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Mot s6 bai giang vé cac bai todn trong tam giac 1

MO PAU

C4c bai toan trong tam giac la dang toan kho trong céc ky thi dai hoc
va d6i khi xuat hién trong cac ky thi quéc gia, qudc t€. Vi hy vong gitip
ban doc dé dang hon khi giai loai bai todn nay trong cac ky thi dai hoc va
himg thd hon khi giai cdc bai todn khé trong céc ky thi quéc gia cia nhiéu
nudc trén thé gidi, cac tic gia cudn sich nay c6 gang phan loai ciac dang
bai tap va xay dung nhimg phuong phép giai ching. Dé ban doc c6 thé tu
hoc, cdc bai giang trinh bay trong cudn sach nay dugc viét mot cach kha
chi tiét tir don gian dén phiic tap. Tuy theo kha nang clia minh cic ban doc
sé Iinh hoi duoc nhiéu phuong phép giai hay can thiét cho minh. Hy vong
sau khi doc cudn sich nay ban doc nhan thdy tu tin hon khi giai cic bai
todn trong tam gidc xuat hién trong céc ky thi dai hoc .

Cuén sach gom hai phan:

Phan I: Trinh bay cdc dang thirc lién hé gilta cic yéu t6 khic nhau
cia modt tam gidc nhu goc, canh, chu vi, dién tich, ban kinh duong tron noi
tiép, ngoai ti€p, bang tiép, do dai, cic duong cao, cac dudng trung tuyén,...
bay 1a phan rat co ban va quan trong khong nhimg trong cac bai todn vé
chimg minh ding thitc ma ca trong cdc bai toan chimg minh b4t ding thitc
trong tam gidc.

Phan II: Trinh bay viéc 4p dung cdc bat ding thic dai s6 nhu bat
ding thitc Cosi, bat ding thitc 16i hay cac yéu t6 cha tam thifc bac hai,...
dé giai cac bai todn bat dang thic trong tam gidc, déng thdi ciing néu méi
lién hé nguoc lai dé chuyén cdc ding thiic, bat dang thic trong tam gidc
thanh cac bt dang thic dai s6 va cé diéu kién. Céc ky hiéu dung trong
cuén sich nay 1a nhimg ky hiéu thong dung duge dung trong sach gido khoa:

A, B,C' las6 do cic géc o dinh A, B, C;

a.b, cla d6 dai cic canh d6i dién cic dinh A, B, C;

ha, hy. he 12 46 dai cac dudng cao;

lay U, lc 12 A0 dai cac duong phan gidc;

Ma, My, M. 1a do dai cdc dudng trung tuyén ha tuong img tir cic dinh
A, B,C dén cic canh d6i dién;

S,p, R, tuong img la dién tich, nira chu vi, ban kinh dudng tron ngoai
ti€p, ban kinh duong tron noéi ti€p cia tam giac;

Ta» Tb, e 12 bdn kinh cac duong tron bang tiép géc A, B, C tuong Ung.
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Trong qu4 trinh bién soan cudn sich nay, ching t6i da nhan dugc su
dong vién khich 1¢ cha céc dong nghiép khéi chuyén Toén - Tin, cha Ban
lanh dao Khoa Todn - Co - Tin hoc, Trudng Dai hoc Khoa hoc Tu nhién,
DPai hoc Qudc gia Ha N9i. Chiing toi xin chan thanh cam on su gitp 46 cua
c4c c4 nhan va tap thé néi trén.

L4n d4u ra mit doc gia chic chin cu6n sich chua hoan toan ddy du va
con nhiéu thi€u s6t, rit mong su gép ¥ cua cdc ban. Cic y kién gbp y xin
gui vé dia chi:

Kh6i THPT chuyén Todn - Tin,
~ Trudng Dai hoc Khoa hoc Tu nhién,
334 Pudng Nguyén Trii, Thanh Xuan, Ha Noi.
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Chuong 1

Cic ding thitc trong tam gic

1 Cac ding thitc dé6i véi cac ham so luong giac
trong tam giac |

Truéc hét chiing ta chimg minh céc cong thitc co ban quen thuoc sau

Vi du 1.1. Chimg minh ring

1) sinA+sinB+sinC=4cos—g-cos-§cos—§-
2) cosA+cosB+cosC = 1'34»4sin—g-sin-§sin~§-

3) sin? A+sin® B +sin’C =2+ 2cos Acos Beos C

4) tgA+tgB+tgC =tgAtgBtgC

A B B C C:- A
5) tg—z-tg-2—+tg—2-tg-2—+tg-§tg§=1

6) cot flL-f-ct §+cot g——-cot iq-cot Pict _C_'

7) cotg Acotg B + cotg Bcotg C + cotgC cotg A = 1.
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Giai
1) Ta 6
B —
sinA+sinB+sinC:sinA+2sinB;Ccos 20
—2si 4 D il
= sm20032 coszcos 5
—QCosé[cosB+C+cosB-C]
B 2 2 2
=4 os—ficos—lz osg
=4 5 2c 5
2) Ta &
tcosA+cosB+cosC:cosA+2czosB;CcosB;C
A B-C
_ _ . 2— " -
=] — 2sin 2+2sm2005 5
A B-C B+ C
-—1-+~2s1n—2—(cos.2 — COS 5 )

=1 + 4sin —z—sin —2-sin —g—

3)Ta b

l—cos2B+1—cos2C
2 2
9 cos? A - cos 2B + cos 2C
o a 2

=2 4 cos A(cos(B — C) + cos(B + C))
=2+ 2cos Acos BcosC.

sin’ A + sin? B + sin?C =sin? A +

4)Ta &

tgA+tgB +tgC =tgAtgBtgC
&>tgA-tgB =tgC(tgAtg B — 1)

tgA+tgB

1—-tgAtgB teC
&> tg(A+B)=—tgC (HiénnhienviA+ B+ C = ).
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5) Ta cé

At §+t Et 9—+t gt -4“1
goley Ty TGy =

B, A C A C
etgtes +tg5)=1-tgtg

tg:A+th

B Cite—

@tg-z—' 2 A 26,21
—tg —tg —
1 tg2 gz

otgB g At

1
2 2

B B ix d
& tg bl cotg 7= 1. Diéu nay ding.

6) Tt cau 5 ta-suy ra
1 1 1 .
gt~ ¢t ¢ A

A B
cotg 2 cotg 5 cotg 0 cotg -é- | cotg bl cotg 5

A B C A B C
A4 cotg_—2— + cotg —2— + cotg bl = cotg 0) cotg 3 cotg 2"

7) Tir cau 4 ta suy ra

1 1 1 1
cotg A * cotg B + cotgC  cotg Acotg Bcotg C

< cotg A cotg B + cotg Beotg C + cotgCcotgA =1 (dpenm).

Ngoai cdch ching minh truc ti€p trén chiing ta c6 thé nhan dugc dc két
qua d6 tir cic ménh dé téng quat hon.

Vi du 1.2. Chimg minh rang

. . . . : . r+y . +2z ., z24¢2
P = sinz+siny+sin z —sin(z+y+2) = 4sin 5 Y sin ¥ 5 Sin——.
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Giai

Ta ce

. r+y r—y r+y+2:z
'—“‘25111—~9 ( ' ; : )

-~

Ly T+Uy . Y+2 L 24T
=4 311 Sin Sin
2 2

— - <

Tr ceng thitc trong vi du 1.2 ta thu dugce cdc cong thic sau doi vai cac géc
A, B C' cua moét tam gidc.

OWie=Ay=B.:=C (A+B+c=mn, ABC>0)ta
thu droc két qua ¢ 1) trong vidu 1.1

sinA+sinB +sinC =
A+ B . B+C C+A

= 4s8in 5 sin sin = 4 cOs

2 2

COS

f{“ COs
5 ,

| &
N Q)

¥) Vi x = 24,y = 2B, z = 2C ta thu dugc
sn2A + sin 2B + sin 2C' = 4sin(A + B)sin(B + C) sin(C' + A)

= 4sin Asin BsinC

¥y Viiax = 3A,y = 3B, z = 3C ta thu duoc

3A+3B, . 3B+3C, . ,3C+3A

sim 314-sin 3B +sin 3C' = 4sin(— ) sin( — ) sin( ———2————)

I

1 3A 3B 3C
= —4C0S — COS —— COS —
COS —5= COS —= €O —

Ta ¢ thé md rong cic két qua ndy khi x = nA,y =nB,z =nC,n € N*
1hur au
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Vi du 1.3. Chitng minh ring

Dat P =sinnA +sinnB + sinnC

Ta cé
. nA . nB . nC )
P = — 4sin 5 sin 5 sin 5 vi n =4k
P=4cosnAcosnBcoan v6i n=4k+1
2 2 2
P=4sinnAsinnBsinnC v6i n=4k+2
2 2 2 ,
P=—4cosnAcos~nBcoan vdi n =4k + 3.
2 2 )
Giai
Ta cé

dn A balEnDvainl = duin nA-{z-nB sin nB-;—nC sin nC +2an’nA

.nr nC, . nr nA . nr nB
= 4sm(-—2- - -2——) sm(—é— - -—5—)sm(7 —@_)
#)) . = Az A - DO, il = By o _ g P
) n 4k=>sm(2 ~2) sin(2km 2_) sin —
» = 4K o 2—1{———@ = 81 1.-29_
) n 4k~0—1=>»sm(2 2) sm(2k1r+2 2)
—sin(zr——-’—z—c—'-)-—cos?-g
S22 277 T 2
*) n=4k+2=>sin(%7[—Eg—)zsin(2k7r+1r——n—2c—)=sin—n—zq
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nrt  nC 3r nC nC
A ) =4k +3 = sin(— — —) =sin(2k7t+ — — —) = — cos —
) 5 -3 ( 2 ") 2
Vi du 1.4. Chilng minh rang
: , T Y=+2 Z2+Z
P = cosz+cos y+cos 2+cos(x+y+z) = 4 cos €0§ ——— €08 —
Giai

Ta cé

T+y r—y T+y+ 22 Tr+y

P =9 ¢os COS + 2 cos cos
2 2 2 2
r+1 r+vy+2z2 T -
=2cos — J[cos——-JT———— + cos 5 y]

:1:+yc0gy+zcosz+x
2 2 2.

=4 cos

Tir két qua cda vi du 1.4 ching ta d& dang thu dugce cdc ding thic sau

Vi du L.5. Chimg minh rang

1) cos2A +cos2B + cos2C = —1 —4cos Acos Bcos C

: B
2) cos3A +cos3B +cos3C =1 ——4sin33—24sin3§—2—sin%€

3) Kihiéu P = cosnA + cosnB + cosnC tacé

P =—1+4cos%cos?cos§v6‘in=4k

P =1+4sixln;sinn238innzc véin =4k +1

F ='—1—4COSE;~(TOSZ£2§~COS”—2C'-VOin=4k+2

P =1-4sinn.;sianBsianC véin =4k + 3.
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Giai
1) Chon z = 2A,y = 2B;z = 2C, khi d6 cos(z + y+2) = 1 va
:v-;—y = cos(A+ B) = —cosC.
Suy ra

cos 2A + cos 2B + cos2C = =1 - 4cos Acos Bcos C  (dpcm).

2)Chonz =3A,y =3B,z =3Ckhidécos(xr +y+z2) =—1va

cosm+y—cos———————3/44-33—cos(§71—§£)-——sin-?-)g
o2 2 2 27 2
Suy ra .
cos3A+cosBB+cosBC=1—4sin3;sin3zBsin320.
nA+nB nr nC
3)Tac6 cos - e -:"'COS(,"{_'T,).‘*:
*)n=4=>cosg-4—-;:ﬁ£=cos(2kw—%c—);cos%.‘

Suy ra P=.-,1+4cos.%écos22§—cos-n-2€

n=4k +1 #cwg—é—?—g = cos(2km + 3" -—2—) = sin 3 -
Suyra P =1+4sin nzA sin nzB _sin_nzc.
*)n=4k+2=¢cos7—z—ﬁq~’g~—7—l£=cos(2k1r+7r3—%€)=—coszg-.
Suyra P=—1—-4cos%cos7—12—3-cos:22g‘_
*)n=4k+3=}cos%—_;-—z—§=cos(2k7r+§2zr—‘—%g)=—-sinf§c—..

A B ic
Suyra P =1-—4sin n2 sin n2 sin n2 '
Dé xay dung cdc ding thirc cia tg, cotg ching ta thudng bién d6i nguoc t
dang thifc quen thuéc tg x cotgz = 1.
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S —

Vi du 1.6. Chimg minh rang
1) tg3A+tg3B +tg3C = tg3Atg3Btg3C

2) tgnA+tgnB +tgnC =tgnAtgnBtgnC

_ nA nB nB nC nC nA
3) tgtg -ty -t -t te— =1

Giai

) tg3Adcotg3A =1
= tgdAcotg(3mr — 3B —-3C) =1

= —tg3Acotg(3B + 3C') =1

tg3Btg3C —1
tg3B +tg3C
= tg3A+tg3B + tg3C =tg3Atg3Btg 3C.

= tg 34

) tgnAcotgnA =1
= tgnAcotg(nm — nB —nC) =1

= —tgnAcotg(nB +nC) =1

tgnBtgnC -1
tgnB + tgnC

= tgnA+tgnB + tgnC =tgnAtgnBtgnC.

< tgnA

)t zzé(‘Ot'—nA—1<:>t e I (‘m"nB+nC)—1
M T I T AN %2
nB nC
i nAt n,B+n.C'~_1®t nA tg7+t,g._2_ L,
S BTy T T nB__nC

::t‘ﬁ-/-l—t nB_H.nBt nC_}_t 'nC't nA__1
g2g2 82%2 8282"',



12 Nguyén Vii Luong, Nguyén Ngowc Thing

BAI TAP

Bai 1. Chimg minh ring
C

B
P=sinA+sinB —sinC = 4sinigsin—2—cos§—.

g A B 1
Bai 2. Cic gbc clia tam gidc thoa man dang thic tg 5 tg 5 =5
minh ring |
sin A + sin B = 2sinC.
Bai 3. Chiing minh rang
A B
P=cosA+cosB—cosC = —1 +4cos§cos Esing—.

Bai 4. Xét tinh ch4t cha tam gidc, biét ring
cosA+cos B—cosC+1=sinA+sinB+sinC.

Bai 5. Xét tinh ch4t caa tam gidc, biét ring

tg %g = cotg 3A.

Bai 6. Xét tinh chét cha tam gidc, biét réng_
A B B

2.2 12 2 17 — QYY) —— =—

sin 0 + sin 3 +fsxp 5 sin 5

’

-
2’..

Chiing

Bai 7. Cho a, b, c1a cdc s6 thuc durong thod man déng thitc ab+ be+cu = 1.

Ching minh rang

4a® 4b? 4a? (1-a®)(1-¥)(1 -2)

Arap T aree tivap - 2+%

Bai 8. Xét tinh chat ctia tam gic, biét rang
cos? B + cos>C + 2cos Acos BeosC = 1.

(1+a2)(1 +b62)(1 4c2)
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LOI GIAI
Bai 1.
Ta ¢6
P:sinA+2('osB;CsinB;C
. A . B+C . B-C
=2sin —[sin + sin ]
2 2
~—4sin—sin§cos—c—
B 22 2
Bai 2.
Ta co
. A . B C
sinA+sinB—sinC 4805 sinocos o AL B_1
sinA+sinB+sinC A B C ©3%373
4 cos — cos — Cos —
2 2 2
Suy ra
3(snA+sinB—sinC) =sinA+sinB +sinC
& sinA +sin B =2sinC (dpcm).
Bai 3.
Ta cé
. B+C ., B-C
P = cos A — 2sin sin
2 2
' A A B-C
— 20 1 .
& P = 2cos 5 1 ZCoszsm 5
A . B+C | B-C
P—2cosi[sm 5 —sin—j ]—1
A B . C
P-—1+4cos§cosgsm§- (dpcm).
Bii 4.

Xét tinh chit cia tam gidc, biét rang

cosA+cos B—cosC+1=sinA+sinB +sinC.

Giai
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Tacé
1 A . C
cos A+ cos B—cosC + 1 cosp s siny _ . C
sin A + sin B + sinC —4 A B C~ %3
COS*é'COS—Z"COS‘é—
Tir gia thié€t cua bai todn ta suy ra
C C s
tg—z'-——-l@a-—z{:?c'——é-
=> Tam gidc vudng tai C.
Bai §.
Ta cé
tg%c—-—-cothA
<i>2c01:g3A-—-—2‘tg-—32g
@cot §—4—t §—A-—2t, §—q
2 N kel
& . =t ok 2t =
STIA "Byt &5
tg-?
<t §--{1--;!-21: -3—0-t g—é 1
S ) g 2 g ) =
Suy ra \
LTV 1
gyt ey =

3A 3B 3B, 3C 3C, 34
tg-—-——tg—+tg—tg—-+tg—2—-tg-—§—

2 2 2 2
(1632 - 1628 (153 +1630) =0
@tggzﬁ =t:g3—21z <& A=1B

=> Tam gidc can dinh C.
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Bai 6.
Taco
D C

cos A+ cos B+ cosC =1+ 4sin 3 Sin - Al

2

33 5 Y R ‘ R [2 Ll (‘) . 1 4 2 A B o C'
<3 - 2(sm 5 tsin® o5 s o) =1+ 511172—511155111 5

- - —

A LD ..,('“.A.B.C \
st o— A si” — 4 st — 4 281 — s1in — Sin — =
’S 5 t S11 5 + S 5 S 5 5 5

- -— - — ] —

Suyra
q O A B C
‘..-— () o5 = e ol () 2. — o—
sin” 2 + V2sin 5 Sit 5 (V2sin 5 1) =0
C
\/3sm — —1) [-~s1n = + ot ﬁsm—-sm —]
\,_.
¢ 1 (G ™
Gsi—=—=&—=—C=—
~ V2 2 4 2

= Tan gidc vuong tai C'.

Bai 7

. : B
Viu.,b>()suyracét6ntai()<A,B<7rsaochotg—é—: ,t.g;:b
Suy ra

.y B+"(t‘A+t —1—3-)—1

!-,2 g2 C ?»2 32 =

o — cot A+B__t_(7r___A+B)
‘ BT T 83 2
A+ B

Dat%—-z; —---—mcot5€_cvaA+B+C-—1r

Vay cct6n tai 3 géc ciaa mot tam gidc sao cho

LA, B C
u—-tgg.)—tgg.(_tgg
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Khi d6 dang thitc cdn ching minh tuong duong véi

sin? A + sin® B + sin? C = 2 + 2cos A cos B cosC
(Xem vi du 1.1). '

Bai 8.

Ta cé

sin? A + sin? B +sin?C = 2 + 2cos A cos B cos C
& (1—cos?A)+ (1 —cos? B) + (1 — cos?C) =
2+ 2cos Acos BcosC

<> cos’ A+ cos? B+ cos?C + 2cos Acos BeosC = 1

Suyracos?’A=0& A= g => Tam gidc vuong tai A.
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17

2 Céac yéu toé hinh hoc trong tam giac

Trong muc nay chiing ta xay dung céc dang thifc clia cdc yéu t6 hinh hoc

trong tam gidc.
I. Mot sé cong thirc co ban

Dinh ly ham s6 c6sin

a? = b* + ¢ — 2bccos A

b%> = ¢ + a® — 2cacos B

® = a% + b% — 2abcos C.

