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Loi noi diu

B6 sach Chuyén d& luyén thi vao Pai hoc dugc bién soan nhim muc
dich gitp cac em hoc sinh 16p 12 c¢6 thém tai li€éu tham khéo, ndm viing
phuong phap gidi cic dang bai toidn co ban, thuong gip trong cac ki thi
tuyén sinh vao cac trirong Dai hoc va Cao dang hang nam.

N1 dung by siéch bam sit theo chuong trinh by mén Todn THPT
nang cao hién hanh va Huéng din 6n tip thi tuyén sinh vao cic truong Dai
hoc va Cao dfmg mon Toan cua B§ Gido duc va Pao tao. B6 sach gobm 7
tap, tuvong img vdi 7 chuyén g¢ :

1. Pai sb

2. Luogng giac

3. Hinh hoc khdng gian

4. Hinh hoc gidi tich

5. Giai tich - Pai s6'td hop

6. Khao sat ham sé

7. B4t dang thirc

Tap sach "Chuyén dé luyén thi vio Pai hoc : Bit ding thirc"* nay,
gom 3 phan :

Phin I : Bit ding thire : ¢6 2 chuong.

Phan II : Gia trj }6m nhit va gia tri nhé nhAt caa ham s : c6
3 chuong. S

Mdi chuong gdm nhiéu don vi kién thirc (§). M3i (§) dwoc bién soan
thong nhat gom cac muc :

A. Kién thirc co ban : Tém tit, hé thdng kién thic trong tam.

B. Vi du 4p dung : gdbm nhiéu vi du theo ting (§), cd huc’rhg din giai.
}M(’Si vi du la mét dang bai tdp co ban, thudng gap (hodc di ra) trong cac dé
thi tuyén sinh Pat hoc.

C. Luyén tap : gf)m nhiéu bai tap, giip hoc sinh tu rén luyén ki ning
giai toan.



Phiin III : Cau héi tric nghi¢m én tip : Phin nay gdm cac cau hoi
tric nghiém 6n tap tdng hop, co tra 1o ; gitp hoc sinh fir kiém tra, dénh gia
két qua giai bai tip ciia minh.

Phy luc : Trich gi6i thi¢u mt s6 d& thi tuyén sinh Pai hec (2005 -
2010). D4y la phin trich gi6i thiéu mot sb dé thi tuyén sinh Pai hoc da ra
tir 2005 dén 2010 — mén Todn, c6 lién quan d&n phin Bit déng thic, c6
huéng din gidi, gitp hoc sinh 1am quen véi cdc dang cau héi cua dé thi
tuyén sinh Dai hec.

Tap thé tic gia trdn trong gidi thidu vdi cac em hoc sinh 12 bd sach
Chuyén d& luyén thi vao Dai hoc. Ching t5i tin twdng bd sich nay s& gop
phin gitip cdc em hoc sinh 12 nang cao chét lvong hoc tip va dat dugc két
qui mi mén trong ki thi tuyén sinh vao Pai hoc, Cao ding.

Cha bién
PGS. TS. TRAN VAN HAO



CAU TRUC DE THI TUYEN SINH BAI HOC
CAO DANG 2009, MOGN TOANO

Il PHAN CHUNG CHO TAT CA THI SINH (7 aiEM)
Cau I (3 diém):
~ Khao sat, v& db thj cia ham sd.

- Cac bai toan lién quan dén (g dung clia dao ham va 46 thj cia ham s6 :
chiéu bién thién cta ham s8. Cyec trj. Gia trj 16n nhit va nho nhét ctta ham sb. Tiép
tuyén, tiém can (ding va ngang) cua 4 thj ham sb. Tim trén db thj nhimg diém c6
tinh chat cho trude, tuong giao giita hai 43 thj (mét trong hai 85 thi 1a dudmg
thang) ;...

Cau II (2 diém) :

~ Phuong trinh, bat phuong trinh ; h¢ phirong trinh dai sb:

— Cong thirc lugng gidc, phuong trinh lugng giac.
Cévu ITI (1 diém) :

— Tim gioi han

— Tim nguyén ham, tinh tich phan

— Ung dung cua tich phén: tinh dién tich hinh phing, thé tich khéi tron xoay.
Cau IV (1 diém) :

Hinh hoc khong gian (tdng hop) : Quan hé song song, quan hé vudng goc cha
dudng thing, mit phing. Tinh dién tich xung quanh ciia hinh nén tron xoay, hinh
tru tron xoay ; tinh thé tich khéi lang try, khdi chép, khéi nén tron xoay, khdi try
trdn xoay ; tinh dién tich mjt ciu va thé tich khéi cau.

Chu V (1 diém) :

Bai toan téng hop.

II. PHAN RIENG (3 DIEM) :
Thi sinh chi dugc lam mét trong 2 phan (phan 1 hodc 2)

®) Theo tai liéu ciia B Giso dyc va Dao tao céng bd nim 2009



1. Theo chuong trinh chuén :

Ciu VLa (2 diém) :

Noi dung kién thire : Phirong phap toa d§ trong mit phing va trong khong gian :

— Xéc dinh toa d cua diém, vecto. A

— Pudmg tron, elip, mit cau.

— Viét phrrong trinh mat phing, dudmg thang.

— Tinh goc ; tinh khoang cach tir diém dén mat phang. Vi tri tuong dm cla
dudmg thing, mit phing va mit cau.
Ciu VIL a (1 diém) :

Néi dung kién thac :

- 86 phirc

— T4 hgp, x4c suat, thong ké.

— Bit ding thirc. Cyc trj cia biéu thirc dai sb.

2. Theo chwong trinh ning cao :
Ciu VLb (2 diém) :
Noi dung kién thirc :
Phuong phép toa % trong mit phing va trong khong gian :
— Xdc djnh toa 86 cua diém, vecto.
— Duong tron, ba dudmg conic, mat cau.
— Viét phuong trinh mit phing, dudmg thing.

~ Tinh goéc ; tinh khoing cach tir diém dén dudng thing, mat phang, khoang
cich giita hai dudng thing. Vj tri twong ddi cia duong thing, mat phing va mat ciu.

Ciu VILD (1 3iém) :
Noi dung kién thire :
—~ S4 phirc
2
_ D3 thi him phn thic hiu ti dang ¥ = =22 € ua mot sb yéu tb
pPT+gq
lién quan.

— Su tiép xtc ciia hai dudng cong.

— H¢ phuong trinh mii va 6garit.

— Té hop, xic suit, thong ké.

~ Bat ding thic. Cyc tri cla biéu thirc dai so.



» Phén L.
BAT DANG THUC

Chwong 1.
KIEN THUC CO BAN VE BAT PANG THUC

§ 1. DINH NGHIA BAT BANG THUC

Gia st A va B 1a hai biéu thirc bang chit hoac sb.

A> B (hoic B<A), A< B (hoic B> A) goi la cac bét ding thic ;
A, B 1ahai vé cia mot bit ding thirc.

A>B (hodc B< A4), A<B (hodc B> A4) goi la céc bit ding thuc
suy rong.

A>B=A—-B>0; A>BS A-B>0.

Mot bét ding thirc c6 thé dung hodc sai va ta quy u6c : Khi néi ve mét

bt ding thic ma khéng ndi gi thém thi ta hiéu d6 la mQt bét ding
thac dung.

§ 2. TINH CHAT CO BAN CUA BAT BDANG THUC

a<
YVaeR,a<a; O{bz‘l::-aSc

Va,b,méR:aSb@aimsbj‘:m;

a>b+csa—-c>bh; 0{azz,=>a+c<b+d

) , am<bm khi m>0
a< -

va,bER a_b#{amzbm khi m<0

khi m>0

a

Va,beR":a<bh & 'Z
— khi m<0
m



Néu a>b>0 hay 0>a>b=>l<-;;
a

+ Jazb
VYa,b,c,d e R™: {Czdzb-achd

a2b20=>\ Ve N\{0; 1)

a’ >b"
Yax b
Néu x>y>0 via>1thid* >a;

Néu x>y>0val0<a<lthi a* <a.

a>beat S Yne N a>bo ™a>b, vneN.

§ 3. BAT BDANG THU'C VE GIA TRI TUYET DOI

—ld<a<lal,VaeR; lal<a o -a<a<o (véi a>0).
lal > a < a>o (véi a>0).
a<—«o

lal 15l <|a + b| <lal +1b| (v&i moi a, b€ R).

§ 4. BAT BANG THU'C LIEN QUAN BPEN HAM SO MO

VA HAM SO LOGARIT
{a>1 =a" >a"; '{0<a<1=>a"<a’2.
X, > X, ‘ X, > X,
a>1 e togd: 959 G o d
c>d>0 Ba a4 c>d>0 Ba a4

§ 5. BAT DANG THUC CO-SI (CAUCHY)
Bit diing thirc Co-si ddi vé&i hai s6 khéng 4m

Cho a, b 13 hai sé khéng 4m. Ta c6 : a;bZJ;zE.




Ding thirc xay ra khi va chi khi: a=».
Chung minh : V&i a>0, b>0, tacod:

a+b J—_a 2\/_Z+b (\/—— \/—) >0 a-;—b \/21;

, 2
Pang thirc xay ra khi va chi khi : («/z_z—\/z) =0& a=5.

Bit ding thirc Cé-si ddi véi bén sb khong dm
Cho a, b, c, d 12 bén s6 khong am. Ta c6 : w > Yabed .

Déhgthl’rcxéyra khivachikhi: a=b=c=d.

Chieng minh : V& a>0, b>0, ¢>0, d>0, suyra a sz va
c+d 4 L 1l . Y YT . £ n n ..
> 0. Ap dung Bat dang thuc Co-si dot vai hai s6 khéng am, ta co :
a+b+c+d
a+btc+d o 7 s [ath c+d
4 : 2 - 2 2

> JVab.Jed = Yabed.

Dang thirc xay ra khi va chi khi :

a=b

c=d Sa=b=c=d.
a+b _c+d

22

Bit ding thirc Cé-si ddi véi ba sb khong 4m
Cho a, b, ¢ 13 ba s khong am. Ta c6 : "—Jrgﬁ > Yabe.
Ding thirc xay ra khi vachikhi: a=b=c.

Chitng minh : Ap dung Bit dang thirc Co-si d6i véi hai s6 khong

am, ta co : (a+b)+{(c+¥ abe ) > 2Jab +2\eabe . (*)
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Lai ap dung Bét dfing thirc Cd-si déi voi hai sb, ta c6 :

Jab +Rabe > 2Nababe® = Nabdabe"
= 2\4} Ja*bict = ZW

Thay vao (*) va ap dung tinh béc cdu ta dugc :

(@a+b)+{c+¥ abc)243abc=>£-+—;7ﬁ2\/3 abe. (**)

Ta da ap dung Bét dang thic Cé-si dbi voi hai sb khong am ba ln, vi
thé déing thirc trong (**) xay ra khi va chi khi _

a=bh a=bh
c=3%Yabc &*=abc a=b=c
ab =/ abc* a’b’ = abc*

Bit ding thirc Cé-si ddi véi n s6 khéng dm

Cho n s6 khéng am q,,a,,...,a,. Tacé:

a+ta,+---+a
1~ 2 L>naa,...a,.

n

Déng thirc xay rakhi vachikhi: ¢, =a, =---=a

"

§ 6. BAT PANG THU'C BU-NHI-A-COP-SKI

Bt ding thirc Bu-nhi-a-cdp-ski ai véi 4 s6 thye
V6i bbn sb thye a; b, c,d Taco: (ab+cd) <(a® +cH)(p? + dz),("‘)
Ping thirc xay ra khi va chi khi : ad = bc.
Ching minh : Taco :
(*) & a’h’ +2abcd +3Pd* < B +a*d? +*b* +Pd?
4; 2abcd < a*d? + c*b* & ;szz +c%b? —2abed >0

o (ad—bc) >0 (**)



Bit ding thirc (**) luén ludn ding nén ta c6 bt ding thuc (*) ludn
ludn dung. Ping thirc xay ra khi va chi khi :
(ad —be)’ =0 ad —bc = 0 & ad = be.

Nhan xét : Néu bd = 0 thi : ad = be @%z%.

Nhu vay, véi bén sb thuc a, b, ¢, d cung khac 0, taco :
(ab+ ca’)2 < (a* +c)(p? + d?).

Diing thirc xay ra khi va chi khi : %:%.

Biit ding thirc Bu-nhi-a-cbp-ski d6i vai 6 s6 thye

Véi sau so thuc a,, a,, a;, b, by, by cing khdc 0,taco:

(albl +ayb, +a3b3)2 5(“12 +a§ +"32)(1’12 ‘H’z2 +b32)-

Ding thirc xay ra khi va chi khi :

a4 _a_a

bbb
Bit ding thirc Bu-nhi-a-cdp-ski d6i véi 2n sd thye

Véi 2n sbthuc a,, a,, ..., a,, b, by, ..., b, ciing khdc 0, tacé:

(aby +ayh, ++ab,) <(a® + a2 +--+a) (b2 +B} +---+b2).
Ping thic xay ra khi va chi khi :

e R

a G,
b b b,

”n

11
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Chuong 2.

MOT SO PHUONG PHAP CO BAN
CHUNG MINH BAT DANG THUC

§ 7. PHWONG PHAP DUNG D|NH NGHIA
BAT DANG THUC

A. KIEN THUC CO BAN
Dé chimg minh 4 > B, ta c6 thé sir dung dinh nghfa bing cach chimg
minh 4— B> 0.
P& chimg minh M — B> , ta c6 thé ding céc phép bién ddi chuyén

A— B thanh tdng cua nhiéu binh phuong, tich cta hai thira sd cing
dAu hoac tich cua nhiéu thira s6 khong 4m.

B. Vi DU AP DUNG

Vi du 1. Chimg minh rang, néu a, b, c 1a 49 dai cac canh cia mot tam
giac voi a< b <c thi (a+b+c)* <9be.
Huréng din gidi
Tacoé: a<b=(a+b+c) <(2b+c). Dodétacﬁncht’mg minh :
(2b+¢)* < 9.
Tacod: (2b+c)* —9bc = 4b* +4bc + ¢* —9bc = 4b — She + 2

= 4b* —bc —4bc + ¢,
=b(4b—c)—c(4b—c)=(b—c)(4b—c).

Vi h<e=(b-c)<0, 4b—c=2b+b+b—c>2b+b+a—c (do
b > a) va trong mét tam gidc thi 5+a—c>0 nén 4b—c>0. Tu do
taco:

(2b+¢)’ —9bc <0 (2b+c¢)’ < 9be.
D6 1a diéu phai chimg minh (dpem).



2 —
Viduy 2. Cho ham sb yzxczosa 2x +cosa v6i tham 6
x°—2xcosa+1

a€(0; 7). Chimg minh ring, vdi moi x tadéucd —1<y <1,
Huong dén gidi
Vi —1< y <1« 1—y? >0 néntachi cin chimg minh 1 — y* >0, Vx.

2
xXcosa—2x+cosa

Liphicu: 1—y2=1—
ip i Y x2 —2xcosa+1

(x2 —2xcosa+l)2 —(x2 cosa—2x-+—c05a)2

(Jc2 —~2xcosa+ 1)2

(x2 —2xcosa+1—x? cosa+2x—cosa)

(xz —2xcosa+ 1)2

><(x2 ~2xcosa+1+x*cosa— 2x+cosa)

[(1 - cosa)x2 +2x(1—cosa)+1— cosa]

(x2 —2xcosa+ 1)2
x[(l + cosa)x2 ~2x(1+cosa)+1+ cosa]

_ ’(1 —I—cosa)(x2 —2x+1:|”(1 —-cosa)(x2 +2x+1)]

(x2 —2xcosa+ 1)2

3 (1 —c-os2 a)(x2 —1)2 B sin? a(.vc2 —1)2

(x2 —2xcosa+1)2 (x2 —2xcosa +1)2

Vay: 1—y?>0.

Tathdy: x—1o y=29050=2 1o jo,-2008a+2
2—2cosa 24 2cosa

ViO0<a<m néncosa+1>0.Dodé: 1-y*>0& —1<y <1, Vx

13
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Vidyu 3. Cho x > y > z > 0. Chimg minh :

2 2 2
P AP AR 2N R P
z x y

Hudng din gidi
. xzy yzz sz 2 2 2
Xéthigu: T = + -+ —(x +y +z )
z x y

_P0-7), Plemx), Alxm)

.

z X y
2 _ 2 _
Tﬁgiéthlét. ZSy:}xz(y—z)ZO#x (y Z)Zx (y Z) :
z y

Plex) Plz-x)

z<x=>y*(z—x)<0;y<x= >
x Yy

(y—z)+y (z—x)+2* (x—y)
y

Dodé:T2>

& IT 23 (y—x+x-2)+y (z—x)+2° (x—y)

=(x—y)(2 =)+ (x—2)(x* —»*)

=(x—y)(x—z)(y—2)=0 (do x>y >2z>0).
Tir d6 tasuy ra didu phai chimg minh.

- ; 2 2
Vidu 4. Chimg minh véi moi x > 7 taco : smx ﬂz le
- X T+ X
Hudng din giii

, sinx  wl—x? . 2 — x?

Tacéd: >— > & sinx > — 71X
X T+ X ™ +Xx
bit: y=x—-n>0=>x=y+7x
2 2 2

. x° = : 2

Tacod: sinx+| —5——|x=—siny+ z,y + 2Ty =(y+7)
T +Xx Yo 2ym+2mw




y +3ny* +27%y
y? + 2y + 27

=—siny+

7y
2 2
Yy +2ym+2n
Viay bat déng thitc dugc chimg minh.

Vidu 5. Cho x, y, z € R. Chimg minh :

=—siny+y+ >0,vy>0.(Dosiny< y,Vy>0).

4y 4 —xy—yz—2x>0
(Trich dé thi Pai hoc Su pham Tp. HCM, nim 2000)

Huong din gidi
. 1
Taco: x* +y’ +22-xy—yz—zx=5(x2—xy+y2)

2

+l(y2 —yz+22)+% (z —zx+x?)

2

:%(x—-y)2 wi—%(y——z)2 +%(z—x)2 >0

Déu “=" x4y ra khi va chi khi x=y =2z
Vidu 6. Ching minh véimoi x€R, tacd:
12 (157, [20]
— —| +}—| 23" +4¥+5°
(3] +[5] -3 2
(Trich dé thi Pai hoc, Khoi B, nam 2005)

Hudng din gidi
GViduSnéuléy x:[%]z, y=[%]2, z=.[2§(-)- : voi aeR. Tasé
c6 bt ding thirc cin chitng minh.
Vi du 7. Cho x, y,z la cic sb duong thoa méan l+-1—~+-l=4.'
_ x y z

Ching minh : ! + 1 + ! <1

2x+y+z x+4+2y+z x+y+2z
(Trich dé thi Pai hoc, Khdi A, ndm 2005)

15



Huwdng din gidi
Véi g, b>0 taco: 4ab<(a+b)

=

< =2 S—
at+b~ 4dab a+b 4
a=b.

Ap dung két qua trén, ta cd :

1 cat+b 1 1[l+%]. Déu “=" xy ra khi va chi khi
a

1 1[1 1 1T 171 1
—<—|+— S—|—+=|(—+—-
2x+y+z  4|2x y+z]"4 2x 4[y z]
if1r 1 1
=—l—4+—+— |
8[x 2y 2z] b
Tuo'ngtu:;SLL ! _1L+_1_ 1_4_1
x+2y+z 4|2y x+z]| 4|2y 4(x y
11 1 1
==l~-t+—+— 2
8[ 2z 2x] @)
1 1{ 1 1 ‘
YL, v Y a1
x+y+2z 4|2z x+y) 4|2z 4ix y|
111 1 1
==|=-t+—+— 3
8[2 2x 2y . 3

vey— 41, v Ut 1,
2x+2y+z x+2y+z x+y+2z 4|lx y z

4 . ¥ 3
Dau “="xayrakhi x=y=2z="=.

C. LUYEN TAP
7.1 Chimg minh ring véi moi x, y, z ta cé :
x4y 422> 2xy—2xz+2yz;

b) X+ +22 432> 2(x+y+2).

16



7.2

7.3

7.4

Chimg minh :
2 2 2 2 2 2 2
2) a’+b Z[(1-+~b] ; b) a+b*+c Z[a+b+c] ‘
2 pi 3 3

Chimg minh r%mg véi moi m, n, p,q tacod:
m 4 n* + pP L@ H1>m(n+p+g+1).
Cho x, y, z €[0, 1]. Chimg minh :
2(x3 +y +z3)—(x2y+yzz+zzx)§3
(Trich 42 thi Dgi hpc An ninh, nim 1999)

§ 8. PHUONG PHAP DUNG PHEP BIEN DO
TUONG DUONG

A. KIEN THUC CO BAN

Dé chimg minh mét bét déng thirc, ta ¢ thé bién déi bat ding thirc
(BDT) can chimg minh twong duong véi BPT ding hoic BDT da
dugc chimg minh ding.

Trong qua trinh thyc hién cac phcp bién ddi tuong duong, cin luu y
cic hing dang thirc sau :

e (a+by =a’+2ab+b*;
o (a+b+c)2=a2+b2+cz+2ab+2bc+2ca;
L] a3+b3+c3—3.qbc=(a+b+c)(az+b2+cz—ab—bc—ca)
/ 1
=5(a+b+c)[(a—-b)2+(b—c)2+(c—a)2].
® Chuy céc phép bién ddi tuong duong v& bit diing thirc
i) A>Be A+C>B+C; |
ii)Vé6i C>0:4>B< AC>BC;
iii) Voi C<0: 4> B & AC<BC,;

1v)Neu A, B> 0 thi A>B41)/11<l

B

17
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B. Vi DU AP DUNG
Vi du 1. Ching minh ring véi x, y, z thoa mén diéu kién :

x> +y* +z* =1 thitacé —%Sxy+yz+zx§l.

Hudng dén gidi
Ta cén chirmng minh BDT kép :

—%(x2 +y2+zz)§xy+y2+zc§ x4yt + 2
i) Taco: —%(x2+y2+22)$xy+yz+zx®x2+y2+zz+2xy
+2yz422x>0 <i>(x+y—|—z)2 >0. (1)
BDT (1) luén luéndl'mgnéntacé:—%(x2+y2+zz)$xy+yz-;-zx )
ii) Mat khac, taco :
xy+yz4+zx<x*4y? +z27 &2 +2y2 4222 > 2xy+2yz+42zx

41)(.:2 —2xy+y2)-l—(y2 ~2yz+zl)+(zz —2zx+x2)20

%(x—y)2¥(y*z)2+(z—x)220. Q)
BDT (3) lubn ding néntacéd : xy+ yz+ 2x < x* + y* + 22 4)
Tu (2) va (4) ta cé dpem.

Vi du 2. Chimg minh ring véi 5 s6 a, b, ¢, d, e bat ki, bao gid ta ciing c6 :
a+b+ct+d*+e* >alb+c+d+e).
Hudng dén giii
Tacé: a*+b*+c?+d*+e2>alb+c+d+e)

& 4a® +4b% + 4c? +4d? +4e? > 4ab + 4ac + d4ad + 4ae
< 40 +4b% +4¢? +4d* +4e* —4ab—4ac —4ad — dae >0



& (a* — dab + 462 )+ (a® — dac + 4c?) +(a* — 4ad + 4d%) +
+(az—4ae+4e2)20
& (a-2b) +(a—2¢) +(a—2dY +(a~2e) >0.
BDT cubi cling ludn ding nén ta c6 dpem va diu dang thirc xay ra khi
vachikhi a=2b=2c=2d =2e.
Vi du 3. Chimg minh ring véi 3 sb dwong a, b, ¢ bt ki, ta lubn o6 :
3 b3 3 b
. a s o c 22a+ +c.
a +ab+b° b °+bct+c” ¢ +ca+ta 3

Hudmg din gidi

3
>2a—b

Taco: 5 > 2
a +ab+b

o3> (2a—b)(a2 +ab+b2)

od b —ab—ab* >0 (a+b)a* —ab+b?)—abla+5)>0

& (a+b)a* —2ab+5?)>0 & (a+b)a—b) >0. (1)
BT (1) lun diing nén ta c6 : — +Z;+b2 > 2"3"’ . )
DAu ding thirc xay ra khi va chi khi a=b.
Tuongtu,tacﬁngcé:b2+l;1+czZzb;c; 3)
. cz+§;+a22263_a @

Cong (2), (3) va (4) theo timg vé ta dugc dpecm va diu ding thirc xay
rakhivachikhi a=b=c.

Vidy 4. Cho a+b=2. Ching minh a* +5* >2.

Huodng dén gigi
£ . x? + y2 x+y ?
Trudce hét ta chimg minh BDT : 5 2[ > } . (1)
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Tacé: (1)@2(:: +y) (x+y) & xl4+3y?-2xy>0
@(x-y)2>0.

BDT cudi cing ding nén ta cb (1) ding, déu « ” Xay ra khi va chi
khi x = y.

2 2 2
Ap dung BPT (1) tacé : 2 ;Fb >[‘”2rb] =l=d*+b>2. (2

Lai ap dung (1) ldn nira voi x=4a°, y=5b% tacéd :

at +pt a+b* ?

>
2 2

>1 (theo (2)).

Vay a* +b* >2, diu ding thic xay rakhi vachikhi a=b=1.
Vi dy 5. Chimg minh ring néu 0 < x< y< z'thitacé:
1

y[_+l]+.{(x+z)§[%+%](x+ z).

x z) vy
Huéng dén gidi

+§]+%(x+2)5[%+%](x+2) |

1
Taco: y[—-

x+z
xz

@(x+z)[1+i— <0
Xz y

§0®(x+z)

xyz

& (x+2)|y(y—x)+z(x— y)| <0 (i 32>0).
& (x+2)(x-y)(z—-y)<0.

BDT cubi cing ding vi 0 < x < y < z nén ta c6 dpcm.

V{du 6. Cho a, b> 0. Chimg minh — b - Ja++b.

f e

(Trich dé thi Pai hoc Hué, ndm 2000)



Hudng diin gigi

racaz%+%z&+¢3m¢z+mzm(ﬁ+m

& {(Va++b)a—ab +b) > Jab(JVa +b)

e a+b>2Jab o (Ja—-Vb) >0 (BDT luén ding).

Déu bing x4y ra khi va chi khi a = b.
Vidu7. a, b, c 12 86 dai cic canh clia mét tam gide ndi tiép trong
dudng trdn ¢o ban kinh R =1. Chimg minh rdng dé tam giac d6 nhon
(ba goc nhon) thi cin va di 1a a® + 5% +¢% > 8.

Huong din gidi
Ap dung dinh 1i ham sb sin trong A4BC, tacé :

a® +b? +¢* = 4(sin® 4 +sin® B +sin? C).
Dod6: a’+b%+c? >8> sin® A+sin? B+sin>C>?2
<> AABC nhon (Vi dy 2).
Vi du 8. Cho x,y>0 thoa didu kién x*+)°>x*+y*
Chimg minh : ¥’ +y’ <x*+3)y* <x+y<2.
(Trich dé thi Pai hoc Ngogi thiong, ndm 2000)

Hurdng din gigi
)Taco: x*+y’<x?+y*ex’—x*<y?—). 1)
Tix gia thiét suy ra : x* —x2 < y* — »*, do 46 dé 6 (1) ta cin chimg
minh : 3* — y* < y? — 3. That vdy :

V¥ -y <y—pyey-y? Sl—y@(ywl)2 >0 (ludn dang).
iyTaco: x*+y’<x+ySx—xi4+y—y*>0. 2)
Theo gia thiét ta c6 : x> —x*+y* — y* >0. Dé ching minh (2), ta
chimg minh : x—x* 4+ y—3»* >x? —x} + 3> — y*.

21
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A b) Cho a> b >c¢ >1. Ching minh :

Thét vay : x—x2+y—y22x2—x3+y3—y4
@x[l—-2x+x2]+y(l—~y~y2+y3]20
& x(1—x)* + y(1+y)(1- y)* > 0 (ludn ding).

iii) Ta chimg minh: 2—x—y>x* —x* +)° —p*
Sl-x—x*+x*+1-y—y +y*>0
S(1-0)-x*1-x)+01-y)- Y’ (1-y)>0
&1=x)0+x)+(1-p) 1+ y+y*) > 0(ding).

Vay: 2 +)y' <x¥+y  <x+y<2.

Vidu9. a, b, ¢ 13 sb tuy y thudc doan [0 ; 1]. Chimg minh :

a’ +b*+ct<1+a’b+b*c+ca
Hurdmg din gidi

Nhan xét :(1—a)(1-b)(1—c)=1—a—b—c+ab+bc+ca—abc >0.

" BPT cén chimg minh tuong duong véi BDT :

@’ (1-b)+b*(1-c)+c* (1-a)<1 (1)
Vio<a;b;c<lnéna*<a;b’<b;c*<c.Dodd:
a*(1-8)+b* (1—c)+c*(1-a)<a(l-b)+b(1-c)+c(1—a).

Vi vdy dé c6 (1) ta can chimg minh :
a(l—b)+b(1—c)+c(l—a)<1 ()
Tacéd: Q) &tl—a-b—c+ab+bc+ca>0

& (1-a)(t—b)(1—c)+abc>0. 3)

(3) &ing nén (2) dang, tir 6 suy ra (1) nrc la cé dpem.
1 N 1 > 2 '
1+a* 1+b* 1+ab
1 1 1 3
-+ + > .
1+a 1+ 1+~ l+abe

Vidy 10. a) Cho ab > 1. Chimg minh :




Hudng din giai
] 1 2 1 1 1 1
+ > & - + - >0
a)1+a2 145% “1+ab {l+az 1+ab1 {1+b2 1+ab]
o ab—a® n ab —b?
(1+a®)(+ab) (1+52)(1+ab) ~
a(b—a) b(a—b)
(1+a*)0+ab) (1+52)(1+ab) ~
@(b—a)[a(l+b2)—b(1+a2)]> - (b—a)’ (ab—1)
(1+a)0+62)0+ab) (4} +6)) (14 ab)
BDT cudi cing ding do ab >1. Vay, ta ¢6 dpcm.
1 1. 2
+ > :
1+d° 144° 1+Va’h

b) Ap dung ciu 1) tacé : (1)

Tax(l)va(2)suyra:
1 1 1 1
1 Tt ——t+—+ >2|——+
1+a° 1+b° 14 1+abe 1+\/a3b3 1+ Vabe?

—————(theo 1)) > >

4
1+\/abc +abc’

(dpcm).

1 1
+ + >
144> 146 1+ " 1+abe
Vidu 11. Chox, y, ze[O ; 1]. Chitng minh :

Suyra:

2(x3 +y° +z3)—(x2y+yzz+zzx) <3
(Trich dé thi Dgi hpc An ninh, niim 1999)
Huwéng din giii
Vix, y, z€[0; 1] nén:
(1-y?)0-2)+(1- 21—+ -x*N1-y)>0
e3> +y* 477 +x+y+z—(x2y+yzz+zzx)

> +y* + 22} +(x* + 7 + 22)~ (y + 32z + 2%x)
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(vi x> X3, x>x%)
< 2(x3 +y + 23)—(x2y +y'z+ zzx) <3.
Vi dy 12. Chimg minh ring véimoi a, b tacé :
lat+bl _ _lal+[8l
1+la+b| = 1+lal +15°
Diéu bang xay ra khi nao ?
(Trich &2 thi Pai hpc Néng nghiép, ndm 1999)

Huodng diin gigi

la+ &l |lal +15|
: < & la+b|(1+lal +18l) < (lal +16)) (1 +|a + 5
Flar A1 i el +E) <l D0 o+ £)

®|a+b|+|a+b||a|-|—‘a+b”b| < ‘a|+|b‘+|a+b||a|+‘a+b||b|
& la+b|<|a|+]p| (ding).

<i>(a+b)2 5(|a|+1b|)2 @ab§|ab|(dl'mg). Diu bing xay ra khi va
chi khi ab>0.
Vi dy 13. Chimg minh ring véi moi tam gidc 4BC , bao gidr ta ciing ¢6 :
aA+bB+cC>1
a+b+c 3
a, b, ¢ theo thir ty 14 46 dai canh dbi dién véi goc 4, B, C.
Hudmg dén gidi
Tacé: A+ B+C=m nén BDT cin chirng minh trong duong véi :
aAd+bB+cC A+B+C
atb+c 3
@3(aA+bB+cC)—(a+b+c)(A+B+C)ZO
3{(a+b+c)
& (ad—aB—bA+bB)+{bB—bC —cB +cC)
+(cC—cA—aC+ad)>0 (vi a+b+c>0)
o (a-b)4-B)+(b—c)B-C)+(c—a)C—4)>0.

BDT cuéi cung dang, vi trong tam gidc canh déi dién véi goc 16n hon
la canh 1dn hon. Vay ta co dpcm.

>0




Vidy 14. Cho x > 0. Chimg minh :
log2(1+2’)>log3[3‘+(\/§)x] 1
Huong din gidi
Taco : (1) & log, (1427) —x > log, [3* +(v2) | - x

¥ +(v2)

X

&l

1+27

X

< log,

> log,

1+

< log, 1+[%] > log, 2)

Vi—1->3/~_g- va x>0 nén l+[—1—] >1+[~@] .Do d6:
2 3 2 3

1+[l]
2

T : 271 3
og . og .
V2 V2
”[T] “’[T]
Tir (3) va (4) suy ra (2) ding (dpcm).
Vi dy 15. Cho tam giac ABC ¢6 sin A +sinC = 2sin B. Chiing minh :

log, > log, |1+

3 ] (3)

&
Tacé :

\/—2-\
1+|—
=

X

log, =log,

Sl

A c_23 .
tan — + tan ->— 1
2 27 3 1
Hudng dén gigi
Taco:
sin 4 +sinC = 2sin B & 2sin A+C cosA—C = 4sin£cos£
2 2 2 2
@cos[£—£]=2cos[£+£]
2 2 2 2
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2

A ) . ; .
< cos-z—cos§+sm§sm£: 2005£—cos£~51nﬁ51n£

2
A C 1
< tan—tan — = —,
2 2 3 )
A c) _4
Tacé: (1)< |tan—+tan—| > —
2 2 3
2
& tan£+ta.n—c— 24tan£tan§-(do 2))
2 2 2 2
A cy
& |tan——tan—| >0. 3)
2 2

(3) hién nhién diing nén (1) dung. Du ding thirc xay ra khi va chi khi :

anZan& =1
tan — =tan— 2 2 3
2 2

& A=C=60° & AABC déu.
Vidy 16. Cho AABC. Chimg minh :
sin? 4 +sin? B +sin?C > 2+/3sin 4sin BsinC.
Hudng diin giai
Ap dung dinh 1i ham s sin va cosin, ta ¢4 BDT can chitng minh tuong
duong vé&i 1 a® +b* +(a® +b* —2abcosC) = 243absin C
o at+b? —ab(x/isinC+cosC)2 0.

Vi V3sinC+cosC <2 nén:

a* +b* -ab(\V3sinC+cosC) 2 a* +b* —2ab=(a-b)" 20.
Vi du 17. Chitng minh ring trong moi tam gidc ABC, ta ddu c6 :

sinA+sinB+sinC
cos A+cos B+cosC

(1



Hudng din gigi
, . A. B .C .
Tacd: cosA+cos B+cosC =1+4sm35m—sm— >l néntacd;

(1) sin A +sin B+sinC <2(cos A+cos B+cosC)
< sin(B+C)+sin{A+C)+sin(4d+B)<2cos A+2cosB+2cosC
< sin BeosC +sinCcos B +sin AcosC +sin C cos 4
+sin Acos B+sin Bcos A <2cos A+2cos B+2¢cosC
<> sin A(cos B+cosC) +sin B(cos A+ cosC)
+sinC(cos:4+cosB)<2cos‘A+2cosB+2cosC
& (cos B+cosC)(sin 4—1)+(cos A +cosC)(sin B~1)
+(cos A+cos B)(sinC-1)<0 (2)
A+ B osAvB

Ta lai ¢cé cos B+ cosC = 2cos ¢ = 25in—C—cos 4 —
2 2 2 2

sin4—-1<0.
Do 46 (cos.A+cosC)(sin 4—1) <0 nén vé trdi cua (2) khong duong.
Mt khac ddu ding thic khong thé xay ra vi khong thé dong thoi ¢6
sin 4 =sin B=sinC. V4y ta c6 (2) tirc 1a ¢ dpcm.
Vidu 18. AABC la tam gic bét ki, chimg minh :
(1—cos A)(1 —cos B)(1 —cosC) > cos Acos BeosC.

Diu bat ding thirc xay ra khi nao ?

(Trich dé thi Pai hpc Dwygc Ha Npi, Ndm 2000)

>0;

Hudng din gidi
o Néu tam giac vudng hoc th thi :
(1—cos A)(1-cos B)(1—cosC) >0=cos Acos BeosC.
nén BDT dung.
e Néu AABC nhon thi BPT turong duong véi :

_2 2 _2 2 1y 12
[1_1 x2] 1_1 y2 [1_1 zszl xz.l yz.l zz. )
1+x 1+y 1+z I+x° 1+y° 1+2

(vc')'ix--tan—“1 —tané z—tang)
A Rty
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Tacd: (1) 2x2.2y% 277 2(1—.7c2)(1—y2 )(1—22)

2x 2y 2z

. . >
1-x? 1-y? 1-2?

111
xyz

<:>tanA.tanB.tanCzcot§+cot§+cot—§

& tanA+tanB+tanCZcot%+cot-§+cot%.

sinC 2s5inC

Mi: tanA+tan B = =
cosAcos B cos(A—- B)+cos(A+ B)

. C C
4sin —cos — C
2-——2—2=2cot—.
1-cosC 2

Déu “=" xay ra khi va chi khi 4= B.
A B
Twong tu : tanB+tanC22cot~i- ; tanC+tanA22cot3.

Cong vé theo vé cac BDT trén ta ¢6 dpem.
Déu “=” xay ra khi va chi khi A4ABC déu.

Vidy 19. Vi tam gidc ABC, dit T =sin? A +sin? B+sin? C. Chimg
minh ring ABC 1A tam giac ¢ ba goc nhon khi va chi khi T > 2.

Huong din gigi
Tacé: T = l_C;SZA'-i-1_‘:;523+1—0052C

=2~ %(0052.4 +¢0s2B)—cos? C =2—cos(A+ B)cos(A— B)—cos’ C

=2+cosC[cos(A~ B)+cos(A4+ B)] =2+2cos Acos BcosC.

cosA>0
Vay: T>2 & cosAcos BcosC >0 & scos B> 0 < AABC nhon.
cosC>0



Vi du 20. Chimg minh ring néu ABC khong phai 14 tam gidc ti thi :
(14 sin? 4)(1 +sin? B)(1+sin’C) > 4.
(Trich dé thi Pai hoc K7 thugt Cong nghé, nam 1997)
Hudng dén gii
Tacé : sin Asin B > sin Asin B—cos Acos B=—cos(A+ B)=cosC

(vi A4ABC khong ti)
Tuong tyr : sin BsinC > cos 4 ; sin AsinC > cos B.

Do d6 : (1 +sin? A)(1+sin2 B)(l +sin? C)
=1+sin? A+sin® B+sin’ C +sin® 4sin’ B
" +sin? Bsin® C +sin? Csin? A+ sin® Asin® Bsin? C
>1+sin’ A+sin® B+sin’ C +cos? A+cos> B+cos? C
+sin® Asin® Bsin® C > 4 (dpcm).
Vi du 21. Chimg minh ring v&i moi sb thuc duong x, y, z thoa min
x(x+y+2z)=3yz, tacod:
(Jc+y)3 +(x+2) -}-B(x-|-y)(x+z)(y+z)SS(y-i—z)3
(Trich dé thi Pai hpc, Khéi A, ndm 2009)

Hudng din gigi
Taco: x(x+y+z)=3yz@1+l+i=.3.}.).‘i
X X X X

Pitu=2>0,v=2>0, fr=u+v>0. Taco
X X

u-+t+v

2 2
1+t=3uv§3[ ] =3%@3t2—4t—420

&t-203t+2)>01>2
chia hai vé cho x* ciia bit ding thirc cin chimg minh, ta dugc :
A+u) +0+v) 130+ +Wu+v) <Su+v)
&2+ =304 1+ =30 +0)1+v) +30+w) 0+ ) <51
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&2+ —60+)A+v) <52 & Q2+ —6(1+u+v+uv) <5

& (2+1) —6[1+t+-1%]5513 &4 -6 —4>0

& t{2t+1)(r—2)>0 dlng va ¢ >2

C.LUYENTAP

Cho a, b, ¢ bat ki. Chimg minh :
a) a’+b*+c*>ab+bc+ca;
b) (ab+ bc+ ca)’ >3abc(a+b +c)
(Trich dé thi Pai hoc S pham, nidm 2000)
3 3 3
a+ b] <ot b ‘
2 )7 2
(Trich @2 thi Pai hoc Y Ha Nji, nim 2000)
Cho tam gidac ABC. Chimg minh :

Cho a, b ¢6 a+5b>0. Ching minh ; [

cot£+cot£+cotgz3[tan£+ tan£+ tang]
2 2 2 2 2 2

Hwo’ngdzfn:Batxzcoti;-, y=cot-§,z=cot% va x+y+z=2xyz
BDT cin chimg minh trong duong véi :

1 1 1 2
—+—+—|(a+y+z) 23 (xy+yz+2x).
Xy oz

Cho x, y, z> 0. Ching minh :

x+y+2z2>3

J2 o+ Ay 22 A 2 2B+ y+2).

