PGS - TS PHAN HUY KHAI

?

Bl]J I]UUNG Hl] jS!NIj::ﬁI[]» |

1
F N A_‘_ ; ' o '

'S &
> &
=

wen ¢

1 DL o aAs VS
i9 ho nhat 22

i: G‘ﬂt" " 44

. Y S -

é Danh-cho hoc sinh Iap 12 on tap va
thi Bai hoc - Cao dang

¢ Bien soan theo ndi dung va
- Cau truc de thi cuaBoGD&BT «

NHA XUAT BAN DAI HOC QUOC GIA HA NOI




LOI NOI DAU

Bai todn tim gid tri lén nhdt, nhé nhdt clia ham sé ndi riéng va bdt ddng thic néi
chung la mét trong nhitng chii dé quan trong va hdp ddn trong chuong trinh gidng day va
hoc tdp b¢ mén Todn & nha truong phd thong. Trong cdc dé thi mon Todn ciia cdc ki thi
vao Pai hoc, Cao ddng 10 ndm gdn ddy (2002 — 2011) cdc bai todn lién quan dén viéc
fim gid tri l6n nhdt, nhé nhdt ciia ham so thuong xuyén ¢6 mdt va thuong la mot trong
nhitng cdu kho nhdt ciia dé thi.

Vi li do dé cdc cudn sdch chuyén khdo vé chit dé nay ludn ludn thu hit sy chii ¥ va
quan tdm cia ban doc. Trong cudn sdch “Cdc phuong phdp gidi todn gid tri lén nhat,
gid tri nhé nhdt” nay, chiing toi sé cung cdp cho ban doc nhing cdch gidi thong dung
nhdt doi vdi nhitng bai todn im gid tri I6n nhdt va nhé nhdt ciia ham sb,ciing nhu biét
cdch dp dung bai todn nay dé gidi nhiéu bai todn lién quan dén nd.

N§i dung cia cudn sdch dugc trinh bay trong 8 chuong.

Chuong 1 vdi tiéu dé “Vai bai todn mé ddu vé gid tri lén nhét va nhé nhdt cia ham
$8™ sé gidi thiéu vdi ban doc bai todn tim gid tri ldn nhdt, nhé nhdt cia ham sé thong
qua viéc trinh bay tinh da dang cia cdc phuong phdp gidi bai todn nay. Bing cdch diém
lai nhitng sy ¢6 mdt cia cdc bai thi vé chii dé nay cé mdt trong cdc ki thi tuyén sinh Pgi
hoc — Cao ddng cdc nam tir 2002 dén 2011, cdc ban sé thdy dugc sy cdn thiét cia viée
phdi trang bi cho minh nhitng kién thitc d€ gidi quyét cdc bai todn dy. Cudi chuong 1 1a
co s If thuyét ciia bai todn tim gid tri lon nhdt va nhd nhdt cia ham so. Phdn nay giip
cdc ban nhitng kién thitc chudn bi cdn biét dé doc tiép cdc chuong sau ciia cudn sdch.

Cdc phuong phdp co bdn va thong dung nhdt dé gidi bai todn tim gid tri ldn nhdt va
nhd nhdt ciia ham sé dugc trinh bay tit chuong 2 dén chuong 6.

Chuiong 2: Phuong phdp bét ddng thiic tim gid tri lén nhdt v nhé nhdt cia ham 6.

Chuong 3: Phuong phdp lugng gidc héa tim gid tri lén nhat va nhé nhdt ciia ham
56,

Chuong 4: Phuong phdp chiéu bién thién ham sé° tim gid tri I6n nhdt va nhé nhat
ciia ham sé.

Chuong 5: Phuiong phdp mién gid tri ham sé tim gid tri lén nhét va nhé nhdt cia
ham sé.

Chuong 6: Phuong phdp db thi va hinh hoc tim gid tri lén nhat va nhé nhdt ciia
ham sé.

O méi chuong, chiing ti ¢ gdng truyén tdi dén ban doc ndi dung co bdn ciia phuong
phdp, dua ra cdc ldp bai todn ma phuong phdp gidi nd la thich hgp nhdt. Thong qua viée
' phdn tich, binh ludn va dua ra lam doi chung nhiéu phuong phdp khdc nhau gidi cung
m@t bai todn sé giip cdc ban tim dugc cho minh mjt phuong phdp wu viét nhdt dé gidi
bai todn gdp phdi. P6 la diéu méi mé cia cudn sdch nay. Ching ti ludn ludn git tinh
thdn chii dao &y trong titng phdn ciia cudn sdch.



Chuong 7 danh d€ trinh bay viéc iing dung cia bai todn tim gid tri lon nhdt, nhd nhat
trong vi¢c bi¢n ludn phuong trinh va bdt phuong trinh cé tham s6. Xin luu ¥ vdi cdc ban
rdng ddy ciing la mdt chii dé thuong xuyén xudt hién trong cdc dé thi tuyén sinh vao Pai
hoc - Cao ddng nhitng ndm gdn ddy (2002 - 2011).

Phdn ddu ciia chuong 8 vdi tiéu dé “Mpt s6 bai todn khdc tim gid tri lén nhat va nhé
#hdt ciia ham s6™” dé cdp dén bai todn tim gid tri 10n nhdt va nhé nhdt ciia ho ham s&
phu thujc tham sé.

Cudn sdch nay chii yéu trinh bay cdc bai todn tim gid tri 1on nhdt, nhé nhdt trong Pai
56 va Gidi tich.

Bai todn tim gid trj 16n nhdt, nhé nhdt trong s6 hoc, hinh hoc t8 hgp, hinh hoc khéng
gian, hinh hoc phdng, lugng gidc, ... sé dugc chiing t6i trinh bay trong mt cuén chuyén
khdo khdc (sdp xudt bdn). Tuy nhién trong phdn hai ciia chuong 8, chiing t6i vén danh
mét it trang d€ diém qua mot s6 thi du tiéu biéu ddc sdc ciia cdc bai todn nay.

Chiing t5i thiét nghi cudn sdch nay sé ddp iing duge mot s6 lugng 10n ban doc. Cdc
ban hoc sinh phd thong, cdc thdy cé gido day Todn déu cé6 thé tim dugc cho minh nhitng
diéu bd ich khi doc né.

M3t ddu vdi tinh thdn nghiém tic, ddy trdch nhiém khi viét cudn sdch nhung voi mjt
kh&i lugng 1dn cdn truyén tdi, cuén sdch khong thé trdnh khdi cdc khiém khuyét.

Tdc gid rdt vui long néu nhdn dugc su gép ¥ cia ban doc, nhédt la cdc ban déng .
nghigp xa gdn dé quyén sdch 16t hon nita trong cdc 1dn tdi bdn tiép theo (vi chiing t6i
nghi rdng chdc chdn cudn sdch nay con dugc tdi bdn nhiéu ldn).

Thu tif g6p ¥ xin gii vé theo dia chi sau:

PHAN HUY KHAL,
Vién Todn hoc, 18 Pudng Hoang Qudc Viét — Quin Ciu Gidy - Ha Noéi.
Xin chdn thanh cdm on.
Téc gid
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§1. VAI BAI TOAN MG PAU
Trong muc ndy ching t6i gidi thiéu vai bii todn vé gi4 tri 16n nhit va nhd nhat
cia him s6. Thong qua nhitng bai toin ndy, chiing td6i mudn dé cip dén cic
phuong phép cd ban nhat d€ gidi cdc bai todn vé gid tri 16n nhat va nhd nhat s&
dudc trinh bay k¥ trong cudn sich nay. ‘
Bai todn 1: (Dé thi tuyén sinh Pai hoc, Cao ddng khoi B)

Cho him s§ y = x+v4-x% . Tim gi4 tri I6n nhit vA nhé nh4t ciia him s&
nay trén mién x4c dinh clia né.
Huéng dén gidi
Cdch 1: (Phuong phdp bit ding thitc)
Ham s6 di cho xdc dinh khi -2 <x <2.

Tacé x2-2; V4-x* 20 Vx € [-2;2]

Do d6 f(x) = -2, Vx € [-2; 2] (1)
Laicé f(-2) =-2 2)
Tu (1) (2) suy ra min f(x) = -2. ,

Ta s& chitng minh f(x) < 2+/2 Vx e [-2;2] (3)

That vay (3) & x + V4-x? <22 & V4-x2 <242 -x
©4-%<(2V2-%)? ([dox<2) 28 - 4/2x+420
o (x-V2)20. @)
Ti (4) suy ra (3) ding. Nhu viy ta c6 f(x) < 2+/2 Vx e [-2;2].
Laicé f(+2)=2v2,nén max f(x)=2+2.
-2<x<2
Nhén xét:
1. Céch gidi trén hoan todn dya vao bit ding thifc, nén ngudi ta thudng goi 1A |
phuong phép bat ding thic.
2. Ta c6 thé si dung bat ding thitc Bunhiacopski d€ gidi nhy sau:
Theo bit ding thitc Bunhiacopski ta c6:

2
(x1ea=xa) sx® +@-x1a® + 1)

=x+ VA-x2 <23 (5)



Chuyén dé BDHSG Todn gid tri 16n nhat va gid tri nhd nh4t - Phan Huy Khai

D4u biing trong (5) xdyra < x = \[4——_1(7 ox=2.
Viy maxy = V2 eox=2.
Céch 2: (Phudng phap chidu bién thién him s8)
Xétham sd f(x) = x + \/Ez_ vii-2<x<2.
x  4-x?-x
\/4—x2 B 4—x? .
RO rang khi -2 <x <0, thi f'(x)>0.
Xétkhi 0<x<2,tacd (4-x%)-x*=4-2x"
Dod -2x*>0khi0<x< +2 va4-2x*<0khi V2 <x <2, néntacé bing
bi€n thién sau:

Taco f'(x) =1-

X -2 0 N/ 2
£'(x) § + + 0 _ \
f(x) \ 242 —_

| -2 / 2

T d6 suy ra maxzf(x)=f(x/5)=2x/§;

-2<x<

min ) f(x) =min{f(-2); f(2)} =min(-2;2)=-2

-25x<
Nhdn xét: Tén goi clia phuong phap hoan toan phin dnh ding qua cdch gidi vira
trinh bay & trén.
Cdch 3: (Phuong phdp lugng gidc hda)
Xétham s& f(x) = x + V4-x? véi-2<x<2

A

Do -2 <x <2, nén dit x = 2sing véi -—Zzt—S(pSE.

T d6 ta quy vé xét ham so
F(@) = 2sin@ +/4(1 ~sin? @) =2sin@ ++/4cos’ @ = 2sinQ + 2 lcos<p|

= 2sing + 2cose (do khi -g <@ sg thi cose > 0)

=242 cos(o —g) .

| i 3n T
Do ——<¢p<s— => -Z=<p-=
2 ® 2 4 ¢ 4

——

T d6 suy ra —12—2—3005(@—%}3
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= -2 <F(g) < 2V2 V—gswsg,
F(p) = 22 QCOS(({)—%J =l o=

\/5 T 3n

F((P)=—2C>COS(CP—%) = S ——=——

Viy max f(x)= max F((p)=2\/§;
n T

-2<x<2

2

-——<S@<—=

2

min f(x)= min F(g)=-2.
s n

-2<x52

2

__S(Ps_

2

2

Cdch 4: (Phudng phdp mién gi4 tri hAm s8)

Gi4 st m 12 mot gid tri thy ¢ cha ham s8 f(x) = x + V4—x% vdi-2<x<2.
Khi d6 phuong trinh 4n x sau diy x + V4-x> =m (1) c6 nghiém.
Rorang (1) V4-x2 =m-x. (2)
Bai todn trd thanh: Tim m d€ (2) ¢6 nghiém.
(2) ¢6 nghiém khi va chi khi dudng cong y = V4 - x? va dudng thing y = m - x
cdt nhau.
DEthiyy=m-x<>x+y=m,cony= V4-x* @{Xz +y' =4
y=>0

Viy ta cAn tim m d€ dudng thing x + y = m va nlta dudng tron x> + y* = 4
(phin nim phia trén truc hoanh cit nhau).
DE thiy di€u nay x4y ra Ay
khi va chi khi dudng \
thing X + y = m nim
giita hai dudng x +y =-2
Vi X +y =242, tic la
khi va chi khi -2 <m <
242.03) X
T (3) suy ra —2

max f(x)=2«/:2_;

-2<x<L2 x+y=2\/—2_
min f(x)=-2.

-2<x52
X+y="2

(3]
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Nhén xét: Céch gidi trén dua vao c4ch tim gi4 tri cia ham s6 (& ddy c6 k&t hdp
thém phuong phap si dung d3 thi va hinh hoc), vi thé ta c6 thé néi ring da
stt dung phuong phdp mién gid tri ham s& d€ gidi bai todn tim gié tri 16n nhét
va nhd nh4t néi trén.

Binh lugn: Vé6i bai todn 1, ta da s dung b6n phuong phdp khdc nhau dé gidi
bii todn tim gid tri 16n nhdt va nhé nh4t ciia ham s6. M3i phuong phép déu
c6 nhitng wu di€m riéng cla né.

Bai todn 2: Cho x >0, y > 0. Tim gi4 tri 16n nh&t va nhd nhat cla bidu thic P =

(x-y)d-xy)
A+x)2(1+y)?
(Pé thi tuyén sinh Pai hoc, Cao ddng khéi D )
Huéng dén gidi
Cdch 1: (Phuong phép bat ding thiic)
D& thay P c6 thé viét lai dudi dang sau day

= X — y = X —l— y +l

A+x)? (1+yP? (A+x)? 4 (d+y)? 4
_ 4x—(1+x) y L 1_1 | (&= 1)? y "
- 2 274 "4 7t 2|

4(1+x) (A+y)* 4 4 |40+x)° (A+y)

DoyZO,nénttr(l)suyraPs%,kaO,yZO.P: % ox=1;y=0.

Tuong ty lai cé
2
cx oy L[ x Gen) L,
(+x) 4 (d+y)y 4 (1+x) 4(l+y) 4

Dox20,nént¥ (2)suyraP > —i— VxZO;yZO.P: —% ox=0y=1.

T6m1aimaxP=i©x=1;y=0; minp_—__i. ox=0y=1.

Cdch 2: (Phuong phdp ba't ding thic)
Tacs. | E=A=x)|_ [x-yllt-xy] W
|(1+x) A+y?| A+x)*A+y)
Do x > 0; y >0, nén hi€n nhién ta ¢6
[x=y||t-xy] <(x+y)1 +xy) ).

D4u bing trong (2) X3y ra < xy = 0.
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T (1) 2) suy ra l( -y)d- xy)| (x+y)1+xy) 3
l (1+x) (1+Y)2| [(x+y)+A+xy)P

Mitkhdc d& thiy [(x +y)+A+xy)P 24(x+y)A+xy). (@)
D4u biing trong (4) xdyra <> x +y =1 + xy.

o |x-ya-xy)| 1 _
T (3) & (4) di dén o (1+y)| 2 hay

=0 =0
Laic6 [P[=l© * {7
4 X+y=1+xy x+y=1

x=l;y=0,khid(’>P=%
1x=0y=Lkhid6P=—-—

TémlaimaxP:%@x=l;y=0;minP= —% ox=0y=1

Cdch 3: (Phuong phdp bt ding thirc)
2
AB< AtB)Y s cx-y)d-xy)  (x-y+1-xy)
4 (l+x) (1+y) 4(1+x) (1+y)

L (x y+1- xy) (1 + x) (1- y) 1 4y
aic =—|]-—
4(1 +x2A+y)?  4d+x2A+y? 4] d+y)

TtrdésuyraP:—(uz—(l—-_x—ygsl Vx20,y20
A+x)*(1+y)” 4

¢

}s% (doy =0)

=0
MitkhicP= L < {7 " . VaymaxP= = e x=1;y=0.
4 x=1 4

Do vai trd binh ding giita x va y, nén ta c6

G-xd-y0 1, &-y)d-xy) 1

< Vx20,y=0.
A+y)>Q+x)*> 4 A+x)21+y)? 4 y

MitkhdcP = —% @x:O;y:l.VéynénP:—i— ox=0y=1

Nhén xét: Cing st dung phuong phap bat ding thirc, nhung ta c6 3 cdch gidi khic
nhau bai toan trén.
Cdch 4: (Phudng phip lugng gidc héa)
X

Tacé:P= 5~ y 5 (xem cidch 1).
d+x)" d+y)

Dox>0;y>0,nén ditx = tan’c, y = tan’B, 0 < & < §;0$B< -g—
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tan’ o tan® 8

— > = tan’ocos’o — tan*Beos’P
(I+tan“a)® (1+tan” )

Khidé P =

= sin’ocos’o — sin*Bcos’P = %sinZZa - :lt-sin22B. ¢))

1 1 14
T (1 -—<P<=— Vao,Be[0; =).
(1) suy ra 2 2 Bel 2)

L .th,( P 1c> Sin20t=lc> a:%@ X =
al = — :
Y 4 sin2B=0 y=0
B=0
1 [sin2a=0 a=0 " _o
P=—— . n@
4 sin2fB=1 B:Z y=1

VéymaxP:i@x:l;y:O; minP=—i oSx=0y=1

Binh ludgn: V3i bai todn trén ta cé 4 cdch gidi khiac nhau, trong d6 c6 3 cidch
cling st dung phuong phdp bat ding thitc (ba cdch niy lai khic nhau). Qua
d6 ta thdy rd tinh da dang cta phuong phép diing d€ tim gi4 tri 16n nhat va

nhd nhit ciia him s6.
Bai todn 3: Gia st x, y 12 hai s6 thuc sao cho X2 + y2 =1.

2
Tim gié tri 16n nhAt va nhd nhit ciia biu thic P = —2("—1’—6&)2-.
1+2xy +2y
(Dé thi tuyén sinh Pai hoc, Cuo ddng khdi B)
Huéng dén gidi
Cdch I: (Phuong phdp mién gid tri ham s&) '
2
D0x2+y2=l,néntac6:P=%§—L6§1)—2. H
X° +2xy+3y
Xét hai khd nang sau:
1. N€uy =0 (khidé x =1). Licnay P =2.
2
2{(5) + 65} X
. y y
2. N&uy #0. Khidé P= 202 sgayi= X
y

2 T2 ’
t°+2t+3
i} +2%43
y y

vite R.
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212 +121

2

, khi d6 phuong trinh
U +2t+

Goi m 14 gid tri iy ¥ clia ham s8 f(t) =

sau day (&nt)

2 ; - . 4
i—let=m (2) ¢6 nghiém. D& thdy vit? + 2t + 3> 0 Vt ,
t“+2t+3
nén(2) <20+ 12t=m( +2t+3)
Sm-2)+2m-6)t+3m=0. (3)

* Néum =2, khi 46 2(m = 6) # 0, nén (3) ¢6 nghi€ém. Vay m = 2 1a mot gid
tri cGia ham s6 f(t).

* Né&um # 2, khi d6 (3) c6 nghiém khi va chi khi A’ >0
om’+3m-18<0 ©-6<m<3.
Viy (3) c6 nghi€m khi va chi khi-6<m <3. 4)
Do m la gid tri thy ¥ ciia f(t), nén tir (4) suy ra

max P=max f(t) =3 va min P =min f(t)=-6.
y=0 " teR yz0 7 " 1eR

K&t hop v6i P =2 khiy =0, ta di dén k&t luan:
Véi diéu kién x* + y* = | thi maxP = 3, minP = —6.
Cdch 2: (Phuong phdp mién gi4 tri ham s0)
Do x* +y* = 1, nén ta dit x = sina, y = cosa, vdi a € [0; 2x].
Khi d6 P = ' 2sin2d+125inacosg' _ l_T§0§2a+6sin2a ' )
1+2sinacoso+2cos“a sin2a +cos2a+2
Goi m'la gi4 tri thy ¥ cia P. ’ ‘ '

Khi d6 phuong trinh sau diy (in o) l.—cos2a *Osin2a m (2)
sin2a + cos 2o + 2 .

c6 nghiém. Do [sin20 +cos2a| <2, V o € [0, 27]
= sin2a +cos2a+2>0Vae [() 27t] .
T d6 (2) © | — cos2a + 6sin20 = m(sm2a + cos2a + 2)
(6= m)sm20t (I + m)cos2a = 2m - 1. : 3)
(3) c6 nghiém < (6 - m)’ + (1 + m) > (2m )
©2m’-3m-9<0 6<m<3 4)

Tir d6 suy ra maxP = 3, minP = -6 khi x* + y* = 1.

Cdch 3: (Phu‘dng phdp chleu blen thi€n ham $0)
2(x + 6xy)

x? + 2xy + 3y?
* NEuy=0,thiP=2.