Pinh Ii ham s6 sin

a

b

Cc

sinA sinB sinC

Vi du 2.1. Chimg minh ring

21,

(l‘)2+c"’——a2)li’=__b"’+cz—a2

) , =
1) cotgA e 15
| _(@®+ ¥+ AR a?+ b —a?
2) cotg A + cotg B+ cotg C = e = 15 .
Giai
1) Ta cé
cos A 'ﬁi&:fgi B+ -a®)R b+ —a?
cotg A = — == = = ,
sin A 35 abc 4S
abc
iS = —.
vi iR
2)Tur 1) suy ra
. (a?+b0+ AR aP+ b2+
cotig A + cotg B + cotg C = e == 1S .
V-G 44 092676

"

T
ht
H
H
|
i
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Vi du 2.2. Chimg minh ring

. A_ [(p=b)p—c)
2) sxng—\/ =

A_ [b-Y-o

3) tg

2 p(p —a)
Giai
1) Tacé s o .
A b*+c*—a
22 1 _ _
2cos 5 1=cosA e
A_bV+c-d (b+c)?—a?> (b+c+a)(b+c—a)
9 4% _ _
& 2cos > T +1 - o
A _plp-a) A [op—a)
i a4
0o’ T = " ¢ co8 5 b (dpcm).
 2)Tach 2 2
1—2sin? A — g THC 0

2 %c

2 ool 2 _ (b )2 _ M__’
¢$23in2£=1__b +c2—-a _a’—(b—c) _(a+b c)(a+z—0b)

2 2bc 2bc 2bc
érsin?-;1 » (p_bzip_c) @Sing = \/(p"bl))ip'c) (dpen)).
3) Tacd
A \/(p-b)(p—C)
o= —2- be sz—my—d.
cos = p(p —a) p(p - a)
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Vi du2.3. Chimg minh rang

absinC  besinA  casin B

S.._ = ==

D 2 /s 2
) = abc

£ o = 4R

d S=rp

4S = \/p(p — a)(p — b)(p — c) (Cong thic Hérong).

Giai
1) Tachd y _—
ok Rl (he = bsin C)
2 2
2) Tach -
. c a
81nC—§§=>S—-:1—E
3) Tachd
S—£+z+g’.——r
—p Ty T TP
4) TacH
_besinA_, A A \/(p——b)(p—c) p(p — a)
5= 5 —-bcsm2cos2-—-bc b =

& S=+/plp-a)p-b)(p—c) (dpcm).

Vi du2.4. Ching minh ring

A B C
S=p2tg§tg—2—tg—2—.
Giai

Ta ¢é

il Q- [omde-Ve-9_s
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Suy ra

A B C
o 2 Whepui R B —
S. ptg 2 tg 5 tg 5 (dpcm).

Vi du 2.5. Chimg minh ring
¥ &

2

g_T & G'%
D m=35+3-3
3
2) m3+m§+m3=z(a2+b2+c2).
Giai
A
Mgq
a/2
B I ¢
1) Tacéd
ad
m3=c2+—a-—cacosB
=$m2_02+9:_c2+a2—b2
. 4 2
A b a?
_§-+3—-‘1— (dpcm).
2) T 1) suy ra

3
m2 +m}+m?= Z(a"’+b2 +c2)
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Vi du 2.6. Chilng minh rang

21)(:(‘03-/1
0 = 2
b+c
C A <osB cosC
R i A i 3
Giai
1) Tecd
A
la
B D ¢
\ , A
fenin, A . clasm—i+ blasm-2:
2 2
. A A .
& 2besin 5 85 = (b+c)l,,sm—2—
A
2bCCOS—2-
@lazm“ (dpcm)
2) Tt1)suyra
A
b+c:C°S§
2bc L,
A
2 2 I,
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Tuong tu
cos E
2c 2a lb
CoS g
2a 2b lc
Cong céc ding thic trén ta thu duge
cos'A cos < cos 5
1 1 1 2 9 D)
a+3+c— la M b M le (pem)-

I1. Mot s6 cong thirc ctia cac biéu thirc d6i ximg

Vi du 2.7. Chimg minh rang

sinA+sinB +sinC =

s

Giai

Ta cé
ac : c

. : PO _r
smA+smB+smC-—2R+2R+2R R

Vi du 2.8. Chimg minh ring

A B C.
cotg 2 + cotg D) + cotg 2 = -

31

Giai

Ha dudng vuong géc tir tam dudng tron noi ti€p t6i BC cit EC' tai
M.DPat BM = m, MC = n.
Tacé

cotg

cotg
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Suy ra
; B+ : C m+n
cotg — + cotg — =
63 &3

I | e

Tuong tu
t ) t —
cotg - +(,o.g2 =

210 3|0

tA+ t 5
otg — CO -_—=
cot8 5 &5

Cong vé& vai v€ cdc dang thic trén ta thu dugc

A B C
cotg 5 + cotg B + cotg bl = g (dpcm).

Vi du 2.9. Chimg minh rang

r = 4R si és’n-—z-}-" —g
= sm2 i zsmz.
Giai
Ta cé
C St e = & AL
g2 g2 Tr ¥
sinB+C 4Rsin-‘ﬂcosé
o - 2 _ 2 2 -
sinésing r
2 2
cos-/1 4Rsin—4cosé
o 2 _ 2 2
sin—qsing— r
2 2
B '8
Su _ o B B S
yra r =4Rsin 5 sin 5 Sin

Vi du 2.10. Chiing minh ring

cos A +cos B+ cosC = 1+%.
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Giai
Ta c6 ding thiic
cos A+cos B+ cosC =1 +4sin i;-sin--lz-g-sin g—
Tacé 4sin 0 sin —g— sin % = % (Xem vi Qu 2.9).

Suy ra

cosA+cosB+cosC =1 +-;-2- (dpcm).

Vi du 2.11. Chiing minh ring

ab+ bc + ca =% + p* + 4Rr.

Giai
Ta céd

p'r’ = 8% =p(p—a)(p—b)(p-c)
opr? =p® — (a + b+ c)p* + (ab + bc+ ca)p — abe
= —p® + (ab+ bc+ ca)p — 4Rrp
&1t = —p? + (ab+ bc + ca) — 4Rr
&ab+bctca=r*+p*+4Rr (dpcm).

Vi du 2.12. Chiing minh ring

A B C r+4R
gy HiEg tiEg = ——.

% e
Giai

Ha cic dudng vuong géc tr tam dudng tron ndi ti€p t6i cdc canh
Bt‘, AC, AB va goi chan c4c dudng vuong géc d6 tuong img 1a A’, 3’ , C’.
bat AB' =n,BA'=m,CB’' = 1.
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Ta ¢
m+n=c
n+l=2>5
m+l=a
Suyre rn=p—am=p-bl=p-c
Ma
tA G
g2tn_p——a’
) B_ T
g2—p—b’
. cC. r
g2-p——c
nén t: cO

A B o 1 1 1
tg—2—+tg3+tg-2—'—r(p_a+p_b+p_c)
= <p"a)(p_b)+(p“b)(P‘C)+(p-—c)(p—a)
(p—a)(p-b)(p—c)

3p?2 - 2(a+b+c)p+ab+bc+ ca
=7r. SQ
P

-+ +r*+4Rr r+4R
= r+y L = (dpcm).
pr p
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'BAITAP

Bai 1. Xét a,b, c,d 1a 40 dai cdc canh ciia mot tif gidc noi ti€p trong mot

btcid .
dudmg trom, ki higu p = & *2‘ €2 Ching minh ring

S=Vp-ak-bp- - ).

Bai 2. Véia,b, c,d1a 4o dai céc canh cua tif gidc vira ni ti€p va ngcai tiép
dudmg tron, ching minh ring

- S = Vabcd.
Bai 3. Chimg minh ring

ha —cosB—C

la 2

Bai 4. Xét tinh ch4t clia tam gidc biét ring
3p(p —a) = (p—b)(p - ©).

Bai 5. Xét tinh ch4t cha moOt tam gidc biét ring
Vol —a) + Vp - b)(p — ¢) = V2be.

Bai 6. Xét tinh chat cia mot tam gidc biét rdng

(sinB —sinCcos A
sin A

2
) + 2sin?C = 2.

Bai 7. Chimg minh ring

. B C
re = 4R sin 5 cos 7 cos 7
Bai 8. Chitng minh ring
1 1 1 1
—t ===~
Ta Tpb Te T
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Bai 9. Ching minh ring

e, 1
TalbTe = P°T.

2
Baii 10. Xét AABC c6 géc A = _33 20i A1. By, Cy1a chan céc dudng phan
gidc ha tuong img tir cdc dinh A, B, C . Chimg minh rang £B, A\C, = —g

Bai 11. V6ia, b, ¢ > 0, ching minh ring

Va2 +b2 —ab+ Vb2 + 2 — be > Va2 + 2 + ac.
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LOI GIAI

Bai 1.

Ta cé

BD? = a? + d?> — 2adcos A
BD? = b + ¢ — 2bccos C
ViC+A=mn= cosC = —cosAnénsuyra

a?+d?—2adcos A =b%+ 2 + 2bccos A

(a® +d?) — (B + &)

& o = Hlad o)
Ta cé
) pea?d 1. @+P) - ¥+
2 T T T 2(ad+bo)
2 A _(@®+P) -+ . (at+d)?—(b—c?
@ 2c08" 3 2adtb) T T 2edtbo
_(a+d+b—c)'(a+d+c—b)
B 2(ad + bc)
Suy ra

A (p-c)p-b) A \/(p—C)(p—b)
2______:__ —
€os” 3 dtbe = 03 da + be
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Ta ¢o p - .y
1 — 2sin? = = (a® +d%) — (b° + )
2 2(ad + bc)

2 (P2 4 2 _ B
oA _ @4 ) -+ ) (btetra-dbtetd-a)
2 2(ad + be) 2(ad + be)

Suy re
24 _(pP—a)(p—d A_\/(p—a)(p_d)
sin” 1t be & sino = R

Ta cé

Saich :adszmA bcs;nC’ _ lads bc)su;A (Visind = sinC)
A

=(ad + bc) sin b éos—;1
_ (p—a)p—d) [(p—c)(p-b)
——(ad+bc)\/ ad + bc da + bc
=V(p-a)(p—d)(p—c)(p—b) (dpcm).

Bai 2.

Ap ding két qua cha bai 1 tacé

S=¢@—@@—@@—d@—w

Vi t\f gdc ngoai ti€p dugc mot dudmg tron nén suy ra

a+c=b+d
Khi d¢
_a_b+c+d—a_a+c+c—a_c
= 2 2 -
b_c+d+a—b_b+d+d—b_d
Pmi= 7 -T2 T
d+a+b-c a+a+c—c
p——(‘: = = aQa

2

2
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_a+b+c—d _btb+td—d

2 2 b

p—d

Suyra S = Vabed (dpcm).

Bai 3.

cC HA =

Goi A’ 1a chan dudng phan gidc ha tir A xuéng BC. Dit a = ZAA'B
ta cé '

ha : . A
-l—;---sma-sm(C'-!- 2)
ha A+B+C A\ B-C
@-l-;--cos( 5 C .2)-cos SR
Bai 4.
Tir két qua 3) trong vi du 2.2 ta suy ra
A plp—a) 1 A w _2m
°°tg2”\/(p—b)(p—c>“\/§:"2‘3‘”"”3

(Tam gidc c6 mot géc%r—).
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Bai 5.
Tu gia thiét va két qua cua vi du 2.2 ta c6

A A
sin —2— + cos -2— == \/5

A 7
2co8(— — =) =
< (os(2 4) V2
A 7 .
@é:z@A:E

2 4 2

= Tam gidc vuong tai A.

Bai 6.
Ta c6sin? A + cos? A = 1 va 4p dung dinh Iy ham s6 cosin dugc

a? = b? + 2(sin A + cos® A) — 2bccos A

= (b—ccos A)? + *sin® A

@(b-— ccosA)2 N (csinA)2 _1

a a

ﬁ(sinB—sinCcosA
sin A

2
) +(snC)? =1
(4p dung dinh li ham s6 sin)

& sinB —sinCcos A
; sin A

)2 = 2 — 25sin? C, nén ta dugc

sinfC=16C = % = Tam gidc vuong tai C.
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Bai 7.

B

Gia sir dudng tron bang tié€p d6i véi dinh A bén kinh r, ti€p xiic v&i BC tai
A |
bat BA' =m,CA' =n,tacé

cot( B)—t 2
ra g - g2,
—Ti—cot( C)-—t i
Ta & =%y
Suy ra
g By C m+n a
€3 2= T 1
sin(B+C) 4Rsin—4cos-4
o 2 _ 2. -2
cos—gcosg Ta
2 2
Suy ra
A
Te = 4Rsin — cos — cos — (dpcm).

2 2 2
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Bai 8.
Ap dung két qua cua vidu 2.9 ta co
A B C
o 4]?5111—2-5111551115 B C

- A B_C 8383

"a 4 Rsin «2— Ccos —2— Ccos 3
Suy ra
ARV S Y - U VI
o r, g by TGRS TG BY =
@T+T+T'—1 (dpcm)
ra Tb Te T perm.
Bai 9.
Tacd
i AsinBs'nC(c AcosBcosC)2
ranre _ 20 g PN MR o\ TP P Y
e (sin - sin B sin C)3
2 2 2
= (eot Acot Bcot C)2
= (COLg 5 Ccolg 5 COlE
Ta co

A B C A B &
cotg -5 cotg — cotg — = cotg — + cotg — + cotg — = >

2 2 2 2 2
(Xem vi du 2.8).
Suy ra
TaTbT o s :
r; = % & 1mpre = p°r (dpem).
Bii 10.
Taco ’
AB  BC - sinC~ AB  AB
snC  sin120°  sin60° BC CB
(Tinh chat dudng phan gidc)
Taco

AA, . CA sinC’ AA,

= = —
sinC' sin60° sin60® CA,
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A
Suy ra g A‘ = gg‘ = B, A, 1a dudng phan gidc géc AA,C. Tuong tu
1 1 ’

Slly ra ZBIAICI = '2- (dpcm)

Bai 11.
T diém O 14y OA = a, OB = b,OC = c sao cho

ZAOB = /BOC = 60°.
Ap dung dinh 1y ham s6 cosin ta cé

AB = Va2 +b2 —ab

BC = Vb2 +c2 - bc
AC=+Va?+c+ac
Vi AB + BC > AC,suyra |

Va2 + b2 —ab+ Vb + 2 —bc > Va2 +c2 +ac (dpem).
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3 Xay dung cac dang thirc tir cac phép bién doi
hinh hoc

Dé ¢4 nhimg dang thitc méi hay hon ching ta cin su tro gidp ciia cic phép
bién doi hinh hoc.

Vi du 3.1. Chimg minh rang

g 2 sin 2B + b%sin 2C
- y _

Giai

Goi A’ 1a diém d6i ximg véi A qua BC.
*) Truong hop0 < B < % ta c6

Asin2B  b?sin2C

2S5 = SaaBa + Saaca = 5 + 5
. 2 .
vay S= *sin 2B : b?sin 2C (dpem),
*) Truimg hop B > 12'- ta c6

b*sin2C  c*sin(2r — 2B)
2 P '

2S5 = Saacar — SaaBa =

b?sin 2C + ?sin 2B

Vdy S= 1

- (dpcm).
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2 A’
Vidu 3.2. Xét it gidc 16i ABCD, AB = a, BC = b,CD = c. Chimg
minh ring |

Sascp = -;-absinB + %bcsinC — %acsin(B +C).

Giai

Tx D va B ké dudng thing song song tuong \ng BC, DC, chiing

D b M D

cét nhau tai D’. Gia st BA kéo dai cit DD’ tai M. Goi ZBMD =qa
Ta cé

Sascp = Sascp + Spep'a — Saasp
0day DBD' A 1a ti gidc 16m
Taco'

absina absin B
SpBp'A = 5 =
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Vay
besinC absinB  acsin(m — (B + C))

Sapcp = 5 + 5 5
_ 1)(:si2nC N abs';n B acsin(f + C) (dporn).

Vidu3.3. Xét AABC nhon, ZC < 60°, chimg minh ring

bsi
S = %(sin’ZA + sin 2B +sin2C) + 9_?13?9_
Giai

L4y 3’ d6i ximg véi B qua AC

BI

Ldy A di6i xiing v6i A qua CB'.
Ta cé

3S = Spap'a + SaBca
Ap dng vidu 3.2 tacé

Asin2A  Asin2B  c?sin(2A + 2B)
2 T2~ 2

Spapa =

= —C;-(sin 2A +sin2B +sin 2C)

1
Sapca = -2-ab sin3C



38 Nguyén Vil Luong, Nguyén Ngoc: Thaing

Suy ra
35 = %(Sin 2A +sin2B +sih 2C) + -;—ab sin 3C.

Vi du 3.4. Gia sit AABC nhon, ching minh ring
4S = h2sin 2A+accos B sin 2B+abcos C sin 2C+bccos B cos C sin 2A.

Giai

Goi H,, H, 1a c4c diém d6i xing v6i chan dudng cao H ha tir diinh

B

A tuong ﬁng qua AB, AC.Tacé
| H,B =ccos B, H,C = bcosC,
2S5 = Saam, H, + San, BCH,
- Tacéb Saamn, = %hﬁ sin 24

accos Bsin2B abcos(C'sin2C 3

) Sam,BCH, = 3 5
B . Si
_bccos Beos C2sm(ZB + 2C) (4p dung vi du 3.2)
Suy ra
h?sin2A  accos Bsin2B  abcosC'sin2C
25 = +

2 T 2 T 2
bccos B cosC'sin 2A
ki 2

(dpcm).



Chuong 2

Bat dang thic trong tam giac

1 Cac dang hé qua cua bat dang thic Cosi ap
dung cho cic yéu to cua tam giac

Trong bai giang nay chiing ta sir dung mét s6 dang hé qua quen thudc cua
bat dang thic Cosi dé chimg minh mot s6 dang bat déng thitc trong tam gidc.

1. Mot s6 bat dang thitc co ban

Vidu 1.1. V6i 0 < z,y < m, ching minh rang

sin:r;rsiny SsinI;y (1.1).
Giai
Taco :
‘ sinx+siny=23inm+y- x;y
Vi0 < z,y < m tasuy rasin — Y > 0, oS —— > 0, suy ra
sinx + siny < 2sin Tty (vi C()Sx—y <1

DAu déng thitc xay ra khi z = y.

39
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Vidu 1.2 VdiO<m,y<%,'chfmgminhr§ng
1) cosx+cosyscosz+y (1.2)
2 2
t
2) w;tgm (1.3)
2 2
3) cotgz+cotgy>cotgf_-_+—_g (1.4)
% 2
Giai
zT+Yy rT—y
1) Tacé cosx+cosy = 2cos 5 cos 5
V‘10<x,y<£suyracosz+y>0,cosx_y>0.
2 2 2
Suy ra

cosz + cosy < 2cos z-;—y (dpcm).
Ding thic xay ra khi z = y.
2) Gia sir z > y, bét ding thic (1.3) twong duong v6i

z+ z+
tgz — tg(-——z-y) > tg(—-§-y- —-tgy

sin~z—y sinx—y
& 2 > 2
T+y = z+y
COS T COS 5 cos 5 Cos Y

Viz)y=>sinz;y zo,cos:z:>0,cosy>0,cos-:!:~—;;g > 0 nén bat

ding thitc twong duong vé6i

Cosy 2 cosT > yYy<1z.

Diéu ndy diing theo gia thiét (dpcm).

3) Gia sit z > y, b4t ding thic (1.4) twong duong v6i

X
het 2 cotg ——%—y- - cotg T

cotgy — cotg
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., T -
Sin Sin 2
& >
. x4y T . r+y .
SlIly S1n Sin 2 SInT

—

. ! : . . Lt
Vi sin J 2 0,sinz > 0,siny > 0,sin Y

f

tuong duong voi

> () nén b4t ding thic

sinr 2 siny &z 2 vy.

Diéu nay diing theo gia thiét (dpcm).

Vidu 1.3.Giastt 0 < z,y, z < 7, chimg minh rang

sin:r+si‘ny+sinz SSin:z:+y+z (1.5)
3
Giai
Ta c6 bat déng thirc (1.5) twong duong véi

rT+y+=z

. T+Y+ 2
3 T

P =sinz + siny + sin z + sin < 4si

Ap dung bt ding thitc (1.1) ta thu dugc

T+y+z2 rT+y+=z
T — x+y+z+——§——
+ 2sin 5 < 4sin 2

+y

P52sinx

Tt+y+2

& P < 4sin: (dpem).

