35 tht g o6 khbng see dink (U]

Day la mét k7 thudt khé 1a manh trong chimg minh bat ddng thirc. ¥ tudmg ciia phwong phdp ndy cung chinh
la viéc ddnh gid dgi dién theo fimg bién . Noi nhur vay thi nhiéu ban s& bao la da c6 ki thudt 1iép tuyén roi ching ta
khong cdn tham khdo thém nita . Nhung xin thua réing: Pdnrh gid 1iép tuyén déi lic khong mang lgi két qua vi né
khéng luén giit déu lon hon hode tudn giit ddu bé hom , n6 sé bién thién theo timg khodng dang xét . Diéu nay khd
13 khé xir I cho chiing ta . Xin cdm on anh Nguyén Thic Vit Hoang ( hang xom ctia tdc gic & qué ) dd cung cdp tai
lisu va cho phép ching (6i sir dung tai li¢u cua minh trong qua trinh bién sogn chuyén dé ndy . Xin phép trich dén
phuomg phdp néy cing véi mt s6 bai 1dp minh hoa ciia nhém bién sogn gidi dén ban doc . Lucu § khi doc chuong

13

ndy, cdc ban s& cam thdy kh hiéu nhumg khéng sao, hdy doc ki lai chiing ta sé thdy dugc nét dep cia no.

Cho a,b,c 14 cdc s6 thue duong thoa man a +b+c = 3. Chimg minh Hng:

1 1 2a*+b +c
__2_+_1..+_2.+__§H_+?~225
a c 3

N
&)

Ta sir dung bt ding thire sau day

O
(a—1)*(2a® + 6a+ 3)§‘9
, 3a’ c.)\ -
Hién nhién dtng véi a 12 sb thye duong. OQ‘Q
Sir dyng céc bat ding thic twong tw véi b va c. Tacb gm Phai chimg minh.
Déng thirc xay rakhi a=b=c=1.

Chiic chin ngay khi doc 161 giai cho b&@ “ don gian” nay ban cé phin Ning ting va khong hidu tai sao
lai c6 thé tim ra bét déng thirc phy mét cach b hidu” nhu viy. Phai chang 12 dy dodn mt cach “vd huéng”. Hodo
ciing ¢6 ngudi s& nghi bai toén trén duon ta tir chinh bt dfing thirc phy ¢6. Cau tra 1o 1a hoan toan khong phai.
Tht ca déu di theo 1 qui lut ciia n6.(IGAC phin tiép theo ching 16i s& phén tich v& mot k¥ thuat phan tich gitip im
ra céc bt diing thitc phu va mé g d2 nay theo chidu huéng kh4 mdi mé. Ky thujt nay c6 tén 12 U.C.T, 18 viét
tht eta 3 chit c4i diu ciia cumn tatTéng Anh Undefined Coefficient Technique. Hay cdn goi 12 Ky Thust H 56 bét
dinh. Dy 12 mét ky thujt M va 1 nén tang quan trong trén con dudng tim kiém I giai cho nhitng bét déing thire
khd.

That viy bat ding thitc trén tuong duong véi

Ching ta & khéi ddu k¥ thujt ny bing viée dura ra céch gidi thich cho viéc tim ra bAt ding thire phy trén va
né ciing chinh 12 cach giai thich cho céc bai toén sau nay cia ching ta.

Bai toan trén céc bién trong ca 2 vé va didu kién déu khdng rang bude nhau didu nay khién ta nghi ngay s&
tach theo fimg bién d& chimg minh dugc don gian hon néu ¢6 thé. Nhung rd rang ta chi timg d6 thdi 1a khong du.
Néu ta chimg minh bét ding thirc sau:

2 . 3 _
1 225 o (a~D{a+D(2a° -3) >0

—_— >
a? 3 3 3a’

R4 rang khong hoan toan ding vdi a thye duong.

Pimg bo cudc tai diy bdi vi & cich trén ta chua st dung didu kién a+b+ec=3.

Nhir vy ta & khong di theo dudng 16i suy nghf don gian ban dhu nira ma s& di tm hé sb dé bit déng thirc sau 12
ding
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I  2a%_5
—+ 2>+ ma+n 1
a® 373 M
Trong d6 m vi n 1 cc hé sb chua xdc dinh,
Tuong fir véi bién b va . Cong vé theo vé ta ¢6

4 2b* 4 2¢? 5
ii+—12-+-17+2a—t~t“’—°23+m(a+b+c)+3n=—+3(m+n)
a- b ¢ 3 3
Nhu véy 6 ddy 2 hé 6 m va n phai thoa man didukién m-+n =0 n = —m  Thé vao (1) din dén
1 2% _ 5
—+ 253 e @
173 _3+m( ) (2

Bén day ta chi ciin xéc dinh hé s duy nhét 1a m ¢ bét ding thic (2) 1a ding.
Chiry & bai todn ndy diém cyc trj dat dwoc tai a =b=c = | nén ta cin xdc dinh m sao cho

1 2a*_ 5 (a+1)(2a° —3)
LI SN ~De@-pl2rr2 73 Lo
a7ty ZyTma-he )[ 302 =
2 _ : : \
Khi cho a=1 hi ta c6 %;ﬂ = % tir d6 ta dyr dodn ring m — ~—§~ dé t0 theq¥ai lugng binh phirong
a @)
(a~1)" trong biéu thie. Tir 46 ta s& chimg minh bét ding thirc phy . \20
1 2% 7 21 , N
— I =
a® 3 -3 3 \d

Qud trinh i tim bét dAng thirc phu d4 duge phan tich cu th@éﬂ. Tuy nhién d6 khéng phai 14 c4ch duy
nhét dé ta tim ra hé sb. Ta cfing 6 thé sit dung tinh chit ciia dudn b tuyén tai mot didm ctia db thi hay sir dung
dad ham. Nhung c6 1§ c4ch dyr doan trén 1 hitu higu va don gian @it trye quan ciing nhu thuc hién. Fuy nhién tét
cd cling chi 14 sy dur dodn. N6 khéng dam béo ring sau khi@ ra bét ding thirc phu rdi thi bai to&n s& duoge gidi
quyét. Mot 8 dang todn nhu vy s dugc ¢& cp trong che-Hhan tiép theo ciia chuyén dé nay. G phin 1 niy chiing ta
s& chimg minh mét s6 bat dfing thire co ban d& hinh tl'\é.r/ﬂs ong dau k¥ thuit qua d6 thanh thye trong viéc phén tich.
Ta tiép tuc dén véi bai todn sau: (\c') -

N\
Cho a,b,c,d 14 cdc sb thye duc@%éa mén a+b+c+d=4. Chimg minh ring:

N
&\0,1+1+1+1>2

a’+1 B4l 41 APl
o)
~
O\l" Liri i
Ta s& x4c dinh hé s6 m dé ing thitc sau 13 diing

2 (a-D@a+1) [ a+i ]
—? 1 —)e s ma-1 e (a1 = -—m|>0
2%__+m(a ) a’+1 —m(_) (=D a’ +1i =

Khi a=1 t§§&‘— z:ll =—1=m=-1. Tady dodn bét dﬁng thite sau diing va thit viy
a

——>2-a& 3(32—1)2
a“+1 a1

Tuong tw v&i c4c bién con lai. Céng vé theo vé ta c6 didy phéi chimg minh.

Diing thirc xay ra khi vA chikhi a =b=c—=d =1.

Bink lugn : Ta c6 thé sir dyng ky thust “Cési nguoc diu” dé fim ra bit ding thire phu trén

>0

2
zl —=1_ za -2 1.2
a’"+1 a“+1 2a 2

Cho a,b,c 1a céc 6 thirc dwong thoa man a+b+¢ = 3. Chimg minh téng

1 ! 1
+ + <1
a’+b+c b +ct+a cF+a+b
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L giat
O day ta cAn tim m dé bat ding thirc dudi 12 ding:
{ i 1 a@—1)

= <-dtml@a-&-—
a’+b+c a*—-a++3" 3 (-1

@y med

Tuong t nhy trén ta tim dy doan hng v&i m = —-é- thi bt ding thirc phy ding. That viy:

2 _ 2 s
Tl_gi_zﬁos(_a-ziﬁ_—alﬁose_}_)&w
a‘t—a+3"9 9 3(a’—a+3) 3(a*—a+3)

Cho a,b,c,d 13 c4c sb thuc khong 4m thoa a* +b? +¢? +d” =4 . Chimg mith ring

2(a* 4+0° +c3+d3)22+73_2—\/2+ab+ac+ad+bc+bd+dc

Liri pii Q

Theo bii ra a,b,c,d 13 cac sé thye duong thoa man ()Q
i Fd =4 O
& (a+b+c+d) =2(2+ab+ac+ad+be+bd+cd) »
@(a+b+c+d)=ﬁ2+ab+ac+ad+bc+bd+ge(‘\\

Bt déng thirc cin chimg minh twong dwong v6i @
3
2@ +b +¢’ +d) =24+ >(a+ b+
(a )22+ c +@))
Ta cin xéc dinh hé sb m & bit ding thirc sau ding ~\\/
3a+1 (22 + DAL

2a’2—i—+m(a—l)® >mla—~1)

D& dang dy doan m =% . Ta s& chimg minh diéu 46, thé@ij

SEEETIEC JOR

Pidu nay hién nhién ding. Ding thirc xdy ra kijyVa chi khi a=b=c=d=1.
Nhin xét, Bai todn ndy véi hinh thirc khixgedng Kkinh™ vi chita can thirc. Tuy nhién néu nhan ra diém méu chét cia
bai todn ta d& dang dua vé don lugng thep-bién dé gidi quyét. Bai todn trén con cb thé giai quyét theo céch khéc bing
cich chimg minh truc tiép voi 4 b@Nhlmg dit sao viéc giai quyét theo timg bién riéng bigt vn dé dang hon rit
nhidu, <

O

Cho a,@éﬁc sb thyc duong thoa man &’ +b’ +¢* = 3. Chimg minh ring

4[l+l+l]+5(a2+b2+c”)2 27
a b ¢

| - Lir i
Ta cin tim hé sé m sao cho
4
a
Ta d& dang nhan ra ding thic xay ra khi va chi kbi a=b=c=1.
Khi cho 2 =1 thi ta o6 thé dy dodn ring m = 2 . Ta s& chimg minh ring voi m=2 thi bét ding thiic phy trén 13
ding. That vay

+5a* > 9+ mx' - = >ma—1)a*+a+1)

(a—1)(5a> +5a—4)
a

2 2
4 st > 74000 o BZDC2 tatd).

a a
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Do a<¥3= _2a’a44 > 0. Vay bét ding thitc phy trén 1a diing.
Ding thtrc xay ra khi va chi khia=b=c=1,

Cho a,,a,,...,2, 14 cde s thyuc khong 4m théa min 3 "a, = n. Chimg minh ring

il

1 a; n
Z 3 ==
Ja; +57 8

i=1

L gi

Ta s€ tim hé s6 m sao cho

a, 1 (5—3a,)(a,—1)
i <—m(a )2t
safis g mE—) 837 +5) ~m@—D
Ta dyr dodn ring véi m = 3—'2- thi bét ding thitc phy trén 14 diing. Thit vay: QQ
5 1 (=D (+a)a-1) 200
) < — + L =Y 0 < 1 1 \
3[I+578 32 T 32(3a%+5) .

Didu nay hién nhién ding, Diing thirc x4y ra khi vA chi khi cdc bién bing nha@@\bi"mg 1. :
Nhgn xét. Qua céo bai todn trén ta c6 thé thiy ring bt ding thirc khong lidgian tim dén s bién, Ta hoin todn cb
thé tdng quét véi n bidn ma khéng lam 4nh hudng dén céch gial. DAy Ly3wdt diém thé vi cia U.C.T.

Mgt cach téng quit ta dira ra céch giai quyét cho Iop bai todn c6 dar@$an

Bai todn téngg@t
\y

. N\ X
Cho céc 56 thue khong dm a,,4,,...,4, thda min h(aQ%(az) -+...+h(a,) = 0 Chimg minh ring:
f(a,)+f'@+ t1(a,)20
D

Ly
Lp bai todn ndy ¢6 thé dugc giai “'tqu;mg céch phén tach d& chimg minh theo timg bidn. Vi cAc bidu thirc
mang tinh 45i xtémg véi nhau nén thuon qlﬁém cuc trj dat dugc tai cdc bién bing nhau. Ta s& phai xéc dinh hé sb
m sao cho: Q)
< f(a;) > mxh(a,)
Bring véi moi bién th@{ﬁ%m diéu kién djt ra. Vi cach giai ndy ta s& giai quyét dugc mét lugng lon chc bit
déng thic ma cic bién k@ﬁ% rang buje Hn nhau mét cich “mjt thiét”. Thudng 1 mét sé dang diéu kién nhuw

daf=n.Céthé kpgueuat tw tusng clia k¥ thudt ndy trong 16p bai toan trén nhur sau: D& chimg minh bai todn ta

jml
5 xdc dinh hé sé I:;a1g céc bit ding thirc phy theo timg bién riéng biét sao cho:
f(a;) = mxh(z) & g(a;)*p(a,) > 0

Trong d6 g(a,)=(a, —x,) v6i x, 1 diém cye trj clia bt déng thic.
Bai todn s& dugc gidi quyét néy P(a;) 2 0. Trong truémg hop p(a,) > 0 chi ding trong mét midn nghiém ndo d6 th
ta s& tién hanh chia trudng hop dé giai quyét bai toan. Tuy nhién trong phin 1 ndy ta s& khong dé cdp dén nhimg bai
todn nhu vy ma s& dé cap & phin sau. '
Sau khi da tim ra bét déng thitc phy. Véi nhidu cng cy nhr dao him, khao sat ham sé hay don gian chi Ja phén tich
nhén tir ta déu c6 thé giai quyét khong qus khé khan.

Trong phép chimg minh cho c4c bét déng thitc phy & trén ta bidn déi va qui v& viéc phn tich nhdn tir ciia da thirc

ax"+a, X" +.ax  +ax+a,

Ma myc dich chu dao 12 qui vé dang téng c4c binh phuong. Viéc nhan tich da thic thanh nhan tir 14 mdt.vin dé Daj
$0 co ban nén xin khéng néu ra & day,
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Qua mét vai vi du nho nhd hin phén ndo cac ban dd hidu duge U.C.T. O céc phin tiép theo viée xac dinh hg s s&
duoc trinh bay mét cdch so Juge boi vl nhimg bai todn 6 mang tinh phac tap nhiéu hon ma U.C.T chi don thuén 12
budc dém dé di dén 1o giai chir khong thé dua ta céch chimg minh trye tiéP.

Béy gids chiing ta s& budc sang mot khoang khéng gian mdi vdi lop bét ding thirc thuln nhat ddi ximg ba bién va ki
thudt chudn héa két hop véi U.C.T.
Da thitc f(2,b,c) d6i ximg dinh nghia dudi dang: f(a,b,¢)=f '(a',b',c’) trong 46 (a’,b’,¢') A mdt hodn vithy ¥
cia (a,b,c). Hay néi céch khée 13

f(a,b,c) =f{b.c,a)= f(c,a,b)
Tinh thuin nhit ctia mot da thirc déi ximg ba bién trén mién D ¢6 nghta la
f(ka,kb,kc) = k*f(a,b,c) v&imoi k,a,b,cED,n= const chi phu thudc vao ham f(a, b,c). Hiéu mét cach don gian
da thie thudn nhét nén n6 12 tdng cla céo don thite ddng béc. Do mot s6 tinh chét ciia him thudin nht ta c6 thé chuén

héa didu kién cia bién dé don gisn héa viéc chimg minh. Ta c6 thé chuin héa mot da thirc thudin nhét dbi xémg ba
" bin bing cich dit a® +b" +¢” = k,abc = p,ab+be +ca =1,... Dy 12 ky thudt rét quan trong gip ta dom gidn héa

va qui bét diing thirc vé chimg minh theo timg bién. Haly ciing dén v&i mét s bét déng thic thuin nhétgffzi ximg ba
bién dé thiy cong dyng cia U.C.T ' ()Q'

Cho a,b,c 12 céc sé thuc khong 4m. Chimg minh ring

? N
a b c>3 db'

+ + z
b+c c¢+a a+b 2 &‘Q\
" o3
- e\)
Khéng mét tinh tdng quat chudn héa a+b+c=3. N
Bai toan qui vé& vigc chimg minh &.03
a b < ]
+——t —éz =
3—a 3-b b 2
Ta chn chimg minh bét ding thic O

e}
a i L~ 3a-1) _
Fa > > +m§\—0}@ 062 >m@a—1)
o)

D& dang du dofn m = % . Ta chimg minh bt €h0g thirc v6i m nbur vy thi luén ding
N )
OO a 23&—1 @3(%1) >0
6‘0 3—a 4 4(3—a)

Pidu nay hién nhién dung. < .
Sir dung tuong tir vai céc biéf\c(gl lai. Cong vé theo vé ta c6 digu phai chimg minh. Déing thic xay rakhi a=b=c.

Nhan xét: Bit ding thiroXesbit 1a mét bt diing thirc dai s6 co ban v c6 nhiéu phép chimg minh. Lo} gidi trén 13
mét 10 gisi dep va ngilon cho bét ding thire ndy.

Cho a,b,¢ 12 céc sb thuc khong m. Ching minh ring
(b+c—a) + (a+c—b)’ + (a+b-c) >3(a2+b2+c’)
T2l +(bt+c)  2bi+(atc) 20 +(b+a) (a+b+o)

Livi i

Chuin hoa a-+ b-+c = 3. Khi 46 bét ¢ing thirc cAn chimg minh tuong duong voi
2(3—2a) | 2(3-2b)  2(3—2¢)’
al—2a+3 b2 —2b+3 c¢*—2c+3

Ta cin x4c dinh hé sb m dé bét ddng thirc sau 1a ding

2a2+b2+02
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2
:%‘232% >a’+ma—1)
Taiai c6

2(3-2a)? gt (a—Da+3)a’ —4a-+6)
a®—2a+3 a’—-2a43
Tir day d& dang du dodn véi m = —6 thi bét ding thirc phu trén [4 ding. Thét vy
2(3 2a) >al-6a—1) o (a—zl) (6—a)a
—2a+ 3 a’~2a-3
Diéu nay hién nhién dong do a e (0, 9.

>0

Tuong tyr v&i céc bién con lai. Déng thitc x4y ra khi va chi khi 2 = b=,

Cho a,b,c Ia c4c s6 thuc dwong. Chimg minh ring
a(b+c) b(c+a) c(a+b) 6 \
(d+c) +a°  (c+a)+b  (a+b)itct 5 Q'\

~
Khéng mét tinh t6ng quat, chuin héa a +b+c=3. Ta cé bét ding thirc cﬁn%g minh tuong duong véi

_a(3—a) L ERS ) c(3 be
9—_6a+2a’  9—6b1 267 | 9o @pzc“
Tuong tyr nhu trén ta da ding tim ra bit ding thirc phy sau;

a(3—a) 21+93 @%—1)2(18a+9)

9— 65:1-{—2;12 - 25(9 —6a+2a%)
Diéu nay hién nhién ding. Diéng thirc xay ra khi va ‘ighl a=b=c.
Nhén xét. C6 thé thdy rang hai I&i giai cho cdc ba
xem 4 mét k¥ thudt chinh théng, Gidp ta g:éu §

v

m& diu phdn 2 rht don gién va ngén gon. Piy ciing c6 thé
URRmoOt s6 bai todn “cung logi” va d4 rit quen thudc sau.

Cho 2,b,c 13 c4c sé thl,rc(ég%g Chung minh ring
c 9
+ >
() (b+c)’+(c+a) (a+b) ~ da+b+c)

Q) L i
Khéng mét tinh téng g, gia sir a+ b+-c = 3. Bai todn chn chimg minh qui v& dang sau
\ a b c 3

. o
§ G-ay G- G- >4
Dé ding dydodn bt ding thirc phu sau

a__J2a-l (a-1'(9-2a)
G- a) 4 4(3-a)
Diéu ndy hién nhién ding do a [0,3).
St dung bét dang thic ndy cho b,c réi cong lai, ta c6 dpem.

>0

Cho a,b.c 14 cc 6 thyc duong. Chimg minh ring
(btc-3a)  (a+c—3b)° | (a+b—3c) 1
2a* +(b+¢)*  2b7+(a+c) 2t +(b+a) ~ 2
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Lisi i

Khong mét tinh téng quat, chudn hoa a +b-+c = 3. Ta c6 bit ding thic cin chimg minh tuong dwong v&i
(3--4a) (3-4b) (3—4c) 1
2t 4+ (3—a) 20 +(3-b)} 27 +(3-c) 2

Sir dung bit dAng thire phy sau
(3—4a) S 8a-T (a—1)*(39 —8a) S
22+ (3-aY ~ 6 6(a®—2a--3)
Didu nay hién nhién ding vi 0<a<3=39-8a>39-24=15>0.
Tuong tir vi ce bién cdn lai ta c6 diéu phai chimg minh.
Ping thirc xay rakhi v chi khi a=b=c.

Cho a,b,¢ 14 cdc sb thyc duong. Chimg minh ring
(b+c+2a) | (@+e+2b) | (a+b+2c) \
7 7T o2 2 2z 7S 8 &'
22" +(b+c)’ 2b°+(a+c)’ 2c°+(b+a) O

Livi g 8

Khong mét tinh tong quét, chudn héa a+b+c=1.Khidétacd bét ding thirc cin cl'uélg tinh fuong duong véi

@+1)’ (b+1¥ (c+1)
2a% +(1-a)’ 2 +(1-b) * 202+(1—c)2\)@

Sir dung bAt dang thirc phu sau

@+1) <12a+4 e \’@a+1
2a’ +(1~a) ~ = ’fq+(1 a)

Pidu nay hién nhién ding, Piéng thirc xdy ra khi va chi khi a'= 6}

g mﬁmn@&uma&ummw@m

O céc phin trén ta d4 1am quen véi mgt sBN todn khi dua vé dang

QO 1(a,) = mh(a) & £3)*p(a) 2 0
Thi ¢6 ngay diéu phat cht’mg‘mi(g'h. Tuy nhién khéng phai bao gid n6 cling xufit hién p(a,)> 0. Trong trudmg hop
pla;) > 0 chi ding véi Toién nghiém nao dé thi viéc chimg minh s phai di qua mét chiéu huémng khéc, d6 1a xét

thém trudmg hop bién 2, ngoai mién x4c dinh @ p(a,) > 0. Thudng thi budc nay phic tap va dbi héi ngudi lam phai
¢6 nhimg d4nh gi4 mang su tinh t& nhiéu hon. Ching ta s& dén véi mot sb bai toan tidu bidu cho ky thugt nay.

Cho a,b,¢ 14 céc sb thyc duong. Chﬁng minh ring
2 b2 2 3
2 2 Tt 3 T2 - 27
a*+(b+c)® b +(a+c) < +(b+a)y 5

La gidi
Khong mét tinh tong qudt chufin hoa a+b+c=3. Qui bét ding thirc v& dang

2 2 2 2
a b C >§Z a 3

2 T Tt 7 = 2 Zz
a’+{3—a) b +(3-b)y ¢ +{(3—c)y " 35 e 24 —6a+9" 5
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Ta sir dung bt ding thirc phy sau
a’ 12a--7
2a° —6a+9° 25
Khéng mét tinh téng quat gia sir a > brc=az>lrec.
Xét hai trudng hop sau

@8a-2D)@-11%>0

+ Trudmg hep 1. c2%£=>8a——2128b—21280—2120.

+ Trudmg hop 2. max{a,b,¢} < -2;—1

Khi d6 ta cé:
a’ 1 49 |
fa: = 2.....~>...
O e 2573
14+]2-1
a

Do f(a) ddng bién trén (0,3] nén didy ndy hién nhién ding,
Véy bai todn dugc chimg minh. Ping thirc xay ra khi va chi khi ba bién bing nhau. Q'\'

Cho a,b,e,d 1a c4c 56 thuc duong théa man a+b4c+d=2, Chu?ékﬁ’unh ring

1+1+ IQZ}G

3a?41  3b2 4] 302+1

e/

Lév gidi d
Ta cin x4c dinh hé sé dé bﬁt dang thirc sau l1a dung Q’
2a—1
3a? +1 @I}( )
DE dang tim ra bét déing thirc phy sau c)\
2 —
t_. 52 a®3(2a—1)2(12a Dy
3a* +1 49(3a’ +1)
Tuong ty v6i cc bién con lai. 0§
Xét hai truémg hgp sau day &\
+ Trudmg hep 1. ()0
I .
i »C, d >—=>12a~12]2b——1_>_l2c——1212d—-1_>_0
| mingiedi2 ‘ -
+ Trudmg hop 2. sQO
()Q) d<— ! =>-l+3cl2 —-—l—>i§-
o 12 43 1+3d* 7 49

Xét twong tir vé{xéc bién con lai ta tim ra dide pha1 chimg minh.

Déng thirc khivéchikhia:b:c:d:%.

Cho a,b,¢ 12 céc s6 thye dirong théa man a? + b? + ¢? > 3. Chimg minh ring:
a’_a? b - b? gt
+ =0
a5+b2+cz+b5+a2+cz c*+b*+a?

Lt i

Bt dding thirc trén tuong duong véi
| i 1 3
_ + + =
' +b+c’ B ralte? G tbitral a’+b? +¢?
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Tir déy suy ra ta chi cin chimg minh trudmg hop a” +b* +¢* =3 ladi

Ap dung bét ding thitc AM-GM ta c6

2a® 2a° s
< =a
2 +1~ 222
Dit a* =x,b? = y,¢? = z Mic d6tac6 x+y +z =3 va do 46 ta phi chimg minh
' 1 1 1
1'>— 3 + 3 3
2 —-x+3 2Ley+3 —2—z——z+3‘
x+1 y+1- z+1
-l> x+1 y+1 z+1

s +
X +2x+3 2~y +2y+3 22742243

3-x x+1 '
S |20
e

x*—x*+2x+3
(x—])l(-—2x2+3x+3] \
= =0
;[ 6(2x> —x* +2x+3) QQ'\'
Khong mét tinh tdng quat gia sir x >y >z = x > 12> z. Xét hai trudmg hop \20
+Trudnghop 1. y+2z21=x <2 khidétacd N\
—9x2 43X 43>0,—2y* +3y+3>0,-22 +32+3>0 \d
Din dén bai toén hién nhién dang. A
+ Truomg hop 2. y+2< 1= x> 2 khi d6 ta co 0@
(2x3—x2+2x+3)—5(x+1)=2x’—x2w3x—2=3\3?—1——%—~——2—3—]
L\ X X X
3
ST
2 2 ) 2
Tir 46 suy ra o x+l 1 b tacé.nch&nggﬁ%
S X 124375 i

z+1 y+1 <i
227 -2 +2z Q8 2y -y +2y+37 5

Pidu nay ludn ludn ding vi véi k€[0,1] taco ©

= 2+2k+35~§—¢>4k3 > (k+1X2k—1)

. Q,
Néu k<L thi bai toan duoo gigafaiyé.
. 2 s\

Néu kz%thitacé

4K —(k+ D2k —1) > 4K° —2(2k 1) = 2(2K’ — 2k +1)
> 2K —2k+1)=2(k-1)* >0

Tiry+z<1l=y,ze[0,1].
Wiy bai toan duoc giai quyét hoan toan. Ping thirc xady ra khi vachi khi a=b=c=1.
Nhén xét. Bay 1a mét két qua “manh hon™ cho bai toan 3 trong ki thi IMO 2005 cua téc giz Vasile Cirtoaje. Bai todn
gbc ban dAu 2 véi didu kién abo > 1. Didu kién cia bai todn trén chat hon vi theo bét ding thirc AM-GM ta ¢6

a? +b? +-cf >3=>33(abc)* >3=>abe>1
Chung ta hdy dén v6i 1 giai cia chinh tac gia bai todn trén, duge trich tir quyén “Algebraic Inequalities, Old and
New Method”
Ta qui v& vigc chimg minh bai todn sau:
Cho a,b,c 14 cac sb thye duong thoa man a’ +b” +¢” = 3. Chimg minh ting
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1 + 1 + 1 <
a@+3-a’ B 43-b  Crdec
Khéng mét tinh tc‘mgquéttagiésirazbz ¢ 0. Xét hai truémg hop sau
+ Trudng hop 1, agﬁéa,bg\ﬁ.Ta s¢r dung céc bét ding thirc phu sau
2 RY: =
1 33~a, I 53 b’sl 2‘530
a*+4-3-a’ 6 b +3-1? 6 ’+3-c 6

Laic6
1 _3-2" (a-1)’(a’+22"-3a’—6a--3)
a*+3—a’ 6 6(a*+3~2%)
M3t khac
5 4 2 2 3 2 6 3
a’+2a" —-3a’ —6a—3=3a%la*42a —3——~-;
a a
5a2[2\f5+4—3—3\6—%]=»a’[%+«/5]<K
&
+ Trudmg hop 2. a>\/5,a2+b2+c2=3=->b2+cz<l khi d6 ta ¢ QQ
1 " 1 + 1 < 1 i 1:29 1
a’*4+3-2" B 43-B 43¢ ad4d_a I 3¢t
Lai co \db’
' 1
1 1 1 AN 1

@432 22t ri-a @D J@Ezﬁ—l)ua <%
Nhu viy bai todn s& dugce giai quyét néu
Ly ! ’\<Q§
. 30 3. 6
That viy 4
1 L a\ 9(b* +c* —1)— 5b%c? <
3-p? 3—c2\§? 6(3-b)3—c?)
Nhur véy bai todn dirge gidi quyét. Déng thirg {8 ra khi va chi khi a-+b4c=1.

Loi giai coa tic gia Vasile Cirtoaje ngay I‘J@u cling d4 sir dyng U.C,T nhung né lai dwa ta dén cich xét trudmg hop

khd 1€ vi phai so sénh bién véi /2 . mdt bai todn dep vdi nhidu mo rong thi vi.
(@)
Cho céc 56 dun .b,c théa a+b+c= 3, chitg minh bét ding thic
8) 1 I 1
A\S) + + <3
QQJ Vai-3a+3 6’3643  J2~3ot3
O
K" -
. Lovi gidi
Khong mét 4 tng quat, gia sir a> b > ¢ > 0.
Véimoi x > Jg_l, taco

2
e <xt]
Vxt—3x+3

(x—1*(x* +x—1)> 0 (fluling)

Thit viy, bit ding thirc tuong dwong

Tir dy, suy ra

+, Néu ¢ >

» i dung bét déng thirc trén, ta cé dpem.

LOVESOOK.VH | 166


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

+ Néuc< _1, ¢t 2 kha ning xay 1a

+ Néub<l,tachd

b ~3b+3=(b—1)* ~b+221

_J§2—1]’ 5o, 16

cz—30+3=(1—c)2—c+22[l

2 (J_-H)
Do dé
VT_T+‘/_+1+1<3
, . 1
+,Néub>1,suyra 2>a>b>1, xét ham s6 f(x)=-\l-—$ vii1<x<2,tacd \
x*~3x+3 N
' Q
. 8x? —24x 15
f(X)=——2——_—‘"—5,2‘<0 ()
4(x*—3x+3) .

Suy ra f(x) 12 ham 16m, do d6 theo bét dang thirc Jensen, N

(a)+f(b)<2f[ ] 2f(t) = J—%

Ta phai chimg minh
2 1 @ %
Ji2—3t43 J3 2ty —3(3— 2q¥3,
Hay
\/t —3t+3 %&v}éﬁt%ﬁ
Hay

36(1—1)2(36t° —252¢° + z,{gt 1202t +1099¢° — 546t +117)
(t* —3DF 3 (41" - 6t +3)°
D& dang kiém tra dugc bat ding thirc ndy Qﬂng, vy ta c6 dpem. Biing thirc xay rakhi va chikhi a=b=c=1.

RS .

Cho a,b,c 1acic sé&@ thoéa min s+ b+ ¢ = 1. Ching minh ring
(0'() a + b + c <_9_
g\ al+1 b +1 F+1710

L gii
Khéng mét tinh téng quit gid st a>b>c= 32%20 . Xét hai tnrémg hop sau:

+ Trudng hop 1. 02—% tacd

9 a b c 18a (Ba—1)’(d4a+3)
= + + 42 S50
10 [a2+1 b +1 c2+1] Z[ 30 a+1] %; 502" +1)

+ Ttrudmg hop 2. ¢ < —% &p dung bét ding thirc AM-GM, ta c6

a b<1

POCRNE
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Khi 46 néu ch g—%@—sﬁzxfégcg-% ta ¢6 ngay diéu phai chimg minh.
c_
Xéttudng hop: —5-2V6 > ¢ khidétaco 3+6 <a = 2115%.Tﬁdéysuyra:
a
a b ¢ a b 11 7 9
+ < + S—t—=—<—
a’+1 b2+1+c2+1—a2+1 B'+175 2 10 10

Viy bt ding thirc duge chimg minh, Déng thirc x4y ra khi vA chikhi a = b= ¢ = -;—

Nhdn xét: Bi tosn gdc cia dé toan ndy 1a v6i didu kién ciia trudmg hop 1. Tuy nhién bai todn vin ding véi moi sé
thuc, day 13 mot diéu cit 1i th. Cé thé ching minh bai todn trén véi k¥ thudt don bién bing ham 18i.
Chiing ta s& chuyén sang xét mft dang biéu dién kha tha vi nhur sau: ‘
O day ching t6i muén néi dén dgng biéu dién theo tong cta 1. Pay 12 mét tu tudng tuy don gian nhung sé& giiip ta
tim ra nhiéu 19 giai 4n tugng. Bay gi& ta hay chi y dén dang thire sau day

a* + b ¢ a¥ b* c

1= a“+b ek ak bk 4 ck +a"+b"+c“ +a*+b"+ck Q

Déng thitc twémg chimg nhur 13 mét diéu hién nhién, khéng mang nhidu y nghia nhungaf c6 vai trd khd quan trong
trang vigc chimg minh mét 16p bét ding thitc ma chiing t6i s& néu ra dudi day. O ndy k¥ thuat x4c dinh hé sé
khdng con c6 thé thyc hign nhu trede béi vi & day xuét hi¢n [ty thira p. Néu chi ggmg nhimg bidn di thong thuéng
thi 5& phirc tap. Vi véy cong cy ma chiing ta chon & diy sé& 1a dao ham. Tru\ ét xin nhic lai 2 dinh If co ban sau

k

day X
Binh If Fermat, Gia st ham s f (x) xé&c dinh trén [a,b] va c6 cu@ia phurong tai x, €[a,b]. Khi d6 néu fco

dao ham tai x, thi f'(x,)=0 o ‘ Qz\) .
Bjuk Ii Roll. Gia sir f:[a,b] > R li¢n tuc va kha vi trong@b). Néu f(a)=f(b) thi tdn tai x, & (a,b)sao cho
1 . ° .

F(x,)=0 &‘@
Tim hing s8 k > 0 8t nhdt d& bét dértg\thfrc sau 14 ding véi moi s6 a,b,c 1a cdc sé thye duong
a DY b c N
2 O r 3 H + 2 2 = _Jk 4
Jka +(b+%§ VKb +(c+2) ke 4 (a+b) +
S

@)
Choa=Lb=c=0taco k %Ta s& chtmg minh d6 14 gi4 tr{ k 1t nhdt aé bt ding thitc 1a ding, BAt ding thic
cn chtmg minh, ‘QO
()Q) a N b N ¢ >1
O Y2 +2b+cf o t2cta) ko t(atby
Ta s& phai w h§ 56 k sao cho bét ding thire sau Ja diing

a at

Jai+2(b+c)  at+bF 4ok
Oday tachuinhéa b=c =1 dé viée vige x4 dinh hé s6 duge don gian hon, Khi 6 ta cn xéc djnh he 56 k sao cho
k

-2 > .

Val+8  at+2 .
Dit f(ay=2a""" ~2a™ +2°. Lai ¢6 f(a) > 0, f(1) = 0 nén theo dinh Ii Fermat ta ¢6 f'(1)= 0. Tién hanh dao ham
f(a) suy ra '

sa*?_2a% 14t sy

f'(a) = (k +2)a"*" — 4ka®*' 4 24
Theo trén thi ta ¢6

f’(l):(k+2)—4k+2=0¢>k~—_§-.
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Nhu véy ta s& dy dodn bit déng thirc sau 12 dtng

hat nhan He bfin vao hat nhin Be
Sau khi dd hoan thanh xong budce dy dodn ching ta 6 nhiéu con dudng dé lva chQn Théng thudmg thi phép bién
6 tuong duong luén mang lai hiéu qua néu bét d3ng thirc phy 1a ding. Nén nhé ring bét dang thirc phu trén chi 1a
dur doén m4 théi, cé thé né s& khong dtng holc ngugc lai. Ting bai todn ta s& “tiy co (mg bién”. Tét nhién nhiéu bai
todn khéng thé 4p dyng theo c4ch nay. Ching ta tiép tuc quay lai bai todn trén vdi phép chimg minh cho bét ding
thitc phy.

Theo bét ding thirc Holder ta o6 ¥b* +3c* > 23{[ ; c] tir ddy ta s& phai chimg minh bét déng thirc

é N ia’
Jar 8 Yot +2¥t
o Yo +23t > Yaa? 188
eafe@a -Yirzo
b

Gday t= —“23-9 Vay bét diing thirc niy hién nhién dang . Q'\'

Dangthucxayrakhlvéchjklu a=b=chojca=t>0b=c=0 vacic hoz’mvz
Nhén xét. Qua trinh tim kiém hé sb k ¢6 thé thong qua vigc danh gid theo bt ding thirc AM-GM nhu sau
a

2 > _a
Jat 48 a"+2
Miit khic theo bét ding thic AM-GM thi a** 4-a* > 2+/a*** . Nhu vy ta c6 C@Ac dinh k sao cho
2Jak*t =2a™ @ 2" =a"™ s k+4 =4k «:QA\?; 3
\ - 4
. .\
N\
Cho a,b,¢ 12 céc s6 thuc duong. Chimg minh r3 24

a [ K %) c
Ja® +8be * :}lé\ég:a " e 4+ 8ab zl
s

Biing cach lam twong t, ta thiét 1ap dugc bat %& thive sau

NI

>
OJa +8bc 41'3 + b‘”3 +c4f]
That viy, sir dung bét déing thirc A%QM ta cé b“" 4 c‘”’ > 2b%°%¢*" = 2t**  ta cén chimg minh

\(b'o al +2t >a \/a + 8¢

et 2a® ta? 20 a* 1At zza?{

43

h§‘ @4t (a —t ) >0 {dung)
Do d6, bit dfing thirc Men diing. Sir dung tuong tw cho. b, rdi cong lai, ta ¢6 dpem. Péng thire xdy ra khi va chi khi
a=b=c=1 hoic b—0,c— 0.

Cho a,b,c 13 céc s6 thyc khéng &m. Chitng minh ring

l_ PA +\/ b +J ¢ o1

Val+(b+cy Vb +{c+al Vl+@+by —
Lovi gidi

Tuong tu nhu trén ta ¢6 X4 dinh dugc bét déng thic phu sau:

- 2

>
Va'+(b+c) 2+b2»|-c
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C4 thé chimg minh bét ding thirc phu trén theo nhiéu cach:
Cich 1.

()& 2% +¢")+ (B +¢7) > a(b+c)
Diéu nay hién nhién ding, thit vay

. A ‘ 2 L]
2a2(b2+02)+(b2+c2)2ZaZ(b+c)2+(b-:c) 22 ‘ﬂ (b:—c’) :a(b+c)]

Cich 2.
Theo bét ding thirc AM-GM ta c6

N =\/(l+k)(1—k+k2)s(l+k)+(2l_k+k2)=1+l§

Ap dung bt déng thirc phy trén ta c6

3 2
a i 1 1 a
—_— > > =
Va’+(b-:-c)3 BeeY 1{b+cy 1 B+’ a+p+c’
I+ —=| 1+ —= 3 \
2 2\ a a QY

Ap dung tuong tir véi céc bidn con lai. Cong vé theo vé ta c6 c6 didu phai chimg rilgb(bang thite x4y ra khi va chi
khi 3 bién bing nhau hodic ¢6 2 bién din v 0. . -

f@
Cho a,b,c 13 cdc s6 thye duong. Chimg minh ring ‘Q\

3

a b’ c? i

+ : >=

2’ +(b+c) b+ (c+a)3\;ci’\+ (a+b)* ™3
) fol

Lo .E.‘\v

‘ oo \S
Str dung bét ding thirc Cauchy-Schwarz, ta ¢6 &rb'

VT>—1- .__aj_.__
AV bty

Bét ding thitc duge chimg minh, Ding thﬁ?ay rakhivachikhia=b=c.
Da phén céc bai todn xét dén & trén dé 1éu kign ma c4c bién lién hé véi nhau ko qud chat Thudng 13 didu kién
ddang af +af +.+a* 4ak=p o@m 12 ta c6 thé tch ra theo timg bién dé tim bt ding thirc phy. Tuy nhién véi

2

>1
3 -

a

2 k
. m{t 58 bai todn ma didu kién t@,kt' 18p méi quan hé “bén chit” dai loai ohy [Hai] thi viéc tim ra bat ding thirc phy
8)

dex|
tuong d6i khé khiin vi ta@hng thé dénh gid theo tirng bién nffa. Va dé 4p dung U.C.T trong nhitng bai todn nhu viy
chiing ta phai diing déé&hét 56 tinh chit ctia ham sé.

"a,b,c 1 cac sé thyc duong théa man abc =1. Chimg minh ring

ayb+c  byc+a c\/a+b2\/5
b+e+1 c+a+1 a+b+1

L gii
Ap dyng bét diing thitc Holder ta ¢6

aJbte bve+a catb
b+c+! cH+a+1 a+b4i

Do d6 ta cin phai chimg minh

>(a+b+c)

b+c

oy

z{za(b+c+i)2

a(b+c--1)2

b)Y >2
(a+b+c) > Z bro

cye
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b a -
@Za’+323+3 216>45 ab+4> a+2
SRR Lbe
Ap dung bét ding thirc AM—GM ta co

Ty yts

izk
24 a
Tir d6 ta c6

VI-VP2) a’ +223+523—4Zab—42a+6

e 2 o b 2 cye a cye cye
22&3 +Zab—42a +6=E[a:‘ —4a+l+2]
e eye cye e a

Xét ham sb f(x)=XJ—4X+—1-+2+21nxv6i x>0 tachd

X

£(x) =(x—1)[3x+3+-1—1—~]-]
x* x

) 1.1 1 QQ
Néu x<1 thi —>—,néu x>1=1>~ dodé f'(x)=0=x=1 @
x* X ) X ?‘)
Tir ¢6 d& dang kiém tra ring £(x)>f(1)=0,¥x>0 ‘N
Hay . db'
N
W —dx b2z 2lxvx>0 KRS
-X

Nhu vy ta co O

<
E[a’ -4a+1+2]z—221n 29
\\/

cye

Bai toan dugc giai quyét. Ding thitc xay ra khi va chi khi a=b —/&

Cho a,b,¢ 1a céc 56 thuc duong thoa min al{o,gl . Chimg minh ring

1 A\ 1
3 +(a—1)&\§ﬁ9+(b 1 T3 +(c—1)

O°  Leigiki
Xét hai trudmg hgp sau OO\l~

+ Trudmg hgp 1. Néu trong ba (s)@?,b,c tdn tai it nhit mdt sé khong 16n hon % Gia sir sb d6 12 a. Ta c6
a< —;- o5 327 + (a—1)’ <1 (i d6 béit ding thirc hién phién ding.

+ Trutmg hop 2. Ci ba§§ b,c ddu khéng nhd hon l Khi @6 ta xét ham sé sau

Gidng nhw cc phan trrdc ta ¢6 ciing & thiét 1p mét bat dang thiire phy dang
1
x4+ (x—1Y 3
) day ta c6 qui v& ham sé mil va cha ¥ Inx+Iny +Inz=0.
Tiép tuc quan sét thiy déng thic xiy ra khi va chi khi a="b = ¢ =1. Tl d6 ta ¢ phai xac dinh k sao cho f/(1)=0

+kmx

1 2,1
) =+ Zinx——
= -y T3 3

Vai x>-}2-.K.hidétacé
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F(x)= 2(16x* —16x° —-x+1) 2(,\——1)(16)( -1
XM -2x 41 3x(Ax’—2x +1)

Tirday suyra f'(x) =0 e x =1, dox>%

D2 dang kiém tra duge £(x) > £(1) = 0,Vx > % Diéu ndy twong duong voi

—"'_‘,I—i- 1 21nxVx>-I~
W A(x—1)E "3 3 2

Sir dung bét ding thire phy trén theo timg bién a,b,¢ rdi cong vé theo vé ta cé
1 1 1
+ + > lna=1
38’ +@@—17 36" 4 (b—1)* = 3¢+ (o—1)F = Z
Bét dang thirc duoce chimg minh. Bing thirc xdy ra kh] vichikhia=b=c=], hoﬁc
a—+00,b — 00,6 — 0" va cc hodn vi.

Nhan xét. Bi toén trén con mot L gigi rdt 4n tugng ciia Vasile Cirtoaje. Xin trinh bay lai,%(u_;g@ do. Sir dung bit
ding thirc phu sau diy

1 1 2a(a —1)
& = 2@
3a’ +(a 1’ _2a +1 (48’ —2a+1)2a° +l}
Diéu ndy hién nhien ding véi moi s6 thyc khdng &m. Tuong ti véi cdc bidn @il suyra dleu phéi chitng minh.

Vai+1+ ol b+ a1 22, +a, 4. ta) - -

Cho 2,,a,,...,a, 14 cic 56 thyc dwong thda man a,zﬁ Chimg minh ring

Xét ham 55 sauvdi x>0 c.)\

f(x)=\/éé%—2&+[\/5»-%]mx
Khi d6 ta c6 &
(x —@x +x—1-2x22(x +1) ]
/(%) =—C

.xJZ(x + D2+ 1
Qua 1 thi £'(x) ddi ddu terd@?g sang &m nén
Q:Q F(x) <f(1)=0,¥x>0
Didu 46 cé nghia l%\fb-o

=fx)=0ex=1

1
W1 <x2- Jf———]lnx,Vx>0
& e
Sir dung baf Bing thic phy ndy cho n bidn va cdng vé theo vé ta c6
N A R a§+1g\/i(al+a2+...+a,)—[\/5»_l](tnal+1na2+...+1nan)
=J§(a,+a2+...+an) [ 2——-—}]11Ha

=V2(a,+2,+..+a,)
Viy bit ding thirc dugc ching minh. Bing thitc xay ra khi va chi khi a,=.=a,=1.
Nhdn xét, Bai todn trén cdn cé thé gidi quyét bing mot bit dang thirc phu quen thudge

VR 4TS V2% - VX +1) 5 0 < (VX = 1)* Vx> 0
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Sir dung bat diing thire trén 1An luot cho n bién cong lai ta cé

Va2 +1+Ja+1 4.+ al 1 gﬁ(a,+a2+...+an)+x/5[n—iﬁ]

L =t

< Jf(a, +a,+..+a,)
Bét ding thirc 44 dugc gidi quyét hoan toan.

Cho a,b,c 1 céc sé thyc duong théa mén abc = 1. Chimg minh ring
a’? +b*+¢* +9(ab+be+ca) > 102+ b +c)

L gii
Ta ¢6 cn x4c dinh hé 56 k sao cho bit déng thirc sau 13 ding

9
a? +9bc=a’ +=>10a+kl
+ a"+ ~2 a+kina QQ
Tuong tr céc phin trude ta-cé timra k=—17 . Ta ¢6 s& chimg minh <
f(a)=a2+?———10a+171na20 -\2
a
Tht vay | .\db
3 _ 2 _ _
Playm2am 10411 1041729 (@ 1228z + 9)
a a a :
f'la)=0&a=1 QO
Tir day, 1a c6 thé d& dang thdy duge f(a)> f(1)=0,¥a >0 hay \>

AN
a’ +2—10a~>_—171&{0’
a
St dung tuong tw v6i b,c tdi cong lai vé theo vé, ta c6 dpcrr;éﬁng thirc xay rakhivachikhi a=b=c=1.
)

Chiing ta tiép tuc mé rong ki thuit nay \O
Ngay tir d4u bai viét ta ¢4 xét dén viée xdc dinh he 'cheo cach
' ]&(}@)zf(ai)+mak+n

Véi diéu kién x4c dinh cla bai todn 12 af fah+...+a;=n
Tuy nhién v&i cch xéc dinh d6 86i v&'@}gl 56 bai todn lai khdng mang lai hiéu qua. Diéu d6 ciing khéng phai hoan
toan 12 khong tht. Vi n6 s& théi thac)hting ta tim ra cdc dang x4c dinh hé 58 khae. Mt cach trye quan ching ta s&
phan tich mét bai toan cu thé d& #HY duoc nhimg gi d& dugc néura o trén . Va di nhién ching t6i dé riéng phén nay
cho cic ban doc muédn tiép w’% bat ding thirc hién dai , con v& thi Dai Hoc s&'khong xuét hién nhimg bai todn
dang ndy . > ‘
N T :

Cho a,b,c 14 cdc sb thyc duong théa man a + b+ c = 3. Chiing minh rang

1 1 1.3

+
9—ab 9—bc+9—ac_8

Lt gidi

Chéc hin ngay tir du khi di vao chimg minh bai toén nay ban s& nghi ngay dén viéc thiét iap mét b4t déng thirc phu
dang '

51+mx+n=>—§-—51+m(x—1)
9—x 9—x
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D& dang dy dodn m = -é Nhung rét déng tiéc véi m nhu vay thi bt ding thite trén hoan toan khéng ding ké ca tir

tudng chia truémg hop nhir & phén 3 cling khong thé 4p dung dugc. Thét vay
132
8 S7+X¢POS (x—1)
) 9—-x 3 8(9—x)
Tuy nhién U.C.T vén c6 tic dyng trong trudmg hop nay nhung bing mét ¥ tuémg méi mé hon. Hay chu y dén céch
thiét Iap bit déing thire phy sau

L51+m(x2—1)+n(x—l) : )
9—x

Viée xéc dinh hé 56 trong bét déing thirc trén doi hoi sir chit ché trong 1ap luan vi déi khi ndi long mién nghiém ctia
bién s& khién cho bai todn khéng ding. C6 nhidu h¢ s6 théa man dé tao thanh dai luong binh phuong (x —1)2 nhung
ta phii xéc dinh sao cho déu ciia bit ding thirc 12 ding. Ta ¢

1
9—x

M0 (x-Dmx+1)+n— ](**)

Tir phan tich trén 18 ring ta phai x4c dinh n theo m sao cho xuét hi¢n nghiém x =1 &é hlé\}a.nh dai lugng (x —1)?
,hie la ©) '

m(x+1)+n—

| .
=0&n= —m(x+1)=nx—"—2m
—-X " 9—x ( ) K‘6

Tir ddy thé vio (**) ta c6

N

. ],S\Q]
(") 0<(x—1 m(x+1)—2m63 5

. —X
€ 0< (k—(72m—8mx — )

D& thdy ring viéc xéc dinh hé sé & day khéng con don gia truée. N6 doi hoi ta phai tim ra nhimg wéc luong
chit che dé bét ding thicc khéng ddi chidu. Ta hdy chtt ¥ déa didu kién cita bai todn 4 fim ra wéc tugng “tét nhit”.
Chi y ring 3> max {ab,bc,ca} > 0 tuy nhién d6 ch ém 2 d4nh gid “tét nhét” vi ta con ¢6 thé lam chit hon nita

1a %2 max {ab, bc,ca} > 0. Tuy nhién ¢bi véi 3@%’@ ndy thi chi cn sir dyng diéu kién yéu hon ma théi.

Dau tién ra dura ra mot s6 nhan xét sau: Dﬁu{i& ta cén xdc dinh hé sé m d& bét ding thirc trén ding voi vx €[0,3),
Ta théy trudmg hop m <0 s& nhan duo %bé't diing thire ngwgc chidu néu cho x =0, tt nhién day I didu ta ma
khéng mong muén. Viy c6 thé dy doyMm > 0, do d6 :

. 2m—1-8mx > 72m—1—24 = 48m —1
Tacincs 48m>1em> ! OVay nén ta s& dir dodn m‘—-%:}n:i%.
Céng vige dir dodn d3 IB% tat. Bay gits ta sé thir chimg minh xem né c6 ding thit khong. Va that viy ta c6 bét ding
thirc phy sau \(b'

2 2
AL 8 Sx +4x+43®03(x~1) (3—x)
9—x 48 48(9~x)
Diéu ndy hid\ nhién ding

Ap dung bit déng thirc phy trén véi chc bién ab,bc,ca ta co
1 1 1
+ +—
. 9—ab 9_be 9—ac

Ta cin phai chimg minh bét ding thire sau
a’b® + b’ +c%a’ +4ab+4betdca< 15

Bat k =ab+be+ca, 4p dung bét diing thic AM-GM va bét ding thic Schur ta 6

< %(azbz +b%c* +-¢’a’ + 4ab+ 4bc + 4ca) + %

k < 3,abc > max [0,4—){3-2} - Ta xét hai trudmg hep sau

+ Trudng hop 1. Néu 4x < 9 thi
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a’b® + b'c’ + c"a” + 4ab+ 4bc +4ca = (ab+be + ca)’ + 4(ab + be +ca) — 6abe
_ K 42k —Gabo< S 19 =22 <15
16 16
+ Truomg hop 2. Néu 4x > 9 thi
2%b? + b*c? +ca’ + 4ab+ 4bc + 4ca = (ab+ be + ca) + 4(ab-+ be +ca) — 6abe
=k? +4k—6abc < K’ +4k—2(4k—9)
= (k—T)k—3)+15<15
Bit diing thire dugc chimg minh. Ding thirc xay ra khi vachikhi a=b=c=1.
Qua qué trinh nhan xét va phén tich & trén hi vong ring cdc ban d4 hidu dwgc cach tim ra hé s6. G cdc bai todn sau
néu khong that su cin thiét, vic thit 13p bit ding thic phu s& dwa ra mét cach khéi quét hon. Ching ta hay dén véi
bai toédn sau:

Cho a,b,¢ 1 cdc sb thyc dwong thoa man a‘+b*+c* = 3. Ching minh ring

11 . Q
QQ

4--gh 4—be 4—ca

— @
. 3 . d
Voi 0<x <=, talubnco . \S
== _ L&
3 2x* +x+12 (x—l)z(s—zx@
< &0<
4—x 15 15(4_)%\)

\
Lai ¢6 max{ab,bc,ca} < \E <-;— nén ta 66 LV

W
3 3 3 2a’™+ bzci‘t,cgaz)—kab +bc+ca+36
+ <
4—ab 4—bc 4-ca” YARRE
Ap dung bt déng thire AM-GM va Cauchy-Schawrz ta ¢g o
a?b? + bic? -i—cz& 2t b et =3
ab+bcte 3a’®? + b’ +¢fa) <3
Cong céc c4e bit ding thie phy trén vé theo v&ta ¢6 didu phai chimg minh.
Pirig thirc xy ra khi va chi khi 2= b=Q¥&T.
Nhén xét. Day 13 mét bai toan khéngéﬁb v ¢6 nhidu cach tiép can khic nhau.

Ap dung bt déng thic quen thl}gg%u LIPS i va bit ding thirc AM-GM.
Xty
Taco \
17 1 i 4 2 1
L SRR S 1N 4 > —— 1 vabefo2

ﬁ—al 4—b2]_2[8—-a2—b2]”8—2ab 4-—ab [9,2]

Qui bai to4n vé chimg minh
1 1 1

<1
Ty d—

Sir dung bét ding thirc phu sau
q
1 <2 +15
_4-aT 18 . )
Ngodi ra ta con ¢ mt cach khd trirc quan vé d8 thirc hién dé 12 qui dong va str dung bét ding thire Schur.

Cho a,b,c,d 13 cac sb thuc duong thoa man a’+b?+c?+d? =4, Chimg minh ting
1 1 1 1 '
RN SIS U S
3—abc 3—bcd 3-~cda 3—dab
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Liri sidi

Diy 12 mét bai toan khé vi vay viée thiét 14p hé sb phai cin nhig d4nh gi4 chit ch& va suy luin hop Ii. Chiing ta
hay clng phan tich con dudmg di dén 151 gidi cia bai todn nay.
Ta s& xdc dinh hé s6 m,n sao cho

2 8
——<14+mx’ - +n(x-1),¥—>x>0
3oy S Hmec—Ddak-D) 33

Nhu d4 phan tich g trén ta tim ra n — %—Zm , khi d6 bét déng thirc cin chimg minh twong duong véi

(x —1)*(6m —1-2mx)>0
DE dang két luan m >0 do d6

16
6m—1—-2mx >6m—I-~—m
" = 33
Ta ¢én c6
étm—1l—-—m>0=m> ! Q
5 ST N
. 6—18. R
RN
5 I 1 5 .
Do«/i)-—-nentaclucéncémz €= : \
3 -5 18 \QZ?
L&

5 3 I
Tir déy ta s& chy === n=—— tirdod ta c¢d bt ding thirc ph
y ta s€ chon m 1a n 13 g P l,@ﬂ

2 \} 2(8 _
2 -3x412 o @TN(-5%)
3-x" 14 \j\ 14(3—x)

3 A . 8 8 >
biéu néyhiénnhzéndﬁngvél—>§2x20. A

W3 \
o %4 8 o

Str dung bét ding thirc phy trén va chii yla mas%&, bed,eda,dab) < 3_x7§— suy ra ta can chimg minh.

5(a%b%" + be’d? 4@’ + d’a’b?)— Yabe + bod + cda + dab) < 8
C6 thé chimg minh bét déng thirc trén b nhidu céch. Sau d4y xin trinh by mét c4ch dira vao k¥ thuat ham 15i.

2 az + bz 2 (.‘,z-i-d.2 Sﬁ . P 2 £ ez . Y . .
biat t =—-5—,k =-2—,x= ,y =cd khi d, ta ¢6 t* >x,k* > y. Bét ding thirc cin chimg minh twong
duong véi OO .
Q:Qf(x) =10x°K* +10y*1> — 3x42y + 2k* — 3y[2x + 2 —8

< . .

Tacé Q>
b 3y

. f'(x) =206 + —== >0
§ ( ' Jox+ 2t%)°

Suy ra f(x) 1a ham 18i, do d6

£(x) < max{£(t*),£(0)}
Taco

f(0)=(ytJ5+1)(5y1J5—8)50 do ﬁﬁ5%<§

£(£) =10y** —6yt -+ 10k*t? — 3t/ 2y + 2k* — 8 = g(y)
Tuwong tyr nhir trén ta ciing ¢6 g(y) 12 ham I3i nén ‘ :
8(y) < max{g(k*),g(0)}
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Ta cling ¢&

8(0) = (k2 +1){s5ke2 - 8)<0 do k2 2557 2

K+t

g(tt) = 4(kt — 1)(5kt + 1) < 0 do ktv/2 < =1

Viy bt ding thire duge chimg minh xong.
Ngay tir ban dAu ching t61 43 ndi day 1a mét bt dang thirc khdng d& va doi hoi nhiing danh gi4 chit che. U.C. Té
~day d6ng vai trd 14 mt ban dap quan trong dé di dén 13 giai.

Cho céc s6 thye a,b,c,d théa a® + b’ +c* +d? =1, chimng minh bt déng thirc

1 1 S S
l—ab l-bc 1-cd I-da~ 3

Liri gidi

N
Tuong tu cac bai todn trudc, ta thiét 14p dugc bét ding thire sau véi moi x 5—;— ()Q
0 P
1—— <32x*+10 @\
Q

Tir dy, ta suy ra duge : ) '\
1 1 1 1 ' 40
+ + + < ZZ(a’p* + b’ +c’@;az +—

I—ab 1-bo i-cd 1-da 9( % g
—(a1 +OYb d\y} ﬂ
fb' 40 16

<= (a +0 P Y+ —=—
A 53

Tir déy, ta c6 dpem. Déng thic xay ra khi va chi khi a = Q)g =d= :i:%
Nhin xét. Bai toan nay duge d4t ra 4é “lam manh@%an sau cua Pham Vin Thuén
1 1 1
+ + <8
1--ab 1—bc¢]~cd l-da l1-—ac 1-bd™
v&i cling gia thiét nhir trén N
Lm_g;g ciia tac gid cho bai toan né,x&@%i va phic tap, trong khi ding U.C.T mé réng ta fai c6 dugc mit Livi gidi
rét ngén gon va don gian! <
Ngoai ra, ching ta cdn ¢6 m?\césﬂ “jam manh” khéc cho bai todn ctia Pham Viin Thufn, ta c6.

1 1 1 1 1

& -+ =+ 5+ =+ ~<8
a+t b+cy c+d) d+aY atc b+d
1— - == 1- 1- - 1—
2 2 2 2 2 2
Bai to4n nay d4 duge ban ZhaoBin, mét sinh vién ngudi Trung Quéc dua ra mot Lo gidi rit dep bing csch sir dung
bét ding thirc Cauchy-Schwarz, & day, chiing t61 xin dugc gidi thidu mot Lavi gidi khic theo tr tuong U.C.T. St
dung bt ding thitc trong bai, ta chi cin chimg minh

(a+b)' +@+c)f +(@a+d) +(b+c) +(b+d) +(c+d)* <6

Thét vay, ta c6
(a+b) =2(a" +b* +6a’b*) — (a-- b)Y <2(a’ +b* +6a’b’)
Tuong tr véi cic $6 hang con lai, ta suy ra dugc
VT <6(a +b* +c* +d°) =6
Bét déing thirc duge chimg minh xong. )
Thét tu nhién, c4u héi sau dugc djt ra, ligu bét déng thirc sau c6 ding?
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i I i 1 16

7+ 7+ 7+ TS

- a+b — btc luh[c+d] - d+aJ 3
2 2 2 2

Thit déng tiéc 12 bét diing thirc trén lai khong dang! Céc ban chicdncho a=b=04, va c=d=~0.84 .

Cho céc 56 khong am a,b,c,d ¢6 tong bing 4, chimg minh bit ding thirc sau

1 1 1 !
+ + <1
5—-abe + 5—bed 5—c¢da S~dab”

L i
Ta c6 thé thiét 14p duge bt ding thire sau véi mei 2> x>0

A8 <x*+x+10 \

S—x 4
Do 46 : Q
+, Néu max {abe, bed, cda .dab} <2 thi sir dung bat ding thirc trén, ta cin chitng m@p

a*h’c” +b'c’d® + ¢’d%a® + d%a ‘b‘+abc+bcd+c@abgs

Bét ding thitc niy c6 thé d& ding chtmg minh bing ddn bién hozc dﬁng;%(néi.
+, Néu max{abc, bed, cda,dab} > 2, khéng mét tinh tbng quat, 6\9 abe>2, khi d6, chi ¥ ring véi moi
%Y20,x+y<5 tacs eo
I " 1 1 1 \xy(lO X—y) >
55xy5x53&,g(5x)(5y)(5xy)"

1
= \*>g 5ix_y '3
Vi do d6, v&i moi xy,z>0x+y+z<5(5
Q7 2
(§x5y525xy25
Chu y ring > (a%b%? +abc)ék’va abc>2 nén bed +cda+ dab < 5,dods
ope Q
P Lot i L2
®’  5Tbed 5—cda ' 3—dab~3-dabiteten s
\ f

Ta cén chimg mj y
§’ — 1 <3

5—-abe  5-—d(ab+bctca)” 5
Bt x=4—d, do abc >2 nén 4 >x =a+b+c > 3%abe >332, theo bét ding thic AM-GM thi

Suyra

l 1 1 2
abc<—x*,ab+bc+oa<—x
27 + 3

Do d6, ta chi cdn chimg minh
T =<3
S5——x' S5—ox}4—x) 3
27 3

Hay
f(x) = x* —4x’ —80x* 4 360x* — 675 < 0
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Tacd
£(x) = 6x"(x —4) + 4x*(x —12) + 48x(15 - 4x) < 0
Suy ra f{x) 14 ham nghich bién, do d6
£(x) < £(3342) = 27(4844 - 717 < 0

Tir d4y, ta c6 dpem. Ping thic xdy rakhi vachikhi a=b=c=d =1

Sau mét qué trinh tim hidu va phén tich cy thé cAc bai toan, chic hin ring céc ban cling da phén ndo cim
nihan duge nét dep cita U.C.T dii ring thyc ra ddy 12 mgt ki thudt cuc ki don gidn va d& hidu, Chiing t6i khong xem
U.C.T 12 mgt phuong phap chinh théng ma don gidn né 12 mt ki thust ¢in biét va cin ndm viing khi ban hoc bat
dhng thirc. Nhidu ngudi quan niém ring U.C.T khong ¢ ¥ nghia gi nhung theo bén thén chiing 16i né nén dugc khai
quét dé sit dung trong mdt sé trudng hop. U.C.T 12 mot burée dém quan trong va ddi khi mang nhidu ¥ nghia trén
con dudng di tim 191 giai cho bai toan. Mt ki thuat hay khong nhét thiét n6 12 né gii duge tdt ¢4 cac dang todn ma
- 12 n6 phai dua ta dén nhimg ¥ twéng, dutmg di sing sia, d& nghi, d€ nhan thdy bing mt tryc quan.

Trong chuyén d& nay nhiéu bai toan hinh thitc céng kénh nhw USAMO 2003, MO 1997,... & \nhﬁng bai
to4n khong hé kho, nhung néu khéng chon ding hudng 1am thi s& dén dén nhimg 101 giai chi ciégéﬁbgn diing vé mit
to4n hoc. P6 1a nhimg bai toan co ban dai dién cho U.C.T két hop vai Ki thut chudn héa. Tu( n dé chua phai 1a

diém dime. o4
& phin tiép theo, xuét hién nhidu bai toan mang d4m ban sic hon tic 1 n&%‘c\\ sir dung m3i U.C.T thi s&
khong di dich. Cach khéic phyc duy nhét I3 phén chia tnrdng hop dé gidi quyé@y ciing chinh 1 co s dé tim ra
céc khoang nghiém chn xét ciia bién. Viéc danh gid & day ddi hoi & ngudi la@}g tinh t& va khéo 1éo hon & c4c phin
truée. Tuy nhién néu ban c6 niém tin moi chuyén déu c6 thé dugc giai qggét

Sau khi ¢4 nim trong tay nhimg kién thirc nhét dinh vé kw\@ ching ta bude qua mdt khoang khdng gian
phtic tap hon d6 12 ding U.C.T 6 giai quyét nhimg bai toan n}%\ﬂiém cyre 11 dat duge tai 2 chd. Bao gdm 2 trudng
hop d6 12 khi tht ¢a céc bién bing nhau va trudng hep c6 (Q}Q) bién biing nhau nhumg khéc bién con lai. O day ta
chti ¥ dén bit ding thirc Vornicu Schur ¢é khic phuc n@% diém ciia U.C.T co ban.