(Trich dé thi Hoc vign Quan hé Quoc té, ndm 1997)
Huémg dén : x* + xp+y* = %(4,:2 +4xy+ 4y2]

» =%[3(x+y)2+(x—y)2]2:3{(x+y)2
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Suyra: x* +xy+y? 2£(x+y).

2
Cho a, b, ¢, d tuy y. Chimg minh :

J(a+c)2 +(b+d)’ <Va*+b* +y +d?
Cho a>¢>0 va b>c. Chimgminh: Je(a—c)+ Je(b—c) < Jab
Chimg minh : x® +x% —4x*+ x> +1>0, VxeR.
Hieong dén : Vé tri bing : x* (x> —1)" +(x* —1) >0.

Chimg minh : VI+! +V1— 2144112 2212, Vi €[-1;1]
(Trich dé thi Pai hoc Quéc gia Tp. HCM, nam 2001)

§ 9. PHWONG PHAP DUNG PHEP CHUPNG MINH
PHAN CHUPNG

A. KIEN THUC CO BAN

Gia st cn phai churng minh BDT nao dé diing, ta hady gia st BDT d6
sai va két hgp véi cac gla thiét ¢é suy ra két qué v6 li. Pidu vo li co
thé 14 diéu trdi gia thiét, c6 thé 1a diéu trai véi mot diéu ding. Tir d6
suy ra BDT cén chimg minh 12 dtng.

8. VI DU AP DUNG

Vidu 1. Cho 0<a, b, ¢ <1. Chimg minh ring cé it nhit mdt trong
cic bat dang thirc sau 13 sai :

a(l—b)>%;b(l—c))%;c(l—a))%.

Hudng din gii
Gia sir cac bit ding thirc trén déu ding, khi d6 nhan vé véi vé cac bét
ding thirc trén lai vé6i nhau ta duoc

1
a(l—a)b(1~b)c(l—c)>—6-z. (1)
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Talaico: a(l—a)=a—a* =

-

2
_[l_a+a2]=l_[a_l] Sl
4 4 2 4
1

Tuong tr : b(l—b)_<_z; c(l-c)<

¥ N

Do 0<a, b, c<1 nén a(l—a)>0, b(1—=56)>0, c(1—c)>0 vi lic
d6 ta c6 : a(l—a)b(l—b)c(l—c)S%. 2)
Tir (1) va (2) ta gap mau thuin. Vay c6 it nhdt mot trong cic BDT
da cho 1a sai.

Vi dy 2. Chimg minh ring, néu a,a, > 2(b, +b,) thi it nhit mdt rong hai
phuong trinh x* +ax+5 = 0; x* +a,x+b, = 0 c6 nghiém.

Huong din gidi
Gia sir ca hai phuong trinh di cho v nghiém, khi d6 A, = af —4b <0
vai A, =a; —4b, <0. Do db :

a +a; —4b —4b, <0 = a} +a; < 4(b, +b,) < 2a,a, (theo gii thiét)

= (@ —a,)” <0 (v6 1i).
Viy c6 it nhit mot trong hai phuong trinh da cho c6 nghiém.

Vi dy 3. Cho basd a,b,c théamin a+b+c>0, ab+bc+ac>0,
abc>0.Chimgminh a>0, >0, ¢> 0.

Hieong dén gii
Giastr a<0 thitr abc>0=a=0 do & q<0. Mait khac abe >0
vaa <0 nénsuyra ch<0. Tx ab+bc+ca>0= a(b+c)>~bc>0.

Vi a<0 ma alb+¢)>0= b+c<0. Cudi cing, ta ¢6 a<0 va
b+c<0 nénsuyra a+b+c<0 trai gia thiét a+b+c>0. Vay
a>0. Tuongtutaco b>0, ¢>0.

Vi du 4. Cho 4 sb a, b, c, dthda man diéu kién ac>2(b+4d).
Chimg minh ring c6 it nhit mot trong cic bit ding thirc sau la sai :
a® <4b, ¢t <4d.
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Hucéng din giai
Gia sir hai bit ding thirc : a® <4b, ¢*> <4d déu ding khi d6 cong
cic vétaduoc: a® +c2 <4b+d) : 1)
Theo gia thiét taco : 4(b+d) < 2ac. )

Tur (1) va (2) suy ra @’ +¢? <2ac hay (a—c) <0 (v6 li). Vay

trong hai bat dang thitc a® <45 va ¢’ <4d c6 it nhit mt cdc bét
déng thic.

Vi du 5. Chimg minh ring, néu a+b=2cd thi it nhit mét trong hai
bét ding thirc sau day la diing :

A>a:d*>b
Hiréng din gidi
Gia sir ca hai bat dfing thic déu sai. Ta co
[cz <a {cz—a<0
=

5 , =ct—a+d*-b<0
d <b d —-b<0

>+ d —(a+b)<0=>c*+d?* —2cd <0=(c—d) <0. Vb li.
Chimg to hai bat dang thirc khong thé cung sai
Viy it nhit mot bat déng thirc ding.

C.LUYEN TAP
Cho abc = 0, ching minh ring cé it nhit mot troﬁg ba phuong trinh
sau cd nghiém :
ax2 +2bx+c=0,bx* +2cx+a=0, ex* +2ax+b=0.
Cho a, b, c€(0; 2), chimg minh ring c6 it nhit mdt trong céc bat
ding thirc sau la sai: a(2—b)>1; b2—¢c)>1; c(2—a)>1.
Cho x, y, z> 0 va xyz = 1. Chimg minh ring néu :
1 1 1
x+y+z>———+—
X y z
thi ¢6 mdgt va chi mét trong ba sb x, ¥, 2 lémhon 1.
Hudng ddn : Xét tich (x — )y —)(z—1).
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9.4 Chimg minh ring trong ba BDT sau day c6 it nhdt mot BDT dung :

9.5

34

b 2 ‘ 2 2
a2+b22( ‘;c) ;bz_!_czz(c“'za) ;cz+a22(a+b) _
Huodmg ddn : Gia sit ca ba BDT déu sai ta c6

(b+c)2

\ 2 2
a’ +br < ‘b2+cz<M'c2+az<(a+b)
b 2 5 .

Cong cac bat ding thic trén vé theo vé ta duge didu vd Ii.
Chimg minh ring néu a,a, >2(b, +b,) thi.c6 it nhat mdt trong hai
phuong trinh : x> +ax+5 =0; x* +ax+b, =0 c6 nghiém.

§ 10. PHUWONG PHAP DUNG QUY NAP TOAN HQC

A. KIEN THUC CO BAN

Dé ching minh bit ding thic ding véi n>n, ta thyc hién cic
budc sau :

1) Kiém tra bét ding thic ding v&i n=nj.

2) Gia sir bit déng thirc ding véi n =4k (thay n=k vao bét ding thic
cin chimg minh va bit ding thirc d6 dwgc goi 12 gia thiét quy nap).

3) Ta chimg minh bt ding thic ding voi n=k+1 (thay n=k+1
vao bit ding thitc cin chimg minh rdi bién dbi dé ap dung gia thiét
quy nap)

Két luéin bit ding thirc ding voi moi n> n,.

B. Vi DY AP DUNG

Vidu 1. V&imoi n>1, n€N, chimg minh :

11 1
4=t =t b= 2 20+ 1 2.
V2 B Jn



Huong din gigi
*Véin=1.Taco: 1>2J2-243>2/2 (BDT ding).
'Gié.sfrBDle’mgvéi n=k, nghialé:
L
+-- + >2\/k+ -2.
J’ B Jk
>2Jk+2-2. )

1 1 1
Tachimgminh : 1+ =+ —+ 4+ ——
NG Jk+1
Tacod:

1 1 1 1 1

11
I+t —t ot S DL I S TP LN [P
NoING Jk+1 V2 Je) k41
>2Jk+1-2+

1
JE+1

\/El+_1 >2Jk+2-2. (@)
Tac:(2) & Jhk+1(2Vh+1-2)+1> Jk+1{2k+2—2)

S22+ D) =2k +1+1> 20k -1k +2 —2Jk +1
Sk+D+k+2)-2Jk+1Jk+2>0

o(Jkri-vkt2) >o0. ' 3)

Bit dang thirc (3) ludn ludn ding nén ta cé (2) dung. Tir d6 suy ra bat
dang thie (1) dung, tirc 14 bit ding thirc ding véi n=k +1.

Viy bét ding thirc dung véi moi n> 1.

Bé ¢6 (1) ta chumg minh : 2k +1 -2+

Vidu?2 a b, cla s6 do ba canh cia mdt tam gidc vudng voi c la
canh huyén. Chiing minh : a" + b < (n>2,ne N)

Huong dtfn gidi

® V6i n=1: Theo Dinh li.Pi- -ta-go ta ¢6: a® +b* =c? nén bat ding
thirc x4y ra déu bing. Viy bét ding thire ding khi n=1.

® Gia sir bt dang thirc dung véi n=k, ticlatacd : a®* +b* <.
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® V6i n=k+1 tachimgminh: a*** 457 < 2+,
Taco: e =20 > (2 +57)(a™ +5%*)

#CZH-Z Za2k+2 _I_b2k+2 +a2b2k +a2kb2 Z a2k+2 +b2k+2
Viy BDT ding véin=k +1.

Do d6, bit ding thirc ding véi moin > 1.

Vi dy 3. Chimg minh \/a+\/a+ +Ja 4a+ véi a > 0.

n dau can

| Hudng dén gidi
¢ V&i n=1tacd: Ja < FT¥a+1 ";"“¢2\/Z<1+\/4a+1
S4a<l+4a+1+2J4a+1 & 0< 2+ 2J4a+1(ding).

® Dit : x,,z\!a+\/a+-~+\/;|. Gia sir bat ding thic ding véi

n d%u cAn
n=k thcla: x, < 1+,4a+ . Tacé x,,, = Ja+x, nén:
2 1+Vd4a+1 2a+1+Jda+1
xH =a+xk<a+ = .
2 2
Tir 86 suy ra :
2
2 4a+2+2J4a+1 [1+J4a+1 1++da+1
X401 = =>xk+l<—_‘
4 2 2
Do d6 bét ding thirc ding v&i mei n>1.
Vidy 4. Cho x, >, i =1,n. Chimg minh:’
1 n 1 et 1 > 1
I+x  I+x, 1+x, 1+q/x,x2...x"
Hudmg din gigi
-Khin-—-I:Véu'éibéngvéphéivébéngl_: . Vay bat dang thirc ding.
X



n
e Gia sir BDT dting dén n, tirc litaco :
z 1+x, 1 + \/x,xz
e Ta ching minh bat ding thirc dting dén n+1, titc 14 chimg minh :

n+l 1

2

m 1+x, 1+mx . x x,,

n+l

Tacé:
n+l n
1 -1 -1
Z + n- Z + 1
1+x, 1+rv+\/xl XX, o 1+x,. 1+x 1+mYx, ...x X,
> n n > 2n
1+§/x,... 2 1+l x,x

n"n+l
el
1+\/(x[ X )m X

Mg n+l

Vay : >
y §1+x‘ l+n+|x] XX

n"n+l

, suy ra dpcm.

Vi du5. Chimg t6 nfu a, b 1a hai sé tuy ¥, thoa min diéu kién
a+b >0, thi voi moi sb nguyén duong n, ta déu cé :

[a +b] <4 +b (1)
2 2
Huwong dan gidi
o V& n=1, BDT ding
e Gia st BDT &iing véi n=k, nghiala:
k k k
_ [a+b] <9 +b ™)
2 2 _
e Ta cin chimg minh BDT ding véi n=k+1. Nhan 2 vé (*) véi
a+b >0, ta duoc :

[a+b]"+‘ <[a* +b"][a+b]_ a**' £ b**' 4 a*b + ab*
2 - 2 2 4
ak+l +bk+| ak-H +bk+l —akb*abk

2 4
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a0 (a—b)(a* —b¥)
2 4

Ta chimg minh dugce (a—b)(a* —5*) >0

T 2
Viy (1) ding véi moi sb nguyén duong n.

k+1 k+l k+1
Nén [a+b <4 +5b

C. LUYEN TAP
10.1 Chimg minh ring véi n sb nguyén dwong phan biét a,, a,,...,a,, taco:
n n 2
Zai 2[2“*} .
k=t . k=1
10.2 Cho x,x,,...,x, 21. Chitng minh :

1 1 1 n
+ +oet > .
I+x, l+x, I+x, 148x.x,...x,

k
i D_em o

3

10.3 Chimg minh ring véi moi k=1,2,....,n, tacé : >
k=1

§ 11. PHUWONG PHAP DUNG BAT BANG THUC
VE CANH CUA TAM GIAC

A. KIEN THUC CO BAN

Khi gap bai toan chimg minh bit ding thirc ma cédc biéu thitc trong bat
ding thirc cAn chimg minh ¢6 lién quan dén d6 dai cic canh cia tam
giac thi ta nén xudt phat tir cac bét ding thitc vé& canh cua tam giac dé
bién ddi dua dén bit déng thirc cin chimg minh.

Néu a, b, ¢ 1a d6 dai ba canh cia mét tam gic thi g, b, ¢>0 v
b—cd<a<b+c;la—c<b<a+c:la—bl<c<a+b.
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B. Vi DU AP DUNG

Vi du 1. Chiing minh ring néu a, b, ¢ 13 83 dai cac canh ctia mét tam
gidc thitaco : @’ +b* +c* <2(ab+bc+ca).
Hudng din gidi
a, b, ¢ 12 49 dai ba canh cta tam giac nén ta cé :
O<a<b+c=a*<a(b+c);
0<b<a+c=>b2<b(a+c);
0<c<a+b=c? <c(a+5).
Cong vé vé6i vé cac BDT trén, ta dugc :
a’ +b* +c? <2(ab+be + ca) (dpem).

Vi du 2. Goi r, R 1a ban kinh dudng tron ndi tiép va ngoai tiép tam
gidfc ABC ¢6 cic canh A a, b, ¢. Chimg minh :

a) (a+b—c)b+c—a)Ya+c—b)<abc;b) R>2r.
Huwdng din gigi

a)Cdchl. Tacod: a>lb—cl=a*>a*—(b—c) >0;
b>la—cl=>b2>b>—(c—a) >0;
¢>la~bl=c? >c? —(a—b) >0.

Nhén vé v6i vé cac BDT trén, ta duge :

a’b*c? 2[[12 --(b—c)Q][b2 —(c—a)Z][C2 —(a—b)zl

>la+b—c)la+c—b)b+c—a)b+a—c)x(c+a-b)(c+b—a)

>(a+b—c)(b+c—a)(c+a—b)
Suy ra: abe > (a+b—c)Xb+c—a)c+a—b). Diu “=" xay ra khi va
chikxhi a=b=c.
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Cdch 2. Diing phép bién dbi twong duong ta chitng minh duge BT :

2
xy < [H-Ty] (c6 thé 4p dung BDT Cauchy).

(a+b—c)+(b+c—a)f
2

Tacd: (a+b—c)(b+c—a)< =».

Tuongtr: (b+c—a)lc+a—b)<c’
(c+a—b)(a+b—c)§a2.
Ciac vé ciia ba BDT trén déu duong nén khi nhan vé véi vé thi duge :
(a-{-b—c)2 (b+c—-a)2 (c+a—b)2 < a’*b’ct.
Suyra: (a+b—c)b+c—a)a+c—b)<abc (dpcm).
b) Goi S la dién tich cua tam giac ABC, ta c6 cong thirc :

abe S abc
=_=pr=>r=— vai R———.
4R P 4S
Do 46 : R L bzc = pabe (cong thirc Hérong)
S 48*  4p(p—a)(p-b)(p-c)
2abc

= 2 a
(a+b—c)(brc—a)cra—p)~ (heocdua)

Suy ra R>2r (dpcm). DAu ding thic xay ra khi va chi khi
a=h=c, tirc 14 tam gidc ABC déu.

Vidy 3.a, b, ¢ 13 8§ dai ba canh cia mét tam giac vai chu vi 2p.
Chimg minh :

) (p—a)(p—b)(p—c) < 25

b) 22[1+l+l].
p—a p-b p-c a b ¢

Hieong din gidi

a) Thay p= ﬂ? vao BDT cén chimg minh thi dugc BDT :

(a+b—c)(b+c—-b)(a+c-—b)Sabc,



Day 14 két qua cia Vi du 2. — Trang 34. ,
b) Dung phép bién dbi tvong duong hoic dimg BDT Cb-si ta c6 BDT :
11 4

Véix, y>0 thi: —4+—> . (1)
x y x4y
Ap dung (1) tacé - P > 4 =i;
p—a p-b 2p—a-b ¢
- 2 : =i; - 2 L.
p-b p—c 2p—-b—-c a p—-c p—-a 2p-c—a b

Cong vé véi vé ba BDT trén, ta duoc :
pl—a + pl—b + p-l-c > 2[%+~;—+E] (dpcm).
Déu diing thirc xay ra khi va chi khi a=b=c.
Vi du 4. Chimg minh ring néu a, b, ¢ 14 46 dai cua céc canh cua mét
tam giac voi a< b <c thi: (a-HH—c)2 < 9bc.

Hiebng dén gigi
Vi a<b nén a+b+c<2b+c.Tachimgminh: (2b+c¢)° <9%c (1)
Tacd: (1) « 4b> —Shc+c <0 & (4b? —4be)+ (2 ~bec) <0

& 4b(b—c)—c(b—c)<0 o (db—c)(b—c)<0. (2)
Q) ding vi b<c va 4b—c>a+b—c+2b>0. Viy taco (1), tir dé
suy ra: (a-}-b~}~c)2 5(2b+c)2 < 9b¢ (dpecm).

Vidu 5. a, b, ¢ 1a 46 dai ba canh cia mét tam gidc. Chimg minh :
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_ U@ b)) g als? )bl —a?).

abc
Mat khac :
cla* =) +ab? —c?)+b(ct —a?) =
—c[(a ¢?)+(c? bz)]+a(b2—c2)+b(c2—az)

—cla® =)t el =) +alp? )+ b(c? —a?)
=(a® —c?)(c—b) +(c? —bz)(c——a)=(a—c)(c—b)(a+c—c—b)
=(a—c)(c-b)(a-b).

Do dé - £+é+£_3_£_2=|(a—c)(c—b)(a—b)|<b.a.c=1'
b ¢ a ¢ b a abc abc

(Vila—cl<b ;le—bl<a; la—bl<e).
Vidu 6. a, b, ¢ 13 dj dai ba canh ciia mdt tam gide véi a < b <c. Chimg
tdring : a* (6% —c?)+ b (c? —a?)+*(a® - b?) <.
Hudmg dén gidi
Ta phén tich vé trai (VT) cia BDT cin chimg minh ra thira s6 :
VT =a° [(b2 —a?)+(a? —cz)]+b3(c2 —a*)+c* (a? —p?)
= (B —a)+a*(a? =)+ (2 —a?) + & (a? —b?)
=(a? -8 )c* = a*)+(a* - ?)a* ~b*)
=(a—b)(a—c)[—(a+b)(c12+ac+c2)+(a+c)(a2+ab+b2)]
=(a-b)a—c)b—c)ab+bc+ca)<0 (via<b<ec).
Vay ta ¢6 dpcm. '
Vi du 7. Ching minh ring néu a, b, ¢ 1a 8 dai ba canh cua mot tam
gidc, tacé: alb—c) +blc—a) +cla+b) >a* +b + .
Hudng din gigi
Taco: alb—c) +blc—a)l +cla+bY > +b +3 o
RN a[(b—c)2 —az]-irb[(c——a)2 —b2]+c[(a+b)2 —c2] >0



salb+a—c)b—c—a)+blc+b—a)c—a—b)+
+cla+b—c)la+b+¢c)>0

@(a-l—b—c)(ab—ac—az-—_bc—bz+ab+ac+bc+c2)>0
@(a+b—c)(2ab~a2—b2+c2)>0@(a+b—c)[c2—(a—b)2]>0
& (a+b—c)b+c—a)a+c—b)>0.
BDT cudi cung ludn diing vi a+b>c, b+c>a, a+c>b nénta
c6 dpcm.
Vi dy 8. Cho tam giac ABC v6i A> B> C. Ching minh :

ho ko h h

h h
_G+_+_'-‘>_b..|__ﬂ_|__t,
h, h h,h,  h  h

trong 46 h,, h,, h, 12 46 dai cua ba dudng cao xuét phat tir 4, B, C ;
a, b, ¢ 1 45 dai canh tam giac theo thir tyr dbi dién véi géc A4, B, C.

Hurdng din gidi

Taco a>b>c va ha=§;hb=%;hc=2—s- voi S 1a dién tich
a c

tam gidc ABC. Ta cén chimg minh : 2+£+£2£+2+£.
a b ¢ b c a

BDT nay tuong dwong véi (b—a)(b—c)c— a) > 0 (ding).

C. LUYEN TAP
Cho AABC c6 dé dai ba canh 1a a=BC, b=CA, c=AB.
Ching minh :
my —° b ¢

: >3,
b+c—a a+c—-b a+b-c

112 V2(a+b+c)<a? +b2 +Jb2 +¢* +yc? +a* <3 (a+b).
11.3 2% + 2% +2c2a* —a* —b* —c* > 0.
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§ 12. PHUONG PHAP DUNG PHEP /TiNH TONG
HOAC TiICH HO'U HAN

A. KIEN THUC CO BAN

Dung cac tmh chit BPT & dua mjt BPT cén chimg minh vé dang
tinh dugc tong hiru han hoic tich hiru han.

e Phuong phdp tinh tong hitu han. Gia sir phai tinh téng
S,=u +uy+---+u,
Ta biéu dién sb hang téng quat u, vé hiéu cia hai s hang lién tiép
nhau u, =a, —a,,,. Khidé:
S, =(a,-a,))+(a, -ay)+--+(a,-a,,)=a -a,,.
o Phurong phdp tinh tich hiru han. Gia st phai tinh-tich
P=uu,..u,. .
Ta biéu dién thira sb tdng quat u, vé thuong cla hai s6 hang lién tiép
a, a a,

a2 a
ko Khidé: P=—"L.22...n —
Apery a, a, a

nhau u, =

B. Vi DU AP DUNG

Vi du 1. Chimg minh cic BDT sau véi » 14 sb nguyén duong :
1 1
pledodo 1L,
9 25 49 (2n+1)° 4

b) 2Jn+1-2<1+— <2f 1 (n>1).

FEYYT

Hudng din gidi
a) Ta bién dbi sb hang tdng quat :

1 1 1 It 1 ]
= < = ——-———1.
(2k+1)°  4K*+4k+1  4k(k+1) 4[k k+1

Vo k=, tmes: L L1
9 41 2



Véi k=2, tach:

Voi k=3,tacod:

Vai k=n,tac6:;2<-l-ll— ! ]
: (2n+1) 4in n+1

Cong vé voi vé cac BDT trén, ta dugc :
L+L+...+;<l{[1_1]+[l_l]+[l_l]+ .
32 5t Gn+1) 4L 2) (2 3/713 4

+[l— ! ]<l[l~L]<l(dpcm).
n n+l 4 n+l1)] 4

L ! 1 <\/k+1—ﬁ<L

b
) W+l Jek+1+vk 20k 2k +1 2k
Turdésuyra: —=> 2(VE+1-E) ; (1y

Jk _

i
<2(Vk+1-k). 2

Vi +1 )

V&i (1) cho k 1an luot bing 1, 2, 3, ..., n rdi cong lai ta dugc :

71_1—+%+m+%>2(«/n+1—1). 3

Vi (2) cho k Y¥n lugt bing 1, 2, 3, ..., n—1 1di cong lai ta dugc :

l+L+---+L<2(.~/;—1)'

Ji J3 Jn
Suy ra : 1+\/_ J‘ J_<2J_ 1. ‘ (4)
Tu (3) va (4) suy ra dpcm.

Vi du 2. Chimg minh ring v&i moi sd nguyén duong » tacé :
1 1 1

e <2
2 32 (n+1)Jn
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Huong din gidi
Ta bién dbi sb hang tdng quat ciia vé trai BDT :
1 Jk k[ 11 ]

G+DJk kxk+D VA% k1

)

AR S B S
vay'(kn)\/id[ k k+1]'

Véi k=1, taco: %<2[-1—-——1—].

1 2
Véi k=2, tacH: L<2[L«-LJ
. 3v2 2 3
Véi k=n tacé-;d[_}_-_l_]
| “(n+)n In Jn+l)
Dod6:1+ 1

1 1
2| 1-——— | <2 (dpem).
AEN/ M +(n+l)\/;<( Jn+1_J< (Gpem)

Vi du 3. Goi a, b, ¢ 1a 80 dai c4c canh va x, y, z 1a 46 dai cac duong
phén giac trong cua tam giac ABC. Chimg minh :

11 1 1 1 1
—t—t—>—F+—+-.
x y z a b ¢

Huong din gidi
Gia sir AD 1a dudng phan giac trong xudt phattir 4. Taco :

. . . A
SABC=SABD+SADCﬁ%bcsmA=-;-cxsmf-+lbxsm—
. A
= 2bcsini;-cos% =x(b+c)sin=
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2bccos
CCOSE 2bc A
=>x= < (0<cos—<1)
b+c b+c 2

:>l>b+c__g[l+1]

= . 1
x 2bc 2lb ¢ M
Tuong ty l>1[l+l]; @)
y 2la ¢ _
1 111 ]
—>—|—+—]. 3
z 2[a b] 3

Cong (1), (2) va (3) vé véi vé, tacd : ~l-+l+l>1+1+1.
x Yy z a b c
Vidy 4. Chimg minh - <+ 3. 2% L
> 15 2°4 100 10

Huwdng din giii
Trude hét, ta chimg minh bai to4n tong quat :

1 3 2n-1 1
< (nx1)
24 2n 2n+l

2k —1 \/(2k —1)2 \/(2k—1)2 Dk -1 :
Tacod: = < = . (1)
2 Jak? Jari -1 N2k +1

Lan luot cho k=1, 2, ...,n taduge n bit ding thuc dang (1), sau dé
cac bit ding thirc 46 vé theo vé, ta dugc :

3.2n-1 13 Y1
4 2n B35 n+l n+d

13 99 1 1
Véi n=50,tacdH: — = — << —. 2
2 4 100 101 10 @)
Mit khac ta ¢ :
[l.i... 99 ]2 1132990 1 -1)s 1) (997 1)
2 4 100 2242 ..100 2%.4% ..1007
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Suyra:(l 3 100] (24)(46) (08.100) _ 1 _ 1

2 4 2242..100° 200 225
Dods:1.3..22 1 (3)
2 4 100 15
1 13 99 1
T (2)va3 D — == —— < —.(d
r (2) va (3) suy ra 15<2 4 100 10 (dpem)
Vidu 5. Cho n nguyén duong, chiimg minh :
2"1.2..n 1

feed < .
" 1.3.5..(2n43) \/(,,H)s
Huong din gidi
Tacé: 2n+3=(2n+3) =Van? +12n+9 > Jan? +12n+8.
Hay : 2n+3>\/4(n2+3n+2)=2 (n+1)(n+2).

Tuong tu : 2n+1>2,/nin+li 1 3=2.1+1>2V1.2.

2°1.2..n 2"2.n

< .
1.3.5...(2n+ 3) 2" 1242334, f(n+1)n+2)

Dods: I, =

1

1
=1, <.
n+1Nn+ n+1)\/n+1)2 J(n+1)

C.LUYENTAP

Vay: I,<

] 1 1 i 1
12.1 Chimg minh —+—+---+—<1——,
& 22 32 n? n

12.2 Chimg minh -;3---2"_1 1

< .
4 2n  2n+l
(Trich dé thi Dai hoc Thdi Nguyén, ndm 2000)

12.3 Ching minh Z > <2, Vnel
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12.4 V&i moi sb ty nhién n> 1. Chimg minh :
11 1 3
—<— ot <=,
2 n+l n+2 n+n 4

12.5 Ching minh rzing véi n 1a sb nguyén ducng, tacod:

<2Jn-1

fff**f

§ 13. PHUONG PHAP DUNG BAT BDANG THUC CO-SI

A. KIEN THUC CO BAN

Sir dung B4t ding thic Co-si 12 mt trong nhimg phuong phép hay
dung nhat va ¢6 hiéu qua nhat d¢ chimg minh bt dang thirc.

Cho n s6 khéng am q,, a,,..., a,. Tacé BDT :

a+a,+...+a, > "'_alaz---a"

n

Déu ding thitc xay ra khi va chikhi g, =a, =---=a,,.

B. Vi DU AP DUNG

Vidy I. Cho a, b, ce[0 ; 1]. Chiing minh :
a b c
+
b+c+1 a+4+c+1 a+b+1
(Trich dé thi Dai hoc Sw pham Tp. HCM, nim 1995)

+1-a)0-b)(1-0c)<1.

Hudng dén giai
Do vai trd cita a, b, ¢ nhu nhau nén cé thé giastr a<b<c Ap dung
BDT Co-si, tachd :

k)
(a+b+1)(1~a)(1—b)s[(a+b+1)+(;_a)+(1_b)] -1

Suyra: (1-a)(1-5)< ; 1-a)(1-b)(1-¢) <

a+ a+b+l
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Via<h<enin — % <2 a_ b b pogs

b+c+1 a+b+l  a+c+1 a+b+1

a b c
+ + +{l-a)(1-b)(1-¢)<
b+c+l a+c+]l c+b+1 (1-a) Y(1-c)

<9 b 4 +1—c=a+b+1
a+b+1 a+b+1 a+b+l a+b+1 a+b+l
Vidu 2. Cho AABC c6 d6 dai céc canh 12 a, b, ¢ va sb do cic géc Ia
A, B, C. Chimg minh :

=1 (dpcm).

a) ab(a + b — 2¢) + be(b+c-2a)+cala+c—2b)20. 1)

b) ! + L + ! 212, : 2)
.24 . B . ,C
sin“— sin®— sin‘—

2 2 2

Khi nao cic ddu dang thirc xay ra ?
(Trich & thi Pai hpc Quic gia Tp. HCM, nim 1998)

Hudng din gigi
a) Tacd : (1)< abla+b)+be(b+c)+calc+a)>6abc

@a+b+b+c+c+“26@{£+ﬁ]+[é+i]+[é+£]26.
c a b c a c b a b

Ap dyng BDPT Cb-si cho hai sé duong rdi cong lai ta dugc dpcm.
Déu “=” xay rakhi a=b=c. '

b)Tacé: (2) < cdt2§+cot2 —?-{-cotz Cso

Trong AABC ta ludn cé : cot-§-+cot§+cot£ = cotﬁcotgcot%.

Ap dung BPT Cb-si cho ba sé dwong ta cé :

coti + cotg— + cot—q > Bi/coticotécot£
2 2 2 2 2 2

= cotﬁcot—licot—c- > 3\/3.
2 2 2



Lai 4p dung BDT C6-si, taco :

2
cot? g +cot? §+ cot? % > 31)[cot1;-cot—§-cot%] >9

= dpcm.
Déu “=" xay ra khi va chi khi AABC déu.
Vidy 3. Cho 0<x,y,z<1. Chimg minh :
x y z . 3 1 1 1

+ + + +—
1+x* 14y* 1422727 14x 14y 1+z
(Trich dé thi Pai hoc Hang hdi, ndm 1999)

Hueomg dan gidi
2x 1+x2 x 1
a Tac(’): < = S_’
) 1+x?  1+x? l+x* 2
Tuongty: —2 <1, 2 1

1+y* 2 1+22 T2

Do 46 : x2+ y2+ 2251.
I+x° 1+y° 1+z° 2

Déu “=" xay rakhi vachikhi x=y=z=1.
b) Ap dung BDT Cé-si cho ba sé duong ta c6 :

L1 (1+x+1+y+1+2)2
1+x 1+y 142z

1 1 1
>33 —————— 31+ x)(1+ y) A+ 2) >9
- Jl+x 1+y 142 {/( )( _ y)( -
: + L + 1 > 2 Zi
I1+x 14y 14z 34x+y+z 2
Déu “=" xay rakhi vachikhi x=y=1z=1.

Vi du 4. Cho a, b, c thod diéukién a+b+c =0. Chimg minh :

Suy ra

89 +8° +8°>2942% 4 2°
(Trich dé thi Dai hpc Quéc gia Ha Nji, ndm 2000)
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Hudng din gidi
Pat: x=2° y=2%, z=2thix, y, 2>0 vAd xyz =2°"%" =1, Tacan
chimg minh : x*+ 3y’ +2> 2 x+y+z Ap dung BPT Cé-si cho 3 s
duong,tacé:x+y+223@=3;x3+1+123%/x_3=3x:>x323x—2.
Tuong tr: y* >3y—2; 2’ 23z-2. Do dé:
+y +2 23(x+y+z)~6=x+y+z+2(x+y+z-3)2x+y+z
Diu“="xayrakhi vichikhi x=y=z=1a=b=c=0.

Vidu$. Cho a, b, c>0 v&i l-{—l:%. Chimg minh :
a c

a+b c+b S

+ >
2a-b 2¢-b
Huong din gidi
Taco: -l-+l=2:>b 2ac . Khido:
a ¢ b a+c
.20 . 2ac
a+b _ a a+c _a+3c v c+b ¢ a+c __c+3al
2a-b 2ac 2a 2c-b 2ac 2c
2a— 2c—
a+c a+c
Do db - a+b c+b a+3c+c+3a l+3_c _+3_a
2a- b 2¢c-b 2a 2¢ 2 2a 2 2¢

=1+3[-"~ ]>1+32,f—— 4.(dpem)
2la ¢ 2 c

Diu “=" xay ra khi va chi khi a=c.
Vidy 6. a, b, ¢ 1a 46 dai cia mdt tam giac c6 dién tich S. Chimg
minh : a® +b% +¢? > 4843 Trong trudmg hop nao thi xay ra déu
ding thirc ?

Hudng dén gigi
Theo cong thic Hé-rong tacé : S* = r(p —a)(p-b)(p-c). (1)



Ap dung BDT Cé-si cho 3 sé khéng dm p—a, p—b, p—c taco:

(p—a)(p—b)(p-C)S[(p_a)+(p;b)+(p_c)} =§—;- 2)

p* _(a+b+c)
W3 1243

Mt khac, ta lai c6 : (a+b+c) =a? +b? +c* +2ab +2bc +2ca

Ta(l)va(Q)suyra: §<

<a® +b* +ct +(a? +5?) + (B2 +c?) +(c? +a?)
<3(a? + 52 +¢?) (c6 thé ding BDT Bu-nhi-a-cop-ski).

2,32, 2
Do do6 : st. Suyra: & +b*+cr 24438

43

Dau ding thirc xay ra khi va chi khi a=b=c.
Vi du 7. Chimg minh ring néu tam gidc ABC c6 céc canh a, b, ¢ va
c6 dién tich bang 1, thi a* +5* +¢* > 16.

Huong din gidi
Theo cong thue Hé-rdng : 1= p(p-a)(p-5b)(p-c)
=16=(a+b+cNa+b-cla+c-b)b+c—a)

= [(a+b)2 —cz:H:cz —(a-b)zjls(a2 +52+2ab-c?).c?
(vi 0<¢? —(a-b)* <c?)
Suyra: 16 <(2a% +2b* —c?)c? = 2a*c? +2b%c? - ¢*
g(a“-+c4)+(b4 -i-c“)—c4 =_a4 +b* + 4.

Viy a® +b* +¢* >16, diu bing xayrakhi a=b=c.

o Tong qudt : Néu dién tich tam giac 1a S thi theo Vi du 6 va BDT
Bu-nhi-a-cop-ski ta c6 :

3at + b )= (12 +12 +12)(a* + 5% +¢*)(a? + 67 +c2)” > 4887

Suyra: a4+b4+c4216S2=>S25%(a4+b4+c‘). 1)
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Chi y. Ta cé thé sir dung cdng thirc :

165 = 2(a®* +b2c? + c*a*)—a* — b* — ¢
dé chimg minh (1).
Vi du 8. Cho bdn s duong a, b, ¢, d. Chimg minh :

2 2 2 2
:—5+i—5+%+‘:—52%+%+%+%.
(Trich dé thi Pai hoc Thuy lgi, ndm 1997)
Hudng din gigi
Ap dung BPT Cb-si cho § sb dong, ta c6
:12 a a* 1

1 1 5 a_ 5 2
P At N TR T R &
| B .5 2 .5 2 .d*_ 5 2
R e L e
Cong cac BDT nay lai ta duge dpem.
Vi du 9. Cho ba sb duong a, b, ¢. Chimg minh :

i 1 1 a+b+c
+ < .
a*+bc b*+ac cE+ab  2abc

Hudng din giai
Ap dung BDT Cé-sitacéd : a* +bc> 2@ =2abc;
b +ac>2Jbac = 2bJac ;
ct+ab2 2\/% =2¢\ab.

Do 46 : ot <l[ L ]
.az+bcA b*+ca c*+ab 2\ abe b\/?l—c‘ c\/cg
a+b b+c+c+a
Slx/a_b+s/E+ ca Sl 2 2 9 _a+b+c
] abc 2 abc 2abc




Déu “=" xay ra khi va chi khi a=b=c.
1 1

Vidu 10. Cho a, b, c>0va ! + + > 2. Chimg minh :

I4+4a 1+b 14c¢

abcsl.
8
Hudng din gidi
. 1 ]
T gia thiét + + 22suyra:
T glatme l+a 1456 l+c I
Loy g L. b, ¢
1+a 1+b 1+¢ 1456 1l+¢
; ) b c bc
Apd BDT Co-si, tacd : 2 + >2
P CHng C Tra 1+b lre NG+ U+0)
Tuong tir : ! 22 i ; L 22 ab .
1+6~ Y(1+a)(1+c) "1+c | (1+a)(1+b)
Tir d6 : ! abe

>8-
(1+a)U+b)1+c) (1+a)0+5)0+c)

= abcs%. (dpcm)
Vidu 11. Cho a, b, c20 va a+b+c=1. Ching minh :

a+2b+c>4(1-a)1-b6)(1—c)
Huong din gidi
Ap dyung BDT Cb-si, ta c6 :
41 — a)1 - b)(1-c)=[4(b+c)(1~0)l(1-b)

<GB+’ 0-0)=0-p)0+b)<1+b=a+2b+c.

Déu bing xdy ra khi va chi khi a=%,b=0,c=%.

Vi dy 12. Chimg minh ring véi moi sb thuc x, tacé :

' x x x
[1—2—] +[1—5-] +(£] 23 +4" + 5%
5 4 3
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Hudng din gidi

Do [153] >0, (%) >0, [?] >0, VxeR, nén theo Bit dfmg

thaitc Cb-si, tacd :

UL EE-E o

DAu dang thirc trong (1) xay ra khi va chi khi [%] = [%] o x=0.

Cling theo Bt déng thirc Ca-si, ta ¢6 :

3-5)

4) \3), [E]x[-zﬂ]x=5" @)
2 V4 3 ’

[20]’ [12]"

— +| — x x

R G
2 “VU3 5 '

Déu ding thirc trong (2), (3) xay ra khi va chi khi x=0.

Cong (1), (2), (3) vé theo vé ta cé dpcm. Diu déng thirc xay ra khi va
chi khi x=0.

Vidu 13.Cho x, y, z,te[%;l].Chfmgrrﬁnh: .

log, (y—%]-l-l_ogy [z—i—}ﬂogz [t—:ll']ﬂog, [x—%]zs (1)

Hudng din gidi

, 1, 1, | 1 ‘
Tacd: x22x——, V22 yp——, 2222-=, > >1t——. 2
x R 2 " )

4
Déu dfing thirc trong 4 bat dang thirc trén theo thir tu xay ra khi v2 chi
khi x—l, y=l, zzl, 1= l Do x, y, z, 16[1;1] nén theo tinh
2 2 2 2 4
chit cia 16garit véi co sb duong vanhé hon 1,tir (2)taco :



1 - 1
log, y* <log, [y_Z]’ log, z* <log, [z-z],

log, ? < log, [t—%], log, x2 <log, [x—%).
Cong 4 bt dang thirc trén vé theo vé ta doc :
log [y—}-]+l(;g,[z—-l—]+log (r—l]-flog,[x—l]z
¥ 4 Y4 N4 4 (3)
22(log, y+log, z+log, f +log, x).