Viduld4.Giasr0 < z,y,2 < -g chimg minh ring

COST + CcOSYy + CcosS 2 x+ #
y <COS.____y_.f__

3 - 3

1) (1.6)

tgxr +tgy +tgz T+y+z

2
) 3 83

WV

(1.7)

cotg T + cotgy + cotg 2 rT+y+2
& ‘gJ & >('0t.g—-————y

. S (1.8)

3)
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Giai
1) Ta c6 (1.6) tuong duong véi
P =cosz + cosy + cos z +cosﬁ—-g—i-{ < 4cos ﬁ—%—t—%
Ap dung bat ding thic (1.2) ta thu duoc
LR
P$2005x+y+2008 23 $4cos£i—g—t-i (dperm).
2) Ta c6 (1.7) twong duong véi
Q= tgx+tgy+tgz+tg£—t-g—f—z— >4tgf-—+:'z——_—+—i
Ap dung b4t ding thic (1.3) ta thu dwoc
zHy+z
sztgfiz'—’iwcg 23 24tg“————§i-z (dpen).
3) Ta c6 (1.8) twong duong véi
R 5 cotg x + cotgy + cotg z + cotg —x-—tég—t—{ 2 4cotg i—tgj—j
Ap dung bit ding thiic (1.4) ta thu dugc
T+ Yy+2
R>2c6tgx;y + 2cotg > 3 >4cotg£i%’.i_z. (¢pcm).
Vi du 1.5. Chimg minh ring
1) sinA+sinB +sinC < 32£

2) cos A+ cos B+ cosC < g (néu AABC nhon)
3) tgA+tgB+tgC >3V/3 (néuAABC nhon)

4) cotg A + cotg B + cotgC = V3  (néu AABC nhon ).
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Giai

Ap dung bat dang thirc (1.5), (1.6), (1.7), (1.8) ta thu dugc

A+DB+C 3v3
sinA +sinB +sinC < 3sin——~+—3—i— =3sing = _—ZC

A+B+C
cos A+ cos B+ cosC < 3(‘03——,15-19— = 3003% - g

A+ B
t.gA+th+th>3tg~—“—F—3—+——q=3tg%=3\/§
A+B+C
+ + /(4 \/-3-

cotg A + cotg B + cotg C > 3cotg — = 3cotg 3=

Ta c6 thé chimg minh 2) nhd tam thic bac 2 nhu sau

P=cosA+cosB+cosC=-*1—28in2i§+2sin-g-cosB;C

B —
@25in2—2-—2(:os QCsin§+P-—1=0

Suy ra c
B
A,=0052'—-—2——-—2P+2>0
,B-C
cos® ———
¢P51+——-—2——2——§

N

D4u dimg thitc xay ra khi va chikhi A= B = C = ~.

w

Vi du L.6. Chimg minh ring

. A4 B  C _3
1) sm_—2—+sm—2—+sm—2—§§
: B C _3V3
— '0S — + COS — < ——
2) c032+co'32+cos2__ 7
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A B C
3) t,g-§-+tg-2-—+tg—2-2\/§

5 |
4) cotg—g +cotg 5 + cotg—g- > 3V3.
Giai

Ap dung bt ding thiic (1.5), (1.6), (1.7), (1.8) ta thu dugc

sin—+sing+sin€<33inﬂj—§i£—3sinzr--?—
2 2 2 =" 6 B 6 2
B A+B+C T 3V
08 — — —_—< e e— - = —
cosz+0082+cos2__3cos 5 30056 >
A B C A+B+C s
tg—2-+tg-2—+tg—2—,>,3tg———5-——_3tg6_\/§
A. B ,
- cotg—-+c0tg§ +cotgg- >3cotgu =3cotgz_—=3\/5
2 2,7 2 6 6
DﬁudingthﬁcxéyrakhiA::B:C:g—;
Vi du 1.7. Chimg minh ring
A B ,C._
7 Bl 2 2__>
1) tg 2-H:g 2+tgi2/1
2) sin2A+sinzB+sin2C§§ néu AABC nhon.
3) sin2ﬁ+sin2§+siné-c->§ néu AABC nhon.
2 2 274
4) éos2é+cosQ—+c052€59 néu AABC nhon.
2 2 2 7 4
Giai
1) Sir dung bat déng thic

>+ 02+ >ab+be+ ca
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ta nhin dugc
A St Sl r el < 4 L

2) Tacd
a2 S 2 _
sin“ A 4+ sin“ B + sin“ C =
cos A + cos B + cos C)-"
3

=24+ 2cosAcos Bcos(C < 2 + 2(

<2+ 2cos ) =2+25 = ) (dpcm).

3) Bat ding thic dugc viét lai

l1—cosA 1-cosB 1——cosC'>
2 I 2 T g =

3
4

& cosA+cosB+cosC <

N W

Jiéu nay duing, xem vi du 1.5.

1) Bat dang thirc dugc viét lai dudi dang

lJrcosA+ 1+c0sB+1+cosC'
2 ' 2 2

9
o
4

3 2
& cos A+ cos B+ cosC < 2 (B4t dang thic ding, xem vi du 1.5).
Vi du 1.8. Chimg minh ring

1) ha +hs+he 2> 0r

9R
2) Mg+ my+me < =

3) la+ly+1.<V3 p.
Giai

1) Tacéd
1 1 1 1 s 9

r hy  hy  h.” hy+ hy+ h,
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Suy ra ha + hy + he 2 9r.
2) Ta cé

m24+m?+m?= E‘:—(a2 + 0% + #) = 3R%*(sin® A + sin® B +sin’C)

Suy ra
2
m? 42 4l g 2
Ta c6
2 2 2\2 (a2 2 2 81R?
(ms + mp +m2)* < 3(m; + mg + m?) <
@ma+mb+m‘;s—2—-.
3)Tacd
266&8_3_ b p(pb:a)A o
e T = Thie by vre-d
Suyra
la < /p(p—a)
Ddud&ngthﬂcxéyrakhivichikhib:c.
Tuong ty
lePVP"'chSPvP"'C
Vay
lat+bh+1l.<P(VP—a++V/p-b++p—0)
_ —1b _
33\/;3\/" ““’3 TPC_pV/3 (dpem).
IL. Sit dung bét ddng thirc
a+b+c\3 X
abCS(——:}———) véia,b,c> 0.
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Vidu 1.9. Ching minh rang
A B

1 sin — sin — sin
) 2 2

2 (s' A+s' =
n — 1n —
R ey

1) Ta cé

inA+sinB'+sinC
B st o 9 23\ 1
sim—z—sin—z—sin—g—g( 2 32 2) 3(5)3—_—

1
8
2 Tacé

(sin-j—;- +sin—§)(sin~§— +sin—§—)(sin—§-+sin—§) <

. A B  C, ,
2(sin — + sin — + sin —

- 5
3' Tacéd

+

B C )
2

. A m :
sm(E + Z)sm(a- + Z) sin(—

. A A, . B B . G C
=2v/2 -(sm 5 tcos E)(sm 5 +cos 5)(sm 5 Hecos —2-)]

(sin—+sin§+sing)+(cosé+cos§+cos )
<2v/2[—2 2 2 2 2 2 ]3
< _ 3

"
<2\\/'[g _2—]3— ek £

16/2 (dpcm) .
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Vi du 1.10. Chimg minh ring
27R3

1) msmym, < I

8p®
2) (L+)L+1)+ 1) < —.
) et W)l L)1) < 272
Giai
1) Tacé
me+mpy+me\3 3R, 27TR®
< A iy Pl
m“m"m"—( 3 ) <(5) 8
2) Tacé
2l + Iy + 1) \3
(1 + )l + 1)1+ 1) < (Rat 1)
3
2p 3 8P3 ‘
< (—%=)" = —= (dpcm).
_(\/3) 3V3 (dpcm)
II1. Sir dung b4t ding thirc
| R R | 9
= K _’?—__'_—"'1 i » Y, .
a+b+c g véia,bc>0
Vi du 1.11. Ching minh ring
1 1 1
/ 'né+si fz:_-“'bsin—qz6
S g “12 2 1
— = s
2 B sinA+sinB+sir_lB+sinC+sinC+sinA V3
Giai
1) Tacéd
1 1 1 9 9
AT BT C? A B _C>3°°
sin 2 Sin 2 S1I 2 sin 5 + sin 2 Sin 2 5
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2)Taco
g 9
- > =3 (d .
2(sin A +sin B +sinC) 3 3v/3 V5 (dpem)

2
Vidu 1.12. Chimg minh rang

m, mp m. R
1 1 1 3V3
2) P= >
e o n oy Sl sy
Giai
1)Ta co
R I 0 _2
m, My mc/ma+mb+mc/?_f_f_—‘R'
2
2)Tacod
P> 9 X 9 =3\/§.
2la+b+1l) " 2v/3p 2p
IV. Sir dung bat déng thirc
a+b" + " o (a+b+C)"
. 3 3
v6ia,b,c > 0, n la s6 nguyén duong.
Vi du 1.13. Chimg minh ring
A B A
— togd 4 Ao %%
) @Q=tg' 5 +tg 5 +tg" 5 >3
B C
cos2-/3 cos2§ cosz-z-
) - — 2
20 ' 250529 +_('os“’--qcos?é+cos2—4(‘os2§/4
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Giai
1) Tacd
tg—+tg—+tg -4 1
2 2 2 4 :
2 = =) 23(—%=) = ).
Q> 3( 5 ) 237 =3 (pm)
2) Tacd
, A _B+C _,
COS-é‘ Sin 2 C2
Bl \BeeC) ~ 27D
MR 2 °®73
Suy ra
>3 . | =35 r=1 @pem

Vi du 1.14. Chitng minh ring

1 1 1 4
P= > .
m§+m§+m2/3R2

Giai
T
acs 1,1, 1
m, mp m:\2 3 3
P>3( 3 ) >3(m,,+m;,+mc)
3\2 2, 4
2

V. Sit dung bat ding thirc

Va+ \g'l;+ VES ‘,./21—_3()—{—_0 vGgia,b,c > 0.
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Vi dul.15. Chimg minh ring

S 3
) P =+VcosA+ Veos B+ VeosC < —\7—3
1 1
9 Q= +
. A B B C
Sin —2— + Sin -2— Sin 5 + SIn —2—
1
+ >3
. Cc A
5111—2— +sm§
Giai
cos A+ cos B+ cosC 1 3
< % -=— (4 .
l)TacéP_B\/ 3 _3\/—2- /2 (dpcm)
2) TacHd
(> > >
\/" A + si B + sinB+sin€+\/sin9+sin-A—
Sy s YRy 2 2 )
2 ¢ ,mésiné—Jrsin§+sin—c—S§
A B 2 2 2 7 2
2(sin-é— +sin§ +sin2
3
suy ri
3
Q> 1~ 3 (dpcm)
Vi di 1.16. Chilng minh ring
1 1 1 6
+ + >/ =
\/ma vaurs vMe R
Giai
1 1 > 3 5 3
R
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Suy ra

6
—  (dpcm).

VL. Sir dung bét ding thirc

(14 a)(1+b)(1+c¢) > (14 Vabc)® véia,b,c> 0.

Vi du 1.17. Chilng minh ring
1

P=(1+ ~)(1+ . B)(1+ nC);z'f.
sm2 SlIl{2 si B
Giai
- Tacd
1 3 1
‘ P -) = 3
P/(l+ - C) >(1+1)=27 (dpem)

|

Jsm “ sin — sin —
2 2 2

VIL Sit dung mot s6 bat déng thirc so sanh véi biéu thirc
a+b+chayab+ bc+ca

Tir bét ding thifc

. A B | 3
A B ¢ (sins+sin+sin)

'NIQ

2 2
—— i —_—< & "
sin 5 sin 5 sin 5 = 7
Suy ra
sinA+sin —B+siﬁ—c
. A. B C 9 2 2 3\ 2
i B — < : 1 =
sin 5 sin 5 sin 7 S 7 (2)

_ sinE +sin—2- +sin—2'-
12
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Vi du 1.18. Chiing minh riang

: 1 : > 12
A _ Bt B </ .
sin 7 sin o sin o sin 5 sin — sin 5
Giai
Ta cé
A BanC e LA B
8Tl == 811 = 8ify — < —=(sin = + §in = —
11125111'2 sin 7 < 5 (sin 3 +sin 5 in
. ! + - >12 (d )
K 'nAs' B+sinBsinC—. incqinA/ (cpem)
el SV ot = Sl — 8in -
S g D) 2 Y
Vi du 1.19. Chiing minh ring .
A B C
tg2 = tgd=—  tgd—
p=—2 2+ —2>1
. B A C . A
&5 By 83
Giai
Ta ¢¢
@ L ab>2
—ta
b
b3
— +cb > %
c
c? 2
— 4+ ac 2 2
a

2(a® + b% + ¢?) > 2(ab + bc + ca)

COngv€ v6i v€ bon bat déng thic trén ta thu duge

o

a

a® b
— ¢ — 4~ 2ab4bctca
b ¢

Suy n

A B B C
I Ztg—z-tg-z—thgEtg—é— +t.g—é-t,g§

= ]

(dpcm).
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Vi du 1.20. Chimg minh ring

A B A B
— .2— '2._. 1 — 1 ——
P \@n 5 + sin 5 + 14sin 7 sin 2+

B C B C
. 2 . 2 L L2
+\/sm 2 + sin 7 + 14 sin 7 sin —-2+

C
+\/sin2 4 + sin? i + 14sin ——sin-/}- < 6.

2 2 2 2
Giai
Tacé
a® + b? + 14ab = 4(a + b)?> — 3(a — b)? < 4(a +b)?
Suy ra
va? + b2 + 14ab < 2(a + b)
Suy ra

P< 4(sin—';- + sin —?+ sin -Cé'-) <6 (dpcm).

Vi du 1.21. Chimg minh ring

. A . B )

sin — + sin — + Sin

P= B S-REVS-
si L B+sinBsinC+s' —sin
n281n2 5 5 m25

Q’NIQ
(NN
\Y;
N

Giai

Ta cé
i __s' ..._+Si ._.S'n__+si _S' — <
Sn2 ln2 n2 1 ) n2 ln2

1,. A . B  C,
< =(sin= e L
_3(sm2 +sm2 +sm2) <

1, A B C
<Y A, B . C
< 2(sm 5 tsin < +sin 2)



Mot s6 bai giang vé cdc bai todn trong tam gidc 55

Suyra P >2 (dpcm).

Vi du 1.22. Chimg minh rang

A-D B-C C-A
cos e - GG e e B — <
2 2
P (A 7r) " B 7r) N (C 7r)
08(— — =) + cos(— — =) +cos(— — =).
SOy T TG T TN TG
Giai

Tirvidu 1.23 tacé

si A 'nB+sinBsinC+sin _ sin <1(sinA+sinB+sinC)
2D g2 g 22 2 2 2

Tuong tu ta nhan dugce

C(‘é OSB+COSBCOS“C—;+(‘()‘§€CO5£ \/§ A B C
)520. 5 5 €S 5 55 : ‘

Cong vé€ v6i v€ hai b4t dang thic trén ta thu duge b4t ding thirc c4n chimg
minh.

Vi du 1.23. Chimg minh ring

. B . C A
sin — Sin —2- Sin 5
— P
: sin? —/} ' sin? -1—3- ' sin? g 2o
2 ‘ 2 2
Giai
Ap dung bt ding thirc
a2 b2 C2
s Maeds d & o L o
b c a
Ta thu duoc

sin — sin — sin

1 1 : ,
P2 Y + B + 0 > 6 (dpcm) (xem vidu 1.11).
& 2
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Vi du 1.24. Chiing minh ring

h? h?2 K2 _ 1
P—'}E+E§+E§>;.

Giai
Ap dung bit ding thic
a® ¥
S vl S >a+b
b2+c2+a2 a+0+¢
, a®
(Sir dung bat dang thirc 2 +b+b 2> 3a)
Ta thu duge . i . i
> — 4+ ==
P TR TR
Vi du 1.25. Chimg minh ring .
P_mb me Mg _2_
" m2 m} m2” R
Giai
Ap dung b4t ding thitc
2 2
g—+b—+-c—2>a,+b+c
c a ,
(Vé6ia,b,c>0)
Ta thu dugc
1 1 1 9 9
> > > o == (dpcm).
P m,.+m¢,+mc ma+mp+m.~ IR R (dpen)
2

(Xem vi du 1.8)
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BAI TAP
Bai 1 Chuing minh rang
1 1 1
0 0 AcosB ! B((SC' ' co C(osA 24
08 — COS —  COS — COS —  COS — COS —
BFERY  FS 2779
Bai 2 Chimg minh rang
b 1
o A(inB+s' C)+
Sl — (S - Sin —
2 2 2
1 1

+

B A ot~ a4 B =2b%

sin —(sin o) +sin —)  sin —(sin — + sin —)

2 2 2 2 2

Bai 3 Chimg minh rang
hahyhe > 2713,

Bai 4 Ching minh rang

th_Ai tg2§_ tg2’C—
_ 29 2 2
P_t B+tc+tA>\/§
85 By 85
Bai 5 Chimg minh ring
A B C 1
tg S tg = tg = < ——.
£ 89 Y =33

Bai 6 Chimg minh ring

A ,
? = (1 + cotg® —2-)(1 + cotg® —[5—)(1 + cotg® %) > (1+3V3)3.

Bai 7 Chimg minh rang
ha . hy, y he o 18r
14+ hemy 14 hyme 14+hm, 2+49Rr
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LOI GIAI
Bai 1.
Ta cé
1 4 2 2
P ' =
cosfl-cosg/(cos—-+cos-—)2 (cos——+cos§-)
2 2 2 2 2 2
Suy ra
2 2
cosé+cos—- cos——+cosc COosS — + Ccos
p>3l —2 2 2 2 2 2)
- 3

2
6
P>3(cosA+ os—lz+cos§+ osg-—+cosg+ osA)
g TOBSG TSy TG TG TS

P> 3(5\%)2 =4 (dpem)

Bai 2.
Ta cé
9
P?2(i ad in-l-3-+s'n——si - 4 in——siné) g
sin 7 sin = + sin 7 sin 5 sin 2 5
| 9
g g(siné +sin?+ sin—-—;
3" 2 - 2 2
Suy ra
P> 2:;7 =6 (dpcm) (xem vidu 1.6).
2(3)°
2
Bai 3.
o 1 /1 1 133 1
— e — e =) > .
== (teth) 27 on
Suy ra

hahshe = 271 (dpem).
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Bai 4.
Str dung bat ding thirc
a2 b
b é a
ta thu duoc

F 2> tg—/(1 +tg§ +tgg— >3 (dpcm) (xem vi du 1.6).

2 2 2
Bai 5.
Ta c6
2 g2 S > oA g
Spggtegley tiegiey 2ottty
@(t gy g)2<l
969 %%) =97
= At, Bt C'< 1
B3 t85 85 < 3=
Bai 6.
Ap dung b4t dang thitc
(1+a®)(1+06*)(1+) > (1 +abe)?
ta thu dugc
A B O\ .
> Z cotg = cotg = ) > :
P2 (1 + cotg 5 cotg 5 cotg 2’) > (1 + 3V/3)
Bai7.
Ta c6
1 1 1 9
s +1+ +1+ +1> PSS S S
Mt MeT i, MaT - MaT Mot Me T i T b ™ he
Suy ra
ps 9 5T (dpom){xemivi ds 1.8).

OR 1
T+ 9Rr + 2

=
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2 Tinh chét 10i 16m cua cédc ham sé luong giic

Trong bai nay chiing ta sir dung céc tinh ch4t 16i, 16m ctia ham s& lkromg
gidc dé chimg minh mot s6 dang bt ding thitc trong tam gidc.

Truéc hét ta nhic lai cdc bt ding thitc c4n sir dung:

1) 0<z;<m (i=1,n)tacé

1 o . /1
;Zsmxi < sin (;Zx,)

=] =1

2) 0<x,-<-g (i = T,n) tacé

%‘:cos:c.- < cos (i—ix,)

=1 =1

3) 0<x,-<3'2- (i =T,n)tacé

n

S w5

=1 i=1

4) 0<zi< = (i=1,n)tacé

2

1 « 1
= Zcotgx; 2 cotg (-1-1- Zz.-)

=1 7 =1

Tuy theo bai todn ma chiing ta cdn chimg minh b4t ding thit A6 wéi
mot gid tri cu thé cha n.

