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NHUNG BAI TOAN BAT PANG THUC CO BAN TRONG COSI.

Cho nnguyén va n >2 . Tim gia trj nho nhat cia A = z + .

X

Giai:

1 n+1

T
n so —
n

Ebookherem

ai mién phi Dé thi - Tai liéu Hoc tdp

A o2l L, . T 1 "
Dau dang thuc xdyrakhi — = — <z = %
n "

n+1

n+1’nn

Gia tri nho nhét cua A =

Cho nnguyénvan>2vaz>k >”+\1/;.Tim gia tri nho nhitcia A =z + ln
x
Giai:
Véi o>k >"n
x" k" r k v "2k "3k s

1 1 1 1 1
S(z-k)|1-— + + + ...+ >0
(:E ){ ok (:En—l xn—Qk $n_3]€2 kn—l jj|

Q(m_k) xk — 1 + 1 + 1 +...+1 >0
.’Ek wn—l .fl)'n_Qk wn—SkQ kn—l

Ta co: 1 + 1 1 1 <M omn? <ok

1 2 + 37.2 et 1 1
z" "k 2"k k" k" "yl

Suyra f(z) > f(k)dung véi moi =z > k > U

Gia tri nho nhét cua A:k+% khi z = k.

Cach2:

m m x" m m " m

T
n so —,m>0
m
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=k

Ta chon m sao cho: 1 =>m=2"" ="

T
m "

o . 1 "1
Bai giai: A = m1+...+ ‘/B1+ +z- mlz(n+1)n+1 ‘/Bl +z|l- nl
k7l+ k’n,+ In k7l+ k’n,+ I'n k7l+

xr

n so

k7L+1

Viz>k >"+\1/; nén n < k"' suyra: A > (nk—:l) +k(1— k:l”j =k+ kln = f(k)

Cho hai s thyc & # 0,y # 0 thay déi va théa man diéu kién: (z +y)ay = 2° +y* -y . Tim gid trj Ion nhat

1 1
ST
z )

cua biéu thirc : A =

Dé thi Dai hoc khéi A nim 2006

Giai:
Xét (:c+y)xy::c2+y2 — 1y (*)
1 1
batu=—v=—.
Z Y
1 1 1 1 ) e
TadUQC—+—=—2+—2——:>u+v:u2+v2—uv:>(u+v) —(u+v):3uvé—3(u v) )

r -y xr y oy
:>(u+v)2—4(u+v)SO:>OSu+vS4

z* + P 3 (:B+y)(:1c2 +y° —zy) (z+y)(z+yy z* + 1y + 2zy

Khido: A= 33 3 3 - 3 3 2 2
Ty ry Ty ry
:A:%+%+£:(u+v)2él6.
R VR

¢ e . 1
Dau dang thuc xay ra khi v = v = 2 hay :Bzyza.

Cho z,y,z1a 3 so thuc duong thay d6i . Tim gi4 tri nho nhat cia biéu thic

P=x £+i +y g+i + 2z E+l
2 yz 2 2 xy

Dé thi Pai hoc khéi B nim 2007

Giai:
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1 1 1
P= (:z: +° +z ( + j —|x +y2+z2)[1+—+—j
2 Yz TYZ

P> 19\3/1’2@/222 3 L
2 xzyQZQ

Ding thitc xayrakhi z =y =2=1.

Vay gia tri nho nhét cia biéu thic P = 2

Dé thi Dai hoc khéi A nim 2009

Cho z, v,z 1a cac sb thuc duong thay d6i va thoa mén diéu kién z.y.z = 1.Tim gia tri nho nhit cua biéu thirc

P xQ(y+z) .\ y2(2+x) s 22(x+y)
Y y+2zx/; z z+2x\/g z :E+2y\/;

Dé thi Dai hoc khéi A nim 2007

Giai:
Qx\/_\/xyz 2y\/7\/xyz 22\/_\/xyz 2x\/_ 2y[ 2z\/—
y y+22\/_ Z z+2:c\/_ T x+2y[ Y y+22\/_ z z+2:c\/_ T x+2y[

1
0=y y+2z\/; x\/;—g(—2a+4b+c)
bat: b=z + 20 = yf—%(a—2b+4c)
=7 :E+2y\/; e = %(4a+b 2¢)

Khi do: PZ%[_2G+4b+C+a_22+4C+4a+b_26j2%(—6+4{ﬁ+2+£}+{£+2+9D,
a c

HayPZ%(—6+4.3+3):2.

Vay gia tri nho nhit cia biéu thitccia P =2 khia=b=c=1.

