1ychL1ng1a sL'1'd11ng b§td5ngth(1'c quen biét (1+x)(1+_\')2(1+ ,\/x,_v2O.

Véy 1:1 duqcz E” — F” 2Zi+Eli
1-,<1\/L‘, + 6', qzl

1-)5: C, =e-".1111; E” —F” 2 2 11-gig‘ +6" 1+ Z%(e‘""' -1)
1-, <0 .1-, 20

PJ
‘T

chu y rang 1a ¢-l<~2...(-H =1 ta cé .1] + ,1-I +...+.\-H =0. b€11d§1ngthL'rctré'Lhénh

\.
/-\

/.
\_/

V

E”—F”2Z_. _ (.1-I.)

r=1

\ " +.-,+...+. \
Do f(.\-)1z1 hilm léi nén %2g(.\‘,)2gL )=g(0)=X

[=1

Tém Iai ta 06 E” — FHZ7»/1.1-Dinhlf I duqc chirng minh.
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Chling minh dinh 112. \/O‘i E >0. gqi .1” \'£1 .\'" nhu' 0 hinh Z.

1—ll
Din 11,, =(,1'_ 1-U :e‘“. <1‘, .d§ dilng kiém tra }~=01‘,—i”~+(l—0L‘,11H

.1‘ —_\‘ Z11” /V +\~
H U

, , L 1,, 11,. ~ , 4 ~ \
Chu y rang 111,‘ .13) “ =1 va ()<O(H <1. V111 11 du Ion co the 11111 duqc 011 \=;1 111 $210 cho

'01, 151111131 phim $6 \"O'i m§u $6 111 11 \"Z"1tu'sf1 IE1 \f1cl1§111. 11;" .\"K‘_’“‘ =1.

1 ‘ ‘— 1~@ _

1 1 ‘E ‘H1 1\,11 Q .1,-.-i ‘1<- \"£1a.i+(1—c/1,)?-~—}.< — 1*‘)in 1', 1 2 ' 711 ' . 1
1 l+\1\,\ /1 ~ —-1 \\H +1“ ~

. .

D0 01111 151 chan nén la Q6 lhé C131

11 11

~ . F - 1 Q--1. . (‘W .

ll
/<,=61',=€'1'=614:-Si /<u,,,:5/< =€"/<u I: :1’:

if"

, , ~ 10¢ /1 §(l—(1 ]11

Chu y rang kIk,...l<” =11; I .11; " :1. Tudo ta du'<_1'c

likll 1'-

ll
1-“'1 1- \

5 OL111 5 Otln -IT
+.__+€—‘li_i-_ : / \_ + L i/\'.(I+l\q) kH(l+/<|) I 1 Z 11] Z /

11]

on_'-I

o|\1+ 6 (1+6)

1"-' 1_ '. l_ ,

+ 6 + \/M —(lx11—1)+i—————r_\;

\

01 _5
C‘

+
Q5

4;_

M 1:
/\
57

/vn (1 + 5)

f /_
<1 / as-11 1 1-11 1-\/1;, (11, -5111)

1 1-5 1 I 1 I
= _——- --—-- 1 -- 1- -.

n[2 L5+11l +ul(1+5) 111+ /|+a! 2111 +( O(!)\,/T11+"1»+" 11]\J/’:(l+5)(1+\/GI)‘

- \ 1— 1- /1-
£11-— —'—+—6—-”‘——l+l +01 —-—ll—'+(1—c1c|)—V—;“1i“+l.-1

+11, ul(l+5) , /_-ll‘: \/“+110 11 1+\;\>U

, OL /1_§ 8-H] 1 X

Néu 5 d1'1nh0_ T"-i+i———+1 <-2
11‘-:\6+ll| 11l(l+5)

Su'dung(*'") .1z1suy1‘z1

k, l+l< -_ 1 1? . .

1 /\ 1 /\
i'——+...+——%:11(§+)»+§;+§)=11(7.+s)

( ”) v ) 3

'~ \ (I- . -I. r \ / »§ ~

Cu61cung.1a chQn 41' =l.‘i‘:l<,. l£1£1z—l.—-'—=/<,,. D1eu do lu co the v1 l<|l<,...l<” =1.
11 a " ' '

I II

V51)/La cé E“ — F” <(7»+8)11. Dinh 112 duqc ch1'1‘ngminh xong.
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IV. MOT so DANG PHAT TRIEN CUA BAT DANG THU’C NESBIT

Bi 1. Cho a. /2. c. rl. /2. q > 0 v51 1 S k E N.ChL'rng minh réng:

:1‘ /2‘ 1" uh‘ + /1"] + ck:
+ + 2

/2/7 + qc pa + qu /Ia + qb p + 5/

5” 6 AIL an bu (_n a11—1 +b.'1—l +(_/1-1
. K ‘~ . U' _ 1 I I'£1I1"I _

all ;,_(.>() C h+(' c+u 41+}; Z

\___.

Bli 3. Cho .ChL'm2 minh rénez + + 2%
[U_;,_(.>() /7+0 ("+a ((+17 Z\ u+b+c

/
,in E ‘,\J' um /711 ('1: 2 ‘V’ an +/7/1 + ('1: \

Bfii 4. Cho (.212. (1 p > O. Chtmg minhr§'1ng:

cl + b + c >l[_a(/2"’+c")+l2(c""+a")+<"(u"+[2’7)~%
b+(- C+a U +1) _ 2 b/1+] +(_p—| (_/v~| +u/HI cl/1~I +[7/>+|_j

Bili 5. Cho a, 11, c > 0. Chtrng minh ring:

a la 0 3 l[ (0-11): (b——c)2 (<"—a)2 ]—i+i+i2—+— + +
b+C <'+a ((+17 2 3 ((l+(‘)(l)+C) (b+a)((‘+a) (¢‘+b)(a+b)

-» '1 '1
. F - . - ._ -

Bfai 6. Chimg minh: EL +3];+i 2i+l} gt/7), +———(/7( )_ +26a)—_ .\7’a,b_c>O
//7+5 9+" "+17 2 4k(a+/1)“ (/2+(')' (('+a)'_

Béi 7. Cho :1. /2. c _> 0. Chirng minh ring:
'> w 'v

a b 1' 3 1 ((1 ~12)’ +(b—(:)3 +(c‘—z1)_——+i+i2—+—-
' 1) +0 c + a 41 +12 2 5 ab +bc+ca

7

\. , . ; (1 b c 3 (L1-(.‘)_
B1118. Cho 0 21224->0. Chung mmh rang: + + 2- +

b+c (‘+0 u +12 Z ab+bc+¢'a

Bi 9. Cho r, x151 Czic [hut duung. r < s VZ1 a.b.('e (r.
1

, - : * 3 '— )_Chung mmh rang: G + b + ( i + (' S
Z7+(' (.'+a a+b Z 2r(r+s)

Bi 10. Cho a. 1;, <- > 0. Chrng minh_r§‘1ng:

l+a2+b3+<'22 a + b + c 22_%_czb+b€+cci
q 2 _ -_ ub+bc+ca b+c c+a a+b _ a +19 +£-

Bi 11. a) Cho (1,1), C> 0 Va S6 thuc 1< théa min 0s/< s%
vChL'1'ngminhr§1ng: U + b + (' +ka{7+b€+a§2k+§b+c ("+0 a+b u-+b-+¢-- Z

b) Tim $6 thuc /< lé'n nhét sao cho bét ding thtrc dling vé‘i mqi a, 12.0 > 0

a + _b + c +kab+bc+ca>k+3
b+c c+a a_+b a3+b3+(~3 2
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~. , v ; ' '7 [-1- -+ ' “
Bal 12. Cho a.1>.c" >0. Chung mmh rang: ‘I + I7 + ( +: "3 /K‘ (‘f 21°

/2-+6 (‘+41 42+/7 3u~+[;~+(~- 6

\. . . . 1 - :~‘/ 1 ~

Ba] 13. Cho u./>_('Z(1. Chung mmh rang: U + 1) + C + W ax 2 Z
l2+<‘ ('+u u+/J Z(a+b+c')

B€1il4.Ch0u//1.020.Chimgminhrimgz ” + 17 + ‘h + “I1”; _zl
/2+c 0+0 ((+12 2(u~‘+;)»‘+(--‘) 3

B§:1i.l5.Ch0¢1.b.c'2O.Chirngminhréng: U + 17 + C + Zulu‘ Z31
I2+<' (‘+a Ll+/J .3((,~‘+},~‘+¢-»‘) 18

Ba] 16. Cho u,b.("2 0. Chung mmh réng: ” + /7 + ‘ + Jab‘ Z2
b+c‘ 0+0 41+!) -,>(u+b+(.)»‘

Bili 17. Cho a.b.c2 O.ChL'1'ng minh ling:

(1 + b + (: +4(u+b+‘<‘)(a!2+l2‘('+¢'zQ25
b+c‘ c+u 11+!) 4+];-+L~~

B51il8. Cho a.b.c2O.ChL1'ng1ninh1"§mg:() U + b + C +9(a{7+b(J+(Yi) 26
b+(' (‘+0 u+b a-+];~+(--

Bi1il9.Cho a.b_c2O.Ch(1'ngminh1'§§ng:A “ + ” + " +1@(“{’+”‘j+“‘f)zs
b+<‘ c+a a+b U-+1,-+5

' \ U 1, C. (a+12)(b+c)(c+a)
Ba120.Ch0 u.b.c2O. Chung mmh réng: + + +4 25

b+(‘ (‘+11 a+b Q“ +5“ +(~-‘

w

B§1i21. Cho(1./2.020.Chirngminh: U + /7 +— C +2lF “bf 9322
. />+r <'+¢1 ¢1+/I _(u+l2)(l>+r')(<'+<1)

Bi 22. Cho u.l2.c"2(). Ch(1'ng1ninh1‘§1ng:

(c1+b+c)L§‘(b:(_)2 /7/2%(bi(> + Cid + Uib)2(z1l2+1)c+ca)[ga:_%j

Bé1i23. Cho a,b.<‘ZO.Ch1'1'ng minh rang;

:1 + b + 0 2 2a/2 + 2110 + Zca

b+(' c'+u 61+!) (c'+c1)(('+b) (c1+/))(a+c) (b+c)(/)+u)

B§1i24. Cho c1.l2.c2O. Chirng minh ring:

a + I1 + c > (l2+[J(' + b2+ca + c2+ub
1?-H‘ 6'+l1 61+/7-(a+b)(u+c) (b+c)(b+a) (c+a)(c+b)

Bi1i25.Ch0 a.b.c>O.ChL'1'ng minh: U + [J + C 2 jbf + fa + val)
5+? 6+6! 61+/7 u'+bc l7'+c‘a c"+ab

1 w w

B51i26.Ch0u.l>_(‘2().Ch(1'ng minh: " + 1’ + ‘ 2 f’ + _" + f
/1+6 (‘+0 61+]? a‘+b(r l1'+cu c""+ab

Béi 27. Cho u.b.c"Z(). Chimg minh ring: [1 + £3 + if 2 ( an 1+h)1+)(n)
7 F " “ ” ’ 4 cl’ +12’ +c." +2abc:
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B:§1i28. Cho 11./2.1 151 J6 dili bu cgnh CL1£l 11161 tum giaic. Chtmg minh rémgi

11 1; (‘ < 2(zl}+l');+(":)
/7+? 1'+¢1 11+!’ -11‘ +/7‘ +1"; +11/71'

B51i29. Cho 11./2.1 151 Ck} di bu cqmh Qua n1©1Lumgizic.ChL'rngminh ring:

‘i'+—/>’—+%§l(11+/>+<')(l+i+i\
/1+1“ 1'+<1 11+!) 6 .11 /J ('1

Béi 30. Cho 11.b.1' IE1 dé di bzl cqmh ctla mét tam gizic. Chtrng minh ring:_L+L_+ [7

/7 + 1' 1' + (1 (1 +1) Z /J 1‘ 11

Bili 31. Cho 11.111-2().Ch(1‘ng minl1r§mg:

¢1_+ I; + 1- S (u+/>+(')(c1'+b’+z.")
/7+6‘ £'+¢1 0+/P 11/2(z1+12)+l7('(/>+<')+1"11(('+1.)

B21632. Cho 11.111-20. Chfrng minl11‘5hg: '

11 + I; + 1- > Z7(11+Z>)(/)+c)(c+u)
/7+0 <'+ll 61+/>-l6(r1+l2+c)(11/2+bc+<:c1)

1 1 w

Bi1i33.Ch011.b,1->0.Ch{1'nQ minh: f‘ .+ /’ ,+ _‘ ,2 ” + 1’ + ‘
V b'+("' (“+c1' 11‘+b' /9+5 5+" 51+/9

Biai 34. Cho u, 12. 1" > 0 \/£11". .s' 151 czic $6 thgrc duong $210 cho 1-2 s.

1‘ 1' _1' ,\ ,\ __\

Chirng minh: Vt’ + _b + _( 2 U + /7 + (
/7' +(' 1*’ +11 11’ +/J /7 +1" 1" +11" 11‘ +12“

Biii 35. Cho 11.b.1' 20. Chirng minh ring:

( 11 _)l +( 11 )2 +( 11 ):+ 1011/J1" 22
/7+0 />+<»' /7+1‘ (c1+/1)(h+r“)(('+11)

Biii 36. Cho 11.12.12 O.ChL'1'ng n1i11h1‘§111g:

11 A 11 3 (1 A 1311120+ ) +( ) + 22
(b+t') (b+(" /1+0 (u+h)(b+<.-)(<-+a)

Bi1i37. Cho 11.1 ¢~>0 ~21 ">100 2-1. Chtrnv minhr§1nQ:

( 11 )” +( /2 )” +( 1* )” + _(2"'[ —3)<1bc' 22
b+<‘ f»'+¢l "+19 2”} (11+b)(b+r')(c+u)

Béi 38.010 11.1.1 z O.Ch1'1'ng minh ring;

:4 /_/>_ »(/§_~)__11/1;___>»
\"/?+"+ "+41+\111+l>+_’\ J (¢1+/>)(b+c')(('+11)__

Biii 39. Cho 11./2.1-20 vil Zéne N . Chfrng minh ring:

_,‘ Z11 , Z11 Z11 (-)1!»-) ~) > Saba" M/_.1__ 11!? ~/__ _ _ -_ 2. ,2
\"11+c+ b+<'+\'/7+c+ \/7 ) '\}(11+b)(l2+c)(c'+:1) \
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B51i4O. Cho u../7.020 vil k 210g: 3—1.Chimgminhrnvg:

’ k A '- "1

( u I2 ) +( c ) +3(Z‘]—3) Quin‘ 22
./2+0 \c+a a+b 2‘ a+b+(4'

Bili 41. Cho a.b.('2 O viz 1221. Chtmg minh ring:

(l + b + (' Z(§)”_ l

(l)+c')” (('+u)” (cz+l7)” 2 (c1+b+(")”_'

Ju.b.(">O A,
L am bu Cu Q

B21142. Cho \ va so thgrc 0/21. Chung mmh rang: l—+——-—+——-2;
{(11%-.—.1 />+c' c"+a (1 +/7 Z

Béi 43. Cho u. b. c > 0 vi $5 [hL_l'C k théa min k 2% .

K b A I; 3

Chirng minh réng: ( U ) +( ) +£ C ) 2
b+c c+a u+b Z‘

Bili 44. Cho u, b, c > 0 vix $6 Lhuc r thtwa min r 2% -1
n ;

Ch\'1'n2minhrén2: ( U )r+( 1’ )r+( C )'2 3
” ” b+c 6+0 u+b '1"

B51i45. Cho al,a2,...,a” > 0 .ChL'rng minh rang;

-—-—+-————+...+ 2 -— + +...+
(13 +113 (:3 +114 (1, +a2 4 4 u_ ~

‘\

U1 ‘I: an 311 1 "1 ‘I: (I/I

, ax 41,

Biii 46. Cho al .02 ...,a” IE1 dy $6 thuc duong GU11 diéu ting ttrc li1

O < al S (13 S S am S an U u a

. Chung mmh: ‘ +...+ ”‘ + ” 2—.

al 2:1, 2...Zu”_l Z11“ >0 4’: +51: “H +“1 "1 +4: 2

Bi 47. Cho a.b.c2O. Chirng minh rang;

11 + b + (~ a(b+<")7+ 7b(c+a)1+ w('(a+b))

17+? 5+4 "+5 4 b'+bc'+c" c‘+('a+a“ a‘+ab+b'

Bili 48. Cho (1, 12, c > 0. Tim thuc k ldn nht sao cho bit déng thirc sau luén dtmg

a b c 3 k.Max{(u—b)2 :(b—c)2-'.(c—u)2}
-;- + 2—+

b+c c+a a+b Z ab+bc+(ra
3 3 _3

Bi~1i49.Ch0a,b.c2O.Ch(rngminh: “ + 1’ + ‘ 21+ 3(" +”f‘_)
5+9 5+“ “+17 2(a+b+c)(a'+b'+c')

Bi 50. Tim hang S6 Iét Q1151 C118. 1< aé bét aémg thtrc sau dng mi mQi 41.1“-z 0

u + b + c >l+/(K 3(a3+b“+c*3) __l\

b+<" ¢"+u <1+b—2 (cl+l2+c')(al9+b('+<'a) ,
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§ 24.4. BAT DANG THU'C JACK GARFUNKEL
; 4,\ - .

VA MOT so MO' RQNG
Mél trong czic dang rit khé Qua bail déng IIILTC IE1 bili main tim hing $6 lét nht lrong dzinh gizi.

Néi chung xé/i dang lofm ni1_\ CLl;_1b€:lI ding 1h(rc nhiéu bién $5 ch: Q6 thé 1imdu‘(_>'c l€>'i gizii néu ta

quy du'Q'c lir bit dimg Ihfrc nhiéu hién .\<‘\ \'é m(}1 bién s6. Khi G6 du ding Lllirc khéng nht Ihiét

dgl lzgi [fun mil Q6 thé my ru I31 cc diém Iéch nhau. Hng lfvt nhét trong dzinh gizi Lhuiyng H1

gizi lri nho nh5l hoéc ldn nhél cuu mét him $6 nilo C16. Chfmg La cimg lixm qucn Yé dang loin nixy

qua bit Cliihg LhL'1'c néi liéng CUL1 nhfi main hqc M)‘ Jack Galjfzuzkel dun ra nim 1989.

Béi toén. [Bfli 1490* tgp chi CRUX] Wm hing sf» k nho nh§1 sun cho bl ding thirc

+ + S /< \/(1 + /2 + 0 dung \'0'1 m(_>1 (1./2. 1' la cuc so thuc du'o'ng.‘/ ‘ V ,

z
Cr

+
f\

B51)’ 121 b§L ding Llmc khé vix d5 khimg 06 ldi giai hoim chinh nilo du'Q"c dun ra lmng mél thbi

gian din. K116 khén déu lién la <>~ viéc du dozin giai In nho nhsn CL_IL1/{. hay néi khzic di 121 xzic dinh

duqc lrufmg h<_>'p ding thtrc xziy ru. R51 khé doém lru'('>'c. 121 ding thirc xziy ra khéng phali lrong
tru'(mg hqp <1 =l> =0 nhu vgxn Lhubng gzfxp. Véy lilm thé nixo dé tim duoc gizi tri Ck’). Nhfrng m
[Oi sflu sic vé bét ding lhirc trong nhfmg nm gin dy cho chimg 1:1 mét $6 kinh nghiém dé gizii

quyét \'§n aé nixy. so 121 déi véi czic bit déngthL'1'c aéi Xfrng hoéc 1105111 vi bu bién ma déng lhtrc

tlnrdng xay ru khi C6 hai bién béng nhau hoéc bién cbn lai dal gizi lri bién.

SL1‘ dung nhén xét nily Lu xél I1 : c . khi dé bit ding {hire {rd lhimh: \-"a+l2+\fg S/<\Ja+2b .

, , 7 7‘ Ti? T‘ *-
Str dung bét déng thirc Cauchy — Schwarz: \’u+/>+\:;Q SN/(1+%)(u+b+/1):\,%\,a+2/>

;\
Jya]

vdi ding thirc my ru khi vZ1ch1 khi u : /> . TU" Z dzinh gié trén suy ra k 2 . Xét caic gizi tri tgi bién:

Néu <-=<>.b5w15ng1hn-¢ t1'()'thZ1nh +_‘_+\l*/)3/\»\*(1+1> hay la \/>(<1+1;> gm —l)(a+12)+h.
\u+b

cm /1=0 [2 thu duqc A-21. do as /<—l2(). Ap dung bi: ding thtrc AM _ GM ta cé

(k~l)(u+b)+b22\/l<—l\j12(a+b). dang [h[l'C x£71yrakhivZ1chikhi (k —1)(1=(2—/\')/). diéu

nily chi 06 thé néu 1 S k 3 2 . Tirdf\ythL1du'Q'c 2\/k -1 21 hay [£1 k 2% .

Do %> nén kha némg lix gizi tri cn tim. Ta sé di chirng minh diéu d6.

Bit ding th1i'c Jack Garfunkel. \/6i czic >6 thuc khéng [mm :1. h. c ta c6 bit déng thfrc:

- wi——~L+?/]i+i_(__S‘—\c1+l)+<'
\/z1+b J/2+0 \"c+u 4

Ding thirc xay ra khi v51 chi (a. 12. c) lE1c£1c hoim vi can (3.l,()).
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By 121 mét bin dang thirc dai 56 réu néi tiéng: d¢p. khé vs day thzich [h[1'C. Nhfrng lixi giai CUL1 né

déng thri cfmg cho ta nhtrng phurmg php mdi dé ch\'mg minh mét $6 ldp bit ding thirc khzic.

Sau dy 151 mcf>t s6 161 gizii chljng téi tzip hqp du"Q'c [Er ném 2003.

Ldi gidi 1. [2003, Gabriel Dospinescu]

*—" :"’—" ,,
v ; ' . - W -v w 7 7 ~, w '>

Dat Y: ——*.\': !'L+(.I: ]———")+L:>£l:Y_+\'_-f_.b:.\'~+I,_-\'_ £‘:\‘_+f,2—.\'_

(__

Q
Ix:+

Q“

4‘

l‘J

Z

Pd

; ; , 1, .\-3 +\;3~;3 \-1+;3—.\": :_2+.\'3—\‘3 $5
Bat dang thuc tro thanh ' + ' + ' S *1“ \/.\"' + \~' + 3‘ _

\. V I Y

.

.‘—" "—:(."—:)." " : "f
hayx+_\-+;+1(\ ’\)('\ )\ (\+'\+ )§31/12 \j.\"+_\--+1‘.n:

R6 rZ1ng chi c§n chimg minh b§td§1ngth(1'c trong trumg hqp J y: + :2 Z .\" Z _\‘ 2 1 Z O.

D0 2%‘/.r2 + _v3 + 33 2—3(.\" + J)‘: — :2) nén ta chi cén ch(1'ngAminh bin ding thtrc

.\-+ _v+:+ (X_'Y)('v_Z)(;:j:)(X+ Fri) 3%-\-+v/_\~1 -12)

» L ~ , ~
,- - 1 “ " /

Dleu nay tuong duong vo'1 f (x) S O vcn mql \/y‘ + 1' Z12 _v trong do:

f(,\')=4(_\‘— I.).\'3 — _\":,\': +(4Z3 —4_\'3 +4_\'3;+4v\"32 —5_\‘:,\l_\"2 +1: ):,+4_\':.(_\‘2 -32)

Néu y = z thi f(.\') =—.\)‘2 (.x'— _v)— .\3'3 (5\/E —7) SO. Gia stry > z ta c6

» '7
'7

f(O)=4_\‘:(_\" -1" 20); f(_\‘)=)":(_3_\"+4;—5\/y" +1." )£0

f(\/_y2 + :2)=2_\'z(4z\/_\"2 + :._: — yz —5:2)=—2_\':(\/_\'2 + :3 -21): £0

Mzfatkhéc lim f(.\')=—@<>; lim f(.\')=+<><>

V‘1véyf(x)c6 1 nghiém x‘ SO, 1 nghiém x3 e (0._\'] vil 1 nghiém x3 2 \/_\': + :2 ,[U'C 1i1f(x)

khéng cé nghiém nilm gifra y vb \l_v2 + :2 , nghia 1Z1f(.\*) khéng déi du trén \/_\"2 + :2

nhungf(y)SO vi11°(\/_\': +1’ )SO,vithéf(x)§0v6i mQi V";-1 +1? 2.\'2_v.

'1 w

. - \I +1
D5.I1gih(1’CX2§.yT21<Q X '3 7<=>xi)'::=(2:1:\/5)<=>a:b:c=O:3:l.

2Y=\/\" +1“

Binh lugin. Y tufyng déi bién (a,b.c) thénh (x._\".z) lé rét tu‘ nhién. Bu'('1c quan trqmg nhét trong

, . \ ., ; '.' . 5\/5 2 2 2 5< _ 2 2) A ~ - .

Chung mmh la su' dung bat dang thu"c T .\' + _\" + 1 21 .\ + \/_\" + 1 . Day la mQI$\1§’

nghi mglo hiém_ bdi vi né phé v6 tinh chit hoén vi cua bit ding thirc ban du. Tit démh gié ny

chling ta nhzfm duqc czic biéu th\'rc y) viz f <\’_\'2 + :3 )dcm gian dén khéng ngéi Dy qua thuc

la mét ldi giéi rét den vb can déxm.



Chm/ng V: .1/Ig9ts6' sling [(10 vé blt (Tg tluic H)! 7

Lrii gidi 2. [2006, Ph:_1m Kim Himg] Th60 tu'O‘ng (161 bién trong l‘0i giai 1 ta sé chimg minh
.\’—\‘ \"—;)(.\'—:,)(.\"+\'+; ' 1“:.\‘+_\"+;+( ‘

“ ' )S3:' \/.\"'+v\*'+:" hay
xx":

(x_'\‘)('\__:).(t;::)( \.+'\v+:)— S5T_{5(.\-+_\~+:)\/?wL‘:?—(.\'+_\"+:)2

\'01m(_)1 \f‘_\“ + 3' 2 .\‘ Z _\" 2 1 Z O. B5)’ g1Jta sé Chung mmh nhzjn xét sau:

Nhgirz xét. Néu ta giam X. y. Z di cimg mét dai luong t(()S1S 1) thi vé trzii téng trong khi ve‘

.1 .. . . 1 , . , (.-+‘+:—?113 \ \ _ - \phal g1am. That vay. ta se chung mmhj (1): la ham tang tren[0.:] va\'—I \‘— :-
g(1):#(.~:+ _\~+;—31)\/(.\--1): +(v\"-1): +(;—1): —(.\"+ v\"+ 3-31): gi£imtrén[().;]

A A V \ q j I / 2That vay. dat111=.\--1.11=_\1—1.p=;—1va A:\/111' +11‘ +pl,B=111+11+/).kh1 dota CO

1112113/12f'(I)=(111+1z+ p)((111+11+ p)(1111z +np + p111)—611111p)2O vZ1the0AM-GMth1

r’l5\6 5\/5 B3 \ A .g'(r) = - A + — 619} 3 0 , ttrc lb g (1) gizim Lren [(1. 1] .Nhqn xét duqc ch1'1‘ng minh.\ 1

Béy giw ta sé chirng minh bit ding thirc sau khi d cimg giém .\', _\'. : di mét lu'Q'ng 1 ném gifra O

via 3. Ta ch<_>n I sao ch0(.\‘— 1): = (_\' -1)? +(; -1): (dé théy I611 Iai I nhu' vziy). vi thé ta chi c§n

chimg minh bit ding thirc trong trubng hqp xi : _\": + 3 3 . nghia 151 c = 0.Fi 1" 3

Khi 1- I 0 bétd§1ngrh(1"c1rorhi1nhL+ vi s 3 111 +11 <:> 2 0 ,dL'1ng (dpcm)
\/<1+l2 4 \/a+b

Binh lurz. Lbi gizii trén d su‘ dwlg phuong phzip dén bién toim mién. Dy 121 m<f>t phu'o"ng php
151 manh aé gizii célc béz déng thirc ba bién @161 xirng hay hozin vi ma déng [hU'C my ra khi ba
bién béng nhau hoaic mét bién dat gizi tri bién.
Mét diém th vi nfra trong k>'i gizii trén 121 viéc nhin hai vé cua bit ding thL'1'C

vé'i (.\' + _\' + 1) tru'é'c khi sir dung nhafln xét. Tgi sao phai 151m viéc nily? Hy xét bit déng thirc:

(-\'—.\‘)(.1‘-1)(:\;_—:>(-Y+.\"+1)55:15 /1H1 +:1'_(_\.+A\.+:)
.\v\ _,

Néu ta cilng giém x. y, z di mét d2_1i lu'Q‘ng 1(O S13 1) thi vé trzii tang. Xét vé phzii:

. _,_ / I I Ij (1)=¥\1(_\"—1) +(_v—1) +(;—1) —(x+_\'+:—3l)

D5 diing chimg minh him ny khéng téng cfmg khéng giém. V1 thé ta khéng thu du'Q"c két luén gi.

L67‘ gidi 3. [2007, V6 Quéc Bzi Cn] SL1" dung bét ding thtrc Cauchy - Schwarz ta 06:

VT: S;/’(5” +b+9C)';(11 +11)(5:+11+9(~) :5“ +1) + C): (11 +11)(5Z+1>+9¢-)

Ta cn chfrng minh (a +b+<-).g——i7+17)“; 3%. Bit diing thirc ny ddng bdi vi:

l6(VP—VT)(z1+b)(b+(')(<'+u)(5(1+b+9(r)(5b+c+9u)(5c+a+912):

2111101+1;)(¢1+91>)<11-31>)’ + 243Z11»‘1f¢~+s35Z<1’1>1-1 +232Z11*b¢-+123(111°11%-1 20
l‘\‘(' (",1 ( \1 z'\‘('



1018 Brit tiring t/1121' Jack Garfunkel viz mgit 1'0’ mo” rging

Binlz lun. B1160 .\"u' dung hit df111g thirc Cauclzy — Schwar: rt 1hL'1 vi. Tu 013 thé giai 1h1'ch céic

hé $6 5. 1. 9 du'c_)'c tim 1'21 11hu' thé 11210. Ap dung hét ding thirc Cauchy — Schwar; ta Q6 "

-v

’_ cl \ . . ._ . ._
s((n+b'\ +(\')‘\.\;(z1+/v)’ \"(/2+0) ;(<'+(1)//lwn '\_'\W>U

+

+

Min czich 11_1'11h1é11 1z1c131hé chqn .\‘ I 11+ ml; + 211". _\" =17 +/110+/1:1. I = 1' + ma + /1/J v('>‘i /11.1120

/, -

Khi 6'6 ta C6 I _i£l S Z—————-—————-U z1(u+/11/7 +1211)
/ 1 1

[V1

\\ W. \1/11+]; K. ((1 +b)(u +111/2 + 111') ‘I

Dén that ‘av u(z1 +b)(u +/11/7+ 110)‘ [2([J+<')(b+/m'+m1)' ('(('+(1)((.'+/nu +/1l2)'

C ‘ ' ‘ W u /7 (

Ta d biét bt da'111g thrc ban du d€'111g 1h1'rc xély 1'11 khi u = 3, I2 : 1. 1‘ = 0(\=i1 czic hozin vi). thay

céc gizi tri dé vZ10 diéu ki€_:11 trén ta nhim CIu'Q'c -H3 +111)‘ :(1 + 311)‘ hay Zm — 3/1=—5. Ngoi

ra. dé C1011 gi2'1n.ta $5 ch(_>n m. 11 thoa111Z111 Z¢1(</+1r1l>+/z¢"):(zz+ b + ('1'. ngh1a 121 m + 11 = 2.
l'\1

1 . L 4- ~ ; . - 4 1 , , - , . A

V1 vay m=%./1:? C1101 cung ta can chu'11g m1nh bat dang thuc hoan v1 v0'1 bgc 6 .

L61 gizii tiép theov thun t1'1ys1'1‘d11ng 1:211 ding thtrc AM- GM. phén binh luén dimh cho ban dqc.

L61‘ girii 4. [200s, Lé Hfru aién Khué]

Giz'1s11‘(1 +17 +1‘ I 1 vi) 11511 A=(u+/2)(/2+<")(¢'+cz).B=Zc1:(b+(")(<‘+u).

Khidéi ——i- —iSiw1+l2+¢'<:>(Z:u\//(/2+c)(('+u)Y SEA
4 K 1 16

u + /2 + <

\/u +/2 db +1" \/1* + (1

<:> B+ ZZ:c1b(u+(')\/[(11+/>)(l>+<')SEA <:>3ZZub(u+<‘)\/((1+l>)(b+(‘) S25/4-168
L\( (K

Sir dung bit d€1ng1l11'rc AM — GM cho hai 561:1 cé

VT: = 2“)/{(211/Jw/(I +(" Y = Z"’ALZz12l>2 (0 + a) + 2261/7:('\/(Cl +1.-)(a +/1) \
(’\(' / L'\L' [H /

/\
_j]\/.

DJ

S2mA[Z:a2l>3 (('-1- :1) + ZZub:('(2c1+b+(') = ZmA(ub+bc + m)(c12l1+[>2(‘+('2c1 +3c1bc")

= 4[32AZbc](8a3b + 8123c + 803a + 2461120) _ 2/—\2_1>c + (8a3b + 8/231‘ + 802:1 + Z4al2c)]_

V1 thé. chi cn chL'r11g1ni11l1 3ZA(al2+ /20+ ca) +8021) +8l231" +8030 + 240120 S 25A -1613

<:>3ZA(ub+17('+(‘c1)+8((1:/1+/72¢‘+0111+311/Jc')(u+b+('): S Z5/H11 +b+c'): —16B(u+l2+(")

<=> 2ab(r1 + b)(a — 31> + 21-): + Zzzl;(»{3Z <1: + Zu12\]Z().dL'111g (dpcm).

Nhgirz xét. Budc d§1u tién s1'1‘du11g AM - GM cé thé thay thé bdi s1'1'd1_mg Cauchy — Schwarz

VF: = ZIUA /Zczb\1"c1+('\J2 S 2"",/44211/2 (Z¢1l1(¢1+c')) = 2mA(u1>+bc' +c'(1)(a:l2+l)2c+c3(1 +3abc)



Clzumzg V: ./1/Igilsél _s'a'1zg tgm 1-'6‘ brit zlzing th12z' l() I 9

Bi)’ giiw chflng Léi clnlyéll sung min 56 dang Iéng quit cuu bit ding thfrc ni1_\'.

Céch téng quzit dan gian nhzit 151 téng $6 bién. Ta Q6 bili main nhu's:1u:

W
935

toan 1. Tnn hang so k nho nhat sao cho vé'i czic so [hm khong am <1. I2. 0. <1 ta co

. i
. v ru_ + b 1- ( + (1 S/\\/u+/>+c'+(1vu+b+(' \’l>+u+¢/ \/0+:/+<1 w/+u+/2

Lin giai szlu dfay duqc phdt trién dun trén bit dang thfrc Jack Garjfunkel.

L0i gizii. Ch0(u./2.r'.zl) =(3.l.().0) la nhén du'Q'c k Ta sé chirng minh bit ding thirc déi

,. \ ,W\‘,_‘.\ A 4,; .vo'1 /< :% va do do la gm tr; can um. Khong mat tmh tong quat. g1£i$U' <"=1n1n(u.12.c'.c/).

Theo bit dng thfrc Jack Garfunkel ta cé: U + , /) + C + ‘I S Qvu + /2 + 0 + (I
V/0+/2 \/'l>+c'+u’ \»‘/("+1/+<1 4

Vivzjy Z Ji ,l__+ fl) __. + ,,§:_‘Z___—— _.‘L,,,__+ _L[___
H‘/,_(_L,w’u+/9+0 \"u+/7 \//2+¢'+d \/c+¢/+11 \,('+z1+u \<°l)+c1+u

* <5\/c1+/)+(."+d —t/i+n<5 ’ +/+*+/_— — ___ ii_—\/(1 2 c r
4 \/(‘+1/+11 \/l2+(/+11 4

Do cl + (I +12 2 c + d +11 nén ta Q6 diéu phzii chimg minh.

Nhgin xét. Cfxng theo )7’ tu*o“ng nziy caic ban Q6 thé gizii bili tozin sau dziy:

Béi tozin 2. Chirng minh viii mc_>i $6 thgrc khéng inn (1, /2, 0. k thou min /< S Mu.\'{u_b.c} ta c6

~ ' wU + b + ( + I‘ S;\/(1+b+c'+/<
\/0+/2+l\' \//J+("+/< \/("+u+/< \/0+/7+0 4

vm /< = 0 ta co bin dfn1gth(1'c Jack Garfunkel.
: Ldi giai Qua bin tozin l cfm giilp chdng ta giai dutyc bin tozin Iéng quzit hon sau dy:

5 Bfii toén 3. Cho n IZ1 s<§tg1'11hiér1 l<'>'n hon Z V21 czic s6 Lhuc khng m ul .u,.....u” 2 O. Tlm hing
5 56 thuc k nho nht sao cho bit dfmg thtrc suu dy dflng

1 (1 I 11, an ‘~——--L+ + + < '
/ _/\'\_'z1| +0: +...+a”

/a +c1 + +c1 141 +0 + +u =0 +u + +u x* \; I I ll—| \,~' I F 11 \' 1| I 1|--_

L62" gizii. Cho(u],u3.....u”):(3.1.O.....O) ta nhén duoc k 2% . Néu ta cé thé chng minh bit ding

thfrc vdi k =% thi sé IE1 gizi tri cn tim. Ta chirng minh diéu nily bzing quy nap.

Vdi n : 3 ta cé bit diing thtrc Jack Garfunkel.

Gia str bit dz'ingth(1"c dnng tdi n. ta chfrng minh n6 cng ddng véi n + 1.

_ - \ i ‘ ,. .Bat VT If (c1!_(13.....¢1h,): A” . [hl A” Siv/(1! +113 +...+u/, \'O’lII](_)1(l!.lI:.....(1wZ0

~ , . 3 F ., .Ta se Chung mlnh A, 3- /(1 +a. +...+u , .G1a su a =1na1x(u .a,,....c11+! 4 \( I _ n+| /1 1 I _ Hvl

|
» __ . -. _ A A ,



1020 B('1t zT(711g tlzlir Jack Garfunkel viz 11113136’ nui rging

D531/2v:(1!.12: :z1:.....l2H =¢1”_E.12”:(1”+z1”_| V51 B” :_/'(121.12:.....12”

. 12‘ 121

Thé1h1 AM: i ‘ + 2 +...+
\/=12: +12: +...+12”_E +11” \/12: +12.‘ +...+/2"

17 c1 a
1 1

I1 11 I1_.
¢

+ +
1

'1

V/1H +11“ +11, + ...+11”_3 \/11” +11, +11: + +11%; V11,“ +11, +112 +...+11H_,

12 12 u u
:BH+ I 1

11 + 11+]

1

CO

+

11 1

\_/

12 +12, +...+12” | +zz” Q12] +12, +...+12” 1 \112v]+121+/2, +...+12,_ , ya” ]+121+12. +...+12 I

_ — ,, ._ — 1 _ .—_ ' _ H-—

__U“

_U'

____/

.\A

/"‘_"

4,

—+

+

u (1
11+] 11+!

12 +12: +...+12”_l +0” \12| +12: +...+12H / \ <1”_l +12] +12: +...+12”_| \f12” +121 +12: +...+12”_3 1

Do dé. tir bl +b2 +...+12H_I +11” 212, +122 +...+12”_| vi1

(1 M +12, +123 + ...+12”_l 212” +12] +122 +...+12H__3 suy ra AM £BH.

1v1;111<11.16.11166<.111"11111e1 1111116 B $2 '11 +11,+...+11 =1 11 +11,+...+11 +11
L q - p II l 11 I 11

V

Bilzh Iuqin: C6 thé lhy mt; rzfmg bili ton thco czich ny. czic két quzi dz_1t duqc 151 khzi 1r<_>n \'¢n.

4 _ _ /Iv-I '

~ ~ 5
1\1ay AM 3 B” £11/ul +11: +...+u” +61%] .(dpcm)

M61 cflu héi khzic 151 11111 hing $6 k 11116 nh€11 sao cho bit ding th1'1'<: suu dng v<'2'i mqi a.12,c,d 2 O:

" + 1’ +,“ + ‘I s/<\/11+b+1-+11
\/a+12 \/12+c' 1/(‘+c1 1,/(1+(1

By 151 m<f>t bi1i 102111 r511 khé vi vn chua (:6 161 giai hoiln chinh

Tuy nhién. sL'1"d1_1ng mziy 111111. Ji Chen 1151 lim ra két qua xép xi nhu sau:

Gié.lr1c§“1n11n1 k = l.435'l(2(28O92582209310763 151 nghiém @1111 dz11h1'1'c

161“‘+2151»‘* -65201-'1 ’-111231511" +26:13141-*

-13071319/1“ +47s32121»* -63453437/<1 + 2805631

Ding 1l11'1"c dal duqc khi d = 0 v51 <1, 12, 6 ln lu'Q'1 1Z1 nghiém @1111 czic da lhirc bit 1<11a quy sau dy

3016.1-1‘ - 30106.1-7 +1305s7.1~“ - 3205881‘ -

+2s5356.1-* -4616641--‘ + 26766411 -85824.1-+115s4

15021-*‘ +14679_1~7 + 589281" + 1219641‘ +142560_1* +90672_1~‘ +1<2264_1’ - 47521 - 1600

754;“ -58455 +1<2216;" -37935;‘ +45610:“ #50031‘ +16560;1-4241; +400

R6 1z111g dy khéng 1111111 11161 két qua 11611. v1 111é 11511 661116 661 dy 121 11161 11211 161111 11111.

C6 mét két qua khzi degp cimg dang. 1n1§1c dim yéu hon.



C]lll‘07lg V: M171 SI): sting t(!0 1'15 I111! dzirzg tluh" I031

02in 4. \/(ii czic $6 thgrc khéng aim 11, b. 1'. 1l'clu'rng minh ring

cc
E:

P‘?

1
~ 1 9,U + 7,‘) + ,1 + (Z <§\11+/>+1'+1!

\/11+/7 \'1>+<' \/'1‘+c/ \/'11+11 —

L01 gmi. [vs Quéc Ba cén]

Khéng mil Lfnh téng quail gia $11" 11 + /1 + 1- + 1/ I 1 \'Z1 11-02/2 + 1/ . D511 .\" = 11 +1‘ [hi .\"2%.

SL1 dung bét déng lhtrc Jack Garfunkel ta c6

L1/++;§i\%1,+1)+1»=i1»?_7
\/11+/1 \//7+0 \/1'+c1 4 4

9_('_+?—.(/_+9LSly/1'+1/+11:l\l—/>.\/'1\zi}'
\"z’+1/ \/1/+11 \/11+1' 4 4 -

Z 9§%\/1-1/—9+%\*'1—/9-9
u_,,‘l._11 \/11+ b ' \/1‘ + 11 9 \/11+ c

=%(\/1-1) +\//1-1/)—\/("+11S%\/Z(Z—b—1/)—\/c'+11=%\/2(l+.\‘)—\/;

U l .: \ .4 _ 7?? WDe dang klem Lru ; \/2( I + .\") — \/.

4;-

/1

/\
I\)J)

L \'('yi mQi 1 2 12 7. Bél d§mglhL'1"c duryc chimg minh.

Chil )7 ring ding thfrc khéng xziy ra.

Chimg la cé lhé {hay déi hé s5c1'1a czic bién dé nhzfm duqc czic b2‘11 dimg thirc th vi sau dy:

Béi toén 5. Chimg minh ring vdi czic thuc ixm 11, /J. 1" ta cé bt dfmg Ihirci

11 /7 1' 3+ + i /—(11+l>+c)
\/11+ 21> \/b + 21' \/1' + Z11 2

961 mi bin déng mu-¢ nily khéng cc’) déiu dang 11111-Q. »-21 khéng phai 121 hang $6161 nhéu.

Mét két qua mzgnh hon phin biéu trong bzii toim dudi dy:

Biai toxin 6. Chtrng minh ring vdi czic s6 thuc 5111111. Z1, 1-11106 bél déng thircz

I S/\'\/11+/7+1“
11 + 12 + 1

\/11+ Z12 \/[2 + Z1" v 1' + Z11

Trong as 1 =%+ V;-1+1 =1.17995%s
\/2\/3 ‘/5

Ding thfrc my 1'11 khi vb chi khi 11: Z + 2\/3. /2 = 1. c' 1 O vii Czic hozin vi.

Ldi gii. Dzfat .\' = \/11+ 21).)": \/1' + Z11. 3 I \/12 + 21' thi

xi +4)": — 2;: b 33 + 4x: — Z)": _\"2 +412 —Z.\‘:(1: : _(':
9 9 9

\ ; ; , , , .\‘2+4\"3—Z:3- x2+\'2+_'.2 _Va batdang1hu'ctr0th11nh Z £l<,/ ‘Q hay 111
\- .>z_\'1' ' .



I020 B("1t (7r111g 111111‘ Jack Galfzuzkel viz mgit $5 nu) rqing

Bait112:c11.12::z1:.....1>H_1=c1”_E.1)”=¢1”+11”_1 Yb B” = _/'(\11;.17:_....1v” I.

1). In
Them: Aw . = ‘ + 5 +_..+

/|*| I
VI

V111; +17- +...-I-17' , +11, \/1)., +/>_ +...+1v
. _ 1'—; 1 _ \ /I

b11—I U1: u11~I
' + + I

V1/1M +11” +11, + ...+1>”__, \11v” +12] +/>3 + ...+b”_: \/11M +11] +123 +...+hH

/7I bl (I11 ([11+]

=B”+ — I — , +
\='1>] +17, +...+11I_l +11 11> +17, +...+1> "12" +12 +111 +...+12_ , ‘(I +17 +17“ +...+12

1 _ 1 11 \ I _ 11--I \, 0 I _ 11—_ \ II’I I _ I1—|

\.

»\\;

\.
___\»

i,_/

+
"13

+

(1 Cl I
11~IIBH + I

'.-1~I 1

\/I171-I-17. +...+1) +0 1) +17. +...+b‘ , 1 (1 +12 +1), +...+11 1'12 +19 +1), +...+17
\ _ /1 I ll \ I _ 1.—I / , \ 11~I I _ I1—I \~ 11 I _ 11—_

D0 <16. {L1 17] +192 + ...+17H_] +11” 21)‘ +123 +...+1J”_1 \'Z1

a +12 +11,+...+b_ 212 +12 +b,+...+19 ,suyraA SB.
11+] I _ 11 I 11 I _ II*_ 11-I II

Mef11khzic.theo gia1I1ié1quy nap B” §%\/bl +123 +...+bH =%\/11] +0: +...+u” +11%} .

V1 \"€1y A, SB SZJQ +c11+...+a +u . .(dpC111)
' 1+1 /1 I ._ 11 11+!

Binh Iugilz: C6 thé 1I1§y 1116 réng bi tozin lhco czich nily. czic két quzi dz_1t du'<_1c IE1 khé lrc_>n v¢n.