Vi du 2.1. Tim gi4 tri 16n nh4t caa biéu thirc

P=+VsinA+ VsinB + 2\/sing.
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Giai

Ta sirdung batdiang thic 0 < r,y,z,t < mtacé

. r+y . z+t
sinr +siny +sinz 4+ sint _ S5 TSI —
< = <
4 - 92 =
. rt+y+z+t
< sin s
Ta thu duoc
C C
sinA+SinB+sin—2—+sin— = 1
P <4 2 <4 sin— =4 —=
4 4 V2
@ 2 2, ki . C
Dau dang thirc xay rakhlA:Bzg.
Vv 4
aanaJ::%.

Vi du 2.2. Tim gi4 tri nho nhat cua biéu thic

P=tg4A+tig4B+3tg4§3’—

(trong d6 A, B, C 1a cdc géc nhon).
Giai
Ta chimg minh b4t ding thirc -

tgr+tgy +tgz +tgt+tgo z+y+z+t+v
5 > 8 5

s
O0O<zvy,2,tv< —2-)

z+t+v
Z4+y+2z2+t+ S

o M=tgr+tgy+tgz+tgt+tgv+tg 3 P

t+yt+z+t+o
2 btg — z —

d
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Ta cé

’ x+y+z+t+v'
M+3tgt+v+ S
3 3

rT+y+z+t+v
)

M 2 3tg

T+y+z+t+v+
M 2> 6tg — 6

r+y+z+t+v
)

= 6tg

Ap dung b4t ding thiic trén ta thu dugc

AT
D

mA+mB+mC+m§+m§)

= :

2 Stg

2 v N C
D4u dang thitc xdy rakhi A = B = 3
Vay Prin = 5tg'4 ‘g"

Vi du 2.3. Ching minh ring

Vsin A + Vsin B + VsinC <
< sinA+23-'+ sinB+20+ sinC'.+2A.
Giai
Ta cé
vsin A + 2v/sin smA+2smB A+ 2B
sin
3 3
vsin B 4 2v/sin B+2C
3
VvsinC + 2vsin A C+2A
3

Cong V€ v6i v€ cic b4t ding thitc trén ta thu dugc bﬁt déng thirc cdm chiiing
minh.
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Vidu 2.6. Ching minh rang

, : . A . B 5 G4
tg* A+ tg® B+ tg* C > cotg® 5 b cotg? £ + cotg? 7

(trong do A. B, C la cic goc nhon cua mot tam gidc).

Giai
Tacé
e A ; g B 2 (t.gA ; th)B > tg® A—t—g = ('()tgsg
tg' B -; tg® 5 (t,gB ; th>3 > 1 B;C _ cotg3ﬁ;
tg' C 42~ tg A 5 (th —; tgA)3 > tg° 9_-2%_& _ cotgag

Cong V€ vdi vé cic bat ding thic trén ta thu dugc bt ding thirc c4n ching
minh.

Vi du 2.7. Chimg minh ring
A+2B . B+2C . C+2A

sin Asin BsinC < sin 3 sin 3 sin 5
Giai
Tacé
sint Asin? B < sinA +sinB +sin B < SinA+2B
: 3 3
sin B + 2C

sin3 Bsinf C <

sin3 Csin? A < §m_Cg_%

Nhan vé& vii vé cdc bat ding thic trén ta thu duge bat dang thic cdn chimg
minh.
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Vi du 2.9. Tim gi4 tri nhd nh4t cia biéu thic

1 1 2
P= + + .
vVcosA +VcosB C
, cos —
2
- Giai
Tacé ' 1
P> = 2
\/cosA+\/cosB+\/cos-g—+\/cos—2—
4
> 4
C
\JcosA+cosB+2cos—2—
| 4
Suy ra ' . |
! 4 1
cos-"E 2
4
D5udéngthn’xcxéyrakhivﬂchikhiA_=B=g—.
: 4
Vay Ppin = —=.
Y Fmi | \Vi

Vi du 2.10. Ching minh ring

e (1+ i 13A)(l_}. sin]";B)(lJrsin%’C) -

sin

sin®

> (1+ W) (1+ Sin3§1+ i) (1 —cvza)-
, 3 3 3

Giai

Ta cé
1

1 e 1 1 ’ 1 1>
P 2
( ik sinsA)( b sin3B> ( 4 sinAsinzB)
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2 ("+ sinA + 2sin B ) > <1+ o 3A+QB>

( . ) sin 3

Tuony tu ta nhin dugc

(lJrsiniB)(l " sin{*C)2 B (1+ : 3Bl+2C')3

Sin 3

1 1 2 1 3

(1 +si113C)<l+sinBA> (1+Sin30+2A)
3

Nhan v& v6i vé cac bat dang thic trén ta thu dugc bat ding thitc cdn phai
chimg minh.
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BAI TAP

Bai 1. Ching minh ring

\/sinA+ vsin B + \/sinB+ VvsinC + \/sinC + Vsin A <

< A+\/ B+ Eﬂ/ _C_'+ g+\/0sﬁ
< |[cos 5 +4[cos cos cos - cos 3 cos o

Bai 2. Tim gid tri nho nhat caa biéu thiic

P=(1+ siriA)(l M siig)(l g :17,*‘)2

2
Bai 3. Tim gi4 tri nhé nh4t cia biéu thic
P = (tgA+sinA) + (tg B + sinB) + 2(tg 5+ C) .
sin *2-

Bai 4. Gidsit 0 < z < -’zf hay tim gi trj nh nh4t ciia ham s6

1 2

v VvVsin2z Vsinz

Bai 5. Giastta, 3 > 0, + 8 = 1, ching minh ring

asin A + @sin B < sin(aA + 3B).

Bai 6. Giastra,3 > 0, a + 8 = 1, ching minh ring

1 1 1
sinA  sinB  sinC ~

1 1 1
> :
sin(aeA + ADB) + sin(aB3 4 3C) + sin(nC + 3A)
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Bai 7 Tim gia tri nho nh4t cta biéu thirc

P= \/4+tg2A+\/4+tg23+2\/4+tg2—q

2

(0< A, B,C< '-"2-).
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LOI GIAI

Bai 1.
Ta cé

 VsinA+ vVsinB + Vsin B + VsinC
| 2

< \/sinA+sinB+ Vsin B + V/sinC
- 2

2 2

-cosg—+ cosé
-2 2 VT

\/. A+ B . B+C
< {/sin + 4/sIn

Tuong tu

VsinB + VsinC + VsinC + Vsin A - A B
5 < cosE+ cosa

vsinC + vsin A + V/sin A + Vsin B B C
2 < cos-2—+ cosa

Cong v& véi v€ cdc bat ding thic trén ta thu dugce bat déng thirc cdin thuing
minh.

Bai 2.
Ap dung bit ding thirc

(1+a)1+b)(1+c)(1+d) > (1+ Vabed)?
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ta thu duoc

1 ! 1
P> (1 -f ) > 1+
\4/5111 Asin B sin? 9 sin A + sin B + 2sin 7

s

4
Suy ra
1 \4
P> (1+ ,r) = (1+Vv2)*
sin —
4
. a2 P : C
Dau dang thitc xdyrakhi A = B = 7
Vay [)min = (1 + \/5)4
Bai 3.
Ta cé
C 1 1 2
tgA+tgB+2tg — + :

2 sinA sinB+

7.,
SIH—Z-
> >

Suy ra

1 \2 ~
P>4(tg£+ ,,) = 4(1 + V2)?
4 Sinz

D4u ding thitc xay ra khi vachikhi A = B = —g—

Vay Prin = 4(1 + V2)%.

Bai 4.
Ta viét lai
. 1 Lol 1
Vsin(mr —2z)  V/sinz Vsinz
Suy ra
| y 2 < =
~ V/sin(r — 2z) + V/sinz + Vsinz g
3
3

P
\.,/sin(n —2z) +sinz +sinz
3

4
C)
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Suy ra
P et e
‘sinzr- ‘ﬁ
3 2
Diudéngthu‘cxéyrakhnr 2z =g &3 -g-
Vame,'n= .
,«/'_f_s_
2
Bai S.

B4t déng thic di cho twong duong véi
asinA + (1 — a@)sin B < sin(cA + (1 — a)B)
Tén tai day s6 {a,}2,, a, hitu ty sao cho

lim ap=a (0<a,<1)

n—++400

Vi ay, 12 s6 hitu ty suy ra c6 biéu dién

an = —E" phan s6 t6i gidn

Pntan

T bat déng thic
1 ] Poten
sinz; $sm[ z,-]

P+ dn };; ' Pn+n ;

chon zy=z3=--=2, =A
Tpatl = Tpp42 =" ** = Tpytg, = B
ta thu duogc
! (p,.san+q,.81nB)<sm( (p,.A+q,,B))
Pn+an Pn + Gn

© ansinA + (1 — a,)sin B < sin(a, A + (1 — a,)B)
Qua gi6i han khi n — +00 ca hai v& ctia b4t ding thiic ta thu duogc

asinA + (1 — a)sin B < sin(aA+ (1 — a)B) (dpcm).
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Ta ciing c6 thé dung tinh 16i cia ham s6 f(r) = sinz (0 < z < 7) ¢é
f"(z) = —sinz <0 Vz € [0, 7] nén
flaA+ (1 -a)B) 2 af(A)+ (1 —a)f(B),YA, B € [0, 7).

Bai 6.
Ta chimg minh b4t ding thic
a 1
>

a b7~ aa+ b

vGia,b > 0.

Ta cé

1=(a+p)*= f@+[f

1< (a + b)(aa+3b) (dpcm).

Sir dung bat ding thitc vira chimg minh ta thu dugc
a I5) 1 1
> >
snAd ' 5nB° asmA+ GsnB ° sin(aA + GB)
Tuong tu

a N I5] s 1
sinB  sinC ~ sin(aB + 3C)
Q 1] 1
>
sSnC  sinA ~ sin(aC + BA)
Cong vé vdi vé cic dang thiic trén ta thu duoc bat ding thiic cAn chimg minh.

Bai 7.
Ap dung bat déng thirc

Va+a? +VA+ 02+ Va+ 2 +Vi+d2 > /64 + (a+b+c+d)?

ta thu duoc

-

\ﬁu tgA+th+2tg \/64+16tg—-=\/§6=4\/5.

Vay  Pnin = 4V/5 dat dugc khi A = B— 5
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3 Sur dung tinh chat cua tam thitc bac 2 chirng
minh mot s6 bat ding thirc trong tam giac

Sir dung tinh chét ciia tam thirc bac 2 trong moét s6 trudng hop chiing ta cé
cdch giai gon va manh hon d6i v6i mot s6 dang bat déng thitc trong tam gidc.

Vi du 3.1. Chimg minh ring

P=cosA+cosB+cosC <

N W

Giai
1

R Lo A B-C
— — 1 2—. ¢ i — _
P =1-2sin 5 + 2sin 5 cos 5
A B-C A
i 2_...—- i — — oo
& 2sin 5 2 cos 5 sm2 +P-1=0

2-’?—’5’-9—2P+2>o

,B-C

CO8" —————m
eP<1+ 22— <

Suy ra

A’ = cos

N W

D4u déng thitc xay ra khi v chikhi A = B = C.
Phuong phép ndy c6 mot s6 wu diém sau:

1) Chimg minh dugc bat ddng thic manh hon la

cos? 2-€

P<1 2
4

Vi du 3.2. Chimg minh ring

cos A+ cosB+cosC <

coS + cos + co8* ——
<1+ 2 61 2
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Giai
Bién déi nhu trong vi du (3.1) ching ta thu dugc cic bat dang thic

,2A"B

coS
2

cosA+cosB+cosC <1+

S

- C
2

2

COS

cosA+cos B+cosC <1+

QN

— A
p:

2

cos
cosA+cosB+cosC <1+

Cong V& v6i V€ ba bat dang thitc trén ta thu duge bat dang thitc cdn ching
minh.

Vi du 3.3. Chimg minh rang

A s B
Str dung cdc bat dang thic cos 5 =g

o5 A + cos B+ cosC = 1 + — ta thu dugc b4t ding thic cin ching

. R
minh.
Vi du 3.4. Ching minh réng
A-B B-C C-A
cos + cos + cos
1) cosd+cos B+cosC < 1+ 2 62_ 2
A-B B —( —~ A,
cos 5 + cos + cos 1

) cosA+cosB+cosC < 1+
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Giai
Suy truc tiép tir két qua cua vi du (3.2).

B|§1nencos°A— pA=5

*) Vi | cos 5 < cos véia 2 f.
9VIAZE 51228 (> 2 sym
A-B A-B
cos < cos
2 n

Ta thu dugc c4c b4t ding thifc cdn ching minh.

2) C6 thé chimg minh mét s6 bat ding thirc twong tr vi du 3.2
nhing c6 mét hé s6 khéc hai hé s6 con lai.

Vi du 3.5. Chimg minh ring

m?2

P=cosA+m(cos B+cosC) <1+ 5

'

trongd6 0 <m < 2.

Giai
A A B-C
—_1 —Dain® _ 4 ¢ e e
P=1 ‘2sm 2+2ms1nzcos 3
@2»sin2-é—2mcosB‘Csin-4+P—l==0
2 2 2
Suy ra .
' 2 2B-C
Azmoos———r—2P+2>0
m’-cos"’B-C -
eP<1+ 2 _ <14 —
2 2
D4u déng thiic xdy ra khi va chi khi

B =_C,
Qiné"zE
sin o = <.
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3. Thuan tién khi chirng minh bat ding thirc ¢6 diéu kién.
Vi du 3.6. Gia su A. 3.C" la cdc goc cua mot tam gidc khong tu,

chimg minh rang
cos A +cos B +cosC < V2.

Giai

Ta co

. A B-C .9 A :
P = cos A + 2sin 508 —5— <1~ 2sin’? Pl 2sin 5

— - - ]

A 1
Vi) < AS%:()<t:sin—2—§—,—véthudu‘qc

V2

1
P<—20242t+1= f(t),trongdo 0 < t < —.
< f(t), trong 7
1
Vitrén (0, —=| ham f(¢) don diéu tang, suy ra
( \/é] f(t) g, suy
1
t) < f(—) = V2
f()._f(ﬁ)
Vay P < V2.
Déng thitc xay ra khi va chi khi
B=0
. A 1
Sin.— = —=.

2 V2

4. Thu:an tién khi chimmg minh mét sé dang bat ddng thirc khong dai
ximg. '

Vi du 3.7. Chimg minh rang

P =cos A+ cos(B—C)+cos2C <

N
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Giai -
Ta c6
, B+C B-3C .o A . A 3
= <1- o — C -
PA cos A + 2cos 5 cos 5 <1-—2sin 2-4-281112_2
D4u déng thifc xay ra khi va chi khi
B = 3C,
sin-f}-—l
2 .2
Vi du 3.8.Ching minh ring
P=2cosA+cos(B-—2C')+cos3C$%
Giai
P=2cosA+2cosB;CcosB;50=
A A B-5C
i P, T :
2(1 — 2sin 2)-+-2$‘1112cos 5
ﬁ4sin2-4-—2cosB—5C-siné'+P—2=0
2 2 2
Suy ra 43 |
A'=coszB_50—4P+8 >0
1 B - SC 9
< = cos? -
ﬁP_2+4cos 5 4
| B =5C,
D4u ding thifc xay ra khi A 1 (dpcm).
sin — = -
' s

Vidu 3.9. Tim gid tri 16n nh4t cla

A

P =cos B + cosC — 4sin® 2 5
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Giai
Ta co
A A
P < 2sin 5 4 sin® 5 = 2t — 4t3 = f(t)
: A
trong d6 ( <t=sm-2— <1

1
ff)=2-12=0t=x—

V6

Xét cau f'(t)

1
) <1< —=tacd f'(t) >0

V6

1
—€§t<ttac6f’(t)<0.
Suy
1 2 4 8 4
f(t) < e - Ee =
j()“f(\/é) V6 66 66 3v6
4
Vay P = —=  dat khi
.y ma. 3\/6 A
B=0C,
siné———l——
2 V6

Chiinz ta chimg minh mot s6 dang bai todn khdc sit dung tam thic
bac 2

Vi dv 3.10. Chimg minh rang

P=sin? A+sin? B+sin?C <

| ©
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Giai
Ta cé _
P= sin2A+1—°°SQB;"’°S2C = 2—cos? A—cos(B +C) cos( B— C)
& cos’A—cos(B=C)cosA+P—-2=0
Suy ra ‘
A=cos’(B-C)—4P+82>0
20 —
@PS2+COS(B C)S_z_
Dﬁudangthucxay rakhiA=B = C-—-%
Vi du 3.11. Chimg minh ring
A B, C 1
= sin —sin — sin — < —.
r sm281n251 5 <3
Giai
Ta cé
- 2P-sinA(cosB—C——cosB+C)—
2 2 2 /-
—siné(cosB_C—siné)
2 2 2
A B-C £ A
2 _ -
4@)sm2 €08 — sm2+2P 0
Suy ra
A=coszB;C 8P
,B-C
C(ﬁ'——é—— 1 4
< < -
& P< 5 <3 (dpcm)
Vi du 3.12. Chitng minh rang
he o [or
.~ VR
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Giai
Ta cé6
' i~ C ha
CcOS ]
i A B C r
In —sin —sin — = —
n 5 n 5 Sl 2 4R
Tir bat ding thitc
ol B-C
B C 0S
sin 2 sin Ssing < —TQ_- (Xem vi du 3.11)
ta nhan duogc

r h2 s = 2r

Vi du 3.13. Chimg minh ring

A B C 9
il — n— < -
P = 25m2+sm2+81 5 57
Giai
T
e B+C _ . B+C B+C
P = 2cos + 2sin 3 cos 1
B+C B-C
¢P=2(1-—28in2-—: ) + 2cos : SinB:C
¢#4Sin23+c—ZCmB—CsinB+C+P—2"=O
4 4 4
Suy ra
A—C(B —Bi-—4—c"'*4p 820
B-C 9
< = cos? < =
P 2+4cos =1
Déu ding thitc xady ra khi
B=0C
B+C
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BAI TAP

Bai 1. Chimg minh ring

cos?(A — B) + cos?(B — C) + cos?(C — A)
12 .

sin? A+sin? B+sin’C < 2+

Bai 2. Ching minh ring

2
2a2+bz+c25 <Dit .

