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hon 111o1 vén dong V1611 111111 xc_ 111111'11g 11131111 111 x61 \"€ 111111 q1111n 1ro11g 11111 \"o"1 cong \'i<§c quoc g111.
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b E11 101111 1611 dén 2000 béi. Céng phu 1111111 c0 1116 ké11é11 p11z1n 1r1'c11 g1c'>'1 thiéu 15 k_\" thuzjt s11‘ d1_111g

bét ding 111110 AM — GM (1ré11 léng $0 30 k_€' thuzfat), nhfrng szing 130 \'Z1c11c kinh ng111é111 C1111 ctic
téc gizi c11u'21 xu:11111én 131 11511 c1'1'11101cu6n szich ni10 k11a1c.

T1100 1161 110 szich 111 06 1115 nhgin 111§)' s1_1' sip xép 11111" 11_1'g1f1';1 caic c1111‘011g \'Z1 czic chuy

an
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1r011g c1111"011g 1211 111$-n c111'1'ng. Ch110ng I. c11u'011g I1. c1111'0'11g 1V d11'0c sz'1p xép 111c0 1111111 111" 11101

Q1111. Riéng c1111‘0'11g III 1510 giri k116ng 01111611 11100 11101 gizm 11151 dial tén 1hc0 dzflc diémz "N11f1'ng vién
K £111 cu0ng trong 1151 ding 1111'1"c gizii 11'c11" b0'1 v1 czic \'1é11 k1111 curing c6 mét 1r0ng chu'0'ng 0' C21 3
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151 ci: 11211 \'1é1 11110 Y3 11211 ding 1h1'rc. tiép 11160 121 czic 1151 115115; 1111'1'c ch011 10c Q0 101 giai téng hqp
C 11:1 n%:i§11p11u‘0ng p1151p. c1101 cimg 151 czic bi11 105111 111e'1c11 1h1'1‘c.
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K111 111n11 11111‘ 0110 11111 116. 1111 011 1111_\ 111111. 11g11'0'1 1161 111611 06 g11i \i10 0110 11111111 .\11011 11111111g

1161 1u‘o‘1 11161. 1\’12f11 1111110. 11160 1111 06 dung 111'1)'11g 1111 1611. 111111'11g s11 1111110 011161 1611 111160 1121111 111111. \'i1
1'1 1h6. 021 116 $11011g16ng1111u'11161011u}"611 \‘16n 01111111 1116 g16'i 11171111é11g1111'1'0 16111111 1'11 11111" 11111 \ 1.

2. M131 cring lri/1/1 tlzgrc nglziém v15plz11"0'ng pluip /1110 141p twin /1110

K111 1111111 1111)" 11161 111161 111'6'11g 16'n 0110 11)“ 11111111 0111'1'ng 11111111 1161 11211151 111110. 11g116‘i \'161 1' 111110

d1r0'0 ring 01111 p11a1 1111111 1160 0110 ng116‘i 1160 n1'1111 11511 111160 1111h 1111'1n 0111111g 01111 11111g 01111o'11g. 11111g

chuyén 116 \'21111'11g 1\'§ 1111161. M11 111111 11161 011111mg 111 161 116n 1}" 11111 01100110 01111)/611 <16 \'11 1111611 1:11 111

p112111 nhin n116n 111111h g111. so $111111 1'11 151111 1'6 11161 11611 116 g11‘111 1111f1'11g 1'1-6111 116 1151 111160 11111h 1111).

P1111n 1110“ dau 11161 01111_\'611 116 111 >711 1116 1a 1511 0111 1161 1'6 "vién kim cm/11g" 06 110ng 01111y6n

116. s11u 116 111 0110 11511 1611 1115111 11111111 11611 1'11 01161 01mg 111 0110 11111 [zip 11111111 0110 111111 1160 111 giai. K111

1111111 11Z1}' 0h110‘11g 1. 1110 gia 11111611 11111111 >11 1111611 011111 01111 111111 1100 110ng 11161 11113111 \'1 1611g 11‘-'11 11611

0f10h 1161 1116n 1111111 11100 quy 11161 01111 11111311 111110 “'I‘1‘r (I011 girin 17611 plz1?'1' tgrp" \i1 11111611 11511 101111

111160 11111h 1111)’ 11100 011011 116p 06111 111 n11i611 “Bi 111' 0111' sai 1717'/1 czii g11n tiling. 1'61 mri’i 1711/1 0111'

ling”. C111h6 110ng 11111 011uy611 116 1110 diiu \"6 11111 1161 Ling 111110 1211 1111011 11161 111 AM ~ GM 1'11 11111

dzing 111110 Cauchy — Bun111k0ws111 — S011\x'111z. 1110 gizi 1151 11111111611 11161 phong 011011 1161 11161 1'6 0110

1611 ding 1h1'10 niiy 11>-1 115' 11111511 “0111_>n 1116111 101". 111 111111 1111 11-5 11111511 ~-1111111 1116111 1111" 121 0111- 1111

1011n 1111nh 11611 1h00 so d6 nh1_in 1h1'10: “Sui 111121 rIzm)'ng ggip —Nguyén /1111111 sai 111m —PIu1n tic/1 vd
tim 161' l1)*igi1ii”. T11" 1111111 n16111 "011611 1116111 10'1" 11011g 11111 11f111g 111110. 01111ng 111 06 1116 121)" 1’ 111'611g 116

111111 p11110‘11g p1111p 111611 0110 011011 011611 1116111 101 11011; 01160 .\"611g. D6 01111111 121 11116‘11g 111m 011011 n11111

$111160 k611h1'1011;1i 111111d6 11161101111111111611116101160 s611g 1110 X1161 1111111.
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11110 111161

vi60 p11é11 1110 111 11111111g 1116111 11111111. 111 011011 11511 \"11n 116. 11611 0110h 11111111 11011. 11111 161 1111'1'mg 111. 1111111

111110 111 111611 1111111 0110 1‘ 1u'11'11g 11161 011011 06 11111 111111. 11161 116. 5111' d6u 111 n1111'11g 11)“ 111'1ng qu1111 11-61151
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1011n 11611 111 trong b6 $11011 11511’ 0611 111160 sép 11611 11161 011011 s11 11116111 11100 111n11 116 111mg 11611 111' 1116p
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day toén céc cép. cho nhfmg nhii nghién c1'1'u Yé tozin l16c p116 1h6ng... Tzic gia hi \>6ng 11161 b6 szich
nhu' thé sé mang dén cho d6c gizi $11‘ 111‘ tin khi (T60 szich. sé 06 1116 khoi gqi ot11hf1'ng cm I160 sinh 1116i
tiép xL'1c v6'i Tozin h6c 11161 czich nghiém 11’1c u'6'c 1110116‘ 111211111 I160 sinh gioi tofm Qu6c 16. thiinh 111121

toén h6C vii niém 1i11 V510 kha néng hién thtrc hozi u'O'c 1110' 51).

4. M_6t bgi szich khzing djnh tri tug? sdng tgm

Néu nhu' viéc gidi ton lit (ii tim czii tinh trong czii d6ng thi st!‘ szing 1310 khi \'2_‘111 dung cftcphtrcmg phzip gizii chfnh 151 phzit huy czii d6ng trong ctii linh. Hui 111511 d6i 1z_'1p dft hoii \'Z10 IE1111 11161trong b6 szich ny.

A B51 ding thirc 151 m6t iinh vtrc khé nhung czii khé kl16ng n§1111 6 génh néng vé lu"6ng kién th1'1'cmii Cr yéu ceiu v6 6c quan szit_ linh cam tinh 16 \"i1 s1'1‘c szing 1&0 d6i diio cua ngtréri giai. M61 b6 szich
161 V6 béit ding th1'1'c phéi din rz1 11111c tiéu tr(11l1£1nh 11161 n1i6n dzit nu6i du'<"mg v21 11111‘ thzich tr1’ 1116 sing
1110 CL18. con ngudi. Be‘ mm atéu <16. lfLl'C'C héi ban thin 1><f> Sach phzii thé hién 11161 SL'I'C tim tbi szingtao.

C6 thé néi 6' b6 szich nil)’, ng1r6'i d6c d6 hiéu. cam 11h_én pl1L1‘0'ng phzip trinh bZ1_\-' 116i dung \'Z1
czic “sting tao tozin i16c"’ c1'1z1 tzic gia vb czic c611g 1110 \'i611. Phn sting 1210 116i 1r6i <’111"6‘c thé hiéntrong cl1u'0ng IV: “Nhfrng vién kim cu'o"ng trong L151 dzing 1l11'1"c 111611 dgii". D6 121 C£iC "\"i6n kim
cu‘0'ng": S.O.S; MV; ABC; GLA; DAC. Diy 121 nhf1"ng “vién kim cu'0'ng"’ du'6'c szing tao bO'ingudi Viét Nam v€1 IE1 nhfrng c6ng cu manh nheit dé ch1'r11g 111inh bait déng 1h1'rc so céip. Ngoiti rucu6n szich cm dun ra nhirng géc nhin 1116i v6 nhiéu biii tozin qucn thu6c. Vdi b6 szich ny, d6c gia sé
c6 nhiéu cot h6i d6 khéng dinh chinh minh.

5. M_6t bgi stich thé hién tinh thrill /161' nhgip

Cu6n séch ny c'1‘u'6c tftc gizi zip 1'1 IE1" nzim 1990 v51 dtrqc bfit tay viét 11‘1' nfun 2001. Bén duném 2005, bin théio vdi tén g6i “ Tuyén tgip czic plzumzg plzcip vri kf thugit chzivzg minh Brit (hingthzic Dgli s5” déy 2222 trang dtrqc hoiin thnh. Tuy nhién vdi sir phzit trién cua Internet cimg vdi
sir ra dbi c1'1a céc website tozin h6c n61 tiéng trén the‘ gidi dfi 121111 tzic gin thy c6 nhiéu ti1611g tintrong béin thzio lac l12_iu so v6i $11‘ bién d6i chéng 111511 1h6ng1in c6 trén czic wcbsitc. Chfnh vi thétftc
gizi C15 dng célin loai b0 nhfrng kién 1h1'1‘c kh6ng phii hqp \'<'1i t1'nh chtit ch611 16c cua cu6n sétch
d6ng thbti mua ban quyén c1121 czic vién kim c11"0"'ng MV; ABC; GLA; DAC hozic 11161 phiin ban
quyén SOS c1'1a czic c6ng tzic vién nh1rTr§n Tun Ann. Nguyén Anh Cudng. B[1i Viét Anh. Phzin
Thianh Viét cng nhu' m6t S6 ky 1111151 ma céc Sinh vién vs Qu6c B51 can. Hoilng Trqng Hién. Lé
Hfru Dién Khué... Nh1"1'n fly 651 duryc tftc gift bién tzip c6 dqmg. s1'1c tfch vii dtrqc trftn 1r6ng
ghi nhzftn véi chi dzin ph bzin thfio C6 11151 trong szich d6ng 1h6i du'6'c trzi thii lao trong czic
hqp d6ng V6 bén quyén cao géip nhiéu lain so v6'i czic bzin thao 1h6ng thu‘6"ng.
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Cu6n sétch 121 m61c6ng trinhtémi1uyé1-c1'1z1tzic gizi trong nhiéu 115111. Hi v6ng 1611 cuzi tzic gia
151 cu6n szich sé cbn s6ng méi vdi th6'i gian nhu 11161 ng11"(>'i ban thin thiét ctta nhfrng ngu'6‘i yéu
tozin hc_>c. Tait nhién, quyén dzinh gist cu6n szich vain 1h116c Y6 d6c giéi.

I '

H51 n_r3i, 112' 1/1/2005 aé” 1/l/2009

Trén Phwowg
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DANH sAcH céms TAC v1é1\1
1. Trn Tuén Anh

Nghién c1'1'u sinh main hQ(.‘ bgic Tién s1 T1‘11'O'ng D111 hgc Cmg nghé Gcorgiu. 1~\1|z1111;1. LISA.2. Phzgm Gia Vinh Anh
Nghién c1'1‘u sinh ton h(_)c bglc Tién sIT1'11'<‘mg Dai h<_1c Bcrkclcy. C;1li1‘01‘niz1_ LFSA.Huy ch‘u'0ng vimg Tozin Quéc lé 1511 lh1'1'-13 1z_1i Vu'o'ng quéc Anh 1151111 Z002.3. Nguyén Anh Cufrng
Sinh vién khoa Tozin — Tin khéa Z006 — Z010. T1‘u'(‘)‘ng Dgai hgc Quéc gin Si11gz1p01‘c.4. Bili Viét Anh

Sinh vién khoa Dién 11'1'— Vién Ihéng kh<311Z()()5 - Z009. T1"u"0'ng Dai hc_>c Btich khoa. Hz} N61.5. Lé Trung Kién

Sinh vién khoa Bién 111— V1511 1h6ng kh6;12()()7 ~ Z01]. Truimg Dqi h<_>c Bdch khou. H€1N(>i.6. Phan Thimh Viét

Sinh vién khoa T0zin_ khéa 2007 — 2011. T1"11‘O‘11g D211 h<_1c Kho;1h(_>c 11_1'nhi6n. DHQG TP. HCM.7. va Quéc Bzi can
Sinh \"i§n khozl Du'(_>‘c. khéa Z006 — Z01 I. T1"11*(>'11g D511 hQC Y — DLl'Q'C C511 Tho".8. Duo'ng Dc Lzim

HQC sinh khézl 2003 — 2006. 1ru'(‘mg THPT Nguyén Trung Thién. Thach H21. H21 Tfnh.9. Lé H'u mén Khué
Sinh vién hé K§' 5111211 nzing. kh6z12()07 — 201 I. T1"11'O'11g Dai hQc Blois. Céng h(‘)u Phzip.10. Hoéng Trgmg Hién

u

Sinh vién kh0z1T0zin — Tin. khéa 2008 — Z012. T1*u'Ong D211 hQc Baich kh0z1TP. HCM.11. Nguyén Quéc Hung
Sinh vién khoa Toain. khézl 2005 ~ 2009. T1"11'O'11g D211 I190 Khou hQc 111' nhién. DHQG TP. HCM.12. B:_1ch Nggc Thénh Céng
Ldp 12 chuyén mm. 11m 2006-2009. T1'l1'O'11g P110 111011; nn khiéu T1511 P1161. 11:11 P1101111Taicfgia’ chain thimh cam on Gizio s11. Tién xi Vusilc Ci1‘1<>ujc v21 ngili M.Lz1scu (Rumzmi) dzi ¢T611g )"cho phép djch mét s6 chuyén dé lrong cu<'n1 szich “Algebraic Inequalit1'es” do nhil xuéll ban Gil xulban ném 2006 sang tiéng Viét dé cuén szich cT11Q'c hon lhién hon. Tzic gia cfmg chain Lhimh cam oncéc déng nghiép Mac Déng Nghi. C210 Minh Quung vil 11161 s6 hQC sinh gin bili déng gép cho cuénszich. Czic bili viét d déng gép cho cuén szich hozflc $11" dung lhéng tin mg")! bzii lozin du'Q'c Lrfch d§11G phn cuéi cuén szich. Mc dil (T51 (:6 gng ch11 dn chi tiét nhung \'511 khéng lhé trzinh kh<'>i thiéu$61. Taic gié mong ban dqc déng gépy kién dél§111xu51 ban sau d11Q'c hoim lhién h0'n.
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A10'1‘ s() cH["\'1E'1"'1‘A'1‘\',\ 0&1‘ Ki 1111511" '10-&.\‘ 1101" 'l‘R()N(; s,&c11

1. x1<)'r $0 cut‘ \'1F.'1‘ TA1‘

.\l() - Olympic Tmin Q1160 gin.

I.\lO — Olympic Tozin Q1150 lé.

IMO Shortlish — Dzmh szich 1111511 czic bili J5 nghi cuu czic 111150 gin lrong IMO.

APMO — Olympic chflu 131 Thzii Binh I)u‘o'ng.

VMEO — Ki {hi giai 101111 lrén nlgzng CULI lrung \\"\\"\\".dic111i;11110;111l10c.ncl.

TST ~ D§cl11'lu)én1hi Twain Q1160 15.

APMO — Olympic cl1f1u A Thzii Binh Durmg.

Crux — Tap ch1'10zin hoc Cz1nz1dz1.

11. QAC KY HIEU TONG VA T1011 TH(‘)N(; l)l_*I\’(}

1:4:

H

; =1!’ +(!, +..1+(I”

I I11; :11, +11, +...+u”
LI

Z (lid, Iain, +1111!‘ +...+uIu/V +1141: +r1~u_; w~...+u_11,, +..,+zI1,_>,<lH
|S|<./</1

Z_/‘(c1|.u,.....u”) — Téng déix(|'11g1hc0/zbiénsé
115 _<1,.....u”

\',/H

Z‘/'{¢1|.z1,.....¢/1,) — Tf511gl10;i11 vi [I100/zbi§11s(> 11] .u~ .....1/N
111

Z]((1./1.0)=_/'(u./1.¢')+_/'(u.<:l1)+_/'(/v.1'.u)+/(/>.u.1')+/'(1'.u./v)+/‘(<1/1.11)
\‘.'!1

Z./‘((1./1.1") I _/‘((1./1.0) + _/' (/2.c".z1) + _/‘ ((111./1)

Vidél.‘2:13/2:111/>+ul1: +l>3c'+l)(": +1-311 +11/3 1

1\1

\\Vll

7 7 7 W

"/7 =11‘/7 +/fr +("a



('h1r0‘ng I: .\'lz17'ng 1'1'en kim 01n/ug [rung 11111 1711/1g 1/1111" cu 1111511

CHU’O’NG1:NHU’NG VIEN KIM CU’O’NG

TRONG BAT DANG THU’C CO DIEN

T1011; 0h11'111n; 1111)“ 0111111; 161 sé 1:111 111111 ;i111 1111611 \1’\*1 0110 111111 5 11:11 115111; 111110 11111 s6 06
111é11. 116 1110110 11011 115111; 1h110 <11 .\111111 11u11; 1111111 0611;. 111111; 1111111 11h1111 I111) 01111 ;1_»1 111

11511 115111; 111110 A M - G1! (§l 1. 1151 '11:'111; 111110 Cauclzy — Bzllziukowski —Sclzwur:, (CBS
-§2) \'11 11111; 1111111 01111 1111 111 11211 11311; 111110 Holder 1§3). 11111 115111; 111110 1111111-uw.s'ki (§-1).
0u61 01111; 1Z1 11:11 115111; 111110 Clzeb-_vs/zev (§' . (T1-1 5 11111 111111; 111110 11£1)‘ 111510 1111 06 1111111 111111‘

'1

\‘Z1 0111111; 11111111 1511 111111 ;1a11 11111111; 11011 013 111111 1111; 111111; 1:11 11111.

E7

F1:

1916111111111; 0h11)" 1111 0110 11111111111; 111110 1111)‘ 013 11161 11111111 1115 111111 1111 1111 11111 \'1. 0h1'111;

111311 111 013 1116 s11 111111; 11111 115111; 1h110 AM — G.-11 115 0111111; 11111111 11511 111111; 111110 CBS \'Z1

11;11'<_1'0 l2;1i. 0E111; 013 111$ s11 111111; 11211 115111; 111110 CBS 111-": 0111111; 11111111 1151 115111; 111110 AM -
GM. T1106 n16t n;h111 115111 1111 0111111; luv)’/1g zilrmlg \'11'i 11111111. Tu) 11111611 0h1111; 161 sé
kh611; 11111111 nhiéu 11161 ;11111 116 11111111 11011 11') 111111 \é 0111 1161 1111)‘. C110 113111 11110 011 h1111;

1h1'1 1111)'111'11m 1111 0110 1111nh 111610111111'z'1111'i 1111)‘ 1111.

Ch1111; 161 sé 111p 111111; 1111111 1151) 16 011011 11151 111111 0110 11:11 115111; 111110 06 111611 \"1’1'i 11;11¢

1hu1f'11 011611 1115111 101 115 013 d11'1_1'1: 11111111; 0h1111; 11111111 1h£_'11 11011 111111. 11;511 ;1_111 0110 11161 111|1

1611; 0110 11511 115111; 111110 111' 011 11611 111111. 1111111'11 ;10111 11611 ph110 11111. Qu1111 1115111 01111 1110 ;1.1
111111; 0hu'o'11; 1111)’ 111 1161 $1111 01111 11161 11111 116 11611 111111 ;1a11. 116 111611 \"Z1 16 11111; 116 11111111;

11611 nhiéu 1161 1111111; 1160 ;1£1. D11 1111 0110 111111 06 111é 1116)’ 11;11_\' 111 1111611 1161 111111; 111111115111

0116n 511011. 0110 k)“»' 111u1_11 0111_1n 11ié111 1111 01111 11111 115111; 1h110 AM - G111 1111110 ph1111 11011 1111

0111 1161. 11 1111 \'1'1‘1 16 1161 dun; d11'111 11111 116 "Nhdlng séc méu diém ro'i trong bét déng 1‘h1Pc

AM- GM". C110 ban 11010 n16'i 151111 qucn \'1’>'1 11511 115111; 111110 11611 11110 1hf11 11)‘ 111110 1111)’.

Ch11 )" 11111; 11;11Qi 1111‘ b:11 dén; 1h110 Clzelryslrev 1111 -1 11111 din; 111110 0611 1511 11611 d11'1_1'0 ph111

biéu 11161 011011 1161 x11n;. D11 116 1111611; 11011 11;1_10 11111611 khi 11111111 11111 0110 \'1' 1111 >6 111 0110

11111 115111; 1h110 1161 x1111;. 111111 111111 1111511 121 1161 .\1111; 11611; 11110. T11)" 11111011 01111111 11116‘ \11 1161

h1_Yp ;if1'11 h11i 11111 115111; 111110 CBS \"11 11511 11511; 111110 Holder \'1"1*1 11;hé 11111111 0111111 1116111 1'01

11111 161 nhiéu 13211 115111; 1h110 1101111 )1 1111 1111110 ;11"'1i 1111)'61 ;611 ;1111

11151110110 111110 2.111 v11 31111611161116 h1>"11.

Q’;

C110 111111 1111) 11110 01111

Cn; cn 111'u )7‘ s11 phfm 0hi11 0110 \'1' d1_1 \‘£1 11511 151p 11011; 011111111; 1151)" 013 nhiéu 0116 0111

man; 11'11h 111011; 1161. Nguyén 11h£111 011111h 111 \'1 11161 bZ11 101111 011 111$ ;111i 1111)'61 bin; 11:11

115111; 1h1'10 AM — GM 01111; 151 011 111% ;1ai q11)'1§1 102111; 11111 115111; 1h1'1'0 CBS. 11161 1151 115112

1h110 06 1hé 0111111; 111inh bin; 011011 sép 11111 111" 0110 111511 s11u 1111 11p 111111; 11511 115111; 111110

Chebyslzev cfmg 013 kha 112111; 0h11n; 111in11 1111110 11161 011011 1761' x11'ng bin; 0110 11111 115111;

111110 kh110. D0 116 0h1111; 161 1111 1§1n; 11611 0110 ban 11110 1511 011111111; 1111)" 11161 12111 111111 suu 11111

1111 11110 hél 021 5 0h11'0‘11; 01111 011611 s110h. khi 1'16 1'61 06 1115 0110 ban sé 06 011011 011m nhn
11111'1\"1’1i nhiéu 11211 11111n 011 01'1110h1'1n; 161.

C1161 01111;. 0h1'111; 161 01111; 111101111 )' dén 1100 0111111 111110110 11111 11111 1111). 11110 x1710 dé ;111p
0110 ban 06 1116 1011 111)é11. C110 11111 1111111 1111) 06 1110 11111 111:1)‘ 111111 11111 111111; $1161 01111611;

11£1y v11 03 0110 0h11'11'11; $1111 1111a. C11110 0110 11;1n 111111111 06n;!
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§1.BA1‘aANc'1"H(r'c AM _ cm v.A (_:A&(: Ki 'l‘HLTA'l‘ CHQN mm: ROI

Chflng ta thuirng du'Q'c nghe khéi niém "diém r0‘i" trong thé than, vi d

-:

+ .\’I<§t vzjn déng \'ién thé thao cn xzic djnh ngily thi du dé diéu chinh khéi 1u‘Q'ng \":_§n
déng cho phi! hqp dé khi du lhi Gal phong div "diém ro'i" vé sire khcc. {Elm I)‘ O‘ [rang
thzii sung sire vii hung phim nhél.

+ MOI Yén dimg vién lcnis cén rt nhiéu kha néng phain dozin diém mi chm lrzii Icnis. déc
hiél khi m3bc}1xL1G11g 11131 sfm. dé liép cz_"1ncL'1d:'1nl1 tm hiéu qua.

+ .\1§\lci1L1 thu béng dd can ch<_>n dfmg diém r0'i G6 dén nh;_"1n mél qua lz_1l b6ng \*Z1 bit lén
dzinh dim cho hiéu qua .\/If)! mu mim cng cn plmi chon dling diém ro‘i dé bit nhfrng
qu bén

fro
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nhd lgi mél vi dgx liéu biéu vi} diém 1'o'i Irong
Football World Cup 1998 ln thL'1' 16 16 chirc tz_1i Phzipi ” Tra/lg lrgill cfqii ruyén Bra;/Y gap
J43! !!!_\'én A1!/1, mil! I/12! R0/Ia/cl!!!/10 ('1!!! Bra;i/ 1!/14?/I !/!¢i\" I/11! /1161! <'!!a J0! !!!\'é/I An/! /[1
Dzzrizl Sea/nu/! z/ring /él! can L'(i('/I .\'a /</lung I/Ian/! 11811 (Tc? Slil /Hing dféz! /lg/lé I12" /</malzg
(’(i('/I 4511!. K/11' J0 Sea/nan 1!/u_in !/1ci_\" /1g1!_\‘ ('0' Ya /1?! xzlrilzg Jé /nil /xi/lg. Rd! riéc Davin!
Sea/nan J5 1'/20!! xai Jié/1! /'a'i nén /6' !r(}'!! ra (76 /Ming \'!!'(/I k/101' Mi!!! !a_\' /(in var) /!r()'i "

Tuy nhién mi»! vi du dzfic sic v21 rt n lu'<_J'ng mil chflng {Oi muén dimh cho ban doc suy
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ngam dc khum pha linh triél hqc Qua “tl r0'i” lai 151 mét cu chuyén Irong
m<f>t bé phim n6i liéng gin Iién vé‘i l1]@xLl'kién lich su' trong chién trunh thé gidi lh(1' hai.

I. CAU CHUYEN CHQN DIEM R0’! TRONG BC) PHIM TEHERAN 43

B4} phim Teheran 43 z/a Jié/2 an/1 ba 1211‘!/"<" /Vga, P/nip, l!a/ia /zap !zi<'. C/1!! J5 czza /J43

/1/11'/2! 1161' 1'65 Ian dz!‘ ('1!!! Dzh‘ c/1!(i(“.\‘z7 \1i!1 001! Hill Ia/' !/"0/ig !/!é'gir)'1' /!_g1[!_\' nay. B6 /2/11'/n

11a_\‘ (717 c7'!I'()'(' gizii \~<m_;» Ira/zg Lién /ma/1 p/11'!!! !Vla!.\‘(*0‘\'a /98!). Mg}! I/'0/Ig 1!/!17'1!g mac/1
(“/If/1/1 (‘Zl(I /1/zin! /161' rim mzru (in! Stif /751 /.172!/1 !!_/ J<3‘/zg min/1. B0! um/1 Ira/lg /J/zi/2! .\'¢!_\'

ra raa mfza /2? nan! 1943. Ma! 1'4! Si/1/er Jéi/1 n/la sci! I/zz! c/111)‘?/z ng/Iiép Max Jé giao
n/zién! \*z_! (in! sci! ba /an/2 !z_! déag /!!!'!!/1." Ruduven, S0'csin, Stalin. C/zzing ra /2:7)" <'/ui '\‘
Jélll mciu d(ii I/zaai cgrc /<_\" ngcin gar! (R51! /1212'!" k/I0 /</zan g1'z7'a Max \-2! S'!'n/er:

Biii cdnlz: Sin/er xlrcil /!!'_é/2 mi n/la Max vaa t/Icing 7/I943

I. Max c'/1/' n/zin Sizzler va /251! can /161': “T/u}'!' gian Sin/er daip: “Hc7_\' !z_!' ii!!! /ci_\"

2. Max /1/Iin Sin/er vc‘! /101' riép: “Dja J!'é'n!". Sin/er (Trip: “Ong /u7_\" !;r !i/1! /¢i_\*".

3. Ma.\'.s'11_\' Hg/17 vi! /ci_\‘ c/1!_\'é/! /1'!"/1 121171! gici/1! /‘(ii /uii." “T0! J5 /lg/IT ra /151'".



C/111'0'11g I: N/117'11g vién kim c11'11'11g trong 11111 171711;; 1/1111' 1'11 1711111 I 3

4. S1111 170 M111‘ 1717 /1'1_\' /1111 1'/11 1'17 V1131 111111 1111111 g1'11\'.' "T/1111 1111111 /11)/2 /11 30 i //" 1'1J1111}1

1/113111 17111 17113111 5'17 /17 D111 _\'11' 11111111 A11/1 1111 T11/11111111 11/111 1713 1'1111 /11111).

5. B111/1 l111111: C1711 1'11 V111) 1/11111 /219,11 11111111 .\'11' 111711 111171 111111 1'/1111/1 11111 1/11"g1'1}'1 1/111" /1111 /11

Ng11 — D111 V17 _\'11' /<11?11 N/1111 B1111 171111/1' 11111 11111 /111111 17111 M1 1111 T11711 C/11111 1'1111g \'170 111111

1117111 /94] 1/11 1'11 1/113' g11}'1 171111 1111 I'11I7‘Q .'\/If .1511/1111 11/111)" 1110 1'11111' 1'/111111 1/115 g11)'1 1/111' /1111.

11/111'11g 11g11*1)'1 M)‘ 1'1111 12/1111 1'/1011 1/1111 17111111 1/111'/1 /1011 176 31111111 1/111111 11111 1/1111 11117 1/111 17111/1'

1111 1711 1'/10 /0'1 1'1"/1 1111131 g111. T11-111 1/1110 /11 111111 1'/111111 1111' 1'/1115,11 1/1171131 1'1111 Hr111g 11111111 X13

V1111 1111 111171 111111 X13 - D111" 11/111 111111 171111 1171111 1/113' /<_\' 1111 \'011g 1'1111_Q C'11131'-.\"1'0'. 1'/1115,11

1/11711111 S111/111g1'111/ (/9-/3) 1717 /211131‘ M_\"12/1111 x1)'111 1'/1011 1/101 17115/11 /11311 /<11’! 1'01 /1111 111101"

A11/1. Ng11 11111111171 1r1_111 17111111 111111/1. N/111' \'11\' 11'11v\'15'11 .117 1'13 111131 1'11131' /10111/1110'11_;I 17111/1 _Q117'11

/111 1111"(}'1', 11/111'11g 1/101 1111111 1'11 1/111 1'1111 1'11131' /1011 /111' /17 111131 1111 x11? M11.\' 1717 11/11111 1701111 1'11

/W17, Nga v17 A11/1 x1711/1111 1'/11211 1/1111 17113111 1'111}1' /1011 \'11'11 12/1111 1/1110 /1111 1/11111 /211311 11111111 $11

17111111 1/111_\' 17151 1z‘1'11g 11g17_\', \'11'11 1)/1111 1711111 /2110 /2131' 11111/1 11g01_11 111110 1'/10 1'11151' ‘Q1717 111171 g117'11

/211 11g11v\'1111 1/111 1111111 ‘Q/(I. C1711 1'11 1170 1/11111 /111111 11111111 .s'11'. /1131 1'1111/1 11g01j11 311110 11111 10,

M11.\' 11/11111 17111/1 1'111$&'/1012 5'17 171101 111111 /11711/1 V110 1'111}1 1117111 /9-/3 \'1‘1 1'/1111/1 .\'111' 1)/1111 /17

11g17_\' 30/] ]// 9-13. V1 1711)" 1'/11’11/1 /17 11g1‘1_\" .s'111l1 11/1111 1'1111 T/111 1110'11_1g A11/1 S0'1'.s'111. 111131 1/101

17111111 11171111 171111/1 1/1111 111(31' $011 1/10 .s'11' 1'11 1701 1'1111 111171 111111 17151131 111111/1. T111715/VI11.\'1717 /111111

1'11 17111 171é111 1'11131' /10121111111 /17 11161 1/111(11' 17111 1'1111A11/1 0' .\'11 1'/111511 11'1r0'11g. N/111' 1/111' 1'11_01' /1011 ye

1/11511 1'11 \'170 11g17_\‘ 30/] /// 9-/3 1111 S11 11111111 A11/1 0‘ T1’/11*1'1111 — 1/111 1713 I1'1111, 111111 1/111110 17111

1'1111 A11/1.

V11)" /17 /</11 11117 1'11 /111 11g11_\'é11 1/111 1111111" 31111 1110"1 1'/11 1'11)‘ 1711111 g17p 11/11111 11/1111111 v1111 1'/11111

1'/1011 6711171 1/1151 g11111 1'1711g 11/111 17111 17115111 176 /<_\‘ /1'1"’! 1/11 "11/117 1'/1119111 1111/1" M11.\' 1717 11/11111

d01111 11"11'0"1' b1111 1/1111151 1'11 v11 1/101 g11111 /1111 17111 171é111 1'11111' /1011. N/11112/11111 1701111 1711'0'1'

“diém r0‘i c1111c /112p”, M11.\' 1717 /111_\' .s'1111g T1’/11»1'1111 \'170 1/11111g 9/] 9-I3, 1/11111 1/113 1/1711 17170

1711'1i'11g /111111 111' 11g01_11 0 T/111 1717 Te/1611111 1/1131111 1'01 /1_é 1/1111131 /111111 1'1111 S11 11111111 A11/1 176

1/1111' /111511 11/11_é111 v11 1111111 $111. '

M170 1111 111111 1'1‘111g v11 1111111 s111 1717 /1/11311g 1/11711/1 (1/0 Max /)1 /11 1/11311g 1111 111 1'13 12/11'é11 1/11'/1

M111'_\_'), 11/zzrng p/111'0'11g p/111p s11_\' /111111 1'/1011 17111111 1'01 1'1111 M11.\' /17 111131 1711111 c71111g 175 1'/11711g

111 s11_y 111911111.

6. K111 lu1'111: T/zé’ g11J'1 \'111 1r/1111 /111311 v1111 17131151 1117 11/1111 1111311. C/1011 17112111 1'01 1'/1111/1 /17 1/11

1701111 $11" V111 /<15! 1/1111' 0' 171111 175 171é11 1'/1111/1 /11711/1 17151111 /111'.\'11111p/1111.



14 lifir ding rm;-¢~ AM _ ml
ll. DIEM R0’! TRONG BAT DANG THU’C

1. V1 d(l dzfn: Tru'O'c khi di V510 khzii niém "diém mi" 06 tfnh chit h<_>c lhué1_ mO‘i hgm
dagc lilm qucn v<'»'i m(»t \"1' du 06 {rung hixi kiém Ira khi time gizi dang 151 hgc sinh ph(3
lhng. Bali kiém L111 121m trcmg I5 phflt gém hui bi1i [0111] <z1u d{1_\;':

V

Bili l. C<3ll1éc6h;1}' khng min mm gizic 06 lhé chin lhimh 5 tum gizic béng nhuu‘?

Bi1i2. Cho (1. /1. <1 (I > 0. Tim giii lri nl1a‘»11l151cu;1bi€u lhfrc
-

u /2 <~ </ /2+('+zl <‘+u+el 1/+u+/2 u+l2+("S = + + + + + + +/2+z"+(/ ¢"+¢/+(z u+/)+/1 u+/1+<' :1 /2 (' ¢/

H$i d6 ca 1611 nhzin dL1'Q'c bu loai diém: 0. 5 viz 10. C6 Z ngubi dgil diém 10 vil Z ngu'O'i bi
diém 0. .\’hf1'ng ngu'iv'i bi diém 0 \'Z1 mél >5 ban du'Q'c diém 5 (gizii du'(_>'c bili l) lhu'6ng
Infxc sui Im khi giai bili Z nhu‘ suu: SL1‘ dung ht dng lhirc C6s1'cho4 cjp Z $5 I11 06 '

+ 22 - =2/>+¢-+4 \/>+<-+4 (1

[7 <'+u+z1 /7 ('+u+r/22
~ =2+<-+d+¢1/+ /2 \('+z/+11 12

c" rl+u+[2 5 c r/+u+/9+ 22; - =u+/2+/J c \u+b+/9 z.-

5 u b+("+d /' <1 />+("+¢1'

5?

Z

.
,= .cl +u+b+(,22f <1 _z1+/1+(:2

11+/7+(' 4/ \’ 0+/1+0 1/

(1 /7 (" (1 b+('+d (‘+u+d c/+c1+/2 a+b+(‘ )S: + + + + + + + 26/2+("+d <'+(/+11 u+lv+/2 u+/9+0 a Z2 c clSuy1'z1.\1in S = 8.

Cfmg c6 ban méc sai lém nhanh hcvn \*'O"i Iéri giai sau dy:

Su'dg1ng b5td§111glh(1'c AM — G11/I t1"g1'cliép cho 8 $6. Ia c6:

S28“)! u /2 c" d .b+c+c/.c+(/+u.1/+a+/)_u+/2+0:8:>MmS:8
V/2+("+d ("+1/+u 1/+u+b 51+/2+0 u /7 1‘ 1/

Chimg la C(')Ihé[h§,l)’I1g£ly Séli 15m nily khi Xél aiéu kién MinS = .8 xay 1'11 khi vZ1ch1' khi
<1 /7 C :1 /)+¢'+d ('+a+¢/ (l+a+b a+[2+¢': : : : : : : :]_ Hayb+c+d 0+1! +a a +b+l) a+b+c a /2 c" 1/

c1=/2+('+d

!2=("+d+a
1\/[in S = 8 <=> I> (I+l7+c'-‘-(/=3((1+/>+('+d)I>1=3Z\~'6l)7

(' = z/+(!+/2

(I = a+[>+c*

Chfmg la c6 thé lhy sai 15m b€1tngL16nt[1'sLrcéu ma khfmg kié/m Ira kg} diéu kién xay ra
diu bfmg. min cch hinh lu'Qng hon chimg ta sé g<_>i 121 diém ro‘i trong bit ding thirc.

i



(‘lzmmg I: .\'lu7'/lg vién kiln ("m/11g trnng I111! zI11I1g 1/1 11'1" 013 1111711 15

2. 1);?! W111 J6: Trong 11111‘ p1111'1Y11g 11111111 1"1111'11g 11111111 11111 115111;; 111111‘ .\ 2 B 111 1|111‘1~'11;_1

1‘111'1'11g 11111111 111c11 11161 111111;; 11111 \11"111‘» \;111:

S11‘ (I11 I: T1311 1'11 1111)" czic 1151 115111;: 111111‘ 111111; gizm ~

A 2.~\,21»\; 2... 2 .-\,,_| 2.-\,, 213

S11‘ 1111 2: T1111 111 c111‘ 11111 111111;; 111111‘ 111} p11f111

+1.11: 2 B: hm X} .1; 21;: 2 0

‘"123! 51211211

11!‘ 213/ 1,1, 211 211

:7 ,\ Z B I? 112/?

Dé 1:111 1'11 1111‘ 11211 11511111 111111‘ lrung g11111 111151‘ 1'111'1151 115111; 111111" 111} 11112111 111112111 C1111 _\' 1'§111g:

Néu 1151 11:'111g 111111‘ "'l‘ru11g u'0‘11g: A 2 B" X11} 111 111111; 111111 "A = B" 1;_11 11611 chuz'111 P

11510 116 1111 131 tiéu chun P nZ1y 1:11 01:1 czic 11:11 11:'111g 111111‘ 11'u11g g1:111 11"1>11g 511' G13 1 1111111“

cc 11:11 115111;: 111111‘ bi» phzin (12111 ilrig th11'c a’_iapl1u'0'ng) 11‘011g so" (I11) 2 11111; 111111151 1h11"1

xriy 111 116111 bng.

1\"1111‘>11 11111 1'111'Q'c tiéu chun P 111 Q1111 Q1111 )" 111111 1161 .\1'1'11g CLILI 1115111 >5 \‘£1 11111111 1\'1§*11 xay 1'11

112111 b§111g lrong c111“ 11511 ding 1h1'1'c 06 1115111 AM—G1W: Cauchy — Buniakowski — Schwar;

(CBS), Ber/louli hoc 111mg 0111‘ phu‘11'11g ph11p 111111 1111'1'_1'1‘ 11$ c{1p 111111; 111111111 $11011 111111‘:

SOS, A/IV, ABC, EV, GLA, DAC. D11 \"i§1' 1111" 11111111 diéu 1\'iQ11 111311; 111111 "A = B" xa) 1'11

111c1> 11161 11611 QI1115111 115111 1113 dé 1111111 hu'1'1‘11g 1111111 11131 11111 \1‘1 \Z1 11111111 g1;1 1111' 11:11 d5111g 1h1'1‘1‘

11*u11g g11111 1111510 b1} p11:_111 11611 Q13 1115 g1)i 1111" §' 111'11‘11g 11£1)' 151: "K_§ thut kiém tra diéu

kién xziy ra du béng" 1111511‘ 1113 1h1': gqi 111151 111111 [111 111'1_111g 111111 151 "Ki thuzt ch1_)n diém

r01’ trong b§1td§ngth1'1-c".

Trong 1:hu'O'11g 1. c1111ng 101 S5 gidi 11111311 1-51 11-; vé "1<_v11111g11¢111;m diéhl r0'1" 11:11 11161 1:1

trong phn gidvi lhiéu vé bz'11 dng 1111'1'c AM — GM 1111 11111 115 "Nhfmg $511‘ milu 1115111 1'01

trong b:“1t ding th1'1'c A111 — GM". G p11:111 1121)’ ch1'1ng 111 sé 151111 1111611 \‘1’1"1 "K? thuzf11

ch1_m diém r0'i" 111' nhirng vi 1111 (11111 gian (15:11 11l1E1'11g p11t1'c 1:51p vdi p11§111 binh 1115111 chi 1151

lrong czic 11211 15p 111§u 1111nh 11021.

Trong ch11‘0'ng IV c11L'1ng 111 sé d11'1_1'c giéri 1111éu vé "Ky thu-{It ch1_1n 111121111 r0'i" 11111110111‘ 11111

déng 1111'1'c 111111 x1'1'11g hoéc h01111 \‘1 n1111'11g Q13 1111311 1\'11;§11 112111 b§111g .111; 121 1211 11111 11"Q11g 1h111

khzic nhuu.
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§ 1.1 Gic'>’i thiéu vé bét ding thtvc AM - GM

l. Dans l6n2 uzit. _ & q

2. Czic tru'b’ng hqp déc biét

3. Chtrng minh

§ 1.2 NhCvng séc méu diém rcvi trong bét ding thu»c AM - GM

I. Diém ro‘i lrong dzinh gi£1u‘1'A;\/I sung G.\/I

II. Diém roi trong dzinh gizi tir GM sang AM

III. Nguyén 1y aésng béc l1'Ong bél déng lhtrc can

IV. D510 biét héa dual vé bit dflng lhfrc d5ng bfac

V. Phéi hqp hai b§1déngthL'1"c déng béc nguqc chiéu nhau

v1. Phu'o'ng philp Qhuém héa bét aging lhtrc ba bién $5

VII. Bit ding thfrc déng bgic dang céng mgm

VIII. B5. dng lhfrc déng béc cht1"ucén1ht1"c

IX. Be‘1td:'ing lhirc khéng déng bf1c_

X. D510 biél héa b§td§1ngthL'rc khéng déng béc

XI. Diém 1"0'i khéng déi xrng I

XII. Phu'0'ng phzip cim bémg hé

XIII. Ky thuét tzich phn thirc aim vil dzinh gizi m§u $6

XIV. ve d¢p diém ro'i trong bi: aémg ma-¢ lu'<_>'ng gizic

XV. M61 bi tozin ch<_>n lc_>c _L'1'ng dung diém ro'i

XVI. Céc bili tgip dimh cho ban dQc tu giai



Chlrovzg I: Nhng vién kinz cumzg trong bt ring thlir c6 ziié l7

§1.1.B/QT BANG THUC AM - GM

cAc DANG BIEU DIEN BAT DANG THU’C AM - GM

1. Dgmg tozng qzuit: Giél sir a, ,a2,...a” IE1 n s6 thuc khéng ém, khi dé ta cé:

D2_1ng 1 I D:_mg 2 k D2_1ng 3
N

1

(11 +42 +---+51” >,,/a '—a cz] +a3 +...+u” 211.4’/(z,a3...cz” fl! +a, +...+a” H
H — 1 3"‘ ~ Mi 2ala3....aH

' II ‘

Déng thfrc xziy ra <:> a, =a3 =...=a” 20

¢ 2. H_é qud: l

/I S \7| S' Néu a, +512 +...+a” =5 const thi Mc1.\'(ala3...a”)= —’ xa'.y ra <:>z1| 1:23 =...=c1” =—
/1 , n

0 Néu ala2...a” = P const thi Min(ai + a2 +...a” ) =n.Q/F xay ra <:> al =a3 =...=a” = ’\'/F

2. Cdc trzr&ng h_0‘p dgic biét

n n=2 n=3 12:4

Biéu kién Va,b2O Va, b, (‘Z0 Va, 12, W120

Dang 1 Lg-b 2\/E Ma+2 +£ 23/ubc Mwrbic+d 2%‘/abcd

Dang 2 a+b22.\/ab a+b+c'23.§/% a+b+c+d24.\*/abcd

3 2 ' 4

D2_1ng3 K-Lgbj Zab %Z+1;+Cj> Za/90 %1+bZC+dj Zabcd

Déubéng a=b a=b=(" a=b=c=d
Binh lu:§n: Khi chtrng minh bait ding thirc, néi chung ta rét it gép céc bit ding thL'rc c6
dang cén déi, déy dfl nhu caic dang duqc phzit biéu trong 1y thuyét mi thuivng gép czic
bét ding thrc cé mét vé phtrc tap, mét vé rL'1t gqn. Cflng giéng nhu‘ khi chirng minh
déng thL'rc ta pheii dnh gié ttr \/<5: phirc tap sang vé rL'1t gcpn. Czic dang I, 2, 3 dzfat 0' cgnh
nhau c6 vé tm thumg nhu'ng viéc phn loai chi tiél célc dang 1. 2, 3 gip chimg ta nhén
dang nhanh v51 phéln trng linh hoat hon khi su‘ dung AM — GM . Befmc biét 151 dang 3

khéng chtra cén thfrc nhéc chng ta c6 thé sir dung AM - GM ngay cé khi khéng c6 dzéu

hiéu cén thvlrc. Vi du sau dy sé minh hcpa cho nhzfan xét niiyz

Vidgl: Chtrng minh ring: 16ab(a -b)2 S (a +b)4 ,Va,b 2 O (1)

Phdn tich: Ta thumg khai trién (1’)

<:>16ab(a2 —2ab+b2 ) s (14 +4a3b+6a3b3 +4ab3 +29‘



1 8
Brit zizfng th12'c AM - GMKhi dé viéc phn tich hiéu gifra hai vé Lhiinh téng caic binh phu'o‘ng sé ggip nhiéu khé

khé1n.Gz_?1p bili toén ny chfmg ta it nghi ngay dén Su dung AM— G1\/I vi théi qucn lilm 1)?

hinh thtrc “chi sd" dqmg AM— GM klzi mét vé c6 cluia cdn th1'rc".Tuy nhién nhbr C6
dang 3 mél gqi y cho chimg ta “c6 tlzé; s1? dgmg AM — GM ngay cc? khi ed hai vé déu
khéng chzia cn thlic ”

‘

w 7'v — '1 -
emu 16a/9(d—b):=4(4ab)((l—b):S4 4"b+("_b)0 =4F”";b)” =(a+b)4'

al +a, +...+a”
3. Chmzg mmh " 21'/a,a3...a,I . Vu],u3,...a” 20 (1)

IZ

cs khoéing 40 czich Chirng minh bér d§1ngthU‘c (1). sau déy 121 hai czich Chirng minh tiéu biéu:
Czich I: Phu'0'ng phép quy ngap théng thuimg:

A (I +61, I‘' Vo'1 n = 2: Ta can chung mmh: M2 \/a|a2 . Y/a[.u: 20. That vay ta co:
Cl] +03 1 ,~— 2 al +113 lTm/alaz -5(,/al —\/(12) 20 :> T21/a,a3.{-Dangthuc xay 1a <=>a] =a2.
- Gia sL'1'b§tdz“ing thtrc <1) dng vdi /1 2 2.

Ta phz'1ichL'rng minh bit déing thtrc (1) dng vdi (n +1) 56: cz,.cz2,...a”,a“H 20
SL1‘ dung gié thiét quy nap cho n S6: a],a2....a” 20 la 06:

a +a +...+a +a 12.” Cl (1 ...a +a aa....a = J ” ”*'+ ”*'
SH” ( I Z n ) 11+] 2 \/ I Z n 11+! I _ 1: I :>S”+]

n+1 /1+ =q”*‘ Vp_qg() n+1
/1+! 11+!_ , . n 2 + ( ,+ ,Ta se chu'n@ mmh I I 2 2”: =’" ' a a,...a a (2) Ta coC +1 I l _ 11 /1-»l

nl +11

1 Cl

11+] /H-I
II 1 ll I1 HI ~11 ¢1=*["11</1—q>—¢1(/> —qn+1 n+1

p_ n 11- n~Z n»=J[I1p —c](p ‘+p .q+...+q ‘Hn+1
: [(p!1_qpn—l)+(pn_qZpn—Z)+-“+(pn_([n—|p)+(pn_qn):’

H

: [:p/1~I +pn—Z(p+q)+m+p(pn~Z +17/1—3_(]+m+qI1—Z)+(pn~I +p!1—Zq+-uq/2-1
12+

-

’ a,+a,+...+a +a+| MNhu'v2_?1y(2)C1‘u'<_Ic chirng minh nén suy ra  2"Va,zz3...a,,¢z,Z+,
D‘ bl a|=a2=...=a"

au ant xay ra<:> <=>a,-a2-...-an-a”+,

Theo nguyén 1)? quy nap suy ra béit ding thtrc dimg véi m<_>i 112 2, ne N.



Ch lrmzg I: Nh17“ng vién kim cmmg trong bfit ring th 121' cox dién 19

Chli dn: Tén gcpi AM - GM 121 viét tit cua thuét ngfr tiéng Anh Arithmetic mean —

_ A ; 4 _; CI+(lw+...+tI,
Geometrzc mean neu len ban chat cua bat dang thuce2 1'/a,a2...u” Va, 2 O.

ll

Céc séch tozin hcpc d xuél bén G Viét Nam thuimg gQi bait déng thtrc lrén 121 bit ding thfrc

Cési. Ceich gqi nay Xuéu phzit m viéc nhil ton h<_>¢ Phzip Cési (Cauchy) 1:1 nguivi aéu tién

d chtrng minh béit ding thirc nay vil éng d chtrng minh né bng mcfn phu'o'ng phép quy

nap (150 biét cé thé gqi 151 phu‘o'ng phép "Quy nglp Csi” (Quy nglp Tién Lzli) . Y tu‘('>‘ng

cla phuofng phép quy nap ny 151:

Bzrc I: Kiém Ira ménh dé dng véi 11 = 2.

Bzréc 2.- cm sir ménh aé dng vc3‘i )1 = /<, Chung minh ménh aé dung vé'i ,1 = 2/<.

Bl!'é'C 3: Gié sir ménh dé dng vé'i n = p,chL'1'ng minh ménh dé dng véi n = p - 1 '

Sau dy chng t6i gi<'>'i thiéu céch chtrng minh AM - GM ciia C6si

CdchH2: Phurrng phép "Quy ngzp Cési”

~

a +a (x/”1"\/Q") a +a
Vé'i n = 2; %-e/a,a: =i5-;- z0;»%1z./(Ila; (dung)

Giéx str bit ding thirc dng vdi n = k, ta sé chfrng minh bit ding thirc dng véi 11 = 2k .

Thét véy xét 2k $5 thuc a],a3,...a‘.,ak+1,...a2k 20. SL'1'd1,1ng gié thiét quy nap ta cé

al+a2+...+a3k Zl a]+a3+...+ak +ak+]+...+a3k

2k 2 k k

.

2 EB/al...ak +§/ak+,...a3,\12,/Q/a,...ak Q/a,\_+,...aZk =3(/a]a3...aA,...a2k

Gié si1'b§I d:§1ngth£1'c dflng véri n = p, ta sé chimg minh bit déing thirc dng vdi n : p -1.

Thét vaiy xét (p — 1) 56: a,,a3,....ap_]2O.Su'dunggia1hiétquy nap vdi n = p ta Q6:

-|a1+a3 +...+ap_| +1’ /a,a3...a_l
2"a,...ap_l./’ /a]a3...ap_[ =/’_/ala3...ap_,

P

p—l p—l<=>a,+a2 +...+ap_,+ a1a2...ap_12p. a]a2...ap_,

a] +413 +...+ap_,
<=> al +a2 +...+aP_l 2 (p—1)./"‘/a[a3...aP_, <:> i—1i—~2 P"/a]a3...ap_1p_

Theo nguyén 1)? quy nap ta cc’) b§td§1ngthi1‘c dng vc'>'i mQi 112 2, rze N.



20 Brit ling thzic A1’V[- GM
§1.2.NH13NG sAc MAU DIEM R01 TRONG BAT DANG THU'C AM - GM

1. DIEM RO’l TRONG DANH GIA TU’ TRUNG aim-1 CQNG SANG THUNG BiNH NHAN

Chng ta ctmg buéc véo "thé giéi diérn r0*i"\/G1 bfai tozin don giém v51 quen biél sau dy:

. 1 . .1 , ba r1 n 0 nhat cua b1eu thu'c S = }£+—
7 (I

Bdi toxin xu1"1tphzit.' Cho u. b > O. Tim gi ' t ' h
I

01111". Sird11ngb€1tdé1ngtht1‘cAM—GM: s=%+[lz2/%~§=2.v11111=/11111M111s=2
(I (I

Nhzjn 111111 T11 11211 101111 11:1y111 06 111é thay 1161 1111é11 11¢ 1111111 aé cé @111: 11211 1111111 SHU day;

1. 1 ., . , 1 , .1 , 1Bal 1. Cho 112 3. T1m gla tr; nho nhat cua b1eu thu"c S=a +-
a

‘

Binh lugm vd l0’i giéi

I Sailz"§mth1rd’ng ggip: S = a + L 2 2 /a - i = Z :> MinS = 2
a a

-\

INguyén nluin sai lm: MinS =2 <=> 21 =i=l méu thugm vé"i gizi thiét a 2 3
a

IPhzin tich vd tim téi ldi girii: Xét béng bién thién cua a.l v21 S dé du doain Min S
a

113'456{7‘s}9’101112' ------- -130

L 1 1 1 L 1 l 1 L L _1_ L
a 3 4 5 6 7 8 9 10 11 12 30

1 1 1 1 1 1 1 1

S 33 44 55 66 77 88 99101011111212 30
1_____u111 ....... 1.3@_‘

Nhin being bién thién ta théy khi a céng téng thi l cng nhO nhung dé téng @1111 a rét
- a

lén so vdi dc} giém @1111 i nén khi a cémg ting lhi téng S cimg lén v51 tir dé d§n dén dgr
(1

c11>1111 11111 11 =3 1111 s 111113111 gié 111 111111 111151. aé 115 111é11 1211110 @1111 1111; 111 Se 11151 1§111g

Min S = L30 dzglt t2_1i "Die§m r0‘i: a = 3".

Do 11111 ding 111111 AM - GM xéy 111 11511 being 1111 diéu 1<1e11 11¢ 16 11111111 gia phéi bang
h A - 1! /7 1! A '\n au, nen t2_11 Diem r0‘i: a = 3 ta khong thé sL'1' dung bit ding thtrc AM - GM true

11ép @1111 2 S6 11 V21 l vi‘ 3 11%. LL'1c nay 111 Sé gié 1111111 S11 dung bé1 aé11g111u~¢ AM - GMH

@110 C£§1p S6 (ll) aé 11,11 "Biém 1111": 11 = 3"1111 i =i 1111 111111 C6 $11 a6 "1-ném 1111'" ;
OL ‘a a



Ch!rang I: Nhz7'ng vién kim cumzg trong bfit drill

C:

g thzic co: diéll 7

3

_Sa J5 diém r0‘i: 4 =

Q

'vJ

U
,_.___,§_

Ttr dé ta bién a‘" s01 theo so d6 "Diém

\. , 4 1 1 8a f 1 8.3 10 ,.
L d : = —=(Q —) ——_ . Q-— —=—.V" —I mgzaz ung S a+a 9+a+9>2 9 (+ 0

—Q

01 l 3 . A .;: .
:> _=;:> 0c:9 :Hgs0dzemrm

a—3

r0'i" du'qc néu G trén.

1a-3th1 MinS—1O
I 9 3 '?

Béi 2 .Cho a 2 2. Tim gizi mg nhé nhét cua b "

.A , 1

l€Ll thu'c S=a+—,
C1

zn lu('inv& li i'
A -X

B‘h g z

S0 do Jzem r0'i:

3

'Sai

L3
on or 13

:>—=—
1

lm thung ggip:

1S:a+%’: 7a

2____

::>:Hg? s5 diém roi
1 4 O1

a2_4

[ J+__22_ £.L+Zl_:.i .52
,a- s (12 s \/8 (1: s 8

2 72 2 7 9

M
:—+--:- V —'

- 9
. dia-2thiMinS=—

\/8.2 8 4 4 4

0 Nguyén nha

Mac an ta d5 b"151'! déi s theo dié

4

‘I1 sai l('§m:

. \ . 9 \ , ; , ,
m rm a = 2 va M1nS=Z la Clap so dung nhung cach

giéi trén dé mic sai lm trong viéc dzinh gizi miu s6:

, 2 2 2
“N” z2m‘—2—=—1‘a' h '2'1sa"‘QUCZ W 4 3 an gl l

Dé cnéu chinh ldi giéi sai thénh lwi giéi dng ta can phéi bién déi s sao cho khi su clung

bét ding thtrc AM- GM S5 khtr hél bién S6 (7 ¢- miu S6.

- L61‘ m" d’ * *g z ung: Bién déi S via sL'r dung {>51 dime thirc AM —GMta c6:

S=a+—17=(£+£+Lq)+6l23.3/2-2» 1, +-6'-2=2. Vc5“ia=2thi MinS=2
a“ 8 8 Q’ 8 8 8 41' 8 4 4



22 Biit ring thzic AM — GM
i {a.b>0

Bai 3. cm .Tim gié 111 nhO 111151 cua s =@1> + L
CI +1731 ~11

Binh lugin vd lzii gidi

. A 4 . 1 ' .0 Sal lam thzrovzg ggzp: S = ab +— 2 2. /ab ~ L = 2 :> M1n S : 2
ab \ ab

' Nguyén nhdn sai lm:

. 1 a+b 1 1 A ,M1nS=2<:>ab=—b=l:>l=\/abSTS5:>l£; (V0 ly)
a _

' Phrz tich vd tim tbi l0'i gidi:

‘A , V, 1 -4 A A ., - 1 \ \ - XB1eu thu'c cua S chua 2 b1er1 so a, b nhu'ng neu dat I = ab hoac r=—b 1h1 S =t+% la bleu
a

1111'“: Chara 1 bién $6. Khi déi bién 561:1 Se tim mién Xac 1111111 cho bién $6 m(')‘i, cu mé 121:

Bz_§11=i2ab:l v£11=L2%2#=4
ab I ab (a+bj' (1j'

2 _Z

1. , , 1 \ ., . , 1 . .1 . l° Bal toan tr0' thanh: (311012 4. Tlm g1a tr1 nho nhat cua bleu thuc S =1 +-
I

- $0 mé diém r0’i:

r 4

_*_ 1 4 I .4:> °‘ a:>Z=—:>:H_és6d1é'mr0'i
1 1 °‘
YT

- L<‘ri gun zéng h_0p: Bién déi v51 511- dung bét dzing 11111-C AM - GM ta C62

1 1 1 1 1 . 17 .
- 1 _ 1s=1+- i+-j+lz2. /L--+i=-. Vc'w1r=4hay a=b=— 1111 1v1ms=l

1 16 r 16 16 1 16 4 2 4

' Léi gidi thu ggm:

Do 1= 4 ¢> a =1; =% nén bién aéi lI‘L1'C[iép s sir dung bét déng thfrc AM— GM Ia <26:

ab 16¢ l6ab ’ 16¢ ;,__ 1 4
S=ab+l=(ab+;‘d4-L5 22- 6119' 1 + 15 Z%+l5=17.

2

V<5’i a=b=l thi Min S=1—7
2 4



Ch lt'0'Ilg I : Nh 17'ng vién kim cuvng trollg bit (Trimg tluic c5 ziié Z3

I

\. \ ., . . 4 . .; , 11+/2 /(112
Ba! 4. Cho a, b > O.T1m gl£1II‘1l1hO nhat cuu bleu thuc S : ——F: + \i

\/ul) ll +1’

Binlz Iun vd l()'i giiii

' Sai llim thzrdng ggip: S =la + 2. ,5“——a+ /7 ~~L/7 :2 1* Min S : "
\/Q]; (l+/3 \/((7 (I-§-/J —

' Nguyén nhn sai lm:

. V b W9 5M1nS=2<:>gL+l=1:>\/ab=u+b22\/ab3l22:>VOl§'
\/ab 61+}?

0 Plzdn tz'ch vd tim [bi ldi giiii:

Do s la mét biéu mu-C dc‘>i Xirng vdi a.b nén du doén Min s d2_1ll2_1i (1:1) > 0

- 50 (75 azém r0*i:

zz +1) Za Z

OWE an _ <1 1 3 , ..

:> :> —= 1Hé s6 rfiémrrri
/— ” onab a 1

a+b Za 2

' L6'i gii dzing:

S:a+b+\/E:£a+b+\/EJ+3(u+b)>2 ,iu+1; y +3(a+b)_;
\/5 a+b 4% 0+1, 4,m*'\j4_m 61+/7 M7 2

Véria=b>Othi MinS=g

a,b.('>O
Bi 5. cm 3 . Tim gizi In mm nhél CUL1 s:@ +1>+(-+-+-+-

u+b+cS—i 61 /P I’

Bin/1 lugin vd l()'1'gi('!'1'

0 Sai lm thzrévzg ggip:

S=a+b+c+l+l+l26~°/abc-l~l-1:6:>MinS=6
a b c a b r

0 Nguyén nhzin sai lm:

1 l 3 . . . .'MinS=6<=>a=b=c=—=~=l=l:>a+b+c=3>— tré1vc'71g12'1th1ét.
a b c 2 '



Z4 "Bdt (Ting th 12'c AM — GM
¢ Phdn tich vd tim tbi léi gidi:

Do S 121 mét biéu thtrc déi ximg vdi a, 12, c nén du doén Min S dat tai a = /2 = c = 5

S0 dd diem r0’i:

1a:b:C:—
1 2 1 2 , 2:> :>5=—:>:Hés6diémr0'i

1 1 1 2 <1

oca ocb 01¢ 01

'L(i’igidic7ling.' S=a+b+c+l+l+l=(a+b+c+l+i+i)+i(l+l+lj>
a b c 4a b C41>4@ 4a ‘

91 91

\O

26.1/abC..;.;.;+2131/1.1.1\=3+_. 23+_._*23+_._:§
4a 4b 4c 4 abc) .1-4 +5 *

VcS1ia=b=c=lthi MinS=E.
2 2

%

abn £L__i 4 l 2
3 Z

a,b,c>O

a+b+cS§ 2 " '
Béi6.Cho .Tim Min s=\/a2+L+\/1>’+i,+\/2-ML,

19 ¢ a

Binh lun vd ld’i gizii

Q Sai lm thzrdng ggip:

S23-1\/a3+%-\/b2+%-\/c2+%=3~1§]£¢z3+—§j(b3+%)(¢-3+%)
b‘ c" a‘ b“ c‘ a“

Z3-(i/(2\/Cl: ~g1?)£2\/bl =3.‘J§=_3\/2:>M1ns=3\/2

' Nguyérz nhn sai lr§m:

M1nS=3\/§<:>a=b=c=,l=%=l=l :>a+b'+c=3>% treii vé'i giam1é1.
(Z C

° Phén tich va tzm to: lo’: gzaz: Du doan M1n S ‘dat [a1 Chem r01 a=b=c=5

- S0' aé diém rm".-

» » 1 1

1 a_:b~:C':Z 1 4:> :>Z=—:>:Hés6'dié5mr0‘i
1 1 1 4 O‘

(m2_ab2_Ow2_a



' vién kim czrrmg trorzg

I S v51 $11 dung bit déngl

1 1 ~ 1 I
+ 11¢-'+ ,+...+—¢

' 16a‘ 16

25I717’! ding thlic ('6 dién

hirc AM — G1?! ta C6:

U-C-

+

‘Qt

+

CI1 I(‘0'Ilg I: Nh rmg

- Ldi gidi ailing: Bién déi

1
1

S: a-+—¢+...+ I ~ ],+...+—~,
1619' 16b‘ 16¢" 16"

I6 50' |(\.\(\' V

, 9
11» 1<> m1;) 1 /17.”/1-3.(—1_j

1‘ \' 16513

17 5

681116

' z\/~3~
69

3\/7

'9? 1

> 17.11/(12.[;Tj + . b7. ~

16b‘ 16'

b ¢ 1 a ‘ b17 317]9,17‘i_\/x ] [J 11/16 \/165610 V1

I 1

C1

7 10 +]7\/1611616 +[716 alé

2 3J7

a+_.2_b_+_2_¢)" 2

16%

1 3W
7 21;.2¢)~* ,7 ;_

211 3

:3\/17,17
16 a’b°c‘

a

7 3+c2=1.

Vé'i a = b:C:%

donia 1

I 2-K/(211.

thi M1nS = 2

999] Cho a,b,c2O théa min a“ +19

'éulh1'1'c T: a+b+c+L
abc

B511 7. [Mace

Tim gié tri nhé nh2‘1l ctia b1

Binh lun vd l&’i giiii

+1-+-%;z4»/11-1;-1-~$=4 :> MinT=4

1 -1:>a3+b2+c2 =3

' Sai lr"§m third’;zgggip: a+b
a

<:> a cil('§m:MinT-

/ L_:3\/§

h‘énsa

1 kh' a
I O abc

O

" ' Phn tl'Ch

Du"

' So d5

0 Ldi gidi dzing:

_L24.4a.b.C. 1 +
V 9abc , ,

9K /Qib +0 J
3

uyénn

' " irii:vd tim tézlmg

' "aMinTli1 a=b=( \/3dozin diém r0'1 cu

: Hg? s5 diém roz

diémr0‘i:

g:b:C~:L
1 \5 36 1a=b=c=— :> . :>—=— :>

[ 1 _3 °‘ @
0tabc_ 01

8 4 + 8

_ 2 3 \/§ \/g
L

+ be + 9abc
a+b+c 9a



Z 6 Br}: ming ma-C AM - GM

Di’

é1i8. Cho Ll. /1. ('. C1 > 0. Tim gié trj nho nhzit Cuzi biéu thtrc

a I9 c (1 b+<*+d r+a+(l d+a+b a+/2+5S = + + + + + + +b+c+d c+d+a a+l2+b a+b+c (1 [2 (‘

Gidi

' Sai lm thzning ggip: Sir dung bit ding thL'1'c AM - GM true tiép cho 8 $6

S
28.8; a b c d 'b+c'+d‘c+d+a‘d+a+b.a+b+c:8:>MmS:8

\b+C+C1 C+C1+C1 d+(l+b (Z+1)+C -(1 11 C C1I Nguyén nhzin sai mm:

a = b+C-+d

b = c+d+a
MinS=8<:> :>Cz+b+c+d=3(a+b+c+d):>1=3:v6ly

c = d+a+b

d = a+b+c'

Q Phén tich viz tim tbi l0*i gidi:

Bé tim Min s ta Can Che y s 151 mét biéu mm; déi xirng vc’>'i (I, 11, C. C1 do d6

Min S (hozfac Max S) néu 06 thurng dgt tai "Diém roi t1_1' d0'_': a = b = c = d > 0.

, 4Véy ta cho tru'c'rc a = b = c = d> 0 v51 du dozin Mm S = €+l2=l3%

Ttr dé suy F8 CaC deinh gié Cam CEiC bait dang thtrc bcfa phén phéli C6 diéu kién -Ciéu being
xély ra 151 tép con cila diéu kién du doein: a = 12 = c = d > O

- S0 C15 Criém r0‘i: Cho 61- = b = C = C1> 0 [Z1 C6

2

2

a b c (1 _l
b \ .+c+a' ¢+d+a d+a+b a+b+c 3 1 3:>—=—:>oc=9

3 3 OLb+c+a'_c+d+a_a'+a+b_a+b+<‘_-
~

ow ab Otc ocd on

- L0’i giai Cnzng: s = ii->
C1W b + c + Cl , 9a

_ / . . .8.8H?i_.H +§L2+£+i+£+i+£+i+£+Q+£+2+ij
b+c'+a' 9a 9 a a a 1) b b c c c (1 cl 41/

§+§.12.15/11.2.1.5.i.£.i.£.£.£.2.£ = §+§ 12_§+§_40_131
3 9 a a b b b c c c d a’ d 3 9 3 3 3 3

a . ~

V<5’ia=b=c=d>OthiMinS=13%.

cl I



Chaving I: Nhzivzg vién kinz cum:g trong bf]! 17511g thzic 05 riié 2

S:

I

I B5119. Cho a, 11. c. d > 0. Tim gié trj nho nhf1lcua bié/u thtrc:
I

1 3 \’ "/2 \r" Z0 *1 2d \\
11+ ” ' 1 1+ ' 1+ "

1 3/1 3 I1 31/ '1 311,1
1~ ~('/ ~ /\

° Sai lz'§m thzrdvzg ggip:

Gizii

~11v

l\)

.3 T , 1
S:[l+2(lj(1+2[7j[1+2CjKl+_(/J22{ZN 2\[_<’2 Z1/:64:>MinS:(

3b 3C 34 311 \- 3/1 \ 31- 311 311 9 9

' Nguyén nhn sai l(1m:

. 7 7 .MinS:64 l:2a:2b:2c:_d _(a+b+¢+d):g V61)?
9 31) 30 3d 3a 3(a+b+c+d) 3

' Phn tich vd tim téi ld'i girii:

Do s 1:1 biéu thtrc @161 xrng mi <1, 1;, 1-, 11 nén C111‘L1O£11l 1\/1m s d;1tu_1i'dién1 10-1 111110;

/ 4 -
a=b=c=d>0,khid'6S=L1+—j =€;—1

' L6‘i gizii dling: 1

l\)U.)

Z3

cam 1.- s11 dung 1>é.1az'mg1m'1¢ AM —GM m c6:

+<

20 l 1 1 cf c‘ _ 1" 6- 3 5 C~+ 1 + + ~»3/1~131+1+1~11+ + + + +3d> \
311 3 3 3 3a .

S 31+E:£+l+_1+i+i25.5X(l) :;(i)"“
311 3 3 3 33 3:1 \3.»<13<1

,+%=1+1+1+1+zZ5.§/(1)3 .133) :§(1)+
3c 3 3 3 3c 3¢ 3 >6 3:"

2a 1 1 1 a a 13 U W 5 (,5
1 —+ ~ ~ + —_+1+/+11-1=+1+33 3+3+3+3b+3b> 3 31> 3 b

6'7
'1

2a 2b 2c 21/E ,_5 [(1 /1 ct z/T 625:> S: 1+ 1+ 1+ 1+ 2 ~—-—»~-— =—
317 3c 3d 3a, 81 b c d (1, 81

Vé'ia=b=c=c/>OthiMinS=%

Ccich 2: SL1’ dung bit ding thtrc AM —GM ta cé:

2+1 211 ZC 2d 1 m+31> 1 a+u+b+b+bS: 1 1 1 1 = '“ ‘ = 21+3b11+3¢11+3d11+3a1 811:1 b 81H b

1 53/aabbb 1 625abca’ 625
s128111 ‘$11-31 abcd '

r_\"<"
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B(';t tiring thzir AM — GM

1

x.v\'> O
Y YBfii 10. Cho . Tim gizi trj nhc'> nhét cua biéu thirc S = /1+

I \/ 1 ' \
{X-¥-_\': 1-.~

S:

$1»

+

Msf1tkhécviétlaiS= X + -" =l""+1_"A=[1+lJ- \§+\/I (2
\/ > \/~ ( )

KI,

Girii
Bién déi biéu thtrc s Va sir dung bét ding thtrc AM - GM ta c6:

* T3~F]*[%**”]—<+mz2@+2@~<~¢@+@>=¢1+\/Kx _\‘ .\'

\/1—x 1_- )7 6 £5
Ttr (1) v51 (2) suy ra

>._..

252 i+_ 2 izL=2J§ :>sz\/5. Vdix=y= im1Mins=~/5.~E

§

4 /D.
/5:“ -Y 2

2

Baa 11. Cho a,b,c20. Tim gié mg nhé nht CU21 biéu thirc

P:A{/ a +§/ b +</ c +\/b+c+Jc+a+\/a+b
b+c, c+a a+b a b c

Girii

su» dung bét ding thirc AM - GM ta 06

4a+4a+2P= ‘I£b+c b+c

3

+c b b I c+a
j+(4\lc+a +4\lc+a +3/§\l b J

JI-
_®

+

C. C

+[\/4a+b+\/4a+b

£1j
Q

U"

L)

+

a+ (2_J_§)(\!b:c+\/c'—ll7—a+\/a-gb

a a L b+c I 19 I b 1 /c+aZli/1/b+c'</b+c'{/§\fa +3.i/4c+a‘4c+a.i/g b +

X4 c 4 C I a+b _L ., /(a+b)(b+c')(c+a))+3'\/\/a+b'\/a+b'§/§\/ c +(2 abc2i+i+i+ 2_ 1  3_6/2\/ab.2\/E.2\/J:
{/5 1/5 {/5 i/§ 01"‘

=-2+ 2—i .3\/_§=i+6\/§:P2—3—+3\/5.3/§[ 1‘/gj i/5 i/5

,. \ . __3_Vola-b-cth1M1nP-Q/5+3\/5.
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n. DIEM R0’! moms DANH e|A TU’ GM SANG AM

,_ , , 4 ; , cl +(',+...+u Mi
Nhgm xet: Xet bat dang thuc AM— GM: MZQ/¢,l¢,___A(1,' . Vcz].(13,...a” 20

rz _

Dé 3'; ring trong vé phzii (vé yéu) cua bit ding lhirc trén 1110 121 biéu thtrc G11/I C6 $6 czic

thira 56 trong cén thtrc dng béng Chl $5 cén thtrc (cimg béng n)v D0 <36. khi gap bét

ding thtrc mé vé yéu ca bait ding thirc c6 chfra cim lhL'1'<:"\/51 $6 céc thira $6 G trong cn

thirc nhé horn chi $5 cén thtrc thi la cn nhén thém cafc hing sé thfch hqp dé $5 céc thira

$6 trong cén thtrc being chi $6 cua cén Lhtrc. D5 xéc dinh du'Q‘c céc héng s5 thich hqp

chng ta phzii dgr doén du‘Q'c du béng CUB bit ding thfrc nén ky‘ thuét néy cé tén g(_>i

diém roi trong dzinh gizi tr GM sang AM.

u,b,c2O i ¢__
Bili 1. Cho .Tim gié tri lain nhét cua S =5/a+b +5/b+c +5/0+0

a+b+c=l

Phdn tich vd tim tr)i l()’1'gi(ii

' Sai mm tizzrdng ggip:

Q/a+b=\7’/(a+b).1.l£————a+b;1+1

+ \/3b+c=\3/(b+c).1.1Sib+C;1+1

Q/c+a=\3/(c+a).1.lSiC+a;1+1

:>S=i/a+b+\‘/b+¢'+\3/¢-+as =§ :>MaxS=§3-

Q Nguyén nhén sai lm:

a+b=l _

Ma.\'S=-2<:> b+c=l :>2(a+b+c)=3<=>2=3:>v6])?
> c.-+u=l

' Dgr dodn vd tim diém r0'i cda Max S:

Vi s 121 mét biéu thtrc déi Xumg vc'1i a, b, C nén Max s am tgi cnéu kién

£1=b=C 1 I 2
<=> a=b=c=—<:>a+b=b+c=c+a=—

a+b+c=l 3 3

- L01‘ gidi dzing: su dung bién aéi Va bét dang thtrc AM _ GM ta c6
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F -) 2

[— 7 7 '— (c1+))+~+~
<’u+b:§/Z»1<¢1+1@>-i-gsi/g-_¢;_g3 3

- J -

+ 5/b+c =

_/\~

~'\

+
‘Z2

{H3

F (h+(")+
i[§.3(;,+(;).Z.Z5,:/"2._._i

4 \l 3 3 \4 3

Z 2
,, ~ (c+c1)+— +—

=§/§»3(c'+(1)-5-iS‘f%-Y3}3
4 \ 3 3 V4_ 3

Bf;t 17(7):g thzi"c AM — GM

2 Z
+

3 3

:>s:UZT13+UE+@E§§/§_-i-_2“‘+b3+‘*’+4={E-%=UE

Vé'i a+b=b+c=c+a=%<=>a=bic=%, MaxS={/IE

a b, c>O
Béi 2. cm { ' Tim gié U; lc'>‘n mat cila biéu [h'CZ

ba+ +c=3

S = 1/a(b + 2c) + Q/b(c + 2(1) + {/("(11 + 2!?)

Phén rich vd tim tdi lifi gidi

' Dgr dodn vd tim diém r0'i ca Max S:

Vi s 1:1 mét biéu mu-C déa Xifng vé‘i a. b, C nén Max s dat tgi cnéu kién

a=b=c 341

¢>(I
=3b=3c'-13

=b=c=l :>
{a+b+c=3 {b+Zc=c+2a=a+2b=3

0 L()'i gidi dzing:

' Q/cz(b+2c)=

+ Q/b(c+2a)=

Q‘/c(a + Z17) =

%—

v'\>J

I“

%~

L»-3

\/3a(b+"¢) 3 S
3a+(b+2c)+3

3

2a)+3
3/3b(@ + 2a).3 3-1-¢_-Lb+(°+

_1 is/%+2b>.3§+3£i"‘;””:i
#3 #6 3

6(u+b+c)+9 13 S={/a(b+2c) +{/’b<@+z@> +31-(M213) §$»»i2~_=3~J§

vo-i a:b=c=l,Mz1xS=3.3/§

a,b, c>O
Bili 3. Cho { Tim giai tri lc'm nht cua biéu thirc:

12a2 +b2 +03 =

3 ~ "/ - 3 2 _S=c1-\/b‘+c2+b-{/('Z+u7+c‘-\/a +197

Phdn tich vd tim tbi l&'i gidi



CI1 ming I: Nlzvzg vién kim czrmzg trong bfit drillg thzic 05 riié- w

' Dy‘ dodn vd tim diérn roi czia Max S:

Vi s 151 m(§tbi§uthL'1'c aéi xfmg mi a_ b, C nén I\/lax s am tai aiéu kién

a=lv=c>() 241:2/f=2(»1=s
<:>u:b:c=2 :><f

4 4 4

a

' L()’i gidi (fling:

<2‘

45/bl +8 =§’/0° (if +6): =l-Q/(2a3)3 (bl +¢~1)3.x§l~ 
2 2 6

(2b»)?~(_4+ 4)” b 7((' u’)+
+ b-x3/('2 +a3 =Q/b6 (cl +a3)3 =

\_)r—-4

O0

_ (‘ (l~_. _

“+17”-1-("=12 ‘Lb:+('3=c':+u:=a:+b::?§

__6'+_ "+ " 8

/\
ru-—

6

» c-\/3 :12 +122 =\0/ch ((12 +b2)2 =%~ O\I(2c3)3 ((13 +b2): .8 S%-¢—%+2(ag +b_)+8

:> SIHQ/b2+C2 +17‘;/C:+a2 +05/a:+b2 S:1)__1O(a'+b“6+c")+24:l2

Véi a=b=c=2, MaxS=12

Bili 4. Cho :12 2; b 2 6: c 2 12. Tim gizi tri lc'>'n nhfal CULI biéu thL'1'c:

bc\/a — 7 +cu- 3/b—6 + alri/0- 12s= ' ‘
abc

Gidi

bc‘ (cl—2)+Z _abc
bc\/a 2— \/5‘/(a 2).2 §\/5 -TX/.5

- <1;-6)+3+3 abc
+ C42/b-6:1-5/(b-6).3.3 sf-"--i_=_

_ U5 - i/5 2 2.i/5

b --12 4 4 4 -Llb‘\4/C‘-12=-£i*4/((7-l2).4.4.4< " -(‘ H + + — ab‘
{/5 ‘ -1/Q 4 _8.\/5

33$ 1 abc'+ubc"+ abc 5y~+ I

abc 2\/E s 3.U§ 842 2.15

a—2=Z a=4

Véri b—6=3 <=> b=9 , MaxS=i++s 3.</5
c—l2=4 c=l6
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B51i5.Ch0 ()<u.b.cS1.ChL'1'ng minh ring —1i2l+(1—c1)(l—b)(1—c') (1)
I a+b+c 3 ‘

Ch zhzg minlz

Khéng mt tinh téng quail. gia su‘ O < a 3 12 3 c S 1. Khi dé bit ding thirc (1)1u'ong duong vdi

-L--lz(1-a)(1-1>)(1-@)@ z(1-¢1>(1-1;)(1-<~> <2)
u+b+c 3 3(a+b+<-)

D01—a2l—b21—c2()nén VT(2)2l-L-)—=—1-——‘—.
3(u+b+<r) r1+/1+6

V;§1y(2)dL'1ng néu ta chirng minh du'Q'c —li2(l—(z)(l—l2) <:>(l—u)(l—l2)(a+b+c)£1.
a+b+c

TheoAM-GM: (1-a)(1-b)(u+b+¢)s(1“’+1"2+"+b+")3 =(2;"")3 s(%)3=1.

Ding thtrc xéy 1'21 <:> a =b=c =1.

B:‘1i6. Chfrng minh rang; 5 =1+ 1% + 1/3%‘ +...+ ~/ll‘ <11 +1
1. I1

Clz ting minh

A +
Xétdzinh gizi daidién k/'_1=k-’<l‘-1...1<l[@+</<-1>]=1+#.

1< /< 15; 1< k /<-

I 1

Suy ra S <1+[l+%j+{1+¢W+...+[1+%j=n+l;+¢+...+i
2' \ 3‘ / n" 2" 3' I1"

<rz+——1 +i] +...+———————1 =n+(l—l)+(l—l)+...+(—l -—l)=n+(l—l)<n+l
1><2 2x3 (n-1)><n 1 2 2 3 /2-1 n n

Bi 7. Chirng minh rang: 4'/1 + + ,~/1 -1/’-2 < 2 |

I2 I1

Ch zhzg minh

n :1 :1 -1 /1

4'/1+@:,1[1+-‘/£)l_..l<-1-(1+@)+(n—1)J=1+£
11 n ‘$1-’ 11 n n-

+ .

nl__l[£:n{1—[l)_‘LrJ€l_[[l__)+(”_1)}:1__g€?.
V I1 \ Tl ”_l [1 H __] n‘

H 7! / IX H

:>J/l++”f1—i7—< 1+£j +1—l/-1-1 =2.
I1 \ I1 )1‘ )1“
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m. £>|E|v| now Tl_J’ no HAY NGUYQN LY DONG BAC TRONG BAT DANG THU’C COS!

Czic bi: dang thtrc aé Cép trong ky thuét ny ducyc minh hqa bdi céc him da mu-¢ v<'>‘i ba
bién $6 a. b. c > O, mil khéng lém giém ban chét v Lfnh khzii quit cua vén dé. Chilng ta
sé tiép czin ky thuél nfly [tr nhfrng vén dé don gian nhét.

I. Bgic czia 11071 tlufc: Don thtrc aabca’ cé bzic 1?: (01 + B + y)
J 4 .1 \ \ ~

; 1 . 7 w (I b (‘ u‘ I2‘ 0‘Vzdg1:Cac dcm thu'c bac 3: a" .b3.c( .a‘l2. 121‘. 1-‘cz.—.—.—.~,. —,. —~,_
b c u If c‘ a“Ii

€ 7 " “ ‘) 17-1 J. 6 6 / / .a a a a a u 3 < ,1 %/ < 5. (1 ‘ya b 0
. . , . . . , , . (1 \/l)z‘:\/a‘b;\/c1 l>c;{/012 c: , :(‘;i.:i-~~

be 11‘ [TC 1;‘ bf In" 1- V N \/E
Nhu véy c6 v6 $6 caic do'nthL'1'c béc 3 biéu dién qua 3 bién $6 £1. b. C v€1t6ng quzit ta cé
v6 $6 céc d0'nthL'1'c bzic k cho lru'c'>"c biéu dién qua 3 bién $6 a. b_ c.

2. T(li sao phdi so sdnh cdc biéu thév: dng bgic

Gié sir ta phéi so sénh 2 da thtrc khéng déng béc chéng han xét bZ1i tofm sau dy:

Bzii tozin: Chzivzg mirzh rring Y/a,b.c > 0 ta c6: awn” + bwoo + 02000 2 :1 + b + c ("“)

Phdn ticlz: Gié sL'r(*)dL’1ng,khidé cho a = b = c = x > O

ta c6 (*) <:> 3x300” 2 3x <:> x2°°° 2 x

D0 bail ding thirc X2000 2 x dng néu x 2 1 v xzw“ 2 x sai néu xe (O_ I) nén suy ra:

' Néu a. b, C > 0:111 bén dang mm; a1"‘“’ + b3"°" + ¢""“’ 2 H + b +¢ khéng dung

~ Néu co h¢p mién xéc dinh: a, b. c 2 1 {hi £12000 2 a. blow 2 b, cm)" 2 c vii ta (:6

bit dine thtrc rét tém thu'C7n2: amo + b2°””+ cm“ 2 z1+b+c Va,b_c 2 I.. -
W ' Néu co hqrp mién xéc d1nh:a,b,c e (0,1) thi 21 00° < :1, b'° < b, c ‘O0 < c vi ta cfmg <36

2 2 00 " z<

bit ding thirc nit tm thu'<‘7ng: 212000 + b2°°°+ cm°< a+b+c Va,b,c e (0,1)

° Két lugin: Kh6ng nén dét vén dé so szinh czic Cia thirc khéng déng béc trén mién xéc

dinh 151 RT Vi cc’) v6 $6 czich biéu dién céc don thirc cé cimg béc k cho tru'<3"c nén czic bili

tozin dudi déy am vein aé la so szinh céc ham da mu-C ciéng béc mi bzfxc ctla czic don mu-C

duqc biéu dién b0“i nhrng trang théi khzic nhau.

3. Nguyén I)? chung:

Caivc béit ding thfrc trong muc nély déu duqc chirng minh thso dubng léi tzich thnh czic

bét ding thirc bé phén. D0 bét déng thtrc da cho xéy ra ding thtrc tai czic bién s6 béng

nhau v51 chgy khép 113* nén czic bit ding thfrc bi» phém cng xéy ra ding thirc tai czic bién

sé bang nhau va chay khép Rf Khi dé néu su dung bit ding mac AM - GM an ta

among léy dai dién mét don thfrc <1 vé lam r5i céng thém vé'i czic don thfrc dang béc vdi

don thtrc dai dién néy. Céc béi tip sau déy sé minh hqa cho czic bét ding thrc ba bién $6

vé'i céc béc cu thé nhung khéng 151m mit di tinh téng quét cua vn dé.
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2 _ _7 '7

1. , . ; 0 b ¢
Bal 1. Chung mmh rang: 7+—+—Za+b+c.\‘/a,b,c>O

C (1

Chfrng minh

Nhzfm xét: C21 hai vé 121 ceic biéu th1'1'c béc 1 nén biéu thirc céng thém cfmg Iii béc 1

su dung 1151 ding th1'1'c AM —GM ta c6
'1 '7 '1 '1 1

(%+?C;+%)+(a+b+c)=;:[%+b)2Z2-.1/%-b =2(a+b+c):> (dpcm)
._\. . KW.

Déu bng xéy ra <2 a = I2 = c> O

K I 1

1. . . 2 0‘ b* c“
B212. Chunv m1nh ran“: —+—+—2a +b+c, Va,b,c>O

C O b2 2 2
c a

Chzing minh

Nhzfm xét: ca ma vé 1a czic biéu mu-C befac 1 nén biéu thtrc céng thém cng 1:1 bzic 1

su dung bét dang lhfrc AM -GM ta c6

1 3 ,1 3 3

[%,—+b—,+L7-J-1-2(cz+b+c')=2[%+b+b)223.3 if-b-b =3(a+b+c)
— C_ [l- (‘VF _ £"\'(' _

Z '4 3

a‘ b‘ c" 1 2 ,2 —1+—,+—T2a+b+c. Dau bang xayra<:a:b=c>O
b‘ C" :1‘

1 1 1 2 2 2\' , . ; a‘ b’ L“ cl" b‘ 0“ -

Ba13. Chung mlnh rang: , + , + v 2 + + .Va_b,c>O
b‘ c“ a“ Z7 c a

Chzing minh

Nhén xét: ca 11111 vé 121 céc biéu thtrc béc 1 nén biéu thirc céng thém cng 1:1 ba§1c 1

., _ Z I _Z

'Lz‘rigidi1:~B6 ae= a7+—[7Z—+c—Za+b+¢~,Va,b,¢*>0
' Cl

. _ _3 3 3 2 2 _2

/ipdguzg:(%+%+i)+(a+b+c)=21?-+c1J2Z2,/%~a =2(a7+b?+%)

3 b3 (:3 al bl C1 , _

:>a,+ 1+ ,Zb+ + .Déubéngxayra<:>a:b=c>O
b" c‘ a" C fl

' L6‘i gidi 2: ' B6 dé: X3 + )3 2 x_\'(x+ y) Vx,_\' >0

Apdgmg:
as +173 C3 )+ (413 j_ a3 +b3 ab(a+b) Lag )
—, -7 -; (+b+ )- —+b _ , 2 , _ +

(if 0' a" a 6 b2 b" b‘ 1? a

3 b3 3 Z bl’ Z , \

:>a,+ ,+C,2a + +C .Déubéngxé1yra<=>a=b=c>O
12' c" a‘ 19 C fl
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vq [7 _\ _\
I

Bai 4. [Canada MO 2002]ChL'1‘ng minh: L + — + L 2 21+ b + 2-, v u,b,(" > 0 '

bc ca ab ‘

Chzhzg minh 2

Nhén xét: ca-hai vé la czic biéu thtrc bac 1 nén biéu thirc céng thém cimg 151 bzfac 1

S11‘ dung bit ding thtrc AM —GM ta cé

:13 193 0} (13 * I W‘-22‘-+Z+g+2(CI+b+C):Z[E+b+(.')2Z3‘ T'[)‘(':3((l+b+C)

ii“
LT‘Y2 5..

l'\'(' ('\('

1 3 “v

a b C 2 ; ,:> —-—+—+——2a+b+c.Daubangxayra<:>a=b=¢">()
be ca ab

\
I 1 X

\. , . , a b L

Ba15. Chung m1nh ranvz ~——+ —+ —— 2 ab + be + ca,Va.b,c > O

V G b c a

Chzhzg minlz

Nhzfm xét: ca hai vé 1a czic biéu mu-C baa 2 nén biéu thtrc céng thém cling 1a baa 2

su dung bit dang thtrc AM —GM ta c6

3 3 3 3 3 3 3

2 3-+b-+“_ +(ab+bc+ca)=Z "—+~b-+192-1zZ3.~‘;L-b--1%»=3<ab+b¢-+¢~a>
C (1 C / ' C

1» b \ la

1 3 1 ‘

a‘ 12' C‘ 4 ; .:>?—+—+—2al2+bc+ca.Daubangxayra<:>a=l2=c>O
c a

w i v I

\. , . ; cl‘ b' c‘ a

B2116. Chung mlnh rang: 197+ z +-T202 +123 + c".\7’u.ba(~ >0
. C. a.

ChL2'ng minh

Nhzfan xét: ca hai vé la czic biéu thtrc béc 2 nén biéu thtrc céng lhém cng 1a baa 2

su dung bit dang mu-¢ AM —GM ta cé
5 5 5 5 5

C1 b C 2 'v w Cl U '1 '1 22[?+C—3+?)+3(a"+b“+c‘)={€[?+Z;+b-+b"+b"]

5 5

2215.?/%<Z7~b2-b2~b2 =5(a° +1a? +8)
((

as bi CS '7 'v 3 ,1 ; .,

— — ——_a c. au anvxa u= =c:>b3+C3+a3> "+b'+ D b C yra<=> b >0
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\. ,A - _; 0‘ b L" a4 Z2" 04
B2117. Chung mmh Iang: } + g + § 2 Q + , + 1.Vc1.b,(‘>0

I)‘ c‘ cz‘ I9“ 0‘ a‘

Chzhzg minh
Nhzjn xét: C3 hai vé 151 czic biéu thirc béc 2 nén biéu thtrc céng thém cng 151 bzic 2

SL1‘ dung bét ding thirc AM -GM ta C6
' . _ . \ ‘_< .

— — c1‘+b‘+c' = — If _ ‘ ~ 4“: *_(])
* " * ’ " - ~ \_' '" 11'

4 4 _4 4 \ I4
a b c » 7 ~ a w ‘(I '7 1 » ~—,+—;+— +( "+b'+ -‘ = —_+b‘ 2 2 :—~1-:2( ' 11- -"

(Zr c- a2) a L) J \Jb- 9 Q + +°)
4 4 4b v v v \ \:>Z—7+—7—»+C—,2a'+b'+c“ (2). Tu(1)va(2)suyra- C- a-

‘ if ‘ . . 1 4 /1‘ * , . ,
4 a—‘+—%+C—‘ +(a‘+b‘+c“)24 a—,+-;+C— +(a'+b‘+c“)

b’ c‘ er b“ c‘ a“

as bh c” a4 b4 c4 4 L ,/2 + 47 2 + 7 + 3 (dpcm). Dau bang xay ra <=> a =b=c>O
b3 cl a3 bl c‘ a‘

. _ y 2 Z Z3 '4 I\. , . ; a b C a b LBal 8. Chung mmh rang: 3 + + 12 + 7 + 7 .Va,b,c>O
b c a b" c‘ a‘

Chirng minh
Nhgin xét: ca hai vé IE1 céc biéu mac béc 0 nén bié/u mac céng thém cfmg 151 béc 0

Sir dung bét ding thirc AM —GM ta cc’)

3 3 _3 3 3 3 3 Z '1 _2

2(a—}+b—z+c—}J+3=Z:[-C1-3~+a—;+112Z13.3 =3(a—,+2;+L—,)
b‘ c‘ a* N b’ b‘ , W Vb‘ 11' b‘ c'“ a‘

22[i+2;+; +3.3/H;-b;~€; =2 a;+b;+C; +3
\b' c‘ a‘ b“ c“ a“ b‘ c‘ a‘

1 3 3 2 2 2
a‘ b c a b c ; ; ..:> %+ 2+ x2 1+ 1+ 7 (dpcm).Daubangxayra<:>a=b=c>O
b" c' 41* b" c“ a“

'1 1 'v

. ~ b 1 1 1

Bili 9. Chtrng mmh ring: Q; + g + C; 2 x + _ + 2 ,Va,b,c > O
b c a b c‘ a

Chng minh
Nhzfm xét: Hai vé 121 caic biéu mac b2f1c (-3) nén biéu mac ccfmg thém cé béc (_3).

sa dung béit ding mac AM - GM, ta cé
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2 3 3

(Ll »*»
2 2 V_: : 13£ai+b;+(i)+2{1‘+ 11+ 1}j:Z:[3.a_<+3

b‘ c‘ a‘ a" b* c" W. b‘ a’

'v 1 ‘Y

Cl‘ by ("_ 1 1 1 ,1 ; ,:> R+ <+ <2 ‘+ §+ 1.Daubangxayra<:>a=b:<.->0
b‘ c‘ cl‘ :1‘ Z7‘ C‘

Bili 10. [USAMO -1998] Cho a.b,c>O. Chtrng minh ring:

1 E +3 1 +§ 1 g‘.a'+b‘+abc b‘+c*+abc c‘+a'+ubc 05¢

Chzkng minh

Nhiln xét: Hai vé 151 czic biéu thfrc déng béc béc (-3) nhung chng ta sé dzinh gié m§u $6

mi khéng sir dung k§' thuzit céng thém czic biéu thtrc déng bzfac.

SL1" dung bt ding thtrc AM —GM, ta cc’)

B5 é‘: x3 + )3 =(.\'+ _\')(x2 + _\': —_\j‘)2(.\'+ _\‘)(2.x3* —.\3‘) =(.\'+ _\').\‘_\‘. ‘V’.\'._\*2O

A d __ 1 S 1 1 a+b+c :1
p {mg 203+/)3+abc g((1+b)c112+zzb¢' ;ab(a+b+c) abc(a+b+c) £156

Bai 11. [APMO 1993] Chtrng minh: (1+£)(1+B)(1+£)z2+3("‘i‘), Va.b.c>0(l)
- b c" a 3/abc

Ch lkng mink

(1)<=>2+%+Q+5+2+%+Q22+ <=>(5+Q C Q 5 a 2 (2)
C Cl CZ C

+ + + )
&/abc ' b C Q 0 [7 C Q/abc

©*Q

<‘*-®'

Strdung bait dang mu-’¢ AM- GM ta (:6

g_+%+!:_‘23.1/%._ __=€/35%. %+%+%z3»/i1_l.g.%:3_-J%

2 Q £>"+b+¢' (3) Q Q Q u+b+c 4:>b+(_+a_ Q/ZZZ :>a+b+C2 xix ()

Ttr(3) v51(4) suy1"a(dpcm). Béngthtrc my ra ¢> <1 =1) =¢ >0

Q-H



as Br}: wing rim AM - GM

B£1il2.Ch1lrngminhr§ng: " + b + “ z ” + 1’ + C ,Va.b.c>O
b+c c+a a+b a+b b+c c+a

Chz2'ng minh

Nhéin xét: Hai vé 121 ¢a¢ biéu thtrc aéng béc béc 0

su dung bétdéngthL'1"c AM —GM ta cc’)

a b c ) ( b c a )

(b+c+c+a+a+b + a+b+b+c+c+a

=@+@+;l1>3.{/2i.gi2..;l1:3 (1)
a+b b+c c+a_ a+b b+c c+a
a b c ) ( b c a ):u+b b+c c+a:3 2

,(a+b+b+c+c+a + a+b+b+c+c+a a+b+b+c+c+a ()
Tir(1)v§1(2):a + 1’ + C 2 “ + 1’ + “

b+c c+a a+b a+b b+c c+a
Déngthc xé1yra<=> a=b=c>O.

Biai 13. [B61 aéng th1i'c Nesbit] Chirng minh: b—fL?+;€-z+?f:-52 va,b,¢ > 0

Chzing minh
BétS:a+b+c.A=b+c+a.B:c+a+b

' b+c c+a a+b’ b+c c+a a+b’ b+c c+a a+b

Tacé" A+B=i+i+i*-ll?-=3
' b+c c+a a+b

A+5:§iQ+bi+Q_¢L>3.3/aiw“/v.iHi@.v1“;a:3
b+c c-+0 a+b— b+c c+a a+b

B+S:c+a+a+b+b+c>3_3c+a'a+b_b+c‘:3
b+c c+a a+b_ \lb+c c+a 0+1)

:> 6s(A+S)+(B+S)=_(A+B)+2S=3+2S:>3s2S:>52%

2 2 2 1 1 1 2(a3+b3+c3)B£1i14.Cho a,b,c>O.Ch£rng minh: (a +b +¢- )(-,-+—,+-,-)z3+_i—- (1)
a“ b" c" abc

Ch bing minh

2 2 2 2 2 2 I ~ .~(1),;_H_b +c +1+c +a +1+a +12 23+2(u+b1+¢‘)
a3 ‘ bl C2 abn-

2 2 I I _Z _Z '1 Z _Z<:>(zq+czq+b7+b”+c1+¢722[a +12 +c)
b“ c’ c‘ a‘ b’ a“ bf Ca ab

su dung béu dang thirc AM - GM, ta cc’)

vT(2)z2\/“f +2\/bi .1’: +2\/Cf :21‘? +b“ +‘"j
b~ 9- 5- Q3 5- 3- be ca ab

Déngthirc xéy ra <=>a=b=c>O
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Béi 15. [Hi Lap MO 2007] Cho a,b,c 151 dc} clili ba canh cua mét tam giéc. Chimg minh

(b+c—a)4 (c+a—b)4 (a+b—c)4 2 /9 Z‘ '

a(a+b-c)+b(b+c'—a)+c(c+a—b) U +7c+w

Chlhzg minh

su dung bém aéng thtrc AM - GM, ta C6 .

,
(b+C-(1)4 ,7 Z_ 3 3 _1+(l([l+b'_L)ZL.(b+(_(I) -2(a +19 +( )+4(bc—ca—a
a(a+b——c)

4

+  +b(b+c'—a)22(¢'+a—b)' =2(a2 +b3 +c3)+4(ca—ab—bc
b(b+c—a)

4

 +c"(c'+a—b)22(c1+b—c‘)' :2(a2 +193 +c3)+4(ab—bc—ca
c(c+a—b)

-1 -1 -3

:(b+‘_”) +(C+a_b) +(”+b—C) 25(a:+b3+c:)—4(ab+bc+c'a)
cz(a+b—c) b(b+c—a) c(c+a—b)

Ta chi can Chirng minh 5(a1 +111 +02)—4(ab+bc+ca)2ab+I2c +ca

<=>a2 +b3 +c3 2ab+bc+ca<=>(a—b)2 +(b—c)2 +(c—a)2 20 (dpcm)

Ding thin: xéy ra <:> a =b=c.

Biai 16. Cho a],a2,...,a” >0; 3§ne N. Dal

al a3 aII—| an _

A‘ - + +...+ + ,

(13+(l3 (l3"|"[l4 (l”+(l| (ll+(12

a a Cl a
A, = ‘ + 3 + + ”" + ”

‘ a + a a + a a + a a + (1
I1 I I 3 /1-1 /1 :1—] I

Chirng minh ring: Max{Al.A2}2l—2Z

Chzhzg minh

sa dung bait ding thtrc AM - GM, ta c6:

a a +0, a +a
Al+=Z ——-—' +l =2l ——'" +—i‘3

2 a,+a 2 __,Z a,+a a,+a
1_\¢ _ 3 1_\r _ 3 _ 3

>2 (a|+a2)(a|+a3) 77J(al+a3)(a3+a4)...(a”+a2)
_ i————i——_n~~ , ,

(a2+a3)3 (al+a2)(a2+a3)...(a”+al)

a a +a 41 +41A1+i:Z l +L : l I + I 1|

- 2 an + (12 2 + (12 an + (12

EM
w--

r—-*1

2:



§ < -_ =.__— i -v __,_‘_:,

ea.-~_‘~ 1-? "@v*=-~-_: ~ w- ‘— :- it __ _- ‘ -“:’ "1; "1; Ha: +a3)...(a” +al)“ “‘“5~""i3- -7 1'1 ‘
— Z

, _ _ ’ ' ‘-' ‘U1 as)“: +“4)-~-(0.. +u,) 1'T"-d-\.’= ;~'— > 3 -"a _
1. 5 ; ¢. k&a>\1A, +5.-4; +§}2n => Max{A,,A,}>;

§
%

at-our"P _“L

IB3i 17. Chlfrng minh ring; q"*4 +b,.+; + _,,+‘ > ,, 4

Clzzrng minh
S" dung b5‘ ding mu-C AM -GM la c6

(n+k)(a"+"' +b"+"' +c"+k)=2(na"+k +kb"*")z
c_\‘c8" + _n+k:an(n+k)bk(n+k) :(n+ k)2anbk

QT QT

”_A ‘-
, ‘ —" 5 +5 I +¢"a .V/1,/<eN

I

I Béi 1~s. Chtrng minh ring; , Va,b,c>O;ne N

Chzhzg minh '

Sir dung bét aéng thirc AM - GM.ta C62

W

an+(n_1)(a+b+c)”2”_” an(a+b+c)”(“_l) :n(a+b+c)”_la
3 3 3

n n(/|— —+ + ) n
+ ;,~+(,1_1)(i) 2,,.~b~(i) I =n(£% ';,

3 3 3

n n(n—l) n—lC~+(n_1)(a+l§+c) 2,141 cn(a+b+c) :n(a+I;+c) C

n—l n 1|

:>(a"+b” +c")2n ii (a+b+c)—3(n—I) ii =3i
3 3 3

Chzhzg minh

' B5 dé: , Vx,_v,z>O;ne N

' /ip dgmg:
l

Béi 19. Chirng minh:a" +0" +6" z(“+32")” +("‘g2C)” +("+32“)” , Va,b,c>O;ne N

a"+b,1+Cn:Z:a"+b3”+b"2Z(a+‘g+b) :(a—g2b) +(b-I520) +(c+32a)
('_\'(' ('_ ‘('



Ch zrovzg I: Nh 17'ng vién kinz cu‘0’ng trong brit (ing I/1 tic c5 (711511

Béi 20. cm @.b.(->0. Chtrng minh b2‘ud€ing1hL'rc sau:

((12 +Zbc)(b: +Zc'a)((': +2411?) 2 abc(u+Zb)(b+Z(‘)(('+Za) (1)

Chzhzg minlz

Dim .\~=%, y=Q, ;=£ {hi ta c6: .\-,\~.;>0 v xyz = 1. Khid6.(l)1ro"th£1nh:
(' CI

[1+%j;(1+%j(1+%);(2+.\~)(2+;-)(2+;)<=>;{+2;%z2;.\'+Z,\;.
1.. _ ... .\.. (Tl.

Do d6 ta chi cn Chung minh céc bén dang thfrc: Z-‘:22; (1) ; Z1-_\~ (2)
\ .\. r\<" - <\<' rm" <‘_\‘<'

su dung bit ding thtrc AM - GM La cé:

. _2 V
2-“T“+%23~-/'§T=3_\-; 2=j+i23_\~; 2~i+'T‘_23; :> 3Z%23Z.x' :> (1)dung

Trong (1) may _\",:) bc'>'i ta du"c_Yc: Z%=Z.\')' :>(2)dL'1n_g.
J - ' ¢’_\'< ' n\'r' ' 1'_\'<’

Ttr (1) viz (2) suy ra(dpcm).D§1ngthL'1'c xay ra <:> (1:19 =0 > O.

B§1i21.[IMO2001]Cht1'ngminh: W“ + 3/’ + f‘ z1,v@,b,¢->0
\/a“ +8120 \/b‘ +8ca \/a" +8czb

Chdvzg minh
Nhn xét:
(‘X-+ )-+ ;)3 :_\‘2 + 5'3 + ;3 + 2(x_\‘+ _\'; + :,x') =.\‘2 +(_\"3 +1: +.\"_\"+.\'_\"+)": + _\"; + :,\"+ gr)

, , , 1 .1 5 1 5 .1 g
2x3 +8-§/_\':;2 (.\_W")'(_v;)'(:,\')' =.\"‘ +81-3_\‘*;‘ =.\‘1 +8_\‘*;*)

' 1 1 .:>x+y+;2.\-* -\/xi +8_v‘:* :>i"‘——2—"—- (’*‘)
5 5 .\'+)"+Z

X3 +8_\";‘
3 5 5 .4. 4. .4 , , .{);f11a=_\-*,1;=_\-4,¢:;4 3&1 =_\-_Vb= =_y,(--‘ :;_ The vao batd€1nglhu‘c(’*) la co

i 4 -1. .¢1>a*,b>./2".(‘>¢"/i_-4 1 *1 14’?*5 11a2+8bC a?+b*‘+c-‘ b_+8¢'@ a7‘+b"‘+c'3 {+8515 a‘+b-‘+c~‘
1 .4. 4

Véy a + ab’ + we 2al+bi+c:4:1
\/a'+8bc \/b‘+8ca \/a“+8c1b (,3 +1;-‘+53

Being thtrc xay ra <=> a =b=c>O.



42 B fit (Hing thzic AA/I — GA/I

('(c1+lJ) 5/(b+c') a(c+d) b(a'+a)_ a_J~C~d>0(l)
lBi22_Chtmg minh: b(a+z')+c(b+d)+d(a+c)+u(/2+d)>4_ V I “

Chzivzg minh

». _ _ b d -

Ta CO. vT(l)—(a+C)[c(a+b)+ a(c+d)]+(b+d)[d(b£+c)+b(c1a+a)]

=(abc+abd +acd +bcd)[ a"+C + b+d ]
ac(a+b)(c+d) bc1(b+c)(d+a)

L+l l+l:ll_1__l_) ac bd
(a+b+¢+d (1 1N1 1)+P 1)P Wabcdbcda—+- ~-+— -A+~~ ~+»

Sir dung béim ding thirc AM - GM la c6:

l+l 4(-1»+l) 1+--1» 4(1+1)
a C > a c b d > b cl

l+.l)(.l+l)_(_1_ _1_ i _L)3‘(,L+1)(i+_1”)_(1V _1( Z1 ”1_)2

(Cl b c d a+b+¢-+61 12 c d a a+b+C+d

V
4(l+l_) 4(i+é?)=>vT(1)z(l+l+l_+l) " ‘ ,+ , =4 :>(dpcm)

Q b ‘ d (1+l+;+ly (1+i+1+iy
a b c d a b c d

D2'§ngthL'rcxéyra<=>a=c>0,b:a'>O. '

Bi 23. Chirng minh rang; Va, b. L161 2 0 ta c6:

1 1 1 1 1 1 1 243
3 3+3 3+3 3+3+?»+3 3+3 32

a +b a +c a +41 b <- [9 +d c +d g(a+[,+¢-+4)

Chlivzg minh

Khéng mélt tinh téng quail gid sir a 2 b 2 c 2 d 2 O. Khi dé ta cc’):

.1 3

a3+b3S(a+i) +<b+i) :> 1 Z 1

3 3 a1+b1 0, 2 _da

(M?) *("‘"§)
.. _ 1 1 . 1 1Tuongtu. 3+ ‘$2 3 3,b3+C32 3 13

a C (n+4-) +(¢-+4») (b+—) +(c+(~)
3 3 3 3

3

M51 khzic démz1y(a+i) 2113 +51-‘ :>%—z_—-1+“
3 (I3 +613 (1 j

(M5)
Tuong tu ta c6: '



Chiming I: Nhlivzg viérz kinz cuvrzg trong br";t (Hing thlit" c6 dién

X1 X2 1 z; 11 *2 1 _.Dé_'1t.\':u+%:_\':b+i;;:c+% suyra:
b" +d' £1‘ 0 +d‘ £1" J 3 -* -(b+§ ("+3

VT(1)2l1}+ 111+ :1 ‘+1}+1;+l1;v’P(1)=—2iz
x'+_\" x‘+:' _\"+;‘ ,1" _\" Z‘ 2(.\"+\'+:)’

Taséchfrngminhz ‘I 1+ _1 ‘+ :1 \+l‘+1z+1_2 243 1(2).
A" +_\" .\‘° +1‘ _\'" +1” .\“ y‘ 1° 2(_\-+ _‘-+_,~')*

ThétvQytac6:(2)<:> 1+ 11+ 12 §jz( 243 )1
W. .\“ _\“ .\" + >\" _\‘+‘\'+: ’

Sir dung bait ding thtrc AM — GM ta c6:

23 1 2 =
1 1 Z 2+ + -_ 3‘;

x3 y} X3 + y} V _x3_\'” (x3 + )3) \/ (.\‘_\')3 (x2 — .\‘_\' + _v3 )(.\'+ _\')

23~ 2 4 = 24 3 .Tu'0ng lu v51 suy ra
3 §:3.x)'+(.1‘2 —X_\'+_\;3)] (-\‘+.")

4
~_-_~~_-»-_ (.\-H)

1+ 1 + 2 >24 1 > 84 > 243 (G
——,— — i _ , _ . _ pcm)

_\'3 X3 + xi) (,\j+ y)’ (-\'+.\‘)(.\‘+I)(1+-Y) (.v+_\~+ 1)}

Ding thtrc xéy ra <=> (a,b,c,d) 151 mét hozin vi cua ,\", A10) vé"i .\'> 0.

Bi 24. Chirng minh: (+§+£)'zl(__“+b+L"+l“),va,b,¢->0
b c a 2 c a b

Ch lhzg nzinh

Bit ding thfrc dz? cho tLro'ng duong véri

§+i+é+2(Q+Q+_Q)2§((z+b+b+c+c'+a)
};- 5- 0- c a b 2 c (l /9

Dzfal .\'=%, _\' =Q_ 1 =£,b§td§1ngthL'1‘c cn chtrng minhu'O‘LhZ1nh
¢ a

X \‘ 1 -2 ' ” X Y I
xi +_v2 +13 +2(l+l+l)>§£.\'+\*+"+l+l+i)

<=>2(.x3 +y1 +¢1)+[%+i+l)z3(.\-+_»~+;) (1). TheoAM-GMta cé
-A Y Zb .

VT(1)=(x2 +.\-3 +l)+()*2 +_\'2 +lj+(:2 +13 +l)23(x+.\"+:).
X Y I

Dang thirc xéy ra <=> a :12 = c > O.



44 B51 ling thl?'c AA/I — GM
1v. some sgxc BAT BANG THU’C

a.b.c>O ‘ § 1

-‘ 1>- ¢-~ 2 'B:Z1'l.Cho .cr'- <1 '11; ‘.‘ ,+ + z>
I a+b+[-:3 luncmm (a+/7)(u+c) (b+c)(b+a) (c+cz)(c+b) 4

Clz lhzg milzh

SL1" dung gia thiél a + /7 + c I 3 dé dua véb§1dé11gth(1'c déwng béc bzfac 1 0" hai vé:

_‘ 3
' u + b + 0‘ 2a+b+c

(a+b)(a+c) (b+c)(b+c1) (c+u)(c+b) 4

su dung bét ding mu-C AM - GM, ta C61

#03 +a+b+¢.'+¢->3‘; a3 _a+b_a+c:3a
(u+b)(a+c) 3 3 _ \/(a+b)(a+c‘) 8 8 4

+ L+i+1i<LZ3_;, ‘ /J} A12+<'_b+u:3b
(l2+c)(b+a) 8 8 \J(b+(')(b+u) 3 3 4

C3 +c+a+c+b>_3,; C3 _c+a_c+b:3c
(c+a)(c+b) 8 8 _ V(c+a)(c+b) 8 3 4

2 1 _»:> a + b +_ c ? u+b+c 3

(a+b)(a+c) (b+c)(b+a) (c+a)(c‘+b)
2 =2 (dpcm)

a_|_b+C:3 b(2c+u) c(2u+b) u(2b+c)

a,b,c>O , b3 __,

B£1i2.Cho .ChL'rngminhrZmg: " + + ‘ 21

Clzzhzg minh

Sir dung gié thiét (1 +b+¢- = 3 aé dua bém dang mu-<1 aéng béc bgic 1 cy hai vé;

3 I93 C3 0+1) + c . »
H + + 2 .Su' dung AM - GM. La co:

b(2c+a) c(2a+b) a(2b+c)

1

L+3b+(2c‘+a)23-3 i~3b(2c+u):9a
b 2c+a)b(2c+a)

91>“+
c(2a+lJ)

+3c+(2a+b)23~~‘ i‘-3c(Zc1+b)=9Z2
c(2a+b)

W

——9—C;+3c1+(2b+c)23~3 L-3a(2b+c‘)=9c
a(2ZJ+c)

- 3 3
a3 b c

a(2b+c)

3 9[b(2c+a)+c(2a+b)+ a(2b+c)

Li]

+6(a+b+c)29(a+b+c)

a+b+c1 3 _3

:> ‘I + b + ‘ 2 g =1 (dpcm)
b(2c+a) c(Za +12) a(2b+c)



Chu'0'ng I: Nhz7'ng vién kim czrmzg trong b17't ziring thlic c5 (711511 45

JCl.b.('>O
1 b} q I\. , . ; ~ - ~ 1B2113. Cho .Chu'nO mmh rang: —”—+——+‘i2—La: +1): +62 :1 C " l7+Zc (“+211 a+Zb 3

Ch ting minh

SL1‘ dung gié thiét (1: + I73 + cg = l dé du'a vé bél ding thfrc déng bgic b:_?1c 2 6' hai vé:

. :13 + b3 + c3 2a3+b2+c2
b+2c c+2a a+2b 3

Sir clung béit ding thtrc AM - GM, ta cc’):

L3 1, 2- 2/L b 1-: 3b+2C+a( + ()2 (1( +4.) 6a

+ i+b(c+2a)22,li-b(c'+2a)=6b3
c+2a c+2a

9-L‘ /9-L‘ _;a_£2b+c(a+2l2)22 ;m'C((I+2b)—6L

3 3 33 9(27f7C+C_{[%a+gj+3(ub+b('+ca)26(a: +192 +c3)

1 3 1 1 1 1 7 7 7a’ b c‘ 2 2 _2 a‘ b‘ c‘ a" +19" +c‘ _l
:>9(b+'2¢-+¢~+2a+a+2b)23(" H’ +‘ )3 b+2c+c+2a+a+2b2 3 '3

Bi1i4.Ch0
7 Q .ChL'rng minh r§1n<Y: S: a + ‘EL + §__C Si

"b+b¢'+“'=1 C \/1+a2 \/1+b3 \/l+¢-3 2

{(1.19 (">0

Ch [mg minh

SL1" dung gié thiét ab + bc + ca = 1 dé dun vé bt ding thirc déng béc béc O c">‘ hai vé:a: a I/a_asl(a+a)
/1+0: /a2+ab+bC+Ca a+b a+c 2 a+b a+c

/9 b 1) 17 <_1_( b + /9 )
/1+b2 /b2+ab+bC+w \lb+c b+a_2 b+c b+a ‘

c c I c c <l( c + c )
') '7 . . Z \ -\/1+0‘ \/c‘+ab+bc+ca ‘+0 C+b 2 ‘+61 °+b

SSl(a+b b+c c+a):§
:> 2 cz+b+b+c+c+a 2

a,b,c>O
Béi 5. Cho . Chtrng minh ring: 1 + 1 + 1 22ab+bC+Ca=1 a(a+b) b(b+c) c(c+a) 2

Chzhzg minh -1

Sir dung gié thiét ab + bc + ca =1 aé dua vé bét aéng thtrc dang béc béc 0 6 mi vé;



46 Br}: ming um-C AM - GM

("(a+b)+ab u(b+c)+b(' b(c+a)+ca 9 (1 Z; (‘
+ + >— <:> —+ +_ _ L __<_ L)

a(a+b) b(b+c) c(c+a) ‘Z (I2 c a)+(\a+b+b+c'+c+u—Z

_,_, a+b b+<: c+a) ( b c a ) 15 1

( b + c + a + a+b+b+<'+c+a Z2 ()

' 2

V

TaC6:VT(1):(Z+b+b+C‘+C+(l+ b + c + u +§(a+b+b+c+c+a)
4b 4c 4a a+ +a 4 /2 ¢ abb+cc

>6_(,/a+b_b+(-_(;+a_ b z" a +§x_;L1__11'£+»;\_§ I

_ 4 ‘ b c a * -2\1 4b 4c 4a a+b b+c c+a

a,b,c>O
Bi6.Ch0 .Ch£rngminhré1ng: " ,+ 1’ ,+ ° ,2?

a+b+c=1 (b+c)' (c+a)“ (a+b)' 4

Chzhlg minh

-B5a*@‘.- _"-+L’-+_‘-‘zi, ‘Y/a.b_c>0
b+c c+a a+b 2 ‘

xi +)"2 +12 2%(.\'+ _y+;)Z . V.x",_\",ge R

' Ap dung:

sa dung giai thiét a +b + C =1 aé du'a vé bér ding th1'1'c dang béc bzfac 0 @- mi vé;

a(a+b+c) +b(a+b+c) +c(a+b+c)>2
(b+c)2 (c+a)2 (a+b)2 4

Z 2 Z

_,_,, a b ) ( c ) a -b c 2 1

‘_'(b+c) +(c+a + a+b +b+c+c+a+a+b24 ()

T2106: VT(1)2%(ba _+‘b + C )_+ 0 _+ _b + C 2%(%)_+;;=%:>(dpcm).
+¢ c+a a+b b+¢ L+£I a+b -

c1.b.c>O
Biai 7. [France Pre-MO 2005] Cho { . Chirng minh: £i+@+%z3

'1 '1 C-7 3 C‘a'+b"+ -":

Chlhzg minh

Bit ding thtrc d cho tucmg ducmg vdi

3 2 2 _ 2
ab be ca Hazb‘ bzc cqa

( + + )29-,- , + , + , +2(a2+b2+c3)>3(a2+b3+c2)
¢ 0 17 ¢ a b

azbz blag czaz 2 2 2\:»*—,—+—,—+-—q—2a +b +c.
c‘ a“ b‘

St! dung b§td?1ngth(1'c AM - GM, ta c6:



Ch ll'0'Ilg I: Nhfrng viérz kim Clt’0'l1g trong bfit rin g thzkc 05 (Tién 47

( '7 7 '7 '7 (2 2ab +b¢V 22\]ab _b€ :2b_
v ~ ~

(' (I L’ (1

'7 7 7 '7 '\ '7 5 '7

+ bc +011 22 bc _ca :2(_:
2 2 2 2a b a b

2 2 2b: 2 2 21:' - 7ccj +(1w 22 ( :3 _a3 :20-
b‘ c‘ b" c"

2b: b2 2 2 2 2 W' ' '7 .:> a—;—+——%~+i2z1‘ +b“+c“ :> (dpcm)
c’ a“ b“

a.b.c'>O .
Ba18. Cho .ChL'rng mmh réng: S =

a +b+c=l
In + uz + ab si

\/a+bc \/b+c¢lz \/c+ab 2

Ch ting minh

bc bc 1» <b@( 1 + 1 )

*2 1\/4l+bC \/a(a_+b+c)+bc \/(a+b)(a+c) “+7 “+5
C61 C61 ca ca 1 1

ab ab

= = s< + >\/b+C(I \/b(a+b+c)+ca \/(b+(')(b+c1)2b+Cb+”
ab <ub1 1

— ( + )\/c‘+ab \/c'(a+b+c)+ab \/(c+a)(('+b) 2 “+51 "+19

5-< bc+ca + l2c+ab + cc1+a./9 :u+1>+¢-zi
—Z(a+b) 2(c+a) 2(c+b) 2 2

Biii 9. [IMO Shortlist 1998] Cho a,b,c > O théa min abc =1. Chtrng minh ring

1 1 _3a + b + c 21
(1+b)(1+c) (1+c)(1+a) (1+a)(l+b) 4.

Clzlhzg minh

su- dung bait dang mm: AM - GM. ta cé:

iX_+_l_-+;Z1+li23_3 (13 .1+b‘1+c:3a
(1+b)(1+@) 8 8 \/(1+/>)(1+¢~) 8 8 4

b3 l+c 1+a 123 1+0 l+a 311+ 8+?+-——23~‘/ - ~ =“
(l+c')(1+a) 3 8 (1+c)(l+a) 3 3 4

i_-,LLia+@>3.1’ C“ .1+<1.1+b=3@
(1+a)(l+b) 8 8“ (l+a)(1-+12) 8 8 4

3 3 _32 a + b + ‘
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)

>a+b+@_;>3-~/“abc_;=;‘ 2 4‘ 2 4 4



48 Bfit ming ml:-C AM - GM

Biii 10. [IMO 1995] Cho a,b.c >0 thba min abc=l. Chimg minh ring:

1 1 I 3
| ,+ § + ., > (1)
| u“(b+r) b‘(¢‘+a) c'ia+b) 2

Clz lhzg min lz

su dung gia thiér abc = 1 bién @161 Va déi bién S6 aé dua vé bér dang 11m dang béc bzfac 0;

*1? 1 1

abc + a/2c + abc >ll+lJ_l <3 (1: /J: cl ll 1 1‘
. . _ 1- —+i ?2—~~ - -(2)1-It

a*‘(b+c) bu-+a> c3(a+b) 2(a /J C) 1+1 1+1+_1+1 2(~+b+¢») Q

b c c a a b
'7 -- '7

,. \ '_ _\_ 1"x=i,y=l.:=l vo'1 .\‘,)‘.:>O, )Q‘Z=1[hl (2)<:> '\ + +—*'-Zl(.\"+y+;).
a b C \+, +1 2

SL1" dung b§1td5.ngth1'1'c AM - GM. ta cé:

2 1 - ,2 ~ -
X )+~Z2 A _l::‘Y

_\'+3 4 _\‘+ 3 4

'7 '7 --—
1*" - - Iv" ~ -+ . +M+.\22 . +.\:)

:+x 4 :+x 4

:3 +.1‘+_\‘>2 :3 .\'+_\"

x+y 4 — x+_\' 4 N

1 _Z 0x _-
:> "‘ + " + ~ 2l(.\-+_\-+g)_-\'+; :+x x+v 2

V
ru~

'>

f : J .\"+_\'

- 3 ~ §/A3"; =3 (dpcm)

Bili 11. [IMO Shortlist 1996] Cho (1,1). c > O théa min abc =1. ChL'1'ng minh réng:

ab bc ca+ _ + , _

a"‘ +1)“ +ab b‘ +0“ +120 an +u” +ca
S1

Ch zhzg minh

° B5 (T5: x5 + ys 2x3)‘: + x2_\'3 =x3_v3 (.\."+ _\') . V.\‘,_\i >0

' Ap dung: Str dung bi; J5 ta c6:

ab < ab 1 abc c

a’-1-b5+ab a2b2(a+b)+ab ab(a+b)+l (112(a+b)+abc'_ll+b+C

+ bc 3 be l abc a
s s 2 2b~+¢->+b¢- 19¢ (b+@)+b@ bc(b+c)+l bc(b+c")+abc +b+C

ca s ca 1 abc b

c5+a5+ca c1aq(c+a)+ca ca(c+a)+1 cu(c+a)+abc ¢l+b+c'

ab bc ‘ <a+b+c:1
:> s s + s 5 + i “<1, ' 1, -a‘+b'+ab b‘+c +lJc c‘+a'+ca 41+ +¢

Ding thirc xéy ra <:> a =b =c=l.
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lCl.[7.('>() . 1 1 1

Ba1l2. Cho . Chung m1nh ring: —i—;:+%——,i_+——}~2l
‘flhfzg \/1+u" \/1+1)" \/1+(“‘

Ch lhzg minh

1: 1 > 2 :2
’ '1_ Z33

\//l+a3 \/(1+c1)(l—a+c1‘) (1+“)+(1"4'+”) /-+5‘

1 1 > 2 2

\j1+];3 \/(1+b)(1_/,+;,3) (l+/2’)+(l—b+/)3) 2+1)"

1 1 > 2 2

1/1+5‘ \/(1+C)(1_C+C1) (l+c)+(1—c+c3) 2+C2

1 1 1 ( 1 1 1 J:> + ?+ 22 ,+ ,+ ,
,l1+a3 \/1+5‘ 1/1+6? \2+a“ 2+b' 2+c'

Ta Sé Chung minh -1_,+#,+%,zi2<=>Z(2+b1)(2+¢-1)zl(2+a1)(2+1£)(2+@1)
2+a' 2+1)" 2+c" 2 (,1. 3

V

<:>8+2(a: +192 +c2)_%a2b2c3 <:>a3 +b3 +02 212

su- dung bit déng thtrc AM- GM m cé (H +111 +6 z3\~‘/611%-1 =12.

,b,'>O 2 3 _:
G C Ch, .h a (b+¢) + b ((+0) + L (u+b) >2 (1)

Bili 13. Cho . unc m1n 1
_

I {(11% =1 b\/I; + 2c\/Z mg + 2c1\/Z a\/Z + b\/E

Ch /rng minh

a3(b+c) a:.2\/1; 2a\/21- Z1-

2 " " x=a\/;>O
bJB+2@\/Z b\/5+2“/F />\§+2¢~\/Z .\*+2z

+ 1f(¢-+11) 2 b’.2JZZ 2/NZ 21* Uongdé >‘=b@>°
c\/Z+2a\/Z c\/Z+2a\/Z c"\/Z+2a\/Z 5+2)" 3:“/;>0

c2((1+b) > c'3.2\/E Zcx/Z 2; W121

a\/;+b\/Z—a\/;+b\/E a\/;+b\/E -\'+2.\'

2(b+c) b2(c+a) c2(a+b) 21' 23' 2"
S= a 2 " + ' “ =T

3 b¢z+2¢-pi-@+2a¢;+u¢;+b¢1: >121 1+2»~"H-+21

411+ p — 2m

1. V: __4m+n—2p

_y+2:=m "Z 9

Bat :+2X:n y:4p+m—Z1z:> T:2[4n+p—2m+4p+m—2n+4n1+n-Qpj
9 9 m I1 p

1+2 p
M 9

-3 l m .11 B m 1 _ Z ...11.'_'1.£ ..@£1'1.£_ __ 4 + + + + + 6 2 43 +3 - 6 -2
9 m p n m n p 9 mp 11 \m n p

Dé'1ubz°1ngxé1yra<=>m=n=p<:>x=y=1=1<=>a=b=c=1.



51> 1:111 zing 111 111- 14111 - ml
v. PHOI HOP c/lxc BAT DANG THU’C DONG BAC NGU’O’C CHIEU

U3

iu./>>() 1 2

bi 1. Cho 1’ .Ch1'1'ns minh 151112: S = ‘ Z -10
|Lu+/1:1 ‘_ V 11' +/7‘ 11:/7:

Ch 1271g min I1

Nlzgin xét: D5 §' rng ta cé hai ba‘l déng [hire 11g11'Q'c chiéu suu J51)‘:

3 ') 741$ ~ ,3 84:1\‘;_—,z - _:33
(I +5 (¢,3+/>3) (u+/1) 11 /1 (r1+/1)

'7

1 1 ' 1 1 \ 2 1 1

11/2 11/ 41/, * "(1 +12 ' ' +2 ° *2‘, Zu‘/2* \/M‘ +],')2u-‘[,— Zcfb"

,-q 1,11: 1 11° 2
_ . _ 1 lz|_ 11+ +112-(1,+1+M:

1111' +b' , \¢I Zzfb“ 3 \a‘ +12" ab ,1 Za-/2'

._ -v
1 /

1/ Z

:11;1<—-+~—

,__.

€__/

__J

w 1

+ ‘W

-\
\

1-\
-.

KT‘

1__\u'+/1‘ ,_

1 40
>

\:2\/ 1 1 "+ 1

211'/7' \(13+b‘ Z11/1, Z012:

11>" 4 1: 1 32

1

22 , 1 + _2 4+ _,= 1_1=-10.

Dzing 1h1'1c xay ra <:> :1 =12 =

\(u'+[2")+Zub/, Z111/2)" (u+b) 1(’¢V,+[;) (u+/1)” 1*

v

1 u b Z u + /2B:Z1i2. ChL'1‘ngminh1'ang: (—- +—) +1-l\"'_ —[_i__—_—.:2 10. V u./2 >0
12 a N/U /I »

+7“

CI1 IP11g min lz

Nlzgin xét: Dé y réng la 06 hui bit ding thtrc ngu'Q"c chiéu suu Ciily

+’lz2; 415-"-"I-"_§4f-f=s
[7 U \/c1:+b:

4‘\

m

B§td§11gthL'1‘cIL1‘o'ng du'o'ng %+ ll — 2 2
11

,___.._
<:> 2 ' <=> 2

u+b
\!(l:+[7:/1

((1-—b)2 1’°<~1+1f)-<¢1+11> 111-1,)’ <11-1711

4\[:_,7Clb \/(1: +1]: -1>\[5Ub

J

\/(13 +b‘

i__'T

L____J

\/Z(z1Z +/>2)+(u+l))

<:> \./(13 +b2 L/2(al +173) + ((1 +b)] 24\/51112. S11‘ dung A11/I — G11/I ta 06:

\/11’ +1)’ L/2((H +1?) +111 +b)]z \/21111 (\/4111 + 2\/E) :4\/gab



Ch u'0‘ng I: Nh 1711g vién kim cu‘!/ng trollg 17111 (hing H1121" C6 (Ii @511 5 l

c:
‘£1

Vu./>_¢'>(J
. ~ 1 l l l I '3. Choj .ChL'1'ngm1nh ring: 5 1?“? +—~+—+—Z3() '

1” +1, + (- :1 :1“ +1J' +0‘ <11) 120 ta

CI2 1211g minh

' Nhn xét: DE )7‘ ling 1:1 06 hai bél déng thtrc ngu'Q'c chiéu SZIU dy

“ '7
1“ is -‘ _:3;'+'+‘z 9 2 -7 ,=27

51- +/7' +5 (a+/,+(.)- 1117 12¢" (11 <1/>+11c‘+1'c1 ((I+b+(.)-

° B11 3(_\'\" + Y; + ;_\') S (x + \' + 3): VX, Y. 1

' Ap dgmg: SL1‘ dung b2§tdé11g1h(1'c A11/I — G1W la C6:

.1+1+1>gq\,111 3 3 9

ab 12¢‘ cu Val) be vu '\"/u1>./2c.c'c1 fl/?+/’('1“,<lll u12+12('+('z1
1J11111 9:>S= +++2 +

2

(12 +1): + cl ab be (‘Cl (12 +123 +¢-3 ab +bc"+ ca

“ + 2‘ -' (1/7 + 12¢" + (‘(1 ab +1>("+ ca ab +120 + cu

1 _f 1 1 1 7
1-~‘1 v '3 ~ ' ' +

\1 11' +1)‘ + c" (119 +1)(’+ cu 1117 + b(' + cu ab +17(*+ ca

9 21
+ 2

((1: +123 +01)+(ul2+1>c+cu)+(u12+11c+<'u) 3111/1+/>('+(F(11

9 21 “O Y0 I , ,+ , = J , 2 3, =30. Béng 1hu'c xay 1'21 <=>u=b:c'=%
(a+1J+c)‘ (a+b+c)‘ (a+b+c)“ 1' J

Bili
'\ ~ -1 4 -1

, - 1 _ +1 + ‘ - -4. Cho a.b,c20. Chung m1nh rang: ’(a I C 3) + a?+b€ +“£ 22 (1)
(a3+122 +<"3)_ (F +1)“ ‘H'-

' Ch 1172g m inh

Nhgin xét: Dé )7 ring ta C6 hui bit ding thtrc ngu'c_>'c chiéu sau dy

B51 '

3(a4 +194 +c'J'1+(a1J+bc+ca)(a2 +192 +c"3)2Z(a2 +b: +02)“

3(u4 +174 +<'4)>1_ a1J+1>('+(ru <1

(a‘+b"+c') ‘I +17 +6

démg thirc 1u"o‘ng du'0"ng vé'i



52 Br}: wing 111 12-C AM - aw

<:>a'1 +124 +04 +(1l7(a3 +123)-¥-l7('(/>2 +<'3)+z'(I(¢'3 +u: )2-H1121): +/73c: +(':u:)

Sir dung b§1Id§1ng\hL'1'c AM - GM w cé

11‘. +194 220217: 1 I74 +('4 22/7:0: 1 1"‘ +114 2 Inga:

u/>(u"' +b:)22a3b3 ; l7<'(b2 +('3)2Zl2lc3 1 c'u((': +u:)ZZc:u:

Cimg thco vé séu bit dimg thirc trén ta c6 dpcm. Ding thtrc my ra c> u :12 : <-.

Bi1i5.Ch(rn@ minh 1-émg; s =+'l +£+-iii-2 3 + 5 v u.l2,(" >0
c - '3 1

b ( U \/a3+l;‘+<"'

Chzhzg minh

Nhgin xét: D5 3? ring ta cé hai bit ding thtrc ngu'Qc chiéu sau dy

£+/l+£;3 ;_@_+L+_@_§\5
11 c a ‘ “

~ \/u“+l73+c'

1 "r ‘\

Thc0AM-GM la c6: (lI)—+czc)+£b—(~+ba)+(5%+cb)22(ab+bc+ca) suyra
c a 2

i+bi+£Z—_Zczb+bc+ca . Khi dé ta cé:
c a

3 2 :\ ,
((1b+l)c+ca)(Q+Q+£ =(a‘ +1)‘ +c“)+(ab+lx‘+cz1)+[g]l+£+£ j2(a+b+c)' suy ra

b (‘ a 0 a b / -

')

. (a+b+c
-(i+[l+iZ————-—)—.Tirciétacédzinhg151
b c a ab+bc+ccz

S>(a+b+(')2+ a+b+¢- :(a+b+c):‘+ \/§(c1+/2+0)_(\/§—l)((1+b+c)
ab+bc+ca /a_+b_+C2 ab+bc+ca \/a1+b_+C,2 \/a2+b2 +C1

3

z2-iB~\/ (”+”+‘;) ~\/§(\/§—l)=P.Mz§1tkhz'1c:
(c1b+bc+ca)\/a" +122 +0"

‘Y '7 7 3

(ab+bc_+Ca)2(a1 +1): _|_(_2)<[Z(ab+b(.'+ca)+(u‘ +11‘ +c')j\ (a+b+c)(]
' _ 3 27

Ttrdé suy r21 S2P22-1/§~\/3\/§—\/§(\/§—l):2-V§—(3—\/§)=3+\/g.



Chu'o'ng I: N1u7'ng vién kiln cumzg trong b(1t ridg 111121" ('5 Jiélz 53

~. , . 1 ( +1 + ‘ 2 '
Ba! 6. Chung mmh rang: U 7 U + 2 81 \7’¢1_b_(; >()

ubc \/3(”2+/73 +53) u+1)+¢‘

C11 1211g minh

.: - A , .. I "'1 :4 '

\/1etl2_11bald€1ng1hu"c du'o'1d:_1ng m+/7+0 + 3 (”+/NH) 281,
U/"1 \,'3(u3 +17: + 63)

Nlzgilz xét: Dé Y ring ta cé hui bit dng thtrc ngu‘Q'c chiéu sau dy

(a+l>+c)j‘ >37 5-1(u+12+c') <54

“bf \/3(u3 +/2: +('3)

SL1‘ dung bail ding thllrc AM - GM cho ha $5 du‘0'ng_ la cé

., _

27‘(a+11+c)“

abc \/3(u3+b3+c21) \/3(cz2+17:+c3) - b¢'(113+172+<'Z)

V
DJ

Z.-';_

J.)

Q

(a+12+c)3+ 27(a+17+c) 2'/(e1+b+c)

cuéi cimg ta Ch1ViéC Chung minh <11 +/>+¢>‘ 28101“-<01 +111 +1-1)

Theo AM - GM: 3u1xr(a + 11 + 0) £(a1> +120 + cu):

:> 81u1>c'(a +11 + z-)(u3 +123 + ('3 ) é 2'/(Lab +121-+<'(1)(a11 +120 + ca)(a2 +12: + ('3)

‘v

S(2(ab+1Jc+ca)+(a3 +122 +¢r3))>=(r1+17+(')(‘:>81u1>c‘(c13 +123 +c3)S(a+12+c)$

Dz'ingth(1'c xy ra <:> (1 =b =0.

_ .1 F _} . .

Bi1i7.Cho u.17,c>(). Chfrng minhréng: ” +1’ +‘ +9(‘f”+”,‘+‘f’)z12
“bf <1“ + 12 ‘ + <1"

C11 1111g minlz

,. , / - A ; , .; 3 3 '3 9(1+1).'+.‘)
Nhguz xet: Ta co hzu bat dang thu‘c nguqc ch1eu: G +17 + C 23 1 6:7 f (fl S9

“bf a‘ +12" +c'

Suf dung (13 +1)3+c3 —3(l1)C:((I+1)+(‘)((I: +19: +02 —ab—17c'—cu) vim AM — GM ta C6

[13 +1)‘ +67‘ _3+ ((1 +12 +c)(a: +123 +1": —u17-—19c—ca)

abc 1 1112:"

9(a: +122 +1‘: — 012-120 —ca)

(112 + 120 + cu
=3+(—1—+L+—1-)(ul+b2+c‘2—u19¥1)('—("u)23+

(lb be (‘:1



54 B(it (T1111g th 121' AM — GM

5 9(a3+l2:+c:) 9(u3+/2:+¢‘:)=g+ —9= —6
ab + 12¢" + cu (1/2 + ht + cu

_ ; 9(c1: +/2: +03) 9(ul2+/2('+('u)
Vgy ta chi can chfrng minh ’ —6+ ‘ , _, 212. hay

a/>+l2('+('u u- +b- +(-~

aqli+ 22.CI€1ychinh 151 b§1ld5ngtlu'1‘c AM — GM cho hai $6.
ab+bc+c(1 57- +[;~ +5-

B51i8.Ch0 u.b.(">0. ChL'rnQminhrén<1: 8(a_ “Lb; +‘._) + 27(”+b)(b+C)((‘+”) >16
” ‘ r//2+/J('+<'(1 (a+;)+(.)»‘ '

- Ch ling minh

Nhgin xét: Dé )7 ring ta cé hai bit déing thtrc nguqc chiéu suu dy

8(a2 +123 +z‘:)>8_ 2'/((1+Z2)(l2+<')(('+(z) <8
ab+b('+c'a _ ~ (a+/,+(.)~‘ _

Ap dung bit ding thtrc AM— GM ta c6

8(a2 +1): +c3)+ 2'/'(a+b)(l>+c)(c+a)>7 8(a3 +122 +03) 27(u+/7)(b+(')(('+a)
ab+l1c+cu (u+b+(.)>‘ __ (1/2+/2¢'+c'u ' (U+b+(.)3

Suy ra bét ding thirc CIZ1 Cho 121 dling néu ta chfmg minh du'Qc

27(u3 +193 +03 )(a+l2)(/9+¢')(('+u)28(ub+/>0+ca)(a+/2+0)" (1 )

SL1‘ dung déng lhtrc ((1 +b)(l2+(')((-+u) =(a +/2+(')(ub+b(:+ ca) —a/1:‘

vii Lheo AM— GM: abcS%(a+b+c*)(ab+/Jc+c*a)

ta du‘QC (C1+/))(/J+C)((‘+(I)Z§((1+[J+(‘)((I17+1)('+(‘(I) (Z)

TvLr(1) vZ1(2) suy ra ta chi can chfrng minh

3(a3 +17: +c:)2(a+b+c")l <=>(u—1>): +(12—c'): +(c—a)2 ZOdL’1ng :> (dpcm) .

Ding thirc xay ra <:> a =b = c.

Clzzi )5. Ta cflng c6 min $6 két qua tu‘0'ng Lu" suu \'c'>'i moi 41.12, 020.

1 al+b2+c'2+ Saba" >2
' r1b+b<"+c‘rI (a+l2)(b+c)(c+a)_

Ding thtrc xéy ra <:> a =b =c hozfic (1 =12. c=0 v51 czic hozin vi.



Clzuwrng I: .\'h17'ng vién kim z'u"0'ng rrong I1 ('1! Jzilzg I/1121" ('1; 1711511 <*

2‘ -H11‘: +11"+4)LP9('u+/>)(/>+(')(‘¢"+11)2_1(u+/71_(_,

~‘+b*+w (u+h+cV

D11gll11'1‘c xay 1'11 <:> 11:/>:(" hozic ((1+l2)(/>+<')(1"+u):0.

3 -Ha/2+/n'+('u)+(u+lv)(/>+<-)(r"+u)>P
(1: +/>3 -1-(‘Z 8"/71‘ _ _

4. Mu‘: +/7:‘-1-¢“;)+ 9(u+/1)(/>+(‘)(‘('+z1)2%(u+/7+”
<1/7+/>¢'+('u (U +/,+(.)» _»

_

Bi 9. Cho c1.b.("2O.Ch1'1'112minh 15112: U + /7 + (I +.1f( U/H’ 22 I

b h /9+6 ("+11 ¢1+/> \/11+/JH/2+(')((‘+(1

Clz 1212g min I1

Nlzn xét: D5 }'" rring 111 c6 hui hit dzing [hire 11g11'Q'c chiéu sau 1151)’

~ 1"1—1**_£_+_Q_+_L_2i;M____;QL____5;l:l
l>+(" (‘+11 11+!) 2 \'(u+/2)(h+z')(('+u) Y8 Z

-» 1 ~ ~

B0 (T5: .1” +13 + 3“ + 3.13"; 2 .\"_\"(.\‘+ _\') + _\'; (1 + 1) + :,\'( 1 + .1‘). (l)V.\'. _\‘. 1 2 0

Chzivzg minh: Kl1611g1n?11tfnh16ng quail. gizi $11" .1-Z _\"2 1. Khi dé

VT(l)—VP(l)= .\'(.\'— 1'): + :( \' — 1): + (.\"— 1" + ;)(.\‘— \')( 1" — 3120

/{p dgmg: SL'1'd1_111g bit déng 1h1'1"c AM - GM 111 Q6

1 11:11 »1’<- 112611/-1% "1" J 4"’"‘ it0+7 7+( (+U ax" (u+/7)(/)+(")(('+u) i(u+l>)(!2+z')(1"+<1)|

Suy1"a1z1ch1’c§mchtrngminh ” + /7 + (‘ + '1'”/H’ 22
/2+1 ("+0 u+/> (u+/2)(/2+(")((-+41)

<:>c1(a+b)((z+(')+l7(b+(')(/J+u)+c'(c‘+c1)(('+l>)+4u/7(‘Z2(u+/2)(l7+(')((*+z1)

<:> (13 +/)3 +0} +3u/21' 2(1h((1 +12) +/20(1) +('§+('z1(('+¢1) d'L111g £1160 b5 dé.

Ding 1h1'1'c my ra <:> a :[2:c hoéc <1 =12. (‘=0 \"Z1czic hozin vi.



56 B ("H (Trillg thzic A 1\/I — G1\/I

Bai 10. Cho (1.111->0 Va l<2;.CM1'ngminh: S:/< -A+1” +5 +i({’+"f“")‘§ an-+3
9 51/71' 11' +/2' +0" ‘

Ch 1211g minh

Nhn xét: Ta c6 hai b?1td§1ngth(1"c ngu'<_>'c chiéu: k -Lt1Li23l< S3
(1/7‘-' cl‘ +12“ + ('“

A ; , '1 3 "3 - - , + ' 2

Bat dang thuc tu'0'ng du'0'ng *:> k ~ u “Lb +( 3”!” 2 3 — ((1 bin )

"bf" :1‘ +11“ +0"

/<(a+b+c')[(a—b)3 +(b-cf): +(c—a):1>((1—b): +(b—c)3 +(c—u):
211199 — <1: +12: +03

<:>(a+b+c)(a2 +b2 +c:)2_2__ Ta C6 V7-23x‘//E-3x3/z13l>3c3 Z922, Vkzg
abc k ulnr k 9

Bi1i11.ChL'rngminhr§ng: “ + 1’ +- " +%»"{’+"§'+“‘z‘° v<1.1>.<->0
b+C (‘+61 (l+[7 J Q’-§-[)“+('“ 6

Clz 1211g minlz

Nhgin xét: D5 )7 ring ta c6 hai bit ding thirc nguqc chiéu sau dixy

b c 3 7 ab + bc + ca < Z 1 Z_L+i_+i._2;_ 1 ;§ V :_
b+c c+a 51+!) ‘Z 3 (1-+1;-+5 3 3

B2§td€in@thtrctu0nvdLr0n@ (in +———b +-—-—")—§>Z—l-——i"b+b"+""
- ° C C b+c c+c1 a+b 2 3 3 a3+[;3+¢-3

((l—b)2 + (b—<-)3 + ((3-.1): >;_(a—b):+(b—c)2+(c—-(1)2
H(c'+a)(c'+b) (a+b)(a+c) (b+c)(b+a)‘3 cz2+b2+(.‘3

Ta c6 _

(C+a)(C+;,>§[@1>7~“(ib)]‘=§[z(»+<a+11>]°§-jI[(wI I J>°+<@+b>?]

3|
Q

+

|_4J

Vi
,-\

=%|:2c2 +(a+b)2]S%[2c2 +'l(a2 +b2)}=%(al +17: +03)

Suyra (a—b)_ 2Z_ a(a—7b)' :>(dpCm)
(c+a)(c+b) 3 a‘ +b“ +c'

cm; y'.- 1< = \E -1 151 hang S6 161 nhét dé béu dang 11m¢ sau dng v (1,1). C > 0

a + b + c +k_c1b+bc+(ru23+k
b+c c+z1 u+b a3+[;3+¢-3 Z



Clzmrrzg I: Nlzvzg vién kim cm/rzg trojzg brit Jring thzir (-0’ 471' En 57

v|. KY THUAT CHUAN HOA BAT DANG THU’C THUAN NHAT BA BlEN $0

I. D_inh nghfa Izdm tlzun 1111?}! ba bién .95

HZ\m $6 f(u. /2. 0) lim him] thun nht béc k lrén D <:> _,/'(I<1.1/11¢‘):1"_,f‘(u./M"). ‘V'u_/1.0.15 Z)

2. Chun hzia bl?! dring th!?'c

Xét bt 65mg thL'1'cthu§m nhét 3 bién $6 u. /2. 0 \'Z1 dng béc: _/'(u_/>.<') 2 g ((1./2. (1)

Phép déc biél héu bc'>'i min him déi xirng \=é'i (1. /2, 0 lL'1'c I'll {go ra mét déing lhirc

cp(a.b,c)=7» mix khéng lilm [hay déi bém chét cL'1a bét ding thrc f(a.h.c")2g(u.l2.c")

gqi 151 phép chuén héa b£‘1t ding lhfrc. Czic phép chun héa tl1u'O'ng gzflp 151:

'51-x‘-[J-1-L'=>»l al2+/2:-+<'u:7»:11/nil: (13 +123 +0: zlg

3. Chzi Ky thufxt chuzin héu du'Q'c {mg dglng réng ri Lrong nhiéu phu'0'ng phaip khzic

nhau c6 min trong szich .Si1u dy 121 1 56 bili lozin chun h6z1 chl sL1'dL_1ng AM — GM.

__ \ _, , ; _ W, , 1211+ 1/73 (u+/2):
Ba! 1. Cho a.b.c > ().T1m gm tr; nho nhru cuu hxeu lhuc: P :(———,-%_— '§-f

<1’ +/1‘ <12

Clz 1211g minlz.

1/ /1 ( 1)’ . (I
Nhgi/zxét:D:?1t P = f(u.b) :L;l+i—su}’ ru _/ (10.1/2) :1 /‘(u.b).

u’ +12" <1/7

Nhu véy fm, 11> 151 ham muén nhit béc 0 \/<5-1 czic bién (I. />> 0.

Tz1chué1n_h6z1 bit déng lhirc b0'i diéu kién u +/> : 2.

. -1

~ 1 ; _ , 4
E)2f1tt:u‘b+ab‘ =c1b(a+b)Da3 +17‘ :8—3r.kh1d0 P=#+l=,i,———+——.

8—3I uh I" (8-3!) ab

-3

, . I 8
SL'1'd1_1ng bait ding thtrc AM— GM. ta 06: I‘ (8—3I)=I.r.r.(8— 3I)S(Z) :16.

Ttrdé suy 1'21 P: [4 + 4 >14 + 4 =a4b4(u+/Jr‘ + 4
r""(8-31) ll/1 I6 ab 16 (I/7

=u4b4 +i+—L+—l—+i25-5)u4l24i~--J——~L-L=5
ab (11; (11; (11; ab ab ab ab

Dz‘1u bng xéy ra vdi Cl-l-17:2 151 a =12: l. nén du bng xziy ra <:> a =b>0

I Zu 2/) \ \':\" + \'\'2 (.\‘+ Y): \
Binh lufin: Néu dilt .\'=i.\'=—— lhl P=;%+i'i vdi .\".\‘>0 va

' ' u +1) ' u +12 xx + _\"3 .\'v\" '

.\'+ y = 2. Ta thy biéu Lhirc P khéng thay déi vé ban chit tozin hQc nhung czic bién .\". _\'

thi bi rng buéc bdi diéu kién .\‘+ y =2. D6 151 If do tai sao ta Q6 thé chun héa a +b=2.

Ngoili ra ta hoiln toim c6 thé chqn ab=l hay u} +11} =1 nhung nhu' lhé sé khé dé di

dén két qual



58 .\'lu7"ng .s¢' nzdu Jiéhz ru'1' trong ht r7(?_g th 121- All - G.-11

C7-‘J

1 f(u+/v)(/v+<')(('+u) ‘[1/>+/><-+<-(1i1i2. ChL'mg111inh1"ang; ‘ 2 \.’ . V11./2.z">()
' J

Ch zhzg mi/1 lz

. 5‘(r/+/>)(lv+(')(<'+u) ¢;’[;+[;('~’+I-U
Nhgin xét: D311 _/’(<1./2.0) : 1 g (u.l>.z ) \ . Khi d6:

Q

_/’(/1/.1/1.16)=1._/'(u./1.1-)1g(/u.1/Liz")=/.g(u./7.0) Dfg lillhixm lhL1§1|111h§lhf1c 1.

w ‘ \.\.\..,>()
{Din u/1+/>¢'+u/:31" \"Z1 .\‘:Q._\<:l—’_:_:‘— 2 4 ' . Khl dd:

1 1 1 \ “
1 .\‘_\" + _\': + ;\' : 3

/‘((1./¢_(")2 g(u.b.1")<:> /'(.\*. \". I)2 Q \". I).. . K .

Nhu véy ta c6 thé-' chuén héa ab +1><"+<"u =3 \-‘£1 chirng minh:

~ ~ ((l+[7)(/7+(')(('+£I) (1/7+[)(“+(*(1_/(u.b.<)--‘ Ev; -

"Thin vfiv. sL'1' dgm, c ? :><
. . 3/ ‘ ‘.” 1/)z'<l

Q

rift:

us

"J2

((1./7.0) (>1)

(u+/2+0)“Z3(u/>+l)('+¢'u):9 3’u+/1+z"23

:(1l2+/2¢+cc123-\/zz‘/)1“ fl —

T2166: ((1+l>)(l>+c)(c+(1)=(c1+b +(")(ub+l>('+cu)—ub¢'=3(c1+b+<')—ubc28

Khi CI6: f((1.b.c)=,»‘/—@+/))(b+(.)(C+u) 21: 1"—i‘I[7+/7(.+('('=g(u.1>.(')
8 \J 3

BinlzIug?n:Tucf1ng cé thé chun héu (u +/2)(/2+<')(<' + (1)18 \'Z1gi:'1i lu‘0'ng lu.

H ~ a b < 77
B2113. Cho u.b.c>O. Chung mmh rfmg: 1 + ,_+ _ 2 ,

(b+c)’ (c+(1)' ((z+l7)’ 8(a+/7+0)‘

.. , I I .1 u+b+<.‘

Ch 1211g minh

B0dé: " +1’ +‘ z( ) .V.\‘._\',:>O
\ \ 1 .\‘+\'+;

CM: (x+y+\.)—+ +—]_(a+b +¢~)+ T ~

x Y I V . . - . -
_‘ 0: bl (‘Z 1 1 1' "'3' bl; c":.\'\ 3", 3.\' "

3» :_ :_ »3~ ,_:_ 2_ ,
2(a:+b:+c:)+Z\)a '\.b '\ +2 /b ".( '\ +2\/( A.” ‘* =(a+b+c)_

.\' _\‘ _\‘ 3 1 .\‘

A11 dgmg: Chun hozi (1 +/9+0 =1 vil str dung bit ding thirc AM— GM la cé

(1 (Z Zu: Zu‘ Z70“: 5: 2 :
(l2+<v-)3 (l—a)’ 2a.(l—u).(l~c1).(l~a) {—’)[1+(l—(1)+(]—(1)w"_ 4(1—u)

iLl~~-~~~;——---»- <1 -61>



Clzmmg I: .\'Iz17'ng vién kim cumzg I/"(mg hilt ¢ing thlic 05 (711711 5‘)

/7 27/7i (' ”7<'
Tu'0'ng Lu 111 sung co , 2 \'Z1 2 _

\

(<"+aJ‘ -+(l—l>“) (u+/2)‘ 4(1-
Su‘d1_1ng b6 dé suy ra:

L‘)

r-‘ \ - ,- a
(1 /J v >"75 11' /1' c" ‘>°7 (u+/J+(")‘

V Z7
1 '1 .§*—! + + ‘__(b+c)' (¢‘+c/)’ ((z+/)) -1[_]—c/ l—/7 l~("__ 4

[Al_

'_»J

—(c1+/2+(")i

/ \ ‘. / _/ , V .

1 Biii-1. Cho u.[>.("2().Ch(1'ngminl11"€1ng:
} 1+/L Hi l+——L(—])l2 Z5

I \ ¢ »

A )+(',~ ‘+1!/_ ((+2

Chzhlg minlz

. , ; ; , , ‘I 4 ' -H 4 “Chuan hou a+b+<" =2. bat danu lhuc co danu
E 1+-L —l_ 1+?‘ iz ZS

p _ g K 2-H’. Z—/>,» Z—z',

I

<:> (Z+3u“)(Z+3/2)(Z+3(')2 Z5(Z—u)(Z~b)(Z—c) <:> 510/90 — 3Z(u/) + /21' + (‘u)+ 3] 2 UV‘)

° T1'u'b‘ng hqp 1: (1b+bc+<'aS1 . Khi d6 bl déng lhtrc (‘*‘) lu(m dilng.

° Truimg hqp 2: ab+bc'+ca >1 . SL1" dung bit ding thtrc quen lhuéc

.\"_\‘; 2 (_\" + 3 —— .\')( I + x — _\")(,\" + _\" — 1)

Tu du'Q'c clbc 2 (Z — 2a)(Z — 2/2) ( 2 — Z0) <:> 9a/>6 2 8((1/2 + /20 + ca) — 8

Suy 1'11 5Z<1bc = 16a/)0 + 4.9c1[2<' 2 16a/20 + 3Z(c1/1+1n“+ ca ) — 32 2 3Z(ab +/2<'+('(1)— 32

Véy (*)dL'1ng \'('>'i mqi (l.b,(' > O.

Being thfrc xa'y ru khi vix chi khi (1 : /2.0 : O \'Z1 caic hozin vi.

U _ , . ; ;‘u/>+/)¢'+<'u u+l2+('Bal 3. Cho u.b.c > 0. Chung mmh rangt 1+512-1 (1)\u' +/2' +<'“ Vuln-

C11 zhzg minh

Chun hézl (1 +[>+c:1 vi! dZ1lu= 1111+/1c+ca 3 :1: +12: +0: =l— Zu.

SQ‘ dung bit dzillg thfrc A5/I — GA! ta <36

a/2 +111‘ + ca u 115 11:
, _ _ = = Z =Z7(a/1+/n"+(‘u)’: 2(Z7u/>0):

51' +19" +(-' 1-211 u.u.(l—Zu) ,,+,,+(1»],,);
L_ 3 J

Tu <16 va bél dang mu-C AM - GM m du'Q'c

+L2 Z711/70 + L = Z7ubc + _?— + ?—_l._ + 2
\/cl“ + 12' + c‘ Q/abc Q/abc Si/ubv 3%/ubc 3\‘/ubc‘

1 1 .

244 2'/'¢112c"(_——)“ :4. Déng lh1'1'c xay ra <:: u :/2 :<' >0.
\ 3\"/abc



60 Nh 1711 g s ric milu rfiéhz roi trong I151 (king thzic A .1/I - GM

(a+l2+c‘)(a: +123 +03) > Ha: +b¢‘)(/2: +c<1)((": +ub
| Bi 6. Chirng minh: L9 é

_\/' " .Va./2.0

Clzzhzg minh.

Chun hozi Cl +1) + c : 3. Bit ding thirc d cho urong du‘o'ng vdi

SM: +1): +03 )2 29(u3 +b(*)([23 +cu)((': +a[>). SL1‘ dung bill ding thirc AN! - GA/I

((1: +b(')(b2 +('6l)(C: +(l[))§LZ"‘_a_+b: +(‘— :;_ub+b(‘+(.u
~ /

Dill u :ab+bc+cu :>u £3 \/"Z1 (1: +12: +0: =9—Z1z.Tz1c§1n Chirng minh

I

8(9—Zu)' 29Ki-Q1) <:>(u—3)(u3 +7Zu—'-'lO5)2()1u(m dilng vi 1133.

Dfmg thfrc x€1yrakhi \/£1 chi khi (1:/7: 0 > O.

Bili 7. Cho a.b.c > O. ChL'rngminh1"§1ng

1. \/3(a3+b3+¢'3)>\/Z+\/l?+\/Z 2_ (a+b)(b+c)(("+u)> a+1;+¢~

3ubc' _ ab+bc+cu Saba — \,/;,Z+\/E+v/Q

Clzfmg minh. »

1. Chun héu 41} +12" + (:5 : 3. Ta cén chirng minh u/>+b(‘+ca 2<1l>c(\,G +\/B +

Theo AM- GA/It 3:113 +123 +03 23ub<':> ahr 1.

Min khzic:

u12+12<'+<-u—\/E(\»’Z+\/Z+v‘Z):%L1(\/Z—\/T):+b(\/Z-\/ml +(‘<\~z_@>1]2<>

Suy r21 ab+bc+(‘aZ\/abc-(\/2+\/B+\/'?)2a12c(\/;+\/Z+\/F) (dpcm)

-i,i,_-
2. Chuén héa (1120: 1 .Ta c§n chtrng minh(u+12)(l2+(-)(c+a)(\a/)+\<bc+\/Lu)28(a+b+c)

su dung b2‘1td€1ng1h(rc AM - GM la cé

(u+b)(/)+c‘)(c'+a) =(a+b+(')(ub+[2c'+ccz)—ubc 2%(c1+b+c)(ab+bc+c'u)

Suy ra bit ding thirc di cho dfmg néu ta chfrng minh du'Q'c

(a12+bc+c"a)(\/;1;+\/E+\/J)Z9. B§td5ngth1'1'cnZ1y luén dng thco AM— GM.

Chzi 3?. Ban dcgc cé thé chfrng minh du'<_>‘c bit ding thtrc urong Lu" sau dy

(a+b)(b+c')(c+a)>£ a+b+(- Y

8“/K" \_ \/17/3 + \/12¢ + ,

\

) >0*



Ch u'0'ng I : ]Wu7'ng vién Icim caving Irong hat tiring rh 121' ('5 (1'iéh 6|

_ +/+~)‘ SI /-+-
Béi s. Cho a.b.('>().ChL'1'ng minh réng: (U ’ ‘ +27»1;"f+ H‘ ‘fl 254 <1)

abr a' +b“ + 0‘

Cluhzg minh.

Czich 1.(Mehdi Cherif) SL1‘ dung bl déng lhirc A114 - GM La 06

X,-’a3+b3+<': _;!al+b:+<"3 ]1< a3+b:+c3 \Z_ (a+b+("):
. . _ + - .

\( ab + at + />0 Jab + ac + bc 3(ab + at + be) 3 3( ab + at + bc)

/ab + ac + bc 3(ab + ac + bc) ; L ‘
Suy ra 3! , , , 2 _, .Tu' do bat dang lhu'c (1) du'Q‘c chung mmh neu

\a‘+b'+c' (a+b+c')“

; ; (a+b+c"); 8l(ab+a<'+bc) _

ta Chung mmh duqc bat dang thuc + 1 2 34
abt (a + b + 0)‘

‘
1

Chuén héa a + b + c =1. khi dé La ph2'1ich(mgminh—;— + 8 1( ab + ac + bc) 2 54 (2)
a 20

. . 1 9
Theo bét démg thfrc AM - GM Lhi —— 2 ——i—-—

abc ab + ac + be

I 9
D0 dé (2) dng néu chtmg minh duqc ———i+ 81(ab + at +bc) 2 54.

ab + ac + be

Thzit vgy bién déi tuong duong bit d2'ing thrc ta du'<_>'c 9[3(ab +bc + ca)-112 2 O (dimg)

Céch 2.(V5 Q1150 Bd aim

4 V
(ab + bc + ca):

Su' dung bat ding thu'c AM — GM ta co abc S ——————-M
a+b+c

. 4 1 . _

Tu chi cén chtrng minh  +27~ 2 54
(ab +bc + ca)“ \la' + b‘ + c‘

, /
Su dung AM — GM ta (.0

(a+b+c'): ab+bc+ca Z((z+b+c')

3((Ib+bc+ca) a2 +b2 +cl — \/Qrq/(ub+b(.+m)1(u1 +bI +01)

. Q . 1 ,

v51 (ab +bc +ca).(ab +bc + ca).(a“ +b' +c') S ;;(a +b + cf)‘

(a+b+c)' _ab+bc+ca 2(a+b+c)
Ttr hai dzinh 2121 1'15. su ra ~ =- y y +{/ ~ 1 ~ Z 2

3(ab+bc+ca) a'+b +c' \/§]i(a+b+C)(,
\27 \

hay 9(a +b+C)_ + 27;‘/a]3+b€+€€l 254. Ta sé chirng minh
ab+bc+ca a" +b' +0‘





(11 ‘\"lz1?'ng s(7'c mdu (1ié}r1,r'u'i trung bt 17(7):g thzic A11 - GM

3(a+/)+<')’1 .9(a+b+c): \
, 2 hay (c1+b+c)‘ 2_>(a/2+/><'+<‘c/) (dung)

(4//2 +120 + cu J‘ (111 + /10 + ("(1

Crich 3.( Du'0'ng Dzic Lm ) Khéng min lfnh léng quzilugia .\u" u + /9 + <' = 3.

Din I: uh +120 + ("(1 2 35/(1:/2:03 thi (1: +/>3 +0: = 9- ZI.Su'dg1ng AM - GM [L1 c6[ '3‘/al2+/9<"+("u I at 3! I
‘; , , _ = L‘ I H?" 2 :—2\/u‘lJ‘¢"‘
\‘u'+/2'+(" \9—2z §»r.r,(9—2r) r+z+(9~2/) 3

\ Z7 _
Tu chl cn chtrng minh i + Z7'\//r1"/>1“ 2 34. SL1" dung A11/I — G51 ta c6

(1/7C

V27 @113: ~‘~’::: 1 9 ~.:**l 1 -———+_7'\/(1 [>0 =9(_w\/u /2 <" +2i)++29.J>z1/>1" i+9=J4
ubc u/>0 zz/20 ll/K‘ (I/H‘

F 
Ding thirc xa')/111 khi \‘£\ch1khi :1 =1) = 0 > O. ‘

Nlzgin xét. Czich gizii 3 gip ta chirng minh Ciuqc bit déng thtrc manh hon sau dy:

2(a+b+<‘)3+81_/ab+/2c+ca >1“ii “ _ _-, (1., ).('
abc \' (F +b' +c'

Bixi 9. Cho .\'._\'. : 151 dc} did bu canh cua min tam gizic.

Chtrng minh: (.\'+ y + ;).\'_\': 2 (.\'_\" + _\‘; + + Z — .\')(; + .\' — _\')(.\'+ _\* — 1)

Ch 1211g minh

Dét (1=)‘+:_—.\'_b=;+.\'—)‘.c=.v+_\'—; {hi a.l2.(-20 \/Z1.\"=[%,_\'=§-:—Q.:=%'b Chuén

héa ubc :1 . Bil dfmg thfrc {rd lhimh ‘

((1 +12 +(")(z1+b)(b + c)((' + (1) 2 2[(a +/>)(b + c) + (I1 + ("Hr + c1) + (c + u)(u +b)]

¢>u+1>+(~zi+L+i.Th¢QAM-GM;
u+l> b+<' c+u

'> 7 7 9 7 7 1- ?— -" + “ + ' s " + -_+ ;=\/;+\'/>+v’(“£——L+l+b;H+(+lSc1+l7+("
“+17 b+¢' 5+” 2\/ab 2\/all Zyab

Ding thtrc xéy ru -<=> x= _\' = :.

Béi 10. Cho a,b.(r > 0. chcmg minh rang

\/a+l2+c+\/Z+\/a+b+c+\/5+\/a+b+c+\/;> 9+3\/g U)
b+(' c+u u+b _g\/(,+[,+(-

Clz 1?/zg minlz



(‘lzuv/ng I: .\'lz17‘/lg vilz kim cmnlg trnng hr?! drivng I/1121' ('5 (/1171! (12

I ‘ iiiiw-‘MI \} ‘ ‘ ‘(.I><':,~/2(<1+/>+<-)‘++—l—+L)+Z“/~/>+¢".;M ‘I +%‘-;z<)T_»~___+
(I (IA +./> /7+1" 0+ ' \/1+1" ("+11 u+/1,

Chufm h<'>a u +/2 + v = 3. Tu nhfm du'<_»'c hl ding Llmc

(7_L+#_,#)_+:\€‘3_§l_,_Q‘L;_L;2L)_. 3
u’ 7(u+-/2 ./2+0 0+ ‘~_/—(' (‘+0 11+/2,"

DJ /

Sudgmg hl déng ll1L'1'cA1W—G;\/Itucé 6‘ L/+/L + L 1)Zj( 5;) ):9
u 1 2 <' <" <11 _u+1+(~

,— ,- ,_
, q4- \ A , . - 1 /7 " ,_Cum cung 111 can Chung mmh i+—\——i2i. [hon AM - GM:

/)—<' ("+11 11+/1 Z

'7 : '3 2 3 7zl (1 _(l 2 _zl _:i_:>_llL>¢_1
‘ ‘ 1 W ‘ —(/7*(')_ (3—ll)_ 2”(~”_”)(~‘_") |'/Zu+(3—(1)+(3—u)\:‘ 4 /)*(> 2

I 1 >

, _\

,_ ,_
(1 "'11 w - “Tu'o"ngu_1'su)"ra M + V + \( 2”+/)+‘=3.(dpcn1)

/2+(' ('+u 41+/1 Z Z

D§111gllu'1*c xay 111 khi \'Z1ch1l\'hi (1:1) I <' > 0.

Bi1i11.Ch0 u.b.<">().Ch(1'ngminh1'§mg é‘ 24(i+l+L)+3 (1)
§,"(,;,(> /> +(" ('+u u +12

Ch ling milzlz

Chun héa (I/?(’ :1 tl1]b§1Li511gll1(x'c (I) <:> (<1+/1 + ()3 2 + % + + 3.
7 (' (> U ll 7

Thc0AM—GMtac6]i + /7 + C 3 ‘/'_+ [7 + C =%(u\/;+I2\/E+<"\/F)
J '7F <‘+ ‘I "+1? Zv/n" _\/cu Z\/(1/1 ~

Suy 1'21 bél ding lhtrc (1) dtmg néu1achL'1"11g minh du\_>"c bit déing thfrc SZIU

(:1 +1) +0): 2Z(z1\"Z +/N1: +("\‘/7) +3. Theo AM - GM I11 Q6 \/Z + \/I; + \/T 23. suy ra

6(u\/Z + l7\/E + + 9 5 2(\/A; + \/Z7 + \/;)((1\<'; + /¢\/F + <-\/T) + 3( \/Z + \/Z + Q?)

Ta chi cn chirng minh

3(u+/9+c')2 22(\/5+ @+ \5)(¢W~Z+1>vE+(-VT‘)+s<\/2+ J/2+ V?) ¢:,~

(12 +113 +1‘: +6(ul)+b('+(fa)2Z(\/EM+b)+\/@?(l>+(')+ \/;(c'+z1))+3\/IEM/Z+ \/3+

<=>a(v’17-J): +b(\/Z-J5): +('(\//;"\//E): +(\»Z- J13)‘ +(»@-JV‘ +(—\G)4 20

B§1td§1ngth(1'c cuéi luén dng nén (1) dying. Being lhtrc xziy ra <:~ <1 =b=(".



64 Nlzvzg sric nzizu zfiérlz r0‘i trmzg bzit (Trillg tluic All/I - GM

vu. BAT DANG THU’C some BAC DANG cque MAU so

I. Dgzng téng quzit: Cho .\‘I_.\-:......\'” > 0 \'(3'i /1 2 Z. n e N. khi CI6 U106:

-»

, ; ,- 1 1 1 I1

¢ Dgmg cgng mau so: + +--~ + 2 .

x, .\-3 .\"” .\", + .\"3 + + xn

Q Dgmg tfclz nghjclz 17:10: (xi +.\-_ +...+ .\-H )[-]-+L+...+i)z1f
' ‘.\'| X2 .\'” /,

Ding lhirc xziy ra <:> xi =.\"3 =... = 1"” > O.

Clz1?'ngminlz.' Str dung bét ding thtrc AM — GM ta c6

"v

1 1 1
/1

—+—+-~-+ 2 / 2 ” = .

xl .\‘3 .\',, Q/'_\-l_\‘,____\-H X, +1‘; + ...+ .\‘,, .\'| + xi + ...+ X”

I1

_, " ‘\ 1

H0(lC (xl +1‘. +...+.\'”)[ i+—1—+...+L I211."/.\",..\',....\-H.n.,,)—-L...l— :11“
_ \ -"1 -‘-1 '\-II ,* ' \ "1 ‘Y: XII '

1 l 1 112

Suy 1'21: + +---+ 2
xi \. \,, \, + \, + + \"”

/

Y nghfa: Khi gzflp mét biéu thfrc 151 téng cua n phzin $6. chng La thuimg tiép cén theo

czich bién déi ding thtrc vé'i phép quy déng m§u $6 rél phirc tap. Tuy nhién néu tiép cén

theo czich dzinh gié béi bait déllg thtrc lrén thi ta nhén du'Q'c m<f>t phn 56 du'<_rc thu g<_>n

vé'i mgu 121 téng céc m§u s6 cua 11 phn $5 dz} cho. C6 rl nhiéu bit ding thfrc trng dung

ctl hui dang trén nhung U dy chng l6i sé chi giéi thiéu céc bin Lgip minh h<_>a cho dang

céng m§1u s6 cua bit déng thfrc. Chng ta sé gap lai k§' thuét ny du'c_>"c ma’! réng trong

phn gidi Lhiéu vé ky thuét m0" du cua b§1ld€111gthtrc Cauchy - Sclzwarz..

2. Czic trlrzing hgfp dgic bi_ét

n
/1=2:V.\‘,_\'>() n=3:V.\'._\'.:>() /z=4:V.\'._\'.;.l>0

Dang
.

1 1 1

Dangl (x+_v)[l+l]24 (,YT)'+:)£‘l+_+ljZ9 (.\‘+_\'+;+t)£l+—+l+-J216
' x‘ v \' v Z x \‘ 1 I

1 1 4 1 I 1 9 1 1 1 1 16
Danoz —+—2—— —+—+-2—? —+—+-+-2—i-

' C \' \' \"+ \' .\' v 1 x+y+1 X y 3 I .\-+_\>+;+r

Diéukién x=_\" x=)'=1 x=y=z=I



Clzmmg I: N11 wzg vién kim cmmg trong [nit 111711;; rluir ('5 1111511 hi
3. Cdc Inii Igip mriu minh lzgm

W

\ _ _ ‘il 1 1 1" 'ail. Chm u./2.('>(). Chung minh rimgt Q -P —- + -- 22% ~— +— T?‘
u /7 < ‘ 11+/> /7+z" 1'+u_/‘

B

Ch 1}‘/lg minlz

ién déi \'i1sudung bét dng 1l11'1'c cwng m5u \(\ \'d'i /1 : Z In c6:

VT:%Mr—1:+?1;)+(%+%)+(%+%)l2%(uit-/2+/>i<"+z'iz1)_2(.ul#/7+/2j1~("+<'lu)

Déng lhtrc xay ra <:> <1 =1; : 0 > O

B
(1.17, <' > 0 . 1 l 1

a1 2. Cho .Chu"ng mmh ring: B + + 29
u + /7 + ("S1 M + Z/2<’ If + Z111 c" + Zul)

B

Cluhzg minh -

ién déi v21 \".'1‘dg111g bit dimg lhU'C céng m§u sfw \’O'i 11 = 3 In Q6:

/+,‘+_12. T’ \ 1" 2»-1") - -1u +Bb(' /J +200 (' +_r1l> (u'+Z/><')+(/>'+Z<'u>+\("+Zu/>) (u+/,+(-3
_ )

B
a.b>0 1

iii 3. Cho Chfrng minh rng: S : —<-i_ + — 2 6
(1+[;g1 u‘ +/>‘ (1/7

B

Ch 1271g minh

ién déi v21 sL'1'dL_mg bit ding khtrc céng 111511 $6 vdi n = 2 L11 c6:

1 1 / 1 1 I 4 1

S = , W + =L , ; + + 2 +
51- + b" (117 (I_ + /1' Zul) Zu/> ((,- + /;- ) + u], 20/2

4 2 6 ( . .

2 , + =~ 2 :6. Dfmg thuc .\a)‘ 111 <:> u=/2:i
(a+b)' m+/;>- <( +/>»~ 1~ 3

u.b>0
~ 1 1

Biai 4. Cho Chirng minh rémg: S = —\—~; + — + -M112 7
“+551 u‘+/2' uh

l 1 1 1 \ 1 1’ IS=—;i;+,—+4u/J: _ ‘+ J+ +\ +40!)4/ 4/

CI1 ling mirzh I

 
LBa'+b' a a'+b" Zulu, 11> x :12Z2 K

1 ' 1

2 jl + 1 +[ 1 +4012) 2 —;+i§+Z< [T4011
(a— + 5- ) + 25,1; 4012 4a!) ((1 +19)“ (a+b)' \ -1-ab

= 4 w+ 1 ,+2= 5 w+Z27.Dngth(1'cxziy1'u<=> u:h:%
(a+b)' (a+/2)" (al+/>)" —

I \



66 .\'I1z7'ng szic mdu diénnz r0'i trmzg [nit tiling tI112'c A .1/I - GM

an 5. [Tap chi THTT] Cho CI. /1. 0. (I > (). Tim gizi tri nho nhrit cuu hiéu (hire:

U:

_u—d 11-/2 '/2—¢" ("-12
S + + +

/7+z/ ("+17 u+(' d+u

Giiii

Bién déi V21 sir dung bt déing thL'1'c céng m§u s6 vdi 11: Z La cé:

S+4,:(”—_i+l)§<i+l)+(ii+1)+(ii+1)b+d ("+19 1u+(' d+u

d+¢ I u 4_a+b - 2+ ‘+1! 1 1 1 1

+ + + ~(<1+l:) - +-7 +(¢ +11) 7++
([+[; b+(‘ ¢~+¢1 (1+([ c/+11 (“+11 /1+0 u+(l,

2(a+/7) 4 +((_+d) 4 :4(u+[7+(‘+(/)2/4

(L/+b)+(c'+a) (l7+(‘)+(u+z/) 51+/)+(“""d

Tir dé suy ru S20. \/(Si u = /2 = 0 = d > O [hi Min S = G

!

\ . , . ~ 1 l 1 3
Ba16. Cho a, b, 06 (0. 1]. Chung mmh rang: + + 2

61+ 3!) /7 + 3c‘ c‘ + 3:1 3 + u/ac‘

Ch/rng milzlz

Bién déi vii sir dung bfit dang lhL'1‘c cimg mfau $6 véi :1: 3 la c6:

I 1 1 9 9
+ + 2 = (1)

u+3b b+3c c‘+3u (a+3b)+(l7+3c)+(c+3c1) -l(u+[>+(‘)

. 9 " 1 3

Ta Sé ChL'1'ng mmh z ’ <2) 1; 9 + 3”!» z 4m +111» C) <3)
4(a + [J + c) 3 + abc

Dal a:1—.\';b:1—_\';c'=1—; vé‘i .\", _\", ;E[O. 1)‘ khi dé (3)

<:> 9+3(l—.\')(l— \')(l—:)2-1(3—x— \'— ;)<=>.\'+ \"+;+3(.\‘\'+ \‘;+:,\')23.\'\';

Sir dung bat dang thirc AM — GM vO‘i .\1 _\‘. :€ [O. 1) 1:1 cé

.\‘ + _\~ + 3 + 3(.\'_\' + _\': + gx) 2 3. S‘/,\‘_\": + 9.Q".\‘31\"3 :3 212.3"; 2 3.\')‘f, 3 (3) dflng

:> (Z)dL'1ng.Tir(1).(Z)suyra dpcm. D€1ngthL'1'c my 1'21 <:> u =11:<' :1.

Bai 7. [British Mathematical Olympiad — 1992] Cho <1, /1. <3 cl > O. Chfrng minh rang:

12 1 1 1 1 1 1 3 1 l 1 1“$8: + + + + + §~ —+—+—+—J
g+];+@+¢1 0+/2 0+0 a+d b+c /2+rl c+d 4“! /J (- ([1

Ch livzg minh

Bién déi vii str dung bat dang thfrc céng méu s6 ta c6:

I



Clzming I : N11 n g vién kim Cll'0'l1g trong br"1t (T1711g tlz 111' ('5 di 1511 "
w

S> 1» 12

(<1+/>)+(u+1‘)+(11+d)+(/2+1‘)+1/2+1/)+(('+1l) 11+/2+1'+d

\ I , \ \ \ 4‘ 1

:— —+~+ + 1

4 /J 11 1 :1 11 \17 1 \/ 1/ < /7 1 1/'’ L\ (I '\ \ /I » ? J "1 ‘

~ -\—-

-L-Q)

/-—_‘x
Q,._.

1 1

1. , . ~ 1 1 1 1’ 1 1 1 1

Ba] 8. Chung mmh M1112: —+—+—2-11i+@»—-+1) V11./>.<'>0
1 “ Q11/21 1"' 1311+/> 31> +1" 31' + 11/

Z 1 1

Ch ling minh

S11" dung bit ding th1'rc céng méu $6 v61 11: 4 ta c6:

w w

1 1 1 1 4- 1-i+—=—+—+—+l2L=L
<1 b (11111 b ¢1+u+z1+./J 30+!)

3 1 1 1 1 1 4" 4“
+ —+—=—+—+—+—ZL=i

[2 c" /2 /2 b c‘ [>+b+b+1' 3./1+1"

'w -»

3 1 1 1 1 1 4‘ -1'A+-:~+~+~+~2;l—:i
C LI K‘ C C (I ('+('+C'+CI 3L‘+(l

' \
1 1 1 ~ 1 1

Suy 1'21 4£—+—+— 24‘[—+i+LJ
u 1) C 311 +1) 3b+c 3c‘+u,

1 1 1 1 1 1 \ 1

<:> —+Z+—24Li+i+qil. D5111g1111'1'c xa'1y1'a <:> 11:/>=¢~>().
11 0 311+!) 3b+c JC+(l/

Bfii 9. Chou, /2. c, cl > O V51 11+!) + 1" + cl S Z.ChL'1'ngminhr§mg:

1 1 1 1 1 1 1 1

—+—+ +—23 —+—+i+;
a b 1‘ d l+a l+b 1+0 1+1]

-1-<

1 1 1.
+

i+l+i+i+i+lz 36 2 “ _
11 41 c1 b. c‘ (1

1 1 1 1 1 1

—+—+—+—+—+—Z Z =
/7 12 b c (1 a 7/+

l+l+l+i+l+lz 36 2 =
<" c c d a

Ch IP11g minh

18

Za+(c1+b+c+zl) Zu+2 1+0

36 36 18

2l2+(1c1+b+c+1/) -2 2 1+/1

36 18

b 2c+(c1+b+('+z/) 2('+Z 1+0

1 1 1 36 36 18
—+—+— —+—+—~2 Z =
(I d d a 19 c 1 ° 3" °d+(c1+b+c+(l) »_d+-_ 1+d

/1 1 1 1 ’ 1 1 1 1 ‘
:>61~+—+-+— 218 —+—+——+-—J (dpcm)

(1 b .c d l+a 1+b 1+0 l+a!



68 N11 ling $110 Infzu ziié//n rm" trnng h("1t (/1111 g th 121' A)! - GM

u.1),(' > O

1 B§1il0. Cho < Ch(1"ngminh1"§1ng: I + 1 + I 2 27
I Lu+/;+(.:] u+1n" 1>+¢"u ('+z1/7 -L

C1111‘/lg min/1

B5 (112 + 191" + ("u Sghz +1? +01‘

/{p dung: SL1" dung bit ding thirc céng mu s5 \'O"i /1: 3 ta Q6:

1 + 1 + 1 ;, 9 > 9 :37
l1+17(' 17+¢'¢11€‘+(l19"((1+/>+(')+(u/1+/1(‘+('u)_(u+/7+(,)+l(U+/)+(.)3 -1

3

Béi 11. Cho a,b,c> 0 mm min diéu kién u"<*+/>';z1+(:312=u12r'

, . ; b 0 41 9
Chung mmh rang: S:—i+—;—~—+wi2—

c1" +111) 12' +12<' 1" +cu 2

Ch lhlg minlz
w 1 1

,, _ _ _ __

B6 dé: %—+b—+(—2¢1+/2+1-;Va.12.:'>()
2 c u

Ap dglng: 4130+ 11311 + ("Rb = (1121 :» 1 = U’ C + bl” + (R [7 : (E, + b‘ + C’ 211 +12 + 1"

u >0 2 1' a

5: '11 + 71 + '71 27“ 1 7 79\\ 2 7 9N "Y \ :%
9—+u b +12 9 +c (‘F +1)“ +‘7_ )+(c1+1>+c) 21” +1’- +"_ I “

19 C‘ (I 1) c‘ (1 \ /7 1" u /

B51il2. Cho 11,12, cZO. Chtrng minh ring:

17‘ + 2a17c+ c“ + L“ + 2L.'17(.' + a‘ + Cl: + 2£l1J('-1-1)"

a2 +bc 172 +111 (>3 + ab
2Z(c1+b+(*) (1)

K 3 K 1 \ \ K

Clzzrng minh

bi + 211120 + ('3 -> \ ~ I \(l)<:>2(?—————+aW2.a(a+1)+<.')<:>((11 +123 +0‘ +3(11>¢')[2,ilZ—)23((1+b+¢
nu / <\ a /:1‘ +bc ..l. ' + (-

». # ¢ 1. ~ = .4 _ ». 1 > 9Su dung bat dang thuc ccpng mau so vol /1- 3 ta co. 2 , _ V _

W. a‘ +1>c u“ +1)" + c‘ +411; +12r+ ca

Suy ra (1) dfmg néu ta chtrng minh du'Q"c bit déng thirc sau:

3(a7‘ +123 + ('3 +3(l19C)Z((l +12+ c)(u3 +122 +03 +u12+1>(r+ca)

<:a3 +173 +c3 +3c.'bc2ab(a +19)+bc"(b+c)+cu(c+u) (Z)

Khéng mét tinh téng quzit gié sL'1' a 2b Zc, khi dé

VT(Z)—VP(2)=a(a—b)2 +c(b—c.')2 +(c'+a—1J)(a—1J)(12—(")2O :>(dpcm).

Ding thirc xéy ra 4:) (I =11=c hoéc a :11.c=O v51 caic hoém vi. u



Clzzruvzg I: N11 17'l1g vién kim czmvzg rrong b('1t zlring tl1zi'c er?’ zlié 69

Bili 13. Cho 11.12.0211. Chirng minh rng:

11/) /)1" + 1'11 S 11+/1+1‘
<1+/>+2<- l>+<~+2¢1 1-+<1+2/2 4

Cluing minh

Bién d5i \'i1\"1'1'd1111g 1151 déng 1hL1‘ccQ\11g 111511 s(\ \"O'i /1 : Z 111c(1:

141/;=11,1%___§11,.1(_u+;)
11+/7+1‘ (u+(‘)+(/>+(') -1.11+<‘ /9+1‘

+
.9/\_____.

.-

I/71"-i--195/>1,"--1-(#+——l~—)
/>+1+Zu (l>+¢1)+((‘+¢/) -1 l2+u ("+u,9.2- I .l(__1_ _1__)

tc+u+Zl2 (U (("+b)+(z1+l2)—m -1 <’+l>+u+l2

:> ab + /11' + ("(1 s i(l>z' + ("(1 + cu + ab + ab + /20) u +19 + c‘

11+/2+Zc' lJ+('+Zz1 (‘+u+Z/7 4 11+]; /1+1" u+(" 4

Dixlg 1h1'1'c xay 1'11 <:> (1:12-1' hozic u =/>.1‘=O \"{1czic hozin vi.

Biii 14. [T:_1p cl11'TTT] Cho 11./1.<'2(). Ch1'1'ng minh rfmg :

1117 + /11' + 1'11 < u + /1 + 0

11+ 3/2 + Z1‘ /2 + 31' + Z11 0 + 311+ 21>“ 6

Ch 1211g nzin/1

Bién 1161 vZ1s1'1'd1111g b§1d€111g1h1'1'c cc}ngn1§1u $5 V6111: 3 12106:

ab 1 1 1 1 1= 1- 5 /--(-- 1 _)
c1+3l)+Z(' U7 (u+c)+(b+c)+Zl> (U 9 u+c+l>+c+2l>

111' _ . 1 1( 1 1 1)_[ . -._ i i __
+ />+3c+2u K (];+a)+((_-+¢1)+2¢-SIX 9 b+c1+c+a+2c

(11 = 1 _1(1 1 _1_)

¢'+3fI+2/7 Ca ((f+/))+((1+[1)+Zz1§(a 9 c'+17+z1+l2+Zz1

3 (1/7 + be + (“(1 3 LL11 +11 + 1' + ah + /21' + 11/) + (":1 + 120+ cu
11+}/2+Z1' />+3<*+Z(1 (“+3<1+Z17 9 I u+(' /9+0 11+!)

<3 (112 + qbc + ca Si(u+b+c +(I+b+L_):a+b+c
u+3b+Zc b+_>c+Za c+3z1+Zb 9 2 6

D2‘/1ngth1'1'c xé1y1'a <:> :1 =b:c' >0.



70 N11 :7"):g sric mdu Jiénz r0'i trong bfit (Trillg t/z!?'c AA/I - G./‘VI

vm. BAT DANG THU’C acne B/§\C CHU’A C/KN THU’C

Czic bit déng Ihfrc trong muc nily du'Q"c sip xép [U don gian dén phirc Lap lhco xu hu'é'ng

khzii quail héa caic vén dé defu ra. Céc b6 dé trong czic bi tozin mo" du duqc chtrng minh

nhb sL'1' dung khai trién nhi thfrc Newton viz nguyén 1}’/' déng béc trong bt ding thL'1'c AM
- GA/I nhm phé célp rcfmg rii cho czic ban yéu thfch bét dzing 1hL'1'c méc dil tiép névi czic

biii tozin nély 151 bili tozin téng quail du'Q'c chrng minh béng min phu"o'ng phzip ngén ggm

h0'n trong AM — GM’. ‘

Bi 1. Chtrng minh: S : \/ul +/23 +\/bl +0: +\/cl +a: 2 \/2(’a+/2+0) , Vu,12. c" 2 ()

Ch ling minh

B5 (I5: SL1" dung hing d§1ngth(1"c v dainh gizi suu dilyz

° (_\' + _\I)2 = X2 + _\"Z + Z.x_\‘ ' xi + 2 Ix)‘

/ip dglng: S =%(\/203 + Zbz + \/2b: +20: + \/203 +203)

2

31~

—(Jal +/J2 +2511; +\/I): +03 +21% +\/('3 +0: +200)

=%[\/(a+b)2 +\/(b+c)3 +\/(c+u)2:| =%[(a+b)+(lJ+c')+(c*+c1)]=\/§(a+b+<')

I Béi 2. ChL'1'ng minh rang; s = i/(R +11‘ + i/11‘ +6 + 5/6 + (H 2 i/Em + b + C’) I

Ch 1212g minh '

B5 dé: Sir dung hang d§1ngthL'1'c Va dzinh gizi sau dziy:

} ~ '\ ~

(x + = .\'3 + _\" + 3.\‘_\' (X + _\') ° .\" + _\"\ = .\‘v\" (.\' + \'/.\‘. _\' 2 0

» 1 ~ ~ ~ 1 1 ~' 2 x 2 1 ~' 1 : 1Ap dung.‘ S: *’ a“ +b° +3(a‘ +1)‘ ) + +c‘ +3(/J‘ +0‘ ) + Q‘/c" +0‘ + 3(c'3 +11‘ )]u

,1

2 + b3 + 3ab(a + b) + Q/Z23 + (>3 + 3bc(l> + c) + {/0 + (13 + 3cc1(c" + 41)]

=R/(a+b)3 + Q/(b + c); +1/(c+a)3]

=%|:(a+lJ)+(12+c‘)+(c+a)]=§/5(a+b+c)
w

Bizi 3. ChL'rng minh ring V CI. I2. c 2 O ta c6 bit ding thtrc sau luén dng:

4 .1 / 1' 4 ' 7S=\/<1 +194 +{.'b4 +04 +§l/c +a* 211/Z(cz+/9+5")



1

Ch rm’/lg I : .\'lzz71zg vién kim cllmzg trong bt 1717/lg 1/1121" co (Tier: / l

Clzzhzg mi/1/1

B5 (125: ' (.\ + Y)“ I 1"‘ + )3 + -l.\'>\"(.\': + _\": )+ (v.\:_\‘:

° .\'4 + ‘\"‘4 2 .\':_\' + .\-_\"} :.\"’\"(.\": + _\":) . ‘Y./’.\‘. _\' 2 () ' _\‘; + Av‘ 2 lly:
, 1 _, . . . ‘

Ap dung: S: Z {Q14 +l>“ +-Ha“ +/2‘ )+3(u‘ +1; )

4 3

1 ,F‘ w ~ 3 \
2-TZIQ,/1!“ +124 +411/>(u‘ +/)')+(m'/2'

{J8 \

1 T‘ . I ‘ Z ‘~
:¢§§/(z1+l1)1+§j(/2+(')“ +{J(('+(!)l.3:7:((1+/7+0):§\Z(u+/7+<')

i/8‘ 4 {/8

B§1i4. Chtmg minh rng Vu_ />.<'Z()1ucé hail déng {hire mu lu(>n dflng:

‘ 3/ < < 5,‘ : 5 5/ < < <7
5=\~a +11 +\//1+0 +\/1" +u 2\'Z(u+/2+6)

C111?"/lg minlz

B5 (T5: ' (.\‘ + _\‘)'< = ,\“; + _\‘S + 5.\’_\'(_\": + _\"‘ ) + l().\':_\": + _\")

' .\"\ + v\“\ 2 .\‘l_\" + _\'_\'* = .\'_\‘(.\" + vv”) . ‘V.\'. _\" 2 O

' .\“< + _\“; 2 .\“‘_\": + 1‘: v\"“ = .\'3_\"3 (_\" + _\") _ VA‘. _\" 2 O

5 =#_‘_ i/1<»< +16/f + {/1619 + 161-‘ + i/16¢‘ +1611‘)
Q/l6(

1 - Q € - < '< a <=7:Z§’,¢1' +12‘ +3(u‘ +17 )+l0(u' +12‘)
(I

I “ § < - 1 1 “ ‘ _ ~ZTZQ;//z1' +/2‘ +311/>(u‘ +12‘ )+l()a'l1'(u+/2) =2-— 0+1?) =\//5((1+/7+0)
’16m

%_

B51i5. Cho u./1, 1' >0 v21 /1 2 1. we Chtmg minh rang:

S = Q/u" +12” +1,//2" + <"” + Q/0" + :1” 2 Q Z(u + /7 + (')

Ch 1271g minlz

' Binlz lugin: Ta cé thé str dung khai trién nhi lhfrc Newton (.\" + y)” réi sir dung czic dainh

gizi cua czic célp déi don thirc déi xirng déng bgic /1 vdi czic bién s5 x, _\". Tuy nhién trong

tru‘b'ng hqp téng quail 6- dy thi czich lilm mu Cong nhu' caic ban toén 1. 2. 3. 4 Sé 1-51 din.

V('>'i bét ding thirc t6ng quail nily chfmg ta sé chimg minh né being céc sir dung b6 dé sau dy:

~B5 .\-+V\»§u/2"*’<.\-"+4»-";>. v.\-._\~>0 <1)



77_ .\'h 17'11g .s"17c 1111111 17115m rui 11-(mg [nit (fling [/1110 A1\/I - G W

C/”}'”.‘~’ 111111/1. (1) <:> Q/'.\"' + " S " Z” ‘(.\"‘ + \"’\ \ ‘ <=>

1 ' '

__I

11 I 1 .\”' ='l 1 1 \"; l_._...A 2+ ‘_.__ S]
_ _ _' \‘ +\"' ""” 7 “ \"‘+\"‘

T
1.- '7 '3 '7 1: 1' ~‘

1

\ 1

11_._.__ - . H;
‘ :~| ~ 11 1

SL'1'dL_1ng bél dilng lhirc A11/I — G1\/I111 C6

‘ Iii?‘
1 1 .1 1 11 1 1-" 1

TS-— ~+~~~+~+§i¢ +1—+~»+~~+~—;—:—
‘ ') \! +\7|/I 2 2 ,\"‘ + \"" "5 q "'

I +1 11—l .\'” + \"' ‘ 1—»+~7+ -4»; |=--11:1') ") ll ll

, .

_ 1- Z.(\' +\'

<+_

/F

1%

/\

.