M61 cu I101 khéc 15111111 I1§111g $6 k nho nhl $110 cho bt ding tI1L'1'c suu dng \/61 n1Qi a,b. (3 d 2 O:

1" + 1’ +,“ +,d §k\1u+b+(-+d
\/a+b \/11+c' \/c'+c1 \/(1+(1

Dy I21 11161 bE1i 101111 151 khé vi \'§1n chua cé I01 gii hoim chinh

Tuy nhién. sL1'd1_1ng1111'1yI111I1._]iChen dZ111111ra két qua xép xi nhu sau:

G151 111 ciin 11111 k = 1.4352668092582209}10763 I5111gI1iém cua dz11I11'rc

101"‘ + 2151" -05201-‘1-110_1151»"’+ 20243141“

-130713191“ + 41832121 * - 034534371 1 » 2005034

1)éng1110-Q (151 dLl'(_>'C 1011 <1 = 0 va (1, b, 1- 1511 ILl'(_)'I Ii1ngI1i§111 um cc da II1LIC 1551 1<11a quy SZIU dy

3016.1-*' - 30106.1-7 + 1305271“ - 320580.11‘ -

+2s5350\-* - 4616041--‘ + 2676041-1 - 85824.1» + 1 1534

1508;” +14079_\~” +5s92sv“ +124964_\-~‘ + 1475001‘ +90672_\~‘ +19264_v* -47521 - 1600

7541* - 58455 +1911@;“ - 37935;‘ + 45610;“ — 35003:‘ +16500;3 - 4241; + 400

R6 rilng dy khéng phaii 11161 kél qua dcp. V1 thé vén c6 thé coi dy IE1 11101 bZ1i 105111 md.

C6 mét kél qua khé dcp cimg dang. mzflc dL1 yéu ho‘n.



Chmmg V: 1\1g§t.s'(§ sting tglo 1'15 brit Jrig thllr 1021

U11

E1

tozin 4. V01 czic 1h1_1'c khéng Z1111 11. /2. 1-, 1l'ch1'1“ng minh ring

1 - 2 -1
U +1‘) + ,‘ + yd <‘§\u+/>+('+1'!

\/L14-/7 \"./7-1-(' \/('+(/ \/£1-1'1! ‘-

Lin‘ g1"111". [vs Q1161 Bé c5111

Khéng 111511 lfnh téng qu2'11 gia $11" 11+/2 + 1' + 1/ :1 \'Z1 11:12!) + 1/ . D511 .1" = 11+ 1' Lhi 12%.

S11" dung bit dng 1h1'1‘c Jack Garfunkel 111 cé

i+?—__b_+%Si\/11+/2+('=i\/l—d V51

\/11+/2 \//>+(' \/("+11 4 4

i'—+#[—+,i§i\/(‘+1/+11=i\1—l2.Vi\"Q§'
\/(’+1/ \/1/+11 \/u+(' 4 '1'

Z +12r1_;12 11".
11./1_1-.1/ \/(1 +1) 4 \/1' + <1 4 \1 11+ 1'

5 I 5 ' ’=Z(\/l—b+\1’1—1/)—\/0+0Siy/Z(Z—lJ—(/)—\/c'+(1=%\/Z(l+x)—\/I

D1? 1151112 kiém 1r11 3 \/2(1 +1-1 — \/.16; \'('>’i moi 1 2 .1' 2 L. B51 d§nQ1h1'1'c duoc 01111112 minh.‘ 4 2 ' Z “ ' ‘
Ch1’1 Y ring ding 1h1'1'c khéng xziy ra.

Chuing ta cé 1hé1hz1y déi hé $6 c1121 czic bién dén11g1n d1rQc czic b1"11 df1ng 1h1'rc 11111 vi sau dy:

Bili tozin 5. Chimg minh ring vdi czic s6 th11'c 51111 Cl, 11. 1" 11106 bit ding 1h1'1'c:

u /2 1" 1-+ L + ?_S —(z1+1>+c)
\/11+ 212 \/b + 21' \/1" + Z11

1361 1-1'11 11111 1151111111111-1 nZ1y khéng 111 11511 11§11g 11111-1:. 111 khéng phai 111 115111; $6161 111151.

R)1,.)

M61 két qua mgmh hon phzit biéu lrong bi1i toim d1r<'Ji G51)-'1

B511 toén 6. Chtmg minh ring vc'>'i czic $5 [hue 5111111, I2. 1-111136 bin déng 1h1'rc:

(1 I2 c 1?‘?+ + §k\111+/>+1-
\/11+ Z1) 1/I2 + Z1" N/1' + Z1!

T111115; 1111 1 1213+ 71+; =1.179959(1s
\‘._.

TJ

JE
/.

L1.)

<2?

E

Ding th1'1'c xay 1'z11\'hi \'Z1c111 khi :1 : 2 + Z\/3./1 =1.c=() \'Z1c;ic hozin vi.

L1>1" gidi. 1->111 .1 = 111+ 2b. 1- = 1/1+ 211. 1 = 1/11 + 21- 1111

.1-I +41»: - 2;: Z ;1 +4.1-1 - 21-1 11’ +48 - 2.1-1(I: . 7: .L':
9 9 9

1 A .' . 1 1‘ -‘2+4‘2—2Z3' 1'1“? '2+II: 1Va bat dang 1hu‘c tro thunh Z \ Slqf \ ‘L hay la
\" .1

('_\'(‘ '

1

1
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:ZLl+ :ZL- :(,\- + \~ + ,-,)§3k\;3(.\* + i-1 + ;1)- an + _\» + I)l1(1§1C1I1@lcCi1 khziii
\ \l\l \i

\ (.\-—\~):
Z(.\'— \'—;)(.\'—;)\ ‘§3l<\,/3(_\'“ + \" +3“ ) —3(.\'+ \"+:)—ZZ—f—

' nr '

I \ \

_ \ V ~. , . 4 ." I , i \ + 4-~
R0 rang chi can chimg minh hat dang thirc irong irumig hqp 2 x2 >\' 2 t. Z O .

Tir diéu kién Zxl 3 y: + 4:,:.d§:d£1iig kiém ira pl1Ll‘Ol1§_IIfinl1 Z(.\‘ — r )' :(_\" -1)‘ + i-H; -1)‘ cé

hliilighiém0§!l§I11iX1(I:.1)\'Zl\'(§'ifI1Qi()SISI|[RC6 Z(.\‘-—I)_ §(‘\'—r)' +4(:—r)'.

Ta 06 thé gifim x. 5'. 2. di m(>i dqi lu'Q'ng I him lrong [OJ] ] . khi dc’) vé lrzii ting.

Tu cé thé chiing minh vé phni giam. c6 nghiu iii hiim s<‘i

1

f(r)=3l<\/3((.\"—r)3 +(_\--1) +(:+z) )—3(.\~+_\~+;—31)~2X% giamu"én[().1l].\-_

, A , _ _, 111+/1+) _ 1

1"1i:_1l\';1y.d2_1i/2i=x—r.n:_\"—I_p=;—rlhij (1)=—9ki—h+9—22 Q
I71\/3(/213 +123 + pl) HI-IL/> _

, ( _ )2 III-i-11+ )
Ta se Chung minh 2 Z 2 9 — 9/<-iii?

iii-/1»/>
in‘ i/3(_)I7: +113 + /)3)

(;;;~,1)3 m+/1+];
D0 k >1 tzi chi c§"m chirng minh 2 Z 2 29-9 _~¢—iw . Ta 06

M-/> ”' \,"3(n1“ +11‘ +p')

VP9l

I
'-I1)

Ii -\ w 1

\,i‘3(nz‘ +/1‘ + 1)“)

/ah

JJ

_(

, \ , 3 20/1
/ m+;1+ p \_ Z7(/22' +11‘ +p‘)—9(m+n+p) >2 0.‘.

I , W >
ml +11: +p3 .“3(nz3 +113 +p3 ) +m+n+ p 2 (”7+”+ P)“

Z(ni—Iz):
‘ — _ '\'< I ' \

Vi vfiy chi cim chirng minh 22%22%? hay Z(m—/1) L-4-l7—(——2i-J20
/H )

Bit ding thirc cuéi ciing dfing vi

' '~ m+ri+p ' (‘H "T m+n+p '

2(m+n+ ]))Z2/21+\.=/4113 +417: 22/n+\j/13 +4123 2311123/123/2.

By gié ta cén chirng minh bit ding thirc sau khi dii giém céc bién di min dai lu"Q"ng re [0,1]] .

Néu chc_>n I =11 ta chi cn chilrng minh bit d§ingthi'1'ctrongtru'6ng hop 2x3 = _\-3 + 4:3,

nghia I51 <- = 0. B5: d§1ngth(1'C ban aéu my thfinh _“— + 6 s A»/<1 + 1» .

\/a+2b

l—b
Gizi sfra +12 : 1 tziphai chi'1'ngminh g (12) =—i+ \/Z; S k vdi-n1Qi be [0,1].

\/1+1;



Clzzrzrng V: Mg?! $6’ .§'(ilI_Q tqm mi blt ring tluir I023
, H '_“) , , \ ; .. .' ,5 .,TTucog (/7):— +L_.D()(1()‘Q (/2) cungclau\'01 \;(l+/>) —(b+3I\/l>_Z(l +/1)\’1+/2 2\//1

nghia 121 cimg d:‘1u\=<'>'i (l+ /W — (/> + 3)“ l> :—3/7: — (1/> + I .

=\ . . ; ~\~ 2‘?-2 F ~De dung chung mmh rang Q1113 g (/7) : —l + a {:+T+ /-1 + % : /< .

M" \ \/3 /! \./Ix/3 \" \/3

7:
~—\

B51 ding thtrc du'Q'c chrng minh. Téng qudt hon ta c6

\. , . : _ _ l:‘+5/T; 1, _ ‘_ Lan toan 7. Cho q lu so [hgrc thou mun () S q £% h02_1c q 2%= 1.l9_s.w7>Z-+3 . Tun hang_ _’ 7

W

$6 thus k nho nht sun ChO hi! déng thirc sau dfmg véi mpi $6 thuc (1. /2. <7

" |_u . + /_/J _ + __(.'_. S/\'\/41+/7+0
\/(1 + (]/J N"/2 + qt \/c" + qt

1.61" gizii. f
Tru'b'ng l10'p 1. Xét OS q Si. cho u =12 - ¢ =1tanhém duoc /< 2 .' Z \,‘z/ +1

Tn sé chrng minh b§td31gtl1u'c: ,__” ._ + ,__/’_. , + __" S J’ A \./(l+/1+1‘
N/11+ L][7 ~ V‘/> + qr \f(' + qu \( 1/ +1

SL1" dung bit ding thtrc Cauchy - Schwar: IL} 06

—€¢§'_ +?lL+_&L * _€(a+l2+<-)‘i+L+#).
\/a+ql> \/12+:/<' \,‘('+c/u . u+c//7 17+‘/4‘ "+1/(1

Ta chi cn chimg minh U + b + ‘D 3 3
u + qb Z7 + qr" c" + z/u 1+ q

<=>1——i-—j+’l—L\]+f1— F ]23— 3 <=> b + C + U 2 3u+(//9, b+q('/ \ ("+1/(1,, 1+q u+</[2 b+q(' (‘+1/(1 l+q
Lai zip dung bit dzing thtrc Cauchy — Schwarz ta 06

/7 (- (1 2 (u+/2+<*):
¢l+¢//7 /Y+¢/F (‘+1/11 u(<‘+q<1)+/7(u+qb)+<'(/>+¢/(')

Tu chi cn chfmg minh (1 + q)(a +/2+0): 23(u(<‘+qu)+/2(u +1//2) +(-(h + q<~))

<=>(1—Zq)((13 +17: +03 —uI>—lx"—('u)2()<:>(I-211)

F"“"|

\ 1 7

(u_—b)' +(/2-0)“ +(c"—z1)_1Z().

A ." . 4- \ -.' v. , . -, - 1 \ \ * 3Bat dang thut CUOI cung hlen nhxen dung. Vg1)'g1atr;canInn la +.
\1(/+1

n+i\1T3Tru‘6'ng h<_)'p 2. :12 Chox = \/u + qb. _\" = \/c + qa. 1 = \//J + qc thi

2+ 1 1 '1 7+ ') 7 'Y 1+ '3 ') WX z'\"—(:' 1' c'.\"—:\‘“ \" (':'—z.\"I . 1 Z): I 1. CZ. 1 I
9 9 9

Bét déng thirc tro thimh
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Z.t: +q‘:_\': ‘—<[f: gk + _\': + ll
,\-,- (zf +1).\' \v 9+1

-\ ~ 1

<=>¢/Z'\f\_‘—'+(L</3 —<1)Zqj~(r/I ~</)(-\'+ .\"+ :)§
1" ' |'\. '

kw 3 1 .
S—g£———L.i)\/'.\“+_\"+;‘—(c]“—q+l)(.\‘+)‘+;)

\/11+}

<:>q(,\'-—_\')(_\‘—;)(3—.\-)(—L+L+-L13
.\_w" _\'; :,\' 1,

/<3+lr—}. . w . . .-~-3
S—(q:_—) \/.\" +_\" +5,“ —((/‘ ‘q+1)(.\'+ _\'+:_)—(q' —q)

v
N. -\'

‘ I I

Ta chi cn chtmg minh trong trub'11g hc_>'p 2 .\‘ 2 y Z 1 2 O.
£1

Tirdiéu kién q.\"3 £ _\": +q3:,2.suyrat§>nt;1iOS/1§;.q(.\'—/])2 =(_\‘—l])2 +q2 (1-11): v51 véi

m<_>i OSISII £2106 c](.\‘—I)2 £(_\*~r)2 +q1(;—r)3.

Néu ta giz'11n.\'. _\', ; di mét 1u'Q"ng re [01]] thi vé tréi téng. ta chirng minh vé phéi giam. \/"Z1 nhu

thé chi cfin chimg minh bt d2'i11g thirc ban diiu trong tru'€>‘ng hqp c : O. Xét helm $6

/<(q‘+1),»';~V'J?r‘i 1 (-\'—\')3 »

f(r)=~——\/(.\-+0" +(_\'—z) +(;—r) —(q' —q)Z-+_;—(q- —q+1)(.\‘+_\‘+ :—3r)
}(1+] .\ I

E)5_1I m=.\'-_r.n=_\"—l.p=:—f tacé

f,(,):_k(q°+l) n1+n+p +3(q3_q+l)_(qg_q) Z 021-611)“

\/4/+1 \/ml +113 +1): "M/I "1-

/I
1

, k f +1 , _ -

Taphaichirng minh 3(q' —c/+1) 1—ii— 1£((1' —q) Z
3 \/‘H12 +11: ‘Pp: / n1_r|_p I”-

, .
. '

kal 1 ,

Ti1‘b€1tCIéngthL'1'c ban déu. cho u = b :(-=1thi ta nhém duqc /< Z ——3— <:> ——i:— 2 L vi thé
‘

1 + q 3 \/-3’

3(q3_q+l) 1_k\/1+1 m+n+p £3(q;_q+1)/]_ m+n+p

3 \Im2+n:+p‘ \/3(nz3+n3+p3)

D0 dé ciin chirng minh

3(q2_q+1) 3(n,1+r11+P3)_(m+n+p)1

\}3(m3+rz2+[1:)(\/3(1n2+n2+P2)+m+n+l)) "P '7'“

hay cé mé viét 1&1 1:1 5,, (m -,1)’ +5”, (,1 _ pf + sn (m— ,1): 20 trong as



C/1 rm‘/lg V: 11/[git S6, Sling rgro 115 bfét airing tluir

:/1:/>3 {QM/I —¢/H/21+11+/1')3 —3((/I -4/+l)n1:

Sm : pi/21: LZM; —z/)(m+/1+/1): -3(¢/I —</+1)/1:

.1

'1

J

J

.4

J

'—"L..._‘

S” I/21“/'1"§L'l(z/' —¢/)(m+rz+ /2)' —3(q“ —c/+1)/J“

|_.

\/3 111.2112 p20. I11 c6 Z(c/2 —([)(lH+II+[7)3 2l8((/I —q)p3 Z3(q: —q+l)p:. do dé S1220

Vivé.yti1‘S”(/21-/1): ZS” (m—/1): +5” (11-1)): ta phéai chtrng minh

Sm +5” 20 V51 S” +Sp 20

Diéu n£1y dfmg bC>‘i vi %(Sm +S”):(q3 —q)(m+/1+ p)2 ([72 +n3)—3(q: —q—+-1)/12]):
.'_”1_

2(q: —q)%(/1+p):(\p2 +n2)—3(q2 —z/+1)/13;): 2l8((/3 —q)n3p3 —3(q2 —q+l)/2:122 20 via

—;l—¢(S/7 +S”):(c/I —z/)(m+n+ p):(/n: + p3)—3(z/I —z]+l)n13p3
n"

Z(q3 —C[)(II1+2/J): (/11: + p3)—3(c/3 —z/+1)/223113

2(q2 —q).8mp.Zmp —3((/I —q+l)/nap: 20

Nhu" véy ta aa chL'1'ng minh fm nghich bién. Theo lép luén o trén, ta chi can Xél bét ding thirc

ban d?1utrongtrL1"b‘11g hqp c = 0. nghfa I51 i+\/E 3 k\/a +12 .

\/a+qb

Khéng m§1tt1'nht6ng quzit. gm su‘ (1 + 1) = 1, khi dé gizi In nhO nhét Qua /< chfnh 1:1 gizi tri lam nht

cL1a hm $6 f (x)L+ trén [O.1]
‘/l+(q l),\

I -1 -‘ 1 \ : .. - 3Tacé f (.\')=— +L cung dau v01 (l+(q—1)x)x—x((q—l)x+q+1) hay
2 1 6 -1 \-3 25\/( + ( 1 )- )

cilng du véri P(.\') =(q—l)2(q—2).x3 +(q~l)(q—5).x2 —(q2 —q+4) x+1

Czic ban cc’) the‘ tu chirng minh két quzi sau:

Néu s q < 2 thi Pm cé hai nghiém ém Va mc}t nghiém trong (0,1).

Néu q > 2 thi P(x) cé mét nghiém m vii hai nghiém duorng xi £ min (l,x2 ) vé f(.1:] ) > f (I).
Néu q = 2 thi P(x) chi cé Citing hai nghiém phén biét, 1 nghiém m vii 1 nghiém ducmg e [0,1].

Trong czi ba truimg hqp, ta c6 két luafm chung:

, 1 . ,
Gié In nhé nhét cua /< 151 il°—+\/Q trong do X0 la nghiém duong nhé mm cila

J1-+-(q—l).\'0

phuvngtrinh (q—l)2 ((]—2).\'3 +(q.—l)(q—5)x2 —(q2 —q+4)x+l=O
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Nlzgin xét. Ta cbn c0 hai tru'O'ng hqp riéng dtfit biét cua hili tozin nily. dé I51:

/
V

G I Z-R
ww ' - '

—\/ww 1'—\-l-\/1}‘ \

1. q + ./J +14 2% :7 ‘ P“ [vu+l>+('
\/n+4/7 \//7+-l(' \‘("+-lu =_ (“(1__1+

u /'2 c"
2. + + <

4.
DD

DJ

/ ',_ ; _
_\/3—3 ‘-

J

‘J

+
'14

Z
VJ)

/via + 3b \1Z/2 + 3v \ Z0 + 3a
_ V_+\;

J

I

'a+/>+v
-\ \'l—l + \'/3 _

Tru'b'ng hqp cuéi cimg vain IZ1 hai bixi toim mo" sau dy:

\. , .. V 1?+5\/13 Q, . . 4 A _' I
B21 toan 8. Gm su' %< q < Tlm gla In nho nhat cua k sao cho bat dang thuc

" + I’ G" £l<\/u+.b+¢-
N/a + z/l1 J12 + qr \/‘c + qa

Dng vdi mqi 56 thuc khéng m a. b. <2

Binh Iugln: Bét ding thirc Jack Garfunkel 151 trubng hop dzfac biét cua bi1i tozin {mg vdi q = l. D0

dé bili tozin 8 mdi thuc su 121 bili tozin téng quzit Qua cua bit ding lhirc Jack Garfunkel chir

khéng phai 1Z1 bili todn 7. D61 vdi bi tozin lily chimg tu khéng thé (hoiic rzit khé dé cé thé) du

dozin du'Q'c tru">'ng hqp cu thé my ra déng thirc khi q nhim mét gizi tri bit ki trong khoang

1“+5\/1??%< q < do dc’) tzic gia nghi ring. trong b<'§n czich chirng minh bait ding thirc Jack

Garfunkel 6' trén. néu cc’) mét czich C6 thé giéi duqc bZ1i tozin 8 thi dé phéi 151 czich thtr 2 (do czic

czich cbn lz_1i déu d1_ru trén su biét trudc diu dfing thfrc cu thé). Néu khéng. chng ta phzii tim ra

mét huémg giéi quyét khtic cho bit ding thirc Jack Garfunkel. R6 rimg bét ding thirc v§n cén

nhiéu diéu mu vi dang Che caic ban d(_>c mam phél

Bi toén 9. Cho k 151 s5 thuc duong nhé hon 1. Tim gizi trl nho nhzit cim M sao cho bit ding

thirc a k + b k + C A £ M (a + b + <-)H dng v('>'i mcpi $6 thgrc khéng m a, l2, ca

(a+lJ) (l7+(f) (c+a)

Binh lug?/1: Chxi y‘ ring néu k > 1 [hi khéng tén t2_1i gizi tri Cua M. Thét véy, cho c = O bét ding

thirc t1"O'thZ1nh if+ 12"‘ S/1/l(a+b)H.C<">dinh :1 viz cho b —>0 . khi dc’) VT —> +<><> trong

(cl +12) G

khi VP —> Ma H , mu thun.

g I A

Theo du dozin CU21 chng téi, M = max 1 + k (1 — k )

/

Bi viét tam climg tr dy, hi vqng duqc trao déi véi céc ban vé bili toain nily trong ma}: dip khzic.



C11 mrng V: Mg?! $0’ sdng I(l() vé bf}! Jng thzh‘ I027

§ 24.5. cAc BAT DANG THUC CO LO'I GIAI HAY

Tm/lg /nz/(' /1(7)" <'/11?/lg 10/ _qir}'i I/ziéu \‘</“i ("air /um mg}! sdy /rd’! JJ/lg I/1z'r(' cfuzg n/2z?ng

1'/212'/1;; min/1 nit J5/1. (“(5 nu}! .81}, /2211' {ruin z/zrr}'1' dd)" (717 Ju'(2'¢' Jé cqfp 107' 0' <'ciz* 0/1u'1/mg

/rzr/}‘<; [rung uric r‘/rm/n_q <70. ¢'/21in_Q J17 <7’z1'1_/0 gm/' \'<)'i 11/117"/1g p/rm/'z1_<q p/zci/1 /</zci (‘/nu?/1 Mic.
.’\»’_Qzr'(/(' /¢_1i_ Ju .\"/}' (xiv (‘/IZ}'Il§' mi/I/2 4/z1'r}'i Jd)" rd’! Ii/1/1 /zm/I viz /\'/20/lg {"12"/lg 11/14770 111(2); I/zen
("dc /z},'z1_\"8z1 If/<'Ir11v)‘<' /11711.

1 Bfli 1. Chou_/2. ¢'>()lh(>z1111€1n 1% + IL +L=2 . Chirng n1inl11n<Y:
<1 +/2 1+0 /_ C

u+b+<+2( .1/2 /)( + ((1)21 H»)
Z u +/> 1>+(* 0+ :1 Z

Ch ling milzlz

{)2:1{S:(I+/)+('1T161/7+/)(‘+L'(llP=(l/]('.ThiL+L+LI§ <:>
1+5: 1+/2 1+0 2

<'—“>'_7.[(1+/J)(\1+L‘)+(1+L‘)(1+[I)+(1+(l)(1+/))]:3(I+CI)(1+/7)[l+L‘)

<:> 3P + T: S + 3. Su'dL_1ng b§tdz“h1glhL'1"c AM — GM, £2106:

;:1+1+12 3 2 9 :9++2 l :1 1 17 1+(' Q/'(1+(,)(1+/,)(1+(-) (1+u)+(1+l2)+(l+(') 5+3

:>3(S+3)2 l8c>3S29<=>S23:>S+326.Tasécht1"ngminhT23.NéuT<3thi3>T=

/17 :>P<l:>3P+T<6:>muthu§n:>T23.ab + 126+ cu 2 3%/ub.l2(".<'u =

La.)

<31

TaC6:c1+[2+c+2(ul2 + 19¢" + cu )22 ©§+2(SLi)22
Z 11+!) lJ+c (‘+0 Z Z ST—P 7

<=> $<sT-P)+4(sP+T1)z9(sT-P) <3 s1T+s(5+3-'r)+4r1295T-3(s+3-T)

<=> S3T+S3+6S+9+4T3ZlOST+3T <:>(T—3)(S—3)(S+1)+4(S—T)22O (2)

Do S 2 3 vZ1 T2 3, nén (2) dfmg :> (1) dimg.

B51i2. Cho (I. 11, c’. 41> O lhéa min (1/15+ bed + cz1u+ dub : 11+ b + z" + c/.
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2(u+l>+(‘-9-111=2(u+/>+('+(/1
1

1 11+“?+1+/;1+1+(P+1+</1‘)
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Clzzhzg minlz

D§1lu:L;l1Ii:<':L :>.\'\';=.\'+\‘+:,+Z<=>u+l>+c= 1

.\‘+1 \'+1 1+1 ' ‘

T

1 \"\"+ \

1—(1 /2+0 1-12 ('+u 1—c' 11+/2
:1 C6: .\'= I ;_\": = 1:: =

<1 u /2 12 1' c

_"; + ;.\" 2 Z(.\‘ +_\" + 1) <:>



('/1u'11‘ng Y: 111131 mi’ szirzg I110 1'15 /1111‘ 111111;; tl111'1" L

._:_ 1 ++1')(1"+/1‘? (1'+11)(11+/>1 (11 *1"_1'+11 11+/7'+/v)(/2+1‘?

V
J

{/1
43>

11/7 />1‘ 1'11

,1

»\

<:> 11(11+/2H11+1')+i2(/1+1")(i2+11)+1'(1-+11)(1"+/>)2Z211/>(11+/2)

<:> 1'1(11~/7)(11—1')+/2(/2—1'")(/1—11)+1'\1‘—11)(1'—/))2()

2.»

B§1d(mg1hL'1'c 01161cimgdLing1l1c0Schur. Vi \‘2f1)'..\j\'+_\"; + 3.12 Z(.\‘ + _\‘ + 3)

‘*1 \/‘Z \.1

5 T C 3 1 3; ~* /11" 3.\+\/\ +\1-,S?\,.\\_ *;> _ _—-21 §:
\ 2 \/(11+b)(11+1') »_

/\

I+/;+
SL1 dung hit dng lhirc AM — G31 111013:

i§4

(11+l2)(11+1") 2 +1 11+

'/ /21' §l(Z/2/+ 1' )+l([1' +/11
1‘ I 2+1‘ 2+11 Z1"+11 1“+/1 Z

Bi1i5. Cho 11./>. 1">(). Cl1(1'11g111i11l11"§mg:

1

u+b+1Ki+i+l)z9+@-Qilii%) u)
11 /21 +11' +/7' 1"

1 <:>

Clz 1211g min lz

() Q+Q+]l+Q+£+£+ >]()
/2 1." 11 1' 11 /9 11' +/23 +1‘: —

'-l(11l)+/21'+1'11)

/1 1 11 1 11 /2 H ; (>+/"+-"

‘[ /> (11~/1): “(11—/112 > 1°(11—/1): > °(11—/2):11, _ _ _—+~—3: —= - 1 ._1 1 1
/> 11 11/1

, /7 1' (/2—1')' Z(/2~1')‘>Z(/v—1")~> Z(/1-1‘)

2!!/7 11‘ +/7‘ 11' +/J“ +1"
~ '\ 1

Tz1c0:+—+——Z= = _ _

:> £+£+Q

1' /2 Z11‘

1 1

Z/J1‘ Z13 +1": 11: +123 +1‘:

~ (1'—11)' 2(1'—11)' Z(1'—11)' Z(1'—11)'L+(_l__'2: :
\ 11 1‘ 1'11

Z 1 1 Z 1 7 1

2?" 1" +11‘ 11‘ 4+/)' +1"

- ~ Z’r'(11~l2):+(/2—1'):+(1‘—11);] 1-¥(11b+/)1-+1111+¥+i~62 L . 1 , =4— 1 1 .
12 1 11 1 11 /2 (1 1 (1 1"+/>~+" ~+/-+1"

Bili 6. Cho .\". v\". 3 > O 111611 mf1n.\"+_\" + 3 : 1. Chirng minh ring:

.\'\‘ Y: - 1- 7
1;,+ 1. + ‘z.<,0 11>

l—.\"_\" l—_\";' 1—;" .\" -

Clz 1111g minh

'B5d@(MouJx120v&u+b+1=IAN(uhY+%bN”+(uU”S1%.VQ§neN



H130 Cdc 12111 zlring tIu2‘c cri I01 gm: ha\

° (.'I1z2'ngnzinI1: Khng 111211 Iinh 16mg qu;i1.gia su' (1 2 /1 2 <-.

Su'd1_mg hit dng lhrc AM - GM 11106:

" w_1”
, \.—;

41+ +' ‘ " _ 4

I 111 1 1 ,1 1 . 1, - , 1- ,

%=1i‘ ———;)—(— 21111/v+c11 Zr!"/1' +(1”c"" +11"./7" ‘("21/'!>" +b”(" +<"'u’
L _:._. ,1 .

° Ap d1_mg: Str dgmg céng Ihtrc léng c§p $6 nhim v6 hgm la 06:

1

17)‘ _ 1+-—'¢=\":,l+(\":) +(\‘;) +...+ ,5

.\\ _\\ 1 I J 1

~——‘¢—,~:7‘——,:.\\"11+(_\‘\") +(.\'\") +...i
1*-\"1\" 1—(.\‘\")' _ d

.. \. - I l ‘

1~<>=>' ~ “

: :,\-11 +(:,\")1 +(:,\')4‘I '\ 1—(:,\‘)

:> D; ~ + '11:; + ‘ix 7 S (.\'\'+ \';+ :,\"‘)+Z1(_\'\'):1"! +1 \'t):H +1t.\'1:H1

<_

l—.\"\"‘ l—\"‘;' l—:'.\" M‘

K1.)-—

-
4. . _ 1 1 _1 1 1 _1 1_ 7

1.\TV\-1-M) -1'_L}'1'I;'1'...—'~_€‘1'l—3-~—1———-5-1-%—%

16

Biii 7. Cho a. /2. c > O. Chfmg minh ring:

1
, " ‘T’
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Chlhzg minlz
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Str dgzng bait déng lhfrc Chebyslzev ta c6:
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2_1_(a:+b:+(,:) 9 :§_ul+lJ:+c3
3 4(a12 + bc + ca) 4 <11; + be + ca
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7

Th] (Z) <:> 3/7(l—p)+3q+3(l—p):(p3 —4q)—lS(). ‘Y/pE[(). 1] . V:/6 E_().§/13 <:>
4

. ~ "_ 1 73/2‘ —6/1‘ +3/2—lZp3c/+2-l]>(/-9:/-1SO_ V/1E[(). 1] . ‘Va/€ 0.1;):

. ~ 1 ~ F T<:> _/ (c/)=</(—lZ/>' +24/>—9)+3/2‘ —6/1" +3/2—l£(). ‘in/€i().§/2:

Tir \"i{:cA/(q) 121 him ulyén lfnh. suy 1'11 .\1;1x [(1/) S :\1ux{/'(0LJ; f /13)}

/'(O)=3/f’ -611’;+3/2—l:g(/>):>g’(/>)=3(Zp—l)(Z/13 -2/2-1) .‘V’/JG [(). 1]

rI';.;1<_- ; '

D511 l('v'i g'(p) I 0 Iz_1i /1:le(().1). Lip bang bién thién :> _L((/7)< <4 :—%
13 i ‘ 1

/' l/23 1-2 3 ‘_ —]=_ Q -l)“£().Th51I viy. /'(q)S() V1/e1'() %/13 ;:> (dpcm)
L

ii‘ '_'_

'3

{'_\

".
*4

- ~.

1\,,
Clzzhzg minh 2: Dial z1=\," ;/2 =\} = + :> (1 +12 +1-= 1

x \

'_,_;._-

%—z1l>—l1c'—<'(1=%(u3+/>3 +02 —c1l>—bc"—¢'a)=%(u} +/)3 +(13—3ub(')
5

:—(u'; +12“ +1’: +31//>1"—6a/>(')2%L!(/>~<"): +/7(¢'—u): +<'(u —/)):j <S¢hu1->w
1

.\’l:f1l khzic. su' dung bél dfmg lhfrc Cauchy ~SCl1war; 1:106:

¢/(/>—<-) +/>(<'—z1) +('(u—/9) -(u+/>+(')Xu(/¢—(") 2(§<1/2-/xi+1/n'—z‘u§+‘('u—u/1!)
~ » 1 ~ ~

»_\

Khéng n1lt|'nhtCmg quzit.gi<"'1 .<u~11/1 2/102 cu. Thi.d§dZ1ng Q6 ding thfrci

|(I /2 —/><'§+il)("—<*z1|+§('u — (1/2i I Z(IVl;1x {(1/1./>1‘. 1'11} - Min {:1/>./>r'.('u})

:> 11(1) -4‘): +b(<' — (1)2 +("(a —/7): 2~l(Mz1x{u/2./>('.(‘u} — Min{z//)./n'.('u}):

1 -1 3:> q — ab — be — cu 2 —3—(1\/lax {(1/'2117<‘.v<'(1} — Min {(11). In". ('z1})
3

Ii> £2 .\"+ _\" + 5. +%(Mz1x _\"_ 1} — Min _\'. 1}):
.3 _

1

1

1

1

1

1

1
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iii 14. Cho 11.11. 1' lE1dQ\d£1i bu cgnh cuumQ>11zun gidc. Chtrng minh ring:

: 111 111., +111/V111 +111_111 —1,l,,7 -1,!’ —1‘1__,_—

\/
4__.

w \ _

* +11" +0‘ —u/1—17<"—c‘111

Gqi S I21 dién Lfch Qua tum gizic 06 GQ» dixi bu cqmh 15111. 11. 0. Dé dimg chL'rng minh ring

1 ,. 11 .1 IZ1 dc} dili bu canh cu;1m{>1lu1n giflc \'O'i dién tich S’=lS. SL1" dung bit ding
11‘ 1,, 11L

tlmirc Finsler —K1zadivinger ta c6:

CI1 1171g minh

-I-J)

1"
_ J>1 3 3 3 qT<'_3( 2 2 ,2) 3\/1+

111 111_+m111_+111111 _~ 111, +111 +111 +_\3S -— (1 +11 +1 +iS
11 /1 11 1 1 11 -) 11 /> 1 8 q

Ta sé chimg minh: L 13 +‘-—'-

QJ QQ
JJ]

21
7111"

5 z1u1,)+1,,1( +141‘,.T11¢<>; 1‘\:l1'ic0sL3
' 1+6 _

:>1 1, Iiigcawsicnvsg. Hon nfra. luén I611 l:_1i tum gizic XYZ1hOz1 mfm
"” (a+z-)(11+<*) '1

, 1(1(a+1>+<') ,_ 11(z1+12+<"1 c"(u+12+c1
s1nX- ;l—i..\1n}- /—~l———.smZ- ii

\‘(c1+1J1(u+<*1 \(11+1'1(11+111 \,'(<'+¢11(('+1v1

SL1" dung b€1ld511g1l1(1'c 4(.\"_\"sin3 Z + _\":_'sin: X + :,\'sin: Y) 3 (.\"+ _\" + la c6:

1c" .:A ~_:B .:C .-._...A.._\_B.__ .C
1u1,,+1,,l‘+1(1u£(H%L? cos 52+¢0s 3+c0> 3 l\h1.\-wsi.) -c0.s5.~-cos?

"ABC/l+1+12ABC:> 1+3\/312m-2—t;m51zmf2'2 Aw sin~;sin7sin?

~. 3 A B C Y
Z Z 2

TU 5:17 lZ1n—7~l£1I1*;Iz1n7 :> (l17L':4SR: 

D;f1LA'=%—%;B'=§ —€:C'=%~g :> A’B'C' 121mm giaic nhQn..Ta c6 Lhé chirng minh

COS COS CON COS COS COS _ _ ~
7 '7 ') 2 '3 '7

/1+‘ um A urn B um C

._ '_ L. (.OS,)CO.\q O_

._ ._ _. _ 1. ._

IRE +1-<1nA' +L;1I1 B’ + tan C’ 2 210015‘; + cot % + cot.
S tr dung bail déing lhU‘C Tiberiu Popoviciuz .\1'éu_/151 him 161 lrén ((1. /2). nghkl 121

\

%[/“(.\‘)+ /(VH2 Vx. \" E (11. 11).1hi.

_/'(,\-1+‘/'(_\-)+f(;)+3/'1i—i)221}+_/|\ .V_\'._\-.:.e (11.11)

,- .-1

\'+\"+" 1 \‘+\" ‘/\'+." .’ I+.\“*

Bili 15. Cho u. b_ c. 41> 0 \'Z111/Jed: l.Ch|L1'ngminh1"€1ng:

(a+b+c+(1)(a3 +123 +0‘+z131+ZO2(c11)+12c+cz1+da+ac'+bd12 (1)
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Clllhzg minh

' B5115.‘ ul +/f‘ +('l +4/‘n + In/)0/Zn:/7: +/9:0: +<":¢/3 +(/Ia: +u:<': +/13¢/3 (Z)

' Cluhzg minh: Kh{w11g1n§Itf11h1611g quf1l.gi21 .<L1'11 2 /2 2 <' 2 1/. [hi
. . - Y , ‘ 1 ‘v ‘(2) <:> 11' +/2’ +(" +(/" 2(<1' +/u" Hr +1/' )+(<1/>—<’¢/)"

<I> gt:/3 +/72): +%(z(" —-/7:): 4-_l;((': +1/D]: +%i<‘: —(/J): Z“/I +/>:)((-3 -M/:)+(<1/;—(-¢/)2

<:> %(u3 —/>3): +%((': —(/3 ): +%i(u3 +/2:)—(<*3 +</3):: 2(u/>—<"z/)l (3)

Ti1"u2/J 2 c 2 4/ {hi 413 +1): — cl — z/3 Z Zn/2 — ('3 — (/3 2 O. K60 lhco

VT(3) 2 %(<'3 —:/3): +%(a3 +12: ~03 —<l:): 2%(<'3 -1/2): +%(Za1>—€3 —z/3):

~ ,2 T 4 . 1 172%(('—¢/)4+%(Zu/>—<"'—(/') =§(l+l)5_(('—d) +(Zul>—c'—(/“)_]

1 ‘ 1
V ‘2 I_(<--4) +(Zu/7-03 ~(/W] :§(I(1/>—Z(’(/)2 =(ul7—<'z/)3 1 VP(3)

' /ip dgmg: su‘ dung b5! dng 1hL'rc Sclzur la Q6:

u(u—/>)(c1re)+l>(l>—(~)(b—u)+('(c"—u)(<r~b)2()

¢=> T(u. /J. 0) = (IR +17‘ +0‘+3:/l>c'—u/>(u+/))—/20(1)+<")—('(1(<'+u)2()

VT(l)—VP(l) =uT(/>. c'.(/)-H14 +/7"‘ +04 +d" +2(l/7('(/-(I2/72 —/7%: —('3d3 —d3u3 —<13c'1 —b3d3 20

B£1il6.Ch0x 2 _\" 2 : > O vf1_\"3 2 .\':. Chrng minh rng:

\_Z__ ,_2\. Y2 \.
' M + ” ' +'+2Z(.\'3 +_\'3 + ;3)—(.\‘_\"+ )‘:+ LY) (1)

\ \ I

C/1 1?‘/1g minh

(:—.\')(_\"—.\'): (.\*—_\")(>\'—:): (_\'—:)(.\"—:):
.\' \' I

(_\"—:)(x—:) (.r—v\")‘ (_\"—;)' (.\‘—_\‘)(.\‘—:)

I \" \' \"

.\'Z/\+.\_1‘B = .\‘(_\'— :)(.\'— 1) — ;(.\'—_\")2 +.x(y—;)2 — y(.\‘~ )‘)(.\‘—;) = 2(.\'— :)(_v3 -13) 2 O

1

:> A 2 0 hoeflc B 2 0. néu A 2 01111 <22)<:> (.\-- :)A 2 0 :> (dpcm). Néu
Y

1

B 2 0 {hi <2) ¢> (.\‘—_\')B+ 2 0 :> (dpcm)
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Bai 17. Chm u_ /1. c 111 dg dili h;1c£_1nh Qua mgvl mm gizic. Qhtmg minh ring:

1 11: —/>1 /7: -1‘: 1': -11: I 1

1
+ <1" _;<:

;u‘+u/>+/Y />'+/><'+<"" 1"‘+<"u+u', I

Clzzhzg minh

(1)<:> 3\((l+/7+(“H(I/7+/X‘-1-(UH£l—/711/7'-(')1('—(()‘ <1¢13+¢1l>+/1:)(/13 +l><'+("3H(':+¢'u+z13)

B511 dng 11u'1'c lrén 061115 chimg minh bfing czich clltrng minh 1:111 1u'1_>'l mic bail ding lhirc

d1x‘('\'i diy:

' 1(u—~b+<'1)(u/7+{)("+<'u)1§%(u+/>11/)+¢‘)(<'+u)

' 81141—12)(l>—N11"-c1)1<8(1l2¢'£((1+1211/2+(')(c-+u)

' 4(2%(a +l>)(l7+<')(('+u)S1u: +0/1+l>:)1/7: +lx'+('3)(z’3 +('(1+u3)
v

1.__.»_

B511 18. Chou. /2. <"> O \*Z1u +/2 +1": 6.ChL'mg minh1"§'1ng:

\/1 + u + \/1 + /1 + \/1+(' Z Q15 + 11/1+ /J(‘+ ("(1 (1)

Ch rhzg minlz

' B6 (T15: (u1"+ \'\r+ WHY ‘ _ +- 1 _'+ 1 12. V11. \'. w > O

\L(u+\')' (\"+n')‘ 1u"+u ' 4

11__f__

\/

° A111 dg1ng:D2f1l1+ u = 9x 11+ I2 = 9)"; 1+ 1" : 9:, 1 .\'. _\". 3 >5 \“Z1.\' + _\" + :, =1riii /—

")Z9\/.\"_\"+ _\'; + 11¢: \/I + + \/3, 2 J‘/.\'_\‘ + _\‘;+ :,\' (Z)

D51 .\'=—l,~:_\'=L,::,=L,.11"0ng dém./1.p > O :\ -l—,+L,+L,:1.
I11‘ 11' ])' !7I_ I1“ [)-

(l)<:> 3(\/I+

Z\4/fl

+

5

Thi1uc<jm= L: __3 ;/1: L: 3 ;p= L: L .

\/.\‘ \/1+/7 \/Z, \/1+0

D0 (1. l>. 1' 151 din dili bu C£_1111'1 01111 mél tum gizic. /n. 17. p cfmg lil dé dixi bu canh cUu111©Ltan1

Q

+

giéc. SL1‘ dung b:511 déng lhirc Cauchy —ScIzwar: La C6:

1 + 1 > 4 > -1 4 > 1 1

. : ii____ _V:>;
\/'.\- ¢§+\/y \,(l+1)(.\‘+_\~) \/211-1) \/G 9

S1'rdg1ngb6détz\c6:(z1v+\'w+\ru) 1 ,+ 1 7+ 1 z/2 (*)
(u+\")‘ (\'+n')' (u'+u)' 4 -

p+m—/1 m+n—p 11+ p—m
Datm=u+v:n=v+w;p=u'+u:>u= 7 ;\'= 7 ;w=

1

1
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Tl1‘1(*‘)<=> (/Z111/2+Znp+I/1/11-/113 ~11: ~ /F [_ +—l1-+L\ 129
111' 11' /2* 1

Til" I: + ~l< + ~ 1; =1 :> Znm+2/112+]/2//129+/113 +113 + />3 Z6\"'/11: +113 + /13 (3)
111‘ /1‘ /r .

. 1 1 ‘ , é" ~ — .+—Than" m=%:/z:—~—; >:'I+ \‘;m(\)_l;1u> \,\'+ \" +\: 23 .\‘\'+ \‘:+;.\. . \. \ . .\.\' \‘.‘ \,f

JJ

V1 \'§1}’ (Z) dflng. my 1'11 \'1+ u + \,/1+/2 + \/I +1~ 3 \/15 + u/1 + />(- + (-11

Béi 19. [Polish MO — 1992] Cho czic $6 lhuc 11. /1. <1 Chtrng minh ring:

(/2+(‘—a): (z'+a —/7): (11 +b—(‘): 2(1): +<': —u3 )(("3 +a: —/>3 Ha: +1): -03) (1)

C/uing minlz

' Néu (1)3 +1“: —u3 H/('3 +113 —!>3 )(u: +11: —('3)§() {hi (1) 151 dflng.

- Chang minh (/71 +¢~l —(I: HE +(1: -/>1)(u1 +/11 -<-1)>0

Néu céhui nl1nu’rf1m. vfdu (/23 +¢>3 —u3)<O:(<"3 +a3 —/>:)<() lhi

Zn": =(/>3 +03 —u:)+((~l +0: —/>3)<() :> m51uthu5n:>
w w w \ \ ~ \ ~ ~(If +(" —u“)>()1(¢"' +u' —/1')>():(r1' +17‘ —¢"“)>O [hi

1 - 1

J(/>+<*~u)' (z'+u—/2)' —(l>3 +1": —u3)((': +11: —l23)=2(z/—l>)' (113 +/23 —<'3)2()

((+6!-/7): (z1+/2—('): —(('3 +u3 —b:)(u3 +1): —¢'3)=Z(/2-H: (/2: +c3 —u3)2()
w 1

[(c1+b—(')_ (/2+("—u)' —((1: +123 —<"3 )(/2: +c3—z13):Z(c'—(1):((': +113 —/>3)2()

:> (/2+<'~(1)4 (c+u—/2)4 (0 +/2—<‘)J 2(1): +03 -11: )2 (1-3 +11: —/2?): (<13 +/>3 -03 )3

3 (b+c—a): (('+u—l2): (c1+b—("): 2(1): +03 —a:)(('3 +413 —/J:)((l: +123 -13)

Biai 20. [CRUX 854] Ch0.\". _\~.;>0. 951 A: -“‘ ,+ 3' ,+ "T ,
(_\'+:)_ (Z-+-.\‘)_ (.\‘+_\')'

B_ ‘Y: + :1‘ +_(\'+,\‘)(;+.\") (;+ \')(.\'+ Y) (.\'+:)(\'+ 5).

Chfmg minh ring: 1. 4A+8B£9 2. A+3B23

Clzzhzg minlz

.. \ --~ ~-— --- —.-—' ‘—:(;—.')1.'B6dé: " -‘+~‘ *"+*" “= (‘ "‘)(" ) ‘
.\'+_\" _\"+:. I.+.\' (.\'+\')(\'+:)(:+.\‘)

/ .