Cho céc s6 thue khong 4m z, y thay d6i va théa man « +y = 1. Tim gia tri 16n nhét va gia trj nho nhat cua
biéu thirc S = (4x2 + 3y)(4y2 + 3:1:) + 251y .
Dé thi Cao ding khéi B nam 2009

Giai:
Nhén xét: vai tro gidng nhau (d6i ximg) cua z,vy .
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S = 12(w3 + y3) +162%y" + 3dxy = 12(3: + y)(x2 +y° - xy) +162%y" + 34y

2
Hay S = 12(3: + y)((z + y)2 - 3xyj +162°y° + 34ay = (4xy - ij + 191

2
Vi z,y khong &m va thoa man x+y=15uyra0£xys($;yj :i
2
:>—lﬁ4xy—lS§:>OS ZJ::Uy—l +ES§.
4 4 4 4 16 2

s ‘ 2 . 1 s ‘ .
Vay gia tri 16n nhat cia 5235 khi x:y:E va gia tri nhé nhat cua S =0 khi z =0,y =1.

I I3 3 / 5
Cho céc s0 thuc z,y thay doi va thoa man (IL‘ + y) + 4xy > 2. Tim gia tri nho nhat cua bicu thic
A= 3(:1;4 +yt 4 a;QyQ) —2(3:2 + yQ) +1
Dé thi Dai hoc khéi B nam 2009

Giai:
:(:B+y)3+(x+y)222:>x+y21.

A= 3(ZB4 +y’ +x2y2)—2(:z:2 +y2)+1 :g(q,A +yt+at + gt +25B2y2)—2(:132 +y2)+1

A =%(x4 +y4)+g(az2 +g/2)2 —Q(x2 +y2)+1

2

)

8
=~

+

NS
=

I

—_—

z° +y2)2 — 227y > ({L‘z +y2) —(ZL’4 +y4) =z +y Z%(SEQ +y2)2

Khido A Z%(CUQ "'yQ)Q +g(x2 +Z/2)2 —2(3:2 +y2)+1 hay AZ%(&:Q +g/2)2 —Q(x2 +y2)+1

:A22t2—2t+1,t21.
4 2
e Lorens A 9 (e NP A , 1
Xét ham so f(t):Zt — 2t +1 xéc dinh va lién tyc trén ntra khoang §;+oo .
Ta co f'(t)=2t7222—1>0,tzl:f(t) ddng bién trén nira khoang l;+oo .
2 4 2 2

1 9 g 1
Khi d6 min A = min t)=f| - |=—.DPang thtc xayrakhi t = —
iin f(t) f@ - Ping y 5

te| —+o0
2

DIEM ROI TRONG BAT DANG THUC COSI
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Bai toin mé dau : Cho a,b > 0va thoa midn a + b < 1. Tim gia tri nho nhat cia biéu thirc
1 1

P= + .
1+a®>+b> 2ab

Giai:
1 1 4 4
+—> =
1+a*>+b° 2ab o> +2ab+b"+1 (a+0)+1
1+a®+b° =2ab (a=b)’+1=0
&
a+b=1

Loi gidi 1. Ta co: P = Zgzg

Dau" = "xayra < { . Hé v6 nghiém. Vay khong ton tai min P.

a+b=1

Loigiai 2. Taco: P = L + L + L > 4 + ! = 4 + !
1+a*>+b> 6Gab 3ab o’ +6ab+b0>+1 3ab (a+b)’ +1+4ab 3ab
2

Matkhécabs(a;bJ :i.VayPZ 2. ool z%

1+a*+b* =3ab )
Dau"=" xdyra < <{a=b <:>a=b=§.
a+b=1

. (e 1 1 .
Loi binh: loi gidai 1. va loi gidi 2 gan nhu tuong tu nhau, cung ap dung bat dang thirc —+ — > . Tai sao

a b a+bd

\ PN Ty S A a1 i . coaa 1 1 1
trong cung mot bai todn ma c6 dén hai dap so ? Do dau ma 101 giai 2 tai sao lai tach =

+ ?. Do
2ab  6ab 3ab

chinh la ky thudt chon diém roi trong bt ding thikc.

Céc bt dang thirc trong cac dé thi dai hoc thong thuong 1a d6i xtng voi cac bién va ta du doan ddu bang xay
ta khi cac bién bang nhau va xay ra tai bién.