Tac6P= ¢)) (xem cdch 1).
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262 +12t

* Néuy=#0,thiP= —— ——véit==cR.
t“+2t+3 y
2 2 2 A
Pat£(t) = 22t +12t,teR thi £(t)= 8t2 +12t+:;36=_4 22t 3t 92.
t“+2t+3 (t°+2t+3) (t“+2t+3)
Ta c6 bang bié€n thién sau:
t - 3 3 +00
2 _
f'(t) - 0 + 0

£(t) 2\_6/ — 2

T d6 suy ra max f(t)=3 va min f(t)=-6.
teR teR _

Viy maxP =3, minP = -6 khi X’ + y* = 1.
Binh ludn: Tinh da dang clia cic phuong phdp gidi bii todn tim gi4 tri 16n nhat
va nhé nhA't ciing thé hién rd qua thi du nay.
Baitodn4: Chox >y, x 2z vad X, y, z € [1; 4].Tim gid tri nhd nh4't cia biéu
X z
2X +3y +yiz Tt
(Dé thi tuyén sinh Pai hoc Cao ddng khdi A — 2011)
‘ Huéng dén gidi
L3i gidi clia bai todn ndy 1a sy k&t hgp khéo 160 ciia hai phuong phdp bat
ding thitc va chiéu bién thién ham s6 nhu sau:
Viét lai biéu thic P dusi dang: P= ——+ 141 )
243 142 142
X y z

thic: P =

Truéc hét ta chitng minh ba't ddng thic sau:

1 1. 2
l+a 1 + b 1+ \/—
D4u bing trong (2) xdy ra khi va chi khi a =bhoicab=1.
Thit vay (2)

(1 1)(1' 1)>Oc>\/—ba Jab b

Néua>0,b>0vaab> 1, thitacé: 2)

< 1+a 1++/ab * 1+b 1++vab) (1+a)(1++/ab) (1+b)(1+\/_)
o Ga-Voy(ab-n | 3)
(1+a)(1+b)(1+\/_— b)

Doa>0,b>0,ab>1, viy (3) ding suy ra (2) diing.

10
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Ap dung 2) v6i a=2;b=2.Khid6a>0,b>0vaab= X >1(dox>7y),
y oz y
nén ta cé: lz+ lxz 2 4
1+= 1+= 14 (X
z y
z_x
D4u bing trong (4) xdy ra < y 2 @{‘lﬁ:z
ZX_, L[x=vy
y'y
. 1 2
T (4) ta c6 P > + 5)

2+3% 4,
X

<P

D4u bing trong (5) x3y ra < =z

"
i
te

X=Yy

Détt:\/E.DOXZyvax,ye[1;4]nénsuyral$£ <4=1<t<2.Khidé
y y

2
P> L +i hay P> ! +-—2-—
h 3 L+t 2243 1+t
2
t
. t? 2
Xét ham so f(t) = ——+— véil<t<2.
2t°+3 1+t
42 3 ¢4y
Ta cé: f(t) = 26t - 2 2=(3t 6t2)+(32t 4t2) 9
2t°+3)° A+t @t +3)°(1+t)
Vit>1= f'(t)<0 Ve [1;2]. T d6 c6 bing bi€n thién sau:
t 1 2
f'(1) - %
f(v) - T 7
34 34
a 1 = = e 5 > ——
Vay 1?:122 f()=1(2) 33 T a6 suy raP2 33’
t=2 o4
P= 34 = =1 d < x=dy
= 33 ‘: YX~Z {\/;,;=Z Z=2y.
X=y
X=y

i1



Chuyén dé BDHSG Todn gid tri I6n nhat va gia tri nhd nhdt — Phan Huy Khai

Dox,y,ze [1;4]nénP=§% ox=4,y=1,z=2.

Nhu’thé’minP:% oSx=4y=1;2=2.

Bai todn 5: Cho bdn s6 thuc a, b, ¢, d thda min diéu kiéna’ + b’ =c® +d* = 5.

Tim gi4 tri 1én nhat cia bi€u thiic
P=+5-a-2b++/5-c-2d +v/5-ac-bd.
Huéng dan gidi
L&i gidi hay nhdt va dic sic nhat cho bai todn nay 1a phuong phdp st dung

hinh hoc sau day:

Ta thiy cic diém M(a; b), N(c; d) va Q(1; 2) trong d6 a, b, ¢, d 1a cac sd thuc
thda méan diéu kién ddu bai déu nim trén dudng tron c6 tim tai gbc toa do
va ban kinh bing /5.

Vi€t lai bi€u thic P duéi dang sau:

P=\/(a—1)2+(b—2)2 +\j(c—l)2+(d—l)2 +\/(a—c)2+(b—d)2

2 2 2
| 1
=—(MQ+NQ+MN) = —Cyno> (1)
] Q 7 -MNe
G diy Cuno 1a chu vi cia tam gidec MNQ. 5 Y

Ta st dung k&t qud quen biét trong hinh
hoc phing sau day: Trong c4c tam gidc

& -
N

ndi ti€p trong mot dudng tron ban kinh

N

Y

R cho trudc, thi tam gidc déu 13 tam

&
\

PN

gidc c6 chu vi 16n nhat. Mt khdc tam

gidc déu nodi ti€p trong dudng tron cé

bén kinh R ¢6 canh bing R~/3.

315 3
22

Vi vdy Cuno < 3v/15. T (1) suyra P <

3430
=

30.

Do d6 maxP =

. Qua 5 bai todn trén, ching t6i di gidi thiéu vdi cdc ban cdc phuong phdp

12

chinh d€ gidi bai todn tim gi4 tri Idn nha't va nhd nhat clia ham s6.
~ Phuong phdp bat ding thic.
— Phuong phédp chi€u bi€n thién ham s8.



Cty TNHH MTV DVVH Khang Viét

— Phuong phdp mién gid tri ham s6.

— Phuong phdp lugng gidc héa.

— Phudng phédp hinh hoc héa.
Cédc ban ciing da thdy dudc ching ta ¢ thé c6 nhiéu phuong phdp khdc
nhau d€ gidi cing mot bai todn tim gid tri 16n nhit va nhd nh4t cdia ham
s0.

§2. NHIN LAl CAC BAI TOAN VE GIA TRl LGN NHAT VA
NHO NHAT CUA HAM SO TRONG CAC Ki THI TUYEN
SINH VAO PAI HOC, CAO DANG

Céc bai todn tim gi4 tri 16n nhit vd nhd nhat cia ham s thudng xuyén xuit
hién trong cdc ki thi tuyén sinh vao Pai hoc, Cao ding nhitng nim gin day.
Trong muc nay ching 16i xin gi¢i thi€u cdc bai todn Ay k&m theo nhitng binh
luin can thiét.
Bai 1: (Dé thi tuyén sinh Pai hoc Cao ding khdi A - 2011)
Cho X, y, z 12 cdc s6 thuc sao chox >y, x >z va x,y, z € [1; 4]. Tim gié tri
y z

9 N, o .2 . X
nhd nhat cua biéu thic: P = + + .
2x+3y y+z zZ+X

Hudng dén gidi
Xem 18i gidi trong bai todn 4, muc §1, chuong | cudn sdch nay.
Binh ludn:
I. M4u chdt d€ gidi bai 1 1a & chd bing cich s dung mot bat dang thic

phu, d€ dua v& dénh gid P > 1 1 (1)

2432 1, [*
X y

Pén day bing cich dua vao 4n phu t = \/g v6it € [1; 2] ta quy vé ddnh
y

- 1
+—=1(1).
202 +3 1+t ©

R& rang ti€p theo ta nghi ngay dén s& st dung phudng phap chiéu bién
thién ham s6 d€ tim min f(t) véi [ <t < 2.
Tir d6 k&t hdp hai qud trinh irén ta s& di d&n 13i gidi cho bai todn. Van dé

gid P2

12 & chd viéc phdt hiénra (1) khdng phai 12 di€u d€ dang.

i3
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14

2. Thay cho viéc st dung mot bat ddng thitc phuy, ta c6 cdch 1am sau diy c6

vé “ty nhién” hon mdt chiit.
Coi P nhu 12 mot ham s6 cda z, xét ham s6 4n z.

P=P@Z)= ———+ -2+ 2 v6iz € [1; x].
2x+3y y+z z+x
2 2

Khi d6 P'(z)=0——2 . X =x(y+2)2 y(X+22) -

(y+z)° (z+Xx) (y+z) (z+x)
(x~y)(2’ ~xy) a
(y+2)%(z+x)?
Né’ux:y,thiP(z):-y—+—L+-i—=—6-‘v’ze[l;x]

Sy y+z z+y S

Né’ux>y(ch1’l)’/lt‘lxzy,nénkhix;tythix&y) thix — y>Onén
P@)=07-xy=0z= \/E
Ta c6 bang bi€n thién sau (suy ra tir (1))

z 1 Jxy 2
P'(z) % - 0 + %
P(Z) \ / 7

Viy v8imoi z € [1; x], ta c6: P(z) 2

__x y sy
P(ﬁ)—2x+3y+y+ﬁ+\/§+x

= P(z) > LS \/; + ‘/)7
2x +3y \/;+\/§ \/;+\/§
= P=P@)> ——+—2_ 2)
2+3% 1, ¥
X

X
D4u biing trong (2) xdyra<>z = \/5 .

Dén day ta ti€p tuc gidi nhv phin sau ciia bii 4, muc §1 véi lvu ¥ riing do g>%

nén minP = 34
33
R& rang viéc phdt hién ra (2) theo cdch gidi ndy “tg nhién” hon trong

cdch gidi cia bai 4, mit dd né phic tap hon vé mit tinh todn!
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Bai 2: (Pé thl tuyén sinh Pai hoc Cao ddng khéi B - 2011)

'Cho a, b1a hai s6 thuc duong thda min diéu kién:
2(a’+b?) +ab=(a+b)ab +2)

’ . : a3 b3 2 b2
Tim gid tri nho nhat cla bi€u thic P = 4 b—3+—-3- +9 —=+—
a

Huédng dan gidgi

Dua P vé dang sau: P = 4[(2 b] 3(
a

' 3 \2 _ :
=4(-"-+3) +9[3+9J —12(3+3)—18. (1)
b a b a b a
ci e ezt . a b)) | 2
Vi€t lai gia thi€t dudi dang sau: 2(-1;+—J+1=(a + b)(l+—b) . (2)
.. a a

S22
J_

Thay (3) vao (2) va c6: 2(2 ) 1>—(a +b)=2\2 [[ \/7 J @
Dé’jtt=\/g+\/5422.
b a

Khi d6 tiY (4) ta c6 2( - 2) + 1 >2+/2 thay 26 - 24/2t-3 20

Theo bat ding thitc Cosi, ta c6 l+ —

= (V2 t+1)(V21-3)20. L R )
Dot22> \/5t+1>0 nén i (5) suy ra
a b 5 '
2t-320=>¢t2 +—-t—2 -. ’ 6)
NG \/_:> 5 | 6)

Bai todn quy vé:
Tim gi4 tri nhd nh4t ctia hAm s();f(t) =42 + 90 - 12t - 18 véit2 -is-

Ta c6: f'(t) =12t> +18t—12 = 6(2¢" + 3t - 2) va c6 bing xét ddfu sau:

t , s
- 2 2
fo [+ o - o0 =+ % +
f(t) »N—""
o (5) 23 . . 23
Viy minf@®)=f[ 2 |=-2 e tacé P>-2. 7
by migf() (2] 2 e e P22 )
2

15
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D4u bing trong (7) xay ra khi va chi khi
o

a_,
b
a b a 1
—_—t == ===
a b 2
2(a% +b%)+ab=(a+b)ab+1) < |2(a? +b?)+ab=(a+b)@b+1)
a>0;b>0 a>0;b>0
a=2;b=1
=
a=1;b=2

Viy minP = —%%khivé chikhia=2,b=1hodca=1,b=2.

Binh ludn:

Viéc dua P vé dang (1) 12 1& ty nhién. C4i khé 13 tim mién x4c dinh cda bién
o a b
méit= —+—.
a
Bing cdch k&t hgp khéo 1éo giita diéu kién va bit ding thitc Cosi ta suy ra
diéu kién (6). Con lai di nhién 12 s dung phuong phdp chiéu bi&n thién ham
s6 ham s6 d€ gidi bai todn.

Bai 3: Cho cdc s6 thuc khong 4m a, b, cthdamdna+b+c=1.

Tim gi4 tri nhé nhi't cia bidu thic:
M = 3(a’b? + b’ + c?a®) + 3(ab + bc + ca) + 2a? +b2 + 2 .
(Dé thi tuyén sinh Pai hoc, Cao ddng khdi B — 2010)
Huéng dén gidi
R& rang ta c6 bi't ddng thitc hién nhién sau
3(a’b’® + b’c® + c?a?) = (ab + be + ca)’. (1)
Talaicéa’+ b’ +c?=(a+b+c) - 2(ab+bc +ca)=1— 2(ab + bc +ca). (2)
Tu (1) (2) suy ra
M = (ab + bc + ca)® + 3(ab + b + ca) + 2,/1-2(ab + bc + ca) . 3)
D4u bling trong (3) x4y ra khi va chi khi c6 ddu bling trong (1), tic 12 khi va

chi khi ab = bc = ca.

16

2
batt=ab +bc +ca. Ta céd OSISE—%ﬁL;;.

Ti (3) suy ra xét ham s& sau: f(t)=t2+3t+2\/1—2t véi OSts%
o o 2 " 2
Tacd: f'(1)=2t+3+ —— = f"() =2 - ———=<0

J1-2t ,/(1 —2t)3



Cty TNHH MTV DVVH Khang Vit

(ddu biing x4y ra chi tai t = 0), nén f'(t) 12 ham nghich bi&n trén [0; % 1.
N (1 1
T d6 '(t)> f [5) Vie [0

Do f’(%):%—2\5>0 = f'(t)>0 Vtel0 %],

nén f(t) 12 him dong bi€n trén t € [0; %].
Tudé suyra f(t) 2 f(0) =2Vt e [0; %].

Nhuth€taco6 M>2 V't e [0; %],

M =2khivachikhiab=bc=ca;ab+bc+ca=0;a+b+c=1tdclakhi va
chi khi (a; b; ¢) 124 mdt trong cdc bd s6 (1; 0; 0), (0; 1; 0) va (0; 0; 1). Do d6
gid tri nhé nhat cia M 13 2.

Binh lu@n: Viéc xét dai lugng phu thudc vao bi€n ab + bc + ca 12 modt ¥ nghia
hoin toan ty nhién. Piéu d6 din d€n viéc xét cdc hé thic (1) va (2). Pén

Ao iAo g1 ~ o |
ddy vi€c xét ham sb: f(t) = 2 +3t+241-2t véi0<t< 5
va str dung phuong phap chiéu bi€n thién ham s§ d€ gidi bai todn 12 mot
viéc 1am ty nhién! C4ch gidi vira trinh bay rd rang 1a cdch gidi t8i vu nhat.
Bai 4: (Dé thi tuyén sinh Pai hoc, Cao ddng khéi D — 2010)

Tim gid tri nhd nhédt cla him s6 y = V-x2 +4x+21 —V-x2 +3x+10 trén
mién x4c dinh cda né.
Huéng dén gidi

Ham s& x4c dinh khi théa man hé sau:
{—x2+4x+2120c>{—-33xs7

—x2+3x+1020 |-2<xs5
Vi (=x? 4 4% + 21) = (=x? + 3x + 10) = x + 11> 0, (suy tir (1)
vayy>0V-2<x<35,
Ta c6 y? = (=x* +4x + 21) + (=x% + 3x + 10) — 2:/(=x2 +4x + 21)(x2 +3x + 10)

=x+3)7-x)+E+2)(5-x)- 2J(x+3)(7—x)(x+2)(5—x)
x+3)O6-x)+EE+2D(T-Xx)+2- \/(x +3W7-x)(x+2)(5-%)

(Vx+3)5-0 - x+2(7-%)) +2. 2)

< -2<x<5 @)

17
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Tir(2)suyray222.Doy>0,nénc<’)y2\/E,Vxe[—Z;S] 3)

DAubiing trong (3) xdyra<> (a+3)(5-x)=x+2)(7-x) & x = % )

T d6 suy ra miny = 2 ox= %

Binh ludn:
1. Viéc phdthiénray >0V x € [-2; 5] 12 1€ ty nhién va don gidn. T d6 ta
s dung tinh chdt co ban sau nay:

NEuf(x) >0V x € D, thi min f(x) = ,min 2(x) .
xeD xeD

Viéc phdt hién ra (2) 12 diéu binh thudng vi chi ding cdc phép bi€n déi
don gidn vé cin thitc 3 hoc ki & cdp 2.
Phuong phép bat ding thic 4p dung & day tuy don gidn nhung c6 hiéu qua
16n. Theo chiing t6i d6 1a cdch gidi hitu hiéu nhdt d3i v4i bai todn nay.

2. Ta hdy so sdnh cdch gidi trén v4i cich gidi khdc sau diy (st dung phudng
phép chiéu bi&n thién ham s8)

-X+2 B -2x+3
V=x2+4x+21 2V-x2 +3x+10
_ (4-2%)V-x? +3x +10 = (3= 2x)0V—x? + 4x +21
2V-x2 +4x +21.4-x2 +3x +10

Tit (1) suy ra ddu clia y’ 13 ddu ciia tlf's6.

T=(4-2x)V—x* +3x +10 = (3= 2x)V—x? + 4x +21. ()

Chd y ring hdm s8 y xdc dinh v6i -2<x<5.
Ta nhéan thdy khi x > 2 thi4 - 2x<0; 3~ 2x <0,

Tacé: y' =

(1)

Khix < - thid—2x>03—2x>0,
2 ,
khi %<x<2thi4—'2x>o;3-2x<0.
Trén cd sd d6 ta c6 ngay T > O khi -;—<x<2, va -

1(4-2X)V—-x2 +3x+10 —(3-2x)V—x2 +4x + 21 khi -2 <X <

—

0| W

(2x =3 -x2 +4x +21 —(2x —4)W-x2 +3x +10 khi 2 < x < 5.

Dura vao nhin xétsaunu A>B>0thiA>B < A?> B2

18
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Vi thé ta c6 (=x% + 3x + 10)(2x — 4)* - (x> + 4x + 21)(2x - 3)* = -51x* +
104x — 29 va c6 bing xét ddu sau:

1 87
) ol o7
X 3 51 >
S51C+104x-29 | [+ 0 - o+ A
T d6 ta c6 bang xét diu sau:
x 2 : 2 8, 5
3 2 51
T - 0 + + +
y' - 0 + + +
y \ // %
Nhu védy ta cé 2mm y= y(;J 10;/——2-\/——_--\/—2_

Ta thu lai ket qua trén.
V& tinh hiéu qua cia hai phuong phdp trong hai cdch gidi xin dinh phin binh
luin cho ban doc (v& nguyén li thi rit don gidn chi cin xét ddu y’, nhung
tinh todn thi qui phic tap).
Bai 5: (Pé thi tuyén sinh Cao ddng khéi A — 2010)
Cho hai s8 thyc duong x, y théa min di€u kién 3x +y < 1.
Tim gi4 tri nhé nhAt ctia bi€u thic A = 1 + -—l—
X \xy
Huéng dén gidi
Theo bit ding thitc C6si, ta cé°
Y godsA= L+l 2

’\/ES X \/—- X x+y M

Dau biing trong (1) X3y ra < x = y. Lai theo bat ddng thitc Cosi, ta c6:
L -+ 2 22 2 hay l+ 2 2 4 .
X X+y X(X+Y) X X+Y ({2x(x+y)
D4u biing trong (2) xdy ra < —1-=L©2x =X+y&SX=Y.
X X+y

Lai theo bt ding thtrc Cosi, ta c6: \Zx(x +y) < 2"("2+ y)_3x 2+ y

(2)

Tir d6 thay vao (2) va cé: —+ 8
X X+y 3x+y

(3)

19
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DAu bing trong (3) X4y ra <> 2Xx =x+y < x=y.

T (1) (2) 3) suyra A> 4)

3Xx+y
D4u bing trong (4) xdy ra < ddng thdi c6 dau bing trong (1), (2), B) & x =Y.
Theo gia thi€t thi 0 < 3x +y <1, nén tir (4) c6 A > 8. (5)

N X= 1
D4u bang trong (5) x4y ra & y oOX=y=—
3x+y=1 4

Nhuviy minA=8 < x=y=

-

Binh lugn: Phuong phdp bit ding thic td rd sitc manh clia né trong 13i gidi
néi rén.

Bai 6: (Pé thi tuyén sinh Pai hoc Cao ddng khéi D)

20

Cho cdc s6 thyc x, y khong 4m va thda midn x + y = 1. Tim gi4 tri 16n nha't va
nhé nhé't cla biéu thitc S = (4x* + 3y)(4y* + 3x) + 25xy.

, Hudng din gidi
Tacé S = 16x°y> + 12(x* + y°) + 34xy = 16x°y° + 12(x + y)(x* = ¥+ y?) + 34xy

= 16x%y* + 12(x + Y)[(x + ¥)* - 3xy] + 34xy.