Phin ki thugt phén tach theo téng cta 1 cling 13 1@ dang rit dep ciia ky thudt ndy, mét sb b todn tiéu biéu cho
dang phan tich ndy 14 IMO 2001 va mdt sb bﬁ'(t;%n &4 néu & trén. DA U.C.T & day ding theo mét tu tudng khac véi

cac phé.n trude. O\l-

Nhv céc ban da biét U.C.T thong g‘fﬁg tirge biét dén véi cAc bai toan ma bién sé doc 1ap khong lién quan dén
nhau. Tuy nhién néu chi x4t voi jGp bai todn nhu vdy thi chua 16t ta hét nét dep ciia kT thudt don gidn nay. Ta van cé
thé sir dung U.C.T 8 tim ra’epimg bét déng thirc phy véi diéu kién lién quan mét thiét v6i nhau. Tirc 13 khong thé
thch theo don lugng timg&¥n dé gidi quyét. U.C.T & day ddi héi ban phai c6 nhitng kién thirc co ban cla him s6 dé
tim ra céc udce hrgng XAc.

Cuéi cimg ching ta & 8 di 4én mét 6 bai toan khé ma theo nhiéu ngudi quan niém 14 khong thé giai quyét
bing U.C.T, diéu nay 12 mt diém yéu ciia k thugt ndy. Khi viéc thiét 1p h¢ 36 duoc thit chat hon thi moi chuyén
s& khéc. Nhu céc ban d4 thdy & trén U,C.T mo rdng mang nhing d§c diém phic tap hon nhung hi¢u qui mang lai
thi qua 1a bt ngd. Mot s bai todn rét khé da duoc dira vé dang don gian hon aé giai quyét theo mot sb phirong phap
44 bikt. D6 12 mot nét méi kha doe déo clia ky thudt nay. Tuy nhién chéc hin d6 vin chua phai 1a U.C.T “chat” nhit.
Con rét nhidu didu ntra & k§ thuit ndy chd céc ban kham pha. Ching 16i xin két thic bai viét ndy tai ddy. Hi vong
ring v6i nhitng dong tam sur ciing c4c ban v bét déng thirc d& phin nao goi md cho céc ban mot cai gl 46 gitip cac
ban tim thém nhitng ¥ tudng séng tao mdi, nhing hiéu biét méi. Va hay luén quan ni¢m ring ding sau Livi gidi cho
mbi bai todn 13 ca mét qua trinh dy doan, thi, sai va dung. Hen gip lai c4c ban trong mét ngdy khong xa.

LOVEBOOK.VN | 178


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

Mt 56 bai todn 4p dyng :
-¢* =1, Tim gi4 trj nhd nhét coa

Baitodn 1. Cho a,b,c,d,e 1 chc 56 thuc khéng 4m théa man a’ -1 b° +¢*4-d’ 4
2

bidu thirc
a’ b? c* 4 e
e s
1-a’ l—bs_' 1-¢ 1-d  1-¢
Biitodn 2. Cho a,b,c 1a cic s6 thyc khéng 4m thoa man a-hi4c? =1 Chimg minh ring
i 1 1 9
+——x<2
I—ab+l—bc il—ca™2

Bai todn 3. Cho a,b,c,d 12 cac s6 thyc duong théa min a+b-+ct+d =4, Chimg minh ring
6(a’+b ¢’ +d) > (a1+b'2+c’+dz)+8l
)

Bditodn 4. Cho 2,b,c 14 cic s6 thyc duong nhé théa mén a+b+c—=1. Chimg minh tin
6(a’+b’+c’)+ 12> Sa’+b+c?) S

Bai todn 5. Cho a,b,c 12 cic s6 thyc duong nhé théa man a+b+-c=1. Chimg xitth ring
i 1 1 27
14a? + 1+b* + I+c? ™ l(l&so\
Bdi todn 6. Cho a,b,c €(1,2) . Chimg minh ring \)d
b + evb ‘N 4 aJe >1
4bJe--cv/a 4c«f§—a{b\} 4ab—bve =
(%
Bai todn 7. Cho a,b,c 12 cdc 56 thye duong thda mﬁ%\abc =1. Chimg minh ring
1 Q71 P
a’—atD b —b+1 —c+1"
S
Bdi todn 8. Cho a,b,c,d 13 céc s thua@hmg thoa man abed = 1. Chimg minh ring
1 1 1+d
Olfe  Q4b, Ive 14d _,
O\l.* 14+a®  1+4+b*  14¢*  1+d
O .
Bditodn 9. Cho a, b,c,dé@;éc 50 thyrc dwong théa mén abed = 1. Chimg minh ring
1 1 1 >1

‘Z—Lo ! + + — ———
NT+a+ta’+a’  1+b+b +b  1tcotc +¢* 1+d+d+d

Bai todn I@ a,b,c,d 14 cic sb thue dwong théa man abed =1. Chiing minh rfing
1 1 1 ~1

1
(1+a) +(l+b)’ +(1+c)2 +(1-:—:1)2 =

Bai todn 11. Chimg minh ring véi moi a,b,c > 0 ta cé
a b c az.’J +b2i3 +c2i3
>
2

+ + >
Ya+b b+c Yora
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Phuteng phip din bibn

Pay 1a mot phuong phip g1a1 todn nang cao d6i vai cac bai todn bét ding thirc 3,4 bién d6i xtmg . Trong gidi
toan bt ding thirc, mét vige lam rﬁt dugc quan tim 46 1a giam bién . Khi dua bai toan vé 1 bién thi cong vigc cta
chiing ta kha 14 don gian . Nhung néu nhu v6i phuong phép dao ham dd duge trinh béy thi viéc giam bién phai c6
nhimg d4nh gi4 khé nhn biét thi phuong phap nay dénh gid d& nhén ra hon , nhung khéi lugng tinh toan d6i khi kha
la phite tap .

Vi day 12 mét phuong phép ndng cao, nén ching t6i khong ¢b ging trinh bay mét cich chi tiét céc ki thujit coa
phuong phép ndy . Chi xin néu ngén gon nhu sau :

Pé chimg minh mét f(a,b,c) > 0 thi ta c6 thé ¢§ ging chimg minh ring :

b+c b+c

b+c bte : ]>0 1a dis . Céch dén bién nay &p dyng cho céc

+f(abc)>f[ } Saudékiémtraf[
bai to6n ¢6 gia thiét 1a a4+ b+c =k ¥ cich dén nhwr trén ludn dam bao cho ching ta thng a-+b 46'\& khong d6i
Hoic ta o6 thé chimg minh f(a,b,c) >f(a,b+¢,0) , hodc f{a,b,c) 2 f[a b+— —] Néi chu{%,@o kh4 nhiéu cich
dbn ma tiry thuQc vAo cic dic didm gia thiét hodc déng thirc xay ra d2 tién hanh cich dox@i thich hep .

+£(a,b,c) > £(a,b,0) hodic f(a,b,c)> f(a,/oc,bc) cach dbn bin ndy 4p dgngzkh“i\meu kién gia thiét cho dang
abc =k . Ngodi ra ching ta cin linh hoat dé chon cch dén bién hop Iy

 Pé minh hoa cho nhing didu vira ndi, chiing ta s& xét mot sé vi dy dién higi%

Y
Cho ba 56 thnre khéng 4m x,y, z chimg &@ ring x+y+z>3.3xyz

o\
g
Cdch I: S
: x+y+z23.{/ﬁ #x+y+z«-3.§/x§20,d&&(x,y,z):x+y+z—3.2/§£
oty

Ta di chimg minh f(x,y,z} > f(t,t,2) Vm\i-

Tacét——-;-zv xy =t >xy‘Q

Suy 1a £(x,y,2)—f(t,1,2) = @Z%Hz 33fxyz— [2t+z 3Jt2_] 3(J_ a[_)

§ = £(x,9,2) > (4, 1,2) .
Ta di chimg minh f(thz)=2t+2-34t’2>0.

Tacéd: f(t,t,z) >0 2t+2> 3.3tz & (2t+2)° 2 27.0%2 & (t—2)’ (8t +2) > 0 (ding).
Vay £(x,v,z) > f(t,1,2) > 0(diéu phai chimg minh).

Cdch 2:
x+y+z233xyz S x+y+z-33xyz 20,
Pt f(x,y,z)=x+y+Zv—3.§fxE
Ta di chimg minh f(x,y,z)zf(t,t,z)véi t=\/E.

Tac()tz,f_y ;y=>2t<x+y
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Suy ra f(x,y,2)~ f(t,4,2) = x +y + 2~ 3.3fxyz —[2t+z—3.\/3 tzz]= X+y—2030
=1(x,y,2) > f(t,t,2).
Ta di ching minh f(t,t,z) = 2t - z— 3.3tz > 0.

Tacsd: f(t,,2) 204 A+2>3302 & (242 > 2742 & (t—2)*(8t + z) > 0 (ding).
Vay f(x,y,2) > {(t,1,2) > 0(didu phai chimg minh)

Eho ba sé thuc khong 4m a,b,c. Chimg minh réng (a® + 2)(b* + 2)(¢* +2) > 9(ab + bc + ca) ]

Liri gigi
BAt déing thirc d4 cho tuong dwong vai bit déng thic: (a® +2)(b? 4 2)(c? +2) - %ab + be+ca) > 0.
Dt f(a,b,c) = (a® + 2)(b” +2)(c* +2) -~ 9(ab+'bec +ca) . Q’Q

Gia sit ¢ = min{a,b,c} \200

Ta di ching minh f(a,b,c) > f(~/ab,ab,c) . (tirc 12 dén bidn t =+/ab ). ‘N
Ta ¢6 f(a,b,c) — £(+/ab,Vab,c) = (va — v/b)? [2(Ja" +Vb).e* +4(Va + Jti)d;c] >0
(Vic= rﬁin {a,b,c}) &\Q
S . =1(a,b,c) > f(/ab, Q%)

hay f(a,b,c) > f(t,t,c} \

Ta di chimg minh f(t,t,c)=(1* + 2)2 c* - 18te+(2t* —,{@8) >0.

Nhén xét: £(t,t,c) 12 tam thitc bic hai theo bién ¢ véa_-’\éz A= (12t + 1112 432) < 0.

QQ = f(L1,c) >0
Viy f(a,b,c) > £(t,1,¢) > 0 (didu phai chl.’m&r%h). Ding thirc xay rakhj a=b=c =1

X ‘
: Choé\sé thyc duong a,b,c thoa abe=1. Chémg minh ring
O (a+b)b+e)eta)>4a+bte—1).
3
‘QO
& Lisi gii

Ta di chimg minh sqﬁ?gc) > f(a,\be,vbe) . (titc 1a dén bién t = vbe ).

Tacé f(a,@@[(a,\/b‘c,ﬁ) = (a’ + be)(b — 2v/be +¢) + a(b* — 2be + ¢2) — 4(b — 2vb6 +¢)
=(\/E—\/<_:)2[(a+b)(a+c)+2\f§—4].

Vi 2 44/abac = 4%/ 2 4 (vl a > 1) nén £(a,b,c)—£(a,be,Vbe) > 0 = f(a,b,c) > f(a,"/be, vbe)

hay f(a,b,c) > f(a,t,1) .

Ta di chimg minh f(a,t,t)> 0. Ta ¢6 abé:l@a«/ﬁ.ﬂ:l#a.t.t=lc}a=é

6 eyt t— IR (=1 4217 +17
1 ]=t 4 +4r -2t ( ylet-n ]go(dﬂng)

f(a,t,1) = f[t‘—zt,t > t“

Vay f(a,b,c) > f(a,t,t) > 0 (didu phai chimg minh). Ding thirc xdy rakhi a =b=c =1
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Cho 3 s6 thuc ab,c khong 4m thod: 8+ b+ ¢ +abe =4 .Chimg minh ring:
a+b+4c>ab+-be4-ca

Livi ot

Dé ¥ riing ngoai diém ding thic x4y ra la a=b=c=1 ding thirc xdy ra con cb mdt diém khéc la a=b=2, ¢=0. Diéu d6
g¢i cho ta gia sir c—mln{a,b c}va ta ddn bién dé dua hai bién 2,b vé bing nhau vi bang mét s t duong nao dé.
Trudc tién ta chon b sé (t,t,c) phi thda min: ab+be+ca+-abe= 4 thcla

t? + 2te+ thc == 4, Suy ra t* + 2te+ t'c =ab+ be+ca 4 abe.
Tacd: a+b-+c—ab—bc—ca> 0, dit f(a,b,c)=a-+b+c—ab—bc—ca

+ Trubo tién ta ching minh: f(a,b,c) > f(t,t,c) & a +b+c—ab—be—ca>2t+c—t' ~2te
& (a+b—2t)1—c)+(* —aby>0 (*)

Mat khéc: t? +2tc+ t’c =ab+ be+ca+abe e c(a+b—2t) = (c+D{t* —ab) (**)

Ta chimg minh a+b—2t,t* —ab 12 nhimg s khong 4m.

Giasira+b—2t<0,tir (**)suyra t* —ab<0=>1" <ab.Khidétacé: t>

\
2
%-i-)-=>t2>[fitl Q}fb.

Suy ra ab>ab vd li. Vdy a+b—2t,t* —ab lanhiing sé khong am. Suy ra (*) ding.

Hay f(a,b,c) > f(1,t,c) . »
Bay gio ta di chimg minh: £(t,t,c) > Ohay 2t+c—t* —2tc > 0. &‘Q\
Tﬁ't2+2tc+t20=4suyrac=2':—t20. \)d
) .9
Khi 46 2t+c—t* —2t¢ = (Ciad)Unt ) > 0. Suy ra diéu phai cht.’rng,mhb}
t &®
” [ " Cho a,b,c 12 céc s6 thyc sao che é}b+c = 0. Chimg minh ring:
aib? bl 4O 4 6abe> 3 '
| S
L gidi

Khi giai bai todn nay , chung ta s& rit nga {&h i vi dxeu kién & dﬁy 12 ¢4o 56 thic , chinh didu néy dfn dén viéc 4p
dyng c4c bét ding thic ¢d dién tr& nén ki kho khan Mot didu nita 12 chung ta lai gdp mdt bét dang thic khéng
déng bac, duong nhién 1a ching ta thé ddng bic héa nhumg ma bét déng thirc méi nhén dwgc rit kho dé
chimg minh . Lic nﬁy phuong phéfdén bién trd nén kha tién dyng .

Nhung ma mdt van 8 gap p 4fQ ta chua xac dinh du'qc tinh &m duong ciia c4c bién . Nhung dimg lo, ta s& xét
timg trudng hop, cong viégnay hét stec don gian .

Doa+b+c=0 nén‘%ﬁ%r:cét céc trudmg hop sau :

TH] : Ton tai it nhit Mot trong 3 s6 bang 0. Liic nay bét ding thirc 14 hién nhién .

TH2 :Tich abc> 0 liic nay bét déng thiic cia ching ta ciing hién nhién

TH3 :C6 mot sb am va 2 s6 con lai déu duong .

Déy 13 trudmg hop chinh cn giai quyét .

Khong mét tinh tng quét gia sir ¢ < O khi 46 dat ¢’ =|c|

Xét ham sé f(a,b,c) = a’b® + b’c? +¢’a’ + 6abe+ 3 = a’d” + b7e” +c'a’ — 6abe'+3

Xét hiéu
2 4 2
f(a,b,c)— f(“b chul JRE CIRCRN Ce.l) i PP el PR -
2 2 16 4
2
G SV | P
4 2 4
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a+b a+b
2

Thay ¢'=a+b ta 6 ngay duge f(a,b,c) > f(E— L€}

a+b a+b

By gid ta chi cin chimg minh f( ,C)= f(—- — c)> 0

Dy 12 bét dng thirc mét bién kha dcm gian . Phép chung mmh duge két thic .

Cho a,b,c > 0 thda man a+b-+c¢ =3 .Chimg mirth r?mg:
(@*+a+1)b* +b+1)(c +e+1)y<27

Bt f(a,b,c)=(a" +a+1}(b* + b+1Xc* +c+1) . Biy gids tas& di chimg minh khing dinh sau :
f(a,b,e)> f(a~.+ b a;b,c)
Bing bién d8i tuong duong thi diéu nay tuong duong véi viée chi ra ring : QQ

(a—b)’[(a+b) +4(a+b)+4ab—4]>0
Muén ¢6 didu nay diing thi ta phai gia st ring ¢ = min(a, b,c) .
Licnay taco - a+b>2=>(a+b)2>4 Nénsuyra: (a+b)* +4(a+b)+@‘4>0

By git ta cn chimg minh f[32c 3=¢

,-]30 véi c€(0;1) ,(Q .
Bang khao sit him s6 mét bién ta c6 ngay didu phéi chimg minh . \)d
OI
Cho a,b,¢ 12 cic sb thire dwong théa mén a,+\;}c = 3. Chimg minh ring
(a +b2)Kb&@(c +a’) <13+ abe.

\

V\Q
Léi gidi
Vi bai todn ndy, nhidu ban mic sai 13 1 xét a>b>c ma khﬁng xét trudng hop ngugc lai Diéu niy khong
diing vi ddy 13 bt ding thic hoén vi Qhung th\rc té ta ciing chi xét m3i trudng hop ndy nhdr ¢6 bé dé sau :
Béad Véia>b>c thi (a tff‘ )(c+a ) (a + b)(bz +c)(c +a)

a’b+b'c+c’a—(ab’ +be’ +ca’)=(a+b+c){a—b)(b—c)la—c
Thét vay, tasudungzda%Qluc sau; ( ) ( a-b)(bo—c)a—c)
a’t’ + b’ +c'a’ - (a’b? + bc? +c%a®) == (ab+ be+ca){a~ b)(b—c)(c—a)

Via4b4c=3 n&{gcé

2
-3
§ a+b+c—(ab+bc+ca)=(a+b+°) (ab+be+ca)

3

=={(a=bf +(b—cf +(c—a)’)>0.

a\i-—-

Suy ra ‘ :
a’b+blc+cla— (ab‘3 +be® + ca3) >a’h’ +bic’ et — (a3b2 +b%? + c’az)

= (a+ bz)(b-f- c )(c+ a ) (a + b)(b2 +c)(c +a) (dpem).
Tir nhén xét trén, ta chi cin chimg minh bai todn trong trudmg hgp 2 > b>c. Goi f(a,b,c) fa biéu thirc vé trai cria

bt ding thic, ta cé
f(a,b,c)= (a + b’)(b + cz)(c + az) —abc=a’b+b'o+c'a+a’b’ + b’ +cfa’ +albic?,
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Khi dé
f(a,b,c)—f(a+eb,c)=2a’b+betc’a+a’ +b’¢ +c%a’ +a'b’e’ —(a+ ) b—(a+c) b’
=b’c +c’a + b7’ +¢%a’ +a’b’c? —3a’be — 3ac’b— 2ach’ —c’b’
Do a>b > ¢ nén b’c<ach’,c’a <ac’b,b’c® <c’b’,
Vi thé dé chimg minh £{a,b,c)> f(a+¢,b,0) ta chi cn chimg minh tiépc’a’ +a’b’c” < 3a’be.
Nhung didu ndy hién nhién dung vi d thiy
3a’be —c’a® —a’b%c? > bea’ (3—a—be)=bea’ (b+c—bc) > 0.
Vay f(abe)>1(a+c,b0)=(a+c) blatc+b?).
Céng viée con lai clia chiing ta 12 chimg minh bt ding thirc 2 bién: xy (x + yl) <13VRy20,x+y=3.
Thay vé trdi bing biéu thic x, ta c6
1 2
£lx)=(9+ x> —5x }{3x* —x*} < (= + 4x* - 5x +9
(x)=( Yot —x) <4 ) \
3 2 2 4 QN
x4+ 4x* —5x+9=(x—-1) (2—x)+7£7+ﬁ. R

Tir 46 suy ra f(x} <13, dpem. .\‘20

Cho a, b, ¢ 1a c4c sb thuc khong 4m c6 téng bing 1. Tinh gid tn nho 2@&1&
a b

1+b% + ¢ tirara 1+32§bh

s N
L gidi .\\/
Sir dung bét déng thirc Cauchy — Schwarz \&rb'
&
P=a(1+b2+cz)+b(1+q’§gc2)+c(1+a2+bz)
a b c 2
+ P>{a+b+c).
[1+b’+c2 1+a2&\c 1+a2+b’] 2( °)
Xét biéu thic:

o)
S,0e _ag(’a+b +be(b+c)+calc+a),

Ta s& chimg minh S, <—. Th';‘zt vay @ng mét tinh tbng quét gid sk c>b>a.

Xét bidu thirc QQ’
Sue—§ 08 =2*(b+) + b (c+a)+c*(a+b)—(a+ b o—c(a+ )

a,b.c

. . =abla+b-2c)<0.
Mat khac:

Suimeo = (a+b)c(a+b+c)=(a+bos Ha+brof =3

Nhuviy P=a+b+c+8 .Suyra:

ubc—
a b c 4

+ + >

14+b*+¢*  14a°4¢  14+a*+b* 5

Ding thirc xay ra khi va chi khi b=c¢ =%,a =0 hodc cac hodn vi

Chimg minh ring néu x,y,z1a c4c s thyc khong dm théa man diéu kign x* +y’ +2° =3 thi
ta c6 bit dng thie: 7(xy + yz+2x) <124 9xyz.
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L gidi
Khong mét tinh tdng quat ta gidsrx2y>z
bat f(x,y,z) = T(xy-+ yz+ zx}—9xyz = (7-9z}xy + 7z(x +y). Ta s& chimg minh

‘x + ¥ ‘x +y
Thit vay, bt ding thire trén tuong duong véi

2
(7—92)[xy— x? ;ry ]+ Tz(x+y)—2(x*+y*) <0

xy, <f

2 142()(—3/)2
& (9z-T)x~y) < e,
x+y 203 +y2)
Do x+y<2(x*+y*) nén ta ¢in phai chimg minh Q
(9z—7),/2(x2+y2)s7z4i>[9—g],/2(3—z1)gi.zo(,Q
Diu nay hidn nhizn dingvi z<1 nén 9«-1£2 Vi 4/2(3—2%) <+6. N
z

Cudi ciing ta chi cin chiing minh bai to4n khi x == y, ndi céich khac 13 chiaminh

. 2 2 .
véi t—,}" ;"y thi 7( +22t) <12+ 9%z, Cy
Thay z=+3-2t* taco bt ding thic 9t'v3— 267 — 7¢° \3133 288 +12>0.

1
Djit r=— ta phai chimg mirh >
it r ;7 ta pha chimg mi &

,/3——\&—14\/& 2+12r 0.

Cong viéc clra chiing ta bay gw 13 khao sé ﬁm s6 trén,cong viéc ndy kha don gian.
Binh lugn: Voi didu kign x2 + y 4zt i phép ddn bién trén bao toan duge didw kign. Nhu vAy bai tip cha cée

ban khi doc dén diy d6 I liét ké ra e)Qcéch dén bién twong \mg véi timg cdch cho dleu kién cia bai lam Nhung
xin fuu ¥ cho 14 khéng 6 gi 1a 1\1Le,t dbi & day ca.

Chimng min @g véi céc sb thye khéng dm a,b,c ¢6 téng bing 2 ta c6 bét ding thirc .
(a8’ +ab+b*)(b* + be+c*)(c? +ca+a’) < 3.

,c()
< e
Khéng mit @ng quat gid sir ring a > b >c.
a-+b _a—b

Dﬁttm—2—<1 Khi dé a =t-u,b=t—u va ta s& chimg minh

(a” +ab+b*)(b* +be +c*)(c? +ca+a?) < 3t3(t2 +ie+c?Y (%)
Thit vy, ta ¢ a® +ab+b® = 26% +2u% +t* ~y? = 3¢? 4 y?
(b +be+c?)(c® +ca+a’)
=a’b’ +abc(a+b+c)+ct +c2(a? +b?)+c’(a+b)

=(t" — ) + (2t + ) (1 — u?)+ ¢* + 263 (12 o v?) + 2t
=t*+2tc(t* +¢*) + 3t + ¢! —~u?(2te —c* + 2t —u?).
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Ta phai chimg minh

3¢ 3 >(a +ac+¢?)(b* +bc+c?) _1
a’tab+b® (t* +tc+¢%)
1 2tc+2t* —¢t —u’

il kT (t2+tc+cz)2
& (Bt <3P +u¥)(2te+ 28 — ¢ —u?)
ot 4 3t% 4 of 4 2te(f + ) < 617 + 6t — 3Pt —ui(t—c)’ —u'
& 5t* +4t%c—6th? —2tc’ —c* > uz(t—c)z +ut,
Béivi t>c,u néntacéd St* +4t%c—6t%c? — 2t¢® —c* > 5t* —5t°%c? =5t°(t—c)(t+c)
' >5(t-0)f >2(t—¢)* > u¥(t—c) +u'.
Vado d6 () duge ching minh. Cudi cing ta s& chimg minh néu 2t+c¢ =2 thi
3t (P o)< I t{t +tc+ ) <1

Thay ¢ = 2—2t vao bit diing thirc trén ta c6 diéu phai chimg minh Q
(1= —3t+38)>0. QQ
Ding thirc x4y ra khi vi chi khi 2 =b=1,c =0 hofc cic hodn vi. \20

. &\‘

Chitng mirh v&i moi s6 thuc khéng 4m a,b,c ta ludn co
a'+b’+c’~3abc>4(a— b)(b—c)({)g)\
(%4

L

R

g K0
Bt dAng thitc trong duong v6i 90.7\
(a+b+0){(a—b) +(b—c) +{ec )2 8(a-B)(b—c)(c—a) (1
Khéng mit tinh tdng quat cia bai todn gia st ¢ = Q?a,b,c). C4 dinh c4c hisu a—b,b—c,c—a va giam a,b,c
cing di mét lugng ¢ (tic ia thay a,b,c bai a-c@§ 0) thi 5 rang a-b, a-c, b-c khéng thay Adbi con a+b+e giam di.

Véy v& trai coa (1) thi gidm 41 con vé phai clia ) thi khong ddi. Do d6 ta chi ¢in chitng minh bai todn trong trudmg
hop a,b> ¢ =0. Khi d6 bét ding thic 4 du'o‘ng véi
Q:Q a’ + b’ > 4ab(b—a),
Nhung bt déng thic trén hién &@n ding vi
Y 4da(b—a)<b?=4ab(b—a)<b’<a’+b’,
Diing thirc xay ra khi va@ikhi a=b=c. QO
Bai toan trén kha d nhung thé hign duge rét r6 tr tuong cia phép chimg minh. Diém cin cht ¥ nhét clia 10

gidi niy 12 nhan xét, néu giam céc bién a,b,c di cing mét lugng nhé hon min(a,b,c) thi mdt vé khong i, con mét

vé thi gidm di. Nhan xét duge chimg minh rét d&, Vi bac (xp xi 0) cia (a-b)(b—c){c—a) 123 con bic (xép xi )

cia (a+b+e)(a—c)’ +(b—c)’ gr(c_a)z) biing 2.

Chimg minh ring néu a,b,c khong Am théa man ab+be+ca =1 thi ta c6 bét ding thire
1~ i | > 5

a+b b4+ec c+a” 2
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L i

Khong mét tinh tdng quit gid sir a> b >, Bdy gits ta s& dén bién sao cho dam bao duwge didu kién ciia bai todn. Dé
¢d duge nhu vay thi ta phaj

Chon sb t >0 sao cho:

t'+2tc=abtbo+ca=1=(t+c) =(a+c)(btc)=1+c
Ta s& chitng mih
1 " 1 | > 2 i
) a+b b+c c4+a t+c 2t
D& thay, bit ding thic trén tuong duong véi

2

1 1 2>(\fa+c—\,"b+c)
Jat+c Jbc 2t(a-+b)

Nhung bt ding thirc trén hién nhién ding vi a > t > b > ¢. Vay ta chi cén chimg minh bai toAn khi 2 = b>¢. Ta cé

@ (a+e)(b+c)<2t(atb).

bt ding thic
2 1.5 Q’Q
t+c 2t72 \200

2
véi 2tc+t2=]¢>c=lnlt . N

A .
Thay ¢ vao bit ding thirc trén rdi quy déng mau sé, bt dang thir trér thanggq —t)(5t* —4t+1) >0, hién nhién dving
vit<l. _ A )
Ding thitc xay ra khi va chi khi a = b = 1,e.=0 hojc c4c hoan vi \)d

<

N
t:ho a,b,c>0.CMR: a®+b° +¢f — 3a2b29’82 —4—(a —bY’(b~c)*(c—a)?
A '

YT

Céc bai todn trong nhimg vi dy ching dén déu 12 céc bit ding thirc d8i ximeg v6i céc bién va vi thé nén
viéc chimg minh bét ding thire didu kién phai 12 vén d& qud kho khan. Tuy nhién khang phai bao gior cling thé
(nhét 12 v6i c4c bét dng thicc hosn vi), iurYrong vi ey ndy, viée ching minh bt déng thite didu kién s& 1a mét cong
vige hét stre phirc tap khi c4c ban tht_x:d;ﬂg phép don bién vé thang thudmg. Trong nhimg trudng hep nhr thé nay thi
phuong phap dén bién toan min s&I8 mot sy twa chon hitu dyng. ¥ tuéng chinh cba phuong php ndy 13 s déng
thisi gia giam c4c bién s6 di modNwimg ndo d6 va triét ticu mdt sb bién vé 0, khi d6 s6 bién s& giam di va viéc chimg
minh con lai don gidn hon igyMidu so véi bai todn ban diu, dé hidu 13 hon vén db ndy ta s& cing di tim 191 giai cho
vi dy trén. Q:Q
L gigi 1: Bt déirg{fﬁﬁé da cho twong duong véi:

‘ 27
:§‘ (a2+b2+e?) [(a2-62) 4 (bP-c? Y-tz @by (o) (ca)’
Khéng mét #%h tdng quét pia sir ¢ = min{a,b,c}.
Ta nhén thiy ring néu ta giam ca 3 bién di m6t lugng 0 < x < cthitacé
' 27 27
7 [@0-BOPI0-e0P [e0-@xP =T (a-b) by (c-a)?
Tc 1a vé phéi ciia bét ding thitc khong @8, trong khi d6 thi:
2 2 2
[(ax)*+(b-x)+(ex)] {[(a-1*(b-x)"] Hbx)(0-x)?] +[(ex~(ax)?] }
=[tax)* Ho-x)>+(c-x)*] [(a—x)2(a+b-2x)2+(b-c)2(b+c-2x)2+(c-a)2(c+a-2x)2]
<(a+b+c?) [(az-bz)2+(b2-c2)2+(c2—a2)2]

Diéu 46 c6 nghia vé tréi cua bt ding thitc s& gidm di. Tir 2 didu trén ta di dén viec chimg minh bét ding thic véi
€ = 0 (trc ta 44 gidm ca 3 bién di mot lwvgng x = c).
Véic = 0, bit ding thic cin chimg minh la:
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6+b"> zbz(a—b) véi a,b>0

Ap dung bﬁt ding thuc AM-GM ta co:

27
Bit dang thirc trén twong ducmg a5+b6+~§~ v’ 4b2

27 27 327 2 77
6420 B+l s ﬁ(_.33)=_42
a 8ab 8ab_,?:a 8al:: 4ab (D

27 27 | 27 z a7 _
b+ b+ rath 23 ‘bﬁ (?a3b3) =St @)

Cong theo vé céc bét ding thire (1) va (2) ta ¢6 didu phai chimg minh. Diu ding thirc xay ra chi khia=b=c.

Nhur d4 thy & vi dy trén, khi ta gia giam toan bo céc bién ciing mdt hugmg thi VT giam dan con VP khéng i, trong
nhidu truémg hop khdc, khi thyc hién phuong phép ddn bién toan mién thi thim chi ta cdn c6 nhitng nhin xét hon 12
¢4 2 vé ciing thay d8i, c4c ban s& gip phai cac trudmg hgp d6 trong phén bai tip cudi bai viét. \

Co thé thy ring viéc sir dung phuong phéap dbn bién toan min da giai quyét bai toan mét céch rébgn gian va dep
mét. Pjc diém nhan dang nhing bai toan sir dung phuong phép nay la khi ¢6 su chénh léch g@Qéc dai lugng xép
xi biing 0, mot cach truc quan thi vai céc bai toan ba bién céc ban c6 thé hiéu 12 sw xuﬁt@}cua c4c dai lhrgng diic
biét (a - b)(b - c)(c - a), chinh didu nay 1 chia khéa dé ching ta giai quyét dugc bai toan bing

toan mién. Néu khéng sir dung phwong phép nay ma “cham chi” theo 16i “cay b i khé khan chiing ta gip phai
qué tht rit I6n, boi bit déing thire trong duong khi khai trién 2 vé 1a: .

abgc abe abe
4(S+° 4554 ) albe+54 Z %b +1502% 2>&§‘ 42 +54 Z 2"

cye
Nhin rét “khing khiép” va tham chi rit d& gay nhém J4n. \

phuong phép ddn bién

Qua céc vi dy trén, ta thiy ring “dudmg nhu” tht ca chc bit thitc déu xay ra ddu ding thire khi mot s6 bién bang
nhau. Qua thit thi chiing ta gip didu 46 qua nhidu v 45 Qi khién ta lAm trdng ring né luén phai nhur vy. Nhum
trong thé gi¢i muén mau cla bét dfing thitc con ba @@u didu thé vi, & d6 c6 (va tham chi 12 nhidu) nhiing bét ding

thirc ma déu diing thitc xay ra khi c4c bién .. 3t khic nhau. Dé ré hon vé didu nay chimg ta cing di dén vidu

sau day:
Cho a,b,cg|= l}ﬁg minh ring: '
a b c 7
>2
a+b+ b+c+c+a —5
| Livi g
(Lo gidi sau day 14y theo ¥ cia tac gia Vasile Cirtogje)
Pt fab,c) =—— + ——+——. Khéng mét tinh téng quét minfab,c}
4t fla,b,c otb T brc T ora Ong m ng quat gia s a = minta,
Ta s& chimng minh ring:
f(a,b,c) > f(a,vac,c)

p—4
2t bho cia- a+\/§6 Jacte cta
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b a Vac

— > Y
atb bte atvac ac+e
a b 2a
e Y
atb btcT \fa+/c
& (b- Vac) (Ve va)z0
Bit ding thirc cudi hién nhien ding do a = infa, b, c}.

Gio ta chi can chimg minh:

7 Ve ¢ 7
- —t
f(a,\/E,c}Esﬁ \/;"‘\/E cta™5
c 1
Pitx= \/-ai th x €[1,3] doabce [3-,3] vd 2 =min{a,b,c} \
Bit déng thic cin chimg minh viét lai thanh: QQN
2 x2 7 28 Txe3 (3-x)(2x2-2x+1) \go
——t— — R —— 3
X1 S O SGneE D 20 Saanea 2 L @it doxel1,3)

Viy bt ding thac duge chimg minh hoan tit. DAu bing thirc Xay ra th\{\\

nor- (). 6.2 (@)

Trén ddy 12 mgt bai todn kha dic bigt khi ddu ding t uo.x% ra rét 18ch nhau, va cang bt ngés hon nita khi ta
c6 thé gidi n6 bing phuong phép dén bién, Nhung hay suy sdn trong mdt chiit, c6 thé ban vira nhan thiy mét diéu la
lang trong phép chimg minh trén, Trong c4c vi dy ma g ta vira xét trude d6, ta cb géng “ép” cho hai bién lai gin
nhau hogc “déy™ mot bién ra bién, quan trong hon ng céc dénh gi4 ctia chiing ta phai bao toan diéu méi lién he
gifta céc bién s6 (t6ng, tich, téng binh phrong, 0\) umg trong bai todn ban vira doc, ta lai ddn bién theo médt céch
khé “khé hiu” khi c8 “ép” b tién dén Ve, diku ndy hoan toan khéng dam bio mét méi lién hé n2o v& téng, tich hay
tong bink phuong ... ciia a, b, ¢ vi phai %t& d3 vi pham quy tic ddn bin 217! '

Hay dimg lai mot chut dé suy ngﬁm,(vloéc dén bién nhur vy khéng c6 gi 14 khé hidu ca. Thit vy, sau khi do4n nhén

duge ddu ding thirc clia baidanE A (a,b,c):[%,l,B], néu tinh ¥ ta s& nhdn thiy méi lién he gifta a, b, c d6 14
< b
=Z_3w b= v‘q&@Bﬁy gitr ta thuc hign phép dit x ==,y =E,z
b a b

m g

I}

2 thi bht ding thirc ban diu s dat déu
¢

ding thire tzﬂ@? =3,z= igl- . Bén d4y chic céc ban ¢ hiéu ra méu chét vin @2, thyc chit viéc “ép” cho b tién dén

Vac chinh 14 viéc dén bién vé tim (“ép” cho x =y v diéu ndy hoan todn dim bao céc quy tc ciia dén bidn, Vi
du trén cho ta mdt céch suy nght thodng hon vé ddn bién, khi ma da s§ cdc ban khi st dung phuong phép nay déu
khé mdy méc trong viée lya chon phurong phép d& bao todn céc didu kién cia bién sé.

DE tranh tr tudng dén bién déi voi bai todn ndy ta con mot céch gidi khéc nhr sau:

Pat D y=8 .2t Thé thixyz=1va 19
at x a,y b,,z o - 1Xyz=1v. x,y,zg[;,].

. . 1 1 1 7
Bt ding thitc d3 cho viét lai thanh; —+—+4+—>=
X+l y+1 z+175

L . . . 1
Bat diing thirc trén 13 déi Ximg véi x,v,z nén ta ¢6 thé gid sirx =min{x,y,z}, thé thix € [9—,I] .
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Ap dung bt ding thirc quen thue sau v6i yz = 1:
L1 2 2
y+1 z+1_1+ﬁ 1+L
Vx

(Thét viy bét ding thitc trén tuong dwong (/3 - vZ) (37 - 120 (ding))
Z

1 . 2 a7
Data =ﬁ vy ta quy bai todn vé viéc ching minh m+;2:-1-2§ nhu cach giai trén.

1
(Taciing ¢6 a€[1,3] do x€ [5,1] )
Bai toén duge chimg minh hoan tét. DAu bang thirc xay ra khi

1 1 1
- @vo{(1).(:30) (1)
P#é két thiic chuong ndy, xin dugc din ra mot vi du ¢6 thé néi 12 “kinh dién” ciia phuong phép don bién. Bai todn sau
dfy c6 thé da 1a rét quen thudc dbi véi nhidu ngudi va céch gidi ching cling da xudt hign & rét nhiéu\{ai liéu khéc
nhau. Ngudi viét xin duge trich din chiing ra va mong ring cic ban s& binh tinh dé doc — suy ngirQShéu hiéu hét
nét tinh tiy trong bai todn ndy. Tuy nhién ching t6i khéng yéu chu cac ban phai hidu 1o giai %&eﬂﬂ nay nhung doi
lic vugt qua giGi han cia ban than 12 mot diéu nén lam. N

W Vv
Cho a,b,c> 0 thoa mén a+b-+c=3. Tim gié trj 16n nhét cﬁabiég{Q}:

ab " be ca2 d

P=—ros -+
34+¢° 3+a 3+be\)
BN
L gidi N\

N\

>

Piy thuc sir 12 mdt bai ton rit kho dbi véi nhing ai chua dugy tiép xic tr trude (va thim chi n6 vin rit khé véi
nhiig ngudi 63 xem qua L gii). That kho tuong tugng ¥R biét ring Max P = s

- . ) .
\/f 2 e=6-v33 cling cac hodn vi. Piéu nay kha &ﬂg@c nhién béi §& thong thudmg cac bét déng thirc ching ta

gip phai hogc ¢6 déu ding thirc tai tim hodc tai & s6 bién dat gia tri & bién. Néu nhu ching ta chi sir dung cac
phurong phép ddn bién thong thudmg thi rat kh{& ¢6 thé danh gis dugce diém roi cha ddu ding thirc ma phai sir dung
phuang phap tinh & hon nhidu. Pay 12 Nigaa ki thugt ddn bién bing ham sb duge phat huy duge kha ning cta nd.
True tién a4 cac ban c6 thé T quen(y ném bét véi Ki thust nay xin dugc néu 1én ¥ tuong chinh nhu sau: ching
han khi muén thire hién phép dén ]@?Vﬁ dfin dén viée cin chimg minh bt ding thie f(a, b.c) = f(t,t,c) véitia
mot dai ugng trung binh thich RYP sinh ra tiy méi lién hé gitra c4c bién sb, ta s& xem xét ham s6 g(s) = f(t +5,t —
s, ¢) va chimg minh ring % 12 ham ting va khi 46 thi ta s& c6 g(s) = g(0) va ta suy ra dugc ring f(a,b,c) =
F(t.t,¢) (didu phai ch@d minh). Tuy riing ¥ tudng xem qua téng chimg nhu rit don gidn nhung dé cé thé nim
vitng vA vin dung mot cach thanh thyc k¥ thuat nay thi ddi hoi cc ban phéi c6 mot qua trinh dai khé luyén chy
khong thé vin dung duge ngay trong mot sém mét chiéu.

dat dugc khia= b =

L& giai cho bai to&n sau day ciia anh Phan Thanh Nam djc tnumg cho ky thudt ddn bién bang ham s v6i nhing két
qué tinh toan hét sirc diéu luyén va khong kém phén “khimg khiép”.

L o chi fié

Khéng lam mét tinh tbng quat gia sira>b>c. Pata=s+t,b=s-t voi t€[0,sc] (Viazb=¢)

o(st) | ofst) &
o ey e A El0s el

Xét ham s6 (D)=
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- 2¢(s-t%) c 2¢(s*-%)
i 2t 22 34
3 [rasry]’ I [aeaf] e

4est 8cst(s2 Hu+v) 2t
wv? “3+c?

Tacs ()=

Dt u=3+s+t] vav=3+(s-t) ta 6 f(c) =
Ta ciing ¢ a+b=2s=ss€{1;1,5] (do gid sir azbzc)

B (-2s+s)?_@3-s) _(3-1F 22
=cs=(3-25)< 2 3 < y 3 =1
Mat khic ta c6 u=3+(s+t)*>3+(1+0)*=4 va

v=3+(s-)%23+[s-(s-c)]2=3+c>(do ce[0,5-¢])

1
~ 342

™

Theo bat ding thic Cauchy-Schwarz ta c6: QQ

&)
oo

S 3
4est3+ 3+c?
8es(u+v) (3+c2)=4.4cs(3+s2+2)(3+c2)<4 (E&)

N\3
Mt khéc ta c6: . &\Q
des+3+sTH43+c7 <4 (3-25)5+6+52+(35-3) +(39)\2=12+6(s-1)(5-2}512
(Doc 3-2svat’<s-c= 35-3) \Q’ '
N\
Tir d6 suy ra 8cs(u + v} (3+¢?) <4 (—133) =43 (2) &®
Tir (1) va (2) suy ra: o
8cst(s2-t2)(u+v)_8cs(u+1@8+c2) (5% t2)< (2% 4* 1
u2v2 - \(ﬁ-cz) uiv? T4d(s2. t2)(3+02) 3+c2 ¢

Tir (*) va (**) ta co: f(t)< P> R ig@L(l 1)<0 vte[0,s-c]
Viy f(t) 12 ham nghich blen trén [0, Se] suy ra f()<f(0) vte[0,5-c)
2c:s s2 3s(3-25)+ s
35 3+ 3 3+(3-2s)
@ (6-85)(3+52)-2s(65-45%) L 2B+G325] 2(zzs 12)
> g@= "
b 3+’ [3+3-25)]
§ " . 108(s2-35+4) (s-1)%(s?-35+6)
: @3+ [34(3-25]"
V33-3 )(\/@3 )
7SIl

Gidr ta chi cin tim Max g(s)@@)-
Q

trén [0;1,5]. Ta cé

Ta thiy: $-3s+4=(s - 1,5°+1,75>0 Vs €& [0;1,5] va-s2- 35+ 6= ( >

. . 113345 33-3
Lép bang bien thién ta thdy ngay Max g(s)= L— khi 5= Vi3 .

24 2
11\/— 3345 33-3
BT xdy ra khi a=b= V33 , =633 cling c4c hodn vi.

Chting t6i rit mong nthén dugc thém nhimg 151 giai hay cho bai todn nay tir phia ban doc,

Vay Max
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3. Bai tip vin dung

Bai 1. Choa,b, ¢ = 0 thda min a + b + ¢ = 1. Chimg minh ring:
@ + bA)(b? + A (c? +a%) < 512-
Bai 2. Choa,b,c = 0. Chu'ng minh ring:
2@+ +c) +abc+8=5(@+b+0)
Bai 3. Cho a,b, ¢ = 0 thoa min ab + be + ca + 6abe = 9. Chimg mith ring:
a+b+ct+3abcz6
Bai 4. Cho a,b,¢,d = 0 théa man (a — b)(¢ — d) < 0. Chimg minh ring:
a*+b* +c?+d* —4abed = 17Ga—b)(b—c)(c —d)(d —a)

Bai 5. Cho a,b, ¢ € R théa mén a + b + ¢ = 3. Chimg minh ring:

a* +b* + ¢t~ 3abc = 6v2(a —b)(b — c)(c — a)
B3i 6. Cho a,b, ¢ = 0 thoa man a + b + ¢ = 3. Chémg minh ring:

Bai 7. Cho a,b, ¢ = 0 thdaman a + b + ¢ = 1. Chimg minh ring:

1 1 1

—~+b+ + 48(ab + bc +ca) = 25 \2@
Bai 8. Choa, b, ¢ = 0 thoéa mén a+ b + ¢ = 3, Chimg minh ring: g'\

1 1 1
8( +p+ )+9>10(a2+b2+c2)
Bai 9. Cho a,b, ¢ = 0 thoa man ab + bc + ca = 3. Ching minh ring:

1 1 1 3 @
o -
Bai 10. Choa,b,c,d = O théamina-+b+c+d= 4Chlrngm: ﬁng
3(a% + b? + ¢ 4 d?) + 4abed 2\}0
Bai 11. Cho a, b, ¢ > 0 thoa mén abc = 1. Chmg minh
aZ+b2+c24+9(@b+bc+ca)x 1¥(@a+b+c)
Bai 12. Choa,b,c € Rthéamdn a + b+ ¢ = 3. Chy nh ring:
at+bt+ct+2E@F+bB3+c? 8=9@%+b%+c?)
Bai 13.Choa,b,c>0th6am5.nab+bc+cai Chimg minh ring:

1 + + i >5
a+b ct+a 2

Bai 14. Choa,b,c = 0 vachico tbi da s6 bang 0. Chimg minh ring:

be + 12 =5
abe ab+ be+ca \
QY

1 10
>
az+b26h12+c2+c3+az_(a+h+c\2
®)
RS
()

@1 15.Choa,b, @va chi cé t61 da mét 56 bing 0 Chimg minh ring; \

5
< Vatbic
\f«‘_:l+b \F+C \f_+a 3

Bai 16. Choa,b,c > O théamana+b+c=3. Chu-ngmmhrang
1 + 1 1 <2
3+a2+b? 3+4b%+c? 3+g2+a2 5
Bii 17. Cho a,b, ¢ = 0 théa min a + b + ¢ = 1. Chimg minh ring:
2@ +b3+cB) +at+b*+c?+13abc= 1
Bii 18. Choa,b,c,d = 0 théamin a + b + ¢ + d = 4. Chimg minh ring:
a? +b% 4+ c% 4+ d% + abc + bed + cda+ dab = 8
Bai 19. Cho a, b, ¢ € R théa man a + b + ¢ = 3. Chimg minh réng:
3(a%b + bic + ¢a) + 16(ab + be + ca) <57

Bai 20. Cho a,b, ¢, d = 0. Chimg minh ring:
\ a?+b? +¢? +d2+abcd+1>ab+bc+cd+da+ac+ad /

w
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Diing nguyén Iy Drichie dé gidi toan Bat Bing Thiic
Ninr ta d8 biét v& nguyén if tha vi nay, néu nhét vio 1 chide téng mét sé chi the ma sé lugng Ién hon n thi ta sé
tim dirgc mét chide 1dng ma trong d6 ¢4 nhidu hon mjt con the.
Tir d6 ta c6: mudn nhdt 3 chi thé vao 2 cai 1dng thi cé it nht mét chiéc 16ng c6 it nhét 2 chi tho. Sy lién qua & day
chinh 13: Trong 3 sb x,y,z bit ki, luén c6 it nhit 2 s& ciing déu (c6 tich khong am).
Céch st dung: Khi d% dy dodn diémroj a=b=c =k trong BDT déi ximg 3 bién, ta s& cé: trong ba sb
a~k,b—k,c—k ¢ it nhit 2 sé c6 tich khong am, gid sir la a—k va b—k . Khi d6:

(a~k}{b-k)>0

Bit ddu tir ddy ta s& di tidp!

[IMO 1984] Cho a,b,c 14 cic s6 khdng &m c6 téng bing 1. Chimg minh ring:
7
b+ b a—2abc < —
a C+C C < 27

o L gigi QY
Bai todn s6 8 trong phin vé BDT Schur, va bay gid sir dung nguyén Ii Dirichlet nhu saQy
Trong 3 sé x —%;y— %;z -%co it nhéit 2 56 ¢6 tich khong am. Gidi sir 46 13 x —L ¥ y - % Khi d6:

[x_lJ[y_lJ_>_0=>xy+é-2%(x+y)=>xy7:+§2§z(xj-&gé\¥ —~2xyz£%—~§-2(x+y)

3 3
2 1
=;>xy+yz+zx—2xyzs§z+é—5?§-|\-y)+xy

Ma ta cé;
¢ N4 2
Ez+lz(x+y)+xyS%@"Q'lz(x+y)+()H_y) =
9" "3 E 4
= 2z+—z(1 —z) 01.7_2)2 ——--lu[z——l-]2 T T
973 OQI o12l” 3] TrTag

Suy ra diéu phai chimg minb. 0§
Déu“=”C6®a=b=c=l o&
3

Nhan tién, d& giai két thic bai ngay, xin dugc dua ra 13 gidi duge cho 13 ngén gon hon ¢4 cita né:
Ta ¢c6 BDT: o)

(a @Qgc)(bni- c—a)(c+a—b}<abe « (1 —2a){1—2b)(1-2c) < abe
<

b ; '
. abcg(if.l?ﬂ=l_=>(1—2a)(1—2b)(1—2c)5i
27 27 27
&1 +4(ab+bc+ca)—2(a+b+c)—8abc 5%=>ab+bc+ca—~2abc 5%
Piéu phai chimg minh,
Cling mdt tuéng sir dung BDT trén: {1—2a){(1-2b)(1~ 2¢) <abcta c6 ngay 9abc+1> 4(ab+be+ca) . D6 ciing
12 mgt 1i gidi cho bai todn m& diu BDT Schur, viy bai toan d6 theo hudng sir dung nguyén I Dirichlet nhu thé

nao:
' Eho a,b,c 12 cdc sé khéng 4m ¢6 téng bing 1. Chimg minh: 9abc+1 > 4{ab+ be+ca)

LOVEBOOK.VN | 193



https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

-
Trong 3 sba— »_l;-;b —‘%;c —% 30 tai {t nhét 2 56 c6 tich khong am. Khéng métt tinh tong quat, gia sit 2 s6 46 1

a—é;b—%. Khi d6 ta cé: [a-%][b—%]20=>9ab+l 23a+3b:>9abc:23(bc+ca)-

Ta chi cin chitng minh: 3(bc+ca)—c > 4{ab+ bc+ca). That viy:
BDT &1 2«'-kib—t-bc+ca+c<t:}(::a.+b-1~c)2 >4ab+bctcatz
ﬁ(x—y)z+z(x+y+z)—220¢)(x—y)2 > 0 lubn ding!

Diu “=" ¢ @a:l:w:c:%

Cho a,b,c 12 céc s6 khong m c6 téng bing 6. Chimg minh rang:
3(ab+bc+ca)—abc <28

S
La i S
Theo nguyén 1i Dirichlet, trong 3 s6 a—2;b—2;c—2 tdntai ft nhit 2 56 ¢0 tich khong am. K}Q@matt tinh tbng
quét, gia sir 256 4612 a—2;b—2. Khi dé ta cb: .g\

(a—2)(b—2)>0=>ab+4>2(a+b)=> —abe < dc—2c(a+b) N
= 3(ab+bec+ca)—-abc < 3ab+c(a-+b)+4c &\Q

Lai ¢o: 3ab+c(a+b)+4c§%(a+b) +c{6— c)+4o-—~::—6 ¢ +‘.,\o-@)4c

2
=—%c2 +c+27=‘~—[%—1] +28 <28 =>3(ab+ bc+ca)—abe ;\2@

Déu“="c6 <ra=b=c=2 q;\
Vay ta ¢6 dpcm! Ding thirc xay rakhi va chikhi a=b= 069

Cho a,b,c 12 cc sb thuc duong ¢6 tic @g 1. Chimg minh ring:
] wta +3> 2(a+b+c)
& L gidi
Trong 3 sé a—1;b—Lc—1 tdn tai :t‘S@ 56 ¢6 tich khong 4m. Khéng mét tinh tdng quat, gia sir 2 sb d6 12
a—1;b—1.Khidétacd: ()

\’Zr (a—=1}(b—1)=0

©  =ab+1>a+b=2ab+2c+2>2{(a+b+c)
Ta chi ¢&n chimg midﬁg' :

2 2

! -+ 12+ ! +3>2ab+20+2@ ! -+ 12+ ! +iz 3+ 2 #[l—l] +{l—-1] 20
b b ab c

Viy ta c6 diéu phm chmg minh.

Ping thirc xay ra khi va chikhi a=b=c =1

Cho a,b,c 13 c4c sé khong 4m. Chimg minh ring:
2(a” +b* +¢*)+abc+8>5(a+bot+c)

Lo giii
Trong 3 s& a—1;b—I;c—1 tdn tai it nhdt 2 s6 co tich khong m. Khong mét tinh téng qudt, gia str 2 6 d6 12
a—Lb-—1.
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Khi dé:(a—l)(b—l)20:}ab2a+b—-l=>abc2ac-l-bc—c
=2(a" +bz+c2)+abc+sg2(a2+b2+c2)+ac+bc—c+s
Ta chi cin chimg minh: '
2(&2'-|-b2+c2)+ac+bc—c+825(a+b+c)
@%(a+c)2 +%(b+c)2 +%( i b2)+%c2+825(a+b)+60
Ta cé: {%(a+c)2+2]+[51—(b+c)2+2]+%(a2 +l)+§(b1+l)+(c’ +1)>

22(a+c)+2(b+c)+3a+3b+20= 5a+5b+6¢
Viy BPT dugc chimg minh. Diing thirc x4y ra khi va chikhi a=b=c =1,

Cho a,b,c 1a cac sb thuc duong théa man: a2 +b? 4 ¢* +-abc =4 .

Chimg minh ring: Q
a) [USA 2001) ab+bc+ca—abc <2 Q
b) [Iran 2002] a+b+c<3 \)oo

Lar g \S ' ‘
2) Theo nguyén If Dirichlet, trong 3 s6 a—1;b—L;c—1 tn tai ft nhét 2 s6 \gqfch khéng 4m. Khong mét tinh téng
quét, gia sir 2 56 do la a—1L;b—1.Khid6étacé:(a—1){b-1)>0 QY ‘
=ab+l1>a+ b=abc+c>cla+b)= ab+bc+ca—abcgab-§~5‘@
Ta chi ¢An chiing minh: b+ ¢ <2 thi bai todn duge chimg minb.ei'hat viy, ta cd:
4=a"+b" +c 4-abc > 2ab+c? 4 abe = 4 —¢? 2ab(c-%%)=>2—02 ab=rab+c <2 dpem!
Biing thirc x4y ra khi va chi khi a=b=c=1. \&
. % ]
b) Trong héu hét cic tai ligu bai todn ndy sir dggﬁ)’l‘ phy, mét BDT quen thude véi mot Laévi giai rit dep khi sy
dung nguyén Ii Dirichlet cin huu y: <
Néuab,c ia cic sé thue durong thi: Q
é&;" +¢"+2abc+12 2(ab+ be + ca)
. [Céu 10 ~ Phin BDT Schur]
Ching min: o
Tu (a—l)(b—l)2_0=>ab@92a+b=>2abc+2<:22c(a+b)

=>a1+b2+cz+‘2ab;'§-)l2a’+bz+c2+2c(a+b)~2c+l ,
Lai c6: 2® + b2 §q§\+2c(a+b)—»2c+122(ab+bc+ca)@(a—b)z+(c—l)2 >0

todn, tir BBT trén ta ¢ .
a®+b" +¢*+ 2abe + 1 > 2(ab+ bo+ ca) = 2(a’ +b” +¢*)+2abo+1>(a+b+c)’

Ap dung va

€ 2(a’ + b +c* +abc)+1> (a+b+c) =93 (a+b+c) = Dpem!
Bing thirc x4y ra khiva chi khi a=b=c =1,

Tuy phién, néu chura kip luu y BDT phu trén, Lai gifii sau ddy 12 hoan toan ty nhién:
Theo tu tuéng nhu nhimg bai trén, chic hén ta s& di theo hudng nay:

Tir (a—1)(b~1)>0=>ab+1>a+b suyra ab+c+1>a+bc.

Gid ta s& ¢b géng tir gia thiét 44 chimg minh ab+ ¢ < 2 thi bai toén dugc chimg minh!
Diéu nay ding! Nhung né khién ta khé dén do.
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P tién cin tim ra gid tri clia a,b,c khi diing thitc xay ra. Thiy a,b binh ddng nén a =b. Thay vio gia thiét két hop
ding thitc thu dwgc ding thirc xay ratai a =b=2-c, Thisao?
Ta phai dit 2—c=k=c=2—k. Tachuyén v& bai todn méi gia thiét gbin &n a,b,k. Chimg minh: ab<k. Pidu
nay don gian hon:
Ta 6, gis thit bai todn trd thanh:
a® +b?+{2-k)' +ab(2—k) =4
©a?+ b2 +(2—k) +ab(2-k) =4 ¢ (a+b)" +k* = dk+abk
Lai co:
(a+b) > dab=> 4k +abk > 4ab +k* = (k—ab)(4~k) =0
Do 2—c =k micduong nén k <2. Suyra k—ab>0 dpem!
. Déng thire xay rakhi vichikhi a=b=c=1

[VMO 1996} Cho a,b,c 1 c4c 56 thuc duong théa man ab+ be+ca+abe =4,
Chitng minh ring: a+b+¢>ab+bo+ca \
' N

QI
. Lavi gidi
Theo nguyén li Dirichlet, trong 3 s& a—1;b—1;c—1 ton tai it nhit 2 sb ¢6 tich khong am. Kh\ mét tinh tong
quét, gid sir2s6 d61a a—Lb—1.Khid6 tacé:(a—1)(b-1)20

=:>ab+1>a+b=>abc+c>c(a+b)=>ab+abc+c>abK{Q~\+ca

Ta s& chimg minh: ab + abc < a + b thi bai toan duge ching minh. @
< 4—ab
Théy ¢ 12 bién dgc 1gp, ta rit  tir gia thiét: ¢ = ————— . Thay vio ta can minh:
y 6c 1ap gia o Ty \@%g
. 4, ..\\/
b({4—ab ah
ab+u};)-§a+b®1+l—ab—]———<l+l<=>iwl<[ \'& 1][£+%—1]-
a-+b+ab . _+b+1 a b ab % a
4 1 1 4 Qa
S ——1gj~+—} —1&—< luon d & dpem!
ab a+b] o [ ] udn ung&ﬁy cd dp
Péng thitc xiy rakhi vi chikhi a=b=c=1 r\&

4 . s .
Cho a,b,c 1 cic s6 thuc duggg,gg tich bang 1. Chimg minh ring:
Q ] 1 1

+ + + =1
Q)‘Cﬁﬂ}z (1+b)"  (1+c) atbiectl

\’b-

84 dung BDPT phu sa@‘
1 1 1
V&i mei a,b duong ta cb: 3 >
¢ (1+a)  (1+b)  1+ab

Chiing minh: Khai trién BDT trén ta cé:
BDT  (ab-+1)[(a+1)" +(b-+1 ]2 (a-+ 1 (b+1)

Livi gii

& ab(a? +b7) 41> a0’ + 2ab < ab(a — b}’ + (ab-- 1) > 0(ludn diing véi a,b duong)

1. Cho a,b 12 ¢4 sb thuc duong. Chimg minh: _
1 1 > 1

.l..
(1+a)  (14+b) ~1+ab
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2. Cho 2,b 14 cdc s6 thye duong thoa mén: ab > 1. Chimng minh:
1 1 > 2
1+a 1+b " 1++ab
3. Choa)b 14 céc sb thye duong thoa man: 0 < ab <1. Chimg minh:
1 " 1 2
142 14b° 13m0
4. Cho a,b,c I céc 58 thye duong théa min a,b,c > 1. Chimg minh:
1 1 I
T+a 146 1+c> 1+ ¥abe
5. Cho x,y,z 12 céc s6 thye duong thuge doan [0;1]. Chimg minh:

] 3 1 3 1 3 S 3 N\
4+% 14y 142 Tl4xyz Q
6. Cho a,b,c 12 cic 56 thyc duong, Chimg minh: ' \20
1 . 1 n i
a(b+1}  ble+1) (a+1 1+Jm
7. Cho a,b,c 14 cic s6 thyc duong, Chimg minh: &

1 1 1 o\

a(br1)  blerl) ofa+1) Zéﬁ(lﬁfzﬁ)

8. Cho.a,b,c 14 cic s thuc duong. Chimg minh: . \,\

e

>——
. 1 | 1
a+—+1 b+—+l +—+1 Yabe + +1
b ettt Yabet

9. Cho a,b,c 12 cc sb thyre durong thoa +y+z=1. Chng minh:
ﬁ Jb+ca Jc+ab 6abc

s \‘
Vi cdn nhidu BDT nira, nhﬂ@BT trén ta s& chimg minh sau bai to4n nay!
Tro lai bai todn: Sir dun T phy trén dé ddnh gis dong théi két hop Dirichlet dua vé chu'ng minh | biéu thitc chi
¢6 1 bién ¢ ¢6 gid trj og 1 hoc ham sé 46 dat cyc tidu 13 1.
Theo nguyén i Difighlet, trong 3 s6 a—1;b—1;c—1 tbn tai it nhét 2 s6 cé tich khéng am. Khong mét tinh téng
qudt, pid sir 2 535 13 a—Lb—1.Khidétaco:(a—1)(b—1)>0

c+l=} 1 1

=ab+1>a+b=atb< >
c a+b+c+1~ 1+ 41
Lai ¢6 tir BOT phy ta cé: et > 1 _
(1+a)’  (1+b) " 14+ab c+1
Suy ra:
L ! 1 e 1 i

+ > +
(1+a)  (1+b)  (1+cf atbtetl o+l (c+1f o+l i1
C
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c 1 1 cle+)+li+e

+ + :
C+1 (C+1)l C+1+C+1 (C+1)2
v

Ping thirc xay ra khivachikhi a=b=c=1

***Chirag minh cic BPT trén:

i

2
145> 13 4ab

2. Néu a,b thoa man ab>1 thi %+

Ching minh: BBT ¢ (Vab+1)(a+b+2)> >(a-+1)(b+1) & (Va—b] (1-+ab) <0

BDT cudi ding vl ab> 1
Piing thire xay rakhi vichikhi a=b

\

3. Néua,b théamzn ab< 1 thi L+-1— 2 Q'»
1+a  14+b~ 1+4+ab O
Yv
Chimg minh tuong tu trén d&
Péng thiicxayra <a=b N
<
- 1 3 .

4. Néu a,b,c thoa man: a,b,c > 1 thi n L 1> \)O

+ 2 ———pmme
+a  1+b l1+c 14+¥abe | @

Chimg minh: Ta cé: a,b,c> 1= Yabe >1. ApdungBDT2tacé&r0'
11

Tva 14b° 1+J_b 1+6$E1+ 1+J_€/ab

Suy ra:
1 " 1 + 1 (& >_+M2_*
J+a  1+b b@f J3abc‘1+J_ 1++/c¥fabe
4
B [I+\[~§ abc] 1+ Jab " 1+ ¥abo
_ ‘0
Suy ra dpem! Péng thirc xay ra =b=c
o8
5. Cho xy,z 1 c4c b ong thude dogn [0;1]. Ching minh:
1 1 1 < 3
x4y 142 T 1wz
1 i 2
Ching minh: Véi a,beg |0;1] ta ¢o: + <
Lnung min 1a E[ ] [+ 1+a2 1407 = 1+ab
' 1 2 2 4
Suy ra: ! ! <

e <—F <
14+ 14y 142 14Xy~ 1440x%y°  I+xyz’ ~ 1+Hxz
Suy ra dpem!

1 n i + 1 > 3
a(b+1) blc+1) cla+1)™ %/E(]+~3/21Tc)

6. V6iab,c Ia cic sb duong thi:
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kx kz
bat abe =k’ ta luon chitng minh dugc ton tai cac sé Xy.Zsaochora=—; b= -ig = ~

Y
Khi 6, BDT di cho < —X—. Y z_5.3

y+kz z+kx x+ky k+1
2

P X+y-+z
Ap dung BDT Cauchy — Schwarz, ta c6: Y zZ_ > ( 4 )

>
y+kz+z+lo<+x+ky"x(y+kz)+y(z+kx)+z(x+ky)“

(x+y+2) 53
T+ (xy +yz4+zx) T k+1

S RS S
a(b-+1)  b(c+1) cfa+1) " abe+1

7, Vi a,b,c l4 ce s6 duong thi:

Chi cén six dung két qua ctia BDT 5, ta s& chimg minh

3 3 2 ” \ 0 .
m(l+\3fa_b?) Zabc+1 @abc+12@(l+da?c)®(§/ab_c—l) (m+1)201®§§1m{n a,b,¢ duong.