21 > +l+4ab.
a®+b° ab

Cho a,b > 0va théamén a + b < 1. Tim gia tri nh6 nhat cua biéu thic P =

Giai:

Do P la biéu thire d6i xtng v6ia,b, ta dy doan min P dattai a = b =

1
2
1

Tacod: P = 1 +L+ 4ab+1 +1 > 4 + 2,14ab. + 1 >7
a® +b> 2ab 4ab 4ab (a+b)2 \ 2ab a+b
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a® +b* =2ab
Diu "=" xayra < =t oa=b=l.
16 2
a+b=1

Vay gié tri nho nhat cua biéu thirc P = 7 dattai a = b = %

Thao khdo hai loi gidai khdc :

Loi gidi 1:
P = 1 +l+ 4ab + L + 1 > 1 21f4ab.i+iz4+2+iz6+L
a’> +b° ab 4ab ) 4ab (a+b)2 2ab  4ab 4ab 4ab
a’® +b* = 2ab
£ \ 9,0 1 1 1
Dau " =" xdyra < Ja’b :E @a:b:E.Thaya:bzgVaotaduqcPZ?.
a+b=1

Vay gié tri nho nhat cua biéu thirc P = 7 dattai a = b = %
Loi binh 1:

, s A ~ , A < , 5 . 1 A X A A , , A \
Qua céch giai trén ta da chon dung dau dang thuc xdy rakhi a = b = B nén dan dén viéc tach cac sO hang va
s . 9 A 5 < A ’ . 1 \ , r A+ N ~ 12 . s
gia tri nho nhat cua biéu thuc P = 7dattai a =0 = B la dang , nhung budc cudi cung ta da lam sai , vi du

(1—(1)2 +a > a,ding thirc xay rakhi a =1 = mim{(l—a)2 +a} =a?.

Loi gidi 2:

el +2ib+2ib+4abza2+b§+2ab+2ib+4ab:(afb)2 +(2ib+4abj.

Mt khéc 2leb+ dab > 21/2%).4@ —2J2.Vay P>4+2/2 = min P = 2(2 +\/§)

Loi binh 2:

Thoat nhin thdy bai toan da giai dtng . Thuc té thi sao? . Viéc tach % = QTib + QTib dé 1am xuét hién ding

thiuc a® +b* + 2ab = (a + b)2.
a=>b

min P =2 (2 + \/5) & QTib = 4ab . Hé vo nghiém. Pang thirc khong xay ra , do d6 khong ton tai min P.
a+b=1

Cho 3 sb thuc duong a,b,c thoamin a +b+c < g . Chting minh rang :
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1. a+b+c+1+1+1>E.

a b ¢ 2
2 \/a +i+\/62+l+\/cz-|ri>3\/E

a’ b c 2
3 \/a +i+\/b2+l2+\/ +—2>3\/_
C a
Giai:

1. a+b+c+1+1+1>E

a b ¢ 2

Ta c6 thé pham sai 1am: a+b+c+l+l+1233abc+3 > 6, [Yabc

1 1
a b c M_ 'M

Dau dang thirc xdy rakhi @ =b = ¢ = Inhungkhid6 a +b+c =3 >g (trai gia thiét) .

=6

Phan tich bai toan :

Tur gia thiét a,b,c duong thoaméin a +b + ¢ < %, goi y hudng giai bat dang thic trung binh cong, trung

binh nhan. 22a+b+cz3\/3abc = Jabe S%.Dét: z =abe S%

Khi d6 : a+b+c+l+1+123\/3abc+3

1
a b ¢ Yabe

= 3(&; + lj . Dy doan dang thirc xay ra khi 2 = %

x
1
r =— 1
Ta chon « > 0sao cho: 2 sg=2t==.
z_1 4
a =z

Bai giai:

a+b+c+ + + >3 l >3 4:L“+l—3:1: >Z’>21/4:z:l—9:zc—12—9:E
T T T 2 2

Ding thirc xay rakhi a = b =

2. \/a2+i+\/b2+i+\/c2+iz 3\/ﬁ.
a’ b’ ¢ 2

Phan tich bai toan :

Tir gia thiét a,b,c duong thod mén a +b + ¢ < %, goi ¥ hudng giai bat dang thirc trung binh cong, trung

binh nhan. %2a+b+cz3\/3abc = Yabc S%.Dét: z = abc S%,dfmgthfrcxéyrakhi ZEI%.