Dox+y=1,néntacéd$S=16xy" - 2xy +12. (1,
Pitxy =t.
(x+y)?* 1

Dox>0;y>0;x+y=1nén0<xy < =7

(toc 1a OStS%)

Vay maxS = max f(t); minS = min f(t),
()Stsz OS!S‘—‘-

& day f(t) = 166 — 2t + 12, v6i 0 < t < % Ta c6 f'(t)=32t-2, va c6 bing

bi€n thién sau:

1 1
t 0 — -
16 4
£'(v) é - 0 +
712 25
é \ —
% 16 ’
1

Viy min f(t)= f(—-) = 191 ;
()SISZ 16



Cty TNHH MTV DVVH Khang Viét

maxl f(t) = max {f(O); f(%)} = max{lz; %} = 25 )

0<ts—
4

Nhu thé minS = % dat dudc

x_2+J3_ _2-3

x+y=1
®t=i® y1 = 4 ’ 4 ,
16 Xy =— 2-V3 2+
16 X= 3y =
4 4
=1
25 ATy 11
maxS = — datdugc o t= - 1 oxy)=—;—]|.
2 4 xyzz 22

Binh ludn: RS rang phuong phap chiéu bi&n thién ham s& 14 thich hgp nhit dé
gii bai todn nay.
Bai 7: (Pé thi tuyén sinh Pai hoc Cao ding khéi B)
Cho céc s8 thuc x, y thay d8i thda min diéu kién (x +y)’ +4xy > 2.
Tim gi4 tri nhd nhét ciia bidu thitc A = 3(x* + y* + x’y?) - 2(x* + y) + L.
Huéng dén gidi

Viét lai A dudi dang A = —2—(){4 +y% +-§-(x4 +y*4)+3x%y? —2(x2 +y?) +1
.-:%(x“+y4)+%(x2+y2)2—2(x2+y2)+1. @3]

x%+y?)?

Ap dung bdt ding thic x* + y* > >

(2),va dé y d€n (1) ta cé
A> %(x2 +y2)2 +%(x2 +y2)2 ~2(x? +y2)+l
:>A_>_:91-(x2+y2)2—2(x2+y2)+1. (3)

D4u biing trong (3) x4y ra <> diu bing trong (2) xdyra & x’ = y* & x| =1y|
Do (x + y)* > 4xy, nén tir gia thi€t (x +y)’ + 4xy > 2, suy ra
x+yP+x+y)22ox+y) +x+y)? =220

SE+y-DIx+y)’ +2x+y)+2]1>0 4)
Do(X+y) +2(X+y)+2=[(x +y) + 1}*+ 1 >0, nén tir (4) c6:
x+y—-1>20hayx+y=>1 5)
2 ,
Patt=x>+y’ thidox’ +y*> (x+2y) , nén tir (5) ¢6 tz%.
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T d6 suy ra xétht‘lm s6 f(t) = %tz -2t+1v6it> -%
) 3 1 1
Ta c6 f(t)—-?jt 2>0Vt>-2— Nhu vay mmf(t) f E =—

tZ—

9

Tir d6 suy ra (dwa vao (3)): A= -l—g (6)
x| =]
D& thdy ddu biing trong (6) xdyra <> |x=y <& x=y =3
1
t==
2

Nhu th€ ta ¢6 minA = -9—©x=y=l.
16 2

Binh ludn: Viéc dua vé& xét biéu thic d6i v8i x* + y* 1a mot 1€ tyf nhién.

Bing phuong phdp bt ding thic ta di d&n ddnh gid (3).

Cong viéc con lai di nhién cin d&n viéc van dung phuong phép chiéu bién

* thién ham s6.

Ta thdy viéc k&t hgp nhuin nhuyé&n giita hai phuong phép ba't ding thic va

chiéu bi€n thién him s6 d3 din d€n sy thanh cOng trong qud trinh gidi bai

todn nay.
Bai 8: (Pé thi tuyén sinh Pai hoc Cao ddng khdi B)

Cho x, y 14 cdc s8 thuc théa min didu kién x*> + y* = 1.

Tim gi4 tri 16n nh4t va nhé nh4t cla bi€u thitc P = ﬁf&‘—yl.

, ‘ 1+2xy+2y
Huéng dén gidi

Xem 15i gidi (ba cdch) trong bai todn 3, muc §1, chuong 1 cia sich nay.
Binh ludn: Bai todn c¢6 dén 3 13i gidi khdc nhau (hai ¢dch sit dung phuong phdp

‘mién gid tri him s8 trong d6 c¢6 két hgp cd phuong phdp lugng gidc hoa mot

"c4ch sit dung phuong phép chi€u bi€n thién ham s5).
Bai 9: (Dé thi tuyén sinh Pai hoc Cao ding khéi D)

Chox>0;y>0.

Tim gi4 tri 16n nhat va nhd nhat cha bidu thic P = _(_x—-_yg(l_-—_)% .
d+x)"d+y)

Huéng dén gidi

Xem 13i gidi (bdn cdch) trong bai todn 2, muc §1, chuong 1 clia cudn sich nay.
Binh lugn: Diy 1a mét trong c4c bai todn thé hién rd nhit tinh da dang cda viéc

si dung cdc phuong phdp khic nhau d€ gidi mot bai todn vé tim gi4 tri 16n
22
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nh4't va nhd nhit clia ham s5. Uu thé ciia phuong phép sir dung ba't ding thifc

rd nét qua thi du nay. |
Bai 10: (D¢ thi tuyén sinh Cao ddng khdi A)

Cho x, y 12 hai s6 thyc théa min x* + y* = 2.

Tim gié tri 16n nhat va nhd nh4' cla bifu thitc P = 2(x* + y°) - 3xy.

Huéng dén gidi

Tac6: P=2(x + y)(X* + y* - Xy) - 3xy = 2(x + )2 - xy) = 3xy. (1)

(x+y) -2

Tacé: X +y =2 (x+yyP-2xy=2<Xxy = 5

(2)
Thay (2) vao (1) rdi ddtt=x +y, ta c6:

2_ 2_
p=2t|2-1"2|_ 322 _ _p_3p,643.
2 2 2

Bay gid ta tim mién x4c dinh cla t:
2=x*+y’2> (x 2y)2 Sx+y)VP<40-2<1<L2.

Bai todn quy vé: Tim gi4 tri I6n nh4t va nhd nhit cia ham s&:
f(t)=—t’ - %8+6z+ 3v6i-2<t<2

Ta c¢6 f'(t) =-3t% - 3t + 6 va c6 bang bi&n thién sau:

t -2 1 2

£(t) R 0 -

£(t) IZ 7 / 2 \ )
13

Vay maxP = _max_ f(t)= f(l)—7 ,

minP = min_f(t) =min{f(-2); f(2)} = min{-7;1} = -7

=2<t1<2
X+y=-2
minP=-7& s 2 SOxXx=y=-2;
X“+y“ =2
x_l—\/g_y_lﬂ/g
x+y=1 - .
maxP=—3-© 2y2 = 2 2
2 x+y'=2 1+v3  1-43
X= > 3y = 5
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Binh ludgn:

1. Viéc quy vé biéu thirc d8i vdi x + y (ma ta s& dit bing t) roi st dung
phuong phédp chiéu bi€n thién him s d€ gidi 1a viéc lam ty nhién (gidng
nhv trong nhiéu bai todn xét trudc diy)

2. Ta thi¥ suy nghi diéu kién x* + y* = 2 ggi ¥ ta c¢6 nén st dung phuong phap
“lugng gidc héa”
Vix®+y? =2, nénditx = V2 sing; y = /2 coso
Luc nay P ¢6 dang sau:

hay khong?

P =42 (sin’p + cos’p) - 6singcose
= 42 (sin@ + cos@)(1 — sinpcos@) — 6sinpcos®
(sinp + <:osq>)2 -1
2

Ap dung cdng thic sinpcose =

( .
va datt = sinQ + cosp = ﬁcoskw—%) (dodé —/2 Sts\/f),

2 2
taco P = 4\/5{1—‘ —l:!—ét -1
2 2
Khi d6 ta lai quy v¢ bai todn tim gid tri 16n nhd't va nhd nhit cia mot ham
s0 tuong v nhu di lam trong phan trén. Vay st dung “lugng gidc héa” chi
la phan diu, con (i€p theo ta lai sit dung phuong phap chiéu bi€n thién
ham s6 nhu da lam & trén.
Bai 11: (Pé thi tuvén sinh Pai hoc Cuo ddng khdi B)
Cho x, y, z 12 ba s6 duong. Tim gid tri nhd nhd't cda bi€u thifc:

x 1 (y lj z 1
S=x{—+— |+Yy|=+— |+7z| =+ —|.
2 yz 2 7x 2 xy

Hudng dén gidi
VTG T SN SONE R
TacoS=2rypd y2 X FY ¥72 (1)
2 2 2 Xyz
Hién nhiénta c6: x>+ y> + 27 > Xy + yz + zX. (2)
Dau bing trong (2) xdyra < x=y =z
2 2 2
Te()Queosz | el Lol 2L L) 3)
2 x 2y z)
¢ o1 1 -1
Xétham sd (1) = 7+? véit>0.Tacd ') =t ——=

) 3

t -
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va ¢6 bing bi€n thién sau:

t 0 1
f'(t) - 0 -
7.
N 3 '
Vaymin f(t)=f(l)==.
t>0 2
2 2 2
Til’désuyra‘v’x>0,y>0,z>0,tacc’>:i(—+1223-;y—+12§;z—-+12E
2 x 22 y 22 z 2
Tl‘r(3)suyra52-§-Vx>0,y>0,z>0. 4)

D4u bing trong (4) xdyrac>x=y=z=1.
9
Vay minS = —.
ay >

Gi4 tri nhd nhi't dat dugc khi va chikhix=y=z=1.
Binh lugn:
1. M6t 1an nita ta thdy sy két hgp giita phuong phdp bat ding thic va
phuong phdp chiéu bi&n thién ham s§ cho phép ta gidi bai todn trén.
2. Ta c6 thé sir dung thudn tiy phuong phdp bat ding thic dé€ gidi bai todn

2
nay. Thit v4y ta s& chitng minh ring khi x > 0, thi x? +-1— 2% NG))
X
Thitviy (5) <©x*-3x+220oEx-DE*+x-2)>0
o (x= DA +2)>0. (6)

R& rang (6) dling Vx >0 = (5) ding V x > 0.

T dé suyra S > % = minS = % oSx=y=z=1.

Xem ra céch gidi nay qud don gidn. Nhung 13i gidi ciia n6 khéng ty nhién
& chd: 1am sao ma bi€t dugc v€ phii ctia (5) 1a g—

Bai 12: (Dé thi tuyén sinh Pai hoc Cao ddng khdi A)
Cho x, y 12 cdc s6 thuc khdc O va thda mén diéu kién xy(x + y) = x> - Xy + y°.

(3 . 2, A 2 .2 2, 1 l
Tim gi4 tri 16n nhat cia bi€u thic: A= =+
x>y

Huéng dén gidi
Dox #0,y#0nénxyx +y) =x> - xy +y
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S S s e (1)
X Yy x y Xy '
DétX:-1—;Y=lkhidé(l)cédang:X+Y=X2—XY+Y2. )
X y

LicnaiyA=X’+ Y’ =X+ V)X*- XY + Y?).
V6i diu kién (2) thi A = (X + Y)°. (3)
Khi d6 bai todn da cho tré thanh:

Tim gi4 tri 16n nhit cia A = (X + Y)* v6i diéu kién (2).

Chii y ring (2) © X+ Y = (X + Y)’ - 3XY. 4)
(X+Y)?

Ap dung bt ding thitc quen biét XY < nén tir (4) ta c6

X+Y>X+Y)Y- %(X+Y)zc(X+Y)2—4(X+Y)$0<:>O$X+Ys4

o X +Y)<16.
Viytacé A<16. , &)
Binh ludn: R§ rang phuong phap bat ding thic st dung & ddy ddy hiéu qui
dé€ gidi bai todn nay
Bai 13: (Pé thi tuyén sinh Pai hoc Cao ddng khéi B)
Chox,y € R. Tim gid tri nhd nh4t clia biéu thic:

A= -1 +y? +Jx+ 12 +y2 +]y -2,
Huong dén gidi
Liy i=(x-Ly),V=(-x-Ly) > U+V=(-22y).

Theo phép tinh vé vectd ta c6: [i|+[7] 2 [t + 7] hay
\/(x—l)2 +y2 +\/(>T-|-1)2 +y2 _>_2\/1+y2 ¢))

Di4u bling trong (1) xiy ra < 1, V 1 hai vectd ciing phuong, ciing chiéu

ox-l=-x-1x=0.

TY(1)suyra A> 2 1+y2+|y—2|. 2)
Dau biing trong (2) xdyra <>x =0.

Xétham s5 f(y) = 2y/1+y2 +|y-2| vdiy € R.

2J1+y% +y-2 nfuy>2
Ta ¢6 f(y) = Y rymeneny>

2\1+y? +2-y nfuy<2
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2y ) [ 2y

+1 néuy>2 +1 néuy>2
£(y) J1+y2 ’ vi+y? 3
=2 1I(y)= =9
2y2_1 néuy<2 2y—\;l+y néuy <2
Vvi+y { \/l+y

T (3)suyra f'(y)>0 Vy>2.

Viy> \/1+y2 né’u?<y<2;2y< J1+y? né’uy<—-?,

nén ta c¢6 bang bi€n thién sau:

y ? 2
f'(y) - 0
f) [T~ //’ \

Tir d6 suy ra f(y) > f(?]=2+\/§ Vye R.

x=0
Nhu'vayAz2+\/§Vx,yeRvaA=2+\/§<: 3

=%
T d6 ta ¢6 mina =2 + /3 ox=0,y= ?
Binh ludn: Bing phép tinh vectd ta ¢6 ddnh gid (1). Sau d6 st dung phuong

phép chiéu bi€n thién ham s& d€ gidi ti€p bai todn dit ra.
Bai 14: (Dé thi tuyén sinh Pai hoc va Cao ddng khoi B)
2

(3 . ~ N 2 »~ 2 N A X A
Tim gia tri 16n nhit va nhd nhat cia ham so f(n) = trén doan [1; €*].

Huéng dén gidi

x21nx.l—ln2 X
Tacé f'(x)= X = =
x2 x2 x?
Do x*> 0V x € [1; €’] nén ta c¢6 bing bi&n thién sau (dva vao tinh déng bién

clia ham s6 y = Inx khi x > 0)

2Inx-In’x _Inx(2-Inx)
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X e’
Inx + +
2 — Inx + 0 -
y' + 0 -
4
y o2
/ \ 9

Viy max f(x)=f(ez)= ;  min f(x)=min{f(0);f(e3)}=min{0;%—}=0.
lsx$e3 (+] ISXSe3 (&

Binh lugn: Phuong phap chiéu bi€n thién ham s& 1a cdch gidi duy nhit hgp li
v4i bai todn nay.
Bai 15: (D¢ thi tuyén sinh Pai hoc Cao ding khéi D)

x+1 trén doan [-1; 2].

Tim gi4 tri 16n nhat v nhd nhit cda him s6 f(x) =
X“+1

Huédng dén gidgi

K
Tacé f'(x)= X“+1 _ 1-x

x* +1 (x2 + DVx? +1

Vay ta c6 bdng bién thién sau:

X -1 1 2
y' Z + 0 -
Z \/_2_
% \
y % |
. 3
0 N

Tir d6 suy ra max2 f(x)=1(Q1) =x/§;

-1<x<

. . o3
mmzf(x)—mm{f(—l),f(x)}—mm{O,\/g}—O.

-1<x<

Binh lugn:

1. V§i thi dy trén st dung phuong phdp chiéu bi&€n thién ham s6 d€ giai bai
todn 1a hgp li nhat.

2. Ta c6 thé sit dung phuong phap ba't ding thic d€ gidi bai toan trén nhu sau:
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Xx+1

Vx? +1

Laicé f(-1) =0. Tir d6 suy ra min2 f(x)=0.

-1<xg

Dox>-1=x+1>0=>f(x)= 20 Vx e [-1;2].

2 2
Lai thdy fz(x)=(x2+1) =X *21+2x=1+ 22" .
x“+1 x“+1 x“+1
Do 2"151:fz(x)szzf(x)s\/i,v:ce[-1;2].
X+
Mait khdc f(1) = \/5, tir d6 suy ra max f(x)=\/§.

-1<x<2

3. Lai c6 thé st dung phuong phdp lugng gidc héa nhu sau:

A ax . T
Do -1 <x <2, nén ditx =tano véi —ZS(pSarctanZ.

Chﬁyri’mgkhidé(pe(—%;%):cos<p>0. 2
sin@ + cosQ :
Ta c6 1+x _ 1+tang ___Coso
Vi+x> l+tan’q 1
cos? ¢
= sinQ + cosQ
T
= 2cos| ——¢ |. 1
(4 <PJ (1)
-1
n T n T
T ——<¢@<arctan2 = —-arctan2<—-@<—.(2
Fiahd g aeanzsym0s5-()

Nhu vy v6i chd ¥ ring -Af (\g-— arctan2 <0, nén ti (1) (2) suy ra

3

. l1+x 2 mi T . T
=+/2 min| cos| —— =0khip=——,
i, 5= i o o) -0t -5
max Ltx =ﬁmax(cos(£—(pD= 2 khi 0=0.
—15x$24/1+x2 4
Diéu d6 c6 nghia 1a minf(x) =0 < x = -1; max f(x) = V2 ex=1.
R rang trong ba cdch k& trén phudng phdp st dung rchié‘u bi€n thién ham
s6 trong cdch 1 13 hiéu qud va hgp li nhat.
Bai 16: (Pé thi tuyén sinh Pai hoc Cao ding khoi B)
Tim gid tri 16n nh4t va nhd nh4't cdia ham s& f(x) = x + V4—x? trén mién
xdc dinh cda né.
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Hlto‘ng dén gidi

Xem 10i gidi trong bai todn 1, muc §1, chuong 1 cuén séch néy

Binh lugn: Pay 1a mot trong cdc vi du dep nhat vé tinh da dang ciia cdc cich
gidi khdc nhau dung dé gidi mdt bai todn tim gid tri I6n nha't va nho nhét cla
ham s§ (bai todn c6 d&n 4 cdch gidi khdc nhau st dung hdu hét cdc phuong
phdp cd ban d€ tim gid tri 16n nhat va nhd nh4't cia ham s8: phivong phép bit
ding thitc, phuong phip chiéu bién thién ham &, phuong phdp lugng gidc
héa, phuong phip mién gi4 tri ham s&, phuong phép d8 thi va hinh hoc).

§3. CO SG Li THUYET CUA BAI TOAN
" TiM GIA TRI LGN NHAT VA NHO NHAT CUA HAM SO

A. Dinh nghia gid tri I6n nhét va nhé nhdt ciia ham sé.
Pinh nghia 1: Xét ham s6 f(x) véi x € D. Ta néi ring M 13 glé tri 16n nhit clia
"~ f(x) trén D, n&€u nht thda min céc didu kién sau:
1. f{x)<M,VxeD,
2. Tdn tai xo € D, sao cho f(xo) = M.

Khi d6 ta ki hiéu: M = mag f(x).
Xe

Dinh nghia 2: Xét ham s8 f(x) véi x € D. Ta néi ring m 12 gi4 tri nhd nhit cla
f(x) trén D, n€u nhv thda min c4c diéu kién sau:
1. f{x)2mVxeD,
2. Thn tai xoe D, sao cho f(xo) = m.
Khi d6 ta ki hiéu: m = min f(x).
xeD

Nhv vay dinh nghia gid tri 16n nhat va nhé nhdt déu c6 hai phin. Cén luwu ¥
ring cd hai phdn ndy déu quan trong nhy nhau, khong dudc xem nhe phin 2.
Xét thi du sau day:

Chox >0,y >0va x’+y*= 1. Tim gi4 tri nhd nh4t clia bidu thic sau:

P=(l+x)(1+i}+(I+y)(l+lJ.

y U X

Xét phép gidi sau déy: P=2+ [x+l)+(y+1]+(—’£+ Z].
X) y y X

Tacé x+122;y+122v€1§+122.
X y y X
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Tu dé suyraP =8, vﬁyminP—S

Céch gidi ndy sai & chd 1a mdi dya vao phan 1 cta dinh nghia gid tri nhé
nh4't. Ta xem phdn 2 cla dinh nghia c6 thda méin hay khong? P€ ¥ ring ddu
biing x4y ra trong bat ddng thitc P > 8 khi x = y = 1. Tuy nhién khi dé_x2 +y’
= 2 (khong thda min diéu kién x* + y> = 1). Vay khong thé x3y ra ddu bing
trong bit ding thitc P > 8, tttc 1a phdn 2 cla dinh nghia vé gid tri nhé nhat
khong dugc thdéa man. '

Vi th€ két luadn minS = 8 12 sai.