, , .\—\" \'—: :3—.\‘ .\'—\" .\"—\"= /\‘—; \'—:\° Clzu'ngmznl1: ' + ‘ + = ‘ — ' + ' — '
x + y _\' + 1 ; +1‘ .\" + \" 3 + .\' v + ; 3 + x
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(_\'—I) (:—.\'J' (.\'—\")'
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+_\")(;+_\') [‘\‘+:)(:+.\") — .(.\+\")(\‘+:)(:+.\‘)

~ ~ 3

(;+.\3 __' 14 (.\‘+_\"

‘T,

L_____

4( >\"+;)’ 4(;+_\"): '-1(.\‘+_\"):

_ _,\ .\\ 3
B——= ' + + ' ——

_\_.(_\ + ~)+ _,\(_.+.\')+.\'_\‘(.\'+ _\") -3
— (.\‘+_\')(_\"+:,)(:+.\‘) 4

-lK_\';(_\" + 3) + :,\'(:, + _\') + .\'_\'(.\'+ _\')1—3(.\'+ >\")(_\‘ + .\‘)(; +.\‘)

-1 (_\"+.\")(;+.\') (;+>\")(.\'+\") (.\‘+,-_)(\"+:_) -1

41;_\';(_\" + 3) + :,\-( 3 +_\") +.\‘_\"(.\'+ >\') -6.\'_ p

-1(.\'+_\')(_\"+ ;)(;+

1

r)

_4J

_ -+ _

w

4(.\"+ _\‘)(_\'+

.\‘(_\"—;) +_\‘(:—.\-)3 +;(.\"—_\"):

i -'l(.\'+_\")(y+_\’)(;+.\‘)

\Ién(l)‘1-, q[\('\ ~) "(N A) +“('\ '\) ]<('\‘_:)2 +(:‘—'\')2 +(x_\‘)Z
A “ W (.\"+\')(\"+.\‘)(;+_\‘) _

I I
»_,-~—~ +v——- ---» w

»\

3L(.\-+;~)(A\~+.\-)(~ .\-> am]
") :+_\)

(_\-+ :.)' (:+.x)" (x+ \-)3
_ w 1

_'—: +—-i———2.\*2O<:> \‘—
3 (.\"+\")(;+.\') (\‘—\')(\' ;)>

<32“ )[ \+ ] N) \+~ O
cyc - *~ cvc -I

1

\._\. ._.. .,_‘ _'—' ‘—" 1'—'

1

.9 “ 1 1 aw---'
/,

. ,+_» \.+~ 1 _[(* .\)(> ~)(~ -U] >

(I ‘A)(~ '){.\'+_\' _\'+; ;+.x')_ (.\'+\')(\'+;)(;+.\') '0
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Chuvng V: Mg9t 5-5 szing tgm v5 bfit (Ting tI112'c )4

;1r('.\'+_\")(;+_\')
Sudung Z(v\‘—:) —

_\')(Z+_\')_2._

,\"+:

r___

'/.
+

,

\:
'-»-.

_..___‘|

1 w w

(.\'V—_\‘) (_\*—:) ’(:—.\')
(.\'+_\‘)(_\'+ :)(:+.r)

Khéng n1§1lt1'nl1l6ng quél giei su' x 2 _\" 2 3 > O. TL1‘ (_\"— 3): £ _\"3 S(v\‘ + 1))" v

OS (x— _\')(.\'— 3) § (.r+ _\")(.>;+ ;)_ (4)dL'1ng néu lucé lhé-chL'1'ng minh

_\"(.\'—;)2 2(x—_\')(.\'—:)_y <2 y(.\'—;)(_\"—;)2O dng :> (dpcm)

A» I . 3Glzi clzzi: (1) vi: (2) cé thé viét 1211 thnh O3 2(B—Z)S%—/1. S 3(B—%) (5)

D5 méy 21a hé S616II1h§ICil& bé11d€§1ngthi1"ct1'én. Béy gm ta S5 Chung minh rang 3 151 hé
$6 tét nhét CL18 bét ding thfrc vira néu.

. . > . , “ 3\ ,Thgit véy. gla sL'1' ton tax 0L <1 Lhoa mn i—AS(2+ O!.){B—ZJ dung Vx, y, 1 > O

4* ‘ 3‘<:>LZ—AJ—2£B——iJ_01\B—ZJ¢>0<Z.x(_\ Q4) <6)5y"?!-,.'
. 3.2.2 . 3

+ ,_ (1 >) -\.\ _(-\ .\) *1Cho _).—->0 lrong (6) ta co. (X.\_\(.\+_\)2—L———‘—
(.\'+)").\'_v x+ y

'1 1

<:> OL(_\‘+ _\') 2(.r _\‘) (7) Vx, _\f > O.

Cho .\'=l v51 y —> 0* l1"0ng(7) la c6 0! 2 1. diéu néy mu thugn véi gia str on <1. Vi véy 3 Iii

hé S6 (61 nhét C1121 bz'itd€ingthL'1"c §- A 5 3[B -.
Béli 21. Cho caic $6 thuc x, _\‘ Lhcha min xy > 0.

, . \ Zn‘ .\'3 + V2 .\'+ \'Chung mlnh réng: —'—+ i‘ 2 \/5+?‘ (1)
.\'+_\' Z 2

Clzzhzg minh
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.\': + Y:
1 \\r4?—~—' - _ _ \

1 1 ~
— _

;‘.\" + \"' ‘— .\'+ \' _.\'\" w ' > (.\'+ Y) —-in
>)<:>\;—%— —\/‘.\‘_\'2 ' — ' <:> ,__"__ _ ' '

J 4 Z .\‘+\" ¥\-»+\<3 Z(.\‘+\‘)

/‘M -

J .

+
Z?

‘>17

\»~~‘(\~>~ ><.~-.\->% W
Ix: + \~- ~ ~\(+ _\'

\ '>
* + \.~' .\'_\'

Néu .\' + _\'<()1hi bit ding lhL'1'c hién nhién. B51)" giiv tu xél lru'b'ng hqp _\"+ _\' > O

K -ii 1

.2 1 / ‘ ,3 3 ‘F

D0 (16 (Z) <:> .\'+_\'2 <:’> ((\'+>\'): 2!

SL1‘ dgmg btil dfmg thfrc Cauchy —Sclzwar:, la c(>:

(,’.\"+_\" <(1- 1,)‘ . ._ ¢.._( . _

\I——2—+\¢.\\/ _ + \T—+.u/_.\ +\ +..\\-(.\+\)
-»"ii \- 5 \ ' /' ~ ~ \“+\'“ ‘ ~ » 2

J

J

>1

\ /

"7 N " < <
B2112... Cho (11_ (13. (me ‘_~<( lhOa man 1 _ (1, < (1; < < (1,, _ 1000. Chfrng minh ran“ ton

tai ie {1.2.3.....l0} thou min (z,_| —(1,<1+3{,(1,(1,_\

SL1‘ dung df§ng1hL'rc: (13 +12‘ +03 73a/>(-:%((z+b+(")[((1—b): +(/1~(‘)l +(('—(l)2]

Ch zhzg minlz

Tu c6: (13 + />7‘ + (5 < 3(¢/>(- <:> (1. /2. <" 121 bu 56 déi mét phim hiéx vi (1 +12 + (- < ()

/-— — \ 1* !—- (-
Suy 1'21 (114 — (1, — l < 35/(1‘,(1,_i ¢:> Q‘(1,_, — {J~’(1, — {"1 < O <:> Q/(1,_l — {Yul <1

T111S(1,<(1;<(1;<...<(z1|Sl()()O:> ISQ/(1,

"i *’ ri ‘i F‘ ri P

F \\‘
<"\/LI; <_..<'\!(I|]

/\
41*’

Y‘?

:> (Q/(13 -5/(1, ‘)+({/(z’3_—Q/(13 )+...+(§/(111 —Q/'(1,,,,)=§‘(zH —{/(1, $10-11‘)

:> Min{({/(13 — Q/‘(II -1/u3).....({/an -Q/(1|U)}S%<l :> (dpcm).

U0‘
:3»

-
[Q

5*’

Cho (I. b. ('. (/6 I-l 1 (1l)('([ ¢ O thOu mfm (1 + [2 + (' + (I I O.

Dill S] = (1/1 + be + (‘(/ 1 S; = (1(' + (!(/ + /2(l.

Tim diéu kién dé czfap thgrc du‘o'ng (On. B) lhoa min S : O£S| + [SS3 £ O

Ch {mg minh

'(1+(1=A (l=A—(1 "(/=A—(1
D51 :>A+B=O:~B:—A; 2

b+('=B \('=B—b ('=—A—I>

5 =OtS, +BS3=(1(al>+b('+('(1)+§((1('+ (1(i+1>(1)

S=Ot[(zb+b(—A—b)+(—A——b)(A—(1)]+B[u(—A—b)+(l(A—(1)+b(A—(z)]



.. !\ .. !\
-\C11 uving V: ,\'1g)t $1} szing tgzo vé I1 1}! zlring I/1121' 104

S1 O£(u/2 — />A — /13 — A: — /2/\ + (IA +11/2) +B(—uA — uh + uA — 413 + [IA — 1112)

S = Zfxuh — ZOL/7A — OL/)3 — CM: + O(uA + —ZBc/I2 -13:13 + Bl).-\

S = _/' ( A) I —OH; + (‘Om + B/2 — 20¢/1) A + Zonal? — OL/>3 — Zub — Ba:

Do (—OL) < O su} ru S =_/'(A) 2 O ¢:> A.‘ i O

<=> (Om +[5/1 — 20¢/7)" + 4(X(ZOuz/9-01/P3 — Zu/v—Bu:)£O

<:> —4a[5)¢13 +(4013 —6oaB)u/a+(B3 -40¢B)/>3 £0

<:> u'(a—4B)u3 + Z()((Z(>L—3§)u/v+B(B—-1(1)/73 £0 (1). Xéx hai L1-u"b"r.g hqpz

° Trzrdvzg hgp 1:0 < on S chia hui \'éct1z1 (1) chobz ¢ () V21 dél 1‘: % . ta Q6:
7

g(r)=0<(o1—4B)13+2o<(20c—3[5)r+[3({3—401)s0V1

T£r0c((x—4B)<() suy 1-11 g(1)S()VI<:>A',S()<:> 0<3(20<—3B)3—o<B(0<~4{3)(B—4u)£O
'

<:> 00-2065-2o<B1 +B‘§(1¢=>(_\1“‘-_/-V -_/~ +130. Lot .\‘:%e(O.1]

mQ

\\_

J
/_

"coQ

\

\)
,/—__

u>$2

\_,\

<=> .6‘ -2.\-1 -2.\-+1s0 Vxe (0,1]<:>(.\-+1)(.\-I -31-+1 so Vxe (0_1]

<=> .\-1 -31-+130v.\-e(0.1]<=>£¥s.\-s1

-, /_
va véy, vdi0<o<§Bthi 5:015, +BS;s0<: i%’5s%s1(2)

° Tru"()'1zg lzgp 2: () < B 3 01. chia hai vécua (1) cho ul i O v51 dét u = % . ta cc’):
3

/I(l!):B(B—4(X)ll2 +20L(ZOt—3[3)u+OL(O£—4B)SO V11

D0 B(B—4O£)<Osuy ra /z(u)§0‘V’u<:>A',,SO<:> 0£3(ZOL*3]3): —0LB(0(—4B)(B—4OL)SO

\_ . I.

<:> (x‘—2<x3B—2on[?>3+B~‘sO¢:~£%] —2L€j —2[€7+1s0.D5t _\"=%e(O_1]
// \ /

<:>_\'3—2_\'3—Z_\‘+lSO V_\'e(O.I] <=> (_\-+1)(_\-1-3_v+1)§0 V_\'e(O,1]

<=> _\~1-3_\~+1s0 v_»»e(0,1]<=>3;2‘Es_\-$1

Vi v£_“1y, vé'iO<B$OL 1l'1iS=0LS[ +BS3SO<:> #S£S1(3)
r. J.

' Kétllzg71z.' lLr(2) v£1(3) kéotheoz 3%/5S%S1 v 3%/Sgél

)B51i 24. Chirng minh: 03 +123 +03 +abc+422(al2+bc+ca). Va. 1). c > O (1) ‘

Ch 12/ng minlz



I04-1 Cric [Nit zig tl1z2'c cri 107' girii ha)‘

1 1 ~

Ll)<=> T: (u—1)'+(b—Z)' +(('—Z)’ +(u—Z)(/>—Z)(<'—Z)2U

Trong bz1biéuLhL'1‘c (u — Z) 1 (/7 — Z) 1 (¢'— Z). luén lén lai hai biéu Lhirc cimg déu. chéng hgm

(u—Z)(\/2-D20. '

T

D

111:6: T2Z(u—Z)(/>— Z)+(u — Z)(l1— Z)(<'— Z)+(<'— Z):=(a — Z)(l1— Z)c+ (c‘—Z)32

fang thL'1'c xa_\'1"z1<::> u :1; :1-= Z.

(-3

r

B ili 25. Chou. l>. 1") 1Z1 hilm s<3lié11tL_1c \"Z1 déi xtrng \‘<'>'i u. 12. <' du‘0'ng.

hU'I1! minh: NGLI f'(u./2.¢')2 f'(\E.wE.c) lhi Ha./1.<-)2

Ch ling min h

Dmh nghia céc day $6 {u,,}_ {v,,}_ {mm} nhu' sau: u, = \/uh :\~| = \/(IIJIW1 =0 1

ll :\'”_l : \/\'”n'” 1n-M] =14” . Th1 f (11.17. 6) 2 _f (11”.\"H.n'”)2j (z1”_l.\'M_\1'H_,) va 11,,

. ln :1 + In b '\’= + -" ~ ~ .

abc. Dal .\‘U = In c;.\', =——iq—:,\‘,,_, ='ivi. Th1 11,, 1 Y” =c‘" 1w” :0 " '. D0

(X21 1 _'\.I1):—l('\-II _ ‘yr: ‘)‘ {X71} U11"- _‘

‘,?— ~j— /-1 ~/i
HOn nfra limun = lim \'” =li1nwH ={=ub(" . Vi vzjy _;"(a.l2.c) 2 f (\‘/ul2("_Q/al2c.Qal1(')

l1—)w I7-—! I r7—>>¢

Béi 26. Cho 41. 12. c' > O. Chimg minh ring:

\/((131) +1230 + c’:(1)(zzb3 + be: + ('11:) 2 zzl2¢'+Q/(z1"+ ub(')(b3 + ul2<")(<"‘ + abc)

' CI1 livzg minlz

BSL ding thtrc d-Z1 cho tu'0'ng duvng \"<'>'i

/ 2 \ 1 I \ / 2 \
. J ' 1 .

(5+Q+5)([l+i+Q) 21+1€L1+LJL1+]’—J| 1+5—J
c a b c a /J bc . cu \ ab

Bit .\':Q , >\' =2 1 ; =% {hi .\". )1 :_ >0 \"£1.\"_\"; = 1. 1:1 C6 bit déing thtrc <:>

c‘ (I 2( 
.

. _\/" \ '

\/'(.\-+_\‘+;)£%+%+%)21+2/K1+Ml+%/]\\i1+ij W)

, /

Bait z:ijL1+'—"W1+=\—\I1+lj:(x+_v+;)£l+l~+lj=z‘ +1
\/\ \ \ \ ~

S

D‘./\ _I, _, D. _

. : ; , , \' I I "
udung bat dang thu'c Cauchy ta co: r= — — — _ _ — 2 — Z —=2

Z._'“_‘____

/_"\

+
'4'-<

\\__/

/’i\\
__.

+ t.
\_/

/ii
._.-

+
'/.. \/

\/
‘ii

J
-_/__‘_

'(<‘<1

%

(*)<:> V\/1‘+l2l+1<:>r7‘+12(1+1):<:>z(1+1)(1—2)2O dLing:>(dpcm)

B51i27. Cho c1. I2. c‘ > O.Ch(1'ngminhr§1ng:

%+%+%+L+L+L23(#+L+L)
b'+('“ ¢-+(;— 51--+-/7- (I Z7 0 11+!) l)+c c+u



Cl111'0'11g M131 56' sring [(10 1'15 /1111 zirig tl112'c ~18

VT: (113 +/'13 +03)

1-r_ ~ .

Clzlhzg 1ni11/I

F
f\

~

1 + I + 1

(b:+c3) /2(.c'3+11:) c(<13+l2:)l

I ii (1/>3 +('3)+<z': +11:)+(11: +17:'>~ )~

iih—‘

2i1;+¢,+
'7 ; '- \ \/(I \//J

/

Vi.“

1-\

~

/\
\.

1 + 1 + l

23+('3) lv(1'3+11:) c"(u:+l23)_]

:l{~1—+i"I"l)'§'L__‘+'?1_T-Fill‘
° 11 /1 1 ’ ’— ' \?11/1 V /21' \/ c-11

~ + '— 4.?-__
4 (1 /2 -ll; 1' -1 1' 11 11+/2 /1+1" (‘+11

"> 7 '>

211+1:22:;1+11+ + + + 7‘ + )
11+/1 l2+(" 1'+11 11+/2 /)+1' ("+11 \11+/1 /7+1’ ("+11

B:E1i28. Ch0.\"._\".:lhOz1mfm()<.\‘<v\"S 1: O < _\- < : S 1: 3.\‘ + 2)" + 3 S 4.

Tim gid lri 1611 11|1§LcL'1;1 T: 31; + 2)": + :2

Ch 11'1zg minh I
D0 3.\" + 2_\" + 3 S 4 :> 3.x" S 4 — Z)‘ — 1 :> 3.\'2 S .\-(4 — Z)‘ — 1) = 4x —— Z.\‘_\" — gx

:> T : 3.\‘2 + Z_\"2 + :3 S 4.x‘ —— 'l.\'_\' — ;.\‘ + Z)": + 3: = 4.\" + Z_\"(_\' — .\‘) + :(: — .\')

1 1 ~ 1 ~ 110S -’l.\' + Z(__\' —.\‘) + (I —.\‘) =,\"+ Z)" + 1 S \/(-;+Z+l)(3.\" +2)" +1“) =
1 a a

:> s1Q:>'1"s1—0.\/'6-i.\-Ii;
\-' 3 3 K '\ 3

Tru"b'ng hqp 1.

/\
4.)

1

"-:.:11hi MaxT=‘¢0

Clz12'1zg min I1 2

Néu.\-<§1h1T:s.\-1+2;-1+;1 .(§)_+2-11+11=lfl 3 1\/laxT<1—gQ.
3 1

Tru'<‘)'ng h(_)'p 2. Xzic djnh 12% thi tir caic diéu kién O < .\" < v\" S 1; O < .\" < 3 S 1

1

, (_\'—.\‘)(1—_\‘)Z0 +\‘\'+\'—.\‘—\"32O .’\'3S.n‘+\‘—.\'
dan £01: <:> ' ' '_ <:> '1 ' '

(:—.\')(1—:)Z() \.\":+;'.—.\"—:'20 :‘S.\':+:—.\'

:> T: 3x2 + Z)": + 12 S 31‘: + Z(.\'_\‘ + _\' — .\‘) + .\‘; + 1 -— X I .\'(3.\" + Z)" + 1) + 2)‘ + ; — 3x

S 4.x‘ + (2_\" + 3 — 3.\‘) = (Bx + Z)" + 3) — Z.\‘ S 4 — 2.\' S 4—%=%

Két luzfmz »-oi 1:} _\~ = ; = 1 1m1\111>< T: Q
7 -

B§1i29.Ch011.l1.c'..\‘._\‘. : > (). Chtrng n1inhr§'1ng:

11.\' byi&_ +S +
("I

_\‘+Z :+.\' .\‘+_\' Z

1 ./——
+~(11+/2+1-)2\/117+v’[><~ + \H



1046 Cric l1('1t cirzg tlzlic cri I01 gm: ha»

Ch ling minlz

11.\ in 1,. 1i+++ +(11+/>+(‘)——(a+lv+(')
\'+: .',+.\' .\'+\* Z

I * 1' \ 1' \
1 c1.\' ‘ bv ‘I 1';

= i+11+ -";+l>l+|\+\ \1+ ;
1 1

+1" ]——(11+/7+0)
\ / 7-_ .- \__-+_~ 1 /_

.\+\+N .\+\+,, .\+\+,, 1

=11» ' +b- ' +1"- ' ——(11+/7+1")
_\'+:_ ;+.\' .\'+v\' Z

= %U\'+:)+(:+.\')+(.\"+ Y)

|___.1

{—”»~+i+L)—l(11+/2+1-)
\>\'+; ;+.\‘ .\'+)' Z

2 %(\/;+\/1j+v/<—*)_ —%(11+/1+1-)=\/E+\/;+\f1;

B51130. Cho c1_ b. c‘. x. _\'_ :6 11 + [2 + c = 2; ab +1211-+ 1'11 § c1bc+ 1. Chirng minh 1én<l

(ax+by+cZ)224[(1—a)yZ+(l—b)zx+(1—c1x}@ ’

Ch ling minlz

T1l1"11+b + 1-: Z vb ab + 120+ cc1§11b<-+ 1.$uyra(c1—1)(b — 1)(c — 1) 2 0.

Khéng mét tfnh téng quail gié str a = 1\/1ax{c1.b.c}. D0 d6 112 1; b < 1; c < 1; b + _

- ~ 7 -2 Z --7 _ , .

Dal 11 =1; 1 v=”1i’——¢;. T11 se chung mmh b7 -117 = ca -117
11 11

b2_ u2__ ab+11c+2l2—c1—l2—c 11b~11c—Zl1+u+/1+0_4((I—1)(b~1)(¢‘—1)

[)2 — 112 = 1b+11)(b—11):(1>
<1 11

__ - _
(I (l u‘

C2_“1:((_+\_)((__\,):((_+z11)+2c'—Z)((__(1/2+2c—Z)
<1 11

C2 ‘,2: ca+ab+2c-—11—b—c c11—(1b—2c+11+[2+c :4(lI—1)(/9—1)(L‘-1)
£1 (I (1

,_. .._

-+21 —2)( l+2"—2)bc+2c1——2—11\*:bc+2c1—2—— J fl) t

11'

c12bc+ Z113 — 2113 —- 113120 — Bab: + Bub -— 2111.": — 4170 + 41‘ + 2110+ 4/2 — 4

_ 112

2(a3 —a2 -1112: +ab—c1<:2 —Zbc+2c+ac+2b—2) _4(c1—1)(l7—1)(c—1)
'_ 1 _ '>

Cl“ Cl-

Suy ra bl -113 : 1": — 1'2 = /71‘ + 2c1— 2 — 111' 2 O. M511 khzic ta c6:

< -‘ -_-~ -_-—— ~--—O_(c1.x+11\'+v_v)w+(b1 11q)\7+(c” \"71~1+2(b“ 1/)\‘.;

: 113.\‘3 +113)‘: +1913 +Z(c1c'+Zb—Z).\j"+Z(11b+Z1'—2)x;+Z11\{\‘:+(/)3 —u2)_\'2 +

+(c3 —-1*: )3: + Z(b1' + 211- 2-111‘) \'Z

>0

>0



Clzmnzg V: Jig}! $5 scing tgm 115 bfit airing 1/1121" I04”
I (13.>."‘ +/7:)": +<’"‘;3 + Z(zu'+Z/>—Z).\1\"+Z(u/>+Z¢"—Z).\';+ Z(/>¢'+ Zu -1) \‘:,

\/fay (u.\"+/>_\‘ +<"_ ) 2-1}] -11) _\': +(] —/>“J:,\"+(1—¢').\‘\" {

U1

éi 31. Cho x. 3 > O. Chfrng minh ring:

1 .\'" + \"' + 1" + \/3.\'\"_'.(.\ + \" + 2 Z (xv + \"; + :3‘) }I . . . . .

CI1 1'rng minlz

SL'1'd1_1ng hl ding thL'1'c Cauchy —Sclzwar: [2106

3.'\'"(_'+‘+“)“\/l(\‘\" -->(- ~ )\ \__, \ ‘\ __ - __,,+_\_\__+.\_\; .\+_\+: 2.\\/_\:+’\\;\+:_

Sn" dung bl dfmg thL'rc Sclzur I1106

-\'(»’.\‘—\/_\")(\/.\"— \/:)+_\"(\/Y-\~’:)(\ \" —\/I)+:(\é: —

-v ~ 1:> .\" + _\"‘ + 1' + .\'\/_\"; + _\"v';\' + 3

/A\

"-1/VT

2 V/.\1\' (ZN/J .\1\" > + \-’_v\": (2\/’\': ) + \/:.\" (2v:.\-) I 2 (xv + \': + ;.\')

v-

HG-po
(\+_\~)+\,F(y+;)+w/;(:+_\')

Bi1i32. Cho <11. (13. 11,1. bl. /23. 12,, > 0.

Cln'1"ng1ni1\h1-§1ng: —l‘il—2—’1—+~”1i (1 >

1 1 1

Z u, Z /2,Z (ll +1).
!=l 1:]

Ch [mg mi/zlz

A, B,Dzf1tA,=1;l>’/=12 1 =1:
(1, />2 1+1 I B, A,+B,A+

Ar BI A B
I

Tz1c6(1)*—* I > I 1 H

:»~
+

C0

<=> EULA, I \ A B I

“F4

/=l 1=l /II " " ‘\ 1:

vT<L2)= is, = Z (A,B’,)= (A,B,)+ Z (/\,B] +A/3,)
= = [Sn/S/1

9’
+

F4‘
o:

-l\’]
9.

+
\w

v

l[\4_

lS1< /Sn

n AI BI 1| A B \
Z,:|‘I' I ,=| 1§'.'§I ‘

~94

_'\

A
1

, -_-

4+8 =

Pa‘

[V]

/

lS1.,?Sr1\

" I A +5, -’ A. +8, A, +3A1; 2 if-\,B,+~+A 3+‘
é ' A! + Bi law‘ " " A, + B, ~’ V Aj + B,

: ,»=1 v:| r I ,=1 ,:|

w _ + V; 1. 2 1 + 1

2 11 2» 28¢ zm 2+ 21):

.Z(A]+B,) (2)
l

A+B\(AB;-’J
A,» + B,



W48 Czic bt zhilzg thz2'c 06 Ir)‘i girii hay

(AB) Z {AB A/+B’+AB 5+8’ x‘: . + A i——i '. —i2"’ ?£“'A+B ”A+B.l
r'=l 1SI<,'§r: \ ' ' " / /

»~ H AB‘ ‘AB 'AB >7’ AB ‘K BA’+B"’ AB A’+B'
1' I)+2\' [T ;I)_;(|[)+Zk/%ii + /'jAI+B]j

= ISi</S/1 = ISr<jSn F ,

’ Av+B. A‘+B'_\: Z (A:Bi+A/B102 Z L‘41B1 +A_/B] AI_;_BjJ
1§i<j5n I§1<j5n ' ' , ‘ '

/
1 A, +8, A +3 7

A-B- 1-NB. — AB»+’~ A'B-'i; Z0
<2 15%!‘ I J + Y! ‘ ) IEQIL I I A‘ + B‘ + J J A1 + Bl. /

’ A, B. \ A,-B -AB, 1

4:, Z (AlBV_+AIB')_l14,3/i_L+AIBj3; : Z $20
lSi<jS1z J ~ \ A’ +B/ J Al +B/ !S1<_'Sn (AI

Bili 33. Cho (1.12, c> O vz‘1x._\', 1 20.ChL'1'ng minh ring:
<v+Z)_\'c‘+:,b+(:+_\_); _--+ .\‘b+_\‘a2+

cz ab ( \) c

2(.\'+)‘)(x+:)+(y+:)()'+x)+(:+.Y)(;+_\') ‘ (1)

Ch zhzg minh

SL1" dung bit déing thtrc AM - GM ta c6:

VTU)=§i%:(g+)")+%;(;+.r)J2g2\K%;(;+_\')][%:(:+x)1=g2;/(;+y)(:+.\')

Ta sé chtrng minh 22»/(_\-+ y)(.\"+ 3) >Z(.\'+ _\')(.\'+ Z) ('7)
c_\c c_\c

Dél [(2 = y + 1. V2 I .\‘ + 3 _ \\'2 = _\' + v\'. [hi (2) ’

<:> Z(\'3 + W2 -ll:)\‘H‘ZZ\‘:\\‘: <=>ZZ:z47‘\»'2Z(ll3\'3 +ll2l’W):2Z(ll2\'2 +u2\'w)
.\>\‘m _\\'llI \\'!JI \_\1Il ('v\'(

dng thco btdéng thL'1'cMuirlzead. Vi véy (2) dfmg :> (1) dng.

Bé_i 34. Cho a. 1>,<.-1:1 ba $6 Lhgrc phn biét. ChL'1'ng minh béx dang mu-C

_f1_ _/9_ _f-'_ >7 1

t/)—c+c—c1+a—b__ ()
Ch ling minh

> .. , , ; /J b c c a
Daunen chu /rang: A: a - + ~ + - =—1

) " b—c c—a c—a a—b a—b b—c

Do ac»; +(L)2 +(—"-)1z-2A=2 <2)
b—c c—a a—b
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5/1—<' <'—(1§ i<"—u 0»/7' 341-12 />—<‘§—= '

/\ » 1 - -1.:“ \ n
1 1 z \ -

5 -1Lr(_Z) \"z1(_3):»|}‘?'1+;/%;+}‘?1} 243-~“—
g/> 1 r u, u /7, ,[> ¢

.1a // PM b 1 %+i< _c1l>;A1:1(J)

___§:_.

\ ' ‘;L%+1;!z:
L‘_(l'§ I61"/7%

. . . ., . . ; 'Ba13:. Cho a. /2. <' la dq dal ba canh cua mqt lam glac. Chung mmh rang:

|L+i+L>J6-1 (1)10-11 b~c" c—u

Clz 1?‘/1g m in I1

Duénda A=~iL-+-ll-+-lé-1B:-J2-+-l¥—+—5—
r1—/7 17-0 (‘-11 />—a ('—b a—('

Ta cé/A + B : 3. Gia su‘/A 2 O.

(A_B)Z:(2B_3)1:((1+/)+b+('+L'+(l‘)::{(l+/J):+(/J+(‘):+{('+(12_2:C_2
.u—/1 /1-0 ('—u, (1-1) /2-0 ("-0

\ » ~ - ?+¢c-2 FTu" ((1 - bf s u. suy ra C 2 12. ncn Az’?z\/6 -1

, , A 3+ \,/C — . .' , .X61 nuong hqp A S O. Ta co B 2 0. ncn B=L_>- _bo1 vay dc chung mmh

AS 1 — ta phz'1ichL'1'ngLO1'§ng C> 27 +4\/P6

Bit a = '\" + 1;!) = 1 + .\‘ 1 c" : .\' + _\" vi gia' st!‘ réng .\‘ 2 _\" 2 3 lhi:
'3 1 '7/.\;+_\'+2; ' Z.\‘+_\"+;\_ .\‘+Z_\‘+: 'C(n)@)= + J +

.1 w >6

\—\/ \ \ \ \

QC v.0)

Giéi hé J 8" . L21 thu du'(_>'c Min C(.\'. _\".O) > 27 + -1\/68C(.\'. _\‘.())&_Z Q

5)"

Béi 36. Cho :1. b. 4" IE1 dé dili bu cgnh Qua 1 lam gizic_ .\'. _\', 1 2 O. .\1\- + y; + gx = l.

ChL'1'.1q minh rc71n2:(1.\"+/9\"+(":,2 2(ab+b<'+('u)—(u3 +/22 +cZ) 1)C‘ ad .

Clzzhzg minh

1, \ 1 7 ((L\'+[7_\‘ +01)Dal T: c1.\'+ b_\"+ 0; va S = (ax + by + 0;)“. Th1 S = T" \’Zl SL.
.w + \'I. + :.\'

Vc3'i 3 = O la C6 .\'_\' = 1, suy ra S = (ax + Z2y)2 2 4ub. Ta sé tim MinS < 4:112.

7
H - X \v \ l> -'v<>1;¢0_ am -=1, va -_=\». Th: s=€__("”+"+‘) .11. \~>0; 1 ll + V + ll\'

1

1

1

1

1



H)5l) Cdc bfh clrzg tluir c6 l()'i gii hay

H g Mu‘ +lw'\'“ + <" + Zu/nu" + 111111 + I/><‘\"
\——¢ . —

u + \' — in"

<:> S (11 + \‘ + zn") I (13113 + />3\": + ('3 + Zr:/2111" + Batu + I/um‘

<=> Fm>=(/ml +[(2¢//1-s)\~+ 200-5111 +/>111 -6-(2/7('—5)\‘+(': =0

Tac6:F(u):0c61'1nh§lmélnghiém

<:> A=[(Zu/7- .s“>\- + luv-3]: ~41,-* [/>111 + 2(/7('—S)\‘+(‘:]Z0

<:>G(\')=$(S—4u/2H": + Z[(Zu/7—S)(Zuc—S)—Zu3(Z12c—S)]\'+(Zuc'——5): —4u3c: 20

Tir 0 < 5 < 461/» suy 111 Gm z 0 cé n [mm mét nghiém

<:> A’:[(Zab—$)(Zuc — S) -Zn: (Z/21“ — S)]_ — S(S —4¢z/2)[(Zc1z"—S): —4u2(.“:12()

<:>s1[5+2(1((1-/M->1: -.s'1<.§-411/>>(5-4“) z<><:> 5 z :(<11>+/;<-+¢-(1) -((11 +1; +¢-1)

(“<1/2— 3' )\' + 7110 — S
_' , , — ‘ “ ‘ U "' U

D;1ng[hu'Q Xgly 1'11 4:) \~:LQ_tL 1 ll:- 
:1 +17 ——(' Ia"

DZ1l.\‘ = 11;. _\' = \'Z V210 dilng LhL'1‘c.\*_\"+_\":_ + :,.\‘ I 1. £2106:

, ‘ . (Ia/>—S )\‘+Zu¢'—S
(u\‘+\*+11):':l<:>;= ,_li.\"=” h“ :u=— U _ U

\/'u\" + ll + \' 1’ +17 “ <‘ 2!!‘

Vi \-fay Min T = Min (ax + by + ('1) = \/vZ(zzb + l>(' + ca) — ((1: + bl + 03)

Bizi 37. Cho n. k 121 czic $5 nguyén vdi n 2 k 2 3. Cho 71,13. 1,, 151 czic $6 thuc duong

théa min (r; +13 +...+r,1)—l—+»~l— +---+l <(11+\"Z/<3 —4l<+-1-/<)_ (1)
_ 1

Chirng minh ring méi s<‘»1r0ng l< $5 1,1 .1,_ .....1£ bé h0'n téng um k-1 $6 cbn l:_1i \'é'i m<_>i 1

‘§i,<i;<...<i‘£i,,. .
\

Ch 1271g minh

Gia su' [On tai 11. 1;. IL v£1z,+r; ++r‘_, §1;.1uchtrng minh

/ 1

(:,+1,+...+rk) l+~1~+...+l 22(k—1) +2 (2)
- I, I, tk

Thét véy. @511 (k - ml + 1 = ,1. su dung bit dng IhL1'C AM - GM m 06

/' / 1 \+...+z,.
(1[+_..+z ) -l~+...+l =(r.+...+r _) l+...+-1— +1lQ+z i+...+—1— +1

. A . kl k

is TA '1 U ', IL J1 U1

_!—? fl 1 1‘+...+1H (A-—1):1.
2(l<—1)*\1/z]...zk_i-(l\—1);-1}T...[ + +1 H‘ +1

Y; A-1 A 1 k~l



Clzzrmzg V: M13! .10’ szilzg I110 1151111! drilzg 111121‘ 1051

2(1- 1>’+r ‘ 1' " ’'—l)>+l"‘""'\*1T+#\| +1

>~

,
,F _ 1,’ _"‘ '1, 1 » 1 . ,, 1 ._ _ ,211--1) +1111-1) +1_;‘**"~\1,'|[~'1 +1:2(1--1)'+2 :12)<11mg.

' Néu

' Néu

/ 11

T11 =1, :...:1_»=11>U
Dang thirc X51)" 1'11<:> 4 ' ' (A "1l) . X61 hui kha nng:

' 1, 1 '— 11

12 : l<1h1(Z)1nZ1u1hu§n \'O'i (1)

11 2 /< + 1 {hi

1

"_l

,1

M»

1:1

Y

2Z(/<—1)“+Z+(1z—/1)‘+(11~/<)»Z
,1

;_\/]= I_
;14»

.\,_ii
;>4»

jlif
5%

1%‘

§T
jl\4=

_“ _ 12,/]%+(_

--.

\/
.\

____J

:- ,: _

J

,

2%__ /__1

~.

\_7/.

M>

\\‘pi

\___,.

; \,=

2211»-1): +2+(,,-1): +211,-1-1,211--1)‘+2

véy La

:11, -1, +121/< -1): + 2)~ =(,, + \@*-"l1-Tl-1»)‘. 1)1é11nz,y I11£1UlhLl5I1 ~01 <2). Vi
cé diéu ph:'1ich1'1'ng minh.

Bili 38. Cho (1,. 11,, 151 czic $5 [hue du'0"ng (3 £116 N) thca min '

3 1 _

11,3 +11: +...+c1,§<T~‘”—1(11, +11. +...+11,,)_ (1). Chimg minh réng_ _ .

11,. 11,11, I51 dc} dili bu canh 01111 1n1}tt11n1 giaic vdi mQi 1 3 i <j < k S /1

CI1 1211g minh '

Khéng mil 11'nh téng 1111111. gia $11 1511 lai 1'./1 /< thou min u,_ 11,. 11, khéng 121 dé di bu

cgmh n1<}11arn giaic. gizi s1'1'1Z1c1,.11;.(1; \*di11, >11, +113.

'\ '\

Bu‘6'c 1. T1156 chirng minh 11,‘ +1151-11; 2§(11, +113 +11,)' (Z)

(2)<:>

<:>T:

, .

8(11,3+c1§+u§)23(11, +113 1-11,) <:> 5(11,3+11§+11;)Z6(11,u3 +(1311}+113c1,)

'7

SP1, —%(z1, +113 +5(11,3 +11§)—%((1, +11: )3 —611,113 20

' 1

Ta C6 T2 SW11, +c1,)—%(11| +c1,)] +5(11,2 +a§)—%(11,+11.)3 —611,11,

= %(c1, +113 )2 +5(11,3 +11§)—%(z1, +113 )2 —611,113=4(11| —113): 20 2 ('2) dng.



H152 Czic l1("1t cf(il1gtl112"c c6 107' gizii hm

Bu'(')'c 2. T11 sé ch1'1'ngmi11h l:3(_u,: +1133 + r

2
»,

+
mfl

—(1(u1 +113 +11=)uA 20. ‘V-1 S /< S11 (3). Ta Q6

I 2 EH11 +113 +u1)2 +8115 —6((1I +0: +ux)u; =8i (1; ~g(u} +113 +11; ) 20

Bu'6'c 3. Ta sé ch1'1'ngminh <1,3+¢z§+...+11,§2q—"%1((1,+ (1. +..,+ (1,, (4)
’ _7IZ— ‘

T2106: (3/1—l)((113 +11; +...-1-ui) —3(z1| +u~ +...+u”)2 =8! ((11: +a§ +41%) —3(a] +0, +a1)'
_ _ L _ . _ .

1__,_°_1

+

II

+Z[3(¢1§+(1§+(z§)+&1§ —6((1l +112 +(z3‘}(zJ+[(11—3)(z1_§ +...+z13)—(u4 +...+u” S1120

kzl

B:‘1ld2'1ng thirc cuéi cilng ddng bdi vi (Z). (3) cflng dng thco b§td51nglh1'1‘c Cauchy —

Sclzwarz. tu Q6 (11—3)(u§ +...+(1i)2(a; +...+11H )2 :> (1-'1) dflng.

130(4) mu lhun \"O'i (1)_"suy 111 gia $11" bun du 1515111 :> (dpcm)

Béi 39. [Austrian - Polish MO - 1999] cm 5 S116 N. Tim czic Sé1lhL_1'C 161 nh2"'11/<1. 12

(ll (I2
thou man kl <T_ + +...+ U” <k~ .Vu|,u3. <1,,>() (1)

u|+u2 <13+<1} (1H+u, '

Ch 1211g minlz

Ta sé ch1'1'ngminh kl = 1. kg :11— 1. Thin véy. 115115‘: (1; + (1; + + u,,_ {hi

(11 +a.+ an u|+...+u”
> ' ...+ = :

S S S S S
5 :1. G111 $11-T> 1 +1»-o-1.+ >0.

111

D5110, = 1. a» = I. . 11,, = 1”" (1 > O) [hi Tzli-S—+£~—l
' S l+1”" 1+1

D5111>” I "‘:>” l< ” 1 =.\-:>T<l+.\':>m€1u1hu5n.
' .\' 1+1 1+1z—l—.\‘

.\‘

v1 véy. 1'1 = 1 12105111 du'é'i 16111 111151..

\-1-I71
S1'1'd11nglf11h chét: 11éu()<.\" <1‘ \-"Z1/11 >0 thi l<%»— _suy 1'21

_\' >\" + 111

- :>T< -11—l(ll <S—u3 (13 <S—u; am <S—u1 ,,_§_§_
S S(1, +113 S (13 +u3 S

Giri $11" T </1- 1 -.\"\1'é'i.\"> ().

(In-1-(I1

11!

1-95111,:1.a2=1,...,(1,,=1"“ <1>011h1T=L- ii-1 1
1+1" 1+1 1+1

+ > .

- \' 1 11-1-—\' n—l> ~
{-)2_11l< ' :> < ':> n—l—.\‘:>T>rz—l—.\':>muthuén.

1z~1—x 1+1 11-1 1+1

v1 v2f1y,k3 :11 - 1 1i1cz§11trén nhO 111151. "



C1m'12'ng V: M17! 5'11 swing 11112 1'15 b111 1l1711g 111111‘ [U53

7}:

iii 40. D§1t11.12_ 1">()\‘i111+12 + 1'1].
ChL1'11g111i11h1‘1i11g: (1 + 11)(1+12)(1 + 1'12(311+1')(312 + 11)(31'+12)

C11 11'11g minh

(1 +1111} +1211] +1")~(311+1')(3/2+11)(31'+121: ZZ(/2+1')(11—12): 20 Q 111150111)

B iii 41. D3111. 12. 1'2 O V2111 +12 + 1' I 3.Ch£1'ng minh ring:

i_+_L+?C_2§ (1)
11 + 121' 12 +1.'11 1' + 1112 2

Clz11'1zg minh
. q

(1) <:> 11(12+111-)(1"+1112) +12(1'+11/2)(11+1>1")+1111+121")(12+1‘11)23(11+121“)(/2+1‘11)(1"+1112)
2

<:> 311121'+11:123 +1231: +1311: 231131231: +11121'(113 +123 +13) \/('21 11+/2 + 1': 3

<:> (1112 +121"+ 1'11) 3 + 21112111112 + 121' + 1'11) 2 311312313 + 1211121

<2 (1112 + 121' + 1'11) 3 — 311121"(11 +12 +1')211121‘[3 + 311121‘ — Z ( 1112 +121'+1'11)]

<:> 313 (11—1.")2 +3123 (1-11): +311: (11-12): 2

211121'[(11 +12 + 1')l — 3(1112 +121‘ + 111) +911121' —(11 +12 + 1')(1112 +121‘+ 111)]
1

<:>(31'13 +121'113 —%11121‘)(12—1‘): +1312: +1'1112: —%11121")(1"—11)2 +131‘: +11121‘2 —%11121‘)(11—12): 2 O

Dél AI =3113 +121r11: —%11121' 1 A. =3123 + 1'11/23 —%11121' ; A; = 31‘: + 111213 —%11121:

Khéng n1§lt1'nht€211g quail gicl $11112 b 2 1* :> A12 A; 2 A3. Ta cé A3 + A; =
3 (123 + 1'3 ) + 11121" (12 + 1‘) — 11121" 2 6121‘ — 11121- : (6 — 11)121' 2 O.

'1 1 w '1 '

Suy 1'11 AI (12—1')_ +143 (1"—11)_ + A; (11 -12)“ 2(A3 + A;)(11—12)’ 20 2(1dpcm)

B iii 42. Cho 11.12.1‘2() \'Z111/2 +121'+ 1'11: 3.

Chfrng minh ring: %7+%7+—l—,2i (1)
l+11' ]+12- 1+1" 2

Clzfmg minh

1112 +121 + 111Khéng 111€1ttfnh1611g quzil.gi2'1 >11-1-212 2 11 :> 121-21 =1. D0 116
J

'2

I

1 + 1 3 :( 1 1 )+( 1 1 )2 <1-0-w1_n >0
+5 1+1-I 1+12<~ 1+5 1+b<- 1+1-1 1+b<* (1+b2)(1+1-3)(l+121-)-

:> #121 Ta sé chirnv minh %,+—2i2§
1+b3 1+1: l+b1 C 1+a- 1+bC Z



,- 4 .- ,_

10>-1 C111 1111t1T1111glh11c co I111 gun my

¢:> Z(3+/>1"+ 311:123(l+1131(l+/11"1<:>11: +11/>+111'231131>1'<:.11+/3ii211/>1"
s

1 1+1>+- 15* /2+/'+'1 =1 :~ =1‘

Ta co: (iii 2 \111111- 1 5'i)%¥‘— < 1111111‘ 2 \ 1111-111' ~1'11 ~\/11111: 11111“ (dpcm)
A 3

B§1i43. Cho 11.11.1'2()\'11+11 +1'+ 11111’ 1 l.
_ '7 1 - '7 -

Chimg minh réng: 1112+1)1-+1-11S £ (1)
-11 >1"

Ch11'11g 111i11l1

DE}!111=5U:~3111=11+/1+1'=l—11b1":>
J

A:(2+11121')(1+Z11111"):(3-—3111)(3—6111)I 3(1-111)(1—2111)

7 — 11111‘ 6 + 3111 2 +111

3(l—111)(1—Z1111 . 3(l—3111—111‘;1 -- 3:> A-3/712 :—-ii; —3;]13 : :3< abt m
Z+111 Z+111 Z+111

3 - ~

Tu 06 (1) <:> 1112+1J1’+1'11S1»\ <2 3-’—”;——tlL7iS3111' —(1111+121'+1'11)
~

_+111

1 -1‘-21 1- ~

<=>  §3(11+lJ+1')' —9(1112+121*+1'11)
Z+111 "

<=> (11+12+1')7‘ —Z711121rS3(Z+111)(113 +123 +13 —1111—121'—1"111 (2)

3111=l—11111'Sl:>111S%:> Z+11127111=%(11+1J+1‘):>3(Z+m)24(11+1>+1')
J _

Nhlrng (11 +12+1‘)(113 +113 +1‘: —1111—b1'—~1'11)=113 +123 +c3—311b1".Suy1‘a(Z)s€ ddng

néu ta C6 lhé chirng minh (11 +11 + 1)} — 27111116 -H113 +11“ + 1"‘ — 311111")

<=> 113 +123 +13 + 311191'2111>(11 +11) +121'(12 +1")+1‘11(1'+11) dng Lheo Schur.

Biii 45. Cho 11. 11. 1'. 112 0 \*Z111111-+1>1‘11+1'1111+ 111111 = 4.

ChL'mg minh ring: 11: +1): +1-3 +1132-1

Clzzhzg minlz

Luén tén t2_1i.\'._v. 3 2 0 thou min 11121" + 121-11+ 1-1111 + 11111) = 4.1)": ; xy; = 1;

11b + 111' + 1111+ 111' + 1211+ 1'11: Z(.\'_\‘ + 3"; + :,.\") ; 3(11+1) + 1" + 11) = 4(.x' + _\‘ + 1).