Bai 3. Ching minh ring
T 17

'—4+' §+s'n9< + —
sin o +sin o +sin 7 < =5 + 1o
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LOT GIAI

Bai 1.
Cong ba bat dang thic

cos’(A — B)

sin? A +sin’ B +sin?C <2 + 1
. 0s2(B - C
sin? A +sin? B + sin? C < 2 + 25\ ; )
os?(C - A
sin2A+Sin?B+sin2C'§?.+Cb(4 )
ta thu duoc diéu phai chimg minh.
Bai 2.
B4t dang thic trén tuong duong véi
25

P =2sin? A +sin’ B +sin’C < n

P=2-2cos’A+ 1+ cos(B+ C)cos(B - C)
& 2cos?A +cos(B—C)cosA+P-3=0

Suy ra
A =cos’(B-C)—8P +24>0
cos?*(B — C) 1 25
P<3 <3+ -=—.
SOT T ST
D4u déng thirc xay ra khi
B =C,
1
0sA = —-.
cos ;
Bai 3.
Ta c¢6

A A B
tg~2—sinB + tg—?—sinA > 2\/25in2 —';2sin2—g = 4sin§sin—2—

B C B C
tg-—2—sinC+tg-2—sinB > 4sin—()—sin§
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C A ; C . A
= g — si S 48in — sin —
tg 5 sin A + tg 5 sinC 2 4sin 5 sin >

Cong ba b4t ding thiic trén ta thu dugc

tg g(sin B +sinC) + tg —g(sinC +sin A) + tg g—(sinA + sim B) 2

A
2 4(sin A sin L4 + sin — sin < + sin — sin —2‘)

2 2 2 2 2

Vi tg i;—(sinB +sinC) =

= Sin_z- -2sinB+CcosB-C-—2sin—4cosB—C
- A 2 2 2 2

=2cosB;CcosB_2—C=cosB+.cosC

Tuong tu ta c6

tg -g-(sinC +sin A) = cosC + cos A

tg%—(sinA+sinB) =cosA +cos B

Ta thu duge

A, B B C C . A
S osin D ain B 4 ain BainC 4 cin g 4
cos A+ cos B + cos C > 2(sin 5 Sin + sin 5 Sin 5 + sin 5 Sia 2)

A B C B 2
2 2 2_..> in — in — in —
coSs 2+cos 2-H:os 2,(sm2+sm2+sm2)

Ta céd
2
(sin-g+sin—§+sin%-—-g) 20

. A . B . C\2 A . B C
¢>4(sm—2-+sm§+sm—2—) +9212(sin—2—+sm-2— +si:n-2—)
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Suy ra
;( L2 A -2 B 1 (' 9 > 12/( si 1 5 B < C
4( cox 2— + Cos 72— oS —2—> + 9 = u<sm-{2— +51115+sm—2—)

| A B C
23 +cosA+cosB+cosC)+9 > 1‘2( sin — + sin — + sin —)

2 2

T A B C
—'(’) R L Q 9 o = B = g =
<2(0 4 R) 9> lu(sm 5 } sin 5 { sin 2).

virosA 4+ cos B+ cosC =1+ —1% (Xem vi du 2.10)

& §i +'B+'C 1'7+T (dpcm)
Sill — Sin — SN — - ks — .
st ks sty 5T e P
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4 Su dung cac ding thirc luong giac xay dung
mot s6 dang bat ding thirc trong tam giac

Tir cic cong thirc lugng gidc ching ta thu duge cdc dang thic trong tam

gidc. Sl dung cic déng thic tam gidc chiing ta xay dung dugc nhimg bat

déng thifc méi trong tam gi4c.

I. Cong thitc tga + cotga =

sin 2a

Ta thu dugc ding thitc

t A+t §+t —C—+cot é+cot §+(‘0t 9—
g5 TG TS €3 g5 TS =

i 1 1
N 2(sinA T sin B + sinC)
va x4y dung dugc cic bat ding thic sau

Vi du 4.1, Chimg minh ring

! + : + k. >\/§+lcot éco‘t Ecot 4
sinA sinB  sinC~ 2 g 0185 085 g2.

Giai
Sir dung déng thic
t A+ ot B+ t g——-cot écot —B—cot —C—
BT R T e S, SR S g
va biit diing thic . -
B
= 4t = tp— > V3
tg2+tg.2+tg2 V3
suy ra b4t ding thic cdn chimg minh.

Vi du 4.2. Chimg minh ring
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Giai
Su dung cédc dang thic

3 ' p
t cotg — + et — = —
7 7) r

N |

cotg -

t

-~

A bEi C r+4R
tg;’Ft(‘.’,‘;“f{g‘——L —

2 D
va bat dang thirc
1 N 1 1 ~ l . 1 N 1
- . -+ = —~ =
sinA  sinB  sinC cosé (‘osg q_Cl
R T

ta suy ra bat dang thitc cin ching minh.
I1. Sir dung cong thitc cotga — tga = 2 cotg 2a

Ching ta thu dugce dang thirc

A B C
cotg 5 + cotg = + cotg 5

A B C
= tg 5t tg 5 + tg B + 2(cotg A + cotg B + cotg C)
va ta xay dung dugc cac bat dang thic sau:

Vi du 4.3. Chimg minh rang

A B C
cotg ) + cotg 7 + cotg 3 > V3 + 2(cotg A + cotg B + cotg C).

Giai

St dung bat dang thiic
g 3 + tg 7 +tg —)— > /3, (xem vi du 1.6) ta suy ra dpcm.
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Vi du 4.4. Gia sir tam gidc ABC nhon, chimg minh ring

A B
cotg — + cotg — + cotg

2 2 2

A B < =%

tg—2-+tg-2-+tg—2—
Giai

Sir dung b4t ding thirc

A B C
cotg A + cotg B + cotg C 2> tg—2—+tg-2-+tg§'

(V6i0 < A,B,C < er—)tathudu'chpcm.

Nhdn xét: Néu khong c6 diéu kién cdc géc cia tam gidc 1a nhon ching ta
giai bai todn khé hon bing cich sau:

Bit ding thic trong vi du 4.4 cdn ching minh twong duong vé6i

: ?
T ; 2 2
TFAR 239 g, 23 e 23 + 12k
p
(Xem vi du 2.7 va 2.12).
Tix béit diing thitc

(a+b+¢)? > 3(ab + be + ca)
_ ta thu dugce
4p? > 3(p®> +r* +4Rr) (xemvidu2.11)

< p? > 3r? +12Rr  (dpcm).

II1. Sir dung cong thitc tg asin 2a = 2sin’a

Ta thu dugc bat ding thitc co ban sau
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MOt s6 bai giang vé cdc bai todn trong tam giic

A /3 A B
tg —sin B + tg 5 sin A > QV/;sixr h 2 sin? 5
5 i Sl
~Z 4S5l '2— SIn “é‘
Vi du 4.5. Chimg minh rang
2 A L eo? 2 4 2C?>(' A+—'lg+mnc)2
'‘OS — 0SS — COS — 2 Sin — Sin — e "
(08 TS 2 2 2 2
Giai

Ta cé

B C CA)

. A B+ . L .
sin — sin — + sin — sin — + sin — sin —
2 2 2

>
/4( 2 . 2
Xét
sinA
A, . 2 . B+C B-C
tg—2—(51nB+slnC)- A-ZSm 5 c0s 5
COS —
2
—2sinécosB—C
B 2 2
—2cosB+CcosB—C
B 2 2

=cos B+ cos C
Vay bat ding thic da cho twong duong véi
B C

sin — sin
2 2

2(cosA+cos B+cos() > | (

4 B, . . :
tg —'sin B +sinC) + tg -é—(smC +sin A) + tg —2—(31nA +sin B) 2

A B+ . . :
— +sin — sin — +sin
() ‘ S 2 +

cC . A

— sin —
2 2

)
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A oA . B . ,B s C 2 C
& (cos® = —sin® =) + (cos® = —sin? =) + (cos? = —sin® =) 2

2 2 2 2 2 2

]

>2(sinAQinB+9' B C+' e
> — 8in — + Sin — sin — + sin — sin —
5 5 in 5 in 5 sin 5 sin 2)

A B C A B C\2
- LI L. S ST R . ‘
& cos 2+cos 2+(,'0s 5 ,(sm2+sm2+qm2) (dpcm).
IV. Sir dung cong thitc cosatga = sina
Ta thu duge bat ding thirc co ban sau:
'cos—ét —B-+cos—l?-t j—4->2 *inésin—q
783 g By zeysing sy
Vi du 4.6. Chimg minh ring
cos"’-g- cos2~l—3— cosz-g—
chosBcosC+cochosA+cosAcosB;
2 2 2 2 2 2
> 2( ——-124- s—B— —C-+ si gsxf3
> sin 7 sin - in - sin - n = sin
Giai
Ta cé
("osé(t B+t C)+cosB(t C+t é)+cos€(t é+t §)>
BB TR T Uy TR TSRy TIEZ) 2

s B0, s A B . B C . C | A)
") — Q— \ — — g — "‘l —
> 2(4/sin 5 Sin 5 + 4/sin 5 Sin 3 + 4/ sin 5 Sin 5

<
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Vi
D+ ( y A
A B C A4 B cos” o
COs g(tg B + tg 75) oS 5 1}—--‘:- o = 7 &
COS — COS —  COS — COS —
2 2 2 2
Tuony tw
g &3
B, ¢ A cosT o
csplEg tey)l=——T 3
Cos 5 + COS 5
2 C
C(tA+t[3)_ (()h—é-
COS—Q— g? g—é- = A ‘ B
COS -2— CcOs ‘5
ta thuduoc
A B . B C . C A
Pz2 ((\/sin Esin 5 4 \/sm 7 sing + 4/sin 5 S 5) (dpcm).
— . 1
Y. Sudung cong thirc cotga = — + cotg 2a

sin 2a

Vi dud.7. Chimg minh ring

A B C
citg 2 + cotg Bl + cotg ) > 2V3 + cotg A + cotg B + cotg C.

Giai
E4t ding thitc da cho tuong duong véi

1 1 1
2 NS
sin A T sin B i sin C' V3

Sr duig cic bat dang thic
1 1 1 9
2

a b ¢  a+b+ec

: 3v3
i snA+sinB+sinC < — (xem vidu 1.5)

t: suyra diéu phai chimg minh.



90 Nguyén Vi Luong, Nguyén Ngoc Thing

Vi du 4.8. Chimg minh rang

1 1 1
52 7t - §+C €+cotgA+coth+coth.'
cos 5 COS 7 0s 5
Giai
Sir dung ding thifc
cot é+cot: §-+cot E—B
By TG TR T 1
va bit ding thiic
1 N 1 " 1 . 1 i 1 a 1
sinA sinB  sinC~ A B C
COS — COS—  COS—
2 )
VL. Sir dung cong thirc i =2cos2a —1
cosa -
Ta c6 déing thitc
cosg-é cosg cosgg—
ol - 2_ 4 2 = 2(cos A + cos B + cos C) — 3.
A B C
by cos—2- cos—é-

Vi du 4.9. Chimg minh réng

COS ﬁ COSs g-lz COS ?—q
2 2 2
At =P
2 2 2
Giai

B4t ding thic cdn chimg minh tuong duong véi

2(cos A+ cos B +cosC)—3<0
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Sir dung bat dang thirc

3
cos A+ cos 3 +cos(C < 5 (xem vi du 1.5)

. . . ) tg a
VII. Su dung cong thirc tg 2a = tga + A
cos 2a

Ta c6 dang thirc
g2 gl tg
AL B £y 85 ‘83
¥ =tg — +tg— +tg — .
t&A+th+th- g2+g2+g2+CQsA+cosB cosC

Vi du 4.10. Chimg minh rang
t i t - th
g= tg— —
2 2 2
Y 5, : .
tg Atg BtgC > \/§+COSA+ e

Giai

Sir dung déng thitc
tgA+tgB+tgC =tgAtgBtgC

va bit dang thic

A B /
tg-—-+tg—-+tg—g—2ﬁ (dpcm)

2 2

VIIL Sir dung cong thiic 1 — tgatgh = cos(a + b)
cosacosb

Ta cé ddng thic
2=3 (t Af B+t Bt C+t Ct )‘—
- Eoley Ty ley TEn ey ) =
. C B A
S111 — Sin — Sin —
_ 2 2 2
=" A Bt~ QCc At B C
COS — COS — COS — COs — COS = COS =
7 ‘% 2 ‘3 SRR
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Vi du 4.11. Chimg minh rang

sin” — sin = sin C
_ 2 2 Pl 16
P‘cos“-lzcos“-g+cos4—qcos4é+cos4écos“§- 227.
2" 2 2 2 2 2
Giai
Ta co
sm-f1 siné sm-—(Z
__ 2 2 2
cosgcos-g+cosg—cosé+cos—4—cos§ 4
P>3 2 2 2 -2 2 2 _
~ 3
2., 16
-—3(5) =5 (dpcm)

Vi du 4.12. Chimg minh ring

siné siné :ng
_ 2 2 2 .
P=l—p"—F+ cxt |~ A psve
cos 5 cos = \cos-2—cos—2- \cos-2—cos-é—
Giai
Ta cé
sin—4 sin—lZ sm—C-
2 2 %
oo B cosC " cosCoom? " com Acos D
3
2
=3\/;=\/6 (dpcm).
sin(a + b)

. > A Y teb =
IX. St dung cong thirc tga + tg cosacosb
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Ta thu duge cong thuc

~

A B p

A B C
COS — COS — COS‘é‘
PPN - O Y )
COS2C 9 (,‘02(02 S2 82
Vi du 4.13. Chimg minh rang
A B C
COSE COS-E COS—2~ \/_
C B OSC +COS€COSé+COS—‘4—COSB ;2 >
PPy Ty TR
Giai
Sur ding b4t ding thic

A B  C
tg-2—+tg—2—+tg-2—>\/§.

Vidi 4.14. Vé6i A, B, C la ba g6c cua mét tam gidc nhon, ching minh

rang
cosA cosE cosg—
2 2 2 _
cos—l-;-cosng osC AT e BS
5 p g CET  Gso Loy

< 2(cotg A + cotg B +cotg C).
Giai
Sir ding b4t déng thic

A B
cotg A + cotg B + cotg C > th +tg—2—+tg5.

sin2a = 2sina

X. Sudung cong thirc

cosa
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Ta co

1
COos é

2

" Vidu 4.15. Chimg minh ring

A-B
P-cos 5

[{. A, B
> 2(\/3111-2—31115

Ta co

1
A

COS —

2

1
B
COSs —

2
. A, B
P 4(\/sm§-sm-2- +

IA(sinB +s5inC) =
CoS — |

2

tasuy ra

(sin B +sinC) +

Vi

2
A

COSE

1
sinB+ —
CcoS —

+ cos

+ \/;ngsinc
2 2

(sin.C +sin A) +

=
81 2

. . A . B
sinA 2 4\#111 — sin —.

B 2 2

2

C-A
2

B-C
2

+ cos

WV

sin g sin -4-)
2 27/

+

Giai

1
C

Cos —

2

(sin A +sinB) 2

sin — +

; +\sngsng)

sin — sin —
2 2

=2G(B§—-;—£

B-C

83

| B+C

sin
2

. A B
P;2(\/sm-2—sm-2—-+

J;in -1-3- sin ¢
2 2

o C A
+\/sm—2-sm-§-) (dpam).
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BAI TAP
Bai 1. Ching minh rang
A B C
oS “‘2— Ccos — COS —2— \/‘_
sin—sin —  sin —sin—  sin —sin —
sinosin o sinosino - sin o sin 2
Bai 2. Chimg minh rang
,A—B o8 = ,C—A
Cos® ——— oS Ccos 16
P = B ot 2y R
cos® LY cos? = cos? o cos? g cos? 2= 3
0s’ = cos® 5 0s% 5 5 cos? o cost o

Bai 3. Chimg minh rang

] 1 1

> V3 + cotg A + cotg B + cotg C.
sin A * sin B + sin C 8 & &

Bai 4. Ching minh rang

L IRPO . >2(tA+tB+tC)
sind sinB ' snC - ‘\'Bg T8 TG
(V6i A, B, C 1a ba géc nhon cia mot tam gidc ).

Bai 5. Ching minh rang

cosA cosB cosC)

€>1+4( + +
2 7 sinfA  sin’B  sin’C/’

2 A » B 2
cotg 3 + cotg D) + cotg

Bai 6. Ching minh rang

2A 2B 2C
cos 5 cos el cos 3
_ > 36.
’ S ’—lz 29— ’ "n2€9in2é+sin2ésin2§ > %
sin 2sm 5 si 5 5 5 5
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Bai 7. Chimg minh ring

A B C
sk il S | |
sir Bsin +'Sir1 5 A +s’ A . fsz(tgA+th+ngC)
273 5 Sily  Sinosing
(VGi0<A,B,C<%)_
Bai 8. Chimg minh ring
P = sin A sin B sinC S
—Sin?B'Sig-’.si —qsxé+é§/
2 n2 n2 n2 Sln231n2
>4( C()S-j-l-cos_lz+\/c E OSC—{—\/ CC A
z 2 9 082(: > C(.)S2 .052)_
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LOI GIAI

Bai 1.
Tir coOng thic
sin(a + b)
cotga + cotgh = ——=
sinasinb

ta thu duoc dang thic

A B C
2(cotg 5 + cotg o + cotg 7)) =

2 2
COQA C()SB COSC
| 2 2
=~ B._CVt . C._ A+S_ A_B
sin o sin - sinzsing  sin 7 sin -
Sir dung bat dang thirc

A B
cotg ) + cotg 3 + cotg—g— > 33

ta thu duoc bat ding thifc cdn ching minh.

Bai 2.
Tir cong thirc
cos(a —b) .
l1+tgatgh = ———~ -
tigale cosacosb
ta thu duoc

Ta ¢cé
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Bai 3.
25in2A
1 1 —-cosA 9 A
! sin A cotg sin A 9 i A A tg2
sm-é—cos-2—

nén b4t ding thic tuong duong i

B
tg-g-+tg-2—+tg—cé'->\/§ (xem vi du 1.6)

Bai 4.
Tir cong thic .

tga = S % — cotg 2a
ta thu duoc ding thic
t A+t B+t C+ tg A+ cotg B+cotgC = c + - + .
By TG TG TCOE EETCORY T GnAd "sinB  sinC
Ap dung bt ding thic

+g§+mg (0< A,B,C<

-, A
cotg A + cotg B + cotg C > tg — )

2
ta thu dugc bt ding thitc c4n chimg minh.

8| ]

Bai §.
Tir cong thirc
4 cos 2a
cotp; a-tg a-+
sm 2a
ta c6 ding thic
cot A+cot B+cot C
g 5 +ootg’ 5 +cotg’ 5 =
— 2 42 §+t2—q+4(c°sA+c°SB+C°SC)
AL AL sin? A " sin?B  sin’C
Ap dung bt ding thitc
tg’ = +t §+t E
8 9 g ) g 5 Z

t ét §+t Et g—}—t g—t é—1 (dpcm)
.g2g2 g282 ~82g2—* pcm).
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Bai 6.
Ta c6
A B C
s o 2 e
()‘a’ \ (()52 | (()82
B _C'"  C_ A" A B,
Sin — Sin — sin — SIn -— Sin -— Sin —
; {) v
P> 3 272 2~ 2 2" 2
3
ma
A B C
COS — COS — COS ; \/_
 B— 4 < > 6v3
. B_._C'  C A" A B~”
Sin — Sin — SN — SIn — Sin -—Ssin —
22 272 2

nén P> 3(2v3)2 =36 (dpcm).
Bai 7.

Ap dung dang thiic
A B C

COS — COS — COS —
2 ) 2
B C . C. A" A B~
2

sin —sin —  Sin —sSin —  sin — sin
2 2 2 2 2

A B C
= 2(cotg —2— + cotg —é- + cotg —-2—)

va bit dang thirc

A
tgA +tg B+ tgC > cotg 5 + cotg —g + cotg g (dpcm).

2

Bai 8.

Ta co

A B B A _ |/ A B
sin —‘i(otg—{): + sm;c‘()tg 72— 2 cos 5 cos 2

<
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Suy ra

siné(cot §—+cot —C—)+
9 \¢*8 5 €3

. B C A . C A B
+ sin -E(cotg 5 tcotg —) + sin —(cotg — + cotg =) >

2 2 2 2
> 2(y/c ﬁ‘l;cos--q+\/cos—qcos?—-i—\/oscc -4)
ZANEEF RS g ‘P TV
Vi
. B+C
A B tg_,ﬁi_sm 2 1 sin4
sm—z_(cog_zu*-cog2)_-Sm2sin-l—3‘-sJi:—C———ZsinEsinf9
2 2 2 2
Ta suy ra

A B B_C N -
> e i - o g - .
P > 4( coszcosz+\/;>szcosz+\ﬂoszcos2) (dpcm)
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5 Ap dung mot dang bat dang thirc c6 diéu kién
trong tam giac

Trong bai giang nay ching ta sir dung két qua cia mot dang bat déng thiic
dai s0 c6 diéu kién dé xay dung bat dang thirc trong tam gidc.