Céch gidi ding nhu sau: Vi€t lai S dudi dang:

y

S= 1+x+l+i+l+l+y+—
y vy X X

=(X+L) (y+-—1-) (}-+1)+l(l+}-)+2. ¢))
2x 2y y x) 2\x vy

Ta cé: x+—L2\/5; y+—!—2\/§; (2)
2x 2y .
i+l22. 3)
y X
Mit khdc l+ >_2 “4)

YR

Do x* + y* 2 2xy, nén tir (4) ta c6 L, 2 % (5)
Xy x2 + y2
2
T (1) (2) (3) va (5) suy ra S 232 +4. (6)
Dau biing trong (6) xay ra <> déng thdi c6 dau biing trong (2), (3), (5)
2

X=y= —2—

Nhu viy tdn tai (Xo; yo) théa min x3+y2 =1 va S = 342 +4 khi x = xq;

y = Yo. Theo dinh nghia vé gi4 tri nhd nht, ta ¢6 minS = 3J2 +4.
Qua thi du nay ta thd'y néu khéng dé y d&n diu ki¢n 2 trong dinh nghia gid
tri 16n nh4't va nhé nhdt cia ham s8 c6 thé s& din dén sai ldm.
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B. Cdc tinh chét ciia gid tri lén nhét va nhé nhét ciia ham sé.
Tinh chat 1: Gid s f(x) xdc dinh trén D va A, B 13 tap clia D, trong d6 A < B.
Gia st tdn tai max f(x); max f(x); min f(x); min f(x).
eA €A xeB

Khi d6 ta ¢6 max f(x) < maé( f(x), (1)
XeA
min f(x) > min f(x). - )
xeA xeB :

Chitng minh: Ta chitng minh (1) (cdn (2) chitng minh hoan toin twdng tu)

Gia sit max f(x) f(xy), v6ixo € A.Doxoe Ama AcBnénx, €B.
xeD

Tacé f(xy)< maé( f(x) = dpcm.
Xe

Tinh chat 2: Gid st f(x) v g(x) 1a hai him s& cing x4c dinh trén mién D va
thda min di€u kién f(x) > g(x) Vx € D.
Gia st ciing tdn tai max f(x); max g(x), khi d6 ta c6 max f(x) > maxg(x).
xeD xeD . xeD xeD

Chirng minh: Gia st mag g(x)=g(xy), v6ixo € D.
Xe

Ta c6 f(x) 2 g(x) V x € D = f(x) 2 g(xo).
Do max f(x)=2f(xy)2g(xy) = max g(x) = dpcm.

Chi y: Ménh dé ddo néi chung khong diing, tirc 1a néu max f(x) > max g(x)

xeD xeD
thi chua thé k&t luan dugc f(x) 2 g(x) V x € D. t
Xét hai ham s6 f(x) =4 -x va g(x) = x 48y =f(x)
trén mién D = {x: 0 <x <3}. 3F-NC- - oAy = gx)
R6 rang max f(x)=4, N |
0<x<3 ) | |
max g(x)=3. 1F- n '
0<x<3 | | | N
Nhu vdy max f(x)> max g(x). 1 2 3
0<x<3 0<x<3
(@)

Tuy nhién véi moi 2 < x <3 thi rd rang f(x) < g(x).
Nhv vay khong thé suy ra dudgc f(x) > g(x) V x € D..

Tinh chat 3: Gia st f(x) x4c dinh rén miénDva D=D, UD,.
Gi4 thi€t ton tai max f(x), min f(x) V1=1,2.

xeDj xeDj

Khi d6 ta c6 cong thifc sau: max f(x) = max {max f(x); max f(x)} s (1)
xeD xeDy xeDy
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mng f(x)= rmn{mm f(x); min f(x)} 2)

xeDj xeDy
Chitng minh:
Ta chi cin chitng minh (1) (con (2) dudc chitng minh bing mot cdch hoan
toan twong tw). ViD; c D, I = 1, 2 nén theo tinh chit 2, ta cé:
max f(x) < max f(x); max f(x)< max fx). (3)
xeDy eD xeDy eD
Tu (3) suy ra max{max f(x); max f(x)} <max f(x). )
eDy xeDy eD

Gi3 st mag f(x)=1£(xq), v6ixo € D.
X€e

Vi D = D;u D;ma xye D nén x, € D, U D,. Do vy x, phai thudc vé it nhat
mot trong hai tap D, D,. Tt d6 c6 thé cho 1a (ma khong lam gidm sy tdng

quat) xy € Dy.
T X, € D nén theo dinh nghia vé gi4 tri 16n nh4', ta c6:
f(xp) < max f(x). )
xeDy .
Hién nhién max f(x) < max {max f(x); max f(x)}. 6)
xeDy xeDoy

T (5), (6) suy ra f(xp) = max f(x)< max{max f(x); max f(x)} @)

xeDy xeDy

Bay gi¢ tit (4), (7) di dén: max f(x) =max {max f(x); max f(x)}

xeDjy

= D¢ 1a dpcm.
Nhd tinh ch4't 3 néi trén cho phép ta c6 thé bi€n bii todn tim gi4 tri 16n nh4t,
gi4 tri nhé nhat cia mot him s trén mdt mién x4c dinh phic tap thinh mdt
diy cdc bai todn tim gid tri 16n nh4t, gi4 tri nh nh4t cda ham s8 trén cdc
mién don gidn hon (cdc bai todn Ay don gidn hon cdc bai todn ban diu)
Vi li do 4y tinh ch4t 3 con hay goi 1a NGUYEN Lf PHAN RA.
Xét mot vi du minh hoc sau day:
Chox>0,y>0vax+y=<6
Tim gi4 tri 16n nht cda biéu thitc P = x’y(4 - x - y).
PitD={(x;y):x20;y=0; x +y <6},

Di={(x;y):x>20,y>0;4<x+y <6},

D= {(x;y): x>0, y>0;x +y <4}.
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Khi @6 16 rang D =D, U D,.
Theo nguyén li phin ra (tinh chit 3), ta ¢6 :

max P=maxJ{ max P; max P;. ¢))
(x;y)eD (x;y)eDy (x;y)eDy

Véimoi(x;y) e Dithi4-x~-y<0vidox>0;y>0nénP <0V (x;y) € D

Laic6 (2;2) e D, vakhid6P=0,nén max P =0. )
(x;y)eDy
Véi moi (x; y) € D, thi 4 — x — y > 0, nén theo bdt ding thitc Cosi, ta c6:
4
X X §-+5+y+(4—x—y)
P=4--y(-x-y)s4 hayP <4V (x;y) € D».

Maitkhdc tu 12‘-=y=4—x—y®{

Rérang(2;1) e D,= max P=4. 3)
: (x;y)eDy

T (1) (2) (3) suyra max P=max{0;4}=4.
(x;y)eD

Tinh chit 4: Gid s ham s6 f(x) xdc dinh trén D va ton tai max f(x) va

xeD

min f(x). Khi d6 ta ¢6: max f(x) = —min(—f(x)); min f(x) = —max(-f(x)).
xeD xeD xeD xeD xeD

Chirng minh: Gid st M = max f(x).

xeD
f(x)<M VxeD

Khi d6 theo dinh nghia gi4 tri 16n nhdt, ta c6:
i d6 theo dinh nghia gi4 tri 16n nhat, ta c6 {f(xO)zM,vaixoeD-

-f(x)>2-M VxeD

TU hé trén suy ra {

Theo dinh nghia cda gid tri nhd nhat, tif (*) suy ra mig(—f(x)) =-M.
Xe
Nhu viy ta di dén max f(x) = —min(—f(x)) = dpcm.
xeD xeD

Phin sau chitng minh hoin toan tuong tu.

Nhén xét: Tinh cht 2 cho phép ta chuyén bai todn tim gi4 tri 16n nhat thanh bai
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todn tim gid tri nhé nhat hodc ngugc lai. Pi€u ndy c6 ich trong nhiéu trudng
hop cu thé s& xét sau nay.
Xét thi dy minh hoa sau day:
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Chox=>20;y>0vax+y<6.
Tim gid tri nh6 nhit cla biéu thic P = x*y(4 - x - y).
Ki hiéu D, D), D, nhu trong thi du minh hoa cla tinh chat 3.

Theo tinh chdt 2 thi min P=- max (-P). (D
(x,y)eD (x,y)eD
Tacéd -P=Q=x’y(x +y - 4). Khi(x;y) e D, =>x+y-4<0=>Q<0.
Mitkhdc (2;2) e D,va khid6 Q=0néntacé max Q=0. )
(x;y)eDy

Khi d6 (x; y) € D; = x +y — 4> 0, nén theo bat ding thitc Cési, ta c6:
2

X X
xx PR AR AR x+y=2Y_c,
Q=4-Ty(x+y-4<4 7 hayQ$4(—2—) =64

V(x;y) €D,
(dokhi(x;y) e Dy thix+y<6=>x+y-2<4).
Mitkhdcdo (4;2) e D, va khid6 Q=64,néntacé max Q=64.(3)

(x;y)eDy
Tur (2) (3) va theo tinh chét 3 (nguyén li phan ri), ta c6 :
max Q=max{0;64}=64. 4)
(x;y)eD
Biy gig tir (1), (4) suyra min P=-64.
(x;y)eD

Tinh chét 5: Cho cdc ham s6 fi(x), fx(x),... f,(x) cdng x4c dinh trén mién D.
Datf(x) = fi(x) + £,(x) + ... + f(x).

Gi4 sif tdn tai max f(x), minf(x),ma){fi(x),rninfi(x) véimoi i=1i,n.
xeD xeD xeD xeD

Khi d6 ta c6: max f(x) < maxf,(x) + max f,(x) +... + max f, (x), ¢))
xeD xeD xeD xeD

min f(X) 2 min f, (x) + min f, (x) +... + minf, (x). )

xeD xeD xeD xeD

D&u biing trong (1) x3y ra khi va chi khi tdn tai x, € D sao cho
max f;(x) = £, (x,), Vi= l,_n .
xeD

Dau bing trong (2) x4y ra khi va chi khi tdn tai x, € D sao cho
minf, (x) = f;(x,), Vi =1n.
xeD

Chitng minh:
Ta chiéng minh (1) (v6i (2) phép chitng minh hoan todn twong ty).
Ly tdy ¢ x € D. Theo dinh nghia clia gi4 tri 16n nhal ta c6 :
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f.(x) < max f;(x), Vi=1n. 3)
xeD

Cong tirng v€ n bat ddng thirc (3), ta c6:
f(x) =f;(x) +...+ f,(x) <max f;(x;) +... + max f (x). (4)
xijeD xieD

Vi bat ding thic (4) diing vdi moi x € D nén ta cé

max f(x) < maxf;(x) +...+ maxf, (x). ®))
xeD Xj€ xjeD

Vay (1) ding. Bay gid ta xét khd ning c6 ddu bing trong (1).
Gi st ton tai xo € D ma r’?:gfi(x) =f,(xy), Vi=1n.
Tt d6 ta c6 maxfy(x)+...+ maxf (x)=fi(xy)+...+£,(xy) =f(xy). (6)
xeD xeD.
Do f(xq) < Teaé f(x), nén tr (6) suy ra
max f; (x) +... + max £, (x) < max f(x). . )
xeD xeD xeD
Tw (5), (7) suy ra trong trudng hdp ndy x4y ra ddu bing trong (1).
Phin ddo chitng minh hoan toin twong ty va xin danh cho ban doc.
Tinh chit trén cho ta thdy ring néi chung khong thé thay viéc tim gié tri 16n
nhat (nhd nhit cda mdt tdng cdc haim s§ bing viéc tim téng cdc gid tri 16n
nhé't (nhé nh4't) cia tirng him s6 don 1é. Tuy nhién trong thuc t& diéu nay sé
thyc hién dugc n&u nhy trong cdc trudng hdp tén tai mdt di€m x, nén cdc
ham thanh phan cling dat gi4 tri 16n nhit (nhd nh4t) tai di€m 4Yy.
Xét thi du minh hoa sau diy:
Tim gi4 tri nhd nhat clia hAm s&

2 kn
5 j vdlx;t?(ke Z)

2 sin” x

2
f(x) = (cos2 X+ 1 J +(sin2x+
cos“ x

Viét lai f(x) duéi dang sau

1.,
1 1 l—asm 2x
f(x):sin“x+cos“x+( +— )+4=1——sin22x+—ﬁ +4
sin“x cos”x 2 sin” xcos” X
1 l—lsin22x
=5- Zsin’ 2x+16—2——=5+gx) +hx), (1)
2 sin” 2X
l—lsin22x

véi g(x)=——;—sin22x;h(x)=16 .
Sin - ZX
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5 ) R .1
De€ thay mlkn g(x)——a, mxkr;h(x)~16.—2—-8. _ (2)

T
X#— X#—

< k
Do t6n tai x, ;tét, ma g(xg) = —% va h(xy) = 8 (thi du chon x, = g),

tdc 1a ton tai x, ma g(x,) = mikn g(x); h(xy) = mikn h(x)
s bid

X#— X#E—
2 2

V1 1€ d6 theo tinh chdt 5, ta ¢6 :

min f(x) = min g(x)+ min h(x)+5=—i+8+5 =2
kn Kn kn 2 2
¥y *7

Tinh chat 6: Gid st f,(x), £(X),.. f.(x) cing x4c dinh trén mién D, .Vi\l ta co
fi(x) >0 Vx eD, Vi=1n Gii thi€t thém tdn tai maxf,(x), maxf,(x),..
i xeD xeD

max f, (x) cling nhu minf,(x),.. minf, (n).

xeD xeD xeD

Pat f(x) = f1(x)f>(x) ..£,(x). Khi dé ta cé:

max f(x) <( max f,(x)j( nax fz(x)J [max fn(n)), (1)
xeD

xeD kx

mm f(x) = (mm f, (x)](mig fz(x))...(mig £ (x)] . )

D&u bing trong (1) xdy ra khi va chi khi tdn tai x,e D sao cho
minf;(x)=f(x,), Vi= H,
xeD

Tuong tw ddu bing trong (2) x4y ra khi va chi khi ton tai x, € D sao cho
minf;(x) = £,(x,) Vi=1ln,
xeDb

Chtrng minh hoan toan tuong ty nhu ching minh clia tinh chat 5.
Tinh chat 7: Gid st f(x) va g(x) I1a hai ham s6 ciing xdc dinh trén mién D. it
h(x) = f(x) — g(x). Gi4 st tdn tai cdc gi tri I6n nhat, nhd nha't cda cdc ham s§

f(x), g(x), h(x) trén D. Khi d6 ta cé: mal;(h(x)<max1(x) mmg(x) (H

mxg h(x) = mm f(x)- mdx g(x).(2)

D4u bing trong (1) xay ra khi va chi khi tn tai x, € D sao cho
max f(x) = f(x)); ming(x) = g(x,),
xeD xeD

Dau béng trong (2) xdy ra khi va chi khi tdn tai x, € D sao cho
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min f(x) = f(x, ); max g(x) =g(xo),

Chumg minh: Ta chi cAn chitng minh (1).

Ta ¢6 h(x) = f(x) - g(x) = f(x) + (-g(x)).

Theo tinh chdt 5 ta ¢6: max h(x) < max f(x) + max(—g(x)), 3)
xeD xeD xeD

Theo tinh chit 2, ta ¢6: max(-g(x)) = —min{—(-g(x))] = —ming(x), (4)
xeD xeD xeD
Thay (4) vao (3) ta ¢c6 maxh(x)<max f(x)—-ming(x). Vay (1) ding.
xeD xeD xeD

Vin theo tinh ch4t 5 thi ddu biing trong (3) xdy ra khi va chi khi tén tai x, €
D sao cho ta ¢6: maxf(x)=1(x,); max(-g(x))=-g(xq).
xeD xeD

Nhung max(—g(x)) =-g(x() < —ming(x) = —g(Xy) < ming(x) = g(x)
xeD xeD xeD

= d6 1a dpcm.

Tuong tv ta ¢6 tinh ch4t sau (v8i cdch chitng minh hoan toan tudng ty)

Gia st f(x), g(x) 1a cdc him s6 xdc dinh va dudng khi x € D. Path(x) = _fix;
g(x

va gid thi€t ton tai cdc gid tri 16n nhat va nhd nhat clia cdc ham s6 h(x), f(x),

g(x) trén D. Khi dé ta cé:

max f(x)
maxh(x)sx—E_P——, 1
xeD min g(x)

xeD

min f(x)
minh(x)> 22— )
xeD max g(x)

xeD

D4u bing trong (1) xdy ra khi va chi khi tdn tai xo = D, sao cho

max f(x) =f(x,); min g(x)=g(x,)
xeD xeD

D4u biing trong (2) x4y ra khi va chi khi tdn tai xo = D, sao cho

min f(x)=1(xy); max g(x)=g(Xq)

Tinh chat 8:
1. Gid st f(x) 12 ham sd xdc dinh trén mién D. Khi d6 véi moi n nguyén
dudng, ta c6

max f(x) = 2n+lfmax(f2"+'(x)) ; minf(x)= 2n+|’min(f2"+'(x)) .
xeD xeD xeD xeD
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2. Né&u thém vio gid thi€t f(x) >0 V x € D. Khi d6 v8i moi n nguyén dudng,

ta c6: max f(x)= 2nlmax £2n (x); min f(x)= 2n#min £2n (x).
xeD xeD xeD xeD

Ching minh tinh ch4t ndy suy tryc ti€p tr dinh nghia clia gid tri I6n nhit va
nhd nhd't ciia ham s&, cling nhu cdc tinh chit vé liiy thira ciia mot bat ding
thire.

Trong thyc t&€, ngudi ta rit hay st dung mét trudng hdp riéng cla tinh chit 9
nhu sau:

Né&u f(x) 20 V x € D, thi max f(x) = /min £2(x); min f(x) = /min 2(x) .
xeD xeD xeD xeD

Diéu nay rit c6 ich d€ gidi c4c bai todn thudc dang. Tim gid tri 16n nhat,
nhd nhit clia cdc ham s6 f(x) khi chiing dudc cho dudi dang cin bic hai hodc
c6 chita céc bi€u thirc v6i ddu gid tri tuyét d6i.

Xét thi du minh hoa sau ddy: |

Tim gid tri 16n nhat vi nhd nh4t cda ham s8:

f(x) = V1+sinx +V1+cosx ,x € R.
Do f(x) >0 V x € R, nén theo tinh chit 9 ta c6

max f(x)= /max £? (x); mm f(x)= {mm fz(x) (1)

Ta c6 f5(x) = 2 + (sinx + cosx) + 2 \[l +(sinX + cosX) +SinX COSX .
2

vicé -2 <t<2.

Pat t = sinx + cosx = sinxcosx =

Xét ham s8 F(t) = 2t+t+2,’l+t+ 5 —2+t+\/p\/t +2t+1
=2+t+\/5|t+l|,V6i—\/5StS\/§.

Lip bang bi€n thién sau diy:

t -2 1 2
F(1) . a-Ve2-\2 (NZ+1)t+2+-2
Fo | 1-2 V2 +1
F'(t) Z - +
-
F(t) g\/ A

Vay Tean)a( f(x)= /max F(t) = \/max F( \/_) F(\/—)}
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= Jmax(4-22;4+22) =J4+2J§ ,
min £(x) = \/ ml\;L F(t) = F(-1) =

Tinh chat 9: Gia sit f(x) 12 ham s6 x4c dinh va Lién tuc rén D. Khi d6 n&u goiM, m
tuong tng 13 gid tri 16n nh4t, nhd nhit clia ham s8 f(x) trén mién D, thi:

0,n€uMm <0
mmlf(x)l
min{/M|,|ml}, n€u Mm > 0.

Chiéng minh:

1. NeuMm<0,khidétac6 M>0>m.
Dua vao tinh lién tuc ctia f(x) suy ra tdn tai xo € D ma f(x,) = 0.
Ta c6 |f(x)|20 V x € D va [f(x,)|=0. Tird6 suy ra iréig |f(x)]=0

2. N&u Mm > 0. Khong gidm t8ng quat ¢6 thé chola M >m >0 néu 0> M
> m chitng minh tuong tv). Do d6 (1) > 0. Tir d6 ta c6:

min |[f(x)| = min f(x) = m = min{M, m} = min{IMl, Im|} = d6 Ia dpcm.
xeD xeD

Tinh chit 10: Gid st f(x) 13 him s6 xdc dinh trén D va tdn tai
max f(x), min f(x). Khi d6 ta cé
xeD xeD

max |f(x)| = max {lmax f(x)|;|min f(x)‘} : (1)
xeD xeD xeD

Chitng minh: Ap dung tinh cha't (4), thi hé thic (1) ¢6 dang tuong duong sau:

max |f(x)] = max {lr;leag f (x)’; |r§1€a§ (—f(x))l} (2)

L4y ty ¥ x, € D, khi d6 x4y ra hai kha ning sau:
1. N&u f(xp) 2 0. Khi d6 ta c6 |f(x,)|=1f(x) < max f(x)< ’max f(x)| (3)
Xe xeD

Tir (3) hi€n nhién suy ra |f(x)] < max{
xeD

}. )

2. Néu f(xy) <0. Liic nay lai ¢6:
|f(xy)| = ~f(x,) < max (-{(x)) < !max(— f(x))l :
xeD xeD

Vi vily ta ciing c6 [f(x)] < max{ x (-
X€

}. &)

T (4), (5) va d& ¥ riing x, 12 phdn t& thy y cda D, suy ra
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If(xo)l_s max{ ma

}. (6)
Khong gidm t8ng quét c6 thé cho la:
max{ } = Imax f(x)’ @)
Xe ) xeD

(Trudng hdp ngudce lai dugc chiing minh bing mdt cdch hoan toan tudng

)
Gia st ‘mag f(x)l =|f(xy)|, xo €D. (8)
T (2), (3) suy ra [f(x,)|= max{'r;l:lg f(x)l; |mal§ (~f(x))|} 9)

Tir (6), (9) va theo dinh nghia gi4 tri 16n nhit clia ham s6, ta c6 ngay
|f(xq)|= rnax{|max f(x)’; ‘max (—f(x))l} )
xeD xeD

Tinh chat 11: Xét ham s8 f(x) vdi x € D va gid sk tbn tai mm f(x), max f(x),

xeDy xeDp
trong d6 D, ={xeD:f(x)>0}; D, = {x € D: f(x) <0}.
Khi d6 ta cé: mm|f(x)| mm{mm f(x);|max f(x)}
xeDy xeDy

Ching minh: ViD, = {x € DIf(x) >0} nén |[f(x)|=f(x), V x € D;.