:> 112 +173 +cl +113 =(11+b+1'+1l)2 —2(11b+11c+111l+111"+b11+1'11)Z4

<:> [%('\'+ _\'+ 3)]: — 4(.\3' + y; + :,\') Z4 <:> 4(.\‘+ _\‘ + 1): —9(.\"_\'+ _\': + :,\') 29

VT:3(x2 + _\'3 + ;3)+(.\‘3 + _\‘2 + :3 -.\'v\‘— _\‘: —:,\')29§1.x2)'3:3 +%Z(x— )1): 29
k (.>\.(.
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1.1 B51 as

CHU’O’NG‘Vl. TONG KET

§ 25.1 TOM TAT NHUNG v11?:1\1 KIM CUONG VA
/ .2 ; I -;

' CAC BAT BANG THUC CO BAN
ng thirc AM — GM:

u| +11“ +...+tIH /1 _ II2\/c!|u3...u” , V(1I.r1:....u”2()
/1

D5111g1hL'1"c x21yr;1 <:> :1] = u~ =... = 11”

1.2 Bét ding th'c AM-(}Y\1lsu_\"r(>ng:

——~<\ ll
1‘

:-~-~“~€ R 01,15 +a u + . +01, (1
C110 < 4 K111 <16LI3 3 ' ' ’ ” 2(<1i”"z1§“’...<1;" )“"”*' *“

,___

_Q

Q

2.1 Bait dfing tluic Cauchy — Buniakowski - Schwarz

(X E R~ a1+a3 +.,.+0<,,

(all + (132 + ...+ (15 H115 +193: +...+/2,_?)2(u1l2§ +113/23 +...+ (1111),: )2 .‘V'u,.b,~ E 1%

<1, (1, up
Dang thuc xay 1'11 <:¢~——= ' =...=—‘

/9| /J, 12”

2.2 Bt dfing th1i'c Cauchy — Buniakowski - Schwarz suy rrfmg:

Cho HI bé Ihuc khéng m (z1l.z13.....c1”_,.c1,,);(l>,./23.....l2”_I.11”):...;(/2,./23..... p”_| . pn)
. , :11 i IKhl do. ((11171.../)| +a3b3...p3 +c1”b”.../J”) §(<1]” +112” +...+ 0,’: )...(p|'” +129’ +...+]?/I")

Déng lh1'1'c xa'y1'z1<:> :1, :/7| :...:/1| =u3 3b: :...:p3 =...=z1n :19” :...: /1”

3.1 B51 dang 11111-¢ Holder:

, z1l.(z,.....z1,,eR' + l 1Cho 2 bé sé ' ' ~ v21 /). qe sao cho _+— =1
[[7]./)3...1,17”€R- /1 q

l l

Khi d6 ta C6: (u|" + af + ...+ (1,f’)1”.(12]"+ 122" +.'..+/2,1’ )‘I 2 all)‘ + (13./)3 + + unbn

3.2 1\/10 nfmg 1 ciia bér ding th1i'c Holder

a|.a,.....a” E R’ 1 1

Cho " va p. qe m sao cho — + — =1 . Kh1 do ta co:
bl b, R p q....,b E1 +

7 1 (I 1 1 1 I)(all), +0319: +...+z1,,[2”)”S(z1l"+z1§’+...+a,{) (bf +/23’ +...+b”’) (3) Vpq #0

(B1'1t drfng thzic Francis —Lithew00d)



I056 Tém Id} rzllvzg vién kim cumzg

3.3 M6 r<“_>ng 2 ciia bfit ding thirc Holder

1a\.a,.....zz” e 1'
lv,.[2_...._l2”eR' Q’/1|.]):.....pHe R‘

Cho I71 b6 $6 ' v21 3 . Khi (16 ta cé

!
pl + pl +...+ /2” =1

{1l.1:...._/He R“

1 \l 1

n /1 I; II I, II I,

Zn,/>,....1,§L j’) [Z11/’J
i=1 i=1 !=| /

3.4 M6 rqmg 3 am bait aémg tum: Holder

/ .

(I1.u_.....(I”ER

1>l,b....._h” E R’ j(1,l3.....7»>()
Cho III bf) $6 ' vb m $6 thou min 1

..................... .. a+B+m+7\:1

l|.l2.....l”e

n H U n B n V"

Khidétacé °‘ 1 _[ 21),)
l I

ll\4
T

1%

T
llvl

4.1 B5: aéng th1i'c Minkowski
I 1

1

u ,a,..._.u E Rf ” \\/> / <1 " p

I _ n ~ “A 4 , p I, /1

Cho va l< pe K; .kh1d0 20‘ ) bk _ (ak +14)
Y‘F‘~+‘

11>1.b:.....1>” E m \ kzl = I = J

+
/._.\

il\’]=

V
IT”?

_F4

4.2 Mé' réng ciia bait aéng thfrc Minkowski

'1' w-
\ (ll.(11....,(I E IX

_ II

I I2 .b,.....12 6?‘ \ c .c,. ..._¢ e='%*

Ch0nzb(_‘>s<°.>thL_1'cdu'0ngj ' - "’ X VO 11 1' 1" L ,

. . . . . . . . .. q,+q2+ ...+q”=1

I _
1.1.. ....1”eR

I l i

II 77 II I, H P I1
p

21. {Zia},-a,A"j +[Z:c1,b,-P1 + ...+[Zq,/fj 2[Zq,(a,+b,+ ...+l,-Y] \7’p>l

I l 1| / 1] I I

I E
I

1

H Nv II "7 K H 1 /1

b. {Z1},-af I +[Zq,b,"jI + ...+LZ;q,_l/'3! S[Zq, ((1, +b, + ...+I,_)”]p Vp <1

i:l 1=l i=I 1:1
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54 B§td§ngtht(Ihebyshev

Cho hai dy him hgm cc thuc c1,.a2.....u” \'Z1 /2, ./23“.../2” . khi dé

'1 [zq 2113 2...2uH la] S113 §...Sa,,
' Néu cé 2 dy don dléu cimg ch1éu 1 hoéc thi

l@>/1>m>a, [qsblsmsg_7__
c1]b;+c1~b~...+¢z”l2” u, +c1....+a 12‘ +/2,...+b_ _ > _ 7! _ ll

n n)1

Fa, Ea: 2...2a” Jul Sag S...Sa,,
' Néu cé 2 dy don dléu nguqc chiéu hoéc thi '

@g@§ sq [qzgzmzq

zqbl +u.l>....+(1”1J,, 41' +u,...+u bl +l2,...+b_ _ . s _ H _ II

n 12 n

a, = :13 = = an
Bing thrc xéiy ra <:>

Lb‘ = I73 = = /J”

5.2 Bt ding th'c Chebyshev suy nfmg:

Cho m| .m2,...,m” >0 théa min ml +1112 +...+ mu =1

A al Zav 2...2a” al Sa, S...£a”
“ hoac ' th1' Néu c6 2 dy don diqu cung chieu qzgzmzq gags _q

m (1 Z2 +m,a.b, +...+m a [J 2 H7 (1 +/ma, +...+m (1 I77 b +m,b, +...+m bIll ___ 1|/111 ll __ Irn I] __ un

; _; [(11265 2...2u” (l| SL1, S...Sa”
' Neu co 2 day don du-;u ngu'<_>‘c Ch1€U ‘ h0z_1c ‘ th1[@§@s sq qzgzmzq

mlalbl +/213113112 +...+m”a”b” S(m]a, +m3a2 +...+111”(1”)(1z1i12! + /113123 +...+m”b”)

V, (11:02 :...=(I”
Dang thuc xay ra <:> .

b, =12: =...=b”

6.1 Bit diing th1i'c Hoén vj cho hai dy d0'n diéu cimg chiéu

Q Cho hai déy s6 {hue htru han duqc sip thir tu cimg chiéu nhau chéng hgn li1 hai dy don diéu
cl, Sag S...Sa”

tfmg .Gc_>i (rI,r3,....r,,) 1511 hoén v1tuyyc11a(b,,b2,....b
qs@smsq

”),khidétac6

albl +a3b2 +...+a”b” Zaltl + (1313 +..._+ 11”!”
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6.2 B§t ding thc H0

‘ d \§ thir n_r ngu"Q‘c chiéu nhau chCho hai div $6 thuc hu'u hgm u'(_>'c 3 p

J

51>! 2/>3 z...z/>,,
.G_1 I. _,_,

ulhl +a3h3 +...+u”b” Sal!‘ + £1312 + ...+

6.3 Bit di'ingth1'rc Hozin vi t6ng quét

" " 6 thé dimh $6 \'i1 sip lai thfr ur nén

én vi cho hai dy dun diéu ngu'Q‘c chiéu

ng h:_1n IE1

u] S <1; .€...§ uh,

0' ( ‘ I-v 1 ] 151 l hOliH\"_1[Ll}"§"CLl£l (/7,./>:...../7” ) . khi d0 ta Q6

(III!!!

khéng mt tinh téng quail ta céVi vdi moi day hull h:_1n ta c . .

' ' h"u han duqc sip xépthLrtu'ci1ng chiéu ttrc lathé via str C6 hai day $6 thuc u

<1 ul > :1‘ > > <1”

_ ' hozfxc
Q1, <0. S...S H“

bl £112 .€...S/>

I].

Eét S Iu‘/2| + (l~v[7'1 +

rz I

t,,) 15 l hoim vi tu_§" y" Qua (I

+ U“/7” 1 T =uII| +1131: + ...+ 11”!” 1 5-all?” + <1:/)”_I +

b >/L >...Z/J”

7|. b;..... l2,,).

— ...+u”l7,. khi d6

.s' = albn + a3l)”_| + ...+ anbl S T = u,I, + (1313 + + nut” S S = all), + (13/>2 + + uni)”

Nhgin xét:

' /2 ) nén cé (/1!) bait
" S6 czic bit ding thirc hoiin vi chfnh

dang mu-C hozin vi v21

' Bét ding thirc hoain vi xay 1'21 déu b

(la, 1"» b 151 dy dirng. tirc. /-».....

'Tac

(1, , z3,....r,,) 151 m<f>t hozin vi tu

I51 $6 hoén vi cuu bi) 11 $6 (l2l.b3..... H '

M21x‘T=S 1 Min T=.s"

‘I1 rm (ll In)

ng khi vi1chi khi mét trong hai dy (a,.a2...._uH) hoéc

:1, =01 =... =11”

1Z1J
bl =/)3 -'=... =/2”

t cm" tu nhu' trén néu c6 dinh bi) (bl.l23.....b” )vi1 gqing cc'> czic bit déng thtrc hozin vi u‘ C

y cua (a].a3....,a”)

b'"t ciia bit d§l1gihl§'C mam vg6.4 Céc trufmg hqp 65¢ It}

Gia sL'1"(.\"1..\";. .\",,) 121 m(>t hozin

trén (a I2) v51 rl \-.......\', e(a. I2)

vi cua (.\'|..\‘3......\"”).

ta cé' Néu f(.\') 121 him $6 khéng giém . . .. L

, , , .

J Z.\‘ x +.\-3_/‘(.\'3)+...+.\‘”\/‘(JH)
-Y1/v(-"1)+-\':f(>\-2)+~~-+-Y~/ (H) 1/( 1)

-Néuf(.\')l£1

Xlf(.\'])+,\‘3f(/\'3 +...+.\-H

-Néu f(.\').g(x) li1h€nns6 kho

f(v\1)z:(-\1)+f(-\'1)g(-Y1)+~--+/'

hilm s6 khéng tng trén (a, b) vi: xi . .\"3 ,

) f (-2, ) x.’/‘ (I1 ) +-X31” (X1 ) +-A--+ -\','..f (-\1.)

"nv 2ié1mtrén(_a, b) v x,,.\'3,..., H ’

f(\'1) (*I)+f(~Y1)g(-Y1)+--~+f(-*~)g(XL)

xn e (a, b) ta co

CV x e(a. b) ta co

Qo

/\

_'/.
_

I70
/?

Q».
_

\/

»
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- Néu _/'(.\-) I51 ham $6 khéng gizim trén (<1. 21> va g(.\') 121 hflm $6 kh6ng ting trén (CI. b) ma

V .x],.x3 xn E (a. /2) ta cé bit ding thirc sau

f(.\', )g(.\‘l )+_/'(,\'3 )g(.\'3)+...+ A/"(_\'” )_q(.\'H)S_/'(.\=] )g(.\“')+ _/'(.\'3)g(.x;)+...+ f(.\'”
7.1 B§td§ngth1i'c Schur

Vdi (1./>.@ 2 0 vé k I51 S6IhL1'C bfir ki ta luén 06:

CIk((l—1J)((l—C)+1)‘([7—CI)(b—C)+Ck(C-Cl)(L‘—b)20

7.2 Bét ding th1i'c Schur suy rimg 1 (Vornicg Schur)

Xét bit ding thL'1'c: x(a—b)(a—(') +_\'(b—c)(b—a)+ ;(c'—a)(c—b)2O (1)

Khi dé (1) ddng vdi mcpi u 211 2 0 2 0 v .\". _\". : 2 0 néu thoa min I trong czic khé néng:

i. X2 _\" (hoc 52 _\")

ii. ax 2 by

iii. b: Z 0)‘ (néu a,b.c IE1 dé di 3 cz_1nh cua 1 tam gizic)

iIV.

, w w '1IV. x‘ + _\“ + 3‘ S 2(.\3' + y; + :,\")

7.3 Bt ding th1i'c Schur suy nfmg 2 -

Cho p.c/.,,\',y,3,(1,b,c‘ 121 c_zic $6 duong sao cho (a, b. c) V51 y.:) 151 czic bi) don diéu cilng

chiéu. Khi d6 ta luén c6:

.\'[(c1"—b")(a" —c")+(a"—-b")(a” —c”)j+_\‘[(b" —("’)(b” —a”)+(b" —c")(b" —a”)]

+;[(c” —a")(c” —b”)+(c“' —a")(c" -12” U20 (1)

» -»

7.4 Bait dng th'C Schur suy rfjng 3

Djnh ll’ 4: Xét bit ding thirc sau. trong m5i hm s5 f : R —> R :

Z/"(cl—b)f(a—c)f(c1—d)_f(z1—e)2O

Khi dd dé bét dzing thfrc dfmg thi hZ1m s6 f phéi théa min 2 diéu kién sau déy:

i. f 151 him don diéu tng. ii. x f(.\')2O véri Vxe IR

7.5 Bt ding th1i'c Schur m6‘ r{)ng cho tam giéc

Cho hai tam giéc vdi dé déi czic canh tuong img ABC(a, b, c) ; AIBICI (al ,1), ,c] ). Khi dc’):

aIbc(a°‘ —b“)(a°‘ —c°‘)+b|ca(b°‘ —c°‘)(b°‘ —a°‘)+c,ab(c°‘ —a°‘)(c“ —b°‘)2O V021
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7.6 Hé quzi b§t dng thirc Schur \'(>'i cuntnic déi xirng 3 bién

Cho (I./7.(‘ 2 ()_ dét p I u + /2 + <1 (1:11/7 + hr" + (11. r I abr. Khi dé ta C6

/1: 2 3c] p Iq + Spr 2 -H/2 plq 2 3111' + Zq: ¢/2 + 91‘: Z 4/Jqr

z/I 2 3/>1‘ pa/3 + 3c/1' 2 4/1:1‘ /n/I 2 3/) :1‘ + Bqr Z:/'1 + 91': 2 7/)1/r

p‘:2Z7r />4 +3</I 2-lplq Z/)2 +9r27/>q /23/*+g/:26/>¢11"

/2} +92‘ 241211 1 /2". +41]: +6/>r25p:q

8.1 Bét azmg ma-¢ Muirhead

- D_inI1nglzTa:Gi21 sir czic bién $6 u].z13....a” e 3+ vb bc} $5 mil 0c1.0c:....,0t” e

I\’_x?Izi_éu: Tap bién $6 X ={@, .z13....u,,} 1 Tflp $6 ma Ot = {<><,. <12. ....a,,}

Ba thirc déi xirng S v('>'i céc bién $6 Qua tép X v51 $6 1nE1cL'1ut2§p C1151

FF

5.? = $fj=.;ff?,i'.;;;f“" = <1?‘ ~$$T§ii§§ + + ~§" -519$ }

Hai bf) S6 <x:(0c,.013.....0<” );B:([?>,B3.....[3”) g<_)i 1:1 hai bi» S6 dang bzfac khi _vZ1 chi khi

on, +oa: +...+o¢” =BI +[3: +...+B”

Cho hai bf) 56 0c:(0c,.012.....cx”):[5:(B,.B3.....B“) démg bzf1c.tan('>ib{) 01 tréi hon bé [3 via

011205 2...OL”;BI 2B3 2...[?>”

viét ki hiéu Oi >B1<m\/11 chi khi ta cé <11 +___+@<k 251 +...+BL v/< =1_7T1

0cl+<x1+...+a”=13I+[53+...+B”

' Dinh 1)? Muirhead véi sé ml": th1_1'c:

Xét czic bién S6 a].cI3....u” E -va aI§u'lQ~vvQu”\$] .B1.....B,, E . Khi d6 néu (X >5 tfrc 1:1

0112013 2...0<”;B, 25: 2.13”

~—— \ (1 <1 _a3...._a,, [5 _B3‘..._[3,, [3

(11 +-~-+Q-;\, Zl +---+6‘ I-n'_l thl SX _ Su|\.u2....u” 2 Su||.r1:.....u,, _ S/\’

ion] +012 +...+cxH=B1+[5: +...+BH

D(?0Ig1i:NéumQib<f> X _={u].a3....a”} gém n $6 thuc du"o'ng ta cé Si‘, 2 SE thi on >B

8.2 Hé quziz Bét dang thirc ASYM

Ch01>1b{>s6 (OLH,(X1:.....(1]”).(OL3I,(X32....(X3”)....((Xm].0Lm3....,cl”m) vc'ri /n./ze Z*

0c|,.+0c,,.+...+0cm, — ,‘ 4

,d:_1t 1,. = ' V1 =1.n . Khl do vm cac blen so .\‘,,x,.....\'” 2 O ta co:
HI ' '

> .

‘S<1u°l|:---<11” + S“:|(122-~-L12” + + S@m|(1m:~~-<1,,m " m5'1':---1”
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9. Céc dinh I)‘ Fermat cho hilm m¢§t bién 56

9.1 Djnh 1; vé hiim dun diéu

Cho hilm s5 _\" = _/' (.\‘) xzic dinh Yin lién tuc trén [(1.12].

O Néu _/"(.\') 2 0 ‘V’.\'e ((1. /2) thi _/'(.\‘) t2'1ngtrén[u./2] \‘Z1 _/'(.\1) I _/'(u). f(,\') = f(‘/2‘)

' .\Iéu _/"(.\‘) S () Vxe (<1. b) thi _/‘ (.\‘) giamt1'én[u_/2] vi I\'[Im| _/‘(.\') = _/'(b). !\%z1xI_/'(.\-) = _/'(u)
\E 11'. 1 YE 41./>

9.2 Dinh 1y vé aiéu kién @511 aé mam 56 c6 cgrc tri

Gizi su' y = _/' (.\') xzic dinh trén m<_3t lain czfu1 an bé cua diéfI1.\'(> E (a. 12) v51 cé c'Iz_10 hZ1mt2_1i diém

.\'<,. Khi dd néu hixm 56 ‘\" = _/' (x) dat cgrc tri tz_1i A], thi _f'(.\‘(,) = U

9.3 Djnh 15‘ 1 vé aiéu kién an aé hixm 56 c6 c1_1'c tri

Gin su' y = _/' (.\") xzic dinh Lrén [(1.12] \'Z1.\1, e ((1. /2). Trong min lfm cén an bé 8 > O cua diém 11..

néu _1"<.\-) {hay am du khi .\- di qua .\-H (cé me khéng I611 ¢¢1_;"'<g.\-(,))_ 1h1_;z.\~> am Cl_l‘C m mi .\-(,.

' Néu f'(.\‘) <0 Vxe (.\'(,— £_ .\"l,) \"Z1_/"(_\‘) >() ‘V.\"e(.\1,. .\1,+ 8) thi.\1,lZ1di€§1nc\_1'c tiéu.

° Néu f'(.\‘) > O ‘T/xe (.\',)— 8. .\'u) \-'Z1f'(.\‘) < () Vxe (.\'<,. .\‘<, + 8) [hi .\';| 151 diém cuc dai

9.4 mun 1y 2 vé aiéu kién cm aé hiim 56 c6 cgrc trj

Gizi sir _\' = f (x) xzic dinh trén [(1. b] V51 .\1, e (u. /2). Trong mét lfm cén dil bé 8 > O CUB diém .\'<, ,

h£1m $6 _\- = f (.\-) cé dao him cp 2 lién tuc. déng thri f'(.\;,) =0 viz _f”(.\'(,) ¢ O thi xo IE1 mcf>t

diém cue tri cua hilm $5 vdi su phn loqi chi tiétz

' Néu _/"(.\'<1) = O \‘Z1_f"(.\"<,) > O thi .\1, 151 diém cue tiéu cua hE1m _]'(.\').

' Néu f’(.\1,‘) = O \‘Z1f"(.\1,) < () thi 11, [£1 diém cuc d:_1i cua hf1mf(.\').

10. Djnh Ii Lagrange hm m<}t bién s6

Néu him s€'>f lién tuc trén doan [a. /2] \"Z1 C6 dao hZ1m trén khoang (<1. /2) thi tén tai it nhét m{>t

. ., / —
gizi tri u (v61 u < c < I2) sao choj (0) =.

7—(l

11. Djnh I)‘ Lagrange hém nhiéu bién $5

11.1 l~)ie5u kién cn ciia cgrc tr_i hiun nhiéu biélr

Gié su"h51m 56 u'= f (xi ..x'3 .\'” ) = f(X) xzic dinh, lién tuc v£1 cé caic Ciao hém riéng theo tit ca

czic bién déc lép trong mién D ={X(.\-,.\-3.....\-h_ )\.\; G (a,.1>,),1=U}1<hi dé ta cé dinh 1y;
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Dinh lj: Diéu kién cn dé hilm $6 w: _f(x| ..\‘:......\'” ) dat du'c_rc cuc tri (cue dgi hoéc cuc tiéu)

tai diém D IE1 tai diém dé tit ca czic Ciao h£1m riéng cp mét triét tiéu:

/ ‘r
wxl = _/7‘, (X, . .\'2.... X” ) = ()

i= l.2.....n

11.2 I-)ie;u kién J1? czia cgrc tr_i hdm nhiéu bién

Gié sir D I51 mét diém dimg cua him 55 u-=f(xl,x2....,x”)=_f(X) vi; tz_1i

diém d6 hilm $6 cé tit ca czic daohém riéng cép 2 lién tuc. Nhu d biét. vi phn t0i1n phén cép

hai cixa hém 56 n bién $6 w=_f(.\'],.>c3_...,x”) tai diém X (.\'l,.>c2,....>c”)e D 151 mét dang toiin

ll II

phu'0’ng c£1a n bién $6 (1,\~1,¢1.\-3,...,(1.1-H; d - f = ZZc1ijd.r,.d.rj
i=1 /=l

, \/ \'A A . a1f<><>_~_-
Trong do aiv la cac dao ham nenq cap hal: a. =-———= f..(.\' ..\',,...x )

J - 1/ 8Y8‘. -1} l _ n

I 1

Dinh 1)":

1. Néu dzf IE1 mét dang toim phuomg xéc dinh duong thi diém dtmg IE1

diéz are tiéu cua hém 56 f(X) ;

. , . _ _ _ _ .

2. Néu 4 f 151 mét dang toiln phuong xéc dinh am ma diém dimg X (.\-l,.\-2 ,...x") 121 diém

are dqi cla him s6 f(X). '

: 3 ' — '-i “"'
3. Neu d f 151 m<f>t dang toim phuong khéng xéc dinh thi diém dimg X (.r|,,\'2\....x'”)

khéng phcii Id di§r21 cgrc rri cfla hiam 56 f ( X) .

Ma trén cila dang toéln phuorng cl If IE1 ma trén vuéng véi czic phn ttr lé czic dzgo hém riéng cép

hai tai diém dirng X (gqi I51 ma trén Hess): '

an an... an an al2...cz]k
_

a a, ...a 3~f(X) a,]u,,...ak
H: 21 '2 2” .tron<Y do: a =—‘l.BatH = ' “ 2 . (k=1,2,....n)

C U ax‘ E)» A............... .. .,_ .j ................ ..

anl an am! “Ll ak akk2 ... .2-..

Mint trong céc phuorng phzip xem xét tfnh xzic dinh ctla min dang toén phuong lé dua véo caic

dinh thirc con chinh ctla mé train cua dang toim phutmg (I6. Ch )1’ ring, dinh th(rc con Hk tao

mam ta 1< dbng aéu via 1< cét du ctla né. Nhu véy H cé n dinh thirc con chfnh ta cap 1 aén n.

Ap dung dinh 13? vé du hiéu dang toén phuong xzic dinh ta 06 quy tic sau dy:
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Qu)" tic xéc dinh cqc trj hing xét dfiu céc djnh thirc con chinh

I. Néu I5! ca Czic dinh thtrc con chfnh cua ma trim H déu du'0‘ng (HA >0 vdi mqi

k = 1. 2_..._/1 > ma diém dirng HI. lixdiém <'u‘<‘I1'él1CL'1u hiim $6 /‘(X ).

Z. Néu (—l)A fl‘ >0 \"O'i m(_)i k =1.Z.....n. tfrc IE1 mu train H cf) tit Q21 czic dinh thirc con
chfnh cp lé inn v21 [Pit ca czic dinh thirc con chinh cip chain duvng. thi diém dirng

IZ1 J1'é/1z(~;r<~J¢_1icL'1a hZ1n1s6 _/' (X ).

12. Bét (Hing thc Bernoulli

12.1 Dzgng nguyén thtiy clia bit Cling tlnic

cia SL1‘ (11.11: ....¢-In 121 czic $6 I|'11l'C cilng d§u1\'i1l<3"n hon <-1). Khi dé ta c6:

(1+a|)(l+u3)...(l+u”)Z I+(u| +u3 +...+<1”)

12.2 Dgmg c0‘ bzin cua bét diing th1i'c

' S6 mfl tgr nhién: Va > —l. V126 1‘1§<tz1c6(l + <1)” 2 l + nu

' S6 mix thL_rc:

Vu>—l. V/EQ \"Z1OSrSltz1cé (l+u)"S1+ra
‘Y/a>—l_ VreQ v (ISO) U (/'2 I) ta c6: (l +u)"2 1 + ru

12.3 D:_1ng téng quzit ciia bit dfing th1i'c

' Truimg h(_)'p 1: VA‘ > -1. V0 S 0L S I tu Q6: (1 + x)“ S 1 + OL\‘

H¢'q1m1.~vr>().v0s@<s 1 tacéz r“S0u+(1—0z)

H_éc/1102.-11“ +E%—1)S%-116,Vu>().V()<0z<{3 .Déub§1ngxayra<:>

Hé qua 3: u“ + (0c— 1)u(‘,‘ S (>Lz1(‘)‘_'.z¢_Vz1.11U>0.‘v’O<_ OL <1 Du béng xay ra <=>

~ Truimg hqp 2: Vx > -1. V0<e(—<><>. 0] u [L +<><>) ta cé: (1 +.x)°‘ 2 1 + oar

Héquu /: V1 > 0, Vone(—O<>. 0] u [l. +<><>) Ia c6: r“2 011+ (1— cx)

H_eq1m2.- 11“ +[%-1]>%-M‘ .Vu>().VOL>B>() .Dz‘1u b§1ngx21yra<:>
\

H_é qud 3: 11“ + (01 —1)ufj‘ 2 0Lz1f)‘*'.z1.Vz1.z1U>0,V0L >1 Déu béng xay ra <:>

13. B-t ding thlic Jensen

Gia' sL'1".\-l,.\-3....,.\;,eI vZ1oz,.0c3.....0c,,e[O;l] vc'>"i oz, +05 +...+0z” =1,

- Néu f<.\-) 121 hixm 161 trén ma w cé b§1td§r1gthU'c

f(oc,.r, +0c3.\-2 +...+o<,,.\',, ) 5 cxlf(x, )+OL3f(.\'3)+...+O(”f(.\'”)

-Néu f<.\->121 hém l6m trén 11 thi ta cé bét déng thirc

f(oc,.\~1 +012»-2 +...+oc,,.\-H )2o¢,f(.\~,)+0c3f(x2)+...+on,,f(x,,)
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14. Bit ding thfrc Karamata ~

Cho I b@11s61hu‘c du'Q'<: sip 11111‘ 111' (11) =(111.11;..... 11,1) vii (111 =(17,.11;..... 11,.) \'('>'i(11_)>(11) ttrc 151

11111111111111 hé diéu kién

111] 211‘

111! +113 Z121 +112

....................... .. Khi dé ta c6:

11 +11 +...+11 >b +1) +...+17
l Z 11-1 _ 1 I 11-!

11] +112 +...+ 11”_l +11” =19] +113 +...-1-17”_l+17”

~ Néu 11111111111 161 trén I 1111 /<11,>+f<11:)+...+/111”) z 11111) +1111) + +111.)

- Néu f1:1 hilm 16m trén 1 1111f<11l>+/'111.)+...+f<11H) $111,) + 1112) + + f11,,)

15. Bét ding tl11i'c v6'i czic hm 113i bén phiii via l6m bén tréi ~

15.1 Dinh 1y hilm S6161 bén phéi 1911111 1y RCF)

C/10 f (11) 111111131/111111 .v11.\"111‘ 1711111 11-511 1</101111;’ I C R 1'11 151' 11111 112s,se E .

, ,+ +1”
.' f f I Z i—'—i— (l)V.\‘|..\‘2 . . . . ..\'”e1111u111111111

“ 1/11 (1) cung 1711119 V.\'I..\‘,......\'” e 1; 11111111111711 '€—'i—_#' 2 s

x, =.\'. =...=.\‘” 2 s ‘ 11

{\'l+,\‘,+...+.\'”=11s _\- +_~<w+___+\-

15.2 Djnh 1y hiim 56 16m bén 11111 (inh 1y LCF)

Cho f (11) I51 hém xzic dinh trén khoang 11¢ R vi1l6m v<'1i 11$s,se11.

‘ .\'] +.\‘, +... +.\'”
Neuf(xl)+_f(x,)+...+f(.\'”)S11/ ——-—"-———— (2)V.\'l..\‘,....,.\'”e1lthoaman

_ H _

1111(2)c1111g d1111g VA‘, . .\"3....,.x'” e 1110111111711 —‘l'—%— S s
.\"l+.\'2+...+.\"“:11s _\- +_\-,+___+\-H

{\l \, \“ I < S
I1

15.3 Djnh l§'/ hém 16m bén tréi — 113i bén phéi (Bjnh I)" LCRCF).

C110 11 < 1‘ 117 C111" 111111‘, f /11 1111111 11'é11 1116 111311 k1101111g I = 111. 16111 11'é11 [11, 1"] 1'11 151' 11'é11

N611 xi ..\"3,...,.\'” E I 1111111 1111711 .1-I + .\-2 + ...+ .1-H = S = const, 111151111 191611 1/1111‘

E=f(,\“)+ f(x:)+...+ f(.\‘”) 1'7111g1'1111'_1'1O'1111111111151 .\‘l =.\': =...=.\'”_] Sr”

15.4 Dinh 1y cném uén d0'n ({)§nh 1y SIP).

C110 f 111 1111111 k1111 vi 1'11]; 2 1ré11 R véi diém u6n don, 0110 S 111 55 1111rc 1'5 d_1'1111 1'11 1-110

g(.\'1=f(.\')+(11-l)f(i—T\'). N511 .\'1,.\‘,......\'” /51 0111." .911 111111‘ 111011 1111111

11- -

.11-1-,.\‘Z +...+.\‘” =S,111i ingg(x1£f(x[)+f(.\'3)+...+f(.\‘”)Ssupg(x)
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16. Bit ding thirc Popoviciu vi: czic d:_1ng1n0'r@ng

16. l B§t (Hing thlic Popoviciu (1965)

Chohi1111flZ1h21n1l§>itrén khoang if \-:1 .\‘._\".:e ii. khi d(>1;1c(\b?1Idz'111gthL'1‘c

. . 2 Y "+:‘ .’:+ "+;‘- -_/(x)+_/(_\‘)+_/(:)+3_/[\l%/}2'l_/1%;+Z_f{;%}+Z_/

16. 2 Md nfmg 1 B5: <1-ring th1i"c Popoviciu (A. Lupas. 1982)

Ch0hZ1n1f1Z1hZm1 15i trén khoémg I \'Z1 .\-_ _\". :€ I. khi G6 \'O’i m(_>i 11.1] . r >0 ta 06:

'/ p.\' + qr + 1'; \‘.(-‘ . _. .3
13/ \)+q/‘(‘\)+1_/(p+q+1)_/l\ />

1 - ,

z</1+¢1>1/[L+"»‘]+<(1+»~>/‘[“"""]+<»1+p+q q+r / r+p
16.3 l\110'r()ng 2 B§t dfing th1'1>c Popoviciu (Vasilc Cirtoaje, 2002)

Né11f1d /181/11 151' Ir?/1 /</mu/lg I 1'51 ul .u3.....a” E I I/11‘

_/‘(all)+f(u:)+...+_f'(z1”)+I1(/z—Z)./‘(u)2(11—l)Lf(/9|)+f(b:)+...+f(b”)].

16.4 M6‘ rng 3 Biit ding th1i"c Popoviciu (Vasile Cirtoaje, 2004)

Néluf/[1/'z(‘1/11l1§iI1'é/1/</zocmg 17 W1 u .(11..,..u E 7 1/1i_ | _

2 _/ax +41/.j ((11 )+j (c13)+...+_/ (u”)+‘/ ((1)2-]:|S;1S”j

a]+u,+...+u” 1

rrogzg do (1=6. va bl. zizul 1'01 /1201 1.
11 /1 '1:!

16.5 Md r(_'5ng 2 Bit ding tluic Popoviciu (Bill Zhao, 2005)

Néu flil /252/11 /51' Iré/2 k/wring 1 rd a|.a:....,(1” e I/1i

:_M=

_| _3 u1+u3+...+a, r1]+a3+...+a_(L) (H1-)+~(':L1).r1%—,’ 2111 Z 1 ——i''
/1 , KM \ 111

.. ., .,,,,.

17.1 Bét dng th1i'c Petrovica

Cho f(.\") I51 hi1m léi trén [O. u]. Gizi 511' .\'|..\'3,.....\-H e [0, u]sz10 cho x, + .1-3 + ...+ x” E [O.a].

Khi C16 ta C6: f(.\‘, ) +f(.\"3 ) + + f(.\'” ) S _f(.\‘| + .1": ++.\'”)+(1z-1)f(O)

17.2 1v1¢f>- rqmg 1 B5: aéng th1i'c Petrovica

Cho f1.\")lZ1l1i11nl{3itrén [0.a] vb pl . pl“... /2” 2().Gi2'1 str x,..\‘3 ......\'” e /1,.\",1 v51

i=1 ‘

I! H I1 \ /12 p,.\", < (1. Khi (T6 ta c6 b§tdé11gth1'1'c Z p,f(.x",) S f /21.1"’. pl —1j.f(O)
i:l 1:1 1=l 1=]
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17.3 M0" réng 2 Bét d-Zing th1]'c Petrovica (Vasic)

Cho f(.\') IZ1 hilm l5i trén I0. u] \'i1 xi ..\'3......\',,_ p!,p3...._ p” 20 théa min czic diéu kién sau:

1. .\'|..\.'3......\',, E [().u] 2. 1)‘ . /13..... /1,, 21 3. [7;_\‘/ E [().u]
/=5

1:;—l n~~I H

4. 2 PIX‘ : Z /)‘».\" :...: Z [)1-XI (III <11: <...</Ikvl)
(=1 |=11] 1:r|_, I

H 1 II I1 \
Khl do ta co bat déng thu"c: Z pl] (.\', )3 kf[ZZ p,.\", w—[l< -2 /2, J] <0)

I:| 1:! / 1:1

18. Bit ding thc trong tich phén Riman

18.1 Bt dzing th'c c0' biin trong tich phén Riman

/w

- Ménh aé1.- Néuf 121 mét hflm $6 lién tL_1c trén [(1. />1 v21_f(.\‘) 2 0. w-e [(1. 1)] ma jf(.\->d>< 2 0

11

1I />

0 M_énh dé 2.‘ Néuf_ g lién tuc trén Ia. /2] v51_f'(.\‘) 3 g(.\'). Vxe Ia. I2] thi J.f(.\‘) dx 3 '|.g(.\‘) dx

H1/Iénlz aé 3; Néuf 121 mét mm $6 lién tuc trén [(1. 111 um min f<,\-) 2 0 . we {(1. 111 Va hilm $6

/1f (1-) khéng aémg mi: bang 0 trén [(1. 1>1 rhi [_/m dx > 0

- Ménh aé 4.- Néuf. g 1:1 hai hilm 56 lién tuc trén [(1,111 thou man f<.\-> s gm, w-e [ml
h >I

v51f(x). g(.\") khéng déng nhét vc'>’i nhau trén [(1, b] thi .“f(.\') dx < Ig(.\‘)dx

0 M_é/zh 175 5: Néuf 151 mét hm $6 lién Iuc trén [(1.12] th<'>a min m 3f(.x) 3 M Vxe [(1. b] v
I)

hilm f(.\') khéng déng nhét vdi m hozfac M thi m(l2—a) < '[f(.\')dx <M(b—a)

|/ I;

¢1Wg9lzl1(T¢56.' Néuf 151 méthllmsé liéntuctrén M111 ma f(.\‘)dx e |_/'(.\~)]dx

l> b

0 Mén/1 (11.5 7: Néuf, g lil hai hZ1m 56 lién tuc trén [(1.12] thi If (1') g (x) dx 3 (.\") g (x)1dx

- Djnh ly' vé gid tr_i [rung binh: Néuf la mét hilm $6 lién tuc trén [(1, 111 ma [611 tgi in nht 1

I)

diém ce [a, b] sao Cl"1OIf(.>;)dx =f(c)(/9 — a)

U
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' Dj/zh l_\‘n1(ir(31zg vé giri lr_i Irung hinh: Gi .\"u'_fI g lZ1hz1i hiim $6 lién tL_1c trén [(1. 1)]

Néu g(.\') 2 () Vxe [(1. /2] hoéc ,Q(.\') 3 () Vxe [(1. [1] [hi I611 tz_1i it nht n1©tdiém<*eiu./2] suo cho

/v /

I/'(.\")g(.\‘)dx : _/'(<') [g(.\')dx
>

18.2 B-t ding lhl]'C Cauchy — Bunhiakowski - Schwarz

\

w
-.\ _

I1 /v

Cho haihZ1ms(§ _/‘lg lién tuc trén Ia. /2]. Khi d6 ta 06: /'(.")v J p < f .‘ I

1s. 3 B5: aéing thc Young

/i_

"<

V l 1 , , , ” I "Chop. q > I thoa min — + ~ =1. Khl do ta co: ab § L + )— Va. b >0
P ¢/ I’ ¢1

18.4 B5: ding mu-¢ Hilbert

1Néu 11,. /1, 2 0; - + l :1;,> >l\th1khid6:
1> £1

I 1

18.5 Bit dng thlic tich phn Holder

_l\4>
2M»

Cho p. q > l vdi L + l =1vi1flgli1 hai hilm $6 lién tuc trén [(1.12].
P 41

I I

I: /2 I; Iv (I

Khi dé ta c6: ‘H/(.\')g(.\‘)1(/.\" S[ J’|f(.\')[" ch‘) £'[g(.\‘)l" (Ix?

/

\A(\)d\J __,- 3(\)z.\'J‘g:(.\")z/.\‘

‘ /> ‘ /isi Ea; Eb’;/I ‘

117+” Qin \nl ml
/J

Déu béng my ra <=> 3 A. Be R. A2 + B3 > 0; A[f(.\‘)|” = B|g(x)I" Vxe [(1./11

18.6 B(7't ding thrive tich pluin Mirzkowski

Cho p > 1 vhf, g 151 hélm $6 lién tuc trén [(1.12]. Khi <16 ta c6:

[1 /1, /2 I, I,

’d < |f<\i’d + g<>|”dx _ .') X

g(\') ~

l I

I) .

[j'(.\‘)+g(_\') J E .\' x1

18.7 Brit déng tlu?"c tfch phn Diaz

Ch0f(.\'). g(x) I51 czic hém lién tuc trén [a.l2],_f('.x') ¢ O v51 /213% £M Vxe [a.b].

[2 I1 Ir

Khi G6 ta C6: '[g2(.\')dX +Mnz}._f:(.\')dx S (M +121) I_f(.\')g(.\')dx

.1‘ (X)

I l
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, ..

18.8 B1?! dng tIu?'c tfch phn G.POIya

j()<<1§_t't.\")§A’
Chofl g IE1 czic him] lién tuc trén Iu./1] \'Z1 <3 Vxe [u.bl

[<></as;_1m§B

/> Iv

AB): ‘I :(.\')d.x. V/':(.\‘)dx
+ A, J v , ,

Khi dd ta 06: ” 7 z 2 “A/’B
4(lA[7B ///’ \‘_ ((11)-f

Ly/'(.\")g(.\")dx

1s. 9 Bfit dfing thirc um phn Chebyshev

7:

Cho hai hm séx), g(.\') lién u_1c' vb don diéu trén [(1. 1)]. Khi 66 ta c6:

a. Néuf(.\"). g(.\‘) 151 hai hZ1m cimg déng bién hofxc 151 hui hZ1m cimg nghich bién thi ta cc’)i /'(.\'),<'(.\')dx> —— _/'(.\")dx i g('.\‘)dx
/9- ‘ _ — —

b. Néu x). g(.\') cé tfnh don diéu nguqc chiéu nhau tirc 151 mét hm déng bién v21 mét hilm

nghich bién thi ta cé bit dfmg thircz

1, 1 1; ‘/’ 1 /> \i (.\')g(.\')dx § i _/'(.\')dx —% '(.\')dx
l1—u;|.f 17-03‘. l2—uJLg

19. PHUUNG P-HAP PHAN Ticn TONG BiNH PHU’O'NG (s.0.s)

Xét bt ding thirc A 2 B trong dé A, B 151 czic biéu thirc chira czic bién 56 a.b.c .

Gié SL1‘ ta bién aéi au~<_>~¢ béir dang thirc A - B 2 0 c6 dang:

5 = A— B = saw -<4): + 5,) (C-11): + 5‘ ((1-/1): z 0 <1). Xér czic ménh aé sau:

19.1 Ménh mé 1.- Néu 511 2015,, 20; st 20 ma

-> '7

S =5” (b—c)' +S,, (c—c1)“ +S( (c1—b)2 20

Dy 121 mét trufmg hqp rim thu'>'11g.>DL1'é‘i dy ta S5 Xéi 05¢ dziu hiéu khéc aé < 1) ddng.

19.2 Ménh (R5 2: Cho czic $6 thuc u./).('.S_v|, . Sh . S! Ihoa min 2 diéu kién:

i) S‘, +S,, 20:5,, +5‘. 20:8‘. +5” 20.

ii) Néu (1 ébsr hoéc (I 2122c ma 5,, 20

Khi détacé 5:3“ (b—C)2 +s,,(¢--<1): +s1_ ((1-b)’ 20 <1)
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19.3 .'\/I§nh 1753." Cho caic 56 IhL_1'C (1.12. (1 SH .5’, . S1 thozi min diéu kién:

Néu (($17 Sr hoc (12/1 2 0 thi SH 2 ()_S_ 2 O \'{1 SH, + ZS,, 2 O15, + ZS.“ 2 O

Khi dd ta cé S = S (/2—(-): + S, (('—u): + 5 (1/—/7): 20 (1)

19.4. A/Iénlz ck?‘ 4: Cho cdc 56 thuc u./>.<'.S/1.S,».5'__ thozi min diéu kién:

Néu (l§17§(' ma 5,, 20.5,, 2 0 +21 />15‘ +1-15,, 20

Khi détacé 5=5N (/>-()3 +5. (1-,1): +5; ((1-/>)’ 20 <1)

19.5. A/Ilzlz :75 5: Cho czic 56 thuc u.b.<:.SH.S_,, _ .9‘ thozi main Z diéu kién:

i) SM +S,, >0 v S,’ +Sl_ >0 v Sf +5” >()

ii) SUS,, +S,,S( +S(,Su 20

Khi déta c6 5:5“ (/;—(-)2 +5,, (<--(1): +5 (+1-/>>’ 20 <1)

19.6. Ménh :15 6: Cho czic 56 thuc u.b.¢".S ,.S,7.S thoa min diéu kién:
1. . 1 -

i)a£b£ch0§1ca2122<*

ii) Tém mi 01> 0 $110 ChO 5“ +oc2S(_ +(@<+1)° 5,, 20

( I[a—h[ZO(|("—b| ]('—b|ZOL]u—b1

iii) S(_+S,,Z0 v S“+S,,2O

5_+°‘?““‘5, 20 5 +°‘i"“5, 20
( a 7 (I u I

Khi <16 ta C61 S” (17-0): +S/7(c—u): +S[ (c1—b)l 20 (1)

Hé qud: Cho czic 56 thuc a.b.(r. S”.S,, . St thozi min czic diéu kién

i)aSbSch0€1cu2b2c ii) SH+S[+4S,72O

|a—b|2|c~b[ |c-—bl2|u—bl

iii) S‘_+S,,2O v SH+S,,2O

S(,+2S,,2O S”+2S,,2O

Khi <16 ta cé: 5“ (b—(‘): +5,7 (C—(1): +5(_ (.1-1;): 20 '
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20. PHUUNG PHAP DON BIEN 0\~1\~'>

20.1 BAT DANG THUC 3 BIEN v01 cuc TR! DAT TA! (;1A TR! BIEN 0(‘>1x1'1'Nc

' Gia $11‘ ta 0511 chfrng minh bit dfmg [h[1‘C f )3 3) 2 0 vdi .1‘, _\'. I. 151 czic bién $6 thuc thoa min

czic u'11h chill 11510 dfly. Khi dé ta sé thuc hién Z bu'('J'c chfnh sau:

Bm3'c 1: (KT thut (1611 vé Z hién hing nhau) Dzinh gizi _/'(.\‘. _\‘. 1) 2 _/'(l. I. Z) \*<')'i I l bién suo

cho bé s6 (I, 1. 1) thou 1115111 11191 tfnh chzit cua b{> (.11 _\". 3).

Bu'd'c Z: Dzinh girl f(1, 1. 1) 2 0.

Ch 3": B61 v<'>’i czic bit d§u1g thirc déng béc ta cc’) thé lilm cho chtmg mi11h don gian ho'n béng

czich chuén héu caic bién trong bét dimg th1'1'c t1'u'0'c khi th1_1'c hién 2 bu‘é'c

20.1.1 1s51a5ngm1'1-¢ khéng aiéu men;

D51 v<')'i nhfrng bt ding thirc khéng cé diéu kién thi dém bién theo céc dz_1i lu'<_mg trung binh

+ Z + I
_' .\' \‘ .\‘ Y . 2 . , 1 ; 1 -4 3.

chang hz_1n t= 711: 1/.\1\';I = \ la ky [hLl€_1IC1'1lI11'1 dung de don 2 b1e11 bang nhau.

20.1.2 nén bién v6'i bah dz“1ngth1'1'c c6 aiéu kién

Dé chimg minh bit dng th1'1'c_/'(u.l1.<")20 véri caic bién a.I2.(" thoa min diéu kién

g(_a.l2.c')=0 rhi th1_1"c hién budc 1 1.1 can Chimg minh _/'(u.b.c")2f(u.I.I) vdi 1 151 bién 1h<>=1

min g(u. r. 1)=0

= 1 = _ . ~ 2

20.2 DON BIEN BANG Kl THUAT HAM SO

., , 1 , . . . ,. \' + I. ' , . .