RO

[ y - N\
8, 1 4 i + i > 3 .&

1 1 1 1
at—+1 b+—+1 c+—+1 <Yabe+ +1 N\
h +a 3abe &\Q
L& 2i3iChing minh: o
Ta ¢é: ST ) N
‘ N 1
atisl brler otk J\ [a+ +1][b+1+1][c+1+1]
b c c.) C a
Ap dung BPT Holder ta dugc:
1
+=+1 +1jje+=+1{>|Yabc + ]
e
s}
<
Sl
Suy ra: ®)
P !
< 1 1 1 abc+ —-2
N P T Be—s
at+—+1 b+—-+1 ct+—+1 _1
T T
Djtt = Yabe’ ta s& chiimg minh:
1
42 3 2
-t 3 @[t+%+l] —[t3+tl3]+2=3[t+-}+l}

1Y 1
[t+—+l] t+—+1
t t
1 1 2 1
@ 3+3| 4 (t+1) TH=3t+a+1+2 thol

@_[t-f*%](t+1)[%+1}=tz+tiz+2+2[t+-i-]#[t;%][t+%+2]=[t+-:-]2 +2[t+%]
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Suy ra:

1
: + 1 + 1 > 3

1 1,,~ 1
a+—+1 b4+—+1 c+-+1 ¥Yabc+ +1
PR a ¥abo

Prang thirc xay rakhivichikhi a=b=¢

9.Cho abclacic sb thuc duong théa min: x+y 4z =1. Chimg minh:
1 1 1 1
+ + <
Ja+be Jbotca Jetab T 6abe

L gidi
Ta cé:

1 1 o o1
\/a-Pbc"Ja(a+b+c)+bcm(a+ b){c+ )<2[a+b+c+a] QQQ
1 4 4 3 1ft 1 1 1
=§[a+b+c+a]im[_+3+3+_] ‘\:52,,.\\20

Tuong tur cho 2 bién con lai. Cong vé theo vé cic BDT ta cé: . &‘Q

b 2z
L, 1 <1[l+l+~l_]:ab+bc+ca§’r +of _ 1
Jatbhe fbtca Jotab 2 b ¢ 2abq < 6abc 6abc

‘

[APMO] Cho a,b,c 1a c4c sb khong dm. Chimg minh i
(a +2)(b2+2)(c + (a+b+c)
(A

Nhin bai toén nay thi khé dodn that, 1o gidi & Bai toé%% 17 phiin BDT Schur chiic hin ciing chinh 1a 1 1oi giai tt
trong trudmg hgp ndy béi mAu chét cia hudng di 1@@ én ra chinh 14 sir dyng BDT quen thude
a’ 4+ b® +¢* +2abc-1>2(ab+be+ca). 00
Tuy nhién, sir dung Dirchlet trong truongQgp nay, ta huéng dén mdt hudng di khac nher sau:
Ap dung BET Cauchy — Schwwarz ta
(a+ba@P<(a?+ b +1)(1+1+¢*)=(a?+ b +1)(c" +2)
Dua ra mét lugng chung véi {@Oﬁ thyre hién d4nh gi bidu thitc chira 2 bién con lai qua két qua (a—1)(b-1)=0

That véy: Ta chi cin chyﬁinh: (32 +2)(b2 +2) > 3(a2 +b*+ 1) o (a2 —- 1)(b2 - 1) >0

Didu ndy hién nhién dhg véi (a—1)(b—1)> 0. BDT duge chimg minh.

Cho x,,z 14 céc s6 duong thoa min: x+y +2z+2 = xyz. Ching minh ring;
2(x+y+z)<xy+yzt+zx

L g

xyz =2+ x+y+222+ 3z = vz —2) [z +1) 2 0= xyz 22

Sxyz> 8 x+y+z>6
Ta c6: Trong 3 s6 x —2;y —2;z—2 c6 it nhét 2 s6 cing ddu.Khéng mét tinh tong quét, gid sirla y —2va z—2:
= (y—2){z—2)20=>yz+422(y+2) = 2x +yz+4 2 2(x+y +2)

Tir gia thiét ta c6:
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Ta can chirmg minh: xy - 7zx > 2x - 4
Ta cé:
2
x+y+z+2=xyzgx.(y—_g—i@(y+z+2)[x(y+z)—2x—4]20

= x(y+z)-2x—4>0= xy+2zx > 2x + 4
Viy 2(x+y+z)<xy-+yz+zx.
Déng thite xay ra khi va ohi khi x =y =z =2

[Japan MO 1997} Chimg minh ring véi moi s6 thuc duong a,b,c ta déu cé:

(b+c—a)2 (c—}-a—b)2 (a-'}-b—\:)2 3
2 + i 2 2 2=
a'+{b+c) b +(c+a) c*4(atb) 5

BBT ddi xitmg thuin nhit, chudn héa a+b-+c=1. Khi 46 BDT d4 cho trd thanh: ()Q
2 y 2 1
(aci) | (@b-1' (-1 3 L

a'+(1-a) b +{1-b) 4 {1-c)

Ap dyng BT Cauchy Schwarz dang Engle ta c6: ‘Q\
(261 (2e-1) > (2b+2c-~ A 2
B +(1-b) 2 +(1—cf T 2(t +¢)-2Qdc)+2 bitci+a
<

Trong 3 sb a —-;-;b— -;—;c —%cé it nhéit 2 s8 ciing déu.Khongnglt tinh téng quat, gia sir la

&2)\
i1 1 M 1y 1 [ 2]2 i
—— —_le=—= < _= —e|g-Z =
) b 3,c 3=:-[b 3][ 3]20:),b +c _[b+c 3]+9 a 3 +9
Suy ra CQ‘E
(2b -1y —1y - 24 1%’ .
b’+(1—b)’@¥2+(1—c)2_ 2y 1 9a% —3a+5
Q) a—“i +9+a

<
(24 "L)z@ S R (31 (17a® 82 +5) > 0 (luén ding)
a2+(l6Q 92 —3a4+5"5 =
Suy ra didu phai chcmg(rﬁrm. Ping thee xay rakhi vi chi khi a=b=c _
Mgt hudng di nhinse@?é khé khiin nhung thuc chit 1a nhting t duy don thuin chi viéc dp dung vao!

Ta s& ching minh:

n Nam Diing] Cho x,y,z 12 cc sé thyc duong. Chimg minh ring:
2(x* +y’ +2° ) xyz+ 82 5(x +y + 2)

L giii
Trong 3 s6 x—Ly—1Liz—1 t3n tai it nhét 2 6 c6 tich khong am. Khéng mét tinh tdng quét, gia sir 2 s6 d6 12

x—1y—1.Khid6ta cé:(x—l)(Y—l)EO = XY +H1Zx+ySFxyz >zt yz—-z
=>2(x’+y’+zz)+xyz+822(x’+y2+z2)+zx+yz—z+8
Ta chi cin chimg minh: 2(x2+y2+zz)—}-zx+yz—z+825(x+y+z)dfmg. That véy:

BBT & (y+2-2)" +(z+x~2)" +3(x—1) +3(y =1)* +2(z— 1}* > 0 luon diing!
BDT duge chimg minh! Déng thie xay rakhi v chikhi a=b=c=1
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KT thuit p,q,r trong c4c bai todn bit ding thirc d6i ximg

Chiing ta 44 duoc biét viéc biéu din mét da thirc 2 bién x,y d5i xémg nhwr thé ndo rdi va hiéu qua cia né trong
viée ching minh c4c bai todn véi 2 bién. Nhuw viy mot cdu hoi dst ra thi véi 3 bién fhi nhu thé nao ? Cu tra 101 12
vé&i 3 bién ta s quy v& dugc theo 3 Anméi p=a+b-+c,q=ab+bo+ca,r=abe.
Ching ta s& &p dung céch &t ndy trong céc bii toan bit ding thirc . Vigc két hop céch ¢4t p,q,r cling véi bét ding
thirc Schur 12 mét phuong phép cuc ki hitu higu trong céc bai todn bit ding thirc. Mc nhién ring bét ding thirc
Schur khéng cé trong chuong trinh phé théng nhung viée chimg minh lai né kha don gidn. Nén véi vige trang b
m{t phuong phép kha dep ndy s& gitp cac ban tu tin hon trong giai toan.
Chiing ta phét biéu lai bit ding thirc Schur:
Vé&i moi sé thuc a,b,c,k thi ta ¢6 bit déng thitc sau ding:

a*(a - b)a—c)+ b*(b—c)b~-a)+c*(c—a)}c—b)20
Hai trirdng hop hay duge sir dung nhit 86 lavéi k=12 .

a(a—b)a—c)+b(b—c)}b—a)+clc—a)}c—b) >0 Q

a’{a—b}a—c)+b*(b—c)}b--a)+c*c—a)c—b) >0 Q
Ta quay lai xét vén dé biéu dién mot da thirc dbi ximg theo 3 bién p,q,r.

Chiing ta tur héi 12 liéu tdn tai mot biéu dién dudi dang p,q,r cho mét da thic dbi ximg h%g.ong 7 Cutra 1di 1a
6, v ta c6 mbt ménh dé sau: '
Ménh dé: Moi da thirc d6i xtmg H(a,b,¢) déu duge biéu difn dudi dang T(p,q.1) ‘Q
Phép chimg minh ciia dinh ly nay ndm ngoai chuong trinh toén so cép nén xin khong d& cép trong cudn séch
nay. Nhung tai sao 16 lai & cap dén ménh d ny. D6 12 khing dinh ludn to iéu didn.Ma theo chiing 161, niém
tin trong gidi todn 1 cye ki quan trong. \Q’

Bay gid, chiing ta c6 mdt sb biéu dién co ban nhu sau:

ab(a+b)+be{b+c)+ca c—i—a{z&&'—_’:r

N3

a4 b‘oQ =p* —4p’q+2¢° +4pr
Aa2l%9b2c2 +c’a’ =q° —2pr
| @%’ +b%’ 4c’a’ =q° —3pqr+3r°
a‘h* + b +c'a' =q° —dpqir + 2p°r + 4gr

(a+b){(b+c)(c+a)=

ab(a —i—b2)+bc bz+c b\}gc —§-a p'q—29° —pr
(a+b)(a+c &)&M»a J+{c+a)(c+b)=p*+q
a® +b* +¢? -"pbé

[6] &+ +¢ —,Qw3pq+3r

9

2

N_éu dat L= p’q® + I%qr — 271* —4q° —4p’r
Khi d6
pq—3rt JL
2
(a~b)(b—c}c—a)=+L
Bay git ta s& n6i dén mot sb lién hé vé& bét ding thitc gitta p,q,r .

a’b+b%c+cla=
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p'23q

P >27r

q' = 3pr

pg=9r

2p’ +9r>7pq

p’q+3pr>4q®

P’ +44¢° +6pr > 5plq

D2 14m quen v6i phuong phap céc ban hay tap chimg minh lai c4c bit ding thire trén.

Nhung céc bt ding thirc trén kha 12 “long”, ta cin mét sb danh gid chit hon,
Tir bét ding thie Schur, ta c6:

RIS =] =] B [E] =

> P4a-p’)
= 9
(49-p* )P’ —9q) \
r> T Q’\r _,

Nhu viy ta d4 c6 nhitng d4nh gis khé chit cho r. Bay git ta thtr tmg dung dé giai rgzﬁe%’bal todn cin ban.

. i NS
Cho a,b,c> 0 théa man ab+ b+ ca + abe = 4 .Chimg minh r@'
3(a’+b? +¢?)+abe 22(\\
! ﬂ. .g- ; -

Dang déi xtng cia bét ding thirc da cho nén chiing ta dé dﬁng‘ép@g ki thust pqr.
Pat p=a-+b+c,q=ab+betcar =abe, gia thiét twong &hng v6i q+r=4.
Bét diing thirc cdn chimg minh twong duong véi: @

3p’—6q+r> 12\)@ p’—79-6>0 (1)

. 3
Theo bét ding thirc Schur, thi ta cé: p’ +9r24&§PJ+9(4—Q)24PQ=H1S16P“:I;

Thay vao (1), ta cin chimg minh: & .
3
o§\—7q—623p2 ~738FR 65
@) 4p+9
N e (p—3K5p +42p+102)>0
D& ding kiém tra dugc 1 Vi néu nguoc lai thi ta c6 ab+ be + ca + abe < 4 (v0 Iy ). Vay ta c6 didu phai

chimg minh. Diu dé‘.ng&l’ﬁcxéyratai a=b=c=1

‘0
Cho %c 36 duong a,b,c théamén a* +b’+c? =3.Chimg minh ring;

5(a+b+c)+i218
abc

L g
bat p=a4b+c,q=ab+be+ca,r=abcthita cé p*—2q=3.

Va ta cin chimg minh: 5p+3213
r

Néu 4p dung bét ding thirc Schur thi ta s& nguge chidu voi bit ding thire cin chiing minh.

@-3
2 .
Chi ¥ ring: q223pr=>rg-q—= 4 _P -0 +9 Nhur vy ta chi ra duge:
3p 3p 12p
3 36p
~Z— 2
rTp—6p +9
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Nhu véy ta chi cin chimg minh: 5p+-a~36+- >18
p'—6p°+9

Pidu nay tuong duong véi: (p—3)*(5p° +12p* —3p—-18) >0

Mt khic ta c6: p* =2q+3=p>+3 Laico p<q3a® +b*+c%) =3
Néntacéd 5p° +12p° —3p—182 5(/3)’ +12.3-33-18>0

Viy ta c6 diéu phai chimg minh

a'+b’ +¢ ab+be+ca) .

Cho a,b,c > 0.Chimg minh ring: arotioers Frrie Z

\
N
QQ

Livi gl
Pit p=a+b4c,q=ab-+bc+ca,r=abc. Chulinhéa p=1
’ Tacénchiraréng:l~3q+3r+9- 1 25<::>l+9—q28 _
q-r 1-2q q 1-2q \20
Tadéy 43 1720, % 54 . N
q 1-Zq qg 1-2q

AN
Viy ta ¢6 diéu phai chimg minh. Ding thirc xay ra khi (a,b,c) = [Zj-_iﬁx,x,o &\Q

Binh Iugn: O dnh gi4 trén ta &4 1am mét r nhd viée dy dodn dugc dang th@?ray ra tht r=0. Qua nhiimg vi du

trén ta thiy viéc sir dung pgr that sw 12 mét céng cy manh va cho L—M@h t sirc 4n tugng.

. N\
Cho %,¥,z = 0.Chimg minh rang: &rb'

x y z ,ﬁf?j\’ry)(.HZ)(ZH)
+ + 4 33 =5
y+z z4+X x+y00Q X4y 4z

. S
Trudc hét tachudnhéa p=1.P%t p=a+ be;@?: ab+bc+ca,r=abc.
Ta cn chimg minh: O\l-
s

Bit dfing thic cudi hién :\&'g}dﬁng theo bit ding thirc AM-GM. Ldri gidi qua 4n twong phai khéng ?

Chimg minh ring néu a,b,c 1a céc sb thyc duong thoa man a‘ +b* +¢* =3 th

1 n 1 1 <1
4—ab 4-bc 4—ca

Lar gidi
Quy déng mAu sb rdi khai trién, ta cin chimg minh:
49— 8(ab+bc +ca)+ (a + b+ c)abe < 64 — 16(ab + be + ca) + 4(a + b+ ¢)abe —a’b’c?
& 16+ 3Ha+ b+ c)abe > a’b’c’ +8(ab+ be+ ca)
Ap dung bét ding thitc Schur va gia thiét a’ +b* +¢’ =3 tacé:
(a® + b’ +¢* + 3abe)(a+ b+c) = (ab(a -+ b) + be(b +¢) +ca(c +2))(a+ b+c)
& 34 3abe(a -+ b+ ¢} > (ab+ be)? + (be +ca)’ + (ca+ab)?
Ap dung bit ding thirc AM-GM, ta cé:
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(ab+be)* + (be+ca)? -+ (ca+ab)’ +12 > 8(ab+ be+ca) = 15+ 3abe(a+ b+ c) > 8(ab+ be + ca)
Mat khéc ta fai ¢6 1>a’b%c? vay ta 6 dpem.

Che a,b,¢ 13 cac s6 thuc khong 4m thoa man ab -+ be+ca =3 .Chimg minh rﬁng
a’+ b’ +¢’ +7abe > 10

Ap dung Bat dang thitc Schur, ta c6;

a’+ b’ + ¢’ +3abe > ab(a+ b)+ be(b + ¢) + ca(c +a)
a’+b’+¢’+6abe > (ab+be+ ca)(a+ b+c)=pq =3p

va r> P4a-p) _ p12—p?)
)

9
2 _ _ 2 _ )
Viy ta cin chimg minh 3p+L129_—p)210® (p—3)i6 p;+3(4 p)-+2] >0 (ding)
Vay ta c6 didu phai ching minh. Diu ding thitc xay ra khi va chi khi a=b=c=1 QY
Cho a,b,c >0 v a+b-+c==1 Chimg minh ring: ’ \20
V"a +abc - \;‘rbz-i-abc n \/cz~i-abu &
ab+c bc+a ca +b abe
,\‘
Liri ot ;
Tacobidd: r<IUZD ' o
2(2-3q) \

Ap dung bét ding thic BCS, ta c6: Y

Ja? +abe ] T\ atc Ea2+zab {s=a+c
[Z(b+c)(b+a)J —[Z(a+b)(b<5§ Zb-{-c (a+b)(b+c)(c+a)lzb+c

: at+c¢ b Q (a+b+c¥ |, \ —
Ta c6: Eb+c Eb+c z & — Za S nén cin chimg minh:
FYab [ g I

( +‘b’)(b+c)(c+a) btc 3 .a’ +Zab] 4abe
| S L

Q:Q a-rlq-r 1-q) 4r
(€) a2 _ 2
Q> PR q)_4sq rgad ‘”—5153
X q-r r q-r1 r
Str dung bd d&Q%6:
. 2 - —
VT < 4l-q7) g — 3. _9(=39}5-7q)

C0-9) (-9 = (1-q@-~79+q) "
2(2-3q) 2(2—3q)

q_

Cho a,b,c khong am. Chl’mg minh r%ng

Gop >y S 10abe

( +bYb+c)(c+a) 22

L gidi

Tacé (a+b)(b+c)e+a)> g(ab—}- bctca)a+b+c)> -g—iiazbzcz (a+b+c)
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22 2b “2¢ o
Dt x = ,y = SE= Tacéd x = 4 Bat dang thirc tr& thanh:
b-i—cy cta a+b aco xy + yz o =+ w2 ge

4y 42t +5xyz 28
Biéu dién theo pqr, b4t déng thirc tvong duong véi:
' p?—2q+5r>8
“p'-Tq+12>0
Néu 4 > p sir dung bit déng thirc Schur, ta c6:

p(49—p) pl4q—p* ) o p +36  , Tp*+36) )
r> 2t Y load>q4 = p 41220 (p-3)p* —16) <0
9 =1 g was 4p+9 4p+9 206 (p-3)p ~16)

Pidu ndy ding vi 4> p>+f3g >3

Néup24 tacé p* 216249

Psg

2" \
QY

p’—2q+5r>p'—2q>

Ta c6 diéu phai chtmg minh.

Cho a,b,c > 0.Chimg minh ring:

: N
1,1, 1. 3 3b 3c (5&

S4c2 + +
a b ¢ a'+2bc b +2ca c2+2aK‘Q\

Toiei XS}
)
Pit a= X b= %,c =1 Bit dAng thirc cAn chimg minh tuong duong, vﬁq,\
a C \

1 a{a’ —be o a’ '
282 3abc) 2a’ +be 2 1§a2 + btt).;\é%ﬁ 3. 2a’+be 2}
Ap dung bét déing thoe BCS: QQ
3t o
2a* 23 &’ +3abe
Dén day ta cin chimg minh: 3(2 aﬁ)2 > (Z ()'9 a’+ 3abc)
Chufin héa a +b+¢ =1, dua vé dang peksta cé:
QO 3(1—2q)° = 2-6q+9r.
Tix g? > 3r, tacé: ()Q’
3(1—2qj§_(z’fz—6q+3q2 & 3-12q+12q° >22-69+3q* = (1—3q)2 >0

Phép chimg minh két thialRi day
Bay gir ta tim cach ¢ minh cho mdt bit diing thirc rit ndi tifng sav, 36 12 B4t Déng Thirc IRAN 1996

Chimg minh ring néu %,y,z >0 thi tacé:

1 + 1 n I
(x+y) (v+2) (z+x)

(xy +yz+2x)

L gidi
Bién déi bit ding thirc da cho vé dang par

(p* +a) —4p(pa—1) ]
(pa—1)’ ‘

9
4
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Rit gon ta 6 diéu niy twong duong véi:
4p*q—17p*q* +4q” + 34pgr—9r* > 0
& pa(p’ —4par +9r)+q{p* —5p'q -+ 4¢° +6pr}+r(pg—91)>0
Bét déng thitc cudi dng theo bét déing thire Schur bic 3 va bic 4.
Nhin xét: Cich ép dung pqr két hop bt dang thirc Schur thyre sy 14 mot phuong phap rit manh. C6 thé khing

dinh hiv nhu nhitng bi toan ddi xvmg 3 bién déu c6 thé giai dugc thee bai todn nay.
Mt s8 bai todn luyén tip:

Gi 1: Cho céc s6 thirc a, b, ¢ khong 4m. Chitng minh ring: a® +b® +¢® + 2abc+12> 2(ab+be+ ca)\
Bai 2: Chiing minh riing véi céc sb thye a,b,c thoa man a* + b? +¢? =9, Chimg minh ring:
2(a+b-+c)—abe <10
Bai 3: Cho a,b,c [ cdc 56 thyc duong théa mn abe = 1 .Chimg minh ring: -
2(a* +b°+¢*)+12 > 3(a+b+c) -+ 3(ab + bo+ ca)
Bii 4: Cho 3 sé thyuc khong 4m a,b,¢ théa min ab+ bc + ca + 6abc = ¢ .Chimg mm%%ng
a+b+c+3abc>6

Bii 5: Che a,b,c théa man 2 <a,b,c <1 Chimg minh ring: ‘20
6a°(b+c)+6b*(c+a) -+ 6c? (a+b)<33ab<52> /
\ /&.{\\
fa\

EE . V r o M
" Xét tic sb thyc duong a, b, ¢ thod Tih 3+ 2b + 3@}20. Tim gi4 tri nho nhét ot bidu thic

9 4
L=adbhoM=c -t

1( @ a 2b
G)\L;h@
Theo bét ding thirc AM- GM, tacd

ad— >21}a— 4%@ >3 déu ding thirc xay ra khi va chi khi a =2

b+l9)>2 bﬁ:%): [b+§]>3 déu ding thirc xay ra khi va chi khi b=3

et é@ c———8=;- [ +16]>2 déu dng thirc xay ra khi va chi khi ¢ = 4

b

Cong ba bat ding ﬂnr::bt'zﬁng chiéu, thu duec -‘—F : 43,24
> : a

>8 {1
topto28 ()

Mt khéc, m§2b+ 3¢ >20 nén Z Z ?40 > 5 (chia hai vé cho 4)

Cong (1) va (2), vé déi vé, ta duge L =a+b+c+§+%+iz 13.

Déu déng thirc xdy ra khi va chikhi a =2,b=3,c=4. Viy gi4 tri nho nhét ciia biéu thirc L bing 13, dat dugc khi
a=2b=3,c=4

Cho a,b,c 14 céc s6 thyc duong, Tim gi4 tri 16n nhét clia bidu thirc
4 9

= Va?+b +c*+4  (a+b)yfla+20)(b+2c)
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L gii

Ap dung bt ding thirc Cosi ta cb
1

a2+b2+cz+42;(a+b) 2(c+2) z5

(:a.+b+c-%—2)2
(a+b)y{a+20)(b+2c) < ;(a+b)(a+b+4c\— 6(3a+3b)(a+b+4c)

§§(e1+b+c)2

8 27
Suyra T< .
at+b+c+2 2(a+b+c)
Patatbtc=t,1>0.Khidé T<_§__ﬂ
t+2 2.2
8
Xétham s f(t ,Vt 0 tacd
©fM)=133" 2 A \
27 Y
£'{t) = ( 2) +Ts—=>f’(t)=0¢>(t-6)(8t2+21t+18)=0:‘t=6,f(3§
t+ .
Béng bién thién N\
{ 0 6 +oo .\d
£(t) + 0 - Q&
£{t) 7
8

Theo bang bién thién ta thiy Tgf(t)gg.Déubﬁngxéyrakh\(t:b:c:z

Viy gid tr I6n nhét cha T bing % khia=b=c=2 Q
o)

Cho ba 50 a,b,c,d 14 cic 56 thuc .Ch:’mg minh rang:

fa—b  c—d  ad+be >3

' Oo\l' la+b c+d ac—bd|~

QQ’ Laiv giai

- ’b-
Datx::a b c—d} ad+be
a4

v Y § = aoobd P ITW YRR
Rl S
_f(a- b){c—d)(ac—bd)+{ad+be)[(a—b)(c+d)+(c—d)(a+Db)]
{a+Db)(c+d)(ac—bd)

_ (ac—bd)(a—b)(c—d)+2(ad+be)] _(a+b)(c+d){ac—bd)
B (a+b){c+d){ac—bd} {a +b)(c+d){ac—bd)

=]

[x+y+z|2\/§<i)'|x~i~y+z|2 >3e (x+y+z) 23(xy+yz+zx)

@%[(x—y)z+(y—‘z)z+(2—x)2]20

Nhur vy, ta ¢6 dpem
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Cho céc sb thyc duong x,y, z théamin y? > xz va 22 > xy . Tim gi4 tri nhé nhét cia biéu
thirc:
CP=—X 4 ¥ 32
X+y y+z z+4+x

L g -

Diy 12 mét bai toan thugc ho cia ciu khbi A-2011. Loat bai t4p nhur thé nay yéu cu ki nang dénh gid dé 6 thé
dua vé mt bién. Va hay nhé: Bién dén vé chinh 13 bidn ¢6 dang bat ddi ximg, cu thé & day 12 bién c.

Tachd: P= ! + lz-i- 3 , data=l;b=5;c=i kéthqpvdigiéthiéttasuyra
i+l 20X oy oz
X y z
a2b20>0_ [0<e<] "\
abg =1 ab>1 Q’\'
. 1 1 3 O
Khi d6 P =— 4 ?O
ITa 146 1te : .
C . »
Tach ——4——> & (Va—+b) (JEE—I)EO(dﬁngdoabzl)da’
1+a  1+b  14+ab Q
1 1 2Je Q)
Suyra —4——>-—2 d
L THa 14T et )

2o 3 e 3 3+2ve @
e + = vi0 c\<l=>c$x/5

Vel cH1TJe 41 votl e+t {\"

Patt=ve=0<t<1 &@'

Xétham sd £(t) = 2::13 v6i 0<t<1.Tachd h@% £(t) lién tuc trén (0;1],

hay P>

)
_— 1 .
f®_“ oy <oe (01).

Q

Ham sé f(t) nghich bién trén (O;l](gyra f(t)> f(l)»:g
Vy gif tri nho nhét cia P b@?-z- khi va chi khix =y = 7.
2°
N\J
Cho&;g'thuc x, y, z théa mén: xyz = 2v2 .Ching minh ring:
* x5+y3 y5+zs za+xs >8
X4y Hxy v 42ty x4zt
l‘g 0] .a-
+) D& [am bai todn trd nén nhe nhang hon ta Pata =% b=y, ¢ = 2%, tir gia thiét ta c6: 2>0, b>0, c>0 va a.b.c = §
~ 2 2 2 2 '
Do ab<2 +b nén a’ + b’ +ab§3(a—;-*-’~—) Diu“="¢6 < a=b
4 4 4 4 4 4
+) Ta c6: 23 tb _33 +b .Taséchl’mgminh:ia—_w—zl(al+b2) (_l).
2" +b*4ab 5(a2+b2) E( 2+b2) 3

Thit vay: (1) & 2(a* +b*) > (a® + b)Y © (22— b} >0 (ludn duing).
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Do @5 ta duge: _agb > l(a2 +b*) Din"="c6 « a’=b>< a=b
a’+b*+ab 3
+) Ap dung BPT trén ta co: ‘EE—_}E_'L > -]-(b2 +c?)Diu“= "cd & b=c
b"+c*+be 3
;3% > %(c2 +2)Diu="c6 >c=a
Cong céc vé cée BDT trén ta duge:
a*+b’ b*+e* ¢t +a’

2 2 2 2
>—(@+b"+¢) 2
a’+b2+ab b+ +be cF+ai+ca 3( ) @
Diu“="c6 < a=b=c

+) Theo BDT Cé-si ta ¢6: -g—(al +b? +c?)> 242’ =8.

Déu“="c6 « a=b=c

Do d6 ta c6 PPCM. Déu ding thic xay ra ¢ [x]=|y|=z|=+2 N
. \ ]
Cho x.y 4 céic 56 thue. Tim GTNN cuabiéuthtc \20
P=x 4y —2x+ 1+ + ¥+ 2x+1+]y—2 <'52’\
,(Q\
Lo i o
Taco Qz\)

P:‘j(l—x)2+yz+ (l+x‘)2+x1\¥;ﬁ—2l
Xét U =(1—x;—y),V =(1+x55-y) = v +v =(%-2Y)) \&Q’
Ja—x +y? +\/(1+x)z+g§%4+4y2 >21+y
Déu =khi u;v cimghuéng \O
V)
@b&=l+x¢:}~x=0
\l-’%?‘ 21y +ly-2|

2J1eyP+y-2Khiy>2
Datf(y):2\/1+y2+|y—2|=L' y y=
' o2

Fy' 42—y Khiy<2

Xét <

. 2y )
>2=f(y)=2J1+y +y-2=f(y)= +1>0
@ v) Ji+y?

= minf (y)=£(2) =24/

Xét y<2taco

1
f'y) = 24 = —1= ') =0 i+’ =2y¢>1+y*=4y2=>y=7=
Vl+y 3

Bai toéin dugc giai quyét hoan toan !
Binh ludn: V6i nhitng bai todn ¢é yéu t6 binh phuong chira trong cin thic thi vecto 1a m¢t phuong phap khé hiru

higu dé tiép cin
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© Cho cée sé thye a,b,c khong am, d6i mot khac nhau théa min a+b--¢=1. Tim gia trj phd
nhit ciia bidu thirc:
: 1 1 1
+ +
(2=b)Y " (b~c) (c-a)

Lt i
Khong mét tinh tdng quét gia sira >b>c>0 Pita=c+x;b=c+y
1 1

14y —xy)

P= = S IS

x=yy X ¥ xy(x—y)
Cht ¥ ring:

1=(a+l:;+<:)1=(3c+x+y)2z(x+y)1

>
$)
T 1 O =°

x*yi(x —y)? Xy Xy x+yt - x@' N
XY -

Do d6
X4y —xy)Y x4y

Xy exy &
X s < . .
Pt Y Ta dua duge v& ham sé theo t . Pén day m(éi)@;n trd nén don gian.

Bink lugn: D véi nhiing bai todn ding thiic xy ra tai bien@u thé niy (c6 mét bién bing 0) thi ta thutmg sir
dung céch d3t nhu trén hay con goi 14 cach ddn bidn vé,b\i%\.

Cho 2, b, ¢ 13 céc s6 thyc duong thoé&a +b+c=1. Tim gi4 trj nhé nhét cia bidu
. 3 y

&+
&) +5bc ' (c+a) +5ca

—%(a+b)2.

S a——
Dur doédn ring ta s& dén v& bién va(rfhan thiy sy 46i xtmg & 2 s6 hang diu tién nén ta im cdch ddnh gi4 2 s6 hang
ndy Mt cich i nhién nhét ding BDT AM-GM dé dénh gi4 dai lugng dang tich xy
Ap dung bt ding thiic Cagi®h c6
<

2

@ a N a® __ 4 _
\(b' (b+ C)z +5bc (b+c)2 +-§-(b+0)2 9(b+0)2

2 2
S

> .
(c+a)*+5ca = 9(c+a)

Suy ra:

a* N b S4[_a’ + b? >g[ a_._b ]2
(b+c) +5bc  (c+a)’+5ca = 9| (b+c) (c+ay |~ 9lb+c c+a
(21 by

@ Hb et 2] TN b o by seart) )
9lab+c@@+b)+c* | = 9| @a+b)y (a+b) +4c(a+b)+4c? |

2

toatb)+ct| °

Viad+b+e=lea+b=1-c nén

Pzg[ 20-c)' +4e(1 ) zl_g(l_c)zzﬁ[l_*z_] EPpS
AN —cy +4c(l—c)+4c 4

4 9 c+1
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2
Xét ham sb f(c)~_[1—-—%] --%(1—c)1 véi c€(0; 1),

oy 82 |2 3y
Tacéf(c)—g[ c+1](c+1) 2(0 1§

£(c) =0 & (e—D)(64~(3c+3) )= 0¢>c=%‘

Béng bién thién:
1
c |0 3 i
(e} - 0 +
o .
10 \ B / N\
A | Q
Dua vao bang bién thién ta cé f(c) > -3 vii moi ¢ €(0; 1) @) O
. 1 : A L 1 . X E
Tir (1) va (2) suy ra P> ——, déudéng thirc xdy rakhi a=b=c=~. \S
9 ‘ 3 (52’

QD
&

L;J|r--

Vayglétnnhonhétcual’lé --§ datkhi a=b=c=

Cho a, b, ¢ 13 chc sb thyc duong thoa man a+b+c=3. Tng’gié trj 16n nhét cia bidu thic

————2~*-—+3 * e
" 34ab+betca {K:g%(l+b)(l+c)

@%Q‘O

Ap dung Bt diing thitc: (x +y+2z)° > 3(xy +yz += @(,y,zeR ta cb:
(ab+be+ca)® >3abe(a+ b € _ 9abc > 0 = ab-+ be + ca > 3Jabe
Tacé: (1+a)1+ b)(1+¢) > (1+Yabe)’, Va, b 0. That vay:
(1+.a)(1-+~b)(1+c)=1+(a+|:.+cé§l-~(’em+bc+ca)+abcz1+3{/aTc+33(abc)2 +abe = (1-+Yabe)’

abe O
2 abe O
Khi d6: P < 3(14_@) e Q (M-

\ 3
bat V“abc:t;via,bﬁnén 0<abc§[a—-|_];j~5] =1

2 t* ] e 1)(f -1
R A MM e v

Do &6 ham sb ddng bién trén (0;1]=> Q=Q(t)<Q(1) =% (2). T (1) va (2 P g%.

Xét him s6 Q = >0,vte(01].

© ViymaxP = Pm=§,d@tduqckhivévéchikhi: a=b=c=1.

Cho 3 s duong a, b, ¢. Chimg minh ring:
| 1 1 a+b4c
+ + < .
al+bec b®+ac c’4ab”  2abe
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®)
Cong (1), (2) va (3) theo@ﬁa cb

Ta cé: ‘
1
a +bc>2a\/—~:>
a% +be 2&\/_
2 1 1
b I-ca>2b\/a=>~—————-<—
b2+ca 2bv/ea
i
c +ab>20J_:>
cZ+ab 20\/_b
SR . <_J—+T+Tl
32+bc b2+ca 02+ab_2a bc  2bvJea 2bvca
b+c¢ c+a a+b
_1 JBE+J(E+J33< 2 + ] * 2 _atb+c
2 abc - 2abc 2abc
Déu “= *xay rakhivachikhi a=b=c. \
QY
O
Cho x, y, 2 14 céc sé dwong théa mén 1 +1+l =4 Chimg minh {ﬁ\éo
X Y
1 1. 1
2x+y+z x+2y+z x-w{zgz
; o3
.o e\)

Nhén xét: o6 thé dp dyng B.C.S dé tach riéng timg bién & méy, >

1 1 11 1 1 1 LI =V
(x+x+y+z)(;+-;+;+;)2(®@+J)—(.J;+J;-\/;+J;-\E) 16

2.1 16
SR>
+d§"2x+y+z o

: X
‘Tuong tir: Q\
1 1
0&+~2~+—2—§m~ @)
. VX Yy oz x+2y+z
N2 18
O X Yy z X+y+2z ®)

1 1 1
+ + )
2X4+y+z x+2y+z x+y+2z

< 1
¥ 4+l
X X y z
Suy ra didu phadhimg minh.

~

Chirng minh ring véi moi s6 thuc x ta ¢6 (%* + (14—5)* +(?)* >3 447 45

Lol gii

Nhénxétnéudat3*=a,4*~b 5% = ¢ thi biéu thire trd thanh iiE+b"+—b—>a+io+c

Via, b, ¢ > 0 nén chia hai vé cho abc ta dugc: L+blz+ 12 1b+b1 +— *)
ca

Ap dung bét déng thirc Cauchy theo cip
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1 1 1 2 1 1 1 2 1 i 1 2
LA =L >0 >2 e =2
2 B~ Ya*®  ab’ 2+ &N ac b2+ 2= "Yb*c*  be

1 1 1

= g +—5 +— Hom b —4—

( 7 )= (b ” )

Viy dpem.

Cho céc sé duong x, y, z thoa min xyz = 1. Chimg minh
3 3 3 3 3 k]
Jl+x +y +J1+y +z +Jl+z +x 23\/5
Xy yz zx
Lavi giai

X}ty =X+ Y} -xy +¥) 2 xy (x +Y)
1+ +y=xyz++y’zxy(xt+ty+zy (1)

Tuong o \

l+y’+2zyz(x+ty+2z) (2) Q’\'
1+27+x 2z {x+y+2) 3) @)

Tir (1), (2), va (3) suy ra ‘20

N\
Jl+x +y Jl-&-y +z 'Jl-i-z +x’ >W( 1 1=+¢1;;) t

xy yz Nl J&\
Ap dung Cauchy cho 3 sb duong d
> 3 é})
xy  Jyz Nz o xyz
x+y+z>3xyz =3 %g\’
Tir (*), (4) va (5) ta dugc dpem. \&
: (%)

Chox,y, zlacic 56 thue duong va thoa m@\%u kién xyz = 1. Tim gi4 tri nho ntr
thirc sau &

_ XGHd T yern | Zty)

¥ y N z\/-+z}.\/~ x«/_+2y\/_

\l- L g
Nhin xét: aédemntadata_éég &, e=vz

ta ciing c¢6 abc =1 vaa,b, c)\()(b'

40 2 2 4o 2 2 24b 7h* 2cab
P +c3)+b(3c +213)+c(3a -i-bs)2 3a c3+ 3bc:a;_i_ 3<:a
b’ +2¢ ¢’ 42a a’+2b b +2¢° ¢ +2a° a +2b

2a’ 2b° 2¢*
=P> + +—
_ - b +2¢° 422" a’+2v
Pat m=b+2¢* n=¢*+4-2a% p=a’+2b* .
a3 P + 4n - Zm;b3= m + 4p -~ 2n;c3 _n+t 4m — 2p
9 : 9 9
2a’ 26 2¢ p—2m+dn  m- 2n+4p  n-2p+d
= T3 7t 3 7 =2
P+2¢  +2a° 2 +2b 9m In 9p
2a° 2p° 2¢° 2.p 4n m 4p n 4m
= + + =L — == —+——6
v +2¢® P +2a° 2 +2b 9(m m n mn p P )

Ap dung bét ding thirc Cauchy
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4p 4
£+E+£23 va ﬂ'.+__l?_+__nl
m n p m n P

>12

2a’ 2b* 2¢°
Suy ra + + >2
Y b 42" 4227 2 42p

Viy minP=2 khi x=y=z=1.

‘ 1
Choa>b> 0. Chimg minh (2 +51;)" < (2 2—.,)'

Lzl

i
1“(t+§) _In(t* +1)~Int _h*+1)

Xéthamsé £{t)= —1v6it>1
ms ( ) Int Int int
2 It In(t2+l) 2 \
Tt t? Int* — (t* + DIn(t? -+ 1) -
Pgo ham f(t)= L1 <0 véimoi t>1
% (t)= {in t)2 (t +1)Int)* QQ'\'
Do d6 £(t) nghich bién véi t>1. \20
Tacs £{2°) < £{2") véia>b>0 db\
In(2" + ) LCES S

- 1 1o 1 A
Do d6 2" < (P ) (2
nr - W2 am2C T2 St 2@}\
Vay diéu phai chimg minh.

\
Cho hai s6 thyc x, y thay déi thoa man hé tl;& X2 +y2= |, Tim gi trj 16n nhét va nho nhét clia
b[eu thitc P= M \
1+ 2xy +-2y* @)
\\fQ
S
Nhién xét: cé thé dua P vé him sé mot @
Q" 2(x* +6xy) __2(x* +6xy)
N T X4y 4 2xy+2y XD +2xy + 3y
Néuy=0thi P=2 QO '
Néu y =0 thi dat x=t%0
> p 2012t
b TP 2t43

Xét ham s6 §§\(t)
Liy dao ha

£1(t)= (4t+12)(C +2t+3) — (2t + 2)(26 - 12t)  —8t* +12t+36
N 242t +3 4+ 2t+3
Pt)=0e] 2

Khi g6 ta cé:
3

f[%] = -6vaf(3) =

Céc gidi han tl_.lﬂf(t) = tl—];-t&f(t) =2
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Nhur vy minf (t)= -6 khi t"——-;—3 ; max T(t)=3 khi t=3

Véy minP =6 khi X=_%y hay (x;y)=[-~\/=~—\[———] hoc[J— J—]
X4yl

L px=3y 31 3 1
maxP =3 khi {xz ryied hay (x;y):[m;ﬁ] hotic [—Ti;(]—;—-m]
Bink Iugn: Néu mot bai todn 12 dong béc thi ching ta c6 thé giam bién bing cich dat nhy trén. Ly do thi ching 1a
d4 duge biét khi lam quen véi dang bai todn He phuong trinh ding cp. G déy ching ta thiy ngay méi lién hé rd
rang gilta bai te4n cure tri va bai todn giai hé phuong trinh. C6 phai ching 14 viéc chimg minh mét bat déng thie
ghn giéng voi viéc giai mot hé phuong trinh gdm gia thiét va didu cin chimg minh & dang dhng thirc )

Cho a,b,c 12 ba 6 thyc duong. Tim gi4 tri nho rthét cia biéu thic:

\
QY

Qo()

2 3
T a++Jab+¥abe JJatb+te

Lavi gidi |
Cau hinh tich cia 2 s va chira c4n goi ¥ ngay cho chung ta céch 4p dung AM-GM. N]\v.g? hi ¥ ring ta phai dam
bac duge diu bing xay ra. Tix phan tich n2y ta & xuét Lari gidi nhu sau: «

Ap dung bét dling thirc C5 si ta cé:
a+\/_+\/_c<a+1 a—|-24b+l‘a+4b+16C \é(a+b+c)

3 4 \
Ding thc xay ra khi a = 4b=16c. é\\’
Suyra P> 3 3 Détt—a+b+c t>0\&
2(a+b+c) ~fa+b+c
Khi d6ta ¢6 P>~ — o=, Xét ham s f(t)——w'w— @;’wo
2t 4t g
. 3 3
f(t)y=="Fr— e —fet=1
® 7wk 200 )= 2tJ€ 2t
Béng bién thién: c’
| - N
t 0 ‘OO i +co
£(1) ¢ 0 +
f(t) | + v
m\z
2
_ ) 3 s e 3
Do d6 ’E,“f(t)=_5 khivachikhi t=1.8uyra Pzw-i.
N a+b+c=1
Vay GTNN cua P biing _3 khi va chi khi tot @a:g,b:i,c=—!-.
2 a=4b=16c 21 21 21

Cho hai s6 thic x, y thoa man x2 + y>— 6x — 2y + 5 = 0. Tim gi4 trj 16n nhét cta biéu théc:
3y’ +dxy+Tx+dy—1
x+2y+1

P=
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Khi g&p nhimg biéu thirc c6 dang bac 2 trén bac 1 hodic bic 3 trén bic 2, thi ching ta cb ghng lam gon chiing. Bé
hy vong tir 46 c6 thé dwa bai toan v& dénh gi4 mét bién don gian hon.
Tact: 3y*+4xy+7x+4y—1=(x + 2y)’ +(x+2y)~(x2 +y2—6x—2y+5)+4=(x +2y +1)(x+2y)+4
Nén P=x+2y+——i—-——_~tm1+£22 t.i—1=3

X+2y+1 e
X+2y+1=2

c6 nghiém (1;0) hoic [j, -ll] :
x4y’ —6x—2y+5=0 5.5

min(P) =3 khi v chi khi [

Cho céc 56 thuc khéng 4m a,b,c théa man: 5(a® + b* +c?) = 6(ab+ be +ca). Tim gi4 tr lén

nhét cta biéu thire:
M:,lz(a+b+c)—(a1+b2) \

()Qy
0] -y & . .
Quan sat bféu thire M f:éu nh::’ta d4nh gi4 duge biéu thirc trong ein thite véi @ﬁl»\dai lirgmg lién quan ¢én a,b thi
ta ¢6 thé dé dang dua vé ham sé hon.

A
Tacé : L&
g-(a +b)?+ 50255(a2+ b*) - 5¢ = 6(ab+ be 5@5 g—(a +b) +6¢c(a+b)

= 5c' —6e(a+b)+(a+ b <06 BN catbuatbiocaath)
| N ‘
Khi d6: M=,/2(a+b+c)—(a2+b2)g,/2(a+bt§2 2+ b)2§\/4(q+b)—-21—(a+b)2
Patt=+atb=t>0 va MSZt—-;—t‘ OOQ

S
Xétham sé: £() = 2t——é—t4 véi t> O&Q(P(t) =2-20=f()=0at=1,
L4p bang bién thién: ()o

oo\fl.’t(f) + 0 -
P |
KOS / \ .
X
0 -0

TﬁBBTsuﬁt)S%,wzo,dﬁu =" t=1=>M§%,Va,b,c:20

0 1 +o00

Vi moi s6 thire x, y théa man didu kién .'Z(x2 + yz) =xy+1.
x4 +y4

Tim gi4 trj 16n nhét va nhé nhét ciia biéu thic P = )
m gi4 trj va nho cua 2xy+1

L i

bit t =xy. Ta cé: xy+1=2[(x+y)1—2xylz—4xy=>xy2—%
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va xy+1=2{(x—y)2+2xy]24xyn>xy§% nén —%gtg

m'i —_

2
(C+y’) -2y ot

Suyra P=
v 2xy +1 4(2t+1)
______________________ oo oCooimroioooaonoooemesensosoooss
Xét ham sb f(t)=‘r"t—+2tf£l vei <t
4(2t+1) 3

5
co f'(t)—?‘(i:t—)'f‘(t)=0®[:=0

20241

f[—l] - f[l = 2.8(0)=1

5)73) 15 4

© Viy GTLN ciia P bing %, GTNN ciia P bing %
Bink lugn: Xit Iy nhimg bai tofn 2 bién thudng kha don gian, khong cin nhigu ki thust réc réi. Chi y,@n céch dé
dua vé céc biéu thirc dbi x\img dang Vi-et R

Cho a® +b* —2a—4b+4 =0 . Chimg minh ring: ﬁjb\
<

A=|a2—b1+2\f§ab-2(1+2«/§)a+(4—2\/§)b+t£&é 2
a0\

Luizial Q}\)u
Bién dbi didu kiéna® + b2 —2a—4b+4=0&{a—1) + (b—2)f = 1.\°,\
) day ching ta nhén ra c6 diu hidu cia dang lugng gidc. Nén ta sg@l‘tiép nhu sau:
{a—1=sina [a=1-|~sincx
Dit

= A = |sin® o — cos? a+x3§sinoncosa|
b—2=cosx b=2-cosx I

. )
B9
—--S1n —c0os2ol
2 %91“ 2
Bink lugn: K thuit lugng gidc trong BT c6 n@¥$tc manh cuc ki khing khiép. Pé nim bét duge diu higu cua sir

dung cac phép bién ddi lugng gidc, xin cdc erp(ﬁc_)c sinh hay doc lai that ki c4c cdng thirc va déng thirc lugng gidc
d4 dugce hoc & chuong trinh phd théng. 2 15i c6 goi ¥ mot bang cong thuc nhu saw:
s S

=2 <2 (dpem)

. T
2
sin{2o——)

A= |«/§sin2a—c052a| =2

Bidu thire dai s6 -7 Bicu thirc lugng gide Céong thirc hryng gidc
14 N 1+ +tght=—g
A cos’ ¢
4x° — 3x\\§ 4cos’t — 3cost 4cos’t — Jcost = cos3t
™ -1 2c08’t—1 2cos’t— 1 =cos2t
2t 2t;
2x , g g gt
1-x%* - 1--tg’t 1—-tgt
2% 2 2tgt2 2tgt2 — it
1-x 1-tg°t 1+tgt
X+Y tge +tg tgcz-i—tgﬁv:tg(a_l_b)
1—xy 1—tgatgd 1—tgotgd
x*—1 12 -1 12 —i=tg’a
cos’ o cos’ o
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Choa, bthda man: [5a + 12b + 7|=13. Chimg minh ring: a% + b? +2(b-2)* > — I

o Lévi gidi

Bién d6i BDT: a2+b3+2(b-a)2-1<:>(a-1’)2+(b+ P21
a—1=Rsina Rsing+1

bt vii R>0«< -1 b+1
{b+1=Rcosa - {b—Rcoscx © @ ) +( =

Ta cé:
[sa-+12b+7|=13 < [5S(Rsine+1)+12(R cos o — D+7=13

=R <R

“[SRsina+12Rcosol=13 e 1=R

. 5
Sin| o+ arccos~—
[0‘ 13

isinoc+-!zcoscx
13 13

T ds =(a—1)'+ (b+1)' = R* 216 (a~1) + (b+1) = R'>1&a*+b +2(b - a)?> -1

Diéu phai chimg minh. QQ
”&hﬁngminhrﬁng: A='a\/1—b2+bw/1—a’ +J§(ab—x/(1—%’¢§2))lfsz } '
‘ \

Lai 'E‘ Cf

TibK: 1 —-a’>0;1 — p? 20 af<1; |o|<1 Dita -ws\ng’b—smb véic,p e [——Eg

Khi d6 A = Ismcxcos[3+ cosasinf — ﬁ005(0t+ ﬁ)‘= &@'

\

-I-sin(a + 5)- 3 bs(c+ )| = <2

sml(a +8)——

= lsin(a +B)—3cos(a+ B)I =2

CM&\ 3){ P14y - 143 xy426 Vx; |y|>I

| Lt il
BBT@ ;E¢+ <26 (1)

1 3
Do {x{;jv[> 1 n s Yy =—— véi .
HM§ " cosa coﬁv aBe[ 2]
Khi d6: (1) a8 = sina+ cosa(4sinb + 3cosh) <+/26

Ta ¢6:

$ < sina + cosa \,/(42 +3%)(sin’ B+ cos? B) =sinau+ Scosa

<J( +5)(sin® o+ cos’ o) = /26 => dpem.

{a+b)(1— ab)

aG+a)(+0Y)| 52 v beR

Chitmg minh ring:
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Léri gii

bita = tga, b = tgb Khido |(a+b)(1 ab) [_|(tga+tg13)(1—-tgatg[3)|
' ’ [+a? )1+ | 0+ tg?e)1+teg®) |

oSO, —sino.si
- coszacos B. sm(a+6). 0sor.cos03 o smB|
coso.cosp coso.cosf |

= lsin(o:+8)cos(c+ B)| = —;—|sin[2(a +8)|< %

Piéu phai chimg minh.

la—b]| " [b—c| > fc—al

> Va,B,c
Jaeadav?)  Jarpda+cd)  Ja+ed)i+ad)

Chimg minh ring:

\
L gidi Q’\r
O
bat a = tga, b =1tgP, c =tgy. Khi d6 ta cd . \20
Ja+1g20)t+128)  Ja+1e20+te2y)  JI+E2 N+l

sin@-P) |, cospcosy. Sml(f P > lcosycosa. siny - o) d
cosP.cosy

cosa.cosp CO5Y.COSU @\)
< [sin(a-p)f+sin(B-y)] 2 |siny-o). \
Bién d6i biéu thirc vé phai, ta c6 \/
Isin(y-co)|= [sinf(c-B)HB-¥)]| = Isin(a-B)cos(B-y)+sin(B- y)cos(a—ﬁ)&rb'
Isin(o-B)cos(B-p)l+sin(B-y)cos(a-B)I={sin(o-B)lcos(B-y)i+sin(feyMicos(a-B)
< [sin{a-B)|.1 + [sin(B-y)|. 1 = [sin(a-B)| + sin(B-y)| s O
= dpcm A,&O

< lcosacosp.

Chox,y,z >0vpzy +yz+zx= 1&r§bgié tri nho nhét cia biéu thirc:

o=£+%+—;——3(x+y+z)
O(SF
Q‘)Q Lo gii
&)
\’b-
@. GO LAI

T 0<x,y, z<1 néntadat=tg%;yxtg—g;z=tg% voio, B,y e [0,-121]

Doxy+yz+zx=1néntacé

o, p ﬁ "! N, e _
—tg— +t +ig—tg— =1
> By Ty TEy Ry
B
tg +igd
af B 4)_ 8. 1 2 1 [[3 '1] o
o2 ltgE4tg)]| =1-1g2tg) =—wtg|lo+ ) |=cotg=
ﬁgz[gzﬂgz] 83827 th ’1 tg_ 273 .5

B2 ol By _® o E:‘:E,ﬂ_i -
etglo+ 2] tg[ + ]©2+2—2 > &> —2¢>a+ﬁ+w w
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1 1.1 o 8 Yoo B "f]
= =t = = Stcotg=-3lig—ftg—+tg—
S x+y+z x+y+z) cotg2 +cotg2 cog2 3[g2+ g2+ g2
8= cotgg—tgg- + cotg-@—-tg9 + cotgiktgl]-ﬂ(tgg*ktg9+tgl]
2 2 2 2 2 2 2 2 2
$ = 2(cotguteotgBcotgy) - Z[tg—czi + tgg + tg%]

§= (cotga+cotg[3-2tg~} )+ (cotg[3+cotgy-2tg% ) HcotgorreotgB-2tg "2“ )
e i ‘ sinfa +3) 2sin~y 2sin~y
BE y ring: cotga + cotgf = = =
Y ring: coig otgp sinousin@  2sincesinB cos{o—B)—cos(a + )

dsinJdcosd

o 2siny  2siny _
“1-cos(a+PB) 1+cos~

= thl = cotga+cotg6~—2tg%2 0
2(:03zﬁ 2

‘ : L i Mins = Q
Tirdésuyra820. Véix=y=z = — thi MinS =0 @)

3 | , _
Binh luiin: Chiing ta h¢ théng lai mét chiit vé 1y thuyét céc phép dit lugng gise hq&\fg quan dén dang bai nay:
 [xsyz>0 . A;B;Ce (0~ .
a) Néu[ 2,2 2 thi 3aasc: |5 E(O_z) N
Xy +z% 4+ 2xyz =1 . x=cosA;y=cosB;zéc\§sC
™
vz>0 ;B; 0;—
¥z thi 3aaBc: {HBCEG) oS
X+y+z=xyz thgA;y=th§Z€th
N\
ABiCe (0;%’f\®'
Xy, 2>0 x=cotQ%=coth;-z=coth

c) Néu thi 3AABC:
yt+yz+zx =1 A; BOYX (0;n)

b) Néu {

Ryl oS

\ 2 2 2

Céc 181 giai bing phép lrong gidc @thubng rét dep mét, song cdc ban cin phai luyén tap nhilu va c6 khi ning
bién i lugng gidc tét Mot cach chit quan ma nhan xét thi & phé thong, viéc lam vige véi céc bidu thiic lugng gidc
tuong ddi d& hon so v6i cdc bidhthire dai s8. D cho nhin thi 6 vé cdc bidu thirc dai s6 it cdng kénh va dé hidu hon
rt nhidu. Véi xu hudng thayddi cdch ra dé thi ghn ddy gin voi cée tng dung. Thi viéc 4p dung lugng gide trong céc
bai toan HPT hay BDTcl)gdiéu hoan toin kha thi. '

| 2

N

‘ ‘ X y z _ 4xyz
0<%, y, z<1 vathoa min — +1—y2+1—zz (1_x2)(1—yz)(1_22)

Tim gid tri nho nhdt cia bidu thie § = x*+ y2 + 2°

Liri i
—iz=tg— viia, B,y € [0,—
5 z g2 ic, B,y 3

2x

Do 0<x,y,z<1néntadjt x=tg%;y=tg

. 2x 2x
Khi d6 tgo = itgf = —_tgy=
& 1-x? & 1—x* & 1

va ding thirc & gia thiét

2

5 )
X _Labe>0+r 2"2 = . sxyzz -
1-x I—x (1-x"X1—y*)1~2")

< tgattgBHgy = tga.tgB.tgy
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1 t
& tga+tgh = - tgy(l-tgontgh) © — tgatigd gp = - tpy < tp(a+f) = tg(-y)
1-tgao.tef

Do o,B,ve [0,2] néno+p=m-yea+p+y=nKhidotach

BB P =
t +1 I rgdyg> =1oxy+yz+zx=1.
3 32 82@2 Yyry
Mit khéc
(x2+y2+z2)-(xy+yz+zx)=%[(x—y)2+(y~z)2+(z—x)’]zo
=S=x+y’+Zexy+ryz+tm=1.Véix=y= Z=T
thi MinS =1

Bai todn duge giai quyét hodn toan.

. Chiing minh ring § = ——+—¥—+—2 <2 QY
x+YZ y+z z4xy 4 @

: 2
Dat‘fgl'i: th; \jgztgg; \/ﬁ :tglvé'i op,ye [0,—125—] . da'

_ ,(Q\
N
. QO
B T E
T 2lx—yz  y+m zixy)] 2 2 @\
=1 (Cés + cosp + cosy) + % = E[(cosa+ cosB3).1 ——(cos%{éﬂ sin o+ sin [3)]4.%
((cosoc+cc>SB)+1)+ (sin’ a@ﬁ B) —cosocosfP -—% -Zﬂ—%

(dperm) 0)

< a+B+y W _
> =) =—Sotf+q==
\ | 2 2
X N ¥ z 1 2x 2y 2z 3
8= == - -1+ —1||+=
;@Fy+zx+z+xy 2\ x+yz +{y+zx ] {z+xy 2
3
2‘ ((oosa+cosﬁ) +)+— (sm o +sin’ f) - cosacosBl+——z+5—z {dpcm)
Pé ném o hon ki thuft luong gidc hoa. Cic b:_m hay thir site v6i cdc bai todn sau:
Baitosn 100270 oMr: XY 4 Zﬂ-i
Xy+tyz+zx=1 1—x2 1—-y2 1-z2 2
Baitodn Cho [x,y,z>(). . SENR AU :/:_3.
X+y+z=3%y2 J+x2 Jl+yr V1422 7 2
. X,¥%2>0 1 1 2x 2y
Bai todn Cho{ CMR.: + +
xytyz+zx =1 xE—i—xz J1+y2 JH-z2 J1+x2 \/1+y2 \F+z
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a2 + b2 4 2ab

Cho cdc 56 thye a,b,c €{1;2]. Tim gi4 tri nhé nhét cia bidu thire: P ==

¢ +4(ab + be+ca)
’ _ Lo pisi
P duge viét lai dudi dang teong duong 13
__ (atbp (a+by _
c*+4c(a+b)+4ab ~ ¢ +4c(a -+ b) + (a+ by
Do a,b,c€{1;2] nén a+ b =0, nén chia tir va mu ciia M cho (a+1b)* tadugc:
1 1 .
M= = Vot =-——
¢ T [ ¢ ] 2+ 4141 a+h
4 +1
a+b a+b
. ; 1
Véi a,becel;2]ete —;1
12t | N
Xét ham sb f(t) = ! wén | L;1 (’Q
'+ 4t 4’ QO
—2(t+2) .1 . o nl N\
Taed F'{)=—5"-T"1_ <0, V 1&|—:1i = £'(t) nehich bién trén —;l
6 £7{t) (C+at11) I4 [=> (t) nghich bien l4 J\db
DodéVtgl:*rf(t)gf(l):% &
Ding thirc xdy rakhi t =1 (a;b;¢) = (1;1;2) \):
. <
VayMinP=é khi (a;bje)=(11;2) ) \> .

» . (X+y)2 ny 3.sf £ &® LT . » A
Bink lugn: Danh gid xy < i 13 mét chiéc ch1ets\kh6a Vang de giai cdc bai todn BPT, Chiing ta 44 thiy dugc
didu ndy qua 2 bai todn BOT trong P& thi PH kh@Q,B nim 2014! Piéu dng néi 14 ca 2 bi toan ndy ddu duge gii
nhé ddnh gi4 trén. Hay nh6 mét didu: Lai gi{i@@t bai todn phic tap ludn luén bit diu tir nhitmg d4nh gis co ban
nhét | T4c gii da cb ghng che du di ba clmét cdch It 1éo va phirc tap héa. Nén hay binh tinh dé g0 réi. Binh
tinh va biét xudt phat tir nhimg didu dmz%fan 12 diéu cin thiét khi dimg trude mdt bii todn BDT.

S
Cho ba 56 thye @k:z’ thod man: x* +y* +2* < 2x— 4y — 1. Tim gi4 trj 16n nht va gid trj nhé
nhit ctia bidythdic: T=2(x+2)— . :
g{@r (x+z)—y

2 L s
§‘ . X' 4y +2t <2x—4y -1 -
& (x=1) +(y+2)’ +2 <4 (1)
O day ta thiy xuét hién mot bidu thic na na mt cdu va biéu thic T c6 dang mét phirong trinh dudng thing nén ta

thir tiép odn né bing hinh hoc thir xem:
Trong khéng gian v6i hé toa 49 Oxyz . Xét mat ciu:

(8):(x~1)" +(y+2)' +2* = 4. C6 tm 1{1;~2;0) ,bén kinh R = 2.

Xét mp(a):2x—y+2z2-T=0

G/s M(x;y32). Tir (1) c6 diém M ndm bén trong (S) va ké ¢4 trén mat cdu (s)
=d(L(«))<R

4—T Y S
. ©I3—|32©—~25T510 V6i T=-2thi M Ia giao diém ctamp(B): 2x —y +2242=0
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Va dudmg thing A di

X = 142§

Arly=-2-t

z=2¢

qual va L(B).

. 7 84
V& T=10. Tuon M|—;——i—
‘ 8t [3 3 3]

Vay minT =—2 khi

x=—1
y32=—i
3
=T
T3
8
2
=4
3

Yéu cdu: Céc ban hily gigi bai todn nay bing phuong phap dai sb.

> M5

i

L ¥

2
373

=

&

Chox,y € Rvadx,y> 1. Tim gi4 tri nho nhét ctia P =

.

o) )

2
Patt=x+y;t >2 Apdung BDT 4xy <(x +y)’tacod xygt \

-

! g‘- -E-

SRPAN)

o+

32 _
P=—~—-£-—~M.Do3t—2>0vé —Xy > —— 1fﬁac6

xy—t+1 2
pop_tO=2 Q°
P> - 4 __t (,0
LI -2
4 o\l.
2 2
Xét ham sb f(t):-ﬂ—tt_z;f'(t)=(;© 9 FH)=0et=0vt=4.
: ? \(b'v 4 +e0
o [l & 0
+ a0 —
f(t)
8
. »
Do d6 min P = min f(t)=f(4)=36atduqckhi X+Yy @{
(Zi+oo) xy = 4

P= + +
b++/ab c+ybc a+-ea

Cho ba s6 thirc duong a, b, ¢; tim gié tri nhé nhét ciia biéu thirc:
a+2b b+2c
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Lo i

X242 1.5 3(x—1y
Tacdbdt: ~——> x4+ & > 0 => ding v&i moi x >0, i
‘ Cox+l T4 g Ty S0 T damgvaimo W

Diéu “=" xay ra khi x = |

* Ap dung (1), ta cé: > ——f—E , moia,b>0

a+2b [‘EJZH 1\/?

b+vab  Ja . ~4Vb 4
= +1
b
b+2¢ 1\F 5 c+2a _1fc 5
Tuong tir ta ¢é: 2o —+> va —=>= 124" moi b,c>0
€ c+vbec " 4¥e 4 a++ea 4¥b 4 o3
| I[Ja b el 15.3 15 9 \
Cong ba bdt ta duge: P> —| - 422 L X2 +—2—4-—== V¥abec>0
s 4[J€ Jo JZ] 454 4 2 QN
@)
Viy minP = 9/2, dat dwoc khi a=b=c, '2

. N
Binh lugn: Khi biéu thitc 14 ddng bac chiing ta hoan toan dua biéu thirc qo@%m dn . Tu twong nay chinh 12 tu
tudng giai HPT ding cép ma hoc sinh ndo cing 44 dugc hoe .Sau khi gjigbng bai todn ndy , mt cdu hoi ditra 1a
lam thé nao dé ta c6 thé tim ra duge dénh gif dai dién nhy trong 10 g{ n . Céu tri [0 xin danh cho ban doc

ot . \)
Cho cée 6 thirc ,b,c € [0;1].va théa man didu kigfla+b-+c=2.
Tim gi4 trf 1én nhét cia bidu thic : i/ X@SJ{-JI:? —4b+5 4 4/c? —4c+5
' %\E‘ i
Q

Viée diu tién chiing ta dy doan d4u bing xay rD%iéu ndy khong khé dé dy dosn diém roi cyc trj dat tai bién nghia
12 ¢6 mgt 6 =0 va 2 s6 kia bing nhau . 4 Q) twdmg minh tht a=b = L,c =0

By gidrta ¢6 mdt céi nhin tdng quat KP = f(a) +£(b) +f(c) . Nghta 2 ching ta c6 thé kiém sodt duge mdi
f(a),f(b) ma khéng bi rang budc gi cdC bién con lgi . Nhung trong mét sb trudmg hop khé khin viéc kiém soat nay
cén dén cong cu chia dé trj nh trong chuong trinh thi ta khong cén quan t4m vén ¢ nay . Ok béy gi¢ ta phai
kiém soat dugc df thay d4j<h f(z) . Trong cude sbng ciing thé, chiing ta phai biét kiém soat dc d4 bién thién cita

ban thin qua timg ngéy<)®

Viy ta mong mu(‘)ﬁcg&ﬁét dénh gid kiéu nhw 14 :
‘ f(x)=+x*—4x+5<mx+n
Ma déu diing thirc xay ra tai 2 didm O va 1 . V4y chi cin thay x¥0,l véo ta cb ngay dugc :
f() L (V2= V5x+5

Bay gits ta chung minh diéu nay nhung didu nay kha don gian . Cong vise gidr ddy khd don gian 4p dung d4nh gia
trén v6i lan lugt a,b,c rdi cong lai véi nhaw ta cé ngay KQ.

Cho x,y,2>0 va xyz=8 .Tim GTLN cita biéu thirc :
1 1 |
= +2 +
X+y+6 Zy+z+6 2z4x4+6
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Lai i
Bai todn ndy lién quan dén ki ning st dung gia thiét ciia hoc sinh , thong thm‘mg céc ban quen voi kiéu gia thiét

xyz=1 nhung thuc ra thi xyz=8 hay bing bao nhiéu vé ban chét 1a mot . Nhu'ng d& tim dc chiit gi quen thudc ta dat
x=2a,y=2b,z=2¢ dé c6 abe=l .

1 ] - i
Licnay P=
Y 2(2a+b+3+2b+c+3 eratd

Lic ndy ta c6 nhan xét didm xiy ra ding thic la a=b=c=1
Vi d& xir 1f max cita mot bidu thirc dang nhr trén thi ta nghi ngay dén g ? Nh¢ lai budi 1 ,tacod:

1,1, ¢
Xy x+y
VaytacézP<-]-(Z ! +3° ! )
4 a+b41 a+-2 Q
1 ' OQ
Biy gid tase diCM : + <2
Ve 2 +b+1 2ias .\‘20
1 <F
2pen s Q>
Téch thanh 2 BDT nhé , cu thé ta CM : “1“ + - A
sl o)
1 ~a+2 Q)\)
2 BDT trén c6 thé chimg minh don gidn bing c4ch nhén tung tée 1én n‘\)Nz%n 81 tuong duong . Nhung ciing c6 thé
cach xir If khdc nhu sau : &‘03
Dat a=x* tuong ty véib,c . c)\
. S
Thi xyz>1 Q.
S
Tacinem: ZT-I——-::l &
¥ +y +1 (@)
<
v 2
Theo BCS thi ta 06 : —— Qb +2 <2 t2

X +y +1 (SQ V(142D T (x+y+2)

Thiét 13p twong ty thém 2 BBTéfanél cong lai ta c6 dpem .