Theo gia thiét t6n tai min |f(x)| va min |f(x)|= min f(x). (1)
xeDy xeD)
Lai theo gia thi€t thi ton tai max f(x), tdc1a f(x)< max f(x), VX e D,,
xeDyp xeDyp
hay —f(x) > min f(x),Vx e D,. )
xeDp

Do D, = {x € DIf(x) <0} nén tir (2) suy ra |f(x)|2’m%x f(x)l, VxeD, 3)
xeDy

Mt khéc, gid st max f(x) =f(x,), Xo € D, nénta c6 |f(x,)| =|m%x f(x)| 4)
Xe 2

xeDp

Tt (3), (4) va theo dinh nghia gid tri nhd nhit cia ham s6, ta thu dugc

min (|f(x)|) max f( S)
xeD2 xeDp
Ap dung nguyén 1i phin ra (tinh chat 4) k&t hgp véi (1), (5) ta c6
min |f(x)| = mm{mm f(x); mm |f(x)|} mm{ min f(x);|max f(x)}
xeD Dy €Dy xeDy

= dpcm.
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Ghuong 2. PHUONG PHAP SU DYNG

~ AT BANG THUC BE TIM GIA TR] LGN NHAT
VA NHO NHAT cUA HAM SO

Phuong phdp nay sit dung tryc ti€p dinh nghia ciia gié tri 16n nhit va nhod
nhat ciia ham s6. D& 1am dugc diéu nay ta cin tim cic gif tri M, m d€ c6 bat
ding thic f(x) <M hodc f(x) >m V x € D, § diy D 12 mién ma trén d6 ta can
x4c dinh gi4 tri 16n nh4t (hodc gid tri nhd nhdt) cia ham s§ f(x). Sau d6 ta
con ¢6 nhiém vu 1a chi ra ddu biing xay ra n€u nhy chon dugc xo € D d€ c6
f(x9) = M hoic f(xy) = m. ’

Vi ¢6 rit nhiéu phuong phép d€ chitng minh b4t ding thic (nhv st dung bat
ding thitc Cbsi, bt ding thic Bunhiacopski, phuong phdp xudt phét ti¥ cic
bt ding thitc da bi&t, phuong phip nhém hoic thém bét cdc s§ hang..).
Trong chudng nay chiing ta sé& lan lugt xét cdc phu'dng phdp cd ban nhit st
dung ba't ding thitc d€ gidi bai todn dit ra.

§1. PHUONG PHAP SU DUNG BAT PANG THUC COs!

1.1. S&t dung bat ding thitc Cdsi cd ban

Ta goi hai bt ddng thic thong dung sau ddy 1a cdc bit ddng thirc Cési cd
ban:

(a+b)(l+%J >4 v8imoia>0,b>0. Diubing xdyra <>a=b.
a

(a+b+c)(l+%+lj >29véimoia>0,b>0,c >0.
a c

D4iubing xdyra <>a=b=c.
R4t nhi€u bai todn tim gid tri 16n nhit va nhd nhit ctia ham s6 quy vé viéc
st dung hai bt ding thirc néi trén.

Bail:Chox>0,y>0,z>0vax+y+z=1.

42

y z
+ + .
x+1 y+1 z+1

Tim gi4 tri 16n nhat cda biéu thirc: P =

Huéng ddn gidi
Vi€t lai P dudi dang sau:

1
P=1- +1 ! l—1 =3—(1+l+1). (1)

- +
x+1 y+l1 z+1 x+1 y+1 z+1

Ap dung ba't ding thitc Cdsi co ban, ta ¢6:
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[(x+D+F+D+@+1)] L + 1 + L 29, )
x+1 y+1 z+l1
A s 1 1 1 9
Dox+y+z=1,néntr(2)suyra + + - A3)
x+1 y+1 z+1 4
Tir(l),(3)suyraPS%. 4)
Mit khdc do ddu bing trong (3) (téc 1a trong (2) xdy ra
x:y:z 1
=4 X=y=2= -,
{x+y+z=l 3
Viy ddu bing trong (4) xdyra<>x=y=z= El’; .
N 3 1
TudotacémaxP=Z©x=y=z=§.
1 1 1
Ba|2.Chox>O y20va —+—+—=4.
X 'y z
Tim gi4 tri 16n nhi't ciia bi€u thitc P = I 1 L
2X+y+zZ X+2y+zZ X+y+2z

Huéng dén gidi
Ap dung bat ding thitc Cdsi cd ban hai lan lién ti€p, ta c6

| 1{ 1 1 Ijr 1f1r 1
— <~ | =t S| — | —+—
2x+y+z 4\2x y+z) 4|2x 4\y z

:—l—sl(—l—+—l—+i). ¢))

2x+y+z 8{x 2y 2z
v x 2x=y+2z
Dau bing trong (1) xdyra < SX=y=2
y=z2
1A l 1 1
Liluin twong ty, ¢ ————<—| —+—+—1|, (2)
x+2y+z 8 2x y 22

1
—t— (3)
x+y+2z 2x 2y z

D#u biing trong (2), (3) déuxdyrax=y=z.

Cong timg vé (1) Q) B)vac6 P<i| 2o 2 4|
8\2x 2y 2z

Do l-1-—l-+-l- =4=>P<1. 4)
Xy z :
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D4u bing trong (4) x4y ra < d6ng thdi c6 dau bing trong (1) (2) 3)

SOX=y=z2=— (kethdpvdldleuklen-1-+1+-1-=4)
Xy z

TrdésuyramaxP=1ox=y=z= 2—
Nhén xét: Thuc chit bai todn tuyén sinh Pai hoc Cao ding kh&i A — 2005 c6

dang sau: Chox>0,y>0,z>0va —1-+l+l=4.
X y 2z

Chitng minh b4t ddng thic 1 -t 1 <1.
2X+y+zZ X+2y+zZ X+y+2z

R6 rang du6i dang bat ding thirc, bai todn d&€ hon & chd 1a c6 dinh hudng
(titc 12 bai todn tim gid tri 16n nhd't ma biét trwéc dép s0).
Bai3:Chox>0,y>0vax+y<l1.
e e 42 i a 1ap x2 y2 1
Tim gid tri nh6é nhat cta bi€u thitc P = + + +X+Yy.
1-x 1-y x+y

Hudng dén gidi
Viét lai P dudi dang
2 2
Pe(l4+x)+ S tay+d—s—tp=t 1 1 5
1-x l-y x+y I-x 1-y x+y

Dox>0,y>0ve‘1x+y<l:>1—x>0,1-y>0.
Theo bat ding thitc Csi co ban, ta c6

[(1-%)+(1- y)+(X+y)]( L1 J29
1-x l—y X+y

1 1 1
= + + 2=,
I-x 1-y x+y 2

O

(2)
Dﬁ’ub\éngtrong(2)xéyra<:>1—x=1—y=x+y<:>x=y=%.
T (1) (2) suyraP > %

Chi y ringkhix =y = ; thix+y<1valicd6P=

Nlu-

. Vay mmP = 2
2

Gid tri nhd nhi't dat duge khi va chikhix =y =

ul»—-

Bai 4: Cho ba s6 duong x, y, z thda mén di€u kién x +y + z = 3.
X z
y &

Tim gi4 tri 16n nh4't cla biéu thifc P = )
2x+y+z2 X+2y+z X+y+2z

4
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Huédng dén gidi
Viét lai biéu thic P dudi dang:
po_X*ty+tz | X+y+z . X+y+z
2X+y+1z X+2y+z X+y+2z

=3—(x+y+z)( ! + ! + ! ]

2X+y+zZ X+2y+z X+y+2z

=3—l[(2x+y+z)+(x+2y+z)+(x+y+2z)] ! + L + L .
4 2X+y+z2 X+2y+z2 X+y+2z

(D
Theo bat ddng thitc Cdsi cd ban, ta c6:

[Cx+y+2)+(xX+2y+2)+ (X +Y +22)] ! + ! + !
2X+y+z X+2y+z X+y+2z
>9. 2)

Ddu biing trong (2) Xdyra & 2X+y+z=X+2y+2=X+y+22 & Xx=y=2.

TUu d6 thay vao (1) vac6 P < % 3)

. o 3
Kéthgpvéix+y+z=3,suyraP= 1 ox=y=z=1.
Vay maxP = %.Gié tri nay dat dugc khi va chikhix=y=z=1.

BﬁiS:Chox>O,y>Ovz‘1x+y=%

s, . 2 2~ 7 (4 P 3 l
Tim gid tri nho nhat cua bi€u thic P= —+—

x 3y
Hubng din gidi
1 1

Vi€t lai bi€u thic P du6i dang sau: P = 2.0 (1)
X x 3y

Ap dung bt ding thitc Cési co ban, ta c6 LEREEN 4
X 3y x+3y

(2)

Dau bing trong (2) xay ra < x = 3y.
Lai theo bat ddng thic Cdsi cd ban, ta cé:

4 4 | 1 16
— =4| —+ 2
2x  x+3y 2x  x+3y) 2x+(x+3y)

4 4 16
hay — + > .
2x  x+3y 3x+3y

3)
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D4u biing trong (3) x4y ra <> 2x =x + 3y < x = 3y.

T (1) (2)B)suyraP 2> 16 vaidox+y= 4 nénsuyraP >4. (4)
3(x+y) 3
x =3y x=1
D4u biing trong (4) x3y ra < 4 & 1
x+y=§ y=§

Viy minP = 4. Gi4 tri nhd nh4't dat dugc khi va chikhix=1;y= % .
Nhén xét: Xét cich gidi khdc cho bai toan trén nhu sau:

Tux+y= —:x=%—y.Dox>0,y>0nénsuyra %—y>0:>y<§-,

3
KhidP= 4=y =24
4_, 3y 4-3y 3y -9y*+12y
3 y
Tl‘rd(‘)xéthamsé'f(y):—2—42}-'—1-—‘1-—v6i0<y<£.
-9y* +12y 3

24(9y? +3y -2)
(-9y* +12y)”

X 2 0

Tacé f'(y)=

va c6 bing bién thién sau:

QWi

3
Vay minP = min f(y)= f(lj =4,
()<y<§ 3

MY, 0 |

Gid tri nhd nhat dat dugce khi va chi khi x = 3; y = 1. Ta thu lai k&t qué trén
(vdi cdch gidi bing phuong phdp chiéu bi&n thién ham s8). Cich gidi nay
tinh todn c6 phic tap nhung 15i gidi rat ty nhién.
Bai 6: Cho bdn s8 thuc dudng X, y, z, t. Tim gid tri nhé nhA't cia biéu thic
poX-t t-y y-z z-x
t+y y+z zZ+X X+t

Huéng dén gidi
Vi€t lai P dudi dang sau:

P= (51+1)+(t——1+1)+(u+1}+(2—_5+1)—4.
t+y y+z Z+X X+t
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X+y t+z y+x z+t X+ +X t+z z+t
= Y+ AR -4 = Y 3 + + -4
t+y y+z z+X X+t t+y z+Xx y+z X+t

=(x+y)(—i—+—1—j+(t+z)( L +—1—-)—4. 1)
t+y z+X y+z Xx+t
Ap dung b4t ding thitc Cdsi cd ban, ta c6 1,1 > 4 . (2)
t+y Z+X t+y+z+X
! + L > 4 .3
Y+Z X+t y+z+X+t
T (1) 2) By suyra Pz —&*Y) 42+ 44 vpso. 4)

X+y+zZ+t X+y+z+t

D4u biing trong (4) x3y ra <> ddng thdi c6 ddu bing trong (2) va (3)
{t+y=z+x {x=y>0
= =

y+z=X+t z=t>0
Vay minP = 0.
Bai 7: Cho x, y, z 14 c4c s6 thyc duong thda man x> + y* +z° < 3.
Tim gi4 tri nhd nhat ctia bi€u thitc P = N S
I+xy l+yz l+2x
Huéng dén gidi
Theo b4t ding thitc Cosi co ban, ta cé:
[(l+xy)+(1+yz)+(l+zx)](l+lxy+l+lyz+l+lzx)29. (1
V‘10<(l+xy)+(1+yz)+(1+zx)=3+(xy+yz+zx)§3+(x2+y2+zz).
Dox2+y2+22§3:>0<(1+xy)+(l+yz)+(1+zx)s6. N )
Tu (1) (2)suyraP = L + 1 22=2. 3
l+xy l+yz 1l+zx 6 2
X=y=z

2

D& thi'y ddu bing trong (3) xdyra < y
X“+y“+z°=3

oOx=y=z=1.
Tir d6 ta di d€n minP = -;-

Gi4 tri nhé nhdt datdugc <> x=y=z=1.
Bai 8: Cho x, y, z 1a cdc s6 thuc dwong va théa midn diéukiénx+y+z=1.
3x—1+3y—1+32—1

Tim gid trj 16n nhAt cla bi€u thic P = = > 5
-1 y*°-1 z°-1
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Huéng dén gidi
Tacs: X=1_@x-2+x+h_ 2 1 .
x2-1 (x+D(x-1) x+1 x-1

T (1) va bing cdc phép tinh tuong tv, ta dua P vé dang sau

2 2 2 1 11
P= + + - + + :
x+1 y+1 z+1 I-x 1-y 1-z

Laidox +y+z=1,nénkhidé

(1)

2 2 2 1 1 1
P= + + - + + . ()
2x+y+z X+2y+z Xx+y+2z y+z zZ+X X+Y
Ap dung bat ddng thitc Cosi cd ban, ta cé:
1 1 4 4
+ > = .
X+y y+z (X+y)+(y+z) XxX+2y+z

Ttrdngtu’c61+12 4 ;1+12 4 .
Yy+Z Z+X X+Y+2y Z+X X+y 2Xx+y+z

Cong tirng v€ ba bat ding thic trén rdi rit gon, ta cé:
1 1 1 2 2 2
+ + > + +
X+yY y+Z Z+X 2X+y+Z X+2y+2Z X+y+2z

hay P <0. (3)

R6 rang ddu bing trong (3) xdyra< x=y=z= —. Vay tr (2) (3) suy ra

1
3
maxP =0.

Gid tri 16n nhdt dat dugckhix=y=z= %

Bai 9: Gia st x, y, z 1a cdc s6 thyc duong va théa min di€u kién
X2 +y* + 28 = 3xyz.

Tim gi4 tri nhd nhét cla bi€u thitc P = y 2 .
x+1 y+1 z+1
Huéng déin gidi
TiY gid thigt x2 + y* + 22 = 3xyz, suy ra —+ - +-2 =3, (1)
yz ZX Xy
NV u: 1 1 1
Viét lai P dudi dang sau: P = + + . )
1 1 1
I+— 1+— 1+-
. X y z
bit u= —"—;u:,’i;w= i.Khid(’)u>O,v>0,w>0.
\jyz ZX \}xy
Lic nay (1) c6 dang v+ v +w =3, 3)
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Bé’?rﬁnguv:l;uw=l;vw=l.
yA y X
Cas s . 1 1 1
Khi d6 tir (2) suyra Pcd dang P = + + 4)

l+uv l+vw l+uv
Bai todn trd thinh: Tim gi4 tri 16n nh4t ca bi€u thitc P cho du6i dang (4),
v6i diéu kién (3)
Khi d6 ta quy vé bai 7. Tir d6 ta c6 minP = %

Gid tri nhé nhit dat dugc khi va chikhiu=v=w=1&x=y=z=1.

Bai 10: Cho x, y, z 1a cédc s6 thyc duong sao cho xyz = 1.

sz . 2 e 2 . 2, ]- 1 1
Tim gi4 tri nhd nhat cda biéu thic P = + + .
Xy+X YyzZ+y ZX+zZ
Huéng dén gidi
A A " Ry o u v wo,.
Do xyz = 1, nén thuc hi€én phép d0i bi€n sau: x=—;y=—;z=— v6iu, v, w
v w u
13 cdc s6 duong (ldc d6 rd rang x >0,y >0,z >0 va xyz =1).
1 1 1 vw wu uv
P= + + = + + . (D
iy, p yw vV Wu W ouv+uw Vw4Vl Wu+vw
‘W V. wu w uv u

1
P=(1+ M )+(1+ v )+(1+L)-3
uv + uw Vvw +uv wu + Vw

1 1 1
= (uv + vw + wu) + + -3
UV+uw  VW+Uuv  Wu+Vw

=-1-[(uv+uw)+(vw+uv)+(wu+vw)][ L + 1 + 1 )_3.
2 UV+UW VW4 UV WU+ VW

(2)
Theo bat ding thic Cosi co bin suy ra P 2—;—.9 -3= .2_ (3)

Da’fubﬁngtrong(3)xa’lyra<:>uv=uw¥vw<:u=v=w©x=y=z= 1.
Nhu vdy minP = % Gl4 tri nhd nhit ndy datdugc @ x=y=z=1.

Nhén xét: Bit ding thitc: —— + b ¢ 53 i moia,b,c>0
b+c c+a a+b 2
dugc goi 1a “Bat ding thic Nesbit” (cho ba s6).

N6 1a hé qua tryc ti€p cta ba't ding thic Cosi co ban.
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1.2. Phueng phép st dung truc ti&p ba't ding thite Cési

Phuong phdp nay thich hgp vdi nhitng bai todn tim gi4 tri 16n nhdt v nhd

_ nh&t cha ham s6 ma c6 thé truc ti€p 4p dung ngay ba't ding thitc Cosi, hodc
sau nhitng bi€n d8i sd cap don gidn 13 c6 thé ding dugc bat ding thitc Cosi.
Ki thuit chi y&u 13 dua vao biéu thitc ddu bai ciing nhu cdc diéu kién di cho
chon ra cdc s thich hgp d€ sau khi 4p dung ba't ding thitc Cosi v6i cdc sO Ay
s& cho ta d4p s6 cla bai todn.

1 1 1

Bai 1: Cho ba s khéng 4m X, y, z thda min diéu kién + + =2
' 1+x 1+y 1l+z

Tim gi4 tri 16n nhi't cia bi€u thic P = xyz.
Huéng din gia"i

Ttr1+l+1=.—_> l—— y 2.,
I+x l+y 1l+z 1+x 1+y 1+z 1+y 1+z

Theo bt ding thitc Cosi, ta c6: ——+ —2—>2 1)
I+y 1l+y (1+y)(1+z)

D4u bing trong (1) xdy ra AN y=
1+y 1+z
Nhu vy ——>2 2 __ )
1+x (d+y)1+2)
Lap ludn tudng ty ta cé: L >2 X2 3)

l+y 1+x)1+z)’

122} vy 4)
1+z A+x)(1+y)

Dau biing trong (3), (4) tuong @ng xdyra <> x=z; X =y.
Do c4c v€ clia (1) (2) (3) déu 1a s duong, nén nhin tirng v€ (1) (2) (3) va c6
1 S Xyz

>8 . (5)
A+x)1+y)(1+2z) d+x)(1+y)1+2z)
Tr(1+x)1+y)(1+2)>0,vatr(S)suyraP=xyz< % . 6)
D4u biing trong (6) Xy ra <> ddng thdi c6 ddu biing trong (2) (3) (4)
X=y=2 1
Lt 3 3 SX=y=z2= .3—
l+x

Vi 1€ d6 suy ra maxP = %
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Gi4 tri 16n nhd't dat dugc khi va chikhix=y=z= %—

Bai 2: Cho x, y, z 1a cdc s3 thudc khodng (0; 1) va thda man didu kién x + y+z=2.

Tim gi4 tri nhd nh4t ciia bi€u thac P= > Y %
I-x 1-y 1-z
Huéng dén gidi

bitu=1l-x;v=1l-y;w=1-2z

Tir gid thi€tsuyrau>0,v>0,w>0vau+v+w=1.

Lic nay biéu thitc P c6 dang

- d-u)(-v)1-w) _ (v+w)(u+w)(u+v). )
uvw uvw

Ap dung bat ding thitc Cosi, ta c6 v+ w > 2/vw ; u + w2 2 Juw;

u+v=2uv.