I. Cac bat ding thirc can thiét

ViduS8.1. Véia,b,c>0,a+b+c¢ < g , chimg minh rang

1 1 1 1
P:a+b+c+—+-+—>——5-.

a b ¢ 2

Giai
P > 3Vabc + :
~ v abc
Pat 0<t::"'abc<9-—t—b—j——53l
' - 3 2
ta thu duoc

Poralousl gpni otapy D8

2 2
- . ) 1
D4u dang thic xdy rakhia =b=c= 5
ViduS.Z.Giésixa,b,c>O,a+b+c§-Z—,chl’mgminhr&ng
1 1 27
P—a+b+c+-a—5+52—+§/—é-
Giai
P > 3Vabc + ’
v a2h?c?

b
Pat 0<t=Jabe< 2H2TC ¢
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ta thu dugc
L PV B
£;3\“/6—4— _p-B Y ,px 7%
2 2 2
D4u déng thirc xay ra khi va chi khia=b=c= %

- Chitng minh tuong tu chiing ta thu dugc c4c b4t dng thic sau:

Vldu5.3 Gnasua,b c>0a+b+c< - 2 , ching minh rdng

2
FLoR LA 1111
b ¢ a a b c¢” 2
1 1 1 27
il = 52
a+b+C+ab+bc+ a/ 2
1 1 1 9
e V.l
ab+ bc + ca + +b3+c3/ 4
II. Ap dung trong tam gic
Sir dung b4t déng thic
sin—+sin§+sin-—c—<§
2 2 2~ 2

Vi du 5.4. Chiing minh ring

A B B C_2
P=sin-—+sin-—-+sin—c-+cotg2é+cotg25+cotg2-2-> 7

2 2 2 2 -
Giai
Ta c6
P—sin£+sin§+sin—q+ ) 4 1_+ 1 .,
2 2 2 , A , B ,C °

sin  — sin“—  sin® —
. 2 2 2

27 21
Su > —-3=
yra P> 5 3= 5

Diéng thirc xdy rakhi A = B=C.
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Vidu 5.5. Ching minh rang
35

pin Aain Bain € c o M 1ot By corg? &
SINn — SIn — si — < cotg™ — + cotg™ — cot =
1 112 2% Q,HL,Q “kQ (g,)

Giai

Bit dang thitc c4n ching minh tuong duong vdi

35 1
T + 5(('05/1 + cos B + cosC' — 1)
” 1 1 " 1 3
Sin?A ' sin? — 9i112€
s 5 S s 5
4 1 . A B " &
< -4—5 + 5(3— (25i1125 +251112—2— + 2sin? —2-)) <
1 " 1 " 1
e 2A sinQB sl 2C
sin S sin® —
2 2 2
A B C 1 1 1 51
_ ateg A e 2 Y ol
& P =sin 2+sm 2+sm 2+ ,2A+ .2B+ .202 7
sin® —  sin° —  sin® —
2 2 2
Ta co
A . B ' - p
P23'\’/sin2—sinz——sin2 & I s
2 2 2 A B C
°/sin? = sin® = sin? —
2 2 %
s‘inA +sinB +sinC
[ A, B C Shryrsingasiis
Datt-:.ssin—z—sin—é-siné-g 2 32 2 55
ta thu duoc
§>t +§:16t +t—2——15t p
1 (=4
;8—$:H@P>“
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D4u dang thic xayrakhiA=B =C = g (dpcm).

gl’x dung bt ding thitc
2 (sin? A+ sin? B+ 5in? C) < 3 (xem vi dy 1.7
ta thu dugc

Vi du 5.6. Chitng minh ring

WLl On

4§(<‘osAcosBcos C)+ g(cotg2A + cotg® B + cotg® C) >

Giai
Vi sin?A+sin?B +sin?C =2+ 2cos Acos BcosC

(xem vi du 1.1) nén bat ding thirc cdn chimg minh tuong duong véi

2, ., . 9 . 2 37 1 1 1 5
— — - - > -
3(sm A +sin® B +sin“C 2)+2(sin2A+sin2B+sin2C 3) 3
2 . 2 2 . 2 . 2 3 1 1 1
o o | o 21
& 3(sm A +sin® B +sin“C) + 2(sin2A+ S’ B + Sinz(J) 215

Pata = -2-sin2A,b= -2—sinzB,c= -23-sin20
ta thu duoc bai todn trong vidu 5.1.

Sir dung b4t ding thirc

N W

‘l"(ma +mp +m) < (xem vi du 1.8)

3R

ta thu duoc

Vi du 5.7. Chimg minh ring

1 i 1 1 27
é—k-(ma+m¢.+mc)+9R2(m2+ 5+ )2——.
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Giai
Pat : b= : : ta thu duoc bai todn da chin
e = ——TMMN,, — 1M - ——1m,. ta thu duogc
1T 3R 3" sp ' 8
muinh trong vi du 5.2.
Sir dung bat dang thic
3 3
\/—(la + 1+ 1) <= (xemvidu lL.8).
2p 2

ta thu duogc

Vi du 5.8. Ching minh rang
. A 2
V3 4p ( 1 1 1 ) L2
2

7(10 * lb * IL) " 3 lalb * lb[c lcla - 2
Giai
bat a \/ﬁla,b = —[glb, = Qlc ta thu dugc b4t ding thic cin
| 2p 2p 2p

chatng minh trong vi du 5.3.

Sir dung b4t ding thitc

ta thu duoc

Vi du 5.9. Chimg minh ring

3r hb h‘C ha 2 15
S \72 T2 T 1, s =
(hg + hg + hg) + Br(hrx + hb -+ h,c) Z

_2_.
Giai
3r 1 3r 1 3r 1 .
Déxta~-§r- ;}:,bz—g: E—c—-é~ztathuduqcbéltoén:

Giasra,b,c>0,a+b+c= E,chlmg minh rang

P:——+—+—+—~+~+
b & a b

a2 b 2 1 1 15
¢ 2
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Giai
Ta cé 3
P > 3Vabc +
vabe
bat0 <t = v bcsa+§+CS%.suyra
P 1 1 3 5
>t =4t +-—-3t24— ==~
gZtity=dtty-dt2d4-5=5
15
@P}—é— (dpcm)
Sir dung b4t ding thic
1 3
1 . . <3 , .
\/g(san+san+smC) =5 (xem vi du 1.5)
ta thu duoc

Vi du 5.10. Gia sit A, B,C la ba géc cia mét tam guic nhon, chéng
minh ring

A B C 1 1 1 1.5v/3
—eos A B ¢ > .
P=ces +cmy tomg +-3(sinA snB sinC> 5

Giai
Ap dung bat ding thic

sinA+sinB+sinC$cos-/21+cos-§+cos—§-

ta thu dugc

1 1 1
P>sinA+sinB +sinC 3( )
sinA +sinB +sinC + sinA+SinB+SmC

Vay ta cdn chimg minh b4t ding thirc
1 1 ) 15
>

\/3

~ 92
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I I [ a2 .
bData = —=sin A0~ —=sin B.¢ = —=sin ' ta thu dugc bat dang thic

V3 V3 V3
trong vi du 5.1.
Sir dung bat déing thic
l A B C 3
%((‘()s 3 + COS 5 + cos -5) < 5 (xem vi du 1.6).

ta thu dugc

Vi du 5.11. Chimg minh rang

1 A B C 13
a(msA + cos B + cos (') + 3( tg? 5 + tg? 3 + tg? —2—) > R

Giai

Bat dang thitc can chimg minh trong duong véi

1 5 A o B , C
6(2(C082 3 + cos® 3 + cos? —é—) - 3)+

1 1 1 13
4 ¢ o > ey
CcoSs ?)- COS 5 COS —2—

- -

A B C
(('()52 = + cos® = + cos? —)+

1
& gl g > )

1 1 1 51

*% A t—Fp* 0)27
cos? — 08?2 —  cos? —
2 2 2

A 1 B 1 C . * V4
Data = —cos —, b= —=cos —,c = —=cos 5@ thu dugc bai toan

Vi o2 V3 2 3

Giastta.b,c>0.a+b+c< 5 chirng minh rang

: ; , 1 1
P=ad*+0 4%+ =+ =

1
i p + R 2 .
a? 0?2 2

4
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Giai
Ta cé 3
P > 3Va?2 +
c va2b2c?
Da,tz,s/—abcsﬁ_t'f_ifsl
i : 3 2
P 1 1
__22 ___:12 ______lt2
@3 t+t2 6t+t2 3
P 15 17 51
4:3 8 i 3 > P 1 (dpcm)
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BAI TAP
Bai .. Ching minh ring
° 1? 'S‘“—é' o 2 inAsin - ianinA sinCsinB 2
Sl 5y B S g Bl o 272
2 2 2 N

Bai .. Gia st A, BC la ba goc ctia mot tam gidc nhon, chimg minh rang

qinA+sin—+sing+ : + ! + ! >15
T2 2 2  cosA cosB  cosC 7~ 2°

Bai .. Chimg minh rang
1 1 1 1 15
v , ; —F —F — ] > =,

3R(m,, +mp +me) + JR(mO ot mc) 5
Bai < Giasir A, B, C 1a ba géc cia mot tam gidc nhon, chimg minh rang
1 1 1 5 13

.
cosA+cosB+cosC/ 2. B

Bai & Chimg minh ring

T 97 L, A o B o C
BN Tl set i ey T 3 0
R+2(tg 5 + tg 5 —ftg 2) 215
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'LOI GIAI
Bai 1. B c .
=sin—.b =sin—.,c = sin — < — y3
Dit a smz,b qm2,c Q1n2tathuduqca+b+c_2va
1 1 1 27
— — >
P a+b+c+ab+'bc+ca/ 5
Bai 2.
Sir dung b4t ding thiic
1 N 1 n 1 o 1 4 1 " 1
cosA cosB cosC.” . A . B . C
sin— sin— sin—
2 2 2
Bai 3.
Apdung vidu 5.1 véi
a= 1m b= 1m c-——-l-m
3R Y 3R 3R °

Bai 4. :
Tir bat ding thic cos A + cos B + cos C < -gvé
cos A > 0,cos B> 0,cosC > Otasuyra

, 1 1 . 1 15
A C By e
cos A + cos B + cos 4+cosA+cosB+cosC 5

¢#1+r+ . + . + ; >1§
R cosA cosB cosC” 2

R NP S R
cosA cosB ceC> 2 R ‘P

Bai §.
B4t ding thitc cdn chimg minh twong duong v6i

(cos A+ cos B +cosC — 1)+
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(. 2A. ,B  ,C\ 97 1 1 1
& 2((’sos §+cos -2—+(‘()s —5) + ~~<——- A + = B T C’) > ry
- cos? —  cos? — cos? —
2 2 2
¢#2(cos2A+coszB+cos‘2€)+3( 1 +- : + 1 )>15
3 2 22/ 2\ LA LB ~
2 2

Pat a = 2

dus.1.

Wit
N

b Zeo B o2
b 21

C e
c= §c052—2— ta thu duoc bai todn & vi

Wil

CcOS cOoSs
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6 Bat dang thidc dang gan suy bién

Trong muc ndy chiing ta quan tAm dén cdc b4t ding thitc ma d4u ding thirc
khong xay ra va hai v€& cha bat ding thic cang gan nhau khi 3 géc cha tam
gidc ddn t6i vi tri gi6i han dac biét 1a (0,0, 7) va (g. g 0). Phuong phdp
chimg minh cédc bat ding thic dang dic biét nay khéc biét hin so véi cic
bat ding thitc c6 ddu déng thic. |

Tur déng thirc
A. B C
cos A+ cos B+ cosC =1+ 4sin —é-sin —9~sin 5
A B C
va 4sin > sin 7 sin 3 > 0 ta thu dugc

Vi du 6.1. Chimg minh ring
cosA+cosB+cosC >1
Tir bat déng thic trén chiing ta thu duge cdc dang hé qua sau day

Vi du 6.2. Chimg minh ring
sina +sin§ +sin§ > 1.
Giai

B4t déng thifc trén twong duong véi

T A m B T C
COS("2~—"2")+COS(-2"—‘;2—)+(‘OS(-2-—-2—)>1
Bit ding thitc diing vi .
T A m B T C
G-t -3)=r
w o< _Ar _Br C =
2 2’2 2’2 2 2

Vi du 6.3. Ching minh rang

A . B .
51112+ sm§+ .sm-2~>.
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Giai
Ta co
o —— f——
A A DB I S N i
Sl — > S — S11 — > SII — ., /Sl — > Sl —
2 9 2 9 2 3

Vit < sin? sinZ s C <1
(Vi <>1n~5,sm§.smT)—< )

Suy ra }

A B [ C_ A B . C o
sm—2—+ 511172-+ .sm—é->mn§+>m§+sm2

V€ trdi din t6i 1 khi cdc goc cua tam gidc dan tdi vi tri giéi han (0, 0, 7)

Vi du 6.4. Chimg minh rang
( A)sin% +( . B)sin%+(8inC)sin% o1
Sl = S — P
2 2

P ={sin—
sin 5
Giai
Ta cé
i A)sm% in 2 ('ix E)m% >%inE (%in C)sm% >9ing
(me > sin 7, | sin 2 sin 5, { sin 5 sin -
Suy ra

A B )
P > sin — 4+ sin — +sin — > 1.
2 2 2

Vi du 6.5. Chimg minh ring
Vap=b)(p—c) + vVb(p— )(p—a) + Velp — a)(p — b) > Vabe.

Giai

Ta cd cdc cong thirc

A \/(p - b)(p— )
sin — =
he

2

-~
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. B_ [(p—c)(p—a)

C_ . [p—a)p—b)
2 ab
Suy ra bt ding thic 4 cho dugc viét lai

sin

sin +sin§-+sin >1
2 2 2 |

T déng thic
T =sin? A +sin® B +sin? C = 2 + 2cos A cos BcosC

ta c6 két qua sau
Vi du 6.6.

1) T > 2 khi va chi khi tam gidc nhon
2) T = 2 khi va chi khi tam gidc vuong
3) T < 2 khi va chi khi tam gidc td.

Giai

Tacéd
cos A > 0 khi A nhon
cos A = 0 khi A vuong
cos A < O khi At
Suyra |
cos A cos B cos C > 0 khi va chi khi tam giéc nhon.
cos A cos B cos C = 0 khi va chi khi tam gidc vuong.
cos A cos B cos C < 0 khi va chi khi tam gidc ti.

Suy ra
T > 2 khi va chi khi tam gidc nhon
T = 2 khi va chi khi tam gidc vuong
T < 2 khi va chi khi tam gi4c td (dpcm) .

Vi du 6.7. Chimg minh ring

COS 2+COS 2+COS 2>2
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Giai

Bat déng thitc di cho tuong duong véi

A : B . ;
sinz(—;E — %) + sinz(% — 5) + sinz(g - %) > 2

Bat dang thic ding vi 3 géc

n Anm Bnrn C

3723 22 2
1a ba géc cia mot tam giac nhon.
Ta c6 thé ching minh cdch khac nhu sau:
Bit déng thic di cho tuong duong Véi

l1+cosA 14cosB 1+4cosC
+ > 2

2 2 T 2
& cosA+cosB+cosC>1 (vidub.l)
Vi du 6.8. Ching minh rang
2abc
a(p—a)+blp—>b)+clp—c) > i;—c = 8Rr.
Giai

Sir dung c4c ding thifc

A_ [plp-a) B _ [plp=-b) C _ [plp=c)
COSZ~ bc ’COS—2-- " ca (085 = ab

B4t ding thic da cho tuong duwong véi

A B
cos? o cos? > ¥ cos? g > 2 (xem vidu6.7)

Yidu 6.9. Vi AABC nhon, chimg minh rang

sinA+sinB+sinC > 2.



116 Nguyén Vii Luong, Nguyén Ngoc Thing

Giai
Tacd

sinA+sinB +sinC > sin? A +sin? B +sin’C > 2.

(Xem vi du 6.6)
Vi du 6.10. Véi A, B,C la ba géc cia mot tam gidc td, chimg minh

ring
P =sin® A+sin® B +sin3C < 2.

Giai

Ta cé _
sin® A < sin® A, sin® B < sin? B, sin® C < sin?C

Suy ra
P <sin? A + sin? B +sin?C < 2 (Vi AABC w).
Ta xét céc bat ding thifc co ban:
Vidu 6.11. Véi a, b, c 12 ba canh cia mot tam gidc, ta c6
1) a®+b+ 2 < 2(ab+ bc+ ca)
2)  (a+b+c)? < 4(ab+ bc+ ca).
Giai

1) Tacéd
a(lb+c—a) >0,
b(c+a-0b)>0,
cla+b—-1c)>0.
Cong céc b4t dang thirc trén ta thu dugc

a® +b* + c < 2(ab+ bc + ca) (dpcm).
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2) Ta co
(a+b+4c)® —2(ab + be + ca) < 2ub + be + ca)

= (a+b+c)* < 4(ab+ bc + ca) (dpcm).

Vidu 6.12. Véi a, b, c 12 ba canh cia mot tam gidc, chimg minh ring

1 1 1
(a + b)? * (b+c)? " (c+a)?

<

<2( ! + 1 + : )
(@a+b)(b+c) (b+c)c+a) (c+a)la+bd)/’

Giai
Ap dung vi du 6.11, dé chimg minh b4t ding thic ta chi c4n ching
minh

1 1 1
a+b b+c'c+a

Ta co

1ap thanh ba canh clia mot tam gidc.

1 S 1
a+b " 2(b+c)
1 - 1
c+a  2(b+c)

Cong hai bt ding thifc trén ta suy ra

< b+ 2c > a (ding)

& ¢+ 2b > a (dung).

1+1>1
a+b c+a  b+c

Tuong tu

1+1>1
a+b b+c c+a

1 1 1

>
c+a+b+c a+b
1 1 1

a+b'b+c c+a

Vay

1a ba canh clia mot tam gidc.
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Vi du 6.13. Chilng minh ring
1) sin? A+sin? B+sin? C < 2(sin Asin B+sin Bsin C+sin C'sin A)

2)(sin A+siﬁ B+sinC)? < 4(sin Asin B+sin Bsin C+sinC sin A).

g

Giai
Ap dung vi du (6.11) va dinh 1§ him s6 sin.

Vi du 6.14. Véi A, B,C 1a ba géc cha mét tam gidc nhon, ching
minh ring

sin Asin B+sin BsinC +sinCsinA > 1.

Giai
Vi AABC nhon, suy ra.- - sin? A + sin’? B +sin® C > 2.
Suy ra .
2(sin Asin B + sin BsinC +sinC'sin A) > 2 (dpcm).
Vi dy 6.15. V6i A, B, C 1a ba géc ciia mot tam gi4c khong tb, ching minh
ring BT AR ‘
M = (1 + sin® A)(1 + sin? B)(1 +sin® C) > 4.
Giai

Tacéd |
M = [(1 — sin? A)(1 — sin? B) + 2(sin? A + sin? B)(1 + sin’ C)

Suy ra
M > 2(sin? A + sin® B)(1 + sin®C)

(D4u ding thitc xay ra khi A hoac B vuong).

Vi AABC khong tb, suy ra

sin?A +sin?B > 2 —sin®’C
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Thu dugc
M 2 2(2 - sin* C)(1 + sin* ()

Vay ta con phai chimg minh
2(2 — sin2 C)(1 + sin? () > 1
e sin‘C —sin' C >0 sin*Ceos* C >0
(Dgu ding thic khong xay ravi ' # =),
Vidu6.16. Vi A, B, (' la ba géc ciia mot tam gidc khong t, ching minh

rang
Q= (1+sinA)(1+sinB)(1 +sinC) > 4.

Giai
Visin A > sin® A, sin B > sin? B, sinC' > sin?C suy ra

Q > (1+sin? A)(1 +sin? B)(1 +sin*C) (theo vi du 6.15)

Vi du 6.17. Chimg minh rang

(1 + cos® -g—)(l + cos® —?—)(1 + cos? —g—) > 4.

Giai

Bat ding thic cdn chimg minh twong duong véi

s o, A T B ™ C
14sin*(= - = Sin*{— — — sin?(= — —
( +Sln(2 2)>(l+sm(2 2))(1+9m(2 2))>4
: R , .m An Bn C
Bat dang thitc ding theo vi du 6.15 vi 37 3'3"3'3 " —2—15 ba goc

clia mot tam gidc nhon.