Gla su' can Chung m1nhj(x. _\". 1) 2 j(.\". I, 1) \'0'1 1:"?-. ta xct ham: g (.1) =j (.111 + .s'.l — s)

véri s 2 O. Sau C16 chirng minh g téng Vs 2 O (thubng s£1'd1_1ng Ciao him). suy ra g(s) 2 g(O).

20.3 BAT BANG THUC 3 BIEN v('>‘1 c1_1'c TR! DAT DUUC TAI B11“;N

Xétb§1tdz§ngthi1'c f(x. y, 3) 2 () vdi x. y, 3 2 O, ta sé chtrng minh f(x. y, z) 2 f(0, s, I), trong dé s,

1121 céc am luqng thfch hqp sinh ra 10 czic bién 21, b. C . Thich hqp <1 dy chfnh 121 viéc 1><f> $6

(0.51) phéi théa min" 151 ca Czic diéu kién cua ((1, b. C). aémg thbi hiéu

d : f(.\‘_ )1 3,) — f (0. .1"./)2O c511 don gian nhét cé thé.

Cuéi cimg ta chi viéc kiém chimg ‘/' (0. .1'.!)2 0.

Dinh 1y dém bién mzjnh [SMV-Strongly Mixing Variables]

Cho: ' De §R”.D={.\"=(.\'1,.\'2....x”)\.\'i 201.21%. 2(X.2.\',.=ns=c011sr} V51 so =(s.s,...,s)ED

' Phép bién déi T: D ——> D nhu‘ sau: \'é‘i méi phiin ttr a = (a..a3....a” )E D,a ¢ so.

4
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Lu chqn 111 Z chi >6 ii _/' nilo d6 (thy thco hilm f bén dudi) suo cho ul. ¢ (1, . r5i {hay 111.41, bO'i

[rung hinh céng cuu chting.

' _/‘ : D % F. 151 hi1|11s6 lién u_1cth0;1mn: _/Wu 1 2 _/'(T(u)).\7ae D.

Khi d6: _/' ((1)2 __/"(xv ).\7(lE I)

20.4 DON BIEN KH()NG XAC DINH [Ul\'1\"— UNDERFINE I\/IIXING VARIABLES]
Bf/1/1 If UM V:

cm DC{.\'=(.\'1_.\'3.....\'” )E |.\; Z().Vi:l.....1z}. 0 déng Vil bi Chill. Gqi A 121 tép hqp czic

phzin Itr trong D c6 I thimh phn hing 0 V51 /1 —rthi1nh phn béng nhau (1 2 O) .

- Xét 2 phép bién déi T] ‘T3 :D + D nhu" sau: Vdi méi phn Lu" a =(u|.u3,...u” )6 D \ A. ch(_>n

ra 2 chi $6 ii _/' suo cho ul :min{u1, >();I =1.....n} v51 (1,=1nz1x{u[.u2....a”}. sau dé thay

(11 .u/ bé'i OLBE (111.11, ) (irng \'é'i T] ) \'Z1 OL'< ul <u/ < (Emg vé'i T: ).

. Gizi sir /' 1 D —> Ts liéntucthOz1mf1n: f(u) 2 min{_f(T| (u)),f(T3 (u))}.Vae D

Khi dé ta cc’) fm ZI11in{_/‘(v\‘)}.V.\'E 1)
\E.\

20.5 DON BIEN vi; GIA TR! TRUNG BiNH
L51 phucmg phzip dém bién ntra dnh cho hiim l6i duqc dua trén co sci hui dinh 13" sau:

Dinh 1y 1; Cho f 1:1 hilm 161 [(1.171-> Tu c<3:f(u)+_f(12)2_f(.\*)+f(u+b—.\").V\'e[(1.12]

Djnh ly 2: (bér d5l11gth(1'c Jensen) Cho f 1:1 him $6 l6i [(1.1)] -> Khi dd:

\' + \' + ..+ 'Vx] ..\'3_...,.\'” e [(1.11] ta c6: f(.\'l’) + f(.\"3 ) + + _/'(.\‘” ) 2/1 n_f(T)

20.6 DON BIEN BANG QUY NAP THUA A

Gié sir ta cn chimg minh mc_‘>t bit déng thirc cixa n bién a, ,a3,...,a” c6 diéu kién rixng buéc IE1

(z](l2 ...(1” =1. trong dé ding th(rc xziy ra khi n bién bng nhau. Chinh dzing thirc ring buéc nily

khéng cho phép chimg ta giai bZ1i tozin bng quy nap. Tuy nhién. néu chfmg ta stra diéu kién

réng buéc Iai thimh a,(13...(1” 21 thi khi dé ta c6 thé gia sL1‘.ch2'ing hzgn (1,, : min{(1,.a;.....(1,,}

dé cc’) (11613 ...a”_, 21 v21 ta cc’) thé dimg gia thiét cho n-I bién ny dé quy vé trudng hqp n-1 bién

béng nhau. Sau dy IE1 mét \~'1' du dzjc sic cho ki thuét ny.
V
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20.7 DON BIEN TOAN MIEN [ EMV — ENTIRELY MIXING VARIABLES]

Tit ca nhfrng kf thuflt d5n bién mil chtmg tn dn duqc dé cép O czic muc trén déu cé mét déc

diém chung IE1 khi thuc hién phép d611 bién: _/'(u.l>_<")2f(u'.i/.1") {hi bé bu $6 (c1.l2.c) V51

(1/.11’. z") déu C6 mét dgi lu'<_>'i1g dac trung giéng nhau. chfmg han nhu‘ téng. tfch...

Phu"o'ng phzip EMV cfmg cé dai lu'c_>'ng dzfac {rung khéng déi sau khi dén bién. Tuy nhién_ su khzic

biét hoim toim so vdi czic phuong phzip d6n bién tru"('>'c 151: "Dai luqng die tnmg khéng d6i khi

SLT(IL_1g EMV 151 hiéu czic bién. ttrc 121 cdc dai lu'c_mg u -12.12 — (".0 — u

Tu tu'(mg chu dao cua EMV I51 chimg minh khi thg hoc gizim caic bién di cimg mét dai 1u'c_mg.

bit ding thirc yéu di hozflc khéng d6i. Tir C16 ch1 cn chimg minh bt ding th\'1'c trong tru'b'ng hqp

mét bién 0- bién.

Ch jl réng néu sir dung EMV trong bzit ding thirc n bién, khi dém mét bién vé bién, thi bit

dang thirc cbn ,1-1 bién. tuy nhién. néu $6 bién cbn lai vén 2 3 thi viéc chtrng minh la khzi

phirc tap. Vi véy EMV thuimg su dung trong bt dimg thtrc ba bién véi phuvng phzip dE“>n biém

cé bién Iai O hoc (1611 bién \-"Oi céc dai luqng trong tam gizic.

20.8. DON BIEN TONG QUAT [GMV — GENERAL MIXING VARIABLES]

Déy lé min dinh ly‘ rit téng quén. bao gém gin nhu' toim bc} czic kha nng d6n bién.

20.8.1 Chfmq m bét aéu ban» mét 56 dinh nhh tron" khénv "ian .
C ~ G >.

.. ._ - - c c c -

Dinh nghia 1:

' Khéng gian IR” IE1 tzip hqp czic bé thir tu .\"=(.\'|..\"3....,x”) véi xi E R.Vi.

. Min diiy {xm =(.\"l_m,,\'lm......rM trong gQi 121 h<f>i u_1 vé :=(:.l,:3, ...z,,)e IR" néu

timg dy .\',._m héi tglvé 1, khi m —><><>.Vi=1_2...../z.

' Cho D c: R”. Mét him 56 f : D —>R<. gc_>i 151 lién tuc trén D néu: vdi mqi diy {xm} c D v21 vdi

mQi ge D sao cho {xm} héi tu vé 3. thi ta déu cc’): f (xm) hcf>i tu vé f(;).

Dinh nghia 2: Cho D C IR” . Ta néi:

' D déng néu vdi mqi dy {.\'m} c: D v21 vdi mqi 1 e R” sao cho {xm} héi tL_1 vé 1, thi ta cé 3 E D .

- D bi Chan néut6nI2_1is6th1_1'c M sao cho: v.\- = (.\-,..\-2.....\-H )e D, ma ‘Xi! SM,Vi=1.2,...,n .

Vi du nhu' mét tip hqp hflu hgm thi déng v bl chén.

Chng ta cé két quzi cfm ban sau dy (sé chimg minh <3 cuéi muc néy)
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Djnh ly‘ Weierstrass: Cho D déng via bi chén trong R". vé f : D —> R lién tuc. Thi f dat gié

tr} nho nht trén D, nghia 151 t6n t2_1i X0 E D sao cho: f(x(, ) S f(.\'),Vxe Chdng ta cfmg cé

két qu2'1tu"0ngtg1'vc'wi gizi tri ldn nhéit.

' Binh lugirzc Dinh I3" nily lb mét n1o'1"éng cua mét két qué quen thucf>c: "Cho [0, b] 1:3 1 khoéng
déng trong R via f : [(2./2] —> lién tuc. thi f cc’) gié tri nho nhéit trén [(1, 12]". D0 dé. vé mét truc
gizic thi dinh 137' 1 khzi 1'6 r'£1ng.

20.8.2 Djnh 1y GMV: Ta S5 lu6n gia thiét rang;

' D151 1 t2_“1p con trong R”. vb A 151 1 teip con déng cua D.

- f : D -> R 121 mét him sf} lién tuc lién tuc sao cho fcé gizi tri nhé nhét trén A.

- T, ,..._T‘ ; D -> D la czic phép bién @161 $210 cho T, (x) = = Tk (X) = /\',\V'XE A.

Ta Sé am ra czic tiéu chuéin aé gié In nho nhit Cllil f trén A cng chfnh IE1 gié In nhé nhzit cila f
trén D. Ta cé

Dinh 1y GMVI: Néu

- f<.\-) 2 mm{f<Tj(.\»)}.v_\-6 D\A
/:1./\'

- Vj = 1,/(,V.\‘E 1) ta c6 lim Tj”’(_\-)e A . trong dc’) T/F’<.\-) = _\-,Tj."’(_\-) = T] (T].”“' (.0)

rhi f(.\-) z rnin{f(_\')}.V.\'e D.
\'E.'\

Horn nfra, ding thtrc khéng xziy ra trén D \ A néu f(x) > mm f(T] (x)).V.\'e D \ A.
j=I,k

Bjnh 1y GMV2: Néu '

' D déng v51 bi chén trong R”.

' f(x) > ITlQf(T].(.\')),V.\'E D\A.
j=1.L

thi f (x) 2 min{f(y)}.Vxe D , hon nra ding thirc khéng xéy ra trén D \ A.
\'E.\

Bjnh 1y GMV3: Néu

~ D déng V21 bi chén trong R”.

* f(x) > min f(T.(x)),Vxe D \ A_

~ T6n tz_1i céc hém s6 hj lién tuc D —> R théa mén: /1]. (x) > hi (T1 (x)), VXE D\A.

rhi f(x‘)2min{f(_\‘)},VxeD.
A

\'eA
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21. PHUONG PHAP ABC

Xé1 111-p Czic 11511 di1'1g1hL1'c 1151 xirng 1111 111é1111. 11. 1-011111;: 1111-:1 vé 1151 dZ1ng1h1'rc hZ1m _/‘<11.11.1-1

C111 chim Czic dai lu‘Q11g 11 +12 + <~. 11/2 +111" +111 . 1117:‘ so s1i11h \1é'i héng sé. Khi <16 chling ta sé

khéao sail hhm 1111.12.11) thco bién 11121- véi hai C131 lu'c_>‘ng C11 dinh 121 11+12 + 1'. 11/2 +121'+1-11.

21.1 Djnh 1)‘ 1: Néu f(a12c'.c112 +121'+ 011.11 + 12+ 1') 121 hm don diéu trén 1:1 theo (1120 thi gizi

111 ldn nhfat v gizi 111 nhO 111151 xtiy 1'21 khi trong bu $6 11,12. 1' CO hai $6 bng nhau. c011 trong tép

Ff 1111 xziy ra khi cc’) 11161 56 bng O hay cc’) hai $6 bring nhau.

21.2 Dinh 1)‘ 2: Néu f(c1121'.c1l2 +120 + <'c1.c1+12+1') lZ1hi1m 161 trén thco (1120 thi gizi tri Km

nht xziy ra khi trong ba 56 (1,12.1' C6 hai $5 bng 11111111. cbn trong tép PC thi X21)‘ 111 khi C6 mét

$6 béng O hay C6 hai 56 hing nhuu.

21.3 {)1nh 1)" 3: Na-‘:11 f(11121',(112 +120 + 011.11 +12 + C) 121 1121111 16111 trén E1‘ theo (1120 thi gizi tri

nhé nht my 111 khi trong bu $5 (1.12,c C6 hai 56 b§111g nhau. cbn trong tép R‘ thi xziy ra khi

cc’) 11161 $6 bng O hay cé hui $6 bzllng nhuu

CIQ

21.4 D1nhl)"ABC 1716' njn

i) Cho 11.12,(' d511g thbi 1L1 czic $6 th1_1c hoc 151 czic $6 thuc duong. Khi dc’) néu dai lu'(_mg

111211.11 +12 +1" 115 du‘(_2"c Cho tr11\5'c (nghiu [Z1 <15 du'<_>'c C6 dinh sn) thi 1112 + 120 + 1'11 sé dat gizi tri

1611 nht vil nho nht khi C6 hui trong bu bién c1.12.1‘ bfmg nhau.

11) Cho 11.111 11611;; mo-1 1:1 ¢11¢ >6 111111: du'0'ng. Khi 1111 11-éu 1111 111-Q-11g 11111-. 1111+111-+111 as

dutyc cho trurc (nghhl 121 <15 du'(_>'c C6 dlnh 55111) thi 11 +12 + 1‘ sé dgat gié tri 11110 11h§1t khi C6 hai

trong b11bié11 a,12,1‘ bng nhuu.

21.5.1)11~111 LY ABC TONG QUXI‘

21.5.1 K1111 ABC: T11 g<_11 f(1i,11.1-) 121 111511 biéu 111111 kha ABC néu 111111 1151 dang 11111~¢

f(a,b,c) 2 O 06 thé du"Q"c ch1'1'ng minh d1_1"11 vim dinh 13" ABC dé dun vé hai trubng hqp sau:

i) Hai bién béng nhau.

11) M61 111é11 b§1ng() (1)1511 1<1e11 11z1y¢111 1111511 hién 1<111 ¢111'111g 11111111 km ABC @161 111-1 abc)

21.5.2 Dinh 13" : Xé1n1c}tb1éu1h1'rc 1161 xtrng 11 bién _1'(z1‘.z1:.....11,__) . trong dé f C6 gizi tri nhé

nh§1tv£1 112 3. T11 sé C01 ‘/' (111.1'13.....a”) nhu' 15111161 biéu thirc bu bién g(c1| ,113,11_;) vc'1icziCs6

114,c15....,(1” du"c_1c coi nh1rI£1c1’1c hing Khi dé néu g kha ABC thi bait ding thirc

f(al .513 (1,, ) 2 O cé thé (11111 vé xét hai 11"u"Ong hqp sau:

1) 111 111é11 bang 11111111. 11-111 1111111 Bang 11111111.

11) 111111 1111111 11111111 111115111 1<1».§11 1121111111 111251111511 1<111 chirng 11111111 11111 ABC 1161 V(§’i 11111-)

B51 déing thirc du'c_>'c chvlrng minh 1&1 dng néu né du"<_>'c chtrng minh trong hai mrbng hqp trén
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22. PHUUNG PHAP HiNH H(_)C HOA BAT DANG THUC 94150 (GLA)

22.1 PHU’O’NG PHAP GLA VO’I s BIEN so vA PHEP 901 BIEN so TRONG TAM e|Ac

- \/di u_ /2. 0 > 0. dét .\" :/> + (1 _\' Iv + (1.: =11 +12 thi .\'._\'. :trdthi1nh dc} dili 3 canh cua mét tam

gnu XYZ vé-1 ,1. R. 1151511 lu"c_>'l 151 nun chu vi. bzin kfnh du"0‘ng trbn ngoai tiép. néi nép val dién
tfch cuu tam glzic XYZ. Khi dd ta 06 czic ding thuc vi: czic dinh 1;‘ quan trcgng sau déy:

22.1.1 Céc dng thirc co" ban

1. (1: +1): +63 =12: —8Rr—Zr:; ub+b(’+c'a=4Rr+r2
~ 1 1 _: 2

H§qll(i: ”_+bl+('_ :1] _8R’_2' = P -2
' 1112+ be + ("(1 4R,- + ,-3 4R,- + ,-3

2. ((1+l2)(b+¢')((>+a):.\j"; =-1R/"p; abc=(/2 —.\")(p- _\')(p — :):S—2 : pr:
. p

H@,I,,,;_.  :L; l+l+_1,: ~ L+;+L=;
(a+1>)(l>+c)(<~+a) 41? u b <" pr ab be‘ ca ,-3

3_ <1+b+b+c+c+(1:Z(ZR—I‘)
0 (1 11 r

4. (13 +123 +cr3=(z1+b+c)[(c12 +b2 +03)—(ab+bc+ca)]+3abc

= p(p3 —8Rr— Zr: —-4Rr— r3)+3pr3 = p<p2 — l2Rr)

5. (14 +/)4 +04 1(1): —SRr—Zr:): —Z('-lRr+r3): +4]):!'2 I pd —l6Rrp3 +2(4Rr+/'3):

'i:

it
if;

~.u
‘J

6 a+b+c
xx/abc 3 -3 '

7.1651 =2(.\~2_\-1 +,\-If + RH)-(.\-* +V\-"‘ +1‘)

- 2—8Rr+r2
b+c+c+a+a+b (a+ +0 a+b+b+c+c+a 4Rr

9 1 +_1_+ 1 _(ab+bc+ca)2—2abc(a+b+c) _(4R+r)2-2172
' (12 bl ('3 11212303 pzrz

'1 Z,‘ 2 4 ' 210- 1+1+1:l+l+l:\_\+)+\:p+Rr+r
a+b b+c' ('+u .\‘ _\' - Z A3‘: 4Rrp

1 1 1 :(.\‘_\'+_\';+;\‘)2—Zx_\';(x+_v+;):(pZ+4Rr+r3)_ I

X: _\‘2 :2 .\‘2_\'2;1 l6R3r2p2 RT
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12.

13.

14.

; up [;<- ((1/1+./7r'+('z1)2—Zab('(u+/7+<'):(4R+")_"2P2
/7

(1! + +
r’ /2 u u/10

(z’:'l>‘_‘ +/7'21"; ~.- ("(13 =(u/2 +l7r'+c"u)3 —3u/7('(u J—/>)(l> +(')(('+u) = 1"‘ (4R+ 1‘); — l2p'r3R

' piv8(1R+r)1p:+5r:(4R+/‘)3
I + 1 + 1 :

¢I:+/7: />:+<': (':+¢1: 4/"ii-LR:+6Rr+r:)/J:*Z[>Jr:—Z/"1<-ll€+r"‘\’

+¢“;u" +303/2:0: +61/J(‘((l; +113 +03)15. (a3l;+12:c'+c’:u)(u:(*+/>:u+(“:/2):¢z}[2‘: +/>"<"‘

-\ 1 w_\

1 — 7 3 Q )+3 1313 +123/'3 (pl —lZR2')=/"3lLr(4R+r)'} +3/fr‘ +pJ' -24R!‘/fl=r‘:(4R+r)' LR 1“; 1

22

1.

2

3. Binh lj 3:

4. Dinh lj 4: \/<'>'i mcpi tam gizic ta c6

.1.2 Céc dinh 1y

Binh 1y 1: Tam gizic cé mi géc 2 60° <:> ,> z ue +1-)

r— _)

Tam gizic cé hai géc 3 60° <:> /2 5 \/3 (R +1

Tam gizic cé min géc bng 60° <:> p : ( R + 1")

. Dinh 13" 2: Vdi mQi tam gitic ta cé czic bit déng thtrc
- 1 w /ii

' - "+7(R—2r)/R(R-21‘)2R2+1ORr—r3—2(R—2r)\/R(R—21-)3/r£21? +10/21+» _ N

Vdi mc_>i tam gizic nh<_>n ta cé czic bat dang thfrcz

'7

pl 22R: +8Rr+3r:; (12 +113 +03 Z4(R+r): (1): c1b+ln'+cu2ZR: +12Rr+4r'

(I: +17: +62 S8RZ +41‘:

5.Dinhl§'5: vm m<.>itz1m gizic ta cé [>2 z1<>R,~-5,-I +-——"'(R1; 2") <*>

22.1.3 Phu"0"ng phép chung

Dé chtrng minh mét bét d§mgtht1"c dc‘>i xtrng F (a.b.c") 2 G (a.b. c) vdi a. b. c khéng 5m, ta dzfat

x =12 + c, _\' = c + u. : = a + b. khi dd .\'. ,\'. 3 trd thénh d(f> dZ1i 3 canh cua mét tam gizic XYZ v51

mét bét déng thtrc dgi $6 duqc dua vé bit ding thirc hinh hqc vc'ri czic bién p, R, r liin luqt 151 ntra

chu vi. bzin kinh duémg trén ngoai tiép v51 n{>i tiép cua tam gizic XYZ. Sau dé ta phzii chimg

minh f( p) =vZ,- VP 2 0 . xet déu f'( /7) 161 tim czich démh gié p theo R. r.

Ta chfl 37 dén dzinh gizi rét quan trcgng sau dy: V

2121 +10R»--H —2(R—2r)\/R(R—2r) $113 §2R3 +1oR/--H +2(R—2r)\/R(R—2r)

‘ pl=\/2R1+10R»--H-2(R-2,->\/'R(R-2r) Ih1pE[p1.]J2]Khi dé neu dqt

pl =\/2R’ +10R,~-H +2(R—2r)\/R(R'—2r)
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N11 (in xét:
1. Néu AXYZ cfln ma ,1: ,1 hoic p I ,4.
' Néu gin tri ldn nh2‘1t_f(/7) hoéc gizi tri nh('> nht [(12) dal ta_1i p = pl [hi AXYZ Cain cé 2 géc dziy

béng nhau vil 3 60°. khi G6 trong 3 bién .\‘. _\'. 3 c6 Z bién béng nhzlu V51 nhO hon bién cbn l2_1i <:>

Trong 3 bién u. /2. 1" c6 2 bién béng nhau V21 ldn hon hone bang bién cbn lai.

' Néu gizi Lri l<)"n nht _f(p) hozfac gizi tri nho nh2‘1t_f'(p) dal tai p : p: thi AXYZ cn c6 2 géc dziy

béng nhau V212 60°. khi dd [rung 3 bién .\‘. >\'. I 06 Z bién hing nhau V21 ldn hon bién cbn lai ¢:>

Trong 3 bién u. /2. <' Q6 Z hién béng nhau \"Z1 nho hon hoéc hing bién cbn Iai.
2. Khi dun bit d€ing thtrc vé dang clnru /2. R. r néu 06 hiéu thirc chira r lflm nhim tn‘ chung [hi

khi r = 0 hay Lrong 3 bién <1. /2. 1" 06 I bién b§1ng() [hi déng thirc xay 1'11.

3. Tin" czic nhén xét l \'212 .\"L1§'ranéu _/' ( />) dglt giai tri kin 11h5n. nho nht tai /)1 hoac /1: hozfac

r = O thi céng Yiéc cbn lai IE1 chtrng minh bin dzing thfrc \'(3'i 2 bién $6.

van cziu hoi (T$t1'z1 I51 khi nilo f([))d2_1[ [Y1 ldn nht. gizi In nho nht I2_1i 111' h0zf1c pl m c6 két
luén sau:

3.1. NéLlf’(p)2().Vp€[/)1./)3] thi Minf(p)=f(p|)1M€1Xf(p)=f(
Néu f‘(p) § 0 . Vpe E/21./2:] thi Minf(p)=f(p:):Mux f(p)=f(/2])

Dng thtrc xay ra khi p : pl h0:§1c p = /1: Lrng \’d‘i [rung 3 bién 56 cl. 1). c cé Z bién 56 bng

“E

\_/

nhau hozfac c6 min bién $6 b§1ng().

U

9

P

‘O

Q

E?

HP) \ + mm

Hp). /-(pi)/_/-(/1;) Hp ./'(1 \ f(P2)

3.2. Néu f"(/J(,)=Q:_f”(/1)2() thi §\/Iin_/'(/2):_/'(pU)1I\/I£1xf(p)=MaX{_/'([§|).f(p3

Néu f’(p0):0;f'(p)§O thi Maxv/'(p):_/‘(pU);Minf(p)=Min{f(/1|).f(/22)}

“Q
~11

E’

F3

+

Q

“*1
~r>

13

3+

E

E?

D — F3 -
_/>(/),)\ /./'(/73) I /A/v(/)1»)\

"M ./<,».> ""’ mm rm)
4. Trong min $6 it czic bin tozin ta tim Gié tri lén nhét. Gizi tri nhé nhét being czich tinh dao hém

theo bién I = /)2 hoic theo R hone theo r.

Chli Hy nhé‘ lai czich chnng minh hinh hQC 0'n"én. ch1’nht£rchirng minh d6 suy ra ngay véi
m<_Ji R. 1" c6 dinh thi cé thé tim duqc bu $6 thuc khéng 51m 21‘. b‘, c‘ mil trong ba s6 d6 cé 2 s6

béng nhau hozfac I s6 b§1ng(). sao cho tam gizic X'Y‘Z' vc'>‘i dé din 3 canh 151 b’+c‘. c‘+a’. a'+b’
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cflng c6 R = R" via r = r". Nhu thé. két hqp nhén xét nE1y v<'yi céc két qua G trén ta suy ra trong

czic truémg hqp him f(p) an tét (don diéu) thi ta chi cn xét hai tmimg hqp C151 vdi ba bién -z1_ b.

c ban du 151 hoélc trong 3 bis.-‘n cc’) 1 bién béng 0, hoiic trong 3 bién cé 2 bién bng nhau.

22~.2 PHUONG PHAP GLA cuo n BIEN s6;

G13 511- f(a1.cl3,...a”) 121 da thllrc déi xirng vé'i/1biéns(‘> c11.z13,...,a” > O (n 2 4)

Xét 3 bién $5 bit k1 am.c1,,_cz',, (111.11. pe {1.2,3.4..../2}) v51 c6 dlnh czic bién $6 cén lai nhu hing

55.1-Jzflt .\"=am +11”. _\" :a” +a/7. :, :11!” +am.1<hi d('>.\'__\'. 1121 3 cgmh cua tam gizic XYZ v51 3 bién

$6 am,c1”,(1p cé thé du'a vé thimh 3 bién p_ R. r (trong dé p.R.r 1E1m'1'a chu vi, bzin kinh duiyng

trbn ngoai tiép \/"£1 1161 tiép cua tam gizic XYZ). Ta cé czic két qué m0 réng sau dy:

22.2.1 M61 da thirc déi ximg n bién duong cé dz_1o hilm cp 1 dam diéu theo p, R hoefic r déu dat

gizi tri nhO nht, gizi tri 1611 nht khi cé 11 -1 bién $6 béng nhau.

TL'1'c lé: f(p_R.r.a4,...,u”)2f(a,...,a1.\‘) hoilc _f(p,R,r.a4,..._(1”)Sf(a,...,a,x)
n-1 $6 a /1-1 $6 a

(G dy ta ch<_>n 3 bién a1,a3,a3 dé chuyén vé p. R, r) 1

- Néu flj (p, R, 1, 1%.... an ) 2 0 thi né Se am gié m nhc'> nh2‘1tkhicc'> /1-1 bién bang nhau va

n -1 bién nély lén ho'n h0€_1c bimg bién cbn 1z_11. vi dzgt gizi tri 1c'm nht khi cé n -1 bién bng

nhau vii n -1 bién nby nho h0'n hozfic bing bién cbn 1z_1i.

' Néu fl: (p,R,r.a4....,a” ) SO thi n6 sé dgt gizi tri nho nh§t1d1ic6 n -1 bién bémg nhau v51

11-1 bién ni1y nh<'> hon hozfic béng bién cbn 12_1i. via dat gié tri 1<'m nht khi cé 11-1 bién béng

nhau v51 n -1 bién nily 1c'm hom hoéc béng bién cbn lai.

Ta sé chtrng minh dgi dién cho trumg hqp fl: (p, R. r.c14..... a” ) 2 0

Do f,',(p,R,r.a4,...,a,,)20 nén f(p_R,r,a4.....a,,) déng biéntheop.

Trc 1&1 f(p1,R,r,a4,....a”)Sf(p.R,r,a4,....a”)Sf(p3.R.r.a4....,u”)

Theo l'1hU'I11'1§tI1 xét 3 trong 21.1.3 ta c6:

* p = pl khi tam gizic 151 tam gizic cim cé 2 canh bén nhé hcm hoéc bing c2_1nh déy tirc 1i1tr0ng 3

bién ban diiu cé 2 bién bng nhau vix 1('m hon hozfac bfmg bién cbn 12_1i. D0 al , a3 , (13 duqc ch(_>n

mét czich tuy Y dé chuyén vé p.R,r vi f(ai.c13,...a”) 151 da thtrc déi ximg vdi al,a3,...a” nén

zip dung lién tiép vdi céc bién cbn 12_1i ta duqc: f( x, _\" ) S f (a,.a3,...,a,,) 2 y)
\__,.__-

n-l
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' p : p. khi tum giaic IZ1 tum gizic sin c6 2 cqnh hén l<'J'n h0‘n huzic hing cnnh dd)’ UR" lil {rung 3

hién bun du Q6 2 hién hn nhuu \'Z1 nho hon hoéc hn" hién chn lai. Do <1. <1. 11. C{u'0c chon— 5- . 5 . ,~ _;~ _\ . .

n1{)tczichIu_§ §"décln.1y$n vé />. R. r vn _/' (<1. .<1:....<1”) 151 da thirc din xirng \'('>’i u.{.u2....u” nén

zip dung lién tiép vdi czic hién cbn lai t;1du'c_>'c: V/'( _\* ) 2 _/"(u,.u3.....z1,,) (.\-3 _\")

22.2.2 .\1<_>i dn [hire /1 hién du'0'ng Q6 dao hilm cp 2 _/'”( p) 20 déu dgt gié trj l('m nhét khi trong

12 hién Q6 12-1 hién hing nhuu.

22.2.3 Mqi dn Ihtrc /1 hién du'o'ng c6 6:10 hflm cp 2 ’/“(L />) S O déu dz-_1I gizi tri nho nhit khi trong

n hién cé /1 —1 hién hing nhuu.

22.2.4 Néu _/' (11; .<13....uH) I51 da thirc déi xtrng \’é'i ui.u:....uH 2 () [hi tircc nhzfm xét 3.1, 3.2

trong 22.1.3 ta mdi chx c6 mét két quat:_1mthi>‘i lil gin tri nho nh§tcuz1\‘Z1gizitri l('m nhzémt Qua f
dat duqc khi C6 I s6 hién $6 hing nhau \’£1 1 s6hié11 $6 Ihi chu'a so szinh du'c_>‘c (vi cé thé 06 mét

$6 bién s6h§1ng()). Tu sé chirng minh mét két qua mqnh h0'n 151 khi ul . u: ....a” 2 O thi vn c6

két lufm: gizi tri nho nht v21 gin tri lc'>'n nhfitf dg1tdu'(_>'c khi trong n hién 06 11 -1 hién hing nhau.

Th$t\'§1y.gin sir gizi tri nho nht hoéc gizi tri Km nht cun f (:1, .u:.....a”) dz_1ttz_1i

(O.....().u.....u.b). Xét bé 3 $6 (0. (1.12) thi theo czic nhén xét 3.1, 3.2 trong 22.1.3 ta cé a =0

hoiic /1 = 0. néu (1 I 0 an gizi tri nho nht hozfac gm In l<'>'n nhét Sé an mi <0.....o_1>; suy ra két.22
H*i

luén dL'1ng.N€.*u z> = 0 ma 1.11 Xél nép 2 ms (¢1.r1.U);(().().u). Ap dung nép Q-ac két luén 21.1.3. ta

suy ra u =0 . cm trj nho nhzh hone gié tri lO"n nht G-.-)1 tai (O.(),....()). Véy czic két luém trén G51

CIu'<_>‘c mO' réng ra déi v<'>i czic bién khéng 51m.

22.3. PHU'()'NG PHAP GLA TONG Qu&'r=

[ubc = ('()l1.S‘[
Bi/zh I)‘: Cho u./2. v > 0 thoa min i khi dé ta cé:

fl!) + 110+ be I cons!

' Néu f(a,/2,0) 121 mét hizm d{“>ng hién theo u + 1) + c thi n6 sé dat min khi Lrong 3 hién

(1,/9,0 c6 2 hién hing nhau vi ldn hon hoc hing hién chn lgai; f(a,b,(')dat max khi

trong 3 hién (1./9.0 cé 2 hién hing nhau V21 nh('> hon hozfic hing hién chn lz_1i.

' Néu f((z.b.c) 151 mét hilm nghich hién theo c1+b + c thi n6 sé dat min khi trong 3

bién (1./2.0 cé 2 hién hing nhau vi nho hon hoiac hing bién cbn l2_1i: ]"(a,l).c)dat max

khi trong 3 bién (1./2.0 Q6 2 hién héng nhau \v'Z1 ldn hon hoéc hing hién chn lai.
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23. PHUUNG PHAP EV (EQUAL VARIABLE THEOREM)

23.1 B6 dé. Cho u.b.c 151 céc s6 thuc khéng 51m khéng déng thdi bng nhau v51 cé nhiéu nht

mét s6 bng O, v21 gia str céc $5 thuc khéng zim .\- 3 y 3 ; théa mn

.\'+ _v+ ;=c1+b+(' (1). X" + _\"" + 3"’ =51” +17” +c" (2)

Trong dc’) p e (—<><>. O] U (1. +<><>) . Vdi p = 0 . phuong trinh thtr 2 trO"th€1nh .0": = abc » 0 . Nhu thé

t6ntz_ai hai $6 thuc .\',. xi v('>‘i 03.x} <_§-3.th0'a main xe [.\"[..\':].h0n nira

1) Néu .\-:.\"1 v51 p30 thi O<.\'<>\"=:

Z) Néu.x:.\"l v21p>lthih0zf1c O=.\‘< _\‘3 1 hoéc O<.\‘<_\*=;

3) Néu xe (.\']..\'3) thi .\-_< _v<:

4) Néux=.x3th1x= _\'< ;

23.2 Ménh aé. Cho Q,/)1 C 1:1 czic 56 thuc khéng am khéng dang thdi béng nhau va ¢c> nméu

nhit min $6 béng O, vil gia 511' O 3 x 3 _\* 3 1, théa min

x+_\'+3=a+b+c (1). .\"’ +_\'” +1” =a" +12” +0” (2)

Trong dé pe (—<><>,0]U(l,+<>@). \/bi p=O,phu"o"ngtrinh (2) trdthnh .\_w'z=abc>O.Gia sir

f (u) 151 hilm khzi vi trén . théa miin g (x) = f'(.\‘ 513) 151 hZ1ml6i nghiém ngzflt trén

(0,+<><>).V5 din F3(\',_\'.Z)=f(.Y)+f(y)+f(Z)

1) Néu p 30 thi F3 nhén gizi tri ldn nhét khi \'i1 chi khi O< .\"= ‘\"< 1. vé F; nhén gié tri

nhé nhét khi Va chi khi 0<_\-< y = 1

2) Néu p>l vZ1h0Z1c f(ll) lién tuc tai 11:0 hozjc 411213) _/(11):-<><=. ma F3 ldn nht chi khi

0<.\-=_\~< ;, Va nho nhétchi khi hoéc ,\-=0 hoéc 0<.\-< _»~= ;.

23.3 Djnh 1y EV (Djnh 1y vé céc bién S6 biang nhau)

Cho al,a2,...,a” (n 2 3) [Z1 ceic $6 thuc khéng €1m,vZ1 O 3.\"1 3 xi 3...3x” théa min

x1+x1+...+.\‘"=a1+a2+...+a” ; .\'l” +x§’ +...+.x:=a1" +41; +...+a:

Trong dé p151 56 thuc, p $1.

Véi p : O, phuorng trinh thtr hai duvc quy u"<':c thay thé bdi diéu kién xlxz . . ..\:” =a]a2 ...a” >0.

< > EGid str f(u) IZ1 him kha vi trén (0.00). thoa min g(.\")=f’ .\""‘ 121 léi nghiém ngzflt trén

(O,<><>), vE1d2f1tF”(x],.\-3 . . . . ._\‘”)=f(.\'])+f(x2)+...+f(x”)
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- Néu PSO ma F” ldn nhit khi 0<.\-E =.\-3 :...=_\;,_! syn. vi nho nhéu khi

OS.\‘i S1‘: =1‘; =...=.\‘”

- Néu p >0 vs. hotfac _/<11) lién tuc tqi ll :0 hotfzc !lIin‘1]f(u)=—<><> thi F” ldn nht khi

O< xi =3‘: =... =.\‘”_! ix” . V51 nhO hél khi .\‘1 =... = .\'k =0 V51 .\‘k+3_ I... =.\'”

Trong dé /< E {O.1...../1 — 1}

23.4 Céc hé quii clia dinh 1)" EV

Hé quri I. Cho a:.u3...._a” 20: (1123) v51 giéi sir O§.\-I Sx: S...£.\"” thOa min

xi +.\'l +...+.\'” Iul +513 +...+a”..\‘1:+.\‘§+....\'i:a]2 +413: +...+z13

G121 sir f 151 hém khzi vi trén (0.+<><>) . thoa min g (x) = f'(,\') [Si nghiém ngt trén (0,-|<><>).

Hon nt1"a.h02f1c ‘/'(.\') lién tuc tz_1i .\'=() hoac f(.\")=—<><>. Nhuthé
\

F“ =f(.\'l)+f(.\'2)+...+ f(.\'”) ldn nhét khi O§.\‘| =.\‘3 =....\'“_I x” . V51 nhO nhét khi

.\‘] =...=x‘ =0 vé .\'k+2 =...=.\'”,tr0ng dé ke{O.1...../1-1}

Hévqu2. Cho u].u3.....a” 20: (1123) v£1 gizi s[1‘0< xi ix: S...$.r” théa min

.\‘I+.\‘.+...+.\'”=aI+u,+...+c1,,. l+l+...+1=1+1+...+1' _ ' .\'1 .\': XII (ll (I2 ll”

Gizk sirf 121 hm klqéa vi trén (O.<><>) thou min g (x) = l6i nghiém ngzfit trén ((),+o<=) . Nhu
v \

mé F” =f(x|)+f(.r3)+...+f(.\‘”) l('m nht khi OS.\'| =,.~2 =...=.\-”_l £x”.vi1 nhO nhélt khi

O<.\'i Sxz =_.\‘} =...=x”

Héqzu? 3. Cho aI.a2.....u” 20: (1123) v51 gia su" U§.\‘I ix: S...S.\'” thoa min
.\'] +_\’Z +... +.\‘” =0] +a3 +...+a”.' .tl.\'3 ....\‘” =ula2 ...u”

Gizi sir f 151 hilm khzi vi trén théa min g (x) = f'(l) l6i nghiém ngzjt trén.
Y

Nhuthé F” = /(_\-1)+ f(.\-2)+...+‘/"(.1-H) lérn nht khi 0<..-, =.\-2 =...=.\-”_, Sx”, vb nhO

nhtkhi O<x <.\‘, —.\' —.. ~ \‘I____§_‘_'/1
'

Hi qmi 4. Cho al,a3,...,a” (1223) 151 czic 56 khéng ém vii gia st1'O£.\‘, 3.4, £...5x” théa

m€1n,\']+.\‘3 +...+.\'” =0] +c13 +...+a”. X!” +.\'§ +....\‘,f =u]" +111’ +...+aIf'

Trong dép IE1 n1§>ts(§thu'c. p ¢ 0. p 11
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:1) Vdi p <0. P = .\"i.\g nhzin gid lrj nho nht khi (J S .\q_ : .\": :... I .\'”_E S X” v21 nhén gizi tri

I01". nh§I khi ()< .\"._ S xi :_\-I :... = .\'h_

b) \/(yi p > (). P = .\§.r3 ,.,_\',__ nh:_"1ngit1'i nho nht khi US .\-I =.\‘: :... : .\-H S _\‘,__ VZ1 nhzfm gizi tri

ldn {mat khi hoéc .\-i :0 hoéc 0<.\»; §.\-I :_\-R :,..=.\;:

Hg? qmi 5. Cho 415.11: ...'..u” (/1 2 3) 121 cc $6 khéng m V51 gié. su' ()S .\", S .\z S...S x” thOa

min .\'] + .\‘: + + 3'” = (1; +11: + + r1”..\';” + X1’ +....\';f’ I 11.’) + (If + + 0,’;

1. Néu /JSO ( 11:0 d2:ll1IO'i .\‘,.\',.4..\‘” =(1!(1,...z1h_ >0)

a) VO'i qe (/2.0) J(l_+<><>). E = .\"§’ + +...+ .\":;' nhzin gizi tri ldm nht khi

OS x] = xi =.._ =.\", _I S xv _ \"z‘1nh2§n gizi tri nho nhl khi hozflc .\", :0 hoilc

O<.\' <.\', =.\'} =...=.\'”l__.
b) Vdi qe (——<><>.O) L)(p,l). E :.\‘;’ + .\'§’ +... + nhfln gizi tri ldn nht khi

OS xl Ix, =... =.\‘H_1 S .\'”. nhén gizi tri nho nht khi 1'} =....\'L =0 v xv: =...= .\"” . vé'i chi

$6 ke{().l...../1-1} nilo dé

2.Néu O</><l

Z1)Vé'i 1/e(0.1)J(p.+<><>). E=.\-;/ +.\-g +...+.\~;( nhén gititri ldn nhfzt khi

0<.\1 "‘.\} — —.\' , <.\' .\'i1nhén aid [Ti nho nhét khi hoéc .\" ~() hoéc_1__‘ _II'l_/I ~- - - 1- -

()<.\'E §.\': =1} :...=.\‘”

b) Vdi q=(—<>o.p)u(1.+<>¢). E : .\-1” + +...+ .\-:1’ nhfm giét1"jléx111h5tld1i

OSx| =.\»2 =...,\-”_E, syn . nhén giét1‘inhO11h§1Ikhi .\-, =....\-A =0 v51 .\-M =...=.\*H.vc'>"i chi $6

ke {0.1....,n — 1} nu dé

3.Néu p>1:

:1) Vé-i 1, =(0.1) U([7_°<>). E =.\A;' +.\~;' + ...+ Xjj nhgin gizi In Idn nht khi

0s .\'1 :.\-2 = ...:.\-”_, S.\‘,,.\‘i1nh§\n gié tri nho nhflt khi .\-M =... : X” trong dc’)

ke {O.l.....n— 1}

b) Vé'i q =(—<><>.O) U (1. p). E = XI" + + + nhfm gizi trl I(')'n nht khi

031-I =.\~, =...=;\-H_, syn . V51 nhém gizi tri nho nhét khi .\-1 =....\-A =0 vb .\-M :...=,\~” . trong

d6ke{O.l,....12—l}
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Hé quli 6. Cho <1,.z1:...,.(zH (112 3) 121 cdc s6kh611g 51m. pe{1.2} v51 gia str

()S.\‘i S1: S...S.\‘” thOz1m€1n ’

.\"] + ,\-3 + + X” = cl: + 41: + + an: .\"1-"' + + . . . .\f;’ I <11" + us” + . . . + (1:

Biéu thirc E: Z_\2E.\—:.\-2 ldn 111151 khi 0§_\-1 = .\-3 :.,.= s.\-H. \'Z111h<>11h§1I khi

.\'1=....\“=() \'i1.\"_: =... =.\‘,_, .{mng G6 ke {().1...._n~1}

Hé quwri 7. Cho uI.u3 ...._u” (/12 3) I21 czic $6 khéng Elm \-'21 git! str 0 S .\‘1 S .\'2 S...S .\-H thOa

min X]: + X5 + . . NYE I (ll: + C154"... 4- (151 Xi‘ '5' 1- . . I [Ii + (lg + . . . + (ll?

Biéu thirc E = Z.\‘1,x‘:.\3 ldm nhél khi 0 S xi =.\"1 :....\’”_: S,\'”.vZ1nh0 nht khi

.\',:‘..=.\'k 10 vZ1.\'A_3 :...:.\"” trongdé /<6 {O.l.....1z—l}

24. PHUONG PH/QP CHIA DE TR! (DIVIDE AND CONQUER)

24.1 PHU'O'NG PHAP CHIA mi: TR! VO'l HAM 1 BIEN

Djnh I)‘: Cho f(.\'. _\') I21 hm lién tuc tir [(1. bl >< [(1. /2] viao tng theo bién .\' vé giém theo bién

_\'. Khi d6 2 diéu sau 151 tuomg during.

(1') f(.\1 .\*) >0, vdi m(_>i.\'tlu1q3c [(1, [2]

(ii) T611 t:_1i dy him hqn ting (1 = X0 S .\'Z S ...S .\‘,M :1: sao cho:

_/ (.\‘”..\‘_M ) > O ‘V/I I O. HI

24.2 PHUONG PHAP CHIA DE TR! \*<)'1 Hjuvl 2 BIEN

Binh li: Cho f(.\; _\". 3) lé hilm lién u_1c trén Ia. l>]><[<', d]><|c, (/1 vZ1o R. téng thco bién y v51 giam

theo bién :,. Khi dé 2 diéu sau 151 tucmg during. .

(1') f(.\', _\‘, _\') > O. V.\‘€ [11, I2]. _\' +5 [0, 1!].

(ii) T611 tai dy him hgm tng r= yu S _\-I S )5 S...S _\"M =41 sao ch01

Véri mc_>i n =O.l.,..../n {hi f _\‘”._\"”_] ) > O. Vxe [(1.12]

24.3 PHU'O'NG PHAP CHIA mi TR! v(')'1 BAT DANG THUC THUAN NH/§T BA B11-‘:N

' Bu'r}'c 1: Du dozin czic truiyng hqp xay ra du dfmg thL'1'C (ta g<_>i ii1 céc diém "nhzgy cam"),

khoanh vimg chling lgi xét riéng ra. Phn cbn lai ta chi 151m viéc vdi czic b§1td§1x1gth(1'c thuc SL_l'.