T¥ dé suyra (v+ w)(u+w)(u+v)>8uvwnéntr(l)tacé:P=>9. (2)

P

D4u bing trong (2) xdyra u=v=w&x=y=z= %

Nhv vdy minP = 8. Gi4 tri nh nhd't dat dugc khi va chikhix=y=z=

WIiN

Bai 3: Cho x, y, z 1a cdc s8 thyc duong thda mén xyz = 1.
Tim gi4 tri 16n nh4t clia biéu thitc P =
1 N 1 + 1 .
2x? +y2 +3 2y2 +22+3 222 +x%*+3 ,
Huéng dén gidi
Theo bt ding thitc Cdsi, ta c6
2+ Y+ 3=+ y) + (P + 1)+ 222Xy + 2% + 2.
< I ,
2x2 +y* +3 2xy+2x+2

Tir d6 suy ra (1

D4u biing trong (1) xdyra<>x=y=1.
< 1 ,
2y* +7% +3 2yz+2y+2
L < L .
222 +x%+3 2xz+2z+2
D4u bing trong (2), (3) tuong Ung x4y ra Sy=z=lz=x=1.

Tuong tu ta cé 2)

(3)

Cong titng vé& (1) (2) (3) va céPsl ! + ! + L . (4)
2\xy+x+1 yz+y+1 zx+z+1
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Dau biing trong (4) X3y ra <> ddng thdi c6 dau bing trong (1) (2) (3)
Sx=y=z=1.
X X

(5)

Do xyz =1, nénta cé = = ,
yz+y+1 XyzZ+Xxy+Xx Xxy+x+1

| _ Xy Xy 6)
ZX+z+1 (Xyz)X+Xyz+Xxy Xy+x+1

Thay (5) (6) vao (4) va c6 P < % T d6 suy ra maxP = %

Gi4 tri 16n nh4t dat dugc khi va chikhix=y=z=1.
Bai 4: Cho x, y, z 1a cdc s8 thuc duong va théa man difukiénx +y+z=1.

Tim gi4 tri 16n nh4' cia bifu thitc P = X +yz + [y +2x +z +xy .

Huéng dén gidi

Trdiéukiénx+y+z=1,tacé X +yz=x(X +y + z) + yZ = (X + y)(X + 2).

Tuong tw, taclingcd: y+zx =(y+z)(y+ X); 2+ Xy =(z + X)(z + ¥).

Tir d6 suy ra P = \J(X + y)(X +2) +J(y +2)(y +X) +/Z +x)(z+y) . (1)

Ap dung bt ding thic Cosi, tir (1) c6:
(x+y)+(x+z)+(y+z)+(y+x)+(z+x)+(z+y)

P< 5 hayP<2(x +y+2z)=2.
Nhu viy P<2. (2)
X+y=X+2z
D4u bing trong (2) x4y ra < yrz=y=x ©x=y=z=l.
Z+X=2+Yy 3
X+y+z=1

Trdétacdé maxP=2<x=y=z=

5 .
Bai 5: Cho x, y, z 14 cdc s6 thuc duong va théa min diéu kién x + y + z = xyz.
1 1

1
+ + .
\/l+x2 \/1+y2 \/1+z2

Tim gi4 tri 16n nhat clia biéu thitc P =

Huéng dén gidi
T gid thi€t x + y + z = xyz, ta c6 L+—1—+—l-=1. 1)
Xy yz zX
< l 1 1
Pitu= —;v=—,w== =u>0,v>0,w>0.
X y z
Khi @6 (1) ¢c6 dang uv + vw + wu = 1 )
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Lic nay biéu thitc P ¢6 dang P = 3)

u + v + w
\/1+u2 \/l+v2 \/1+w2
Tir didu kién (2), ta c6 u* + 1 = (u + v)(u + W)
VHl=+u)v+w)
w2+ 1 =(wW+u)(w+u),

u v w

Ju+v)(u+w) \/(v+w)(v+u) JW + u)(w+v)

\/u+v\/u+w \/V+W\/V+U \/W+ll\jW+V

Tir (1) va theo bat ding thitc Cdsi, ta c6

Psl( g, v, vy, r,vx,v )haypsi. )
2\u+v u+w V+wW V+u wW+u WwW+v 2

lic nay P c6 dang: P =

.oy ) u=v=w
Dau bang trong (2) xay ra < {
uv + Vw + wu

1
SSU=vV=E=wsE — SOX = =z=\/§.
3 y

Viy maxP = % Gi4 tri 16n nhat dat dugc khi va chikhix=y=z= \/5
Nhdn xét: Xét cach gidi bing phuong phép lugng gidc héa sau diy:

Dox>0,y>0,z>0va i-i——1—+l=l nén dit X = cotA, y = cotB; z = cotC
Xy yz zX

v6i A, B, Ce (o;gj,

khi d6 ta co: —L + —1—+ L =1 < tanAtanB + tanBtanC + tanCtanA =1

Xy yz zx
< tanA(tanB + tanC) = 1 — tanBtanC .
1-tanBtanC n
otanAz ————  =cot(B+C) © A+B+C= —.
tanB + tanC 2
Khi 36 P c6 dang:
P= 1 + L + 1 = sinA + sinB + sinC.
\/1+cot2 A \/1+cot2 B \/1+cot2C
Theo lugng gidc, ta ¢ SinA + SlgB +sinC <sin At ]: +C = sinlﬁt- =%

=> sinA + sinB + sinC <

oW

53



Chuyén dé BDHSG To4n gid tri I6n nhat va gid tri nhd nhdt - Phan Huy Khdi

VéyPS% védé’ubﬁngxéyra@A:B:C:%<:>x=y=z= NES

Ta thu lai k&t qua trén.

Bai6:Chox>0,y>0,z>0vax+y+z=1.

Tim gié tri nhd nhi't ctia biéu thitc P = Xty Y22 XX
Jxy +2 \/yz+x \/zx+y
Hudng dén gidi
Dox+y+z=1,nén b A -z 12
ﬂ+z \/xy+l—x -y \/(1 x)(1- y)

y+z 1-x L Z+X 1-y
\[yz+x \/(l -y)(1-2) \[zx+y J(l -x)(1- y)
Ap dung ba't ddng thirc Cosi, ta c6
1-z 1-x 1-y \/(1 -2)(1-x)1-y) _
>33
J(l x)(1-y) J(l yX1-2) J(l A-y)  NA-x)d-y)i-z)
ViyP2>3. , (1)

Tuong ty, ta c6

Dﬁ'ubl’mgtrong(l)xéyra@l—x:l—y=1—z©x=y=z=% (k&t hop
viix+y+z=1)

Nhu vdy minP = 3. Gid tri nh6 dat dugc khi va chikhix=y=z=

ualh-

Bai7: Chox,y, z 12 ba s8 thyc dudng va xyz = 1.

54

Tim gi4 tri nhd nhét céia biéu thirc

2, .2 2,.2 2,2
Pz\/l+x +y +\/l+y +z +\[l+z +X
Xy yz ZX
Huéng dén gidi
Ap dung bt ding thirc Cosi, ta c6

SRR ) XY XY N

X=y
Dau bing trong(l)xéyra<:> y=z ©X=y=2z

Lai theo bt ding thitc Cosi, ta c6: [— + —+ ‘f—— 233
yz ZX x2y222

Doxyz=1,néntt (1) (2)suyraP> 3J§
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D4u bing trong (2) X3y ra < x = y = z nén k&t hop véi trén suy ra ddu biing
trong (3) xdyra ©x=y=z=1(vixyz=1)
Nhu vy tif (3) ¢6 minP = 33 Sx=y=z=1.

Nhdn xét: Bai thi tuyén sinh vao Pai hoc Cao ding khdi D — 2005 ra du6i dang bat
ding thic sau day:
Cho x, y, z 1a ba s6 thyc dudng va xyz = 1. Chitng minh P > 338 day P ¢6
dang nhu trén.

RS rang ra dudi dang nay thyc chilt 1a bai todn trén nhung “d& hon” vi biét
trude ddp s6.

Bai 8: Cho x, y, z 1a ba s0 thuc duong va théa min diéu kién x> + y* + 2> = 1.

Tim gi4 tri nhd nhA't chia bi€u thic P = 2x 5+ 2y =+ zz =
yi+z© 28 +x° x%+y
Huéng déin gidi
T gid thi&t x* + y* +z° = 1, ta dva bidu thitc P v& dang:
X y z
P= + + . 0))
1-x2 1-y? 1-7

Ap dung ba't ding thic Cosi, ta c6

2=2x+(1-xD) + (1 - x) 2 332x2(1 - x2)?

=82272x%(1-x)’> %sz(l—xz)z. (2)
2 33 1
ViO<x<1,néntr(2)suyra x(1-x%)< =N <
Y 33 2 " x(1-x%)
o3 X | 3) (do x > 0)
2 1-x2

Dau biing trong 3) xdyra < 2x’=1-x’ o x = ? (do x > 0).

Lap luan tuong t, c6 3J§ y? SI Y = 4)
-y
3J3 z
_\/_—_yz <l = (5)
-z

D&u bing trong (4) (5) tuong ing xdyra <y =

Cong titng v€ (3) (4) (5) vadox* +y*+z2=1,nénc6 P > 6)

D4u bing trong (6) x4y ra < ddng thdsi c6 ddu bing trong (3) (4) (5)
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SX=y=z= —\/i Vay minP = ——3\/5.
3 2
[ . 2 A, N . N 2 . '\/5
Gid tri nho nhat ndy dat dugc khi va chichix=y=z= ER
Nhdn xét: Xét bai todn sau:
Cho x, y, z 12 ba s8 thyc duong thudc khodng (0; 1) va thda man diéu kién
Xy+yz+zx=1
y z

., . 2 ~ 2 . 2, X
Tim gi4 tri nhd nh4t ctia biéu thitc P = s+
1-x° 1-y° 1-z

V4i bai todn nay ta s& phdi hgp phuong phdp “lugng gidc héa” va s dung
bat ding thitc Cosi nhusau: Dox>0,y>0,z>0vaxy+yz+zx =1

nén ditx = tané;y = tan-lz', zZ= tang v6i A,B,C e (O;E).
2 2 2 2

N A B B C C A A B C =
T& tan—tan—+tan—tan—+tan—tan—=1=> —+ —+—=—,
2 2 2 242 2 2 2 2
Lai ¢é:
A B - C
1( 2x 2y 27 1 2tan5 2tan ) 2tan~2—
P= -2- 5+ 5+ 5 =§ N + B + C
1-x" 1-y® 1-z l1-tan®’= 1-tan®*= 1-tan®=
2 2
= %(tanA + tanB + tanC). )
Do A, B, C c¢6 thé coi 1a ba géc trong tam gidc, nén ta c6:
tanA + tanB + tanC = tanAtanBtanC
Do0O<x<1,0<y<1,0<z<1=tanA >0, tanB >0, tanC > 0.
Theo bat ding thitc Cosi, ta c6:
tanA + tanB + tanC > 3:\5/_tanAtanBtanC . 3)
TU (2) (3) suy ra (tanA + tanB + tanC)® > 27(tanA + tanB + tanC)
= tanA + tanB + tanC > 3+/3. 4)
Tr (2) (4)suyraP > 2-\2/—3 5
D4u bling trong (5) Xy ra < tanA = tanB = tanC = /3
©A=B=C==L @x:y:z:tan£=-\/—§.
3 6 3

33

Viy minP = —.
Y 2

56



Cty TNHH MTV DVVH Khang Vigt

Bai9:Chox>0;y>0vax+y=1.
1 1

Tim gi4 tri nhé nhdt cla bi€u thtc P = ——+—
Xy xy
Huéng din gidi

Dox+y=1Ltacé l=(x+y)’=x+y +3xy(x +y) = x>+ y° + 3xy.
Vi vay biéu thitc P c6 dang mdi sau day:

3.3 3.3 3.3
p= 31 3+L=x +3y +33xy+x +y +3xy=4+ 33xy3+x +y 1)
X" +y Xy X" +y Xy X +y" Xy
Theo b4t ddng thic Cosi, ta cb:
3,3 3.3
L I 22\/ 20X o). @
X +y Xy X>+y> Xy
3,3
D4u bing trong (2) x4y ra < Xy __ Xy o L

34y Xy X4y B

Ké&thgp véix +y =1,x >0, y >0 suy ra ddu bing xay ra trong (2) khi va chi khi

/2\/5-3 _ /2J§—3
3 3

2 2
2 2

&
&

-3 -3

3
2

(Ban doc ty nghiém 14y bing cdch gidi hé phuong trinh)

Tir 46 k&t hdp véi (1) (2) suy ra minP =4 + 2+/3 .
Nhén xét: Xét cach gidi khdc bing phuong phdp chiéu bi€n thién him s& sau diy
1 1 1 1

3

1+
X =

1-
X =

1
3y =

1+
Y=

Tacé:P= 5 st —= 5 +—, hay
X+y)x°—-xy+y") Xy (x+y) -3xy Xy
= — . 3)
1-3xy xy
2
szuxy:t.DoxySsx;—y)nénsuyra0<t$i—.

T d6 xét ham s f(t) = N !

+-1-v6i0<tsl.
t 4

3 1 _ -6t +6t-1

1-30% ¢ 2a-3)°

Ta c6 f'(t)=
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Vay c6 bang bién thién sau:

. 0 3-\3 1 3+43
6 4 6
f'(t) 0 0
Nhu thé

3-3)_ 1 6 2 23
6 J'1_3_-_[§+3—\/§_«/§ Aot 243

2

minP = min f(t)=f(

O<ts—
4

Ta thu lai k&t qud trén.
Bai10: Chox>0,y>0vax+y=1.

Tim gi4 tri nhd nhét ciia bidu thitc P = —— + \[1y
Huéng dén gidi
X .y
Vix+y=1nénP= =+ (1)
Jy Vx

Zily22dx @

N
y

—+x 22 3

= Wy

Cong titng V& (2) (3) va 4 § dén (1), ta c6 P+ Vx +y 22(Vx +y)

P> VK +4y. 4)

D#u biing trong (4) x3y ra <> dong thdi c6 ddu biing trong (2), (3)

Theo bat ding thic Cosi, ta c6:

¢>X—y‘l
2.

1-

@

I-x 1 1
+—x_=—_x—+ﬁ_(\/;+\/;)(5)

Mitkhicclingdox+y=1,nénP=

- =

Cong tirng v€ (4) (5) va ¢6 2P > —L 6)
I
Lai theo bt ddng thitc Cdsi, ta c6
._l__+_l_2_.2_2_i__= 2\/5 (7)
X y  Yxy X+y
2
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D4u bing trong (7) xdyrax =y =

N |

Tir (6) (7) suyra P> V2 . (8)
D4u bing trong (8) x4y ra <> ddng thdi c6 d4u bing trong (6) (7)

<:>x=y=%.T6mlaiminP= x/5<:>x=y= %

Nhédn xét: Xét cdch gidi sau day bing cich st dung phuong phdp “lugng gidc
héa” k&t hgp véi “chiéu bi€n thién ham s§”

Dox>0,y>0,x+y=1nénditx =sin’a; y = cos’a (0 < a < g).

Khi d6 P c6 dang
pP= sin® o . cos’a _ sin® o+ cos® a _ (sina.+cosa)(l —sinocosa) )
coso.  sina sina.cosa sinacosa. '

(sina + cos a)2 -1
2

Do sinocoso =

A » . T .
nén néu ditt = sino + cosa = \/Ecos(a —Z) thi

s\\\\\“

t(l_tz_l] /é;
2 ) 3-1) %%
P= = . *) /
t2 -1 t? -1 E
2 4
DoO<ax £:>—-E<0.—E<-E:>—2<COS(OL—£)S1 =1<t<2.
2 4 44 2 4
Tir (*) suy ra xét ham s6 f(t) v8i 1 <t < J2.
4
Tacé f'(t)= —;——?2’ nén cé bang bi€n thién sau
(t —1) ’
t 1

N

f(v T
%

Vay minP = mir\1/?f(t)=f(x/§)=x/5.

Ist<

f'(t)

N

Gi4 tri nhd nhat dat dugc khi va chi khi:

T n 1
t=\/§®a——=0®a=—®x= =—,
4 4 y 2

Ta thu lai k€t qua trén. Ban thich cich gidi nao hon?
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Baill: Chox>1l,y> 1.

33y (e2 42
Tim gi4 tri nhd nhét cia bidu thite P= & 7Y )= +¥7)

x-D(y-1
Hudng déin gidi
) x-D+y*y-D_ x* ¥
Vi€t lai P dudi dang sau P = = +—. (1)
x-I)(y-1 y-1 x-i
Tt x > 1,y > 1 nén theo bat dfmg thitc Cdsi va tir (1) ta c6
S— X ! 2)
Ja-Dy-D J(x 1.1 J(y D1
A X X y
D4u bing trong (2) xdy ra < Pl 1 3)
Lai theo bat dang thirc Cosi, tacé (J(x—-1).1< (l—zl-)il— —% 3)
(y-D+1_y
Dlgs—F—== 4
Jo-DIsEF—=—=2. @
D4u biing trong (3) (4) tudng ng xdyra <> x=2vay=2.
Thay (3) (4) vao (2) vac6 P > 2. %’i 2_y =
Xy

Mait khdc khi x =y =2 thi (3) théa min, viytac6P>8,vaP=8&x=y=2
Nhu vy minP = 8. Gid tri nhd nhit dat dugc <> x =y =2
Bail2:Chox>0,y>0,z>0vax+y+z=3.

Tim gi4 trj nhé nhat clia bi€u thie P= ——+— -4 2,
I+y* 1+z° 1+x
Huéng dén gidi
2
. X Xy
Ta cé =X- . 1)
1+ y2 1+ y2
Theo bat ddng thitc Cosi thi 1 + y* > 2y. )
Tir (1) () suyra ——2x-22. 3)
l+y 2 :
D4u biing trong (3) xay ra < ddu biing trong (2) xayra <y = 1.
Tuodng t, ta c6 Y 5 Zy——}z, 4)
l1+z 2
z zx
>z -, 5)
1+x° 2 (

D4u biing trong (4), (5) tuong Wng xdyra <z=1vax = 1.
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Cong tiing v8i 3) 4) S) vac6 P> (x+y+12z) - —;—(xy +yz + Zx). 6)

D4u biing trong (6) x3y ra <> dong thdi c6 ddu bing trong (3) (4) (5)
ox=y=z=1.

Mit khdc vin theo bat ddng thitc Cosi, ta ¢6 3(xy +yz + zx) < (X + y + z)°.
Vix+y+z=3=>xy+yz+zx<3. @)
D4u bing trong (7) xdyrax=y=z= 1.

Tir (6) (7) di d&n P> % 8)

D4u biing trong (8) xdy ra < ddng thdi c6 ddu bing trong (6) (7)
ox=y=z=1

Nhu’véyminP=%©x=y=z=l.

Bai 13: Chox, y, z 1a cdc s§ duong. Tim gi4 tri nhé nhét cda bi€u thic:

P= x+l(y+l) Z +l.
y+z 20\z+x 2)ix+y 2

Huong dén gidi
Tac6 P = (2x+y+z)(2y+z+x)+(2z+x+y). )
8(x+y)y+z)(z+x)
Theo bit ding thitc Cbsi, ta c6
2x+y+z=xX+y)+(x+2)> 2J(x+y)(x+z ()
2y +z+x=(y+2)+(y+x)2 2Jy+z)(xX+Yy), 3)
2Z2+x+y=Z+x)+(z+y)2 2,/(z+x)(z+y). “4)
Nhin titng v€ cia (2) 3) @) vatr (1) suyra P> 1. 5)
D4u biing trong (5) x4y ra <> Gong thdi ¢6 ddu bing trong (2) (3) (4)
X+y=X+2
S{y+z=y+x ©x=y=2>0
Z+X=2Z+Yy
Tir d6 suy ra minP = 1.
Bail4: Chox>0,y>0,z>0vaxyz=1.
Tim gi4 tri nhé nh4t ca biéu thitc P = L+L+i+ 3
Xy VZ ZX X+Y+Z
Huéng déin gidi
Vi€t lai P du6i dang P= XY ¥2, 3 (1)

Xyz  X+y+z
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Doxyi=1,nénP=(x+y+z)+ (2)

X+y+z
Theo bat ding thitc Cosi, ta cé x +y + 2> 33xyz = 3. . (3
Tur d6 viét lai (2) dudi dang sau

2_
P=(x+y+2)+ __23___4+4= (x+y+2) 4(x+y+z)+3+4
X+y+2) X+y+z
- (X+Y+Z—l)(X+y+z—3)+4.(4)
X+y+z
Dox+y+z>3,nént(4)suyraP>4. )

D4u bing trong (4) xdyra> x+y+z=3<x=y=z=1 (dva vao (3))
ViyminP=4 o x=y=z=1.

Nhan xét:
1. N&u tir (2) s dung bat ding thic

> 2J(x+y+z)
X

3
+y+z

=243 (%)

P=x+y+z+

X+y+z

Tir 46 k&t ludn minP = 243 1a sai ldm. Li do & ch3 la d4u bling trong

(*) khong xdyrado x +y +z=1nénx +y +z khong thé bing
X+y+z

(n6i cdch khdc phan 2 trong dinh nghia gi4 tri nhd nh4't khong thdéa min)
2. Ta c6-thé st dung bat dﬁng thitc Cosi tir (2) biang cdch nhém thich hgp
cdc s6 hang (xem trong muc 1.3 dudi day)
3. Ta c6 thé st dung phuong phép chiéu bi&n thién ham s6 d& gidi nhu sau:
Pitt=x+y+z

Tit (2) suy ra xét ham s6 f(t) = t+2:’- véit>3.