D& thay log, v, log, z, log, t, log, x>0 nén theo Bit dang thirc Co-si
taco:log, y+log, z+log, 1 +log, x 2 4Q/log, ylog, zlog_ tlog, x . (4)

log,z log,r 1

Do log, ylog, zlog, tlog, x=1log, y =1 nén tur
log, y log,z log, ¢t
(3) va (4) suy ra dpcm. Diu “=" xiy ra khi va chi khi
1
X=y=z={=—.
’ 2
Vi du 14. Cho n 14 sé ty nhién, n>2. Chimg minh :
n n—{
cocl...cr 5[2 ‘2} :
" n-1
Huwdng din gidi
Vi Cl=C"=1néntacé: C°C)...c*'cr =C!c2...ci, (1)
i 2. n-1
Ap dung BPT C6-si, ta ¢6 : CutCat 1 LN "-,'/c,’,cj - CT ()
n...

Mitkhic: C! +C2 4.+ C" =(Ch+C! +-+C M) -(C2 +CT)

=(1+1)"-2=2"-2. 3)

n

n-1
Tu(2)va(3)suyra: [2 1 ] >Clc:...cr. 4)

Tir (1) va (4) suy ra dpcm. Déu dang thirc xay ra khi va chi khi :

n=2

Cl =C2=_”=Cn—i <=>|:
oo " n=3.
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5 B
Vi du 15. Cho tam giac ABC thoa min diéu kién tan~/2—1-+ tan—=1.

2
Chimg minh : tangzz.
2 4
Hwing din gidi
A B
1-tan —tan —
Tacé:tang-zcotA+B= 2 2=1—tem£tan£.
2 2 tan£+t B 2 2
27

Theo Bit dang thirc Co-si, ta ¢6 :

enteanB)
A B y TS

tan—tan—< -
2 2 2 4

atan£=1—tan£tan£22(dpcm).
2 2 2 4

DAu dAng thirc xay ra khi va chi khi :

tanﬁ+tan§=1 4 B 1
i B < tan—=tan—=—.

tant = tan 2 2 2 2
2 2

Tic AABC cin dinh C v6i A 13 géc thoa didu kién tan -;1 = %
Vidy 16. Gia st ABC la tam giac c6 ba goc nhon. Chirng minh :
a) tan A +tan B+tanC =tan A.tan B.tanC.
b) tan A+ tan B+tan C > 34/3.

| Hudng din gigi

tan B+tan C

a)Tacdé: —tandA=tan(B+C) =
) ( ) 1—tan BtanC

=> —tan A(l —tan BtanC)=tan B+ tanC
= tan A tan Btan C = tan A+ tan B + tan C (dpcm).



b) Vi 4, B, C nhon nén tan 4, tan B, tanC 1 cdc s dwong. Ap dung
BDT Co-si, tacd :

tan A+ tan B+ tan C > 33/tan Atan BtanC = 3y/tan 4 + tan B+tanC
= (tan A+ tan B+ tanC)? > 27

= tan A+ tan B+ tan C > 343 (dpcm).
DAu “=” xay ra khi va chi khi A=B=C.

Vidy 17. Chimg minh ing néu 0< x <= thi — =% 58
sin” x(cos x — sin x)
Hudng din gidi
Chia tir va miu cia BDT cho cos® x vadit t=tanx (0<r<1)tacd:
1
cosx _ cos? x _ 1+12 _1+t2_ 1
sin? x(cos x —sin x) sinzx[l_sinx] 1*(1—-1) t l-t)
cos’x| cosx -

2
Ta ¢ 1+,t =%+t>2 (BDT Cé-si v diu “=" khong xay ra do 1 = 1)
2 2
g1+ [ 2 }

=4.Dod6 cosx 2

\

1= |r+(0-=1)
(dpcm).
Vi dy 18. a) Trong moi tam gidc ABC, ta déu c6 :

) > 2
sin“ x(cosx—sinx) t(1-71)

( —cos AY1—cos B}(1—cosC) < %
b) Néu ABC khong phai 1a tam gidc tl, thi :
3
(1—sin A)(1 —sin B)(1 —sinC) < 1—?] .

Hieéng dén gigi

a) Ta c6 : (1—cos A)(1—cos B)(1—cos C) = 8sin’ i;-sinz gsinz %
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Ap dung BPT Co-si va 4p dung két qua & Vi du 3, ta duoc :

3
C sinﬁ+sin£+sin£)
sin —sin —sin — < 2 2 2
2 3
<sin3A+B+C 3m_ 1

Suy ra : 8sin? ésin2 B in2 % < 1 (dpcm).

b) Gia sit 0 < 4, B,Cg%. Tacé :

T

Twuong fur : 1—sinB:2sin2[——£] ; ll—sinszginz[l_g]‘
4 2 4 2

Do 36 : (1—sin A)(1-sin B)(1—sinC)

=85inz[£—£]sin2 1—E]sin2 i—g].
4 2 4 2 4 2

0, %] nén ap dung két qua trén ta cb

3r  A+B+C
sin[z—é]sin[z—g]sin[z—gl5 sin® 4 2 =sin® -
4 2 4 2 4 2 3 12

:>85in2[1—£]sinz[-—72——B~]sin2 E-—g]
4 2 4 2 4 2

3 3 3
S8[sin2%] =8[1—cos%] = 1~—\/2—§—] (dpcm).

Vi dy 19. a) Chitng minh ring trong mei tam giac ABC, ta déu c6 :

3
1 1 1 2
[ sin A][ sinBl[ sinC] _[ JE]

déu ding thirc chi xay ra véi tam giac déu.




b) Chimg minh rng néu tam gidc ABC c6 3 géc nhon thi

1 1 1
FRRIN PR TP )
[ JrcosA" cos B cosC

dAu diing thirc chi xay ra véi tam gidc déu.

Huwéng dén gidi

Trudc hét, 4p dung bét ding thirc Co-si ta chimg minh két qua téng
quat sau :

Cho ba sb duong a, b, ¢ c6 téng a+b+c <k thi

R

Diu ding thire chi xay ra khi a=b=c:£.

3
Thét vy, ta co :

1 1 1 1 1 1y [t 11 1
1+_][1+_][1+_]=1+[_+_+_]+[_+_+_]+__.
[abc a b c¢) lab bc ca)l abc

3 3
Ap dung BDT Co-si, ta ¢6 : abc < ‘%ﬂ] 52‘—7.00 d6 -
1 1 1_ 3 _3 9 1 1 1 3 3 27
—t > >i=2 —+—F—> ==
a b ¢ Yabe k k' ab bc ca” Ygpr KK
9

1 1 1 9 27 27 3
Tirdo suyra: [1+-—][1+—][1+—]21+—+—-+—=[1 -—]

y a b c koK k

Viy ta c6 (1) va diu bit ding thic chi xdy ra khi va chi khi
k

a=b=c=—.
3

Ap dung (1) vao bai toan.

33

a) Ta ¢c6 : sind,sinB,sinC>0 va sinA+sinB+sinC_<_—2—.

] ] 1 2 )
Do dé : [1+ 1[1+ ][1+ ]z 1+ =
© sind)l "sinB)l " sinC 5
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Diéu déng thitc xay ra khi tam gidc ABC déu.
b) A4BC c6 3 géc nhon nén cos 4, cos B, cosC > 0. Tacod :

cosA+cosB+cosC S%.

1 1 1 3
Vay : |1 14 ][1+ ]> 14+2) =27.
o [ +cosA][ cosB cosC 242

Déu ding thirc x4y ra khi A4BC déu.
Vi du 20. Chimg minh ring, néu AABC nhon thi :
tan® A+ tan® B+ tan®C >9tan? Atan® Btan®C.
(Trich dé thi Pai hoc S pham Vinh, nim 1999)
Hudng din gigi
Trong moi AABC khong vqéng ta déu c6 :
tan 4 +tan B+ tanC = tan A tan BtanC.

AABC nhon nén tan 4, tan B, tanC > 0. Ap dung BDT Cé-si, ta c6 :

tan Atan B tan C > 33/tan Atan BtanC
= (tan Atan BtanC)’ > 27 tan Atan BtanC

= tan Atan BtanC > 34/3.

Theo BDT Cé-si : tan® 4+ tan® B+ tan® C > 3}tan® Atan® Bian® C.
Do &6 :

tan® 4+ tan® B4 tan® C > 3tan® Atan® BtanzC{/tan2 Atan’ Btan’C

>9tan? 41an? Btan*C.
DAu “=" xay ra khi va chi khi A4BC déu.
Vidu 21. Cho AABC. Chimg minh :

A-B B-C C-4
cos cos

2 2 2
— T 1 tT—— 85 26 0
S — Sln-z" Sin —

2 .
(Trich dé thi Pai hpc Sw pham Vinh, nam 2000)

(O




Hieomg dén gidi

. A+ B A—B . B+C B-C
2sin cos 2sin cos
Tacd: (1) e 2 2 2 2
C . . A
2cos —sin— 2co0s —sin —
2 2 2
. C+A4 C—-A4
2sin 5 oS )
+ —5 26
2cos—sin —
2 2
o sin A.+ sin B + sin B.+ sinC + smCl+ sin A >6
sinC sin A sin B
& 3+—c—]+[2+3 +[é+5]26.
c a a b c b

Ap dung BDT Cb-si cho 2 sé duong rdi cong lai ta dugc dpem.
Vi du 22. Chimg minh ring néu 0<x, y, z<w thi:

b

2) sin x +sin y Ssin[x+y] ‘

b) sin x +sin y +sin z <Sin[x+y+z].

3 <
Huéng dén gidi
a)Tacod: smx+smy=sinx-42—ycosx;y35inx+y‘

(Vi 0<ﬂ<w nén sinx+y>0 va co_sx_ySI).
2 2 2
b) V6i x, v, z, 1 €[0 ; 7] va 4p dung a) hai 14n ta ¢6 :

1 . . 1,. .
sinx +siny+sinz+sint 5(smx+smy)+5(smz+smt)
4 B 2

Sl sinx+y
2

+ sin

z-2|-t Ssinx+y+z+t.

(D)
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Thay t =

”—;“e[o;n] vao (1) ta c6 :

- sinx+siny~|—sinz+sinM

X+y+z

3 o XEXES

X+y+z+
4

<sin

= sinx+siny+sinz S.’asinM

sinx +sin y+sinz .
3y < sIin

x+y+z

(dpcm).

Vi du 23. Cho cac s6 duong x, y, z thoa min xyz =1. Chimg minh :

3, 3 33 3, 3
\/H-x +y +\/1+y +z +\/l+z +x >33
Xy yz 2x
(Trich dé thi Dai hoc, Khéi D, nim 2005)

Huong dan gidi

Ap dung bét ding thitc C6-st cho 3 sé duong, ta c6 :

V1
I+ 4y’ >Ry =y X" - -~ +x+y

i

= \/_ (1)

1+ +2 S NE
yz _Jy_z

Tuong tu :

\ll+z +x° 3)
- r

fff NEREN RN}
Matkh\/_\/_\/__\/_\/}.z.r_k/g

Céng (1), (2), (3) ta duoc bit ding thirc phai chimg minh.

Dau “="xayrakhi x=y=2z=1.



13.1
13.2

13.3

13.4

13.5

13.6
13.7

C.LUYEN TAP

Cho a, b21. Chimg minh : avb-1+bJa—-1<ab.
Cho a, b, ¢ >0 v& a+b+c=1. Chimg minh :

oo

Cho a, 5>0 va a+b=1. Ching minh :

1 1 2 3
a) —+ 26, by —+ >14.
) ab a®+b? ) ab  a*+b?
, s g 1 1 4
Huodng ddan : Ap dyng : —+—2 (x, y>0).
X Yy x+y

Cho a, b, ¢ >0. Chimg minh :

1 1 1 1[1 11
+ + S—|—+=+-—].
2a+b+c a+2b+c a+b+2c 4\la b ¢

Hudmg ddn : Ap dung L Sl[l+l]
x+y 4lx y

Cho m, n, p e Z". Chimng minh :
m+. 2n_ 2m m2+n2 m2+n2+p2 e m_n

a) "Ym'n" < ——; 1) ) —— >m"n" p”.
2 m+n+p

Hudmg ddn :

a) Ap dung BDT Cb-si cho m+n sé gdm n sb m* va m sé n’.

b) Ap dung BDT Co-si cho m+n+p ségdbm m sé m, nsb nva p

sé p.

Cho a>0. Chimg minh : ¥a+Ya? <t+a.

Cho a, b, ¢ > 0. Ching minh :

a) (1+a*)(1+8°) (14 %) 2 (1+ ab? ) (1+ b2 )1+ ca?) ;

b) Y1 +a)(1+5)(1+c) 21+ Yabe.
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13.8 Cho a, b, ¢ > 0. Chimg minh :

a b ¢ 3
a) + + 2=
b+c c+a a+bdb 2
a b c b+c c+a a+b 15
b) + + + + 22—
b+c c+a a+b a c 1
b2 02 a+b+c f ’ ,
c) ; d)
b+c ct+a a+b a+b
Hudng ddn :

a) Cong hai vé cho 3 rdi 4p dung (x+y+z)(-1-+l+-1-]29 (véi
X y z

a, y, z>0).
b) Ap dung a) va BDT Cb-si cho hai sb.

¢) Cong hai vé cho atbte

va ap dung ciu a).

2
d) a_ _ a > 2a .
Jb+c Jalb+c) a+b+c

13.9 Cho a, b, ¢ > 0. Chimg minh :

1 1 1 <!

3 33 Yo t3.3 =
a+b’+abc b'+c’+abc ¢ +a’ +abc abe
(Trich dé thi Pai hoc Thuy lgi, ndm 1999)
Hueong dén : a* +b* + abc =(a+b)(a* +b? —ab)+abc 2 ab(a+b+c).
13.10 Cho a, y, z>0 va xyz =1, neZ’. Chimg minh:

[t{] +(1_tz] +[1_+£] >3,
2 2 2
\ (Trich dé thi Pai hpc Hué, ndm 1997)
13.11 Ching minh ring : VaeR: 3¢ +348 > 2
(Trich dé thi Dgi hoc Suw pham Quy Nhon, ndm 2000)
13.12 Cho x, y, z>0 ¢6 x+ y+z=1. Chimg minh : l+l~|-—1-> 18 .
X y z xyz+2

(Trich dé thi Pai hpc Tdy Nguyén, ndm 2000)
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Huéng dén : l+l+129> 18

X y z xyz+2

13.13 Cho x, y, z 1a 3 s6 duong va x+ y+ z <1. Chimg minh :
2 | 2 1 2, 1
st VAt PS>V
x % z

(Trich & thi Dgi hoc, Khoi A, nim 2003)

§ 14. PHUPONG PHAP DUNG BAT BDANG THUC
BU-NHI-A-COP-SKI

A. KIEN THUC CO BAN

Gibng nhur khi ding Bat déng thirc Cé-si, dé ¢6 thé ap dung duoc Bit
ding thirc Bu-nhi-a-cop-ski, timg véi mbi bat ding thirc can ching minh
phai lya chon ra hai bj sb thich hop (khéng d5i héi diéu kién “khdng
4m” nhu d6i véi Bét déng thitc Co-si).

Cho n cipsb bitki a,, a,,..., a,, b, b,..., b,. Taco bat ding thirc :
(ab +ap,+...+ab) < (a?+ad +..+ a2 )(b} +b} +...+b})

Déu ding thirc xay ra khi va chi khi : 3k: a, =kb (*)véti=1,n.

(Néu b, = 0,Vi thi (*) duge viét : %:-‘1&:...:“—")

b, b,”
B. Vi DU AP DUNG

Vidu l. a, b, ¢ 1a cac 4) dai canh ciia mdt tam gidc, p 1a nira chu vi.
Chimg minh : \[p < \Jp—a+p—b+Jp—c <f3p.
(Trich dé thi Pai hoc Y Dwge, nim 1998)
Hudng din gidi
Ap dung BDT Bu-nhi-a-cop-ski cho sau sb 1, 1,1, \/ﬁ,

Jp-b,Jp-c taduge: (1. p-a+l.p-b +1.\ﬁ>—c)2

<(1?+1? +12)(p-a+p-b+p-c)=3p.
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Suyra:Jp—a+Jp—b+\/p—chZ&_1;. 0}
Déu bing xay ra khi va chi khi a=b=c.

Mit khéc : \[p <Jp-a+./p-b+p-c. . Q)
Suyra: p<p-a+p-b+p-c+2\J(p-c)(p-b)+
£2(p-b)(p-c)+2{(p-c)(p-a)

= 0<2/(p-a)(p-b)+2J(p-b}(p-c)+2{(p-c)(p-a).
BDT cudi ciing ding nén ta c6 (2). Tir (1) va (2) suy ra dpem.
Vidu 2. a, b, ¢ 1a ba s6 khac 0. Chimg minh :
a b c*_a b ¢
>t —t+—.
b° ¢ &b ¢ a
(Trich d@é thi Pai hoc Y Dicgc, nam 1999)

Hudng dén gigi
Ap dung BDT Bu-nhi-a-cop-ski, ta c6
2

a b2 02 p) 3 2
b—2+c—2+a—2](1 +1° +1 ]2

a
b
[.‘i

b

c

2 2 2

a C
Suyra: S t=+=2
c

b? a
vi:l
31|b

Vf du 3. Chimg minh ring, néu phuong trinh
x* +bx° + o +bx+1=0 c6 nghiém thi 5% +(c—2)* > 3.

Qe
N —

Ly
3

b

c

a

C

a

+H+ |2 3=

Hirong din gidi
Gia sir x, la nghiém cua phuong trinh b e +hx+1=0,

Chia hai vé cho xg = (), ta duge : xg+L2+b[x0+L]+c:0. )
X5 Xy



1 .
bit : X0=x0-|--l— thi X7 =x§+-—2+224 va (1) trg thanh :
X, - Xg :

X +bXy+c—2=0.

Ap dung BDT Bu-nhi-a-cop-ski, ta ¢6 :

Xt =X, +c—2) <[b? +(c—27|(x2 +1)

4

)2( 0 = X5 -1+ 21
0 +1 0
Vay : b2 +(c—2)* >3 (dpem).
Vi dy 4. Ching minh rﬁng, néu phuong trinh

Suyra: b2+(c—2)22 1:>4-—1=3

(x+a) +(y+b) +{x+y) =¢?
c6 nghiém th (a+5) < 3c2.
Huong din gidi
Gia st (x; ; y,) 1a nghiém cta phuong trinh d2 cho. Khi d6 :
(xo+a) + (3o +5) + (% + 3, ) =
Ap dung BDT Bu-nhi-a-cop-ski, ta cé :
(a+b) = [(xo +a)+(yo +b)+(—x —yo)]2
< (412 41)|(x, + @) + (v + ) + (% + 3, )]
Suyra: (a+b)’ <3c? (dpcm).
Vidu 5. Giastt a, b, c, d 124 sb duong thoa man diéu kién :

L ! L 1'23.
1+a 1+b 14+c¢ 1+44d

Chimg minh : abed < %

Huwdng din gidgi

1 1 1 1
Taco: He|(l—— )+ |1 ——— 1— l—-——| <1
acs: () [ 1+a] [ 1+b]+[ 1+c]+[ 1+d]_

(1)
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a n b + ¢ + d <1
l1+a 1+b 1+4+c¢ 14+d°

a(1+a)+0+b)+0+c)+1+d)

xa+b+c+d
14a 14+b 1+c¢c 1+d

]§4+a+b+c+d ()

Ap dung BDT Bu-nhi-a-cop-ski cho 8 sé : Vl1+a, Ji+5, Vl1+c,

Ja b e Jd

1+a 1+b’ 1+’ 1+d’

ta duoc :

a b c d
+ +
1+a 1+b6 1+c¢ 14+d

[(1+a)+(1+b)+(1+c)+(1+d)][

>(Ja+b+Je+Va). 3)

2
Te)va@)suyra: (Va+Vb+ve+vd) <4+a+b+c+d
¢ (Vab ++ac +Jad +be +/bd +-Jed ) < 2.
Ap dung bt ding thirc Cé-si cho 6 sb ta duoc

2> 64V’ d® = Yabed < -;; = abed < 81_1 (dpem).

Vidu 6. Cho a, b, c 14 sb do ba canh ciia mot tam giac. Chimg minh :

a b c
+ + >1.
2b+2c—a 2c+2a-b 2a+2b-c

Hudng dén gidgi
Ap dung BPT Bu-nhi-a-cop-ski cho 6 b :

\/ a \/ b \/ c
2b+2c—a’ N2c+2a—b" \N2a+26—-¢’

Ja(2b+2c—a), \b(2c+2a—-b), Jc(2a+2b—c).
Sau d6 ding phép bién dbi tuong duong chimg minh :

(@a+b+c) >4ab+4bc+4ca—a® —b* — 2.



Cdch khdc. Cothé 8t : x=2b+2c—a, y=2a+2c-b, z=2a+2b-c
1i 4p dung BDT Cb-si.
Vidu 7. Choa>1,b2 1. Chimg minh :

\/logza +\/Eg2b §2"log2 a-;-b.

(Trich 2 thi Pai hoc Y Dugec Tp. HCM, ndm 1998)

Hudmg din giai
Ap dung BDT Bu-nhi-a-c6p-ski ta ¢6 :
(1.log; @ +1.flog, 5 ) <(1? +12)(log, a+log, b)=2log, ab. (1)
Theo BDT Co-si, tac6 :

a+b

: 2
abgla+b] = log, ab < 2log, )

2
Tu(l)va(2)suyra: (\/logza+\/log2b) 54log2%. Do d6 :

\/logz a +\/log2 b< 2Jlog2 a;b

DAu “=" x4y ra khi va chi khi a=b.

Vidu 8. Cho cicsd x, y thoa didukién: x>0, y>0 va X’ +3° =2.
Chimg minh : x* + y* <2.
(Trich dé thi Dai hpc Ngogi thuong, nim 1995)
Hudng dén gigi
Ap dung BDT Bu-nhi-a-c8p-ski, ta cé :

(x2+y) (J_\/_+J_\/_) <(x+¥)(x*+3*)=2(x+)

Dods: (x> +y?) <4(lx+1y) <8 +y) = (x* +5?) <8

= x? + y* <2(dpcm)
Déu “=" xay ra khi va chikhi x=y=1.
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Vidu 9. Cho x, y, z 1abasb thoa min x? + y? + z2 =1. Chimg minh :

B+l

S=xy+yz+2zx< >

Huong din gidi

Ap dung Bit ding thirc Bu-nhi-a-cop-ski, ta c6 :
xy.+yzS\/x2 + 22 -\/y2 -l;yz ﬁxy-!—yzsal2(x2+zz)y2
=+ y2<2y*(1-y?)

(do x* +y*+2% =1).

DEthiy : 2zx < x2+22 =1-32,
Tir () va (2 suyra: S <y2y*(1-)?) +(1-?).

Déu déing thirc trong (3) xay ra khi va chi khi :

Nx N

=X
_yorz
Yy

()

2
€)

=X.

Taco : 2y2(1—y2)+(1—y2)=%,/4y2-4y‘ +%(1—2y2)+%. 4)

Lai 4p dyng Bét ding thirc Bu-nhi-a-cap-ski voi hai diy /432 —4y* ;

(l-2y2] Vﬁ—\/].? : %,taqé:

2
4y* —4y* +(1-2y?)’ 2[—\/%\/@2—4}'4 +%(1—2y2)] :

Hay:-\g—z ! ,/4y2—4y“+%(1—2y2).
B+l 1
2

S

> 4y2—4y4+%(1—-2y2)+%.

2

Toedésuyra:

)

Tir (4) va (5) suy ra dpcm va d4u ding thirc xay ra khi va chi khi ddng

thin xay ra diu déng thirc trong (4) va (5), tirc 1a



1 1

xX=2z x=z=:t5 1_:/__

GJay -4y =2(1-2))) & = 3

P4yt =1 =% |-+ —=.
Y YEH2T B

Vi du 10. Cho n 1a sb tu nhién, n>1. Chimg minh :
\/E,',—-h/Cf +oaJCm <yn(27-1)
Hudng din gidi
Ap dung Bt di’mg thirc Bu-nhi-a-cop-ski cho hai ddy g, =\/E',‘T :
a,=\C} ;- ; a,=\C vab=b=-=b,=1,tacé:

(\/C_;+\/E+...+\/c_;)2s(c},+cj+.-.+C;’)(1+1+.~+1). )
Vi Cl+CE+--+C" =(1+1)" = 2" nén thay vao (1) ta dugc
\/C_,',+\/C_f+m+\/c_:_<.\} 2" ~1)n (dpcm).

Déu déng thirc xay ra khi vachikhi: C,=C?=...=C" e>n=1,
Vi du 11. Chimg minh ring trong moi tam giac ABC, tacé :

Vsin A ++/sin B +/sinC < cosﬁ+ cos£+ cosg.
2 2 2

Hudng din giii
Ap dung Bt déng thirc Bu-nhi-a-cép-ski cho hai day +/sin 4 ; /sin B
vil:;1l,tachd: (m+mr <(sinA+sin BY(1+1). Tacé :
Jsin 4 ++/sin B < J/2(sin 4 + sin B)

=\/4sinA+BcosA~B <2 cosg.
2 2 2

Vay : vsin4 +VsinB £2, ’cos% X m
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sin4A=sinB

Déu d4ng thic trong (1) x4y ra khi va chi khi :{COSA—B _ &A4=B.

Tuong ty,tacod: sinB ++/sinC <2 cosé; 2)

2
- » ’ B
sinC ++/sin4 <2 cos;. (3)

Déu “=" trong (2), (3) twong tmng xay ra khi va chi khi B=C, C = 4.
Cong (1), (2), (3) vé theo vé ta duroc dpem.

Déu ding thirc xay ra khi va chi khi déng thoi xay ra ddu dédng thic
trong (1), (2), (3), tirc 12 tam giac ABC déu.

Vidu 12. k, I, m 1a 46 dai céc trung tuyén cia tam gidc ABC, R la
ban kinh dudng tron ngoai tiép tam giac d6. Ching minh :

k+1+ms%.

Huéng dén gidi
Gia sit k, I, m 12 d dai c4c trung tuyén ké tir 4, B, C. Taco:
az
2kt + —=b% + 2
2
2
427° +b7=a2 +¢ Sk +P+m? =§(a2 +b2+c2).
C2
2m2+—2—=a2+b2

Mat khéc : a® +5% +¢? = 4R (sin® A +sin® B+sin2 C)
=4R*(2+2cos Acos Bcos C) < 8R? [l +-;-] <9R?

27R?

Dodé: k2+12+m* <

Ap dung BDT Bu-nhi-a-cdp-ski, ta ¢6

2
(k+1+m? <3(k2+12+m?) < 81R

:>k+l+ms¥ (dpcm).

Déu “=" xay ra khi va chi khi AABC déu.



Vidu 13. Cho o, 3, v 1a 3 gbc tao boi dudng chéo cia hinh hdp chir
nhit véi ba canh xuat phat tr mét dinh. Chimg minh :

a) cos> a+cos? B +costy=1;

b) V4cos2a+1 +\/4c0526+1 +J4cosz'y+1 <21
Hudng din gidgi
a) Tacéd cosazg ; cosﬁ:% R cosry:% va a@® +b* +ct =d.

b) Ap dung BDT Bu-nhi-a-cop-ski :

Vacos? a+1+J4cos? B+1+Jdcos* y+1 <

< +1+1.\/4(cos2 a+cos® B+cos?y)+3 =21

(d¢pcm).

C.LUYEN TAP

14.1 a)Cho a, b, c20 va a+b+c=1. Ching minh :

Jatb+Jb+c+Je+a<e.
b) Cho x>+ y* = u? +v* =1. Chimg minh :

]u(x—y)+v(x+y)|5\/§.

14.2 Cho x, y, z thoa x(x—l)+y(y»1)+z(z—1)5§-. Chung minh :
x+y+z<4,
14.3 Cho a, b, ¢ >0. Chimg minh &b+ b’c +Sa>abela+b+e)

144 Chox, x,, ..., x,>0 ; Xio X s ins X 12 mQt hoan vi cua x, x,, .

ey

x,. Chimg minh Jﬁf—+x—§+...+ﬁ2‘/x7+\jg+\/;3.
Huéng dén : (\/x_1+...+\/x—n)2 <n(x +x+..+x,)
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14.5

14.6

14.7
14.8

14.9

76

z
<n

(x +...+x )

x‘n

=l e &

. . Y 4 2 A 2 B 2 C N

Cho AABC, chimg minh ring néu cot E—I—cot 3+cot —2—:9 thi
AABC déu.

(Trich dé thi Pgi hpoc KTQD, nam 1999)

Hudng ddn - Chimg minh cot g% + cot gg—i- cot g% > 33 va ap
dung BDT Bu-nhi-a-cop-ski.

1 1

1+ —C
sin —
2

Cho AABC. Chimg minh : |14 1+

sin —

>27.

sin —
2

(Trich dé thi Pai hoc Su pham Tp. HCM, nidm 2000)
Cho AABC. Chimg minh 3(cos B+ 2sinC)+4(sin B+2cosC) < 15.
Cho AABC nhon. Chirng minh :
a) tan® A+ tan® B+ tan®C > 81 ;
b)Néu 4> B>C vi p=tan Atan B, g =tan AtanC thi
(p—ND(g-D=4.
Cho AABC. Chimg minh : )

A
a) tan5+tang+tan%+cot—;—+cot§+cot§24\/5;
b) cot-A-+cot£+cot£23 tanﬁ+tan£+tan£ ;
2 2 2 2 2 2

c) tangtanétan£<—-—

2733

(Trich dé thi Pgi hoc Nong nghigp 1, nam 1999)



§ 15. PHUPONG PHAP DUNG VECTQO'

A. KIEN THUC CO BAN

Str dung vecto dé chimg minh bt d?mg thirc 1a mét phuong phép hay
ding va rat ¢6 hiéu qua. Cac bat ding thirc co thé ap dung duoc
phuong phap nay, néu nhr ban than cac bat dang thirc d6 ti€ém an céc
dir kién cia hinh hoc giai tich.

Cén luu y céc két qua sau :

it + ] < i@l + 1]

Diu “=” xay ra khi va chi khi #cung chiéu véi V hay
u=hv (k>0).

53] = il |cos (7. ¥)| < lal. I

Déu “=" x4y ra khi va chi khi #,V clng phuong.

B. Vi DU AP DUNG

Vi du 1. Ching minh :\/a2 +a+1 +\/a2 —a+1>2,VaeR
(Trich dé thi Pai hoc Hué, ndm 1997)

Hudng din giai

\/52

2
Tacé:az+a+1=[a+l] + >

2 \ET'

12
; az—a+1=[a——] +
2

B3

Trong mit phing toa dd Oxy xé hai vecto 7= a+%;7

‘7:[ 1 3

-—a—lrE;T Khidé: J+V=(1;\/§).Tao(): i)+ [9] > |77 4 91.

Suyra: \/a2+a+l +\/a2 —a+1>2.

1

]

Déu “=" xay ra khi va chi khi : 2 _ 2 —1sg=0.
—a+-—- £
2 2
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Vidu 2. Cho x, y, z>0. Ching minh :

\/xz +xy+)° +\/y2 +yz+2° -&-\/z2 +zx+ x> \/§(x+y+z).
(Trich dé thi Hpc vién Quan h§ Quéc 12, ndm 1997)
Hudng dén gidi

J3

2

2

b

2
Taco: x2+xy+y2=[x+§] +

V3

—z
2

2 2
.2 2_ d
;2 +x"= z+5 +

2
y2+yz+z2=[y+%] +

Trong mit phing toa dd Oxy xét cic vecto :

ﬁ=[x+l;£y];§=[y+%;£z} Wz[z-l—-;;ﬁx].

2 2 2 2
Khidé: i+v+w =[%(x+y+z) ; ?(x+y+z)].

Tir Y|+ ||+ 1w 2 [@ + ¥ + Wl suy ra dpem.

Vidu 3. x, y, z 1aba sé tuy y. Chimg minh :

VX +ay+yr et exz 42 2y ryz 42
Hudng din gidi

' 2 2 2 2
3y°. Yy \/5
Tacod: X2 +xy+y’ =x* +2. .Z+y—+——=( "'_] +[_ ];
. Y T Ty T T\

. 2
2 s 2 z ¥ 377 [ ZT [\E ]
X +x242°=x"+2x—+—+—={x+=—=| +|—2Z| .
2 4 4
Trong m4t phing toa 0 Oxy xét hai vecto :

a=[x+z;£y];;=[-x_i;£z].

2 2



Tacod: |z'i|+|i3|=\/.7c2 +xp+y +x? b xz 42

g (D) 1) (2

2|ﬁ+6|=vl[x+l—x—§]2 +[£y+£z]2

2 2 2

1 2 3 2
=‘/Z(y_z) +Z(y+z) =yt +yz+72?
Suyra: \x2+xy+y? + +yz+2° >y +yz+zt.
Vidu 4. Cho a, b, c >0 va ab+bc+ca=abc. Ching minh :

2 2 2 2 2 2
Vb + 24 +\/c +2b +\/a +2c
ab bc ca

(Trich & thi Pgi hoc Quéc gia Ha Ngi, nim 2000)

Hudng dén gidi
BDT cén chimg minh twong duong véi :

1 2 1 2 1 2 >3
?4‘;2-4- —I-;2-+?+ '7+—2_ .

¢ a
Trong mit phing Oxy xét ba vecto i = -1-,-\/—5],\7=[1;J2_] a
a b b ¢
'=[l;£} Khi d6
¢ a

ﬁ+6+ﬁ=[l+l+l;\/§[l+l+lﬂ=(1;J§)

: a b c b ¢ a

(vi l*‘%4'l=1)-’['l‘11313'1‘: |+ 19|+ || 2 |3 + v + w| suy ra dpem.
a ¢

2

2 2 _
Vidu 5. Giasihe 1* ¥ ”2‘3 c6 nghiém. Chimg minh :
Yy +yz+2z° =16

xy+yz+zx <8.
(Trich dé thi Pai hoc Ngogi thuwong, ndm 1998)
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Hudng din gidgi

- x B Y. (B z
Goi u=|y+—,— ‘], =(— ; +—] thi :
° [y A AEAPY A

2
|i¢'|="[y+%} +%x2 =y +xp+ )’ =3 ;
2
|{3|="%z2+[y+§] =y +yz+z* =4.

. 3 e ] 1=
Tacd: u.v =—2—(xy+yz+zx).Tu 4.V <[i|.[v] suyra xy + yz+ zx <8.

Vidu 6. Cho a, b, ¢ >0, trong d6 a >¢ va b>c. Chimg minh :
\/c(a—c)+Jc(b—c) S\/E.

Hirong din gidi
Xét cac vecto : &:(«/a-—c;\/Z), ;=(\/Z;\/b—c). Khi d6 :
;.;)=\/c(a—c)+\[C'(b—c).

Tacod: uvs< |;l||-\;| = \/c(a—c) +\E(b—c) < \/EZ (dpcm).
Déu ding thirc xay ra khi va chi khi :
- = Ja-c =kJc

coslu, v =1& i va v cing huéng <
(25) R i~

Ja—e e
“ Je N
I 1 1

sla-cYb-c)=c* @ab=cla+b) e —+—==,
a b c¢

vai k>0

(do ¢>0,a-c>0,b-c>0)

Vidu 7. Cho x, y,z>0 va x+y+2z<1. Chimg minh :

Pz\/x2+-1—2+\F2+L2+\/zz+-1—2 > /82.
Yy

X z

(Trich dé thi Dgi hoc, Khoi A, nim 2003)
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Huodmg dan gidi

Chon t;=[x;l], ;:{y;l], gz[z;l],tac():
X y z

- - = ( 1 1 1]
Uu+v+w=|x+y+z;—+—+—|.
Xy z

R rang : |;|+|;|+|Tv|2|§+;+;v“.'l‘frd6 suy ra:

1 1 1
P=‘/x2+—+ 2+—+\/22+-—
x2 \/y y2 ZZ
2 (1.1 1Y :
2 Nx+y+z) 4| —+—+—
,f(y)[xyz}_ (M

Déu ding thire trong (1) xay ra khi va chi kht #, v, w 1 cac vecto

ciing phuong, cling hudng, tirc 14 : {3 - :*”_ v6i k, ky >0 (*).

2
Ta lai ¢6 : (x+y+z)2+[l+l+l]
. ada

2
=81(x+y+z)2+[l+l+l] —80(x+y+z)2. 2)
X y z
Theo Bét ding thic Co-si, ta ¢é :

2
81(x+y+z) +[l'+l+l}

x y z)
, 1 1 1
218(x+y+z)[——+—+—}.>.18.9=162. 3
x y z) .
DAu ding thirc trong (3) xay ra khi va chi khi :
9(.7c+y+z)=l+-1—+l 1
x Y z<:>x=y=z=§.
x=y=z
Tir gia thiét 0 <x+y+z<l suyra: 80(x4-y+z)2 < 80. 4)

Déu ding thirc trong (4) xay rakhi vachikhi: x+y+z=1.
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Tir 3), (4), (1) cho ta : P> /82 (dpem). Déu déng thirc xay ra khi va
chi khi ddng thoi xay ra ddu déng thire trong (3), (4) va (*), tac 1a :
1
x=y=z= 3
a,+a,+a, =3
Vidu 8. Cho h¢ {b, +5b,+b, =4
¢ +ey+ey =12

chimg minh /o + b7 +cf + Ja} + b3 +c} +Jai +b] +c 213.
Huwdng din gidi

Trong hé toa 46 Oxyz, chon :

A(a 3 b 5¢); Bla+a,;5+b,5¢,+¢,);

C(ay+a,+ay; b +b,+b, ;6 6+

Khi d6 0A=,}aﬁ+bﬁ+é,’ . AB= &2 +b} +ct;

BC=Ja? +b} +c ; OC =3 +4* +12? =13

Taluéncd: OA+ AB+ BC > OC

e Ja2 +b2 +c2 +Jad +b2 +¢2 +Jal +bF +c2 >13 (dpem).

C.LUYENTAP
Chimg minh ring véi moi x, y tadéucé :-

\/4coszxcoszy+ sin?(x—y) + \/4sin2 xsin? y+sin® (x-y) 22
Chimg minh :

a) \/xz +4y? +6x+9 +\/x2 +4y? =2x-12y+10>5 Vx,y;
b) \/9+x2 —3x\/5+\/16+x2 —4xs/5 >5;
c) \/a2 +x? —2axcosa +Jb2 +x* —2bxcosf

2\/a72+b2 —2abcos(a + 3)

Tim nghiém nguyén duong cia hé : \/x —Xy+y +\/y ~yz+27° =2
x+y+z<ll



§ 16. PHUONG PHAP DUNG DAU TAM THU'C BAC HAI

A. KIEN THUC CO BAN

Phuong phap nay sir dung cic két qua cta tam thuc bac hai dé chung
minh bét ding thirc. Pé lam duge diéu ndy ta can thyc hién cac phép
bién dbi dé dua bt dang thirc cin chimg minh thanh dang ctia tam thic
bac hai, hogc 12 biét thirc ciia mét tam thire bac hai,...

Dinh Ii vé ddu tam thiec bdc hai. Cho tam thuc bac hai
f(x)=ax’+bx+c (az0)

a) Néu A <0 thi gf(x)>0, YxeR.

b) Néu A=0 thi af (x) =0, VxeR.

DAu “=" xay ra khi va chi khi x = b
2a
¢)Néu A > 0 thi ta c6 bang xét diu sau :
X —a0 X Xy +ow
af (x) + 0 - 0 +

Viy: af(x)>0,Vxe(—0;x)U(x,;+o)

af (x) <0,Vxe(x ;x,)
Cdc dang todn thuong gip .
e Chimg minh ax’+bx+x>0; Vxe R (a#0). Ta chimg minh a>0

vi A=b*—4ac<0.

® xe[a;b]e (x—alx-b)<0 < x* —(a+b)x+ab<0. |

B. Vi DU AP DUNG

Vidu 1. A BC 13 mjt tam gic bit ki. Chimg minh ring véi moi s x ta

ducs: I+%x2 > cosA +x(cos B+cosC).
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Huong din gidi
BDT cén chimg minh tuong duong véi :
x?-2(cos B+cosC)x+2(1~cosA)>0. . 1)
Tach: A" =(cos B+cosC) —2(1-cos A)
2 B+C0052 B-C

. 2 A
=4¢0s ~4sm2—2—

B-C

= 4sin? %[cos2 —1]5 0, vi cos <1.

Vay (1) ding v6i moi x .
Vi dy 2. Chimg minh ring véimoi x, y talubnco:
xz(1+sin2y)+2x(siny+cosy)+1+0052y>0. (1)
Huromg din gidi

Ta xem vé trai cita BDT can chimg minh 14 m6t tam thirc bac hai d6i voi
x cohésdb a=1+sin’y>0. Taco:

A'=(sin y+cos )’ —(1+sin’ y)(1+cos? y)
=sin? y +cos® y+2sin ycos y— 1 —sin? y—cos? y —sin? ycos? y

=—sin? ycos® y+2sin ycos y—1=—(sin ycos y—1)’.