Vi du 6.18. Véi A, B, C la ba géc ciia mot tam gidc tu, chimg minh
rang

1 1 1

+ + - < 1.
cosA  cosD cosC
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Giai

Gia sif cosA < 0, suy ra cos B > 0,cosC > 0. Bat ding thuic cén
chimg minh tuong duong vai
1 1 1

cos B u cosC S cos A

Nhan ca hai vé véi cos B cosC > 0 ta thu duge

cos B+ cosC < cosBeosC — M
cos A
cos BcosC
< (1 =cosB)(1 —cosC) —(1+ _m_) >0

Viy ta chi cdn chimg minh

cos A + cos BecosC
cos A

< cos A+ cos BeosC > 0(Vicos A < 0)

<0

—cos(B+C)+cosBcosC >0

sin B sin C > 0 (Hién nhién ding).
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BAI TAP

Bai .. Chimg minh rang
LA B, C
2

SIN° — + sin” — + sin < 1.
2 2

Bai .. Ching minh ring
A B

COs — 4- COs — + 08 — > 2.
2 2 2

Bai :. Chimg minh rang

< A B O
P =sin® = +sin® = +sin® = < 1.
2 2 2

Bai < Chimg minh ring
a(p—="b)(p—c) +bp—c)p—a)+clp—a)(p—->) <abe.
Bai & Chitng minh ring

1 L 1 . 1 S 1
hohy  hyhe  hoha = 4%

Bai ¢ Chimg minh rang

mz + mﬁ + mf < 2(mgamy, + myme + memyg).

Bai 7 Chimg minh rang
A B B C C A

COS — COS — 4 COS — COS — + COS — €08 — > 1.
2 2 2 2 2 2

Bai 8 Chimg minh rang

A B )
P = (1+cos 3)(1 +C()S—)—)(1 +(‘os§) > 4.

<3 - —

s
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Bai 9. Ching minh ring

1 1 1 4R
cos-é ' cos-?- ' (mg— g p
2 ' 2
Bai 10. Chimg minh ring
b+c
m, <

Bai 11. Chimg minh ring

sinA +sin B +sinC

2.
cos A +cos B+ cosC <

Bai 12. Ching minh ring
c

cosj +cm:i-+cosi od
siné-+sin§+sing a
2 2 2

Bai 13. Chimg minh ring

2(sin A + sin B +sinC) < 3 + sin Asin B + sin Bsin C + sinC"sin A.

Bai 14. Chimg minh ring

2(c 14-+ §+ —C—)<3+cos;~-j-4-cos-g-i-cou?.Ecosg—-i-cczsg--cosé
AR TS TS 2 “®3 2 9% 2 ®7
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LOI GIAI

Bai 1.
B4t ding thitc cAn chimg minh tuong duong véi

1—cosA N l=cas B N 1 —cosC
2 2 2

& cosA+cosB+cosC >1 (xemvidu6.1).

Bai 2.
Ta cé

Suy ra

COS — +C0S —1-3-+cos g > cos? é
2 2 = 2 2 2
V& tréi din téi 2 khi cdc géc clia mot tam gidc dan téi (0, 0, ).

Bai 3.
Ta cé

A B C
e LLarm L e 3.
P <sin 2+sm 2+sm 2<1
P dn t6i 1 khi cdc géc dén t6i (0,0, 7).

Bai 4.
B4t ding thitc c4n chimg minh tuong duong véi

sin® % + sin® g + sin? % <1
(Xem bai 1).

Bai S.
Ta cé

B
+cos® — 4-cos® o > 2 (xem vi du6.7)
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1 1 1
suyra == s 1ap thanh ba canh tam gidc nén dp dung vidu 6.11 ta
la b c

co

1*-(1+1+1)2<4(1 PR 1) dperm)

r2  \h, h, h. hohy - hyh.  h.h, (dpcm)

Bai 6.

Bat ding thic ding vi m,,. my,. m. 1ap thanh ba canh ctia mo6t tam giidc (xem
vidu6.11),

Bai 7.

Bat ding thitc da cho tuong duong véi
A T B

2

)sin(—é- - -é-) + sin(g-
T C . m A

+Sil’1(-§ = -2—)3111('5 e E) > 1

Ap dung vi du 6.14 v6i ba géc ctia mot tam gidc nhon

sin( - )+

—g—) sin(

oy
wl=1
MIQ

- C
(—-—) (——-—) (——5)-

Bai 8.
Ta co

9)>4

P > (1 + cos? é)(1 + cos? —q)(l + cos?
2 2 2

(Xem vidu 6.17).

Bai 9.
Ta cé

A B pp—a) pp-b p. . C  p
COSs — ('(,)5—2-' = be s o = ;sn) —2— = __-—__-ZT
o ' a 4R cos —
L

Ap dung két qua bai tap s6 7 ta suy ra

p 1

1 1
AR ( Attt 7 ) =1,
COS ‘2'" COS — CcOoS — _

2 2
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Bai 10.
Ta ¢o
9 ) p ) 9
dme 2+ 207 - a”
- [}“’ " P } e =
Y ) ; v 2
=b" 4 4 2bccos A< (b + o)
b+ ¢
& my < —5—  (dpem).
Baill.
Ta ¢o

(1 —sin A)(cos B+ cos (") 20,

2

(1 —sin B)(cos "+ cos A) > 0,
(1 =sinC)(cos A+ cos ) 2 0.
Cong cic bat dang thic trén ta thu duge

20cos A + cosB + cosC) > sin(A + B) +sin(B + C) +sin(C + A) >

>sinC +sin A +sin B (dpem).

" y T
VE trii ddn t6i 2 khi céc goc ciia tam gide dan tdi ( g =,0).
Bai 12.
Tacé .
A BL O
(1 - cos 72—)(5111 5 + sin —:—2—) > (),
.. .C A
(1 - cos —2—)(sm ) + sin —2—) > 0,
c.,. A B
(1 =cos 5)(511\ ) + sin —5) > 0.
Cong cic bit ding thifc trén ta thu duoc
2('nA+s'1 +sinc)> ' A+U&' B+C+sinC+A
S P Sl — S = S = o= S
in - in = 5) > sin— in — 5
C A B

> 008 — + COS — + COS —
g T3 2

—

Vé trai dan téi 2 khi cac gée cua tam gide dan téi (0.0, 7).
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Bai 13.
Ta cé
(1 -sinA)(1 —sinB :

) >0
(1 —sinB)(1 —sinC) 2 0,

(1-sinC)(1 —sinA) 20
Cong c4c b4t ding thiic trén ta thu dugc

3 + sin Asin B + sin BsinC + sinC'sin A > 2(sin A + sin B + sin C).

Bai 14.

2(1 - cos%)(l - cosg) =0,

B C
2(1 — cos 5)(1 — cos -5) >0,

ﬂl—an%ﬂl—ms-)?&
Cong céc bét ding thitc trén ta thu dugc

3+ A B+ —‘B-césg—+cos-c-’-cds£>2’(cos-4-+cos§+ccjs-c—)
€08 5 CB g TeRB 5 €3 g “®73 2 g g )
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7 Chuyén cac dang thic, bat dang thirc trong
tam giac thanh cac bat dang thic dai so co6
diéu kién

Trong muc nay ching ta xay dumg cic bat dang thitc dai s6 c6 diéu kién tir

cdc dang thic va bat dang thirc trong tam gidc. Trudc hét chiing ta chimg
minh moét s6 két qua co ban can thiét sau day:

Két qua 1. Védi a.b.c la cic so thuc duong, thoa min diéu kién
ab + be 4+ ca = 1, khi d6 ton tai ba goc cua mot tam giac A, I3, (" sao cho

B “Al* B @
a—tg,jz—.)-- tg,-_.z-.(,-..tg,—z—.
Chirng minh
. L ADB «
Via.b > () suy ra ton tai cic goc 0 < 55 < 5 8a0 cho
t il t B-b
g;z——a, gEM 3
Tir diéu kién suy ra
A B
1—ab !-tE5W8T
C == osm
a+b ¢ é+t B
&5 g2
A+ DB n A+B
& ¢ = cotg( ) =tg(= — )
2 2
Vic > O suyra
O<C s A+B<7r tC
— o Se=tg=
2 2 g "3 %3

SA+DB+C=710<ADBC<nm (dpcm).

Két qua 2. Vdi a,b,c 1a cic s6 thuc duong, thoa man diéu kién
ab+ bc+ca =1vaabc+ a+ b+ ¢ < 2, khidé tén tai ba géc cia mot tam
gidc nhon A. B, C sao cho

A
aztg;)—.b: tg —.c=tg

<]
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‘Chimg minh

Tam gidc ABC nhon khi cos Acos BcosC > 0
1 —a?\ /1 =03\ /1—c?\

(7a) (7%) (52) >
1+a?/\1+4b2/\1+¢?

&S(l-a)(1-b(1-¢c)>0
&l—-(a+b+c)+ (ab+be+ ca) —abe >0

Sabc+a+b+c<?2
ab + bc + ca = 1).

| (Vi
Ap dung két qua 1, suy ra diéu phai chimg minh.
S . A
Kétqua 3. Véia = tg—2- ta co
cos A = . Qiné-— d cosA— 1
a2 1+a> 2 V1i+a?
Chitng minh
Tacé ,
1 2 A 1
;-cotg E——1+Sin2é
g 2
LIV R o | a? +1
Qsmﬁ-’-“-‘-‘iﬂﬁ a®
2
. A a
&sin— =
2 l1+a
A 1 1
Tacé a’=tg’ = = - -l
TR coq'*’—/3 | cosQé
T2 2
A 1

(@ > 0.

Két qua 4. Véi a,b,c 12 nhimg s6 thuc duong thoa man diéu kién
a + b+ ¢ = abe, khi d6 t6n tai cic géc cua mot tam giac A. B, C sao cho

LI ]
g5~ f-’;2

2 b’

A

1
tg-é' = ;l-,t
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Chirng minh
Suy ruc u€p tir két qua 1 va dang thuc

1 ’ 1 + ] 9
ab  be  ca

Két qua 5. Véi a,b, ¢ 1a nhimg sé thuc duong thoa man diéu kién
a+04 ¢=abe,1 + ab+ be + ca < 2abe, khi d6 ¢6 t6n tai cic géc cua
mot am gidc nhon A, B, (" sao cho

A1 B 1 C 1
2 Tt Tt T
Ching minh
Suy ruc t€p tir két qua 2 va cac dang thiic
-1—+1+ : -1va—1—+1+1+1<2
b be  ca abc b
P .. A 1 )
Kétquaeé. Voitg — = —tacéd
2 a
g 2a A a® -1 qu 1 cosA a
sind = COSA = ——— Sl — = ——— C08 — = ———
" 1 +a? az+1’ 2 V1 +a? 2 V1 + a®
(Vi > ).
Chimg minh
Suy ture tigp tir két qua 3.

Sir ding cic két qua trinh bay trén ching ta giai cdc bai todn sau

Vidu7.1.Giasra.b,c > 0,ab + bc +.ca = 1, chimg minh rang

a b c

e o b~
VItal \/—'/’ vilge®

<

lolw



130 Nguyén Vii Luong, Nguyén Ngoc Thang

Giai

Tu gia thi€t cha bai todn ta suy ra cé ton tai 3 goc cia mot tam gidc
A, B,C sao cho '

A B C
a=tg-—,b=tg-,c=tg—2—.

2 2
Khi d6 b4t ding thidc tuong duong véi
Cc 3
o A L i B O 9 , 6).
sm2 + sin 5 + sin 5 <3 (xem vi du 1.6)

Vidu7.2.Giaslta,b,c > 0, ab + bc + ca = 1, chimg minh ring

2a b c 9
+ + &
Vi+a2 Vi+b02 JVi4+c2 " 4

(7.1)

Giai
C6 t6n tai 3 géc cia mot tam gidc A, B, C sao cho

A B C
a=tg§,b=tg—2-,c=tg§

Khi d6 (7.1) tvong duong véi -

A B C 9
&= in — in — in— < -
P 281n2+sm2+sm2 =3

Ta cé

B+C+2s' B+CCOSB-—C
2 "7 4

¢¢P=2(1-—2sin2B+C B+C B-C

) + 2sin %
- B
¢:>4sinzB+C—QCosB4Csin :C+P-2=O

P = 2cos

Suy ra
28-C_4pigso

A’ = cos
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B =
Diudang thie xayrakhi ¢ 3¢ ¢ ]
i == == = 7.
Vidi7.3 Giasia,b,c > 0.ab + be + ca = 1, chimg minh rang
l1-a® 1-4 1-¢2 “ dabe

BBk vk, I, TSP ( _
1+a?2  1+b2 1+ ¢2 V(L a?)(1+b62)(1+ c?)

Giai

C6 tén taiba goc cua mot tam gidac A, B, C' sao cho

= { b=t = ¢
a=tg—,0=tg—,c=tg —
2 "‘2 g‘z

Dang thic cAn chimg minh tuong duong véi

A . B . C
cosA+cos B+ cosC =1+ 4sin 5 sin 5 sin 5

(xem vi du 1.1 Chuong 1)

Vidi 74.Giaslra, b, c > 0,ab + bc + ca = 1, chimg minh ring

a b < \/-2-

c
b —
l1+a%2 1+ V1t~
Giai

Tir ga thit ta suy ra c6 ton tai ba géc cua mot tam giac A, B, C sao

cho
C

,
2
e

A .
a:tga,brz tg . c =g

Bat ding thifc cAn chitng minh tuong duong vai

Al

P =sinA+sinB +2sin — & 2

S

2
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P < 4sin 2 2 _ 4sin LA 2v/2 (dpcm).

4 4

Vidu7.5.Giastta,b,c > 0,ab + bc + ca = 1, ching minh ring

1 1 1
A1+ L o e 14 1 > 4.
( \/1+a2)( \/1+b2)( \/1+c2)
Giai
Tén tai ba géc cia mot tam giac sao cho

A B C
a=tg—é—,b=tg5,c=tg—2—

B4t déng thic cdn chimg minh tuong duong véi

P = (1+cos%)(1+cos§)(1+cosg) >4

2
Tacé
A e A B C
P= [(1 -—cos-z-)(l —cos-z-) +2(cos-—2-+cos -2—)](1 + cos —2—)
Suy ra
A B C 2 A o B , C
P>2(c082+cosz)(1+cosz)>‘2(cos -2-+cos 2)(1 + cos 3
Tacéd
cosA+cosB+cosC=1+4sin-§sin—§sin—§->1
@(2c0s2—'3— -1) +(20052§-— 1) + (2005"’%— 1) >1
A B
2 A 2 U 2 &
< Cos 2+cos 2+cos 5 > 2
. i 2 2C

T?—+cos —2—}2—cos 5
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Suy ra

| 2 C , C g C C
P > 2(2 — cos? 5)(1 +cos” ) = 2(2 + cos® 3~ cos* E)

—t

B |

R &
< P > 2(2 + cos” Py sin® 7)—) >4 (dpcm).

Vidu 7.6. Giaslta,b,c > 0,ab + bc + ca = 1, chimg minh ring

V1+aZ+V1+b02+V1+e 2 2/3.

Giai

Tu gia thi€t cua bai todn suy ra c6 ton tai ba géc cua tam gidc A, B, C sao
cho
C

A B
aztga,b:tgs—,c:tg—i

B4t ding thitc c4n chimg minh tuong duong véi

] 1 ]
Pe At B T
2 2
Ta cé
P> ] > 2 =2V3 (dpem).
cosé+cos.§+ osC £O8 =
2 7 "5 6
3

Vidu7.7. Gidstra, b,c > 0,ab + bc + ca = abe, chimg minh ring
Vi+a24+V1+b2+vV1+c226.

Giai
Tr gia thi€t suy ra c6 ton tai ba géc A, B,C cua mOt tam gidc sao
ho '
1_ ALl_ B1_.C
a B2y BT ®R
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A ’ X .
Khidé sin 2= 7 — va bat dang thic caAn chimg minh tuong duong
a
va 1 1 1
i sin—/-l- +sinB +sin—C- 7°
2 2 2
Ta cé
3 3
i siné +sin§ +sin9— g sinf =0 (pem
2 2 2 o
3

Vidu 7.8. Giasira,b,c > 0,ab + bc + ca = 1, ching minh ring

2a " 2b " 2c & 1 7 1 n 1
14a2 1+ 142~ Vi+a2 VI+B2 Vi+c

Giai

Tén tai 3 géc A, B, C cia mét tam gidc sao cho

A B C
aztg.-z—,b=tg-2—,c=tg—2—

Bt ding thiic cén chimg minh tuong duong véi

sinA+sinB+sinCgcos§+cos—2-+cos-2—

Ta cé |
sin A +sin B <sinA+B =cos9
2 - 2 2
sin B+sinC
2
sinC + sin A < cos 2
2 = 2

Cong c4c bat ding thic trén chiing ta thu dugc b4t ding thic c4n ching minh. -

< cos

ol

Vidu79.Giasta,b,c> 0,ab+bc+ca =1,a+ b+ c+ abc <2, chimg
‘minh ring

2a N 2b N 2c >(1+ 1)(1—a2+1—b2+1—c2)
1+Q.2 1+b2 1+C2/ \/‘z 1+a2 1+b2 1+C2 )
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Griai
Tu gia thiét cha mdt bai todin suy ra ¢o ton tai ba goc A, B.C' cua
mot tam giac khong tu sao cho

, A ’ I3 ('
== g — == Y — == Y —
a b‘l"' tp,;).( ”’2

Bai todn da cho tuong duong vai

sin A +sin B+ sin(’

1) pormme
cos A 4+ cos B+ cos

WV
—
+

/-

Giast A = Mar(A. B.C)= A2

g |

Ta chimg minh
B-C

. A .
sin A + 2cos - COs sin A 4 2cos =

)
P _ G-C 72 A
cos A + 2sin 5 Cos cos A + 2sin 5
B-C A . A
&2c08 ((‘()S A cos 7~ sin A sin ;—)—) +

A A _
+ Q(SinAsin 5~ cos A cos -2—) >0

B-C 34 3A

& COS 2 cos 2 — COS —é—‘ 20
3A B-C
&ce : -1)20
cos — (cos 5 )
3A 3A _ w LT )

Vay ta thu dugc

4

sin A + 2cos 5

S

hﬁ
\V
Py
B
I
N
INA
ke
IA
o3

cos A+ 2sin

N
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Ta cé
A .
- (cos A + 2sin —)(cos A — sin é) — (sin A + 2cos—)(c<:>sé — sin
(cos A + 2sin —2-)2
smg-é —-1
- 2 <0
(cos A + 2sin 5)2
Suy ra
FA) > f(G) =1+ (dpem)
M RCE

Vidu 7.10. Gia sitta, b,c > 0,ab + bc + ca = 1, ching minh rang

flii,ium

a b 1
+ 19 "‘"/
v 1+ a? \/1+b2 \/1+c2 b2 c? 2

Giai

Tir gia thiét cha bél todn suy ra cé t6n tai 3 géc cha mot tam gléc
A, B,Csaocho

A B C
a—tg-z— b—-tg2 c=tg—2—

B4t déng thifc cdn ch\’mg minh tvong duong véi

A B . C LA B ,C
. i o . e —— o —.>
sin = +sin - + sin 5 + cotg 2+cot:g2v2+cotr.g 52 3

@P-—sinA+si B+'sinC+ : + L + : U
- Sy TeRg 2 , A ,B ',
: sm—2- smi Sin

Ta cé

P>3\°/sin—ésin§sin9-+ J
£ 2 2 i’/ sin? a sin? 5 sin? )
- 270N
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bat ) <t = | Sinésinﬁs’m ( < Etacc’)
' 2 2 9~ 9
P Loy >
. 15 9 27
;3"()4—7‘ 5¢:>P2—()— (dpcm).
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BAI TAP

Bai 1. Gia sira,b,c > 0,ab + bc + ca = 1, chimg minh ring

1 1 1 a b c
+ + > + + .
\/1+a2 1402 1427 /i+a2 Vit Vit

Bai 2. Gia stra,b,c > 0,ab + bc + ca = 1, ching minh ring

1 + a? 1+ b?
2V1+4¢c2 >
1—a2+ 1—b2+ +

Bai 3. Gia sira, b,c > 0,ab + bc + ca = 1, chimg minh rang

2a N 2b i 2c ” 1 4 1 " 1
Vit " Vite 142~ Y1+a® V1+02 VIi+E2

Bai 4. Gia sita, b,c > 0,ab + bc + ca = 1, chimg minh ring
b(1 + a?) 4 c(1 + b?) N a(l + &)
a2V/1+b? BV1+a Vi+a?