2—
Ta c6 f'(t)=1—32=t - 350 dot>3).
t t

Vay f(t) 1a ham d6ng bi&n khi t > 3 nén minP = migl f(t)y=f(3)=4.
t2

Gid tri nh6 nhdt dat dugc khi va chi khi trong (3) c6 diu bing
OX+y+z=3ox=y=z=1.
Ta thu lai k&t qud trén. Nhu vay c6 it nhit 3 phuong phdp gidi bai 14.
Bai15: Chox>0,y>0,z>0vax+y>4.
3x% +4 L2t y>

Tim gid tri nho nh4t cia biéu thifc P = 3
4x y
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Huéng dan gidi
Dua biéu thic P vé dang :
P=-?E+l+—22—+y=(§+—l—)+2 iz+z+l +x+y. 1)
4 x y 4 x y- 8 8 2
L A7 2 », A s ,x 1 Xl
Ap dung bat dang thitc Cosi, tacé —+—22,(—— =1, )
4 x 4x
l2+1+1233i211=§-. 3)
v2 8 8 \y?88 4
Da’i’ubi'mgt'rong(2)xz°1yra<::>%:l Sx=2.
X
D4u bing trong (3) X3y ra < i2=% oy=2.
T (2) (3) va gid thi€tx +y >4, ta c6 (dwa vao (1)) P> % “4)

Diu bing trong (4) xdy ra <> ddng thdi c6 ddu bing trong (2) B) va x + y =4
SOx=y=2

VéiyminP=§<:>x=y=2.

1.3. Phuong phap thém bt hiing s6
D& st dung dugc phuong phdp nay vain dé miu chét 1a & chd cdn chon hiing
s6 nhu th€ nao @€ c6 thé 4p dung bat ding thirc Cosi vao bai todn tim gid tri
16n nhAt, nhd nhi't dit ra. Xét cdc bai todn minh hoa sau day:
Bai1l:Chox>2,y>3,2>4.

, 2 ) ”
Tim gi4 tri 16n nhat cla biéu thitc sau P = xyyz -4 +yzx -2 +2xyy -3 )

Xyz
Hudng ddn gidi
Dua P vé dang sauP = x/z-4+\/x—2+\/y—3. 1)
. z X .y
Ap dung ba't ding thirc Csi, ta c6
1 1z-4)+4 3 Z-4 1
Vi-4==\Jz-4)4<=2" 2" "= o <-—, 1
2\/( 4 2 2 4 z 4 0
1 1 (x-2)+2 X X-2 1
X—2=-"=,(x-2)2<— = = < , (2)
2 2 2 22 x 22
1 1 (y-3)+3 y y-3 1
3=—rx(y-3)3<— = = < . 3
yEEYY 3 2 23 y 243
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D4u bing trong (1) (2) (3) twong tng xdyra<>z=8;x =4,y =6.

. 11 1 1
Cong tirng vé (1) (2 3)vécéP5—(—+—+—).
g tng ) (2)( ACRN AN

D4u bing trong (4) xdy ra
& dbng thdi c6 ddu bing trong (1) (2) (3)
oOx=4,y=6;z=8.
1 1 1
—+—=+—F—=|ox=4,y=6,2=8.
V2 3 4]

3

Bai2: Chox,y,zlabas6duong vax+y+z= Y

Viy maxP = %(

Tim gid tri 16n nhat cla bi€u thic P = 3x +3y + 3y +3z + 3z +3x .

Hudng ddn gidi
Ap dung bt ding thirc Cosi, ta c6
¥x +3y =3(x +3y).1.1 s§+—3y§+ﬁl,
y+3z+1+1
%/y+3z=%/@+3z).l.ls—T——-,
Yz +3x =3(z +3x).1.1 GzH3x+l+l
4x+y+2)+6

Cong tirng v€ (1) 2) B) v c6 P < 3

Dox+y+z= Z—néntl‘r(4)suyraPS3.

D4u biing trong (5) x3y ra

<> dong thdi ¢6 ddu biing trong (1) 2) B)vax +y+z= 3—
(x +3y =1
y+3z=1

1
< 91z+3x=1 C>X=y=Z=Z.

x+y+z—-:‘1
4

Tir d6 ta c6 maxP = 3. Gi4 tri 16n nhdt dat dugc khi va chikhix=y=z= j

Bai3:Chox>0;y>0;z>0vax+y+z=1.

Tim gid tri I6n nhdt cda bidu thtc P= VI-x +/I-y +J1-z .
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Huéng dén gidi

= Pl a=02+ Ja-p.2+ Ja-2.2
TacéP—\/;(\/(l x).3+\/(l y).3+\/(l z).3]. (1)

Ap dung bat ding thitc Cosi, ta c6

1—x+z 1—y+z l—z+% |
Ps\ﬁ 34 34 3 hayPS\/E(M). 2)
2| 2 2 2 2

Dox+y+z=1,néntr(2)suyraP < \/6

1—x=g
3
2
1-y=2
=3
) 2 1
D4u biing trong (3) xdy ra < 1—z=§ ©x=y=z=z.
X+y+z=1
x>0,y>0,2>0

Tit d6 ta c6 maxP = /6 @xi‘-y=z=§.

Bai4: Chox,y,z1a cdc s6 duong saochox +y +z=1.
Tim gi4 tri 16n nh4t cda bidu thitc P = x + /xy + 3xyz .

Huéng dén gidi
Vi€t lai P du6i dang sau P =x + %\/x.4y + -i—%/x.4y.l6z (1)

Ap dung bit ddng thitc Cosi, ta c6

P<x+ x+4y+x+4y+l6z hayPSMi). @)
4 12

(16

X=—

21

’ LS =4 —3

Dau bing trong (3) xdy ra & X=2y l6z<:>ﬁy=_4_ 3)

X+y+z=1 A |

1

z=—

. 21°

N

Tex+y+z=1va(2)suyraP< —.

w

Nhu vay ta ¢6 maxP = i;— & X, Y, z xdc dinh bdi (3).
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Bai 5: Cho x, y, z 1a cdc s6 thyc dudng sao cho l+—]L—+-£=3.
X y z
v 2
Tim gi4 tri nhd nhaftcﬁabié’umﬁcp=x+—2-+—3-.
Hudng dén gidi
2 ,

Ap dung bt ding thitc Cosi, ta c6: %—+%_>.y, (1

2 1 1

Z ++Z>z (2)

3 3 3

2 .3
. ax y" z 2
Tordésuyrax+ —+—+—+—2X+y+2 3
y > t3t373 y (3)
1 2 '
Tir(3)suyraP+5+—3—Zx+y+z. 4)
D4u bing trong (4) xdy ra 5 oSy=z=1. (doy>0)
z° =1
Ap dung bt ding thitc Cosi cobdn, tacé X +y +z 2—1——%——1—. )
Xy 2z

D4u biing trong (5) xdyra > x=y=2z.

Laido -!-+-!-+—l- =3néntir(4)(S)suyraP + %+-§ >3
z

Xy
-pr3- 1 211 (6)
2 3 6

D4u biing trong (6) xdyra<>x=y=z=1.
Nhu vay ta c6 minP = -16—1 ox=y=z=1.
Nhén xét:
1. Ta c6 thé vi€t minP = 1 + %+%

2. Hoan toan tudng ty ta c6 bai todn sau:

Chox,y,z,tlécécsc‘)’thl_rcdlrdngsaochol+l+i+%=4.
Xy z

2 .3 4
Xétdailu’cjngP:x+2’2—+z—3-+[—.KhidétacéminP=l+l+%+%.

Céc ban thif gidi xem c6 ding nhu vay khong?
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3. Baitodn 5 c6 cdc dang tuong dudng sau:

a. Chox,y,z1a céc s6 thuc duong va thdéa min diéu kién xy + yz + zx = 3xyz.

2 .3
Tim gi4 tri nhd nh4t ciia biéu thic P = x + y7+%
b. Chox,y,zIa cdc s6 thyc duong thda man diéu kién
1-x + l—y+ -2z _
X y z

0.

Tim gi4 tri 16n nhét cda biéu thtc Q = ————
x+i-+Z
R

ddp sd maxQ = % ).

Bai6:Chox>0,y>0,z>0vax+y+z=3xyz

Tim gi4 tri nhd nhat cla biéu thic: P = %+i3+i, :
Xy z
Huéng dén gidi
Theo bat ding thitc Cosi, tac6  —+—+12—, )
Xy Xy
l3+-1?+1zi, O
y z yz
1 1 3
—+—=+1>2—. 3
22 X3 zx ©)
A N\ d V' 1 1 l
Cong timg v€ (1) ) 3) va c62P+3>3| —+—+—|. (€Y
Xy yz zx
D4u bing trong (4) xdyraox=y=z= 1.
T gid thi€tx +y +z = 3xyz < I S Y (5)
Xy yz X
Thay (5) vao (4) va c6 2P + 3> 9 hay P> 3. (6)
Trdé suyyraminP=3 < x=y=z=1.
Bai7:ChoO0<x<1.
Tim gi4 tri 16n'nh4t cda ham s6 f(x) = 13«/x2 -x* +9\/x2 +x4 .
Huéng dén gidi

Viét lai f(x) dudi dang

3 (v6i bai todn nay ta c6

f(x)=13\/x2(1—x2)+9\/x2(1+x2)=?\/4x2(1—x2)+%\/9x2.4(l+x2) 1)
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x> +4(1-x%) 4-3x7

Ap dung bt dng thirc Cosi, ta c6 \4x>(1-x2) < > ; ()
2 2 2
/———9x2.4(1+x2)39x +4(1+x )=13x +4. 3)
2 2
2 2
- 4
Tir (2) (3) va (1)suyraf(x)512§[4 23" ]%(13"2* ]:16. @)

D4u biing trong (4) x4y ra < ddong thdi c¢6 diu bing trong (2) (3)
x? =4 - 4x> , 4 2

=S Sxi=—ox=—.

{9x2 = 4+4x> 5 J5

. 2
T dé suyramax f(x) =16 & x = JE
Bai 8: Cho x, y, z 14 ba s duong va x* + y* + z* = 48.
Tim gid tri 16n nhat ciia bidu thitc P = xy* + yz° + zx°.
Huéng dén gidi

Ap dung bat ding thitc Cosi, ta c6 x* + y* + z* + 2¢ > 4/x*y*z*2* =8xy? (1)
D4u bing trong (1) xdyrax =y =2.
Lap ludn twong tr ta c6 y* + z* + z* + 2° > 8yZ?, (2)

'+ x4+ x4 20> 822 (3)
D4u bing trong (2) (3) tuong Ung xdyra <> y=z=2vaz=x=2,
Cong tirng v& (1) (2) 3) tacé 2(x* +y* +z*) + 48 > 8P
haydox*+y*+z*=48 = P <24. (4)
D4u bing trong (4) xdy ra <> ddng thdi cé dau bing trong (1) (2) (3)
oOx=y=z=2.
Nhv th€ maxP = 24. Gi4 tri 16n nhi't dat dugc khi va chikhix=y=z=2.

Bai9: Cho-1<x<1. |
Tim gi4 tri 16n nha't clia ham s6 f(x) = Y1-x* + ¥ +x + ¥ —x.
Huéng din gidi

Theo bat ding thitc Cosi, ta cé Y1-x* =¥M+x.Y1-x < —————“1“‘;1_" (1)
\/41+x=4\/1+x.§‘ﬁs———d+2m, Q)
N-x=-x41 s—-”_z“l. 3)

D&u bing trong (1), (2), (3) x4y ra d& thdy & x =0.
Cong ting v€ (1) 2) 3),tac6 f(x) <1+ V1+x +/1-x. 4)
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D4u bing trong (4) x4y ra <> ddng thdi c6 d4u bling trong (1) (2) (3) = x = 0.

Lai theo bat ding thic Cosi, ta 6 V1+x =T+ 201 < >2< 1,

1-x+1

Vi-x=J1-x).1<
Trdésuyra Vvi+x +/1-x<2. (5)

D4u bing trong (5) xdy ra < x = 0. Tir (4) (5) suy ra f(x) <3 (6)
Diu bing trong (6) xdy ra <> ddng thdi c6 ddu bliing trong (4) va (5) ©x =0
Viymaxf(x)=3<x=0

X%y y*z 2%

Bai 10: Cho ba s6 duong X, y, x va théa man didu kién —L + 2=+ 22 =3 (%)
' z x|y
. . xb y® ¢
Tim gid tri nhé nhat cla bi€u thic P = = t+t5+t=.
y' z0 X
Huéng din gidi
Ap dung ba't ding thic Cbsi, ta c6:
6 6 2
S EE (1)
y z z
6 6 2
L+l 41232 %, @)
A X
6 .6 2
S22t 3)
x>y y
g Y 2 x6 y6 y = xz
DAiu bang trong (1) xdy ra < —S=5=l
z zZ= y2,
z=y?
Tuong ty ddu biing trong (2) X3y ra < )
X=z
Lo x=2z?
D4u béang trong (3) xdy ra <
2
y=x°.
. X%y ylz 2%
Cong ting v€ (1) 2) 3) vac62P+3>3 + + . 4
z X |y

D4u biing trong (4) xiy ra

<> dong thdi c6 ddu bing trong (1) (2) (3) va thda man diéu kién (*)
Sx=y=z=1.

Tit diéu kién (*) suyra 2P+ 3> 9 hay P> 3. (5)

D4u bing trong (5) xdyra<>x=y=z=1. NhuviyminP=3 & x=y=z=1.
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Bai 11: Cho ba s6 dudng x, y, z sao cho
Xy . yz . ZX _ _3_
Yy+e+x) Ye+ox+y) Yo+ Y4

<3 y3 23
Tim gid tri nhé nhat cla bi€u thirc P = + + .
y+z Z+X X+Yy

(*)

Hudng dén gidi
Ap dung ba't ding thic Cbsi, ta c6
3 3
X y 1 3xy
+ +=2 , )]
y+z z+x 2 23y+2)(z+x)
3 3
Y +Z 1 z3 3y , (2)
z+x x+y 2 3fz+x)x+y)
3 3
z X 1 3zx 3)

+ T .
x+y y+z 2 Yx+y)y+z)
Cong tirng v€ (1) (2) (3) va d€ ¥ d&n diéu kién (*), ta cé

3.3 3 9 3
P+ > -—=—hayP>=>. 4
2B 2 yp23 4)

Dé thi'y ddu biing trong (4) x3y ra <> dong thdi c6 ddu bing trong (1) (2) 3)
oOx=y=z=1

Nhu vay ta ¢6 minP = % ox=y=z=1

Bai 12: Cho x, y, z 12 ba s6 thuc thdamidnx +y +z=0.

Tim gi tri nhd nhat cia bidu thitc P = V2 +4* +42+4Y +v2+47

Hudéng dén gidi
Viétlai P duGidang P= VI+1+4% +J1+1+4 +V1+1447. (1)
Ap dung ba't ddng thic Cosi, tacé 1+ 1 +4*>33/4* 2)
Lo1+a 2330, 3)
1+1+4">334" @)

Dau bing trong (2) (3) (4) twong tng xdyra <> x=0;y=0;z=0.

Tir (1) (2) (3) ta c6 P> \/5(9/4—"+9f4—y+9/;). (5)

Dau biing trong (5) xdy ra <> ddng thdi c6 ddu bing trong (2) (3) (4)
ox=y=z=0.

Lai theo bt ddng thic Cbsi, ta c6 §ax + 84y + a7 > 3y¥4*.4Y 4% |
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bay Yo% + 4@ 4§ o il ®

Dox+y+z=0=4""Y*"=1, nén tit (6) c6 9/:’«;+Q/Z;+Q/47 >3(7)
Ddubing trong (7) xdyra 4 =4 =4"x=y=z=0(dox +y +z=0).
T (5) () c6 P> 343 (8)
D4u bing trong (8) x4y ra <> ddng thdi ¢6 ddu biing trong (5), (7)
oSx=y=z=0.

Tém lai minP = 343 . Gid tri nhG nhat dat dwgc khi va chi khi x = y=z=0.

Bai 13: Cho x> 0, y > 0 va thda min diéu kién —+—X+%=3 .
Tim gi4 tri nhd nh4't clia biu thitc P = 27x’ + 8y’.
Huéng dén gidi
3
Theo bAt ding thic Cosi, ta ¢6 38-+ 1+1 za%, (1)

3
Y t1+123Y, @
27 3

3 3
il 238 3
8 27 6

D4u bing trong (1) (2) (3) twong ng xdy rakhix=2;y=3;x=2;y=3.

3y
y y Xy
Cong tir 1D@)B),t 2] —+—|+523| —+=+—
ong tirng v& (1) (2) (3), ta c6 [8 27) (2 3 6)

Do i+l+§i=3, ta cé (£+Xi] >2,

2 3 6 8 27
= P=27x"+ 8y’ >432. 4
D4u bing trong (4) xiy ra < dong th&i c6 diu bing trong (1) (2) (3) va thda
min diéu kién

AP AR A &x=2y=3.

3 6

Vay minP = 432. Gi4 tri nhd nhi't dat duge khi x =2; y = 3.
Nhédn xét: Céc ban hay thif ty gidi bai todn tuong ty sau:

Chox>0,y>0va2x+y+xy=6.
Tim gi4 tri nhd nhét cda bi€u thic P = 8x’ + y*. Pép s8: minP = 16.

Hu6ng din: Vi€t lai diéukién 2x +y + Xy =6 <> x + %L,ﬁ = 3 1di gidi nhu

bai 13.
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Bai14:Chox>0,y>0,z>0vax+y+z+xyz=4.

Tim gi4 tri nhé nhat ciia biéu thic P = x* + y* + 2*.

Huéng dén gidi
Theo bat ddng thitc Cosi cho 4 56, ta c6 x* y* + z* + 1 > 4xyz, (1)
X+ l+1+124x, - 2)
V4 141+ 124y, (3)
+l+1+1>4z 4)
Cong tirng v& (1) (2) (3) (4), va ¢6
2 +y 4+ 2 + 102 4(x + ¥ + 2 + xy2). (5)
T gid thi€tx + y +z +xyz =4, va tit (5) suyra P> 3. (6)

D#u biing trong (6) x3y ra < déng thdi c6 d&u biing trong (1) (2) (3) (4) .
ox=y=z=1(chi yringkhix=y=z=1thix+y+z+xyz=4)
ViyminP=3 o x=y=z=1.

Bai15: Chox>0;y>0va 2+ 242 -3
2 2 4

Tim gid trj nhd nh4t cia bi€u thic P =x* + y*.

Hudng dén gidi
Vi€t lai gid thi€t dudi dang 2x + 2y + xy = 12. )
Theo ba't ddng thitc Cosi, ta c6 x* + 2° + 2* + 2% > 4.8x, )
x4+ vy + 28+ 20> 4.4xy, (3)
v 420 +20 42> 48y, 4)
Cong titng v& (1) (3) (4) va c6 2P + 128 > 16(2x + 2y + x¥). (5)

D4u bing trong (6) xdy ra <> x =y =2 (chi § khi x = y = 2 thi (1) thda min)
Vay minP = 32. Gid tri nhd nhit dat dugc khi va chikhix =y = 2.

Bai 16: Cho x > 0; y > 0 va xyz’ + xy + z° = 15.

72

Tim gi4 tri nhé nhat cda bi€u thic P = x* + y* + 22*

Huéng dén gidi
Ap dung bat ding thitc Cosi, ta c6 x* + y* + 2* + z* > 4xyZ?, )
x*+y* 4+ 9+ 9> 12xy, 2)
' +2+9+9> 122 (3)
4. 4 . r4 4 4 nd
T (1) (2) (3) suyra X +y4+22 + X +};2+22 +3 zxyz2 +xy+zz. (C))

Tir gid thi€t xyz” + xy +z° = 15 va tir (4) suyra §+-1%+3215: P>36 (5)

Dé thdy ddu bing trong (5) x4y ra
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& x=y=z= /3 (chii ¥ khi dé xyz’ + xy + 2> = 15)
ViyminP=36 o x=y=z= /3.
Nhén xét: Ta c6 cdc bai todn tuong ty sau:
1. Chox,y, z, t>0 va thda min diéu kién xy + zt + Xyz + yzt + Xyt + xyzt = 7
Tim gié tri nhd nh4t cha biéu thitc P = x* + y* + 2* + ¢*.
Theo ba't ding thitc Cdsi, ta c6: x* + y* + z* + (* > dxyz1
X +y'+72' +1>4xyz
y4+z4+l4+ 1>4yzt
X+ttt + 1> 4xat
Xy et 41> 4yt
x*+y* + 1+ 12>4xy
et 1+ 124zt
Cong tirng v€ cdc bat ddng thitc trén va c6:
5P + 8 > 4(xy + zt + Xyz + yzt + ZtX + Xyt + Xyzt)
=>5P+8>28=>P>4 *)
D4u bing trong (*) xdyra<> x=y=z=1=1.
Vay minP = 4. Gi4 tri nh6é nhitdat dugckhix=y=z=t=1.
2. Chox,y,z,t € (0;2) va Xy + zt + 2(Xyz + yzt + ztx + xyt) + 3xyzt = 13,
Tim gi4 tri nhé nhét cla biéu thitc P = x* + y* + 2* + t*.
S& dung bat ddng thirc Cosi nhu phin 1 ciia chi ¥ ta ¢6

X +yt 2+

3xyzt <3 )
d 4
4, 4, 4 4
2(xyz+yzt+ztx+xyt)$23(x +y4+z ! ),
x4+y4+z4+4
Xy+zt< .