5 .
=—[%sin2y—1] <0 (visin2y#2)

Viy (1) ludn diing véi moi x, y .

Vidu 3. Cicsd a, b, ¢, d theo thi ty d6 13p thanh mét cép s6 cong.
Chimg minh ring ndu liy sé m sao cho 2m>|ad —bcl thi ta c6 véi
moi x : (x-a)(x-b)x—cHx-d)+m?20.

Hurdmg din gidi

Vi a, b, ¢, d lap thanh mét cip sb cong néntacod: a+d =b+c.



Tabién ddi : (x —a)(x —b)x—c)x—d) =(x—a)(x—d)x-b)x—c)

=[x —(a+d)x+ad |[x* —(b+e)x+bc | = (t +ad)(t +be),
Vo t=x*—(a+d)x=x*—(b+c)x.

Xét tam thire bac hat :

fO)=({+ad)(t+bc)+m* & f(t)=1*+(ad +bc)t +abed + m?.

Tacd : A=(ad +bc) —4(abed + m?)
=(ad —be)’ —4m? <0 (Vi lad - bel < 2m).
Suyra: f(t)20 v6imoi ¢

Vay : (x—a)x—-b)(x~c)x-d)+m? >0 véi moi x.

Vidu 4. a, b, ¢ 13 35 dai ba canh cia mdt tam giac. Chimg minh ring

pa® +qb* > pget (1), véi moi p, g thod man diéu kién p+g=1.
Nguoc lai, chimg 6 ring néu a, b, ¢ 1a ba 46 dai thoa man (1) (v&i
didu kién di néu vé p, q) thi a, b, ¢ 1a d dai ba canh cila mét tam

giac nao do.
Hudng din gidi
a, b, cjla d6 dai ba canh ciia mot tam giac nén :
a+b-c>0;a+¢c-b>0; b+c—a>0.

Pit: S = pa® +gb* — pgc?, thay g =1—p vio S taduoc:

S=pa* +(1-p)b?* - p(1- p)* =c*p* +(a2—52—cz)p+b2.

Xem S 1 tam thirc bic hai d6i véi p tacé

A=(a?-p? -c2)2—4b2 2= (a?-b? —c? -2bc)(a? - b* +2bc)
“lat -4y [ -(b-c)]
=(a+b+c)a-b-c)a+b—c)a-b+c)
=—(a+b+c)a+b-c)a+c-b)b+c—-a)<0 (theo (2)).

Suyra: >0 véimei p,g,dodd: pa®+qb® > pgc.

()
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Nguoc lai, néu a, b, ¢ 1a do dai ba doan thing thoa man (1) thi S >0
véimoi p.Dodétaco:

A<O0=>(a+b-c)a+c=-b)Yb+c—-a)>0=(2).

Thét vy, gia sir mdt trong ba thira sb & vé trai BDT trén duong, con
hai thira s6 kia 4m, chidng han a+b—-c<0 va b+c—-a<0 khi 46 :
2b=(a+b-c)+(b+c—-a)<0.Voli! T (2) suyra a, b, ¢ la dd dai
ba canh cua mot tam giac nao do.

Vidy 5. Cho céc sb a,.b, ¢, d, p, g thod man :
pr+gt—a* - -t -d*>0.
Chimg minh (p* ~a* -*)(¢> —c? ~d?) <(pg-ac-bd)’.
Hu’o”ngdéngidi
Tacéd:
prig’-a° —-b2 -t-d*>0= (p2 -a? —bz)+(q2 -’ —d2)>0‘

Viy trong hai s6 p? —a? —b* va ¢> —c? —d? phai c6 mét sé duong.
Ta cé thé gia sir: p —a” —~b* > 0. Xét tam thirc béc hai :

f(x)=(P2—02 —bz)xz—2(pq—ac—bd)x+(q2 —¢? —dz\}
=(px—q)2 —(ax-c) ~(bx-d)’.
Tirgiathiét: p’—a*-b6>0= p*>a*+b*20= p= 0. Khido:

2 2
f[—q-]=—[ﬂ—c} -[é‘l»dj SO#(pz—az—bz)f[iJSO.
V4 p p P
Do d6 f(x)=0 ludn cb nghiém, tirc 1a A'>0. Vay :
A'=(pg-ac-bd) —(p*-a?-b*)(q* -c*~d?)20
Hay : (p2 ~a*-p*)(g* - -d?) S(pq—ac-—bd)2 (dpcm).
Vidu 6. Cho (x ; y ; z) 12 nghiém ctia hé phuong trinh :

xX>+y*+2° =8
xXy+yz+zx =4.

Chimg minh —%s;:, Yy zsg-.



Huong din gidi
Taco - {xz +y? =8- 22 )
xy=4-z(x+y). (2)
Do d6: 8-77 =(x+y)2 —2er=(x+y)2 -8+2z(x+y)
= (x+y) +2z(x+y)+ 22 =16 => x+ y+z =+4,

i) Vo x+y+z=4 hay x+y=—-z+4, tir (2) suy ra xy=(z—2),2.
Vay x, y 1a nghiém cua phuong trinh :
X2 -(4-2)X+(z-2) =0 A=(4-2)" -4(z-2)" 20

8

=>z(8—3z)$0¢052£§. (3)

i) V&i x+y+z=—4 hay x+p=-z—4, tx (2) suy ra xy =(z+2)".
Vay x, y la nghiém cta phuong trinh :

X2 w4+ X +(z+2)  =0=3A=(3+2) " -4(z+2)* 20

=>z(3z+8)50=>—§$z$0. 4)

Kéthop 3)va (4) taduoc: —=<z<

w | e
W oo

Vi vai tr6 cia x, y, z nhu nhau nén : —§Sx, y,zsg.

Vidy 7. Cho tam gidc ARC. Ching minh :

cosA+cosB+cosC$%. (1
Hudng din gidi
Taco: (1) & 2cosA-i-BcosA_B+1—~2sil12££E
2 2 2
©2sin2£—2sin£cosA-B+120. (2)
2 2 2

 Dat:r= sin%, Khi d6 (2) trd thanh : £(r) = 22 —2tcosA—;£+%.
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Tacé: A'=c052A_B

~1<0= f(r) 20, Vt. (dpem).
Vidu 8. Cho y>z>t. Ching minh:
(x+y+z+1) >8(xz+ ). ' (1)
Hiedng dén gidi
Tacod: (1) x? +2x(y+z+)+(y+z+1) —8xz -8y >0
& X+ 2x(y-3z+0)+(y+z+1)’ —8yr >0. )
(2) c6 dang : af(x) > 0, trong d6 :
a=1; f(x):xz+2(y—3z+t)x+(y+z+t)2 —8y1.
Tacd: A'=(y—32+t)2—(y+z+r)2+8yt=—4z(2y—2z+2t)+8yt
=8(z—t)z—-y)<0 (Vi y>z>1t).
Viy: f(x)>0, Vx (do a=1>0).
Vidu 9. Cho phuong trinh ax’ +bx+c=0(a#0) vd6 nghiém
va a+b+c<0. Chhmng minh ¢ <0,
Hudng din gidi
Pit f(x)=ax’+bx+c. Vi A<0 nén af(x)>0,VxeR. Ta c6
fM=a+b+c<0 néntir af(1)>0=>a<0.

Mit khic : af (0)>0=>ac>0=>¢<0.
Vi dy 10. Chimg minh :

(x+y)2—xy+12(x+y)\/§, Vx,y‘ €))

Huomg din gidi
BDT (1) twong duong véi : x* +3° +xy+l—\/§x—\/§y20. '
Xem vé trai 1 tam thirc bac hai abi vai x,taco:

f(x):x2 +(y-—\/§)x+y2~\/§y+l.



2 .
Via=(y—3) -4(3* =By +1)=-3y* + 248y —1 =-(3y-1) <0,
v6i moi y nénsuy ra f(x)>0, Vx,y. Diu “=" xay ra khi va chi khi

1
X=y= ﬁ
Vi dy 11. Cho A4ABC. Ching minh ring véi moi x ta déu cé :
2
1+—)£2—2cosA+x(cosB+cosC).

Hudng dén gidi
2
Tacé: ()& %-x(cosB+cosC)+1—cosA >0.

2
it : f(x)=x?—x(cosB+cosC)+l~cosA. Taco:

A=(cosB+ cosC)2 —2(1-cos A)

= 4sin2§coszB—;£—45in2 % = 4sin? -/21[cos2 B;C —1] <0.

Suyra: f(x)>0,VxeR (Vi a=]5>0).

0
Vi dy 12. Chimg minh : 4sin? 630+ 10 %8% ¢
4sin” 63
Hieong din gidi

Do c0s89° >0 néntacéd:

_ 0

4sin? 63" + 2208 4inter0 e 10 (1)

4sin‘ 63 ~ 4sin” 63
15 ‘
Ta s& chimg minh : 4sin” 63° + ———<8. )
s 4sin® 63°

That vay : (2) & (4sin263°)" —8(4sin?63°) +15 <0
& 3 <4sin® 63° <5 (theo dinh li vé& du tam thitc bic hai) (3)

R& rang, sin?63° <1 va sin?63° > sin? 60° = %. Vay (3) dung. Do d6
(2) diing. Két hop (1) va (2) suy ra dpem.
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Vidy 13. Cho f(x) va g(x) 1a hai ham s lién tyc trén doan [a;5].
Chimg minh :

(Lrwewa) ([ £ @) [ e @a).

Huong din giai
Véi moi s thuc y,taco:
(yf(x)+g(x))2 >0, Vxefa;b]

=y )+ 2y () g(x)+ g2 (x)20,Vxe[a; b]
b \ b b
:{J'fz(x)dey2 +2{If(x)g(x)dx}y+ Igz(x)dxzo, YyeR (*)

Xem vé trai cua (*) la tam thirc bac hai theo bién y . Tir (*), theo dinh
li v& dAu tam thirc bac hai ta suy ra :
b

b Z /s
A'SO:[If(x)g(x)dx] - Ifz(x)dx Igz(x)dx <0

a

£b

b 2 /b
:[jf(x)g(x)dx] <| | f’(x)dx\ J'gz(x)dx\(dpcm).

C.LUYEN TAP
16.1 Ching minh BDT By-nhi-a-cop-ski :

(ab +ah, +-+apb,) <(at +ai +--+a?)(bI +b2 +---+b?).

Huéng ddn : Xét f(x)= Z(a,.x - b, )2 20, Vx.

1=}

16.2 Cho AABC, chimg minh ring véi moi x, y, z ta ludn c6 :

x?+y? +22 2 2xycosC +2yzcos A+ 2zxcos B.

Dau “=" xay ra khi ndo ?
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16.3

16.4

Huong dan : f(x)=x" —2x(ycosC+zcosB)+y2 +22—2yzcos Ad;
A =—(ysinC—zcosB)2 <0.

DAu “="xay ra khi va chi khi LA
a b ¢
Cho a, b, ¢ la d6 dai ba canh tam giac ; x, y, z la ba sé thoa
ax +by+cz=0. Ching minh :
a) xy+yz+2zx<0; b) ayz + bxz +cxy £0.

by+ax

4

Hudéng ddn : Thay z=- vao vé trai va xem chung 1a cdc tam
thuac bac hai theo x.

Cho A4BC, chimg minh :

~

a) sinﬁsinésim— b) sin®> A+sin’ B+sin*C Sg;
2 2 2 4

I
8’

¢) cosA+cosB+cosC2 125in§sin§sin£.

§ 17. PHWPONG PHAP DUNG MIEN GIA TRl HAM SO

A. KIEN THUC CO BAN

Néu bét déng thirc cAn chimg minh c6 dang :
a< f(x)<B,voi xeD.

ta c6 thé sir dung phuong phdp mién gi4 tri ham s chimg minh bit déng
thac trén. Cac budce thye hién nhu sau :

® Goi m 13 giatri tuy y chia f(x) trén mién D. Ta c6 phuong trinh an

{f(x)=m (0

x sau c¢d nghiém :
gh x€D.

® Tuy dang cua (1) ma ta c6 duge didu kién dé (1) co nghiém. Noi

chung, céc didu kién nay c6 dang o <m < 8. Khi d4 bat ding thic da
duoc chimg minh.
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e Bing cach giai cac,phuong trinh cu thé £ (x)=a (hodc f(x)=p)ta
c6 dugc diéu kién dé c6 déu déng thirc bén tréi (hosic bén phai) trong bt
dang thirc can chimg minh xay ra.

Luuy:

¢ Phuong phip ndy thich hop nhit dbi voi cac bat ding thic co

dangagp(x)éﬁ hode o< aslmx+bcosx+c <8, v PO,
0(x) Asinx+ Beosx +C

Q(x) lacac da thirc cuia x.

® lsinx|]<1:lcosx|<1, VxeR.

B. Vi DU AP DUNG

Vi du 1. Chimg t6 ring véi moi o ta ludn ludn cé : |,
4sin3a+5>4cos2a+Ssina.
Huwong din gidi

Tacd : 4sin3a+5—4cos2a—Ssina
= 4(3sina - 4sin’ &)+ 5— 4(1-2sin® &)~ 5sina
= —16sin* o +8sin*a + 7sina+1
—=(1—sina)(16sin? a +8sina +1)
=(1—sina)(4sina+1)° >0 (dpem).

Vi dy 2. Chimg minh ring véi moi a ta déu cb

[cos-3x+asin3x+1(<1+\/1+3a2 '

| cos3x+2 |7 3
Hurong dan gigi
Xét ham sb 1 y =" 3xtasindx+l . Ta c6 y, thudc mién gia tri
cos3x+2
5 khi ¢ khi : 3 in3x +1
cua ham s6 khi va chi khi phuong trinh y, = cos3x +asin3x + (1)
cos3x+2

¢0 nghiém.



(1) © yy(cos3x+2)=cos3x+asin3x+1
< (y, —1)cos3x —asin3x+2y,—1=0. (2)
(2) cé nghiém khi va chi khi :

(yo—l)z-l-a2 2(1—2)}0)2 &3y —2y,—a* <0

@1—\/1+3a2<y<1+\/1+3a2
3 07 3
T @6 suy ra véi moi x taco :

}cos3x+asin3x+]|< 1414 34?
| cos3x+2 \_ 3

(dpem).

- (5,1
Vidu 3. Cho x> 0. Chimg minh : x+ Jx* +=>2.
X
Huomg din gigi

o C s g 1 . s
Goi m 1a gia trj tuy ¥ ciia ham s6 f(x)=x+,/x2 +—, x> 0. Khi dé,
X

1
s 2, - _
hé (4n x)saudﬁycéng_hiém: x+\’x +x“m )
x> 0.

H¢ (1) trong duong véi hé sau :

°<"15’" 0<x<m (2)
+=m=(m—x""" |2mx} —m’x+1=0. (3)
Lo

(3) ¢6 nghiém khi va chi khi : m* —8m >0 m>2 (chi ¥ tir (2) ¢6
m>0). Vi thé, khi m>2 thi (3) c6 hai nghiém duong x,, x, Vv6i

m A - » 7
x <X, Vix+x,=— nénsuyra x, <x, <<m. Do dd, m>2 chinh
1 <X 1R =7 1< X,

1a diéu kién d& hé (2) va (3) c6 nghiém. Tir 46 suy ra véi moi x>0, ta
cd :c+Jx2 +Llsa
x
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Vidu 4. Cho x, y 1a cac sb thuc thoa man diéu kién :

2
(xz——yz—{—l) +4xiy? —x? -y =0.

S, 5 3+46
—

Chimg minh : 3;2—5x +y° <

Hudng din gidi

Pat f(x, y)=x’+y*, véi x, y thoa man didu kién dé bai. Goi m 1a
gid tri tuy y cua f (x, y) trén mién di cho. Nhur vy hé sau (4n x va y)
x4 y2 =m

) W

¢6 nghiém : 2
(x2 =y +1) +4x)? - x> -y =0. (2)

'x2+y2=m

Tacé: (¥ e
e ) L(x2+y2)2 —3(x2+y2>+1+4x2=0
x? +y =m (%) (3)

(=
m’ —3m+14+4x* =0. (4)

Phuong trinh (4) (4n x)cod nghiém khi va chi khi :

3_2‘/§5ms3+2‘/§.

(5)

Véi didu kién (5) thi (4) c6 nghiém.

Taco: (3o 4x’+4y’ =dme —m* +3m—1+ 4y’ =4m
@4y2=m2+m+l.

Do m*+m+1>0 véimoi m, nén ndiriéng m* +m+1> 0 voi moi
m thoa min (5).

Viy, hé (%%) c6 nghiém khi va chi khi - <m<

3-5 3+~/_
2

3-5 3445 N
2 2

cach khac

< x* + y* < === Déu ding thirc xay ra khi nao

xin danh cho ban doc tr giai theo cach giai da biét.



Vi du 5. Cho x,yeR thoa x*>+xy+y?<3. Chimg minh :

43 -3<x? —xy -3y’ <43-3.
Huweong din gidi
bat A=x2+xy+y2=>0§A53, T=chvxy—3y2

*Néu y=0=0<x?<3,khido: T=x"=0<T<3
*Néu y=0thi A=0

X
2 _ . a3 [_
#T:xzhxy—lvz:/i.x2 X 3y2 = A Y 3
x“+xy+y [E]
y

2 J—
Pat a =% Xeéthamsé f(a)=L =93
y a +a+l
2
¢6 f(a)="2 Fhat2
(a* +a+1)
~—2+3
"@)=0&2a"+8a+2=0& |7
4 a:—2—\/5
Béng bién thién :
a -0 -2-6 ‘2"‘6 +00
f(a) + 0 - 0 +
f(a) ' -3+V48 1
1/ 3 \-3-m/
3
:#‘r&sﬂa)s—%g—m vido 0< A<3 néntacd:

—3-J48<T<-3+/48
Viy ~43-3<x> —xy—3y? <433
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17.1 Chimg minh ring, véimoi x€R tacd '—=<

C. LUYEN TAP

1 2sinx+cosx+1 <2

2 “sinx—2cosx+3

2 cosx+2sinx+3

17.2 Chimg minh ring véi moi x €R, tacé — < <2.
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17 2cosx—sinx+4 "~

§ 18. PHWONG PHAP DUNG LU'QNG GIAC

A. KIEN THUC CO BAN

Ding phép ddi bién lugng giac thich hop ta dua bét ding thirc cn
chimg minh vé bit ding thirc chira céc biéu thirc c6 dang luong gisc.
Duéi dang ndy, bing cac phép tinh luong giéc, bat dang thirc dé dang
chimg minh hon.

Céc bét ding thirc ¢ thé dung dugc phuong phép nay dé chimg minh
thuong c6 dau hi¢u d& nhan biét sau day : Trong biéu thirc cua né ¢6
chira cic dai lugng dang x*+ 32, 1+x7,.... Didu kién cua bt ding
thire cho dudi dang x* +y? =a?, a>0; Biéu thitc cia né gén lién voi
m@t hé thirc luong gidc nao dé.

Céc phép dbi bién luong gidc thudmg ding

1) Su dung didu kién cva bién |x|<k (k <0). Dit x=ksina véi

ae[—% ; g——] hodc x =kcosa voi ae[O ; 7r].
2) Bién x, y ciia bit déng thic cé didu kién x*+)° =k (k>0).
P4t x=ksina ; y=kcosa vii ael0; 27].

3) Sir dung diéu kién cia bién x>k (k >0).

k véi ae O;ZJU[E-;”].
cosa 2 2

Tacé: x°—k* =k2[+—l]=k2tan2a va tana > 0.

bit x =

Cos a



4) BDT c6 biéu thirc : x* +k*. Pat x=ktana véi ae[—g— : %)
k2

0052 a

Khidé x2+k2=k*(1+tan’a)= va cosa > 0.

B. Vi DU AP DUNG

Vi dy 1. Chimg minh ring véi moi s6 a, b ta déuco :

1 (a+b)(1-ab) 1
2 (e a)1e5) 2

Hwéng din gidi

Pit: a=tang, b=tan B véi a, ﬂ,e[—% ; %]

(a+b)(1-ab) _ (tana + tan B)(1-tan & tan )
(1+a>)1+5?)  (1+tan’@)(1+tan? B)

sin(a+ B) ‘[l— sinasinﬂ}

Khido: A=

=cos’ arcos® B -

cosacos f} cosacos f
=sin(a + B)cos(a + ﬂ)=%sin (2a+2p).

I  (a+b)(1-ab) 1
—< <—.
27 (1+a?)(1+5%) " 2

Vi du 2. Ching minh ring néu [x| <1 va n 1a mét s§ nguyén 16n hon
1 thi ta c6 bat ddng thirc : (1+x)" +(1-x)" < 2",

Do d6 : |A|=%|sin(2a+2ﬁ)|s-;—. Viy: —

Huvng din gidi
V6i diéu kién [x| <1, dit x=cost. V&i x#+l, tacod t=kr (kel)
Khi @6 (1+x)" +(1-x)" =(1+cost)” +(1-cost)”

= [2cos2 L] + [2sin2 LJ
2 2

97



=2 [sinzn L 4 cos™ L] <2" [Siﬂ2 ! 4+ cos? L] =2"
2 2 2 2
(Vivéi n22, sin™ x <sin® x va cos®” x <cos® x véi x = k%) (dpem)

Vidy 3. Cho a+b=2. Chimg minh a* +b* > a’ +5°.
Hudng din gidi

a) Néu ab <0, ching han b <0 thi a>2 : a* >d’, b* > b°.

b) Néu @>0,520. Dit a=2sin’a, b=2cos’@. BDT cin chimg

minh twong dwong véi : 8cos? 2a(sin® a +sin® acos?+cos* a) 20
(dpcm).

(1 —x’sina+ 2xcosa)

Vidu 4. Cho f(x)= g .Chung minh : lf(x)| <1;
+x

Hudmg diin gidi
Dat x =tanc, bién ddi di dén |7 (x)|=[sin(a+2a) <1.
Vi du 5. Chimg minh ring tr bon s cho truéc ludn ludn co thé chon

XY <i,

ra dugc hai sb x, y saocho: 0<
1+xy

Huomg dén giai
Gia st bdn sb da cho 1a tane, tang, tany, tans véi

yA
Zcaspsy<i<Zcanrn 5

2 2  a+n N
Cic didm B, y,5 chia doan [a;a+7] .

thanh 4 doan. C6 it nhit mot trong céc doan Q B x
d6 c6 8 dai s%. Chéng han OS,B—aS%.
Khi d6 :

tan S —tan <1.

O<tan(f-a)sleo 00— <
('B a) I 1+tan S.tan



Lac 36, chon x =tan f, y =tana.

Trudng hep (a+7r)—55% thi : tan(a+ 7 —-6) =tan(a - 5).

Chgn x=tana, y =tand.

Vidy 6. Cho —2 < x <2. Chimg minh : -2 < x+4—x* <22
Hurdng din gidi

Do -2 <x<2 nén dit x=2sinp vdi —%Sq)S%.Khi do :

Va=x? = \[4—4sin? p = \Jdcos? ¢ =2|cos | = 2cos .
(Vi khi —%SQ)S% thi cos@>0).
Viy: 2<x+V4-x’ 52\/5@—252sin¢+2cos¢32\/5

< -1 SSin¢p+cos¢sJ§ @—ISJECOS[(D—-Z-]S\/E

2 ( Jr]

& ———<cos| p—— [<£1. 1
> @ 2 H
T T kY, 4 2 1

Vi-—<@p<— néns P—— <L p——<—, 2
S SPS3 uyra: ——-<@-<7 ()

Tir (2) suy ra (1) dung, do d6 ta c6 dpem. Diu ding thirc bén phai xay
ra khi va chi khi : qp—%:O@q):%@ x=25in-§-=\/5 ; ddu ding
thirc bén trai xay ra khi va chi khi :

¢—£——3—”©I ——£<:>x—2sih[—£]——2
2 4 %773 2 '

Vi du 7. Chitng minh ring trong moi tam gidc ABC ta ludn cé :
[1+tan£][1+tan£][l+tan£]2 2443+
2 2 2 P

trong d6 S 14 dién tich, p )a nura chu vi.
(Trich d@é thi Dai hpc Ngogi thuong, nam 1996)

99



100

Huwdmg din gigi

Trong moi tam giéc ta ludn cé6 :

A
tanitan§-+tanEtan£+tan£tan—=l. (D
2 2 2 2
[ A B c]z
Suyra: | tan—+tan—+tan—
2 2 2

23[tan£tan£+tan£tan£+tan£tani4-] =3.
2 2 2 2 2 2

Do do: tan§—+tan§+tan§-2\/§. (2)

Mait khac, tacé : r =(p—:a)tan?:(p—b)tang:(p—c)tan—g—.

3 3 2
Suy ra: tmﬁtanétm—(l: ! = pr2 =S—2. (3)
2 2 2 (p-a)p-b)p-c) S p

Tu (1), (2),(3)suyra:

N N\
[1+tan£J[l+tan£ ‘[1+tan£}=1+(tan£+tan§+tan£}
2 2) 2 2 2 2

(AB B C CA]
+| tan —tan — + tan — tan — + tan — tan —
2 2 2 2 2 2

S2
-

+tan£tan£tan£2 2+J§+
2 2 2. p

Vidu 8. Cho AABC. Chimg minh :

. . : C
a) smA+smB+smC5cos%+cos§+cqs—;

b) cos Acos BcosC < sinﬁsin gsing.

(Trich dé thi Dai hpc Sw pham Ha Npi, nim 2600)

Huong din gidi

A+ B SA~B C . A-B

Tacéd: sinA+sinB=2sin co 5 =2cos—2-cés SZcos%.



Tuong tyr : sinB+sinCs2cos%; sinC +sin A s2cos§.
Cong céc BDT trén lai ta dugc :
sinA+sinB+sinC5cos§+cos—2q+cos%.

Déu “=" x4y ra khi va chi khi A4BC déu.
b) e Néu tam gidc vudng hodc tu : Hién nhién.
o Néu tam gidc nhon, ta c6 :

cos Acos B = %[cos(A + B)+cos(A—- B)| < %(l —cosC) =sin? %

Tuong tur : cos BeosC Ssinzg ; cosC cos A < sin? -lzi
Nhan cic BDT trén vé theo vé, ta dugc :
A, .
cos Acos BcosC < sin—smﬁsm E

Déu “=" xay ra khi va chi khi A4BC déu.

Vi du 9. Chimg minh ring néu cic géc cta tam gidc ABC thoa man
diéu kién 24+3B=r thi cic canh tuong tmg cia n6é thoia min

a+b§§a
4
Hudmg din gidi
Ti: 244+3B=m suyra A:%—% va C=12r—+§. Do d6 :

sinAd = cos}}—; = 0052[4 cos? E —3] = cosg[l —4sin? E] :
2 2 2 2

sin B = 2sin£cos£ : sinC=cos—€.
2 2 2

Ap dung dinh li sin va tinh chét ti 1 thic, ta c6 :

a b c

cos—)?—l—4sin2£ 2sin£cos—B- cosE
2 2 2 2 2
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a b a+b
&Se= = =

1—4sin2—§- 2sing —4sin2§+2sin§+1

Tudésuyra: a+b :.c[—4sin2 —§—+2sin§+l].

B1 l]+5
4

B . B ;B
Talaic6: —4sin® =+2sin—+1=— l4s —_—4sin—.—+
alac sin 2+ sm2 m2 213

—[2sin§~l] -1—E Sé.
2 2) 474
] 5

Viy:a+b< Zc (dpem).

Vi du 10. Chitng minh ring véi moi tam giac ¢6 3 canh a, b, ¢ thoa
man didu kién a® +52 <c? thitaludncéd : 0.4 < % <0,5, trong d6 r
12 ban kinh duomg tron ndi tiép, A 13 45 dai duong cao ha xubng canh c.

Hutng din gidi

Taco: S:pr:-!-ch=>£:—c—,mz‘i a+b>c nén:
2 h a+b+c

T« -p,5s.
h 2¢

Mit khic : ¢2 > a® + b2 2%(a+b)2 = a+b50x/§

“}; (\/_+1)”\/_ 1>0,4

Vidu 11. Goi R, r 1 ban kinh cac dudng tron ngoai tiép, ndi tiép tam
gidc ABC ; h, I 13 40 dai duong cao va phan giic trong xudt phat tir

o , . h ’2 e
cung mét dinh cua tam giac ay. Chimg minh 7 > —k; Khi nao x4y ra

déu ding thire ?



Hudng dén giai
Goi h, 1 1a d6 dai dudmg cao va phan gidc xuit phat tir dinh 4. Tacd:

h A K 4] 1
—=sin B+—-—]=> —=sin2[B+—]=- 1—cos(2B+ A
1 [ 2 I? 2 2[ ( )]

=%[l+cos(B—C)] — cos? 2 >

Mit khac - ©.— @Fb—cXb+c—aXcta—b)
: = _

2abc
__(sin A+ sin B —sin C)(sin B + sin C — sin A)(sin C + sin A —sin B)
2sin Asin BsinC
=4sinisin£sin£=2sin£cos — --ZSinzi
2 2 2 2 2
2
Do d6 : —22£¢:>cos2 > 4sin=cos —4sin2ﬁ.
! R 2 2
Ding thirc xay ra khi va chi khi :
cosB;C = 25in§¢> sinB+sinC=2sind< b+c=2a.

C.LUYEN TAP

18.1 Chimng minh :

a) |a\/9—a2 +4a|$15 ; b) ~1<6avl-a* +8a* <9.

18.2 Chimg minh : |a\/1—b2 +bV1-a* +43 [ab—\/(l—az)(l—bz):" <2.

18.3 Cho x° + y? =1. Chimg minh : %5x6+y6$1.

/ 2
18.4 Cho |al>1. Chimg minh : —25Ms2.
a
2 2 2;2
1_(@-p?)(1-a%?)

18.5 Chimg minh: — =< > > _-1-.
4 (1+a) (t+p?) 4
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x2 —(x—~4 2
18.6 Cho x? + y* > 0. Chirng minh : —2~/5-2sq)i4+)s2\/§—2.
x* +4y

Huomg dén -y #0. Dt : tana = 2i
y
18.7 Cho tam giac ABC. Chimg minh :

a) cosAcosBcosCSlg;
b) az(b-+-c—a)+b2(c+a—b)+cz(a+b*c)S3abc;
c) = <sm A+sin2£+sin2£<1;

2 2 2

33

d) 2< cosﬁ +cos£+cos— < —.
2 2 27 2
18.8 Ching minh ring trong moi A4BC, taludn c6 :

A
a) coti+cotB+cotC> tan-+tan£+tan£'

b) Jsin A ++/sin B ++/sinC <Jcos— \/cos—— Jcos——.

18.9 Tam gidc ABC nhgn. Chimg minh :

AL S B NS B B
cosA cosB Cosc_sing sin—g sing

2

b) Vtan 4 + Jtan B +tanC > \F)tg +\/cot~§ +\/cot—§—.

- (Trich dé thi Dai hoc Ngogi thuwong, nam 1995)

Hudmg dén : Chimg minh Vtan 4 + v'tan B > 24/tan Atan B > 2, /cot%

18.10 Cho A4BC. Chimg minh :

1 1 1 1 1 |
in? 4 sinzB‘+~ '2C2 A+ "B+ C
§ Sin cos? 5 cos’ = cos® 5

(Trich dé thi Dai hoc Quéc gia Ha Npi, nim 1999)
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Hudng dén :

Ly Lz s 2 5 2
sin?4  sin’ B~ sinA4sin B [Sm A+sin B] cos? C
2

18.11 Chimg minh rang néu cic géc 4, B, C ciia A4BC thoa diéu kién
cos2A+cos2B+cos2C > —1 thi: sinA+sin B+sinC SH—«E.
(Trich dé thi Pai hoc Quéc gia Ha Nji, nim 1999)
Huéng dan :
Chimg minh : cos24+cos2B+cos2C =—1—4cos Acos BcosC.

Tir gia thiét suy ra cos Acos BcosC < 0. Suy ra A4BC khdng nhon.
Goi C 1a goc ion nhét, ta co :

90°SC<1800=>cos <

(Sl

V2
2
B

Viy : sinA+sinB+sinC=2cos%cosA +sinC <

< Zcos%+sinCS~5+l.

Déu “=" xay ra khi va chi khi AABC vudng can.
18.12 Cho AA4BC c6 cic canh a, b, ¢ va 1, 1,, 1. 1a &) dai cac duong phin
gidc trong cia A4BC. Chimg minh :
1
L, )+l + 1)+ (1, +1) <345,
c ' a

(Trich dé thi Hoc vign Quén si, nim 1997)
Hueéng ddn : Ap dung cong thirc :

2bccosA B
l, = 2\ cos£+cos§+cos—<3—

b+c 2 2 2
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§ 19. PHUONG PHAP DUNG TiNH DON DIEU
CUA HAM SO

A. KIEN THUC CO BAN

Gia sur phai chimg minh BDT : f(x)>0; Vxe(a;b). Xét ham sb
f(x) trén (a;b).

e f(x)20,Vxe(a;b)= f tang rén (a;b).

o f(x)> f(a)=0,Vxe(a;b).

Luwu  : Nhiéu khi dé chimg minh f'(x)>0, Vx €(a;5) ta lai phai
chimg minh /"(x) >0, Vxe(a:b).

B. Vi DU AP DUNG

]
Vi dy 1. Chimg minh ring v6i moi x>0 ta déu c6 : x—%<sinx<x.

Hiréng dén gidi
bat : f(x)=x-sinx vé1 x20. Ta cd : fi(x)=l-cosx20> f
ddng bién trén [0 ;+o).
Véi x>0 tacé f(x)> f(0)=0. Viy: x>sinx, Vx> 0. (1)
3
Lai dat : g(x):x-—%—sinx, vol x=0. Taco:

2
g'(x):l—-xz——-cosxz g'(x)=-x+sinx <0, Vx>0 (theo (1)).

Suy ra g'(x) nghich bién trén [0 ;+w) = g'(x) < 2'(0)=0, Vx > 0.
Do d6 g(x) nghich bién trén (0 ;+o0). Ta lai cé : g(0)=0.

Viy, véi x>0 thi g(x)<g(0)=0 suyra:

x} x*
x-—?—sinx<0:> x——<sinx. 2)

Tir (1) va (2) suy ra dpcm.
3x
Vi du 2. Ching minh ring : 22" 422"* 522 41,



Huéng dén gidi
Ap dyng BDT C8-si cho hai sb duong 22*"* va 2% tacé :

2sin x+tan x

22sinx +2tanx >2 22sinx+mn.r =22 2

Ta cin phai chimg minh : 2sinx+tanx > 3x véi 0 <x <.
Xétham sé f(x)=2sinx + tan x—3x véi xe[O;%]. Tacéd:

1 2cos’ x—3cos® x +1
"(x)=2cosx + -3=
S cos’ x cos? x

_ (2cosx+1)(1- c:os:r)2 S

2 0,
Cos X

vi véi xe[O ; %], cosx>0. Vay f(x) dong bién trén [0 ; 12’.] ma
f(0)=0nén 0<x< 12:— Tacoé: f(x)=2sinx+tanx—3x>0 (dpcm).
Vi dy 3. Chitng minh ring, néu 0 < x <% thi 25"* 4 210x > X+

Huong din gidi

Ap dung BDT Co-si, tacé : 2977 + 290 » 2/2%°*#"* T3 chimg minh :

9) fzsinxﬂanx > 2x+l o 2sinx+tanx > 22:

<:>sinx+tanx22x,0<x<127- 4))

bit: f(x)=sinx+tanx—2x, vi xe[O ; %] Tacé:

f(x)=cosx+ 1, -2
Cos™ x

\ ﬂ -
Vi 05x<5 nén cosx > cos>x. Do dé :

1 .
f'(x) 2 cos® x + 7——220, (vi cos® x +
cos’ x cos” x

>2 (BDT Cb-si))
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Suyra: f ting trén [0;%],111& f(0)=0nén:

Sf(x)> f(0)=sinx + tan x > 2x, xe[O ; %]
Vay ta cé (1) tire 1a dpem.
Vidu 4. Cho AABC nhon.
a) Ching minh ring : (sin 4)**"® +(sin B)**" +(sinC)**™"* >

b) Bét ding thirc trén con ding khéng néu A4BC vubng ? Vi sao ?
(Trich d¢ thi Pai hoc Sw pham Ha Nji 2, nim 1999)

Huong dén giai
. . . - 1~cos2
a) Tac():smzA+:ssz+sm2C=.1 CZSZA+ czs B+l—cos2C

=2~ %(cos 2A4+cos2B)- cos’C =2- cos(A+ B)cos(A - B) —cos’ C

=2+cosC[cos(A— B)+cos(4 + B)] =2 +2cos Acos BeosC.

Do AABC nhon nén ta cd sin® A+sin® B+sin®C >2. Mat khac,
sin 8

1
0<sin? A<1 va sinB<1 nén : (sin?4)  >(sin? 4) =sin 4 (vi

hamsb y= (sin2 4)° giam trén R).

inC in A
Tuong tu : (sin? B)" >sin? B ; (sin2C)™"" >sin? C. Do d6 :

2sin B 2sinC

(sin A) +(sin B) +(inC)*™™* > sin? A+sin? B+sin2C > 2.

b) Gia sir 4=90° tacé : (sin 4)**"? +(sin B)*"C 4+ (sinC)*"™ =
—1+(sin? BY'" +5in2C > 1 +sin® B+sin? C
=1+cos* C+sin’C =2.

Vay BDT trén vin ding néu A4BC vuéng.

Vidy 5. Cho n 1a 56 nguyén va n>3. Chimg minh :

"™ = (n+1)". (1)
(Trich dé thi Dai hpc An ninh, ndm 2000)



Hudng din giai
n+l SN

Taco: "' 2(n+1)" S n+DInn=nln(n+1) & >—.
In(n+1) Inn

Xét ham s6 : y=i voi x=3. Taco: y'=lnx l>0 Vx>3 suy

Inx In” x

ra ham sb y=l—x- ting trén [3 ;+0). Do d6 voi n2>3,tacod :
nx ,
n+l > " (dpcm).
In(x+1) Inn

Vidu 6. Cho AABC ¢6 0< A<B<C <90° Chimg minh :

2¢c0s3C —-4cos2C+1
cosC

(Trich dé thi Pai hpc M6 ~ Dia chit, nim 2000)

>2. ()

Hudng dén gidi
Tacd: (1) 2(4cos® C-3cosC)-4(2cos> C—1)+12>2cosC
& 8¢os® C-8cos’ C—8cosC+5>0.

Tir gia thiét suy ra 60° <C <90° = 0 <cosC s%. bit t=cosC thi

E[O : %:l va xét ham sb : y=813~812—81+5, IG[O;%]. Tacéo:

t=1
y' =241 -16t-8 ; y =0 1
- )
Dua vao bang bién thién,
ta thay ham sO 1 1
y=8—8>—8t+5  nghich

bién trén [o-l] nén cé : Y ////57/ _ ///M

minyzy[%]jo. Jk %/A\W
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Viy : 8cos® C -8cos’ C-8cosC +5 >0 (dpem).
Viduy 7.Cho a<6, b<-8, ¢ <3. Chimg minh ring vi moi x>1
tadéucod: x* —ax’ -bx>c.
Hurdng din giai

Dit: f(x)=x"—ax’ —bx—c. Tachimg minh f(x)>0, Vx>1.
Tacod f'(x)=4x* —2ax—b. Dé xétdau f'(x) taxét:
fU(x)=12x* —2a=2(6x> —~a) 22(6-a) 20 (vi x>1 va a<6).
Viy f'(x) tang trén [l ;4+o0),suyra:
f(()Z2f'1)=4-2a-b24-12+8=0, Vx21 (via<é, b<-8).
Viy: f tang trén 1 ;+%). Do d6 :

f(x)2 f)=1-a-b-c21-6+8-3=0; Vx=>1.

Hay : x* —ax? —bx>c, Vx>1 (dpcm).