' Bu'0"c 2: Bién déi. chuén héu czic bét déng thirc thuc sgr vé dang thfch hop rE">i dirt diém hing

czich ham mm then) [irng bién aé ><u- I1’.
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25. BAT DANG THLTC NESBITT-SHAPIRO ‘

25.1 B;i1a:111g11111~¢ Nesbitt

V11./2.1‘>O (1)

25.2 Bit ding thirc Shapiro -

Gia sir 111.113....1111 > 0. Xét tfnh dflng sz1icL1z1b51td11gthi1‘c sau:

(I1 (1, (l11_1 (111 )7

1}‘11(111.111.....1111)= + “ +...+ + 2+ (Z)
11, +111 111 +111 1111 +111 111+11, Z

B51 déngthi1"c (2) (hing vdi m(_)i 11 chgn £12 \‘i1 n lé 3 Z3 ,mQi giai trl cén lai cua 11 [hi (2) sai

25.3 B51 ding 111111 Shapiro 1111 diiy 111111 1111311

Cho 1111111111 16111111 1111311 11511111" 111 . 11: 1111 > 0 111-1 111;

O<111§11,S...S11_ S11 U
_ . , , 11 11 1

” 1 ” Kh1dotac0 ‘ +...+ ” ' + ” 2'—
1112112 2...Z1111_121111>() 11, +111 1111 +111 111+11, 2

25.4 Bénh gié xp xi bfit dng th11'c Shapiro

11111111 4/1991; ”' + ”‘ +...+ ”"‘ 1 ”" >(¢z-1)11=0.4142135611,v11,>0
(l,+(l1~1 (l:1+(l_1 (I11+(I1 (l1+(I:

111 11, 1111_1 1111 ,
Kvant 4/ I991: + * +...+ + > ‘ 12 =O.4l6666661z. V11,>O

11, +111 1111-111 1111 +111 111+112 13

1 11 11, 11 _. 111

Tr111zPh1r1mg 2004: S = L‘ + »~;— + +L+ —i’ > 0.4577996/1 . V11, > O

(I: +(l3 (I3 1:-Ll; (l11+(l1 (I1-l-(1:

11, 11, 1111_ 11 11

DI‘lllf€l]d I971 ‘ + ‘ +...+ " 1 + ” >O.989l33><—, V111.11,....1111 >0
112 + 113 11_1+11_, 1111 +111 111+112' 2 ‘

111+ 111 11, + 111 1111_1 +111 1111+ 11,
Elbert 1973: ‘ + ' +...+ + ‘ 2097801212 , \1111.11,....1z11>O

11 + 11 11 + 11 11 + 11 11 + 11 ‘
I I I 3 11-] 11 11 l

Hillel Gauchmarz, Eastern Illinois University, Charleston, Illinois (2002).

111 11, 1111 111 11, 1111

Bat E11 = + ~ +...+ ; F11 = + ' +...+ .V111. >0
1l,+111 11,1+111 111+11, 111+11, 1l,+111 1111+(I1

V51 >1 = —0.02l9875218...Khi dé ta 06 czic dinh 1y sau:

Djnh li 1. Vé'i mQi $6 nguyén du‘0'ng 11 vb mQi $6 th1_1'c duong 111.11,....1111 ta C6 E11 — F11 Z 7112

B11111 112. Trong 911111 11' 1_ >1 1:1 11§111g 113 161 111151. Hay 11111 111111 1111111. V111 111111 8 >0 1611 1111 11

nhét mét $6 nguyén du'o‘ng 11 v21 czic s6th11'c du‘0ng 111.113....1111 1111111 miin E11 — F11 < (X + 5-:)n
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26.1 Bt ding thl]'C trung binh ly thira \'6'iS6I1'll] tL_r nhién
Gizi str a, .11: .....u” 2 () \'Z1 m. /< e N’: 1hOumZ1nm< A". khi dé La 06 b§ld2'inglhL'1'c:

I

' A A A 3 _m n: 11.-'_A/ul +113 +...+u,_, >wu: +143 +...+z1,i
T/Q — X, _ — 7:11

' 12 \4 /1

26.2 Bét ding thirc trung binh ly thira v6'i s6 m hiru sy

Gia' st!" zz1.zz3..v._z1” 2 0 v21 /2. q E Q‘ 111621 min p < q. khi d6 la c6 bait déng thtrc
I

1

’ ‘/ ‘/ 1/ W V I’ /I‘ 1* ‘ ,,(ll +cl, +...+u 1/ * (1 +u, + +0T = _‘.-_L'L > 212-L = T
" II J /2 ll "

26.3 Bfit ding thlic trung binh déi xling

Gizi sir (1,.a3 .....u,, 2 O. Ki hiéu czic téng v51 céc giai tri trung binhlu'o‘ngL'1'ng:

S a +a +...+a
S, =11, +413 +...+a” V21 T, 22

/1 /2

/51 cziaj
S. = Z cziai va T, : ; : Z %_' _ H!Si</Sn |Si<_/$n(2)

J:

\ XSL '1“-U’:SA. - Z a...<1, \*a T‘ =‘ T- ,‘ (J

‘ Z
|§1|<. ,<1, Sn \jISi|<...<iA5/1

I

/S 01:1, an, _...S” — a,a3....c1” va T” — H) — 1, T ,1/a|a3...a”

H ~ /I

Bat P, =%;P3 =(%):....: =(—5”‘+):...:P,, =(Sf”)

"' /\ /1

<><w>/ (z)=@: <;;)=@,3’=@::=(::)=1

26.3.1 Bét aéng thc Newton:

PM PM < Pf Va sk_, .s‘__, s sf

Ding thirc xéy ra <:> cl, =a3 =...=a”

2563.2 B5: aéng mu-Q Maclaurin

T, 2T2 2...2T‘, 2TA__, 2...2T”

Déng thtrc xziy ra Lrong (11-1) bit déng thtrc <:> a, =03 =... =u”
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27. Céc bét d2'1ngth1'1‘c su“ dgng tam thirc bzfac hai

27.1 B51 akin,-1 thfrc Aczela

Cho :1: — (13 — — 41,3 > 0 . Khi G6 ta c6 bét déng thirc
I _ 1

"‘

(¢1l:—¢1§—...—<z,€)(l1._:—/1;—...—l15)S(a\bl—a3b3—...—a”l2”)2

2'/.2 B5: azing thfrc G.P0lya

l()<(1S(11.rl3.....¢z”SA
Cho Khi G6 ta 06 bit ding thtrc

'LO< 1) Sl>1.l>3_....b,|, S B

gal §l2‘- \\%;u,12,/1

27.3 Bit déng thmic Abel

Cho 2 dy 56 (:11. (13. u,,) 1 (.121. 12;. b,,) trong dc’) 12.2123 2 ...2bn 20.

ll;/1»

Bit sk = .(/< z) . Gqi m=Min{Sl.S3....S”};M =M¢1.\-{s1.s.,...s,1}

khi G6 ta C6: mbl S al/21 + (1:12: + + uni)” S Mb!

27.4 Bt azing thc om

Cho 2 dziy $6 u,_a3.....u” v21 /2] .b:...._/2” trong dd u|a3....¢l” ¢()

.. . I . b -
G1a su" nz. M la 2 so thoa mun m S—‘ S M \'/k : 1.11

ak

Khi C16 ta C6 Z123 + m/W2 ai S (m + M )Zakb‘
k=i k=I L:l

» -,

27.5 Bit déng th-c Kantorovis 1

Cho 2 dy $6 (an. (11. u,,) ; (bl, [7], l2,,) v21 2 s<°'>zn.1\/Ith('>a1n€1n diéu kién

II II 1
2 I1 2

O<mSb1,b3.....b,,S/VI. Khidéta cé: [Zb;.az;][Z—akT:\Sl\i £1-+ 21-} 241;]
‘:1 H /2. 4 m M kzl .

I V,

27.6 Bét déng thirc Kantorovis 2

Cho dy 56 a1, <13. (1,, (/1 2 2) thcia min diéuv kién O < 171$ a1. a3. ..., (1,, S M.

. ” . -1 V
f I

Khl dé ta cc’) Zlak - Sn" + "(H ) {M — In

k 1 ,: . 2 I71 M

”l\’]
"\
:~
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27.7 B51 dang mm Grussa

‘/0<aSu. a_. u §A r l

cm " ” .Khid6 Ilia‘/2I—%Zu,Z/2, §%(A—u)(B— )
1()<12S.'>]_/>:.._..l>” SB M11; /1' 1:1

28. B51 azing mu-¢ Sleyfer

H V? 11

Cho u|.a._....u,, E Ii. Khi d6 (11 — U241: +11-':;'H(1: 2_
~ r V 1

29. Bt ding tluic Véyetstrat

Cho u .u1.....u, >0. Dl S ‘:1, +11, +...+u .Khi CIO ta Q6 cic bit dfilw thuc

[I1

\ 1:1

1

1 _ 1- - /.'_ . , I.‘ ( C‘

8)(l+<1I)(l+(13)...(1+u”)2l+S/I

b) (l—(1!)(I—(13)...(l—u”)2l—S”.‘€/()SzzJ SI

C) (l+ui)(l+a3)...(I+c1”)S%.\7’S” <1

a) (1-(1,)(1-(1:)...(1-~”)sT%.v()§<1/.ans” <1

30. B5: azing thirc Ky Fan

n

.\'
I i. H k

Gin str .\: 51 crlc $6 duone trons ‘(lg “ Khi dé JIL 3\ \’--]
,.

31. Bt ding thlic A.M.Ostr0wski

/_._

>~

::1=

<1-

/~\

.._..

h ~' — — ~' —C 0 hai day k.16ng ty lé u-(u1.....un) v51 12-(l2l.....l>”) v51 day s6 thuc x_(,\|, xn) thoa
II I1

min diéu kién Z(zi.\', =0. 212,1, =1
1:1 i=l

32. B5: aéng th1i'c K.Fan vi: J.T0dd

Vdi mqi déy $6 thuc u = ((1, .....an)vZ1 /J =(b1...._b” ) théa min diéu kién a,..bl ¢ a/bl ung
r1

Z 1
A /:1

(i¢1I:Ji]ZIl1[3\—iz1!/11- L’
\ /=1 ' r=| / \1=! -/

\

»:.l\’l

?-‘
(Z

41' \-~ _
T. I /1‘ — H aj

\-'01 i¢ '. ta c eu cé ' S 2 i
’ ‘ / 1 3 1 1 /bl ‘lib;
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27. Czic bét ding thc su"d1_1ng tam thc bzfac hai

2'/.1 B5: ding thc Aczela

Cho :13 — (15 — — (13 > 0 . Khi (T6 ta cé hail (WW thirc
I _ 1: ' ( C

: 2 : 1 2 3 1

(411 -03 —...—u” )(l>1 -122 '...—[7H)§((l\/71—£l2/7: -...—(l”[7”)

27.2 B5: aimg thfrc G.P0lya

’()< (I S uk.(1,.....<1” S A

cm» l ‘ Khi as tax as hz‘ud5ngrh(1"c

\()< I2 Sh] .l>:...../1,; S B

Ii H 1 /
1 1 Ifgal [Z13/7,» SILV

%_

(I

f

ZS

>2
53%‘

412/.
l

27.3 Bét aéng thirc Abel

Cho 2 dy $6 (:11. <13. a,,) : (/21. 11;. b,,) trong dé 12.212: 2 ...2h” 20.

ll:/]>

Bat 5. = (1. =1.Il).GQiHI=1‘/]iI1{Sl.S2....S”}Z/V] =,v1<1.\-{s,.s2,...sH}

khi dé ta c6: ml); S (I1/71 +1131): + + an/2” S Mb.

27.4 B:‘1td§ngtlu'rc Dial

Cho 2 dy $6 u, .z13.....z1” v51 12' _/>:...._b” [rung dd u,a3....u” $0

. b. ——

G121 su'nz,1\/I la 2 so thoa man m S —‘ S M Vk = 1.11

uk

ll > I1 II

Khi dé ta C6 + /n/V1210; S (m + M )2 akly
I<=1 k:l A=!

I -,

27.5 Bait ding thc Kantorovis 1

Cho 2 dz"1ys6(a1.a;. u,,) 1 (b1,b3, b,,) \/£1 2 s<">n1.1\/Ithc'>am§n diéu kién

0<IIZ§lJ|.b1_....b,,§/VI.Khid()[£1C(§l Zbkai Sl[’M+ zai
‘:1 H /2‘ 4 m M kzl .

» -.

27.6 Bit ding thirc Kantorovis 2

Cho dy $6 (11, 41;. (1,, (/1 2 2)th(>z1m€1n diéul kién O < I71 S :11. (13. ..., (1,, S M.

'v
V-—-— _
|

1 1 I/VI
Khidétacé Zak~ ——Slz‘+£(L——) /—— /1

kl 2 \m M

>.~

r\
>5“'"

K2
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27.7 Bét ding thl]'C Grussa

O<a$a,,a3 ..u,,SA hi I E 1

Cho .Khidé — c1,.b,——, at. bi S—(A—u (B-19)
()<bS.'2,,b2.....l)” SB "1 .-'=| /1' ‘=1 i=1 4

28. Bét ding th11"c Sleyfer

|= 1| \I=

n '1 ‘I’ /1 I
Cho a,.a3.....a” e R. Khi d6 (r1—l)2(1i2 +11 - Vnzziz 2 2:1,}

I I I

1 -,

29. Bt ding thc Vyetstrat

Cho (1 .z1,.....a >0. am 5 ~11 +0, +...+u .Khi dé la c6 czic btdénc thtrcI _ 11- - n_ I _ n C

a) (I+uI)(l+a2)...(l+u”)2l+S”

b) (1-51])(l—a2)...(l—u”)2l—S”.VOSaISI

c) (1+a|)(l+a3)...(l+a”)S%—.\/S” <1

d) (1—a])(l—a2)...(l—a”)S§5¢_VOSai Sl;S” <1

, ..

30. Bt ding thfrc Ky Fan

/‘

W‘:1
>1.

>~>4
\__/'

/\.
ft"?

”'M~*:1~
/_\_/%

~—---

'‘>1
>.~

\_/

Gizi sir .\‘1..\x......>;” I51 czic $6 du'o'ng trons Khi dd _/
/_ _ YA

31. B5: aiing thdc A.M.Ostr0wski

Cho hai dzliy khéng ty lé u =(al,...,a") v51 b=(b,.....b”) vii dy sf} thuc x=(x|,....x”) thda

II II

min diéu kién Zalwi =0. Zlarri =1
/"=1 i=l

32. B5: ding th1i"c K.Fan va J.T0dd

v<s-1 mqi day 56 thuc <1 =(a],...,a”)vZ1 b=(b,.....b”) théa méin diéu kién a,_.bj ¢aj1>, img

§Z”; "3 a 3
. . . :. , ‘= '7 'vé'1 1:: ,ta deu co ' ' S i'~—

J ’ 3 2 a b a b/I /I ll
J ' ' ./

EA>;@A2J£;I’~iJ%(;@%b¢J ‘  

l[\4=
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Trim tritl1Iz1?rzg vién kzm czermg

" ‘ Z11 b saocho ab ¢ab,(i¢').t21déuC6

33. Bit azing mac K.Fan via J.Todd

1§l<jSn
Gizi sir pi). (1'.j = l.._../111' ¢ _j) thOa min diéu kién /2” : pji . p = Z pi]. i O

kh1d0 vo'1m<_>1c2f1pc1ay so thus u!.....u” v 2]..... S i /. /. . j

1;/1=

1" n
~

J

/\

£1

M

I
\Z<1"
\I—l / I

5?

ZF/Li
Q.

H

v'

\______

\ 1,
.\ ;=g_1=

7_Ll

u_/7 ~11 17.
I 1’ 11/

I
1 I/.,, \

34. Bit ding thc Beckenbach

:LM:

\.- AE

2

+T.

:~E4:

(-\',- +

Cho .\',..\~, >OVie 1.1%: ne A/'1; pe[l;2]. Khidé u
_

Z(
.

_p—] _/1-1
.\,+_\,) Z1, Z)!

5:1 |=l 1:1

35. Bét aéing mac SuranYi

cm czic s6dum1g a|.c13....a” . Khi do ta cé bét déing mac;

(11-—l)(af’ +ag +...+(z:f)+l1uI(13....(1” 2(u, +a3 +...+a”)(u[' 1+0; ]+...+a,',' )

36. B5: azing um-¢ Vasile

Cho czic s5dL1'0:1g cl] . <13 . ...<z”. Khi dé ta cé bét diing thirc

¢z{' +a',' + ...+ ax + n(/1 — 1)Cl1(lw--.11“ Z c1]c1,....a” (a] + (1, + ...+ an +L +
_ _ _ ~ C11 Cl» Cl”

37. B51 aémg thirc Jack Garfunkel

Véi céc s6 thL_1'c khéng m a. b. c ta c6 bit ding thtrc:

5 ’ ‘ ‘
—i-—+—l—+-—i——S-—\/a+b+c
\/a+b \/b+c \/z:+a 4

Bing thirc xéy ra khi v21 chi (a, 12.0) 151 czic hozin vi CUZ1(3,1.0).
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§ 25.2. cAc BAT BANG THUC CH(_)N L(_)C DANH CHO BAN DOC

Bi 1. cm 11.111‘ >0. chu-ng minh: ;%"++h‘('v) gé I27 +(<1+ 1> + 1-) + i
a:+b( 1 a+..-.h'~<1';/l i_€'_1-iB2112 Cho al1(>() C un_mmh <gu(b+(_)< +3 J

Bf1i3. Cho 11./1.1-21). cmmg minh: (a+l2+(.'): (£121)+b2(‘+('3Cl)Z96I/7(‘(L1: +12 +6)
F—_—f' I

Béi 4. Cho a.b.c >0. Chfmg minh: Z\/1(,1) +/() S\/(\/u + \/5
. 51- 1" )(,'

,_.

,._.

,...

/€\\

S

“F11
Bi1i5. Cho 11.111->0. Chirng minh: (<11 +11’ +1-1): (l+%+-1-)22(a+b+c)3 -270/91

CI (

1.
1 1 - (11 +12+c)B2116. Cho (1.1). (I20. Chung mlnh: 1 3 2

g1/(,1 +5; \/5(z1b+bc*+cu)

Biai 7. cm a,b,(.'2().ChL'1'ng minh: Z ,1}? 2 ( 37("+f3;’“)
.1-1-ll'+ C 2 a'+b‘+c‘ ab+bc+ca

Z

B51i8.Cho a.b.c>0.ChL'1'ng mi11h: Z6/L”$1
1'\'z" \! (1 + C V‘ Ubf

B2119. Cho u./2.:->().Ch1'1'ng minh: 2%g\/hip+\if(a+h)(1ZlZ£)(( +a)

Bi1i10 cm ”‘b‘C20 ChL'1‘numinh' 21+‘? <_13(“2+b2+¢‘2)Mi/z{a+b,b+c.c+a}>O C ' 1. a+c _ a+b+c(\r‘

B:?1il1.Cho (l,b.C>O.ChL'II1" minh: Z6/i";+1’ s§“;"’+"
O L‘ +ab \/abc

Biai 12. cm a,b.c>0.Ch1'mg minh' Z1/Ci$1
l N. c‘ +ab \/‘ abc

,b, ~20
. . " 1Bi 13. Cho a C ,ChL'rng minh: ZM1'n{a+b.b+c,c+a}>O ,,., a“+8b‘ a2+b"+c“

2 .B"14.Ch .b.' O.Ch" _ " h ‘ 0; /ta+"" 2‘a1 0 a 1 > ung m1n rant

.b_ -20
- 1 1 J 1 1 1Biai 15. cm {u ‘ .ChL'1'ng minh: Z “ +1’ 22 3(“ Eb +6)a+b+">O :HHa+M+c



IUQU .\’l1'ng hr (fling 1/1121‘ chgm [QC

\

ml / > (3

Ban 18. Lho ~<'
‘ -1S/\'€_.x.ChL1'ngm\nh1'fmgI

./). ‘Z0 3 _) "?T—T'—if
Biii 16. Cho <4,” ( . Chfrng minh: Xi”,-’{f’“ii2\‘3ul>¢~(u"l>+/>1-+1-'11)

§\;\’/z{u+l2./)+<".<'+11}>0 /1+1‘

§u../>.<’2()
Ba! 17. Qho .

.()$l\e \z1 2§H=C::.ChLl'I1§I11ll'1hI

‘ ( l

Mi/1{u +/1./1 +1 <11" + ll} >(I

I2 +, K Jr/‘R ‘1l\/1+/7_¢'\+<'I;IKZZV-/;+1

/3+" \“+(' \'/7+‘! \y¢l’/7'+/7'4"-a-(‘U1
r

. 7.('_

\\1\/1~Il{4I +/7./7 4" tit‘ + :1} >0

(1 ‘ /7 ¢' (u+/v)(/1+<‘)(¢'+ul>-,c'k

i u./1. c“ _>_ (1

‘
/\ __

\/PH’ \‘(‘+u+\/7+U+ (<1+/)+(*)\ \

Bi 19. Cho <' .ChL'1'ng minh rng:
V

1\
Win {<1 + 11.17 + 11¢‘ + {1} > ()

-____ ?__ __ rii-—-ii
" ;‘{_- 1i:§5(l(u+/v)(l>+(')(<'+u)>25

\/2
u I /1 I 1 _

T.» +f + ,, _ _
*0 \n'+<1 \(I+/1 8\" (u+/)+(.)‘ 4

u./1.0 2 (J , .

Biii 20. Cho / . Tim gi Lri nho nhél cuu hiéu thirci
.\1'i11 {LI + /2./1 + 1'. <' + u} > U

L1 + I; +71’; <~ 6) ‘;65(iz/7+{1('+<“cl)

r
(1./J. 0 2

\1v+c' \/l>+u \/)+u 8-l\ U-+/7-+<-—

r O , .

Béi 21. Choy . /\" > 0. chirng n1i11l1h51lda|1gthL'rc:

i a+l>+z'>()

v_u F/2 #1 S la

(2l<—3\/l<+2)u+k/>+¢- (2l<—3\'/<+2)/1+k¢'~u (zk-_wk+2)<»+1<u+/J k—\//<+l

§u.l2.('2() . .

Bili 22. Cho <f . k Z 2 ~51 [J 2 O .chL'1"ng minh bit ding lhirc:
i\Mm{u + I2./2 + ('.<' + cl} >0

gar: +‘-1(l< +‘/1)'{_l>(' ‘bl +4(k + ]))}‘(.'(I ;z'“ -i—4(k + p)"\cb 23k\#\ 
\ /7 \ (

B“23.Ch»
a‘ ~'{ /1 }0

4

Q

.———~~———\

'-\-

3 + pl2c+¢'3 ‘ “Z +

.[).('Z()

Mu1u+>.>+¢<+u >

(l +1) + (' +4(

pc1('+ u‘ \ 12' + pbc + a‘

.ChL'rng minh ring:

u+l2+<')(u/1+/n'+('u) >§
b+(" ¢'+u u+/2 11;+/1:+(': —



VI ' Trfng /((7)!

Chfme minh: Xi + 2
H b+(' u'+/2'+c“'

109]

6

('lm'o'r1g .

" />. <- 2 0
Bi 24.0110 “‘_

}\M1n{u +/2./1 + ¢’.<' + 11} >0

- u +l6(llfJ+}9(;+((£ 28
a‘ +b' +1”

>0
.Chu'ng mmh.

I2 +0

i'u_/1.<*_

-+u}>()
Bili 25. Cho <f

{M1/I{u +17./> + (:1

' ' h ring:
1

B§1i26.Chu
u./1.<' 20

<1‘
Chung mm/+0 ('+<1}>Mi/1{u+/>_7 .

(u+lv)(/1+(')(¢'+u)
3 ' ~ Z3’ ‘l +-1

‘+l>’+c"
u + I +

/2+1" (‘+41 11+/> U

- u +12 +0 +9 ¢z{2+l>€*+¢z£ 25
) ' +12" +0‘

;'u./7.<-z<_> -

.ChL'mg mmh:
}>() \u+b)(l7+(")(r'+u

Cho <

17.lJ+r'.('+u
Bili 27.

[A/Ii/r~{(I +

Bi1i28. Ch
311./7.020

.ChL'rng minh:
WI/z{u + I). /7 + (1 (' + 1/} > O

(b+1>c+("a)2l5(a3+b3

C
r__-~\__

-\

J

b W + 3 1_ - h_w w + w' _+(l (1 +

I

I

r\ \

ll

+6)
4 _:

L +lZ\/'6 a

(z1+h) >33/‘ 241195

- _~\/a+b+¢'

/2' +11" <'

1'41./2.<'2()
B3129. Cho 4 .ChL'mgm1nh: Z 53

[M1/1{u + /1./2 + ('. 1" + 11} > 0 W \' u“ + Zb

Chan" mmh Z4 u: +3120 > 3(ab+b(‘+c'a)
” ‘ \(2(/>1 +@1) al +1»: +6

1'41./>_z'Z()

(“+u} >0’
B§1i3(). Cho \

§kMi/1{u +/2.b+:'_

' ‘ h ring:Bi 31. Cho
Min{a+b.

"(u.b.(" 20
. Chung m1n

12 + (‘.0 + u} >()

+111 2-0 < 9 1

-7/<+lc1+l>+r'2l<(u3 +/2:)+¢1l1 —

512 9\/5

L\(

z >() Chun<Ym1nh15ng' Z ~t’+* 2
'3 '7 ') 1 7 'l\/(I'+§l7‘ \/u‘+b'+¢'

ab+b<+¢u) 2

Bi 32. Cho u./2. ' . " C ' ' .

htrng minh: gbiv +3 (log:
u.b.¢'2()

Bli 33. Cho .C
Min {(1 + 12. I2 + 0. c" + a} > ()

h u + b + 1* +123 ab+bc+(‘a
u+b V a+b+c‘ ~

Chirng min :

b+c c+a

(1.1). ('20
0.Biii 34.

/V17n{z1+ _ .

" 'nh:

Cho
/2 b+c ('+u}>

k >0. Chung m1
l<‘>()

)_(k—l)‘+(/<— ‘

/\‘(l<—l)

Bi 35. Cho
Min{z1+/7.b+('.z

7 Y(u)‘l I W + 1 W + I U i2Ma
' (b+(')' (('+u)_ J

(ul7+ln*+ '

|_(u+b)

a_ 2. _

'+(1}>O

>1
/——~/\-—<

,_.\

l\J3.)

,_,_
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c1./>.("2() -

\

Ba136. Cho . (1 > O. ne T1-1 . Chung mmh rng:
1m{u+11./)+('_(*+u}>O -

.-‘/‘~—\

P‘

/ /| \ r1 ‘\_:‘ _n ‘V ‘ ' 7!! ’

}1+ Q“ I_\l(1+ 0"’ 1+ O“ ,|z,v1m\;(o¢+1)‘;]/9'ii,3—H
(l>+(')' __ ((‘+u) ,_ +/7),’ ,/' 1 ‘\ 2’ / J

§u.lv.(‘2() .

Bai 37. Cho <'
. Chung mmh réng:

§_ Mi/1{u + />./2 + (“.0 + {1} > O

113+/>:+<-3+lZ(¢:+/1)(/>+("H<'+u)>41
u/>+/2<"+('u (”+/,+(‘)‘ 9

Bf1i38. Cho 11.1.1.0 > O . Chimg minh1‘;51ng: Zn: la _)\\l2Z bi +/7('+C__
1

4-
y »-.1 cl“ +1(/7' +1" .'\-< :1" +(/7 ‘ (')'

(u.l1.('2(),3SnE Y 11 .~

Biii 39. Cho J .ChL'1'n2 x11i11h:2il—u(/7+ L )2 a”" +12”_' + 0”"
‘LFVII/z{u+/>.l7+(".('+c1}>O y W £1: +191-

' [(1.1). ('20 \

Ban 40. Cho <
. Chung mlnh réng:

]kMi/1{u+/2.17 + (', r" + u} > O

W + -) ~ ~ ~

(I/>+l7('+('clSZ£l%l-yi-£51"+/>'+('“
u‘+/n‘

Bili -ll. C110 u.l2.(->().ChL'1'ng minhrng: LH2 ‘l2 Z f:(a3 +12: +03 )(£+Q+£)
\ 17 / \ /7 L‘ (1

nu ’ ’

Béi 42. Cho a.b.c>().ChL'1'ng minh1"§\ng: Z——j”(_+/7!) 2(u: +/>3 +02) /————————b( 3 )

W (' u+ 7 (1 (' u+ +0

Biai 43. cm Ja‘/"C 20 . Chfrna minh: Z_—-"(/’J“ ‘J 21+ _-_-—"{’+"f+ “j
LMil1{u+12.l2+(".c'+u}>O p W u: + Zbt a“ +/7' +0"

Béi 44. cm <1.1>,<»>0. Chtrnu minh rnsi Z;a("”’ z_ii-3("_H” H”)
V V .. cc+c1) Z(a+l2+¢')

./_ '20 . I 3

Béi 45. Cho {U 7 ( .ChL'rng minh réng: Z-—-F9(a , +b 2%
”+/7+('>O 2 u+/)+c')_+9cI“+b'

.B51i 46. Cho a_b.c" >0. Chimg minh ring: Zv?——1)+(‘22\;53+——[U +i—b +—%/
u ‘ 2+0 c'+a a 7

Béi 47. Cho a.b.c >0. Chtrng minh ring: XIV/‘—Ltb 23x/5\JI———————]”:]fif
5- a 2 c ca

.1. ‘Z0 .

Bi1i48.Cho U ’ L .ChL'1'ng minh: Z-f’+“1’;‘-Ts-_l_
Milz{(1 +/1.12 +c.c'+ cl} >0 W. 41‘ + (1b+b' 61+/7+6
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\ ~ 1 w \

_ ' I ' ' - .-
Ba‘1i49.Cho u.b.c>().Ch(1'ng minhrfmg: Z__“*” 23-j-"+1’ +‘

N, ("(0 + /J) u/> + /20 + <11

B:21i50.Cho l“‘[?‘('2() .ChL’1'ng minh: Z 22
’Min{u +b.b+ ('.<' + u >0 .\. (Zb +c)(b + 20)
K 1 (

Bili 51. Cho u.b.('>().ChL'1'ng minh réng: £+Q+5+2¢E Z(l+)2
/7 F ll u'+b‘+("

\. [a*b*('20 - L \/(1: +/7(' 3\./5Ba152. Cho 1Ml_”{u (Z-C U} 0. Chung mmh rang. Eli? 2———2

.1. -zo . '

Bi1i53. Cho la 7 ( .Clu'rngminhr€1ng:
" LMI/1{u+lJ.b+c.<'+u}>0

u 22; ubc +1

l’\( 174-C \}(a+l2)(h+c)(('+a)

B€1i54. Cho (1.b.<' >0. Chtrng minh réng:

1i+§i+l£~+Lii2(a+b+c)22i§iZ~£ii2ii£i
/7 (' (l 2 _ Z a+b+c

Bi1i55. Cho 0.12.0 >0. Chirng minh ring: %+L)-—i'-£+32 2(%b+Q-:i+M'TZ)
~ 2 c a c c a a

Biii 56. Cho ~ 1‘ .ChL'1'ng n1inh1"§u1g:23+3(u: +112 +c2)Z4(l +a)(l+b)(1+c')an-:
{cl I) (‘>0

l'u.h.r">() . . _ . ,
B21137. Cho .Chu'ngm1nhr€1ng: l8+Z(u' +/>' +1")23(l+u)(l+b)(l+c)

u2<'= '

Ja.b.c->0 7 I k

B€1i58.Ch0 ab+bc+ca>O \/£1 C‘ =1r1ax$(%)L,-él-0‘ 2'1‘. ()k _l)]. Chirng minh:[bl \, - /\ A-1

Z:———a—l—SCk (cz+l2+<')5i| (véi k = 2. chimg I21 C6 bit ding lhfrc Jackgarfukel)
"\"'(z1+b)5

Bz‘1i59. Cho O < (1 < b < c < I. Chtmg minh ring:

31-2 /-31-(L%-L)(r1+9+¢) (_a+ 1+(+ a2c)1+a+l+b+l+C

.1. -. />0 . '

Bili 60. Cho H7) ( i , , .ChL'1‘ng minh:  (l+abc'd)(i+i+l+l)
u'+b‘+c' +11‘:-'1 2 fl b F (1

.b. .->() 2 .1 2

Bi1i61.Cho (I, ( , , .ChL'rng minh: i/a+"-+§/11+‘-+§/¢+Lz%/12ab¢-+42
a" +11‘ +4" =3 <' fl [7



1094 .\'1z17'ng bf}! dring 111121‘ clzgm lgu

Ia[.cz3.....a__, >() 1 H

Bax 62. Cho <_ . Chung mmh: Z»—.———— 2; . Tmng dd quy U66; (IM : (11

\¢1.‘¢1:...¢z,___‘(z” =1 u:,[c1_1 +1) _' ' ‘

~
~

Bili 63. Chirng minh: Z(.\‘: + _\'3 + Z: 2 ((.\‘+ _\' + Z)(.\‘: + _\": + Z: )— 2131.)’ .‘V’_\‘_ v\'. I E §

Bi 64. (l].(l\.....(l,‘_ Z()_Ch(1'ng minh ring:

(u1' +/2-l)(z1’:’ +/z—l)...(u,'_' +/1-11) 2(u} +11: +...+u,__ )”

1a1.z1:.....u,_, 20 _

132116;. Chm 3 . Chung mmh ring:
la, —a =0‘ —a~ =...=(1 1-0,\ _ 1 ~ . ,=- .-

_ ua +c1‘u,
1‘ + l‘+_H+ 1‘ £12 1 1/, , V»

U1‘ (15 (1,-I Z ¢!,(1:¢1,_<1,,_}

Béi 66. Cho u,12_c" > (). Chung minh ring:

Z !2+2 u17<'(c1+12{(1v+c)(<L+a)

<'\‘1 cl“ +1)(' \1((z‘ +1)¢')(1)‘ + ccl)((" +5112)

a,,a3.....a” > O _

Ba167. Cho . Chung mmh réng:
(1I(13...czH_|c1,! = 1

4i+€_L__+ +___L_>l§/E
1 1 , 2 / 1 _ 2

\‘-‘(ll +111 \+ (1: +0: \. 41” +0“

B§1i68 Cho (1 11 c" > O \"1 12> (1 ChL'1'n<* minh' U/N + 3” _1 > ~5ub+h('+m
1 /1(u"+1>1+¢'1) '1 \'u: +113 +(”

a_1v.('.(12O \

Ba: 69. Cho K z 6 , .Ch(1'ng mmh rfmg:
(1 +17 +0“ +11" :4

J1

a12c+ 120:1 + (‘(10 + club +

L

2-Q 2-

Bili 70. Cho a.b.c"e R. Chtmg minh ring:

%(a2 +173 +031: —%(a4 +124 +04 —c11>c(a+1>+('))2a((z+17)3 +1)(1>+(')} +c(('+u) 2
_ 3

2i(u+11+(")4 ——1—((z4 +124 +('4 —(I17(‘(CI-1-17-1-('11
Z7 125

4;
rJ1

—-——'“_—(a3 +123 +1‘: +1/31§——2¢—— (¢l+12+(,'+c11
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Bai 71. [lran National Mathematical Olympiad 2007]

\ , .' 4 _ ._ , . I j I 1- > |Cho u./7.0 lu cuc .\Otl1Ll'C dtronu )h2H1 h1et.Chu'n2 mmh: !i+/7l+‘"L€”i >1
' “I ' ° [u—b l>—r" z'—u[|

Bai 72[lran National Mathematical Olympiad 2007]

,— r-— - _ 3Tim >6 T l<'m nht >110 cho \’u' + /2' + r" + ti" + (P 2 T(v’u + v"l> + \.~z~ + \/J + \/0)

dting voti moi u.l>.<'.¢/.e2() \'ittl1oui11Z1ndi§':u kién u +l>:<"+z/ +e.

Bai 73. [Middle European Mathematical Olympiad 2007]

Cho u./2.0.1/>() thou mun dieu kien 11+/7+1-+1/:4.

Cl1t'1'ng111ii1h1"§111g: ul/21' + /131-11 + rldu + tllu/>3 -l

Bai 74.. [Middle European Mathematical Olympiad 2007]

Cho u.h.(-,1] lit cuc so thtrc thou mun diéu kién Sa.l>.<'.cl 3 2 vii ubcd =1 .

Tim gizitrl l('m 11h:itct1ubieutln'1'c S =(u +l)(h+l)(<'+i)(d +i)
/2 <‘ 1/ u

Bai 75. [China Northern Mathematical Olympiad 2()07]

Cho u./2.0 la do dui 3 cqtnh tum gizic suo cho u +b+c=3.

Tim gm trl nl1onhtct'1ubiéuthfrc: T :14: +12: +0: +%u/ac

Bai 76. [China Northern Mathematical Olympiad 2007]

Cho u.l2.<' lu czic thtrc du'0'ng thou mun <1l><':l vii Z S k E N.

A A ,4 »
Chtmg n1inl11'51ng:,L +/7a + (#23

u+/7 l>+<' (‘+11 Z

Bai 77. [Croatia Team Seletion Test 20()7]_

Cho ullm->() thou min u+l>+<~= l. Chtmg minh rang: %+/7—+5—23(¢z3 +11‘ +0‘)
7 (' (1

Bai 78. [Romania Juior Balkan Team Selection Tests 2007]

Cho (1,1). 0 >0 thou mun I + 1 + 1 2 l.u+l)+l l)+('+l c+u+l

Chung minh rang: 11+/> +t~2u/7+/>(‘+ <11

I
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Bai 79. [Romania Juior Balkan Team Selection Tests 2007]

Cho .\'. >\‘.:. 20. Chirng minh rang: g;2.\3': +— — — - - —
3

Bai 80. [Yugoslavia National Olympiad 2007]

Cho .\"._\"_; >0 thou man _\-+ _\- + 3 :1.Ch1'rng minh rang \-Oi $6 u_r nhién k bat ky ta Q6:

- ~rro _~+, ;-~[*7 + "\[ 0+,“ 2+
X1 1+v\_A +:,. '\_1¢|+:1 +-\_~ ::,~1 +-(A +\_A '7

Bai 81. [Cezar Lupu & Tudorel Lupu, Romania TST 2007]

Cho a].a7.....u”;bl.lJ,...../7” E $11122 2) mm min Zn’: :21); =1_Z;]|¢1/21:0.
1 I l

- - '= 1

|: ':

> 2 Z
II n \

Chirng minh rang: K20’) +£ZbI ] £12.
I 1 I 1 /

Bai 82. [Macedonia Team Selection Test 2007]

Cho CI,[7.(‘>().Ch0'QI11111i1l'0.l1‘lI 1+—-‘Z2-‘L
“ " ul2+l2(:+c(1 a+b+('

Bai 83. [Italian National Olympiad 2007]

a) van 11> 2, tlm gié 111 1c'm nhzit hang $6 1-” sao cho bat dang mu-Q

—1—+——l—+...+——l——2¢>,, dfmg véi mqi u].a1.....a,_ >0 thOa min a|(1,...(1” :1
c1l+1 a,+1 a”+1 ‘ ‘ ‘

h) vo-1 11> 2_ tim gizi 11-1 1c5"n nhat hang $6 dnsao cho bat dang mu-C

—l—+—1i+...+——1———2d7, dting véi mQi ul.a,...._a” >0 thoa man ala,...aH =1
2:1! +1 2a, +1 241” +1 " "

Bai 84. [France Team Selection Test 2007]

C110 a,b. c, (1 >0 thoa min <1 + b + 0 + (1 =1 . Chirng minh rang:

6(a3 +b3 +03 +d})2uZ +l>2 +c3+d2 +é
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Bai 85. [Greece '\‘ati '

B

7

1 onal ()1) mpiad 2007]

Cho a.b.<' IE1 do din 3 canh tam giaic. Chirng minh rang:

~-1 -X 4(("+u—/7) +(u+/2-0) (/2+¢"—<-)_+ Zu/2+/>('+("uu(u+1J—(') /7(/2+0 :1) <'(('+ /1)_ U _

ai 86. [Bulgaria Team Selection Test 2007]

cm» Zlze/\/'.Tin1gi;it1'itolnhil
~ I 9

[>41
“V,

Q

Llld hang so C(11) sao cho bit dang lhrc

_ 12) Z [Z,\-‘,.\-V,+\,='T\‘_[[ china Vt \'_ \" E 0 '.1.. (.1) thoamzin (l—.\")(l—_\‘/.)2§

Bai 87. [Poland Second Round 2007]

Cho <1./1. (:1! >0 thou man (lieu ki

Bai 88. [Turkey T

Bai 89. [Moldova

Bai 90.

én i+l+l+i:4. Chtrng minh rang:
u /> (" (I

. . ; .\ \

R/(ll +17“ +»‘ 1" +‘" +-=5“ +4 +11"/""‘ $201+/>+<~+</)-4\ 2 2 \’ 2 \' 2

eam Selection Test 2007]

Cho u,/9.c'>() thoaimfm a+/)+c=l. Chfrng minh rang:

l + 17 + 1_ 2 1

(1/1 + Zc‘ + Zz" In" + Zn‘ + Za 410+ Z/9' + Z/7 fl/J + /70 + 61!‘

National Mathematical ()l_vm

Cho u|.a:.....c/H E thou man <1‘ 2Ai.“V’/< :1./1.ChL'1'ng minh1‘§'mg:

( +1 +i‘ T +l >2i”(l+ +° + +:1] )0: 2... (1,: _(”+I)' ul 413 /1:1”)

piad 2007]

[Moldova National Mathematical Olympiad 2007]

Cho al_a3.....z1” e [().l]. Dal 5:111‘ +a; +...+u,':. Chimg minh rang:

Cl I (I, LI” <l
Z/z+l+S—uI" Z/2+l+S—u; Z1z+l+S—u‘l 3

I1

Ba "i 91. [Peru Ieam Selection Test 2007]

Cho (1.b.c>() thou man 11+/2+(->i+ 1 1

, - '7_ E+—. Chung minh: z1+l)+('2—3a L. U .( (I + b + c" + ubt
Bai 92. [Peru Team Selc ‘ti ‘ 'L on "l est 2007]

Cho u./2.(~ la 3 canh cuu mot lam gizic. Chimg minh rang:

\/b+('—(1 \'(‘-l-[I-/J \‘u+/7—('+ _. + r _ $3F /— '/—_ ‘/— /_ /l r /l //—\/)+\,'('—\(I \,(“+\/LI—\//9 \,(l+\,'/7—\,‘('
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Bill ‘)3. [Romania Team Selection Tests 20071

[¢zE.u_.....u__:_ 20
C1104 i 7 .Timgizil1'g lO'n nhatgua S =(l —¢1‘ )(l—u_ -11”)

[u;+u§+...+¢1;:l " '

Bai 9-l. [Ukraine Matheniatical Festival 2007]

Chm u_/>.<" >0 vii 1:/>1" 2| . (‘htrng minh rang:

' l ‘I 5 1/
Ll){~51-FLILIH/J+}7;lH('+:I%_—{)Zjg‘

b) Flu‘ +ul +(l'l'l)(/7; +/1: +/>+1ll<7 +1-3 +(‘*l)2()-l-(LI: +u+llll2: +l>+1)l<-3 +<-+1)

Bai 95. [Asian Pacific Mathematical ()l_\"mpiad 2007]

Cho .\"._\".: >0 thou mun \‘.\" + V _\" + \’: L l. Chtrng minh rimgi

X: + Y1 \‘: + f_\‘ 1: + .\'\‘
_a___i._a;.___.W + >7 _ + __ __ 1 21

\/Z.\': (_\‘+ 1) \,Z\"' (:_+,\'l (.\"+ _\")

Bai ‘)6. [Brazilian ()l_\‘mpiad Revenge 2007]

Cho u.[2.<'e \'é'i <1/n" :1 . Chimg minh ring:

413+/>3+¢-3+-1—_+ l‘+%+2(¢1+l>+<-+i+l+l)26+Z[!l+i+5+5+5+Q)
(,- /;- (~* 1/ /> (2 u /9 (' u I) 1'

Bai 97. [India National Matlieniatical Olympiad 2007]

Chm ,\; \‘. : >0 . ChL'1'n2 minh ram:

‘ ‘ ~ ~
\ ~ ~ 1

(__.\ + _\‘+ :)' (_\'t + :.\'+_\"\")' §3l_\"' + \".-+ 3‘ ll?’ + f.\*+.\"' l(_\"' +.\"\"+ \"'l

Bai ‘)8. [Brirish National Mathematical Olympiad 2007]

1

Chm u_b.c>(). Chfmg minh rang: la: +b3 l_ Zlu+lv+(*)(u+/>-<')(/>+<'—-ul(<'+¢1-bl

Bai 99. [Korean National Mathematical Olympiad 2007]

Tim tail ca czic giai lri k duwng dé hat ¢i§1x1g1l1f1'c sau mm; \b'i mqi a.l2.(' > U

u + /2 + (' > l

0 + klv u + /<0 /> + /<41 — Z007

Bai l()(). [Hungary-lsarel National ’.\1athematiCal ()l_\'mpiad 2007]

Clmu.l>.r"_1!e’-?. thou min (I: 51.113 +/2: £5.11: +/vi +1‘: S1-Lu: +/7: +1-3 +1/2 S30.

Chtrng minh raligi 41+/1+ r; + (I 3 ll)
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Cdc ban [him mén! Vzfly 121 Qzic ban d Qimg Qhfmg 1(>i di l<'>'i muc Quéi Qimg Qua Quén

l\)
UI

be

2'

szich l0'n nil): Qua _[hl_.l'C Qzic ban dd bU‘()'C nhtmg bLl‘O‘L‘ di that din. bit du v<'>'i nhfmg bt
dimg thL'1'Q d:_1i >6 Q6 dién (AM — GM. Cauchy — Sclzwarz. Holder, .1/Iirzkrlwski.
Ci1el2_\'sIzev) {Oi nhfmg hit dimg thu"Q Qzin dai thl ding Ihirc hoan v_i_ Shur. Muirhead).
TU" nhfmg hbn dd tang Qua phuong phixp giai 11'Qh um; dung CUL1 dam hinn. Qzic dinh I)"

Lagrange. Bernoulli. _]en.s"en. Karanzata. RCF. LCF. Poporiciu. (mg dung Qua u’Qh

phim Riman) Ql1L|)\':11 sung linn quen \'(>'i nhfmg phu"0'ng phdp Qiy moi me. nhfmg vién
kim Qu'o'ng szing Iflp lzinh {rung lhé gidi bait dfmg 1hL'rQ dai $6 >0" Qp hién dqai (S.O.S. MV,
A.B.C. G.L.A. V. D.A.C). Czic ban d (iU‘Q'C Ihu"O'ng thtrc nhfrng bixi viét rt dz_'1Q sic \'{":

bflt ding thtrc theo nhiéu Qzich tiép Qjn khfxc nhuu (LCC. T. {mg dung Qua phép déi bién.
G61 bién thu.71n nghich, (mg dung Qua dinh l§‘ Viet — Rolle. Qzic bt déng thtrc khéng
thuén nht, hon vi). Cfzc ban Qfmg d Qimg Qhfmg Li khao 5:11 nhiéu bili main riéng r/I

dzf1Q biét. nhfmg bili mim Q6 nhiéu l(>'i giai. vil méi li>'i giai lgli Q6 mét )" ngla khzic nhau.
\ / / A r / /

1di khi Qfmg Q6 Qa nhfrng hui toun Chl Q0 m<_>t Quch giai. nhung C£1Lh giai Qua no lqai thuc
su" n tu'Q'ng. Himg ChL_lC Qhuyén d§_ himg trém \'1' du \'Z1 himg nghin bi tozin. D6 Qhfnh
X110 151 [t ca nlxfmg gi Qhimg téi G51 Irinh bu)‘ \"O'i Qzic ban. Nhung qua tit ca nhfmg trang
szich dc’). Qzic ban dfl thu lLIL_YI]1 du'(_>"Q Qho minh nhfmg gi. dy m_O'i thuc su IE1 diéu Qhimg
téi CZUTI thy [rim I10 nht khi thuc hién Qng \*iéQ bién sogm néi dung Quén séch. Vi IE

C16. Qdc ban hy tiép tuc Qimg Qhng t6i "di" nc'§t nhfmg dimg du'<'>'i dy sau khi d trdi
qua mét qué trinh tu rén luyén khéng dé dimg 0' nhfmg Qhu'o‘ng tru‘O'Q. Chung Iéi hi von
nhfmg phn tich nily sé gip Qhng téi (lnhfmg ngu'O‘i lixm szich) \'i1 Qaic ban (nhfrng dQQ

gizi dill)’ dam mé) Q6 thé tro nén gin gfli \‘O'i hhuu hon. \"i1 nhu \'z})". hfin néi dung Qu6n
s£'1Ql1 Qfmg sé {Oi \'(>‘i Qzic ban dQQ IUQI Qaich dé dimg hon n'u'C>"Q.