+,_..1

- - .\' +\‘ /

\ 11—| 1 1 I

~?/-—-— - “ '

' /ip d11ngb1§ (71510 ('15:

1 5 ‘/ ' 1 11 1>— 1 1' 1 1— 1' "—_5=—~|q2""‘(11"+1>')+\/2 ‘<11‘+1--)+\’12' ‘(1~+11~)
1/-,11-1“ "

1 » Z 1-2—]'[(11+/9)+(b+<")+(c'+11)}=-i__<11+/1+r")=§"Z(11 +/2+1)
11/211+ {'1'-)11+|

B51i6. Cho 11¢ 11111-1 11.11. - 01 > . Chfmg minh ring:

{/2114 +3114 +{/Z/24 +304 +1/704 +3 4 > 1_ _ 11 _ 0‘: + 3/1; + Q//Z/13 + 31"} + Q/Zr} + 311" )
V3

Ch 1211g 1ni1z ll

211‘ +311‘ 211‘ 311‘ -D1f1t111=‘i:>+ =3

1 J J J
Z11 (1 11 11 "/11 11 11 ‘‘:2._._._.]Sl _ 2
111' I11 HI III 4\/11 /

+
3 i i+i

3 -1 -1III III III III -l\!II /II III /

311 /2 /2 /2 3‘ /24 If‘ /2*‘ K

+

r 3 1'"‘?*"'""$‘ Pi" “"7
211‘ 31>‘ 1 211‘ + 31>‘ _ , 1; 211 + 311» 11211 + 311

112‘ 111‘ 4 111 \ 3 J

211” +32“ ° ’ Q ‘ _‘ +11 +‘1

_ I . ' 3' 1

, 1 ,/-11‘ +31-3‘ ,1’ 21‘ +311‘ , 211‘ +311‘ _, 21>‘ +31‘ 121-‘ +311‘
Suy ra: »‘ +1 —1-V < ,

3 V 3 3 3 \ 5 \1’ 5

' 1 1 3 1 1 ‘J \ 3 ’ 1 3:> U211‘ +311‘ +U21>‘ +31‘ +¢/21‘ +311 zl,_2(\/211‘ +311 +1/211 +31‘ +121-» +311 ),1\.



_
—|~§Chzrmzg I .' 1\"Izu'ng vién kim cu'o'ng trmlg hr?! (fling tlz 121' £6 rlién

Bili 7. Cho u./>_<‘ > (1. Chirna minh ring:
!

-
\

‘ "<g,+/;;;»>G<;,+/;5</)+}-m+1T(a+/>+c)(l+-I-+l)>?]l+=*‘
_c1 /2 ( _\,

)|
, | (I)

((1/1+/>("+ 111)‘ J

Ch zhzg minlz

(l)<:>1/+/1+/2+('+<'+u23;{

Q3

(u+/7+¢')(u+/>)(/>+<')(4"+r1)
C ” I’ \/ (uh + /n‘ + m)'

Su' dung bit ding lhU'C AA/I - GM [L1 Q6

u+/>+/2+('+('+u235;(u+/))(l>+(')(z-+11) (2)
(' 41 /> (I/7('

T,‘ Q Chan“ minh F/(u +l>)(/> + (')((" + (/7

\/

ha

(u+/>+<*)(¢/+/2)(/)+(‘)((‘+
\5 u/20 G (<1/> + /u" + ("(1)

((1+/7)(/>+(")((‘+zl) > 3(u+/2+(*)(u+/2)(/>+<")(<-+u)
W “/7” W (cl/2 +/>(‘+ (11):

<:>311/>('(u+/2+0)£(u/2+/n'+z"u): <:>(1(/>—¢'): +/>(('~u): +('(u—/7): Z0

Bt ding lhtrc cuéi dimg nén (3,) duqc chL'rng minh .

TE1'(2) vZ1(3) suy1‘a(1)dL'1ng. Ding thfrc x?1y1'u ¢:> a :1) :0 >0.

2

Lu

23 , I

B§1i8.ChL'rng minh:\/ (” 1+J ” 1+! ‘ ,z1 .V(1./2.(">O
<z‘“+ b+¢')’ l23+(<"+u)‘ \/(";+(u+/2)“

CI1 131!g minlz

Vé‘i 1120. su" dung bail ding lhtrc All — GM la Q6:

\'l+u” =\/(l+u)(l—u+u:)S(l+”)+(l_”+”>)=I+”_; .TL1' d6 suy 111:

(1 "QM l 1 1 u I

VT:g\/(lR+(/)+(')} l(’/)+<*): ZEN/?:+<‘: _g<1:+/7:+<': _
\/'l+( (1 ) 2 (1 <1:

Du bng xay ru khi viz chi khi 41 =1): c > 0

Biai 9. Chimg minh ring: , + I , + , 2 -_ . Va./7.(' >
:1‘ +120 \/ /2‘ +011 (" + ab I

/ (b+z') ’;b(('+a) \/('(a+/2) q O i

L
'1‘.

C111?/zg minlz

Str dung bt ding lhirc AM — GM. lu (:6:



7-l ‘ .\'h1?'ng $171" mizu ciiéhz rr/i trorzg bib zlzing Ill 121' AM - GM

T“(l)+’('): u(lv+<') > Zu(/7+1") Zu(/2+0)

\<1: +/n‘ \,’(u3 +/N-)(u/7+/H-) — ((1: +/)<")+(u/>+/)1") (¢/+/7)(f/+F')~

T11 sé chfrng minh

Z 2Z@(1(/1+<'): +l2(<"+(1): +('(u+/2): 2(u+/2)(/>+<‘)(<‘+¢1)<:>4u/x*2()
W(<z+/1)(¢1+(-)

' Baa 10. Cho cilc >6 mm <1. /s. ¢» > 0-. ChL'1'ngminh1'§ng:

/fu(w/9+0) + //7(w<'+u?)+ )('(‘u+l>)S ;§V(\/\~T+\/'Z+\.=? ’i I l »

\' u“ +120 \//2“ +011 0" +1117

;~_

2TW

+

Clz lhzg min /1

/ { 3

' F ~ F " ‘

(1)<:>,Z1\/——;"(l’+() <(\='(1+\'G;+\/(')(L/_+—l—+L1(/1 - F "
\r\: (1 +175 \ \ U \*/7 \/ ‘ ,1

ii‘-"74
,:>ZQ+_<")+3Z §;+Z/>_g

(W fl“ +175 U. Y(u' + /J<")(b" + cu) (‘.4 \//7!‘

a(/7+6) ul7(a+c")(l1+(') b+(»
c> ,i+2 1: — !_—3§() (2)

g"“+/76' %;\;(r1'+l1(')(l1“+cz1) gx//H‘

, 4 ; , , (l>+(') u(/>+(') /9+ -

SU'dl,1I1‘l bat dang thu'c AM — GM ta co: Z U , 3 2 : Z ‘
h V H, a‘ +/2:: H, 2./(,3;,(. W Z\/Y1?

Mét khzic. ((12 +l2c)(b3 +(‘c1)—ab(u+ c)(b+c‘) :c(u -12): (u +/1) 20

ub(u+c)(/9+0) f u[2((1+c)(b+c‘):> i~;—s1 :> @’_-is3
' \’(z1: +bc“)(l7: +c'z1) %;\;!(u3 +/7(')(/J: +011)

1

:>vT<2)sZ%+6-Z%~3:$"§/1-§;\§=-Zbifigo
W Z\='b<' .\.. »/>(' /_\/In" ,1 Iv/70 '

:>(Z)dL'1ng :> (dpcm). Du béng ,\'z'1yru <:> (1:/2:(">0

B:‘1il1.Cho .ChL'1'ng minh: /L“/L+ /+22
Mi/2 u+b'b+(":c+c1 >0 \'/7+6 l‘+u \¢1+/J

{c1.b_(,-20 ; " I .

{ Q }

Chzhzg minh -

su dung bél dang mu-C AM - GM ta c6:

t+t\| (1) ‘

\/7 \,('



7>n bf}; (Mng 1/2121‘ ('5 171' 511Ch ming I :

+1

U

Du

,\"lz17'ng vién kim cu'0'ng rm g

‘ * 7 w’Ll > _(l 4!1 zl _

' " ) u+(/>+(-l cl+/)+('\‘/7+” Z\/u(/7+(".

w " 21> 2/»I1 /2 _./7 2
’ l>+(<-+uJ u+l1+("v‘7+” Z\//7(r"+u)

/<~ 2(- > 21- 2(-
k\/u+lv 2\/(.(a+/,) (‘+(u+/2) a+/2+r'

( Ijg1 /7 I/I (' 22 lI+7+('):2
l7+(" \Jc'+a \u+/7 11+/>+('

hing xay ru <:> (<1./2.0) 15111161 hozin vi cuu (_\"..\u()) \'é'i .\">()

Ban 12. Cho ’

' 'l+(';('+u}>()

I,

'11./1.020
‘ /

.ChL'1"ngmmh: Hi + ?~i~—[7 + -3‘; 2 2\//2+0 \J(' 11 \/0+1;M1/I{u +12. 2

ETA
Ch ling minh

D31 <=> (I: =/11‘ ;/>3 :11’: 1r-3 : /r

Ta séchL'1"ngminh 2;’ ” 2 / ’” <:>( ” ) 2] ”' @(n+p)"2(l>+<~)‘\l7+c" \/12+/2 /7+0 A\/1+/1,

‘Q >/73 + Z/>(’+(': <:> 3/I/1(/1+ /J)2 Z171“<:>113+311p(1z+p)+/2 _

“*3 ' » u ; //1/1/1) :6/>622/7('. dung I> ~‘/+2 /—~
\v/7+(' \[/1+/7

T1106 3/1p(n + /2)23np(2\/E) =6(\/

T

S

Dfiu hing xéy ra

-" - ‘i ,/ I 7M C6_ ‘I a /7 + 3/~ c 2 /11 + ‘R /1 + I l
\/11+!) IZ+/J p+m \'/11+/1

u'o'ng Lu ' . ,\b+(' ("+0

I /J §’L+2/i+3,=i‘$22trdung B€1i1O. Ta c6: l—'L+ /i+ ;——22 :> I\/1+/1 \p+m \m+1z \‘/2+0 0+0 \-a+/2

mm (.\'..\'.0) \/(ii .\">()<:> (0.120) 121 mét hozin \=

u./).<'2() '
.

. Chung mmh rang:Bi 13. Cho
M1'11{u+ Z01/7 + Zc‘; (I + /2 + c} > O

if (1 +; /7 +2‘! L‘ 22
\'b+2(' \u+Zc" \/u+b+('

CI2 zhzg minh
SL1‘ dung bz§td§1ngth1i'c AM — GM ta 06:



76 _ .\'lz17"ng s(';c nzilu diihz r0‘i tro/lg bt (fling thuc 1 ‘VI - O W

‘ ( I Zu > In In
\’/v+Z(' 2‘/,,(/7+3.) ¢1+(/7+1») (1+/>+Z<'

‘.“

/‘Ff/14: 21> > 2/1 2/7

\u+Z(‘ 2\//7(u+2(»)_/2+(<1+7l(') u+/7+Z(',ii
I z ‘ -1-(‘ 41' -l»(‘

Z — L12
_ \{u+/>+c v - ¢'+(u+lv+¢-) 41+/>+Z(‘
, _\,( u+/7+(

:> If (1 _,_// /7 +2} (" 2Z(u+/7+Z(“):2_
\‘/>+Z(' \u+Z(‘ \ju+/9+0 u+/1+Z('

Du béng my ru <:> (1:/2 I .\' > ():<' =0

iu.b.<'2() \ T éi
Ba] 14. Cho . Chung mmh ring: 3”‘ + F,’

§\.Mi12{u;l>} > 0 \ 11+/2 \’ 411 +11
21(1)

Ch zhzg min/1Tl‘ '_Fl
D~ _ . _/7 ~ _‘ (ll \_ /71@1<1,_u.11,_; lh1(])<I>>-ii——+»i—*Z1.

_ \ <1, + Z/2, Zu, + /7,

D31 Va =;/U, ;JE=;,1>, <-:> a,1=u-‘;1>,1:g‘

3 [i /’ \3 , ,5

Ta sé chirng minh “Iv 2 y (X 4: L U‘ 7 2‘ (X \[

\1u, +/_l>, \;O(+ZB u, +2/7, \(X+ZB,_.

<:> (0c+ 2B)“ 2(u, + 21>, )3 <:> 00‘ +85‘ +6oaB(o<+ 2B)2a,3 +4l:,3 +441,/2,

<3 45‘ + 6u[3(a + 213) 2 411,1), <:> 25‘ + 3ocB(o< + 213) z 20,1»,

T1106 3a[5(@<+2L3)z@\/'E(¢BZ;§)" :(;@,,/,, 11* 25-‘ +30LB(0<+2B)22u,/a,

‘
,'

:~ 2 Ii .Tu‘0'ng u_1" la c6: 2
\ 1 J 7B V7 I [1 ’ ' +Bu+Zb,_ \,0£+_ _u+9 \_.OL

Sn" dung bit ding lhfrc AM — G11/Ila c6:Pi
,1 "1 2 f on flldi 20¢ on

\/41, +2/J, OL+Z[3 2\/O,(O,+2B) Q¢+(q+jB) 0L+f>

1» I B “B >5 B
3 ‘ 3 1 “ 3 “ :
\/2”1+]71 \2OH'B Z./B(Z(X+B) B+(Z(X+B) OH'B

_\ ~ "1 , bl (X B _

W \ja, +21), +_\/Z0, +12, 2oc+B+c1+[3_1 :>(dpmU

Déu béng xéy ra <:> (41.17) 121 mél hoain vi cL'1z1 (.\'.()) véi x>()

' +



Cl1u'0'ng I: .\"I1z7'ng vién kim cu'0'ng trong bf}! (fling tl112'z' 05 1/iéln 77
/

Bili 15. Cho
cl_/7. ('.z/ Z U

A/Ii/z{<1+i2+('1/w+(‘+(/;r'+(/+u1d+11+/1}>U_

ChL'1'ngminhr:'1ng 5 U + » /7 + ‘ + J’ ‘I 21
L \‘/7+<'+z/ \‘('+1/+4! \¢/—+—u+/> \.u+/J+¢'

C111?‘/zg mi11 h

SL1‘ dung béLCI5ng1hL'1'c AA/I — G11/Ila c6:(Ii
1 (l/ u M: ~-— —--~ —l- ---7—— > 7 _ ~ ~ -»- ~-~ V, _

\//’+"+‘] Z\/u(l2+¢-+(l) ”+(/’+"‘*"/) “+/’+"+‘/
° 2zL__,

’) .,__7/>__ : -(__ _;l>_~1_Y > __._l/2,.,__.__.._. I _.A__3L? ____,
\/('+z/+u QM/b((.+d+u) [2+(¢-+¢/+¢1) 11+/2+¢'+d

-|-<

I <' Z0 > Z0 It

/I 1/

\/la/+u+/9 :i2\|,'(.((/+u+—/;;—(-+(;/+(1+/7):(I+/7+('I([

Zzl > Zzl 11/

\\J(1+/7+1‘ Qyrl/(l,;/,;_J 1/ +(u+/2+0) 11+/>+("+d

.5 ’ _(u+/>+<-+1/)2,I 1:> '/ (1 + ' /> + I < + zl >
\fv/J+c+d \/(‘+114-u \/cl+u+b \H1+/2+0‘ u+/>+('+d ‘-

Du bng xay 1'21 <:> (u./).<".d) l€1 mfvt hozin vi cuu (.\‘..\".()_()) \'C»'i .\" >0

\__.__*V4%M

Bi 16. Cho
{(1.1). c". cl 2

¢ {

O

Min a+12+(‘;b+('+d;(‘+d+u1(/+c1+/7}>0 '

0 “
Y

Chfrnc minh rang: U + /7 +{X ( + ‘I 2 2\//2+('+d \/c‘+</+u cl+u+h u+h+('

Ch zhzg min lz

Din ¢:> <1: :m3 1/>3 :12’; :03 :p"“:(/I :4/I

Fi ~ 1

Ta sc chirng minh 3;’ U 2 m <:> U , 2 "Z }\;l)+c'+d \/2+/2+4] . -(b+(+z1) (/2+p+q)’

<:> (/z+p+q)3 2(/7+r+(/)2 <:> (n+p)3+(/3 +3c/(/1+/2)(/1+ /2+1/)

21): +0: +51: +2(/J(‘+('(/+(1/7)

<:> S =3I1p(rz + p)+3nq(n+q)+3p¢/(p +11) +611/J:/2Z(l1(' +('(/ +z!/2).

su dung bit ding lhirc AM - GM ta cé:



78 .\'lu7‘ng sric mfzu diém r0'i trong bf}! Jrihg thlic AA! - GM
/

14.1

C.
~

__/I

Q.)
\¢

,___44

IJJ

T.
42

. . , _ _

. 612/7!/2

(/2 + p) 2 3/1/1(Z\//zp)I(1\//1:/1’;I 6\//131': I (1/7(' 2 Z/M‘

q (I1 — q ) 2 3/1</Z-vf'r/1(/ )I()\./I151/j‘ I (1\//73¢/I I 6/711 2 Z/ad

(/2 + q) 2 3/u/(.'1\: /21} ) I 6\//>1/‘ I 6w":/' I (val 2 Iva’

:> S I3/1p(11 + p) +3/In/(n +q)+3/)1/(/> +c/) +6/1/u/2 Z(/2c'+('d+r//))_dL'1ng

Tu'o'ng tu la 06 3 bait ding lhirc lu'o'ng L’1'ng_ suy ra I22iZ2
rn \‘ l>+(i+a' \=/7+ /1+q

Diu béng xay ra <I> (:1./2.0.:/) Iii min hozin vi cuzl (.\'..\'.0.()) vdi .\->0.

Bili 17. Cho a.l2.<- 151 dé diii bu canh Qua m{>tlz1n1 gizic. Chtmg minh 1'§mg:

+c'—(1 “+c1— 7—('
If u +\/ /2 +\/ (* 23

\/[7 c I2 u+l

CI2 I311g minh

- . , \ \"+: -+\- .\‘+_\'

Bait déng thirc trd Lhimh / ,

1

Ii I =

J:>1

1 :_-_+_\- ;_\"+_\'

Z_\' \/ 2:

(P +11)
Sir dung bit ding thirc quen biél pl + (1: 2

A\‘+: ‘; _- /.\‘+_\"‘
J

\X 2.\‘ ;\'\+ 2: 2\ 4.\'

@ " A ‘L J M U
r- /F 7 /- 1

\/\ V" \“ 1 §\':|\/;_~

v

Bat .\"Ib+<'—a:\"I("+u—l2::=u+/2-0. K111 do .\‘.\".:>0 \/a uI'~;—1b:"7' :<'If

3 .

Ta 06:

r———————i _,

w y;— ._

+
Z;

mm) + <+m
-l\ 4~

_i \/-Fw \/;+\/Z \/?+\ _i/G \F+l/Q ~/I 1~F J?

4

' 
Z ~ + - + ; I J

\‘ \/I V: Y V’? \/1W

%

Béng thrc xéy ra <I> u II) Ic

Nhgin xét: Néu sir dung bél déng lhirc qucn biét .\j\"I. 2 (_\' + 1 —.x')(: + x — _\')(.\'+ ‘\" — I.) [hi

thco AM — GM la cé

_ +i_

' (l 7('
\

I u J 12 \/ ( > 1 >
__“ _3

\/b+c—c1 + c+a—./J + a+b—(' )§)(b+c—a)(c+u-—/))(a+b—c)

Czich lilm néy cé thé zip dung khi {hay cim béc 2 b<')‘i cim bélc n.



Ch 11'0’ng I: Nlz 1711g vién kim 1'11'o'ng trong [1171 1f1?11g th1?'1' 1'1; 1Ti151z 7‘)

IX. su’ DUNG AM - GM moms BAT DANG THU’C KHCNG some BAC THEN

Trong muc Ill chfmg [L1 dim dé czjp dén viéc so szinh hui da tln'1'c df>ng hc trén F; ' . Czic ht ding

lhirc du'<3'i 1151)" I51 <11‘ phu trim gifrn nhiéu hiéu thtrc khéng 111mg him trén F; ‘ 1

Bili 1. Cho czic sf» 11. /2. 1' > 0. Chtmg minh rimg

11 /7 1' 1 /11' 1'11 11/),_+‘_+,‘+‘,‘2_+_+v+11la1'
/1'1" 1'11‘ 11'/1‘ 11‘/$1" 11' /7' 1"

_.1______-___J

Clzzhzg minlz -

Bién déi \'Z1su‘clg1ng @551 déng LhL'r_c AM - GA/Ilz1c13

if _/ .7 ~\ f _*
I /9 1' l |> _; h 1' 1 /71'_L:2+::+::3—‘f::':2':::::

_ 11 1' . 11 /2 11 /2 1' X \11 1' 11 /2 11 /1 1' 11

,. _ \ 'i__i:_'i~

Q.’

2'11‘ /f1" 11'!2"' /7 11 1' 2 '

+

Lu-—

/i\ \
1'3 J,

+
»Q

J

+

J

J._.

!‘\

1

\ 
\/

{._';1___

1"‘.

.1

3'
1'-2

J

'2
)

~\

J,_.

1-\

J

3"“.

1'2

1 " \ 1 7 7
1 11 /1 I _111 /2 1 11/)—..+.1+11,]Z*/.,~1<,..=,'\
J '/ 1' 11 11 1' \1' /2 1' 11 11/ 1' 1'1 7 17 , 2

1

.1.)

1"/7' 1"11' 11'/2‘,‘ \I1"l>' 1'“11‘ 11‘/2'

1 "- "1 " ‘ F—7 ‘ "—'
1 11 /7 1' 1 ‘1 11 11 1'

1 (I

' ' 11/2117 /27 1'_ l /)1 1112 ,,+ ,,+ w _+ ,w2 ,+ 1+ _+11b1-.
b‘1" 1"11' 11-12“ 11'b'1" 11‘ /2‘ 1"

Dziu béng xziy 1'21 :> 11 =/211:1.

1, ., _., ,>

Bfii 2. Chfrng n1i11l11'11gL+l7—+‘~+;211' +12‘ +1" + Z .V11. /1. 1' > 0 (1')
/71" 1'11 1112 11l21' .

Clzzivzg minlz

9 9 J)
$11 dung bét ding thu'c AM - GM 111 16; j‘— + 111112 211‘;”- + 111112 21>‘; ‘b + 11b1- z 21

)1 ([1 (I

L) 9 _‘)

:> ;I—+17—+('—]ZZ(11” +17” +1"‘)—311b1'Z11" +/7‘ +1" +3»\‘/11“l7“1"\ —311l71'
>1" 1'11 2

Khi CI6, bit dimg Lhtrc (1) du'Q"c chfrng minh néu La chL'1'ng minh duc_>'c bit ding lhtrc sau:

~ 2 ")

(l

' < < , '1 S 1 , ,. ;/i3-\/' a”b‘c‘ —311b1'+ 2 2<:> JI -31‘ +f22 (v011=v11b1'>O)
1191' ;~

(1—1):(3z" +615 +61‘ +61" +613 +41+2)*2 20 (luén dC1ng)3(dpcm)I .

Du bimg xay ra <:> 11=b=1'=1.



80 N11 ng sric mdu rliéz r0‘i trong b("1t (H111 g rluic AM - GM

U3

1

\) L) \)\. , . 1 ' 7) '3 1

2113. Chung mmh rang $~+b— +(—+T2u4 +124 +@* +_> . Vu.12.c>() (1)
7( ((1 uh 41 ac"

C/uhzg minh

Su' dgmg hét ding lhirc AM — GA/I14 c6:

u ~

. /" 7 =-' 1 .

u l_ ,>342 -> << __ .
+11% +11 _.rz. +u1><+/2 _3/2 .—+uln+< 230

/74' ("u 111;

1) \) x)

:\ 5—+17—+(—23(z/* +11" +<*l1—(u' +11“ +z"1—3zI17(' (Z)
17¢‘ cu <11)

%(1+a412z13;%(l+1>*‘1219:;%(l+c'412('3 :>—g~(u4 +174 +<‘41+%2u: +123 +r'2

91/44) ‘J ‘J
- 1 ‘ 5 3 , 1

Tu (2) I> Q7l—+7—+ Cb 2;(cz“‘ +194 +c41——3ab¢‘—; 2:14 +124 +04 +:-vu lfci —3u12(‘——j)-
c an u 1

B§td§ngthi1‘C (1) du'Q'c chfrng minh néu ta chtrng minh CILl'Q'C bit ding Lhtrc sau:

L -s '\

%~{/0411404 ~3u12c'—% +i23 <:> 2-I4 —3i" + 2% (V61 I: {/abc >0)
I 5/_ _ abc \

<:> %(r—1)3(1+1)(31* +13 +412 +21+Z120. dflng :> (dpcm.).

Du bng x:1yra<:> (1:19 :1-:1

1 Bi/1i 4. Cho a, 11. c 2 O. Chimg minh ring: Z(u3 +17: +c31+abz"+825(u +b+c1 (1)

' B5 (Bait Jfing I/1121' Sc‘/mr)

CI1 1212g minh

.\“‘ + )3 + :3 + 3.9‘; Z .x'_\'(.\' + _\‘) + .\'_\' (_\" + 1,) + :,\'(; + .\-1 . VA". _\'. 1 2 () U‘)

' Chzhzg minlz: Khéng mét tfnh léng quilt gizi su'.\'2 _\" 2 1 20. Khi dé ta 06:

VT(*) — VP(‘:‘) = .\'(x— _\"): + ;(_\'— 1): +(:, +x~ _\*)(x— _\')(_\" — ;)2()

' /ip dgnzg: SL1‘ clung bét déng thL'1'c AM — GM via bit ding thtrc Schur la C6:

6.|\/T (1) - VP (1)1 =12(¢ +111 +c31+6ubc+48—30(a+b+<")

=12(<f +1>1 +<-1)+3(2ab<-+1)+45-5'2~3(@+b+(-)K/if
2121413 +173 +c31+9-v(abc)‘ +45—5[(u+19+c12 +9]

=+3(¢1: +173 +1.‘:1—6(c1b+bc+ca)+Z[(u-1;): +(1)—<'12 +(('—z112j
' \“/ ubc

2%+3(c13 +192 +031—6(a17+l2c'+<.'cz)2l£+3(u+19+0): —l2(ab+bc+z'a)
Q/“bf u +1v+<'

=i1:9ab(‘ + (a +12 + (")3 — 4(ub +190 + ca)(a +12 + C1]
a+b+c

=——-3i[z13 +193 +03 +3u12c—a12(a+17)—bc(b+c')—c'a(c+u1]2O :> (dpcm.)
a+b+c

Ding lhtrc xziy ra <:> a =b=(~=1.



Chzrmzg I: Nh17'ng vién kim cmrng trong bfit tiring thzic c5 dién 81

I B£1i5. Cho a. b. c > 0.Ch1'rng minh ring: a3 +123 +03 + 2ab(-+12 2(ab+bc+ca) ‘

Chzhzg minh

SL1‘ dung bit ding thtrc A1W— GM v51 bit ding thirc Schur ta c6:

(I2 +/93 +02 +Zabc+l—Z(ab+b('+('a)Za: +b2 +0: +3u§b?(f§ -—Z(ab+bc+c'a)

-v 1 w w ~. w v 1 1 1 w w

201/93 (413 +b~‘)+b-‘("3 (I75 +('-‘)+c7‘c1>‘ (.03 +a-‘)—Z(ab+17c+('u)

;;(11)" ;l(i_!'ZZ(l 1,-
=a3b-‘ a3—b3 +b3c>‘ b3—c7‘) +c~‘a~‘ 03-513) 20.

Déiubzingxé)/ra<:> a=b=c=1

Béi 6. [APMO 2004] Cho a, 1;, C > 0. Chirng minh rang

((11 + 2)(b3 +2)(¢-1 +2) 29(ab+bc+ca) <1)

Ch zhzg minlz

Str dung bit ding thtrc AM — GM ta c6:

VT(l) - VP(1) = ((11 +2)(1f +2)(¢-3 +2)—9(ab+bc+ca)

=4(a3 +193 +c2)+2Ua3b2 +1)+(b3c3 +l)+(c3a3 +l)j+(a3b3cZ +l)+l—9(ab+bc+¢:a)
24(a3 +192 +02)+4(ab+bc+ca)+2abc+l—9(ab+bc+ca)

2a2+b3+c3+2abc+l—2(ab+bc+ca) '

Sir dung b§1i5 ta c6(dpcm).D§1ngthL'rc xéy ra <:> a =12 = c =1

Bi 7; Cho a, b, C > O. Chmg minh ring: a(11+b)+b(11+C) + Alia) 2 3TbC(l:l3TbC)

Chzhzg minh

B6 dé: (x+ _\‘+ 3): 23(x_\'+ _\‘3 + :,\'). V.x',)",:

Ap dung: Gqi vé n-éi CL121 bér dang mu-¢ 121 P, §u~ dung bé aé La cé

2 / 1 I 1

P Z3Lab(l+b)(l+c)+bc(l+c)(l+a)+ca(l+a)(l+b))

:3(a(l+b)+b(1+c)+c(l+a))Z 3 3 '_ 3

abc'(l+a)(1+b)(l+c) abc (1+a)(1+b)(l+c) abc(l+a)(1+b)(1+c)

Din 1< = 5/abc , sir dung béit dang th_trc AM - GM ta C6 ’

(1+a)(1+b)(l+c)=1+a+b+c+ab+bc+cu+abc21+3)<+3k3 +k’:(1+k)3
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- 3 3(1 /<)”-3/<3-3
Suyra P72'33— 3 3- 3: +; 5 = 9 2

k (1+/<) /<(1+1<) /< (1+/<) /< (1+/<)

3 3 : , .

H / P2—i—=i—i d .D Oth" ' =12: ~:1.a) k(1+k) Q/2I7;(l+§/abc) ( pcm) anc uc xay ra <:> a n

Balli 8. Cho céc 5641, 12, c,d > O. Chtrng minh ring

L L L L)( 1 1 1 1 )>16M‘ 1

(a+b+c+d a+b+b+c+c+z1+d+a_ x 1+abcd s ac+/2:1’ ()
Chlhzg minh

su- dung bit ding [hU'C AM - GM ta c6:

VT(1):(1 1) [ a+b c+d ] a+b . a+b c+d c+d
fIb+Cd + ab(c'+d)+ca'(u+b) +ab(d+a)+ab(b+c)+cd(b+c)+cd(d+a)

4 a+b a+b c+a' c+d »

2 + + + + .T ' Qt 't :

1/gbcd ab(d + :1) ab(lJ + 0) cd(b + c) cd(d +a) ucnc U a CO

Vrmz 4 b+c b+c a+d a+d ‘S 2

\/abgd+bc(a+b)+bc(c'+d)+ad(a+b)+ad(c+d) uyra

2_vT(l)2 8 [ a+b a+d a+b b+c
\/am-4+ ub((/+a)+ua'(a+b) + ab(b+c)+/vc(u+l2)_\+

+[ c"+d + b+c ]+F ("+51 + a+d :\

cd(b+c) br;(c+d) Lccl(d+a) ad(c+zl)

2 8 + 2+2+2+2= 8 +2(l+l)+—2;(l+l)
\/abcd a\/bd b\/ac c\/bd d\/ac \/abcd \/bd a C \/ac 17 51

8 4 4 16 s2 + + = :> VT(1) 2 ———
\/abcd \/abcd ~/abcd \/abcd \/abcd

M:f1tkhzic,SLr dung bém ding thtrc AM - GM ta C61

_L1+gm’ 2 5 bd 2 Jr-d 3 S~_M““{‘ * “"2" ’" ”"}

VT(l)2 =l6M CT .

:> Min{1+abcd; ac+bd} ax 1+abc‘d ac“+bd ( pcm)

Bing thirc xély ra a=b=c=a'.>O

Bili 9. Cho ceic $6 a, b, c 2 O. Chirng minh ring

a3 +b3 +c3 +4(a+b+c)+9abc28(ab+bc+c'a)_ (1)



Chlrrrng I: Nhng vién kim cuvng trong brit ding thz2'c c5 dié 8?

Chzing minh .

B5 dé: a4 +b4 +04 +abc(a+b+c)2ab(a2 +b2)+bc(b3 +c2)+ca(c3 +a:) (1)

Chzhzg minh: Khéng mé: tinh téng quét gia str a 2}) 2c" .Ta C6:

(1) <:> (193 +03 —a:)(b—c')2 +(("2 +a2 —b2)(c'—a)Z +(a3 +12: —('3)(a—b)2 20

<=>c3 (b—c): +a2 (a—b)2 +(c3 +a3 —b3)(c1—b)(b—c)2O (lu6n dfmg)

Ap dyng: Sir dung AM — GM ta c6: 4(a+b+c) +Lab1:%iCa) Z8(ab+bc+c‘a)
a c

Tiép theo ta sé chirng minh: a3 +b3 + c3 + 9abc
(I +C

Thét vay bét ding mac <=>

a4 +b4 +c4 +abc(a+b+c)+ab(a2 +b3) +bc(bZ +c2)+a1(c'2 +02) 24(a2b3 +b1c2 +c3a2) (*)

St1'dv,1_ng bé dé ta C61

VT (*) 22Eab(a3 +b2)+bc(b2 +02 )+ca(c2 +aZ )]24(a3b3 +b3c3 +0202) :> (dpcm)

Déu being xésy ra <=> a =b=c=I hozflc (a,b,c) 121 céc hozin vi cL'1a(2;2;O).

Bi 10. Cho u,b,6-20. cm-ng minh: 2(¢ +1)(1f +1)(¢-1 +1)2(a+l)(b+1)(('+l)(abc+l)

Ch zhzg minlz

D§1ta=l—_—l;b=-1L\l;¢-=1_3 .\',)'_1E(—l;l] khi (‘I6l+x 1+)‘ 1+, -

a2+l:x2+l_b2+l:)’2+1,c3+l:;3+I,abC+1: 2(-\'.\‘»+>'1+1\'+1)
a+l x+1’b+1 y+1’c+l 1+1’ (.\-+1)(_\.'+1)(Z+1)

» Y,

Bét déng thtrc trd thimh (x2 +1)(y2 + l)(z2 +1)2.x3>+ y: + :,¥+l

<:>x2_v2 + yzzz +z3x3 +x3 +_v2 +33 2.xy+_\'z+:x. Theo AM- GM ta C6:

2 _2 ,2 _: _3 _3

x2+_y3+;2=x -5) +) 1-” +‘ 1;" 2|.\)'[+|_\‘:|+|:,\'|2,\y+)';+:,v

vé xlyz + _v2:3 + 12x3 Z0. Céng theo vé hai bit ding thtrc lrén :> (dpcm)

D§1ngth1'1'c xeiy ra <:>a=b=c'=l.
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x. 04¢ BIET HOA BAT DANG THU’C KHGNG some BAC

l6I,b,C>0 . 1 1 1

Ba1l.Cho . Chung mmh r51ng2(ab+bc+ca)+——+—-+——29 (1)La+b+@:3 » ab bc" ca

Chzhzg minh

Su‘ dung bit ding thtrc AM — GM ta cé:

VT(1)=(ab+bc+ca)+(ub+bc+ca)+L+L+i23-Q/(ab+bc+ca)Z(—L+l+—L)
ab bc ca ab bc ca

M511 khéc, ‘(ab + bc + ca): 2 3abc'(a +12 + C) = 9abc

1» VT(1)23~ 3/9ab¢(Lb+bi+l) =31/9(a+b+¢-J =9 (dpcm)
Cl C‘ C61

a,b.c>O 1 1 1

Bi1i2. Cho . Chfrng minh réng—~+— +—23 (1)
1 '§ 1

a+b+c=3ubc 41’ 5‘ 5“

Chlhzg minh

T1‘1'a+b+c=3abc:>-1—+l +i =3. su- dung bit dang thtrc AM- GM 11 C62
ab bc ca

1 1 1 _1 1 1 1 1 1 1 1 1_2£?+b—3+C—3j+3-(II-3-+;;+1j+(;;+?+1j+(F+?+1j23(E+E+3)-9

\. a1b»C>O , . ; 1 1 1 51 [7 CBa13.Ch0 . Chung mmh rang cz‘ +b' +0 22(i+i+i) (1)
am-=1 b+(* c'+a a+b

Chzhlg minh
Sir dung bét déng thL'1'c AM - GM ta c6:

b L1 Q: (L l)Z2_2_42_[a‘+b‘2ab(a+b)=% b+L. ‘Z b+C \/E b+C

3 3 _:b-I-C 1 - Q .l_7_=b<l Eb > 4b 2
b +c 2bc(b+c) -—a () 1 C+a C+a 3\/C-6-"J61 ()

_3 32_(_ ):C+¢l . .__1 1 26. 46.
c +a aa c+a T %+%_C _5+_ 2___2ibb\/;5a+
\ \ 3 1 _3 la+b b+c c+a a b c )TLr(1)va(2)suyraa +17 +¢ z2( + + b )z2(b+C+C+a+a+b (dpcm)



Chuvrzg I: Nh17'ng vién kim cumzg trong b't ring thzic 05 dién

Biai 4. Choa.b,c>0 théa min £1 +1>+(~=3. cmmg minh ring;

\/1+0: +2120 +\//1+1): +2041 +\/1+c3 +2411) S6

Chzhzg minh

\l+a2 +Zbc:%-\/4(l+ul+2bc)S4+(l+Z2 +2bC)=“2+ibC+5

+ \,/l+b2 +2cu Ig-\/4(l+1>: +2<'u)S4+(l+,:1: +20-U) =1): +24w+5

\/1+8 +2ab =l-\/4(1+(-1 +Zab) < 4+(1+"2 +2“/’) = "2 +2"”+5
2 ‘ 4 4

:> \/1+a2+2bc+\/l+b2 +2ca +\/1+c2 +2abS =6(dpcn1.)

B§1i5. Cho céc $6 cz. b. c > O théa min abz +1203 + ca: =3.ChL'1'ng minh ring:

5/a+7 +%/b+7 +{/c+7 £2(a4 +11‘ +c‘)

Chzhzg minh

su dung bét dang mu-C AM - GM la 06:

¢1f‘+l+1+1+23
3 _i_1 a+7+8+8 4 ‘_a*+95\/a+7-4 \/(a+7)><8><SS S -

+ 1 I b+7+8+8 bf +L<1+lil+23 if +953 ___3 Z\/b+7-4 ~/(b+7)><8><8$ s 12 48

(_‘{_+1+1+_1+23

in-+7=-5%/(¢-+7)xs><ss"+7l*;8+8s 412 =“ Z895

:> 5/a+7 +%/19+? +%/¢-+7 <_--Z-—“4”1’4+"4““3X95 Milkhzictacé" 48 ' ‘"

3(a4 +194 +¢'4)+3=Z(zz4 +a4 +114 +l)Z4(ab3 +1203 +¢'cz3)=l2@3Scz4 +174 +(.
<"\‘z'

:><‘/a+7 +5/'b+7 +5/0+7 g“4 +194 +<'4 +33%‘ +12‘ +8) :2(a4 H34 +C4)

Ding thirc xéy ra (I =b=c=l.
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Biai 6. [IMO Shortlist 1990] Cho a.b,c,d >0 théa min ab+bc + cd +da = 1.

_ 3 3 2 3

Chang minh rang b+i'+d + c+lZ1+a + a’+Ca+b + a+db+c2%(1")

Chzhzg minh
Str dung bét ding thfrc AM — GM ta c6:

’ 3 I

-*_+2(b+@+d)+6a+3z4»/_i£~2(b+@+d)-6&3 =24a'
b+c+d b+c+d

_~L’}_+2(@+d+a)+6b+3z4~4/ 36"} -2(c+d+a)-6b-3 =24b
c+d+a \‘c+d+a

+<
3 _3

-3§£_+2(d+a+b)+e@+3z4-4/ii-~2(a+a+b)~e@-3 =24(~
d+a+b d+a+b

3 3

-315‘-+2(a+b+@)+6d+324-4/i9i-~2(a+b+@)»6d-3 =24d
\a+b+c a+b+c

:> ax + b3 + 03 + d} >a+b+c+d_l
b+c+d c+d+a d+a+b a+b+c_ 3 3

Maf1tkhzic.(a+b+c+d)" 24(ab+bc+cd+da)=4:>a+b+c+d22

:> VT(l) 2 £‘i‘l§£i'-‘i—%z%-%=% (dpcm)

(J2,->0 \ .

B€1i7.Cho I, C , . .ch¢mgminhrangs=i+@+5_‘z2\/6
a“ +b' +c' =6 bf C51 ab

Clzzhzg minh

su- dung bat dang thtrc AM - GM ta cc’):

5:3-J’-+4~l+5~i>12-1,1/( “ 1’ C )5 I 12 . A1

3bc Zca ab — 3bc Zca ab 12/3324 I3/a@b4C1

C12 if » 6/if)‘; (If): » Q“/9%-2 (b4* X ~6=3-- 2-— --20 — ~— =6~<»i ‘ --$3» ~2-+ +c £3 2 c 33.22 :>a c

I2 1 12 1 12 :2
3 S 213/3324 1\2/asb4Cz 2 :\2/3324 1\2/3322 1\2/3626 \/-6

Déu béng xeiy ra <=> a=\/§;b=\/5;c=l

.b. -20 >
B:?1i8. [Russia MO 20001010 {G I; .chu-ng mmh \/;+\/b+\/;2ab+bc+ca (1)

CI + +(':_

Chzhzg minh

(1)ca(az+b2+c2)+2(vZ +v@-+JZ)2(a+b+wJ2 (2)



Chmrng I: Nhvzg vién kinz czrmzg trong bfit (fling thz?'c cf; dién 87

su dung bait dang mu-Q AM - GM ta c6:

VT(2)=Z(a3 +\/;+\/;)2Z:3-Q/a2 -\/aw/;=3(a+b+c)=(a+b+c)2 :> (dpcm)
l'_\'(' (_\':‘

x. y. : 2 0 ‘
Ba19. Cho va so thuc k 21.x+v+;:3

Chirno minh ring \/.\‘+/<3—1+ ‘\'+k3—l+w'/;+k2—l2k .w+y;+zx) (1)C - . ,

Chzhzg minh

Bat a=-H";_1,b=-"+k,~_1,¢~=1+kj'1.1<hi d6
/<- k" /<-

x=ak2 +1-/<’,y=b1£ +1-1<1,Z=¢-kl +1-/<1 Va a+b+c=3.Khidé(1)tr<3thi1nh:

\/Z+JZ+z(al<1+1~1<’)(b/<”+1-/<2)+ '

(1;/8+1-/<1)(¢-/<2 +l—k" "'+1—l<2)(ak2 +1-/<1)

J
\/

+
/-\

F
F“

J

<:> \/;+\/E+\/Z2(ab+bc+ca)k4 —2(a+b+c)l<2(/<2 —l)+3(/<3 —l)

<=> JZ+\/E+JZ—(ab+b¢-+¢-a)z(/<‘-1)(ab+b¢+¢a-3) (2)

Tacé a+b+c=3 3 \/;+\/Z+\/Z2ab+bc+ca via. ab+bc'+c‘aS =3

Véy \/;+\/Z+\/;—(ab+bc+ca)ZOZ(k4 —1)(ab+bc+ca—3) :> (2) dng D (dpcm)

D€'1ub:§ngx:'iyra<: u=b=c=1<:>.\‘=_v=3=l

J2.‘ 0 /—

B:?1i10.Cho "Q °> .Ch£rng mmh: 2(a+b+<:)+(\/;+\/E+\/c)29 (1)
ab+bc+ca=3

Chzhzg minh

Sir dung bét ding mm; AM - GM ta C61

VT(l)= (a+b+c)+(a+b+c)+(\/;+\/Z+\/Z)23~$/(a+b+<:)2(\/;+\/5+\/Z)

Ta sé chirng minh (a+b+c)2(\/;+\/g+\/D227 (2)

Ta cc’): (a+b+c)2 23(ab+bc+cu):9:> \/a+b+c 25. Suy ra bét ding thtrc (2) duqc

chirng minh néu ta chtrng minh dU'Q’C bit ding thtrc:

(a+b+c)\/a+b+c(\/;+\/5+\/Z)29\/§

<:> (a+b+c)\/a+b+c(\/5+\/E+\/;)23\/§(ab+bc+ca) (3)
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Chun héa a +b+ C =3. B§td§ngth(1'c(3)tr6'[h51nh \/Z + @ + vi Zub +b@ + ca

Béy chfnh 151 bait déng thirc dé chfrng minh Cr Bi 8.

,b.~ 0 F
Béi11.Cho {a b°> 1.Ch£1'ng minh:\/a+b+\/b+c+\/c+a2%(l+ab+bc+ca) (1)

(1+ '1'-C: '

I‘
4

I‘

Chzhzg minh

Ta C61l+(lb+bC+CL1=((I+/7+(‘)Z +ab+bcr+ca=Z(a+b)(b+c)
z'\‘('

Bét ding thirc (1) {rd thimh \/a +17 +\/b +0 + \/("+11 Z%Z(a +b)(b+c)
Z Z (‘\'l'

H,\/ a+b +\/ b+c +\/ c+a >3\/§2(a+b)(b+c) (2)
W a+b+c a+b+c a+b+c'_2\/gm (a+b+C)3

. . x,\',:>Ox: 0-Pb b+( (,+l1 ’kh1d6 V

a+b+c a+b+c a+b+c x+y+;=3

Bit ding thirc (2) ma thénh 2\/'i(JI+ \ + J2) z3\E(.n- + _»-; + IX)

<=>3\/'3_(x2 +738-2 +z2)+4\/'2_(\/2+\/;+\/;)23\/§(.v+y-+1): (3)

Sir dung b2‘1t ding thL'1'c AM - GM ta c6:

vr(3)=Z(3\/3% +2\/ZZ+2JZ)zZ3-$/3\B.\-1(2\/2_.v)2 =6J§(.»<+ _\'+z)=3\/8(x+ _\-+1):

V2§1y(3)C1‘L'1ng suy ra (dpcm).D§1u being xéiy ra <:> x= _\" =5 =% <2 a =b=c=%

B5i12.Cho , 7 , .chu~nQminh:s=l+l+l+§(a+b+¢->25(*)
a,b,c>O

a“+b'+c‘=3 “ H b v 2 2

Chzhzg minh

Q>_-

q-._-

<3»-

DJ

\-O

B1ré’c2: l+l+l23-3-— — —

Bu’éc1:3(a2 +193 +c2)2(a+b+c): hay \/3(a2+b2 +c2)2a+b+c

/ = 2 2 9 =3
a b c 3/abc a+b+c /3(a3+b2+C2)

B1r0"c 3: (l+l+l)(a+b+c)2 =(i+l+l)(a2 +173 +02 +2ab+2bc+2ca)=
a b c a b c

=(l+l+l)(3+2ab+2bc+2ca)=3(l+l-+i)+4(a+b+c)+2(@+Q+9-ll)
a b c a b c a b L

=3(l+l+l)+4(a+b+c)+(b"+“‘)+("“ +“b)+(“b+b")2
a b C a b b c c a



Chuvng I: Nlzng vién kim cmrng trong b(';I tiring I/zlic 05 dién
3 ' I3(l L L) 4( b _) 2 ;bc_ca 2 /C(l_£l/J 2 z1b_b¢.

a+b+c‘+ 61+ +C + \"u /1+ \/b 0+ \l)c a

-1 ' "r=3Hi+l+l)+(a+b+¢-)+(a+b+¢~)J29-Q/(i+l+i)(u+b+c)‘
a b c‘ a b z

((l+i+i)(a+b+c):) 29“(l+-1—+l)(a+b+c'):3(l+l+l)(a+b+(')2227
a 19 c‘ a b (" CI /9 c" '

Blré’c4: S=l(l+i+i)+iNl+l+l)+(u+b+c)+(a+b+ )
4 b ¢ 4 a b c

C

(I ' '

2i~——ii+§-?»=(l+i+i (u+l + -)' >l-2+3» -‘°7—-\/ 2 ( _ _ —3.\/F-Q/3(a:+b_+(_:) 4 u /v c) 4 4 2

a,b.c>O *
Bfai 13. Cho .ChL'l'n2 minh ‘

(a c a 1 V "4 3+l)— )(b+<r- )(c+a—b)= _ _ »

Clzzhzg minlz

BLr6'c 1: Chirng minh cél ba (a +b—c). (b+c—a) vil (<'+a -12) déu du'0‘ng.

Blr6'c 2: Sir dung b§1td511g thtrc AM- GM ta cé

I=\/(a+b—-c‘)(b+c—a).\/(b+c—a)(c+a—b).\/(c+a—b)(a+b—c)Saba.

AP dung, a2 +223 +03 < abc(a2 +19: +c3) abc‘(a+b+c)(a3 +b2 +c2)
' 3 _ 3 3(a+b+(')

< (ab+bc+ca): (uz +b2 +c2)<(Z(ulJ+l2<'+(fc1)+(z12 +/7: +C1))‘ :(a+b+c)5
_ 9(a+./J+c) — Z7.9.(c1+I7+c") 3 '

a,b,c>O
Bili 14. Cho . Chtrng minh

(a+1)-c')(b+c-a)(c+a—b)=l

(a+b)(a+c)\/b+c—a+(a+b)(u+c')\/b+<'—a+(a+b)(a+c)\/b+c—cz 24(a+/2+0)

Chzhzg minh

SL'1'd1_1ng béz dang [hU'C AM - GM ta c6

Z(a+b)(a_H_) /?+C_u:Z: (a+b)(a+c) 2Z2(a+b)((1+c")
(‘VF (‘\>(‘ \ ("1' a

Ta can Chang minh (a+b)(u+c) +(b+c)b(b+a) + (c+u)(c+b) 24(a+b+£_)
a a

<:>bc(a+b)(a+c)+ca(b+1,-)(b+a)+ub(('+u)(c+b)24abc(a+b+c)

<=> albc +b3ca + c2ab + (ab +bc +ca)2 24abc(a + b +0)

<=>(ab+bc+ca)2 23abc(a +b+c) <:> a(b—(.-)2 +b(c—a)2 +c(a—b)2 20 (dpcm)
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x|. DIEM H0’l KHCNG DO! xtmcs TRONG BAT DANG THU’C AM - GM

Czic ban toém du'é‘i dy mé hién ban @1151 Tozin hoc ctla ngén n2C1' cnv nhu' kv thuét vdi

tén goi “diérn r0’i” trong bit déng thirc. N6 duqc thé hién su Lu nhién thy y khi ta {ego ra
diéznzr .,, h , -A _:. _;. , A :~ "

01 c 0 cac blen so truoc 101 mol dung ra cac bat dang thtrc sau. Dé khzic vdi

cac phén tru'é'c. chimg la sé minh hQa cho )7 tu‘0'ng niay vdi “dié;m r0’i” cua czic bién s6 151

kh“ ‘ - ~ * ' * " "ong bang nhau. Nhu vay bét buqc ta pha1 du dozin duqc “diém r0'i” trLr<'>‘c khi chirng

minh bit déng thtrc.

(l,1),(.'>O 3 9 4
B:E1i1.Ch0 .ChL'1'ngminh réng S: a+b+c+—+“~+ 213

a+2b+3c z 20 H Zb 1‘

Cluhlg minh
D1_r doén s = ldgt tgi aiém r0'i: (I = 2, b = 3. C’ = 4

.SU'dLlT1g bét ding thtrc AM— GM ta 06:

a+i22/a~£=4 %(u+i)2—3—-4:3
a a 4 a 4

b+2ZZfb~2=6 :> l(b+9)zl-6:3
I) b 2 I9 2

¢+Ez2f(>»l§-=8 l(<‘+@)zl-8:2
c‘ c‘ 4 c" 4

:>%a+%b+ic+%+—22b-+5328 (1)

Ttra+2b+ 3¢-220 :>la+§+§@z5 (2). Ttr(1) vé(2) => s = a+b+@+§+i+5z13
4 2 4 a 2b C

_3

B£1i2. cm a,b,c>O.Ch£mgminh:S= 30u+31f +32-+36(L+L+L)zs4
9 ab be ca

Chzing minh
D1; doén s = s4 d2_1tt:_1i aiém= <1: 1,1; = 2, C = 3

Sir dung bél ding thtrc AM — GM La c6:

3 2 1 1 1 12.a+1~-b-+2-—z5-~‘a=_- =5 1’ 44 ab 4 b
a

2 _3 / 3 1 3 » 2 ,1

3.b_+2.f__+6.£211.1'L/L) (i)(=11:> 2.+Z§_+i6l211
4 27 bc 4 27 ‘ bc ‘ 4 27 bc

mo
\]'.»

(‘\
QL)-,

mm

$]'_»J

@-

/—\/-\

gapaw
LIZM)

Z?

mm

31%|

P3
mo

L___/

_+3_a+3.__27.7_.a~‘ _ :7 4 —+3a+-— 228

_3

:> 30a+3b1+L+36[l+l+ljz45+11+2szs4
9 ab bc ca
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“J”<' > O
1 1 1 8 121Bz‘1i3.Cho .Ch1'rng minh S: (a+b+(')+Z[—+ +—j+—2—

. M» 3 12 ; 17¢ Z 3 ab bar ca , a/ac 2

Chlhzg minh

, 121 . .;: .
D1_r doan S = Tdglt t2_il dlem r0'1: a = 3, /J = 2. c = 4

SL'1'd1_mg bi: dang lhtrc AM - GM ta Céi

-{>72I\)UJQ

+
LMQJ;l\J'U"

+

ESE.’§@

\/
DJ

-5'3l\)LMQ

Z:-l>~\>B~

.'—'B*fl
gwqq~9‘

UJ'_,J

,_/1U
\I""\

/?/_"\‘

hf‘Q'_»J'-Z‘.

+
LIJQ4;,I\)U“

+
f\

EN)?vo‘
\/\/£12

\/
1/J

/ .2+£_|_§23.32.£.i:3 4- 24,-£+i 212

-+_+_23-»‘_-_-_= -—+—+— Z21
3

1+@+5+&24.41,@.§.&:4 1.[2+é+s+3i]24
_3 2 4 abrf 3 2 4 ubc 3 2 4 aba-

2 84 24 “@212 1 13(a+b+c)+i+3—+—+—240.Do nén—Sl2;—§8
ab bc ca abc bczg ac bc

Tirdétacé 40§3s+26-ins-Lg3s+26-l+7s-l :>3§s3$ <=>Ess (dpcm)
11¢" cu 8 12 2 2

Bi 4. Cho czic $6 a,b,c > O thc'>a min a +b + c = 1. Chtrng minh:

S = a4b + b4c + c4a § L56
3125

Chzhzg minh

Khéng meit tfnh téng quzit. gié s1'1'

a = Max {a,b, 0} :> 17403 a3bc v21 c4a £ 03:13 3 ca4.

~A 21- -; , \ , -, ,. ,, ..,1 3' ' ,Blen CI01 bleu thuc S va danh g1a vo'1chu y chl net ?C2% ta co

4 4 4 I 3
, , 'a '(1 , Tl ‘CIS=a‘b+b‘¢-+£—+c—$a‘b+a3bc+;+%

2 2 Z Z

1

=a3b(a+c)+%(a+c)=a3(a+c)(b+%)

:> S=a4b+b4c+c4a£a3 (a+c)(b+%)Sa3 (a+c)(b
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172+“+El+Q,5+i.€+(b+.3Q) S

3=>4~‘£.Q.§.”+__"(b+£)54~‘\‘4 4 4 4 2

4 4 4 4 Z 5

/ -5 /4
= 4‘.L~;“+b+‘j =4_ = 356 :> S=ufb+b4z~+c‘a$L56

5 5" 3125 3125

a+l2+(r=1;c=O
2 ; . 4 1

Daubangxayra(theoa=Max(a,b.c))<:> a+C 3(_<=>a=g;b=g;c'=O_:__.i:b+;
4 4 4

Trong truimg hqp téng qu2iL. déu bng xziy ra <:> (a, Z2, L") 121 mét hoém vi cL'1a . % . O)

Bi 5. Cho 0s a £12 SCS 1. Chtrng minh rang; 211(1) - 2-) + 1>’<3¢- - 19> + ¢-1(1- 2-) 5%

Chzhzg minh

Bién déi v sir dung bait ding thtrc AM - GM ta c6

a’(b-¢)+1f(¢-b)+¢’(1-2-)s0+%[b.b(2¢--2b)]+¢~1<1-2-)

3

S lk-%b+2L_2b)+03(l—c)=c2[i-c+1—cj=c2(1-2-cj
2 3 27 27

'2 . '2

(54 -(23 X23 23 j £54)" FY 108
= _ -2- —-<~ 1--2 g - -- =-

23 54 , 54 , 27 , 23 3 529

, \ 1 1

Déubéngxéyra <:>a:0,b=-£.c=—8
23 23

Bi 6. 1-)5: X, y, Z, r € [0, 1]. Tim gizi In nhé nhét cL'1a

7 '7 '7 '> '1 '1 '1 '1

S = ,\"_\'+_\"1+ ;'r+r“.\'—.\3-' —_v:“ —;r' —!.\'“

Gidi

Khéng mét tfnh téng quét, giéa sir x= Max{x,_v.Z,t}. Ta cc’)

S=y(x2 -12 +y:—x_\')+r(z2 —.\-3 +x1‘—:I)=y(x—Z)(x+Z—)')+I(Z—x)(x+;—r)

3

£\f(x—:)(x+:—\')+OS[y+(x~Z)+(x+:—'y)] = 8 -2'33 8 ~13: 8
' ' 3 27 27 27

8
v5-13-=1;_>»=%;;=%;1=0. MaxS=§
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Béi 7. Cho céc $6 0.17.020 théa mn u +l>+('=3 . Chirng minh ring

((1: —ab+b2)(b: —12c'+(*3)(('3 —@.'z1+c1:)£l2 (1)

Ch ling minh

{()Sb:—bc+('3SbZ
Khéng mét tfnh Léng quéu. gia su 112112020 :> 1 :>

\O§(" —ca+a' Sal"

(bl -120 + (J3 ) ((2 — cc1+ u: ) S ugh:

VT (1,) Sazbz (:13 —u12+l72)=i91-3%fb~%(a3 —a12+123)S%E(% +%+(a3 —ab+l23))]

/ 2“ ‘ 2 3 r, (:5 (u+l>) J <i((u+/9+6) q :§_(u+/7+0) :;4_l:i_%;:1.,,
9k 3 _9\ 3 , 9 X3 9 33 9 9 _

D§ub§1ngxé1yra<:> 3—(2‘—l3=a3 —ab+b2 ,c=O<=>u=Z.b=l,c=O

a27:5a +7b27O
B:21i8. Cho .Tim gizi 11-1 nhé nhét s = (H +19 +0

1Oa+l4b+35c22lO

Gidi
1 1 2 3

,1 Q .X’ +\" +1‘ X+\'+Z°B0 Je: Vx,_\',:>O

Ban dqc lu chirng minh b6 dé '

T 2

» ~ b ’< u\ l2\ (1-A d .- 5: “ 1" ~‘= -D [-1 -1 117 (- [~ mat»)p (mg a +2 +¢ + +L2/ + J} + 5) +

OC

Til
/i\

\!$2

a b c 3 a Z13

a‘"5+» W5 M28 3 ii +117 2 —2-— +218(7j 28><3+Il7><2+218=476

V('>'ia=7,b=5,c=2tac6 MinS=476

Béi 9. Cho (1,1), <-, (1121 céc S6 Lhuc mm min aiéu kién

32a2b2¢2a'>O
Chirng minh réng:

4a’ +9/f z 2¢b~

, , , , , , , ,. a3+b3+c3+d3S44
4a“b" +9b‘c‘ + 4c'a' 23a‘b'c'

a3b2cZ+ 9b3c3d3+4c3d2a2+4d3a3b2 24a3b3c2d3
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Ch 1211g minh
l 1

» ‘ x‘+\"‘+~*‘+r‘ 3 x3+\"3+"Z+l2 1

- B6 dé: 2 v.\~, _y. 1, 1> 0
4 4

Ban doc tu chirng minh b6 dé

'Apdguzg: ~

P\ 1 1 / .= 3
, \ W

44=1‘+2‘+2~‘+3»‘=¢11‘ 143) +L3] +El1
\a, b c, _d,

3 , 3 , 1 [T \3 , 3-! , 3

+<¢~‘-£1“) +L2j +L5) +(b‘ -8) 1&3) +<u‘-b~‘>'L§J 2
0 b Q a b a

3 3 3

/ *3

+(a3 —b3)F—j 2461“ +3(@‘ -d“)+2(b~‘ -@‘)+(a~‘ -11~‘)=a~‘ +11‘ +6 +4“ :> (dpcm)
L1

Bing thfrc xziy ra khi V51 chi khi a =3:b = C = 2;a =1

B§1i10. Cho czic s6 a.b.c2 0 théa mfin a2 +123 + c2 =3.

Tim gié tri 1é‘n nhét CL18 biéu tht1'c:P=ub3 + 19¢’ + cu: - abc

Ch ting minh

Nhzin xét ring rong ba $6 a.b,c 1u6n cé mél $6 nzim gifra hai s6 cbn l2_1i (*), khéng mét

tinh téng quzit, ta giai sL'1's6 d6 151 b, nghIa1i1 (b— a)(b — 0) SO.

Bién déi biéu thirc d cho nhu' sau :

P=ab2 +bc2 +0112 —ab("=(ab2 +061: —a3b—ab(')+(bcZ +a3b)=a(b—a)(b—c)+b(c2 +112)

Theo nhén Xél trén ma Mb - a)(b - C) so. suy ra P §b(<-1 + 612 ).

Mét khzic, 511- dung béit cling thtrc AM - GM ta c6 1

121+ 9;‘i9~- + 9-Law 3 @

_: 2 2 03 +a2 cl +612 2 2 a3 +193 +c2 __
z>(¢ +a )_2,/1». . $2 -2,/K-_——3 -2

u(b—a)(b—c)=O
., , , , a=b=c=1

Tird6tac6PS2.Déngthtrc xziy ra <:> c'+a*=2b” <:>
, , , a=0,b=1.c=\/E

a"+b'+c‘=3

Véy gizi m 1é'n nhét cL'1a P 1:1 2_ am duqc tai u=b=c=1 hoéc £1 =0,b=1.¢~=\/5 Va céc

hozin vi tu"0"ng (mg. ' -
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x11. PHU’O’NG PHAP CAN BANG HE sé

Trong czic phn trudc. czic bait ding thtrc du‘Q'c dé cgip dén cé thé du dozin duqc diém ro‘i
mét céch truc gizic (dil déi xtmg hay khéng déi xtrng). Tuy nhién \1'é'i céc bit déing thirc
mil diém rOi khéng 121 czic 56 nguyén duong thém chi 151 czic $6 v6 L)" thi khéng Ihé dgr

dozin duQ'c'b§1ng true gizic. Khi d6. chng ta cén phéai dun thém céc tham s<‘> gia djnh 1'61

mé‘i 51': dung bit déng lhtrc AM - GM. Viéc xzic lép diéu kién czic ding 1hL'1'c xay ra sé

dgm dén hé diéu kién dé t‘1m {ham $6. Vi thé phu‘o'ng phzip niiy cé lén gc_>i: Phu'o‘ng phzip
cim béng hé s6.

Bi 1. c110,1- e 10. 11. T1111 gizi 11-1 11>-11 1111é11¢1111 S =131/.11 -.1‘ +91% +1‘ ’

01111"

\/1'11 111,13 >0, s11 dung 11é1c1:111g 111111 AM - GM 111 co;

v 1 7 w 2.’: 1_.'2 2- '2l3\/x"—x4 =§~\/O£'.\"(1—.\")£13-on \ +( X )=13(a l)'\ +13
01 on 2 201

+ +§1+~\‘):9(B2+‘

Pd

€\_/

r

:> S=13\/x2 —.\'4 +9\J.\': +.\'4 £[l3(O£2 —1)+9(B2 +1)].x2 +13 + 9
201 2B 201 2B

jotzxz =l—.\‘2
Déu béng xéyra<=> <:(0c‘ +1).\"‘=(B"—l).\"=l

lB\1 1+ xw

1>11+1=5’-1

_ 1. _3 . 13 9 _Chqn 0c,B>O sao cho 13%‘:_1>+9(B;+1):0<:oc-5,5-5.Vay Ss5&+52B_16

201 2B

Déu bang xéy 1a<=> (1111 +1).1-1 =1 @311-I =1 <:>.1-: 2;/5 . Véy Max s =16

B§1i2.Ch0a, b,c>O;a+b+c=3.
a.Tim gizi 111 111111 1111131111111 biéu 111111: s : 11’ + 811’ + 1-1‘

b.Tim gié 111 11111 111151 @1111 biéu [h'C T: 1/1111 + 21/111-+ 1/E

Gii

a. Bién (T61 S vo'ri czic tham sé 01, B > O sau dé str dung b2‘1tdz'§1ngtht1'c AM- GM ta c6:

S=(a3 +013 +o13)+(8b“ +5“ +B")+(¢-3 +013 +o1"‘)—(4o1"‘ +25“)

2 (3o1211+ 65111 +~31>1%-) - (4116 + 211‘ ) = so
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Rimg buéc diéu kién SO I21 hing $6 vi MinS = SH. ta nhén duqc hé diéu kién cua 01, [3

U.)

Q

J 2:6B1;a:C:(1 2(X-i-E13 4(X:6_B 6‘/5 6

:> 2 <:> :>0n=—>"B=—i
[3b=g;a+b+(-=3 u2:?B2_ (X22252 4\/5+1’ 4\/5+1

9><72 2(4+1)><216 1080
:>sz3o(a+1>+¢)-2(4+1);?>“= ,- X = 3

(4¢2+1)' (4+1)' (4\/§+1)'

b. Bién aéi T vé'i céc tham S6 <1, [3 > 0 r6i sir dung bén ding mac AM - GM ta c6:

T: m+2¢;;+\/1;=\m;¢;\/'§+2~z@+¢§5£

Ts %((Xa+%)+(c1+c)+%£[’>b+é) : %[(OL+Z)a+(§+B)b+£%+Z)cj\ = To

Rng bucfac diéu kién T0151 hang S6 v51 MinT= ma nhén au-QC hé aiéu kién cila <1, 5

oca MB
B £l=L‘=i:LT§b=i:T (7.-ix/3-1

2+0c" 2+oc‘
a=c;a+b+¢-=3 :> <:>

\/§+12:_l_ :_1_ 2 B:__'__._
0n+ (x+[3 + 2

2=l =l 2 Bu+ a+B B+

2 T$i§;+—1(a+b+c)=%(\/§+l) :> MaxT=%(\/§+l)

.\',_\'2O
Bi1i3. cm { Tim gizi m 1<m nhéll CH8. biéu mu-C T: \/§+2\/I

1X‘ +_v’ =

Gifii

Bién déi T v<§"i céc tham S6 <1, B> 0 réi Sn dung bén aéng thtrc AM - GM ta c6:

.\-3 +50c=.\-3+<x+cx+o¢+0c+oc26~\/605x‘ =6oc5\/;
5

.v"+5=v’+B+B+B+B+BZ6‘\°/B5“ =6B<*

.5. » .

:>1+5oc+5B23(2o¢“ +;3<* 2‘/Y). Chtrng minh hé diéu kién
5 x3=(1;y3=[?>

2 2

20¢“ :B";0c+B=1

_5 Z §

:> oc=——1?;L’>=2~§/5oz :> +2J§su 6 =(1+2-W6 :> Mw<T=(1+2-3/E)‘>
1+2-‘v2
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U5

Eli 4. Cho caic $511 > O v51 czic $6 .\'. _\1; thou min xi + _\": + 53 +%.\1\" = 3.

Tim gizi tri 1é'n nhél Qua biéu thtrc S = .\-_\‘ + 3": + ;\'

V

:>

Gidi

c'ri one (0:1). Sir clung bit démg thirc AM - GM ta cc’):

" 'v v

Ot(.\"‘ + _\" ) 2 2OL..\‘_\‘

‘F,’ ZEN/(1—(1).\‘3 - I; 2\/Z(1—O()..\‘I.

(1—0z)_\~3 + :52 22\J1(l -00)": 2'\,/2(1 —0¢)._\':

+ (1—OL).\': +

+ 1

,_

l2\/w-17
ChQn OL€(()11)S£1O cho 20c+%:\/2(1—oa) ¢>@<=%+. Khi as la C6

3+5-2 1 4(w€+2) (I )
(13 2—i(.\)'+V\:+:,r):> S=.\_w‘+_\: +;\'S4%5+0: :> M21XS =g:—2—al

4 3“/§_2 41 41

Déu being xay ra<:>

V 3v ‘Y: 31 -‘Q: '> 3 \/90-12-\/5 190-13‘/5
“ "/' " 4:>

xZ+_\'3+z2 +£.\)‘=u3 _\-:\.: “4a --:_ 49-12‘/ga
16 V J90-12$ 1/90-126

a,b, c" 2 O

Béi 5. Cho { Tim gizi u-i nho nhél cua s = 2”-‘ + 311-‘ +46. . H .
11' + Z12‘ + gt‘ =

Gidi
Xét czic tham S6 0c.[3,y2O viz su dung bit déng mu-Q AM - GM ta C61

3
(I

I>

_2 _ _.
30c:%[3=2~/=k2() 3°‘-45*”-‘>0

€>

OL

+a3 +013 2301413 ;%(b3 +113 +B3)2%[3b2; 2(c“ +0‘ +y3)26y¢-3

24‘ +311‘ +48 +08 +%[3-‘ +2y~‘ 2311.11’ +332/9 +2y~3¢1

_ _ _a 01 b B c Y

Déu béng xéy ra<:> . Chqm OL,B,Y sao cho
'7 7 '1 1

a‘ + 212' +3('“ =

9 18<:>30n=—B=2y=k=~T
+ ~ 1 32 3 1 4 J40? 4"+ZB“+3T=l 6+E+Zk =1

.\': + yl + :2 22Ot..\‘_\"+\/Z(1—OL) (.\";+ _\':) :> a2 2(ZOt+%).\}‘+\/2(1—(X)(.\SZ+_\‘Z)
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/ >1 , K

’ v 1 \
Ta 06: 2u»‘+3/1‘ +48/~L +iL%§_\1 +2} %i | 2?“ (L'[— +2/>1+3<-~)

, ' \ 4< , \/407\/407 3 \“4<)7} _\': >7, V

<=» 25¢‘ + 3/1‘ + 46 +A 2i <=> 2“-‘ +3/J + 4<-‘z~13_
\/ 407 \/407 \/-L07

7- 6 8 9 » - 12V0'1a=:.11=:_(':i.la co M1nS=i-~
\/407 \/407 \/407 \,/407

a,b,c 20
Béi 6. Cho .Tim gizi lri l<3‘n nhfu cua biéu thirc S = 441/2+ 8/90+ 6041

Lu +1 37+(‘=_

Girii

Gié .§L’1‘r§111g S =mzz([7+(‘)+11/J(("+u)+ /1('((1+l>)=(/n+1{)u/7+(/1+ /J)/2c+(p +n1)cu

m+n=4 nz=l

:> n+p=8 <:>ln=3 :> S=4ab+8b('+6m=u(b+(')+3/7(¢"+a)+5('(u+b)

p+m:6 {PIS =u(3—a)+3l>(3—b)+5<"(3~c)

:> S=%_Ua—%) +3(b—%) +3(<"—%)_

Bat .\'={a—%' \'=b—%!: :1 c—% :> x+_\‘+:2 a+b+c—-2 =%
I L I 4. ‘_

1 w

J

k_____J

A 0

Khi ao; 5 =% -(X1 +3;-I +5.\-1) ¢>.\-1 +3y1'+5.\-1:51‘-5.v<s1¢a¢:ham 56 <1. B. y> 0 ta cé

xi +on3 2 30¢: =2OL\'

3)‘ +35’ 26‘/F63 =6B_v => (%—$)+(<13 +35’ +5Y’)Z2(w'+3B.\'+5Y:)

5;: +5}/3 210 ,~’

ChQn 0c=3B=5y:> Ss§l—l+(o13 +35: +5y3)—20<(.\-+_\‘+:)s%+(o<3 +353 +5“,/3)—3o<

1’ ‘ =l()Y\'
7 7

\ Y

MaxS=%+(oc1+3[33 +5y2.)—30c <=> x:cx:_\"=B;:=*{vi1.\-+y+:=%

:>.\-+y+;=oc+B+y=oc+%+%=%:>0c=%;B=%:y=%. Khi dc’):

MaxS=%+(oz3+3B3+5~/3 — =g+
\

230m _;a:4;%2)3°‘4 15 23

u
2

Du béng xéay ra <:> —§’=Q=j—g; b—%‘=B=%; ¢'—%}=Y=4i6
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3__g_ _;___1;, __;__9H _12, _27.,_30cub?“ 46”!’ 2‘ 46"‘ 2- 4@"”_23'b'23"'23
Béi 7. Cho c1.b.c.m >0 théa miin ab +bc + cu = 1.

Tim gié m nhc nhét cm biéu thirc 5 =m(¢ +1f)+¢1 Lheo tham S6771

Girii

Vdi {ham $6 one (0; nz). str dung bit ding thirc AM- GM ta cc’):

'7

3 _¢;>'7 /Q -(161 + _h 2(l(

+ ~ 9om-+‘ 22 {gim-

(m —0c)(u“ +b')2 2(m —OL)a/2

I\)

1

J

:> m(aZ +b2)+c2 2Z\/%(ac+bc)+ 2(m—O()ab

' F 1+~/1+8Chqn one (O;m) sao cho \/§=m—0c <=> \/%=l?A%.Khi dc’) ta c6:

S =m(a2 +b3)+cr3 2—¥+21+8m (ab+b('+ca)=—L1+ 2l+8m

Dziu bénv xéy ra <:> a=l2=—1i,c"=i+—i'l+8m. Véy MinS=_1+ '21+8m
C i/1+8m 2-<71 +8211

Bi1i8.Cho a,b,c,m,I1> 0 théa min aiéu kién ab +b@+ ca =1.

Tim gizi tri cL'1a biéu thtrc S =/nag + nbl + (>2 theo tham $6111. n

Gidi .

Xét czic tham s6 .\', y, 1 >0 sao cho m — x, n — _\'.1— 1 > 0.

SL1‘ dung bét déng thrc AM- GM ta C6:

X11: + _v.b2 2 2\/Txiwjczb

+ (In — x) a2 + 1.62 2 2x/(H7 — x) 3 ac

(11 — _\-')b2 + (1 — z)c2 2 2./(12 — )')(l — 3) be

:> S =ma2 +nb3 +c3 22,/xy ab+2\/(m —x): ac+2\/(n— y)(1— z)bc

2_la2
xaz = ybz b y

D§ub§1ngx2'1yra<=> (m—-x)a:=:c2 <2 C2:m—.\' 2

2: _Z)_z ~

(H ))b (1 C (n—y)xz=(1—z)(m—x)y



100 .\’I1"l1g sric milu (iiéln r0‘i trong bit (7511 g thziw AM - GM

Chqn .\"._\'.; $110 ch0\/.\j" :v (m—.\*):,=\(n—_\")(l—;):k>() :> (_/z—7\').\:=(l—;)lm—.\"7v\"=/<2

Ta C6: mrz=[.\'+(n1—.\')]§_\"+(1z — \‘)_l[:+(l — 1)]:/<3 (n1+/1+l)+'7/<;

D§1lf(/<) = Zk}+k:(n1+n+l)—mn:>f'(/<)=_/"(l<)=6l<: + 2(2); +11 +l)l\' >().\7l\' >0

:> f(l<)tz'1ngt1'én (();+oo) :> Phu'0‘ng1rinhf(k)=()cénghiém duy nhl kn >0

:> S I mu: + /1123 + cl 2 2k (ab + bc + cu) = Z/<,, :> Min S = Z/<,,.

Biai 9. [Tgp Chi TTT] Cho u.'l>.(‘ 151 czic Lhuc déi mét khaic nhuu lhuéc [O12].

Tim gizi tri nhé nht cua biéu lhircz P: 1 w + 1 + 1

(a—b)“ (b—c)' (c—(1)'

Girii

Khéng mét tfnh téng quit gizi sL'1' Z 2 41>/2><'2(). SLl'dLIg141W ~ GM Lu cc’):

|’ f 
1 —-1-—j—+(u-12)+(a#/2)23i/—%.(a—/>)_(a-12) :3
(a—b)' ((1-/2)“

—1i§—+(b—c')+(l2—c,')232 i,.(l1—<").(l7—z') =3
(b—c)_ \J(12—c)“

:>—li3—+i]—7+Z(c1—(')263P2——%—Z(c1—r')+6
((I—/7)_ (17-(,')' (a—(")'

Vi 22a>b>c2O nén 0<u-<-§2:>PzL,-2.2+e=%,_ V

1

., . . A , \ 4 . \ , , .

V:_1yg1at1';nh0nhalcuz1P1a dal du'Q'c [211 a =2;/1: l;(' :0 va cac hoan v1.

Béi 10. [IMO 2006] cm C216 s5z1.l2. <- lhoa min (H +111 + 6 :1.

Tim gizi tri ldn nhl cua biéu lhfrc P = ((1 — /9) (u — c)(b — (')(a + b + c)

Gii

Bién d6i v51 su" dung béit déng thL'1'cAM — GM ta cc’)

[3(a2 +1): +c3):]_ =|:2((l—b)2 +Z(z1—<')(l>—(')+(a+b+(‘):]_ 2

Z8:(6l —c)(b—c')|[Z(a~b)2 +(cz+b+(")2jZ

2l6\/E‘(a—c)(b—c)(a—b)(a+b+c)|2l6\/EP :>P§i
16\/5

T ‘F F
Being thirc xeiy ra -:-a=3\/3+\’6 lb: ‘/6 Z(‘=\/6 3\‘3.V2f1yMaxP=L.

(Mi (>\/5 s 1&5
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Tim gizi tri nho nht cuu biéu thtrc S :l+ 1“ + 1‘ . a

cz /7 ( ‘ |

1'

1 6

_/%___

Lu

+ \/gb + \/5/2)

Gidi

(60 + L) 2 (>2 = 12
611 \/ 611

Q 3:9 :>s+@(@@+¢3/>+£@~)229:>5z11

\/
1,;

;F ‘ 1’-2( 1‘ +J2¢-+</1-+v2<»]zs
\ ’)( ‘ /

.

\/<'»‘i¢1=l;1;:i;<~=‘L_ ma Mm$=11.
6 \/5 \/Z

~

Béi 12. Cho a.b.<" 20lhOa min diéu kién :1 +b+¢': 1.

Tim gizitri lc'>‘n nht. nhO 11h5tcL1z1: F(u.b.c) =u(/2— 0)} +lv(<'— (1); + (‘(c1 -11);

Ch

F(

Gidi

0 a=b\/b=c\/0:0 lhi F(u.l2.<*)=()n1£1dcgF(u.l>.c')=-L nén

a.b.c)I/<(a—b)(l2——(')((‘—u)(u+b+c')=k(u—l2)(l2—(')(c—u) (d0a+/)+c'=l)\'('>'i

151 hing $6 mil la cn xéc dinh. Cho u =%:b=%:c=0 thi /< :1 suy ra

F(a.b.c) =(zz —12)(b —c)(c"—u)

Ta cé F(z1.c.b)=(a—c)(<-—b)(12—u)=—F(a.b.c) nén gizi lri lé'n nh§1lvi1 gizi tri nho

nhél CUZ1 F(a.b.c) 151 hai $6 aéi nhuu. Ta sé nm gizi tri lé'n nhét CD21 F(a,b,c) vdi gm

dinh a >c>b mil khéng lfmm mt di Lfnh téng quzil.

Did a +12 I (1 ta c6 (1 + 1" :1 . khi dé ta bién C[6i \"Z1 dual [hum $6 giéx dinh a./5'

F =(u—/7)(l>—(“)(('—u):(u—h)(('—/>)(u—(")S(u+b)z“(u+/1-0):(1'.z‘(r/—(")=

‘(Ir/+,B<'+((/—(')‘} 1 f/(a+1)d+(—l)('\J5ZL. - _ -) 1 L J Ia ad./am ( sa 3 a|\ 3 < >

Ta ciin chqn a.,B>O dé0z+1:—lvZ1t5ntqid>c>0 sao cho 04d=,5c=d—c

. B-0/=2 a=\/§—- =°~i-i=—-‘1 --—‘ =1 1.Th‘ » I‘<=> 0: .0! ,8 <:>{a <:>{ 4§,\a0()

F

_' _' - = ,6’=\/§+1

1 \/§(z1+c))3 \/3 3+\/3 ?—\/g \/3

3 18 6 6 13
S;£i—i =———. Vé'i (1=l———;;l7=O;("=“———Ihi Mz1xF=—‘

Theo nhén xét ban déu la suy ra Min F =—%-3-.

l()l
\. .- .. , . , ?

Ba] ll. Cho u./xv > (J thou mun dleu k1¢n 611+ \~ 1/1 + \ Zr‘ :9. I
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Bf1i13. Cho a|.a3....,a” 20 thOa mén a, +03 +...+a” =1.

Chtrng minh ring S =(aI + :12 )(u| +113 +113 + (13 +...+a”_| ) 24”"u,a3 ...a”

Chzhzg minh

Vdi .>c1.x3,...,x“ 20 VQSA =xl +.\'2 +...+.\'k .Vk =1./1.

su dgng bait dang mu-C AM - GM ta C61

.\‘] .\ 2 1‘.

(ll a, ak al 3‘ (1, M. ak 5‘a|+a,+...+ak=xl-—+x,-;+...+xk-—2(x|+...+x‘) — —“ —
" x] - x3 Xk x I .\-2 .\' k

Suy ra: S =(a|+a2)(a1+a2 +a3)...(a] +...+a”_| )(al +...+a”)3 ...2 C.al(_‘c1§‘1

x x ' 2x x .\' 21' ——— Zrc, =8: +...+S”'l + SH‘ ;cA =Si +...+S”“l + . v/<=2.n-1;c,,

s 5 ...s ‘sfC: I 3 n—

X51‘-C2 YCII
l ' 7 /1

Ch ;=L;.-_=%vk=T ‘ ‘ s=' 1 1 1 = 1On ‘I 211-! ‘A 2:14-l—k '” V] ‘ 2u—] + 211-] +2n—Z + + —)n+]—k Zn-/\'

:>c1=?f_-](2"-1 +2""~‘ +...+2+1)=1; ck =2”J%(2""“ +2"**" +....+2+1)=|, Y/k =2,”-1

l+Z+..,.+(n—Z)+Z(n—l)

C” :2'%.l:l
; C: =4'1_'. Vgiy S24"*'a|a2...(1”(dpCm)

Déu hing xéy ra<=> al =-273:; ak =#,Vk=
Béi 14. 951 x1,x2,...,.\',, 151 S6 thuc n théa mz'inx| +.\'3 +...+.\-H =0 Va

|x1|+]x2\+...+|.x”|=1.Tim gié tri lén nhzit cua biéu thirc P: H 1.x,--1"!-l
lSiSjSn

Girii

Trzrdvig h_0'p 1.- van n =2. ma diéu kién giéx thiét ma thimh .\», +.X‘3 =0;|.\-l|+|.\~Z| =1

:> xi =%;x3 =~%h0zf1c xl :—%;.\'2=% 3 P=I.\'| —.\"3 =1

Trzrdng hgfp 2: Véri n =3, khéng méit tfnh K“/mg quét, gizi sir xl S x2 § x3_ Ta cc’)

P_ *3 X; ., A .' , ,__—- A x i A A, .Su dung bat dang thuc AM-GM ta co.2 Z I 2 3 -

1 1

§%<:>P£%
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'/.

+
'/.

4

+
'/

/\
%l

+A--<\

F

.

Déu béng xay 1'a<=> ~ I =0 . Véy max P=i
" K _' ' zi

3*

H

LXI _'\-l : :", _'A_

-1

/.

»-

~

,-
J

L»

Pu

Trung /l_0']) 3: Vdi 11 =4. Khéng mil tinh léng quail. gia str .\", Sxz in 3.5. khi d6 ta

06 thé du dozin gizi lri .\/lax P dat du'Q'c khi .\'| =—.\‘4;.\‘3 =—.\"; 3 xi —.\'| =13 -— .\-;. '

Dét .\'_~‘ —.\‘2 =a(.\"4 —.\'3), til" d6 suy ra dé P dat .\/[ax thi czic bién $6 phéai Lhoa min diéu

kién. \. _\._\. _\.:-‘.1 '\Z:'\3 -\:_'\4 »\:_-H -H

' " " '4 u 41+] a+1 ((+2

Tu" caich phén tfch trén, ta di dén l(>'i giai cho lru"{>'ng hQ'p n =4 nhu" sau:

Khéng mt tfnh téng quzil. giéi sir xi S .\'3 S1‘; S.\'_1

=>P#%—nNu-nn—nH%—&Nn—&Hn-M)

, (X1 _ X2) (X4 — X1 ) (X1 _'\':) ("'4 _-‘-2)D 6 »_=_2__~__,,_, L j ,+_.
O O a(a+2)(a+1)3 (K H) 11+] 0+2 (I a+1 (H H)

. ~\ (1

S[%@L_“c»~;n+n»—X»+@»;Xn+n»-Tn+(H_xJl
' a+ a+2

_
a+ ~

(1

I 1Suy I-Z1: —.\'|)(l++)+(;%+';£T+—l)(,\'3 —_\':)]

Chgn a sao cho (1+—1—+i)=(l+#+—l) <=> a=\/5—1.
0+1 0+2 cl" a+l

Khidolaco(1+-J-+-L-)=(l+-L-+-4)=§i2u+l u+2 a 0+1 2

'\/5 2 1 3\/52 A G 1:>(\/E+1)( —i)[T PS? (—_\-l—.\‘3+.\'3+.\'4) :> PS5;

4
vi

Du being xéy ra khi v51 chi khi czic bién $6 lhca man hé diéu kién sau

xl +.\‘2 +.\‘3 +.\'4 =0
2 5

——.\‘ —.\' +.\";+.\'l=|.\'|i+3.\‘, +[.>.';(+i.\"J|=l *4’ '\l— 4

-@

1 3 » ~ : 1 -
<=>

X4 -1} xx —.\', .\‘4 —.\', x4 —.\‘l ,1-1 :-_\-, :-—
('\-1“-“2):(x4_-XIX): Z : x/5_:\/5+1 _ n 4

Nhzr vgiy véi n'lrd1zg hgp ll = 4 thi: Max P = Zia‘ (khi czic bién $6 thc'>a min diéu kién (1))
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Trzrdng hgp 4: n : 5 1 Kéng mt tfnh téng quzit. gia su x, 3 ,1": £ 5 .14. 3 X; . ta du doén bé czic

bién dé P dat Max 121 Ag :—.\'|..\‘4 =—.\"3..\3 =0 :> .1‘: — .\‘, = xi — .\‘4..\g — .\‘3 1.1; — .\'_, .

Bat x3 — xi = a(.\-3 — xi ). tir dé suy ra dé P dat Max thi céc bién sé phcli théa min diéu kién:

.\', —.\‘1 .\'4 ——.x'; .\g —.\'. .\'; —.\', .1‘; —.\a_ .\'4 —.\z .\'< —.\2 .\‘4 —.\-, .\.; —.\‘] .1"; —.\‘4

1 _ a — a _c1+l _a+l3— Za —Za+1—Zu+1—Z(1+Z_ I

czich phn tich trén, ta di dén 1O'i giai cho t1"u'©'ng hqp 11:5 nhu' sau:

Khéng m§ttfnh16ng quail. giai str .\', x: ix; $.14 $.11, Khi dc’) ta cé :

P Z (-"2 _ -"1 )(-"3 _ -"1 )(-"4 “ "'1 )(-"5 _ -Y1 )(-Y3 _ X: )(-"4 ' -X: )(-Y5 ‘ -Y2 )(-"5 _ -\-2 )('\'3 ' X4 )

Xét biéu thtrc: Q =.Bién déi Q theo va 511- dung AM- GM ta c6:
4a‘ (¢1+1)* (2u+1)‘

x, —_\'l x1 —xl x4 —.\'] x; —.\‘l .\3 —x, .\‘4 —x, xi —.\', xi —.x'1 x1 -13 .Y< —x4

1 a+l 2a+l Z(1+2 (1 Za 211+! (1 a+l 1

' +’ + +‘ +"+ '+'“+ ‘+"+'
7 '7 '7

-110
1 [Ag —.\'[ .1} —.\'| X4 —.\'[ .1; —.\"| .1": —.\‘, .\'4 —.\', xi —.\‘, X4 —.\'z .\'; —.\'1 .1; —.\‘J }

]()‘° 1 a+l Za+1 Za+.. u 111 1.u+l (1 ((+1 l

10
1 3 1 3 1 1:> +.\-5)+(—]+§+ )(—.\'2 +_\-4

ChQn a>O sao cho{+—2-a1T1+1j:(—l+2la+‘,Zai+T)=c1 <=> a=%.61=%

P 1 5 '“ 1 1 27 27=— h ; __ - -.~ -.-. .- =- Ps——=—Suy ra Q 274 ay Q<10m[2( \] \_+\4+\>)] 210 <:> 220 23:

Déu béng xéay ra <:>

xx =0

xi + x3 + .\-3 + 1'4 + .\'5 = O

—-xl —.x3 +.\'3 +.\'4 +.\'5 =|.\'1[+ .1‘; +|.\'3’+|.\‘4}+ .\'_; =1

(X )__ X5 —.\‘] X4 —.\'l X5 —.\'I X3 —.\'1 X4 -—.\'3 X5 —.\'2 X4 —.\’3 X5 —.\‘; X5 —.\’4

'1 " 32 2 3 12 1 2 112 32 1

<=> xi =—.\'5 =—% ; x3 =—.\'4 =—% ; X3 =0. Véy vé’i trumg hQ'p n = 5 thi Max P =32;-77

Binh luijn. Bing phuomg phzip nrcmg t1_r ta sé tim duqc chtrng minh {mg véri /1 2 6.
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XIII. KY THUAT DANH GIA PHU DINH CUA PHU DINH

K; lhufu I13)’ lim du lién du'Qc xul hién [rung qud trinh chtrng minh Qua mél hl ding
lhirc C6 Lrong cuivn szich cm: pl1u'0'ng phzip viz kf thug?! cl11i'ng minlz bfil ring Ilui'c cuu

tic gizi duqc NXB TP HC.\/1 xul him nim 1993. K}* lhufal nily cfmg du'<_)'c gi<'>'i lhiéu
trong tap ch1'1\/Iatlzemmatical Reflectia/zs 3, 2006 cuu caic uic gia Iurie Boreico, Marcel
Teleuca v51 lrong cuén szich Algebraic inequalities cuu Vasile Cirtoaje (NXB Gil,
2006). X61 lhco khiu cqmh lriél hqc Q6 lhé ggi ki thufn nily 121 RT thudt “P1111 (I_inlz czia

pllll d_inl1”. Ban chl cuu l\'_€' lhuzit 121 tixch mét biéu lhirc du'o'ng lhnh hiéu hui biéu lhirc
du'0'ng vi dzinh gizi mgu s5 cuu bjéu thirc 0' suu délll Chimg ta 06 lhé m6 hinh hciu k)“

thuét nily bzfmg ménh dé sau dy:

‘ 1 l 3 l > I

/\

11/Iénlzdé: A2B>O:>O<X E —K_—E

(1,./J. (' > O Z 3
Béi 1. [Bulgarian TST 2003] cm . Chllmg minh: 5 :~% + ‘K + ~‘—, 2;

u+l>+(-:3 1+1)" l+(" ]+u‘ '-

Plzn ticlz va tim 101' l()‘i girii

' Sai lzlm tlzu'671g g(7I7 I: S 2 3- ii , H/K" S 3- ~‘./l “Ix. = 3 :> S Z 2
\l(1+/1-)(1+<-~)(1+¢) \3/1-3<'-3“ 3 3

‘ u l9 (' lu /7 <‘i (' 3 3‘SalIanztlzu'01zggg1p2.' S§g+Z+i=5(Z+?+Z)2: —~—-— =: 3 S25

aw

/,_l»_

U-2

"av

2

J

' L<‘ri gidi ling:

Bién dc‘/>i v51 sL'1'dg1ng bit dllg thirc AM— GM dé dainh gizi mixu ta cé

a :a_ ulfw 2u_ ab" ab

1+l>" 1+1)‘ 317 3

1 -1

+ /2 :b_ In 12b_b( :b_/if
1+c' 1+<-" 36 ~

W 7

' -1' ca‘ '¢ w:(__ cc 12(__ :(’__(a
1” v1+0‘ 1+0‘ — '-

:>SZ(u+/2+(')—%(ul2+/>0+111)=3-%(ub+/7(*+(‘u) (1)

M§1lkhC. 9=(c1+l2+(-)1 23(ul>+l1c+c'u):>ub+/2<'+mS3 (Z)

TLr(1)vE1(2),suy1'z1 S23—%(u/1+bc"+cu)23—%-3:;.

Déu bring xaly ra <:> (1:1) : c = 1.

Bili 2. Cho czic 56 a. I2. c. c1>().ChL'1'ng minh ring:

1 1 K 1
> ' -' > + + ~+S: ‘(I j+ #12 7+ 7( 3+ id 1241 l),)( cl

a“ +1)" 12‘ +0‘ c“ +d' d“ +a' ~

Chzhzg minh
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Bién déi V51 SLT dung bit déng mac AM _ GM dé dzinh gizi méu La co;

5:2 u“ uh" \%>Ziu_ub'\i:Z(({_Q‘:c1+l7+('+(/
m>z1'+/7‘ 1\.(.\ u‘+/13,’ Hf 3117/ W 2' 2

E51.

a.b,('.d >0 - I - d
Bili 3. Cho . Chirng minh: S: (1 _ + J , + ( + W 22(,+[,+(-+[/=4 l+b~ l+<~- l+d- 1+u-

Clzzhzg minh

Bién @161 v51 .<u- dung bét ding mu-Q AM - GM dé dénh gié méu £2106:

/ 2 / 3

S =§L¢1—%J2 gL‘(z—%,j: g((1—L;) =4—%(al2+l2c+¢'zl+5/u)(l)

Milt khéc. ab+bc+c'd +r1c1=(c1+c‘)(b+d)S[ ]_ =4 (2)

T£r(1) v£1(2).suy 111; 524-§((1/>+/;<-+M+(1u)z4-Q4=2

B51i4. Cho .ChL'1'ng minh: s= ‘Q + ‘Q +- "7 + 4, 22u+]9+(;+d=4 l+b'c 1+<"d l+d'u I+a'b

{(1.11 c.c/ >0

Ch lhzg minh

Bién déi vil sL'1' dung bail ding lhirc AA/I - GA/I dé dainh giai m§1u tu c6:

5:ZL:Z((,_l@\J2Z (,_L%\:Z£(l_@):Z[(,_MM_
W. l+b:c' N. \ 1+b2c' N. 2\/[ff J W, 2 W. 4

2Z(c1— ) = 4—%[(ab+lJc+c'c1+du)+(abc+lJcd+dc'a+ab(/)1 (1)
( '_w'

Mil khzic. ab+bc+cd+da =(u+<')(b+c1) =4 (2)

vii abc +bcd +dca + abd =ab(c +(1) +cd(a +12) 3 (c + (1) +(%)_ (a +12)

=i(a+[2)(<'+a)(a+1)+<‘+d):((z+l2)((*+zz)S[ ]_ =4 (3)

Tu-<1), <2) vZ1(3).suy1‘a: saw+1>+<-+(/)~§(4+4>=4-§(4+4)=2

LI,]7,(_'>O 1 bl _Q

B§1i5. Cho .ChL'1‘ng minh réng: S = C‘ + + ‘ 21
2 ,2 _ 2ab+bC+(-“:3 a+2b b+2( (+261

Chzhzg minh

Bién (161 Va sir dung béil ding thirc AM- GM dé dzinh gizi méu S6. ta c6:
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1 -,2\ "43": '7 2 2 3S: L32 (Hi ‘I I 1—+:(u/2)-‘ '= (1+/2+c)—1[( /1)5~ '(l2*)F +( ' F]
gzwv” ;\ gt g J

1 3 u -1- ¢ uz

Ta ¢c>;u1+/>+(-)‘ 23(u/7+l7(“+('u)=9:>u+l2+<'23. Mal khzic.

(z1b+¢z/>+]23- =3(z1l>)€

+ /7C‘+bL‘+1Z3- =3([7(')§

cc1+c‘a+l23-‘\‘/@=3(c'c1)%

:>'l(ab+bc+ca)+3=923[(ab)§ +(l2(')%+(L"(1)~;J :>(ab)§ +(bz')-2 +(ca)-2 S3

Suy ra: S2(cz+l7+c‘)—%[(a/9); +(bc)§ +(ca);*]23—%-3=l

Dziu béng xziy ra <=> (1:12 = c‘ :1
, _/.- \ 4

B:21i6. Cho cc S64” 7 ‘ >0 .Ch£1'ng minh réng: s=“,;*'+%+‘%1z3
[a+b+¢.-=3 b-+1 c-+1 <1-+1

Chi?/ng minlz

Bién déi vil str dung bit ding Lhtrc AM— GM dé démh giai m§1u $6. ta (:6:

S=2£%=Z[(z1+l)—u%E]2Z{c1+l— ]=Z[z1+1—E;M_’
<_\4 7 rvu <\z ) (\r.. '+ ,. b‘+l Yb L Q 4

= %lH'C+3—%(ub+bc+c(1)=%—%(al)+l2c+ca)

Mé1lkh:ic,9=(a+b+c)2 23(ab+br+c‘u)D32al2+b<‘+<‘a

:> 52%-§(a1»+1>@+m)z%-§-3:3.Déubéng x:'1yra<:>a:b=c= 1

Bz‘1i7.Choczics6 " . Chirng minh1i+_-+__a/;+1>¢-+m
1+ 1+b 1+-

“bC>0 a+b b+c c+a>
a+b+c'=3 £1 1

Chzhzg minlz

Bién déi v51 str dgng bait déng thtrc AM — GM dé dainh gizi. 1ac6:

— + a + a + cl + (1

a+b_ U2-E-(lb a3+ub_ a2+abVT Zf—X(a+b—T~—)-Z(u+l>+¢) Zf—-6

1+0 2+ab I " l+a 1 2 b)Tacét 4aS(l+a)2:>—-—1—Sl-Z-:>—qiS—(a'+ab)——=——(a +ab+a+l+a 4 a 1+0 4 a 4



108 N11 ng slc mdu cfiém r'0‘i trong brit dzing tluic A1\/I - GM

:> 2i——S— u +l> +0 +u/1+/7c“+<z1+Z(u+17-H‘) =u3+al7 l[ 3 2 3 ]

_L_._.

1+0 4
Q:

* _

'7

1_
(u+b+c): —(u1>+lx*+<"c1)+61

D\-’I'=6—Z5l~i'—l-IQ26—-_1i§(u+/7+0): —(u/1+/)¢'+u1)+63=6—§ll5—(ub+/7(‘+cc1)]
l+u 1“ ‘

(\I '

1 11" ‘ 3
=—[9+(_u/7+/>('+("a)J =—§ (u+/1+0)‘ +(u/7+lu'+<'u) 2

4 4" *

(ab +170 + 111) + (uh +l2¢‘ + ("(1)1 I (1/1 + /71' + (":1

. 111.1“->11
Bi1i8. Cho czic 56-’ 5. ChL'1'ng minh: S = —LT+il7-——_—+l'12=)

LlI+17+£'=J c1b+b" bc+c' (ra+a‘ 2

Bién aéi v51 $11-<11_1ng bit dang IhU'C AM - GM ace 11111111 gizi méu ta c6:

5: @_: L’i_ l> Z i_ /> 2 l_ /1 =Lii__
%a/7+1)” b 41+/73 2:/7 gz1+l73 gb g./((1)3 (1+b+<

T

:>S22

Ch zhzg minh

aco. —+—+—+.»_ —+1 + —+l + —+122 :+—+—-». 1 1 1 ._(1 )(1 )(1 ) (1 1 11
(1 17 0 (1 b (' \/U x/E /,

\

§_
§~

+
._..

/

\

._.

/

[7 ”"",1”“§1J:7“"*)lL+i+ 1} '§>3.._$_ Z 3

2{\/Z 2 u+Z7-1-Q 2

3

\' 1)

Biii 9. Cho czic $6 .ChL'1'n<Y minh1"é11<Y: S =
. a.b.<">O 1

4 -1 4.4" _'¢1_>i(112 +1: +€
- abc'=l a‘+1 l1‘+1 ("+1 2

CI1 Kmg minh

Bién déi Va SL1'd1,1ng bit dang l.hU'C AM - GM aé dzinh gizi miu 121 cé:

4 If '$ I W '3 7

S =Z%L = Zkzfb ——%b-W2 211'!) — = (a'b +171" + 02(1) —%((l[7+17C+ cu

('\’( (I_ + 1 l\I’ (l— + 1 / L'\’( ("fl ‘-1

_ _ _ 4 4
(131; + (1312 +1930 2 3 ~ \/'3 a I2 0 = 3- {/<15/2" (ubc) :3u12

T21 C6: + bzc +1120 + ("Z512 3 - \/3 b40411 = 3- Q/12307‘ (abt) =fl? Fl; 3120

/

030 + cza + (1311 2 3 - {M404/2 = 3- {/0311} (ubv) =3ca

:> 3(a3b+l23('+(":a)23((1b+/9('+(‘z1) :> (1212+[22c'+c3u2ul7+/2c"+c'u

m--
/17

+
\j__

+
<

Paw”

\Z

:> S 2(a2b+b:c+(r2u) —i(al7 +120+L'a)2(ul2+ln'+(*u)—l(ab +[7c'+cc1) =i(ub+b(r+ ca) 2;-
'> 7 '1 vA



Ch mmg I: Nh 1771g vién kim cu'0'ng trong bf}! Jn g th 121' c 15 Jién 10*)

x|v. vE DEP DIEM RO’l QUA BON BAT DANG THU’C LU’C_7NG c.;|Ac KINH BIEN

U5‘
Q9»

--.

>—I

J»

U:

'3

Cu

J

'1]: _\"in‘—+sin~+sin—S~ : T’: co.\A+co.\l£+co.\CS3'
1 w *7 w ' 1

,_ . . . 353 .. . , . _

l;=s1nA+s1nB+s1nCS% 1 l4=co> +c0s—+c0s—Si
“ 2 7 v 7

Cho lam gizic ABC. Chirng minh bén ht dfmg thtrc suu {rung tum gidc ABC

J’

CU

’“1

J.)

¢_
_».:

Ch ling minh

. . A . B , C‘ ’ . A . B A‘ A B 4 A , If
F1: s1n—+s1n—+s1n—:} s1n—+s1n~ |.1+cm U(y\——\|n .\‘m~

'3 '3 ') '7 '3 '7 '7 '7 ')

~ "1

1*F’_ A _B\' .~ w A 18‘ ‘ A B 3
+m\ s1 >mS~ sm—+s1n— +1" +*|c0s‘— ‘:‘—’—;n—“ —:¥

7 w '> ; v\ w 1 '> 1 1

T1: c0sA+cosB+c0sC:(c0sA+c0sB).l+sinAsinB—c0sAcosB

1 ~ » 1 . \ 3
S:{(c0sA+c0sB)'+1'1+:(sm“.-\+s1n"B)—c0sAcosB§:

V’ I" T \ . . ‘

_ \’3 v? I l/ s1nA sm B \-

'v '> \ ~ T~=— sinA-—+sinB-4 + — ~c0.\B+i-c0sA
\;' 5 \ _ _

S —— (sir? A+3)+‘.\'in: B+3)i+A—
A -1 4- “

<i-4

Jw
r*—*1

J

J

J

(_
bf]

_‘W

J

/ \ \"v \:'3 . )

Q11]: A ~ /sin: B * 3\~"€+——+c0s'B +\fn+cc)s'1-1| =2
g , 3 1/ _ '1

T4: — c0s—-—+c0s~-—
2 2 2 2

_ M _ \ w . A . _ B =

2 1 A N/'3 B \/3 ms B ms A

L , \ ~ > ~/

+
4

Um

._“ »sin—+ _'“ -sin‘-
/“ Z 1 2

1
“I

UJ

<\
QJ]

J

.2A ‘ .-
1 ~A 3 wB 3‘ V5 CO“ 1 _,B “°* v _.A _

S — cos'~+— + cos“-+—] +— -i“+s111'— + i'+s1n‘— Ii
" 4 2 4/ 7 3 “, \ 3 °

Binh Iu(7n: Theo nhzfm xél cua ban dqc [hi phuvng phzip chung chirng minh bén bixi tozin

trén 15 ngn gQn v21 déc dzio nhl. Liri gizii nily C151 du‘(_>'c gidi thiéu trong czic cuc‘>n szich

ctla tzic gizi xut bzlln nm Z000. 2002. Vé d¢p cua 101 giéli 121 sgr két hqp gifru ky thufnt

chQn "diém r0‘i" Irong bzit ding lhirc hrqng gizic \'('7i bc-it dfmg thL'1'c rat dcm gian

Z.\'_\"$.\-3 + yz vl ding lhfrc sin: 0L+ L'OS:(l= 1. Nhin chung cfac szich d xut bém trén Ihé

gidi déu chirng minh bit ding thirc nily thco so‘ C16 m6 phong chirng minh bzit ding thtrc

Jensen duqc minh hcpa sau dy.

Phzr0'ng pluip 06 dién:

. . . .\"+ \' .\"— v . .\"+ v' s1n.\'+s1n)-=2s1nfc0sf$2s1nf. V.\'._\'e (0.1t)

° sin.\'+sin_\'+sin;+sinI=
. .\’+\‘ .\'—\‘ . 1+! 1-! . .\'+\' . 1+1

:2s1n ' cos ' +2sm cos Slsm ' +Zsm
2 2 2 2 Z 2



Hf) Nl1l7'ng sfic mdu Jiérrz roi lrorzg bt drillg tlllic AA/I - GM

. .\ ., . __ 1 _ .\ +=-Ls1n'icn>s‘i‘ S-I-$111+
4 -+ 4

-+\-+—+z \‘+\"—"—
I \‘+:+l .‘v’.\'._\".:.Ie(():Tt)

' Ly .r:A. \‘=B.;=C.l: 
/\+:> sin/4+sinB+sinCS3sin?:_as1n?: Q

B+C ~-n 3\/.3

Sau dy Id mgit bdi t0a'n tfch hgip kf thug?! d5i biérz Iu'g1'ng giric vfz clzgm dicénr roi

Bi 2. cm czic $611.b.c>()1hOz11nndi§u kién tl +1>+ <- =1

Tim gizi tri ldn nht cua biéu
, \/ 1 -

thu'c S=i—+——l#+i
(1 + /7c /9 + ('11 ct + ab

S: (1 +v b +
a+b(" [7+C(I ("+1112

/Z
\/ abr

Gidi

\/ c1b/ ("

Z7‘ -1A ' vB ,.
Dét C tan ,w I—= ‘—'—= an'- v0'1

0 2 I2 Z

1

_+ 1_ +
1+/)( 1+ca 1+ab

a /7 c

()<A.B<1c

. . I. .

W: +J‘1: é\/1? wt? %J%

_ /44.3

' tan + tan —
* A+B+C=n

1 tan um * A_ B_ C > ()

Suy ra {ah : 2 B2 =c0t(A 1': B): tang vé‘i {
L ,_

2 2

;l1" 1A ca wB /2 C \ _; , ;_ ,; ;_ ,
Thay the —(= tan“ :17: tan“ 7;- {L = tan? vao blcu thu'c S r01 blen dol ta co:

a 1 < ‘.

S:

.-»

E
-J

NW

B .

IJ>

+

W

+

NW

1+um2'( L+mn-~ P*m"'"
2 Z

~ A 1 C C 1

=cos‘—+cos‘—+Sm =1+—(c0sA+cosB+sinC)
2 2 2 2 V

=l+L£cosA+£c0sB)+—1—(\/gsin A.c0sB+\/gsin B.c0sA)
J? 2 2 \/3- 2 _

£1+—l=H§+c0s3 A) +(§+c0s3 B)]+i[(3sin1 A+c0s3 B) +(3sin2 B+c0s2 AH
2¢3 4 4 4J3

3 \/5 \/5=l+%+T(c0s2A+sin2 A)+T(c0s2 B+sin2 BEN?
, \ Z

D€1ubngxayra<=> A=B=g.C'=Tn

<.:>

Ii ,——-

((1 L\E=\/"_;m1;2-@_ L_mn@_@<:>Q-/,_2¢§-3.[-_v_4¢§
a 12 12 \/1' 3



Ch mrng I: Nh 1711g vién kim cu'0’ng trong bfit r1(ing thlic 06 zfié

HLMQTSOBNTOANCHQNLQCMWHHQAKYWRMTCHQNDEMROHRONGAM-GM
| \ .Bail. Cho a. /2. 0 151 (IQ déi 3 cginh cua min tam giaic.

Chirng minh rén 1O’C.

/.
~ 2

311

i_

J

Ll

+
-A/._.l.'_’__

/___\

JJ
".

UJ

®

____,/

+

/‘\

.va+3b—(

3;—_
e, 3 . 3( \:

J 2f'V4§ U)
.\_vb+3(—u = _,+3u—l7/ 3

' 30 + 30 —1

30

3a + 312 —

zl _\‘=;-i( ;+~=
.. "- '§

Ch 1?'ng minh

3b+3<"—a ’ 4 .u+/>+('

3('+3u—lJ 4 c1+/7+1‘

31+}/J—' -1- (1+b+c

a+b+c

SL1" dung bit ding lhfrc Ail/I— GM cho 9 $6 ta cé:

2

9

3:1 1

-. Z — X :qi "Y + T 2
31> + 30 — u .\' Jll 3 u

v 3b 1 - 'Dal +2 _\'=—i:> _\-+~:
2 \" V7 3 /2

( DC (

:> I + 1/+1, l,(l)<:>_1_+%+
PF‘: \.+"-la 1+? c1+b+(" >/_\.~ €/‘Y3 _

DJ

_

5"
1 9 \; ' 9

/

‘) Q 1;

4 § Y + 4

‘>~gi2f{i3“i] 1n21'[%/7 ‘”~§§(%)[+]

¢JJ‘-

\; \

4 4“ H
7 * ex ~

_\+‘ _. .i _Z_.  >

I(21‘*(¥J \g§&2J‘{iiiJ

=£%f [—PJ 14:) L 3 /

/

D2f1tm=(.\'+%) ;/z=(_\'+%) ;p=(3+%) :>m+n+p=l

sa dung bél ding thtrc AM- GM ChO 6 561:1 06:

1

é

U.)-I-‘-

i.gs_ __4 5 4 7.\‘+—~ .\‘+~
XSQ-Li] % i2i.[_3 g

3 3 x 5 - '~

-9 .:§

L) ( 4

‘ 1 (9 "+ 1

2 ,/\” Z5\ 3

'. 4 5 4 “H4 5

3 3 3 5 3 F/‘Y3 \/25\ 3

2 42 __(,

/

"[2

3

+45_ 4 4 ‘ /~+ 1+ - ,

zS§'[ 3] 3] 1 >11 y 3
3 3 3 5 \ 3 25\ 3



I IZ Nlzvzg sric nziiu (iiéhz rm‘ trong bfit tiring thlic AM - G11

I>

+
_»f____.

Ll

h h (\ (\ fv (\

(§n1)~‘+l=(3/11)‘~+(3/11)5+-(3m);+(3nz)“+(3m)5+l2l8m

(\ (\ Kw (\ (w (v

J

_'.(3/2) -‘+l=(3n) >‘+(3n) 5-!-(3/2) 5+(3/1) -*+(3/2) ‘+1218n

(\ ls (W (\ (X (v

5.(3/?)*<+1=(3]J)5+(3]))5'+(3]7)5+(3[))S+(3/7)5+]Z18[7

—~ ’_ <~ <\ (. "‘ ‘i

Déu béng ru <:> (1:1) = 0 > (),

\ W) %rl8(/11+/1+/2)—3l l 1 9- .

“i+Y‘+“;,_‘:.2;‘3f7—_!(37)Z)5+(3IZ)?+(3‘I7)5
§J’\"‘ \*‘ §/t" J _ 4 \~3 ‘~ 5

L_j__J

3 VTIi
D

B51i2. Cho czic u. 12. 1' > (). ChL'1'ngminh1'§1ng:

“ Y R 1 Y ~ 1 I ~ ~ ' v

:1’ +12" i/7} +03 (“ +u' lg a“ +/2‘ /7‘ +<" /cg +a'
4 +4; ; +4 X 2 J5 A +» +{/ ,

L" \' a‘ I7‘ 0' u‘ 12'

°B(§ ' ‘N

.141,

I>

it

"‘+h7‘ I/u3+1>3

C/l!i'llg.I7ll'l1/I

d‘é.- 2 W— (Ban dqc tu‘ chtrng minh)

dgmg: SL1" dung bait déng thtrc AM — GM \=Z1 b6 dé ta 06‘ [il;i"_' 2 _

fa’: +v/J: u: +‘/1L+m+ 411: +‘/>1 (1; +17: J‘ 29_ 1 ([2 +1123

"<'° W" \' “K” \<" \ ° 70‘

T

p

F

m
~

-,1F:

_ _Fiiw
+~: +129 |1$l2“+c}j~‘29_;l2:+1(-'
:1‘ \J \ " 7:1

v 1 I
+

2 _.

+
4‘;A_

5
+

+

'+
4‘;

LT‘

711 I ' u‘ _

T

9

(‘+11 (+a‘ (+11 J1 < +u < +11,F F _$ 3 :< I I

4 +4 +...+4]_-_—+129<“;—(? 29-1\ .~ 5 Z ') -) Z

W

2/2 \ I1 \ - J

[\-

1 1 1 3 (~ 2

z1* +b‘ b‘ +0
4 4

f

~ w 1 » I w

c' +a* fc1‘+b3 Ib3+c‘ _ c2+a'
8 +
[J 203 \/ Ila}

O0

+
-it

/ '7 '1 7 '3 '1 7 '7 '7 '1 '7 '1 1

u‘+b' /b‘+c' c"+a“ ~a“+b' \[7_+(." _c'+a”
3 1 +3’ v +1 w + 3 w +1 -v +J '1

\ 2¢- \/ 70 71> , 2< \ 711 - 2b

I '7 ‘v 1 1 'v -\ I1 W 1 1 1 1-+" l*+" "+" "+19-b'+--~"+'
2¢-- Za‘ 21,- \ 2<-- 2w 21>-

1+-'i"i
281 , +1 , +_* , +3.1>—,»@,--¢( a3 +1): bl +c2 cl +a3 1 f2ub Zbc" Zca

7( Zu 712 , \fZc "(I “b\ _-_ — ._ _ ._ .’_. _ '_, v

]+329U +i]
212‘ 20' Za" Zb‘



CI1 lt'(fIlg I: Nlz 1711g vién kim czrovzg trong bt ring tlzzic c5 dién

2 2 I 2 \: _: 2 _

18%/a +,b +§/lb +f' +§/C ta 3+3. Suy ra
\ 20' 2a’ 217“

gag +193 /b3 +03 '03 +a3 lag +b3 bl +03 cg +a:
4/ § +4 2 + 4 2 23 1 + 5 7 + 3 7 :> (dpcm.)
\ ( V “:1 "b Zc Za Zb: ') .- -‘ ~ .— — -

L1 .'_. ._.

Du béng xay ra <=> (1:12 =¢->0

Bfii 3. Cho czic $6 u. b_ c" > O. Chtrng minh ring

! 2 2 _2 _13!a+b5+3bj+¢€+}cw+a}329 \/abc (1)

Vb‘+c" ("+a‘ a'+b" 41+/7+4‘

Chlhzg minh

Sir dung bét ding thirc AM — GM ta cé:

a(b2 +c2)+b(cj +a2)+c(a2 +b2) :a(b2 +c'2)+b+CZ3__§/abc‘(ab2 +c2)
a" +bc a" +bc a’ +bc

:>3/g3+b@ > 3(a2+bc)~\/xabc

b2+C: 61(1):+c2)+b(c'3+a:)+c‘(a:+b2)

3 2 2 _2 _;:>VT(1):Z3faj +192 2 3(aw +197 +¢ +7ab+7bc+¢a)7\/abc (2)

“ W /J'+£" a(b'+c')+b(c"+a')+c(a'+19‘)
‘ .

Khéng mt tfnh téng quzit gié str (121220. ta c6:

(a+b+c")(a: +112 +c3 +ab+b(‘+cu)—3[a(b3 +(‘3)+b(c2 +a3)+c‘(a2 +b2)]

_ =(l((l-—b)2+C‘(b—(‘)2+((l-b+C)(6l—b)(b-C)Z0

3 %(a27+b:+cj+a€+bc+fa) Z 9 (3)

a(b'+c‘)+b(c"+a')+c(a'+b") a+b+C

9 3 . ,

Ttr (2) vé (3) Suy ra vT(1)z'iMb‘ (dpcm). Déng thtrc xéy ra <=> 61 =b=¢-20
a+b+c

Bili 4. Cho czic $6 a,b,c > O théa min a +b+ c :3.
_ 3 3 ' _3

Chfrng minh réng: J , ‘I , +J 2 b 3 + 7 ‘ 7 21 (1)
a'+8b‘ b~+s¢-- w¢--+8a-

Chzhzg minh

. . I I 1 a+b+c2
B6 dé: a +b +6 Z( ) ,Vx,y,z>O

x v Z x+v+Z
Chzhzg minh:

(x+y+Z) _5L+£_|_L_ :<a2 +192 _+_C3‘)+ (l')>+b'Z+C'X + 6l'Z+b'x+C').
x y z x y 1 x y z



I I4 N11 !?'ng szic mdu rfiéz rui trong bfit 171111g th1i'c AA/I - GM

"u3\" 1- ;3- ("Iv 3- ~2(a:+1):+('3)+Z/' ' .17 ‘+2 7". ' +2,/1‘ '\.(' "=(a+1>+c)_\ X D‘. ‘Y I \, I X

Ap dgmg: SL'1' dung bit dfing thtrc AM — GM ta C6:

1 u} 3:1: > 6113

(13 +8173 V/gum? +3/,3) 9u+u: +8123

. 2 ' _.= _:
Tu'o'n2 tu: 1 ,1)‘ 2 2 6/,’ 1 . 1 _ ( _ 2 6f ,

G \'12'+8("' 912+/>*+8<" \'L"+8u‘ 9<'+(”+8u'
Suy1'21b2‘1td€1ngth(rc(l)dUng néu la chtmg minh du"Q'c

61:3 + (J13: + 6?: 21 (2)
9a+u' +812‘ 912+12' +80‘ 9('+(“' +811“

A L , 1 * 6( 3 +123 + -3 3Sudung bo de ta co Z 6‘f :2 64” 1 2 4 U x C )
W. 9u+a' +817‘ W 9:1‘ +11 +8a‘17‘ Z11 +9211‘ +8211‘/1‘

121' 1+1 L‘\!'

Ta chi cn chtrng minh 6(u3 +173 +<-3 )3 22:01 +9211" +8Z¢131)3
(\1 ('\( l\(>

<:>6Z:a4 +l2Zu3b3 22:14 +3Zc1.Z(z3 +8Z(I:172
1'_\'(’ A'\'z' (\( ('\'n' Hr‘ ('_\‘:‘

<=> 22:14 +4Zc12123 23£Za131)+Zc1b“] <:>ZIu4 +124 +4021): —3a12(a3 +1>2)]2O

<=>Z:[a4 +114 —(l1J(U: +12:)—'la17(a2 +122 —Zah)]2O ':>2<a3 —a12+b3)(u—12):2O

Bz§tdéngth1'1'c cuéi lu6n dimg 2(dpcm). Ding thfrc xay ra <=> (1:1) =(‘.
Nhqin xét. Ta cé bél dé11g lhfrc manh ho'n suu dy V(§'i mqi u./1, ('20:

I |

R ; s ; _,= : 1 _2\/‘ll ~+‘,x11 ‘+|.7( 12\/(1 +1) +(
¢1'+812' \’1>'+8<" \1("+8u' ¢1+1’+f'

vdi ding thirc xay ra lai u =12 = 0 hoéc (1:12 —> 0.02 () v51 czic hozin vi. Ngoi ra bit déng

thtrc cng dng néu thay vé phai bOi dai luqng manh hun .

11‘ +12“ +("'

Béi 5. Cho a,1>,c 151 czic $6 thgrc du'o‘ng. ChL'1'ng minh ring:

———+ ——ii 2 28

~ l 2

(a+12+c)’ ’ab+bc+c"a 1

, ~ 1

abc a‘ +b' +0‘ ,

Ch ling minh
Ap dung bét déng thL'1'c AM — GM ta c6:

(ab+b('+ca) (a‘+b'+c')S G 1 :2 v 3 » {2(a1)+1n'+c(1)+(u:+122+c'3)X (a+b+¢-)6
\ 3 / "7

Suy ra (112 + b€- + ui (ab +110 + ("(1)3 2 27 (ab + 17:" + ca )1

lI'+/?“+¢‘“ (ub+b<'+m)'(a3+12:+c'2) (a+1>+(')
+l+~"‘ 9 1 ~ - "

Ta ph€1ichL'rng minh (U 2 O +'7 ("b+l"+]f") 228.TheoAM-GM:
abc (a+b+c) _



Ch u'o’ng I: Nhzing vién kim cmrng trong bfft ring tlz 12'c 05 diéh

‘ I ; ~ ~. 1 0
4 ((1 +11 + 0)‘ + 27‘ (ab +bc + ca)( >5‘ (ab +bc" + ca)6 > 55 (3'\g.'cz‘b‘c') _5

Nab" (a+b+c')l2 272 (c1bc)J 272(ub(‘)4

Cns theo AM - GM ma 23.(‘i’@Q 2 23,.” Z7abc

Cfmg theo vé hai bit déing thtrc Irén suy ra dpcm. Ding thirc xéy ra <:> a =b= c> O

Biai 6. [Japan MO 1997] Cho a.b.c20. Chirng minh ring

(b+c;—u)2“ + (c+aw—b)21 + (a+b:c):1 2; (1)

(l2+c.')_+a“ (('+a)'+b‘ (a+l>)'+c' 5

Ch 1211g minh

(1)/‘:>(b+¢‘)Z+a: —2a(b+c)+(c+a)l +b3 —2b(c+a)+(a+l2)2 +cZ—2c(a+b)Z§
'(b+c)'+a2 . (c+a)'+b3 (a+b)‘+c2 5

_:_ (b+S')a 7+ (c+i1)b +' (a+€)c wsg (2)

(b+c)'+a‘ ((r+a)'+/9‘ (a+b)'+c" 5

Chun héa (1 +11 +@ =1, khi do bét dang thirc (2)trc'>'th£1nh

(}—u)a + (71,-/))1> + (71—C)C' S9
2a'—2a+l 2b‘—2b+1 2c‘——Zc+l 5

su~ dung bfu dang thirc AM- GM ta cc’):

2u(1_a)S(l+4a)“ <:>2az_2a+12l_(1+4a)_ :(l-—a)ia+3)

Suyra: (}—a)a 3 4(l—a)a 4a

2a"—2a+] (l—a)(u+3) 0+3

Tuongtutacngcéz (}_b)b 5 41’ v51 (,l—C)C £ 4C
2b"—2b+l b+3 2c‘—2c+l ¢-+3

Céng theo vé ba bél ding thtrc trén suy ra ta chi cn chirng minh:

4a+4b+4cs§<:> 1 +1+1Z9
a+3 b+3 c+3 5 a+3 b+3 0+3 IO

Sir dung bit ding thtrc AM — GM dang céng mu s6 ta cé

1 + 1 + 1 > 9 9 :9
a+3 b+3 C+3_(a+3)+(b+3)+(c+3) (a+b+c)+9 10

Bait ding thirc (2) dng nén (1)- duqc chirng minh. Bing thtrc xéy ra <=> a =b=c>0

Bili 7. Cho a,b,cZO théa min a+b+c=l.

Chirng minh rang; \/a+b2 +\/b+¢-2 +\/C-¥-L12 22

Chzhzg minh

' B5 dé I: a4 +b4 +c4 2412192 +b2c2 +c'2a2



1 16 Nh17'ng sric mdu iénz r0'i trong bl?! ring thzir AM - GM
- \ ~ ~ ~ , -, 1' B0 é 2:51‘/1 + [fr + (“(1 2 u“/20 + />111 + ("(1/2

Bién déi 1'5i $11‘ dung bit Cling thirc AM - GM vil démg baic b0'i u +/>+ 1:1 £1106:

~ 3 t )(u+l73) Z(a+b)(u+[>:)\/u+b' : “+17 = (u+b ‘ ,

2; g\)c1+l>2 %:((l+17)_\/(l+/J: ;;(u+b)'+u+b3
2 2(f1+17)[f1(61+b+(')+172] :2 Z(a+b)(u3 +11: +ub+u(')

l",'(' (:1 +12); +c1(u +b+ c)+[>: W» 301"“ 317: +3flb+fl('

~ 2(a+/))(a:+/23+al>+(1(')
Ta cén chirng minh: 211+!) + ('

W. Zu “ + Z12“ + 3:112 + ac"

<=> Z0517: + Zz14122('+ ZZu‘<l>(' 2 ZZ¢1"l73(" + Zzu}/730:
<‘-'4' 1'\z' qu (\: l\<

<-=> ash: +T%l>5('3 + %c5a: — (1312303) +2alxf‘\’2a4 —Z(l2/7:j+(I[)('{Z:(l3/7-2612/X'dZ()
_: r &'\l (M ('\( /

B51 ding thirc cuéi dfmg thco AM - GM val b6 aé 1. 2 (dpcm).

Bili 8. Cho 41,12, ('20. ChL'1'n'g minh ring:

_H_ _l1_ _¢"_>2 1 __L('i_ 1

\/1J+<'+\}t'+ +\/a+l7_ \/+(a+b)(b+c‘)(c+a) ()
Clzlhlg minlz

(1) <:> Z\/u(a +b)(a + 1') 2 2\/(:1+b+c)(ab+bc+<ra)

<:> Z(1(c1+lJ)(a +0) + 22(1) +c')\/bc(a+b)(c1+c) 242bc(b+c)+l2abc

Theo AM— GM: (a+b)(u+<'):a3 +(1(b+c)+/702112 +Zc1\/F0 +bc"=(a+\/E)2suy ra

2(b+c)\/bc(a+b)(a+c) zZ(b+@)\/1T¢~(<1+\/Z?)=Z1>@(b+@)+\/Z1ZEZ(b+@)JZ

Sir dune AM— GM ta cc’): \/abc. (b+ c) \/Z2 6abc. D0 d6 ta chi cn chirnv minh:
£4 C

Za(a + b)(a + c) + 2Zbc'(b+ c) + 12111902 4Zbc(b + 0) + l2ab("
('\'(' L'_\'(‘ ('_\l

¢> Ea} + 3abc 2 Zbc(b + C). Khéng mét mm léng quail gm su 61 2b 2 C, khi <16 bién
<"_\‘z" r'_\'z'

déi bét aéng ma-C <=> a(a -1;)’ +¢(¢--bf +(c+a—b)(a—b)(b—c)2OA (dfmg)

Ding thtrc xéy ra <2 a =b=c hoeflc a =12, c=O v51 czic hozin vi.



Chzrovz I : Nh 1712 vién kiln (‘mm tron b("1t (71111 th 1Pc 015 171511 1 I78 8 3 8 8
xv1.cAc BA1 TAP DANH CHO BAN soc TU’ e1A|

\. F‘ 1" 1 -1 \ -, . . A 1 .- ,Ba] 1. Cho (IE 1L—\/3.\/F J1. T1m 11111111 I1h0l1|'I€lICLl1Ib1€Ll 1hu'c

S ah -10:15 +1904 +6211" —151u3 —9611+ Z57

11‘ -5113 -311+16 _i
4' -1‘ I 4'

1. , . ~ a +u+l+3Z.\/11‘ —-lu‘+7a—lZ
B2112. Chung mmh réng: 1 £1 V112 3

11 +11‘+l6u—ll

Bili 3. Cho $6 thgrc 11 thoa min: as -11" +11 — 2 :0.ChL'1'ng n1inhr§1ng:

lfs IQ S -1

(1 +11 +711 +1211 +125:i1~*”1—'<1/I11' +70‘ +711 +12

Béli 4. Cho 11. 12, c 1Z1 ba $6 [hue phzin 1>ié1.Ch1'1'11g minh ring:

/a+b ' b+1' " (‘+11 ' 1 5
+ + + , , , 2-

"—/7, /7-5, ¢'—¢1/ /u+l9w' /l?+c" _ c'+u\' 2
+

1 __. , _ _ /.

Bi1i5. Cho a, 1), c > () \'Z111= 1\1z1x{c1. /2. 1'}.
7% “—‘
1

\ -, - 1 4 . .1 , I F 'T1m gla I11 nho nhat cuu b1euth11c S:£+ 2 '1 +l + 3.-"1 +i
b V 1' V 11

B:?1i 6. Cho .T1m gizi lrj nho nhét c1'1a biéu thircz
c1+b + c+ d S 2

S =(z1+l)(l7+lM('+l—){(1'+lW
\ b (',\ 1/ 11,

{(I,b.C.(1 > O

a,b,c,d >0
Béi 7. Cho .T1m gié. lri nhé nhél cua biéu thtrcz

abcd 2 16

2S- [a+—+—JLl2+—+- —+— 1l+l+—
b c c

\

Pd

Q__-_-

1/
/T

"5

+
RI\.>

Q._.

1/
/"__\_

QQ

@~>—-

\/

1 1/ /

11,12 > O 1 1 1

B§1i8. Cho .. Tim gizi 111 nho nhél cuu: S = ~i+-—;—+i,
[(+55] 11 +17 11'!) 11 If

mhc>O
Bini 9. Cho . Tim gizi tri nh<'> nht cua biéu thtrc:

a+b+cSl

S: 311 1 1 1

a*+b‘+¢-' ab(a+b) bc.‘(b+c) ca(<"+a)

a,b,c > O

Bi 10. Cho .Tim gizi tri lé"n nhét cua biéu thL'1'<::

a+b+c=3

S = Q/(Z11 + b)(a + c)a + Q/(21) + c)(b + (1)1) + Q/(20 + (1)(c + b)c
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((1./?,c>()

' nhO nhét cu.T1m g14tr1 :1 biéu thtrczB£1i11.Ch0 3

c1+b+cS—
2

1 117 I 1+—,+ <~“+ ,
:1" /7‘

S =
b- .

" inh 1'§1ng:

1 1 1 (_a'+—,+—,+ lb +-T
L‘ \ C“ cl"

N Chung m> 0 v21 2 é ne .

/1-1

Bi 12. Cho cl. b. c

a" b” c” 3 zz +b+ c

V51 1 1a + _

'nh ring:

+
b + c‘ c + a

Chirng m1B511 13. O vii Z S ne N.
/1-1

Cho a. b. c >
an biz Cu 011-1 +b/1-1 +C

+ + >
2+a a+b

inh rngz

b+c c

N.ChL'1'ng mBili 14. Cho (1.1), (‘> O V51 Z S ne

all 1)]! (-11 3 all +bY| + CIII

-1- + >
(1 a + b Z b_ a+ +c )

b. ('20:

b+c c+

I " u Ciimg V a.L b‘t déng thuc sa

N '2 +(l2)

Bili 15. Chtrng minh rang a

“ 1 2 3/ 1 2 1 3 " \/ * \/
‘ " + c" +41‘ 2—~(/1 (1 +17‘ + If-1-c“ + (

‘v+#b1¢ \
\4_

>0:

1/a3 +123

' 0 V0.1), (‘_én be“/11 ding 1hL'1'c sau dun:

\/bl + 2c: + \/cg + Z112)

Chtrnq minh r C

1 (\/a3 + 2123 +

B51116.

1 3 .
1 +\/ +°a1 2?:X Q/b3+2c‘ ‘c' /_#a3+2b"+

BMl7.Chngnm1ngbQCngmsaudm@_VcLb.c>O:

2 ‘3 (I2 (,7 a+b+ l)+('+ ('+a)
1 b

#a9tE +Jb2fc +#< 1 2V:1] /

L a b‘ \ C ll

- - - >0
‘ ' ' "c sau dL'1n2 V a_ b. c _ .

1 Ll‘ \

n<> minh ran

!\
~..

+1; J+4

g bat dang thu

( I ‘ R [I23 +0} +§/c‘ + ‘

c \ £1‘ bx J

.11

C1

x_

+b‘ 1b‘

\/
<1

Q
/ <_#\

+(* L

bl

Bi18.ChU C

J 7 &/~‘+u‘
\/ 4 + 4 —

C (I

b -‘ 1 b> F

’THTT]Chmgrmnm §5i;iQ~+3li-§ii§228,v@u@>0
abc a‘ + 19' + c‘

4 1

3 b->0

B511 19. [Tgp ch!

3 3 .

a 2:-,Vu, ,c
' a 8

TST 2005]Ch1'1'ng minh:
a+b b+c 1+Bi 20. [Viét Nam

.1 ' .+b+c) +9 a€+bi+ciz 236
B51121. Cho a, J

I

I, c > O. Chirng minh ring: (U K J
abc a‘ +b + C
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Bili 22. Cho a.l>.<'>().ChL'1'ng111inh:l—((I+l)+ H. + Z7 La]?+ bi. + (I? 2 54
c1/>0 \ a‘ +12‘ + 0“

Béi 23. Chirng minh réng Va./2.1" > () Ihda min 41+/>+ c-=1:

y ~ 1 \ - ‘ ,-
\/u+(b—c)_ +\/b+lz'—u)' +\/('—Ha—b“ Z\/3

Bili 24. Cho (1,1), c > O. Chirng minh ring :

l<\/ (1 +\/ b +\/ c <
2* 4a+b—é—<r 4l2+('+u 4c+a+b_ 2

Bili 25. Cho a.b,c > O.Chi1'ngminhr§1ng:

3((13 + bi + /";)+ 7al)('>1l dz +b: +C-22 _ _\/

B:21i26. [Viét Nam MO] cm (1,/7,(' > 0. cmmg minh rang;

6(a +b+ (.')(a3 +1): +1.3) S 2'/'c1bc+l()\/(:1: +193 + cl);

Béi 27. Cho a,b,(',/< > O thou min ubc =\1. Chfmg minh ring:

a+b+(‘>k+(z+l<+b+/\'+¢'
_/<+b /(+0 /<+a

mhce} ‘
Béi 28. Cho{ .ChL'1‘ngminh1"éng (3+2a3)(3+21)1)(3+2c2)2l25a+b+c=3

,

Biai 29. cm 61./7,C‘ZO.ChL'l'I1f_.1 minh rang

((1 +b+<‘)2(u3 +192 +0: )1 23(2a3 +bc)(Zb: +c‘c1)(2('3 '+ ab)

Bili 30. Cho a,b,(" 2 O.Ch£1'ng minh ring

((1 + b)(lJ + c)(c‘ + (1) 2 Z\/(u 3 + 1101(1): + c‘c1)((“3 + ah)

Biai 31. Cho c1.b_c2O.ChL'1'ng minh rang

u} +b3+.('i + 10a/7(' >l
((,+];+(-)3 9(a+b)(b+<r)(("+z1) 4

Bi 32. Cho a,b,c 151 dc} dili bu canh cua min tam giéc théa min a+b+c=l+%+l
a c

Chvlrnerninhréne 1 + I + I 3 3" “ b+c——z; c+u—b a+b—c (a+b—c)(b+c~—a)(c+a—b)
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\. , . > 2( +b+ » I ~‘ ‘ -1 I 1 -1

Ba133. Cho a.b.c'>O. Chung mmh rang fl W ( )1 + U +17 +( ~ C’ +b +‘ 28
41- +[;- +(\- ubc" u/2+b<'+ca

Bi 34. Cho a.'b.cZ O lhéa min u +12+ c = 3. Chtmg minh

J ax H} If +4] "3 >
4 q , _ ;— .

¢+5b- 1f+5 \u~-+5<1- \2

Bi 35. Cho (1./M-20 Va léne N . cm-ng minh rang

a + b + c 2(3)”_ 1

(b+(')“ (c+u)” (a+b)” 2 (a+b+c)”_]

Bixi 36. Cho a.b.c2 0 théa min abc =1 v51 13 ne N.

Chngminhrng 1 + 1 + 1 s 3

a”+(n+l)lJc b”+(n+l)('a c”+(n+l)al2 "+2

T

B£1i37.Cho a,12_c.(1'e[i./1J van zgnem Vii u+h+¢-+11=4.
/1

Tim gizi In um nhél CLIZI biéu thirc P:(u +l)(1;+l)(¢~+l)(¢1 +i).
b r‘ cl a

Biii 38. Cho a,b,c2 O. Chirng minh ring

2 2 - 2 15x/3 zbca b ) ( ( ) 6 >2
(b+c) +(c+a + a+b +4-(a+b+(')—

Biai 39. Cho a.b,c2 0. Chrng minh1"§1ng

(a +b+c)(ab+bc+ ca)23ab(:+ 2\/(ub+bc+c'u)(a1b2 +b3c'2 +0303)

Bai 40. cm a.b,c2 0. Chtrng minh rang Q“ +1)“ + C“ + 6411002 Q/abc ((1 +z> + C):

3 3 _3

B51i41.Ch0a.b.c>O.Ch(rngminh “ +” +‘ 2 “ + 1’ + ¢

Zabc b+(* (‘+a a+b

Béi 42. Cho a,b,c > O. Chirng minh ring

2 2 _: 3 3 3 ,1 _3 3

a +19 +c Z xa +b +\lb +c +\/L +a
b c a \ a +12 b + c c + (1

Biai 43. Cho a,b,c20.ChvL1"ng minh ring

27+[2+iX2+i)L2+'i]z6(a+b+@)(l+l+i)
bc ca ab a b c
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Béi 44. Cho (l.17.£'>().Ch(l‘1'1tIITlil1hl'Z§l1Q 1 "1" s 1

p h (1+_\a1(u+81>)(1>+9(')(c'+6) 7‘

1 0 (l+1J+('
w w 1

(u+1>) (12+¢') (c+a)
Bili 45. Cho a.b.(‘>O.ChL'1'ng minh rant: i
Bi 46. Cho a.b,c2()4 Chirng minh ring

u '12 + 1? " c

A

,L_._-

Z3

c11>('

+ C" Ll <1

(14 +u:1>: +114 />1 +1>:('l +04 ('4 +(':u: +04 —

Bili 47. [Iran TST 2008] Cho 61.17.62 O vil ab +110 + c'a=l.Ch(1'ng minh réng

£1‘ +11 +\/Ir‘ +b +\/oi‘ +<~ Z2\/c1+12+c\/ 1

Béi 48. Cho a,b,c > 0 théa min abc =1 . Chfrng minh ring

I ,+ 1 3+ I 1S1
l+a+19' 1+/J+c“ l+('+z1'

Bili 49. Cho a.17.<" >0. ChL'1'ng minh réng

1 \12((l: +17:1(17: +(’: )((': +6131 -].((1/7+/;('+("[1) >8

111” :1: +173 +(': —

B§1i50.ChO c1.12.('20 va a+b+('=3.ChL1'ng mmml-u+<)(1-1;+1)(1-<-+)z

Bi1i51. CBO a.1J.c > 0.ChL'1'ng minh ring

(12 + bl + ('2 2 {[419 +‘1)L) +L{/12‘) +‘cl) + ‘</('9 +519

be (fa ab QC’ Zu’ 3];

Biai 52. Cho U./M-20 thou min (H +111 +1-1 = 2. Chtrng minh rang

'1 '1 '7

l—a' l—b‘ l—c'
bl +bc'+c2 (92 +<‘u+a2 a3 +111) +b3

+

+

/\

Béi 53. Cho (1.19. ¢~ 20. Chirng minh rang;

f\J~—'

Z4(a} +173 +c"1_ 2(5a: +1>(')(5/>3 +c'u)(5c2 +1112)

B51i54. Cho a,b.c20 théa mn a+b+<-=3.ChL'1'ng minh ring:

\/a(b + c) + ;/b(c +11) + \1c'(a +12) 2 3x/Zabcr

B51i55.Ch0 a,b,c > O théu min abc"=1. Chtrng minh ring:

1 + 1 + 1 >3
\/(l+a)(l+b) \/(l+b)(l+c) \//(l+c')(l+a) 3
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Bi1i56. Cho u.l>.(" >0 thou min u +11 + 1': 1. Chfrng minh ring:

1 1 w /AP“ T %\‘_‘ J 1-‘“ + " + - Zn}/'+'7+.'(]
[,_(,$ /,__/,3 ,-_(-3  \_\~/21' \("u \';u/2,

Bi S7. Cho <1./2.¢'2().Ch1'mg minh rng:

(c1+l))3(l)+('):(c+u): 24M: +/7(')(/J: +("r1)(c': +ub)+3Za:l7:(’2

B:Z1i58.Ch0 a./2.<>>0 Lhc'>amZ1n ubc"= l. Chrng minh ring:

(1+u)(1+b)(1+<~)£5+5i+§+i
/7 <' (1

B£1i59.Ch0 u.b_c >0 thou min abc=1.ChL'1'ng minh ring:

'v ‘W 1 1 -\ 2 2+ 2'2 ‘2 2 7 ‘v(<1+1J+c‘)(a'/J" +b'c2 +c'"a')2ii—Lb h+bb(++( a )+Z(a2 +1)“ +0")
<1 c" cu

Biii 60. Cho 11.17.02 O thOu min 11 +12 + r*:1.ChL'1'ng minh rzlmg:

r

:13 +/2} +0‘ S \/3(u3 +/>3 +0‘ —u3l7 -1220 .—(":u) +3(1b("

Bili 61. Cho a.12.<' 2 O thba min (11%: 1. Chfmg minh ring:

(1+(,)%+(15)‘ +()>‘s(\+u$,,+-1i—(»)

Béli 62. Cho 41,19,020 théa min a +/2+ <" = 1. Tim giai tri nhé nht cua biéu thirc :

P=(l}\/5+/73\/[:+(f3\/Z

B§1i63.Cl'1O (I,/),('€ . Chirng minhr§1ng ;

av +11“ +(7+32u+b+b+('+c+u
b‘ (" cl‘ 1' 41 /7

Bi 64. Cho c1.b.(‘2O.ChL'1‘ng minh réngi u“ +12‘ +0‘; -311/u-2%!(a —l2)(b—c.')(c—u)|

B:21i65.Cho u.l2.("2O. Chtmg minh rang

(I I1 0 4
1 3+ .= 3+ .1 32 2 3 1

/2 +0 ("+11 u +12 u +1) +('

Bi1i66. [Peru MO 200710110 (1.11 C >0 th<'>a min diéu kién (I +b+c2i+1l+l.
' (I 3 ('

Chfrng minh ring: (1 +b+c'2—i—-+£
a+12+c abc
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§2. KY THUAT sU' DUNG BAT DANG THUC
CAUCHY - BUNIAKOWSKI - SCHWARZ

§Z.l. BAT BANG THU’C CAUCHY- BUNIAKOWSKI-SCHWARZ (CBS)

I. DANG TONG QU/-'\T: Cho Z11s(:»Lhu‘ct[1)')" all_u:.....u,:./vi./2:_..../I. khi d6:

1. Dqmg I: (uf + (15 +...+ uf )(/1: + />5 +...+/>5‘? )2(u;/1; +¢/1/>3 +...+ ¢__l>7_ )3

2. Dqmg 2: \/( (1,: +1133 +...+1li)(/7‘: +/>33 +...+/>5 2 Tu!/>1 +11:/>3 +...+uH/1”

3. Dgmg 3: V/((11: + (1; + + :15 )(/>5: + /2; + + /25) 2 u_/1; +113/)1 + + um/7”

4. Biéu ki_én xdy ra dfiu bzing:

,( ; \ (I (I1 (I
¢ Dau bang 0'd2_1ng 1 \*;1d:;1ng 2 xay ra <:> 7'- : =

7| A />1

4 ; _ u ¢1\ u,
v Dau bang 0" dang 3 xa)" ru c> —~' =—' 2 ()

/21 In /2,

5. Hé quii: ' Néu u|.\-I + uzxz +... +z1,__.\'/I :0 151 hing $61111

'7

w < .\ .\~ .\,.
Mm +.\‘§ +...+.\‘;)= 4: 1 I ' :...: "

all‘ +115 +...+ (1; (ll LI: (1,:

° Néu +153 +...+.\'5 Ir: 121 hing $5 {hi

"*3" " 1* " "T .\'1 _\x .\"”
a,+<15+...+u,_j <:>»—: *=...:—2()

1/, u: an

1“

/1

Max {(11.5 + u3.\"3 + + (z”.\",__ } I
- cy I I 7A ‘Y1 '\-‘ X1!

Mm {a,.\", + aux. + + u”.\'”}= —[("1.\~ a| + (11 + + am <::> — =—' I = - 3 ()

' ‘ ' ul ll: an

ILCACTRUGNGHQPDACBETVACHUDANLWHSU:

Dang

11 2

/2 = '2: V (1. /2. <'. ¢/E R /1: 31V u. I7. ¢'. m. 11./1 E R

D5112 1 ((1: +122)“: +zl3)2(m‘+lu/)-

7 '7 7 \
Dflg Z \j(c1' +/7')(c' M1“) 2 <1<'+b(l‘

J

-£__

,\

J

J

' J
Q

/%

J

J

J
‘/

(11: +/2: +1-3 Hm: +11: + /23)2(z1/21+/2/1+<-/2'): _i
<1“ +/1' + ' m" +12“ +1)" 2!u/n+/2/1+(p

1 , , , ‘ I w 1 1 \ ~‘ _

Dang 3 \/(ff +/,- )((.- +(/_ Zm.+/,(/ 1\/(u' +/2' +0" Hm" +11‘ + /1') Z((lIl+/7lI+(‘])
i

Dubng @®£:2 : ® 2:220; @® izlliil ® 1:/l=£Z
C (1 ( (1 I III /1 p m 11 p

x

6
Q

CHU DAN L!CH SU’: Bét déng Lhtrc trén duqc nhix loim hoc ngudi Pluip Cauchy dé cép vim

nélm 1821. nhil tozin hcpc ngu'{>"i Ngz1B1u1iak0wski (BunhiaC0pski) dé cép vim ném 1859.

cbn nhil tozin hQc ngu‘C>"i Dire Schwarz dé Cép ném 1884. Do bu nhil tozin hqc d déc lép

nghién cL'1'u nén bit d5ing thirc trfzn du"q"c mung lén ca bu nhim tozin hcpcz Cauchy —

Buniakowski — Sclzwarz_ lrong cuén szich nily chfmg la sé viél tail 151 CBS. Déi khi né

cbn du'Q‘c g<_>i 151 Cauchy — Sclzwarz. \'i1o' Viél .\lum, ngu"€>'i ta lhu'(>‘ng nhiic dén bit ding

thirc nily vé"i céi tén Buniakowski.
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II-1 K)" I/111171 chgm 11117111 roi trhng b1'1t dring 1/1111' I>’1111l1ia(,'1)pski
111. MOT so PHU’O’NG PHAP CHUNG MINH TIEU BIEU

S1111 df1_\ I51 1151111 pl1u'0'11g ph1'1p (1111 di:§11 chm l('I pl1u'0'11g phzip <l11'1‘11g 111i11h h;‘11 (111111; 1l11'1'c 1151)

l. Phu'0‘ng phép: S11‘ 1I1_1ng 1151111 11/1111 tI111'c Lagrange
\

1‘ 1 11 _, =;/ /I I
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2. Phu'0'ng phzipz S11'd11ng 12/11 17(111g 1/1111" AM - GM
.- 1 Y‘

1 1: /1 1 ' 11, 11, 11‘ ()
' .\Eéu Min l ".2/1," J:()<:> lh] bi11dz'111glh1'1'c d1'111g

1:1 , /11 I/23 =...=/7” IO
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3. Phu'0'ng phép: S0 szinlz giri tr_1'11l1d 11/1111 t011g H115 vzi bg3 phn
/ \: 3 I 1 1

TZ1C(3L£-(X1) z0<:> L‘) +1011)‘2211/>311/>=-11111 (1) +(<11>)'
01 01, 2 01>" 01, I

1 i

T_‘ I 1

D0 dé v<')'i1111_)i 11. b >()lu6nt611tai 01: 11 5110 Cho 11/2=—I\/Iinl 1 +(0Ll>) L
\/[7 2 <1>1r 1 Q1 J

’ 11 /1 11| 111 11”

- Néu M1nLZ11,-.21»; )=11¢> 1111 hm dang 111111 dfmg.
1 I 1 I , (Ii Clw U”

II ll

' Néu 211,3 >0: 212,3 >()Il1i 1110111111511 xét trén la cé:
1:| 1:|

I ‘ \
i » -

1

,1 1 . 111 l 11; +...+11,: 3 ~ 1 I

\/11]‘ +...+11; ><\/bl‘ +...+/2,] ::M1I1I1{~,1+OL (/2|‘ +...+/7; )1>
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M511 khzic — 'i,L+a~ (1>,- +...+/>,;) =- —+01‘/2‘ _
2 (X' _j -'- ‘:1 \ a_ / A:

D5 3" néu f=f, +f2 +...+f” lhi Min f2Minf| +Min /'3 +...+Min_f,,. suy 111

II

:>\/11|3+11§+...+11,?><\/bf+b§+...+b§ 2211111‘ =11ll2|-1-1131): +...+a,,b”
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Ch u'o'ng I: Nlzvzg vién kinz cu'0'ng trong bfit (Ting thzi‘c ('6 ziién 1*

4. Phu'0'ng phép 4: Phu'0'ng pluip tam tlz 1}'c bc hai
II

' Néu Z31’: =0 <:> u, =u~ :...=u,! =0 [hi hill ding lhfrc dling.
Iil

/1

' Néu Ya? >(). xét: FM"):it
IT!

3;;

‘ ,‘+_

X1

J

l
A

\ I:

§X+£/5

II II 11

-v

T11 C6 A = Z11’; >0 1 F(.\‘) = (L1/I +20}/1, X +/7,: )1 (u, X +/2 )' 2

[V1

I=

~l\4

A’:

HIS
,/‘

=1 :=l :=l i=| \ I:

2 II n 11 1| /’ :1 \:
1 w » '1

I-bi — Z af bf S O @ Z (1,? Z />1‘ Z Z ail)’. J

/ i | /

5. Phu"0'ng phép 5: Phu'0'11g pluip quy ngzp

Bu‘6tc 1: \/(Si :1: 2 [hi bit ding thfrc trO' thnh ((15 +05 ) (I213 +l>§ ) 2(u]/2| +u3/>3 )2

<:> (151233 +0511]: 2 2a,b|a2I>3 <=> (al/23 —u2b| )' 2 O luén dimg.

Bu‘6'c 2: Gizi si1'bild2“l11gth{1'c (hing v<3'i n = k. tire 151 la (:6

(all +(l§...+uf)(l2,2 +/>§...+/2§)2(c1,/9| +u3b3 +...+uLbL )'

Ta sé chfrng minh b5td§ix1gth(1‘c dfmg vdi n = /< +1

Ta C6 ((1,: +z1§...+ <15 +(1§_|)(l)|3 +b3:...+bi +125“) =

2 2 2 2 2 '7 7 7 T 7 '3 W '7 '7 ’! 7

=(a1 +a3...+ak)(12, +b3...+l9[)+bLT+I (a,' +cz§...+czA'>+z1[+] (12I‘ +/)3'...+/7AT)+(I[+|/)[+|

> 3 3 3 3 , 3 3 3 ‘ 3 _L 3 , 3 3_ ((11171 +cz2b3 +...+akbk) +/7k_] (cl, +z12...+cz‘)+¢1H(/)1 ‘F172... . /2‘ )+ am/2‘_,

=(a,b, +u3b3 3 3 3 3 3 3 3 3 3 3 3+...+akbL) +(bA_+]u] +uMbi )4-...+(/),_,$|clA +aMl>A )+¢1k$,[9‘+,

I . 3 32(a]b, +a3b3 +...+akb‘_) +2(zI12{(1k+IbkH +2(13b3c1k+1lJM+...+2¢1kbk¢zk_1I)W +c1Hl1k+,

=(a|bi +a3b3
3

+ + akbk + awbk)

Nhu' vzfxy bit ding thfrc dmg \'<'>‘i n = /< +1 nén theo nguyén 1)? quy nap ta c6 (dpcm).

Két lugin: Chimg ta G51 chirng minh bng ném czich khzic nhau cho bit ding thtrc CBS O’

'1 '1 7 '1 7 1

dang 1(a|‘ + 11; +...+a,j )(b," +125 +...+b,j)2(a,b, +0312: +...+u”12”)2.

z A 3 , 3, . \ , . (1 ll U ,. , 4 : ; \
De {hay dang thuc xay ra khx va Chl khl [—' 1 /—2 I \'0'1qu_v u'0'c neu mau so nao

2, 1. 2”

béng O lhl til‘ $6 cua phan $6 éy cng being O.





126 K1" thug?! chgm (Iié1n mi Irung b(1t 17(1ng tl111'c B1111/ziaC0psk1

$0?

!~)
!\)

KY THUAT 511' DUNG DANG CQNG 1\~1Z\U sf) ENGEI.

CCA BAT BANG THUC CAUCHY - SCHWARZ

S1111 dfly 151 111131 d1;111g ph1'11 11ié11 c1111 11:11 déng 1h11c Caucl1_\"- Bzllziakowski — Sclzwarg

; A, 11,‘ 113 uj (111 +11. + + 11!, J’ A' Dgng cgmg muu $0: + ' +...+ 2 ' . V .\I..\;...._.1,_ >11
_\'l 1‘: 1": .\‘I -1- X: -1- -1- .1” 1 '

\/é 11131101111 hQc 1'6 lhé hiéu 1£1d@ng céng 1115111 s6 11111 \'1: \7é 11111 121 1611;; C1111 11 11115111 .\C1

11hO'1'h11yé11 h(1z1q1111df111 bf11 dang 11111'c 11121 111 11115111 1111111‘ 11161 11115111 $6 1'13 1111111 >6 1Z1 1611;

1111111 111§1u $6 0' vé 11211. V6 111511 lich $111151 1‘1£111g1h1'1'1' 1151)" 01111 1'6 1611 gQ1 Engel.

° Ch11'ng minh: S11 dung bit d:§11g 1111'1"c Cauchy — Bzuziakowski —Sclzwar:, 111 1'13

5?

F4

?
_M=

!\

1 1

‘:~2
3'.1‘

1

' 12%" 1’ —1>‘:1'»‘i1: 1
111"-1 -1 /1 EA — = AI 1—\11U‘/I

Sz11111{1yc111111g111 x61 0111' 11511 101111 111' 11011 gin 111111 ph1'1'1' lap 11111111 111_>111'h0 k§' 1h11t_11 11i1y.

B511 1. Cho 11. /1, 1' > (). C1111'11g 11111111 c1'1c 11:11 d5111g 111110 $1111:

1 \ 1 w ~ - w

11“ If 1" 11 +12 +1' <1‘: />1 1"‘ 11' +/1' + 1"
+ > 2 + + >

1 l. + _ . Y _
1 v1>+<' (+11 11+l> _ /9+0 ("+11 11+]? _

Ch 1111g minh

S11'd11ng 11111 déng 1h1'1‘c CBS dang Elzgel 111 c6

, (I: bl 1': (c1 +12 +1' I 11 +12 + 1'

l.T11 co + + 2 ) :'
b+c 1'+u 11+!) (b+1')+(('+11)+(11+/2) Z

(15 ./)3 1'] 414 [>4 ('4
2. T11 C6: + + : + + 2

/2 +1' 1' + (1 11 +17 (1/7 + 111' />1‘ +/111 <11 + 1'11

(11: +123 +031: 1113 +123 +031: 113 +113 +13
> > ~
_ Z(z1b+12c+cc1) _ Z111: +173 +131 2

B511 2. Cho c1. I2. 1' 151 dc} 11211 bu c;_1nl1 r11©111m1 g1c.C111'1'ng minh1"§1ng:

(13 12‘ 1"
1. + + 211+l:+1-

b+1'—c1 c'+u—/2 11+!)-1'

ux bx C2
'7 '7 7

2. + + 2 u“ + If + L"
b+c—a ('+(1—b (I-1-/J—(‘

4

CI1 1111g minh



Ch11'(1'ng I : (\'lz17‘1zg vién kim c11'()‘1zg rrong [N11 111111;; tl111'(' (*0 (1‘1'(511 - [Z7

(1: />3 ('3 ' ((1+/'2-1"):1. + + Z :(1——/>+('
/>+('—(1 ('+(1—/2 (1+/1—(' (/>+('—(1)—1-(("+(1—/1)+1(1+/1—(~)

4 1 I 2 Q):2. ‘T: (1 /1 ( ((1 +/1 —(~1

(1(/>+(’—(1) /1(('—11~/1) ('((1+/>—(') Z((1/1*/>1-+(-11)-hf*/r+1-J

((1: +/1: +(': )2 ((1: +/13 +(': ~ ~ ~2 I ‘ _ _ ;(1‘+/1’+("
((1' +/1')+(/2' +(")+((“ +(1')—((1' +/2' +(") 11“ +/1' +1"

Dz‘/mg lhL'1'c xziy 1'11 <:> (1 =/1:(" >0

Biii 3. Cho (1. /1. (' > 0 Chtrng minh ring:

(1 /,1 (' 3 1 /1 ("l.i+——+~—2~ 2.~¥—+‘+~—-21
1>+(“ ('+(1 (1+l2 Z [>+Z(' ('+Z(1 11+}/2

I " T
3. H + J + ( 2 w .\‘/ (1. /1. (1 p. (/ > O

pl) + (/(' p(' + (/(1 p(1 + qb /1 + (1

Clzzhzg minlz

° B5175.‘ ((1+l2+(*): 23((1/2+b(‘+("(1)

' Ap dung: SL1‘ dung bit ding lllfrc CBS dang Engel la Q6

1 w w

(1 /1 ( (1 /1 (l. + + = + +
/2 + (‘ (* + (1 (1 +11 (1/1+ (1(' /1(' + /1(1 ('(1+('/>

((1+/1+0): 3((1b+/2('+('(1) 3> > — _
_ Z((112 +l1('+ ("(1) Q 2((1/2 + />(' + ("(1) _ Z

2. + + =
[2 + Zr c + 2(1 (1 + 211 (1( /2 + Z(') /1((' + 2(1) ('((1+ Z12)

(1 17 c (1 2 /1 3 ( ' 2
+ +

> ((1+l7+(')3 ((1+/1+0): >3((1b+l1(1+('(1)_1
_ (1(b + Z0) + l2((* + 2(1) +(*(Z(1 +12) 3((1/2 + /2(' + ((1) _ 3((1b +/>(1+ (‘(1)

w

3 (1 /2 (' (1' /23 (2

. pl; + (/0 p(' + (](1 p(1 + (/12 (1( pb + ([(.') /1( /1(" + (/(1) ('(V/7(1 + (//2)

((1 +/1+0): 3((1/2+/1('+("(1) 3

— (1(/2/>+(](')+l7(p(.‘+ (](1)+('(p(1+ (1/1) _ (p+ (/)((1/2+/2('+(‘(1) /2 + (1

Ding lhirc xziy ru 1:: (1 :12 =(' >0

Bi 4. Cho (1.Z2_(-20 thou min (1+l2+(>:3.Ch1'1"ng minh:

[2 (' (1 /2 (rl.%l+(+—i2l (1) 2.———+—?+i—S1 (Z)(1+ Zbc /J + Zea (' + 2(1b Z11 + b(" Z/2 + ("(1 Z(' + (112

Ch 1211g minlz



(.'l111'u'ng I : ./\'l1z7'11g rién kim 1'11'1mg rrong 12111 1711ng th1}'1' 1'17 1111511 - I17

l. + +
113 />3 1': ' ' (11~:-/>+1'1"

2 =11~/>~/)+1'—11 1"+11—/2 11+/2-1" (/)+1'—11)+(1‘+11—/>)*(11-»/>—1‘)

4 /fé 1": (11:-l>:~ H»I
I2. \T: ‘ '1’ + 2 ‘ 2

2 I L11’ +/1‘ +1":

11(/>+1'~11) /211‘-11—/2) 1'(11+/;—1~> Z(11/7+/>1‘—1-11)—[L;34/,3~53}

(11: +/23 +1‘: )3 (11: +/>3 +1": ~ 1

(11: +b3)+(/2: +1':)+(1': +11: )—(11: +/7: +13) 11: +/>3 +1":

Déng thirc x2'1_v ra <:> 11 :/1:1" >0

W

iii 3. Cho 11. /1. 1* > () Chtmg 111i11l11'§mg:

l.i+t+——2— 2.~—€+i+—~—2l
7 1' ' 11 2 Z 2 Z" 1+2 11+Z>
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Clzzhzg minh

B5115.‘ (11+/2+1"): 23(11/2+1>1‘+1'11)

/ip dguzg: Su'dL_1ng bit déng lhtrc CBS dang Engel 111113

11 /> 1' 11 " If 1"l. + + : + +
17 + 1" 1' + 11 11 + /1 11/2+111' /11‘ +1711 1'11+1‘/7

(11 +/2+1‘): 2 3111/) +/>1'+1'11) :5
,, _1
»_(11/>+/>1 +111) ZH1/1+/>1 +111) I

-» \ 1
11 /2 1' 11' /2 ‘ 1"2. + + = + +

b + 21' 1' + 211 11+ 2/9 11(/2 + Z1“) l2(1' + Z11) 1'(11+ Z/2)

(11+/2+1')3, (11+/2+1“): 23(11b+1’>11+1"11):l
m - - - - "11(12+_1)+b(1+211)+1(Z11+[2) 3(11/2+/21+111) _»(11b+l>11+1'11)

1 1 7
11 /J 1‘ 11' /7‘ 1"3. + + : + +

D

/2/1 + 1/1' /11' + 1/11 p11 + 1//7 11(/21> + 1/1‘) l2( /21' + 1111) 1'('/211+ 1/1))

(11+/2+1"): 3(11/2+/)1"+1'11) 32 Z I
11(/J/1+1/1')+/J('p1'+1/11)+1'(/)11+1]/7) (p+1/)(11/2+/21'+1*11) p+1/

2'/1ng1h1'rc xay 1'21 <:> 11 =12 :1" > ()

B

1.

iii 4. Cho 11.b.1’2() thou min 11+/>+1"=3.ChL'1'ng minh:

—L+—i—+—%21 11) 2.“’+_L+%‘sl 12)11+2b1' b+2c11 1'+211/9 Z11+b1' 2b+1"11 Z1"+11[>

Ch 1?):g minh



"77; W ' Qt‘ B1
1'18 I\'_1‘ thug?! chgm liiéz rrii trmzg 11111 11:11:}; tlzz2'c Bzuzl1ia(‘0psl\'1

l. Su"d1_1ng bz‘1‘1 déng 1hu"c CBS dgmg Erzgel 111 CO1

\,T(U_ (1: + /7: + 1-: > (11>+l>+(')_

(I: + Zulu" /2: + Zulu" ('3 + Zulu" 11: + />3 +1": +(ml2<'

Tu 0511 chirng minh: (u +11 + 1'1‘ 2113 +123 +13 +611/'21-<:> uh +121-+1112 3:1/><~

S11 dung 11+/2 + <' : 3 vb 1151 d;'1ng1h(1'c AM — GM 111 cé:

3111/) + /><' + 1'11) =11: + Iv + r1111/>+ln' + 11112 911/>1" r» u/9 + /><' + cu 2 311/)1" (dpcm)

Ding 1hL'1'c xziy ru <:> u =12 = 0 =1 110510 a —> 3_b : 1' —> (1 \‘{1 czic hozin \-"i_.

2.121 -11-$2 B1--"‘+ $2 J’-“—z1 3

<:>[2\:‘2(1+l;c Zu+ln<) <:>%“Z11+/1<' ( )

S11‘ dung bétdé/ngth1'rc CBS dang Engel 111 c6:

DJ

):Z (I701: > (ab+l2<"+cu1: :(u/1): +1170): +1111): + Z11/n'(u+/7+('1:1

111- 2(1[)C+(/7(’)2 6ub1‘+(ab)2 +1171"): +1011): 6c1l>c+(ul)1: +1171‘): +(¢'a1:VT(

D§l1g11’1L'l'C xay ra <:> 11:12 =0 =1 hozfxc uln-=0.

Ja.b.(‘>O 1 1 1 ;

B5115. [IMO 1995] Cho Chirng minh: _ + , + Zl
mum-:1 u"(/J+c1 /7'((‘+u) <"’(c1+b) Z

Ch 1111g minh '

1 1 1 (1 + 1 +1)"

~1 1 1 3 13 '2 (1 [7 1“

+ + = “ + ’ + ‘ 2

u’('l)+(‘) lJ“((‘+u) z'”(u+[2) u(b+<>) b((‘+u1 ('1u+b1 Z(ul7+b('+¢'c11

(ab +12c+ Ca) Z 3abc(z1l> +120 + ca) §_ Bémg that Xay ,7 (:14

Z(ab+bc+c'a1 2(z1b+bc+c(11 3

B5116. [JaPan MO 2004] Cho a.b.c > O thoa min c1 +11 + c =1 . Chirng minh ring 1

1) c a 1—a 1-12 1-0

CI1 frng nz in h

- '> - 1- ?- ,1 v v- “
2(Lz+Q+L)2_a+b+¢+a+b+,(+u+b+_L: _u + _b + _( +3

b (' a b+c (‘+0 11+]? b+c <1-+11 11+!)

5:

Tr

'1'
<1

V

'-1‘.

U“

1":

rsJJ

5:‘.
Q

-1‘

f'\

5

-1"

@
6

\/
Lu

/-\

Y;

<=>—+- -_-—-—+—-—+-—-+><:»
_-

/1 C u b+c' 0+0 a+b /2(b+c) <'(<r+u) u(u+b) Z

Str dung bait ding thL'1'c CBS dang Engel ta C6:

V7-(1): (41013 + (ab): + (bf): 2(ub+bc+("a)223ub1"(u+b+c')_:§

abL'(b+c‘1 z1bc(('+a) abc'(u+b1 Zab¢'(a+b+c"1 2c1b<'(u+b+c) 2

Ding th1'1"c xay ra <:> a =12 =0 =%



Chzrmzg I: Nlzng vién kim cu'0’ng trong brit ring thfrc 05 dién
l 2

Béi7.Choa,/1, c'>().ChL'1'ng minh: 7 ,(""f")_ ,+ ,("‘f")' _ + §("+,")_ , s3a" +b' + 2:" b" +c“ +20‘ L" +a‘ + 217"

Ch |J'ng minh

Str dung bit ding thfrc CBS dang Engel ta c6 I

(13 + /73 > ((1 +/2): (11 +11):
:12 +('3 1): +1.‘: ((11 +<r2)+ (/73 +(-3) (1: +17: + 263

913+ fl 12 </>+(->1 “(/17->’
b'+a' c'+a' (b3+a2)+(¢-3+g3) b"+c'"+2a'

cw + aw 2 (c+a)7 (c+a)1
c'3+b2 a2+112 (c3+b2)+(a3+b2).C2+6I2+2b2

2 2 ‘ 23:a2+b2+1;2+¢-3+(,-3+a2> (a+b) + (b+c) + (c+a)
:12 +192 [)3 +0: ('2 +a2 _ (12 +192 + 203 b2 +02 + 202 62 +02 + Z173

Ding thirc xéy ra <=> a =b=c >0

Bi 8. Cho .ChL'rng minh ring: %+%+%52 (1)

a,b,c."2O

a2+b2+C2:l 1—ab l—bc l—ca 2

Clzting minh

Bién déi bit ding lhirc (1) vé dang tu'o'ng duong sau

l 1 _l l ab bc ca Q
1—ab 1+1-11¢ +1—ca I 1~ab+1-in-+1-¢-Q32‘

Sir dung bit ding thirc CBS dang Engel ta 06

ab Zab <2ab <l_ (a+b)2 3% G2 + bl JFab (1+c3)+(a—b)2 1+6: 2 (c3+a3)+(c2+b2) 2 c'2+r12 c‘2+b2

+ bc 2bc OS 21%-OSL (b+¢)1 5% 5173 7+ 702 Jl_bC (l+a2)+(b—c')' 1+0“ 2 (a3+b2)+(a2+c2) 2 ¢l'+b' H'+C2

ca Zca s Zcav Sl_ (c+a)2 Sl{ 302‘? + oaz JPC“ (l+b3)+(c——a)' 1+5‘ 2 (b2+cZ)+(b2+a2) 2 b'+c' b"+a2

__\ ab +v be + ca <l_[a2+b2+b2+c2+c2+a2j:§‘
l_Clb 1—C(l 2 a2+-bl bl-|-C2 C2-|-a2 2

Ding thfrc xay ra <=>a=b=c=l.
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Bili 9. Cho a. /2. 0. .\‘. \"_ 3. l>()vi1 ,\" 2 \* Z 1 2t.ChL1'ngminh:

.\ \ 3 I _

T : + ' + + 2 4 — i 1 1

u\' +1); + (‘I (1; + /71 + ('.\' ul + /).\' + ("Y (1.\' + />\‘ + ('3. H + /7 + 4‘

Ch ling minh

_\‘3 (.\'+ V\“+ 3+1“):
Tu co: T = Z 2 — ~- - '4

u.\‘_\' + In‘; + (‘XI (11 + c)(.\"\" + >\':, + :1 + l.\f) + !> ( Ix; + 2)"! )

' Néu .\‘_\' + _\'; + :1‘ + {X2 Ix: + Z_\‘I thi

(.\'+A\'+i.+I): (.\'+_\'+:+1):
Z - —-~ ~~-»- (1)

(u+c)(.\'\'+ \';+ :1 +IX)+/)(Z.\';+ Iv!) (u +/1+(')(.\-\"+ \‘.'. + 1! +1.\')

Ta C6 (.\‘+ v\" + 3+1): 24(.\'_\' + y; + :t +l.\') <:> (.\"— ‘\" + I —I): Z0 dL'1ng. nén

(X + _\' + 1 +I)' 4(.\'_\" + v\'; + 31 + Ix) 4

(cl +c)(.\}"+ _\';+ ;r+1x)+b(2.\": + Zyl) — ((1 +b+(')(.\_T+ _\':_+ 31 +11‘) - <1 +l2+('

' Néu .\1\" + _\‘: + 1! + I.\' S Ix; + 1)"! [hi

* 1

(.\"+_\-+:+r) (.\'+y+;+!)
((1 + c)(.\'_\" + _\‘:, + :1 + Ix) + /)(Z_\':, + Zyl) — (u +11 + ¢')(iZ.\‘; + Zyl) >

Ta sé chirng minh

(.\'+ _\' + 3 +1)“ 24('l.\': + 2_\-r) <:> X: + _\': + 33 + I: + l\1\"+ Z)‘; + 131+ Zr_\"—(1\T — (v_\~r 20

.. -\ \ I \ . ,
Bat u=—;\'='—;n'=— lhl 112 Y2 W2 1. kh1d0(3)<:>

I I I

112 + V: + W: + 1 + Em‘ + Zvw + Zn‘ + Zu —61m'—6\' 20

<:>f(\*) = V2 + \'(Zu + Zn’ — 6) + 113 + H‘: + 1 + Zw + 211- 61/w

1f (v) = Zv + 211+ Zn" — 6 2()vé'iu2\‘2u"2l:>f(\‘)l51ngt1‘én[1.+ <><>).

SL1y1'u,f(v) 24/'(u") = 4w: +11: —— 4zm' — 4\\" + 211+ 1 = (Zw — u — 1): 2 O

(.\"+_v+;+z)3 4(2.\":,+2_\~1) 4

(a + (>)(.\}" + )1", + ;1+z.\‘)+b(2x; + Zyl) _ (a +12 + (:)(Z.\': + Z_\"I) — 61 +17 + 6'

Bili 10 . Cho cz. I2. c > 0 thou min (u/>)3 + (/91'): + ((-11): 2((1/>¢‘):.Chtmgminhz
'7 w 1 ,—

(ab)' + U20)‘ + (c'u)' > v3 (1)

((12 +112 )0‘ (bl + c3 )0} (03 + (13 )1)" 2 ’

I’? 1

Ch Fmg minlz



\

' A " "' H1Climing I: .Vhu'1zg vien kim curing trorzg brit ddrzg th 121' ed (Tién

am .\-= 1, ;_»= ,;;: 1 ‘khi dd bmdimgmhtrc(1)11-o'1h£mh
zl" If 1"

: r— /_ :— r~ix.\".z>O . -/- v/\‘ -/- ,“
Ch0{ ' .ch1'rngm1nh %+ ' \' + "V" 2\—J .

=kx+y+z2l >\"+: :+.\' .\'+V\" Z

+ /—. +~ . ~ .
_ . _- .- ,\ _\ -/- -~ \»- _~

Th2_1l\'3y “K + V + “" = " 7 + ' _ + *" _
.\+~- ~+-\ -‘+3 (_\"+;)\/.\‘ (:+.\')V_\‘ (.\‘+_\")\;

2 _: \
.\‘ .\ I ‘+ +

\/_\'+;\/.\'(‘\‘+;) \/:+.\‘\/ \"(:+_\') \/.\‘+_\"\/;(_\'+_\")
1

(.\'+_\'+;)_

_ J)‘ + ;\/.\‘(_\" + 1,) + \/3 +.\‘\/'_\‘(; +.\‘) + \/_\'+ )'\j“;(.\'+ _\")

(.\‘+_\~+;)1 '

2
\/[(y\'+ :)+(: +x)+(.\'+ _\')]{.\‘(_\‘+ :)+ _\"(: +_\')+ :(,\"+

_ <-‘+-W): > <*‘*v“*‘)2_
\/4(.\'+ _\"+1)(.\3'+_\":+;\')_ Zv/:l%_(_\.+)_+:)3 2 ' _

Bai 11. cmmg minh rang néu u.l2.c2O. ma

S: ” + b + ‘ 22
J12: + l bc+('3 \/'03 + cu+(13 \/(13 + ah +193

Ch /rng minh

((1 +[2+c'): - , .

S 2 .Ta se chung mmh
CIJIJZ + 1 In" +03 +12\/('2 + l’ ta + :12 +c\/(1: +7101) +173

4 4 4

T = a\/bl + lbc + ('3 + b\/('2 + lm + u: +(*ff13 + lab + /13 § i(c1 +12 + 0):
4 4 V 4 2

Theo bat ding thtrc Cauchy — Schwarz Ia c6:

T = \/;\/11(1): + -2126 + cg) + \/'I;\/b(c2 +ic'a + (12) + \/’c—*\/c(u2 + zz!) +172 )

S\/(11 +b+ (.')[%(1l>(*+u3 (b+(') +12: (c+<1) +03 (:1 +b S%(u +11 + (‘)2

Trong dzinh gizi trén ta di sir dung bit ding thirc

%c1bc+ 513(1) + c) + 123 (c + :1) + ('3 (a + /2) S%(a + 11+ C):

<:> a3 +b3 +0} +3abc Z02 (12 +0) +12: (c + u) + ('2 ((1 +12) (dL'1ngthc0Schur)

') v

Bi 12. Cho a,b.c IE1 dc) dili ba cgnh cua mét tam gic. Tim gizi trj nho nhl cila

4a 9b 16P:
b+<'—u+(:+u—b+u+b—c'
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Giiii
, ‘ l .

/J+(‘—(I Z z'+u—/> Z. u+b—<' Z I

:c1+b+c( 4 + 9 + 16 ‘)_Z9
Z b+('-(1 ('+u—/7 u+/>—("1 I

>c1+/7+('_ (2+3+4): _Z9:u+1)+¢"_ 81 _Z9:76
2 ((1+/7-—<“)(('+a—/2)(u+b—<") 3 2 11+/?+(‘ 2

D§nglhfl'CXéy1‘a*;* 2 = 3 = 4 <:>L’=‘l=‘-_‘.v51>~_\1mP:2<»‘
lJ+('—u ('+a—/7 ¢1+l>—¢‘ 7 6 J

B£1i13.Ch0 a,l2.c2().ChL'1'ng minh ring:

(l2w(1)+5')+1731((‘+€l)+(':§(I+{7)
l2‘+(" c"+u‘ u‘+h‘

211+/2+5 (1)

Ch zhzg nzinlz

Str dung bit ding thtrc CBS dang Engel La c6:

. F In + -T
VT(l):Z [c13(l7+'<r)]'

L%u 9 r

('\'(' (I73 +0: )[a: (l7+(')] 2c13(b+c')(b: +02)

"
1", K

Ta cn chimg minh: [21:13 (b+(")]1 2(2(1)[2¢12(b+r")(l>2 +03 W (2)

DQL /2 =11 +12 + (".11 =ab+bc + (11 [hi pl 23¢] vb [13 + 9ul2<- 2 -Lpq (lhco Sclzur)

n

Tu C6 (12 (b+ U1 =(/Jq —3u17('): = 12:4/I — (vpqu/n“ +9<1:/2:02

4 _\':'

Z(12(b+c)(b2 +c*2)=p(a1b3 +b1c3c2u3)+ qz1lx'= ]J(t]: —Z]n1ln‘) + qubc

Khi dé bait aang thtrc <2) 11-<1 thnh: .

abc(2p3 + 9ubc — 7pq) 2 O <=> abcr(p3 + 9abc — 412(1) + pal)c( pl — 3:1) 2 () luén dfmg.

Déng Lhtrc xay ra <:=> a =b=(" hoeflc a =b;<'=0 vi: caic hozin vi.

‘v w w

Bi 14. Cho u.b.<"Z0.Ch(1'n2minh1"§1n<1: 9—_—:l+l7—_li‘i+$;:i[12()
" ” c1+b b+c" c+a

Chzhzg minh

B51 dfing thirc Q» “("+") +”(”+”) +"("+”) 2u+b+(' <1>
a+b b+c c+a



Chu"0'ng I NIu7'ng vién kinz cu'0'ng Irong 1217'! ring tluir 05 riié I33

Ap dung bz‘1ldéngthL'1'c CBS dang Engel ta Q6:

vT(l)> [u(z1+(‘)+b(l9+u)+c'(('+b)]
_ a(u+b)(u +(")+b(l)+c')(b+a)+c(c+u)(c'+b)

((13 +192 +02 +ub+bc+¢ru)
7 5

aj +17" +0} +(u+I7+c)(a/2+bc+(‘a) :

Ta c§1n chirng minh:
-\

((12 '4-bl +(': +ab+l2('+cu)_ 2(u+l>+<‘)(a} +17} +("‘)+(u+/2+0): (ul>+/2z'+<‘u)

<:> a + 2 . ab + ul _ . ub + _ al
I

 W nw; > <2 »>1>(;<*>z;{"w"1<2 >"<;1>ST“ . .

1

Q

f\
~

/
+

"J

<=> 2

Ding thfrc xéy ra khi u =11 = c.

. .(. . . HT

._. . (W.

l\._ ..

azbz 2abc*(Zc1) <=>a2 (b—c)2 +b: (C-51): +03 (a—b): 20 (dlng)

Bili 15. [VI\1EO]Ch0 u,l),(- >0. Chimg minh rfxngz

l + I + I > '3

u\/a+b b\/b+c cw/c'+a ~/Zabc

,4 , \ W ‘ Y ~ , -1 ; . , \
Chuan hoa ab(' =1 vu dgu :1 =l;b =>;<::'—. khl do bat dang thuc lro" thunh

\' \ \

x

M7 -\F

Chlhzg minh

\IJ

llllllllllllllllllllllllllllllllllllllllllllllllllll

.\-\/I

VT(l)=Z -‘S z ("'+""+:) z

\f.\'(.\‘2 + _\‘:) + IA‘) + \/.\‘(:: +.\'_\") 2? (U

SL1" dung bit ding thtrc CBS dang Engel viz CBS dang co'b:'m1z1c('>:

r

llllllllllllllllllllllllllllllllllllllllllllllllllll

<-\-<~ \/,\)‘(,\'2 + )2) \//\)‘(.\" +_\';) +\/_\';(_\" + ;\') + \/I.\'(:' +.\'_\')

(x+_\'+:): Z\/i(.\'+V\'+;)2

\/(.x)'+ _\':+ :,\') (xz + _v3 + 32 +.\'_\‘+ y:+ gr) 2\/2(x_\'+ _\';+ :,r)(.\‘: + _\'2 + 3: +.\'_\'+ _\';+ gt)

Z

B‘ h"'- b

l\)

S1
/-\

+B+~>° >2< D Y J ;

lllllllllllllllll

.\‘ v "_ _.\'+\'+:._ 0

/-\

A‘
J

+
.4

4

§/

+
JJ

/-\

_ = “=VP(1) 2
, '3 =." _"+:‘ . .\j'+_\‘Z+;\') ‘%(_\-+_\-+3)“ *- 2

angt uc xayla <=>a= =6

lllllllllllllll]llllllllllllll
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i B51il6. Cho (1./>‘.c'2O Ihoa min u: +12: +('3 :1.
I

Chtrng minhréng: 1 + 1 + 1 S2 (1)
1_((1_fr_b)' 1_ _b+c')' 1_(<'+u)' -

7 7 7

Clzzhzg minh

F <@~W L) W 2
<

) ( q ) 1 .
\/r(1)=Z*1i,=Z1+i'~—¢ 13+; ,§-(=2 ~ ,_-; (2,)

('\(‘ l__(g1§i-7/3 ' (1( 1_ u_+lJ ' .\<~1__ c1+l7 ' '~ ~. _(z1+l>)' —

7 v
/ .

Str dung bét ding thirc CBS dang co‘ ban vi dang Engel la c6:

(a+b)2 (a+b): l (u+/)): 1 (u+l2):vT(2)= , g =- =-
%4—(a+b)' g4——Z(u:+b“) 2%:Z—(u'+b2) 2Z;Z<':+(u3+lv:)

" ' 1 w

1 (@+1>)‘ <1 A @- 1>- 3:—  _— -i— -i— :- i
2;-@:(a3+c-3)+(b3+¢-1) fl:+¢':+1>3+<'3/ 3 upcm)

Ding thirc xély ra <=> a =b=(-=—\}:.
3

Biai 17. Cho a.b,c > 0. chcmg minh rang;

1 I + 1 + l )2 1 + l (1)
a+b+c a+b b+c c+u ab+b('+ca 2((,3+],3+(-3)

C111211g minh

(l)<:>(al2+bc+ca)(—L +-—~1+ilJ25:+11+¢'+———?+h+€)(u[i+b(;+(Iu)
0+1) b+(' ('+u ~ 2(u-+[,-+(.~)

-:> ab + bc + Ca 2(H+b+(_)(Ub+b('+w) (2).SL'1'dgng CBS dz_1n<1EngeI:
a+b b+c c+a 2(a3+[,3+c-3) °

VTQ): (ab): + (bc)2 + (ca): 2 (cl/7+bcr+(‘u):

ab(a+b) bc(b+c) ca(c+a) bc(b+(")+act(c'+u)+(1b(a+b)

Ta can Chung minh: (ab+b<'+c(1)w 2(a+[2+'(')(ah+bc+ca)_
V bc(b+c)+ac'(c+a)+ab(u+b) 2(a3+};3+(-3)

<=> 2(;a2)(€bc')2 2(zcz)(gbc'(b+¢‘)) <:> g(I1J((l2 +b3)2 22103123

Theo AM- GM ta cé Zabh +1f)z 2(ll2(2¢1b)=22a2b3

Ding thtrc xay ra <:> a =[>=c hoéc u =b,c=0 vix céc hoén vi.

I I



I Biii 18. Chm u_/J.<" I11 dé dili huczgnh cL1u1nQ\tI;un gizic. V

C/zming I: ‘\'Iu7'ng vién kiln cm/'ng [rung bt (hing I/1121' 4'17 1/11511 E35

ChU'11g:11i11l11"§111g: U + /7 + ‘I 21 <1)
nu —/>+(' A/7~('+(l _w¢'—<1 +/2 k

CI1 1211g min Iz

Bién déi 1'6i su' dung bt d5mg lhL'rc CBS dang Engel lu c6

(3u—/>+(')+(¢1+/>+(‘) +/1-"4\/1(1): 4“- I =7 -€"‘ =ZY1 ¢ Z 3a 1+1 \+Z?u +<\c—/7+" .—w- _—/7"l\I ~11 '\(

:3+Z (r1+/>:(")' >3+ (<1+/>+i")' :3+1:_l

Ding

W (a+l>—z‘)(_m—l2+¢-) C Z(u+/2-¢~)(_»u—/>+¢-)
M:

llu'1'c my ru <=> <1:/2:1".

Bi 19. Cho u./2.("Z().ChL'1‘ng minh ring 1

<1(/2+0)+/>(("+u)+<"(u+/>)>1+ u/>+/><-+(-(f (M
(1: +2/n" /2: + Zm ('3 + In/> _ (1: +l>: +<"'

Ch 1271g nzinlz

UM: Z (1511 + 0) 21+ 11? +122" + cz <32 uh +1110 + cu—/20 21 + u{> +122‘ + mi

u czW. <1" + Z/)1" u" +12“ + 0' N ‘ + 21x" “ + 2' +1”

u“ + 2/7C

/22:61]?-j-/J(’+('(l21+(l{7+b€‘+(‘(+Z ‘bf :2+u{>+/2("+(‘zf +/Z:_Tl>_("____1\‘J

H Mu +1 11+/>+( ‘Hu‘+Zl>(" <1'+/>'+(-' : ’ Zn" ‘ ‘ "

<:>((!l)+/7("+('c1)'/Zl W 1 — 2 — 1, , "+"l—Z%/7—(‘——~\!2O
1\ <1‘ + 21% u/2+/n‘+('rl u’ +/2’ +z" L1“ +2/7('/I

Suy ru bit dzing lhirc G51 cho sé dfmg néu ta chirng minh du‘Q'c:

rm" (I _

1 2 3 + 1, _ <1>\vz\Z-L31 (2>.Th:f11 \-"§1y

+ 2/7C 4/17+]7(’+('” cl‘ +/7‘ +0‘ W :1‘ + Z/M‘ I

(a—b):(b—('):(<'—u):1'Z(a:+12:+c':)+ul>+b("+("c11 /\ ,
(1)~:' ‘ J 20 luon Clun.

(:12 +2bc)([>: +ZmA)(<"3 +Zul2)(ub+l2(-+c'u)(u: +123 +03) L

(2,¢,Zw1>:@:%_ZL§_ _/"' ]S]<;* ," + ,” + ," I210)
(H 1 u >1».a'+Zbc - .. ~ u‘+Zl>c', a‘+Z/20 ./J'+Z('u "+2 2(\(

Su‘ dun“ bit dimv Lhfrc CBS dang Engel 1uc<3'

VT(-

J.)

Ding

C C‘ “ ' 5

)2 (u‘+/7+0)“ :1 (dpcnn

(12+l2:+("'+Z(z1h+/2<'+c'u)

thtrc x:’1yr:1 <: (1:11 I 0.
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§2.3. KY THUAT CHQN -DIEM R01 TRONG

CAUCHY- BUNHIACCPSKI-SCHARWZ
I.-DIEM now DO! XU’NG TRONG BAT DANG THU’C cas

Ll,/),c>O
/3 1 ,3 1 /'3 1

= + b +<+\/v + ,
£1-

1-174-
Bixi 1. Cho Tim Min cua: S a +

3 2 __

a+b+<-$5 11 1’ \" I

1' Sai lém thzrdng ggip:

Binh lun vzi li giiii

.11S23-~ a+,~ ,
“ " ' b,\ " \ (1,

QM 2 L \/b2+L-\/c3+—L=3-<>(a:+%j(b3+#J \¢ +
b c a ' c” '"

>3~§/2'JG2'%-2-\/[72'%'2'JCZ'% =3»?/§=3 :» Mms:3
C" (Zn

Q Nguyen nhan sai ldm:
4
J A ,

MinS=3\/5 ¢=>a=l)=c- —--1—l=l=] 3 a+b+c'=3>—:>v0ly
a b ( 2

0 Phzin tich vd tim liri gidi:

Xét ./(af +a§)(b12 +b§)2 a,b1+a2b3. Du béng xay ra <:> ;;—‘=;l—22O
1 72

b" thirc ¢— tronv cén béc hai lhianh mét biéu thtrc mm déng' Y nghia: Chuyén déi mét léu D

" ‘ ' ’ ’ " "'dihvc'7i<:écs60L.Bhon 6 ngoal can thuc. Xet danh gla gla _n

' :——— 1 - 2

1 1 1 1 1 1 1 1 I3_. _-1 C1 + — (1. "PB

J11 +11’ 1b11( W-+5

+~ /b2+Cl2 = \/)[b3 j(0c3+B3)2 (o<1>+'%) (2)

2 L: 1 ,2 L 2 2 1 9
\\/c +a2 1% +(a(o< +5 )2—F_:E52_(ou+a) (3)

:> S2——%T[()L(a+b+c)+B(i+%+%)]=S0
\/on +B

D0 S 121 métb

khi as tat cé

so CI5 diém roi sau déy

I
I |~'

iéu thirc déi xirng véi a, b, c nén du doén S
. .; . 1

= S(,ta1d1emro'1 a =b =c =—.
2

h" nai X3 ra déiu béng ttrc 151 ta C6péc bétd§1ngthtrc(1).(2),(3) aéngr O1 p y



Cl11ro'ng I: Nh17"ng vién kiln c1ru'1zg trong [2171 rlzing 111121‘ 06 1711511

1

I , 1111
°S0’¢7(§.' ¢1=_b:("=Z :><f£=L<=>g:iIll:—(—=i‘L4 101 131- 5 1 1 1 1

LQL
Oi Bu

Két hqp vc3'i bién (I61 thco “K_1"th11(7t 1715111 r0’1'tr01zg AM — GM" ta Q6 161 giai suu:

' L61 gidi dzing:

. 1 1 ’ 1 1 » 1 1 l 4a'+~,=t 11'+ (l'+4‘)2——~ 11+~J
\1 b“ J17 122) ( />

+ /1f+l=_é1: /(11% '_ \]111+41)z%(/Hi)
1"‘ \/17 1" ,1 " ' P

)(“:+—I—=€ {(02-+L7(l:+—l2)2; ((‘+i)
113 113/ \/H ‘I

Ev.

/2 1' 11

<J

1 1 1 1 1- 1 1 1 7:>S2i(a+b+c+&+i+i) = —— [11+l1+1~+l+»—+—1+lI-+~+-1 2
7 (1 11 1" \/E 411 , 4111 b <,J\/T

1 4/) 41-

2_(611/(,,,(.;.1.1+531/11.11:;
411 4b 41 4 11 /2 c ,1 Q1

_§‘_

/

i

\|
/i\

Lad

+

ZJ
—€\

L»

+
-I-

'\ -

£1

Vé'i 11 = /J = c = Z lhi M1’11S=—;—-

2 4J_ 1 l_['3+43|2):3\1’l7_
1 11+b+c \/17 4 ,_

3

_L

"~15

3:.

I11

_ 1

45 l \

4 ‘/
Q1‘ <1/21'

(1,b,c > O
1 l 1 1 I 1 IB5112. Cho I .Tim Min @1111 S = 1'11‘ +—— +1/2' +l + 31" +——la+b+(.26 \; /1+1‘ ("+11 11+!)

Binlz lugin vd 161' gun‘

' Phn tfch dé tim l()'i gidi: Xél dzinh gizi gia dinh véi czic $6 01. B

V 1

\[112 +[f/%‘)”(oc3 +52) 2(x11+T)BJi

+<\ [bl +[{_1_) ](o13 +62) 2ab+i—L
(‘+61 (‘+61

(1)

(2)

I '1

'3 1 — '3 ‘Y B-' 1 (OL'+ ")2a-+1 (T)\[£ +[\/u+b,]W B ( \/11+!) 3
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;’ 1 1 1 ,

j/\/(lg +B“'.§‘2CX((l+/7+(')+1))i %__-—i‘-+-i__'—‘"?+'*ii1
,\!u+l1 \='/1+<' \<"+¢1;'

1 Y1 1 1‘-;_
. 1

.

<:> 52~l___1<1111+l>+1-1+B1%J+<~’+~gA 51-5,.

\,1q3 +133 ‘_ '\\/u+i> \’/>+<' \z'+u
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Cdch 2: F(.\'._\‘.;.I)=(-3)‘: + .9" — :1 —3.\-1): +8(.\3- + :1): 28

vo-1.2:)»: 1. z=()v51 1% ma Mm F(.\"._\~.4.1)= 8

Biii 7. Cho .\',_\" E IR théa min 2x— _\" = 2. Tim gizit1'1nhO nhét Qua biéu lhirc

/2<2»>~>=J»\* +<>~+1>1 +J~1+<»~-sf

Gidi

vT=-L -1 ~ 1%/21 1 :1 J.-1 3->’J21 111\/_5_\/A f(_\+) + +5\/5 \ +( _\) +.

1 1 2 6(Z-\"—.v)+38 50
2-(22-+_\-+1)+_(2.\-+ 3_11_\-)=_-_-_-:_:2£

\/5 5J5 3 55 55

D0 d6 Min f(x,_\) == 2\,/5. Du being xély ra <:> .\"=%:_\'=-%.

Bili 8. Tim m dé gié tri nhé nh§tcL'1a him $6 f(x. _\", Z) nhém gié tr; 1611 nhitt

f (x,_y, 3) =(,\-- y +121: + 1): +[x+(m+1)_v— 2; + 212 +[2x+ Z_\‘+(1n—— 4)_; +1]:

aim"

Trzrdvzg h_0p 1: 1\/nf(x,_\',z) =0 <=>x—_\"+m;+l =x+(m+l)_v—2;+2=2x+2_\"+(m—4);+l =0

C6 nghiém <=> m(m + 2) ¢ 0. Véy néu 171% {-2, 0} ma Minf(x, _\-, 1) = 0

Trzrdvzg h_0p 2: Xét m = -2. Sir dung bit ding thtrc CBS ta c6:

» 2 1 2 2 2 1

f(x,y, Z) : glil‘ +(—l) +O']E(x—_\"—2z+l) +(x—y—2:+2) +(Z>c+Z)"—6:+l) J2;

Véy néu m = -2:111 Minf(x,y, ;)=f(-1, 1/2, 0) = 1/ 2

Trzrdng hgrp 3: Xét m = 0. Sir dung bit ding thtré CBS ta c6:

'7
'7

f(x, y, 1) = g'[O3 +13 +(—%)_j\[(.\'—y+l)2 +(x+_\'—2Z+2)2 +(Zx'+2y-4:+l)2]Z%(%)- =-2

, . 9
Véy néum=Othi M1nf(x,y, 1): f(T‘6,%,1)=g ~

Két lun: vo-1 m = 0 ma gié u-1 mm nht cua ham S6 f(,<, y, Z) nhén gizi In 1é‘n nhit.



Ch uvng I: Nh n g vién kinz c1r0'ng trong brit (Ting rluic c5 (Tién l-17

Bili 9. Cho .\']..\‘3......\'” lhoa min %S.\*53 +.x§ +_\"_? S1.

Tim Max. Min cua A=(.\'; —Z.\‘3 +15): +(.\‘: — Bx; +5): +(.\'3 — lg +(.\<; i Z.\'4)'

Gitii

. ’ 1-"
Tim MaxA: (x, —2.\-3 +.\'3)' s(1 +2on+on)! xj +i3~

I \
.\' _;

\ (X (X /

(.\-, —2.\; +.\-4): §(o¢+2o¢+1)
/,

Q’-,

+
J

Q .1

+
Z

L

E —-‘I? w

_\*) _(0c+_)| A‘: +3.\‘i!
\0< 7, \0c ,

(.\‘:—Z.\']):S(O£+Z)|i+Z.\'F 1 .u—T‘. '< " V_

Déu béng xay ra <:> .\'l :—.\'. =—i= X‘ :> £133 ll“
<1 O1 4(a-'+1) 2(<1-+1)

~ ~ 0 v ,_ ZOL +1
:> A$5(oc+l)(.\'( +-\';)+J-%"l(x: +.\-11). Chcpn cx=<x(,\*"o'1(x(,+i:—"—~

y > On

:> oc0=~—-—1+2‘/5 :> A£—l—5(3E\5)(.\-,"+x;)+¥3E\/;)(.\-5+x;)sl—D(3E\/3)

\"é‘i xl :—.\'4 =—Z——~2X:_ =L'\_3/_ thi Max /1\=i—~5(3:\/3) .