V3 1
: f smx

Vi dy 8. Chimg minh :

w6

Hudng dan gidi

Xétham sé 7 (x)= 22X xéc dinh trén [%%J Taco:
X

£(x )_xcos:cr- sinx h(;c)

X

Diu cia f'(x) la diu cha h(x)=xcosx—sinx. Ta c6 K (x)<0,

Vx € [l;- : 2] nén h(x) nghich bién. Do dé :

x>£=>h(x)<h[1]=£cos£—sin£=l[u—l]<0
6 6 6 6 6 20 6

Vi f'(x)<0 nén f(x) nghich bién trén [16[ -3—] do 46 :



f[%]>f(x)>f[%]=>%>smx>ﬂ

x 2m
n/3

f3\/_dx fsmx <"f \/_ fsmx 1
/6 2 /6 /6 Tr /6

/4
Vi du 9. Cho 1,,=fxtan"xdx (neZ*). Chimgminh: -

0
n+2
1,> 1 [-73] .
n+24

(Trich dé thi Dai hpc Quéc gia Ha Npi, nam 1997)

Huéng din gidi
Xétham sé f(x)=tanx—x v&i x € 0;%.Tacé:
' 1 m
s 5 O;Zl=>f(x)2f(0)
=>tanx>x, Vx€ 0;%].
/4 w4 1 /4
Viy: I,= | xtan"dx> | x™*'dx = x"?
i ‘[ \!‘ n+2
0
n+2
=1, > ! [1] .
n+114

Vidu 10. Cho a > b > 0. Chimg minh : [2" +51;]b [2” + 5],,—] '4))
(Trich d¢ thi Pai hoc, Khdi A, nam 2007)
Huébng dén gidi
1) & (42 +1)" <4 +1)° © bIn(47 +1) < aln(4® +1)

a b
4i>1n(4 +1)Sln(4 +1)
a b
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19.1

19.2

19.3

194

19.5

112

Xét ham sb f(x):M (Véi x> 0)
X

4" In4* —{(4* ¥+ 1)in{4* +1)
x(4‘+1)

= f(x) 1a ham s5 nghich bién tén (0;4+o00) ma

Co: flx)= <0 (vx>0)

b a
a>b>0= f(a)< f(b) @[2"+51;] 5[2”+%] (dpcm)

C. LUYEN TAP

Chimg minh : cosa+asina>] voi 0 <a < %
(Trich dé thi Pai hoc Hang hdi, ndm 1999)

Cho a,f € [0 3 %J, chimg minh asina — #sin f > 2(cos f —cos ).

Ching minh : 2 < flog, 3 +‘/Iog3 2 <i
tan @ tanﬂ
Cho 0<a<,6’<— Chimg minh : —— _,B_
a

Cho AABC nhon. Chimg minh :
sinA+sin B+sinC +tan A+tan B+tanC > 27
Huomg dén : Xét ham s f(x) =sinx +tan x — 2x.

§ 20. PHUONG PHAP DUNG CUC TR] CUA HAM SO
A. KIEN THUC CO BAN

Gia su phai chimg minh BBT : f(x)>0; Vxe{a;b).
e Xétham sé f(x) trén (a:b).

o Lap bang bién thién ciia ham sb va tinh gi4 tri cyc tri.
e Dua vio bang bién thién dé két luin.



B. Vi DU AP DUNG

Vidu 1. a,b,c 1a ba sb duong thoa man diéu kién : a® +b> +¢? =1,

a b c 33
+ + 2

Ching minh : > )
g b +ct +dt at+b? 2

Huong din gidi
Tir gia thiét ta ¢6 : O0<a, b, c<1. BPT cin ching minh twong
a’ . b? . c? 23\/3.
a(1<a?) b(1-5?) c(l-¢)? 2

duong vai ¢

Xét ham sb f(t)=t(1~12)=—l3+t vai te(O ;1).Tacc’>:

fl()=-32+1; ‘

1 t 0 = 1
f(t)=0<:>t=$ (vi t>0). Iz m T 0 - %
Dya vao bang bién thién, ta c6 : 1 7/ . %\ %

2
N<——; Ve ;1.
J( 35
2
Dodé: 0<all-a)< 2= 2 23‘/§a2. (1)
33 7 ali-a?) 2
33,
Tuong tyr : 4 b, )]
p(1-p?) 2
L
c 23‘/3&. (3)
cl1-¢2) 2
Cong (1), (2). (3) vé theo vé va luu y: a’+b +c? =1, ta duoc :
2 2 2
g b ¢ 3ﬁ (dpcm).

a(-a?) bU-0Y)  cl1-c) =5

Vidy 2. Cho ham s6 f(x)=x"+(c—-x)" trong 6 ¢ >0 va n la mot
s6 nguyén duong 16n hon 1.
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a) Khao sat sy bién thién cua ham so d6.

a" +b"

o
voi a, b 1a hai s6 tuy y thoa man diéu kién a+b>0, con n la sb
nguyén duong bét ki.

b) Tir két qua 4y, chimg minh bt ding thirc : [";b ] <

Hudng din gidi
a) Mién xac dinh: D=R. Tacé: f'(x)= n[x"_' ~(c-x)"" ]

F(x)=0=>x""=(c-x)"". (1)

c

eVéinchin: ()& x=c-xx=

. Vi n 1é:(1)©|xl=ic—x|o[’;= _"@x=-g- (vi ¢ > 0).

Viy f’(x)=0 c6 nghiém duy nhét x = % Taco:
a1
1) =nn-n[x" 2+ (c-xy"?]; f[%j - 2n(n—l)(%j > 0.

n
Suyra f dat cyc tidu tai x =§ va f(%] = 2(%] .

Bang bién thién :

X —ap +o0

J'(x) -

7(x)

b) Dua vao bang bién thién & trén ta suy ra :

x"+(c—x)"22[§) . (2)



Trong 2)chon x=a, c=a+b véi a+b>0tacéd:

a,,+b,,22[a+bJ :[a +b ]2[a+b]
2 2 2
BDT ciing dung khi a+5=0.

Déu “="xay rakhi n=1 hoac a=b hoackhi a=-b van lé.
Vidyu 3. Cho n 1a sé nguyén duong. Chimg minh :

|
x"Vl-x < , voimoi xe(0; 1).
2ne ( )

Hudng din giai

BDT cin chimg minh tuong dwong véi : x2"(1—x) < —2~1-—
ne
Xét ham sé f(x)=x""(1-x) véi 0<x <1, Tacéd:

2n

@) =x2""2n-Qn+Dx]; fl(x)=0 x= — (Vi x>0).
n
Dua vao bang bién thién, ta co :
2n (2n)™"
< = , V 0 5 . 1
/() f[2n +1J 2n+1)*! *e@:1) )
Ta chimg minh :
2n)*" 1 2n
X 2 X 0 1
(2n+1)* “2ne @) , 2n+1 ,
Tacé: f'(x)///A * 0 - ///

%
(2)@»[2?11]2“% 0 /////A/CB\V///

[ 2 +1 ]2n+l [ 1 2n+l
& >e | 1+— >e,
2n 2n

n+l
Dé thay ring diy a, = [1+l] 12 day gidm va cé gidi han 1a e.
n

n+l1 2n+]

Do 46 : [I+—} >e, VneZ". Viy tacé : [1+2—\J >e, tic la
n n

c6 dpem. '
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n+l
Luru y. Néu khéng nhé tinh chat diy sé a, =[1+—] giam va co
n

n+!
giéi han 1a e khi n — o thi c6 thé chimg minh BDT [l+lj >e
n

’ n+l
*bang cach sau : [1+—] >e<:>(n+1)ln[l+—l-\]>l. Véi x>0 ta

n nj

chimg minh ln(]+x)>x—-%x2 dua vao tinh don diéu cua ham sb
f(x)=ln(l+x)—x;|-%x2 trén [0 ;+o0) . Khi d6 ta c6 :

2n-1 2n* +n-1
n+DIn(l+n)>(n+1)-- = > 1.
(n+1)In(l+n)>( Py !
Vi du 4. Ching minh ring thé tich ¥ va dién tich xung quanh S cta
mdt hinh nén tron xoay tuy y, luén thod man BDT :

(%72

Khi nio xay ra diu ding thirc ?

Huong din gidi
Goi R va ! tuong ung la ban kinh day va dudng sinh, ta 6 :
14 =%71R2\/12 ~R*(0O<R<l); S=xRI.

s8R

33

Bét 3§ng thirc ¢in chimg minh tuong duong véi ; 4R* (2 - R2) <

s
Chia hai vé cho 4RI ta dugc 5—53— <22
! 33

R ) 2
Pat: x=— (0<x<!)tachim minh: x-x* <—"= véi xe(0:1]).
! & 343 ©0:9

Xéthamso: f(x)=x-x" véi x€(0;1). Tacd: f'(x)=1-3x’
1

3

f(X)=0x= (vi x>0);



f"(x)=—6x:f”{%]=-%<0.

Suyra: f datcyc daitai x = %

Viy : f(x)sf[%] =%, Vx €(0;7) (dpcm).

, ] R 1
DAu “=" xay ra khi va chi khi x = — hay — =— tirc la / = RV/3.
d B YTTA

Vi dyu 5. Chimg minh ring dé x*+px’+420 véi moi xeR, diéu
kién cin va du 12 256¢ > 27p*.
Huéng din gidi

Piat: f(x)=x*+ px’ +¢. Tatim min f(x) trén R,

x=0
Taco: fl(x)=4x>+3px’ =x’(4x+3p) ; fl(¥)=0& re 3p
4
Bang bién thién :
x | -o = o
4
J'(x) - 0 +
+00\ +a0
f(x) 3p. /
dery

- . 2569 -27p*
Dura vio bang bién thién ta ¢6 : min f(x) = f[—%’] = %‘

Tadé: f(x)20,VxeR < min f(x)20 < 2569 >27p* (dpem).

Vi dy 6. a) Ching minh rang bat phuong trinh x* + px+¢ >0 thoa
man véi moi x khi va chi khi : 256q3 > 27p4 (D
b) Chimg minh ring néu p, q thoa min (1) thi véi moi x ta ciing ¢6 -
gx* +px* +120 ()
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Hudng din gii

a)Xét f(x)=x"+px+q, xeR. Tacd:
f(x)=0, VxeR@minf(x)ZO@f[—{]%]ZO@256(13 227p4.

b)e x=0:(2) ding.
e x#0: Chia hai vé cia (2) cho x' 20 ta duoc : *+ pr4+¢20,

VOl = l (Diéu nay ding suy ra tir (1)).
X

Vi du 7. Chimg minh ring, véi moi A4BC tacé :

2J2 22 W2
[tanf-J +[tan£) +(tan£) 231“5.
2 2 2

Hudng din gidi

Véi moi A4BC, tacé : tan—g—tan—g+tan§tan£+tan%tan§ —1.(1)

P4

Apdung BDT: x> +3? + 222 xp+yz +2x, tachd:

tan— tan — tan —
2 2
C A
[tg—tg ] [tan—tan—] (tan—z-tan-z—]

2J5J'
2
3

A (x,y,z>0).

x+y+zT/5

Ta chimg minh :
3 J

> (2)

Pé chimg minh (2) ta chimg minh : (1+x)*? >1+v2x (x>-1).
at: f(x)=(1+x)"2 —1-v2x;

X -1

=20 -2

f(x)=0x=0. y// i
Viy: f(x)20, Vx>-1. /) ///// \‘ 0 /

(o e




20.1

20.2

203

3 2 3 " 3z .
Taco: (2)<:>[ x ] +[ Y ] +[ } >3
X+y+z X+y+z X+y+z :

3 V2 2 - V2 2x—y-~z
Ma:[ x ] =[1+ﬂ_2] zm/i(M_}.

x+y+z X+y+z X+y+z

3 V2 2y-x-z2
Tucmgtu:( Y ] 21+\/5(y—-}

xX+y+z X+y+z

() 2]

X+y+z X+y+z

3 2 3 v 3z v
Tl‘rd(')suyra:[ X J ‘+[ 4 ] +[ ] >3,
X+y+z X+y+z X+y+z

Vay ta ¢6 (2). Thay x = tangtang, y=tan§tan%,z = tangtani

va ap dung (1) ta c6 dpem.
C. LUYEN TAP
Chung minh : x° +(1-x)° 2%. véi Vx €R.

Chimg minh : ¥2 <1-x+N+x<2, vxe[-1;1]

2
sin2x

Chimg minh ring véi 0<x<% thi: 3x—x* <

§ 21. PHU'ONG PHAP DUNG DINH Li LAGRANGE

A. KIEN THUC CO BAN

Trong mét sb bt déng thire cin chimg minh, cé thé dua vao Dinh li
Lagrange d& chimg minh sau khi gan bét ding thirc v&i mét hiam sb
thich hop.
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Dinh If Lagrange. Ham s6 f lién tuc trén [a ; b] ¢6 dao ham trén
(a; b). Khidotdntai c€(a ; b) saocho: M=f’(c).

Joseph-Louts Lagrange (1736 — 1813) la nha toan hoc va nha thién vin
ngudi Y — Phép.

B. Vi DU AP DUNG

Vi du 1. Chimg minh ring néu 0 <b < a thi : 2=

Huomg din gidi
Dit f(x)=Inx. Khi d6 f lién tuc tén [b; a] va kha vi trén

(b ; a)nén theo Pinh li Lagrange tn tai ¢ (b ; @) sao cho:

Ina—-

‘f()~‘ (1)
. u 1 1 1
Vid<b<c<anén: —<—<-—. (2)
a ¢ b
Tir (1) va (2) suy ra 1 Jna-Inb 1  a-b @ a-b (dpcm)
a a-b b a b b

Vi du 2. Chimg minh ring véi hai sb a, b bt ki ta déu c6 ;
|sin a —sin 5| <la 5.
Hudng din gidi
Giast a<b (vi- a, b c6 vai trd nhu nhau).
i) Néu a=b thi BDT dung.
ii) Gia st a<b. Xét f(x)=sinx voi x€la; b|, tacoé f lién tuc
trén [a ; b] vakha vi trén (a ; b) nén theo Dinh i Lagrange :

sina—sinb

=|f'(c)|=lcoscl <1, véi ce(a ; b).
a-b

Do d6 : {sina —sinbl <la~b| (dpcm).



x+1 x
Vi du 3. Chimg minh ring néu x>0 thi : [1+ ! ] >[1+l]
x+1 x
Huéng din gidi
bit :,f(x)=xln(l+l]=x[ln(x+1)—lnx] (x>0). Taco:
X

)= In(x+1)—Inx - ——.
x+1

Xét ham sb g(f)=Int lién tuc trén [x; x+1] khda vi trén
(x ; x+1)nén theo Dinh li Lagrange, ton tai ¢ € (x ; x+1) sao cho:

In(x+D)-Inx | 1
%:g (X)-_-“)_'_.
(x+D)—x c x+l1

Do d6 f’(x):ln(x+l)—lnx—%>0, vai x > 0 suy ra f ting trén
X+

(0; +o0). Vay ; f(x+1)> f(x). Tirdésuyra:

x+1 x
(x+l)ln(1+L]>xln(l+x)<:>(H——]—] [l+lj .
x+1 x+1

X

Vx>0 (dpcm).
Vidu 4. Cho 0< x <x+y§§. Chitmg minh :
sin{x+ y) <sinx+ y.cosx.
Huwomg diin gidi

Xét ham sb f(r)=sins voi tex;x+y]. Tacé f'(t)=cost. Theo
Dinh li Lagrange, tdn tai ¢ € (x; x+ y):

fx+y)-f)=(x+y-x)f'(c)=>sin(x+ y)-sinx = y.cosc.

Vi 0§x<c<x+y§z:>

5 = y.¢0Sc < Y.COSX

COSX > COSC
y>0

= sin(x + y)—sinx < y.cosx = sin(x + y) < sinx -+ y.cos x.
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C. LUYEN TAP

21.1 Cho 0<fB<a <%. Chimg minh :

- a_
zﬁ <tana—tanﬂ<—,£
cos” f cos” o

21.2 Ching minh py”'l(x—y)Sx”—y”IS pxP N (x-y), véi O<y<x va

122

p>1

§ 22. PHUONG PHAP DUNG TiCH PHAN

A. KIEN THUC CO BAN
* Dé chimg minh mdt bat dang thic, trong mét sb truong hop ngudi ta
¢6 thé dua bat dang thirc can chimg minh vé bat dang thirc dang

ff(x)dx < _Eg(x)dx,

trong d6 f(x)< g(x), Vxe€[a;b] va diu ding thirc xay ra tai mot sb
hiru han diém.

* Ngoai ra, bing cach sir dung cong thirc tich phan tinh di¢n tich hinh
phing S, sau d6 ndi tiep trong hinh S bang céc hinh c6 thé d& dang
tinh dién tich, ta sé thu dugc bat dang thirc can ching minh.

® D3i véi cac bat dang thirc c¢6 dang tich phan cén luu y 4p dung cac
két qua sau : Gia sir f(x), g(x) lién tuc trén [a; 5]

b
DNéu f(x)>0,¥x€[a;b] thi f F(x)dx > 0.
’ b ‘ b
2) Néu f(x)Zg(x),Vxe[a;b] thi ff(x)dxzfg(x)dx va néu tén
’ b ’ b °
tai x, €[a:B): f(x,) = g(x,) thi f fx)de > f g(x)dx ;

3)

ff(x)dx < f\f(x)ldx;



4)Néu m < f(x)< M,Vx€la;b| thi

b
m(b—a)< [ f(x)dc < M(b—a)

8. Vi DU AP DUNG

3
4 7 . + 7 v . ’ . X
V¥ du 1. Chimg minh ring, véi moi x>0, tacd: x>sinx >x—Z.

Huong din gidi
R& rang, véi moi t€[0;x], tacd :
costﬁl:Ecostdt<fdtssint\:)<x:>sinx<x. 0))

Theo (1) thi ta ¢6 :

2
) . {
sinf <t,Vi>0= Esmrdt < _[:tdl :>—cost|g <?
‘ 0

= cosx>1—x2,Vx>0. 2)
Nhu viy, theo (2) taco :

X

2 2 3
cost>1—t—,‘v‘t >0 Ecostdt > f[l~t—]dt:>sint|g >[t—l—]
2 2 6

0
3
:>sinx>x—~g-. 3)
Tu (1) va (3) tacéd dpem.
Vi dy 2. Chimg minh rang voi moi s tyr nhién n>1,tacé:
Z—l—k <l-In2.
k(k +1).2

k=1

Huong din gidi
Véimoi 0<x<l,tacod:
TPV . B Sk SN
l-x 1-x
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Viy voimoi 0 <t <l,tacod:
! !
J(l+x+x2+~-+x"")dx< -{li
0 o0

2 3 t"
St+—+—++—<—In(l-1). (1)
2 3 n

Vi (1) dtng véi moi 0<f<1,néntalaicod: Viimoi 0<z<1, thi
z 2 3 n 4
J(l+t—+t—+~-~+t—]di<—Iln(l—t)dt. @)
o 2 3 n o

D& théy : —jln(l —f.dt=z+(1-2)In(1-z).
0

2 3 n+l

Do d6, tir (2) suy ra : Z i E s
2 23 n(n+1

2 n 1

Do z>0 néntacd : —4——+4d— <l+—Z=In(l-2). (3)
12 23 n(n+1) 2

) <z(1-2)In(1—2).

Vi (3) diing véi moi 0<z <1, nén véi z=% tacé:

n 1
E — < 1-In2 (dpcm).
e k(k+1).2" (dpem)

Vidu 3. Cho x <1. Ching minh :

(x- )Z

n-{ 1

Inx<(x—l)z

n+(p+1)(x 1) n+p(x—1)

Huong dan giai
l+(p+1>' !

x n-1 n d[
Taco : Inx= %=Z —

- t
1 p=0 x—l]+l

a3
—
:|

Chu ¥ rang khi 1+p[" 1]<t<1+(p+1)—l taco:
n n



1 1 1
>->

]+p[x—_l] Lo e(pan==t
n n

n 1 n

= >-> .
n+p(x-1)  n+(p+x-1)

Tir d6 :
l+(p+])xT“l l+(p+l)x7_1 1+(p+l)x—;l
I #dt > j ﬂ > J n dt
4y B+ p(x-1) oy ! oy (P D(x-1)
e {7 A7) '
1+(p+1)"—_'
Vaytaco: _x—l) j ﬂ> i il
n+p(x-1) n oy L onr(p+D(x=-1) n
o)
[ \+(p+l)xT“} d |
Tacla: —>— 5 a, i :
t n+(p+h(x-1)

n+p(x—1) 1+p[5-'-‘j

n

Vi(*)dung véimoi p=0,n-1,néntuar(*)suyra:

I+(p+i)—
n—-1

>y | F

n+p(x 1) _0+[x_)

(x- 1)2

>(x-1) (dpcm).
Zn+(p +)(x-1)
Vi du 4. Cho x>0- Chimg minh ring, véimoi neN, n>1tacé :
p x2 x"
e 2l+x+—+-+—.
n!

Hudng dan gidi
Dung phwong phép chimg minh quy nap, 1a ¢6 :
2 [di

=ef-12x>e” 2x+1.

Véi 0<i<xthi:e'2e’ =1 fe dr=ée'

*)
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Viy, bit ding thirc ding khi n=1.
Gia sir bat déng thirc ding khi n=k, tacé:

32 ok
e 2l+x+—+-+—,voimoi x>0.
2! k!
Do do :
x x 2 X 2 kT
fe‘.d {1+t+t—+ + L ]dt@e L
. 21 TR 2" R+ DRL,

2 k+1

e lex s e T
! (k+1)
Viay bat ding thirc dung khi n=k+1( dpcm).

Vi dy 5. Chimg minh ring véi moi n nguyén duong, ta c6

In(n+l)<l+l+l+~~-+l
2 3

n
Hudng din gidi

Xét ham sb y=l, x €{l;n+1]. Goi
x , ’1
S 1a dién tich hinh phing gidi han

bdi cic duong x=1, x=n+l,

y=l, y=0.Tacd:
x

§= _['”d" Cen(n+1). (1)

Goifx(r‘;l,],w?;va
4

L]
“i-1)°

B(1;0).
.B,A, B,

nn+| n+l

A,,.,(n+1;0); B, [

i=2,n+l va

B4 By, A, By 4 ..

Goi S,
Dé thay :

la di¢n

tich da

giac



11 1
Sy=l+—+—+4+—, 2
' 2 3 n )

]
R5rang S < S,, nén tix (1) va (2) ta ¢6 ln(n+l)<1+—;-+-—+---+l.

n
D6 14 diéu phai chimg minh.

Vidu 6. Chfxngminh: %< 2——<16r- (n=23,...)

Huong din giai
Tacd: 0<1—x? <1—x¥" <1 (vi OSxS% van=2.3,..).Dodd:

0;-1—.
2

s Vx €

1
1SJ1_1 2n5\/1_t2
Suyra: fzdr<f <f ___.=_

Viy : -< f J— (dpcm)

Vidu 7. Véi mdi sé nguyén duong k, dit: J, =fleln£dx. Xac
X
dinh k dé I, <e—2.
Huong din gidi
Taco: I, :f1 (Ink—Inx)dx = (e—1)Ink —[xInx] Jrfl dx
=(e—1)Ink—1 (tich phan timg phan).
Dodé: I, <e—-2&(e—)nk—1<e~2 & (e—1)Ink—-1)<0.

Vie>1lnén Ink<l=lhe=0<k<e
Vi k nguyénnén k£ =1 hodc k=2.

: 1
Vidu 8. Cho I, =f0 x"1=x dx (n€N). Chimg minh :

2n+2
a) In_H:mIn; b) In<

1
(n+DJfn+1
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Huwomg dén giai
3 {

1 _
a) Tinh 10=J;)]\/1—xdx=—j:(l-x)2d(l—x)=—(l ;‘)2- _2
2

w

0

!
Véi I,,=f0x"\/l—xdx, dat -

‘ _un du=nx"—]dx
Uu=Xx

=
dv = J1 — xdx v=—§(1—x)\/l—x.

Tacé: I, = ——(l—x)\/l—xx

l —_
+fo \(1 = X)W1 — xdx

:ﬁjn _EI
3 3
Vay: 1, = & 'Eln—lzz—n n-l
2n+2 3 2n+3

b) Dung phwong phép 10i din cac sé hang ta tinh dwoc l,:

2 2An-) 2n=2) 642

" m+3 241 2m—1 975

2n 2An—1) 2(n-2) 6422

2n+3 2n+1 2n—-1 97 53

_ 1 2n 2(n-1) 2(n-2)
2n+3 2n+1 2n—1 2n-3

__2 I % 1 I 2k
M+32k+1 n+li2k+1

Tacéd : (2k+1)? > 4k(k + 1) = 2k(2k +2) = 2k +1> 2k 2k + 2 .

2k 2k
2k+1 2k 2k +2 Jzk+2'

m 2k n V2o
R Ty J2k+2 T nt2 Jntt

Do dé :

Tir @6 suy ra
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1
Viay : I, < ———==—= (dpcm).
(n+DJn+1

Vi dg 9. Cho hai ham s lién tuc :
0511 —-[0:1]: g:[0;1]—[0;1]

< NGNS

Chimg minh : [ [ ' F(0)g(x)dx

Huong din gidi
Theo gia thiét véi moi x €[0 ; 1], taco :

{o <@L [0 /(x) g < gl
0<g(x) <1 [0< /()8 < f(x)

0< [ fgtade < [ gOoae m
o< | ' F(x).g(x)dx < [ ' (). (2)
Lay (1) nhan (2) vé theo vé, ta duoc :

[ 1] <(f e[ [ s) @pem)

Vi du 10. Chimg minh ring, néu f(x), g(x) 12'hai ham sb lién tyc
xéc dinh trén doan [a ; b] thitaco : '

<[ fwa [ ewe

b

[ rxmgeod
Huréng din gidi

Tacod: [t.f(x)+g(x)’>0;VreR va Vxe|a; b]. T¥désuyra:

£ (x)+21.f(x).g(x)+ g7 (x)>0.

b b b

Do d6 t? f FA(x)dx + 2t f f(x)g(x)dx + f g2 (x)dx >0, VteR(2)

P b 5 .
i) Néu f F2(x)dx =0 thi tir didu kién f lién tyuc trén [a; b| va
f2(x)20 ;Vx€fa;b] tasuy ra f(x)=0, Vxe[a ; b] khi @6 (1)

hién nhién dung.

129



b
ii) Néu f S2(x)dx >0 thi vé tréi ctia (2) 12 tam thire bc hai theo ¢

khong 4m v&i moi ¢ nén c6 :

<0,

2 5
S reoa

= rwgeods [ g

b 2 b b
firc la: L f(x)g(x)dx SL f2(x)dx.j; g2 (x)dx (dpcm).
Vidy 11. Chimg minh ;
\ 1 1
T3 44+ dx i
a +x"dx > ; b —_— < —.
) [e 4 ) ‘[2+x+x2 8

Hudmg dén gidi

a)Tacd e¢* >1+x, vdi mgi x. Do d6:
1 . I g
et > 14— =>fe‘“’dx>f[l+ 21dx
1+x A A 1+x

1 7r
=1+{1+x2arx=1+Z

4+
Y

-1
Vay : fo e > (dp¢m)

] 1 ]
< = .
2+x+xr 2+x*+x* 2(1+xYH)

1 dx 1 dx ™
suy ra: < == t x = tant).
d fo 24x+x° fo 201+x?) 8 (dft x=tant)

b) Do x€(0;1) nén : Tir 6

1 dx 1
Y e <3 O

/2 gin2x 2 _sin2x
Vidy 12. 8) Tinh 1 = | el J=[ oo 2

. ni2 cos x.sinx T
b) Chimg minh : de > —.
) 8 fo (14 cos* x).(1 +sin* x) 12

130



Hurong din gidi
a) Tinh 7. Pt 1 = sin® x = df = 2sin xcos xdx= sin 2xdx. Ta ¢6 :

x=0=r=0; x=~g¢l=].

av . g [T T
Vay.l—ﬂ)l+t2dt—4 (dat r=tany).

Tinh J. Dat t = sin® x = df = 2sinxcos xdx. Tacé :

x=0=>¢=0; xz%:ﬂ:l.

o ! dar Vod(e—1 7T
Vay:J:f T = ( )2=—.
01+(1-1) 014 —1) 4
b) Cong hai tich phan [ va J :
fed = x/2sin2x(1-‘b-cjos4x+l+jin4x)d'x:I=>
0 (1+sin” x).(1+cos” x) 2

/2 25in x cos x[2 4 (sin® x + cos® x)® — 2sin? xcos’ x
- f -
0

o

(1+sin* x)(1 + cos® x)

fm 2sin xcos x(3 - 2sin” xcos® x) b
0

(1+sin® x¥1 + cos* x)
N fm sin x cos x(6 — 4sin’ xcos® x) .
0 (1+sin® x)(1 4 cos* x) 27

Do 6 —4sin® xcos? x = 6 — (sin 2.7()2 <6 néntacé:

n/2 1 .
f c?‘sxsmx‘ i > (dpem).
6 (I4+cos” x)(1+sin” x) 12

m 2

<I; <
2(n+1) 2n

/2
Vidu I3. Cho I, = fo sin” x.dx. Chimg minh

Hudng din gidgi

Khi 0<x<§ thi 0 <sinx<1 , do d6 vai 0<x<% tach:
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m

T
2 2

sin”*' x <sin” x = fsin"“’l x.dx < fsin" xdx=1_, <1, (1)
0 0

E .
Xét: I, = [sin™? xdx. Dat:
: 0

u=sin"" x = du = (n+1)sin” x.cos x.dx
v= fsinx.dx = —CosX
L

bl 2
Tacd: I,,,= —sin"™ x.cos x|§ +(n+l)f sin” x(1 — sin® x).dx
0

n+1

n+2

Xét ham s8 cua déi sé ty nhién, xac dinh nhu sau -
fW =+l 1, = fa+D=n+2)I ., 1,,,.

=D, - +D,, =1, = 1, )

Theo (2) tacé : f(n+1)=(n+2).1,,, %1 =(n+1)1,.1,,,.
n

Vay: f(n)= f(n+1), Vn.

;3
Ta ¢6 f(m)=s(0) vavi f©O=I 1= [d[ sinxdx:% nén
0 o
suy ra : f(n)=(n+1).1".1,,+,=§. (3)
T (1)suyra: (n+1).0,.0,,, <(m+D.J>.
. ™ 2
Vay theo (3)taco : <I:. 4
ay 3) i) 4)
. - 2 2 7
Talaicé: f(n—Dnl, I, ==>nl =1 <—. (5)
2 2n
Tir (4) va (5) tasuy ra: ——— < I* < (dpcm)
Y Sty S S, PO



22.1

22.2

223

224

225

22.6

22.7

C. LUYEN TAP
Cho n 12 s6 nguyén duong. Chimg minh :

gn&mmm.-.wﬁ";m.

Cho a>1.Chimg minh: In(l+a)> li-a
a

1 >2(\/m-1).

Cho neZ*. Chu'ng minh: 1+— o
~/— J_ Jn
Chimg minh : ‘
w2
)_ f—dx <Z. ) * <l
5+3cos’x 10 Ux? 41 2
ntt 1
Cho I, = [ Elar (nez*). Chimg minh:
nox 41

a) (1,) bi chan ; b1, ,>1, Vn>2.
Hu‘é’ngdcfn ra) 0< I, <1, Vn;
b) Thay » bai n—1 rdi dbi bién ¢t =x+1.

dx < nt22x—1
x+1 ntl x +1

dx.

Véi ne Z*, chimg minh : f

Hudng dén : Pat t =x—1.

Cho ham f lién tuc trén doan [0;1] va f(O):f(l):%,

0< f(x)<1, Vx€[0; 1].

2) Chimg minh 0 < [ 'y <.

b) Biét c= [ f(ode va mdi xe[0;1]) &t : Fy= [ f(t
0 0

Ching minh : F(x)<x, Vx€[0;¢], Fx)<c, Vxe[c;1].

1 c2
¢) Chimg minh fo Fxds<c==-

, . c? 1 c?
d) Chimg minh — < fo o (e <e=—.
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ftan®* x

22.8 Cho I(t)= dx[0<t<%]. Tinh 7{t) va chitng minh bét

0 cos2x

2 (e’ 14302
dang thie : tan[t+%]>e3(m" r+3un) voi tE[O : %]

(Trich dé thi Pgi hoc Quic gia Tp. HCM, nam 1997)
Hudng ddn : Dt u =tanx ., Taco

3
1(t)=_tan ! ons—tin tant—l‘.
2 |tant+1
22.9 Chimg minh :
1

1= T
x A . t+x hi
aye'>l4+xvé x=0 b)j;e dx>1+4.

1 1
22.10 Cho 1,,:]0 x? (1 x2) dv ;J,,=f0x(1_x2)"dx (n€N). Tinh J,

va chimg minh 7, < ! .
2(n+1)

(Trich d¢ thi Dai hoc Can Tho, nim 2000)

Huomg dén : J, = L, 1, <J,.
2(n+1)

§ 23. PHUONG PHAP DUNG TiNH CHAT HINH HQC

“A. KIEN THUC CO BAN

Néu mot bai toan ching minh bt dang thirc, ma bing mot phép bién
ddi so cz‘ip nao d6 c6 thé quy vé mit trong cac sy kién hinh hoc nhu
doan thing, cic canh cia mdt hinh da giac,... thi ta nén ding phirong
phap sir dung tinh chét hinh hoc dé giai né.

Di nhién phuong phap nay chi thich hop cho cac bit ding thirc ma
trong ndi dung cia né 33 tiém 4n nhimg yéu & hinh hoc ma thoat tién
ta chua nhin ra né.
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B. Vi DU AP DUNG

Vidy 1. Cho a,b,c>0 va a2¢c, b>c. Ching minh :

Jela-c) +Jc(b~c) < Vab.
Huong din gidi

Dyng hai tam gidc can CAB va DAB cb C
chung day AB=2Jc va AC=4a, \a va
AD=\b. Goi H=CDNAB (néu a=c
thi C=H ;néub=cthi D=H, v6i H 1A H
trung diém ctia 4B). Khi 46 CD L AB va
HA = HB =+. N3 5

Tacod: S, gy = %AB.CD =Je(CH + HD)

=«/Z(\/a—c+\/b—c). (1)
Do S cap =2Sc3p =~/;.\/3.sin5i37) nénsuyra: S, z-p <+Jab. 3}
Tu(l)va(2)suyra: \/E(\/a-c+ b—c)s\/a_b (dpcm).
Diu ding thirc xay ra khi va chi khi :

1 1 1 1 1
=71t & -—=—%
BH BC

1
BD: ¢ a b
Vidu 2. Cho a, b, c €[0;1]. Chiing minh :

a+b+c<Ll+ab+bc+ca.

sinCBD=1& CBD=90° &

Huomg din gidi _
Dung tam gidc déu ABC <6 canh bing 1. Trén c4c canh 4B, BC, CA
1in lwot 1Ay cac didm M, N, P sao cho AM =a, BN=b,CP=c.
Tacod:

Savp +Spanv +Scnve < S 4ac

7 i

:>T[a(l-—c)+b(1—a)+c(l—b)]s n

=a(l-c)+b(1-a)+c(1-b) <1
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=>a+b+c<l+ab+bc+ca(dpcm).

Déu déng thitc xdy ra khi va chi khi mdt trong cic tam gidc AMP,
BMN, CNP tring véi tam gisc ABC , tirc 13 trong ba s a, b, ¢ ¢6 mét
sb bang 1, mt s6 bing 0, con sb thir ba tuy y thude doan [0;1].
Vidu3.Cho 4 sb a, b, ¢, d thoa didu kién o® +6> =c2 +d*=5.
Chung minh :

V5—a-2b+V5—c—2d +V5—ac— bd<3J_ (1)
Hudng din giai
Goi A(a; b), B(c; d), C(l; 2),trong 6 a, b, ¢, d thoa man diéu
kién @’ +b5* =c*> +d*=5. D& thiy ring 4, B, C déu nam trén
dudmng tron c6 phuong trinh x? + y? =5 véi tAm tai gbc toa d6 O va
ban kinh bing R =5 . Ta cé :

(I)ﬁ&wl)z -12-(b—2)2 +J(c—1)2 -;(d—2)2

2 2
+J(a—c) ;(b—d) 330

2

@AC+BC+AB<£@CMBC 315, @)

& d4y Cp 5 12 chu vi AABC. Mit khac, ta biét ring trong cic tam
giac chng ndi tiép mot dudng tron thi tam giac déu la tam giac c6 chu
vi 16n nhat.

Tam giac déu ndi tiép trong dudng tron ban kinh R = J5 ¢6 canh
12345 = V15. Vay (2) ding (dpem).

D4u “=" xay ra khi va chi khi 4, B, C 13 3 dinh cia tam gidc déu néi
tiép trong dudng tron cb phuong trinh x? + y2 = 5.

Xét tam giac déu ndi tiép CPQ . Goi O(xy;y,) - Khidétaco:

CO* =156 (x, 1) + (3, —2) =156 2%, +4y, = -5.



Nhur viy, ta ¢6 h§ phuong trinh :

—2+3 243

X3+ Y, =5 - Yo =

2x+4y, =5 —2-\ ~243

Vay déu “=" trong (1) x4y ra khi va chi khi hoic a=d = 2+\/— va

2-V3, 2= —2+«/‘
2 ‘ 2

vib=c=
2

C.LUYEN TAP

23.1 Cho 4 sb-thuc g, b, ¢, d thoa diéu kién c+d = 6; a*> +b> =1. Chimg
minh : c2+d2—2ac—2bd218—6\/5.
23.2 Cho a, b, ¢ > 0. Ching minh :

\/az—ab\/5+b2 +\/b2—bcs/§+c2 Z\/az—acxf2—\/3_,+cz .
23.3 Cho g, a,,...,a, €R va n€ Z,n>?2. Ching minh :
Z\/a + |+l 2 n\/_ (V Gi 2,4 ‘_al)

23.4 Cho x+2y+3z— 2. Chimg minh :

Vi+x2 4214y +3J14 22 > 2410

§ 24. PHWONG PHAP DUNG BAT BANG THUC
VE CAC DAY BON DIEU

A. KIEN THUC CO BAN

e Néu hai day a,.a,,....a, Vi b, b,,..., b, c6 tinh cht sau :
a,>a, e b>b, Vi, j (haidly goi la c6 cung thir t)
Khi d6 ta c6 : ab +ab, +---+a,b, > ab, +ab, +---+a,b, , trong

dé i, iy, ..., i, lamothodn vituyycua l, 2, ..., n.
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® Néu hai day a,,a,,...,a, va b, b,,..., b, co tinh chit sau :
a,<a, & b, >b;, Vi, j (hai diy goi 12 nguoc thir tr véi nhau)
Khi d6 ta c6 : ab +ayb, +---+a,b, <ab, +ab +---+a,b, , trong
a6 i, iy, ...,0, lamdthodnvituyycual, 2, ..., n
Sir dung bét ding thirc trén diy, trong nhiéu truong hop s& cho ta
chimng minh bét ding thirc mot cach d& dang.
B. Vi DY AP DUNG

Vi du 1. Cho ba s6 duong bitki a, b, c. Chimg minh :

+

2 2 2 2
a +b b +¢
L

a* +c?
2c 2a 2b

>a+b+c.
Hurong din gidi

a

Khéng mat tinh tong quat cé the giast a>b>c>0=1

a

2 2 2
Khi d6 ta co : a2‘l+,b2-l+cz.lga_+f_+b_ :
a b c ¢ b a

2 2 2
az-l+b2'l+cz-l§b—+c—+a—,.
a b c ¢ a b

2
2 2 2 2 a2

Tudésuyra:a+b+e<t+S+ vaavbre<s+ 1L
c b a ‘ ¢c a b

a’ +b* +b2 +c? +a? +c’

dpem).
2 2 2y (dpem)

Dodd: a+b+c<

Vidu 2. Cho o, 3,7 € [0 ; %] . Chitng minh :

tan o +tan6+tan72%tan,8+-'[—3—tan'y+ltana.
Y o



X L
Huwong dan giai

D& thiy ring ham s6 f(x) = tanx

p % - s
dong bién trén [O 3]
Khéng mét tinh tdng quat ta c6 thé gia st 0 << <7 <%.

Do tinh déng bién cia ham s f(x)=120%

ta suy ra

tana<tanﬁ<tan'y.

a ~ B T 5
Viy theo bét ding thirc hodn vij ta c6 :
g 02 g fanf | lany o 6+Btan'y+—-tana
a g vy 6

Viy : tana+tanﬁ+tan72%tanﬁ+gtan7 +ltana (&pcm).
v a

Vidu 3. Cho A, B, C la cic géc cia mot tam gidc. Ching minh ring
néu o >0, ta c6 bit ding thirc sau :

Huong din gigi
Khéng giam tinh tong quat, gid sit A< B<C=0<
Do ham s6 y = sinx ddng bién trén [0 ; %] néntacé:
0<sini§sin£§sin£; (1)
2 2
cosﬁz cos—l-;-z cos£> 0. 2
2 2 2

Do ham s y = x" (o > 0) ddng bién trén (0;+00) nén tir (1) va (2)
taco:
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.o A .oB_ . .C
sin” —<sin" —<sin” —
2 2

1 1 1

< <
[43 A - o -B - Q C
cos“ — cos" = cos" —
2 2
Ap dung bt ding thirc hoan vi, ta ¢6 :
sin” sin“ sin® ¢
A B C B3 P 5
tan(l falal + tanﬂ - + tanﬂ 2 + + 2
2 2 2 (43 [24 (4}

cos" — cos" — cos’ —
2 2 2

C.LUYENTAP

24.1 Cho a, b, ¢ 1a ba canh cua tam giac. Chimg minh :

a+b+c<Ja+Jb+\/c
a+b b+c c+a Vb+c VNc+a Va+b'

24.2 Cho a, b, ¢ labacanh va p 12 nira chu vi cia tam giac. Chitng minh :

ab + bc + ca >4p.
p—c¢ p-a p-b

24.3 Cho a,,a,,a,,...,a, la nhitng sé nguyén duong khic nhau.
Ching minh :
a  a, a, 1 1 1
e et T T
1?2 n 12 n

244 Cho x> x,>..2x, VA y, >y, >..>y,. Gid st z,2,,...,z, 12

n

mét hoan vi bt ki cia y,, vy, ..., », . Ching minh bt ding thirc sau :

S (6 - 5,)° slzl(x,-—z.f A

=1

140



Phién Il
GIA TRI LON NHAT VA GIA TRI NHO NHAT CUA HAM SO

Chuwong 1.