Déi vdi hu hét mqi ngu'O‘i. bit du bao gib Qfmg 121 mét \'iéQ khé. Chuong thtr nhl
Qua (H1611 séch dL1'O'C dimh riéng dé trinh him)‘ \'§ nilm bit dimg lhtrc dai $6 kinh dién. Ln
lu'Q1 151 AM - GM. Cauchy — SCl1war;. Holder. .Wink0w.s"ki. Chebyslzev, trong dé bén
béit ding thirc dfiu tién Q6 thé dimg dé Qhimg minh I511 nhuu. Khéng <15 dé Q6 thé dién té
hét strc mqmh Qua QziQ bt ding thtrc nily déi \0"i nhfmg bit déng thtrc Q6 dién théng qua
mét \'i1i \"1' du Qu L115. Hon nfm néu Q6 thé nfim vfrng \"i1 {mg dung du‘Q"Q Qhimg trong Qaic
bili tozin cu thé mét Qzich Iinh lmat [hi CO Ihé Qoi nhu ban d "bi§t“ khzi nhiéu vé Qzic bét
ding thL'1'Q dgii Vi lé dd. Chung {Oi luu Qhon Qzich trinh biiy quy pham. di [U Q15 dén
khé. Qhi tiét 0'ti1'ng djnh 1)‘. Qfm ké trong xirng \"f du vb luu Ch(_)I1 min s6 lu‘Q'ng b£1i tu giéi
khzi ldm dé ban dg>Q luyén tip. Bén L'Z_1I1h dd Qhung téi Qfmg dzi gui grim khzi nhiéu nhfrng
k§‘ thuét zip dung Q;iQ hit dfmg [h[l'C Q6 dién mi vim timg [rung >;1Qh. Tiéu biéu phai
nhc lai. dd 151 k)‘ thul Qhcm diém mi. Qfm hing hi‘ sfv. k_§ thuét tzich phn thtrc flm V51

1

1

1

C
\

I



1 100 Nhin lgli vd m6‘ra

dzinh gizi inu trong ting dung ctia bit ding thtic AM — GM_ K)’ thi12_“1t sip xép bién dé

O
J"

E\

zip dung bfit dng thtrc C11€b)“'S11€\' cftng 151 inét k)’ thuét tinh té vi ding )7’. citc ban

cn thuc hiinh iiliiéti néu 111L161] str dung thimh than trong czic biii tozin (161 xting, ta ké cél

inét 56 biii tozin hozin \"i nfra. 1

Trong chtrong 11. chting téi tiép [L_1C cftch trinh bity quy pham khi tién hiinh gidi thiéu

czic bait ding tht'i'c ciiii dai. Czic bait ding tht'i'c d6 ln 1Ll'C_)'[ 151 bait E1§I1f_l I1'1L1'C hoén vi, bait

ding t1iL'1'c Schur vii bait dng thttc 11/Iuirhead. C6 thé hiéii béit déiig tht'i'c hoftn vi lii cfii

nhitn ciia bit ding thtic Chebyshev. vii do G6 nhftng bin tofin déi xting cc’) thé giéi bzing

Chebyslzev cng giai (1Ll'Q'C nh(i' bfit ding thttc hozin vi. hon nfrzi c6 khzi nhiéu biii tozin

hozin vi chi cé thé sti dung bait ding thtrc hofin vi dt“: gizii quyét \'i néu sit" dung bfit ding

thttc Clzebyshev thi ciic dénh giit sé ti"O' nén i'5it phtic tap. Cfing trong chttong niiy chting

ta d bit du céng phzi cftc bit Clitng tht'1'c d(’>i xttng in{>t czich c6 hé thbng hon. Bit du

vdi viéc sti" dung bit ding thL'i'c Shur nhb viéc quy czic bzit ding thttc ban dti vé ciic bin

tozin don gién hon trén cftc da tht'i'c Vie! ba bién co‘

bzin p =a +b+ <-. q =01) +l7c + cu. I'=(I17(‘. Tiép theo dé 1Ll'Q‘C db Young ciing nhfing phép

bién aéi ttéi xt'i'ng. bat ding tittt-t~ Muirhead, vet dc biét lit bit ding thttc ASYM azt dtra

ra mét con dubng "chu2“in nitic" khi giéi czic bi toén déi xtrng. 1-I-)6 lii quy bait ding thtrc

déi xtmg vé czic da thtrc déi xtrng co‘ ban ciia czic bién, sau (16 str dung nhfing dénh gizi

trén czic da thtrc 6161 xtrng co‘ ban d6 dé dun in két luén bin tozin. Phtrong phép nity déic

biét IO ra cé hiéu lttc khi ta d cé ti"u"é'c trong tay nhfing dnli gizi dti chét. dzftc biét lit khi

06 sti trén 1511 ctia czic Iéllg (I61 xting dbiig bzfic khzic nhziu.

Bu‘O'c viio chu'0'ng I11. lain dziu tién trong cubn szich nity ciic ban du'<_i'c 15in quen \*c'7i

nhfing ting dung ciizi phép dao hiim, vii cé thé ngay létp tt'i'c nhzfm thy strc manh tiém

titng ciia phirong phzip khao szit him $6 trong chtrng niinh bit dfiiig thttc. Thzftt véy, néu

lit bit ding thtrc mét bién. ta cé thé éip dting ti"t_ic tiép dinh 1)‘ Ferinat vé czic diéin t<'>‘i

han, ttéu 151 béit tiétttg thtrc nhiéu bién, ttt cé thé khéto szit iétt itt~t_>~t theo tirng bién. Du lit

biti tozin don giém hay cé hinh thtrc pht'i"c tap, két qua vn dat dtrqc khi chting ta kiém

soétt duqc dfiu ciizi d2_1o hiim CL18. céc hiim $6 théng qua czic khéng diém ctia chting. Phétt

trién séu sic hon >7 tung niiy. bfii toiin cuc ti"i cé ritng buéc trén 137 thuyét d du'Q'c giéi

quyét triét dé nhb" czic dinh 1y Lagrange. Mét mzflt khiic céng cit dao hitm v51 céc dinh 1)?

ciia giiti tich cho phép ta khéio szit hinh dzing ctia cétc him $6 chi'nh xaic t(>"i tting “dia

phu'0'ng'" (str ting giziin cua hiim sfi tai mcfit diéni). Ttiy nhién v<)‘i nlifing bait ding tht'i'c

nhiéu bién thi 56 “din pliu'o'ng" sé bi téng lén quzi nhanh via qtizi "1é'n". D0 dé cn c6

nhfing huéng tiép céin déc biét khzic, Czic bt ding thi'i'c Jensen. Karamata, RCF, LCF.

Popoviciu C1L1'Q'C phitt trién theo ciing niét tti tttéiig. D6 151 \‘t5'i nhfrng hém dii tét (dab

hitm cép 2 théa man czic tfnh citétt ttzto dély) thi ttt cé thé tién hitnh tiétt czic bé nhiéu bién

vé mét S6 bé nhiéu bién khftc dzfic biét hon. Nhu" vgty biti tozin S6 ttti nén khzi tié cling.

Cutfii ciling vein gir nguyén tinh thin ctia phtrong php gidi tfch, chting ta lai tim czich

tiép czin czic bit ding tht'1‘c incfit czich “toiin cut“. db chfnh lit nhfing ting dung diic sic ciia

tfch phzin Riman. Trong chttong niiy. niéc dii vain C5 gfing dzip ting nhtrng chuén inuc
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trong czich trinh by 1)? thuyét vb béi tép. chfmg téi d chm déng tao cho czic ban mét
nhip suy nghi tim {Oi dé céi tién czic phuvng phézp. khc phuc l'1hLl'Q'C diém_ phzit huy u"u

(EQ

diém cua chlin Dy cng l mét czich khO'i déng t<“§t dé cc ban c6 thé bu'('>'c \/Z10
chuong thL'r tu‘. chu"o"ng bao gém czic béi ton rt dcp. caic }'-' tubng rét m(5'i. cfmg I51

chu'o'ng hay v51 khé nhét cuén szich. .

Chu‘0'ng IV. nhirng vién kim cu‘0'ng Qua bait ding tlu'rc so" céip hién dai. Dy thuc su‘ 151

tép hop cua nhfrng hu'()'ng di mdi. nhfrng )7 tu"o'ng m<'>"i nhm céng phzi thé gi<3'i béit déng
thirc da dang vii phong phli. Dy cfmg 1E1 ln du tién nhtrng )7 tnrong nily duoc din cgmh
nhau trong mét méi quan hé théng nhét. Bét du vdi phucng phzip S.O.S, phuong phép
nz‘1y duqc phzit trién nhé‘ viéc dzinh ‘ hé $6 cua téng binh phuong c6 dang

('3.

‘xx

r'>
§\

F“

S] (b—¢-)2 +52 (0-11): +5], (u—l2): 20. hoélc dang czii tién ctla n6 I51

S, (b—('): +53 (('—a)2 +S3 (u—/>)2 2$(c/—/>)(/2—(")(z1—¢“) dimg dé Xi!‘ 1}’/I(‘)t h0‘n déi
v('>'i czic bit ding thtrc hozin vi. Tiép theo d6 151 )" tu'O'ng vé phép dén bién. Nhu‘ dii néi, )7

tu'é'ng cua phurmg phép clén bién 151 khéng chimg minh "ngay" nhu‘ S.O.S mix tim czich
thu h¢p bili toén F(x,, x3, , x,1)Z 0 trén tép D vé tép/\ nhé h0'n, c'>'déyt:§1p/\ c6 nhirng
tfnh chit die biét no C16. réi sau d6 méi xfr 1y cu thé trén tip/\ . Y tufmg rzit don giém
nily d duqc trién khai vdi himg logat dinh 1)? rt manh nhu S.M. V, U.M.V. G.M. V, m5i
dinh 1y thfch hop véi nhimg bit dé'ing thtrc c6 $6 bién khzic nhau. Sau phuong phép dén
bién, chng ta aén vdi chilm ba phuong phép A.B.C, G.L.A, E. v. va mac an bét déu
vdi muc dfch d<‘>i bién dé nén himh khéo Sm nhm giélm bién, héu nhu‘ ngay lap ttrc C6
thé nhém théiy ba p11u‘o'ng phzip nily d thu"c hién ctmg mél )7 tudng, dé I21 dén bién gizin
tiép. Khzic vdi dén bién nuc tiép. dé dim bién gizin tiép ta tién himh déi bién tru'O‘c, réi
mc'>‘i thuc hién phép dén bién trénczic bién mdi. sau d6 c6 thé lai quay laillém viéc trén
czic bién cfn. czic bién dé lc niiy di duQ'c d6n \=é nhfrng tru"O'ng hqp CIz_‘1c biét. Y tuéng
tinh ré nily Cflng aéng moi dZ1tram(}Lc£1u hoi khé 151 cé nhfmg phép déi bién nilo thuc su
cé y nghTa vb hiéu qué, dy vn cbn 151 cu héi mé". Cuéi cilng, phuong phzip chia dé tri
dun ra Va mén khai mét y tu'O'ng khéng méi. nhung khéng hé don gién. D6 121 thay vi
tim céch chirng minh trén toim mién xzic dinh ta tim céch chia nhé thénh czic mién don
giéln hon, dé sau khi cé nhfrng dénh gizi trén timg mién ta cé thé két hop nhfmg két qué
d6 lai nhO' nhfmg dinh I)? néi déi. Dy lil [t cé nhfrng )2 [Ll'O'ng lc3'n nhzit d du'Q'c trién
khai trong suét chu'0'ng b6n. Trong chuvng ni1y cézc bait ding thirc déi ximg dé dlrqc giéi
quyét mét czich khai triét dé, mét biii toén cimg 06 thé du'c)'c quyét bng tit cé czic
phuong phzip, ttly tinh huéng cu thé mil lO'i gizii sé cc’) dé phfrc tap khzic nhau. Trong mét
chu'0'ng ma cam hirng szing t2_10 C6 me} bit gap <>~ :5: céi caic biai tozin, Chfmg téi lua chgm sir
dung mét czich trinh bily mang dérn tfnh tim tbi khzim phzi. czich lrinh béy quy pham
truyén théng d dumyc n_O'i léng v(>‘i niém tin ring czic ban, nhfrng déc giél rét néng déng,
sé tiép thu duqc nhfrng )7 urémg v51 nhfmg phu‘0'ng phzip ny mét czich dng dén vé dy
dd nhét khi du'Q'c chtmg kién lai chfnh xzic con dufyng mil czic tzic gié d di qua dé tim ra
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chfmg. C111'1ng 101 k1 \'1_1ng 1"f1ng sz111 1<h1 11:1 qucn 1111100 101 czic 11211 \’i1 giai quyét vim 11?:

trong 11mg chuyén dé. cc 112111 cng sé Q0 nhfrng szing 1210 CUE1 riéng n11n11 trong 1u'0'ng 1211.

Sau 11011 chu'0'ng 11511 1'01 0111111 1111111 11i1y 1\'h{1 qucn 1hu(1c. 0' c11u‘0'ng Q1101 cimg. chu'0ng

1151111. c1111ng 101 1151 1011; 11011 1'21 011011 10c 11101 s0 11211 \'ié1_ cfmg 111111‘ 11511 102111 déc sic n11§1

115 g11'1 101 czic 11311. D0 1i1 p1111"011g p1111p L/'.C. T. 110 121 11211 ding 111111‘ Nesbitt — Sharpiro.

<10 1Z1 kf‘ 11111§11p,q,r 1105111 11. \"i1 110 151 1511 11111€*11 11511 101111 1'01 101 giai (100 (1110 cilng 11101

dzmh s;ic11 11511 0111‘ 11in 15111 1\'11(1ng Q0 101 gizn. V21 c(1n 111111111 chuyén 111“: 110n ntra ch1'1ng 101

n1u011 g11'1 101 0110 111111. C11 1111 ca n11f1'ng 111é11 111'» vi c111'1ng 101 11111011 1101 v01 czic ban 1"1'1ng

1116; g10'1 11511 ding 111110 0011 r111 1"Q1ng \'i1 0011 1211 11111511 111§u 11111 \'1. T211 0:1 nhfrng ph11'0'ng

phzip d 00. 111c0 11101 1<111z1 c:_1n11 11110 11(1_ c111 151 111‘0'11g 1101. 1'21 111 n111é11 1<h0ng 111é 121 102111

nzing. c111n11 \'1 111$ 111011 c(1 1111f1"11g 111511 11101 1110 11011 c110 cc 11an 0' 1111111 11"11'0'c $11" sing 130

\'21111111111§1n 151111 viéc ng11ié111 1110. Dé 11111111 110110110 (11511 110 11511" g10' 11111)" \"1 dzinh g1z1s1'1c

111z_111h c1'1z1 nhfrng ph11'0"11g 11111111 (151 Q0. c111'1ng 111 11511 11111 cilng nhau n111n 131 xc111. 0011

nhirng 11211 105111 11110 v§111 d11ng 0" ngoin 121111 \"<'1'1. 111611 11111611 rng viéc 116111 1110 11m 101 Yé

nhC1'ng 11511 10011 cC1n 501 1111 \'i1 1111'0'ng 101 n11fn1g (11511 11101 111 sé 151 c1111"0"ng két 1\'110ng 111?:

1111011 110p h0'n \‘0'1 11101 112111 nglnén C1111 1"(1ng 1<11§1p 111111 011011 séch m chfnh czic ban dung

c5111 11"én tay. '

C210 11211 ding 1111'1'c 111u'0'11g d11'0'c p11f1n 1031 11160 nhiéu czich. Phn (311121 1he0 50 bién ta

00 11:11 ding 111110 1111 bién. 11011 bién 151 1151 ding 111110 nhiéu 111§n. P11f1n chia 11160 hinh

1111'1'c ta Q0 11:11 dZ"111g 111111‘ d(11 x1'1'11g. 11511 c1§111g 111111‘ h01'1n vi. P11€1n c111a theo C1511: 1fn11 1a c0

11511 ding 1111'1'c 111115n 1111511. 11511 11€111g 111110 1<h(111g1h1121n 1111111. 1\/11:11 phu'0‘ng philp 10 ra C6 uu

thé v01 dang 11211’ 1<h011g c0 g1 dam bao 1511 gin d11"0'c uu thé 110 k111 zip d1_111g dé gizii quyét

nhirng 11211 10511 111111f1c dang k1111c. T1"11'0'c 11é1 c111'1ng 11a hy 116111 cdc 112311 ding 1h1'1c (101

x1'1'ng, 11111511 n11511. b0‘1 v1 dy 121 dang 1151 diing 1h1'rc C1011 gi:1n_ quen.1hu{1c, vii ph0 bién

nht. D01 v01 nhtrng 11511 d§111g 1111'1"c dang 1121)’ \'1é_Ec zip dung cc 11211 ding 1111'rc 00 dién

11111'1‘111g 110111 1:11 111é11 qua cao. 1\/101 1111'0'ng 111 1511 n1a11g 1101 h11'0'11g cén 11111 khi tin céng czic

11511 dz'1ng 111110 trong 11110111 nay 151 s11" d1_111g czic 1151 dfmg 111111‘ Muir-head. Shur vi1ASYM.

Y 1u'0'11g chu c1101 121 do 11101 11.-"11 déng 1111'1'c 11611 x1'1‘11g déu c0 thé quy 11% 11211 déng 1h1'1'c 1r©n

1§1n gifra czic 10ng (101 x1'1"ng co‘ 112111 c1121 czic bién bun C1511. c110 nén néu 00 nhfmg 1151 dng

1h1'1c co‘ 50' dim manh, 1111 111 cfmg sé dé ding c0 d11'0c nhirng két qua cn chtrng minh. Han

ché 0' dziy 151 v0'1 nhfrng 11511 ding 1111'1"c C0 sin n1111' Muirhead. Slzur v51 ASYM thi viéc

g1€11 quyét nhfrng khé khn phzit sinh khi c0 nhiéu téng C101 xtrng béc khzic nhau xu211

hién cimg trong 11511 101111 11'0" nén 1'51 11110 khn. C11 thé 11011. C0 111é 1161 ké 1211 0' dy 13 bin

toén r511 k110 v51 h0‘n 111111 11'011g $0 ch1'1ng c11u‘z1 c0 101 giéli 1r0n v¢11. Czic ban c0 thé xem 1211

czic 1<y hiéu trong chuyén dé vé 1151 ding 1111'1'c Muirhead.

B511 1: C110 czic bién .1". 1-. :. 21). T1111 hing $0 k 1611 n11§1 sao c110 1151 dine 1h1'1'c sau luén dfmg
. 1.

1..

Sm + l<Sm,,_(_ 21/1 +1)Sm trong 110 111.11, .l1|.u3./13.1": 151 czic $0 nguyén c1u"011g1h0a min:

M :11] +11] =02 +/13 +<'3;u12/>|;u3 Z113 2031411 2113
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Béi 2: Cho cc hién .\". y. 3 2 U. Tun himg >6 k I51 nhzh suo cho bait ding thtrc sau luén dimg:
+ l\Sm,,W 2 (/< + 1 ).S‘m,,_‘_ trong d(> M.ul./>,_<-M13./>;.1~: I21 czic $6 nguyén du"0ngth(>amf1n:

u, 2/>| 21': 1 11' +/2] 211? +/>3 1 M111; +/2! +<'| =03 +/7: +0:
‘

Bi 3: Cho czic hién .\"._\~.: 20. Tlm hing >6 /< [SI nht sun cho bit d2'h1g thfrc sau luén
dung: .S‘“__,,: +/<5'K'_=‘,m g(/< +1)Sw none,, do <1;_/>1.¢/3_/w:.<-3.1+,/>‘.<-1 [£1 czic $6 nguyén

du'o'ng thou mn:

<1! 2/>, Zq iu. +u_ 2/1; +/1‘ 21; +<"3 1 u: +/vi :11. +/27‘ +1‘: :u1+/>;+cg
Bili 4: Cho czic bién .\"[.>\>,_....\;: 20. Tun hiing s6 A I51 nht sun chu hl ding thirc snu

luon (hing: ‘S'“,]“,: + l<.S‘W 2(/\ + l).S‘,;k,,\ _,, trong dé

(a|.u3....u” ).(l1l .11: ..../>_,_, ).(¢~, _<-3 ....:~”) 121 3 dily nguyén dutmg khéng ginn sao choz

(1, +aZ +...+(1A 21), +12: +...+l>‘ 21"! +("1+...+(" V/\' =l.lz—l

(l| +113 +...+u,_, =/2| +/)3 +...+l1” =1] +0: + +c‘”

Téng quzit hon 1 chflt nfra 121 bin main sau:

Bli 5: Cho czic bién khéng fun .\-,..\"3.....\‘,4_. Tun hing $6 /c tét nhin sao cho béh ding thtrc
sau luén ddng: 5-WW U -5‘/7_h_v__/M 3/\-(SUN —.S",é“,‘__H“, ) trong dd

(u|.a3....c1”).(/1:./73..../7”)_((',.('3....c'”).(<1'|.</3....z1,:)
IE1 céc d€1ysC§ngL1yén duong khéng giam:

at +41: +.._+uL 2/1! +/2: +...+/1%,, Zvl +02 +...+_(";_ 2:/| +1/3 +...+zl, V/< =1./I—l

cl, +u3 +...+u” =/>1 +l>3 +...+b”=("1+<': +...+z'” Iz/I +z/3 +...+z/H

Bili 6: (‘ho div s5 ki1(mQ ling {an} \'E1 l hofm \i cuu n6 (ne Z’ ). Chlrng minh_ g, .

_ . . ....__ _ . . .... .

.\ .

réng néu .\", Ex. 221'” 20 lhi Z.\"[".\'l"....\-,‘,"' > Z \-,"‘ Y’? > T \~,“" vi” ‘ \',‘,"

I ( x \! (\l

chn y'.- Ban tozin trén cé y nghIa aéi v<3'i bill dang thtrc hozin vj tu‘0‘ng [U nhu béz ding
thirc Muirhead déi vé'i bét dng thtrc d6i xirng. Lm manh hon bin tofm trén ta c6:

Bili 7: Cho Z dy khng limg {an} .{/2”} thou min déng 1hO"i czic (héu kién suu:

(ll +u2 +...+u” =12‘ +/)2 +...+b”

__1CIl+(13 +...+u‘ Zb] +b3 +...+b‘ Vk =1./1-

Dy hién {xn} khng Lfmg \'i1 khfmg Elm Q0 {yn} In I hozin vi cuu n(>.

Chtm minh rim": .\""‘.\‘1"....\""' 2 \'/1' vi” ...\""‘p C I _ n - ! . _ n
l'\l '\4

Vi1tu'o'ng tu" quzi trinh tu sé cé nhtrng bin bit déng thtrc hozin vi sau:

4
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5
E".

'0)

E

C1‘ =Z:<1f"'u§‘-‘...<1,‘__"" =C(0<!.0c3.....on”). Dzflc biét néu o<‘.<:n:_...0c” 1a caic $6 tu"

x K

nhién t£1'O dén 9 thi ki hiéu mdi du"Q'c d6i 15: Cu‘u:___u/ = C(0n1.(x3_....0c,, ).

Ngoili ra néu (1,201: 2.20:‘ >(x‘_] =0<k_3 =...=(x” :0 thi CrW:__A(,H = Ca‘(‘L:M‘(1k

B:21i_8: Cho /\/l.a|./21.a3.b3 151 cdc $6 nguyén du"o'ng $210 choz M=a|+bl:a3+b3;

a, > (1: 212: >111. Cho 2 bién .\'._\‘ 20 . Tlm héng $6 /< t6t nht dé bit ding thtrc sau dng

v6'i mqi .\-.‘\~ 2 O 1

cg‘, + /<c“3,,: z (k + 1)ch_],,1

Bi 9: Cho czic bién .\". \~. 1, 20. 'I“1m hing $6 k t6t nht $210 cho bit dfang thirc sau 1u6n

Q4-

CI»

D
(IQ

Cm +/<(f“,_,,“_ 2(/< +l)CM,» trong G6 1\/1.¢1,.l¢|.(z:_/>14: 151 czic $6 nguyén du'0‘ng‘

th6a man:

M =a, +121 =41: +123 +('31u12/2l;a3 2/23 2<'3;u, 2:12

Biii 10: Cho céc bién x. _\'. ; 20. Tun hng $6 k t6t nhét sao cho bét ding thtrc sau lu6n

dng: Cm +/<Cu_,,“,_ 2 (k +l)CuI,,M trong G6 M,a,.b,.¢~,.u2.l13.<-3 121 czic $6 nguyén duong

th6a man:

(1, 211, 20, ;a|+l2l 2:13 +1231M=al+b|+('I:a:+b3+c'3:

Béi 11: Cho czic bién .\-_ _\~. :. 20. Tlm hing $6 l< t6t nhét $210 cho bit ding thtrc sau lu6n

(hing: CM] +kCh,;,,_(_= 2(k+1)C”‘,,_(_ trong d6 (11.111.a3.l)3.('3.a;.b;.c3 121 czic $6 nguyén

duvng th6a min:

cl] Z17, 2 (‘I 1 (11 +113 Zbl +123 2 cl +63 1 ul +bl =03 +17: +(‘3 :c1_§+l9; +03;

\-Bal 12: Cho céc bién .\-,..\-2,....\'” 2 0 . Tlm hing $6 k t6t nht sao cho bit ding thtrc sau

1u6n dng: CW:___l,” + l<Ct.|‘.:__4(.” 2 (k + 1)C,,l,,:____,,” trong <16

(al_c13,...c1”).(b],b3....b” ).(c,.c3....cf”) IE1 3 dy nguyén duong kh6ng giém sao ch02

ai +a3+...+uA 2/11 +b3 +...+bA Zcl +("3 +...+q V/<:l.11—1

(11 +a3 +...+a” =b] +123 +...+b” =0! +c3 +...+c”

T6ng quét h0'n 1 chtlt nua 151 bili tozin sauz
. \ » » » 1 »

Biii 13: Cho céc bién kh6ng m .\-,..\'2.....\‘”. Tnn hing $6 k t6t nhét sao cho bit ding

thtrc $aulu6n dflng: C —C H 2k(C(l(_ ( —C,l,1 (,1) trong dé

(al.a

giém

c u1u3.$.¢l,, [>|[_..._[>,, - 1 ¢_....

3....a”).(l2,_b2_...b”),(c,,c2....<:”).(dl,a'2....d”) 151 czic déy $6 nguyén duong kh6ng

sao ch01

a| +a2 +...+a‘, Zb, +b3 +...+/Jk Zcl +03 +...+c" 20'] +d3 +...+dk Vl<=l.n—l
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<11 +111 +...+¢/F =/vi +/>3 +...+/5, =1-, +(-3 +...+(‘H=(/1+6/:+...+(/H

Dy thirc sir 121 nhung bin tozin rt khé Q6 lO"i gizii trbn wgn. Tuy nhién néu 06 thé cé lbi
gizii trQn v¢n cho bili tozin niio db trong >6 nhfrng bin main nix)" thi ta $6 lai cé thé 06 thém
nhfmg bzit dfing thtrc déi xirng thuain nhfit r2"it chén, vii nhfmg chimg minh séng sun hon
cho nhiéu bin main dbi >u'1"ng c. TU bin 6 no" di. czic két qua rim du'<_>'c sé I16 no trirc tiép
\’i<§:c giai céc bin toiin hnzin \"i. By gib; chnng ta hfiy néi mét chfit vé czic bin tozin hozin

vi. R6 ring trong ca cu<‘>n szich nny d <13 r2“it nhiéu 1;-in chnng ta céng phzi cc bin tozin

hozin vi bng nhiéu czich vdi nhfrng céng cu khzic nhuu. Tuy nhién mqi viéc vin rfn khé
khnn. Véy du 121 khé khén chfnh. C6 thé néi don gizin khé khfln chfnh nm 0" Ch€) dfinv
thrc trong czic bl ding thfrc hoain \"i IE1 rfit khé kiém sozit. Théng thu'é>'ng lrong czic bfit
ding thL'rc dbi xtrng thi déng thtrc xa)‘ ra tzii nhfrng vi tn’ khzi dcp. nhu' céc bién being

nhau. hoc 1 bién dat gizi tri bién \'i1 czlc bién cbn lni bfmg nhau. Ngoai lé cé mét $6 bét
(ing thirc dbi xnng mi déu being dat du'Q'c khi czic bién rt léch nhau. $6 nily rzit ft. Tuy

h‘A A ~ / A - , \ K _n ien doi v<')‘1 cac but dang Lhiic hoan \"i thi \'i¢c dang thnc xay ra khi czic bién rét léch
nhau. léch cél tm \-'21 0' rait xa bién in rfit ihu"bng gélp. Thubng thi khi dé dng thtrc sé xay
ra khi céc bién thou min min hoc IUQI viii he} thtrc dzic biét nilo dé. vii do dé cc’) thé c6
tru'(‘>‘ng hop ding thnc xziy ra tgai v6 han bé $6 (czic b6 niiy thém chi khéng ty‘ lé vdi
nhau). Déu sé IE1 hu"O'ng di szing sun nhfit véi nhfrng bi tozin loai néy. Cho dén gib chng
ta c6 hai hu'('>‘ng di sau dy. Hu"c'>'ng di mu nhfit 151 su' dung czic phirong phzip vbn dilnh
cho bit ding thirc dbl xtrng kém theo min $6 su cai tién nilo dé. Chng ban 06 thé czii

tién phu'0'ng phzip S.O.S'. D.A.C vii thzim chi’ ca phu'o'ng phzip sir dung Slzur dua V510

phép bién dbi bin tozin \=é dang téng czic binh phubng nhu' sau

5,(/J—z‘):+S3(<‘—u):+S‘(z1—/2):ZS(u—lJ)(/>A(")(('—(1). I-Iu‘é"ng di ny ti) ra cc’) hiéu

quzi trong rt nhiéu bin main khé. dzfic biét khi n6 du'Q'c hé trQ' bO'i mét $6 bzit ding thirc
phu du manh. Hubna di thllr hui IE1 Lim czich dbi bién nhém quy tail ca czic tru"Cmg hqp
ding thnc xay ru khi czic bién bun dziu léch nhuu vé Irubng hop dilng Lhirc xay ra khi czic

bién mdi khé "d¢p“. Dé thuc hién dubc diéu dé chfmg In cn s(1'dung dén nhfrng dinh 1;? ‘

d nén ra trong mnc phuvng phzip G.L.A téng quit. Theo dd dbi vdi bit déng thtrc cn

chtrng minh C6 dang F(a.b.c) 20, ta sé chbn czich déi bién thfch hqp cc’) thé cl§1n téi béit

ding thtrc A’ +B’ +C' Zwnsl. Sau dé chérng minh ring véi m<_>i gizi tri 06 thé ciia
A.B.C Iuén tbn tz_1i ui'.b',<" sao cho khi dbi bién ta nhén duqc A’. B’,C' théa min:

A'B'= B'C’+ C14’: AB+ BC+ CA

’ '6': ABC ("‘)
. —B')(B’—C')(C'—A'):()

/\

Lfic niiy ta da cé thé zip dung dinh I; 1 vii dinh l§7' Z trong muc 2O.VIII dé quy biii toén
vé trLtb‘ng hqp trong 3 bién A. Bf cé 2 bién bng nhau. Thirc ra ta czin chirng minh hé

(*3) 06 nghiém vi dinh l§7' 1 chi du'Qc phzit biéu cho trong khi dé (A.B.C) chi chay

trong 1 nip con niio db CUL1 vi chiing cbn bi rimg buéc boi mét quan hé qua chfnh
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phép 1161 bién. Tuy nhién dy cfmg chinh 111 "gm chfm Asin“ cuu phu'o‘ng phzip n21)‘. T211

$110 \'§1y. B01 vi t1"u'O'c khi d(1i bién chimg ta khéng thé biét dLI'L_)'C hé 1*‘) cé 11gl1ié111 hay

khéng. Trong 11161 $6 tru‘b'ng hqp don gian thi 1:106 thé khéng dinh ngay diéu £16. Nhung

trong t1‘u'b'ng hop téng quit thi moi Yiéc khéng c6 g1 chic chn. H011 nfra ngay Q21 khi d

quy vé 1ru'b'ng hqp dng thtrc don gian cua bién mdi. néu czich déi bién quzi phtrc tap [hi

khi quay lai bién cf1 ch1'111g 1:1 cfmg sé gép 1511 nhiéu khé khim vé 111511 tinh 101111. Dé hinh

dung duqc nhimg khé khim d6 czic ban cc’) thé Lhtr 11111 phép d6i bién 1111011 hqp vdi 11:11

105111 sau dy:

11211 14. [vs Quéc B21 C511]

T1111 hing $6 k 1131 1111511 sun C110 11511 df111g th1'1'c .\;1u dnng \1'1’>'1 11101 $6 thuc du'0'ng :1. b. c:

¢_1+/l+iZ )"k(z1' +/1' +c")+9_/‘V

b <' (1 \J u/2 + In“ + cu

Nhu' vziy vain dé nily Q6 111?.‘ 1161 1Z1 mO‘i dang 0' \*2_1ch X1151 phzit \‘i1 Vin dung dqi nhfmg tim

tbi cila chfnh czic ban trong tu'o'11g I111. Chfmg I11 hiy chuyén sung czic 11511 ding thL'1'c

khéng thuiin 111151. C6 Lhé coi czic bit dfmg thirc nily IE1 1 phn cuu céc bit dz'111g thtrc (1611

xtmg. B01 vi 116 V5111 121 511' t1'{1n ln gifru cz’1<: t(1ng (161 xtmg co ban trén céc bién géc, $6

bit ding thtrc 11hu' thé 11i1y tuy khéng thuc 511' nhiéu, czich pht biéu cé thé h0‘i cbng

kénh. nhung déc biét n t11Q"11g.

D511 sh) = 2 .1-,|1....1-, 11 <11) V51 .1,..11:.....1»,,€ ?.. Khi as 111 06 czic 11511 aéng

i)<.1.<i‘c{l_2....n}

thirc sau

Bé1i15.1L5§_4 -sin‘ +1): +13‘, -$131)’ 2;-%%(\5sU + \/?.§:_4)‘

Bé1i16.1l41)_s')_, -3715:) + 22109): +371(7s,__) -535,‘) )2 23110115“ + 514 + 35)); +1):

B§1i17.1;9S4.)_, - 215:)“. +49): + 21(3sU -75:74. )’ zl‘§l(_§)__, +251) + 55)) + 2)’

B511 18.1555 -2515 +4515 )2 + 2(5); -25:5 +4): z(_51_§ -5)., +1)’

\- 1
I ~l Z

Ba119.1S -5 +5“-1) +(s(-51(+s)()>i(o5M-s1(+5sH+1)
1 6.6 -H1 _. 5.1 .1. 1 ..1 _ . -1.1 .>

Lb -— 205% + 50516-125): + l()(4S_=_h — l().S').,%h + 255%)" Z 96_()4(S4_h + SM)"

U5

E1
IQi:

'36
AC/1

Nhu' vzfxy. C6 thé néi cc bin tozin hozin vi \/E1 czic bi tozin khéng 1l1u5n nht (khfmg m£:1Ll

muc) sé lb nhfrng hu'é'ng di chu yéu cua cl11'1ng ta trong tu"0"ng lai. 151 nhién, nhfrng bin

tozin déi xfrng thun 111151 v5n 121 11161 11131111 1151 milu n16’ dé céc ban tiép t1_1c trién khai

nhimg y tubng mdi c1111 minh. Chng 161 sé 1161 ké lai mét $6 bi tozin hozin vi cé dang

khzi don gian. 11hu'11g viéc gizii quyét d11'Q‘c 116 \/15111 IE1 nhfmg cu hbi 1110'. thzich th1'1'c ban dQc.
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Béi 21. [Phan Thilnh Viét] Cho .\'. \". : > (). .\‘_\": = 1. Um k [Gt nhét dé

.\‘+\'3 \"+:,3 3+‘-3 '

_\'+ 3‘ ;+.\'“ .\'+_\"”

Ghi clzzi: bait ding thirc dng vdi /'< = l, 2, 3, 4 nhung sai vdi k = 5.

Bfii 22. [M6 réng bét ding th1i'c Jackgarfukel]

-1)‘+/<‘(A»-1) 2

fa./2.c>O
1. Cho va CA I/nax LL .Chu"ng mlnh rang:k >1 /<“ (k -1)

/2

R:,»

/'\

P?‘

2%} 3 Q (21 +1; + 2-) ' (vdi l< = 2. chng ta cé bér déng thirc Jackgarfukel)
"\'1'(¢1+12)i

2. Cho u, /2, (" > O V51 q 121 hing $6 thuc durmg. Tun k t6t nht sao cho bit déng thtrc sau Citing

(1 I2 0
+ , + Sl<\/a+b+c

\/a + c//2 \/Z2 + qc \/c + qa

3. Cho 12, c, d > O. Tlm s6 [hL_l'C.k nhO nhét sao Cho bét ding thtrc sau dimg

a ’+ b + C + (1 £k\/a+b+c+d
‘\/51+!) \/./2+0 \/c+d \/(l+a

Biai 23. [Cu bé qung khn aa - MnF] Cho 2+, 1>. C > 0, 2112- = 1. Tim k [at nhét aé

u b c+ + k >1
11* +2 2-‘ +2 <1 +2

Ghi C/‘Iii.’ Bét dfing mu-¢ dling véri /< = 4 nhung sai véi /< = 5. Luix y rang khi /< gén vdi
gizi trj tét nht thi (1.12. 0 ch'<1yt<'>'i ba girl tri Iéch nhau vZ1 léch bién.

Bé1i24. [Duvng Dire Lm] cm 21.112 z 0;“ +11 + 2- : 3 . Tim $6 dutmg /< +6: nhét aé

ab + 12¢" + ca < 3

/<+c12 /(+122 /(+03 /\'+1
Ghi chzi: VT-hinhth1'rc, ban tozin nily gén giéng vdi biai tozin 3.5 Cil §1s (Phuong phzip
dén bién). V21 o d6 ta ea phéi st!" dung ky thuét dén bién bang hém S6 rét vat vé. Tuy
nhién béi tozin o trén lai la bin rosin hozin vj vi aa khé hcm gap nhiéu 1511. Cng nhu biai
23. d§1ngthL'1'c xay ra ('1 bili nily cfmg léch tm v21 léch bién.

~

B§1i25. [Du"0'ng {)li"c~Lém] Cho u.l2, 0 2 Oza +12 + 1- = 3 v21 k > 0.

Timgiétrjlén nhzit,nhonhétctlabiéuthtrc 7 1 + j I + , 1a'+b+k b'+c+/< c”+a+l<
Ghi chzi: Xét trubng hqp riéng /< =1 . bang phuong phzip dén bién ban va Q1150 Bd can
d tim duqc gizi tri nhé nht cua biéu thirc xép xi 0.9168... 121 nghiém cila mét phucmg
trinh béc cao vdi nhtrng tfnh tozin réit phtrc tap; cbn gié tri lém nhét thi c6 thé du dozin
xép xi 1.3532... bang méy mm vé rat khé c6 mé tim duqc m(}t dzinh gizi thfch mp vi
ding thirc xéy ra khi ba bién léch nhau v51 léch bién (khéng cé bién nélo bng O).
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Biti 26.

U3

E1
l\)
.\'

» Y (1 £1’) u_
[Phan Thfmh Viét] Xét tép hc_>'p D gém n s6 thtrc dtrong thoa min ——'~ +-h 4-...+—" :/1+1.

42, <1; cl,

; ; (u'i+r1.+...+u,_):
Ttm gtu tr; l0'n nhat. gm tr; nho nhat cuu hteu thtrc trcn D.

Ll‘_ + LII + + cl;

Ghi chzi: Ldp biti tozin khéng thun nhét thuéc dz_1ngtnity cbn rét nhiéu v21 ngay ca vcn

nhfrng biti tozin déi xtrng né cfmg n chtra nhfrng khé khén nhét dinh.

[Ph2_1m Kim Hilng] Cho a. /2. c > O. u + 12 + c : I vit czic $6 tht_1"c r, s.

Tun gizi tri ldn nhét gizi tri nho nht cun u’/2‘ + !> '1“ + 0'11".

Glzi clzzi: Béi tozin nity dd xut hién hon 3 nm trén cdc dién dim thno luén. tuy nhién

cho dén nay vn chi c6 nhfrng lb'i giai cho mét $6 trtrmg hqp dzftc biét.

Bfii 28. [Phgm Kim Himg] T‘1m Qizi tri nho nhzit cum ——~—”+ H’ + 717+ 1*" + c‘.+ k” vc'>'i a. I2. c. k > O
” /2+/<0 ¢'+/at u+/</2

Ghi clzzi: V61 k = I thi ta cé bit dng thtrc AM— GM. \'b'i k = 2 bin tozin c6 mét ldi giai

khzi dcp. Trong t1"u"b'ng hqp téng qu:'tt.cht'1ng ta chtru cé Ibi giai tr<_)n v<_:n.

Théng thtrémg. sztu khi mitt bit dng tht't'c dtrqc chtrng minh. ta thuirng tint czich tham $6 héa né

v51 détt ra czic bin tozin tim hing $5 [61 nhét dé bin totin v§n dting. biti Z1. Z3. 24 lit nhfmg dién

hinh. Viéc dzjt ra czic cziu dc) nhtr thé thtrc str 121 nhfrng thzich thtrc ldn vdi nhfrng phu'o‘ng phftp

hién cé. Tait nhién. nhfmg cziu db c6 hinh dang quzi phttc tap sé bi bé qua. v51 ngttdi ta sé chi teftp

trung vZ10 nhfmg bin tozin c6 dang don gian viz dqp dé nhzitt. Cc blti toain Z7 v21 28 lb nhfrne vi dt_1

rét tét. Trén thtrc té ké tit" hic chting dtrqc din ra. G5 cé rftt nhiéu phuvng phzip mé'i ra dyi. nhtrng

vén chua dtt dé giéai quyét triét dé. vit vi thé v'5t1 dang cn nhftng cf} géng tim tbi tiép theo.

Czic ban thn mén! Véty lit chting t6i d trinh bZ1y tit czi nhfmg gt minh muén gtri gm tdi céc

ban. D6 151 nhftng kién thitc rit co ban n5: bt ding thnc. nhfrng nén tang vftng chic dé czic ban

vita cé thé tiép tnc tint tbi sftu h0'n vé thé gic'>'i cua czic du lc'>'n hon nho h0n_ vim C6 thé tim dtrqc

nhftng (mg dung tronu céc biti tozin thttc té. D6 lit nhfma tu' ttrcmtl v21 nhfrna tim tbi rt nhiém
\.. - \_ \_ t_/ C

ttic cét vé 1)?" thuyét lén thtrc hitnh ctta nhiéu tzic gin. Czic tn" ttnmg fay da du"Q'c phzit trién m{)t czich

triét dé. V51 cfmg nhb dé né trv thitnh nhfrng phtrong phzip dcp dé nht hién nay. Chting téi hi

vqng ring tinh thin sng tgto ty sé Chrqc czic ban tiép tttc vit phzit trién lén nhfrng ting cao hcm.

Trong Tozin hQc. khéng chi c6 riéng b§t ding tht'rc. nhung dé c6 thé hbc vii litm tozin tét. thi tinh

thin szing tz_1o IE1 yéu t6 khéng thé thiéu. Mét mong m('>i lc'>'n cua chting téi khi bait tay tht_1'c hién

cuén séch nity lit phrii litm suo xy dung du'Q'c mét cuén ttr dién bit ding thtrc SO‘ cftp ditnh cho

tit cit czic déi ttrcyng ban doc. Quit thtrc chting téi d c6 gftng hét strc dé thé hién duqc tm

nguyén 66 trén ttrng trang saich. Nhtrng qua théri gian chting téi nhém thy viéc truyén dtrqc cam

himg szing tz_1o vit tinh thzxtn hqc tép tozin h<_>c tdi czic ban déc gift <15 lit m©t czii gt dé ldn lao hon

nhu' thé’ rét nhiéu. Vi véy chting téi hi vcpng czic ban déc gia sé dén nhzfln nhrng kién tht'1'c duqc

trinh bity mét catch chu déng v tfch ctrc nhzit cé thé. C6 nhu' thé cuén séch nity mdi thuc sn" c6

ich. Chtjc czic ban thilnh céng!
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"1\'0ns6ng Viét .=\"am co trrinén \'U'l‘{llIg/1(I_\‘/(/Irillg. Life is good for only two things, discovering
dn tgic Viét Nam c6 u'u'{;'c re rang xanh vai car cirang mathematics and teaching mathematics.
quzilc nnz than n'u‘y'c hay khong, chfnh la 11/11)’ mg?! ‘_ _; ; , . , - . . , ,, Simeon Poissonplum rat I071 0‘ cong hgc tap cua cac chau.

; A ’[\"lza giiio khring phai Iii ngu‘z}‘i nhdi nhét kién(H0 (,hli\llI1h nhan dip khan irumig duu tlen cua' , _ , i , _, , _, A _tlzirc ma do la cong vzgc cua ngu'o‘i kilo‘! day ng_0nnu'0'c \1gt Nam Dan chu Long hoa num 1946) , A ,, _ , _lll‘(l cho tam hon. (Uyham l§at0'D1t)

1. S1_r ra am ciia cudn séch:

Chdng ta di di dén {rang cudi cimg ciiu min cudn szich d duqc tic giéi hoiii lhai 20 nm vii
duqc chiip bin lrong gzhi 10 nm. Trong sudi cuéc hnh biii niiy. cam xL'1c cua tic gizi cng dirqc
[hay ddi thco Ihri gizm. Bin dziu IE1 khzii vqng ludi iré v(')'i Lrdc mudn duqc vielt vé mang kién thirc
dam ma’: nhdt lir khi cbn 121 hcvc sinh phi» ihfmg. Tiép dd iii sh‘ b6 trq qufmg bzi hinh zinh czi nhim
dé day luyén thi diji hQc \'<'7i mél cudn saich ddu lay: Ccic plum‘ng phap va kf rhugit chzivzg minh
Brit (fling thzic do Nhii xuii bén TP.HCM phél hiinh nm 1993. Sau nfly cam xiic duqc bd sung
dy dii horn khi di1'Qc biél vé sii"d§1u ur céng phu cua cfic gia dinh c6 con em dam mé hQc toén
vdi mong mudn lrd thémh hQc sinh gidi lhi qudc gia. qudc té. Nhiéu gia dinh tdn rét nhiéu tién
cda 10 cho con in h(_>c nhiéu lhiiy khéc nhau. thzflm chi’ c6 gia dinh phai thé chip nhil dé I:-iy tién
cho con hQc luyén thi Tozin qudc Lé. Nhu vfiy ding sau cuzi trim huy chuvng 121: "Hgc sinh Viéi
Nam d mat rail nhiéu thdi gian chi dé hQc dugc m<_">i kién thirc hay mfn k§' nfmg phuc VU cho
mét cuéc thi n210 dé". khfic vdi hqc sinh nu'é'c ngoiii viii ciuzg mot don v_i rhoi gian ngoai viéc ti_r

hoc chuyén sziu m6n hqc yéu ihich hq cén duqc nm bit nhiéu kién thirc ky néng bd {ch Lhiél
thirc vii gin gfli vdi cuéc sdng. Phdi chfmg vdi cac hoe sinlz gioi chfing ta khfmg nén day hqc
iheo kiéu who gl.()lkl'é’l1I/1llZ‘”, cho van ba ban toén dé h<_>c sinh nghi gin hét buéi hc_>c r61 chfra
mil nén day hqc thco "nhu cziu n kién mm czia h_0c sinh” vdi phuong thirc ddi thoai cdi md:
"Trao toim bf) théng iin_ 121i iiéu cho hqc sinh V51 hudng din hqc sinh czich tiép cén, xii 1)? théng
tin rdi czich mt; réng vn dé. caich l2_10 ra czic vein dé mdi". Nhén ihirc [£1 nhu‘ vgiy nhimg viéc bién
thfinh hanh déng lgi lién quan lruc iiép dén 11161 sir kién. dd iii chuyén viéng thém cua Tdng
thdng /VI] Bill Clinton sang thém Viél Nam iii‘ 16/11/2000 dén 20/11/2000. Téc giél d
d6i thco sci‘ hién dién Qua Tdng méng My khi aén thém Vén Miéu Qudc Tu Giém, gép g6"
thin thién vé'i ngudi dim H51 N<_‘>i tai khu phd c6 buén bzin Hiing D510 vii déc biét viao lc
16h ngay I7/11/2000 khi gap g6" vdi czic giang vién vii sinh vién DH QGHN Tdng
lhdng d5 phat biéu: “We cannot change the past. What we can change is the future” tam dich
151: “Chzing ta khéng thé thay ddi du'_ac qua khli; czii ma chzing ta thay ddi la tirmzg lai”.