1+\E 1+v5 _

T1mMinA:

.\'| =—%(3_\'| + 2)": +3)"; + L)
3"‘ =.\‘| —2.\"2 +.\'_; 3

‘ _ 1 . ,. . . .yz Ix} _2_\.3 +_\.4 .\3 -—g(6_\, +4): +3); + 2);)
B51: :>

3'3 I-Y: ' 2-“ A‘; =—%(4v\"] + 6)": + Z)‘; + 3_\"4)

[)4' =x; —2.\" >

> 4 .\'1:—%(2_\'l+3_\‘3 +_\'\+'-l_\'4)

2 I ’ 2 2 4511::> x, sg(3+2+4o¢+<x)L3_\~, +2_\~2 +T+F)
" 1 . 2 2 3.3‘? 2T5 \\

.\.-I $—(6+4+3(x+2(x) 6y, +4); +—"+-—-J
- 25 " 01 on ,

\‘I _Z\
~ 1 ~ 1 7% 334.»;;s—(4+6+301+2o1) 4_\-I" +6v\u + " +——)

A 25 7 " on on ,

‘ 1 ‘ 1 1 4_\'5 A 1 Y: Y4
.\:_7 £—(2+3+o¢+4(x) 2\~( +3): +—+i .Dau bang <:> _\"1=,\» = *=—

25 ' - on on " on on

1 '7 '1 7 7 '7 ,.3 ;$(3o¢+5)(_\f +y5)+%’3(y; +,\~;). Chqn 0c=0c0 ~'o"130c(,+3:°i)
an

3‘ “g 3 %S#(.\'|2 +>‘§ +115 +>'§‘)=7%\§A

V5), V6-1 )1! :'\,2 Im Min A=Q__=L3\/_5_
5 I 1I-1 - 7+3

U1

-‘>-
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:1; __i _1 -= = == __-

Ki thufit ch_on {TiéIIl r0‘i trong bt drzg tlzfrc BunhiaC0pskz

Bili 10. Cho ne Nx. Tim 56 A = A(n) nhé nhét sao cho bét ding LhL'1'C l\

"M

(x, +.\'3 +...+xk §A(x{ +x§ +...+.\',j) dng Vx,..\'3....,.\'” E

i

.
Gidi

Ly a=—L :> sinn0c:sin(1z+1)0L.D2f1t c, =sin1'(x—sin(i—l)01 (i= U)
2n+l

k __ Tt _i
5‘ =2@,=sin1<<x </<= 1,11). Do 0 s (i— l)oc< 1u<-; nén ¢-,>0 Vi-1,11

1

su dung bait déng mu-C CBS ta C62
'1 '7 7

Z
X‘ \'_ Y’

(xl +x2 +...+xk) S(c1+c2 +...+q.) -‘—+—2+-~~—‘
C1 C2 CA

I1
I1

/ " " ‘
. , 2

x“ xj .\"'

K111 do: 2(x, +x3 +...+xk) $2 (Q +c; +...+ck
1-=1 1:1 C1 C1 C1

n " " Z n

x“ .\" x. S»+S.1 +...+S:2 zzi I‘ K‘ H

1=| C1 C1 C1 1=1 C1

S,+S»+...+S,, S1+S;+...+S,, S,, 1

Ta sé chfrng minh: ' = ' ' =---= =

Sk +8“, +...+S,, _sinkOL+sin(k +1)0L+...+Sinn0L

cl C1 C11 4sin2 gl
2

2sin 1% (sin kon + + sin /10¢)

C; Sin/<OL—Sin(/<—l)(X 7SinQ~_:)§inQ4CO§(k__1)a
w Z m 2 h Z

cos(k—T1zj(x—c0s<k+é)0L+c0s(k+%)0L—c0s{k+~;)0L+...+c0s(n—;)0L—c0s(/2+Q01

c0s(k ——

[\)>—1

\€/

Q

4sinZ%~cos(k—%j0L

—c0s(n+%)0L COS(k—-%)Ol.—-COS? 1 1

Véi

4 sin

U
>>M=

N9

1 - :01 , 1 - 191 - IWJL
~COS(/<—E)OL 4s1n 5-c0s(k——j)0L 45111 2 48111 4”+2

Z 1 2 2 2

(X1+X3+...+X/\-) g-—T’T(X] +X3+...+X,,)
4sin“

4n+2
X X X ;', . '_- \ .

~‘=—’=~~=i ,changhanx,-=c,»(1=l.n)th1M1nA=——~Lj
£1 C’) c,,

° T5

'_
4sin“ wi

4n+Z

Biii 11. Cho a],a1,...a,, >0. Chirng minh ring:

S 1+ 2 +...+ ” <4 1+1 +...+1
a, a,+a2 a,+a3+...+a“ al al an

Chrhzg minh



Chzrmzg I: Nhz7'ng vién kiln cmmg trong bfit ring thz2"c 05 Jiézz 149 §

su dung bit déng mm: CBS ta c6:

/12 vz k:\f . 5(al+a1+...+ak)L—+;+...+~—)2(1+2+...+k)' E

0| a~ ak

, / 2 Q: ,2 52 I‘ s I‘ “L1 +‘ +...+,‘ W 5
(l| +02 +...-+61‘ (1+')+ +/\.)' (I1 Ll: £1‘/ 5

:1 (l+2+...+l<)' 1

: '. "_ In i E
(I1 (11 ll”

n '1 w w\_? -1 v 1 ‘, - 7- .-\. - '7- -:>5sZ[ /‘ 41+“ + +1‘ (,1 +<,‘ + +¢ ” *
(I Cl

A I J

/< k +1 11 IVO1 ck = v + E +...+ ; suy ra I
(1+2+...+k)' [1+2+___+l<+(/;+])]' (1+2+...+n)_ 3

C , , I‘= I‘ ,+ /‘fl ,+...+ ” ,: 1 ,+...+ 1 ,

_—?—- ——— —i-

4 "(/H51) (1<+1) (A+2) /1’(n+1) /\(/<+1) /1(/1+1)

=1(l~>1<~> +<l~+>1<+1 1< /<+1+/<+2 k+l 1<+2 +"'+/1+1 11 n+1 I11(11)1(1_1)__l(i_1)_1<L
/< k l< l<+1 /<+1k+1 l<+2 l1IlvrZ+1 (NH)? A-1 i

:>q -l<3<4 :> S501L+c,L+‘..+c"”£;<4£l+L+...+Lj (dpcm) K

. ll” al a u /(ll ' (l_ 2 H

Bili 12. Cho a].a3,...a” e IR.ChL'1‘ng minh ring:

~ a +0, a|+aw+...+a
3. S=af+[$) <4(a]3+a§+...+a3) (1)

2 \:

b. H6: 5641a dzinh gizi 161 nhl CL13 bit dang thrc <1)

Ch 1?/lg minlz

a. Str dung bét ding thtrc CBS ta c6:

'£i+£+...+a5 (on +OL1+...+O£_)2(a +u,+...+a )3GI aw (XL l _, /\ 1 _ /\

. 3 /
a1+a, +...+a‘_ Ob] +0L. +...+(Xk all (13 ai

:> ' < ' + ' +...+
k /\ on‘ on. oak

,, 2 1 2 ,, 2
on +01 +...+OL_ a a av u.@552 ' 1, ‘ '+ 2+...+ *1: - ‘

1 /\ <11 av O‘A/ OH/<= " - -

,, o¢,+0c.+...+0ck oc,+o¢,+...+ocW oc1+oa,+...+oc,,

M
(\

>

vcn ("A = - , + ~ 7 +...+ -
k" (k+1)‘ I13

ChQn 01‘ =\/Z—\/l<—l :> 0c1+oc3+...+oa‘ =\/T; 71~:\/Z+v/<-l<2\/k—%
A

_\/I \//<+1 \/Z_ 1 1 1:><-,- 7+ 7+...+ ,_ + +...+
‘ /<- (k+1)- 11- /<\/T (k+1)\/k+l M/I



Kf thug?! chgm diém' rm" trong bf ding tIu2'c Bu

4 l<l<

1zhiaC0pski150

' 5 1 ', 1‘ 1_
?)(‘*?)w“ '1,__.

Z51

_/. 1 .
— I,\+3‘v]\—; ,\>/\'-L

+

>3

+

_1___1l._
»'1<<!k1» ,1(\/ - -

\/ °\J 2

1‘XL 2(Vk+2 _ 1

< I 1 1) -2 \//<-l \/mil
Z Z,W k (1<+~)(k-~ [

\! 2 2,

:>c‘<Z{ 11- ‘%j+2/ ,_1-_-— ]2\+ +2[!]1--»1iC M JPIJ
1

J1’-'

k—( \/ —~

=2[ [_1_

J" 5

» oak _
/n+-5] \/k—2

~ I ‘ +z13) (dpcm):> S §t{c,\ %k—J<4(a]2 +0; +...
V k

\/Z—\/k—1suyrab. Gié1sL'1'

. , 1 1

al+a2+...+ak- (4—OL) (\/Z-\./l\

II

S1

Z H 1 <

S’ 2; wmmf 2Z1k<¢z>1

H 1

53:01? )2>0c§(2\/Z)3=Zk_]_

" “ “ ' '3(dpcm)

L=l

° ° j) O<0c<4(2).ChQnak=

5M1

S<(4—on)(a,' +a5+...+a ,

—\/II. Kh1do(2)<= l+5+ +-<
I1

” (\/l\7—\/§):+

2 (1 2:> < \/Fl‘ _l 2\/k -
7

4

il\4=

2—ock” 4—oc 1

;[(\/Z+~/Z): I‘ 0 (~/Z+~/$51)/<

iF4=
7*“

“.4

/\

§l\4=
7?‘

~s
+1

>1._-

(mm-1>”2§/<<
5

jun‘ = <1= '(\/Z+\,[r'\"""1
H 1 H 1

=22

1

\

>0

J‘>--

\_-_____/

T1)’

ii? H

k— Y _*"~1(\/Z+Jl<—1)'

"= k

“ 1 on 1

—>+<><> (n -++<><=)

i\/]=

'—1 (x,/-/I-F /\ -1
’ ’ h"c (3) khong xay YdS S,S;:>batdangt uTit céc dzinh giai cua |, 3

,...,,\‘“2O
l

Bi 13. Chirng minh: xi +\/xlxz .'l.\'

Chfmg minh

\ + +‘"/x 2 \'”<e(xl+...+.\'”),V.\l

I] II ~\- (X-I

V61Val,a3....,cz”>0tac6: Z15/.\'1....\"”=Z.*/z1I...¢z,Ik/ '+,..+—‘—
k:! /\-=1 \a1 “A-



Chu'o'ng I: Nhng vién kim c1ro'ng trong br"1t dring thzic c5 léll <

I; .",/a1...a" vi 1‘ \
< ' _._g (a]+ +akJ

/\
2l\4=

>31

" 1'/al ...a, 1'

U Z I ZZCAHA
/1 i /1 I1 l

, 1 \]k a1"'a1 \/'1 ”1"'"a11 /1-"'1 l — .trong do C,= +...+ .Ch<_)n a5=i?\7l1":L/1.Kh1
‘ <1 /< H ‘ <1+1>‘k ' .

d6:

_(/<+1)‘ 1 1 _(/<+1)‘ 1 1 1‘ —Ck- kk_l (k(k+1)+...+n(”+1))_ (Z—n+])<(l+Z) <e_‘V’k=l,m

Bi 14. Cho 11, b, 5-111115 man 111 +111 +51 =4 V21 XE

Tim giai trj l('m nhél vé nhé 111111151111 biéu lhirc: y = a + b\/Esin .1‘ + csin 2x

. Girii

Sir dung bait déng lhirc CBS ta c6:

yz 3 (a2 + I22 + c2)(l + Zsingx + sin22x) ¢:> _v2 £ 4(l + Zsinlx + sin22x)

G<_>i f(.1) = 1 + 2511121 + 5111221 = 1 + 2511121 + 4511121-11 - 51112.1)

2

I-)2_“1tt=sin2xe (0,1), vxe(0,%)1111 f(x)=g(I)=—4t2+6t+l=%—-4(1——Z) 5%

13 \Khi d6: Maxf(x) = Maxg(t) = I .T£1'd6 suyra yz £ 13.

1 . - . . 1 3 1 5/.“ - .' "2:
Déng thirc xéy ra khl vii chi kh1 s1n' .\'=Z v21 —=—S;7nA =5‘/gm\

a c"

<:> x=Ee(0,E) vE1l==i_3— 2 b=——a\/g;¢"=—L/5
3 2 a 219 2c 2 2

' ‘ 7 '\ 4
Két hqp véri diéu kién a“ +b“ +1-2 =4 ta suy ra: a=i"—

5/E

5/54 -2 -25/§ 1:my xay ra 1a \/B \/E ¢ X/E 1

'Maxy= 5/E xéyrakh'1a=i; b; c=-22; .\'=E
5/E 5/E J5 3



152 K1‘ t/zu_(7t c/z_0n /71?’/21 rm‘ tro/zg bi?! :7/ing th 151- Bzuziakowski

m. DIEM RO’l TRONG CBS vc'7| cAc: BIEU THU’C CHU’A BIEN

Bili 1. Cho céc $6 khéng ém a,_b,c, chirng minh ring

(1 I) c 5_—-+-—-+-—-s-4 +b+
\/a +1) vb \/c+a 4 a C

+
‘T

Phn tfch vd tim tbi lr‘/i giiii.

Phn tich: Dy lix min bit déng thtrc chtra cén béc Z nén chimg ta nghi ngay dén viéc

1<hu- cén mu-C bng céch dung bél déng mu-Q CBS. Nhung cé m{)t khé khén 1:1 phzii

déim hm) du'c_>'c déu bang cua béit azing thfrc khi sir dung CBS V51 dzinh liép theo phéi

nhu nhau v51 phi: hqp vO'i diém roi dgr doén. Bé 3‘ ring ding Lhtrc xay ra khi v51 chi khi

I (a.b.c)~ (3.l,0). Véy thi ta ph2'1i' sir dung bit diing thirc CBS lilm sao cho ding thfrc

cng xay ra khi dé. Ta nay r21)" tuO‘ng_ dé 121 lhém \/510 nhfrng tham $6 171,193, pl > O:

I '
Til’ 2

a b C \1 __{ /i (1 —— ; b c \
~_-+__+~_ _ __- /b,;_- ./- /1-
\\/a+b \/b+¢- \/<-+11,‘ M‘/apl\_/p.(a+1>)+\'p‘\;p1(b+<')+ "’h‘\,'p‘<@+@>/\

/ a b c \-

S(ap +bp,+'p) + +
l ' L 3 pl(a+b) p:(b+(') p3(('+u)\

Néu chc_>n pl,p2,p; 121 nhimg hing $6 c6 dinh thi sau khi sir dung bét ding thtrc CBS

thi ding thtrc khéng thé xéay ra khi (a,b,c") ~(3.l.O) . TU nhirng diéu niiy. chng ta nghi

dén viéc chcpn pl, p3.p\ 121 nhtrng bién chzgy theo a,b.C v21 ta thy ring chc_>n him tuyén

tfnh 151 do'n giém hon ca. Nhu" v2f1y_ ta din pl =ma+nb+pc_p3 =mb+nc+pa,

p3 I mc+nc1+ pl) vdi m.n.p 121 nhfrng s6 khéng aim ( ml +213 +193 > O)m£1ta sé ch<_>n

sao @110 déng thirc xay ra khi (@.1>.¢) ~ (3_1_0) 4 Theo bin dang thtrc CBS w cé:

Cl b C 1 F4—’"1
———+———+———.___ = \/a(ma +nb+ pc)-

£\/a+b vb+c‘ \/c'+a) \}(ma+nb+pc)(a+b)

a

S mma + nb + pc) X (mu + nb + pc')(c1+ b)

LI

(ma +1112 + pc)(a + b)=§Lm(a3 +192 +c3)+(n+ p)(ab+bc'+cu)}><

Bén dy, céc ban nén chqn 11+ p = 2m khi dc’)

m(a3 +122 +c3)+(n+ p)(ab+bc+ca) =m(a+b+c)3

V51 nhu" vzfly ta c6 thé don giém di mét 1u'<_)'ng a +b+c vdi vé phai. nhu' lhé béc cua bét

dang thtrc Sé khéng cao. va la cé mé dé dilng Chirng minh ho'n!

Béy gib‘, cm; y réngdang thtrc my F21 khi Va chi khi



Chzrmzg I: Nhng vién kim cu'0'ng trong bt (hing thzic 05 dién I53 I g
./a(ma +1117 + pc) Jb(mb +nc+/2(1) \,/('(III(.' + nu + pb) g

a - 1) ; c 5
\](ma +nb+ pc)(a +b) \/(mb+nc+ pa)(b+c) \/(mc+/1a + pb)(c'+a) 2

Khi C =0, Ll =3.b=ld§1ngth(rctrG1hi1nh §

J50»? J? g

J J

H = m p <:»5m+2n=3p=3(2m—/1) <=>m=5n  
k3T{JZ;2>T3 11> ;;;>;5;, g

ChQn m = 5,11 = 1 3 p = 9. By gid chng la sé giai biii toxin di cho. g

Gidi: su dung bél aéng thtrc CBS , ta C6 gi Z J - . _ g
u(<a+b+9L) \/(a+b)(5a+b+9c")J 51 E

S(261661+b+9C))(Z(a+b)(5g+b+9c-J: 5(“+b+")2[Z<a+1>)<sZ+b+9<~>J §0'1‘ <1" 2‘

T11 C511 Ch]_'1'f1g IT1iI'lhI ((1 S %

M51 aiéu niiy hién nhién dng vi: 1 §
A + Zabm + b)(a + 9b)(u — 311): 2

5 Q §——( b r)
5 = Z0 5

16 0+ +( X;(¢I+l>)(5+b+9¢') l6H(a+b)H(5¢1+b+9¢')_ g

Trong d6 A = 243Za“b%- +s35Za’1>@’ + 232Z¢1‘b@+ 123041319303 z 0. g

Bét déng thfrc duqc chfrng minh xong. Dang thirc xéay ra <:> (u,/2.0) ~~ (3.l.()) g

Bili 2. Cho czic sf) khéng m a,b,c, chtrng minh ring g

a + b + C < /8(u+l_>+r) g\/2a+b+3c \/2b+¢-+3” \/2(-+<1+3b 15 g

Clz zivzg minh g
su dung bét déng mu-C CBS. ta cé: g

41 2 /' a G g
"(4"+ 1” " \/(Za+b+3c)(4a+5b+3c)J §

s(Za(4@+5b+3<->)[Z:ii-€(2a+b+3C_)E:1(l+5b+3C)j=4<u+/;+¢,->’[Z—é~i~(2a+b+3(_)§1M+5b+3£_)1 2
l:\'(‘ (:\'(' l'Y( / %_

~=|‘_



154 K)" thug?! chyn zfiém r0’i trung I111! rl'r1ng tluic Buniakowski

, ‘ . ,1
, 7

Nhu thé. La chi cén chfrng minh ring (<1+12+<-)iZ ‘I _/ 121
' ( I i

\

(Zc1+17+_v_(‘)(4u+J ?+_n.'

~ ~ .- ». Z _1' a \‘,_AA , »

r1’1£_3.[\¢g_1y_[£1CO.G—-(zI+1>+()l%‘
i_—.t1ong do

(K _(1Zu+12+3(')(-1:1+>1>+3(") , B
\ /

A =45Za° + 237211512 +812”? + 17<>sZu*b<- + 166211-‘1>" +3e1Zm‘/11
(Zn. (in. (W, F“. (M. (In

+ 252112124 + 49162“-‘b%-+ 473@Zu"b<-1 +9e51¢f1>’¢-1 >0

B = l5(Za +11 + 3c‘)(212 +1‘ + 34z)('l<" + u + 312)(4u + 51> + 3(')(41> + 5c + 3a)(v-lc + 511+ 31>) > O TU

dé ta cé bét ding thtrc du'<_>'c chfrng minh vdi chd )" déng thtrc khéng xay ra.

-1 -1 -5

1. , ; , . a 12 c a+19+c
B2113. Cho cac so duong a,1),c,chu"ng mmh 1 1 + l + , 1 2

c1‘+12‘ 12' +0‘ c‘ +0‘ Z

Chzhzg minh

° B5 dé: 11193 +bc3 +ccz3 S%(a2 +b: +62):

Thzf1tvz_“1y.ta cé: VT—VP=%Z(a2 -1-1 -ab-<11-+2b¢>1 20

v Ap dung: Sir dung bit ding thirc CBS. ta c6:

K '1 ~ -\ ~ 1 -,2%? Za2(a“'+b3) 2(a“+b“+c’)'
W. a" +17’ W.

Ta phéli chtrng minh: 2(a_3 +173 +03): 2 (u +12+(")(c1’\ +171 +0“ +u‘12’ +111“ +011")

Ta 06412173 +1120} +c:u3 :(£l1)+1)(.‘+C£l)((I172 +b<'3 -1-(‘(12)-Ll1J(‘((I: +1): +0: +u1)+bc+cu)

(11J+1)C+C(l } 1 w w

=-_-—-——[ab‘ +170‘ +003 +cz“1)2 -1-11262 +020“ +a12c(a+12+c)]—

a+b+c

—abc(a2 + 122 +02 + ab + bc + ca)

ab+bc+ca ~ ~ 1

=———-——(ab3 +1Jc3 +ca3 +a2b3 +122c' +c2c1')—abc(a‘ +112 +03)
a+b+c

ab+bc+ca 1 ‘ » ~ 1 1 '7 1

S (%(a3 +17“ +cf2)2 +a2b3 +121" +c‘a')—c11)c(cl' +b2 +1")
a+19+c J

Nhu thé, ta chi cn chirng minh ring

2(a3 +171 +63): 2(a+b+c)(a5 +195 +c5)+

+(ab+1)<r+ca)(%(_c12 +173 +c3): +a2b3 +b:c2 +1311:)—a12c(a+12+c)(a3 +193 +02)



§

§
Chzrovzg I: Nhvlg vién kim cuvng trong bfit tiring tluic 05' dié I55 g

Khéng Inét tfnh léng quail. chun héa u +l1+r=1. §
E
E

1- 1 - 1 ' 2 L1 -_ 2Bil ab+b<"+¢"a:T(/I», !':(1bC(0S51§.l)[hilZ1C6I U (1') (H (1)2/-2(i+q) (I 7(1) 5

» -.

Khi 66, bét déng thirc tuorng Ciuvng g

<54,-1 + (28:13 - 4),-)-3(1- q2)r+%(7q" +1081,‘ - 39¢]: + 5) z 0 g

R6 rimv f(r) — 54r2 +(28 2 —4)r 151 hixm déns bién theo r nén la cc’): §

27 27 5

2
EE
EE

E=E==|E
c . — (I ., E

2E=- =
| E

vTZ[54[@_L;/Pzqzj H286, _4,g@j_3(1_(/1,
_. ;. ===

1 0 4 2 “ E,-+(7q +lO8q —39q +5)- 20 g
q2[q:(I5q3—76q+Z4)+(l—3z/)3] 2

E_.
E

- =E=Bit ding thtrc duqc chirng minh xong. Being lhirc xéy ra khi v51 chi khi a =b = c. §

a1 . Cho cac so ducmc a,b,c, chunc mmh rant. EB'4 '0 "0 ' “0' E

a3 bi cg

2
a+b+(' 2

1 v + '1 w + w 1 2 E20' —ab+2b‘ 2b" —bc+2c' 20" —ca +2a‘ 3 §

Sir dung bah ding thirc CBS,

Chzfng minh
=_==E
=|_‘=

3 ' ~ 1 '7 1((Zw;i——i2Cl2_Zb+2b3 J(ga(2a' —ub+'lb')(c+a)“)2(gc1"+gz1b‘)

iv

Cuéi ctlng ta chirng minh: 3[Z(1} +2012} Y 2 (Z0 [Za(2a3 —ub+ 2b3)(('+a)2)
<*_\'(" 1' "1 ('\z'

Gié s\1' c=min{a,b,c}. D21 a = c+x,b : 0+ _\' (.\',_\'2O ). Khi d6 bét ding thirc trd thénh

Ac‘ +Bc3 +08 +Ec+F 20 trong as A=1s(.€ —.\)'+_v3)2O 5
§

B = 20;’ +33;<1_»--21¢ +20;-~‘ = 20.‘-~‘ +22%-+.\-_\»* +9y~‘ +11;-(.\-- _\-)1 2 0 §
E.E
=|_‘

D =11x“ +35x3_v+21x2y2 -19$“ +11_v* =11;-4 +35.\-if +11.\-3;-? +.\_v‘ +_\~* +l0_\‘2(.X'-)‘): 20 g
=1

E=5x5 +4x4y+27x3yZ —5x3y3 —7.\)"4 +5y'< =5x° +4.\'4_v+ _v3(27_\'3 —5x3y —7x_\'2 +5_v3) g
__

. ==

F=x6 —x5_\‘+5x4_v2 +2x3_\'3 —3xZ_v4 +y(’ E

F=.\'4(x2 —x_v+ yz) + _\*3(2.\'2 — _v2)2 +2.\‘3_\'} +.\‘3_\"4 20 §=

Véy bél ding lhfrc can Chfrng minh mén nhién dimg. Ding mac xa'y 1-a <=> a = b = C. g
_.
=='E_
=|==

lllllllmllIllllllllllllllllllllllllllllllllllllllllllll



Ki thugit chgn diénz rui trong bt (11711 g tluic Buniakowskz

B§1i5. Cho » Chtrng minh rémg: \'u +12" +\/b+c' + \/c+ a‘ < —
a +b+c=l 5

156

{L1,b.(.'ZO ‘ /"T Ti? 11 v

Chzhzg minlz

1 /’——;—' 3

su dung bit dang thtrc CBS. ta 06 (Eda +191) ={Z\/4“ +41; + C

V
4u+4l9+c

\(\( 1

3 \‘ 3 (a+b+c)+b2
s 4 4b - P“i'-’Z—- =9 ‘"1’ :9 "

61+ +C)){g4z1+4b+¢' ;4a+4l7+c' 4u+4b+<'

Nhu mé, ta chi can Chang minh ring 92 _»~¢—“(‘l+:["l+_1j_ s %m + b + C)
£1 7 ( -

r_\'z'

1632 Q‘ + 30032 (Pb? + 19752 ab" - 7252 (Rb + 109202 M11-

Ta ('\'(' ('_\'(' l'_\( ('>\'(' l'>\(

25(4a + 4b + c)(4b + 4c + u)(4c + 4a + b)

163(Za* +11Zc12b2 —6Zc13b—6Za3b¢-)+ A

2 25(4a +417 + ¢-)<41) + 4c + a)(4c + 40 +1»)

Trong <16; A =1210Z¢H1f +1975Zab’ +2532¢H1>+11s9sZ(Rb¢-2 0

Ta sé chL'1'ng minh: 204 +11Za3b2 —6Za3b—62cz312L'ZO

<:> [Z04 —ZaZb2)+l2(Zc12b3 —Zc1lbc")-6(Zcz3l1—Za:bc)2 O

W. W. N. m. \ W N.

Ta <26: Z04 -2/zzbz =%Z(a2 —b2)2

3[Za3b—ZaZbcj = 3(Zb3c —2a3bc) = —3Zb('(c12 —b3)

I.
. .

V

%= —3Zbc'(cz3 —b3)+Z(ab+b¢'+c'a)(a3 -112): 2&1: —b3)(ab+ac—2bc)

r_\'( z'v\'z'
¢'\'<

6(2a2b2 —2a2b¢-) = Z(_ab+ac' —2bc)2 . Do d6 bz‘1td51ngthL'rcnr0'ng du'0'ng

%;;(a3 —b2)3 +2;<ab+a¢.~—2b@)1 -2;(¢R —b2)(czb+ac—ZI9c') 2 0

<:>%Z(612 -193 —2ab—2ac+4bc)1 2 O , dflng suy'ra (dpcm)
(W.



Chlt‘0'I1g I: Nhfrng vién kim czrmzg trorzg bt ring thlit c5 léll 15

Bili 6. Cho caic $6 khéng m c1,b,c'. Chirng minh ring:

w ‘W w v / w w " 1c1\/b‘ +40‘ +12\/c’ +40" +c\/u" +4[>‘ Si(cl+[7+<')"

Ch ling minh

S11‘ dung béit ding thtrc CBS. ta c6:

2 \/ w w / 'w 1
'> '1 [_ '_ '>{ H '-Ezax/b'+4c'1 S{Z:c1(3c1+Z2+5c‘)MZ;(7+ ( )j:3(u+l2+c)'LZ:¥b+4C )1

1.. 3a+b+5( >
_ 3u+b+5c

, A , . L (A/>1 +48) 3 ~Ta ch1 can chung mmh rang: 2i_S—(c1+/>+¢>)' <:>
I.“ 3c1+b+J(' 16

452$ +165Z¢Hb+69Zab‘ +53sZ(1‘b¢'-306251»: -182$/1»‘-410201/9%-2 0

Kh6ng- min tfnh téng quzit,gi2'1 sir cr = min{a.b.<"}_ bit ding thtrc tuong du'0'ng vdi:

(456 +450‘ +l65a4b+69ab4 -zoemzf -1x¢b~‘>+ Ac 2 0

<=> 3(a+5b)(l5a3 +10ab+3b3)(a —b)3 +A(- 2 0

Trong déz A = 69¢‘ + (536b -1s¢>a~‘ - (4101>1 + 4101” + 30¢-1>¢1’

+<_53611-‘ - 410/1%» + 436118 +165¢-~‘>u+1@s/r‘ - 306/>~‘<~ 181231-3 + (»91><-L‘ + 45¢‘

SL1‘ dung gin} thiét c = min {a_b.c*} La dé dimg chtrng minh du‘Q'c A 2 O nén ta cé dpcm.

Ding thfrc xsly ra <=> u:b:c:l :1:()

Bili 7. Cho czic $5 du‘o‘ng a,b,C, chirng minh ring:

C13 /23 (‘S c1+/)+("
'1 '1 + '\ '7 + '9 '3 ZZa'+b‘ Zb'+c" Zc"+z1' 3

Clzfmg minh
Sir dung bél ding thtrc CBS, ta c6:

A

‘Za(2zz3 +b2)(Zc'+z1):\|2'Z:c13 + 22:1/>3):
r'_\':" 20 ~ + b_ r\"<* / 4'\"<’ rm /

Nhu' thé_ ta chi cén chirng minh ring

3[Za3 +2Zab3)2.2 (Z/1)[Z:a(2a3 +/23)(2c-+u)3)

Khéng mzit t1'nh téng quét, giéa sir c = min{a,l9,c}. Bait u = c+.r.b = c+ _\' (x,_\‘ 2 O)

Khi as bit ding thtrc tucmg du‘o'ng vdi AH + B6‘ + DH + EC + F z 0

trong d6 A =1s(.\-3 -.n~+ _\-1) ; B =3<7,\-~‘ +12;.\-?\~-15.“-I +7_\~‘>z 0

1
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158 K)" thut cizpn (T1521 r0'i trong I211! ling 111116 Burziakmvskz

D = 14x1 + 53_\'}_\' + Z-1.\‘:_\'2 — 46.\‘_\"1 +1’-Hi 2 O

15 = ex‘ + 4.6 _\- + 50$ _\‘3 - 29.\-1 _\~~‘ - em‘ + av‘ 2 0

F =.\'° —2.\“; \"+11.\'4\‘3 —3.\‘3\‘3 —4.\'3\'4 +'l.\'\"< + Y“ Z0

B§td§1ngth(rc duqc chirng minh xong. Dzing thtrc xay ra <:> u =12 : 1'.

Bi1i8. Cho caic 56 khéng Gm a,b,c. ch(1'11g1ni11h1'5ng:

\/I (1 J 12 /1 c
+ + 5 1

4:1 + 4b + 0 412 + 40 + u \’ 4:“ + 4:1 +12

Chlhzg minh

su dung bém dang [1'1U'C CBS. L21 c6:ii ’ _,_l —’4*”1"—’\:——i = /4 4: 1
_

K;;\14a+417+c') a+ 6+) (4u+-1b+(')(-'¥u+4<‘+b)/

Z Z(4a+4C+b) 9(1ufb+c)[(z: +122 +03 +8(al2+1>c+ca)1

UT (4+4b+C)(4H+4C+b) W, (411+4b+c)(4b+4c+a)(4c+4u+12)

/\

A 9(a+b+c)[a3+b3+c3+8(ab+b¢+va)]
Ta can chung mmh: S 1

(40 + 41) + c)(4b + 40 + (z)(4c + 4a + 17)

<=> 9(a+12+c)1Ca2 +192 +0: +8((1b+b<.'+ca)]S(40+411+c)(4b+4c"+a)(4c+4a+17)

<=> 7203 +3Zab(1a +12) 2 39czbc"

<'\'(' (‘\'t

Theo bét ding mm: AM - GM ma Z11‘ z 3(1bc'.Z(11>(z1+ b) 2 em-

D0 C16 ta cé dpcm. Ding thtrc xéy ra <:> (1:12 = c.

Bi 9. Cho a.b,c 20; a +1r+ c = 1. Chirng minh ring

\/a+k(b—c)Z +\/12+l<(c—a)2 +\/1c+l<(u—b)3 S\/g trong dc’) k=1—£

Chlhzg minh

S11’ dung bait déng thtrc CBS, ta c6:

’ Iii? 2

" (1 + (17 — c)‘
K21,/a+k(12~c)11 ILZ \|1c1+\/—1€-~

, V a +



C11 ming I: N11 17'ng vién kim cm/ng trong 1117'! (H111g t1ui‘c c/3’ (ii 1511 159 5

\\‘_.. ,_ _. __ N

4.)

~ \ _

1’ 1+ .1 . _.~1-= _ 2 _.1‘
S Z 1z1+Lr\j| §:(\,=3+])§ . 5

\(\1 \/3 /Luz tl+ 1 1
1 :(1+ L W + 1 I

\/F , \/2 \/1 /

— u _

'~ \ \ 2

H.” /_ .1.

, _ 1 w_ ,1 . A _Ta chi cén chimg minh réng: (\/3 +1): H111+4$3 Z—L(I) 1

I‘ + /_ “ u+
' xx v2

‘.

S3 1

Dal q I (112 +170 + ("(1 3%, r = 11121" [hi [2106 (1 S r S %.
E

w v

B§LdZ1ngth(1'c1L1'Ung dLro'ng vdi: 9(2 + \,'1T:)1"—</(61/+ $ 0

N

Ta 0619(Z+\/§)r—q(6q+\/§)S3(Z+\/3):/3 —(/(61/+(3)::/(3;/—i)\1§g()

Bz‘1td§1ngth£1"c du'Q"c chfmg minh xong.
E

Ding thtrc xziy ra <:> (1:12 :1" 1% hozfac 11:-1.12 I 0 - () \"Z1c;ich0z'm \-i. I1

Béi10.Ch0 czic $5 a.11.cr2O.ChL'1'ng minh ring:
§

1 1 1 6+ _ +3 2, , ,
Z7-] '>[,- 0- - - - 1_a +20 /_ +ca 4' +012 a +1) +(' +u11+11c+c‘a

' Chziwg 17111111.‘ Khéng mit tfnh téng quzit, gié str 12 _\‘ 2 1 20. Khi C16:

VT (*) — VP (*) = (.\'—_\')(.\‘2(.\‘—;)— ’\"3(>\"—:,))+:,3 (.\‘- :)(_\'— :)2()

' /ip dglng: SL1‘ dung bill ding thirc CBS. ta Q6:

[Z%J(;(b+c'):(Zcz3 +1>c)\:|24(u+1>+('):
U, "cl ‘ +120" »_. ,

Nhu‘vé1y,ta chi cn chtrng minh ring:

2(a +17 +c)3(a2 +b3 +c2 +ab+bc+cc1) 2 3Z(b +c')3(2u3 +120)
('_\‘<

<=> 2Za4 +3Zab(a2 +b2)+22a2bc 2lOZc12b2

su dung bait ding thtrc Schur Va bit dang mu-C AM - GM, ta C61

2:14 +Za3bc2 Zabml +113) , Z(I1J(_(I2 +b2) 2 22103123 .T£1'dy, ta C6 dpcm.
<'_\'r ('_\'z’ ('_\‘< r'_\’(' <‘\ 1

Bing thfrc xéay ra <:> (1 = 1) I C hozic a = 19.0 = O vil czic hozin vi

Ch 1111g min 11

' B5 (B611 c7’c“1ng rhfrc Scllur)
5

x4 +y4 +34 +.\)';(.\'+y+;)2.\3'(x3 +_\':)+_\‘g(_\"3 +33)+:,\'(.',2 +.\‘:1 . Vx, )1; 20 (*)

I

5



160 Kf thut chgm diém r0’i trong bt ring tlukc Buniakowskz

\ Bili ll. Cho céc a.b.c20 ch(1‘ng minh ring:

1 1 1

7 + 1 + 7 Z 1 _

Z241‘ +3bc Z219“ +5ca Z21” +3a/7 (a +b+c')'

Ch ling minh

- B5 dé; (B51 damg I/1121' SC/UH‘)

x4 + _\'J' + Z4 +.x)";(.\'+ _\'+ ;)2.xj\'(.\'2 + ),'2)+ _\";(_\2 + ;3>+ :,\'(Z2 +.\'2) , \/.\‘. _\', 3 2 ()

' /ip dgmg: Sir dung bit ding thtrc CBS. ta c6:

{Z;j,1——)(Z(b+c*)2(ZZc1: +5170) 2 4(u +l7+c)3
22w +5b<- , .

Nhu'v{1y,ta chi can chirng minh ring: 4(a +b+c)* 2 Z(l7+¢-)l(2a3 +l>c)
(‘_\'r’

<=> 4261* +11Zab(a2 +zf>+4Za1b@ 2 aozzf

Sir dung bit ding thtrc Schur v21 bét déng thtrc AM - GM. La cc’):

Za4+Zc13b¢‘2Zab(c1:+b2) , Z41/)(u2+b3)22Z:(1:b2.
('_\'c ('_\'z' r_\"(' :‘\'<' <>_\-1’

Ttr dy, ta cé dpcm.D§1ngtht1'c xéy ra <=> a = b = c.

Bili 12. Cho céc $6 a.b.c2O chtrng minh ring:

71 71 11 8

2a“+bc 2b“+ca 2c'+ab (cz+b+c)'

Ch ling minh

° B6 dé: (Bdr Jdng I/nit Sclzur)

.\'4 + y4 + 34 +.\)‘;(.\'+ )'+ :)2.\)"(.x'2 +_\*2)+ _\';(_\f3 + :3 ) + :,\'(;2 +.\'2) , VA‘. )1 :_ 20

' /ip dung: Sir dung bit ding thirc CBS,u1 c6:

Z—7L— Z(b+c)1(2(12+bc")L 24(a+b+c)3
U, 2a’ +bc W.

Nhu vzfly, ta chi can chllrng minh ring: (0 +l2+c)4 2 2Z(b+¢')2(2a2 +b(.')
('>\'('

<:> Z04 +2Zz1b(a3 +b3)+4Za2b(' 2 ézulbz
‘in. 0.‘. O-F tn.

Sir dung bin ding thtrc Schur vé bit déng thtrc AM — GM, La c6: H

Za4 +4Za3bcZ2a“‘ +2a2bc'2Zab(a2 +b2), Zczb(aZ +122) 2 Zzazbz

('_\'l' ('_\'(" ('_\‘(' ('_\'£‘ ('_\'(‘ ('\'l' ('_\'('

Ta 06 dpcm. Ding thirc xéy ra <=> a = b,c = O v51 czic hoén vi.

I



Chlrmlg I: Nhvzg vién kim czrmzg trolzg bl?! dng thzir 06 ziié

Béi 13. Cho czic $5 a.b.<.'20 Chtmg minh réng:

u3—bc 123- - '3— b
*

w ‘ .+ , ‘” ~+ TL ” ~20 <1)Zb‘ —3bc+2(" Z0‘ —3c"c/+20" Z51‘ —3c1b+Zb'

Clz 1271g m in lz

' :_ \ 2 7, 2

B5.1dn<1thL'rc(1)<:> Z _1ib;w+1 _- =iz3
V N. Z19“ —3bcr+Zc'“ ._ “ —3l9c+Z('l

\
\/

Q.)

II
§'-Z‘.

SL1" dung bait ding lhfrc CBS, ta cé:

[Z-"“,i"‘)'_,j[Z:(¢11 +2<b-¢>1><21f -3/»@+2¢-1>jzL’5Z¢H -421%-)2
U, Z1)“ —3bc‘ + 20' T, Y .

Ta phz'1i<:hL'1'n@ minh: ’5 (H -4 11”: 2 3 (E + 2<b-¢~H<21>1 -3/>(-+28;C‘ L _|
.\(. \.

<=:> Z114 +Zc13b(,'+2Z¢zb(cz3 +b2)2 ézazbz

SL1‘ dung bél déng thtrc Schur vii bit ding thirc AM — GM, ta cé:

2:14 +Za3b¢‘ 2 Zabwz +113) . Z(1b((13 +b2)2 Zzuzbz
rj" 1'" :"_ '1' z"_\z" z'\':'

Ti1'd€1y,ta c6 dpcm. Ding thtrc xa'1y1"z1<=> a = 1) = C hoéc a = b,c = O vil czic hozin vi.

\ . , . 202 —bc' 2/93 — ca 2:‘: —abBa! 14. Chung mmh: 3 , + 1 q + , 7 2 3. V a,h.c20
b“—bc+c‘ <"—("u+u' a“—ab+b'

Ch zhzg minh
/ 1 w '>; I , ,_ 2‘—b- ~ 2'+b—~'Bat dénv thuc lu"0n2 duone vcn LLH 2 6 c> g2 6C V V 1 w w '1

W. b‘ —lJc‘+<" / W b‘ —bc+c'
su dung bét aéng thtrc CBS, m C62

2 1 b— - ° . '1 , 1" . :212 ](%(2a' +(b—c')’)(b' —bc"+c")/]24(2;;a' —gbc/\J

Ta phéi Chfrng minh: 2(2Z¢ -Z1»): 2 3Z[2¢f +(b—('):]([72 -b¢-+6)

<:> 22:14 +ZZa2bc'+Zab(c12 +b2)26Zc12b3

su dung bét ding lhtrc Schur Va bét dang [hU'C AM - GM, ta 06:

Z3424 +Za2bc'2 Z(1b(a2 +122) , Zabwz +b3)2 Zzdzbl Ddpcm
('\‘l' l‘_\'(' l'_\'(' ("\'(' ('\'('

Ding lhL'l'C xeiy ra c> a = b = c hoéc a = b, c = O vi céc hoén vi.
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$62 K)" thut (‘]l()ll diém r0'i trong bl?! (hing tluir Buniakowski

Bili 15. Chtrng minh réng vO‘i mgi <1_h.z"2() Lu c6

u3(/2+<') l>:(('+<1) <“:(u+lv\ Z(u:+/>:+(':r
+ +— Z

/)3 +ln"+(': (‘Z +<'u+u: ul +11/>+/>3 61+/'?+<'

 ..i_ii_
Cluhzg minh

Su" dung b§ldéI1glhL1‘C CBS ta (:6

u'( >+c) \‘V 03(1): +l><‘+('3 ) ~ 1 ~ ~

_ Z i2<u'+l>'+(")“
“+7(“+("‘ , >+<* Q

_/————-—\

r\.
\.»

J

J

~\_-\_

\_____

~\

Suy ra bél ding thrc Ciuqc chirng minh néu ta chirng minh du'Q'c

1 1 l_ _: : _: 2 _: 2 2

(a_+b_+(__)(a+b+(_)22[cz (I2 +J(+( )+l2 (( +<u+u )+¢ (u +aI2+b )3

b+(' (“+u 51+/7

R
<=>((l: +12: +0: )(c1+h+r') 2 2(u2(b+c)+Iv:((‘+a)+('3(u+h))—'lz1Iu'{%—+—lL+J%—%).)+<" (‘+11 u+/7 _

‘
/7 z‘ 3‘ '

<=> u(c1—b)(u—z')+Zub('(-l—+——-+——-—;)2()2 \b+(' ("+0 11+!) Z

Khéng m§ttfnh1611g quilt. gia str (1212 2 <-. [21 06

2a(a — b)(a — 0) = ((1 — I2) (um — c) — 19(1) - 0)) + ("(11 — ¢’)(l> - <") Z O

Mat khzic thco bét déng IhU'C Nesbitt ma -2- + -”_ +L2 3
b+¢" c+u u+b 2

Suy ra dpcm. Dng thirc xéy ra <=> a =12 =0 h0§1<: u :b,c :0 v21 czic hoain vi.

Bi1il6.ChL'mgminhr§ng véri mcpi u.b.c"2O ta cé ‘

u(b+c)3 l2(c+(1)1 z'(u+[>)2 >v

/7" + ubt + ('3 c" + abc + <1“ <1“ + uln" +19“

Chlivlg minh

SL1‘ dung bit dfmg thirc CBS ta c6:

w w 1 -

2 a(b—i-(‘)2 _Z c14(b+(')2 >(u'(/7+¢")+/1'(<'+u)+("'(u+l2))
\ 3

I 3 w \ 1

C“. bi +abc+c: W. u"(b‘ +alJc+ c" ) _ Z<z?(I?7 +ul7<' +0‘ )

(‘\'(

Ta chi can chirng minh (a1(b+c) +b3(c+a)+(*3(u +b)): 2 2Z(l‘([7} +al1("+ (*3)

r_\(>

<=> (a -b)’(1;-¢~)1(¢-(1)1 20 (lu6n dang)

DéngthL'1'c xeiy ra <:> a =b,c =Oh0:§1c czic hozin vi.

~
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U2‘

(

c

iii 17. ChL'1'n<1 minh rénu v6'i n1ois6thL1'c cz /9 (' ta 06

(13 —/7(‘ /J: ~('u ('2 —u/7
1 w . + ~ \ q + , ‘ ~ Z0u"+Zb‘+3(" />'+Z("+_wa' ("+Zu’+3/1'

Ch ling minh

Z 4(u: —b(*) 4(u: —/7(') +1} 1

1 3 ‘ ~ q Z '7 ~ ‘ A_3
W. :1“ + 211' +30" W. u‘ + Z/7' +30‘ j

_-v w _v w_qZ ([9 e)“ +2 Du +( _}>Z Du +(»

U, (13 +2113 +3(‘: W Cl: +212: +30: (\! (1: +217: +303 ~

Mil khzic. then bét déng thfxc CBS ma

Z(5c12+c:)(a3+2193+3(’:)\236(a2+b2+(‘:):
N a" +2/7' +30“ “in,

M51: 12ml +111 +6)’ -Z6”: +<-1><(H +2b2 +3¢-1>:Z2(a1 -l 20 :>ap¢m
(‘)1 z'V\':’

Béi 18. Cho czic a.b.('2O chL'rng1ninhr5ng

a:+b(: b:+(ru c:+a/2 l8u:+b:+(':
7 7+ '7 1+ W 33 7a“+(b+c)' b'+(('+u)' z"+(u+l>)" 5 ('a+l)+<")‘

CI1 1?'ng minh

Bz‘1td§1ngthL'1‘ctL1"0ng du"0'ng véi Z 1- ,”_ +1)‘. , +18 (F +17“ +C,_ 2 3
,._\., :1" +(l2+c)‘ 5 (a+b+c')“

<1? Z 01+” ‘bf +18 "H H" "L"; 23.ChL'1)'/r§1ng(b+c)2 -/)CZ;(/1+6):
(\.,»(1' +(b+c)‘ 5 ‘((1 +b+c)‘ 4

\ . _ 1 1» -1 6 1 bl -1
nén La chi cén chirng mmh réng -2 ,( +0 1 +~—a + +2 21

4,\.,a‘+(b+c)' 5 (_a+b+c)'

S11 dung bét ding thtrc CBS, ta C6:

Z (b-H"): > 4(c1+b+c")3 4(u+/2+0):
W :12 +(b+c")2 _ EH13 +('b+c)3) Z(a3 +/)3 +('3)+(u+b+(*)3

:'\'<

Ta phéi chtrng minh 1 fa +{9+C)_ +i 61- +b_ H: 21
2(a' +b' +c*')+(a+b+c)" D((1+l7+c)'

_ c3+b3+c3 1 \ , ; ; ,

Bat x = Z — 1h1 ta co bat dang thu'c Iu'o'ng du"o'ng
(_a+b+c)' 3

1Lg21¢>.\"(3.\‘—1)2 O Iuén dflng vc'>'i mgix 2 —, suy ra (dpcm).
2.\"+l 5 3

Bing thfrc xéy ra khi Va chi khi a = b = C.

~
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I 1 1 1 12

' h u'+n" “ "u "+u> (u+b+<')'1 Bi1i19. Cho czic $6 (1_17.('Z0.C1'1L1'1'1$1 minh: _ + + , 2 ‘

/ I) +( ¢ I (

Ch zi'ng minh

Khéng mt t1’nh téng quét_ gizi sir a+b+c:1. kh1 G6 b§1td?ingth(1'c tro" Lhilnh

w

——-1 >1v<=> /_——1 -1\>9<=> »~£—1U “>9
%1a2+bc %11u:+bc J u:+bc

1-412 -120 13—g((l: +bC)):
Sir dung bét ding thL'1'c CBS: Z , _ ‘

W. a‘ +bc Z(1—a' ——bc)(a' +190)

Nhu‘ thé. ta C1'1l cn chirng minh ring: (3—Z(z12 +/10)): 2 9Z(1—u2 —I2c)(u3 +b('1

Dét q = ab +bc + ca. khi dc’) bét ding thirc 1u'o'ng duong (1 —4q‘)(4~ 74/) + 36ub<- 2 O

Néu q Si thi bét ding thtrc hién nhién dilng

Néu q 2% , khi dé thco béu ding mu-¢ sum 111 C61 911120 2 4q _ 1.

D0 C16 (1 —4q)(4—7q) +36ub(f 2 (1 —4q)(4—7q) +4(4q — 1) = 74/14:] -1) 2 O.

Ding thirc xé1y~ra<=> a = b,c = O vii czic hozin vi.

Bili 20. Cho a,b,c 151 dé di ba canh cL'1a mél tam giéc.

Chirng minh ring: as“-17) + b§b_C) + C_(c_u) 20
u‘ +2bc b“ +2011 c‘ + Zab

Chzhlg minh

B51 déng thtrc urong ducmg: Z —;———+l 12 3 <:> 2 3[a(a~b) ‘ 2a3—ab+2bc

,_\., a" + Zbc ,1 W,» 11" + Zbc

D0 a,b,c 151 dc} di 3 cgnh cua mél tam gizic nén r-212-11

» :> 2111 —ab+2bc z 2&1 —ab+2b(b—a) = 2(a-1;)’ +111; 2 0. su dung CBS,1a cé:

{Z J(Z<2a2 - ab + 2bc)(a3 + 211<->]z(22(- + Zab):.
W, a ' + c N K m. N

Ta cn chtrng minh(2Za3 +Zdbj3 2 3Z(2(12 —ab+ 2bc)(a3 +2176)



Cl1u'¢fng'I.' Nlu7'ng vién kinz czrmzg trollg bfir Jzing 1/1121‘ c6 dién I65

<:> 7Z:¢13l7+'-1211/7" 2 Z2114 +3230”): +6211:/21'
1'\1 g'_\(' 1\'1 1\< 111

D0 a.b,c 151 dé dili 3 cgnh cua mét tam gizic nén [Cm tai .\'_ _\'.: >0 suo cho

<1: \" + 3./2 = : +.\'.1" = .\'+ \". Khi <16 bit dne 1h1'1'c 1u'o'n2 du'o‘ns, . v g \_

4 1 3 .1 1 1 1 :Z2 .1" + Z2 .\j'(_\‘ + >\" ) + 321.13" 2 62.1 >\‘ + 32.1 _\": .

('\(' l\'& I‘-I 1\1 1\.'

Su" dung bit ding 1h1'rc AM - GM Lu Q6:

22.111 2 22.11)‘: . ZZ.\3'(.\'3 + _\": ) Z -121:)": _ 3Z,\"_\“‘ 2 32 .11)‘:
1'\1 (‘\'(' r'\1' 1\‘1 1\1 1\1

Nhu'v§1y bait ding 1hL'rc d Cluqc chirng minh. Dz“111g 1h1'1'c xrly 1'11 <:> (1:19 =1‘.

Bé1i21.Ch0 ca’1cu,b.c>O; abc=l.Ch1'1'ngminh: , 1 + 3 1 + 1 1 £3
11‘—c1+l b'—l>+l ("—(f+1

Clz 1111g minh

-» ~ . . 1 1

B6 dé: V61 m<_)1 ,\'_ _\". 1 > ()..\"_\': I 1 [hi _ + 1, I + , 2 1 1 1‘)
.\"‘+1\-+1 \-‘+\~+1 :'+:+l

- /1]) [)IlI IIIII
Clzzhzgmi1zlz.'D0 .\‘. _\‘. 1- > 0, 13‘: = 1 nén 16n tai 111.11./1 > () $110 cho .\' = —,._\* = -1,; = ,

/11- II ~ P’

S1'1'd11ng b:‘11déng IhfI'C CBS. 111 cé

4 1 . . .
m (m‘+1z‘+/1')“VT(l)=24 , N24 4 4 ,, _, ,1 21

W111 +m'11p+11“/J“ 111 +11 +/1 +/11'11'+11'p‘_+/>'111'+n11zp(m+l1+p)

» A .. ., 1 I , \ ,. l I 1 ,Ap dglng: Bay g1o' su dung batdé1ng1h11"cnuy vo'1 .\' 1 —;._\' = 1 I T.t11c0:
Cl 7 (

.1 4 _4 3 2 _:11‘ b 1 21$ Z111 Tl) 2(1) -1-1) i(1 T1) £4
11 +<1‘+l l>”+b'+1 1," +("+1 a*+z1‘+l 17 +b'+l 1' +("“+l

_(c13+z1+l)+(1c13—¢1+1)+(123+b+l)+(l>3—12+l)+(z:3+<'+l)+(<.':—<"+l)<4
(a3+11+l)(z13—a+l) (b:+b+l)(b3—b+l) (('3+('+l)(1'3—<'+l) W

1 1 1 ‘ 1" 1' 1 1

1: , + , + , )+| + , + , $4
’c1'+a+l b'+b+] ¢"'+('+l \u‘—u+l b'—b+l (“—('+1,

D0 , 1 + , 1 + , 1 21 :>dpcm. Dz'ang1h1'1'c<:>z1:b:(':1
c1'+c1+1 b‘+b+1 c‘+c+l
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1 1 1 ' 1

B£1i22.Ch1'rng minh: + + §\1:( 1 + 1 + 1 ).vu 1; < >

\/(13 +170 \/1123 +cu \11(*: +(zl7 61+/1 17+" 6+”

Clzzhzg minlz

SL1‘ dung bit ding thfxc CBS. la C6:
-

/1 1 W: +2 /(u+l>)(u+r') 1

L . U3 +b( / U, \/ (13 +190 \j1(u +/>)(u +1‘) /,

WT

u(/1+1‘</Z(a+b)(a+c)w Z 1 11* Z(u+l2+<')

-LN. (13 +120 / W. (c1+b)(u+<'_)/1 ((1 +12)(12+ c')(('+ u

/g_[€'4

, +>
u" +12:

-\

\ - ~ \ /
Ta cémchimgminh a+b+(1 Z(I(,I7+()+3

(a+b)(b+c)(c+u) W. a“ +120 /, V“ b+('/

Z(b+L‘) +3< ((12 +12: +03 +3ub+312c'+3c'u)2

1-, W. 512 +bc _ (z1+b)(b+c)(c+u)(u+I7+ (1)

2c1(b+c) _3< a4 +b4 +c4 —a3/72 —b3z': -1302

1-, m. (13 +bc 1 — (cl+b)(b+c)(<'+a)(u+b+c')

< —b)< --),%+1_1_-121)
<:>%a U (1\a~+[;(- (b+c')(u+l2+(-)1,

Khéng mt tinh téng qu:it,giz'1 su‘ a 2 b 2 c. khi dc’) la c6 a — 0 2 ;—1(l2— 0) 2 0
7

D <12 -1) if _1—
O O §(a Na ((02+fbc+(l9+C)((1+b+c')/

211-111111-1'>a ,1 + 1 )_b(,1 + 1 J

1; a-+195 (b+(')(c1+b+c) \b'+c'a (c+a)(a+/,>+c)

= Cm -51:16’ +b)(b'C)(a2 +b2 _ab+ac+bC)2O. D§1n<1th\'rc xfly ra <:> (1:1) = c.

b(a3 +bc)(b2 + ca)(a + c)(b + c)(a +17 + c) 1

1 1 2 ,1

Bixi 23. Cho a,b,c20. Chung minhrng \1a Hm + 11’ H11" + 1‘ M1" z@+1>+(-
l>+c 11 c'+a \1 u+12

Ch 121:1g nzinlz

. \ ’ .
. , *1 + abs 01(1) + c) 2

su d_ no bét dénv mu-Q CBS ta c6: 1/i-— ,1-,—-— 2 (U +1) + C)

u C C Y
b+c' a'+bc

Bit ding thtrc sé duqc chng minh néu ta chfrng minh du‘c_>'c

\/a3(b+c) +\/b3(c+a) +\/c3(a+l2) <a+b+(_

a“+bc b'+¢a c‘+ab F
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I ~‘ - . ’ ..1 . I . ,.: , \.ThC(/‘CBS lama: u+/7+(_H¢1 ~(/)+<)+/7 Fz+u)+< ‘(u+/J!
u W ‘ (I'+/70 1 '~ 41' +/7(' /2"+u'<' 4" +11/7 ,’

»—\

, . 3( -) :( -+ ) -:( + )

Ta sé chung mmh U Qb +( +1) j( U +( _ U /7 éu +/v +(-
11' +/2c‘ /1' +111‘ r’ +u/1

Mu-l>)(<1—(") />(/'1—<')(/>—u) <"(z"—u7(("—/7)
4:?» + -1- ZU

11' +l><' I)‘ +111 1" +11/2

A 4 , . , . , -( -- H -—
Khong mat llnh Long quz1t.g1a su' u 2/2 21' I11 cu: (—%“—(-Q2 ()

<" +0!)

V51 (a—,b)(a7(\) + b(/7_,(_)(b—u) 2O<2*(a—/2)(u +/>—¢')2() (luén dfmg) :> dpcm
cl" +170 If +m

Ding lhL'1'c xziy r21 <=> u :12 I c hofac u :l>.<' =0 hozjc caic hozin vi.

\_ , _ ; 1/(/2+0) />(('+u) c"(u+/1)
Ban 24. Chung mmh rang: , _ + , , + 7 , 2 Z . V<1.h.¢>2().

b'+/>('+<'“ c"'+('r/+51“ (1“+(1/>+/2'

Ch ling minh

‘/ a(b+c') V (1(l7:+/>('+c:)\- ~

Strdung CBS. 12106: Z , , Z ,z<u+/;+(-)-
W 17‘ +lJc+c' W /7+? /,

,1 , ; , , ; \ (l([):+/7("|-('3)
Nhu' the. ta ch: can chlrng mmh rang (<1 + I; + ("Y 2

7+('

<:> ul +/73 +0: +Zc1/2<'(il—+i+—\—) Z Z(<z/2+/n'+('u)
61+/7 /7+0 ¢'+u'

I \ 1 l 1 9
Sir dung bt ding thtrc AM - GM. ta cc’): + + 2

0+1) /2+0 (‘+0 Z(c1+/)+¢')

,1 , ; , _ \ 1 } 1 9C1/7C‘

Nhu'1he. ta ch1 can chung mmh rng: u" +/2‘ +<" +—f 2 Z(al2+b("+<rz)
<1 + 2+0

¢> cl} +193 +0‘: +341/ac 2 c1b(a +12)+/J('(b+r-)+<'z1(<~+c1). (dC1ng1hc0Sclzur)

Vgiy la cé dpcm. Ding thtrc xay rz1<=> u : /2 = <- hoéac u : 12.0 1 0 v51 czic hozin vi.

x .5 1

\ _ L ' \ "‘
Bai2:.ChL'1'ng minh rang 1 A ‘+ z ' ‘ + ‘ *' 1 Zl (l)_ V.\-__\'._,20

.\"+<.\'+_\‘)’ _\~ +(_v+:)* :.’+(;+_\-)* 3

C/uhzg minh

(1%: 1 ,+ 1 ‘+ 1 ‘Zl.t1'0ng d6 /11=l:/zzi;/>='—\‘ :>m/z/2:1
1+(1+m)“‘ l+(l+n)’ 1+(l+;1)‘ 3 ~\' ,\‘ I

(w (w ,(>

D51 m= [72 1/1: “Z 1/1: U13 .(])@ ”_ _ + h_ _ + (_ 2 2-1- (Z)
' cl“ ./J‘ (‘“ ab +(u‘ +/20)” /7“ + (If +00)“ vb +(c‘ +ab)' 3

(, 2 bx _s:
SL'rdungCBS.tac6:VT(2)=Z U X2 mi in )

"P (16 +(a3 +/7(‘)~ EM “H”, +170‘)
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Suy ra (1) dng néu ta chirng minh duqc 3(u3 +123 +0‘): 2Z(¢z“ +(u3 +l>c")3)

<=> ab +b° +c6 +5(a3b3 +1930} +c3a3) Z361/JC((l': +123 +c":)+9a3b3c:

Theo AM- GM: £1“ +a~‘b~‘ +61)’ 23414110. Tu'0'ng [gr /1“ +1>~‘(~‘ +/>-‘R zzzfw

vé ('6 +c3a3 +0351} 2304019. Cng Lhco AM— GA/I I3((I;[J3 +1210? +c"}a)29z1:1>2c‘:

Céng tit cé caic bét ding thtrc trén suy ra dpcm. Ding thtrc xa'y ra a =b =0.

Bi 26. Cho czic S6 khéng am a,b,c, chirng minh ring;

a2(b+c) b2(c'+a) c3(_a+b) >2
(b2 +c2)(2a+b+c) (c3 +a2)(2b+c+a) (al +b2)(2c+u+b) — 3

Chlhzg minh '

Str dung bét ding thtrc CBS, ta c6:

Z a2(b+C) .Za2(b2+C2)(2a+b+C)> Z412 2 Ta c§n chirnv minh‘
<b1+@1><2a+b+<:> 1>+@ ° '

3(Za3j2 ¢:> 3gu4 +ZZ;a2b3 24Z; 
1 ° 2 1 Z 2>(b_+C) 1 1 -> -PC)

3 4-i__) ("Ir _f1Z@<=> g[a a ( +¢)

1 1 '> 1 v

‘b(a—b)—ca‘ (c—a) a‘(b‘ +c')(l7+(.'—u)
-=3 a + 20

b+c b+<'

32 ab(a—b)2(a2 +b2 +ab+bc‘+ca) +Zcz3(l22 +c:)(b+c—a) O

W (a+c)(b+c) b+¢~ _

Khéng mil tfnh téng quét, gié str a 2 b 2 C, khi dé ta c6:

'3Zab(a—b)2(aZ +b2 +ab+bc+ca) +Za3(b2 +c3)(b+c—a)

Q“. (a + c)(b + c) W, I) + c

2ab(a—b)2(a3 +b2 +ab+bc+ca) a2(b2 +c2)(b—a) b2(c2 +'a3)(a—b)

(a + c)(b+ c) b + c c+ (I
2

=—(££—[2ab(a2 +b2 +ab+bc+ca)—a2b2 —(b2 +ab+a2)c2 —(a+b)c3j
(a+c)(b+c)

2—LCii)_——{2ab(¢z2 +193 +61/)+1)C+C(I)—(I:b: —(b: +a/2+a2)ab—(a+b)abc*]
(a+c)(b+c) .

= ab(a_b)~(ab +27“ +bC+Ca) 20. D§1ngthL'1'c xziy ra <:,> a :[2,c = 0 vil czic hozin vi.
(a + c)(b + c)



Clz u'0’ng I: Nh 1711g vién kim cuvng trong b(7't (7511g thzic 05 (711512 16‘)
|v. cAc BAI TAP DANH CHO BAN DOC TU’ GIAI

11.17. c" > O
1 -> V_

Bi 1. Cho <. .ChL'1'ng minh ring: Z ,"3u3 +i+<”‘ 2&5
u+/J+c=3 (“N [7+l

'a,b.c>O
~ I788 ; l rB51i2. Cho < 3 . Chtrng minh1'z'1n<1: Z /“in +—_ z4\/6

- ; V \' 3 b"u+/9+c S \.’

'61./7.(‘>O
' , 4 16

Biai 3. cm < .Tim gizi 11-; nho nhél Qua biéu thirc: s = 2511- +~4,+T
a+/2+c26 ‘\¢»\ /7 F

Béi 4. Cho a,b,c.d IE1 céc sé thLrc sao cho 11331.03 +12: Sin: +/>3 +03 £14.

(12 +191 +6 +¢13 $30. Chirng minh rang u+b+¢-+4 5 10

B51i5. Cho X2 + _\'2 + 1: =2. Chirng minh ring .\‘+ _\" + : S 2 + .\'_\':

~ - - a4 /24 ("J :1: +b: + -3Bax 6. Chng mmh: , , + , , + W , 2 ‘ Va. 12. c > ()If —bC+c' C‘ —c‘a+a‘ a" —a/1+/2' 2

\. , . 1‘//-“'~’41/--
B2117. Chung mmh: (W7) + PM ) + (*0) 2—.a,J+7€+(il \/a.b,¢'>Ob+Zc c+Zu 0+2/J 3 a'+/2'+c'

-‘ § 1
»'7 * » .~ I - .

B5i8.Ch£1'ng minh: "_ b + I’, ‘ + ‘, " z ” "W "L 1’ J" ‘) Va. b. @ > 0
ab‘ +1 be“ +1 ta‘ +1 abc + I

1 1 1 ”
» 1~ ~ 1L b ~- /-B51i9.ChL'rng minh: (alil) +(b+,) +“+,) +“’+q7+‘) z1|+6\/3 Va./2_<'>O

)_ C- (l_ _

.1 .1 _3 2 2 _:
Béi l0.Ch'I1°1T1il'lhI ” + ” + ‘ 2“ +” H Va, /1. (->0c 1 w 2 w » 1 /a'+ab+b' 12 +l>c*+c" ("‘ +zia+a" 41+ 7+<-

B:?xi11.Cho a.b,c >0 um man aiéu kién (H +1? + H = 1.

a 1 \
, _ ; a [2 ¢ IChung m1nh rang: + + 2-

a +2b+3(' />+2('+3a (+251 +3/J 6

Béi 12. Cho a, 12, c > O tho'a miin diéu kién (I/)(' = 1. Chirng minh rzingz

(13 b3 c’ 1

'» 1 + '> 1 + v 1 2_4+2b'(cl+(‘)+(" 4+Zc'((1+b)+u‘ 4+Zu'(/7+c)+/2' 3

Biai 13. [Japan MO] Cho (1.11. <' 20. Chtrng minh ring:

(b+(“—u):3 ((‘+u—l7)2‘ (u+/2—(‘)2 >5
a3+(b+c)' l>3+(¢*+c1)' r‘3+(u+l7):_5
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B511 l4.Ch1'1'ng minh: I _” + /, _b + /, _(_ 2 ,3 . Y/11_!1_1'>()1/<28

\/11‘ +kb1' vb" +k1‘11 \/1" +/<11/1 v’/\' +\

[11.l2.1'>() [U4 +15 1’?/7i +(.<‘ ‘(.4 +u1

B3113. Cho 4 . Chung mmh 1
+ 5'

+\} 23
111171" =1 \1 1+ 1111 1+ 121' 1+ 1-11

Bili 16. CM: —il—(_\"+:)+—L)—(;+.\')+—i—(.\'+
V11.l2.1"..\‘. \".:>O

b+1' 1'+11 11+]? ' .\'+_\'+; '

j11l.113.....11n_l_11” >0 11

Bixi 1'1.c11O . {>11 5 =21
X11111: +11311; +...+ 11,,_,11,, :1 111

\

, l 11‘ 111 11: 1

Chung mmh rang: I + ‘ +...+ " —2

5 -111 5 — 113 S -11,, 11 —l

Bili 18. Cho 11|.112....11”2O.Ch(1ngm1nh b:‘1111:*'111g11u'1-c sau:

7 / I * v -—1€ii—7—:

1 (1 +(I, LII +...+(l”\ (I; +0: [(II_+...+(lI;
l‘ ~7 "1 +...+ 1 O1 —) 111+‘; ~+\J~

V A1
.».. / < ._

ll H

+

Bili 19. Cho 11; I2. 1‘ > 0 thca n1’é111 diéu kién 11: +12: +1‘: 21.

w -\ -\ ,—

, _ \ 1' I" " 1?

Chung m1nh réng: —l——+—7——+—(»2\—‘
b+c 1'+11 1/+11 Z

Biai 20. Cho 11.111-.11 > 011m min diéu kién 11’ +15 +1-I +111 z 1.

. 1 . .

, . ; 11‘ If 1" 11‘

Chung m1nh rang: -——+———+-———+-—— 21
b+c ("+11 11+11 1/+11

Biai 21. c110 11, 11,1-,11 > 0 11m min diéu kién 11’ + />1 +1~1+ 11121.

3 1 _: 2 q

. . 1 11 I2 1 11 _

Chung m1nh rang: + 1+ + 2 1
b+c+11 1:+11+11 1/+11+b 11+b+1' .>-

Bi 22. Cho 11,,112,113.114.115 >0 théa min diéu kién 1111+ 11% + 1113+ 11§ + 11; 21

w . '1 1 1 1

1 111 111 11} 114 11, \E
Chung mmh rang: + “ + ' + + ' —2

11 + 1z~ 11. + 11 11 +11- 11- +111 111 +11. 2
2 .~ .~ 4 -1 2 > _

Biii 23. Cho 11|,113,113.114,11_; >0 lhéu min diéu kién 11,: +11; +11; + ai +11; 21

12 l 3 12 12 1: \/[5
, , 1 111 11 1

Chung mmh: ‘ + ~ + ~
+ ‘ + I‘ 2

113 +113 +114 113 +114 +115 114 +115 +11 115 +11, +113 111+113 +11; 2



CIzmrlzg I: fVI1z7'ng vién kiln cu'0'ng lrong [nil (Iring tlz 12'1" 05 zfiéh 17 l

Béi 24. Cho (1;.r13.u,.¢/4.¢z;.<1{_, >0 thou mfm diéu kién <1; +u_I +z1§ +111‘ ~.- £1; +¢1,§ Z1

. ~. - - ~ ~

L ll! L‘!-» LI; (ll
Chung mmh rang: %—— +~~'~‘ —+ —~— + —

¢l< Ll“ \.j
(1: +11; 11; +1/_. u_. +11; 115 +11,‘ (16 TL]; (1. +u\ Z

[u./>.<'>0
Bili 25. Cho <| Chfrng minh ring

Lu +12 + <' + (1/1+/71' + ("u :6
//V 1 \ 1

Z} U + /7 + L H +—/7 + ( [211/2+/><"+¢'u
/ +// “ /> ( + /\7+(' ('+u :1 7, _ #' ¢' (1 u+7_/

-, u 2rB§1i26. Chime minh 5—“— # »—[7— — -5-— § _ fl --?L—? “‘iu.l>.c >0
“ \/u+l> \/>+<' \*<"+<1 \ (c1+/>)(/>+c)(('+u)

B51i27. Cho u./1.020. Chirng minh hit ding lhtrc s;1u

(1 /2 + ¢" > I

\/‘(I2 +Z(/>3 +(':)+-1/J0 \/I/>3 +Z(('; ‘Y‘(1:)~]‘-1-(Y1 \/('3 +Z(u: +/1:)+-la/2

Bi1i28. Cho a.l>.<" 20. Chrng minh bél dng lhtrc §£lLl

/7‘+(('+z1) \'(' +(u+/1) \(1 +(/2+0) \/3

3 3 ! _- 1

ls ” + /’ + i ‘ s ~‘_
W I ' 1 I f 1 I /-

Bi1i29. Chime minh: , U + /7 + " S Z Va./1.0 > 0

J41: +_l1ru/1+1): Y’/J: +ib(-+<'3 \/kt: + i¢'(1+(/I

Bili 30. Cho <1./>.c"2(). Chirng minh bit diing Ihfrc sau

I
< < ')

+

+

. ‘ 1 '

U1" + (1/70 +/7'; J/>1 + 1 (I/N‘ 4» 1'; W"; + 111/)('+<1"
* 4\ 4 \ 4 \

Bili 31. Cho (1.12. 0204 Chirng minh bét df1nglh\'1'c suu

/ (13 + /7; + Y ("R

\5c13+(b+c): \}5b3+(c'+u)' v\'5(':+(u+/2)
_ é V,/11+/1+0

N 3

V '1 N

Béi 32. Cho u,b,c2(). Chirng minh ' fl +/H‘ + = ,b +m r" + ab 2 \/E
1 + 7 '7

\//1“ +/>r'+(" \'('" +('u+u' \'u' +ab+/2'

.1»,-20 2 . .

Béi33.Ch0 U ‘ .ChL'1'ng minh ;i+-1’-a1¢+;%i-1><-+/LQQ-(-az
a+l9+c=2 \' Z \‘ /- \' _

(1./2.('.d 2 O R F ,3 RB" 34. Ch M: " ” ‘ " zi
al O (,3+[;3+(-3+(13=1C 1-/><'(/+l—<r(/c1+]—a'u/7+l—ul;(' 7

(u+l>+c)(.\‘+\*+;)=3 \

Bfii 35. Cho J ‘ . Chfrng minh ring: u.\-+lv_\"+¢':2()
Ma‘ +12‘ +c‘)(.\'" +V\"' + 1' )1/4



e

i

—-I?

172 K)" thug?! chgm ziiénz r0'i trong bfir (hing tlz 121' Buniakowski
\ ') . . . .

Bi 36. Cho u.b.('.l< 2 0.ChL'1"nQminh ring: U + “/7 + /‘ + /7 + 2‘ + 1‘ + ‘ + 2” + I‘ 2 3‘ ‘ u+2(-+/< l7+Zu+/< 0+2/2+/<

~ - » - :13 +/J: /9: +0: 1': +a: 29": +/7: +('2)Ba137. Cho a.b.c2O. Chung mlnh _ W + W + S
(F +ab+b‘ b‘ +./)<'+(" 0" +<.'a+u' 11/7+/7('+<'”

B£1i38.ChoJ , , , .ChL'rng minh: "_ _+ b + Q $1

" +l>‘ + F =3 1+\/21/r +¢-~> 1+\/2<¢~1+<> 1+\x2<<r -/f)
41,17,020

In

Bi1i39. Cho <1.1).<-20. Chirna minh rang; -/8": +11" + 8": H" + 8": M” 2 ‘L
b \//v3+<" ('2+a: ¢/3+1): \/'2

Bi 40. Cho (1./>_¢-20. Chirng minh: _“" f“”“ + /" f“”" + F‘ +f""-' 2 2
/2’ + 0“ + czbc 0" + c1“+ abc a" + /2" +czb('

Bini 41. Cho (1,1), ('20. Chfrng minh rang;

a3(b3+c2) b2(c3+a3) c2(a3+b2) ~ » » z1(l23+(“‘) b(c3+a}) c(c13+b3)
+ + 7 $a'+b-+¢-'3 + +

:13 + be 19‘ + cu c‘ + ab <13 7+ lac‘ I13 + ca ('2 + ab

Bili 42. Cho a.b,c" 2 O. Chirng minh réng:

v '1 w 7 “ W W“:

7( a + b + 0 )<;a +/7 +0 <_1U u ) +( /2 ) +( (' )

H b+(' c+a 0+1; _H(1[2+l2('+("u_ b+(' <'+a, u+/7 J

Bili 43. Cho a.b.c.d Z 0.ChL'1‘ng minh ring: Q/((1 + c+b)(c1+ c" + (1) 2 1/ab + \‘/<rc/

Bi 44. Cho a,b,cZO.ChL'1'ng minhrémgz "f + I [7 +\/ C 2;
\}b+\/ab \/('+\/19-0 a+\/5 2

1 3 3
Bi45.Ch0 <1./>,¢-,/< ZO.ChL'rng minh réng: J’ W+ ,” }+ 1 ‘ 12 3

u‘I>+l<c”- b‘("+ka‘ c"a+/<1)‘ /\'+1

Bili 46. Cho a.b.c'ZO thOa min (a+b)(b+c)(('+a)=8.

Chung minh ran‘, <'_+l7_"“i>
C C“ 3 _ 3

Bi 47. Cho a.b.c > () thou min abc=1 . Chfrng minh ring:

1 + 1 + 1 Zl
(a+1)(a+Z) (b+1)(l2+Z) ((‘+l)(¢"+Z) 2

Bi 48. Cho a.b.(',d > O théa min abcd =1 . Chirng minh ring:

1 + 1 + 1 + 1 Z1
(a+3)(2a+l) (b+3)(2b+l) (c'+3)(Zc>+l) (d+3)(2zl+1) 3

Bai 49. Cmmg minh: \/ab +4bc+4ca \/be + 40:1 + 4a!) \/(‘(1 + 4:117 + 4/20 22 V“/7. 20.
" (1 +1) /2+ z‘ c + a Z

Bi1i50.Ch0 a.b,cZO.ChL'1'ng minh rngz

1 1 - 3
'71 + '3 + '7 2 '3 7 7

5a‘ +100 Sb‘ + ca 5c‘ + ab 11' +12‘ +0" + ab +bc +ca



Chu'0'ng I: Nh1?'ng vién kim cu"0'ng Irong bin dng rluic 06' (Iién I73 §

§3. KY THUAT SU DUNG BAT DANG THUC HOLDER 2
; _ I , 5

§‘3.1. BAT DANGTHL C HOLDER 5

1. Dang t6ng quét: 5

i a],u3_....a”eT';‘ 1 ] E
Cho 2 bQ so \'z1 p.z]€ suo cho —+~ =1 3

bl b3.....1>” e R’ p q E

1 1 g
Khi C16 ta C6: (af +u§’ +...+u/I’ )1’ .(/2," +/23’ +...+l2,'I’ )‘/ 241,11] +113/13 +...+u”l2” §

2. M6’ réng 1 cila bit ding thL'|'c Holder §
_.\¢.

c1].a,....,a” G 1:‘; 1 1 ' E
Cho ‘ va p. qe]R suo cho — +~ :l.Kh1d0tz1 co: E

121,! , /1 q2 _....b §

3. (lib! +a2b2 +...+a”b” S (alp +05’ +...+u,f’ ) ”</>1” +[2§’ +...+l2,§’)" (1) Vpq > O g

b. albl +a,b, +...+a”b” 2 ( :1,” +0!’ +...+z1/’ ) ”(l>l" +/Ji’ +...+b]‘,’)" (Z) Vpq < O E

1 1 §

C. Téng quail Chung Qua 2 dang a v51 b: §

(ail), +5131): +...+a”b” )M S(a]” + af +...+u,';’ )1, (./J," +172’ +...+1J,’,’)F (3) Vpq i O

(Bfit ding tlzzic Francis —LitIzew00d) §
3. M6 réng 2 ca béit ding thirc Holder §

al,a2....,a”eR+ '

b|.b,,....b”eR+ pl./13.....p”€RT
Cho m bf) $6 ' vil . Khi <16 ta c6: E2

[|~l7a 1

pl + pl +...+/211:1 §

...l ER‘ 5_ II

" 1 1 1 5
H H \ I; II I; / II I)

1:-
2 a,.l9,-....l,- S[ 1’ I2/’ l/7] (1)
'1 1 l / I 1 / 1 I /

4. M6‘ rijng 3 ca bé't ding thfrc Holder §

1[\/]=

Khi déta C61 (@,‘*bP...1,’~)s£Z<1,j [Z12] ---(Z/0
‘= 1 1 .1 1 \1 1 "

al.a.,...,a”eIR+ E

b,,b,,...,b” E ]R+ Ot.l3.....7»>() 5
Cho m bé s6 _ v€1 I71 $6 1hOa min E

- - - - - ~ - - - - . . . . . . . - - - - -- 1

l],l2,...,l”e 1111*

+...+)»: ii

). 5n 0" / :1 B 11

(Bét ring thzi"c Jensen)

' Ch zhzg nzinlz



17-1 Kf thug?! $12‘ dgmg 11111‘ Jzing th1?‘c Holder

1» ~ 1 1 _ , "
l. IB6 (76: Cho <1_be Ti’ \'Z1 /1,1/E Q’ $210 cho—+*:1. Kh1110 L+i 211/1

11 11 11 11

. 1 - , 1 1 1 1 1 .1' Clz1i'ngn11nh: V1 p,qe ~\; _ —,—e Q :> 3111.111 e N

P 5/

1 11 1 1 ,. , 1 , ,
. $110 ch0—:'T.—=]Z \10‘1 111 +11 = k. S11‘ dung bat dang thuc A11/I — G11/I121 co :

P ' fl '

Du bng xay 111 <:> <1" I I)"

A 11

, 1 1

11’ /2" 111 11 11111 "1 +1117”
—+»—=~-11'” +—-/1” :i—i21j111’” ) 1 1/>1’ =§/ET/>TIz1/1'

/1 q /1' /\' /\

11

A

, . 1 (1 /1,. __' Ap dgmg: S1'1'd1111g b6 dé cho u :;~—:/1zii \’O'i _j=1.11. T21 cé

/ _+_ 1 /I >

I,

: 1: 1'

1 1

II \ 7 \
11 I 1

11 1121 1 211
1 1 / \ 1

1 an b 1 ’ 1 <1 11

11,12]. 15] 11'; 1 bl \ (1,-17;

11 2<=>;+?1:1_ |/ I Z,> <:>{ 11" W L I1"

11 I) I 11 ll I 1 / I

1=l / \ 1 1

II

(1,1).-1 11

b-"

Z 1

1..

,5 11 ?] I 11 _ 1 1 :> i Z ' 11 +5 I 11 Z
Zap Z151 11 I, 11 \q 1 1 Z(I11 2121, 1 1

' ' 11"’ 1)" ' " ” 212"
1'=1 1:1 1 1 \ 1=1 1:1 ' 1

1 I 1 1 /1 / \1 1

/ 11 ‘(I 11

Z 2211111
1 11

1 1 . , 1 1 ,

2. a. Cho pq > 0 v51 — + — :1 Kh1 C16 p > ()_ q > O. Ta co bat dang thu'c (1)
P ‘I

<:> ab S :1" - b" :1
1": = = I

>~

_[\/1=

=ha

U

-1-

.1:1-1

T4

I’ '1 ‘I
bk$1 _ _

P

1 1: Z1);/J
'1

1/1~

:-M2
1~\*2

\-

/.1.‘

"F4
i\

QC‘

/_

” (11 " bk

Z‘ 1Z~—“1= ~.1— ~ 1-
1=111 F1-=11, (‘I

1111 121111 11

1 1

/ bl? \ 1/

S

I1 II / 71 \ 11 1

1* <1 111 bk
. <2111211211 Z 1 1~1

1 1 1 \1 1 A 1 1, \/, W

I)

1:1 ,

S11 dung b2“11d§1ngthL'1‘c AM — GM m('>'1'(>ng1a cé:

b. V1 pq < O nén khéng n1§11fnht€1ng quai1.g1a' str /1 > (1. q < O



' n 011" hf}! (Mug 111121‘ (0 dién . , Wumzg I: .\'Iu7'ng vién kim cu'0'l13 ' a 17'

, 1 ,
p =—_q =—

0
I

= (11):, :1" I '1

' -1] I 1'

-\

Ii

\
‘I

>().<

R: dung két qua cuu phén a.Iz1c6
I

TI.

:> :1”

_. / (1, .__4'

|

/ /I In \| I, /1 11,, ‘I /1

.», » .

I % , /1’ Z17,‘ <:>l g 11/’ E % bl’ I .€ E 411/2‘,

\ 1 , / \ I 1 ,‘ \ , ' ‘ ' /—|

..-

; B5.1d11glI1(1‘c(3

/\

' Diubf111g caic b5td5ng1h(1'c(I).(IZ) \i1<3I .\:1y 1'-.1 4: —‘ :
/21"’ /25’ /2,‘;

,5$3‘
F\

_-..

I,
>I) 11 >U.\'|, >I)

(I7

I /> /»\I](3 -1 3 1 I 1 1

I ' —,+~,:/>1I~~I:])~—:I
In ( /I , Iv‘ q ‘ q p

_/I
\/"I . \

Z1 czic-h phait biéu I\h;i1 quail cu;

I

/ II /\I) / 1| V\H[ r I 1

§IZ~:"
I :» I Q <2 2

I L21»:
I I 1 / /I I | I | ,I I /

II I

/ \ /
I 11

rain 111 11,:

‘ I

/ II \XI)’ 1/ /I \I\/): ' II \'hY7 I I [I II l
I1 /II <3 (IA Z 7k 2 A <

I I I _
l I7 \)/J

Sn‘ dung b§td§1ngLhi1‘c AM — GA/I1no‘1"(mgl;1c(>:

:1‘ ” bk ” IA

M

T 1'2._,

S

L

>~

/1 P1 /I I /7,
I 1

‘IVI

S L1‘

‘ u/" ' ’ *

~v~.

{U

7
:M=

‘-2

“I h’ AM GM mO' réng ta

It
‘M

=a +B+ ...+ A : 1. Véy Z(af‘1¢P.../,.“~)_
i=I

/I 0‘ \ bk IA
. <

II II I Q‘
I

M

T“

{L

‘M

I ,

11 (ll/K \I!]| n V by/Y_ \‘/1

~ Z II Z H Z
L_

CO

n/ 11/! \
,

\,l

I U,-

I

/ /Y \ , I /~/1

I I II / ‘ "
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Kf rhut s1i"dz_mg bfit zfzirlg tluir Holder
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§3.2.1<\? THUAT sU’ DUNG BAT DANG THUC HOLDER

I. DIEM R0’! D6] XU’NG TRONG BAT DANG THU’C HOLDER

Bi 1. Cho céc $6 thuc al.a3.....a,, >0 Chtrng minh ring:

(1 + a?)(l + a;)...(1+ ai)2 (1 + al:u1)(l + (z§c13)...(1+ a5_la”)(l + (1541,)

Cluhzg minlz

SLY dung b§1td§ngthL'1'c Holder vé'i p =% zq = Ta C6:
7

7 ~

(1+cz:)23(l+z1;)U Z1+(a;‘)"3 <03)“ =l+al:u3

23 113 ‘:1 ‘ll ,

(1+a;\) (1+u§)'2l+(a'2) ((1:1) =1+u5a}

>< ........................... ..>
(1+ai_l)2 3 (1 + ai )‘ 3 Z 1+(u3_l): 1(a1i‘)H :1+c1i_]nz”

(1+aZ)23(1+z1:)U 21+(ai)23(rz§)U =1+uiul

:> (1+ a,3)(1+ + ai)Z (1 + a,2a1)(l + uia; + ai_la” )(l + algal)

Bi 2. cm céc S6 Cl. b, (‘ >0 . Chtrng minh rang;

(l+b3 +c3)(l+c3 +a3)(l+a3 +b3)2(1 +a212+h2c)(l+b3('+c2u)(l +c:z1+a3b) (1)

Ch rhzg minh

Sir dung bt ding thirc Holder \/Gi p =-€- gq =%. Ta cé:

1Z3 i_ ,> _ Z

1

(1+b3+c3) (1+c3+a3) _1+b <r+<r c1

X (1+c3 +0‘) 3 (l+a“ +15)‘; 2l+<':u+a2b

h1+a3+b3)2"(1+b3+(r3)l"Zl+cz:b+l>:(*

:>(1+b3 +c3)(1+c3 +a3)(1+a3 +b3)2(l+c13b+b2c)(1+b2c+c'Za)(l+c2a+a:b)

3

B§1i3.. CMR: [1 + ii-?)(1+ -T

'3T 'w
X/

_3 I Z _Z

(1+;-T)z{1+%‘;)(1+%)(1+%5J v@.b,¢.->0(1)

Ch lhlg minh

(1) 4:: (a3 +b3)(b3 +c3)(c3 +a3)2abc(a2 '+ bc)(b2 +ca)(c2 +ab)

6

(L13 +193) 3 (bx +c3)U 2a2b+b3(' =b(a2 +l7c)

X (173 +c"3)2'y3 (03 +013)! 3 2b3("+c3u =c'(b3 +c-cl)

‘Y;

(c3 +a3) 3 (ax +b3)U Z c3a+a:b = a(c2 +ab)
»

:> ((13 +b3)(b3 +c3)(c3 +a3)2abc(a3 +bcr)(b1 +ca)(c3 +ab)



Chmrng I: Nlzng vién kim cmmg trong bfit (fling th 12'c ed dié I77

Béi 4. Cho céc S661. 1» £'> 0. chu-ng minh rang;

Chzhzg minh

1 _ _ -(1) <=> (a3 +b3c' )(b3 + c3a3 He} +a3b3)2 av/>101 ((1 + bcj )(b + cu3)(c + 0125)

SL1" dung bit ding thtrc Holder ta cé:

(a3 +1930} )2} (193 +(,"3z13)[p3 2 (13/7 +l23c3a 1 ab(u +110‘)

X (b3 +c3u3)2 3 (C3 +a}b3)l 3 2 l9lc+('2u3b I l7c'(b+ca3)

(03 +a3b3)2'J (03 +b3c3)l 3 2 cza + (121130 = ca(c'+ab3)

3 (03 +b3c3)(b3 +C3(l3)(C‘3 +a3b3)2aZb3(‘3 ((1 +1963 )(b+ca3)(:'+z1b3)

,_ __ . \ _ s\ __"» *

<:\ {1+b1§3 )£1+‘2§'1 )El+ “vi J2(l+bL)E1+5id(l+¢l (dpcm)
(1 [9 C (1 I7 , c /

Bi1i5. Cho céc $6 a, b, ce IR. Chtrng minh ring:

_(1+d)(1+b7)(1+¢-7)z(1+mb%-)(1+b*<-%1)(1+@‘¢fb) <1)

Clzzhzg mirzh

Sir dung m6" réng 2 cL'1a bit ding thirc Holder ta c6:

(1 + a7 )4’7 (1 +b7 )2 7 (1 + (>7 )1 7 2 1 +a4l23c'

>< (1 +197 )4/7 (1 +07 )27 (l+cz7 )X 7 2l+b4c2a

(1+c7 lu (1 +a7 )2? (1 +127 )1 7 2i+c4a2b

:> (1 + a7 +b7)(1+c'7')2(l +a4l7:c')(l +/7‘1(':a)(l+c4a:b)

{BM 6. Cho .\‘,y,;2O V21 .\'+ _\"+ 1 =3. lim gizi tri nhO nhét cua .\-4 + 2_\"4 + 3:4 ‘

Gidi -

Xét a,b,c > O v51 a +b+ c =3. SL1’ dung bél ding thirc Holder ta cé:

(x4 + 2y“ +3z4)(a4 + 2194 +3c4)3 2(a3.\'+ 2123)‘ +3c'3:)4

Ch_ ,b,~ ocho 3=2b3=3-3<=> =l<.b=—L‘—.-=—l3—(/<>O)Ona CS3 Cl (. (I EL Q/5

4 ~

Khi dé x4 +2y“ +314 2 (a3X+2b3y+3C3Z;) Z kl: (ML y+:): :3l<3
(a4 +2b4 +3c4)> /<)(“+b+¢')>

‘ ; , - y - - v - .\'+v+3
Dau bang xay ra => i='—=l<:>#‘-=‘—:=:'i=1

a b c a b c a+b+c
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Béi 4. Cho caic $6 £1, 1;. C > 0. Chirng minh rang;

1+_ 1+_ 1+~—z 1+ _ L‘
. J .\ / . '

~ /

©-
Q'~

»Q

L___/'

"1
’\¢1.1
\J
2:

\/
/——\

A
_.

A-,,

»Tr

\__/

U
Q'\.

\>/

/""\

'"~.

trQ
\_____/

/H3

"D

Chzhzg minh

1) 4:> (613 + b3c3)(b3 + c3a3)(c3 + a3b3 l 2 a3b3('3 ((1 + I903 )(b + (113 + (1/95)

Su dune bit déng thtrc Holder ta c6:- -V

(£13 +b3c3 )2 3 (173 +('3(13)[3 2 azb +l23('3c1= ab(a +1103)

X (1)3 +c3a3)_ 3 (<3 +a}b3)] 3 2 /22¢.-+('3u3l2 =/J('(b+ca3)

(C3 +a3b3)2y3 (:13 +b3c3)] x 2 C261-f-(l:b3(‘=L'LI(C+(IlJ3)

3 (a3 +b3c3)(b3 +c3c13)(c'3 +(l3b3)Z(l2lJ2('2 ((1 +b('} )(b+ca3)(c'+ ab‘)
3/1+b33 633 b\\' 2 bi

_ ‘ Z % (dpcm)

D.
wrw

H)

/H
._.

+

“La

H)

/i\

+
:2

<\.~
WW’

\__/

V
/'i'\

+

2*.

\_
/H

+
"3

3*;

\/
/H

+
Q

A

HZ

Béi 5. cm (35.0 56 a, b, CG R.Ch£1'ng minh rang;

_(1+ a7 )(1 +197 )(1 + c7)2(1+ a4b2c)(l +b4c3a)(1 + 021211) (I)

Clzzhzg minh

Sir dung mC')' rcfmg 2 ca bét ding thrc Holder ta cé:

(1 +a7 lm (1 +b7 )2 7 (1 +07 ll 7 21 +a4b3('

>< (l+b7)m(l+c7)27 (l+a7)]7 2l+b4c'3a

(1 +07 )4‘? (1 +a7 )27 (1 +177 )1 7 21+c“a:b

:> (1 + a7)(l+b7)(1+c'7')2(1+04/92(')(l+b4(“3a)(1+c4u3b)

Bai 6.0110 X,_\‘,ZZO Va ,\~+ _\-+ ;=3_ Lim gm 11-1 mm nhét cua .6 + 2;-* +35

Gidi -

Xét a,b,c > O v51 a +b +c=3. Str dung bét ding thtrc Holder ta c6:

r‘ + 2y4 +3z4)(a4 +2b4 +3c4 )3 Z(a3.\‘+Zb3)‘ +3c3:)4

Chc_>n a,b,c sao cho Q“ =2b~‘=3¢-~‘ <=> @=/<.b=¢"-,¢-=i (/<>0)

1 3, _3_, ‘ 12 _ 7‘ 4

Khi <16 x‘+2y‘+3Z‘z(” Hzb H3‘ 1) zk‘ ("+"‘+”)‘ =3/<-‘
(a4+2b4+3c4)_ k)(“+b+C)>

4 ; - y '1' - v -, .\'+\'+:
Dau bang xay ra<:> i='—=l<:>#‘—='—=>:'i=l

a b c a b 0 a+b+c
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Ttr a+b+c:3 suyra /<+-_5—+_i=3<:>l<:
a5 <6 1+ 1 + 1

§/ \

Véy. Mm(.\~* +26 +3;‘)=3/6 vdi /< =»_3—~ ~11 .\e=/<,\-= /F

1+ L+ ~1_ §°
~ 1 \

~

1
J

/-"
'3

$1

l\.27
3].»,

‘ \,§

#2 \/3 _

Bili 7. Chtrng minh ring: a a +b\i b +0 C 2u+b+(‘ .Va.b.("2()
\Jb+ - ~+ c +11L c a 1

' Chlhlgminlz

Str dung bit déng thtrc Holder ta c6:

(Ll -i—+b;—i7—+c (b+c+a+:'+u+l2)2((1+b+c)}
b+c \'c+a a+b

a I I9 c" cz+b+c
‘:- f +1: + 2 d >

a b+c Vc+a C a+b \/E (pcm

Déiu bimg xéy ra<=> a=b=c

\. , . ; a+ba+l2+c a+\/:1/7+3:
B2118. Chung mmh rang: Fa. 2 V

R.
\.|

(\

7*.
.Va_b.c2()

7 3 3

Ch zhzg minh

SL1‘ dung bit déng thirc Holder ta cé:

a+ba+b+c >(a+a+(1)(a+\/(_1Z+b)(a+b+c')>[c1+\/5+5/zzbcj
' 2 3 ‘ 27 ‘ 3

a+ba+b+c a+\/-(;E+\3/ubc .

4:» 3 a. 2 (dpcm)
2 3 3

Déu bing xéy ra <1? a =b=c

Béi 9. [USAMO — 2004] Cho u.b.c > O. Chfrng minh ring:

(as —a3 +3)(b'<' -17: +3)(c§ —(“3 +3) 2(a+b+c')3

Ch zrng nzinh

B1r0"c 1: Ta c6(.\'5 —x3 +3)—(x3 +2)=(.x'3 —l)(.\‘3 —l)2O V.\'2()

:>(a~‘—a1+3)(b~* -bl+3)(¢5-6+3)z(¢R+2)(1f+2)(6+2)

Bmic 2: Milt khéc, sir dung bét ding thtrc Holder ta cc’): -

([8 +2)(b‘ +2)(@3 +2)=(a~‘ +1+1)(1+b‘ +1)(1+1+¢-‘)z(a+1>+¢-)“

:> (a5 —a2+3)(b5 —-b2+3)(c5 —c3+3)2(a+b+c)3 (dpcm)

Dz§ub§1ngx2'1yra<: a=b=c=l
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{ B:§1i10. ChL'1'ng1ninh:3(.x: —.\'+l)(_\": —>\~+ l)(;: —;+ U21": \"3:3 +_\'\":+1 . "V1". R120 [

1

- Clzzhzg minh

' B5 deg: 3(a2 —a+1)3 Zc/%'+c1]+l.Vc12O

' Clzzhzg minh: 3(u3 — a+1)" Ea“ +01 +1 <:>(u—1)*‘ (Z0: —a + ZJZO

Diéu nzly hién nhién ling.-suy ra bf) dé dirqc chrng minh.

Du béng xz'1yra<: a =1

' /{p dung: Str dung b6 dé ta cc’):

1 'v v 3 ~ ~‘ w -‘ 'v »‘(3(.x“—-x+1)(_v‘—y+l)(;‘—:+l)) =3(.\"—.\'+l) 3(_\"—_\"+l) 3(;"—:+l)
} § vww -‘2(.\‘6 +.\“ + l)(_\"6 + '\“ +1)(;(‘ + :3 + l)2(.\'"_\";' +.\‘_\'; +1)

<:> 3(.\‘2 —.\‘+ l)(v\': — ‘\*+1)(;: — 1+ l)Z,\‘3_\':;3 + .\‘_\':, +1 (dpcm)

Déu bing xa'y ra ¢:> .\‘= )"= 1:1

~ a /2 (' LB:21il1.Ch(rn@ minh rene: + + _ _ 2 \/u +11 +<-. Vu.l2,c2O
C \/a + 2/) \/b + 20 \/(' + 20

Chzhzg minh
SL1" dung bit ding thtrc Holder la cé:

1

a b c “
~+ + a(a+Zb)+b(b+Z(‘)+c(c+2(1) 2(a+l>+c")"L/a+2b \/b+2c' \/c+2c1j [ ]

[ a b c I
I/2 + __+ 2

va+2b \/b+2c \,c+2a/
.3 .7‘(c1+b+¢) :(a+l2+():u+b+(_

a(a+2b)+b(b+2c)+c(c+Za) ((,+1;+L~)~

Nhu' vgiy b:§tdé'ingtht1'c dLl’Q'C chirng minh. D§u béng xéy rz1<:> u =12 :(~ > O hoélc (a,b.¢

IE1 mét hoén vi cfla (.\',0,0) véi .\'> O.

Béi 12. [IMO 2001] Chfrng minh: w" + El’ + 7‘ 21. VG./7,620
' \/a‘+8bc \//2“+8ca \/(t"+8ul>

Clzzhzg mi/zlz

Sir dung bit ding thtrc Holder ta c6:
. ~ 1

[ a + b + C T [a(c13 + 8110) + b_(b3 + Scu) + ("(03 + 81117)}
\/a2 +8120 \/19' +8ca \/cl +8012 ,
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|Bi1i 10. Chirng minh:3(.\"3 —.\"+1)(\"3 — \~+1)(:: — :+l)2_\‘3\‘::,3 +_\'\";+l .V.\". \‘.;2() ;

Y Ch1?"ng/ninh,

° B6 déx: 3(a3 —u+ 1)} 2:16 -Hz} +1. V1120

' Chzhzg minh: 3(u: —a + If Ea“ +05‘ +l<:>(u—1);(Za: —u + Z)2O

Diéu nily hién nhién ddng. suy ra b5 dé dirqc chfrng minh.

Déu bng xziy ra <:> a =1

' /ip dguzg: Str dung b6 dé ta C6:

7 'v 1 3 ~(3(x‘ —x+l)(_\" —_\"+l)(;“ —:+1)) =3(.\"‘ —.\'+1) Q‘ —_\‘+l) 3(;" —_"_+l)

L)‘,

/—\

¢
.2

J

>1

2(.\"6 +.\'3 + l)(_\'(’ + _\'3 +l)(;° + :3 +1)2(.\"3_\':;: +.\'_\"; +1);

<:> 3(.\‘2 —.\'+I)(_\'3 —_\'+1)(;: — ;+l)2.\-3_\‘:;: +.\1\‘;+1 (dpcm)

Déu béng xziy ra <=> .r=_\"=:=1

\ /1 (~ ,~%Béi11.Ch£rn<> minh ring: “ + + z \/11+/J +1-. Vu.b_(:2()
° \/[1 + 22» \/b + 2(- W + 2“

Ch ling minlz

SL1‘ dung bit ding thtrc Holder ta cé:
1

zz b a \
+ +

(\/a+2b \/b+2c' \/c+2uJ

a b c 1‘
41* + + Z

[\/a+Zb \/b+2c \,c+2a/

(a+b+c)3 (a+b+c')"2 = 7 =a+b+('a(a+2b)+b(b+2c)+c"(c+2a) ((,+[;+(;)-

[a(a + 2/9) +b(b+ Zr) +c(c‘+2a)]2(a +b+c)*‘

Nhu véy bt ding thtrc du'Q'c chtrng minh. Diu béng xay ra <:> u =12 : v > 0 h02_?1c (a,b.c

151 mét hoén vi cL'1a (.\',0,0) vdi .\'> O.

Biai 12. [IMO 2001] Chfrng minh: 7“ + 3]’ + 3‘ 21. v@.1>,¢-20
- \/a‘+8b¢" \,/l2“+8ca \/("+8ula

Clzfrng mi/1/1

Sir dung bit ding thtrc Holder la c6:
. - 1

L a + b + C 1 [a(a2 + Sbc) + b(b1 + 80(1) + ("(02 + 81112)}
\/a2+8bc \/b'+8ca \/cl-+8011,



4 ~— f

180
Ki thut st?" dgmg bfit ding tlzzi'c Holder

.
_

[ :1 a v

2 Z;3i————i~—?i-(1(c1'+8b(') =(u+b+(')‘
L-w \,“' \"'a3 + 8bc' \/a“ + 8190 J

D0 ((1+b+C)3 —£a(al +8bc)+b(b3 +8ca)+c‘(c: +&z1>)1:3(~(a—b): +3b(c*u)3 +3c(u—/2): 20

nén (a +1>+@)‘ 2 ml +8bc)+b(b3 +8ca)+c(€3 +8“/9).

Du béng xéy ra <=>a = b = c > 0 hoéc (a.b.c) 121 mét hoain vi cua (x.0.0) véi .\" >0 .

Béi 13. Cho a,b,c2 0. Chtrng minh ring

a3 + abc‘ bl + abc 03 + ubc
+ + 2 a + b + c

b + c c + a u +12

Chzhlg minh

Str dung bét ding mu-C Holder ta (:6:

c x + a c X b + L
-(-I>—2(——l—‘f)](zz+I)+c')2(z1+I1+¢')3

Q, +£ H (1 + 7¢

Bét ding thirc sé duqc chirng minh néu ta chng minh duqc

I I
a'(b+c b‘(c+a c'(a+b)

\/ ’ ) + ) + < a +1) + c"

az +bc‘ bl +ca cg +ub -
J 1

Sir dung bit ding thirc Cauchy — Schwarz ta 06:

2\/a3q(b+c‘) <J(a+b+c_)£aZ§b+¢‘)+b3(c+a)+c:(u+b)j
H, a“ +bc — a" +bc bl +ac cl +ab

Ta sé chirng minh a‘_(b+C) + b_,(C+ a) + C-5“ +1’) Sa +b+c
a“ +bc b" +ac c‘ +ab

a(u—b)(a~c) b(b-c)(b——u) c(c'—a)(c-I7)
"~' w + 1 + w

a‘+bc l2'+ca c“+ab

Khéng mil tinh téng quail, gié su‘ a Zb 20 ta c6:  2O
c“ +u

va "("'f’)("“°) +l’(b'f)(b“‘) 2O<_:>(a—b)(a+b—c‘)ZO (luén dL'1ng):> dpcm

a" +bc b’ +ca

Ding thtrc xéy ra <=> a =b =c hoéc a =b.c=() hoiac czic hoén vi.

_ Z Z _Z 4 4 _4

B5i14.‘Chtrngminhr:?mg: ab +1’ +° 23.4!" +"3 +‘ .v@.b.¢ >0
. C C1 v

' Ch rhzg minh

Sir dung bit ding thtrc Holder ta cé:

2 2 '2 , 2 2 '2 1 '> w -1 1 '7 1 v '1 »

ta +1’ +‘ X" +b +‘ j(Cl'b'+b'C_+("(l')Z(£l'+b“+(.'“)1
b c a b c a

Ta sé Chrng minh ((13 +b2 +02); Z3(b2c3 +c‘3a3 +a:b3)\/3(a4 +b4 +64)

~ I
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Di11.\‘=a3._\"=b2.:=('Z. Ta sé chirng minh:

. 2 q /3 __: ‘: :2
(+ +;)'x>3(\ : 'x)\/3(\‘+\‘+:‘) <:>(\+\+ ) >3 (k +\ + )x _\' _- ._w‘+_\',+;,' _' < ' _ ’

' .\')" + _\'; + ;\‘ .\' + _\" + 3

<:>(X—)‘)2+(v\‘-'1):+(Z—X)2> 3((.\--_\~)’+(_\~-;)1+<;-01)

2("7'+ 31+ 3') (.\'+ _\-+ :)vl.\"+ v\~+ 3+ \/3(,\"3 + _\‘3 + 3,3

¢> 6(.\j'+ )'1+ 3.1‘) S(.\‘+_\'+ ;)<.\'+ _\‘+ 1+ \/3(_\-3 + _\": + 13))

D5 th§)' bél ding thirc ny dilng vi ta cé:

(x+_\‘+z)(x+_y+:+\/3(x2 +y3 +;3))22(.\‘+_\'+;)Z Z6(.\j'+_\‘:+;\')

Déu bng xziy ra 4:> x=_\'=:<=>a=b=c

Bai 15. Cho a,b,c2().Ch1'1'ng minh rang;

a3 + bl + cl >§4a4+b4+c4
l)+c c+u a+b*ZV 3

Ch zz g minh

Chuén héa a4 +194 +cJ =3. ta cn chirng minh i”_ +——b“ +i“_ 2;.
/J+(' c+u u+b 2

Sir dung bait ding thirc Holder mo c6:

1 ‘ -a

Suy ra bit ding thtrc duqc chfrng minh néu la chimg minh du'Qc:

(:13 +123 +c3)3 2291-((12 (/9 +c)2 +172 (c+a)3 +c3 ((1 +/2):)

M511 khéc. theo mél két qua d duqc chtrng minh ('1 béli 14 thi

((12 +b2 +c2) 29(a2bZ +1120: +c3a3)

Cuéi cimg ta chi cn chi ra

4(a2b2 +b3c3 +c3a2)2(a: (12%-(")2 +123 (c+u)2 +63 (a+b):)

<:>a2 (12-0): +b3 (c—a)2 +c2 (a—b): 20 ]u6n ddng :> (dpcm)

Ding thirc xéy ra <=> a =b=c.
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K] thug?! sz'i'd1_uzg bflt dzlng thz2'c Holder

ll. DIEM R0’! HOLDER V(§’| CAC BIEU THU’C CHU’A BIEN

B51i1.Ch0 u, 12. 0 Z O théa min u +11 + c = 3.Ch(1"ng minh ring:

i i
. ,_

\"l+b+bc 1+¢'+ca \l1+u+c1b
\

,

1' u g /2 , L M

x
I -l-V + l Zn’)

' Phan tzch vd tim tbi liri giiii

Phzin tich: Chilng ta sé sir dung bit ding thirc Holder vdi céc thum s6 gizi dinh

p,, p,, pq dé sau khi dzinh gizi sé 10z_1i bi» du"c_>'c can lhtrc vi mu thlrcz

[VT(l)]2 [a2(l +b + bc)pf +b3(1+ c+ amp; + ('1 (1 + u + ab“)p-H2 (up! + lap: + ('12; )3

Ta théy ring [7[.p2. p3 khéng thé 121 nhfrng [ham $6 c6 dlnh mil chng phéi 121 {ham 56

chay theo a, b, c v51 trong mQi tru'<‘7ng hqp, {ham $6 chay don gién nht luén 15 nhrng

him luyén tfnh thco CI, b, c. Vi thé, ta dét pl =ma+11b+ [)C.]), = mb+ /10+ pa vii

p3 : mc + na + pb. Khi CI6 sir dung bit déng thfrc Holder 121 c6:

[VT(1)]2 (Za2(1+ I2 + bc)(mu +111) + pcyld Z I

Z [a(ma + nb + pc) + b(mb + nc + pa) + c(/nc +1241 + pb)]}
~

:[m(az +b2 +c2)+(/1+ p)(ab+bc+ ca)T

Chon 11+ p = Zm khi ac ta ¢<s- [VT(1)]: > "Tl" +1” ‘lb
'

' — 2:1: (1 + b + In-)(/zzzz + nb + 120)}

Béy gid chng ta héy chin )7 dén ding thitc CUZ1 bait ding thirc dii cho. cé thé théy né dat

du'c_7c khi a = b = c =1 v21 a = 3,12 = c = O (dfly chinh 121 mét diéu thL'1 vi vb lilm nén su khé

khén ctla bi tozin). C trén, ding thtrc xéy ra khi

/l__,_,_41. T7
J1

7 J‘ , H,

1+lJ+bc 1+c+ca \»,l+a+ab

a2(l +b+bc‘)(ma + nb+ pr); b2(l+c+ca)(mb+1zc"+ pa)3 c2(1 +a +ab)(mc+ncz + pb)?‘

Ta chcgn duqc m = 2.11 = 1, p = 3. Khi dc’). ta c6 ldi giéi nhu" sauz.

Gilli: SL1‘ duno bit diinv thirc Holder ta c6:
- C O

’———§l+ba+lac) (%a2(l+b+bc)(2a +l2+3c)3)2(%:a(2u +b+3c))3 :8(u +b+c)(’

Ta Sé Chfrng minh: sm +b+c)° 2 3Za1(1 +b+bc)(2a +1)+3¢)~‘
(‘_\'('
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<=> 8(u+b+c)7 22:1: §:('a+b+c)3 +3l2(u+/9+(")+9ln1(Za +l7+3<')" (Z)

Bing khai trién [rgc tiép. ta c6

VT(2)—VP(°) 29:4 <1/Jul‘ +b‘>+2<>Zu’/1* +3<)Z¢r‘/11 +542‘/1“/9‘: + 261111/7%:a+ +0 H. W

— Z42 ulbv — 932:1‘/11('— 972 (1:/)‘r'
(‘W <\‘ ru

Mat khéc til" bét ding thirc AM- GM vil Sclzur. La 06 thé dé ding chimg minh du'(_>'c

42 czb(a4 +194 )+ Z6Za:b4 +392 £14192 +54Zu‘:b‘z + Z61u:b3<'2 2
(‘\'(' ('\'(' <:\'<‘ ¢_\:

242 m11¢-+93Za‘1)%-+97Z¢1>%-

Nhu vziy (2) du'Qc chfrng minh til‘ CI6 suy1"a(I) dU'Q'C chfrng minh.

Déu being xay ra <:> a :12 = c =1 hoéc (1: 3_b : 0 = 0 vé czic hozin vi.

\ , ' , _ ; :1 /2 0 3Ban 2. Cho a; /2, <' 2 0. Chung mmh rang: , + +—, 2; (1)
\//2' +30‘ \/0' +3u‘ \/:1“ +3/2‘ ’—

Phn tfch viz tim tr)i Ifri girii
Plzn tich: SL1‘ dung bét ding thrc Holder ta c6:

[VT (1)12 0(1): + 302 )(ma + nb + /20)“) 2

2[a(ma +1117 + pc) + b(mh + no + pa) + c'(/no + nu + /2/2)];

=[m(a2 +192 +c3)+(n + p)(z1b+b<'+ca)I

Chgm m = 2(n + p) . Déu bang xely ra khi Va chi khi

a b c

\/zf +36 \/H +36 \/(H +31%
a(b: +3c2)(_ma +l1b+ pa"); l1(c‘3 +3u3)(m/2 +/10+ pa); (‘(112 +319: )(m('+ncz + pb)3

Dy 151 mét biii tozi khai chét nén ta phai c6 géng chcpn m./1. p cho thin sait. Nhu vély ta

méi C6 mé an aén mét 1:»-1 giéi dflng dLl'Q'C. Béi mi bét dang Ihirc aa cho. déng thxic xeiy

ra khi v51 chi khi a =b=c nhung cé m<_3t t1"u'€>"ng hQ'p “khzi nhay cam" 151 khi mét trong

ba bién. Chang hgn C =0 ma gizi [Fl (SL111 biéu um-C bén mu nhé nhz/it khi CI =1,b = U5. vi

vzfay lét nht 151 ta nén chQn 151m sao dé ca 2 dng lhtrc trén cimg xay ra déi véi bét ding
thL'1'c {rung gian.
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.\lhu"ng r6 ring 151 diéu kién déng thirc trén hién nhién xay ra vé'i a : 1) : c. con vdi
_4-1 '

a=l.,b=§/§.c=0-thi ta C6 /11:?\/;(1+\/3)11
4+€/E

2* 3 1 “ 1 -

Chc_>n n =1 ma r11= =1.145179403. Nhung dé dam béo @110 céc biéu thtrc
M36 -

mi ta G51 sir dung bét ding thL'1'c Holder 121 khéng £1m_ ta phéxi chqn linn sao cho

' _ , r 2-‘? 1 5 1 1

p =———mQ2” 20 nén ta khéng thé léy z11=i%( +\/ ). nhung 1£1"dz'1y ta cé Lhé théy gié
1- 4+i/27

11111116 111151 Qua m aam béo duq-C diéu ni1),' 111111 = 2. Khi as p = 0. Tu dé. ta C6151 giéi:

Giéi: Sir dung bit déng thL'1'c Holder ta c6:
2Z-%- [Z1419 +3cZ)(2a+b)3)2(22a2 +2117)".

or \/b“ +3C2 z"_\'¢' 1-_\"z' 411-1-

Béit ding thirc (1) du'Qc chfrng minh néu ta chtrng minh dxrqc bit ding thrcz

4E2ZaZ +Zabj z 921111? + 38)(2a +11)“ (2)

Khéng nt tfnh t€mg quzit, giél sir c = min{a,b,c}. D51 (I = c+x,b = c+ y (.1, _v 2 O)

Khi dé,b§1d§ng th1'rc (2) tuong ducmg Ac‘ + Bcr} + D02 + Ec + F 2 O, trong CI6

/1=s10(.\-1 -.1-y+_\-1120

B I 27(53.1~~‘ + 17.1-1_\.~_56.1;~1 +53;-‘ ) = 27 [531-“ +.\~1_\1+4_\~‘ +1-(4.1--7_\~)’]z 0

o=9(101.1-4 +146.x3y—11L\-2,1‘: -73.0‘ +101y‘) = 909%’ +'“—2"v_) H+9'::’(l8Ox_ +263’“'+1l2-V) 20

5 =9(31x5 +4s.\~‘_y+33.v‘_\-1 -881-91’ -.13" +311’)

=9[31x5 +3_v(4x2 +xy—3)'2)2 +,\_w'2(3x—4_\,'): +_\*3 (5.12 +x_v+4_y2)] 2 O

F =32,\-6 +4s.1~*_»~ +48x4y3 ~s><~‘y~‘ —l5O,\'l_y4 +39X_\~—‘ +321“

=2(4x3 +3.\'1_\'—4_\‘3 )2 +2133 (3013 +56.\'2)"— 102.9‘: +39_\>3)

=2(4x3 +3.\'2_\'—4y3): +%[(5.\'2 +6x_v—6_\'2 )2 +5.\‘4 +26.\‘3)"—22.\'2_vZ +9x_\'3 +3_\'4]2O
.1" \-

su dung bait dang thirc AM - GM ta cc’):

5.14 + 26.13)‘ — 223(2)‘: +9.33 +3_\‘4 2 Z6.\'3_1"— 16x3)": +9.9‘; = _\3'(Z6.1'2 —16.\_w" +9_\'3 ) 2 O

Nhu'vz_“1y(2) dling suy ra(l)d1f1ng.D§u béng xély ra <=> a = b = (7 2 0



Chu'0'ng I: Nlzvzg vién kim czrmzg trong bfir ring tIzz2'c 05 ziiérz 185

Biai 3. Cho (1, b, C 2 0. Chirng minh rang;

1 1 l 9
- + + 2 (1)

\/2:1: +ab+b(" \/lb: +b('+cu \/Zr‘ +00 +ab 2”’ +/7+")

Phan Itch vzi tim téi l0'i gizii

Phn ticlz: Sir dung bit ding thirc Holder la c6:

Z——q1iJ_£Z(Zz13 + ab +bc)(/rm +11b + pc)3 1 2 (m + n + p)'z(a +/9+ (‘)3
0'1" V261‘ +(Ib+bl.' <'\<' ,

Déu béng xéy ra <:>

1 1 1 ‘

_ — I 1 — / 2(ma +1112 + pc)\/2a 3 + ab +120 (ml) + 221' + pa) 212 + I70 + ca (_H1(‘+I7(l + p/2)v Z0 + ca + ab

G bit ding thirc d cho, ngozii truiwng hqp dzing thL'1'c 151 (1 I 1) = c cm c6 mét t1"u'b"ng

hqp dzing lu'u tam la a =1.84.b=l_c"=0. D0 dé. la nen chQn lixm sao ding thtrc ('1 bét

ding thirc trung gian xéy ra tai ca 2 diém nily. tir dy véi czich tinh xép xi, la cé thé
chcpn dLrc_>"c m =1, 11 = 3, p = 4. Nhu' véy ta cé l€>‘i giai:

Gii: SL1‘ dung bit ding thirc Holder ta cé:

[Z(2(l3 +ul_J+bc)(u+3b+4c)3)2 512(cz+b+c)}
cw" V20‘ + (lb +bC / (‘H

Bit ding thL'1'c (1) du'(_7c chfrng minh néu La chirng minh du'<_7c bét ding thirc
i w g51Z(a+b+c')‘ 2?Z(2a‘ +41/)+l7c)(a+3l2+4(‘)‘

<=>1ss6Za‘ +6514Z<1*b+925Z@1»* +s236Zu‘1K- 2 5521213/>‘ +s739Z<1-‘/71 +8301Z¢/9%»

Khéng mét tfnh témg quail, gié sir a = min{a,b,c'}. Dét b = a+.\".c = c1+_\'-(.\'._\'2 O)

Khi do, bét dang thirc lrén trc'>'thz‘1nh AM + B211 + Ca1+ D 2 0, trdng as

A = 345600-2 -.w+_\~1) 2 0 ; B = 47592.6 - 10s.\-1; - 389882-_\-1 + 45792;-1 2 0

c =16s69.\-4 +26s14»‘_\--3o0s1.H_>~1 ;x94.n~‘ +16s(>9_»~* 2 0

D = 1886.1-‘ +6514.»-H» —3739.\'3\‘2 -5521.6‘-2‘ +925.“-‘ +1ss@\~‘ 2 0

Véy b§td§1ngthL'rc(1)du'Q'c chllrng minh. Déiu béng xay ra <=> (1:12 : 0.

Biai 4. Cho a,b,c > O théa min a+l2+<':3.ChL'1'ngminh:

(13 I /JR (“K 3
'1 1 +\X w 1 + i w -> 2_

Q-+31>~ b-+3@~ \/C-+3a~ 2

Cluhzg minlz

B5 :75.‘ as +196 +06 —3a3b3c3 24(a2 —b3)(b3 —(:2)((‘3 -412) =4Zu2lJJ —4Z(14b3
('\'(' L'\'(

A 2



186 Ki thut s15" dyng bflt zirlng rluiz‘ Holder

SL'1' dung bit ding thtrc Holder ta cé:

, -\

. \ .
~

gfaj +3l23)(a+(')3)Z£%(12 +%:ab)\

Bit ding thtrc (1) duqc chirng minh néu ta chtrng minh duqc bit ding Lhtrc

'7 K 9 '1 '7 ‘
a‘+ ul>\ 2— (lu‘+3l>‘)(<1+(")"

(Z ,» '\

<:>4£Za: +Z(llJj_\ 2 3(cz+l)+¢“)Z((12 +319: )(u+c)3

<=>§“;1“ +9Y;Fb+12Ya*1f —3$:a2b4 -Zyaibl +Z7Zr14lx'—1Zifllblc—6Zl<13l13c—_78a3l13c: 20

SL1" dung b6 dé. ta chi cin chfrng minh:

92¢?!) + 820% + Z“:/1* - 22 u‘1>*‘ + 27Z<H1)¢--12Z¢1¢‘<.-- 6Zu"1f<- - 75u3b2c: z 0

"' l‘_\':' ' ('\(' (\'z’ ('\(' (\'<

9Za5b+7Z (14122 +27Z¢zlbc'— 12215131230—6Z:u3l):<‘—'/Sazblcz 2 O

M511 khzic, su dung bit dang mac AM - GM ta cé Zn‘/f + Z4111)‘ —2Z<13l2*‘2 0

Véy bit ding thL'1"c (1) du'Q'c chtrng minh. Din bng xay ra <:> a = b = c = 1.

Bi1i5. Cho £1.12. c 2 O.ChL'1'ng minh ring

a b c 3
+ + 2- (1)

\/b'+l5cc1 \/("+15ul2 \//u:+l5bc 4

Cluhlg minh

Sir dung bét ding thfrc Holder ta c6:

(Za(c1 + Zl))3(b2 + 150(1)“) 2 (:1 +1) + 0)“

<;\~<~ \/I7’ +1500 I-_\~<' ,

B€'1Ld§1ngthL'1'c (1) du'Q'c chtrng minh néu ta chtmg minh du‘c_>'c bit ding thtrct

mm + b + (‘)6 2 9Zc1(a + zby‘ (bl +15¢-(1)

(‘\'l'

Khéng mét tfnh téng quit. gié su‘ :1: min{u.b,z"}. Defxt 11 I a +.\'_c = 41+ _\" (x._\' Z O)

Khi d6, bét déng mum trén ma thilnh Au‘ + BM + CH3 + Du + E 2 0. trong aé

A =567(.\'3 —.\'_\+_\'2)2O ; B =54(.\'3 +41.\'3_\"—Z.\‘3_\"+)‘3)2O

C =1s(11.\»‘ +47.\-‘y + 204.\~1_\~1 -s2.\-_\~‘ +11;-‘>2 0

D = 9(9.\“‘ + 68.\‘"1 y + 1 181"‘ _\'3 + l34.\'3_\"“ — 69.\'_\"4 + 9)“ V) 2 O

E = 16x6 +96,\'5_\'+231.\'4_\'3 + 266.\‘3_\'3 +13Z.\‘:)'l —l 11.\‘_\"; + 16_\‘(l 2 O
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\/sly bit ding thL'rC (1) du'(_§'c chrng minh. Du hing X1-1}" ra ~=> u =1) I <' 2 O.

Bili 6. Cho u. I). L‘ 2 O. Chfrng minh ring

1 1 1 -l
I w + I 1 + - 2

\/40“ +121" \/-lb“ + (“(1 \/-10' + ab ‘I +17 + C

Chzhzg minh

SL1‘ dung bit dz‘/lng thL'1'c Holder L4 c6:

/ \:.’ , ; * \ 2Z 1 ‘zt/>+<')‘(-lg/‘+/21')128(<z+b+(')
‘ \

/4__4_

\,/'-la + /7(' ~\l

Bil ding lhirc (1) du'Q'c chimg minh néu la clu'1'ng minh dLl‘(_)'C bit dfing lhtrc:

(a + b + 0)‘; 2 22% + (1)3 (4a3 + /7(')
('\'(’

<:> 2z13((1—b)(a——c)+4Zc1b(a—l7)(u2 —l>Z)+u/70L/19202 —18Zal2w 2 O

L"\'1' ('_\'r z"\<' <'\4' //

B2‘1td§ngthU‘c cuéi hién nhién dimg nén b§ld€1ngth(1‘c duqc chtmg minh

Du bng xéy ra <=> a = b.c =0 vi czic hozin vi.

Biai 7. Cho “,1”->0. Chirng minh rang
7 '7

<1" —— bc [23 — ('0 0‘ — ab
+ + Z. ~ 3 1 . w .

\/(1-+2z>-+3¢-~ \//)'+2("+3u‘ J¢-1+2¢+3/>-'
0 (1)

, , 3-1 -

Strdung bét démg thtrc Holder ta 06: 8.VT(l) =2 -_§i(%+/>+(A -22¢
; \/6(cz +212 +31" ) J I"-'1

8(a2 bc)+(b+c)\/6(a3+2b:+?-3) g( " ]~) (; ‘( 1; g.ZZ — A _2Zu Z a‘—2( + 2+¢)u+_7+.()_1"?1 w *~*'i~

Chzhzg min/1

(\( E

Zzu
<-\1- \/6(u' + 217‘ + 30“) <-=1 <\< \/6(u‘ + 2/2‘ + 30‘)

8:23 +ab+bc+cu+c3 (b—c)3 8:1: +ab+bc+ca+<‘3=2 +22 » zZ¢,zZ____.i_-12¢,
1 7 '> '7 1 '3 w

('\'(\/6(a' +212" +3@~) \/em +212" +3¢.~-) Jew + 21>’ +38)

Bit dfmg thfrc (1) du‘Q'c chfrng minh néu ta chimg minh du'Q'c bit ding ll'lU'CZ

2 2 1’ 1 _:‘ 38a +ab+b¢ +¢a+c 22 6 Ea +11/2+b( +ca+( J 224(a+b+L_)_ <2)‘

<_1'¢' \/ (12 + 21): +3C2 I 1')": Lyn‘ \/‘[1: +2172 +3('2

Str dung bét ding thtrc Holder ta c6:



I88 K)‘ tlzugit s12'd1111g b1'1I (fling th11‘c Holder
' 1 \_:

/ 811‘ +(1b+bc+1'11+c3 ,»
1iii ‘ (8113 +11/.1+l11‘+c'u+1“ )(1'1‘ +31‘ +3<"))2Z7/3211‘ +Z1111j

\1\< \ 1\1 1\(xv" \u +211 +30 . ."

2'/Lgiiaz +Zab)3 2'/(32:11: +2111) T
< '\’(‘ ('\Z '\'(' \'\’(' /1'

Z(&13 +ab+b1'+ca+1'3)(_a3 +212 +31-3) HL'Z:a2)3+21Z“u:b: +6(ZCl:)(2(I17)

B51 ding thirc (2) duqc chirng minh néu ta chtrng minh duqc béit ding thtrcz

9[3Z(13 + Zc1b)_\
W. w

11(26): 1121211111’ +6fZ1)(;1111)
... 1.“. \ .\.[. 1‘.

1<11a11g 111é111'11111611g quzit, gizi 111 11 +11 + 1- =1. Khi dé 11511 1, = 11b+111-+1-11 sé .

28(11+l1+(") (3)

I 1 4 -1 . I » 1

SL1‘ dung bét déng thtrc Schur ta cé c1b¢"2qT— v kh1 116 bét déng Lh1'1'c (3) tro“ thimhz

913-sq)“ 2 s[11(1-21;)? +2111,’ -21-)+eq<1-21/1]

=>336r+155—911q+1601q’ -11251;‘ zo

4-1
Ta c6: 3361-+l55—9llq+l6O1q3 -11251,“ z33e1~‘19_+155-91 lq+16Olq2 -11251,‘

=%<1 —3q)(ll25q2 —1226q+353)20 311111111). Déu bang xéy 1-11 <=> 11:11:11.

B:31i 8. Cho 11.11, c>0. Chirng minh 1'§“1ng:

1

113 A 123 ('2
w , + 7 7 + / 7 , 21 (1)

a'+7c1b+b“ b'+7bc'+1"‘ \!("+7ca+c1'

Ch1i'11g minh '

19111 .1=Q,_1»=i.z=5 ,1<111c1<s(1)11~o1111z11111
a b 1

1 1 ' 1

7 + -1 + 1
>1

\/.1" +7.1-+1 +7_v+l \/1" +7;+l
'p“ p‘111’ 111'11‘A 2. - '1

Dox,_\',; > 0,13‘: =1 nenlontz_11111,11,p > O sao ch0.\":——T,_\‘ =i4-_; =i4.
111 11 p

-1

, 1 , . - 111

Chung ta can chung m1nhElli21.
8 J '1 I 4 J

1;11~ 1/111 +711z11 p +11 p

SL'1'd1_1ng bait ding thL'1'c Holder ta 06:

14 ..

111 » 1 ‘Z 221110118 +71114113p1 +114p4) 2 (1113 +113 + 113)}

111 111 +7111 11'p'+11 p 1111-



Chmrng I: Nhfrng vién kim cmmg trong bfh ring tlzzic c5 diélz

Bt ding thtrc trén du'Q'c chtrng minh néu la chimg minh dU'Q‘C bit déng Lhtrc:

(ml +123 + p3 )‘ 2 Zrr1(/11x +7/214113;): +nlp")
or '

<:> 2(5r116/13 +2l713Il3‘l)3 — 7/225113;): ) +Z(I11(‘/13 —m'l1z“p)2()
.\'_\'!H _\ \ HI

Bit ding thirc nély hién nhién dimg suy ra b§11dngLh'c(1)du'Q'c chL'1'ng minh.

; ; , 41 /2 _

Dau bang xay ra <:> u :12 = c‘ hoac (1,1). c thou man 7 ~> +o<>.— —> +<->0 va cac hoan v;
7 (’

Biai 9. Cho a,b,c> 0. chang minh ring:
7 7 1

a‘ /2‘ c",+\/7 1+\/W ,21(l)
a ' + 6ab + Z19‘ 12‘ + 61%‘ + 2c" c" + 6041+ Zu ‘

CIz 1211g minlz

Ba: X=2._\'=£.l'.="€I' .khi dé <1) lrdlhimh
a b c

1 + 1 + 1 21
\/x2 +6»-+2 \/yz +6)-+2 \/53 +6;+2

A ; _ /12 7/11 mn
D0.\',_\',; > O..\3'z, =1 nen ton tz_11 /11,11, p > () suo cho.\'=i,.,\‘ ='I—,. :=—,.

m“ n‘ p‘
1

; , . m
Ta can chung mmhXi21.

7 1 3 1

W \/ml + 6m ‘np + 211' p ‘

Sir dung bét ding thtrc Holder ta cé:

_ :(/214 +6/113/1p + Z11:/>l)j2(>/11: +11: + /23 )3

mu ,

I in” w2-»?1 1 11 (Em
<;»~<- m +6111 np+2/1 p_

Bét ding thtrc (1) dutyc chtmg minh néu ta chirng minh duqc bit déng thfrcr

(ml +112 + p2)3 2 Zl772(I7I4 +6m2np+21z3p3) <:> 3Zr114(/1— p): 2 O

l'_\‘(' ("\'('

Bét ding thtrc ny hién nhién dng suy ra b2“itd2§1ngtht1"c (1) duqc chtrng minh.

4 ; 7 - , ~ 61 1? \ , , -

Dau bang xay ra <=> cz =12 = c hoac (1,1), c thoa man Z —> +=><=,— -> ++><> va cac hoan v1
C



190 K)" II1u(7t‘szi' a'1_mg hfit Jling thzic Holder

|||. BA: TAP DANH cuo BAN acpc TU’ e|A|

Béi 1. Cho u. b_ c > O.ChL'1'ng minh ring:

/“_‘\

+
®‘

,.Q
N,

,1

\_____.

/__\

,_-

!'\
.,

,1

¢.~

L,
/i\

+
Q

,1m
»\_n

,1

\/
/——-\

'6'
"EI

\____

/*“*“\
,._

+
'\
5

\/
/i‘\

+

J!

~ »\ / \ w 1 .\

" /2 ’ 0 "\

+
u‘ ' 7 /‘

Biai 2. Cho (I. b. C > 0. Chtrng minh rang;

+
(1/7 J

(1+ 06./)3)(l +1260‘ Ml + ('(‘c13)2(l + z14l2"c)(l + 1240411)“ + @1141?)

Bili 3. Cho Cl. b. ce IR. Chirng minh ring:

(:17 +197 H197 + <7 )(<'H' + L17 ) 2 ((1/7" + 124"’ )(l>(5“ + mo )(('u(‘ + cl/7")

Bili 4. Cho (1../).c> O. Chtrng minh ring:

(513 + Z90 ) (bx + c°)(c3 + ab ) 2 (:13/2 +1240: )(b:c' + ('40: )(c2u + ulbz)

B51i5. Cho u, b, c > O.ChL'1'ng minh ring:

f an \ /1': / cl: ‘K a_ V [>7 (7 x‘1+T(J1 _ L ]>L1+ ‘]L1+ 4[1+
\ I91" (":10 u’Z2(‘ , Z2" , c \ :1“ ,

Béi 6. Cho a. 1). c > O. Chirng minh ring:

:2 1: _|2 7 7 _7 \ 1‘ / 1 1

[1+L][1+L][1+;12[1+:][1+L][1+;}2[1+&]1+_ Q]
Z1864 0804 115114 /' b7 C’ , u‘ (I4 , \ b ('4

B51i7. cm (1. 1), (' > 0. Chirng minh rang;

'3

‘*Q
\_/

/€\

+

(l+czH)(l+bH)(1+('H)2(l+c1"l>3c)(1+b7c3a)(1+c7c13b)

B51i8.Ch0 Cl, b, c > 0 théa min abc = 1. Chirng minh r§1ng:

(1+a"'+3)(l+b"’3)(l+c"*:)Z(l+a“)(l+l1‘ )(1+(~‘ )2(1+a-‘ )(1+/>")(1+(-‘ ). v,»-V>\~

Bili 9. Cho a.b,c 151 div dfli ba canh cua mél lam gizic.
.

Chtmg minh ring: 1 + 1 + 1 £l[4/ ‘I + 4 17 + 4/ F J
\/b+c—a \/c+(1—b \/c1+b—c 3 bf \/C” ab

Bili 10. Chmg minh ring:

3(a + \/E-+-x3/(lb(.') <£8+L\/Z}; W’

‘\

»,u .;b.L+i_V(,_;,_(,>0
— a+b/\' Z 3

Bini 11. cm @,z>,¢,- 1:21 czic $6 mm durmg. Chrng minh rang;

:1: +172 +c2

:>

'1‘.

b 0 a 2 _

V
z

+/16 +(§/b(‘+c(’ +6/c‘(’+cz('
9 \/ 2



Chlrzrng I : Nlzlivzg vién kim Cll'(]'llg trong bfit ch?‘/lg rluir C5 rfiérz

Bili 12. Cho :1./2.(' IE1 dé dili bz1cz_1nhcuuméltumgizic.Chi1'ngminh

a + b + ti Z \/‘(I + \/A/7 + \,//('
\/1>+('—c1 \/('+c1—b \/u+/>—<"

Béi 13. [Romania 2005] Cho a.b.<*> 0 tho-.1 mfm u +/2 + 0:1.
—\

,_ ~ _ (I [7 < ‘JChung m1nh.—i+—,—+ +i..._ 2 V:
\/b+c* \/("+0 \wu+/1 —

Bini 14. Cho a.b,c20.Cht1'ng minh rang;

/ (13 J /23 ‘I ('3 3
~ ~ + 1 w ~ +\) ~ 7 Z;\u'+14(1b+b' \"l7'+l4/2<‘+c*' ("+1-'l('u+u' 4

Béi 15. Cho cz.b.<'2O \/Z1 a+/2+c=3.ChL'1'ng |11i11h1"§1x1g:

\ , —
1

1

1 a +\] Z2 0 <3
'\/1+3a’ 1+31f 1-3

2. a,+\/ b +\/ (,2;
\/l+3b' 1+3 1+3@- 2

Bi1il6.Ch0 a.b.r>0 théa min (13 +123 +(-3 :3.Ch(1"ng minh:

%
+

Li.)

a + b + (D 23
\/b+c—u \/c+a-—b \/41+/2—z'

Bi 17. Cho cl./J.c.d 2 O théa min ubcz/:1. Chirng minh:

1 1+ 1 v+ 1 1+ l ‘Z3
(1+u+ab)" (l+[2+bc')' (1+('+cz/)‘ (l+(/+4/a)‘ 9

Béi 18. Cho u.b.c".k 20 Lhéa min (1/)¢‘=l.ChL'1'ng minh:

4 a +4 b + 4 c > 3

Vb+/< \Jc+/< \/a+/<_{/1+/<

Bili 19. Cho a,b.c./< 20. Tim gizitrinh0'nh§1cL'1a bi€u1hL'1"c

b+c + (‘+0 + ‘u+/>
\/(12 + /(be \/19: +/<01! \/('3 + ku/2

Bili 20. Cho c1,b, c > O thoa min a +12 + c =3 . Chtrng minh:

1 ‘7+ 7 {[13 5+ W sf; W21
b“ +bc+c' c“ +ca+a“ u‘ +ab +12"

B51i21.Cho a.b,c >0 théa min u+lJ+c=3. Chfrng minh:

7 7 7

(13 + bl + ('4 >§
(a+b)(a+c) (b+c)(b+a) (c+u)(c+b)_4



192 K5 thug?!‘ st?’ dguzg bf}! (fling thz2'c Holder

Bili 22. Cho u,b,c"e R . Chirng minh réng:

(az + ab + bl-)(b: +120 + cf: )(<t: +c'c1+ £13‘) 2 (uh +124‘ +(.'c1)}

Biii 23. Tim $6 ducmg k nh.O nht sao cho bél dflng thirc sau dling \'o"i m<_\i u.b.c 2 O:

a b c 3

. \¢kb+c+\/kc+a+\I/<a+bZ ’k+1\/

Bai 24. cm 41,12, ¢~>0 mm man abc= 1. chcmg minh réngi

a + 12 + c 2 3

1/b3+c2 Q/c2+a: Q/a2+b2

Bili 25. Cho 11,12,020. Chirng minh ring:

. Z <1<Z
W. 7u2 +5(b+('): W V51: +Z(l7+(')2

Bili 26. Cho 41.11620 théa min zz +11 + c :3. Chirng minh ring:

ax/Z +17\/17 + Cw‘/Z > c1b+br'+ca
a+b b+c <'+a— 2

B£1i27. [Ukraine 2007] Cho Q./>,¢z-jg théa man <11 +/>1 +6 =1. Chimg minh:

2 2 _:

1+“ + 1+1) + 1+6 22(a+b+c)
\/2aZ+3ab—c2 \/2122+3bc—u‘ \/Zc3+3ca—b3

Bili 28. Cho a.b,c 2 O.ChL'1‘ng minh ring:

Za(b + c) Zb(c + u) Zc(a + 17) > 7

<2b+¢-)(b+2¢-) <2¢~+a)(¢-+2.1) <2a+1;)(a+211>"'

B51i29."Ch0 a.b,c20.Ch1L1‘ng minh ring:

\/a2+ab+b3 +\/b2+bc+(r3 +\/!c2+ca+a2 >3\/6

ab+c2 bc+a3 ca+b3 2

Bi 30. Cho a.b,c2 O. Tim hing $6 k du'0'ng ldn nhét dé bét ding Lhirc sau dflng

. I .ab+\/bc+,(a<3
\}k+¢-2 l<+a3 \/k+b2 \/l<+1



CI1 u'0'ng I: Nlz 1711g vién kim cmmg trong 11171 (Trillg tlz 121‘ c1§ dié

§4. BAT DANG THUC MINKOWSKI VA KY THUAT sU' DUNG

I §4'. 1. BAT DANG THL"7C MINKOVVSKI

1. BAT DANG THU’C MINKOWSKI 1

1.D:;1ng t6ng quét:

a].c1,.....¢1”eI-K:
Cho “ v51I<p€Q".I\'h1d _

bl I" ’ 11
.2....b EIR+

O\

/“'\

1/1~
ha Q

*1
‘L

+
/?\

"M
7_®

w

V
vii

*1/1_

‘Z:
>_

+
v

».

£1

w

1____1

w_

: ' = I =

~ Déc biét: \/(13 +173 +\/('2 +612 2\/(n+0): +(b+d)2

\/(I2 +193 +02 + \/1113 +112 + /2: Z\/(c1+m): +(h+1z): +(c+ p)2

1
I 2 2\/all +1713 +\/(133 +b22 +...+\/(13 +b3 ZN/((1, +(13 +...+a”) +(b, +193 +...+b”)

2. Dgng m6 r<'_Sng:

a],a,.....a”e IF
1 /.b,,....l II‘ 1 .c,, ....z e EVCho m bé s6 thuc du'o'ng 7' - J” E K v21 IA 1‘ 1” .

/,,13_
_..\

Iz/1+:/3 + ...+q” =1

I I I
I

a.[Zq,-:1,-”Jp +£Zq,-b,-pjp + . . .+[Zq,-1'1")” 2[2q,. (ai +19, + . . .+l,)'”/I Vp >1
1 I 1I 1I II

I I

b. [Xe],-:1,-"JP +[Zq,_b/’)p + . . .+£2q,.l,-"J1, S[Zq,_ ((1, +b[ + ...+I, Y0,’ Vp <1
i=1 1=I 1=I [II

L

=I. SL1 dung Holder cho hai bc} dy $6 sau:

(I1

(

Vi

.a2 . ..., an E R+

I 1 1Chzi/ng minh :1. Léy qe Q sao cho —

II“. 1) (

<@
$31

IIQ

_@‘

‘w
J

,b”e]R+
— -— p—I+11 IF]. (12 +193 )p_I ,...,(a” +1)” )'H (c1| +b| )'I I,(a3 +b3 )p I,...,(a” +b”)

/___

I 7 II

((z1"+(1,{'+...+a]{’)/'[(511+b])"H)"+...+(cz”+/gI)I"_I“']‘/ 2 Zak (uk +12‘, )”"
/\ I

1 L ,
/1 P bx’ Z b I/I—1>q b 1/1-1111 r1 > I 1/I-1bl +112 +...+ H (al + 1) +...+(c1”+ H) _ Zbkmk +bk)

1-=1

L+L=1 <=>p+q=pq<=>p=(p— 1):/,nén céng haib§td5ngLhL'rct1*én‘ta c6:
P <1

I
1 1 1

1 1 ,
— II II p ll /J ll II ll
p+ Zbg I Z(ak +11.) II 2291‘ +11‘) <=>[Za;’J"+[Zb;’j(' 2l:Z((1k+b,\.);

III

”M=
_ :2

*1:

Lt?)

7*

Iii

I1]

T"*

I;



194' K_1"thu(7t sz2' dyng br'1td(1'ng th1i"c Minkowski

2. a. D211 1,. =ai + b, +...+/,1. S11 dung b§td€ing1hL'1'c Francis —Lithew00d \

I I

I 1

11 F _ 11 P 11 1_ 11

[Zqfhpj
£26111:

] 22(q1'a1p) (Cliff) I7 :2q1'a1I:/WWI
i=I 1:! i=I 1:]

L 1_l I
+ qibip JP 41111"/71 p Z Z(q1b1p II] (‘11"11‘pIIWI7 : 2511171 71"/H

1=1 1=1 1=1 1=1

- - - . - ¢ - ~ - - - - - » . - - - - » . - - - - » . . - - - - ~ - - - - - - . - - - - . - - - - . . --

I I 1

11 N 11 P? 11
’* I 11

P P 1 l— —

IXWI IZ‘11"pI ZZ(q111")’(q1f)
1 1 1' 1 1 1 1= = = ‘=1

\

L L L /’_-I

:> zigqiaipjp +£i:Il;q,-bi” JP +...+£$lq,.l/7 jlwilc/,1,"} P 2$lq|.l,"

- I I I I I

:> [ti],-0’-P)” +{q,bi” J!) +...+[tc1,l,p T Zilzjil/’)p =[tz1i(ai+1J,+...+l,)'p
1 I 1 I 1 I 1 I 1 I

p < I O< [7 <1 1 I

b. Xét <:> <:>— 1———j<O. SL1’ dung bét déng thtrc Francis -Lithewood
p ¢ O p < O P P

11 L 11 "1 11 I I 11

[2q,~¢11p I/I 5I1"tipj P S
Z(q1'a1"p

IF (Q1711) IF; I 2351151111/7-]

i=I i=I i=I i—I

1 1

_ 1-- 1 1 I

+ < (11171!) jp [gqitipl P 5 'Z=l:(‘11'b1"p) /I (41171!) I] /I: lZ:l:(11"b1"[1‘p_‘

- ~ - - - - - - - - ~ » . - - ¢ - . - - - ~ . . - - - - - - - - ~ - - - - - - - - - - . - . - - . - - 1

J -1, I
I

[zqiliplp 61111,’) P sZIq1[ip)/J Iqi[1p)]—;; zzqiai [1/7-!

1' I 1' I i I 1 I

\

I I I p—I

:> Uiqiai/up +£tc]I.[9l/up +...+£i¢],l,~/I)’7][tqi1I/’I F §t(]‘.[iP
11 11 11 11 , 11

:> {tqiaipjp +£q1'b1'pJp +--~+[t‘11'l1"p)p gtil/1'pJp :IlEq,Ia1'+b1'+---+l1')p]p
1 I 1 I I I 1 I 1 I



Chwang I: Nhng vién kim czmvzg trong bfit ring th12"c 05 Jién 19$

ll. BAT BANG THU’C MINKOWSKI 2

/——/1-\

a,.a,....,au e IR‘.
1.Ch0 - khi d6 ta cé Q/11,11,...<1,, +4/b,1;,...11,, 3-1111, +1, >111, +b,)...<a,,+1>,,)

E Pa

_s~

5
J

a,,a2,...,aueR‘
G 5I9 ,b,,...,b R* , .

2. Cho ' “ ” khl dé ta cé bét déng thirc

7

“ a,a2 au + "

l,,l2, ...,lu e ]R+

T

b1 b- 19,, +...+</1,1,...1,, sq/(11, +19, +...+1,)(a, +1», +...+1,)...(a,, +11, +...+1,,)

Chlhzg minh

1. Q/a,a2...au +1/b,1>,...1;,, s 1/<11, +1, >111, +b,>...111,,+1>,,)

1

11,11, au 12,12, bu
=:> n ' 11 ‘ _ . a co:

\X(c1, +b, )(a3 +b3)...(au +Z7u) (a, +19, )(u3 +/92)...(au +bu)

a, a3 ...au 1 11, 413 au
~ 3 — + + +

(a, + b, )(a2 + 122 )...(au + bu) 11 a, + b, 112 + b3 au + bu

+
1>,b,...1),,‘ A 1;, 1, 1»,

(a,+b,)(a2+b3)...(au+bu)-12 a,+b, a3+b3 au+bu

a,(L,..a bb bu 1 a,+b, au+bu:>~ " '” +~ ‘2" 3- +...+ =1
(a, +19, )(a3 +123 )...(au +bu) (a, +19, )(,c11 +b2)...(au +bu) n 11, +b, au +bu

2. L’/a,a3...au +4/1>,19,..1),, +...+g/1,1,...1,, sq/111, +1, +...+1, )(a2 +5, +...+1,)...(a,, +19, +...+1,,)

(1 Cl-,...(l'2 I1 1 ' ” +...+” I112-Ml” S1
(a, +b, +...+l,)...(au +bu +...+lu) (a, +19, +...+l,)...(a,, +bu +...+lu)

su dung béu ding thirc AM - GM ta C61

1

a1ll

+ . . . . . ..

a3...au <l (1, au

\(a, +b, +...+l,)...(au +bu +...+lu) -_ n a, +b, +...+l, au +bu +...+lu

I l,l3...lu 1 1 l, lu
H S-— +...+\(a, +b, +...+l,)...(au +bu +...+lu) 11(a,+b,+...+l, au +bu +...+lu)

' a,a3...au l,l2...Zu

\1 (a, +b, +...+l,)...(au +bu +...+lu) (a,+12,+...+l,)...(au+bu+...+lu)_



196 I\'_1" thug?! Sll'dl_lI1g bf}! ring tluir Mzrzlmwskz

§4. 2. KY THCAT s1':'m_:x(; BAT 1).;\.\"(; TH1';'c MINKOWSKI

1. cAc BA1 TAP MAU, MINH HQA

Biii l. Chtrng n1inh1"§1ng:

'11

,_..

"J-

1191 1
~

1
- ~—$€

‘*1

*7

*5.

J

J1

JD.\ _
" _ _ _1+...+¥1_ _1+i_l ’2

|\
=7; ~+ — 1

1
\

\=\\l+\.2,' L\\"2+\j-, \\_+\*_», \\3+\<4,1 \1\<)s+\99, 1\1<;<)+111,' 4 1

Ch ling minlz

Bién @161 biéu 1h1'rc T 161 >11 dung bin dang 111m» Milzkmvski 1111-<1;

T 1 ;11\5»11’+1<5-1151’+3113-V61‘+.1\11=\§f+...+§11@-1&1‘+11<>*@1‘

\/
4‘:11

F:
/__

Q1

I’
JD

/ \

:81

_  _— <\‘_ +€(\;'§'—\E)+(\-3- —

/_
Lu

)+...+(1()—\1@)j'
§

P‘\ r~— /— g=~~< 110 /"7
= \1(\/99-1) +(_10-I) >i‘2L ‘

B%1i2. Cho 03:1./2 £1 YZ1 ¢1§ 1121123 Z11. Tim giai 111 11h011l1§1c1'1ubié11 lh1'1'c: .

- + - _ 9+\/99-\/2 <~ 3>~I: ~\/2>
" , ° 4

T 1 U811‘ - 2/)‘ - 6a/73 +1211/1 + 31,1 - 31> + 2 as/1‘ - 211‘ - @111/> +1211/>+ 311’ - 311+ _

Giiii

T={/(1-19)’ +(2u~/J)‘ +1 +{/(1-11)‘ +12/1-11)‘ +1 zg/'12-11-/1)“ +(¢1+/11‘ +2‘

J1-

4>
m

4-

<'~J

2 §l3.|i(Z—a~b)+(a+b)+ZI

U.)

Vo‘1u=h=—1h1M1nT:——4
7

LA.)

(1.12, c >()

Béi 3. Cho

JJ

u+b+cS¥

FJ

. 1 = , 1 1 M
Tim I\/Im c1’1a:S = Mu" +l_ + ‘jlr +-¢ + 3:(" + l_

\' /2’ L ‘ (F

Phn tfch vd rim t()i I0'i giiii
' Xét czic démh gizi véi czic [ham sé 01. [3 >0

.11-—i?
. 3 1 1 1 ] ( 3 3 ,1 3 1 2 _

»/<1 +-_;_—l7-31 a +—; on +[’> )(01 +5 0(c1+~—W (1)

[7 1/(a3+B?»)' \/ \ 19 J Q;(O(.1+B3)" \ ,1[iiiiji-i ' 1

1 5-
+<_1/123+-17 =———1——$~B/i/l2“+-17 (0c}+[$“)(oc‘+B") 2-Fi-7-£(x31a+—1 (2)

C 3/(a3+B1)' 6' ) ' Ql(a.‘~+B3)' \ (7 ,’

/111’1@11,1111B"30 +—3=——i—w-3/(c' +i3 (01 +13 )(cx +13 )2Vl?i;~[(x¢-+-
1 “ 11<>@+@*1*‘\ "J >/(<><‘+B‘)" "J

./»~

:~'@,

(3)

1 1 /I 1 1 _ - ;
:>S2—i—i2[OL'(a+b+<')+B“ —+7+»=S(,(v@»1 S1, 151 hing $0)

~ 3 \c1 2 c,
@1101» +111

\
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D0 S 121 mél biéu IhL'1'c c161 x1'rng 1'61 u. b. 0 nén d1_r dofm S = S., (131 1311 "zIié1r1 r0‘i":

a :12 : 0 = khi d6 1211021 czic 11211 d€111g t111'rc 1 1). (Z). (3) déu {rd 111511111 déng t11L'rc. Két hqp v<'ri

diéu kién xay ra ding lhirc Qua bl ding 1111'1"u Mi/zkowski 2 ta 06 so (13 diém r0'i snu £151)‘:

1-2
<1 B

. 1 . - 01:1
S0176." a=b=c=— :> ]l:';<:>g=i:/i=i=l:>H

2 (1 B 13 1 1 1 4 15:1
/> 1 u

c la
$113

Két hqp vé'i ky lhuzflt "Clz_0n ciiém 1'01"’ trong AM — GM ta cé 1<'J'i gizii sau dyz

' Girii: '

SL1‘ dung bail ding lhtrc Minkowski 2 la c6:

1 3 l=____]i.~. / 3 _l-\ 1+ 7‘ 3+-1'7‘ 1] ./-\(1 +1); +_.4i)2 _ La +h3J(1 -1)(1 4 )2i/__42~5 Lu.

+< iv/1:“+£;= -QK1>‘+(_]3J(1"‘+4"‘)(1‘+43)2€/I%(b+%

ri_'i [ (V,

*’z3+ 1 =—i——1 - +-1)(1+4)2 11*
7 _ \ 11/(/3 3 4; )2 \ (11; ' Q/4_ZD

~)

"""\

'1
1.»

+

J

31 1 1' 1 1 /1 1 1:> S=1 "+—+11b~+—+1-"‘+— 2? +b+‘+16 —+-+-J
1 \/a b“ \' -c‘ \/C (H 1‘/4225“! () 111 b c

1 ' 1 1 1 63/1,1 1=i ¢1+b+¢~+—+—+4— +Tl—+7+-
c, u 2 c5/4225 4u 4b ' 1 1 ~

2 L 6‘/a;,L..L.L.L +£5.31/l.l.l
5/4225 4a 4b 4c‘ 4 \ u [2 0

1 189 1 1 4 189 1 1_ 3 . _ -

5/4225 + 4 5/u1><~1 5/42251)+ 4 ~+11+<"_ _

1 H1892]: 1 _19>:.w<>>

v 5i/4225 4 M122 2 2

. 1 _ 3. -‘F
V61 a=b=¢-=5 thi h41nS=——+“.

B5114. Cho 0.12, c> O v21 u + b + c S 1. Tim gizit1'1nhO nhél cua biéu thirc

113 b3 1 J1)?‘ ('3 1 D c3 (13 1T: 1 + + 1 +§/ + + 1 +1 + + _

2 3 6c’ 2 3 6:1’ Z 3 6h‘



198 Ki thut szi’ dung bfit ring th1i*'c Minkowski

Gidi

Sir dung bét ding _th£1'c Minkowski md réng ta c6:

Sir dung 6&1 ding thirc Holder Va 651 dang 16116 AM - GM 16 66

£1

\3

/
T23I—1—(a+b+c)3+i(b+c+a)3+l(i+l+l}

\12 3 6 1» 1

1___

O‘U1

,3

— a+b+c)' +

/-f
6-

+

\O
>1

._.1___i1

+l.
6 6 6 6

2 —5—(a+b+c)+l-9-9
6 6

L»)

5 362
+

- 3

§(a+b+c)3+l£l+l+-1-) 2
6 6 a b c

1 ) 5[ 1 1 15 362[1 1 1)
— —+— =— a+b+c+—+—+— +— -+—+—
a b c 6 9a 9b 9c 27 a b c

9 >367Z§_6'6abC 1 1 l+362
6 a 9b 9c 27

W

DTZ §Q;(§.1-1 +1.93)? =@__
3 6 6

4

L1

6»‘<31W

\1§~
Q

2_
3 27 a+b+c_ 3

1 1(1 1 1]‘_ __;__+__
6 a b c

V<'7ie1=b=(.'=—13-thiMinT=33—€Z

B51i5. Chirng minh ring: (1+ \3/abc)3 S(1+ a)(l + b)(l +6) (1), Va,b,c 20
1

1

Ch 1272g minh

(1)<=>1+%/abc SQ/(1+a)(l+b)(l+c) ¢>i/1.1.1+ Q/am s 1/11+ (1)11 + b)(1 + C)

<=> S =i/ I'M + abv S 1 . S11 dung b§td§1ngth1'1'cAM- GM ta c6:

(l+a)(1+b)(l+c') (1+a)(l+b)(l+(')

1 1 a b c l l+a ]+b 1+6
Sél 1+1 + +—{ + + =-( + + =1

31+a 1+b l+c 31+a 1+1; 1+c 3\l+a 1+1; 1+0

. \ b - /2 Z

Bili 6. Chfrng m1nh ring: +ij: S 3'(a +b)L— +—) ,Va, b > () (1)
b a \] cz b

\ l-a-
(U f 1 I/I 1 / (H1)

b H \1 1’ £1 (l+1)(a+b)l
<=>-*1-a-—+» -b-—ss(l+1)(a+b) — — 1;»

1

Chvlg minh

iv

71

3 Z a+b 1 3 Z c1+b 1+1 3

l (l+l)(a+b)

i___

/%Q“‘-—

D“

+
$2

\_/

+
-L

/633

Q"'v—-

Tac6VT§l l+——‘1-—+—l’—1+l[l+—l)—+—“— zl-3:1
+

a b, (l b

3

+

5)

S

\Bi1i 7. Chirng minh ring: \3/3+3/3 + Q/3-5/3 < (1)

Chzhzg minh

(1) <=> 1/1.1.(3+¥§)+2/1.1.(3-15)<Q/(1+1)(1+1)[(3+%)+(3-#5)]



Chzrmzg I: Nh1?ng vién kim cmrng trong bt cfling th12'c 05 Jién 199

al=.a2=l:a3=3+{/3
,

Cho khid6(1)<:>\‘/11111311; + Q/b|b3b3 < Q/(cl, +b1)(a3 +b:)(a3 +173)
bl =12 =1;b, =3-Q/§

U a a A ; ; . A , \ , 1 , .D0 F‘ = b—2 ¢ nen-dau dang 1hu'c khong xay ra va ta co (1) duqc chung mmh.
1 v 1

B:?1i 8. Cho 11, 12, c151 dcf> d€1i ba canh min lam gizic

vé caic $6 x, y, 1 E [-1, 1] sao cho x +_\" +1 — 1. Chime minh rénw1., C‘

(xa + yb + zc)(_\'a + ;/b+xc)(za +.\'b+ yc)2(b+c—a)(c+a —b)(a +11 —(') (1)

Chz'rng minh

D0 trong mét tam giéc 1u6n cé vbng trbn néi tiép nén t6n tai céc s6 11, v, w > 0 sao cho

ta céa =11 +w ; b =11 +w; c =11 +11

1-)ef1tA=1—x;B=1—_v;C=1—::> A,B.C20v51A+B+C=.2.

Bétdéngth(1"c(1)<=>(A11+ Bv + Cu')(Av + Bw + C11)(Aw + B11+ C11) 2 811111411

S1'1'd11ng bait ding th1'rc1Vlink0wski2 ta c6:

Q//(A11+ B11 + Cw)(Av + Bw + C11)(A11' + B11+ C1/')2(A + B + C) 3/11vw = 2- 5/1111111’

:2 (A11+ Bv + C11/)(Av+ Bw+ C11)(Aw+ B11 + C11) 2 811111/v:> (dpcm)

Béi 10. Cho 11, b, 1- > 0. Chtrng minh ring:

2(1+1f)(1+1f)(1+1-’)z(1+@)(1+b)(1+1~)(1+11b¢-) (1)

Ch zhzg nzinh

' B5 2(l +113 )3 2(1+11)3 (1+113), V11 > O (2)

Chzhzg minh: (2) <:> 2(1/’ +3114 +3112 + 1)2(113 +3112 +311 + 1)(113 +1)

<=>116 -3115 +3114 -2113 +3112 —311+l2O<:(11—l)4 (113 +11+1)2O

' Ap dung: SL1‘ dung b6 dé vim bit ding thirc Milzkowski 2 ta c6: '

[2(1+a2)(l+b2)(1+c2)T =2(l+a2)3 (1+b3 2(1 +02);

IX)

2(1+a)3(1+a3)(l+b)3 (1+b3)(1+c)3(1+c3)

=(l+a3)(1+b3)(1+c3)[(1+11)(1+b)(1+c‘)]3 2[(1+11bc)(l+a)(1+b)(1+c')]3

¢>2(1+a2)(1+b3)(l+c3)2(1+a)(1+b)(1+c)(1+11bc)



200 Kf tlzugit s1?' dgmg b1'1t d11ng tI112"c Mirzkowski

11. cAc BA1 TAP DANH CHO BAN DOC TL)’ c;1A1

B511 1.c110 11.1.1 >0. Chirng minh ring:

'?—? /iz 11-1-2/f: 1 b+21' 3 1*-Z11‘:
\/1+1: +\/1+1; +\/1+1 2\’11+(?—; 1 +V11+( 1 +\,l+(?2 )

/ \
1 ‘ / \. - V \ ,

Bé1i2.Cht1'ng minh réngi 1+ "1 1+ 1’ |L1+ ‘ H 1+ ‘I 12 675 v11.11. 1».11>0
31>, 31-,1 3d 311,- 256

B5113. Chtmg minh ring: 1'/(11+1)!— >1 V11 2 2.11 e N

_, , . al 11. \* / 11, ‘ 1 H

Ba14. Chung m1nh: 1+——— 1+ ~ 1+++12] 1++' . V11|.11;.....c1n >0
H "C11 \ /III] /1 \ /1,’(I:

ll./(E [V

B12115. Chime minh ring: ~ m+1- ~ 111-1 1 <1"/I v- ., IJ \/;++/ \/ _.\1 . {
111,p.m—%>O

1 . , . ; 1 1

B2116. Chung m1nh rang: ;— +l— £1 . V112 2_11e N
11—l/"1 11-6

\ . , . ; UT ,

B2117. Chung mmh rang: '\'/'("’,’§”) 21+? 21111.11 2 1: 111.11e A1
II‘ I\’I1

Bi1i8.Ch1'1"11g minh ring: (1+Q111,c13...11” )1? S (1 +111 )(l-113 )...(1+11,, )_ V11, >0

Bai 10. Chirng minh réng:
III II H I1 17‘ 1|

B51i9.Ch1'1'ng minh ring: (p+'\'/a,11:...a”) $(p+11,)(p+11;)...(p+11,,).\1p.11, >0

1 I

l{ j _[Z1:

+21

1:1

J .Vc1,_,- > O

Bi ll. Chg-ng minh ring: (111 —1)(a3 —1)...(c1” — 1) S('\'/11I113...11” -1)”. V11, 2 1

1 \-1\ \ ' 2 1

B1211 12.Ch£rng minh: (1+ _1 11+ _1 \[1+ ,1 1211+ 1 .VAABC
s1nA s1nB/ s1nC,1 \/3

B111 13. Chirng minh: 1+ 1 1+ 1 \"1+ 1€ >21 _ VAABC
$111 A Sm B $ S111

2 / 2 /\ 1 /

VAABC/
Bi1il4.Ch£rng minh: 11+ IA 11+ 1B 11+ 1C”2(11+2)’ v<3‘i {

sin 1+ sin ~ 1 sin V”€ N
Z 2 7 /



bl?! (Tdg rlz 121- c5 (Ti(:;Il Z(Cllming I: Nhfmg vién kim cu'0‘ng trong

' ' '1’ CHEBYSHEV VA KY THUAT SU’ DUNG§5. BAT DANG THL'C

§s. 1; BAT DANG THUC CHEBYSHEV

1. Bit dng thrc Chebyshev trén

I > > >11 u|§u.S...§

2 déy ddn diéu cung chfeu
Cho mi diy hfru hz_1n czic $6 Ih1_l'C al.u3.....u” \'Zl />,./;....../7” . khi as

(1, _ (13 _ ..._ H c/H

' hoéc la _c(3:

/7.2l722...2b” 2l_ “_ _
Neu co

I I </1. <...</>1,

ail)! +¢1ZZ23...+(1”12” u, +u3...+¢1” /21+/7:...+[2,‘,I.I. Dgmg 1:
n

b +a,b +¢1”/>”)2(u] +z1,...+a”)(b, +123...

II ll
1.1. Dg'zng 2: n(a, , 3...

(I1 =02 =...=u”
Déu bimg xéay ra ¢:>

b, =b. =...:

+ 1)” )

_ bll

" do'n diéu ngu’qc chféu' hirc Chebyshev trén 2 day2. sat dang t
Cho hai déy S6 hfru han céc S6 thuc <1,.u.......1,, V51 1>, .1>......1>,,. khi d6:

al 203 2-211,, u, Sal S...$a”
Néu c6 hoéc ta Q6:

bl Sb, SW51)” /7| Z/73 2-2/2”
‘ I +zz,...+uH l>1+b,...+/2”all), +a:b3...+ <1” 1” u,
2.1. Dgmg 1:

II /I

b b....+b”)
/2

b +u.l7....+a”/7”)S(u, +a3...+(1”)( |+2.2. Dgzng 2: n(u, I

(11:03 =...=a“
Diu being xaly ra 4:»

/9] =1): =...=bH

CI1 zhzg minlz

LM

;F4

/1 /1 /1 n ’ :1 \ n / 1|

Bién déi /120,./2,-—Zc1,.2:/1,. = L20,/7i |— I Zia//7i
I 1 l /' I:| /

1

/=1 |=| I=

'1
= Z Eczlbl-+(1J-1)/--11,-I2) —r1/.b,J7=

lSi<_/Sn

0 Néu 2 diy $6: {a‘ H’

[V1

|S[</in

Fj

(L1, —a] )(b, —b, =

,{z>. };’ 151 2 dy dcm diéu cilng chiéu ma s z 0

/7 b ...+12”)lJ+ b +a b”)2(a1+c1,...+u”)( 1+ 3Suyra n((1[] (12 H

hi‘uthiS<()' " ‘ H b H 121 ° dfiy don diéu ngu'Q‘c c é _' Néu 2 day so {ak }] A.}| _

+b[J + ”b")<(u]+u....+u”)(b‘+/22... H)Suy ra n(alb] +a2 3... a _

Déu béng xéy ra <=> S = O c: (c1,—(1,-)(1, ~ :0 v1sz<_,sn2 /7‘)

3 :...i(l”CI] :[l” ((11 (1:
— I —l =0:> (GI an)(9I 711) <:> [bl Zbu Z L/71:/)2 2-Hzbn



202 I\’_\" thugit sli‘ dgmg bt living th|2‘c Chebyshev

Ch b shev md réng3. Béit dng thirc e y

Cho m,,m2.....mH > O thoa min ml +1712 ++/11” :1

2a_2...2a _' |'alSa3S...§a”
hoac < th13.1. Néu c6 al I ”

I9” Lb, <17. <...<I7”b,2b:2...2 _ __ _

Haubn > (11110 + 121.0, +...+r11”u”)[1r1,b, + mzbz + ...+ rnnhn)m,alb, +m2a2b3 +...+m _ I

a, —a2 -... an

Dz‘1u bring xay ra <:>
b b, — -buI: in-"‘

2a_2...2a alSa3£...§a,,
hoac lhlA , al " n

3.2. Neu co
I) >b, >...2l2”

b+mab+ +m"a,,”_(|l __.
blbzémébn ,_ __

b < ma +m,a. + ..+m”a” )(m1b, +m3b3 +...+m"b”)
mlal 1 2 2 2

Ta sé chtrng minh dai d

al =02 - - an

Du being xéy ra <=>

Ch1i"ng minh

ién 3.1 cbn 3.2 duqc chtrng minh tu‘0"ng Lu.

al 2a, 2...2u” u, $0. S...£a”
“ ' hoéc ‘Xét truiwng hqp dai diepn

19 >17, > >12” -Kb‘ S17, S...£b”

Tacé (ak

<:> n1kn1,aAb‘ + m‘m,,a,,b,, _

—a b. —b 20 <:>aLbL + (1,1), Z ukb, + c1,bk
[2 L [1 I I I I

> 1n‘n2,,c1AI2,, + /nAn1,,u,,I2‘
I

Cho p chay {tr 1 dén n suy ra

II ll II /I

mkakbk Z mp +z1zL2r11/,u,,bI, 2 /11.0.2/zzplap +/11.12.21/11/,1!”
‘I /1:]

/1=| p=l p~

II II II

a bk +111 Z121/,apbp 2 mkak Z121l,I2,,+111‘bA Z Inpczp4:) Ink L. . A.

/1=l /2=l p=l

Béy gid cho k chay tit 1 dén n suy ra
I! I1 II IX II

Z

>.—

+

iF’]=

F3

S“

iF’]=

5
E

2
E

rnkakbk + Emk Z znpapbp 2 Z rnkak Zrnpbl,
k=| p=] k=l [>= = =

II I1 I1

<:> 22 m,.a,b, 2 22 m,a,.Z mp, (déi chi $6)

|=l l=l i=l

n u n (ll : (12 : : an

Déu bimv xay ra <=>¢¢ Z121,-aib, 2 Zr11,zz,.Z111,bi C

b =12, =...=b”

Q
E‘

~_<.

i=1 i=1 1:1 ,

Cho m, =m. =...=m” =l suy ra b('It airing th1?'c Chebyslzev
' n



Chlrong I: Nh17'ng vién kim cu’0’ng trong bfir rig thzir c5 dién 203

§5. 2. KY THUAT sU‘ DUNG BAT DANG THUC CHEBYSHEV

1. cAc Bin TAP M/Ku MINH HOA

\. , . ; CI b C 3Ball. Chung mmh rang: i+i+i 2— Va. 12. c > 0b+c c+a 0+1; Z

Ch 1?'ng minh

Jl2+c2('+u2(1+b

i<i<__Khéng 'm§t tfnh téng qué1l,gi2'1 str a S 11 3 c :> a b C

LJ+c (.'+a a+b
Str dung bit ding thirc Chebyshev cho 2 diy don diéu ngu'c_>‘c chiéu La c6:

(bji+T€?+#)[(b+c)+(c+a)+(a+b)]2

2 3 [i(b+¢-)+L(¢~+a)+—(\—(c1+12%
b+c c+a a+12

<=><i—+-l—+L)[2(a+b+c)]23(a+b+(')
b+c c+a a+b

a b c‘ 3(a+b+(') 3Q + + 2 =—b+c c+a a+b 2(a+b+c) Z

D:§ub§1ngxé1yra<=>a=b=<">O.

B51i2. [PSFJIMO 28 — Cuba 1987] Cho (1.12. r" > O \/£1 me

n n n n—I
, . ; (I b c (u+b+c')Chung mmh rang: + + 2 _,

b+c c+a 11+!) 2.3” '

Ch zhzg minh

Ta sé chfrng minh bit ding thfrc béng phuong phép Quy nap tozin hcpc:

\ A ; , . .4 13 ' 3' V01/2: 1 th1 bat dang thu'c Nesbzt qucn blet L +—-—— +L 2 —.
11 + c c + a (I + b 2

J‘ A-1

° Gié $11‘ bit déng thfrc dng vdi n = l<: “A + bk + é Z (a +b +i)
b+(* c+a a+b 13“-

Ta sé chtmg minh bét ding thtrc dimg vé'i /1 = /<+1.

aSbSc
Khénv mét mm ténv uét, via su 0 < (1 s 1; s L‘ :> .c c c LIA bk CAi 3i 5i

\l1+r' (‘+0 0+1?
SL1‘ dung bét ding thirc Chebyslzev cho 2 dy don diéu cilng chiéu la c6:

3 a‘ bk b c,‘ 0‘ b‘ 0‘ b_. __. .- > - -

Kb+c a+c+a +a+b c)_[l2+¢'+c+a+a+bj(a+ +0



Z04 K)" thug?! su“ dgmg bf}! (Hing tluér CI1elr_v.\‘he\'

l** ~ \~1 h’: .-
<u+l>+<‘) . (u+l>+(')k u /1 ¢' I (1/+/2+<'

2 i4“i‘—j—‘—*'((l+/7+('l:*7+‘i \-‘T? 4--W -9';--7-9->—~ 2 ;-"——'"
2.3”“ 2.3”" />1-1" <'+u u+/> 13*‘

Theo ngu_vén l_\' quy nap suy ru (1) dling Vne Z ‘ . Dziu héng \a)' ra <2 u = /2 : <' > (1.

Ill./7.(‘>() am bu (11 -1) uu 1/u +(u
Bai 3 Cho Chrnu minh rang: T" (~21

“E2; /7+<* <'+<1 11+/1 Z u+/2+0

+ 7 -

Clzlhzg minh

Kh6ng1n2‘1llfnhL6ng quill. gin sL'1'c12 /1 2 1‘ > 0 3
/>+('§u+<‘§z!+/2

LII‘ 1)“ (’u{>i>_____

.\_

7+‘< ('+u u+/2

su- dung bit ding thL'rc Chebyslzev cho 2 dy don diéu ngu'Q"c chiéu In c6:

1/ <1 (X <1 \
VT(l)= 1 U + I7 + C !1r(/>+(')+(¢'+z1)+(z1+l>)

_(z1+/2+0) \l2+(“ (“+11 u+/vy‘

L___

\/

(1 u <1 _l

H /1 1' ' Ti “+l“+ -“)2 ‘3%”+(')+%(('+(I)+i“_(LI+/7)i= 
_ u+l>+( Lb+< c+u 11+/2 _j L(u+l>+¢)

'(.l.'.1>() 2 2 ,2 2

Bai4.ch<>;]U,)'(f , , .ChL'1'ngminh: " + 1’ + ‘ + ‘I 23
-Lu-+};"+(»-+(/-=1 /J+("+d c'+c[+a c/+u+b a+b+(' 3

Clzzhlg minlz

D2§1lA=b+c+d 1 B=c+d+a ; C=d+u+1> 1 D=a+b+<"

Khéng m§1L11'nh téns uzit. 2&3 sir :12/2 2 (' 2 1/> 0- - Q ~

~
~

U

1 2/>1 z<-1 241 >0

I l 12—2—2*>()
B (‘ D

J,

Str dung bait déng lhtrc Chebyshev réi AM — GM v CBS ta c6:

\/Tzl 1 [1 9 11(l L _1_ l)2\}l.l.l.1= 1 3 4
4(” +7 +‘ H ) A+B+C+D 4A B C 1) 4,4359 A+B+C+D

=5. 1 3i- 1 =l.D§ub§1ngxz'1yra<=>a=b=c=c/=i
3 11+/>+<‘+d 3 /4(a:+b:+(_:+d:) 3 Z

Biii 4. [PSFJIMO 36 — Canada 1995] Cho u./).('.(/ >0 thou min uh + b(' + <11 + 110:1.
} z § 3

, . ; (1 /7 v (I I

Chung mlnh 1'ang:S = + + + 2 j
b+('+(/ ("+1/+11 d+u+/J u+l)+(" 3

1

Clzlhzg mi/1/1

Dél A=b+(*+(l; B:(‘+(1+tI; CI:/+(1+l>; D:c1+l2+r‘

:>A+B+C+D=(l2+c+(/)+(c‘+zl+a)+(z/+u+/1)+(u+/7+<*):3(u+l>+('+d)



Ch mmg I: Nh17'ng vién kim curing trong I2 t aiding th 121' 65 diL511 Z115

, ~ ~ ~ ~ :1‘ +/2“ If +0" r" +d‘ (/“ +11‘Ta co <1“ +/9" +0‘ +d‘ : + + + 2(I/7+/,7('+('([‘f(/Cl:1

' (/3 2/9" 2 (-3 Zz/3 > O

Khéng méit linh téng quzi1.gia su' (1212 2 <~ 2 4/ > O :> 1

—2—2—2—>()
LA B C 0

Su‘ dung bél déng thirc Chebyshev 111 Q6

:1} [>3 ('1 :13 11 ’l 1 l l"~$:i+ ‘—~+%2—(u;+/>’=+1":+z/:]l~+—+—+—§ABCD-11 "?1B€01
= l(0311+b:1>+¢'3.c'+z/:1/)[i+l +l 1

4 \A B C [)1
1 1 3 3 3 2 1 1 1 1 12--—(u +1; +0 +d )(a+b+(~+d) —+—+—+—1
4 4 A B C D)

1 ’1 1 \2—-((1+b+c+z/)L—+—+l+i)=L-(A+B+C+D){l+—L+i+i!
16 A B C D 48 A B C I),

1 1

2 --4-4i/A.B.c.1).4*/l-_-ll =1 (dpcm).
48 A B C D 3

Déu being xéy ra <:> a=b=c=c/ =-

\)>--

Bé1i5. Cho czic s61h1_1'c :1. I2, c > () lhoa min diéu kién a3 +/2: + ('3 Z1.
1 "

.7

Chtrnv minh r§1n<*" (I + /7 + C > \/5
C C b+c 0+0 a+[2_ 2

C/1 ti‘/1g minh

~ ~ l 1 9' Bédé: ' —+l+—2—~ \7’.\"._\'.:>();
.\' _\' 5, .\'+ _\'+ I,

° x+ _\' + 3 $1/3(.\'3 + )1: + :3) Vx. )1 3 e R
¢ Ap dung:

uz Z123 203
Khéng mt tfnh téng quét, gizl str a 2 la 2 c > 0 3 1 1 112121

b+c c+u 0+!)
Sir dung bit ding thtrc Chebyshev ta cé

7 1 '1 1 '7 1 ') '7 '1 1 1 I3(a'——+b‘—~+c'——72(a' +19“ +(“)(i+i+€Jb+c c+c1 Cl+l7/ b+c' c+a a+b
:(a3+b3+C2) 9 :9(a2+[)3+c‘2)> 9(u3+b2+c2)

(b+c)+(("+c1)+(a+l>) 2(u+b+c) 2/3011 +bl +63)

/' 2 2 ,2

— 3\/5-x,/a2+b:+c3>3\3 :> U + /2 + L >\/3,
2 _ 2 b+(' ("+11 u+b_ 2

4
uh“

Dau bang xay ra ¢=> a=b=¢ =



206 Kf thugit s11" dung bfft ring thfrc Chebyshev

Baa 6. [IMO36 - Canada 1995] cm czic S6 Il'1L_l'C a_ /1. C > 0 théa min abc = 1.

~ 3
Chtrng minh réng: 3 1 + , 1 + , 1 2- (1)

a‘ (b + ("J b" (c + Cl) c"(u +17) 2

Ch 12/ng minh

1 1 1 .\'._\‘,T>0
D{1t—=.\',—=_\",—=::> .

Q 1» C \‘\‘I’—l
7 W n

Khidé bé1td€mgthL'rc(1)<:> L1»-‘_+ z~ <2)
\‘+ 1 ; +.\‘ .\'+ y Z

x2y2;>O
Khéne mét tfnh t€>n<> quail. aié str .\- 2 »~ 2 ; >0 :> X \‘ -

~., I: ~., . \.—— 2 '—— 2 > O
_\'+; 1+; .\'+_\'

Sir dung bit ding thirc Chebyshev v51 bit ding thtrc AM — GM ta 06
'1 '7 7

x" V" 3' I x \" "i++—+ 2~(x+y+;) ——+"t
)'+z :+x x+\’ 3 \‘+Z :+.\‘ .\'+\'

=l[(_y+1)+(;+.\')+(.\'+_\')]K;+—L—+ I T2
6 y+; ;+.\' .\*+_\'/

9’
[\)‘Q1

E!

I\)

2l3 X (y+;)+L-(;+a)+ I -(.\'+_\")_t=l(.\'+\'+;)2 '__=i
6 v+: :+.x x+\' J 2

:> Bait ding thL'1'<: (2) dng suy ra (1) dng. Du bring xay 1'21 <2 a = b = 1?-= 1.

Bili 7. Gi2'1 sir a, I2, c 15:1 d6 dili 3 canh cua min tam gizic. Chirng minh ring:

Jb” N ” bu z¢Z+JE+JZ
+C—C1 C+d— (I+ —('

Chzhzg minh

' B5 dé‘: (b + c — a)(c + a — b)(a + b - cf) S abcr

' Chzhzg minh: Sir dung bait ding thtrc AM — GM ta cé:

0<\/(b + c—a)(c + a—b)S——M+ C_a):(C + a_b)=c

XO< (C+a_b)(a+b_c)<(C+(l—/7)+(£l +b—c):a
_ 2

O< (a + b—c)(b + c—a)'£i—a————————(a+ b_C);(b + C_a) =_b

:> O < (b + c — c1)(c + 61- /))(a +17 — 0) S ubc

0 Ap dgmg: Khéng mét tinh téng quzit,gie'1 sL'1'u2 Z2 2 c > O



Chu'0'ng I: Nh1?'ng vién kim cu'0’ng trong b't (Tg thlic 05 diérz 207
/— .

\1'c12\/1;2\/1'
1 l:> 2 2 1 :1 ¢- - /-/9+(‘—a c+a—b a+b—-c *1’ > ‘/17 > ‘/C

l\//7+('—<1 \/(‘+a—l7 \/a+b—<'

SL1‘ dung bit déng Lhtrc Chebyshev ta c6:

F -WzM@+@+$) 15 + ~” 1 @112
3 \/b+('—a \/c+a—b \/a+./9-1‘)

<@+@+@w/ 1” Z@+@+@\((b+c—a)(c+a —/21)(z1+b—c')

E)§1ngthi1"c xéy ra <:> a =b:c.

B:21i8.[CWMO2005]Cho a.b,c,d.e>01h0a111Z111 1 + 1 + 1 + 1 + 14+0 4+/7 4+6 4+5! 4+e

Ch1'1"ngminhr§mg: “w+ 17w+ ‘_+ 117+ ejsl4+a‘ 4+/2‘ 4+0" 4+1!" 4+6“

=1

Clz ling min lz

I 1 1 1 1 I 2 a I9 c d e11¢: 4+a+4+b+4+c+4+d+4+€ 4+a:+4+b2+4+c3+4+d:+4+e3
:1 1—a + l—b + l—(' + l—(1 20

(4+a)(4+a’) (4+b)(4+b*) <4+¢-)(4+1-1) (4+d)(4+¢1’)
Khéne mét tfnh téns uét, Oié str a 212 202 (12 e :>$4 xi C

1
l—a<l—b<1—c<l—d<l—eV

1 < 1 < 1 < 1 <
4+a_4+b'4+¢"_4+d'4+@ 4+¢_4+1f_4+¢-3_4+@/’_4+@1
SL1" dung bit ding thtrc Chebyshev ta c6:11¢ 1—~. 1 :1 1 . (5_1)=0
(Zr1(4+a)(4+a3) 524+” g4+f12 52'-1+“: 4+”
Déu bng xz'1yra<:> a=b=c:=d=e=1.

; \/a3+bc \/b3+ca \/c3+ab>3\/5 Va’b,C>O(l)
1Bili 9. Chirnv minh ranv: + + _ ,

C C b+c c+a a +b 2

CI2 zhzg minh

V I 56 1 1 2a2—b2—c'3(1)@ Z[ " +_ - jam: Z 20
"<1 17+‘ ‘/5 ~51" (b+c‘)[\,1Z(cz2+b(')+b+c'j

Khéng mil tfnh 16ng qu2it,gia'1 sir a £17S(' suy ru (b+¢-)3 2(c+ a): 2 (a +b)2

v21 2a2—b3—c3S2b2—c:2—a2S2c2—a3—l23.
-



108 I\'f thug?! szt d1_mg 12111 zlrzg tluir ('heb_vs11¢ 1

<(/>—u1(u +/> + —u1>+/><+<u1
T1106: (12+c)\/Jul +1v('—(('+z1)\/1171 +111: ' C 20

(l)+(')\‘¢1:+1n’+(("+ u)\//1: +111

\'i1 (('+a)\/1): +111 —(u +121\1'('3.+ 4112 : ah‘ _M((_!+/7“ +(‘“ +uh _F___b(‘+m) Z0

,i-ii
(12+<')\/Z(u: +1>('1+(12+¢‘1: 2(<'+u)\1Z(12: +1111 +1<"+u1: 2(u+121\;Z(¢': +<11>1+(u+1;1“

(¢"+u1\1>: +111 +(cl +121\/('3 +u1>

SL1" dung bail déng thtrc Chebyshev ta c6:

Ia‘ -11' -1"

\/
.1.:~—-

~‘-_w _ 1

_ L4 __

[V1

Z F, 1 (“(1 17 <

“‘ (12+<')L\1Z(z1: +1n'1+11+(*j ' F“ (1>+(')[\]Z(z1: +1><'1+/7+0}

B:§1il0.ChL'rng ma11h;\/’t“:“+v“Z"+\f“:"z21\*/){’(_+\,?(_{’a+\,' <’ J.V(l.17.('>()(l i

; + 1 + 11+/7

C11 1111g minh

-4 '_ !1J+('_ 1 u \ m+¢~ 5‘ /2 \‘/1 141-1-12 1 (' \
B1€L1[hLlC(1)<=> [\v7—i—'(l 2 ii‘/)+(‘/1+(V]T-"2\‘(l+(./i'Y'L\1T—2\m/lZ(1

1J+c"—2a c'+(z—Z19 (l+17—2(' -)
c> + + 201-1

\/u(12+ 0) \/11((' + u) \/(‘(11 +12)

Gié1SL1'£lZ17Z('.khid(317+('—2(1S(‘+(l—217§u+1)—2('

V51 1 3 I £ 1 . su dung bit dfmg thfrc Chebyslzev ta c6 1

\/u(1)+c) \/1J(<'+a) \/c(a+1)) .

VT('l)Z(12+<"—Za+<'+u—212+u+12—Z<")1’, 1' +/ 1 +/ 1 3:0
\ \"u(/)+<') \/1>(c+a) \/c(u+19)

Nhu'va§1y bit déng thtrc duqc chtrng minh. Dfiu héng xéay 1'11 <:> <1 -b -r" > O

Bi 11. Cho a.b.c‘ sao cho

Q,_.

v-—

('\>—-

1£\ dé dixi bu cgnh cuu min tum gizic.

~ ab + at + Z170 (112 +120 + Zar (‘u +11) + Z1117

Chirng minh réng , + + w £6 (1)
:1“ +126 12" +111‘ 1" + ab

Ch zhzg minlz

a(b+c——2a) b(c1+c—2b) <"(a+l>—2<'1
(1) <:» , + , + , _0 (2)

cl‘ +170 17' +ac" c" +111)

<
.-/

Q>-A

Q->—-

0.

Giél sL'r (121720 :> b+c'—2z1S(z+c—ZZ2£b'+c'—Za

— — L 1:1 dé dili cL'1_a min lam gizic. [2166 01> + ac — 11:‘ 2 (I17 +190 + (102190 +ca — ab >0.

~ I u 12 ((l—17)(17('+(‘(I—cl17) 1)
A , (1

Dan den 1 — , = ’ 2():> w 2 , .

0' +1)(' 1)’ +c1(‘ M1‘ +17(')(1J' +CI('1 11' +1)(' 17' +111"



Chu'0’r1g I: Nh17'ng vién kim Cll'()'llg tr011g_bt ilrig tlz 121' 05 diérz Z )9

<1 /2 c
Tu'o'ng tux ta 06 ~

0' +/21' /J‘ +u(' ('“ + ab

VT (V2) S(b+c'—Zu+c+a—Zb+u +/>—Z

Nhu véy bit ding thtrc du‘c_>'c chfmg minh. Du béng xéiy ra ¢> :1 :12

§u dun“ ' 0

/

~

\_/

/____\

Q

2 , 2 w .. " CbitdanCth(1'cClzeb_vshev nmo

u [2 c' X1~i+,i+~i]:
" +/at Z1‘ +04" 0' +a/9

C.

"c1,l7,c'2() 1 1 1Ba] 12. Cho . Chung mmh 1 + + S1 (1)I1+b+(‘=3 ("+u+l2 u‘+b+(' b'+u+c

Ch ling nzinlz

,
- 1- -) \Tu CO1 , 1 —i= , 1 —%= (\( ( _ .Tu'o'ngtp'\'z1suyrz1:

(‘_+(l+/7 3 c'—(“+3 J 3(¢-'—(~+3)

B511 ding thirc (1) <:>

20:»(:(u—1) + Z3(b—l) + c;(c—1) ¢/-]q+ /;-1 (~-1 20
(I_—(Z+3 /)'—/)+3 ('_ 6+3 H 1+3 /7 1+3 ( 1+3

:1 b <

Gié1Sf1'a2b2c,thi c1—l2b—l2c—1

Tit a+b+c=3 suy ra ab,bc,ca£3 :> I 2 1 2 1

' a—l+9 b—l+§ c—l+*3
(1 b c"

SL1" dung bit ding thirc Chebyshev ta c6 :

_ a— 2— — :

Déu bzing xziy ra <:;> a=b=c=1
~ ~ ‘V

Bi1il3.ChL'1'ng minh réng: , U Tb‘ + b Tm + ‘ Tab , 20. Y/u.b.(‘20b‘+("+Zu‘ ¢"'+u'+Zb‘ a‘+lJ'+Zc'

Clzzhzg minlz

Chng ta sé chirng minh b§td§1ngth£1‘cI6ng qut hon vdi mc_>i /< S 2

2 2_, ,:_a bc + b ca + 11, ‘ab 20 (1)
b“+C'+/<(l' c'+a'+l<l7' a'+b“+/<("

Thzjt véy. nhén thém czic hé 56 tu'0‘ng (mg vo m5i phn $6 tz1du'(_>'c

(1)1: (a2—bc')(€+¢') + (b2:m)(:‘+u) + ((':—£l1))((I+/J) 20(2)
(bl +c2 +l<a')(b+c) (02 +a' +1;/2‘)(cr+a) ((13 +b3 +/<c3)(a+b)

Khéng mil mm Iéng quit. giéi S11‘ (1 21> 20. an

(LI: —bc')(b+c)—(b3 —ca)(c+u)=(ab+c'3)(u—l>)+c'(a3 —b3)2O

(bl +c3 +l<a2)(b+c)—(c2 +612+/(bl)((.'+(l)=(/)—(I)(<l: +b2 +03 —(k —1)(ab+bc'+ca))S0



Z H) I\'f I/111171‘ s1i'dgu1g b1'1t 17(71zg 111111‘ Cl1eb_v.s'Ize1

Tu"o‘ngtu.tz1c6: (11: —/'11-)(l>+1')2(l>: —1>11)(1~+11)2(.1-I~11/>)(11+i>3

2,1‘1 2/\\l\ 20
(1/>'+("+l<11‘)(/1+1") (_1"+<1‘+l<l7')(1-+11) ‘\11'+lf+l\1"')(11+/>)

Sir dung b51d§1ngIhL'rc Chebyslzev la c6:

\/T(Z)2U113 —I71')(b+1")+(l7: —cc1)(1'+11)+(1": —11b)(11+/2)}

X[ w w 1 w + - 1 1 1 + w w 1 '1

(l1‘+c"+k(1')(b+c) (("+a‘+kl1')(c+11) (11‘+/2'+k(")(c1+b)J

Nhu‘ vziy bz‘1tdf111g thtrc duqc chtrng minh. Dfxu bng xii)" ru ¢:> 11:!) : 1* 2 0

Bili 14. Cho 11.12020. Chirng minh 1'§1ng1

2g (11w+l>)1' + (b‘+1-): (1~_+11); £3

(1‘+b'+c"+11b 11'+l>'+1"+/71‘ 11“+/2'+1"+1'11

Ch ling minh

. , . 1 +1)’ 11+-f <-+ >’
' Bzrac 1: Cl111'ngm111l1 , U, J + )1 ( + ‘(N ‘I 22

11‘ +11‘ +1" +1117 11' +/1“ +1" +171" 11‘ +/2‘ +1” +111

Z (a+b)' >2 (11+b)' (11+b)' +(b+1')' +(c+(1)' _, '

W. (1: +17: +1": +1113 W11: +19: +1‘: +c1b+l21-+011 11: +113 +1": +11b+b1'+1'11 '

°Bu"éc 2: Clzfmgznizz/1 , (”,+b): + (/71H‘): + (('1+a); S3 (1)
" 11‘ +I2' +1“ +1112 11‘ +/J" +1" +171’ 11‘ +12" +1" +111

\
(1) Xi (11?-1)); _1]§O‘:'2 pi-1113 ZUQZ ((2-11/‘1)(11+l2) 20

1'\Y‘ fl” +17 +<'_ +1117 1“ 51' H7’ +"' +”/7 L‘\1 (11' +17‘ +1" +11l1)(11+l2)

Khéng n1§1ltf11hi6ng quail gié >11‘ 112/121‘. din 11 :11: + />3 +1": .

Ta sé chimg minh:

(112 —l>c)(b+1')2([23—1"z1)(1'+11)2(1': -11/>)(u+/1)

(11+bc)(b+c‘)S(11+cc1)(1'+c1)S(11+11b)(11+b)

Thgit véy. ta C6: (11: —l21')(b+(')—(b3 —c11)(1‘+11)=(1': +11b)(11—1'2)+2('(11: —l73)2()

(I13 -—c11)(c+(1)—(1"3 -11l2)(11+l>):(11: +l>1')(b—1")+'l11(b: —('3)ZO

V21(11+c'11)(1'+11)—(u+b1')(b+c')=(11—b)[11+1: +1‘(11+l>)]2()

(11+c1b)(11+b)—(u+1'u)(1'+(1)=(/7—1')[11+11: +11(/>+1')]2O

Str dung bt ding thL'1'c Chebyshev vii ch11)‘ Z(113 —b1')(h+ 1')=O tu 06:



Chu'0'ng I: Nhl7'ng vién kiln Cll'lI'llg trrmg br {hing th 121' ('5 (Ti?!) IZ _— ('—ul (u+[>J :0
(\((1_ +/7“+¢"+fl/7 +/>“+("'+u/9)((1+/1)

I\/

M

M

Du béng xay ra <:> u =12 : c.

- , , .1_ <-1-’
Nlzgzn xet: Phep blen (101: Z , C, “/3 20:; Z (1 alf)(u+b) 20

<-\-(- 0- +/7- +‘“_ “L”/7 <\(‘ (cf +b' +(" +11/7)(u+l>)

chfnh 121 diém m§uch6lcL'121 chfmg minh \‘i khi dé chfmg La mdi tgo ra hai dy cé tfnh
sép lhL'rlg1'.

Bili 15. Cho a,/2.c' 15.1 div dili 3 czjnh cua mét tum giaic. Chfrng minh ring:
-> 1fl“ —bc + 311' —w(“u + wt“ —wub £0

3:1‘ +1)‘ +(" 31)" +<" +0‘ 3v‘ +0‘ +b"

Ch ling minh

' B5 11$: Néu (1./2,0 151 dé dbi 3 cgmh cL'1um(>tt;un gizic thi uz +173 + ('3 < 2 ( ab +120 + cu)

° Chzhzg minh.‘

Z(ab+b("+('z1)—(u3 +173 +ct:)=<1(12+<‘—u)+/>((‘+a—b)+<'(z1+l>—<')>()

' /ip dung: Khéng mt tfnh téng quail. gia su" 112/>20.

Tu'o‘nglg1'nhu'bE1il4.ta cé: ((1: —l2(>)(/>+¢-)2(/>3 —<'u)(("+¢1)2(<*: —ub)(u+l2)

Dé j’ ring

(3:13 +121 +62 )(b+c) —(3b2 +02 +a2)((‘+a)=(u—b)[2(a/>+bc+ca)—(al +b3 +c3)]20

Tutmg {gr ta cc’): (3u3 +b2 +c3)(b +'c)2(3/>3 +03 +u:)(c+a)2(3c2 +112 +b2)(a+b)

SL1‘ dung EM: —bz‘)(h+()=O V21 b§1td511gth(1'c Chebyshev la Q6:

Z a3—bc' :2 (a3—[2(')(/v+(')
,\.,3a:+b:+<'3 N ($113+/2:+<*:)(b+<')

1 (2 1

U C C K?-(3(ll+/7“+('_)(/)+(')

Déiu béng xé1y1‘z1<:> (1:1) 2 c hozjc u :l>.<- :0 \"i1c;ic hozin vi.

Biii 16. Cho a./2.0 2 O . Chtrng minh réng:

—a—+———}1——+—(+—2Z(ab+lJc+<‘z1)F 1 3+ 1 1+ 1 ,1 (1)
/9+6‘ (‘+61 "+5 3 B(a+l>)‘ (b+c')‘ (c+a)‘

Cluhzg minh

bc + u(b + 0) 17¢ (1
1 3 i—22 ————————:2 i Z Z

( )<:> ;/1+<' ('b+(:)Z ;<1;+<->1 + Q/7+<'



Z12 - I\'_1"' thug?!‘ xii" dgmg bf}! (hing thzir C‘Ilel)_\‘S/181'

(:, u ZZZ 17¢‘ (:5 Z‘al2+m"—-‘Z/>¢'2U

[7+(' W (/1+0)“ H, (/7+<'l"

Khéng mél tinh téng quzil.gi2'1 su' (12/1 20. [hi

ab + at — 31702170 + bu — Ira 2:11 + ("/2 — Zu/2 \'Z1 1 x 2 l 2 I _ .

I/1+<')' (('+u)’ (u+/J)‘

Su" dung bit ding thtrc Clzebyshev la c6:

2l[Z((zl2+(1(‘—2b<")][2 I ‘RIO
Q4 (b+(.)_ 3 ru rn (/7+(')— J

Du bng xay ra <:> u =12 :1".

Nhn xét. Ta d biél bail ding [hire Nesbitt -—“ +—" +_" zi ~51 Iran 1996
l2+(" ("+11 11+/7 Z

(ub+./)('+ca)[ 1 1+ 1 ,+ 1 ,‘22.
< <1 < ‘ 4L a+b)' 2+0)” ('+u)‘_

Nhu' Vii)’ bét ding lhrc lrén chfnh 15: min sgr /[1/12 /mm/2 cL1z1b§l ding lhL'1'cNesbitt.

Biii 17. Cho a,b.(‘.a' >0 moa min @+1>+¢-+¢1:4[l+[l+l
(I 7 ( (

Chirng minh rémg Z(u+l)+c+(1)2\/3:12 +4+ \/3/1: +-l+\/3<"3 +4+\~3(/3 +-1(1)

Ch 1'rng nzinh

(_ _ 1 )_ __~:_—;__ _i __1__<1)¢> M \/2“ +4 ><1<:>;2a+w3(TL.i><><:>;(_u u)2+\/silq >0

u'

Khéna mil tinh l6n<1 u2it,2iz'1sL'1'u2b2c2(1>0 :> a—i2l2—£2(-—i2zl—i
“ " q “ u /2 c" cl

\
va 1 2 1 2 Z .