, 1
Xét z° + — chon @ > 0 sao cho:
X 2 ]‘ X
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Ap dung bat dang thirc trung binh cong, trung binh nhan cho 17 sd, trong d6 16 s6 1a S va s6 a”:
16z
1 1 )" T e
v +— =1 +16.— 2172’ - = x2+—22—°€.
T 162 162 T 2
917
-15 -15
1 4/ al? 2 4/]_’7()17 5 4/ Cl?
= - ,f - ac +—
2 32 2
217 917 ¢ 217
1
N 5 s a5 15 15 15 \3
:\/a2 +%+\/b2 +i2+\/c2 +i2 2%[(1" +b1 +c”]2%.3[a"b”c”}
a b C 2; 2?
, 1 , 1 , 1 _3V17 3\/ 3\/17
a +— 4,/ +—+ c+—2+( ) A .
a b’ ¢’ 2 2
217 217
1
Ping thitc xdyrakhi a =b=c = 5
Cach khac :
- I 1) — 1
Chon: u = [a;—j,v = (b;—j,w = [c;—j
a b c
Dung bt déng thic vecto ul + o] + ‘;‘ S ;‘

2
\/a2+i+\/b2+l+\/c2+l2 (a+b+c)2+ LINE ) I J(abe)* + =
a’ b’ ¢’ a b c J(abe)?

JGZ+L+J62+A+JCZ+Angx+1:3Jx+L+£>3J2 e 1,15
a’ b? c’ T 162 16z 16 =z 16z

, . 1
Ding thirc xayrakhi a = b =c¢ =5

3. a2+i+ b2+i+ 02+l2ﬂ_
b c? a’ 2

1
Tuong ty trén . Xét z + — chon a > 0 sao cho:
y = Ty
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Ap dung bat dang thirc trung binh cong, trung binh nhan cho 17 sd, trong d6 16 s6 1a S va s6 a”:
16y
16 1 -16
17,4, 17
x+i—x +16L>1717x( 2] = x2+l22\/1—7$7y
16y 16y Y o17
1 1 -16
\/—a”b 17 1 \/—bﬁ ?_ s 1 S \/ﬁcﬁav
I — —2 ajc + — 2 —ﬂ
217 ¢ 217 a 217
1 -16 1 -16 1 -16
PRIy [ c2+l2\/E alb T + b 4clTg 1T 3\/_( c)l7>3 1725:—3\/E
b’ ¢ a’ 2 32 2
217 217 217

Ping thirc xay ra khi a=b=c=%.

v~ L1 1 N TPy S
Cho z,y,z > 0 vathéa man — + — + — = 4. Tim gia tri 16n nhat cua bicu thic
r oy z

1 1 1
+ +
2 +y+z2z x+2y+z x+y+2z
Pé thi Pai hoc khéi D nim 2007

P =

Giai:

a2005 + b2005 <1

. Chimg minh rang :
2005 + 2005 <1

Cho cac s0 khong am a, b, x,y thoa cac diéu ki¢n {
x

(11975.1)30 + b197o.y30 <1

Todn tudi tho 2 —sé 27

Giai:

Nhén xét : Cac da thirc tham gia trong bai toan cung bac 2005 = 1975 + 30, dong thoi sé mii ciia cac bién
tuong tng bang nhau.

Ap dung bat dang thirc trung binh cong , trung binh nhan cho 1975 s a®™” va 30 sé 2%
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1975(.;;(:; + ?;8.):1:2005 > go(){)/(amor) )1975 .(x2005 )30 — 19T 30 (1)
+

1975.6% + 304" . 1975 30
e (1975+30)y 3 Qooﬂ)/(bm) () =0 (2)

Tir (1)va (2) suy ra 1975.(a™ + 5™ ) + 30.(2” + v ) = 2005.(a'".2" + 5" ") (3)

a®™ 4% <q 2005 2005 2005 2005
T s s = 20052 1975. (0™ + 5 + 30. (% + ) (4)

Tir (3) va(4) suy ra 2005 = 2005. (0" 2™ + b7 4™ ) = 072" 457" <1

Dau dang thire xay ra khi o' = 2% 0" = ¢*.
am+n + bﬂl+7l S 1

Tong quat : Cho cac so6 khong am a, b, z,y thoa cac diéu kién . Chuing minh rang :
xm-%—n + ym+n S 1

a".z" +b"y" <1.

Cho z,y,z1a cac sb duong thoa man diéu kién: z° + y* + 2° = 1. Tim gia tri nho nhit cua biéu thirc:

A= V2 2
z T Y

Giai:

2 2 2
Tacod: Az—(xyj +(£j +(ﬁ] +2(y2+z2+x2).
z x Y

Ap dung bét dang thirc: 2° + y* + 2° > oy + yz + 2z
Taduge: A* > (y° +2° +2°)+2(y° +2° +2°) = 3(y° +2° +2°) = 3.

Drfmgthﬁ:cxéyra@ﬁzﬁzﬁzx:yzzz

1
Vay minAzx/g dat duogc khi x:y:z:i_

J3

Cho 3 sb thuc dwong a,b,c thoa man a* +b* + ¢* =1 . Ching minh ring :

a+b+cz3x/§'

B>+ A+ad® a’+0b° 2

Phan tich bai toan :