KIEN THUC CO BAN VE GIA TRI LON NHAT
VA GIA TRI NHO NHAT CUA HAM SO

§ 25. D|NH NGHIA GIA TR| LON NHAT (GTLN)
VA GIA TR] NHO NHAT (GTNN) CUA HAM SO

Cho ham sé y = f(x) xéc dinh trén tap D.
® S5 M dugc goi 1a GTLN cia ham sé y = 7 (x) trén D, ki hiéu :

M= max 7 (x) néu hai diéu kién sau duoc théa man
XE
VxeD: f(x)<M
I, €D: fx))=M.
e S6 m duoc goi 1a GTNN cta ham s§ y= f(x) trén D, ki hiéu :

m = min f (x) néu hai diéu kién sau dwgc thoa man :
x€D

{VxeD:f(x)?_m
3x, €D: fxy)=m.

§ 26. CAC TINH CHAT CUA GTLN
VA GTNN CUA HAM SO
Tinh chit 1

Gia sit f(x) x4c dinh trén D v& 4, B 1a hai tap con cia D, troug d6
AC B. Gia thiét ton tai max f'(x), max f(x), min f(x), min f(x).

x €A x€B XEA XEB
Khidotacd:
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a) Tgf(x) < max £ (x); b) 21ei£1f(x) > Tei?f(X)'

Tinh chat 2

Gia stt f(x) xac dinh trén D va ton tai max f(x) va min £ (x). Khi
dotacd:

a) rileagcf(x) = ~r}éilr)1(—f(x)); b) min f(x)= -rileag((—f(x)).
Tinh chit 3

Gia sit f(x) va g(x) 1a hai ham sé cung xac dinh trén D va thoa
mén diéu kién f (x)>g(x),Vxe D. Khidé tacé :

max f {x) > max g(x).
x€D x€D
Tinh chit 4
Gia sit f(x) 12 ham s xdc dijnh trén D va D= D, U D,. Néu tdn tai

max £ (x), min f(x) v&i i=1,2, thitacé:
IeD, IGDI

&) max f (x)= max{glgf(x),g;gf(x)} ;

b) r:éilr)lf(x): min{?éi&nf(x), ?gglf(x)}.

Tinh chét §

Cho cac ham s6 f,(x), f,(x), ..., f,(x) cing x4c dinh trén mién D

Pat f(x)=f(x)+f,()++f,(x). Néu tdn tai ﬁas(ﬂ(x),

1}1€i[r)1f,.(x) véii:l_,Z,...,n,thitacé:

a) Teagcf(x)Srzag(ﬁ(x)+r2ag4fz(x)+--f+rggﬁ,(x) ;

Déu ding thirc xay ra khi va chi khi tdn tai x, € D sao cho :
r)rrleag(ﬂ(x)=f,.(x0),Vi=1,2,...,n..

b) x}é%lf(x)5r:lellr)xfl(x)+21€13f2(x)+~~~+r:élgﬁ,(x).

DAu déing thirc x4y ra khi va chi khi tdn tai x, € D sao cho :



migﬁ(x):f,.(xo),‘v’i=1,2,‘..,n.

xc

Tinh chat 6

Gia st f(x), £,(x), ..., f,(x) cing xic dinh trén midn D va

fi(x)>0, Vxe D, i=1,n. Néu tén tai mfg‘fi(X)’ migjj(x) Vi
X x€

i=1,2,...,n va meagcf(x),llxei})lf(x), véi f(x)= f,(x)- £, (x)-- £, (x)

thitacod:

) S 00 < (mage ) mage 5 ) (map £, )

b) rféigf(x) S(r?eigfl (x))(r:ggfz (x))---(rgigf;, (x)).

Tinh chét 7

Gia st f(x) va g(x) 1a hai ham sb cung xac djnh trén mién D D3t

h(x)= f(x)—g(x). Néu tdn tai cic GTLN, GTNN cua cic ham s
f(x), g(x), h(x) trén D. Khidbtaco:

a) max h(x) < max f(x)—max g(x) ;
xeD x€D xD
Déu diing thirc xay ra khi va chi khi tdn tai x, € D sao cho :
Teagcf(x): S(x) s r:xengg(x) =g(x,)-
b) min A(x) > min f (x) —min g (x).
xeD xeD xeD
Déu ding thirc xay ra khi va chi khi tdn tai x; € D sao cho :

r;ggf(x)=f(xo) ; rJr‘xeag(g(x)ﬁg(xo).

Tinh chét 8

Gia st f(x) vad g(x) !a hai ham sb cing x4c djnh va duong khi

x€D Pit h(x)= f Ex; . Néu ton tai cac GTLN, GTNN cua cac ham
g P

s6 f(x), g(x), h(x) trén D. Khidétacs:
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max f (x)
a) max hix)< €2 .
max gx)’

Diu ding thirc xay ra khi va chi khi ton tai x, € D sao cho :
max f(x)= 1 (%) ; ming(x)=g(x).

min £ (x)
b) minh(x)>=2
€D mmg(x)

Dau dang thirc xay ra khi va chi khi tdn tai x, € D sao cho :
Telgf(x)=f(x0) ; 111€ang(x)= g{(xy)-
Tinh chit 9 -

a) Gia st f(x) 1a ham s xdc dinh trén D. Khi d6, véi moi »
nguyén duong, ta co :

ri]ea‘;(f(x) = 2n+l r?eas((fhﬂ (x)) .

n‘élgf(x) = 2nd mm( 24 (%))

b) Gia s f(x) 13 ham sé xac dinh trén D va f(x)ZO, VxeD.
Khi 6, véi moi » nguyén duong, ta c6 :

max f (x) = 3jmax () ;
min fx)= 2n}mm (f¥(x).

Tinh chat 10
Gid st f(x) 14 ham sé xdc- dinh trén D va 16n tai max 7(x),
x€

migf(x). Khi dé, ta cé :
X€

111€a£3)(|f(x)| = max{|111£Dxf(x)|,'r2igf(x)|}. (1)
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Chwong 2.
MOT SO PHUONG PHAP CO BAN TIM GIA TR[ LON
NHAT VA GIA TRI NHO NHAT CUA HAM SO
§ 27. PHPONG PHAP DUA VE DANG BIiNH PHUONG

A. KIEN THUC CO BAN

Dé tim GTLN va GTNN ciia mdt biéu thire ta tim cach (néu dugc) dua
biéu thirc v& dang A2 >0. Ddu “="xayrakhi 4=0.

B. Vi DU AP DUNG
Vidu 1. Cho a 1a sb cb dinh, con x, y 12 nhimg sb bién thién. Hay
tim gia tri nho nhét cua bidu thir
(x=2y+1)* +(2x+ay+5)’
(Trich d@é thi Pai hoc Giao théng Vin tai Ha Ngi, ndm 2000)

Hubng dén gidi

Pit : A=(x-2y+1)>+Q2x+ay+5)?*. Do (x=2y+D*>0 va
2x+ay+5>0 nén A>0.

x=2y+1=0

2x+ay+5=0 =0

a)minA:O@{ )

c6 nghiém & D=‘1_2‘

Sa=—4.

b) Véi a=—-4. Khi 86 A=(x—2y+1)>+(2x—4y+5)°. Pat :
t=x—2y+1.Tacd: A=+ +3)? =52 +12r+9. '

6 36] 36 6 9.9

=52 +24— —]——+9=5[ _] —>=

[+ 5727 +35) 7575
Suyra:minA:%khit:—%
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0 nfua=-—-4

Viy: min4 =
' min 2néfua=—4.

Vi dy 2. Tim gié tri nho nhét cia ham s

y=2 +20 V2 +1) +yL +2=JF 11).

Hudng din gidi

Ham sé x4c dinh véi moi x> —1.Tacéd:

y = 14200 1T+ yx +1-2Jx +1+1
=\/( x’+1+1)2Jf\/(\bc’+l—l)2 =1V + -

S+ +14+1-yx*+1=2.

Déu “=" xay ra khi -V +1>0 nrc1d —1<x<0.
Vay: miny=2 khi —1<x<0.

Vidy 3. o 13 mjt géc cb dinh cho trixde. Tim gid tri nho nhét cia ham
s6 y= tanz(x +a) +tan2(x—— o).
Huong din gidi

Ap dung ding thirc a® + b = %(a—i—b)2 +—;—(a—b)2, taco :

y= %[tan(x +a)+tan(x—a)] + %[tan(x + o) —tan(x —a)[

1 sin? 2x 1 . sin’2a
2 cos’(x+a)cos?(x—a) 2 cos’(x+a)cos’(x—a)

_ sin®2x+sin’2a_ 2(sin® 2x+sin? 2a)

" 2cos’(x+a)cos’(x—a)  (cos2x+cos2a)
Tir s dat gid tri nho nhit khi sin2x =0, khi 46 cos2x = £1. MAu sb
dat gi tri 16n nhét bang (1+ cos2a)® néu cos2a > 0, khi cos2x =1
va bang (- 1+ cos 204)2 “

néu cos2a <0 khi cos2x=—1.



2sin? 20

i) Néu cos2a >0 thi miny = —= 25,
(1+cos2a)
2
ii) Néu cos2a <0 thi miny = —20 2% __>cot g,
(1—cos2a)

Vi du 4. Cho-tam gidc ABC, tim gia tri 1on nhit cia :
P= \/EcosB+3(cosA +cosC).

Huéng din gidi

Tac():P:\/gcosB+6cosA+CcosA;C
= 3cosB+6sin£cosA—C5\/5[1——2sin2£]+6sin£
2 2 2
2
5—2\/§sin2£+6sin£+~/§ S—2\/§ sin-l?—*l/_2 +£§ﬂ.
2 2 2 2 2 2
cos——=1 o ap®
Suyra: maxP:—-—S\/3 khi 2 & A—C—030
2 . B 3 B=120".
Sln5=7

Vi du 5. Trong tat ca cic tam giac ndi tiép trong cling mdt dudng tron
cho truoc, hiy tim tam gidc cé tong cac binh phuong cac canh la
lén nhat,

Hudng din gidi
Gia sir tam gidc ABC ndi tiép trong dudng tron ban kinh R cho
truée. Ta tim tam giac ¢6 a® +52 +¢? 16n nhit.
Ap dung dinh li sin trong A4ABC, tacé :
a® +b> +c? = 2R(sin? A +sin? B+sin>C).
Ta cé sin® A+sin’ B+sin? C=2+2cos Acos BecosC. Do d6 :

a’>+b*+c?=2R(2+2cos Acos BcosC) =4R +4Rcos Acos BeosC.
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27.2
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Bai toan dwra vé viéc tim tam giac ABC dé cos Acos BeosC 16n nhit.

Tacéd: cos Acos BeosC = %[cos(A + B)+cos(A4—- B)] cosC

= %[—cosC +cos(A- B)]cosC = —%cosz C +%cochOS(A - B)

2 _ 2 _
— coszC—2cosC.cos(A—B)><l+c0S (4-8) ), cos(4-B)
2| 2 4 3
— 2 2
=N osc-Leos(a—py| 1548 1
Al 2 8
: cosC—lcos A-B)
Ddu “=" xay ra khi vi chi khi =~ cos( hay
cos(A—-B)=1
A=B
| tie 1a AABC ddu. Vay a*+b*+c? 16n nhit khi va chi
cosC =—
khi A4BC déu.

C.LUYEN TAP

Tim gi4 trj rtho nhat, 16m nhdt cia ham s6 : y = Ysinx — Jeosx .
(Trich dé thi Pgi hoc Quoc gia Ha Npi, ndm 1999)

X4c dinh tam gidc ABC dé:

A B .C )
a) sin — + sin — +sin— 16n nhat ;
) 2 2 2

b) 4cos A+ 5cos B+5cosC 1on nhit ;

c) sin(B+C)+sin(A+C)+cos(4+ B) 16n nhét.

Ysin 4 + Ysin B + YsinC

A B C
3fcos— + Jcos — + 3fcos —
2 2 2

(Trich dé thi Pai hoc Bich khoa Ha Nji, nam 2000)

d) 16m nhét.

a+b
S

= ﬂ-}-b3
Huomg dan | Ap dl,mgBDT[ > 15



§ 28. PHUPONG PHAP DUNG MIEN GIA TR]| CUA HAM SO

A. KIEN THUC CO BAN

Cho ham s6 y = f(x) x4c dinh trén D.

¥, € f(D) & Phuong trinh y, = f(x) ¢6 nghiém
& a<y, <b (Du bing xay ra dugc).

Khi d6 : miny =a, max y =b.

Luu y : Phuong trinh asinx+bcosx=c ¢6 nghiém khi va chi khi
2 <a®+b%

B. Vi DU AP DUNG

ax+b

2

Vi du 1. Xac dinh céc tham s a, b sao cho ham sé y = "y
x

dat
gia trj 16n nhét bang 4, gia tri nho nhit bing —1.

Hudng din gidi
Mién xé4c dinh : D=R.

y, thuéc mién gia tri ham s§ khi va chi khi phuong trinh sau ¢

o b
nghiém : yozaz—+¢>y0x2~—ax+yo—b=0. (1)
x°+1
P . , n : , n a=5b=0
e Néu y, =0 thi: (1) c6 nghiém ¢ ax = —b c6 nghiém < a0

e Néu y, = 0 thi (1) c6 nghiém khi va chi khi :
A>0& a* —4(yy —b)y, >0 —4yl +4by, +a*>0.
¥y, phai thay ddi tir —1 dén 4, nghia 1 tam thic —4y} +4by, +4°

phai c6 nghiém la —1 va 4 (vi —4 <0).

149



150

2
a
Theo Dinh i Vi-éttaco: {7 — ¢
b=3
Viy,vot a=4, b=3 hoica=—-4,b=3 thh miny=—1, max y=4.

a==4
b=3.

ax+b
x? +1
4x’ —ax+4—5>0
X +ax+1+5>0

Cdch khdc. Tatim a, b dé —1< <4 (2), voi moi x va déu

bing xay ra duoc. Ta cd : Q) & { , V& mol x

A =a*—16(4—b)=0 {a:ﬂ:4
A 2 < —
A, =a —41+b)=0 b=3.

- . ’ , 2
Vi du 2. Tim gia trj 16m nhét cia ham sé y = +cosx

sinx+cosx—2

Hudng din gigi
Vi sin x va cosx khong ddng thoi bing 1 nén ham sb xac dinh véi moi x .
¥, thude mién gid tri cia ham s6 khi va chi khi phuong trinh sau c6

s 2+cosx
nghi¢m : y,=

- & yysinx+(y,—Decosx =21+ y,) .(1)
sinx—4cosx—2

(1) ¢6 nghiém < 41+ y,)* < y2 + (¥, —1)* &2y +10y,+3<0

¢“5"‘/1_‘5gy05‘5+‘[‘3=>maxy=“5+‘[5.,
2 2 2
3
Vi dy 3. 2) Tim gié trj 16n nhit cia ham sé y = 1_24%6@4
X

b) Tim gi4 tri nhé nhidt cia ham s6 : _
]

y = (cosx +sin x)’ +—
cos” xsin® x

Huong din giai

a) Ham Sé Xac dlnh khi x(x__a)zo‘ Dé.t . z=12;§(x—a)
x“+36

(1) thi

y=Vz' va z>0.Tatim maxz,



z,thudc mién gia tri ctia ham s6 (1) khi va chi khi phuong trinh

12x(x—a) , a :
z, = ———= ¢6 nghiém hay phuong trinh
0 136 ghie yp g

(12—2zy)x* —12ax — 36z, = 0 (2) c6 nghi¢m.
1) z, =12 : (2) tro thanh ax = --36 c6 nghiém khi a=0.
ii) z, =12 : (2) c6 nghiém khi va chi khi :
A=36a+36z,(12—z,) >0 a* +12z,— =2 >0
@212z, —a* <06 6364 a" <z, <6+36+d.
Vi z,>0 nén 0< zy < +v36+d’.

Viy: maxz=64++/36+a’ ;maxy=</(6+ V36+ay.

b) Taco:

® (sinx+cosx)’ = 24/2 cos?

x—%]z---Z;/E. Khi x:s—:- thi xay ra

déu bing.
1 4 . 5 _ . £
. ————=——>5—=>4 Khix= 27 thi cing xay ra ddu bang.
cos‘ xsin“x  sin®2x 4

Vay miny=—2~/_2-+4 (khi x:%r).

Vi du 4. Tim gia tri 1on nhét va gia tri nho nhét cia ham s :
_ cosx+2sinx+3

= trong khoang (-7 ;).
2cosx—sinx+4 g & ( )

Hudng din gidi
Y, thudc mién gia tri cia ham s6 khi va chi khi phuong trinh

__cosx+2sinx+3
0 2cosx—sinx+4

(1) cé nghiém. Tacd :
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(1) & (2, —1)cosx—(y, +2)sinx=3—4y,. (2)
(2) ¢6 nghiém & (3— 4y, Y < (2y, = 1) + (3, +2)°

<:>11y§—24y0+4§0¢>%§y0§2.

Viy: maxy=2; miny:—%.
Vidy 5. Tim k & GTNN ctia ham sé y = £50F L ) e hon — 1
cosx+2
Huong déin gidi

Y, thudc mién gia tri ham s0 khi va chi khi :

2— 1+3k2< <2+\/1+3k2

CE
. 2
Vay : miny:z—-——lg’——l—_—:;k—<—1¢>k2>8®|k|>2\/5.

Vi du 6. Chiing minh r?mg ham s6 :
y = sin? x —14sin x cos x — 5 cos® x+2333

chi nhén gia tri duong.

Hieong dén gidi
a) Ta chimg minh min y > 0.

1—-cos2x — 7sin2x — 5(1+(;052x) +32/§

:—7sin2x—3cos2x—2+3%/§§.

Taco: y=

Do —7sin2x—3cos2x > —J58 (ap dung :

—\Ja’ +b2_ < asinu-+bcosu <+Ja’ +5b%)
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28.2

28.3

nén : miny=3§/3_3—2—\/§.
Tacé: miny>0<=>3§/§>2+\/5_§

2733 > 8412458 +6.58+ 5858
& 297025 > 284200 (dting)
Viy: miny >0 hayy>0, Vx € R.

C. LUYEN TAP

2
Tim gi4 tri 16n nhat, nho nht cua biéu thic y = "2#”2 :
X +2x+2
Ddp s6 : max y = 3+2v2, min=3-22.
Tim gi4 tri 16n nhét, nho nhét cua ham sb :

W3+ AI-x 4!

Y aitat3l—x+1

Hudng dan : Didukién —3<x<1 tacd: (\/x+3)2+(\/1—x)2 =4.

2

bit: Jx+3=2. 2t2 ;\/1+x=2.1‘t2 véi t=tan£€[0;1]-
141 1+t 2
. 712 +12t+9
Tacd y=-—— i
=5t 416t +7

Viy maxy:% k_hi x=-3; minyz-g khi x=1.

Cho x*+3* =1+xp. Tim GTLN vaGTNN cua T = x* + y* —x%37.

Huong dén : Tu x* + y* =1+ xp suyra —%gxygl.Tacc’):
T=(Jc2 +_v2)2 —2x?yt —xtyr = —2x%yt + 2xy +1.

Dat: t=xy.Dapsbd: maxT:%;minT:%
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§ 29. PHUWONG PHAP DUNG DAO HAM

A. KIEN THUC CO BAN

Str dung dao ham dé tim GTLN va GTNN cta ham sé y = f(x) trén
mién D, ta lam nhu sau :

Tinh y’' = f'(x). Tim cic diém x,, x,,..., x, € D saocho f'(x)=0.
Lap bang bién thién

Dua vao bang bién thién, suy ra GTLN, GTNN cia ham sé y = f(x).
Chuy:

1) Néu D =[a;b], thi khong cén lap bang bién thién, chi cdn :

Tim cac diém x,, x,. ..., x, €[a;b]) saocho f'(x)=0.

Tinh f(a), f(B), f(x), f(x), ..., f(x,)

Khi d6 : max f(x)=max{f(a),f(b),f(xl),f(xz),...,f(x,,)} ;

x€(a, b)

minlf(x)=min{f(a),f(b),f(x,),f(xz),...,f(xn)}.

x€fa.b

2) Néu ham s6 y= f(x) lién tuc va c6 dao ham trén D={a;b]. Ta
c6 : Ham f tang (giam) trén (a;b) néu f'(x)>0 (f'(x)<0),
Vx €[a;b]. (Ddu “=" chi xay ra tai mdt sé hiru han diém thudc
D={a;b]). Tuddsuyra:

Néu f ting trén D =[a;b] thi:
min f (x)= f(a), max f(x)= 7 (b).
xeD xeD

Néu f gidm trén D =([a; 5] thi:
meigf(x) = f(b). mEanf(x): fla).

B. Vi DY AP DUNG

Vidyu 1. V&i gia tri nao cua déi s6 x thi ham sb sau dat gia tri
nhé nhat

y=1g2x+

g x+2



Huéng din gidi

Mién xédc dinh cia ham s D= (0; +~).Dit r=1g’x, t >0. Khi d6

- 1 =(z+2)2—1

142 (t+2°  (¢+2)
_ DU+ o i iz 0
(t+2)

Do d6 (1) ludn ddng bién trén [0; 4 ~c), suy ra y(£) > ¥(0) =%,
vai t >0. Vay : minyzé khi x=1.

Vi du 2. Tim gié tri nhé nhét cta bidu thue :

4 4 (2 2
a b a b a b
—+——|=+—=|+—+—-Véia, b= 0.
b 4 [b2 a2] b a =
Huong din gigi
Pat x:£+2. Ta ¢6 |x|=‘£+2=£+222(vi 9 v b cung
b a b al |bl la b a

bl |a| |b|. & B
d4u nén fz--|--—=__;_H LA S I
b a| |b a) b a? *
4 4
Z_“+b—4=("2_2)2*2=x4—4x2+2.
a

Ta tim gi4 tri nho nhat ciia ham sé y = x* —4x2 + 2, véi [x| > 2.
Tacd: y' =4x’ —10x+1=2x(2x> —5) +1.
e Néu x>2 thi

X |- -2 2 4w
y'>22341=13>0; Y

e Néu x <2 thi +00 Z//A +00
Yy <2.(-2)3+1=-11<0. g \%2/////2/

Ta c6 bang bién thién & hinh bén.

Véy : miny=-2.
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Vidu 3. Goi x,, x, 14 cdc nghiém cta phuong trinh :
12
12x* —6mx + m* —4+—=0.
m
Véi gid trj ndo cha m thi x) +x;

a) dat gié tri 1m nhat ? b) dat gia tri nhd nhét ?

Hurdng dén gidi
Piéu kién dé phuong trinh da cho c6 nghiém 1a :
12 48

A’ =9m’? —-l2[m —4+—]>0¢>3[ m2+16——2]20
m m

- —m* +16m* —48

2
m

@mED:[—%ﬁ ; —2!U[2 ; 2\/5]
Ap dung Dinh li Viét, ta co :

>0 ed4<m<12a2<lm<28B

) 12
17 m -‘4+——

x5 +x =(x +x) S ] L —— ' i PR

L AP 4 2 2m

Bai toan tro thanh : Tim gia tri 16n nhit va nhé nhét cia ham sé :

m 3 , ; 1 3
m)y=———trén D.Taco: m=—+-—->>0.
Sf(m) 2 "5 S (m) St5

f(2¥3)= —i . f(243)= 3‘/_ (—2)=—i—;f(2)=i.

Bang bién thién :

m -0 2\3 -2 2 2\3

w770 7770 777

%//// ;/W /




Vay:m‘mf=f[ 243) = —TJ_ max f = £(243) = :(

meD meD
Két lugn : Voi m=—-23 thi x’ +x] dat gié tri nho nhét ;
Véi m=243 thi ¥’ +x] dat gid trj Ion nhit.
Vi dyu 4. Tim gia tri 16n nhit cia ham sé y = sin x + 3sin 2x.
Huéng din gidi
Ham sb xac dinh véi moi x. Tacod

2

cosx =—
y' =cosx+6cos2x=12cos’x+cosx—6 ; y =0= 3
COSX = ——,
4

y dat gié tri 16n nhat tai mét diém tai &6 y' =0.
Véi cosx = ~§=>sinx= ﬁ:—s. Khi do6 :

545

y=sinx+6sinxcosx = :I:T

W7

V& cosx:—%::sinx::!:—g—. Khidd:

7J7

y=sinx(l1+6cosx) = :l:—~8—.

. . 5
Viy: maxy=STS khi cosx:z, smx:-\/;.

V¥ dy 5. Tim GTLN va GTNN cita ham sé y = Jcosx + Vsin x.
Huréng dén giii

Ham sé c6 chu ki T = 2. Trong doan [0; 27] ham s6 xée dinh. Vay

tip x4c dinh : D=

O;E.
2

Dat: t=cosx+sinx = ﬁcos[x—zl Vi

0<x<2=>—z<x——< =>l—<cos[x—2]<1:>l<t<\/_

474 " 2
2
Tachy? =1 +322 =2 = £(t); f'(t)=1+—~——=>0, tell; 2]
acody ( \/212— [ ]
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Do d6. véi t €[1; 2| thi f ting nén :

min f = f(1)=1; max f = f(\2) =242 = 8.
Viy: miny=1 va maxyzi/g.

'Vidy 6. Cho a> 1. Tim gia tri nhé nhit ctia ham sb :

y= Ja+cosx+£+sinx.

Hudng din gidgi

Ham sb xac dinh véi moi x € R. Xét :

Z = y? =2a+cosx+sinx + 2\a* +a(cos x +sin x) + cos xsin x

2

.Khi dé :

P4t : t =cosx+sinx thi |t|§\/§ Va SinXcosx =

Z=2a+1+2( +2at + 24> —1).
o Véi a=1 thi 1* +2ar+2a* —1=(¢+1)*.Suyra:
Z=2+t+2)t+l|=>minZ=1=miny=1 khit=-1.

NG (t+a)
Vit 4 2at +24* -1
Dé 14p bang bién thién cvia Z, tatim r 8 Z2' > 0.

eVéia>1taco: 2/ =1+

+Néut+a>0= t>—athirorang Z'>0.

+Néu t+a<0: 2/ >0 VP2 +2at +2a —1 > —J2(t +a)
' o +2at 4242 —1>2(1 +2at + a?)

¢:>12+2at+1<0®~a—\/a2—15t<~a.

i) Néu —a—va* —1<—/2 hay azi“{—i thi Z'>0 khi 1>—/2,

lac 46 Z ting trén doan [*\5 ; \/5] suy ra :

rﬁg}zZ =Z(—wfi)=>miny=y(—\fi)=\}4a—2\/5.

<2



i) Nu -2 <—a—-+va*—1=a< #. Khi d6 14p bang bién thién

ciaham Z, tacéd:

min =Z(—a—\/a2—l)=a+ a2—1=>miny: a* +a* —-1.

<2 <2

rd r 3 2 -
Keét lugn : Néu lgang thi min y = ya+va® —1.

Néu azi{% thi miny-—-\/4a—2\/5

Vidy 7. Tim gi4 tri nho nhat, 16n nhit caa ham s6 y = x+cos” x

trén |0 ; 1}.
4

(Trich dé thi Dai hpc Ngoai ngit Ha Nji, nim 1999)
Hudng din gidi
Taco: y'=1—-sin2x>0, Vxe

suy ra y ting trén Do

O;z
4

0;1.
4

do : maxy:y[%]z-}+%; miny = y(0)=1.

Vi du 8. Tim gia tri nho nhét cua ham sé
y= \/sz +4x 421 —\/—x2 +3x+10
(Trich dé thi Pai hoc, Khéi D, nim 2010)

Hywbng dén gidi
2
Pidukién | X, THT2120 5 s
—x® +3x+10>0
Tacs: ylm——2E¥4 __ 2u3
W-x?+4x+21 2J—x* +3x+10

2W-x2+4x+21  20—x2+3x+10
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2
(x—2)[x——]>0
<Ir(x—2)2 %—[x—%]z —[x—i]zlzs—(x--z)z}
3
3, x<TVx22
N , e {[7(x=2)=10 X ex=l
542(%2)2 :25[%3] 7(x—2)= IOE—j 3

Khi do: y(=2)=3; y(5)=4; y|~|=2

Vay miny=\/5¢>x:%.

C. LUYEN TAP
29.1 Tim gié tri nho nhét, 1on nhit cua cac ham s6 :
a) y=sin’ xcosx+ cos? xsinx ;
1 1 . ) 1
b) y=1+4cosx +Ecos2x +§cos3x; ¢) y=SsinXx—cos x+5.

(Trich dé thi Pai hoc Giao thong Vin tai, ndm 1997)
29.2 Tim gia tri nho nhét, 1én nhat cua ham sé y = sin? x +cos® x.
(Trich dé thi Pai hoc Lugt Ha Nji, ndm 1999)

Huong ddn : Xét trén O;-g]:y’=0©x:%.
Dan b © min v — 1
apso.mmy—z—q,maxyzl.
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29.3

294

29.5

Cho f(x)=cos®>2x+ 2(sinx+cosx)’ —2sin2x+m. Tinh theo m
gia tri lon nhdt, nho nhit cia f(x). T¥ d6 tim m sao cho :
FH(x) <3, V.

(Trich d@é thi Pai hoc Quéc gia Tp. HCM, nim 1999)
Hudng ddn : Dt t =sinx+cosx, 1 € [—\/5 ; \/5] Taco:

f=—t2(1—i)2 +m+3; max f =m+3 ;
2 2
min f =m+3-2(J2+1); —9+2({2+1) <m<3.
Tim gi4 tri 1on nhét, nho nhit cia y = 2sin® x + cos* 2x
(Trich dé thi Pai hoc Tai chinh Ké todn Ha Ngi, nim 2000)

T

Tim gi4 trj 1m nhét ctia ham sb : y = Scosx + cosSxtrén ik

§ 30. PHLPONG PHAP DUNG BAT BANG THUC cO-SI

A. KIEN THUC CO BAN

® Néu aa,...a, = P khong ddi thi a,+a,+--+a,=S5 dat gia trj

nho nhat 14 n%P khi va chikhi a, =g, =--=a, =¥P.
® Néu q,+a,+--+a, =S khong ddi thi aa,...a, =P dat gia trj
. A ) S
I6n nhatla [—| khivachikhi g =a,=--=qg,=—.
n ) n

B. Vi DU AP DUNG

Vidu 1. Giast x, y, z lanhimg sé duong thay déi vi thoa diéu kién

x+y+z£%. Tim gi4 tri nho nhét coa bidu thire P=x+y+z+l+—l--
. X y

(Trich & thi Pai hoc Ngogi thirong, nam 1996)
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Hudng din gidi
battr=x+y+ztacd 0<t$%. Ap dung BDT Cb-sitacé :

(x+y+z)[l+l+l]29=>—l-+l+122=>P21+—9-.
X y z x y z ¢ t

Déu “=" x4y ra khi va chi khi x=y=z. Xét ham sb f(t)=t+%

2
véi 16[0;%]‘ Tach : f'(t)=1—t%=¥<0, we[o;—%]. Suy
t

. 3 : 3 1
dmtrén | 0; = | né P=fl=|== —y=z=—,
ra f gi n{ 2:|nnmm f[2] 2@x y=z >

Vidu2. Cho x20,y20 vd x+y=1. Tim GTLN va GTNN cua

biduthiec P=—2_+-¥
y+1 x+1

(Trich &é thi Hpc vign Quan hé Qudc 1é, ndm 1999)
Hudmg din gidi

Ap dung BDT Cé-si, ta c6 : 0$xy$%(x+y)2=%. Khi d6 :

pErxtyi+y (x+y) -2+l _2-2g

xp+x+y+1 xy+2 2+xy
Dit: t=xp,tacod: p=2"2 ysio<t<)
2+t 4
P = m =<0, Vte[O;l].
(2+1) 4

Suy ra P la ham sd giam trén doan [0 ; -}I]

Vdy : max P=P(0)=1khi x=0; y=1 hodc x=1; y=0.

Vidu 3. Cho x, y 13 hai sb thay ddi thoa man didu kién 0< x <3,
0 < y <4. Tim gi4 trj 16n nhét cta biéu thirc :

A=(3—x)4—y)(2x+3y).



Hudng din gidi
Tacd: A= %(6 —2x)(12-3)(2x+3y).

Ap dung Bét ding thitc Cé-si cho 3 sb khéng 4m 6—2x, 12-3y,

(6-2x)+(12-3y) +Qx+3p)] _
3

Déu “=" xdy rakhi 6-2x=12—3y=2x+3y hay x=0; y=2.

36.

2x+3y tadugc: AS%

Viy max A=6 khi x=0 ; y=2.
Vi du 4. Tim gia tri 16n nhit cia biéu thic

_abJe—2+bca—3 +cavb—4

F ;
abc
trongdé a>3,b>4,c>2.
Hudng din gidgi

Tacod: F

_ Jc—2+~/a—3+\/b—4

(a>3,62>24,c>2).
c a b

Ap dung Bét ding thirc Co-si, ta cb :

5 =22 _ 1 — 1 (c=+2_ ¢

f

2

1
<
c —22

A4

Dau “="xayrakhi: c—2=2c=4.

Ja-3 1

Tuong tr : < . Déu“="xayrakhi: a—3=3 & a=6.
£ p 2\/3 y

b—4 1 1 £ )
< =—. Dau“="xdyrakhi b—4=4 & b =8.
b —a2di 4 Y
Véy'maxF—L+L+lkhia—6 b=8,c=4
‘ 2J2 23 4 ’ ' '
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Vidy5. Cho x, y, x>0 va x+ y+2z=1. Tim gi4 tri nhé nhat cua:

X y z

P= + + .
x+1 y+1 z+1

(Trich d2 thi Pgi hpc Ngogi thiwong, nim 1999)

Huwdng dén gigi

Taco: P=1- 1 +1- ! +1- l =3- l + ! + ! .
1+x 1+y I+:z x+1 y+1 2z+1

Ap dung BAt ding thirc Co-si, ta co :

>9

111

X1+ y+14+z+)|—+
ety )[x+1 PRSI
S B NG 9

x+1 y+1 z+l_x+y+z+3: 4

Suyra: PSB-—%:%. Vay : maxP:% khi x=y=z=—:];.

, — —5, —, f. Hay tim

Vidy 6. Goi m 1a s nho nhitrong 656 x, 2, 2, 1 1
z t y x

gi4 trj 16n nhit cia m khi x, y, z, ¢ thay ddi trén tap s6 thuc duong.
(Trich dé thi Pai hoc Hué, ndm 1997)

Hudng dén gidi
Sau sé duong x, 2, % l, l t c6 tich bang 1 nén cé it nhat mot sb
z y x

nhd hon hay bang I, suy ra m<l.  Vidy maxm=1 khi
x=y=z=t=]1.

V{du 7. Cho 3 sb duong a, b, ¢ thod abc =1. Tim gia trj nho nhét cua :

bc ac ab

P= + + .
a*b+a*c bla+bc cla+c?d

(Trich dé thi Dai hpc Nong nghigp 1, nim 2000)



Huwdbng dén gidi

bit: x=—,y= z:l, tacéd xyz=1 vakhidé:
¢

1
b)

Q| —

2 2 2
p=2_4 X 4 2

Cy+z x4z x4y

Ap dung BPT Cb-si ta chimg minh : PZ%(x+y+z)2%.
. 3.
Suy ra: mszE khi x=y=z=1hay a=b=c=1.

Vi du 8. Cho dudng tron ban kinh R =1. Trén tiép tuyén tai mot diém
A cua duong tron, ldy didm T véi AT =1. Duodng thing d quay
quanh 7 cdt dudmg tron tai B va C. Xac dinh géc nhon o giita
dudng thing d va tiép tuyén AT sao cho tam gidc ABC cé dién tich
16n nhat.

Hudng dén gidi
Vi T4 = R =1 nén dé duodng thing d cit duong tron tai B va C ta

phii ¢6 0 <o < —. A

R=
Taco B=C+a ; “/
A=1—(B+Cy=7—(a+20).
Ap dung dinh Ii sin trong AABC B
{(R=1), ta ¢b6 :a=2sin{(x +2C);
C

c=2sinC. Goi S 1a dién tich
AABC, tacod:

S= %BC.TA.sin a =sin(a + 2C).sin &

Ap dung dinh li sin trong AATB tacé :
c AT 2sinC 1
_ - _

sine sinB  sina  sin(a+C)
= sina = 2sin C sin(c + C) = cosa — cos(a + 2C)

= cos(a+2C) = cosa —sin .
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Viviy : 87 =sin® a.sin(a +2C) =sin® o[l — (cosa —sina)?]
= 2sin’ acosa
Suyra: S*=4sin® a.cos’ @ = 4sin® a(1-sin?a)

4 . ] ]
= Esm2 a.sin® a.sin? 01(3—3sm2 a) <

) .2 2 -2 4
Si sin“a+sin“ a+sin“a+3—-3sin“ o (BDT Co-si) S%}-

W

4

n

£ . . . , 3
Déu “=" xay rakhi : sin’a=3-3sina & sina=—oa=

4/~3
khi a=£.
244 3

Vi dy 9. Cho tam gidc ABC, tim gid trj nho nhit cia :

1 i 1
= + + .
24¢cos24 2+4cos2B 2-—-cos2C

Viy: max S =

Hudng dan gidi
Ap dung BDT Cb-si, ta c6 :

1 1 1
+ +
24c0s24 24cos2B 2-cos2C

(2+cos24+2

+cos2B+2—co0s2C)>9
9
64 cos2A4+cos2B—cos2C
Pit: Q=cos24+cos2B—cos2C, taco:

Suyra: P>

QO =2cos(A+ B)cos(4 ~B)—2cos’C+1

=-2

cos? C+cosC.cos(4A— B) + -}cosz(A ~B)|+ %cosz(A —B)+1

2
=-2 cosC+%cos(A— B) +-;-cosz(A— B)+1 §—32-.




30.1
30.2

30.3

304

30.5
30.6

30.7

Déu “=" xay ra khi va chi khi :

cosC=—-;—cos(A—B)=’[A=B=30°
_ 0
cos’ (A—B)=1 C =120

9 9

Dodé: P>——>
6+Q

3
64>
+2_

Vay : nﬁnP:% khi 4= B=30°, C =120".

C. LUYEN TAP

Tim gia trj nho6 nhét cua y = 3" +327*,
Xét cac sb a, b, ¢, d thoa didu kién ad —be =1. Tim GTLN cua biéu
thtc M =a’+b * +c* +d* +ac+bd.

Xét cac s x, y,z>1 thoa diéu kién x+ y+ 2z =xyz. Hiy tim gi4 trj

nho nhét cia bidu thire P=2 52 +Z22 4 X122

X y z

M 12 mdt diém nim bén trong tam gisc ABC. Pudng thing AM,
BM, CM theo thir ty cit BC, CA, AB Yinlugttai 4,, B, C,. Tim
AM BM CM
MA, MB, MC,

vj tri ciia diém M sao cho biéu thiuc P =

dat gia trj
bé nhét.

Tim gi4 trj 16n nhét ca bidu thic 4=13 E—x' +9x? +x* .

Tim gié tri 16n nhét coa bidu thie F=+x+2y trong 46 x, y la
céc sb khdng 4m thod man x* + ° =1.

Cho 3 s duong a, b, ¢ thoa méan diéu kién abc =1. Hay tim gi4 trj

bc ac ab

nho nhét cua biéu thic P = + + .
a’b+a*c blc+b*a clfa+ch
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§ 31. PHU'ONG PHAP DUNG BAT DANG THUC
BU-NHI-A-COP-SKI

A. KIEN THUC CO BAN

Véia, beR (i=12,...,n):

lady +aby ++++a,b,| < Jab +a] 4+ +ad - JbE + b3+ + B2

DéAu “=" xay ra khi va chi khi 4h %
1 2 n

Luu y. Khi ding bat ding thirc Bu-nhi-a-cop-ski thi 6 Iic ta chi co

thé tim dugc gia tri nho nhat hodc gia tri 1on nhat.