2+ 3+}, 2+ 2+\}3+ 2+ 13+ J’,

a“ \ b‘ <'“ \" d‘

SL1‘ dgng bit déng thfrc Chebyslzev ta c6:

Z(¢z—i)—i1i2L2(¢z—i)¢Zi‘l—i:() l

" 2+ /3+-‘E ' " 2+ 5+ 4_

a Y u

Déu béng xély rz1<=> a=b=('=d=2.

a_12,(">O
B1i18.ChoJ .Cht1'ngminhr51ng:——1—+—L-+—l_—£l7- (1)

\a+b+C:1 1—a12 l—bc‘ l—cu 8

Ch z?'ng minh

I



Chu‘0’ng I: 1\’h17'ng vién kim czrovzg trmzg [nit i/(Mg tlz 121' ('5 zfié 1&3

Bit .\-=/><'._\' = <11. : = (1/>_ khi dd (1 ) <:>

1 + 1 + 1 £27:\_1-9.\A+l~9.\"+1-9:20
l—.\' l—_\‘ l—; 8 l—.\' l—_\' l—;

(1-9.\»>(2+3.\~>+(1—9r)(2+3_\*)+<1-9;><:+3;>>O W
(1—.\‘)(Z+3.\') ‘(l—v\")(2+3_\*) (l—:_)(Z+3:) _ _

Khéng méu mm téng qu2it.gi.2'1 str (12/7Z('>() :» .\-g _\-3 ;. Khi dé

(1—9x)(2+3x)—(l—9)")(2+3'\‘)=()'—.\")(15+2'/.\'+27‘\")2O

(1—9y)(2+3_\')—(1-9:)(2+3:)=(:—_\")(l5+27_\"+27:)2O

:>(1-9.\-)(2+3.\-)z(1-9;-)(“2+3;~)z(1-9;)<2+3;) L

D0 a+b+c=l. nénta cé 3+_\'=z1(lJ+<')$§‘;+.\‘$%.x+_\"S%. Tirdé suy ra

(l—.\‘)(Z+3.\‘)—(1—_\')(Z+3v\')=(.\'—_\‘)(l—-3.\'~3_\")§()

(1- \~)(2+3\')—(1—:)( ;):(»--:)(1-3»--3_-,)s0

rq

+
Ln

:>(1—.v)(2+3.v)S(l—_\")(2+3)')S(l—:')(Z+3:).

Sir dung bit ding thrc Chebyshev ta 06:

(1-9.»)(2+3.») (1~9.\")(2+3_\') (1-9;)(2+2-) ii;
(l—.\')(2+3x) + (1-_\~)(2+3_\-) + (1-;)(2+?»>:.M) Z(;(l_9"')(2+3"‘));(1-.\-)(2+3A\~

Ta chi can Chung minh Z(1~9.\-)(2+3V\->20 <=> 6-15(.»+é»~+ ;)-27(.\-1 + E +;1)z0
1 '_\'¢'

<:>5(ab+bc+ca)+9(a2b2 +b2c3 +c:a:)£2
<:> 5(ab+bc+c'a)+9(ab+12c+cu): Sl8abc+2

SL1‘ dung bail ding thtrc (a+b—c')(b+("—c1)(c+ a —b)Sabc vii a+b+c=1ta C6:

(1— 2c1)(1- 2/7)(1~ Zr") ubc ¢=> 4(a/2+/>c+z'u)S9u12c+1 .

M211 khzic. ab+z>@+msi-("+"3+")_ =5 =>
7

5(ab + bc + ca) + 9(g1b + 190+ ca): S 8(ab + bc + ca) S lSabc + 2

\/2_“1y bit ding thtrc du‘Q'c chirng minh. Du béng my ra <:> (1:12 = c =%
J



214 K3‘ thug?! 311' dgmg bfh‘ (Mug thz2'c CIzeb_v.s'l1e\'

B51il9.Ch0 a,b,c,d > O thoa min (1 +b+(-+d I 4.

Chirng minh rang: I + 1 + 1 + 1 £1
3 — ubc 5 - hcd D — cc/u J — dub

Ch ling minh

Din .\‘ = abc, y = bcd, :, - ca'u,2‘ = dub, khi dé bit dfmg 1h(1"c tu'o‘ng duong

1 1 1 1__\- (1-.\‘)(2+.\‘)
ggfgl<:>%(Z—5_x)2O<:~;5_"X20/.:\;(5_x)(2+X) 20

D5 }'/ .\'+ y I bc(a +61) S = 2% < 3 til" dé suy ra néu x 2 '\‘ thi xét hiéu

(l—x)(2+x)—(l—_v)(2+y)=(y—x)(.x+y+l)£O:>(l—.\')(2+x) £(l—_\')(2+_\')

. , . .

1 1 (-\">)(-\+.\"5) <03 1 < 1

(5--Y)(2+-Y) (5-.\‘)(2+.\‘) (5—-\')(5—)‘)(3+-\')(3+)')_ (5-~\')(3+-Y)_(5->‘)(2+>‘)»

Khéng n1§1t tfnh téng quail gia sir .\" 2 _\" 2 I, 21. khi CIO su' dung bit ding Lhtrc Chebyshev

(l—.\-)(2+.\-)5(l—y)(2+_\~)£(l-;)(2+;)§(1—r)(2+1)

@110 ' 1 S 1 S‘ 1 S 1

(5—.\‘)(2+.\-) (5—y)(2+_\‘)'(5—;)(?.+:) (5—r)(2+r)

(1—. .

Taco §(5_x)(2+x) _

*1
2/

l\)

+
#1

Q}

V
_;;>_-

T/T

_|
'1

Ta sé chfrng minh: Z(l—.t)(2+.¥) =8—.\'—_\'—:—r—.\'2 —)'2 —:2 -12 20

<=> agbzcl +b2c3d3 +c3d3a3 + dzazbz + abc +bcc[ + cda +dub S 8

Bit dfmg thfrc cuéi cc’) thé chtrng minhbng phuong phzip dévn bién hoiac EV.

Biai 20. Cho a.b.c: > O. ChL'rng minh ring:

\/a+b \/b+'(' \/([+a 4(a+b+c)
+ + Z (1)

C ‘I Z7 \/(<z+l2)(b+c)(c+a)

Cluhzg minh

E)€;'1t .\'= \/b +c._\" =\/c" +a.; =\/a +1; . khi dé bt déing lhirc (1) {rd thimh

7 '\ 7

_\- _v Z .\" + ‘\" + :_‘

2 2 2 + 2 2 2 + 2 2 2 2 --- (2)
_\ + 1 — x 1 + x — _\" .\' + _\' — Z. -\.‘~»

Khéng mil mm téng quét. gié SLY @5119 :> .\‘Z_\'ZI.k1'1id(5

.\'(_\'2 +33 —x:)— _\'(;3 +.\‘2 —)'2)=(_\'—x)(2.\j\"+x3 + _\'3 —:,2)S()

v(.\'3 +12 —- \'3)— 1(x2 + Y3 —;2)=(;— \‘)(Z\";+ Y: +33 —.\‘2)S()



Chu'0’ng I: N11 z7‘ng vién kim czrmzg trong 1211f ring t/1121' cf)’ 1275,11 ' Z15

:> X1)‘: + :2 —.\‘3)S_\"(;2 +,\"3 —_\":)§:_(.\'3 +1": —- :3)

S11‘ dung b§t ding thtrc Chebyshev 111 c(1 1/T(3)2 — '

iL"

M
:2

M

11
mi

.111 /-_111 - ~ _- /

M511 khzic. thco n1c}tké1qué1 qucn 111511111

w -1 - ~, 'v1‘7 w -\ w

(.\" +_\"' —:‘)()"' + 3' —.\-“)(.1" + 1" —_\"‘)§.\‘3_\'l;:

S11" dung bit ding thfrc AM— GM ta c6:

W '\‘(.\" +1’ --Y“) Q/11111.1‘: + 1'3 -131": +1: —.\':)(.\‘: + :3 — v3) 11;-( 11?): Us

- 1 1 1 .1-3 +1-1 + :3 ,Tu"(3)vz1(4) ta co: Z,+",;2i(.\"‘ + _\-' + 32 :> (Z)du11g
W. _\" + ;- - ,1-" 3 .111‘: X)":

DzT'1u béng xéy 1'11 :2 a :12=(-

B51121. C110 a.12,c 1Z1d© dili bu canh 11161 111111 gizic. t11(>a111€1n a1+12 + 1": 1 .

ChL'rngn11nh1"§1ng: 1b1,L('_” + /('f”_h+\/HYL/)—C 22 (1)
\1 cl" +120 \1 12‘ +<"u C‘ + 1112

Clz ling minh

._ .1 .__ . _.Tacé [\/12+¢ a+\/(+0 12+ a+12 1| 2l2+c a+(+c1 12+u+12 L (3)
(F +121‘ b" +cu c‘ +u12 a‘ +120 I2" + cu 0‘ +1112

. , . -- 1 -

Taséchirngminh b‘f‘_"+"f“_b+"j"’_‘24/:>Z(b+‘ ”)(”+)+£1z4
a“ + bc 12' + ca 0' + (112 (1: +120

(12+c)2 +612 (12+c'): be
<=> +1 27¢: , + , 27.; a‘ +126 11' +120 gm" +120

~

. I + 1

Ta sé ch1'1'ng111inh Z1 (3) v£1 2 6 huv
0' +120 a‘ +120 '

1? [ -2 2 _: 1Z __(’,+‘) -2 z0<=>Zi1’+$ *3” 20141
N. a‘+12(' H, a'+12<'

Ta chllrng 111inh (3) being b§tdé11g1h1'1'c CBS. T1131 véy ta cé:

Z bf. Z Ix. (121 + (‘(1 + 012)"

(13 +120 W 2:13 + 12¢‘ 12c(2a3 +120) + <"a(2123 + ca) + a12(Zc: + 1112)

[123 +0: — 211: S (*3 + (13 — 2123 S (1: +123 — Zr":
Gia su" (12 12 2 c suy ra 1

111“

3 W1 g W1

"+120 12'+c'a ("+012



Z16 Kf tl1u(?t.wi'dz_uzg bfit (Ig t/1121' Clzebyshem

Ta chirng minh (4) béng béil dang thirc Chebyshev. Thgil véy ta 06:

b:+‘:—2(l: 2 _:_ 3 1 :l_
a:(+/ac 232(1) +( Zn a:+/n" 3 0 %a3+l>(' O

D0(3) v£1(4)dC1ng nén (2) Citing suy ra (1) dng.

Déu béng my ra <=> (a.b.c) ~

Bi 22. Cho a,b.c" z 0. Chirng minh rang; “' + 3"?" + ”j * 3“1?“+" + 3”?" zi
(b+(") (('+c1)' (u+l>)’ 2

Chlhzg minh

Khéng mét tfnh téng quail gié sir (1212 20, ta c6

1 W2 I 2 1 V5 (13 +3abc 2 /J3 +3ub(' Z ("R +3a/Jc‘

(b+(')’ (('+(1)~ (a+b)“ h+“ ('+” ”+b
Ap dung bt ding thtrc Chebyshev cho 2 dy don diéu cimg chiéu Lu cé:

Zcz3+3c1bc‘:ZL 1 _a3+3abcj>_l_ 1 j[Zc13+3z1l><v'

.'\‘<‘ (I) + C)3 Q1‘ + C) 2 b + C 3 ¢'\z' ([7 + C) 2 \ z'\':’ b + C I

Suy ra bit ding thL'1'c d cho dilng néu ta chtmg minh CIu'Q'c hai bait déing thirc sau

1 _+ 1 1+ 1 ,2 9 (1) '

(u+b)_ (b+cr)' (c+a)' M“/7+b('+"")

a3 + 3(1bc" + /2" + 3017:." + 0} + Babc

b + c c' + a a + b
22(al2+l2(‘+c-(1) (Z)

T1151 véy, (1) <:> Z('a~‘b - m>1)+ 32%‘/1 - 61>’ ) + 2“/><~l” Zn‘ + sum - Z(1b((z + /0120

luén Clfmg theo AM — GM v51 Sclzur.

(2)(:,Za(a—b)(zz~z.“)+2 bc(b—c:)' 20
b+L' (. l.(a+b)(u+c)

Ta Chi can Chang minh a(a~b)(a—c) +b(/9—(')(l9—u) +c(c—a)(c—b) 20 (3)
l2+c ("+a a+12

D0 612520 nén  2(). suy ra(3)dL'1ng néu ta cé
a

a(a~b)(a_C) +b(b*C)(b_a)2O<=>(z1—l2): (CI: +a!>+b3 —c':)2O luén dimg.
b+c c+u

Bit ding thfrc du‘Q'c chirng minh xong. Bing thtrc my ra <:> a =19 = c.

Béi 23. Cho .\',.e(0.1),i=m.ChL'1'ng minhr§1ng:

w } '\ w 1 I
(_\-‘+1-, +_,,+_\-H )2 (\/.\‘|“ —.\‘l‘ + \/xi‘ —.\"2} +...+ V/.\‘”“ —.\'”’)

- - >

Ch #11g nz in ll



Ch u'0'ng I: Nh z7'ng vién kim czrmzg trong b("It (Hing I/1 zic cf; Jiérn » Z/S‘ [SKhéng 111$! tinh téng quzit. gizi su‘ .\"| Ex: 2...2.\‘,_ . suy ru VII —.\‘] S J1 —.\"3 S...S VII —.\‘”

SLY dung bl déng thirc Chebyshev cho 2 dd)" don diéu ngu'c_>'c chiéu lu Q6:

. x 1 w 1 ,' ~ _ I
\,*.\'f vx!‘ +\/.\':“ —.\'3 +...+\I1.\‘”' —.\‘H S;(.\ +1": +...+.\'”)I\,l—.\'[ +\/I —.\': +...+\,'l — \”)

L
_[\/]=

/

‘ L (11 + cl
Su' dung bat dang thuc co" ban

1

I
/ \l

W‘, 11 I

S—\(.\~1+_\-. +...+_\-I )‘I Yyl —.\-1 I (1)
_ » 1 ._4

/ ” \.'-. /'

I ,v L / A
~ + +11” i+u,+...+u,v‘

l.

ta du'Q'c
' ” 11 _\ /2 I

\’(li.\-'1); +\I(I—.\‘2)3 +...+./(1-.\»,,)" J N/I—,\': +V'_.»2 +...+\/1-.\-H
n _‘\ 12

1:> I is 11 U)
\/(I—.\-‘)3 +‘/(1—.\-3)} +...+\/(l—.\"”)} (V./l—.ri +‘/I—.\': +...+‘/1-1-H

Nhim theo vé (I) \'i1(Z) ta c6 dpcnm

Bing thfrc xziy ru <:> .\'] =.\‘, :...=.\”.

Bi 24. Cho a,,a3.....c1” >0 Va mi S6 (1. B >0. Chtrng minh rang;

czlw + ui“I‘+...+<1f“I‘ 01“ +05‘ +...+ (la_ I > “ II

(I18 +51? +...+aE /1

C111?/lg minlz '

O < <1,“ S :15‘ SS as
Gié sir O<aI Sag S...Sa”_] S41” :>

O < (118 S <1? S S as

SLI'dL1I]g bit ding thirc Clzebyshev la cc’)

11 [c1,“.c1]B + a§‘.z1§ + + (I361
I” ‘E

_I(1|“ + mg‘ +...+ czfflzzls-+(1E+...+ MEI

=‘C1

L__._._|

\/

c1f”B+¢1§‘+B+...+¢1f,”B :11“ + u§" + ...+a,‘,‘
/—\ ' > '
‘—' (IF-I-(1E+...+(lE _ H

1 .\ . _ , . —(z1 +z1~ w—..=—u,) ,Ba12:. Cho c11.a3....,a” >0. Chung m1nh: (<z1c13...u” )/I ' ' ' S ul”‘(13“- ...an"” (I)

Ch 1211g minh

*u\+ +0,’ .,
I

4 ; . ’l I IBat dang thuc <-:> In((1Ia,...c1”)"”' " S l11(u!"‘u2”- ...a”"")

<:> i(aE + a, + + an )(ln a] + In (1, +... + In :1”) S ui In cl, + :1, In a. + + an In an
n ' ‘ ‘ "

<:> ((1, +a3 +...+a” )(In :1] +In :13 +...+ In u”)Sn(u1 In ul +u3 In <13 +...+a” In Cl”)



M-

Z18 l\'_1" thugit s1i'd1111g b1"1l 1I11ng 111121‘ Clzebyshev

Khéng mil Ifnh téng quzi1.gi£'1 $11‘ 1112113 2...Z11” >0 :> ln 11, 2ln113 2...2ln11”

(

Su"d1_1ng bit ding Lhfrc Clzebyslzev la cé:

111 +113 +...+11” )(ln11i +ln11: +...+1n 11”)£11(11, 11111! +11: 111113 +...+11,,1n11”)

U5
E»

/11|.113.....11” >0 I * U: (L U

26.Ch0 .ChL'1'ngm1nh: ?+qi+4;——+...+;~—'_’)+2“——;
[U] HI: +__‘+a” :1 _. — _111 3 — 111: J — _11H an — 1

Ch 11'ng minlz

Khéng mél tfnh téng quail gia sir 111 2 11, 2 2 11, suy ru __L_3L3 W3 I

‘ " ? 711 3—°11‘ 1-”
SL1'dLlI1_<__Z bét ding Lhirc Clzebyshev réi bit dng lhirc AM — GA/I ta cé:

1 " ‘v_ 1 ‘ “H1-1 1

T>11(“'+”1+ +"'1)L3-211,+3-211+ +3-211,,/1>\/3-211, 3-2112"'3-211,,

(1,,

1 > 11 11

Q/(3-20,)(3—2113)._.(3—211”)—(3_2”1)+(3_2":)+---+(3‘2”,.) 3”“2

Bi1i27. Cho da gizic 11 cganh cé dc} dfli tu"o‘ng (mg 111 115.11:.....11” 21 v51 chu vi P théa mfm

1 1 1 _ l 1 1 P
——7+———7+-<-+iw=1.Ch(1'ng mmh:—+———+...+—S— (_l)
1+ 11; 1+ 115 1+ 11; 111 <1; 11,, 11 -1

(1

Ch 11'1zg minlz
11 I1 , /1 \

)<:>P=g;11, 2(11-—l);:i <-:> (111 +113 +...+11”)+|\;:+l +;l]:+...+71,:)211L7§I»+i+...+J

l+11,2 1+11§ l+11:
-:- + ' +...+ ” 21» 1+1+...+l

, an (ll (I (I(ll Cl_ 2

S11 dung bait dz‘/mg thL'1'c AM —- GM lu cf):
w v w /' \

+11" l+11Z +11“

1+ 111' 1+ 11; 1+ 11,] ‘ 111 11+ 11” »'+?-+...+—— ~——1+i-,+---+i§ 211' (2)
11] 113 11” / 1 1 1

I 1 . 1 l 1

Khéng mt tinh Léng quzil.g12'a su" 11, 2111 2.211” >0 2 —£—-£...£—~
111 11+ 11”

T

S

(1 aw (11A—11M)(l—11k11k_1) 111 11+ 11

aco ‘ — M = S()_s11)1'1"u—\£+,£--~£—”—,
l+11f 1+11i_, (l+1z")(l+11£¢|) l+111' ]+11§ l+11,j

tr dung b§td51ngth1'1c Chebyshev cho 2 d1"1yd0'n diéu cimg chiéu la c6:

\ \ 1’
11, 113 11” V I 1 1 111 1 113 1 11” 1

—++—-7+-~-+ , + +...+ £11 1--—+ ~ +...+ 1,-
l+11; l+115 1+11,j L111 113 11,1 l+11§ 111 l+11§ 113 l+11; 11,,

/.

l I l 11 1. 11=1z[1i+——+---+l :1z:>~—'¢+——(+"-»q +~~-++‘,§-~+li- 13)
+1112 l+11§ 1+115’ '1+11]‘ l+11§ l+11; 1+ 1 +. +1

11, 112 11”



CI1 u'0’11g I: N/z17"ng vién kim c1r1)'1zg trong 11111 171111g 1/1110 1'6 riié Z 9
/ ~ ' ~

I 1+11,' 1+11I 1+11,1 11'+ -1- ‘

\/

T1112) v£1(3) suyra ' + '
(I,_

_ _
Cl] (I-» U1 411\ ~ .1 + ~ .1. . . . +

1+ 11," 1 +115 1 +11;

I12 1’1 1 1‘; 1 1 1 P2 =11 + +...+ |:> + +._.+ £/I 11' 113 11” 11! 113 11” 11-1
1 1 1

+ +...+
11| 113 11”

Béi 28. Cho 11|.11,,....11” >O(112Z )lhOz1mf1n 11) +11‘ +...+11V :L+L+...+L
" ' ‘ 11] 11, 11”

ChL'1'ngminh1"§mg S: 1_+il—i‘+...+1‘Sl 11)
11—1+11I’ /1—1+11I 11—1+11;

Clzzhzg minlz
Chng ta xét 2 t1"u'C>'ng hop suu dy:

' Trzning hgfp I: Néu t6n1z_1i 1'.je {1.2....11} 11¢ j ) suo cho 11,11/, 211-1. gisl su'

11]a2211—1.Khid6

1 1 2(11—11+113+113 Z(11—11+11:+113 1+ :1 I " s I _ :2 1 Z I 3 3 I w wI1 1+11| I1 1-1113 (11—11+(11l11,) +(11—11(11[+11,) 2111-1) +(11—11(11]'+11§) '7 1

:,1~§++j%§;+1,1_¢>1+;1
11-1 ’:},1_1+u3 11-1 /1—l

° Tr1r1)'1zg hgip 2: 11/11] S11 -1 vdvi mqi 1'¢_/Q

A 1 1 1 \ K1 1 \ "1 1 \Baldangthm (1)<:> -——11’+l——1_ +...+ ———?¢ 20
/I 11—l+11I‘/ \/I 11—1+11§ '1 n—1+11;1

v ~v -»

11] -1 11, -1 11” -1 ” 1 11,<2 iiw+—i'iw+...+1j2() r» 11! @1120
11—1+11]‘ 11—l+113' 11—1+11” ,:, 1 6!, ;11—1+11I'

Khéng m§1ttf11ht6ngqut. gia $11111 211, 2.211” :> 11, —l 211, —i2...211” —i .T11c6:‘ ' 111 " 113 11”

a/. (1z—1—11’.11/)(<l,—11,-1

2 1 _ 2 1 3 3 ~''1_1+l1, '1*1+l1, (11—l1 +(11,.11/.) +(11—11(11,+11/.)

(Iv
1

11’. fl, 1 11, 11, 11”1_—i111((li_(1/)20i
11—l+11,' 1z—1+11/T/ 11—1+11f 11-l+11§ 11—1+11;

11 11 ‘ II
1 (I 1 1 \ 112 —'—12~-2 111~~1>2—"1~<»

,-=1 51,’ /1—1+11[“ ” 1:1\ "1, ,1; 11-1 +111

Déu béng xay 1'11 <:> 111 =11, =...=11” =1.



Z20 Kf thug?! $12‘ dguzg bit airing tiuic Cheb_\'.s‘lzev

||. c:Ac BA| TAP DANH CHO BAN DQC TL)’ 0|A|

Bfai 1. Cho AABC Q6 d(} dili 3 canh 12111. /2_ 0. Chimg minh:

Z £1” ' (11 +1) +w(')”W‘

W /7+(‘—u }”‘
Bixi 2. Cho AABC c6 dc} dill 3 cz_1nhli1u.l2.¢*. Chtmg minh:

_\ll _ , _2i—+T2u‘ ‘+l>‘ ‘ +<-“
!’\' (/)+('—u) -

Bi1i3. Chtrng minh \/(1: +8/20 + \///2; +F§z'u + W‘: +811/> $301+/1+ 1') _ "V u./>_(' 2 0

'a./7.(‘>0 -_ 1 1 1 3
Ba14. Cho . Chung mmh. i+-—~+i S —

u ;+(-:3 9-¢//1 9-/20 9~('u 8{ +1

(1.12. c.d >0
Bili 5. Cho 7 7 , 7 .ChL'1'ng minh:

<1‘ +12‘ +0“ +41" :4
l ' 1 1 1 < 7

3—abc+3—bcd +3—cdu +3—z/ab _—

{cu/).c.(1 >0
B$1i6.Ch0 .ChL'1'ngminh: 1 ‘+ 1 ,+ 1 _+ 1 ,S%

11+l)+r‘+</=4 ll+u‘ 11+/r ll+<" l1+d“ ~*

Bili 7. Cho c11.cz3....,z1” >0 thou min all +1131 +...+u,f 21. Bat S =aI+(13 +...+u,,.
. (1 1 u 11

Chime mmh rénei F2— v51 2~]-—2L
W S—a1 n—l W S~u| /z—l ‘

U1-‘12»~--~51” >0 ‘ (1, N/(11 +./(13 +...+.la”
Ba18. Cho .Chu'ngm1nh1"éng: Z '0 2 f

a1+a3 +...+u” =1 M! \j1*f11 \/11*]

H

\. ,. , . I I

B2119. Cho c1,.a~.....a” >0 \*0'1 2 S HE Chung mmh: E -if3i
~ n ' 1:

1

= I Ia, 1 Ia;
=1 4:1

7.‘

AZYF4

\341"

Bili 10. Cho a1.a,.....a >0 (/12 Z)th<'>z1 min %+%+...+#:1.
- " l+u1 l+u3 1+0”

_ ,_- /'

Chimg minh ring: \/Ia] +1/a3 +...+\/11” 2(1z—l)1 ¢+...+——~—)
\/(13 ./an

u +0 a +a,+...+u /2, +11 12 +b,+...+l2U > 1 2 > > 1 _ /1 Ya b > | Z > > I _ /1

1- 2 _m— 11 1_ 2 _"'_ 11

4
Q\|~

+

_.

B£1i11.Cho czic S0[hL1'C a],a2....,a” [hm min

Chfrng minh rang

ulb, +a,/9, +...+z1”l)H2i(a| +11, +...+u”)(l>1+l2, +...+l2”)
_ _ _ H _ _



CI1 uvng I: Nh 1711g vién kim cu'0'ng trong b {"11 (71111g tluir c5 (T1151! II i

Nhin lgi chu*0‘ng I

C6 thé czic ban cho ring by gib \'§n cbn li1 quzi $6111 dé cé 11161 ban téng két nho. Tuy

nhién chnng téi nghi viéc téng két \‘i1 nhin nhftn lai nhfrng diéu dz} 151111 dtrqc nén du'Q'c

thtrc hién mbi Inc mQi no‘i. B01 \i linn 11h11'\*.i)' khéng chi giflp chting ta 06 czii nhin tbng

quzit vi1 chfnh xzic ho'n vé nhfrng \'§n J5 dft din 1'21 \'i1 giai quyét du'Q'c mil cbn gép phn

dinh hu'('>‘ng nhfrng céng viéc tiép thco. H011 nfru. \’1 dy 121 chu'o'ng m0" G511 dimh cho mét

1é'p1'<}11g czic ban déc gin ch0nén11hf1'ng chi din 1nungt1'nh chi tiét lZ11‘§tc§11thiét.

Ltru )7 ring nhu" CIZ1 1161. trong chu'0"ng 1151)" chting ta di 121111 qucn \'é'i 5 bt ding th1'1‘c

Q6 dién cimg nhfrng (mg dung d¢p dé cua chting. 1\/Izf1t khzic 11011161 lién quan - sgr tu'0'ng

dumzg - dzfac biét gifra chnng nén nhb $11 don gian cua minh. bétt ding th1'1'c AM — GM dit

du‘c_>‘c tép trung trinh by trong hon mét 1111a $6 trang saich. Phzit biéu v51 chtrng minh bt

ding thL'1‘c nily du‘c_>'c dun ra trong mnc 1.1. Czic k)‘ thuét chuyén t1‘1't1‘ung binh céng sung

trung binh nh£1n v51 tn‘ trung binh nhz'1n sung trung binh céng du'Q'c trinh bity trong mnc

1.2.1 v51 l.2.II. Trong mnc 1.2.IlIcht'1ng 161 di Clua ra mét vi (111 cho théy tai sao chi 11611

xét czic bit d€111g thtrc dbng bzic trén IFV. .\411c l.2.IV vit dé cép kha néng déng bgic lz0'a

béng czich sir dung thém czic diéu kién (1510 biét vé'i cftc bién. v ttrdng nity duqc trién

khai chi tiét hon v<'1i k)"/' thuét chuén héu dtrgc phn tfch trong l.2.VI. S11" phéi hqp gifra

czic bit diing th1'1'c 11g11'(_>‘c chiéu. czic bit dng thtrc dbng bite ch1'1'u cz'1n th1'1'c v51 czic bah

Ch-

O"
Z3

(IQ

déng th1'1'c khéng bc ln ]Ll'Q'l duqc khzio sail trong czic muc l.2.V_ l.2.VII.
1.2.v111, 1.2.1x. M11c 1.2.x aiém 10-1 khéng @161 x1'1‘ng trong bét aang mu-C AM-GM 121

khéi diém cho phtwng phaip cim bing hé $6 (1n1_1c 1.2.XI). N61 dung chfnh vé czic bit
ding thrc AM — GM ké/t thtic bng ky thuz_‘1t tzich phfm th1'1'c 51111 via dzinh gizi mu $6 O‘

mnc 1.2.XII. Ky thuét 151 déc dito nZ1y gitip cho viéc $11 dung bétt ding tht'1'c AM — GM

trd nén linh h0z_1t v51 mang tfnh nghé thuét h0‘n 151 nhiéu.

Tiép theo d6 céc mttc 2.1 v21 3.1 phait biéu v21 chirng minh bit ding th1'1'c Cauchy —

Schwarz vi bit ding tht'1‘_c Holder. trong dé bétt dng th1'1'c Cauchy - Schwarz 151 trtrmg

hgp riéng ct'1z1 bit ding thtrc Holder. tuy nhién nh€y dang phzit biéu rt girin dj, trong

nhiéu t1"u'b'ng hc_>'p chting ta khéng cn dimg 161 bit ding tht'1'c Holder. mZ1 chi cn $11

dung bait ding thtrc Cauchy — Schwarz 151 du. Cflng vdi hai bélt déng th1'1'c ni1y. czic bét

ding th1'1'c vc'>'i diém r0'i (151 xirng tiép tnc dtrqc giéxi quyét trong czic muc 2.2.I v21 3.2.1.

Néi dung dajc $510 nh:Z1t vé trng dnng cua 2 bit déng thtrc Cauchy — Sclzwarz v51 Holder

1:1 SL1’ dung aiém 101 vé'i caic biéu lhU'C chtra bién. Czic m1_1c 2.2.11. 2.2.111 1-:1 3.2.11 dua



ZZZ I\'_1" thug?! $11‘ dguzg b{1t dng Ihzic Chebyslzev

chdng I11 I61 gén hon vdi mél phu'o'ng phzip 05111 hng hé sf) d2_1i sé téng qudl. hon 11f1'z1_

Chfnh nhrng )7‘ lu‘0'_ng nily sé duqc tiép néi n1Q11 cJ1ch giai 11'ch hon lrong chu'o'ng Ill. n0'i

czic ban <16 thé 151111 qucn vé'i phu'o'ng phzip nhfm 111' Lagrange Luyét d¢p.

Trong chu'0'ng nZ1y chfmg 111 cfmg d 151111 qucn \(1'i czic bail déng (hire Alinkowski I v51

2. Caic bit ding lhL'1'c nil)’ cfmg tu‘0'11g du'0'11g \"('1"i hui bit df111g thirc AM — GM. Cauchy —

Sclzwarz. Tuy nhién. khil némg zip dung Q1111 1113 khzi l1;_1n ché so vdi hui bél d§11g thirc kia.

$11‘ 113111 ché n21)‘ bél ngufm lit hinh thtrc hoi ki lg! @1111 116. Th11'c 11106 h111h thtrc nhu \'é1y IE1

\~'1 bt dz'111g lh1'1'c ./Vlinkowski v(‘m du'Qc din 111 dé phuc \11 cho viéc X51)" d1_1'11g czic chufin

vZ1 czic khéng giun hinh hQc Minkowski {rung 101111 h<_.1c hién dqi. no'i 11151 sL'1'c m:_1nh cuu

bait c'Ié11g th1'1‘c ni1y du‘Q'c phzil huy 11161 czich lriét JG.

Ch1.'1 rng do czic h5td2'111g thirc néu 11611 déu d11'Qc phzil biéu 11161 czich déi x1'1"ng. nén

khi Lip dung véi czic bit de“/lng thtrc hozin vi ho§1c h€1l d€111g thtrc I051 G61 xirng lhi chfmg ta

sé gzfip rt nhiéu khé khim. khé khn chfnh 151 0' viéc du d2"111g thirc xziy ra khi 11510.

Phuong phzip chcgn dié1n r0"i vi cfm hing hé $6 dfl sung cp mi)! girii phzip 161 dé xu‘ ly‘

vén dé nix)’ 11161 czich d5ix1?"ng. Khéng giéng nhu' bit déng thL'1'c Chebyshev cho

11161 czich nhin khéc vé viéc giai quyét czic bit ding lhirc (161 x1'1'ng_ Lhco czich nily chimg

ta sé khéng cn quun [£1111 dén linh binlz (icing gifm czic bién. 11151 sé chu déng tim czich

s17'p xép lai czic bién thou czich thfch hqp \15'i du dF1'11g 1h1'1'c t1'u'é'c khi chimg minh. Y

mung ny cfmg déng lhvi mo’ 111 11161 l111'C>"11g di 11161 dé 15111 céng czic hét dz'111g thirc ho;'1n

vi. hu'('mg di 1121)’ sé du'(_>'c tiép we Iim [(11 \"i1 hoim Lhién h0'n lrong chuvng II.

1



Chlrmzg II: Nhvzg vién kim clrmzg trnng I111! 1T(1ng I/1111' (‘(111 dqli Z13

... A
K 1 I _CHU’ONG II: NHU’NG VIEN KIM CU’O’NG TRONG BAT DANG THU’C CAN DAI

Tiép n61 chu'o"ng 1: “Nlu7'11g vién kiln cu'(/ng trong I111! ailing I/ll1‘C 06 dié/1" ch1111g 1:1

<5 lZ1n1 qucn \"é'i ch11'o'ng 11: “NIu7'ng vién kiln cmmg trong I111! dz1ng th11'c (‘(111 Jgli".
Trong ch11'o'11g 1151)‘ ch1.111g 111 sé d11'0'c 511111 1h1§11 1111 \'1é11 kim cuung C1121 11:11 115111; 1h1'1‘c 05111

11:11. D6 151 0.10 11611 1\'1111 c11‘o'11g C1111 11511 115111; 111111‘ lzuzin v_i1§ . cdc 11511 ding 1h1'1'c Sclzur

C\

(§71 \'£1 czic 11511 déng 1h1'1'c 1151 x1'1‘ng Muirllczul 1§8). M131 1115211 115 nhém 1hz1§' ch1111g 111

khéng 06 lén gc_11 1‘1é11g L‘L1i1 111<}1 011 11115111 11111)‘ 1115 cho Lén gqi \ié11 kim c1ro'ng c1111 bit
dng 1h1'1‘c h0a'1z v_i. Diéu n51)‘ Q6 lhé 111é11 121 Q11 1'51 nhiéu 11g11'(>'1 1151 cl11'1'11g 1111nh czic 11111

101111 riéng lé du'O'1 dang khéng 1112211 111111 11311; 1111111 gia >11‘ 112/221' 11o1_'1c 1C111g 1111111 11011

al 2:1: 2...2u” suu 116 hé 1h§111g h6z1 111211111 @511 11"11c 11011 gian 1'51 11131 dip din 1116111 caic

11'nh chz11. Cuévi cimg vi 121 1511 san 11'1 111110 C1121 11115111 dim nén 1én gqi d11'c_1'c 11511 1hc0 ban
ch51 1011.11 hQc_c11z1 11.11 d11g 1h1'1'c. C110 11§>1 dung 11111111 11"Q11g cn 1151111 d11'Q'c lrong ch11'0'ng

11211 IE1:

1. B111 ding th11'C hoén v1: C6 1'é11 11111§u$11ch Lrnng \*£1 11g0Z11 1111"($'c \‘ié1 1'5 11:11 115111;

1h1'1'C h0z1n v1 nh11'ng C6 IE ch11'z1c6 cu11‘111 saich nZ1o dé cép b§1 déng 1h1'1‘c 11£1_\" Chi 1151. 11 1111

1131 1:110 v1’ (111 minh hgu 1511 phong ph11. 1111 dang. Ch11ng 1z1c(1 Ihé 0.1111 11115111 $11‘ C511 105111

c1111 1116 g1:'1 khi dn 11h.'_1p 11211 df111g 1111'1'c 1101 1111* \'1' d1_1 112111 11611 sip xép 11’111h 111' 11:11 11'11

(116311 111 trong 1161 .s511g himg ngil). (‘<1 111é 11111) )3 11gh1;1 khzii 1111111 UUL1 \;111 115 11'o11g \‘1<§:c

$5111 xép lép 1‘z1p caic chi 1151 11111)» 11161 011011 161 1111 11011; 0.11‘ 1116 h111h \‘£111 .\u:11 \'(1'1 hzlng

lriéu chi tiét nh11'sé1n xuz11 11151) bay B0c111g. A11‘h11s. 1i1u con 11101. T1511 111011 1611 11511 11115111

151 phiin gidi lhiéu chi 1151 di kém vdi ch11'11g 11111111. uzic 1151 d5111g 1h1'1'c 1101111 \"1 11611 1151) >6

hfru h2_111 (6.11) 11'0ng czic dinh 1_§' n111c lI.l.l. 11.1.2 \"£1 ll.2. 1\/1110 6.2.1 gi1’)'1 1h1§~u \-1'11 1:110

ban n1{>1 $6 k)‘ 1huf11 S11‘ dung bl ding 1l111'c 1101111 \‘1 1'61 0110 13211 151p 111111h h1_>;1 121 czic 11:11

dng 111110 d:_11 $6 \'€1 czic 11:11 ding 1h1'1'c l11'<_>'11g gidc 11"011g 111111 gizic. C210 hqn Q6 1l1é 111‘ 16:11

luyén hing c£1c bi1i lozin d11'Q'c (11111 ra lrong 11111c 6.2.11.

2. B211 dng thfrc Schur: Dy 121 r1161 1151 c1zi11g 1h1'1'c r211 don gian 11h11'11g 131 121 111©1c6ng

cu hfru hiéu khi chtmg minh czic 11211 déng 1h11‘c 11611 x1'1"ng 11050 h0z1n v1 khé v51 1211 khd.
Diém déc biél 151 11:11 dilng 1h1'1'c Schur xny 1'11 112111 bng 1511 Z 11‘;111g 111111: 41:/2:1" hO§C

a=b.<'=O nén 1oZ1n bé czic 13:11 d§111g 1h11'c ,\a)' 1'11 dz1u hing 1:11 Z 1r1_111g 1h111 1ré11 déu

khéng s1'1‘d1111g d11'Qc AZ\/I- GM (dz1u hing c1111.\:1}"1"11k111 \»i1ch1' kh1 a =12: <' 1 h0:f1c CBS.

Czic bél dé111g 1h1'1'c Schur V51 11211 déng 1h1'1'c Sclzur .\11y 1‘§>11g (1Ll'Q‘C 11'1nh b€1y chi 1151 lhco
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czic dang trong czic dinh I3‘ mttc 7.1. Sau khi litm qucn vdi ctic dang bit déng thtjrc Schur

czic ban sé du'Q'c litm qucn cftc k)‘ thuét zip dung bét dng tht't'c Schur trong muc 7.2.

O muc 7.3. chfmg téi trinh bity m©t’phu'o'ng phtip .\u' dung bét déng tht'1'c Sclzur trong

cht'rng minh bftt dang thtrc bat bién dfwi xtrng dtrzt trcn phép bién dfwi vdi czic du thirc dbi

,\i1'ng Viete. Ctic biti titp tt_t'gi2'1i c6 trong mttc 7.3.I\‘.

3. Bét ding tht3‘c Muirhead: Bait ding thtrc .\Iuirlz0ad tttrqfc 111 divi vito dfttt thé k} Z0

nhttng chi du'Q'c thtrc _\t_t' mqi ngt1'c\'i quun tftm \ iéc (mg dung cuu n6 tmng chtmg minh

bit ding tht't"c khi Internet phzit trién citng vdi str 1'11 dbi ctic vvcbsitc Tozin hoc néi tiéng

trén thé gidi. S0‘ dt bit détng thtrc Muirlzead dtrqc chti )‘ mubn vi pham vi cuu n6 chtt

yéu lit céng ctt dé so szinh czic du thirc dbng bftc nhtrng viéc chuyén déi tit‘ m<)t bftt dftng

thtrc dcp dé (dang phn tht'1'c thu gbn) vé dang da thtrc cbng kénh nhiéu $6 hang lit \iéc

litm bét déc dt mung tinh chét thq thu céng hon lit st_t' théng minh khéo léo. Tuy nhién

phéai thtra nhén bftt ding tht'1‘c Muirhead lit m<f>t céng ct_t manh ho'n AM - GM bO'i vi n6

so szinh 2 cu trtic lién két céng 06 cit 2 vé chit" khéng phtti gia mét lién két céng (lién

két mgnh) vé'i lién két nhitn (lién két yéu). \/Gt viéc mix héa trong ngén ngfr k1'hiéu thi

chfmg tat c6 thé dé dilng chuvén déi bait dfmg thtrc dang phfm thtrc sung dang dat thttc.

Trong phn md déu §8.l bait Clfmg thtrc A/Iuirhead dtrqc trinh bit)" tt mi \tc'>'i cdc vi dtt vii

so" db minh hQ£1 citng vdi 3" nghtu cttu lL1'Q'C db Young vit m<‘)i quun hé gifru nhén biét bit

ding tht'1'c dimg béng Muirllead vii chtrng minh hing AM — GM. Trong muc §8.2, citc

ban dL1'Q'C giéi thiéu mét $6 dang ky hiéu vit It-gt thuét bién déi an-tt vé mt thtrc aét xttng

dtrdi dang ky hiéu Tiép do ta méi quan hé gm-tt bit ding thtrc Muirhead mt cftc bit

ding um-C AM - GM, HOLDER, ASYM vit cftc biti tap minh mt. 95¢ nht Clllt

phn nity chfnh lit k_v thuét thém bién vit czic (mg dung déc bi{:t~1Z1 viéc chtmg minh hai

bit déttg tht't'c SuranYi \/Z1 Vasile. Phn cubi lit str sting tgo bt démg thtrc béng czic

phu'o'ng phzip tu0'ng tt_1' héa. téng quail héa vit dzftc biét hézt cimg vdi tt-gt thuftt thém bién.

Nhu‘ vftv. néi dung chu'0'ng ny mitc dil sé kl1(mg quit diti. nhtrng $6 lu'Q'ng biti tzjp vit

tfnh tozin lit khzi l<§'n. V1 vfty chting téi khuyén ctic btftn nén dQc mét caich can thzin vii tit‘

tén. Chaim mix chic! Nhtr thé mé'i cé thé cam nhén du"Q'c hét czii hay ctlu tirng phuong

phzip. Chtic citc ban thnh céngl ‘
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§s. 1. c-}|6| THIEU vé B/KT B/KNG THUC HOAN vg

I. NHLTNG vi Dl_J Tléu BIEU TRONG DCYI some vé s/KP XEP TRINH TL_J’ Tol uu
Trong doi s6ng hang ngay ta thu'o'ng gap nhung su‘ viéc co nhiéu phuong an giai quyét
ma doi hoi phai lua chon ra duoc phuong an t6i LI’Ll. Ta xét hai vf du don gian ma tiéu
biéu sau:

1. Vi d1_1 1: Szfp xép trinh tgr bzin hdng :75 télzg tlzdi gian mua bén rzho" nh't
Tai m6t tram ban xéng co I m6 t6 dung tfch 8 lit vo'i thoi gian 66 bom day xéng la 1 phut -va
1 6 t6 téxi dung tfch lOOI1’tvc'ri thoi gian berm day xang la 10 phut. Khi do ta co thé thuc hién
viéc ban xng theo 1 trong 2 each sau:

A

- cam 1.- Néu aé X6 0 :0 mi lay xéng truoc thi XC mi phéi mat 10 phlit aé cm bom day
xéng c6n Xe m6 I6 phai mélt 10 phut cho xe téli bo'm day xéng c6ng vo'i 1 phut lay xang bangll phut. Luc do t6ng thdi gian ca hai xe phai sir dung dé lay day xang la:

10 phut + 11 phut = 21 pht.
' Céch 2: Néu sap xép xe m6 t6 lay xang truoc con xe tai lay xéng sau thi t6ng c6ng thoi

gian ca hai xe phai cho va lay xng la 12 phlit. Nhu‘ vzfay néu thuc hién theo phuong an 2 thi
sé tiét kiém duoc 9 pht so voi phuong an I.

Tu‘ vi du don gian nay ta thay khi s6 luong m6 t6. 6 t6 tang gép hang ngan, van Ian thi viéc
sap xép trinh tu' lay xang sé tiét kién duoc rat nhiéu thori gian. Ta sé gap lai bai tozin t6ng
queit nay trong bai 19 0 phfin III.
2. Vi du 2: Phn phéi cdc sdn ph(§m c6 téng gid tr_i I011 nh(7't, nho" nlu?'t

Gia su Lién hiép qu6c can vién trq cho m6t s6 qu6c gia, m6i qu6c gia déu nhzfm duoc 20 xe
6 t6 g6m 3 loai 6 t6: Lexus, Toyota, Hyundai vo'i s6 luong céc loai 6 t6 nay la m6t hoén vi
cua 00 S6 <5, 7, 3). Tri gia cua cac X6 Lexus la 100.000 USD/chiéc; Toyota la 50.000
USD/lchiéc; Hyundai la 30.000 USD/chiéc. Khi do cac mm CILYQC uu aii nhiit S5 nhgin duos
gié tri vién tro’ ldn nht g6m: 8 chiéc xe Lexus, 7 chiéc Xe Toyota va 5 chiéc xe Hyundai voi
t6ng gia tri:

8><US$100,000 + 7><US$50,000 + 5><US$30,000 = US$1,300,000.
' Két lun: Nhfrng y tuong trén rat gin gi vo‘i viéc chung Ia nghién cu'u céc bit dang thL'rc
hoein vi duéi day:

1
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||. BAT DANG THU’C HOAN vg TREN DAY so HU’U HAN

1. Dgit vn J5:

Vi mqi déy s<‘>‘h'u han déu cé thé duqc dzinh $6 dé sép xép né thimh I dy don diéu ting

hozfic don diéu gizim nén cé thé chuyén viéc nghién ciru céc bit ding thirc hozin vi trén dy 56

hfru hgan lhnh viéc nghién ciru céc bit déng thirc hoim vi trén czic dy s6 don diéu. Chng ta

S5 bét aim nép cén vdi béx dang thin: hozin vi boi 2 mm 1y Sau dy:

1. Bjnh lj 1: Cho hai dy s6 thgrc hfru han duqc s§1plh(1'n_rci1ng chiéu nhuu chng han 151

a, Sui S...Sa,,
hai diiy don diéu téng .G<_>i (I1.t3.....l”) I51 1 hoén vi tuy 3‘ cua

b1Sb2 S...Sb”

(bl,b2,...,b” ) , khi dé ta (:6 a|bl + azbz + ...+ a”1>”2ulI, + (131: + + uni”

Ch z?_'ng minh
Cdch 1: Ta sé chirng minh bit ding thirc bing phuong phzip quy nap

cl, S (13

' Vé'i n = 2: Xét hai déy s6 gém 2 phén tir
bl S 122

+ Néu (rl.r2)=(bl,b2) ma aibl +a2z>Z =a,1, +u21‘2 :> bét dang mm: dng

+ Néu (r],z2)=(b3,b,) thi albl +0312: —(a1t, +a3I3)=a,lJ, +1131): —(a1b2 +a3b,)

=(a1~a2)(b, —b2)2O :> albl +a3b2 2a,z1 +a3l2 :> bit ding thirc dming

- Gié 511- bét dang thirc dng aén (n -1) ta Sé chfrng minh bait dang mm; dng vdi n.

al Sak
D51 b. =1‘. :> :> alt, +aklk =all,+aL,b,Sa1bl+aA,rl (1) .

1‘ =bl 51,

su dung gm rhiét quy nap 1:1 béu déingth(1‘c dung vdi <11-1) ta cé

alt: +...+ak_,tk_l +akt, +¢lk+]1fk+| +...+a”t” S a3/23 +...+a‘_ll>k_, +akbA +(lk+l17,_.+l +...+a”b” (2)

T_\‘1(1)vi1(2)suy1'a a,l| +a3r3 +...+a,\,tA +...+a”t” S

Sa,b| +[aZt2 +...+aA_,rk_1 +akz, +aM!k+l +...+u”r,,]su,b, +a3b3 +...+u‘bk +...+a,,b,,

Theo nguyén 1)? quy nap suy ra bit ding thfrc dimg V/1.

S = a,Il<+a2r2 +...+a“t”
Cdch 2: Dzfat

S‘ = alb| +a2b2 +...+a”b,, "

1 , —'i
Gié sir i lia chi $6 nhO nhét sao cho t, ib, ttrc 121 rk Ibk Vk =1,i—1

D0 b, Sb: S...Sb”, nén ti >12’. Mefxt khzic (rl.r1.....rn) IE1 1 hoén vi tuy §? cL1a (bl,b3,....b,,)

nént5nt2_1ij>isao cho tj =19’.



Chlf’0'I1g II: Nhng vién kim c1r0’ng trong bfit ring thzic cfm dgzi 227

f ’ _jg -1]-

Xét hoén vi (t'|,r';,...,1',,) duqc xzic dinh theo quy tic ti’ =r,_

ix; =1‘. Vl<¢i,j

Tir 1,->b, vZ1tj=b,suyra r,>rj.

Bat S'=a1z,'+a2z§ +...+a,1,'+...+ajr; +...+u”z,§

Khi dé theo céch xéy dung hoén vi (r’,, 1'3, i',,) ta cé

S—S'=a, (1, —r,.')+a]. (zj —1;)=a,_ (1, —z].)—u, (r, -1/.)=(a—aj) (1, -1j)sO :> S s S’

Néu (/,, /2, /,,) ¢ (b,,b2....,b”) an ta 1@1 nép tuc lzjp 1&1 qué trinh trén via chi sau nhiéu

nhét (11 -1) buds ta cé diéu phzii chirng minh s 3 s‘.

2. Dinh 1y 2= Cho hai dy S6 mm hfru han dL1'(_)'C sép mu m nguqc chiéu nhau Chang han 121

al Sag S...Sa”
.G<_>i (t,,t3,....I”) 1511 hoén vi my )7 cila (b,,b3,...,b” khi dc’) ta cc’)

b, 2193 z...z1>,,

a,b, +a2b2 +...+aHbHSc1]zI+a2t3 +...+a”t”

Chzhzg milzh

Céch 1: Ta sé chirng minh bait ding thtrc béng phuvng phép quy nap

, . \ “| 5”:' Vdi n = 2: Xét hai diy sé gém 2 phén tit
b, 2 192

+ Néu (z,,r2)=(b,,b3) thi a1b|+a3b3 =u,r[ +a2z: :> bit ding thtrc dng

+ Néu (r,,r2)=(b2,b,) thi a|b| +a3b2 -(W, +a2r1)=a,1», +u3b3 —(Cl]b3 +@2b1)

=(a, —a3)(bl ~b2)s0 =» a1b,+a3b3 Salli +5121: 3 béit déng thtrc dimg

- Gié sir bét déng thirc dung aén (n -1) ta Se chimg minh bét dang thtrc dng véi n.

4 a, 3 ak

Bat b, =1‘, :> :> alt, +uktk =alt] +akb] 2a,b, +akt] (1)
1‘. =b, 21,

Sir dung gié thiét quy nap 121 bait ding thfrc dng vdi (n -1) ta cé

alt: +...+ak_Itk_| +aktl +akHIk+l +...+a”t” 2

2 azbz +...+aL,_,b,(_, +akl2k +ak+]bk+| +...+a”b” (2)

Ttr (1) v21 (2) suy ra a,r, +a2t3 +...+aAtk +...+a“t” 2

2a,b, +[a2t3 +...+ak_,rk_, +ak!|+c1k+1tkH+...+a”I”]2alb]+a2b3 +...+akbk +...+a”b“

Theo nguyén I)’; quy nap suy ra bit ding thtrc ddng Vn.
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a, S :12 S ...S an i a1Sa2 S...Sa”
r.> . Theo két qua ctla dinh ly‘ 1- suy raCzich 2:

bl 2 b2 2 bu i—bl S-113 S...S—hH

al (—bl ) + a2 (-173 ) +...+ an (-12,! ) Sal (-5 ) + (12 (—I: ) + ...+ an (—I”) '

<=> albl +a2b3 +...+£I”b” Sa[tl+a1t3 +...+a”l”

2. Bét aéng thfrc hoén vi

Gié sir ¢<'> hai day 56 [hLl'C hfru han duqc Sap xép mu tl_1‘ Cilng chiéu tirc 1:1

al Sa,S...Sa,, a]2a32...2a”
‘ h02_1c

b, sh. 3.511,, @211. z...21>,,

Gqi (ti, I2, r,,) 1:21 1 hoén vi tuy 3'1 cua (bi. b;_.... l2,,).

Dét S =a1b1 +a2b2 +...+aHb” ;T=alI| +035 +...+ an!” LS =a|b” +a3b”_, +...+aHb, . khi CI6

s=a,b” +a3b”_| +...+a"b1 $T=a,t1 +a3l3 +...+a,,r,, 5 S =a,b. +5131): +...+a”b”

Nhgin xét:

2.1. s6 céc bait dang thtrc hozin vi chinh 1:. S6 hozin vi cua b<f> n $6 (/;,_/1.....,b,,) nén cé <11!)

bét dflng mm: man vi. '

2.2. MaxT=S; Min T=s
I I (XIWJII)(IWI1)

2.3. Bér aéng thirc hoén vi xaiy ra déu bang khi v21 chi khi m{)t trong hai diiy ((1l,G2,...,£1”)

a, =u3 =...=a,,
hozfxc (b, ,b3....,b”) Iii déiy dirng. ttrc lé

1J]=b2 =...=b”

2.4. Ta cng cé czic bait ding thirc hozin vi tuorng tit nhu trén néu 05 dinh bf)

(b|,b:,...,b” ) V51 gQi (ll ,I2.....r”) IE1 mét hozin vi tuv 9 ctla (a|.a3,...,a”)

3. Céc truimg hqp dine biét ciia bét déng thc hoén vi

Gié sir (x'1, x'2, x',,) 121 mét hozin vi cila (.\', ,.\"3......\"”).

3.1. Néu f(x) IE1 hiam 55 khéng giém trén (a. 12) v21 x,..\'2,.....x',, e (a, Z2) ta c6

x|f(-Y1 )+x:f(-*2 )+"'+'xnf (X7! ) 2 -‘if (xi )+-‘if (-"2 )+~~-+~‘1if (*1, )

3.2. Néu an lé ham S6kh6I"lg[§1T1g[I'él'1(Ll, 1)) vi .\-,,.\-....._..-,1 G (.1. b) ta cé

x‘f(.xl)+x2f(x2)+...+x”f(x”)Sx(f(.\'1)+x;f(.x3)+...+x;f(x")

3.3. Néu f(x).g (x) 151 hém $6 khéng giz'1mtrén(a,b) vii .ri,.x2....,.x,, e (a, b) ta co

f(-\'.)g(X.)+f(-*:)s(X1)+---+f(X..)s(‘\'..)2 f(~\1)s(-\'I)+f(~\z)g 4- +---+f(X..)g(Xf.)3-
\ \ Z A ... A b

4. Néu f(x) 151 hém s5 khéng giém trén (a. b) vi g(x) la ham so khong tang tren (a, )

thi Vx1,x2,...,.\',, e (a, I2) ta 06 bét ding thirc sau

/1

H
.;\

\_//\

‘>1
q\

f(-Y1)g(x1)+f(x2)€(x2)+~--+ f(X..)g(-*1.)$f(~Y.)g(-*{)+f(-Mg _)+---+f(-\1.)s(-X11)
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. §e. 2. K? THUAT sir DUNG B/"\'T D/KNG THUC HOAN vg

|. cAc BA: TAP M/Ru MINH HQA

Bili 1. Cho c1.b,c> 0. Chimg minh b§td§1ngthU'c sau:

{__?2_
Z

(I 17 0 3
*+ +

b+(r (:+a a+b [

Clzzivzg minlz

Khéng mét lfnh téng quét gié1 sir a b 3 c :> a + b S a + c Sb + c

aSbSc
:> 1 1 1 . Sir bét ding thfrc hozin vi ta 06igi5€

b+c c+a a+b

a + b + c 2 b + c + u
b+c c+a a+b b+c c+a 41+!)

+ a+b+c2c+a+l2
b+c c+a a+b b+(' (‘+0 0+1;

2a 2/9 20 >b+c c+a a+l7:3__ a b c >§d
3b+c+c+a+a+b_b+c+c+a+a+b _‘_}b+c+c+a+a+b_2(pcm)
Ding thirc xéy ra <=> a = b = c.

Bili 2. Cho a, b, c > 0. Chirng minh bit ding thfrc sau:

bl + ('2 ('3 + :1: 03 + bl a3 bx 03
a + b + c‘ s + + s + +

Za 2b 2c" bc ca ab

Cluhzg minlz
F '1 'v 2
u‘ 2 b" 2 c

Khéng mt tfnh téng quzit gié sir a 212 2 c :> 1 1 1 .

_Z_2_
L z" I9 a

Sir dung bit ding thirc hoén vj ta c6:

a2 -l+b2 --1-+c2 -is a2 -l+b3 ~l+<-3 ~l
b c b c aa . .

+
'7 '1 1 '7 '7a2‘l+b“-i+c“-—Sa2-1+1)“-l+c'~l

a b c c a b

b2+c2+c2+a2+a2+b3 b2+c2 c2+a: a3+b3:>2(a+b+c)§ /:>a+b+c$——i+i+i (1)
a b c 2a 2/) Zc

(13 Z 123 2 ('3

Métkhécttr (12./J2c:>
‘

a b ~ ci Z €_ 2i
abc abc abc

Sir dung bit d§1ngthL'1'c hoén vi ta cé:
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b c a a 12 \ (
a3~ +173" +c3- 301- +b3- +0"

abc abc abc abc abc abc
+ ,

C a b a b -, c
a3- +b3- +c3- §a3- +b3~ +0‘-

abc abc abc abc abc abc

b2 + C2 c2 + (13 a2 + bl :13 bx cg
:> + + s 2 + +

a b c be ca ab

bl + cl cg + a2 a3 + bl a3 bl (:3 .

-2- + + 3 + + (2)
2a 2b 2c bc ca ab

Du b§1ng6(1) v21 (2) xély ra <=> a = b = c.

~ a3 +172 2

b+c c+a a

' . 1 1 .

Biai 3. Chirng minh réng: “ + 1’ + ‘+17 2 +° <1) Vc1.b, ¢-> 0
1

A1

Chzhzg mink

£1} 2173 203

Khéng méit tinh téng quét gié sir a 2 b 2 c :> 1 1 1

' -2-—zi
b+c c+a a+b

a3 bi 03 a3 Z73 "3+ + 2 + + ‘ ,

, A 1 . , . , + ' '+ + + + ‘+
Su dung bat dang thuc hoan v1 ta co: + W‘ L la G a xt C 1”

a‘ +11‘ +0‘ 2a‘ +b' +0‘
b+c c+a a+b c+a a+b b+c'

1 .1 3 _a 1 3 , , 7 0 ,
:> VT(l)2l(i+L7—+‘—+—C—'*ij =l[(a“+b‘ —ab)+(b2 +0“ —bc)+(c'+a' —ca)J

2 a+b b+c c+a 2

2%[a2;b2+b2;c2+c2;a2):a2+l§+c2 (dpCm)_

8 8 8 1

B51i4.ChL'Ingminhr51ng: “_+Tb-f%zl+l+- (1) Va, 1), <->0
a’b‘c‘ a 1? c‘

Ch lhlg minh

B§td§1ngthirc(l)<=>£l+—}1l+i-2l+l+l (2)
b°c3 c3a3 a3b3 61 1? (I

a52b52c5
Gié su cz z "b 2 C => 1 1 1 .su dung bét ding thtrc hoén vi ta C62i_2i_2__

b3C3 C3a3 a3b3

,1 5,1_5_1 ,1 51,1
a + b + c 2 a + b _ + c

b3c3 c3a3 a3b3 c3613 a3b° b3c3

s 5 5 2 2 2
a‘ b c a b c

‘:' 11+22+2122+1+1(3)
b‘ c“ c‘ a‘ a* b‘ c“ a‘ b"



Chumzg II: Nhz7'ng vién kin: clrmzg trong bfit (iring that (‘(711 (Tai 23

(12 Z122 2 cl
T£r(12b2(-:> 1 1 1 . Khi 6611106:

<2—¥ 1
1 ("‘ b‘ (1

w '\11 1 ~ 1 ,1 , 1 .1 ~ 1 ~a" }+b2- }+("- :20" }+b“- _+("- , ~21 U11-bx-1-(12i+l+l(4)
0' a’ b* a* b‘ ( ( u b (1 b (

\

TU(3)vé(4)suyrab§td5ngthUc(2)dng::(l)dng.

B€1iS.Ch0 (1, b, (-, 01, B > O.Ch1'1'ng minh bit déng th1'rc sau:

1. (IMB + bows + (“+5 2 ("Gals + aub + bats 2. Q + E + 2 (IMB + 17%“ + ("CH3
(B (15 12$

CI1 1271g minlz

sws
1. Giél sir a S b S c :> . S1'1'd11ng bétd€1ngth1'rc hoén vi ta c6:

as S [JB S (‘B

aaa +b°‘bB + c°‘cB 2 c°‘(1B+(1“bB+b“("B <:> (1045 + IJMB + (“+5 2 (-“(:5 + (1“bB+ b“('B

a°‘Sb°S(~°‘ .

2. Gié sir (1 S b S c :> I 1 1 . S11 dung bit ding thirc hoén vi ta c6:_ 2 __ 2 _
(Z5 [DB CB

1 1 1 1 1 1

aa» +b°‘- +c°‘- Sa°‘~ +b°‘- +('°‘- 3.

as b (B (B (16 bl

u 01 101

<:> a°‘_B +b°‘_B +('°"B S -£1—+-[Z-—+£-—
(B as b

Béi 6. Cho (1, b, (", 01, B > O_Ch£1‘ng minh ring:

(la bu ca au bu (‘Q
+ + , 2 + +

b + (‘B cg + (16 ab +17“ (16 +125 175 + (‘B (B + as

Chlhzg minh

Khéng méit tfnh léng qu2il.gi2'1 sir (1 S b S (" suy 1'21

aa <ba <61 aa<ba<C.1 l (la Sb“ Sc“

3 3 1 1 1

(1BSbScB (1B+l2BSaB+cBSbB+(‘B B B B B3 B B

17 +0 c +(1 (1 +12

Sir dung bit ding thirc hozin vi ta c6:

(la bu cu (la 12°‘ ca
+ + 2 + +

b +06 cs +(zB as +176 (1B'+bB b +(‘ (‘B +(zB



Z32 " “B1}! ring thzic /zodn

‘x+_\"+;=l C ” ' '

i x, _\". 3 2 0 . w _ 1 4 I

I Bai 7. Cho .Chun<I mmh réns: .\"\' + \'":,+ ;‘.x' 3 E

Ch ting minlz

Gcpi a,b.c 151 mét hoén vi cua x, \*,: sao cho (12/2 2 c" su ' ra ab 2 (102 bc‘._ )

Do dé x(.x}') + _v(yZ.) +1(;>c) 3 a(ab)+b(ac)+c(bc") =b(a: + ac+c2) Sb(a+c):

1 2 1 2b+(a+c)+(a+c)‘ 1 2(a+.b+c) 3 4

=52b(”+C) 3% 3 ]:5[ 3 W :27

Béin thrcxzl’ ~—ll - * * ' ' ~ llg )ra <=>(a,b,¢)- ,;,3,O <:>(.\,‘\,,) la mqthoan v1 cud 3,3,0

x, y, Z 2 O II

B:E1i8.Cho { .Chirng minh rang; .\-"\~+ \>”;+;”x s(iT,v2 s ne Nx+y+;=l ' ' /1+1”?

Ch 1211g min h

an~l 21911-1 2 (_n—l

Gqi (a,b,c) la m<_>t hozin vi cua (x, y,z) sao cho (12 19.2 c suy ra {

Suy X11), + ynz + Znx Xn—l (xy) + yr1—l + Zn‘! (Err)

ab2ac2bc

S 41"" (ab) + b”" (ac) + c”_' (be) = b(a” + acb”’3 + 0") S b(a” + a”"c' + 0”)
11*]

Sb(a+C)n :%nb(a+C)n :( IzI|)”-H

' n+1

; , , . \ , . , 1
Dang thuc xay ra kh1 (A, _y,z) la hoan vg cua

Bi 9. Cho a,b,c 2 0. ChL'1'ng minh rang

ab + be + ca <
a+4a+4c b+4c+4a c+4a+4b _

a+b+c
9 (1)

Ch zhzg minh

b 4(a+b+c) 4b(a+b+c) <4(a+b+c)Tac6(1)<=>Z;(‘i+—)§ /:2
a+4b+4c 3 .\..3(a+4b+4c)— 9

H b C C <l 0 ch ‘ h’
wa+4b+4c+b+4c+4a+c+4a+4b_3(J “an O3

a+b+c=1.



Chlrmzg II: Nhvlg vién kim cu'o’ng trong bf}! ring tlzzic cn (Tgi ..

\)
J.)

.,J

Khid6(2)*:> b + C + a Sic,»(13/7+/2:(‘+c:(r+rz/acSi
4—3a 4-312 4-30 3 Z7

Gié su' x. _\’, Z 151 hoén vi CL'1a ((1,1). 0) mi X 2 ‘\' 2 Z I> X)" 2 X: 2 _\'Z

Do d6 a(ab) +b(bc) +c(ca)+abc S .\'(x\')+ \'(x:) + z( \*;)+ xv;

—.’

_ ‘+' +"= y(x3 +2x;+;2)= )"(x+3): =%2_\*(.\'+;): _—

/\
\)>--4

r"““1
\.)

".
+

/'5

>1

ex
\1/

+
»\

‘»<

,ii

\_/

1___.

Ding thtrc xeiy ra <=> a =b = c hozfac (a,b,c) 151 mét hozin vicL'1a(2x,x,O),x>O.

4
_ 3 27

\ 2a} —b3 -03 Z113 — ('3 — :13 203 — [13 —b3Bai 10. Chirng minh: 7 + v + , 1 20 ,Va, b, c > Ob‘ +0“ L" +a' a“ +b'

Ch zhzg minh

Khéng mit tinh téng qu2il,gi2'1 sir 0_ < r1S/1 S c". suy ra

.» 2 ,1ax gba SC; ax sh» £6, rz Sb Sr
I> I>

'7 7 '7 '7 '3 7 '7 '\ '7 1 < I 1a'Sb’Sc‘ a'+b"Scz'+c‘Sb‘+c" wi?—'_isS
' b‘+c' a'+c‘ a2+b2

Str dung bit ding thirc hozin vi, ta c6:

a3 + bi C3 > (13 bx 03
3 2 3 2 + 1 '7 — w w 1 w + w 1b +c c +a a +b‘ a‘ +12‘ b‘ +0‘ c‘ +a'+

a3 + b3 + c3 > I93 + 03 _|_ (13
3 2 2 3 3 1 _ '1 1 7 W '> wb +0 c +a a +19" a" +12‘ b" +0" c“ +a“

3 3 3 3 3 3 ,3 _3 3:> 12a + 72b + #20 72a7+bw+bv+( +r1+a :>(dpcm).
b“ +c“ 0' +0‘ 11' +/J“ a“ +17“ /2‘ + c" c‘ +41"

Du béng xéy ra<:> a=b=c>0.

a,b,c,d2O ' \

a+b+c+d=4 ° “
Béli 11. Cho { .ChL'1'nQ minh rénsz albc+b1cd+c2da+d2ab S 4

Clz zhzg minlz

Gqi (x, y, z,I) I51 hozin vi cL'1a (a,b,c,d) sao cho _\- 2 y 2 3 2 r :> xy: 2 xyr 2 xgr 2 yzr

Suy ra a(abc) +b(bcd) +c(cda) +d(dal9) S x(.\'_\‘3) + y(.>qy;) + ;(xzr) +r(_\'_/it)

= xy(xz + yr) + zr(x3 + yr) = + zr)(.x; + yr) S %(/Q’ + gr + X3 + yr)

4

:%[(.x'-Ff)(_\‘+Z)] =4 :> (dpcm)_

Déiu bimg xeiy ra <=> (a,b,c,d) 151 (l,l,l,l) hoéc hozin vi cua (2,1,1,0).



4

Z34 Brit ring thzic hodn vj

’ a.b,c.d,e2O
Bixi 12. Cho .

a+b+c+d+e=5

Chtmg minh: azbcd +b:c(1'e + cldea + 1/Zea/9 + clabc S 5

Clllhlg minlz

Gqi (x,y,z,t,u) 151 hoén v1cL'1a(a,b,c,d,e) sao ChO .\-2 y 2 1 2t2u

3 X)‘Zl‘ 2 xyzu 2 xytu 2 xzru 2 yztu . Suy ra

a (abcd) + b(bcde) + c(cdea) + d (deab) + e (eabc) £

S x (xyzr) + y (xygu ) + 3 (x_\'tu)+ I(.\‘:,Iu) +11 (ygru)

= xyz(xt + yu) + xyztu + uzt(tx + uy) = z(xt + _vu)(.x'_\' + ut)

£1 xt+_vu+x_y+ur 2+ x+_\"+t+u Szlz  4+l£l: 4+1

2 5 4 7 4 2

4.-~; S

=é?i4Jx+y+:+uY+1si;llil%Ti§1Q]+1=5I3(®Mml

Bi 13. Cho V q 7 ' 7 .Cht1"ng minh: a7‘l2c + b3cd + c3da + djab S 4a,b,c,d2O

a‘ +12" +c“ +0“ =4

Chzing minh

Gqi (x,y,z,t) 121 hozin vi ca (a,b,c,d) sao cho x 2 y 2 1 21.

Suy ra {xh 2 y- 2 Z- 2 I’ .D0 dé (12 (abc)+ bl (bed) + cg (cda) + dz (dab)
A3: 2 xyl 2 XZI 2 yzr

S xi (xyz) + yz (x_\t) + 32 (xzr) + I2 (yzt) = .\‘_\"(.\'3: + _v1r)+ zz‘(x:2 + ytz)

_SxyJ(x:4+ )_2)(x2Z:+y:[2)+HJ(:2+[:)(x::: +_\.2t2)

= \/X21: + fr: (X_\’\/X2 + _\-3 + ;r\/:2 +1’ ) s \/.\-1;’ +_v:z:(\/x1_\-3 + jlyl + \/_\-3 + y’ + 33 + rl)

:2‘/(X212 + _y2I2)(.x'1_\'3 + 13)?) Sxlzl + ft: +.\':_\': + :2)‘:

=(y2 +32)(x3 +t2) =4:> (dpcm).

Déngthtrcxéyra <=>a=b=c=d=1. 4



Chu'0'ng II: Nhfrng vién kinz clrmzg trong b(';t Jrirzg tI11i'c cn dgli Z35

Béi 14. Cho

/?J‘~——4\

QQ

.b,c>O

:+b2+<-3 =
Ch1'rngminhrz§1ng: 411123 +1236: +0161: S 3

Cll !?*ng nz in h

Gc_>i (x,_\h,z) 151 hozin vicL'1a(a,b,C) sao ‘cho x 2 \' 2 :,. Khi 66

a3b2 +1230: +c3a2 = a(a2b2)+b(b2c3)+c(c2a3) S .\'(.\"2v2)+ \*(x3:2)+ :(\'3_",:)

_,3‘ 2,2 _3___2 ,l_: _2_~1_2_)(x )2+x 0 +0 5)-_\[.>c (x)+72 )+., (_\0+32

3x2+\*2+Z,2 7 y3+12+.r3 .\-1+\'2+-2
2 2 '>

Sy x ' +1“ = ' ” _\‘(x2+;3)

I 1 . . 2 2 . 2-'2 Q2 13 3=% y2(x2+z2) =%/_,/2_\"‘(.x"+:')(.x""+1")Si g! =3

'_

2 2 2\/2\,\

Ding thirc xéy ra <=>a=b=c=1.

a],a2....,a” 20 3 2 2 4
B21115. Cho . Chung mmh: (1 (1, +a_a~ +...+a a S—Vn > Q

a1 +a3+...+a”=1 " ‘ *‘ ”‘ 27 M

Ch 1211g min h

Tachirng minh bili tozin bing quy nap lhco n

Vc'>'i n I 3, theo bfii 6 ta cé bit ding thtrc dng

Gié st1',b2‘1tdz°ingth(1'c dng vdi /1. Xét /1+1 $6 c1..a,....,c1 sao cho a +0. +...+a . —
x _ /11-I I _ /11-I -1

Khéng mi: mm téng quét gié SL1’ a: : Min{u, . 212 , an , am }. Khi as ta c6
2 2 2 2+aa aa +...+aa +a”+l,

1 Z Z 3 n n+I

S(a1+a2)2 a3 +a§a4 +...+a5T1a”+l +...+a3+[ ((11 +612) 3%

Nhu'v2f1y bit déng thin: dng v<'yi n+1. nén thco nguyén 1y quy nap la cé (dpcm).

Bili 16. Cho a,,a3,....a” >O.ChL'1'ngminhr§1ng:

a1

Z003 ’ Z003 Z003 Z003al (:3 a,,_, an
+ a3 + + a" - 2002 + 2002 + + 2002 + 2002

a1 H? an al

Gié sir O<a1 $412 S...Sa”_, San. Khi

Ch 1311g min /2

Z003 Z003 Z003al $ (12 35:1,,
d6 I 1 1+0 2-—,(, z...z—_w

Z( I _)()_ - _.

al a2 an



>

23 B (“H ring th1i'c hozin

al
)U\ 1

:00] 1003 IUUF IUU}
al (ll + + n~x + n

~ <
":> U‘ + al + + all — zoo: + zoo: Z111»: :uz>_

(M (I; an u|

L 1

6

Su' dung bait déng thirc hoén vi ta cé:

~ I 7: 1 ‘um 1-—+...+u;x 1 ~ 1 ~200 ‘i+a3(\()_» _i+m+”Z( , 3 ulmn
" W - Y 3003 '1 :00: -

mu: - :00: - - _
Ll~ (I; (1:-U(._

L11 Cl: Ll”

.ChL'1'ng minh rang:

*1

Bi 17. Cho a, .a:.....a” >0 \/£1 OL > B > O

/ 01 - or c1 (1 ~13 L5 [3 [5

a—‘ + 13- +...+ u”" + U” 2 G‘ ‘j +‘/UN +...+ L" + Hi
a, ax an a, a /1 L11 an (ll

E)§1l'Y=OL—B>O:>0L=B+Y. Déthéy ((zlB——czg)((1;"—z13)_

11 B 1

+' B” B 7 + Ba!’ 4: ao‘ +aC‘ Z¢1|B¢zQ’+u§.(z|7' <=> a a‘ al

Chzhzg minh
Y

O

#+l2—+—
Q B a"

<:>a,B‘+a3'2a,.a2 413., , 3 ._
0, cu q

Tu'0'ng tu" ta co: aid UP U]."/

(I2 a3 a5

as‘ (IE 51;’,

—;1+l2—;5+—+/
+ a, ax a3‘

Q
Q

¢\
-.

=1:

Q
3-5

-’#+l2—+—_—

Q
'_Q

ex
~

"13

_Q
-.

Q <a < <0 San.Mzflt khzic cé thé gié sir rng al _ 2 _..._ “_,

a;£a2_..._
(I-,

+ —" +...+ l Zn (2)Néuy>0 U1suy 1'21 —
Q L2-1-z...2-L _ .

r Y< / / I

a, u, / al[ J K 7 [U J
a]Y :12’ an

on on a / \[5 [5 - [S

a] a. (1,, ul (1, an
— + —" +...+ —-' 2 ——J + +

a" (11 1 / \ \ aw ax

Ti1(l), (2) suy ra
. a <13

<1 01 <1 ‘B \B Y r

a, a2 an cl, an al an
:> — + — +...+ — +112 — +...+ »- + .— +...+ — (1)

a. a, al a, (1, :12 (11

" ...+ —

0 ChL'1'n<> minh rfingzB§1il8. Cho u1.a3,...,cz” > . C

2 2 2 2 2 2
an +111al +a2 (13 +113a,+a2+...+a,,s—-+l— —i

(rz—1)a3 (n—])uJ (n—I)u3

Ch zhzg minh

Khéng mét tfnh téng quzit, gié str 0< (1, 3 ((2 s nnvg u”_| s cl”.



Chu'0'ng II: Nh17'ng vién kim cmfng trong bf}: (Trilzg tlzzic cn dgi Z37

a3Sa3S...Sa3
I I1 I1 /./1111.,.,'111Khldotaco 1 1 1.GQ1t—,.—,.....—, lamc_>th0anv1cua*—.—.....—

\UI (II an/‘ \a| U3 6111/
a, av

"
an

, 2 1 . 1 . 1 1 1 1 1 . 1Ta C0161] -—+u§~—+...+a,j-—$c1f-<1-ug<i+_..+u;-f
Cl‘ - C12 (In £1‘ CI: » CI”

T11" bit ding th1'1'c nZ1y suy ’ U1 GI U1 HI
'7 _ra a,+113+...+a”§#+;+...+L+i

a3 113 an a,

2 2 2 2
(1, a, am an

al +a3 +...+z1” S—+~'+...+—+—
+ (I; :14 al cl,

Z 2 Z Z

al a7 a11—l anal +511 +...+a” §—+—L+...+-?+i
an al a11—Z alwl

7 '7 7 7 '3 ‘I
Cl_+C1_ £1-:+CI_ 61--F61‘3(n—l)(al+a3+...+a,,)S ' 2+ * 3 +...+ ” '

(13 (14 (13

all +613 113 +51% (15 +a]3<:a,+a2+...+a”£ " + " ’ +...+
(n—1)a} (n—1)a4 (/1—1)u1

B51i19. Cho a],a2,...,a” >O.Ch1'1'ng minh S = 2."/cz,c13...z1,, = P
n

(B61 déng 111111 AM- GM)

Chzhzg minh

~ Néu Min{a,,a3,...,a”}=O 1111 1>é1c1é111g11111~¢ 111611 dng.

~ Néu Min{a|,a2,...,a”} > 0 1111 P = .~/11,112.11, > 0. Khéng 111é11111111611g 11111111 gié $11111 C6 11111

111' céc bién s6 1511 a, 2 a2 2 2 an > 0. Khi dé ta c6 2 déy 56 sip xép th(1'111‘ nguqc chiéu nhau
’ 'Y

€]_> CZICIZ CllCI2...(1”

P _ P2 _H'_ Pn I‘

£s——P~ s...siPII =1
Cl] alaz a,a3...a”

a, P a, (12 P2 (11113 ...a,, P”
Suy ra: n= - + - +...+ -

P al P" a, a2 P” a, a2 ...a”

a aa P aa ...a P”“ c1 +a. +...+a a +a +...+aS l _1+ I22 +.--+ I Z /1 l _ /1 I Z /1

P P C11 P” CIl(l3...£l”_| P 1 "lglaz ___¢1"

a +(L,+...+a 4 L<:>'i“n—i“2."/a,a1:..a,, .Dau bang xay ra 4:,» a1=a3 =...=a”



>
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238 Brit ding thzic hozin v_i

Béi 20. Cho 2” mu-C wyy Q,.a2_....u,,.1;,.1>3_..../>,,

Chtrng minh: (all +a§ +...+a§)(b§ +/23: +...+1w§)2(<11/21 +a:l7: +...+a”b” )3

(Bt ding th/rc Buniakowski )

Chfrng minlz

- B6 dé; Néu .\-l..x1......\;,, 1:1 m S6 thuc my y \'i1 <.\-’,. .\"3. .\~',,,) 151 mét hoén vi cua

_Q _Z _'l > _/ _/ ‘/
(.\l,.\3,.....\m ) , .\, + .\3 + + .\m _ .\i.\| + .\3.\3 + + .\m.\m

' Chzhzg mirzh: Khéng m2‘1t tfnh téng quét gia sir x, 3 xi é ...£ xm

xl Sxi S...S.\',,,

S111‘ dung bétd§1ngthL'rc hoén vi cho 2 dy :> (dpcm).
X] 3 .\z S...S rem

a a" an , , ~

- Ap dung: Néu l thi bét déng thtrc hién nhién dL'1ng.

b, =1): = ...= b,,

Néu (112 +a§ +._.+a5 >0 vil 11,2 +b§ +...+b,f >0.

(I

A=,/af+a§+...+a§ >0 -\',=~' \'011=1-/1
*4 “ ~ A

Bat va
'7 '7 '7 b

B: Jb," +115 +...+b; >0 .\-W =—§1'0i i=1./1

Sir dung b5 dé cho déy s6 .\',,.\'3....,.\',,. x,,H..\-,,+3,.....\'3” ta c6:

2 2 2 2 2 2

x +.\'» +...+x +.\' +x“ +...+.r, >
I _ 11 n+| +1 _n -'

X1 xn+l + x2'Xn+Z + + xiv‘-Zl1,+ xn+l‘xl + XIH-Zxl + + XI/1"-n

2(alb1+a,b, +...+a"b,,)
(:- 2 2 'A"B <':> a,bl +a3b2 +...+a”b” s AB (1)

Sir dung b6 dé cho déy sf) .rl..r2,...,.x”, —.x,M ,—.\",,+3, .,—.\"1,,ta c6:

2 2 2 2 2 2
x, +x3 +...+.\‘H +.xM +x"+3 +...+x2” 2

Z xl (—'\'n+l ) + ‘X-Z (_xn+Z ) + + ‘Yr: (_'\"_I11)+(-'\-r1»l)'\~1 + (—'Yr1+'l )'\-I + + (-3511 ) ‘X11

—2(alb, +a2b3 + ...+ a,,b,,)
1:» 2 2 *2» —(alb, +a2b3 +...+a“bH ) 5 AB (2)

Ttr(1) vE1(2), suy ra: \a,b, +a3b2 +...+@,,b,, s AB

'> Z

<=> AZB2 =(a§ +a§ +...+aj)(b +195 +...+1>;)z(a11>, +a3b2 +...+a”bn)



Clzuvng II: Nhl7’ng viérz kim cu'0'ng trong b(';t (fling rhzic clz dgi 239

Béi 21. Cho hai dy htru hgn céc $6 thuc al.a3.....ull vi bl./23.....bll. Chtrng minh réng:

[all 2:13 2_ ..2u
1. Néu hogm

,
I

I7 CI/I

‘ < thl
£411 S...S

Ibl z/7: z...z1>ll ‘l/>l $1): §...s

n(albl +5131): +...+alll2ll )2(al +113 +...+ull)(_bl +191 +...+/2”)

al 2:13 2...2all {al Sui £...Sull
“ ' / thi2. Neu hoac

1; <19. < <1>ll [bl 2/13 z...z1>ll\l_ __..._
K

n(albl +a3b3 +...+allbll)S(al +a: +...+u” )(/Jl +123 +...+bll)
*

(Bfit airing tlz1?'c Clzebyshev)
Ch zhzg minh

al 2 a2 2...2all al $113 S...Sall
1. Néu hozfac [hi su dung bit déng thirc hoén vg ta cc’):

bl 21>: 2...2bll bl s/>3 §...§/)”

albl + (13123 + 413123 + + all_lbll_l + allbll 2 ul/>l + (13122 + + c1llfll2ll_l + allbll

albl + azbz + a3b_l + + all_lbll_l + ullbll Z all): + (13113 + + all_lbll + allbl

+ albl +a3b2 +a_lb3 +...+ all_lbll_l +alll2ll 2 all); +a2bl +...+all_lbl +61”/J:

2 . . . . . . . . . . . . . . ..

albl + azbz + (13193 + + all_lbll_l + allbll 2 (ll/7” + ugbl + + all_lbll_2 + allbll_l

:> n(albl +5121): +...+allbll)2(al +51: +...+-all )(/7l +193 +...+bll)

al 2:13 2...2all al S113 S...Sull
2. Néu hoéc ' thi su' dung bét déng thtrc hozin vi ta cé n

b<b <...<b b>b'1>|~¢>[)1-2“ "'n l‘—-'“ ‘I1
bit ding thtrc sau déy:

albl + azbz + a3b3 + + all_lbll_l + all/Jll S albl + (13123 + + all_lbll_l + allbll

albl + azbz + u_lb_l + + all_lbll_l + ullbll S all): + azbl + + all_lbll + allbl

+ albl + (12192 + 413173 + ...+ all_lb,l_l + allbll S al/23 + ajbl + ...+ all_lbl + allbz

S . . . . ..

albl + azbz + (13193 + + all_lbll_l + allbll S albll + azbl + + a”_lbll_2 + c1llbll_l

:> n(albl +a3b3 +».l..+ullbll)S(al +a3 +...+ull )(bl +/23 +...+bll)

al I :11 = = all
Déu béng c>- (1) VH (2)xé1y ra <=>

bl :12: = = ./all

2*‘
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x

4112a: 2...2u.
Biai 22. [IMO 1975] Cho H .GQi ((',.(“3.....¢‘,,) l mét ‘nozin vi tu_v y cua

. b12b3 2...2bH

b .b......b,, . Chfrng minh: va,—15}2 + (1, -12): +...+[uI_ —b”)l Si/(1. —c.)3 +((u -0 2 +...+ a —c I
l _ _ _ 4 | 1 _ _ /1 1|

Clzlhzg minh

Vi (q.c3,....c”) 151 mét hozin vi cua (l2|.l23.i...l>,_,) nén />1: +/>33 +...+b§ '=c‘,: +0; +...+(ri.

SL1‘ dung bait ding thtrc hozin vi ta cé (1lbl+ all): +...+(1H/7,12 ale, + u3(-3 + ...+ awe”

, 2 2 2

Ta C0: ((11 ~19‘) +(a3 -123) +...+(a” -17”) =

- (as +112 + +u5)+(b2 +193 + +b2)—Z(all> +u,b, +...+u”b”) 3_ Z l Z 11 I _ -

'1

2 2 2 2 2 2 I ‘ -
(al +a2 +...+a”)+(Cl +02 +...+c”)~2(alc[ +0302 +...+a”c”)=(a] -01) +...+(a” —c”)

Bili 23. Cho him $6 f(.\"). Giél su"f(x)=()c61znghiémthuc bl Eb: 2...2b” 20 vil f'(x) =

O cé (11. -1) nghiém thirc a, Z01 2...2a”_[. G<_)i (c|.c'3,....c'”) 151 mét hozin vi tiny 9 cua

f[\/]i

§[\2i

bé (bl,b3,...,b,,).Cht1"ng minh rang; (“A -15)‘ - _ (Q -ck)‘ -cf; <1)

Ch 1211g minh

~ 11-1 n ll

Délt an =0 khi d6 Z(aA, —bk )3 —b,?2Z((1‘—('A)3—¢';j <:> Z(aA —bk)3 2Z(ak —c‘k)}

= ‘=1 LII /{=1

>7

II
i[\’1=

/—\

Q
7?'L,-1

DJ

D.
>-"4

>.~

-.1

V

§l\4=

— "b + 3aAb[ —bZ)_ —3aicA + Buick: -01)

<=> Fazakbk (bk —_z1k)232akck (ck —ak) <=> Zluibk (bk -—aA )2Zakck (Q —ak) (Z)

k=l k=l k=I k=l

Sir dung dinh 1)? Rolle ta cé: b, 2a, 2/22 2:12 2...2b” Zn” =0

a|b, Zazbz 2 ...2a”_|b,,_1 Zanbn
:> :> (2) dimg :> (1) dung.

bl —a, 2b: —a2 2...2b”_, —a”_l 2b” -11”

Bi 24. [IMO 1978] Cho a|.a2,...,u” IE1/z $6 nguyén duong phn biét. Ch(rng minh ring:

a] an (1,, 1 I 1

—,+—;+...+—i >~+—+...+—
1‘ Z’ 11' 1 2 I1

Ch zhzg nzinlz

Gqi (a',, a';,..., a',,) 151 mét hoém vi cua (a|.a3,....u”) thoa min diéu kién a’, < a'3 <... < a',,.
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Vi a,,a3,...,a” 151 n s6 nguyén duong phén biét nén u,'2z' Vz'=1,n

_ ‘I uI'<a£ <...<a,:

Xét 2 déy $6 ngu'c_><c chiéu nhau l 1 1 I v51 coi (a,,a3.....a”) 151 m<f>t hoén vi cua
. L

bi) (a'|. a'g..... cI',,), khi dc’) lhco béi déng thirc hozin vi ta C6

a a a a’ ai u’ 1 2 /1 1 1 1f+ f+...+ 121+ ;+...+ Z2 ,+ v+...+ ,=—+—+...+—
1‘ Z" /1' 1" 2' n" 1' Z‘ /1' 1 2 I1

Bizi 25. [IMO 1964] Cho a. I1. c lé (if) d21i3 c2_1nh cla mét tam giéc.Ch£1'ng minh ring:
a2(b + C — a) + b2(c + (1-1)) + c2(c1+ b — c‘) S 3ubc

Chzhzg minh

Bét ding mm; (1) ¢> Q“ + if + 6 + 3abc z (Eb + “bl + 11%-+ b6 + (Fa + cal

<=> a(a2 +bc)+b(b2 +ca)+c(c2 +ab)2a(b2 +ca)+b(c3 +'a./2)+c(ac"+bc)

' a 2 b
Gié sira 2 b 2 c :> khi dé a(aZ +bc) +b(b3 +051’) 2a(b2 +ca) +b(a3 +190) (2)

d2+bi‘Zb2+(Zl

bzc
D0 { nén ba+c2 2ac+bc:>c((r2 +ab)2c(ac+bc) (3)

a 2c

Lay (2) cfmg (3) la C6

a(a2 +bc) +b(b2 +cc1)+ c(c2 +012) 2a(b2 + ca) +b(c3 +ab) +c(ac+bc)
Véy bit ding thfrc (1) duqc chtrng minh.

Ding thfrc xéy ra ¢> a =22 = c.

Biii 26. [IMO 1983] Cho a, b, c-151 Ck} di 3 canh cua mét tam gizic. Chirng minh ring:

a2b(a-b)+b2c(b—c)+c2a(c—a)2O (1)

Ch zfng minh

Bz§td§ngth1'rc(1)<: a3b +b3c+ c3a 2 azbz +b2c2 + czaz

be S ac S ab
Gié str a 2 1) 2 c khi dc’) dé ding chirng minh duqc

.

a" +bc 212' +ac 2 c" +ab

" ISir dung bit Cling thL'1'c hoén vi cho hai da§ $6 trén ta c6:

bc(a2 + bc) + ca (bl + ca) + ab(c2 + ab) S bc(b2 + ca) + ca (cl + ab) + ab(a2 + be)

<=> azbz +b2c2 +c2a3 Sa3b+b3c+c3a '

Binh lugin: Néu chuyén diéu kién (I, b. C lé a¢ déi 3 canh tam giéc thénh cnéu kién
a,b,c > 0 thi khéng mé Chirng minh duqc bét dang thirc dang béc

a3b+b3c+c3a2a3b2 +b2c2 +c2a3, V0.12, c>O.



L
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Chng ta cc’) thé chi ra v6 $6 célp (a, 19, 0) chtmg IO bit déng thirc ni1y khéng Ching. chéing han

a = 4. b = 1. C = 1 thi bét ding thirc trén (T61 chiéu ngu‘<_>'c lai. Ngoéi ra ban doc cng cé thé

chirng minh duqc ring khi thay diéu kién (1. /2. 0 151 dé dZ1i 3 canh tam gizic bdi diéu kién

a 2 b 2 c thi bét déng thtrc d5 cho vgm dimg. '

Bili 27. Cho (X. Y G (O.%).ChL'1'ng minh ring:

tan01+ tanB+ tan Y2%t:1nB+Etz1n“{+ltan(X
Y Q

Ch zhzg 1ni11lz

2 A . 1 Um -\' ; .; A ,' B0 de: Ham so _\1 =——— dong blen tren khoang
\' /_,

— A, — tan x _ ,

. . , ¢05~ x x — s1n .\" cos x .\" — s1n.\" x — .\'' Chzmg mznh: )1 = , : w > _ > , , =0
x‘ x" cos‘ .\' .\" cos" x x‘ cos‘ x

:> _\~’> 0 Vxe (0%). Vziy _\' =2X aésng bién trén khoang (0%)
/1

' Ap dung: Gié sir O < (x £ B S Y <%. Khi dé theo b6 dé suy ra,

tan OL tan tan . ; ; , , . ,
————S—EE S—l. Su" dung bat dang thuc hoan v1 ta co

01 Y

tan0t+B' tz1nB+Y_ tan“/Zeb tanB+B_tan“{+Y‘ [anon

<1 I3 Y B Y 0!

<=> tan0c+tan§+tanY2%tanB+El21nY+ltan0L
Y on

Bi 28. Cho AABC cé d<f> déi 3 canh I51 a, b, c; dé déi 3 dubng phim gizic trong tu‘0'ng trng

véi céc canh a, b, c 151 l,,, !,,, I... Chtrng minh ring:

A
1 1 1. 1 1 1,

1. (11,, + bl,, + ¢-1.. s 111,, + bl, + C1,, 2. i+i++zi+i+¢
u b c b c a

Ch zhzg minh

-Béaé; aSb<:>l,,2l,, A

' CIz12’ngminlz: SABC = S = SABD + SACD

1 A . 1 A C ”
<=> S = —¢-la sin— +lbl“s1né— : -1” sin—(b + c)

2 2 2 2 2 2
B

25 , 25 D
<:> In =—i———. Turing tgr ta co 1,, =ii-B-

(b+c)sin% (c+c1)sin§
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. A . B 7'
_ A _ . . B/[,2 Z,,<:> (b+c)s1n:S(c+a)sm:<:>($1nB+s1nC)s1n:S(s1nC+s1nA)s1n7

. . B , A . . B A \
<:> smC(s1n~—s1n—J+2smés1n—{c0s——c0s§J2O (1)\ 2 2 2 2 .~ 2 2

.2 , \ A B _ A , B \ A B
G121 su'c12bth1A 2B<:> -2- <:> <1n—2.s1n— va cos—Sc0s—2 7 'v w '> 2

:> <21) khéng thoé min :> Néu 1“ 21,7 ma (I g /7.

, A B _A .B \ A B1\/IélkhacaSb<:>ASB<:?S7<:>s1n:Ss1n? va c0s?2c0s:

:> sinC sin§—siné +2sinésin5Lc0s~é—c0s€jZO
2 2 2 2 2 2,

3 Néu 61$ bthilH2l,,.V:;iyz1Sl1 <=>1‘,z/,,.

Béy gir ta SL1‘ dung b6 aé aé chfrng minh 1. V512.

1. Khéng mét mm téng quzit gié sir (I $11 s <- D /U 21,, 2/,
SL'1' dung b§td§1ngthL'1‘c hoén vi, ta C6 a/I, + bl,, + (-1,. S (1/1, + 12/‘. + c/,,

- 52524
2. Khéng mt tfnh téng quzit gia str a S b S c :> 1 1 1

u_B_?
' ~ , . 1 / Z. I I I.

S11‘ dung bét déng thtrc hoan vg, ta cc’) l+i+# 2 i+i+-‘-
a b c: b c" a

Ding thtrc xéy ra <:> AABC déu.

Bili 29. Cho AABC 06 dé déi 3 dumg trung tuyén via d<_‘> di1i 3 dufyng phén gieic trong tu'o'ng

érng vc'ri céc canh a, b, 0 151 m,,. m,,, nz, v21 /‘,, //7. I‘.

: 1. Chtrng minh ring: nzalu + /11171,, +n1(,l[ 2121“/1, +1211,/‘ + 1211,!“

‘ I l. l_ I ' l 12
2. Chung m1nh ring: ” + " + ‘ S " + " + ‘ '

HI“ III,’ III‘, I77/) U7‘, H7”

Clz 1211g minlz

- B5 aé1.- 61$ b ¢> 1” 21,, - B5 dé 2.- mu z/11,, ¢> 1‘, 21,,

, » \ 22% + 26 -61: 22-1 +221’ -if
¢ Chzrng mznh b0 de 2: m,, 2 m,, <:> mi 2/21,? /:> 2

<=> 2bZ+2q2—a3 22c3+2a3—b2 ¢> 31% 23611 @211 Sb: <=»(1Sb <=> 1” 21,,

'Ap dguzg:

mu 2 mh 2/111.

1. Khéng mét tfnh téng quait,gi2'1 sir u S /2 S c :>
[U 21,, 2 ll.

Sir dung bzit ding thtrc hozin vi ta cé: /21”!“ + m,,l,, + my!‘ 2 nzul,-, + nI[,l(_ + nylu
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I“ 21,, z1(_

2. Khéng mét t1'nh téng qué1t.gi2'1 sir u 3 12 £ 0 :> 1 1 1

1/77“ HI/7 III!

, ' -
. I l I I I l.

SL1’ dung bétd€1ngthi'1'c hoén vi, ta cé “ + " + ‘ 3 “ + ” + ‘

/nu 111,, /22‘ ml, /21! I71”

Déng thfrc xay ra <:> AABC déu.

° Bdy gid chzing ta séxét bdi todn khdi qut tfr vi dgl 1 0"'ph(irz I -

Béi 30. Tai mét tram bzin xéng. cc’) n ngu'O‘i xép hfmg mua xéng. M5i ngu'é>'i cn mua min s6

hrqng xémg khzic nhau. Héy chcpn czich siip xép thir tu nguéii mua dé téng 55 théxi

gian chb’ dqi cua moi nguri 151 nhC> nhét.

Giiii

Gqi thdi gian cua ngu"O'i thtr 1' cn dé mua xéng iii 1, (i = ). Khi dc’) t6ng s6 thbi gian chm‘;

dqi cua mqi ngubi 121: T = nr, + (n — 1);; + + 2r,,_, + 1,,

Néu {hay déi thir tu cua mqi ngufyi thi téng s6 thwi gian ch>' dcyi 151

T’ = nr’, + (n -1)/3 + + 2/,,_, + r’,, trong dc’) (r’., 1'2, r’,,) 151 m<f>t hoén v1cL'1a(r,,r2.

1,,)

Khéng méit tfnh téng quzit gizi sir I, < I3 < < l,,. Khi (T6 theo bzit ding thtrc hoain vi téng $6

thbi gian chr dqi CL13 m(_>i ngufyi “ho nhét 1:21 T" =1”, + <11-1);; + + 2r,,_1 + r,,

' Y nghia: Dc‘: tiét kiém théi gian cho X51 héi thi cain phzii sip xép theo thir tu: ngu"0i mua it

ximg dirng trirdc nguiri mua nhiéu ximg. TU )7 tu"<'>'ng niiy chimg La cé thé mé‘ r{)ng sang

viéc siip xép trinh til" téi u'u dé San xuét céc chi tiét vii lip rép trong czic cléy truyén tu

déng héa cila céc nhé méy chimg han lrong czic nhil mziy séin xuzit 6 t6, mziy bay

Boeing...

Bai 31. Cho . Tim Oié tri lén nhét cuabiéu thirc: S = -i +—-+-
a+ +c:l C \/Z \/Z \/E
a,b,c>O , , av‘; b\/1; ¢-\/Z

b

Gizii

Khéng mt tfnh téng quzil, gié s1'1’O < a é b S c.

SL1‘ dung bait déng thtrc hoain vi cho hai diy sip thtr lg" sau dy

\/'sb\/Es-f ‘
, _a\/Z ME C\/(_'<(l\/Z wz @@_

1 1 1 tacoS- + + /__ + + ~a+b+¢-1
\/E \/U J; J5

a b c ‘

Vé"ia=b=c=% thiMaxS=1.
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Bi 32. Cho ABC 121 tam giéc nhon. Tim gié tri Ion nht cua biéu Lhtrc sau:

T = ésinB+EsinC+ Csin,-\
B C A

- Girii
2 A \ 4 Sin -\' . , A , 7;° Bo de 1: ‘Ham so y =f(x) = % glam tren khoang £0, 7

x 1-

° Chzfng minh: .

, x COS x — sin x u(x) , .Ta co _y'=i,—=i1 trong do u(.r) = x cos x — smx
x“ r’

Ta co u'(x) = cos x — x sin x — cos .\' = — x sin .\' < 0 Vxe (O.

3 u(x)gi2'1m trén kh0z'1ng(O,%) :> u(_x) < 11(0) = 0 :> _\"' < O Vxe

:> y =f(x) giélm trén khoémg (O,

,2 A . . . 3 E ,. . .,° B0 de 2: Q = s1nA + s1nB + s1nC S x7 v01 mol tam g1ac ABC.

' Clzzivzg minh:

Bién aéi biéu thirc Q via su dung dénh gizi 2.\-;- s .6 + yz m ca;

Q=i(sinA-+sinB-j+\/§[Ln,_A -cosB+LnB ~c0sAj
\/5 2 2 \/3 \/g

Si {sinz A+2)+[sin2 B+i)]+§[ES—i11—_i+cos: B)+[+c0s2 A) =
J5 \ 4 4 2 3 3 2

' Ap dglng:

Khong mil tinh tong quét, gia sL'1"A S B S C< Do hm so _\" =f(x) =
- x

' giém trén khoéng (0,3) non suy ra
2 A B C‘

Sir dung bét déng thfrc hozin vi cho hai déy nguoc chiéu ta co:
. B . . ‘ B C ' AT=-és1nB+—s1nC-+£s1nA:iS1n A+iSm B+Ln C

B C A B C A
. . . A 3

SB+i1£C+£A=sinA+sinB+smCSi
B C A 2

s 3 TKhi tam giéc ABC déu thi Max T=
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n. cAc BAI TAP DANH cuo BAN aqc TL)’ e|A|

" >0 OL, B > O Goi (II I~.....I”) IE1 mét hoén v1tu}"j'cL'1aBa1l.Ch0 a,.a3.....a,|_ ; . .

((1, .113 _....a,, ). Khi dé ta cé czic be‘1rdéngthu"c sau:

1. a°”B+¢1§HB+...+“+P +c1§+BZlfxufi+r?¢1?+...+I§4,z1E_] +rf‘a”
l ._ /1- _ _

B

2. aw‘; + 41?‘? + .+zz°“lB+z1;”B >rl]u¢1?+(1§‘z1E +...+ c1;‘_l(1B+z1/$1?
I _' " 11- _ _ _

<1 <1 oz (1

(I U" (I -1 an u~3 a—]3 u—|$ 01-6
I + £1”I - l3.T+T+...+—l'5’—+T2c11 +112 +...+cz”_

,1 I“ In l In

Q Cl Q (1
a a a a

4. —‘~+—3+...+L'+-"~2¢1|‘°“‘+¢1§‘B+...+u“_P+a°‘B
05 61? as (115 ‘ '1 ”

IYw

B51i2. Cho c1,.u2,....a” >0; OL > B >0. Chtrng minh rimg:

alu (13 am an ul (1, a”_
_+ + + 2 _

on u Ii (5 B as

+ + + + +
saf‘ (1? 51;‘ cl“ :1‘, (IE (lg [IF

Biii 3. Cho al,a3 ....,a” > O . Gc_>i (a',, a'3, a',,) 151 mét hozin v1tuy)"cL'1a (al,a2,....a”

(I 11' 11 1|:Chng minh réng: al”‘af 2 a, c13*...a,,

O < (1, S a3 S S am S an

Biai 4. Cho 2 day 56
O <17‘ S bl S S b”_] S I7”

Chtrng minh ring a{"a1,’1...z1,[I’Q]’a,'j" 2¢1:"'z1f"“ ...<z,’:f!a,l:‘

B§1i5. Cho (1, Z2. c > ei‘. Chirng minh czic b§td5}11gthi1"c sau:

u l> L

_ _ ._ (I 12 c ,_ ,- »

1. a” ‘+17!’ I +c‘ !ST+—+——— 2. u‘ I +12’ '+c‘+] Su"b+l2/’c+c‘a
2 c a

Bi 6. Ch0O< a,.a3.....a/1< e“. Chirng minh ring:

ul 1:3 /1,,_| an” u] dz.-3
w

1 ":1

+ ' +...+ + _
u

al U” an»! n > I + _ + + (I112! + an

(II al an—l all (I2 (11 an al

Bili 7. Cho on, B, y e Chtmg minh bit ding thfrc sau:

sin0c+sinB+sin~/22sinB+Esiny+lsinon
B Y <1
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B51i8.Cho AABC. Goi (A'.B’.C') 121 mot hozin vi cua (A.B.C). Chtrng minh réng:

1. sinA+sinB+sinC§cosé+cosE+cos£—4sinsir1Qsin£i
2 2 2 4 4 -1

2. sinA+sinB+sinCcosé+cosE+cos£—4sinQsinQsin£—é
7 3 7 4 4 4

Bili 9. Cho AABC. Chirng minh czic bait ding thirc sau:

1. sinAcosBcosC+sinBcosCcosA+sinCcosAcosB £

A B‘ C . A-8 . B—C . C—A
£ cos—c0s_—c0s—-—s1n——sm—-—sm————

2 2 2 2 2 2

A . B . C B , C _ A C . A , B
2. cos—s1n—s1n-+c0s—s1n—s1n—+cos—s1n—s1n— S

2 Z 2 Z 2 Z Z 2 2

1[ A B C ,A—B. B—C. C—A
S —~ cos—+cos—+cos— —s1n—s1n—smi

4 2 2 2 4 4 4

Bi 10. Cho AABC. goi /1 151 $6 n_1' nhién 16 \‘£1 01 > O. Chfrng minh ring:

sin” A sin” B sin” C
1. tan” A+tan” B+lan” C§iII+%+i”——

cos B cos C cos A

‘:2 ‘/1 ‘II

2. cot” A + cot” B + cot” C 2 C95_ A CPJ; +
s1n" B s1n”C sm‘ A

A B C
- 01 ~u g u_7A QB ac sm sm sln

3. tan —+tan ——+1an —2i=—+-—-—*—+i“
2 2 2 QB C A

cos cos“ —— cos“ ——

Z 2 2

A B C cos“ i‘ cos“ cos“ E
4. cot°‘—_)—+cot°‘E+co1°‘-7—2——~?;—+—6%-—/i

" ” sin“ sin” sin“
7 7 '7

Béli ll. Cho AABC. Goi do dili 3 duong cao. 3 duong trung tuyén. 3 duong phén giéc trong

(mg voi czic c2_1nh a. I2. c I51 /2“. /1,/.. /1,. nz,,, /n,,. /22,», la, /1,, 1‘; do din czic bzln kinh duong

tron ngoai tiép. noi tiép 151 R, r. Chfrng minh ring:

Z l I I l I.
1. 1,,/1,, + 1,,/1,, + /1./1,. 2 /(,/1,, + 1,,/1, + 1L/1‘, 2. L + L + # s L + -’*- + +

/1” /1,, /1, /1,, /1‘ /1”

mu m,, I71‘. mu M1,, ml,
3. m,,l2,, + 111,,/2,, + /11,/11. 2 /21,,/1,, + /21,,/zr + m,l2,, 4. + + S + +

/2” /2,, /1‘. /1,, h<, I1”

5. a/1,, + bhf + ch‘, 2 6S 6. i+i+isi+i+i
/1“ 11,, hi. /1,, hf ha

0
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a b c a +17 + c /1 /1,, 11!. 3
7. + + > 8 " + + >

/1“ /11, I1‘ 32" ab bc ca ZR

. A . B . C . A . B . C A B C
s1n~ s1n— s1n—— s1n— s1n— s1n—— cos—— oos— cos~

9. 2+ 2+ 22 2+ 2+ 2 10. 2+ 2+ 22l+l+l
/1“ 11,, I2‘ /1,) /11 /11 [,7 ll In (I b 1'

cotA cotB cotC cotA cotB co1C
'- < + +1 1. + q _

I71” mb VHF I711) I71‘. I71”

am +bm, +cm 1

12. AcotA+BcotB+CcotC<AcotB+BcotC+Cco1A 13. —i£—\/a2+b3+c2
_ a+b+c 2 ,

01 11 _c1 cx ca _a14a+b+£2a+b+(. Vo1,B>O'
' sing A sins B sins C sing B sing C s1nBA

cos} A cos3'B cos} C cos‘ A cos} B cos} C
+ < + +15. + _ 1 ,

B~‘+c~‘ c»‘+/1‘ A-‘+B~‘ /1‘+c" B‘+A" c‘+B~‘
(X U. Q C1 (1

cos A cos B cos“ C cos A cos B cos C J nhon
16 B ‘L B + B < B + B ‘L B

L) (I: +111) ([11 +111) (In +]I1) ([12 +]<) ([1 +111) L B
'(1b+1_ _ 01. >0

Bi 12. Cho AABC. Chrng minh bé1dz‘1ng1h1'1c sau:

(1 +5111 A)“"* + (1 +5111 B)°°"‘ + (1+ sin c)°"“\ 41+ Sm /1)°""‘” +(1+s1nB)“"‘C +11 +sin c)““”"

B211 13.13110 a 2 b 2 1- 2 <1 z 0. Chfrng minh rang;

b+c+d c+d+a d+zz+b ‘a+b+c >
+ _ + _ ‘ + _

c3 +d3+a3 a"‘+a?’+b3 :13 +b"+c’ 123 +0} +d3

b+c+d c+d+a d+a+b a+b+c
2 1 '§ 1+ '§ '§ 1+1 '§ 1+ 1 X 1a'+b'+c' b*+c'+d‘ c‘+d*+a‘ d'+a'+b‘

. (c1)=(a].u3.....a”)
Béi 14. Cho 2 bo n so lhuc duoc sip xép

. (/>)=(b].b:,...,b”)

a.Za.
duoc sé xé ' '*' Vi =1,” -1. Khi do 111 noi rang b<f> 1(1) 11-<31 hon 1>@ (b) Va

P P

1" i+]

duqc k)'I hiéu (a)>-(b)néu no thoa min céc diéu kién sau:

I71 III /7

2ak22bk Vm=1.n—1 and Zak:
1-=1 1~=1 1-:1

iM=
kw

Gié sir (a,,a2,...,a") vél (b1,b2,...,b”) 1:21 hai bo so thuc khong ém duoc sip thtr tu sao

cho (al,a2,...,a” ) >(bl,b2,...,b”) vé x,,x3,...,x 15 céc so thuc duo"ng.Cht1'ng minh:

H(alxl +a2x2 +...+anx”)_ b|x1+b2x2 +...+b"xn)
S_\'I7l .\'_\'Ill

,6 déy cc thira so trong tich duoc léiy theo (n!) hoén vi cla bc} (xl,x3,...,.>c” ).
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§7. BAT DANG THUC SCHUR VA KY THUAT sU DUNG

§7.1. G161 THIEU BAT DANG THUC SCHUR

LDANGCHMHTACCUABATDANGTHUCSCHUR

1.->_mh1i1.- Vdi (1,1), CZ 0 Va /< 121 S6 [1'1U'C bél ki la luén c6:

ak (a—b)(a—c)+./9* (/2—a)(l)—(")+ck (c—a)(('—b)2O

Clzzhzg minh
C6 nhiéu czich chtrng minh cho Schur. xin duqc gidi thiéu véi czic ban czich chtrng minh
don gién nhét. Khéng mét tfnh téng quzit. giéa str (121) Zc ta c6:

VT =ck (a — c)(b—c) +(a —b)[ak (a —c) —bk (b — H12 O l

Diéu néy hién nhién dimg. Bit ding thtrc Schur duxyc chtrng minh.

Ding thirc xay ra <:> a =b=(‘ hoéc <1 =17. 0:0 vii céc hozin vi.

Czic trurng hop hay gap cua Shur 151 khi k :1 \/51 k : 2:

a3 +b3 +c3 +3abc2ab(a +b)+bc(b+c)+ca(u +(") (1)

a4 +b4 +04 +abc(a+b+c)2ab(a3 +b3)+bc(b3 +c3)+ca(a3 +c3) (2)
ILCACDANGSUYRQNGCUABATDANGTHUCSCHUR

1 B(";t ding tluic Schur suy rélzg 1 (Vornicu Schur):

Djnh lz’2: Xét bait ding thircz x(a—b)(cz—c)+y(b—c)(b—a)+Z(c'—a)(c'—b)20 (1)

Khi d6(1)d11ng vé'i mQi a Zb 2 c 2 O vii x, _v, 1 2 O néu théa min 1 trong czic khé néng:

i. x2y (hoéc Z2 _\')

ii. ax2b_v

iii. b:2c_\' (néu a,b,c 151 dc} dili 3 canh cL'1a 1 tam gizic)

nv.J§+J§2J;

iv. xi + yz + 12 S2(x_v + yz + 1,1")

Ch1?ng minh

i. Ta <26 2 céch bién déi {mg vc'>'i 2 trufrng hqp x2 y hozfac z 2 y:

Néu x2)‘ ma bién déi VT=z(a—c)(b—c)+(a—b)[x(a—c)— _v(b—c)]2O

Néu z 2 y thi bién déi VT=x(a —b)(a — c) 7+ (19 — c)[:(a — c) — y(a —b)]2 O

ii. Dé §/ réng vi a2b2c2O thi a—c2%(b—c) . Vi véy:

vT=;<a-¢->15-C)+<a-b)[.><<a-L->-my-C->1z;<(,_¢‘><b-L->+ zo



E
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Z50 Kf thugit st? dung bt (Hing thlic Schur

iii. D0 a 2192020 V51 a.b.c" 121 C16 dili bu cgmh cL'1an1©lLz1m gizic nén a —z'2[l(u -12),
6

' \
. _,.( _ __ V

Suy ra: VT=.\‘(a—b)(u—c)+(b—c)[;(u—cr)—_\*(a—b)]2.v(a—b)(u—c)+ 2()C

iIV. Ta c6: x(a—b)(a—c")+y(b—c)(b—a)+:(c'—a)(c—l2)20

<:>.\'(a—b)(a—c)+:(a—c)(b—c)2 \"(b—<')(a—-Z7)

<=>.r-?”_C+;-i"'C2)- <:> .\'+;+(.\'-?“'1’ +;~ib"')2 y.
b—c a~b b—c a—b '

su dung bah ding thirc AM - GM V51 aiéu kién ~@ + \/T z \/Y ta cc’):

.\'+ ;+{.\'-g-l—b+;-1)—_-i)2.\‘+ :_+Z\/i\?=(w’T+ \/T): 2 _\'

/J —c a —b

iv. B51 ding thtrc tu'o"ng du'o'ng vdi

(.\'+y—z)(a—b)2 +(y+ :—x)(b—c)2 +(:+.\"—y)(z~—a)2 20

<:> (.x'+ y— :)(a —b)2 +(_\'+ Z —x)[(a—b) +(c— (1)1: + .\'— _\')(c-(1): 20

<:> _\'(a—b)Z +(_\'+Z—.\')(C—(I)((I—l7)+;((‘—(l)2 20. (*)

Néu _\‘ : O thi diéu kién xi + _\"2 + 13 3 2(_\'_\‘ + _\"; + :,\') trd thnh xi + Z: § 2:3‘

<=> (Z -.\-)’ 20¢, ;=,\~. Khi as (=1<) ma thimh ;(@- a): 3 0 luén dang.

X61 y > 0 khi as biéu mm: vé mi la mét tam thtrc béc mi v<'>'i bién S6 ([1 -b) va hé $6

béc hai 151 _\‘ > O. Dé chtrng minh(*)dL'1ng La sé chtrng minh biét thtrc A $0. Theit véy

ta c6: A£0<=> (y+ :—.\')2 (c—a)2 —4_v:(c—a)2 £0

<:>(_\'+3—x)2 —4_v;SO <=> xi + _\‘2 +33 S2(.\3'+_\";+ :3‘)

Bit dng thirc cu(‘>i cimg dilng do diéu kién cé trong giél thiét.

2 B5! citing thzic Schur suy r_6rzg 2:

Bjnlz li 3: Cho p,q,x,_\'.:,,a.b.c 151 céc $6 du'0'ng sao cho (a, b. 0) vé )',:) 151 céc bé

don diéu cilng chiéu. Khi dé ta luén cc’):

x[(a" —b")(a" —c")+(a" —b")(a” —c")]+_\'Ub"’ —c”)(b" —a")+(b" —c")(b” -0"
+:,[(c” —a”)(c" —b")+(c" —a")(c” —b”)]20 (1)

Ch 1211g4 minlz

-. , \ \ 7 -
G1asu a2b2c va p2q :> .\'2_v2; vu L:/n2l.D2_1t a‘ =a",b, =b”,c, =c”,

5]
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khi d6: (1) <:>Z.\'1_(z1’” —b"')(u—(') +(a—/>)(u"’ —("'”m2()

@2.\'[5Wi+£ij(z1~l2)((1~c)2() (Z)
a—b a—(' /

Theo dinh If Z. b§ld5ingth(1'c(2) sé ducyc chirng minh néu ta 06‘:

Ill Ill /II HI HI Ill HI Ill ‘/7! IH ‘Ill I71a -12 +11 —€ >b —r Lb —a >< -0 ¢ —b_ . _ + *2a—b |a—(' b—c /2—a c—a c—b
I71 Ill Ill ~77] III ‘Illa b Z a ¢ 2 b c (3)
(1 — b a — 0 1) — c

HI III
, \ 4 -\' — _vXet ham so f(.\') =—é. m2 l;.\‘.y >0

.\'— \"

f,(_\_) m.\"”" (.\‘ — _v) — (w.\‘”' — _\"'”) (m — 1 ).\‘”' — rn.\"i'_l _\" + _\"”'

(X-»r <»-~r
SL1" dung bait ding thirc AM — G1VIn1O'r@ng la (:6:

1

(m—l).\'”'+y'”211z(x"'(""Hy'”)’” =/n.\-'”“"\" :> _/"(.\")2O :> f(.\") déng bién

IH /H I71 III IH HY .711 HI Ill IH III Ill:> a — ¢ 2 b c 2 b a 2 c (1 _:_ u [2 2 (1 L

a—c 19-0 b—a (‘-0 c/—b' a—c

Vg?1y(3)dL'1ng suy ra (dpcm)

Czic bét ding um-¢ he quiz: Cho a.b.c.m. M2 0. Khi dé:

Z[(1"'(c1” —b” )(a" —c")+a”' (a" —/2" )(a” —c” 20
(Zn.

Z(c1”’b" +z1”b’” )(c” —a” )(c."’ —/J”)ZO

Z(a”lb” +a"b'” )[(cl"b" —a”c” )(a"b" —/2“'(_"")+'(a"/2" —a"c"’)(a”b” —b"c"’)]2O

3 Bf}! dring thzfc Sclzur suy rging 3:

Bjrzlz l1'4: Xét bit ding thirc sau. trong mgvi hilm $6 f : —> R:

Zf(c1—l2)j‘(c1—c')f(a—d)f(u—e)2()

Khi d6 dé/b2‘1tdz"1ngthL'1'c dimg [hi hm 56 f phzii thou min 2 diéu kién sau dy:

i. f 151 hZ1m dofn diéu téng. ii. .\'f(.\') 20 véi Vxe R.

Phn chtrng minh xin dZ1nh cho bz_1n doc.
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Dé ban CIQC C6 thé hinh dung b§td€1ngLhL'1'c nily la xét hai vi du suu déy:

- \/C'\'if(X)=.\' thi_f(x) = x 1:1 hm téng Va .\-._/‘(.\-) : .\~’ 3 0. khi ms ta cd:

(£1—l7)((1—(‘)((l'-(1)((l4€)+(b—(I)(b—C)([)4z[)(/J—€)+(('—Cl)(('*l7)(C—(/)((T*(?)+

+(d—a)(d —b)(d —c)(d —e)+(e~a)(e—b)(@—c)(e4d)2()

- Véi fL(.\')=.\-~‘ ma f(.\-) = X3 la ham téng V51 .\~._/‘(.\-)= X‘ 3 0. khi dé m cé:

1 1 § I I § 1 § I 3 1 1 1

(a—b)’ (a—c)‘ (a—d)' (a—e)’ +(b—a)’ (b—c)’ (b—d)'(b—e)’ +(c—a)’ (c—b)' (c—d)’ (c-6)’ +

+(d—a)3 (a'—b)3 (d—c)3 ((1-6); +(e—a)3 (e—b)5 ((1—c)" (e—d)3 Z0

4 Bt ding thfrc Schur ml? r_6ng cho tam gizic ’

Cho hai tam giéc vdi dé dili céc cgnh tuong {mg ABC(a. I2. c) 1 AIBICI (al ,1)‘ .01) . Khi dé:

albc(au —b°‘)(a°‘ —c“)+b,ca(b°‘ —c‘°‘)(b“ —a“)+c]u/2(c‘“ —a“>(c°‘ —b“)2O VOLZI (*‘)

Clzlhzg minlz

Khéng mét tfnh téng quzit gié sir a 2 11 2 <'. khi G6 la Q6:

(*) <2’ a‘ + b‘ + C‘ 20
a(b°‘ —c°‘) b(c°‘ —a°‘) c(a‘1 -12“)

ad (b—c)+bc(l9“_' —c°‘_') 1 I

<=¢(bl+c1—a,)-———ii——i+(q+a1—b1)- ~—-i+—-————
l7c(a°‘ —b“)(a°‘ -ca) 11(1)“ -00‘) c(a“ -1)“)

ab(a°‘_' — b°“' )+ ca (a — b

+(a1 +171 -51)
ab(a°‘ — cu )(b°‘ —c°‘)

By gifr chzing ta xét cdc trzr&ng hqp dgic biét czia bfit :T1?ng thzic ndy:

>20 luén dng, suy ra (dpcm)

4.1. Goi M 151 diém bélt ky nm trong tam gizic ABC véi d€_> di ba canh 121 a. I), c. Khi dc’)

ta C62 MA(a“ -b“)(a“ -c“)+MB(b“ -6-")(b" -a”)+1\/IC((‘” -<w')(¢-" -M30 ,Vo< 21

Cl ' ' Izzrng mm z

Gcgi A,, B,, c, 151 hinh chiéu cu-£1 M lén ba canh

BC, CA, AB. Xét ta gizic MB,A c, min uép trong aucmg Cr‘ B1

trén aucmg kinh AM. Ap dung dinh 1y him
, \ B - c

Sine cho hai tam giac AB,C, va ABC ta cé: A1

bMB ‘M
B,Cl =MAsin A =@’i . Tuong tu ta c6: C,A, =——;AlB1=c—£

ZR 2R 2R

Ap dung bit ding thrc (*) Cléi viii 2 tam gizic A,B,C, vii ABC ta cé (dpcm).
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4.2. Bily gid chilng ta sé xét mét ménh dé quan trqng dé £30 ra czic bit ding thtrc mdi cua (‘*‘)

Ménh aé= cm M lé mét aiém ném lrong lam gizic ABC. Czic du'i>'ng thing AM, BM. CM
cél céc canh BC, CA, AB tai A,, B,, C,. Khi dc’): (uMA.MA,; bMB.MB,; cMC.MC,) 151 div

diii ba canh cua mét tam gizic.

CI1 1272g m inh A

B6 dé; \/Ba M 151 diém ném [Yong tam gizic ABC. gm s,,. 5,, sf
.. , ., , ., c B

151 d1<_=:nt1ch cua cac tam glac MBC, MCA, MAB. I I

Khi <16; sf‘ .MA + 56 .MB + sc MC = 0 B C
1

Thzjt véy. am ll : 5,, .MA + s,,.MB + s(Mc.

Chiéu vecto" J xuéng canh BC Lhco phu‘o"ng E4

ta nhgin du'c_rc I = sB.Z,B + s(..I6. Khi d6

M13‘ S.»x,»\,B Sm,B S.4A,B -8.11.-1,8 SAME S(- A13 SC T —O~

SAA|C SJIA,C SAA,C _S.m,c 5.4.110 S13 /MC SB ‘

Tuong Lu‘, chiéu IT xuémg canh CA thco phu'0'ng la nhén duqc

@=SC.BT‘+$A.B1Y4=5.

Vi MA,/1/[B 151 czic vectc khéng cimg phuong nén 11 = O

Hé qu: Sir dung ménh dé trén vii bélt ding thirc (*) ta c6 céc bét ding thtrc sau:

m m m..i(a—b)(a—c)+i(b—c)(b'— c1)+—‘((M-—z1)(¢'—b)2O
a b c

. aim” +122/nb + clmr 2bc(m,, + Inf ~m” ) + ca(/11!, +221” —mb ) + ab(}n“ +m,, —mt_)

i(\'—\‘)(x—7)+/ -‘" (\»--)(\---) 'f<--\->(v~-»\>>o Vx\-*>0' _\"+;' ' ' N ;+x' N" \l.\-+\'”' ”'_' "W

.MAMA, (a -b)(a - C‘) + MBMB, (b - C)(/7 - 11) + Mc.Mc, (C-(1)(C— M30

. I71“/1“ (a ——b)(a —c)+m,,/1,,(b—c)(b—a)+m(v/1£_(c'—a)(c—b)2O

.IA(a—b)(a—c)+IB(b-c)(b—a)+1C(c—a)(c—b)2O‘

.cosA(a—b)(a-0)+cosB(b—c)(b—a)+c0sC(c—a)(c—b)20
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§'/.2. KY THUAT SU' DUNG BAT BANG THUC SCHUR

c/l\c sA| TAP M/Xu MINIH HOA

‘Bid 1. Cho .\1_\'.:2O.ChL'1'ng minh: 3(_\':v\* + _\,-3; + :,3.\')(.\'_\': + _\';: + ;\': ) 2.\"_\":,(.\'+ v\‘ + 3);

Chlhzg minlz

(1) <:> 3(.\'3\"3 + V313 +;3.\'3)+9.\'2 $21,: +3(.\"4 \‘Z+ \'"1:\‘+ gixy) 2

(x4_\'z + _\‘4:,\'+ Z4.\'}‘) +3(.\'3)'3: + _\/3g2.\‘+ ;3.\‘:_\") + 3(.\'3_\";2 + _\"3:,x'3 + ;3.\)‘l ) + 6,\':'\‘3;l.

<:> 3(x3_v3 + _\'3;3 + 33x3 ) + 3x2_\‘::Z + 2(.\'4 _\‘; + _v4:,\' + 14.9")

23(.x'3_\'31 + )‘313:c+ g".\':_\") +3(x3y;: + _\";.\‘2 + :“.\j\"3)

Sir dung bét ding thirc Schur, ta c6: x3 +_\"3 +33 +31): 2.\':_v+.\3"3 +_\"2;+v\:3 +;:.\'+:,x2

:> .\‘4_\'; + _\4;x'+ :4.\}' +3x3_\i2;: 2.\‘3_\":;+ _\"3;:.\'+ :,3.\-:_\"+.\‘:_\'3; + _\‘2;3.\‘+ ;3_\'2_\‘ (1)

su dung bét dang Lhtrc AM - GM, ta cé:

Z\'3 V3 + W33 2\"°;’ +3".\" 2;”.\"‘ +1“ Y” \ ~ ~ ~

2(x}_\"3 +_\'3;3 +:3.\'3) =2{ ' ' + ' + ' ,Z2(.\'3)"*‘;+_\'2:°.\‘+;2.\"‘_\') (Z)
J /

3 ;
. , .. .~ .~_.» .~ , .. .- .-..

~ 2.x}\3+.,‘.\z 2\‘_,‘+.\‘\’ 2__.\‘+\‘_, '§

.t3)*3+)'31‘z+:".\'3= ' + ' " + 2' 2.\“\'2;+\'312.\'+;3.\‘3\' (3)

; 1 1 2x3 +\‘3 ZY’ +33 2;} +.\'° 3 3 3

.\"+_\“+:,'= ' + ' + 2.\'\'+\';+1.\'
3 3 3

:> x4)": + _\"4:,\'+ 14.5‘ 2 .\'3_\"21 + _\"3;:.x'+ ;“x:_\‘ (4)

Két l'1C_7p céc bét dang thirc (1). <2), (3). <4) m cé aiéu can phaichL'1‘ng minh.

Déu béng xay ra <:> .\"= y = 3 hoéc .\-:1 >0. _\": 1:0 V51 czic hoén vi.

Bili 2. Cho x, )3: ZO.Ch£1'ng minh ring:

2 1 1+ 2 1 *+ 7 1 22 9 2 (1)
_\‘ +y;+; 3 +:,\‘+.\" .\"+.\'_\‘+_\' (_\-+y+;)

Ch zhzg minlz

Khéng mét tinh téng qu£1t,gii1 su' .\'+ _\* + 3 :1. Khi dé

(1)<:=T= I + 1 + ' I 29
1—:—(,\)'+_y;—_kZ,\') 1—y—(.\'_\‘+_\‘;+:,x‘) l—_\'-(.\'_\‘+_\‘Z+I,X)'

<:> Z;l:(1—x)~(x_v+ y: + :,\'):|[(l — —(.\'_v + _\"; + :.v)]Z9H[(1—.v)—(.\3‘+ _\'; + 3)]
CH.

0.‘,



Chlrmzg II: Nhvzg lfién kinz Cll'0'lZg trong bfh Jling tluic (‘gin (Mi Z“
<:> Z(l—x)(l— _\‘)—Z.xj\'Z[(l —.\')+(l—_\")1+3(Z,\)')2 2

_ (l—_\')(l—_\")(1—;)— _\‘_\fZ(1—_\')(1~_\‘)+/Z.\i\’> Z(l—.\')— 2.\'_\ 

\/
\C

r__._

.~.M

/-

£1»

/2

\_./

L

<:> (1-§-5x3‘)—4§.\3'+3(§.\3'): Z9[(%:.\_W'—.\:\‘.'_)—g.\j‘(1+g.\)‘)+2(g.\}‘): —(g.\_T)

ail

<2 9(Z.\)')3 —6(Z.\}'): —3Z.\)"+9.\3";+12()<=> Z.\j‘(3Z.\j' — 1): + (1 —4Z_\'_\~ + 9.\'_\‘;) 2 O

. . \ ,

Ta sé chirng minh: 1- 42.0‘ + 9.0‘; 20 <:> (.\'+ _\" + 3)“ +9.\'_\'; — 4(_\‘+ _\" + ;)Z.\"_\" 20 <1->
.\. .

.

.\'3 +_\"3 + :3 +3(.\'+ _\')(_\"+;)(;+x)+9.\j\';—4(.\'3)"+.\3'3 + _\'3;+_\';3 +33.\'+;x'3 +3.\3'1)20

¢> x3 +v\"} + 1} +3.\3"; —(.\'3_\‘+.\'_\': +)'::+ )1: +:2x+ :,\‘2)2O
»

<=> .\'(.\‘ — _\')_(.\‘— I.) + ‘\"(>\" - ;)(v\" —.\‘) + :(: —.\') ( 3, — _\‘) 20 (dng thco bat dang thirc Sclzur).

Bai 3. Cho a, 1). 0121 dé dai ba canh Qua tam gizic. Chrng minh ralmg:

3(a4 + b4 + 0"‘) (1/7 +/Jc + cu1+ ,22 (1)
(al +b3 +c2)_ ”_ +1’- +"'

CI1 1211g milzll

(1) <:> 3(a4 +b4 +c4)+(a2 +123 +cl)(ab+l)('+('a)Z2(a2 +b: +01);

<=> (414 +194 +c4)+(a3 +122 +c3)((1b +bc+cc1)Z4(a3b3 +b:c3 +c2a3)

<=> Z414+Zazbn-+2((13b+cz[73)24Zc12l23 (2)

SL1‘ dung bat dang thfrc Schur Ia cé:

(a+b+c)(u3 +b3 +03 +3ubc')2(:z+b+(‘)(a3b+ab: +bZ<'+bc2 +c3u+ca3)‘

<:> a4 +124 +04 +(a3bc+/Jim+('3ab)2Z(a3b3 +/1203 +0303) (3)

Str dung bat dang thirc AM — GM ta c6:

a3b+ab3 +/136+/)(‘3+(,‘}(I+(‘(I}Z2((l:[)2 +b2c: +c2a3) (4)

Céng (3) véi (4) suy ra (2) dflng. Va)’ (1) dfmg (dpcm).

, Bai 4. [Iranian Mathematical Olympiad 1996] Cho x. _\"_ : 20. Chirng minh:

(x_\-+y;+;.\')[ I ,+ I 7+ 1' ag
(.\-+_\‘)' (_\'+;)' (:+.\‘)'J 4

CI1 zhzg min I2



L

236 K_1"thu(7t st? dglng br';t drirzg th12'c Schur

Bién déi bit déng thirc tr<_'Yth51nh: —.\'*'_\": — 3.\“‘_\"} + .\'"\_\'; — 2.\‘3)':; + .\‘:_\'3;: 20
I7!

SL1‘ dung bét ding (hire Sclzur vé'i r = 1 ta cé:

x(.\'— _\")(.x'— 1) + _\"(_\‘— :)(_\" —.\')+ :(:—.\')(:— 20

Nhén 2 vé Qua bill déng thirc trén vé'i Zxyz 1'5i khui Irié/n lhimh czic téng déi xL'1'ng.

Ta C6: Z:(.\-4)":—2.\"‘)'2:+x2_\"3;3)2O .(1).
.\_\'m

Mat khéc. su dung bét dang thtrc AM - GM ta c6:

.\'5_\‘+_\'5g+;5.r2.r4_\‘3+y4;3+:4xZ
:>Z:U.\*'v\'—.\"_\")+3(.\‘“)"—x3)"3)j2O (2)

\-Y5)‘ + Y5: + :’.\'2 -\'3_\"’ + _\"3:3 + 13x“ .\'\'Ill

T£r(1)v£1(2)suy ra: 2(4.\";_\‘ —.\'4_\'2 —3x3_\'3 + .\'*_\~; — 2.x-“_\"2:,+.\':_v2:2)20
.\-_\'m .

Dubngxéyra<:>x=y=:>Oh0§1cx=y>O,3:0

h0é1cv=;>O..x"=0h0éc;=x>O.\*=O.

Béi 5. Cho 41.11, C20. Chtrng minh rang;

‘a 1 w }/
_‘ a‘ +bc + ll?" +ca + 10‘ +ub > 9~‘\/abc‘

b2+c3 \c3+c12 \a3+b3 _¢1+b+¢'

Chling minh

su dung bét ding thirc AM- GM ta cc’):

a(b2+c3)+b(c22+a2)+c(a2+b3):a(lf+c2)+b+C23_3 abc(2bl+c3) :3_{[(E_;]b2:+cZ

a +bc a +bc a +bc a +b(

1 /a2+bc a2+b3+c'3+ab+b('+ca2 . 3 " 7 2 '7 v '7 v 1 1

3-xx/abc b'+C' a(b’+c')+b(c‘+u‘)+c(a'+b“)

Sir dung bit déng thL'1'c Schur ta c6:

(a+b+c)(a3 +122 +c2 +ab+bc+ca)—3[a(b3 +c3)+b(c3 +a3)+c(a3 +b3)j=

=a3 +123 +03 +3abc'—ab(a+b)-—bc(b+c)—ca(c'+u)2O

:'> a2 +123 +02 +ab+bc+ca > 3 (2)

a(b2+c2)+b(c2+a2)+c(a2+122) “+b+"
Ttr (1) v51 (2) suy ra:

1 _Z3a2+bc2 3 <:>Z3a2+bc29'\/36lbC (dpcm)

3-x3/abc b3+c2 ¢1+b+@ (\V‘4\ b2+c3 ¢1+b+¢'
L\( l

Déu bng xéy ra <=> a=b=c?_O.



Clzzmvzg II: Nlzirng vién kim cu'0'ng trmzg 11111 dring rh 1i'c cgin dgli Z57

Bili 6. Cho u.1>_c2().Cht'1'ng minh réngz
1 -» 1

~ ~ Q‘ . 1‘ ~ _+ ] + 2 (1 +12“ + t"
\/11' -1n*+(" \/0“ —c'u +11‘ \<u‘ —ul1+1)'

Ch ling min I1

Su‘ dung bit diing thtrc CBS ta c6: Z [__‘_’__ =2 ;_Z (‘F
I 2 1 v 1 ‘v 1

01' \<12 —11<'+(" ('\t u\11T —1><'+(" Elm/1)‘ —b<'+("'

v51 Kim/1): —1Jc‘+("3 ,j_ S(a+1>+<r1Zu(1>3 —1>t"+ ('31.

Tit‘ dé bzit ding tht'1'c du'Q'c chtmg minh khi tu chtmg minh du'Q'c bit ding thtrc

(<13 +123 +c21_ 2(a +12+c')Zc1(122 —12r*+ (:1.
('_\'A

Thzit véy b€ttd§1ngth{1'ctt1'Ung dtrcmg (:14 +124 + 011+ a1>c(u +12 + 0) 2 Zc112(z13 +123

Citing thco bit ding tht'1'c Schur.

D§u béng xéty ra <:> a =b=c hoéc a=11.("=()\'£1czic hozin vi.

Béi 7. Cho a.17.c..\'.)‘.: >0. Chfmg minh ring

A . 3 .\'\' + V: + I',\"_Ll__(_\-+:)+L(:+_\-)+L(V\-+)~)2 
17+c 1-+11 u+1>‘ .t'+\"+;

Ch 1111g minh
stt dung bait dang mu-C CBS ta cé:

W .a.-_ a.-.-t_..,__i _.‘+~_.._gb+C(_\+~)-;[;:;(_\+~)+_\+__J Z(.\+_\+_,)-2g(1)+¢1gb+Cv 2(.\+_\+_,)

2%(,/.\~+_v +t/_\'+: +\/3+1-)2 —2(.\'+_v+:)=Z\/(.\-+ _\-)(.\-+1) —(x+y+:)
.‘. .

3 .\'_\" + _\': + Ix
Ta sé chirng m1nh: Z\1(.\'+ _\")(x+ :1 —(.\"+ _\~ + (2)

Bzfat 21113 =_v+ 3,2222 = 3 +.\‘,2p2 :.\'+ _v (m.n_ p >0), khi dé (2) ttrong ducmg vdi

, , , 6(l17:II:+IlZ])2+[72l7I:)—3(In4 +n4+p4)(mn+np+pm)—(m‘+n'+p')2
HI“ +I7_ -1' /J-

<:> Z1114 +Zmn(/223 +1131+Zr2z3/1/1242/21:12: (3)
t‘\'£’ ('_\'(’ :‘_\z z \:

st: dung bit ding thtrc Schur ta c6: Z121‘ + Zlnznp 2 Zn1n(m3 +113)
l‘\(' ('\'(' (‘\'l'

Mgit khzic tho bétt ding thirc AM— GM ta C6: Z1r1r1(r112 +112 1 2 22/112112

Véy (3) duqc chfrng minh, nén (2)dt'1ng_ suyra(dpcm).



258 Ky tlzut s1i' dyng bér ring rluic Sc zur_ ) _ ' I

2118. Cho u./2.( >0. Chung mmh lang.

L+l_§_l2 /3+5 _, ("+11
fl /7 L 11+/7(' /7'+-1'11 4'“+(l/7

U3

1

Chi?/ng minh

' ; . (c1—/7)(u—(')
B51 dang lhL'rc lu'0'ng du‘o'ng \‘é"1 2 (F.

W 0' + (1/70

Khéng mfit tfnh téng qu£1l.gizi str ring 412/1 2 <1 Khi dé [L106 Z
0" + aha /2“ + u/>z'

Theo dinh If 2. ta c6 (dpcm). Du being X3) 111 <:> 11:/>_v .

Bili 9. Cho cz.b,c 2 0. Chime minh .(13 +/20+/2: +c‘u__z': +(1/7>u+/)+(>(1)
L b+(' ("+11 zz+/2 — '

CI1 1211g minlz

_ _
B§1td§11g thL'1'C (1) c> 2%”£7 iaC) 20. Khéng mzit lfnh téng quzit. gia $11‘

(I

)+(.‘

Z I2 2 <1 khi dé L 2—1—. Theo dinh 11' 2. Lu 06 (dpcm).
b+c (+0

Déu béng xay ru <:> a =17 = c.

B£1il0.Ch0 a, 11, c > O thou min a +12 +1" =3.

Chrng minh r§ng:3(c14 +12“ +<-4)+u: +12: +1": +626(u} +12“ +01) (1)

Ch 1271g minh

<1) <=> Z061‘ -ed‘ +6 +-la-—Z)2O<:>Z:(u—l):(3r1: -2)z0

<:>Z(Zu—b—c)3 (3:13 —2)2O<:>Z:(4u3 +/>2 +0: —-l)(u—b)(a—(')2O
Cw, 0.‘.

Khéng mt tinh téng qu2i1.giéi sL'1‘ a 2 12 2 c. Khi (T6:

461: +172 +c2 -4241): +03 +11: -4240: +11: +/>3 —-L

(u+l2): m-1)’vi 48 +01 +b3 -4248 +—2-~-4=%zo .Thco dinh1f2, ta cé (dpcm).

Déu being xéy ra <:> (a,b.(")=(l:l:l) \/(

‘M-[A

\,~>41>

v21 czic hozin vi.
3

Biii 11. Cho CI. b. c > O \/‘Z1 (1 +b+ c=3.ChL'1'ng minh réngz

‘ L+L+i"__2;; (1)
a+bc b+("z1 <'+(1/2 Z

Ch /mg minh



CI1 ll'U’Ilg II: Nh 1711g vién kim cmmg trrmg I111! J11):g rh1}'c cqin qli 25)

_ Z11(/2+1")—/91' >0
+/)1" Z(11/1+l>1’+1‘11)4[—

: ; Y‘ (1 _;§Bat dang [hm (1) <:> L?+/W 2 20
1\1 1:1-

I
M

(311 + /11' — 211/1 — 2&1‘)/J(‘ >
_ O

<3 Z (11/7 +b1'+1*11)(11 +/21')

2 [(11+/7 +1')11+/21“— Z1112 — 2111']/21' 20 Z (1/—\/;)(¢1~(>) 20
H, (1 + /7" M 11' + 11[>1‘

/\ 1 , . , ., . . , 1 'Khong mat unh long quut gla 511112/1 21'.kh1do +121 >()
1" +11/21" /2' +11/>1“

Theo djnh l1"l. la 06 (dpcm). Du hing xay 111 <:> 11 :/> :1": 11

Biii 12. Cho 11.b.c>O.ChL'1'ng minh ring:

1 + 1 + 1 Zqwlu + W21) +7Z1' (1)
"+17 17+? ('+(1 _>11'+/21‘ 3b'+1'11 .>1"+11b

’ Ch lhzg minh
-

/' 1- be . 1111 11 2 - » 1 " - »Dix: /—.‘= —.:=,/—.khi I 1: 2 “ . 1*:3 \ ’\ \; 1c0( ) g'\_(v\_+ Z) E X2 11 co

(\'— \7)(1‘— 5) +2 :(.\'— Y): [:(~.\'— j')3j—.w(.\'w+1_ 2:
~ ~1-

;1\(\ 3 Z 3.x).' f+". H .\'" +-)'.‘. W .\'(_\'+:)(.\" +3>\":,) ,1, .\‘_\"(.\'+;)(_\"+_,)(_\" +_>_\‘;)(_y‘+ -,'

A ; , 1 , 4 , . (\ .\ \ ~)Bat dang [hut nay dung neu Ia chung mmh duqc: Z120.
W .\'(_\'+ ;)(.\“ +3_\':,)

Khéng mil t1'nh téng quzit gizi SL1‘ .\"2 _\‘ 2 :_. Khi d6:

, 1
1 1 (V\'—:)[.\'(_v—;) +_\‘:(_\"+;)J

;(_\'+_\")(;' +3.\'_\") _\‘(;+.\')(_\" +311) _\";(.\‘+_\")(.\'-I-;)(_\" +3;\')(; +3.\'y)

Thco dinh 112, la c6(dpcn1).E)ngth1'1'c my rn <:> 11 =b=1-.

Béi 13. Cho 111.1-2 011m min 111 +111 +1113.

, . ; 3 +- /3 /-+ 13 +1Chung mmh rang: (I \/b ( + 7/ W U + C, \/H ) £3 (1)
7 ‘. ,' 1

\/11' +121" \/If +111 wt“ +1112

Clzlhzg minh

SL1 dung béil ding thtrc CBS ta Q6:

113\/b+1' +b:\/1'+11 +11'2\//11+/ad: Szugz 1127(b+1*) :3Z1137(b+c')
\/113 +b1: \/bl +111 \/1'2 +1112 , 1-11 51- +55 1»;-1 41' +b¢'

7

A , ~ '(/+' ~ " ~ ATa can chung mmh ZL,i£3. D0 11' +/>'+1" =3. nen 11+b+1"£3.
W. 11' + /21¢



Z60 I\'_F 11111111 5'11‘ d1_111g 11111‘ 1l1111g 1/1111‘ Schur

Ta chtrng minh Z11’?/7+(_)£11+/1+1-.hqyphai ch1'1'ngminh Z1”__'/)1)(('-—_(') 20
W; 11‘ +111‘ ‘H. 11‘ +121"

1 , -(~‘-‘*1
Khong mat tmh tong quat.g1a su' 11 Z1121’. kh1d0 11 ‘G -12 1/7 = 1( U Ii 20

11' +11‘ 17' +661 111' +/1011/1“ +1111

Thc0d1nhli2_ta 01’) (dpcm). Du hing X11)‘ 1'11 <:> 11 =11 :1": 1.

Bili 14. Cho _11. /1. 1' 151 d1} dili bu canh cuu1n©lu11ngi{1c.

, . L - ' ?( +1+‘
Chungmlnhrang: [3+( + €+” + “ML/) £3“ 7 () (1)

11- +111 11- +111 1" +11/> 11/1+/11+ 1'11

' Ch 1211g 11111111

’ ~ ' ?(11+l1+1'1 (11—11)(11—1') 111*(11—l1)(11—1“)
11) LA; 2 Lg?‘ 2

<:>;l!l 11: +1711 Q11 fl[7+/9('+l‘f1 Q u: +/X-1 E111>1'(111)+I11"+1"111

Q2 (u_b)(U_(_)( #1 1 ‘}!&Z0<:)Z(11+1-_11)1(11—11)(11—1'120

W \(,((,- +55) 11(1111+111'+1'11)/1 W 11' +111"

Khéng mét Lfnh téng qu2it.giz'1 SL1‘ 11 2 11 Z 1'. D011.11_ 1“ 151 dé dili bu canh cua mél tam

gizic nén ta C6: 11 +b——1'21'+11—1JZ() \*i111(123 +1-1112111‘: + 11111.

Véy 11~“%1’;"z1--"iii. Theo dinh 11' 2. 111 16 (dpcm).
1" +1111 b‘ +111

Déu béng xély ra c> 11 =11 :‘1"h0$c 11 =12 = 21" \'i1c:'1ch0zi11 vi.

Béi 15. Cho 11.11.1"2().Ch1'1'ng minh ring:

‘( -) ’(~. ) -‘(' 1 ~ ~ ~

111)+111'+1"11£U _b+( +/7 _(*U +( \”+h £11‘+11‘+1r'
11‘ +121" 11“ +1-11 1"‘ +1111

C11 1111g 11111111

Ta C6: Z 2111(1) + 1') 261(1) + C) Z 11(11 +1;1(113 — 111')

W 11' +111" W W. 11‘ +191‘

=Z[—-i——‘I(l]+(';)((ll-1") -—(11l —111*11+Z(113 —/11*)

(\( -1 [K11' +121" ,\

.\.. 11' +171‘ W. .. ’ + 11171‘

:z(1>1'—1121(11—11)(11——1'1 +2((I_[))((l_(,):qu/M2(11-—11)(11—1')

1'1 7 (\l 1!‘

1 3 11“'(11+1'1 113(11—~11)(11—1')Z” -Z ~ =2 ~

N m. 11' +121" W. 11' +191'

Khénv mt mm 15m uzil. @111 $11112 1» z 1.11111 1113 12-L.
1: 1: q 1: \ 1

1" + 11121" 11‘ + 11121"



Chu'0'ng II: Nhz7'ng vién kim cuvng trung b('1t dring Ih1i"0 cgin (Tgi Z6

Theo dinh 11' 2. 111 cé 2 0
:1” + (1110

0~—2Zr1(17+0)<:> _ -+ + 7 2ul>+1>0+0u
Z*(Zz13(17+0) V a}(/2+0) />;(0+u) 0‘:(11+12)'
W. cl‘ +190 W. :1" +110 12“ +011 0' +1112

> > (I: 113 6 113(11-12)(u—01Mél khéc. do u _l>_0. nén ,020.Thc0 dinh 11-. [21 cé 2020
u“ +110 If +01! ' VG :1‘ +120

~1 »‘(/+-J *‘</+-> /1‘<-+ ) -~‘( + ~ » ~:>Z([,2Z(1‘> L 12:1‘? c.+>‘< (1 +0 1.11 17)Sa_+b_+(>_
W. W 01' +170 11‘ +170 /1“ +011 0' + (11)

D2'ing1hL'rc xay ra <:> a =12 : 0 >0 hozjc 11:/1 > 0. 0 = () v51 czic hofm vi.

B£1il6.Cho 11, 11. 1- > 0. Chirng minh I-émg;

2 3 ,_:
' 2 - .

\/a +b( + V112 +101 + Ir +u122v/J(u+/7+‘)
1)+(‘ \ 0+0! \1 ((+1)

Ch zhzg minlz

SL1'dL_1ng bat azmg lhfrc AM- GM 111 06: Z \1%i~_("+215’ “'1 2 1601+/> +1)
, L.

2(a3 +120) (u+17)(a+0),1—i—-_ 10 - ' 1 ( — — - _>2 ha} Zn, :1 1>)((1 r)>O

l

\/b+0(\/2(a2 +190) +\1(u+1i)(¢1+0))

Khéng m2‘1t tfnh téng quail. girl str (1 2 12 2 0 > 0. Khi dé:

trong dc’): Mu =

u (<1 + 011121 + 0:112/7(1) + 0)(<17 +1701 r» ./WU \"u 2 {W/,\/17 :> u.1\/1“ 211M,’ .

Theo dinh If 2. ta cé(dpcn1).Dfmglh(1'c xay ru <:> (1:17 = 0 > ().

Biai 17. Cho (1,1>,¢7Z0.Ch(1'ng minh ring:

3 3 __‘\\/(I +0170. +\/1) +u17( + v,1( + (1110 261 +b+(’_
b+0 0+a 0+1;

C12 ling minh

1 1 1 1 \
» ‘ 120 11‘ + (1110 0' + 11170 a' + (1170Tz1c0:\1” +6‘ + + —-(a+1)+0)= 0-41b+0 0+u 0+1; b+0

=2 \/(-1 (a—17)(a—0)2()
1-\-1 \/(17+0)(a‘ +120) + (1; + 0)\/E



Z62 IQ" tlzut $1?‘ dung brir zirirzg tluir Sclzur

F I
D511 A = N U ‘ _. B : .______,_ ____\L_L . T21 4:6:

\/(b+()(a +b(‘)+(/)+(.')\'£I \s‘(<"+u)(/2 +('u)+(c+u)\@

N/(1(b3+ca)(c+u)+(("+a)\/E— \/[Mal +b(-)(/>+¢") —(b+¢')\,

(\/(b+ c)(a“ +[J(‘)+(1)+ c)\/;>(\/(('+u)(/7‘ + <11) + (c’+ a)\//J

%/Q

tr

Khéng mt mm téng quail, gié Sn (1 zbzcmi

\/a(b2 +ca)(c +0) + (c +a)\/E — \/b(u: +bc)(l> + c') — (/2 + c')\[c7l;

a(b3+ca)(c+a)—b(a3+bc)(b+c) +(u_b)\/E
\/0(1)“ +ca)(c"+c1) + \/b(a' +bc‘)(b+c')

((1 ——b)(('((1‘ + ab +b' ) + ("(11 +19) — (1/70) _b)\/E

\!a(b2 + ca)(c + a) + \/lJ(u‘ + bc)(l; + c)

(vi a 2 b v51 c(a: + ab +123 ) — abc 2 c(2ab + ab) — ubc : Zn/Jcr 2 (Y). Theo dinh 11’ 2 2 dpcm.

Ding thirc xéy ra <=> (1:1) = c hoéc u =12. c =0 v21 caic hoim vi.

. 2 _ _

Béi 18. Chung minh: (241 +b(;(2a +0) + (2b+cl;(Zb +u) + (2c+u()-(2<'+b) sé VU‘b~(‘ Z0

Clzzhzg minlz

T »:_l__ (12 bl ('3 ]
“O 3 [(2a+b)(2a+c)+(2b+c)(2b+a)+(2c+u)(2c+b)

:Z[ (1 (13 ] 1 Z a(a—b)(j1—c‘)
3(a+b+c) 2a+b)(Zc1+c) 3(u+l2+(') (2a+l2)(°a+c)

J'u(u+2z>)z1»(1>+2@)>0
Khéng mét tinh t6ng quzit, gié sL'1'a2b 21*. Khi dd

h1(Zb+c)2b(2a+c)2O

3 a ' (za +b)a(2a +¢-) 2b“ (211 + c)b(2b + 41) ’ Thco dinh H 2' la C6 (dpcm

Ding thfrc xziy ra <:> a =b = c > O hoéc a :12 > O.c=()vi1czic hoain vi.

B'Z1i19.Chox._\'.:20 thoa min 3Sx+_v+:S6.

Chtrng minh réng: \/1 + x +\/1+ _\' +\/1+ 3 2 \/.\-_\~+ _\‘: + :x+15 (1)

Ch n g min lz

Dzfat a2 :1+.»<,b1 =1+_\»,¢-1 =1+;,d=aZ +191 +8. khi dé u,b_¢-21 Va 926126.

I 4.

Bétdé1ngthtrc(1)<: a+b+c2\/l8—2d+a3.b3 +b'%-1 +66

<=> 361+2(ab+bc+ca)218+a2b2 +b3c2 +0302



Clzmmg II: ‘\'Iu7'ng vién kim czrmzg {rung [nit zlrilzg 111121‘ cgin rigli lb?
TU 921/ 26 \i1su'dg1ng hél ding llmc All - (H1 [Ll Q6:

31/((/—6)2%</3 (1/—6)2(¢/—(1)(u:/1: +/1:1": ~- bin" ).j
. ((1:/23+/2:':+'::) ~* ~~ ~ ~Suy ru: &/+%-~-2l8+<1'!1* +/>1" +<"1."

, . M11:/>:+/>:<"3+<’:<1:)Tu chung mmh: u/>+/n'+¢z12L—/?-»4~
(

<:>(<1/1+/><"+¢'u)(u: +/1: +r"3)Z3(u3/2: +/1:1‘: +<':u: ) <:> Z(/)+<')(4(1~-/1—¢')(u*/2)(u~<')2()

Khng 11151 linh léng quail. gia' .<u' 112/) 2 <1 Khi J6: '

(/2+(')(4u—l2—<')—(('+u)(-l/2—('—cl):(<1—/>)(u+l7+6(')2()

(('+u)(-1b—('—u)—(<1+h)(-l('—u—/))=(/2—<‘)(/>+('+6a)2()

. ~ , N \ w \ 13I\*1;_“1Ikl1zic.9(" 29211‘ +/1‘ +(*‘ 2* S1" _Zu‘ */>' Zkiqiéi :> -l<'—u—/220

Suy 1'21: (vl2+¢')(-la —/v—<')2(<-+¢1)(-l/>~<-—u)2(u +/>)(-l<-—u —/2) 2 ()

Theo dinh 11'2_ lz1cO(»dpcm). Du hing xa)‘ ru :> .\-: _\~ : 1 : 2 hoc .\"= _\" I : =1.

B51i20.Cho (1. /1. 1" 2 (J. Chtmg minh rng:
w w w

w(1_—/7C + 1b'—('u + 1c'—u[> 20
l2‘+[><'+(" ("+<'u+u“ u‘+u/9+1)’

Clzzhzg minh

Ta C6: Z 361' -120 :Z(uw—/2)(r1-(4) +2 (1b(wu—/71)“

W. /2“ +b('+(" W /7‘ +/><'+<" W <11" +(1¢-+(»" )([;" +/7(~+(~")

Khéng mil lfnh léng quzit. gid sL'1'cz2/2 2 c. khi d6

1 1 (c1—/1)(u+/2—<‘) >0
/2: +bc+(': u: +uc‘+('3 (11: +u('+(': )(/>3 +/;(-+13)

Theo dinh 112. 1:1 C6 Z:(‘—’,"'i'#)z<> D (Clpcm).
W b‘ +[2('+<"‘ W /1" +b('+<"

Bixi 21. [Romani TST 2006] Cho (1./2.¢">()lh0umf1n u +12 + c : 3.

Chtmg minh ring: L,+L7+ 1‘ Eu: +/>: +0: (1)
(F /2‘ ('-

C/1 ling minh

W 1 2 3

B511 dng mu-¢<1)<=> Z[i,-U-+2(u-1) 2()c>Z(c1—l) “L20
<\: a_ J (H a_

1

¥<:>Z(4Mu +M,, +A/I‘A)(u—b)(z1—c)2() trong d(31M“=H2i
U.‘ u‘
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Khéng mét tinh téng quail. gia str u 2 /2 2 v. khi d6 A\’l,_, — M : 2().
" 41'/7'

Tu"o"ng tux La c6: /VII 2M,, 2./VI“ :> 4./\/If + M + 2-M1,? + A/I‘ + A1“, Z-LA/I‘; + M,’ + Ml .

Métkhzic.4M +M,+M =i1+-1—q+ §+;+;~(w22{l+i+ —3)2O
“ ’ ‘ 41- [;- (~- (1 /2 0 a /7 r‘

Theo d1nh1i2.ta cc’) (dpcm). Déu bng xay 1"a<:> u =/1:<’ : 1.

r
4___

I\Q
'q,-V“

I 3 .,

+ab( + [I2 +(I/If + \< +ubf 2;>_ Vm/7_(_2()
Béi 22. Chfrnv minh rim: , 1 ;

+0)‘ \’(('+u)’ \J(u+l>)’ '-
C

CI1 zhzg minh Ti
Do L+—!7—+—-°'——2:7’~.tacz‘§nchL1'ng minh Z

b+c <'+a a+b Z »\;(b+(_)» _l7+c'
(\( (\(

<:>Z;Mu(a—b)(u—c')2O.Lrongdé Mu: 1

1:\'<" ~
(b+<')\/l>+¢*(\/(1: +120 +\:'Vu(b+("))

Mb: ‘/E Va ./14K =‘ -- ‘/5-

(v+a)\/(?+zz (vb: +¢'a +\/l2(c+a)) (u +l2)\/(1 +b(\/cl +ul2 +\/Mu +/2))

Kh6ng111§1tt6ng quzit, gié SL1‘ (I 2 b 2 L‘ 2 0. khi ac»

1 '7

(c+a)'b—(b+c)' c1=(a—b)(ab—c3)2O “

v5(c+a)2 (bl +ca)—(l>+c)2 (az +bc)=c"(a—/2)(u3 +113 +03 +uc'+bc'—ub)2()

suy ra: (c+a)\/Z2(b+c)\/a v?1(c+z1)\/bl +c'a 2(l7+c)\/(12 +170 :> MU 2/VI’) 20

Theo dinh li 2. ta cé (dpcm). Dziu bimg my ra <:> a =b:c>0.
* -‘gm ‘--j— _--.,.1‘- .\\'+\;-+:.\

1 Béi 23. cm .\-, M21. Chimg minh ring: ‘~_\~7 \ A‘ z(.\;~_V) (1) ~

Ch lhlg minlz

L J. I ,. ,\‘:~I\"' \:»I.‘\ 'I\\) T \"“'5"3-\
Bat dang thuc (1) tucmg du'0'ng v0'1 ln .\" f\‘ ' 3 2 ln| (.\"_\‘;)

<:> (x3 + 2_\‘:,)ln .\‘ + (yz + 23") In _\'+ (:2 + 2.0") ln 3 2 (.\‘_\* + _\":_ + :,t)(ln .\‘ + In _\" + In 3)

<=> lnx(x: —x_\'—.\‘z + yg) + ln _v(_\'2 — _\'.\'— _\‘:+ ;\')+ ln :(:1 — :,v— 3)‘ +.\'_\')ZO

<:>1nx~(x—y)(x—z)+1ny-()'—:)()'—.\‘)+]n:-(:—x)(:—)‘)2O

Khéng mt mm téng qu2’1t,gié1 sir .\-z y z 1 2 1_ khi d6 1n.\'2 m _\- 20

Theo dlnh If 2, ta c6 (dpcm).

Déu béng xéy ra <:> x= _v = 1 hoéc x=1. _\‘ = : vii czic hozin vi.
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§7. 3. UNG DUNG BAT DANG THUC SCHUR TRONG
», ; _ », .= », :.CHUNG WINH BAT DANG THL'C DOI XUNG 3 BIEN

|. DA THU’C DO! XUNG 3 BIEN

l. Djnh nghia: Girl su" F(a.l1.(') 151 du lhirc \"0'i bi» 3 bién $6 thus u./1. c c6 dang:

.\

F(u./2. <-) :2:/1/IA (11.1). c‘). lrong dé A/I‘ ((1./2.0) : Z T/M11’/2'1"‘ (1'._/.l<e .°’§)
.\=l) I-:—L:\

Ta g<_>i F(u.b.<") Ii1m<f>tdz1llu'rc déi x(1"ng néu thou min tfnh chit suu

F(1/.1/.("') = F(u.12.c) vdi (¢1'.l/.(.*') 15111161 hozin vi lU)’§'CUH ((1.12. c")

2. Ba mu-c aéi xng Viete:

2.1. f)_inh nglzia:

p =u +11 + 0. q =ab +b¢' + cu. r = (1/>0 lil caic du lhU'C déi xfrng Viet.

2.2. Mg”/1

MQidalhL'1'c déi xfrng F(c1.b,c') déu Q6 Lhé biéu dién duéi dang da thirc T(p,q_.r)

2.3. Ccic lzzing [Ting thzic ddng 11/20":

'(u+/))(l>+c")(<-+11):pa/—r

°(a+b)(b+c)+(c+a)((1+b)+(c+u)(/2+0):/2: +q

' a2 +17: +02 = pg -— Zq

0 :1} +123 +0‘ =12" —3pc] +31‘

° (13122 +/13¢": +0311: =q3 — Zpr

Q 11x12} +1230} +6111} =51} —3pqr+3r:

' ub(a+12)+bc'(b+c)+c'a(c'+a)=pc/—3r

0 (I4 +194 +c4 1(1): —2q): —Z(¢/2 —2/)1"): pg -4/1:q+ 2:13 +4pr

' ub(a3 +113 ) +bc(l23 +0: ) +(‘a(u3 +(-I )= />:q — Zq: —— pr

Ngoili 1'21. chng ta cé Lhé thiét léxp cdc hing ding lhtrc c6 béxc lén hon 4.
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u. XAY DL_J’NG c/-'\c BAT DANG THU’C cu». ,>.q. »~

, . , .

r1. Ra) dqng céc bit d'ZmgthL'rcti1'bf1td5ngtlui'c Schur:

1.1. B(';td(il1gtlzz?'c Schur: Cho u.b_<* 121 czic $6 lhL_l'C during. thi:

41'((1-l>)(u—(")+/1"(/2—¢')(l>—u)+("' (<'—u)(r—/>)2(). */1'20

Déu hing xay rz1¢:> (1:19 -(' hozfac (1:/> \‘i1 <- :0 cilng czic hozin vi cuu n6.

Chlivzg mi/1/1 <

Khéng n1§1lt1’nhl6ng quail ta Q6 Ihé gizi su 1/Z11 Ev. khi <16:

11" (u—b)(a —c)+b' (b—(')(l7—a)+c"' (<'—u)(('—l>)

= ((1 —b)[a" ((1 —— 0) —b" (1) — 0)] + c" ((1 — ("H12 — 0) 2 ()

1.2. Cdc trming lzgp d(7c biét czia cT_inh I}? Schur

° r=0: (10 (a—b)(u—c)+bU (/7~(')(/J-—(l)+('U (<'—a)(<'—b)2O<:> />2 —3q2O

°/"=1:11'(a—b)(u—c)+l2'(b—c‘)(1J—u)+'("(('—u)(('—l2)Z()<:>/>3 —-lpz/+9rZ0

, 1.22.

al (a—b)(a—c)+b3 (/7—c)(l2—a)+('2 (('—(1)(("—l>)2()<:> p4 —5p:q+4q: +6pr2()

M23 23¢/1/2} —4pq+9r2(); /)4 —5/13¢/+4(/2 +6pr2O@

» V.

2. Xy dgmg céc bt dang thfrc co' bzin theo p. q, r:

Sir dung bait ding thrc Schur vi\ AM— GM ta c6 czic bt ding thirc quan trgmg sau dy:

p223q p3q+3pr24q2 /734123/21'+Z¢/3 (/3 +91‘: 24pqr

(12 2 3pr pqz + 3412‘ 2 4p Zr pq 3 2 Z/J 3 r + 3c/r 21/“ + 9r1 2 7pc/r

1232271‘ 114 +3q324/23¢] Z/Y‘ +9/'27pq p3r+q326pqr

Ch ring minlz

'1): Z3q<=>(Q+b+c'): —3(ab+Z2c+c'a)ZO<=>((1-19): +(b—c)2 +(<r—a)2 20

° q: 23pr<:> (ab+bc+ca): —3(c1+l2+c)a/2020

<=> (ab —bc)3 + (bc — ca): + (ca — ab): 2 0. Hé quail pzql 29pqr<: pq29r

- p‘ z 271- <:> (CI +_z>+@)‘ 2270110 (dflng theo AM- GM)

' p3q+3pr24q3 1:ub(a—b)2 +/10(1)-Q): +z:u(('—a): 20

° pr]: +3qr24/)2)" <:>a3(b—c)2 +1J}(('—(I): +("‘(u—/1); 20

° p4 +3q3 24p2q<:>(p3 —3q)(p2 —q)2O (dfmg do />3 23:1)

' p2q23pr+2q2 <:>(p2q+3pr—4q3)+Z(c/3 -3/1/')ZO
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<:>(al1+<‘:)(u—l2): +(/>1-+u; )(/>—¢"): +(('u+/53 )(<“—u)’ 20

' /u/3 22/):r+3¢//‘ <:> (pg: +31//'—-L/1:/')+Z/'(/>3 —3</) 2 0

<:>(u/n'+("‘)(cl—l>)2 +(u/><'+u;)(/>~<'): +(ul><"+/>':)(r"—u): 20

° :1" +91"; 24/Jqr

<=> ul>(u/7 — ln‘)(u/> - cu) + Zn‘ (hr — (11 )(h<' — <1/1) + (11 (rm — u/2 1 ( ta — /10) 2 (1

<:>.\'(.\"—v\‘)(.\"—:)+_\"(v\'—;)(_\‘—.\‘)+:(t—,\')(:—,\")Z() (dngl

Trong dd la (T31 .\‘= uh. -\‘ =l>('. : 1011 0' hiéu lhm; \§ lrzii

° Zp} +9r27pq <:>.'Z(/27‘ —4pq+9r)+(/Jq—9/")2U

' Zqj +913 2 7pqr <:> 2(q3 —4pqr + 92': + I‘(/H] — 9r)2 0

' p'1r+q326pqr <=>(/2: —3q)pr+q((/3 —3pr)2()

|||. cAc BAI TOAN MINH HQA

Béi 1 [Balkan Contest] Cho (1.12. 0 151 cdc $6 lhuc duvng théa min ubc =1.

ChL'rng minh: 2(¢ +1>’ +¢~1)+12z3m +1>+¢-) +3(ub+l2c+c'z1) <1)

Clzfrng minh

(l)<=> 2(1): —Zq)+lZ23p+3q <:> Z/>3 -3/>—7z/+1220 (3)

' » 1 “ 9 - “ 9Theo bait dng lhirc Sclzur ta cé p + 9r 2-Lpq <:> q 3-1% :-pT+—
7 ¢/ ‘I

Tir d6 su},/111(2) duqc chirng minh néu ta chimg minh duqc bit déng thtrc sau:

I :_ qzpl-3;)--L+9)+12z0<=> (P M” 9"+"')z0 <2 [J234p 4‘/1

ITa cé: p =a +b+c23¢ \/aha =3 :> (dpcm).

Bang um xéay ra khi Va chi khi <1 =1> = (- = 1.

Biii 2. Cho (1.12, c 2 O lhéa min ab +/71' +00 + (112014.

Chtrng minh ring: 3(u3 +/>3 + ('3 ) + u/>02 10 (1)

CI1 1211g min ll

(1)<: 3;f —6q+r2l() <=>3, —7¢/-620 <2)

, I \ 36 ‘Theo bét délng Lhtrc Sclzur ta cé p“ +91" Z4/Jq c> /2" +9(4—q) 2/4pq <=> q S%£
P
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. X» * x 3 _

3,>- ~7"Ti+%-(>z(><:>>,>- +27,>- —2—’1p—3()(7Z()<:>(/7—3)(D[7‘ +42,>+102)z0<=>,>z3
[J

T21 C61 q} =(ul7+[>('+c<z)3 22'/(ubv): :27)‘: :Z7(-l—c[):

Néu q<31hi Z’/(4—¢/)3 >2’/'>q3 3 V6 V£§1yq2 3 :> />1 23¢/29:>/)2} 3((1pCl'I1)

Ding lhirc x:'1yra<:> (1:12 =(- :1,

B51i3. Cho (1.11. (' Z O thou min ab + In" + cu +ul><' = -L.

ChL'1'ngminh1"§1ng: (1: +1): + (-3 + 5uh<"28 (1)

Clz 1211g min/1

(U41 pg —Zq+5r28<:>>p2 —7a/+1220 (dé )" 151 q+r:4 \'Z1 1124/23)

Néu p é 4. sf1‘dL_1ng bit ding thfrc Sclzur ta (:6

,_> /2(4q-p3)<:>4_q> p(4q—p:) @q< p‘: +36

— 9 — 9 _-L/2+9

1

‘ . 1 ' 6 w

Ta chi cfm chtrng mmh p“ -7-/)—1r—i—+ l220¢:> (/1 —3)(p‘ —16)SO
4p +9

Béldé1nglhU'Cl1i1y1U6l1 dimg vi 3§pS-1.
w 7

Néu p24 {hi /1324:] nén pl-2q+5r2p3—2q2p1—%=%—28

B51 ding lhirc du'<_>'c chfrng minh hoim £02111. Déng lhtrc xay 1'21 <:> u =b = cf =1 hoéc

(1:12 = 2.010 vii czic hozin vi.

Nlzgin xét. Ch )7 ring k :5 cfmg 151 hing sf» tél nht suo cho bt ding lhL'1'c suu Clflng vdi

mQi $6 thuc khéng m u,b.c" théa min ab +l>(' +<'u +11/20:4: a2 +12: + (>3 + kubcz 3 + k

Biii 4. Cho (1.1). c" 121 czic $6 thuc khéng m. Chirng minh réng:

1 + 1 + 1 2 a+b+<' + 3 U)
u+b b+c c+u 2((1b+[;('+¢-(1) u+[2+('

Ch ring minh

Khéng métlinh mg quzit, chuéin mm q :3.

p:+q>/2+3 p3+3 p 3
khid6(l)-2*» _ ; 4:“ 2-—+—

pq—r Zq p .)])—I' 6 p

<=> (pg +3)6p— /2: (3p—r)—18(3p—-/‘)ZO <=> 3/>3 + [7:I'-36])-l-18I'Z0 (Z)

Theo bin ding thtrc Schur ta c6: p3 -4pq+91'ZU<=>/73-121) +9120

Milt khzic. pl 2341:‘). suy 1'11: 3/73 +p3r—36p+l8r : 3(1)’: —lZp+9r)+r(p3 —9)ZO

ra (2)dL’mg':> (dpcm). D2'ingth\'1'c xa'1y1"z1<:> u =b=¢" hoac u =b.(*=() v11 hozin vi.
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B51i5. Cho u_/1.0 151 czic $6 Lhuc kh(mg [1m\'£1 A" 2 3. J?
. . L 1 ' 1 1 /\' 2 '+lChung mmh rang: 1+ + + 2 ii (1)

(I +17 /J + ( (' + u 1/+/2 +1‘ \/U]; +1”-+(-U

(Th zhzg minlz

(1)4: LP:+4/+L2¥\/\v_+1 .TL1cO: L/~L2i/):+L -124-',iLl2—é/\_?T
/></—/' /> V, /~/—»‘ /> /></ , <1 /> _\“'</

i
+

:>‘“

,- .' \ , *
- . 1 I '—l—i—"*: —3 —]— "—2‘—?!Dang lhuc xa} ru <:> \u_/2.0) = §()1I1 r} 1 £\():1;/4/‘qwivw/;

Béi 6. Cho u.b.<~2().ChL'1'ng minh r§'mg:

:1 '17 1' 3"§/ll/71'+ + + 2 2
l>+z“ u+<" />+c/ j(¢1+/;+(-) ,

1

I

(1) I

I

Ch zhzg minlz

SL1'dLl_<_l béil ding lhirc Buniakowski 111 06:

V1-(1): (13 + [>3 + (-3 + 2 (rz+12+c): +
u(l2+¢') l2(<"+a) ¢“(u+l>) I(u+/1+0) 'l(u/2+l><“+(‘a) Z(a+/>+<')

1

.\3 3?. 3 R5.
Ta séchirngminh (”+b+" +3"”/N 24 ‘: I) +3.“ 2-1 (2)

u/7 + /7!‘ + ("(1 u + /7 + <" 1 1/ I

Khéng mél tinh léng quail. chuén héu r - l. Khi d<'1(Z)<: p3 +3q24pq

Theo bit dfing Lhirc Sclzur Lu cé: />3 — -lpq + 91" 2 () :> /)3 + 3q 2 4/>q + 3(q — 3)

M511 khzic. q-‘ 2 271-1 = 27 3 ¢/23 :> ,9 +3¢, 2-lpq I (dpcm)

Ding thfrc xziy ru <:> (1:17 =('h0f1c (1:/7.r'=() hojc czic hozin vj.

Bi 7. Cho 11.12.02 O thou min a +b+( -3. '

L 1 1 2 . 2 _: :_:
Chung mmh rang: "7’/'2-1(z1/1+/2<'+vu)+%+%+i (1)

A1 +(I J )+(‘ (‘+61

CI1 1'rng minlz

27 461+ q; —2[7([l‘+3I‘: 27 (13 —6qr+3r:
Z p(1—r Z 3c] — r

<:> 2q3 + 24:12 —8lq — ZOqr+6rl + 27:6 0
V

Theo bail ding thirc Schur La cd: {J} — 4pq + 9r 2 O vil pq 2 9r. suy ru:

4 -9 \
4pc]-— pg S9r S/1q<:>lZq— Z7 S9r£3q <=> #316? Ta ch1cf1nchL'rng minh:

J J

v 4< -9 6 1 27 1 ~ ‘2q‘+24q- -81¢,-2()<,-%+L(§+T"s<><=>:¢1»-2¢,~ —12q£0<:>2q(q+2)(q—3j30(2)

Ta C6: 311$/23 =9:>qS3 :>(2)dLing.D§1nglh£rc xa'yvra @ a=l2=('=l,
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1

Bi1i8. Cho u.l2.(' 2()th0z1mf1n (1/2 -1-/)(' + (-1: + (>11/>1" :9. 1

Tim hing 55 k m61.nhé1sao choz u +l>+<-+/<11/>1-2/< +3 11)d(1ng \7’u.b.<-2() |

Gidi

Cho a :O.1>=¢':3. 1\'hid6('1)<:> 62k + 3<:> l\ S3.Tz1chL'mg minh(l)C1L'mg \'<3'i k :3.
u'1'c 1Z1chL'1'ng minh: a +11 +1" +3:/hr 26

<:> 2(u+b+z')—1ab+b<'+(.'c1)—32() <:> Z/>—z/~32O (Z)

TU‘ diéu kién (1 +6/":9 la suy ra (123 :> p Z 3. Néu /> 26 {hi Ia C6 dpcm.

Xél /261316] I Theo bit déng lhirc Sclzur la Q6: />3 -4/Jq + 922 O

1 9- 1 1‘ 27 , ,
<:> p —4;)¢/+9._6iz()<:>2/2‘ +272(8;1+3)¢/@¢/3%. Khldo:

2p'1+Z7 —2p3+l6p3—l8p—36 21/7+111/>—3)16—P) 1

2 — —322 — -1: I _)
P q P sp+3 ’ sp+3 s,>+3 >1 31dp°‘“)

Dfmg Ihirc xéy ra <:> a:b:<'=1 hoéc a=O.b=c=3 v21 czic hozin vi.

Vzjy k =3 151 hing $5 cn tim.

B51119. Chtrng minh vdi czic s<§th1_1'c khéng m 11./7.c Lu Q6:

((14 + /)4 + (4)10/7 + b('+ (fc1)21z1: +11: + ('2 11:1:/)3 +1130: + cluj) (1)

Cluivzg minh

Khéng mil tfnh téng quill chuém héu ab +121-+ ("r/=1. Khi d6:

(1) <:> (/14 —4p2q+ 2:1: +4pr)q2(/13 — Zn/)1!/3 — Z/2r)

<:> p4 -417: +2+4pr2 pl —2p3r—Z+4pr<:> /fv —5p: +4+2p'1r2O

Theo bait déng thtrc Schur ta cc’): ‘U4 — 5/Jzq + 4q: + 6/)1‘ 20 <::> p‘ ~51): +4+ op»-2 O.

M511 khzic pl 231113, suy ra:

p4 -—5p2 +4+Zp3r:(p4 —5p3 +4+6/)r)+Z/>/‘1/>1 —3)Z()

Ding thfrc xaiy ra /:> u =b=c' hozjc a :12. 0:0 hofac 1/:1./;=<.-:0 v21 czic hozin v1.

Biai 10. cm a,b,c" z 0. Chxlrng minh rang;

41 + I) + (r + 410 +12 +1‘) (aw/> +1710 + @1112 5 (1)
/2+0 c'+a ((+12 U“ +1;-‘ +(->‘

Ch 1311g minlz
D511 p = a + 1) + (', q = ab + be + ca V51 r = ubv.

Khéng mt linh téng quét chun héa p = 1.

, L 1—'2z/+_vr ~11] >_ 7
Bél dang thfrc (1) {rd thimh —————-+-—,\;—_J (_)

c]—r 1—.>¢/+31"



Clllrrrrzg II: N11 'ng vién kim cu'0‘ng trong hr?! z7|‘i11_Q lh 121' ("gin zlgli I7

Ta c(1:\"T(Z) z1+i+-iz1+: =5
q 1 — Fq + 31' \_ q l — 31/ + 3/"

‘ / W 2' _ i
Déng time ru ¢:> (a_/xv) =| .\'..\.U1 ‘vii hr./>.< )=§ ‘*1 ‘D-.\'.,\'.() \'i1u;ic!1n;i11\'i.

Biii ll. Chm z1_/>.<~>() lhéu mn u/n-:1. Ir?i_ 
J Chirng minh réng: §(u';+lH/>3+1)(<':+1)+l2l+i+l

I

Chzivzg minh -

Ta cé: M‘ +1)(b‘+1)(<~‘ + 1) :<1‘/2%: +11‘/2: +1>‘<-1 +111‘ +¢f‘ +/2‘ +<"‘ +1

=15 +¢/B -3/>z/r+3r: + p": ~3/></+3/~+-Ii />: -6/u/+¢/1 +8

(1) <:> /1': —6/“)4/+1/'2 +82(q—l): <:> /1; +9—(v/>1/+3¢/3 —3</2.0

D01": 1 nén 11106 /> 23.1] 23. X61 hui 1ru'b'11g lwp:

' Néu c/2 p 2 3 lh} /1" +9—6pq+3¢/3 —3</:(/>1 +9—-I-pa/)+(31/—Zp—3)¢/20

'Néu /22q 231111

pi +9—()pz/+3:/I -3:/=(p: -31/)(/2—3)+3(¢/—l)(q—3)+3p(p—¢/)20

Déng lhrc xay ra <:> u =11 =0 = 1.

Biii I2. [Iran 1996] Cho .\'.‘\".:2(). Chirng minh ring

(.\1\"+_\';+;\")~/ I ‘+ 1 ‘~ I 1\'__2(l)
\(,\"+_\")‘ (_\'+;)_ (.\‘+;)_/ 4

V

Ch zhzg minh

D31 .\' + _\" + 1 = /7. .\‘_\‘ + _\': + :,\' =1] vil .\‘>\': I 2' . Tu Q6:

(.Y+ _\')(_\' + :)(; +.\‘)=(.\'+ _\' + ;)(.\‘_\" + _\": + ;.\') — .\'_\": = />1/-2'

p3+c]'— 2n/—"

1 Iu /2 (-()

I ' 4 W 7 1Bétdéng thL'1'c(1) *:> q~( ) pg] ))2%/;\-lp4¢/—l7;1'q'+4¢/3+3-1pqr—9r‘20
(/></—/'1'

4:> 3/2q(/23 —4pq+9r)+q(p4 —5p:z/+4(/3 +6/1r)+ r(pq —91“)2() (Z)

Tirkétqua'1t1'0ng 1.2 suy ra(2)dL'1ng sL1}"1'a(dpc1n)

.\‘.)‘..'.>O L I 1 1 27
B21113. Cho . Chung mmh rang: i+i+?£—_\~+\-+;=] l—.\‘\' l—\'; l—:.\‘ 8

Clzzhzg min/1

Dill p = .\‘ + _\" + 3. q = .\'_\" + _\'; + :,\" \/51 r = .\j\": . Tu 06:



Z72 Ix)" thug?! S12" (lg/ng hr?! zillg Ilukc Svhur

(1-.\‘_\‘)(l—_\‘1)(1—I,\‘):1-—(]+]JI‘—-I‘: I1—q+r—r1

(l4.\'_\")(l—_\‘;)+(l1_\";)(l—:,\‘)+(l—;\‘)(1—.\‘_\')I3—Zq+prI3—Zz/+1"

<1> <:> -3-'2i1I§37 <=> 3-11q+19,~~:7 20
1-:/+r—r‘ 3

T1106: /2‘: Z Z72‘ nén Z72": S p“rI r. do dd la chi cn chtrng minh: 3-1 lq+19r-1'20

<I~ ll(.\-_\‘ + _\'; + :,\") — l8.\‘_\":_ S3(Z).Kh()ng1n§111f11h 16ng quail giéx >~u- :=1nin{.\"._\".:} :> : Six

\/'T(2)Ill;(.\"+_\')+.\3"(11—l8:)Sll;(.\"+_\')+{¥1 <11-1181)::|;(1-;)+(%)“l11-18;)

1

Tachrngminhi11;(1—;)+ 2: _(11—l8:,)£3<I>18:.1—3:3—4:+12O <I>

(3I'.—l)2(2I,+1)ZOd\:lI1_<_l n€:n(Z)Ci[1ng.D§nglh(1'c xay 1'11 <I> .\‘I _\"I :.=é
J

/
H .\. \... >0 , , .\\ \ *,\ .\ \_,

B21114. Cho ' Chung mmh: _ '- + ' + ' 22 (1)
\ + \ + _ l \ \_‘ ‘.= .“+.\"_"+_\"' .\"+.\':,+;' _\"+_\';+:f

C11/mg mi/zh

D511 p I.\"+ _\" + 3 I 1. q I .\3' + _\'; + :,v vi r I.\"_\":.Suy1'u .\'_\" I q — ;(.\‘ + _\‘) Iq — 3 + :3

T21 06: xi + .\-_\" + _\"2 I (.\‘ + y)‘ — .\'_\' I(.\‘ + _\')(l — 1) — .\-_\" I .\‘+ _\‘ — q I 1 — ; — q

Tu'o'ng lg‘: _\'3 + _\":+ :3 Il—.\'—q. xi +.\":,+ :3 I l ~ _\'—q

D€'?1'z;1ng.\'3v\‘: +_\"3:,: +:,3.\'2 Ia]: —Zr. ,\':(‘\‘+;)+_\":(;+.\‘)+;:(.\‘+'\‘)Iq—3r

U)‘: :—.\‘_\" _\"—:,\' X—_\‘I. 22 Zl_U"‘/)-+-\'.\"(-Y+);)(1—¢])j(I‘-\1\")22
1-:-q l—>\"—q 1—,\'—q I\( (1—¢])<1_—"

_5(l—z/)3—Zc/(1—q)+3r+(l—q)(q—3r)—(z/3—Zr)>q
(1 —z/)q" —r

<I>(l—c])3 —(1—q)(q+3r)—q2 +5rZ2{(l—q)q: —r1<I>z/"+1/3 —4q+3qr+4r+]20

<I> 9q3 +9q2 — 36q+9r(3q+4)+92().Thc0SclIur_£1106 9r24q—l.

do dé 111 chi cn ChL'1'ng minh 94‘ +9q1 —36q +(4q - ])(3q +4) +92 0

<I> (3q—l)(3q3 +8q—5)2O.B§ldéngth(rC1\Z1yd\I1ng vi 3qS(.r+ _\"+ 1): I1.

V51)/tzxc6(dpcn1). D§ng1h(rc xziy ra <:> .\'I _\" I :. Ié.
3

Béi 15. Chox. \»_:, 20. Chtrng minh rang;

‘ .\‘+1 1+-\' -\'+.\' .\-‘+\~‘+:;‘ M
Y \' - +4(_\‘+_\‘)(y+;)(:+.\‘)>€

Ch lhzg minlz



Chlnrng II: Nhng vién kim c1r0'ng trong blir (717,/lg tlui'c c(?n (igli Z7
Khén mét téne uzil, ta via su .1" + \" + 3 I 1. \"Z1 dél xv + 1‘; + :,.\-I c . .\‘\"; Ir.g - q c . - . . 1 .

B§1d§1ngthtrc(l)trO1th£1nh; 1‘2"+3"+ 4("_") 25 <:» l_3"+4"+ 4("_") 24q—r 1-3:/+31" 6/—r l—3(/+31"l TaC6:l—3q+4r 4(q—r) >l—3q+3r 4(r/Ir) l—3q+3r_ 4(r/-1‘)+ _ + -2 -4q—r l—3q+3r q—r l—3q+3r q—_r l—3q+3r

Bi 16. Cho .\', _\", 1 151 caic $6 dLro'ng thou min .\1\‘+ _\'; + :,r+ .\'_\'; I 4, chtrng minh:

.- 3 1 w '7 '1i51+*((~\'-_\‘)_+()'_Z)_+(Z—X)')
xy + yz + :3‘ 48

C111?/zg minh
D0 x, y, ;'> O,.xf\"+ + ;>c+.\'y; I 4 nén I611 tai caic $6 duong a,b,c sao cho

2a 212 20 ‘ V1

.1‘ I *3 _\' I i, 3 I1. Kh1d0 bat dang thuc tro thanhb+c c+a a+b
(a+b+c)3Z((13 —b3)3 62a(a+b)(cz +0)

P(a,b,c)I , "W , , — """" +1220(a+b)‘(b+c)'(c+a)“ Zab(a+b)

Chuzin héa cho p I 1, khi d6 c/G [0,1]. Bit ding thL'1'c tuvng during

f(r) = 729% +27(22q3 -1)r’ +27(6q*' -41,1 +1):-+(q2 -1)(13q‘ -51/1 +1) s 0

Ta C6 f/(r) = 27(r(81r+44(/2 —2)+6q“ -41/I +1)

Sir dung bét ding thirc Schur ta cé: 81r+44q: -2 2 3(1—4q2)+44q2 -2 I l+3Zq2 > O

D0 66 f/(r) > O, suy ra f(r) IE1 hilm démg bién. Nhu‘ véy

' 1- 11 2 2 , , .f(r)3f[ )=Ec]“(q—1)(q+2)'(4q4+l4q34+l5q“—7q+l)SO

B51 ding thirc chtrng minh xong. D2“ing1h1'1‘c xziy ra khi vii ch1' khi x I y I 3 I 1.

Bi 17. Cho czic sé du'0ng a,b,c, chtrng minh ring

1 - 1 1 (a+l2+('): ( 1 1 1 \
'1 + 7 + 7 g '7 '1 + 7 '7 + 7 7}a'+bc b'+ca c"+ab 3(l117+b('+C(I)1a'+b‘ b‘+c‘ c'+a“

Ch/rng minh

1,; ,~ y ‘I-3B6 dé: G1a su a,b,c la cac so thuc thoa man a+b+c I 1, dat ab+bc+ca ITq
(q2O) Va rIabc, khi as ta C6 (l+‘”;1'2‘1) $1-§(1_‘1);1+2‘”

Chzing minh: Ta c6 OS(a—b):(b—c)2(c—a)3 =-271-2 +2(l—3q2)r+2—17(l—qZ)2(4q2 -1) ~



274 K)" tlzugit st? dwig bfit drirzg thlh,‘ Schur

2 -%[27r—(l—q)3(l + 2q)T§[27r—(1+c1)2(l— 2q>]

chm y rang <1 -q)1(1+2q>-<1 +q)3(1—2q) = 41¢,‘ 20 \‘£1 12 mét tam thtrc béc 2 thco

r nén theo dinh 1)? vé déu cua tam thirc béc Z. ta phai cé:

(1+q)3(1—2q)<)_<(1—q)2(l+2q)
27 " ' 27

Ap dgng: Chuém héa ChO p =1, khi dé q G [0,1].

Sir dung bit ding thirc AM — GM via bait ding thtrc Sclzur. ta cé

1- 1 1 1-4 1 . . . . . ,

£-—§—)— 2 3r 2 maX{O,—9g—}. Bing bién déi tuong du'0"ng, bit déng thirc duqc viét l2_1i

f(»-) = —486(9—q2)r3 +27(q° +6461‘ -35¢/I +24) 49(4q1 -1)(11q‘ -4q’ +2);-

+q3(1—q3)3(2q4 +8q2 —1)2O

Ta c6

f/(r)=9(—162(9—q2)r3 +6(q° +646,‘ -351;’ +24)r+(4q2 -1)(11q* -41;’ +21)

f//(r) = 54(-54(9-(11),-+ q“ +64q‘ -351,1 +24)

2 54(-211-q’)“<9—A q3)1_—q° + 64¢ - 35¢ + 24)

=162(q° +14q‘ +412 +2) > O

Suy ra f'(r) 151 him déng bién, do dé

+, Néu 2q 21,-f’<r) 2 f’(0) = (4611 -1)(11q* —4q2 + 2) 2 0

DO as fm 121 hiim dang bién, Suy ra f(»-) 2 f<0) =q1(1-qZ)~‘(2q* +8611 -1) >0

V
2 1 '> I '7

+, Néu 122q, f’(r)2f'L—;Cl—j=(1—4q')(q'+2)(2q4+17q“+6)2O

Do as f(r) 151 ham aéng bién nén ta cé

f(r) Z f[ )=§%q2(2—q)(1+q)2(6q‘ +411’ —7q+4)(5q2 —2q+2)2 2 0

B51 ding thtrc chirng minh xong. Being thtrc xay ra khi vix chi khi a = b = c.

B51i18. Cho x, y, 3 Z O,chL'1'ng minh ring:

x4 (_v+;)+_\‘4(z+x)+14 (.¥+)‘)Sll7(_Y+)‘+Z)5 (1)

Chzhzg minh

Din p = x+ y + 1, q : xy + yz + z,\' vii r = xy; . Khéng mét tfnh téng quét, chuén héa p =1 .

Ta 06: x4 (_v+ z)+ _v4 (z + x)+ :4 (.\'+ _v)=x3 (x_v+xz)+ _\"3 (y:+ yx)+ Z3 (z,x+ zy)



Chu'0’ng II: Nhli/ng vién kim clrmzg trong br";t rfrilzg tluic cn dgli Z75

=(x3 +y3 +;")(.r)'+y;+;\')—(x3 +3": +33 ).\_\':=(l—3q+3r)q—(l —2q)r=(_l—3q)q+(5q—l)r
I

1 /1- 2Néu 11% 1111 ta C62 (1—'3q)q+(5q—l)rS(1—3q)q=-%(l—3q)3q£%L—%Li) =6

Néu q>% 1111111 phéi chtrng minh f(¢1)=(1-3¢1)11+(511-1)/sé

Ta c6: f'(q)=l—6q+5r<5r—q<O (do q29r)V;f1y _f(q) nghich bién vcii q>%_

suy ra f(q) < :2—%<i15. V61 p = 1.d§1ngth1'rc d:;1tdLrqc khi 1-= O,3q :%-

Vziy Ci?/1ngth£1'c xéy ra <=> x=O;_v =(2 3, v51 czic hoén vi.

Béi 19. cm a.b,c 20. Chtrng minh: “X H’? “'3 +9 "”+b@+C“ >5 (1) t

C
(a+b)(b+c)(c+a) ¢13+b3+ -3-
Chzhzg minh

Dét p = a + b + c, q = ab + bc + ca v 1': abs. Khéng mil tfnh t6ng quét chun héa p = 1.

— + 1'
, .

1 ? 3Khi dé bit déng th£rc(l)trc'J1hi1nh ”’ +9 " z5<=> 1 + 9‘! 28 (2)q—r l—Zq q—r 1—Zq

1-2 -VT(2)2 i+9i=2+i+9lz2+z L21-l=2+2\/§=s
q l—2q q 1-211 (1 1—2q

Ding thtrc xéy ra <:> (a,b,c) =[§.x,.\",0J via (a,b,c) =(%.\',x,OJ v€1 czic hoén vi.

1, .\',y,z>0 , . - 1B21120. Ch0{ 1. Chung m1nh:.\'_\'+ _\': + ;\'212(x3 + _v3 + Z‘ )(.\‘3_\'2 + 5'31: + ZZXZ)X+_\’+Z=

Chzhzg minh
Dét p = x + _\' + 3 =1, q = .13‘ + _\*z + z,\' v r : xy; . Khi C16 b§td§1ngthL'Ic(1)tr6'thfinh:

q212{p(p3 —3q)+3r](q2—2hpr) <:> q2l2(l—3q+3r)(q2 —2r) (2)

D0 pq29r nén 3r§-(5, suy ratl2(l—3q+3r)(¢/3—2r)$12(1—3q+%)q3 =4q3(3—8q)

aé Chfrng minh <2) ta 1:111 can Chang minh: 4¢1(3 —8q) s 1 <=> (1 -411)(1 -s¢1)z0

Bit ding thirc cuéi dng véi mqi 1127", véy La chi cn chtrng minh (2) vé"i 0SqS%

1 »,

B511 dang thtrc <2) ¢> 11212111 (1 -311) +121-(3111 +6q— 2)-7211 '

Tacé: 3111 +611-2<0, \7’0SqS%,d0d6 [E1C1'1i can chtmgminh 11212111 (1-311) <3)

Th2f1tvéy,theoAM-GM l2q(l—3q)=4-3q(1—3q)$[3q+(l—3q)T =1: (3) dng

Déu bing xéy ra 4:» (x,y,:) ~ hoéc (x,y,z) ~ (1;O;O)26 2\/5

:
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IV. BA: TAP DANH CHO BAN DQC TU’ c;|A|

Béi 1. cm X, \-. ze JR. Chirng minh ring:

.\'6 + yo + 1“ +3.\'2‘\':;: ZZ(.\-‘1_\"‘:+_\"'::_5+ ;}.\“;)

Béi 2. Chang minh: (a +12 +c' +d)‘ 4(ab +u(' + ad+/n'+l1z1+ ca’) 21 Va‘ bl 51> 0.

16 9(al7(' +ul7d +(1("d +1701)

Bili 3. Cho u, b, 0, d 2 () théa min

Z(ab + ac + ad + 120+ bd + cd) + abc‘ + u/ad + avd + bvd =16.

Chirng minh ring: a +b+c+d 2%(ab+ac+ad +bc+bd +cd)

Bi 4. Cho a, b. c. d Z O. Chtrng minh ring:

a4 +194 +04 +d4 +2abcd2a2b2 +5130: +a3c1: +b2c3 +b2d2 +c2d2

Bi1i5.Cho a],a3.....a” 20 (3Sne N) lhéa min

(n—2) Z aia]+ Z c1I.(zjc1k=4(i,Z).
lS1<jSn lSi<‘/<k $11

ll

Chirng minh ring: (§).Za’ 2('l’) 2 41,11’.

i=1 lSi</£11

Béi 6. Cho a,b,<‘>O vi m.n. pe R vé'i m2l1+ p. Chtmg minh ring:

a”'b”(a” —b")+b”'c”(b" —c"’)+c"”a”(c" —a”)2()

1 II II

Béi 7. Cho al,a2,...,a” >0, <15: A=-Zu,;c;:~/1"[@,;H
'1 i=l 1::

,3»,
11 2__ 2 _1 n

Chirng minh: g S -—1 néu 11 lé $6 chén vii néu n 151 56 lé.