Cho ba @é duong a, b, c théa mn a + b + ¢ = 3. Tim gid tri nhd nhét cia biéu thirc:
b\ﬁ; cJE a«/g

= +
JZat+bt+c 2bt+c+a  2ct+atb

L g

b c\/-_i_a\/_
Ja+3 T lot3 Jor3

Béy gi¢ lam thé nao dé c6 thé di dén Livi gidi ? Ta s& ding diém roi AM-GM @& giai quyét (vi sao lai nhu vy, Xin
danh cho ban doc )

Tix gia thiét tacé P=

Ap dung bét ding thic Cauchy cho 3 sb thye duong, ta c6:
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k]
bbb ax3. ot 3

2Ja+3  2Ja+3 16 T Ve4 4
3 3
Tuong ty oe + c\/:: +b+3233°_=£; aJ; a\/g c+32333_:3_a
2Jb+3  2Jb+3 " 16 64 47 2Jc+3 2Jc+3 16 ~ Ved 4

Cong vé theo vé cAc bt déng thir trén ta dugc:

bvb cve ava +a-i-b+c+!5'

Va3 Jb+3  Je+3 16

2%(a+b+c)¢=>?2-;—

Ding thirc chi xay rakhi a=b=c=1

Cho c4c sb thye duong a,b,c théa man didu kién sau
a’b’e’ +(l+a)l+b)(1+c)>a+btetab+botacsts.
a’ b’ cQ

(12020 13a) | (c+28)2a+30)  @at 7@}&6 +3c)

o

Tim gid tri nho nhét cia S=

a’b’c’+(1+a)(1+b)(1+c)2a+b+c+ab+bc+ac+3

N
& (abc) +abe—23 0 L&
% (abc+ 2)(abc —1) > 0 o)
4wabezl Q)\)'

Nhir vay 14 ta d4 tam théi xir 1y duge gia thiée cOng kénh ré{ﬁ%y gi& ta thir quan sat bigu there 8. D& thdy céc biéu
thirc hon kém nhau 1 bac. Goi ¥ cho chiing ta sir dung w\éﬁ'roi AM-GM:

Ap dung bt déng thire Cé-si ta c6: Q)\
N
a’ +b-;—2c @@i-3a>3 I a’ b+2¢ 2c+3a=§._(1)
(b+20)2c+3a) 45, O 75~ \(b+20)0c+3a) 45 75 "3
CM twong tr ¢6: &
(,o b’ c+2a 2a+3b>3(3) '
Ne(c+2a)2a+3b) T 45 75 =3
QOO ¢’ a+2b+2b+3022(2)
@ (a+2b)X2b+3c) = 45 75 5

(o2
Tir (1), (2) va 3 ;\cé: s+2(a+1;’+°)za+:+°@szé(a+b+c)
Ma 4+ b-+Q> 3%abe > 3

(
Viy 8>~
By $2+
Déu“*”xéyraldﬁvﬁchikhia=b=c=1
VéySdatGTNNIéé-khia=b=c~—~1

Cho x,y,z 14 céc s6 duong thay ddi thoa min x +y +2z = 3. Tim gi4 trj nho nhét cia bidu
thitc:
Xy +2yz+2zx

P=x’+y 44z 4 AT 2I2TL27
v+ X’y 4-2y'z+4z%x

LOVEBOOK.VN | 227


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

Livi gidi

Taco
x4y +427) = (x+y+22)(x* +y* +427) =x" +y’ + 82

xy+2yz+27x

2 2 2 2
T
9— (x> +y* +42°)
\ 2x* +y* +42%)
Dt t=x*+y*+42%. Do 3 = (x+y+22)} <3(x + y* +427)=> 123

Pt
2t

\
9t , N
QQ

Xét ham s6 f()=t+=—=t23

x4y +427 > Py + 2y HAx = P Py 420+

SP>x+y +42° +

2P 4y 4427 +

Tacéf'(t)—8t4t+8>0=>M1nf(t) f(3)=4e1=3 | "\2

=X+y+2z=3=%=y -Alz— &\Q

e mytan] &
V@meP—4@»x_y_.],z_.§ . S

o, N '
Cho a,b,c 1 céc sb thuc duong thda man a’ + b2 +cz‘§\5fa +b+c)—2ab . Tim gid trj phod
5y
Ja+lb%§/b+c

Trudc hét ta cd di dodn ddu ding thirc xay ra (& thiy ding thirc xdy ra taj a=2,b=3,c=5 . Cing thiy dugc quan hé
c=a-b . Nénggi ¥ cho ta cich xr Iy dt@,klén nhu sau

nhét cia bidu thic Q—a+b+c+48

Tac6 5(a+b+c)=(a+b) +c’ ‘Q(a+b+c) =0<(a+b+c)<10.

Bay gid.ta mong Ja s& ddn d @fé bién t =a+b-+c¢ Nhung trudc hét, ta hiy lam mét cin thic , ddy 14 thao tac
bt di bét dich trong v:@; toan BDT. Pé lam dugc diéu nay , ta thir 4p dung BDT AM-GM:

a+1

(a+22); 3 b+c£-};(c+b+16)

1 . 12 12
=a+b+c448 + 2a+b+c+48[ + ]
Q a+10 %}b+c a+22 b4ctlé
3
: 4 2304
>atb4+c+576|———=l=at+b+ect+———m—
- [a+-b+c+38] a+b+c+38
2304 2304

Xét f()=t+-20 vai te(0;10]. fi)=1- - <0 véi te (0510}

(t+38)

Do &6 ham s6 nghich bién trén nita khoang (0;10], suy ra £(x) = f(10)=>58.
Suy ra gi4 trj thé nhét cia Q bing 58. khi a=2, b=3, ¢=5
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Cho a, &, ¢ 12 43 dai ba canh ctia mft tam gide. Chig minh:

e N e
btec-a a+te-b bt+a-c

Lavi gii

Theo bét ding thirc Cauchy ta c6

2’b+c—asb-f—c—a_!_1 b+c;>I a > 2a
a

a - Vbtc—a “bto
Tuong fir:
’ b 5 2b.; } LN 2c
a+c—b a+c Vatb—c  atb
Mait khéac:
a b c 1 1 1 9 \3_
={a+b + ~3>2-3
b+~c+a+c+a+b (at +c)[a+b+b+c c+a] 2 Q'%Q
: ‘ <
Cho x, y 12 hai s6 thuc duong théa man x° +y’ =1 . Tim gid trj gk \ﬁt cita biu thir w
Xt +y db’
T U-x-y) /\v '
Lii ofdi \)O‘
bit S=x+y;P=xy .\Q/
Tacbd \/
3 3 3 S 1
X +y =1&8 3(8 1=>P-—
Miit khic (x+y)’ <4(x° +y*) = 4:>S<</"OQQ
3
Tacd A= X +y = S —2F =i%
(lwx)(l—y) P+1-8 -
2
X6t ham sb f(S)— véi 1<@Q€/" Tz ¢6 f(S)——-3-(§-—+—2)<0 nén ham £(S) nghich bién trén (1;%/2].

1) (-1

Suy ra £(8) > £(¥a ) ﬁ

Véy GTNN cuaAQ.’&g' —E—g,datdu‘qckhi x=y=g_5

§. (¥4-1)

Chox, y, z 12 ¢ dai ba canh cita mét tam gidc c6 chu vi bing 3. Chimg minh ring:
i 1 3.
x+y+z<[l l+—]+

y+z z+x x+y'"3;c— Y zZ] xy+yz+z

L e
Vé tr4i ciia BBT (1) cho ta nhé lai vé bai TST 2006. Két qua dé6 la:

11
LENI Ay <(x+y+z)[ +=+ ]
y+z zZ4+x x4y y

Do d6 —* +-2 42 5..1..1.,_14_1 )}
y+z z+x x4y~ 2lx
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y 2 Xy +yz+zx <§ (3) (c6 thé dimg Cauchy-Sch

+ <
y+z  z4+X x4y x4y +z "2

* D& chitng minh dugc

* Tir (2) va (3) ta duge:

X,y 2 2y % len X 51[1+1+1]+1[_5_W_xg+y§-
y4+z z+x X+y 35iy+z 3yt 3x y Z 312 x4y -
_3 %l+l+%_gw+¥+ﬂ_
6 3lx vy =z 3(x2+y’+zz)
* Viy chi cin chimg minh budce cubi cing 1a BDT sau:
3 Xy+yz+zx 4
xy+yz+z X +y 4z 3
BDT (4) dugc chimg minh rét don gian bing cach dit t=xy+yz+2x .
V4y baj todn duge chitng minh hoan toan.
Nhgn xét: Py 12 mot bai toan kha hay, c6 18 nd dugc sang tac dua trén BDT TST nédm 2006. Trc
minh BT TST 2006 ciing chi cin gia thiét x,y,z 14 3 canh mot tam gide mé x+y+2=3. C6 1€ ph¢} Q’»

)

todn ndy chi c6 mét kich ban 12 phai dua vao bai TST 2006 ma thdi. )
. A Y
Xét cac dathic P(x)=x’-6x’+mx—n v6i m,n€ER c63nghiém ﬂ@om
Tim da thirc sao cho m dat GTNN. ,(‘Q\

D4y 14 dang bai d3 qua quen thudc vé viéc d4nh gia cac h¢ sb cha mét ch\ah’rc théng qua cac ngh
d6. Voi dang toan niy ta phai sir dung dinh Iy Viets va dénh gié tr§ nghiém.
Goi ba nghiém ciia P(x) 12 x,,%,,X, €[1;:3]. Theo dinh Viet ta cg\

{x, +X, +X%, 3@

XX, -i—x,\x@%— X,X; =m
KO

) _B;_ﬁ:,c_i_é_": Cho ba 56 a,b,c€ [0;2] théa m&n a-l-@@ =3. Khido ab+bect+ca>2.
Bing thirc xdy ra khi va chi khi (a,b, c’)\\t(,(};l;z) va cdc hodn vi.
o°
Tré lgi bii todn: Ap dung b4 d& é@?a 6 x,—L,x, —1,x; ~1€[0;2] ta duoc:
& - 10x, =D+ G = D, =D+ Gy =D =1 22
Suyra XX, + XX, + X XQ® 2, + X, +x,)—1=>m = 11.
Déng thirc xay ra khiN®), x,.x,) = (1;2;3).
Viy m=11 va khi d6 P(x) = (x —1)(x = 2)(x ~3) =X’ ~6x" +11x—6

Gia sir a, b, ¢ 12 ba sb thue thoa man diéukién a+b-+c'=0 va a?+b 4+l =
16n nhit ciia bidu thire P=a™" +b™"' + ¢

Liri g

Bat P(a, b, C)= azoll +b2011 +c2011 ,
Ta nhan xét ring néu (a, b, ¢) thoa man didu kiéna+b+c=0vaa’ + b’ +c* = 1 thi (-, -b-¢) ¢
kién nay va P(-a,—b,—c)=—P(a, b,c}. Do a6, d& théy, GTLN cia P phai la métsb> 0. Via-

LOVEBOOK.YN | 230


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

trong ba s6 a, b, c, s& c6 hai sé ciing ddu. Néu hai sé ciing dau ndy 13 56 duong thi P < 0 nénta khong xét. Ta xét
trirong hop c6 2 56 m, mot sé duong. Giasirb,c <0.Pitb=-x,c=-ythitacéx >0, y>0,a=x+yvatacd

) x*+y*+ Xy =—;—
‘2) P = (x+y)10” —x2o ﬁymn .
Tir 1), &p dung bét déng thirc quen thugc %(x+y)2 <x*+y'+xy tasuyra x+y 5% diu bing xay ra khi

1
X=y=—f4

7
Tiép theo, sir dyng dénh gia x* + y* > (x ;){) (¢6 thé chimg minh d& dang bing quy nap hodc bit ding thirc
Holder), ta c6

P < (220101 2011752010 2*" -2
< -1 ){x+ L=
{ Jocky) ( \[6—)20” Q
1 Q
Déu bing xay rakhi x =y = —— @)
g xay Y= JE \20
22 N\
\'my P (\/—4)20” . &

fQ

Cho ba s thire duong a, b, ¢ théa man: ab +bc+ca {ﬁﬁc Tim gla trj nho nhét cua bidu
thic:

b b

a | &e c
P= (—“‘+—)("\7+ )(;“‘;"‘a)-

Trudc hét ta im c4ch don gidn di bidu thic P o\\’

1 i K)l ac 1 1 1 1 1 1 1 1
2= — o Y FRSCWREE USSR | (RPN
b b ab] a a ca] [ + ’][ b+b2][ +c2]
1 t O
Dt x =—, —-, =2
* a Y z céo

SuyraP=(x*—x lfbg&—y—!-l)(z —z+1).

Gia thiét 44 cho &g thanh: x,y,z duong va x+y+z=3.

Béy gidrtac DT d6i xtmg 3 bién c6 gia thiét tong x+y+2=3 nén ta sé& tw duy twr nhién 1a don vé x,y+z .
Pé lam duoc diéu ndy ta dimg m{t ki thust khd méi 46 14 Nguyén [y Drichle .

D& thdy trong 3 s6: x— Ly~1l,z-— 1tonta1256c6tichkh6ngam Gia sir (y—l)(z—1)>0
khi dé:

(y’—y+1)(z’—z+1)=yz(y~1)(z—1)+y’+z’—y—z+_1

l .
2(y2+zz)~y—z+125(Y+2)1—(y+2)+1>10

Suy ra:

P=(x=—x+l)(y2—y+zxz’—z+1)z(x1—x+1)[%(y+z)2—(y+z)+u

=(x‘—x-l—l)[%(S—x)’—(3—:){)4—l]=—;—(x2 —Xx+1{x*—4x+5)
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Ta chimg minh (x* —x -+ 1)(x* - 4x+5)> 2 )]

Thire vdy, bién déi (1) twong duong véi bt dng thirc sau:

2510k -9x + 3200 (x 1D —3x+3)> ¢ ludn ludn diing voi moi x.

Diu =xiyrakhix=1.Tirdosuyra P>1,c6 ddu“="khix=y=z=1haya=b=c=]

Vay GTNN ciia P bing 1 khi a=b=c.

Binh Iugn: V& BPT dang £(x).f(y).f(z) > k thi viéc d4nh gi4 dai dién trd nén kb4 )4 v6 dyng . Nén ta hily cha y
14y ra 2 dai dién va d4nh gi4 chiing biing Bunhiacopxki hogc 14 don bién.

. Véi moi 56 ab,c khéng &m. Chimg minh bit déng thic:
al +b*+c* +2abc +1 Z2(ab + be + ca)

Diu “=" xay ra khi nao?

Lai gii
Véi dang bai nay ta c6 thé dimg nguyén 1i Drichlet quen thugc: ' Q
Trong 3 s& 1—a;1—b;1—c tdn tai hai s ¢6 tich khong am. ()Q
Gid sir (1—a)(1—b) > 0= 2e(1—a)(1—b) = 2abe > 2ac + 2bc — 2¢., \20

Do &6 N\
a'+b* 4o +2abe+1>a" + b +c’+1+2ac+2bc—2c.\db'
— (a— b) -+ (o~ 1) + 2(ab+ bo+ ca) > 2(ab 4+ b 4 oS

Ping thirc xdy rakhi a==b=c=1 .

Mgt 56 bai todn twong ty Q,\) .
RN
e , BN ™~
1. (APMO 2004) Cho a, b, ¢ 14 céc s6 thye duong. Chitng minh ta ¢4 bat ding thirc
(a2+ 2)(b2+ 2)(cz+ 2)2%@ + be + ca}
2.Cho a, b, ¢> 0 . Chimg minh ring \‘»Q
a2+b2+cz+2abc+3€% + a){l + b)(J + c}
3. (Hello summer 2007) Cho x, v, z 1a cic sb th g. Chitng minh ring ta luén c6 bt déng thiic
ayz +2{x*QV +2°)+8 >5(x+y+z
\_ \l‘( % ) ( ) Y,
i
Q ol 22 222
Choa.,b,cthuc.qzﬁﬂgminhrang b v a4 v b +2 v © =0.
< 2a“+1  2b° 41 2¢7+1
AN
§ L gii
BDT tuong duong véi
2p*—2a"  2¢°—2b°  227-2¢" 2641 2¢° 41 2a +1
2a7+1  2b°-k1 28 +1 2241 20P+1 2P0

BDT nay la hién nhién theo AM-GM.

Binh lugn: Viéc 1am vige véi cac BDT déi ximg dugc so sénh véi 0 kha 1 réc 1éi phitc tap . Dé trénh dugrc didu
nay, khi gap nhitng bai nhwr vy ching ta cong vio mot lugng 12 hing sé thich hop dé chimg minh mot BDT khéc
twomg duong ( song c6 v& dé thao téc hom)

Cho x, v, z 12 c4c sb thirc duong. Chémg minh bét ding thirc

2%t +xy 2y +yz 227 4 z7x o1
v+ @y’ bz vy
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Livi gidi

Quan s&t & miu sé, ta thiy c6 mot didu ta c6 thé dé 12 ¢6 xudt hién 1dn hegt x .¥,Z nén ta s& ddnh pi4 dé hy vong
14y ra duge sb hang x +y+z .Didu nay lam duec nhiy bat ding thitc BCS

Tacéd
VI 42 = (Yo fy +VEANZAVENZ) <y %+ 2y +242)
1 1 - 2x% 4 xy S 2x% + xy
(y+\f—+z)2 (x+y+z)y+22)  (y+Jmx +2)° T (x+y+z)Xy+2z)
2
_ 1 2x? +xy_|_x_x - 1 [2x +2xy+2xz_x]
(x+y+z} y+2z (x+y+z)l y+22
= x
Y+2z x4vy+z
Tuong tir, cdng lai ta dwge '
2x 2y 2z _ \
VE(1) > + + -1
()—y+22 Z+2x  x+2y Q'»
Diéu nay dung theo BDT Nesbbit . _ \20
Cho céc 56 nguyén duong x,y,z thoa mén didu k1¢nx+y+z~@' Tim céc gi4 trj I6n nhét va
nhé nhét cia biu thie M = Xy+yz+zx &‘Q\
Loigiii - G

Bai todn nay dde biét & ché gia thiét cho cde so nguyén dwong, Ww cdch lam 1a dya trén nguyén Iy eue han . Dai
khdi ndi dé hiéu la chiing ta sé chimg minh néu né dat cye m\@cdc bién cia chung ta s€ léch nhau khong qud I .
Te duy ndy Ia mét tu duy ndng cao dimh cho cdc ban ho (@h chuyén todn kodc muén hoc gisi cdc cdu tric tin
hoe

Khéng mit tinh tong quét, coi x zy>zthi 1<z <C§\70

Khi 49, sir dung bt ding thirc BCS déi voi bé Q,y,z+1, ta duge

2013° ={xd§y+(z+1)]’ 23xy+ y(z+D+(z+ ],

Nénsuyra: ‘
201322@4+x+y)=3(M+2012—z)23(M+2012—670).
Suyra N .
O YU
O 3 (2012~ 670)] =1349381.

Diu diing thirc xay n)lQ’va chi khi x =y =671,2=670. Viy maxM =134938].
M(x,y,z)~xy+§i+z:x v6i cac bién x,y,z€ N* thoéa min che didu kiégn x>y>z v x+y+z=2012,
Nhin xét ring, W80 z > 2, thi
(x+Ly,z—1)=(x+1)y+y(z~ 1)+(z —1)(x+1)=M(x,y,z)+z—x—l<M(x,y,z)

Vay nén M(x,y,z)>M(x+z—1,y,1) img véi moi z> 1.
Tuong tir, khi y > 2, th

- M(x+l,y—1,1)=(x+I)(yw-l)+y—i+x+l=xy+x+y+(y—x—1)<xy+x+y=M(x,y,l)

- Vay nén M(x,y,z) > M(2010,1,1) tng v&imei z>1 hodc y>1.

Suy ra minM = M(2010,1,1) = 4021.

Cho x,y théaman x*+y® =2 . Tim gi4 trj nho nhat, gi4 trj Ién nhit cia bidu thic:
M= x*(x + 2)+y*(y + 2)+3(x + y)(xy — 4)
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Tacéd

(x+y) <2(x*+y*)=4=-2<x+y<2
Khi d6

M=x(x+2)+y (y+2)+3(x 1+ y)(xy—4}

=(x4+y) —12(x+y)+4
bitt=x+y=te[-2;2]
Tac6 f(t)=t>—12t+ 4 '(t) = 3t — 12 < OVt € [-2;2]
Do 46 f(t) giam

maxM=ma}xf(t)=f(—2)=20®t:—2@x'=y=—l

minM = mmf(t) fQ)=—-12et=2&x=y=I

Nhin xét: Bai nay gia thiét va biéu thirc M duge cho dudu dang d6i x{mg hai bién, Nén ta s& giai bai t@n nay béng
c4ch dbi b:en t=x-+vy hofic &4t t=xy sau d6 khao sit ham s6 (1) . Sau day 14 céc bai todn cb dinh hm?)@'ucmg .

R >O
(/Béi todn: Cho x,y thyc théa man x*(2x" - 1)+y*(2y° —1) =0. Tim gi4 trj nho npé@'m Jom nhét clia \
biéu thire: P = x ( 4)+y (y 4)+2(x Y 4) &\Q\

Bi todn: Cho xy thuc théa man (x* + y2) —3(x* +y*)+2 = —x* - 3x"Tim gid trf nho nht, gi4 tri
Q) .

16n nhét ctia bidu thie: A = x* 4 2y — 3x%y’ \>
Bai todn: Cho x,y =0 théa man xy(x+ y)=x2+y2—x—w@}Tim min P=l+-1- ‘
X Y
- A\ J

F
N

< A
Cho a, b, ¢ 14 céc 56 thuc khong am &nﬁn didu kién a+ b2+ ¢*=1. Tim gié tri }6n nhat cia:
P=fb)(b—c){c—a)a+b+c)
<

N
Q Lai giai
N
o(az +b 4+t > 4a+b+e)(a—bib—cHc-a)
Do déy 1a 1 bét ding thirc éﬁ vi vong quanh nén ta s& xét 2 trudng hop:
Néy a>b>c.Lucdd nhién ta cé didu phai chig minh:
@+ +c’Y =20=4(a+b+c)a—b)b—c)c—a)
» Néu a < b<c.Ap dung bét ding thic AM —GM tacé:
4a+b4c)b—c)c—b)c—a)<[(a+b+ c)(b a)+(c—a)c—-b)f
V4y nén ta chi cdn chimg minh:
a®+ b +ct > (atb+cib—a)+{c—a}c~b)
«a(2a+2¢c—b)>0
Yéu cﬂu Céc em hay giai bai toan trén bang cach sir dung phuong phép ham s61

Ta s& chithg minh:

Chox,y,z>0 va -!-+l+—1-=1.Ch1'mgminh
X y z

Yz Y+ X + oz xy 2 xyz VR Y+
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Lai gidi
Nhin gia thiét cho NXYZ tachiqfxyz = J;—y + \/E-l- Xz
z X \} ¥ _
Ta d& dang chimg minh duge /z + xy =z + fﬁ
z

@z+xy22+x—y+2\/>§
z

1 1
®z+xy2z+xy(1w;—;)+2\/§§@x+y22\15

Diéu nay duing theo bt diing thirc AM-GM viy bai toén duge chimg minh

Cho céc sé thye duong x,y,z . Chimg minh ring
P11 > 36

Xy oz 94xy 4yt QQ

Iﬂ. -E.: ‘\

Ap dung bt ding thirc AM-GM ta c6 N

1,103 AN |

X ¥z Yxyz 12%’(xy)2(x26@52.l.l.l.l.l.l.l.l.l

36 . 9 36

=4 2 2 2 X723 2.2 2,2 9
32 [0 + 02y’ + (y2)° +9INACY” +x72° +27y* +

12 &fb}

Binh lufn: Déi ltc dp dung AM-GM két hop véi @?mi s& cho chiing ta nhimg Léi giat rét bit ngé .

{dpcm)

Cho cdc 58 thye duong x, 7, ah% man diéu kign x+y+z <1 . Tinh gi4 trj nho nhit cta

biéu thirc: &\
RS 25 8
< P=4x+3y+24z+%+3—+—

y 3z
N
)

| Q:QO Lt i
Ap dung BDT AM-%& Cauchy-Schwarz
X

19 25 8

. P=4x+3y+24z+—f——~4-—,
§ x 3y 3z
1 2 9 4 1

[4x+l]+[3y+—]+[24z+———]+2[—+—+— >44248+72=286
. X 3y 3z X y z

Déu déng thre xay ra khi va chi khi :

a=l;b=l;c=-1—
2 3 6

Cho 3 sé thuc a,b,c € [o; 8] ma P - o < 2. Chimg minh ring

Jab+1+bec+l+Jearl>atbsc,
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Tacéd: Vab+1 2,‘alb+(§~—m2;~b-)z =ia;b|.
2
\/bc-l—lszc%«[b;c] =|bJ2r°|

Tuong tr

2
Vac+12> ac+{aT_c] =_|a—+c|.

2
Cong lai 131 sit dung bét déing thirc quen thude |x |+ |y |+| 22| x+y +2z| ta ¢6 diéu cin chimg minb.

Cho x,y,z 14 ba s6 thuc duong c6 tng biing 3.Tim gi4 tri nho nhét ca biéu thitc

P=3x*+y*+2")—2xyz.

' \
Lvi gidi N
QQ

Tacd \20
P= 3[(x +y+zy —2Axy+yz+ zx)] —2xyz N
' =3[9-2(xy + yz+ )| - 2xyz \db’
=27 —6x(y +2)— 2ya(x +3) L&

(y+z)°
> 27— 6x(3— X)L (x+3
> x(3 %) 5 (X+.)Q}\}
\
= —;-(—x’ +15x* —2Tx + 27).\\/
Xéthamsd  f(x)=—x’+15x* —27x+27 véri0<x<&
Y% x=1
f'(x)n—3x2+306@97=0¢lx29

Tir bang bién thién suy ra MinP=7 & x=y=z= 0§

, O ) .
Gia sitx, y, 2 14 céc s6 thue dudfg théa man x> +y* +2° = 1. Tim gi4 tri Ion nht ctia biéu
thie Q)
O 3,3 3.3
Q° oW v Xytyz
< P= 7+ T 3.3
@ I+z° 14x 24x°z
(72
Ap dung bét ding th@ ta ch :
Xy vz Xy N vz
1+ 1+ (Z40)+(Z+yY) (K +y)+ (P +2)
Xy yz 1 ¥ ¥ z
< + < + + +
_2\/(22+x2)(zz+y2) 2 +y*)(x +27) 4 24xt 2y Xy K42

I y: y i, ¥ ¥ 1[ y y] 1 1[? y]
=14 s e  EREAE B R | R - b !
‘4[ Z+y x4yt T4l 2yz 2xy) 4l 2z 2x} 4 8lz x

Tiép tuc 4p dung bét dang thirc C6 si, ta cé x3y3+y3’z32-‘1;(xy+yz)3 nén

2% T 4% 4

Z X

3.3 3.3 3 3
Xy’ +y’2 (v +yz) =1[y+;]‘
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1 1y y] l[y ¥Y
Suyra P<- .
W 4+8{z+x 9%

LYY 1 4, 1 1
Ditt==+= khidé t>0 vA P<——t' 4—t+—,
z X 9 8§ 4

. o1 1 1
Xéthamso f(t) = ———t’+—t+= vdi t>0.
® 96 8 4

Ta cb f‘(t):—%t’+%;f’(t)=0@t=2, vit>0.

Suy ra bang bién thién:
t o 2 +oC
7w + 0 -
3
iz
f© \
oV, .

Dura vao bang bién thiéntacé P < 1— diu dﬁng thite xay rakhi vachi khi t =2 hay g; = T Viy gid
tr] 16n nhit cia P13 -, dat dugo khi x =y = 2=, AN

127" V3 ) (5&
Bink Iu@n: Vigc thay thé mét hiing sé bing gia thidt cha bai tosn I3 cc’mg@ thudmg hay duge sit dung khi giai
cée bai todn v& bét ding thic dai sé . o)

T
Gid sir %,y 12 cc s6 thyc duong thoa mén 3(7;\-’}/\\;% Xy + 1). Tim gid tri 16n nhat
ctta biéu thirc
;';& 2y 2x+ Xty
+2y° | 2xP 4y
o&
()\Q Léri piai

Ta c6: A

x+ 2y 1 O «xy 3 < X 3 X 3

x*+2y° {l_y\?(x Y)Y xky T 2%y Y Xby  Zxty Xty
Tuong ty, ta ciing cé: O
Q:Q 2x+y_1<y'3“
(0'0 2%°+y* x4y~ x4+2y x+y

Mit khéc, ta c6 &‘ +—2 2 =, vi bat ding thirc ndy twong duong véi
x+y x4+ 2y T 3

wsz,hay(x_y)zzo.

2x% 42y +5xy ~ 3
X Y 3 <3 3 2
2X+y x+2y

. <= = SuyraP<—4--— 4]
X+y 3 x4y x+y x+y

Tidéotacsd P—- 2 <
"X+y

Tir gid thiét ta lai ¢6 3(x +y) = 4(x* +y*) +4 > 2x +y)* + 4.

Suyra (x+y) >4, hay x+y>2. ' 2

Tir (1) va (2) tac6 P < 2. DAu déng thire xay ra khi va chi khi x =y =1.

Vay gid tri 16n nhit cila P bing 2, dat dugc khi x =y =1.

Binh lugn: Ry thir giai bai todn ndy bing cich khai trién tryc tiép va dua vé c4c bidu thitc S =x +y,P = Xy
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Cho céc s6 thye duong a,b,c thoaman : a+b+¢ >3 .Chimg minh rang :

a’ —a’ " - -
(a+b)  (b+cy (c+a) ~

Livi gii
Céng thém 3 vao vé tréi, ta cAn chi ra ring :
> a’ 4+ 2ab+ b’ S
(a+b)
Theo bit ding thirc BCS, ta 6 :
(a®+2ab+b*)(a+2ab+b*) > (a+b)*

a’+2ab+ b’ 5 _f(at b)?
(a+b)y’ T a+2ab+b? Q
Tuong by, tacod : ()Q
B 42betc® (b QQ
Ot - b+2ob1c db\

Viysuyra:

¢ +2ac+a’ {c+ay N
>
(a+c) ~c+2cata’ &\Q
2 4 2
Ap dung BCS, taco (Chal) . Caidd) . {c+a) -=>3 D
a+2ab+b* b+2cb+c® c42ca-ta .9
Viy ta két thic chimg minh & ddy , ddu déng thirc xdy rakhi a =b ;{Q .
L.
e

. N\ "
Cho c4c sb thyc duong 2,b,c théa man abe =1 q)k;hfmg minh réng :
J2@2 1) +200° + 16&(& <1+ —i—(a +b+¢)
<

D
o
Ap dung bét ding thitc AM-GM, ta c6: \@a? ThedHl atl 3atl) 2
a+1 2 2 a1

&)
Tueng ty, ta suy ra: .,/2(a2+1)+ﬁ2+1)+\f2(01+1)S_Eab—-l_i)+2—2.[z 2 ]
<

2 a1
[ a&rb'b Lt ]+a+b+c>_7_
-2

Ta cin chimg minh: 2.
§r b+l e+l 6
Mt khdic ta c6: —2-3 2> 202 T
a+t+l 6 3 6
Suyra:z.[ a_ b c a+b+0221na 2lnb 2lnc+l=1
a+l b+l c+1 6 3 3 3 2 2

Phép chirmg minh dgc hoan tht .
Bink ludn: Chéc hin céc ban dang thic méc 12 tai sao lai c6 dénh gi4 (1) . Hay xem ki chuong Ki thugt hé s bét
dinh trong cudn sach ndy nhé.

Cho a,b,c 1a cac 56 thuc duong théa mén ab > % va 3a+57b+7c = 3abc + 100 1im gia tri
a

nhé nhét cia
P=a+b+c.
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Ta s& chimg minh P > 2 335

Tir diéu kign ciia d& bai va ap dung AM-GM, ta cé:

7P =3abc— 50b+[—09+4a]>3abc 50b 440

3a® +57ab--100

Ta s& tinh & =
a 58 tinh duge ¢ a(3ab—7)

Tacdnchira dugc: 3abc — 50b > lis

2 :_
Dé  thiy 3abo—50b— l§5 150b+-27a*b 4 63ab’ — 375ab -+ 875

3(3ab—7)
Viy nén, ta cn chimg minh: f(a,b)=150b+27a’b+ 63ab’ —375ab+875>0 (1)

Néu b>—6_-’9- thi 63ab® —375ab = ab(63b--375)> 0 nén (1) dung. QN
. 1b-125)  7{60—7b){3b—35)’ . ‘2;
Néw b< 82 i £(a,p) 2182210125 | 7(60-Tb)(3b—5) >0 N
' 12 12 db
Viy (1) ding . N
(1) ding &‘Q
L ) 5
Dﬁudﬁngtht’rcxéyrakhla=c=5;b=—. @
. 3 R
. 0‘
Cho x,y,z 1 céc s& thuc duong thda méan x’M + 627 = 42(x +y) . Tim gi4 trj nho nhét
ctia bidu thirc: &rb'
\ v Ky
F= X% 2’ * x(y +2) R
o)
T . N
S) Lini gigi _
Bai toan cho diéu kién kha réc réi kb4 may mén 12 n6 ddng bic nén cach xir Iy khd quen thudc .
. @)
Tir gia thiét, ta c6 : (X +(1)(¢6 =42+
Z ZO Zz z
O 4 =a’4+b'+6 6 2(a+b)>ab+3
X ¥ 2 {a+b)=a*+b’+6>2ab+ 2a
Pt —=a,==b= +éa+6=4 b)= =
" z ao ta+b) {4(a+b)=a’+b2+622(a+b)+4 a+b>2
Tacé: \(b'
* a’ b’ 2 2
BP= + ++a*+b
§ bla+ 1) ' a(b+1)

a’ v {(a+b
Pzb(at-i-l)"’-I“a(bﬂi-l)’_'_ 2Q+V2

Xét Q ,4p dung AM-GM, ta c6:
a’ a+l ab+b_3a b b+1 ab+a_ 3b

z—; + + 22—
b(a+1)? 3 + 8 T 4abb+1)’ 8 8 4
Cong 2 bit ding thitc Iai, ta c6:
Q>a+b_gg__2a+b 2{a+b)-3 l=—1-=>P21+\/§
2 4 4 2 4 4 2 2

Dﬁngthﬁcx&ymkhivéchiklﬁ X=y=z
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Cho a,b 13 céc s thue duong va tha man a® +b* =a+b .Tim gi4 tri nho nhét ciia biéu
thirc :
16 16
P=3a+2b+wp———eq
Ja+3b  Wf3a41

Liri pii
Viét biéu thirc ¢4 cho lai thanh : P = 2t 3b o |1, Sat 14— —(a+b)-1
' Ja+3b Ja+l
HERY]
Tir gia thiét, ta c6 : a+b=az+b22—(2i2'l®a+b52
Ap dung bit ding thic AM-GM, tacé:
16 8 8
a+3b+——==2a+43b+ + >12
Ja+3b Ja~i~3b Ja+3b \
3a+1+— 32414+ e Q
J3a+1 \/3a+ J3a+ ()
Suyra P>24—2—1=2]1 Diubling xay rakhi a=b=1 . ‘20
. Q\
: Y
Cho céc s6 thuc thda man x,¥,z > 0va thia min X =y +z+Xxyz. i4 trj 16 nhit cua
biéu thirc: ;\
P (z+zJ_) 22 O
(x+y)(z* +l) (2 +1)\(z +1
Lid gidi \&fb,
Tacé:
z(z+xyz+2z@ 2z
x+YPD (@D +]
_#H{x— -&\/—) 2z

(x €2 +1) (z2 + 2P +1
Ap dung bt dng thic BCS, ta ¢6 : O\l‘

X— y+22J_ @69 1+2J_yz] <J[x ¥) +4xy]1+z ={x+y)z’ +1

s@ 22z 22 (2 ]ﬁ
JzZE 41 (zz+1)~,/zz+l 72 +1 Jz +ll 2+l

Vi thé, ta ¢6

< _ 2z
- Jzz +1 (2 +IWZ+]
. . 2
Khio sit ham s6 £(t) = 3t— 2t véi 0 <t = s g£
P+l 2

Tathy P < £(t)<~+/2 . Diu bing xaye ra khi va chi khi x =2 +Ly=v2-1z=1

2 2
(3ab+be) 121b > 97

>b> .Chii inh ring: P= =
Cho a>b>c¢>0 .Ching mi g B PERIR JFE R SN

Livi gisi
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Bat

a c 121
A==,y ==,x>1>y;P=0Gx+y) LI ST
v T ) Y ey 11
Taco
X2y 8y 1= (3 +y) = 6x% + X2+ 2% +6xy+ ¥ 26+ x7 +8xy + ¥ = t 45
P>t+5+£=f(t)
f()>27 e (t-11) =0=>P=27@a=b=¢
Viy minP =27
Cho céc s6 thyc duong théa man x+y+2z=3 Chimg minh ring :
4
P 4% n 4y + z
yJI+8y +4x-2) 221482 +4y—2) x(2V14+8x +42—2)
. . X
Lii gidi - QY
Theo bét ding thirc AM-GM, ta c6: \2@(’
VI+8y = [l1+2y)(4y* 2y +1) <2y + ;Z\
= 4x > X :lu_ b >l__1_
¥{2 ey’ +ax—2) vl 1n) Y A%y 2k
T ddy suyra: \)d
P> ——— N| + ---—3
Ex 2J— 2@\/ Z
Vx Z&QCQJX-HH-Z
\s, 3

=¢-p> % Sx=y=z=1

Cho x,y,z lacic sé@@du’o‘ngtboamﬁn x £z . Timn gia tri nho nhét cia biéu thitre:
. 2 2z(2y+z
\l‘ P=J2+ 2 2(y+z) 32
(x+yY  {y+z)' z+x

\ Lo g

X 3Z
y

+
\/ ((x-i-y)z (y+z)2) z+x X4y y+z z+x
By gid, ta thiy bit ding thirc 1a thuin nhét bac, va cich giai quyét 1 kha quen thude:

2

Pat = =a,% =b(a<b)
y Uy

Nhur v3y thi ta cé:Pz a +b—1i—l + 30 =f(a b)
Biéu thirc 2 bién khéng cé diéu kign gl bﬁu viu thi ta ¢6 thé tinh dao ham hodce chimg minh tryre tlep bing bién ddi

twong duong, ma cu thé:

(b-a)(3ab+a+b+3)> =>P=_§ﬁx=y=2

5
f(a=b)—§= 2{a+b)(a+1){b+1) ~

L&i giai dugc hoan tit.
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Cho 2,b,c > 0 v& thoa mn a-+b+c =1 Chimg minh rng:

J_<(a b)(b—c)(c—a) < \/is

Liziai
Bét déng thitc twong duong véi viéc chimg minh :
1
—bY{b—c)(c—af <—.
(a=b) (b (e-a) <oi-.
Khéng gmm téng quit,gidsirazb>c .
Mat didu dac biét & dat 12 ding thire xay ta tai mot diém 13 0 nén ching ta hoan toan c6 thé manh dan dénh gi4 nhu
sau A8 trigt di bién ¢ :
[(b —c) <b*

(a—c)* <a?

Ta cdn chimg minh : 42%* (a— by < %’- QQ
Ap dung bt ding thic AM-GM , tacé : 3 *ZSQ

4a’b* (a—b)’ = (2ab)(2ab){a* —2ab+b*)) < (& 42045 (a+b) < ( !

S
c=0) Q\
3443 3-43 0] R
6 2 H

Diéing thiric xay rakhi ja+b=1 & (a,b,c)= 2
a’+b*—4ab=0 O
Va céc hoén vi twong tng. ' Q/
Binh Iuén Xu huéng ra dé thi ddn v& bién dang 13 mét xu budng nhﬁnksﬂém ghn day cia B§ giso dyc, céc em hoe
sinh cén thao tic ki dang bai ndy. . &’0’ :

Cho a,b,c > 0 va théa mén -ﬁ\+c =1 Chimg minh ring:

—=<{a- —c)c—a) < —=

g Se -
O L gidi

Bt déng thic cAn chimg minh fuong duoqg_vdn

4 1 4 1 ™ (2a-1°
x_ >l > ]
Hal~a+1)"

3 a—a-i—lt@ b’ b+1+3 ct—c+1—
2
2 b
Theo BCS : Z 2a 1) [ {(a+b+c)— 3)]

j\‘B[a +b2 4’ ~(a+b+c)+3]
. Néntacin chu'ng mi

(a+b-+c) +6(ab+bc+ac)>9(a+b+c)
Diu ndy kh4 don gian néu ¢é ¥ ring ab+bc+ca >3

Cho a,b,¢,d > 0. Ching minh réng :

3 3 3 3 3 3 3 3
{]; “;b + 5 +§/° ;d w’d T <2atbrotd)—4
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Lavi gidi

Day 12 mjt bai todn kha phre tap . Ta cfin phai c6 mét dénh gis trung gian dé lam méy di can thic & vé tréi .
Trudc hét ta chimg minh bét dang thirc sau :

3 2 . .
,Ja_t@_sa +b & (a—b)'(a* +ab+b7)>0 ( luon ding)
2 atb

a’+b’ a’ + b’
Suy ra: 3 <
D e

Bay gid moi chuyén tr¢ nén kha don gian va chiing ta khong phai lam viée véi cin thire nita
Ta co:

2

22a—2a2+bz =221—I»i-22i1—=4

a++b .1 1
a+b Z:a
. 3 b] a2+b2
Dods: S+ o <25 a—4
¢ EV 2 _Z at+b — Ea Q
iy Ia didu phai chimg minh . cg )
&i nhur vy khong codn 13

Bink lugn: Thire ra khéng ¢6 mét giai thich nao cho vigc tim ra ddnh gi4 nhu tré
todn hoc nira . Hay nang cao ¢am gidc todn hoc clia minh bing ti mi quan sét va dan ddnh gia thir va sai.

Véi a,b,¢ 13 cde 56 thue duong thda man : a? +b? 4 ¢? -9@ b+ c) <4 Ching minh ;?mg
\ o Al botl | >3 J—
{(a+b) (b+c) +a) ‘
N ‘

@\/
e

Tuglatméttasuy ra:a’+b*+c?+ab+bot % (i)

By gids nhin vao bai toan ta thiy sy xudt hié c@a s& hang tir do d3 12m bai toén trér nén khéng ddng bic, vi céc
hang tir con lai d2u 12 bac 2 . Nhu viyta I&ong bac 2, vachiy & diy 1a (1) cé bic 2 nén ta tim cach thay s 1
véi bidu thirc ndy . Vi vy ta d& xuit i nhur sau :

Do 86 ta di chitng minh BDT manh g 12

2ab+§%+2ab 2bo+» at +Zab 2+ a* +Zab
@ b)’ (b+c)’ (c+a)

é)%(a+b +(c+a)(c+b)_6

(a+b)
§ (c+a)(c+b)+(a+b)(a;}‘c)+(b+c)(b;|-a)23
(a+b)’ (b+c) (c+a)
Biit.déng thirc cudi ciing ding theo AM-GM.

Cho a,b,c >0 thoa min a+b+ ¢ = 3. Chimg minh ring:
i 1 !
+ + >
14+ab  I+bc l4+ca™ 2(Ja++/b++k)

m. i !. A
Néu nhu 4p dung tryc tiép Bét Déng Thitc AM-GM thi ta s& bi nguoc diu, lic niy ta cin phai virgt qua diéu nay

bing ki thust quen thudc d6 14 AM-GM nguoc din
Tach:
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1 ab >1Ja_b

f+ab  1+ab— 2

1 i, ! >3_JE+\/';?+JE

= +
1+ab 1+bc l4Hac™
2
is_QoVar 9
4 4 203 )
Pit t=/a+ b+ Péyring: Jatbtec<Va+Vb+Ve < fBa+b+o)

Nén = /3 <t <3 Bét ding thirc duge viét lai thanh :

(va+Vb3ey—a~b—c
4

=3—

Ta cn chiing minh :

2 —
15—1—22@('1—3)1—‘55"‘5 t+‘(3—3 /3 <0
4 42 2 2
D2 thiy : \/5>@-;—J§ nén ta c6 ngay dpcm

Binh lugn: K1 ning 4p dung AM-GM nguoc déu sé gitip ban tim duoe Lai gidi mot céch kha bét ngis Xhong
thudmg khi & miu chua céc chu hinh 14 x%;1+ xy;a? + 2+ 2ab+ 3b” ....thi ta nghil ngay dén vige é@\_mg bét
déing thitc AM-GM . O

' ' S .
Cho a,b,c 13 46 dai 3 canh ciia mt tam gisc théa min a+-b+c=3. Ch‘@‘ninh rang:
4 4 a N
1 }_+l+12>6(a +b" +¢") /&

a b ¢ 127 7 O
A J

Lii giai @ |
DAy 1a mot bt ding thirc rét 12 chit nén moi dénh gi4 chiing ta cin phé\i}ﬁn nhéc. Va them mét diéu huu y 1a didu
kién & ddy chinh 14 49 dai 3 canh cila mét tam gidc. P& lim mat d&@i kién niy, ching ta thudmg sit dung phép thé
Ravi.a=y+z,b=z+xc=x+Yy ‘ 2
Chi ¥ ring: N
2(a%’ + b’c* + c’a’ ) —(a’ +b“+c“)=(QQIH—c)(b-i—c-a)(c+a—b)(a+b—c)20
= (a* +b* +¢*)* > 2a* + b’ +c“)&\

Ta chi cdn chimg minh 00

1 1.*_1_§_19>’:‘>(a2~}-bz+cz)2
b ¢ 127 7

AS) 3
Pt a=y+z,bmz+x,c=x+@@x,y,zzo;x+y+z=5
QD .
: \ i 1 19 12(:(’+y2+z2-4-xy+yz+zx)2
Bét ding thirc tr& thanh: + + =
+z z+x x+y 12 7
Dat d(xy+yz+m)=t=>3>t>0

91t
4
Nhin ca 2 vé v6i x+y+z vichii ¥ ring (¥ tuong nhén vo nay khé 14 co ban va quen thuge)

Tach: X2 +y*+ 2 +xy+yz+mx=(x+y+z) —(xy+yz+ =)=

>3+ 1+

3 2 2
1 g B Y L2 g X ty' 4z _ 9
y+z Z+X =x+Y¥ XY+ yZ+zx t

(x+y+z)[ ! + !
¥y+z z+X X+¥
Ta chi cin chimg minh:
9.,27,90-¢
t 87 56
S P -18 +61—56 < (1—2) (t—14)<0
Bit déing thirc nay hién nhién ding.
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5 1
Dang thite xdy rakhi < x+y-+z :%;xy+yz+ X =-;—;xyz =0 (x,y,2) :[0;5;1]

Ta ¢6 thé chimg minh bing c4ch khac nhy sau:
Do a,b,c 1d d§ dai 3 canh cia mdt tam gide nén tn tai x,y,z sao cho:
2a=y+z2b=z+4+x2c=x4y.

38 3
Khify x+y+2z=3 va Bit dang thirc d3 cho trdr thanh : 162}'4-2 Z(y +z)*.
Déi bién : Xy-tyz+zx=q,xyz=r, tacé r >0, 0<q <3 va Bit ding thirc di cho tuong ducmg vai:
0ty 19, (81-18q+q —120).
3g—r 3
V1 r>0 nén ta chi cin chimg minh:
8(9;"‘) (81—18q+q)
q .
Bit déing thirc nay twong duong vdi bit ding thirc hJén nhién diing Q
0 -qf =) ©

7q
Bink Iugn: Mot 13n nita chiing ta thiy duqc strc manh cia phrong nhén par 3&ba}n c6 thé luyén tip nhinf:u vé ki
thuat nay dé xem né nhu 13 mat “vil khi hang ning” khi giai cdc bai toén vi d6i xtmg . O déy khi biét duge

ding thic xéy ra khi ¢6 mét 56 bing 0 nén chung ta d3 manh dan lam m \' nhul:g,gﬂ & trén. Moi thir khéng
phii I ngdu nhién ma luén cé nhimg lién quan 4n sau né M dj tré nén rét ty nhién

v

Cho céc sb thuc dtmng a, b c Cerng minh ran

b2+c ;]{c +a? va{a}}] b+c c-lbia_i_?]':]{a:-b—%%]‘
V\Q‘?th@

Vi céce bii todn ching minh mét biéu thirc t@pdemg xyz thl phuong phép In 2 vé két hop véi dao ham 1a mét

phu'crng phép dugc dﬁng khé phd bién . oc luu ¥ didu ndy nhé !
Liy logarit 2 v&, ta cin CM :

? xox 2 b1 i
a 1 b 1 c 1 a 1 [ ] [c ]
Ty 2ln|——+=|+Io|——+=|+In o
ln[b2+c’+3]+m{c2§l§5 3]““[ +b? 3]"‘ [b+c 3] c+a 3 a+b 3
Bay givv thicom@tdiéuda&t d6 12 dang ham s6 xult hién kha r6 rang
Nhur v3y ta s& chimg mj §

c"+a* 3 +b*

+l]+ln[ b’ +1J+ln[ £ ]d&ngblénvérx a,b,c,x >0

3a" [lna(b" +¢*)=Inbb* —Ince* ] E 3a"b*(a" —b*)(Ina—Inb)(a* + b* —¢*)
(" +¢*)(3a* +b* 4+¢*) (32" +b* +¢*)(3b* +¢* +a*)(b™ +¢* Ha* +¢*)
3a*|Ina(b* +¢*)—Inb.b* —ince*] 3b*|lnkic +a*)—Incc* —Inaa”
(= X a4 ) |, 30 [inbe* +a%) ]

Tacé: f'(x)=3

(6" +c")32" + b* +¢) (c* +a")(3b* +¢* +a%)
3¢*[Inc(a” +b*)—Ina.a® ~Inbb*|
(8" + b*)(3c* + 2* + b*)
3a’b*(@" — b )Ina —Inb)(a* +b* -c*) - 3b*c* (b* —c )(Inb—lnc)(c 1 b* —a¥)

—(3a +b" +¢*)(30™ +¢* +a*}(b* +c* N a* +¢*) (3b™ +¢* +a*}3c* +a" + b*)(c* +a*)(a* +b*)
3c*a*(c” —a*)(Inc—Ina)(c* +a* —b*)
(3¢* +a* +b*)(3a* + b* +c*)a* + b*)(b* +¢*)
Khéng mit tinh téng quit, gidsr;a>b>c
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Ta cé: :
(2* —c*)(Ina—Inc)=(a* — b + " —¢*)(Ina—Inb-+Inb~Inc)
= (a* —b")(ina—Inb)+ (2" ~ b )(Inb—Inc)+ (b* — ¢* )(Ina— Inb)+ (v* ~¢*)(Inb—Inc)
>{b* ~c*)(lnb—1lnc) '
Do d6:
3b%e* (b* —c*)(inb—Inc)(c* + b* --a") 3¢a* (b* —o*(Inb —Inc){c" +a* —b*)
3b" +c +a")(3c" +a” +b")(c" +a")(a" -i-b")+ (3c“ +a +b")(33" +b +c")(a" +b“)(b" +c")
3 (b" —c")(]nb—lnc)[b" (c" +b —a")(b" ~|—c")(3a" +b +c")+a" (c" +a® —b")(Bb" +a’ +c")(a" -I-b")]
B (a" +b%)(b" +c")(c" +a’ }{3a" +b" +c )36+ +a*)(3c" +a° +b")

f02
(

bat x=a,y=b,z=c"

Tachd:
y(y+z—x)(3x +y+2)(y +2)+x{z+x—y)(3y +z+x)(2+X) \
> y(y+z—x)(Bx+y+2)(y+2)+y(z+x-y)@By +z+x)(y+2)>0 Q
Viy f(x) dong bién . \20
Ta ¢6 ngay diéu phai chimg minh N
P
Cho a,b,c >0 .Chitng minh ring; &\é\
2z 2 2 2 2 2
a“+b +b te L ¢ +a Zm
at+b b+c c+a )
. <
_! E' .E. \/\
Chudn hoa: 2> +b'+¢* =3 . . \&(‘}'
Cén chfmg minh VT >3 . QQ)
(E\fa +b2) Q0
Theo BCS: VT 2t ‘ \
2+t V)
Ta phai chimg minh : ' 0&

2
(z\/a +b2) >6(a+b+c)\ﬁ2 a2 b +6?)+25 @ + BB +¢) = 6a+b+c)
Lai theo BCS: D _+/(a” +b*)(b" + o;QQa +b*+ct+ab+betca

Do d6 ta ¢in chimg minh : (,
2(a3q-(gi+c )4+ 2(a? + b? + ¢ + ab-+ bo+ca) > 6(a+b+c)
a+b+cf +9=(a+b+c) +3(a’ +b*+c*)>6{(at+b+c)
Diing theo AM-GM

Cho %,¥,z >0 sao cho khong c6 2 sb ndo ciing bing 0 .Chitng minh réng :

X4y +2t J_ J_>2

Xy -+ yZ+2X x+y y+z

Xy 2%
X4y (x+y)
Thit viy: (*) & (x+ Y%y 2 (x+1).2%5 & Jxy(x+y-2/xy) 2 0 (ding)
Diu ding thirc x&y ra khi 1 trong 2 sé x,y bing 0 hodic x =y

Déu tién ta di chimg minh:
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Jyz 2yz
y+z (y+z)
Bay gitr ta suy ra duge :

Tuong tu:

Vo 2yz

x+y y+z (x+y) (y+z)?

Viy ta cén chi ra réing :
2 2 2
X4y 4z 2xyz+ 2yz222
Xy+yzt+m  (x+y) (v+z)
Xt +y 4 2° dxy X1 +yt 4zt 4yz

®Xy+y2+zx (xX+¥)  xytyz+zx (y+2)
Ta s& chimg minh: '
: X’ +y*+2° 4xy
Xy+yz+zx  (x+y) ~
That vdy:

2 2,2 . \
" < X+y+z +2(XY+YZ+ZX)+ axy ~>4 QN
Xy+yz+zx  xy+yz+z  (x+y)
o (x+y+z) 4xy

Xy+yz4zx  (x+y) o sz\
2 2 2 2
ey r - xy 2]{i}(><+y+2) : XYty
xy+yzam T | (x+y¥| xytyz H A (x+3)

& (+y +2l (x+y) 2 40y + yz+ 2Dy +yz)

& (Xy+yz+zx+ X7+ xy+y* Y > 400 yz + zx)(x? +xy+¥y?)
Bt ding thirc cudi thire chét 1a bit ding thirc : (a+ by > 4ab\/
Thiét 14p thém bét dfing thic tuong tyr, ta ¢é dpem &fb'

\ . :
Cho c4c sb thuc duong x,y,z. Timéﬂ\l‘N clia biéu thirc:

¥ u 3
A\&l3x+12\/_+16\/_ S ty+z
&

Cluhinh \fxy goi nh@hho ching ta ding bét déng thitc AM-GM Vén dé IA chiing ta cin xéc dinh diém

roi dé ¢6 thé 4p dung mot%@ chinh xdc AM-GM .Bing tinh todn ta c6 thé nhim dugc ding thic Xdy ra tai
Xx=4y =16z

Ap dung bit ding thuagiM GM, tacd :
X
=122, =y <12(~+
Xy 1/4y_ G+

16yz =162, {%.z < 16.(1+ 2)

24 3 -3

= 13X+ 12./xy +16,/yz <16(x+y+z =P> > -

80c-+y +2) 16(x +y +z) Jx-{—y-i—z 2
Viy MinP:':—3 dat dugc khi x=1£;y=~i;z=i
2 21 21 21

: Chimg minh ring véi moi a,b,c >0 thda man a+b+c=3 ,taco:
3 3 3
J’ﬁt;i_+8.3l‘abc <9
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Lo sial
Ta ¢6 bién @61 saw: 2’ + b* +¢’ = (a+ b+ c)’ —3(a+b)(b+c)(c+a) > 27— 3.8abe = 27 — 24abc

3 L 13 g A3 Y™
Nhu vy suy ra: #a_'t“t;i +8fabe < ,3’27*—?21132 +8%/abe = /9 —8abc + 8¥abe

Pit t = Yabo, taco 0<tg[ﬂﬂ] —1=0<t<1
Xétham £(t) =498t + 8%t trén (G;1)
8| 1 1
ffli)==|-—=— >0 vt<l1
3|3 :3;(9—&)1

Vay nén: f(H) <f(1)=9

Cho a,b,¢ 12 d¢ déi 3 canh cta tam gidc. Chimg minh: Q
Ja? + b2 +4fb? 6% +fc? +a> > 2(a+b+c) QQ
N
Lo i \Q\d&
Cdch 1: Chiing ta 6 thé sir dung dénh gi4 dai dién nhu sau: AN

b > (a+b)’ _a+b Q;\)

2 Jz N
Tuong tu rdi cong lai, ta cé dpem. . \\/
Cdch 2: Theo bét diing thirc Mincopxki: &@'
Va2 b7 b+ + e +a° 2 J(a +biaF +(b+c+a) =2(a+b+0)
RN\

Cho x,v,z 1a céc s6 thue duong thda 9+ y+z = xyz .Chimg minh ring :

(1)l - < o+ )

-
1 1 1 ‘QO

Tadita=—;b=—;c== .Gié.g@tdﬁ cho trér thanh : ab—+bc+-ca =1 . Bit ding thirc ¢in chimg minh tuong
X y' oz

duong voi: \(b'

.

(1-a?)(1-b*)(1-b?) Saboyf{1+2?)(1+ b2 )(1+<*)
a’+1=a’ +ab+bc+ca=(a+b}a+c)
Mit khéc : {b® +1="b"+ab+be+ca={a+b)(b+c)
¢ +1=c’+ab+be+ca=(c+b)a+c)
Biét d4ng thire trér thanh:
(1—a?){1-b*)(1—c*) < abe(a+ b)(b+c)(c+a)
& (1-2°)(1-b")(1-¢*) < (ac+ be)(ab+ac)(bo +aa)
& (1-2%)(1- b )1 —c*) < (1—ab){1—bc)(1 —ac)
Ta ding ki thuat ghép dbi xtmg dé chimg minh bat ding thirc ndy :
Talgic6: {1—a*}(1-b*)<(1-ab)’ «>2ab<a’+b" & (a—b) >0
Viy nén bét ding thirc duge chimg minh .
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-----

m+m+m=L

Cho a,b, ¢ 1a cac sé thyc drong théa mén a+2b—c>0,a+b’+c’=ab+bectcat? .
Tim gi4 tri 16n nhét cita bidu thirc:
P atc+2 _ a+b+1
a(b+c)+a+b+1 (a+c)a+2b-¢)

Liri gii

Bai niy twong tu dé khéi A-2014 nén y tuéng giai tuong ty nhur viy .
Ap dung BPT AM - GM ching ta ¢é:
abt+bctac+2=a’+b’+c¢’>a’+2bc o 2ab+2ac+2>a’+bo+ab+ac

2(ab+ac)+22(a+b)(a+c)#a(b+c)+a+b+12 (a+b)(a-(|-) Q)

Lic nay thi:

atc+2 < 2

: a(b+c)+atb+1"a+b N
Bay gitr dé y's6 hang con lai & méu c6 téng s& trit titu o .Pidu niy ¢d vit s@;?m &p dung AM-GM @8 d4nh gig
» Q

Mt khidc, lai c6:

- 1 2 a+b+1 a+b+l
(a+c)(a+2b—c)gZ(a+c+a+21?—c)=(a+t2}\)@(a+c)(a+2b._c)2 (?-+b)2

Viy suy ra duge : N
pe 2 _atbtl 1 -V =lm[l__1_]2<l
Ta+b (atb) a+{&‘8’+b)2 4 (2 a+b) 74
o 1 2
Viy GTLN P =—
b ; Q
o)
\ A
Cho a,b,c >0 théa mﬁn:(&z%zﬁ-c’:S .Ching minh ring:
00 > I 9
1+(ab)* ~ 2(a+b+c)
\[_*
() .
Q L gidj

Bai todn ny 12 mét 4p @gfg khd tung minh cho ki thust AM-GM nguqc ddu.
Ta sir ding ki thuﬁ&f@l—GM ngugc ddu dé giai bi todn nay.

a’b® 9
1+2’* “a+b+tc

. a’bh? a’b? ab (a+b+¢c)’—3
B3 g 23 gy - Ly R

Bt ding thic @@ chimg minh tuong duong véi: 3— 3

2
Nhu vy, ta cin ching minh: 3 &Fb+e) —3 5_ 9
4 a+b+c

Pitp=a+b+c=I<p<3.
Viée két thic chimg minh xin phép duge danh cho ban doc .

Cho x,y,z 12 c4c s6 thyc duong thda min : x* +8y* + z(x2 + 4y2) =6xyz. Tim GTNN:

X 2y 2z

P= + +
2y+z z4x x+y
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Lisi g

Pidu kién cia bai toén cho khé phirc tap, ta thir am don gian héa né mot chut .
Dit x =a;2y = bz =c . Didu kién tro thanh : = a® + b’ 4 c(a’ +b*) = 3ebc.
Ap dung AM-GM @ c6 dugc: a* —ab+ b’ > ab ta suy ngay ra duge c>a+b.

Bay gi¢r P viét lai thanh:
a b 2c
P= + +
b+c c¢+a a+b
2 2
=;’1:,221)(a+b) - ZCb2 1:az+b) + Zcb
ab+cla+b) a+ (a—; ) Fe(atb) a-+
~ P> 2(a+b) 2c —2. ! n 2c
a+b+2¢c a+b 1+ 2 a+b
a+b
2c C T . \
bat t= +b22.Ta duge ngay mét ham sb, viéc ciia chiing ta chi can khao sit ham f(t) Q’\,
a .
<
¢ e 8
Két qui: MinP = - O

Bink lugn: Hiy nhé ring mét biéu thirc didu kién kha réi rim bao gidr cing dura duge vé @ gon hon rét nhidu qua
1 phép bién déi. Chu ¥ khi gép bét dang thirc dang phan thirc khong 51 xtmg . Thi m@deong cu rit manh d6 ia vige
ap dung bét déng thicc BCS két hop v6i cong cy dgo ham . Chiing ta s& &p dung cho nhimg sé hang d6i ximg
nhau sau 6 tim céch ép vé mot bién. '

=
. &
Cho a,b,c > 0 va tha mén 2a+4b -+ 3c? = 68. Tim gi\gPhho nhét ciia biéu thire
‘ P=¥+ﬁ&ﬁ>
| 8 o
Ta ding K thudt chon diém roi dé gidi bai tosn nay.  Q°
S
2’ +x* > 2ax
Gia sir dbu bing x4y rakhi a = x,b=y,c =z K d6 ta c6 theo AM-GM: {b” +y* > 2by
- ¢, g7 5
O 272722
‘QO
<
,&o 2x +4y+3z" =68
: L
Dé khai thc duge giit;iémm ta ciin phéi c6: | -ii = %
y
A _2
13z 3

Gidirataduge x =2,y=2=4
Bai toén dugc giai quyét hoan toan.

Cho a,b,c'> 0. Tim gia tri nhd nhit cia biéu thire:
' P be _ 4abc
(a+c)a+b) (a+b)b+c)c+a)

Lai pidi

Nhin thiy sy thulin nhét b, cling c6 thé céc em t xem 12 dng bac cling dugc ( du khong ding v& mat toan hoc)
Neén ta nghf ngay dén cach d3t sau :
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bt x = E,y = i(x,y >0)
b c

LI P
. x+D )L x+y
Bit dang thirc 2 bién thi vidc dénh £id kh4 12 don gian
Theo bét ding thirc AM-GM thi:

(V)4 Dy +1)=(xy + 4y )+ (9 +4x)+ (32 +y7)+ 2y =3 (x +y) 2 12xy — 3(x )

Tacé:P =

Suyra: l—ixlz——l-(x+l)(y+l)
x+y 3

Viy Pz_l,dé'udéngthfrcxéyrakhi x=y=2<—>c—b=§-

Ta c6 thé tifp can bang céch khdc mang nhiéu tinh chét “néng cao” hon nhur sau, 151 giai dugc dé xvét bdi mot hoc
sinh tai 16p LTDH Ha 2014: :
Néu btc>dathiP>0. Q
Néu b+c<4a thi: ' Q

be 4abc L, _(a+b+o)da— b\—)@(b o)

Faraaey @roe c)c+a) (2a+ b+c)(a 52p(b+c)(c+ a)
_{b+c)4a—b--c) _ 4(a—b—c)’ _ l .
(2a+b+c)2 . 3(Qa+b+c) 32 3

Binh lug?n Ban ¢é suy nghl gl vé 1 gidi nay khdng? Tai sao 1ai ¢ @ c4ch chia tnrdmg hop nhur vay 14 cae ciu
hoi ban cin phai giai quyét. e O ,

.
A

Cho a,b,c 14 céc 58 thye khong 4m thoa m‘%}fi- b+c=1.Tim GTNN cia bidu thirc :

: ’a BN {b+ca
P= @f +2c+5
1 C 1+ +ea

\O\)' Livi gidi
Ta ¢6 danh gid nhi sau : Q

& a+bc
a+bc2a(.:0Q:+c)2a’+2ax/b~02a’(1+~/§)=> l—i—ﬁE >a
Tuong trtaco : _E—!-_éa_ O\l‘
VH—«/E;?
Viy nén Phﬂgﬁﬁﬂ—wﬁ
Xeéthamsb f(c) =¥2e+5—c+1; ceo1].