B. Vi DU AP DUNG
Vidul. o, B, v 1a ba goc duong thod min diéu kién

at+f+y= % Tim gi4 trj 16n nhit cia bidu thirc :

P =1+ tanatan 3 + /14 tan Btany + /1 + tan ytan a.
Hirdng din gigi
Tacé: a+ﬁ+7=%=>a+ﬂ=§~'y=>tan(a+7)=cot7

tana+tany |
l—tanatan3 tan~y

= tanatanvy+tanBtany=1—tanatan g

= tanctan F+tan ftany + tanytana =1,
Ap dung BPT Bu-nhi-a-cp-ski, ta c6 :

P =(1.JI7 tanatanB + 11+ tanftany +1. T+ tanytana)

<(1? +1* +1*)(1 + tanatan 8+ 1 + tan Btan y + 1+ tan y tan @)
=33+ =12.

Do d6 : PSZ\/-3‘. Déu “=" x4y ra khi a=B=’y=-76r—.

Viy: max y = 2\/5



Vidu2.Ba dai luong bién thién x, y, z ludn thoa min didu kién
xy + yz + zx = 4 . Tim gi4 trj nhé nhét cua biéu thie

F=x'+y*42%
Huong din giai

Ap dung B4t ding thirc Bu-nhi-a-cdp-ski, ta ¢6 :

2 3 2
16=(p+yz+20) <[ +y* +22) ) + 2 +2*) = (x* + > +2%) .
Do d6: x> + 3> +z2 >4,
Ciing theo Bét déng thirc Bu-nhi-a-cop-ski, ta ¢6 :

2

16<(x?+y?+22) <@ +24+12)(x* +y* +24)=3(x* +" +2*).
Do dé: x* +y* +2* 2?.

Déu “="xay rakhi vachikhi x=y=z= :I:i.

NE)

Viy : minF=% khi x=y:z=i—2—.

NG
Vi du 3. Tim GTNN ciia ham s :

y= llog’r2 " (3—-x?)+ log, (x? + l)'

Huwéng din gidi
Ham sb xac dinh khi :
3-x">0 ~fB3<x<\3
3ox?=l & lxe 2

x?+1=21 x=0

exe(-V3; —V2)u(—2;0)u(o; V2)ulv2 5 3).
1
logHZ (Jc2 +1

va log3_x2 (x2 -+—1) la ciing dAu. Vay :

Nhin xét ring : log , , (3—x*)=

) nén Ingm (3 — xz)
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y= |logx2+l (3 - xz )| + |lOgJ_xz (x2 + 1)|

> 2\/|l°gx2+1 (3-x2 )||log3_Jr2 (Jr2 + 1)| =2.
Déu “=" xay ra khi va chi khi
llog ., (3~ 2" =tog, . (x* +1)| & log,s,, (3~ 2*) = £1.

x==1
=
x=+J1£43.

Véy : miny =2.

Vi dy 4. Cho M la diém cb dinh thudc tam dién vudng Oxyz. Mit
phing (o) qua M cit Ox, Oy, Oz theo thinytai 4, B, C.

Goi khoang cich tir M dén cic mit 13 cha tam dién 14 a, b, ¢. Tinh
OA, OB, OC & (O4+OB+0C) dat gia trj nho nhit.

Hudng din gidi
Pit: OA=x,0B=y,0C =1z Tacd: V, ;5 =%xyz. Mt khac :

1 1 1 1
Vousc = Vaour +Vaosc +Vosc = gxyz = gcxyl+—ayz +gbxz

6

a b ¢
Sxyz=cxy+ayz+bxz &S l=—+—+—.
X y z

Do: (Va+vb+ve) = ﬁ‘%h/;.%h/;%]

b
g(x+y+z)[—$+;+§]=x+y+z

2
Suyra: OA+OB+OC2(\/;+\/:5-+\/Z)
D4u “=" xay ra khi va chi khi :

x+y+z=(\/;+\/_+\/_)2

xX+y+z -
NP A v oy Sl LA ARG




x=a(Va+Vb+c)
a{y=vo(Ja+vb+c)
z=e(Va+vb +c).

Viy : min(0A+OB+0C)=(\/;+«/Z;+\/Z)2,dat duoc khi :

04 =a(Va+Jb +c)
0B =Jb(Ja +b +c)
0C =Jc(Ja +b +Je).

Vi dyu 5. Trong tam gisc ABC c6 dign tich S(S>0) cho truéc, tim
gid tri nho nhét cia biéu thirc
c? b? a®

2 2 + 2z 2+ 2 2
(p—a) (p-b) (p—a)(p—c)” (p~b){p—c)

Hudmg din gidi
Ap dung Bit dang thic Co-si, ta c6 :

1 1 1
[p_a““ b p_C][(P—a)+(1’“b)+(p—0)]29

1 ] 1 _9
& + + >—
p—a p-b p—cp
@4,1 1+123{1+1+1+3
p—a p-b p-c p—a p-b p—-c p
4
23.44 3 _12¥
p(p—a)(p—b)(p—c) S
4
P B S L33

p—a p-b p—c” J§
Ap dung B4t diing thitc Bu-nhi-a-c6p-ski cho biéu thirc vé trai ta ¢6

2
F>:
3

c b a
(r—a)(p=b) (p-a)(p—c)  (p-b)(p—0)

1 1 1
= ! + l + ! + + +
3| p—a p-b p—a p—-c p-b p-c

2
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31.2

31.3

172

_Ar 1 Poalal_f
3\ p—a p-b p—c| " 3|Js S

Diau “=" xay ra khi v chi khi a=b=c < A4BC déu.

1243

Vay: min F = ——,
Y S

C.LUYEN TAP

Cho x, y>0 thoa diéu kién 2+_3.. = 6. Tim GTNN cua tdng x + y.
x Yy

(Trich dé thi Dai hoc Y Ha Npi, nam 2000)
Tim GTLN va GTNN cua biéu thitc 4 =2x+3y biét 2x? +3y? <5.

Tim GTNN ciia biéu thirc A=1—2—+l vii 0<x <.
—-X X

§ 32. PHPONG PHAP DUNG TAM THU'C BAC HAI
A. KIEN THUC CO BAN

Gia tri 16n nhit, nho nhét ciia ham s bac hai :

y=ax’ +bx+c (c=0) trén [o;8].
D4 thi cia ham sb bac hai 12 parabol c6 hoanh d§ dinh X, :—%.

a
1)a>0:
eNéu x, €[a; 8] thi: miny = f(x;); max y = max { f (), f(B)}.
o Néu X, € [a; B] thi: max y =max{f(a), f(8)};
min y = min{ f(a). F(B)}.

2)a<0:
* Néu x, €[a; 8] thi: maxy = f(x,) ; miny =min{f(a), /(B)}.

e Néu x; &[a; 3] thi: maxyzmax{f(a), (B}

min y = min{ f (), f(8)}.



B. Vi DU AP DUNG

Vidy 1. Gia sit (x ; y) 12 nghiém ciia hé phuong trinh :

x+y=2a-1
?+y=a*4+2a-3
Xac dinh a dé tich xy 1a nho nhat.

Huong din giai
bat: S=x+y, P=xy.Tacé: S=2a-1;
2—2P=a2+2a—3=>P=%[(2a—1)2—(az+2a—3)]
:%(302—60-#4).

Trude hét tim @ dé hé c6 nghiém.

Diéu kién dé hé cé nghiém 1a :
S?—4P>0e (2a—1)2-2(3a* —6a+4)>0

¢—2a2+8a—720@ 2—12_2~§a§2+—-"/z

(1)
Timadép:%(3ah6a+4) dat GTNN trén 2—£ 2+§]A
Ta ¢6 hoanh d9 dinh cua parabol : aoz%—l<2—i2_%

Parabol ¢6 bé 16m quay 1én do d6 min P dat dugc khi a =2— -\/—5

Vay vai a= 2—{% thi xy dat gia tri nho nhét.

Vi dy 2. Tim gi4 tri nhd nhét cta biéu thire

U =19x2 + 54y +162% +36xy —16xz — 24 yz.
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Hubng din gigi
Bién d8i U vé tam thirc bac hai ddi véi x :
U=19x -2(82—18y)x+54y* +162% - 24y
Taco: A, =(8z-18y)’ —19(54y* +162> — 24yz)
=-702y* +168yz —2402*
Xem A_ 14 tam thirc bac hai di véi y,tacé :
A, =(842)" ~702.2402* = -1614242* <0, Vz

Suyra : A, <0, Vy,z (vi a=-702<0).Dodé: U =20, Vx,y,z (vi
a=19>0). Tathdy: U=0khi x=y=2=0.

Viy: minU =0.
Vi dy 3. Tim tham sb a d& gi4 trj nho nhit cia ham sb

y=4ax+|—x2 +4x—3|

16n hon 2.
Hurdng dén gidi
2 —~ <lvx>
Tacé: y={" j4(a Dx+3 nfux<lvx>3
—x“+4(a+1)x—3 néul<x<3

Do 46 : min y = min{y(2~2a), y(1), y(3)}
= min{—4a® +8a -1, 44, 124}.
—4a* —8a—-1>2 3

Viy i miny>2&{4a>2 & —<a<—.
12a>2 2 2

Vi du 4. Tim gié tri 16n nhét va nhé nhét ctia bidu thirc

+1.

2x
y=cosl 7 1 cos 3

+Xx 1+ x
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Hudng din gidi

bit: u=

> —1<u<l;r=cosu, cosl<t<1.
+Xx
Khidoé: y =212+t véi cosl<t<].
Hoanh 4§ dinh : toz—%<cosl.
Do 46 : min y = y(cos1)=2cos 1 +cos1 (tai x==1);
max y = y(1)=3 (tai x=0).

Vidy 5. Tim GTLN, GTNN cia ham f(x) = |1+ 2cos x|+ |1+ 2sinx|.

Hudng dén gidi
Pit: y= f3(x) =6+ 4(cos x +sin x)
+2|1 4 2(sin x + cos x) + 4sin xcos x|

Dat : !=cosx+sinx=\/fsin[x+%], —J2<1<V2. Khid6:

y=6+4t+2[20% + 2 1.

fo 341

2
-1
=

J32+_1 hote J§2—1

Taco: 22+ U —-1=0&
t

HVéi -2 <t<— <t<2, tacsd:

y=6+4r+2(23 +2t—1)= 4> + 8 +4=4(c +1)%.
Hoanh d6 dinh ¢ = —1 nim ngoai khoang dang xét nén ta cé :

M, =maxy=y(\2)=4(2 +1)".
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V3+1 Vi-1

i) Véi — <t< ,taco:
. 2 2
y=6+4r—2(202 + 2t ~1) =—41> 4 8.
Hoanh do dinh t=—le[— ‘/52“ ; ‘/52_1] nén ta cb :
; 1 2
m, =mmy=y[—£2+—]=(\/§—l) ; My =max y = y(0)=8.

Tém lai, trén doan [—\5 ; \.5} tacod:
2
m:miny=min{m1,m2}=(\/§—1) ;
2
M =max y = max {M,, M2}=4(x5+1) )
Viy : min / =3 —1 va max f = 2(1+2).
Vi du 6. Tuy theo gia tri ciia tham sb m hay tim gia tri 1on nhit va gia
trj nhé nhit cua ham s6 y =sin* x+ cos*x + msin xcos x
Huéng dén gidi
X 2. s 2 2\ .2 2 :
Ta bién do6i : y=(sm X+ cos x) —2sin” xcos“ x + msinxcosx
zl—lsinz 2x+ 2 sin2x.
2 2
D3t ¢ =sin2x, [/ <1. Ta tim gia tri 16n nhét, nho nhét cia ham bac
hai f(t)=—%t2 +%t+1 trén doan [—1; 1].
D6 thi cia ham s6 f(r) 1a parabol c6 bé I6m quay vé huéng
y<0[a=:21~<0] va ¢6 hoanh @o dinh 1‘0:%- )

i) Véi ‘%’-‘Sl hay |m| <2 thi t,€[—1;1].Khidé:

2
maxy=f[%]=l+’—n§- va min y = min { /(—1), f/(D)}.



So sanh f(—1) va (1) ta c6 f(—1)=1—_2ﬂ; f(1):1—+2-ﬁ va
I=m néu m>0 1~ |m

F)~ f(=1)=m, dod6: miny= 13 ="
Tm néu m<0 2

i) Voi \%)>1 hay |m|> 2 thi #, ¢[—1; 1}. Khidé:

miny =min{f(-1), /(D} ; maxy=max{f(-1), f()}.
T f()— f(~)=m suyra:

ovc'rim>2th1:maxy:f(l):llz”i;minyzf(_l):‘:z_m,
o Vé&i m<—2mthi:maxy:f(—l):l;zﬂ;minyzf(l)zl_g_"l;
L+ bl néu |ml>?2
VAav © mi _l_lml. — 2
dy:miny=-—=—;maxy= Lt
e néu |ml<2.

Vidy 7. Cho him s y=[3x? —6x+2a—1| véi —2 < x < 3. Xac dinh
tham s& a dé gia trj 16n nhit cia ham sd dat gié tri nho nhit.

Huomg din gii
D& thiy ring, hoanh d§ dinh cia parabol y=3x*—6x+2a—1 la
b 6 '

X, = _Z=E:1¢(*2 : 1) nén dé tim gi4 tri 16n nhit cua y ta phai

so sanh cac giatrj f(-2), f (1), £ (3).
Ta c6 : max y = max {|2a + 23|, [2a +8|, [2a—4l}.

Chon tryc hoanh Oa, ta v& db thi cic ham sb : y, =[2a+23)|,
y, =|2a+8|, y; =12a—4| trén ciing hé truc toa 6 Oay .
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Hoanh d6 giao diém cta y, va ¥; 12 nghi¢m ctia phuong trinh :

Ra+23=12a—4l e (2a+237 —(2a—4) =0 o a= -g.

24+ 23 néu aZ—-142

4—2a néu a< —?.

Dya vio dd thjtac6 : maxy =

Vay : Gi4 tri nho nhit cia max y dat dugc tai g = ——-179

Vi du 8. Xac dinh a dé GTNN cua ham sé6 y=4x> —4ax+a’—2a
trén [—2 ; 0] bing 2.

Hudng din giii
D4 thi ham s§ y = 4x? —4ax+a’ —2a la parabol c6 hoanh & dinh

X, =%. Xét céc trrong hop sau :
i) x, < —2&a<—4: In;ir})}y:y(~2)=a2+6a~i—16 ;

min y =2 < a’ + 6a+14 =0 : V6 nghiém.



32.1

32.2

323

324

325

[-2.9] 2
miny=2& —-2a=2<< ag=—1 (nhan).

i) x,€[-2; 0] &—-4<a<0: min y:y[g]=—2a;

ili) x, >0 & a>0: lrr;i;ay:y(O):al_2a;

miny=24:a2—2a—-2=0©a=li\/§.
Chicé a=1++/3 >0 thoi man bai toan.
Vay, véi a=—1, a=1+3>0 thi [n;i%]y=2.

C. LUYEN TAP

Tim GTLN, GTNN cia biéu thitc P =——————, véi x> 0.
(x +2008)
X +42x+3

x? 41 '
x+2y+1
4y 4T

Cho x*+ y* +xy =1, tim GTLN, GTNN cta biéu thic :

Tim GTLN, GTNN cua biéu thic 4=

Tim GTLN, GTNN cua biéu thirc 4 =

A=x* 42y —xy.

Cho 2x+3*+xy>1, tim GTLN, GTNN cta biéu thic
A=x*+ y2.

§ 33. PHUONG PHAP DUNG VECTO
A. KIEN THUC CO BAN
Khi ding vecto dé tim GTLN va GTNN cuaa mét biéu thirc ta can huu

y dén c4c két qua sau :

® Cho hai vecto a=(a, ;a,) va b=(b;b,). Taco:
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) labt <lal[6]. DAu “= xay ra khi va chi khi ab, —a,b, = 0.

ab, —a,b, =0
(i) @+ 3] < [al +[B]. DAu “=" xay ra khi va chi khi {[a,6, >0
- a,b, > 0.

. ” 3, ——2 A R &
® Ta ciing c6 thé bién d6i 4B> = AB", két hop véi cic quy tic vecto,
cac hing ding thirc, cac bit ding thic hién nhién dé danh gia. Chu y
cac diém : trong tm, tAim dudng tron ngoai tiép, trung diém,...

® Khoang céch giira hai diém A(x,;y,) va B(xy;ys) la:

AB:J(xB—xA)2 +(yg —y,,)2
® Khoang cach tir diém M, (x, ; y,) dén dudng thing (A) :

d=|Ax0+By0+C‘.
VA2 + B

® AB+ BC > AC. DAu “=" x4y ra khi va chi khi B thudc doan AC.

Ax+By+C=01la:

® Cic dang phuong trinh dudng thing, dudmg tron trong mit phing Oxy.

B. Vi DY AP DUNG

Vidu 1. Vi moi x, y € R, tim gié tri nhé nhét cua biéu thirc :

A= \/'cos4 x+cos' y +sin® x +sin’ y.

Hudng din gidi

—x R coszy),b=(sin2x; O), Z:(O : sinzy).
Khidé: a+b+c=(1;1).Tacd:

Xét cac vecto a=(cos2

|§+B+E| < |;| + |B| + |E| = \/5 < Jcos4x + cos"y + Jsin“x + \/sin"y

= \Jcos*x + cos’y +sin’x +sin’y > 2



Dau “=" xay ra khi va chi khi a, b, ¢ cung hudng, tuc la :

x=km

k,leZ.
y=lIr

Viy gia tri nho nhit caa 412 /2, dat duge khi va chi khi x=kr ;
y=lIr, k1€

Vi dy 2. Cho tam giac ABC va M la diém ty y. Tim gia trj nho nhét
cua bidu thitc P = MA4* + MB* + MC2.
Hurdng dén gidi
Goi G la trong tim cua AABC, tacéd:
2 2 2 — =\ —  =nV — | A\

P = MA* + MB? + MC* = (MG +GA) +(3G+GB) +(MG+GC)

—3MG? +GA* + GB? +GC? + 2MG(GA+GB+GC).

> GA* +GB* +GC?. Ddu“="xayrakhi M =G.
Vay : min P = GA* + GB* + GC? dat duge khi M =G.

Vi du 3. Tim gié tri 16n nhét va nho nhit cia biéu thic P = y—2x+5
biétring x va y thod man phuong trich 36x2 +16y% = 9.

Hiromg din gidi

Viét lai P dudi dang : P:5+[4y%—6x%].

Xét hai vectos a=(4y ;—6x), B:[ ; l].Tacé:

1.
2’3
(ab) <lal" Jof [4y.l—6x-l] <[(4y) +(- 6x)2][ 1]

4 003 169
125 _4 25 25

=(16y* +36x
169 169 16

Dau “=" xay ra khi va chi khi :
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6
xX=-—
| 15
6 9
163% +36x* =9 x2=—3— y=—-—
225 | 20
4 3 < Ans
377 77° y=—2x |lx=-2
8 | 15
_2
Hy 20°
Viy : minP:E,datdquckhi x=—6—;y=—i.
4 15 20
muP:é,datduqckhi x=—£;y=—9—.
4 15 20

C. LUYEN TAP

33.1 Tim gi4 tri nho nhét cia biéu thuc :

y=+4+1~cosx) -i-\g+(2—i-cosx)2 .
33.2 Cho ba sb thuc duong x, y, z thoamin x+ y+2z<1. Tim GTNN
1

.2 , | 1
Cﬁableuthlrc P:sz +—7 +Jy2 +T+\/22 +-—2‘ .
X y z

33.3 Tim GTLN cua biéu thire :
P= \/;+4y2 +6x~4~9+\/x2 +4y* —2x—-12y 410, Vx,yeR.

§ 34. PHUONG PHAP DUNG LUONG GIAC

A. KIEN THUC CO BAN

Bing cach dat 4n phyu, mét sb bai toan tim gia trj 16n nhét, gia tri nho
nhat ciia ham s c6 thé dua vé dang lugng giic dé giai quyét s& thuan
loi hon nher cdc cong thire va bét déng thic quen thudc. Khi sir dung
phuong phdp nay cin lvu y :
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* Gi6i han cung, géc, didu kién.

® Dya vao diéu kién, ta c6 thé dZt 4n phy nhu sau :
Néu x <1 thi 84t x =sin¢ hay x=cost.

Néu x < a thi d3t x = asin? hay x = acost.

Néu x? + y* =1 thi &3t x =sins vd y = cost.
Néu x? + y* =4 thi dit x=asins va y=acost.

Néu xR thi dat x = tant hay x = cot?.

B. Vi DY AP DUNG

6
Vi du 1. Tim gi4 trj 16n nhét, gid trj nh nhét cia y = ——

Hudng dén gidgi

Ham sb x4c dinh véi moi x € R. Dat x = tanr, tacéd :

1 sin?¢ n sin®t
1+tan®s =1—ta_n2t-|-ta.n4t= cos>t  cos’t
1
cos*t

(14 tan?1) (1+tan?t)

] 2 .
=cos*t—sin?tcos? ¢ +sin* r = (sin? s +cos?t)” —3sin? tcos?t

=1—§-sin2 2t.
4

(1+x2)3.

Vi 0<sin?2r <1 nén -}51—%sin22151.Véy, max y =1 dat duoc

khi vachikhi: sin?2t=0& cos’ 2t =1t =km ke Z.

Vidyu 2. Cho x, y thoa x?+2y*=4. Tim gi4 trj 16n nhit cua biéu

V2

thic P=x—-—y.
5 y
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Huéng din gidi

2
+{L] =1. Do d(), dﬁt x=2COSt, .

V2

Khidéo: P= x—iz_?ly: 2cost——\/2—5~-\/55int= 2cost—sint -

2
Ta ¢6 : x* +2)° =4@[%

.=J§[%cos,_%sinz].

27 (1Y) 2 ]
Talaic6: |—=| +|—=| =1 nén dit —=cosu va ———=siny.
&5 v 7
Do d6 : P =+/5(cosrcosu +sintsinu)=Scos(t—u) <+5.
Dau “=" xay ra khi va chi khi : t—u=k27r=>x=£ ; y:—i;_g.

Viy : max P = J5.
Vi du 3. Tim gia tri 16n nhit va gia tri nho nhét cta ham sb
y=Jl+x+J1—x, ¥xe[-1;1]
Huwdng din giii

bat: x=cos2a, a € .Khiddtacéd:

0;1
2

y=J1+x +J1-x = J1+cos2a +V1—cos2a

=\/2cosza+\/2sin2a = J2(sina +cosa).
Talai co : sina+cosa=ﬁsin[a+£—]§\5;

sina +cosa =1 +sin2a >1.

Dodé: 2.1<y<\22e2<y<2.

Déu “=" & bén phai xay ra khi va khi :



. m w
sm[aﬁ-—]:l@a:—@x:O
4 4
Déu “=" & bén trai xay ra khi va chi khi :
sin2a=0&a=0&x=1.

=1<x<

Vidy: max y=2; min y:\/i.
t —1<x<l1

Vi du 4. Tim GTLN cia bidu thic P=2x+y véi x, y thod min
didu kién : log ;,, (2x+»)>1.

Hudng din gigi
L 2x+y>0
bitukién: | , 5
x“+2y°=1.
o Néu x2 +23% <1 :
logi2+2y2(2x+y)21©2x+y§x2+2y2<1=>2x+y<1.
o Néu x* +2y*>1 :

log ., s Qx+y) 21 20+ y>x’ +2y°

2
s .,y 1] 9 5 [ 1] 9
Sx —2x+12ly ~=+—|<-&S (x-1) +2)|y——| <=
i R AT i d iy iy e
3 ] x—1=acosa xX=acosa+]
Vc'yioze[O;——,dét: 1 . =1 1 a
221 \/E[y—z]sas_ma y—z—%ﬁsma
= 2x+ -—2+a[2cosa+Lsina]
Y73 2
BCSg 3 { 1] 5 . » 9
=22x+y < —4+—=14+—[\cos” a+sin a) S2x+y<—.
Y=y 2J§\/ 2( r=3

9 . C gy
Tom lai,taluoncod: 2x+y < 5 Dau “=" x4y ra khi va chi khi :
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‘(x—1)2+2[y—:]‘—]2=§

3

a=—"=

212 . x=2
1cosa ) < 1

5 \/_sma y 5

x=a.cosa+]
y*l-i-isina

4 2

Vay : maxP:-z—,datdugckhi x=2 ;y=—;-.

Vidu 5. Cho x, y€ R thoa x? + y* =1. Tim GTLN, GTNN cua :
2 (x2 + 6xy)
1+ 2xy+2y°
(Trich dé thi Bgi hpc, Khdi B, ndm 2008)

Huébng din gidi

X = cost

y =sint (0<r<2m)

Dat |

2(COSZI+65iﬂt-C05’) _ cos2t+6sin2r+1

Khi 46, P = - ——= —
14+ 2sint.cost +2sin“t sin2f—cos2t+2

i P A t in 2t
Goi m 12 gié trj ciia ham sb y=C?52 +6sin 2t +1
stn2f —-cos 2t +2

cos2t +6s5in2¢ +1
Suyra m=— (1)
sin2t—cos2t+2

(1) < (14 m)cos2t +(6— m)sin 2t = 2m—1
phuong trinh c6 nghiém & (1+m)’ +(6—m)’ >(2m—1)°

S 2m +6m—36<0& —6<m<3.
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3 1
Véy—6§p§3=>MaxP=3¢>x—{l?,y_‘@
RN TN T

A 3 y= 2

MinP=-6& 3\/6 \'/;—i

x=\/—1_3~,y-———ﬁ

Vidu 6. Cho x, y > 0. Tim GTLN, GTNN cua:

(x—»)(1-x)
(1 +Jc)2 (1 +y)2

(Trich dé thi Pai hoc, Khoi D, ndm 2008)
Hudng din gidgi

X =tana

Dt voi 0<a, b<l
y=tanb 2

(tana—tanb)(1 — tana.tan b)

Khidé P= - .
(1+tana) (1+ tanb)

__sin{a—b).cos(a+b)
(14 sin 2a)(1+sin 25)

1 sin2a—sin2b
2 (1+sin2a)(1 +sin 2b)

_l[ 11
2l1+sin2b 1+sin2a

i én ——< P<—

. 10<sin2a<l1 né i 1
0<sin2b<1 4= T4

Vay MaxP=%¢>x=l,y=0
. 1
MmP=—Z¢>x:O,y=l
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Vidu 7. Cho x, y>0 thod x+ y=1. Tim GTLN, GTNN cua :
A= (4x2 -|—3y)(4y2 +3x)+ 25xy
(Trich dé thi Pai hoc, Khéi D, nam 2009)
Huéng dén gidi
x=sin’f o
Dit 0<t<—
y 2

= C052 !

Khi d6 A= (4sin"r+3cos’t)(4cos* 1 +3sin’ )+ 25.sin’ 1.cos’ ¢
= 16(sint.cosr)‘1 + 12(sin6 t +cos® t) +34(sin 1.0051)2

=sin* 2:‘-|-12(1——3sin2 t.coszt]+34(sint.cost)2
. 4 1.,
=sin 21—Esm 21 +12.
Dit a = sin” 21 (Ogagl)éAzaz—%a-{-u (0<a<l)
! 1 ! l
>4 =2a——=34A=0>a=—
2 4

Béng bién thién :

al|oO
A-.

191 2i\/§ *2:1:\/3

Viy Mind=—& x = , y=
i 16 s VT g

—

+

M21xA=2§4iHc:y:l
2 2
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34.1

34.2

343

344

34.5

C. LUYEN TAP

Cho x, y, z thoa man diéu kién 0<x,y,z<1 Vi xy+yz+zx=1.

Tim GTNN ca biéu thic : P=—— 424 =
I—x* 1—-y° 1-z

7

Cho u* +v? = 1, tim GTNN cda biéu thuc :
P= [u2 +—1—]2 -}—[v2 +i]2
u2 v2 )
Tim gia tri nhé nhit cua ham sd :
2 2
Fx)=(32x" —40x° +10x—1) +(16x° —=12x+/5-1) .
Cho hai s thuc a va b thoa didu kién a® +b* =1. Tim gia tri l6n
nhat cta biéu thie F =16(a* +5°)—20(a* +5*) +5(a+5).

1—
Cho x. y € R. Tim GTLN, GTNN cia: p— (1= %)

(l+x2)(l+y2)'
Goiy: MaxP:—ﬁx:]—-—-l(y::—l),
i 1+ y
I—x
P=_— — _
Min &y H_x(xx l)

§ 35. PHUONG PHAP DUNG TiNH POI XUPNG CUA BIEN

. A. KIEN THUC CO BAN

Mot sb bai toan co tinh ddi ximg cua cac bién, ta c6 thé tim GTLN,
GTNN bang cach

bat {S =XtV 6i didukién S > 4P
P=xy
B. Vi DU AP DUNG

Vidu 1. Cho x,erthoé:(x+y)xy:x2+y2—xy. (1)
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1
Tim GTLN cua A4 = L}—’r“'?.
X Yy

(Trich dé thi Dai hoc, Khdi A, niim 2006)
Huong din gidi
D3t {izi;:() véi didu kién S > 4p *)

B}

(1 <:>S.P=Sz—3P<f>P=SS 5 (Vi §=—3 khong tho (1))

_ \ 2 S*(S -1 S >
Theo diéu kién (*), ta cé : iSSQ@—<———)2 §21
S+ S+3 S<-3

(Vi S = 0)

N CE) (RSOl
Khidd: A=—+—= —

x 0y xy

§|8* =3P (S+3)

N [P3 | ¢ +)

—65*-18S S=0
Suyra: AI:_S4——:>A =0 \S__—
Bang bién thién :

S |- -3 0 1 +00

Al ///////

Vay MaxA=l6¢$x=y:%.

1‘\\\

o

Vidu 2. Cho x, y >0 thoa: x+ y=1. Tim GTLN, GTNN cua:
A= (4x2 +3y)(4y2 + 3x)+25xy

(Trich dé thi Dai hoc, Khéi D, nim 2009)



Hudng din gidi
S=x+y=1
P=xy>0"

1

Dit vai didu kién S2>4P=>0< P <~

P

Khido 4=16(xy) +12(x’ +y* )+ 34xy
=16P* +12(1~3P)+34P =16P* —2P +12

Suy ra A':32P—2:>A':O®Pz%

Taco: A(0)=12; 4 l]=3§;A[L -l
4)~ 2 "l16) " 6

25 !

Viy Max A=— & x=y=—
i 2 Y77

MinA:%@x:ziﬁ, _23\3

4 4
Vi du 3. Cho x, y, z> 0 thoa diéu kién : x(x+y+z):3yz (1)

Chimg minh :
(x4+y) +(x+2) +3(x+p)(x+2)(y+2)<5(y+2) (*)
(Trich dé thi Pai hoc, Khéi A, ndm 2009)

Hudng din gidi
My o1+ 42322
X X X X

a=

bat
b=

=>1+a+b=3ab. Dit S:a+b>0=>1+S=3P
P=ab>0

N = e

Piéu kién : S? 24P:>§(1+S)§Sz 387 -4S-4>05>2
Khidé : (*) & (1+a) +(1+8) +3(1+a)(1+5)(a+b)<5(a+b)
<:>(2+a+b)[(2+a+b)2 —3(1+a)(1+b)]

+3(l+a+b+ab)(a+b)<5(a+b)
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@(2+S)[(2 +5)’ —3[1+S+S—3+—1 }+3[1+S+

S+1

].S <5s°

& 457 —65—4>0 ¢ (35* —45 - 4)+(5*-25)>0
& (387 =45 —4)+3(S-2)>0 luon ding.
Diu“="xayrakhi S=2& x=y=1
Vidu 4. Cho x,y€ R thoa: (x+ y)3 +4xy > 2 (*). Tim GTNN cuia
A=3(x +y' 7yt )= 2(x7 + 7|41
(Trich dé thi Pai hgc, Khoi B, nam 2009)
Huong din gidgi

S=x+y

Dat { , vOi didu kién §? > 4P
P=xy

N eSS +4P>24P>2-8 =82 >2-§°
&8 +87-2206(S-1)(S?+2542)>0e S>1

S=x*+y . ..
=7 b 57248 (x 1) <2(< )

Dat
R=x"y

@25,252¢S|2—;-

Khidé: 4=3

2 2 2 p)
(x'+y2) —x2y2]—2(x'+_y‘)+1
=38 —28,+1-3P, >3, —ZS,+1——ZS} =428, —28, +1

Xét y:2S2~—2S +1(Voi § zl)
4 1 1 | 2

&

9
:>y':58,—2éy':O@SI=E
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Bang bién thién : 4 |
S, |- 2 -o0

I ——

y//////////

9 i 9 9 1
Sy>2lys sia 4> Vay Mind=— o x=y——
y_l6[ '*2] Zlg Y VAT T XEYET

Vidu 5. Cho a, b, c >0, thoa a+b+c=1. Tim GTNN cia biéu thic :

M= 3(412b2 +b%c? +cza2)+3(ab+bc+ac)+2 a* +b% + ¢t

(Trich dé thi Pai hoc, Khbi B, nim 201 0)
Huedng din gidi

bPatt=ab+bc+ac, tacod :

1=(a+b+c)2=02+b2+c2+2(ab+bc+ac)23(ab+bc+ac)
#05:5% va g’ +b* +ct =1-2.

Suyra: t’ = (ab-+-bc+ca)2 < 3(a2b2 +b2c? +c2a2)

Khido: M > +3t+2J1-2r

Xét y=12+3t + 21— 21 [0<:<;]

Y =2t+3— 12 2 ——<0, VI€|0

(1— 2t)3

03

méts%éy’(t)Zy'[él ()>—~2\/_>0

3

Suyra y’ 1a ham sb giam trén

= y 12 ham sé ting trén

O;l
3

:>y2y(0)=2, Vi e

0;11
3

Viy M >2=MinM =2&(a;b;c)=(0;0;1) vacéc hoan vj.
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C. LUYEN TAP

35.1 Cho x, y>0 thoa x+ y=1. Tim GTLN, GTNN cua :

A=——y 2
y+1 x+1
. x=0y=1
M =
Goty ax A 1ﬁx=l,y=0

. 1
MmA=%<=>x=y=-—

2
35.2 Cho x, y€ R thoa: x* 4+ y* =1, Tim GTLN, GTNN cua :
A=N+x+1+y
Goiy: MaxA=V4+2\/5©x=y=g
MinA=1e X~ by=0
x=0,y=-1

353 Cho x,y€R thoa : x’(2x’—1)+y*(2y*~1)=0. Tim GTLN,
GTNN cua :
A=x2(x2-4)+y2(y2—4)+2[x2y2—4)

Goiy: MinA=—11®x2=y2=%

Max 4 =—8<x=y=0
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Chwong 3.

UNG DUNG BAT PANG THUC
GIA TRI LON NHAT, GIA TRI NHO NHAT

§ 36. ’'NG DUNG BAT DANG TH(PC GIAI PHUONG TRINH,
BAT PHUONG TRINH

A. KIEN THUC CO BAN
Nho vio cac bit ding thirc Co-si, Bu-nhi-a-cop-ski va mot s6 bit dang
thirc ding khéc, viéc giai mot sé phuong trinh, bit phuong trinh tré
nén rat don gian va hiéu qua bing cach danh gia cic biéu thirc tham
gia trong phuong trinh, b4t phuong trinh d3 cho.

B. Vi DY AP DUNG

Vi dy 1. Giai phuong trinh sau :

Y352 4 6x+19 +5x2 +10x+14 = 4—2x — x2.

Huedng din gidi
Taco: 3x +6x+19 =3.(x2+2x+D+16 =3.(x+1)* +16>16 ;

5¢2 +10x+14=5(x+17+9>9.

Khidé: ¥3x?+6x+19+y5x2 +10x+14>24+3=5,

Miatkbac: 4—2x—x* = —(x* + 2x+ 1)+ 5=—(x+1)> +5<5
Déu ding thiic xay ra khivachikhi: x+1=0& x=—1.

Do dé : 4y3x% +6x+19 ++/5x? +10x+14 =4—2x—x* khi x=—1
Véy phuong trinh c6 nghi¢m duy nhit x=—1.

Vi du 2. Gii phuong trinh x +vV2—x* =4y? +4y 43,
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xPrytat = +

196

Huéng din giai
Ap dung BDT Bu-nhi-a-cép-ski, ta ¢é :
x-t-\/2—x2 < \/12 + 1% 4/x? +(2—x?) < \/5'\/52 2.

Déu déng thirc xay ra khi va chi khi: x=1.

Matkhic: 4y +4y+3=2y+1) +2>2.

Déu dang thirc xay ra khi va chi khi: y= —-;—.

Dodo: x+v2—x2 =4y +4y+3=2 khi x=1 va yz—%.
Vay nghiém cia phu01‘1g trinh 14 [l ; —-%]

e x+y+z=1
Vi du 3. Giai hé phuong trinh :

x4+y4+z4=xyz.

Hurdng din gidi
Ap dung BDT Co-si, ta co :

4

x*+y' oyt 2

4
V4 X
" ; 2x2y2+y222+22x2

2 2
>x2y2+y222 +22y2+zzzz X222 + yix?
- 2 2 2

>yixz+2xy+xyz > oz (x+ y+2)
Vix+y+z=1 nén : x* +y* + 2 > xpz. Déu ding thic xay ra khi

vachikhi: x=y=2z=

1
3

A LA ax X in 1
Vay h¢ di cho c6 nghiém x =y = zzg.

)

Vi du 4. Giai hé phuong trinh sau :
xy=2+x°. (2)



Hudng din gidi
Tir phuong trinh (1) suy ra: 8~ »> >0« [ <8
Tir phuong trinh (2) suy ra :
2 +2=|d [ <22l & 5 —2J2Ix +42? <04 (ld—v2) <0
slxl=V2ex=%J2.
Néu x =2 thi y=22.
Néu x=—2 thi y=-22.
Vay hé phuong trinh ¢6 nghiém (V2 ;242) va (—/2; —22).
Vi du 5. Giai phuong trinh : sinx ++2 —sin® x =2
Hudng din gidi
Tacd: 2—sin?x>1, Vx=v2—sin’x >1
= sinx++v2—sin®x >1+sinx >0, ¥x € R.

Mat khac, theo Bét dfmg thirc Bu-nhi-a-cop-ski, ta cé :

(sinx+ 2—si112x)2 S(l2 +12)[sin2x+(\/2—sin2x)2]:4.

Déu dang thirc x4y ra khi va chi khi :

sinx V2-sin’x sinx =1
= =S

. 1 \/2—sin2x=l

sinx =1 T
S AT Sx=—+k2m kel
sin“x =1 2

Tirdésuyra: sinx+ 2—sin2x:2¢>x=%+k27r,kel.

Vay nghiém cua phuong trinh dd cho la x = §+ k2m, ke Z.
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C. LUYEN TAP

Giai phuong trinh : log, (x +1)= lg%.

Giai phuong trinh : sinx —2sin2x —sin3x = 22,
I-x
Gidi bét phuong trinh 2—%11 >1.
Giai bét phurong trinh : \/;—3x-+-2 +\/x2 —4x+3> 2\/)&'2 —5x+4
. 1 sin y
4 4
sin” x+cos” y+ + =8+
Giai hé phuong trinh : Y sin*x | cos® x 2

cos2x+siny=1.

§ 37. 'NG DYNG GTLN VA GTNN
GIAlI PHUONG TRINH, BAT PHUONG TRiNH

A. KIEN THUC CO BAN

Cho ham s6 y = f (x) xéc dinh trén tap D
Mg¢nh dé 1. Phuong trinh £ (x)= o ¢ nghiém khi va chi khi

min f (x) < o < max £ (x)
x€D x€D
Mgnh @& 2. (i) f(x)<a cénghiém x € D khi va chi khi migf(x) <a.
X€

(i) f(x) € a nghiém ding véi moi x € D khi va chi khi

max f{x)<a.
x€D

Ménh & 3. (i) f(x)>a c6nghiém x € D khi va chi khi max f(x) >«

xeD
(i) f(x)> o nghiém dung v6i moi x € D khi va chi khi

meigf(x)ZQ.



Luuy.

® o 12 biéu thirc chira tham sb.

® Néu o 13 mot bidu thirc doc 4p thi ta 4p dung duoc ngay cac ménh
dé trén, voi D 1a diéu kién cua bai toan (khdng phai khi nao viéc tim
D ciing dé dang).

® Néu tham s6 ddng bac, thi ta nhém cac nhan tir dong bac nay vai
nhau, ¢6 dang m*#(x)>(<)g(x). Néu chi ra A(x) luén duong (1)

hodc ludn 4m (=) thi d& dang dua vé m" 2% dang s dung tryc
x

tiép duoc ménh dé.