4 _5

Béi 8. Ch0A=( ) —abcd ; B =  —(abc'+abd+acd +11@d)

C=%(u+b+c+a')2 —(ab+ac'+ad +b(.'+bd +cd)

Chtrng minh rang; 2A +133 2 5c. v (I. 1). C. d 2 0

Bfii 9. Cho a, I), c 15 Cié déi 3 canh cL'1a 1 tam gizic vé'i dién tich S.

l

‘ 2(a' +b' +0‘)

\ (A—B) 3A—5B) , (A-B):
Chirng minh réng: S S’ ST

Bili 10. cm a,b,c 2 0. Chtrng minh: (8:12 +b¢-)(s/f +ca)(8c2 +ab)s(a+b+¢-)" (1)



Chu'0'ng II: Nhlivzg vién kim cu'0’ng trong b('!:I (fling tlz 1i'c cfm dgi 2

11. Cho -(Lb, C 2 (1/J +:’l[)(' + Cll + b(‘+q4CCl -Fllb + ("(1-1-w4(l/7 +bC' 2 6

u“ +/H‘ b" + ca c" + ab

B:E1il2. Cho .ChL'1'nQm1nh: 1 1 1- 1 22
a.b,c2U

+ +
1¢1b+b¢-+(-51:1 11+/7 b+c (‘+0 a+b+(‘

’.\'._\'.:20 9 1 1 1 2-1Ba1l3:Ch0 , , , .Ch1'1'ngm111h:—£ + + ‘ é ’_1--+_y-+;-:1 4 1+1)" 1+)‘; l+:,\‘ 41_\.+\.+;1~

Biii 14: Cho .\',_\',;20. Chirng minh: (.1-+_\"+;)5 2[i)(x7‘ +_\'3 +;})(,x3'+_\';+3,\')
4%-9

Bi 15: Chirng minh ring néu (1,1). c 121 dé dfli cgnh cua mét tam giaic thi

1(a—b)2 + q(b—c): + 7(c"—a)3

a“ +ab+b“ b‘ +b('+<" 0' +ca +a'
S2

B£1il6:Cho ,\‘,\'.Z2O.Ch(mQminhZ -" + ~“ + 1 +z[( M"-*3) I22
' ” _\'+:. :+.\- .1-+_\' .1-+1‘ v+z (z+x)

1. ' 1'» .1‘, I Z 0 , . 1 ~ 1 1Ba1l7:Cho . Chung m1nh rang: .1" +1" + 1“ +3.13‘: 26
.\‘_\" + _\"; + 3,1‘ = 3

Bini 18. Cho ba $5 thuc du'o"ng .1", _\',:, thoa min diéu kién .\"+ _1~+ ; =1

Chirng minh r§1ng:(1—.\'3)2 +(l—_\"3)l +(1—;3)2 $(1+.1')(l+_\')(l+:)

.\, \ . M > U
Bili 19. Cho ' Chimg m1nh:

.131 : ‘

1 1 1 2 Z]
(1+_\-)1 +(1+_V)2 +(1+-)1 +(1+.\-)(1+v\-)(1+;)

1. -\‘~.\'»1>0 . 8Ba120. Cho 1 , 1 Ch1'rng m1nh: (l—.\_w')(l—_v:)(1 —:,x)2—x'+_v‘+:'=1 27

1. -\1 .1w1>0 , . 1 1- 1- 1 9B21121. Cho . Chung mmh rang: 13-——+’—+%S—
.\‘+_\+1=1 1-)‘: 1—:,\" 1-13‘ 8

\. -\‘v‘\‘vZ>0 , . ; 1 w -1 '> v v 1B21122. Cho . Chung m1nh rang: + _\~')(_\-' + 3‘ )(z' +x‘)§—.\'+y+:.=1 32

B§1i23.Cho a.b,c2O. Ch1'1'ng minh ring:

3(a+b+c)2 < 1 1 1 < (a+b+c)3
2(ab+bc+ca)(a3+b2+02) a3+l9c b3+ca c2+ab 6abc(a2+b2+c2)

Bili 24. Cho x,_y,; 20 vii x+ y+ 3 =3. Chrng minh ring:
Y2 ‘Z_ 2

' "xv + "3 ” + Z * $11+x+y 1+y+; 1+;+x
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Bi 25. Cho x. _v,z 20 vé x+ y + 3 =3.Cl'1L'1'ng minh ring:
. ,

x'\' Y“: -—-
~ -i‘-+ ' + "' S1

4— .\'_\‘ 4— _\‘; 4— ;\"

B51i26.Cho a.b,c 2 0. Chirng minh ring k =5 -1 la némg Sé)[6II1hé.1débé[déI1g[h\:YC

a2+b3+c2 + 8/<abc >k+1
\}ab+bc'+ca (a+b)(b+c)(c+a)_

Bi 27. Cho a,b.c 2O.ChL'1'ng minh 1-émg;

sau dy dng:

'7 7 '7

a“ b+c) b" c+a c‘ a+b
, ,( 1 + j( ,)+ ,( ,)Za+b+c

b"+c" c"+a‘ a'+b“
Bi1i28. Cho a,b,c > 0. cnu-ng minh rang;

' l+l+l2 34a + 74b + 740

fl b C a'+3bc b'+3ca c"+3ab

Bi1i29.[T2_1p chi Crux] Cho a,b.c2O thOa min a +b+ c =3. Chtrng minh ring:

;+;+_1_§3
9—ab 9-./Jc 9—ca 8

Biai 30. Cho czic $6 thuc a,b,c,k théa mén a.b,c2 -%.

ch’. -h > _. a+2b+/’< b+2c+k (.'+2a+k23
ungmm rang c+2b+l<+u+2¢+l<+b+2a+l<

Bili 31. Cho x, y,1,k >0. Chirng minh:

Z ~" +/<.("+"J2Z)(’?‘+)f+U)z2\/1+1
0'0 y+Z x3 +.v~ +Z_

Bi 32. Tim s6 a nhé nhz‘1t sao cho bit ding thirc sau dng véi mc_>i x, y, z 20

3;"
K-\'+>'+zj"[-\3"+>~z+;\-j 1 >('\'+.\‘)(.\"+1)(:+'\')

3 3 ‘ 8

Bini 34. Cho (1.19, CZ 0 théa man c1 +b+c=3.ChL'1"ng minh rang; abc +i1l—z5
ab+bc+ca

Béi 35. Cho a,b,c2O théa min n’ +131 +8 =3. Chung minh: l2+9abcZ'/'(ab+bc+ca)

Bi 36. Cho a,b,c2O théa min a +b+c=3.Cht1'ng minh ring: a2 +122 +c2 +%abc2%

Ban 37. Cho a,b,c20 théa min ab+bc+ca =3. cmmg minh: n~‘ +11’ +8 +7.12).-210

~. .. ~ , . .‘. Z 1 3-: ' 0 h 1 i—— -_i—i-—B21138 Cho a,b,c>O thoa man abn 1 Chunc mm rang +b+C_ + > ab+bC+Ca

Béi 39. Cho a,b,c2O théa man (12 +112 +6 =3. Chime minh: —3—+5(a+b+c)2l8
Q V abc
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§8. B1NH LY MUIRHEAD VA BAT BANG THUC B61 XUNG

r - .~.

§8.1. GIUI THIEU VE DINH LY MUIRHEAD

1. DA THU’C +301 xtmca

G13 sir céc bién s6 a],a3,...c1”E R‘ vi bi» s6n1f1 (x1.0c3...._0LH e

K)? hiéu: Tép bién $6 X ={a[.a3_...u”}; Tzip $6 mil (1 = {0c,. 013, ...,01,,}

1. Bjnh rzghfa: Ba thirc déi xirng s véi céc bién $6 CUE rap X v21 $6 ma CUZ1 tép 011:1

FE
;,,._.-

a a,u3w an u, QHHJ a HQsx 5 _ a, .sXW +....+ a”1,sX\{

Nhn xét: Néu nhén khai trié/n mE1 khéng u'<§'c lu‘Q'c célc s6 hang déng dang thi trong biéu

mu-C khai trién cm sf; cé n! S6 hang. Néu gm hoain bi) (oc1,0c2,....oz,,) hoejc b<f>

(a[,a2,...a”) thi czic S: nhén duqc déu trimg nhau.

2. Vidgl: (D Sjl‘ =a1a'. @ 55"? =(1lu'(1§* +a§'al“3

01-(X.Cl;_ on 0: 01; 0:3 013 on (11 (13 rm: (1; 01 (13 (1; (13 0!;
® S<1,l,(1.?11,’ “a1I(a2:as‘ +03 a2 )+a2](”1 as +”_1 G1 )+a1I(a1 a2 +a2 a1 )

' S30") =2(a3 +0: +02)u].u2.a3 l _ 3

21.0 2 2 2‘ Salvuzvug =a1(a3 +a3)+a2 (a3 +a[)+c13(c11 +612)

1.1,]

. Su],u3.a3 _6alaZa3

1|. Luqc so YOUNG vb. so sAN1-1 2 BA THU’C +201 XL'PNG

, , V 4- , ,- .1 .1 Q-@»~~Q \ A -. , , ,Xet cac da thuc do1 xung v01 01,, 01;, ...,OL,, e N. B1eu d1en S”l‘m- ” la tong d1¢n t1ch cua cac
. ,,

hinh chf1'nh2_'1tkichthu'('7c(l><0ci),t[1‘clE1 S = (1><oc,) + (lxong) + + (l><o¢,,)

1. Vidy:

(D ' S31“) =2(af+a3~1-ai) <:>u1.u3.a; '1 .

(lx3)(lx0)(lx0)

2.1.0 2 2 2' Salvlhm =a| (a2 +a3)+a2(a3 +a])+a3(al +412) <:>

, 1.1.1
SuI_u7_a; -6ala2a3 <=>

' ' (lx2)(lxl)(lxO)
(lxllxllxl)
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4.0.0 4 4 -1

® . Su].u3.<1; —2(al +611 +u3) <:>

(lx4)(lxll(lx0)

' S31'l_;?H1_ =a|3(a2 +a3)+a;(a3 +a])+a_;j(z1|+c13)<:>

(lx3J(lx1)(lxO)

2.2.0 2 2 2 2 2 2

‘ Su,.0,0, =2(a1a2 +a2a3 +9355) 4:’

<lx2>(lx2)rlxO)

2.1.1

‘ Su].u3.u3 _2a|a'la3(al +aZ +613) <:>

(lxZ)(lx])(lxl)

2. S0 sdnh hinh h_0c lu'_0'c (75 Young vd brét ring tlzzic d6'i xzivzg:

2,0 Z 2 _ .‘S =a +a,<=> , SH :21: a,<:> [:|:]
01,122 I _ 111.11: l _

Z--v-—-—4

Nhin vo 1u1_:>‘c d6 Young suy ra: 54:1"; 2 551' <:> uf + (15 2 Zulu:

s.0_s 5 — _3.2_12 12' Sub”: -a] +a2 <:> , SUM: -alaz +a3a, <:>

\ \ 2. 5.0 3.1 5 5 3 Z 3 2Nhm vao luqc do Young suy ra: S Z S @ a + 0, Za a, +a,a
111.113 u|,u3 I _ l _ .. I

, 2.0.0 2 2 2

Su].:13.u3 _2(al +612 +a3)<:> ’

1.1.0Swulx -2(a| C12 +a2a3 +a3a| ) <=>  ‘
Nhin véo luoc CI6 Young :> S10") 2S""° <:> a2 +a§ +11? Za a, +a a +a a

~ u|.n3.u_; lI‘.(11.1I; l _ .‘ l _ Q 3 3 l

1 2 2. $10.0 25-1.0 ZSLLI S-1.0.0 2 S_s.].() 2 S__l.|
u|,:13.u3 a|.u3.u_~_ 01,113.11-4 a].u3.u3 u]_u:.u3 u].u2.u3
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0 Sgr hgzn ché ca lzrgrc :75 Young:
Gia su <1 =(0c,.0c;, ....0z,,)vi1B=(B,.[3;. ....B,,)1a 2 b(>s<‘>n1C1 déng béc tirc 121;

on, + 01; +... + (x,, = B, + B3 +... + B,,. Khi G6 néu trong hinh biéu dién béng lu"q‘c G6
Young $6 Qeic hinh chfr nhgil (l><0) cllu V51 SfI'_'Al;)’f_:"E3I)" 121 being nhau thi chu'a so
szinh dLl'Q‘C 2 da thirc déi xirng nziy vé'i nhau béng IUQC (‘I6 Young.
Vi dgl:

' S3“) -a,}(a.,+a‘)+a3(u +a )+u§(c1 +a,) <=>
_

'1411.113 .11; . _ A \ _ 3 I .1 I _

(l.\3)(l.\l)1lx())2.2.0 2 2 2 2 2 2' S]_d:_3 =2(a| a2 +a2a3 +a3a] ) <:>

(lxZ)(lx'l)(lxO)
Chng ta sé giéi quyét sgr bé téc nily bng dinh 1)? Muirlzead sau dy:

|||. so SANH cAc DA THU’C aé| XU’NG DONG BAC
1. Tru'<‘)'ng hqp n = 3

o¢=(0a].o¢3.o¢3A);oc,eI\‘
Xé12bcf>sc‘>mC1 vdi 0c,+0c»+0¢;=B,+[3@+B;

B=<B,_B2_B3>: B,eY~I ‘ '
Ta néi ring bc} <1 tréi ho"n b<f> B Va kf hiéu 1:1 (x:>B néu nhu' C6 mé my on bién thimh [3
béng czich Ihl_IC hién mél $6 lén vé'i 3 phép Lozin duqc m6 lei theo so d5 sau:

I ® (OW (XL (X3)

(0c,—1,0c2+l.o¢3) (oz,—l.'0c;.(x;+1) (o<[.o<3—l,0¢;+1)
~ Diéu ki_é‘n tlrmzg du'0’ng:

a:(O‘|*O‘2’a3)
,

.

Cho véi on, + 0&2 + 01} = L3, + B; + Khi dc’) néu 0L >- B tL'1'c IE1 C6 théI3=(B,,B;,l3;)

01,2013 20c3;B, 252 2133

szip xép 00, B thoé min czic diéu kién: 0L| 2B,;0c] +(x3 213] +B2

01] +013 +oc3 =[3| +132 +133

.' " ' ].N‘ h\ S<'1_S°‘1-5*:-O‘; >351-52~5s_SBQuy tac so san z. eu on >- BI 1 X _ _ _ X

2. Djnh 1y Muirhead v6'i s6 m t1_r nhién:
Xét czic bién 56 a|,a2,...a” e IPC vil 0L],(13....,(1”.B| .[31,....[3” e N

Gié su <1 =(o¢,,oc2, ....0c,,)v£1B=(B|.B;. ....B,,)1a 2 bé $6 m dang bz_?1ctL'rc1i1:



L

Z32
Bit Jrirzg thzfc Muirhead

<1, + on; + + @¢,,= [3, + $2 ++B,,.1<ma<> néu <1 >5m¢1z1 c6 mé Sap Xép czic bé <1.

Bthozi min czic diéu kién:

(011205 2...o@H;[’>\ 2132 2...B”

, _ . 2 _ <1-Q:----~‘1,= 5 -V>1~--45,, _ [5

0cl+...+cxk 25, +...+Bk Vk -141-1 tha Sf _ S“i‘_“:M__UH 2 Su!‘_l,:_____M - SX

L0cl+cx1+...+(xH =Bl+B:+...+B”

Biro lgi: Néu moi bé X ={a1.a3....a”} g6mns§IhL_1'c duong ta cé Si? 2 SE, thi on 2 B

3.-Dinh 13" Muirhead vé'i sf) min thgrc:
1‘--

Xét caic bién S6 al,a1,...a” G FJ Va 0&1,Ot3.....OLH.B1.B:.....[5“e mi

Gié str <1 =(0c,,ocZ,...,oc,1)v51B=([51,[32,...,{3,\)1i1 2 bcf> S6 ma aéng béc ttrc 1:1;

<1, + <12 + + oc,,=[31 +51 + + B“. Khi as néu on > gm-C IE1 cé mé Sép Xép cx, 5 ma

Fa, 2 01: 2 ...o1H;Bl 2 [32 2
man czic diéu klénz q]+___+qk 3[3l +___+f,k V/< :1_;1-1 thi

0c]+0¢1+...+ocH=B1+]3:+...+BH

SQ : S0‘!-°‘1-~-‘in > Sgt-B2~~~[5,1 : SB
,\ u|.u3_....u” ul.<|-_1.....u,, X

Brio lgri: Néu mQi bf) X ={a1.a2....a”} gém n 56 Lhuc du"o'ng ta c6 Sf 2 Si lhi 0L >5

Clzzhzg nzinh: Ta sé chirng minh bng qui nap

O‘1?—O‘23B\2B2 (1 (1

- voa I1 = 2; Néu ma S,,l‘_;1f 2 .

OL|2B13OL1+O‘2:B|+B: ' _ _

,_ (1.01; B13; c1 on; 0:3 (1 [5 [$3 »B; B

Taco. Sui“: —Su|‘_uZ -(aaz +al a2‘)—(z1l‘a3 +al a3‘)

= (a,a2)u: (af*"B‘ —a§"B' >(af1"B1 —a§"B1) 2 O :> (dpcl)

an Z0‘: 2a3;Bl EB: Z5;

Q Vc’>'i n = 3: Néu (1,251: 01, + 012 ZBI +53 [hi 5uu]‘_f,‘,?‘ 2

OL1 ZOL2 ZOL3 :B1+B: +B3

Gqi 13121 mét hozin vi (fl, 1'1, 1'3) CD21 bc} 56 (1. 2. 3). Su" dung két quzi vdi n = 2 ta c6:

u _<1 41.‘
,_ .11 *a~— .0:-,

S \ 3 a§1;~S0:|.u_ 2 af'1_,‘SB,.(x,+c1>|31 SB1 1 _ $1 ,

u,.u3.a_-, 1‘ an .u,: 15 11" .41“ ¢1,1.11,:.:1,;

II I1 —

B 01|+u:'B]-(X3 B 51153 __ B1-B15; ._ Bx~6:~|3=

= Zailx 2 a"\l 'Sl1m.c1,‘ _ Sz|,‘.11,,.z:,_‘ _ Su‘.a3_u;

1.‘ ‘ ‘ 1; ' "

- van 4 s ne N: Gm su b:‘udéngth1'rc dang wa n = k, tire 121 ta cé ménh aé¢
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'01, 2012 2._.2o1k ;B, 253 z...zBA
’ vi \ . '~.1... ‘ ‘I "v.1... 1Néu < 01, +012 +...+o1p 2[§, +B2 +...+BI,_ Vp:1,/<—l 1h1 2 Sl*i’_§;__f;‘

~01, +012 +...+o1k =5, +[32 +...+[3L

Ta S6 chllrng minh b€1Ld?1ngth£1‘c dng \/£11,1- 1< + 1. tirc 1:21 111 cé ménh aé;

'01, 2012 2.201‘. 2011,, ;[3, 253 21.25‘ 25”]
1 _—, \ <1 _<11.-1-.0111 11 1111.----111.Neu < (ll +a2 +"'+a/1 26] +52 +"'+B;1 [hl S111|.113.1...r1‘-]I 2 S11|].111.....11h|,

‘on! +012 +...+01‘, +01“, =13, +13: +...+[3A +[5M

G<_>i 11+, 121 mét hoén vi (1[,13.....1‘+,>¢ua b<f> $6 (1.2,....1< +1).
Bién d6i V51 sir dung gié thiét qui nap la c6:
Sc1]_a3.....o1‘..o1H1 Z auk+|S0:|.c13...._01k > Zlaam S~1$,.a‘+u3—B,.c1_;.....a1

u[.112.....11‘_11k+] 1,_¢| 11,»l,11,3.....11,‘ _ 1; 1 ' 111. 11,:..... <1,‘
IA--1-1 I1 1

SB,.01,+a;—B,_u;_....(1‘£1“, 2:616, Su,—0.3—[3,.a;.....o<1.o1‘_,
11,11 1113“... 11,‘. 11,14 1| ' 119.11‘-__._..11H. 11,A_|

/1-1

2 201.51, 51- 1111. = 5s1_B1_»._.11. 111., = 5 B.-By-~-51.1
1| 0,3. (1,;.....11,‘. <11“, 11,|. 11,;..... 11,‘. 111“, z1]‘11:.....uk |

/1_1

Theo nguyén 1y qui nap bit ding thirc Muirlzead du"c_>'c chtrng minh.

4. M{)t sf; vi dg minh hga quan hé gia Muirhead via AM — GM
Dflng Z11/_0‘c 175 Y01111g 1151 Mzzirhead dgr c'1'01i11 cric Z1111 171711;; I/1110 1121 c/1z11zg 11111111 being AM — GM

Vi dl_1 1. Cho 11. b, c > 0. S0 sénh 2 biéu thtrc sau v21 chtrng minh két qua so simhr

ll ll 151 ll ‘(ii il)
S] =2(u5 +195 +c5): S2 =11} (Z1303 +c3/23)+b"(c'3c13 +a3c3)+("" 113113 +b3c13

Ch 1112g minlz

Chfmg ta c6 thé lhéiy béit ding thtrc trén ddng being 1u"Qc d6 Young

.,-1

~1'..1

_,__

3 1 1 1

S‘/_,;_(_" =03 (N63 +631?)
5 Q s € 5, L .3 L)' Sgljgjf? =2(c1‘ +b‘ +c')<=> +1)“ c3113 +c13c3 <:>

R)‘,-I

I

1 L 1 l
-1-('3 (lzbz "1-bzilz) (}X3)(]X;)(]><%)

(l><5)(l><O)(l><O)

...1

K:-I

Ttr lu'<;c <16 Young ta C6 sj_~},’;f1’ 2 s(',_',f_;? . Ta SE‘ Chmg minh 1<é1 qua néy béng AM - GM
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' i ' 3 1

- < - - - - - - < - In; 1 - - ~ . 1

11“ +11‘ +415 +11) +11’ +11” +12) +12’ +12‘ +0“ 210. vc1'°1>".c“ =l()c1°b-1'3

_ . .’ . . . 1 1 _ - In/=1. '

11" +115 +11) + 11> +11“ +115 +1“ +19 +1‘) +17‘ 210. \/c1‘0_1'h.b5 = 101130193i 3 I

' ' i § ‘ =. ' ' < < I) ' ‘ 2 2
b’ +19’ +b* +19" +11" +11 +0“ +1’ +1" +11’ 210. (\/b*“’.c'"".11’ =1Ob“c—11—

-+-<

1 1

' < < < < < < < < < I11 1 =1 < 2 '
12” +12‘ +12‘ +1)‘ +11‘ +12‘ +11 +11‘ +11‘ +1" 210. v1>*“.c1" .1“ =1O123<1-(3

---<----<-|1»“*¢“T :11
C‘ +0) +63 +0‘ +1‘) +1” +111 +11“ +11‘ +17‘ 210. v(“O.z1"‘.b‘\ =lOc3(13b3

1 l

' ' ‘ ' ' < 4 I0) ‘ < 1 L 2
‘CT. +6“ +05 +c5 +0” +c° +1)” +125 +b* +11‘ 210. \\c“m.bh.a' =lOc'b3c1-

:>2O(a5 +195 +15) 2 lO[a3 (bgcé +(.‘%17>]2_)+1)3v<(,‘%(l]i +11;c§)+c3 ((1%b% +b%(1l5_ 1.111 1111 1121
4:» 2(a5 +b’ +c”)2a3 Kblcl +c3b31+b3(c3113 +1131": 1+0} (03193 +b3a3)

Vi d1_1 2. Cho 11, b, c > 0. So szinh 2 biéu thtrc sau:

11 11 111 5151 1151 51 11
Si =2(a4b3c3 +b4c3c13 +c'4113b3J;S3 =a3[1231'3 +1317: 1+1)‘ [(3113 +1130: )+c3 (113b3 +b1a3)

/ .

Chlhzg minh
- I I 3 I

Chng ta cé thé théy khéng thé so szinh S“_,§_f vél S“_,§_(3 dutyc bmg lu'Qc do Young

'1

4.1.] 3.1.‘
'§ 73 3

51111.1‘ €> 511.111 <:>

‘ 11x3mX§»<1><§)

(1><4)(1><%)(1><%)

~$.—‘— ..*.* \

SL'1'd\_1ng Muirhead la du dozin S”_,,3_f 2 S“_,§_f v51 chirng minh béng AM — GM

1 L L l l l l 1 l Z 7_ Z

2 61419303 +174c3a3 +c4a3b3 =2.a3b3c3 (13 +123 +c3
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"7 7 7 I Y Y I 5

a3 +613 +a3 +a3 +a3 +173 +173 27.11317

7 Z Z Z 7 3 7 5

a3 +41-' +a3 +u3 +c13 +03 +03 271131"

7 _7 7 7 7 7

173 +173 +173 +b3 +173 +('3 +(‘3 27.19-‘('
+<

7 7 7 7 7 7 7 7 <

b3 +123 +123 +b3 +173 +113 +113 27./7311

3 7 7 7 7 7 7 7 S

('3 +03 +03 +c3 +03 +113 +113 27.0311

7 7 7 7 7 7 7

‘C5 +c3 +c3 +c"3 +03 +193 +173 27.0317

Z Z Z 1 Z 5_ §_ 5 5:>l4 (13 +173 +03 27(a3b+a3c+123c+123¢1+0311+0312)

Z Z 7 ,5, § 5 5 5 - 5.

:> 2 a3+b3 +63 2 a3b+a3c+b3c+b3a+c3a+c.'3bJ

- L l L 1 Z Z 1 l _/3 § ,5 § § 5 §:2 2.a3b3c3 a3+b3 +c3J2a3b3c'-Lz131J+a3("+193('+b3a+c'3a+c'3b)

J._

31§1\ 3131 R131,
=03 (17303 +‘c3193 J+12‘3 [03:13 +z13c3 )+c3 (113173 +b3a3)

a3 b3c3+c3173 +b‘3 c3a3+a3(r

Vi d1_1 3. Cho 17, b, 7- > 0. Sir dung bét dang mac AM - GM, chL'1'ng minh rang;

(1121) [111_d {"111}
/

§ § Z 5 Q 3, 5 .3 5 ,_\ $ .5 Z 5 ,3

2113 19303 +c'31)3J+b3 c3a3+c13("> )+("3£(I'31J3+1J'3(['3J

_,___

,4.)

v

+0“ (13123 +173a3 _

Ch zhzg minh
-\' Jsf. _

4 ii , .... / Z 2Bat dang thuc da cho co dang SUM 2 Su‘,,_,

, 3 1

_1.—.—3
_ Z' Bmfc I: Chfrng minh Swim 2 S

3 I 3 1 4 2 4

U6
Q»

u
FD»

J

1_I

_4J-L-

M

v

-\

J1

J

.12<7

.111

JJ

(3)

Thzflt vziy theo bit ding thtrc AM — GM ta c6

7 (1)

x3_\‘3 + _v3x3 2x3 )3 +_\'3.\'3 V.\‘.)'>O

§

l 1 l 1 Q l 5 l 3 I 1 l :1 :
.\'3y3 +x3_v3 +x3_\'3 +x3_\'3 +x3_\'3 +_\'3.\'3 26x3_\‘3

"'1-

Q i 1 1 5 _1 l ,1 E L l l 3 Z

y3x3 +_\'3x3 +_v3.x'3 +_v3x3 +_\'3.\‘3 +.\'3V\‘3 26)'3.\'3



Z86 Bfit dng Ihz}'c Muzrhead

11~~»
_-12 8513.. ..

~ ~~
1 ~. ,_ - 3 _~ 3

' Bzrac 2: Ta se chung mlnh Sum. 2 S“‘,,_(.‘ (3)

CU
Q)

Ow

fl»

X 5 1 4 #5 §_ § 5

.\" _\'3 + _\"x~‘ 2x3 _\"3 +_v~‘.\"-‘ V.\"._\‘>O

" ' lheo bét ding thtrc AM — GM ta céThat vgy

4

].\'°v-‘ +.\“ \"-‘ +.\“ \"-‘ +.\“ V3 + \“.\‘-‘ 2_ '*

+

_ -1 -1 5- i *5
~ :_~ :_~ 2- .1 ~ §\;_\;

5 -E 5 i -1 $5
_ ~ 1~ 1' 2?

\'3.\'3 + \"3.\'~‘ + \‘3.\'~‘ + \"x>‘ +.\“ Y3 25.\"~‘.\"‘

§ .=1\ ’g:4:\ 313112‘ * *
*' *

I 4 I

:> 6(.\'- \‘~' +\‘-.\‘~ lZ6{.\'3 \"3 + \'3.\'7’ I :> ,\‘3>\"3 + \'3.\‘3 Zx‘ v3 + \'~‘.\'3
1 \ '

x 1 x 4 § § :3 5 4 4 § 5 § 5,

3 5 .\’ Y3 +\".x3 25 .\'3 Y’ +\‘~‘.\"‘ <=> .\'“\">‘ + \"".x"~‘ 2.\'~‘\‘3 +)'-‘.\'3

21 ssz
2'2 > M11

TU dc’) (2) vZ1(3)dL'1ng v51 suy ra'(l) du"<_>'c chtrng minh Lire 151 SUM. _ Sl;_,;_‘.

5.12. Cho (1.12. cud > O.ChL'1'ng minh ring:

9°
.Ul\I~O ,,.

'Ql~!'Il

,,,._.

= a b~c3d3 +1934!-c~ +c-b-d~ +0-d-./)~ +(1~b-c> +d-c-I93 2
2 5 1 2 1 L 2 2 1 9 1 L 9 5 L ‘1 > I

2 8 '1 '7 1 1 1 1 '1 'v § v 7 1 Ta ; 7

u_Iz4(.rl

>T 366- a b>‘c“d(‘+b3d°c°+c3l2“(l“+¢‘z1 1) +d b c +d c b
71_51L‘§ '9 J} 5 E ll 5 K? L3 5 E’ J} 5. it Q 5, 19 L3 5

' ' Z 7 * ., <- <1 1 <> .<> 3 6 0

1: zl_ u.I. '. _
u.1>.<'.zI

Hu'0"ng dn

B Q H I 711 5 I

0 Bzr0"c 1: Chfxng minh: T“_,,3_(__3(,3 2 T“_,,_-“hj 3

-» \ 2 2 U Q
' 77 7v

B6 J6: .\'8_\'3 + _\'b.\'3 2.\' _\"- + y .\'~, Vx,y > O

¢ Bmfc 2:

Bédé: .\'3)"3+)'—.\' 2.x'3_v3+y3.x-‘, Vx,y>O

Q BWé'C 3:

7 u 2 1 7 m $ 1.,

'. ' . '21‘? _3‘3'3
Chung m1nh' Tu.l2.c.zI 3 2 Tu.lr.c_¢/

U5 Hi l§§ Ev2

\l

:l\)J:OC

,,_

v
‘*1

\|

Q;
5-:

Q1"

ChLrng rnlnh: Tu.!>. _ u.[r:('.r[

, _ § 1 221 Q 2 Q-5
B6 dé‘: x3 _v3 + _\'3.\"‘ 2x" _v° + _v" x“ . Vx.y > O

951 115i L(1§l ~1_(*E§
I 8.*.—.:; 7.—'.—. 7. . ._ /.~. 4

Kétlu:-in: T 22" >T 2 23 >Tub3 3) >721/14/6 6z1‘l>.<".r1 - 11.12.1311 _ ..1". — .r_'.
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1v. MOT so DANG Ki 1-11Eu DA THUC 001 XU’NG mouca cutme MINH BAT 1»:/ixwe THU’C

Gié 51'; a u ....a,, e R’ v51 oc,.oc ,....0L,, e R vdi 01 >0L2 >...>OL .Khi dc’) La c6:1~: 2 — 1—_——,1
_ (11 Q‘ U,
-— Ll! CI2’...C1”

.\\!11

A

5B
WW4

, .. ,1 on 11 .0c2_2...oz,, cz 0<\{¢1} a, O<\{

1' Kl hl‘-Bu goc: SX _ S(z1]I.z!:.....rI,_, _ a] l'S.\'\{(1|l} + + all 'S.Y\

2.Kihiéu m6’i: 5; :S(0c,.o12,...,0c,,) ; d(O<,.0¢;....,0¢,,)=#S(0c,,o12....,0<,,)

95¢ biét néu 0c,.0c2....0c,, 1a C510 $6 +11 nhién 111- 0 dén 9:111 kfhiéu mé'i duqc déi 121;

1

So1,c<2..2<z,, _ S (OLI *a2 1'-'=O(11) 1 do.,0:2...u,, _ F Su,oc2...a,,

Ngoi ra néu 01,2012 2.201,, > 01,2, =0c,,2 :...=o1,, :0 [hi SO,)C,2___,2” = Sc,|C,22_,,,,,

Tru'O‘ng hqp dgéc biét cho 3 bién 56 u. 12. 0: S2 I Zzzj‘ = Z((13 +b3 +07‘)
\\'IH

S2, = Za2b=a3(b+c)+b3(c'+¢1)+(':((1+b); S,,, = Zabczéabc

3. Th1_rc hién phép bién aéi da ma-¢ @161 xling bang k1’ hiéu
3.1. Plzép céng céc da thlfc déi xzhzg giélzg nhau

Ta xétm©tv1'd11minh hc_>a cho phép céng: ((1 +/2) + (12 + 1-) + (0 + a) = 2(a + b + c)

{)5 )7 ring vé tréi 121 téng cila 3 da th1'1'c déi x1'1*ng S, xét trén 3 cap bién (a;b),(l2;c').(c; (1) cbn

vé phai 1a 1 da thirc aéa Xfmg 5, xét trén 3 bién (1. 1;. 1-. Tir d6 suy ra:

Qui trio: Khi céng céc da thirc déi xirng giéng nhau xét trén tf'1t ca czic hoén vi cila m<f>t vii bién

56 thi nhim duqc mét da1hf1'c C161 xfrng déng bzic xét trén tit cé czic bién 56.

3.2. Phép nhén 2 da thzic 115i xlhzg
S(oc,.o12,....01,,)><S(B,.B2,...,B,,)=( Z S(o1,+[3,;(x++B,2;...;01,,+B,)

, ,_ ,,, 2
_ 1

',_+_...'_)Z G(l.1..2_!1) , H I

4.Hé qud: Phép nhn céc cm thirc déi xfrng Vé’i 3 bién $6

1 1 1(a+b+c)(ab+bc+ca)=5S, 35,, =52, +;5,,,

(a +‘b+c)(a2 +122 +1.-3):-g5, -—

(a+b—c)(b+c—a)(c+a—b)=—

(a+b+c)(a+b—c)(b+c'—a)(c+a—b)=S22 —%S2

fJ'—'

in
.1

to-—-

95/)

+
in

1 l ' 1 1(a+b+c) =(55,) =Z(252 +45,,)=552 +5,,

3

1

I .

_§‘S111

(a+b+c-)3 =(%5,) =%(452 +2452, +s5,,,)=%5, +352, +5

=%S_2 +S2,: (a+l2)(b+c)(c'+a)=S2 —

HI

2 v(a‘b+b3c+c‘a+ab3 +b¢~- -1-C(12) =52-, =5,,2 +52,, +522 +2522, +5222



Z88 B1?! Jzirzg tlzzic Muirhead

§s.2. Ki’ THUAT sU' DUNG DLNH LY MUIRHEAD
1 --

I. Si'1'dL_mg bién d6i tu0'ng du'0'ng viz djnh If Muirhead

1. Phuo'ng phép chung

Dé trng dgng da thirc déi xfrng vi: dinh 19 Muirlzead Lrong chfrng minh bit ding thrc, ta

cn thuc hién thco 2 bu‘é'c c0'bz'1n sau: '

Bzréc 1: Phn tfch:

+ Bién déi bit ding thtrc can chfrng minh vé dang léng ctic da thtrc déi xirng O‘ ca Z vé

Cil bit ding thrc. ‘

+ Biéu dién céc da thirc déi xirng theo kf hiéu qui u'é'c lrong 1)? thuyét.

B1r0"c 2: Bdnh gizi:

+ Caich dzinh gizi: su dung czic bait dang thtrc aé mm mil diin ¢a¢ da thtrc aéi xirng cé gié

tri 1<'m 6 vé cc’) gizi tri nhé hcm (Chéng hz_1n: ta sé lilm mt din czic da thfrc déi xirng cé

gié tri lc'>'n (7 vé phéli néu célc phép bién d6i tuong du‘o'ng dual bit ding thfrc (‘Ii cho dlrcjc

biéu dién duéi dang VT z VP). Thay V510 dé la czic cm mu-c déi Xang nhé nhét cé mé

(thumg 151 czic da thirc c'>‘ VT dé gién lu'c_>'c cé hai vé)

+ Phép dénh gié du'(_>'c thuc hién nhé‘ czic nguyén tic sau:

Sir dung czic dzinh gié(b_2‘1td€§ng thfrc) sin cé.

Tim tbi, du dozin céc bél dang mu-¢ nhé can phéi Chirng minh.

SL1" dung czic czich bién déi d€tao1'a czic dzinh gizi m('>"i.

2. Céc biai tzflp mu minh hga

Hy bién déi vé dang cc $6 via chtrng minh czic bit ding thtrc sau déy:

_, , '. ; .\'+\" \f+: 7 -

Ba11.Chox,)'.:>O.Chu'ngmmhrang: ~i',’+ ' , + “+'\, Sl+l+l (1)
.n‘+:,‘ \":+.\'" Z_v+v" X .\’ Z

Ch 1211g min h

(1)H)(x+y)(y;+x3)(zt+)"3)+(' 3(3' " .\3"+:,2)+(;+.\;)(.\}'+;2)(}:+x2)<.{\"+):+;¥

W (

‘¢

+
_:\_/

/
+

‘J
J

J\_/

,—\

1 _ .-
.\)'+:')(_\2+x')(.~.\'+_\- ) -\3~

@(S41+S32+S311+S221)'%S111S%S1|(%S:::+%S4z1+%S33)

1 l
<:>S521+S431+S422 +5332 55332 +Ss21+§S4::+5S44 +5431

<=>%sm sésm <=> Sm s 5“ (dng theo Muirhead)

ab+bc+ca=l V a3—bc+1 b2—ca+] c2—ab+l 9+/9+5

a,b,c2O
B:?1i2.Ch0 .ChL'mQminh: “ + b + -C 2 1 (1)

3 .

Chzhlg minh
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(1)¢~Z “ 2 1

a(a+b+c)+2(ab+bc+ca) (I+b+('
1 A 2 2 1 1 , 2 2 _ 1 3 1 2 2 _QR-s1(sH,.s] +851~sH)z§(g5m.sf+3.sH.s1 +s.s1‘1)¢>§s,H.5]+§s1 -51125,‘,

<:>S_m +6531] +2S,_,2 +2194: +Sm +251“ +4533 +2533 +4533 +8533 +4823 24533 +24Sm +8522

<=>2s42 +3541, 22333 +2521 +5222 A

Theo 111111119 Muirhead ta c6: 2S42 2 2S33;2S4H 22S321;S4H2Sm :> (dpcm)

I a,b,c2O
B.'E1i3.Cho 1.c111'111g11111111¢ 1 + 7 1 + , 1- s3(1)

ab+bc+ca=§ a‘—bc+1 b'—ca+1 c'—ab+1 ~

Chzhzg nzinlz

(1)1:Za(a+b+c)+;(ab+bc+ca)$615+/JC+C6l

<=> %-s,, (éswsf +%sH1sf +3sf,)s4L8s,H.s§ +§s,s +§s.s§, +s,-‘,

=> %s1s%sms§+%sf.sfl

<=>2s1,+12s +43 <1s4,,+3s,+s +s +s1+s +ss,,+5s_. 321 222-'5 32 222 42 3_ 411 _-1 5 222

<=>s +s +ls <55 +3 a1111<>11<1s <s -s <5 ~1s,,,<1s
33 321 2 222-2 411 42* c 33- 112* 321- 41125 ---—'i 411

» , ., . \ ., . 1 . 1 \ , , _

Déngthuc xayrakh1vach1kh1a=b=c=§ hoac a=b=-X/~:,c=0va cac hoan v1.
3

Béi4.Cho a,11.@>0.c11u111,<;111111111%111g; 1 + 1 + 1 s 31"+1’+C1 (1)
a+b b+c c+a 2(ab+bc+ca)

Chzhzg minh

%S2+%S“ gs‘ 1 3 3 11(1)<=>i-s-—<=>s,l(-$2+-sH)s-s,(s2l+-Sm)
S +15 s,, 2 2 2 3

21 3 111

<=>2S +5 +35 +6S <35 +3S +3S, +35, <=>S, <S (dimv)
31 Z11 22 211- 31 Z1 _l1 -1] ..l1_ 31 5

B5115. c110 a,b,c>O. c11u111g 11111111 1é111g;

7a+b+7cS1+1+1
a“+bc b'+ca c'+ab “+5 5+6 5+0

Chzivzg minh
1 1 1 3
§S211+S32'1'5S311 <5S2+5S11

H 1 1 1 ' 1 1

§S222“1'§S33'1'§S411 S21+§S111

1



Z90 Bf}! airing thzi'c A/Iuirhead

ll 1 ‘ ~ 1 1 ~ ._“~ l 1 1 V

<:>(5511:+533+5S3n)(_‘S:l+§S|i1)§<E‘S:+§5|:)(§S3::+§S:3+E*S4|1)

<:> $431+ S-113 +ST\I +'S3}I + S53 + S51] +5-L‘! +5-112 + S331 +2543! +551] +S43l +5331 + S411

$5,. +5“ +lsn. +§sM, +5“ +35... +554, +35“ +35. I +554
__ _ . 2 .. _ J .~.~_ ') + ~ >2 3 22

.1. ./_ A

/\
w—

in
2

<=> 543, +§sm +%sm _- +§s4_. + 55:‘ (dimg thco Muirhead)

- ' C C b+z" c'+a a+b_2 ab+bc+caB51i6.Ch0 c1.b,c>O.Ch£1'n@minhr§1n@: “ + 1’ + " <i+“:+b:+‘Z ‘

Ch zhzg minh ‘

%S3+Sn+%S11| §S11+S2 -

(1) 1: “ s “ <:>2S4, +53“ +2S32+2S_m +2522, +3531
51+ S H

" 3 Ill

SSH +531] +5221 + S22] +25“ +253: +2S3:| + ZSBH <:> Sm SS3: (dflng theo Muirhead)

B£1i7.Cho +1.1». +- >0. chumg minh rang; ‘

‘T /

(ab+b¢-+ca)[“+b+b+"+"+”—2( ” + 1’ + ‘A }[2(u+/)+c)(Lb+@+) (1) '
0 a 12 ./1+0 0+0 a+bJ (' a b

Cluhzg minh

\)_-

L/D

J
J

1 1

1 S,‘ '2S3+S11+'2S111 I '

(1><=>5s,1 1- -2- 2-s, ~

S111 S ' d

U;._.

bf/)

\.)

U\l’—‘

_L/J

6 21+

65,} S1+ZSH+S]|l 35'“
<1)» SH - — " 2 SI " <2 Sm 25331 (dung)

S|1| S,|+%S|H S111

Biai 9. cm a,b.c>0. Chfrng minh réng; %“‘+”i+Lflz3 <1)
bc+l c“u+l ab+l

Chlivzg minh

,_.

(1)<:>— 31 %_~S2+%S2H+5‘,+32%Sm+%Sm+%SH+3

1

VJ

‘J

+
U)

+

\’"‘ru

(/1

‘;
+

‘(/3

+
\)s-4

(/1

V
ru-—

(/3

<:>_ - :2:+S:1|+->S||'

Theo dinh 1y Muirlzead ta c6: 554,, z%sm;s,, 252,, $52 z%sl, :> (dpcm)

Biai 10. Cho a,b,c>O. Chtrng minh rang; "—”+’l°-‘+%z\/3(@2 +192 +8) (1) I

C\ (1

Chzhzg minh

(1) <3 ((12192 +b2c2 +c2a3): 2361219302 (03 +123 +03)

¢> £544 +5422 zgsm @5544 z%sm (dng theo Muirhead)
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B:‘1i11.Cho a.b.c>0.ChL1"ng minh rang; Q

a b c 9

(a+b)(a+cT+ (b+c)(b+a) + (('+a)(c+b) s4(a+b+<‘) (1) I

Ch zhzg minh

s
<1)<=> i‘1l-_s%<:>ss2i+4sH,s9s11+3sm <:sH,ss:[ (dling)

S31+§S111 —l

B211 12. c110 a,b,c > O.Ch1'1'ng minh rang;

3 .1 3 x 3 ,1 2 2 _:aX+a}+b}+bx+c1+cq2a +b +c +al77+b€+¢c1 (1)
12* c‘ c" a' a‘ 19' bf Cf! ab c“ a‘ 19‘

Chzirng minlz

(1) <=> ZS(3;—3)ZS(2;—1;—l)+S(l;l1—2)

Theo Muirhead: S(3;—3)2S(2;—l;—l). S(3;—3)2S(1;1;—2) :> (dpcm)

I B51i13:Ch0 a,b,cZO, ab+bc+ca=l.Ch1'1"ng minh ring: a+b+c+3abc2Z (1) i

Chzhzg minh

(1)<=>[(41+b+c)(ab+bc+ca)+3abc]: 24(ab+bc+ca)3
1

:>(SZ] +5111): <:>S-12 +5411 +533 +2S3II +311 +12S3Zl +6SZZZ 22533 +1253]! +4521

<:> S42 +S4H +2S32] +3532: 2533 (dng theo Aluirlzead vi 5411+ 2S33] +3Sm 20)

Ding thtrc xéy ra khi vi chi khi a =12 =1,c=O\/51 céc hoén vi.

B511 14. cm a,b,c2 0. Chfrng minh rang: ‘

(a +b)2 (b+c)2 (c+a)2 2abc(a+2b+c)(b+2c+a)(c+2a +b) (1)

Ch 1211g minh
Z

(1) <=> (S21 +%Sm) 2abc[a+(a+b+c)][b+(a+b+c)][c+(a+b+c)]

‘:54: +S411+Ss3 +2S321+S222 +4S.121+%S2:2 Zészzz +Ss:1+%S2:: +S411+6S321+2S222

<:> S42 + S13 .2 S321 + Sm (dL'1ngtheoMuirhead)
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ll. sir DL_JNG mm-1 LY MUIRHEAD v0*| AM - GM, HOLDER, ASYM

1. Bét aéng th1ic'AM - GM:

A. a +a +...+a %¥‘
Dang tong quart (-32Q/c1la,...a” .Vc1l.a,,...z1” > O

n ~ "

_»~ _ \‘ .\': Y,‘

Dang suy I_OI7g. a|.x| +a2x2 +...+a“x” Za] (12 ...cz“ ,

2. Bt dzing thmic Holder:
I71

{aijj2(t/vwagj , VaU>O;i=m;j=
i=1 j=l j=l i:l -

Sir dung da thirc déi xirng, d§nh1§/Muirhead vii 2 bit ding thirc trén ta cé :

3. He} quxliz Bét aéng thc ASYM

Cho m bi) $6 (0LH,(1l2,...,OLm),(O£2l,<X22,...0L3” ),...(OLm],OLm2,...,am”) v<'7i m,ne Z+

_0ah.+oc3,.+...+(>Lm __-—
va .\1..\,....x” _ O, dat ti -————-—i V1-l,n.Kh1d0ta co.

' IT!

> - >
S°‘11°‘12~-°‘1~ + + S°‘m1(1m:---(Hm " m M S<1|1°‘|2---°‘1~ S°‘:1°‘::-~°‘2~ ""S@‘m1‘1m1--Ilmn _mS1|':---M

1 -,
» , I V,

Bét déng thirc bén trzii chinh lé hé qtla ca bét déng thtrc AM - GM, cbn bét ding thfrc

bén p‘hé'1i ducyc suy ra tit bit ding thtrc Holder. Biéu mil chng ta cn quan tém 6 dy lé

bit ding thtrc mi ta sé gcpi 121 bit ding thtrc ASYM:

>
S‘111°‘12~-<11" +S'121°‘2z-~-<12” +"'+S°‘m1°‘m:-»-Olmn _mS’1‘:~--/n

4. Ung d1_1ng ma ASYM via Muirhead

Biai 1. Cho a, b, c 2 0. Chirng minh ring:

(a2 +b2)(b2 +c2)(c2 +a2)(ab+bc+ca)2 28a2b2c2 (a2 +b2 +02): (1)

Chzivzg minh

(1) ¢> ($42 +%sm)(%s22 +s2H)z%sm E54 +s13)

<=> %(2s64 + 25623 + 25442 ) + 2563, + 2554‘ + 23532 + $443 + 25433 z 4sw + ssm

<:> S64 +2S63l+2S541+ 25533 +254” 235622 +6543 (2)

Theo dinh 1)? Muirhead ta 06: S64 2 Sm;2S63l 2 25622 (3)

Theo ASYM ta c6: 2S541+ 2S352 + 2S-433 Z6Sm (4)

Ti! (3) v51 (4) suy ra (2) dling :>(1)d1ing
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Bfii 2. Cho a,b,c2 O: a +b + c=1.ChL'1'ng minh ring:

((12 +b2~)(b3 +c2)(c3 +a:)28(cz3b2 +b2cf +c2a2)2 (1) T

Ch {mg minh

(1) => (a2 +b2)(b2 +c2)(c2 +a2)(a+b+c)2 28(a3b3 +b3('2 +c"2a3):

42> (S42 +%S222)(%S2 +Sn)Z8(%S44 +5411)

c> S62 + S44 + S422 + 2553 + 25521 + 25-$31 + S422 + 28332 Z 4S44 + 85422

<=> S62 +2S53 + 2S521+2S43l+ 25332 23544 + 65433 (2)

Theo dinh 1)? Muirhead ta 06: S62 2 5452553 2 ZS“ (3)

Theo ASYM ta 06: 2.952! + ZSM3 + 2S_m 263422 (4)

Tir (3) vé (4) suy ra(2)dL'1ng :> (1) dng.

I . \ V, . 1 y 1 \ , , .Ding thtrc xéy ra khl va Chl khl a =b=c=€ hoac a =b=5,c=Ova cac hoan vg.

nu. sfr DL_JNG mm-1 LY MUIRHEAD vd| BAT DANG THU’C SCHUR
-> ~ r v

1. Biéu dién bt ding th1i'c Schur du'6'i dgmg Muirhead

1.1. Dgmg chinh tzic: V61 céc s6 thuc duong a, b. c v k b2"'1l ki ta luén c6:

ak (a—b)(a—c)+bk (b—a)(b—c)+c" (c—a)(c—-b)2O

<=> S(k+2;O;O)+S(k;1;l)22S(k+1;1;O)

1.2. Dgmg suy réng: Vdi a,b,c,m,p,q2O ta 1u6n C6:

1.2.1. Z|:a'" (ap —b”)(a” —c")+a'” (a" ——b")(a” —-c")]2O

<:S(m+p+q)+S(m;n;p)2S(m+p;q)+S(m+q;p)

1.2.2. gm» +a"b’”)(c” —a”)(c” -who
<:> S(m + p;n + p)+ S(m;n;2p)2S(m+ p;I1;p)+ S(m;n +'p; p)

1.2.3. Z(a"'b" +a”b'")Ua"b” —a”c”)(a"b" —b"c")+(a”b" —a"c")(a”b” —b”c")]2O

Qt S(m+p+q;n+p+q)+S(m+p;n+q;p+q) 2 S(m+p+q;n+q;p)+S(m+p;n+p+q;q)

1.2.4. Bic biét khi m =11:

S(m+p+q;m+p+q)+S(m+p;m+q;p+q)2S(m+p+q;m+q:p)+S(m+p+q;m+p;q)
Vidgl: m=n=p=q=1: S33 +Sm 22533,
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2. Uhg d1_1ng ciia bt ding thxic Schur vé Muirhead

Bili 1: Cho x, y, 1 >,O théa min .0": =1. Chtrng minh ring:

x3 + _\-3 + :3 +.\'+ _\"+ : 22(.\-y + y: + :1) (1)

Cluhzg minh

Bait a=i/};b=&/;_-;¢=¥Z:>@1;¢=1. Khi dé

(1) <=> as +b° +c° +(a3 +193 +c3)abc22(a3b3 +b7‘c"3 +(‘3a3)

Theo Schur via Muirhead ta c6: S6 +541, 2255‘: 255, 2 2533 :> (dpcm)

Bili 2: Cho a,b,c >0. Chirng minh ring:

a +qb +7c S a+b+c (1)

a"+2bc b"+2ca c*+2ab 41/9+bC+Cf1

Chzhzg minh

(1)<:> (%S2|1+2S32 +2S31|)'%SnS%S1(%S222 +S.1."=+2S411)

<:>%S331+S322 +2543 +2S421+2S331+4S42|+2S122 sgsm +2543 +S331+2Ss1|+4S421

<=> 255,‘ +%sm 225421 +-gs”, <=>2s4 +%s2,, 2253, +§sn (2)

Theo Schur v Muirhead ta c6:

3 3 1 1 .

554 +5S21| 23531? ES». 25512511252: :> (dpcm)

Ding thirc xéy ra khi v21 chi khi a =b = c hoéc a =b,c = O vii céc hoén vi.

B:21i3: cm a,b,c>O:abc=1.Ch1'1'ng minh: 0* +17‘ +<-~* +3z2(Q+%+£;l) <1)
C 1

Chzhzg minh

Din X=%/2;;-=i/Z;1=%E:>m=1.1<hi as

(1) <:> X12 + ylz + 3'2 +3x4_v4z4 22(x°y° +_v°:° + 16x“)

<=> S(l2)+ S(4;4;4)22S (6;6) . Theo Schur v Muirhead ta c6:

s(12)+s(4;4;4)z2s(8;4); S(8;4)2S(6;6) :> (dpcm)

Béi 4: Cho .>c,y,z2O. Chirng minh:8(x+y+ 3): (xzyz +y2z2 +Z2X2)+64X2)’2Z2 2

26xyz(x+)'+ z)[(x+ y): +(y+z)2 +(z+x)2]+(x+_v)2 (_\'+z)2 (z+.\')2 (1)

Chzfng minh
I

u
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1 ‘ 1 32 .1 °(l)<:>81-iS.+S )-35, +—S >%S. (S.+S,,)+1S +§S,,,)
.; 11 -3 2 111*“ -11 _ Z1 '

<=> 85,3 +4532, + 85,, 416532, '1-:%2S2:2 2

26S4||+12S321+12S321+6522: +542 +5411 +533 +2S321+S::: +4S,121+%S:22

Q 75,: +75,“ +7522, 2754,, + 145,1, <=> 5,, +5, + 5,2, 2 5,,, + 25,3,

Theo Schur vii Schur 5 la cé: S42 2 S,,, ; S3, + S333 2 25,3, :> (dpcm)

B5115: Cho x, _\1,z 20; x+ _\k+ 1 =1. Ch1'1'ng minh ring: .\j" + _\’: + :,\'— 2.\'_\'; S% (1)

Ch zhzg minh

(1) <:> 27[(.x'+ )'+ ;)(,\3'+ _\': + z,r)—2.\‘_\‘;]S7(.\‘+ _\' +

<=>27(52, +%5,,,)s7(%5_, +352, +5,,,)<=>(>5,, s%5_, +%5,,,

Theo Schur: 35, + 3S,,, 2 6S2, ; v51 Muirhead:

w~

‘C/3

V
[\)>—~

3

(/1

,,, . Tit dé suy1'a(dpcm)

"1

B5116. Cho a,b,c>O.Chi1'ng minh ring: %+b—j+é+32£+[J+£+Q+£+-Q (1)
5- ¢-- 51- bcaab c

Ch 1112g minh

D51 =.1~~‘;9=_1~—‘;£=;‘ =>.1;1;=1. Khi dé
b c a

(1) <=> X6 + 1'6 + Z6 +3.\‘2v::3 21.13 +1": + :5‘ ).\'\'; +.\"1\'3 + 1'31} + 33.13

<:> S6 +Sm 2 S4,, +S3_,. Theo Schur v51 Muirlzead ta cé:

S,,+Sm 22543; S432S4,,;S,22S33 2 (dpcm)

w

B5117. Cho a,b,c>O.Ch(1'ng m1n11¢27+(2+i’;)(2+1’-')(2+“' z6(a+1;+@)(l+l+l)<1)
’br cu ab a b 1

1

Ch ting minh

(1) H 27+ (a3 +2bc)(b2 +2ca)1c3 +2017) > 6(a+b+c)(ab+bc+ca)
*' azbzcz “ abc

<:> 27a2b2c2 +9a2b2c3'+21a3b3 +b3c3 +0303)+4(a4bc+ab4c+abc4)

2 611191-(52, +%5,,, ) <=> 65232 + 5,, + 25,,, z 65,3, + 352,, <=> 254,, + 5,, + 35,2, z 65,,

Theo Schur ta c6: S33 +Sm 22832,; S, + S,,, 2253, <:> 2.94,, + 2Sm 24533,

Béi s. Cho .\',y,z20. Chrng minh: 31.1-11+y1;+;3.1)(.1;~1 +1-1’ +;\~1)zx>~;(x+_1~+;)‘<1>

Ch zivzg minh '

<1)‘: %S411‘1‘%S33 +%S222 Z%S411+35221+S::2 <=>S411+%S23+%S222 235321

Theo Schur5 v£1Schur ta cc’): %S3_, +%Sm 2833,; S33 2S_,3,;S_,,, 2333,
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B61 wing mm 11411111111111:

1v. K1? THUAT THEM BIEN vA c/ac (me DUNG

1. Ky 11111=;11111em bién

1.1. 111311 vén 11%; Chflng ta Sé mi)‘ 11511 11y 111111511 nily vdi 2 11211 101111 $1111

Bdi tozin I: Cho a,b>0.Cht1'ng minh ring: —a¢+L,Zl+l (1)
b‘ a‘ <1 5

Chzhlg minh

11) <=> 11-‘ +19 211111 +1112 <=> 53 2521 (dang 1111>@ Muirlzead)

3111101211 2.- c110 a,b,c>O.Ch£1'ng 11111111; i+,_"+l’i,£+L"-i,lz2(l+i+l) <1)
c‘ a‘ b" Q 5 C

Chzing minh

(1) ¢> s(1;-2)zs(-1;0) <=> 532 zsm (dang) 111112111 1:11 2 vé van 1121121-1)

Nhgin xét: Thay 11¢ sé (a,b) trong 11111 101111 1 béng czic ha» $6 (a;b),(b;c),(c:a) 161 céng

1111 1111 nhén duqc béi 101111 2. Ngoiara ta 11111v néu 1121111; thém m¢1b1é11 S6 béing céch 1115111

11112111 S6 2 vi10 11111 diy @111 S6 @1111 11511 ding 111a1¢ 53 2521 11-11111 11>a1~1 1 1111 11111 duqc 111211

tozin 2. Dy chinh 121 )7 tuéng cL'1a k)? thuét thém bién.

1.2. Ménh 11%; van man 111511 dang 111111; dimg 1161 Xnng f(x],.\¢2,...xn).2O ‘V’xl,..xn 20 van 11

bién 111 06 11-1é thém viio m 1né11 aé 111111-1: man 11111 ding mac 1161 XL'1‘ng man dfmg van

(n +m) bién béng céch léy téng dudi dang:

Zf((X1,OL2,...,OL” ).g((X,M,OLn+2,...,(1"+m)20 trong C16 OL],OL3,...,(X"+m chay trén tét cé

czic hozin v1c1'1a(n +m) bién x1,x1,...xn+m vé g (0L”+l.(x,H2,...,(>L”+m) 151 mét him déi

xirng c6 gié tri kh6ng ém vdi moi (Xn+l,OLn+:,...,(1”+m khéng m.

1.3. Hé qu:

Khi f(o11,o12,...,o1n) 121 1 biéu 111111: 1115 gié 111 khéng m 1111111: 1né11 111611 dnan dang cc sd

\ I I lm A A / A -Z

va g (OL”+l,OL"+2,...,(Xn+m ) =Z:01n‘+l ,OLn1+2,...,OL”+m (tong ben xet tren m b1en

s_\-m

OLn+!,OLn+2,...,O£n+m) thi ta cc’) 2 111111119 sau déy:

. D_inh 1y’ 1.- Khi thém m S6 11,12,...1m V210 151 an céc bi: $6 as @111 2 vé cila m¢1bé1 ding

111a1a 11161" Xnng 11 1né11 du'Q’c 1né11 111511 a111an dang co SO’ 1111 ta 11111 duqc ma>1bé11aéng1111'1¢

méi dflng vc'yi n1+m bién (m,ne Z+)

. D_inh ly' 2.- Khi g (1>1,1+,,111M,...,o1M)=11111 111151 bét diiingthitc 1161 Xung dflng vé"i 11 1nén

thi cng dng véi m bién (mne Z*;m2n)
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. Y nghia: Til" 2 dinh 1)? trén, ta céthé-r1itra duqc phucmg phzip sau déy: ‘

- Muén chL'1'ng minh 1.b§1tdéng thtrc 061 xirng dflng V01 S6 bién ldn 01 bién) ta c6 thé
chirng minh n6 dng vc3'i $5 bién nhé hcn.

- Khi bét aéng thirc duqc biéu dién <10-01 dang c0 $0. néu 151 ca céc b<f> $6 0 cé 2 vé cua

1351 dang thtrc déu @1103 1 56> mo do 1111 C6 mé Chimg minh bét aéng thirc dang khi bo S6

as 0151 cé céc b0 S6 v gieim 56 bién <11 1.

Vi 1141; Chfrng minh rang bit dang thfrc SZIU dling khi ><é1 trén 5000 bién khéng ém

S31+S1111225311(*)

Ta Chirng minh (*> dng V014 bién. Nhzfm may 1é1@a céc b<f> S6 0 2 vé aéu chtra S6 1 nén

ta tim céch chirng minh bin dang thL’1‘c: $3 + sm 2 253, dling V013 bién.
1 -1 , ,

Bét ding thwlrc trén dlflng vi n6 chfnh 15 bét déng (hire Schur véi r =1.

Nhn xét: Ky thugit thém bién 151 mét ky thuét v6 cilng quan trqng trong viéc nghién ctru

vii chirng minh céc bét ding ihirc déi xirng. N6 gip chng ta md ra mét con dubng di

tir bit ding thirc 3 bién, 4 bién dén n bién vii nguqc 101. V51 né 15 phn néo xéa di réo

cén vé s5 bién trong mét bit déng thtrc déi xfrng.

2. U'ng dung ky thuét thém bién:

Ky thuét thém bién 06 rét nhiéu ling dung trong giéi tozin. V51 mét trong nhfrng (mg

clung khé dcp cila n6 15:1 2 bit ding thtrc SurarzYi vél Vasile.

. Bit ding thzic Saran Yi.' Cho czic $6 du'o'ng a1,a3....a“. Chtrng minh ring:

(f’l'"1)(61!”+61;+...+6l::)+I'l6ZlCI2....£1”Z(£l] +a3 +...+a”)(a;'_l +ag_1 +...+a,','_l)

. B('§t ding thz?c Vasile: Cho czic s5 during a,.a3,...a”. Chirng minh ring:

al" +41; +...+a§ +n(n—1)a,a,....a” 2a]a¢....a,, (a, +61» +---+5111) l+l+---+l
' H — I — al a7 an

Chzi/ng minh: Ta biéu dién 2 bit ding thtrc trén dudi dang co" s6‘:

SuranYi: (n—2)Sn+S >(n—1)S(n—1;1)ll4..l —_,_,

=
;/1

:\

Vasile: S"+(n—2)S >(n—l)S. ,(n—1;1)ll...l _ ,_ll.,.1_.
nsfil "SE

Cé 2 bét ding thfrc trén déu 151 trumg hqp riéng ctla bét ding thfrc sau:

Véri k nguyén duong, lék Sn thi (k —l)S” +(n —k)S M, 2(n—1)S(k;l;1;...;1) (*)ii.
11-/< $6 I

V_.

Dzfit S(q+1;1;1;...;1 )—S(q;1;1;...;l )=01q (qeN;1Sq§n—1)
n—q—] >6] I1-£1562
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Bf}! ding thz2'c Muirhead

B51 dfing Lhtrc (*) trb"1hi1nh: (k—1)(oc“_\ +0c,;_3 +...+01k )2(11—k)((Xk_1+(Xk_3 +...+o¢1)(l)

M511 khéc, ta c6: S(q+2)+S(q;1;l)22S(q+l;l) dimg vdi ba bién (Schur)

Theo dinh 1y 2, ta lhém n—q—2 $6 1 V21 q—1 0 vzio ca 3 13¢ S6 cua bér dfmg mu-C

trén.1a duqc

S(q+2" 1:1;...;1 )—S(q;l:l;...;l )22S(q+1' 1:11.31 ) hay On 201‘/Vq=l/z—2
‘ ’ ‘ ‘ u+\ ‘

\___,_@ »Zv—— é_.,__/ ' ‘

11-4/—Z >6 l n—q s ] n—q~-1 ~(\ ]

cm q chay m 1 crén 11-2 ta cé: (x,,_12(x”_3 z...z<1‘ 2ock_12...2cxl

Til‘ dé hién nhién ta c6: VT(l)2(n—k)(k —l)(1AZVP(1).Vz_§yta cé (dpcm).

v. s/‘me TAO ctme "TONG non x(me"

Trong tit nhiéu céch séng tao bit ding lhL'1'c_ chng téi giéi thiéu 3 czich szing tao tiéu

biéu: "Tu'0’ng tu héa. téng quzil héa v51 déc biét héa".

1. Tu0'ng tL_r h6a: '

Phép tuorng tgr héa O‘ dy 151 viéc phéi hc_>'p cilc bat ding thirc do'n gizin bng czich nhén,

céng, trir céc bit ding thtrc don gién véi nhau hoac thay déi s6 bién;

Vidg1:TLr 2 bét ding thtrc: a2 +193 +03 2ab+bc+ca hay S3 ZS,‘

vi a3+b3+c3+3abc2a3b+b2c+cZa+ab3+bc2+cu2.\‘/a.b.c2O hay S3-&-Sm 225:1.

Ta c_6 b§td§1ngth{1'c sau: (S3 —SH)(S3 +S,H —2S3|)20 , Va,b.c2O

<:> S5 +353“ +2832 24541 +2523‘ hay

(15 +125 +05 +3((13bC+(1b3(,‘+LlbL'3)+((l3[J: +/7362 +c3ul +a2b3 +b3c3 +c3a3)

Z 2(a4b+b4c+ c'4a+ abi +bc4 +Cl14)+2(£I1/72C+/JZCZCI+ 03:1 lb)

2. Téng quét héa

Xét bét dang thtrc (Q-b)‘ 20. Viét du'c’7i dang co' SO’ 151: s4+3s32 24$},

Ta Xél bfai tozin téng quét CUB. béu aémg thtrc trén:

Bi toén 1: Cho M,al,bl,a2,bZ 15 céc s6 nguyén du‘0"ng sao cho: M =42] +12‘ =a2 +193;

ax > a2 2172 >b1. Cho 2 bién y 20 . Tim hing $6 /< tc‘>t nhét dé bit ding lhtrc sau dng

véi mcpi x,y2O: SM +l<S“2,,2 2(k+l)Sa‘,,l

Gidi: Néu .\'= y :> 5,, = sum = Sm,“ :> bé1déng1hu'c aa C110 dung vé'i mqi 1<.

Néu .\'¢ y: Bét déng thtrc d cho <=> SM — SM 2 l<(SUI,,‘ — SW2)

<:> xM + M xul-Y1?! xbl ya] 2 k (X111 [:1 + X11] ivul Xnlz ‘V113 X173 yuz)

c> (X411 ya] )('\_l7l Vbl k X111 vb] (xu2—[21 V113 -11] )('\_Ii3 —l>1 vb: -11! )
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<:> (x— v)2 (.\""" +.\""_2 \'+...+ \""")(.\"""] +.\-/"_:\'+...+ \'l"")

Z k (_\___ v)l Xv, Y/>, (X113-/>L_-1 +V\_1/2-/71-2 + ___+ Yul-/7,-1 )(V\_/1;-pl-1 + m+ \_/13-/1,4)

'7 /9Ch 1 1. b.--"*2/< .—b b.—b .-"*- mi‘0 )_—> suyra al ,x (a_ ,)( ,)\ :> (a2_bl)(b2_bl)

Ta chirng minh bit ding thirc <15 cho dng vdi /< :i—ia'b' hay
(tn —b|)(b~ —b,)

tux Va‘ Y/3| \_/1| rug —/11 Yul —l>1 xiv: -12] _l72 -12‘

11'-Q 'hb a m" —_'~ -é"~ z.~'~"~' ~ -" "
C unc mm at ang uc al(.r—_\‘) b1(.\'-—_\") \ '\ (a,—bl)(.\'—\') (b1—b|)(.\'—\')

Dé chfrng minh bit ding thfrc n21y ta sé str dung 2 b6 dé sau:

,, ‘ m='l IH + Z In I71 m + I /11+ 1 2B"d'1. “ -b -" -b z[ “ *1’ ] (=1"~). v .b 0; b; /2*
0 e (m+2)(a—b) m(a—b) (m+l)(u—b) a > [Ii mg

(*) <:> (m+l)2 (L/"+2 —b'”+3)(a”' —b'”)21zz(zn+2)(a”'H —b”"[)2
1 '1 '- Zm+'l Zm+Z - uw-I ~I<:>(m+1) (a +b' )—(m+1) (a’ l7”'+z1’”Z2”': )2

2n1(In+2)(a2”'+2+b2”'+3)—2m(m+2)a'”+'b'”+l

<:>aZm+Z+bZm+2_2arn+lbm+l2(”7+1)3(an1+Zbm+ambm+Z_2am+lbm+l)

<=> (a”'+' —b”'+‘ )2 2(m+1)2 a”'b'” (a—b): <:> (a”' + a'”“'b +...+b"')2 Z(m+1)2 a”'b”'

c> a'” +a”'_'b+...+b”' 2(m+ l)\/a'"b'” dimg theo AM —GM, suy ra (dpcm)

n 1 ml
B¢'§d§2. 2[£iL] (1). Va.b>O:a¢b:m.n€Z+;m2n

m(a—b) n(a—b) '

m+l 111+!

Bit  =u,,, Vme khi as m <=> (xw, 20¢,” Vine 2*
I77 +1 am —b'”

n—l /u—n

Ta C6: <3 (Q/r1—l(xn1—2"'alr) 2 (Q/1—]an~Z"'(x|)

A L . \ , \ -1 _ ( -) —Bat dang thu'c: nay dung v1 ((Xm_|(Xm_2...OL” )” 2 Ont,“ ”) ” ' 2 (0c”_](X”_2...(1, )1” H

_r1| 111 _l1| _bI _lI2 -121 ‘[12 -121 _!13 ~b1 />3 —I>|' A — A — X b [ A " \ .\ _ _\'Ap dgcng: é-‘+22: ‘_v"- ' -

a1(x'"Y) b|(X_.") (a2_b1)(-\'_.Y) (b2_b1)(-\'_.Y)
X12] ybl _\_I2]—l + xb|—2y + + ylrl -1

Ta co. b[(x_y)- bl Z‘/(lj) (2)

xal ‘ul ['I*'] xa]—I + x_u]—'l _+ + \_uI—l bl‘-'1 ( _ml I)
_\ . . 2 u] 21+

a1(\' “ Y) al
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Yul V11] _lu3—h1_] F _u:—lv _u:~/1 “I-1

Sir dung bo de 2 ta cé: 2 (4)
[al(.r—_\')_‘ h(13—b])(.\‘—_\')]

Ya] ‘ul b3_b|~l \_l13—h1 _/>3—[>] "Fl
2 ;__>__ (5)

a.(-\'—.v) (b1—b.)(X-.v)

Nhn vé vdi vé cda céc bét dang thtrc (3), (4) \/21(5) ta duqcz

[xii] ]u1 1 ,iM -\_(|:—[7| .vn3—[I] '\_l>3—!>\ -\_b;—hl ul-l

a1(X_3') it (a2_b1)(-“_>“) (b2_b|)(-x_.\’)

Yul ya] xr13—lv‘ \_u~—lv] xb3—I>| lz»——[>|

_\'~ _' - _‘ _" _1\l A A .- A \ ,_

-._, (x_y) 2 (Q2 _bl)(x_Iv) (bl _b])(x_y)\l(.\3) (6) Nhan ve v01 ve (2) va (6) ta co.

X01 Va] X11] vb! x¢13—lv] vu3—b| ‘\_l>;—l>| \_I>:—[v1

i_'i..__i'___(x)~) I . ' . -' 3
a.(X->') b.(~\'—.v) (<12~b1)(~\‘*\') (/>1—b.)(X—\‘)

Tir béi toén trén, ta réng quzit lén aé dilng lém céng cu gizii quyét céc béi tozin khzic.

Bi toén 2: Cho M,al,bl,a2,b3 151 czic s6 nguyén duong sao choz M =01 +b, =a2 +b2;

al > a2 2122 >b1.Xétbi1it0én véri n bién duong (me NJ‘! 2 2) . Chirng minh ring:

a1b| \ : : 4 4 ; I A ,
k -:i—a2)(b2 _bl) la hang so tot nhat de SM +l<S“:,,: 2(k+1)S],,] ( )luon dunc.

Chzhzg minh

Céc bién du‘0ng X1,X3,...X” . Bién 661 tuong Q1-bin toén 1 ¢- trén r61 Cho

x|:x,:...:x"—>1:1:...:1tathu duqcz k$——£L—.
- (a2'b1)(b:“b1)

Ta nsé chimg minh bit ding thfxc dfmg véi k = ———————a'b’
((12 ‘b1)(b2 _b1)

Theo béi toén 1 o trén, ta c6 bét dang thirc (*) dflng véi 2 bién duong. Theo dinh 19 3, ta cé bét

d§1ngthL'rc(*)d1ing vdi n bién duwng (11 2 2;” E Z‘ ) . Véy ban toén duqc chirng minh.

Vi d1_1 1: Cho a,b,c>0.Cht1'ng minh rang;

4 4 4
a +b +c 3abc Z 2 2 _2

ab+bc+ca+a+b+c23(a +1’ +‘ )0)
‘ Chzhzg minh

(1) <=>3(a4 +194 +04)(a+b+c)+9abc(ab+bc+ca) 22(a2 +172 +c2)(a+b+c)(ab+bc+ca)

<:,~%s5 + 3341 +%sm 2 $2 ($21 + ésm) <:>%s5 +354, +92-smz2s41+2s32 + zs, +35“,
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<=>i5 +5 +2522 2252+ +35, . Bit ding thrc néy C1U'Q’C chL'rn2 minh til‘ czic bit dénv2 5 -11 2 __1 _.. _ 11 ~, c

\)\)J

5"
+

mu’¢;52, +3522, 2452,, 25, +3522 245,, 1+ %522, 23522 ; 522 2522, ; 52,, 2522, v21

sL'1' dung Kl" thugit thém bién: Thém 56 1 vo ca 3 bé sc“/> cua bit ding [hire ta cc’)

54, +3522, 245_,,,. Suy ra dpcm. Ding thirc xay ra <=> a =b=c.

Vi dl_1 2: Cho a,b,c >0. Chrng minh ring:

abc(a+b+c)+ l2(a3+b3+c3)
a‘+b4+c4 (a+b+c)(a2+I2Z+c:)

25(1)

Chzingminh

(1)<=>abc(a+b+c)2 (a2 +192 +c2)+12(a3 +123 +c3)(aJ' +174 +c4)

25(a+b+c)(a3 +123 +c2)(a4 +194 +04)

<=>%52,,(%52 +5,,)+x2(%5, +5,2)z%5,(52, +%5_,)

<=> %52,, + 522, + 25,2, + 5222 +1252, +652 2 25, +55,_, +552, +55,2, +5522

<=> %52 +7542 +%52,, +522, + 5222 2 552, +5522 + 35,2,

<=> 75, +1452, +5_<,, +2522, +25222 2 1056, + 10522 +6522,

Bit ding thL'1"c cuéi ducyc chrng minh [U céc bét ding thtrc sau:

752 +7543 21456,; 55,, +25322 235,2, <=> 52 +2532 2352,;

456, +8543 212552 <:> 55 +2532 235,,

552 +25222 23542, <:> 55 +2532 2352,; 552 2523; 522, 2523,

Bing thtrc xéy ra <=> a =b=c.

» : I O -h, a b c abc _§ IV1d1_13 Cho a,b,c>O Chunc mm b+C+C+a+a+b+2(a3+b3+C3)>3 ()

Chzhzg minh

, 2 L lS3+S:1+%Sn1 ésm 5
Bét démg thirc cén chtrng minh <—> 2 - + 2—

S2|+%S1|1 S3 3

":7 3S3 (ésa +52: +%S111)+%S111(S21+%S111)Z5S3(S21+%S|n)

<=>3(52 +2522 +252, +2522 +2522, +35,,, +522, +%5222)z5(252, +2542 +2522, +25,,,)
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<=> 356 +6511 +533: 2-1S_;,+-1543 +5321 + Sm

Bé1tc'ii§1ngth£1‘c cuéi C1LllQ'C chfrng minh nh®' czic b§lL1QI1g1hL1'C sau:

%5x=+%S2:: 25121-%S1»"'%S2:2 Z342? %51»+%5+: 2?~§s1@S<»+%S4: Z%Ss|3

8 32 . 3 3 ~ . V

E551 +8513 2?S43 <:>S4 +3533 24531. 7543 2;5_;_=_, 513 253:‘

Déng thtrc xéy ra <:> a =12 =0.

Chzi )3: D90 xong 161 gieii bili ny chic chain czic ban sé Lu héi tqi sz1o12_1i c6 nhtrng hé $6

G trudc czic bét ding thtrc trén nhu‘ vzfxy? Cu Ira 101 121 trong quzi Lrinh giai, chfmg ta v6

mm su dung gieii hé phu'0'ng trinh béc nht nhiéu an nén mdi 1&0 ra nhtrng hé S6 dé.

Vi d1_4 4: Cho a.b.c'2O.ChL'1'ng minh: 70:1‘ ‘Pb: +2‘) +4(”'b_‘+b,,C_ +_C_a_)2111a+b+c)(1)
cl“ +1)‘ +1" a” +b“ +0” 3

'
Clzzhzg nzinlz

(1) <:> Z1111] +193 +6312 +12(c1:’+b1 +('2)(u:b3 +/221': +1‘3u31

z11(u+1>+<-)(1 +171 +)(11~‘+1>‘ +1--‘)

<=>%s(, +215” +1253 +6522; z11s5,+11542 +1132, +1+21s,,+l3ls3_+

<=> SS6 +542 +1083} +6532: 21155, +11S32,

Bang vi: 2533 +%-522: 29533,; 154: +%-5322 2 25,3, <:> $4 +3522 2453,

3 5 .ws(,+%s41 zgss, <=~ 5(,+§s4: zgs,

Z2 99 5 9 3 3
?S<»+%S.1sZmS.<1<:>S1++ZSss2ZSs1~msezmsm

Déng thtrc xziy ra <:> a =b:c.
I
' A A - A A

Nhfin xét: Cung giéng vé‘i vi du 3 6' tren, biii nily ta cung phzii giai h¢ phuo'ng trinh bac

nhét nhiéu in dé ch(_>n hé $6 dtrng trudc m6i bit ding thfrc.

3. Phu'0'ng phép chung séng tgo céc bi tzfap ép d1_1ng

Nhén xét: Hai béli lozin 3 vfl 4 du('>'i dy 121 nhfrng bili toim rét khé. Hai b51i tozin 1, 2 v51

céc bét ding thfrc Schur. SuranYi, Vasile déu 151 nhfrng trumg hqp rlt riéng czia né. V51

cho dén nay v§n chua cé 1 161i giéi thda déng cho n6. Déy chinh 151 m<§tth1.'1'thzich cho I211

cé nhfrng nguiiri say mé tozin hqc, C1Z§.C biét 151 bit ding thirc.
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3.1. Bzjc biét héa

Xét céc tru'(>"ng hqp riéng cua czic bét déng thtrc téng quilt sé gip la cé du'qc nhfrng béi

tozin d¢p v51 dé zip dung.

3.2. Méi lién hé gifra céc phu0‘ng phzip szing tz_10

Til" min céu trc vé mét dang bétdéng thirc nélo dc’). ta cc’) thé str dung phép "tu'0rng tn‘

héa" dé nhén du'Q'c czic bit ding thtrc mdi. Tit czic bit ding thfrc méri nziy. ta cé thé

"téng quét héa“ czic dang bait ding thtrc ny. Sau khi "téng quait héa" mét bit ding th(rc.

ta c6 thé quay vé su‘ dnng phuong phzip “dzflc biét héa" dé tao ra céc bit ding lh(rc dorn

gién v dcp. Chimg ta 06 thé théy r6 diéu ny qua czic béi tozin sau:

Biai 1; Cho céc bién .\-_ »- ~>0. Tim hénv $6 1< 16» nhéit sao cho bér aim mu-C sau lu6n

Ch
E\

:3
(IQ

. ’~— c c

S,” +kSu:,,:l_: 2(k+l)SU],,I trong dc’) M.u]./1,.,c13.b2,c"3 151 czic $6 nguyén ducmg

théa min: M =a| +1), =a3 +123 +03; a] 2/1‘; (13 2/93 203; cl, 2:13

Béi 2: Cho czic bién .\', y. 1 2 O. Tim hing s6 k lét nhéit sao cho bit ding thtrc sau luén

dng: Sm+/<Su_,m_ Z(k+1)Su],,I[_] trong dc’) /\/1'.r_1,.b,.c,.,c13,b3,c3 e N thoa min:

al 219' 26‘; (11 +b[ 202 +b2; M=al +/2! +('] =0: +b3 +03

B51i3: Cho céc bién .\-, y, 1 2 0. hm hing S6 /Q61 nhét sao cho bér dang mac sau lu6n dngz

SW] +kS,,3,,3,_3 2(k +1)S(,2,,3(,2 trong dd a,.121.a3.b2.c2,a3,b3,c3 e N théa min:

a,2b12c,;a,+a2 2b, +193 20, +02 ; a, +b[ =a1 +b2 +c3 =a3 +193 +c3

Bzlli 4: Cho céc bién x],x2,....\'” 20. Tim hing 56 k tét nht sao cho bit ding thirc sau

luén Citing: +/<sl_lM_ z(/<+1)s,,l,,M___,, trong as

(al ,a3 ,...u” ),(b, ,b3 ,..b” ),(c, ,c3 ,...c”) 1213 diy nguyén during khéng giam sao cho:

a, +a2+...+ak 21>, +122 +...+b‘, 2c, +<>3 +...+c‘_ V/<=l.n—l

a, +a2 +...+a” =b1 +122 +...+b” =c, +(-2 +...+<-H

Téng quzit hon m<_3t cht nfra 151 b€1i toén 5 sau:

B51i5: Cho czic bién khénv m X \' ....r . Tim hénv 56 1< :61 nhét sao cho bét déno [l'1U'CO l"Z’ II C Ci

sau luén dnv: S -S ,2" >k(Sl_IA _ —S 1,”) trong déU u]u2...u,, b1b3_... " <3...(,, 1/1d_....
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(al.a3,...a”),(bl.b3....bn).(cl.c3,...c,,),(d,_d:....d”) 151 céc déy s5 nguyén duong khéng

gizim sao choz '

al +a3+...+aA Zbl +b:+...+bk zt-l+¢Z+...+<>L 2(1l+d:+VIA+dk Vk=1_n—l

a] +612 +...+a” =b, +192 +...+b“ =¢-I +¢-I +...+c”=(11+a'3 +...+d”

Bili 6: Cho dz} I s5 khénv ténq a vii 1 hozin vi cua né I2 n€ Z+
> C V n /1

Chtrng minh: néu xl 2 xi 2 Zxn 20 thi Z.vf".xg° ZZxf‘ 2 Zxf"'.r;”*‘
("yr r"_\"z'

('_\‘l'

Q
=~

at

*_<\

Biii toén trén c6 9 nghia déi véi bait ding thtrc hoém vi tuong ttr nhu' bét ding thirc

Muirhead aéi vdi bit ding thirc aéi Xtfng‘. Lém manh ho'n ban toén trén ta c6:

Biii 7: Cho 2 dfxy khéng ting {an} ,{b,1} théa min c‘f511g thdi czic diéu kién sau:

al +a2+...+an=bl +b2 +...+b”

al +a2 +...+ak Zbl +113 +...+bk Vk =1,/2-1

Dy bién {xn} khéng ting vi khéng inn cé {yn} lit 1 hotin vi ctia né.

Chtrng minh ring: 2xf"x§'1 2 Z yf‘ _vL§

c_\"c c_\"('

V51 tuong tt_r qué trinh ta sé 06 nhng béti bit ding thfrc hoain vi sau:

I IA (1 0- (13 0."

K1 hlgu. CX -Z‘/11‘a2 ...a,, -C(0tl,(x2,...,(x“)
cyc

Béc mat néu oal,0c2,...otn 1:1 céc S6 tu nhiénti1'O dén 9 ma ki hiéu mc'>'i duqc déi 121;

Cu|aZ...u" : C((X‘|’(x'Z""’(X’r1)

Ngoiti ra néu otl 2&2 2._.2OLk >OLL,+l =0tk+2 =...=OL” =0 thi Culapan =Cu]a2__Aak

Bi 8: Cho M,al,bl,a2,b2 IE1 céc st‘) nguyén duong sao choz M =a, +19‘ =a2+b2;

al >412 2112 >191. Cho 2 bién x,_v 20. Tim hing 56 k tét nhét dé bit ding thtrc sau dflng

vé’i mqi x,yZO: CM +kC“2b2 2(k'+1YCu1,,l
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Béi 9: Cho czic bién x._\".;2U. Tim héng s6 A I61 nhl sao cho bit déng thtrc sau luén

dng: Cm +/<CH_,,H__ 2(/<+l)C”],,‘ trong dé M.u|.b,.a3.b3.c'3 151 czic $6 nguyén duqng

théa min: M =0, +19] =a3 +193 +0310‘ 2121111: 2!): 2('3;a] 202

Bi 10: Cho cc bién X. _\", :, 20. Tim hing $5 /< [51 nhéit sao cho bét ding thirc sau luén

ddng: Cm +kClh,,_,_‘ 2 (k + l)C“],,M trong (T6 :1/l.u,./1l.¢',.u3.123_(.': IE1 caic $6 nguyén du'o‘ng

théa min: cl, Eb] 20] ; al +b] Z413 +123 1 M =01 +121 +c, =11: +l>3 +03;

Béi 11: Cho czic bién x. _v, 3, 20. Tim hing 56 k I51 nhét sao cho bét ding thtrc sau luén

dng: CM] +kC{,3,,m 2(l<+l)C”:,,:(.: trong dé a,,b,,a3,b3,c2.a3,b3,c} 15 czic s6 nguyén

du'o'ng théa min: (l| 212, 2 cl ; a, +a: 21>] +123 2 cl +c-2 ;

al +b| =a3 +192 +03 =11} +173 +c_,;

Bili 12: Cho céc bién x, ,.\"3 ....x” 20. Tim hing S6 k tét nht sao cho bit ding thtrc sau

luén dL’1n<1:CH +kC_, . 2(/<+1)C,, , H0119 d6M ]U:,..Il” l|( H )I7:....7” K-

(al ,a2 ....a” ),(b, .121 ,...b” ),(c", .c2,...c”) 1213 diy nguyén du'0ng khéng gizim sao cho:

a, +a2 +...+ak 2b, +112 +...+bk 2c, +¢-3 +...+<'k Vk =l,n—1

a1+a2 +...+a” =12, +122 +...+b” =¢-I +¢-3 +...+c'”

Téng quét horn 1 chin naa 151 bi tozin 4 sau:

Bili 13: Cho czic bién kh6n x|..\"3.....\'”. Tim hing $5 k Lét nht $210 cho bit ding

FIG

L7)

5’

UQ

Sau luén dn C(I](|:...(l,, _ Cl>|l>3....I1,, 2 (Cz‘]r'3. 1,, _ C(l|(l3....zl,, ) lrong

(al,a2,...a” ),(b,,_b3....b” ),(cl,c3,...cn ).(c1,,d2....d”) 151 céc déiy 56 nguyén duong khéng

giém sao choz

a, +a2 +...+ak 211, +b2 +...+bk 2c, +¢-3 +...+ck zd, +d2 +...+dk Vk=l,n—l

a] +412 +...+a” =bl +b3 +...+b” =0] +c2 +...+('” =d| +513 +...+d”
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Nhin 1:_1i chu'0'ng II
CE111g g1611g 111111" 1'1111‘o'11g I. 11'11ng ch11'o'11g 1111) c111111g 111 1151 Liép 1111' 1\'11£1111 ph'.1 111$‘ ;_'11"\'1

C211‘ 11211 ding 1h1'1'c 11131111 1151'. C111 11511 115111; 111111" 1111111‘ 1111111 111111; ch11 >511 111 11'1'1‘ 11:11 115111;

1h1'1'c 1161 x1'1'11g bu 111511. Ngoili 1'11 111111 11611 11111 11;'111§_' 111111" Imzin v_i 1111111‘ 6) 11161 11111 0111' 11111

tozin h0z'1n v1 1121 1111111‘ giai q11}'§1. D51 \"1#'1 1111' 11511 11f111g 111111 11111 .\'1'1'11g 1111 bién. czic 1151

ding 111110 Schur 06 11'11h 1'1'11g 111mg 1'51 c1111. T111_1'1 hién phép 11111 1116111 11611 czic 1111 111111‘

Viete (.n111c 7.3.2) 111' bit 115111g 111111‘ Sclzur 111 11111 1111'1_1'1‘ c£11' 11511111 g1a'1 1111 chin gifru

p=a+/2+1". q:ub+hc+1'u. r:ul21'. Chuyén 0111‘ 11:11 11f111g 1h1'1"c 11111 x11'11g 1111 hién 11’: ha

11231 111'qng mdi ny. 111' 1113 111 013 111é 1115511 1111 ch11'11g 11111111 11112111 1h1é11 11111 1111111.

S1_1' phz'11 lrién 111' nhién c1121 phép 1161 1111;-111 111111 11'én 0111' 1111 1h1'1'c Viete 111111 111 111511 1111

m1§1 hé théng k)? hiéu dy d1'11r0ng n11_1c 8.1 \'Z1 8.l\'. 11111'1'h{: 1116ng 11)? h1<f;-u 11515" 11161 11611

quan gifra czic 11111h 1)? 111'0'11g nhu" khzic >111 111111u 110' 11611 1'51 1'6 rimg. Th§11 véy. 111' 1U'Q'C 1111

Young 121 cé 1hé so szinh 1111'1_1'c n11_>1 téng 11111 x1'1'11g 11111111 béc V151 nhau 111111 1351 déng 1h1'1‘c

Muirhead 5§‘. 2 511 11'011g 1115 111 11:1 |3 111 11111 1115 .16 11111 dang 11511. 1:1 111 > 1111111111 11'» 111.3.

n111c 8). T1r1\'é1 qu2'111f1y c6 1h§ 1h11 1:11 11211 11f1ng 111111 AM —GM 1'51 115 d£1ng_ 11g11'1_1'1' 11111. s11"

clgng 1:211: bit ding 111111‘ A11/I — GM cfmg 1'13 1116 1'111'r11g 1111n11 1511 1111'1_1'c 11211 1151ng 1h1'1'c

Muirhead. D1113-u 1151)’ 111151 phé bién 11'1111g 111$ g1O'1 1111' 11:11 115mg 1h1'1'c 111‘\11g 11511‘ 1151 ,\'1'1'ng.

1\/1511 khzic. 1151 hqp b§1 11i111g 1h1'1‘1‘ Muirhead \Z1 11:11 115111;: 1h1'1'1' AM — GM 111 n11f111 1111171‘

11211 11f111g 1h11'c AS)/1W. 11:11 ding 111111‘ 1151)‘ 111111 1'11 11161 111'111h g1£1 khti 1111511 ché 11111 h111 vé

d11'Q'c pha11'1}n b1'1'1 1'é1c téng 1161 >11'1'11g 116mg 11511‘. 1'11 thé 1

1S“110‘1:~»“11.~ + S“:1“::---@111 +"'+ 5"11;‘11~; "1111 Z m5"1~‘;- ‘111

Luu )" 1'§ng n11_>1 bit 11f111g 111111‘ 1161 111111;: 11511 151 s11" pha 11611 gifru 1111‘ 16ng 11111 >11'1'11g

d1“>ng bi1c khzic nhau ($11 dung phép bién 1161 1111111 1121; 111mg m1_1c S.I\/.3). .\lh11‘ \'f1y bt

ding 1h1'1'c ASYM 121 11161 $11 ph1'11 11'1én 01121 13:11 11f111g 1h1'1'c Muirhead dé 1:111 c611g 1115 g11'1‘1

1113. Cflng nh11 vzfly, 111117’ viéc biéu dién 11211 ding 1h1'1'c Sclzur 111co dang Muirlzead 1a dé

dang 11115111 1111111 11111 dang 11111-1~ Sclzur (d'<_111g 1611; 11115111 cng 1:1 111151 11111111 gm 11111 11 1111

hai vé du'Q'c 11'®n 1511 1101 czic 1611;: 1161 xtrng 111§11g 11511: Tuy nhién pham vi zip dung @1111

11111 dang 111111; ASYM 121 11511 ding 111111 $111111 121 1111 1111111 11111111. c1111111 11 111é. ¢111111g 111-3

sung h511'c_>'ch0 nhuu 1511 hiéu qua khi chtrng 111in11 11:11 déng 1h1'1'c 1161 x1'1'11g.

Tiép thco 111'). 119 1huf11 lhém bién 1111111 1121)‘ 11'0ng 111111‘ 8.VIII.2 cho 111 11161 h11'1'1'11g 111

m1'I1 1:11 hip (15111. 116 151 c11uyé11 111' 11211 11511;; 1111'r1' 1161 x11'11g ba b1é11 15:11 11511 ding 1h1'1'c 1161

>11'1"11g 11 bién 111111 11611 ch11111 czic 1611g 1161 x1'1'11g. 11151 néu n1111' 111 111c0 czich 1h1'1'c téng quail

1u'1_)‘c 111;) Young r131 16ng qu£11 dinh 1)‘ Muirhead cho 11 bién 1h1 sé gzflp nhiéu 111113 khn

trong khu 11$‘ 1huf11 \'£1 11nh 105111. H111 11:11 115111;; 1h1'1'1' SuranYi vi1 Vasile trong 1111_1c

8.VIII.2.3 151 nhfrng irng d1_111g d1_:p n11211c1'1z1 3" 111"0'ng 1111).

M1_1c 8.IX 11m caich 11151 h1_>'p nhfrng 11115111 n1.fu1h 1111211 11111 Muirhead. ASYM v21 Sclzur.

Tuy nhién caic k§1 qua 1hu CI11'Q"c cbn khzi 11311 ché. chC111g 1a 111111 ch1 dirng 1211 0' hai bZ11

102111 1 v51 2 m11c 8.IX.2. C6 thé nhfm 1h:1y 111111'1\'§ 1hu;_“11 111é111 bién. hai 1151 qua nZ1y cfmg

as 1:1 151 111111111. Nhu" 111é, 13 11211 1115111 @1161 1‘1111'0'11g S5 1:1 1111f1'11g 11:11 1111111 11111. 1-51 111111.

théch 1111'1'c khcl nng 11m 161 c1121 b:_1n 1191‘.
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CHU’O’NG 111; NHCPNG v|11:1v1 KIM cuowe TRONG GIA1 TICH

Theo lé 1h6ng 1h1rO'ng 1h1 sau phn 1r1nh hi1)" nhfrng vién kim Cu'o'ng @1111 11511 ding 1h11'c

06 dién. b£11df111g1h11'c 0.7111 d£_1i 151 phai den nhf1'ng \"1én kim cu'0'ng CUZ1 11511 ding 1h1'1'c hién

d.g1i.Tuy nhién 11‘11'é'e khi de czip nhfrng vién ki111e11‘o'ng C1111 bit déng 1h1'1'e hién dgi ehflng

161 dz_'11 1 ehu'0'ng lrung giun 1161 gifra bl dng 1h1'1'c cén dni V51 hién dgai. S11‘ sip dét vil lén

gQi c11z1chu"0'ng Ill cé 1hé hiéu vi $11‘ 111 1101 C1121 ezic 11611 kim cu'0‘ng trong giai 11'ch xuyén

$1161 1he0 chiéu dqc mo-1 gian ca C6 dié11_ cén dai 1511 hién am v aé phi! hQ'p “$1 111111

ch51 phzit trién hé 1h<§ng cua chuvng lhi m©1 $6 \"ic“:11 kim c11o'ng mdi du'Q'c phzit hién

khéng lu nhu: Popoviciu, RCF, LCF sé d11'c_>'c sip din sau czic vién kim cu'o'ng nh11

Jensen, Karamata. 11161 $6 khc sé d1rQ'c xép \'Z10 ch1ro'ng IV: ”Nlz1?'ng vién kim c1r0’ng

trong I151 ding tlz 1210 /zién Jgzi ".

C61hé 1161 phu‘0'ng phzip gieii tfch 1Z1111<_'>1s11'1iép 1161 cL'1:1 cite bit ding 1h1'1'c dai $6 ca' ve

111511 lieh $11‘ l§1n )7’ 111'O'ng. nh1rng kem lheo 116 121 11161 dél phzi vé 111511 céng C11. (‘I6 ehfnh 121

phép 10zin dao hZ11n_ bc'>'i vi s11‘ dung dam l1Z1n1 cho phép 1&1 06 mé khzio sail b§1 diing 1h1'1'c

mC>1 caieh "(Tia ph11'o'ng" hon (diéu 1121;‘ sé d11'<_1'c 11161 ta e11 1115 O‘ euéi ch11'0'ng). .\/I511 khzic.

nhu‘ d thy déi 1'61 caic phu'0'ng phzip dai 56. k)’ 1hu2_§1 ehon diém 1'01 e6 15m irng dung

1'.t31t1'(f>ng ri. Trong chucng ny. ezic dinh 1y e11 mé cua phucmg Iphép giéi 1fch cbn cung

cz‘1p cho ch1'1ng ta nhfrng gizii phzip 1511 hiéu qua dé tim ra ezic diém 1'0’i d6. TOZ1n bi) b6

cue CL1£1ChU‘O'n° 25m czie néi dung chinh sau dy:

1. Binh 1)‘ Fermul vZ11'1'ng dnng 11"ong bit déng 1h1'1‘c

2. Dinh 1)? Lagrange cho hZ1n1 11161 bién v51 czic 1'1"ng dung

3. C11'c trj cua h£1m nhieu bién v51 phuwng phzip nhn 11'1" Lagrange

4. B§1dé11g 1h1'1'c Bernoulli v51 czic 1'1"11g dung

5. B§11d5.ng1h1'1‘c Jensen v21 1<y 1huf11 s1'1'd1_1ng

6. B51da1ng 1h1'1'c Karumata v51 ky 1huz§1 s1'1d11ng

7. Bé11‘déng1h1'1c \/6'1 czic ham S6 161 bén phai 11:1 16m bén 11:11 (RCF. LCF)

8. Bz§1dz'1ng1h1'1'c Popoviciu

9. Ung d11ng1fch‘ph€1n Riman
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Ceic dinh 1)? Fermat trong mac 9 151 nén tang cua man bé chu0'ng III v51 [ham chi cuu

ca czic chuong sau_nCra. C510 dinh 1y Lagrange \'i1 phuwng phép nhén ttr Lagrange lrong

mac 10 la nhfrng sgr phat mén sziu sac vix met aé CU21 czic dinh 19 an. B51 dang thirc

Bernoulli trong mac 11 151 mél dzinh giei cu Lhé dzflc biét cé }'* nghia déi vdi czic ham $6

mil th\_1'c. Mét czich chung nht, céc dinh 1)? du'Q'c trinh bay trong ba mac nay cho ta ctich

xéc dlnh diém roi bat dang thirc rat dang tin cgiy.

Mat khzic. cng nhd dao ham ta cé thé khao silt dzing diéu ctla czic bat dang thirc min

czich cu thé hon. Czic bat dang thirc Jensen. Karanzata_ RCF, LCF. Popoviciu 121 czic bait

dang Lhtrc phat biéu cho czic ham l6i. 16m. nun l6i, nLrz1l6m.u'1'c 151 caic ham cé dzing diéu

dac biét. Diém th vi nhét la céc bat dang thirc nay déu mang ho'i hu"6'ng mét phép d6n

bién true tiép, mix néi dung ca né ta sé bat gap min czich day an hcrn trong chu'o'ng IV:

"Nh17’ng vién kim czrmzg trong bat dang th1?'c hién dqi”.

Cuéi cimg, nhfrng (mg dung cua tich phzin Riman cho ta mét czii nhin loan cue lrong

chtrng minh bat dang thtrc. bO'i vi phép lay tich phn 151 phép Loan nguqc cna phép dao

ham. n

Tém lai, dy sé 151 mél chuong vita mang milu sic c6 dién, vtra phang phat h0'i hu'é'ng

hién dai. Chinh su‘ pha tr<“_>n dac biét nay sé gip cho caic ban déc gia c6 an htrng th dé

di suét chang durng day gian nan sap tdi. Chile czic ban may man!
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§9. 1-)1NH LY FERMAT VA cAc UNG DUNG TRONG BAT DANG THUC

§9.1'. G161 THIEU I-)1NH LY FERMAT

1. Djnh 1)" 1: Cho hixm $6 _\'If(.\') xc dinh \'£11iénluctrén [(1.12].

0 Néu f'(.\‘) 2()\/..\"e(c1,/2)thif(.\') téng lrén [(1,1)] v51 khi dé ta cc’)

‘I:/lli1[1]j'(.\')I_f‘(c1). I:/%£l¢]_/'(.\') I f(b)

- Néu f’(.\-) s 0 Vxe (<1. 11) ma _f(.\») gi3n1t1'én [(1. 111 V51 khi as la cé

l\/[H111] f(.\') I f(l7). I\/%21i(If(.\')If(a)

Cluhzg minh: Véi mqi x(,;xE (a,b);.\‘(, < .\‘. la cé f'(.\'0) I lim 
.\—>.\‘, X -- X0

-Néu f'(x) 20V.\'e(a.b) ma f'(.%)=}g? z0 mi1x>,\;)nénf(x)>f(.x;))

D0 _\'If(.\') lién luc trén [(1,1)] nén IV[li1?]f(.\') I f(a), l\/%a;<]f(.\') I f(b)

v Néu f'(x) £ 0 Vx€(u. 12) thi _f'(.\;,) Ilim SO mi1 x>x0 nénf(x) < f(xU)
‘_“‘ ' __'\§\

Do _vIf(.\") lien tuc tren [a, b] nen v‘1:/[13LrI17|j‘(.\') I f(b). {\€/%l'¢I1_i<]f(.\') =f(a)

2. Djnh ly 2 (niéu kién C5“ aé ham $6 cé cgrc my cm SL/1' _\" = f (X) Xac dinh trén mét

ln cén din bé cua diém x0 E (a_ /2) \/£1 cé dao hilm tai diéy-n1.\1,. Khi d6 néu hilm $6

_\' If(.\") dat cue tri tai xo thi f'(x(,) I O

Ch ling minlz:

Gia sir X0 1€1 diém cgrc d:_1i cxa him s6. Khi dé [Sn tqi 8 > O sao cho f (xo) I Maxf .

.\'e(.\;,~¢1.\‘,+¢")

Néu xe(.\;, —£,.\'U) I>{f(x) <f("b) >0:>f,(-"n_) = lim Z0
_\-<_\b .\'—.\;J H», . .\'—.\'U

Néu .\'e(.\;),.\h +6‘) >f(_\b) >():>f'(.\'g) I lim 2 O
_\'>.\{] - _- ) ‘Hm ' _' 4|

Do hZ1m S6 3' If(.r) cc’) dgao hm tgi X0 nén _f'(.\‘(§ ) I f'(.\'J) I O :> f'(x0 ) I O
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3. Djnh ly‘ 3 (Diéu kién dii (Ié h:E1m sé 06 Cl_l'C tri):

Gia str _\‘=_/'(.\'), xzic dinh trén Ia. /1] \"Z1.\"., e (u_ /2). Tmng mét lim cén GU bé 8 > 0 cuu

diém X0. néu f'(.\‘> th;1)' déi du khi .\- di qua .\1» (Q6 Lhé khéng lén l:_1i _/"(.\1»),) lhi_/i.\") dgn cue

Lri lgi .\‘(,.

' Néu f'(.\1) < () Vxe (.{1,— 8. ,\".,“) \"51_f'(_\'> >() V,\‘€ (A1,. .\\, + E) th‘1.\1.li1diém cgrc tiéu.

' .\Iéu_1"(.\')>()\7'.\*E(.\1,— 8. .\"(,) \'£1f'(.\") < 0 “Txe (.\y‘_ .\1, + 8) ‘}1\].\-(1 151 diém cgrc dgi.

Chzhzg minh: Xcm-minh hqu trong Z bzing bién thién mu:

-\' -X0 '_ 6 X0 \f) —

+
W

“U

_'/.

)1

+
“'1

, Of (X) + — f(\) —

L

F%i"'1

=o

+

f (X)

x

\

4. Bjnh If 4: Gié. str _\" I f (.\‘) dinh lrén [(1. /1] \"Z1.\'<, G (:1. 11). Trong mél lfm cén an bé

2 > 0 cua diém .\'(> . hiim $6 _\"=f(x) cé dao hiun ciip 2 lién tuc. déng thO'i f’(.\;))=() \'Z1

f”(.\',,) vi O lhi xu I51 min diém cgrc tri Qua hixm $6 \'6"i su phfm loai chi tiétz

' NéL1f'(.\"(,) = O vZ1_f”(.\\,“) > O {hi .\-H 151 diém CL_l'L‘ ti-EL1 CUL1 hilm _’r'(.\‘).

' Néu f'(.x1,_) = () \'£1_/'”(_.\'u) < O [hi A1, 151 diém CL_l'C dai cuu hiun f(.\‘).

CI1 1211g minlz:

Giél sL'1'f'(.\1,) = O v£1_/"'(.\1,) < 0. D0 f”(.\') lién u_1c lai .\',, nén £511 tz_1i mét lim cfm an bé 8

> 0 cua diém ,\'<, sao cho _f’(.x) < 0 :> nghich hién lrén (.\], —<€..\'l, +8). Khi J6

ta cé

Vdi mQi.\'e(.\1>— 8. .\'(;) thi f'(.\‘) > f’(.x}_,) = O 3» 4}" déng bién trén (.\1,— 8. .\".,)

Vdi n1c_>i.\'e<.\'<,..\'<)+ 2) thi f'(.\‘) < f’(.\"U) I O :> f nghich bién 11-én (.x‘<,,.\'l, + 8)

Véy .\"U li1 diém cuc dai cuu hilm \'i1 f (.\;,) 151 mél cur dai cua hm

Xét lu'0'ng tu khi f’(_\-U) = 0 vZ1_/"'(.\1,) > O {hi .\1, 151 diém cgrc liéu cuu hilm f(.\").
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§9.2. UNG DLFNG awn LY FERMAT

I. DANG 1. Khi gp cc bl ding lhfrc 06 dang x) > O La cé thé tién himh dzgo him dé khao sat

lruc tiép czic cgrc tri cuu Rx). lir d6 suy ru kél Iugin bin main. Sau diy lil mét $6 vi du:

-»

} Bi 1. Chrng minh ring: .\"—iw-<ln(l+A\')<,\ 7.\" > 0 Q

“ I

Ch ling nzinlz
- "s

- .\--"T<1n(1+.\-) <:> _/"m=1n(1+.\-)+§-,\~>0 "v.\—>0

7

., 1 . . ATa c6: f (x) = i+.\'—l=\—>(). V.\">():>_f(.\")téng1rcn(()_+o<=)
.\"+l .\"+1

w

3 f(x)>f(()) =0:> .\‘—%—<1n(1+.\')

¢ ln(1 + x) < x <2 g(.\') = ln(1 + .\‘) — x <0. \7’,\" >0
1 . .

Ta C6: g'(_.\") = i— 1 :Q < O 'V.\'>():>g(.\')g1amn"én(O.+~><=)
l+,\' l+.\'

:> g(.\‘) < 54(0) = 0 :> ln(l + .\") < .\"

B:§1i2. Chtrng minhrng: In .\" < V.\" > O (>1)

Chvzg nzinh

(1) <:> _/‘(.\‘) = \/.\'—1n.\'>0 Vx > O M10 4 +
§

P

OO

J; ¢ .,
Tu c6 f'(.\-)1 ';“ :0 <=>.\-= 4 ' ~/ - 0 +

.\ 1  

TU‘ bang bién lhién suy ra ' _/' \ /V
"> ">1 1._~._ I1._

f<.\-> 2 f<4> > 0 <=> 1n.\~<\F v.\~> 0 ,i
\

1 w

EBé1i3.ChL'1'ng minh rng: 1+.\'ln(.\'+\/1+.\")2\11+.\"3 . Vxe R X

Clzlhzg milzlz

B2‘11déng1hL'rc <:> A/'(x) =1 +.\‘ln(.\'+v'1 +.\"3 )—v/1 +.\"3 2 O. Vxe R

Ta cé j‘I(V\‘) =ln(.\‘+\/l +. ):0 <=> .\- =0 Y

:> Bang bién thién c1’1z1_f(.\")

Til‘ bang bién thién suy 1'21 f(.\") 2 f(O) = O. Vxe

1-<><> 0 +00‘

mi.

— 0 +

“M.

g) g
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1 Bili 4. Tim gizi tri nho nht cL'1a T = a“ vdi u >0 1

' Girii
- 1

D€1If(a)=1nT=_a1na. X ‘—<><> e” +<><>1

T2106: f'(a)= 1 +ln a=O<:>a=e'] f’ — O +

:> Being bién thién ‘ I

:> Minf(a)=f(e")=-6" :> 1\4inT=<%)é

"h

1
1./"<@“>Z

Bé1i5.Cho 3 s n 121 s6ch§1n.ChL'1'ngminh rang v.\- ¢()1z1 cé béu dang mu-¢ Sau:

“ 7 /1xi 1'” .\" .\'l+x+—+...+— 1—.v+i——...—- <1
Z1 I11 21 3' H1I

\.

» Chzhzg minh
X3 X11

u(x)=1+x+?+...+—-‘-
./_. I1. .

Bat ta can chfrng minh f(.\‘) = z1(x).v(x) < 1

{Z V3 Yr!

1*(.\‘)=1—/\'+'——-'—...—'——
2! 31 11!

'7 _n 1 n
, .\ .x .\

u (.\')=l+x+—+...+———=u(.\') ~-—
2! (11-1)! nf x I 0 O +<><>

Ta co f, O

x2 .\‘”' .-

I

, \1‘(.\’)——1'1'.\—?...— :"\’(.\)-7 1 1

V:;“1y f'(.\‘) = [u(.>c)v(.\')] =14 (.\-)\'1_.\’) + u(.\‘)v (x)
_n I’ _II ‘/1

f’(.\')= z1(.x')—'\— v(.\')—u(.\") \'(,\")+i— =_—'\'—[z1(.\')+1=(.\;)]
n' 12' 11

- _u _2 _-1 _n—]

f'(x)= 2" 1+" +1 +...+ A

n‘ 2' 4' (/1-1)‘

Vi 3 S n chin nén f'(x) cimg déu vé'i (—2.\")

Nhin béng bién thién 13 cé, fu) < f(0) = 1 v.1-¢ 0 =-> (dpcm)

Béi 6. Cho 3 S ne N vé xe (O,%) . Chfrng minh ring: sin” .x+ cos" x2 2 3

1-11

C1211/ng minh

Bét _\' = Sin” x + CO5” X I> )/= /1 sin xcos .\-(sin "-1 .\" -— c0s"‘3

Ta c6 vc'ri xe thi \/=0 <:> sin .\' zcosx <=> .\'=% \' g Z}

Nhin béng bién thién suy ra: Min _\' = : 2:;

Ii-
~09

O\ _3O

\+
-o

f
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ll. DANG 2. Déi vé'i ceic tru'é>'ng hQ'p don giém nhu trén chi cn dao him mét 1511 \'i1 lip
bzing bién thién 151 cé mé biél duqc an lhéng an vé f(x). luy nhién trong czic ban loin
pnuc tap. ta phzii nén hiinh dao ham van 1511. mam chi phzii khao Szil thém mél 56 hixm

phu mc'>‘i xul hién.

_} _} _§

\ . , . ; .\ . .\ .\Ball. Chung mmh rang: .\'—~‘ < s1n.\*<_\'—T +?‘, Vx > O
3. 3. J. “

Clzzhzg minh
,1 _s

° .\"—';)—'<sin.\- Vx > O (:> f(x)='§T—.\"+sin.\">O. V.\'> O

Ta cé _/"(.\‘)='\2—'—1+c0s.\" :> _f”(.\‘)=.\'—sin.\" :> f"(.\')=I—c0s.\'2O. Vx > 0

:>"f'(.\-) dang bién [0. +00) :> f‘(.\-)>/"”(0)=0. v.\-> 0

:> f’(.\-) aémg bién [0, +00) 3 _f’(.\-)>_/"'(0) = 0, Vx > 0

:> f(.\-) aéng bién [0. +<><>>é:_/<.\'>»>/<0) = 0. V»; > 0 Q (dpcm).

' sinx<x—L+i Vx>0 <=>g(x) = ;—L_+.\"—sin.\'>O, V.\'>0
3! 5! 3! 3!

_-3 _Z _3

Ta cé g'(x) = %—i%T+1—cosx:> g"(.\') = %T—.\"+sin.\' =f(x) > O, Vx > O

3 g'(x) déng bién [0, +00) :> g'(x) > g'(O) = 0. v,\- > 0

:> g(.\') déng bién [0, +<><>) :> g(x) > g (O) = O, V.\' > O :> (dpcm).
/

_ , _ ~ _ 2.x * Tt\
Ba12._(_Ihu‘ngm1nh réng: s1n.\‘>— . Vxel 0.: \

‘ It \. — /'

C/1 zhzg minh

'> A ' - 1 ’
Sim->“—" ,V.\‘E (0,5) <=> /"<1-)=L“ >l .V.\-e L05) .Xét

TE \ 2 .\' TE 2

f,(_\_) .\'c0s .\':s1n x g(.q\')

\"‘ x"

trong d6 g(x) = x cosx — sin,\'.. Tz1c6g'(.\') = cosx — xsinx — cosx = — xsinx < 0 .

Vxe (0,?) suy ra g(x)gié1mtrén :> g(.x") < g(O) = O :> f'(.\')=§—(—f—)<O
x“

2 _ 2;Vxe[0.EJ:>f(.\-)gié1mtrén (0.3) :> /'(.\~)>A/‘(1)=- <=> s1n.x'>—\,‘v’.\'e(0,E)
2 2 Z 117 TC 2

\ l

\ Z
Béi 3. Chrng minh réng: .\""‘ +_\-"‘ >—_ \'/.\‘E(0. 1)

4,

Ch ling minh
\' l \ \ ,\

Xét him $6 f(x)=.\"‘-" +.1""' =.\"'(" +.\‘..\"“ :(I+.\").\"‘-" véi .\'e(0. 1)
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2 In _/'(.\"):1n(1+ \*).\"§ ‘ :l11(1+4\")+‘—L~l11\
1_,\

1 T - i ~~ 1 -

:\ [111/‘(.\‘)] =1 ln(1+,\-)+—'\—-l11.\'! <:;» '/ ('\2:~— + 1 +- ln'\
?_ l—'\' 1 _/'1 \"'1 1_+ .\' I—.\' (1__\~)*

F 1 \ '-

., . ' 1 1 l." 1

‘
.'

:\ _/ (.\')=4/(.\-)}1Z+l~—+i¥1:(1+_\’).\"‘" -1l;+fl +l—ln\
; +1 -1 <1-11¢ 1 +1 -1 <1-11;

1
_

1

.

., _ 1‘.
r» _/ (,\'):(l+.\‘).\'*“<(l—.\') -§Z»———\+l11\%

1+1

, 1~¢ , -4 1 (1-.-1:
XCK g(.\‘) = Z~—l+ln.\' 3311.11: ,+~1:_" ‘>0

:>g(.\‘)t§1ngt1'én((1_ 1) :> _Q(.\‘) < g( 1) : 0 :> _t"(.\') < (1 Vxe (O. 1)

:\f(.\")gia1nl1'é11 ((). 1) :> f(.\') > hm _/'1.\*)

\
'7

Ta C6 lim ./'(.\') = lim (1 +.\-).\*"..\""‘ =2 lim 1+i ‘ '1 Z1/' I:
\~>I \——+| \~\| (»

-1I ._\ J.

\ l .)

\/§1yf(.\') = .\-'"‘ +.\"*‘ >i Vxe (O. 1)
U

__.__J

1+1‘ (l+.\'/1’ »\' _\"(1+>.\')_

/ -l1~\ 1 /1

1 . \ , . ; * 11 + .\‘ c1\
B1114. Cho (1.b..\'>0\'u(1¢l2.Chu'ngm1nh1‘z1ng: 1—~] >1 —)

\/7+.\', \[7,

Cluhzg minlz

/ l:+\
11 + .\‘

Xét f(.\‘) = \1O‘i.\‘2()
1) + .\‘ ,

~ ' 1 1-1
:> lnf(.\') = (/1+ .\")ln -la+ A :» [111/'(_\~)] :| 11> + ,\">ln iii

/>+.\' ‘V /1+.\_'

/"( \‘) 11+ x /7 + .\' 1’ u + .\‘ \" 11+.\' (/1 + X)‘ /J — u (1 \ —

ln +<=*,"—'—=111——+(b+.\*1-—L[l~\ =lnl + - w:

., . / u+.\" /7-z1\‘ 1"/(1+.\"n-_/V u+_\' />—u\
:>./(.\‘)=\/(.\').Lln~;+—— =|?J [ln——+-——|

/1+.\' (1+.\' -\l>+_\ ; />+_\' ¢1+.\‘/
[_ ‘/ x/1~-.

Xémgm = 1ni:+: :»_/1.\-1=(q<.\~11iT—\}
l>+.\‘ c1+.\‘ ',l>+_\ ,

- , 1 .~ 1- -1 -1 -11’T1106: g(x):2+\_ 7 111+ u 91: (1w 2 <0

”+-\‘ (/2+.\')“ (c1+.\‘)' ((1+.\')‘(/>+_\")

I <1 + .\- 1) — :1 \
:>g(.\‘)giz'm1I1'én(0. +¢>@) :> g(.\') > lim g(_\">= lim | I11/—_——+-11 = O

+\~-*~ 1 .\' a+.\-,

:> _1"'(.\‘) > O ‘7.\- > O :\ f(_.\‘) {fang trén H)‘ +001 :~ _f'(.\’) > _f( (1) 2* (dpcm)

f(,\-) 12 + .\‘ u + x J + .\‘, >+ .\' 11 + .\" ([7 +11)“ b + c1
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U5

, \1;

\._ 1 ; V - . i . 1 11 H ~1
H13. Tlm s011111‘c (x10'111111a1l110z1 m;1n 11:11 115111; 111111‘ 5 1+— 1 £01 V./16;. 1

‘ 11 ’ -

Gqi f(11) 151 $6 1h1_1'c thou mfm diéu kién

.' .11~1‘11.'1 F / _
1 1 ‘

Girii

1 1 1|l+—1 =c <:>111+/<11)1n|1+-1:1<:>/1111=~7j—11
1 11/ \ 11 1

1nL1+ 1

II

. 1 ,. . , ., 1

Xét _/(.1-)1?/—~i —.\‘ \'o'1.\'e[1. + <><1.K111d0 _/ (.\')1—i—#—1
1n 1+ 1 \( 1)1n~'1+

.1‘ 1' \‘ 1

.'.\'+ '

, . 1 .. , - - 1

Ta1chu'ngm1nh 1n(1+1)<:— \'0'1 1>(1. F11;_1l\‘:_1)*. g<1):h—1n(l+1)
\/1+1

1; 1

v1+1— 1+
J1+I

<1

+

, l 1 1 .:> 14(1): — : AA — <0 :> 11(1) glam
1+1 1+1 <1+11\11+1 1+1

Suy 1"z1g(1) <g(()). V1> O hoac 1n(1+1)< -Li‘ \*';f1y

1

\»l+1

1’ I 1 1 1l11'Ll+-'1<il <:> .\'(.\'+1)1n'L.\'+— ]<l _V.1*>() :> _f'(_\-) >0. V.\">()
\ \7[1+ 1 1’

1,
Véy hi1m $6 n f(,\‘) ting lrén [1_ +<><>)1

1 . . , . 1 1 ., . 1 _

\/gay suy 12101 3 f(11). \'z1 khl do 01:] (1) I: —1 1z1g1z1l1‘1ca11l1m.
11 _

I11. DANG 3. Déi \'é'i 11161 1é'p czic bit (15111; 111110 hui bién 12106 lhé bién G61 dé quy vé

bit dfing 1h1'1'c mi)! bién. Bién n51)’ 06 lhé 151 11161 [rung hui hién $5 bun du. hoéc 151 mél
bién mdi.

CU

21i1.c11@_1~1+1-1:1\'z1§':wL'\'+':__) " ' Lg ‘ Hf—1Ch11'11gm1nh: —'—,)—— S 5 § '———
2.11‘ + Z.\"' +1 — 2

2 (.1'_\' + '1'“ 21.15)‘ + _\'1 1 21.1")" + _\‘5: = I ..cu\*:()lh1S=0.1“ V
Z.\'_\" + 2,1‘: +1 Z_\"\' + 2.1: +11: +1": ) 3.1": + l\‘_\' + _\" t

- _1
\1o'1 \"¢()_ dc1t5:13 S11: _

.\' \~-13;-+Z;+]1 31'+Z1+l 1 -

I

5':

_j_ ( _@r=1,=i:1=11=

2\':(1+11 '>( +1)

DJ

+
Z

E
3 _

up

“($11 +21+1)-2(1+1)(e1+21_-211% +(>1+11_- ‘?__,___--- -0
(313+21+l1' (313~21+l1'

r r
W 1 7—’ +(1 . .4 .1 Z (7 _ 1

Nhm bang bl€l1l1]lCI'l suy ru: 1S S £1‘)

'—% /1 1* +%1

C/7

—() + ()-

-—\

7_+Q6AT

~ 5 /

1-3
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1. , . ; 1,111‘ +/1’ -‘L1’ +/>1
a12. Chung mmh rang: S\/

U-1

.\"(1'_/2 >0.

l Chzhzg minlz

4

1-

K7’-5.

J

1- 1 /——
B"11d€'1n@th1'rc~* *a4+b4>i/5'—‘\/+( —41+,J>{/Z

C iu3+/)3 31+(a)} '\}/1+1}

V b

l
1 1 (1 ‘)4

xe1 ham gs f(1) =—L' =?-—+'I v<a~11>0;
3l+I3 3 i(l+z)

T?

—_3 1 1 -1
-1 4 3 F->__ -1 4 I F }Tacéfmz (1+1) 1(1+1)‘ (1:1) 1(1+r)

(1+z3)~‘

,
1 "T <1

,. (1
\/0'1 I =— >0.

17

-2, _ _.

13(1+r»‘) (l+z*)‘[z(1+1;)—(1+z")j ,~(]+I?)"‘( 1)f(, 1)

f '(r) = I I ' »‘ 1+1" —

1

(1+r*‘)~‘ (1+1‘)~E‘

f'<1) = 0 <=1= 1 :> Bang bién1hiénf(I)

Tir being bién thien Suy ra 1- s f(1)< 1 v1 >0

+
L

- /\ 1/E 1‘0 l

\/5 f’ 0 +

3/ESQ/(I4+b4 3/a3+b} Si/a4+b4 - L 1 1

2 2{/5 3/“.1 +b1 \ ' ./'

/
§§\

Du bng xay ra <:> (1:12 > O.

_3 3 A

.1-_ 120
B513. cm { . Chfrng minh rang; J? + 2\/1 s( )

.1 + 1' =1

5

+
m

<11

rfl

Chlhlg minlz

Ta C6 x3 +y3 =1 <=> _\'=\./“l—.\“1 .

Xét f(.»<) = \/I + 2\/I = J} + 2.9/1-,1--‘ vévi .\'€ [(1.1 1 :> _/’<.\-1 = -l— -

I I 1 --1 '!\f (X) =0 <=> xv :> Bang b1enth1cn X0 1

I 1 + T
Til‘ béng bién thién suy ra:

§ f
f(x) s f(.\-1,) = M = (2.5/5 +1)“ Vxe 10. 11

2\/r; <1(1_

‘HI\c>
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Z \' 2 .\':

U3

[>~§_1I\-~+,»
iii 4. Cho J ' .Ch£rng minh ring: xi + v: 3 2

M

I I

Chlhzg minlz

2 \. 2 X1 v\' 2 \4 2 ,\_ 2

.\
v ‘:1’ 1 2 ~ <3 _ ~ <:> 6‘S—2.\" +31‘ Z-Y 3-2-Y” +3-\‘ IDA" —(>,\‘SO 0S_\‘S€

Ta cé 1'2 + yz § xi + (—2x3 + 3.\")3 = f(.\").

Ta sé chrng minh f(.x) 3 2

Bién d6i f(.\») = 4.6 - 12.6 + 10$

:> "(.\-) = 4-.\'(.\' — 1)<.» - 5) lj I

Tir bémg bién thién suy ra Max f<.\-) =f(1> = 2 :> _\-2 + _\~2 s f(.\-) s 2

P-1

O

1 6/€

+ O -

'\~» \

K/

\'+\‘ f\. _ , - : - \ \Ba] 3. Chung mmh rang: 3' >1————
‘_ n 4\‘

' V.\~>\">O
— In _\'

Ch ling minlz

\F1x>y>(),1nx>lny<:>lnx—lny>O,khi dd b§td€1ngthL'1"c <=> ln.\'— In _\' >

X 1

\' Y

.\' + V\'

_ r—1 \- 1-1<:>ln'—>2--"-— <=_> lnr>2¢— . vdi 1:'->1 <:> f(r)=lnr—2-—>0 Vr>1.
Y XH 1+1 v r+l

).

Tacé f'(r)=l——L,=)%>O V
F (z+1)“ z(r+1)'

z>1

:> f(t) téng trén [1, +<>¢) :> f(I) > f(1) = O VI >1 :> (dpcm.)

B51i6. Cho.\-I + >1 =1. Tim Max. Min CU21 biéu mu-<1 A = .\‘~/1+)’ + M/1+.<

Xét Max A: su- dung bél dang thirc CB

Gidi

S la cé:

A =x1/l+_\'+_v\/1+x 3 \l(.\‘: +v\'2)[(l+.\’)+(l+v\-)]:./2+l..x"+l._\"

3 \/2+\/(13 +l3)(.\'3 +y3) :\/2+\/5

Xét Min A:

i) Néu xy 2 0. Xét hai khé néng sau dy

°x2O,_v20 :> MinA>O (1)

°xSO,ySO: IAIS ,/(xz+y:)[(l+.t)+(l+_\')]=\/2+x+y = ./2—|.\‘]—Iy|

Vi x2+y2=1 1» 1x], |;~| $1: |x| +|_\‘] 2 .\~1+_\-1=1
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3. ms \§:Y=1 3* A2 -1:~.\1m.\: -a kl)

ii) .\'éu.\-\~<()1hi J31 /:.\"+V\~ 2 ,\-_\ 1%!‘ ~lJ<() :' A 1 </<1

Su' dgng .\'“ + >\': = 1 it» IA: I Z.\':(I + >\‘) -1» ~L.\'_\"\'<l + \’)<l+ \‘) + Z_\" (1 + .\')

1-» 4/'<1>:<1+vv2)1‘+¢2f-<1+\’2>1+:-V’: 3 /"<»>='3(1+¢2) +2\2/-(1+\2)

—-~—# ~ , 1 1 R-1: Z+2_\"_\~(.\"+_\")+4x_\~\/1+_\'+_\~+.\‘_\‘ :_/’|1\;Z+(1* — in + _(I — l)\1l+z+—,)—

—(l +\72) <—

Tacé: A/"<1>=0 <=>1,=i__—;¢: =\»'2-1 1 I -1 n, 1; 1j
T[1'b?'1ngbién lhién suy 111

3_
/, .

. . 7( 12':
V

_1<»1>s_1¢1,)=_l" mez-

.

-

jZ'f(l|)
' \‘.fu;>/' ‘

+

c

+

27 \

- —"*: ***"<i
:>2A3£L_l2\2 <:~ ~i:°&9;s‘4s r,» ;\1i11.A=-5-i‘°_ " <3)

v7 \ "7 \ "7 \ "7

as —6\/E *(]+\'5)i\/E315
Tir(l).(Z)v£1(3)suy1'a MinA=~ ———xa)* ru <:> .\"._\"=—————-l-

\ “7 6

IV. DANG 4. D5i \'<'>'i min ldp czic b§l déng lhtrc hui hién sf» khzic. la thuimg phzii Lim each

phfm ly hai bién \'Z\ dun ra mét hilm dzic n'u'ng dé khém >;iL. Phuvng phzip n21)-' cmg m

hiéu qua \'(')'i n1(§ts(‘\ bili lozin bu bién.

Bili l.ChL’1'ngminh1"§mg: <1" </1". Va > /> 2 c‘
Ch lhlg minh

I » . In <1 lnlw
<1” < /1" <:> Ina” < lnb“ <:> blnu < ulnb <:> H-1 < T?

(I 7

» 1 5 _, I-1 5 1-1 I

XéthZ1ms6f(.\')= -n—\ VA" 2 c. T1106 _/ <.\‘) =-¥ £11210
\" V x"

.v . . l I I , (I

:> _f(.\‘)g1an1u"cn|c.+<><>) :> fm) < _f(_b) <:> ~ni<¥ <:> a’ <12
(I ' 7

I 1

Bé1i2.Ch\'1"ng minh ring: +;1—) S(Z" ++) .7112/> >0 ‘

v . ‘

4.‘ "

Ch ling minh

(Z" +_1_)l7 $(Z/7 +L)U <:>L——1+4‘;\]y £P—l+.4b
01 '>/’ w 1"4

u

<=>(1+4")”§(1+4”)"¢>1n(1+4"),"s1n(1+4">“<=>-_—1"(‘V )s-——([74 ).
(1

1n(1+4‘)
Xéthilm §6_/(.\->=——— \/(vi .\->0.

Y

+4“ In 1+ ”

() 4‘1n4‘-(1+4‘)1n(1+4*) '(__) A (Q ) J, f
Ta cé _/' x :

.\-1(1+4‘)
<0 :>_[ \ gmmtrcn O+<><>:> (zz)§ (1))
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\~ e (0.1
Bi1i3. ChL'1'ngminh1‘§ng: i1ln% -1114? ‘> -1 J ) (1)

_\"—.\'\ 1*): l—.\ ‘

I ],\. \.\r
I L

A

C/uhzg mi/1h

v Néu_\">.\‘lhi (l)<:> lnL—ln%>-‘+(_\"—.\) <:> l|11—"%—'-I-_\">ln%—-l.\'
—\' —.\’ —\‘ —.\'' 1

~Ne‘-ru _\'<.\"thi(1)<:>1n;—ln;<-l(v\'—_\)<:> ln—'L——4_\‘<ln—L—-l.\"

xet f(1>= 1nlL-4; vdi ze(O. 1)
I

l—_\" l—.\‘ 1—\" l—.\"

w_ _ 7 _ U

T¢\¢<s_;*'(1)=—‘'(—4' j-4:1 ’- 1 _-4: I --V1=(" 1) >0 Y/ze(_0.l)
1 \1—z z (1_,)- r(1—r) r(1—r)

:> ft!) téng trén (()_ 1) :> _f(_\") > _f‘(.\") néu _\' > _\" \"£1_f(_\') < j’(.\') néu _\' < .\"

~ - \ 0.1
@:> I (In '\ —In \ {>4 \ '\€( )\\ I \ 1 \/ [,\"< —_' —_' .\~:/=\~

Bizi 4. Cho W , 7 .ChL'mg minh rang: + + 2 (1)
(I. /7, (‘ > L (1 ]) C 3\/E

I 2 + 7:1‘ +/7‘ +0‘ = /' +1" 0‘ :1“ u‘ +/2‘ -

Clzzhzg min/1

; ‘I , (1 /2 REBatdangthu"c(1)<:\ ,+ 1+ (,2) 3

1-0‘ 1-12" 1—("‘ Z

w -1 w ’_
:1‘ b‘ 0' 3 3

4‘-—\x—r + + >_’\/ (Z)
u(1—a2) b(1—b2) c(l—c:) 3

Xél f(.\') = .\‘(1 — xi) \'<3'i .\‘e(0.1)

J

'7 1

Ta cé f’(x) = 1 — 3.x" =()<:>.\":—e (0.1)I
I

U

>1

A
\_l

' 1/\/§ +00

‘*5
\

+ 0 -

'\~.

2

, 7
Tit bang bién lhién :> f(x) §—7; Vxe (0. 1). khi dé La cé

3V3

(1: [>2 ('3 R’? \ . 1 R/3
W + '8 + _ 2‘ ~ (u‘+l2'+¢")=%3» 3(Z)dL'lngQ(dpcm).

a(l—a') b(l—b‘) c(l—(“) 2 3

. .\ A \ \'+3B5:1i5. a. Lap bang bién lhicn va tim cue tri cuu _\~ :
-\

.\'_ +
.A - _; 1' 3 I I ;_Z /1b. Cho :1 +12 + c = 1. Chung mmh rang. \.'u +1+\'l2 +1+\/( +12\/10

1

a_ .\'+3

\/X2 +1
Tip xzic

Clzzivzg nzinlz

dinh." D = R.
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. (.; +3)_.\'

\ + \/xi +1 l—3.\'
0 D30 him: _\~',: w = W

.\"“ +1 .2 ’ ‘(.\ +1) \ 1/3

‘ - 10 ~ + ()' Giai phuvng trinh _\" : O <:> .\‘=§ :> _\"

(X + 3) F v’,

' 1 néu .\‘~>+<><> f / \
1

1

'/.

lin1\':l1111-|i—i=lin1—'\-—\= .

1» < ~ L we ~

/Q

_,_;_.

€/

“_’°° I 1 (‘_’”° ~ -1) neu .\ —>.\"\x .

\/ .\"

T11‘ bang bién thién suy ra _\‘_\m = :\/T6
/vi

b. SL1‘ dung két quzi cua a. :> _\': _ _\~ \
x.~'+l

D511 .\-=b:> + b+3£\/P16»/b3+1

X:¢:> ‘c+3<\/EA/c +1

{A-a=> a+3S\/T6.\/a3+l_ 
_!Do a+b+c=1:> 1()§\/EL/¢z3+1+\/lr+1+\*<- +1

<:> \/T6S\/a3+1+\/bl +l+\/cl +l.Da§ub§mg xayra<:>u=b=c=

I6

‘T3 < /W <:> x+3S\/’l6.\/.\"+l , V.\‘eR

.\‘+1
h n va tim cue t1i cuu v=Bi1i6.a.Lzf1pba'mgbiént ié \ ~_

\/X2 —

b. Cho a + b + c = 3. Chirng minh: \/612'-(l+1+\//):—b+1+\/C2-(‘+1Z3

X _'\+1 7(.\‘“ -—'.\'+1)7 f /‘ \‘
Chlhzg mirzh

~'

_ — _ — '——-- ~——-~ "7 . + __

W ‘"‘?%"‘“1)
\_,__ 2 .\'3—.x'+l 3(1--Y) 7

I >' ‘* 2 i‘ l >-

— 7 :> Béno bien thlcn I -_\"'=O<:>.x:=_1:>_v(l)-_ C

Tir being bién thién suy ra _yM;,, = y(l) = 2
. 1

b. Theoa. suy ra ——1-i—_
\/x‘ —.\'+l

.\'=a:> a+1S2\/a2 —a+1

1->511 x=b::> b+1s2\/If-b+1
x=c:> c+l S2\/c3—c+1

>-

>_-

"+ <2 <=>.\-+1s2\/.\~ -.\-+1 VXER

Via+b+c=3 :> 6s2(J¢-a+1+\/zf -z>+1+\/L-1_¢+1)

‘ 1-0-1
<=> \/a2—a+l+\/bl-b+1+\/c2—c+l 23. Déwbang Xéyril <2 (1: 1- _ .
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v. DANG 5. D61 vé'i céc bei dang thL'1‘C imieii bieii. ta C6 me C1'lQl'1 mei bieii 151m {ham Se

bieii thién vs ee ciiim caic bién cbn lai, bin toén me néy trO'Ih§:lI1l'1 beii dang thirc mei biéii
v51 ta cé thé sir dung c2ic'két qua G5 biét trong dinh 1}? Fermat.

\ ~ 3Beii1.chu-iigminhiaiig; L+-b_+_‘_z- V(I,l7,C>O (1)
b+c' 0+4: a+b Z

C1112"/zg nzinh

Khéng mét tfnh téng quait. gié str (12 b 2 c. D511 .\" = 41:»: 2 I2 2 c > 0.

Tacc'>(1)<=> f(x)=;+L+; vé'i.\'2!JZC>O
b+c c+.\' x+b

:>f,(X_)_ I b c 1 b c _O

' b+c (X-+-C): me)’ b+<- (b+c')2 (b+<-)2

v A 2b + c:> f(x) tang tren [12, +00) 2 f(x)2f(b)=T (2)
C

D:_“1tx=b :>x2c>O,Xétg(x)= vc'>'ix2c>O:\ g'(.r)=—c—7>O Vc>O
-‘+9 (x+c)'

:> g(x)té1ngtrén [c, +00) 2 g(x)2g(c)=% (3)

- 3T»Lr(2),(3)suyrai+L+Lz- Va,b.c>O
b+c c+a a+b 2

Bili 2. Cho a, 12, c121 dé déi ba canh Qua min tam gi2'1c.Ch£rng minh ring:

a(b — c)2 + b(c — a)2 + c(a — b)2 + 4abc > (13 + Z23 + c3 (1)

Chzivzg minh

Khéng mét tfnh téng quét, gié sir 0 < a é b § c < a + b. -

Bét déiig thtrc (1) <=> f(@) = <9 - Em + b) - c(a2 + b3 - Zab) + 615+ if - (Eb - elf < 0

Chvjng ta sé khéo sét him f(c) v<'>'i b 3 c < a + b. Ta c6

f'(c) = 302 — Zc(a + b) — (a — b)2 = O <:> c" = cl = (a+b) _ ‘(a +3b)~ +3(a _b)_ <0

2 3 2

(a+b)+\/(a+b)2+3(a—b)2 (a+b)+2\/(bhg) +Zah0é1cc=c2= 3 =

Ta c6 béng bieii thién vei chin 9; C2 Q + b

- 0 +

Tu béng bieii thién suy 1'21 f(c) < 0, Vc e (b, (I + b] W1)

E(b,(1+b)

(‘E

ii.»-\

U‘

f(a+b)=0;f(b)=a2(a—2b)<0(viO<a£b)
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Bfii 3. Cho a. 1), 0151 dé di ba canh Qua mét tam giéc 06 thé suy bién

(tircliqa.b.c'>O;b+c2a;v+a2b;z1+b2c)

_.___._

$2

- - - < <_ \

Ba: T: Tim Max Tvil chirng minh réng MaxT <1
(a+b)(b+c)(c+a)1 21

|
W

Khéng mét mm téng quail. gié su a z 11 2 C . thco gm zhiél ta co 61$ b + <-.

Xét f(<1)=5i-i~‘L' 3 f'(¢1)= z0
41+}? 17+? (‘+5 (a+b)“(u+(r)'

:> f(a) t€1ng:> f'(a)Sj‘(b+¢')= . Bit €=x, Ta cé

_4 ,1 _2f(b+C): (.\ 1).\ :g(x) g,(x): 2.\ +41 +l3.\_ +4x 2

<-\'+1><1-\'+1><2+-Y) [(.\-+1)(2.\-+1)(2+,\-)1:

Xét -2.\-‘ +46 +111-1 +4;--2:0 <=> [21-I +2+

\/28+4\/§§+(2+\/§_§)

A

3‘
O0

-2).\~][2,\-1 +2~(J§§+2).x]=0

:> x=€i—?f =.\'0. SL1" dung mziy tinh bc'> ti ta C6:

( "0 * 1) X0 1Maxf(a)= D

(X0 +1)-(231) +1)(2+~\-0) < 21

Bfii 4. Chtrng minh ring: 2(x3 +3"; +:3)—(x3_\"+)>3:+;3x)§3 Vx. _\,'. :€ [0, 1] \

Chzhzg minh

Bit ding thtrc di cho <:> f(x)=2x3 — yxz — ::.\"+ 2(y3 + :3)— _\'::S3. Ta c6:

f'(x)=6x2 —2yx—:Z vi1f'(x)=O<:x=x] =%(_\i—\/yz +633) ;x=.\5 =é(_\'+\/yz +612)

Vi x, £ 0 nén x, e(0. 1). Xét hai trumg hqp

Q Néu X3 e (0,1>:> f'(x) s 0, Vx E [0,1]

:> f(x) giém trén [0, 1]

=> 133»; f<»<> = MaX{f<0>,f<1>}

Q Néu x2 E (0, 1) thi ta cé béng bién thién:

*1».

O

Q3‘

+

v—1

Tir bénv bién thién => Max f<.\-) = Max{f(O).f(l)}
O .\€[0.]]

*0»

X‘ mg)Z
Nhu véy trong cé hai trubng hqp ta cé Max f(x) = Max {f(O),f(1)}

.\'e[().1}

Ma: khzic: f(0) = 2(y‘ + Z“) — >12; s 2()-3 + 1;‘) — yz; + <2 - y - 12) = f(1)

Ta Se chmg minh f(1)s 3. That véy, dét f(1) = g(_\") = 2(_»~‘ + 5‘) - )9; + (2 - y - 11).
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Ta C6: g'(_\')=6_\'2—23_\'—l=O 4: y=y1=é(:—\/13 +6)<O; _\'=_\"3 =%(;+\/:2 +6)

- Néuy; @ <0. 1) => g'(y) s 0 V)‘ G [0, 1] :> g()‘) gia'm trén [0, 1]

Khl do taco {\éIIg_>l<]g()‘)=M?1X{8(O)~g(1)}
, 10 1 |

- Néu yz E (0. 1) ma ta cé bang bién thién: i 8’ - 0 +

Tir bang bién thién :> l\/[£>]<lg(_y) = Max{g(0)_g(l)} 3 M Q02)/' 1’

Nhu' véy trong cél hai tnrdng hqp thi Mgx!g(_\') = Max{g(O)_ g(1)}
_\'E[ .1

Ta cé g(0)=2;~‘+2-5s2;“+2-5+(1-;):g(1>=;(;-1)(2;+1)+3s3 V16 [0.1]

B:21i5. Cho a,b,C€ [L3]. Tim gizi tri ldn nhét cua biéu thirc s = ~L+l+-L
3 a+b b+c c+a

Gidi

Détf(a)=+#+?ia-. Xét hai truémg hqp sau:

° Trzrng hgrp I: (12520: Ta (:6 f'(a)= b W — C , = (b_C)Sa2 _bC? 20
(a+b)“ (a+c')_ (a+b)'(a+c)'

:>f(a)Sf(3)=Fi€+£_+§=g(('). M51 khaic,

—b 3 (b—3)(3b—C2) 1 3 3b 1g'(C)= 6+ I _,

(b+c)_ (c+3)2 (b+c)'(z/-+3): 3

Tac6:h‘(b)= 3 ,- 3 1=(1_b)(1+b):>Béngbiénthién
(3b+l)“ (b+3)' (3b+1)(b+3)

, 1Ttr being bién thién :> f(3_b,%)sf(3,1,%):% I b 5 1 3

, » 1' Trzrdng hqp 2: c2b2a: Tit két quzi cL'1a f/> (317,?) ‘ + —

truyng hqp 1, ta c6 f(c,b,a)£%.M:f1tkhzic,

C) f”(3’b’%) / % \_(a—b)(b—c)(a—'
f(a’b’() f(L’b’a)"(a+b)(b+c)(a+c)SO

:> f(a.b,c)S% Véy MaxS =%,xé1y ra ¢> (a,b,c)={(3,1,%);

Béi 6. Cho 61,1), CE [0, 1]. Tim gié tri lé‘n nht Qua biéu um; »

' a b c
S: '1 1 + 2 1 + 1 1b‘+c‘+6 c‘+a‘+6 a'+b'+6

Gizii
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' 2 3;
Tac6f(c)= 1 _- 3“ - b‘

16+a)+b§ (6+b3+c312 (6+c"]+(z3)2
3_ _3 _ 3_ _3f,(C):_6¢a(6+b )_6bc16+a )sO :>j,((_)giamtrén[0’ 1]

(6-+b3-+c31 (6-+c3+-a’)

:>f’(@)zf’(1)= E 1- 3“ ,- 3" ,zl-z~i>o
6+a>+b_ (7+b3)_ (7+a3)_ 8 49

A . . I 1

:>f(c)t2?1ngtren [0. 1] :> S: f(c*)Sj(1):—;cl—+‘i)-+—}iz——=g(a)
1)‘ +7 :1" +7 41‘ +b' +6

Ta C6: g,(a): :1 3a‘b 30‘

b‘ +7 (a’+7)“ (a-‘+b“+@)‘

, 6177-2“ 1136-2?‘ , .

g (a)=— a( (i)—6a( + a})S0 :> g(u)g1a'1mtx"én [0,1]
((13 +7)‘ (61; +b" +6)‘

:>g’(a)Zg’(1)--21 ~3"- 3 ,=[ Q -l][§-__13]+__5‘3”>o
b"+7 64 (,,1+7)- 11+? 8 8 5+7 64

2
:>g(a)téngtrén[0, 1] :> SS g(¢z1Sg(1)=bT—7+%=l1(b)

1+

Ta cc’): /1’(b)=l- 6b" ,=(b' +7) -478” >0 Vbe[0,1]
8 (z>3+7)“ s(z>~‘+7)'

:>h(b)téngtrén[O. 11:» h(b)£h(1):% :> sag».

Vc'>'ia=b=c=1th1MaxS=%

Bi-1i 7. [USAMO — 1980] Cho a, b, c E [0, 1]. Chtrng minh ring:

—l——+-—Z-)-—+—-C——+(l—a)(l—b)(1—c)S1
b+c+1 c+a+1 a+b+1

Chzhzg minh

Xétf(a)= “ + b + C +(1—a)(1—b)(1—c).Tac6
b+c+1 c+a+1 a+b+1

f'(a)= 1 — b ,- ‘ ,-(1-z>)(1~¢)
b+C+1 (a+c+0’ (a+b+U‘

f'(a)=———%lL7 +-ii? 20 :> f'(a) ting trén [0. 1]. Xét céc trumg hqp sau:

(a+c+U‘ M+b+0‘

a.Néuf'(a)20Vae[O,1]:>f(a)§f(1)= 1 + b + °' s1+b+”=1
b+c+1 c+1+1 1+b+1 b+c+1

b. Néu f'(a) £ 0 Vale [0, 1] :> f(a)gié1mtrén [0, 1]

:>fw)gfw): b c +(LJU_C):l+b+c+bT's1+b+c+bc:l
c+1 b+l 1+b+c+bc 1+b+c+bc
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c. Néu f'(.1') thay 1161 déu trén doan 10, 11, khi as 1<é1 111;-p V61 f'(.\-) 1:1 hm lién tuc val

ting trén [0, 1] nén phuqng trinhf'(.\')=O

cc’) nghiém duy nhét x = 01 e (0, 1)

Tit d6 suy ra béng bién thién nhu‘ hinh vé

Nén suy ra Max f(x)S1 '

><

O

01 1

£21

— 0 +

\

O ) f(l)
Theo kétqué a. & b. ta 06 f(O) S 1, f(I) £1 “f(u)/

.\E[0.l]

Két lugin: Téng hqp czic kétqué1tL1'a., b. via c. ta cé (dpcm).

Déu bang xéy ra <=,~ (Cl, 11, <-) 1:1 1 hoéln V1 <1. ‘1.0)h02_?1c(1.O,0)

Béi 8. Cho a, b, ce [0,1]. Tim gié 111 11111 nhét @1111 biéu mu~¢

P=(a—b)(b—c)(c—c1)(a+b+c) (I)

01121

Chflng ta S6 tim gizi 111 lc'm nht ca Q={(a —b)(b—c)(c—a)(a +b+@)}

Khéng mit 111111 téng quzit, giéi SL1‘ 1 2 112 b 2 C 2 0 => Q:(a—b)(b—c)(a—c")(a+b+c)

Dzf1tf(a)=(a—b)(a—c)(a+b+c).Tacéz

f'(a)=(a—c)(a_+b+c)+(a—b)(a+b+c)+(a—b)(a—c)2O , Vae[b;1]

:>f(X)t5ng trén [11, 1] . Suyra f(a)£f(1)=(1—b)(1—c)(1+b+c)

3 Q=(b—c)f(a)S(1—b)(b—c)(1—c)(1+b+¢-) (2)

D31g(c)=(b—c)(1—c)(1+b+c).Tacé:

g’(¢)=(¢-1)(1+b+¢-)+(¢--b)(1+z>+1-J+(b-1-)(1-1-)=3¢-1-(111+b+1)

Vi12b2c2O nén 1zbzb1z¢-1 :>g'<<-)s0

:>g(c) giém trén [0, b] :> g(c)Sg(O)=b(l+b) (3)

Tir(2)v€1(3)suyra: Qs(1-b)g(@)s(1-b)b(1+b)=b-if=b(1-1f)=T
1

'1

Ta C61 T2: b2(1—b2)2 =%(2b2)(1—b3)(1—b3)s%[2b2 +(1_l’é)+(1_b2)] =5;

thi Max P I

2
V2§yPSQSTSl26\/E :> MaxP=MaxQ=——9\/E véri a=1, b=§, c=O

Kétlu@n.' Vdi(a,b. C)1§1l'102inNlCll3 _ j 255

/I

DJs‘
Ic
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Bili 9. Cho a. 1). c" > O lhéa min diéu kién Zlab + Z110 + 80:1 S 12.

. \ ‘ ., . , 4 , .4 , 1 7 3
Tlm gm tr; nho nhat cua bl€Ll thu"c: S - - + ;+—

a ¢

I

Gidi

D:f1tx=%,_v=%,z=%:>x,y,:>O;Z>c+8)'+21;£l2.\‘_\'; V51 S=x+2y+3:.

Tit 2x+ 8)‘ + 21' S llxy"
suy ra ;(12xy— 21) 2 2x + _\/>

i

— O +
~ *1 I \ 7/ 4 )‘ x0 +00

8 0 |

J‘

Zx+8y \ 73 12+ va x>—
12.“ - 21 4» f

:>S 2.x+2)'+@=f(.v).Ta cé
4,\y—7

'f’(x)—1--—L4+32y2 -0 <=>x— r —l+~l“32'V2+l4E£l +<><>
,

(4n’—7)2 W) 4)‘ 4)‘ 4)" g

Tit béng bién thién suy ra

/

f(.\'r)) /

HI

./O

,_.1.11

NU,OB

+
+

‘/32 1 (sf 9) 3 ~+149 ‘ 14 , ' — Z‘ Z8
Szfoo arm) = 2.»'+—+—"—i— =g<.v> => g (>~)=—"—-€"———

43' ZY 43.3 3 14

W

O0

32) +

9a§1tr=\/32y2 +14> 0 thi phuomg trinh gm = 0 <:> (sf -9) 32;-1 +14 -28 = 0

<=> 2’—50r—112=O<=>(r—8)(r2+8z,+l4)=O<=>r=8 <=> y=%

Tir béng bién thién suy ra 5 2 g(_\>) 2 g =%

~ ‘_i _ -Ml _i- :3-.22 ~ - -2Vo*1_\,-4,x-3W-3 <20-3,b 5,¢ 2lh1MmS_2

Béi 10. cm a, b, C > 0 um man diéu kién abc + 61+ C = b.

., . , 4 , .; , 2 2 3
Tim gla tr; lcm nhat cua bxeu thuc SziTi, +l——,

+a‘ +17‘ +0"

Tac6:abc+a+c=b<:> b(1—ac)=a+c>O:> a<l Va b=1—-
C ac

2 2(a +c)2

Girii

0+6

:>S=2+2b —2+3=2+ —2+3 (2)
1+a2 1+b2 1+8 1+6 (1+a3)(l+c2) 1+8

1 (x+c)2
Xétf(x)= -—T+-i,-i,)-1 vdi 0<.x<l. Khidé

Cl+x" (1 + x’ )(1+c'

f'(x) =_-i-L;tzcx -11) :0 c6 min nghiém duy nhét x0 =— c+ \/1+ cl e
(1+x“)(1+c')



Chmrng III: Nhz?ng vién kim czrmzg trong girii tfclz 327

Tir bangfbién thién suy ra f(x)S f(.\'(,)=;; I X 0 _\-U 1/L

4 V/1+? f’ I + () - A

3 20 3Khi d6S=2f(¢1)+?;s—i-+i,=g((-)
l+c" ./1 -1 1+0 f(.\'<»J

1+6 f /' \‘
Ta C6: g'(c') =L2(1_8£‘~) =0

' (1+c2)2 (3c+\/1+c2)

<=> ¢-:¢-0 = E <0, +00) L‘ 0 C0 +00

:> Being bién thién g + O

T1‘; bang bién thién suy ra: g((') é g(c,,) g(c'<,)

‘Q /' \.:>SSg(c')Sg(c0)=

\/oi C-=l,@=[3 vz‘1b=\/5 ma Max s=&.
\/§ 2 1

VI. DANG 6. Déi v<5’i czic béi toén phirc tap. cn phéi hqp zip dung dinh 1)? Format vii
nhiéu bét aéng thtrc phu, nhu' bél ding thtrc AM - GM, CBS. hoéc czic dzinh gié khzic.

Bili 1. [IMO25 — Czech 1984] Cho x, y, 1 > O théa min x + y + : = 1.

Tim gié tri lén nhéit cua biéu thtrc: S = .\"_\‘ + yz + zx ~ Zxyz
Gidi

Khéng mt tfnh téng quét, gié str x 2 _\" Z ; :> 0< 3 £%

Bién déi réi dam gizi: s = xy(l - 2;) + ;<.\~ + _»~> = .\;\~(1 - 2;) + ;<1 - 1)
~ '7 '1

ii)‘(l—2:)+z(l—Z)=(1_:)_(l—2;)+;(l—;)=i:3 +l13+~1—=f(:)
2 2 2 4 4

Tac6:f’(:)=—§(3:—l)=O<=»:=O;:=— 3 | 0 1/3

w
\:\]N“

_/'<:> I +

l.
~f(-V)’ 1 2' 27

Véi x=y=z=§ thiMaxS=Maxf(:)=7—7

Ttr béng bién thién suy ra 5 s Max f(:.) =

Bili 2. Cho x, y, z 2 O théa min x + y + 3 = 3. Chtrng minh ring:

S: 1 + 1 + I 2 34+2ln(1+x)—_v 4+21n(1+_\')—; 4+2ln(l+3)—.\' 3+ln4

’ Chzhzg minh

Vix,_v,z2Ové1x+y+z=3,suyraOS.x,y,:S3
:> 4+2ln(x+1)—y>O;4+21n(y+1)—;>Ovi14+ln(;+1)—x>0.
su dung bét ding thirc AM- GM ta c6:
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[(4+21n(1+x)-_»~)+(4+21n(1+y)-;)+(4+21n<1+1)-x)].sz9

:>S2 ' 9
(4+21n(1+x)—)")+(4+21n(l+)‘)—:)+(4+Zln(1+;)—x)

_ 9 I

1Z+2ln(x+1)—x+Z1n()'+l‘)—)’+Zln(;+l)—1 ,f
XéthE1mS(‘>f(I)=21n(1 +1)-1 vdi0srs3.

, , l—rTac0f(r)=i =0<:>I‘=1
1+1

C)

DJ

\

+ O

'~+=

O

D
J;

us

1 __

Z1n4 —

:> Béng bién thién CUE! fm . Tir being bién thién suy ra

0 s fa) s 1114 -1:> 0 s f(x) + f(_v) + f(;) s 3ln4 - 3

9 9 I ~:>S2 = = 3 .D€1ubz“1n2xé1yra<=>x=_v=:=l
12+3ln4—3 9+3ln4 3+3ln4 -V

} Biii 3. Cho .\',_v,:>O V21 xy: =1 .Ch£mg minh xi + y: + 1: +.\" + _\" + ; 2 Zn + 2): + 2x; \

Ch zhzg minh

Gié SL'I’)C=miI‘1{X,_)’,Z,} :> xe (0,1]. {-)zf1tf(.\')=.\‘2 + ya +32 +x+ _y+1—(2,\_w+2y;+2.\':,)

:> f(x)=x3 +-———,1, +z3+x+l+g—Z—Z—2.\':.
x'z' X3 X Z

2 _

f’(x)=2x—2:Z4+1— ,3,——%—2z=2(x—:)+1—%——j2—;—%<O(vi .xSz;1<-27)
xz V3“ x x" V3‘ r'z X“

Ta cc’):

:>f(x)gié'1mtrén (0,1] :> f(.\~)zf(1)=g+;2 +-_1?+2+§-2-%-2;,
~.

=12 +%—z—l=:(:—1)—(3—l)-%= 2O :> (dpcm)7- -1- ___ __
~. *' ~ \.

Bi 4. Cho (1,1), C E R théa min diéu kién (R +1)‘

Tim gizi trl lén nht cL'1a biéu thirc: 5 = 3(a + 1» + C) - 22abc

+0311.

Gii

Khéng mét tfnh téng quait, gié sir a = Min{a. I2. 0}. Xél caic trubng hqp sau

-Néu a=—1thi z>=¢-=0 :> s=-3
° Néu -1 < a < O thi sir dung bét ding thtrc CBS ta cc’):

S = 3(a + b + c)+11(—a)(2bc)S 3La+\/2(1): +c2)]—l1a(b2 +c2)

3\/5 a'! '7 3\/E=11}-80 3\/2(1- -)=f( ) :> f'( )=33 ~-8--_— ;f'( )=66a—
a + a a a a \/]—a3 a (l—a2)\,/1-03
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/ F— \

Ta 06 f’(a) =() 06 mét nghiém duy nhél (1: -jg e(—1.0) . Métkhzic. f”[ —\/ll1J<()
\

:>f(a)d;1tgiétrilérn nhét tai u =—

<2

:T]

F_ __
-:>M¢.$ N1 f " ‘° 7ax = ax (u):

~l<u<U

’\.
/""“\

“\/]=‘5v/T1
' Néu O S u§1:> S S 3('a +1; + c).Su'dg1ng bit déng Lhtrc CBS ta 06:

3(a + b+ c) S 3\/(13 +13 +l3)(a3 +12: +<>3}=

Két lugin: Téng hqp ceic kha néng dd xél {L1 cé: Max S = 15‘//1—?1

Dang thu‘c xa ra khl va ch1 khl ((1, b. 0) la m(_>l hoan vg cua — L;~— Z
wvY M11

'JJ /

?:>5s3J§<m¢%.

§1~

3.)
\

\.- ., . , A . - I 5Ba1a.1“1mg1atrg lonnhatcua T=v%i+i—+ —~\/.x+_\-+3 V.x',_\',; 20
\/.\'+_\" \!_\'+ 1 \/;+x 4

Gidi

Bzréc 1: Du dozin Max T:

Bmx:Qy=3J=l:¢T:0;Dmx=y::=2:>T:3—%§<0

- ~ ~ sDu&nNMxT=O¢¢CMmvmhm:~:;:+~=L—+ ” —;Jx+v+;S0
' C \J’.\' + _\' \/_\" + :. \/ : + .\" 4 '

, , . x vBu/ac 2: Chung mmh : ?+i"~
\/X+_\‘ 1/v\'+: \/;+.\'

x+_v=c2,c>O

\. 5S2‘/.\‘+_\"+; V_\',_V,; 20 (1)

7 7 1 '7 '7 7 '7 '7
2 b'+c'— ' ~' '—- ' a“+b2—c‘Dét \'+z=a ,a>O:>x= U :v=( +512 b ;:= ,). . , .

;+x=b{b>0

b2+c3—a2 c3+a2—b3 03+/12—('3 5 J?(1)*;\ + + 3 a‘+b‘+c‘
c Cl /2 Z\/5

., u ~ n . I 3 3 _3 V 2 '2Gla su a - Max{a, b, c}. Ta se chung mmh. W1 +1: +¢ 2 (2)
2

Tac6J2)¢:v5Ja3+b3+c22a+\w3+c:

Z(a2 +b2 +c'2)2a2 +b2 +03 +2a\/bl +03

¢¢ a3+(b1+@’)z2aJb’-+¢1¢¢(a-Jbl+¢@)_20.£néunay1uonaang:»(2)aung

@

Véy (1) sé duqc chtrng minh néu ta c6 thé chtrng minh duqc bt déng thirc sau
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b3+c:—a2 c3+a2—b2 a:~l-192-03 5 + +,

+ + SI(a+\/If +6‘)
( a 2

(a+b+L_)+ (a+b+(')(a—j2)(a—(')(("—b) £g(u+ /F+8) (3)

an
Néu c < b {hi c—b<O nén khi thay déi vai lré c \/"Z1 b cho nhau tirc 151 te_10 ra c‘—b2O ta

may vé tréi téng Cbn vé phai khéng {hay déi.

D0 d6 chi cn chfrng minh (3) v('>'i 02b. Khi dé ,8
(3) <:> 4GbC(6l+b+C)+4((l+b+C)(G-b)((l—(‘)(('-'b)§56J1)C((I+\/[J3 +02)

<=> f(a)=4(¢~-1>)8 —bca2 +(4b~‘ +4b%-+4118 -48 ~5b¢-+/18 +8 )a +4b¢(8 -1f)§o

T2106: X= ZO :> a§\/b2+c2.v§1y(3)<:> f(a)£O vbs@sas\/8+8

Néub=cthi f(£1)=—£lb2[((1—b)+(5\/5—7)l)]<0

Xét b < C Ta c6: f(-<») < 0 ; f(+o<>) > 0 ; f(0> = 411+-(8 - 1f)> 0 ;

f(¢)=-b8 (5\/b2 +8 -421-3+-)=~1»8 L/(41 +31)(8 +8) -(4b+3¢)]s0 ;

f(+/if +8 )=2b¢-(41%/18 +8 -58 -8):-2/>@(+/18 +8 -21;): so

Ti: d6 ta cé bémg bién thién sau:

X ‘ —<><> O c" \/[;3+¢-3 +<><>

f(X)| — + — — +

D0 f(a) 151 da thfrc bzic ba theo bién a nén f(a) lién u_1c trén nhin being bién thién suy ra

f(a)=0 c6 ba nghiém théa min a+e(—<><>, 0) , a;e(0. c). a3e(\./bl +c1,+<><1). Suy ra

f(a)<0, Vca S\/bl +c2 .Véy (3) dfmg nén (2) dtmg, suy ra (1) dng.

= 5- -a c
D€1ubéngxé'1yra<=> ¢=>a:b:c=2:1:\/§<=>x:y:z=O:3:1

2b=

H

b" +0"

B:‘1i6. Cho a[,a3.....a,,,b,,b2,...,b,, > 0 mm min cnéu kién

al +512 +...+aH =19, +b3 +...+b”. Chirng minh ring:

a, lna, +413 Ina: +_..+a,,lna”2a[1nb, +a3lnb3 +...+a”1nb” (1)

Chzhzg milzh

(1) <=> (cl, Ina‘ +a2 lnaz +...+an lna”)—(a| lnbl +412 lnbz +...+a” lnb”)2O
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<=*» [(1, (In a, —Inbl)+a3 (In a3 —Inb3)+...+(1,,(Ina” —Inb”)]2O

Xél him f(x) = x In x 7x + I vc'>‘i x > O

Ta co f'(x) = In .».- = 0 <=> X = 1 3 Bang bién thién
x I O I +<><>

Tir bang bién thién suy ra f, 0

f(.x)2f(I)=O:> xIn.\'2x—I_ V.x'>O
I‘ \\\\\‘ () ////I

Vi i>0 (z=1,_n) nén ta C6 ilnizi-1
bi bi bi bi

<=> a,-In%2a, —b, <=> (1,-(Ina,»—Inb,)2a,v -12,. (i=l.7)

:> La, (lnal —Inb,)+a2 (Ina: —Inb3)+...+a” (Ina), —Inb”)] 2

2 (al —b1)+(a2 —b2)+...+(a“ —b”) = (a1 +413 +...+a")-(bl +b2 +...+b”)=O
:> a, Ina, +a3 In a3 +...+a” In an Ea, Inbl +03 Inbz +...+a” Inb” (dpcm)

Béli 7. Cho e S x, S x2 SS x,, < y, S y; S S )1 sao cho

x, + x2 + + x,, 2 y, + yz + + _yk.ChL'1'ng minh ring: x,x2....x,, > y,y2....yI.

Chzhzg minh

I . , , I—I .' I—IXétf(x)=E vér1x>e.Tac0 f(.\'I=#S#=O
-X \'_ Y-

:> f(x)gié1mtrén [e,+<>@) :> Vdi e S.\"1S.x"; S S x,, <y1 Sy; S S )1
, In x In x In x In v In xz In v.Taco;z#z...z "2 "'2 '_‘2II42 -‘

X1 X" X” III V" IA

In v In v In y:> In xl 2 x, -i" ; In x3 2 xi S" ; ...In.\"” 2 .\"” ~-+1
Y1 "1 III

In \" In V:> Inx] +Inx3 +...+Inx”2(x1+x2 +...+.\'”)+'2(_\"1+y2 +...+ yk (I)
Y1 F1 -

, In v In v In v In \-Mét khac, In yl = y, -—‘—i ; In yl S yz -+‘ ; In _v3 S _y3 ¢—'—i ;In y‘. S yk S"
Y1 I’: III Y1

In y:>Iny1+In_v3 +...+In_yk S(y, +_v3 +...+)-k (2)
I1

Ttr (I) v51 (2) suy ra In xl +In x2 +...+ In xi, 2 In yl +ln yz +...+In yk

4:-> In(x|.>c2.....>c” )2 In (_\',_v2...yL_ I <=> .\',_\'3.....\',, 2_\',_\'1..._\'k (dpcm)

Bé1i8. Cho a],a2,...,a” > 0. Chirng minh rang -

as + + as > al + + an
3 2 3 3 _a + +a a + +aaz +...+a” al +...+a”_] , ,, , ,,_,
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Chlhzg minh

E):f1IS=a:+a§+..-.+a,’I v51f(l)= Ta can chirng minh f(2)2f(1).
,‘=| _(lI-

Ta sé chrng minh: f(t) ting vé'i r2O.Th2_'1tv:§1y.

f'(1
):'2_l'al'1na|(a',_ +a_§ +...+a,'1)—a|'(a§lna2 +a_;1na3 +...+a,'Ilna”)

* ($—~{)'
I I I I I I_i(ll(I2(1flUl—-1I1(I2)+(lI(I3Ul'lcl|-1H(I;)+...+(lI(lH(111611—lI1(l”)

‘ ($—~i)“ '

Z[\/1:

= i———————3i=—Z‘lc1,.a.(lnc1,»—1nzz){2—i_2
(S-Q?) 2~=1 ’ ' (S-41:) (H3)

1 " °S al al

a;aj.(lna,.—lnaj.) 1” / 1 1

I I

=~ ,.1,.-1. If-‘V--%z02’%laa](na naj)(a a])(S_u:)_(S_a;)_

Véy f(t)té1ng véi I20 :> f(2)2f(1) (dpcm)

Déu bng xéy ra <:> at =41: =...=a” > 0

Nhgilz xét. Bing czich lm trén ta chtrng minh duqc bili t02'1nt6ng quzit sau:

Biai toén téng quét. Cho a,.a2,....a” > 0 v21 p > q > 0 Chtrng minh réng

a 1" / a /I’ CI I " a
+ + > + +__ .

a + +0” a"+ +a” a‘+ +61” a”+ +a"
Z n l 11'] I 11 I n—l

Trudng hqp dzfac biét khi /1 =3, p=2,q :1 ta cé mét bin toén r§1td¢p Va cé mé giéi being

nhiéu céch ctla tzic gié Vasile Cirtoaje:

Z bl _Z b
7” 7+ 7+ 79 ,2 " + + ‘

b“+c' c'+c1‘ a'+b" 5+1‘ ¢‘+¢1 51+}?

Bé1i9.Cho a,b,c>lth('>am51n a+1)+@=-:;+i+l+6 (1)
C

Chtrng minh ring: ab + bc + ca S 9 + 6\/5

" Ch 1212g nzinh

Bit .\'=a+b+c,)'=ab+bc+ca,1=abc. Tir(1) suy ra ..\'=%+6<:>)»'=(x~6)z.
€.

TheoAM-GM: .\~=i+l+l+6z_9-_+6=2+6¢>.-61--9z0:.»xz3+3\5.
a b c a+b+c .\‘ -

Theo Viet thi a,b,c 12 ba nghiém CUB phuong trinh f(u)=u3 —xuZ + yu — 1 =0.
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4.)

_;J

JJ

Vi f(u)=O C6 ba nghiém u./J.c>1 nén _/"(M23112 — Zxu + _\" =0 C6 Z nghiém
1%

.-— -3~
um :\—_|_\L_;—'\->1. Thus hién phép chia [(11) cho f'(u) ta C6

., -‘ /Zv 2v-3 .n‘ ., V, ,_f(”)=f (")(%-%)+kT‘— /],u+?—:. D0 _/ (u])=j (u:)=() nen suyra

'>- _2 -- ’7- _:‘ »

f(z¢l)={%—2%)z1l+%—:2O ;-_/'(”1)=L“_g-‘-3; J”: +%-:30. Khi as

f(u] )f(u2 ) SO<:> 2(.\'2 —3_\')\/.\"2 -3)‘ 2 2.\"1 + Z7; -9.0‘ <:> 4(.\'2 —3)')>\ 2(2.\“‘ +27: —9.x3

¢> 4(.\-“ - 27;? - 9x4)‘ + 27.\~?\»’ ) 2 4,6‘ + 729;? + 8 1_Hy1 +10s.\-3; - 3e.H_\~ — 486.“-;

<=>.\'2_\‘2 +18.\.'_\'1Z4_\'} +4x3:,+27.\': <:>.\‘3 (.\‘—6)3 +18.Y(X—6)Z4(.Y—6)3I+%.\'} +27 (Z)

‘ T
Ta cén chtrng minh _yS9+6\/5 <=> ; 3 9+6? . Gizl sir ngucyc lai 3 >i"—'(%2 (3)

v— x"-

D0 a,b.c>1:>(a—l)(b—l)(c—l)>O¢=>x+;>_\’+1@L'%>; (4)
.\‘—

1 9+6\/5Léiy (3) + (4) ta 06 t%7>—?:.r<7.6l. TU d6 suy ra _v$9+6~/§;Vxe [3+3\/517.61]

3

Xél f(:)=(.\'—6)31+'\.3 ;f'(:)=(.\"—6)2 —#: f'(:)=O@I=(%6)2

9+6 ‘Z "9+e/7 3 ‘ 111'-0 'h: ~_(-") ‘=9 "~]_(-")<:.--69 2 _.Tac unomm > [\ > (x )( +6\/_) >

¢>11(,\-)=.»‘ -(9+6\5)2 .\-+6(9+6JE)2 50; //(.\*>=3.\-I -(9-6\/5);;

9+6 ’

5\.

lz'(.x‘)=O<:>x0 =-\/T=3J§+2\/5>3+3. co /1(3+3\/§)=0. /1(7,61)=~51.52<0:>/1(.\-)<0

Véytacé f(z)24A(x—6)2+%(.\'—6)+27 vé‘i A=9+6\/E.

Ta Chirng minh 4A(x—6)2 +i'/§;(.\--6)+2vz.1-1 (.\'—6)2 +18.\'(.\’—6)

H(.\~)=4A(.»-_e)+i.v‘ +l-_H(.\»-6)-1s.\-20
A .\'—6 -

cs H'(.x')=4A+Q.x-2 +12.\--3.€ -ls-i,;H”(A-)=12+%x-éi;
A (\'—6)“ A (x—6)‘

=12+-i+ %-6 ,\-=12+i‘_-6—(5i@[—).\-
(.\""6)3 (A (.X’—6)3 9+6~/2
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\ - 8 I 1 I

a.b.c‘Zl
Bai10.Ch0 ' 1 1 1 .ChL'1'ng minh rang: —+%+5——22 (1)——+i+i-1 ab 1 bc—1 cva—l

I [1+u l+b 1+¢

Cll 1?):g minh

Dét .\‘=-1_‘}T;_\‘=l{}[J,;;=T—_'}—(_, thi O<.\‘._\'.;S% v51 .\"+_v+;=1.Dé§/ring:

_. 1- ~ _ , v ~;

ab-1=1—i~+‘-1=;.Khidobalaangthac <1) ¢> 5:8“ +-‘—+x¥z2, <2)
.\' \' .\_\' ,, .\' Y

Dé_'1t.\j'=u v§1.\-+_\"=v.D0 0<.\'.)'.:S%vf1.v+_\'+;:1nén%S\*Sl vii

, _ '1 -\ q

z¢3=(-\.“')Z5KX+yJ :l;.Tac6 S=8'\3_+——i"('\+'\ )=L” +(1—\>)-—-——i“
2 4 I \\ 1 v u

Xét him 56 f(u)=———8” +(l—\*)i—"_-2” . Ta c6: _f“'(z1)=—i8 —-—v_(1: V)
l—v u l—v H-

Giéi phu"0'ng trinh f'(u) =0 cho tau
25

.

, - ___ v -
Néu VZ2"\,/5 [hi L(2lJ%)s%.1<hi as f(u)2f(%—J%]=(4\/5+2)v—227»/5-6

.-

Néu V§2—\,/5 thi is-—"(1“’).1<hi as
4 2J5

f(u)zf[L)=@;+2(1-v)=l?'-Bil-z2.vis\»s2-\/5
4 1—v l—v 2

Ding thirc xéy ra khi v21 chi khi .\':_\==% vE1 :=%.u'1'c 121 a=b=3 vi c=l.

Bé1i11.Ch\'rng minh :(a+b+c); z16(a’zf +/f +<-%R)+11@b¢-(a +b+<»), va,b,¢-20 \

Ch 1271g minlz

Khéng mét tfnh téng quail, ta cé thé gié sir a 2122c vil a+b+c=1.Khidé OScS%.

Dzfat v=a+b,u=ab thi %SvSl Va 113%. Khi dé bét aéng mac can Chirng minh

<=> f(u)=16u2 +16(1—v)2 (v3 —2u)+1lu(1—v)£1.

Ta 06 f'(u)=32u+(l—v)(32v—21)>O vc')'i %SvS1. Suy ra f(u) déng bién trén

[o,%] Vii f<u>§f[%)=9w -$1;-*+"Zl§\v~1 =%(3v—2)2(v—l)(4v+1)+lS1.

Being thirc xéy ra khi vii chi khi a=b:c hoac <1 =b >O;c=O v51 céc hoén vi.



Chumzg III: Nh/rzg vién kim c1r0'ng trong gizii tfch

J.)

_»J

U1

v11. cAc BA1 TAP DANH c1-10 BAN aqc TU’ e1/I11

, . / 7; ,
B511 1. Chtrnv mi11h czic bét déns th1'1‘c dfme vé'i moi xe O.~ v51 me N :C‘ \., » - ,7

1-1 1 1 4Sinx+tanX>2X ;2s|11.v+2Iz\11.\'>2,\-+1; 231111-+21n11\ >22 ; ._1<_q_+1__
s1n" .1" x‘ 11‘

2 $1111-3 1 1 .I .-<€~ —' _ -+1-2 - ”,~> 2 ~¢.~<1n2\ 3x_X3, >c0sr , 2 ,1anA+co1 1_2+n cos _1

,.

.\v
. 1" — 1\ _ , _ ; sm 1' " "1Ba12. Chung m1nh rang: —_—‘ cho () < .\' < _1" < \/8

s1n.\‘ 1-’
.1-— —

3!

' .\-sin 1' .1" + 21" < —
~ 1' sin 1‘ Jvx’ "Y > 0B5113. Chirng minh ring: c0s(x + 1') < l 57¢

' ' 4

\_ , . ; _ / 1" sin x xsin yBal 4. Chung m1nh rang: c0s(.\' + y) < M111 Vx, ye
.1"s1n 1' vs1n .1" 12

B5115. Chirng minh ring: xsinx — ysiny > 2(c0sy — cosx) V0 < x < y <§

1 1. . . - : /\ -\ ,Ba] 6. Chung m1nh rang: ,1"— Y < arctan .\'< .1"— K Vxe (O, 1)

. . , - : v 5 75Bal 7. Chung m1nh rang: tan".\" + cot”,1'2 2 +11" c0s12x Vxe ne N

I7] I1__ , , ; , n1 11B2118. Chung mlnh rang: s1n"’ xcos” .1'$ V/n, ne N
H7 + ll

B5119. Chtrnv minh rzinv: 1—x S e"" 3 1-11-L Vxe [0, 1]C! CI ,7

.1 _-1

Bili 10. Chirng minh ring: 1—x$L£1—.1'+l Vxe [0, 1]
1+.1' 2(1+x)

B51i11.Ch1'rng minh ring: l0g_..(x + 1) >10g_\.+1(x + 2) Vx > 1

1, , , ; .\'—\' x+1* X,)'>0Ban 12. Chung m1nh rang: ./.1)‘ <L'<€'
1nx—1ny 2 xiy

B:?1i13.Ch1'rng minh ring; 1 - 1n(a-" +1" ) >l - 111(a-' +11“) Vy > 1- > 0
x )1

B511 14.c11<> pl, pg, p,,, 61., (Z2, ¢1,,, /< > 0 and X > y > O.Ch11'ng minh ring:
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p1a[+ pjag +‘..+ purl; plal‘ + piug +4..++p”a,:
>

plai + p3cz'3"" +...++p”a;:“‘ p]a|“‘ + plug“ +...+ pnaf‘

_3 _5 _-l/<~,"~ _-U<+5 V . O

B51i15.Ch£1'ng minhréng: Sim-<x-" +" -...- " + " { *>
31 5! <4/<+3)! (4/<+5)r \keN

Bfii 16. Chtrng minh ring: sinx>1x ' +' ...+
3! 5! (4k+1)! (4k+3)! l<eN

Y3 Y5 X-U;+1 x4k+3 > O

- _2 -1 _-l/<+2 _4k+-1 O

B51i17.. Chrng minh: c0s.x<l—'X +x —...— A + A ¥>
2! 4! (4k+2)! (4k+4)! ke N

_Z _-1 _-U; _4_\'+2 V O

Biai 18. Chtrng minh ring: c0s.x> 1 — A + A ~...+ A — A X >
-

2! 4! (4k)! (4k+2)! keN

\ . , . ; \ .\'2 X} .\'” VX > 0
B21119. Chung m1nh rang: e' >1 +.\-+—+—+...+—

2! 3! n! me N‘

_'l _3 _n \V’_ >0
Bili 20. Chtrng minh réng: ln(1+.x")>.>c~'X—+'\-——...+(—1) I-'X— Y

2 3 n ne N*

Bi 21. Chirng minh ring: klnk —k<lnk!<(l<+%)1nl< —k +1 V22 keN

Bi 22. Cho f(x) = a0 + a1 cosx + a2 cos2x + + 0,, cosnx > 0 Vxe CMR: a0 > O

Béi 23. Cho y 2 X + 1 2 4.15. ChL'1'ng minh ring: A--" - y" > X + y

Bi 24. Cho a, b, c. r, s > O théa man diéu kién 41> I) > c v21 r > s.

Chirng minh ring: a"b" +b"("‘ + 0'11" >a"b" +b‘c" +c‘a’

\ . . , -A ‘A , \ ; -\'+ 2
Ban 25. a. Lap bang blen thlen cua ham so )7 = >1;

\/.\’ +8

b. Cho a +b+ c=12. Chirng minh r§.n<1: \a3+8+\/b2+8+\/c2+8 26\/6C

24*-If
B§1i26. a. Lap béng bién thién CH3 ham S6 _»» = —;-—

\/4.\" +2\‘+l

b. cm a, b, CG [-1, 6] théa miin diéu kién 61+ b + C‘ = - 9/4. »

7 v » 7
Chirng minh :\/4a" +2a+1+\/417' +2b+l +\/4¢-- +2¢-+123_2‘C

. 1

Bili 27. Chirng minh réng: sin x+lsin 2x+lsin 3x+—s1n4x2g Vxe 2,32
2 3 4 - 3 .5 5

\ . , . ; . sin 2x sin n.\' , TE

B21128. Chung mlnh rang: smx+T + + ——— 2 sm nx Vxe (O,—j, 2 S ne N
n n
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\|

B51129. Chimg minh ring: Ail+ Zxarctarix 2+1+ €A W Vxe R
2+ln(1+x“) 3+c‘

B51130. Cho tam gizic nhQn ABC. Tim gi£111"i ldn nhil c1121 biéu _thL'1'c:

T =<1+ 51112/1)<1+ 9111112111 + $11120

B51131. Cho tam gizic nhon ABC. Chirng minh1"§1ng:

A B C . A . B . C‘ 311c0s—c0s—c0s— l—4s111—s1n—s1n—J<—
2 2 2 2 2 2 16

Bi 32. Cho lam gizic ABC. Ch1'1'ng minh rélng:

1’\

1+cos Acos B+cos Bc0sC+c0s Cc0A Sl—§(c0s A+c0s B+c0s C) +c0sAcos Bcos C

B51133. Cho a, b, c > O.Ch1'rng minh ring: i+l+l2—;L_—
cl b c" 3+1n(a"b”c‘)

B9134. Cho Cl,1),('> 011m man (1 + 1) + C = 3. Ch1'rng minh ring;

4 1 1 1 )+51n<u+11</>+1>1<++1>23

a+1 b+1 c+1 8

B51i35.Cho Q, b. 1- > 0. Chtrng minh: (“+1m1+1Uj(C+U5 2 243 ~e%2Y1”(1“%3f*
(1 12 0 16

B51136. Cho a, b, C z 0. Chrng minh rémg; ’

4+0‘ 4+1); 4+8 >9

4+(a2 +1)1n£i5+-1 4+<1f +1)1n 1115“ 4+(¢-1 +l)ln

B51137. Cho a, b. c > 1 thc'>a min ab + bc + ca = l2.Ch1'rng minh ring:

s+151niil-321113
4Z S(l+[7+('+i

a a/90
u.!>.<'

B511 38. Cho a, b. c" > O. Chirng minh b§11d€1ng1111'1'c sau:

3/5(16a~‘ +9) +5/5(16b“ +9) +5/5116.-’ +9) +

+161n (3+\/1611? +9)(3+\/1612 +9)(3+\/168 +9)215
3 51Zabc‘

\- » - -‘ Y Z — 3 1;; -"'-4-"\ 1\'Bal 39. Chung m1nh: cot%c0t%c0t5 £ (\/2 — 1) e’ ”3“°”" '“° M" "’ . Vx, :6

B511 40. Cho a, b, C > 1. Chirng minh ring:

1 1 1

.5+1n(.5-1)(a+J?T1) +\/E+ln(\15—l)(/7+\/E) + J5+ln(\/i—1)(c+\/Z)

< 1%/a2 -1 +\/bl -1 +\/cl —'1+~—1—+%+%)-3 413-1 l2'—l c‘—
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BE1i41.[USA1\1O -— 1977] Cho u. b. an d. 6 e lp. ql. p >().ChL'1‘ng minh ring:
// =.'i\..'.

(a+b+(’+z/%Le)(i+l+l+l+l)SZ5+61 /1 — fl
c1 b c (I e 1\q \p/. 1

Béi 42. Tim gié tri 1é'n nhél \‘Z1nh0 nl1§1tcL1a1hié11 lhU'CI

T sin“ .\"1cos .11 + cos“ .\'1s1n .1-

_ ii}:
lsin xg + [cos .1‘;

Biii 43. Cho 2 § 111. me Tim gizi tri 1611 nhz§1ct1z1b1éu1h£1'c S :s1n'”.1"c0s” .1-

/w

B51144. Cho .\". _\‘. :.€ [O. 1] lhoa min diéu kién X +y + Z zg

Tim gizi 111 1611 nh§11\"51 nho nh§1tcuabi<§ut111'1'c: S = c0s(_\"3 + _\-3 + 1:)

Bili 45. Cho cos 2.1” + cos 21: 1.

Tim gizi 111 1<a~n 111151 CH8 biéu lhL1'C 5 : 1u11:.\-+l:1n3 _\~

B511 46. Cho x. v > O £11021 min diéu kién .1‘ + 1": 1 vi (1 >0

, . , . , ,1 , .,; , 1 [I
T1m g1aLr1nho nhat cua bl€U[h1.l’CZ S ii?+—

.1" + \" .\‘)'

Béi 47. Cho tam giéc nhc_>n ABC. T“1m gié1tr11611 nhét cua b1éuth1'1c:

1 1

T=c0tA+c0tB+c0tC—2[+——+-++;1
s1nA s1nB s1nC,

Béi 43. Cho tam gizic mm ABC mi A.B,Ce1.

Tim gié tri 1c'm 11h§tcL'1a biéu thirc T: cotA + cotB + c0LC + 3c0LAcotBc0tC

B211 49. Cho tam gizic nhqn ABC. Tim gizi 111 1611 111151 C'Ql€l biéuth1'rc:

' T=sin1-'1cosB+s1nBcosC+sinCcosA

Biii 50. Cho tam gizic 11hQn ABC.T1m gizi 111 1611 1111211 cuu biéu thtrc:

T: 2tanA + 3LanB + LanC

Béi 51. Cho .1-, _\~. ; > 0 Lhéa min aiéu kién .1 + _\~ + ; s 2..

1

., . , ,1 , .,L , 1 '§ 1 1

T1111 g1atr1nho nhal cua b1eu1hu"c T =i/1'3 +-:,; + Q11" +j +i/:3 +—2
Y‘ ' 3’ 1“

B€1i52. Cho z11,a2,....a” .b1,b3,...,b” >0. Chimg m1nl11'§mg:

fnixal + (1 —— .\')b,_:1§ M21xV{c1i .1111?’-D Vxe [0, 1]

1:1 1:1 1:1
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§10.i~)1NH LY LAGRANGE VA cAc UM; DUNG TRONG BAT BANG THUC

§10.1 D!NH LY LAGRANGE cno HAM MOT BIFIN VA cAc UNG DUNG

|. awn LY LAGRANGE

Néu him $6 f lién we trén doan [(1. 12] v21 cé dgo him trén khoéng (a, b) [hi t5n l2_1i it 111151

f(b)—f(¢1>mcfn gizi Lri c (vdi a < c < b) sao ch0f'(c) =‘T—.
—a

||. cAc BAI TAP MAU MINH HQA

H , . ; b—a b—a
an 1. Chung mmh rang: A, < arctanb — arcuma < —-7 V0 < a < 12l+b‘ 1+a'

U5

Clz zhzg minlz

Xét him s6 f(x) = arctan x. Ta (:6: f'(.\') = F17.
+ x“

Vif(x) lién tuc v51 cé dao him véi mqi x nénf(x) lién tuc trén doan [(1. b] v21 cé Ciao him]

trén kh0é1ng(a, b). SL1" dung dinh 1)? Lagrange suy ra tén tai it nhét m<_'>l gié tri ce (u, 12) 111041

man f,(C):f(b)—f(a) I :arctanb—arcmn (1

b—a 1+0‘ b—a

» '7 1 1 1V1ce(a,b):>O<a<c<b:>aZ<c>“<b‘:> ,>—i,>i;
1+a" 1+0‘ 1+b“

1 arctan b — arctan a 1:> > > ,.l+a' b—u 1+b‘
, , b—u b—a

M51: khac tac0:a<b:>b—a>O:> :<arctanb—-arctana<i
+ ' +61‘

1

, ~ 1 1 1

1 B51i2.ChL'1'ng mmh réng: ————,< arctan,i—<i,. Vne N
1+(n+1)' n‘+/1+1 l+n'

Cluhzg minh

Theo kétquabi 1,thay a = n ,1: = n +1 ta cé

1—li7<arctan(n+1)—arctann<i7
1+(n+1)“ 1+'1'

Dzfat y = arctan (11 + 1) — arctan n :> tan _v = tan |:arctan (n + 1) — arctan 11]

tan[arctan(n+1)]—tan(arctan1z) (n+1)—n 1:> tan v= = =
' l+tan[arctan(n+1)] tan(arctann) l"'(”+1)” ”2+”+1

1 1 1 1:> }1=arctan,i—— :> —i;<arctan.,i<i7
n'+n+1 1+(n+1)' 1;'+n+1 1+n'
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\. , _ ; b—c1 />—u 7-;

Ba! 3. Chung mmh rang: »% < tan b — um u < w . V0 < u <11 < 7
cos‘ a cos‘ /7 -

Ch z'rng nzinlz

. , 1

Xét hélm s<">_f(x) = tanx. Ta cé f (x) =i,
cos‘ x

V1f(x) lién tuc trén doan [0, b] vii cé dgo hixm trén khoang (u. b) c nén theo dinh 1;?‘

Lagrange suy ra t6n tai 1't nhét mét gizi tri re (a_ 12) thou mn
I

/ b — —f(€)=f() f(a) -:—:- 17 =tanb [ana.Vice(c1. b):>O<a<c<b< lt-
b—a c0s‘<' b—u Z

1 1 1 1 Ianb—tana 1

:>O<c0sb<c0sc<c0sa<1:> < < _ :> K < <
cos‘ a cos‘ 0 cos‘ I2 cos‘ u b—u cos‘ b

, b—u /2—u
Mzf1tkhac,a<b:>b—u>0:> _ <u1nb—umu<

cos ‘ u cos ‘ 12

, ~ 1 1 +

B5114. Chtrng mlnh réng: i<1n 1+—1<L Y/neZ
Zn +1 Zn ,1 Zn

Ch ting nzinh

I , 1 . .

Xét hém séx) = 1m". Ta c6 f (x) = ~. Vix) hén IL_1C via cé dgao hém Vx > O nén f(.\") hén tuc
1'

trén doz_1n [Zn, Zn+1] vil cé dglo hfim trén khoang (Zn_ Zn+1 ).

Sir dung dinh 1? Lagrange suy ra tén t2_1i it nht mét gié tri ce (Zn, Zn +1) théa min

f'(c) =i~if(2'7+l)_f(2,1) <:> L =1n(7n+1)»1nZn<:> L =1n 2” +1
(Zn+1)—Zn c c Zn '

1 1 1

Vice(2n. Zn +1) :>0<Zn<c<2n +1 :> ?<—<—
Zn+1 c Zn

1 Zn + 1 1 1 1 1

:> < In < :> < ln 1 + — < — .

Zn +1 Zn Zn Zn +1 Zn Zn

\ 1

B51i5. Chtrng minh rénvz x”\/1—.\' <-i, Vxe (0. 1) vé nEZ *
C \/Z116

Ch ling minh

' ' '7 1 7 1

Bét ding thtrc <2 x‘” (1—x)<T.~ <=> x"'(Zn—2nx)<— Vxe(0. 1)
&”€ €
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su dung 1151 Cléng [hL1'C AM - GM 111 Céi
/- ,7 _) 7 _\__I11+i 7 \Z11~1

» _n.\ + ‘.11 _11.\ _n.\"” (Zn — Znx)=x.x.....\'(2g1— 2121') SLil I = i1 é
3-” Z11 + 1 _/ 211+ 1

N , . I 2/1 211+] 1 '1 211 +1 ‘I'M ’/ 211 +1 2”‘!Tase-chu'ngm1nh —<:> i| >e<::>ln L >lne:1
\Z11+l 211 ,1 \ Z11

,7 1)

TheobZ1i41acé:ln1+—J>i :>1nLl’i)>L

/I

LJ

Z11 +1 Z11 211 +1

2 +1 2 +1 3”":> (Z11+l)ln[ZT)>1 2 ln£';Tj >1 :>(dpCm)

B5116. Chtrng minh ring: @< 1n£<L_2. Va > b > O
1 Ll b b

CI1 1112g minh ,

' / I \ ‘A \ / \ AXét hilm s6 f(x) = lnx, ta cé f (x) =—. V1 f(x) llen tuc va co dgo ham Vx > O n€r1f(x)
x

Iién tuc trén doan [b, :1] v21 cé dao hilm trén khoa'ng (b_ (1).

SL1 dung dinh 1y Lagrange suy ra t6n tz_1i 1'1 nht min gizi tri (‘E (b. c1) lhéa min

f'(c)=f(a)_f(b) <1: l=]na_lnb*;\ “-1)=ln<1—1nb<:>%_b=ln£.
a—b c a—b 1' c b

Q

Q

wk.

1

V1 ce(b, c1)3O<b<c<c1:> l<—<—.

M511 khéc, Vi 11-1>>0:> Lbé “ :> L<1n-<2-
a c b <1 b b

/\
Q

U‘

2:

Q?‘

Q

Q

U‘

B51i,7. Chirng minh ring: {ar<:tanc1— arclanbl 3 [:1 — bl, Va, be R

Ch zhzg min/1
1 -.' Véi a = b, bét déng thfrc luén dng Va. be R

- \/<5-1 11¢ b: Khéng méu mm téng quail gia’. SL1’ 11 > b :> a - b > 0

» , 1 1 .1 1 , 1 ,. .Xét hilm s6f(,\') = arctan x. Ta c6 f (.1) : . V1 f(.\‘) hen tuc va co dglo ham vo11 mc_>1 x
1+.\‘:

nénf(x) lién 1110 trén doan lb. a] vi c6 dao hilm trén khoang (b. u).

Sir dung dinh 1y Lagrange suy ra £611 tai it nhét mét gié tri ce(b. :1) thC>a min
, — b 1 ' ‘—' ' bf(C):f(a) f( 1‘: :<1.rctan<1 arctan

a—b 1+0“ a—b

<=> —L,-(a—b)=a.rctana—arctanb:>1arc1ana—arctanb|=%~]a—b|
1+0“ 1+0‘

Tacé c22O:> O<%$1:> %-|a—b1£|a—b1 :>(dpcm).
1+0 1+c
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B51i8. Chirng minh ring: V cl < b < c. Ta c6:

3a<a+b+<'— \1'(1:+h:+c:—ab—bc—ca < a+l2+<"+ {(13+l)3+c3—ulJ—lx!—a1 <30 -

- Chzhzg minlz

Xétx) = ('.\‘ — a)(x — b)(x — cf) :> f(a) =f(b,) =_/(C) =0

f(x) = .\‘3 — ((1 + 17 + c)x2 + (ab + be" + cu).\' — a/ac .

Ta c6f(x) 151 hém lién tuc v21 cé dao hilm vdi Vxe R nén theo dinh 19 Lagrange suy ra tén

t2_1i x,e(a, 11) v51 x3e(b, c) sao cho ‘f'(.rl)= ; f/(X3)= :>f’(-Y1) =
—<1 c-

f/(X2) = O~

Mét khé1cf(x) = 3x2 — 2(a + Z7 + c)x +(c1b + be + ca)

:> x1, X3 121 nghiém cila phuorng trInhj'(x) = O

'7 '7 ')

61+]?-i-('—\/61--f-[)2+C_-Cl1J—bC—CLI a+b+c‘+\/a'+b2+c2—ub—bc'—ca
xl = ;.x', =

3 ' 3

Ta lai c6 a < x, < b < x; < c :> 3a < 3x1< 3x2 < 30 2 (dpcm)

.\'+ .'

~ \'+l ~ \'

Bili 9. Chfrng minh ring: (1+—l—l1 >{l +l) Vx > O I

, x

Ch IP11g minh
.\+l \

B51 déng ma-C <=>1n(1+-1-) >1n(1+l) ¢> (.1-+1)|n(1+L)>.\-1n(1+l)
.\'+1 x x+1 x

Xélhim 55 _f(.\')=x1n<1+l)=x[1n(x+1)~1nx] ,x>O:> f'(x)='ln(x+1)—lnx—Ti—IX V.