 Déding c6 (@ nghich bién . Vay f(0) > f(1) =7 .
Bing thirc xdyrakhi a=b=0,c =

Cho a,b,c >0 thda man (a-+c)(b--c) = 4c* Thm gid trj nho nhét cia bidy thite :

Gia thiét bai todn twong dwong véi: [3+ 1]{3+ 1] =4
. C c
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b

4% 4_ ab
Béy gid, taco: A= 1’
b ¢ ce

241 24
[ c
E—x>0
Pat ¢ =Xx+Dy+)=4
b
=b>0
Cc
Ap dung BBT AM-GM ta cé:
D<xy<l
(x+1)(y+1)=4¢}3:xy+x+y2xy+2\/E=>0<xy$1=> W=
x+y=2
Khi d6:
A=—- ax 2xy—,/7 3xy
y-i—l \
4 1)+4 i
x(x + )+ y(y+) Caxy [Ty Q’\o
(x+1)(y+1) @)
=x*+y - x+y—2xy—T-3xy -\2
= (4] Xy +xy — 5%y~ 7 —3xy Z4+3-5xy —7 3&9:
= A>T — 5Ky —JT—3xy /QQ
Pat t=xy = 1€ (0;]] 0@
Suyra: A>7—5t—~7—3t,t€(0;1] .\Q_z
ét ham £(t) =7 5t —~7—31,t € (0;1] LV

y 3 r&
() = ———=—5< 0\t (0;1
| V=575 <R
Suy ra: f(1)>f(1)=0 OQQ
Véynén A>0, déu ding thirc xay ratai a=b=
Binh ludn: Hay tu riit ra nhin xét chung khi xir} @é%let 6 dang dbng béc . Lién tudng dén bai Bit Ding Thirc
trong d& to4n khéi A-2013 dé c6 duge chu trd loo

Cho x,y,z lacécsb thurcdsgng théa man xyz +x-+z=1y .Tim gid tri nho nhét cha bidu thac

2 2 4z 3z
SP-2 -

(0'() xP+1 v +] \/;24_1 (ZZ.H)J;.]
LY

F

¥ tudng ty nhién nthét 12 it thé dé hy vong giam duge sb bién . Cuthémit y = 1

(Vl xz=1)

Bay gitr thay vio bidu thirc ta dugc :
_ —2z(z+2x— x’z) 4z 4 3z
xA1+2) 241 (21N 4]
Bay gl ta sé tim cdzch ddn v& bién nghza la d4nh gi4 nhitng bién nao ¢6 x dé dwanové z.
Viy chiing ta cAn dénh gi 4 c6 dugce diéu sau day :

{14+ x5 (z)
2z
Dé danh gid va tgo ra rimg budc tich cua 2 bién thi edch thuong lam nhdt ds la dimg BCS

~22(z+2x —x*2) < (1+x*)f(z) hay X'z —2—2x <
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Ap dung BCS , taco :

x'z—z—2x = z(x2 ~1)—2)_{ < J{(xz - 1)2 +4x2](22 +1) = (x2 + l)m

Viy,taco:
3z

(22+1)\/zz+1

2z 4
P< ——
T+ S22

Moi vigc dén day kh4 d& dang cho chiing ta .

Z
+
+1

Bink lugn: Dé dinh gi4 it ra duoc bidu thic dang ab+-cd thi cach 18t nhit d6 (3 dung bit ding thic BCS .

Cho x,y,z 14 cic s6 thuc duong thda man xy > 1 va z> 1. Tim GTNN ciia:
ki
X ¥ z' 42
P=2 ¥
: y+1 x+1 3{xy+1)

Truge hét viét P lai dudi dang sau:

Toiedl N
Y
SO

i ] z8 41

1
P= 1 -2
(ty+ )[x+l+_v+l xy+13 N

;

1
x+1 y41

Béy gid nhén thiy [

, — . RN
Ap dung bo dé: Véi x,y >0 théa man Xy>1thitacod: P
17 14+ Jxy

+
x+1 '@

Ap dung bét ding thirc AM-GM: . \/\
x+y+12<g@y_+1
z3+2:g}.\3+1+123223

2 I O
Suyra P> (2xy +1 +—2
Y (\/.? )1‘4‘\/5 xy+1 Q\O
Patt=\xy=t>1 &\
Tacod: ()o
\éﬁ)@*__l).{‘_l__z:_zt__*__l._:ft
00 Tt 4l 1 e
\Q _1yIgs2
onf’(t): 2 - 32t 2=2(t 1)2(t2+t+21)20 > 1
> +0° (*+1) (t+1%(E+1)

Do d6 f(t)§§§—3—

Suyra: p>=

Y T2
. 3
Viy mmP=5

Binh lugn : Ta thir dénh gi4 bai ndy bing cach 4p dung BCS cho 2 sé hang diu nhé !

+ L] khé quen thuc , ta hay dénh gid sé @éy nhu thé nio nhi ?

Cho a,b,c>0 thda man a>+b’ +¢* =3 .Chimg minh ring :
1 1 1
+ + <1
4—ab 4—Jbe 4—+Jca
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Lo s
Quan sit, ta du doén dugc déu ding thirc xdy ra tai a=b=c=1. P& y mdt cach tdng quét hon thi s6 hgng ciia

biéu thirc cAn chimg minh ¢6 dang tdng quat 2 ! . Chinh diéu nay goi ¥ cho chiing ta sir dung phuong phép
—Jx

d4nh gi4 dai dién bing phuong phép hé sb bét dinh .
Ta s& tim mét danh gia dang:

<k(x—ID+m
- J"

Ta tim k,m dé cho d4nh gié nay 1a ding

DPueng nhién ta phai cé m = % Jétim k ta s& diing didu kién 6 nghiém cua phuong trinh béc 2 . Qua tinh todn ta

1

C6k=~§.
V3y ta s& chimg minh diéu dy dodn nay:
‘ 1
_——x—] +-
PENESTE ) Q’Q
—(J"wl)(f 2) O
18(4—x) .\QE
Didu nay ding voi didu kign cha bai todn. dzr
Vaytacé: P<—(ab+b +ca—1+1<—a Fh e D+ \
y 8( c ) ( ) &
T a ¢6 mdt cach tiép cin khéc nhu sau @
Tacb 3(a®+ b2 +c?)>(a+b+c) néna+btc<3 ex)
i 1 2 11 1 \
Xét < = <—= + N\
4—fab—, atbh 4—a+4_b"2[4—a 4—~b] N\
4— &’b'
? \
VlvayP<l+]+1 4
“4—-a 4-b 4-—c¢ QQ
Dt Mot Ly 1 \O
: 4—a 4-b 4d-c¢ O)
Taco: S
3_M=1—L+1——b+1— 1 .3 a+3 b3 <
4-2 \l-_flﬁb 4—-¢ 4-a 4-b 4-—c¢
2

(3-2"0  (3-b) L 3-9 5 (9-a-b-0)’

3—M=(4 a&@") (4—b)3-b) (4-c)3~¢) " 39-T(a+b+c)

Ta di xét ham £(t) = (399 t; Kd&t

Ham f(t) dbng bién tré 3@&3] nén maxf(t)=2 .
SuyraP>1

Cho céc sé thue khong am théa man a” + b +¢* =1 .Ching minh :

., (aJ—+bJ_+cJ_)

41 41 a+1

L gii
Tacd:
2
’ ava +bvb el
P 22( — )2-3-(3.\/;+b\/g+01/€)2
b +1 a’’ +a 1+ a’ 4
Piéu phai chimg minh.
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Cho a,b,¢ >0 thoaman : Va?-+1++b? 41 ++/c2 +1=5 Tim GTNN cita bidu thitc :
P=aJa’+1+byb? +1+cyci +1

Lo gidi

Ta s& ding ki thust tiép tuyén dé giai bai tozin nay, cuthé la ta s& chimg minh nhin xét sau:

Xét ham sb f(x) = xy/x> - 1\/ +—6u v6i x>0

3
X==
Tacé £'(x) = 41"“2  Bx)=0ef B
12\/ =3
3
Lip bang bién thién ta ¢6 min f(x)= f(%) ={. Nhur viy ta cé: \
Y
xyx2+1 zg\/xz +1 —1—326—5 ()Q
Ap dung, ta cé: : N 2
P> (aJa +1+byb? +1+4¢fe? +1)\(‘§32 20
e Q
Bing thirc xay ra khi va chi khi X=- d
Céc ban thir theo dai 10 giai sau va thir suy nghi xem c6 thé g @,%éu gi khéng nhé !
bat x=+a’+1,y = b’ + Lz=vc* +1 suyra x,y,z€ l\boo) va x+y4z=5
Ta cdn tim gi4 trj nhé nhét ciia bidu thirc P xvxt -~ 4\?’)/ — a2z’ —1.
+Glasit x>y>z>1 Q)\
11 41 125 V(14422 + 480z — 625) 4] 125
Néu z>—=>2%z" -1 20=zvzl -1 >~z
10 (@ -b- [12 36] 0§ 1296 127 36
25 20 ((\
Do d6 P>——(x+y+ 2)— %}O
Néu y<1—1-=>-x>l - Khi dgN-*
10 0
Q) P>x\}x 14y ~y+ 2 —z>xxi— 14+2(y+2z)—4
\’Zr XVXE 1 4 2(5—x)— 4>—x+2(5 X) - 4‘; +6>%>23—°

¢ o1 25 20
Néu y>— 1=px i N = R ELLYY S ——‘+z’~—z>——
Y 1(@‘2}§ TR 1s 2 PANCNT 3

TémIai,minP=2—3-0-¢)x=y=z=-§—@a=b:c=i;-

Cho a,b,c > 0. Chimg minh ring: [a’ + s][b5 + %][cs + %] >{a+b+c)y

L gi

Tacé: a° —f~§2 2’ +2 & (a—1)(a* +a’ +2* +a+2)>0 '8y

Vdy ta chi cin chimg minh: (a® +2)(b° +2)(c’ + 2)>(a+-b+cy
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Pay 1a mot bit ding thirc ding vi: ©
(2 +2)(0* +2)(* +2) = (@ +1+1)(14+6° +1)(1+1+¢7) >(a+b+c)

Lo pidi khde: Ta c6 thé chi ¥ dén danh gia saw: X +2° >€7™ Judn ding v6i moi x € R .Viée timra dinh gid -
& (1) kha ty nhién. Vi dic trung cia bai todn thi chiing ta s& nght ngay dén viéc danh gi4 dei dién. Ma ching ta phai
dénh gi4 tl.l‘l'lg thira s& voi mot biéu thire bic 3 vi lic nay ta méi dua v& duge bat diing thire ddng bac. Nhu vy phai

c6 56 hang @ s6 hang con lai, dé dam béo ddu biing thi phi 12 2 hojc 2a .Ching ta ¢6 thé thir timg trudng hop
dé c6 danh gid hop 19,

Cho céc 56 thye duong a,b,c¢ thda man a+b+c =6 .Tim gid tr nho nhét cla:
P= Ja +-—1—+‘fb L+\/cz+—-~1—
a+b b+¢ c+a \
A,

Lvi i \2'00

Ap dung BDT BCS, ta ¢6:
1 1 1
4+—|1a* >2a+ 2 > 2a
\/[ 4][ ]_" 2Ja+b a+b_

‘/_ 2 + — {2 2(a+bto)+ [Z‘/_&l@h+

ApdungBCSm@tlanni’fa ZJa+b<J32(a+b+c)— &,0'

Nhur véy , ta suy 1a:
S e
2

zJaT

a+b - 4 a+b

Phép chimg minh dugc hoan tt. &\0)
Binh lugn: Ching ta cling c6 thé 4p dung tryc (t)@) Mincopxki.

Cho a,b,c la céc sb thy érgng thoa man a + b+ ¢ = 3.Chimg minh ring:
I%Q+bc+ca)+a(a~—b)z+b(b—c)z+c(c—a)’554

P~

\U'

S

Ta s€ gidi quyét bai to nﬂy bang céch dén bién cb dién nhét. Va ki thuit ndy , c6 sic cong pha v6i hdu hét céc bai
todn 3 bién déi ximg thun nhit. Nhumg tré ngai khé khan phét dé 1a cdc phép tinh todn qui cdng kénh va phire tap.
Diu tién, ta ddng bc hoa bét ding thic. Ma cu thé 14 ta s& chimg minh:

20(a+b+c) > 60(a+botc)ab+ be+ca)+17(afa—bf +b(b—c) +o(c~a) ) O
Xétham sb f = 20{a+b+c) —60(a+b+c)(ab+bc-i-ca)—]’f(a(am by’ +b(b—c)’ +c(c—‘a)2)
Khong mit tinh téng quét gia siv c:min{a,b,c} _
Gia thiét fing: X=a—c>0;y=b—c>0
Liic nay thi f=26(x2 —xy+y2)c+3x3 My 1%y’ +3y°
Danh gid nhu sau:

3 £ 30y —17xy" + 3y’ =3¢ +y (3457 + 3y — 1Ty} 2 3% +y(2/102%y —17xy) 20
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Véyfrzo
Vay (1) dugc chimg minh, Ta két thic 1oi gidi & day
Ya cling c6 the giai bai todn ndy bing mét cdch khéc “tinh t&” hon nhu sau:
Bat dang thirc 44 cho:
< 54~18(ab+ac+be)—a(b--a)’ ~b(b—c)’ —c(a—c)’ >0
& 6(::12 +b* ¢ —ab—ac -—bc)—a(a—b)z - b(b——c)2 ——c(c—a)2 >0

= (3——a)(a—b)2 -{-(B—b)(bmc)2 + (3—(:)((:«—3.)2 >0
Ta ¢6 diéu phai chitng minh,
M@t han ché & 16i giai niy d6 1a viéc phan tich mét biu thic bic 3 déi ximg c6 didu kign vé& dang binh phuong kh4
1a phike tap so v6i hoc sinh phé thdng. Mic dit, v&i céc thuft todn phén tich SOS (phén tich binh phuong ) viée
phén tich ny c6 thé lam dugc hoan toan bing Mapple. Céc ban hoc sinh chuyén Tin hay thir viét chuong trinh thye
hién diéu ndy xem sao. Tuémg chimg nhu 14 mét didu kha khé khin nhung qua thirc chiing ta hoan toan lam duogc
v6i kién thire duge trang bj & phd théng, \ '

2N\

h B ke < _ ,Pma+boil6a
0 2,b,c 13 cdc sb thye duong. Tim GTNN cia = aoh h—_{_ﬁ@- Fr 30

Lo F
Bit ding thic 42 cho 13 thudn nhét bic nén ching (4 hodn toan ¢ thé &vé 2 bién.Tu duy ndy d4 rit quen thupe
trong cudn sich nay. 8@
Viét lai Bét ding thitc dqa cho duti dang - ' ) Q,\)

\
po L 1 4

% oS
I+ A% J6+~3§
2
Q
00

Ta dit x=-t—)>0;y=3>0.
a b

\
Khido P=—1— 4| i .90
14+2x  1+2y ,/6+33&\

Ta c6 mét dénh gis quen thuse satu:()I + l = 2
. O\l.‘ 14+2x 142y ~ 2+xy

. 2(xy? + X’y +1-3
biéu nay 13 ding boi vi:ﬁge—«+ L2 _ (xy txyY xy) >
0@+ 2x 1+2y 24xy  (1+2x)(1+2y)(2+xy)

Vay P2_—— 2 Q

2
T24x\6+3xy
Dit t= 6 Rdxy > 0

Cho céc s6 thre x,v,z thue doan [=%1] va thea man xy+yz+zx =0,
Tim gié tri nho nhat cia: P=y* +2° +4x—2y—2z
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L gii
D4i v6i bai toan khong d6i ximg ma didu kién cho & dang tdng, thi chiing ta thudmg s& di theo cach rit dé giam
bidn , sau 46 tién hanh khao sat. Py 14 mét 16i mdn tu duy ma ban doc cing nén ghi nhd.

X6t y+7 =0 thi gia thibt suy ra y=2=20 va P=4x>4(-1)=—4

Khi y+2=0 thi suy ra x = ——2=
y+z

P=y 42z’ —

y+z
pit y+z=2ayz=Db. Tac6 a€[-22]—{0},b&[-L;I],4b<a’

Ltc ndy P22b——2a—it->-=f(a,b) .
a .

Lay dao ham theo bién a

f,'=ﬁ—2<1«-2_—1<0 £(a,b)>f(2,b)=2b—4—2b=—4 Q
a
Q
Viy két tugn minP =—4<x=-Ly=2==0 hogc x=—-%,y=z=] \20(’
Bink lugn: Vi nhimg bi todn cho gia thiét céc bién thude mét doan [ab] thi tu duy dé@\a cAn nghi dén d6 1a
dao him timg bién. N
£ L0
Cho a, b, ¢ duong va &° +b2 4-¢* =3. Tim gié tri thé nhét cia \@\mﬁc
33 b3 3@ e e e mae
+
T+ i3 \7? +3
/\V
Ta c6: O
a’ a? \% +3 a®  3a?
>33 =2 (1)

262 +3 2\/5&3 16 64 4
X (@) c +3 3¢t
+ >3Y=—=="=(2)
2¢? +81~2Jc +3 V 64 4

Y a* 43 > 3c?

+ 3 2 3
a‘+3 248 43 16 ~ V64 4 @)
Lay (1) + (2) + (3) ta dugc: \(b'
’ al+b 449 3 )
Ph—— 2 4(a +b2+c*)(4)

vid4b 4+ =3
Tl‘:(4)<=>P2—;— vdy gi4 tri nhé nhét P=-g—khia=b=c= 1.

Cho céc s thyc x, y théa man didu kién x +y = VX — 1 + 42y + 2 . Tim gié trj 16n nhét, gia
tri nho nhét cia bidu thire: P =x* + y* +2(x + )(y + 1)} + 84— x—y
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Ll i
Bé y diéu kign cho khong déi ximg nhung ma P lai 13 mét biéu thite déi xtmg va kha d& dang nhén ra c6 thé viét

gontheo = x +y.Viy vidc cdn lam 1a chiing ta s& d4nh gi4 didu kién cia t.
' 2
Theo BBT Cauchy-Shwarz (x + )’ = (\/x—l +2y+ 2) <3(x+y)
= 0<x+y<3
Bat t=x+y véi re[0;3]

P=t*+2t4+8Jd—t+2

Xéthamss f(t)=r*+20+8V4—7 +2 wen [0;3] \
4 ' S
= fl() =2+ 2= 2 0,1 053 ©
SOt gy oo XO

N

Viy minP = f{0)=18 khix=1,y=—1 max P = f(3)=25 khixzz,@.

N \ -

PN

Bai todn 104: Cho céc sb thuc x, y, z thoa man x° +2)2—5§\= 6.Tim gi4 tri 16n nhét cia bidu thic

5. &
P (x +y+z E 36
x Km}z
Léri gidi: Dautién, tathdy P c6 thé viét gon theo \x +y+z chinh vi vy nén ta s& khio sat ham £(t) muén
véy ta phai tim dwgc didu kién cta t. Dé lién x@\gz X+y+2z va gia thiét ciia bai toan, ta lién tuéng ngay dén
céch ding BCS. . 0§

2 2
Theo BDT Cauchy-Shwarz (x + e}pz)2 < fi(x2 + y7+53_} 536
Ol
O = bH6<x+y+z<6

e
Pt t=x+y+z vé)e[—ﬁ;é] :
X

@‘_ £ -36
| t

3_
Xétham sé £ (r)=t 36 trén [0;3]
= f (=2 +§

f)=0c:=-38

F(~6)= 42,f(—%/1_8)=%, 7(6)=30
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Viy max P = f(-6)=42khix=-1,y=-2,2=-3

Bai toan 105: Cho c4c sb thire duong x, y, z. Tim gi4 tri nhé nhét ciia biéu thire
_ 1 1
6y +7z 48 zx  9fx+y+z

Giai

Theo BBT AM-GM t2 o6 63y = 2,%.(9) < x+9y, 8zx = 4,/z.(4x) <2(z +4x)

:~6\/_x;+7z+8\[§£9(x+y+z)

1 i
O(x+y+z) 9fx+y+z

Datf=.Jx+y+z véi te(0;+oo)

Dods P=

. 11 .

Xét ham sb f(;) =S¢ o trén (0;-+-00) \

‘ .\da
\ 2 X
=22+, f (=01 =2 S
9t ot d .
NI

: 1 .9

L4p bang bién thién, dyra vio BBT ta 6 P2f(2)= T N\

PN

I\'
Cho a,b,c 14 cac s& dwong thda man: — + — J& 6 Chimg minh ring:

aAQ[

a+3ﬁ&\‘b+9ca \!c+4ah 27

o
O™ Laigidi
Taco O\l‘
8)
Q:Q 1 1 1
O V=38 " oca
N 1+ 22 22 J dab
a
m_’tt 36bc th:L tgz—, 0<AB<m
Tir gia thiét ta c6: ‘[};F\/E F Ja+2‘/;tT
A B
.?i’.— cotg5+cotg5 _ A+B _ E
Suy ra, 2 = g > cotg2
c

A B
ta — cotg - —1
cogzcog2

v6i A,B,C 12 ba g6c ciia mt tam gidc
Vay
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VI= : A I B I C
A+ cotg? 22 - ct2—~¢1+cot L
§ 7 ooty £

.,A _,B . C 1 A-B ABY . C
= sIn ?Slﬂ -2—51115::-“

COS—— - C0s sin—
4 2 2

I AB _cY.c . 1 .c]’.c
=—C0S———5in—|j sin— < —{]—sin—| sin-—

4 2 2 274 2 2

3
. C , C . C

1 c o) c 1[l—smg]+[l~sm2]+{25m2] 1
=—l-sin—| 1 -sin—|2sin— < — =

8 2 2 278

3 T

Cho a,b,c > 0 Chimg minh ring:

6(a +b + c)a’ + b+ *)<27abe+10 (a2+b2+°2f0'}>1)

Phan tich: - BDT ddng bac -\'2
- Vai trd a,b,c gibng nhau \db’
- Dy dodn dfu bing x4y ra khi a=b=c ;’\\Q
- Chuéin hoé: a? + b2 + ¢ =0 . O
3 Q}
! ﬂ » » g . \
Tacé: (1) ©2(a+b+c)—abec <10 &@

VT = 2(a+b+c)—abe 36@-21b0+2(b+c) = a(2—be)+2(b+c)
\ é@o+ (b+e)'| |2~ bo) + 4]

Giasira>b>c do az+b2+c2=@23
(@)

2 2 2
Pt t=be do bog O +° N 3
2 O—O 2

Nén VT25(9+2m)4@Yc)1+ 4=(9 + 21) (2= + 4]=£(t) véi -351<3

Khéo sét £(t) = f‘h)max <f(t) = 100= VT <10 dpem

Cho ba s duong a,b,c thoa man abe = 1. Tim gi4 trj nhd nhét cua:

bc ac ab
= + +
a’b+a’c bla+bi  cla+cb

| Lavi i
Ta ¢6:
1 1 1 1 i I
be ac ab a2l s &2 2l b &
P= —.4a ¢ __a c
az(b+c)+b2(a+c)+cz(a+b) b+c atc ath l+_1,+l+l+l L
be ac ab b ¢c ¢ a a b
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1 1 l 1
bit X =—;y=—;Z=— vdi z>0 = — =
at x " y b = i %Y, Vi XyzZ= v 1

2 2 2
Khido:p=—2* 4+ Yt z
y+z z4+X x+Yy

Ap dung bt ding thitc cauchy ta ¢6:

X’ +y+z>2l y+z _
y+z Vzt+y 4
2
y Z+X v oz+x x+y+z 1 v 3
1 =2, = _—> P>— > =3y
z+x+ T 2T g y =P+ S>x+ytz= _2(x+y+z)_2\/_x§
2 2
z +x+y22' 4 x+y=z
X4y 4 Vx+y 4
>
vﬁmeP—2 khix=y=z=1,. @
. o\\
x*+y? =16 db’
Cho < #? +v* =25 . Tim Max (x+v) &\Q
xu+ywz20
oy
I N\
L gii Y
Ap dung bit ding thirc Bunhiacopski ta ¢6: \&rb'
20 < xu+ v < (27 + yP )@’ +v7) =+20.25 =20 0Qc"
x y S
Dxu+ =20 —+=S xv=yu &Q
u v
Q
Mit khic 41=(x2+y2)+(u2+v2)=(x2q5v2)+(y2+u2)2x2+v2+2yu==x2+v2+2
= x+v=+v41 00
yq'bglﬁ
Yv® =25
Max(x-i—v) NZTR= < y(x+v)= 20:>u——io—=i0~
“u=y Ja1
xu+yv=20
20 16 25

= , X = ., 2=
Y tim T im

Cho a,b,¢ 12 céc sb thuc dwong, Tim gié trj nb6 nhét cua:

e
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Lai gii

Y tudng vin 12 lam mét ¢an thire. Bé 1am duge didu d6, ta cb danh gis sau:

a a > 22a _ 24/2ab
btc Ja(btc)  2at+b+c 2abt-b tac
‘ [a [b  [e 2/2ab 242be 22ca
0i i : + = t +
1romg 101 cong ot a cs Vb+c +Va+c Vb+a ~2ab+b*+ac  2betc +ab 2ca-t-a’ +be

Ap dung bét déng thirc BCS, ta ¢6:

| a +J b +J c 2V2(/ab +vbe ++facy’
Vb+c VYatc Vbta —a’+b +c +3ab+botca)
4(zl-i-b+c)2
Lai ¢6: a2+bz+c2+3(ab+bc+ca)§-——— QQ
&)
S [ [ Wi(Vab+vbe e O
Suy ra: +. + > > N\
b+c Ya+c Vb+a 2(a+b+c) ‘ da'
S
X
\E(a—i-b-f«c‘) QY
batt=——r—— (1< 2
oo <5V Q})O‘\
. : N\
Ta dua vé khio sét ham sé f(t) = t+¥ Vv
t &ro,
Tacé Pzﬂ ' °.>\
2 OQ
Déu ding thirc X3y rakhi 2 = b = ¢ \O
)
N )
Cho 2,b,c 14 céc sé@re duong théa man (3a+2b+c)[l+%+—]= 30. Tim gi4 trj 16n
%. a C
&) 1.,
. . ~7
bt oia bidQiRuc; Pt 20— VT2 e
Y A
\"b- Lo gii

Mot céchryq§en,tadat x=2>0;y=3>0. Piéu kién duge viét lai thanh:
a a
2 3
I+=+=1(3+2x+y)=30 (1)
Xy

Viét P lai dudi dang: P=x+2y—~772+y* .

By gid diéu khé khan 1a xir 1 biéu thitc cin thirc, Lam thé ndo dé mét cin thic di ? Ta s 4p dung BCS:
(72+y")(8+1)2(24+y)'

Vay nén: 72+ > 9”’3—24
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Suyra P<x-— % —56 Bay gid ta cin tim d4nh gi4 cho P .Thir nhin lai gia thiét , ggi ¥ cho ta:

>9

Ta ¢6: [5+1+1][3+§+1
2 3 Xy

9(34-2x +)
X
53t

Kéthopvai (1): 30>

Hay 1a x~> <1

Nhu vay: ng—%—5651—56=-55

DAu ding thirc xay ratai:a=1;b=2;¢=3

Cho céc sb thuc duong a,b,¢ thoa man ¢=min(a,b,c) va &’ +b*+c” =3 Tim giégmadm

nhét cia: P =2ab+3bc+3ca +—§— ' C
at+b+e \20

.
AN

N

! E - -E- Q‘\

Dinh huéng dAu tién 12 ta s& ding ham sé. Nhung vén dé 1a ddn vé bién nao. ,Sit Kithi c6 2 cach ddn bién d6
Jaddn vé bién ¢ hosc vE bidn t = a+ b+ c Néuddn v bién ¢ thi qua thiyitkhé ddnh gid két néi bidu thirc dé
quy vé bién ¢.Ta ¢§ dén v& t = a + b+ ¢. Nghia 12 ching ta phai im m&\h@l hé gifta 2ab 4+ 3bc + 3ca v
t=a+b+c .
Déu déing thirc cila bai ndy dat tai a = b = c . Nén dAu tién, cic sz"&t ra gidy nhép bigu thitc:
2ab 4+ 3bc 4 3ca va (a+bc)’. Tai sao lai binh phuong, 1y do@n gian chi 12 dé cing bac thoi,
By git ta thiy (a+b+c)’chénh 2ab 4 3bc+3cald 1 d @?azmg xét tai diém (1;1;1)).
Nhur vay ta thir kiém tra didu nay cb ding khéng ? Né&:émg ding ta tiép tic 1am chit dénh gid cia minh
2ab+3bc+3ca < (a+b+e) —1

(a+b+c)2(79— 2ab-3bc—3ca=2—bc—ca

=2—c(®l~b)22—c,}2(a2+bz) =:2—c,/2(3_c1)

2 2 2
_2c +3—¢ =1——c >0
2 2

=@:Q izc2 (3-¢’)=22
. <
Viy khang dinh ciatala d’ugérb'
i

Ap dung, t CP<{\b+c)f _
p dung, ta suy ra: P < +c} +a+b+c
Batt=a+b+c,(\/§<tg3)

Khi 46 P<f(t) =t +%—1

Xét ham s £(t) =t2+%—l,t€(\/§;3]

Tacé (1) :2t—‘t£2>0,\7‘te(\/§;3]=>1°gf(t) <f(3)=10

L gii dugc hoan tit ddu ding thite xdy ratgi a=b=c=1
Ta s& khao sat thém mot hudmg ddn bién khac:

Gia thift suy ra: 3=a’+b* +c* <(@+b+c)’ <P +bB +e)=9=>3<atb+c<3
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Béy gidrta co:
(a+b~f—c)2—3(ab+bc+ca}=(a_b)’+(bmc)2+(c_a)220
(2a+2b +2¢) _\j4(a+b+c)3 Mc<1)
5

c(a+b) =\/c2(a+ bXa+b) </c(a+b)a+b) SVI

4 27
Khi do:
6 2a+b+c)’ | [da+btc) 6
P =2(ab4-bc b < + 4
(BbFbotea)telatb)+ o< = 27 a+btc
. 2¢? ’4’[3 6
Céng viéc clia ching ta biy gir 1a khao sét ham s f(t)=-3—+ 2'—7+?,t=a+b+ce[ﬁ;3]

Viée ndy kha dom gian xin danh cho ban doc

Cho a,b,¢ 14 c4c 56 duong thoa man a+b+c = 1. Tim gid tri nho nhit:

. 9a’ \ 9b* a+b+c? \
"N+ +5bc  Y(c+a) +5ca 9 Q’\,
¥ o v
Ding bét ding thirc AM-GM: N
b+e)? - db
bo< L2t .
* N
Ta d4nh gi4 dirre: A
2 2
= s 2
Pz[—za—]’+[ 20 }’+°~>—“
b+¢ c+aj, & 9
Ta c6 mft danh gi4 kha ndi tiéng va chit sau: N
2
[ 2a ]2_[ 3a J3=§£®}4bt4c)(2a—-b3—c) >0
b+ec a+b+c \ (b+c)(a+b+c)
: Qc-’
Va_‘lynén:[ 2a ]32—35— 4))] )
b+c a+b+c S
: S
Tuorngtu:[ 2b ]’z~—3b—~— Q
c+a at+b+c Q)

2 2
VéyP23c+3+c +o+l_7 fz'c+7)(c-«1) 57
22417 5 3 e+ 23

Vay minP-—--Z: xéyra(k!)@é% chikhia=b=c¢

Binh lugn: Bét déﬁg’g&c (1) 1a mdt bb dé rét quan trong va c6 nhidu ting dung trong giai todn. C4c em hoc sinh
cén ghi nha. y ‘

~

Vi ec 56 thye duong x,y,z thda man didu kién X+Y+1=2. Tim gia trj nho nhét cua bidu

X v 2} 14
thire: " P= + +
X+yz y+zx z4xy  (z4+DJSx+Dy+D)

L gidi
Hinh thic ciia bai todn khién ta nghi ngay dén phuong phép ham sé . Vin dé 1a ta s3 xdc dinh dén v& bién nao ?

Nhén thily ¢6 sy d6i xtng cta 2 bién x,y nén ta khéng thé dén theo 2 bién nay dugc. Vay ta'sé dén Z . Bay gi¢r
bién Z ta s& khéng dung cham g1 nd, gilt nguyén. Ta 53 cb dwa 2 bién con lai v& Z . Dé ¢ didu kign , viéc dua vé

Z ddng nghia vdi viée rit ra cac bidu thic dang (X-+¥) hoiic céc biéu thirc c6 thé danh gia duge véi (X+ ¥).
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D& ¢ s hang cudi ¢6 c4u hinh v/ab nén ta c6 ngay dénh gia theo AM-GM:

«/(x+1)(y+1)gx+32(+—2

c+y+2 _ (+d
4 4

Z4xy=x+y+l+xy=x+Dy+D <

Bay gi® ta khé khin & viéc xir Iy 2 s6 hang dfu tién , ¢6 mdt phuong phap 14t manh @& xir 1y biér
6 1a 4p dung bit ding thirc BCS:

X.3 y3 xd y4
+ =— +—
X+yz y+zxX X +Xxyz ¥y +XZ
C ) MR ¢ bt 20 SN Sk 0 (PN .5 N 2
Xty t2xyz Y AP+ z4+l T 2z4D) 2(z+D)
- S
Vay suy ra: P> (z—-1) + 4z + 28
g T2z4+1) 2+ (z+1) ' QOQQ
Khéo sit ham sd trén z > 0 fa dugc MinP——Edttaix— --1ﬂ z—§- »
J 3 at 13 Y 33 3 ) &
AN
“Tim gié trj nho nhét ca bidu thire: P=3—@~+—C)+M+&@
Za 3b %}} ¢
O\
.\V
!f .E. &ﬁ,
Ap dung BCS , tacé: 0.7\

o
4_a+3(b+c)+&+4aj-®+8(2a+3c)+12(b—c)_“

2a 2a Bb&()} 2a+3c  2a+3c

1 4
={4a+43b+3 —+§— - ~11
(a3 c)[Za() b_| 2a+3c]

P=

* 2
w>-_(4&4.313_|_66$j:"i"j"'_2)._.._11=16_11=5
2a+3b+2a43c
AS)
<
DAu ding thirc xay ra khi a—-éZlS)— 3
, 2 2

‘g‘
Cho a;§ducmg va théa min a + b+ ¢ = 1. Chimg minh ring:

Ja-i—(b_:)z +vb+Ve <3

L g
Dy doén ding thirc xay ra khi va chi khi a = b = . Lic ndy dé ¥ quan st thi bt ding thire ok
xap x1 boi Ja b 4-Jc . Nhwr véy goi ¥ cho chiing ta sir dung bét déng thirc sau:

Gt y+z)f <3HxP+y +27)

Viy ta G xuit 1 gidi nhur sau:

LOVEBOOK.VN | 266


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

(b—c)’ +(J€+J€) +(JE+JE) ]
1 4 4
b—c)’ +2(b+c)+4bo)
4 |
2(b+c)+2(b+c)
4

VT <3a+

=3a+(

<3ja+

}=3

Cho céc s6 thyc duong a,b,c thda min a+ b+ ¢ = 3. Tim gia tri [én nhit cua biéu thire:

P (2a+b+c)* | (2b+c+a) +8(a+b—3\/cz+3
Tl kths oV IR ot aV 9%

Minh & tiép tuc déng vai di thi va huéng nhap dé giai cau bét déng thirc ndy. Du tiép Cabu kinh nghiém ma minh
42 n6i nhidu 14 ta nén dimg lai quan sét gia thidt. D& ir d6 phén dodn diém roi cita $g®ng thirc. Gia thiét cho
2+b+c =3 mi lai quan sét xudng biéu thirc P ta lai thdy c6 xult hién ctia w ximg giffa a;b , nhimg ¢ lai
ddc 18p rong biéu thic chia ciin do vay y tudng ban ddu ta s& ddn vé cai biéQ Lai quan sét tiép c6 nhém

. \ . 29 )
{b+c)i(a+c) mit khic thdy né nim trong hai biéu thire con {22+ h‘f{% : (2b+a-t c)z
| 2a° {DM-¢)’ 20" +(a+c)

" N
(a+3)2 . (b&;@ N 8(3—c—3\/c1+3)
268 (b3 9c

Béy giyr dé dén v& ¢ duoc ta phai dénh gia c\h@%ng duge 2 s6 hang diu tién.

Nén ta s& viét lai thinh:

P=
22 + (:1—3)2

By gid ta di dy dodn diém roi cho né, D $in thé nio ddy ? Nhin vio bidu thirc P thdy a;b déi ximg nhau nén
suy ra ngay dugce a = b .DE c6 duge § Viydidmroilia=b=c=1

Hinh dang ctia 2 s6 hang diu, g;‘qig.ta nghi ngay dén dénh gi4 bing tiép tuyén.
®)

O x> +6x+9
fixy="-T22T7
QQ:Q () - 6x 49 - TR
3 K4 x4 6x+9 4 4
Bang tinh to4n, :-;}chr.’mg minh: f(x)=—"5""~T" <2y 2
4 x*—6x+9"3 3

) 2 2 2
vw:(?+b+ck &b+a+q,si@+by+§
2% +(b+e)  2b2+(a+c) 3 3

Nhur vy ta da dua tt ca v& duge bién ¢ . Cdng viéc con lgi khé don gian.
Vigc hoan thién Idi gii, xin phép dugc danh cho ban doc xem nhur mét b tip.

Cho céc s6 thye duong X,¥,z théamén x > y v Xy +{(X+y)z+2" =1. Tim GTNN cia:
1 1 1
P= + +
4(x— ' (x+z)  (y+z)
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L giii
Didu kién a3 chon duge viét gon lai: (X+Z)y+2)=1. Bay git ta s& tim céch lién két dé sir dung gia thiét ndy
D& Yang nhén ra d6 12 thay tir sd ctia mi s6 hang bing (X +zXy+z). Luc nay P duge viét lai dudi dang:

(x+2)y+z)  (x+z)(y+z) (x+z)(y+2)
4[(x+z)—(y+ 2)12 (x+2) (y+2)

pat t=2"2e(0;1]
X4z

t 1

+t-+
4{t—1y° t

Thi suy ra duge: P=

Pén day moi viéc kha dom gian. \
QY
) s 2 . O
Cho céc s6 thyc khong m x,y thdaman x* +y° +xy+2=23(x+y) Tim gid Q@n nhit cla
. AN
bidu the: p= 22t 2¥ 1 : R
X+y+6 N
Z
- e
Livi g \)( ;

Trudc hét, chit ¥ didu kién, nhan thiy gia thiét 1a hodn toan d6i ximg vfr\/ %’l x,y Tiép theo, 8 ¥ dén c4i biéu

thirc P. RS rang, P 12 ham béc nhét chia bac nhdt Tir 46, mirth nghi de;y tirémg dimg hinh hoc dé giai quyét bai
toan. D& thuc hién didu d6, diéu quan trong dhu tién cin 1am, 1a n gid thiét vé dang quen thude, phuong trinh
dudmg tron. Con céi bidu thirc P kia thi don gian rdi, chi cn ug}ﬁng chuyén vé chuyén vé phuong trinh dudng
thing, rdi 4p dung cbng thirc khoang cach nira 1a én.

Tuy nhién, mubn chuyén P vé dang phuong trinh dub@m‘m, truéc tién cin phai loat b ngay céi tich xy .Tuy
nhién didu nay khong qué khoé khin -

)
y=2 a>0 <
X = 28 M
bit: Y =ix=a+b o\l‘
x=y=2b =a—b ‘QO
Y 2

R <
Khi 46 gia thiét trd thanh: \(0'

@-{—bf +(a+b)(a—b)+(a—b) +2=6a &3’ +b +2=6a
| :>P=w
2a4-6

Do: 38 +b*+2=6a=b* =—3a* +6a—2=1-3(a— 1 |b| ’1—3(a~—1)2
. 2
Tl\rdésuyra:P=5a+b+l<5a+lbl+l=5a+1+\/1—3(a—1)

2a+6 — 2a+6 2a+6
Dita—1=t thi tel_—l;-—l—}
' J3'3
S(t+1)+14++1-3  5t46+v1-3t

2(t+1)+6  2t+8

Taviétlai P=
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Pén day thi don gian rdi, xét ham dam bdo ra ngay. Nhung ma nhm c4i bidu thire thiy nin qué, dao ham ra chiic
ciing mét.

Ta s& CM cho GTLN cta P bing 1 véi t €

%7
5t 46 ++/1— 3t

Thét vay, ta c6; TSI@Z—%E 1-3t* 4:}(2—3t)2 >1-3t @3(2t—~1)2 >0 (dutng).
t

Loi gii hodn tht Ding thire xay ra khi X =2y =1
Ta ciing c6 thé giai bai todn trén bing hrgng gidc:

, 3V (VB VA
Gia thiét d4 cho twong duong véi: X +y* +Xy+2—3(x+y):0ﬁ-{x+%—5} +[7y—?] =1

Y tudng dung lugng gidc hién ra khé 16 rang,

bat x+!~—-3--smt £y—£=cost \
2 2 Q’y
=>x=sint+1—&5t,y=1+@ $)
NG V3 \20
Thay vao bidu thic P, ta c6: . N\
3sint+%" 4 6 \db
p==_______:Q§:___ /(52\

cos{
smt+\/§ +8 \)@
. P 1
ﬁ(P—El)smH—[:j——— Ff)stzé—SP
3, @
N\

: 1% 20
bé phuong trinh nay cé nghiém thi (P-3y° +[L— K} >(6—8P)Y & —<P<l
3 (ﬁ 47

,@

~)
Cho x,y,z lacicsb t@%ﬂmg thda man: 5(x2 +y +z’) =6(xy +yz+2x).Tim gid tri nho
<

Ta c6: P-—1®3smt+7-+6m.smt+ ¢=>sint=1=>cost=0=>x=2,y=1

Q Lav g

Céi khé chiju ciaa U&{‘;Qy chinh I4 gia thiét. Nhumg khé rﬁay mén cho chiing ta 46 12 biéu thirc dz cho c6 dang dbng
béc . Nén chii da dugc hoc cach xir ly
Gia thiét tuge® duong véi 5(x+y +2) =16(xy +yz+zx)

X+y+z.

P11
nhﬂtcuabtéutt@i’?’ x+y+z)[ +—+ ]

Néntadit x=ka,y=kbz=k k=

Viysuyraa+b+c=4 ;ab+bctca=S§

Ta s& tim GTNN ctia p = (a+b+c)[ '+'] 20
b ¢] abc

Viy nén ta tim cuc dai cia abe .

Taco abe=c(5—c(a+b)) =¢* —4c? +5¢

2 Y
Laico c2—4c+5=ab5(i-_-:ﬂ-=—(i4i

NénZ<e<2

ua|bJ

LOVEBOOK.VN | 269


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

Khao sat ham f(c) = ¢ — 4¢® + 5¢c;c €

2;2]
3
Ta c6 két qua: Maxf(c) =2 dattai c=1.
Vay GTNN ciia P = 10 dat tai X =2y =2z

Cho chc s6 thue duong thoa mén a + b + ¢ = 1., Tim gid trj 16n nhit cda:

P\/ﬁ(l LN

b+ac c+ab

Lvi gii

Bt 1‘%=K;Jb—c=y;,‘£§=z=> xy+yz+azx=1
a

Ap dung bét déng thic BCS:

~P= 1 - o1 Q\,
1 1

Xx+— y+— Z+-—

X y z

_ x Yy _ z _ 2xy - 2xy \ (x+y) _
_(X+Y)(X+Z)+(Y+Z)(y+X) Z+x)z+y) (xX+2)(y+2)x+y) (ZW%{#) 2241

ey ey )t 1 A
Ay gy 20D D T 2Axty) 2 \)d
Xy @
ta c6 Max, =% .\\/\
Ao

\
Cho a,b,c 1 d6 dai 3 canh ciia mét tam gidc Q%oa mén 8 +b° +¢* +ab—2Zbc+2ca =0
¢ O+ ¢ + Jab
(a :IPEQ}C)Z a*+b'  a+b’

Tim gi4 tri nho nhét cha: P=

\\
e
O Liigidi
Bt déng thirc dugc viét lai dudi dang: o\l‘
RO
()Q) ab a*+b® a+b
{a+b)’

By git ta s& ding BCS 4é d&ql?;;ia vachay ab <

p— +02 +i|\/a_b> 9%’ ‘Ja-ﬁ> 36¢ | +ab
2ab  al+b*  2ab a+b “(a+b)2+ab'a.+b—.5(a+b}27a+b
Ttxgiéthjét:(a+b~wc)2=ab=->J;t_)=a+b—c

36¢? a+b—c_§_§[ c ]2 __C

Tird6ésuyra P2

~ 5(a4-by a+b 5la+b a+b
- by _ 1 3
Ching ta cling s& c6: (a+b—c)2=ab§[a-|2_ ] #Ega:—bg—z—

Ap dung bt déng thire AM-GM, ta s€ c6:

) ‘
E[ c ]+1~— c Z36 c d_i c =31 I __41222
5la+b atb S5a+b 5 a+b Sa+b 5710
Lo giai hoan tht.
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Cho céc sé thuc khong 4m théa man © =min(a;b;c) .Chimg minh rfing:
2 2 T 42, 2

[a ]+(b ]2a+b+c

b—¢ c—a ab+betca

L gidi

Dy dodn déu déing thitc x4y ra tai bién, & ddy 14 ¢ = 0 . Chinh vi vay g0 ¥ cho ta nhing d4nh gid véi 0, nghia la ta
hoan toan c6 thé d4nh gia dé mat ¢ . ¥ tudmg nay rét quan trong va gidi duge mét 16p kha nhidu cdc bai todn c6
ding thire xdy tai bien,

—e<
Tacé“ b-c<b

a-—-c<a
2 2 2 2"
Vi viy [i +[—b-— >2 45 | | QQ
b—c¢ a—c b* a @
Véy nén & vé phai ta ciing s& tim cdch 1am mét ¢ » nghia 14 ta 1dm sao d6 thay dygdc'= 0 vao, dé 1am dugc didu
ndy thi ta s& dao ham theo bién ¢ . d&
a’+b?4¢? N\
Xét fle)=2T2 1€ .~y L&
_ ab+be+ca ;\
Ta o fic)— 2abe+c’atc’b—a’b—bla—a’—b’ .d C_@ sbic)
@)= (ab-+bc+ca)? <0do 2 %5
a’ 4 b ’\\/
Nén £(c) < £(0) = 4
ab \ :
&
2 2 2 2z
Vy ta cin chi ra ring: %er—,z R ™ Q‘Q
‘ “a ab )
>
2 2 ¥
Ap dyng bt ding thic BCS: VT, > 5%%%2 2w,
% a

Phép chimg minh dugc hoan té{l‘

X .
Cho céc s6YQWE duong a, b, .Ching minh ring;
()e 1 " 1 i 1 < 1 " 1 + 1
\(b' a+2b+c b+2c+a c+2a+b—at3b b+3c c+3a
&.

Lési g
1 " 1 > 4 _ 2

a+3b  b+2c+a " (a+3b)+(b+2c+a) a+2btc

b+3c ¢+2a+b~ (b+3e)+(c+2a+b) b+2cta
1 1 4 2

> E=
NP W R P W P, Ty e prn
Céng vé v6i vé céc bét ding thire trén va rit gon ta c6 bit ding thirc (5)
a+3b=b+2c+a
Ping thire xay rakhi: {b+3c=c+2a+boa=b=c
c+3a=a+2b+c
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Hay x4c dinh dang ctia tam gidc ABC néu céc géc clia n6 ludn thoa min dting thirc sau:

tané tanE txanE
2 . 2 2. 1
L+anB s I+anCoan’ I+t enD  4tns tanD s
2 2 2 2 2 2 2 2 2
!. i i
bat than%, y———tan-—g’—, z:tan% thi x,v, z duong vaxy + yz + zx~1
H8 thitc tr6 thanh: - X4 ¥ 4 & =1
1+ i+zx  l4xy 4xyz
Ta cé:
X ¥ z_ _
I+yz 14zx 1+xy \
X ¥ z QN
(xy+yz)+(zx+yz) (xy+zx)+(yz+zx) (xy+y7)+(zx+xy)\20
<1[x x]l[y y]+1[z
Xy+yz zx+yz) 4lxy+zx yz+z=) 4lxy+yz = .
1 x4z | x+y y+z J_1{1 1 l=xy+yzg5.\= 1
w4[xy+yz+zx+yz+xy+zx] 4[x+y+z] 4& 4xyz
Déng thirc xay ra khi va chi khi: x =y =z hay AABC déu. . N
(0.4)
Véi x,y,z,t 12 che sb duong. Tim gi4 tri nho nhét cuab“éu}huc
x—t @'Z
Tty y—i—zJ\z-%—x X t
~0
Lyl
L A O B 2 1] 1]_4=
[t+y ] y+z+} arx T +o T
_Xty t+z  y+x  z+t 1 1
t+y+y+z+z+x+x+to C(X+Y)lt+y+z+x )y+z x+t
4 O1 _4x+y+z+t)
> (X4 Y) e+ {1+ 2)3Q = —4=0
2ty e T2 ’®+y+z+t Zry+ztt

Viy MinA =0khix=y= z

Cho a @ thoa mén a+ b+ ¢ = 1 Chimg minh ring:
ab-+bc+ca
2b2 b2c2+ 2 2 __8(3 +bl+c)

Liri gii

2
Dit t=ab+bc+ca=>05t§(a—+b3—+c—)wl

Ap dung didukigna+b+ec=1, taco:

t
t* —2abc(a+b+c)
t
A 2
1~ 2abe

> 8(a+b+c)* —2ab+be+ ca)|

> 8(1—21)
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Bay gidr ¢ ¥ mét ti ta nhan ra dang thire xay ra tai bién nd ta d& dang lam mét di abc
DE thiy

—t st
t?—2abc — * t
Do d6 chi cin chimg minh:
%28(1—2t)®16t2—8l+120@(4t—1)2 >0
Viy ta ¢6 dpem.
a-tb+c=1 -
Diéu ding thirc xay ra khi abc=0 & (a,b,c)= [E;E;OJ hogc hodn vi.

t=ab+bc+ca=%

\,

. \
Cho a,b,¢ duong théa man a+b+c=l.Cht’mgminhrang' Q'»
R TIE I
a+bec b+ac +ab““ 4 -
P
.\V
o L&
gl
D
Tacé A= .\Q/
B ( I O
ab
BEIF F y,ththitacOXY+YZ+%\X“1
__QQQ 1 X
§l+z 1+y*  14x°

Dén day dAu hiéu lugng gidc khs ro r&r@
Tdn tai tam gidc ABC sao cho tané)— X tanl;—- y,tan—c— =z

2
Khi d6 A=smA+cosB+Q§Ql+I

2 Q‘)Q ,
Tacéd : cosB +cosQQ2cos C. cos B- 3 ¢ < 2cos B ;_C = Zsin%

Ta g& chungﬁ sinA + Zsm =t 3‘/_

2
o 2/1-1 +2t5—3;/_-3-©{t—%J (161> +16+/3t +36) > 0 [uén dtng

Viytaco A51+3—4“/-3_-

Cho a,b,c,d 1a cdc 6 thye duong théa man abed = 1 .Chimg minh ring;
1 1 1 i

>
(+ay a+6F Ta+or Tarap !
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Loiziai

+ 1 > 1
(I+x¥ (+y)P  xy+1
Apdung, tacé: VT > ! + L 2+abred
l+ab 14¢d abed-ab+ed+1
Bai toan dugce chimg minh.

Ta c6 bt ding thirc quen thude sau:

N a
Cho a,b,¢ > 0.Chimg minh ring: ) ——=—=—<1
£ Z\Maz +5be ‘

Lari i
b
4 [a—:,;—:,;—:}a(x,y,z) ,Suy ra duge Xz=1 \
Do &6 bt ding thite cin chimg minh tuong duong voi: Q'»
I S R \200
Jat1sx  Ja+sy Ja+sz o N\
Giastr x> y>z thix>1 va yZ<1. Ta s& chitng minh bé d& sau: \db’
1 1 2 K
+ < (H
Ja+5y  Afa+5z ’4+5JY_Z \)d
s . <
B& ¢ hin nhién déng khi y =2z. V6i y > z ,tadatszy;r?;p= % i 5> pp<l
Binh phuong, ta ¢6: &@
(1)®1+1“2<2_ X
445y 445z 445 4+5p  JULINA+52)
50"+ 50ps — 405+ 40p _ - Qfa+5y)4+52)— (4 +5p)"]
- (4+5y)(4+52)(4+5p) —(4+€@W+5y)(4+5z)((4+5p)+J(71+5y)(4+sz))
O . 10(s—p)
Lai ¢6: —50p” + 50ps —40s+40p =10(s — —4) Nén it gon 2 vé cho , ta chi con
@ 00:—50p" +50ps —40s +40p =10 \i’z@ ) Néo rit gon T @rspJatsyxa+sz)
chimg minh: OO
Osp-4 8

NA+5yXA+52) ~ 4+ 5p+J(d+5y)(4+52)

. e 25p" —16 < (12— 5p)(4+ 5y N4+ 52)
Diéu nay hién nhién G’b§

(12— 5p)J(4 + 5y)(4 + 52) — 25p* + 16
= (12— 5p)J25p + 40s -+ 16 — 25p” + 16 > (12— 5p)y/25p* + 40p + 16 — 25p” +16

=2(8—5p)(5p+4)> 0

1 2
+ <1
VA+5x  Jas5yz

Bat\f4+5\/y_z=3t=>%<t“<_1 Vi x = - 25

yz - (9tF —4)*

B d& dugc chimg minh, tiép theo ta chi ra:
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Bt ding thirc tuong duong v
9t —4
36t —32¢ +21 3t :
& (2-3t0V36t* — 3212 £ 21 -3 - 20) < 0
Do 2 -3t < 0 nén ta cin chi ra:

V36t 320 121 2 3¢ 4 2t (t— 1) (9P +14t+7) 20

Ta ¢6 didu phii chimg minh. o
Bink fugn: Ching ta cAn ghi nho bd d& (1) va nhimg b6 42 dang lién quan véi bb dé ().

Cho x,y 122 s6 thyc duong théa man: x* 4y =2 Chimg minh rang:

3

9 2
St—L_>
Y x+2y

o ‘ Lii gid S
Bién d6i twong duong, ta cin chimg minh: Q

X(x+2y)+ 9y 2 4y? (X+2y)

Ta déng bac héa bét ding thire: X*(x +29)+9v* >0 (x—!—Zy
s[oer2m+9y'f 2 [y (x+2y)J +y) ]

Khai trién truc tiép va thu gon: )
X" +49y" +4x°y% +4x%y* -l—1'l)x“y“@;\?m:zy6 —32xy’ >0

Bénday, dit t =250 , ta duge ¢ +4¢” +-4t° +10t" +4(\/40t2 —32t4+49>0
y
S (£~ 1)7(t° +6t° +14\§24t +43t +66t+49) >0

Diéu ndy lusn diing va ta c6 didu phai chnimg né
Tuy nhién lév gidi niy tinh todn qué phirc t& co mft 16i gidi khic dom gidn hon,

N I's * { 2
Ap dung bét ding thic BCS , ta c6 L&? iy
X

P 2
)=+ 3 ]
. [x+(x+ y)] Y y

. 2 %02“ 2 I
Laido x’4+v* =2 nén it@:._Y_+3y=2[y+_]24
d y Y
Thém vao d6, d dang €hiing minh duge: X+(X+2y) =2x+y) <4

N 9 r 41
Nén suy ra dugc -’é—\ --y—>_=4
Y AN x+2y 4
Ding thirc x8) ra khi X =y =1 .
Ta xét thém mét 1o giai sau cung khd tiéu bidu cho cich giam bién:

3 2 3 2
Taco X 4 2 >E 4%

YOx+2y Ty x4y i+l

9y? x° 9(2—x%)
T x4+3-x?

3
Vi x* +y* =2 nénta c6: 55_+ —=
y X+y' +1 2-x

Bdy gid; ta chi cdin chi ra ring;
X 9-x)
2—-x*  x43-x*7
X (x43-x") + 92— x2) — 42—’ Xx +3—x)

hat | (2-x*)x+3-x7) =0

>4
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x> 6x —Tx* +16x7 +8x—12
(Z—xz)(x+3— x%)

<0

(x — 1P(x’ —4x? —16x—12) <0
(2- x)(x+3 x%).

Lutn ding v6i 0<x <2

Cho X,¥,Z>>0 va théa man 2x+4y-+72=2XyZ Tim GTNN ciia P=x+y+2Z

Lozl
Tir gia thiét, ta c6: 2 = 25+
) 2xy —17
Ta co
14
2%+—
P= VI L T SIS
Y =7 7 2x  Dy—1- 2
—x+%1*+2,{1+xi N
Theo BCS, ta c6: ' &\Q
7V 7 7). 7C?( 7]
3+ <o+1+L | =161+ Ll =2 i+ o2 la+2
oo oif o
11 15 v :
Do dé: P>x+ + (3+ )> +( +_)>_ &@
Vi minP—"-l-—S- dat tai x =3; ——5-'z=2 o
.y ) 2 X5 < =Y""2: AOQ
U B
Cho 3,b,c > 0 thoa man ab+ac+bc=<$913abc .Chimg minh ring:
1 222013
al2013a—1V ~ 4
o n
o Lari pidi

Tacé ab+be+ca=2013abc @(}%—&-—«F—— 2013
1

Batx—--l-,y=—, = s§3x+y—§—z--—2013
a b ¢
1 _§( _ x° %

Nén = = =
a(2013a-1f (2013, (2013-x)  (y+2)’
X

3 3 3
. _ X _+ y —+ z > 2013
G+zy¥  (+2 (xry) T 4
Bay gi@r , bai todn trd nén khd quen thude, ta s& diing ki thudt chon diém roi AM-GM:

x* y+z y+z_3

15253,
(y+2z)° 8 8 4
X4y dung thém 2 bét ding thirc tuong tu, ta c6:
AZ ——(x +ytz)= —2-%1—3

2013

Viy ta c6 diéu phai chimg minh , diu déng thirc xéy rakhivachikhi x=y=z= = e

LOVEBOOK.YN | 276


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

Cho a,b,¢ 1a cdc s6 thuc diong thoa man a° +b° ¢’ +2abe =1 .Chimg minh ring:
a’ +b*+¢* > 4fa’h” + b’ + ¢*a’)

L giai
Do 8’ +b” ¢ +2ab¢ =1 nén tn tai cac sé duong x,y,z sao cho:
o ¥
(x+y)x+2z)
i__ X
T (x+y)y+2)
PE N
(x+z)y+2)

xy’z

Do d6 bt ding thitc da cho dugc viét thanh 3 Xy >4Z( o 0TI
x+z) (x+yMy+z

(x+z)y+z) ™
Quy déng mAu ta cAn phai chimg minh: {ny(x -I—y)](x +¥Xy+z)(z+x) 24@2[@){4—3/)(}{4—2)]
Déy 12 mét bét déng thitc déng bac, vi vay khai tridn ta dugc: )
' S ey 22xw(x3+y3+z’)+lzf<¢>’
Nhung 48y 13 mét bit udng thic ding do AM-GM: N
S oxiy (x2 + }'2) > 2xyz(x3 T}&&? '
Va szyz.zxyz 12(xyz) . Q)\)

Ta c6 thé ding lwong gidc dé giai quyét bai toan ndy nhu sau(}
Vi gia thiét da chon luén tn tai mot tam gidc ABC sag 98\9 a = cosA, b = cosB,c = cosC Khi dy ta cé:
cos’A+-c0s"B+c C+ 2c0sAcosBoosC =1
Bét ding thitc cin chimg minh dugc viét lai:
05’ A +cos’B+ cos’C pycos* Acos’B + cos?Beos™C +- cos’Ccos’A)

\

A 2

Tathdy: cos’A = cot’Asin®A = C(;t A O
' cot 6@

x? N y? \l-’zz o4 x?y? N yiz? R 22x? o
x* 41 y?&é Z+17 (G +DE D) (P AN D) @+ 4D

Ta c6 gia thiét méi GJ?Z-FZX =l va X’ +I1=(x+yXx+2)
Bét ding thirc (1) &gt viét lai duéi dang

. 2 2 2

X " ¥ + z
(x+yXx+z) (y+zXy+x) (E+xNz+y)
S 4[ xzyz N yzzz + z’xl ]
TV 2z +x) (Y2 (X yNE+x) X+ YNy +2)

1.2 2,2 2.2

@xz(y+z)+yz(z+x)+zz(x+y)24 XY Yz L ZX

Xx+y y+z z+x
2_ 2 2.2 2.2
By gié, 4p dung BCS, tace AX ¥~ o xy" | xy
X+y X Yy

DAu ding thire xay ra khi va chi khi a2 =b =c=-;-
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Cho a,b,c 13 céc sé thuc duong va thoa mén:
a+b—c>0,b+ec—a>0,c+a—b>0,(a+b+cy =4(ab+bctca—1).
Tim gi4 tri nho nhét cia

S— [b+a_1+ Ia+c_l+ [c+bw_1+___2x/5“_
Ve Vb Voa Jal +b* 47 —2
Livi i

Néu cic sb hang dducia S khong co gi lién két véi gia thiét ca vichila nhifng ¢ s6 hang bic 1. Dé c6 thé c6 chit lién
hé gi 46 véi gia thiét thi chiing ta hdy nban céc sé hang d6 Iai véi nhau, Theo Bét Déng Thic AM-GM, ta c6:

SZ3Jl(a+b—c)(b+c—a)(c+a—b)+ 242

| abe Jai4bi4e? -2
Ta cé: Q
3‘]—(a+b-i—c)’+4(ab+bc+ca)(a+b+c)—8abc 242 Q
abc Ja+b+c)’ —2(ab+bc\2© -
2
Theo gia thiét thi: (a+b+¢)? =4(ab+bc+ca—1) < abtbetca= M&-Mdb
Thay vao ta dugce: &\Q\
S= 35’ a+b+c 274 @ 4
J(a+b+c) -5 J(a-i—b—i-c) \) \/7+b+c -
\
Pat (a+b+c) —t5<t<—? .\\/

: >
108 4 &

Khi a6 S=1£()= 36‘_t"'_8+\[§
g

e(”g\
Viy minS=ﬂ]E dat dugckhi a=b=c=
Al

Cho %y>0 thoamﬁ‘bﬁgy—l Tim gi4 tri nho nhét cla:
x’+y —|-x+y+3xy+ 2

P=

\(0' x4y xy.{x 4+ ¥y
Lavi gidi
Tacod
x+y=1=>(x+y)3=1=>x3+y’+3xy(x+y)=1=>x3+y’+3xy=1
2(x3+y’)+6xy+2(x3+y3+3xy)
T X4y Xy
2(x% 4y oosi 2(x* +y°
—gp Y ( y)28+2 oy ( )=8+4»J§
X'+y Xy X +y Xy
DAu déng thic xay ra khi:
L 2B 1, V243
A2 3 == —_— =TT
oxy _2(xX'+y) 2| 343 3+43
x3+y3— Xy = hOf::lC
_ 1. 243 V243
xLy>0x+y=1 Y=l _1
3443 2l T3
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Cho a,b,¢ 14 cic s6 thyc duong thoa man abe = 1.Chitng minh ring;
a_ b c 3
a’+3 b +3 c*+374

L pii

Tacd abe=1 Ina+Inb+nc=10
Dat lnazx;]flb:}’;ln(::Z :}x.-f_y_f_.z:o

Khidé yr=_—S ., ¢ ¢
(€)' +3 (') +3  (e5)* +3

Xét £(x) = (_éﬁ (ham 15m )

£() SE(x ) (x %) +(x,)

Véi X, =0 , ta cé: f(x)gf'(o).(x__o)+f(o)=.;_x+i_ QQ

Lam twong ty rdi cong lai ta c6 f(x)+f(y)+f(z)Sé-(x+y+z)+%=—2— \20

Binh fudn: Ban c6 nhin xét o} v& chch gidi clia bai todn tén, hay thic gidi lai @5@?&:} trén bzmg cich khic.

Cho 3 st thyre dwong x,y,z. thoa man 3xy+yz+27x =6:£!’\im gid tri 16m nhét clia bidu thic:

1 4 3z
P= +5—¥ T
¥4+l y 4y 9422 i
2

Nhin vao biéu thitc cn chimg minh ta thay xufit hién.hot ham tan khd ré r@t nhung & gia thiét thi chua c6 dang gi 1a
lwgng gidc ca. Ta dé y [ gia thiét c6 thé viét lai @s

S)
Gié thiét tuong duong véi ¥+ Y24 2
é g duong v 5 6+3(g%
)

Do d6 tén tai tam gidc ABC sao choc'k tan%,-lz—{ tan

Lic ndy ta c6 bién dbi sat;oo

_ s
A B ,C
241 @241ty

@m 2 2 2

A B C C
=05’ =+ cos’ =+ sin—cos—
2 2 r

=14— (cosA+cosB)+sm——J1 sm——-l+cosA B.cosA+B+sm£1}1—s1n’C
2 2 2 2 2
C C C
L14sin—4sin=, [l —sin® =
2 oy 2

Xétf(t)=t+tV1-1? véi0<t<1.Taco

@< =2
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Viy Proax =

44343 Khi z2=33
4 x=y=4-— 23
Binh ludgn: Khi chimg minh cic bat déng thic dang lugng gidc, mot ki thudt 1ét hay duge sit dung 86 12 dua v& mét

ghe rdi dﬁng ham sb. S& df diéu nay luén 1am duge v néu nhu gap phii biéu thirc 12 hiu cia 2 géc thi ta ludn c6
tinh chét sin hoic cos trj tuyét d6i khéng vuret qué 1. Va tdng 2 gée luén duge biu difn qua g6c cdn lai.