Bai §. Giastra,b,c > 0,ab + bc + ca = 1, ching minh ring

ab N bc N ca
VIi+a2)(1+8) J01+)(1+c) VO0+A)(1+a2) "

N

<l( a " b M ¢ )
“2\V1+a?2 V1402 Vi+E/
Bai 6. Gia sita,b,c > 0,ab + bc + ca = 1, chimg minh rdng

a b C

+ + +
Vi+a? Vi+b2 V142

1 1 1 1 1 .2
wfs s Hefas o Heos Hos s Z
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1.OI GIAI

Bai 1.
Tir gia thiét suy ra bai todn da cho twong duong véi bat dang thic

, A , B . C
0O8° — COS® — + COos® —
(f 5 + 5 t S 5 7

= —

iy A o B .1 C 2
(.\m > + s1n —2- + sin -—2~)

e

(Xem vidu (4.5) tiét 4).

Bai 2.
Bii todn da cho tvong duong vaéi
1 n 1 ) 2 5 4
vVeosA  Veos B c V2
COs —
2

(Xem vidu (2.9) tiét 2).

Bai 3.
Bat dang thitc can chimg minh tuong duong véi

Vsin A + Vsin B + VsinC < \/ms‘—;- + \/cosg- + \/(‘()Sg-

Ta cé
VsinA + Vsin B \/sin A+sinB C
< < \/cos e~
2 2 2
vsin B + VsinC /| A
< y/cos —

2 2
vsinC + v/sin A p /cos _B_
2 - o

COng V€ v6i v€ cic bat déng thirc trén ta thu duge

: /A /| B /| C
Vsin A + Vsin B+ Vsin C < 4/ cos = + y/cos Fy + 1/ cos 3 (dpcm).
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Bai 4.
Bat ding thic cin chimg minh tuong duong véi

sin —1-2- sin — C sin A
ek 2 2
= sin? 4 ’ sin? E sin® & >0
2 T2 2
Ap dung bat ding thirc
caf  b? (2
= = do= 2a'+ b4 E
b ¢ «a
ta thu duoc »
| P > 1 1 1 >
- smA +sin§+qinc 8
2 2 2
3 3
2 2 —= (dpcm).
sin é + sin —l-?- + sin — sin -7'1'_
2 P 2 6
3
Bai §.

B4t ding thic c4n chimg minh tuong duong véi
A'B _B.C. .C. A._l

A
sin — sin — 4+ sin — sin — sm—-—qm—- < - (sm-—-+sm~—+ m——)
g AR pENF ARG Soysng g PNy

. Tacé
( A B B C C A)

sin — sin — + sin — sin — + sin — sin

<
2 2 2 2 2 -

1 2 A B
< g(sin-g-+sin—g+sin—§—) S%(siu—z—-fsin—é-%-sin%) (dpcrm).

A B cC 3
TELIPR  C Y.
(V‘nsm2+sm2+sm2_2)
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Bt dang thic can chimg minh tuong duong voi

Ta co

T2 o 8 A g B ¥ C
= Sl ? t Sin '2 t Sl ‘51‘—
1 + 1 ‘ 1 97
5 - - } a—
+ ‘vl I} [} (- ! (' = 2 .

O |

sin — sin — sity — il — sin — sin
B g g g 2

|

¢

-

—

; 2| I3 " 3
& 3T 4 s 5
P> .i\/sm 5 S s
- - -— 3 . . . [} . 9 C
$in” o sin” = sin® o

20

Suyra P > 12— (xem vi du 7.10).
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8 Bat ding thitc xoay vong trong tam giac

Trong bai gidng nay ching ta xay dung mot s6 dang bat ding thirc xoay
vong trong tam giac.

1. Bit ding thitc xoay vong cua cic ham sé lugng giac
Ta cé

(z + (—-1)"(ycos nC + z2cosnB))? + (ysinnC — zsinnB)* > 0
&z? + (ycosnC + zcosnB)? + (ysinnC — zsinnB)*+
+2(-1)"z(ycosnC + zcosnB) 2 0

&l +y* + 22+ 2yzcosn(B + C) + 2(—1)"r(ycosnC + zcosmB) >0
Ta cé

cosnA véinchin
B+C)) = —nA) = ’
ot 1= coslpx = ) {— cosnA véinlé.
“Ta thu duoc b4t ding thic
2+ y? + 22 > 2(yzcosnA + zzx cosnB + rycosnC) (n B)

2+ y? + 22 > —2(yzcosnA + zxcosnB + xycosnC) (. chiin)
(8.1)

D4u déing thirc xay ra khi va chi khi

x+ (—1)*(ycosnC + zcosnB) = 0,
ysinnC — zsinnB = 0.

y2sin? nC + z2sin? nB = 2yzsinnC sinnB,
@ ¢ «
2?2 = (ycosnC + zcosnB)?.
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r? = y? cos’ nC + 22 cos’nB + 2yz cos nC cosnB,
2yzsinnC'sinnB = y%sin nC + 2%sinnB.

Cong hai déng thiic trén ta thu dugc

2 — y? — 22 = 2yzcosn(B + C) = 2yz cos(nm — nA)
= 2yz(—1)"cosnA
D4u lang thitc xay ra khi va chi khi

r? — y? — 22 = 2yz(—1)" cosnA,

Tuorg tu
y? — 22 — 2% = 22z(~1)"cosnB,
22 — 22 — y? = 2zy(—1)" cosnC.
Suy i
2 _ .2 _ .2
=<1
2yz
& —2lyz| <2 — y? - 2% < 2lyz|
& (lyl = 12)* < 2% < (lyl + |2])?
Tuorg tu
(Iz] - |$I) y* < (l2] + |z))
(lzl = ly])* < 2* < (Iz| + ly])*  (8.2)

Néu ;, y, z 12 0 dai ba canh clia mot tam gidc thi diéu kién (8.2) thod man.
Tém ai ching ta nhan duge két qua sau:

Vi du 8.1. Gia str z, y, z 1a d0 dai cdc canh cia moét tam gidc, ching minh
rang

2 +y%+ 22 > 2(yzcosnA + zrcosnB + zycosnC) véi n 1é



144 Nguyén Vii Luong, Nguyén Ngoc Thang

22+ y? + 22 2 —2(yzcosnA + zz cosnB + xy cos nC) véi m chén.
Sir dung két qua cua vi du (8.1) ta nhan dugc

Vi du 8.2. Tim gi4 tri 16n nh4t cia biéu thic
P =20cos A+ 15cos B+ 12cos C.

Giai
Taco

(3— (4cosC + 5cos B))? + (4sinC — 5sin B)? > 0
<9 + (4cosC + 5cos B)? + (4sinC — 5sin B)*—
—6(4cosC +5cosB) >0
9+ 16 +25+40cos(B +C) —24cosC — 30cos B > 0
<9 +16+25 > 40cos A+ 30cos B + 24cosC

9+16+25=25.

<
&P < 5

Vay Ppoe = 25.
D#4u ding thifc xay ra khi va chi khi

4s8inC —5sinB =0

9 = 16cos2 C + 25cos? B + 40cos BcosC,
40sin Bsin C = 16sin’ C + 25sin® B.

{3= 4co8 C + 5cos B

Cong hai ding thic trén ta thu dugc
9=16+ 25+ 40cos(B + C) = 16 + 25 — 40cos A
32 4
Tuong tu
cosB__35+9-—26‘_ 18 _§_
215 152 5
9+16-25 T
cosC = 513 —0<=>C—§
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Vi du 8.3. Gia st a, b, ¢ la do dai cdac canh cua mot tam gide, ching minh
rang
a® + b* +

P >
bccos3A + cacos 3 4 abcos3C

yiai
Ta co

(a - (bcos3C + ccos3B))? + (bsin 3C' — csin3B)? > 0

&a? ~ (beos 3C + ccos 3B)? + (bsin 3C' — csin3B)*—
—2a(bcos3C + ccos3B) 2 0

&a? + b + & + 2bccos(3B + 3C) — 2abeos 3C — 2accos 3B > 0

&a® + b + c® > 2bccos 3A + 2abcos 3C + 2cacos 3B

&SP >2
Dang thic xay ra khi va chi khi
( b + 2 — a?
0834 = ———,
¢ %e
A+ a2 - P
< B = s e
cosJ P
al+ b -
kcos3C'-— ~5ap
Vi du 8.4. Chimg minh ring
. 2 . 2 . 9
P sin“ A + sin“ B +sin“C 9

2>
sin Bsin C cos 3A + sin C sin A cos 3B + sin Asin B cos 3C

Giai
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Ta cd

(sin A — (sin B cos 3C + sin C cos 3B))2+

+ (sin Bsin3C —sinCsin3B)% > 0
& sin? A + (sin Bcos 3C + sin C cos 3B)*+

+ (sin Bsin 3C — sin C'sin 3B)%-

— 2sin A(sin Bcos 3C + sinC cos 3B) > 0
< sin® A +sin? B +sin’C >

> 2(sinBsiﬁCcosSA + sin C'sin Acos 3B + sin Asin Bcas&C')
éP 22 (dpcm).

Chii §: C6 thé 4p dung dinh 1y ham s& sin ta c6

a =2RsinA,b=2Rsin B,c = 2RsinC
va ta nhan dugce vi du 8.3.

IL. Sir dung bét ding thirc xoay vong ciia cic biéu thic d6i ximg

'Ki hiéu:
S=a+b+c
P =ab+ bc+ ca
- Q= abc

Chiing ta thu dugc 4 bat ding thic co ban sau:
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Vidu8.5. Gia st a, b,c > 0, chimg minh riang

1 , o
1) abe < ;)—7((1, +b+0c) e 210 < §° (8.1)

-

2) (a+b+c)? = 3(ab+ be+ ca) & S* > 3P (8.2)

-

3)  (ub+ be + ca)? = 3abc(a + b+ ¢) & 1?2 35Q (8.3)

1) (ab+bec+ca)(a+b+c¢) 2 9abc < PS>9Q (8.4)
111
Thay b6 ba s6 (a, b, c) boi (5, b E) ta co
1 1

1 &
=o TRt =g

1+1
be  ca

1
PI_E+

1 1
Q= abe = Q
Chi d6

1) 27Q,<S3¢%<Q3¢>27Q2<P3

& 27(abc)? < (ab+bc+ca)®  (8.5)

2
2) SI> 3P1¢:>-P—2,§§®P2>3SQ (Pi cb)
Q Q
P S 9
3) P131?9Q1®6'6>6 S$29Q [®ico)
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Thay 3 s6 (a, b,c) bdi (a + b,b+ c,c+a)tacéd

So=a+b++b+c+c+a=2S
Po=(a+b)(b+c)+(b+c)(c+a)+ (c+a)(a+bd)
=(S—c)(S—a)+ (S=b)(S—a)+(S—b)(S-c)
=352—-2(a+b+c)S+ab+bc+ca
=82+P

Q:=8—(a+b+c)S*+ (ab+bc+ ca)S — abe
=PS-Q |

Khi d6

1) 27Q. < S & 27(PS - Q) <85°
< 85% +27Q > 27PS (8.6)

2) S2>3P, <4S5% > 3(S2 + P)
& S*> 3P (dico)

3) P2 3>35,Qs4 (S2+ P)? > 65(PS - Q)
& 8%+ 25%P + P? > 6PS* - 6QS
& 5%+ P24+ 6QS > 4PS? @)

4) PS; >9Q; < (S?+ P)2S > 9(PS - Q)
< 25% +2PS > 9PS - 9Q |
& 25°4+9Q > 7PS (8.8)

Thay cdc hing ding thic vao cic b4t ding thitc xoay vong ching ti thu
dugc nhiéu b4t ding thitc hay va khé. Ta c6 déng thirc

S=a+b+c=2p
P=ab+bc+ca=1*+p*+4Rr
Q = abc = 4Rrp.
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*) St dung bt dang thirc (8.1) ta c6

108Rrp < 8p' < 271r < 2p*

va man dugc bt dang thic trong vi du sau

Vi d1 8.6. Chimg minh rang

2>27R7‘
p = 5

*) St dung b4t dang thirc (8.2) ta c6

4p* > 3(r* + p* + 4Rr)
va man duoc bat ding thitc trong vi du sau
Vi d1 8.7. Chimg minh ring
p? > 3r’ + 12Rr.

*) St dung b4t ding thirc (8.3) ta nhan dugc

(r® + p* + 4Rr)? > 6p.4Rrp
or + p' + 16R?*r? + 2p°r? + 8Rrp® + 8Rr® > 24Rrp?
ort + pt 4+ 16R?r? 4+ 2p*r? + 8Rr3 > 16Rrp?

Ta tlu dugc-bat ding thic trong vi du sau
Vi d1 8.8. Chimg minh ring

(r? + p?)? + 25% + 12R?*r? + 8Rr® > 16Rrp?
*) S{ dung b4t ding thirc (8.4) ta nhan duoc

(r? + p* + 4Rr)2p > 36Rrp
& 2p° + 2pr? > 28Rrp
va thi duge bat ding thiic trong vi du sau
Vi d1 8.9. Ching minh ring

p? + 12> 14Rr.
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*) Ta c6 cdc ding thic :
g fg g = LA
2 /e 2 P
| tgétg§+tg§tgg—+tggtgé =1
2 72 2 72 2 2
2 °2 "2 p

*) Sir dung b4t ding thirc (8.8) ta thu duge

3
2(7‘ + 4R) . 9 > 27(1' + 4R)
p p p
2(r +4R)3 + 9rp® > 7(r + 4R)p*.
va thu dugc
Vi du 8.10. Chimg minh ring
2(r + 4R)® + 9rp® > 7(r + 4R)p%.

*) Sir dung b4t ding thirc (8.2) ta suy ra

+ 4R
5

va thu duge bat déng thiic trong vi du sau

. |
) >3er+4R>V3p

Vi du 8.11. Chimg minh ring
r+4R 2 \/§p.

*) Sir dung b4t déng thic (8.4) ta c6

r+4R>-9—T-¢¢R>2r

p p

va thu duge

Vi du 8.12. Chimg minh ring
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BAI TAP VA HUGNG DAN

Bai |. Ching minh ring

St dung bat déng thic

a?+b*+>ab+be+ ca.

Bai 2. Ching minh rang
r+ 4R)3 N 27 s 27(r +4R)

8(
pr pr2 = pr3

(St dung bét dang thic (8.6))
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9 Cong thitc Hérong va mot s6 dang bat
thic trong tam giac

Trong bai giang nay chiing ta sir dung cic ding thitc co ban sau:

1) S=+vplp—a)p-b)p—c)=rp

2 1 N 1 N 1
(p—a)(p-b) (p-b)p—c) (p-c)(p—a)

A _ [(p-b)(p—¢
3) smE—\/ be

A_ [plp—a)
4) COS§= he

A  [(p=Db)(p-0)
O =N Tp-a

Vi du 9.1. Ching minh ring

a4+ b0+t
16 ’

S? <

Giai

Tacé
1652 =(a+b+c)(a+b—c)(b+c—a)(c+a—-Db)
=[(a+b)* - ][ - (a - b)’]
= —(a? — b%)% - c* + P[(a + b)? + (a — b)?]
=2(a?b? + b2 + 2a?) — (a* + b* + )
Suy ra
1652 < 2(a* + b* + c*) — (a* + b* + cf) =o' + 0 + ¢*
at + bt + ¢!

e 5% < T (dpcm).

Vi du 9.2. Ching minh ring

dang

1
2
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Griai
Ta ¢«
Np—-b)p—c) < (Bt Pt P
— i — oA, e cwon e B — ——
(P —a)p P - 3 27
4 2
o S?< % e S< ‘i%f (dpem)
Vi di 9.3. Ching minh ring
1 1 l 1
M P A PR R R R

Giai

Ap ding bt ding thic a? + b? + ¢ 2 ab + be + ca, suy ra
1 1 1 1

Q2 + + = —.

(p—a)p-0b) (p-b)p-¢c (-clp-a) r?
Vi di 9.4. Chimg minh ring

1 1 1 111
+ + >%—+-+—)

p—a p-b p—-c” \a b ¢
Giai
Ta c6 |
. 4 4
p—a p-b" (p-a)+(p-b) c
Tuong tur
1 1 4
+ o
p—b p-c a
1 1 4
+ 2 =
p—c p-a b

COng:4c bt ding thic trén ta thu dugc bat ding thic cAn chimg minh.

Vi du9.5. Chimg minh rang
Q=VVp—-a+/p-b+Ip-c< {/é_p
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Giai
Ta cé

0 <3¢ (p—a)+(p—b)+(p—c) :3§/§ (dpern).

3
Vi du 9.6. Chimg minh ring

vVa(p-b)p—-c)+ vVblp—c)(p—a)+ Veclp—a)(p-b) < abc.

Giai

Bt ding thifc di cho twong duong véi

\/(p b)(p - ©) \/(P—C(P—a) \/( —a)(p b) _ _21}

@sm—-+sm—-+sm-c—<§
2 2 2 72

(Pa chimg minh & tiét 1)

Vi dy 9.7. Chiing minh ring
a(p—a)+b(p—b) +c(p—c) <9IRr.
Giai
Bt ding thic twong duong véi
a(p—a)+bp—-b)+clp-c) <

plp—a) plp—b) plp—c) 9
T SZ

36Rrp  9abc

&

(Xem tiét 1)
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BAI TAP

Bai 1. Chimg minh rang

2\/7(/) —a)(p—b) N \/(11 — b)(p :') 1 \/(1' —c)(p = a) < 9
ab be ca 4

Bai 2. Ching minh rang

2/plp—a) plp->b) plp-rc)
it +
3 ( be ca + ab ) i

+§< ab N be N ca >>15
2\p(p—-c) plp—a) plp-b)/ " 2°

HUGNG DAN

Bai 1.
Bt dang thic tuong duong véi

2 i ’ :
in — + sin — in— < -,
Sin 5 + sin 5 + sin 5 =2
Bai 2.
B4t déng thitc tvong duong véi

2 A , B 5 C

5 ( cos? 5 + cos B) + cos’ —2—) T

1 15

g)>“2“'

+3( 1 N 1

2 A ;.

cos? —  cos? —  (os?
2 9
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Chiu trdach nhi¢m xuat ban :

Giam doc: PHUNG QUOC BAO
Tong bién tap: NGUYEN BA THANH

Bién tap:
KHOI CHUYEN TOAN - TIN, DPHKHTN

Trinh bay:
BUI QUANG TUAN

MOT SO BAI GIANG VE CAC BAI TOAN TRONG TAM GIAC

M3 sé: 1L-55 BH2007

In 2000 cuén, khd 16 x 24 cm, tai Nha in Dai hoc Quéc gia Ha Noi
Sé xuat ban: 868 - 2006/CXB/21-180/ODHQGHN, ngay 17/11/2006
Quyét dinh xuat ban so: 119LK/XB

In xong va ndp luu chiéu quy | nAm 2007



	Trang bìa
	Trang tên sách
	Mở đầu
	Mục lục
	Chương 1. Các đẳng thức trong tam giác
	1. Các đẳng thức đối với các hàm số lượng giác trong tam thức
	2. Các yếu tố hình học trong tam giác
	3. Xây dựng các đẳng thức từ các phép biến đổi hình học
	Chương 2. Bất đẳng thức trong tam giác
	1. Các dạng hệ quả của bất đẳng thức Cosi áp dụng cho các yếu tố của tam giác
	2. Tính chất lồi lõm của các hàm số lượng giác
	3. Sử dụng tính chất của tam thức bậc 2 chứng minh một số bất đẳng thức trong tam giác
	4. Sử dụng các đẳng thức lượng giác xây dựng một số dạng bất đẳng thức trong tam giác
	5. Áp dụng một dạng bất đẳng thức có điều kiện trong tam giác
	6. Bất đẳng thức dạng gần suy biến
	7. Chuyển các đẳng thức, bất đẳng thức trong tam giác thành các bất đẳng thức đại số có điều kiện
	8. Bất đẳng thức xoay vòng trong tam giác
	9. Công thức Hêrông và một số dạng bất đẳng thức trong tam giác