Sir dung dinh 1;; Lagrange cho him $6 g(r) = ln r trén [x, x + 1] :>
1 . ln(x+l)—lnx , 1 1-

T 1 . h -_i= =- —onIz;u0<e(v \+ )sa0c 0 g (Ob) OL>'\_+1

=> ln(x+l)—ln.\'>:>f'(x)=ln(x+l)—ln.x—Ji >0 v.\->0 :> f(,\-) dang bién
X X

.\‘+l .\'

:> f(.\'+1)>f(x)<=>(.\'+l)ln(l+)>xln(1+%) <:> <l+;ir—l) >(1+%)

Bixi 10. Cho hém S6 f(.\') xzic dinh Vx > 0. Chirng minh rang;

1. Néu fm z 0 Vx > 0 {ham-) 2f(a) +_/'<@>(.\~ - <1) Va > 0

2. N§uj”(x) s 0 Vx > 0 thi f(x) gfm) +_f'(c1)(.\' - <1) Va > 0

3. Cho x > 0.ChL'1'ng minh ring: x°‘ + (1 — x)0c 2 1 Von 3 O hozfac on 2 1

x°‘+(l—x)0L£1VO§0cS1 l

Ch rhzg minh
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Ta sé chtmg minh 1. Clai dién. Xét hai kha néng sau:

' Néu x 2 a > O [hi .\' l (12 O. nén theo dinh 1y Lagrange suy ra I611 tgi diém <'€((1~..\‘)

Sao cho _/"'(¢-) =_if‘-"’‘ 1”") . Vi f"(.\->20 v.\- > 0 nén_f(.\‘) dang bién V); > 0
\"—a

11>f'(c')>f'(a):>_/'(.\')—_/‘(a)2f'(a7(.\'—u)Df(.\")2_/'(¢1)+_/"(a)(.\'—u) '

° Néu O < x S a thi x — a S O. nén theo dinh 1)’ Lagrange suy ru tén t2_1i diém de (.\‘. u)

Sao cho j"<[1)=_i~/(”"~f"") . Vi _/""(.\->20 v.\- > 0 nénf(.x') dang bién v.\- > 0
Cl _ Y

:>f'(d) <f(a) :> f(a) —f(.\") S f'(a)(a ~ .\‘) :> f(.\') 2f(a)»+f'(u)(.\' — cl)

Két lun: Néu j"(,\‘) 2 O Vx > O [hi f(.\') 2 f(u) +_f"(a)(x — a) Va > O

3. Chqn f(x) = xo‘ vé'i x > O vil a = 1 ta c6

f"(x)_0L(0(—l).\'“ ZO<:>0cSO hoac 0121
— :>(C1‘pcm)f (.\-)=oc(o1—11.\-“'" 5O<:>0§o¢§l

Biai 11. cm 0 <1; < CI < 1. Chfrng minh rang;

a /1 +\/1-/>1_\!1-a5Z25\/Em_b) (1)

I/1_a3 ./1_b3 b (I 18

Ch zhzg minh

I - J--1 ’-'/ ,_:1xetf(.\~)=;-" -_-1" v<’>~i.\»@<0,1).khiao<1><=>i»—~/("J/“)2-LE
/1__X.1 x a—b 18

1 1 1

Khi as j'(x) = + V- = __
(1-.\-2»/1-.\-1 ,\-R/'1-.\-1 .\--<1-.\-?>\/1-.\--

‘ ,. — I
Ttr dinh 1;? Lagrange c6 tén tai ce (b, a) suo cho f (0)= 

a— 2

1 » 1 1??
Tacé f'(c")=—-i—i.DéI M=c'“(1—(")\/l—c'“ I>M>0

c2(l—c')\ll—c‘

3 M2: ¢»<1-ma‘ =2-[gt-I13¢-1j<1_(-1>(1_¢-1><1_@1>

FJUJ

‘ 4

J

MW . 1 q q ‘ ?‘"‘ 108
s3-L-[;¢~+-v+<1-<--)+<1-I-->+<1-mm :-~{§] =—;

9 56’ 9 a 5

ME f<<1>-f(/J» , 1>125 v5JE
0 ws—- -i—‘=*<-=-_:"<’1253ab 1‘)— M M15 18
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1 \ K
‘Bai12. Cho O < a <12 < :.Ch1'1'ng minh ring:

Zacosj 11; Zbcosz b —cos(11+b)sin(11—/>)—(11—/2)
S7t(cos11+cosl2) (1)

cosa —cosb

Ch zhzg minh

211 cos: 11— 2/7005: b — c0s(a + b)sin(u —l2) — (11 -12)
< Tt(cos 11+ cos /2)

cos 11 —_cos 12 —

2110052 11- Zbcosz b — cos asin 11+ cosbsin b — (11 -12)c>
_ $7t(cosc1+c0s/9)

cos 11 — cos b

2110052a—2Z2cos3b—cosus1na+cosl2sin/2—(11—b)—7t(cos311—cos3/2) <0
c0sa—cos./2 '-

Dzfit 11= cos 11, v = cos b :> a = arccos 11, b = arccos 11. Khi do (1) <=> ’

2112 arccos11—2v3 a.rcc0sv—11\11 -113 +v\/1-112 —(arccos11—arccosv)—rc(u3 -112) <0 (O)

11-11 Q M

Xét hém so f(.\") = 2x3 arccos .1" — arccos .1‘ — .x\/1 — xi — 111-3

, 2,-3 1 1% .-3Ta co f (x) = 4.1‘arcc0s.\'—%+—— \/1 —.\" +\g—2TL\‘

, _” -1,f (x) = 4xarccos.\'—27t.\' :> _/ (.\‘)=411rcc0s.\"— \ —2Tt
\/1 — .\"

/0 —4 4 ./r . ‘ .,( A:> f (x): —ig<0 :> _/ (.1) ngh1ch b1ent1'cn(O. I).
\/l—.\‘ (l—.\" )\/l—.\"

:> f”(.1-)<f”(0) = 0: f’(.1-) nghich biént1"én((). 11: /’(.1~)<f'(0) =0

Sir dung dinh 1y Lagrange suy ra ton tai pe (v, u) sao cho f'(p) = < O
11-11

2 Z 2 2 2 2211 arccos11—2v arcc0sv—11\/1-11 +v\/1-11 —(arccos11—arccosv)—J't(11 -11 )<Oz‘—\

11-11

B§1i13.Ch1'1"ng minh ring; lid +1+12a +...+ Jim s Jliia , Y/11> O,11E 1\1* (1)

Chzhzg minh

V6111: l thi hién nhién (1) dng. G13 st1'b§td51ngth(1'c(1)C1T1ng vo'i 11: k. ta sé chfrng minh (1)

I k 1dng voi 11 = 1 +1,1u-¢ 151 1—71—a+T12a+...+1+1/\,(l+1+(k+1)§ 1+(]:'+1)a (2)

SL1‘ dung giil thiét quy nap voi n = k suy ra (2) duqc chtmg minh néu ta chimg minh duqc:

/< 1 k+1 I A-+1 k+ S @ S —
\/1+l<a 1+(/\'+1)¢1 \/1+(k+1)11 1+(/\'+])¢1 \/l+(/<+1)c1 \/1+/<61

SL'1"d1,1n<Y dinh 1y Lagrange vc'>'i f(x) =+‘- thi ton tai ce (k. IQ + 1) sao cho
C \/I +.\‘u
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f'<@>=_/</(+1)-/-</<> :> ‘+1 " 2”" ‘ ‘

¢
— 1 1 > >1+(/\-+1)“ \/1+/W 2[1+w]5 1+m l+(/<+l)q

Vz_'1y(2)dLing suy ra (1);iL’1ng. Theo nguyén 1)‘ quy nap ta c6 (dpcm)

“mi

Z

-L»

Z,

O‘

14. Cho (1, />. C. 4 2 0. Chfrng minh ring

1!/abc + a/)0’ + acd +i1("d < /‘ab + at + ac! + /)0 + /Jd + cu’

Clzzhzg min/1

D511 a =1-,;b = X316‘ = x3;d = X4. Khéng mm mm 16mg quét. gia str: 0 s X, $1-I 5 .\-3 s .\-_.

Xét da Lhirc P(x) = (x— x, )(x— X3 )(.\"—.\'3 )(.\'— X4)

P(x) = x4 — (x, + X3 + xi + x4 )1“; + (.\‘,.\'2 + x].\‘3 + .\'|.\‘4 + .\'3.x'3 + .\'3.x‘4 + .x‘}.\"4 )1‘:
— (x,.x3.x'3 + x]x3x4 + xi 1'3 x4 + .\‘3.\-;.\"4 ),\‘ + .\‘,.x'3.\"_,r4

P'(x) = 4x3 —3(.\‘] +x2 +13 +x4 ).\'3 + Z(.\'1.\': + .\'|.\"3 +.\'|x4 +.\'2x3 + .\'3.\‘4 +11‘-3;/\'_*)v¥

— (x,.\'1x3 + .¥,.x2.x‘4 + xl.\‘_.,x'4 + .\‘3.\'3.\"4) (1)

Trzrdvlg /rap I: Xél x, < xm . Ap dung dinh 1y Lagrange ta cc’) Ely‘ E (X, ix: ) sao chor

0 = P(x,)—P(xZ) = (X, -,\S:)1>’(>-, ) 3 />'(,\», ) = 0

Tu'o'ngtg1' Hy: e (/\‘21.\‘3) sao cho P'(_\'3) = O; 3)"; 6 (x3;.x"4) sao cho P'()';) = O

Trzrd'nghg1p 2: néu xi = NM [hi P'(.X) cé nghiém _\*, = xi = xi“
Vgiy vdi ca hai truimg hcyp trén la déu (:6 P’(.\') c6 3 nghiém _\'| , _\‘3 , )3 trong dé
xi S yl S X2 S yz S .\'5 S _\'_, S x4. TE1" dé suy ra:

P'(.\‘) = 4(xS— _\"l ) (x— yz )(x— )3) = 4x} — 4( _\'] + _\"2 + _\‘3 ).\'Z

+ 4(_y1 _\~: + _\‘[_\g\ + _\'Z_\"3).r—4_\'I_\"Z'_\"3

Til‘ (1) vi (2) déng nhél caic hé $6 ta du'Qc:

(2)

§ )|y. + _\'I_\3 + _\~'3y3 = —(,x,.x, +.x|.x2 +.x,.\4 +.x,.x, +.x..x +.\ A4)

I

v

_ 2 __ , _ . _ 4 3

/
( 3)

_\'| _\’3 _\'3 I Z(.\'|.\‘3.\’3 + XI XZXJ + X] .\'3.\'_; + .\'3.\'_;.\'4 )

Theo bit ding lhtrc AM - GM thi _\',_\'3 + _\',_\g + _\‘3y3 2 3;‘/(_\',_\'3_\'>, )1

Tit d6 suy ra

.\'[X2.\‘3 + .1"].\'3.\‘4 + .\'].\‘3,\‘4 + .X'3.\'3X4 x.\‘|.\': + X|.\‘; + XIX; + X3/\'3 + .\‘3.\'4 + .\‘3.\'4

\ 4 "V
" 6

Hay ta C6 Q/abc + abcl I acd + bcd S \/ab + ac + ac! Z120 +bd + (‘(1 (dpcm)
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nu. cAc BA| TAP DANH CHO BAN ac_>c TU’ e|A|

Bili 1. Ch(1'n2 minh ring: —L-— < arctanx < x . Y/.\' > 0

1‘ - D 1+ X:

Bili 2. Chirng minh ring: lsinx — sin_v1 § Ix -— _\"1 V.\‘._\"

\ . , _ 1 75 75

Bax 3. Chung mmh rang: (x +1)cos——~ — .\'c0s— >1 Vx 2 2
X +1 .\'

Biai 4. Cho .1 z 1 2 ; > 0 Va (12 1> > 0. Chung minh 1‘f§ng:

X11 (‘Vb :1) ) + ‘V11 (Z11 Xb ) + zu (X11 y1))Z O

B511 5. Cho a > 12 > O. Chrng minh ring

a(a 1 -1>\1¢H -1-11</f - 1)\/1»: -1

J

12 a

\/b'—-1 \4zI:—1 '1'

_g 3__ 3_ 2 a+\c12—1
81111111 1 111/2; 1)+81n_\)2___1 2 21¢ 1»)

11/4 1 14—b3 2\/5
Béi 6. Cho CI, be [-2,21. chung minh réingi L_1-"L? z "J

4154012(1) — (1)

1 1

?

. 1 2 -1 ‘
Bili 7. Cho a > 1) > 0. Chimg mmh réng: lni-—+—-)—Za -12 -

11 _ —a2

Béi 8. cm 11> b > 0. Chirng minh rang

'1 '7 '7 '7 '7 1 2

(4-a")'\/4-a“—(4—17')‘\/4 17

5

a:+1
B5119. Chirng minh réng: ln-,——+ 2(arctan a —arctan 1J)S11+ \/51(a -12), \'/a>b>O

b"+1

Béi 10. Cho (1,1) > 0. Chtrng minh rang;

\)J4>.

ri—1

JA

1 1

u
+

4

43‘

—u3 )\1/-1-12: —(4—123)\/4-1721S3\j€(a-1;)

3 13 +11n“;+1—21n(“3»’3 1—2(arctana—arctanb)
9'1 61+ + 1) +1 b (I +1, 20

(£12 + nu)’ +1) 262% 21:1-b)

(1 + (1)211 —b)
B51i11.Cho0£b£a£1.Chtrngminhr§mg: 1n-r,__+a+bz0

0+1?)-<1-0)

Bini 12. Cho 11> b > 0. chcmg minh rang;

3 3 I / Z I / Z

\1a -1 _\/1; -1 +1110 l)\a 1 12(1) 1)\,b 1

u 17
4/i‘ /-7" ii‘

(I\/(1‘—1—1)\/1J'—1_i_ln17—\1y171—1 2 2(a_b)
3 8 u—\/u“ -1

B51i13.Cho a.b,c.c12O1héamf1n C12 +1’ +1-1 +111 =5

Tim gizi 1+1 1é‘n nhét V5 nhc'> nhét ctla biéu thtrc: P =11“ +1)“ + 28 + 11‘
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§ 10.2 ctjc TR! CUA HAM NHIEU BIEN
VA PHUONG PHAP NHAN TU LAGRANGE

§ 10.2.1. cuc TR1 KHONG c6 BIEU KIEN RANG BUOC
I. CL_}’C TR! HAM NHIEU BIEN VA DIEU KIEN CAN NHAN BIET Cl_J’C TR!
a. Khzii lziém cgrc trj dja phumzg

Cho w=_f(.r|..\'3......r” ).=f1X) xzic dinh vix Iién iuc Lrong

D={X(x!..\'3_....\'”)§.\‘fE ((1%./1/).i=1./1}

Djnh nghia: Ta néi ring hilm w:j'(.1'I..\'3......v”) Gal giri lrj (.';r(' dqi t2_1i diém

D néu tén tai $6 r >0 $110 cho ta cé _/'(.\‘l..\*3.....\"” )< (1.1)

dling véi mqi X (.1-|_.\': . ...x” )6 D thoa min diéu kién khoémg czich: O < (1 < r

Ta néi ring helm $6 w= f (.11 . .\‘,......\"”) dat gid rrj cm‘ riéu t:_1i diém X_(.\"]..\‘,.....r” )6 D néu
" . 4

_ ’_ _ —\ , .- . Iton I31 so r >0 sao cho f (.x'[..\":.....x” > j 1.1:, ..\": .....\'”) dung v01 m(_>1 X (.\‘]..\',_....\‘” 1e D

um min aiéu kién khoémg czich: 0 < 6/(1 X. x ) < ,- .

Biém X (.1‘|..\‘,.....\‘" )e D mil tai (16 hilm s6 _/' (.13 ..\"3.....\'”) dgl gizi tri cgrc dai (cut liéu) duqc

gQi 151 die"?/n cm." dai (diéln c'z_rc' Iiéu) CUZ1 hilm $6. N61 cilch khéc. diém (';r(' J01 (diém ('1/c liéu) dju
p/nr0711g czia mél /181m S6161 Jiém mil Iai dd /151/n mil Jul gici rrj I071 /1/16?’! (11120 12/1:3,!) rm/lg plzqzm vi
mét lain cé/1 ndo (76. -

b. Biéu kiérz 0512 ca cgrc Irj
Gizi 511' hm s6 w=f(x, ..1'2....,.r” ) =f(X) xzic dinh. lién we \*£1 cé czlc dao hZ1mriéngthe0l21tcz'1

céc bién déc lép trong mién 0 ={x (.1, )1; G (L1,. .11, ) ,1" = 1,/1} khi as ta C6 dinh 1y;

Binh 13?: Biéu kién cn dé hém s6 w=f(_\',..\3.....xH dal du'Qc cuc Lri (cue dz_1i hoilc cuc tiéu)

1:11 aiém X (I.I....I)e D 1:1 mi diém d6 [51 ca czic dao ham neng cap m(_3I met tiéu:

.1
1 .’ _ . . . _11‘: _j_\ (.\.,..\3.....\”/1-(1

I‘ v=1.-_....,r1

Cluhzg minh

V61 m5i i c6 djnh (i = 1. r11 ta xét11Z1n1 56 mél bién xi: (p(.\'/ )



348 Uizg dglng d_inh lj Lagrange

Néu him S6 f (X, .15 ....x”) am gié in we dgi xgi aiémY(I.I_...I)E D mi béi dang thiic

(1.1) [hm man khi X E D va0<(1(X.Y)< ,- , Tiidy suy ia -

cp(.\"i ) =f f \‘6i mQi 0<i,\'l. < r.

Biéu niiy chimg to hélm sf) (p(.\';) dz_11 gié tri cuc dai tgai diém xi . Theo dinh 1}; vé diéu kién cén

dé hilm mét bién am cuc {T1 ta c6: q>'(.i-, ) : _/"\'_ (.\-1 ) : 0. Dinh 1; duqc Chirng minh.

Dinh nghia: Biém Y théa min diéu kién (1.2) dir(_>‘c gqi 121 Jiém dirng cua him $6. Him $6

f(.\'I..\'2.....x'H) chi 06 I/ié dqr cm" lr_i mi mic Jiém dfr/lg. Tu)" nhién dy mdi chi 151 diéu kién

can. chit chua phai IE1 diéu kién an. Diéu kién an néu du‘c'1i déy cho phép ta kiém Ira xem iai

diém dirng hiim $6 cé thirc sir dgal cuc tri hay khéng. Chin )7" rfmg diéu kién an chi zip dung

sau khi diéu kién cn di duqc théa min (chi zip dung cho czic diém dirng). »

ll. DIEU KIEN DU

a. Trlréng hgp hdm s5 hai bién s5

Gié sir M0 (x0,_\‘U) 151 mét diém dirng cua him $6 H‘ = f y) vii tai diém d6 tét cé céc Ciao

» ,
\ .,, ,1 i , , ; ; . \ _A all_f.L\('\()’-\O)’alZ_-f\'\‘('\()’)'U)

ham rieng cap 2 cua no deu ton L31 va lien tiic. Dal
”:| :f>\ <'\‘()‘»V());a1Z I fii (X0--Vii)

Vivi giéi ihiét vé su t6n t2_1i vii lién tuc cua czic dgo hiim riéng cp hai nén ta c6 an = all

'7, . . all al 2
Xcl dinh thuc: D= =aHa,, —aI,uvI :((H(Ij'1 —a|._

all (1,, “ ‘ ‘ " ‘

Dinh I3":

1. Néu D > O thi diém dimg MU (.\'O,_\'U) IE1 diém circ‘1r_1'cL'1a him 56 w = f y) 1

' M0 (x0, yo ) 151 c7‘1€m circ dai néu all < ()

Q MU (xu. yo ) IE1 diém circ Iiéu néu an >0

2. Néu 13 < 0 mi aiém M0 (.\-O . yo) /</Iéllg phdi la diélri ¢-W in ciia hiim S6 W = f (1-, y) .

3. Tru'6>'ng hqp D = O ta khéng c6 két luén gi vé CL_l‘C tri tai diém dimg M0 (x0, yo )1 him $6

cé thé dat circ iri hozfic khéng dal ciic tri igii diém CI6. Muén cc’) dirqc két lu2_?m ta phéi sir dung

phuong phzip khzic. Dé iim czic diém CL_l'C tri ciia hiim $6 trufrc hét ta phéi xét diéu kién cén dé

tim czic diém dimg. sau d6 dilng diéu kién an dé kiém Ira 1511 1u"c_>‘1tLmg diém dimg vii két luén,

I Vfdgl: Tim czic diém cue tri cua hiim 56 H‘ : 1'7‘ + 3x_\' + _\'3 — y \

Biéu kiélz crin: Ta 06 w_'\_ = 3x2 + 3)", ii"\_ I 3x + 2)‘ — 1 . \\',:_\ = 6.x. \V:\_ = \v'\'_V\i = 3. wt‘ = 2
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Giai hé phuung Lrinh tim diém dimg:

\

I

CD

II
g._

>1

Jw

w

aiéu ki_én am.-

Tgaidiém(.\-=0v£1_\"=0)tac6all =0.a,:=a_, =3.“ -1; D——33——9<0

:0 [3\'3+3\"=()
¢:>

=0 3.\'+2\‘—l:

——\

>1

,___/

'/.

=():\"=0
:1:\"=—1

1 1:—'\‘:——-
2'" 4

7____ _ _

Vgiy diém (x = 0, _\" = O) khéng phai lil diém cue Lri cuuhi1m S6 di cho.

Tai aiém (X=1._\‘=—l) ta c6: an =6>O.u]: =u:I =3.u:3 =2; 0=6.2-31 =. > .

Véy diém (x: 1. )' = —l) 1Z1 diéy-m cuc tiéu CUZ1 hilm $6 d cho \‘c'>'i wmm = u'(l,—l) I O.

\
. .; 1 I , 1T:;ud1en1{.\":;,_\':—ZJ taco: aH=3>O.ul =u“] =?_u =7: D=3.7—3‘ =—3<():7 » av — -

- ..' 1 I \ 4; . . \ 4 ~ ..\/y dlem [x =?_ _\‘ = -1] la dlem CL1'c dl cua hum so da cho v01
A /

( 1 1) 1

\1‘ _v=w .\'=—.\'=—— =—.H1d.\ 4

Vfdgl: Tim czic diém cgrc tri Qua hiun s6 xv = 8x“ + 2.\'_\" — 3x3 + y:

Diéu kién cfin:

, 2Ta CO W,‘ = 24-.\' + 2)‘ — 6.\',\1': = Z.\‘ + Zv. n‘/I‘ = 48.\' — 6. \v:\_ = xv?‘ = Z. \1':\_ = .
Gizii hé phuong trinh tim diém dirng:

\
--

‘C
<\'<

M '_'_c>
H. :0 l,)XZ+\ 3‘ 0

=0 {.\‘+.\':O .\'=%:_\"=—%

Diéu kién d:

T2_1idiém(x= 0 V§1_\‘= 0) ta c6 an =-6,61,: =65, =2.a33 =2; D=(—6)2—23 =-16<0
Véy diém (x = O, _\‘ = O) khéng phéi 151 diéxn cuc tri Qua hm $6 d cho.

Tz_aidién1(x=%,_v=—%)tac6:aH=10>0_u|, :a,| =2,a,, =2; D=20—4>O;

\'2_'1v diém [x=l, \‘:—l) 151 diénl cgrc liéu cuu him $6 dii cho vc'>'i w. =1\»{l,—1)=—4.' 3 ' 3 "‘" 3 3 17

b. Trzréng hgp hdm s6’ rz bién s5
~

.

Gizi st!‘ D [Z1 lnél diém dirng cua him $6 w=f(.\'I..\":,....x”)=f(X) V51 t2_1i

iiém <16 hélm s6 cé tit cé céc dao him riéng cip Z lién luc. Nhu‘ d biél. vi phn toim phn cp
1".-ai cua hém s6 n bién s6 w=f(.\'1,.\'2,...,.\'”) tai diém X (.r],.\'2.....\"” )6 D 151 m(_“>t dang Loin

/I II
1 ~»{ 1 7_:hu'0'ng cua n blen so c1.\'l,c1x,,...,a’.r” : _d “f = Z Zeal./c1.\'[.c1.\'j

_ /=1 /:1
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8’/(Y) —— - .

Tronq dé (1.. lb céc dao him riéne cp hai: u =-€— : /, (x ..\", )
-/ I] ' *~ I] axiax. ~ 1, I _ .1

Djnh 1)":

1. Néu cl if 121 11161 dang toim phuong dlnh duomg Lhi diém dirng X (.\" ..\'......\'H) 121

diém cz_rc ziéu cua hm 56 j'(X ) 1

2. Néu d If 151 min dang toén phu‘o'ng xzic dinh aim lhi diém dung X (.\*]..\":....,\'”\) 151 Jiém

cur dqzi Qua hilm $6 f(X ).

3. Néu dzf 121 mét dang Loém phuorng khéng xzic dinh thi diém dirng X(.\"1.x:.....\'H)

khéng phdi la} dié1 cgrc Irj Qua hilm $6 f (X ) .

Ma train cua dang toén phuong d If lil ma trim vuéng vé'i czic phn tu' I51 czic dao him riéng cp

hai tgi diém dtmg X (ggi 15 ma trim Hess):

an an... an ‘ au czl3...z1H

(1, a,.... a 5:f(X) cl, Cl ...a
H = " “ 3" ,tr0ng do: av :€‘————. Datflk = " 32 2‘ , (k =1.2.....n)

............... .. 5.\‘,.8.\',.

nl n.. nnCl Cl , (l (IN (Ik-,...l1M_

M61 trong céc phuong phép xem xét Lfnh xzic dinh cua m{>t dang toim phu'0'ng 151 dua véo czic

dlnh thirc con chinh cua mil trim cua dang toim phuohg d6.4ChvZ1 )7 ring, dinh thirc con H‘, I30

thilnh Lu-1< dbng déau v51 /< cét aau CUZ1 né. Nhu"\'zf1y H cé n aim mu-¢ con chinh til‘ cap 1 dén I7.

Ap dung dinh 1)? vé dziu hiéu dang toim phu'0'ng xzic dlnh ta c6 quy tic sau déy:

Dinh 1y: '

l. Néu tit ca céc dinh thirc con chinh cua ma train H déu during (Hk >0 véi mQi

k =1,2,...,n) thi diém dimg X (.\',..\'3.....\'H) 121 Jiém<.'u"criéz1ct1ahExn1 56 f (X ).

2. Néu (-1)‘ Hk >0 vé'i mcpi k = l,Z.....n. mc 121 ma lréin H cé [at ca czic dinh thirc con

chinh cp lé m vii tt céi céc dlnh lhirc con chfnh cp chan duong, thi diém dimg

X(xl,,\'2,...x”) 1Z1diéI11c';1'c'dQicUahém $6 f(X).
'7

, ' - \ : \’_ -'2 7

Vzdy: '1“1m cuc tr; ham so w=.\‘+?—+*—'~+=-(.\'>U._\‘>O,Z>Q)
.\' y :

Gii: Dé tim czic diém cuc tri. trudc hét ta tfnh dgo him riéng:

7 / " /I 0 "‘
Y3 Y 1 2 2 Y2 1 2 2

w"_:1— ' "_w,\_: “ -—”w',w_= “— 31W‘I+;,\V‘_\,=\1/:‘_:——+—:T.
’ 4v" ' 2‘ \" ‘ Y :‘ ' Zx" ' “ 2X v‘

w'_'_ = 2 + —4 ;\\/"T = \a/'”X_ I ——'Y .w”__ = H/_,_ = O. \\'”__ I W” = -—£ _

__ , __‘4 ,\_\ v\,\ ,7 _1 .\. _,\ \. .\_\ ‘Q

\ _ ,. x \

Giéi hé w"_ = w'\_ = wt = O vc'>'i .\' > O. y > 0. :_ > 0 la duqc 1 nghiém: (.x=%._v=1,x=l).Thay czic

dao hm riéng cip 2 ta duqc:

a11:4~a22 :3*a33 :6" “:2 zll :_2* an :”31:O~"23 :“32 2'23
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i

4-20 (4-20‘
Xél H= -2 3 —Z e6:H,=4>O;1-11:

22.44;

'\/J

-2
=8>O:H =1“-2 3-2 =32>0

IL0 -2 6) ’ ' ;0 -2
Véy (.\'=%._\"=1.:, =1) 151 diém eue tiéu eua hilm $6 d cho vé wmm = \1'(;1;.l.])=/-1

c. Tfr cgrc tr_i (Tia phmmg (T511 cgrc Irj todn cyc

Diém X (.\‘|..\',,....\'”) l diém cue tri eua hm $6 n'=f(.\'|..\'2,....x”) néu tai diém ny hilm $6

dat gizi tri lén nhiit hozie nho nht $0 \'6'i mQi gié tri eua hZ1m $6 tai nhirng diém X (.\"| ..\",....x”)

ezich diém X (.\‘l..\'2.4...\"”) m6t khodng ezich nh6 horn m6t $6 r >0 11510 dé gqi 151 cue tri dia
phuong. Bili toén tim diém euc trj toim cue (diém mi tz_1i dc’) hilm $6 dat gizi tri ldn nhét hozfie gizi
tri nhO nhét) eua hilm $6 nhiéu bién $6 trén toim b6 m6t mién D bit ki eho tru'é'e 121 m6t bi tozin
khé phue tap. Ngay ea khi D Ii m6t nlién déng V51 bi ehgin, ngoili viée tim czic diém eue trj dia
phu‘0'ng. ta cbn phzii tiép tue xét eue tri trén tép hcyp ezic diém bién.

Dinh 1)": Gié sir him $6 f(X) =f (.\‘,..\‘3,...,.\'”) xzic djnh. lién rue V51 cc’) ezie dao hZ1m riéng lién

tue dén cp hai trong miénz D={X (xx ..\‘Z .....\‘H e (czbl. ),i

Néu trong mién D hm $6 f (X) chi c6 rn6I<ii6n1 dung duy nht X (1-,,v\-I) v51 diéu kién
an dé hilm $6 dat gizi trj cue dai (gizi tri cue tiéu) du‘<_>'e thoa min tai mQi diém thu6e mién D thi
gié tri eila hm $6 tai diém cue dai (diém cue tiéu) din phuorng X d6ng th6‘i 151 gié tri l6n nht< m nh6 nhét) CUL1 ham 56 f(X) trént0Z1nb6mi611D.

Vfdy: Tlm gizi tri nhO nhét eua hilm $6:

w=2x3 +_\,'2 +33 —2.\‘:—4)‘—6:l+lO :(.\‘,_\',:)e R3

Gidi: Diéu ki_én cn: Xét hé sau déy dé tim diém cue tr} eua hizm $6

I r—al=4.1'—2\"=O
8x .\'=3
1:2;-4:0 <= _\-=2
8y

i‘i=2;-2.\--1(>=0
82

4 0 -2
Taeé:H= 0 2 0 ;H]:4>O.'H2=8>(). H_,:}H:=s>0

~2 0 2

Suy ra (x = 3, _v = 2, 5 = 6) IE1 diém cue tiéu eua him

Biéu kién (711: Do him $6 dat cue tiéu duy nht thoa min véi mei diém y. ;)e R3. do dé

diém dung (X = 3, _\" = 2, z = 6) lé aiém ma tgi as hiim $6 dé eho hhén gié In mm nhét trong ton

T06 R‘ véri Min W:W(.X=3,)‘=2,Z=6)=—12

\
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§1u22cUcTR1cOB1nnENRANGBUQc
|. cue TR! co anéu KIEN vow HAI BIEN CHQN vb. MQT a|Eu KIEN HANG Buqc

Xét bi tozin: Tlm czic diém c\_1'c tri cua him $6 w = f _\*) (2.1)

v<'>-1 aiéu kién réng buéc g (.(-. _\~) =1; (2.2)

Trong C16: x vé _\' 121 czic bién chQn; w 151 bién muc tiéu: flZ1 h'Z1m muc tiéu.

a. Liélz hé w cgrc tr_i t1_r do

Néu In (2.2) ta biéu dién dlrqc _\~ du"<'ri dang hm an )- = ((>(.\~) thi ban toain cuc new cé aiéu kién

néu trén quy vé bili tozin cgrc tri t1_r db cua him 56 mét bién sf} x: w I f g0(.\")] = /1 (x)

Vida: Chcpn y) dé him $6 w I 2.\_w + 7.\' + _\‘ (Tat cuc dai. vc'>'i diéu kién 3x+ _v:4.

Gi(ii:T£1' 3x + _\" = 4 suy ra _\" = 4 — 3x. suy ra w I -6x2 +12.\" + 4.

Tacé w'=—12.\'+12=O<=>.\'=1

Til" d6 suy ra him s6 dat gizi tri cuc dai khi .\' =1 .

Khi dé aiém CUC dgi 151; (.(-. y) = (1_1).

b. Phlrmzg pluip nlzn ti?’ Lagrange

Trong czich tiép cén néu trén ta xem mét trong hai bién chgn 121 bién déc lép vé bién kia phu

thuéc véo n6. Hon nira, khi biéu thtrc g _\") phirc tap thi viéc zip dung phu'o‘ng phép thé dé

logli bét bién chcpn sé gélp khé khén. Nhil tofm hc_>c Lagrange dé ra mét phuong phzip cho phép

dun bZ1i tozin cuc tiéu 06 diéu kién vé bili tozin cuc tri do mé vén gift vai trb binh déng cim céc

bién chqn.

Xut phét til" him muc tiéu (2.1) V51 diéu kién (2.2) ta lefxp him 56 sau (gqi 151 him Lagrange):

L(.\'. _\'.7») = f _\') + KP) — g _\') (2.3)

|__J

Hilm s6 (2.3) cé thém mét bién phu 7», g(_>i IZ1 /111:7/I at Lagrange. Chfl Y ring véi tét ca czic diém

M (X, _)-) théa min cnéu kién (2.2). ttrc la khi X61 cép bién chc_>n (.\~, _\') trong mién bién thién aa

bi thu h¢p b€>'i aiéu kién (2.2), hilm muc tiéu WC'I6I1g nhéu vc'>'i ham $6 L.

Dinh 1y sau dy cho biét méi Iién hé gifra him S6 Lagrange (2.3) va bixi toén ¢(_1~¢ tri c6 diéu kién

mé ta dang xem xét.

Dinh 1y;

Gi sir czic him s5 f(.\'._\") vb g _v)cé czic dglo hm riéng lién t1_1c trong mét ln czfm cila

diém M0 (.\-O. yo) v g1 (.(-(,.)»0)¢0. Khi dé. néu ham S6 (2.1). vdi diéu kién (2.2), a@(¢(1~¢

néu tai cném /1/IU(.\'O,_vU) thi (an tai 56 xv 5.10 ChO b<_“> ba S6 thgrc ((0. ;~O.>(O) 121 nghiém cua hé

/L)=b-g(mr)=0
phu‘0'ng trinh: = — Kg; = 0 (2.4)

LI. =f\'. —7\g'\. =0
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Chzhlg minh

Véri czic gié thiét d néu, phuong trinh rimg buéc (2.2) xzic dlnh m(_3t him én _\- : _)"(.\-) nhgin gizi

tr; yo tz_1i diém xv: _)"(xU)= )0.

Gié S11 ham S6 (2.1). vé'i diéu kién (2.2). am gizi 111 cuc dai (cuc tiéu) (a1 diém MU (.1-0. yu ).

D0 (.1-U, _\-0) théa man aiéu kién (2.2). ta 06: b - g (.1-),. _1~_, ) =0 (2.5)

Xét hilm $6: l1(.\‘)=f[.\’.\"(.\")]

D0 hm s6 (2.1). vé‘i diéu kién (2.2), dat gizi tri cuc dgai (cgrc tiéu) tai diém 1’)/IU(.\'U,_\‘O) nén

/1(.x') dat gié tri cqc dai (cue tiéu) tai diém .\-U. TU diéu kién /1‘ (X0 ) =0 suy ra; .

(x0’ -Y0 ) + (xw -"0 )‘-\"(""() ) : 0 (2-6)

Mét khzic, ly dgo hilm hai vé ctla phuomg trinh ring buéc (2.2) theo x. ta c6:

gi, y) + g'(.\', V\").)" (X) =0

Tai diém .\'= xo hilm in v = \‘(.\") nhén gié tri 1'0. do d6

8.1 (-*@»>'@)+ 8(X11,>1)->"(-\'@)=0<2~7>

f’ X ».\' , , ,
Bat lo :J% ’ ta CO fv (x1)~ -"0 ) _ X115’ 1» (-"0’ (V0 ) :0 (28)

g\ (Y0 V0). - ~

Tir (2.7) suy ra Xogl (.\'0,_)'U)+7(0g'\. (.¥0.)'U)._)"(.\‘0)=0 (2.9)

Trir czic vét1r0'ng1'rng cfla (2.6), (2.9) vim luu Y dén (2.8) ta ducyc:

fl (.\'O,_\‘0 ) —7»0g'(.\'U. yo ) +[/'\' (.11). yo ) — kugi (.\‘(,._)'0 )].‘\"'(.\"Q ) =0

:>f\'(.\'0.)'0)—7»0g'\ (xo,_\'0)=O (2.10)

Czic hé thirc (2.5), (2.8) vii (2.10) chtmg 16 (.\"),._\"U.}\U) I21 m(f>t nghiém cua hé phuong trinh

(2.4). Dinh 13'; d5 duqc chirng minh.

Dinh 1y vira chirng minh C110 may diéu kién cn aé hm S6 (2.1) véri diéu kién (2.2) am cue trj
quy vé diéu kién cn dé hém s5 Lagrange (2.3) dat cue tri khéng c6 diéu kién. Diéu 1y thfl 121

phuvng trinh du cila he} diéu kién (2.4) chfnh 121 diéu kién ring buéc (2.2) cua biai tozin cue tri
c6 diéu kién.

Vidy: Trdr lai biii toén tim cp‘c'tri w: 2.13’ + 7x + _\" , vdi diéu kién 31' + y = 4.

Gidi: Hixm s6 Lagrange trong trudng hqp néy 151: L = 2.\_w' + 7.x + _)' + M4 — 321" —

:4-3.\"v\':O ’3~\_+-\,:4 '1-:1

Giéi hé phucmgtrinh LI‘ : 2_\'+ 7 - 37L : O<:> 2‘-+7 <:> _\"=l
J =_.\'+ =4 A

L\_ = 2.1-+1- 2: 0 3 (=3
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Véy ham $6 \\‘:2.\'_\'+7.\‘+_\'. vdi cnéu kién 3.\~+_\~=4 chi c6 mé am CUC m Kai diém

(x = 1, _\" =1) . Dé cé <ju"c_rc két luén cuéi cling vé cue trl ta phai dilng diéu kién an dé kiém tra.

c. Biéu kién dzi

Gqi (xv, _\"0.7»0) 151 mét diém dimg cua him s6 Lagrange. tire 121 min nghiém cua hé phuong

trinh (2.4). Gia su" ring céc hilm $6 j'(.\'. vv) vil g _\") cé czic dao hélm riéng cép hai lién tuc

tz_1i diém (xo. yo Xét ma trim

O g‘ ‘Q2 a a ai a‘L 5->1 ai— ,._g _g._' _'_‘_ _‘
H: 3’: Lu L12 V01 3|-aX*g:‘a),~L|1“aXg ~L12 *a\_a)__a}_ax“L:1*L22 "avg

\g: L2: L22/

Duqc tinh khi x = .\-0. _\" = _v0.7k = Kt].

Dinh 1;’: Néu dinh thtrc 151 >0 (<0) thi him $6 H‘: f(.\~,_\~) vdi aiéu kién g(.\'.)‘)=b, am

gié tri cue dai (gié tri cu'ctiéu)t:;1i diém MU (.\',,. yu). A
»

Vfdgl 1: Ta lai tiép tuc xét bfli tozin tim cgrc tri xv: Zn" + 7x + _\" . vdi diégl kién 3x + _v =4. '

Gidi: Nhu as néu cy trén. hém S6 Lagrange L = Zn + 7.\- + y + x (4 - 3.1- _ _\>)

C6 mét diém dirng duy nhtz (X = l_ y :1)» =3)

T2_1i diém nZ1y ta c6: gl =ai=3; g, =ai=1 g =3.\'+ _\-;

Sr “ 83‘

>-Q.)O

NOLn

C3[\Jl\-J

L]1: :0_ Ll2: : :L2l:2‘
.\’_ X .\' _\'_

Véy hilm $6 C15 cho dat CL_1'C dai khi x =1,_\' =1 .

Vfdgl 2:

Tim czic diém cue tri cila hfim $6 u = 6x + 8)" + 7 vc’>'i diéu kién xi + Zyz : 17

Gi17i:Hi1m $6 Lagrange trong vi du néy 121 L = 6.\" + 8)‘ + 7 + M17 — xi — Zyz)

L§.=17--*2-2>‘l=0 x2+2_v3=l7

He} phuung _trinh diéu kién can 151 hé: L1, =6- 22¢-=0 <= 3 2

L1=8—4M'=O ~x_\'

Tir phuong trinh thtr hai ctia hé suy ra y = Thay vélo phuong trinh thtr nhét ctla hé ta duqc

.»<2+2i;-2:17 :> 17.>f=9.17:> ><Z=9 => ><= 13.

Véri x=3 ta cétuong frngz y=2,k=l.



x
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V('>'i x = -3 ta c6tu'o'ng1'1‘ng: 3" = -2. 7» = -1.

Ham $6 Lagrange c6 2 dig-‘am dimg: (x = 3, _\" = 2. 7» :1) v51 (x : -3. _\' = —2,7\ : -1)

Dé xét diéu kién an déi vdi céc diém dirng nay ta phai mm céc dao ham riéng cap hai cua ham

$6 Lagrange va cac dao ham riéng cua ham $6 g : xi + 2)‘: c'>' vé tréi cua phu'0'ng trinh rang

bu('_>c: LH = Ll‘ = —2X, Ll: = Ll“ =0, L21 = Lt‘ = O. L33 = Ll‘ =—47» ;

g. = = 22*, £1 = g\_=4.\1

O 2x 4v '

Ta c6: |H|= 2.1- -22 0 =16>a" +32x_\~* =16x(_\-1 + 2;-1)

4\' O ~47»

De xét diéu kién an ta khéng nhét thiet phai tfnh tri so cua dinh thfrc ‘H ma chi can xac dinh

dau Ca n6. Ta co ||>0 tai diém (.\~=3._\~=2,>r=1) Va ll < 0 tai diém

(x = -3, y = -2, 2 = -1) . Theo dinh 1y vé aiéu kién an ta di aén két luén:

Ham sc‘> c6 hai diém cuc tri: Diem cuc dai: (.\'=3._\'=2): Diém cue tiéu: (x=—3,_\'=—2)

||. cue TR! cc’) a|Eu KIEN V6’! n BIEN CHQN vA MOT PHU’O’NG TRINH RANG BUQC

Xét bai toén: '

Tim czic diém cue tri cila ham s6 w = f (xi . 1'2 , xn) (2.11)

var diéu kién g (X, ..\-2 ) = b (2.12)

Ham s6 (2.1 1) duqc g(_>i la /zdm nzuc riéu; xl , xi .....x” duqc gcpi la céc biézz chon; phuong trinh

(2.12) duqc gQi 121 p/zzr0'ng rrin/1 rimg bugic. cac n{>i dung era trinh bay vé bar toan crrc trl C6 cnéu

kién trong truémg hqp hai bién chcpn C1‘u'qc phat trién tu‘o"ng tu cho truiwng hqp n bién chqn nhu

sau:

a. Hdm s5 Lagrange

Ham s6 Lagrange la ham sé n +1 bién s6:

L(.>c|.x3,...,.>c”,7») =f(.\"l,.\'2,...,.x'” ) +7»[b—g(x|,x3,...,x”)J

Bién phu 7» du'<_>rc g<_>i la nhdn I1? Lagrange.
‘» A A A

b. Diéu kign C(Ill

Véri gia thiét rang céc ham séf va g c6 czic dao ham riéng lién tuc trong mét Ian can cua diém

Y(§,Z,...x_”) va tai diém Y it nhéit mét trong cac dao ham riéng cila g khac 0, ta cé dinh 1y

sau day:

Dinh 13":

A ~ A R A‘ ,Neu ham so (2.11), vdi dieu Lien (2.12), dat cgrc tri tai diém (.\'l,x3,...x”) thi tén tai m(_3t gié tri

7» = 7» cila nhn ttr Lagrange sao cho (xl , xi , ....r” , X) la nghiém CUE1 hé phuong trinh: .
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%=b— g(.\-I..\':......\'”):()

BL 8 89

(

fi__

-.

'=l,Z.....n

Néi czich khéc, cnéu kién can aé hém $6 <2.11)_ véri cnéu kién (2.12) am cuc In mi diém

Y(§,I....I) 121 tén tgi $6 X sao cho (I_I....I.X) 1:1 mét aiém dirng CL121 hém S6

Lagrange. Chli 3? ring phu"0'ng trinh du cua hé phucmg trinh (2.13) chinh 151 diéu kién rimg

buéc (2.12) cwlla biii tozin dang xét.

c. aiéu kién are

Diéu kién din du"c_>’c ép dung viii nhfmg diém dé thcba min diéu kién cn.

Goi 121 m<_">t diém dilng cua hm $6 Lagrange. Gia sir. ngoéi czic diéu kién d5 néi

6 trén. caic hém séfvix g cé céc (125.0 hixm riéng cép hai lién tuc tai diém (xl .1‘. .....\'” ).

" "" ' ax‘ ' '1 5.x‘,.Bxj

0 gl gl gm

g L L, ...L”
I ll 1- I a_L

Lap ma tran H = g, Ln L“... L.” ,vo‘1gk =-—(k =l,2,...,n)_L.. :-—;(z.] =1.2,....n)

gn Ln] Ln°"' Lnn

duqc mm {$1 aiém (§.I,...§.X) .

Dinh l§’/ vé diéu kién CIL1 dudi déy cén ctr vo czic din/1 1/1121‘ con chfnh CUH ma trén H :

O g1 g3 ...gk

31 L1; L12 "-Lu

H‘ Z g3 L3‘ L33“ L3‘ (k :2.3.....n). Ch Y ring E 121 mét ma trén vuéng czip /1+1 via

gk Lkl LI<2"' Lu

7-'1? la dinh mu-¢ con chinh cap /< +1 cé ph§‘1ntL'1'('I géc dudi bén phai 1:‘: L“ . Dé Xéli aiéu kién
. I » , I

dil ta phai tinh céc dinh thirc con chfnh tit cép 3 dén cép n +1 (dinh thtrc con chfnh cép n +1

chinh 151 dinh thirc CL13 ma trén E)
Djnh I)":

1. Néu (-1)‘ Fk>0 v<'yi mQi /< =2,3,...n m-C121; F2>0,F_,<0....,(-1)” F90

Thi ham S6 (2.11). véi diéu kién (2.12), aw giti ~11" c;rc am tai diém Y(§,§,...T”).
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2. Néu Hk <0 véi mqi /< =Z.3....n ma ham >-6<_2.11‘> mi diéu kién (2.12) <1@[g1zz~-;(~;1~¢- new mi

diém X(x[,.t2.....r”).

Vida: Tm céc diém cuc tri cua hém $6 \1' : .\' + \" + 3 vdi diéu kién xv; = 8

Girii: Hilm $6 Lagrange trong trubng hqp niay c6 dang: L = .\" + y + : + 7» (8 — .\~_\‘:)

.\)":=8
. 'i2

(9i=l—7k_\':=O
ax \‘:2

EL

BlELlkl¢I1C8.12lI 5l:l_M_Z:O <=> 2:2
5) 1

7»:-L
V

a—=l—k\j\'=O 4

Dé xét diéu kién an ta tfnh czic d2_10 hém riéng cip I cua him s6 g _\'. 3) = xy: v51 céc Ciao hm

riéng cép 2 ca hém s6 Lagrange tai diém (x : y = 1 : 2, 7» = i ).

Tgi aiém nély, ta 06

>_-|\_)>_-

__ _ _ _ _ __ 1 .—_ ~ . ___Lu-—L2-1-1433—O,L|2—L2|—-"K4,-—'"5 , H— l , H}——12<O

2 __
L13:L3|:_7~)’=-%,L:3:L32:"7\.x=—% lH|— 12<0

; ’0 4 4 4

Ye.=y1=4,g2=X:=4,g3=»"=4 4 0 2% {Ilsa

-l O

2

l\)

vgy theo dinh 1y vé diéu kién au, hm $6 am gizi In cuc tiéu rai diém (X = _\~ = 1 =2).
Ill. Y NGHIA CUA NHAN TU’ LARGRANGE

Trong m6 hinh béi toén cue tri cc’) diéu kién (2.11) - (2.12) ta phn biét vai trb cim céc bién $6

.\'l..\',,.....x”, w vdi tham $6 b. Czic bién ch<_>n xi ..\",......\'” vi bién muc tiéu W duoc goi I51 czic

lrién /1‘0'i sinh, do bzin thin m6 hinh quyét djnh théng qua phuong phzip nhn t(r Lagrange. Khzic
vdi bién n(f>i sinh, tham $6 b 15 mét hing s6 cho trufrc. khfmg do m6 hinh quyét dinh. Trong
nhiéu m6 hinh kinh té tham $6 b lil gizi tri cua mét bién $6 ni10 dc’) v21 gié tri dc’) duqc xzic dinh
bén ngoéi m6 hinh. Ngufri ta gpi b dafac trung cho su" thuy déi cua ngoai canh, lilm ndi réng h0zf1c

thu mp rang bu<f>c,- din dén su thay d<‘>i ldi gizii téi uu cua b€1i tozin. Néi crich khéc phlrcmg an

chc_>n :61 uu X (x1,x2,....>c”) cua bzi tozin vé gizi tn téi uu w CL121 hilm muc tiéu phL_1 thuéc véo b:

xi =x| (b),.\'2 =x2 (b),...,x/I =.\'” (I2);

Theo phuong phép nhzin til" Lagrange, phu"0'ng sin ch<_>n téi u'u néi trén du'c_>‘c xzic dinh cilng vdi

mét gizi tri ca nhn tL'r Lagrange 7L =X(b) vé gizi tri téi uu ctla w IE1 hiam $6 cua I1

\_r= f(x,.x2,...,.\'” ) =;(b)
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, _» * 17 ~ 1;. ' 17
Theo quy tc tfnh dz_1o hém hqp ta cé: C1“ I 8] t H + all 6 1' +...+ af 6 \”.

db Bx! db Eh‘: db Bx” db

Do (X, xl , x3 ....x") 151 diém dtrng cua him $6 Lagrange nén ti1'(_2.19). ta cc’):

- _ - 17 - di - 1 117
_&)i=)\_a§_V;:1,g,._,,n_ Véy _dl:)»_ai(_\_'+ )¥_Z?i_\_-+ ___+xiii
ax’. Ex‘. db HA‘, db ax, db 8x” db

- d.~ b d.‘ 0 1.-
:>dW=k ag X‘ + 8° X2 +...+ 8° 6 \” (2.14)

db ax, db 8x2 db Sxn db .

Meflt khéc, (x]..\'2,....\'n) théa man phuvng trinh rimg buéc (2.12). do dc’) g (xl,x2,....rH ) =b.

L21y dao hém hai vé cua dbng nht thtrc hy thee b ta du'c_>‘c:

ag d_\‘l @g dx, ag (1_\‘H

- -. =1 1215
ax, db 8x2 db + *'aXn db )

Tit céc hé thirc (2.14) v£1O (2.15) suy ra: 7» :% (2.16)
7 1

Hé thirc (2.16) cho théy nluin rd Lagrange 2» 0/1171/1 /51 gici 1111' w cgin bién czm b. Diéu néy cé

nghia 15 khi b téng thém 1 don vi thi gizi tri téi (ru T‘ cua hém muc tiéu thay 6161 m(f>t luqng xép

xi bzing A

IV. cuc TR! cc’) BIEU KIEN v0'| n BIEN cuqu vA m PHUOFNG TR1NH RI‘-\NG Buoc -

Béitoénténgquétzm czic diém cuctricua hZ1m 56 w=f'(x‘,.r2,...,.¥”) (2.17) .

gx (.\'!..x:......\‘” ) =b]

. , ',.',,...,.' Ib,
Véidiéukién g-1*‘ 1- 1") - (2.18)

gn1(X1'X'.Z """X11): bm

Trong m6 hinh néy hm s6 (2.17) 151 /261111 mac tiéu; céc bién xl,.>c2,...,x” 121 czic biéa chon; hé

phuong trinh (2.18) 121 h_é plurovzg rrinh rang buéc. Ta 1u6n 1u6n gié thiét ring sc“) phuong trinh

réng buéc nhé hon s6 bién chQn (m <11)

Phucmg phép nhn ttr Lagrange dé giai bili toén néy dutyc thuc hién v<'>'i céc gié thiét sau déy:

0 Him muc tiéufvé céc hém s6 gk (k =1,2.....m) ('1 vé tréi cua czic phuong trinh ring bucfuc

(2.18) cc’) céc dz_1o hém riéng cp hai lién tgc:

ax‘ 6.13 Bx"

0 Ma trén Jacobi Bx‘ 8x2 Bx”

58... 58... 58...

3x1 Bxz Bx"
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C6 hang béng m tgi tit ca céc diém d11Q'c xét.

a. Ham $5 Lagrange

Trong tru'>‘ng hqp néy. hiam $6 Lagrange 151 hiim $6 n + m bién 56 .1", ..\;......\'”; 7»I.71,.....)1m :

-8 +>\'111(/71 O )~ _ I I _‘~'IIl '

Trong d6 céc bién phg 7»l,7»3....,7»m duqc gc_>i 121 czic nhzin t1'1' Lagrange.

b. I-)ieAu kién can

Djnh 1)":

Néu him $6 (2.17), véi diéu kién (2.18), d2_1tc11'ctri tai diém thi t611t2_1i czic 56

7»[,7»2,...,7\m sao cho bé 1n +11 $6 (.rl,.\"2 .....\'”,?1],713....71m) 151 nghiém cua hé phuong trinhz

EL
———=bk — gk (x|,x3,...,.x'”)=0. (k =1,2,....m)
SK‘

(2.19)
8 Iai=8l_)£l%_}‘7i_ _)\Ig:() (,':]7 ,1)

Bx, 51, Eh, 31, ’ Eh,

N61 céch 1<112ic,(1‘i§u kién cn dé hfim s6 (2.17). \1c'>id1é11 ki{:n(2.18).d2_1tc1rctr1 131 diém

X(x|,x:,...x”) 151: téntai céc sé 71|,712.....71m sao cho bé m+n s6 (xi..v3.....\"”.k,.712....71m)

121 mét aiém dtmg cila hém S6 Lagrange. Ch1iyr§1ng m phuog mm @511 cua hé 12.19) trilng vdi
céc diéu kién réng bucfac (2.18).

. iii -— \ \ I 1

1-)1ém X (.xl,.x3,....x”) thoa man diéu kién cén chua ehc da phzli 15 diém c1_1'c tri. Ta cbn phai

nép tuc Xét diéu kién an.

c. Biéu kién dz?

Diéu kién an duqc 511 dung aé xét czic otiém as 11m min diéu kién cn. Tqi méi diém Clifng

(xl,x2,....\'” .71‘ J»: ....71m) cua hém s6 Lagrange ta lép ma trim

/O O O 311 31" g111\

O O O 321322 3:11

— O O O gm‘ g 111, g 111:1H= ' .tr0ngd6
311 311 gm‘ L11 L1“ L111

g1’) g')'> gm‘) L] L71 --- L1”

\ g ln g Zn gum L111 L112 LIHII /
2 Z_3gk__ 8L L 8L

g 1' ax, axkax,’ ii a.><,a.1j

(i,j=1,2,...,n;k=1,2,...,m)
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Ma trén E c6 m+11 dinh thirc con chinh. nhung khi xét diéu kién du ta ch1 xét /1-111 dinh

[hire con chinh tirpép 2111 +1 aén cap 111 + 11 . Dé @110 tién ta gqi H ([1 = 111 + 11) 1a (111111

thtrc con chfnh cap 111+ p cé pnén 111- (1 géc du'é"ici1ng bén phéi 1a L”, (I ch1’nh 121 (111111 thtrc

ca ma trim H ).

Dinh lj:

' Néu tai diém téit ca czic dinh thirc con chfnh Hp cimg du vdi

(-1)” , ttrc 1&1 (-1)”?-1_p>0 (Vp=m+l,...,l1) 1111 hams?) (2.17). V61 aiéu kién (2.18) am gié 111

cue dgi tai diém (.1-I , x, ,...x” );

- Néu (211 diém (XI,X:,...X”,7\.],>»2,...>»m) (at cé czic (111111 thirc con chinh

Fp( p =1” +1....,11) won 111611 gm (1511 khéng aéi nhu (-1)’" 1111 hém S6 ('2.17),vo1 diéu kién

(2.18) (1111 cuc tiéu tai diém (.1, , .1-2,....1~n ).

, , -2' - . \ ; 1- -1 ~. -\'+.\‘+:-:5
V1 dz_4: Tlm cac dlem cgrc tr; cua ham so w = .13‘; v01 d1eu k1¢n

x_\' + _\‘1 + :,\' = 8

Gidi: Hém $6 Lagrange trong truiyng hqp ny I51:

L=.\3';+7\(5—.\"—_\"— ;)+p(8—.\‘_\‘—_\‘:—;\')

x+_v+:=5 x+_v+:=5
x_)'+ _\'1+ :,x‘=8 _\‘y+ ygA+;\-=8

Biéu kiéncém: L_\_ =_)‘:—7&—p(_v+z)=O<:> _\‘Z.=7\.+p(_\‘+ -

'1

+
:1-1,

\_/,

L‘\_=xz—7k—p(x+z)-—-O .\'Z=7»+Ll(.

L‘. =.~)~—k—11(>~+-1-)=0 "'-"=““(-""“")
Trtr czic vé ca phuong trinh thtr ba via phuong trinh thir tug ta duqc

3(.\"'-\'):l~1(.\'—-\'):> )'=~Y 1103‘? HIZ

' V61 _\‘ = x , theo hai diéu kién phia trén ta cé:

'1 '7 '7 4
2x+1=5 V21 x'+Z.\';=8:>x‘ +2.\'(5—2.\‘)=8 :>3.\"—1Ox+8=0:>.\"=2,x=—§

Ttr déy suy ra hai nghiém cila hé phuvng trinh diéu kién ciinz

. _4 __4 __7 16 _4
Ml(X=2,)‘=‘—2,Z',:1,7\.=—4,[l=2),M2(.¥—§.)—§.;—€,>\.——-5',}l—§).

Q Vdi 14:: thi tirba phuomgtrinh cuéi ta c6: 7»=—:3 =.\j‘= :(x+ _y):>.\q'= :(x+ _\")~ :2

Két hc_>"p véi phuong trinh thir hai, ta ducyc:

3(x+ y)— 13 =;(x+ _)')+8:>2z,(,x+_v)— 13 —8=O
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Thay 1+ 1~=5-; ti1'phu'Ongtrinh 111111111111. taduqc: 21-.(5-;)-_-F -s=<1:>3¢F -10;+x=<1

1 /\ 1 4T1rdaytat11n duqc : 1 2. I = Q.

Ung vdi z : 2 ta tim duqc hai nghiém cua hé phuong trinh diéu kién Q5111

_,.JJ1

\i_/

M;(F:11:1::1,,\:_2_L1:11_Mh1i\.:1_\1:a_::2_1:_&_H:_,
3 3 3 9 3, \ 3 3 3 9

Tém lai, hilm $6 Lagrange cé 6 diém dirng. V1 czic bi€§11 Ch(_)H .1". )1 3 cé vai trb nhu' nhau nén ta

chi cén xét diéu kién cm tai hai diém M! vi M3.

Ta cé: gu I gm =g|3 =l.g21:2v\".g22 = Z_\'.g33 = 2;: LN = L32 I Ln =0.

L12 :L21::_u"»L13 :L31:-y_|'L"L:.1 2L3: I-\-_p;

00

Poo
".

O__

,_.

TI

4_

1:

2.1 2)" 2:
E: 1 -- -

l 2)‘ I.-IJ. O .\'-pl

1 2; 1"-11 x-11 O

Trong biii tozin nily ta chi cn xét mét dinh th1'1'c con chfnh cua ma trim H (11 — 111 = 1) I51 dinh

thtrc H3 =lH| (dinh thirc con chfnh c6 phn 111- o~ géc du'c'>"ici1ng bén phai 1:1 L33)

00111
00442

Tq1idiémM|c6: |H|=1 4 0 -1 ()=8>()1T;1idiém

14 -1 0 0 ‘

12 0 0 0

OOlll
OQ§§u333

M3c<’>:|I~I—1=.1— -10:-s<0

>-

UJOOUJOO

<3

—-IOO
15000

3

Theo 1111111 1y vé cnéu kién au. ta di aén 1<é1 luén:
..

Diém cue dai la czic diém:

(x=2,)'=2,z:1),(x=2,)'=l.;=2).(.\-:1.)":2,:=2);

Diém cuc tiéu 151 czic diémz
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'/.

J1-

5’.

-l>~

l
\l

>1

-F-\

'/.

‘)3\l
l

_»Jir-
\\J

/j\
><

U.)\!

->.

\)J-81-

?

w41>

( :5 :3 '_:§)( :3 IT '2? 2' If 1-)
d. Y nghia czia nhdn tr? Lagrange

Diém téi uu (x,..\‘2 .....\'”) eua béi toén cue tri eé diéu kién trén déy dL1'Q'C xée dinh eilng vc'>‘i ezie

nhn I11" Lagrange . Néu bI.l>3.....12m 0" vé phali cua eéie phu'o'ng trinh ring buéc

(2.24) 15 ezie bién ngoai sinh thi diém téi uu (X1. X2. xn ) phu thuée vilo eeic bién ngoai sinh dc’),

do vgiy gizi tri etc‘>i uu eim hém mue tiéu (2.23) 151 him $6 eua b[.b,.....bm:

\v=f(xl.x2,...,.>c” ) = w(b],b2,...bm)

Tucmg tu nhu' truimg hqp cue tri eé diéu kién vc'>'i mét phuong trinh réng buée. cc’) thé ehirng

. \ a5 -
mmh duqc réng —=7ck (Vk =l.Z,....n1)

Sbk

Diéu ny c6 >7 nghia lil nlzn IL? Lagrange X chin/1 121 gizi trj can bién cna ban kfn/1: klli Icing

ban kin/1 rhénz 1 c7'0'n vi rhi giri rrj r0'i lfll W czla /151/n n1z_1c riéu I/my cT6i mé! /Lr0'11g.\'cip.xib(7ng 7L

v. cue TR! co DIEU KIEN vdu RANG BUQC LA BAT PHLFONG TFHNH

Trong czie ban toén lién quan crén am Sémg nméu khi ehflng ta gap cée mm huéng lua ehc_>n vé"i

ring buée 121 cée bét phuong trinh. Sau dziy ehng téi néu min ezieh vein tit phu‘o'ng phép giai béi

toém loai néy trong truirng hqp hai bién chqn vi: mét bét phuong trinh ring buéc.

Bi toénz Chen y) dé him s6 w=f(.\‘._\~) dat cue dai (cue tiéu) véi diéu kién

g(x,_\')2b[ho3eg(x,)‘)Sbj.

Phzrong phap chung: Dé giai béi toén nily. truerc hét ta thay diéu kién bng phuong trinh

g(x, y) =12. Béng phuong phzip nhén Ill‘ Lagrange ta tim duqe .x=.\", _\‘ : _\' v51 7»: X. Quyét

dinh euéi eilng dupe there hién thee quy tic sau dfxy:

1. B61 véri ban toim cue dgi héa ham $6 n'= f(.\-,_\~) vdi diéu kién g(x, _\-)zb;

- Néu X<0 ma diéu kién zip aar there 51; lé rang bucf>e v21 phutmg én ehqn t<‘>i uu 151

,\':.\‘,\’:\’.

Q Néu K2 O thi diéu kién zip dcflt khéng phzii I5 rimg buée thuc su. Trong trucmg hqp nily

ta bé diéu kién V51 quay sang giéi bili tozin cue tri khéng cc’) diéu kién.

2. {>61 vé'i biai tozin cue am héa hZ1m $6 H‘: f(.\-._\~) vc'>"i die‘-Eu kién g(.\',_\‘)Sb:

- Néu X20 ma diéu kién ap din [hL_l'C SL_1' 1:1 riing buée vé phuvng zin ehqn I61 uu lb

x = 1 .»» =?

¢ Néu 7» < 0 thi diéu kién zip dét khéng phéi 121 ring buéc there s\_r. Trong truimg hqp nély

ta bé diéu kién v51 quay sang giéi béi toén cue tri khéng cé diéu kién.
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3. B61 vdi béi toén cuc néu héa ham S6 H‘: _/(X. _\') vdi diéu kién g (.\-. _\") 21;;

° Néu X20 thi djéu kién zip dét thuc su I5 rimg buéc via phu"o‘ng zin ch<_)n téi uu 151

x=&y=y

0 Néu 7L < O thi diéu kién zip dét khéng phai 151 ring buéc thuc su. Trong trubng hqp nily

ta bé diéu kién vé quay sang giai bili toém cue tri khéng cé diéu kién.

4. D<‘>iv('1ibé.it0éncgrctiéu héahixmsé H»;/"(.\-.;~) \~<'>~i méu kién g(.\-.\~)§/1;

' Néu ?»<O thi diéu kién zip din thuc sgr I21 ring buéc v51 phu"0‘ng n ChQ t6i uu

l51.\"=x,_\'=_\*;

' Néu K 20 thi diéu kién zip dat khéng phéi 121 ring buéc thuc su. Trong trubng hqp nily

ta bé aaéu kién V21 quay sang giéi béi toén cgrc tri khéng cé diéu kién.

Vidy 1; Chqn (X, _\') aé hixm S6 W = 3.8 - .\’_\‘ + 2f - 41' - 7)" + 20

d€_l[ gizi tri cuc tiéu, vdi diéu kién x + _v215

Girii: Trude hét ta thay diéu kién béng phu"o"ng trinh .\' + _\" = 15.

Lép trinh $6 Lagrange: L = 3x3 — .\'_\‘ + 2)‘: — 4.\" — '/'_\' + 20 + M15 — x — _\')

.\' + \' =15
‘ . . ,~ -=15

Giéidiéukiéncén: L =6}--\--4-x=0 ¢>J‘+~‘ I

_‘ ' 1x=<>.»-y-4:-.\-+4_\~-7
L,=-.\-+4\--74:0\ .

Ta tim dutyc = =9.X : 23. Diéu kiéri du trong tru'<‘>"ng hcyp ny théa min (ban dqc n_r ki<5‘:n1

Ira). Béi chiéu véi quy tic 3 néu trén, do 7» > O, diéu kién .\"+ _\" 2 15 thL_1‘c sgr 121 rimg buéc V51

phucmg én ch<_>n t<‘>i UT] 151 x = 6, y = 9. Gié tri t<‘>i uu cuc tiéu cua hém muc tiéu w 151 w = 149.

Vidy 2.- Ch(_>n (X, _»») aé him $6 W = e4.\- - 2.6 + 4.\~_\~ - 4% + 32)" + 50

dgz gizi tri cue dgi, véi aiéu kién X + _»- s 79

Gidi: Trude hét ta thay diéu kién bimg phu'0'ng trinh .\" + y = 79 . Lz_"1p him $6 Lagrange:

L= w=64x— 2.\-1 +41)» -4;? +32)» +50+ M79 -.\-- _\~)

.\'+_y=79
_; k , .\'+_\"=79

G1a1 dleu klcpn can: L_=64—4x+4\"—7»=O <:>
': ' 7»=64—4.\‘+4_v=4.\'—8y+32

L\_=4.\'—8y+32—7L=O ‘

Ta tim duqc =49; =3O,X = -12. Diéu kién cm dé W dat CL_1'C d2_1i trong trudng hqp nily thda

man. Theo quy tic 2 néu trén, do X < 0,a1éu kién .\- + _\" s 79 khéng phéli 121 rilng buéc [hl_l'C. pé

chc_>n (x, y) ta chuyén sang béi tozin cue tri khéng <16 diéu kién v xeic dinh ducyc ring w dat cgrc

dai khi .\‘=4O, y =24.
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VI. U’NG Dl_JNG PHU’O’NG PHAP NHAN TU’ LANGRANGE CHUNG MINH BAT DANG THU’C

Biai 1: Cho x. _\' 2 O théa mén x + _\" =3. T“1m Max. Min cua P : 2x3 + 3)‘: + xy

Giiii

Bat f y) = 2x3 + 3)‘: + _\'_\" — k(.\" + vv) . Diém cuc tri cua f y) 15 nghiém cua hé:

Q“ 5‘ 4x+y—X=O O
3X 5}‘ <:> 6y+.\'—7»=O<:>7»=@‘.x=L§,_\'=2

8 8 8X+y=3 x+v=3

Khi dc’): P = Xét céc tnrmg hqp tai bién:

V61x=O,y=3thiP=27:Vé'ix=3,y=0thiP=18

Két lufm: Min P =ilOé7— d€_1[dlI'(_7C khi vii chi khi .\" =%, _\' =%

Max P=27 dat duqc khi vb chi khi x = 0, y = 3

Bi 2. [Viét Nam TST 2001] Cho .\". _\", 1 > 0 thoa min diéu kién 2x + 4y + 7; = 23': .

Tim gié tri nhO nhét cila biéu thirc S = x + _y + 1

Gizii

Dzj1tS = f(.\', _\'.:) =.\' + _v + 3 + 7»(2x+4_\- +7: — 217:).

Diém cue tri cua f )'. 1) I51 nghiém cua hé

1+x(2 2%.) 0

g:Ty:5;:O l+)\,(4"2Z.\'):0

2x+4_v+7z=2x)'Z l+>\(7—2'U‘):O
2x + 4y + 7: = 2x)‘:

2_\'z=2+5lC" "=4+31\—;2.\'_y=7+%

2+4+7:27»+4X+77»:l
2_vz 2:1" Zxy 2k+l 41+] 7k+l

l\.)

I1
‘>-

Bién d6i phurmg trinh cuéi ta nhén duqc 112%} + 507\2 -1: O.

-4 1 5Phurmg tnh nziy 06 czic nghiém 7» = é , X = .

Véi A = 14%/-2 thi 2;-; = 2 + % < 0 nén kl16n£lthc'>z1 mim.

Véi x=% thi 2_v;=1O;2z,r=12;2.\1v=l5.

Tu ac» ta c6 aiém dimg (X, y, 1) = 2) Va suy ra /v1ms= %.
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' (a:+1)‘(b:+l)‘ IBi 3. Cho tham sc">.\‘._v> 1. 'I“1m Min cua: P1+theo u.b >0
' (u +12)“

Gizii

3 . .\' 7 _\

Bait f(a.b) =?_(“_+1)  "+1) _Biém cuc tri cua _/'(u.b) 151 nghiém cua hé:
(u+b)'

;)i:ai:0:> (.\--mi +.\-ab—l=0 @4[<,\--ljui +_\'ll/7-120

an ab (_\'—l)b‘+_\'ab—l=O 1(.\‘—l)u'+(.\'—_\')u17—(_\"—l)/7'=0

2 .\'(.\'—l) 2 Z 3' 1a (.\ 1)+—iY_l (1 -1-O ll , (_\__1)( \‘+~\__l)
<=> ' <:> .

. 1  ‘_i5:-if, 1): ' _\--1
-\‘_1 \}(\"—1)(.\"+\"—l)

. \+\~Z
\ , . v‘ (-\'+ Y-3) ’ .Tu do suy ra Mm P = " - ' ‘ ' i I211

<.\--1)” (y-1)"" (.\»+_\»-1)‘*"' '

/ .\' 1 J9: .\- 1

\(.\'—l)(.\'+_\"—l) (_\'—1)(.\'+_\'—l)

Biai 4. cm .X,_\‘,1ZOIhéQ min .\-+_\-+ 1:-g—.T“1m Mm Va Max CUHZ P=.\'3 +2_\~1 +35‘

Girii

Bat f(.\-, _\-. 3) = _\-3 + 2_\-3 + 3;; — Mx + _\~ + 1) .Diém cuc trj cua _/'(.\'. _\\ 1) I21 nghiém cua hé:

Zx—7»:()

3f 3f 5f A 2. »/“X—=—=—=0 4y—7»=O _\-=__\-=___-_:_»
8.x 8y 8: 2' 4 3 4 3 1 3

<=> 9Zz_X:0 <=> <:>7»=81,.\'=8l._\‘=81.:=°7
1 A 7» ‘

1 2 4 9

9

~§

lx+_v+;=— _+_+__=_
9 x+_y+;=—

Khi as; P=i. Xét czic trumg hqp mi bién:
6561

Trming hgp 1: Z = 0. Khi dé: x + _\"=%vZ1 f(.\'. _\".O) = xi + 2_\"2 — k(.\' + _\') = g(.\'. _\‘).

Diém cue trj cua g(.\', y) 151 nghiém cua hé:
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9* %‘ , 4 2 1 2
<:> 4>\"—7»=O<:>7»=—~..\'=‘._\'=—.Khidéi P:-—

1 1 27 27 27 243
.\'+ ~=—

\ ) 9 \.\'+\‘:l
9

. » , 1 \ ~ ~ 1

Trmmg hyp 2: y = O.Kh1do: .\' + 3 zgva ‘I (.\-.0. 3) : x“ + 3:,‘ — 7»(.\' + 1) = h(x, 3,).

Diém cuc trl cua /z(.\'_ 1) I51 nghiém cua hé:

' '/—._

817 5h_,) Z.\'—7L:O

5x 6; . 4-2/3 2- 3 2-1 _ "
<:> 9z'—7L=O<:>7»= N ..\‘= V .:=\/_ .Khidc'>:P:1—l—L/3

1 9 9 9 243
.\+~— l

9 _\--1-Z:_
9

\ . , 1 \ v 9 ;
Trumzg hgp 3: x = O.Kh1d0: _\" + 1 =5 \'a _f (0.311): 2)" + 3:,‘ — My + 3) : q(_\~_ 3),

Diém cuc tri cua c1(_\‘, Z) 12 nghiém cua hé:

2. — = W = ._\= _:.= .Kh1<i'0 P=————
1 9 9 9 243

v+:=—

Qzigio 4_\'—X=O

8)" 5: 9; X OHX 12-sf 3-2 2\/72-2 . , 46-32

9 _\'-Q-Zzl
9

. 2 ~ . , 1 2 1 , , _, _ , .

Trlrdng hgp 4: Hal trong xa so x,y,z bng O. Khl do: P={§.§ . S0 sanh cac gla tr; ta co: V

Két lugin: Min P = i<I;\tdL1'Qc khi V51 chi khi x : 2 , _\‘ zi, 3 :-Z
6561 81 81 27

Max P =5; dat duyc khi via chi khi .\' : O_ _\* : é . : = 0

B:31i 5. Cho a,b,C 2 O thC>a min a +1 + 1': 3.Ch£1'ngminh ring:

-1 -1 -1

a + b + c + ab + bc + ca Z 6

Chzfng minh

’E)5;1tf(a,b,c)=a4 +1)‘ +L¢* +ab+z>¢=+¢-Q-6-/1(a+1>+¢--3)

Diém cue tri C1121 f(a,b,c) 151 nghié_:m cua hé:

4l<1}+b+c—7»a=O

al=al=al=0 4b}+a+c—7\b=()
Ba 8b 8c ¢> <:>(1=/7=('=l.KhiCI('):f(c1,b,c')=O.
a+b+C:3 4C3+(I+[J—7\.C:0 '

7

a+b+c=3
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Xél truimg hqp tzgi bién. chéng han c = O. khi dd 51+ b I 3.

+12 1 /3ATacéz a*+1;*+a./12a*+1>‘22("—_)-J =2[;} >6

Két lzz(7l1.'f(a,b.c)=a* +b4 +04 +ab+[>c+(-(1-6-/1(u+b+c—3)2O

hay a4 +124 +04 +al1 +bc+cu26.D§ngthL'1"c xay ra khi V51 chi khi <1 :[2=(I-:1.
Béi 6.0110 (1.19. (~ 2 0 [hm min ab + bt‘ + (‘£1 :1 . Tim gizi In nho nhét CUE) biéu mu-c;

P =/21412 +1212: + pcl. m.n_ /2 > O

Gidi

Bit f(a,b.c) =ma3 +1111: + pa": —k(cz/2 +/2(‘+ ("(1) .

Diém cuc tri cua f(a.b.c) 151 nghiém cua hé:

K+ Zmc=i—a
2ma—?»(b+c)IO X+2‘U ‘

ai=g—=al=O€> 211b—7»(c+a)=O<:> / 1
Ea ab 30 7\+2n

9pC_Ma +b) :0 K3 + 2(m +11 + /2))»: —8mnp=O

D5 thy phuong trinh: /1(x):.\"‘ +Z(m+I1+]7).\'2 -8/nnp:O chi c6 duy nht m<f>t nghiém

duomg, gia str nghiém duvng duy nhét néy I51 K‘). Khi d6 ta cé:

_\/ (lU+2/))(7»(,+Z/1) (7»‘,+Z/))(XU‘+ Z/11)
— U

\/ >
no (7»(,+2/n)(3l(,+2/1z+2/2+2/2)‘ _ (Kn+Z)z)(37»U+212z+2n+2p a

(7»0+21n)(7k(,+2/1)
(X0 + 2p)(3l0 + 2/11+ Z/1+ 2/1)

Zma 2/lb 2 c ma: + nbz + 202 3 '7

7» = = = p = I Imuz +1212‘ + /2c‘
0 b+c c'+a a+b ab+lJc+("a

Xét céc truimg hqp tai bién: .

Trmmg hgp 1.- a = 0; Khi as; be =1 via P = 111% + pf 2 2\/Em 2 2%
Trming hgp 2.- b = 0; Khi d6: ac = 1 via P = W11 + pcz 2 2\/$4102 2%
Tru'0'ng hpp 3.- C = 0; Khi dd: ab = 1 Va P Z H1612 +1-1/f 2 Zmab 2 2%
Mef1tkh2ic, déthy h(2\/mn ). /1(2\/mp )_ /2(2\/pn ) > O nén KO S l'l1iI1{2\/IHIZ,2‘/H1]),21/P11}

Két luqin: min P = KO dat dLI'(_J'C khi v51 chi khi: a = an 1 /2 : b0 ; c = co
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B:§1i 7. Cho a.b.<" 2 Othoa min a +12 + <- : 3. ‘

Tlm Max cua: P: (Ia + c)b: + (u + <~)(2<- + 11)!)

Gii

DZ1tf(a,b.c")=(2a+ ()1): + (a + c)(2c + (1)12 — Mu +17 + c).

Diém cuc tri c1'1a'f(a. b,c.') 151 nghiém cua hé:

21% +2ab+3bc'—7»:O

af af af X—
—=-—=—=0 1 2-1 211- 3 .- 41->.=0 _ad ab ac <:>a+(+ (+a<+a2

§l
8 :>P:§

8
a+b+c.:3 b +3(11>+41><>-x=<> a:§_b:§_C_:§

4 2 4
a+b+c:3

Xét czic trumg hqp t:_1i bién:

Trming hgp 1: Hai trong ba s6 11.12, c béng O. Khi G6: P = O

Trming hgp 2: b = O. Khi d6: P = O

Trlrdvzg hgp 3.- C‘-10.Khid6 a+b=3 Va fm,b,0>=2a1f +a3b=g(a,b).

aiém cuc In C1121 g(a,b) 121 nghiém ctla hé:

0
8a 8b <=> a2+4ab~?»=O <=»u=3-\/§.b=\/3 Khidé:P:6\/§

_a£-§§_ ‘Z17-l-2(Ib)\.O

(1-+-[723 a+b:3

Trmfng hgp 4: a = O. Khi dé b + <- = 3 v51 f(0.l>.<") = 0173 + 20312 =

Diém cuc tri cua h(b, c) 151 nghiém cua hé:

2C2 +22»->»=0
511 ah--_-=-_-:0
81> 60 <=> b"+4bc—k=0 <:b:3-\/§.(—=\5 Khid6:P=6\/§

b+ 6:3 b+¢=3

Kéz lugin: MQXP = e am duqc khi Va chi khi ((1.1). C) ={(3 - J5,

h(b,c).

\5,0).(0.3-J§.J§)}

a+b+c=O

<13 +192 +02 =6
Béi 8.Cho { .T1mMax,MincL'1z1biéuthLrc: P:a3b+b2c+¢-la

Gii

Dzflt f(a,b,c)=a3b+b2c+c2a—7»(a+b+c")—T](a3 +19: +03).

Diém cuctrjca f(a,b.c) IE1 nghiém cila hé phuongtrinh:
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5:325?“ 2bc+a:—7»—2nb=0

a+b+c'=O <=> 2ca+b2—7»—211c=O

a3+1,3+¢-3:6 a+b+c=0

a2+b2 +0: =6

Zab+c: —7»—ZT]c1 =0
5f Elf 5f -

Gizii hé néy ta thu dutjc (a,b.c") I21 hoén vi vbng quanh cua

'7 '7 \
[2c0siE.Zcos.2cosggj,{—2c0s£.—2c0s,—2c0sJ

9 9 9 9 9 9

M121 ta cé: f[2c0s—2lt—.2cosE,2c0s§Ej=6.fL—2c0sE,—2c0s,—2c0sg)=—6
9 9 9 9 9 9

Két lugin: Maxf(a,b,c)=6 <:> (a,b,c) 151 hozin vi cua (2cos%,2c0s%,2c0s§9ZE)

2 4
MiI'lf(u,b.c) =—6 <:> (a.b,c) 121 hozin vi ca K—2c0s?n.—2c0s?n.—2cos§97E)

a,b,c>O
Béi 9. Cho .Ch£rng minh ring: a’b' +b3c‘ +c3a' $3

a2 +192 +c2 =3

Chzing minh

Néu abc:O thi béraéngmac dng. Gi€1si'rr§1nga,b_,c>O. Din X=a2,)‘=b2,Z=C2.

Xét hE1ms6:f(.\',_\‘,Z)=xk_\‘+ykz+:kx—g0(_\'+)'+1—3) vdi k-1%

6i:kXk—l)‘+:k _(p, §1:k)_i_.:+_\,i _(p‘ §Ji:k:k-'1x+yA- _(p
5x 5)" 5: -

Dé Y ring néu _v, 3) IE1 mét hoén vi cua (a. 7) v('>'i a 2 /3 2 7/> 0 khi dé ta c6

Max (.\:"_y+ ykz +:‘.\')=(x‘|3+BkY+yk0L.Do dé Ia sé xét Maxf(x.)‘.:) véi

\ 3 ~= \ , . _ -_ I \ ; .

x2_\'2:,x+_y+:=3va k=5.Dedangchu"ngm1nh kjv‘ ‘;+.\" 2kg‘ 1x+_\"va dang thuc

chi xéy ra khi v21 chi khi x=)‘=z=1,tir dc’) suy ra Ma.x'f(x._v,:)=f(1,1,l)=3 hay

f(X,.\w1)$3

Béi 10. Cho a,b,c 2 O. Chirng minh: '

a3 +193 + c3 + 3abc 2 ab(a +b) + bc(b + c) + ca(c + a)

Clzfmg minh

Dzfit f(a,b, c) = a3 + b3 + c3 + 3abc — ab(a + b) — bc(b + c) — ca(c + a) .

Diém cue tri cila f(a.b,c) 151 nghiém cila hé:
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3a: + 3190 = Ia/9 + 2:10 +123 + cl

§Z;=QJi=—Q]i=O<:> 3123 +3uc:Z/2a+2bc+a3 +0:
Ea Sb ac

3c: + 3ab = Zea + Zcb + az + b3

Céng vé theo vé: a2 +193 +c2 = ab+bc +ca <:> a =19 = c. Khi d6: f(a,b,<') :0.

Xét truimg hqp a = O: [23 + 03 21%.-(b + c") <=> (12 + 0) (b — (‘)2 2 0

Being thtrc xay ra khi v51 chi khi a =12 = c hoeflc a = (lb = C via czic hoén vi.

Bfii 11. Cho a,b,c.a' 20. Chirng minh ring;

a4 +1)" +(:4 +a'4 +2abcd2u2b2 +1230: +c'2d2 +a'2a2 +Z12c3 +b2d:

Chlhzg minh

D§1t_f(a,b,c,d)=a4 +124 +04 +d4 + 2al2c‘d—-(all): +1230: +c2d2 +d3a2 +0302 +b3dZ).

Diém cuc tri ctla f(a.b, c, d) IE1 nghiém cua hé:

2a“ +b¢-(1 zauf +61 +41)

af af af af 2193+a("d=b(a2+c2+cl2)

ad ab ac ac 2c3+ab(1=c(a2+b3+d3)

2d} +abc=d(a3 +b2 +c2)

Céng vé theo vé, ta c6: 2a~‘ + 21¢‘ + 28 + 2613 + cda +abc+dab +bcd

=00? +6 +¢11>+b(a’ +8 +d’)+¢-((11 +15 +d3)+d(a2 +111 +8) (*)

Ap dung bét ding thtrc Shur bz_ici3 ta cé:

a3 +123 +63 +3abc2 a(b2 +c2)+b(a2 +c3)+c(a2 +b2)

b3+¢-3+d3+3bcd2b(d3+c3)+c(d3+b3)+d(b3+c3)

3 3 3 2 Z I 2 I 2
c +d +a +3cda2c(d +a )+d(a +0 )+a(d +c)

(13 +68 +1? +3dab2d(a2 +b1)+b(d1 +a’)+z>(¢£ +41)

Céng l2_1i ta cé VT(*)2VP(“‘). Bing thirc xéy ra khi v21 chi khi a=b=c=d hoajc a, b, c,d IE1

hoén vi ctxa (O,t,t,t),(t>O). Thtr lai théy chi cé b<f> a=b=c=d théa min. Khi dd:

f(a,b,c',d)=0

Xér truimg hqp C6 mét bién bang 0. cm sir <1 = 0. Khi d6 bér dang mu-C we thénh:

Q‘ +b‘ +6‘ 261%’ +11%’ +c2a2 <=>(a2 -/H2 +(1f ~62): +(¢* -L12): 20 (dflng)

Véy bit ding thirc duqc chimg minh.

Bing thtrc xéy ra khi v51 chi khi a : b = c = d hoéc a, b, c,d 121 hoén vi cC1a(O,t,t,t) (t>O).
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Bai 12. Cho a,b,C,dE R moa man (I +b+¢- + (1: 2.T1m Min CLIHI P=¢H +21% + 26 +341

Girii

Bat f(@.b, Lld) = C12 + 2111 + 27-1 + 3611 - Mu +1» + (' + (1) ma diém c1_1ctri 1:1 nghiém mm hé:

2a—7L=

al_al.—a_}z*—a‘/'_ 4-b_>\.:
— -————O

Ba 8C 8C‘ Q} 4C—7\_:0 <:}}\_:£g,(1:§_[):i,(-:Z’d:g:>P:l2
7 7 7 7 7 7(l+1)+(‘+d=2 6d_k:

a+lJ+c+d=2
.- A . 12 . _ 1 . 6 3 3 2Ket lugm: m1n P=— d2_1t duqc kh1vach1kh1 a=—.b=—,c=—_(l=—

7 7 7 7 7

Béi 13. cm 11 2 2 Va XI ; _\~, _\-H 121 2” 56 mu-C moa min diéu kién

l[:4=

. -> ' w

11 ' _

.3=1,tbi3,i:a,.b,=O.Chi1'ngminhr§1ng:[Ella S11
i=l i=I 1:! I=]

Ch ling minlz

{-):§1tA =Za,,B =21), . Ta c6 (1 —Aa‘. —Bb,. )3 20:1-2/ml. - 2Bb1+ 2ABa,.b,. +/fa} + B1/1} 20
i=1 |=l

Cho 1' chay tir 1 dén n r51 céng céc vé vii str dung gié thiét ta duqc 112 A3 + B2

Binh lugin: Léri giéi hét sirc én tu'c_mg nhu trén chi I51 chiéc éo khoéc ngoéi trong viéc trinh bély
khi tiép cém béi tozin béng phuong phép nhén til" Langrange. Thzit vzfly, xét béi tozin tim gié tri

[ J [Z I
ldn nhit ctla hém $6 f(a,b)=

ll II H

Ea} :1,Zb,?,Za,1>,.-=0.
I=l l=l l=l .

'1

Z[\/]=

(I.
‘\

+

'7 . '7- _

bl. vdi czic diéu kién réng buéc

n " 1| 2 n :1 \ 11

L{1pnh£1nt£rLangrange: L=[Za,.j +£2:/9,1 +7»[Za,.Zj+n(Zb,.2 —lJ+p2(1,.bi
i 1 I 1 / \1 1 1 l I I

Céc phutmg trinh tim diém dirng cé dang

2A+27»a,.+pbi=0; (i=1,2,...,n) ; 2B+211b,.+pai=0; (i=l,Z,...,n)

Tir hé néy, néu 4701 —-pl #0 thi tét cé céc al. béng nhau v51 tit czi céc bl. bng nhau. D0 diéu

néy khéng thé xéy ra nén suy ra 4M]—p3=0. Khi dé. dé hé cé nghiém. ta phai cé

A/B=2k/p=p/21] déngthdi ta cng c6 0=ia,.pb,. =Za[ (—2A—27»ai)=—2A2 -27»
i=1 /'=|

Suy ra 2x = —2A2 Va p = —2AB. Tir dé ta C6 diéu kién 1- Aa’. - Bbl. = 0.

Nhu véy tgi diém dtrng ta cc’) céc hé thtrc 1 — Aal. — Bbi = 0 vé déy chfnh 151 co s6 dé ta thuc hién

céc phép binh phuong trong lbi giéi in tuqng néi trén.
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v||. cAc BA: TAP AP DUNG

Biai 1. cm .1; _\-. ; 121 céc $6 thuc thc'>a min '-"+%+5=1, <1>0_b>0. <>>0.
(I ) C

Tlm 2121 trj 1c'1n nhzit vii Oizi U1 bé nhét cua biéu thfrc \", 3 = 1': + Y: + :3
~_ C 4 . .

B£1i2.T1m gm tri 1<'m nné: Va ia tri bé nht cua biéu thirc (.1-.1\~> =.v’ + W - 2<.\--\- 1- g . . . ,

Béi 3. Cho .1; y, ; 1:1 czic S6[11L_l'C um mam 2.6‘ + 2;-—‘ + ;»‘ =4.

Tlm gié In lc'>'n nhét via gizi [11 bé nhét cua biéu thtrc f (.1-, _\-, 1) : ;F - 2.1;‘

Béi 4. cm .1, y um man diéu kién g (.1-, _\~) = 7.1-1 + 2.1;» + 4;-1 - 3 = 0.

Tun gié tri nho nhét cfxa hiim 56 f y) = 5x2 + Zn + 3y:

a[+a2+a3+a4+a5:1
Ba15.Cho , , , , , . Tlm gxzi tr; nhO nhét cua bxéu thirc

01' +a§ +0; +51; +u§ :13

S :cz]3+a;+(1_i+(1j+c1;

1a|+a2+a1+u4+aq=1
Ba16.Ch0 , 1 , , , . '1“1m gui tr; ldn nhét cua bléu thfrc

al‘ +a§ +0; +0; +a_§ =11

3 7 7 3
_ S=a]+u:+a§+a4”+a€

B511 7. Cho céc s5 thuc dutmg a,b,c théa min a3 + bl + cg = 3. Chung minh ring

2(a2b + b2c+ Ea) + 15 2 3m + b + C) + 4(ab + b@+ ca)

; al,a,,...,a”e1R* $ 1 1

Bal 8. [Holder] Cho hzu b<_> so ' v01 p. qe R’ thoa man —+— =1
b],b2,...,b” eR p q

1 1

Chtrng minh ring: (a1" +a§’ +...+af )1’ .(b{’ +b§’ +...+b,‘,’ )1/ 2 a1bl+a3b3 +...+aHb,,

Biai 9. Cho a,,a3,....a” >0 v21 a]...a” :1.Ch£mg minh ring:

1 + 1 +...+ 1 Zmin 1,-”- Vk 20
A L L k

1+0 1+a, 1+0. 2
1 ,\

Biii 10. [VMEO II] Cho a,b, c, x, y, 2, > 0 théa min ax + by + CZ = xyz .

Chtmg minh ring x+ y + Z > \/4(a+b+c) +11 8(ab+bc+ca)

Bai 11. [IMO Shortlist 2007] Cho 611 ,a2,...,c1wO 121 czic $6 thuc khéng am théa man aiéu kién

as +a§ +...+a|200 =1 . Chimg minh algal +a§a3 +...+ {lama} <%

Bai 12. [IMO Shortlist 1995] Cho a, b, C 121 céc S6 [1’1L_1'C ducmg C110 mm Va .1». y, 11:1 czic S6

thuc moa man aiéu kién .\~= y + 1 =1.

Tim gié tri lérn nhzit ciza biéu thirc 4x)‘: — 1a Ix + bly + 03:)
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§11.BAT BANG THUG BERNOULLI VA GAG UNG DUNG

§11.1 G161 THIEU VE BAT BANG THUG BERNOULLI

1. cAc DANG BIEU DIEN CUA BAT DANG THU’C BERNOULLI 1

1. DANG NGUYEN TH(‘Y CCA BAT BANG TH["C

G151 $11 al,a2....a” 1a czic S6 11111-¢ cimg du vi11é'n 11011 1-1). Khi d6 1:1 C61

(1+ al )(1 +a2 +a” ) 2 1 + (al +113 +...+a”)

2. D1_\1\'G co‘ BAN C(‘A BAT DANG T111'"'c

2.1. Va > —1, V/1e Nd’ ta cé (1 + c1)"21 +110

2.2. ‘V’a>—1. VIEQ vi1O Sréllacé (1 +11)’-S1+ra

2.3. Va > ——1. Vre Q V51 (r S O) U (r 2 111a C6: (1 + a)"21+ru
3. D._ANG TONG QUAT c1'"A BAT DANG TH1'"'c

3.1.Vx>—1, ‘V’O£OL§ 1 ta cé: (1 +x)aS 1 +OL.x‘

Hg?qu(i:Vt>O,\7’O£OLS1tac6: r“£0u+(1—01)

3.2. Vx>—1,VOLe(~<><>,O] U [1, +<><=) tact’): (1 +.\')°‘2 1 +011‘

Hg? qmi: V1> O.Voce(—<><>.O] u [1.+¢><=)ta cé: 1°‘ 2 o11+(1— 01)

C/zzhzg minlz

' Néu OL = O hoéc 01 = 1 thi b§1td§1ngthirct1"6t11é111h déng1h1'1'c dimg.

D:§1tf(x) = (1 + x)“ — (Xx -1 vc'>'i x > -1. Ta cé f'(.\') = OL[(1 + x)“‘l — 1]

Néu0L¢0v51(x¢11h1f’(,\')=()<:>x=() __ "1 +°°

QQS

1

, . f (1) +
3.1. Néu 0 < 01 < 1 thi ta c6 bang bién thién sau: 1

Nhin bang bién thién suy ra fm s 0 \/.1 > -1 x) Z \
<=>(1+x)°‘£1+01x Vx>—1,0<_OL<1 _1 0 .

3.2. Néu 01 > 1 hoaic 01 < 01111 1.1 cé bane bién thién , ___-i
~ f (.1) — O +

Nhin béng bien thien suy ra f(x) 2 O Vx > -1

<=>(1+x)°‘2l+0u Vx>—1,[gZg ___i__!\ O /
Chzi y'.- Cng c6 mé chfmg minh czic b51 ding thirc <1 3.1 V5. 3.2 bang caich $11 dung B51

ding thirc AM - GM suy réng.
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§11. 2. Ki THU/QT CHQN DIEM R()'l TRONG BAT DANG THUC BERNOULLI

I. DIEM RO’l DCJI XLYNG TRONG BAT DANG THU’C BERNOULLI

Céc baa tozin duéi dy chu yéu Xél czic bét ding thirc vc'>'i $6 m v6 n du'0‘ng la diém h2_1n

ché khi SH‘ dung bit dang thtrc Buniakowski v21 béim aang mm; Holder. Bé ném Vang ky

thuét ny chimg ta phai xéc dinh diéu kién xély ra diu béng lrong bt ding thtrc

Bernoulli véi céc tinh huéng khéc nhau. Déu bng xziy ra khi czic bién $6 being nhau

nén 06 mé gqi dy 151:

"Ki tlzufit ch_0n diém rm’ d5ixl2'r1g trong biit diing tlui"c Bernoulli"

1. BAT DANG THU’C 00 sr

z“2oc.r+(1—oc) ‘Y/r>0.‘</0¢>1 <=>r°‘+(0c—1)20i.1 Vr>0.Va>1
2 i 1

:>rB+{%—1)2%z Vt>(),VOL>B>O.D£§1tz1=IB<=>l=uB khidéz

u“+[%—1j2%-up Vu > 0, VOL>B> 0 (’*‘). Déu béng xéy ra <=>

2. cAc sA| TAP M/Ru MINH HQA

Bili 1. Cho x, y > O, 0L 2 2. Chtrng minh r§1ng:x°‘ + ya 2 2"°‘(x + y)“ ‘

Chlivzg minlz
2 *1

Si? dung: x3 + ya 22.13’ <=> 2(x2 + y3)2(x+ y): <:> 21
.\'+_\' .\"+y 2

Ap dung bét ding thtrc Bernoulli (*) ta c6:
(1 2

2x +g_129L_ 2x

.\'+y 2 2 x+_\'
+

Cl _A +2122 A
x+y 2 2 x+y

Q (1 2 / 2

:>2°‘ L + —'\¥ +O(—2Z2(X L + L 22l=(x22
x+_y x+_\' x+)' .\'+_\' 2

U (1

<:> -——x + ——"v 22*“ <=> x°‘ +y°‘ 22H1(x+_\')a
x+y x+_v

x, y, 1 > O

Béi 2. Cho .Tim gié tri lc'm nhét ctla: S = x + 3* + Z

.\/5 _¢2 _ <
A +; +§ _l

Girii

Sir dung bit ding thtrc Bernoulli (*) ta cc’):
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x‘[3 +(\/5—l)2\/Ex

+ W5 +(\/5.-1)z\/Ey

1‘/§+(\/5—l)Z\/5:

:> (x‘E+y‘5 +g)+3\/§—32\/5(x+_\-+;)

‘ *5 W5 3 2-3 _:>X+_V+Z$(x +'\ +~ )+ \/_ S3\/5 2=3—\/5
\/5 \5

-1

voix=y=;=3@m1 MinS=3—\/5

g 1n rang. a +b 2‘. ‘[ab(a+b)j
IB5i3.Choa,b>0.ChL'rn

m'_h ° - “I ‘J5 W" E ‘

Chzivzg minh

Scidgmg: a3+b3 =(a+b)(a2+bZ—ab)2(a+b)ub ¢> L+l%z1
b(a-+-/9) a(a+b)

Ap dung bait ding thirc Bernoulli (*) ta cé:

\/5' a 2‘/5+2\,/§_1>2\/5\/5 a 2

2 _ 2

+
./b(a +1» l,/b(a+b)

2‘/5 2\/5 2\/5 bJ5 ” 2 -- J5-[ ‘/a(a+b) + 2 l> 2 \/a(a+b)

‘/III: ax‘/5 b2\/5
~ 2 2 2b:>2 ' + V,7.]+2\/_i—222\/§[al+i] >2\/5

b “(a+b) ' a "(a+b) ' b(a+b) a(a+b) —

:> a3‘/5 +b3‘/5 2 2'“/5 [ab(a+b)]V/5. Du béng xaiy ra <=> Cl = b

Bi4 Choa b c p>Ovél1eN Chirnv minh‘ u”*” +b"*” +c'”" >3'_"'*”’(a+b+c')'””
{

. , , , . C . _

' Chlhzg minh

. B5 ,,@~_.

n n n n—l

(+J 4+) 4+; 41>a+b+c a+b+c a+b+c 3

° Ap dglng: Sir dung bét ding thllrc Bernoulli ta C6:



Bfit ring thz2'c Bernoullz

b "HF n+p n+p/3 b

a+b+c _ 11 ~ u+b+c

+< 3-i— + -12 -

376
J11‘/’+n+p_1>,/'l+,l7{.$.

Cl
J/I

I1

a+b+c) n n L a+b+c/

E3 C ]n+P+I’Z+p_l>)'l+p(3.

n I1

\ H

c w

a+b+c _ a+b+c/

_ 11+]; / 11+]; / !l+/7-1

:> 3”” (ii +L—-—— +Ll—] +»~ 2
a+b+c a+b+c a+b+c/ I1

2 n+ p _3,, K a H +{ b Y c Y
n a+b+c u+b+c, a+b+c,

n+p ,, 1 u - b c ”:3|n+p:3+?l2-i-3 -3- —( + + )
n 3 a+b+c a+b+c' a+l7+(.' n n

11+/7!l+]J H-1-/>

a+b+c a+b+c a+b+c:~~[<~L> +<-L) +<~=> ]»
n+p n+/> u+p

(,' > -;l—(r|+/1)

1+-@~> +<+> +(-)a+b+c a+b+c a+b+c
:> al1+[1 +bn+/2 +Cn+/1 23l~{n+p)(a+b+C)n+p

'7 .v- 0 V2 ‘,3

B:‘1i5.Cho 0, b, C > 0. Chirng minh rang; +{i) +L_‘-D 2 3(i)
b+c c+a a+b 2

, Chlhzg minh

-Béaé; -—“+i+—" 25 Va, b, ¢->0
b+c c+a a+b 2

0 /ip dguzg: Sir dung bit ding thtrc Bernoulli (*) ta c6:

(LaJ ~+\/E—l2\/Eléad
b+c b+c,

+
(‘+0 (‘+61

2 ‘E 2(4) +\/5—l2\/5(——E—)
a+b a+b

\/5 \/L7 \/E _

:> 2J5U—9-—) +(i) +(—-C—) ]+3(\/5—1)22\/§(i+—b—+i)
5+5 6+9 0+5 b+c c+a a+b
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' J 4“:K \.Z / b \\/1 / \\_ \:2‘ L_- +l_] +L_} +?~(\/2-1)z2\/§(i)=.w2
b+c', \c+a, a+b,~ 2

\"2 I \': \\: 3 '1\ :
3 +Ki-) {LJ 2 _ =3[ '1 . Du bang x<"'1yra<:> (1:12 = c‘

b+c' c+a a+b Q-3 \Z,'

Bili 6. Cho cz, b. 0., cl > O. Tim gié tri nhO11h§1cL'1u biéu lhL'1'c:

a ‘J /1 W} ' ‘R cl 5S: + + L +{
[b+c+dJ [c+d+a,J (d+(H-bj \a+/2+cj

Gii

~ ~ b ' 4'B6dé: “ + + ‘ + ‘I 2-
b+c+d c+a'+a d+a+/2 c1+b+c 3

- 1' Chzivzg minh: a + 1) + C + K 2 3
b+c‘+d ('+d+(z c/+u+1> u+b+c 3

<=> 1+-_-— +1+i +1+-»—A 7324+-
b+c+d c+c1'+a d+u+h/ \ a+l>+c 3

<=>(a+b+c+d)£ 1 + 1 + I + 1 52126

Q.

U‘

1
I

+

ll

-ilk

b+c+d c'+c1+a zl+u+b a+b+c' .

<=> P: 3(a+b+c+d) 1 + 1 + 1 + 1 j216
b+c'+d c+d+u (1+a+[2 a+b+c

Sir dung Bit ding thtrc Cési ta c6:

((,+1,+¢) +(b+c+a')+(c+d+a) +(d+a+b) 24»3/(<1+/2+0(b+¢-+a')(c+d+u)(d+u+/2)

X 1+1+1+124L45. 1

b+c+a' c+c1+a d+a+b a+b+(' \j(a+b+c)(b+c+d)(c+d+a)(zl+a+b)

:> P=3(a+b+c+d)( I + 1 + I + 1 1
b+c+d ("+d+u c[+a+b a+h+(“/

=[(b+c+d)+(c+d+a)+(d+a+b)+(a+I>‘+c)]L 1 + 1 + 1 + 1 J
b+<~+d c+d+a d+a+b a+b+c

24-Q/(a+b+c)(b+c+d)(c+d+a)(d+u+b)><

1

4-4 =16
X \/(cl+b+c)(b+c+d)(c+d+a)((1+a+b)
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' Ap dgmg: su- dung bit ding thixc Bernoulli la c6:

/ V?‘ ~ \3a +\/§_l2\/§{ J(I i

\b+¢-+d \b+<-+1/,'

/ "/‘X ' 1la) +\/§_12@f;"’_]
\c‘+d+a \c+c/+a,'

-I-<

/ 30 — / 3<" ‘
————— 3-12 3'?\d+a+bj +\/ \/—kd+u+b,i

r ~/3AL) +J§-1zJ§[i]
\\(1+b+c" a+b+c,

\/2 b V} <2 I ~11

:> 3”“ H) +{__% +[% +4(\/§—1)
b+c+cl c+d+a c1+a+b, c1+b+c

2 3\/gt a + b + C + (I J24\/§
b+c+d c'+d+a a'+a+b u+b+c

a J‘ 3 12 Y3 ( (~ ’\ ‘ R ( (1 " "3 4
/;~ + + 1 + --i} 2 y:

b+c+d c+d+a d+u+b', \¢1+[2+c' 3*‘

Vc'>'i u=b=c=a'>Othi MinS=i/1/_
3

1

.°' . °‘ '1 .5 . 5 5 a,b,c>O
Ba17.Chu'ng m1nh;("2‘;‘) +(‘;b“ +(“2":") z("2*;l‘) +(‘;b“) + '2") .v{a>B>O

Chzhzg minh
I I I

Bat: F(r):(§i) +(@) , Vz>0. mean Chfmg minh F(1) 121 ham
2a Zb 2c

dang bién trén (0,+»<>) hay V1l,tZe(0,+<><>).r] <12.

ta cn chtrng minh F(r])< F(r,) Ltrc IE1:

1 '1 _ '2 '1 '| '1 '1b+() +(¢+a) +(a+b) >(b+c) +<c+a) +(a+b)
\2a 2b 2c _ 2a 212 20 '

Theo bit ding th£rc~Bern0ulli:

'b+c)'1 +12 _l2': (b+c)" (c+a)I3 +'2 __12'2 (0%-cl)" _(u+b)I2 +7: _12': (u+b)['
\ Za ll II 2a 2b I1 II 2b 2c: I‘! ti 2c

/ I . v ~ I'z_l Nb+c)' +(c+a)" +(a+b)"]2 '2_13§}[(/2+c)(c+a)(a+b)]'23': _3
\ II Za Zb 20 I, Saba tl

Céng theo vé 4 bét ding thfrc trén ta nhén duoc

vb _ '2 '2 b '2 b _ '1 _ '1 b '1J) W5) +(“;-) #51,‘) M“) +(“;~) ~1~>~>@
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Suy ra F(r) la ham S6 dang bién Lrén (0.<><»J. Khi d6 Voc>B ta luén C6

b+cQ 0+0 u ’u+/J Q b+('B (+115 1+1?“
12a) +( Zb) +1'Z( 1 >1'1a)+1"/7()+1l'1( 1'
Bing thirc xéy ra <:> a :12 = (-

B:?1i8.Ch0 ‘ I .ChL'rn2 minh ring:
Ja.b,c>O m.keN.k21 \

va
1abc=l oc>B>0 I

a/n+k Cl b/u+k Q (CIlI'1>/{ 10 /anz~l< T If b/u+I< B /C1114-/\ B

>
I7! + _/n + m _ L m + L _m + mb , ¢ \ a ,1 b , ¢ \ :1

Ch [mg minh

m+l; I I bm+k I /n+L' I I

Bat; F(z)=("Tj ,VI>(). Ta cén Chirng minh F(1) 121 hilm S6
C 61

déng bién trén hay Vz,,r2 e(O.+<>o),1[ <13,la cn chirng minh F(l| ) S F(12) tirc 1&1:

m+k [3 n1+k '3 /11+-k ,3 u:+k \[1 / 111*-I‘ I1 111+-L I '1a b c > (1 ' I9 z:

E bm j +( Cm j +( I71 ) _( bu: J +L Cm + m '

Theo Bernoulli ta 06

m+k I3 1‘ [ I m~L [1 m-J-l\ [3 fa 2 > 2 a I) 1[ bl” ) + 11 K bl" ) -[\ CHI 5 + 1

[3 bm-J-A '1 C1114.-k I ll [7 [7 C/:1?/; I '1

> ‘ ‘ — > ‘_ [I [ Cm 1 am + f! 1- [I am

[ I /11+/< I1 /11+-A [1 _/n*k I1

[I b III III m

m ' I /n+' ' 111+‘ '1
2 g_1]3J(_Q]J.[LJJ.(_c__;J

bl” L1!” /II

‘<4-..-....,.-,-W

,_______v._.__...~,-

1
E

Ccfmg theo vé 4 bél ding thtrc trén ta nhén duqc

m+/< '3 m+k /3 / _m+L' '3 1 m+k [1 / /u+l\ [1 _m+/\' ,1

1” J W J +1‘ J Z1“ J *1” J +~Jb Ill Ill HI b Ill III Ill

:>F(r) 12: hiim déng bién trén (0.1%). Khi as Voi>[321 La cé (dpcm)

Bli 9. Cho a,b,c 151 3 cgnh cua min tam gizic vim 0c>[32l.ChL'1'ng minh ring

< J H J Jw b J“>( J M J JW 1 J”a+b—c b+c—-a c+a—b _a+b—(.' b+c'—a ('+a—b

C11 zhzg minh

. B5 (75: Néu a,b,c Iii 3 canh cL'1a 1 tam gizic vii I21 thi

( J J'+( ~ =1 *1a+b—c b+c—a c+a—b
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Ad .-X-’h‘ ‘F()=( ' ~ ;vz1p guzg ct am so I I

Ta cn chtrng minh 'F(t) 151 him $6 déng bién trén [().+<><>) hay V5.1: e [0.+<><>),r| <r:. ta

cn ch1'1'ng minh F(I1)S F(t3) hay can chirng minh

< C >*< " >"+< *9 >“>< < H ~ >'»< b )"a+b—c b+c—a c+a—b _ a+b—c b+c—a c+a—/7

. '- I I . '1 '- I
Tac6:( C +2—l23 é ) U J +3—l

a+b—' a+b—c b+c—c1 I‘

2r2( a )I'q( b )[3+t2_12’:( b )['
tl b+c—a c+a—b tl rl <'+a—b

[if-1][(a+2_C)"+(b+Z_a)“+(¢+Z»b)'1]Z3[%~1]
Ccfmg theo vé 4 bit ding thirc trén ta nhén duqc

<—C>"+<+ '=< b H L )"+( H H '7a+b—c b+c—a c'+a—b a+b—c l7+c'—a c+a—b '
Hay F(r) 121 hilm aéng bién trén (0.+~»). Khi as v<1>[5z1 ta luén cc’)

, Q <1 <1 ._ B I3 B(‘ )+( " )+( ” )Z( ‘ )+( " )+( ")a+b—c b+c'—a c+a—b a+b—c b+(.'—a c+a—b

Tit déy ta c6 diéu phéi chtrng minh.D§1ngtht1'c xziy ra khi viz chi khi a =b = c.

Béi 10. Cho a, b,c1i1 dé déi 3 canh CL1£1[£11'l1 gizic ABC.

~ 5 I 5 , Q
Tim gizi tr; nhc'> nhét cua T: [—_-"J +( ’ J +L ‘ J

2b+2c-—a \Zc+2u—b Za+2b—(‘

Gii

-B5dé.- ” + b + C 21 (1)
2b+2c—a 2c+2a—b 2a+2b~c

°Chz?ngminh: (1)1; 3” + 31’ + 3" 23
2b+2c—a 2c+2a—b 2c1+2b—c'

<:> [1+i)+[1+ij+£1+LjZ6
2b+2c'—a Zc+2c1—b 2a+2b—c

<:>P=3(a+b+c)[ 1 + 1 + 1 J26-2:9
~ 2b+2c—a 2c+2a—b Zc1+2b—c Z

P=[(2b+2c—a)+(2c+2a~b)+(2a+2b—c")](°b :12 +2 l 1+2 Lb J
A1 + c-a cr+‘_a—2 a+.. —c"
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1

2 3-{‘/(2l2+2€—a)(2c+2a—b)(%2a+2b—c)»3-Kl 1 =9
\j(2l2+ 2c—a)(2c+ 2a—l2)(Za+2l2—c)

' Ap dguzg: S.L'1' dung bét déng thtrc Bernoulli ta céz:

r Y5 , \$32] H/5_12V/glii
2[2+2(‘—u, Zb+Z('-u,l

\\ \,- 3 . ./
+ +\[5_..l2\[5 L

Zc+2u—b 2(:+Zu—/>

‘ 3c J2 " 32-% +\/2-12$ 2)
2a+Zl2—c 2a+Zb—c

G 7 X\’_ b \_ \'..

:> 3£ +(—--ix J2) +3(\/5-1)
2l2+2c—a 2c+2u—b, \2u+ZlJ—('

2 \/5 3a + 3b + 36 K2 M5
2b+2c—a 2c+Za—b 2a+212—(',

Q 5 \/,3

:> T= —-ia + -2 +%I 2 i2=3'""3
2b+2c—a 2c+2a—b 2a+2l>—c, 3*?

Vdi a = b = 2» > 0 <2 AABC aéu ma Mmr =3'"’

J2

B§1i11.Cho AABC. Chimg minh ring: sin‘: A +sin‘3 B +sin"2 C§3[§)

Chzhlg minh

Q B5 J5: sinz A + sinz B + sinz C 3%

0 /ip dglng: SL1‘ dung bit dzing thirc Bernoulli (*) la C6:

2 2 2 2 2-5 A +_-1z- -5 A[\/§§lI1 j J5 \/5[\/gn j

2 ' 2 2 2 ‘-
+ —sinB +———l2— —,:sinB

[J5 l ~5 lw J

lsinC _+i—l2l isind _

K l \/5 J5[\5

:> %(sin3 A+sin2 B+sinl C)+3\/5—32iL,i_d\: (sin‘3 A+sin‘: B+sin‘2 C)
E w



382 Bill dzlng th12'c Bernoulli

:>3\f2=—-—+_1\r;—3_ _ ,_

:> sin‘2 A+sin‘3 B+sin‘3 CS3

.\I, _
1"" -1- 9 2 / 7 x ‘. ~ .

" G ">—'—"— ksln‘ A+s1n"B+s1n
3 4 \/vkw/'5

/ [_\\4'
.D£1u bzing xz'1yru<:> A:B:C=%

, ~:{i ,/ B\2~.: , C\:\,:[tail >3| \_
'>

.1 A ,

Bili 12. Cho AABC.ChL'1"ngminh: [I317] +\ lg?) + C _
\ ’- , v\ - /' \ '- /‘

Clz z2'ng minh

-Y ~ A B C F'B6dE: lg7+lg:+LgfZ\/3 VAABC

' Ap dung: SL1‘ dung bit déng thirc Bernoulli (*) 11106:

/ IQ]

mg) +(2\/E—1)Z2\/5(\/gig?)
\ 1- \ 1-

/\f§[g_Z§)3\3_§_(2\/5-l)Z2\/5L\/glggj

\ ,_

’ c ’ ’ 7 c1g- + 2J5-1 zzli \/3tg—
\ Z Z

:>\l\/5)?‘ Mtg?) +(tg_g)“,+(tg%)_\”+3(Z\/5—l)2Z\5.\/§(tg%+tg%+tg%)

_" '1": 1‘? 1 2:\: A -\- B\-\- C\‘-\-
) [_ l +l@_J + [<1-J +5“/5-szzx/’2.¢s.¢3=e

” '7 \ ” "I \ “ "»
:> (x/,3 (7—

5/ _ 1 s- /

F 7v/: Ex": _ TE

' ' — B — C = —
Z\/I

A 5 + w— 23“? Déu n: 'y:>(tg€) +(tg2) _ _ b Qxa r<1<:>A- -

Bili 13. Cho AABC. G(_>i /1,,. lz,,, lz‘.1i1 (Ti) dili 3 duivng cao v51 r 151 bzin kfnh dubng trbn I191

Us 1 5 ,'l 5 ,1 5
t1ép.ChL'1'ng mmh réng: —— + —- + — 23L—l

/1“ /1,, /1‘ _3r /

~B5d5: L+-r—+l=l
/1“ l1,, hf

0 /ip dung:

Ch awg nz inh

Su‘ dung bait ding thllc Bernoulli (*) ta c6:



Chlrmzg III: Nhvzg vién kim czrovzg trong girii tfclz
r ,,

31'-L +\/5—l2\/5f}/'-L1
[Ill \ /1‘ J

v-
“ /

+< 3r-L +\/_i—12\/5'31"-L\
/1“ \ /1U/

1 -\

3r-L +\/5—l2\/5 3r~L
/1“ /1“

\

.1? .‘I: K 1 \- 1 \/.2 \1 ’

:> (3r) ' L + L + L +3\/§—32\/2.3 L+L+L =3\/5\ /2“ 11,, /2‘. /1“ /1,, /1!

J5 5 ~15 5
1 1 \ 1 1 I ~

_3 — + L + L 2 3[—) .Déu béng xély ra <:> AABC déu.ha I11, /1‘ 31"

B511 14. Cho AABC. Gc_>i m,,, m,,, m, 15.1 dc} dili 3 dubng trung tuyén vil bzin kfnh duing
trbn ngoai tiép R = 1. Chtrng minh ring:

1 s I 5 1 .<

‘* + * + " 1’ s-5mu m,, I77‘. / 2
/; 5 ?

1 \' 1 \ ’ 1 “-L + ~-— +
mu m,, 125

Clz 1?"/zg minh

; ; 9R 9
0 B0 de: mu +m,, +121‘. S T = E

1 1 1 9 90 Hé‘ qud: + + 2 : I 2
m I71 m. m +m +121, 9 2u Iv 1 u I: <

' Ap dglng: Khéng mét tfnh téng quail gié su' mu 2 111,, 2 m,»

V2 V5 \/5L 5 L 5 L
ma /21, mp:> L 5 L 3 L :> '

111,, "11, 111,. sq/5 X\s-~/2' l~s-fa’L 5 L 5 L
mu mb m‘.

Sir dung bit ding thirc Chebyslzev ta c6:

s 5 5
1 1m + *" + % s-<2 s~;2 L \s-J5("I") Ln”) [mo >1 I + L + L (1)I \/5 I *5 5 _ 3 m” 22-1,, /21! JL + L + L.

[ma J Em]: J R r J

.__.5_.



SL1 dung bit ding thirc Bernoulli (*) ta c6:

1, 515
. I ,\ K 1 \

3 1

Q11

111,*_1_@ +<5_1§1~1z<5-1-1?-
1 1 1 1 1 1

\111,, 111,, 111,, \111,, 111,, 111,,

,1 \s-\§ \
3 1

l 3 1

111 ,—- 111

+< »—”—— +15-J5)—1z(5-\/2) »~#—
1 1 1

1 1 1

~—*+—~—’+-~— + +1
\111,, 111,, 111,_ , \ 111,, ' 111,, 111, ,

/ 1 \5-vi / 1 \
3.____. 3., ,,

_____m;__. +(5_\/5)_12(5_\,5) ii
1 1 1

1 1 1-+;+-— —,- +~—

\111,, 111,, 111,_ , 1 111,, 111,, 111,
\

\

F _
, 1 -_ 1 q_ 1 w_q

1 5 \/_ 1 .1 J: 1 _~[ 1 1 1 \__

:> 3 —— + —— + —— —+-—+— +l2—3\/52l5—3\/5
I, H% M, H“ H% m,,

5-J2 5-5 5-J?
1 - 2

111,, 111,, 111,. 3°“:

-5 -Q €

—~—— + —é- + ~ ;_q
A

- 3 2 1 \'
T‘ 1 2 _ 1 2~- W -2"““" = —

u( )va( )Suy fa J2 12 1 \/2 1 35-\: £3)
__? + ____._ + ,7

1

~

3»-’‘
~~

_3-
\\____/2

\____<

~’*
5—'E_

\\____/y

Xi?‘- I3“_

»~:§.R

\____(

7>-¢

U-I

; ; 1, 1 1 1 2 3

Dau bang xay ra <=> —- :—— :— =— <:> 111,, = 111,, =111,_ :—
9

111,, 111,, 111, 3 1.

B51115. Cho c1,b, c 151 di) diii 3 canh cua tam giéc ABC.
ii J5 6

, ., . , 1 , a b c"

Tlm g1atr1 nho nhat cua T =[——j + +
111,, 111,, 111,

Girii
g g G b C

- Bo 11¢; —+-+—z2£ (1)
111,, 111,, 111,,

2 b2 2

, . a c
' Chzrng muzh: (1) a ——— +—— +—— 2

a.111,, b.111,, 0.111,.

' +21“ — “12" -“ " 1 1——-—I., 1 , -

Ta C6: a.1n,,-a -é————-a—-— (Zb +20 -11 ).a
4 2

334 B111 dring thzhr Bernoulli
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~ Z/>1 + Zrl —u3)+3u3 <1: +1): +<‘2= i\/(Zlf +Z(" —a‘).3u‘ S - = ,_z 26 2 2\/3
( 1 ' w w

a a‘ a" 2\/5:1‘
— — — w -\ 1

m (1.111 1 ~ ~ ~ + -" " ~ ’(u' +17“ +1") U +17 C

N?

b /J: /13 Z\/gill= > _~ - 1 : 1Suy r4~ + < /11,, /2.111,, (U: +b: +(,:) u +12 +0
3/?

3 2 T “
<* c (' Z\/_>.("

~ : 2HI‘, (.115 (U: +172 +(_:) cl +/2 +('
z

/_ » 1 ~ I

a b c 2\/3(u“ +12‘ +0‘) ,—:> + + 2 , , , = 2V3
mu M1,, III‘, cl" +12‘ + c"

° Ap dgmg: Str dung béit déng thirc Bernoulli la cé:

2m” Zm

2m, 2;

/ \.\

£i%;fJ “*Z@[§§]
+7 w J ~11

Z, ([1) L + __ + ; +3(\5_1)2§ i+L+; 23¢;
2 IT!“ 121,, nzf 2 mu /11,, mt.

U‘

_ 5 F‘,

"\
>4

U“

§

PE

/_
Ln

|\)

4

:¢>T=i + +— 23—_M (E) M M
I 2

Vé"i (I = I2 = C <=> AABC aéu ma MinT = 3L_j
J5

Béi 16. Cho a, b, c 151 dé di 3 canh cua tam giéc nhQn ABC.
\/'57 \/-E \/Y;

be ca
U ' m mh n1,,1n(_ I77‘, m

Tim vizi tri nhé nhz-it-ca T=

Girii

Inulnb m,,l11(A lI'l(_ITlu

I ' - » 2 1 2 2 2 2 - 2 - 2 - 2‘C/urng mznh: Ta co: I71” =Z(2b +2c —a )=R (Zsm B+2s1n C—s1n A)

:R2(1—c0s2B+1—c0s2C—l+c0s2 A')=R2D—2c0s(B+C)c0s(B—C)+cos2 A]



386 Brit ring th tic Bernoulli

=R3[1—+2cosAcos(B—C)+c0s: A]£R3 (l+Zc0sA+c0s: A)=R: (1+co.s/4):

:» m,, 5 R(1 + cos/A), Tu'o"ngtu'suy1"a: 121,, § Rgl + c0sB) 1 111,5 R(l + c0sC). Khi dd

ab > (1/2 —4 ,A . E
y » mm — R-(1.;-¢O<A)(1+¢OqB) _ [A Z15) Z

zrz/11,7§R'(1+c0sA)(1+c0sB) “ ” ‘ ‘

3 In 17¢ Q _Q

n1,,m(, SR (l+c0sB)(_l+c0s C) :> 2 R2(]+COSB)(1+COSC) _41g 218 2

H1177“ S R2 (1 + cos C)(l + cos A)
1

ca > cu
— w

=4tg£Ig—’i
m‘n1u R‘(l+c0sC)(l+cosA) 3 3

2
D"

v
"1

f\

Q‘

Z-_\

F-

f7Q

03>

I> -i—— + ——i + ——— Z 4 —— Ig
/11‘/11,, n1hn1‘ rn(,nzu /-

§.+[(7.§ .Q+[n£ _’i):4_12 _ is
2 “2“2 "2“2

'Ap dgmg: A 3:112 T§+\/5 1>V/'§/ 3”/T
4121‘/21,,

/T

\ -1121“/12,, /

+ [_3ic_)“+@_12@[Vl<-_‘|
1 \ >”</4mbm .

v5

4/11,1 ,

K 3ca J +\/§_12\/§[ 30¢: W

u \ H: 11/4m(_ m 41 _m

/_ _\ 5 NI; \7q'

Z §l/5 ab + be + ca 12%/§<:>£ ab be +( ca 23[_‘%)

IT! I77’, I71bH7(_ H’l(_H7 1711,1111,’ HZ/7/71 HZFIH

ab +( bc +( ca )\’}+3(\//§_l)
4 nzunq, m,,n1(, nz‘ ml,

4 E u

\s
Vé'i (i=1) = c <:> AABC 151 tam gizic déu thi Min T :3(%)

1

T - i\.\ \~

Bi 17. Cho AABC c6 dc} dili ceic dufmg [rung tuyén 121 mu. m/,. in, \/£1 dé dizi czic

dubnv hn viéc tron" 1211,, l,,, I‘- Tim Qizi tri nhO nhit cua biéu thfxc:
U D D s,

\./.1 \'/5 \'}
T /71” "Th H1(

lu lb I1

° B0; (T5: m,, Z lg 2 111,, Z lb ; In, 2]

'Chz1'ngminh: Ta sé chtrng minh { _i; :> /21,, 2

/1, \/ L‘

Girii
L. {-
mu 2\/'p(p—a)

$ ’P(11- )

[II

Tacéz /2(b'+c')—a‘ 2\/(b+¢~)~-51' b+c+a_b+@_a: ¢i—p(p_(l)

\ 4 4 \l 2 2

2b' ( - ) NF 1 - ~——,u=_g. /_P_1’_"_= /—-—,,(,,_a).__<§ F—,,(,,_(,,.>_‘"@=¢,,(,,_(,)
b+c bc b+c b+c



Chzrmzg III: Nhzivzg vién kim cmmg trong girii tfclz 1 *7

mu /22,, In,
°H_equa: —+—+—23

la ll: [4

' Ap dglng: Str dung b§'l ding thrc Bernoulli la cé:

+
iw

/I/____~\

'\.
\.

-_,

1

J

\/3

<1 _,_

Y f IL/'”\
Iu / 11

+@_,2¢§(u‘
1,, \/,,,

’/n, m,\LT‘ +\/_§—12\/.?,—‘
\ ,

'3-1; 3—~
/

F w\ J \ .‘ \ 3 /
3

1,, 1,, I, * \ /H 1, 1,,

:> — +— +-# 23
5 \/3 £

(171,, 3 (177,, J (HI j
lu lb \ Ir

\

1

Vé'i AABC déu hay 121,, = 111,, = In, = 1,, = /,, =. 1, {hi ;\/IinT = 3

Bili 18. Cho AABC cé dé dili czic duimg {rung tuyén 121/n,,. /211,. m, v dc} di czic

duiwng phzin gizic lrong Iii /,,, /1,. /,.. Tim gizi lri nhé nht CUH biéu lhtrc:
/-

\/3 x \3( mu J +£ m,, J +£ m, J

\ I1 r [1 + /u [41 + I:1+1. . ,

'2 A III,’
~ B0 de 2:

ll

73

2/( ;_

Girii

nz m,, m 3
'Hg2qua: i"+—+—‘2—

1,, +1, 1,, +1, 1,, + 1,, 2

° Cluhzg minh: "R, > \/PU’ * fl) \/P _ (1 X

1/, +1, \/11(/1-5) + \/1><i/)—¢") \/P—b + \/11—c .\'+ I

m,, \/p(p—b) \/p—b )-

z ; -\ Y I'B0deI: T+++ 25 v,\-.\~,;>0
\"+: :+\' \~+\~ 3

)' n1,,Z\,*/2(/)—l1)’ i/n,.2\/p(p—5

/S p(p—a) l,,S\/p(/2—l2) 1l,_S\/p(p—c')

+
1,.-P1,, ~\/p(p—c)+\/p(p—u) _\/p—('+\/p—a _Z+.\'

"1, > 11(1>—c') \/11-6 :
lu +111

+
z

/p(;)—b) \/p—u+\/p-b -\'+,\

I71 I77 r . .\‘ v z 3. 2_u b "1I-> + + + +
1,, +l,_ Z, +l,, la +l,, _\"+ 3 3 +x x+ _\' Z

' Ap dyng: Sir dung bait ding thtrc Bernoulli la C6:



ass B111 <111'11g 11111-1» 1:@1~1m11111

1, E ,- \
1‘ Z111“ \1' 3 1:’ Z111, ‘11 + \/3 _. \_,L i;
L1,, +11 /1 1, +11/I

//I \\: / 2 ‘

+1 +\1_§_12\1@1_"'1» 1

11 -1-/1, \/F +111 1

\
’ Z111(_ \\ 1- 1‘: Z1111 \

:> i“ + —'— + i‘ +_~ \/3- 2 2
1,, +1 11 +1 11, +1,,

_ 3 1
L11, + 1,, + ‘/ ‘ ’ .1 111 +11,/1

/ \\\3 / \3 / \\.1_“ F’, \
[L 111 J ( 111, j L 111 } 1( 1)

I \ LI

4:> T2.21,

1

4
JJ

1111, 111,1 1111 .-i+?+i|2_>\13
1,, +11, 11 +11, 11, +11-1/,/

3 \ 4
\/é'1AABC déu hay 111,_.:111,,=1111 :/1,=1,,=l1 [hi Mm T = 3>< 1"’

Béi 19. Che AABC C6 dt} dlili 3 C£_1I1h 151 u. 11. 1" \‘Z1dQ dili caic dL1'C‘11g trung luyén IE1 1111,.

1 1 I

111: \ 3 " 111: 1'3 ( 1113 \‘ 3\ , R ,1 1» 1

+11 ,’ ,'
111,,.111,.T1m gia tri 1O’n nhét cua: T =

\ 7\1'+¢", ‘ac: I \11'+l1'+

Giiii

; A 111: 1113 111? 9
‘Bode.’ 1i(I1'+i1—IL_1'+1S—

-11'+c' 1'“+z1" (1"+1)“ 8

'7 7 " 7

Zb“ +203 —c12 Z1‘: + 211' —l)' Z51‘ + 2192 —(": 9' Chrhzg minh: (1) /:> 1 1 + 1 1 + _—
If +("‘ 1" +11" a‘ +12‘ Z

'7 7 1 7 ‘ '7

11‘ 11‘ c" 3 c1‘ 11' 0' 9
<:> 1 1+1 1+1 12—@l+1 1+l+1 1+1+1 12:

l1'+<'" c'+a‘ z1‘+b“ 2 b'+<" <"+z1‘ c1'+11' _
\

<:> Q:[(113+c2)+(c:+112)-1~(a3+11:)j([11 1+ 11 1+ 11 1J29
1 1 11‘+c‘ “+ ‘ z1'+b“

Til C61 3431(1): +L'2)((': + (l2)(_(l: -1-[J2 :9
\1(11' +0" )(<" +(1')(a' +12‘)

' /ip dyng: S1? dgmg bz7't dzfng th12'c Bernoulli ta cé
v

81112 / 81113 ‘ .3

—'T““;» + \/5 *1? U
3(1)" +0") 3(1)" +r'“)/

\.

, . ' ~ \\}
+ £3111; +\/§_12\/it E5111;

3(c‘ +a') “ 3(C' +11")

3(_a3+b') _ 3(¢1“+/1')

2 3\/§=§-2+3(\/§—1)=§ +
3 8 3 b'+c' c'+11' z1'+b‘/

l

81113 +\/§_1>\/€[ 231113 J1’;

1

3(\/§-1) 2
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Z 1; _\3, 1_\7>'+(",1 \c"’+u _ ’11“+/2' 4

+

+

1 1

2 \ " ,/ 3 \ 1 / 3 \, : 1 ~

1121“ W > 111, W-‘ ‘ 121‘ \" ' 1 ‘\1 i
’ .\/di AABC 11¢“ ma r»1111,\T:3(5)\‘

/\
ii

~ . ~. w ‘ , ~~
\ 12' +1" , ” +11“ ,1 \u' +1)" - 3

1Bili 20. Cho AABC Q6 (if) di 3 canh lZ111_ /1. 1' \'Z1 dé dili 3 du'C)'ng phn gizic trong 151/,,.

. . Y ’ 1 U? ” 1 ’ 1
l1,_ 1‘. Tim g12'1l1'1lé'n nhél CULI T: +l +L%

b+¢',~ \('+a 11+b,1

Gidi
; ,= 11 12 1' 3°B0deI: —i+i+;—2— V11./).<'>()

/7+(' (‘+11 11+!) Z

):.

)1

~\.

'\.

-\

'_».1

4-<11

Lu

'Bode2: _“-+;++‘s~' Y/AABC
b+(' (‘+11 11+/1

, . 2}?" ( — 7 ~ 1 ~—~***' C/zlrng mznh: I‘, =1 L 1% \ />1/1-11) S \'p(p—u) suy ra)+(' )L' 7 ('

I” <\/p(p—(l)__\/(b+c'+c1)(3b+3("—311)< 1 Zl;+7(--U 1 ’7 (1 \

b+<: b+c 2\/§(b+<-1 3\/F 711:“ Z 3V?§LV~_’l>+<~

+ /1, g\/P(P-17):\/(¢-+(1+b)(3c+311—3/J)S l*'2('+2a—b: IML/2_ /2 \'

c+(1 (‘+0 2\_/§(('+(1) 2\/3 c'+a 2\/3 (+11;

a+b_ 11+!) — Z\/§(u+[;) —Z\/3 a+l> _j 11+/2,

:>1‘,+1,,+1‘1<1 6_/11 1; 1-\JS1[6_§\:%
b+c‘ c+a a+b_2\/5 kb+1' ("+11 z1+b, 2\/5 Z

' /{p dung: SE1‘ dung bét dzing Ihtrc Bernoulli ta 06:

(_
L1.)

ll <\/p(/1-1:)_\/((1+b+(')(3u+3lJ—3¢')<
1 ‘Zz1+'Zl7—(*_ llg 1' 7

~

41“ +\E_]2_\/E 41

\/g‘/3+6) 2 2 \/§(/7"'-(‘)/
w

,
1 1

3(('+u) - _ — _21?(<'+u
w

- *_ R4/_ \/3 \13 [ 4/ W‘_;i+_ _ 1 2 ___ _,__.;___
\/§(z1+l>) 3 3 \\/3(11+b1/

3_ 4 3J§ 5 4 1, VG J5 4 ’ 1,,2 - ~ +3£ —lJ2 +3( —l]2 [ )
2 \/5 4 2 \/§(%.b+1~ 2 1 2 \/§/ 1+1-

T:[1u I-'§+£ 1,, j<.<‘+[ 1‘
1_1_ i/3 .1

b+c 0+1! 11+]? 4

;__/

/
11

/\
Q)

/1

;__/

4
an
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m. mém RO’l KHONG BOI xtme TRONG BERNOULLI

Trong céc muc truqc chimg ta dil xy dL_1'n,g czic bit dang lhtrc déi xtrng vdi lu)‘ thira 06

mi 121 $6 V6 ti du'o'ng. C210 bét déng thirc niiy déu 06 dfiu béng xay 1'11 khi \'z‘1 chi khi

czic bién $6 being nhau. Trong muc ny ta xét czic bfil déng LhU'C khéng déi xtrng vdi lu§'

thira cé s6 mil v6 1y ducmg mix khi su' dung bit démg thirc Bernoulli du béng xay ra khi

céc bién $6 nhén czic gizi U-1 khzic nhau.

1. BAT DANG THU’C co $0
z“20c.r+(_1—oc) Vz>0.V0c>l.Dflub§mgxayru<=>r=1

u , H G u
Thayr=—Lac0: — +0c—l20L-—

"0 ”0/ "0

<:> \u°‘ +((x— l)uff 2 (XUEH .u\ Déu béng xay ra :> (**)

2. cAc Biu TAP M/ixu MINH HQA ’ "

T33 , .

Bi1i1.Cho .Tim gizi n-1 nho nh€1lc\'1abiéuth\'rc s = .\-~1 + N
3.\-+ 2v 212

Gidi

. . _, . .1 Y X \' , 4 _ . . .

Tu g1ath1etsuy ra: :21 1? +'€2 Z. Su dungbat dang lhuc Bernoullz ('="-‘)1

x +(\/5 -025 2\/§.2‘6'].\'=\/E

+ l L‘

’ )_\/5 +(\/§_1)3A\/5 2\/536-1
\

:> .\-*5 +_\-J5 +(\/5-1)(2~3 +3“~)zJ§[2~'3l'_:+lz']+(3\5 -2~5)lJ
\'- ~, -

-H

2 J5(2“’5.2+3@ -2*5)=J5(3*1 +2*5) :> .\-*1 +_\-~"1 22* +3‘ I

vo-a X = 2. y = 3 ma MinS = 25 +3‘/5

. ~., ~
-

3.\'+4\'+6:236

‘ .\',_\‘.: >O;.\"24

Bi 2. Cho 3.\~+4\~z24 .Tim ma m nhé nhz‘1tcua s = N + N1 + 1*“

Gilii

. x .\' \- x \" I.

Tirqiéthiétsu ra:—21;—+—'—22;—+'—+—23.
" y 4 4 3 4 3 2

‘M’ + (\/2 -U4" 2 \/27.4*1'..\»= \/2 §-45*

Sir dung bét ding thirc Bernoulli ta c6: l

+‘ _\-*2 + (N/2‘-1)3~’ z \/2.3“ Ky = \/3-?<3~'*

+<@_1>¢<f Z mi J5;-M
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‘ :> X5 +_y~5 +35 +(\/2-1)(4~’5 +35 +25)z~5[4~’5 /Z"+3J5 -;;l+2“5

= @[(1+1+i]4~’1" +(l+2)(3~"1 _4<@ >+i<2~1 >]
4 3 2, 3 2 2

2 \/2[3.45 +2(3“5 -4*5)+(2~'5 -3*5)]=\/2(4“5 +3“? +25) ‘

:> .3-“'5 + 3-J5 + 2 4~'5 +3~’5»+2\5. Vdi X =,4. _\' = 3. Z = 21m Min s =45 +35 +2“?

4Zx2y2z>O

Bili 3. Cho 3x + 4_\‘ 2 231' . Tim gizi tri lc')'n nhét ca S = x‘/3 + _v"'} + Z6

2x_v + 3xz + 4 _vz 2 3x_vz '

(Yiéi
, 4 3Tirgiéithiétsuyra —2l;‘i+g22;i+—+Z23.

x x )' x )' :
scr dung bét dang thtrc Bernoulli ta c6

4” +(\/§—l)x‘ z~/§.4.x*5*" = ---

+ 3” +(J3-1)y“§ z\/3.3.y“"' = @-

2*5 +(\/§-U2” 2\/§.2.zf3_' = --»

§®®
Nl\J\<‘xQ

N
fr\</IX-*

-0)‘'_N

3 4¢3+3¢3+2J§+(\/§_1)(x@+y\/5+:@)2\5(i.x¢§ +i._v~5+l.zv‘5j
X V Z

= \/§[(3+;+2),,~@ +(3+2)(_,,¢§ 2x~@)+Z(;@ __,.@)]
X V Z y Z 3

2 x/§[3_x¢§ +2()_~/3 _x\[-i)+(:'VG _),v5):l:J§("_\§ +_\_V-f= H33)

=> _\-"’~‘ + _»-"5 + 5*‘ $4“? +35 +2“? van X = 4. _\* = 3. = 2 ma Max = 45‘ +3” +25

|v. BAI TAP DANH CHO BAN aqc TU’ a|A|

'2a+3b+4c23 ‘ Q 2 I; F
Bi 1. Cho I Chirng minh réng: 20“ +31>~~ +4¢-"- 2 3"‘

_mhc>O

'a +1» +¢ 23 F ,2

Béi 2. Cho < Chirng minh rng: 2/‘ +2”-‘ 11*‘ +3"@¢“~‘ z3><2‘"~5
_mhc>O

'a+b+c23 2 ,_ _

Biui 3. Cho < Chirng minh ring: 2'4 M +3‘"*’2b*/5 +4'"*%~“5 231"”
\a,b,c>O :-
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Bili 4. Cho (1.19, c 151 3 canh CL1£ll21II1 gizic. (LB 2 l . Chfrng minh caic bél déng Lhirc sau:

01 on cm ii 15 15

1_( 3a ) +( 31>?) +( 32- ) 2( 321 31> ) +( 30) ’

Zb + c‘ Zc + u Zu + b Zb + <" \Z<' + (1 Zu +11

Q (1 (1

2_( 3a ) ( 3b ( 3(-

2b+2c—a + 2c+2a—lJ) + 2a+2l2—c)

>( 3a )“+( 3b )“+( 3<- )“
_ 2b+Zc—a 2c+2a—b 2a+2b—(r

_[;_- () 2 °‘ '2“ _2\°‘ ‘ 2 B 2 B I _2‘B
B:E1i5.Cho 0‘ °> .ChL'1'ngminh:(a J +(b \ +(‘ J z“ J +[” ) +L< J

(1 > [3 > () bc ac / ab bc ac‘ ab

a,b,c>O a u Q B B B

Bi1i6.Cho 2.Ch£rng mmh;( 2“) +( 3”) +( 3“) z( 3“ ) +( 3“ ) +( 3" )

Ot>|32§ b+c b+c b+c b+c b+c b+c

_ a,b, c > O , .

Ba17. Cho . Chirng mlnh céc bit ding thu'c sau:
u>B21

1( 3a j°‘+( 3b )"‘+/' 3c 1°‘

\/(Z2 +sb@ A/bi + Sca \/H + 8:112,

Z@~%m—3br+£\+ 1”[11 +81» bl +8ca C2 + 8:112,

2 [l1__)°‘+( 2b: )“+( 26 )“>( 2111 )F’+{’ 2/>1 )”+(' 26 J“
' bc+ca ca+ab ab+bc _ b('+('a \c'(1+ab ab+bc

2 ‘°‘ 2 °‘ 2 ‘°‘ 2 5 2 B 2 B3_(a'+bcJ +(b +ac) +(b +ab) 2[a +bcJ +(b +ac) +{b +abJ
a(b+c) b(a+c) c(a+b) a(b+c) b(a+c)/ c(a+b)

3,
+

#r.»)

on u on [3

4_Eg41j+_A,11;‘_] +[51;_>‘_+_/Q] +(4¢-1+?) 2[4<,:+421) +(

(a+b)’ (b+c)' (c+a)* ((1+l2)’ \

'> (1 '1 B

6(a+b—3c')" 6(a+b—-3(")'
5: ‘i ’ 2  1—

%{2c2+(b+a)') %[2('3+(b+a)'j
~01 [5

6. Z _7_?L_7‘ 22
cw" \la' +2(b+c)' <'"' \/a“ +2(b+(')' ,'

§
+

P:

"Q

' I3 3 1 s

(c+a)‘

2\/ax Q Zx/azc B ' a V 4
7. ——-4 2 -——-'' 8. -—-L‘J 2 K-——]__3[’

%£\/b3a +1701 %;£\/b3a+bcj %Kc\/5c16+4b3('3 cw/'5a6+4b3c‘

11 7 B <1 B

_ 10 _9_ L) > >

§{a2+(b+c)'~ a2+(b+c)_ a3+(b+c)‘ a3+(b+¢)
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; _- ,, \ .. _ ->

T§l2. BAT -DANG THUC JENSEN VA KY THUAT SU DUNG
\ ; \ -. \ ; . I§12.1. HAIVI LOI, HAM LOM VA BAT DANG THUC JENSEN

|. KH/Al NIEM vE HINH |_O|

1. Djnh nghia

Mét bi) phén 76 cua min phéng gqi 121 hinh 16i khi v21 chi khi vc'>‘i hai diém bail kf’ A v21 B
thuéc 76 thi dogm thing AB cfmg nzim hoim loim 0' lrong 76

<=> VA. B G 26. [AB] c 21:¢> {A+o<@§ a@[0.1]}¢2n

Néu min hinh léi c6 thé phu né bdi mét hinh nrbn an ldn [hi goi 151-hinh l6i déng v51 nguqc
lai min hinh l6i khéng cé lfnh chit nhu‘v2_?1yg(_>i 151 m(>l hinh l6i mo‘.

2. cAc vi DL_J HINH HQC vE HINH 1.o|vA HINH KHCNG |_o|Af7@O@
Hm/1 /.- Hm/1 /51 (713/lg

</// ,~ // .
‘-‘-‘;\I§'\§-\-$1-Z51;“~"§QI'-IQQ’//Z/’4’§"7?;'z'=.¢~

'-:I;?'i:1 Ii;-"?.¢’;/:I5;172’:-Z‘;;;'/ '\\‘>3%\'?r¢**§~3>\@“\¢~\ / ' 1/ ,"1<-:»’;<1<",-I 1'.-'>"’f="/1‘ 6-\
1 / ’ \ \

\ \‘_ _\. / / \ \\ _\\\ \\ ~\ \_ 1 /<4, 4,31‘-v_ ,5’) ;€;,;_.»;_,.,_~ .1/:1’ {Xi \\ ‘__b\~..__

//2

/
7/’//

6/

\\\:‘§

Hi/1/7 3: Hi/1/2 /51' mo‘
- ,\ /— ~ \\ .» -\ / ‘ Y,‘E \ /\ . \g—

Hi/1/1 3; Hill/7 /</2012;’ 151

3. DIEM TRONG, a|E|v| BIEN vA BIEN CUA MQT HINH |_o|

-I Biém M g(_>i 1:1 diém trong cum hinh léi :1; néu 16m lai §
mét hinh lrbn tm M ném hoiln toim lrong hinh léi 76.

' Diém Ne 76 gqi IE1 diém bién CL:l£l hinh 161 76 néu m<_>i _,
I-Iinh 4: Dlém trong vilhinh trim tm N déu c61'tnhélm<_3ldiém kh6ngn2'1m diém bién

trong 76.

~M<f>t hinh l6i déng C6 mé c6 aiém bién hoiac khéng c6 aiém bién nhlrng néu C6 aiém bién
thi tép hqp czic diém bién 151 mét du'c)'ng lién tuc khép kin vé du'Q‘c gQi IE1 bién cua hinh l6i.
Néi chung nguéri ta chi xét dén célc hinh léi déng cé bién cbn goi 151 Oval.
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11.11A1v1 LOI, HAM 1.611/1

1. Dinh nghia hém 161, hém 16m

G121 511' 1 1&1 m§>1khoz'1ng1r0ng R lL1'C 151 I thuéc 1 Mung 9 khoang suu:

(—<>@. (1); (—<><>. c11;(c1.l7);(a./J];[c1.b):[u.b]:(17.+<><>)l[/>.+<><>)l(—°°. +00)

0 1151111 $6 f 1 E —> du‘(_>'c g(_>i 121161 1rén khoémg I khi \-'Z1c111' khi

Vx1..\'3e 11, *1/01e[O,1] ta c6 f('01.\'1 + (1 — 00,13) S O£f(.\']) + (1 — 0L)f(.\";)

- 1121111 $6 f;11-> 11 611-6-C gqi 1211611111611 1111661151 1111 v21¢1111<1111-f)16111611 1

<:> V x1, .\'3 G1. V 01 e [(1.1]1z1 cé f(OL.\'1 + (1 — 011.1312 O£f(.\’|) + (1 — 01)f(,\';)

Sau (Tziy chzing ta chixét dgii dién cdc )5 nghfa vd tfnh chfit clia hizm l(§i.

2. Y nghia 1111111 11<_>¢

G121 $11 f 161 116111. Lay 11511 ky .11. .1-1 E 1161.1, < .11.
A \‘

G91 M1(-Y1- f(2\'1))l M2(-Y:-f(~\‘:1)kh1 <16 y ) .2.’ 22

M -\‘)E doan lhang MINI: ‘) + (1- (y_)f"_\») .. .
_\|

<=>3 616 10,11 5216 6116 M2M’=o11\1:M| M)

.\‘—.\'2 = 01(.\“ —.\‘2) f(.\‘3) ............ ........................... 21M

<:>

.1-11.1-1>=<>111/1111-/21-12111
2

. , . >

x : 011-I + (1 — 01).\-2 O -\'1 1- .1‘; ,1-

\ Onf

<I=>

_‘= 1 1-\',)+(1— 0l)_/(X3)
0

A A A

V‘1hZ1m f1§>i1rcn H ncn _\-11 = flax, + (1 — 011.13] é 01f(.\"1) + (1 — 01)f(.1';) = _\-M»

Y nghfa: 11.11 161 11-6111 1<111 V21 @111 1<111 161 11161 1116111 1v11._.\11 1111166 661111 (c); _1~ = f1.1-)

déu cé cung M11\/1; 611:1 d61hi(C)ném 6 phia du6ic10anI11éng M,1\/1;.

3. Quan hé gifra Hém 161 vé H1nhl'6i

GQi 76,-={(.\‘. _\-)6 I>< R|_\" 2 f(.\')} suy 1'21 7/3“, 111 b©p11é1n ¢11211112j11p112’111g niam 6 ph1'z1 lrén Q1111

a611111c) 1 _1- = 11.1-21, 1<111 116 f 161 1111 1121 611111111 :2/,1, 1211111111 161

Ch 1211g minh: ‘"

L2‘1y 1161 11y A.B E 70,-, gqi c 121 1116111_ 1> M1

11211 we [AB] <:> C:0c.AB 1'61 O1E[0.1] 1-

1/

G121 sir A(a, p), B(b. q). C(.\‘. _v) f1/’1"“" ;

:> x=c1+0L(b—u)=(1—(X)z1 + 0112 fm

D0 f 161 lhco dinh nghTa1a c6 fun -------- --1

1 1 1
>

f(.\')=f((1—O£)c1+0Lb)S(1—O!.)f(a)+OLf(b) O -\'1 fl -\' 12 -Y: -\‘
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Vi A, B e 76_,»nén f(u) S p. f(b) S q :\ _f(.\‘) S (1 — (1)/1+ (xq = ‘\~ :> C e 711,

:> VA, B G ://1,. [ABl_c qr, :> 151 hinh 16a.

D50 lgi: Gié sir 76; IE1 hinh léi véi bién 121 d6 lhi f(.\') lrén H.

Léy bah ky x|. X3 G H Va aam X = 0cx| + <1 - om-2 vc3'i <1 G 10.11.

M|(x|.f(X1)). M;(.x;, f(_x-2)), M(X. f(-v)). D0 M|.M; e 76,» nén [M,M;]<: 76,

Mil diém M'e [M,M3] :> M';(x.0;/'(.\'l )+ (l —0L)f(.\'3 ))e 7111'

:> f(.\‘) = f(OL\'| + (I — 0Lx2)) S OLf(x1) + (1 —0n)f(.\-3) :> _f léi trén I

~ A l\ ~ \ \A4. Dau higu nhan biet ham loi

4.1. Djnh lj: Giei sirf c6 dao hém trén 1. khi d6 f léi trén khi v51 chi khi f’ téng trén II

cmmg minh: Gié sir f16iv51 61,17 E 11 vc'>"i CI <1). Léy biz ky X E ((1, b)

Biéudi@'n.- x=__"'\.a+{l———b"11; vc'>'i _""e(0.1)
b—u b—a, b—u

11-; b—.- 11-.-. / 1—.-N V::>f(x)=f{i.u+{l~i)b]S;_/(u)+[l—%)./(I2)

<=> (b—a)f(.\‘) S (b-—.\')f(a)+(.\'—a)f(l9) <:> (/7—(1)[_/'(x)—f(u)] S (.\'—a)[f(12)—f(a)]

f(x)—f(a) f(b)-f(a) f(x)— /M) f(b)—J'm>Q S :>l' ‘ = '( )S—i-— 1)
x—a b-a .\"—u f U . b—a (

Biéu dién X=-_“"".b+(1-%""ja mi __"_"'e (0,1)
b a b £1 /7a_ __ _

/ \(1—\' (l—\‘ (I_\' ' (!"‘\':> _f(x) = f |:S.b+£l—3Ja] S-c3f(l>)+Ll—E)_/((1)

<=> ((1 —b)f(.\') S(a - .\")f(h) + (.\'—b)_f((l) ¢> ((1 - 1>)[_/'<.\~> - _/'01)] gm -b)[_/((1) ~ _/111)]

f(x)-f(b) fta)-f(b) , f<.\-)~f(/>> f(u)—f<b) f(b)-f<a) ,SS (b=1'". " 2" " = -)
42> x—b u—b if ) -\‘l—>n2' .\"—I2 a—b b—a (

Ti: (1), (2) :> f'(u) s f'(b) :> f’ ting lrén H

- Dsliolgi: Giésir f’ léng trén 11 vZ1a,be 1 mi U < b; <1@<0,1). l§yxe(u. b)

Suy ra x = ow + (1 - oc)b (Ch y; on = 0, <1 = um bét dang mac lu6n dng).

Sir dung dinh 1)? Lagrange ta c6:
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/
| I/'(.\')—_/'(u) _’_/’(.\‘)—A/'(u)

‘_ _/ '(<) —

:J(-€(u..\') .\-—u (1—0L)(/>—¢/J
!

{Ed E (.\‘.b)
szfo cho

/_i_-

‘\_‘

_/ (12) — _/ (.\') ‘/1/>)—_/(.\*)d):———i =————i—
b.— .\- cub -11)

.\__v .)_._
D0 f’ léng trén f'(<') 3 f'(d) 1: j(') u) 3 '/(Z) ‘/(CU

(l—O£)(b—-(1) 0L(b—u)

<=> (X[f(_.\') - f(a)] s (1 —oc)[f(/1)—_f(.\)] ¢> _/'<.\-> s ()(f(u)+(1—(X)f(b) :> Ar‘ 161

Héqu1i:Gi2'1 sir f C6 d:_10 hilm dén cp hz1i.khi d(>_f1(3i khi \/Z1 chl khi f " 2 () Vxe Z

4.2. 0;"/1 zy' 2.-

cua dung cong (C): _\" = f(x) déu nflm vé phiu dudvi CUZ1 (C), P

Gié sir f 06 dao hZ1m trén khozing H . Néu tiép tuyén mi m5i diém M7

ma f 16i trén

Chlhzg minh: Gizi st1"M,(.\‘[.f(.\'1)); ;\/1;(.\3;. f(.\";)) IE1 2 diém

bét ky thuéc (C): _\' = f(x) vc'>‘i .\'|< xze K. Ly diém ‘\/l(.\*. OI >
\ w

\.

__::6___K

)

3*.

>1 r

>1

f(.\‘))€ (C). PE MIMI vdi .\‘| < x < .\'3 v51 xp = .\'. T21 cén chimg

_\'M<

Gqi P,, P; 151 céc giao diém Qua tiép luyén Lai M véi Z dL1'O'ngth5ng.\"=.\', vi1.\"=.\'3. Gia

sir céc duimg thing PIP; v51 MIMZ ln lu‘c_1tc<3 phu"o‘ng trinh lir: y = g(.\") v€1_\" = (p(.\-). Theo

gié thiét thi tiép tuyén nm vé phfa clu"é'i cua (C) Vxe E nén _\',,| < _\'A\,| v?1_vP_ < _\§,,_

:> PIP; ném G phfa dudi MIMZ <=> g(OL) < <p(0c) Vote (.\',. 1'3) 2 _\'P < _\'.~1I> f léi trén 11

4.3. Bjnlz I)? 3: Gizi su‘fli1 m{>th:‘amliéntg1ctrén khoang I théa min diéu kién

j'f+":"'jsi_-/(")":f(~") V.\'._\‘€ <1). Chfrng minh rang hZ1mfl(3it1'én hoéc
\ 5 ./_

f[(1—(X).\'+(1v\‘]§(1—(X)f(>\‘)+(X‘/'(_\") V.\"._veE v£1V0Le[(). 11 <2)

Girii
' B5 (751: Vdi méi ne N“ la cé bait ding thirc

H I7f[n,z x+2 —m_‘j< III f() 2 ~
21 2!] 2/7 /‘)

_ .\-+ ””'f(_\~) VmE[().2”].n1€N.V_Y,)‘€I <3)

° Chzhzg minlz: Ta chirng minh béng quy nap lhco ne

+ van n = 1, ma me {0, 1. 2}, SLY dung (1) dé may (3) dng

+ Gié. sir (3) dng dén n = ke N3. ta chimg minh (3) dfmg vé‘i n = k +1.
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1 : ,. \ /11 1 1"" -111 Z" — 1Ncu 111 Chan. m = Z 2 \'o'1()§ 1 § Z‘ 1h1 — 1 I 1 I // I

1
Yw 1 1 w> I -w

A -

/ -,1-1 \ ' =1’ A 1 1.-13

‘\~.
/_._

TJ
,.

,-

+

J
>_

\~

N‘ 1’: D" '1'" 11‘ '1éu m c é ) 1éng on; ( ) \'z1i 116 cuu .\". v\"c1311'11h G61 x1'r11g 11611 khéng 11151 11'nh I611:

1.—m _-1 2-1; '1_ Z—>_ /r1_ I-11_i-' Ti)‘ :_ lf<\'+*TL V13", /(.\'7+""1'L‘/(_'\‘):‘1 /(.\‘)+"*.~L71 71 T 31 714 31-1-. \_ ._.

qut c6 thé gia s1'1"()<n1< 2‘.The0giath1é1q11yng1p1;1c6:

_ 111 __/ _ _
1'\+ @111 \l_/ M1 \+ 11‘_ '- ~ '- .)_\- -— ,1 \

[11/2,>+1_ 2‘-2,»-1_“f
\’- ._ _

\.“:}f“

fl_ 1 /,,)+1 »-):\'1_")!)__l

'4

\ 1 . \
l I -‘Z/1+1 Z —"/1—l

1 II _
—\' S~I‘I———_\"+i—“ 1'- v '>~

“+-
J

/(\‘)

12+1_ 12‘-2 -1_ 1. 2+1‘ -3"‘-2 -1.2 7%](.1-1+—-+LA/<1\‘>+—_,'1_\~1= #_—4/<.\~>+~,%’4,/<112 21 2 2~| 21+!

111 _ ZAH -121 A 111 Z""—111 I‘ 111 ,, 'lL"—n1 _i T.\‘+i7f_\' <12' 2‘

L1.)

Ta dd chL'1‘11gminh(

Theo nguyén 1}‘ quy 11z_1p suy ra b6 dé du"qc ch1'1‘11g mi11h.

Z‘ Z“

- B61762: cia $11 one 10_ 11. khi 1101611 mi dysé {<1,;};| S110 1-111)

11

c1,,e N KW [(). 2”] va 11111 # 10¢
11—>-><> ')”

3"-1."

— -,1-1- ')“V'I

)dL'1ng v('rimch§1n \'i1111le11é11(3)dL'111g \'<'>'i11= /< +1

/1 /11+l, . ,. 1-. \~
‘ 1 :. .' Chzrng mznh: V01 m01ne N : [0, 1] = suyrz1t0ntz;11

'7 '7
11.»:1>L~ '~

<1 u +la,,eN O [(). 2"—l] sao cho ,)+:S01£—”j.

l|——)+<‘x1 ’) 11~—>+¢c '7”

a :1 +1 a l \ , 1 A _ (Ii—(xS”L—"=—\1a l11n—~=()ncn l1mi=0L7]] 2/1 27! ll

' /ip dgnzg: Vcfri m5i OLE [O. 1], lhco b5 c7§21hi 15n tai diy {<1,,}:=] sao cho

I \ - (I ,2 ,: \ ,a,,e N rw [O.2”] va hm %=oL. Theo bo (Te I th1 V1. ye E ta co
')Il‘H'°<>

(1 2” —a a Z” —zzf —”\‘+i”.\' $if(\')+i"~ }‘(.\‘)2/I ' 2” 7/I ' ’)lY ‘ (4)

17!! \ F ')H j
, an L1 -11” an ._ -11”Do f hen tuc nen 11m f — \'+-*1 £ hm — v +

11~—\+<=o 2” 2” /1-v-v<>>L2 2
_/<_ 1 +1/'1.»->

<=>f[(l—0L)x+0cy]£(l—0t)f(.\")+0Lf(_\') v.1. _\'e1" vdi V002 10,1] ¢=> f 161 [rén 1

Binh lufin: Vdi 1<é1 qua trén 111 c6 mé thay mé dinh nghia ham 161 bdi aiéu kién

don gién hon: H51mfl<‘>i trén khoéng H <:> _/"F:'\'1§—+f('\-):‘f(')') , Vx. ye II

.I
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5. Céc vi dL_1 vé hém [61

' _\" = .\'°‘ (.\‘ > 0) :> v\" ” = 0L((x — 1).\“‘ " 2 :>_\'lZ1hi1m 55 161 \'O‘1 OL < (1 11Of1C Oi >1

' _\" = u" ((1 < <1 ¢ 1) : <1" .1n:u > 0 :>v\" 1511151111 Q1151
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; _/z—(tan: .\-I +tz1n3 .\-, + ...+ tan: .\'”) 3;;
Chung mmh rang: ' - 3 c0s—

/1 + (tzm' .\‘1 +1an‘ xi + + tan" 1"”) '1

Biai l1.Cho him f ting trén R cé f(()“) I () . f"(.\') < O V xe R. Chtrng minh ring

Néu (I. 12. 0151 dé di b£1CL_iI1h cuu mét tam gizic thi

5

,



408 B51 zflzg tlu2'c Jensen vii kf tlzut 511* dung

f(u),f(b)_f(c)cf1ng 15 d<_"> dili bu canh cuan1<}1tz1m gizic.

Bi 12. Cho tam gizic ABC. Tim gizi m nh<'> nhl (SL121 hiéu thfrc:

A B C ‘ A _ B . C
1. T = tan—+tan~—+tan—+s1n—+sm—+sm—

2 7 7 7 7 Z

3A 1B 3C , A . B _ C2.P= tan -—+tan‘—+tan —+Z.S1n—s1nYsm—
2 2 2 2 2 2

1 I3.Q= ++%+;—l(co1A+co1B+co1C)
smA s1nB s1nC 2

Béi 13. Cho tam giéc ABC nhqn. Tim giai tri nhO nhél cua biéu thtrc

T (tan A)|:mA (tan B)1anB([an C)l:m(‘

Béi 14. Cho (I, b, ¢- > 0. Chllrng minh rang;

5 5 s 3 3 .1‘
(Za+1)3 +(2b+1)1 +(2c+1)1 +5[(a+b+1)1 +(b+¢-+1)? +(('+a+l)3l2

5 5 .< F 3 3 7

2 (a+b+l)3 +(b+c+l)3 +(c+a+1)3 +5L(2u+l)3 +(2b+I)3 +(2¢~+l)2]

Béi 15. Cho a, Z2, c e Chirng minh ring:

2'/abc '< K a b C
J1

(1+\/l—61)2(l+\/1—b)2(1+\/l—C)2_ l+\/1-61 1+\/1-1; 1+\/1-¢

Biai 16. Cho cl, I2, c > 0 thoa min a +12 + c = 3. Chtmg minh ring:

4 Saba‘ Z u I) 1' Z\u+1 b+l 0+1

B51i17. Cho a, b, c > 1 thc'>a min a + Ab + c = 6. Chirng minh réng:

276"‘ ”’ "’ 4 z64[1—"~')[1__?JL1_—~)
a‘ b‘ c‘

1

Biai 18. Cho a, b, c > O. Chirng minh ring: {iyrg Q/5 - +1] 2



Chzrmzg III: N11177:g vién kim curing trong girii 111-I1

\ . . . \‘ - I- -/1-‘
/ z1+l W b+1 ‘=" <'+l‘ / : "“"’”‘ 3 '2[(I+iJ’]7+~:'I('+*_::£Q \‘
X \/7 \ \7 \7

|/

\ 1 ,

Bfii 19. Cho cz. /2. 1' E §_v/2.2) Chfrng minh ring: ‘

/i_*( '*K(2+\/4-(R)3+{J-/>5)(2+\»l*Q<»5) /—<

.\' \
3 In Kcol ~—c0t '~co1

2 1

R)

\/

§ ( 1 + \,/2 )'~
u[>('

Bf1i20. Cho .\'. _\‘. 1e . Chfrng minh rélng: com‘ + cosy + cos; 3

“ " .\"+\'+.' - , 1 . . . 2—.vln, c0l+— ’+_w\X1——(s1n.\-+s|n \'+s1n:)
\ 6 , 9 '

Béi 21. Cho (11. :13. u,, > O vi OLE ChL'1'ng minh ring:

” 3 3 11' +0, +...+uH 5-‘ (1, +u, +‘..+u”\ .Hz1k+ (Iv+ < - +1] - +(1'L (X _
:1 ll X \ II /k

 *»:‘V _, l

Bi1i22.Ch0 u, b, c 2 O lhcha min :1 + 12 + 1-: 1. Chtrng minh ring:

3

(CI: —a + l)(b: —b+l)(c3 —c"+l)2(%) (a+1)3(b+1):(c—+-1):

Béi 23. Cho c1_ I2. c 2 0 théa min 41+ b + c = l.Ch(1'ng minh ring:

(U2 —\/5a+l)(b: —‘\5b+l)(¢-2 — V/5c+1) ((1: +\/5u+l)(b3 +\5b+l)(c2 +\/§c+l)
(10-

Bili 24. Cho (1.12. 0 > (). Chirng minh r§m2: U + /7 + (‘ _i

DJ

/,

5) “ 82>‘

” 3:1 + I/2 + Zr" 31) + Z0 + In J(‘ + Zr1+ Z17

B51i25. Cho x, _\". :, E [(). 3] théa mim .\‘ + _\" + 1 I 3.ChL'1'ng minh réngi

U4-.\~‘ + I/4- _\~‘ + {/4- 5 31%

0 '.; 1 .11-1 . , ‘vBi26.Ch0{ <‘"‘ < .Ch1'1'n<Y minh L8‘-‘ ” ,z(1-.\~-)(1-\~-)(1---)
\ \ ..\'_\‘ + _v:+:.x'=1 C ;3+ 3+-_' ' M

Bili 27. [China TST 2006] Cho .\',_\‘, 3 > O thOz1mn .\'+ _\' + 3 =1. 



-110 13111 111111;; 1/1121‘ _]en.s"e11 viz kf th11g7t s1i"d1111g

_. 54 \,\ < \_
’3

_ _ ; .\_\ _\_.

Chung mmh rang .__ + ,___._
3 3 \'.\'\~ + vi \ \": + :_.\" \;:_\* + .\'\* ~

B51128. Chm (1 S 11, S />1 S <1; S 11; S S 11,,_, S /1,; ; S 11,, \i1 /21.2 (1

thou mfm /2; +193 +...+/7” S11| + 113 +...+11,r.C11L'1'ng minh ring: .\'éL1f(.\') 1Z1hZ1m 151

11 ‘V

Lrén 101+<>@>1m Z(_/"(_11‘)-_/*(/>1))z_/"1 Z111 -211 57/10>
(:1 1 P\::1 \ 1 /1

B511 29. Néu f 151 h€\m $6151 \’f1.\‘._\"_ 1 C1](_1)'ll‘éI1l2§lp xc d1nh.ChL'1'ngminhrfmg:

\'+\"+"\ '/.\‘+\"\ /\"+"\ - -

./"<1-1+.r'<>»>+_/'<:>+3f1=+#121/1+1+1_/'1 ~ ;'1+2_1(~“§-‘)
7 1 \ 4- /\ - ,

Bili 30. Néu f 151 hilm >6 161 \'Z1.\‘. v\". 3 chqy Irén {zip xzic dinh. ChL'1'ng minh 15mg:

" é , 1

~ /<1-1+/"<,\»+_/‘<:>+1/'S‘~ " :1/'1"*‘ 1+/'l"~§—‘J+/‘1¥g—~")l'

/_,

/.
+

Lu/_

+
\4.

\/
L»:-1-

J

L ._. , \ ;_. , ,_. .

Bi1i31.[H6ng K6ng, 2005] Cho 11./1.131! >0 l11Oum€1n 11+/v +1>+1/:1.

Chirng minh ring: 61111 +/13 +1-*1 +1/*1 1211: +/>3 +1‘: +1/3 +%
L

BE1i32. [M§', 2003] Cho 11.11. 0 >0. Chfmg minh1‘§mg:

(Zc1+/2+0)“ +12/2+<"+1111 (Z('+u+l1)_~ S8

Z113 +(/1+0): Z1): +(1'+ 111’ Z1‘: +(11+/1)“

Bi1i33. [Nhét Bzin, 1997] Cho 11./2.1" >0. Chtrng minh rimg:

(l>+('—<'1:w + ((+11:/>13‘ (c1+bw—c'11 >3_~§(l2+c1 +11‘ ((+11) +/1' (11+l>1 +<" *

B511 34. C110 :1.b.c".(1 >0 l11Oz1mZ1n 11+l>+ 1" + 1/ S -1. Chtrng minh ring:

11+ 11+ 1‘+ 1121
(1+111' (1+l>)' (1 +01’ 11+:/1-

B51135. [Trung Quéc, 2003] Cho czic $6 1-,..\-...1...\-1 20 \‘£1 Zl_L_:1
_ . +_\.

1-1 1

<

. ; -1.
Chung mmh rang: Z——'—_Sl

S

,7, 4+1",-



C11 mrng III: .\'hz7'ng vién kiln mm‘/lg Irong gizii Ifch

§13. BAT 9.-we TH(.*’c KARAMATA VA KY THUAT sU'1)L_z1\'G

y

§13.l. G161 THIEL7 VF. BAT DA;\l(} TH["C KARAMATA

1. +>1m—| NGHiA vb. cAc mm-| LY

1. Br} s6' s§p th’ tu’

(.\') I (.\'1. .\';..... .\‘,,) vdi .\', G R \‘i1.\‘, 21", , ,. ‘W11./2-1

2. So sénh hai bi} s6 sép thirtu’

‘-2
\-/

Q

=( .c1‘.....¢1,) ‘u, Zuwl ———
Cho 2 b<_> n so sép thu IL_r< ' ' tux‘ In < ‘ ' Y/1:1./1—1.

{(17) = (bl .l2:.....l>,,) zk/2’, 212,4

T "b‘.~‘ u-"l"b‘;‘ I-> ~ k\‘ '= ‘ ~ -211101 Q $0 (:1) Q1 1011 Q so (Z2) \.1du(_7c h1L_U((l)>-(/))I]€UlhOdlDdI1CZiC diéu kién:

(II Z/21 W

u +u. Z/2 +12. “A 2 /74 V/"121-” "'1
I 7 I ' '~1 A 1

............. .. hay

. (I [+51 I) 7, ...+ + 7
_ — n _ .—I II

3. Bit dng thirc Karamata

Cho Z bé n 55 l1'1li1'C du'Q'c sip lhU' u_1' (<1) I ((11. <z;..... c1,,) \"Z1 (/2) : (L/>1. />3.

\’(')'i((z)>(l2)

- Néu fIZ1l1i1ml5iL1"énIthi _/'(ul)+f(c1:)+...+_/(um) 2 fun) + fg/1;) + + A/),,*>

H

z1l+a: +...+a”_] 21>} +11: +...+b”_] 1 Z

a1+u + + ll+/ + /7, I

>.~

->1 1£1h‘l6 -~1m*‘ " " <éuf am mncn 1_/(<1)+_/(u,)+.._+_/((1,) f(/2 )+f(b»)+...+f(./J,,)

0 Dgic biét: Néu Z21 = /2; = = 12,, = Zia” ta nhén du'<_yc bét déng thirc Jensen
11

' Plzzrovzg pluip quy ll{l]).' Ta sé chimg minh dai dién khi f 15 him: Iéx.

Bu'é'c 1

Ta phz'1ichL'1'ng minh: f(_u1) + f(u;) Z f(/)1) + f(/1:; \"

FF4
:2

>~

s~
»

I

| _ .1 — 1 —

, <11 +u +...+

Clzzhzg milzlz I

AI
/\

‘-2
\_/

. 11:2: G13 str '

r__

Trén <15 thl cua hm y = f(.\").

léy czic diém A. B. C. D sao cho

A(c1;. f((l3))§ B(a1. f(u,)); C(b;. _f(l>3)): D(l2!. f(/1|))

GQi E, F 151 trung diém hai doan théng AB. CD. OI "3 bl

A

iii?

=(z11.u~) (11,211. (11217;
' \'0'1 { ' \'z1 <

‘(l2)=(l>].lw3) 3/2. Z/)3 Lu. +51: =12; +/23

B

Mb

(7
\

I
v

2

D0 (13 S 1'); S bl S a1\'i1u]+ (13:12; +12; :> Fl-I = %E_/'(1>I)+_/'(l>3

/
.\



412 Bf}! Jng thlit Karamata

EH : ‘/'(u‘ )+_/'(<13 Dé )" ring FH S EH 2 f ((11) +f(c1;) §_f(/>,) + f(/)3;

Bu'é'c 2. Gia sL'1'b§f ding lhfrc dfmg \"O'i 11. lirc 12111106

§(z1)=(c1,.z13.....z1”) ,_Ju,2a,-_|.Vi=1.11— [22/2k.Vr11:l./2—l
\'o'1

> *1
- = 9. 1 /_ \7':1 _1
L I _ 11 [7 _7_|_ 1 ./7

' ' .\u;+...+u”-/>1+...+b”

_/\

»-\

U‘
\_/

A
~\_

'3‘
J

U‘

\/

/'
5/

"[\4\

'-I

,.

\:

Khi dé f(a,‘) + f(a;‘) + + f(u,,) 2 f(/21) + f(/7;) + + f(/>,,) (_f 151 him léi)

Ta sé chfrng minh ring bit ding thirc dng v('>'i n +.l. Thin \*:f1y. gia str ta cé 2 bi) 56

‘ /1: n1

[(a)=((1I.c1,.....(1,M) Jul 2a,_|.Vi=1.n h 2Z1l>‘_‘V/12:1./1' ' vo'1 1__|

1([7):(bl‘bZ""‘/)1z~l) 1.\\7/I':1.I1
’ " 41,+...+u”_1=/2|+...+/JIM

-4
W

_,.\,_¢_

*M
Q

Ta sé chtmg minh f(u1) + fuzz) + + _/'(u,,) + f(u,,+ ,) 2 _/'(/2,) + 4/X123) + + _;"(/2,,) + f([2,,+ ,)

SL1‘ dung gia thiét quy nap cho 2 bi) /2 $6 thuc M106:

fun) +f(rI:) + + f(<1,.) + f(r1,,+|)=[.1'(a|)+ f(<1:)] + [f(u;) + + A/'(c1,,) + f(<1,.+ 1)] Z

2 [f(/91) +f(a| +a3—b|)] +f(a;) + +f(a,,) +_f(a,,+ 1) (Vi ((11. 11;’) >— (12,, [1] +a; — bl)

= f(1>|) + [f(lI| + 61: — />1) + f(<1;) +-~- + f(r1,,) +f(c1,,+1)] Z

2f(b,) +f(b;) + + f(b,,)+_f(b,,+1)(\/‘1(u[+ (1; — /21. a~,..‘.. 11,,‘ |) ‘> (b; . /2_~\..... 17,” 1))

Theo nguyén 1)? quy nap ta c6 béit ding thtrc dfxng vdi mqi 11.

Cluivzg minh 2 é

SL1" clung khui trién Taylor v f”(c) 2 O véi f léwi. ta Q6:

f(.\') = f(a) +(.\‘— cl) _/"((1) +U+W_f"(c‘) 2 I/'(a) + (.\' — u)f'(a) véi CE (.\'. u)

1*. _f(a,)=_f[l>, +(u/ —bi U24/"([2, ) +(ai —b,- )_/‘:'(/),):>_f'(Lcz, )2/"(»/),)+i1((1i ~17, )f'(b,)

SL1" dung khai lrién Abel ta C6:

\

~

___I

U.J
Q

|_N_.,1

+

i:(a1_b1).f(bi):|:f([7:)_.f(b:)](”|_b|)+[f (/’:)—.f (/’:)__Z(“1"/’1)+(“:_

l___J

...+[f’(1>,,_,)-/"'(b,,) u, -b,)+...+(~”_, -/11%)] +

+f'(b,,)Ua1 +03 +...+a”)—(b] +173 +...+b” 2 O

+

Suy ra Zf(u,.)z Z_/(1),) -1)‘ )/"(1>,)z i_/(1; )

(vi f l6i nén _/”>0 VXEI :>Vf'(.\')l?1ng 3 f'(b;) -f'</1,-,) 2 0)



- A
1Clzmrng III: .\'hu'ng vien kim cumzg rrong girii rich

-1. Thiét lzfap diéu kién su"d1_1ng b§1t ding th1'rc Kz1ran1ata

. 1 1 1111.11»......c1,1Djnlz l_\7 (I.Schur}. C110 Z 116 /1 ,\(1 >511» 11111‘ 111‘: /' ' ‘ luv 111

1 1 1 I J: 7 1

(F1
I:

1u,2u,-I ——
4 ' V1 1/1 1

1/7, Z/7I._|

Diéu kién 02111 \'Z1dudé hui 11¢ dy >6 don diéu giam la) \'i1 (/2) 1hoz1111f111 czic diéu kién

1a 2/)

<1 ............. .. 11;1\ 1

|\ -

1

I+[1

,___

Q

+
f\

-:

I “1‘...+(l,!Ai 2/7| +173 +...+/2/H

+ +u +11 :11 +12,+ +/1 +/2I 11:1 11 | _ 11-1 11

| |
, ,1 11

11 I1

A :21’;
1:1

ax +u: 2/71+/,1 1211522/1; 'Y/111:1./1—1
1 r I

1Z1g1f1'a chdng c6111Q11phép b1é11<161lL1y§n11'nh dang
ll 1- ' 11

1; :21-H¢1,..1:1.2....11 11011; d6 1-A, 20. Z1; :1; Z1-I. :1»; /<./:1.2....11
1

1 11/1: 11- :

5. Céc djnh1)"n10'1"(111g v hé quzi ciia 1)§1td§11gth11'c Karanlata
Bjnh I)? 1: C110 hi1111 '1" =f(.\‘) c6 dgo hZ1111 cp 11111 1211 11191 .\‘€ ((1.12) $110 cho

_/"(.\')2Ovc'>'i 11191 xe 1:1;/1] \'Z1 _/'/'(.\‘)>() véi 11191 .\"€ ((1:/1). G121 511‘ a|.u3...:.u” \'i1

b],l22.....[2” 151 czic S61 E [u;b]. d@>ng thC1'1 1110111115111 diéu kién :1] 2 <1: 2...2 an V51

bl 2113 2...2b”

Jib} 2a]
I [1

11 I1
’1 + ’_ >”1+“_ Kh1 <10. la 11101100 Z] (L/2‘ )2ZAf(¢1L) (1)

1:1 1:1

V‘/11+/1: +...+/1” Z11] +11: +....+<1”

Clz 1111g m1'11l1

$11 dung biéu dién vé'ihZ1n1 161

f(bl)+f(b,)+...+f(b”)= max [i_;"(1I1)+i(/2,-;’)f»(z,)]‘ /!.....1,,eI(11_I11 =1 1:]

Khéng n1?1tt1'nht611g quzit,g1a SL1’ bi) 55 1! .....!H E I(u_/1) cf1ng1Z1111cf>tbQ» s<§gié11n.lL'1'c1£1

11213 2...2I”. Kh1d6.l21 ch1'c21n chirng n1i11h1'§11g

/ . / .blf (1,)+/23] (1:)+...+b”_/"(1”)2_v]f'(1|)+11/"(xi)+...+_v”_/"(rH)

$11 dung biéndéi Abel

/11/"<1.1+171/'11»+---+/1/'<1,11:2 [1/"'<111~r'<¢1>1+§11/"<@>—1/"<11>]+--1+

Sl1—| 1:-/1/(I/1—|)_j.’([11)]+S11f,([/1)
1



‘1

I

_L.

4L“

Bf}! zitirzg tlzzir Karamata

\’O'i 5'; (11)::/3, +/1: +... +/>_.

\v1 rimg f”(.\') >0 nén _/"(bk ) S R MQL khzic. do SS (/11 ZSA (_\*') 1 (’l< : 1.1..../1 — 1)

\‘Z\ \‘1 S” (M2 SH (_\") \'i1 >/"(l”)2().Lu11hjndu1)'c diéu ufin cl1u'ng minh.

Hoim loin tuong u_r tn cfmg cd.

Djnh If 2: Cho hinn sf» _\‘ = _/'(.\") Q6 dgo hiun cp hui Lqi mgvi .\-e (u./2) sun chm

"(.\‘)2O\'é'i moi ,\-eruzb \'i\ *'”(.\")<() \"O*i mqi .\e (u;/1). Gia su" u .u\.....u \'i1
. - ./ | ,‘

/>1./1

/2‘ S/1‘ S...S/2,_ \'Z1

,_ZS,\:._S

FIv"tr
\~_

\...../1” I21 czic $6 e[<_z;/>].d6ng Ll1b‘i1l1O;1111Z111 diéu kin u; Su:S...S<1,‘

Sui

+ 2 Sz1.+

+ 1, +.4.+l>v_Sui1—u~ +....+u,_

'1

1 -- "1 Khidé Z‘/"(/¢l)_
L11 L:

/\

'\\‘
/-\

Q

\_/

{)_inl1 ly‘ 3: Cho hiun sf» _\* I A/'(.\") Q6 G30 hixm cf/1p hui 1:_1i nnyi XE (u./7) sun C110

‘/'”(.\")>O\'(>‘i mqi .\'e [ugh] .Gi£1 str u1.u,.....u, \i1 /1./2\...../>,v 151 czic s6 e[z1:b]. thou min

u >a, >...>u .vZ1l___ _n

,i—’;--i—-\

‘DIQ7

152:1.
.

+1; 211+-u
1 I I Khid(>Z_'/

+/>1 +...+1>,, =11] +u. +....+a,_

'1

~:l .L

\

T
\.

/3

1/

Djnh I)? 4: Gié. sL'1' F(l>I./7:.....b”)thOa min (_1). Khi dé \'<')'i mcgi cép bf) sf) dam diéu giam

(121./2:...4.b” (_\‘|_v\':....._\"”)_ lhéa min Schur. la déu 06 F(bI_l>:...../>”)2 F(_\‘|._\':...._\‘”) (Z).

Nhn xét: C6 thé néi ring dinh 1}" 4 cho ta mét cfmg CL_l 1'51 manh dé thgrc hién quzi lrinh

lilm xép xi lién tiép \*£1lhu2}tl0z'1n dén bién dé chirng minh nhiéu dang bit ding lhirc

phtrc tap.

/ 7/\ /-*!'\
Th:f11\uiy. l£1'(2).tacc'>héqua Fw,/):._.._/),|)zr‘i L?-l.l-“L./J /7” 1

\

/,

0_mh 1y’ 5. Cho himm S6 _/(X) xc dinh va 161 lrén mp [M] ma “>0 \-21 cho dy 2,1-1

$5 khéng aim vil dcm diéu gizim 0 Zul 2112 2...2 (rim 20

Z/1»l "Viv--1

Khi dé ta cé bl ding thfrc Z(-1)"' _/((1,);/"\ Xi-1 "|)’ (1

/=1 \ /=1 ,'

(Bt ring thzic Szego)

Cfmg \/'21)/'.Lhco dfmg czich Lhirc lzfxp luén O" trén. lu (:6 caic ké-1 qua sau.



Cl1u'0'ng III: N11171:g vién kinz czmvzg trmzg girii tfclz -115

am/11; 6. cm» hZ1m_\5 _/‘(_\-) xzic aim »z11é»i l1‘Qnlf1]W [Mu] mi “>0 ~51 _,~<o>§<>. X61

II dy khéng im \*Z1do'n diéu giam u 2111 Zuz 2.‘.2uU 20.

V - ‘

Khidél£1C6b§ldéngLh£1‘c Z1-1)’?/*(¢,;)z_/’;Z<-1>'"‘@
1

.:[ _; /1

(Bib 17:7‘/lg Ill/rc Bellman)

Bjnh I)? 7. Cho hilm f(.\‘) xaic dinh \'Z11@»i lrén lip [u] \’('»'i u >(). X61 cip dy $6

khéng m v don diéu giam (Q2113 2...2uH 20; lzui 2...2u” 20.

V
\\

M‘
/“\E‘

C

2
‘Q

Khi do la co b§.td5mg1lu'rc [1~}:<-1)"‘<1_ +2<-1>*'u,f((1:)1__ -
L /:| yd J '\ '1 I V

( B51‘ ring tluic Olkin)
u. (me DL_JNG BAT DANG THU’C KARAMATA TRONG TAM GIAC

A. D6 g}§n cféu vé tinh sép thL'|’ tu’ cL'|a hai tam giéc theo g6c

I. Djnlz nghfa I: Véi mgi lam giiic ABC cho u'u'O'c. kl’ hiéu

6M,“ = Max {A. B.C} ~ Mm {A B. C}

v£1 ta néi EBMM 151 dc} "gain J51: ” cuu tum gizic ABC. Hién nhién SM“ 20 \/£1 BM,“ =0

khi \/‘Z1 chi khi tum gizic ABC déu.

2. Djnlz nghia 2: \/c'>‘i mgi czfip lam giaic A;B1C1 V51 A;B;C; thou min Z diéu

kién: M2LX{A|.B|.Cl}SNI£LX{A3.B3.C:} v21 !\1i11{AI.Bl.(.]}2Min{A3.B3.C3}_ khi dé la néi cap

lam gizic A,B1C, \'€1 AZBZCZ 121 cap du'c_>"c sip lh(1"tu\"Z1 la cé bit déing lhtrc 6Ml,,]q S5M‘B_(-‘

déng thbi ta néi tam gizic A,B,C, gin déu hon mm giixc AZBZCZ.

3. Nhn xét'

3. 1. Tam gizic déu 06 dé gn déu nhé nh5Lt1'0ng m(_)i tam gizic (5:0).
3.2. Trong tép h<_>"p czic lam gizic khéng nhgn [hi tum gic vuéng cfm gin déu hvn mQi

tam giaic khzic.

3. 3. Cho tam gizic AIBICI vZ1A;B;C; du'Q'c sip lhL'1‘IL1‘l1'0ng G6 AIBIC; g§n déu ho'n
‘ A;B;C;. Khéng mét tinh téng quit. gia su' A, 2 B, 2 C1 \"£1 A; 2 B; 2 C3. Khi dé ta cc’):

1+ 2A1 -Max{A1.B,,C|}=A, S/-\,=Max{Aw.B1.C\} ~

“ ‘ “ ':>A,+B.2A|+/5’,
M1n{Al.B,.C,}=C, zc. =Mm{A..B,.c.} - -' ‘ “ ' \A:+B3+C3=A,+B,+CI

V2f1y(A3.B3,C3) v51(A,.B,.C,) du‘Q'c s§1pthL'1'tu'v£1(A3.B3.C3)>(A|.B,,C,)

4. Tinh clzfit: Cho tam gizic ABC vii 3 s51hg1‘c (X. Y 2 0 thc'>a mfm diéu kién:
'A(, :c<A+BB+*/C

01+ [3 +y= 1. Bin BU =ocB+BC+~,c»\ (*)
LCD :o<C+BA+*/B

Khi d6 tam gizic A(,B(,c(, gin aéu hon so mi tam giéc ABC.

.



416 Bfit ling th1i'c Karamata

Clzlhlg minh

5A‘, 2 <1 r\;1m{A. B_C} + B Min{A_ B.C} + ~,/i\1m{,\_ B. C} = 1\1in{A. B.C}

is“ ZOLMin{A.B_C}+BMin{A. 12.6} +1/Min{A.B.C‘}=Min{A.B_C}

[CU 2 omm {A B. C} +BMin {A Bf} + "/Min{A_ B_ C} = Min {A. B. C}

(Max{A(,.B(,.C',}S Mux{A.B.C}
Suy ra 3 5M ,, Q S SMM :> (dpcm)

M1n{AU. B0, Q} s Mln {A. B. (‘}

5. /ip dgmg

51 1. T1’/2/1 <-lz¢i'r: Cho Lam gizic A]B1C, gn déu hon tum giéc A;B;C;.

+> Néu hflm $6 f(.\‘) 16i l1‘én(().7t).u'rc 1a B/""<.\-)z0. v.\- E <0. m ma

./‘<A:)+./_(B:)+./'(C:)2A/'(A|)+_/'(B»)+-[(C1)

+) Néu hilm s5f(.x')161ntrén (0. TC"). tL'1'c 1Z1 _/'”(.\") S0. VA‘ E (_(). TC) [hi

f(A;)+/(B:)+f(C1)5/‘(A1)+./T31)+./(Ci)

5. 2. Cric \'z’z1urié5z1 biéu:

' Vfdy I: Cho tam gizic ABC vii 3 $6 OL. Y 2 0 thou min diéu kién

AU=aA+B+yC

u+B+y=1.Bm BO=aB+BC+wLkmdémc6
C0=uC+BA+3

sin A + sin B + sin C S sin AU + sin B0 + sin C‘,

A C Au Bu Cu

>-

PJby

Q63>N3}’

cm

CW

S111 + S111 +8111 2_s1n +SlI'1 +5111

COS’-+COS—g+COSg§COSi+COSi1‘-COS?

uccc‘)

B C
tan — + tan — + tan S tan

2 2 2

>‘l\>

+ tan+ [HT]

sps

' Vidy 2: Cho tam gizic ABC khéng nhcpn. Khi dé ta Q6:

sinA+sinB+sinC$l+\/5; tan’/47+tan-€+u1ng22\/5-1

CI1 1271g min lz

\JIJ>

\/
-S>~;=I

Khéng mil tfnh téng quilt. gizi sir A 2 B 2 C. Khi CI6

AZE ____
2 _

A+B2%+% 2 —

A+B+C2§+§+3 —
2 4 4 ,_ _

.~i

_—7

Q

U:

PI

F!

I3>I\-12>

++
own)

+V
('§-I‘-\

\/+
4:-:a°°

\)

J(A,B,C)>(%.%.%)
3

¢AE£l>lEEEin 2 2) <4 8 8)
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X61 hiim $6 f(.\") = sinx. V1" € (U. TC) :> f”(.\") =—sin .\‘< O. Vx e (0. It).

Suy 1'21 _f(.\‘) 16m Lrén (O. TE). su dung bill ding lh(1‘C Karamata ta c6:
,

sin/A+sinB+sinCSsin%+sin§+sin%=1+\/Z

Xét hilm $6 g(.\‘) = tam. VA" e (0.?) suy ra g"(.\'> I 2[£1IL\‘( 1 + tanix) > (). VA" 6 (O.

Suy ra g(,\') léi Irén (0.?) . S11‘ dung bit ding thL'1'c Karamata la c6:

, A B C rt rc wt¢1n€+tan5+tan72mnZ+1<1n§+1an§-7\/3-1

\(l

'V1'dgl3: sin°‘A+sin°‘B+sin°‘C23(§) .VOL<()

Q

F3

/\
Q.)

/i‘\

4
u

\‘/
Q

sin“A+sin°‘B+sin _ — .\/O<o<§1Z,
(1

sin“ %+sin“ §+sin“ g_. .‘1u<()

\/
JJ

:2

mu;

Q

l<sina—’?—+sin +sin°‘g£3(%) .VO<0c§1

B. 55p thin’ tl_f céc dzgi lu‘qng dc’; déi trong tam giéc

Cho tam gizic ABC vé'i da} dE1i3 canh 151 u_ 1;. <1 D31 1%.
4 mu + mh + nzi,

GQ1 '71:’! n1/1. In, la dc) dal 3 duong {rung luyen. Bat /11%
Khéng mét tfnh téng quét. gia sir (12 b 2 c_ khi dc’) ta cé czic bf) sip thir tu sau déy:

(a,b,c) >-(2(p —a).Z(p—b).Z(p—('));

/“/2 7/2 Zp([J.[7,0)>~((I./7.6‘)>-L%,:;.?) 1(12.0.0)>-(p—c".p—b,p—a)>[€.€,%)

Do 111“. mp. I7I(- cung IE1 d(_> déi 3 cgmh cua mél tam gizic. gié str m,, 2 m,, 2 mt. khi dc’)

Zm 2m 2m , m m ‘I71(/11,/21,0)>(1n”.n1,,,/nf)>-(T.T.—%— .(m.()_O)>—(m—m(_,m—m,,.m—n1u)>

Str dung b§tCI§ngthL'1'c Karanzata cho him I6i v51 hilm 16m. ta C6:

i<£:rL~:i L-L 11i"+¢1<i»F “_ \_; /__ 3-
3—((l+b+C)2<2’4<(Cl+b+C)2—3.\Vp<\/[J a+\/P‘ 7+\Jp (<\/P’
\/a(p_a)+\/b(p_b)+\/(_(p_L_)<\/2p: l<(b+c)(c‘+a)(€z+b)S7S l§S (13 +b:+C2 <_;

4 (u+b+¢‘)* *7 9 (nzU+1n[, +1211.)-

Z(p—a)(p—b)(p—(r) abf
"”‘ Z8""")(”“’)“’“)‘ <p~a><p—1»>+</1-1>></H->+</H-><p-Q) §~b+b(-+w‘

UJPJ

32(p—a)(p—b)(p—c)[(p—a)(p—b)+(p—b)(p—c)+(p—c)_(p—a)]Sabc(ab+bc+ca) 
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§13. 2. KY THU/_$T sU'1)1_n\‘(; BAT DANG Tntfc KARANIATA

|. c:Ac BAI TAP |v|Au MINH HOA

>-on

351i 1. ChL'1'11grninh1'§mg l+i+i2Z{—‘—+¢1i+—l—)_“kimqi ,;__/;_(->() Y

u 12 <‘ ‘u+11 .»1+<' 1+1."

C12 lhzg minlz

> > + >1/+1>/2+¢".Khid6.1;1c<3Khfmg 1115! tinh 15mg qu:il_gi:'1 su' u _/>_<' su) 111 11 1 /1 _ . -_

‘P1121: +12

<;Z<1+Z1>Z(<1+111+(u+<'1 nén (Zu.Z12.l¢") 1» (u +1>.u +c’_1>+<‘)

1\Zu+Z12+Z¢"=(u+1>)+(u+<")+(11+(')

Su'd1_1ng bl ding thL'1'c Karamata cho _/'(.\") =l 151 hiun 113i Lrén (().+o<>) ta Q6
\.

1+1+1> 1 + 1 + 1 <:>-I-+i+l>“(»L+L+—1—)
1:1 Zb 2(‘_(l+17 1)+c' (‘+0 c1 1) <“__.u+1v 1>+(‘ <'+u,

Béi 2. Cho (1.12. c" 2 O. ChL'1'ng minh ring:

{(11 +114 +1"; + V1311: +1>:<': +<":u"2 \‘¢1‘./v+1>‘('+<"u + \‘u1)'+/>0 + <11’ (1)

I
.4‘-

Clzzhzg min/1

A::<1:'+1>"1+<“1;A~ =u:11:' +/>31‘: +a"3u:1B3 =1/;1v +1>;('+¢":u 1 B: 11112: +/)1: +111:

" w ~ ~“

Tu 06: A, -113 :%L(u: -1231’ +112: —c:1_ +10: —u: 1-120 is A1 2 A;

Xél B, 2 B1. SLY dung b§1d5ngthL'rc AM - GM Lu cc’):

[(11 + (14 +114 +124 2-111312 141"‘ + (1:1): 2 211512: 12‘, + 11:1): 2 Z1111}

17 ; - +1 ;

111* +1)‘ +1)‘ +6 241% \/£1 - /1‘ +1>~(~- 221711 1' +1>~<-- 22111

104 +04 +c4 + 41"‘ Z41-C361 ('4 + (la: 2 Zc}(1; (I4 +0211: 2 Z011}

Mal +1)". + cl124((z31>+1>3('+c}z11
3

\Z(uJ +121 +11 +1131): +1730: +(':u3,12 Z(z1’_‘1>+/2’1("+1"¢11+ Z1017} +171“: +0113)

, . . "dune bzl dang lhL'1'c Karanzata .' = \/.\' loi Lu co:

1;‘ + A3 2 B, + B3

J
- '1

M17" +111" +071" 2\/u"1)+1>(‘+<“u+ \/4112' +120 +011\!'uJ +174 +1", + \/

‘AI Z B3

Néu B; 2 B1 thi lu‘o‘ng lu ta cé : i»(dpc1n).
114, + A3 2 B: + l§;

Biii 3. Cho c1.b_c'>O. Chimg minh rfmg:

11» 1 _ , 11" ; ; = m Q z Q in

(uh +12“ +11‘) +[(l17('((I' +12‘ +1” 1_‘ 2101) +11 1' +c‘ 11) +(u1J‘ +120‘ +111‘ 1

C11 ling mi/111
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A] :0“ +12“ +0“ 1A: zu/)<'(u: +/2'} +0‘ ) L B‘ =51;/> +/2<<’+ cs (1 1 B: =u/>5 +/>05 +<u'<

1(1(‘+(1(‘+61!‘+(lh+/7h+(‘hZ6tl;/7('

Ta c6: <11?" + /2° + /1" + /2" + U‘ +11“ 2 6/>":'u Q ;—\, 2 A; (X61 Z1ru'O'ng hqp sau:

,0“ + ("(1 + ('6 + ch + 41“ +12“ Z6("'u/2

[A128,
.\Iéu B12 B; khi dé la chfrng minh:

‘ L

néu B; 2 B1khid6tz1chL'mg minh:

A,+A:2B|+B:

/\___\

V
CC

J

A]+A32B2+B!

Str dung béit ding lhtrc Karamata \*c3‘i f(.\") : .\""‘ 16i ta cé

1H)
(ah +120 +c6)m+[c1/2c((1" +1)“ +0’ 2(a)/2+b"z'+c‘\ (1)10 +(ul>' +120’ +cc1° )|U

Bili 4. Cho -1 ix, _\'. I £1 vi1.\'+_\'+ ;=~%.

Tim gizi tri ]o"n nh2'l1cuz1S = _\-“ + yx + is

can
Xél him S6 f(u) = H“ vc'>"i 11 E |-1. 11.111 00 f'(”> 1 ; f"<m I 5611“ 2 0 .

vm f" <11) 2 0 v ll E [-1. 11 khi <1<s_f<m 1:1 hilm l6i trén [-1. 11. Khéng mit mm téng

quzit, gia str -1s ; 3;-$1-g 1. xmmi b@<,\~._\~.;; \-21 (1_-%.—1)u1c6:

.\‘§l;.\'+_\'$1+(—%)=% :.x'+_\‘+;=1+(—%)+(~1):—%:> bé (1.—%.—l) .> (.\'._\", 1).

SL1‘ dung bzil ding thtrc Karamata vc'>'i hilm léi f(u) = 118 ta c6:

x ‘ -
S = .9‘ +_\-“+;“ £1“ +(-é) +(-1)“ =2+§[6=%:>I\/IaxS=%~

ca

E1

5.Ch0.\'2_y2;>Ov£1.\'S3 ;x+_\'S5 :,\‘+_\"+:=6

Tim gizi tri lc5'n nht Qua S = .\"'3 + _\"‘v3 + :"2

aim"

Xét hilm 56 fm = .\‘0' vc'>"i .\- > 0, <1 > 1. Ta cé f'<.\*> = 0u"“‘] 1 _f"(.\-) = om - 1).\-‘"1.

D0 f"(,\-) > 0 Vx > 0. Va > 1 khi dé f<.\-) la him] léi Vx > 0. xet 2 bi» S6 u~._\'.;) v51(3, 2, 1) ta cc’)

:.x"S3 ;.\'+_\' § 3+2 ;.\"+_\'+; =3+2+ l :>b©(..2. 1) > (.\',/\'.;).