Cho a,b,¢ 13 cde s thuc duong thoa mén =~ S { 2:] + 3[1 + 9-} = 6.Tim gi4 tri nho nhit cia.
a a

.z be ac ab
biéu thite: B = +2 +
a(b+2¢) ba+c¢) c(2a+b)
L gidi Q
Gi4 thiét 34 cho dugc viét lai nhu sau: 22?91_'_%14_04_ 2£+—?~'4—c—=6 ()Q

b? 2a’ (2a) \20

: - N
Pat x=by=22,2=Cc thi gia thiét duoc vigtlai dang: 224224 1 B O
x y x°y

A
4 &
Lacdbtact: P=—2 42 4 X o)
y(2x+z) xQ2y+z) 2(x+y) N
VIéc danh gi biéu thirc nay kha quen thudc, ta s€ ding bét ding thic BCS\nQKu sau:
Xz yzZ 4xy > (xz+zy) Qh/ > 3(xz + yz)* 4xy
TYox+2)  x@y+z)  ZxHy) ZwyzGxty+ ZR% ) 2oy Fyzt ) 2x+y)
3 4xy
(2 z(x+y) O
ZX+zy o)
Xy 3 0§
bit t = = P> —+ 4t
Xz + zy 2t+1)

Bay gid, didu cin thiét 12 tim didu kién cia t O
Theo gia thiét, tacé 6> 4+ 2x4y)

¥ O

8 8 14 8 8
Viytaco: P> —— 44t = £+ 1)+ —(t+1 +—-t——23<’ EAVILASE. .
dytaco: F2o0 1) 1 ( ) ( ALt FP M RE

DAu ding thitc xay ra khi va chi khi b:2a=4c
Bink Iugn: Ta cling ¢6 40 sat ham £(1) thay vi ding bt ding thic AM-GM
)

, 2 2 2
Cho %,,2>0.Tim gié tri nho nht cta p= XX 4 Y2 2%, 4xy2
z X ¥ xXy+y +z°x

i

Tacd:

I;-e'
uN
<
+

et
NN
+
Wil MNIX w|N
v
b

v
[\ ]
“w N X e

N
A%
o)
N

+

AT
b
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z 2 2 2 2 2
& X z
Vaythi 21 Y2 2X X, ¥ 2z _Xy+yztzx
z X Z X ¥y xyz
Lic nay ta co:

x’y +y'z 4+ 2ix + dxyz

P>
- xyz X'y +y'z 4z

DE thiy day I tng cia 2 bit déng thire nguge chidu, nhung néu danh gi4 tryc tiép bing AM-GM, thi ta lai gap 1 15t
14 khéng dam bao déu bing, Nhu vy lam thé ndo dé dam bao ddu bing ? Ta s& tach nhu sau:

X’y + y?z + z’x 4xyz Xy +yiz+ 2% 9xyz Sxyz 5 13
P2 + = +3 2 FIENE 2 o2
Xyz x*y + yiz+z2x XyZ *y+yz+2x x'y+y'z+z%x 3

. 2 2 2 - »
Bink lugn: V6ivigc dd y duge X1 Y 2 _RYHYEHRZX o0 ¢ oo ta 5iv dung chch dénh gi4d AM-GM nhu &
‘ zZ Xy xyz

trén. Cach 1am nay véi bét ding thirc AM-GM 13 mét céch 1am hoan ton so cp va ty nhién déi véi nhimg hoc sinh
vira tiép xiic véi bt déng thirc, N
Q
\ ]
Cho x,y,z € (0;1] théa man X+Y—22>1.Tim gi4 trj nho nhit cua\zo )
x ¥ z d&
B= =
y+z+z+x+xy+‘K J
A y
oL ! E . .E. @o:
Theo gia thiét, ta c6 X+y—z>14sx+y>1+2 .\\,\
Ta co &@'
X y z \ x? y? z
B= -t —Cg— = +
y+z+z+x+@ 2 x(y+z)+y(z+x) xy +2*
Ap dung bét ding thirc BCS, ta ¢6: Q)
Sy z

2
bit t= x + y ,theo gia thiét ta cé 1%5 tgz;xyg}z(Z)

Q 2
Theo (1) 4 2), 2 suy ra Qo B > tziﬁ{+~t—%=f(t)

Xét ham f(t) trér:\ [1§%2] ta c6:

. £1(t) = dzt[— 2

(B +2z) (£ +427)

]

Mitkhdedot > 2 + ;2 < 1 nén 2zt > 422
t < 2
(t* +22t)? ~ 2 4 472

Suyra
=1(t) nghich bién vi moi te [2+12]= £(t) > £(2) = — 4+ —*— = g(z)
I+z  z°+1
. n ’ 2 1—z% . .
Ta s& khéo sit ham &(z) wén (G1]. Ta c6 g'(z) = _(1_+—z)_2+(_z?-iT}FS 0 véi moi Z€(0;1]

Suy s g(2) > g(1) =

Vay MiDB=% déu ding thire xay ratgi X =y=z=1
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Binh lugn: Cong cu dao ham 1a mét cng cu rét manh nhung di loc 1oi gidi bing dao ham kha phirc tap(nhung la
mdt giai phap an toin trong phong thi }. Chiing ta theo ddi mdt 101 giai khac cho bai toan ndy nhir sau:
Taco xy+2° <1+z <x+y .Chinh vi thé nén:
x Yy 7 > X y_,_z
y+z Xx+z xy+z y+2 X+Z X+Y
" Piing theo bét ding thitc Nesbbit.

Viéc sdng tao ra mot bit diing thirc hay va dep 1a rit khé béi vi khi dat ra bai todn thi téc gid bai todn d6 khong hé
nght ring ngudi khéc co thé gidi dirgo bai tosn trong vong méy dong. C6 rt nhidu cich tiép can cho mt bai todn,
trong d6 c6 nhimg céch tiép can mang dén nhimg 14 gidi st bt ngd. Vige lam d6 cho ching ta niém tin va cam
nhin duge vé dep cita todn hoc.

.3
2

4 4
Cho x,v,z 12 chc s6 duong thoa man: [i] + [1] +Z=%42 Tim GTLN ctia:
y z) x z

_ 2y + 228 3z
T x4y yi4zt 2x+z \
L si C(:\\:»
z ' ' »
patt = £ Theo AM-GM, ta c6: o4
X ’\
X
x z [x) (y¥_z 2% 2 1 S
24+ =24= +[-—] 2—+—2@t+—232+—@t3n2t’-@ <0&te(l;2]
Z X y Z X 2z t 1 \)

: 2x? 2y’ 3z |- 9
Viétlai P duéi dang twong duong: P=4— + + =M —
ietiai P dui dang tuong duong [x2+y2 A7 ZX_%}\, Q

Thay vi tim GTLN cila P. Ta s& tim GTNN ctia Q.

. x° g 1 1 2 \
D& dange6:—3 5+ zy 5= >+ > c'c?lo—z--zl).
C+y Y4z y z} 12 X
LH= 14| \Q{
O
3 2
Suyra:Q2L+ X:J—+ﬁ—.x amsé:f(t):—i+ﬁ-;te[1;2]
(£ 2 42 tHL 2. t+1 t42
X - x Q)
17O
Ta tim duge GTNN cita Q bang 6. at dugc khi t=2,
7 \(b' x=1
Vay GTLN cﬁa0b5n§$gbéngﬂmc xdy rakhily = /2t
z=2t

y+2x* | z+2y x+22_2+ 2

Cho z>0. Tim gié trj nho nhét coa: P =
%Y g 2x+1 2y+1 2z+1 x+y+z

Lai giai
Ta bién déi:
2 2 2
P+§_=y+2x +l+z+2y_+l+x+22 +_1_+ )
2 2x+3 2 2y+1 2 2z4+1 2 x+y+z
Ta co:

y+2x* 1 _2y+4x+2x+1 o 2y+l
2x+1 2 2(2x +1) 2(2x +1)

LOVEBOOMK.VN | 282


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

Tuong ty,
z+2y* 1 _ 2z+1  x+2¢° 1, 2x+t]

2+l 2 Y 2y 11y 2201 T2 2(27+1)
1[2y+1 2241 2241
X+y+z 2 2x+1 2y+1 2x+1

3
= P+—2-=x+y+z+

Xxtyt+tzd——m >4\/_
+Y

Ap dung BBT AM-GM cho cac sé d ta c6:
p dung €no cac s6 duong ta ¢ 2y 41 2z+1 2z+1>3

2x+1 2y+1 2x+17

Suy mP+%24\/§+%=>P2 42

Diéng thirc xay ra khi X=y=z @xmy=z=&
X+y+z=242 3 Q
Viy gid trj nho nhét ciia P 14 4v2 dat khix = y —zmi-‘/; ' QQ‘
Chimg minh ring néu a,b,c€[1;2] thi ——-+”b.\]~w-~c-<ﬁ 1
OIg I g ne 3t | 2] be ab—z' J
VAN
Lo giai ,\\
Ciing nhur bai todn trén ta coi mgt trong ba 56 a,b,c 12 mdt bién s ham s, ching han 13 a , khi dé. tadat .
b 12
=2, x €[1;2] va ta di xét ham =2 28 IS
X [1;2] vata dix sb £(x) x[c+b]j_be/
2
b 12 K@i Lglo
c b \ b be
S
Khi d6 £'(x)= - +5 Bx f‘(x):OSb(—\/:
Ilb2+12c 33 _,10
Tact o=—-—""-—> 3—= = >1
ac b 2T x \/7
Nb I 46 g(b)=f(1)= 0 b, e
ur vy, ta ludn ¢6 f(x)gmg{_f{l),f@)}:max{g(b),h(b)},trong gb) = et
O 11b | 6c
hib)=1f(2 + +—
Q:Q (6)=£(2)= bc 2 b’
Ta xét tiép g(b) tré\%an [1;2]) c6 g'(b =—_[~1~9n+12] ”:E_}A.}ha,trongdé'
[+

1 f
A=TO+1 ——-—-—0+12C B—l—!-vacég(b) 0o b= %>]
C

N'hu' viy, g(b)< max{g(l),g(2)} = max{—c—-+ 12c,—c—+6c}

Xét lan ntra o(c )——-+12c va ¢(c )=2§+6c trén dogn [1;2] c6 .,[}gi;{tp(c),tb(c)}srnax{ﬁ_f’ 33}=%2 tir dé
suyra g(b)§62—9 véimoi b,ce[1;2]. 7

Xeét twong ty déi v6i h(b) trén doan [1;2] ta ciing c6
- 63 63
< 43 2204
h(b)< max{h(1),h{2)} = { + 60,2 + } {2 } 5

10 12 .
Vay —B‘S-'_%-{- chGQ dang thirc xay ra khi va chikhi a=b=1c=2,
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Cho x, y, z 14 céc sé thuc khong &m thoa man X+y+z=1, Chﬁng minh ring

Xy +YZ+ZX—~ ZXYZSE O

Livi gidi

Tacd

()< xy+z(x+y)— 22xy<27 e(1- 22)xy+z(1 z)<-l.

7
e 2z-—Dxy+zt—z4+—>20
( 2 77 2

va xét F(t) = Qz—It+22 —z—

pat t=xy,0<t<
= 27

x+y] -z

2 4
. 2 7

Tacé f(0)=z —Z+E7-_>_0 : QQ

R
RN (I

QN

. 1 _. .
. Ding thic xay rakhi vachikhi x=y=z= 3" Bét @} thire duge chimg minh,

= £()>0, Vte[ At 4‘7‘)

Nhén xét. Trong bai toan ndy, ta khong biét duge ddu cia 2z 1. Tuy nhié%@’cé thé két lugn dugc gia tri nho

—z)? : N \
nhét cia f(t) trén doan |0; L 42) chi dat dirge tai hai dau mat. CéQx\&n nay trénh duge viéce phai xét nhigu
Q
trudmg hop. 03\&

Choa, b, ¢ 1a céc s6 !:l'mckhﬁngﬁmthoarr@%wi~ b+ ¢ = 1. Chirng minh ring

z\,\bﬁ)c +]5abc>— @
O

O
o\l.* L gidi
Tacé: Q .
éo i5 - 1
%’ ©(a+b)3_3ab(a+b)+cs+z“c.ab-—120
‘s\ 3 3 15 1
§® & (1—c —3ab(l—0)+¢' +-eab-2 20
e _crlzo
a 4
f— 2 —
it t=ab, 0<t<[a;b] Q—f)—vaxét f(t)~_=(9°4 9, . 2_°+11E

1 2
Taco f(0)=c2—0+%={c_5] >0

f[(1—-c)2] _ c(3c—1¥ >0
4 i6 .

(1 C)2
4

= f(1) <O,Vte|0
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Diéng thirc x4y ra khi vi chi khi a=b=¢ :% hoic a=b= -;—;c =0 vi cdo hodn vi ctia nd. Bét ding thirc duge
chimg minh,

Nhgn xét. Trong cic chimg minh trén, giathiéta+b+c=11a quan trong. Vi vay dbi v6i nhimg bit ding thirc
chura cho gia thiét nay ma ¢6 tinh dong bac (thuin nhit) thi ta ¢6 thé chuén héa dé tao ra chiing.

Chox, y, z 1a céc sb thyc khong am. Chitg minh ring
X (y+z—x)+ 7 x+z2—y)+2° (x+y—2z)<3xyz (3)

L gii
Do BT 12 thidn nhét nén nhiy chudn héa ta co thé gia thiét thém X+y-+z=1,

Thay y+z=1—x, x+z=1-y, X+y=1-2 vao (3) ta dugc
X (1=2x)+y*(1-2y)+22(1 - 22) < 3xyz Q’x\
S by 427 <A +y +20) 4 Ixyz 0
S X+yF -2 +2 <2(x+y) —Ixy(x+y) 3xyz
& (1—z) —2xy+2% <2((1—2)° —3xy(1— Sﬁﬁ
& (9z—4)xy+42° —4z+

Pt t.;Xy,OAStS[E?(-] (1;) va xét £(6) = (92— 4)t¢§é —4z41

Tac6 £(0)= 42> —4z+1=(2z—1)* >0 &’0
1- \ 3z 1)?
f[( =22l 54
O 4
&\gf(tpo v efo, = z) I

Ping thirc xay nSx=y= zﬁ,j hoac X=y= %,z 0 va céc hodn vi ciia nd. Pidu nay tuong ducmg vé&i

a=b=c hojic a=b Caﬁové céc hofn vi clia né.
Béit déing thirc dugc chelg minh. '

N R N
%, ¥, 212 ¢dc 50 thye khéng 4m. Chimg minh ring

X+ + 2 +6xyz > (xy + y2+ (X + Y +2) 4)

Lo gidi
Do BPT 14 thuéin nhit nén nhé chuin héa ta c6 thé gia thiét thém X+y-+z=1,

Khi d6 (4) x> +y* +2° + 6xyz > xy +yz+- 2% & (x+y) —3xy(x +y}+2* + (62— Dxy —z(x +y) >0
@ (1—-2) —3xy(1-2)+2’ + (6z—)xy —2(1—2) >0

S Oz—A)xy+42° —4z+120.
Theo Bai 4 thi BBT nay 14 diing,
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a+b+c=1 s 5
Cho a, b, ¢ théa mén . Chitng minh rang a,b,c e _1;—].
® {a’+b2+cz=3 8 S B
'  Loigii
Coi ¢ nhwr tham s6, ta duge he déi xfmg loai () déi véia, b
at+b=1-c at+b=1-¢ at+b=1-c
=
af+b*=3—¢  |(a+b)’—2ab=3-¢* |ab=c'—c-—1

Ja,b e (1—c) 24(02—c—_l)@?;c"——ilc—SSO@—lgcgg

Chimg minh twong tur ta duge a;b € l_ 1;%], Vay ajbice [_ 1‘;%]

. N L ix 2, 2
Trong céc nghiém (x ; yycuahé { , ~ , hily tim nghiém sao cho X" +¥ —Né dat
X +y +xy=3 (,Q
gid tri 16n nhét, gi4 tri nho nhét \2@

Xx+y-2=2,2<0
Dt a=X-+Y—2 thi hé twong dwong véi | , ’ 2 ’\\Q\
X'ty +xy=3 d
X+y~-2=a X+y=2+a X+y=2+a N
Tacé§ , ° , a4 = 2 <
Ry ey =3 T kP =3 =0 =3

Didu kién d8i voi a dé hé ¢b nghiém (x ; y) 12 \
(2+a) >4(2+a) -3 = (2+a) 54@-4(&% (thoa man diéu kién a < 0).
Khi d6 xz+y2mxy=x2+y2+xy—2xy=3—2((2+a)26§c-_7-——2a2—8a+1
Xét ham sb f(a)=—2a*> ~8a+1,a &[-40]. Q)
Lap bing bién thién cia ham sé ndy trén dogn [—4:9] Dduoc
min(x2+y1.—xy)=l khi a = &)@) ¢ a=—4,1clakhi X=y=1 hogc Xx=y="-1
max(x* +y* —xy) =9 khi(%l_:»—z,tﬁc,lé khi x =+3;y =3 hogc x = —/3;y =3

) 0
(HSG Quéc gia nﬁm%@S) Chox,ythéamin x—3Jx+1=3y+2—y.
Tim gié tr} 1an\m§t’va gié trj nho nhét ciia x +y.

pat X+Y=S. Bai toan tré thanh: im S d& hé phuong trinh sau c¢6 nghiém
lx—BJﬁsSW—y 0
x+y=8

Pit Vx+1=2;Jy+2=b thi a;b> 0 v2 x=a'—Ly=b"~2. H¢ 0rg thanh

s
b=—
a-+ 3

a’+b* —3(a--b)=3 S+3-3@+b)=3
() < 2
al4+ bt =85+3 (a+b)—2ab=8+43

2
ab = §°-983-27
18

He (1) c6 nghiém (x ; y) khi va chi khi hé (II} ¢6 nghiém {a ; b) saochoa20,b 20
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3 18
<18>0
8§ -98-27>0

[g]’ 5y S -95-27

9+3\/_ $<9 9+ 313

2

Vay max(x +y) =9+ 315; min(x + y) = 9+;«/2_1

(B¢ thi tuyén sinh dai hoc nm 2006 khéi A)
Cho hai 6 thye X =0,y =0 thay d8i va thoa man: (X+y)xy=x*+y* ~xy.
1

—-

Tim gié trf I6n nhét cuia biéu thie A = 1
ly

. l;. 'E' N\
Taco (X+y)xy=x’+y’—xy@l+l=-}?+—12——l.f)atlza;l—_-b_ Q

Yy x y  x xy X ¥ \f
Bii todn trd thanh: Cho a, b thay ddi va théa man a+b=a’ +t* —ab. Tim g%é‘g,l nhétcia A= a’+b’. Ta cé

A=a 4+p =(a+b)a® +b’ —~ab) = (a+b),

N
) . b 32 &
‘L gia thiet a+b=a‘+b‘—ab=[a——} +-—=>a+b>0 @
2 S
bit a+b =15 vaxét hé phuong trinh Q/
b=
atb=a’+b-ab _ [a+b ( 2rb=5
a+b=S ag ab=38
\

Ja,b s gt > XS ~=8) .

@Os394s<0®0<s<4:m (a+b)<16.

. &
Ding thirc xay ra ©a=b=2©x=)$2.vay max A =16 .
FaN

O

A4
Cho c4c sé ngq%ucmg a, b,c théamin be > a®. Tim gid trf nho nhét cia bidu thire:

O b’ [ a b c
P=— _
OQ:Q @ +Vb+c+\/c+a+a+b
2
\ . aa
y L gidi
2 2
Tacs (b+of 2 4be>da o DECsy , B et (b4e] bie
a ac ab  a(b+o) a
2 2 d ' 2
b L b L > (b+c) > (l;+c)
¢+a a+b betab  ac+be” 2bc+a(btc) (b+c)
5 +a{b+c)
2b+c
_2b+o) _ a
b+c+2a b+c+2
a

Pat =2 o6 132 va sz(t)=t+\ﬁ+1fﬁ~
a t t42
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1, 2 _ 21 2
20t (L2200 +2) 2t (6+2) 21+ 2)

Co f'(ty=1—- > 0; ¥t € (2;+00)
=>f(t)2f(2)=3+~\-/1—2--.

Vaszf(t)23+J1§ diu“="xayra <+a=b=c =>minP= 3+J_ khia=b=

Cho céc 56 thuc a,b,¢ €[1;2]. Tim gi4 tri nhd nhit cia biéu thirc:

__ {atby
¢’ +4(ab+bc+ca)
Lavi g Q
P dugc viét lai dudi dang trong duong 1a: ()Q
(a-+b)’ S (a+b)*

=M A\
T +4c(a+b)+4ab — ¢ +4c(a+b)+(a+b) <52>

Do a,b,c€[;2] nén a+b =0, nén chia tir va mu cia M cho (a-b)” ta dugc: &\Q

M= 1 R Q&[lz]@te[— 1]

: 2 44t+1
[ & ]+4[ < ]+1 At
a+b a+b

| /\’0\
ey — L tran i L \
Xétham sé (1) = t2_|_4t_|_1t1'éin L,ll QQ)
O\‘»
ot 2D Tl ey bid 1.]
Ta co f(t)_(t2+4t+l)2<0’ Vte 4,1‘:)4(2& h bién trén 4,1
00
DodéVtS]:;»f(t)Zf(l):% N

OO
Ping thirc xay rakhi t =1 (g; b?(l 3 H 2)

Viy Min P= L k&% be) =(51;2)

A

Nd

Cho a, b, x, y 12 bén s duong thoa man a° +b* =2 va x,y <4,

x2+2y2+24.

Hay tim gi4 tri nhé nhét cia bidu thie: P=
Y Hm gla i U xy(a® +bv%)

Ap dung bit ding thitc Cauchy ta co:
a’+a® +1+1+1>5¥a%a%1.1.1 = 54°
b+ b’ +1+141>5¢b°.b%.1.1.1 = 56
Suy ra: 2a°+2b° 46> 5(a’ + b ) & a’ + b <2
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xy.2 2y X xy
Yy

X

2 2
DodéPZX +2y +24 x+_5_{ 12

Xet him 55 £(x) =X+ +22 V61 x € (0;4] vay 13 tham sé.
y x| xy

2 _ 2 _ 1 - 3
Ta c6: fi(x) == 2yz 24 _4 2.2 24 23
Xy 2x’y 2x%y

= f'(x) nghich bién trén (0;4] = f(x)>f(4)

2 .
Suyra: P2f(4y==4343 5,y _ g(y) v6i y € (0;4]
y 4y y 4

<0 Vx,y € (0;4]

51 5 1 i
Tact g()=—F+—<——4-=—-—<0 We 0;4
g'(y) v 4 16 4 16 y e (4]

= &(y) nghich bidn trén (0;4] = g(y) > g(4) = %Jr 1= %

N
N .
Cho céc sé thuc duong a,b,c théamin: a4+ b+c>12. Tim gid tri nhgNWhat ciia bidu thire:
3 b] .\ 3
5= a + + =
Vab+21+ede Yoo +2yi+ava X+ 2414 b
L _
Lot gia \}d
)
Batx=\ﬂ£,y=\/5,z=\/€=>x,y,z>0, x2+y2+z”21K/\
6 . & 6 N
vi S= X Y z 4

+ +
xy+201+2  yz+2Jl+x° zx+2\/1+03\’\ ‘
Ap dung BDT AM-GM ta c6: Wi+% =2\/(Hg2)il--x+x2)51+x+1—x+x2=x2+2;
déu “=" xdy ra khi va chi khi x = 2. Q\
Twong tir: 214+y° <y’ +2, 21422 Qe 2:
céc diu “=" xdy ra khi va chi khi ye—,?, z=2
Ap dung céc két qua trén va giNGiét ta dugc:
] 6 3 3 3 352
sz—@—" Op_ Y 2 Wiy tz)
Xy -+ 2 yzAX 42 Y 42T xy+yz i 4k 424y 42420 42
< 3 3 32 3 3, e
. &0 (X +y’ +2°) K4y +2)
K ?+y2+z2+(x2+2)+(y2+2)+(z’+2)_2(x2+y2+z1)+6
> ()(3+)f3 +23)1 B 2()(3 +y +23)2
= 2 2 Fla ) 2 b3
2yt AL Sy 47

Ap dung BPT 4M-GM ta dugc: %x’ +%x3 +4237 = >3 -4, du = xdyra & x=2.
Tuong tiy suy ra x° + y° + 2 23(x2+y2+zz)—1223(x2+y2+z2)—(x2+y’+z‘}—_~2(x2+y2+zz)

8y +2Y 24yt g2
Suyra S> 5((x’+ ey 2)) =8(x +§ +Z)2§,dﬁu‘%”xéyra Sx=y=z=2
Yy +z

Viy Smin=%6-®x-—_y=z=2¢)a=b=c-=4.
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Cho a,b,¢ 12 cac s6 thue duong va a+b+c=3. Tim gi4 trj 1n nhit cia bidu thirc

_ 2 " f abc
3+ab+betea  {({1+a)(l+b)(1+c)

Ap dung Bit ding thirc: (x +y+2z)* > 3(xy + yz+ ), ¥, 3,2€R tacs:

(ab bc+ca)® > 3abc{a+b+c)="9%abc>0 =>ab+be+ca > 3.fabe

Tacé: (14+a)(1+ b)1+c) > (1+abc)’, Va,b,c > 0. That véy:
(1+a)(1+b)(1+c)=1+(a+b+c)+(ab+bc+ca)+ab021+33f5€+33(abc)2 abe=(1+¥abcy

Khi d6: P Jabe g | \
3(1+Jab) 1+%/ Q’\r
3
Pat Yabe =t;via, b,c>0nén 0<abc§[#—9—] =1 \20
;Z\
Xét ham sb Q=—2——~w+ t (0] =Q' M= e )(ts 1)>0Vt€ \
34t 1+t2’

(1+t)(l+t)

Do d6 ham s6 ddng bién trén {0;1] = Q= Q(t) < Q(l)= (2) Tir (1) v (2&}\*9\
VﬁymaxP—— dat duge khi v vachi khi: a=b=c=1. \

>
4 Qci’\ 1 11,1 )
Cho ba s6 thye duong a,b,c théa min 28[%3———5-+—2]=4[—+—-+—]+2013. Tim gia
Q. b c ab bc ca
trj 16n nhét cia: &\O)
1.0 1 1
+ +
"5 #;Zab-%—b’ J5b? +2bc+c? J5ct+2ac+a’
\ S Y
Q:Q Lvi gi
’0’0
D@tx:l;y:l;z:l_ \
a b c . .
§8(x2+y2+zz)=4(xy+yz+zx)+2013:£4(x2+y2+zz)+2013
2013
= yric—=
Xy Hr ST

Mt khéc ta lai c6 :

'(x+y+z)1g?r(x’wi—yz+zz)=>(x+y+z)2SEE

1 1 V2 1 [3 1] :
Taco = ‘ < — = . Ix+y
J5a% + 2ab + b J4a2 +(a+b) 3a+b 82 ( )

Tuong tur ! <-—1—(3z+ X)

1
y <—=0y+
\/5132-t-2bc:+c2 82" 2) J5¢? +Zac+a’ 82
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4 2013
Tacé PE——{u+y+z)<
s Y

P . 4026 12
Déu bang xay ra khi vichikhi x =y =z = hay a=b=c=
Bxay Y 2 J4026

Chox, y, z1a ba sé thyc duong. Chimg minh ring :

1 3 ( x* + y’ + z* 2 <3
-3 a— L=
VE+y +22 11 (x+ytz xy+2yz | yz+2xz xz4+2xy"  (x+I(y+DE+1) " 4

L gidi

3 3 3
1 x v zZ

+ +
x+y+z\y(2z+x) Z(2x+y) x(2y+z))

3

\
X ¥, 2z4x QQN

¥y(2z +x) 3+ g =X \2@
3 .

2X +y \
Tacé ——y-_+£+ >

Z(2x+y) 3 9 = (5&
k]

) \S
z X, ytz ,{Q

x(2y +2) 3 % -

3 3 3 " ;

X _ Y2 xty+z o0
Xy+2yz yz+2xz xz+2xy 3 \>
Hay P>1 Déubdngxayrakhi x =y =z=1 @

i 2 \&

Y 24 RNy HD)E+) O
X4y 4z + ¥ Q

bat P=

o

Cong vé ta duge

bit Q=
2 2, .2 1 2, 1 Qq 2
Tacd x*+y*+2 +125(x+y) +E(z-|€§ mz(x+y+z+l)
Vial+b > Lt b)* déu = khi a=b(i\
2 O

(x+1)(y+1)(z+1)5(““”_,"*0{1“—3  dhu = khi x=y=z

O
2 O~ 4
Dodé Q< Jdit t=x+y+z+i>1
? x+y+z+¢®(x+y+z+3)3 Y
54 :
Ta duge Q< (1N~ éthsd 1) trén (1;
" Q;§§‘ T Ten (boo)
-2, 162 t=1() L 1
fi{ty=—— = Lép bang bién thién ta duge (t) < —=f4
() > +(t+2)4 = 4(m) &p bang bién thién ta dugc ()<< =f4)
Vay Qs%déubﬁngxéyrakhix=y=z=l (**)

Tir (*), (**) suy dpcm

Cho x, y 1& hai s6 dwong théa man x* +y? =1, Tim gi4 trj nhd nhét cta bidu thirc
 duong y

A=(1+x)[l+%]+(1+y)[l+%]
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Liri gisi

Ta cé thé viét A thanh dang sau: A=[x+i]+ L U LA LI PP
2x 2y y ¥

Ap dung bét ding thirc Cauchy ta co:

MTRLIN, SN P NS PR
2x 2y y X

1+J_]2¢2__~5_=\5
y

2ix Vo Tty
Cong theo vé ta duge
x+i]+ PRI I LD A PR LA P ¥ % B S N/
2x 2y y x) 2{x vy
L _Lx_y
DAu ding thirc xay ra 2 'y x @x:y:—\@
I iy eixzoy>0 2
- S
o . ¥ SO
Vay gi4 trinhé nhatcha A 14 3J2+4 khi x=y=—
| 2 e
@.‘r\
Cho céc sb thyre duong a, b, ¢ . Chimg minh ri’mg\o\
(at+b+ec) 4atb+e) >c[i—-
ab(a+c) a ~ b c
o .\\/‘ .
Loieidi -
-Pata=xb, c=yb (x, y>0). c)\
OOQ
3
BDTc}(X+Y+D _4(x+y+1)24y___§y_‘ <
x(x+y) X x+y &\0)
S=x4y 00
Pt voi 82 > 4P
P=xy N
&)
‘ ‘QO s »
f(P)=(5—4S)Pé—)® 5" -5+1)20, 0<PST (coi 1 ham béc nhét &n P)
\’0'
. £(0)=(S—1*(S+1)>0 do S+1>0
\@§ £l Lis-2y >0
4} 4 =
Suy ra BDT ludn dung.

Binh ludn: Dé hiéu ro them 13 giai ban doc xem “Sir dung dgo ham dé chimg minh bét diing thirc” trong cudn
séch nay.

'Cho x,¥,z 12 ba sé thuc thoa mén: 2x + 3y +z = 40. Tim gid trj nhé nhét cua bidu thire:

S=2J+1+3Jy* +16 +Z +36

Liri gii

Tach: S= J(zx)z +28 4 \/(By)2 +12* 4 /2% + 6* Trong hé toa 46 OXY xét 3 véc to
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-

a=(2x;2),b= (3y;4),c :(2;6),54-bﬁ-E:(2x+3y+z;2+12+6)=(40;20)

a

Sir dung bt ding thirc v& d6 dai véc to

= J(2x)" +2 B =3y +12%,

qz\/(z)’+62 ,|£+5+'c'|=20\/_§

= [£]+’S| + |E| > ]£+ b+ E[ = § > 205 .Déng thirc xdy ra khi cic véc to a,b,¢ cing budng

xéthe didu kign : 2X =3 _Z_ 2% 3y _z_ 2x43y+z 40 _
2 2 20 20

6 2 2

—
=

S>x=2y=8z=12
Véi: x=2,y=82=12 thi S=20/5 \
QY
<
0
. \
Cho céc s thirc X,¥,2 thay déi thoa mén didu kién x? -|- v +& 1.Tim gid tr{ nho nhit cha

biéu thirc: P =(xy + yz+2xz)’ —- 8

) (x+y+z - —6&\2
Liri giai \

>

Tir gid thidt x* + y* +22 =1 (1),tacé: P= xy+yz\,gxz)2

Véy gid tr nhé nhét ctia § bing 20V/5 dat dugc khi: x =2,y =8,z =12

8
Q xy+yz+2xz+3
it t=xy+yz+2xz =P =t o Q0

t+3

Talubn ¢é 0<(x +y+z) :x’+y1-@€+2(xy+yz+zx)xl+2($(y+yz+u<)

) 1 - y
=X >—= 222 ——FXZ P = > ]
Y+ yz+zx .2=>xy+yz+ Xz > 2 XZ 2> 5 5 5
‘ 0E
y=0QO
J2 - Vay t>-1.

’fé’@Z:*T

Do d6 GT’N@P bing GTNN ciia ham f(t) =t — ti3

Déy “=" Xdy 1a &

véi t> —1.

8 €68 +9t+4  2(t+1) (t+4)
(t+3f (t+3) {t+3)°
Ham sé f(t) lién tuc trén [~ 1;+00) = f(t) ddng bién trén [~l+00) = minf(t) =f(—1)=-3.

1e]—1;+oa)

Tacd f'(ty=2t4+—— >0,Vt>—1

Viymin P =

164: Cho céc sb duong x, , z ¢6 tdng bing 3.Chimg minh ring
3x—x? 3»y—y’_5_3z—z2
4—~yz  4-zx  4-xy

> 2xyz

LOVEBOOK.VN | 293


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

| L gidi
BDT tuong duong:

x(y+z)+y(x+z)+z(x+y)22xyz
4-yz 4—xz 4—xy .
(y+z). + (x+2z) N (x+y) >
yz(4-yz) xz(4—xz) xy(4-xy)
Tacd .
+z) o 2fyz _ 2 2
, y2(4—yz) " ye(d-yz)  Jyz(2- yz)(2+yz)  2+yz
Do d6,
(y+7) . {(x+2z) (x+y) >2
yz{4—yz) xz(4—xz) xy{d—xy) 2+,f;£ 2+J-_ 2+\/_
18, Q
6+J§E+J_+J— 6+x+y+z Q”.
Diu“="xdyrakhix=y=z2=1. \20

&

A4

. i ‘ N\ '
Cho x,y 13 céc sé thuc thoa mn didu kién x+y =2x +2+3y— 20@ 2012. Tim gid
‘r nhé nhét va gié trj 16n nhét clia biéu thikc:

! ,.,i_
/\U’
lgl .; \
2015
S —2x+1+ 7" —2@9
Sty
2015
=(x+y) (x+y)+ + ———
O Jxty+1
. 2015
=(x@'¢12—4(x+ +1)+54 :
‘QO ) g ). :;x+}/+1
Bit x+y 1=t S=t' 4G +2°tl . Ta fim didu kién cho t. Tir gia thiét, dat a =X +2 >0,

b= y—2014205§‘=az_2,y=b2+2014tadugc
2+b1—|-2014=2a+3b+2012¢>a2+b2=Za+3b$\/13(a2+bz)
Suyra 0<a? +b2 <13, x+y+1=a’+b" +2013€[2013;2026]

=>-t—\/x+y+16[ﬁ61_x5—0j?_k

t=v2013 e al+b’ =0a=b=0&

e 2 {y 2014
a4+t =13

=~2026 &
%=§i I {y 2023

Xét ham sé f(t) =1t —4t2+5+£?—§ lién tyc trén J va c6

LOVEBOGK, VN | 294


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

Fi(t) = 46 — 86— 20215 _ 4t"-8t;—2015 _ 4t3(t-—22)—2015 S ovted
= (t) ddng bién trén I => min = £(\2013) = 4044122 + ~2 00> max = {(2026) = 4096577+ —— 2013
xel J2013” V2026
2015 2015

Viy minS =4044122+ - —= TIE ; max S == 4096577+ 5026

Cho céc sb thyre duong a, b, c. Tim gi4 tri nhé nhét ciia bidu thirc
_ 42’ 43b7 +2¢* —3b%
(2+b+c)

Lévi i
Ap dung bat déng thirc AM-GM cho 3 56, ta ¢6 3b%c < 2b% + ¢’ (*). Déu “=" x4y ra khi 5}
(*) 4(b’+c*) 2 b+ ¢* +3b%+3bc? ¢ b +¢* ~ bie— be? >0@\§¢Q Mb—c)’ >0,
luén diing Yb,c > 0. Diu “=" xéy rakhi b=c.
Ap dyng (*) va (**) ta duoc <52’
4a’ +(b+c) &\Q\

Lo 1 3 . a
P2 — a1t véi t G e (o).
= (—a+b+c)3 +4( ) M lQ}\) +b+c ( )

;(l—t) vai te(0;1).

\>
; ’Zr
[ £1(t) = 12¢ ——Q{S‘ '(t)_o@t_I
4 g IR

Su f(t)> —. Diu xdyrakhi t=—
y 13, ()_25 dy 5 o

b=c
=>P>-—§“—”xﬁyrakh1 a 141)2a=b=c.

a+b+c 5
N\

Vdy, gid tr nhé nhét cia R&?Q— khi 2a=b=¢

=

Xeét f(t)=4t" +

Cho’&,?c 14 c4c 56 khong 4m théa mana>b> ¢ va 3ab + She + Tea < 9
32 1 1
+ +
(a—b)' (b—c)' (c—a)

GTNN chia bidu thitc P=

Lavi gidi
Pat x=b—ciy =a—0 tac6 P=—or poe b
(x—y) . X Y
Ta thiy: ' S
3ab <3ab+5bc+7ca<9
=xy<ab<3
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] 32 2 2 2 2 2
opn329 9 9 30o)  Gof (o) 3 z+[i] +[l
(x—y) 'y (x“+y’—2xy) X y X ¥ y X
1y Tk
Xy 32 2 .
bit t==—+% (t>2) tacd 9P = =+ 12 —2=f(t)
y X (t--2}
64
f'() =2t ———s;
(t-2)

f'(t)=0¢}2t——§%—3—=04:>t" —6t 412t ~81-32=0

& (1—4)(f ~202 +4t+8) =0 t=4 (dot>2)

Bang bién thién:
t 2 4 +o0 \
rw| - e+ - QY
&
‘ A
ft) d&
A
=&
O
Tir BBT ta c6 GTNN cl P 12 22 )
4 WV

Tim gi4 trj 16m nhdt,gia tj nhé nhét cia bidn thl’m\&

R V6 T x,y €(6:1],(1)
Q—T(x+y+xy)+? X —:yOG biét x,y thoa mén by —355.(2)
écbz ”
)

Ditt=xy thi Q = (1) = /3.t %—%d%z\gl’»t Kéthop (1) va(2)suyra %5 xy<l1.
Viy t thuge tip gid tri khi chi khi ]'@0‘@: ¢0 nghiém

%)
<
X+y=3t o3 .
Xy = P Z trinh: f(z) = z* — 3tz+t=10 c6 hai nghiém 2 ,z, thda mén %52, <z,%1
X, el'l
7y 2!
A=9—4t>0
f)=1-2t>0
1) 1-2t 4 1
1] | = ———m S-<t<—.
f[z] 2 =0 ) 2
134
1272

Khao sat ham b f(1) = J§.t+——‘{5§—~/9t2 —3t trén doan
4] @(4-}-\5)

ddng bién, nén Min f(t) = f [6 9

%,%‘ bing dao ham, ta suy ra trén doan ndy ham s f(t)

_2/3+42

sMaxf(t) = 1§ { ] 2

1
2
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Cho céc s6 thue x,y thoa min x* +y* = xy/1—y* +yv/1—x* .Chtmg minh 3x+4y<5

Livi gidi
Diéu kién xdc dinh: —1<x<l;—1<y <1

Néu x €[~ 1;0] hogc y€[~1;0] hogc x =0,y =I hosc y=0,x =1 BDT hién nhién dting.
Tachicanxét0 <x<1va0<y<]

Pt x =cosa,y = sinf;a,f € [0;-;1] khi d6 tir gia thiét ta ¢6 cos® o +sin’B = cos (aB)<
cos’ <1 —sin’ B = cos’d = cosa < cosB do o,f € [0;—;1]

33X +4y =3cosa+4sinf < 3cosfi+4inf =5005(0¢—Lp)§5,rp= arcos% (dpcm) QQ

Cho cic sb thyc a,b,c >0 \)oo
(a+b+e) | a +b3.,<~§b~ 2l b 4
Ti i h = v
im gi4 trj nho nhit ciia bidu thir Q= 3 + i 2(ab+bc+ca)
Y
w3
Chudn héa a® 4 b ¢! =3, 'Q/

{a+b+cf =3+2(ab+bo+ca)svxa’ + b ¢’ C’{\Bﬁ (a+b+c)a’ +b* +¢? —(ab-be+ca)]

=a’+b+c =3abc-r\(a+b+c [3— ab+bc+ca)]

1 3

5 2 1
Tacé Q= 2+2(ab L LI _ — %
acd Q 2+3(a +bc+ca)+2[ab+bc:-®1 (ab+bc+ca)] S{ab+ botea)

Vl—-l-+—l-+i2—-i-— Dﬁt%\a%+bc+ca=>0<t<3 nénQ >-2+= t—+—12
ab bc ca ab+bctca 3

3t
Két luan: glétnnhonhat% A4khia=b=c=],

Xét ham sé f(ty = —2+ gt + —%t_e%) 3100 = il L 0= Minf{t)=f{3) = 4.

\J

% X] +zx =8 .
Cho Sc 56 thuc x,y,z >0 thoa mén L;Z +_yz Tim gi trj nho nhét ,gi4 trj 16n nhét
la biéu thire: Q = x* -+ y* + 2°
L i
y+z=-l—[8-i]
Tix gia thiét ta c6 XVoX
R
X

2 2
vi lz.[s—i} 24.1@—1-{8-—1] >16(dox > 0) @x’—4x2+4x—150¢=>(x—I)(x2-3x+l)50
X X X X X
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3«/_]

Két hop véi x > 0 ta duge xe[ ]

3+\/_}
3—5

2

i
U1:3+2 5}'

Pits=x+y+zthissgx)= x-ijE-—-fi— vt’rixG[O;
X x

0,32 J_lU];3+2\/§

Mit khéc Q = f(s) = s* —32s° +16s+128,s€!5

545 —

Khéo sét ham s& g(x) v6i x €|0 vachiys>0taduge 5<s<

5«/_1

.Ding dao ham 13p bang bién thién

5J§—1

2

_211-755
==

ham sé (s),ta duge MinQ = f(5) = 33; MaxQ = [

Cho céc sé thyc duong a,b,¢ thoa mén a+b+c = 3. Chimg minh ring: Q
Q

1 —+ ]2+ ! >al+br+ct (1)

b ¢ _ \20

L gidi _ \db’
Theo gid thiét a,b,c >0 =a’ + b +¢* <(a+b+c)’ =9.Tird6 néu c6 mét trong&i&o,gia sira <1/3 thi

1 1
+b2

+= >9>a +b* 4 nén(l)d

Ta xét trudmg hop a, bc>; Via+b+c-3néna,bc<3 Vay a,hx\% l

1 1

BDT(I)@a—z—a +B?-g —&20,(2).
. ‘ O
Xét ham sé f(x)=%-—x2trén E% \O
Tiép tuyén cita do thi ham s6 y =f(x) tai x =1 la@e Ax+4.Tach
o 3 2
£~ ()2 (-1 fx -~2x—1)>0 VXE['I—'ZI
tl- e SR 3

1.7
d —2x-1= —2< —2 < Otrén|—;
(do g(x) =x"~2x— (x«z‘ﬁt’ [ ] =

1.1]
3°34

33 ta c6 f(a)+ f(b)+f(c)>—4(a+b+c)+4.3=0.Vay BDT (1) dugc chimg

Yhay f(x)>—4x+4 voimoix €

Ap dung cho céc 56 a,b,c

' minh.Ding thirc xiy =Xhi va chikhia=b=c= 1.
Nhgn xét cdch gigi: Tuong iy bai todn trén, tir gi4 thiét bai todn ta méi chi ¢6 didu kién a,b,c €(0;3).

Cho céc sé thuc a,b,c thoa man a+b+c =1. Chimg minh ring
a b C
+—t )
14al 1+ i+ 2—10()

L gidi
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—y? =—]
Tae6 £(x) = ——% _ fiix)y =045
(1+x?) x=1

Bang bién thién ( ta dua thém vao mét sé gid tri nnr x = - 3,x=-1/3,x =2 vagidtd f(x)dé so sanh)

x oo -3 -1 13 1 2 +00
f(x) - 0 + 0 -
172 25
(x) ﬂ\sm\" 3//11/ \,
12 0
>

1 3 2
(FH=1(-3) =~ (@D =),

Xét céc trudng hop xdyra: - 2
1/ C6 mot s, gia sy ae(— Oo—3]=>b+c>4 nén c6 mét sé , gia sir b>2@'détac6

f(a)+ f(b)+ f(c)<0+g+l,,§\

. ' 1 3 1 7 9
"/Cé t 6, .. - L"3;__ . f f <_ il _=_<__
HEomats giasuae[ 3} Khl 60 @)+ £B) + (o)< - T@sz 10 10

. N\
3/Cabash a,b,ce [w%;+ooJ. Khi 86 tiép tuyén ciia df:){h'b)r =f(x) tai x = -;— ¢6 phuong trinh:

x+i .
25 50

(3x—1)" (4x +3) 1
Tacd f(x)—|oxto]=_% T —————-—-50,Vx>—~-—-
x)= [25x so] 1+ 25&\65 sol+x7) 3

Ap dung BDT nay cho cic ) a,b, 09——- viat+b+e=1tacd
o 5 s
‘QO f(a)+f(b)+f(0)<-—(a+b+c)+3 E:TE
Viéy trong moi trudmg I&BDT (1) ddu diing.
bai todn dugc chl?fng minh,déing thérc x3y rakhi a =b=c= %
Nhdn xét: D@ mot bai todn kho,khong thé sir dung phuong phap ham 13i 4 gidi,

Chiing ta 44 giai bai toén bing céch phén chia trye 6 thinh c4c khodng (—o0;—3), [—3-—%’ [—%;-}-oo] va sir dyng

linh hoat gié thiét a4+ b+-c=1 dé ap dung tinh chét ciia ham sé f(x) cing véi tiép tuyén cia né
tai diém x = 1/3 mét ¢ich nhy mong mudn,

Cho cdc s8 thye khong 4m a,b,c théa man a® +b* +¢? =13, Ching minh ring
a b c 1
+ <=,
a2+2b+3+b2+2c+3 F42a+3" 2
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Livi gii

D& thdy a* +1>2a,b* + 1> 2b,c* + 1> 2¢, suy ra
a b c a b c
+ + < + + .
a’+2b+3 b'+2c+3 F+2a+37 2{a+b+1) 2(b+e+1) 2{c+a+l)
Ta s& chimg minh ring

a b c
+ <1.
a+b+i b+C+l+c+a+l
That viy, bit ding thire trén tuong dwong voi
b+1 c+1 a+1 22(*)
: a+b+1 b+c+l c+a+l
Ap dung bt ding thitc Cauchy — Schwarz ta c6

b+i e+l a+l _ (b+1) (c+1)i (a+1)
a+b+1l btctl ctatl (b+1)(a+b+1) (c+I)(b+e+l) (a+1){ctatl)
‘ , Q’\,
S {a+b+c+3) O
=+ )ator )t (et lbret+arhlcrat]) QO
N

Nhung vi a® +b°+¢* =3 néntacé .
(b+1)(a+b+1)+(c+1)(b+c+1)+(a+1)(c+a-|/—<Q\\
=1f a2 2 a2 _._1. 2
=3(a+b+c)+ab+bc+cata’ +b’+¢ +3—2(a@rc+3) :

Véy (*) duge ching minh, va do d6 bét ding thirc ban dAu dugc chimg n{r@l Dng thirc xay ra khi vachikhi- -

a=b=c¢=1. Y
' &

N\
Gid sir a,b,c 12 o dai 3 canh ciia mét tam gidiee chu vi 14 3. Chimg minh:
SR U\ N
Jatb—c Jbte Jo+a—b " abtbctca
\

O
>
. O Lo
Batx:«/b+c—a,y=\/c+a—b,z=@&b—-c=>x2+y2+zz=3‘
Bét déng thirc trd thanh Q:Ql . N
(0'0 ;+;+;29+x2y2+y2zz+zzx2'
D3t m = xy,n = yz,p = g\ a c6 bit ding thic frong duong
§ (m+n+p)(m® + 1 +p* +9) = 36,/mnp.
Sir dung bt déng thirc AM - GM tacé
m+n+p > 3mnp , m* +n® +p> 49 > 12¢/mnp.
'Nhién theo vé 2 bt ding thirc trén ta ¢ dpcm.

Cho x,y,z €[~1,)] va x+y+z = 0. Chimg minh b4t déng thirc

J+x4+9 +l+y+2 +1+z2+x2 23,

L i
Trude hét ta s& chimg minh ring néu ab>0;a,b,a+-b>—1 thi

Nl+a+Jl1+b>i+41+a+b.
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That vily, binh phuong 2 vé bat déng thire trén

2+a+b+2{1+2)(14+b) > 2+a+b+2/I+at b
& (1+a)(1+b)>1+a+brab>0.
Trong 3 6 x+y’,y-+2%,z+x* phi tdn tai it nhit hai s hang cing déu, khéng mét tinh tdng quat ta gia sir
(x +y*}y+2*) > 0. Khi d6, theo nhén xét trén thi

VY iy 427 4T 20 214 e sty £y + 2 44Tzt
S R R
21+J(m+m)z+(x+y)z

=1+J(x/l—Zﬁh/l+—z]2+(),v:3'\>

Cudi ciing ta chi cin chitg minh ring \20
. . °\
{Vl r—+:. +'VATZ ‘r‘22>4 &

S22+ -2 > 21— 2¢ >1-22* +Z¢@(Z -1}>0.

Bt dding thirc trén hién nhién ding vi ~1<z <1, ta cé dpcm. Dang@: ¥dyrakhivichikhi x=y=z=0.
M@t sb bai todn tuong tir : e Q/

Bai todn 1. Cho céc sb thye x,y,z,te [-1, 1] théa mén x +\\(¥z+t = 0. Ching minh

Jl+x+y? +\/1+y+z<\h+z+t2+\/1+t+x >4,
: Ngoélratacung ¢6 thém mjt s két qua cling danQ

Bai todin 2. Cho céc sé thuc x,y,z e [- 1,1]&63. min x+y+z=0. Ching minh

2

2 2
y z X
X421+ 14 +-—+\/1+z+—-53.
S ‘j YT 6
Bai todn 3. Cho cc sé thyc x(gkze[ul 1] vd x+y+z=0. Chimg minh
‘Q

,&S)

2
1+x+3’;’— +\/1+y+:];—+J1+ +Z_’S_ >3,

\@Q

Chimg minh riing véi cée s6 duong a,b,c va abc =8 ta c6 bit ding thiic

al n b? n ¢ >£
Ja+a)0+0)  Ja+6)a+eY)  Jate)ata) 3
Lotz

Dé théy rng v6i Vx> 0 thi 4(1+x°) < (* +2)%.
Tht vy, bt diing thiic trén tuong duong véi x2 (x—2)" >0. .
St dyng tinh chét trén ta suy ra
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a2 -b2 C2

+ +
Ja+a)a+v)  Ju+v)a+e) A+ (+a’)

> 4a* . 4b° + 4¢*
T@2+a)(24) @4b)2+ch) 2+ 2+a")
a? v ¢t . '
Pit x =?,y :—.T,z: VR khi d6 xyz =1. Ta phai chimg minh
X " 4 + z >1
(1+2x)(1+2y) (1+2y)(1+2z) (1+2z){14+2x) 7 3

That vay, sau khi quy ddng mfu sé, bt déng thire trén twong duong véi
2(xy+yz+m)+x+y+z29.

Bit déng thirc ndy hién nhién ding vi xyz =1. Déng thitc xay ra khi va chi khi
x=y=z=lhaya=b=c=2,

. . ) ¥
Gid sit a,b,c Ia céc s6 thyc khéng 4m, Chéng minh bit ding thiic SO

i i 1>10..QO

+ +
a’+b b+ I +a’ T (atbro) <5a§

Gi 5& ¢ = min(a, b,c). D& thiy ring

Viytacd c.)\

Ding thitc xay ra khi vi ch&lﬂu a = b,c =0 hoic cic hoan vi.

R .

Chimg v6i a,b,¢ 12 chc s6 thuc duong théa mén a-+b+c=1 thi ta c6 bt ding thic

i+a 1+b  i4c _2a 2b Z2c
S—4+—+—
1—a 1—b+1—c"b ¢ a

Bit ding thirc tuong duong véi
a b c 3
+—+ =
b+c a+c¢ a+b 2
a a b b [

a
3
E_b+c ¢ ¢c+a a a+b 2
3
2

o ab i be n ca
cc+a) a(a+b) b(b+c)
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Sir dung bét ding thirc Cauichy — Schwarz tacd
ab . be L& _ 1 a’c®  a’h* | bd?

¢fc+a) a(a+b) b(b+ec) abclb+c cta a+b

S {ab+bc+ca)’ L3

T 2abe{a+b+c)2 2
Piing thtc xiy rakhi va chikbi a=b=c.

Véi a,b,c 14 cée 56 thye duong cho trude, chimg minh riing
1 1 1 8 28
+ + = .
'al_b1|+‘b2_c2l Icz__azl a2+b2+62 (a+b+c)2

L gidi
Khéng mét tinh téng quét gia sir 2 > b > c. Truée hét ta chimg minh vé tréi nho nhit néu ¢ =0. That viy

1 l 1 8 1 L1 1 + 1 1. \
al—bz+b’—c2+a2—02+a’+b’+cz_ a’-b* b R H

1 1 ] o1 ol S0
aébﬁ (22 + b)Y |~

- b
82(a2_02)+b2(b2_62) (Ez+b2+cz)(az+bz) -
Vi vé trdi 14 ham gidm cda ¢ nén ta chi cin chimg minh bai todn véi ¢ =0
1 11 8

+
2 b b a +b20 by’
2 2
@9 +b +a +b + 16an, a+b_18‘
b? ;\§b —b
Cé6 thé cho a >b=1. Ta phai chlmgmmh \
16a a+l
—>18
[a+ ]+a J&.}aq—l_a +1+ -17
a—1)7  (a°—1¥ 8(a—1)* a+l
- +2T >y
: Q{:@a + a? a*+1 a—1"—"
4 4
- — 1
o 2 g}\+(a 1) (a+1) 1)Jra+1 "

a%@ D al@+1)
Néu a < 5/3 tacé ngay dpem. '{rg@ng hop nguge lai, ta cb
2
P a4 2FL5 3@+
RS Aa-D+——=23—
Viy bai todn dugc chygfe minh xong. Déng thic kh6ng xiyra
Binh Iugn : K1 thuli ddn bién ra bién d6i khi t6 ra rét hitu higu véi cdc bai todn khé . Vi bay gitr ta chi ¢in so sénh

bidu thirc 43 chqi biéu thire lic mét bién bing 0 . Bai khi dén bién mang dén cho chiing ta nhitng Ldi pidi kha
bit ngd .

>4,

todn 180: Cho a,b,c 1 céc s6 thyc khong &m ¢6 tdng bing 1. Tim gi4 tr nho nbét coa

a b ¢
+ + )
1+b2+¢®  I+al+c*  1+al+b
Lavi gii

Sir dung bét dfmg thitc Cauchy — Schwarz

P=a(l+b* +c?)+b(l+a’+c?)+c(l+a? +b%)

a b [ 2
+ P>(a+b+c).
1+b2+02 ]+a1+cl a2+b2] ( )
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Xét bidu thic
8,5 =ab(a+b)+be{b+c)+calc+a),

Ta s& chimg minh S, , . <1/4. That vay khong mét tinh tbng quét gid sir c > b > a.

a,be —

Xét bidu thire
S,‘b'cusm,c'n=az(b+c)+b2(c+a)+c2(a+b)-(a+b)zc—cz(a+b)
=ab{a+b-—-2c)<0.
Mit khéc 8,,, ., =(a+b)c(a+b+c)= (a+b)c$%(a+b+c)2 = %
Nhur viy P —a+b+c+Sm_j.Suy.ra
a b < 4
f >_-
1+b2+c2+1+a2+c2+1+a2+b2‘5
Diing thitc xay ra khi v chi khi b=c¢=1/2,2a =0 hoc cic hoan vi. Q

Cho %,7,% 13 céc s6 thue duong théa mén xy+yz +zx = 1. Chimg minh -\2
1 1 1 1
+ 224+—0=
Sx+v vtz Jzax 2 /(Q\

Lavi i d

Gia st x =max(x,y,z} vadit a=y+z>0 N
Hién nhién ax = 1—z < 1. Xét ham sb sau @

r\ 1

() Jx+y &3-{-2 \[Z+x
1 Pxty QW +1 1 [extat2d+

R rTAL B, SR AL R
f" x)= y2=XQ yxit1 <90
Joe -I\Q_(2x—l-a+2x/x +1)

Nén f(x) nghich bién. Tir d6 ta c6 Q
)

Mit khdc

‘ 1 1 a

\QO f(x)zf(;)=~./;+~—-\/;+ P
s@" TR R L] L
=(%a-1) Na  2Ja(al+1) 4427 +1) B

2
] o 1 (Va+1)
Ta de ding chitng mink duge: —«E— ZJ;,(a?' +1 +~./§(a2 +1) >0

- 1 1
Nén dé thay f(x})>f(—)>2+—+.
y f(x)> QD22+
Diing thirc xay ra khi va chi khi x =y =1,z =0 hoic c4c hoén vi
Binh lufin: Day 13 cich giai duy nhét cho bai todn ndy ma &én bay gidr ching t6i ¢6 . Hy vong si

Léi gidi tir ban doc cho bi toan nay . Chiing ta thdy ddy, nhiéu khi ham sé nhu 1a mét “ciru tink
viéc giai cdc bai todn khé .
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Ching minh ring véi céc sb thyc a,b,c bitki ta c6 bit déng thirc
(a® + b’ +c?)? > 3(a’b+ bl + ca).

Day 12 mjt bét ding thie hay, khé va khd quan trong nén tac gia sé néu ra 3 phurong phép thong thuémg co ban nhét
@& chimg minh
Cdch I. Tact

4(::12 +b* +c¢?—ab—be —ca)((a1 +b*+ c2)2 —3(a’b-+ b+ c’a))

=((a+b*+¢)—(a"+ b+ c’a) ~2(ab* + be’ +-ca?) + 6abe]) 0.

Cdch 2. Khong mét tinh tdng quat gia sir a = min(a,b,c). Pat b=a+x,c= a+y(x, yé‘@. Biéing khai tridn truc
tiép ta c6 <
VT—VP=f(a,x,y)=(a?+b* +c*) ~3(a% + b%;@?ﬁ

=[x +y" —xy)a’ +(x* + ¥ +4xy - 5xy)a+ X N rayt -3y,

L&
Goi day 14 1 tam thire bic 2 véi a. Khi d6
St AL =(x3 ,_Fya +_4xyz;.5xzy)4:4_(_x-z+yz —e}}(x‘+y“+2x2y2-—3x3y)'
N
L 2 3y
=-3{x* ~xty— -y <. \v
3(x Xy —2xy y) 0.0

&’0’

Cdch 3. Sir dyng phan tich sau ddy c)\
2(a*+b* +¢*) —g@ng b'c+c'a)
= (a2 - 2ab +%\~ c+ ca)2 + (b2 —2bc+ca—a® 4+ ab)1 +
(02 ~@a+ab—b*+be) >0,

Ding thirc xay ra khi a = _Shoac (a,bc)= [ksin [47 ] ksi nhi[ e ] ksin® [7]] ho#c cdc hodn vi véi keR

tly g.

Bink Iudn: C6 thé néj ﬁéy 12 mét trong nhimg bAt ding thirc khé va dep clia todn so' cap. Nhitng phéan tich binh
phu'(mg & tren man& y tinh thim m$ ctia todn hoc . Trong nhimg 14n t&i ban tlép theo, hy vong s& c6 théi gian dé
trao dbi véi céch tim ra nhimg déng thirc nhu vay .

Bédé Voia>b>c thi (a+b2)(b+c )(c+a ) (a +b)(b2+c)(c +a)
Thit vay, ta sir dung 2 dng thirc sau
a’b+bsc+c’a—(ab3+bc’+ca3)=(a+b+c)(a—b)(b—c)(a—c),

Cho a,b,c 13 c4c 56 thuc duong thoa mén a+b-+c = 3. Chimg minh ring
(a+bz)(b+c )(c+a )313+abc.

a’b’ + b%c® +-c*a’ —(a3b2 +be? +c3a2) =(ab+bc+ca){a—b)(b—c){c —a).
Via+b+c=3néntacsd
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(a+b+c)2 —3(ab+bc+ca)
3

=%((a~b)2+(b—c)2+(c-a)z)20-

a+b+c—(ab+be+ca)=

Suyra
’ a’b+ble+cla— (abs +b’ + ca3) >a’’ b’ +cfa’ — (a3b2 +b%* + csaz)
o (et )b cP)(ote?) 2 (a7 4 b6 +c)(c +a) (Dpem).
Tir nhén xét trén, ta chi cAn chimg minh bai to4n trong trudmg hgp a>b>c. Gei f(a,b,c) Ia biéu thirc vé tréi clia
bét ding thitc, ta ¢b
f(a,b,c)= (a+bz)(b+cz)(c+a2)—abc
=a'b+blc+cfa+a’d + b + %’ +ab’cl,
f{a,b,c)—f{a+c,be)=2a’b+b'e+clata’d +b’c* +c’a’ +a’bie’ —(a+ c)3 b-(a +\c)

2z

b3

= bc+c’a+bie® +cta’ +a*bic? —3a’be — 3ac?h —2ach® — b, ()Q
Doa>b>c nén b < ach’,c’a < ac’h, b’ < b, o N 2
Vi thé dé chimg minh f(a,b,c)>f(a+c,b,0) ta chi cAn ching mivh tiép .\db
_ ca’ + a’b*c’ < 3a’be. &\Q
Nhung didu nay hién nhién dng vi d8 thiy d
3a’bc—c’a’ —a’b’c’ > bea’{3—a—bc) =bea’ (IQ}}— be) > 0.

\

Véy f(a,b,¢) > f(a+c,b,0) =(a+c) b(a+c+b). N

Céng viéc con lai cua chiing ta 1 chimg minh bt ding thirc 2 bigl\
' xzy(x+y2)sl3 Vx,@,xwﬂ-

Thay vé trdi bing biéu thirc x, ta co %)

f(x)= (9+x2 —Sx)gxéx’)g-}l—(ﬂx’ + 4x* —Sx-i-!))2

-mx’+4x2—§no4-9=(x—1)2(2—x)+7s7+5%.

.

Tir 46 suy ra f(x) <13, dpem. OO
AS)
rv > ~ ~
Chox,y,zla cévﬁ’thuc dirong c6 tong bang 3. Chimg minh réng:
X X ¥ z .. 3
. + + ==
xy+1 yz4+1 =417 2
!
Livi_gidi
Ta sir dung ki thugt Cosi nguogc
X —x— xy zx_lxuzyw
xy+1 xy+1 2 )

X Y z L/ ap i | apiz g 322
= + + >3——|x +y"2 2R
xy+1 yz4+1 =x+1 2( Y y )

Theo bt ding thirc VASC (Bai 182) taco:
x¥YV2 gy W2Vt gy < %(x +y+z) =3

Bit déing thirc 44 dugc chimg minh. Déng thirc xay ra chi khi x=y =z =1.
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Dotz<1nént<— Viz<lnend§th§y ‘\

{ Cho a,b,c20va a*+b” +¢’ =3. Ching minh bét ding thire: (2—ab)(2—be)(2—

ca)>1. ]

Lés gidi
Pt x:Z—ab,y=2—b.c,z=2—ca.

- Ta phai chimg minh xyz >1 néu céc sé thyc x,y,z théa man didu kién

2—-x)(2- 2—y)2—-z2) (2—z}2-x
ey oyeca) poslocs)
Biéu kign trén c6 thé viét dudi dang gon hon nhur sau
2-x)2-y)+(2-y)(2-2)+(2-2)(2—-x)=3(2-x)(2-)(2~2)
@ 8(x+y+2z)+3xyz =12+ 5(xy+yz + ).
Phén chimg, gi sit fing xyz <1. Ta s& chémg minh Q
8(x+y+2)+3xyz <12+ 5(xy + yz+ 2%). N

Khéng mét tinh téng quét, gidslt 2>x>y>z Dt t=\/x—y=>tg 2. Tachd

N\
(8-52)(x+y)+ Byz+82= 1245y 2 (8- 52)2t + 38z
@12+5t2—16t>z(3t2—~10t+8 t—2)(5;€®22(t-2)(3t—4)
© 5t~ 6<z(3t 4) = 6—4z>1(5-3z).
<

6 42)4_ 5 3z
6’;—1 4J_+5)

Dleunéyvélidﬁntélkétquabaltoén Bangt yrakhi a=b=c¢=1.
Bink lugn: Phan chimg cing 14 mét tur duy(%el todn quan trong ctia todn hoc so cip .

Cho 3 sé thue x,y,z g ﬁm 6 tong bing 1. Chimg minh ring
Y g d

N VXY +y+22 4z +xE > 2.
O
N N
4 Lai gidi
Ta si¥ dung bd d& s&g(o'
K '
Bé & Néu@,d khong 4m théa man a-+b=c+d vaja—b|<|c—d| thitacé bt ding thirc
Va+b 2o+

Chimg minh: Theo gi thiét suy ra
‘ (a+b) —(a—b)’ > (c+d) —(c—d} > ab>cd.

Bit déng thitc cin chimg minh twong duong véi
2+ b+2vab>c-d+2vod ©ab>ed (ding!)

Ap dung bit ding thirc trén suy ra
VR+Y Hfy 2t > X+y+z+y’.

LOVEBOOK.VY | 307



https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

Do vy

Sy +fy+ 2 +z 4 2 xby 2y w2+ %
2x+y+‘j(x/£+\/;)2+(x+)’)2

. =1-z+ydz+(1-z) =2.
Bit déng thiic dugc chimg minh. Déng thirc xay ra khi vachikhi x =y =z = 1/3 hoc x =1,y =z =0 hofc cac

hoan vi
Binh ludn: Cic ban hay 1iét ké v ghi nhé nhitmg dénh gia cho ciin thire nhur dénh gid trong bai todn trén..

Gia st x,v,z 12 céc s duong thoa man hé thire 2xyz = 3x* +4y* + 527
Tim gi4 tri nhé nhét cla biéu thic: P=3x+2y+z

Dit a == 3x,b=2y,c =z, khi d6 ' QQ
a+b+c=23x+2y+z a*+3b’ +15° = abe. ) \20
Sir dung bét ding thirc AM — GM ta c6 ' db\

' a+b+c> (Za)u2 (3b)l"3 (64:)"’6 , :

| W
a® +3b? £ 1562 > (4a)" (9b°)"” (36¢?) " = (4a")" (9b’(¥f§ J".
Nhién 2 vé bit ding thitc trén cho ta

(a-+b+c)(a? + 367 +15¢°) > 36abe = a kbZ 0 > 36.

Gi tri nho nhit ciia 3x+2y+7 1336, tng véi x=y=2=6.

Nhin xét. Ta cd bai toan téng quat nhu sau \&(b'

Bai toan. Gia sir a,b,c 12 cic s thye duong cho trrdc va X .Q‘?z 0 théa min
a, Chimg minh ring tdn tai duy nhat mét s thyc duong o cho

1 1 o) 1 ' 1
—_— = T + .
2Vk Jk+§7kﬁ§ Jk+vk+b  Vk+kte
b, Chimg minh ring khi d6 ta c6 bt déng thirg,

A i) (Ve +k+ b (Vi ko)

x+y+
' VK
CHUNG MINH. Cu (a) rét d;g&%n. Nhan vk vio 2 vé va xét
J Jk Jk 1

=0,

k k
(k)= Fidkra Jeidkib Jkiviic 2
Vi (k) Ia bam tang cia k,£(0)=—1/2,lim,_, f(k)=1. Do tinh lién tyc nén . phuong trinh f (k) =0 cé nghi¢m
k duy nhat.
Céu {b) ta sir dung phuong phép cin bing hé sb.
LAy m,n,p,m,,n,,p, 1 céc s thuc duong thoa mén -

m+n+p=1lam, +bn +cp =1.
Theo bét dang thirc AM — GM ta cd
2

m n P
X+y+'zz[-x—] [1] [5] : *
m) {n) |p
x

HEANERS
m bn, P

1

ax’ + by’ +cz” >
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Nhén vé 2 bit ding thic trén cho ta

m+2amn, . n+2bn; Zp+2cpl

2 2 2 Y

X ax® -+ by +cz .