8. Vi DU AP DUNG
Vidy 1. Tim m dé phuong trinh sau c6 nghiém :

Vr£3+J6—x—J(x+3)(6—x) =m. (1)

Hudng din gigi

Pat=x+3+/6—x, xe[-3;6)=1€[3;3v2]. Khidé :

P =912/ 36 D= 16— ==2.

2-9

Taco: ()& f()=1— —m,teD=[3;3v2]. o))

(2) ¢6 nghiém trén D khi va chi Khi : miglf(t) <m< mag(f(t). 3)
: 1€ 1€
Taco: f'(t}=—1+1=0<r=1. D& thdy ring 7 () nghich bién trén
[1;40c),dodé suyra: manf(t):f(3) va migf(t)=f(3\/5). (4)
{3 113

62 -9
2

6‘/5"93].

2 »

Tr@tacé: 3 f32)<m< B & <m<3.

Vay cac gia tri cia m cintim la me

199



200

Vidy 2. Tim m & phuong trinh sau c6 nghiém :
x+3=mx* +4. *)
Huwdng din gidi

Nhin thdy : Vx> +4>0,VxcR. Do do: (*)& f(x)= x+3

=m
Vx’ +4
Tacd: f’()c):—4—_g’x—3 ; f'(x):O@x:i.
, 2 3
(x? +4)2
lim f(x)=1; lim f{x)=-1.
X—+00 X~——00
, . 4, (4
- ' {x)>0khi xe ——oo;g ; f(x)< 0 khi xe E;-i—oo .
1
Vay : maxf(x)=f[i]=£.
xER 3 2
Do d6, phuong trinh da cho c6 nghiém khi va chi khi —1<m§—2—.

Vi du 3. Tim m dé phuong trinh sau ¢6 nghiém :
V6—x+x+3 =mx (D
Hudng din giai
Tap xac dinh cia phuong trinh : D=[-3;6].
D& thiy ring x =0 khéng 1 nghiém cta (1), do d6 ta co :

(l)arf(x):\m_xl' x+3 _ (2)
Taco: f'(x)= x—12 x+6

2xtJ6—x _2x2\/x+3'

Vi xe[-3:6] nén x—-12<0 va x+6>0. Do d6 f'(x)<0 xhi
x€[-3;6]. Vay, (2) ¢6 nghiém khi va chi khi

me(—oo;—l]ul%ﬁoo].



Vi du 4. Tim m dé phuong trinh sau cé nghiém :
Va—x* +Va+x° =\/16—x4 -i-m(\/4—)n:2 +\/4+x2)+m
Huwong din giai
Tap xé4c dinh cua phuong trinh : D =[-2;2].

Pat t =Va—x> +4+x>, 1|22 ;4] Khido :
F -8

=8+ 2J16—x* = 16— x' =

Do dd, phuong trinh d2 cho tro thanh :
2

-8 P2 +8
tmiimeom=———""—=7F(@), 1€|242 ;4|
" 2(r+1) / V234

Vi t€[2\/5; ] nén f' (t)————#<0. Do dé, yéu cau bai

2 20 +1)

| =

toan tuong duong voi :

min f(t)<m<e{max e r@<m< r(242)

|22 .4 f2v2; 4]
S0<m< 22

B NOWEE

Vi du 5. Tim m dé bt phuong trinh sau c6 nghiém v&i moi x >3 :
Vx2=3x4+2>m—x? —3x+4. (1

Huong din gidi

Tach: ()& f(x)=x’ —3x+2+4x2 - 3x+4>m. )
Yéu cau bai toan tuong duong véi : m < m>1§1 f(x). 3)
1 1
+
WxP—3x42  2x® —3x+4

Do dé : (3)¢:>m§m>i§1f(x)=f(3):2+\/5,

Tacé: f'(x)=(2x—3)

>0, Vx>3.

Vay giatri m chntimla: m<2+V2.
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C. LUYEN TAP

Xac dinh m dé phuong trinh sau c6 nghiém :

a) Vax—x’ =x4+m ;
b) VI+x+v6—x—(1+x) }f;x =m
X

c) \/x+6\/x—9 +\/x—6\/x—9 :m~6|—x‘

Xac dinh m dé phuong trinh sau c6 nghiém :

a)y mix*—1=x+2;
b) Vx—1)(d—x) + m(x* =5x) + m+2=0 ;
¢) (x+5)2=x)+m=(m+1)\Jx> +3x.

Tim gia trj 16m nhét ciia tham s6 m sao cho hé phuong trinh sau :

‘9):2 —4y* =5

log, (3x+2y)—log, (3x—2y)=1

c6 nghiém (x; y) thoa man 3x+2y <5,

Dinh a dé phuong trinh 5.16* +2.81* = a. 36" vé nghiém.
Dinh o dé hé bat phuong trinh sau vé nghiém :

cos2x+cosx+m<0
0<x<m.



Phan ).
CAU HO! TRAC NGHIEM ON TAP

A. CAU HOI

Ménh d& nao sau day ding ?

A.a<b=ac<bc. B.a<b=>l>}17—.
a

C.a<bvic<d=ac<bd. D.CaA,B,C déu sai.
Ménh dé nao sau day sai ?

A. la+b|<lal+1i8l, Va, b. B. la—b|>lal—18l, Va, b.
C. a* >0, Va. D. —|a|<a<|d], Va.

Cho a, b, ¢ > 0. Xét cac bit dang thirc :

i)§+%22; ii)%+§+§23; iii)%+%+£2ﬁ.
Bét dang thirc nao ding ?

A. Chi i) diing. B. Chi ii) diing.

C. Chi iii) ding. D. Cai), if), iii) déu ding.

Cho a<b<c<d va x=(a+b)c+d), y=(a+c)(b+d),
z=(a+d)(b+c). Ménh dé nao sau diy ding ?

A x<y<z B. y<x<z.
C z<x<y. D . x<z<y.

2 2 2
Haisd a, b thoébétdéngtht’rc a ;b S[a+b] thi :
A.a<bh. B. a>b.
C.a=b. D. a=b.
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10.

11.

204

14+a 1+5

3 Y= 5. Ménh d¢ nao sau
l+a+a 1+b+b

Cho a>bh>0 va x=

day dang ?
A x>y B. x<y.
C.x=y. D. Khéng so sanh dugc.

C6 bao nhiéu bd sb nguyén (x ;y ; z) thoa bat ding thirc

4y 2t <xp+3y+2z-37

A.0 B. 1

C.2 D. Vé sb

Cho a, b>0 va ab> a+b. Ménh ¢ nio sau day dang ?

A a+b=4. B.a+b>4.

C.a+b<4. D. Mot két qua khac.

Cho x, y> 0. Bét ding thirc nao ding trong cac bat dang thic sau ?
1 4

A. (x+y)224xy. B. - l_ .
x y x+ty

1 4 . I e A
C—>—. D. Ca ba bat dang thirc trén ding.
Yo (x+y)

Cho x, y, z>0 va xét ba bat ding thirc

i) x* +y* +2° > 3xyz; i) l+l+15—9—; i) ~+2+2>3
x y z x+y+z y z X
Bt déng thirc nao ding ?
A. Chi i) dung. : B. Chi i) vaiii) diing.
C. Ca ba déu dung. D. Chi iii) dving.
Ménh dé nao sai trong cac ménh dé sau diy véi a, b, ¢, d>07?
a a a+c

Alaslo . B 2.1 2,3%¢
b b bte b b btc

atc ¢

a C a
C—<—=—-< ;
b d b b+c d

D. C6 it nhat mot trong ba ménh dé trén sai.



12.

13.

14.

15.

16.

17.

a b
+ +
a+b b+c c¢+a

Cho a,b, c>0 va P= . Bt diing thirc nio sau

day dang ?

A 0<P<l. B.1<P<2,
C.2<P<3. D. Mot két qua khac.
Cho a, b, ¢, d>0 va

a b c d
= + + +
atb+c a+b+c a+b+c¢ at+b+c
B4t dang thire nao sau day ding ?
A 0< A, B.1<A4<?2.
C.2<A4<3. D. Mét két qua khac.
Cho a, b, ¢, d >0 va

_ a+b " b+c + c+d + d+a
a+b+c b+c+d c+d+a d+a+b
Bét dang thirc ndo sau day dung ?
A.0<A<]. B.1<A4<2.
C.2< A4<3. D. Mot két qua khac.

a b c
+

Cho tam giac ABC va P=
b+c ct+a a+b

. Ménh dé nao sau

day dang ?
A 0<P<]. B.1<P<2.
C.2<P<3. D. Mot két qua khac.

Vé&i a, b, c la ba canh cua mgt tam giac. Trong cac ménh dé sau,
ménh dé nao saj ?

A. la—bl<c<a+b. B. a®> +b* +c2 <2(ab+bc+ca).
C. abc*(a+b—c)btc—a¥ate—b). _
D. 2a*h* +2b%c* + 2% —a® - b —¢* <0.

Cho » 14 sb nguyén duong va P = l T 1

1 .
+---+—. Két qua nao
n

n n+l
sau day dung ?
A.P<%. B. P<l.
C.P>2. D.P>1.
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18. Choa,b,c>0vaatbtc=1.Xétcac bit ding thirc :

i) [a+l][1+l][l+l]264;ii) -1—+l+129;iii) ab+bc+ca§-1—
a b c a b ¢ 3

Ménh d& nao sau day dung ?
A. Chii) ding. B. Chi ii) dung.
C. Chi i) va ii) dang. D. Ca i), ii), iii) déu ding.
19. Cho a, >0 va a+b=1.Xét cac bit ding thirc sau :
. 1 R T | oy 1
1) az+b225; 11);+324; m);-g+a2—+b;§6.
Bét dang thirc nao ding ?
A. Chi i) ding. B. Chi ii) ding.
C. Chi ii1) dung. D. Chi i) va ii) dang.

20. Cho a, b, ¢>0 va a+b+c=1.Xét cic bit dang thac

i)abcsi; ii)l+l+129; iii)[l+l][l+1][l+l]$64.
27 b ¢ a b c

a
Bét ding thirc nao diing ?
A. Chi i) diing. B. Chi ii) dung.
C. Chi iii) dung. D. Chi i) va 1i) dung.
21. Cho a =0, bat ding thirc nao sau day sai ?
A.a+122. B.a*>0.
a
C. a*+1>2ldl. : D. a+122
a

22. Cho a>1, b>1 vacac bat ding thic

i) \/‘% >2; diyavb—1+bJa—1>ab; iii) ba—21 + ab_zl >8.
Bit ding thirc nao sau day ding ?

A. Chi i) ding. B. Chi i) va ii) ding.

B. Chi i) va iii) dung. D. Chi ii) va iii) ding.
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23,

24.

25.

26.

27,

28.

Ménh dé nio sau day sai ?

A (x+y+z) <3(x*+32+ 7).

B. xy+yz+zx<x*+y*+2%.

C.(x—y) +(y—2) +(z=x <3(x* +y* +2°).

D. Cé it nhit mét trong ba ménh dé trén sai.

Cho tam giac ABC va P=cosA+cosB+cosC. GTLN cia P la:

A.maxP=1. B. maxP:%.
C. max P = —2— D. Mot két qua khac.

Cho x, y, z>0 va x+y+z§%. GTNN cua biéu thuc

1 1
P=x+y+z+—+l+— la:

X y z
. . 15
A.minP=6. B. mmP:;.
C. minP=8. _ D. Mot két qua khac.
Cho x, y>0 va x+ y=1.GTLN ciabiéuthic P=——+-2 Ja:
y+1 x+1
A. maxP:—i-‘ B. maxP=1
C. maxP:%. D. Mot két qua khac.

Cho tam giac nhon ABC va T =sin? A +sin® B+sin’C. Ménh d&
nao sau diy ding ?

A T=2. B.T>2.
C.T<2. D.T>%.

Cho ménh d& : “V&i moi x€ 4, x* >0, Phu dinh cia ménh d& trén
la:

A.Véimoi xe 4, x* <0. B. Vdimoi xe€ 4, x* <0.
C.Téntai xe 4, x> >0. D.Téntai x€ 4, x> <0.
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29,

30.

31.

32.

33.

34.

208

Cho y=(x—a)* +(x—b)*, a va b lacac hang sb. Véi gia tri nao
cua x thi y dat GTNN ?

A a+b. B 4tb
2
[ 2 2
C. Jab . D. —a;—b.
Cho a>0 va a>|x—4|+|x—3| voimoi xeR, tacé:
A.0<a<L. B.—1—-<a<l.
100
C.0<axl. D.a>1.
Cho 0<a<b va T:a+b—\/£, ta cé T huon udn nhod hon :
2 Y
A latd)y g la-b”
ab 8a
2 T
C. (@a—b) . D. (a—5) )
8h ab
. N A B C X .
Cho tam gidc ABC va T=cot—2—+cot—2—+cot3, ta c6 7 khong
nho hon :
A 243, B. V3.
¢ 33 D. 3./3.
2
T 1 1 1 .
Cho AABC , GTNN cua bieu thie 7 = y + B+ la:
COS— COS— COS—
: 2 2 2
A. minT =343, B. min7T =4.
C. minT =2+/3. D. Mot két qua khac.

Cho AABC vaT = tan§+tan§+tan%. T khong nho hon :

A 2. B. V3.
c 33 D, 33
3 2



3s.

36.

37.

38.

39.

40.

2
) L 8 13 ..
Véi x >1, gia tr1 nho nhét cua y=4x+—x+ la:

6(x+1)
Al B. 2.
%] p.1
12 6

Bét dang thirc nao dudi day thoa véi moi a, b, ¢, x, y, z ma x<a,

y<b,z<c?

i) xy+yz+zx<ab+bct+ca; 1) 4y +2l<al+b

iii) xyz < abc .
A. Ca i), i), iii) déu sai. B. Chi ¢6 i) dung.
C. Chi ¢ ii) diing. D. Chi ¢6 iii) dung.

Tim s nguyén » nho nhét sao cho (x2 +y* 42t )- < n(x4 +y'+ 24),

véimoi x, y, z€R.

A 2. B. 3.
C. 4. D. Khéng c6 sé n nao.
, 1 1 1
Cho AABC . Gia tri nho nhat cua + + la:
.2 A ) B .2
sin“— sin"— sin“ —
2 2 2
A.12. B.9
C. 24. D. M6t két qua khac.
Cho AABC . Biéu thirc sin? A+sin? B+sin? C khéng 16n hon :
A. i B. 2.
9
c.2 D2
4 2
Cho 0<x < % Ménh dé nao sai trong cac ménh d@ sau ?
A. sin2x < 2sin x. B. 1§sinx+cosx§\5.

C. 1< /sinx ++cosx 5{‘/§,

D. C6 it nhit mdt trong ba ménh dé trén sai.
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41.

42.

43.

44.

45.

46.

210

Bét dang thirc no sau day sai, véi 4, B, C 1a ba goc tam gidc ?

A. sin%singsin£<l B. -cosA+cosB+cosC§-;—.

28
33

. . . 9 . . .
C. sin? A+ssz+sm2C22. D. smA+smB+smC_<_—-—2-—.

Cho x ¢ [5 ; 1]. Gié trj nho nhét cia P = —— ‘Ti"z" la:
4 2 cos x(sin x —cos x)
A.2. B. 3.
C. 4. D. M6t két qua khac.
COosX

Cho biéu thirc P = Vo 0<x < %. Ménh dé nao

sin’ x(cos x — sin x)
sau diy ding ?
A. P>8. B. P<8.
C.8<P<S. D. 6<P<8.
Cho AABC va cic bat ding thirc :

i) cot§+cot-§+cot—§-23\/§; i1) cos Acos BcosC 5-;— ;

B, C 1

i) tanﬁtan—tan-—z—-—.
22 2733
Bat ding thirc nao dung ?
A. Chi i) ding. B. Chi ii) dung.
C. Chi iii) dung. D. Chi i) va ii) dang.

Cho x ¢ [0 : %], xét cc bat dang thirc sau :

1) sinx < x<tanx; ii) sinx+tanx > 2x ; ii) 2sinx+tanx < 3x.

Bit ding thirc nao ding ?

A. Chi 1) ding. B. Chi ii) ding.
C. Chi iii) dung. D. Chi i) va ii) dung.
GTNN cia ham s y = - 7 —tan*x la:
cos” x
A. 0. B. 1.
C.2. D. Mt dap s6 khac.



47.

48.

49.

50.

51.

52.

Gi4 tri nho nhat va 16n nhit cta ham s6 y =sin® x +cos* x la:

A mny=0;maxy=2. B. miny:%;maxy=2.
B. minyz%;maxy:l. D. Mot dap sb khac.
. 1 1 1 .
Cho AABC ,GTINN cua M = + + la:
24c0s24 2+4cos2B  2+cos2C

A.l. B. é

5
C. %. D. Khong ton tai min M .
Gia tri nho nhét, 16n nhét ctia ham s : y = Isin x| +Icos x| 14 :
A-miny=0;maxy=2. B. miny=%;maxy:\/5.
C. minyzl;maxy:\/-i. D. miny=1; max y=2.

1Y 1Y
GTNN ctia ham s6 y:[sin2x+ — ] +[coszx+ > ] la:
sin” x cos” x

A 12, B. 2.

2
C. 277 _ D. Mot dap sb khac.

Gia tri nhé nhét, 16n nhit cha ham sb y=sinx—c052x—l la:
A. miny=~%;méxy=%. B. miny:—%;maxy:

C. minyz—%;maxy:—%. D. miny:—%;maxy:

2
3
3

Gia tri nho nhat, Ién nhat cua ham s6 y = sin* x + cos* x —sinxcosx1a:

A miny=0;maxy=1. B. minyzO;maxy:%.

C. miny=1; max y= %. D. Mét két qua khac.
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53. Cho AABC, GTNN cua biéu thirc cot A +cot B+cotC la:

Al B. V3.
C. ? . D. Mot két qua khéc.
54. Gia tri nho nhét, 16n nhét cia ham sb y = /sinx +Jcosx 1a:
A mny=0;maxy=1. _B.minyzl;maxyzi/g.
C.miny=0;maxy=2. D. Mt két qua khac.
55.  Gi4 tri nho nhét, 1on nhit ciia ham sé y = sin?® x + cos®x 1a:
A. miny=0;maxy=2. B. miny:%;maxyzz.
C. miny= ZL ;maxy =1. D. Mot két qua khac.
56. Gia tri nho nhat, 16n nhét ctia ham sé y = 2sin® x +cos® 2x 1a:
A mny=0;maxy=3. B.miny:%;maxy:%.
C. miny = % smax y=3. D. Mot két qua khac.
57. Néu AABC c6 cot A+cotC =2cot B thi goc B khong 16n hon
A. 60°. B. 30°.
C. 45°. D. Mét s6 khac.
58. Cho x, y>0:x+y—=1.GTNN cuabiduthic P=—> +-—2 Ia:
y+1 x+1
A. —3- B. l
2 3
2 N A s
C. 7 D. Mot s0 khac.

59. Cho AABC cb goc th va T =sin® A+sin? B+sin® C. Ménh dé nao
sau diy dung ?

A T=2. B.7>2.
C. T<2. ' D.T>%.
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60.

61.

62.

63.

64.

65.

Cho AABC nhon va T =sin® 4 +sin® B+sin® C. Bat ding thic nao
sau diy dung ?

A T<2. B. ng.
4
9
C.2<T§Z. D.T<«2.
Cho ~3<x<5,hamsé y=(5—x)(x+3) dat GTLN khi x bing :
A. 0. B. 1.
C.2. D. M6t sb khac.

Cho nggé, ham sé y = x(1—2x) dat gi trj 16n nhat khi x b?mg:

A B.

W |

C.

N = |

D. Mbt sb khac.

Cho %gxgé, ham sb y = (3x —1)(1—2x) dat GTLN khi x béng :

A2 ' B. >
5 12
C.0. D. M6t sb khac:
Cho xy =0 va x* + y* = 1. Xét cac bat dang thirc sau :
D x+<v2; ii)iz+izz4; i) xygl.
x° 0y 2
“Bét ding thice nao ding ?
A.Chii)ddng. - B. Chi ii) dang.
C. Chi i) va iii) dung. D. Ca i), i), iii) déu ding.

Cho cic ménh de :

i) Néu 2x +3y =5 thi 2x? +3y* <5.

fi)Néu a>¢>0, b>c>0 thi (Je(b—c)+Jc(a—c) > Vab.
iiiyNéu x, 1a nghiém clia phirong tinh x> +ax+b=0 thi xg <l1+a® +5?
Ménh dé nio dung ?

213



A. Chi i) ding. B. Chi ii) diing.
C. Chi iii) diing. D. Ca ba déu dting.

. . X e A 5 < 4 . 1 N
66. Gia tri nhé nhat, 16n nhat cia ham so y:sln2x+cosx—5 la:
A. miny:—%;maxyzét. B. miny:—%;maxy:%.

4 .
C. miny:% ; maxyz—g. D. Mét ket qua khac.
67. Voimoi x€ R, ménh dé n3o sau day dung ?
A. |lmcosx+sinx|<m, vm. B. |2cosx+sinx|5\/§.

C. |msinx+cosx|<m?+1. D. |cosx+2sinx] < V3.
tan® Atan® Btan®’C

68. Cho AABC khéong vubng, GTLN cia —; 5 — la:
. tan” A+ tan” B+tan“ C
Al B. 3.
C.3. D. Mot s6 khac.
69. Cho AABC, gia tri lon nhét ca biéu thic :
E= \ﬁ-i- tanﬁtané +\[I+ tanétan£ + .1+ tangtanf— la:
22 22 \/ 2 2
A. 32, B. 24/3.
C.3\3. D. 242,
70. GTNN ciia biéu thitc 7= Jx* + y? +4x+4 +x* + y —8x+16 Ia:
A 2410. : B. 0.
C.6. D. Mét két qua khéc.
71.  Gié trj nhé nhét, 16n nhét cia ham sb y=——2T5F 1.
sinx+cosx—2
A. miny=%;maxy=2. B. miny=—2;maxy’:-—l.

C. miny=—-3;maxy=*%. D. Mét két qua khac.

214



Cho a>2, b>3, ¢ >1. Gia trj 16n nhét cta biéu thuc :

_ab\/c~1+bc\/a—2 +cadb-3 .

F la:
abc

1 1 1 11 1 1
A =[l+—7=+—|. B. —|—=+—+=|.

2[ V2 ﬁ] 9[5 V3 2]
B 1 -l~+l+—1—-] D. Mot két qua kbéc
3B TR . .

— 1 2
Gid tri nho nhit, 16n nhit cia ham sé = LT SOSX =S X .
2+cosx

. 10 .
A. mmy:3;maxy:—3—. B.miny=3;maxy=4.

. 10 e LA o LEA
C. miny= 3 ;ymax y =4. B. M{t két qua khac.

Ham s6 y = asinx + bcos x + cx tang trén R khi :
A S <a+bt. B.CS\}a2+b2.
C.cP>a*+b*. D. c>+a> +b*.

Cho tam gidc ABC, ménh dé nao sau day ding ?

A. cosA+cosB+cosC>%. B. cos4+cosB+cosC>1.
C. cosA+cosB+cosC<-;—. D. cosA+cosB+cosC <.
a, b, ¢ 1aba canh cua mdt tam giéc ; p:LIHC. Gi trj nho nhat
cta biéu thirc : £ =—2 + b + £ - 1a:
p—a p—-b p-c
A 3. B. 6.
C.9. D. Mét két qua khac.
2
Gia tri nhé nhat, 16 nhat ciia ham sé yzw I3 :
x°+1
A miny=1;maxy=6. B.miny=—-6;maxy=-1.
C.miny=2;maxy=35. D miny=-5; maxy=-2.
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78.

79.

80.

81.

82.

83.

216

Cho 0<x<3,0<y<4.GTLNcia 4=08—-x)(4—y)(2x+3y) 12

A 12, . B. 24.

C. 36. D. Mdt két qua khac.
GTNN cia ham 56 y = \x* + 2(14 42 1) +yx* 21—V +1) 1a:
A.0. B. 1.

C.2 D. 3.

Biét ring khi >0 thi a>sina. Cho 0<a<B<%. Ménh d2 nao

sau day dung ?

A_tan_a>ﬂ B. atana > Jtan (.

o B
¢ lana tanf D.Ca A, B, C déu sai.

@ B
Choa,b,c>0vﬁa+b+c=1.GTNNcilaE=[1+l][l+—;;][l+l]lé

a c
A. 8. B. 27.
C. 64. D. Mgt két qua khac.
e a4 X, . a2 1—4sin2x |
Gia tri nho nhat, 16n nhat cia ham s6 y=—sm—x la :
2+cos2x

. 5 . 5
A.mmy:—g;rnaxy:} B.mmyzg;maxy=3.

. ' 5 N A
C.miny=-3;maxy= 3 D. Mt két qua khac.
Chox,y>0vz‘lx+y:l.Giétrinh6nhétcf1aP=xy+Llé:

3 xy
A2 B
4
15 A LAy oo s
C. ek D. M6t két qua khac.



84.

8S.

86.

87.

88.

89.

90.

91.

GTNNcta y=|x—1l+lx—2| la:

A. 0. B.1.
C.2. D. Mot két qua khac.
GTNNcia y=|x—1+lx—2/+[x-3[1a:
A. 0. B. 1.
C.2. D. M6t két qua khac.
Cho x>1,GTNN cia y =x+ 1 dat dugc khi x bang :
x_

A.2. B. 3.
C. % D. Mat sb khac.
Cho 2x+3y=5.GTNN cua £ =2x"+3)? la:
A2 B.S

13
C. % D. Mét két qué khic.
GTNN cua yz\/x+4\/x—4 +\/x—4\/x—4 fa:
A. 0. B.2.
C. 4. D. M6t két qua khac.
Cho x, y>0 va x+ y=5.GTNN cha P:l-f-—l— la:

x y

A2 B. 2.

4 5

3 T
C. 3 D. Mét két qua khac.

Cho a, b5>0 va a+b=1.GTNN cua P=[l+l][l+%] la:
a

A.8. B. 9.
C.7. D. Mot két qua khac.
: 4
Gi trj nho nhit, lon nhét cia 4= 1a.
(x2 +1)
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A.mnA=— maxA4=1. B. mndA=1;maxA=2.

C. minA=

N[— N[

smaxA=2. D. Mot két qua khéc.

92. C6 bao nhiéu bd sb (x ; y; z) thoa bit déng thirc

x+y+z44<2dx—2+4y-3+64z—-57

A. 0. B. 1.
C.2. D. V6 s6.
1] 1
93. Cho x, y>0 vax+y=1.GTNNcua P-—_[l——2 [1———2] la:
x| y
A8 B.9.
C. 4. C. Mot két qua khac.
a b?
94. Choa,b>1.GTNNcia E= + la:
b—1 a-1

A. 6. B. 8.

C. 10. D. M6t két qua khac.
95. Cho ¢ <x<5.GTNN, GTLN ciaham sé y=3x—1+4J5—x la:

A. miny=6; maxy=10. B.miny=0;maxy=7.

C. miny=0; maxy=10. D. Mot két qua khéc.

. . a b c .
96. Cho AABC,GTNNcua £ = + + la:
b+c—a a+c-b a+b—c
A. 2. B.3.
C. 4. ' D. Mot két qua khic.

97. Cho tam giac ABC khodng vudng va tan 4, tan B, tanC theo thi ty
d6 14p thanh mot clp sé cong. Gia tri nho nhét cua goc B la:

A.30°, B. 45°.
C. 60°. D. Mot két qua khac.

98. Cho tam gidc ABC khong vudng va tan A, tan B, tanC theo thu ty
d6 lap thanh mét cdp sd nhin. Néu géc B nhon thi gia tri nho nhét
cuagéc B la:
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A. 30°.

C. 60°.

99. Cho x.y€ [0 ; g—] Xé1 cac bat ding thire sau :
1) sin
1i1) tan

Bit ding thirc nao dung ?

x+y >sinx+siny )

2

bd

x+y> tan x + tan y

A. Chi 1) ding.

C. Chi iii) ding.

2

B. 45°

D. Mot két qua khac.

it) cos

x+y>

B. Chi i1) ding.

D. Chi i) va i1) dung.

2

cosx+Cosy

k]

100. Cho a, b, c€[0;1]. GTNN,GTLN cua P=a+b+c—ab—bc—ca

la:

A mnP—=—-1,maxP=1. B. minP=0;maxP=1.

C.minP=0;maxP=2. D. Mot két qua khéc.

B. TRA LOI

1D 2C 3D 4A 5C 6A 78 8B 9D | 10B
11D | 12B | 13B | 14C | 15B | 16D | 17D | 18D | 19D | 20D
21A | 22C | 23D | 34C | 25B | 26C | 27B | 28D | 29B | 30D
3IB | 32D | 33C | 34B | 35B | 36A | 37B | 38A | 39C | 40D
41C | 42C | 43A | 44D | 45D | 46B | 47C | 48B | 49C | 50B
SIA | 52B | 53B | 54B | 55C | 56C | 57A | 58C | 59C | 60C
61B | 62A | 63B | 64D | 65C | 66B | 67C | 68C | 69B | 70C
71D | 72A | 73B | 74D | 75B | 76B | 77A | 78C | 79C | 80C
81C | 82A | 83B | 84B | 85C | 86A | 87B | 88C | 89B | 90B
91A | 92B | 93B | 94B | 95A | 96B | 97C | 98C | 99D | 100B
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Phy luc

TRiCH GIG1 THIEU MOT SO DE THI TUYEN SINH BA! HOC
(2005 - 2010) |

NAM 2005
PE THI KHOI A
.z . 1 11
Cho x, y, z la cac s60 duong thoa min —+—+—=4,
X y z

Chding minh : ! + I + ! <l1.
2x+y+z x+2y+z x+y+2z

Huéng din gidi

Véia, b>0, tacod: -

dab<(a+b) & 1 Sa+b® ! sl[l-q-l
a+b 4dab a+b 4\a b

DéAu “= " xay ra khi va chi khi a = 5. Ap dung két qua trén ta cé :

P i, vy et
2x y+z) 4|2x 4y :z

2x+y+z 4
_1(1;;] "~

e 1 11 1 11 1[1 1]
fwong ty: —<—| —+ | —g | 4=
x+2y+z 4(2y x+z 412y 4 {x 2

LS Y B S R
4

x+y+2z 4 [
Ifr 1 1
=—| - —+— . 3
8[2 ] 3)
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. 1 1 1 i1 1 1
Viy . + + <—| —+—1=1|=1.
2x+y+z x+2p+z x+y+2z 4\x y z
Ta thiy trong cac bt ding thirc (1), (2), (3) thi ddu “= " xay ra khi va
chi khix = y=z. Vay dau “= " trong bét dang thitc trén xay ra khi va

chikhi x=y=2z=

3
4
TRICH DE THI KHOI B
Chimg minh ring véi moi xe R, tacé :
12 + E] + 2] >3 447 +5%
5 4 3
Khi nao dang thic xay ra ?

Huong din gidi

Ap dung Bt dang thitc Cé-si cho hai sb duong, ta co :

32

12Y° (15Y

Suy ra: — | =1 =2.3% |
y 5 2 (D
Tuong ty, tacod : 1—5% + 239 >2.4% (2)
x x / '
15 + 20 >2.5% 3)
4 3

Cong cac bit déng thirc (1), (2), (3), chia hai vé ctia bt ding thic
nhén duoc cho 2 ta c6 diéu phai chimg minh.

Dang thire xay ra khi va chi khi (1), (2), (3) 1 cc déng thic, tic 1a x = 0.
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TRICH DE THI KHOI D

Cho cac sd duong x, y, z thoa minxyz = 1. Chimg minh :

3,3 3,3 3,3
\/l+x +y N I+y +z +\/1+z +x 23\/;
Xy yz X
Khi nio dang thirc xay ra ?

Hudng déin gidi

Ap dung Bét ding thirc Cé-si cho ba sb duong, ta ¢6 :
L3, .3

1+x*+y’ 2312y =3y o Irx 4y > \B )

xy Jxy

\/1+ +z
X @
\/E

Vi+22 +x° S 3
zx '

Tuong ty, ta co :

TV G)
khic: V2,3 B V3 BB
Mat khac/. \/E \/_)Z \/; v vz
RN EI ‘/_zaﬁ., (4)

Suyra: \/_ \/_ \/_

Cong céac bit ding thirc (1), (2), (3) va (4) ta c6 diéu phai chimg minh.

Ding thirc xay ra khi va chi khi (1), (2), (3) va (4) la cac dzng thirc,
ticlax=y=z=1.

NAM 2006
TRICH DE THI KHOI A

Cho hai sb thuc x=#0, y#0 thay déi va théa man diéu kién
(x+y)xy = x> +y* —xy . Tim gia tri 16n nhit cia biéu thirc
1 1

A=—+—.
xl y3



Hwong dan gidi

e s 11 1 1 1
I'rgia thi€tsuyra: —+—=—+——-—.
Xy x y x
Deﬁa:l,b:l.Tacé: a+b=a*+b*-ab. D)
x y

Khidé: A=a*+5° =(a+b)(a* +b> —ab)=(a+b)*.
Ti(1)suyra: a+b=(a+b)" ~3ab.

. a+b 2 .
Vi ab<| —— | nén:

2
a+b2(a+b)2—%(a+b)2:>(a+b)2—4(a+b)s0:0$a+bs4.
Vi x=y=% thi 4=16. Vay gia tri 16n nhit cia 4 12 16.

TRICH PE THI KHOI B

Cho x, y la céc sb thuc thay ddi. Tim gia trj nho nhat cia biéu thirc :

Az\/(x—l)2 +y? +\/(x+1)2 +y° +|y-2|.

Hudng dan gidgi
Trong mat phang véi hé toa dd Oxy, xét M(x—-1;-y), N(x+1; ).
Do OM +ON 2 MN nén:

\/(x»l)2 +y? +'\/(x+1)2 +y? 2\/4+4y2 =2\/1+ v

Dodd: A22\ 1+ y* +|y-2|=f(y).

o V6i y<2,tach: f'(y)=—Xer1;

\/y2+1

>0 '
(y)=02y=\1+y’ = Y ) 2c>y=L‘
4y“ =1+y

Do d6 ta c6 bang bién thién nhu hinh bén dudi.
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e V& y>2, ta c6
1
() =241+ >2f>2+f y |- A 2
Viy: A>2+3, ¥, yeR |f'(») - 0
Khi x=0 va y:% thi | f(») \

A=2++/3 nén gia tri nho nhét
cia A 1a2+3.

NAM 2007

TRICH DE THI KHOI A

Cho x, y, z la cac sb thuc duong thay déi va théa man didu kién
xyz = 1. Tim gia trj nho nhat cia bidu thuc :

po X4z yltx)  Z(xty)

INIEE YN RS SR S

| Huéng din gidi
Taco: x*(y+2)22xx 3 Y (z+x) 220y ; 22 (x+y) > 22z

2x\/— 2 y\/_ 2zf
y\f+22\/_ 2z +2xx x\/_+2y\/_

Déta:x\/;+2y\/—',b—yf+2zﬁ,c—zf+2xf.Khldo

wx=detaz2b o datb-le g Abtc—2a
9 9 9

4c+a—2b+4a+b—2c+4b+c—2a
b ¢ a

Tordésuyra: P>

Do d6 : PZ%{

2%(4.3-4—3—6):2.
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' b
hoac £+£+2233£.£A__3 Tuong tir : __|_ + >3)
b ¢ a b c a b a

Déu “= " xay rakhivachikhi x=y=z=1.Vay GTNNcaa P 1a 2.
TRiCH DE THI KHOI B
Cho x, y, z laba sd thue duong thay dbi. Tim gia tri nhé nhét coa

Z-1-L]wl—z E—+—L .
2 zx 2 xy

biéuthiac: P=x

x 1
—+~—]+y
2 yz
Hudng din gidi
xl 2 22 x2+ 2+22
Taco: P="-y 2Ly Z 4 2T T2
2 2 2 xyz
2,2 2,2 2,2
Doszry2+22=“‘r ;y +y -;—z +z erx

x? 1] yo1 [22 1]
e ol B e sl B = S

2 oy 2z
2

2 x
Xétham sé (1) = %+% vai 1> 0. Lap bang bién thién cua f (1) ta

>xy+ yz+zx nén:

P2

suyra f (1) 2%, V¢>0.Do dé P 2%. Diu dang thirc xay ra khi va
chikhi x = y=z=1. Vay gid tri nhé nhdt cia P la 92—.
TRICH DE THI KHOI D

Trong khong gian vSi hé toa d6 Oxyz, cho hai diém A(1; 4 ; 2).
x-1_y+2 =

B(—1; 2; 4) vaduomg thang A: =

-1 127
1) Viét phuong trinh duong thing 4 di qua trong tim G cua tam
gldc OAB va vudng goc véi mit phing (OAB).
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2) Tim toa dd diém M thudc duémg thing A sao cho MA® + MB*
nhé nhét.

Huwoéng dan gigi
1) Toa do6 trong tim : G(0; 2 ; 2).
Taco: OA=(1;4;2), 0B=(=1;2;4).
Vecto chiphuongeia d la: n =(12; ~6; 6)= 6(2; —1; 1).

Phuong trinh duong thing d : % = y_~12 2 ; Z.

2ViMeA=>M(1—1:;-2 + 1;2t). Dodb:

MA® + MB* =t +(6—1)" +(2—2t)?]

240 1@+ (420 =120 — 481+ 76 =12(1 —2)" + 28.

MA* 4+ MB? nho nhét khi va chikhi r=2. Khidé M(-1;0 ;4).
NAM 2008

TRiCH DE THI KHOI B

Cho hai sé thyc x, y thay dbi va thoa min x* + y* =1. Tim gia tri

16n nhét-va gia tri nhd nhét cua bidu thuc :

B 2(x2 +6xy)
B 1+ 2xy +2y*

Huéng dan gidi

2(x2+6xy) B 2(_x2+6xy)

Taco: P= T =3 > .
14+ 2xy+2y° x"+3y " +2xy

eNéu y=0thi x>’ =1.Suyra P=2,



e Xét y=0.Dat x=1y,khido:

2
b 2012

=3 &P +2(P-6)t+3P=0.
1" +2143

*)
. , . cn 3
- Véi P=2, phuong trinh (*) cé nghiém 7 = 7

- Véi P =2 phuong trinh (*) ¢6 nghiém khi va chi khi
A'=-2P—6P+36>0& —6<P<3,

3 1 3 1
P=3khix=— ,; y=—=holicx=——;, y=— .
J0 "7 o J10 J10
} 3 2 3 2
P=—6 kht x = i y=——>=hodc x=——F=; y= A
N RN J13 13

Gia tri 16m nhat cia P bing 3, gia tri nho nhét ciia P bang —6

TRICH PE THI KHOI D

Cho x, y la hai sé thuc khong 4m thay déi. Tim gid tri 16n nhdt va gia

tri nho nhét cua bidu thie P = ("‘y}(""yl :
A+x) (1+y)

Huong din gidi
Tacéd: |Pl :\ (x=y)(1-x) \ < (x+3)(1+xy)
(+x) (1+y) ] [(x+»)+(1+ )]

<P<

1 1
<t — —
~ 4 4

&~

eKhix=0; y=1thi P=—
4
eKhi x=1; y=0 thi P:%.

Gid tri nho nhit cua P bing —-}4-, gid trf 16m nhdt ciia P bing 1
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NAM 2009

TRICH PE THI KHOI A

Cho x, y, z> 0 thoa diéu kién : x(x+y+z):3yz (1)
Chimg minh :
G+ +(x+2) +3(x+y)(x+2)(p+2)<5(y+=) (*)

(Xem bai giai cha Vi du 21, §8, trang 29 hodc cach giat khac cua Vi
du 3, §35, trang 191).

TRICH DE THI KHOI B

Cho x,y € R thoa: (x-ky)J +4xy >2 (*). Tim GINN cua :
A= 3(x4 4y -+-Jc2y2]—2(3nc2 +y2]+l
(Xem bai giai cua Vi du 4, §35, trang 192)

TRiCH DE THI KHOI D
Cho x, y>0 thoa: x+ y=1. Tim GTLN, GTNN cua :

S =(4x" +3y)(4y” + 3x)+ 25xy
(Xem bai giai cua Vi du 7, §34, trang 188 hoac cach giai khac cua Vi

du 2, §35, trang 191).
NAM 2010

TRICH PE THI KHOI B
Cho a, b, ¢ >0, thoa a+b+c=1. Tim GTNN ctia biu thirc :
M= 3((12b2 +hc+ c2a2)+ 3(ab +bc +ac)+2 a + b+
(Xem bai giai ctia Vi du 5, §35, trang 193).

TRICH PE THI KHO1 D
Tim gia trj nhé nhat cta ham sb :

y= \/—x2 +4x +21 —\f—x2 +3x+10
(Xem bai giai coa Vi du 8, §29, trang 159).
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