_)J

SL1‘ dung bit ding thtrc Karamata cho hflm 153i f(.\") = 1'“ ta c6:

s = W + N5 +35 s3*5 +2*5 +1“ 1» MaxS=3‘2 +2“ +1“
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U5

E1

::~

/ \-- ~\-
C I _ — _

(I ‘ ¢1~ ! L1, ‘

. Chu'n<* mmh: (1 +u )(l +u~ )...(l +11” )<§ l+i— '1] l+ —' l+~' 1(1) Vu‘.u~.....u,,>O
u. \ a~ \ ul

’

(1) <:> ln[(l+u1)(1+u3)...(l+u”)]SlnL
(1

C111?/lg minlz

F( "~ \

11! +u:)(u_ V;~+(l) ((lH+£l)L
1(l~...<l,3

<=> ln(,l +11] ) + 1n(1 +a: ) + +ln('l + an ) + ln u| + ln (13 + ...+ ln an S

S1n(cz]3 +a:)+ln(c1§ +a;)+...+ln(uj +11, )

{ J \

<=> ln(al2 +a])+ln(a§ +a3)+...+ln(u§ +u”)Sln(a13 +u:)+ln(u§ +u;)+...+111(a5 +513

Cho f(.\') =1n x :> f'(.\') = L :> f”(.\") =1 < () . Vx > O ~

\ \‘

((1): ((1,: +Z1|.u§ +u:.....u,? +0”) \'Z1(b)= ((1,: +c13.u§ +u;.....as +01)

:> fm 121 ham 16m v.\- >0. Xét 2 bQ> $6;

Chimg La C6 lhé dzinh lzgi k)" hiéu chi 56 du'('>'i dé nhén du'Q'c I b{> s§plH(1'lL_1's;1u dfly

_ '7 . , ') . . '7

(H/u)_(:%an1, "u:n|+l‘3a1r1~. “(Inn-l ""‘3a/11,. ""u/1:, ~l )

~ " ~ \ 3 2 _

(uk)=(a;| +aL!,a;‘ +¢1‘_.....(z[L +akw) va (1),,,)=((z,m +<1m\-|.c1,”: +r1m:*l.....(1,:,U +c1”m,)

, I I Z

Ta co . akl +41“ Zam] +uk‘ 241"“ +u,m +1

(I (I (I (I Ll
k : '2 _ ' : ;_. " :

(z1M+z1M)+...+(¢z,\, |+ukM)2 um‘' “ ( ‘ )+...+(u,j,, +11", :)2(z1;,! +c1,”!)+...+(z1f”y +51% )+

1 ~ 1 ~

(c1k|+czkI)+...+(¢1AH+aLl)=(uml+a ..+(um +<zm )+1

Véy diéu kién cua bél ding thL'r<: Karamata du'<)'c thou min v21 Lu 06

(1 +

'3

3+
+__

1 / ~ \

(I ' (I ‘ ’ (1;
a1)(1+u3)...(l+a”)SK1+—LjK1+i7...[1+’l . Va,.a‘.....u” >0

an 11‘ /~ (1,;

(u,3\+ l)+( A: +11‘ )>( in +(1‘|)+( 3, +<1K )>( ,3, +u” )+(uil +um\)+l

Biii 7. Cho a]. a3. . 0,, > O thcu man 30, — Zu, , | ¢ U. V/'11./2 (2l1=£1n_,])

Chfrng minh ring:

DJ
r\

-..

\

—2.(l:1
.m¢:u, - '2!!! ‘,1

7”
Q

—Za\ Zu (1
I. 1 I

11 L'I::' (I)

CIz 1211g min h

i?u|—Zu~. .
Wu -111,‘ L ‘, U

(1) <:> In 3a —2z13" " ...|3a” -20,,“ " ‘)21n(z1l“¢1:‘...zz”")

<:> |3a| — 2:13 1n[3a] — 2:13 + ...+i3a” — Z(ll\ln}3z1” - Zn, 211, ln al +...+ an In an

Xél hai bé S61 ((1) =(3al —Za3.....3a” -201) vi1(_b)=(u1, a;...._c1,,)

Chfmg ta c6 mé dtinh 131 ky hiéu chi $6 du'c§"i aé nhfln dLl'Q‘C 2 b<f> sap ma mu suu dixy
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~ .“ 0 . .

((I!II)_-(3(I!1l‘ 2Un1\‘~I‘ Jar.-7: "'Um;—1""‘ 3'”/my :2u.~r.=, ~! )

\/oi 3:1,”; — lump‘ 2 3<zm: — Zu,;I:__, 2_.. 23¢“ —~ Z11,” '1 > () \'o'i (1,, + 1: ui

(bk)=((1‘[_¢lA_...._¢zAy_) \'('v'i ak‘ 211A» Z...Z(l;

Tu co 3:1,”! — Bum _| 2 3uA_ — Zu, _, . — Zu; 2 u;

\/
JJ

'-I

. r - r _ ~\ .

(Sam! — Z¢1m‘¢1)+(3(l,”_ — Zz1m__,)2(3<1A — Z11; ,1 )+ (3u__ ~ lain _| )2 uh + uk

_v ~ _-> _ _(30% iC(”’l~‘l)+lII+(\)(!]7y‘:K _¢1m_: VI )2(3(1A\ Z1/L1_1)+...+(3aA Zak‘ l-I)2u‘l +.‘.+uk’
1 P) ') ~ .

(nzzml Lczmlyl ) + + (3a,”v _z1”,V,] ) — (IA! + uk: + + ukv

Xét him so f(.\") = .\‘]n,\" voi .\' > 0. Ta co ‘/"(.\') = 1 + In x 1 _/"”(.\") =i > 0. V.\" > O.
.\"

Suy 1'21 f(.\‘) 151 him 161 ‘v’.\* > O.Theo bét ding Ih\'1'c Karamata ta co

(MN —Qa )ln(3u —Zc1 )+...+(3u -211 ‘ln(3u —Z(1 Zu lnu +...+u Ina
1| //1]-l I71‘ ml +1 111,, 1:1,} ~l mu mu ~I I I u rz

<:> |3a, — Zu3}ln[3u| —Zu3i+...+i3u,, — 2¢z|§1n}3¢1” — Zufzal 1na‘+...+ an Ina”

Ru —l 1_ L -2.‘ H-‘ U-_ U

<=> |3z1I -2151 ‘ l‘ ...‘3u,, —Zu]» I‘ Zul (I: ...u,_,

B:§1i8. Cho .x'1_ .\";..... .\',,€ ChL'1'ngminh1'§mg: t

cos(2.\", — .\';) + cos(2.\'; — .\';) + + cos(Z.\',_. — .\-,) 3 cos x, + cos .\-3 + + cos .\~,,

Ch 1271g minlz

F. 1 YT? F W

Goif(.\")=cos.\":>f”(.\')=—cos.\'<O Vxe :\ f 16m lrén |_—— —

\_ 7 _

ON?!

O'\7-i

o

Xél hai bé S6: (cl) = (Q.\"1—x;...._Z.\‘,,—x1)\'Z1(/2)=(,\‘;..\’;.....x,,)

Chng la C6 me dfmh mi ky hiéu chi $6 du'o'i aé nhgin du'o"c 2 ho sip tl1L'ru_1'sau dy

(am ) : (BA-111' _ '\-m1+| Z 2'\-11!: _ '\-/11314 ;"':2'\'/1:, _ '\-m‘ ~l )

vo'1 Z.\‘m| —.\'m;_] 2 Zxm: —.\‘,”:+l 2...2 Z.\",”‘ —.\"W _I \'Z1 .\',,¢ 1 = .\'1

(1J‘)=(.\'A|..\‘A: ) \'o'1 xki ZN‘: 2...2 .\'A‘

"7'—‘ >7"-' >7‘-'>'Ta CO “'\m| '\m1+| _""\L; '\K1+l _"'\kl '\L‘ _'\l,

(2"\-ml — X111]-I ) + (2'\-/71: _ X11131-I )2 (2'\~/W _ '\-kl-l Q) + (;)"\.&: _ ‘\-i:—I ) 2 X/\[ + A-K:

'7 - _ - '7 - _ ~ 7 ~ _. ~ '7 - __ - - -(-_.\ml .\mlY1)+...+(_.\m”_I .\mu__]_l)2(»_.\A; .\ki_1)+...+(_.\kH .\‘H_])2.\LI +...+.\M!

(Zxml —- .\',”,+| ) + + (Z.\‘m‘_’ — .\‘mV__] ) = X‘! + .\‘L: + + .\';

Vefly diéu kién cua bit déng thirc Karamata duoc thou min vi Ia co

cos(2.\'] — x3) + cos(2x; — .\";) + + cos(2.\",, — xl) £ cos .\', + cos .\'; + + cos .\",,
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1

\ \ ~

1

1::

E1

1°

, _ L 11 11‘ 11 1 1 ~

Chung mmh rang: l+—'+...+#211,‘ +115 —...~11/f (1) ‘~711,.11\.....11,,>(_1
113 11>; 11,

Clz1i'11g n1 1'11 I1

Dial .\', =1n (I11 1'; = ln 11;; ;.\‘,1 = In (1,,.1\‘hid6
1\~\ 1\~\~ ?\ ~\1 I\- I1~ I- > 1 _ 1(1)<=>(/1"+e' ~‘+...+(" " 2<"‘+( ’ +,._+1

D§1tf(.\') = 0" :> f"(,\') = 1" > O Vxe :> f(.\‘1 151 hilm 161 lrén

Xét hai bi) $6: (11) = (3.\‘| — .\-3. 3.\"; — 31",, — .11) \'i1(/11:(l\‘1.Z.\';_.... Z.\",,)

Chng 111 cé mé dzinh mi kg hiéu chi 1111-<1-1 dé 11hzi11dLrQ"c 2 bi» sip 11111 111 SZILI dily

_ .__. .._. ..._. .'."\___ ___ ~1__.
1a111)—(3'\111, '\n1‘+1 ‘3'\111: '\111:~1‘ "" 3'\111, '\11z‘,~1 ) \ O1 111111 '\111‘~1 2 3\111i '\111:-I 2 Z $1111,‘ '\111‘-l

[Yong dc’) .\",,+1=.\'1: (bk )=(Z.\“‘ .Z.\‘L,_ .....Z.\';v ) vé-"i 21"‘! 2 21"‘ 2...2 2.\"_4v .

Khi C16 ta cé
. _ , 1 7 .

3.\ml .1 23111 .\A‘_l 2_.\kl
111! +1

(3'\.11;| — '\-1n!+1 ) + (31,111: — '\‘111:»1 ) 2 (SA,/1‘ _ ‘\-l\,+1 ) + ("xx/L: — '\-}:~1 )2 2X11] + 2'\-K3

3: —.- +...+ 3.‘ —." 23; -5, +...+
( \”’1 \”'1*1) < \”',.--1 \'”1.-»1‘1) ( \‘~1 \"'1'|) 1 1 1,1 1 11

(3'\‘111| — '\-111[—1)+ + ($1.111; _ X111,‘ ~1 : 2"\~Ll + 2"-kl + + 2"\-k,.

L1.)

-1
,__

_- v- v-Ah _])2_,\A‘ +...+_.\k‘_

Véy diéu kién cua bél dfmg lhirc Karamata du'Q'c lhtm min vil ta cé (dpcm)

B511 10. Tim hing $6 C nh(>11h§td§
1

1\ -v
11 1

Z .x',.\',.(.\'i2 +.\‘2,.)§C](Z:.\; (‘1l:1f._ZV.\"..\}......\‘,‘ 2011122.
A \11 1/ I _ 1 I

1S1'S_/£11 =

Gidi

Néu .\", =.\'2 =._..\'H =0 thi bait ding lhfrc dimg v<'>'i m<_>i C 20. Néu cé 1'1 111151 mét $6

.1, > 0 1111 .1--1, +1-I +...+.\-H >0. khi as chun héu 1151 ding 11111-1» min n1151ttrén mi

Y1 + \‘, +...+.\'I =1 .~

1

v('7i

11

Z1 _I ‘."\_ ,?__ ‘.1 _3 _ - .

Z *1-~\,(~\, *-1.1- Z ~\,~\1-+ Z »\~\,—Z-\1Z\,—Z~\, (1 -\1)~Z1(-M)
lS1§1'S11 12151211 13151511 K1511 111 1§1§11 1-1

— _ 'u hf'(.\'1-.\"1 .\"‘1. \/‘1 vi)‘. 111 can xzic dinh him: sf» C n 011115115110 cho.

Z_f'(.\" )3 C vdi .\‘l +...+.\'H =1. lrong (16 j'(_\")=.\"1 —.\‘1 151 hm $6 161 trén 10.
1=l

Ta sé chirng minh M1'11C =-Q;

Thin v:;‘1y. khéng mét tinh téng quzit, gi $11 xi Ex: 2...2.\"”. Ta sé xét 2 lrumg hop sau.

0 .\‘

_1

Si. D0 l,%.O,...,O)>-(x!_.\‘......x”) nén'2 12_ "

$1111-I.)§11%)+1-(%)+_1<11>+...+_1"<o1=%
i: ./_, .._.

>-



Clzuvng III: 1\'Iz 1771 g rién kiln cmrlzg trong girii tfclz

4..

J
.11

' xi 2%. Do (1 —.\'l.(J.....()) >(_\":......\",_) ncn

=1 /'1-

2'1-1(]‘
r-

'-1

_,

'-1

i /"(.1 )__/(.11 1+2/‘{,\, )§_/'11, 1+/(1-.\_ )+<,1-2>_/"<<>>_A,/"111 1+4/"(1 .\,)_
w

=1 ~ r 1 — I “.\' — °.\" + 7.\f — _’.\" +1 11:+(l__\-‘)‘1—g(')\-1_'7‘~{)")\-'__"\-1J-]‘<%i; ' zé

1|. Blu TAP DANH CHO BAN DOC TU’ c;|A|

Bili 1. Ch0.\‘2\'2:>()\'Z1.\'Z5;.\"+\"28;.\'+\‘+t=1()

Tim gilri n110nh:'ucL1z1bii*u l11L'rc 1' : 1\~'3 — 11 +(\ 3 — 11 +1\ 3 -11

B5112. Cho .\‘ 2 \" 2 1, 2 I > 0111011 mfm diéu kién:

V \' S 7 :.\' + \" S 13 Lx + \" + :, §18:.\'+ \" + 3 +1: ZZ.T1m Max cL'1uT = .\“v\"':"1

B£1i3. cm tum gnu ABC \"é'i 0 < c < B < A g 90" ; A + B s 150".

\1n 1 \1n If ~m CTim gidtri1611nh§[cL'u1biéL1I11£1‘c T - (sin A1 ' (sin B) (sin C)

Biai 4. cm tum gizic ABC \'é'i 0 < c < B < A g 90" 1 A + B s 150".

Ti m gizi lrj 1b'n nhil cua T:—‘——+—1k +~1i—1lzu1i+L;1n§+t;111£)
.- 1-1 ~ l>’ - C ~ 4 -1 -1sm .\m >111

B5115. Cho mm gizic ABC vdi O < C < B < A § 90" 1 A + B é 150“.

Tim gm *1 'nn é cuu =s1n"t1'1é h’l ' T "3+sin§+sing+Lz\n%+I;1ng+1;111g
»

Béi 6. Cho tum gizic ABC. Chfrng minh czic b5! ding t1u'1'c suu

r~ (L/ ‘_\ \

cos°‘i+cos“§+co»“£__ £1 .7oa<(J
Z 2 Z \ 2 ,.

V
JJ

~— (L
‘w

Z<c0s“ d+c0.<“§+c0_<“£§31 3
Z 2 I ~» I 1

.V()<OLS1

B5117. C110 u'1' gizic ABCD vdi A 215()° > B > C > D1 A + B2 I-1(1°:A + B + C 2 300°.

‘I ~\= ~.€
Tim gizi [r1 nhO n11§tcL'u1 biéu thL'1'c T =[um +[u1n§) +(u\n%] +_(1;1ng)

Bi1i8. Cho (1.12. <"2().ChL'1'ngmin11: I "n", Zc“ ’\'”“‘ " +0“ “I” ""

Biii 9. Cho (1. b. 1* 2 O. ChL'rngmin111'§1ng:

1 1 1 1+, 3 +,
\/:14 +174 +0": \/'11:/J3 +/72¢; +01:/I \,‘z/I/7+/2'1c'+(‘1u \"1u/>1 +l,>('1+('u*‘



424 B11! tiring t1z12'c Karamata

B51i10. Cho £1.12, c2 O.ChL'1'ng minh: ((13 +123 +1-'=1l11(<z“‘ +125 +0} 1 +3c112c'ln(3u12(~) 2

2 (a212+12:¢'+(":u1l11(u:12+12:('+0241)+(1112: +120: +("u:1ln(u12: +12<*3 +('u:1

Béi 11. Cho u. 12. c 2 1. Chimg minh ring:

6113.-12"-1 * 6+1 u‘+1>‘~n " eh!/2: c—3u12< e1."1r+/2‘: ~< '11 €—‘.':'11—/2 ~ ‘.1’ 61112“ +1» ' +141’ 641111‘ ~1>r ‘~11: 1

. . . + Z , . . * \ . 1

a’ +12‘ +0‘ 3a12(' u‘12+/2“(‘~.-('11 a12' +12(-' +c'(I'

Bfai 12. Cho a, 12, c 2 O. Chirng minh ring:

<9__

u

(‘ >1 (‘ v! < < < (‘ ,1 = § < (‘

§)/1+(a6 +196 +661 +§11 +a(’12°c6 (113 +b3 +01) 2§1]+(u'12+12‘ ¢’+c' (1) +§‘l+((112‘ +124“ +411‘)

Béxi 13. cm £l,1),CE [0.—). Chirng minh1'§mg:

€11—(a5 +125 +0515 +§/1—a5125c5 (C12 +122 +021) S\i11—(u412+124('+('4c1)> +§11——(a12"‘ +126‘ +c"u41>

Bi 14. Cho Cl,1),C> 0. cmmg minh rang;

e¢1(‘+116+<h cr111('(u‘+1v:+<':1 €z1;1Y~1Y;r+» 11 eu1I<—1n';+m;

+ > +
\/l+€¢1(‘+12(‘+<"(‘ +e111u(¢1':+Iv‘“¢(-11 \,/1+ cu‘/v-/>;¢~».;u + cu1>'>-1n;+<u

Bi\i15. Cho (l,1),(.'> 0. Chime minh ram;V c

‘ ' ~ 5 < < < < 3 iy i s € 3

§1(a° +126 +c(“)‘ +Q/c13123('3(z13 +12’ +03) 2'\1(a'12+12*c'+c‘ (1) +'\,/(a12' +bc" +011’)

Bi16.Ch0 <1. b. L‘ > 0. Chtrng minh rang; '

\3)(a4 +174 +04)‘ +\31a2123c2 (u +12+(')4 2{1((1"'12+12"¢'+c'\‘ (11: +{,(a12" +1203 +<:aR)“

‘ L _1(u)=(u,.a:.....<1”)

al 0 0- on SO uc Sap u u1(12)=(12l.12:.....12”)

'61~Z¢1~ —i . . ~ An .2 ,. , . 1

Ttrc 151 b’ >b"l Vi=1.n— 1. Khl dé ta n61 réng bi» (u) IYQI h0'n b(_> (12) v0'1 cac hr; so thuc
i— i+l

duvng ml, 1712. m,, néu thoa main diéu kién:

mla, 2221,12]

mlal +m3a3 2121,12, + 1113123

mlal +m2a3 +...+111”_lz1”_l 2/11]./2] + /213123 +.4.+1z1”_,12”_1

mlal +/21303 +...+r1z”_|u”_] +nz”c1,, =ml12| +/212123 +...+/11,_,_112”_, +m,,12”

Chirng minh rang néu ham S6 f 161 v51 bi» <11» n~¢»i hon bi» 1/)» ma

I mlf(a, ) + m3f(a3)+...+m”f (an ) Zmlf (12, ) +2113‘/' (12: ) +...+ nz”f(12”)

(B('1t ding tluic Karamata m0 rging)

.|

L —
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§14. BAT BANG THUC \~'()1 CAC HAM sf)
,

,~_ A '- \ ~ A 1

LOI BEN PHAI VA LOM BEN TRAI

§14.1.cAc DINH LY vii HAM s0 L01 BEN PH.;\1v.l\ L(1\11a1?:N'rRA1

Cho f 151 hi1m $5 xzic dinh lrén khoang _ C I1. Hi1mfdu\_\'c gpi ]£11@~i hén phai lrén néu

néu I5n lai sel sao cho I‘ 151 hilm l5i \'d'i .\ 2.x". Tu'o'ng Ru‘. _/' dL1'Q‘C gqi li1 16m bén Irzii

lrén I néu tén tai sel suo cho f 151 hixm 16m \'é'i .\S.s". Hui dinh If suu dfl)" \'Z1 nhfrng

hé quzi ctlu chL'1ngr§1Icé {ch khi chfrng minh mQ»I l('>'p1"@11g czic h§ldz'mg1hL'1'c kiéu Jcnscn

cho czic hilm 16a bén phai \’Z11()I‘ bén mii.

|. c/l\c BAT DANG THU’C vdl HAM LOI BEN PH/5.!

Djnh 1y hilm S6 léi bén phzii (mm 1_<~ RCF)

C/10 _/‘ (11) /[1 m(3l /11‘:/11 .815 .\‘ci<' Jjn/1 lré/1 /</zvulry if C Pl viz /(ii \"(}'i 1/Z.\._\‘€ I.

, , ‘ _\,+_\, ...+_\H
Néu lac?! Jcing I/1121' _/' (xi ) + _/'(.\", ) +‘..+ _/' )2 /zfl I ( I J dung

~ - 11 ,»

.\]+_\,+,..+_\”
\’0‘I HIQZ .\'I _ .\'~ . . . . . X” G ; I/IOU l7I(U7 i_i'—*i‘ I S \'lI .\Q I X1 I . .. I X” 2 X

“ II ’ ‘

,\'| +.\', +.I§+y\—/I
I/11 (1) czmg Jung \’l7I mo! .\‘] ..\', . . . . ..\'” E _ I/mu mun‘i2 _\"

' /1

Chzhzg minlz

Khéng m2‘1l lfnh téng quail. gia' su'r§111g .\‘\ £ .\"3 S...§ .\],. Néu .\-l Zs {hi bit déng [hire cn

chfrng minh chi 151 bén ding thtrc Jcnscn chm hhm lfvi‘/I B51)’ gib gié‘ .\~u~ xi < .s'. Til‘

.\‘; +.\‘: +...+.\‘” 2/zx. su)" ru 1611 1;_1i ke {1.Z.....1z -1} thou mfm .\'E S.‘.S.\'A §.\"S.\';__; ...S.\'h

x, +.\‘_ +...+.\ _ .\'I +...+.\x .\ _, +...+_\‘,_
at : ' ‘ '.:= “ .1: " '.
' /1 l\ II /\

tacé :_eE.zeI./<:,+(n—l<)z=nS vi ;<s$S<r

Sir dgng bé1tdi1ngth(1'c Jensen. ta c6 f(.\;_] )+ ...+ _f(.\"” )2(n —k)_/"(H

Tiép theo, ta sé chimg minh1'§1ng _/'(.\*] + _/‘(yr )+ (:1 —l\')_/'(r)2 111' (S)

., '75 -\ .. . _ , . ;Ky h1¢u _\', :——1—’ \'o‘1 111.2“.../<. Tu sc clnrng mmh rang .s‘< y, <1.
zz —

\/<5: lrzii bél déng thfrc nily quy vé .\-I < s. diéu nily dng vdi 1': 1.Z.....k. Hon nfru ta» c6
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/zx — ,\'\ /1.\:—_\', .\', + .\', +... + ‘\'H 1"", + ..,+
\"_S\".= _§ ‘=‘ ’ '§“ ‘:1" II—| 11-1 11-1 /2--/<

Vi vi)". thco gia thi»§l_ h§11d§11gth£1‘c suu dfmg 4/'(.\' )+ (/2 —1)_/‘ )2 11/" (_\-_) _

C@11gl§11ca cdc bél déng thfrc \'0"i I':l.2_..../\'.I£1lhLldLl'Q'C

_/'(.\'l)+...+ _/'(.\‘A )2/</1/'(.\')—(/1~1)L_/'(‘_\"l)+...+ _/'(_\ _ );

By giéy ta sé chtrng minh ring /<1;/“(s) +(n—l<)_/'(1)2/1/"{5}+(n—l)T_/‘(_\"|)+...+_/'(_\“

Dal Z-(/z+k—l).s'—l\';.TaCé §n5+(/\'—I)S—/<3,:(l<—1).s"+(/1—/<)Igr
' ' n—l 1 /1-1 /z—l

D6 )7 rang vector A =(sI.s.....s) ll'©1h0'n vector B:(v\"1 .'\'H ....__\“ vé'ichL'1)'/

(/\' —l)s+sl =_\'| +...+ _\'A \'i1.s‘S_\"A S _\"k_l S...Sv\"l.

Nén str dung bit ding thirc Karamala Y5: b6 tréi la Q6

/'( VI ’)+...+ /'( \", )S(/< — 1) ,/'(_s)+ /'(.s’|)

Tiép Lhco. chi C5111 ch(1"ngminl11‘{‘111g (/1+ /\' — 1)‘/'(.\") + (/1 — /< ) _/(1)2 /1/'(.S') +(n — 1)_/(sl

Bit ding thirc nixy c6 lhé nhn duqc hing czich céng caic bit d§mg thtrc Jensen suu dy

sau khi nhfm chimg \'o"i n vil n -1 luong (mg:

-5 5___‘ I—.s' .s"—.\‘_

Chzi )5 I. Gié lhiél cila d§nh1)"tu'0'ng du'o'ng \'O'i diéu kién _/'(.\")+(11—1)_/“()")211/'(s)

\‘é'i mQi .\"._\"€ Y thba min .\-S 5S _\" \'E1 .\‘+(/2 -1))" Ins

'( )— ' ;)
Ch1ij2. Bin ‘g>(I):L—LI——‘l‘——. \/O'i .\"<.s'<A\‘ \'Z1 .\'+(/z—l)_\":ns. La Q6

_>\-

f(.\‘)+(n—l)f(_\')—r{/'(s)=_/'(.\')~-f(.s")+(n—1)Z_/'(_\')—A/’(.s'@

= -—‘ I - — *—' I '= "—" (\")—g(.\')_§

A

‘,-

L»

\./

’:’¢~

,-\

‘/
V

A

__

\-/

A

'2

Lr
Q

Q-'\

,\
'2

A

V

'/
V

[__

O:

Vi vy. gizi lhiél cL'1a dinh If’ lu'o'ng du'o'ng \*<5'i diéu kién g(.\‘)Sg(_\') vc m<_>i .\'.v\'el

théa min .\"S s S _\' V51 .\" + (/1 — 1))" =/15

Chzi y' 3. Gia Sn rng 1' 1:1 him kha vi trén Thé an emu 1;» RCF dfmg yo-1 CZiC gizi lhiéx

ban dim kém thco diéu kién hgn ché f'(.\') § \'c'>'i m<_>i .\', ye I théa min .\'S s S 3'

L. L



(.'hu'0'ng III: .\'lu7*rz_g viérz kim cu'0'ng trong girii I11-I1 -+ ‘"
\=Z1 ,\"+ (11 — l)_\" =r1.\p Dé chirng minh bf» J5 nix). 111 hiiu

F(\'): /‘(_\')+(n~1)/'(—i'I“—i\)—11/'(.\’)
/1

Til‘ F'(.\-):_/"(_\")—_f"(>\‘)SO. hilm F(.\') lng vdi .\"S.\".

Tiép thco. F(.\->zF<.»~)_0 mi .\‘§s. \'Z1\’\l mé _/'(.\")+(1z—l)_/'(_\")—/(/“(.\")2()

H? qzu? r2’_inlz lj Izdm 151' bén pluii (Hf quzi RCF).

C/I0 f /[1 /151/11 55 Xzic (71/1/1 Irén (().+<>@). /' > O, Néyu /15111? _/‘| (ll ) : _/‘ (e” ) /51' \"(}'i z12ln r. viz

f(aI )+f(u:)+...+_f((1H )2z1)"(Q/(“(12 ...u/5-) (Z)

wii moi r1].c!‘....._u” >0 I/20:1/22511 {_/a|r1,...u,_ :1" \'[1 u, =u, I ...=u” 21‘

I/2i(2)c71ing \'d'1'1n(21' u|.u......u,v >0 I/ma main {(141, ...(zl, 2 r

Cluhlg minh:

Ap dung Djnh l>'= RCF cho hilm _/‘(W ngoili 111. {hay (1 béti In 1'. \'£1 lhuyx/A bo'i lnu‘

vé'i mqi chi 561'

Chli 3" 4. Gizi thiél Lrong hé qua urong du'0"ng \\'\‘idiéL1ki{:11 _/_(.\')+(n—1)‘/’(_\')2/1/’(r)1'r)'i

/2101' .\'. _\" > Or/mu mun .\'S rS _\‘ 1‘[1.\'_\"” I - / "

Ch 5.Gi;'1 $L'1'1'§ng f 151 hilm kha vi trén I.Th§1hi hé qua RCF dfmg vdi czic gia' lhiél

ban du vii diéu kién han ché ,\_-/"(.\‘)S_\_"/"(_\") \'é'i mqi _\'._\‘E: thou min .\-S.s'§_\- vil

r|—l _n
.\\" =2

Ch :2/ng minh:

Ta hiéu F(.\')=_/'(.\')+(n— l)_/‘[/ 1'-'1*\1,E\J—11/'()*)\.

. W ~'<,»>- ~

\-21 nhén X61 F'(.\-)=_/"(.\-)—i-"K/L-_/"(_\‘):?—i'\/‘ V (Ugo.
/1 /I Y

Suy ra f(.\') ting \'O‘i .\-£1-.

Tiép lhe0,_ F(.\‘)2 F(r) =0 véi .\'Sr,vZ1\"ilhé _/'(.\') +(1z — 1)‘/"(_\") —n_/(1') 20
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u. cAc BAT DANG THU’C vow HAM tom BEN TR/kl

ngnh 1; ham S6 16m bén tréi (Dinh 15» LCF)

Cho _/' (11) 121 hum xuc dinh trén khoung 1: F. \'u lom xoi u é .\. s€ ...

- , t
_

\.\' -i-\X+..,+,\'
N’ét1h€1tdungtht't'u 4/’ (xl ) + _/' (_\". ) + 4..+ _/' ) § 11>/1 " " (31dt'1ng

' \ 11

.\'! +.\', +...+.\"‘
\'O'1 IHQI .\'1..\', . . . . _.\'H € _ [hUZ1 H1111] ' ‘ I .\’ \ ll .\'I

“ II
:.\g 1...1.\' is

_ u—l

\ + \w + + \”
Th1 (3) cung dung \‘o"1 mot .\‘|.,\", .... ..\'H e ‘_ thou mun ' ' ’ Ss-

- /1

Clzirlzg minlz: Chirng minh dinh 1)" nu)’ tuong tt_1" chtrng minh Dinh 1)" RCF

Chzi )5 6. Giu thiét dinh 1)‘ tu'o'ng duong \'o'i diéu kién (11-1)

\*o'i moi .\'l ..\-3 . . . . ..\‘” E I thou min .\"S s 3 _\' \"Zt (/1- l).\‘+_\"=

‘ — ' ~) .

>/' (U + _/' (_\‘) S /1_/'(.\‘)

II.\'

,, - -t .. . , ,. .; ..
Chu y 7. But 14(1):‘-———‘——.g1uth1ctdgnh ly ttro'ng duong \’o'1 dteu ktgn:

1— s

g(.\‘) 2 g (y) \‘o'i moi .\". ye thou mun .\"£s 3 _\" vu (I1—1)_\'+_\':lIS

cmz y’ 8. Néu f ta hum mt \-1 trén 1. mé ma ohm 1; LCF dung mi t~t1t~ gia thiét bun aétu

vii diéu kién han Ché _/"(.\‘)2_/"(>\‘) \'o'i moi .\‘._\‘E

(/1—U.\'+\‘=ns

HQ qud djnh I)? hdm Iom bén trzii (Hé quii LCF).

1 thou mun .\"S.\"S_\" vu

cm fluhumliéntt1ct1'én(()_+w).1">().Néuhum _/; (u>:_/M") tom tot ulnr. vubét

; , . . . . f‘_‘él‘
dang thu‘c Af ((1|)+_/ (c13)+...+_f ((zH)S1;f({t(1|z11Mu”) (4)dL'1ng Va].z13.....u” >0 thou

mun diéu kién "/u u ...a” =r vu al =11, =... =(1”__, é r thi but dung thtrc (4)cf1ng
- \ 1 2 _

Citing voi moi ul.u2.....u” >0 thou mun Q‘/z1]zz,...<1H £ r

Chzi )5 9. Giu thiét cuu hé quu tuong duong mt diéu kién (11 — l)_/'(.\")+ _/'(v\")SI1g (1')

voi moi .\‘._\">0 thou mun XS ré _\" tat .\"""\v\'=r".

Chli j I0. Néu f lit hum khu \'i trén I thi HQ: qua LCF dung \"o'i cite gia thiét bun duu \'u

diéu kién hun ché .\_'/”(.\‘) 2 _\§/"(_\') \'o'i moi .\'. _\" > 0 thou min _\"5 r 3 _\" vu .\-"*1 _\* = r” .

€ 



Clzmmg III: ‘\'I11?'ng rién /rim cmilzg trong girii I11"/1 -ilk)
|||. CAC BAT BANG THU’C V0’! HAM LOM BEN TR/ll vA LOI BEN PHAI

Dinh 1}‘ him1l6m bél1lfi—|6i bén pl]-.ii(Di|1hl_\'" LCRCF).

(‘/10 (1 <1‘ /[1 <1i<',\":} I/rm‘. f/(1/z(1/11 /[(3/I /z_1<' lré/1 A/zruz/1,15 _'_=[¢1.+<>¢)_ /(3/11 lrén [ual viz

/riil/1312 [<'.+<><:). N611 xi. \: . . . . ..\',__ 5 Q //mu /11¢?/1 \ ~ _\: +... + \' - S -* um1.\l_ i/10’//zi/u/171.1

I/IZI'(' E I /"(.\‘I + _/'(,\‘: )+ ...+ >/'(‘,\'u‘y ¢7<11g.mV//","/'1)/1/1/nil \/ii _\". =',\\ 1 1 .\v_ , 3' .\,_

Clzzing minh

Khng mil tfnh léng qu[1L_gi21su‘|":§mg .\'] S .\r. 5 ‘.5 Néu .\",__ £1". zip dung h§11d:»'1ng

_'.\l+.\,+...+.\”;
lhuc Jensen cho hum Iom [2160 _/ (.\'| )+ _/ (_\g ) + + ’/ ) §n_/ N;

' \ 11 '

DO dé biéu mu-Q J<_/1 giri 1»; /an ,1/my mi X] = -\-'\ =..,:

Néu .\'” ><'_ [611 t:_1i /\'e{().1.‘...n—1} lhozl mfm ()S.\'| §...S.\',,’ S<"$.\‘M S...S4\',,

Ap dung hl ding lhrc Karamata cho hé tréi cho hilm lfvi \‘i1 Jensen cho hZ1m 16m. la cc’)

_/(.\‘L_I)+...+_/(_\‘H)£(/z—/\+1)_/M')—/[v\__i+...+.\] —(/z—/\‘—l)¢‘)

V( —/<—l)' 5 \vix(n—/<—l)_f(<')f(,\';)+...+f(.\'k)£(n—l)fi H (+\l;L“+ +\"' ‘.tL1‘(mgL'r11g.
\ 12* »

Céng czic béu ding mu-Q lqi @1511 zéi _/(.\-I )_ /'(.\~: ) + I44‘ _¢"(.\-H )§ (,1 _ 1)/<.\~) ~ /(v\-)

(r1—/<—l)('+.\'.+...+.\',
t1'011<1<1o.\‘=—N——'i——-#.\":‘\‘. +..‘+.\" —(/z—/\"—1)<'” /1-1 ' "' "

Dé ding kiém Ira ring (11 — 1),\"+ _\"=.\"i + .\'. +... + _\'” \*Z1 .\‘S y. Thco bit dflng thfrc cu<‘\i

ci1ng.biéuthL'1'c E d2_11 gizi lri 1O‘n nhl vdi .\"] =... :.\'h_; :.\‘ \'i1 .\‘H I _\'

Chzi )5 II. Dinh 1)‘ I cfmg dfmg trong 1ru'(mg hqp :=(u.+<><v) \'Z1 lim‘/'(.\"):—<><>. Thém
\“!H

nfrzl. Dinh I)? 1 \/"in dflng néu c1<¢*</>.S <_ (1; —l)(‘+/1 V51 f 151 hilm lién luc lrén - =[u.b‘).

16m trén [am] \'i1 l6i trén [<1/2) . Theo czich tu'0'ng tux I11 C6 thé chfmg minh ménh fié suu dy

Dinh 1y diém uén (I0'n (Dinh 1y SIP).

C/10 f IE1 /151/21 /</ui vi ("nip 2 rrén R vé'i diém uén don, <'/10 S /[1 513' 1/1z_1'(" (‘J Jjn/1 rd <'/10

g(1')=‘}"(.\')+(11—1)_f(%). Néu .\';..\‘, . . . . ..\‘/V, /[1 <'ci<' sril I/zgrr I/mu mn
11 — '

.\'l + .\", +... +.\‘ =5 I/Ii inf g (x) Sf(.\'1)+ _/'(I\; )+ ...+ ‘/‘(xii )§sup_,Q (x)_ H _ .

‘=7 \5}' 
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§14. 2. KY THUAT su D[_FNG BAT DANG THUC RCF. LCF. LCRCF

|. cAc BAI TAP Mi-\U MINH HOA

Bi l. Gia su' .\‘..\' . . . . . lil czic $5 IhL_1'C kl1(mg{m1 thou min 1"‘ + \y +...+ :11‘

Clu'1'ng1ninhx"§1ng (11—1>(_\12 +_\§ +,4.+.\";)+:z: 2(Z1z— 1)(_\: +_\'§ +... +.\ :)

i Y

Ch ling minlz

__; 4 _ A‘ .\E—r.\:+...+.\l_“
Ta wet 1211 bat dang thuc duol dang ,/ (.\_ )+,/ (.\_ )+.»-~»~_/ (»\,_ )2/M 3 ii;

‘ ‘ ‘ ' \ /1

lrong d(3_/'(u)=(11—l)u‘: —(Z/1—l)u:.u2(). DQO hilm cp Z _/""(ll)I()(I1- l)u—Z(Zn—l)

\ /

, ; - 1- ,. " — \ \ . ,. ,
clu 1-;1y-ang j 101 \'o'1 11>:-1%). \'z1 \‘1 \":_1)' \'o'1 112s. lrong do

J 11

XIX‘ +.\-I +...+.\~” 3”_1

II 3(;z—l)

Theo Dinh 1)” RCF. chi cén chirng minh bit déng thirc \"O"i .\"i i I S xi = x3 : : .\"H 151 an.

Dé zip dung Chd Z. ta sé chfrng minh ring (.\‘)£g(_\") vdi O§.\‘S1S_\‘ vil

31‘.

) ( .
.\‘+(rz—1)_\'-n. trong dé ‘q(1): :(/z—1)(l‘ +z+l)—(Zn—1)(z+l)

Thin 1:1 Q6 g(_\-)—g( \ )-(.\ — _\')‘L(n—1)(.\"+ >\"+l)—Z/2+ l_:(/z—Z)A\"(.\"— _\')£()

—'7 n V > YVdi n-/_. bt 6511: thfrc U0‘ thimh dng thirc. <'>'i /1,3. dang thirc xély ra khi hofac

xi = .\', =... : x” =1 _ hoéc mét trong cdc $6 .\"; hing 0\‘Z1c£1c $6 cbn l2_1i béng Ll
- n —

Bi 2. Gié str .\‘ .1". . . . . ..\' 151 cc $6 Lhu‘c khéns m thou min _\: +1‘, + ...+_\" :11.
I _ II ' - I _ n

Chimg minh ling .\‘;l +.\'; +...+.x'i +113 §(11+l)(.\'1: +.\‘,3 +...+_\'i)

Ch zhzg minh

Ta cé mé viél 1&1 {>51 slang lhirc du"é"i dang

//V - -
\

._ +_,+..‘+._ , .
f(.\"1)+f(_\-:)+...+f(.\-”)§/;f'[lL__%_l} U'Ol1g do _/ (u):u‘ —(/1+1)u“.u2O

Him $61121)’ 16m véi O31: £7”gl . \'£1 \”1 \=5y \‘<'>'i (J51! S s . Lrong d6

__.\']+.\‘3+...+.\‘”~ <”+l5-———ii-—-1_—--
/2 3

Theo Dinh 1)‘ LCF. chi cén chirng minh b§td§ngtl1{1"c cho .\"1 =.\'1 =...=.x"”_| S1S.\'”

Dé zip dgng Ch 3" 7_ ta chfmg minh ring g (.\") 2 g(>\"). \"C>"i 0§.\"S1S-_\' YZ1 (n— l).\'+ _\"=n. Tu

O1‘.

cé ‘g(r): =!: —/zI_—n vii g(.\‘)— (_\')=(.\*+_\")(.\"+_\"-/z):(n—2).\‘()‘-.\‘)2

5  



(.'lzu'1mg III: .\*/1 1711;; vién kim 0110'/lg trong girii tfclz -L3!
~ ~ — - 7 . —\’é'i 11: Z. bit ding thirc bun dau no thzmh dang thm. \'01 12 2:. dang {hm xa} m 11 0310

.\1 :1; : . .. : _\'H :1 _ h02§C mét Irong czic sf) _\"_ h§1ng /1 \'Z1c;ic $6 ubn l;_1i h£1ng()

Bi1i3. Gia .\u' ,\',..\1 lil caic $5 Lhgrc kh(mg[1n‘. thou min
' ' ‘

\

‘ .\'; +_\‘, +._. + .\'V _r2 f”_1.ChU'ngminhring: ' ‘+ I +‘.,+ ‘ 2 ‘
‘ “ 1+\“ i+\" l+r‘1 /1 \ /2 1

\.

+_\ .~

C/112'/lg mi/1/1

4 .» Z(311:—I)Ap dung Dinh I)‘ RCF cho hilm _/'(11):—‘+.z/ 20. Dan hi1m cap Z _/ MES.
1+” (l+1/3)}

41

1ird(>fl5il1"én ‘L.-+00 ..\/121 4‘

.

Thco Dinh 1)’ RCF \'Z1 Chfl }‘ Z. In sé chtrng minh rrlmg

1 /_ T :P >—l:.suy1‘ahZ1n1fli1l6iLrén [.v.+oc).
v3 , ” \ 3

'1:

(X) S g _\") \'O‘i O S .\‘ S S S _\" \'i1

/'(/)—/'(_s) _[_5
- ' q(r)=‘ ‘ I,.\‘+(n —l)_\‘ --11$ . trong do

1*‘ \1+.s“)(1+/*)

TL‘! g (X) — g :
(l+.s"

J
~/Ii‘

w.

.\' > _\" _

‘. L1‘}"" 3" .\'+\" +.\'_\'—12O.I gum: minh ( )

IIS: —/2+1+_\-[Z(/1—1)x—.\‘]>,;_\-3 _,;+| _0Thin \'E_3)~'. .\‘(.\‘ + \')+.\'\‘~ 1: _ _
' ' /2 +1 II +1

V 1 .

Ding lhfrc xriy ra khi xl :.\', =...=,\",_ _:/‘. Trong u'u'0'ng hqp r: \/"Z . dfing lhirc lqi
" ' 11

xaiy 111 khi mét Lrong czic $6 .\'i béng 0. \‘i1 czic >0 cim lai bng \5'—L1
/1 —

B§1i4.Gizi SL1‘ .\"I.,\'2 . . . . ..\"” 121 czic $6 thuc khéng fun thou main

.\' +.\',+...+.\' .—'i'~‘”=/"S /%.Cl1{1'l12 minh 1171112: 1 + 1 +...+ 1 S S H
‘ " —/1+1 1+.\f 1+1"; 1+.\‘,j l+r'II \/1

s'- <1 Q Dinh 19 LCF cho ham $6 ml):
CI1 zivzg minlz

u gm:
1+u' ,_ ,

.s~: /iw”_1 S%.chL'1'ngmf1om lrcn
\;/1 /1 l \/3--+ ~ * [0..»-].

h n" Q(\‘)>g(_\") \‘é‘i ()S.\‘S.s‘S_\Dé zip dung D1nh1§'"LCF \'Z1 Chil 7. In chimg min 1" C . _

/m__/ my _,_SV51(1z—l).\-+_\"=n5.l1'ong £16 g(l)= — _

'_-Y (1+s")(l+1')

Tir g (.\')— g (_\')=
(.\ .\‘ )

|i1

5/.

(\'+\")+.n"—1

SSSJ

(.\'~ _\')[lZS: — 1 + Z_\'.\'—(11—l)xw]

(1+

J

S _

\_/

_ -» 7 v(1+.\‘3)(1+_\‘l) (1+.s")(l+.\‘ )(l+_\‘ )

_ A F 1 7 \.1120. Do f lom lrcn \'u
\/_‘v
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~ w
w

'1"z1chL'1'ng minh ring /1.1 ‘ — 1 + 2.111 — 1:1 — 11.1" 511.

T1131 1-5;.

M; _1+2SV\__(”_Hv\_; Z111‘ —11+11.s'“ —n+1—11/1—11.\—.\"1 2-11/1-1)_:’—.\'1_ £0

/1— 11-1
- '. I

"
1. . ‘ -1 . -

Dang thuc ra \'01 .\"l 1.1"‘ :...=.\‘,_ :1". Trong l1‘u"ong hqp I": \‘1__j'I—— . dang thuc

' /1‘ — 11 +1

131 rz11\'11i r1161 lrong czic $13 .1", hing 1/1-11/‘_ \'i1c;'1c >5 cim 131 hing
/1 —

B511 3. G121 str .\'l..\"2 . . . . ..\"” 1510110 s61h1_1'c du'o'ng111O;1mz1n xl + .\’, +.1. + .1” -1 {hi

Chirng n1inh1'§1ng —1—+-1—+ +lZ(n — 21' +4111/z — 111.1,: +13 + ...+ xi)
'1-1 X: " -",1 _ I

Ch zhzg minh

Tu c6 lhé \’i(§1 1a_1i b§11d€111g thtrc du‘é'i dang

.\'| +.\', +...+.\'_'
_ r.-1

_/‘(.\‘11+_f(.\':)+...+‘/‘(.\"”)S11/'1 I‘

Trong (16 _/M11:-1111/1—11u: ——1—_u>O.
11

Nh§1n1h§y 1"§ng11£1m f(u) 16m vdi O<.s S =——1—— .

411111 — 11

1 " 1 ~ » ~ »

D .‘=—S?~§—————.hz " ( 11 W 1).;
0 s v4”(”_l) 1m _/ u om ncn ( 11

Dé Lip dgmg Di_nh 1)? LCF v21 C1111 §' 7. chl Q5111 c'11L'1'11g minh réng g(.\")2g(_\") \‘d'i

O<x$—l—S 3' v51 (11 — 1).\'+ _\" =1 1Z1 du.Thz_11\'f1y.1z1 cc’)

11

g(I)=____--/‘(’3:"((S)=4n(11—11(I+s)+%;=41n—11(nI+1)+%
w

/' -—; (Z .-—Z.‘—11

vi g(.\')—g(_\‘)=1z(.\'—)")L¢1/1—4—\g_j:n('\ \) \ Z0

Diéu niiy hoim thimh chtrng minh. Ding thtrc xay 1'11 khi .1-1 =.\', =1..:.\*” =l. hoéc khi
- /1

. , 1 1 1 1 , 1 1 . 1 1

mQ1 trong cac so .1‘; bang j. vu cuc so con 1511 bang -_)——;
_ _r1— -_

Béi 6. G121 511' .\'1..\', . . . . ..\‘H 151 C21C $6 thus du'0'ng 111021 mun

-11+-"1 +"'+-Y” :)_< 11 -1 C\/IR, 1 + 1 + + 1 < 11

H 1/z+\/11-1) 1'\/I 1'\/Y 1\/I 1'\/7

Ch zhzg minh
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VJ)

trorzg girii tfchIII Nlzvlg vién kim clrmlg

_(ll):#/_.0§lt<l.

Chuvng :

/n(n—1) .”‘ dun“ Dmh 1)" LCF cho hiim _}‘

1—\~u

/. . .DO \/.\l+.\2+...+.\”§¥<1,SU C
/1+\//1-1

” K 1 V V51 vi\'§1ytrén [O.s].t1"0ng déD0 f"(u)=

é

-1 _ , chfrng té f 16m Iren 1&6},/—_\
‘luv

:Tv
I'\

_.

—v'u)

' '=\' =...=.\' S.§S.\'.
n—| 1:

h 1' LCF chi cn xét lru'(7ng hqp .\1 .3s:-i%. Theo Din y .
:

‘ ()< r<s$\‘ vii (./1'-1).\‘+>\‘:l7.S'

(/z+\:n— ,

' ' ' " ' hréng _g(.\-)2g(_\")_\"o1 __ _.D5 zip dung Chlj

f(r)

V
./

—_/(S): 1

TH /;+ \/[J

7_ ta chung mm

Ti1'g(i)=
[_S (1-\//;)(1-\/I \"‘ '

($@@Mh@——w)
_ U

P ‘°>(1—~/T)(\/%*+~>*”g“*g“*<~@m=wn@+“
" htrnv minh 1

1_

— 2 + \/Y . Theo b§1td§mgth{1"c Cauchy - Schwarz. ta coTasec C

7 I- ,3. /_
>\,'\‘+\/-I++l)[(n —1)x+_\‘]2(\/;+\/T) hay .

(11 1

1-\§—\/Y-\/T21-(1+——;’_1v"§:0
\,/17-1,

Vi me .

I1? dzinw thug' — I = \-I =1‘ . Trong t1‘Lrb'ng hQ'p r :
(/2 + \//1 — 1)

Ding thL'rc xély ra khl xl -xi .

‘ bin" (/1 — 1) r, V21 czic s6c>nl2_1ib§1ng —'—]
n-

cbn xziy ra khi mét trong czic so xi C

l /1 — 1
.\'! +.\‘, +...+.1.”

‘ =r_ .

1)2

<\'[ \", r <1 thoa man_. ,_' ....,. V‘

_ I1

I7 (/—'\/n-¥7\/11—

Biii 7. Gié SL1‘ O

I7Chfrng minh ring ]_

f

<

1 1+ + ..+ 2 7
1—\/I l— /T 1—\/I‘

1

Ta

D0f”(1¢-——ii—3,
41“/I(1-\/Z)

/1——1chfrng té f 16i trén va Vi x/§1y1<\3i trén [§.1). lrong déS 
(\/12+ \/n —l)

Theo Dinh 1)? L

sé str dung Din §

)_ 3\/I-1

I Ch lhlg minh

111" RCF cho hém f(¢¢)=—1-,0s11<1.
1-H

CF. chi cn xét tru"C>"ng hqp xl 3 s § .\"_” :'\‘n—I Zxn
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D5 zip dung C1111)" Z. ta chrng minh 1"z‘“1ngg(.\")_

/\
'1:

/\

'/.
\_/

\*O'i OS .\‘S 5 S v\" <1 V51

\"+(n—11\"=rz.$.T[f g(l)=‘/(I:_’f(5)= _ 1, / v_ _ va
I 1 _S 11-'\/.S‘,111—\'I')1\/1.8‘+\/I) .

1-— 1-— /— /— r—1», ,. _1._\,\__\1\.)1/\ \'\)11 \s
g(.\-)—g(_\")= _ ,\' _V' _ , ' _' .luph2'1ichL'1'ngn1inh

11—\/x111—\»_\‘11_\.s"+\//,\‘)11—\j_\‘11L\/5+\/_\")

1 — \5.s" S \.'.\' + V1 _\‘ .

Thin véy. 111 c6 ¢T + VT + VG - 1 2 + _\~ + Vi - 1 I + W-1:1)

Bzmg mm: my 1'21 khi .1-I =.\-. =...:‘\-H :1-.

Trons n'u‘b'n@ hop r:‘——i—,—. ding thtrc cim my ra khi mét trong céc $6

B C. 1x/;+\,"I1—1)_

lvybng O v21 céc $5 cbn lai bng
/1

_J. ‘

B5118. Gizi $11‘ .\"1.x. .... ..\'” 1Z1 czic $6 thuc duvng thou min

1\' -1-X‘ +...4-.\' f>./ _._1___—i_i’L:,-§1_;__:i_l_
ll II

4

\

._.

__\

P’.
J

Chirng minh réng
\ /

+1

-_.

/
.;_\

'/.

+
-<._.

_.__,

\/

W)
\ '\1 ’\ ‘\“/ \ '1: ,' 1 I1 I

,.

Str dung Binh1)"LCF cho him f(u)=—1n1u +l). u >0. Bao him cép 1 \/Z1 cép 2 cua f
11

‘ I -1__ ___

1én1u'Q‘t121 f'(u):_1_j-“_ V51 f”(u)=L{——:l.
1 111111“ 1)11111“ +1

Chirng IO f 16m \/G1 O<u S \/2+\/3

Do s:1+A———\1”~1S2<\,12+\/§,f1zl) 16m vdi 0<uS.s'.The0Dinh1j' LCF v51ChL'1)'/8
1'1

Ch zhzg minh

1

- ~ |T

chi can chfrng minh ring f'(.\")2 vé'i ()< .\'S 5S _\" vil (/1—1).\'+ _\‘=ns

'2

_, ,, 1+(.\'+)")2 —x3_\": (.\"+ _\‘)“ —.\'Z_\‘:
- <.->- ~= ~-.-_-_-__ --.~__i_.

Tu j \ f () \).\_T(1+.\‘:)(1+_\':) >11 \).\‘_\'11+_\':)(1+_\'3)‘

nhu' thé chi czln chimg minh.\'+ y 2 .\'_\‘1£1 dd.

Thét véy. ta C6 .\'+ _\"—.\3":x+(1—.\-)@z+2\/11-1—(/z—1).\'l=1\,n—1.\'—1—\/n—l)2 Z0

1-Dérlglhtrc xéy ra chi khi xi =.\'2 :... =.\"H = r
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. , , . 19+ -

Ta c6 thé viét bét déng thtrc nE1ydu'c'>"id.';1ng f(a) + f(b) + f(c)S3f
1 , ., 18.-1-6.--17 , , ,,trong d6 j'(.x')=i,i. D510 him cép 2 j (.\')=i\——§——, chung to f lom vo'1

3-Y“ _X+3 (3.12 —.\'+3)J

1 ‘$5 . /9 ‘OS.\'S-%, V51 vi vily 16m vé'1OS.\'S1=%

Theo 1311111 1y LCF. @111 cn Chflng minh 1351 dang 11111»; vc'ri b =¢- s 1,0 =3- 2b.

'7 ~ .,

Thefat vziy. I + “ Q‘: <1» -1)“ (63/>1 + 271; + 24) 2 0 (hién nhién dng).
3(3—2b)'+2b 3b"—11+J 9

1-)1éu ni1y hon thimh Chang minh. D§ngth_L'1‘c my 1-~11 khi (1:11 =¢- =1.

Béi 9. Gié $11 .r|,.\"2....,.\'” 121 céc 56111-11¢ duUr1gthOz1 man .1-I + .1»: +... + .1-H =1.

§»—

/._

_'-1
/.

Z_"\

4.
3*.

Chirng minh F—
1 /.—%‘ .,1?-“N/.X2

\
/";"\ /

~\‘ 11

71;-— \/.1]! )'2{\/rz —L,_j (5)
1” \/12

Ch zhzg minlz

Ta Sé sL'1'dgng E)1nh1yLCF @110 him f(11)=-1n[-}T- ¢Ij,0< 11 <1.
ll\,

Ta C6 f'(11)=-1—+l,f”(11)=i'+_2”'_‘,. 1:10 him f 16m trén khoéng (0.15-1) Va
1_” 2” 2u:(1—u)'

_.\'l +1.2 +...+.\-V, __i /-s-—i——- <\2 -1 (v01 1223) ncn f lom tren dogn [O.s]. Theo D1nh1y
I1 I1 '

LCF, ch'1'c§1n chirng minh (11 —1)f(x)+ f(_\")S11/’{l) véi O<.\'Sl £1‘ v51
1”» /'1

(n—1)x+_y=l 151611.

-3 1

Viét bit ding thtrc ny nhu 121 115 (1-_\')”_! 2(n—1)'H .1‘ 1 yl

211-7 21-7 _Binh phuo'ng hai vé, bit ding thirc t1‘c3'th:T.1nh (2 ~ 2.1) =(2n — 2) I L”.r" 3)"
n

Tu‘ 2 - 2.1- = ni + (11 - 31.1 + 1-, 1151 aéng thirc nZ1yC1‘L'1ngthe0 b§tCI§ngI1'1L'1'C AM - GM.
n

Bz§tCI§1ngth1L1'c ban du trd thimh ding thtrc khi xi = .1'., =... = xv =l.' V H

Nhn xét 1. Theo Chi! )" 8, b2“1td2‘1ngth1'rc(5)dC1ng néu f'(x)2f'(y) véi O<x$lS_v
n

vil (n—1).\'+_1'=1.Thétv.§1y,ta c6 .
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M1 1 :11--1111~,\1~1-»»~1
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_:1+1 '—\ 1..f/("')_*f,(") 21- 1-.1 2; 1
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._.

__\~)_ __\'(\"—.\')(n—2—_\')> .\_\
‘ —\*)_Z.\3'(1—.\‘)(1—)"): J \')(l—\') ~Z.\3‘(l—Z.\_w'(1—-.

' dénv 11111-C 151 cc’) me viNhzfan xét 2. Bél C

1::

;_1

mt:/:

(1+\/I)z{\/F--/1:1\Il,

'/
~_/

/\
.-

ét O" dang

dé.n@1h1'rcJcnscn, ta c6' ‘ Q 111111: AM— GM ya bit “ CM511 khéc, theo b€11 danc
H /  \ H

1

Néu .\'l..\,,..,

1[:1=

.3?

Vivéy,1<étqué1 sau déy dflng.

' . x (n23)1Z1 czic $6 du'0'ng LhOa min xi +.\-2 + + x” :1 thi

fv

y

- 1 -11z(\/I-1)
xn

H cé 7 s6 ni10 cimg bng O.

§L1+\/£211) _£1+\/Z)

11% 111
B ‘ sic sc‘> thuc khéng m. khénc _é1i10. Gié sir x,_\',:. la c

. 1 F1’. I 4s~ 1 - V

cm-ng mlnhrnq 1+1-‘-+ 11+-L+ 11+-Jiizls
" \/ \"+: ;+.\' \ _\‘+.\'

as 1E1b§1tC1‘éngthu'c ,

inh. ta sé str

Ch lhzg milzh

‘ ' ~ v "1 ma 1111é1 ny,' thun nhit ta cé thé gié su‘ rz'111g .1-+ _\ + 3:1. 0D0 y rii 1
/-i‘

I 1+4?‘ ‘1+47: >15. Dé chtrng m
b2‘1t ding thirc tr<'i thimh +\/ \

Q 911111 1y RCF @110 ham f(11)= /lT+&L.OSz1 < 1. Ta cé f”(11)= 
F” \1(1—u)) (1+4'/11)"

‘1+47.\ +_,1__ _

dunc .

, _x+y+;_1
H 1 Vi thé f 151 trén [s.1).tr0ng do s 3 3

nénhsuy ra him s6 f 161 trén ). ,

47

" -< -— -. Trong trudng hcyp nély, biai tozinh 1’ RCF chi‘ cn xét trudng hqp .\__\ -1
47

Theo Din y ,

quy vé viéc chime minh 111- 0s .1-sl d5.n1o1 + 2\1f*-94+‘ 215
' " 3 1- ; 1+x

1175-2311 >15_,,
B5111: /i9li7i(5s1s7),bé1 dang thirc 11¢ 111211111 ,1-<--_

1+x \= 1- _1

Binh phu'0'ng hai 2 1 ‘ O hay (1—5)2(r+2)(7—1)2vé, ta cé 35O—15r—61z' +151» -1 2

“ nhién dne 1

‘ 'c hozin vi vbng.

diéu nily hlén Q.

' '.:)~(0.1.1) va caDing thirc xéy ra kl1i _\".Z) ~ (1,1,1) hoéc (1,)

O.
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a,,c1.,...(1,: > O
B511 ll. C110 “ '

a, +a3 +...+’a” = 11

Chirng minh ring —l,—+—-]—,—+...+L, 2 cz1:+(1§+...+cz,f
a,‘ ag (1;

CI1 1111g min I1

1 > , . 1 1 ~ ,. ,Trlrmzg hgrp I: 11:2. Ta can chung m1nh—,+ _ Zcq3+a§ vo‘1 a1,aZ>O thoa mfm
(I1 (lw

1 _

, 1 1 1 1 ~, 1 _; ,1 I

111 +a3 =2. Ta co: —,+—,2uf +115 <:>1211fu§ d1eunayh1en I11’11Cl‘1 dung. Déng lhuc
(1; (15

ra khi (1, =c12 = 1.

Trzrévzg h_0’p 2: 11 2 3

> .1 A _' , . . . ~, ---+Ta <26 thé v1et bat dang thu‘c 0' dang j (al ) + _;‘ (11: ) ‘— + f(c1” ) 2 nf
I1 ,

1 » 1 ., 6 , , >. A 1trong d6 f(x) =—;—.\". D230 h€1m cép 2 f (.\') :—I—2 chung to f 101 tren O<.\-< 3/
.\ \

+(l +

DJ

A, a1+a,+...+c1,,
va v1 v2_1yflo1tren O$.x'S1=———'——————‘

I1

Bé zip dung Dinh 1§' RCF vi Chi: )1 2, La chi cn chfrng minh g(.\‘)Sg(_\') vdi

—‘ 1+1+13+13() U)
OS.\‘S1S_\'SL1 v51 x+(n—1)_\"=n.t1'0ngdé g(1)=f I 1/ :— ,

11- 1— 1-

Ta c6:
2 2 ? _

, 2 1 11-1 /12-1 2\gO=—+7—Q2L—J-+——)%2%—
( 13 1' 11 1\ 11 \3/I

, , - ,. I1 ,
Chung to g tang v0'1 O S1 S Z. D0 do g(.\") S g(

11-1

i

\.
) .

/\.
DJ\J \/1

J

-1=l->Qv0s1s-3-
27 11-1

Diéu ny hoiln thimh chirng minh. Déng thrc xay 1'11 khi 11, 2 113 = : an :1.

an

O»

77'

D"
Q>

‘.3
(IQ

m>

5

B511 12. Gié. SLY .1", )3; 1Z1 Czic

1-Zr .t1'0n<1d6 1' =———1=O.58J.ch1'rn9 m1nh rang —#—— + i‘ + i” 231n3 - . L ( 21 ” [ Zv 1' 2- “
0' “ U 1112 “ ‘\\"+: \:+x/ .\"+y}

khéng cé hai $6 nilo cimg bng 0_ vii néu 1

I I

Ch 1?’ng 1ni11h

Ta phn biél ba tru'£>‘ng hqp:

' A .1 , x ; ; , .; ' 1 "
Néu 1" = 1. bat dang thuc quy ve bat dang thu‘c quen blet —'\—— +'i+——=—2§\'+; :+\‘ \‘+1' 2

Néu 1' > 1 _ bait ding thtrc thu du"<_>‘c bég céch zip dung bit déng thfrc Jensen cho him



438 Bfit ding thzir: Vasile Cirtoaje
/ r

1-QX Z) 2:\
16mf(u)=u”.l/ 2* "‘ +v' 25* '\_+:' :+X 'Y+'\‘ 23

\y+; \:+x/ .\'+_y \ 3 /

+
—-\

I‘J
¢

Néu ro S r<1. D0 bét ding thllrc néy 151 thuén nhét, ta cé thé gié sir ring .\'+ _\' + 1 =1 V51

. ‘ ..\ r

viétlgai néédang f(.v)+f()~)+f(;)Z3f,(ii%j—“J Lrong C16 f(u)=(1i—5 ,O§u<1.
\ - —u

B30 him cip 2 f”(L¢)=?i"—)_\—(TQ5—) —_(2u+/‘-1) chirng IO ring f 15i trén
l——u _”

Vi mé, f 16i trén [§,1) trong as 5:3-;—+-"'=§>‘1+". Theo B11111 19 RCF. chi can
3

chfrng minh trong truimg hqp x 3 _\" : 3, .

DéthL1.§1ntién, ta tré“ 1&1 bit dang mu-C ban déu (bo di daéu kién .\~+ _\~ + ; =1) nhung bay

gib chi xét trufmg hqp y = Z =1 (vii khi dé O£ .\"§ 1 ). B511 toim quy vé viéc chfmg minh

ring giéthiét 0s.\-$1 din tdi /10023, trong do /1(.x)=,\»" .Ta cé
X

{ 2 r+l

h'(x)= rx’_l — “T15 véi 0<.\'§l cé cilng déu vc'>'ih21m
X

g(x)=(r—l)ln.\'—(r+1)1n£;Ti.

/ 2 '—l V‘ -, / ,_- l— ' / ,_- \

Do g (.r)= ,chL1ng to g (.\)=O VO1 .\0:T'<1, g (.\)>O vo1.\e(O_.\(,) va

ting nghiém ngzfit vc'>'i .\'e[xO.1].

D0 1Yi’r3(1]g(.\') =<><> viz g(l):0.t6nt2_1i x1e(O_.\"U) thca min g(_\"1):O.g(x)>0 vdi

xe (O,.\']) V51 g (X) < O \/6'1 XE(.\‘1.1)1\/i\'Q}' /z'(.\-1)=O. /1'(l)=O.h'(.\")> O vdi

xe (O,x1) vi /1'(x)<O vc'>‘i XE (X],1). Vi thé_ hixm /1(.\') ting nghiém ngét vdi

xe [ml] Va giém nghiém nggu vdi XE [M1]. D0 /1(0) = 2"“ z 2'11“ =3 Va /1(1)=3.

chirng m rang hmzs véi 0§.\»s1.

Bing thirc xéy ra khi y, 1) ~ (l,I,l).

Ngoéi ra khi r : ro d§1ngthL1‘cb€)n xziy ra khi _\'. 1) ~ (O,1_1) hozfxc caic hozin vi.

Bai 13. Gié SH‘ X, >1; 1:1 céc S6 thuc khéng am um min .\-+ )*+ ;=3 V51 néu 0<,-s»-O. K

trone as r =_1‘l2—-~1.71,“ O ln3—1n2

Chirng minh ring x" (y + 3) + _\"’ (;+.\') + 1" (.\"+ _\')S6

1 Chchlg minh

Ta xét ba trubng hqpz

_4|,

L.  



Chu'0’ng III: Nlu7'ng vién kim cming trong gizii tfclz 43")

' Néu r =1 b§td§11gth1lrc quy V5 bit déng Lhirc qucn biél 3(.\'_\" + _\": ~> :_\j) §(.\: + _\: + 3):

' Néu O < r S1 _ bit déng thtrc thu duqc béng czich zip dung bait déng thtrc Jensen chm

hZ1ml6m f(u)= \/J ta c6:

. . _ i ‘ If(_\'+;).\"+(;+.\‘)_\"+(x+_\'):'SZ(x+‘\"~;)M'\+ )\_:(\+\\+'\ )(\ ’\) !

:6{.>O‘+_\:'$:+:,\'l| £6mr+%~+:/‘M :6

- Néu 1< r£ 4,. Tu cé mé viél lai bét déng thtrc dudi dgmg

’ . 1 ..\.
f(.\')+f(_\')+f(;)23f trongdé_/'(11):u'V(u—3).()§z1S3.

3

D0 f”(u) =ru"_3 [(r + l)u —3(r -1)]. chtrng tc'> f léi tun

>

J)

\:1’
_+.

D0 .§=lJ%Jr:=1>3'?';-T3. f cf1ngl5it1"€:n [513] . Thco dinh1}"RCF_ch1'c§n chimg minh
- r

1'3 _\" = 1 151 du. {-De‘ thufm tién. ta viét bt ding thtrc du'O"i dang lhun nht

\'+ T + -I M
21" (_\' + 1) + _\"' (.\‘+ 3) + 1" (_\"+ _\‘)

3 /
co mé b0 di aiéu kién .\'+_\‘+Z:3 vi chi cn Xéi tru‘€>‘ng hQ'p _\~=;=1 (V51 khi as

OS.\'S1).

Bit ding thfrc quy vé g(.\‘)2O.t1"ong C16 g (.\‘)=3(,¥) 1-1” —.\'—1
'9

r ' r~I

Ta C6 g’(.\')=(r+1)(i2) —‘r.\"'_‘ —l 1 lg (.\‘)=——(ij_—'°=) —'wi_l
3 r 3 _\-~" ‘

'~'~’+

,

_, , .A _ _A , , 1 /» _Z(2—/7) A ~. .D0 g tang nghlcm ngat hen (O.1]. g (O):—@@ \z1 -5; (1)_?>0 ncn ton I31
I‘ §

xi E (0,1) thOa min g”(.\'{):().g"(.\")<O \=é'i xe (I0_xf) \~'E1 g"(_\")>() \*O"i xe Vi

thé him g'(x) gizim ngiém ngzfu vdi xe [0..\"I] v21 tng nghiém ngzf1l\'®'i xe [3,1].

Tir g'(O)=(r+l)2,-—12(r+l)ZrU—l:i—1:li>0 vil _4’<1)=0. Ién tai
3 3 ° °

x2e(O,.\‘]) théa min g'(.\":)=O.g'(.\')>O vdi .\"e4CO..\‘:) \‘Z1 g'(.\-)<O \'c'ri .\'€ (.~::.l). V1

vzf1y,hE1m g (x) ting thgrc su véi xe (OM51 . \‘E1giam thuc su \'O"i XE (x: .

1*] r r

Do g(O)=3(%) -1:2(%) -122%) H-1:0 va g(1)=O. chirng 1o g(.\')2O mi

O§.\'$1. E)§1ngthL'rc xéy ra khi _\'.:)=(1.1.l). -

' " I '1 >_. , , - \
Ngobi ra khi r = /‘U. ding thirc cbn my ra khl _\'. 1): hoac cac hoan Y; vong.



4-H) Bt rirzg tluic Vasile Cirtoaje

, .\, .\ +.\
I Ba] 14. Cho .\"._.\', .... ..\',, <1 la cac so thgfc khéng im thou main —‘——-=——i” : Q

‘ ' ‘ )1 1

Chimgminhrzilng
F\_- +

'»<

T If /-
\/3: + \/-‘,1 > .\\/r
1-.\-I 1—.\‘”—1—r

+',+

Q

Ch 1311g minh

su dung dinh1§" RCF @110 hixm f(u)=i.O§z1<l . D0 j"/(zl)= .Cl1{1'11g
1"” 4-u\/u(l—z1)'

, 2.. A '/7 ‘ 1 7 \ _A- Atof1o1 tren ;—l.l .Tu's=;>—=~—l.ham_f1o1tren s.l .M J » ¢§ [ )

Theo Dinh 1y RCF \/‘El chm y 2. chi can chirng minh rang g(.\‘)Sg(_\") vdi
. .( )_ .( 

O£.\'S.s‘S_\"<l \-'51 .\'+(I1—l)_\':ns,Lr0ng 66 g(I)='/1+8).
—.s

Bé thuén tién, am a=,/;='\/Y Va ¢-=J§

1 3

“ <,->-,»<¢--> .(-):f 1+('I V,\

gl 13-02 (1—cl)(l—I3)(r+(‘) A

g(x)_g(Y):g(a:)_g(b2):(a2 _b2)a3 +1): +c(u+b)+(': —1+ab(l+c2)+al)c(a+b)
' (l—c:)(l-51:>(l—b3)(a+c)(b+c) 1

Til‘ a: +172+c(c1+b)+c2—l+ab(l+c2)+abc(a+b)2a: +b:+c(a+b)+c3—l 2a2+b3+c\/a2+b2 +c3—1

ChlC§1I’1 chfrng minh x+ v /s(.\'\_) + 5-120 151 din.

A . , ‘ -2 ; ‘ \ \ 4
Th2_1Lvz_1y, ta co .r+)'= 2%, va \'1 the.

17- I7-

x+)"+\/s(x+\‘)+s—12[i+ /i—+11s—1>3s—l=O
' n 1 Y/1 1 /

Ding thirc xay ra chi khi x] =1‘: =... =x” :1-

Chzi )5. Bit ding thirc vin ddng véi diéu kién Iéng hon

.\"1+x2+...+x”:,_Z 1

'1 11 11
-~——— + \/——— +1
n — I /1 — 1 _

Khi r=—1—?-— , ding thirc cbn xziy ra khi mét 56 xk =0 v51 céc $6 cbn l2_1i bzing
n I 11 '1+ - +1

n—1 \/11-1

a,b,c2O . , , ,
Ba115.Ch0 . Chung mmh réng: (1-11+a')(1—b+b')(l—c"+c')21

a+b+c=3

Chzivzg minh

Ta cé mé viét 1&1 bét ding thtrc du"é"id:;1ng f(a) + f(b) + f(@) $3/(Bil?-ii)

I .

Z  
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trong (16'f(u1:—1n(1—u+u31.OS11S3.

T2106 f’(111:11_2l'3 .»f’”(111:~i2l’:_2”—1
1_”+” (1—11+11'1_

Do f 16m trén 10?}+,)\/3J1 vi s =1”1427+" =1 . f cng 16m trén [O.

Vi mé. dé Zip dung dinh 1y LCF Va ch g» 8. @111 cén chirng minh f'(.\»)z_/'(_\~) véi

O§.\'S 1 § _\" vi 2,\'+ )*=3 151 du. Thét vély. ta cé

v, , (\‘—.\')(1+.\‘+\‘—2.\T) (\'-—.\')(4.\‘:—7.\‘+4)

j (x);f ()1): (1—_\'+_.\'2)(1—.\"— :(1-—.\"—.\'3)(1— \"— \"3)2

(_\"—.\")(4,\-3—8.\'+-11 4(_\"—.\')(.\‘—11:

(1—.\‘—.\‘l1(1—>\'—_\"2) (1-.\‘—.\':)(l—)"—>\'31

Biéu niiy hoim thimh chfrng minh. Being L11L'1‘c xay 121 chi khi (1:12 =1" :1
Nhén xét 1. Mariuzz Telira J17 11111 ru ("/20 [M11 J[111g I/1Z1'(’ 11[1_\" 111152‘ /0'1 giai $0 011;) 1111

Jep. C1111)‘ 1'c111g rrong czic $5 a,b.c 1u6n {Sn tai hai (chéng han 151 b \'i1 c) cimg nho

hcn 1 hoéc cimg ldn hon hoéc bang 1. nghiu I51 (1> - 1)(¢-~ 1) zo. v1 véy.

(1-11+1f)(1-¢+@1)z(b’ -1;)(¢-1 -1-)+1f +1-I -1»-1-+12

21): +03 —b—c'+12%(/2+0): —(lJ+c')+1= 

V51 C10 (16 (1—c1+c121(1—b+b31(1—(‘+('21EM: —H+1)ga: _4+5) —1:(a_l)_(u,j —3a+3) 20

Nhzfln xét 2. Thét ra. ménh dé téng qué1tc1u'<'1i dy cng dimgi

A, .\-I + 1; +... +.\‘”
C/10 .\-1 ,x,,.....\'” /a cue so k/1011;; 41111 1/1011 1111111 1*I 1'21

- 11

N511 11513 1/1i(1—.\-l+xf)(1—.\'3 +.\'§)...(1—.\'” +.\‘§)2(1—r+r:1”

Ta cé thé chirng minh ménh dé néy vdvi 11 § 10 thco chng caich di chrng minh khi 11 :3.
Ta chiphe'1ichL'1'ngminh1'§ng 1+.\-+ _\- — 2.\'_\'20 \'é'i 0§.\"$1§‘\" \"Z1 (11 — 1).\-+ _\' =11. Thét

véy, \'é'i OS.\‘£% ta C6 1+.\'+_\'—Z,\‘_\":1+.\'+_\'(1—Z.\‘)>(1 vi \"é'i %<.\‘S1 La C6

l+.\'+_\"——2.\")" :1+2.\'—2.\': —11(2x—1)(1—.\')

2

z1+2.\~-21-1 -10<2.\--1)(1-.\-)=1s.\-’ -2s.\~+11=2(3.\--Q +%>0

Nhn xét 3. Bin Z/zao 6151 post trén Mathlink Site dgr dozin du‘<'1i dziy vilo thing 1 1 ném 2005

N511 41,17, c /£1 ("dc $5, k/zéng (1111 r/100 1111711 (1 + /J + c =3 I111

(1—a+c1”)(l—b+b”)(1—c+c”)21 1110111101 p>1



442 \ Br?! ring thzic Vasile Cirtoaje
' ., ‘ \ , : A A , -
| B211 16. Gla su' .\‘l..\' ~ _ . . . ..\'” la cuc so khong am thou man xi +.\z +...+.\‘" :11

_ _

Chima minh ring: ——1—-—-+—i1—+...+—?l———-S1\./ \./ ‘Y '\ '*

I1 —.\'l + xl“ n -1‘, +.\'§ /1- \‘] + Y,“

Ch 1211g mi/1 I1

Ta cé thé viétlaibé1L'dé1ngIhL1'c du'é"i dang:

/ \' + Y, + + \ \_f(.\'l)+f(,\':)+...+_f(.r7])§1gfk%;i trong (T6 _f(u)=&.u >0

Tacé f»(u): 1-211 Vaf/»(”):611(u—l)+Z(l:/1)
(n—u+u:) (n—u+u3)’

I7—ll+ll>

Tir f"(u)<O véi OSu§1.chL'1'ngt0' him f(u) 16m Lrén [(). trong <16

.\' +.\-,+...+.x ,

.v=—‘———‘———-—-—”=1. Dé zip dung Dinh 1)‘ LCF vi Chin y 7. chi can chirng minh
n

g(.\')2g(_\') vé'i O<.\‘S1§_\' vi1(/1—I).\'+v\'=/1 151 GU. ddy g(I)=

t -1 \ (.\"—Thal wcé g<r>-———, Va g<»‘>-g(>-)-?-—i
n(n—r+r") n(n—.\~+.\"

1".
\_,

/—\

1‘.

— Aw")
7

f(z)—f(1)

2

J
\J

/_\

\4

N

— \' + v")

Bdi vi n — x_v 2 zz — _\‘ = (11 — l).\'2O. Diéu ny hon thimh chimg minh.

Ding thirc xéy ra khi xi =.\‘2 = =.\‘” =1

DqCI02'1n. Néu .\",x2,...,.\'” 151 céc $6 khéng m r/Ida main xi +.\"3 +...+.\‘“ =11 r/Ii \*0"1'

/1101' p >1 bl Jng I/1121' sau JzingL+ i1——7— + . . . +£1S1
/z — .\'| + XI" /2 — .\‘, + xi /1 — x” + xi’,

Biai 17. Gié str a.b.c 151 czic $6 thuc du"0"ng théa min abc = 1.

ChL'1'ngminhr§1ng1+a+b+c22f1+i+l+l.
' \~' :1 /2 ("

Ch ling minlz

Binh phu"0'ng hai vé, bit ding lh(1'C trO'lh€1nh

03+123+02+Z(a+b+c)22(l+l+l)+3
a b c

ha-y f(a)+f(b)+f(c)23f(\3/ubc) trong dc’) f(l)=I2+2I—%.I>O.

Dé chfrng minh b§td5.ngthi1'c n51y.ta sé sir dung hé qué RCF vdi r = 1.

D511 fl (ll) = f (@" ) = E" + 26“ - 2e"'.D£_10 hflm cap 2 f,”(u) = 24" <26»-‘" + 6" - 1). Chfrng

16> f](u) léi trén u2lnr=0. Dé zip dung hé qua R_CF, ta cn chirng minh

f(.\')+'lf(_y)23f(l) vdi 0<.\?-51$ _\‘ vi‘. Xy’ =1. B51 dang thtrc nay tu'0'ng (1u'0'ng vé'i

mét trong czic dang sau:

.1_



Clzzrzrlzg III: Nlzvzg vién kinz carting trong girii tfch

4..

4‘-¢

Lu

_ ‘ w
~

X: +Z.\'—g+Zv\'2 +4_\‘——&23; 4,\"‘ -3)” —/-1_\"’ +2)": +120: (_\'—1):(_\"+1)(4\": + \"+1)2()
Y Y1 .

B§1td5inglhL'1'c cuéi cling hién nhién dng. Ding thfrc xay ra khi via chi khi (1 =/710:1
Chli Marian Tetivcz di 1u'u >7 ring

az +1): +0: +2(u+b+c)—2(i+-%+l1—3=u: +/7: +0: +Z111+b+(’)—Z(ub+l7('+ca)—3
:1 2 (1

:(z>-<-)1 +(¢1-1)’ +211-a)(1>+@-2)z0
Bcfi vi cé thé giél su‘ réng a SbSc dan tdi 1-11 21) \Z1

\b+¢~-2z2\/E-2:21-1--1 120J; //

Bizi 18. G121 SL1‘ a.b.c.d 15 célc S6 thuc du'o'ng thOa min abcd :1 .

1

i Chtrng minh ring (a—11(cz—Z)+(b—11(b—Z1+(<‘—1)(c~—Z1+(d—1)(d—Z)ZO

CI1 ting minh

Viét bit aang thtrc du'é'i dang f(a)+_f(/21+_f(c) +f<¢1>z4_,~"(é/011(4). trong as

f(z)=(r—1)(r—2).r>O vi ap clung Hé qua RCF \"c'>'i F11.

B511fI(u)=f(e”)=(e”-1110"—21.

B30 him cap 2 f"(z1)=e” (4@" -3). Chimg 10 _/'10,) 161 vdi l(Z1I1I':O. Dé ap dung Hé

qué RCF. ta crim chirng minh _/'(.\')+3f(_\')244/'(11 \'O‘i xS1§_\' \-'51 .\_w"“' =1. B211 déng

' \ 1 .

thL'1'c néy tu‘Ung ('1‘u'0'ng vc'Y1 (Lyl -_ — — 2 _
\ \\ / /

J
~__i/

+
IJJ

/\

‘/.

J
/\

'<

\_/

V
_C>

Hay (_\"—1)2[_\"}(_\"—1)(3_\'3 —1)+3_\"3 +2)"+1}2O. diéu nély hién nhién dimg.

Ding thfrc xéy ra khi \/'51 chi khi a =l2=c=c/ :1

B51119. Gizi sir c1l,a3....,z1” (/1241 151 ccic thuc du‘0'ng théa min ala, 0:15!” =1.

1 Chtrng minh ring: (n—1)(al: +05 +...+(15)+/21/z+3)2(Zn+Z1(a| +513 +...+a”)

Ch zhzg minh

Viét bit ding lhirc n51ydu'c'>'i dang f(al )+ [(113 )+...+ /'(uH)2 /1/'(QJ/Q11: mu”

trong C16 f(I)=(n—1)i: —(Zn+ 2)!+1z+3.r>()vZ1i1p dung 1-Ié qua RCF \'é'i r:1.

Bit f,(u)=f(e"1=(n—1)e3" —(2zz+2)e" +/1z+3.Bg1o him cp 2

f,'(u1=2e” [(211 -212” -11 -11, chllrng 16> fl (11) 16i trén 112 1n r=O.

Ap dung hé qué1 RCF v chL’1 )7‘ 5. chi cn chimg minh ring .\f’(.x") 5 )§f'(_\") véi XS 1 S _\" vi

.\j'”_1 =1. 
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D0 .\_‘/"(.\') — _\_'f'(_\") = 2(n —1).\‘: —(Z/1 + Z).\'—Z(n -1))": + (Z/2 + 21)‘

= 2(.\'— _\")gr(n — 1)(.\'+=_\") -11 — 11. ta cn chrng minh x+ 2%.
“ -‘ ' 11-

su clung béit déng mu-C AM - GM, ta cc’)

:z*1
\' Y V .\‘\‘ - L'/ _.\‘+_\‘=.\'+—' +...+i'Zn-/1+ IinH 1

n—1 n—1 (”_1)”" 1z—1

Tiép theo, chi cén chirng minh ring /z ~ \”/n — 1 Zn + 1. Bit ding thfrc nixy is tuwng du'0'ng

1 II 1 71

vé'in—12(1+—) .Diéu néy dilng vi vdi 2124 La C6 n—123>(1+—)
I1 I1

1')§ngthL'1'c xéy ra khi <11 =15 =...=a” =1

' Nhén xét. V61 cimg C£iC1'1[1’1l1'C nE1y, ta c6 thé chtrng minh ménh dé sau dy

N611 a],a2,....a” Id ccic so‘ dzrovlg I/1011 mn a1a,...a” :1 I/11

3 '3' 3 Z11-Q/11-1
a +a,+...+u —n2?———-a +a,+...+u —12

1 _ 11 ”_1 1 _ n

(Gabriel Dospinescu vd Calin Popa)

Bi 20. Gié Sl:l'£l1,(1Z,....t1” 151 céc $5 thuc du"o‘ng Lhéa min (11513 ...aH =1.

' - l n~| n~1 11-1 ( »))>( ) 1 1 1 \Chung mmh rang al +4.’, +...+u” +11 11-1. _ /1-1 —+——+...+—
cl, :1 anw

Chzhzg minh

Ta v'iétb§td5§ngth1l1'c nély du'é'id2_1ng f(a] )+f(a2)+...+f(a”)2/y’(,"/alal ma”)

trong dé f(I)=t”"' —lz—f_—1.r >0. Din fl (z1)=f(e")=e["_H” —(n—1)e'”

Dgo him cép 2 f"(z1)=(/z—1)2e("_H" —(n—1)e““ =(n—1)e_” [(/z—1)e”” -1]. chtrng {O

fl (ll) 161 vc'>'i llZ1I1I‘=0, trong as F11. Theo hé qué RCF Va ch y 5,ch1'c§1n Chang

minh ring .\f'(.x)$_\_"/"(_\") vc'>'i O<.\‘S1S _\' vi! .\j""’! =1.
’

Ta c6: z;,~"’(:)=(»1-1)1"*'+—”I_1 V21

_\f'(y)—.xf'(x)=(n ~1)v\'"*] +”:‘1 ~(/z~1).\"'_1~'Y%_l =.\. \.

:l7—1_(n_l)'\_/1-1:(”_'l)(y it
)7 V(n—]1’

Dng thfrc xéy ra khi <1] =41: =...=a” =1.

J . '
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Bi1i21. Gia sir a,,a,....,a” 151 czic s6 Lhuc du'o'ng thoa min z1!u.,...u”=l vb /712/2.

r\
-~,_.

c r: 1 v] ——

I

\ \
Chrnv minh rnv Cl!” +al” +...+a’” +mn>(/n+ 1) ——+—+ +L|

<1, a ‘
V\ ‘ ’

Ch z'mg minh

Ta viét bait ding thtrc niiy du‘<5‘i dang _/'(a] )+f(c1: )+...+_/"(an )21gf(Q/(Ila: ...a” )

trong as f(z):z’” -”#l‘i,1>0.1->31 _f[(z1)=_/‘(€")=@'”" -(m+1)@‘"

\ A _» _ - A ( ~ , . ~ :-Dgo ham cap 2 fl'(u)=m1e””'-—(m+1)e ” =6 ”[n17e ’” U“ —/11-1], Chung 10 f|(u) 101

vdi ll2lnr=O, trong <16 r=l_ b6i vi 1212c1('”‘n" -—m—l2m: —m—1>O

Dé zip dung hé qua LCF, chi cin chirng n1inh1*§ng.b§1td§ng1hUc d cho 151 dng véi

[13 =41, :...:a” 21; nghTa1i1 chirng minh ring

( +1 — ,. \ _-
.x"” +(/z—1)_\"” +111/1—i— 2O v0'1 ()<.\-SIS 3" \‘21 .\'_\"” ' =1.

r \"

SL1’ dgng bit ding thtrc A1)/I — GM. ta 06 .\"” +(/n/1—m—1)2m(/z—1)”‘{/T =w\.

Do dé ta cén ch(1'ng minh (1-1 — l)g\"”' —l)—(/u + I)(l—i)2O
\ .\

Bait ding thL'rc n€1y¢:> l2()')2O _y21, trong dé /1(_\")=(n—l)(_\"'”+” —1)—(m+1)(_\"” —_\")

I ‘ ,

D0 —7—@=(n -1) \"” —nv”’I +12(/1 —l) \'” —12\'”" +1:
m+1 ' ' ' '

m'”_1(\'—1)—(\'” —l)=(\'—1)[(\‘”_‘ — \‘”“3)+(\"”_] — \'”_3)+ +(\"”’l — 1)]>O

Hfim/1(_v) téng. Vi véy l1(_\")2/z(l)=O. Ding thirc xéay ra khi a| =a3 =...:u” =1

Biai 22. Giél sir al,a2....,c1n (/12 3) 121 czic $6 thuc du'o"ng théa min

J/a1a2...a” = p2\/17-1.

Ch1Lrngminhr§1ng 1 v+ 1 ,+...+ 1 12 ” , (7)
(H-a1)' (l+(13)' - (1+c1”) (l+p)'

>

l

CIz 1212g minh

Ap dung Hé qué. RCF cho him f(I) =i_.I >0. Tru'é‘c hél ta phzii chtrng minh him
(1 +r)'

f1(ll)=f(€“)=% léi vé'i u2lnr. trong dé r=\/2-1.
<l+e”)

BL’ —. . \ 4 ,. , _°"(2@" 1) , .. ,
Th2_1tvgy,d2_10 ham cap 2 cho bcn fl (u)-i———4— va VO'l u >1n2 ,ta co

(l+e”)'

2e"-122,--1=2JZ-3>0
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Tiép the0_ ta chtmg minh r§1ng(7)dL'1ng \’é'i :13 :a, =... =41” 2 r vil mu: ma” =1-"1

NghTa1?1chL'1'ng mnih /1(.\-‘)2/m-> ‘ma .\~z»-_ Irong as /1<.\-)=_-L”l_,+i11—,
(V\_n—l +’_/x)“ (]+_\-)'

D30 hilm //(.\") C6 cilng déu \'c'>'ihZ1m
(X/1*! +'_/I)’

/1. (1') = 1"‘ .\‘ E fl (.\"+ 1} — .\'”_l ~ r”. D51 m='—_7./1121.Tunhfmlhy

/71 rm (X1111 + XI/n~1)__ -\_F1n~1 If/u (X/H rm )()_1r.‘_\_zr,' + )_Zn.- XI/v:—: )2 Xv: (X/r: rm ) /Iv

lm
, . ' _1

trong do /1, (x) : r’” +'—”— .\""
- I

.\'

D0 I1: (x) 15. him gizim nghiém ng2f1t\'é'i X2 r. /1: (.\') : r"‘_i (2r— 1): r'”_] (2\/5-3)

V51 /13(+<><v)<O (l13(+<>O)=r—l=\/5-2 \*é'i /11:1. V21 /z3(<>Q):—<><> véi m>1). tén Iai

.\‘. >r théa min /1, (.\'1)=O./1, (.\')>() vdi r<.\"<.\‘I. viz /1. (.\‘)<O v('>'i \‘> \',

TU‘ viéc hai hm l11(x) V51 //(X) 06 Cilng du nhu' /1: (1') vc'1'i .\->r_ la cé thé néi ring

him lién tuc /1(.\') téng nghiém ngél v©‘i r£.\'S.\‘E. \'Z1 giam nghiém ngéz vdi .\-z.\»,; bO'i

véy. /z(.\')Zmin{h(r)_/z(+<>@)}. Do /1(r):/1(+<><v):1. ta nhzin du'Q'r: /1(.\')Z/1(r) vé'i x2r.
vii chmg minh hoim tit.

Bing thL'1'c xziy ra khi ca! :11: =...=c1”:/>.

Nhzfm xét. Ta cé mé viét up bit dang thtrc (7) am dang:

C/10 a1,u3.....a” (nZ3)li1 ccic .96 dzrowg I/lO(l main (141: ...u” =1 viz \'é'i p2\/11-1 ilzi

1 w+ 1 \+...+ 1 ,2 ” 
U-l-[)LI§) (Ll+/ml) (l+pz1H) (l+p)

Vé‘i 11:4 vii p =1. ta nhén du'Q'c két qua quen Lhuéc

NC;z1 a,b,c,cl IE1 ccic $5 dumzg r/20:1 mn abcd =1 I/zi

1 q+ 1 1+ 1 ,+ 1 721
(1+u)_ (l+b)' (1+c)' (1+d)'

(Vasile Cirtoaje, GM-B, 11, I989)/ii
B51i23. Gié str al.a3.....a” 151 czic s6du'0'11gth0z11nan Q/c1la,...a,I : p2 n3 —1.

Chfrng minh ring: -—i1——+—1i—+...+———-Z (‘§)
\‘/1+0: V/]+Z13 \,/1+a” \/1+p Q

Ch zhzg minh

Ta sé zip dung Hé qua RCF cho him j'(1) 1%.! >0
\l+1
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Tru'dc hét ta phzii ch(1'ng minh rng him f: (11)=‘/'(e")=%iL l6i vdi u2lnr. trong
\/1+e“

' 1 . ., " -7 ,.d6 1:112 -1. Thél véy. dao hiim cép 2 cho b0'1 _/‘ (11):‘—(€?";) vii \/0'1 u21n 1'. ta 06

4(1+@")1

e“ —ZSr—2:1z2—3>O

Bv Qié la chimv minh r2“1n<1(8 dns vdi 11, :11. ...=u_ 21- via 11a..,.11 =1-” .1¢ a. C p \_, >\ ;, I ,1

‘
1; _11+I

n<zhTa 151 chima minh ring h(.x')2/1(1) vé'1 .121" trons: do /1(.\')= 1% +l—L‘“ " “’ “-’ '\_11——| + )_11 V/1 +

Q:-'1
~ _1z w

Dao him I/(x)=i-(H1)’ A 3 ——iL1); 06 cimg déu vc'>'ih£1m
2(x11~l +,_11)E

hl (1') = 1'?K.\"y-‘fl (x + 1) — .\-"'1 — 1'”. Bail 111=%.1112%.Tu nhcfln thy
.>

hl r1111 (X111 + x111—l ) x3111—] r}/11 F2111 (X111 _)_111)+ '\_111—l (F1111 X2111 ) :(_\_111 _,_111)/1: (

'»<
\_/

,..

rong d6 h2(.\')=1-1'”—r'”x”’_‘ —.\-2'”_'. D0 /1: (X) téng nghiém ngét vé'i 1'21‘ trong d6

112(1):»-""“‘ (1--2)='"*‘ (I1: -3)>0 v21 /13(+¢><=)<0. Nhu‘ mé 1611 mi ,1, >1 um min

/12(.\'|)=O./13 (.\‘)>O vC'>'i 1'S.\'<.\", vé /13(.\-)<() v6‘i .\">x|. TU viéc l1l(x) \/51 //(x) C6

cimg déu nhu‘ /1,2(x) vdi .\->1‘, hm /1(.\‘) tng nghiém ngél \*('>'i rS.\'S.\'1,‘v giélm

nghiém ngét vé'i .\-2.1-1; b<'>'i vay. /1(.\‘)2min{/1(r)_l1(+<><>)}. Tu‘ /1(1):/1(+<><>)=1, 111 thu

dLrc_>'c /1(x)2h(1") véi xzr, vii chfrng minh hoén I511. Déng thfrc xziy ra khi

a|=a,=...=a”=p -

Nhzfm xét. Czic bét aémgmac (7) Va (8) 1:1 tru'6>'ng hqp die met Qua ménh dé téng quzit
SElLlZ

Cho 56 nguyén 12 2 2, 1151 l< S11—1 I51 xé dzr0'11g.

, -1 L
Giu szr u],a2,....c1” IE1 ccic s13 d1r0'11g 1/2011 1111711 Q/c1|11: ...¢1” : p 211‘ -1.

C/1z?11g1n1'11/z1'§11g 1 ‘+ 1 A+...+ 1 k2 H k

(1+c1|) (l+(12) (l+11”) (1+/J)

(Vasile Critoaje, GM-A,2, 2005)

Ta c6 thé viét lgd ménh dé néy du'c'1i dang sau dy:

, 1 , ,
Cho $6 nguyén 112 2, O<l< S11 -1 viz p212‘ -1. N611 a[,a3,...,a” /[1 ccic $6 d11'011g I/1011

mn a|a2...a” =1 1/11 ~—1iAv+—L—T+...+—1iA—_2iAA
(1+pa]) (1+pa3) (1+])(l”) (l+p)

Mét hé qué ma vi duqc chi ra duéi déy:
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C/10 .s511gz1)'ér2 n 2 Z, O < k $11 —1 viz p =/11 -1. Néu al.a2.....a” /[1 ccic 55 dzrmzg Iluia

man ala3...aH -1 rhz 1 k + 1 A+...+ I L21
(1 + pal) (1 + pal) (1-\"])(I“)

, i-—— 1

Ba124.G1a sir aI.a,.....aH Ii czic $6 thuc du'o'ng LhO21mn Qgzuw ...u,_ : p £\/Ll —l.
‘ ' “ ‘ /1-

Chirngminhringz 1 2+ 1 2+...+ 1 is ” 3(9)
(1+aI) (l+a2) (1+c1”) (l+p) i

Chzhzg minh

Ta sé zip dung HE: qué LCF cho him g(I)=%. r>O.
1+1)‘

Trude hét ta chirng minh ring him f(z1)=g(¢”‘)=——1i, 16m \/"Oi uS1nr. lrong dé

(1+ e” )-

1-= /——”1—l.Th:§11véy,tac6 f”(¢¢)=-—-—2""(2""j‘) . va ma llln 1-,

”— (1+e”)

2@" —1£2r—l:2 /L1-3s2\/'§~3<0.
IZ-

Béy gid ta cén chirng minh r2'1ng(9)dL'1ng vé'i (11:61. =...:an_1 é r vi a1a,...a” =r”.
_

_In¥l

nghia li chtrng minh ring /z(.\') 3 lz(r) vc'>"1 O< xé r trong dd /1(.\")=—'1—L_
(1+_\-)' ('\_r1—l +,_n)'

K
n _Zn~3

Bio him l1’(.r)= —?'lli13 cé cimg déu vdi him
(xrkl +)_n)'

/11 (x)= r'%,\‘%”_l (.\'+1)—.\‘”‘1 —r” . Bit /n=%.n12%. Ta C6

/1] (X) = (rm —— .\"” )(.\'3’”" — r'”.\"” — 2'2"’ ) = .\"” (rm — .\"” ) /13 (X) trong (T6

Zn:
—1 r

I1, (x)=.\"”' —r'” —Z
"' Y/Y1

/ h
Chi y ring 11m/1,(.\-)=-<><>; /1,(.\~)=,-'"-1(1-2,->=,-""1! 3-2 15L >0

.\'—>() _ ' \ Vl1—1

Trona trubna hq n23(m21). him /1, (.\") hién nhién tine nahiém nail véi 0<.\'Sr.
.. .. P .. \./ ,,.

- , A z \ -; , A‘ \ \ , ,. 7 \ . ,
C0 the de dang klem tra tmh chat nay la dung 'vo'1 n=2(m=€). V1 v2_1y co xl e (OJ)

théa min I12 (x1)=O, /12 (.\')<O vdi O<.\'<.x], vi /12 (.\‘)>O v(5'i xl <.r<r. Til‘ viéc /11(.\')

vi lz'(.\') cc’) cing déu nhu' hi (x) vdi O< x< r, him lién tuc lz(x) giém nghiém ngit véi

0Sx£x], vi ting nghiém ngit vé"i x] Sxr; b<’>'i véy, h(.\')£max{h(O),h(r)}. Ti

.1."

1- L ~
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/1(0):/1(r)=I1—l,t21thLl duqc /1(.\-)3/1(r) vdi ()S.\"£r. vs} chrng minh hoéln tit Being

thirc xémy ra khi 41' =41: =...=a” = p

Chin y. Ta C6 mé viét lgi bit dang thirc (9) du'é'i dang

. - l XGm szr a],a,.....c1” /51 ccic X0 dzrmlg I/mu/115711 c1‘a;...cz” =1, p S — 1.
n

C/112/ngmin/1 rng 1 I + 1 +...+ 1 I 2 '1 ‘
(l+pa|) (1+pu3) (I+pcz”) (l+p)'

Bili 25. Giéx sir al,a2,...,a” (1123) 121 céc s5 thgrc ducmg thC>a min

221-1 I - L 1 1 1 n,"/a a2...a” =pSi;.Chu'ng m1nh ranv —i+?—+...+———2i (10)
I (n-1)" a ./1+a] ./l+a2 ./1+a” ,/1+p

Clzfrrzg minh

Ta sé zip dung Hé qua RCF cho him f(r) ,>0. TrLré'c hét ta chirng minh ring
\/1+1

héxm f (u)=f(e”)=—i— 16m vdi uSlnr,t1'0n@ dc’) z‘=2”i_l1.
I \/1+6” C (n—l)'

Thét véy, d2_10 hém cap 2 @110 bdi f1'(u)=—-_““W "
4(1+@")3

3 _
vé1v('>’i uSlnr,tac6 e” —2£r—2= =MSO

(n—l)_ (n—1)'

Ta cn chtrng minh ring (10) (hing véri al =51: =...=a”_1 S r v51 alaj ma” =r”;

n—l
nghia 151 chL'rng minh rng h(.\‘)Sh(r) v('>’1 0< xS r. trong do h(x)=l+

~/1+x x + r’
@

\ , -1 _ , \ A ,. -1? 2-1 _Dao ham h(x)=L)%__% co cung dau vcn h|(x)=r~‘x~‘ (x+l)—x” 1—r”.
2(x”_l+r”)5 2<»-+1>@

D51 m='~;,m21. Ta nhén théy

hl (x) rZm(xn1+ xm—l )__ x3m—l r3111: rim (X111 rm ) + V\_m—l (rlm xZ1n):(rm xn1)h"

, _ - - 2trong do /1, (x)=xq'” I + r”'x'” I —r '”

ChL'1)'/ ring /12 (x) IE1 him ting nghiém ngét vé'i 0Sx§ r, /12 (O) <0 v51

/12 (r)=r2'”" (2—r) >0

D0 dé, {Sn tai x1e(O,r) théa min I12 (x|)=O,h3 (.x')<O vc'>'i OSx<.\-I, vi /13 (x)>O vdi

xi <x£r. Tllr viéc h](x) vél //(ac) cé cilng déiu nhu‘ h3(.\') véi O<x<r, hém h(x)
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giam nghiém ngét vcii OS.\*S.\‘1. téng nghiém ngét vdi xx S.\-S1"; bdi v2§y.

/11.1)§max{/1(0)./1(1)}. Til‘ /1(0)’:/1(1')=11—1. La nhén dU‘Q'C /1(.\‘)§/1111') vé'i Oéxér.

vé chirnv minh h0nt§1t.D§1n<1thirc xav ra khi 11. :11“ =...:z1n — p
c c . I

Q
5'

;:\
(<\

Czic bait déng thirc (9) vi (10) 1Z1tru‘()'ng hQ'p déc biét cua ménh dé Iéng quail sau:

C110 56/11g11_vé11 12 2 2, 1'51 s5 1/1116 a'zr0'11g /< Z G111 $11 c1. . <1, ... . .11,‘ /E1 0:10.16’ d1m'11g I/10a
11 — ' “ '

1 .

111511 {11z11z13...z1,1=p§1—’7—)A —1, k/1111715 rL—:-+?1i;+...+——1iA—§——”i;
”~1 (1+u])\ (1+a,)’ (11-up) (1+]))“

1
(Vasile Critoaje, GM-/-1,2, 2005)

Ta cc’) thé viét lai ménh C113 nily du"é‘i dang sau dziy:

' 1

C/10sé’1zg11_vé11 112 2, viz ccicsé'I/z1rcd1r0'11g /< >—1—1 , O< p 3 -1. Né11
11- 11-

al.a3.._...a” [£1 ccic" dzr0'11g Ihdcz 111c111 (11113 ...c1” -1 1/11

1 + 1 +...+ 1 _ $11-1
(1+ pa] )k (1+ pc12)k (1+ pa/])K

\ - - » 1 \ , A 1 ._

Bax 26. Gla su' c1,.a3.....u” 1a cac so ~thL_1'c ducng thoa man ‘\!£lE((’\ ...(1” =12 21. \

Chimg minh 1 + 1 +...+ 1 2 ” (11)

-1+ul+...+z1I 1+(1:+...+(13 1Tc1H+...+aH 1+p+...1-p

Ch 1i'1zg minh

Ta Se ap dung hé qué RCF cho hZ1m f(1)=1-—L-.1>0. T1"u'dc hé1 ta chirng
+1-1-...-1-1‘

minh ring him fl (11)=_f'1e")=————1—i— 161 \=é‘i 1121n1", trona C16 1-=1; nehia
'“ 11 111—11:1 " "

1+e +...+e

Qy

<
O_~

1 1120. 951 _\-=@“(_\~z1).a1éu kién can _1”(11) >Oquy vé

" 11~1 2 1‘ I I 11-17 /1—1

2[y+Z_\“ +...+(1z—1)_\" 1 2IL_\"+2_\‘ +...+(11-1) 3" 111+ _\-+...+)‘ 1

Ta sé chimg minh bt ding thtrc ny bimg quy nap theo 11 . V61 11 = 2 , bit ding thL'1c trC1thimh

v 1' -1 Z0, hién nhién dime. Gié sL1"r§1n@ bt dénz thtrc d dne dén 11 vZ1ta sé chtrn
. . \_, C‘ \_/ w. g,

minh n6 cng dng véri 11 +1.1z2 2. S11‘ dung gi2'1thié1quyn;1pLa c5n chirng minh ring

1121)” —1)+al_\'+a2)'3 +...+a”_1y"'1ZO trong dé (151311: -1Z11~1')_ . D0

a1<a2 <...<a”_] v21 _\h£)-3 S...§_\'” 1.

Sir dung bit ding 1hL'1'c Chebyshev ta nhén du"<_1c

1z(a1)*+a2_\": +...+(1”_|)""")2’(al +03 +...+a”_} 1111+ _\': +...+ _\-"-1)

. 1 I 



Chu'0’lzg III: Nhvzg vién kim Cll'()'llg lfong gidi tfclz -151

Vi vz_‘1y. chi can chirng minh :1] +a, +...+(1”_, 20 121 du.

3 .

A . , , (1 -1» -1W ta CO +111 ="‘>"?"1><1
Cu5icL1ng.ch1'c6n cn chtmv minh(11)d1in<> vdi an =11. =...:u >1 v51 a a ...zz =1:C 13 _ ~ n _ 1 I /1

nghTa1Z1chL'1'ng minh ring f (.1) + (/1 — 1)_/' 21 \'é"i O < .\- S 1 S _\‘ V21 .\'_\"”’I :1.DS1t

k = n — 1, k 21,bé1Ld2§ng[h£1'c nz‘1ylu"o"ng duong vdi /2(_v) 2/1(1) trong C16

kl
\ .

/1<_»~>= 1 1+ ‘1+\'k+...+\‘k 1+.\>+-~~+.\‘

D61 vdi trubng hcyp khéng tm thu"O"ng _\' > 1 . ta viét lai bit d2”1ngth1'1'c /12/2(1) du'<)'i dang

7?

>_

,.
,

>.
»/'\

.¢_

\_/

<

,_.

.1

1+_Y+...-1-_\‘ 1+\»'+___+\-_ '\ H—1__\'A"1 _\'U\M—1‘

k 1+ _\'k +...+_\"(‘>m — _ — '1 —

k(_\._1)> ),1:_1 kv\_1<1-+11__l>v\_1-2_l .

\-1+: ]'*\|1~|>A 1' \1+1 1- Y 1

ki:1+)_k+l+)_Zlk+11+H‘+ylI<~1)(A~1\l21+'\_+_\,Z +.__+v\_|1~1><1»1w

k[1~1+ y-_v‘ +_\~3 - 1'2‘ +..1+_\~"“‘_\‘“'”‘12(l+,\~+_\-3 +...+_\~"1)[1 +y‘ +_\-3* ...+y"’”‘1
D0 1< _\"<_\" <...< 3"": vii 1< yk <_v3‘ <...<_\""””’_ b5ldéngthL'1"c cuéi ctmg chfnh 121

bét ding thirc Chebyshev zip dung cho k bi» (1. y‘) v51 11.)“: ....._\""_m Diéu ny

hon thimh chfrn" minh. Vdi n>3.dén<>lhL'1"c xav ru néu \'£1ch1' néu <1 :11, :...:aC _ *5 -I
1 _ /1

Ch y. vo-1 ]) =1, ta nhén du'Q‘C ménh aé 1-51 dqrp sau dy:

Néu al,a,,...,a” /(‘I ccic s6 dzrong Ilzoa /nn z1,c11...z1” =1 I/zi

1 + 1 +...+ 1 21
1+al +...+a]”’ 1+a2+...+a§” 1+z1” +...+(1ff ’

Trong truiwng hqp n =4, ta thu 1z_1i mél két quzi qucn biét:

Néu a,b, 0,41 /[1 ccic 55 dzrovzg I/1011 man abcd --1 I/21

1 1 1 1 21
(1+a)(1+a:)+(1+b)(l+b3)+(1+c")(1+Ac'3)+(1+a')(1+a':)

(Vasile Cirtoaje, GM-B, II, I999)

Béi 27. Gié str a|,a2,....a" 15 caic s6du'0'ngthoz1mZ1n u!a:...(1H 21.

\ 1 
'7Chung mlnh ring a] +112 +...+ an e Q/(11:12 ...a” 2% Z (In (ll — 1n :11.)

1 271- lS1SjSn
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CI1 lhzg minh

~

II / n \ ' /1

' 3 " " . .
D0 Z (lnal. —lnu/.) =nZln' :11. —LZln¢1i\ =nZln' ui —ln:(ula2...c1,I).tacéthéviét

léiéfn 1:: [=1 !=l

bél dang thtrc nily duéi dang f(a])+f(a2)+...+f(a/I)Z11f(Q;'cz]aZWu”) trong <36

_f(z):r—3l-ln2z.r>().
'_n

Hilm _f](u)=f(e”):e" —;l—u3 cé dao ham cp 2 f1”(u)=e” —i. D0 fl’(u)>O vévi
._./Z H

1120, hZ1m fl (u) 16i vdi u21nr,trong dc’) r=1. SL1" dung Hé qué RCF vil Ch )7 S. chi

cn chirng minh ring .>cf'(.»c)S_\§1"()') vé'i O<.x£1Sy v21 .\‘_\'”*' :1. Ta C6

rf’(l)=t—%Int vi )jf'(_\")—.§f'(x)=_\'—%ln _\‘—.\'+%1n_\'=_\"—x—l11 _\"=_\*—+1—]n_\'
\

Din I1()")=)‘——1T—ln)". Do l1’(_v)=1+L7ll—iZi>O,hi1m l1(_v) téng nghiém
I1“ I1 .\~ IT

ngzfat véi _\'2l. Béi v2_"1y. h(_\)2lz(1)=O vii do dc’) _\f'(V\")—.\f'(x)Z0.

Bang thtrc xéy ra khi (11:03 =...=@” =1

Bi 28. Gié su‘ al.a2....,u" 151 céc $6 duorng théa min a1a3...a“ =1.

'\ Y

Chirng minh réng: (l—l)ll +(1—i) +...+(l—l)l' §n—l
I1 H Fl

Ch zhzg minh

Din Q» =___-_"" vc'>'i méi ie{l.2....,n}. ménh aé mi thénh:
' lnn—ln(n—l)

I \ / J - ~ Z \
Neu x ,x,,...,x la cac so dzrong thoa man "/x x, =2'=ln—'——Il1z

1 _ II \ l .. I7 ”__1

—.rl —.\‘1 —. —r
e +e -+...+e ‘“ Sne .

Ta c6 thé viét bt déng thtrc néy duc'>"i dang

f(a])+ f(a2)+ ...+ f(a“)S nf(."/(Ila: ma”) trong dé f(t)=e",r>O.

Him fl (u)=f(e”)=e_"“ 06 dao him cp 2 fl”(u) = (e“ —1)e"“’“

D0 fl”(u)<O v<'7iu<O.h?:1m fl(u)l6m vdi zr<ln2'=ln1n—'7—l<O
/z—

1

I 
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D5 zip dung hé qua LCF,Ch1'c5n chL'1'ng minh ring (/z—1)e—‘+e" S/10"‘ \'é'i

O<.\"S rS y vii _\-"'i_\' =r”. NghTz1 121 g(.\‘)S (Q (r) \'c'Yi 0<.\"S r. trong d6
_n

g(.\‘)=(n—-1)e°‘ +6“, vdi _\':%
.\‘ ‘

/I \
' E / z "—,' I » .1 \ r » \ A .‘ \D0 %g (x): r” —.\"' e" ‘,chu‘ng to rang dao ham g co cung dau v01 ham

n —

\

92
--~

g, (.\')= r” —.\'”e"""'. Til‘ 2"’ (.\')=.\‘” — /2.\"”’! +(/1—1)r” _ ta nhén théyv (X) c6 clllng

déu v<'7i hm /1(.\'):.\‘” —/1.\‘”" +(/1—l)r”.

Dgo him cua /1(x) du'Q'c cho bdi /1'(.\"):n.\"”': (.\"—/1+1).

D0 h’(.\‘)<0 vé‘i O< .\'S r, hixm h(.~;) giam nghiém ng§1l.Thém vo <16‘ tir

/1(O)=(n— l)r” >0 via l1(r)=nrv_‘(r—l)<O.léntai .\'| e (O. r) th(>a min /z(.\")>O vdi

x6 £0.11),/1(.\'])=O vZ1 /z(.\')<O véi xe (.\‘].r). Bdi vy him gl (.\') ting nghiém ngzflt

véri (O. x1] vil giéim nghiém ngét véi [.\"|.r]. D0 gl (O+)=—<><> \"£1 gl (1') =0. [511 tai

1'2 E (O..\'|) lhéa min gt (.\")<() vé‘i XE (O..\-3).g| (.\'2)=O vii gl (.\‘) §O vc'>'i XE (.\'2.r).

Bdi vziy hilm g (.\') gizim nghiém ngéu trén (O..\'3] via léng nghiém ngzfat trén [.\‘:.r]. TU

g(O+)=n -1 v51 g (1') =rze_" =11 — 1 =g (O+) I21 nhén duqc g(.\')§ g (1') vé'i O< .\'S r.
Ding thL'1'c xély ra khi al =a3 =...=a” =1

Bi 29. Gizl su‘ .\'|.,\'2,...,x” 151 czic S5 thuc khéng fun thoa min .\'I +.\'2 +‘..+.\‘” =41

1 ~ \_l __ _
Chtrng minh ring: n " +11 “ +...+n "" Z1

Clz 1?‘/lg minh

Ta cc’) mé viét bin aang mu-C nily du'('>'i dang
/ , \.\‘1—.\',+...+.\‘ _:f(.x])+f(.\"2)+...+‘f(x”)2/1fL—%?—l trongc‘l0f(u):/1".1120.

D510 hém c2“'1p 2 f”(u)=2n_”2 (2113 ln1z—l)1n1z chtrng tc'> f léwi vdi 1121, v51 do <16 cng

;_ x]+.\',+...+.\'“
101 vo‘1 L¢2s=i“—-—:1

n

Theo dinh 1y" RCF, chi cén chirng minh bit dzing thirc vdi xi £135 =.r3 ...=.\'”

Dét g(x)=n_"‘: +(zz—1)n*"2 -1 trong dé .\"+(n—1)_\"=n \/£1 OS.\"S1S_\". Ta chfrng

minh ring g(.\')2O véri O£xS1.Ta cé g'(.\")=2(_w1“': —.\'/1“: )lnn.

D210 hém g’ cilng déu vé'i him gl (.\‘)=ln(_\"n": )—ln(.\‘n“*‘: )=ln_\"—1n.\’+(.\': — _\': )1n 11



l

454 Bt drirzg tIzzi'c Vasile Cirtoaje

Til‘ g1'(.\')=—i—i_+Z{.\'+—'r— Aln/1: L-—— , ln/z’.tz\nhé11th§)'
(n—l)\' 1 \ II—l/ L.\'(n—.\") (,I_1)-

L‘_i

(.\") (:6 cimg d§u1v<5'ihE1m l1(.\‘)=—_—%_—+.\"(/1 —.\')[l +(n— 2)x] vdi O<x£1
.'_. 1 I1

"1:
-\

D30 him cua /1(.\‘) du'Q'c cho bO'i //(H =12 + Z(n: — 211 -1).\‘ — 3(1z — 2).\':.

D0

/1'(.\-)=n+2(n: —21'z——l).\'—3(/2-2).x‘: Z1L\"+ EH13 —2n—1).\‘—3(/1-Z).\'=2(n—1)(n—2).\'>O

vdi O<x§1, hilm /1(.\') Léng nghiém ngzfat.

D0 /1(O)<() v21 h(l):(n—1)3(l—%)>O. 1611 tai .\",e(0.1) théa min /1(x)<() vdi
1. n/7 ‘

.\‘e[O..\‘|),/1(.\'1)—O V51 h(x)>O véi .\"e(.\'..l1;. Bdi \’€1\".hZ1n1 "I (x) giém nghiém ngél_ : .. a - .

trén (OJJ vii téng nghiém ngét trén [xvl]. Til" g;(O,):4.<><> v51 g|(1):O. tém tai

X36 (O..\‘l) thba min gl (.\')>O vé'i .\"e(O,.\'2).gl (.\‘2)=O vil gl (.x')<O vdi .\‘e(.\'2.1).

Bc'>'i véy, hém g (x) téng nghiém ngét trén [O,.\"3] vi: giam nghiém ngét trén [xyl].

D0 g(O)=(/1—l)11‘(”%‘) >0 viz g(1)=O.ch£1'ng IO g(x)2O vdi OS;-S1.

Ding thfrc xziy ra khi vil chi khi xi =.\"3 =...:.\‘” :1

$ Bili 30. Gié sir .\'1..\'3 . . . . ..\'” 121 czic $6 thus khéng zim théa man xl + x2 +...+x” —IZ. 1

‘ Chirng minh ring: 2(,\‘§ +.\"§ +...+.\';)+1z: S(Zn+ l)(.\'.: +.\"§ +...+.vi) I

_ . _

Ch frng mirth

Viét bém dang thtrc duéi dang f(.\'] ) + f(.\-1)+...+ _/(.\-H ) so [1‘Or1g as

f(.\‘)=2.\'3 —-(2n+1).1": +11. Dao him cép 2 f”(x)=2(6.\"—2/2 -1), chirng LO ring f 16m

7 .

trén \/5116i trén

su dung dinh1§'/ LCRCF. Léng E=f(.\»1)+ /(.\-:)+...+ f(.\'H) dgt gizi In 1c'>‘n nhé1l\"('Ti

x =1; =...=.\' <_\' . Byi vaf1y.cl1ic5n chfrng minh bit ding thtrc
1 _ n~l _ I7 “

(n—l)f(.\‘)+f(_\")SO vdi ()S.\‘S1S_\' vi1(n—1).\‘+_\'=n.
/

B51 déng thtrc ni1ytu'o'ng du'o'ng véi n(n — l).\'[2(n — 2).\": — (4/2 — 7).\'+ 2n — 2120

> .)_ \ , ,. \ W I
Dleu nay dung bO1v12(.n—— 2).\" — (411 — 7).\' + 2/1— Z = Z(1z — 2)(.\‘— 1) + 2 — .x-2 O

Bing thirc xay ra néu min trong czic s6 xi bng 12 v51 czic $6 cfim Iai 0.

1 
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(Bid 31. Gié sir .\‘_ '1", 3 121 czic thuc du‘0'ng thba min .\:+ _\" + 3 = 3.

ChL'1‘ngminhr11g: 8K%+l+i\]+92I()(.1':+_\‘3+::)
. \. _

Clzzhzg minlz

Viét l2_1i b§tdé11gIh1'1'c du'é‘i dang f(.\‘I— f(v\")+ f(;)S9 trong dd f(l)=10t3 —%.

D30 hm cp 2 f”(r)ch1'1'11g1c'» f 16m trén @1161 trén —_—.+<><>J

7 \_

~31

/

S1'1'du11g d1nhl§1LCRCF.t6ng E = j'(.\-) + [(1') + _/(3) dz_11g1:itr1lc'>'n11h§tkhi .1": _\" § ;.

B<'>'ivef1y,ch1'c§111chtrngminh bét d€311gth1'1"c If (x) + _/'(:) § 9 \'<')"1 0 $161 § 3 \'i1 2.1" + 3 = 3.

Bét déng thirc néy tu'o'ng du'o'ng vdi 40.1’ -1-l().\": + 174.1: — 89x + I6 2 O

hay (2.1--1)3 (10.1-1 - 251- +16) 20

Bdi V1 10.1-1 -25.1-+1e=10(.\~-1): +6-5.\~>0. bé1déng1h1’rc n£1yhié11nhién dng.

D§1ngthL'1'c xéy ra khi \/Z1 chi khi (.1: _\'.;) 151 min hozin vi cua bf) (%,%,2).
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-1

Biai 2. Chirng minh 1 + + ,

' c ' 1+(7c—a)‘

(al+a3+...+aH): <(n—1)”
Bini 1. Cho al,a2,...,a” > O. CMR: +1)(a§ +1)m(a5 +1) _ "H

1 1 <3~/3_ 2,
\/1+(2a—b) \/1+(2b—) \/ _

a,b,c2O
ab+bc+ca =1

Bini 3. Cho tam gizic ABC. chu-ng minh rang; Sm‘ A

Béi 4. [Chinese 20031 Chooc,,ocZ,..., H ( , 9)

+sin3B+sin3CS2
'1

On e O 3 thoa min: tan 01, [£1n0L3....t£1n(X” = Z3 (n Z 3)

h T—c0§(x +c0s0c +...+c0s0¢” <L,,
Tim gié tri_ nhé nhét cua L,, sao c 0 - . 1

3

Bili 5. Cho a, b, c 2 O. Tim
., . , 4 .

_ a ‘ I) c

glam nho nhat cua T: -~——— +3"l—— + 3/———
b+c \’c+a a+b

Bi1i6.Ch00LeR;a,b,c20.

a U b a ¢ Q

Tim gié tri nhé nht cua Tu +£——]
+ C C + Cl C1 -F

Béi 7. Cho a, b,c,p,q>0 v21 0c_> Tim gié tri mm nhét cua biéu thirc

T =[
on \pb

Bi 8. Cho xl, x2, x,,e[

on ca \a
(1 b c

+ +
+ qcj [pa + qaj [pa + (111)

-1. 1]. Tim gié In l<'>'n nhét cua T=§/.\-I +5/X2 +...+.»*/1-,,
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§1s. BAT DANG THUC POPOVICIU
|. e|o'| THIEU

Ném 1965, nhé tozin hoc Romanian T. P0p0vi(r1'u d chtrng minh bit ding thtrc sau dy

x"+\'+"\ /\'+\" ’\"+" A-4.;f(.\‘)+f(y)+>f(Z)+3fE%-JZ2_fLi)+2_/"L" 2*")+2f( )

trong <16 f 15 him 161 trén khoéng i vat X.)-.;eI

A. Lupas d5 mo‘ rong bait ding thuc ny vito ném 1982 vii dat dtroc két qué sau dy (voi
p,q v51 r 151 czic $6 duong):

, \p.\ + q1+1__
pf<.\l>+¢u"<.».~>+»;f(p+q+/~)/{WT}-

2(p+q)_f{_/Z‘iHil+(q+r)f£_£\]+(r+ /2)_f[r:+p'\.J
/ , 1]]+(] (]+I'/~ '+])

Vito ezic ném 2002 vfl 2004. chung toi d mo" rong bit déng thuc Popoviciu cho 11 bién

[5,6] vii thu duoc céc dinh 1)? duoi dy:

Djnh lj I (Mo rong cua bit ding tht'1'c Popoviciu).

Néiu f I51 hizm l5i Irén k/wring ll viz al.a3....,a” ell I/2i

f(a1)+f(a2)+...+f(a”)+n(n—2)f(a)2(1z—l)lf(bl)+f(b:)+...+f(bH .

Djnh lj 2. N511 fie‘: /151/11 151' rrén k/wdng K viz aI,a3....,a” E K I/zi

2 cl, +c1
,/‘ ((11)+f(a3)+...+f(a”)+———”2f(a)2f_Zlskzisll‘/K /J

al+a,+...+a, 1

[rung do z1=—?‘i-—i“ viz bl. Iilzul \‘(7in1Qi i.
n /1— -j-I

Ngay sau khi nhfrng bét ding thtrc nfly duos post trén Mathlinks Inequalities Forum.
Bill Zhao as Cll_I doén ménh dé tong quétt sau dy ta dung:

Djnh lj 3. Néu fliz helm l5i trén khodng H vd a].a2,....a” e l rhi

(ak)+n(,:::g)f(a, +a3 +...+a" J2)” Z f(a,, +a,-3 +...+a,-WJ

= n l§I]<...<Im§H In

§l\4= \

Cfmg trén Mathlinks Inequalities Forum. véto ném 2005 Darzj Grinberg d post mot
chung minh déi cho bait ding thirc nity bng céch quy nap theo n.

Trong muc ny, Chung toi sé chung minh céc dinh l§' néu trén. vi sé dua ra mot so trng

dung ctla chung. Lo'i giéi cua chung toi dua vfto bait ding thuc Karamata cho hétm 161.

Tru'o'c hét hy nhéc lai bit ‘ding thuc Karamata. Ta noi ring vector Z=(a],a2....,a”)
—» , ._< _~

voi £1,203 2...2a” troi hon vector B=(b],b3.....b”) voi 19,2122 2...2b”. vii viét AZB
néu thoa mn czic dieu kién sau dy:
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al 212,.

cl, + (13 217] +17:

0| +03 +...+a”_| 219] +193 +...+b,I_1

41, +0: +...+a” :12, +12: +...+l2”

Bit ding thirc Karamata phzit biéu ring \"c'>‘i m(_)i hilm 161_f\-vz1¢z1¢ vector Z 2 ta cé bit
d2'ingLhL1'c sau: f(a] )+ f((1:)+...+f(u”)2f(/7])+_/(b:)+...+ f(b”)

Chling minh djnlz lj 1. Khéng m§t tfnh téng quail, chng ta gizi sL'1' ring n23 vil

(11503 S...Sa”. Thé {hi [Em tz_1i $6 nguyén /n \"<5'i 1£m§n—l.thc'>a1n€1n

al S...Sam a Sam‘ §...Sa” vii bl 2...2b,,; 20 2/2",’, 2 ...Z/2” trong dé

(1 +61 +...+(l
I I n

Q  —
I7

Dé démg nhzfm thy ring bl déngvthc cfm chfrng minh 121 téng cua hai bl dng thfrc

du'(.'Yi déy

f(aI)+...+_/'(am)+Iz(1z—n1—1)f(u)2(n—l)&f‘(l2m_l)+...+_/'(/2"[1 (1)

f(am+l)+...+f(a”)+n(n1—l)f(u)Z(n—1)Ef(bl)+...+f(bm)] (Z)

D5 chirng minh (1). ta sir dung bait ding thtrc Jensen \/Z1 thu duqc

. ( — —1)f (al)+...+f(am)+(n—m— l)f(a)2(n—1)f(b) trong d6b= 
Vi v2iy.chL'1ngta chi ccm phéi chtrng minhr§1ng

(n——m—l)f(a)+f(b)2f(17m+,)+ .... ..+f(l2”)

D5 cé a Zbum 2 .... .. 2/9” vi (/1 — m—‘1)a +b:12m_, + ...... ..+12”.tanh§1nth2“'1y vector

2%,, =(a...._z1,b)tr@i h0'n vector gr1—n1 =(bm_|.l9m+3. .... “I2”

D0 d6 zip dung bit ding thL'1‘c Karamata cho hinn léwi f ta cé kél qua can chtmg minh

Tu'o'ng tgr, ta cc'>théchL'1'ng minh (2) being czich cimg béit déng thirc Jensen

f(a”"‘)+""+]:z(il +(m_1)f(a)zf(¢-) véi bét déngthm:

,_.:

\/

A \ .... .. < -1)
f<¢-)+<m-1)f<@>zf(1>,)+ .... ..+f(1,,,,) trong dé

Bait ding thfrc sau cimg Lhu duqc til‘ bét ding thL'rc Karamata. bO'i vi bl 2 .... .12,” 2a v21

c+(m — l)a =l2l + .... ..+bm v51 do (16 vector C11! =(c.a, ..... ..a) mini hon vector

BI‘! =(1),./g_.......1>,,,)

Chz2'ng minh djnlz If 2. Ta sé chirng minh bng czich quy nap theo n. Vé'i 11:2. bait

d'?1ngth£1'clro"1hi1nh ding thirc.
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By glib‘ giéz su‘ /123 vi b§tdénglhi1‘c dfmg khi cé ( 12 —l ) hing nhau. Ta sé chirng minh
bit démg thtrc dng vdi n.

a +u +...+a ' c1+z1~+...+u_ _;
Bat ¢z:—'i3i”— va dat .\":—’"ii’—'-.Thc0 21a thlet uv na .

/z ' 12-l ” “ 'p

a’ + .

tacé <11-s>[_f(a,)+_/(¢12)+...+_/‘(u,,_,)]+<~-1>_/(.\->22 Z
I§r</S/1-1 4'

Vi véy.ch1'c§1n chtrng minh rng
n—l

/"((1,)+f(aZ)+...+f(u,,_1)+<,1-z>f(@,,)+,y"<a>z<”-1>_/(.\-)+zZf[5%&]
/:1 '"

Ap dung bit ding thfrc Jensen. ta cé _/“((1,)+f(z1:)+...+_f(c1”_|)2(12—I)_/‘(.0

\ . ~ , . ~ . ”“ .'/c1,+r1 \
V1 v£_1y. ta Se chu'ngm1nh1'€1ng (11 —2)f(u” ) +11] ((1)2 22/ 1

l ‘\ L11:

1:~l
‘ £1» + (I _ , ; ; , , - .Tu'(/1- 2)a” +1111 2 1€_1l su‘ dung bat dang Lhuc Imramata cho ha! tru'o'ng hqp:

1'1] "'

Néu 202min{a,.a3...._u”}+znax{a,,a3.....a”}.

Khéng mét tinh tfmg quail, gié sir ring al =nmx{u].a3,....(1”}.(1” =1nin{a[.a3.....a”}

Nhu' thé Za Z a] + an . D5 zip dung bit ding thfrc Karamata. ta chfrng minh ring

a Smm . ' va azmax . ‘ _

cl, + an 0. + an aw +u” u] +a” :1. + an an | + C1”

” 2 2 2 7 7 2

-x .. , 4 .; ., , \ -; '/\ , . A 51 +0Dxeu k1¢n thu' nhat h1en nhlen dung. con dxeu k1¢n thu' 11:11 CIu‘Q'c quy ve (12%
Néu 2aSmin{a].a2,....a”}+max{al.c1:,..._(1”}.

Khéng mt lfnh téng quzit,gie'1 str ring al =n1z1x{c1|.c1:.....a”}.(1” : min {c1].a3,._.,a”}

3 .\‘hu'1hé 2a S (11 + an . B5 zip dung bit dng thtrc Karamata. ta chimg minh ring

_' (11 + 41” cl. +0” a”_| + an a, + an (1. + CI‘ c1,_| + aluémm . ' va a Zmux . " ’.. ._ ’ ’0 v 7 '1 v '> '>

.; .- , A A “+51 \ .; .- , . .4 ‘A ,Dleu k1¢n thu nhat quy ve a S—'—,,—l, con d1euk1e_:n1hu'hzuh1en nhlen dung.

Binh lun. MO" r6n<1 c1'1a bit ding lhtrc P0 oviciu cc’) thé viét lai du"cS"i dang sau déu - C‘ ¢_, - - 5/

E,,(al,a,,....a,,)=f f(a:)+m+f( _”f(u)2n—l
' ' ' f f(b2)+...+f( —nf(z1)

/-\/'%

rs
Vv

++

sp
L/“V

xx-si m<_3t S6 him 161. chain <1u-an 1611 nhét CUZI E” lix (11-1) nhu'ng vdi mét 56 khéc ma

chin du'c'7i 1c'>'n nheit cua E” lz_1i lc'>'n hon (11 -1 ). Trong u'u"(7ng hqp sau, md réng cua bit
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c'i€i11g thirc Popoviciu cé thé 151m ma_1nh ho'n. Chng hz_1n. v<'»'i hiim 151 ‘/(.11) :.\"3. bait ding
-v w w w

u _+u._ +...+a nu 3

thu'c sau dung: 1, 1 ',’ W 201-1)
bf +195 +...+l>; —/za“

1

Trong khi as vdi him 161 f(,\~)=.1-1‘. Chan dudi ldn nhéu Cllll 15,; 1:1 _-_-—-‘lgfné” " U
11' — n +1

7» '5 '1 1 1

‘ ‘ a +a;+...+a'—~nu* (2 _])( _1'
B0'1vay, neu a,.a3.....a” la cac so khong am th1 1} Q Q’ 2 H '7 )

bl‘ +125 +...+l2,‘7 —/10' 311‘ —5/2+1

V61 gia $11 ring a, + (13 + + an =11, bit déng thirc ny tu'o"ng during vdi bit ding th1'1'c

th1'1‘nh§1tthe0 két qua O’ mgc 3.4: (I1 —1)(a;‘ +11; +...+a;:) +11: 2(Zn—l)(al3 +a§ +...+u3)

V61 1123, ding thtrc chi xéy ra khi hoéc 411 :u3 :...=u” =1. hoéc mét trong cdc $6 (1,

béng 0 vé céc $5 cbn 1251 hing

11. cAc BA: TOAN AP nuns

Bili 1. Gié sir a],a2,...,a” lil czic 56 du'o‘ng théa min ulul ...u” :1

Ch1'1‘ng minh ring: a]”'l +41?‘ +...v+ affl +n(n—2)2(n — I)[l+—1—+...+iJ (3)
u, :13 an

Clzzhzg minh

Bit ding thirc néy thu dU'Q’C bzing caich ép dung bit ding thfrc Papoviciu md réng (Dinh

1y 1) vdi him 161 f(.1-)=@" 1/:1 thuy mé a].a1.....a,, 15111111-<_>-11><'>‘1

(n—1)lnal,(n—l)lna3_....(n—1)lna”

vs; 1123, dang 111u~¢ xély ra khi V @111 khi Cl] =15 =... =a,1 =1

7 I -s

. , ,. \ " ‘\' -" , A ; , .;
Nhgn xet. V01 n =3 va (11 ="—.a, =—.aq =**—. La co bat dang thu'c quen b1et

v: ' ;\' * .\')'

5 ~~ ~-1 \

x + yo + 3° + 3(.\j':)' 2 Z(_\‘”:,° + ;“.\'° + .1’ 13)

Béi 2. Gié sir a ,a,,....a 121 czic s6du'o"n<11hOamn a a, ...a =1.
I _ n V I _ 11

Chirng minh: a{'_l +a§"I +...+aZ_' +/1(11—2)2”—;lEcz1 +a, +..‘+a” +L+L+ .... ..+l
“ ' a, u, an

Ch zhzg minh

Ta c6 thé thu duqc bét déng thtrc niiy béng czich céng (3) vé'i bét déng thirc

af"l +a§'4' + + affl + /z(/1 — 2) Z(n —1)(aI + (13 + ...+ an)

B51 d§1n<>thi1'c @1161 cimv thu duoc béna céch cénv czic bait dam [hL1'C M‘ +11 - 2 > (11 - 1) 61- vdi
O C - K1 - D D I '- I

mc_>i i . Ta cc’)

1117"‘ +n—2—(rz——l)a,_ =a,7"l —1—(n—1)(u,—1)=(z1,—l)[(cz:“3 —1)+(a;"3 —1)+...+(ai —l)jZO

van n z3.aé1ng1h1'1-Q xziy ra khi va @111 khi (I1 =11: =...=a,, =1.

L-_ —
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\. _

B2113. Gia str :1! .u3.....u” IE1 czic $6 du‘o'ng lh($dm£1n u, +113 +...+u,, -/z.

Chirng minh ring: (n_—ai )(/z —a3 -41” )2(/1 — 1)” "Q/(1,413 ...a”

Clzzhzg minlz

Ta ap dung dinh 1y 1 cho ham 161 f(.\-)1-111.1 mi .\->0.

van 1z23.d§ngth(1'c my ra khi V51 chi khi (1; =11: =... =11” :1

Nhgin xét. Til‘ al + (13 + ...+ an =12 suy 1'21 c11u3...u” £1 (SLY dung bél déing [hire A11/I-G11/I).

bt ding thrc trén manh hcm bit dz‘/mg thfrc sau
,1 '1 _: -_. ‘

(/1 —a| )(n -41: —-a”)2(n -1) (I167: ...u”. bat dang thirc nfxy dé dimg thu du'Q'c béng

czich nhn tu'o'ng {mg czic bit délng thflc sau:

12-0] =a§ +...-1-an 2(1z—I)"'.'/ca: ...u”

12-11” =51] +...+u”_, 2(n ——1)"7yaI ...u”_]

/‘I

, . \ b b b a (1. u
Chung mlnh ring: '+ 2 +._.+ ” 2 ‘+ ‘ +...+ ” (4)

a, (12 an bl bl bl,

1 Biii 4. Gié 511- @,.a......a,, 151 czic $6 du'o‘ng. VZ1 />, :_‘-‘Z11, vdi mgi 1". 1

' /1- '

Ch zing minh

a +a,+...+a (n—1)b- a.
B51111:-l——‘—————-l.Su'dung hethuc i—’=m—1 va 4:113-/1+1

n a, cl, bi bl-

vé'i i=1,2, .... ../1 bé'udéngzhtrcn~o~1hi1nh:

1 1 1 n (11 — 2) 1 1 1+ +....+ + 2(n—l)(—+-——+....+—
(ll (12 an cl \b| 123 19”

B51 ding thirc nily d5 dilng thu dLl'Q'C bfmg czich zip dgmg bit déng thtrc Popoviciu mo‘

réng cho hém 161 f(.\-)=i vdi .1->0.
X

Vé'i 1223, déng thL'1'c xéxy ra khi v51 chi khi :1, =u3 =...= l.

Bi 5. [AMM 1996]

Cho x],.\",,...,.\'” 151 céc s6 duong thoa n1€1n.\-[+.x. +...+.\-H =l+-l—+...+l (5).
~ _ Y1 X-7 X”

Ch“ <1 ' h ‘ _: .i1—’+—1i+...+—i1—-21 6
un” mm rang a l+(n—l)xl 1+(/1-1)» 1+(n—l)_\‘” ()

b. 1 + 1 +...+ 1 £1 (7)
n—l+.\', n—l+.\'2 1z—1+.\"”

Ch zhzg minlz
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a. B211 ding Lhtrc H51)’ C6 lhé thu du'Q'c {£11-’11 lhco czich suu. G121 su'r€1ng bé1tdéngthL'rc (6)

1é1sai.nghTa1i1cc'>khén2'1ng—i——1 +i—-——1 +...+i,1 <1.Tuséch11-a
, 1+(11-1).\'] 1+(11-1).\‘: 1+111—11.\'”

- , ~ - ; , .' , - -A , 1’U1 .. .

1<h1 do (5) cung khong the dung. De chung mmh (11€Ll do. dél xi ii;-— vo"1 mc_>1

1'1 " (ll

1=1,2,....,,11. Thé ma. 1151 dang thirc trén din wi <1, + 113 + ...+11,, <1 v vi mé

,. . . , l—u_ ” /11-20-=(11-11b v0'1mQ11:1_2 ..... ..11.D0d0.\"]+.\'.+...+.\‘ : ———’——>Z—'
- ’ ' ' " -1111 1:1/‘:1 : 1 1: 1

1 ” b. ” <1 ” (11-1111 1 1 1

Dé\"l('Yi(4).tac(3.\‘+.\y+...+x > "'2 ’> ’= + +...+
“ 1 ‘ " £1. 2 12 Z 1 — c1. .\- .\y x

12/1

. 1_I 1 1_| 1 1_| 1 l _ 11

Biéu nily Chimg 1o (5) khéng mé dang. V61 1123. ding mac my 1-11 khi va chi khi
.\'| =.\'2 =...:.\‘” =1

b) Thay thé L bdi xl trong (6) vi sL'1'dL_1ng (5). d§n L61
\.

.\ .\ .\ _; ,,—L——~+i-1i+...+—-”i21 lu d1cutu‘0'ng du'0'ng \1'0'1(7)
11—1+.x'] 11-1+1‘: 11—1+.\‘” -

B5116. Gizi su‘ c1l.c12.....c1” (112 3) 151 czic $6 du'o'ng Lhoa min 11, + 113 + ...+ an : 1.

\ \_. I1

Chirng mmh réng: 11, +l—2Vc11 +L—211”+L-2]2(11+i—Z)
al / \ H (I1 1 '\_ an / H

Ch zhzg 1ni11h

Ap dung bit dz"/mg thirc Popoviciu mé‘ réng cho him 151 f(.\')=-1n.\‘ vdi .\">0_ La thu
11l11—Z)

du'Q'c (blb3....b” )M 2 ((11113 ...a” ii-D+ G2 U”) {Tong dd b1 :Tl“1'Z“,' "61 m‘-)1 [-
1:1

Du'c'>'i diéu kién 11, + 113 +...+ 11,, =1. bér ding mu-Q no thimh

II; “/1
11-1 11-1 11-1 ,, 1

(1 —c1]) (1 -413) -an) 211 <1-)—) c1lz1:...z1” (8)
1

Mét khzic. theo bét déng thirc AM — GM. ta c6

(1-41,)+(1—a3)+...+(1—u”)2n-,"/(1—z11)(1-a3)...(1—z1”)

Hay (1--1-) 2(1— z11)(1- <13 — an). T[1'b£1l df1ngthL'1'c 1151)". vO'i 112 3 ta thu du‘Q'c
11

I1(11—31 v 3

(1-L) 2(1—c1,)'(1-a3)_...(1—a”)'2(1-11]) ](1-(13) '...(1-41“) I

11
1 '1 ~ » - 1

Nhzin bét déng thL'1"c nziy vdi (8) dén Ldi bét déng thirc mong muén

Bit dang mu-C xéy 1-11 khi Va @111 khi 11, :11, =...=11,, =i
“ 11

B5117.

Gié sir ..\'l,.\', .... .x,, 151 czic $6 duong thoa min xi + x, +...+ x” :—1- +—1— + ...+-1—= 11s.

H _ X1 "11 X11

Chtrng minh: 1 + 1 +... 1 2 I + 1 +...+ 1

.\‘l +11 -1 .\'. +11 -1 xn +11 -1 11s —.\‘| +1 11s -.\‘. +1 11s—.x"H +1

1 C111?/11g 1ni1zh

E __ - - ____  
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Theo bit ding thtrc AM- GM. ta cé (.13 +.\‘-1 +1..+.1‘” )1/I—1—+i+...+l\ _ 3

' 1, 1‘, \A 1'

“V

»'1 '_ '1,
T11 $21 @1511 11s-1 -

Ap clung bit déng Lhirc Popoviciu n10”r()11g chn hm 161 f1.1")I v61 .1‘ > O . la thu du'Q'c
+ 11- .\'

,_.

\_/

:1
>1

_"'-'_'

+
,_..

1 n(1z—2) >(
;1+(11-1).1-,+1+(11-1)s' n —

II 11

\ A . A , . 1 (/z—Z)v1,1¢11 11» 11 _(—1) 1 2 1 +”may a [Cane unc mm rang H ;.\‘,+/1-1 g1+(11—1).\‘i 1+(n—l)s

V61 1123, bit ding thfrc néy tu‘o'ng du"0'ng vc'>'1 Z 1 2 1

. ,=l(_\_'_+”_l)[1+”_1) 1+(l1—1)S

‘I

hay —l—+L+.....+L2b1—Ir011gd6 A,=(n—1)v.1;,+l +11: —2n+Z.
A, A; /4,, 1+(n—1)s X,

s11<:11111g 1>é11 C1§ng"th(1'C AM - GM. 111 cc’):
1

1+ 1 +.....+ 1 2 ” = ”
A1 A3 /4,, A1+/13+-~~+A,, Z(n—1).&‘+113—Z/1+2

D0 dc’), chi cn chtrng minh ring ” 2 I 121 dd
21/1—1)s+11' —Z11+2 1*-(I1-1)-8‘

Dé dimg kiém tra bit ding th1'rc trén 151 dimg vdi .121.

van 1123, dé111@1111'1~¢ xéy 111 1111 va @111 1111 1-, :1-I :...=1-,1 =1
1 c

Béi 8. Gizi s1'r .1" .13.... x (11>3) 151 czic s6 du'o‘n2 thbu min _\'.1'...._1' -1 v511‘ _' '1 11 _‘ Q 1_' 11-

Z —1 - - 1 1 1 1 nO<;1£—”—,.Chun@ m1nh rang i+————+...+i——S——i——b
' (1z—l)_ D ' ' ',11+p.\I 1/1+p.\1 ./1+p.\” \/1+p

Clzzhzg minh

Ta giél s1'1'b§1td:§ng th1'1"c ngu"c_>'c1gi 121 c6 thé xéy ra
1 1 1 n \ . . L 1 ; , \ 1'it + +... + > va chune m1nh rang bat dang thuc nay dan

\ 1 + px, \/1+ pxl 1/1+ px” V1 + p

151 viéc .\~,.1~2.....1-H <1, 121 diéu 11-111 véi gm 1111é1 .1,.1-,....11” =1

_. , ,; ,1 1+ P
>1rd11ng phep doi bien 1+ px, :i,((1,. >0) vdi 11191 1=1,2 ..... .,/1. ta sé c111'mg minh ring

(I-
I /'

, ~ 1 1 ,, 3
_; +a3 +...+a” >11 dant0‘1(1+p—a|)(1+p—cz:) .... ..(1+ [J an )< p (a|z13...u”)

_\'h2_§n xél ring phim $5 11+ p —al: )/11,3 téng khi :11 giz'an1.1a ch1c§n xét lru‘b'ng hqp

.; +11, +...+a”=n. 1491111311 1+ p=q3.1<c/SL1, bit ding thL'1'c 11'0" thimh' n —

.3: —a,3)(q2 -51; )....(q2 —a3)S(q2 ——1)“(¢1la2...u”)2 (9)

5.: dung bit ding th1'1"c Popoviciu md réng cho him 151 _f(.v.)=—1n(i1—.\') \/6'1
11-

‘<.1‘<1d§1nté'i (c1,cz3...c1”)“_] ZE/z—(11—1)(1|Hn—(n—1)a3] .... ..[11—(/1—1)a”](lO)
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Min khé1c_ zip dung bt ding thirc Jensen cho hixm 15i _/'(,\*) =1nll(L_—1)i clén té'i
q —.\‘

-( -1) 1? —( -1) .T....1 -< -1) _/1 (ll JL” /1 CI_ L” ll (1714 1

(¢1"“11(¢1‘“;)~~--(¢/" 1 -(q—1)

Nh€1n(1O) vi1(11)ta cé (W: )”“ z_-_-d-———-(”—”‘)("(_"31,',"'("_”")
q 1)

1

[""1

Z

r\
~

Vi vziy, dé chirng minh (9). ta sé chi cfin chfrng tO1'§1ng

(alaz ...a” )”_} (:1 + cl, )(q + (13 )....(q + an ) S (q +1)”
H

; L , (I+6Iq+...-1'61”
Su‘ dung bat dang 1hu'c AM-GM. ta co (1la,...a”£(—‘——+————) =1

' n

' H

\ a +(lw+...+ 1” ,,

- va (q+a])(q+a3)....(q+(1”)S[z_/+-L—i?—l—j =(q+1)

tir dé rilt ra két qua cin chirng minh. Ding thtrc xziy ra khi vii chi khi xi : x3 =...=,\-H :1

Baa 9 [Kvant, N0.3,1979]. I

Gié sir .\'l..x'Z,.....\"” 151 caic 56 du‘0‘ng. Chirng minh béit ding thtrc:

(n-1)(.\',3 +2133 +..._+x§)+;1-Q/x§x§.....\‘§ 2(.1'| +.\'3 +...+.x”)2

Chlhzg minh

Bit ding thtrc néy thu duqc being crich zip dung Dinh 1)? 2 cho him l6i f(.\‘) = e" vii thay

mé a,,a3,...,cz” l§n1uQ‘tbc'>‘i 21nx1,21nx3, .... ..21n.\'“

1 ,
2 -5

Cu61c£1nQ.sL'rdun@ déng thu'c 2 .\=x. = x +x, +...+ x — x“ +x§ +....+ x2
v O -- I 1 1 _ r1 1 _ n

lS1<jSn

Véi 11 z 3,c1§ngmu~¢ xéy ra khi va chi khi .\-, = X2 = ...= .\-H

B511 10. Gia str c1,b,c.d 121 czic 55 duvng théa min ab+bc+ cd + da :4.

Chtrng minh ring: (1 +5111 +2111 +£)(1 +1) 21a +b + c + d):
“ b c u’ a

‘ Chzhzg minh

Ap dung Dinh 1)? 2 cho hE1m15i f(x) =—1n.\", ta cé

(a+b)(b+c)(c+d)(d+a)(a+c)(b+d)24abcd(a+b+c+d)2

Ttr ((1 + ¢-)(b +4) =ab +b¢~ + Cd + da =4, bz‘1td§1ngth{1'c t1'O'thi1nh

(a+b)(b+c)(c+d)(d+a)2abcd(a+b+c+a’):huy

(1+£M1+—b—)(l+£)(l+i)2(a+b+c+d):
b c d a

Bang thirc xéy ra khi va chi khi a =b=¢-=4 =1.

L.
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§ 16. BAT DANG THUC TRONG TiCH PHAN RIMAN
r

1. cAc mun LY vA T[NH CHAT co BAN CUA BAT DANG THU’C T|'cH PHAN

I. Ménh (I5 1: Néu‘/' 121 mét him $6 lién luc Lrén [(1. /J] vZ1f(.\1) Z O Vxe [(1. 12]

/>

ma [_/'<.\->(1>< 20
11

2. Ménh (Z5 2: Néu f. g [Z1 hai hilm $6 Iién 1110 lrén [(1. 12] \'Z1f(.\') 3 g(.\‘) \‘/_\-e [(1. b]
/1 /1

ma [_/'<.\-><1X g Jg(.\‘)dX
1! 1!

3. Ménh dé 3: .\I<‘:u_/' 121 mét hiim $6 lién u_1c trén [(1. 12] thou min f(.x) 2 () Vxe [(1. /2]
I:

v51‘/' (.\‘) khéng déng 11l1'§1tb§1ng O lrén [(1.12] [hi '[-‘/(.\')dx > O

4. M51111 115 4.- 1\1éu_/.g 111 mi hilm S6 lién we lrén 111./11 thOamf1n _/'11) s g(.\') Vxe [(1.111

v?1f(.x). g(.\') khéng aémg 1111511 vdi nhau lrén [11, 111 ma

I1 [1

_[j'(.\')dx < _[g(.\')dx

5. 1\4§nh dz? 5: Néuf 121 mél hilm 56 lién tuc trén [(1. /2] thou min 111 Sf(.x) S M Vxe [(1.
/1

/2] v51 f(.\') khéng déng nht vé‘i 111 hoefzc M Lhi m(b—(1)< _[_f(.\")dx <M(b—(1)

[1 [1

6. Ménh aé 6; Néuf 121 mél ham lién 1111; trén [11, 1)] ma [[f(.\-><1X s [|f<.\-)[(1><

7. A/Iélzlz (T5 7: Néuf. g 151 hai hflm $6 lién tuc trén [(1. 12] ihi

I./"( \)_g ( \)dx S _[[f(.\')g(.\")[dx

S. Djnh I)? végid tr_1'tru1zg binlz: Néuf 121 mcfwt hiun $6 lién Luc trén [(1. 12] thi {Em tai ft
Iv

nhl 1 diém ('e [(1. b] sao cho _[_/'(.\') dx =f(1")(/2_— (1)

11

9. Djnlz Z)? 1rz6’r(312g vé gizi tr_i trung binh: Giei strf. g 121 hai hilm $6 lién tuc trén [(1. I2].
, \ I 1

.\'éu g(x) 2 O Vxe [(1, b] l'1O£§.C g(x) S O Vxe [(1. [J] thi tén tai it nhét min diém ce [(1. b]

~10 cho

b l I1

_[_f(-\')g(.\') dx = f(c) [g(.\') dX



| ' I

N

-166 171 11171154 1/1111‘ trong z‘1'1'I1pI2&n Riman1:

u. BANG CONG'THU'C NGUYEN HAM co BAN

0.+l

1 (1 I _ 1

(11.\'+/vI(‘dx1‘A(—(Q)—' OL¢—I
~ 11

1

»\

CU,\\(1'\'-I-/)I(I\' :~\‘I11I11\'+/7)

1 - dx Iiv = A In ‘11;\‘ + /2=

I ' 1l.\' + /,7 11

I

'_ , —I
s1n1<1.\'+/vId\ I c0sI11\;+/7)

.C.1\~/1 zl 1.'\.'.

.

/
2

(U

'I
..

Z

c..
/’<

"-_4

5

\

[Ln ,_‘~ =—— cos 11\‘+)

I 111 d.\ =11\'1> I 11\~‘
/II

11 In I71

,7 ' I ‘ 1

c0L<11.\"+/>I1I,\ =—In1.\1n(11.\'+_/v)j
" ll

11‘ + "

1

'/

~

Z

' dx I .\ 1 ' <I\ I
ji—,~-—;11'c1z1n— I =—~~* :—uo1(11.\'+/2)

sin' (11.\'+/2) 11

N:—IIII——-I1-11‘-.\" Z11 I1l—»\'I
i_————— : ~1z1n(11.\‘+/7.3
cnv I11\"+/1) 11

G-
/‘

I
/.

1

fl.
./-

II- dx
1 >1 -

1_L iII]I.\‘+\‘-\-I +[I:,I I‘ "4 X '— " "" \V' I :7 Ti?1IIL.\III -LI\ — 1\ 11I(..\III— *1" \ (1 -' .\

\ .\ + 11 ' 4‘ <1

II / :
1:.

>4

>< ,

E‘/.

ll

'/

»

1JI

1 I _

= arcsm ,-1 u1‘c1‘0_\ ~ dx : .\*1u"cc0s— — \‘ 11“ — .\"‘
(I (I

v 1

' .\‘\,/\" —- “

D-
><

.

r\ -
1

Q

é_

_ .. ' »\' ' -Y 11 1: 2)
——dI£k0>:—r 1u'cun1—dx:.\"1n‘ctu11—»—In 11 +.\'

~ 11 11 "
I

Q-
z

E ~‘H15_

+
/~4‘

)IJ

~ 1

I w -\

.\'\1 .\' -I- (I Cl

.\' ‘+11‘I \' .' .\I 11 ( 3 ;~
an‘cc01—1Ix=.\"1u"cco[—+~In 11 +.\‘ I

\ 1 - 11 11 Z

, 1
I

- I 1 ‘ - - <1; 1 I .- 1i
In((1.\"+b)dx=I.v+l)In(11.\‘+l1I—.\" \ I u\+ )

- \ 11

-—l——:— 111;;In1L11 ’

sm I11.\" + /1) 11 I I I

I - 17 \'\/11“'— “ '
1 \1l
: '7
1

3 ‘—'T
\ 11 _ .\

J ‘ —.\’" dx :i—i— +—u11s111—
- dx I 1 ’ TE 11.\' + /> III———?~:—In,Lun —+ I

3 1, - c0.\I11.\'+/2) 11 3 1-I Z »I

'\'11' — .\"?;d.\;:\/I11
. _\-

_ *v\__
11 In

r\

/—'F_\
+ 5 - w_\~- I - . I11sin/2,\"—l>c0sl>.\‘)

‘U I e >111/2.\"1Ix=———T—,i—
.\' 1 ' 111+ /2‘

k‘
'11

, I

\‘+11I_ Z '— “‘ (11c0\"b\‘+/2\"in />\‘I(Ix I I. , I .\ 11 ' ‘U c . . . , ,

, , = , In , , + _ _1u'ctan ,_ 6 CO5/1\'<IX =i—,i~.i—
. 1 _ _ _ _ A _ -
+11 611 .\' —11\‘+11 11 1'3 11\~n ' 11 +/7

__ 1' _
clx I .\': + 11.\‘\1“/Z +11‘ =

I 1’1.\‘\' Z
‘I = In _ I— urclan —¢i_

.\’ +114 411'\/Z .12 —11.\'\'3 +(1' X 26l'\5 -\" —¢I'



Clm'0‘ng III: .\'lz 1711 g vién kim cu'o'ng trong girii tfch 467

m. cAc BAI TO/AN own LU’Q’NG TRONG BAT DANG THU’C TiCH PHAN

‘ Béi l.ChL'1'ng ' h ~‘

_w1»-
TE dx Tc

_mm xanqz —< J-~i\<*
16 U \ “ \ l()i + _»c0s'

Ch 1212g minlz

5+3c0s” .1‘ ~ _ _ - ‘

. \ I IA , " 1 , T
Xét ‘f (.\")=~j~ hen tuc tren Tu co () é cosx < I Vxe L0,? |

_l

:>(>s¢@§.\-$1 v.\-@§<>,1 :>lS¥_Sl we 0.3
L Z 8 5+3c0s".\" 5 Bl

:21 rt] dx 7:21.
:> —~: I—dx< H‘i< V‘-f<1x:—

16 H 3 U 5+3c0s“.\" U D 10

} 1‘:\, , . ; I df 1

B2112. Chung mmh rang: Q < _l.i\~<I (/1: 2 ? -'1 )

" u \
‘#_;” .-_

U

Ch /rng min lz

0§.\-- §.\--<1:>0<1-.\-~s1-"§1D0 xe [0, L] 7" q 1

2

:13 1,5 l,:>1£ 1 5%
1 l—\'“” l—.\" \/1__\-1" \/1__\-3

1 Md "2 dx H" dx . ||/2 TE:> —:J. x< '|.—-i< ’[—~i=urcs1n.\"| :-
') I 2 / 2 "" 0 u 1*-\' H 0 1*-\' 6

' TH , . L TI dx rc 2Ba13.Chu'ng mmh rang: — < ‘Q?<%
6 5‘ \/4—.\'3 —.\"" 8

CI1 1}‘/1g min/z

D0.\‘e[(). 1]:>0s.v‘s,\-is 1 :><)<4-2.€s4~é\~1-.\-‘$4-.6

___- _‘___'__ ___'\,_

v ' -1 1 1 1 13 0<J4-2.\-- Q4-.\---.6 $\//4—.\" 3 , s J 5
\/4 \ \/'4 \ \1 \/4 7

/\

I

c-____‘

Q
-IA

-.-- -.~ -2.\--

31- dx dx <J' dx

4_)\/4 \w \1 \z ()\/4 7

[YT

.\]»<

1 l

712 _ .\ dx
- - \/5

<:> —:arcs1n— < —i<arcs1n— Ii
6 2 ' * 7 -3 8

0 0 \ 1 \ \/- 0

TE



-L68 [if]! rizinng tluic trmzg rich phcin Riman

W El

1

I d\ ‘I
4. ChL'1'ngminh rng: lnl < < 2

I

H 1+ .\'\~.\ -+

I1  
:>

Ch 1211g I71 inh

D0.\"€[O_1]:> OSXS \/T S l :> .\‘: S Ax: S X3 l + .\‘: S I + .\‘\?T S 1 + .\‘

‘ ! I dx 1 d\I . 1

S SS _ (4 <4. T<{:[1 S

1+-\‘ l+_\"\/.\* I+.\"

:>ln2:ln

+

1

+ I 1 + _\'\w‘.‘ + .\"

3I_

C-
><

1 + xv .\‘

d\ 11 TC

< SS < ;u"cu1n.\";h I —

1; 4

Bi1i5. Chirng minh ring: () <. I ,\\/tun .\‘ dx < :
Q

(1

El

D0

/-
4

CI1 z2'ng minh
“ I 4 Z/J j i ,___

TC ‘E
.\’e :> OS 1un.\-S I :> 0 S .\\/‘lull .\- S .\" 2 (J < ‘l .\'\lz1n,\"dx < (xdx I ‘j

1 ' ' 3
-‘ 1 U

ll":Biii 6. Chime min 1 1‘an_
~. ~. '7 v

1 '4' X3‘; dx l
\._ <

_6 V2 +_\_!n _6

C/1 12'/lg minh

Do.\-e{(). 11:» 1 s 1 +x'°S 1 +1=2@ 1§§»1+.\~"‘ gm

I>

(I1___

Q1

l
:> .

J
o\

4';
J

~ - ~< \ -,_.< _:.~ I dx _\_2> dx |

< < < \ dx

1

_./S1 ‘ W
1 <12» < * ¢=:,(_@_*_S [S

‘ I [(1

Y» \ *<

<i—?-—-
" F Hi‘ * ., 1 . H .1

~ ‘N/1+_\'m '- ’\/l+_\'m :1 *3 ~ \"1+-\‘ 0

/5
J

.\" , \-" dx \-J‘ l: l——' < }'~~»~~~ii < S : ii
'— . ;r _ ‘

“ “ 26 '\/2 n 0 \l“1+_\'m 26 [0 26

W

r

+

T»

..‘ 77, .

c‘ Wm \"d\ TE

iii 7. Chime minh ring: < —

I>

._,_€_.f~

Q

Ch ling minlz

0 < sin .\" S1
Doxe [l,\/3]: lS.\-S\/3 :> 2 c’”‘ sin .\-S1

1—xSO

_“ sinxdx U dx S TE it TEji<"‘-¢~—=z\rcLa11.\'!l _=———:—
.\"+1 l.\"+l 3 4 17



Chlrlmg III: Nlzzivzg vién kim cuvng trrmg girii tfch -16 9

W

/_ 1/.‘ -\. . . . ; v3 slnx 1

an 8. Chung mlnh rang: — < Jim < —
.1. \‘ 7

|

1 1,1: ‘ _

CI1 1211g m in I1

'/.

O\;=I

L»J;1

__|

/
P

xe:_r"<.:->= L‘ V(§'i.\'E -.-J :>_/"'<.\~)= _~_'" _ " —'= * ,
\ \

' [ ‘ ‘us \-—<in \* <'(.\')

I - '
' Xét g(.\') = xcosx — sinx :> g'(.\') = -— .\'sin_\" < O \'/xe

3 -

I Fr: 1: r:‘\ 1:/3—6v:>g(.:)nghich biéntrén —_— :>f1(.\‘)<g — :\‘i<()

>1

Pi

C-
><

/\
f‘_Q\

.,‘——-;,,‘HF‘

ct‘'49;___/

C-
><

\
(ti.

:>f'(.\') < O :>f(.\') déng bién trén :> f[— §f(.\') S
3_, _ 1

3\/3 sinx 3 K/33 “/3 sin.\'S—-iS— I> v[—\—dX< Ii —

Zn X K It/(\ QT: "/(v X '

\/3 3\/3 /1: 1: '1/3sin.\" 3 /TC 1: " l<:>—=‘£——— <1-——dx<—L———J=—
4 21: 3 6 \' 1: 3 6 3' r:/6 ' _

U!

\. , . ~' 3 “Beet: l
an 9. Chung mmh réngz -1% < ‘Hm <1

\' 3" 7:/4 ' ‘

Ch 1'rng nzinh

cot \' '3 T; , \"(l+c0t2 \‘)+c0l \‘ 7; 7;

- 4 3
Xe:/"(.:)=_' vdixe [—_—] :> f(.\-)=-'-‘gm-_"<() Vxe [—_—]

\ 4 3 \'

FTC 1:‘ 1: 1: \/3 4Qfm nghich bién rrén [Z3] :> _/(;)§_r'<.\->3/(I) <=> ?‘s_/'(.\-)s;

6 7:/'3\/g 7:/Scot rr/'34 I

3—= .[?dx< 7|.4—\_—'\dx< J;dx:€
12 . .1:/4 n 1:/4

I] . A .’ I .

K sm 2.: 1 sm Z1"Béi 10. l.Tim 1= I34-ax. J: I-—i4ax
U 1+sin .\' U l+c0s .\'

sin vcos \' TE

r:/2

2. Chtrng minh ring: I A ' ‘ ' dx >
n (l+,c0s4.:)(l+sin4.\‘) 1“

A (fining minh



470 B17’! (Ting tlzzic trorzg tfch plzfm Riman

\

_MA,/\_____

.1/’

=% :>1:1
1. D511 1=sin“ .1‘ :> dt = Zs1n.1-cosxdx Isin Zxdx 2 - . Khi do

\1":O:~!=()
:51 - I

s1n2.\' (/1 1 1t rtI: E~dx = = arclan I§:) I z1rctan1~ ¢1rc1a1n(): — — 0 = ~
U 1+s1n .\‘ 01+! 4 -1

x/2 . ?_ d

J = j’i€—dX = {oi= &1rCl1\n(_f—1)§([] =urc1z1n()»z11'cLun(—l)=3
01+cos .\' 51+(;_1) 4

1:/2 ‘- rt/2 - n/2 ‘. ,)_ ‘. ,) \
712 sm 2.1 $111 2.\ sm _.\ 5111 _.\'2.—=I+]= ————dx+ idx: {-—i+dx
2 5"1+sin4.\" 5|.1+cos4.\' 5{\1+sin4.\‘ l+cos".\‘

1/2 - - ' x’- ~ - “ “
TI sm 2.\"(2 + s1n4 .1‘ + cos‘ .1") I s1n 2.\'(3 — 2s1n' xcos" .\*)

-1 J

= L--_i-ax: _i»"_<1.1
11 (l+cos4.\')(1+si11 .1) 11 (1+cos .\')(1+ s1n".\")

K/2 sin.\"cos.\'(6—sin2 2.1") “/2 6sinxcos.\"
= Isdx < Ilsidx

11 (1+ cos‘ .\‘)(1 + sin‘ x) 11 (I + cos‘ .1-)(1 + sin" x)

It I/I sin.\;cos.1‘
<:> < jl dx

12 11 (1+cos4 .\')(1+sin4 x)

I 4

Béill. 1.T1m 1<1)= [“‘%‘¢/.1 V61 0</<5
Ocos2.\- 4

1 I :tI;1n'§/+31;1n/1 7;

2.Cht1'nQ minh rein“: tan 1+3 >e~‘ vdi O<1<—.. c 4 4

Ch ling minh

I tan4.\'dx I tan4.\'dx [ta114.\"d(ta111.\') "F;(Atz1114.\*—l)+1ld(tan.v)Ij. :
0cos“.\'~s1n‘.\" 6(l—tan'_\')c05',\' 0 1-10.11‘ .\- 5 l—tan"x

‘r 1 - “
1 1 \ 1an* .\' 1 Han,--1

= '_[—[tan“ .1*+1+1i }d(tan.\-):— ———+tan .\‘+—1n@-—L—|
0 lan‘.\"—1/ 3 2 }tan.\-+ in

tanxi 1 itan1—l€ I 1 1 ‘F 7-5“; ,, Tc

= — —+tanr+—1ni =——tan’ 1—tan1+—ln tan 1+— \'o'1O</<—
3 2 ;tanr 3 Z _

J

-1 / -1 -

x 4 1 1 1

2. Do i]L>0VO<r <E :> 1(1) : '-$dx=—~t;m‘ r—uu1z+—1nmn(r+3,>O
cos 2x 4 5 cos 2.1" 3 2 4

V " '.7 ~ :'\'1:1|1‘11'.‘~111|11‘
TE - ~ rt ~<:>lntan(t+—)>—(tan‘1+31an1)<:>1an£z+—)><»-‘
4 3 4

i  



Clzlrovzg III: Nhvzg vién kim curing trong girii rich 47i
TI 4 !\. . . ; Q — n _ ’ TEBan 12.. Chung mmh rang: I: Is ‘“ ‘dx > f 1 J = I‘-c ‘ dx <1

II
1 ?

CI1 1211g min I1

' B15 :15: e’> I +r Vr>()

' Chz2'ngminh: e’> 1+1 V1 > O <:> gm = e’ — r > 1 Vr > ()

Ta 06 g'(r) = e’ — 1 > e“ — 1 = O Vt > () :> f(!) déng bién trén [(). +00)

:> g(r)>g(())=l :> e’—r>l :> e’>l+r Vz>()

' zip dyng: Sir dung b6 dé ta c6 c"““‘ >1+ sin w .\'. do d6 +

1r 7: 1 _,) _\ _. rtI: J'e<|n .\ dx > I(H_Sin_ '\_)dX: J-Kl+l cos _.\ ldx :[3.\ .sm 21 37¢

0 0 0 6 ’ 7 4 0

I\/[zit khzic 0” >1 +.\'2 :>e"" <
I + .\'_

7

1

_ Vx ¢ () suy ru

_ 1 1 TE
J = Is ‘ ¢l.\‘< I _ dx =z1rctan.\-H) =z1rcIan1—arclan()=Z

I
O U

+ .\‘_

TE \,/I g X .dX 271 \;/3Bi 13. Chirng minh réng: ‘ <j <vi, .
3 0 \1 cos‘ .\' + cosy +1 3

Ch z'rng min Iz

Xét_f(.\") =iiv('>'i xe [Q. TE]. Bat I: cosxe [—l. I ]

\/cos: .\" + cos .\" +1

1 ,. . , , 1:> f(.\‘) =g(r) : at v0'1 IE [-1. 1]. Ta co g (I) =f_ 1 - ._

_2__

vr +z+l _(r +r+l)\/r +r+I

, 1 , .; '/\ , ,.2 g (I) = 0 <:.>1= —: :> Bang b1en1h1cn cuu 54(1) VOI 1e[—1. 1]

Nhin bang biénlhién suy ra,

1 2 1 °_ '7—sg(»z)s—<=>Tsr(.\-)s— I I-1 -1/_

I E “Bx
<:> < '

5[\./c0s2_\-+cos.\-+1 U “

T[\/.§ T dx 2n\/§I? < <
3 Y . _ . 3
~ <, \/cos“ .x+c0.s.\+1

<

\./E; \/g \/3 . Q’ + () —

L dx dx I d ,_

\/5 .2

I

2+/
E_;



I»

472 A ' tfz I1 plzn Rzma/1B1}! J1/ng tl112'c trong

U5

F

K/I Ti 4- €
_r‘ —Ml‘

\. , . ; . . _ . BTI
a114.Chu'ng m1nh rang: I = [\’s1n.\‘(l + Z\/sm.\‘)(8— 3\/s1n.\')z/.\‘<T

Ch 1211g min/17- ,} %
- .7 -Datf(.\‘) -\/sin .\- (1 + _\/sin .\-)(8 ~J\/‘sin.\'\}.SU'c1g111g ht déng th(1‘cA.W — GM L1 LO

w-‘~\
f_(\_)_1 3 gin \_(1_m\/,$)(8 i /‘ER 1’ 3\/sin.\'+(1+Z\ $in.\'J+(E\—_\~Sll1.\')

‘ - “T *“ " ‘“‘ ' _>“ '?—? ~ I
.1 a_ \

,______..|

n/2 Tixl /

J

:> 1= I\/Sim-(1+2\/'sm.\-)(s-5\/Sim-)dX< [9ax:9[§-
\

- J7!!=:

JJPI

7:/3 n/3 7- ‘ ‘I /'

Bi 15. Chtrng minh ring:

I: J-(3/l+.\'4 +\\‘/1+.\‘3 +\/1+.\'Z +§'//l—.\‘"1 +Q/J1—.\'3 +\/l—.\":)dx< Z

Q-

+
>1

.|_

Ch lhzg min I2",i ___4 4_v_4

K/1-_\-* =\*/(1-.v*).1.1.1si~i(1‘ )+]+l+1:-W‘
4 4

_</*?_J)1H<(1+.\-')+1+1+1_4+.\-*
. _?—i4 f

\/1-.\» =1/(1-,\-~‘).1.1s
+ <

+
'/_1

Q»)V’
+

+

>%" (1-.~‘ +1+1 1-.\~"‘: il-
Q

3 + .\"’./L? . \ (
{A/1+.\~‘ =</(1+.\~‘).1.1§_1-

‘JJ

'1
J

~

’i_i"v "\ (1-.-) 1 2-9v’1-_\--:\m-.\~-).1s12i=%
v '7 '2) 1 2 .':

v1+.\-~ =\/(1+.\~~).1s£1+%+—=i
7 7

* ~ -v '7 } F

:> ii/l~.\-4 +i/1—_\"‘ +\/1—x" +\/1+.\~" +§/l+.\" +i/1+1-4 $6
I

3 l= _‘.(4\/1+.\'4 +1/l+.\‘3 +\/l+.\‘: +J\/1-—.\‘4 +i'1—.\'3 +\/l—.\': )rl.\‘< I6c\= _

n/2 :13

Bi 16. Chirng minh réng: I: 1‘ cm“ dx + J.e““"‘ dx > 2(a)“: -1)
U U

' B5 d5.‘ sinx + tanx > 2.x Vxe

' Chlivzg minlz: sinx + tz1n.\" > Zx <:> _/'(.\‘) = sin.\‘ + lunx — Z.\* > O Vxe (0.?

T , ., _. 1 ‘; 1 3 (c0s‘.\"—l)

CI1 1211g min lz

1

aco _/ (1): .\ \+i;—,~22c0s .\+~%—»_=——~——,i2O
cos‘ .\" cos' .\‘ cos" .\"

_*  



Cl1u"0'ng III: .Vl1 z7'ng vién kiln cumzg rrmzg giiii lfch -L73

3_/'(.\*) (T5119 hién trén 0.1 :> /'(.\‘) > /'((J) = () :> sinx + t;1n.\‘ > Zr . \7.\*€ 0.5, 3 . . 2

' Ap dgmg: Sir dpng b§'l ding lhtrc AM — GM Lu Q6

C\|n\+c:.m\ 2 2\“;'C_~|11\'!;|xx~. '22_\ Cl\ :2C\

:1: |-c""'dx+ '.c"'"‘dx= {(c"“‘+c""‘ >d\> ‘-Zc‘¢l.\:Zc‘§‘:Z(c"“7—l)
(I U (I 4r

| ‘ x\. , . ; "W com‘ lBa] 17. Chung mmh rang: I = J. ——d,\ <-
“W .\* ZUOII

Clzzhlg minlz

Theo céng thirc tfch phfm limg phn la Q6

1111): - . JIM: JUNK1: 1' d(s1n.\‘):s1n_\'§ "~ SiI1.\‘d‘

\
. . ‘ _

mm: '\ '\ ‘W03 um '

Mm sin .\' Mm dx 1 %""'“ 1 My cos .\" 1Q1: f—w<1><< ff:--; =_:> |~—<1x<_
\" \" \'} 70071 ' \' '7()()TCIOOTE ' IOU." ' I003 ' |l)(‘Z ' _

1 \. , . 1
; Ban l8.Chu'ngm1nh rang:
‘ It/I :'II: J.3/33111".\"+Jc0s'.\"dx+ |- _ ‘ "_\"+Js1n'.\"d\<7t\/Z

() :

(L

.1.)

I‘
O

"r

Ch ling minh

SL1‘ dung bit dng thL'1'c BunlziaC(')‘pski la c6

'/,
+

43;
9.)

O
c

ii:

1/3sin3 .\-+5c0s: 3 .\-+5sin3 .\' S

é \//(12 +12)[\/3sin3 .\-+5c0s3 .\' + \/3c0s:.\"+5si113_\"]

‘ I 1 1 . "v 1 v _ _ '7 H‘ T
S \,/2\/(I' +1')[(3sm" .\‘+5c0s‘ .\*)+(3cos‘ .\‘+Js1n‘ :Z\/Z

2'*_~Y
r__A

Q_

DJ

m

3

>1

+
4:-

\)J

C
O

'11

_ w__ ,_/_

:> 1: " 3 _\" + 500$: _ 3 .\‘ + 5si11:.\'_§(!.\-< _|.Z\/‘NZ d.\" I 7'C\/‘Z

In

Béi 19. Chimg minh ring V01 > () tz1c6b."‘1tdng thL'rc suu:

K/I / I \(L K, l / 1 \uI: ‘HM? dx+ 1+i_|¢1x>rr.3“"
}0\ n /S1 .\',/ H \ COS .\'

Ch zhzg min/1

E



:17-1

.

b
B111 (Ting rhzir tron" Iz'('IzlJlzn Rimun

S11" dung bait diang lhirc AM - GM 111 ca’)

11+ .

‘1 \'1
~ 1

.\' ,'

I/. 1 \ 1; / 1 \u

+

l

,1
1 \_‘u., 1 \_\L

1z2j,1+ 11+ 1‘
c0s‘.\',' s‘1n .1"; A

cos .1‘;

:5 1

1 1

1+ sin :1‘ + cm .\" + $111 .\' cos .\__’__k,{-_,,i_ _ '1 11 __,_______1 _ 1 ,1

—“ i1 - ‘ ‘ 1 — ' 11 - ‘ ‘Q

\\ S111“ _\‘CU_\> .\' ,
\ $11.1“ _'._‘\‘

~
1 1 1 n fl :1/1 : I \.‘~ 1, ) \11

“ ' “ ' ‘» '. _+\1n _\"co.\" .\" , is

+

Z

$111‘ .1‘ COV ,1‘

W’? .,__, ,._, (_-_,.___
/ , 11

1
\ <1

.
_1'b

11am“ 2."
1\ .1 \+/1

I/3 .'
2 211-+11 :13“

-./:F/ \<1 wf —.':
I \

'
1 1 ’ 1 1

'
(rt rc\

+11+ 111->12.3“<1X::.2"1--_1:11.3‘~‘\“ 11: 111+
j1L\ sin3.\",1 \ c0s3.\',11 7!,‘

_

Bili 20. Cho n 121 $6 111"nhié11. Chimg minh réngz
1" .

Zc“
‘ s1n/z.\‘L1x‘§{—

1 n

'§T_’_"'

rs

13:11 1,, =
1)

F7

\_
si11n.\‘dx; 11:6“ :>c1u=Z.\‘c‘ dx_ c1\ =.<1n /1.\"dx :> \':——cosn.\‘

n

Ch ling min I1

~

1

1

Theo céng 1h1'1'c ch phfm Lirng phfm 111 Q18

1,, I
Tl

171 _

-c‘ 1
° 1

17 1 -1 1 2 ,
‘ 1

d‘ --~\(—1) c" -1 1+- .\-@ c0sr1.\'dx

c0sn.\"1 +— 1.10‘ cos/1.\' x - 1

n 1
11 -

/1 L 4 11 -

U (1

11

,; _; 1—1'-1)H":V

- /,,=1-1-11¢ : /1:’/°~f—’—"
D51 J = .\'c"' cosnxdx :> n1 Z. ‘ Y

' H

1]

.

1)

—(—11”c‘ »_J,,

\ 1

.

M

—(—1)’c“ 1~+1\2J,,1<1+c' +21/H-Y

J

I”

U

11151 khixc 11,, :

~+ —‘_ —
1-

l

I1 I1 1 1

I1 1 ll 1

II I1

1

:Z?

1
1

-1

/
('1

:
1

; 1
H ; 1

11-0‘ COSI1.\'(.1X\S 11.10‘ Cosnxldx : ‘ \c0s1z.\‘1d,\

11‘
1'1

' -' 11- -3 a:'_ -I; .".

” 1"‘ 1 C"—1 11+¢ .'_.L 1 -6

N\..

W/T

3 1

\.

_ 11'0" d.\::1‘c“'d1c.\"')=—(j—— :> 1I”1£ +--

5

11 11 h 11

._.()
.'.

B511 21. Cho In : 1s1n"' .\"dx.ChL'1'11g minh r{€11g: <1, < \I’

u

( 4- 1

l1

—-—~~'—
'14

‘ n In

:1/1.1 ' _H

Ch zhzg minh

.\'§u ()< .\'<l§- 1111 (1 < sinx < 1 :> s1n”+‘.\" < sin".\‘ 11'1‘c1i11,:>1,,.1W'11»e .\'



474 .1301 (hing H1121‘ rrnng In I1 plum Rzman

511' dung bit ding 1h1'1'c AM - GM 111 Q13

1 ~ 11 / c1 .,11 I, . 1 11

1 \ ,' 1 1 1 1 1 11+1} 1-'- 1 | Z211-P 111+ 1

1 \1n1‘ 0 1 \ \1n 1 1 1

+

c,.\‘_",' J ' c11\'_Q-'

L-

=3N1

sin“ Z."

_, \<1 1/ \<1

_'\! t __'7:l__"———~i~%é; ___ |-~—i~

' =2§L~§i+q z2w?+11:1?

1/_'_I:

r_‘

" / \\’l
\

+

I!\
+

/'i\\

+
Q

OI1/‘--

\1,

‘*5
____.___J

C-
><

\/

_ _ \

>1

I'- /

:1

\,

L_1

w

;(,\

1

., \ w -1 q 1'1 ,/ * ~ ‘ '

*1 1+s'1n' .1'+c11s“ .1‘+s111" .1"c0.\' - = J. Z+.\111‘ 1\c11s‘ .1" .

:\1n* .1‘c<1.\' V1" 5111‘ .1'c11.\’ .1" ,1 $111‘ _

jzrdxzl 5-31:1?
1 ” 3

\ .
Ba120.Ch0111Z1s6t11'nhi611. Ch1'1"ngminh r§111g:

J

_E’;

/\

'1'“ sir1111d
7c

I1

B511 In =
\_

(7

Clz12'11g minlz

Theo céng lh1'1'c 11'ch phfm tirng phfm 111 Q13

—c‘7 ' 2 : 11 ,_1 T2‘I” I -— cos 11.

11

1 1_211,11-

1

N151 khuc 11,11: c0s11.1‘dx§£

._.};_

2]J_

,

_-1 1:

‘: ,, .,: 1—(—l) C +2/Y
D31 J” : [xc c0s11.\"dx :> 11]”—2_/H :l—(—l1 c" :> /U :i~—~——

- 11
(I

4_ww1 2

/\

!-_ ” J W 1 + 5' v.. & ._

_:_i.___5..

/.
0

’-I+

:5

3_L—A-3-_

F I
‘K.

_/ii.

+

A\4

X

I sin11.1"dx; 11:6‘ :>du:Z.1c‘ dx. d\'=si1111.1'dx :> 1‘:——@0s11\
11

1 +— [.16 co.<11.\"d.\ :—~§ (—l)”c" —l 1+— [.1'c‘* c0s111 \
11': 11' 11 -W

1 1
1

c‘ cos 1z.1'!1l.\= [.\"c‘ 1cos11,\"§d,\

(i

.1c /-~ c dc.‘ -— *_»—~+~-———-i
TI I "' " '“ ‘D

1 1 : . "-1 1 11* 2="—1 2"[' ‘dx— J‘ (1')-C 3 l”,< +6 L — 6
, '7 ') '7/I II 1 /I

11 “ 11 ' '

OJ

E31

lx)
>—\

_, . -1 , ———————— ]»-—- --

1_(111 _

. , . 1 , 7t 1‘ KC110 [V I j.s1n".\'dX. Ch11'11gm111h rang: <1” <\;T
' + I 1 11

(I

Clzzivzg min/1

Néu O< ,1-<2 1h] 0 < sin.1' < I :>Asin'”].1"< si11'".\‘ 11'1'c 151 1,, > [,1] Vna .\'



Ch u'0’ng III: Nh17'ng vién kim cu'0‘ng trong gilii tic/1 475
.. 1.\,_

Xétl _. = sin"'3 .\*dx. Dt u :sin”" x thco Q6112 lhtrc [fch him time 1h§n lu Q6II‘. ‘ x v P

H .
.

rt/Z
‘-r’"I. - ,.._ , . ~ . /1+1[H =—s1n" '.\"c0s.\"H +(/1+1) [s1n”x(Ll-—sxn',\")dx =(n+l)(l” -11,‘: ) :»l”_3 :+:IH

~ /1+_ll

Xét hilm s€'>_/': N % R duqc xzic dinh boic6ngll1(1‘c_/'(n)=(/2 + I)I_,,.I,, A

. . 1:> _/ (1z+l):(1z+Z)lMl_,,_: :>_/(12 +1) = (n+Z)lH_, -E?!” :(/z+1)l”.l,,_|
/1+_ '

-w __,w

:>‘/'(n +1) =f(/I) Vne N :> _/(H) =_/‘(()):l‘,.l| = Ildx [sin_\'d.\ 1% Vile .\l
n 1» “

D0 l,,+| < 1,, tz1C6 E;/'(n)=(/2+ l)l”.1H_| <(n+l)lf :> If >—L (1)
Z

' Z(/7+1)

Min khzic ta c6 1,,_, >1” suy ra §=_;"(/1~1)=~1”_1 .1“ >/11§:»1,f <;l <2)
.;. J7

Tir(l)\'E1(2)suy1"a K <1§<":;’ K '<1”<fl
Z(n+1) Z12 \@‘Z(/2+1) \'Z11

‘ I

B21122. Chung mmh rémgz I” I J1" ‘ \/l — .\' dx < —~—;—_
(/1+l)\'I1+1

<

I

Ch zhzg minlz

' I _11—I
H :_\.~ du ~/1.\ d,\

Din { :> . Khi (T6 su)" 111:

\d\*=\/l—.\'dx Y:-~;—(1--\‘)\/'1-.\'

’ I I

2 ,—— 2 riIn =——.\‘” (1 — .\') \/l — .\' +—IIJ.(1-.\‘).\'”'|\'1—.\‘dX
Q <’ 3 0

w F‘ /% ' 1 1| '> 1,,:1 .'”"' —.\' ./— 5" —.\'dx Ii/1(l,,]—/H) 1* l”:%l,,_lq 1 -J 211+;

22-22-4...(42 J? 2:\ I 2 ”( H )( H ) Xjx X 1,, trons dé l(,:J.\/l—.\"dx=—
” (2/1+3)(2/1+1)(2n-1)...><9><7><5 ‘ ” U 3

Z1 2/'1—Z Z/1-4 ( 4 Z 2 , 4 , ‘ ,::~ I” :?’—-—i-L-ml-—-5-—. SL1‘ dgmg bat dang lhu'c A1\1— (1111 lu co:211+} Z/1+1 ZI1—l 9 7 J .3P / ,- ,\(2k+2)2k< =2k+l :>L
2 3k+1 v'(2l<+2)2l<



476 B111 171711g tIz11'c lrong tfvh plzn Riman

Z11 Z11—Z Z11—-1

*~\l < '\' ——

6 4 " “

'3 /'7

I <
\1"(1Z11+'-U(Z11+Z) \,-‘(Z1z+Z)Z11 \Z11(Z11-21 \1()><3 \?§><(v \6><-L \4><Z

1 l_ - }< __
(Z11+Z)\,(Z11+~l) (11+l)\/11+} (11+l)\1z+l

\. 1 1 -l . . * —

T B21123. Cho i1,,§S?(c'“ — 1) . Chung nnnh ring: I’, = |-.\‘c‘ cos11.\'dx
1)

>1

Ch 1?'1zg 11111111

;:_

(T1

C1. /

_ 1 _ _ _

\ 1 ‘ L’ : L1 H _; 1 _; ‘

ii” = I c‘ c0s11.\-dxiS"i.\‘c‘ COSlZ.\‘idXSJ 1 5: '|‘c' die’ )::(c" -1)
,0 (J U 11

' 1* 111-1 ~1'—?

0 '0 __ ' L _i_\_ , _ ~ l 11 1: TI
Ban 24. Clnrnc 1n1nh rant: J-.\-"'11 ‘dx > + (me N)

Z 111+ Z 111 + 3

Clz1?'11g lninlz

Xélf(.\') = cl‘ -— Z(.\‘: + .\') . .\' 2 O. T2106: _/"(.\') I Z(c:‘-— 2.1-1)

:> f”(.\‘) = 4(e3“'—l) 2 O. Vx 2 O :>_/"(.\‘) dévng bién :>_/"(.\‘) 2f'(O) I O Vx Z ()

:>_/1.1-1 @611; bién :>é/'11) 21101: 1 ma ¢1‘z2(.\-1 +1-)+1>2(_1-1 +1-).\1.\-21)

I K _111—: _111~3 " 111~: 111*}
1 111 “\ 111 ‘ 1’-\ >\ TE TE:>:J..\ c dx>J~.\ (.\ +.\)d>\= w+ A1: |w+

.1. LllI+_ I/IT_7_‘1 HIT... III-1-J

111/ H \

- 1 1 . 5 .

Ba: 2.5. Chung mmh rang: Zcosl” .\‘+ 1zs1n.\- ‘dx < I . \7111.11e ;\ .1112 2

' 111\k:

Tu cé: cosh” .\"S cos: .\':1— sin: ,\'_ Vxe LO.-

Cl111'11g minlz
F

171

\.

» w

, 1 , 9 . 1 5 11 , 5
1—s1n'.\'+s1n.\'=—— s1n.\'—— £—_ Vxe O.—' 2 cos .\*+s1n.\‘<—

4 \ 2/ 4 77 -1-

_ |11|/ \ l11_
H H

. J . D J
:> 2005"" .\"+11s1n.\"<—-11 I> Zlcosm .\"+1zs1n.\' idx < J-—-ndx =-

1 4 1, \1 1 / 11 4 '1’A: =

1_
-1.1

Bili 26. Chtrng ininh 1"(§111g: “sin .\"+ sin 2.1+ sin 3.\')dx < lOTt

- I)

Ch ling min/1

f (.\") = sin .\" + sin 2.1+ sin 3.1" = sin 2.1+ Zsin Zxcos .\‘ : Zsin .\"c0s .\" + 2 sin Zxcos .\'

SL1‘ dung bait déng 1hL'1'c Bzlniakowski I11 Q6

_/'(.\') =2sin .\"c0sx+ 2c0s.\‘sin 2_\-3 \/-l(sin2 .\'+c0s3 .\‘)(c0s3 ,\- + sin: 2.1) 2



('/1u‘0'nv III: .\'l1 1711 I vién kim cmin I tron 1' Iiai tfclr 477<5 <5 £9

;‘1+c0sZ.\" \ ( , 9:5 / I -‘ 3:5 5I\'co.\'"_\'+s1n‘Z.\"=Z :>—+l—cus‘Z_\‘:_' ~—[c0.\Z.\——) SI ;-*-—
N 2 \1<» A 4 \-16 3

1- ' -_ =-_.\ 4.: <.\ _ _
\, \

:> {(.\in.\'+.\'iI‘12.\'+siT13_\')dxI [_/'(_\")dx< v' :d.\:§»-lTt:l()7t

‘sin.\" - 1

\ - . b H A (H . ‘ 17 170?Bai 27. Cho hixm .\'f\_/ (.\") = J .\' H \C( Chung mlnh: —< I-’/‘(.\')d_\ < —‘

Cllzhzg min]!

Bu'é‘c 1: Chfrng minh_/'(_\") liC‘nu_1cl1*én [(). 1].

_/‘(.\-):E ‘V.\"e((). 1] :>_/'<.\‘) lién Iuc Lrén <0. 1].
.\" '

D0 Iim _/'(.\‘) I lim E111‘/‘(()) :> _/Y(.\') li&nlL_1c1qi.\':().
\—>l)' \—>U' _\'

\"§1y_/'(.\')lién1uc lrén [()_ 1]. -

1 I <
, , A .\ , .\ .\ \

Bu‘0'C Z: B0 (70: .\' — — < S1I1.\'< .\‘— — + w V’.\' > ()
6 3' €’

~ v

Clzzhzg nzinh: ' .\"—'\— < sin .\- Vx > 0 <:> /’(.\") = '~\— — .\"+ sin .\' > () Vx > 0
‘ 3! ' 3!

Ta c6_/"(.\")=%‘~ —1+c0s.\' :> _f'”(.\') :.\" — sinx :> f”(.\') = 1 —c0s.\"2O V.\' > U

2 /"’<.\-V) mug u-én [0_ +00) :>_/"’<.\-) >_/'”((>> = 0 ‘v.\- > 0

Q’/"(.\‘) Lfmg trén [(). +<><>) :>_/"(_\') >/"(m()) : () \V’.\" > 0

:\f(.\‘) tng trén [(). +<><>) :\_/'(.\') >_/‘(()) = () Vx > 0 :> (dpcm)

. .\ 3 xi 1”; .\“: . .' s1n.\‘< .\‘— f‘ + —_—' VA‘ > 0 ¢> g(.\‘) = 7' — -—' + .\‘ —sm .\'> O VA‘ > O
J. D. 3. 3.

Ta 06 g'(.\") = +1 —c0s.\":> g”(.\‘) = L —.\‘+ sin .\" : /‘(.\‘) > O Vx > ()
4! Z! 3! '

:> g’(.\‘) ling trén {O. +<><>) :> g'(.\j) > _g/(0) = O \7’.v > 0

::» g(.\‘) téng trén I0. +<><>) :> g(.\d) > g (U) = 0 "Vx > 0 2 (dpcm)

Bu'6'c 3: /4,1) dung: I—i<—“. < 1 —i +L . V1" > O
6 .\" 6 120

|/ ~\ 1 1/ ~ ;\
.\" sin.\‘ .\" \' 4:>l—— dx< ¥dx< 1—~+'—d.\

\ 6 (-I .\‘ 6 120

/ I ‘HI I ‘ / 1 < \3I |

.\"—\—}| < JLH\ dx < L.\"—l—+\—}‘ :> £< J-_/'(.\")dx<L0‘
\ 18 U .\" 18 600, H 18 H 1800

E 



-178 ' B511 Jr?’/lg tluh: rrolzg Ifclz plzn Riman

av. cAc BAT DANG THU’C co DIEN TRONG T1CH PHAN RIMAN

,

\/

Bi 1. Choh-uih£1m s5 _/'_ g lién IL_1C trén iu. iv]. Chfmg minh rfmg:
w/ - _ 1

1 1 1r_/_(.\’)g(.\’)(1.\' S 1-_/‘3(.\‘)d.\' 1g: (.\‘)d.\' (B51 citing tlzzi’c CBS)
1 - .- -

Chzhzg minh

Tu c6 0311/'(.\'1 + g(.\")]3 :/3_/‘:(.\j) + :f._/>(.\‘)_Q(.\',) + Q '1 (.\*) TIE R’

, >1 ,~
I

3 ()< J.1I:_f3(.\”)+ZI._f'( \) (\")+ g/3(1) !(1X :13 1/’:< \"Jd\ + Z1 ‘ft \‘)Q1\'1(1‘( +1 :<.\‘)c1x

71)

'12

1; .. ., 1.‘

<:> F11): 111/"(.1-><1X + 211/1<.\->AA<.\->111 + ’<.\m.\ 20:/1; R

//> \3 /1 1»

<:> A = f(1.\")g(.\‘)dx — f'(.\")d.\ g/'('.\")d1\ S 0 <:>

/1‘.

/C

1,

j'(.\' (.\‘)dX £  '(.\' “(.\"1c1x

"—""'*\

ZQ7

'1:

1/
J

1_7

\»

J

V

Q.
X

'1?
'1:

J

\
y

,\
-\

\.
w

Q

1 . - 1 1 _ . . “F

1 B2112. C110 p. q > 1 thou min — + — = 1. Chung mmhzu/.1 5 L + b— Va. /2 > 0
I

(B('1t illing tlu1‘c Young)

Clzlhlg milzh

X61 ham séy =1" ‘ lién tL_1c va aéng baén lrén <0. +@@> \-:1 06 15;» girl 111 121 (0_ +~><»)

1

nén né (:6 1151111 S6 nvuvc 1Z\ .\‘— \"'”’1 — \“"" trén k1103nO (0. +00). Du'©'nv thém" ,\- - u \'i1 \‘

=1’; cit C16 lhi him 96 y = ,\" "1 Lai czic diém 1\-’I..\‘(xcmh‘1nh \‘é)

iv _\‘ l\/I : X1»
_

y : x“ “
/2 N ‘

/2

S\
Q 1\/1 ‘

0 £1 _\- 05 (1 .\~

G<_>i S, 151 dién tich tam gizic cong lao bc czic durng {_\" = O; .\- = a: y = x"_‘}.

S3 lil dién tfch tam gizic cong 1510 b0'i czic du'®'ng {.\‘ : 0: _\" =12; .\" = yqil}

v21 S 121 dién tfch hinh chfr nhél 130 bdi czic duémg {.\" I ()1 .\" = u; v\" = O1)" = 12}

_-  



Chu'u'ng III: N111?‘/lg vién kim cumzg trnng gidi rich 47¢)

“ /' " I 1/

Ta cé S, = l-.\"”" dx :L:Sl : |-_\""”'1/_\" = L 1 S =;1b.
U P z ¢/.

N
. \ \ A \ , ; 4 ; , (1 /7Nhm vao do lhl la co the [hay rang S1 + S; 2 S c> — + ~ 2 uh

/> <1

B51i3. ChL'm<:1ninhr§n2:;\Jéu a,. /> Z O; i +l =11;1>llh1

ZZ——Ll"l)"' S ‘Tr I Zuf ’ Z/>j,’_ (Brit Jzing thzic Hilbert)
r/z:| r1:| HI +11 gin "x /1;; / \_ /11' I

p

7‘ r

r

P41

\ §\ ,\l

Q

, m

Ch 1?‘):g minh

>

fl

>

\

)

\

(

/i‘\

3M»

'2
=:

\/

Khan" xnzll nnh Léng quut ma str

11l\/1»

_D

,l I

Hf

=1. Su" dung bt déng lhirc Young ta

Ii: 11”a HI‘//7‘ - — § ” +—

Q6

41/2 ( 1 ' ) l L/1:1" /n/2"
Y! /1 I |II + III p q

(11 + /n)11 ' /21 ’(/1+m)I1”/21"
|_| ,_1

. , , 4,/\ K L A P /1 A A 1/
(1 b 1 n u 1 m 1222+§—z2~—~, +22%.n

/n=l /1:] /1+,” P 111:] r|=l (H +”Z)”Iq (1, /n=] 11:1 (H +171)”,/1

SL1" dunv czic dzinh “iii tfch hn co" ban la c6 lhé d5 dime chime minh réna- C C \_ V k.