( +y+2‘)( Y ¢ ) m™n" p mmlnb"lp?‘l
Béy gid ta s& chon m,n,p, m,,n,,p, théa min cac didu kién sau

* m+2am; =n+2bn, =p+2cp, =1.
Xy zx ¥ 7
m n p,ml n, Pll
. . L m? n® p?
biéu kign (ii) tuong duong v6i thntaisé 1 ¢6 T _P _g
m._n p

Thay vao phuong trinh (i) suy ra

1 1 1 a b c

3m2=;n—,n2=;,p2=;,a=m§mmz,ﬁ Ry P =P
1 Vi \
Khi d6 1_—+—=~“— ‘
: m n Z:"’°\/"+\/1+a Q'\'
<
s e &
2«f J+l+ f+l+ \f+1+ ‘N

Do tinh duy nhét nén i =k. suyra da'

I 8l o
X +z2 = {le n
+y m"atpPmmnMp® el

(I+M)(\FQ%@JE+M)
(JE+J1E)(«/E+JI<TI:)(JIE R+c)
WL Shakd}

Jk

=x+yt+z>

Viy min(x+y+z) =

Dat duge khi x_Yy_z_ _ mnp c-:’
m n p am-i—bxb
A
Chirg minh ring véi a,@]a céc 56 thyc khéng 4m ruyytacé bt ding thuc
b’ ¢ Sabe
v+ + >1.
\l_[a+b b+c {c+a) (a+b)(b+c){c+a)
o L si

)
R& rang bét ding tl{:@&? thé chuyén v& dang twong duong 1

1 1 1 5
+ + + >1
(t+x) (1+y) (142 (+x)(I+y)(1+2)
Vi x =bfa)y=¢/b,z=afc vaxuy=1. Djt "

2 2 2
=l-——-n=l-———p=1-——;mn,pe[-11.
" Trx I+y P T4z P [ |
Taco  (1+m)(i+n)(1+p)=(1-m){1-n)(1-p}= m+n-+p-+mnp=0.

Bit déng thitc trér thanh ,
(1=m) (1= +(1-p) +5(1-m)(1-n)(1- )23
4 3(m” +n’+ p*) +5(mn+np-+ pm) > 3(m+n+p)+m’ + 0’ + p*
@3(m’+n2+pz)+5(mn+np~:|-pm)2m’+n3+p’—3mnp.
Cha ¥ ring néu mn +np+pm >0 thi ¥7 >0, connéu mn+np+pm <0 thitaciing c6:
VT =(m+n-+p) —(mn+np-+pm)> 0.
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Viy chi cAn chimg minh b4t ding thirc khi m+n-+p>0.
Djt t=m-n+pva u=mn+np+pm, bit ding thirc tré thinh:
3 —20)+5u> (' —3u) = CG-O+u@Bt-1)=0 (1)
Theo bat ding thitc AM - GM th
m’ £’ +p? >3[mnp|z" > 3mnp 3(a+b+c) (@)
Bit ding thirc s& dugc d& dang chimg minh néu u >0, ta chi cin xét khi u<0 va 3t—12 0, thay (2) vio (1) ta chi
cin chimg minh: |
208 (3—1)+t{t—3)(3t—1) > 0 & t(3-1)(1-t) > 0 & {3~ t}{1+mnp) > 0.
Nhung bét ding thirc trén hién nhién dang vi m,n,p€[—1,1]. Ding thirc xay rakhi m=n=p=0 hoc
ms=n=1lp=--1 hay a=b=c holic b/a=c/b=-+co hoic cdc hoan vi. Bit ding thirc dugc chimg minh

Gia sir a,b,c 12 cac sé thuc duong théa mén ab+ b+ ca =3, Hiy chimg minh ring
Jat+3+b+3+fc+3>6.

A
S

o~ &

Phuong phap phén chimg tmg dung rét ra vio bai ndy. Ta chitng minh mdt bai todn khd g tuong duong ninr
sau .

Néu a,b,c>0va Ja+3+b+3+c+3>6thiab+bctca<3. &\Q
(chuyén két lusn a+3 +vb+3++c+3 >6 thanh ding thirc vi chuyén gi@gt thanh két ludn, day chinh 13 y
twdng phan chimg). <

Biét ding thirc ndy ré rang 14 don gian hon nhiéu so vdi bit ding thirc ba@ﬁu Ta cé thé loai bé cin thirc bing cich
dat

x=Ja+3;y=£+3,Z=J0N§>x+y+z=6.
Va ta phai chimg minh > 2
x> =N -+ -NOZ)+ {2 - ~3) <3

o x’y byZt+ 4<6(C +y +2%) (#x%)
' Vi bay gitr phép chiing minh s& don gian hon r@é\iéu. C6 nhidu cach chimg minh bit ding thirc { * ), ban doc ¢6
th’é sit dung phrong phép ddn bién. Sau day }g’sé trinh bay mdt 14 gidi sir dung cach phén tich binh phuong Bit
déng thic d8 cho tuong duong véi Q)

300+ 420 — (xy AP B0 SO0 430 +2) = T2HI20¢ +Y +2) -Gy bz ke
Chii ¥ rdng x+y-+z=6 nén xy@%z+zx <12, va do 46 ta chi cin ching minh
3(xy 4y 2P 4+ 22x3) KXY + ¥z + 2x) S 607 +y* +27) = T2+ +12(7 + y* 4+ 27) - 12 (xy + yz+ 2X)
: +F1203 + ¥ +2)—12(xy + yz+2X)
@ S (xy—x2) <23 (x—y) +63_ (x—y)

¥,Z XNz XY,z )
& @) (x—y) + By N x -z +@—x"Ny—z)* 2 0.
Tir gia thiét suy ra x,y,z >+/3. Do d6 x,¥,2 < 6— 23 < 24/2. Bét ding thitc vi viy duge chimg minh xong.
Déng thitc xay rakhi vichikhi x=y=2z=2.

Cho 3 sé duong ¢6 a + b +c =1 .Chimg minh bt ding thirc sau day:
|
P=abe(a’+b*+c?)<— (1
(a*+b +et)< o D)

Khi chira fim dugc céch gidi ngay. Ta nén dua bai toan vé trng hep dic biét bing cich gidm sb bién cia bai
todn. Ta di dén xét:
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Cho 2 v2 b 122 sb duong thay 461 thod man: a+b==1. Chimg [minh bat déng thiec:

ab(a® + %) sls @)

Lo i
Sir dung bét ding thirc x:,rg%(ery)2
. 2ab+1—2abl
Taco P = abl(a-i—b)1 w—2ab]: ab(l - 2ab) =}£2ab(1——2ab) ﬁl—a———z—-—g—l‘:};
. . 2ab-+1—2abl
Déu“ =" xbyra bt 12 f L ymy=r
4 4 2

Ta s& fim cach gidi bai todn 1 bé.ngcéchduavébéitoéndengiénhon cho 2 bién duonga va b tuy y. Béing cach dat’
a+b=M>o=>—a-+-b—=1.Tfraou‘xbaitoémmayavablémuqtbai 2D st thu Gunglt ding thic:
M M M M Q

@)
1 20
“{a+b) (*) .
8( N Q
Bay gitr ta gial baitosn 1. TacdP= abe(a® +b” + ¢f)= cab(a® + b))+ c’.ab

2 .

A
Sir dyng bt ding thic AM-GM cho 3 56 duong ) ghue="a-b-c= 13 'ﬁ@: vay bét ding thire (2) 1a ding.
Bai todn 1 c6 thé gidi bang trye tiép biing phuong phdp ddn bién trye tigy-Song con dudmg di tirbai Todn2 s

sshién hon. Tir két qua clia 2 bai to4n trén ta hy vong rang bai toan tét@quét s dang, Ta di dén gidi bai todn tong
quit sau voin bién duong. Tic lat2 phéi giai bai todn sauw
O
/\V
Bai todn 1: \

« Cho n s duong xl,xz,...x,,{?é?xz +..4x, = Hay tim gia tri 16 nihdt cisa biéu

. ) 1 O~ 1
thirc sauw: ’PS‘]‘J(HE&PS‘—‘JT
T .

S
()0 1 1
Ta s& chimg minh biing quy nap&bo’ n: P<— P47 )

n+l nn+l

That vay véin=2do Kkét @9&1 todn 1 nén bét ding thixc (3) diing.
Gia sit (3 ) ding véi é{c T & chimg minh bét ding thirc (3) déng cho n+l s duong ma
X+ x@ Ky H X =1- Thatviytacd - Nén theo gid thiét quy napta (M

2 2
T N B S < %)
Lk 1 —Xan 1—Xan (1—Xn+|) (1'—XM,) n

Khi d6 tacd:

Pn+,=xlx2...x“x(xf P x) = x.{x,xi...x,l (xf +xt 4t xS) )l-}- X (X g X )

(120 X = Xon) PamXiKarXak (x4 x,2+X)= x.[x,xl...x“'(xf x4t X) )l+ X (%X %)

x(1—x 2 x’(l—x)" , .

< -——;]—n,r—,-—-{-—-——n—“——— (theo gja thiét quy 1ep (*¥*)vatheo bat ding thircAM-GM)
- 1 2
- wih 1)[(n i —(a+ DAL .-+ D" ~2xF 1
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~Dx+(n+Dx® — 2 = 1" 1
" (n+1) n+1 Rteth , = __"*—(HH)M.
Tée 1a bét dang thic (3 ) ding véi +1. Tix d6 theo nguyén Iy quy nap (3 ) ding véi vy =2,
Déu = x4y ra khi va chi khi =X == = o ;:— Nhir viy gis &f 16n nhds cia p 1 (“I;_‘IT),;;
Baitodn 3 g3 duge giaj quyét,

By git véi n 56 duong tuy y ta gyt

Tir bai toan 3 15 thay x,,x, X, 14n lugt be; %,ﬁ—,%}’- ta thu durge bt ding thire tong quét ¢ baj todn 4
sau. Dy 13 mot bt déing thrc r4t dep ma con dudmg di dén lai 14 bt déing thire don gian d6 13 bér\ déng thic (1)
. N

. 7
Cho n 56 the duong ( n>2) X1 Xa-X, 12 ¢6 bt ding thire say day: O

(%4)
nhét cia céc bidy th;'r\c\sa}x o
Véia, bia2ss duongthoéx{ﬁ: a+b=]

+¢*) Véia, be a3 sc";’gz%g thod man a +b+c = |

Bai todn 3 -Hay tim gid tri lom
a) P} = abfa’ + b’)
b} P} = abe(a’ +1°

Q

O

. , ¢)
U d6 ta s thy duge két qua 1a in_Hj
o)

1 (x;y)=(61(3+\@);§(3~«/§)}
:ab{a3+b’) =5 ’

v=[Lao sl
~Q° ("”’)“(6(3 \/5),(6(3+~/5)}

. Diéy nhén thﬁ'y O baij toén@)qé mac di vaj tro a.b trong baj todn 13 binh ddp
bat ding thitc thu durge 1 1%%

dng nhurig ddy « < « & két Iugn cua

c8p (a; b)) déi xlmg ma khong xiy ra khj 2 bién bing nhau do d¢ d¢ gidi bai tosn—

b) khé 1dng dura v& trudng hod 2 bién . Sau déy 13 mot 1o giai cho baj togn ). ‘
e :

Gid st ¢ 12 56 nho nhdi trong3 sd g b, ¢ suyra ¢ < !

e ™
Ta c6:
F=abcf(a + b ~3eba+b)+o'|< abef{{1-cf - 3ab1 ~¢)+<]
=abe[1~ 3c + 32 ~3ab(1~c)f= 3¢y —c)(ab)* +(1- 3¢+ 3¢ Jc.(ab)

2 232 2\2
1-3c4 32 (1—-3c+3c ) c (I—~3c+3<: ) c
o C)[ab §(1—c) ] * 2(1-¢) "= T

(1
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_ N 242
Xeétham f(o)= L230H3Ne oo 1y
12(-9) 3

—12¢" +21c* —9c +1

T (1-3¢+3c)

flc)=

Giai pt £'(c) =0 ¢6 3 nghiém trong d6 c6 1 nghiém ¢, € (0;%], c, = 0,17

Lip BBT ta c6 f(c) < f(c,) (2
_1=3c+3c (3)'
Déu “=” xAy ra khi ddng thai xdy ra & (1) va 2 = 6(1—c)
Ca= g, (4}
2 —_
Vice (0;%] nén ta dB thiy %t%c_e (0;1) va phrong trinh £ ~(1— )t -+ 6(3'1“0 3\ 0 1uon c6 hai
f— c o

— 21— N A N
nghigm t€ (0;1) (A = . 3‘“‘; (“:3%()1 %) > 0) suy ra luon tn tai a, b, ¢ thoa g thiét 6 o6 £(c) = £(c,) .

Két lugn: GTLN cta F 12 f(c,). RS ring bai todn 13b) 1 mot bai khd kp&(\\

Nhin xét: o)

Vi GTLN dat duge tai gid tr] cdc bidn “khéng dep” nén vi¢e dya @0 cic BDT cb dién Ia rét kho va phuong phép
dén bién 12 khéng thé thirc hién. . >
Vige chon ¢ nhtr & (*) v6i myc dich he (3), (4 c6 nghié}p@éc (1))

Baitodn mé 11 Goi Py =xx,.x,(x*+x,5+ xq')\l véinva 1a bty nhién ; Trong d6: x,+x, +...+x, =1

‘Thi gi4 trj I6n nhét cia P* bling bao nhigu ? OOQ

AN
R& ring bai todn chi méi giai quyé d& khi(k;n)=(2;n);(23)va(33 h]

Theo doi két qua cta cac bai td@h trén ta thiy ring bai todn téng quét khong thé giai quyét dugc bing con
dudmg quy nap nhu & chudi céc\géi, to4n di tir bai toén trén Chinh vi vy 2 bai 104n md sau day vén la ciu hdi chira-

¢O clu tra 1. Q
O

Biitednma 11, 2 n 1a @E: nhién (n I6n hon hojc bing 2 ) va r 1 m§t s& thyc tuy ¥ . Véi n s8 duong thay dbi
thod man: x, +x, +ab,(ﬁ X, =1 A

Goi P! = x,x2$‘ X%, L+ xn') Thi gi trj nhd nhét ciia biu thirc 14 bao nhiéu 7.
)

Trong théi gein hoin thank cudn sdch nay chiing 16i chua fim dwgc I3] gidi nio cho 2 bai todn ndy, rit mong
nhdn dugc sy trao 85 cia cdc thiy ¢6 vi ban dge gén xa.

Binh tugn: Déi lic khing nén hoc todn nhir mpt thir mi dn lidn ma ta nén chim lgi ngdm nghi v khdm phd
nhitng bf mgt dn sau né 1 gt ? Bitt ddu nhitng khdm phd dit nho bé dang ché cdc ban . Vi cling nén nhe ring
nhitng sdng tao Ion ludn tir nhitng manh 8hép cita céng vigc sdng tgo binh thudng va cil tién cde sdng tpo do.

1 1 1
+ +
a’—1 b -1 c?-1

1 1 l<1.
a+l b+l c+17

=1. Chimg minh ring:

Gia str céc 56 thirc a,b,c> 1 théa man
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!;4 .E‘

Ta sir dung bit déing thirc Chebyshev két hop véi phwong phap chimg minh bing phan chimg .N6i cach khac, ta s&
chimg minh ring, néu cic s6 thie a,b,c> 1 thda min
1 + 1 1 -
a+1 b+l c+41

2

Thi bt ding thirc sau ludn ding

1 i 1
+ + >1.
a’—1 b -1 -1

Thit vay, tir gia thiét suy ra
a—2 i b—2 c—2 _
a+1 b4+l c¢+1
Bét dng thire cin chimg minh trong dweng vai

2 2 2
4—a" 4-b +4—c >0

\
NI R Q'\'

(*)

a
a-2‘a+2 b—2-b+2 c—2'c+250' \20
a+1 a—1 b+1 b—-1 c¢+1 c-—1 N
Chi y ting néutacé a>b>c¢ thi ‘ db
' A
a=2_b-2_ c-2 ~

a+i” b+l e+l d

a+2Sb+250+2 Qz\)

a—1 7 b-1"c¢c—1
Do d6 ta chi can ap dyng bét dang thwic Chebyshev cho 2 b§ ngugc ggéu n6i trén va cha ¥ didu kién (* ) ta co
dpcm. Ding thite xdy ra khi va chi khi a=b=c=2. _
Binh lufn : Véi cc bit ding thic dang ax + by +cz dé m sénh v6i O thi ta c6 thé nght dén vige tu duy cac
bd sb don didu ( ciing ting, holic cing gidm ) rdi két hop @Pbﬁt ding thitc Chebyshev.

\
‘ .
Gia str cac sb thuc duong a,b,c @%& min a+b+c+d= 4. Ching minh bat ding thirc
i 1 1 1 1
Pt + <=
O&‘ﬁaz Il+b2+11+cz 1+d> 73
RS
<
X L gii
Biét ding thirc c6 thé \@‘dué‘i dang tuong duong ,
1 i 1 1 i 1 i 1

1

e Bre 2 nee ! 2hiee 2°
a1 bB-1 -1 d2—1>0
1i+a? 1146 114+¢® 1447
agiil—i_(b_ )'Eg"%+(c_l)‘cf—t:1+(d—l)'c?:11120'
Chiiy ring néu a>b>c¢>d thi ta udn cé
a-t+l a+1 c+1 d+1

_ at 11T al+ 11 11 4411
Néu ép dung bit déng thic chebyshev cho bd sb trén va b5 {a—1,b-1,c—1,d—1) ta c6 dpcm. Déng thirc xiy ra
khivachikhia=b=c¢=d=1.

@ {a-1).

LOVEBOOK.VN | 314


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

, s 1 i1
Cho céc sd thuc duong a,b,c,d théa man didu kiéna+b+c+d= ~—+%+-c—+ 1
a
Chimg minh bit ding thiic:

2a+bretd)2al +3 b +3+Jci +3 47 13,

L i
(Rét p tir 1 gidii ciia anh Pham Kim Hing ) ‘

Néu nhin thodng qua v& d& bii, céc ban s& cam thiy kho khan vi gia thiét cia bai tosn that tudng minh. Néu ban d4
biét nhiéu Ki thuat chimg minh bt ding thirc thi lai cang d& bj nhim khi di theo nhimg phuong phép manh vi dy nhu
dén bién ching han. Thit bit ngd, bai todn trén dugc giai hoan todn don gidn bing bét ding thirc Chebyshev, tit nhign
v&i mdt kT thuat 4p dung kha dic biét...

Ta trly tuong g timg $6 hang ctia 2 vé va chii ¥ déng thic

2 _ 3(a2—]) *
2a—+a +3—m (*) Q

Khéng thé p dyng bit ding thirc Chebyshev ngay duge vi ca tr s§ va méu $6 cla Efbﬁm déu 14 cdc ham don didu
téng. Tuy nhién hfy cht ¥ gia thiét

)
1 11 1 ( 1\[ 1 @[ n
—t+—+-—4-=a+b dela——|+|b—=|+[¢c +d-—-—J=0
a+b+c+d atbtedt la aJ+ bJ \ © d

2 A

a’—1 b -1 *—1 d
& +—§=0.
a t b + ¢

Tir ding thitc ndy ban doc ¢6 thé thiy mét méi lién hé véi (% )\@ a chung tir s6 a* — 1. Pay chinh 14 chia khéa dé
giai bai todn. Bit ding thitc tuong duong voi - v

3(32_1)# 3(b2—1)\§®}c’"-1) N 3(d? - 1) N
2a4ya'+3  2b+yb2 €3 2c4vP+3  2d4d 43

a1 é&ﬁ -1 -1

e +C§ by e, d 5o
3 3 3 3.
2+ 1+®® Tt anfles 24 )ie
Luru ¥ bét déing thiic 4 cho hoan tofd a8i xtmg v6i 4 bién a,b,c,d va cic ham 6

O&f(x)=x2—1=x_l’ g(x)=_1__.§_
o X X 24 1+

X

Déu 1 cdc ham tﬁ:;{&'(n) R™ nén theo bét ding thizc Chebyshev
§‘ f(a)g{a)+ f(b)g(b)+f(c)g(c)+f(d)g(d)2
-j—l-(f(a)-f- £(b)+£(c)+f(d)+g(a)+g(b)+g(c)+g(d))=0.

Vitacé f(a)+1(b)+1(c)+f(d)=0. Dingthiicxiyrakhia=b=c=d=1.

Binh lugn : Nhur viy & day qua vai vi dy vira dugc trinh by, ching t6i da cé géng hinh thanh cho c4c ban mét 161
tur duy @€ chimg minh c4c bt ding thirc dang phan thitc 1n hon (béhon ) 0 . Ma nhur & cde chuong trudc ta da
trinh bay d6 14 céich cfng thém vao 1 hing s 8 thao tac véi bai toan d& hon thi & ddy ta thao tée trirc tiép nhds syr
hd trg cia bét ding thitc Chebyshev. Lieu ¥, & diy chi trang bj cho cde ban nh mét “vii khi manh” dé gitp ching
ta tw tin hon khi gidi todn chir khdng nhdm hé tro cde ban gidi duwge dé thi Pgi Hoe , né chi cung cdp cho cdc ban
mot cdi nhin tong qudt dé tie 36, vide gidi duge dé thi BH nhi la mot hé qua tdt yéu . Piéu pay cung nhur Viéc sdng
tdc ra mit ca khic hay chi vi dam mé vé tiét téu va nhac Iy, con viée né giip chiing ta c6 khi thé khi ra trén ds la
mot hé qud mang tink tdt yéu . Chink vi vdy, hdy nén doc KT nhitng bai todn dang nay .

O day chiing t5i chét lai cho cdc ban nhir sau ( trich tir bai giang ctia PGS Nguy&n Vil Luong cho 16p 10A1 Toan
Khéa 2009-2012) '
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Dé chimg minh x,y, +X,¥, +...+X,¥, >0 ta c6 thé chimg minh

%.(x,a, )+il.(x2a2)+ ...+?.(xnan)2 0,

Trong d6 a,,2,,..,, 12 céc sé thyc ma ta phai fim sao cho
Y ¥ ¥
L2 B (X8, X850 X8, )
[al aZ an ] ( reme )
La c4c b don diéu ciing chidu d& didu kién bét ding thiic Chebyshev dugc thoa man. Khi 46 vige chimg minh biét
dAng thire ban déu s& duoc quy vé chimg minh 2 bét déng thirc don gian hon 1a
ByYeyp Dy,
a, 4, a
X2, +%X,8, +..+xa, =0

Mét dang thudng sir dung clia ki thuat ndy 1 4p dung vdi dang phén thirc. Gia st ta phéi chimg minh bt ding thic
dang

n

X, K Q'S>
i Yo Ya @)
V& i thuyét thi ta ludn o6 thé dua bét ding thic v& dang ndy, tham chi c6 thé chon y,,yz,...,(n‘%%. Khi d6 ta di tim
céc 6 thue a,,a,,...,2, sao cho
(2,X,,2,X;-23,%, }» (2,Y1,8,Y 25,2, ) QO
12 céc bd don didu ngugc chidu, khi @6 bét ding thire s& duge chimg minh néu 6@1 kién sau dugc théa mén

alx!+a2x2+...+anxn20,L+ l +..t ! >0. Q,\)
.y, A3, ¥, ‘N

Théng thudng d6i v6i céc bt ding thire, trong 2 ddy sb (xl,xz,...,i,‘gv}/(yl,yz,..., y,} s& c6 mdt day dwong nén
khi chon d4y (a,,a,,-.,a,) duong thi chi ¢in chimg mt trong Z\Qét dang thirc cudi. Trong nhiéu trudmg hop ta ¢6
duge ding thic a,x, +a,x, +...+3,x, =0 nhu trong bii 1e&drén

e O
Chimg minh bit ding thite: Q\
1 1 1 £ - : s
+ 1, V6i céc s6 thue khong &m a,b,c thy ¥ ¢6 tong bing 3
Ftatb @ ibto R+€§%— g vy g bang
QF  Ladgiai

Loi giai dua theo 151 giai cia tac gié@.lotoén dang trén Crux
Hay chid ¥ phan tich sau (0'()

b\ 1 11 1_ eft=g)

§‘ E+atb 3 ci—c+3 3 3(—c+3)

Bét ding thirc cin chig minh

a(a~1) | b{b-1)  clc-1)
>0

a’—ma+3+bz—b+3+c’~—c+3_

o a—1 + b—13+ c—1 >0.

a—1+~§ b-14+= c—1+§-
a b c

Giastarb>c=a—12b—12c~1. Viat+b+c=3nén ab+betca<3. Do dé

o a—l?’2 b—]32 CWI3‘
a—i+~ b-14+= ¢-1+4-—
a b c

Ap dung bét diing thirc Chebyshev cho 2 day trén ta c dpem. Déing thirc xay ra khi va chikhi a=b=c=1.
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Cho a,b,c 13 céc 56 thue duong. Chimg minh ring:

XY(x-+Y) +yz(y 4 2) 4 7(2+x) 2 ey +yz+ o 5)y +2)(2 1)

Ap dung BDT Cauchy ta c6: {/(x+y)(y'+z)(z+x)5(x+y)+(y:z) (z+x) 3(x+y+z)

Tz ¢/m BBT: xy(x+y)+yz(y+ z)+zx(z+x)2%(x +y+z)(xy+yz+z)

< xy(x+y)+y2(y +2z)+ = (z+x) > 6xyz
Ap dung BDT Cauchy cho 6 s ta c6 ngay dpem!
Diéng thirc xay rakhivachikhi a=b=c=1

Cho a,b,c Ia c4c 56 thyre dwong c6 tich bing 1. Chimg minh ring:

20 re+l)  B(Ha+]) O +btl) %@\

:b?(b+1-)(c+1)+c7(c+1)(a+1)+a’(a+1)(iba, 4

! E * .E \
Hinh thitc khé khing bd nén ta di vao bién d8i méi phan thic: .\db
(b" +e +1) : 3 . ,{Q

Taco P= Zb’ (b= (e 1) =Z(b+1;(c+l)+zb7(c+])\)d

= a% : .
Hudng di 34 qud quen thudc, ta & tach ra di danh gid E(b*éi ) va 2b7 (:+1) roi két hop lai:

‘ -,
Ap dung BET Cauchy ta ¢é: Z(—b-;-S(T+ZP?-+EC+1 a+b+c)
c
Suyra Z——S-— (a +b+c)— (1)00

b+U@+U

c+1 a’ b ¢’

Lai cé: Zb, c+1 %ﬁ W77 =3 (abo=1)
S (2)
uy ra va o712 @Qbﬂ)

@

1 1 3_3%abc 3 9
T ¥ va @suy ra P (a+btc)- 242 Lia ypyo)mLiagppe)p 35 Rabe 39
y el 2(++;:) <3 4(a~|-+) 4(a +¢) P

Nhgn xét: B:ii&\r tuy “khiing” nhung hudng di 13 hoan todn tir nhién va kha nhe nhang!

Cho a,b,c 14 cc 56 thuc duong. Tim GTNN ctia: [a? + bl—zc +\/l:v2 +ci’ +‘/c2 + ;1;

Lavi i
St dung BDT vecto. Trén mat phing toa do Oxy chon: ﬁ[a;%]; ;[b;i]; W[c,i]
c

Tir lﬁ|+l§,+]§|2|ﬁ+ ;+;Isuy ra:

1 1 2 (1.1 17
\/a +b—2c+\/b2+ +\/ +;52\/(a+b+c) +[;+;+;]
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Ap dung BDT Cauchy ta c6:

(a+b+c) +{ 3@ [ ?J:] ‘“9[3 Yabie® J;

Suy ra Ja +-];1~c Jr\/b2 +Jc +——>3\f

Déngthl’:cxéyrakhivéchjkhl a=b=c=1

Str dung kién thirc trén ta c6 thé dua ra 11 giai bai ton sau:

Cho x.y,z 1a céc sb thye duong va x +y +z < 1. Chimg minh ring:

\/x +— \/y2+ +Jz_-lj.>\/m

Lavi i

2
1,1
Taco: P =sz +§1;+Jy2 +;]-2~+\/z2 +—£; 2 J(x+y+z)’ +[;+—+~1-

Yy Z
2\/(33xyz)2+ 3
ot (3 2 J— 1 O
_ at(«/xyz) =t(t>0)=>1=x+y+223 t=t<g QY
1 N 1
o6 £'(t)=1-=5 <0, Vte[O%f(t)gamtrén [0;51'
82

]=-——.Su3s@%_3 —§-=\@E

Xét ham sb f(t)=t+-1t-v6i te[O ;

o

Cho x,y,z 14 céc sb thuc thay 6 c"I“m GTNN ciia;

“&J x—1) +y? +\/(x+1) +y +|y—-2|

[ .
< o
v Lo gidi
Tacé:.\/(x—l)z+yz+ +1)z+y221/4+4y2=2 vt 41

AZ 2y +1 4]y~

Dén d4y ta xét trudmg hop ¥y > 2va y<2=>Amin=2+\/§

Déu“="coigi x = 0;y = %

Cho a,b,c 13 céc s6 thue duong théa man: a’ + b’ +¢’ = 3. Chimg minh ring:
} 2b° ' k" 3.
2 2 +=3 ] +— 4 2 F) <=
b -2b+3 c’4a*—~2a—-3c+7 a*+b*+a*-2b" —6a+11" 2

Lavi gii
Muc tiéu 12 danh gid mau thirc phitc tap céc phin thire:
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3 3 3
. a a
Tacé: - <20

bT-2b43 T (b 2
Xét ham sé f{c)=c’+a*—2a—3c+7 tren (05400} c6 f'(c J=3c*-3=0tgi c=1.

Lép bang bién thién ham s6 suy ra fle)2f(t)=a*~2a+5=(a—1] +424

2b° b {2
=
¢’ +a*—2a- 3c+7

Xéthimsd g(b)=a’+b*+a? —2b?—6a+11.
Lip bang bién thién suy ra g(b)2g(l)=(b-1y +6>6

3c’ ¢
=T F <
a"+b*+a’~2b*~6a411" 2
Tir W@ Blguy g VT<a—in"-—cs=§—dpcm! \
=TT 2 2 Q’\r
Ding thirc xdy ra khi va chikhi a=b=c=1 <
20
N\
» 3 9
Cho x,y,z 14 cdc sb thue duong. Tim GTNN ciia: P = max lx;y,@@ +— +—3-}
N x oy oz
N
- !E- -EA @o
Ta cé: N
¢ Néu x>3hojc y>3hoic z>3tht P>3 @V

e Néuo<x;y;z<3th - + 3 7+ 2 >3suyra\?>3
¥y

Vay GTNN ciz P bing 3. Ddu “=" xay ra tai xé?“ z=3

Xét céic sb tye khong Am @z%hoa méin: x* +y? +2* <3y. Tim GTNN cia:
1 4 8
P= + +
(’ (x+1  (y+2) (243

S
o° Loein
NhinbléuthucPtan%' gay tdi BDT sau: 1+b12__ ( 7. Véy tir g;athjettasesuyradléugidé gitp ich chi
viéc ddnh gi;éq;}uc:
Lai gidi
Ta cé: ApdungBBTCauchytacé —l—+b]—2 i> 8 e 11+ ! = 8 =
(@+b)"  (x+1) z4—1] [x+1+2]
2 2
2P 8 8 N 64

+
2 2z = 2
[x+%+2] (z+3) [x+%+z+5]

Ta co: 2x+y+22=(2x+4y+22)—3y5(x2+1)+(y2+4)+(22+1)—3y56
64
(3+3)

Suyra P>
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Xx=1
Déng thirc xay ra khi va chi khi {y =2
z=1

Véy Pmin =1tai x=1Ly=2;z=1,

" Cho a,b,c 13 cac s thue duong. Tim GTNN cia:

P=]2(az+b2+cl)+3[l+l+£]
a Cc

b
Liri g
Tach: 3(a® +b° +¢*) > (a+b+c) va 19
. a. b ¢ a+b+c
Suyra P24(a2+b2+c2)+__2_L
a+b+c \
Ap dyng BPT Cauchy cho 3 sb duong ta c6: Q'\'

~

27 27

27
4(a* + b +¢? >3,/4(a? + 17 1.——.4@-
@+ g e if (@ 0+ ) Ty (kb )

27 .
= a4{a* +b + P )+ ———>27=P 227 N
( ) Q

at+btc
, .
Ping thirc x4y ra khi va chi khi a=b=c:£ \)d
2 <
. ‘\
Viy Pmin=27taia=buc=i/—§. ,\\/
2 &rb,
2
N
S)
N
Cho x,y la céc s thuc duong t@mﬁn: x4y ;1;” J2xy = —3 . Tim GTLN cta:
& 2 2 3
' Oo =it va 12
";,Q X y Xy
@ :
\%. ! E. —Eo
Ta d3 ¢6 BDT phy giira . ——2]—— va 2 thudc loat bai todn trong phén sir dyng nguyén 1i Dirichlet. Bay
+1 ¥ +1  xy+l
1 2

38 xét ham s6 v6i dn xy.

iy ta mong doi thu du + <
& S e 1 1y +1
Muén viy ta cdn 0 <xy <1. Diéu niy s& duoc it ra tir gia thiét, ta phai khia thc triét dé gia thiét dé hd tro qué
trinh xét ham:

Ap dung BPT Cauchy tac6: 2+xy > %+ J2xy =x" +y* L > 2%y’ +L
. Xy Xy

Datxy=t=>t+222t1+%=>(t+l)(t—1)(2t—1)§0=>%§tgl (vit>0)

Khids: L<—2— 3 spet 3 . 3til
xy+1 1+2xy t+1 2t+1 20 +43t+1
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7 {2t-1)(7t-1) 7

=- M A Tilay,

6 204341 6

Dréng thirc xay ra khi va chi khi t=%
7. 1

Viy Lmax:Etz_nx:y=

+ c
2ah

vz
Cho a.b.c I c4c 56 thyc duong thoa man: 2> +b? +¢? = 1. Tim GTNN cia:
a b
T4 +02+a2
‘ Léri o3
Nai todn don gian chi bj bién déi mét chat:
Taco: 1> a n b ¢ a b [

= + +
b? +¢? c2+a2+a2+b2 1-a*  1-b* 1
Theo phuong phép trén ta tim duoc ngay BDT phy:

a < 23\/53.2@&(1
1—a 2

: 11 [ 2 N
Ap dung BDT Cauchy ta cé: a3+—+—-—>33—=a=> >a Q dpem!
P aung Y W3 343 V27 )

e
3J§a2=>1>——-(a +b% 4 c? )«:3 N
. ] .
Biéing thirc xayratal a=b=c=——
o Vs K&
Vay Jmin:ﬂg—tgi.a=b=c:l Qc-)
2 A3 00

St dung tur tudng % > a(l -—a")ta cé(%&h}ai quyét BDT Sau khang cén tén thoi gian:

O .
Cho ab,c 12 céc 8 thfKé duong théa mén a? +b? +¢* = 1. Chimg minh ting:

Q' a'-23a°+a b -2 +b c’—-2c’+c<£§_
sQO b*4¢? ¢’ +a’ a’+b? ~ 3
L g
I —a
Ta c6: Z +a-—2 )--a(l a) e
J‘
TuungtuchoZblen con lai, c@ng vé theo vé ta c6 dpem.
Cho a,b,c I céc s6 thuc dong. Chimg minh ring:
a+b b+¢ c+a
c+</4(a3+b3) a+g/4(b3+c3) b+{j4(c3+a’)

Lavi gisi

Ta chi ¢dn ching minh: Y42’ + b’) >a+b thi bai todn dugc gidi quyét!

O diy ta lai gap lei ude lugng véi —-—
Ly gap & ong atbio
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_ 5 a2
[Cho X,¥,z>1thdéa min: x+y+z = xyz. Tim min: Xx=2 22+y 3 +Z - J
z X v .

Lai giai
Bai todn ndy déng hru y, ta c6:

o XD Hz-1) (y—1)+(x_1)+(z—1)+(y—1)_[1 1.1

2 Ll 2 2

z Xy Yz Z% \
. 111 111 e ()QN
Tir gid thidt ta c6: — 4~ b me =1 > — b == 2 3 b b — | =3
Xy yz zX X y Z Xy \20
> X>3-2 d&
Ding thic xay rakhi v chikhi x =y =z=+3 A\Q\

Cho ab,c 1a céc s6 thuc duong thoa man:a+b+c=3. Ching ring:
3a? +67 +¢? )+4abc>13® -
AN ,
o v
, . , Laieid &Q’
Y tudng 14 ta s& dua hét vé 1 bién va xét ham sb \
Ta c6: 3(a? +b? +¢*)+dabc = 39— 2(ab+ be -+ ca)] + 428K

= 27—6a( 3&3 +2(2a—3)be

Lugng “be "cé thé duge biéu dién qua téng b-+cgldwg chmh 14 3—a . Nhung trudc mét mudn danh gia dau “Ién
hon” phaicé 2a—3<0:

Giasr a=min{a,bc}=>a<l=>2a— 3({9 . Khi d6:

2@@» 2a—3)(b+c) =— (2a 3)(3-a)’
3,27

= 3(a* +b?\&2)+4abc>27 6a(3—a)+ %(251—3)(3—21) =a’ +oat s

Ma a* —%a + 227 @a—:—l)(a-—lf >0 Iuén dung!

Vay ta c6 dpcm! Déing thitc xay ra khi vachikhi a=b=c¢=1

Chimg minh ring v6i moi s6 duong théa mén x(x+y+2z)=3yz.
Ching minh ring: (X+y)’ +(x+2)° +3(x +y)(y+2)(z+x) < S(y +2)’

L gidi
Péy 12 mdt BDT khéng chit nén danh gia VT kha dé dang:

Tacé: BBT & x* +3x*(y +z) +3x(y2 4zt +yz) <2(y +z)3
Biy gidr ta cin so séch x véi y va z thi BDT mdi s& dbi ximg 2 bién. Tir gia thiét ta cé:
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3yz=x(x+y+2)>3xixyz éxgﬁg—;(y+z)=‘>2x5y+z vi X’ <yz

Khi d6, ta cé: x* + 3x? (y+z)+3x(y2 +28+ yz)ﬁ;l;-(,y-l-z)3 +3yz(y+z)+-;—(y+z)’(y+z)2 —yz]:

:']_8:';‘(}’+Z.)J+“§‘YZ(Y-.|-Z) ma YZ(Y+Z)S(Y+Z)J@(y+z)(y—z)’

= %(y+ zf +%yz(y-;- z)< 2(y+2)’ suy ra dpem!
Péng thirc xiy ra khi va chi khi x =y = 2.

Cho a,b,c 12 c4c sé thue duong théa man: abe=1 . Chimg minh:
1 1 1 i3 N 25

a b ¢ a+b+c+!_T

Dy 12 mot bai toan kh4 hay sir dung phuong phap dén bién Q
Xét biéu thic f(a,b,c):—l-q-l.;.l.f.__L O

b ¢ a+4bte+l ;\

Ta s& chémg minh 2 budc: £(a,b,c) > f(a,«/t; \/EE) - \

Ta ¢o: :
1 1.1 ? 13
f(a,b,c)—fla,vb Jb = - ——6\3— ——
(a C) (a, ¢ [a+b+c a+h+ Jbe a+2ch+l]

il kel

(T e 13
=( g% (a+b+c+1)a+2vbe +1)
3 13 _13
a+b4(99'1 (a+2~/_+1)5(3€/a§+1)(3€/a§+1)_16<]
13
(a+b+c+1)(a+2J_+1)

Lai cé: theo BDT Cauchy:

Gi sir.a =max{a,b,c} = a 6®=>—> =>__

Khi d6 ta c6: £(a,b,c a,JE,Jb_c)
By gidr budc tié tsﬁecr

2
(a,\/—c,r)»@u 2B >§ Loy >Z
a Jbe  at2vbe 1 HZJrI 4

1
Bit —==1t({t>0}ta cé:
st =t(t>0)me

2 13 25
Pl S5
+t+2t3+t2+1— 4
z t=17(t+2) 13(t=12(2t+1
@[t2+2——3]+13%~—l 20@( 1) (1+2) 13( 3)(2 +)20
t 20 +t2 41 4 t 40260+ +1)

& (t=1)"(8t* +20¢ ~18t" —9t+8) > 0lusn dimg!
Vdy ta c6 dpcm! Déng thirc xay rakhi vi chikhi a=b=c=1
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Cho 2 s6 thye x,y khac 0 thay ddi théa mén: (x +y)xy = x* -+y" —xy . Tim GTLN ctia:
1 1
Y

A=

Lavi gidi

Tacé:‘A=

(x+y)(x2+y—xy)_d[x+y]1
X’y REEA
Pitx+y=8; xy=P(Szz4P).

, sY
Tir gia thiét =>SP=SZ-—3P282—%82ﬁ%SZ#OS%Stt =>A=[-§] <16

Diéng thitrc xay ra khi va chi khi x =y é%

N

7

L Q
Cho a,b,c 12 c4c sb thyc duong théa man: (a+c)(b+c)=4¢*. Tim GTNN cllxzaé(ﬁl thirc:

32a° 326 Jal4b?

P:(b+3c)3+(a+3c)3_ c \(52.’\
S
Liri gidi \}d
P : .9
mergie e T O
2

Datx=3;y=E.Suyra: (x+1)(y+1)=4=>xy+x+d\} . Khi d6:
[ c
l
() , v
— - 2 2
P_32Lﬁ§j+[—x+3] x4y
S\
Tac6 BBT: 4(a’ +b°) > (a+b) @é@q)(aub) > 0luén ding!
<
(@) 3
QD =gl L X ey
X =>P‘ ,y+3+x+3 Ty

Dt xy=t=>x+y$§va I=xty+xy2t+2Jt = {(Vi-1)Vi+3)<0= 151

Ta ¢6:

3

-1/(3—t)2—2t

=s[(—ti-9-u]3—Jm_9=(2—t)3— (t=D){t—7)+2 >1-V2 (vi t<1)

2(9-1)

3

—Jx*+y* =8

(3—t) —21+3(3-1)
t+3(3-t)+9

X +3 +3(x+y)

P=8
Xy +3(x+y)+9

Déu “=" xay ra khi va chikhi x =y =1

Viy Pmin=1~+2tai x =y =1
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Cho c4c 56 a,b,c duong théa mén: abc = 8. Tim GTEN cia bidu thirc:

1 1 1
it TR ers erath

' L pidi
Ap dung BDT Cauchy ta cé:

1 1 1
= <
2a+b+6 (a+b)—;—2[%+l]+4 23/ab +2v2a +4

Tuong tr cho 2 bién con lai, cong theoes theo vé cic BBT Suy ra;

1 1 1 1 _1

P== + + Q
4{vab  ~2a Jbe | 2b Jea ¢
] TSI T
2 "2 2 2 2 2 \
. . 1 QN
UngvéikétquzitréntacéngayQ=1=>P§Z (@) :
1 ' ' .
Viy Pmax=—taia=b=c=2 \
iy Pmax 7 c db,
1‘(\\
o

Cho c4c 56 a,b,c I hon 1 thoa mén: (a® ~1)(b* — 1\)@ )=1.Tim gia trj i6n nhét cita bidu
I - e me T

o+ ] {I+Q®\?’[~F+ %l

\‘»QL:b_lg,@
D¥é cho gon ta s& Dt a®> — 1 =x7; blmlwyﬁg—l_z =+ Xyz =1

=>Jié;5§ +1; \/_=~./y +1; w/_=\/m
() i
T
/%®? \/X +1 ,‘y2+1 fzz+1 {x2+1+-\-/.?:%ﬂ

Chu hinh dang (x* 4—;&&‘}' +1) goi ¥ cho ta diéu gi khong ? O d4y hién nhién ta rit muén khi cin thic dung khong
?

Ap dung Bl@&uchy ta cb: |
1 _ 1 < 1
Vxi41 ,/y1+1+# \/(x2+1)(y’+71)+%(x1+1) xy+1+x

Tuong tr cho 2 bién con lai, cong vé theo vé suy ra;
1 1 1
< + + =
Xy+x+1 yz4+y+1 =z+z+1

thirc: P=

Khi d6:

i
2
V41 zz+l+@

Viy Pmax=1ltgia=b=c=+2
Binh lugn: Mt ddng thitc dwrgc khai théc rét nhidu trong céc d& thi so cip d6 14: Véi xyz = 1 thi ta luon ¢6 :

1 1
+ T—
Xy+x+1 yzty+1l z4+z+1

= 1. Ban dgc nén ghi nh¢ .
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Cho céc sé x,y,z théa man: x+y+z=0va x>+ y*+z* =1. Tim GTLN cta:
P=x’+y* +2

V6i gia thiéi nhu vy, ta s& nghi dén dua P vé chi 1 4n x va thuc hién xét ham:

P=xs+y5+zs=xs+(y2+zz)(x3+y3)-—yzzz(y+z)
2
..x(l—xz)+x[x2—%] +x[x2«.—%] =%(2x3—x)

Bay giér @8 xét ham chi viée tir gia thiét tim khoang gi tri cia x
Ta co:

=x’+(1—x2)

0=(x+y+z) =x*+y’ +28 4 2x(y+2)+2yz=1-2x"+2y2<1-2¢* + ¥’ +2°

L L S
\/‘Jil décd <i suy ra . ‘20

=0<1-2%"+1-x*=2-x"=x¢

Xétham sé f(t)= 4(2)( —x)véi te

Pmax:-s—{— tai —?;y:z:mf &‘Q\
O
: Chimng minh ring v&i moi a,b,c duong ta lubn co: Q;\) . _—
2 o)
aybycie o b Aaire) ),

bcacba&z@,2+c2
2

Sy

RAt nhanh gon, ta c6: BBT @Z[z 5o +b2+
al c

Piéu nay hién nhién ding vi a*> +b* +¢* > 2ab >@Vﬁy BET duge chirg minh
Binh ludin: Phuong phdp phén tich binh ph\m'@Qm khi 6 ra rét ¢6 ich trong vigc chimg minh cdc biéu thic 3 bign
dbi xtmg . Ma c4 nhén téo gia thiy ring : Ghung ta ty hoi cac Bat déng thirc xudt phat tir ddw, cha phai d6 fa tir bat

ding thitc co ban x” >0 u? Cho nén b@y phuong phép dra v& binh phuong c6 1& 1a phuong phép tyr nhién nhat
khi chimg minh bét ding thic . Q:Q

~

(g ' . < yz 2 3(x2+y2+zz)

Cho x,y,;l@éc 56 thue duong. Chimg minh rang: ?+ L4l 7
Z

X X+y+z

N\

!ﬂ-- --g--

BDT trén déi ximg thudin nhit, chuin héa x +y+z=1.
BDT da cho trd thinh:
2 z 2 .
Y iy +2)
y z X

2 z .2
@[L—2x+y]+[z——2y+z]+[z——22+x
y z X

>3(x*+y 42— (x+y+2)

o x=y) +{y-2) +(z—x)

(5 = o)

Y Z
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I

@ {x— y)2[-:I-uI]-|~(y—2)2[1—1]4-(2—):)2[——1]2 0

z X

Do X+}'+Z=I=>O<x,y,z<l=>lul; _1__1; l_1>0
X ¥ z

Suy ra ta c6 dpem! Déng thire xay ra khi va chikhi x=y =2

Cho a,b,c 12 céc s6 thye dong. Chimg minh ring:

2 2 2
a2 2% >3+(a~b) +(b—c} +{c—a)

e S
btc c+a a-+b (a~|~b+c)2

Lai gidi
b

Hin (3 BDT Nesbit —>— 4+ S >3 — d4 qué quen thude vdi hon 50 cich g1a1 BDT trén chi thém v& hinh
b+c c+a a4 b 2

thirc hon mét dai lwgng khéng 4m. Hudng di nghi t6i dAu tién, ty nhién va cé co s va x4c ,{(hft thanh céng caold

5.0.8, vi trong céc cude thi mang tinh chit chinh théng dang d3o thi sinh tham dyr, BD’[@ ang qua khit khe t6i
mitc phai sir dung cic tidu chudn ning cao cia phén tich binh phuong , ma ta chi ¢ céc hé s6 di kem vGi
biéu thirc binh phuong diremg .

N\
Ta cé:

b) }kEh\- -
BBT#Z[ a_ b ¢ ] 2= ©
b+c c+a a+b 2 d‘a+b+c)

(a—b)z o )) B 1 ];_ y
Z(a+°) b+°) Z(a+b+°)2 - ‘{)O(bﬂ) (a+b+c)2J( by 20
1 1 1 /(rb' 1 ) 1 1

BatS'=(3+b)(c+a)h(a+b+c)2;S" (a+b)£t(+c (a+btc)’ °=(b‘l"°)(‘3_+a)—(ﬁ“"irc)2

Bai to4n nay khong kho, chi cin sir dung tiéu ch@l ta s& chimg minh S, > 0 rét d€ ding;
Tacéd: <

1 1
@Uﬁ >
O (a+b)c+a)” (a+b+c)
a+b)(E_+a (a+b+c) b +c +ab+betca>0 luén ding!

1
(a+c)(b+c) (a+b+c)
Viy ta ¢6 dpcm! Bﬁ{@ihuc Xdyrakhivachikhia=b=c¢

(a~b) >0 véimoiab,c duong.

O
Viytacé: 8,,5,,8, >0 @‘pm
<

0 a,b,c 12 c4c s6 thyc duong. Chirng minh ring:
2 2 2
a+b+csl a“+b"+¢
b+c c+a a+b™ 2 ab+betca

L gidi
Ta cé:

a_, b 48 3 a+b2+c

b+¢c c+a a+b 2= ab+bc+ca
> (a—b)’ <(a—b) +(b—c)’ +{c—ay
2(a+c)(b+e) ™~ 2(ab+bc+ca)

@y 1 ! (a-b)' >0

ab+bc+tca (a+c)(b+ c)

BET «
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bit .
N SO SRS B I
ab+bctca (a+b)(cta)’ ° abtbetea (atb)(b+c) ° abtbetca (btc)cta)

2 —

Ta d& ¢6: (a+ b){c--a)<ab+bc+ca=8§,;5,;8, >0vdi moi a,b,c. duong. Viy ta c6 dpem!
Péing thirc xiy ra khivachikhi a=b=¢

Cho a,b,c 12 céc 6 thyc diong. Chimg minh ring:
(a+b+e) (al + b +c? )2 > 27abe(a’ +b% + ¢’}

‘ Lavi giii
BT céin chimg minh

(a2+b2+c2)2 >9(a3+b3+63) \
< 3abc(a+b-l—c)_ (a+b-|-(;)3 QN
@)
" (al+b2+cz)2 _1>9(a3+bj+cs)_1. \20

3abc(a+b+c)  (at+b+c) N\

37 +(a+b) o erdatdb, QW
Sl G/ VAN P wlk b ad Aty
@’Z:6abc(a+b+c)(a ) “Z(a+b+c3 )

Z] 3¢ +(a+b)’ c+4@\}4b

[6abc a—!—b+c (a\-}\b-bc)

—b)

_ 3a2+(b-i—c)2 _a+ 4b‘+4c &r&

* 6abc{a+b+c) (a+b+c)3’ Qq;\

_ 3t +(c+a)’ _bdatidc 00
gabc(a+b+c) (at+b+e)’

\

K
3c1+(a+b) c+4a+4b QO
6abc(a+b+c) (a-.—b+ 3’0

Pt

]

Ta s& chimg minh: S, > 0. Thit V‘é}’b@> 0« (at+btc) (3a2 +(b+ c)z) > 6abc(a+4b+ ac)”
Pita=x vab+c=y.Ta °6i§'§i- ) dwoc viét lai 1a: (x+y)2(3x2 —i—y’) > 6abe(x +4y)

Ap dung BDT Cauchy ta s}ﬂ’ < —%xy2 {x+4y).
Ta s& chimg minh: %xy2 {(x+4y)< VT. Thét vay:
%xy2 (x+4y)<{x+ y)2 (3x2 + yl) eyt —ay'x + %x’y2 +6yx* +4x* >0
o (y2 ;_2,()2 _%xz(yz —2x)+ 3yx® +3x* > 0
Xét ham 8 (it~ 12 —%x’t +3yx® +3x* ¢6: A= %x‘ -4(3yx3 +3x“) <0
= f(t)> o(w) =BpT " dfmg=> BDT " duoc ching minh!

Tirdé tacéd: $, >0. Tuongty, S, >0, S, >0.= Y S, (b ? >0.BDT dugc chimg minh xong!

Ding thirc xay rakhi vichikhi a=b=c¢
MGt sb phan tich binh phuong hay sir dung :
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1) 2" +b* —2ab=(a —b)’

a, b _(a—b)2
2)b+a 2= ab
3)J2(a’ +b7) —(a+ b) == (2-b)

a+b+J2(a2+b2)
4) al’+b’”—ab(a-|~b)z(a+b)(a—b)2

5) az+b’+c2-ab~bc—ca=-l—[(a—b)2+(b—c)2+(c_a)2]

6) a’ 4 b* +c’ ——;-(a+b+c "——[(a by +(b—c)’ +(c~a)2]

7) (a+b)(b+c)(c+a)—8abc=a(b—c ) +b(c—a) +¢(a—b)’

) @45 +¢'~3abo = (a +b o) (a—b)' + (b—cf +(c-a)2l Qr\,\
9 (a+b+c)]—27abc=%(a+ b-+7¢)(a—b) + 2(7’a+b+c) a+7tg?g c—a)

10) 2 4-b" +¢" +3abe—ab(a+ b)—be(b+ c)—ca(c+a) =afa—b) +b(b<§?+c(c a)’
1) a*+b* +c' —a (a+b+c)=z-;—[c +(a+b)Jfa b ’K\Q\

12) (a 4+ b2 +cz)z—3abc(a+b+c)=Z%l3cz +(a+b)’](a{@}5

13) 9(2’+b*+ ¢} ~(a+b+c)’ =Z(c+4a+4b)(a—p§\/

a2 b ¢ 3 (a-b)"  \

b+c+c+a+a+b 2 2(a+c)( b-b‘Q

15) 3(a3+b3+c) (a+b+c)(a*+b7 + &? (b+c)(b—c) +{c+a)(c—a) +(a+b)(a—b)’

Ban doc mudn ndng cao ki nang phc‘in binh pheong hdy lém bat tép nho sau : Steu tdm va gidi 15 bai todn bat
déng thire doi xtmg 3 bién bing ki re)@' phdn tich binh phuirong nay .

14}

\l_
Cho cic sﬁ@;g X,y,z théa man: Xy+yz+zx =3 . Chimg mmh
() xZ yl 22
+ >1
s\(b' Jx*+8 JY +8 \/z3+8

A

| g$§ Loieia
Ap dung BDT Cauchy — Schwarz dang Engle ta cé:

x? y? z? > (x+y+2)
Ix 48 Jy +8 ~./z +8 48+ y +8+2 +8
Ta s& chimg minh (x+y +2)° > V% +8 +Jy’ +8 +7° + 8

Ta cé:
2V +8=3" 2 244 T2 2"+4+X+2_EX —2x+6
=%(X2+y2+22)—5(x+y+z)+9
Tacé:
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(x+y+z) 2%(x2+y2+22)—%(x+y+z)+9
1
@E(x2+y2+zz)+ 2(xy+yz+zx)+%(x+y—|—z)29
‘ ex*+y +Z+x+y+z26
Ta d8 ¢6 didu nay vi x +y?-+22 > xy+ yz+zx va (x+y+z) 23(xy+yz+ =)
Vay ta c6 dpem. Déng thirc xay rakhi va chikhi a=b=c=1,

Cho a,b,c 12 céc s§ duong théa man: a* +b* 4 c* <3(k >2). Tim GTLN:

a b c
K= + +
b’+5 ¢f+5 a’+5s
Lavi idi \
{ a a a
Ap dung BDT Cauchy ta cé: = < '\'
P aung Y S T 144 2b+4 SO
Tuong 0, ta cé: zb < o ; zc < < : ‘2
¢t+5" 2c+4 a5 2a+4 d&
Cong vé theo vé cac BDT ta c6: a_ 4 b +ul <l[ a4 b 4= ]'\\
i W45 45 a+572(b+2 c2 a+AD
a b v (;
Ta s& chitng minh: + + < 1. Thit vay:
& b1z orz agzs ! ThtVY N

BBT « a(a+2)(c+2)+b(b+'2)(a—_|—2)+c(c+2)(b{;§£(a+2)(b+2)(c+2)
41)(ab2 +be’® +ca’ —abc:)-i—2(21,2&4%:'g +c’)§8
Tra*+b* 4+ c* <3{(k>2)=a’+b* +c* <3 2 _
Bay gitr ta s& chimg minh ab’ - be* + ca® —abe <2 véi q}%b,c dwong co: a* +b* +¢* <3
Thét viy: Mét kinh nghiém 13 khi gip chimg minh Bl& dang ab” + be? + ca” + kabe < p ta thudmg chuyén vi:
Khéng méit tinh téng quat, gia st a>b>¢ suy ra&

ab’ +bc’ 4-ca® — ab(?%(az +¢*)+a(b—a)(b—c)< b(a* +¢*)

Ma b(a2 -i—cz)sé(bz-i—])(az—kcz)s'] @\l:-l-i-a2 +c2)§ (str dung BDBT (x-i-y)2 >4xy)

]
2
Suy ra dpem! Déng thirc xay ra ke@a chikhia=b=c=1
Vay Pmax:%tai a=b=é‘e(q'.

5

Gia sf:@y,‘z 14 cAc s6 thye duong théa man: x>+ y* +z° = 3. Tim GTNN ciia biéu thic:

2 z 1 2
P=x +l+y+ +z +1__ 1
¥y z X x+y+z
Lavi gii
“Binh huéng bai todn ndy s& dura vé sit dung xét sir bién thién ham sb hotic khir hét ——Jrl-jr—— . Viy ta sé d4nh
x+y+z

gi4 téng 3 phén thir dau voi 1l -
XxXt+y+z

Ap dyng BDT Cauchy Schwarz ta ¢6:

2 2 2 2
X ;’1+y :1+z :1](y+z+x)2(\/x2+1+\/y2+1+Jzz+1)
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=6+2(\/X2+1\/y2+1+\/y2+1\/22+1+\/22+1\/xz+1J

Lai ¢6: Theo BPT Cauchy Schwarz: (x2 + 1)(1 + yz) 2 x+y . Tuong ty cho 2 ¢iin thire con lai, cing vé theo vé
cac BDT suy ra .

2 I 2 2
[x + +yz+l+Z +1](y+z+x)26+4(x+y+z)
Y
2 2 2
=>x +1+y +l+z +124+ 6
¥ z X X+y+z
=P>44 > >4+ > _u
X+y+z Sy +z?) 3
Déngtht’rxéyrakhivéchikhi X=y=z=]
17 .
Viy Pmin=—tai x=y=z=1.
dy Pmin 3t@ X=y QN\
©)
A\
Cho a,b,c 14 céc 56 thuc duong théa min; a-+b-+-c =3, (Eg@;r'ninh ring:
1 1 A 3
P= + >2
a’+-abc  b* +abq ;Zc\/aTI; 2.
\V .
Lai \i
Tir gid thiét suy ra 3=a+b+c > Yabe =+ abc <1 &’b'
Ap dung BT Cauchy ta cé: c.)\

i 1 1 : 1 1 1
P>————+W§———2 >
T at+abe b’-{ ¢ 4abe T al+l bBP41 0 ei4l
2 ’ 2 2 2 2
>=|1--2 +19;—-z~1—2c Y D3N RN I P
a’+1 b +1 c'+1 2a 2b 2c

\l"o =3—%(a+b+c)=§- ta c6 dpem!

Ding thire xdy ra khi va ¢ 'moa=b=c=1

)
(b'v : 2 232 2,12, 2
Cho%b,ckhéngém. Cht’mgmmh:(a +b2+c) +abc(a+b+c)24abc,f3(a +b +c)

Ay
Lo gii
Chuin héa a® +b® +¢? =1, BET trén tré&r thanh:
1+abc(a+b+c)24ach§<:>a+-b+c+—11;—24x/§
’ abc

T6i day str dyng diém roi trong BBT Cauchy thi bai todn dugc giai quyét!

Cho x, y, z 14 céc s6 thyc duong théa min: x 4+ ¥+2z = xyz. Ching minh ring:
2 1 1 9
+ —+ <=
Viext ity ez 4
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L sl
Vi gia thiét nhu thé va BBT khong 16 méi tuong quan nhu thé ta thudng déi bién:

Pt x=i; y= z=-1u=>ab-|—bc+ca=1.BBTcéncht’Ing minh tré thanh:
a c

1,
b)
2a b c

+ +
Jl+ar  1+pr 14d
2 _ 2a _ 2a <a[ LN 1 ]
Jita?  Jabibetcata® fla+b)atc)” latb cta

<3
T4

Ta cé:

1 i

2b
<b
4(b+c)+a+b

b —_
NIt Ja(b+c)b+a)

1 1
4(b+c) * c+a

Tuong fir ta ¢b:

¢

Va <c
J1+¢?

1 1

2a
4(b+c)+a+b

+ b TR Sa[ ] + ]]
Jl42d 1+ 146 at+b c+a

thirc xay ra khi va chi khi Xﬂ-—\/?-; y:z:«/ﬁ

Suy ra

Ly
) 4(b+c)+§%

Che a,b,c 12 cc 58 thye duong.Chimg mirgfljm&g:
4a 4b dc N1
b

+— =
4a+4b+c+4b+4c+a 4c+x§=.
AN

Wi

. v
N\
‘ L gidi &fb'
Chufin héa a+b+c=3.Tacd: - c.,\

BDT d4 cho trd thinh: Q.Q

O ¢
3ic +%;+ 3-b 3}5
@3a(3—a)(3—b)+3b(3—@c)ﬂc@—c)(3—a)g(3—a)(3—b)(3-c)
& a'b+blc+cfarabe <4,
Kinh nghiém 1a khi BDT c6 chira biéu 6@ dang a’b+ b*c4c*a-+kabe , ta chuyén vi:
Khéng mét tinh téng quat, gia s aégz c.Suyra c{a—b)(b—c)=0
Ta chi cén chimg minh: a*b U@&i~2abcs4
BET & b(a+c) <4 a8-b)’ <4 (b—4)(b—1)' <4 ludn dingvi b<3
BDT dugc chimg mi
Déng thirc x4y ra khi vA chi khi a=b=c¢

Cho ab,c I céc s6 thyc khong Am thoa man: a* +b” +¢” =k(k>0). Tim GTLN cla:
P=a’b+btc+c'a—abe

, » igiai
Khéng mat tinh tong quat, giasha>b>c¢.
Ta c6:
c{b—a){b—c)< 0= bic+c’a<abe+ be? = a’b+ b% + ¢%a —abe < a’b+ be?

LOVEBOODK.VN | 332


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

SRR B

Ping thirc Xdyrakhivachikhi a=b=c= J%hoac a=0;b= J%‘-(—;c = \/g—vé cédc hodn vi ciia nd.

Cho a,b,c 12 cac s thue duong thoa man: a+b+c=1. Chitng minh ring:

4
b4 b +cla € —
2 =77

' ' Lavi pidi
Khéng mat tinh téng quét, giasta>b>c.

Tacd: ' Q

c(b~a)(b—c}< 0= bc+c’a <abc+ be? =>a2b+b’c+c2agal$b€')b+bc2 =

.2b.(1<—5§;>(1 —b)

<1 (2b+1-b+1-b) _&\Q\
=7 27

Diing thirc xay ra khi va chi khi ¢ = 0;a = b=E - Q,

=b(az+c2+ac)sb(a+c) =b(l1- ) =

t\)]ﬁ—

(’Qz

Vay BDT dugc chimg minh. Ping thirc xdy ra khi vi ¢ ,{@}}/ b,c =[ % %] va c4c hodn vj cha nd

AV

. \) .
Cho a,b,c 14 ¢4e 56 thire duong,. Ch&@ninh ring;

ab bc n ca > 27
c(f-@ a(a+b) b{b+c)  2(atbic)
Q\

oo L gii

Chufin héa a+b+c=1 N

o)
BDT tré thanh: P = — 20 be a3
c(c@ afa +b) b(b+c) 2

Ap dung BBT Caucl'vbg‘bhwarz ta cb:

.ab + bc <8
¢{c+a) afa+b) b(b+c)

=>2P‘(a+b+c)2[\/a?7b+‘]b:7c+‘j%]z
{E+E+J%223[@’@“/%‘\/%%/%@}:3(“{:“)

Suyra P> % dpom!

[(c+a) +(a+b)+

[ f]

Lai cé:

Diéng thirc x4y rakhi va chikhi a=b=c.
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Tai sao ban ghét Toan ?
( Nguyén Pinh Thanh Cong, Pai Hoc Ngoai Thwong HA Néi )

Dao nay nghe dén trén Facebook c6 nhidu hoi lim. Kidu nhu: “HGi phét cudng...” hay “hdi chém gi6...”. Téi ciing
mon men 1én tim kiém c4i hai n2o d6 cb lién quan dén Todn hoc xem sao. Két qua khing méy bit ngd, cai héi duy nhit ti tim
duge 14 “Hoi nhitmg ngudi khdng thich hoe Todn™:( N6i khéng bt ngd 14 vi 15i 14 ...thAy day Todn, nén hinh nhu biét hoc sinh
by git ghét Ton nhur thé nio. Didu an 0i duy nhét 12 mdy thinh vién sau khi tham gia c4i hoi &y déu c6 clng suy nghi: “lam
qudi j v&i cdi hoi néy day nhé? ",

Sau khi dién cudng tim kiém thi cudi ciing ciing tim duge mét cai hdi thich Toan. Hot ndy chi cé mdt thanh vién voi
ci tén rét thanh that: * Héi nhitng ngudi thich To4n ma Toén lai khong thich ho™...