Chinh céu néi nay d lam téc giél r<‘7i bd "monk dfit mau m(7 luyén tlzidg1ihQc"tir ném
2001 cho dén nay dé quyét téim viét mcf>t cudn seich gidi thiéu nén Tozin h<_>c ph<"> théng
cua Viét Nam ra thé gidi vii cfing 1&1 théng diép mong mudn du'Q‘c dzip lz_1i thién chi’ ciia
Tdng thdng Bill Clinton: “Khép lai qua k/Ill’ dau thzr0’ng dd hzréng dén tirmzg lai”.
Vdi )7 dinh gidi thiéu cudn szich khéng chi mang )7 nghia thuein tiny vé Tozin hQc H15. cbn
mang )7 nghia vé su lién iudng vdi tu' duy cuéc s5ng,ti1'nm 2003 tzic gizi dé suu tam v51

mua czic doan phim tu liéu dé tz_10 ra mét video clip dzii 60 phfit gidi thiéu vé cudn szich.
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2. V111 116 cua T0z'111 h1_)0 trong 0u60 s6ng

C6 11111 qu11n diém 0110 1101111 1161 1:111 11111111 Y6 11u1111 niém \"111 116 01111101111 h00 110ng C101 s6ng

X51 h61. M61 qu1111 diém s11y 16n T01111 1100 121 611g 11111 01111 0110 11g{11111 1111011 h60 6611 111110 d6ng n11211

11111 k11111 n16111 1116ng 111in11 06 ngh111 151 p11f1i g161 1011n. M61 qu1111 1116111 06 s11y 0110 0110 ng1111h kinh

16. 1211 c111n11. qu:'1n 111 k11111 110111111 11111 x0111 n11¢ 1111 116 01111 T011n 1100. V6 quzm diém c111u 11én

ch1111g 111 06 111é Lhéy $11" 1:10 l1f1u khi kl1611g 011p n11111 1h611g tin 1111111 bl kién 111110 11161. C110 n11f1

khoa h00 Howard Gardner, Thomas Amstrong C151 0h1 1'11 06 1111)’ 10311 h111h 1h6ng n11nh

n1i1 kha 11:'1ng 111611g n1111h 1'1? 111111 101111 0111 111 11161 11"0ng bay 10111 1111111 11Z1y. T111 nhién

1h6ng 1111nh v6 T01111 1100 1Z1 1031 hinh 1116ng 11111111 01111 1160 nén <16 06 1116 n€1111 11511 nh111111

0h6ng khi chuyén sung 0110 11nh 1110 k11110. .\lg11'6'1 g161 T01111 111 11g1r6‘1 06 kh1'1 néng suy

luén 10g10 161. 11nh 101111 0611 1hg"111 \1'i1 kién 111 suy 11g111kl11 gép 11nh hu611g kh6. n§111 vfrng

nhfrng k11111 1116111. 11g11)'611 1510 111111 1116'11g 0611311 dé 06 1116 1111 d1111g 0h1111g v110 11hf1'ng bili

1011n 011 111é. N11C1'11g d1'1'0 1111h 116 111 11611 16 0110 \11{:0 111111111 0611g 110ng 11161 11nh 1110 0611

dén du 60 11111‘ 0110 11nh v1_1'0 11g116 111ué11'7). V6 11111111 1116111 X0111 11h¢ \'11i 116 01111 T01'1n h00

cimg b60 16 s1_111ép 0311 111111110 11161 0110h 1161 h6"1 n111ng néng 15111 11611 11611 d1111g kiéu 1111

én 116n. T011n 1160 kh6ng chi 111611 1115211 ph6 111611 v61 0110 phép 1011n $6 h00 11011g 0110 g1110

dich. bu6n bzin 111611g 111u'6'11g 11151 116 1u6n in hién \’6'i v111 116 06ng 011 k116ng 0111 110ng

0110 ngimh k11011 hc_>c 11h11\/.611 1;". T111611 vain. C611g nghé 1h611g 11n. H611 h00. S111h h0c mi1

c6n 611160 1'1"11g d1_1ng 1611g 1511 11"0ng 0110 ng£111h Y 1100. Kinh 16. T111 0h111h. Ngim 111mg v11

021 ngimh Lué11 phzip... D6 06 thé p11611g 61160 0110 1£1u \*f1 1111 Apolo \'i1 lép ghép 0h1111g

trong k11611g gian 1h1 pl11'11 06 $11‘ d611g g6p 01111 p11u'0ng 1111111 vi p11f111. 6130 1151111 riéng. 111nl1

1191 vi phn. 1y 111uy61 biéu 111511. 111111 S6 101111 111.... 11011; \/$1 1y 11111 111511 1111. Bé 113 111é 11110 1161

n1u11 111111 qua 1111e1nc1 11151 k116ng sq’ b1 116111 cép 1111 k110a11 1h1 p11z'1i 050 dén 1'111g dung 01111 1)‘

1,3

(-4

thuyét mi 116:1 1h6ng 1111 \'01 11111111g*1'111g d1_111g 01111 101111 161 1110. 1 hu)/61 1'11 hinh 1100 dai $6.

C110 nhE1 k111h 16 1100 d11'6c g12'11 Nobel g1111 1111}-' déu 06 11611 qu11n dén 1116n k1n11 16 1uc_111g v61 $11

d6ng g6p quan 11611g 01111 0110 1116 111n11 10:10 1100. 1\‘11f111g diéu 11611 n161 ng11'6'1 06 1116 nghc d1“1u 116

<15 C16 cép 6611 n1111ng 01111ng 111 0111111 11111) 1161 \'111 116 611 01111 T01111 1100 11"0ng 111' duy logic 11p dung

cho 0110 v11n <16 XZ11161. N111111 1151)" 161 x111 ké 11111 01111 011uy<f:-11 \'11i v6 111‘ duy 10g1c. Chuyén

1h1'1‘ nh61 151 11“1n 161 d11'60 n10'i 111m g111m k11110 0h0 cu6c 1h1 1111' sinh 1h1111h 110h 01111 m61

1ru'6'ng C1511 h6c 1:11 H21 N61. O p111111 1111 1'1'11g x11" 161 0611511 1116101111 h010h0 111611111's1nh v61

n61 dung: "Theo em Jiéu kién c(1n J15 mgit ngzriri Jdn ring l('1y dzrgc mgit ngzriri vgr tré Id

gi?". R211 nhzlnh 0116ng 1111' sinh C151 1111 161 v61 nhiéu 111611 kién: "11gzr0'i,d&rz éng J6 phdi

tdi gidi, 06 hgc vj, dja v_i, c6 nhd, tili sdn, 06 sz1'c khcie... " Khi 116 161 n61 dy 111 0f1u h0i

logic @1111-1<11o11g 111111 11111111111111 1111-‘:11 1>1é1>111 11131. 1>1é11 111311 011n 1111115511 111311 011ung 1111511

dé c1"1u 1hf111h nén 11161 s1_1" \‘1f11 111611 111'6'ng 11510 d6 11151 11611 11160 b6 111 1h1 kh6ng 1hé 1510 1'11

d11'0c s11v:§11 hién 111'0'ng 11Z1y nfra. Em dun 111 1 10:11 0110 diéu k16n'11h11'11g 616 kh6ng ph1'1i 111

diéu kién b110 qu1110hung nh211 vi W111 06 1116 1 ng11'6'1 1111 xc 6111 kh6ng 06 1511 sém. C1111 v1.

1100 v1 n11‘1 v1.11 06 1'6‘ 111 0110 1161) vién 11'é_ d¢p. Q dily diéu kién 0611 66 1 ngu'6'1 dim 6ng

16y d11'o'c 06 vg’ tré 1211 don gian "0ng r'1y phrii gid dd!" 1301 vi néu m('1t tlzugic tinh gid

1111 kh6ng 111124 C6 1111111 111{:111l('1y an-qc vq n-1; 1111-Q-Q! 15111111611 dy 1111 1:1 aiéu 1111311 0110 ma

k116ng phC11 121 111é11 kién 1111 1-1 111111 1é @110 1h1"1y néu 1111 06 11161 11111131 111111 "gm" 11161 1111

111111116 15y 61100 v6'0111'1' ch11'11 1161 dén 151)’ d11'0‘0 v0'11'6! 11111)’ 111611 v0ng 11z'1n1 1111111 06 don)



" 1111

Cz'1u chuy1§11 1h1'1' hz11 111 11161 Q6 hz_:1n gzii 15111 11gi1_\J gap 1:11 11161 161 dén nh Q11 11‘11'u cimg gia

dinh. Khi 116 161 1161: "f)u'()'c r5i nlurng 111.514 Irrii m1ra<tl1i an/1 khéng dén (7611 nhé."'.

Lén gép 1211 c6 51y 1151 1111011 161 151: "M11! Ijclz sgr” \1 h6m 116 11111 11‘011g xzmh. néng diu

dimg mil anh (151 $111 h<;11 kh6r1g dén v21 cng kl1611g g61 di-$11 1Z1m 021 111151 ch6' 00111 mi.

T61 c11‘6‘1 v21 dzip 1311: Anh dflu Q6 $111 h¢11. khi 115 1161: "Néu 11'6'1 111u'u 1h1 anh kh6ng 11611"

kh6ng c6 ngh1a 151 ”Tr0'i n1111g cIu1c clufn anh sé 115111" n1Z1 chi 111'o‘ng d11'0'ng v6'1 cu:

"Khi anh dén thi triri ch(1c chzin klzéng mzra”.

Hai C5111 chuyén 11611 121 11161 11111111 ch1'1'11g1h1'1 v1 Y6 su' dung 1u' duy logic trong 11g6n ngfr.

1\/16'1"611g 1'11 néu chdng 111 phdi 111' \':1n s0.f111 111510 czic vén ban phzip 1uf11_ h1'_.1‘p d6ng k1nh_ 16

Cho czic 1161 1116 1h1 vui 116 cua 111' duy logic 111 1211 quun 11'Q11g. Chéng h2_111 1:1 bién thé cu

chuyén 111L'1'ha1 1l1£1nh 11161 diéu kién trong hqp d611g giao 1111z_“1n himg 11hef1p khéu gifra hai

bén : "N614 trdi mlra thi bén A kluing giao Izdrzg tgzi chn cling trinh cho bén B", nhu

véy khi 1161 nng bén A \'6n c6 thé giao nhzin 11111 n161 ch6 khzic czich xa hing 1rf1m

k116mé1(12_1iC£1ng chng hz_1n) mi1 v6n kh6ng b15111 hqp d6ng!...

Hién nay 1:-_11 M)‘ vZ1cz1c nu‘6"c ph11'o"ng Tf1_v nghé 1uz_"11 s11" 151 nghébé 1hu nhép cao 11hé11 v51

mac d1l1 chng 111c6 _11h16u 11gu'6‘1 151111 G1110 $11‘ 131 czic 1ru'6'ng D111 h(_)c. \/ién nghién ctru

nhu'ng kh6ng C6 m61 211 11'6'1hf1nh 11161 111511 s11‘ 1161 liéng 1:11 c{1c nu'6'c n51y. B61 c6 16 diéu

1<1e11 @511 aé 1111 111111111 111511 111 g161 111 1111111 c6 11111151 1<111é11 T111111 11111 1:1 ng6n 11g11- 11111111;

nhC1'ng ngu‘611 V161 Nam c6 khei némg nZ1y déu di vi16 cc ngimh khoa hqc 111' nhién mZ1

quén CI1 m£11 ngimh Luét dy hép d§n. Trong nu"6"c cfmg vgiy ch1'1ng 111 cfmg cn r51 nhiéu

ng1r6‘1 c6 111' duy logic h0{11 d6ng Lrong czic 11nh v1rc X51 h61 dé kién toim czic vim bém

11111111 1111§111111:1¢ 111- 11511 @1111 @511 1161 1111- 11‘011g 111111-1 1111<é1 111111 d6ng 1<111111é 1111 1:111 1161 11¢

nu'6'c ng0i11 mZ11<h6ng 1:511 phai thué luél s11'11u‘6‘c ng0£11 111' vz‘1n...

Chng 161 vira néu ra vui 116 c1'1a Tozin hcpc du'6'1 nhiéu khfa canh khaic nhau v6'i ké-11u2§1n

— Toxin h<_>c déng vai 116 n611 tang 1hcn ch61 dé ph1 11"ién khoa hcgc 11rnh1én cfmg nh11' 121

$111 déy 11>g11~ 111-‘: 11é1 1161 @111; 15111 aé X 11131.

— Kh6ng nén vZ11<h611g1h§d611gnh211ch1c6 n16110z_1ih1nh11'1'1h6ng n11nh 121 Toain hcpc

— C6 1'51 nhiéu con du‘6‘ng 1'611g 11111 cho nhfrng ngu‘6'1 c6 111' duy Torin hqc. Nhtrng ngudi

xu:?11 sic 11115511 c6 thé lién phong di du 11'011g czic 11nh vuc szing 1210 c1121 cc chuyén ngimh

111 nhién. NhC1'ng ngu'1‘7i 116p sau 06 lhé s1'rd1_1ng 111 duy Toén h<_>c vo czié ngimh nghé X5

h61 nh11': Y lé, K1nh16.TZ1i chfnh. Ngn himg. Xziy d11'11g. M61 11'1r6'ng... h Lu:§1.

<
53/

3
"Q

Q1

D

» 4, ». .

3. Vai trb c11a bét déng th1i'c 0' béjc hgc ph6 théng

B511 dang 111111 1111111 511111 1111e11 @1111 11111 111111 nguy 111 11111 4. 5 111711 Tiéu 11111; 11111 1111111 niém

so szinh phz“111 s6.@16'p 6151511 so szinh cdc lfly thira v6'1 $6 mE1 111 nh16n.O16p 7, 8151 so

$111111 1111 111é~11 111111 11111 $6 dang 1:111 11111-Q. 11112111 11111-1. 6 ldp 9, 10 11111 $11111 11111_1~1~ g1<'11 11115111

bit ding 1h1'1'c Csi (AM — GM)_ Buniakowski (CBS) (2 S6 1'61 dén n $6) C16 c6 lhém

c6ng c11 chL'1'11g n11nh 11:11 ding 1h1'1'c cho czic biéu 1h1'1'c ch1'ra cn. U 16'p 11. 12 czic cm

dLl'QC lrang b1 lhém ph11'011g phaip ch1'1ng n11nh 11511 ding 1h1'1'c bing C1210 hflm. 11'ch phfm vii

GO

"2
Q)\

Q

c£'1c phu'o'11g phdp 1hz1n1 khaoz Tam 1h1'1'c béc haiz H111h hqc. \/cc10 v51 Lu'6'n
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Nhin ldng quail trong <:hu'o'ng trinh Tmin phé Ihéng lu Q6 thé n<'>i bait déing thtrc

déng vui trb rt quan Lrbng trong viéc phiu trién Lu duy Tozin hQC néi riéng vii phzit trién

Lu‘ duy logic néi chung. Bgin d<_>c C6 lhé dbng czim \‘c'>'i nhgin dinh niiy khi di dqc qua hon

1000 trang trong cuén szich F121)". .\/[Z10 clii c6 thé néi dy 1?: min cuén szich viét rt céng

pbu vii chi liél giéi lhiéu czic phu‘o'ng phiip déc séc nhzil chirng minh bail dzing thL'1'<: dai

56. nhirng néi chung Lrir czic hQc sinh giéi qubc giu. quéc lé lhi nhfrng ban dbc cbn Iai

vain gafip khé khén khi giai czic bzil ding thfrc khéng tfim thuimg cé trong szich hozfac nzim

ngoiii szich. Sir hip din Qua bit ding thi'rc chfnh 151 tfnh da dang khéng Iép Iai ném trong

tu tudng cua nhtrng ngubi dafat ra czic dé tozin indi. Tail nhién néu chimg ta dimg czic céng

cu mginh du‘Q‘c gidi lhiéu Lrong saich nhu: 11/Iuirhead,D(10 hdm, SOS, ABC, A/IV, EV,

RCF, LCF, GLA, 0/ac... mi hiiu nhu' mqi ban aéu cé thé giéii du'c_>‘c. G day chng téi

muén nhin mgmh dén tfnh hsip din cuzi bait ding lhtrc cbn duoc hiéu khéng chi vé dc}

khé mil cbn duqc nhin nhén thco khiL1CaI]h su‘ dung céng cu ban ché dé chirng minh. D0

cé rit nhiéu céng on khiic nhau dé chtrng minh bail déng ihtrc nén dbi hOi ngubi giéi

phéli nhzfm dién chfnh xzic dzfic diém réi ttr dc’) lira chbn cbng on cho phii hqp. Bail ding

thlI1'C 1

ml

3

in linh \'L_1'C khé nhung czii khé khbng nm G gzinh nzflng vé 1u'c_mg kién thtrc mil

G yéu cu vé éc quan linh cam tinh lé vii sL'rc szing Lao déi diio cua ngirbi giai.

4. Y nghia ciia viéc {mg dgng tu" duy bait ding thiic vim cu()c séng

Trong cuén szich niy ngoiii viéc giéi thiéu min czich d§1ydunhErng vién kim cuong trong

bit ding thrc thi diéu tzic gia tém déc nhiit 151: "K3" tlzugit clzgn Jiéin r0'i" viii tfnh triét

hqc duqc thé hién trong cu chuyén vé bi» phim "TéIzéran 43" di C1’u'o'c giéri thiéu 6

phan mt? déu cubn szich. Tuy nhién dii ban CI<_>c cc’) Lhé linh héi dy dti czic phuong phzip

aé 06 mé giéi quyét m(_)i bin béi dang um im vén chi 151 mét két qua khiém iém (khén

U0

khéc gi mét ngubi ch0'i gioi cb vua) néu czic ban khéng vain dung du'Qc clnh hirc'>'ng ciia

"Ki thugit chgm diém r0’i" sung céic linh vgrc du baio. dzinh gizi hay so szinh nhfrng su vét

hién tu'c_mg dién ra trong din séwng. Bcii vi Brit ding thi'1"c tozin hqc 151 so sénh tinh cbn

dzinh gizi sir bién déi lrong cuéc séng 121 so snh déng vii: "Tr0ng mqiz I/16' gi(}”i vqin déng

viz bién Jéi, con ngzrdi win n/14?/1 1/1121' (TZl’(7‘(‘ nliz?/ig gi dz? .\‘(i_\" ra /10430 dang .\'zi_\" ra nlzzrng

111611 ggip klui k/Min k/11' dcin/1 gici vé n/1z7'ng gi .v€ ¢7é'1i.1\’gzr0'1' Ia Ircin Iro“ i'(3'1' n/217mg bzit

dng th12'c tzrmzg Iai klzi p/mi Jim ru n/zz7'ng ¢/11v\~é'r Jjn/1 <2/w cug3c d'0’i minh viz cé l</11' c/10

vgin ménh czia cii m_6t ddn tg7c. N111?/ig ngu ¢71r<§'ng mo‘ ru Irzriii" mail. ngu dirring 11510 dcin

Jén tlzimh céng, nga J1/'<)‘ng 11210 sé gdp rhdr /2411'. C111 k/11' I/101' giun qua Ji con rzgznii /n<}'1'

hiéu ¢2’zrQ'c Ifn/1 Jlilig, sai czm (111)?! Jjn/1 {rung quzi k/12?. Chflng la 06 thé léiy thém

nhrng vi dn dién hinh minh hcpa cho vzin dé du bzio dé chqm diém ro‘i trong cuéc séng.

— Ngily xua czic gia dinh vii czic lhiéu nfr thén qué luén khzit khao duqc Vua tuyén 151m

cung phi, nhung hQ du ngr ring do vua cé himg trm cung lain my nC1' nén méri (:6 cu

néiz "cugic d(}‘i czia ngznii cung phi chi Id cdi may mdn dfin dén nié‘/n 06 dml té tcii!”

— Khéng ai cc’) thé ngb’ ring. sir m0‘ du hén 15 huy hoiing cua Céng nirorne Diana véi
5.4

Théi tti Vucmg quéc Anh Charles lz_1i dn dén m<’_>t két cuc dziy bi tham.
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— Ngity 7/1 1/1917 Chtl nghia .\/1;ic—L<":nin dfi dot phzi thimh cong vo'i czich mgng Nga. mo
toang czinh Qua con dtrong tién thing lén Chu nghizi hoi cho nu'('Yc Nga vii nhiéu din
t{>c khzic trén thé gio'i.Nftm 199]. Mikhail Gorbachov v('>‘i chfnh szich czii to d nhzin
chim con du'o'ng tiéh lcn Chti nghiu xi hoi ctla nu'o'c Nga vii mo‘ dziu cho su sup aé hé
thong czic nu‘o"c xi hoi chn nghia o Dong Au. Nu'o'c Nga @151 méit 74 ném di theo con
duong cua chu nghia xi hoi vii gio dziy ho d quay vé con duong phét trién ctla chu
nghia tu" bétn...

— Sau theit bai nzjng né trong Dai chién thé gidi lain tht'r II, gioi lénh ciao Nhét chia liuh 2
phc thco 2 duong 161 xy dung dzit nu‘c'>'c. Mot duong 161 dzin vi do thzim hoa chién tranh
viz bom nguyén tti" dé xy dtrng czic nh n1£1yo't1'ong mii cho an toZ1n(thoi gian xy dung
5 — 7 nm). Mot duimg loi khzic tfnh dén chu ky xziy ru chién tranh dé thuyét phuc xéy
dung nhunh czic nhfl mziy tqi cc thnh pho vcn bién nhm giam chi phf xuzit nhép khziu
tgto gia toc ting truong dot phi (thoi gian xity dung I — 2 nrim). Nhgit Hofmg d szing
suél chon phuong in hai \/"Z1 thuc tién d chtrng minh quyét dinh niiy dng khi chi sau
15 nm nu'c'rc Nhét CI21 \’u'on lén trO' thimh ctidng quoc tht'1' hai trén thé gioi vé kinh té.

V, , -
5. S0 sénh gla tri siin phm dé suy ngm trong nén kinh té tri thc
Viét Nam dL'1'ng mu hai mé giéi vé Xuét khéiu gao Va cix phé. dirng mu nhét vé Xuét khéu
hat tiéu vii hat diéu nhung GDP ctia Viét Nam xép hang 123 trén thé giéi. Nhung thong
diép mil nhit bzio Thomas Friendmmz cua to‘ bzio New York Times muon du'a ra 151 khzii
niém dimg trong 1t1'o'ng v51 gizi tri ctia San phm aé so sinh trinh do Quoc gia. Hiiy xcm
mot v1’ dtlz dé thu du'Q'c 500 USD. nguoi ta co thé him gt?

—T2§p doim Than vii Khozing szin \/iét Nam bzin 5 trill than dd.
—N6ng din O‘ Dong bng séng Ct'1'u Long bzin 2 tiin ggm.

—Trung Quoc bzin chiéc xe gain mziy trong lu'c_>'ng 100kg.
—HZ1ng Sony bzin chiéc tivi trong luong 10kg.
—I-ling Nokia bzin chiéc dién tho2_1i_trong luong 0,Ikg.
-Hing Intel bzin con chip my tfnht1"<_)ng1u'o'ng 0,0Ikg.
—Hang Microsoft bém mot phn mém trong luong 0kg.

Con réit nhiéu nhirng sém phzim co gizi tri cao nhu'ng trong luong chi 151 Okg nhu czic
pht minh szing ché hay gift tri thuong hiéu_.. Hilm luong tri thirc cimg cao, trong luqng
sén phaini cimg nhc. D0 hrong xut khiiu being lain hilng d tro nén v6 nghia. Giai tri sétn
phzim duoc do bng hilm luqng chit xaim vii gizi tri kinh té chit" khéng phzii bfmg trong
luqng. Quan trong hon nfra. do lit buo nhiéu gizi tri gia témg vii bao nhiéu lqi nhuén.
Két luiinz X51 hoi 151 mot gié tri tong hoz1_ str phzit trién ctiu czic czi nhn hay ctia czic
ngnh nghé déu phéi hu'o"ng dén muc dich phuc vtt sir phét trién ctia xii h<}i. Trong su
bién doi vein dong muén mflu cua xi hoi. Toén hoc luonidéng vai tro nén tang then chot
dé phzit trién khoa hoc ttr nhién cng nhu' l soi dy logic dé két noi czic vzin dé X51 hoi.
Rén luyén tu' duy bait ding thtrc cfing lit rén luyén tu‘ duy tozin hoc vii lit nhfrng budc di
deiu tién nhtmg rzit quan trong déi voi moi hoc sinh trong viéc chu§1n bi hitnh trang ttr
duy aé btréc V210 nén kinh té m mu-C.

H51 N61] ngizy 0] Ihcing 01 ncim 2009
Trfirz Phzrmzg
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. PHU LUC
1. THONG KE TAC GL5. CAO CHUYEN Bf: VA BA1 VIET

CHU’O’NG I: NHEFNG VIEN KIM CU’O’NG CUA BAT D§NG THU’C CC) DIEN

§1. Bit ding thtrc AM — GM vi cic k7 thuit chqn diéim rdi T1-n Phmmg

§2. Bit ding thl'fc Cauchy — BunhiaC6pski — Schwarz Tr‘in Phu’dng vi

vi k7 thuit chgn diim rdi V6 Quic Bi Cin

§3. Bit ding thL'|’c Holder vi k? thuat chqn diém rdi Tr'an Phu’dng vi
V6 Qu6'c Bi Cin

§4. Bit ding thirc Minkowski vi k7 thuit sir dung Tr‘in Phu’dng

§5. Bit ding thirc Chebyshev vi kv thuat sir dung Tran Phu’dng

CHU’O’NG ll. NHU’NG VIEN KIM CU’O’NG CUA BAT DANG THU’C CAN DAI

r

~ ~ ~ i

§6. Bit ding thfrc hoén vi vi ky thuat sir dung Tran Phtrdng

§7. Bit ding thL'|'c Schur vi k7 thuit sir dgng Tr'in Phlfdng vi
Lé Trung Kién

a

§8. Dinh Iv Muirhead vi bit ding thirc d6'i xL'|’ng Tr"in Phu‘dng vi
‘ Hoing Trgng Hfén

cnuowe m. NHUNG VIEN KIM cuoue cup. PHU’O’NG PHAP GIAI TiCH

§9. Dinh Iv Fermat vi (mg dung trong bit ding thirc Tr'in Phu’dng

§10. Dinh Iv Lagrange vi cic nlrng dung trong bit ding thirc Tr‘in Phlrdng

§11. Bit ding thirc Bernoulli vi cic (mg dung Tr'in Phmrdng

§12. Bit ding thlfrc Jensen vi k? thuit sir dung Tr'in Phu’dng

§13. Bit ding thirc Karamata vi k7 thuit sir dgng Tr‘in Phu’dng

§14. Bit ding thirc vdi cic him $6 [ii bén phii vi |6m bén trii Vasile Cirtoaje

§1S. Bit ding thl'1’c Popoviciu Vasile Cirtoaje

§16. Bit ding thL'rc trong tich phin Riman Tr‘in Phu’dng

.
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CHU’O’NG IV. NHUNG vuéw KIM cuows CUA BAT DANG THU’C HIEN DA!

I

I

§17. Phu’o’ng phép phén tich t6ng binh phu’dng (SOS) r‘én Tué'n Anh

2‘: Trén Phu’dng

<-1

!

§18. Phu’dng phép d‘6n bié'n (MV) Phan Thénh Viét via

' Lé Trung Kién

§19. Phu'dng phép ABC Nguyén Anh Cu’6ng

§20. Phu’o’ng phép hinh hqc héa dz;1is6’(GLA) Bili Viét Anh

§21. Phlfdng phép EV Vasile Cirtoaje

§22. Phu’o’ng phép chia d€ tri (DAC) Phan Thénh Viét

cuuowcs v. MOT so SANG TAO vr: BAT DANG THU’C

§23.1.Vé mét déy bt d§ng thfrc béc ba vi! irng dung Cao Minh Quang

§23.2. D61 bié'n s6 d€ sémg tgo vé chfrng minh bit ding thirc Phah Thénh Viét

§23.3. Phu‘dng phép dénh gié hém s6' t:;1i bién Trén Phu’dng

Pham Vén Thuén

§23.4. Phu’dng phép tié'p tuyén chL'rng minh b5't ding thl'rc Lé Phi H\‘m9

§23.5. Phu’dng phép hé s6' bé't dinh V6 Qu6'c Bé C5n

§23.6. Céc phép bié'n d6i theo céc d6 déi trong tam giéc Tr“5n Phu’dng

§23.7. Dénh gié céc hé s6'ci1a da thL'rc b5ng dinh IY Viéte Trn Phu’dng

§23.8. Bt ding thirc kh6ng thu“5n nhiit Nguyén Qu6'c Hu’ng Nguyén

§23.9. Phu’dng phép SS Bach Nggc Thénh C6ng

§23.10. Céc tfing d6'i xirng vé bé't ding th\3’c hoén vi l Bach Nggc Thénh C6ng

§24.1. Céc béi toén c6 nhféu ldi giéi Tr‘én Phu’dng

§24.2. Vé mt bt déng thirc thi toén qu6'c té' Trénihddng

§24.3. Cu chuyén v'é béit déng thirc Nesbitt - Shapiro Tr‘én Phu’dng

§24.4. Bé't d§ng thL'|’c Jack Garfunkel vé mf>t s6' md rcfang Lé H’u Dfén Khué

§24.s. Céc bat aéng thirc c6 mi giéi hay Tr'5n Phlfdng

cuuowe vn. mus KET 1,5,1 phqdng
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II. THONG KE TEN TAC GIA CA1: BA1 TOAN THAM KHAO
(khfmg théng ké céc biai tozin cua téc giéi Trn Ph1r0’ng)

Chzi thich kl’ hiéu cdc b_&i todn: 21.9: B211 tozin 9 CL121 §21: 7.2.17: B511 tozin 17 cila §7.2;

1.11.3: B511 tozin 3 cila muc 11 §1: 1.2.1I1.4: B211 tozin 4 cua muc 111 §1.2

CHUUNG 1. NHUNG v113:N KIM CU'O'NG CUA BAT DANG THUC cc‘) DIEN

Du'0'ng Dlic Lm: 1.V.8. 1.V.9. 1.V1.7, 1.\/1.8, 1.V11.12, 1.\/111.7, 1.XI.lO, 1.X11.9.

1.X\/.4, 1.XV1.22, 1.X\/1.24, 1.X\/1.27. 1.XV1.32. 1.XV1.34, 1.X\/1.36, 1.XV1.38,

1.X\/1.42. 1.X\/1.46. 1.XV1.52. 1.X\/1.53, 1.X\/1.54, 1.X\/1.56. 1.XV1.59, 1.XV1.61,

1.XV1.65. 2.2.4, 2.3.1.6. 2.3.1.9. 2.3.111.15. 23111.16, 2.3.111.23. 23111.25, 2.1V.36.

2.1V.38. 2.1\/.40. 2.1\/.41. 2.1\/.44. 2.1V.45. 2.1\/.50: 3.2.1.13. 3.2.1V.9. 3.2.1V.11,

3.2.1V.14, 3.2.1V.15. 3.2.1\/.17. 3.2.1V.19. 3.2.1V.23. 3.2.1V.3O: 5.1.16.

Trn Quéc LUQTI 1.\/1.7. 1.V1.9. 1.V1.11, 1.X.3, 1.X.14. 1.X\/1.40. 1.XV1.41, 3.2.1V.16.

V6 Quéc Bé cén. 1.x\/1.25, 2.2.16, 2.3.1112. 2.3.1115, 2.3.1116. 22111.20, 2.1\/.32.

. 2.1\/.39, 3.2.11.9, 3.2.1\/.18.

Phz_1m Kim Himg: 1.\/11.14, 1.X1.7: 2.2.7. 2.3.1118, 2.1\/.47: 3.2.1.11, 3.2.11.6, 5.1.17.

Vasile Cirtoajet 1.\/111.9, 1.1X.1O, 1.X\/1.30. 1.XV1.48; 2.2.8. 2.2.19, 2.1\/.48; 3.2.11.2,

3.2.1V.25: 5.1.9. 5.1.19. 5.1.22.

Darij Grinberg: 1.1\/.6, l.1X.5; 2.2.13. 23111.24, 23111.26, 5.1.20.

Michael Rozenbergz 2.1\/.46; 3.2.1V.20, 3.2.1V.21.

Phan Thnh Nam: 1.XV.7, 1.XV1.23; 2.2.15, 2.3.111.9.

Phan Thénh Viét: 1.X11.13: 3.2.11.1,3.2.11.4.Tr§1n Tuz‘1n Anh: 1.1.11. 1.\/.2, 1.X11.l2.

Trz‘in Nam Dfmg: 1.1X.4, 1.X\/1.26.: Phz_1m Him Dire: 1.XV.3; 2.2.17, 23111.18

Phgm Vin Thuzfm: 1.X\/.8. 1.XV1.33.: Mircea Lascu: 1.\/1.4; Lé Trung Kién:1.1X.9

Ph:;1mTh£mh Tin: 1.X.9: Gabriel Dospinesscu: 1.XV1.43.;Naye1: 1.XV1.6O.

B2_1ch Nggc Thnh C6ng: 1.XV1.57 1 Samin Riasa: 2.2.18 : Jack Garfunkel: 2.3.111.1

Nguyén Viét Anh: 2.3.1114; Nguyén Anh Tu§n: 23111.17; V Dinh Qu§'1: 2.3.111.21,

Nguyén Vin Thgch: 2.1V.37; 3.2.1V.29 ; Harazi: 2.1\/.42 ; Fedor Petrovz 2.I\/.43.

Sung Yoon Kim: 2.1V.49 1 Hojoo Lee: 3.2.1.12 ;A1exeyG1adkich: 3.2.1.15.

Triplethz 3.2.11.3 ; Parkdoosungz 3.2.11.5 1 Lé Him Dién Khué: 3.2.11.8
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c11u'0'1~1c 11. NHUNG VIEN KIM cu'0'1\=c cm 13A'1"1)/we THUC c,§.1\1 1)/51

Vasile Cirtoajez 7.2.2, 7.2.10. 7.2.11. 7.2.12. 7.2.20. 7.2.21. 7.3.1114. 73111.18, 7.3.1\/.35.
7.3.Iv.37, 7.3.1\/.39.

Dmmg 1)11»¢ Lm: 7.2.17. 7.3.1113. 7.3.1116, 7.3.1v.23. 7.3.1v.26. 7.3.1v.2s. 7.3.1\/.30.

Phgm Kim Hilng: 7.2.13. 7.3.1115. 7.3.1116. 7.3.1119. 7.3.1\/.24. 7.3.1\/.25.

Ph2_1m Hfru D110: 7.2.5, 7.2.15. 7.3.111.17. 7.3.1\/.23.
, ..

V6 Quc Bé Cn: 7.2.6, 7.2.14, 7.2.19, 7.3.1118.

Nguyén Thlic V Hoiang: 7.3.111.2, 7.3.111.7, 7.3.111.11.

Phgm Sinh Tn: 7.3.111.1O, 73111.15, 7.3.111.19.

Ji Chen: 7.2.4 ; Walther Janousz 7.2.7 1 Hojoo Lee: 7.2.8. 7.2.9.

Nguyén Anh Tuiin: 73111.16 ; Darij Grinberg: 7.3.1v.27.

CHU'0'NG 111.1\111U'1\1c v11E1\1 KIM CUONG cm PHUUNG PHAP c1A1Tic11

Vasile Cirtoaje: 14.2.1, 14.2.2, 14.2.3, 14.2.4. 14.2.5. 14.2.10, 14.2.12, 14.2.14, 14.2.16,
14.2.19, 14.2.21, 14.2.26. 14.2.28, 14.2.31. 15.5. 15.9.

Jack Garfunkel: 9.2.v1.5 ;Tr£1n Nam Dng: 10.2.v1.2;
1

Phgm Kim Himg: 10.2.\/11.9, 14.2.29.

Marian Tetiva: 14.2.27 : Bin Zhao: 15.2; Gabriel Dospinescu: 15.7.

CHUUNG IV. NHUNG VIEN KIM CUUNG CUA BAT BANG T111'1'c HIEN 041

H0j00 Lee: 17.111.3, 17.111.23, 18.4.2, 19.111.4, 20.V.26,

Ph2_1m Kim Himg: 17.111.5. 17.1116. 17.1V.5. 17.1V.25;.18.3.3, 18.4.6, 18.5.7, 18.7.4,
18.11.2,18.X111.6. 18.X111.20, 18.X111.29, 18.X1I1.30, 18.X111.42, 19.V.9, 20.V.13,
20.V11.4.5, 20.V11.4.lO, 2O.\/11.4.19. 20.V111.4. 2O.V111.6. 20.V111.11, 21.11, 21.12,
21.34, 22.1V.1. 22.V.4. 22.V1.1. 22.\/111.8,

Vasile Cirtoaje: 17.111.9, 17.111.15, 17.111.16, 17.1I1.20, 17.111.24, 17.1V.14; 18.2.4.
18.X111.l2, 18.X111.15, 19.11.15, 19.111.1, 19.111.19, 19.1V.6, 19.1V.7, 19.1V.9, 19.1V.10,
19.1V.6, 19.1V.8, 19.1V.9, 19.1V.13. 19.V.6. 19.V.12, 19.V.13, 19.V.14, 19.V1.9.
2O.V11.4, 20.V11.4.3, 20.V11.4.7..20.V11.4.13. 2O.V111.9, 20.V111.10; 21.1, 21.3, 21.6.
21.9, 21.10, 21.11. 21.14, 21.15. 21.17, 21.18, 21.20, 21.21. 21.23, 21.24, 21.25, 21.26,
21.27, 21.28, 21.29, 21.31, 21.33, 21.34,

V6 Qufic Bé C§1n:

17.I11.12, 18.2.9, 18.X111.34, 18.X11I.35, 19.111.7, 19.111.8, 19.V1.18, 19.V1.29,
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Nguyéh Vim Thach: 17.1111

Q.)

\1
L_.

._.

_..

.11. 19.v1.1s.Tr£"1h Quéc 1.111111; 17.1\/.12.

Du'0’ng Dire Lam: 17.111.17. 17.1\/.3. 17.1\/.4. 17.1\’.5. 17.1\/.8. 17.1\/.9. 17.1\/.13.

17.1\/.15. 17.1\/.17. 17.1V_18. 17.1V.22. 17.1\/.23. 17.1\/.2‘-1: 18.X111.25. 18.X111.26.

18.X111.31. 18.X111.32. 18.X111.37. 18.X11l.48. 18.X111.49. 19.11.10. 19.1\/.11. 19.1\/.12.

19.1V.13. 19.V1.19. 19.\/1.25. 19.\/1.27. 19.\/1.28. 19.\/1.30. 20.\/.31. 20.\/111.5.

Lé Trung Kién: 17.111.22. 18.2.9. 18.-1.3. 18.7.1. 18.7.2. 18.10.5. 18.10.8. 18.10.12.

18.10.13.18.10.14. 18.X111.16.18.X111.18.18.X111.22. 18.X111.33.

Phz_1m Hfru D110: 17.111.21. 17.1\/.20. 17.1\/.21: DarijGrinberg:17.1V.2. 19.11.9. 20.V11.4.9

Michael Rozenbergz 17.1V. 16. 21.16: Tran Nam Ding: 18.2.7. 19.1V.5. 21.32. 22.V.3.

Nguyén Anh Cuimg: 17.1\/.19; 19.111. 19.114. 19.116. 19.11.13. 19.11.16. 19.11.17.

19.111.17. 19.1V.2. 19.V.1. 19.\/.2. 19.V.3. 19.\/.8. 19.V1.5. 19.V1.7. 19.V1.8. 19.\/1.13.

19.\/1.16. 19.\/1.17. 19.V1.20. 19.\/1.21. 19.\/1.23. 19.\/1.24. 20.\/1.9. 22.V.2,

Phan Thanh Nam: 18.2.5.18.2.6. 18.4.5. 18.5.3. 18.6.5. 18.11.1. 18.12.4. 18.1.3.1.

18.X111.13. 18.X111.41. 18.X111.1-14. 18.X111.-15: 21.5. 22.V.3. 22.\/111.2.

Phan Thanh Viét: 18.3.4. 18.12.3. 18.X111.17_ 18.X111.38. 18.X111.52. 18.X111.55.

18.X111.56. 18.X111.58. 22.1\/.2. 22.1V.3. 22.V1.2. 22.\/1.4. 22.V111.1. 22.V111.3.

22.\/111.4. 22.V11l.6. 22.V111.7. 22.V111.9. 22.V111. 10.

Bili Viét Anh: 19.1115; 20.V.10. 20.V.11. 20.V.12. 20.\/.13. 20.\/.14. 20.\/.15. 20.V.16.

20.\/.17, 20.\/.18. 20.\/.19. 20.V.20. 20.\/.21. 20.V.22. 20.\/.23. 20.V.24. 20.\/.27.

20.V.28, 20.\/.29. 20.V.30. 20.V.31, 20.V.32. 20.\/.33. 2O.V1.6, 20.V1.7. 20.V1.8,

20.V11.3. 2O.V111.7.

Jackgarfukel: 18.4.4. 18.X111.39. 18.X111.40 1 Nguyén Minh 1-)1'1'c: 18.5.1.

D510 Hiii Long: 18.10.1;1)inh Nggc An: 18.12.21 Murray Klamkin:~18.X111.7.

Trim H1")Thz_1nh Phil: 18.x111.57. lVllrC€€1L2lSCllZ 1<).2.11.20.\/11.4.2.

Nguyén Viét Anh: 19111.19; Pham Sinh Tan: 19.11120; Nguyén Anh Tuanz 19.111.22.

Gabriel Dospinescu: 19.V.7. 21.19; Bodanz 19.V1.1;Vf1 Dinh Qu§/: 19.V1.10. 20.\/.4.

Nguyén Duy Khanh: 20.\/.8. 20.\/.9: W.1.Gridas0v: 20.\/1.1: Marian Tetiva: 20.V11.4.2.

Faruk Zejnulahi: 2O.\/11.4.8; Walther Janous: 20.V11.4.18. 20.V111.9. 21.14,

Janos Suranyi: 21.22; Nguyén Truimg Thgz 22.V.1,

"C2§u bé quimg khan 616": 22.\/1.3. 22.V111.5.

CHU'O'NG v. MQT s0 SANG TAO viz BAT DANG T111'1'c.

Nguyén Thc V Hoangz 23.5.1.1. 23.5.1.4. 23.5.1\/.2.
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DANH Muc TA] LIEU THAM KHAO

www.mathlinl\'s.ro wvvvv.kalva.demon.co.uk

wwvv.diendantoanhoc.net vvvvvv.mathnfriend.org

C.H. I-Iardy. J.E. Littlewood. G.Polya — Inequalities. Cambridge University press (I952)

D.S. Mitrinovic. J.E. Pecaric. A.M. Fink ~ Classic and New Inequalities in Analysis.

Kluwer academic publishers.

Titu Andresscu. \/asile Cirtoaje. Gabriel Dospinesu. Micea Lascu

Old and New Inequality, Gil publishing house

Vasile Cirtoaje — Algebraic inequalities. Gil publishing house 2006

Titu Andresscu. ZumingFeng — Mathematical Olympiads 1998 — 2002

Problem and Giai from Around the world.

Titu Andresscu and Ravvzvan Gelca — Putnam and Beyond. Springer (2007)

J. Michael Steele — The Cauchy-Schvvarz Master Class. Mathematical association of
America. Cambridge University press (2004)

Thomas I. Mildorf — Olympiad Inequalities (2006)

IMO Shortlist. 1990 — 2007

Kiran S. Kedlaya. Bjom Poonen. Ravi Vakil - The William Lowell Putnam

Mathematical Competition 1985 — 2000: Problems. Giais and Commentary.

Crux Mathematicorum & Mathematical Mayhem (Canada. l995—2005)

Kvant Magazine (Russia, 1990 — 2002)

Gazeta Matematica (Romania. 1996 — 2004)

Komal Mathematical Magazine (Hungary. I996 - 2000)

Mathematical Retletions (4/2006)

Hojoo Lee — Topics in Inequalities (2005)

Tap chi Toan hoc vii Tu0i tre (Viét Nam. 1990 — 2008)

Tuyén tap cac bar toan Olympic 30 - 4 (1999 - 2005 )

Phan Huy Khéi - 500 Ban toan bat azing thuc - Nna xuat ban Ha N01 1994

Nguyen Van Mau — Bat dang thfrc. dinh ly va ap dung, Nha xuat ban Giao due 2006

Pham Kim Hung - Sang tao bat dang thuc. Nha xuat ban Tn mac 2006

- Pham van Thuan - Bat dang mu-C Suy man va kham pna, Nha xuat ban on QGHN 2007



IIZI
Cuoi cimg 121 mét hili hail cuu Tzic gia dimh lfmg chu ban dqc. Dy 151 mél trong sziu bili hail cua
tzic gia duqc szing Izic thco nguyén I_\" L6 hqp lrong 51m nhac vi1du'(_>'c VTV phzil séng trong mél $6
sgr kién I611. Bili hail du'Q'c ;\"zi11g uic H1351)‘ 29/7/2007 dé chilo mtrng IMO 48 dién ra Ihnh céng tél
dcp. Bixi hfu du'Q‘c léng duyél lflc 1lh()0 ngily 30/7/2007 vil dlrqc BTC chqn lilm bi hail chfnh
lhfrc Irong lé bé mac IMO 48. Nguy mu dé biii hail d du'(_>"c Yang lén \-‘ho khoanh khc cuéi cimg
lL'1c 18h201r0ng 15 bé mac IMO 48 du'Q'c VTVI 1TLl}’éI1 hinh Iruc tiép t2_1i TT H61 nghi Quéc gia.

FLAME OF IMO
Bzxlladcl J. nu)

Music : '|"R-\,\ Pm 0\(;
Word: Truong Dieu Linh
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