1-‘ 1-‘'” 11 ” we dx TE "X /1 " vx dx TC

S (n+m)m ' ‘ , ’ (;2+/11)/1"

I
1

Z I £1) I ‘_;v : -I : Z I S‘/I - 1,1,’: TE

-1 2/ u 1+ ‘ s‘in ' M » <1 1+ ~‘ sin
/ 5/

k A \
<1,/2, 1 TI 1 TE /I l\ ‘t 711Tudo suy ra ZZ%S—~~—+—-izt —+— Ijizl

) TI 5 TC \ 4 TE TE111:] "=1 ”+'” / sin / sin ~. 1) //.\"1n sm
/> ¢/ I’ />

I Biii 4. Cho p, 11> 1 \/61' L + l =1 \/£1 f. g IE1 hui hiun lién Inc Irén [a,l>].
\ P (I

Chung minh ring: ’ |f(.\")g(.\'))d.\'$ H/'(.\-)]”"z1.\" fg(.\')"
3 ffi H! J

//, Sq

Déiu béng my ra <:> 3 A, BE R. A3 + B1 > 0: A1/'(.\')|” = B|g(,\')]" V.\'e[c1.b]

(Brit a‘(fng thz2'c tfclz plzn Holder)
Cluhzg minlz

Xét hai khé1n2'1n<Y sau dy:C
Iv

- Néu _|.]f(.\‘) pdx : () [hi do |/(.\')|” Z () \7’.\"e [c1_/2] n_én suy 1"a>/Ix) E 0 Vxe [u./2|
11



-180 Iif (Mug 1/1121‘ trong rich phn Rzma/1

/1

:> _/'(.\")

3?.

v :1

/1 />

° Girl su' [§_f'(.\')%‘” dx >0 \*Z1 I‘-YIQ(.\')§" dx >0

Y ; ‘ . ,. ./ V‘) \ , ‘ (-\)
SL1‘ dung bat ding thuc Young \'0'1 <1 :§———_~ Ya l7:i——i—~

, .

I.

F:

\ .

1‘ ~ 1

.\") E () Vxe [u_/1] :> II/'(.\")Ig(.\‘)§dx =0 :> (dpcm)

‘X/(\)"c/.\"§ i

Ii‘.

72
J2

,, , I,

(\) d.\‘

1

\ . _ .> 1 ,/mé 1 I<.>
Tu cé " V - '- V

§-- ‘ +-- \* .V.\-e[u.b]
I/7 II7 I/1 \II /J > 5/ ,

/1 /I

T/C

".|I/'(.\')g(.\‘)!dx '_f'(.\‘)')<b< (.\')‘/nix

_/'(>\‘)=

Us

U‘

(.\')1 X

pdx I-IgIII_II,>dX _n./(_\')§ dx j.§g(.\')‘I dx

. ,
l 1

:> ‘ I I ~+~-‘If-—?:~+—:1 :>(dpcm)
I/> \/7 ‘Iv \I£/ P J’ '1 d\ Cl j' 1/ CL P Ll

./"<.\-)5” “X \
[ml->l” ax

Bili 3. Chop > 1 \'Z1_/'_ g lix hilm $6 lién luc lrén [¢1_/>1.Ch(rng1ninl1r5ng:

I/' /7 ,

\
(Ba! dng Ill 1?'c tfch phdn Minkowskz)

, 4.

I, Iv \ L /l> \/I

Ln/'(.\‘) + g(.\‘) dxq 3 '.§_f‘(.\‘)@') dx +L g(.\')i'7 dxl
7

1f(.\‘) + g(x)\'” :1f(.\“) + g(.\‘)Hf(.\') +

Clzzhzg minlz

'1:

\')1"M § /’(.\')§I f(.\') + j,/(.\')i'H + §g(.\')

I) (1 !>

'1:
A

>1
\_/

_ ~ ,. k_ 4 . ~ <

T;

.\')+

:> [\f<.\->+ dx s [1 /"<;\->|i/'<.\~>+ Q<.\->§"*'dx'+j]g<.\~>|1f<.\->+ q<.\‘)’I”“ dx <1)

Cho q > l sao cho L +i :1. su‘ dung b§tdé11glhL'l'c Holder cho hai hm $6 lién Luc

/7 (1

/>

>-I - >—I

xa \+ \)' Tacé _nj'(.\')|\f(.\‘)+g(.\")I' dxs
u

1
l 1 !

/> ,, 1'1
(1 / /1 I, /l> ,1

1 l/*—|11/ I’ /I

§£yj'(,\‘)i'dxj [_nf(.\')+g(.\‘)| dx] ztn/'(.\‘)1 dxj LI“/"(.\')+g(.\')i dx] (2)

Tuong {gr nhu' trén ta sir dung b§1 ding thfrc Hvlder cho hui him $6 lién luc g(x)| v51

[1

|f(.\’)+ g(_\-)l'H Ta cé: J.|g(.\')H_/'(.\‘)+ g(.\')|p-I dx §

:1

/ 7 / ~ / _

w/1 \,'» 1» \',- '/= \,7» 3,

S ‘L'H§(.\‘)l/7 d.\'J LI“/’(.\') + g(.\~) ‘in W'(1'.\- :LP,_<;(.\-)1’) 1/.\‘ ‘ E R/‘(.\') + g(.\‘)V [Xx] (3)

11 :1 / u / \<1

_~
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T£r(1). (Z) \'i1(3)suy1'u
4' \1 1-
/' ‘I "

\+<'\ z\£{ 'd\"1
. ((1, J (1, ,

K1’=1 .
- 1

GE

.\‘) zZx

,1 kl ,1

‘/4,_v____'_i'

T

*1:

\\‘__.

.\-1+ g1(.\')

1

1

N,
Ii.

/.

4;.

/1 _

+ .\léu R/“(.\') + g(.\‘)§" dx :0 [hi hién nhién bit déng thtrc d cho dimg.

11

+\‘éu _f(,\')+ g(.\') dx >() [hi hai \/'§cL'1z1(-1) cho | _/'(.\")+g(_.\‘) (Z\'|
' ~ 1

{I1 ;, /'1 1, 1/ /_ \ilI1

L .\ + .\ I _L |.if(.\‘)1" ¢l\ +§ ' d.\-I

\ 1

/1:

E

'1:

>-1

)(

i

11;
1

1

~( (*1Biii 6. Ch0f(.\'). g(.\‘) 151 Caic hilm lién luc trén [(1./1],‘/'(,\‘) ¢ O \1*Z1-111$? 3M ‘Vxe [u.l1].
(\')

/1 /1 /1

Chirng minh ring: '|g1(,\-)dx +/VI11z'[f:(.\')d1< 5 (M +111) _"_f(,\');’(.\’)dx

(B("1t cing tIz1'rc ticlz plzcin Diaz)

<:>()£—

<1:

Ch zhzg minh

Ta c6111£§_@S1'l/I :> O£(L'\i)--111 {M —L\:)T_f'2(.\') V_x'e[z1./1]
)‘(.\') \ f(-\) \ _/(1-\)/1

I1 /1 /1

3 _[g:(.\')dx +11/[111'[_f'3(.\')dx S (M +111) ‘T/'(.\‘)g(.\‘)dx

I (.\‘) + (M + 111) f g — M1117”: (.\‘) \7’.\'E [11,11]

U5

()<(1 £f(.\‘) SA
{Eli 7. Chof, g IE1 czic him lién tuc trén [11,11] v21 <{ Vxe [c1,l1]

O</1£g(.\')SB
11 I1

. _|.g2 (.\‘)dX-Jf3(.\")d><
\ b+AB ' A1

Chfrng minh ring: (H ) 2 " " 2 4“ )8
4511453 ” x" (ul1+ AB)2

U./'(-\'):4(.\")d><J

(B("1t (T511g th 1i'c tich pluin G.POIya)

.\'

Clz ting minlz

Tir gizi (hiét :> as s 5 Vxe 11111. su dung (>51 dang mac tfch phn Diaz \»<s-1
Cl

B b [1 bB/1 [1

M=— va111=—.TaC0 (.\')dX+—If (.\")dx£(—+—)If(.\;)g(x)dx(l)
a A

su dunw bait diinv thirc AM - GM 111 C6

I A (I (I U

‘ ” V 111; ” ‘ bB ” ’"lg" (.\')dx + U7 J‘-f‘ (x) dx Z ZN (I7 [lg ‘ (X) dx (.\") dx (Z)
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r .

11

I: ':

‘pg ‘(.\'1dx.[f"(

‘J:

1B ” V * ' ’

Ti1‘(1)\"Z1(Z)suyru 4;;
(IA

~ _~ [1 / .-(_\-)d‘\ y/‘(.\')dx§% .'.>_/(.\">;><.\-)d.\

ndx B l> _ 1

<0 \] ( ;,* 4,13)“ I -+¢/~\/2B

:>~» , 5,‘. .r Ii.’ ‘ ."¢1¢<aj"~?\§1.
/‘ /Y \3 4 />3 -MA/>3 ((1/7 + AB) ‘

H [f(.\'>g(.\‘)dxJ (1 A

Mét khélc. st!‘ dung bél déng mu-Q CBS 111 C61

/> I»
1~, ,1

.Z[g_(X)(iX¢J"/V-mdl >1 _\ 44%;; <§g_(x)dX T{'/‘Mmm
1/ " \\_

} _[f(.\');’(.\‘)dx 1
_‘v-_/'l.\')g(.\’)

\ 1-‘ /'

w — "_" ~— \
_ / -_ \_

(z1l7+.»\B) ' ‘;

C-.

'/<

\ Al

‘|» Biii 8. Cho hai hilm s6‘f(.\‘). g(.\f) lién tuc \'E1 don diéu trén [(1. I2]. i

1 ‘ ,
. ,

|

' A 0 0 A ' I 0 0]
' 1. Chirng minh rang: .\leuf(.\"). g(.\') I51 hai hilm cimc dim: bien hoagc 151 mi hZ1m CUR: nc uch

bién ma ta cé bin dfmg thircz

1 I1 1 /1 \/ 1 /r \ k

—— [f(.\‘)g(.\‘)dx 2 —— ' .r)dx ,—i y(.\')dx
I) -0 — —

\ \ .

2.Ch(1'ng minh ring: Néuf(.\'). g(,\') 06 tinh don diéll ngu'Q'c chiéu nhau tfrc 15. n1€_>t him dvng

bién vi mél hilm nghich bién {hi la cé b§1td.*mglh(1‘c:

/> f 1 /Y M" 1 iv " \ ‘

—i (U §'(.' (1/' S —; “(J dl i "(.‘)(1.'

/7-“ U‘ U \ l17—¢1 \) \i /7”” lg \ X/1:1 I \ .

(B(";t zi(ing th12'c tfclz phzin Chebyslzev)

Clz 1211g minh

Ta sé chimg minhf(.\').g(.\")1Z1 hai him lién tuc \"i1 déng bién {(1. bl

11 /1 />

Ta ¢@_/(Q) §_/(X) §f<11) Vxe [(1.111 :> f/"(um s [_/'<.\»><1X s P/“(I>)dx

u u zi

I: Iv

., . .. 1 .

<:>
f-(¢1)(12—(1)S".f(.\‘)dx é j(/2)(/2—u) <=> _/((1)37 J-f(.\‘)dx 3/(1)) _(1)

)‘_(1

Theo dinh 1y vé gizi lri lrung gizm cua mfpl hilm 56 lién IL_lC {hi lévn lai diém x‘, E [(1./2]

1 ” . > A A

sao cho _f(.\-U) =/—— Jf(_.\‘)dx. Mill kh;ic_ do/§.\'). g(.\") dong b1en Lrcn [(1.12] nen
2—u

4:

Lf(.\‘) —_/'(xU)][g(.x‘) -g(x<,)] Z O vdi magi xc lu./7]

j_  
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<:> 0 S/‘”(v\')g(-\') 1/1 X<))£(-Y) —12’(x~').f'(>\"J +_/”(><<n.2'(><1»>

Iv

3 <> s J1/'<x>g<.\-> ~./‘<3»-11>g<3\3» - g<»)>.r<.~>+ 1/‘<3\31,>g(»11]dx
1!

I* iv /1

= f.f<~\“>:<(-\">dX—./“(I01].g<-Y>d><—2(-W») 1./<1-><1X+/1»-1,) -~>

is
I-\

'-.
\/

,-\

v

/v /1

= J-f(.\')g(.\")dx —f(.\"U) J-g(.\‘)dx—g(.\"(,)_/'(.\'(,)(l>—a)+f(.\"[,)g(x0)(b—u)

I1 /1 /I /J V

<2 ;‘.f(.\")g(.\')dx 2 f (.\‘(, ) ‘Jg(.\")dxiI!/'(.\')dx [:|‘g(.\')dx :> (dpcm)

B5119. Cho hai him g lién tuc: [0, 11%[O_ 1].

' | ‘ 3 1 1

Chtrng minh ring: [ J._f(,\')g(.\")d.\'J 3 '|-f(.\‘)d.\' J.g(.\')(l.\'
U U (1

Ch zhzg minh

0 s ‘i.('\.) 51 0 s f(.\‘)g(.x') s f(.\-)
D0_f.g:[_0, 1]->10, 11:> :>

O3g(x)31 O3f(.\')g(.\‘)3 g(.\‘)

O3 J.f(.x‘)g(.\")dx3 _[f(.\‘)dx
0 0 ' 1 '3 3 J.f(.\')g(_\')dx s jf(.\-)d>< J-g(.x')dx

[O 3 j-f(x)g(.\') dx 3 J.g(.x') dx O 0 0

0 u

Béi 10. Ch0f(x) 151 him $6 xéc djnh vil lién tuc trén I()_ 1] v51 |f(_\")| 3 1 Vxe [0,1].
.

_v 1
I 1 '

Chimg minh ring: L11 — fl (X) dx 3 J1 —K If(.\")dx]
U U

Clzzhzg minh
Sir dung bit ding thirc CBS cho hai him s<§:

F(.\')=\/1—f2(x) v€1g(x) E 1 v<'7ixe'[0,1] Ta c6

‘J1/1-f2(x)<1><] s ]'\[1—f2(x)]dx Tdx 3 If,/1-fl (X)dX§ 11- ‘If: (X)C1X (1)
U O 0 0 0\

su dung bét ding lhl1'C c1-as C110 hai hilm S6_f(.X) vi g(.\') ta c6

/I_[j'(x)dxj slJ'_f2(.\-)a>< Tdx :>1-Uf(.\-)d><\ 21-‘If’(.\-)d.~< (2)



-I-8-I B0} ding Iluir rrong tfrh phn Rima/1

Ti1'(1) \'Z1(Z) $11)‘ 111 '.\/I — f: (X) (Ix S \;l —E I‘/'I.\1Id I

I?

1 .: .

/4

Idpcnn
I 1 1

CU

r

iii ll. Cho /I 1-) IZ1hZ1n1Iiénluc cimu dam hZ1m 0111111611611 [O I] \Z1 /II)» /' (U) =l

Chunum1nh1ang dx2

F

."

:1—~

5
/-I

>1

_._.J

Ch ling minlz

Su'd1_111g b§1Linglh£1'c CBS cho hui hilm $6 ‘/"(.\) \"E1g(.\"1 E I :

/1 \3 1 I / I ' i

' .\")dx S *__/"(.\')JI dx [dx :>] '._/"I.\*)d/\' I S dx
\1) /1 (1 11 ‘\ 1.1 /‘ 11

Theo céng 1h1'1"c Newton —Leibnit; 1111:

'{f'(.\‘)dx=f

,-

'/.
_Zf.

‘\v~

'\\

2

= '(l)— '(())=1 2*
I

_ w

1/"I1-)_I' dx 21

Bili 12. Cho f(.\')]Z1m{>thZ1m lién 1110 Lrén [(). I] thou main] £_/(.1) § 2 Vxe [().I] v51

1 ,, 7 1 “
Jf(.\1)dx =i. Ch1'1'ngminhr§1ng: l 3 <3

11 2 3 1'1 /(‘U 4

Gidi
1 1 1

- V.xeIO.I]Tacc3 is-l-$1: l=IldxsId—Xs Idx=1
2 /‘(U 2 0 2 11 0

Su"d11ng CBS La c6l=i :I |./‘Z
\; \1/(1)

/“\
3‘._

O.
>4

3 '/ \3 1

‘ 1 1

/
'\v~

1 .
_ /

I

° V.\'E.[O.1] Ta C6 1 Sf(.\‘) S Z :2» O 3 [Z —_/(.\‘) [/ix) — 1] = —_f'3(.\‘) + 3_/'(.\') — Z

ldx
:> 2[—-—<3—§=§

(,f(\') Z °

C-
>4

‘?“"“~\

3__d/1}];
(.\‘,l 2 _/(x)

I 2 1 \ . 7-. _ T:> J-Tdx 2—.Déu bng xz'1y1'a<:> \/_f(.\") I :> /‘( \"1—7.— ). Vxe [().I]
U ‘

.1-1 3 ‘W * ' ‘ '3

I I I I

2 dx Zi ‘(.')S3 2 %— _'(.‘)d/= -——+f(.')]d 3d'=_“:> f(X)+f \ :> 5'..f(V\_)+6\‘/ 1 \ 6‘.[‘fU_) 14‘ x<0f >1 a

C‘_

1‘0.
1-,><

II

3 .- . - L L l A ,i <— (Ban pha1 chu'ng mmh rang dau bang khong xay ra)
4

Bi 13. Ch0f(x) 151 hZ1m1iénluct1'én[O.l] théa min diéu kién:

1 . 1 3

J‘_f(.\')d.\"= zz >0 v51 OS f(.\‘) 3 (1? . Chirng minh réngz _|.\/f (.\")d.\‘=a-‘
U U
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1 S _._ 1 1 ’ -

T1111) \‘Z1(Z) suy 111 ‘.\-N1 —_/'3 (.1) dx S 1_/"1.\"1d\ uipcm)
': ' ' ‘I 3

CI

iii ll. Ch0_/'(.\‘) 1Z1hZ1m lién we cilng dgo hilm CLlLlI1(3l1‘éI1 [(1. 1| \Z1 1 1 1 — _"( : 1

/ /(1)1 1

1

Ch(1'ng111i11l11"§111g: VE/"(.\")_" dx 21
U

Ch ling min/1

S1'1'd1_1ng b:11d€111g thtrc CBS cho hui hixm s<‘> >/"(.11 \"Z\ gm) 2 1 :

{If/"(.\')(1x Y S "11;/"(.\‘)T dx Tdx I/"(.\")d.\ 11- < if/"(.\‘1—I2 dx

11 / 11 11 11 / 11

Theo céng 1h(rc Newton —Leibnit; lh 1 :

_ _
1

1

1-_f'1.\")dx=f(.\")1:\— 1111- 1101-1 —\ 11/"(.1-1 dx >1

(1 U

Bili 12. Cho f(.\’) li1n1©1 him 11611 u_1c trén IO. 1] lhoa 11151111 S‘/”(.\') S 2 Vxe [(1.

1 “ ° I dx 3 =

J-f(.\")dx =3. Ch1'1'ngmi11h1‘§1ng: lS 1-+'V<;
0 2 3 5 (X) 4

1|\f1

Gidi
1 1 I

'V.x"e[O.1]Ta cé ls%§1:> l='1ldxS J-‘is 111x11

2 (X) 2 02 11 1)

(1 3 /1 \31 1 1

L1
\_/

idx S '1'“/'(_\-)dx v1~———dx =¥S11'dungCBS m¢o1=‘ 1111] =1 [\/17 1 1 1 ' 1 1

\11 ‘\11 \1-/U‘) 11 <1 1/(X) 211~/(X)

1

:>/'( X 1 V [().l]1 ,1 3 . .?“ )'., '1

:> dx 2—.Dau bang xay1"z1<:> N/_/(.1) =
U.

.i X): =—. .\‘€
x) 3 \.‘ /‘<1-> 2

1 - .

° V.\‘€.[O.l] Ta C6 1 Sf(.x') S Z :> O S12 —_/(.\')][_/(X) — 1] = —_/':(.\‘) + 3f(.\') — Z

:> -~—+f(.\‘)S3 :> Z —;+ _f(.\')dx= i+_ (x) c1x< 3dx=32 lydx ‘J ‘[1 2 f 1 ‘I

f(-Y) U f(-\') O 51__f(-\") ,,

I 1

2 1 , 1

:> <3—§ =l <:> <§(B<f1n phéxi ch1'1‘ngm1nh réng déu being khong xay ra)

0 f ) 2 3 0 1(1) 4_(-\' ~ . -' ’

Bili 13. Ch0f(.\‘) 151 hE1n11i<”:ntucl1‘én [0,1] 111011 min diéu kién:

1 1 1

'1.f(.\")zl.\-=11 >0 v51 OS f(.\")Sz15 . Ch1'1"ng minh ring: _1\1f(.\‘)d.\-:11-‘

U U
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I _

T

Gizii

Ii _\' Xziz
I 1 1 1 3

z1c6: _I\]_/' (1)5/.\' = I-—;(1)) dx 2 I‘ I/'( Id U‘ u‘
- 1

" 1 1 <1 " (1
11 11 \} I-Y ‘U’: ~ ~1

U7

iii 14. Ch0_/(.\') IE1 mél hilm $6 Iién tuc trén [0,1] 1hOamz1n czic diéu kién

0 s/‘(.1-)3 1 v.1-@1111] V51/I0) =_/'11) = é

a.ChL'1'ng minh 1-émg; 0< J'/(.1-><;1X <1
'11

1 I \

b. Biél <-= I/'(_\")dx. D511 F(.\-1: I/'(1)dl.Chi1'11g n1inh1"§1ng: 1

0 (1

EC.
1

F‘-

[ w

Chfrng minh rng: 'IF(.\‘)dx < ¢'—%
II

)1F(.\;1s.\- khi 0s.\-s<

F(.\')§(' I\'hi ('S.\‘SI

~ | 1

. ; . A , . : V - ('Su' dunv kel ua tren chu‘n<v mmh ran": — < .\' (.\')dx < c" — —- C C C ,) \ 7

11 “

Ch zilzg minh
I I

a. Ta cé0§f(.\") 3 1 1/Z1 f(l)=% :> ()< _If(.\')dx< Il.dx=l 2 (dpcm)
"' 0 11

.\'

b. Tu <16 F(.\') = J-f(l)dt v6'i F(()) = (I. F( I) = 1": F'(.\‘) =f('.\‘) V.\'€ [().I I

(I

:> F(.\-) aéng bién trén 10,11 1» F(.\-) 5 F( 1 1 =

.\/I511 khzic 111 giél thiét 0 3/(.1) s 1 v,\-61.0.11

:> 0 s/(1) s 1 v1e10, .1-1 :> 1=(.\-) = I/111111 < J.l.d1:.1'(2).
II I)

T£1'(l) vZ1(2) suy ra F(x) 3 Min{.\'. 0} <:> {

(‘(1)

I \

. I <’ I ( I

c. Thco b. Ta C6 [Fm-)c1>< = ]'F(.\-)¢1>< +IF(.\-)<1xsI.1-.c1>< + I1-.<1>< =6-$7
11 11 I 11 < "

F (.\'

F ( .\'

)S.\' né'u OS.\"Sc"

)Sc né'u ('S.x'S1
7

, I F(x)=.\‘ 11 OS.\‘Sc F'(c")=l _

Déu béng xziy ra <:> :> :> khéng {Cm tz_11 F'(c)
F(.1')=c 1f cS.\"SI F’((-*)=()

Biéu nay mflu muén vdi gié thiét F(x) = [[01:11 3 F'(x) =f(.\-1 v.1-e[0,11
U
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. 1 : A , K

\/z_1y dau bang khong xay ra hay la co 1F(1\‘111x < <' —f
’ J ~'

1 1 _:

d. C11L'r11g minh: C? < 1.1"/'(.\")dx < c —(T
U /_

1 1 1 1 ' ,/ 3 3

’ (7 1 L‘

1.1f1.1><1>< =' 1.1-¢1(F<.\~1) =.\'F(_.\')1:) - IP11-111x = F11>— _[F<,1><1X > F(1)—1<~— 1:7
11 0 ' 11 11 \ ~ /‘ “

Xét him $6 g1.\'1 =1—f1.\‘1 :> g(.\‘) lién 1110 Lrén [(1.1] \'Z1 g101:g111=%

Do g(x) théa min czic diéu kién cua hZ1111_/'06 min trong gia thiél déng 11161

1 1 1

1g(.\")dx : _1[1—f(.\")]dx : 1- .1‘/'(.x‘)dx =1—c' . s1'1'dung b§1d§1ng1h11'c

0 (J U

1 1 1 3 1 3
-- 1- ' 1- '

“'.\'1‘(x)dx>(? 2 '|..\"g(x1dx>% <:> '1-.\'[1—_/'(.\")]dx>(—~5£)—
O 11 (1

1 1 1_ 3 (1_ 3 _; 1

<:> J-.\"dx — '11/"(.\‘)dx >( 7L) <:> g — J) : 1' — (7 > 1.1:/‘(.\')dx

11 0 ‘“ 11 1

Biii 15. Chof(.\") 151 him lién 1110 cimg dao hZ1n1 cuu 11<311"én [a_ /2]. G121 SL1‘ f(c1)= 0 \'£1 cho 1

I) 1

M = Max 1f'(.\')1. Ch1'1‘r1g1n1n111"§1ng: -1.1/'(.\")1dx § M
.\'E[11_[;] U) _(I)-

Ch z?'ng nzinh
.\'

Ta céf(a) = 0 I>f(-I) = -1.‘/"(v\')dx Y/xe [a_ /2]

11

.\ \ \ l> /1

3 §_/‘(A-)1 : _1‘f'(.\') € f’(-\‘)1dx S 11.11/I dx =M (.\‘—u) :> _1-1f(.\-)1 dx £ M '1(.\-—c1)dx

Ll ‘ 11 11 11 11

1 1’ ~

[7 .'_ _ b_ _ , I1, .

:> 1|f<.1-)1d><§M,~_-11"1 +1(11 31112;:, 1]/‘<.\»)1<1x

U 2 2 1b—u)' u

B511 16. Ch0f(x) 151 hilm 11611 luc cimg dao him cua 116 trén [£1.12].

/1

cm 511- /(11) =/(1)) = 0 Vii @110 M = 1\/1ax1_f'(.\')1. C11L'1'11g minh rang; i(4 11f1.1-11111 3 M
\e111.l>] b_u)-

Ch ling minlz

Lély x Lily )7 sao cho Cl < x < b. S11" dung dinh 1y Lagrange trén [(1, .\']:

T611 lai (11-e111, x) théa min _/’1.\')—_f'(<'1):(x—c11f'(0L,) ::> 1_f(.\')1£A/I(.\--11) (1)

L31 SL1 dung djnh 1y" Lagrange [r611 1.1‘. /1]. suy 1‘z116n lai (X.3€ (,\',b) thda mfm

111))-11.1-1 = <1)-.1-1/"’<@1z1 :> 1j'(.\-)[§M(b~.\-) (2)



Clluvng III: .'Vh17‘ng vién kim cuvrzg trnng girii rich -187

‘:+l> (14-
la 1 I: * _Iv

Tir ( 1). (Z) :> H/'(.\‘)§dx = i-§_/'(.\’)idx+ J‘;/"(.\‘) dx SM ‘-(.\"—u)dx +M ‘.(/1—.\')dx
1; ' J 11»/> =1 <VI‘,‘

1 1

/> 1 :\ 3 /»

:> _f(.\‘)]d.\"SMr (b—a). + (17-51) J=.14(h_”?_ :> 4 , 'Hf(.\')iz/.\'SM
,, \ 8 8 4 v ([7-‘tI)_ H

I In ‘

Bili 17. Ch0_f(.\") lil hm $6 lién tuc dén dao hilm cp Z trén lu. I2] thbu mfm A/((1) =_/‘(In = ().

~ |” ‘ M(l— P
Chimg minh réng: M/'(.\‘)zl.\'§ S—~—l—L \*('>'i M = Max [_/'”(.\')i

, { ]2 1'6 [(1.12]

Ch 1211g minh
I1 I: Iv Iv

Ta C6 J-_}"'(.\')(.\"—a)(l>—.\')(Lx'=ZJ-_/'(.\‘)rL\' :> .‘l_f(.\')zl\'=g ‘V/'”(.\')(.\'—u)(b—.\')dx
rt u 11 4:

'1 1Ir ‘I I

j-_f(.\')d.\" =% I/'”(.\')(.\'—¢l)(l>—.\‘)([\'iS%J6/'”(.\')(.v—z1)([)—.\')(Z\'
u h u I _ 1‘

D0 M = 1\/Ez1>I<]|_/'”(.\')] nén suy ra f(.\")d.\' S‘— (.\'—u)(b-—.\")d.\‘
.\'€ (1.7 .

|u u

/1 1 ~ 1’ 3 1, 3
. M ——.\“ .\" (11-0) ‘ _ M(b—u):> (x)d.\ S?[T+(a+b)T—u12.\Ju -——T :> |Ij(.\)(l_\ S-——f

;\ \\l\ABai 18. Ch0f(.x‘) la ham sé lien tuc cilng dz_10 hilm cL'1a né [(1.12] vZ1f(u) = Ov

[J

B511 M : I\/¥a;<]]_f(.r)|. Chtrng minh ring: M3 S(b—u) If'3(x)dx
‘\E u.r

Chlhzg minh

cm .<u~ X0 I51 aiém um man dn thL'1'c|f(.x,)\ = Max |f<.\-)1 = M
C ( \‘eI¢:_/I

SL1" dung bit ding thtrc CBS véri hilm $6 _/'(_.\') \/'21 1 tu c6

£\j._f'(.\")z1.\‘]_ S Aj‘_f': (.\‘)c1.\'\]-l.1l.\' = (xu — a) ‘If’: (.\')(l.\‘ (1)

Mi‘ If“-">“X=f<~\'>|}‘§" =.f<-\‘<,>—1'<~>=/‘<.\-..>—0=./‘(Aw <1>

‘u I V)

Tir(1) vE1(2) suy ra M =|_/'<.\-0)] = I f'<.»->¢1.\- S./X0 -'0 f'3(.\')a'x

la [2 [>

S \/.1], —a\2 J.f'3(.\')dx S \/b—u Hf'2(.x')dx M3 S(l2—z1)_[_f':(.r)(lr
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CC‘

\. . . 1 , , TC 1 1 .2119. Chung mmh bat dang lhuc suu: ~: <J \
4w “N1

1%
1 ; I 1

~ — " rc

1 R I
_ + .\'

dx <

Ch ling minh
I _: .w

1—.\ 1 x l 1 1

D J 0.1 ’ ,1 1 1’1 J .9oxelv 112100 J1 ,,>\'l \F\ 1

+.\""' ' +

l v l 7/“ T1/Z1-.-- 1 1 1 “ . 1 ;2:>I/~‘,__/,<1x>—j\/1-.\~- ¢1,\:— [¢@.<~1<11=—~ i°“_’d1=l-
0 l+.\" " \/50 V5 5 L 2. 4\/5

1\/1;111<11a¢.\»—‘/2 2 .1-2 Vxe 10. 11

;1—\‘2 §1—.\': 1"-J 1—.\‘3 1 !l—\‘33 ik ~——:> ‘—idx< ,

\-;l+.\‘3/I \;I+.\': \/1l+.\'3'/2 X \1Il+.\"
<1 11

S11 dung bail ding thtrc CBS ta c6

I/1

%‘_

d\

K1 l—.\': \2 [I 91-12 2 I 1 1 V

0\ J 1>\

, . _. 1I11“;/I dx < HIM: dxj _U\/1 .1 s_(!'(1 ,1 )dx;[1

I

,1 I 1 __

= K.\'——"——JarCtg.\' =%c1rclgl-1%-5:5 :> I dx< E
3 3 3 4 6 ;\11+.1-»"- 16

I -1

I It 1- \"
Til" czic két qua trén :> <

ME UM 1+1“-

, ~ Y ‘ iw - . 1\
Bi1i20.Ch1'1'ng mmh rfmg Vx > 0.121 cé: e‘—l i "‘\1e"+e 'dt < \/(e‘—l)1 e‘—:)

U \ /

w

dx<\/E
6

;—=i — ' f1t.\‘=si11t

I I

1

/

dx
+.\"'

CI2 zhzg nzill h'__ (4%\ K I

Ta c6 ‘F/eq'+c ’ dt = 1|-e3 \/c’+c 3’ dt.S1'rd11ng b§1d511gth1'1'c CBS
U ()

'7

/'.1_ 3 ,- 1 1

I->| |\"c:’+c" d1 §(c‘—1) Ic‘———»e"
1“; \ ° 2 ,

‘X,

/

/

'3(\ I ' \ 1 / \ \"
w / I x—" I 1 —"" ' ‘I —:>, '[.e- \1€ +@ -' dz} 5 Io dr J‘(e +c -‘ )d1:> '[\/c" +c ’ d1 s_[c’d1I(c’+c':") d1

\H U U \(] U U

e‘—1) L¢:‘—gJ\ (1)

.\ .\

;\1¢;111<11a¢ \/¢1'+¢-' >6’ V0 <.1<.1-:> f\/<¥'+¢" <1¢> J.c"dt=e‘—l <2)

u O

.\’ v/ 1

T1l1'(1)\'i1(2)suyrz1 c‘—lS Ix/€"+C—‘ dt< ;'(e‘—])Lc‘——)
1 \ 2
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1 Bili Z1. (‘I10/1.1‘) lién 11_1c cilng \0'idg1oh£1mc11;1n13min [().Z]\{1_/i()1:_/'31):
,

1

§_,*"(.\') £1 V16 10.1]. Ch1'1'1-lg 11111111 1‘:'1ng: |>/'4.1"11l\ >1
1

1

U

1 .

Ch ling minh
L51)" ye (()_Z). Su'd11ng dinh I}? Lagrange suy 111 1011 1:_1i OL;e1()_.1‘) \'Z1 0<;€ (.112)

'/‘<11->— /<01 =.- "|, 1/ (OLI1 }_

S110 cho < :> <

1_/<21-_/<.1-1=<2-.1->_/111,1 1 1.1->:1+1.1—-21/10111

\\

1,\>:l+.1'/"(a,)

D0 I/’(.\‘)§ $1 Vxe [OZ] :>_/'((x1) 2 —1._/'( 01;) S 1 l;_1i 06.1 > ()_ .\"—2 <()suy1*;1

[f<.\-;z1+_1~<-1) J_fm21-
<37

1f<.1>s1+<.1--21.1 lf<.1-12,1--1 ~

U
C"_|‘“j+:VT

$-i

(.1)

I

1

d.\2 J.(l—.\)d>1:: (l)
11 "
~

,_1
(.\Jd\2 .‘.(.\—11d.\—: (Z)

._

Déu hing lrong (1)xz1y1‘;1c>_/(.1-)2 1 — .1‘ V16 [(). 1| 2/'11 J: —l

Du b§111gt1'ong(Z)x:1y1"z1<:>/(.\')E.\'— 1 \7.\"e I 1. Z] :>_/'( ll) = +1

Suy ra khéng [611 1511 j"(l) v51 mu lhun vdi ‘/"(.\") lién 1110 11611 [02]

Véy (1) \~i1(2) khéng Lhé d@'311g lhO‘i xaly 1'11 11511 hing v51 111013

2 1 :
. . _ I 1

J._/ (.1-)dx = '|'_/(.\‘)dx+ J._/(_\")dx >:+:=l
U () I

B§1i22.Ch0_/(.1) li1hZ1m lién t1_1c \'Z1nghich bién 11611 I0. 1].

I (1

Ch1'1'ng minh 1"§1ng: 0LJ._/‘(.\‘)dx < F/'(,\')dx \'O'i moi 01610.4 1)
1» H

C/1 1211g minlz

D0»/'(.\') nghich bién trén 1] nén \'o‘1.1"e[01 1] C [0, 1]. Ta cé

C2-

>4

/\
Q'~%—u~P:

\'~>T’

11-1'1 <./K01) :> [1/‘(.1-1

I I

. . l _ 1

(Ot)dx = _f(u)J11x = _f(0L)(1—(X) 2- f}‘(.\')dx < _f(0L)

(1 I a

Do_/(.1) >‘/(01) V01 > .\- 2 0 nén {_f(.\‘)dx > ff 101)dx =01/‘101>:>_/(o<1<— _[j(.\-)dx
- 01

(1 (1 1)

1 11 I 11

1

(1 I \ (1 <4 I <1

2* (1[f/‘(.\‘)d,\' + ‘[_/(.1-) dxl < (I -01) If/'(.\")dx +01 |'_/(.1) dx <:> 01 [_f(.\')dx < '|.f(.\")dx
H ‘Q (J 1| U U

Tllr dé suy ra ——— J'f(.\")dx < L I‘/‘(.\')dx <:> O1 V/'(.\")dx < (1 —0<)J-_/‘(.1')d.\
1 l—a u Q 11 <1 11
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Bi1i23. Cho jg (,\"}._f‘;(.\-)_...._}’,jH1 121 /1 1Z1 himm s5 duxmg \"Z1 lién u_1cl1"(:n [().l |. Din

,

l

= (.\')d,\ \'(v'i /< = 1.11. ChU'I1§_l 111i11l11"§111gtG11lui we 10. 1| Sam chm

>‘

‘/'| \Y.\,, )_/'3 (.\", )...._/1, (xi, ) S ulu: ....c1,_

‘
Chzhzg minlz

1

Tit gi lhiél _/"A (.\’) >0 \‘/.\‘E [(). 1] 21> (1; I J]; (.\')dx > U ‘T//< = 1./1

U

. 1
I

(I) — 1 I

Dill z1L(.\')1LL V/< = 1./1 :> {lg (.\')d\ I; ‘T/1_(.\‘)L1,\ =~— » (1; =1
(l. ' ll. ’ (1,

,\ () >. (\ A,

; V
, , ~——~——~ <<+...+ (.-

Su' dung bat ding lhu'c AM — GM la co Q,/1:,(.\').u3(.\')....u,,(.\")éiéiil
11

1

’| \ 1 \
1 . . Y

_ 1

:> ‘N111(.\).z12(.\)...‘1/,,(.\) dx S—& Jul (.\)dx+ _[u3(.\)dx+...+ '[z1”(.\)d.\ =—~/1 =1 ('-')

u H ‘<1 1» 0 / H

I
!

,  . _i____?__i_
Néu :;:"iI(i]_1v‘1‘(Q/111(.\‘).u3(.\')....z/Hix) ) = /2 >1 2* kn‘(.\-1.113(.\‘)....u,(.\")dx > '{p.dx : p >1

l\ U

:> mflu thugn \'é'i P1‘). \/giy til‘ (*) suy 1'21 Min (Q/11.(_\').u‘(.\')....uH(.\')) S 1.
\a;u_:.‘ ' ‘

Mil g(.\') = $11/I(.\').113(.\')....u,1 (m.\') 151 him du'0'ng \'i1 lién luc trén [(1. ll. nén lhco di_nh 1}"

giai Iri [rung gizm cuu mét hilm 56 lién tuc lhi tén mi xwe I0. l ] $110 cho__i——
I

g(.\-U): Q z1,(.\‘l,).zr3(.\‘U )....u”(.\'H) = /251 <=> 11,(.\'(,).z13(.v,,)....u”(.\‘n) S1

(J) ~ .' (I . . .

-1:." ‘I’ \(’ -j'(\U)~--~j” ‘M $1 <:> fl(.\'U,)_/~(.tU)...._/H(.\'<\)S(1‘u1....a”
:1, <12 an ‘ '

__;

\-é

Biai 24. Cho hixm s(‘>_/(x) lién luc cimg \'é'i ciao him cL'1a né lrén [0, 1] vix f(.\') léy ca gizi

lri um vil du'o‘ng trén I0. 1].
I I

5 Chirng minh rfangt J-_f(.\‘)‘}d.\ < [f'(.r)§dx

1

U 1'?

I

Chzhzg minh

Giz1su‘vO‘i .\"l..\‘3 E [Q1]. .\'l < .\-3 11106 _/‘(.\‘! )< O,/'(.\*3 ) > O. Theo dinh 1)‘ vé gizi U1 {rung

la hum licn tuc tron $0.1] ncn no dgat gia tri, 1é"n nht tron dean nay. tirc 121 tén tai mQ1

diém be [011 Suo mo L/'(.\~)§\s§_V/‘</>)1 Vxe [0.1] :> 11¢ Ll vim be 10. 11> hoc be(a.1 1.

Khéng 11151 Linh Léng quilt. gia str be ((1.1 ]. Tu Q6

f(.\')1dx s j|_/‘<1>>id,\ :1‘/"<1>>} :1\f<1>> - _/"((1)1 =1 ff <.\-mi g [U-'(.\~)g<1_\ s [1/"<.\->‘;dX

0 0 1
4 ' n

iv \

Ta sé chrng minh bit déng thfrc thuc $1; \.§_/"(.\')‘}dx < dx

I; U

gian cuu him lién lL_1C Lhi L611 1z_1i 1 diém 416 (.\‘1..\'3) $110 cho_/(41) = O. Vi hilm $6 if(.\')=
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I /> I _

Thin \'§1}' néu '(.\')Idx : III‘/"(.\‘)§dx [hi {Er phép hién déi mu:
U , II

(1 Y ' :1 I
1 / .

'(.\‘)Id,x 1 '(.\'IIdx + .\')fd>\ + 'l.\')§d_x :> + II/"(.\')Idx :0
(I ll I )1 1 .

:> §_/"m =0 hay ‘/JIXIII) V.\‘e[O.u] :>_/m 1:1 hixm h§1ngu'(:n|().(1] mz1_/(U) =0.
nén_/'(.\‘) = O Vxe [().u] mu lhun \'c'>'i_/“(x,) <()11'0ng d6 x,e IO. u)

I I

Véy la C6 bél ding thirc thuc su: _l.If(.\") dx < dx
II II

:3.1i25. Cho hai hZ1m $6‘/“(.\‘) vZ1g(,\') Iién we cimg ting hozjc cimg gizim lrén [().I I.

CU

I I I

72

ChL'1'ngminh1'§1ng: _I_/'(.\‘)g(.\')dx 2 II-_/'(.\-)d\’I (\)d\ (I) I

0 1» 0 I

Clzzhzg minh

Kh611g111fIltinht6ng quail ta ch1'c§m xét khi_/'vZ1 g cimg déng bién trén [(). 1] vi néu/' \*Z1

g cimg nghich bién Lrén [0_ 11 ma (-f) Vii I-g) dang bién lrén I0. 11.

Theo dinhI)"\'égizil1‘ilrL1ng binh cua Ifch phi1nlI1il@)nLai I ue [O_ II 5&0 cho
I I

J.f(.\')dx = f(u) :> _]"(.\‘)—_f(u)]d.\ = (I

0 0

u I I n

<:> IIf<x)—_f<.<1>]dx+ I[f<_\">—f<a>]d><=0 :> I[,r‘<.v>—./‘<u>]dx = I[_f<.u>—.f<.v>]dx
U 11 LI (I

Xét hiéu hai vé cuu bit déng thirc (1):

I I I I I I

If<.->g<.\->d>< — I_f<x><1>< I_='<x)d>< = I.r‘<_\~>g<»\->dx —/<~> [max = II/n»-_/‘<~>I Kw-><1x
U II 0 (I I) II

\_/

\__1

573
/“\

u

S 1 I I u

I = f(.\')—f(u)]g(.\')dx + J-[f(.\') —_f(u .\')d‘< = JI_f(.\‘) —f(u)I_Q(.\‘)dX — _II_f((z)—_f(.\")]g(.\‘)dx
I) 41 (J

Vi‘/'(,\')l£1 hirm démg bién Lrén IO. 1],/'(.\‘) 2_/‘((1) \7’.\-e Ia. l]\*Z1_/(<1) 2A}‘I.\') Vxe [().uI

:>f(.\') —_/‘((1) 2 0 Vxe [(1, I] V51 _/”(¢1)—f(.\") 2 (J Vxe |()_ u].

Theo dInh1yn1<'>‘r<f>ng vé gizi III [rung billh C1111 mu phn ma 1611 mi n nhfIl 1 aiém he I0.
u] \/51 {Sn tgi it nhét I diém re [u, II $110 cho

"|_[f(a)—f(.\')] g(.\‘)dx :g(b)iHf((l)—f(.\')I dx val

U ' (I
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I I

I.

713

I I I

I/'<.\»>

'1:

(.U dx — ‘I,/'(.\'I dx ’Ig,'(.\')dx =

»——1

72

~

‘J

II f'( \‘) — f‘I<1)I (.\")d>; :g(_<')II/'Ix)~f(11)I dx . TU‘ d6 >u} rut

I/2)] J-If'('(1)—_/’I.\'IILIX

(I II U I;

I)O /; s (I s ¢- \’1:1‘Q 121 ham aéng bién lrén I0. I 1. gm") 2 _;»</>; \»a_/Im —_/In 2 0 we I0. ll]

I I I II

3 I-_/‘(.\‘)g(.\‘)dx — ‘I-_/'(.\'Idx I.g(.\‘)dx = [g(c‘) — g(/2)] II/'(z1)—_/'(.\-)]dx 2 O :> (1) dfmg
II I) II ll

I

I (1Bfii 26. Cho him f xdc djnh trén (0, +<><>) \'é'i f(OI) = I-\/'I—.\" dx.
I)

(X+1
, . L (X . f)

Chung mmh rang: 4~<_/(0L)<Z;
l+0n 0I+I

Gizii

(LBu'é'c l. ChL'1'ngminh I—.\' S \/I ——,\"“ S1 —%.\'(‘ . V1-e|(), II (II
I I Ié I10“.

Bu'é"c 2. Ti1'(I) suy ru ‘III —.\"“ I<l.\"< I\/I—.\"“1/.\‘< II I—:x Ia/.\'

(I II (IL

<:> {\"—'—| < [(01) —

I\_a+l I I \_u~l

L‘.

§l—{

IQ
Q

$2

+
\)>——

<:> i<_/'(oI)<—"
0n+l0¢+1J0 ' 2(a+l

Bi 27. Cho u>()vZ1hE1mf Iién lglc Irén [(1. + OQ) 111011 min If: I.\‘)dx < Ix: dx (_1> (I).

ChL'1'ng minh rfmgt If (.\‘)dx < II-xdx trong (I6 /2 >11

SL1" dun: bail din: Lhtrc C ta cé: .\' 5 I < ‘Ix dx If
u / u 1

C111?‘/lg minlz

' 1 \: I 1

O ' '0 BS (Id\ _ 3 ‘3(.\"Idx

w w

I ‘Z <, 3 /I 'I Id W</iI.\‘:dx‘II_21'-.y/'(.\‘)dx<iI..\"2dx()S_If (.\’)dx ‘Ix dx :>l I-,\_‘/ .\" x

u I: \ AI ; \ /I LI I: .

Xét Fm = _I..\'[.\'—_f(.\')]dx. Tu c6: F'(1) = [1-/(1)1. Ha) 1 0. F(/2) > 0 \-a Fm) > 0

Ii

Iv Iv

‘View. l2):> _I~[I—_f'(I)jd[=_IlF’II)d1. DZ1lu=l:d1"=F'II)dI :> 6/Il=—i}1\':F([)
I I I-

Ii

[1 I7 I7 / /1 />

:>i_1
FIJI F(b) ‘Fm

—/'Il)J(ItI%F(I)” +‘:I.-[2—'dl=—[;—+‘_I7—dl>() :> HI/‘<.\~)dX < (‘I-.\'(.IX

I A

""7  
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1i ‘ ” J

Béi 28. Cho hixm s5_/(.\‘) lién luc. l\'l16ng éim nu". [u_ /'1]. (mi TE 121 1 phun hogch li1_\' §" cuu

dogn [(1. /1] b0'i czic diém chiax, . .\",; (11 I .\;, < < .\"” = /1). Chtrng minh rfmg:

/1,1 it

1. .\‘§u_/'(.\’) déng hién [c1./2]1h‘1 .\; —.\1._ _/'(,\; ')< _/'(_\')dx < T(.\'; —.\‘;_, )_/'(.\;\ ~ I | L‘ _ ,,
Ly! L r'1‘.

2. .\l§L1_/‘(.\’)d5ng bién lrén [(1. /2] \"Z1_/"(.\') > () Vxe [u_ b] [hi

I -’ /<\->+/<\-H)
1If/'(.\-)dx < Z(_\"; — xvi_)

F

F

Clz 1212g min/1
\ C1" 1 *'\n

C P3‘ 1»-| B“%

$3’9

%
Q‘, B
Au B1

A I B >

q X‘, I u X1 X; X; xk_| .\,,_1 xn : /1 \

1. D511 Ck(.\"A;_f(.\"M));B‘_|(.\-A,,;_/'(.\-,:))1A‘ (,\"‘:_/'(.\"A)):A(u;());B(b;O)

Gcpi S 15 dién tich cua hinh thang cong gidi han bbwi: _\‘ =_/'(.\"). .\- = u : .\" : [2 1 ‘\' = O. khi dé dién
/1

tfch CUI1 hinh {hang cong n€1ylZ1 S = [A/‘ (.\")dx
~

u

G(_>i SI IE1 dién lfch Qua da gizic ACUA,C|...A,,_1C,,_1A,,B g51111611g dién lfch cua czic hinh chfr

nhét vdi céc (‘I6 am li1f(.\1);(.n - .\-k-,). Khi dé, 5, _=Z(.\-‘ -.\~A_, )_r(.\-i )

LII

Gqi s2 la dién tfch cua da gizic AAUB,Al...B,,_,A,,_,B,,B g51nt6ng dién 11111 CLU cric hum chfr

nhét vdi czic dé dili 151 f(.\'4_1):(.\‘A —.\'H). Khi d6. SW =Z(.\"A —.\‘,_, ) f(.\“ I)_ A ~ -
“II

Theo gizi Lhiét, hi1mf(.\') tng trén [c1. /2] nén S; < S < S,

(‘A _ -YA-~1 )./‘(A-A'—| )< If ("')dX < Z(-‘A _-\'4'~1)./_(-"A )

2. GQi S; 121 dién lfch cua da gizic AAUAI.-. A,,B.

II
T4?

Khi (16. S3 = H (-"4' _ XA--I ) (M )+,)_/ (AH )-

§l\4

/’ /1 ' _ ‘ .

D0 _f"(x) > Ol1'én[u.b],Tz1c6: If (.\')dx < Z(.\"‘ — X‘ ,)i%(M ) if (AH)
<1 ‘L |
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v. (me DL_JNG T1CH PHAN TRONG CHUNG MINH BAT DANG THU’C

T111311; 1h11‘O'11g dé 01111-11g 11111111 111Q11 11111 115111; 1111'1'c 111 1h11'1‘1'11g 11111 czich quy 111’) \'§ xiéu
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. .1“ sm .1 .1" .\- ‘

l.SLrd11ng s111.\'>.\‘— :> >1—
3' \‘ (1 \ 1 (1

I -' 6 7 4 /

Ch ling minlz

I/.

3
'/.

ii

I

>1——

=1— A +1 — A >1— A +1 >cos.1 V.\"e1O.E1
Z 12 Z16 2 24 \1 2/

1 <11

2. -,—> x :> 1 > I x d1<:>
L 11 ' 1 s1n I 7

1 1 1 1 1 1 ‘I
:> ,1 1+ , ‘,<3 11/1 £10’

5111 .\' sm \' $111‘; .1" 1" 1' TU 1 Z

cost

51*!

:2 12
1 COS! — 3 -1 ‘*1 1 1 4

‘ 1 _1“
\ \

J

> 11 1<1 .
ZSm'I_.\ s1n‘.\' .1" 11“

/—\ _.. _
\—1 _

1 '1 / _|

‘ —V— — _—~ .‘._\'.'_ .*

U3
37/

-
i—‘

_, H \/ L111: 111111 12111:
. " " 11,41?

9. pho c11.¢1~.....(1€.r..(‘h'<’ 11 " 0: ——2O

‘F4 LP4

Ch 1271g minh

' vl+
1 311')/1 11 ayal f

DZ1t_,/(.\‘)=a1.\'+u1_.\*‘ +...+(1H.\‘” :> I-——dx20
} \

1 01:1 j:

U:

E1
Ix)

5:’

_[\4=
_.M:

._.

,-\_ , . ‘ d1a_| 1

a;.cz1...._z1”e 1:1. Chung 11111111 ring: >0
+1 1

1

Ch lhzg minll

I] 11 at“; 1

D511 _/'(.\'1=c11.\'+(1~.\‘“ +...+z1H.\'” :> '[.l—,—\—dx2(1
' ' - .——‘I /— 1 1--

1 ‘ 11 '1:, 1: 1 
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VI. DOI BIEN DE U’NG DUNG TiCH PHAN CHUNG MINH BAT DANG THU’C THUAN NHAT

\. . _ , . L IBall. Cho (1.12. c>O thou man <1 Zbzc. Chung mmh rang I

1+1+1>i(1+1+1)
3c1+/2 3h+c' 3c'+u—Z 41+!) b+c' <'+u

Clz 1211g minlz

' B6 :76: Vé‘i mqi .\'2 _\'2 3 >0 La cét .\'3_\‘+ _\'3;+ :,".\-2,\'3_\'3 + _\"3:.3 + 13x3 (1)

0 Chlhzg minlz: Xét hiéu (.\"‘_\'+V\"I;+;".\')—(.\)‘3 +_\':3 +;,\-7’) =(,\"~_v)(x—;)()‘—:)(x+)‘+g)Z0

Suy T21 VT(l)=.\“‘\"+ V31 + :}\‘2l((\'3\"+ \';I + (Ir) +(\'\'3 + vi; + "\‘3))

=%(.\": +_v:)+lO:—'(_\": +;3)+%\l(:,3 +_\"3)Z(.\"_\")Z +(_\':): +(;\'): :VP(1) :>(dpcm).

‘kip dgmg: Délt .\'=r”._\" :r”.:. =l".b§td5ng lhL'1'c(_1)trO'thZ1nh

r3u+/1 _f.“~[>*< + I31‘-u > [I114-llv + TI/H-Z1 , I1 ~11! l( .711?/1 ,r3!v—( TR; wt )> I ([“u+7/1 [‘I>+“¢ W-7

L5

-r _ -1-I <I>7[ + + _—"-P"-i-Z")
I

y tfch phfm1i1'O dén 1 hai vé thco bién {I11 c6:

— I ( _ — +I “ ~ 1 4- I +’) “Y-v-I ‘~71L§(f.u/1+T.IH-4 +rM‘u)1T>-[):(rZa _/ +I_I _¢ ,2; _|)dI

I — /7-‘-1- '{:— — I *1 ">— >-L“ — *¢-I -<:>'E(I.u+l> 1+’? l+,_ 11 l)(h2'[(r_1+_I l+[Z! ,_1 l+[_ _u l)dl
\

!—\
341'/> 3/1+‘ F: ~11 I::~Z/Y II:~Ir lz -111 \

-.

-.

N i
~.

-.

v—r

<:>1+l+l

DJ

"E

[G + + jg + + M‘,
.>u+b 3/7+0 +51 \_Zu+Z[> Zl>+Z(' Z(*+Za

2i‘ 1 + 1 + 1 )

3u_+/2 3/9+0 3(*+u 2_(l+/J [2+¢' ("+11

Bit déng thrc du'Q'c chfrng minh. Bing thfrc xdy ra <:> (1:12 : 0.

B51 i2. Cho c1.b,(' >0. chcmg minh ringl+1+1+3>l+l+l+l+l+l
3:1 317 30 u+l)+c_2a+/1 Zl1+(' Zc+a Z/2+u 20+!) Zu+c

Ch 1211g minh

' B5 (75: (Bdr dicing 1l1z2"c Sclzur) Véi mQi .\', _\"_ 1 > O la cé

x“ + 3-‘ + 13 +3.0": 2 .\3‘(.\'+ _\") + _\':(_v+ :)+A:.\'(: +x)

' /ip dgmg: Dét x= I”, _\‘ = l".Z =1". bit ding thirc tro‘ thimh

[Ru+r3fw+[3<'+3[u+!>+(21,u—l>(,u_+_f[1)+r[>+r'([[v+[4)+[r+<1([r'+[u)

<I>
l([3u+[3[>+I3<'+31,u+Ia+1)>l_([u+[1([u+[l>)+[I:+1 (lb+[r)+[¢"w1(r:'+r:1))
I I

Léy tich phn tL‘1"O dén l hai vé thco bién I ta c6
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*1

-. -1>—1 ,,-, ,~ +1.1 , 1 -;

;_

1)

1,1 1-: -1 ' ;.1+.:
1 I Iif -1- + +§[1 1 1nu 31> no 11 + /2 + <"

111 1“

~ +1 +1 1/121.111" (1"+1 1+1 +11 +11+1"11++1‘111/1

/ 1 1 - 1W--11 ‘:1- 1- Y1-“ , -1 ‘U->11 .1 1 11 +1 +1 M,
\»_u+b _/2+1 _(+r1 _/>+11 Z1'+/1 Z11+('W

_ + + -1-1’) '7 . '11 '7

@w +a_ + -1-

nu pl) _\<' 11+/7+1" _a+l> _/1+0 _('+11 _/1+u _("+/2 _11+<'
1 J Zql +,vl -1-ql +31 -2-“! -1-ql .

B;ild€1nglhL1'c du'<_1c chirng minh xong. Déngt11L'rc xr11§'1";1 c> u :/>:<".

Bi 3. Cho u.b,<- >0. Chtrng minh rng:

1,111 1 1 2 2 2 2+ + + + + + +
4:1 411 40 a+_1b lJ+3c' ('+_>u 311+!) 3/7+0 3a‘+u

Ch rhzg minlz

B0118. \/L')1I11Q1.\__\.\,>(1ldL(1..\ +_\”" +_,J +.\>\ 1 +_\1_: +_,.\: 2Z(.\1\ + \:_,+_,1_\-111)

- C1112-ng minh: VT111— v1>(1>= Z(1- 1111+1>1--111120.
\'1

' zip dz_l11g: D511 .\"=1”._\" =1". 1:1“ . bait ding t1n'1'c trén 1115' thimh

[411 +[i1'1+[1’< + ,11~3l1 + 112+}: + [1~3u 2 2([31:*/I + {.1/>~:’ + [_\~11)

,:> I1‘;:—| +[1‘:'>—l + [1‘1'—1 +[1Iv37>—1 +1/1'31--1 + [<'+311—1 2 2([311'/1-1 + [F/1~:—l + ,3<"+1.'—|)

L513 tfch phn thco bién 1111‘ 0 dén 1 ca; hai vé Ia du'Q'c

'E([J11+1 + I1‘/Y—1 + l~1<'—1 + [11—,1!1——1 + [{1+?1"—| + t1‘*3.1—l 2 2£<[.111‘1'—l +[.1h+1'—1 +[31'+11—l )d[

N

L.

1..

-+1

-f/1 11¢ 1-R11 1 " 5111 1111. \.
+1 +’ +1 +1 +1 11'>'1’1——-~+l—+[i1l‘

E?

<;:>1+1+1+1“+1_+1q + +_
411 -11) +11‘ u+_v12 b+_>(' <"+_>a nu-1-b 3/1+0 _>¢'+u

_ -111 -111 -111 11+ 3/9 Iv + 30 1* + 341 —_ +1) 3[>+1' 3('+c1'*1'

\__

Lu

Q

'3 '7 '12' ._ _ ..

Bil ding thL'rc GLYQC ch(1'ng minh xong. Béng thrc X3)" 111 <:> 11:12: (r.

U6

E1

P

Cho 11,12, c >0. Chllmg minh ring:11.1111>3 3 3+ 1» + + + __ + +§
4:1 4/2 1-it 11+/J /2+0 (+11 _wa+l1 _wb+c' _v('-1-£1

1

-12

CI1 1171g minh
1 .

Z Z __Z ' 1 \ \_ _~
6 zTé:Vé'i1nQi 1'. 5:; >0 la cé: (X + _\" + 1 1 2n(.\" _\"+ _\" 1+ -

'11}; dglng: Dét .\'=1”._\ =11‘. 1 =1". bit ding thL'1'c trén l1'O'1hE1nh

Léy lich phim ca Z vé ta duqc

11.

-11.__

hm; +111» _H21-)- Z3(I3<1-'= +{?~1>1< +[.=<~1.)<:>1([:11 _H:1= +121 )~ 2;(!.=1.1-1'>_H1s111~1+1511.)

I I

1

.§

-»

J

J.)

-" +125’ +12‘ 1“ dz 23£%(1“"“"’ +1”"‘ +1“"“‘ 1111
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1_ 1- ‘-W * J11’ ~-,_~1_' \ 1‘ ‘* ._ ;1.. .. _,<:>f(1”“‘+1” '+1”‘ '+21““ ‘+21"‘ ‘+Z1""")(/12l(r""+1 ’+ "I ,\

':>
/ 4,, .1 ‘14.‘ ‘1-", 11,11» ~ J ; ;.. 1 ~11 1”" 1’ 1'." 1' 1 '

V

\

~.

~.

| + + + + ~1- _ -1- +
1 411 -1/J -1(' (1 + /2 /2 +1" (' + (1 , . 511+/7 J/) + 1' _»1~-1-(1,

2 '3 "I

I ‘ I )(/I

<:>l+l+'+l+1+12“+‘”+’
411 -1/1 41' (1+l> /1+(* ('+(1 311+/1 3l>+(‘ 3(‘+(1

B§ld5111glh1'1'c du'Qc chirng minh. Ding lhtrc my 111 khi \*Z1ch1 khi (1 =/1:1".

+

+

+

oc

V

J

J

-J

J

.1

J

U5

E1
J

. Cho (1.l>.('.(/>0.Ch[1'ngminh1"ang:

—+——— _'+“+“+*+'"+~
(1 /2 (' (I (1+l>+("+(/ 11+/1 11+(' (1+(/ />+(* h+(/ (‘+11

CI1 1211g mi11/1

. w
-- \

. _O B5176; V61 mqi ,1; 3",; >0 la c6: 3(.\"“ + 1"" + :1‘ +14 ) +4.\-_\*:r 2(.\": + _v3 + 33 +13)

nip (lgmg: Din .\- =X”._\" = 7»".; = X‘ .1‘ = X". bit ding llu'1'cl1'C‘11 Ir0'lhZmh

3(}\'J11+)\'~1I1+)\'J1 +X~l1l)+4)\'11~/>+1'v1I2(>\Z11+7\'Z/1+}\'Z1 + X111)"

H
Pd

>)._.

_()\'411 +k4I1 +)\’-11' +)MJ1I)+4%}\'11+1'1+1-1/ Z2%ZkI11~Il1

L2-y tfch phn lir 0 (Tén l _thc0 bién K. la c6

2-E%(X411+ X-1/1+ X41’ + X411 ) +4£%7\'(1~!>+1~+1/ 2 2£%;”A'Z11+ZI>

(LI ’~—“ ’“—“'1:1+1(%'”“" 111,2 ELY’ )1:
+ + +

2 2/J 2(' 2(/ , (1 +12 + (' + (1 , (1 + 2

1 1 l 1 8 2 Z '7 7 Z 7<3—+—+~+—-+ Z + + “ + — + + _
(1 I2 (' (1 (1+/2+('+(l (1+[2 (1+(' (1+(/ b+(' b+(/ ("+11

o:
E:

6. Cho (1.b.('>().ChL'1'ng minh rzlmg:
»

1— — — . /~ /-
1 1 1 ~12 ,5 12 1+\121+\121+12>

411+411+41-+311+1>+31>+<-+31-+11‘11+31>+‘1>+3<~ +1.-+311

Ch 1171g minlz

0 B3 d(5:. Véi mcpi x, _\'. : > 0 ta c6:

X4 + _\'4 + 14 + \/i(x3_\" + )3; + 33.1") 2(1 + \/E)(.\‘_\'3 + _\~:’; + ;\“‘) (*)

'/ip dyng: D:§1t.x'=1", _\'=I[',: =1" {hi (*) lré‘ lhzinh

1“"' +1”"‘ +1“"' +\/§(13"”"’ +1”’*"" +1“"*““ ) 2(1 + \/5)(1““”"' +1”““"" +1"*““")
Léy rich phzin 2 vé 11011; [0,1] 11 C6 diéu phaii Chirng minh.

Bf111glh[1'c xziy ru khi vi: chi khi (1 =b:(".
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VI. BA| TAP DANH CHO BAN DOC TU’ GIAI

Bili 1. ChL'rngminhr51ng: —< —+i'<—~ -71 ‘I-c0s\'+\/gsin \' Tc

4 0 .\“ +4 4

rt‘/Z . K .

\_ , . ; sm x sm x
Ban 2. Chung mmh rang: J-—~dx > _\.——clx

.\' .\"
<1 1/2

\2rt

B:‘1i3.' ChL'1‘ngminh1'§1ng: Isin(.\"2 )dx > 0

O

B§1i4. Chfrng minh ring: I(_x) = dt 20 Vx 2 0
+1

U

<5 ~ 11-“ /1*” ‘

\_ _ , _ ; sm ' .\' cos ' .\' rt
B313. Chung mmh rang: |dx 2-

K cos .\' sm x / 3

1

-‘ _/W} 311+] ‘ 11+:
, , , _ ; .\ _ ./_. .\

Ba16. Chung m1nh rang: 1.13 arctan” Idt 2——; 1 _[1Lan” Id1Z—i
11+ 3 /2 + 2

2 <»

3 _=

B€1i7. Chirng minh ring; 9< Ii/X‘ +1dX + ft/.6 _1 dx <9.0001
U 1

3 4
. \ +1 T

Bé1i8. Chirng mmh réng: I , , dx > 3 w

‘.r(.\“ +a‘)' (1+¢1')(4+u‘)

111 3 i
\. . ; \J.\' —c1 1

B2119. Chung mmh rang: [Til-dx < ii
5 .\' +411 8(1-

In-l
(I

H , . ; dx 1,, (Z/1+1) -
B21110. Chung mmh rang: I-Ijwi > 2a"' 1 -iii

_n .. I ' ‘

-,, x .\/0 — .\' (’—”)'

dx nF1 ~’1+V/§\ 1 ’1+q
B"11. Ch“ 2 '11 ° Q: _‘ “-1 —-1 ——31 LIYIV mm rang “\y2X‘%/x4 < (I2 TIL J UL J

\. , . \ U W ~ 1 as ‘F \/5+ \/g
B21112. Chung mmh réng: I .\'\/(if —.\")‘ dx < Trn WT —?

V, \ ‘“ + Q\

I 2 H _ _

\ . , - : - W - 2”“ —

B21113. Chung mmh rang: s1n”.\"dx 2(2)
TE 11+;
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TI _ .

Bi 14. Chtrng minh rzlmg: Ha: -\"'c0.s_\" L;1n.\‘+/> sin .\",dx > Tm/2

5

I “I
Bi 15. Chtrng minh ring: {[(1+.\-)"+(1-_\-ax §2""

~1

I \ . Ill H,
~ I ." .‘ I0Bfai 16. ChL'mg minh réng: Ill“ dx >136 1 Ix‘ dx > —?

kl .\' I + In IO

12
\ . , - 1 I, - 75Bal 17. Chung mmh rang: I-0 ‘(c0s.\"— us1n.\')dx >:

5

\ Zr 1 P \'+\/gi /In Z+\/gxB51i18. ChL'rngminh1".'Z1ng: I .\‘In(.\"" —3)+\/3I11'%—‘ dx <-‘II -I—\/gln
_3 .\'—\/gj I 2—x/3

I

Béi 19. Cho I(/21) = ‘H13 +n1IcIx.Ch1'rngminh1'5ng: l(m)2 Vine R
U

B§1i2O. Chirng minh ring:

, - A . ') , H. I .. . / 3 ,Y'JFCIZIHI-1-dfCldl'1,_+._.-I-dlLldII< /1-? Inculn/z—In\l+n (HEN )

B§1i21. Cho him $6 f (.\-) v51 dgo him“. f '(.\") Iién Iuc lrén [(1. I2] théa min
f(c1)=O.Ch0 M = I\/Iax_If'(.\‘)I.ChL'1'ng minh ring: If(x)ISM(.\'—c1I. V.\'[a./J]

I.\-El 11])

Bi 22. Giél S{l'I1Z1l11 $6‘/'(.\-) v51 dgo hZ1mf'(.\‘) Iién tuc Lrén [0. I I.

I
1 I

Chimg minh réngi H/‘(.\‘),Idx S Max IIJI/'(.\') (Ix! .'('.\‘)[dx
n

I In I 1)

BE1i23. Gié str hilm s6_f(x) cimg (‘I510 h£1mf'(.\") Iién we lrén [(1. /2].

ChL'1'ngminh ring: (b — u) "I/"3(.\')dx 2 [_/'(I2) — f(a)] 3

B£1i24. Gia str hilm s6f(.\') cimg dz_10 hn1j"(.x) Iién tuc trén Ia. b] théa mZ1nf(a) = 0 v51

I tém lai /< > O sao cho If'(.\")[ S k If(.\')I ‘7’.\'e [0, I2].

Chtrng minh rimgz f(x)E()V.\'€[c1,1)I

Bi 25. Cho hiim s6f(.\') lién tuc trén [(1. b] vdi f”(.\') > 0 Vxe ((1. /2).

/1 F ,'
, . ; 'Yv - . 1 \ .,Chung mmh rang: If (.\')dx 2(/2—u) _/((')+‘/ %—¢')_/ (0)1 Vce(a. 12)
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Bili 26. Chol1[1n1s6%/'(.\:\lié11 lL_1c1rQ‘n [(13/>1 \"('>‘i_/""(_\)>() 'T_\'€ ((1. />1‘

_, 3 1+/)‘ H_ /(11+/I/2;‘
(hu'ng1n1nhx"ang: /1% %(/>—¢1)S {I lndx §—;~—~—(i>—¢1)

I .' j '

Bixi 27. Cho T,,(.\') lil du lhrc Chcb}'.\hc\’ héc /1 (/2 2 Z».

1

, _ 1 2 .\ 'F\ _
Chung mmh rang: (Ty; (.\')— d\ /

'1 \ 1 \
\

w(Z
8

Bi1i28. Chm hiun >54/'(.\") \Z1_/"'<.\‘) lién u_1c lrén {(1. />1 khoa min

/(11):/(/1) :()\"Z\._/'(,\')>() T'.\"e(<1./1). Chm _\[ : Y\1u\ _/'(.\’).

, . ; .. ., -HI
1. Chung mmh rang: 3 ('1. ('3 E ((1. /1) \'0'1 1'1 < ('3 $110 cho _/ (0, )—_/ ((3 ) 2/——

>—u

»\_,,.
. \ ” i_/ <.\>: 4

2.Ch{rng1mnl1r:?mg: dx 2 —
1' 1‘(\‘) /2—z1

1. .

B§1i29. Cho _/‘ (.\‘) 121 hilm lién tuc \'i1 d<3ng bién [(). 0) \'('\'i c > 0. Gin SLY

f(()) :0 \‘Z\ ly czic diém (IE 10. c.')l be [0,/'(<‘)). Gqi _/'3' (.\') 1Z1l1Z11n11gL1‘Q'c cuuf
(I n

(.\j). Chimg minh 1"f'1ng: [_f'(.\')clx + U A (.\*)dx Zu/1

(\ ll

(Brit clfizzg tlzzic tfclz plz/1 Young)

I»

Bi 30. Cho di)‘ czic hixm >/'I._/':....._/1,... lién u_1c trén [(1. /2] suo cho V/';,:(.\‘)L1x:1.
11

-’\

‘V1z=l.Z.... Chtrng minh ring luén R511 131 />,.p3.....;vA thou min Z/5: :1 5:10

cho l\/lax
\€[@../Y‘

Z p, _/', <.\- > 100

/:1 ‘V

I:|

Bili 31. Cho hilmf lién luc \'i1d@>ng bién trén R. Chirng n1inhr§1ng:

Vc1>(). Vb. (E R 1:1 06 Zzgf (/2 — 1': ) S J-f(,\"3 — Zc.\-+l>)dx é Zu f ((1: +12 —c:)
I _

Bili 32. Cho u > O \‘Z\ hiun sc‘>_/' lién tuc trén [(1. +00) théa min

1 I /v I1

'-f2(.\‘)dx S Ix: dx V1211. Chirng minh ring: I/'(.\")dx S Jxdx Vb 2 (I

Bi 33. Cho _/121 rniyt $6 du'0'ng lién tuc Lrén R.
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Gia st: |‘_/‘(.\")dx = F(.\") +1". Chtrng minh 151111;:

' ,~:. /_.. 1i 1;/(MS [/'(.\“)1lx£ V11./1>()
Z\/11+/1 . 3 Z\/11

.. 1 1 1 1 VB21134. Cho 11,’:-1+—w+ +...+~,. 11 = 1. Z. \";1 11,,(.\")=Zc1)sk\'
Z‘ 3‘ /1' M

ft / 1 ‘ -»

. . ; - , - ; - 751. Chung mmh rang: 11” : —— 2.1- 11,,(.\")dx 3. Chung mmh rang: 1111111” :T
11-+1 )

Y‘ w.

~ 7, .

1 11- 1 1211.111 J W-\e1<>-111

'/-‘

2. Ch1'rng minh rang: ——(1” =; f'(.\')sin——7——11x \'(3‘i _/1.1"): gin X
6 ' "*1: ' Z

2 if x=O

Bili 35. Chof lién I110 v51 khéng m lrén doan [(). 1] 1hoz1m€m diéu kién

I

4/'2(1)S 1 + 2j._f(.\')dx.Cl11'1'ngminhrngz _/'11) S 1 +1 \71e[O. 1]
3 11

Bili 36. Cho g lién 11_1c, khéng téng lrén [(). 1] 1hOu mf1n()£g(.\") é l

1 ; 1 1 I

Chrng minh ring: J‘g (.\"':" )dx 2 £14 (xi )dx I11 )dx “Va. he R; 11/2 ¢ 0. 11 + /2 i O

(I (l H

Bi-Ii 37. Cho 111. ke N‘ v51 P(_\‘) : 11(,.\'”"' +11l.\"”' +...+11m.\‘ (111, ¢ O)

1!/\

Lzflp dy $6 {11”}:;l vc'>'i 11” Vne N". Tim '1i~)nl11”

Béi 38. Cho hilm sc‘>f (.1) lién tuc \/Z1 Iéng th1_1'c $11‘ lrén [()_ I]. g(.\") I51 hilm ngu'Q'c cuu f (.1-)

Cho _f(O)=0 vf1f(l)=l

9 1
. _ L . '\ /\' iChunv mmh ran": IV] (L +g —) <9.9

C ° ‘EL 111) (10 J

Biai 39. Cho hi1mf(.\’) lién tuc trén R thoa min diéu kién:

I:

f(11)+ f(b) Z If: (.\")dx . V11. be R.Ch1'1'ng minh1"§1ng:_/'(_\-)2 O Vxe R

Béi 40. Cho 1,, = [(111.1-)"<1><. Tim 1,, V21 lim 1,,

l
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/1-L .

QIH \'
Béi4l. cm 1“: f;dX .11: 1.2. Tim liml“,

\
H 1

Bili 42. Cho m. 11 E N.ChL'1'ngminhr§ng:

(11-1) (n1—l) <,\'”’+” + \"’” ' ” )+(r;1+/z—1)(.\"”_\"”" + .\'”‘ _\‘” )2/rz12(_v.\-'” "' i_\' + >\"'” ' ix)

B51143. Chimg minh \'<')'i moi u.lv.z'.z/ du'o‘ng

l+l+l—+l+-—i——i2(c1+/>+4‘+(/
41 b (‘ (I u+/2+('+(/
Bi1i44.Ch0 u.b.c > O.Ch(mgminh1"éng

\/

7 '7 '7
_ + ._ + ._

+/1>(<i+u’) (V/>+c')(d +51) (<'+cz)(./)+d

4449>§2‘2 2111)
_____‘ + _ ~ —'7+ + _)( \ +
(1 b (.' u+/2+0 u+Z/9 b+Z(' (‘+20 20+!) Zl>+(' _('+a/

Bi1i45. Chfrng minh \*o"i m(_>i a.b.(r 2 O thi

l+l+l_+ 3 _2_4 +_4_+__4 +_4 + _4[+_4
a 1) L a+b+(/ 341+!) 3b+( 3L+(l 311+-<1 Sc+2 3a+c

B£1i46.Chirng minh ring ma mQi a,b,c‘ 2 0 rhi

l+1+l_l_1_l>4(1+1+l_1_l_1j
2:1 211 Zc cz+b [2+(‘ (‘+a_ 311+/J 3b+(' 3(J+a 0+3}; b+3c c'+3cz

B:21i47. cm (I./7.6‘ >0. Chfmg minh rang

11+1+1+ 8 >17(1+1+ )

30 31) 30 3(a+b+c)_9 2a+b 2b+c 2c'+(1

Bi1i48.ChL'1‘ng minh vdi czic $6 thuc duvng aI,a2.....a” thi

n +n—1
/11>n 1

cl] +a3 +...+u” n gal! ~,%|(/1—1)(1,+clV,

Bili 49. Chkng minh vdi czic $6 thuc duong a!,a2.....cz” ta cé

n(rz—l) +1 H 1>i 1

Trong dé S =a] +413 +...+a”

-_

(11 +a3 +...+a” 12 ‘=1 ai L/:15 —a,. +aJ

),

_.__/
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Nhin l2_1i chu*0ng III
Nhu vziy 151 chimg ta £15 cimg nhau di hét 8 (16 m1_1c c1'1a chL1'0'ng 111. 11161 chu'0'ng mi Q6 czim

tubtng khip ndi chi trim ngép 1<h611g khi gidi tfch \'i1 nhfrng phép d:_10 hZ1m b11611 te. Nhtmg 11611

him bit du'(_>'c 9 tu'6ng \'Z1 kh6ng sa (15 V210 czic ky nng tfnh 105111 [hi chljmg ta sé thy czic bfli 105111

Qua C21 chtrcmg nily kh6ng bu6n te 11161 chtit 11510.

Tru'o"c hét chting ta hy nh6 1511 y nghTz1 hinh h<_>c 01111 phép 11:10 hilm. Xét 116 thi him $6 _\" :
x) trong 11161 ht} t1'11c 1611 <16 Ox)‘ 11510 116. Khi viéc ch1'1‘ng minh 1161 ding t111'1'c_,fi.\") > 0 t11U11g

during \'6'i viéc chirng minh 1'§111g d6 thi c1111 hi1m _\' :_;‘fr.\-) 115111 h<>Z111 105111 p111’;1 trén tr1_1c hoimh Ox
y = 0. Tu" t11‘6'ng chfnh cua phu'0"11g php giai t1'ch 151 thay vi 11g11y lzip t1'1"c tim czich chtmg minh
bit dé111g th1'1'c tr011g toim 1111611 nhu'c£1c phtrcmg phzip dgxi s6 thu‘6‘11g 121111. ta sé khao szit ding diéu
chung ctm C16 thi him $6 _\" =f(.\'). sau 116 tim ra 11hf1"ng diém d2f1c biét. c11:111g han diém cao 111161

hoéc diém th2'1p nht trong 11161 1511 cz_§11 C111 nh6 (c1_rc dai hoéc ctrc tiéu). 01161 cimg (11111 trén viéc
khao sail tfnh chit cua 1151111 s6 tai nhfrng diém déc biét nZ1y 111 111111 m két 1115111 t611g quét. Chfl }"

ring dao hE1m cua x) ta_11 X<,C1'l1I111 1Z1h{:s6 géc CL1£1[1ép tuyén 01111616 thi hE1m $6 _\' :_/1.17131 dién1
<16, 116 cho biét 511' ting giam cua h51n1 s6 tz_1i czic diétn 011 thé. v51 do C16 cfmg m6 ta chinh xzic
ding diéu chung c1'1at02111 b6 d6 thj hitm $6 _\' :f(.\').

Czic dinh ly Fer/nat trong muc 1 §9 cho biét czic d2'1u hiéu nhén biét czic 1116111 ctrc tri 01121 him
$6 v21 t[1't1'11h chit cu thé c1'1a (Tao hZ1m suy ra dzing diéu chung cua h£1m s6 nhu' thé 11210. Thét vy.
néu C1210 hiam 1u6n dtrong hozjc 1u6n 51m thi hZ1m s6 ting hozftc gidn1 trén ton mién xzic dinh vi: do
d6 sé dgtt n1in hay max 6 caic bién (dlnh 1y 1.1 §9). T6ng quzit hon hi1m $6 sé chi d:_1t cuc tri (gc1_rc

dai hay c1_1'c tiéu dja phuong) tai céc diém 11151 6 G6 11210 him 1161 déu. hoéc Ciao hZ1m m6t hay hai
ph1'z1t2_1i d6 kh6ng xzic d1nh(d111h1y1.2 v511.3 §9). Dinh 1y Lagrange (xem 10.1.1) cho ta m6t céi
nhin su sic h0'n vé hinh anh c1'1:1 d6 thi h£1111 s6 f lién t11c trén dogm [u.b] v51 cé (Tao h£1m trong
khoéng (u,/2). cu thé djnh ly néi ring c6 1't 11h§1t 1 diém djc biét 1" (\*6'i u < 0 < 12) mZ1 tiép tuyén
Qua C16 [hi hillnftai c song song v6'i doan thing n6i Z diém (a._}‘1u)). (l2.f(/2)). Diém déc biét 11i1y

rt cc’) y nghia trong viéc chtmg n1inh m6t 16p bit dang th1'1'c l11c_>'ng gizic tinh Cng theo hu'6‘11g
tiép cén n€1y, b21i tozin cue tri hE1m nhiéu bién 1<h6ng diéu kién v21 bi tozin ctrc tri hilm nhiéu bién
c6 diéu kién réng bu6c giira caic bién v6 1y thuyét C15 (1Ll'C_>'C giéli quyét tron ven béng phuong phzip
nhin t1'1' Lagrange (xem 116i dung muc 10.2). C6 thé nhgin théy phu'0'ng phzip néy di sL'1"d1_1ng t6i
is s1'1'c manh ca czic dinh 1y Fermat c6 dién. Tiép theo 66, bét ding thirc Bernoulli dang dgi s6
41.1.1.1) @110 ta m6t dzinh gizi gm dang t6ng vi1t1'ch céc bién S6 dgai S6, trong khi dé bét déng
thirc Bernoulli dang giéi tich (czic dinh 1y trong mtlc 11.1.1.2 v21 1 1.1.1.3) dun ra m6t 56 so szinh
gifra céc hiim s6 kh6ng d6ng béc. cu thé 121 gifra hi1m s6 béc thuc tily y \»'6i him béc nhét. Tuy
Iém (mg dung ca bit ding thtrc ny khzi “khiém t6n". nhung két hqp v61 ky thuét chqn diém mi
1: c6 thé nhén duqc nhtmg 161 giéi khzi 11g§111 gqn v51 d6c dzio.

Phzit trién theo m6t hu‘0"11g khéc. czic bit ding thirc Jensen, Karamata, RCF, LCF V5.1

Popoviciu duqc xziy dung cho m6t 16p cc hiam cé tfnh chélt déc biét nhtr 161. 16m, (Jensen,
Karamata, Popoviciu) v51 111111 161 (RCF). n1'1‘a 16m (LCF). S11" 1<h£1c biét gifra czic dinh 1y nily \16'i

=.

—
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0110 11131 dung O" trén 1<11(1112 c111 0' C115 116 khao >111 11111111 111Qu cuu 1151111 >6 thou 111111 Q1151 CHLI 112111

hi1111 cép Z 11121 cbn 0" Q1113 11161 C1111h 1}" (16 déu 1,1110 hZ1111 11161 phép 11611 111611 CL_l thé. Thét vi)". \‘d1

bét déng thirc ]c11_\'c11 (X6111 d111h 1}" 111.1 §1'l1 czic bién X1. x,, \'é‘1 czic 11'<_111g sb

<1,_o1:.....01,, thou 1111111 dang thirc 0111-O1: +...+0t,_, -1 11t1'(_>'c 11611 Yé gi 111 t1'u11g b111h

0t ,1" + (xw.\'_ +...+()( _.\‘, . T111112 khi <16 bit dang t111'1'c Karamata (dinh 1\'" 1.3 7' 13) du'0'c 11111

1 1 _ _ 11 1. ~_ ~. ~ - ~ - P

biéu cho h;11 bé $6 dL1'<_>'c s§1pth1'1't1_1‘(c1)=(u1.u;.....u,,) \'{1(/>1=(/2,./2;..... /1,,) \‘('>'1 (11) L» (b) . NhO'

C1111h 1)" 1151;‘ ta 06 thé @1611 d11'Q'c 11161 bi) C111 tét (C6 thé sip th1'1' 111'! Yé 1111}t bi) $6 khzic y§L1 110510 tr<}1

h0'11 116. Czic 1110' 1'Q>11g \'Z1 11$ qua c1111 bit dftng t111'1'c 11211 cho 111 1111f1'11g czich @1611 111511 kh qucn

t11u{>c. chng 11311 tru'O'11g 11<_>'p riéng @1111 11511 <1f111g th1'1'c I(a1'anzata khi /J, : /1; : : /1,. 51111111 111

11511 C1Z111g tht'1'c_}e11sen \'('>'1 c110 trQ11g <6 011 = 01: I I 01,‘, :1/11. 0611 trong hé qua 1111111 1§' 1.5.-1

I 2/2+
» , , A -.' . . A 1 /71 '1'/1 1 l7~

§13t11co phep do11b1e11t11b<_> 11 so (b1. bg. . bu) \'€ 1—j—'. />1. . /2 . MQI 11 u'<'>'11g

11611 b1é11 khzic 1'51 th1'1 \"1_ chfnh 1£1 11(11 dung cuu bit dimg th1'1'c Popoviciu dtrqc phzit biéu trong hai

d111h 1)" 1.1 Y 1.2 §15. Theo dé tu sé thuc hién phép 11511 111511 1<h()11g ch1 trén czic bién bzm (12111

,
(1 +(1

_ 1
. C . 3 — 5

, + +11

(1,. u~. . (1, 11111 con kco them mot b1c11 111111 1;1tru11~1 b111h C0111’ 11— 'i—'-—-—"— cu;1chu11"
11

V510 vé tr£11. vé phzii 1L’1c 11Z1y $15 151 czic trung b11111 céng cuzt czic bi) 111 $6 trong chtmg. $6 111 d11"Q"c

xzic dinh thy t1'u'Q1'11g hqp c1_1 thé. D1_11h 1§" 1121;’ cho 1:1 kh:'1 11?111g dbn bién V1“: czic gizi 111 tmng b1nh

1-51 111031 111511 vi (121 dang.

D61 \'c'>‘1 czic hZ1111 $6 khéng an 161. ngh1z1 111 1151111 $6 dd khng 161 hoéc 16111 trén 102111 1111511 xitc

d111h c1121 116. czic d111h 1§" RCF Y5 LCF da c111 111 111<}1 ctich khc phgtc khzi hiéu qua. C11 thé 11511

hZ1111fxz1c <11_1111 trén 1\'h0311g 1 <1 . 1111111111; @111 161 1111 11 z 1. .16 i 1111 <16 néu 11106 1»§11<1a11g11111~¢

/.1'|+_\':+...+.\‘”‘ _ _ _A

d2311g Jensen j(_1'|)+_f(.1-3)-r...+_7(_\-”)211f V01 11191 130 11 >0

: \, : : : > ‘ (‘I1‘ + 11 + + 1” ; .

.\"|..\‘, . . . . .1” e 1 thou 1111111 ' 5 ‘a .\', .\"._ .1,’ _ 5 th1 bat Gan: 111110 C10

_
H - 1 .

.\"+.\g+,,.+.-_\ - » .

cfmg dung V111 111Q1 .\"1..\": . . . . _.\'L e _ thoa111z111 1 ' ' 2.1 ((111111 1v RCF - 1-1.1). B11111

" 11 '

1§' LCF v21 dinh 1)? két hqp RCLCF duoc phét biéu trong czic 1111_1c 14.11 \={1 1-1.111. Nhb‘ dhth 1}‘

11E1y thay v1 viéc phzii kiém trzt bftt dng t111'1‘c trén 102111 1111é11 ta chi 05111 kiém 1111 bit ding th1'1"c \'O'1

11161 $6 czic bc} 56 dgtc biét. By cfmg ch1'11h 121 111" t11"(mg c111'11h cua phép (1611 bién c1u'Qc tr1nh bi1y

trong chu'0'ng IV. 18.

C1161 cilng. vdi L'1'11g dung ctta t1'ch phfm Riman trong §16. trong nhiéu tnrbng hc_>'p ta cé thé

11h111 hai vé cua czic bét déng th1'1‘c nh11'1f.1 nguyén hitm C1121 czic hf1111 $6 nilo dc’). Khi dé viéc ch1'1'ng

111in11 b21tdf1ngth1'1'c cé thé quy vé viéc so sénh céc t111h chit mang tfnh 105111 c1_1c cua hai hZ1m 56.
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CHU’UNG 1v: NHU’NG VIEN KIM cudue TRONG BAT BANG THU’C HIEN DA1

Czic ban C1{1c gin 1115111 1115111! \'§_\' 111 1111111; 111 1151 11111 quu bu c1111'11‘11g 111111 1h11'c $11‘ 11511 V111

6151' nhfrng 11111111 gizi 11‘<'1'c 111*Q'11g \£1 ch1'1‘11g 11111111, C111‘ 111111 \E‘ 1101 111521 11101 \"<'1'1 viéc 111co

1161 .\1161 11111; 11111 1111111 1110111116 1151 1111101 1'f111g 111$-11 111'» 11Q11 Q13 _\" 111111111 g1 kh(111g. Thf11 1:1

dily cfmg 1Z1 05111 11111 11151 ch1'1111 11hE1'11g 11g11'1‘1‘1 1111311 15111 c111111g'1(11 1151 11_1' 11511 111 0110 11111111.

Chung 111 déu 111é1 rng 1116 gi1’1'i 11:11 ding 111111‘ \(1c1111g 1‘1}11g 11111 \i1 phnng phu. 11111611 d1

11111 \'i1 khzim p11;'1 d111_1'c 1111f1*11g 111 5111 11121 c1111';1 111 11151 1111 151 11161 viéc kh(111g hé 11011 gian.

V1 thé. g16ng 11h11' nhfrng 11g11' 115111 phai 11g51 111111 111151 11"11'Ofc khi 1'11 1\'h0‘i 1151 c11_ 111111 11gu'b'1

1h1_1' >511 p11:'11 chuén b1 sung 11311 k)’ cZ111g 11"u'O‘c k111 vim 1'11'11g sin 116. chung 1a @1111; Q2111

phrli 111"11"z111g 111 cho 111111h11hf1"11g hiéu bié1 11h2"11(1111h vé 01111111 1h§gi1'1'1 mil chung 111 dung

kh{11 khan kl1z11 phzi. Cflng v1 16 111'). c1'1c bz_111 1151;’ 111511 1"§111g bu chu'o'11g 11"u'O'c ch1'11h 111

nhfmg 11611 1z111g \*E1‘11g chéc 111151. nhfmg \'1én k1111 c11"o'11g dcp (16 11hz11 11111 chung 161 1151

cung Q2111 cho mic 111111 111111111 giup caic b1_111c(1d11 h1'1'11g 11111 \i1 1\11:1 1131151 11é1iép'111c 111111111;

chung 161 111211 con (111'(1'11g dy c11(1ng gui sip 1111 111111111 1\l111111 phzi 1111f1'11g 11611 R1111 c1ro'11g

11161 d¢p dé h0'11 nfru. \’hu' véy c111'111g 111 111111 Q6 111é 11$]; 1110 11161 cuéc 11511111 1111111 11511 nZ1y

cimg vc'>‘1 nhuu.

Nhfrng con d11'O‘11g khéng phai 11:10 gi(1'cE111g 115111;: p11f111g_ \1Z1 11hf1'11g 1\'é1 qua 11161 1\'11611g

phéi 1110 11210 cung d¢p_ cfmg 1151 nguy 151p 11'1'c 11'o'1hZ111h kim cu'0'11g. Dé b1é1 (1U’Q'C 11161 kél

qua mé'1 c6111u'c 911' 151 kim cuong hay khén cn phai c61hé'i giun \'Z1 11hC1'11g1h1'1'11ghién1

('2

Z7‘

C\

5
(‘IQ

._

2:
II?

(D

"2
Q

0-‘

c§‘1n 1111111. Trong c11u'011g 11£1y.

(IQ

hiéu vc'1'1 czic bz_111 saiu két qua 11161. 11151

1h<:oqu11n 1116111 c1'1;1c11C1ng 161. chL'1ng1h11'c s11'1Z1nhf1'ng vién k1111 cu‘o'11g cbn tré. Nhtrng

kél qué nily cfmg C6 111$ 1151 d11'Q"c 21p 11 111' 1211 lu bO'1 n11f1'11g uic gié khuyé1 1é11, nhung dy

sé 121 12111 du 11611 1161111‘<_1'c11‘1nh by 111{)1cz1ch dy 1111. chi tiél vZ1c6 hé1hc'1ng (_11'11'ra d1n11

137 EV c1111 Vasile Critoaje). S5111 ké1 qua C113 1z1n 111111 121 ph11'0'11g phaip phn Lfch 1€1ng binh

phu'o"ng SOS (nhiéu lzic gi3)1 ph11"o'11g php 111311 bién (nhiéu 1{1c gia). phu‘o'11g phzip dzinh

(TO

m1

C.‘
O

h ABC C1121 Ngu_vr.5n Anlz C1rr}'ng. p11u'<1ng phzip h1n11 hQC 111321 11231 $6 GLA cua Bzii

Viét Anlz, ph1r0'11g phzip bién s6 being nhuu EV cuu Vasile Critoaje v21 ph11‘o'ng phzip chia

dé 111 DAC do hai anh c111 Plzan Thdnh Nam. Plzan Thdnh Viét phz11 1rién \'Z1 hoim
A

v 1h1¢n.

Sziu chuyén C15. sziu kél qua. saiu ph11'o'11g phzip. C16 11511 151

I3
3'

Q!
D

(IQ

C
12>

C

chuyén 11511 vi
riéng bié1. f\1h11'11g c6 mél dzic d1én1 chung 151 111210 an chung n1c'>‘i ch1 du'Q'c ph£11 Irién

trong khoang bu. bén ném 1115' 131 dy. 11nh dsp dé c1111 chung d11'O"11g nhu" nguy lép 11'1c CIZ1

110' nén ph6 bién v21 C1u"Q'c 1h11'a nhén trong cimg déng nhfrng ngubi yéu thfch b§1 déng

o
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111110 s0' 0511 V1521 .\'11111 \'Z1 1111} g111'i. H1111 111111. 111111 diéu 11511‘ 1,11¢1 11111 11 111 111511‘ 1111 c111111g

(111176 czic 111C gia 111111 1'11 11115111 101111 11611 c11'»o‘ 151111 viéc 11111" 11111. 11111111; .\é1 11011; léng 1116.

c111'111g1g1i v(1 cimg gain 1111 \’('1'i 11111111. C1111g111111 111z_'1c 1111 11hu‘0‘11g p1111111111111111'ch1(111g 1111111

p111ro'11g SOS 111111 115111 ch1 Q11 1111-E11 111111 \(1’i @111‘ 11111 1111111 11111 .\1'1'11§_'. 1111 1111)_ néu 1151 111111 1111

\'O'1 111111'0"11g 11111111 c11i11 115: 111 sé 1\'111§11 @110 111111 11111 1‘Q111g c111" 11511 1111111 11111111 \1 d11‘1_1'c giai

qu}"é1 Czic 1111111 1)" 11611 bién 1111f111h 151111’ - Phgmz I\'im Hzlngl. 111111 111L311 1\11(111g \;11' 1111111

1L'MV — Dilzlz Ngqc An). Q1161 Q1111; 11611 1111\_>"c H1111 1111111 \*Z1 1111' 1hi11111 11"11'(1'11g 111111 1-1é11g

CL1Zl 11611 bién t(111g quz'11 1_GMV- Plzan Tlziznlz Viél, Plmn Tlziz/1/1 .\'am1. P1111"11'11g 11h1'111

dzinh gizi tfch (ABC — 1\’gz1_v15/1 Anh Cu'()'11g) \Z1 11h11"0'11g 11111111 1111111 11110 111111 11:11 .\C1 (GIA

- Bfli Viét A1111) 1110 111111 111 d(1'i 1151 111 1111 11111$u 11g1r11‘1 1:110 1‘§111g 0111111 c1151 ché. 11111111 0111'

$211 \"é logic. 1111u'11g 111511 1'11 c111111g 1101111 101111 ch1'1111 .\11c. 111111; 111111 Q1111 151 11111 111111 c111

11'011g n1Q11 giu (111111 Q61 1311 111111 c111 $11111 1111. 11g11"(1'i 111111 1:111 11111‘ 1111 Q6111 1111 chfnh 121 1111u‘o'11g

phzip bién >11 bf111g 11111111 EV 01111 Vasile Critoaje, 1f)é11 111'<_.1'1 11111111. 11hu'11'11g 11111111 011111 dé

111 DAC \'(1‘i 111111 111111 h01_11

Q
2:1

3
11:

ngz_1c nhién 01111 116 Q11 lhé 1\'é1 11011 \"<'1‘i 11§1u 11é1 c11c

p1111'0'ng 11h1111 1111110 dé cilng 11111 c(111g 111111 111711 11511131 111110 111611 1:11 1'111'1_1'c cho 111 11116. 11:11 ké

1161 x1'1'11g hay 1101111 \'1.

T51 11111611. néu 1161 1‘§111g \<'1'1 \1'1u 111111‘1\"11g 111111111151} c111'111g 1111‘111hé gi11i1111)§1d11'11'c 111111

b1-11 d5111g 1h1'1'c so" 0:111 111511 1111; 1111 11111111 101111 1\l1(111g 111'111g. C11 1111f1'11g 11:11 115111;; 1111'1'c 11111

cho dén nay 1211 ca czic p11u'0'11g phzip C151 11151 11511 111111611 \"(1 hiéu. 111;_'1c 1111 1111f1‘11g 11211 11:-'1111g

1111'1‘c nhu' lhé k116ng 11116 bién 1é111. D11 $110. cl11’111g 161 1in 1":111g s1'1u cuéc himh 1111111 "11h(>"

sip 1611 sé k11i€§11 cho czic ban dqc cé 1116111 1111fr11g kién 1111'rc \'51 11111‘1"11g 0111 1111111 1'Q1ng 11o"n

vé 111é gidi bit ding 1h1'1'c. 1L1" 616 11511 1111 11113 nfmg Q11 1hé 111' 11111 kiém c110 riéng 1111n11

1111f1'ng vién ki111 cu"o'11g s1’111g lép 1111111 1\'111ic. CC111 1111),‘ giiy. cl1L'111g 161 sé 131111 ngirng 11111111

b111h luén. \"£1 dé c110 112111 lhoai 111111 11111111 giu $1111 cuéc 11111111 1111111. C111'111g 111 55 gzip 1311

111111u11gz1y $1111 1\'111 cuéc 11i111h 1111111 11111‘ $1111 kél 111110!
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§17. PHUUNG PHAP S.O.S (SUM OF SQUARE)

I. B|EU DIEN DA THU’C KHONG AM DUO’! DANG TONG BINH PHLYUNG

I. Bjnh /lg/zfa: Du lln'1'c F(u1.¢z:.....u,,) li1hi1m /1 hién sf» h1)=(u1.u3.....u; _....u”) \"Z1

ZJYI-‘(u1.u3.....u,,) 121 1611g /1! biéu 1hL'rclhu dlrqc lit F(u,.u3.....c1”) hing lit ca czic

hozin \'ic(u1b<§ bién $6 (<1) =(u! .u3.....u,_ ).

' Du thirc F(u,.u3.....uH) I21 hilm lhun 11h§lb.f1c m <:>

F(m|.Iu3.....I<1H):I’”.F(u;.(13.....u” )

- Du thfrc F(¢11.u3.....u,,)2O Vu{.u3.....u,; E D <:> F(z1;_a3.....u”) ggi 151 dang khéng {am

trong mién D.

2. B511g nlzfit tlzzic Hurwitz —Muirhead vzi bcft citing tlz 1?'c AM — GM

Xél ln1'b'11g hQ']') déc hiét: F(<1,.u3.....u,, ) = ¢1f“r1§‘i ....¢1ff" vdi <1‘ 20.01‘ 20

~ 1 ; 1 ,,Dal [O1]=[OL,.(13....CtH1:mZYF(z1|.¢1:.....¢1l!):%Z!z1:‘ (1? ....(l/2‘

93¢ ma; [1.0.0....0] =(%-‘UR £1] +¢l3 +...+u,,) =A(u) ; Trung binh céng (AM)

J1 I ,__i
l 1 1 11! ,~ ~ ~ A—.—.....~ =—u”u."....u" = ” u a.....u =g(u): 'lrun2h1nh nhan (GM)

/1 /1 21 /1' ' ‘ ” \/ ' ‘ ” “

H +11” + +
z X61 bién @161; A (M ) - gm ):9»_1+”" - u|u3....u” I [lI§()§()‘4I!()] - [1. 1. 1]
, /1

:[II.0.0,...0]—[!Z-1. 1.0...._0]+[/1-1.1.0.....0]-[,1-2.1.1.0_....0]+

+[/1-2,1.1,0.....0]-[H-3,1,1,1.0,...,0]+...+[3.1,1....,1.0,0]~[2.1.1....,1.0]+[2,1_1...._1.0]-[1,1.1_....1]

=,)i'(Z!(z1['_' —c1§"' )(u, —c13)+Z!(z1f’_3 —a§”3)(c1l—a3)a1 +Z!(¢1§”"‘ -—u§"3 )(u, —a,)c1}a4-n.- ' ' ‘

D0(cl/,—¢1(/)(c1;;—cz‘;)2() V(1l,,.z1q 20 nén A(a")—g(z1”)Z()

D511 (1, =,\'13;...;a,, =.\f v51 gcpi b© (i,.i3.._..1'”) l_Z1m§>1 hoim vi cua (1.Z,...n).Khid6taC(')I
- 1

12 A(a”)—_C](u” ) 1=(u|” +u'3' +...+u,’_,')—/1a|u3....u” = X12” +...+.\',j” —/1.\‘|3.\‘32....\‘§ =

1 * , ~ 1 . V , '\ . 2 \ 1=iL2!(.\'i” 2 —.\‘i” 2 xi —.\'/I )+Z!(.\',I”“’ —,.\',j’*‘)(.\'[; ~.\',j +... +Z!(.\‘,; —.\’,{ ) .\‘,j_.\',i ....\';
_ /1-1). * \ - " - "

.\Ief\L khzic: " -

7
.ln~Z/< .Zn~Fk .2 _Z .3 .1 ,2 .1 _ .Zr1—Ik~Z ,2/1--I/(-4 .1 ,1/1—lk—I .1 .1all —.\,-2 )(.xi] —,\,2 ).\, ‘....\,-M -(1,! Ah) [An +.x,I .\,: +...+.\,: j.\, ‘....\,-M

:Mi_.

:Mi

'7 7

_ .1 .2 - _~-A--/ 1-1)‘ .2 .3 ( .2 ‘.2 ) .~—k—_/' ‘H. ‘(A,-I 1,-2) I: (AH xi: .\,»3....\,M .\,-I .1‘: .\i| 1].: .x,-‘....r,-M

I» nl:A(a”)—g(a”)]=sI3+.s'§+...+s31 20 :> A(a")2g(a") :> A(a)2g(a)
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3. (‘tic lrung /l()']) dgic biél: ~ 12 I Z: .\"j‘ + — Z1" xi 1(.\' —- .\': Y

-11:31

+.\':‘ +_\"] —3\,:.\:.\'I l ~ xi +_\"§) (.\“ —.\'§ P‘ ~(\i —_\? +(,\; —.\' )‘

'11:-li xi —~.\:1 ~.\gl ~,\‘_! —-l\K.\~.\1,\; =(.\,: ~,\§ +(.\.f' —.\§ — Il \1\ . —f\;,\’:_):

'12: 5: .\];” + xi“ ~.~ .\';“ — .\;' + .\'<‘ — \'; \§ I l

.\'f;
T _; ~ :

*1

Z.-1!
“ — ‘ \'* \' It +ZYZT(.\‘3 ~.\":_ ).\'l'  \ 1

’\

>1
5J

'/.
‘J1

L

+Z!i:f( —.\13_ ’.\'f: :_\1:.\ _ + <\':‘ ).\'h.\' .\'__ if

-/1:6:
6 ‘ ‘ _

+.\":‘ +11’ + —(mp.\';.\g.\';.\;.\',‘ 1-l;{ .\': H: ) —.\'§ +[ .\';§ ) ‘+

+.\‘f —4\'_§ )3 —,\({ )‘ +l .\‘,':' —.\'i )2 'l+3(.\‘.\';.\'; —.\;.\<.\'h V):

4. D_inlz If viz cric vz'd1_1:

4.1. Djnlz l_y‘ Hilbert I:
Néu da LhL'rc F(u:.u3._...u,;) lhun nhl \i1kh(mg m {rung mién D. lfrc lix:

F(<1|.c13.....(1”)Z()V'z1l.c13.....z1”€ D {hi c(1lhéhiéudiC‘n

F(u, .u3.....u”): />1: + /)3: + ...+ />3, vdi [JR lb caic hilm hfru u lhuc.

4.2. Bjnlz I)‘ Hilbert 2: Neu da lh1'rc F(z1{.u3.....u”) khfmg thun nhl \Z1 khbng inn

trong mién ul 20.11: 2()....u” 2(),u, +u: + + (1,: S1 thi
‘ 1, <1,_.

I‘ (¢1[.u3.....u,v): Zr; <1|“‘u§ ~ ...u,‘,‘ (1 — 111 — u: — ...~ u,
tron" dd O! .(1 1’1 caic \<§nvL1\'én kh(vn<* {mm \"’1 (1 > U0 I 1, 71*] ‘ .: . c ‘ 1 '

4.3. Binh Iuqin: Czic Dinh 1)‘ Hilbert 1 \i12 mung lfnh chit dinh u'nh_ né giilp chfmg la

tin lu'O‘ng réng [Sn Lai mél czich chtmg minh 11161 du lhL'1'c kh(vng fun hzing phu‘0‘ng phzip

phim tfch lhimh témg czic hinh phu'o'11g 1d6i \‘('>'i hiun lhufm lfil) huge phfm lfch lhimh

léng Czic dai lu'Q'ng khng m (dfwi \"<'>'i hilm khng llmfm nhl). Tu)‘ nhién chfnh Y1 su

I611 tz_1i mo‘ hf) nily nén n6 it 06 gizi lri thgrc Lién lrong chtrng minh hail dz"-mg thirc cuu Lozin

hqc so‘ cp. Tu xél Z \"1' dg liéu biéu sau dfly dé ban doc lhy ring viéc phfm lfch lhimh

téng caic binh phuxmg {hail sg1'lZ1‘kh(3 khén néu kh(mg c0 niém tin sg1'l611 lz_1i cuu phép



('1 ‘ ' 1' III: .\'l117‘n" rin kin! c'!m'n;_' rrnrzy ln'1I 1117,11? rlllir Ilifn zlgli *1mun__ __ ._ __ .

11115111 Huh. (lie \1' d1_1 1 \i1 \1' 1111 I J1 10:1 giui 1111 11515111 111111 11I1u'11;_~ nil lhiéu 111" 11111611 11611

\1§-Q 11111 111 101 g1;11 cl1(111g l\h;'1c 11i111 1;1 1111111 11111111 czic (1 cI1f1‘ 111i1 @111 11161 RC1 111111 IE1 111§»1 (1

ch1‘1'c1'1)' nghiu.

\'1'du I2 <."'+/>1+1’:+11/1‘-‘—/=4’:+<'1i:Z2(11‘/‘-*!'>k1‘+1"11)
_ 17111/>.1'E 1:5.

(iirii.' I <1‘ -/>1 +1 ‘ #11/1; +/If +r‘u‘ —I(1.'\/1+/?‘<"+1 r/)_ :
I ‘t/:_([/7+L[('At"’ +(/>' ~/>1 *1/111-11", *(r"A1¢1’*-1'/'7"-."?‘j El]

-- 7_ : 1 1 »‘~ ~, ,1-;\1d1_1-.M1+/> +1 ' ZAMJ,/1+/11"+1"1J . .11../>.1»_ .. (11

bHgMih

1
M

‘11)<:>u"' +/1‘! *1‘; +Z(<1'\/'17 +/131"‘ +1"i11~ 1231.11;/1~~/>;<"+1':¢1? c> Z11'1~Z,T1;'/> _ ‘/1‘ in

‘ 1:/>:—T11:/><"g~_?:Y1!‘/>—T1/'/11";2()

41

/1

._.;,

If/1?

<:>S= Q11 —L‘11'/>'
\ 11. 1-.1 1 .1 1.1 / 1

B1511 (T61: Z111 —Zu:/1: Igzh/3 —/23):

‘TV T‘/1<~

JJ

‘,1

Z11:/2“ - Z113/><-\; =%Z((//1+1/<'—Z/)1-13
1

VT/11 V J/>11‘ 1?‘/n'(11:*/1:1. ,u 7-, cI' I. ’~ 11 '.‘——_
1 1w .

I—_§Z/71‘(1l" —/7: )+Zl1;/1+/;<‘~(";/)((1'_ ~/J: 1 ;Z(11: —/Y: H11/?*(/(‘*2/M‘)
<11 "Y

Fr?

xmmxs=§Zu-#+_

_L\(
S I %Z(u3 —/)3 -11/a—m'+ 2/N‘): Z0 :- (dpcm).

1//>+u1’ ~ I/11')‘ — ZM1‘ —/1‘ 1111/1 + 1/1" — I/>1")

L61 girii 2: -H113 +1): +(': —u/1-/1("—1’11)‘_(113 +/>3 +13) —3(111/1+/>:r'+<‘:¢1)_ I
4111: +11; +1": )— 5(¢13/>+/131'+1"3r1)+-H11/1: +/11': +111‘ 1‘+

+3:r(<1i +/>9 +1” )—(1/:/1+/>:1"+(‘l<1L) — Z(¢//>3 +/>0“ +<'(1:)+(3z!/>('_,> 20

11. PHU’O’NG PHAP PHAN TiCH TONG cAc BINH PHU’ONG (s.o.s.)
1. D471 will 175:

{)5 ch1'1'11g 111inh 111{1l G11 1h1'1‘c 11111:/‘"111 1111511 F((1;.z1:.....11,,)2() 1111 lhco D111h I_\" Hilhcrl sé

1511 12_1i 11161 czich hiéu dién I-“(u .11:..1,.(1;‘ ): />13 + />33 +...+ /)5: \'<5'1 />_ IZ1 mic hZ1111 hfru 11

111111“ 11hu'ng \'iQc ch1 1'11 c1'1ch biéu 111511 011 Ihé 151 1:11 l\h1'1 kl1;'111. Pl111'u'11g phzip phfm lich
ing czic hinh pl1u'o‘ng S.().S. d11'1'1'1 11(1) \C* gi1'1p ch1'111;_1 1:1 khc phuc d11\_1'c lfnh l1'(1'u 1111_1'ng

1



C'hu‘0‘ng III: .\"I117'n_Q rién kiln (‘Irving trnng /1171 ¢l(Yng III 12'1" /Iifn dgli 5 I Q

phim nth, C;ic \"i du 2 via \"|' du I Q3 ldi giui 1111 ngfm ggn nlwng rl lhiéu {U nhién nén

\i§*-c Hm m |(\'i gizu clmng l\|1;1¢ nim 111 phui d0;'u1 czic (wcl1fr1n£1 cln hiét két qua lit n1Q>l 6

chu' cd _\' nghiu.

{\'i(ll_l 12 <1‘ +/1' +<" +u/v +/><“ +<u ZZM: /1+/1 1"+<' 11). 741./>.<'€

(lilii: Z_u' +11‘ +4 L +¢//7; +/)1": +r‘z/1 —Z(u;/1*/>;("+(‘lz1)_ :
I (z1' -4!/>+m'—r") +(/1' A/u+‘./>1/-11" *(<“ —1<.'+<"/>—/5" 21)

<1
Q

2: M17 +/>3 +19" 23hr./>+/>‘<-M-‘(H . :<1../>.¢~2 P? (H

L0"i gidi 1.-
A

(l)<:>z1‘ +/fv +1". +:‘V(1:/7: +/1:0‘ +<":u\ I 23‘~_(1;/>~'~/1;<"+¢":zz7 ¢1‘> Zr:‘~3Z11‘:/2723211:/>

<:> S = Tui —T¢13/>3 <13/>3 —T¢17'/u" i—3§/Yrzz/1—T¢/I/v1" ‘Z0F-'_¢ L1 Q. } =_.4 Q. l

Biéndéiz Z/:‘—2u:/23:%Z(u:—/23):

pa

\\

'-Z

\"
~

l'v' 1\l

—T I/N \' IQ4

*1
,3

JJ

\.
\J

. \

L4)

~ :11:/u 1: ~12/Mu: —/>3)

\

\ l\L ‘.1 ‘1 zn / \ we :11 J

cl“/1"—Z¢z"/>1‘ = %Z(u/1+u<"—Z_/M‘):

1-32/7‘_(":A/)2)+21¢;/7+/><‘—:"<1)<<1"—/>:);Z(¢,':A/vim!/>+¢1<'*Z/><')
L\< K" '2:

Khi d6: s I%Z(c13—/1:): +-§Z<u/>+m-- :/>(->1- Z<¢13—/f;<¢1/>+<1<~~ 2/H")
(.4 Y,‘ -\|

S = ézzz —l>: —u/1-110+ Z/x"): 20 :2 (dpcm).

L01 giiii 2: -l(z13 +/>3 +0: —c1/v-/)('—<u)i(u3 +123 +0: )3 —3(zl':/1+/)‘('+¢‘:u),v I
Ian: +/1"‘ +1‘: }—5(z1:/>+/>:('+<‘:u) +-H1111: +/><': +011: +

+ 3E_(u‘ +/2"‘ +(-; )~(¢/:/> +/>:<'+(‘3u) — Z(u/>3 +h("" +<"u3 )+6u/>1; 20

1|. PHU’O’NG PHAP PHAN TiCH TONG cAc BiNH PHU’O’NG (s.o.s.)

1. Dgit V(';Il :75:

Dé chimg minh mQ>\ Ga lllfrc lhu{1n nhzil F(u[.u:.....u,,)2() lhi lhco Dinh 1)" Hilbert sé

lén tai mét caich hiéu dién F(u,_</~,.....u,‘ ): /7‘: + />33 +...+ /2,; nii />, IE1 czic hixm hfru u

thuc nhung viéc Ch! 111 czich biéu dii-n cu lhé I51 ril kh<'\ khn. Phu'o'ng phzip phfm tich

l6ng czic binh phuo/ng S.().S. du'O‘i dy sé giflp chning In khc phuc dm_\'c lfnh lriul lu'<)'ng

i._i._.______ _____t______.__... .___*_____ _ ___ ____ .. ___.-A __ _ 7A_____ __. ._________ W?" , . __ _ __ _ _____ ______,
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Qua dinh 1)‘ Hilbert. déc biét 121 déi \'é'i mic hZ\m d6i xmg F(u./xv). O Viét Nam.

phucmg phzip nily C15, duqc 'I‘r('}n Plzmmg. Twin Tufin A/zlz vii Anh Czrr)’/lg nghién ciru

\"i1 plhzil biéu vilo thing 8 ném ZOO-1. Dén nm ZO()6.Ph(m1 Kim Hflng df-ll tén chfnh 1hL'1"c

IE1 S. O.S.

2. Giéi tlziéll véplz1:'(rlzg phzip S.O.S.

Xétb§1Ld:§1nglhL'1‘c A 2 B lrong C16 A. B 151 czic biéu lhirc cl1(1';1c;iclvi§n >6 u./2.0.

Gia str ta bién déi du"Q"c b§1lciénglh(1'c.A — B 20c6dz_1ng:

v 1 , 1 \

S : A— B = S“(b—c‘)_ + Sh(<'—<1)' + .§l (<1 ~l>)“ 2 O (1). X61 caic mén-h dé suu:

2.1. M51111 @1551; Néu 5“ z0;s,. 20.5‘ 20 ma

S =5‘, (l7—r'): +5,’ (<'—a’): +5! (u—/>): 2 0

Dy Ii! mét tru'O‘ng hqp tm thu'b'ng. Du'c'>'i dfly ta $5 xét ccic du hiéu khzic dé ( 1) (hing.

2.2. Ménh dé 2: Cho caic s6tl1g1'c a.l>.<'.S“.S,,.S( lhoa' min 2 diéu kiént

i) S” +5,’ 20:3/, +5] 201$! +SU 20.

ii) Néu uébéc hoélc 112/220 lhi 5,, 20

Khi déta cé S:S”(b—<1)3 +5/.)(('—(I): +5‘ ((l—/7):ZO <21;

Clzzhzg minh

Khéng mit tfnh léng quzit. gia su' 11$/>30. khi dd S/.7 20 \"£1

(1) <:> Sh [(c'—[J)+(b—a)]: +5‘; (/>—('): +5" (u—/1): 20

<=> (SH +$,,)(/J—<‘)2 +(S,, +S(_)(c1—/7)l +ZS,, (<'—b)(/>—z1)2() (lu6n dfmg)

2.3. Ménh (72 3: Cho czic $6 thuc a./>.<'.SU.S,,.S( tho?! min diéu kiéni

Néu aSbSc hoilc u2b2c' thi Sh, 20.51 20 \'€1 SH +25/-, 201$‘ +ZS,, 20

Khi dé ta C6 5:3“ (/J-C): +s,,(¢--<1): +5‘ m-/1)’ 20 <1»

Chzivzg min/2

Kh6ngm§1tt1'nht6ng quzit. giéa su' u S12 50 \"£1 S‘) 20. Si 20: SN + ZS, 20:51 + ZS], 20

Néu 5,, 20 ma <1) luén dljlng.

Néu Sh <0 th'i S=(S/, +5“ )(c—/7): +(S,) +S{ )(l2—z1): +252,‘ (('—/7)(/7-6!)

'\ ~ 1 1-‘
2(S/., +SU)((r—/2)’ +(S/, +S )(/7-11)‘ +5/, E(<"—l>)' +(/v—u)‘_:

=(s,+2s,,)(¢--1>)1+(s +2s,;)(/>-(1)120

2.4. Ménh J5 4: Cho czic $6 thuc <z.l9.('.S“_.S,,.$(_ lhoa min diéu kiénz
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('h1ru'ng Ill: 1\'I1'ng rién kim c1m'ng {rung I111! (M11g tluic /zién 1711! 5 I K)

.\'éu Us/>s@ 1111 5'“ 2115,1211 \z1 111$ *1-{$1211

Khi 11131111-13 .s;.s],1/1-1-_-1‘ +.s‘,,1<--11'1:+s 111-11>: 21> 111

Ch 1}'ng min/1

Khéng 11151 11'nh 16113; qL1zi1.giz1su' 11$/>31“ \'i1 S“, 20.5], 20; /2:3‘! +<':S,, 20

s=5_,1/1-1»):+1/>-1113;s_1(§if-*1] +s 12$‘(/>-11):+1/1-1,)1i_s',_(%)>+31
>»11' ‘ 11 ‘ ‘

:5/1/>-1-1’ +(<~‘.s',,+/Rs" )[/’-,1’) 211
,)

2.5. 11/Ifnlz (T5 5: Cho caic >6 1h11'c 11./>.1'.S_ .S,,.S‘ 1h0amZ1n Z diéu kién:

1) SH +5/, >0 v 1SH+.S >1) v .8 +5!‘ >0

ii) S Sh +S,S +S S 20

Khi 110111111 5:5“, 1/1-1)’ +.sj,,<1--'11): +5} <11-1>1’ 21> 11>
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D0 3“ ssh ssrv Vii st, +_sj,, 20 nén 5,, z0;s,, +5‘ z0;5L +5‘; 20

\ J5-1
Sn‘ dung Ménh (T6 2 suy ru \'6'i k =—‘q— thi (4) dflng Va. /2. (' > O.

-\

Két Iun: k zfvi 151 hing s5lé"11nl1§t¢ié(l)dLiI1g Va. l>. <> > 0.

B§1i5.Ch0 (1./7. c 2 0. Tim hng $6t6l11l15tcL'1z1b§ldéngthirc

I . .

(¢/+/>+<~)(l+l+l)+k 29+k (1)
(1 /7 < u“+b“+("'



'1>_(w I’I1mmg pizrip 5.0 S

\

~42/f
Di§llki@l1c('}11:Cl1o c 11> ¢ <1 \i1o <3) :» (u —/>Y 1i-5-—"———~~_—~ — /\ ;2U

3+3: :+,: L

:kSi—i7—I u/. uco: V. :~‘I——;/L—:

v

LI/v(<1+/1)

\.,-.

z1( .1) 1‘ l/(_LI />) M? "-{$1737
0h1+/1) w/M1/+/>) .,(¢;+‘) _1+_

/>

:_~ (I1+Z)u:13 +2<:>/(1)11: -21/r+2—2u:(l

116 Tip gizi lri cua him sé <:>_f(l)=()c<3|1g11i§>1n

\/3-1
<:> :11: +Zz1—Z2() :> 1124‘?

Diéu kiin dzi:

7
»‘\1

_ , . — I » \ 1 ; 4 4 ; ; ,

Ta so chung mmh /< : £3-— I ;\’11nu(u./2) 111 hang >0 tut nhnl cuu but dang llurc ( 1)

Thin \'2_"1y v('>'i /\" I mc<'1(1)<+: Y(¢1—/>)’

D,“ S :_u3+/>3+<"‘ _k.S :_L:_+/1" +;_k S. :Aq;__+/>f__' 1"

4 " (<'+¢13(/1+1!) ‘,7 (u+l>)(("+/1) (/J+<')(u+¢")

/3- ‘y (1: ‘/1: ('2 ‘I

'7 L_4 I/> +(')(('+

Kh611g111§t1f\1l11611g qLu'1\.gi:1su' (12/>20 :> 5“ S S 5 

_ L

‘~i—-k izn <4»
41)

*~/\

u:+l2:+<‘: u3+/2:+(-3 (u3+/>3+c'3)(u+/>+Z<") .,

X61 5“ + sh = + - Z/< = --_j.—#-—# - _A

((+1/)(l>+u) (u+/2)(r‘+/)) (u+/1)(/>+<')(c+u)

Dill lii :>
- 1

._ i
i +1) W

(U ) +('_ (2\.+2(>) (Z\"3+<':)(\'+(') M-3+(-3
S S> ’ —2k2 —Z/<1 —Zl<

»_\'(/>+(“)(('+u) 1'(/,+l.)+((.+u)“i3 \'(\‘+(r)
V‘ V0 /i

L 1
@+/7- ,_

:> S‘ +S,,2Zl *3\—'_i'L'v~—l\" jIZ;ru(\".<*)—/\A12() (do 11(\‘.(')2—\% :1-I/\' )

‘ \Z\'(\‘+(') / ‘ ‘ 2

D0 S“ SS,’ SS! v SH +S,, 20 nén Sh 20:5,, +5‘ Z();SL +5‘; 20

\ E-1
SL1‘ dung Ménh (T5 2 suyrz1\'é'i k =\—‘q— thi (4) dflng Va. /2. 0 > O.

Ké'tIu(7rz:l<-\/g ‘1>1~_.~f1'~ 1*1‘<1>a2 .,—i 4 15112 s6 on n ad dé (mg Va. l>. <> > ().

1 ,T,h
B%1ia.Cho (1.11. c _ 0. Tim hang $6 tél nhét cua bét L éngt (rc

( +/+ )(]+1+1)+Au/2+l)c'+('(z>
ll 7 <' — — ' . *

(1 /7 < u“+b“+("'
9+k (1)



('h11'1rng III: .\'l117"ng 1-1611 kim 1'zm'11;; [rung I11?! 1/dung I/1111' lzifrz 1/111' *1"
('l111"11g 11111111

Tusu'dg1ng czic hién d(»1 mu:

Y ' 1 K/1-1"): 51-111“ (':~/>1"(tI+/)+1‘}(L+—l~-kl)—\);i-2-1+; —'

11 /’ 1‘, /)1‘ 1'11 11'/>

l
11/1+/>1’+1‘11’(/>~1‘): +(1‘—11)j +(11—/>1:

1/3+/13+?‘ I(<1l+/>:+1"‘)

4 ' , \ I /\ . iBalding Llmc (1) l1‘<Yll1unl1: Z; —~~—~‘i~—‘ 1(/>—1") 2(l<:> 2.8 4/1-1-1 20 (Z)
/)1 °( /7 +1 ) ‘~1 _ (I + .

Tron“ d6:

S“ = Z11(11Z Tl): +1‘: )~ /<11/>1'..$'_ = I/>(11: ~/>'~ -1": )— /<11/>1".S_ I Z1111" +/1" '1‘; )-/\11/>1‘

Bf1)'giC»'t;1clm /211' [h11Z)<:>

w "v - \

z0¢> 2(11~ +21>-1-1111>z1>¢:> 2(11- \'2/1) +(4\: #1111120

_ 1 _ . . _ . . . 1 . , ,4Lho 11: \ Z/1 lhl A §4\121 .\gLr<_v'c l:_11.1;1sc chungmmhbutd:1ngll1u'cdung \\\'1 A:-l\ Z.

Gm >11 11z1¢z1;>.sj| 25,, as . .\>1@1 1\~1m1~; '

$1,, +15‘! I QU) +1')(11: 1- /7: +1‘: )— EH51!‘/>1'2 -1\,1‘/T1".(11: + 2/)1’) — 8\E11/I1‘ I »l\'(11 — E )l Z (J

Su‘ dung Ménh 1115 2 111 c6 dpcm.

K15! 1111111: k :4\ I 121 hing \"(\ 151 nhl cuu hit dilng 1111»

Bid 6. Chm 11./>.1'2U. Tim lwng >5 I61 nhl cuu bl dim; lhuc:

/11" 1'11 1111 3
1|) |\ ~ 1* 1 1 “*1” \ 7 1§_

/2'+1"+l\'11‘ ¢"+11'+/<12" />'+11‘+l\'1"' D 1

Gi11'i

Cho 11: 3./2 = 11' I Z [1106 du'Q‘c: A S 3. T1156 chL'1'ngminh hail d§1I1g[|1(l'C dflng khi /\' I 3.

Th;_il\'<f‘1)'.kl1611g gié11nl1’nl11(Mg quail. gia su' 112/221' \'i1 113 +/>3 +1": =1. Tusu'dL_1ng

+
_,J

bién déi sau: Z(/2: +19 +3(1:)—l(1/71':5(/7——(‘): 1 (11: —/1: +113 -03)

D<1dc3h§11d§11gIh£1'¢‘(1)<:> Z5(/)_‘-)7 +3(u—w_‘/f JPN’ _ (k ) 20 F4» (/2 -1‘): Z0
’ 1, l+_11' 1. ‘

Trong d6: :5(1+2/f)(1+:1’)~1><1>+<~H1+211l1;

S,,=5(l+Z1-3)(l+2<1:)—(a(1~+11):(M2111);.8";=$(1+Z11l)(l—Z/>:)—(>(11¢/1>:(l—21:)

DIf1t.\':\;i-D$1l15y.§] 20 \'i1: (“+1->’k1+?1f1+<1>+1-)’<1+1f)§:<.\-+1)’ (1+1\-11

T21 sé chfrng minh Sh, + 5,, 2().Th<f1t\'§1_\':

5” +s,,z10(1+2H)(1+2.11)-@<.1+1->3(1+2,\1’)z1)<=><:.\~-31-J1 2()(dL'1ng)



51$ I’I1u'u'ng plzzip S.().S'

TiGp lhco Lu \é chérng minh S, 2().Th@1 \";1_\":

1
J

\/

_\',_=s(1+2)(\+2,f)-m¢~+ _~

3u' +15‘ +1” (1(<1+<~)‘ ZM1’ —/Y“! <1" +311/§"—5/)2 ~'\)r“‘
<:> Z c> Z

3/7’+<"+(!“ 5(3r':+11l+/>l) 3/?‘ *1" ‘WV 5(§<':+¢z“‘—»—/1")

.\*1i1di§u nily {hi hién nhién dng do:

QM: —/>3)2¢/3 + lZu<'—5/73 —9(':. 3/2: +<': +0‘ §5(3<': +u: +/>3)

Sir dgmg nlgflzlz 115 2 Lu Q6 dpcm.

Két lug?/1: k = 3 121 héng $6 lévl nhét cuu hél déng IhL'1'c.

JG./).('20 1 I/1 1 /1 _: l _j I _

B§1i7.Ch0 .Cl1L'm<g minh: +” 1+ +)‘ + +‘ U >3 (1)
“ 1'"?

[(1/9+/7('+z'u=l p (a+/1)‘ (/7+r‘)' (<"+u) '-

|

Ch 1211g min lz

(ub~/n-+¢'u)' +u:/>: i(UH Z ‘ \ Z'§(u/7+/n‘+<'u)
.\. (¢I+/7)_ “

Ia/2(u/) +/10+ ('11 1 +(/M" + <11 Y1 -
<:> 12' - , f ---'2J(<//2+/><'+(11)

,\-, (<1 +/1)'

- - 7 w \ W

<11 -1((1[)+/J(‘+(‘(l)[ Uh + IX j + (U 3 ‘+Z(u“ +/7' +<'“)Z5((1/2+/2¢'+z‘(1)
( ) Ju+/7)' (l2+(")' (<'+u

<:> (a[2+/><"+¢'<1)F 4”!) + 4/K‘ + 4m —

[W/,>~ </W->" <<-+u>' _.

-\

Ln

+
J

F- 3 ;--I (--J 2 2 2

_(u: +/2: +0‘ —u/>—/J¢'—z'u)2()

<=> —((1b+l2(“+('u)‘iu 1):, +i1 (ii +(( u)_1+(u—/9) +(/2——c) +(<'—u) Z0
' 11+/2- h+'_ ('+u_i'_ ( _l

3 u/2+b('+cu ‘3 T 11/2+l2<‘+m1* 3 T (1/7+lu'+('uw= I
<=> 1-—Ai, ((1-1)) +‘1~@_1_é1/>-¢~) + 1Ai~_—'((~-11) 20

L ((1+l>)' ] L (/2+<')“, L ((‘+u)_

D5“ SH :1 uh +111" +‘('u ZS/7 :1_ ab + I1('+\('u Zsf :1 uh + b(‘ +c'u

(12+(‘)' (('+<1)“ (u+/1)“

Kh(mg1n§1lli11lxl(‘$ng quail gia str u 5 /2 § <' :> S“ 2 5,, Z .3‘,

‘[7 + :+((l+(‘)((‘—
Tucéz 5,,=1-”"* " f” =9’ _ ”)><> I“. \S“;2ASv';, >0

((+11); (<'+u)'
F 7 7 _\

M511 khzic: 1115 +¢-15 =/>1‘ 1-"iii *+(-1‘ 1-@"+"" =
' " < - It I7 ‘L (z1+b)1 ‘L <'+r1)‘ A



Chmrng III: .\’hz'rng vién kim cm/ng trong bf}! thing I11 121' hifn Jgzi 529

2/):_<13+(u+l>,)(‘[1~(-)+(_g4Q1+(¢1+¢')(‘(--/>):U;j’ [,3 (.3 ;‘g+((‘“/7)‘, L‘;

(u+/>)' \('+u)‘ 1141+/2)‘ (("+u)“_' )”+‘4 ”+/7

~
~

,
L1

F
,

1

I » i_1+i'~|'+((-_/,): 4 L>()'
\L(u+b)' (¢"+uf_; (¢l+<')(u+/>)

SL1" dung A/Iénlz (TE 4 su)‘ 111 (dpcm). Du hing xay 111 <:> u :16 : 0 *1: I10-{ac»\ _s

(1:12 : 1.0 = O \/"£1 czic hozin vi.

r _ "_ \ K \< . A - , . . ;8. Cho \»z1.\///2.\r(" lu dg dm 3 canh Qua mm tum glam: Chung mmh rang:

w
E2:

I

3Min{5+Q+".Q+i+55}2((1+/:+(~)(l+»l-+l) (1)
/7 < u a /2< (1/J (1

' Ch ling minlz

Khénsmttfnht6n<wuzi12ié1su" Mm ‘_‘+Q+‘_‘.Q+£+1 =£+’l+£. khi d6:\.. C‘ \..
17 <' a (1 /2 0 /9 0 (1

(1)<:>3£+— i2(a+b+(-)~ — —

<:>3(u:('+l7:u+("I/7)2((1+/>+<")(u/)+/n‘+('(1)
'7‘ 2 2 3 ) ( 1 3 3 ) =Q5 (1 ('+/2 u+(' /> 2 <1/2+/>(‘+<'u +50/7(‘

<=> Qua; +/2‘) +0‘: )—(¢1:<'+/23¢: +0:/>)j

S ((13 +123 +03)—(a3l>+/220+z'1u).+(u‘1 +/2': +0) )—3ub<‘ (Z)

2193 +0‘) —3b:u :(/>—a)(2/)3 —l2u —a2)=(l1—(1): (Z/2+0)

Ta c6: + 2<,~-‘+1>L‘ —3c'/2=(c'—/9)(Z¢'2 -<-/7-/f)=(<~-/W(2(-+/>)

2:13 + ('3 — 3z13('=(c1—c')(Zu: — at —— 0: ) =(u — ()2 (Zu + <")

:> 3[(a3 +123 +0‘) —(a3<r+/2:u+¢‘3/2)]=(u—b)2 ( 2/1+0) +(/2—<-)2 ( Z<'+l)) +(c—u): ( 2u+(')

Tu'0'ng lu:

3H0) +123 +63) —(11:/)+l23c+('2z1)]=(u ~/7): (Zu+/2) +(b—<‘): ('l1)+c) +(c—u): (Zc+u)

I“‘A7

M31 khc: (13 +123 +¢'3 —3al2<‘=%(u+l>+z') ((1 -12); +(l2—(‘): +(<'—n):]

Suy ru (2) <:> %Z(Z/J+a)(u—b): S%i:(Zu+b)(u—l1):+%g(r1+l)+(')(z1—/9):

<1) 2i(a—/J):[-%(2a+11)+%(a+b+c')—%(Zb+a)]2(Jc>%Z;(('+c1—b)(u—b)220

<=> (c'+a—b)(u—b)2 +(a+l7—(')(/7—(')2 +(l7+<"—u)(<‘~(1): Z0 (3)

D51S”=u+[2—(';S,,=b+<‘—u:S‘=c*+u—/2



530 Plzu'0'rzg phzip O.S

:> 5‘, +5,, =21» >0 ; 5,, +5, =2(- >0 1 5,. + 5,, :20 >0. .\/1511 khzic la c6:

SL151) +S,7S[_ +345“ =(c1+!7—c)(b+c“—a)+(/>+('—c1)(c“+c1—/>)+((‘+a —l>)(c1 +l2—c') =

u: —(b—c): +173 —(('—u)3 +(': —(u—/7): :Z(ub+/9('+cu*)—(u: +173 +03)

= 4c1[>—(u+b—(')2 :(2\/Z/7+0+l7—<r)(Z\/;E—u—l9+(')

= (v’Z+¢17+£)(\/5+ @-)(v’7§+¢?— \/’Z)(\/?+\/Z—v’/7)

DO \//;.\h?, 01» 151 cm déi 3 cz_1nh CLIZI 1 lam giéc nén Suy 111 sUs,, + s,,5‘ + $05“, >0

Theo Ménh d5; 5 suy1'a(3‘) dng suy 111(2) dimg suy 10(1) dfmg (dpcm).

B§1i.9. Cho (1. b. c IE1 dé dixi 3 canh cua mél Lam gizic.

Chfrng minh r§ng:3(-‘i+Q+£)22(Q+£+1l)+3 (1)
Z7 c :1 c b <1

Chlhzg minh

(1) <=> 3(a3c + bza + czb) 2 2(b3(* + cla + alb) + 311190

<=> 3[(a3 +b3 +63) —(a2c+b3a+c2b)]SZ[(a3 +193 +03)—(a21>+l92c+cZcz)j+((z3 +12} +03) —3al2c

(W. ~ ... -— .,
<:> 2(2[7+(1)((l—/J)l S%g(2a+12)(c1—b)2+%§(a+b+c)(a—b)2

<=> (£l—b)2(5(l—5/7+3C)+(/)—C):(517—5(‘+3L1)+(C—tl)2(50-—5[l+3/7)Z()

Belt S” =5b—5c+3a;S,, =5c—5a+3b;Sr, =5u—5b+3c‘

Khéng mit tfnh téng quzit giel sir b nm gifra a vil c. Xét 2 khzi néngz

' Xét czb 2 at Khi dé S,, =,5c-—5a+3b>O;SH +S,, =8/2—2a20;S,, +S( =8c—2b20

Sir dung Ménh dé 2 ta suy ra diéu phéi chtrng minh.

' Xét a Z b 2 CZ Khi d6 S“ +S(_ +4S1, =18_c+l2b—l2a>12(c+b—a)>O

+Néu |a—b|2|c—b| ma C>£I—bZb—L‘ z0:>2¢->b

:> Sb +S(, =8c-2b>4b—2b=2b>0 3 5!, +2S,, >S,, +2b=5(c—a+b)>0

+ Néu\c—b|Z1a—b1thib—c2a—b2O:2b2a+c>u

:> S“ +S,, =8b—2a>4a—2u=2a>O :> SH +2S,, >S,, +20=5c—3a+3b>3(<'—c1+l2)>0

Sir dung Ménh :15 6 vc3"i on = 1 suy ra diéu phéi chtrng minh.



III‘ Nh1?ng vién '1!k ' n cuvng trong b('1t 1ing !h12'c lzién Jgli 5Chzrzrng .

" h "n2 minh rangBéi 10. Ch0.\‘._\',_4>O. C u

" /' " ,2 " _: 3- fl .

/— ,7
\ ' ' "+\'\./I_ - ..1+:3+n"+\";+;\'2\/2 .'\/_\" +__.\':+_\“ +1 +_\ +\)(l) I

I 'ng minlzCur

41 W ' " '"+:,\‘)' ( ‘\' ‘z +1: + ‘~\v 3: +1‘: +;\,'_\" +_\“ ) ~4{_\_\ +_\_7 * I ::)—‘(\\'+\:+:\")22\12’.\,_\ .
(1)c>2(.\"+_\- +_ /___

)3 > 2Z:(_\'\/Z(_\"3 + 1:) —.\'(_\' + _,)?<:Z(x—_x" _

" ‘—\")'

I'v\'(' (\(

. .. 3 (
a  @Z(4\-_\~)322Z_i-i_

. +7
1-w \j2(.\"‘ +1") + .\' + _\'

<=> Z(.\"—_v)‘ 222
r_\'1 \I2(_\'2 +:2)+_\'+I r\’<l'_\‘(

dunv bit ding thirc Buniakowski ta 06:

\ ' O minh:

S11" C. (

'1 3:(\'—\')' :(.\'—\')' , V -S2 ' .D0 do ta ch1 can chunc
“ 1 +1’{I

Z

Z1/2(.\'2 + y-) +1-+_v

1 :1:-3): 3—l% <:>g[l—X+\‘)(.\—_\') _1.--_»)-2

Y

.‘. . .

1>0(2)

\.
19511 s‘=1-i,s\=1-~—.$__1\+; ;+.\' ‘ .\‘+v\‘" 1

S (\'—")3+ ',—.13 +S:(.\'~_\")" 20khidc'>(2)<:> _, S1 11

'c1*s\.s:>0Khéng mil tinh téng quait gié s L1‘ .\'2_\"2;>O. K111 0

2 2
\' \" .u' w

' > F + Y2 -2.x"_\'2()Ta c6 .x3S\_ +_\"3S‘_ :_\-3 +_\'3 —'i‘—?~_.
' .\'+Z _\'+:

su dung Mg»/1 dé 4 suy ra diéu phzi i chtrng minh.

Ding thtrc xéy ra khi v51 chi khi .\'= _v = 1.

" 0 minh ringI B51i11.[K0mal] a,b,c > () théa min abc=1. Chunc

1 I 21 3 K 1 Jii 2 ') + 7 + 7 '1 '1b+c 11- 17- @~ (l_+/)'+C'
1_+l+

(1 b c 11+ '

Clzzhzg minh

1 1 3 2

— 2 b‘ c" a + W

Tac6l+l+l—
a b c a+/2

3 / I

>L + 3 + 7 '7 '7+c u ‘ ‘ 12' +1."



531 I’hu"0'ng phrip $.().S

Fa/n' QM:/>3 +/>:<': +<‘:z/2) '

<1: u/1 + /><' + ("(1 — 2 \

11+/?+<‘ u‘+/7"+<"

9:1/15' Z(u:/23 +/23¢“: +c:u:) 60120
<:> ab + />r" + cu ~ Z , _ , —

0+/>+<' u‘+/>"+<~' u+/)+z"

2 __
u+/>+<' 'u‘+/)‘+('Hu+/>+.~)

H
.[V1

"(u—/H: Z1111-/>):(<‘:+[7z"+('u—Z<1/1\

. 1‘ 1‘

c>y<'(u—/>1:(a: +/>3 +141/>—/1<'—<‘u)Z()
A\(

Dét SH =a([>: +(‘: + Z/x'~('(! —a/7) 1 Sh =/M": +u: J— Zcu —-(1/7-/26) 1

S‘ =c“((12 +/7: + 2:1/>—/2('—¢'u)

B§tdf111gth(1'c cn chL'1'ngminh<:> S‘,(l>—<')3 + S/,(c' —u): +5, ((1-1)): 20

Kh611g111§llf11l1l6x1g quz’1l~_giz'1 sir (12 1) 2 C. Khi dé. d§Ihé1}" SW5‘, Z0.

Ta C6 (13.3% +/13$” =u/{(11—[>)3(u+/1)+Z('(u: +/>3 —u/>)+<“(u: +/>3 G > O

Til‘ dy. str dung ./Wénll (73 4. la suy ra dpcm.

Bili 12. Chtmg minh rng \"<'\‘i mqi $6 dmmg .\‘. v\'. I thou .\"_\"+ _\': + ;\' = IL ta luén 06

~ \ 1

_\' \‘ ,1 3 ~ \ ~ |

—+"—+ —2<.\"'+_\~“+_-f)2\3—Z
_\" 1 .\"

Clz/mg minh

Ta c6 bét déng lhirc mung duong \"<'>'i

/Y: Y: _: \
%+'—+" —.\'— \‘—; i+.\'+\"+:—\/32Z(.\" +\"' +;“—1)

\ 1\-\ " ' ,‘

‘(.\'—_\‘)3 1 (.\"—_\"); _;

<:>%'\‘—_+2%:.\'+_\'+;+\/32%“ U

,__:F_ 1 _T<=>Z<.\ \> +-i-—~(\+\+\+J§) 1'20

¢_.....

1‘_\:’ .- _‘ __ J

5‘=1+*_1%%.;$A;+M_;_F__1;
I 2(.\'+_\"+:, ’ -\' 2(.\'+_\-+;+\/3)

Sj:i+__11__-1
3' Z(.\‘+_\"+;+ \/3)

+
/__

v.n

Khi (T6. b§td§111g1l1(1"c cn chirng minh <:> S‘ (_\'— 1): + S_ (1 — x): + S__(.\"— _\‘): Z0



- ' I A -
Clzuvng III: .\'Iurng vién kinz z'u"o'ng rrnng I21?! 171711;; tI1 :2-1' zifn 1/(11

J
)1

1;

T;1c6S +S_ +S_ :l+l+l—3+%L%
‘ -\' .\7 I 2(.\"+\-+:+\3)

.\'\" + \"_", + :.\‘ Q I 11‘ ‘ —3+ = —3+ --
.\'\‘; ' '

11.1

Z,

D

.1

‘J

J

Z _—_\+ i
1(.\'+f."+;

+
/

IJJ

.\I_\": 2(.\"+ \*+:+\/.3)

w w 1

(\‘\‘+\_—+_~\-)2 Z(.\‘+>\"+*_ \,T) Z(_\+_\+__ \ )

U /

K Q3-3+-i_->
‘W—+-» ~ - —+g»

1 . , ,Dill 1:—?———;—r—. Kh1d0_l1lCO
Z(4\"+ \'+ 3+ \/3)

:31:+2Li+l+i—3\]1+L+L+L—2[l+1+-L 3
\ \ _ , \\ \_ ,\ \\ \ ‘

1 \>l+L+——2{l+i+l ]+3=
\'\' \'f I,\' \.\' \' I, _\‘\‘I

_ , _ _\' + \" + 3 + 3.\'\'; — Z ,
'1 a chung mmh ——‘—i—‘i 2 0 <:> .\" + \' + 3 + _»,\-\‘; — Z Z0 P)

.\'_\":

IT

.\'+ \"+ t+3,\\";— Z

Néu ,\~+ \-+ :_ z 2 ma <*=> hién nhién dflng.

/2 +3.\T: — Z 2 /J — Z + : I — Z():~¢*)d(|11g
7 3

\

+

.\l§L1.\'+_\"+3SZ.df1l />:.\'+A\‘+: Q Z2/>2\'3.

, . _l - ‘

Thé lhi thco bit dfmg thirc Sclzur. la Q13 .\‘\": 2 —/)—9—/)~. D0 J6:

S +S_

+5‘ '__

4/1-/>‘ —/1:+7/)—(1 (3-/>)(/>—l)(/1+3)

>0

Df1ngthL'rc xs1y1'z1khi \'Z1chi khi .\" I \" I 1 =
\' -‘

S\S\_+S_\S+S_S‘:(r+l—1)|1+l1-I{+1/+-1-—l{(1+l—1)+[z+l~lH/+!—1)
' K \ \ ‘ \ ' \ ‘ _ \

js \ >

Véy nC‘n lu Q6 S‘(_\‘~:): +S‘_\(:*.\')j +.S ( \‘— _\"): 20 (dpcm).
7&5‘ ‘S +5 5‘>()

Bi1i13. Cho u.b.<' > (). Chrng minh rimg:

.1 ‘ _l

<13 /2: ('1 :11 +/;‘+(‘
+ + >3 ,* _ (1)

/2 <' <1 \/u +/2 +r

____._____?_|

-1

B:‘11df111gtln'rc(>1)=;\ Z”, +22“ I 2 ,

C/1 zhzg minh

:2 9(u4 +/2* +<'1)

W /7' W <' u‘ +/7‘ +<"



534 Phu'0'ng phzip 5.0 S

¢:>Z(

4 / 2 \ /’ 4 4, 4
v 1 I - 9 b T‘<:>‘L‘[Z—q%-Z9"—Za'1+2ZL$+/>c'—Zab}2‘$1

<\z 1 / \

F‘,
\-/

[$1
Q

2

__2/

+

" Z2113 — Z2ab\
_

3.‘. ‘ u'+b'+c‘ W. / L W. W. /J

\3 3Z((l—]))3((l+])")2

(1“b)2 5+1 <:>ZS‘((l'b)Z
(‘\‘t' \ / z\4 <\¢ zn

112 2/) 2:1 3b+c2 ('3 20 22 3(c+a)3trongd6S=,+ + —§( ,),;S: + +1-I ‘>

U c‘ c [7 u'+b“+('" 1 cl‘ a c a:+l)2+(,-3

az Za Zc 3(c1+ Z2):
Sf : '7 + + _ 7 w 1

Z)‘ b a a'+b‘+cr' .

\ A A VR6 ran g ta chi cém chérng minh bait ding thtrc lrong tru'O'ng hqp a 212 2 0 > 0

* TrLr<‘)'ng hqp 1. 12-02 a -12 <:> 2(b—(') 2 a—c <:> 2/2 2 a+<~.Tz1c():

S“+S
C b

C12 bl 4a Z1) Zc 3(u+b)l +3(/7-§-C):
= 7 + ,, + + + — 2 1 ,,

“ c" /9 (J cl a'+b'+c‘

2g+g+2+4\E_ 
b“ c’ I9 a a" +b' +0‘

21O_ 3((1+{J)"-|-w3(/7-i-(‘)' 7a" +4b‘7+7¢Q' -6761/7-6/JC O

a“+b‘+c“ a'+b'+c'

1»: 2b 2a C: Zc 21) 3(a+c)3+3(b+¢-)2S”+S,,=,+ + +7+ + - 2

c“ 0 11 /1‘ cl 0 u"+b'+c'

29_ 3(a +f')2 +73(l2i-cf): 3[(Zf1—f7)2 +7(b-3203120
a‘+b'+c.'“ 2(a'+b‘+(")

48 s<- 10b Za bl 3<1>+¢->1+12r@+<->1S“+4S): ,+ + + + 7- , , 2

I a‘ (I c b c" a‘+b‘+c‘

Sc" 5a bl 20 3(b+c')2+l2(a+c)224c_ l+++5+,+— ,,,
c1 a 0 c" b a“+b‘+c'

222_ 3(b+c;)3 +§12(a7+c)2 10a: +1912? +7€2 —%4ac—6bc 20
a'+b‘+c“ a'+b'+c'

,2 2 2 ‘_2 12 l_2 3 2S”+4Sh+Sr:4¢j +10L+10[)+4(l+Z7 +aj _3(b+c) +v (c1—t() 7+ (cz+b)

a cl ( b ¢ b a +¢- t, __ _ _+b_ >_

226_ 3(b+(")‘ +lj2(a—:-0)“ w+3(>a+/7)‘ 1111‘ +Z(fb' +vl l("w—Z4a/7 20
a‘+b‘+z" u'+b‘+c‘

Néu sh 20 ma la c6 ZS,_(c1—b)2 z<sU +s{,><a-1>>1 20
<'_w'



Clzlrmzg III: Nlzvzg vién kiln cu'0‘ng trong bfit (Idg lh 121‘ lzién (Tgi 535

sh $0.5’ 20 ma Z.§_<u-1>>1z<5h,+45,,></7-(>1 zu

Néu 5,,.s{, so {hi 'Z5‘<@-11>: ms“, +45,,+s( ></>-<->1 20

Trufmg hqp 2. (1-12 2 b—('. Ta sé chtrng minh SK Z O.thz_itv§1yxéthZ1m $6

>13 Z1 Z‘ 3(1+b): , 4 A \ \ A

f((")=S‘ =(—7+—(+—(—»¢I.De lhay day la ham tang theo C ncn
12' /2 (1 a'+b“+("

+ Néu Zbéu 1:106

£1: Ia 3(e1+b): 3(a+l>)3 5:1: +5173 —6u/2
f(z")2_/'(()): q+ — W I Z8— , , = , , 20

I2‘ b a'+/7' c1'+l7' c1'+17'

+ Néu 2b 2 a, 111 c6 _/<<;) zf<2b-(1) = "; + 2” + 4!’ -2- ,3("+,/W 20
12‘ 12 (1 2a‘ +519" —4ab

Véy ta cé Su.S(_ 2 O. Do C16 néu S112 O {hi La cé nguy dpcm.

Xél 1ru‘(>‘ng hqp Sh S 0 la c6:

SH +2517 Z0: -'1-c 612 /Ii Za 6(z1+f")2 -i:3('19~H'):

a‘ u c 0‘ b u‘+b‘+c‘

28c‘_2+8b_1+Zu_6(a+f-)3 +13(l>-fa): Z12_ 2O
61 (F /J u‘+b'+(“ u'+b'+c‘

20: 60 4/2 (1: Za 6(a+c')l +3(a+1>)3
Sl_+2Sh= _+ + + 1+. — 7 ,

a‘ u <* b" b u’ +12‘ +c'

Z6+6(- , Y: ~ 2 _2 '7 22(\1 ) _1+4b+4a_l_6(u+f) +1_>(af-/2) 2l3.6_ Z0
u <" Iv c1'+l2‘+("‘ a‘+b'+("

Khi dé: Z5! (<1-11>: z<sH+2s,)><I/1-(>1 +<5;_ +2s,,><u-/1;: 20

Bil déng thirc dU'Q'C chirng minh. Being thtrc X2)" ru /:> <1:/> : 0.

Bili 14. Cho céc $6 a.b.c>O.ChL'1'ng minh ring:

+ + 22 + + (1)
7 a+b b+c < c+a

a2 bl cg [u2—al>+b2 b2—bc+c: c3—ca+a:j
b ( u

Clzzhzg minlz

4 _» ,_ (1: (12—ab+/)3 <1+l)+z'
BatdajgthL1c (1) <.=> Z7—(¢z+b+¢)22{Z;—-i—u+bfJ

w w /

<:>Z¥l—/JV 23Z:i—~—(u—b')— <@Z:(zz—l>):i-1-—i——3 120
N. 17 Z W 41+/> W \/7 2(u+b)/~



5 3 6 Pl1u'0'ng plzzip S. (J. 5'

I 3 . 1 1 3Dz_1tS,=~——_ ~—-1.8: ————~; .3’:-———~—%—
" 1" J/1+1") ' 11 I(<’+u) ' /v 1111+/>)

Khfmg 1n§lt|’nhl5ng quail. La chx cén xél bél déng thtrc trong 11'L1'O'ng hqp (12/7 2 (' I21

du. Khi dé. ta c6 SNS‘ 2 U. Nhu lhé. néu SJ, 2 () [hi la Q6 ngay dpcm.

q 'w -a 1 -w "1 w, . _ . 1 . . . _ _~Xct 3,, SO. Laud: S/,+ZS/I =—— § +—— 3 2 a — ) + w ~ Q’ Z0
‘ :1 11+(' 1' Z(/1+1‘) 11+<‘ u+(' 41' Z(/2+1")

Z 1 3 3
S +Z5‘,,=~+~—i—'%

‘ ‘ 11 /2 u+1' Z(z1+/2)

Tru‘6'ng h(_)‘p 1. [7—<'2<1—/;<:>2(/1—1")2(1~1'<:>Z/121'1+1'

4 1 6 ‘ -> -1 1 6 3, . . A .Taco 5_+4.s,1=_+~-%-?z=(i+l)+T+_-%-%_
" (1 1* u+z' Z(/>+<') 31¢! (P nu 31" 11+1‘ 11+3<'

1

/ 7 1

—“ +1
219 3 6 T . 1 12 +L\/_ ) — — 3 2O.Kh1dé: ZS‘(u—l2)' 2(Sv+4S,,)(/2—1')‘2()3(a + c) 11+ 30 11+ 1" 11+ 31' W. "

Truimg hqp 2. [7—(,' s 11-1> <=> 11+1- 2 21>. Bin _/11>‘: 5; + 25,}.

D5 théy f(c) 121 him téng nén

+ Néu 2b S <1.tz1c6:

2 7 1 3 @_1> 3 2 1-111/>»21>’"<~>z 101:--l+F_ I - = ” ‘ zoj( f ) 11 11 b 2(¢1+/2) u/7 Z(a+/J) Zub(11'+b)

; , _ , 2 3 I 3 Z l 3+Neu H2211. ta 00: »/(c')2_/(Zb—c1):———+——?—2————~+=()
<1 Z/9 /9 Z((1 + /2) (1 11 Z11 + 11

\/y 111-) 2 0 nén la cé: Z3111-/>>1 z 15H +2.3, >11;-1->1 +15‘ +2s_,]>111-1> 2 0

B§1td5ngth(1"c du"Qc chlfrng minh. Déng lhirc xay 111 khi vZ\<:h1' khi (1 =17 I C.

Binh lugin: Chimg ta cé thé lhy du‘Qc su hiéu qua cuu ky lhuél S.O.S déi v<3'i bili tozin

bu bién, cbn aéi v<3*i caic ban lozin nhiéu bién ma nhu‘ mé 11210‘? Trong lhgrc lé_ 5.0.5 w 111

khéng Q6 nhiéu hiéu qué. tuy nhién chilng tz1\*z:1ncé1h<§;ip dung 116 [rung mél s6l1'u‘O'11g

hqp. V31 n6 thuimg di kbm v('>'i nguyén 1)‘ qu) nap v51 k)‘ lhuil 11611 hién. Chfmg Lu hy
xét mél vi dude‘ 151m 1'6 win dé nil)’.

15. Cho 12 $6 thuc du"0"ng (1],(12,...,(1” lhéa min al +03 +...+a” = 12.

U5
Q1

._..

rr

r

J
/_“\

'51._.

‘ \ "Y ‘Y NChl1'n<>minh1'én2' /1“ —+i+...+—1~J24(11—I)(11I' +11." +...+(1”3)+1'1(/1-Z)'
(1, c1 ‘_ /|

C/1 zhzg nzinlz



Cl1u'o‘ng III: .\'l2z7"1zg vién kim <-umzg trnng byt zldg I11 121' lzién dgi

'1
‘.IJ

\J

Chling Lu sé chtrng minh hit ding lhtrc [hum ngu}Lvn I)" qu) n;_1p. O dix) gluing mi \&

xét phfm ph(rc tap nhl. G6 Ii! hu'd'u chuyén qu) n;_1p_ nghia 151 hit ding lhUL' \£- dnng
n+1 bién khi n6d;1d'L'1ng \é'i 1*. Imqc nho hon /1 hién

Diu lién. chin 3" rfmg hit ding thfrc urmlg du'o'ng xvi:

1

~ W 1 I 1 ‘I \ w \ ‘|;z‘(—+~+...+*)—/z(21—Z)“i(<1|+...+uH)" 2-H/1—l)n'(u,‘ +...+uf)
; (II (I: (17,:

@111

\O'i

\/ixziy I1éL1hfudf1ngt|u'1'c dfmg cho ul +...+-<1’, =11 &him3cf1ng dfmg cho <11 +...+¢/H § /1.

Dt /' u .u,....u_ :\'T—\/"P. Gizi s\'1‘rI12: u I max <1 .u~.....<1 .Tz1c(»:- - I _ I - I 1 _ I7

.

, _' u.+...+u,, u,+...+(1H ‘

_/(z1I.....z1”)—_/1 zlpié‘L
\ 11-1 /z—l

w

2/I 1 1 H3 I I ((1: +...+(lH )7 ,

=12 |—+~~+-———?]—-H/z—1) + +u, ~—é———>;\u: um <1: +...+uw V’ ‘ ‘ H-1

¢-

J

-\ ~

- (<1 —u F 7 (u —u )‘/2 ~ , 1 ~ /1 , \zi-iZ€—~—_].Z(((‘—(]_)‘2-ézi--€-~4Z(([ ~U )’
(412 +...+(1”) 1131/ ’ /1~I 61,11, _'

Tuy 11l1i€:11_cl1L111gta dz1C6b§ld('1gll1(1'c cho /1 hién:

(/1-l)2(L+---+L12-l(n—Z)(a,: +...+u”3)+(/z—1)(/1-3):
u 11, -1

(1/1-0,): _1( _3) _ ( _1)1 (uI—c/‘)3 ,<:>(/1—l)Z:+fIU;’ 2%]; Z:(u‘—u,)'<:>%I Z—+/U' 242M/7-1/V)‘

\ \ /1: (/1—l)3 _ ,
V11 1'0 rung i > ——% \';1§" ncn ("') 2 ().

11 1 21 °

\ A , . ~ - \V1 \'£_\\* chunu lu ch: can chtrnu minh ran" _/'(u.(/.....</)2().u+(/1—l)1/=11. Dicu H11 \'. ~_ » C .

khéng quti kh6 khfm vii ban doc s6 _nhunh clmng lim 111 cflu Ira 1(='i‘ Kf thug}! zip dung

cfmg chfnh 121 bié-U aién \-é 5.0.5.

Bi1il6. Cho n s6 thuc du‘o'n a,.....u/V. ChL'1‘ngminhr2'1ng:

(IQ

'-\
-.

. I |/ \.HI” +___+uH~ +;1(/1~1)u|...(1H 2ul...u”(u] +.,.+u” )} %+{L+...+%!
1 | ‘_\ “

Clzzhzg minh

LO‘i giéi dLrc'>'i dily su‘ dung bit dfmg LhL'1‘c Suranyi:
‘ (/1—1)((1|"'+...+z1I’i’)— Zn] ((15% +...+z1,'I”' ) 2 41'”+...+zz,',’—/1z1I...r1”



538 Plzu'0'ng plzdp 0.5
Mét lén nfra chime ta sé dilng neuvén 1" uv na . O div chljlnu téi cfms sé chi xél hn

. - - J- , ) Q . .P . - - P

phfrc tap nhét. dc’: Iii bu'é'c chuyén quy n2_1p_ nghia I51 bét ding lhL'rc sé dljng \'O'i /2+1 bién
khi n6 d5 dung mi II h'oZ1c nhév hon II bién. '

Bét ding thfrc <=> (c11” +...+u;; —11uIu:...z1”)2r1|...un (:11 +...+u”) -1 +l +-»-+L i—1z:
L ‘ax a u /

\ I u

@_____

T 3-]
u II \ I ((11 U/)

<=> (a| +...+u —/zcz,a,...a )2 a ..a —~+ll _. H I I
I alal

By gid chimg ta sé chuyén biéu Lhfrc (z‘” +...+a,',' —11u]...c1” \/'5 dang S.O.S. Diéu nily 06

Lhé CIu'Q'c thL_1'c hién dé dimg thfmg quabiéuthL'1‘ctrung gizm Z(1|(c1g ' +...+a,'z' I).

Ta C6: (11—l)((1]"+...+(1:: —/u1|(12..z1”)

‘ I —‘

=(n—1)(cz]” +...+c1::)—Zz1i(zzg" +...+z1:f")+Z¢z| [:19 +...+uH' —(n—1)a2....a

L.?

7

11 11 (ul -61/)’
2 a +...+a —/za ...a +(r1—Z)2¢1...z1 ié ‘

l 1| 1 11 1 n air!/V

((1, —u,.)" ‘V /’ 1 1 \ ,1
:>a] +...+u” —na,u,...a” Zzalmau ~—+ =u1u,...u” (u| +...+u”) ~ +-~+— —/1'

' :1 u, ' . u u
I ; L \_ I /|/ J

Biai 17. cm) (,,/M20. ChL'1‘ngminhr5ng

8(a +b+(.')2 3(z1+b)(b+c)(c+a) >48

a: +1): +1": Q/75 _

Clzzhzg minlz

Ta str clung czic dfmg thtrc sau:

Q (u+/2+1"): (u —/2): +(17—(')3 +('<'-cl):
3- -\ 1 'v _ 1 1 w

u'+/.v“+<" z1“+b'+<'“

(c1+/2)(12 + (')(r' + Ll) Q u(/2 — Q): +/>(r" — 11): + ("(11 ~/J‘)2

ubc K Q ubv

Bit dzing Lhirc 6'5 cho tu'0'ng dLro'ng vdi

. . F . 1 / ,3[(a+b)(b+¢)(c+u)_8]28P_ ((7!-¥-/Jj-()w]<:>2L3_ 31 w(b_c_)_

11171‘ cl“ +12‘ +0" W. /K‘ 11' +12" + (" /

5§1[$(,=l——.‘§§wi_1~S;,=l_—,““§~_i~~ 51 :l—T_¥T
bf c1'+b‘+c‘ (‘(1 a'+b'+c" (1/7 u'+l>'+("

Khéng mét tfnh téng quzil.gi2'1 sir u 212 2 c_ suy ra S“ 2 S,’ 2 Sf .Ta c6

“ /— I
S 3(a3 +173 +02 ) -8011 3(z13 + Z0" ) —8('a 3(a —\/20) + Z(3\/5—4)cu >0

[7 _ I w w, _ 1 1 w _ 1 '1 v _'
c'a(u +12" +0‘) cz1(z1' +1)‘ +(") ¢'z1(u' +12" +0‘)

Tachic§1nchL'1'ngn1inh S,,+SLv2O@3( 1 +1)2 7 163

(1/7 (Y1 <1‘ +12‘+(”



Ch mrng III: Nhzivzg vién kim cumzg trong bt (Mug tlz 121' hién Jqli 53*)

Su' dung bit ding Lhirc AM — GM la cé

3(1+1)2 12 :_12v2 2 zwz 12313/5 > M3

ab cu r1(12+:‘) V'3,,_(/;+(») 2u"+(l>+(~r u'+l23+¢~3 u3+/7‘+(‘:

SU‘ dung Ménh (T5 21a suy ra diéu phai chirng minh.

Nhgin xét. Bing czich lilm tu'o'ng u_.1'chL'1ng in chirng minh du'Q'c bit ding lhirc sau

Zx/?(z1+‘/1+c‘)‘ (u+/>)(!1+(‘)(('+u) 28+ (N/5

u" +/7‘ +1" (4/7<'

; , , /_ "’ "Dang 1hu‘c xay ra <:>a=b:<* hoc c1:\,=’2/9=\/Z0 \/E1 czic hoén vi. Chfl y" ring lflc d6

2\/5 cfmg 121 hing sc‘>t61nh5/¢_1(l('>'n nht) dé bt déng thirc di cho dting.

Béi 18. [Moldova 2006] Cho ¢1_l;,¢- 151 dc} dixi bu canh Qua min tum gizic.

Chtrng minh ring a3 (Q — l)+l23 (i—1)+(~3 (Q — l)2()
z 11 /2

Ch ling min/1

*1‘ Céch 1. Ta c6 bt ding thirc cn chtrng minh urcng du‘0'ng \'O‘i

‘ 1 ~ ~

Z¢1*‘l2(/2 -1‘) 20 <:> :20‘ (12 +v—u)(a —/2)‘ 20 (dL'1ng)3 dpcm.

Déng thfrc xziy ra khi v51 chi khi (1: /9 = C.

Céch 2. Ta cc’) bit ding thirc cn chfmg minh Lu'0'ng du'o'ng v<3"i

_ '>‘b 7 1 '7Zza‘ +/>c~Zal>}2;Z:((1—l2)'
(T. 3.. - ..-U‘,

b(c—u)2 l 3 3 - 1<=>gi——(_ Z5g(a—l2) <:>;:(z1—b) (%l—;)2()

B5‘ 5“ :1_1_S,,:/;_1_$( lg;
b 2 1' Z a 2

Bit ding thfrc cn chL'1‘ng minh Iu'o'ng du'0'ng vdi

S”(b—c)3 + S,,(C—(1)3 + Si (u —/2)3 2 O

+ Truimg h(_>'p 1. b+c > a 21> 2 c. Thé ma la c6 S”,S,, >0.

Ta cé Sb + Sf = Q + 2 _1> ()(dO 1; 3 C > ()). D0 dc’). zip dung tiéu chuén 2. ta cé dpcm.
c a

+ Truirng hQ'p 2. cz s b s C < (Z +1». Thé ma I21 C6 S(.,S,, > 0.

T866 S,,+S(_=Q+£—l>Q+C-1]-1=£+£—2:L_C)_20
' c b c 12 c I1 be

Do dé, zip dung tiéu chuén 2. ta 06 dpcm.



5-W Plz u'0'11g phdp S. O. S

W
E»

r-4

C

i./.~>() . , ‘ 1 1/“1” H Ct " ' -' - J“, >5I . lung mmh lang 11" +/2‘ +1" +——.11/2(~_ 4
;\c1l>+/71'+r*11 :1 .1 J,

C1112’/lg minlz

Bél ding thirc Cén chimg minh lu'0'ng du'o'ng vdi
~ \ . '*7*'**“'**

-1111' +1) + ('2 )(z1/7 +/>1“ +111) + 3:1/>1'\1'3(z1/1 + /71' + 1'11) 2 5(c1/2 + />1‘ + 1'11):

<:> 42 11 3/J — 52113/9: — 6(c1+/2 + 1")z1/>1‘ + 311/1“/rN(~11’/2 + /10:1‘? 2 () ,

\\111 1'\1

1,.)

/\p dung bit (Ting 1h1'1'c AM —GM. ta Q6: .\":‘\" + .\'_\": = .\'_\'.(.\': + _\'3 2 2,\‘:_\':_V.\'_ _\' 2 O.

suy ra
"

5 I ' 1 i I 1 1 1 \ w _ w w -1 w w ~v3.211‘/2 =%((1‘l>+vu/2 _+/>‘(’+/>1" +1"11+11'11'>2DZ(1"l>' :J.(z1“/2" +/fa" +1'“c/“)
- nu! ~ 1'\1

D0 d6. lz1ch1 c§1nchL'1'ng minh 11 3/2 + 311/>11/3(11/1 +/11'+1'11) 2 611/>1(11+/2 +1“)
_ \\!Il

1 .11
<:> Z11" [9 + 2(1bc\/_>((1b +121‘ + 1'11) 2 411121111 +/>+1')

\_\ HI

<:> Z11b<‘((1 +12 +1'~ \/3(ab +121“ + 1'c1))S Z (1112 — 211/21111 + /2 +1")

(1/702(11-/>)2

<=> W §Z(11/2+u1')(/7-1‘):
u+b+1*+1/3(c1[2+/7("+("a1) ,1‘

<3 2 (1) — (‘)2 (l (lb + ([(' _ \€ 2
111- \ 11+/9+ 1" + \§3(11/) + 171' + 111) /1

.; 1 _ \ , _ <1/71' .

D1€Ll nay 1'0 rung dung \'1~ < m1n{11/1. /><".1'1/} :> dpcm.
11+/J + 1* + \f ((1/2 + Ix‘ + ('11)

L1.)

sang 11m my 11111-111 \=z1¢111 khi 11 =1» = 1-.

Bfii 20. Cho ¢1_[;_(- >() \'{1 (1+/2+1’ = 3.ChL'1'ngminh1'§1ng

(1 /J c" 3l+Z+ —_ 2 -
(1 + be /7 + (>11 c + 11/2 2

Ch 1?'11g minh

T11 06 bél ding IhL'1'C cén chtrng minh lu'o'ng duvng \"('\'i

Z2 (1(b + c'¢1)(c + 1112) 2 3((1+/J(‘)(/2 + ('(I)((' + (1/J) <:> 311/>1" + Z (13/2: 2 3112/>31": + (1/)(‘Z 11:
1'_\1 1 \‘1 1j\'1"

1 _: »2 -1 2 2 4: 3
<:> 311/71 +/;Zc (11 —b) 2111 /2 1 +11l21(Z11 Z11)

l’\L 1"-'1 (\'(’



Chu'0'l1 III: :\’l1z7'n" vién kim cu'u'n I tron" [nit J12)!" tluir hié/1 dui 5-ll.9 4» L 6 <~ . .

<=>9u/1<’+§Z<':(u—/2): 29113/>31’:+¢1/>¢'Z(<1—/1)j ¢1>Z(<'1 —/>>l5 <1/>1": + %; —L/n. 120

1 I ' -a I '\ I
_ , ~ pa <1/><' . ~ J/9 :1/>4“ . ~ _v<' (l/7<’

DE.“ S I 11‘/>('+Z—Z.S,, = u/2'(‘+————..S I u/>0‘ +i—i
H '7 '3 ' '7 '7 '3 7

B51 dfmg lhirc cn chtrng minh <3 S ('/1-11: + .S'H<<"—(1>: + S <<1~/1»: 20

Khfmg m§ut1'nh léng quzit gia str (12/J 2 (\ Khi dd. dé lh§1§ SH > U.

, 3/>1 />- / _ ?</>1 ~ -1

Ta CO SI, > xv —% =:7-(3l9_u(') >0 1 Sh +5‘ >%l—u/X"23/2('—u/>(’=/><"(3—u)>0

Dodé zip dL_1ngtiéucl1u£in Z. tu C6 dpcm. Ding [hire xay ra <:> c1=l> = c".

Bili 21. Cho ,;_/;_(~>() thou min (1/>+l>¢'+<'u : ! . Chfrng minh

1 > ~ _ ?(I Q? ( w

2+/>'+<'" 2+("+z1' Z+u'+/2’ 8

J.)

<_

Clzzhlg minh

Ap dung ht dfmg B1u1iak1m'ski. I;1c<3

~. > ~Z u _Z :1 (u+/>+<') (u+/>+r')

(\l 2+1): +": in Zu+u/>3 +110: —Z(u+/1+(")+Zz1:/> 3(u+/1+<')—3u/>0
\1'/If

Do dé. tz1ch1c§“111 chtrng minh

L/J / _

‘u

1 ~’ _ 1 ,~ V-— —2-—<:>8(a+/2+0)‘+9\"3u/J("29\'3(u+/2+0)
3(z1 + /2 + (') — 30/M" 8

<=> S((1 + /9 + (‘)2 \/ab + /20 + <1; + 9\/€zz17('2 9\/§<u + /2 + (')(zz/> + /x’ + cu)

<:> S(u + /2 + <')\/uh + In‘ + (11 ((1 + /2 + (' — \' (1/2 + />(' + ("(1)2 \/§((u + /2 +(")(u/1 + /2(' + <1!) — 911/>0)

8 /+-V/+1-+> ~ ~

\:> (u+ 7 ()~;HH (U ~Z(u—/1)‘Z\,"3Z<'((l—/J)"
u+l2+(‘+\'3(u/2+/>¢"+('u) ,._1

, ,ii ‘-

8(u+/)+ ‘) /ul2+/n'+('u r
< -/>' —‘#-‘;—‘.l—i———\"3<~\z<1

(1+/2+¢'+N/3m/1+/1<'+¢'u) J

Bat S 8(c1+/2 + c)\/u/2 +170 + ca X/Ea

U a+b+c+ ‘/3(a/2+/2c+(‘a)

8(¢1+1>+¢V-Mr:/> + /7(‘ + (“<1 b ‘ 8(u + /7 +(‘)\(I/1+/7('+('(l jS/]: —\/3[7I§L :i'i*—‘——*——i-"—\('
u +1) + (' + \/ (ab + />(' + (‘(1) u + /1 + 0 + \/ ((1/v +/7(' +111)

Lu

DJ

Bét déng [hire c§11ch(1'11gx11i11l1 <:> S‘_‘(/2-0): + Sh(('— <1): +5‘: ((1-12): 20

Khéng ml lfnh téng quail. gin su' (I 2 /3 Z C‘. Khi d6. dé thiy S/,.,Sk_ 2 O.

Ta chfrng minh 11:52,, +/23$‘, 2(J<:>4(a:/7+/13¢-+(1/73 +z'u: +03 +b")\ful)+/J¢'+cu 2



542 Ph znfng plzzip S. O.S

2 \/§(u +1; + (‘Hugh + (1/>3 ) + 3(c1:/7 + (1/7:)\/(I/7 +/10+ cu

<24-(b:(' + ca: + (1; + /7‘ )\"u/7 +/21' + <11 + (<13/2 + (1/9: )\ 11/? + /7<" + (112 \' 3111 + /7 + ¢")(¢13/2 + a/9:)

Ta dé ding chtrng minh du'Q'c

4013 +l2“)\/ru¥l2 + (a3[2+ (1173 > \/§(u +l>')(/cl:/7 +u/2:) (1)

V51 41130/a[2 +116 + c'u > \/§c'(c1 212 + ubz) (2)

Ti1'(l)v€1(Z).ta suy 1'21 M5,, +1935“ 2 0.

Til‘ déy. zip dung tiéu chuén 4, la cé ngay (dpcm).

Being thtrc xay ra khi v51 chi khi (1:17 = c.

Béi 22. Cho Cl, b_ c > O. Chirng minh ring:

a(b+c) b(c+a) c(a+b) <7+ 2(0-/)):(b—C):(C-*(l):
az +2110 122 +2ca ('2 +2ab _ _ ((12 + 2bc)(b3 + 2c‘a)(c2 +2ab)

Ch 1211g minh

Ta C6 bét ding that Z 3a(/2+0) <6+ 6(a—b)3(b—c')2(<‘—u)3

C W (I2 + 2110 _ (412 + Zbc)(/)3 + Zcu)(c': + 2:!/2)

, \ 2 2 3@2[2_3¢:(b+L)J+ j6(u b) (‘I7 <) (1 xa)
W. a‘ + Zbc (a" + Zbc-)(b' + 2ca)((*‘ + 2012)

Z 2d -3a<b+¢)+4b¢ am —b)2([7~(')2(('-(I): >0
W W (13 + Zbc (413 + 2bc)(/23 + 2ca)(c2 + Zab) _

Z (a - 2c)(a —b) - (a - 2b)(¢- - L1) 6(u —b)3(b - ¢->3<<-- (1)2 >0
W N. (12 + Zbc ((12 + 2b(:)(/93 + 2ca)((‘3 + Zah) _

HZ(a—2c)(a—b)_Z(a—Zl1)(c—a)+ 6(a—b)3(b—c')2(('—a)3 >0
W. :12 + Zbc: W. (12 + Zbc ((13 + Zbc)(b: + Zca)(("2 + 21112) _

<:>Z:(a—Zc)(a—I>)_Z(b—2c)(a—b)+ 6(u—b)3(b—(:)2(c‘—c1): >0
.. (12 + Zbt W. 123 + Zca (£12 + Zl2<")(/22 + 2cu)(("3 + Zab) ~¢_\<

H2((z—b)3(—4c'2 +4c(a+b)—ub)+ 6(a—/1;:(h—c)3(('—a)3 >0
‘_' N, (az + 2bc)(b: + 2411) ((13 + 2b(")(l73 + 2c'a)((‘3 + Za/J) —

<_=> Z(a—b)2(—4c2 +4('(a+b)—ab)(c: + 2ab)+6(u —/J)2(/7—('):(C-(1)2 20
:'_\':'

<=>3Z:ab(a—b)3(c3 +2ab)+Z(a-1»)1<_46 +4c(a+b)—4ab)(c2 +'2ab)+6(a—b)3(b—c)2(c—a)2 20

<=> 3Zab(a —4b)2 ((-2 + Zab) + 4(a —b)(b —c)(c — a).2(z1—b)(c3 + Zab) + 6(u —b)3 (/9 — c): (0 ~51): 20
0
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<:> 32 c1b(a —b):(c: + Zab)—1Z(a—b')3(/2—r)3(("— (1): + 6(a —/)):(b— c'J:(¢‘—(1): 2 O

<:> Zn/9(a—b):(('-I +20/7)—Z(a—/2):(l>—c):(c—u): 20

Khéng nlt lfnh téng L]Ll£il. gia' su' (12/J 2 0 > (). Khi C16. ta C6

2al)(a—l7)l(c3 +2511?) 2 (Z/J((I—17)3((': +241/2) 2 Z03/>3(u—/1): 2 Z(u—/v)3(/2—<")2(<'—zz):

Véy Zabw —b)3(c-2 +2c1b) —2(a—/>)3(b—(f)3(c'—c1)2 20
< _\'1‘

a§b+c) b5c'+u) (’§cz+[2) £2+ 7Z(cz—l?)2(7l7—(")2(('ja): (dpcm)
cl‘ + Z120 b‘ + Zara c" + Za/J ((1' + Zbc')(l)' + Z('(:)(c“ + Zu/J)

E)§1ngthL'1"c xeiy 1'11 khi v51 chi khi a =12 =0 hoéc a I/1.c" =0 vi czic hozin vi

Béi 23. Ch0 (1.b,(" > O.ChL'1'ng minh ring:

al bl Cl
V + +

Ix" ("(1 ab
w v 212 + 3 + 1

cf + Zbc /1‘ + 2m ch‘ + Zab a" + Z/20 /J‘ + Zca (." + 2012

Ch zhzg minh

b
C/zzivzg min/2 122% (1)

U, a L. cf

B5 dé. Néu a.b,c..\',y,; 121 sziu s6 thuc khéng m thou min (TiéLl kién (121220 v

.\'Z _\' Z 3 (ho2f1c_\-S _\'£ 3) thi

x(a —b)(a -0) + _y(b — c)(b — a) + :(c — a)(c — I9) 2 O

C/ning min/2.

+ Tru-img h(_)'p 1. x 2 y 2 Z 2 O.

Ta cé a—c2b—c2O (d0a2b2(') :>.\"(r1—c')2_\‘(b—<‘)2()

M51 a—/520 nén x(rz-c)(n—l2)2)'(l>—c)(c1—/2“)2O<:>.\'(a—c‘)(a~l2)+_\"(b—c)(b—a)2O

Milt khzic. do (121220 V51 :20 nén I.(c—a)(c—/9)2O

150 dc’) .\'(a —b)(a—c)+ )'(b—c)(b—a)+ :(c—a)(c—b) 2 O

+ Tru'b'ng hqp 2. O S .r 3 _\" S ;.

Ta C6 a—c2a—bZO (C1002/DZC) I>;(a—(‘)2_\'(u—l2)20

Mi b-<-20 nén ;'_((I-(')(l7—(‘)Z_\‘([I—/7)(/)—(‘)Z() <:>:(<'—a)((‘—l2)+_v(/>—<:)(/2—a)20

Mélt khzic, do (12 1) 2 c v€1 .\' 2 O nén x(a —c)(u -1)) 2 O ~

Do d6 x(a —b)(a ——c)+ _\>(/2-—c)(l2—a)+ 1(c—a)(c—b) 2 O

B5 dé duqc chirng minh h0z‘1n toim. Trd lai bfli toén cua ta.



544 .
I’h1m'ng plzrip S.().S

/ .

Tu C6(1)<:> ln' ‘hr i2O<:>Z: /n‘(u—/>)(u—‘¢')

W \ 11/7+/7<'+<'<1 <1‘ + 2/W,’ (u/>+h("+('u)(u‘ + I/>0)

uln" (u — />')(u — c“) A 4 , 4 , _,
<~_—> Z 20. Khong mat tmh Long quu1.g1a xu‘ (i Z /J 2 L’.

uh + /n" + ("u ,\ <1 + Zu/av

. . , , 1 1 1 l l 1

Khl do. ta co <1‘ + Zu/x2/>‘ + Zul><"2z' + Zu/n->():> 2 ‘ 2 >()
r" + In/H" /7 + Z11/>1" 41' + In/M"

' »l 1 A , . 1 1 1

Ap dung bo dc: tron \'o‘1 .\‘ : .‘\" I K .: = i Lu suy 111 duqc
:1‘ + Zulu" I)‘ + Zulu" 1' + lulu‘

Z‘l__ii((l—b)(.(l—(‘)>(). Vév (l)dL'1n<1.
W. 11° + Za/20

1 v \/
_,, , _ (1 , (1 (1 -

C/mug mm/2 Z_i—Zl (Z).Tz1c0(2) <=> ,i—— —l——- 120
W, u‘ + 2121' W \‘ 11" + Z/>0 11+/>+(“/‘

._ ') . . .__¢:>2£I(£l/7:}-(I( -_/J()2O\,__$2(l(1((1 1>)_Z'a/9‘(( (1)20

W. u" + 1/90 W cl“ + Z/20 W u" + 2/7(‘

<:> — Z 2() <:> 2&1 —/1): (‘(21% + Btu ~ (I/J)((': + la/2) 20
W a‘ + Z120 W If + 2011

Dill S‘, = u(Za/2 + 2(‘(1—/JL‘)((1: + Z/>0) 1 5/, I /v(Zu/1 * I/>0 ~ ('(1)(/>3 + Em);

S‘ = ("(2/>0 + Z<'u—u/1)(¢': — Z11/1)

B§taT§11glh£1'c can Chang minh <=> 5“<1>-(>1 +s,,k<--ml +s[ (u -1))’ 20

Khéng n1§11Lf11l1t6ng quail gia' su" (12/7 2 0. Kl1idé.d51hé'y SW5,’ 2 0.

D5 thiy 19(1): + Zca) 2 ("(03 + 2:119) 2 O nén

5,, 4 S, 2 (‘(03 + Za/>)(Zu/7 + Z/>0 — vu + Z/)0 + Zea — uh) = ¢‘( 1“: + lab )( :1/2 + -L/)0 + ('11) 2 O.

D0 dé. zip dung tiéu chun 2. ta suy 111 nguy (dpcm).

. F ; l

Béi 24. Ch0<1.l>_(~ 2 O \'£1 /1 2 _»+\/7 . Chirng minh rang:

‘l ‘l W1 9

pa'+/ac pl2'+('u pc'+a/2 (p+1)(ab+l)c‘+<'(1)

Girii

Kh6ng111§1ttinht611g quz'1t_gi2'1 su' (13/;z(~_ Lu 06

j
w

XV]; + l)(a/2+l>(* + ('1!) _\_ Z (3/m +1/1 — Z)(')(l> — u) + (3/Ju + (p — Z)/>)(c — 11)

W \ pu‘ +/x" /J 3(/ml +/M‘)
/ ~

‘
:lZ((1_[7)§ 3/m+\(/7 —- Z)<" 31>/2 +‘(]> — Z)<' Liz“, _/U: 3/$1,/; + [N I‘, _ 3)(.((, 4‘/,) _(l, _ 2%.

Z pa‘ + /7(' p/2' +¢'u /» Z (pzf +/>¢')(pl)' + cu)

D0 dé. bit dzing thirc tu'o'ng du'0'ng vdi.
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Z(u—b):(3p:u/2+ p(p—5)(‘(u+/1)—(p—Z)(':)(p(': +u/A20

<:> Z((I—/7):((3/J: +p—Z)u/2+([>: —6p+Z)("(¢1+/>))(/)5: +11/2)

+(L/)_2)(u—/vJ(/>—<‘)(<"—u)Z(u—/7)(/>0: +u/1) 20

<:> Z((l—/7)2((3/7: + p—Z)u/>+(»/1: -6/1+ Z)c"(u +/7))(/203 +61/))

—r/2+l)(/>—Z)(u—/2):(/>—<'):(<'—u): 20

ChL'1)"rang L12/>2('.p23+\ 7 nén

all): 2 (c1—(')3(/)—c'):.3/>1 -:~ />—2_2(p+1)(/>—Z) >0./1: —6p+Z2()
D0 (‘I6 2((1—b)2((3/93 + p— 2)ab+('p3 —6p+ Z)r"((z+l2))( 11¢-3 +u/1)

l'\'('

2(3p3 + p—Z)Z((1 -/J): (zb(/x": +az/7)2(3/23 + /2—Z)Z(u—h)3u3/>3

2(3/2: + p— Z)(<z —h):u:/>3 26/): + ,">~ Zlru—l>):([>~¢'):(<"—u): 2(p+ 1J(p—Z)<<1—l>):(l>—(‘>:(<'—u):

Nén I351 ding lhL'1'c hién nhién dfmg. Bing lhfrc xay 1'11 khi (1:/2:1; riéng trong Iru'C>'ng

hQ'p p=3+\§ dimg thtrc cbn xay 111 lai (1:/;_(':() \"£1 czic hoim \'j.

Bi1i25. Cho ‘\-__\<_; >() Lhéa _\‘_\"+ _\"; + :,\‘+.\"_\"; I 4. Tim hfmg *6 /\’ {$1 nhl suo cho

.\"3+_\-3 +;3+3k 2(k+l)(_\"+_\~+;)

Giiii
T T ~ , 4 A _; .Cho _\'= y\'=\/2.; = \/Z —l. ta suy ra du'c_\'c k S Z\//5+1. T11 se chung mmh hat dang thuc

vdi gizitrj vi1'at‘1m du"Q"c: .\"3 + _\'3 + ;3"+3(2\/€+1)22(\/2 +1)(.\"+_\'+ 1) (‘*‘)

‘ ., .; z ,. I 1 1

Tu*g1ath1eL .w+ \‘:+ :,\'+,\W'; =4.danl0'1’ ———+i+%—=l
' ' ' .\'+Z \‘+Z 1+2

I/11+/1+/>21
, , A 1 1 1Dodo. taco the-dil m=’—&.n:—./2=——:> 1

~ '\'+2 ."+2 3+2 O<IlI.lI.])<:

:> /21.11./2 121 (TC) dili 3 canh cua mél tum gicic. D0 G6. L611 t2_1i czic $5 du'o"ng cl,/J.c' sao

cho m =b+<'.12 - 1 +0. p = c1+/1. Khid6.t[rc£1ch dzf1t.mc6

I-2/n 1z+p—/21 Za l—2/I p+m—n Z12 ]—Z/2 /11+/2—p Z0_\: : : _\‘: : : 1:: : :
m nz I) + 0 ' 11 /1 c + (1 p p u +12

I , .. ,, \ 4 1 ~ *~ 2B'étdéngthL'rc(*‘)l1'o'thunh ZZ;’“+3(2\é’2 +1)Z2(v’2 + Hill
1",: ()+(')_ M: )+(‘



5-Lb l’Izz1'/nzg phzip S.().S

U
;LYl

(

.\

441' 4N3- \ 4%!‘——L(\2"'l,¢{(/7+('l*(2\2—H(/)+(')—‘~-Wm *_<:\,:¢¢;z<>»;>§ _ < W 42
/2—r(‘)’ /)*" ‘ (/>—(‘)“

r » _ _ \ * '- Y 7» __ *
- \

T é€___ _’%_ ‘¢>
L‘ t/> +

F

@Z((1
r\<

.\ .211-(2\2*l)/J~(_'\3+H:' ((17/J) 2(l*‘:\:"-1]/7-(2\2+l;(' (l"(l)

7 _ i ( ,_
r . ‘ 1

-- ~WW \ ~_;  

1')" 7" 1‘/)1r'V
~~~ 20

A2”-(2\/2+1)/>-(2\:+1)( U!’/9) _/>--(2\:+1)(»k2\2+11¢1<0»-/>>
<:>Z- - ?~§~ ---~ * 7 _ -~ 20

(/)+<“): -. (11%-1‘):

F44“‘I
J

3 _/7:): -41: +2/1: +(l — Z\/?)r'3 +(l—Z\/5)z1/>+(3— Z\§)<"(<1 +/M120

D31 5 I :21): +2<-1 +(1-A/i)< +(1-:\2)/1<»+(3-2\/i)u</w+(->

S

S

/>

‘_

:26 +2”: +(1-295)/>1 +(1-2\/2)<-U+(3-A5)/><¢-+u>

=2¢/1 +2/f +(1-2{2)¢-1 +(1-2v"2M,/;+(3-2¢2)¢~<(/+1»

Khi dé. bit ding {hire cn chirng minh lm Lhimh
w ‘vw ~ ww w w“

_S 1(1)“ —(" )' +.S'/:(<" —u')' +S ~(a‘ —/2' )' 2

KhO11g1n§tlfnht611g quail. lz1c6ll1§gi:1 \u' 112/12<'>(). Khi d6. 1:106

SI. =21? +1413 +(l—Z\/‘#5)/1: +(l~—Z\6)<'u+(3—Ki)/)(r"+<1)

22¢: +2/>1 +(1-2(5)/J’ +(1- 2gi)<-/>+(.1-A3)/><<-+/>>

=2(vE-1):/>1-4N5-1)/>(-+2(-I12$?-1)1>~<»]_zo

S . =Za2 +Z[2: +(1—Z\/Z)('3 +(l —Z\/Z)u/2+(3—Z\/Z)('(c1+I1)(_

24¢/>+(1-2¢2)¢-1 +(1-zvfz)0/>+(3-2¢2)<-<u+/)>

=(_5-—Z\/5)ul>+(l—2\,5)c'2 +(3—_ ‘_)c'(u+/2) 2(5—_

J1

_)<

J
Z

J

(51
V

F\

,

1‘
A

J

;
J

f'\

,

v
0

:(6_4\/5)('2+2(3_'\1 -~=»C— --_

S\+S
'3" — 1 1 .~ r

-A1-2)¢'+2(3-_\@_

J
/,,

H

‘J

J

J7

‘J

)¢'

‘=(\/2 -1) (u‘ +/>~>+2(¢2 —l)ab—-l(\"'Z —1)('((1+/))+'-11':
/1'

=(\/5-1): (u+/2): -~l(\€—I)(‘(¢1+/1)+-{(-3 I

‘M47

-»

L(\/3—l)(u+/2)—Z(@H Z0

D0 d6 5 :</>3 -H >1 +_s"}:<¢-1 —¢/1 >1 +5 inf -/>1 >1 z<s V: +5/vi ;</>1 -8)’ 20

Suy1‘a(’?‘)dLing. Véy /(mm = 2\/5 +1.
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|v. BA| TAP DANH CHO BAN BQC TL)‘ GIAI

Bili I. Chm u./>.<2_U. Cl1U'11s minh rnu: "Y + /7 ~ ‘Q + ‘[{)+"")‘;+'4({ ii” ” />+<" ("+11 u+/> (,~+/,~+(~ I
B§1i2. Chm a./>.r2(). Cln'1'ngrninl1r:'mg:

<u+/1»: (/>+<-1: <<-+ml
+ + Z6

N +0/> :1’ +/n" /V +111

BE1i3. Chu u./>.<'2U. Chfrng minh rimg:

(1/+l))(/>+(")l('+<1,> -in!/2 +ln" +111)
+ 213

H/>1‘ l/3+/f+<-3
Bili 4. Cho 11.11. ('20. Chimg minh 1‘§1ng:

,. '3 . *<1 + I) + 1 + ‘_<1/>‘< 2.»!
/)+(" (+11 <1+/> Rm‘-/;‘-.,‘~, 18

Béi 3. Chm u.[2.<' lix QTQ dili h;1c:_mh cuu n1<}l tum gizic.

l . 1 v 1.Chung mmh rang: 5+Q+i2~i+i+i.
/> <' u /)+(* <‘+u </+/2

\. ~ . - ; “I -" + + ~B2116. Cho <1./2.<‘2().Chu'ngm1nh1‘ang: 1” _ + 1” 1 + 1‘ ‘ 2 U Q (
u +/2 />'+(" <'" +11’ '~

\. . , . ¢ ‘ /~‘ -‘ +1 ~ -B2117. Cho u./).<' 2 (). Chung mmh rang: f1 + \7 + f _ 2 ‘I 37”“
Zu‘ */1' Z/1"+(" Zr"*¢!' 5

Bi 8. Tim hng >6 /\ LCM nh;-it s;1<wul1cvlw:§l<if1x1g lhfru suu dflng \b'i mQi <1./>.<'2():

1152 + /1? + (‘fl < 3

(u+/2)’ +/<1" (/7+0)‘ +/<11: (<'+<1)' +/</1“ — 4+/\
Bfli 9. Cho (1./1_¢-20. Clu'1'ng minh ring:

3 3 -3 1+ /2 + (' I -u + /> + ( 2 (4 )

/7+‘ "+11 (1 +1’ Z\/3(a/2+/>z'+('a)

/%T—f
‘ 3 3 .3 /3(zl'+/>'+("')

B211 10. Cho r1.b.("20. Chung mmh rémg: ” + /’ + ‘ 2 \
(1+l2 l>+<' (“+0 Z

__ ‘ , , ~ - " (u+[7+c'):Bal ll. Cho u_l>_¢'2(). Chu‘ngm1nh1'§mg: i~+—b—+%+3Si
/>+(" (“+11 (1 +19 Z u/1+/)z"+¢*u

Bili 12. Cho (l./J.(' 2 0. Chfrng l1’1il]h1'£;1I1<_1I _i I
3 3 V: ‘It ,+ ,+

U /; +( >\.)(u /2 1

/)+(' ('+z1 u+/2 Z

Béi 13. C110 u./>120. Cl1£1'|1g111i11h1"§1I1g:

(If-1-/Ji+L"i + 90/11" 21/+24-0
(1 +12 +<' Z(u+/2+0) '-
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Béi 14. Cho 11../).1‘2(). Chimg minh rng:

, ‘I + ‘I + l 2 ' 9

11'+/>1" /)‘+1'11 (“+1117 fl/7+/7l'+l'll

Bili 15. Cho 11_/7.121). Ch1'rngminh1"z'1ng:

114 +/7:: +1'i + 311/71' >11‘ +l;' +1":
u:+/;*+(-- 2(1I+/7+1')— 2

Biii 16. Cho 11./2.120. Ch1'rng minh ring:

(111>—1“3)(11+b—1‘>3 +1/)1'+113 )(b+1"—11): +<1“11—/7: )(1"+11—/1): 20

Bi1il7. Cho 11_/2.1"2()./1 2 Z. Ch1'1‘ng1ninhr§1ng:

11”,‘ +1)‘ +1‘ 2 Z11‘ + Z/2 + Z1”

/J 1" 11 ' /7+1" 1'+11 11+/2

Bfai 18. Cho 11.b.1‘2O. Ch1'mgminh1‘§1ng:

11(1!: + Z/>1") /7(1): + Z111) 1.'(1': + Z1111) <11 +11 + 1'):
+ + >

/1 +1! 1' +11 11 +11 — Z

Biii 19. Cho 11./7.120. Chirng minh rngi

11; +12} +1"; +311l71'21/b\~Z(11: +173) +/)1"\/2(1): +1':\)+1'11\/Z(1": +113)

B51i2(). Cho 11.1>_1' >0. Chtrng minh ring:

L+L’i+i+11+/>+1-2?-V“Lb: Hui)
/2 1' 11 11+/1+1‘

Biii 21. Cho 11.111" > O. Chirng minh réngt

U5

E1
IQ

EQ

(3

51‘ 1)‘ (" 2 ’w+/7'1+("7)

l2+1' ("+11 11+!) j(U~+];~+C-)

J

J

J

pa
/\

‘Z:

ho 11.b.1"ZO 1hOa min 113 +12: +1-3 :3.Ch1’1'ngminhr§1ng.

1 .+ 1 .+ 1 1

lZ—l21'—-111' 1Z—1r11—-1/1' 12-11/7—-L1”
2_

7

-\
A

B§1iZ3. Cho 11.b.1" 2 O. Tim héng s615111l1§1cL'1a k d§b§1CIéng1h1'1'c suu dfmg

( 11 )w+( /9 )“+( 1" )7+]\,11b+l21’+1"11Zl\_+;3

1 11 I +1 411+]; >+1' 1'+11 3+): -3

Béi 24. Cho 11./2.1" 2 (J. Tim hing $6161 nhé'11c1'1z1/< d5b51d§mg1h1'1'c suu dfmg

11 + /2 + 1‘ + 1111/21' 2]+%
0+2/1 /1+Z<‘ ("+211 (11+/>)(/2+1')(1-+11)

B51i25. Cho 11.12120. Tim hing 151 nh§1 @1111 k dé b51d5ng1h1'1'c sun dilng

11 11 11 )’~+( /<11/21* 232/1
(_11+b 11+/7 11+/1 11+/2)(/7+1-)(1-+11)