Tai sao nhidu hoc sinh lai ghét hoc Todn? Minh héi thir 1, cac em bao: * Vi khéng hidu!™. Thét ra nguyén nhin dau
gidn don thé. Rt nhidu b géi timg n6i v 181 13: “Nhitng chang trai cing lanh ling, khé hiéu thi lai cing cudn bit”. Nhén tign
néi thém ring t5i nghe cdu n6t ndy tir nhitng cb géi dd tir chi tinh cam cda 18i, ¢6 18 i t5i n6i ...d& hidu qua : Way thi dau 12
1§ do chinh. Né day! G 36p hoc, néu ban hoe kém mén lich sir ban vin ok. Nhung néu ban dét Toén, ban kha@e sbng s6t cho
d&n khi 18t ra khoi trudmg cia ban. Nhung tai sao ban [ai dbt Todn? \20

Khéng phéi vi ban khéng théng minh dau. Da phin chiing ta thong minh di ding réi, \ﬁﬁ?\ biét rat nhidu ngudi hoc
gidi todn ma ching cin théng minh JAm (va nguoc lai). Néu ban khéng kifm duoc ban gii, hd Wi thich ring vi nha ban khéng 7
gidu v ban khong dep trai. O, thé biét bao thing xdu trai, nha nghéo vin co ngwdi yéu ¢asQdi (xinh nita 12 ding khac). Vin d&
12 & Nidtr Tin! Ban phai tin tuomg viro ban thén mink vi phdn 34u vi niém tin d6. ()Qm}chi cin né phyc miy anh chang d6 théi

R

Tré lai cu chuyén hoe todn cia ban: La nhur thé nay, mdt lic ni6\ \trong ddi (xui nhét 12 nim 16p 1) ban gap mét dng
Thiy day To4n ching hidu gi ca... Minh khéng c6 ¥ trich céc Théyéy hung phai céng nhén 1a khéng phai ai cling gidng bai
dé hiéu. Cau chuyén sau d6 khéng khé doén 14m, ban khéng hié@%ﬁng bikt 1am bai tip, khong biét gi hét... Vi cde Thiy cb
khong bao gitr dimg trude ca 1dp ma néi ring: “Tui em dot T@ ta do Thdy day dé”. Thay vao 44 ho s& noi: * Trdi oif Sao ma
ddt thé, don gicn thé ma ciing khing hiéu 47" &\

chir vé chuyén ndy thi toi con phai cb ging nhidu...)

Thém mat didu khdng may nita: ban tin 1Gsn dét Toan thiét. Ban vé nha trong tim trang thét vong va ¢hia sé diéu nay
v&i ba clia ban. Ba ban thét 1én: “Di tryén! @blﬁ thé I di truyén! Ping 1a con ciia ba, ngdy xua ba ciing d6t Toan 1im.”(That
13 mét bing chiing c6 thong hugng chim, h réng n6 dich thi 14 con minh).
Niém tin 46 16n dén theo nim thang @@dén mét ngdy ban thdm chi cdn khéng dam cho phép minh gidi todn vi nhu thé s& phan
bdi Jai nidm tin ctia chinh minh Ka&a...Ba ciia ban nifa.

Mat 1y do qumﬁn}a 12 & phuong phép hoc ciia ban. Bgn néo xem phim “Anh hiing xa diéw” chua? Quach Tinh fu
chft ngu mudi, dén 7 vi sy phu vo cong cao cudmg day d& subt mudi miy nm ma vo cong ching ra sao. Pao st Ma Ngoc cia
phai Toan Chan chi dén day cho cach hit thé Iic di ngn, céch hoc vira thoai méi vira phit hop m chi sau 2 ndm néi cong d4 hon
7 vi su phy cda minh, Sau ndy biét thing nhé ndi cong cao cudmg vi dai su phy chéc mam: “thing ndy chéc chén d3 theo hoc
bang mén ta dgo rdi nén méi tién b nhanh thér”:?

Cic ban tin (51 di, niém tin, pharong phdp hoc vi mpt vj s phy tét li 6t cd péu 16 &€ ban gidi Todn rél. T chit thong minh
chi cd tdc dung thic ddy qud trink d6 nkanh hon md thol. o
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h Y Y b
DAOHAMLAGI?
-
Ha Ngi,mia thu 2014

Mot hém, ¢6 mot em hoc sinh chin t6i fai va bit chot hoi: “Thua Théy, rot cuge thi dao ham 13 gl a?” Téi
cam thiy hoi ling ting bén tra 141 em hoc sinh 46 mét cich v thudng vd phat: “4, trong tiéng hdn thi Pgo cé nghia
la con ducmg, thé nén dao ham 1a khdi niém dm chi con duomg vin ding va bién dbi ctia him s6.... V& nha nght lai

thi thiy tra 14 kiéu d6 cling nhur khiéng tra 14, vy nén t6i quyét dinh viét bai nay.

Néu phai tom tit Iai lich sir phat trién hon 200 nim cia dao ham chi trong mét ciu thi ti s& trich din 15 coa
téc gia Grabiner: “Bgo ham ddu tisn duge st dung nhu cong cu, sau d6 méi duge phdt minh, tiép nita la diepe mo
rgng va phdt trién, cudi cing mdi dwge dink nghia.” Thé nghia 13 thé nao? Nghia 12 truéc khi dugc phét minh ra,
ngudi ta da biét cach sit dung né nhu mot céng cy ddy higu qua. BE hiéu diu cua tai nheo thi ching ta phdi quay tré
vé nhimg nim 1630 4 tim hiéu mot phuong phép tim cyc tri méi mé ma Femnat da nghf ra:
Ong xét bai todn sau: Cho trude mét dogn thing, hay chia né thanh 2 phin sao cho tich cﬁqéphén ndy 14 16n nhit

A . B-A
Y -
N — RS

- .

B A
Didp én cha bai todn ndy thi ngudi ta da biét tir trudc (tich 16n nhit k@q chia doan thing thinh 2 phin bing
nhav) nhung cdch lam cia Fermat thi lai rét méi. Goi chidu dai doan baf\‘ééu 14 B, chidu dai doan thir nhit fa A thi
chiéu dai doan thir hai & 12:B-A v tich ciia 2 phin 13: A(B - 4) = AT 4

Nha todn hoc Hi Lap Pappus & Alexandria trong mé{ t4s phim cia minh cé dua ra mt nguyén Iy: “Mot bai
todn nao d6 néi chung c6 2 nghiém thi né s& dat duge %‘ﬁ‘l cuc dai (holic cyc tiéu) trong trudmg hop chi c6 mét
nghigm”. Téi s& danh mdt chut thdi gian d& minh hoa\n'gyén Ii ndy cla Pappus boi vi ddy 13 mét nguyén If rét tha

vj va ¢6 ich: S
L |
Xét bai todn don gian sau: Tir didm .Qﬂm ngoai dudng thing d cho trudc, hiy xdc dinh diém N trén d sao
-cho d§ dai doan AN 14 nhé nhét? &\

AT N M

Béy gitr ching ta hay gia vér khor khao khong biét didm N cin fim & dau, lic ndy hay gia sir ching ta tim
dugc mdt diém M nao d6 nim bén phai thoa man yéu céu d2 bai (tirc 12 Am cho doan AM nho nhét). Khi d6 néi
chung uén c6 mét diém M’ ndm bén trdi dé cho AM = AM? cho nén néu M 12 nghigm cda bii todn ndy thi M’ ciing
pha 12 nghiém v bai todn s& luén c6 2 nghiém. Nguyén Iy Pappus phit biéu ring, gid trj cuc tiéu s& dat duge trong
trudmg hop chi ¢6 mdt nghiém, ma muén vy thi M =M'. Diéu ndy chi xay ra khi M chinh 13 chan dudng vudng
goc ké tir A xudng d va day cling chinh [a ddp 4n cia bai todn ndy. Vi dy ndy mgc dit kh4 thm thuong nhung nguyén
li cia Pappus thi lai rét hfu ich trong nhidu trdmg hop tim cye tri khdc nhau. Nao bay gi¢r hdy trd lai véi Fermat:
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Ong gi4 sir ring b todn trén cdn ¢6 thém mét dap sb thir hai niva (tirc 13 ¢6 mét cach chia khic dé tich hai
doan 16n nht), véi dap sé thir hai ndy chiing ta s& goi dogn thir nhét 1a 4+ £ . Khi d6 dogn con lai 1: B—A-E.
Tich cua chiing lic ndy bing: AB— A* —2AE+ BE—E”.

B&i vi gi tri 16n nhét phai 12 duy nhét cho nén hai dép s6 trén déu phai cho ra tich giéng nhav, ngha 1a:
AB- A?-2AE+BE—E?=AB—A’ & 2AE4E* =BE.
Riit gon 2 vé cho E ta duge:2A+E=B

Mt khéc theo nguyén ly Pappus thi 2 nghiém ndy trong trudmg hop dat gia tri 16n nhét phéi tré nén bing
nhau nén néi chung E khong hé t8n tai. Thé la Fermat cho E = 0, tir d6 6ng thu dugc két qui A= g , ma day ciing

chinh 13 d4p s6 cita bai ton trén. C4ch lam ctia Fermat ¢6 céi gl d6 vira dge ddo vira ki quéi, ong gid sir tiing bai toan
¢6 2 nghiém va chiing khéc nhau mot lugng E. Lic dAu éng xem E khéc 0 va rit gon E & hai vé, sau d6 ong ta van
dyng nguyén If Pappus vi néi ring muén dat dugt cyc tr thi néi chung E khong nén ton tai v thé 1a ch\ E=0 cubi
cling lai thu duge d4p sé chinh xdc. Néu ban thiy céch 1am nay that quai la thi ban gibng véi da 56 @ fiha todn hoc
thoi ki d6, con v6i thi hién tai khi ma chiing ta da hoc vé dao ham t8i s& chi 18 d¢ céc ban h\iééfrqc rét cudc thi
Fermat d4 Jam c4i gi a8 giai dugc bai toan do. : N\

Bai todn ma Fermat gidi 12 x4c dinh A dé ham s6 f(A) 16n nhét, va viéc Ee@ xem f(A+E)=f(A)
& f(A+E)~f(A)=0 sau d6 rit gon biéu thitc cho E 1di cho E=0 néu néi 11}@611 ngir ngay pay I 6ng da

sir dung dic trung sau ddy ciia ham s8 tai diém cyc trj clia no: d
lima_uﬁiﬂ%ﬂ=0@ fFAY=0 . Q})

Néu ban d4 hoc lop 12 thi chic da duge nghe ¢én dinh 1i Ferqal ?e didu kién cin dé ham s6 dat cuc trj 161
chir. Véng, chinh né ddy! Nhung vic thdi diém ndy Fermat ch 'Qd;ao ham 12 gi ddu, dix vAy ¢ mbt su kién ly
thi 12 Fermat d3 tmg dung phuong phdp ndy vao céc bai to 1i va thu duge nhimg két qua rat phit hgp. Cu thé
éng 44 4p dung trong quang hoc: Fermat phat biéu mot 181%11 1y v& c4ch “hanh xi” ciia 4nh séng (nguyén 1y thc
dung t6i-thiéu): “Anh séng Judn di theo con dudmg nhakit nhét™, Theo nguyén 1y niy va kbao sét dudmg di cia dnh
séng ngang qua bé miit phan céch ciia hai moi trudg trong subt dong tinh éng da tim con dudng nhanh nhét coa 4nh
sang (bing phuong phap méi & trén), chinh léé@ dudng tuan theo dinh tuat Snell vé khic xa (vén da tim ra trudc
d6 bang thuc nghiém. \l‘

Giai doan tiép theo 13 théi diém dao hélb@qc phat minh. Pao him ra 8o 1y cim hing tir hai ngudn déng luc chinh.
Pong luc nay dén tir nhu ciu phai gDquyét hai bai toan quan trong trong hai linh vire khéc nhau. Mgt dén tir hinh
hoc d6 14 bai todn x4c dinh tiép&y&n cua dudmg cong va mét dén tir v4t 1 1 bai todn x4c dinh vén tbc tirc thai cia
chét diém, Ciing tim hiéu nhé\.
Néu cc ban 3§1’§ dao ham rdi thi s& thdy né dugc dinh nghia nhtr sau:
Pao ham cia ham y = f(x) tai x, duge x4c dinh bing giéi han:f'(x,)=lim__ %‘Sﬁl
]
Vanéuban dit: h==x—x_ thl x=x +h vadgoham dugec viét lai & mot dang khic tuong duong:
£(x, +h)—F(x,)
h
Vén d& 12 tai sao n6 lai dugc dinh nghia nhu thé? Téi s& tr4 104 c4c ban bing céch chi ra c4ch ma ngudi ta
tim ra dé x4c dinh dugc tiép tuyén clia mot dudmg cong.

f(x,)=lim,_,

Xét dudng cong c6 phuang trinh y =f(x), dAu tién chiing ta s& v& mdt duomg thing cit ngang dudng cong
nay tai 2 diém P va Q:
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Chéc chc ban cling biét 14 dé viét phuong trinh mét dudmg thing ching ta cin x@(nh duge hé sb géc ctia
nd. Kién thic 16p 7 néi ring hé sé goc ciia dudng thing 14 tan cia g6c tao bai d g 46 véi truc hoanh Ox.
Chéng han, d6i véi dudng thing PQ & trén thi hé sé goc ciia nb s& 1:

N
=5 Q (x+h)—ff
tanQPR,__.._P.‘._ f(x+h) .Ex
PR h

\ .

Béy gitr chiing han ta mudn xc dinh tiép tyén cita dirémg co \g! diém P. Lam thé ndo dé ditmg thing
PQ bién thanh tiép tuyén day, csc nha tosn hoc 42 nghi ra mét phu thi vi: Ho cho diém Q tién din vé diém P,
lic 46 thi 18 rang dutnig thidng PQ tir chd cht dwomg cong tai 2 didH'P, Q nay s& chi con cit i mot diém P vathéfa
“trd thanh” tiép tuyén con g]:); Moi ngudi ¢6 dong ¥ 1a khi Q}) P dbng nghia véi viec £ 0 khéng ndo. Nhu .
vdy bing cich cho >0 trong cong thitc tinh hé sé Qha dudng PQ & trén chiing ta s& thu dugc hé sé goc ciia
tiép tuyén cin tim. Ngat ndi, thoi didm d6 ngudi ta chiya phat minh ra ly thuyét v& giéi han (sau ndy d6 12 cong lao
ctia Cauchy). Va thé 12 moi ngudi bén bt chudic th&d €ach ma Fermat 44 1m: dhu tién ho ot xem h 14 khac 0 r3i tim
cdch rit gon né di & tir va miw, sau d6 rdi thi{{@i bing 0 rdi triét tidu né di...

Cach giai quyét ki la ndy lai thu@qc nhimg thanh cdng dén khéng ngd, ngudi ta da gidi quyét duge bai toan
xéc dinh tiép tuyén “kh6 nhin” m%@s. Thé nhung rét nhidu ngudi khéc gao 1én bt man, thé 12 thé qusi ndo, sao
lic diu xem h 1 khéc 0 (dé the{i_méi rit gon) rdi sau d6 lai cho n6 bing 0, viy rit cuge né 12 c4i loai gi? Nhimg
ngudi phat minh ra phuong @p ndy goi h | “v6 cling bé”, ¢6.ngudi con dit cho né mot cai tén khd 12 ma quéi:
“béng ma ctia nhimg dai @ng da mét”. - :

o

Céau héi ;xiﬁ ém dnh gidi todn hoc rdt lau, méi cho 6i sau ndy khi Cauchy xdy dung hoan chinh ly thuyét
8161 han thi big¥han bf 4n méi duec vén lén 16 ring. Dé tim hé sé goc cia tiép tuyén: vigc chiing ta cin 1am 12 cho
h tién dan v&0 (tién din v& nghia 1a cang ngay cang gin 0 nhung khéng bao gitr bing 0 nhé) va quan sét xem ti
sb fx+ b - () hz —fx) dang tién dan v gid trj ndo. C4i gid trj ma ti sb nay dang “tién v&” chinh 13 thir chiing ta muén
tim. T4t nhién 12 ¢ tim gi¢i han ndy cin nhimg ki thugt phi hop, va céch 1am cta Fermat & mét chimg myc nao 46
6 thé xem 13 “xai duge” Newton v Leibniz dugc lich sir cong nhén 13 ddc 14p v6i nhau phat minh ra gidi tich va
khéi ni¢m dgo ham n6i riéng. Leibniz xuft phét tir viéc giai quyét bai toan tiép tuyén d4 dua ra khai niém “vi phan”
va xdy dyng dao ham theo khai niém nay (thit tiéc vi thdi lrng bai viét khéng cho phép t6i néi chi tiét thém vé cach
xdy dymg cla Leibniz). Trong khi d6 Newton phét minh ra dao him trong mét hoan cinh rét dic thi: Ong phét minh
ra gidi tich chi nhw sang tao ra céng cy thich hop d€ phyc vu cho céc tinh todn trong mét Iy thuyét vi dai ma sau nay
d4 ¢4t nén méng cho co hoc cb dién: Thuyét van vit hip dén.
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Pao ham duge Newton phét minh ra gitip ong giai quyét dugc bai toan x4c dinh vén tbe, gia tbe chét diém.
Vi & diy 6ng da cho dao him mot ¥ nghia tdng quat vA mang trong minh mt sitc manh to 16n khong thé twing
tugng: Dao him cho ching 1o bidt dugc toc db bidn thién (tdc db thay déi) cila mgt ham 56. Cée ban ¢6 biét duge
didu ndy quan trong thé nao khéng? Véi dao ham, bt cir & dau c6 su thay d6i, & d6 ching ta s& biét dugc nd thay
45i nhur thé nao: lidu dai hrong 46 dang tang hay dang giam hay dang khong thay déi, néu la dang ting vdy ting
nhaih hay ting chém. .. '

Vin tée diic trung cho sy thay déi ciia quing dudng di duge, gia tde 12 dic trung cho sy thay 46 ctia vén tbe
theo thdi gian vy thi ¢ gi 12 khé hidu khéng khi trong chuong trinh vit i ngudi ta néi v6i cac ban ring: van téc 13
dao ham ciia him quing dudng theo thii gian, cdn gia téc 13 dao ham clia ham vén tée.

Nhidu ban chic con mudn hoi thém vi sao dao ham 14 c6 duge ¥ nghia thit vi ndy? Thét ra thi khéng kho
hiéu l4m dau: Ching han véi mot ham sé bt ki y = £(x): Khi c6 sy thay d5i xay ra, cu thé 1a: x, ting 1én mt luong
h tire 1A trdr thanh x, +h . VA ham sb s& thay d6i tuong img tir f(x,) thanh f(x, +h). Tirc 1 ham 56 gs,\dﬁ thay dbi
mét lugng 13 f(x, +h)—f(x,) tuong fmg véi khi bién x tang mdt lugng Ia h. Nhur vy te 0 bi cua y theo

f(x+h)—f(x)
h

x s 12 ti 56 quen thudc: . Tét nhién ti s6 nay chi méi cho ta biét tbe 49 thay'¢61 trung binh clia ham

56 khi bién x ting tir X, —x,-+h ma thoi. Viéc cho h tién din toi 0 s gitip ta xéc dinh Wrge tde 49 bién thién tic
thoi ngay tai thoi diém x,. VA 46 ciing chinh I dgo ham! Cf&\o

That 12 nhan vin phai khéng céc ban, mi khi gap nhimg tric tr& }cheﬁan bién dong lém lao trong cude ddi
lam ching ta mét di nidm tin vio cudc séng. Nhiéu ngudi d4 tim dirgdphudn an i, hi vong vA sy tin tuong vao
“dgo”, vio nhitng dac tin ching ta tin ngudng (riéng ban than 16 ‘f& cam tinh v6i dao phat). Cling nhu v8y, mdi
khi nha toan hoc phai @i dién véi cac ham s6 da dang va phﬁ%\ap. Lo sg trudc sy bién thién, thay déi kho ludng
ctia ching. .. ho tim dugc nidm tin vitng chic bai vi “dao hagQ chira bao gidy 1am ho thét vong.

)
Con v6i moi ngudi trong chiing ta, néu ban 13@}& kinh #€ vA muén biét téc d6 tang truéng kinh té nhim dua

ra phitg quyét dinh diu tu chimg khodn ding d4Wéu ban 12 nhi hojc dinh chién luge v muén c6 nhimg thong
tin lién quan dén tdc 4§ gia tang dén s6 & nmg,%ng mién. Néu ban 12 nha héa hoc v mudn x4c dinh duge tde do
phin tmg héa hoc nao 46, hay nha vat If mgbn tih ton vin téc, gia tbc clia mét chuyén dong... Pao ham sé& 1a thir
ma chilng ta cén, rit don gidn diu tiénthin cin ¢ ham sé mo ta dai luong dang dugc quan tim, va sau 46 chi ¢An
dao ham né. Con tinh dao him mg@ ndo thi Sgk d chi din rd rang vi chi tiét.

D#é két thiic cau chusén 161 s& k& cho céc ban nghe vé sur thit ding sau viéc cong bb cong trinh vi dai cla
Newton: Newton c6 n;@ guen ki la, 6ng khong thich céng b6 nhimg céng trinh phét minh ciia minh mjc dii dng
biét 13 sy 16n lac ciia ™. Mot hdm nha thién van hoc Edmund Halley dén thém Newton (lic by givr 14 vién si ndi
tiéng ciia vién han 14m khoa hoc hoang gia Anh) dé khoe v6i dng v& mdt cong trinh thm dfc clia minh. Cy thé 1 sau
mét thi gian miét mai quan sét thién van Halley §2 phét hién ra duge mét sao chéi rét dic biét va tham chi con dy
dofin duge chu ki quf dao clia né, éng tinh duge ring 75 nim sau nd s& xuAt hign thém lan niva. Tréi v6i sy chd mong
ctia Halley, Newton khong thét 1én nhimg 161 tréim trd khen nggi, thay vio d6 6ng tat cho Halley mét géo nuée lanh
ng#t: Newton néi miy cai phat hién linh tinh ndy éng d4 tim ra tr miy nam truée. Harley vé cing cim phén, cho
ring Newton mudn nuét tréi cbng trinh ciia minh nén éng quyét dinh s& “4n thua di” néu Newton khong gidi thich
o rang chuyén nay.

Hét cach Newton danh phai tiét 16 cho Halley biét nhitng phat minh cia minh d2 gitp ong tinh toén dugc rét
nhidu céc quy dgo clia nhiing thién thé khac nhau, Halley doi xem ching, Newton dén 6ng ta dén mét thing dyng
dly gidy 16n nhung da khong tim thdy mdy t& gidy c6 ghi lai tinh todn vé quy dao sao chdi Halley. (C 1 miy t&
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gidy d6 da cudn theo nhitng dong nudc véi vi sau mét con dau bung bit ngd ciia Newton chang?) Newton dinh phai
giai thich 1 ring, ndo 1a 6ng ta da phat minh ra van vit tuong tic hitt nhau nhu thé 120, rdi thi phat minh ra giai tich
gitip dng ta tinh todn quy dao re sao. Biét lyc tuong tac s& x4c dinh duge gia tée (dinh Judt 2 newton), ¢6 gia téc thi
1am phép todn nguge véi dao ham (nguyén ham - tich phan) s& gitip 6ng tim durgc vin tde. C6 van tdc lai tim ducge
hdm quiing durdmg tir 46 ma bidt quy dao... Qu4 kinh ngac v6i phit minh vi dai ndy nén Hailey d% tim moi bign phép
tir dy dd t6i cimg rdn bugc Newton phai cong bb. Newton d2 dinh 2 nam dé viét 1a cong trinh ndy va xuét bin trong
cudn sach néi tiéng: “Nhimg nguyén 1y todn hoc cila trit hoc tyr nhién” (c4i tén thiy khéng lién quan gi). Nghe ddn
ring Newton cé tinh viét tht khé hidu dén néi khéng c6 t6i 10 ngudi thai diém d6 doc hidu duge cubn sich trén.

Viéc cong bé cong trinh ctia minh mot cach tré nii da khidn gidi khoa hoc roi vao mét cufe tranh lugn déng
tiéc. V& thurc chét, Newton phét minh ra dao ham truée nhung dng 1ai céng bé sau Leibniz. Mic di hai nha tofn hoc
nay dc 1ap vdi nhau xay dyng nén co s& cha giai tich, tuy nhién nhimg ngudi ban cia he lai cho ring ngudi ndy in
clp ¥ tudmg cita ngudi kia va thé 14 c6 mét cudc cai va diy xAu hd trong lich str toan hge... \ ‘

| Q”

Hinh nhu bai viét & qué dai rdi phai khéng? T6i khong chic c6 nhidu déc \2@&5 kién nhén doc dén khi t5i
viét nhitng déng cuéi cimg nay. Du sao néu qua thit ¢6 ai d6 nhu vay, toi thanh¢ht g 161 cm on vi cdc ban da
danh nhidu thoi gian cho nhiing chia sé cla toi. Chric moi ngudi hoe todn tha vi va vui vé:) '

&
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Hoc todn nhut the nie — Jo Bealer

Lupe dich theo bii gidng & Pai Hoc Standford bdi Trén Quang Nghia, Neguyvén Thanh Céng
Phan.1: Gidt tifa
Chao mimg céc ban dén véi khéa hoc dhu tién c6 tén Hoc Toén Nhu Thé Nao.

Khéa hoc niy danh riéng cho gido vién, phu huynh, ngudi quan tri, va bét cir ai dang day hay kém ¢ip ec em hoc
todn.

Tai thoi diém ndy d% c6 20,000 ngu &1 dzng k¥ hoc gido trinh nay trén Coursera, C6 thé c6 mét s6 ban biét dén 16i
hay 44 tirng doc sch clia téi. Va ciing khong it ngudi khong biét t6i 12 ai.

Vang, t6i la gido sw mon gido dyc todn hoc tai Pai Hoc Standford. Nhung trude khi fa gido su t6i da timg day todn &
nhiéu cAp khac nhau.Ching han, & Anhj, toi 44 day céc hoc sinh trong 9 tudi tir 11 dén 18, O M¥ t6i dﬁ\day todn tir
- 16p 7 dén 16p 8, va & Stanford cho nhitng sinh vien sau dai hoc. Nhu véy la rét nhidu cép 40. Q

Nhu d4 n6i, khéa hoc niy danh cho gido vién va phu huynh, 46 12 bdi vi ddy khong phai 1a cb?@u‘ng k¥ thuit day
v6i dy di chi tiét, mac dil cing ¢6 néu m 6t sb ky thuat. N\

Nhung théit ra ddy 1a mét gido trinh phin nio c6 tinh chit thuc nghiém véi mdt 56 $ AN g dong gop clia bén thén
toi. '

Ta biét viéc day ho 12 mt qué trinh thit phttc tap va trf tug, dit cho phén thudmg khéng nght phu th & Thir
tuéng tuong ban dang ¢ gitta mot budi thao luin tai 16p va c6 mot hoe ginh hoi ban mt ciu, va ban cin phai phan
hdi bing mot 151 phén dodn hay goi ¥ sing tao bing mét céu hoi khag, Jrdng lic 86,ban phai nghe nhﬁ'ng gl cée hoe
sinh d4 néi vi danh gid nhitng tuong tic cia he theo quy dao to rhe @ang hinh thanh va phat trién, va tim ra diéu
gi c6 thé gitip ho hidu duge vin d& va dua ra nhimg goi ¥ héu:}i\p ho giai duge theo hudng di clia ho chir khéng
phai theo huéng cua minh. 0

Trong tich tic ¢6 ban phi nhén vao nhifmn: %n va phdc thao tir hoc sinh va phai dua ra nhimg quyét dinh
va phén hdi bing mot cdu hdi goi ¥ va danh gi éﬁ 13 m6t cong viéc rét khé khin va viée day hoc 13 mét trong
nhitmg cong viéc khé nhoc nhét trén thé giéi. ()

N6 ciing 14 mét trong nhitng cdng viéc & trong nhét. Va git day ta biét nhimg gisy phit ngén ngbi trao ddi véi
hoc trd va nhimg théng diép goi aée a2 didu c6 thé tao nén su khic biét.

Nhung trude tién, t6i mudn chué‘la nhin lai mét s dit ligu ma t6i da biét duge trong ndm vira qua, lam tdi khd séc.

Co ban 12 hoc lai kié ¢ toan & trung hoc. Vi chi mdt trong mudi sinh vién hodn it duogce nhimg khéa phu dao

Théng tin 46 14 hign g:r@@;d 50% s6 sinh vién thudc hé cao ding 2 nam, va 70% trong sb 46 phéi hoc lai mén toan.
nay. 90% con lai bo hin toan va bé dai hoc khong qua dugce i todn hoc.

Dir liéw ndy t6i ngh tht 1a dang giat minh, b4o cho biét mt vén nan dang lan rong va trim trong. Va toi mubn céc
ban nghi xem nguyén do ch i yéu ciia thuc trang ndy 13 tir dau?

C6 phai do phuong phap day todn & trudmg phd thong va dai hoc?

Hay c6 phai do hoc vién thiéu kién thirc nén ting todn hoc khién ho trugt dai trén con dutmg todn hoc?
Hay c6 phai do hoc vién khéng c6 kha ning hoc todn & mirc 4§ cao?

Hay do dai 56 12 mot vét cin khong thé vuot qua?

Ban hily chon mdt hay hai nguyén nhén ma theo ¥ ban 12 nguyén nhén chinh cia thuc trang 18i t& nay.
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Téi da trinh bay véi céc ban thyc trang ddng budn cia céc sinh vién cao ding. Nhung s viéc khong dimg lai & dé.
bBéi vai nhimg hoc sinh khéng di vao dai hoc thye trang con t3i t& hon. Va nhimg sinh vién hé dai hoc bén nim, theo
t8i duge biét, ciing c6 nhiéu ngudi khdn khd vi mon todn. Toi phat hanh quyén sach néi vé vin dé ndy cdch day vai
nm, véi dn bin & My va Anh. Nhes d6 t6i ¢6 dip di dén nhidu noi va gip mot sé lén nhitng ngudi hoat dgng trong
nganh gido dyc c6 trinh 46 chuyén man cao.

Nhiéu phy nir trong s ho rit sg toan hoc. Ho khong ngai cho t6i thdy métc 49 nghiém trong ciia céc phan {mg tidu
cuc clia ho d8i vdi todn hoc. Ho chia sé véi t6i nhilng cau chuyén mat mét ciia ho khi dén véi todn trong nthimg nam
miét mai & dai hoc. Trd tréu phai khong khi gii thiéu minh 13 nha gido duc todn hoc ma chinh minh lai tuyén bd
ring toan hoc 12 mdt 4c méng cho rit nhidu ngudi. '

Nhimg ngudi khéng lam cong téc khoa hoc dét va sg toan d danh, Ma nhiimg nha khoa hoc c6 dia vi va doat nhidu
gidi thudng ciing ngai khi dung dén todn hoc.

Y kién ctia phéin déng déu cho ring ngudr no lam todn tht 1a ngudi &y théng minh, vi thé néu ban khong thé lam toan
t8t thi ¢ nghia 14 ban khéng théng minh. Q
Q
&)

Mt 36 thanh kién téc bai sau ddy déi vai viée hoe todn:

1. Ton J& mon chi danh riéng cho mét logi ngudi ¢6 ning khidu. Néu ban khépadirge trdi ban cho ning khidu by
th dit hoc chizm chi thé ndo ban cfing khéng thé nao khd hon duge. .
\
2. Con trai liic ndo cling lam todn tit hon con gai. &\Q
3. Dan Au chéu da tring ¢6 kha nang tét hon so véi dan da den, c&ﬁb;hi hay My La tinh . | .

4. Ngudi A chau, nhét 12 Nhat ban, thudng gidi tosn. Do qéxa} hoc sinh A chau lic no ciing chiu mét 4p luc 16n
phéi hoc gidi todn cho ximg véi thinh kién huyén thoai,{@ lam vui long cha me.

Nhitng thanh kién rép khuén ndy that nguy hidm, ¢ ¥ da duge chimg minh trong céc thi nghiém tam 1y 14 sai im
nghiém trong. N6 ngin tré nd lye va lam nin lbﬁ&ng ngudi hoe todn va 1am thui chét sdng tao cling nhur nhiét
tinh cia nhiing ngudi day todn vé higu qua c‘n@viéc ciia ho.Do d6 viéc dAu tién cho nhing ngudi day toan 13 42 phé
nhimg thanh kién tic hai va tiéu cue nay dOyitp nhimg hoc sinh yéu todn thém tin tudng 12 moi ngudi déu co thé
gioi toan néu dugc day hay hoc ding 8%}

Chiing ta cin nha gido, phu hu ,%)éc nha quin 1y trudmg hoo 1én tiéng chéng lai nhimg thanh kién hi 1qu nay dé
dem todn hoc trd v& véi todn thyre s, cdi todn hoc ing dung duge va cai toan hoc bang bac trong the gidi thyuc
tai. Tt cd chiing ta ¢6 thidih dwoc didu 4y néu ching ta hop téc. Moi ngudi déu c6 vai trd trong céng viée chung
guan trong nay. QQJ
' o
b

o
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Phiin 2

Phin dong déu tin ring glOl todn hay khéng 1a do tréi sinh. Va mét trong nhﬁ'ngthéch thitc 16n nhét cho gido vién va
phu huynh 14 ph4 bd huyén thoai ndy, cho ring chi ¢6 mdt s6 nho hoc sinh Ja cé thé giéi todn ma thoi.

Céc hoc sinh ciing thu dng ng}u thé. Nhung khi t6i dua ra nhiing minh ching ma t6i sép sira trinh bay cho cdc ban
thi cc em thuc sir da thay d i 16 trinh hoc tip ciia minh. Thé thi trude tién, tai sao cic tu tudng chi cé mdt sd it hoc
sinh c6 thé gioi toan 1ai phd bién dén nhu vy, nhét 12 & c4c nude Anh va MY va cac nudc phueng Tay.

Trén TV, hang ngay céc hoc sinh bi di bom bing nhitng thudc phim trong d6 cic hoc sinh d&u than thé, do diu bire
tay va diy ndy khi cha me bét tam bai t4p tosn & nha. Thé 12 thanh kién cho riing todn 12 khé da hinh thanh nép suy
nght hin sdu trong tri ndo ciia cic bé.

Hay nhin mot vai phit hign gin ddy v& bd nfio con ngudi. Va phét hién chi yéu 12 sy mém déo ciia b ndo. Khing
nhu mét sd ngtrén thudmg nghi nguc‘ﬂ ndy c6 ning khiéu hoc todn hay mt mon nao d6 va ngu(n kia thikhéng, thit
ra sur phét trién cia bd nio that rit 4n twong. Giv day ta biét ring sy mém déo cia bd ndo nim tron@g lye thay
d6i va t4i tao kéo dai dén sudt dai. ($)

Trong nhimg nam gan d4y, c6 nhidu minh chimg déng kinh ngac cho thiy kha ning tai tao g\gm—rﬁn thin kinh
mdi va cac két ndi méi. Khi hoat ddng hoc tap xdy ra, khdp thin kinh bit diu phat xun& Céc dong dién phat
déng va tao ra nhitng no-rén va didm két ni mai, va 16 trinh clia khép thén kinh gid r nhing vét chén trén c4t.
Chiing chi trés thanh con dudng hiin sau néu dugc di lai nhidu lin, d

Con néu khang, ching s& m& din va bién miht. BS nio rét linh hoat va thay @bﬁmg phitt mot: N6 mét di va tao fai |
nhitng két néi mot cach dang phén khoi. \>

-Tcu 1y vi du vé nghé tai xé taxi & thi 46 Luan Pon. Moi tai xé o@' phai thudc 320 tuyén dutmg gitp ho nhé va
hoc dén 25.000 dutmg phd va 20. 000 du &n va dia diém q \rong trong ban kinh 6 dgm chung quanh Charing
Crossing & Luén D6n. Viée nay v0 cling phitc tap, va ho ph@.\a duoc bai kiém tra duge goi 12 Kién Thic.

Moi tai xe taxi den phai qua dugc bai kiém tra Kién \&p niy. Phai cin dén haid é én bbn nam hoc tap dé ¢6 thé qua

duoc Ki &n Thire Toan Ludn Pén.Va mft khi ban ac, ban cé thé 1am vigc & bit ky dau trong thanh phé Lugin
Pon. Q)
<

C#c nhd nghién e nhin thiy r?mg tronjthbi gian tir khi céc béc tai bit dau hoc tip va két thic khéa, b5 phén
hlppocampu.s ¢t ho {chu triic nAm bén@yong thuy thai duong cia néo bQ) da phét trién 16n hon. Khi ho v& hiru hoiic
théi 1am nghé 14i xe, bd phén nay t &a va teo hén lai. Ho ciing thiy ring khi so sanh bj nfo clia ¢ énh tai x& taxi
vai tai xé xe bugt Luan Don vo ng ¢in hoc nhiéu tuyén ducmg phitc tap, thi hippocampus cila tai xé taxi 16n bon
ciia t3i x& xe buyt. Chinh qué hoc tip va sir dung thong tin vé& mang lui giao théng phirc tap dé dat dén k¥ ning
141 xe an toan va hidu quiniy 1a téc nhén cua sy phat trién hippocampus.

M6t vi du thit hai v& s phit trién nfio b 13 cdu chuyén cia mét bé gdi chin tudi ma phén niva b) ndo 4 bi catbo. B
m bj chimg ddng kinh va ho phai ¢t bo phén nira néio b clia bé.

Lic d3u toan b6 phéan nira bén trai ciia than thé bé bi t& liét, nhung bé d4 1am céc béc sTvé cung kinh ngac khi chi
trong vai tulin cac mdi két néi than kinh cta bé 43 séng lai va chi trong mdt thod gian ngén tit ca chirc ning clia bé
d3 phuc hdi do sw phét trién nhanh chéng va khong tin dugc ciia ndo b clia em.

Va diy 12 mot vi du thir ba rét thii vi. Cdc nha nghxen citu cita Hoe Vién Stric Khoa Tam Tri Quéc Gia tim thay ring
sau ba tufin tham gla, ba tudn 1am viéc khéc bidt cia nhimg tinh nguyén vién tham gia thi nghiém, céc chu tric bd
" n&o cla ho da thay dbi.

V1 thé hién gi¥y ta c6 thé két lugn ring, chi trir mot 56 [t ngudi bi bénh thidu nang tri tug, t}n m¢i hoc sinh ddu ¢6 thé
dat thanh tich cao nhét trong todn hoc, & moi cap 6p trong thdi ki trung hoc. Nhimg quoc gia khac déu tin tuong
vio didu nay nén cic hoc sinh clia ho déu lam tét hon hoc sinh chiing ta & Anh va M¥. Ching han Nhét ban.
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That 14 mia mai trong khi ¢4 tré phét trién durge phén nira b6 o hay thay déi b nio cia minh mét céch higu qui
thi ching ta lai cho ring nhimg con em chiing ta khong thé phat trién mét vai no-ron cin thiét dé hoc dugc dai sb.

Céc hoc sinh buéc vio 16p toan mét sb thiy toén thit d& dang, mét sé thiy né thuc sy thir thach, nhung diéu d6
khdng phan anh tiém ndng tuong lai cia ching. Thit ra c4c hoc sink ndy déu c6 nhimg trai nghiém khdc nhau tir khi
cdn tho vi mgt s6 trai nghiém ndy d4 1am nhitng khép thin kinh khéi dgng hay tit ngém.

Vi thé trong vai trd 14 mot gido vién, trach nhiém ching ta a cit dit quy dao cia nhiing hoc sinh 4 khéng qua nhing
trai nghiém thix thich, va cung cp cho moi hoe sinh méi trudmg thir théch va phong phti nhit nh c6 thé.

Néu b ndo ching ta ¢6 thé thay ddi trong ba tuin, ban thir nghi trong mét nim véi gido trinh ding dén hoc sinh
chiing ta s& phat trién dén thé nao.

Véy thi, nhic lai, c4c thi nghiém cho ta biét mét s didu. Thit nhit moi dira tré c6 thé hoc gioi todn tir cdp 1 dén cdp
3. Thi¥ nhi ta duge biét vé tidm ning phat trién ciia b) ndo, dit cho céc hoc sinh dang dimg tir thir bic ndo thi tidm
ning cita ching 14 rit 16n. Bidu thit ba 12 moi qué trinh hoe tip méi déu 12 m thay déi ning lg&cfla cac ban. Céc gido
vién, c4c phu huynh, va nhat 1 cdc hoc sinh cin phai loai bo quan niém cimg rihic 13 gio 14 bim sinh, 12 khong
thé thay ddi cling nhur bé nfo tir lic sinh ra dén Itic chét 1 vin nhu cil, bit di bat dich, Qﬁmpc v6i nhimg gi céc
nha khoa hoc 44 phét hién.

Khi Carol Dweck xuit ban quyén s4ch ndy nim 2007, né mau chéng tro thanh s n chay nhét, va d4 khéi xuéng
mgt cude cach mang trong gido duc. .
Toi chira timg thay ¢6 cubn sdch ndo d tao nén mot tiéng vang 16n dé( ¥y, trong d6 tic gid bio céo 13 ¢ hai nép
suy nghf va ngudi ta thugc mét trong hai nhém. Nhom thi nhit gd fmg ngudi c6 nép suy nght bdo this cimg
nhéc, tin ring moi ngudi sinh ra du c6 mot vén thong minh nhit & va do d6 ban khéng thé thay ddi kha ning lam

.

' todn clia minh, ning khiéu todn 13 mén qua bim sinh. Va nhmhthit hai ¢6 nép suy ngh theo huéng phit trién, tin
q P

ring khé nang toan va sy théng minh phét trién voi tréi nghem,

Hai niém tin nay anh huéng 16n lao dén dinh huéng Bec tap. Nhimg ngudi ¢6 diu 6¢ phét trién thudmg kién td, va
biét hoc tip tir nhimg sai Eim, va l4y nhimg th (g cva ngudi khac 12m ngudn dong vién cho minh. Nguogc lai
nhimg ngudi c6 du é¢ cimg nhic khéng thich&bai, do 46 khong mubdn bj ngudi ta cho 14 khdng thong mi nh va
thudmg tranh nhimg céng viéc ¢6 tinh théc@o‘ véi bét cir gid ndo. Ho rit s¢ thit bai khi chon nhimg khéa hoc va
nghé nghiép. )

Nhitng hoc sinh mang mét trong haﬁﬁp suy nghi tich cyc va tiéu cyre ngay tir ic 18 ba, va mét trong nguyén nhin
hinh thanh i3 do cha me qu4 kl?&’on cdi minh 14 théng minh. Mic di ho khen véi dung ¥ tét, nhung khi ho ctt mai
khen “Oi, con me gii qual"Qliang méy chéc dira tré s& nght minh 13 cyrc k§ théng minh, 14 thin dbng. Nhung sau
d6 khi gip thit bai, cac nghf 1 “Oi, minh khéng théng minh cho Hm”. Do d6 diéu quan trong céc phu huynh
nén nhé 1a khdng néuzﬁ{en con em minh ma chi khen nhitng gi con em minh Iam. Hay néi ch&ng han, “Wow, tét
I4m, con 43 hoc dule réi d6”, hay “Con ¢ hoc lam didu d6 tét 1im.” :

Quyén sich ﬁarol cho ta nhiéu ¥ tuéng nhur vdy. Va nhu trong cudc phong vén, ba cho biét nhing 1 khen ban
cho bé trong ba n&m du dbi s& hinh thanh nép nghf ctia dra tré nam nim sau d6, vi thé didu ndy thyc sy quan trong.
Thanh ra nhiing 161 khen c6 thé tic dong tirc thiri dén cac hoe sinh. Mét trong nhitng nghién ciru cila Carol lién hé
dén 400 hoc sinh 16p néim, va cac em dugc yéu ciu thye hign mét bai kidm tra d&, ngén, va hiu hét cic em déu lam
tét. Sau d6 phén nira céc em dugc khen I3 thong minh con phén n {ra cdn lai duge khen 14 43 ¢ géng nhidu khi 1am
bai ndy, Sau d6, céc em lai duge yéu cau 1am thém mét bai kiém tra thit hai bing mot trong hai cach: holic chon Jam
mQt bai kiém tra tuong ddi don gian hogc chon mot bai kidm tra th & thich hon nhung c6 thé pham nhieu 1i hon.
90% céc em dwoc khen ngot 14 ¢6 cb gang dBu chon bai kiém tra khé hon, t rong khi da sé cac em duoc khen théng
minh thi lgi chi chon bai kiém tra d&.

Do d6 ta cAn quan st mét s dir kién thyc su thi vi vé nhitmg nép nght hinh thanh trong c4c hoc sinh.

Hay nhin vao 5 thi duéi ddy, cho théy didu gi xay ra khi hoc sinh nhan mét can thiép tir bén ngoai. Két qua 1a déi
véi cac hoc sinh 16p 7 sut bén théng hoc hanh giam cho dén khi c6 sy can thigp thi hét giam stit (dudng ghp khic).
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Con nhitg hoc sinh khong nhan duge can thigp thi vin tiép tuc giam sit. VA chi nhiing can thiép dé thay d5i nép
nghi méi tao ra sy thay ddi. Cac hoe sinh trong thi nghiém dén hoc ciing mdt gido vién véi cing mét séch gido khoa.

Céic thc ddng ctia nép suy nghi ciing rit cong binh. Vi sy can thiép thay ddi ctia nép suy nghi, c4c hoc sinh My Pa
Den cho thdy sy tién b nhanh nhét vé diém sé. Ta cling nhan thiy ring nép suy nghf tich cuc dd loai bd nhimg cach
biét thinh tiru gitra nam va nit. Ngay ca & mirc d6 SAT (mét chimg chi kha nang todn cubi cdp ba) cao nhét, khi ma
sir khéc biét giffa kha ning todn cla nam va nit hién r8, nhung néu chi xét cic hoc sinh ¢6 diu 6c tich cye, sy khac
biét 44 bién mAt.

S hira mét diu éc tich cuc 12 didu chiing ta mudn tht ca hoc sinh va thiy gido déu phai c6.

Théng diép 16n nhit 14 tr théng minh ¢6 tinh linh hoat. Nhung cdc hoc sinh, gide vién, trudmg hoe, va phy huynh lai
461 xir nhitng ngudi hoc todn nhu 1 nhitng ngudi c6 du éc tuong déi cb dinh.

Hai bai tiép theo s& cung cip cho ban nhimg ¥ tudng day nhu thé nio dé duge mot dau 6c phat trién va ¢b vil cho
phu huynh va gido vién suy nghi theo hu 6ng tich cuc. \
O

R
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Phin ba ndy chi 440 sdu mét y fudng duy nhét, mat ¥ twong 16n lao va quan trong cho viée hoc day toén, ximg déng
dugc danh hén mét chuong. Y tuéng dé 12 vai trd cha 18] Bim trong todn hoc.

Gén diy mét nha binh ludn New York Times Peter Sims, da viét mét bai dAy 4n tugng vé vai trd phén bién cta 15
l4m trong qué trinh tr duy sing tao v& thiét ké. '

Ong ta phan tich nhimg s khac bigt gitra nhimg nha kinh doanh thanh cong nhiéu it va éng nhn ra ring nhimg
ngudi cang thanh céng vé co ban la i pham nhidu sai 13m hon. V2 ho hoe tdp tir nhing 13 1Am cita minh, vA chinh
nhitng hoc tip d6 d4 dua ho dén nhiing thanh tiru to 16n,

Mgt nha binh lufin khéc ciing cia bio New York Times, va 1 tAc gid ban chay nhét ctia quyén Better By Mistzake,
Alina Tugend, d4 viét rit ding theo quan diém cia toi, Ia ching ta dang day d6 mdt théi dai hoc sinh rét s¢ pham
181, sqr thét bai, va sq giy phiit bi réi khi ngdi trong 16p ma khéng hiée mét 1¢1 gidng nao {?cﬁa thiy.

Theo Carol Dweck, méi 14n mét hoe vién pham mét 18i 1am 14 tronig nio ching xuft h.@%ﬂﬁt khép than kinh méi.
Di nhién, 18i 14m pham phai ¢ ¢4y phai 14 181 thujc vé phuong phap chir khéng phéji@;i 181 13m v2 tinh todn, v4 khi
pham 16i 1Am nhur thé, ¢6 dén hai xung dién phét kich. Xung di¢n thit nhét khi §dnhan ra minh pham 131, va xung
di¢n thir hai khi ho ph4n tich 15i da pham. . &

o

Niao bj s& khong cé co héi phat trién nén Hic nao chiing ta cling lam d"é\ngon lanh.

Nhu vy pham 18i 14 mét sy kién hitu ich chir khéng phai 1a mét ﬁ?}\oa. Véy ma khi hoc todn, cic hoc vién thrdmg
rét sg d6i mit v6i sai lim, chiing cam thay tur ty va sup d4, tro\n/g i dang 1& 46 12 mét trai nghiém hitu ich.

Nha tim Iy hoc Jason Moser va cic cfng sur d3 cho Gz;gﬁng & Khoa Hoc Tam Ly két qua mét nghién ¢iu cho
thy c6 sy thay déi ¢6 ¥ nghta ciia nio b§ khi cac hoc\yieh pham sai Iam. Ho ciing nhan thiy ring sy phét trién ndo
b$ 16n hon mébt c4ch ¢ ¥ nghia & nhimg hoc vién @éu de tich cyc so vdi nhimg hec vién tiéu cye.

Lén nira ta thiy ring d4p tmg ciia nhttng hoc yifR c6 nép nghf tich cyc tao ra mitc phat trin 16n hom, do ho c6 ¥ thitc
hon vé 18i 1am ciia minh va hoc tap dé rig KON} nghiém sau do,

Tém lai chitng cit khoa hoc méi vé 9 chi ra hai diéu, 12 ndo b thyrc sy thay i khi ta pham sai im. VA thit hai
14 b ndo cia nhimg hoc vién cé\gép ngh tich cuc s& ph4t trién nhidu hon.

Nhur vy nhiém vz ciia giég @% 14 tim ra nhémg phuong cach nhim tao duge nhimg méi trudmg toan hoc thufn lgi

cho viée hoc tép tir nh 18m. Vigc dAu tién 1 nhitg hec vién cin duge yéu cu cao hon, nhitmg bai toan thir
théch hon, khong chigfé ndo cling gap nhimg bai todn & v lom ding tram phin tram, Vi nbu thé 14 tao cho ho
nhifng vui thich '&ao vé lira phinh ho. Ban thén t6i cling d4 timg thye hién mét nghién ciru trong v& ng ba niim,
trong dé tﬁ@éc G hai trumg khéc nhau. Mot trudmg t6i day theo 16 truyén théng trong d6 gido vien thuyét
giang, chimg\Minh va cho bai tap d& hoc sinh thyc tap theo huréng dén sdu sét ciia thiy. Con & trudmg kia, hoe vién
dugc cho nhitng vin d& 16n va mor dé ho tr tim ra céch gidi quyét, day 1a phuong phdp goi 1a Hoc Tép Theo Vin D2,

Chung thyc syr chua timg gap nhiing bai toén nhu thé bao gid va thure sy chura biét giai thé ndo, d6i khi chiing ciing
dugc lira chon nhitng bai ton theo ¥ thich, va dwoc khuyén khich chon nhfing bai todn khé hon. Sau d6 chung s&
tim ra nhing y tudng dé giai quyét nhitng khé khan gap phai.

Nhu véy phuong phap truyén théng I3 hoc sinh dwgc truyén dat phwrong phép déng g6i rbi sau d6 van dung phirong
phép dé giai cac bai toan. Con trong phuong phép Hoc Tép Theo Vin Dé, c4c hoc vién dugc giao nhimg dang ton
méi rdi tyr minh s& tim nhitmg phwong phdp dé giai chiing. Trong qua trinh tim kiém ching s& hoc tap nhimg phuong
phip m&i véi sy goi ¥ va hudng din ciiz gido vién theo yéu ciu clia minh.

Hai nhom hoc sinh cfia thi nghiém bt diu voi trinh d6 toan ngang nhau, nhung cubi thori gian thi nghiém, két thac
danh gid 12 hai nhém ciing tham dy cudc thi tosn quéc gia. Céc hoc sinh ctia phuong phap mo dat dige 56 didm cao
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hon mot cich c6 ¥ nghia so vdi hoe sinh truyén théng. Diéu quan trong 14 chung chi lam quen v&i nhing bai todn cd
dang nhu nhit ng bai thi trong 48 toén quéc gia khoang ba tuln trudce khi thi. TAm nam sau, 16i theo doi thi nhﬂ'ng
hoc sinh nay ra d&i v6i nhimg cong vige chuyen nghiép va cao cap hon. Khi t6i dat cau hoi tai sao c6 két qué t6t dep
ndy, bo tra 16i 14 ho vin quen tiép can nhimg vin 48 trong doi séng va cong viéc theo 161 giai quyét vén d& nhu khi
ho hoo tip.

Nhur vay ré rang viin hda hoc tip trong 46 hoc sinh duge tudng thudmg bing nhimg ¥ tudng va séng tao ciing nd lye
g|a1 quyét nhitg vin 4& md, chir khéng chi nhﬁm tra 1&i ding, cho phép ching dat thanh qua t8t hon trong k¥ thi
qudc gia va tét hon trong cuge séng.

Moi ngudi déu ¢6 thé lam toén t5t hon khi ho cb ghng. Gléo vién cin theo d6i s tién bd cia hoc vién va cho ho
nhimg phan héi nay, khuyén khich déng vién ho va nhéc ho én tép nhimg sai 1Am va nhitng bién phap khic phyc aé
ho nhé va lam tét hon méi ngay. Khéng bao gw chi giao cho ho nhitng bai tap dé di vi nhu thé 1a ho vAn chua hoc
@én noi @ n chén. Pong vién ho tim dén nhimg bai todn cing luc cang khé han, va day ho biét yéu thich nhitng sai
14m ma minh pham pha1 chit khong phél ghet bo hay xa Janh chiing. Day ho ring nhimg nd lyuc gidi \ & khién hoc
théng minh hon va sai lam 12 mét phén tht yéu ciia qud trinh hoc tp.

Ngodi sy hitu ich clia viée hoc tap tir sai {4m, didu thi hai quan trong khéng kém Ja su kién tri. u doanh nghlep
ltic ndo ciing phén nén n.hﬂ'ng ngudi tré méi tot nghigp tir trudmg vae 1am viée ddu thléu tink Rién trl. Ho cb gang,
nhung chi mot thixi gian ngén 12 bé cude.

Ray Peacock, Gidm Péc Nghién Ciru clia Phlhps & Anh, phat biéu rang phﬁn lom @ dén xin viéc déu nghi réng
kién thic ciia hoc 14 tht ca nhitng gi céng ty cin, nhung didu d6 khong diing vi thrc thi ludn bién ddi véi toc dp
chéng mit. Chung 161 khong thué ngudi chi dya vo cin ban kién thire. “Chgdghtoi thué ngtrm thye sy biét 1am vige
va bit giai quyét céng viéc. Nén tang kién thirc dén tir séch vé, do d6 cA\tdi cin 13 su mém déo, tinh hoc tip lién
tuc, sur kién fri va k¥ ning lam viéc theo nhém, trong d6 k¥ ning glapbgep 14 it quan trong.

Tir kbi con & nha trudmg, cac hoc sinh quen duge cde thdy “dut Ay timg mudng kién thic va k§ ning toan hoc cho
nén khi ra ddi, dyng nhimg vin 4 gai gbc ddi hoi tu duy tag@u0 dot pha thi ho nan long va budng xudi. By 1a két
qué cia hop ddng day hoc bt thanh vin d3 ton tai han ndim, trong 46 c4c 6n g thiy ¢6 nhiém vu hay thién
chitc gidng day timg budc mit, dit tay, diu bude céo@}c trd cia mmh trén con dudmg hoc tip. Con hoc 1o, cﬁng
theo hop déng ndy, lic n 40 gip mot chit kho 4 ¢6 quyén yéu chu thiy gilp 4o va chi dén. Trong hop dd ng
nay, thiy trd cing nhau day db va hoc tip theccﬁ}ng céch tigu diét mo i tuong tac cha qué trinh hoc tap.

Chéc c4c ban da biét, sip co mét chuon h méi dang hinh thinh { ng dyng trén toan nudc MY, trong d6 viée cai
t8 quan trong nhét [a Luyén Tép Toatr?ﬁbc dugc nhin theo quan diém tich cyc. Theo d6, qua trinh luyén tap cia hoe
sinh dugc d4nh gid chit khéng ctr vao két qua cudi ciing. Trong quan diém d6, hoc sinh bét budc phai suy
nght sdu xa hon v kién tr h & hoc sinh chi duge hd trg khi ho nhdn nhimg bai toan thir thach va mé ngo. Qua
a6, hoc sinh duge tap tanh Ja phai chip nhén thodi méi nhimg 18 1Am ctia minh va xem 18 1Am 12 ngudi ben déng
hanh chir khéng phai @ﬁ trén con dudmg hoc tip cha minh. :

Tai sao hoc sinh ching ta rit s¢ pham 15i. Theo t6i 6 hai nguyén nhan chinh. Mét 12 do nén gi4o duc chiing ta ddnh
g‘lé ning luc hoc trd chi dya vao két qua céc bai tric nghiém ABCD. L& di nhién, ta muén céc hoc sinh ctia minh dat
két qua tit trong nhimg bai tric nghiém, nhung khong pha1 v1 thé ma chiing ta lAm qué phiu bai tric nghle;m nhu
van thudmg ¢6 théi quen 6. Céc hec sinh ma t6i ndi & phin diu chi lam quen véi tréic nghiém trong ba tudn trudc
ngdy thi nhung dén bai tric nghiém quéc gia thi ho vén dat duge két qua t6t dep. Cée hoc sinh so méc sai 14m, s¢
1am nhimg bai todn m&i la, s¢ phai sing tao, s¢ nghf khdc ngudi ta. Ching s¢ gio tay hoi khi khong biét dap s6, va
phén {mg ciia chiing truwdc nhimg bai todn khé 14 hoi thiy co thay vi thir nhig cach giai khic nhau, nhitng cach gidi
¢6 thé 12 sai. Nhitmg hoc sinh d6 chinb 12 nan nhén ctia long ham muén duge xudt sic. Ngudi ta biy giv nhin ra ring
sau mt thoi dai dua nhav 1dm tric nghiém, ching ta d4 lam vio mét tinh trang tdi t& chua timg c6. Nhiing trudng
hoe & nhiing x1r s& c6 thanh tyu vé toan hoc khdng lam tréc nghiém bira béi, ma chi 1am vao cudi ndm, Cdn trong
céc trudmg hoc clia minh, ching ta 12m tric nghiém mdi tudn, nhit 13 & béc trung hoc. Va nhu thé méi tuéin c4c hoc
sinh chiing ta nhén dugc nhitng théng tin d6i v6i ching 1a ¢6 hgi, nhét 13 khi két qua ciia chiing chi 12 nhimg thir hang
D hay F (tic Yéu hay Kém). ‘

LOVEBOOK.VN | 346


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

Trong céc phin tiép theo, ta s& suy nghf cach thay thé nhimg bai tric nghiém cuéi bai bing nhimg bai danh gi gi4
tri hon. '

Nguyén nhan thit hai gdy ra tinh trang hoc sinh sg pham 181 12 vai trd cia tbe do trong céc gity hoc todn. Mot trong
nhimg thdng digp chinh yéu cita thin kinh hoc cho biét riing niing luc todn hoc khong dinh dép gi véi tée d6. Céc
nha nghién ciru d1 tién hanh nhidu cuge thi nghigm trong nhimg nam gin ddy chimg t6 ring nhimg tréc nghiém cé
tinh gi& va nhimg bai thyrc hinh to4n hoc cé tinh gitr 43 giy ra nhitng triéu chimg tién phét cia lo 4u khi hoc toan.
Theo t6i sy lam dung nhimg bai triic nghigm c6 tinh gidr 1a mt trong nhimg didu t& hai nhét trong hé théng gido duc
nude My. D chiing dugc thye hign trong ¥ huéng t6t clia gido vién va nhimg nha quén ly gido duc, nhimg ho khéng
biét riing thin kinh hoc d4 cho biét nhimg tric nghiém tinh git 44 tao ra trong hoc sinh nhimg lo au ton hoc trong
hoc sinh ¢6 trinh d5 khac nhau. Beilock v cdc cong sy cia ba d4 tién hanh quét bd ndo dé nghién ctu nhimg hiéu
qué ma lo 4u tdc dong dén h¢ thin kinh, v2 ho khém pha ring khi hoc sinh Jam todn trong mét bai tric nghiém tinh
gid, sy fo &u lam qua trinh sir dyng théng tin duge huu triY trong bd nhé dé gidi todn bj chan lai khién ho kho nhé lai
nhimg sur kién ¢ lru trir. Sy lo 4u tac hai dén hoe sinh c6 nang lyc nhé tt nhidu hon hoo sinh c6 nang Iuc nhé tai.

Trong mdt cufe thdm do cdc hoc sinh I6p bbn, c6 dén 25% hge sinh lo ling trude m3i bai @ nghiém tinh gi¢. Dix
lam déng ca 50 cdu ctia bai ho ciing cim thiy bét an. Q

©)
Theo kinh nghi¢m cia 161, c4c nha todn hoc thudng 13 nhitng ngwdi chim chap nhékzo

Néi thé khong phai 1a si nhuc ho, ma 1y do 14 ho ludn suy nghi chinh chin va s§dsic truée méi cau héi toan hoc..
Hiy nghe tim sy ciia Laurent Schwartz, ngudi dirgc giai thudmg Field tro hoc, twong duong véi gidi Nobel
trong khoa hoc. Suét nhifng nim trung hoc, éng luén khéng ty tin vie n ¢ toén hoe cia minh, D61 khi 6ng cho
I2 minh ngu ngée vi liic ndo ciing tri 1i chdm cha p trude m3i cau haiCeda gido vién. “Téi chi tra 167 mau man déi
vdi nhlng cau hdi ma t6i d& quen thude trude. Toi lo Jing vi s¢ kh@d: thi mudn kha ning todn hoc thire sy ciia .
minh s& bj 15t tiy *. .\Q/ ‘
Cho dén cudi nim 11, éng méi v 16 ra ring sy mau mén Kong c6 méi lién quan gi dén tri théng minh. Diéu quan
trong 13 hiéu siu sic nhimg sy kién cing nhitmg twogg Yuan gitta ching. Bé méi chinh 12 bidu hign ctia tri thong
minh. Vén dé nhanh hay chim khéng thyc sy lién a Di nhién, mau mén thi cling ¢6 lgi, ciing nhur ¢6 tri nhé tét
viy. Nhung d6 khéng phai 12 didu kién cin va dﬁ@§ nén thanh tyu v tr{ tué. Qud nhén manh yéu t4 thoi gian khién
todn rpét di ban chit clia né. D6 khéng phai IQQ todn hoc ma céc nha todn hoc lao ddng. D6 khéng phai 1 thir todn
hoc cin thiét tai 16p hoc. Nhung rit nhid vién & My hay Anh déu cé chung quan niém sai 13m 13 ai 1am to4n
nhanh 14 ngudi d6 gidi todn. Cathy Segly’ cuu chi tich cia NCTM (National Counsil of Teachers of Mathematics:
Héi Pdng Qudc Gia Giso Vién Toag)'d4 soan mét tde phim rit hay twa ¢ Nhanh Hon Khéng Hin 12 Théng Minh
Hom. Theo ba, the 46 12 ké thi ogla.nén vin héa thén thiét véi 181 1Am, vi vay ta chi nén str dung tée d6 & mire 4 vira
phdi hodc khdng bao gié. Q)

Sau ddy 14 vai chién th@gfﬁi nght ¢6 thé gittp hoc sinh trén trong nhitng 13i 1im.

Néu ban 14 giso vié&hﬁy tuyén bé trudc I6p 14 minh tran trong nhitg 18i 13m hoc sinh méc phai. L1 l3m 14 cin thiét
vl ta ¢6 thé ho@lbi tir 18i 1Am. Cho hoc sinh cita ban thod gian 1am toan nhidu hon va khuyén khich ho cong khai
truge 16p néRtung nhimg 15i 14m cia minh @ tit ca tham g ia phan tich ching, Thir hai 4 ngay diu nim hodc c6 dip
14 ban hay giai thich cho 16p tai sao 18i 14m 14 quan trong trong qud trinh hoc tp, trong d6 cd lién quan dén viéc phat
trién ndo b. Viéc thir ba 1 cho hoe sinh nhimg cdng viéc tao ra nhitng 18i 1dm. Néu hoc sinh' lam ding tét ca nhimg
bai t3p ban dua ra, didu chic chén 13 ching chua hoc tip dugc gt nhidu. Vi thé hay cho chiing co hdi né Iyc va diy
10i bién gi6i clia nang lirc. V& phén phy huynh, theo t6i didu quan trong cét 11 1a phai xua tan nhimg huyén thoai ci
rich d4 néi. Hay tim ra cach gitip d& v hudéng déin con c4i minh. Truéc tién, khuyén khich méi khi chiing pham 16i.
Va diéu quan trong I3 dimg chia sé véi ching nhimg kinh nghigm “thwong dau” v& todn cita minh. Céc thi nghiém
déu chimg t6 ring ngay sau khi céc ba me thd 16 v&i con cai 14 minh timg dét to4n thud con di hoc thi lap tic cde
diém s todn ctia con g ho lién di xulng. Néu ban khong méy tu tin vé kha ning toan ciiz minh, t5t nhat 12 nén néi
“Todn ha, hay 14m ddy, me c6 thé hoc véi con. Me ciing chua bidt loai todn ndy, con c6 thé gitp me ma. ” M3i lin
con ban dem m§ bai t3p toan v& nha, ban phai t6 ra phén chin. Néi minh thich 1am todn, nhét 1 nhiing bai todn mink
kho long gidi ra. Diéu khuyén thir tu 12 cich cho diém, dic biét d6i véi gido vién, phii chém khéc nhw hign gi&r hoic
khong cin chdm diém gi ca. Téi sé trinh bay nhidu hon vé vin & nay trong c4c bai sau. Didu t6i noi bay gidr 14 cich
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ban chim diém va cho phan hdi I thye sy quan trong. Do d6, khi ban cho diém, nhé phét lai bai lam céc em va moi
151 13m d&u drge 16 dam mot céch tich cyre.

Khuyén khich ho ty sira 13i va cho diém nhimg 13i d stra duge, c6 khi ting sb diém gip hai cfing nén. Diéu khuyén
cudi ciing 12 logi bo téc d6 ra khoi viée hoc toan. DT nhign néu hoc chdm thi hoc sinh s& c6 co hdt suy nghi séu hon,
tu lyc hon va kién tri hon, nhung ndi dung thi khéng dirge nhié u. Nhung tha hoc chic con hon dan trai. Om dém
ma ndng can khéng c6 nghia 13 hoc duge nhiéu, Vi vy phai gidm thiéu nhitng bai tric nghiém tinh giv, Hay tir t,
ir tir trinh bay kién thic todn nhr 13 mét mén hoc thi vi, tao himg thi th gi4c cho cong thirc, két néi, dao sau. Trinh
bay kién thirc toan nhanh qua khong git hdi dugc gi. Péi véi nhimg hoc sinh ¢4 hodn thanh tét bai tip 16p, hily ddng
vién chiing tim ra nhfmg cdu héi twong tyr va gii quyét.

Tuyét vai biét bao nén con cai ban hay hoc ir6 ban budc vao 16p v6i nidm tin 1a minh ¢6 thé 1am todn duoc va phén
chén khi dugc giao nhitng bai toan phic iap ddy théch thirc va khong mét nhué khi khi nhimg ¥ trudng diu tién thit
bai.

Khiu higu sau ddy ciing tht nhung c6 thé fam tét hon. ‘ \
Y
Mistakes are expected, respected and inspected. . ()Q
Ban thiy thé nao? ‘ Q\QE
Jo Boaler \db'
Dai hoc Stanford ,{Q
Course: hitps://class.stanford.edu/courses/Education/EDUC] ] SN/How_to Leg@ath/about
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https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/