4
TrdésuyraP>4 > minP=4ox=y=z=t=1.

1.4. Phuong phdp thém bét hang t&
Phuong phédp sif dung trong muc nay, ciing tudng ty nhu phuong phip dai
ding trong muc 1.3. Piéu khdc nhau chi 1a & ch thay cho viéc thém bét
hiing s0, thi viéc thém bét vao bi€u thic cAn tim gid tri 16n nhat, nhd nhat &
ddy l1a cdc hang tlf c6 chita bi€n! Khi sit dung phudng phdp nay cin chii y
di€u kién ding thic x4y ra khi nao d€ thém hang ti cho phi hop.

73



Chuyén dé BDHSG Todn gia tri 1dn nh&t va gid tri nhd nh&t ~ Phan Huy Khdi

Bai 1: Cho x, y, z 1a cdc s8 thuc duong va xyz = 1. Tim gi4 tri nhd nh4t cla bi€u

x3 y3 Z3

thic: P = + + .
d+x)1+y) (A+z2)d+x) (A+x)(A+y)

Huédng dén gidi
Theo b4t ding thic Cosi, ta c6

3 3
X +1+x+l+y>3{[ X 1+x1+y’ a)

d+x)1+y) 8 8  \Vda+x)(1+y) 8 8
3
hay X +1+x l+y22>£. )
d+x)1+y) 8 8 4
3 -
. in , X 1+x 1+y X=y
Dau bang trong (1) xay ra <& = = Rt
g trong (1) x2y I+x)d+y) 8 8 {8x3=(1+x)3
oSx=y=1. _
3
Lap ludn twong ty 6 —— 4 1XZ2, 1EX 3
(A+z)1+x) 8 8 4
3
z l+x+1+y>3_z. 3)

A+x)d+y) 8 8 4
D4u biing trong (2), (3) tuong ing xdyra<>z=x=1;x=y=1.

Cong tirng v&€ (1) (2) 3) va c6 P + %Zé(x +y+2). 4)

D4u biing trong (4) x4y ra <> dbng thdi c6 ddu bing trong (1) (2) (3)
Sx=y=z=1

Lai theo b4t ding thitc Cési, ta c6: x +y + 2> 33xyz =3 (5) (doxyz=1)
T dé suyraP + 323=>PZ§. 6)

4 2 4
D4'u bing trong (5) xdyra <> x=y=z=1(doxyz=1).
D4u bing trong (6) xdy ra <> ddng th&i c6 ddu bing trong (4), (6)
Sx=y=z=1.

Nhu vy ta ¢6 minP =%. Gi4 tri nhd nha't dat dugc khi va chikhix=y=z=1.

Nhén xét: Ta giai thich chit it v€ 1i do vi sao lai thém vio cic hang tf nhu di.
lam & trén.
3
P -, X A A 2 o 2 Py 9 . ~
V6i hang tf —————— ta cAn thém hang tir ddm bio c6 thé khir di miu s6.
d+y)l+2)
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Don gidn nhit la cic hang tif thém vio c¢6 dang —=— 1+y, £+— v6i o 1a s& duong
a o

ndo d6, sau dé 4p dung bat ding thitc Cosi cho ba s8. P& xac dinh o ta chi ¥ d&n

diéu kién dé€ dau bliing xay ra trong bit ding thic Cosi. Lai do tinh d8i xting cia

bi€u thitc P nén ta biét ru6c ddu biing thudng xdy ra khi x =y =z = 1. Vi th& oY

x> 1+ y_ 1+2z

(1 +y)d+ z) o a

vathayx=y=z=1,tacé a=8.

D6 chinh 14 1i do vi sao ta thém vao cdc hang tlf nhu trén!
Bai 2. Cho x, y 1 c4c s6 duong va thda min diéu kién xy = 1.

3 3
Tim gid tri nho nhét cia bidu thic P= =—+ Y
I+y 1+x
Huéng dén gidi
3 3
TheobatdangthtrcCom ta c6: x_+l+y -1— 233 ——-ﬁl-l-
I+y 4 2 I+y 4 2
3
hay 2+ 1F¥ 1.3, (1)
I+y 4 2 2
v 1 | x3 I+y 1
D4iu béng trong (1) xdyra<c> —=—=-=— & x=y=1.
I+y 4 2
3
y I+x 1_3
Lép luidn twong ty, tacé—+ +—2—-Y. 2
4p fan fuong I+x 4 2 2y @)
D4u biing trong (2) xdyra<>x=y=1.
Céngu‘mgvé’(l)(Z)vacéP+%+x+y+12%(x+y)
3.5
>P+ —2-(x+Yy). 3
> 4( y) (3)

D4u biing trong (3) xdyracox=y=1.
Lai theo bat dng thitc Cési, ta c6 x +y>2./xy =2 (doxy = 1).
Tﬁ’désuyraP+%Z—§—(x+y):PZl. 4)
D4u bing trong (1) xdyrae>x=y=1
Nhédn xét: RS rang phu thém vao hang ti¥ ix;;, ta phai thém vao hang tir c6

dang Ity va hing s0 B (chd y do & ddy x mii ba, vd 1 + y & miu s8). Ta
a
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bi&t ring ddu ddng thic xay ra khi 4p dung ba't ding thitc Cosi cho ba s& trén

13 x =y = 1 (dva vao tinh d6i xitng ctia P)

3
Te 2 -1*Y _gradox=y=1=0a=4 conp=2.
l+y o

D6 1a li do thém vao cdc hang tl va hing s6 nhu dd lam & trén.

Bai 3. Cho x, y, z, t 1a cdc s6 thuc duong théa min diéu kién x +y+z +t = 1.
2 2 2 2

Z t

s+ + .

X+y y+z z+t t+Xx

Tim gi4 tri nhd nhat cda biéu thitc P =

Huéng dén gidi
2 . 2
Theo bat ding thitc Cosi, ta 6 — +"+y22/" b A
X+Yy 4 x+y 4
2
hay ———+ 27 5 )
X+y 4
2
D4u bing trong (1) xdy ra & X =x+y®x=y
X+y 4
2
Lép luan tuong tv c6: y—+u >y, 2)
y+z 4
2
RN LA 3)
z+t 4 °
2
L S )
t+x 4
D4'u bing trong (2) (3) (4) tuong Ung xdyra S y=z;z=t;t=x.

X+y+z+t

Cong tirng v€ (1) 2) B) (4) va c6 P + 2X+y+z+t,

hayPE% (5) (dox+y+z+t=1)
D4u bing trong (5) xdy ra <> déng thdi c6 ddu biing trong (1) (2) (3) (4)

@x:y:z:t:% (dox+y+z+t=1).

Viy minP = % Gid tri nhé nha't dat dugc khiva chikhix=y=z=t= %

Bai 4. Gid stt x>0,y >0, z> 0 théa mén di€u kién xy + yz + zx > 3

3 y3 Z3

X
\/y2 +3 +\/yz +3 +\/x2 +3

Tim gid tri nhd nh4t ciia bi€u thic P =
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Bai5.Chox>0,y>0,z>0vax+y+z< ~.

Huéng dén gidi
Ap dung bat ddng thic Cosi, ta cé
x> x3 y +3 x> x3 y2 +3
33 . . s
\/y +3 \/y +3 \/y2+3 \/y2+3 8

3 3 2
hay LK Y3t (1)
Jy2+3 y*+3 8 2
3 2
D4u bing trong (1) xdy ra & \/z =Y 8+3 &8 = (Y2 +3)Jy? +3
y +3
S 64x° = (y* + 3 o 4x? =y + 3.
3 3 2 2
Lap ludn tuong tu, ¢ J + Y +L +323y_, (2)
\[zz+3 \/22+3 8 2
3 3 2 2
z z X +323z_. 3)

+ +
Vx2+3 Vx2+3 8 2
D4u biing trong (2) (3) tuong ng x4y ra khi 4y’ =22 + 3va 42> = x> + 3.
2,2, .2
X“+y“+z 9>3
XY T2 752yt 422, (4
2 3 5 y?+2%). (4)

D&u biing trong (4) xdy ra <> ddng thdi c6 ddu bling trong (1) (2) (3)

Cong tirng v€ (1) (2) (3) va ¢6 2P +

4x2=y2+3

o {4yt =22+3 ©ox=y=z=1

47> =x% +3
Talaic6 x>+ y* +2°> Xy +yz + zx > 3. (5)
Tirdésuyra2P+%2%(x2+y2+zz)z%:Pz%. (6)

DAu biing trong (6) x4y ra <> dong thdi c¢6 dau bing trong (4) (5)
ox=y=z=1

VéyminP=%<:>x=y=z=l.

W

4
1 1 1

+ + :
JX+3y  Jy+3z Jz+3x
Huéng din gidi
Ap dung ba't ding thitc Cbsi, ta c6:

Tim gi4 tri nhd nhit cda bi€u thic P =
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1
Jx+3y +\/x+3y

hay ! + !
Jx+3y  Jx+3y

D4'u biing trong (1) X3y ra <& ——=x+3y & x+3y=1.
JX+3y

+x+3y23§/ (x+3y)

\/x+3y‘\/x+3y

+x+3y23. 1)

1 1
\/y+3z +\/y+3z

+Z+3x2> 3. 3)

ry+3223, @

Li luén tuong ty, ta c6

1 1
+
Vz+3x  z+3x
D4u bing trong (2) (3) twong Gng xdyra <>y +3z=1vaz+3x=1.
Cong ting v€ (1) 2) 3) va c6 2P + 4(X +y +2)> 9

=2P>9-4(x +y +2). 4)
D&u bing trong (4) x4y ra < ddng thdi c6 dau bing trong (1) (2) (3)
x+3y=1
et y+3z=1.<:>x=y=z=i-.
z+3x=1
Dox+y+z$%néntl‘r(4)suyra2PZ6:>PZ3. 5)

D4u biing trong (4) x4y ra <> d4u bing trong (4) xiy ra
N 3 1
VAX+y+z==-<&Sx=y=z= —
y 4 Y 4

Tir d6 di d&n k&t luan sauminP=3 & x=y=z= %
Bai 6.Chox,y,z>0va x>+ y* + 2> = 3. Tim gid tri nhd nh4't ciia bidu thitc
1 1 1
P= + + .
Yxy+2) Yy@+x) IYz(x+y)
Huéng déin gidi
Theo b4t ddng thic Cosi, ta c6
1 1 1 x(y +2) 1
+ + + >44 . ¢))

%/x(y +2) -E/x(y +2) %/x(y +2) 232 232

D4u bing trong (1) x3y ra

1 x(y+2) 2 A4
= SR+ =2"=x(y+2)=2.

<
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A 3 3 y(z+x) 1
Lip luin tuong tv, ta c6 + s 44ﬂ , 2)
P & %/y(z +x) 232 232

3 Z(x+Yy) 1
+ 244 . 3
| Pex+y)y 22 232 ®
D4u bing trong (2) (3) twong tng < y(z + x) = 2; z(X + y) = 2.

Cong titg v& (1) (2) 3), ta c6 3P + 20¥+yz+z0) 12 12

ey

12 xy+yz+zx

=3Pz - @)
D4u biing trong (4) xdy ra <> ddng thdi c6 ddu biing trong (1) (2) (3)
Xy +Xxz=2
O yz+xy=2 <xy=yz=zx=1x=y=z=1(dox>0,y>0,z>0).
Xz+yz=2
TacOXy+yz+zx <X’ +y +2°=3. )
D4u biing trong (5) xdyra<>x=y=z=1.
Til’(4)(5)tac63PZ-1—2—--_—3—=—9—=>P2—3—. 6)
2 302 P2

D4u bling trong (6) x4y ra <> ddng thdi c6 ddu bing trong (4) (5)
Sx=y=z=1

4 3
Nhuth€ minP= — ©x=y=z=1. .
73 y

Bai7.Chox >0, y>0,z>0 va thba man diéu kién

XY+/Xy +y2\/;Z—+ZX\/-Z_X-=1.

%6 y /6
Tim gid trj nhd nhit cla bi€u thic P = ———+ ——+—5—.
X+y’ y+z0 z0+x
Huéng dén gidi
PatX=x, Y=y, Z2=7.
Khi d6 tacé6 VXY +VYZ +VZX =1. ¢))
2 2 2
Licd6P= =X+ L 2 )
X+Y Y+Z Z+X

Bai todn da cho trd thinh: Tim gid tri 16n nhit cda P (duéi dang (2)) véi diéu
kién (1) '
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[ 2
X XY o
X+Y 4
2
Theo bit ding thitc Cési, ta c6: {——+ 172>y  (4)
Y+Z ' 4
2
2 _,Z+X,,
~Z+X 4
D4u bing trong (3) (4) (5) twong ¢ng xdyrakhi X=Y;Y=Z;Z=X.
C(f)ngtirngvé(3)(4)(5)vﬁcéP+#ZX+Y+Z
:Pzw. (6)

D4u biing trong (6) xdy ra <> ddng thdi c6 ddu biing trong (3) (4) (5)
oSX=Y=2Z

Lai theo b4t ddng thitc Cosi, ta c6:

X+Y+Z > VXY +JYZ+4ZX =1 (theo (1))

(ddubingxdyrae X=Y=Z= %)

T d6 theo (6) suyra P>

1
-, 7
> @)
1 1
D4u bing trong (7) xdyra<> x=y=z= —. Nhu viy ta c6 minP = —.
g_ g (7) xay y 7 Ay ) >
S 1
Gid tri nhé nhidtdatdugc @ x=y=2= —.
1 ( y B
Nhdn xét: Xét bai todn tuong tu:
Chox>0,y>0,z>0vaxyz= 1. Tim gi4 tri nhé nh4't cia bidu thic
p= : 2 : 2 = 2 ’
xX(y+z) y(z+x) z°(x+y)
L% gidi nhsau: PatX = L; Y= +;2= 1
X y zZ
Khi @6 P c6 dang
2 2 2 x’yz xyz 273
P= + + = + +
1(1 1) 1(1 1) 1(1 1] Y+Z Z+X X+Y
— == —=|=+=| =|=+=
xX2\Y Z) Y3\Zz X) 722\ X Y
2 2 2
= X + Y + Z (doXYZ=1)
Y+Z Z+X X+Y
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(2
X +Y+ZZX w
Y+Z 4
2
Theo bAt ding thifc Cosi, ta c6: {——+ 2 X5y (2)
Z+X 4
2
Z +X+YZZ 3)
X+Y 4
C(f)ngtl‘rngvé(l)(Z)(3)céP+&—;(—4£2X+Y+Z
:Pzzi-ﬂz{i%. @)

Dau biing trong (4) x4y ra <> dng thdi c6 dau bing trong (1) (2) (3)
oX=Y=Z=1.
Lai theo bat ding thitc Cosi, ta c6 X + Y + Z> 3YXYZ =3 (do XYZ = 1)

Tir @6 suy raPZ-i— (S
DE thdy ddu biing trong (5) xdyra>X=Y=Z=1ox=y=z=1.
Vay minP = % &Sx=y=z=1.

Bai8.Chox>0,y>0,z>0vax+y+z=3xyz.

Tim gid tri nho nhét cita bi€u thie P= 22—y =4 -
x“(z+2y) y'(x+2z) z(y+2x)
Huéng dén gidi
Dé[X:l,Y:l’Z:l
X y z
Tir gid thi€ttac6 X>0,Y>0,Z>0va XY+ YZ+ZX =3. *)
3 3 3 ‘
Liic nay dé thdy P = X + Y + Z .
Y+2Z Z+2X X+2y
A 2 P A 9X3 2
Theo bat dang thitc Cosi, ta cé +(Y +2Z)X > 6X°, )
Y +2Z
3
28 +(Z+2X)Y > 6Y?, )
Z+2X
3
22 (X+2V)Z 2622 (3)
Z+2Y

D4u bing trong (1) (2) (3) twong ng x4y ra khi va chi khi (do X > 0,Y>0,
Z>0)
81



"Chuyén dé BDHSG Todn gid tri l6n nhat va gia trj nhd nh&t — Phan Huy Khai

Y+2Z=3X;Z+2X=3Y;X+2Y =3Z

Cong titng v& (1) (2) B) va c6 P + 3(XY + YZ + ZX) 2 6(X> + Y> + Z%). (4)
D4u biing trong (4) xdy ra < d6ng thdi c6 ddu bing trong (1) (2) 3)

& X=Y+Z=1(do(*)

Lai theo bat ding thitc Cosi, ta c6 X2 + Y2 + Z* > XY + YZ + ZX. (5)
D4u biing trong (5) xdyra X=Y=Z=1.
T (5) (4) va do XY + YZ + ZX = 3 (theo (*),suyra P> 1. i 6)

D4u biing trong (6) x4y ra <> ddng thdi c6 ddu bing trong (4) (5)

oX=Y=Z=1lox=y=z=1.

Viy minP = 1. Gi4 tri nhd nhat datdugckhix=y=z=1.
Bai9.Chox>0,y>0,z>0va Jxy +yz +Vzx = 1.

X3 y3 Z3

+ + .
y(z+x) z(x+y) x(y+2z)
Huéng dén gidi

4x3
y(z +Xx)

4y3
Z(x+Yy)
3

Tim gi4 tri nhd nhit cla biéu thic P =

Theo bat ding thic Cdsi, ta c6

+2y+(z+x) >6x, (1)

+2z+(x+y) 26y, (2)

+2x+(y+2z) >6z. 3)
x(y +2)

D4u biing trong (1) (2) (3) twong @ng x4y ra khi va chi khi
4> =2y%(z +x);2y=z+x
4y’ =27 (x +y);2z=X +y
47’ =2x*(y+2);2x =y +z

-<:>x=y=z=-;—(do \/)G+\/S'_z'+ zx =1).

Cong titng v& (1) (2) B) VA c6 4P +4(X +y +Z) > 6(X + Y + Z)
X+y+2z

=>P>

C))

D4u biing trong (4) xdy ra <> ddng thdi c6 ddu bing trong (1) (2) 3)
2323 x=y=z=1

Lai theo bit ddng thitc Cosi, ta c6 x +y + 22 /Xy +4/yz +Vzx =1. (5)
D4u biing trong (5) xdyra>x=y=z=1L.

Tir (4) (S) suyraP> % ' (6)
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D4u biing trong (6) x4y ra < ddng thdi c6 ddu bing trong (4) (5)
Sx=y=z=1

Vé_iyminP:%@x:y:z:l-.

Nhdn xét: Hoan toan tuodng ty, ta c6 bai todn sau:

Chox>0,y>0,z>0vél+l+lsl.
Xy z 3
; <3 ¥ 2
Tim gi4 tri nhd nhA' ciia biéu thitc sau: P = >+ >+ 5
(y+2)" (@+x)° (x+Y)

Huéng din gidi

Biing cich st dung bi't ddng thirc Cdsi, ta c6 ( 8 s+(y+2)+(y+2)26x,
y+z

8y3
(z+Xx)
3

x+y)

3 +(Z+x)+(z+x)26y,

3 +(xX+y)+(x+y)=6z.

X+y+2z

Tir d6 suy ra P> *

Theo bét ding thitc Cdsi cd ban ta c6 (x+y+z)( += 1 + l) >0.
Xy

Z
1 1 1
Vi—+—+—<3ox+y+223. (*¥)
Xy 2z
T (*) va (**)suyraP > :::- )

Dé& thdy ddu biing trong (***) xdyraox=y=z=1.
Viy minP = %.Gié tri nhé nhitdatdugckhix=y=z=1.
Bai10.Chox>0,y>0,z>0va /Xy +fyz +/zx =3.

Tim gi4 tri nhd nh4t cla biéu thitc P =

Tff

Huéng dén gidi
DoP>0trén mién xdc dinh cia n6, nén minP = minP? . (1
2
Tac6P*= X +— Z—+2"\/_ 21z 2k

y NN J'
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Ap dung bat ding thic Cdsi cho 4 56, ta c6:

x? x\/— [+>4\/x x\/_x\/_
RN N y 2 iz

2
hay x—+3(-\/—;+ﬂ+z > 4x. (D)
Y

y Nz Nz
D4u bing trong (1) xdy ra & _x__= =Z OSX=y=1Z
y z -

y> yz yvz

Tuong tu, ta cé —+—+—+x>4y, (2)
NrRe

22 zJ— zJx
NS

DA4u biing trong (2) 3) déuxdyrax=y=z.

Cong tirng v& (1) (2) (3) va ¢6 P2+ (x + y+2)Z24(X+y+2)
=P >3(x+y+2). 4)
D4u bing trong (4) x3y ra < dong thdi cé ddu bing trong (1) (2} (3)
Sx=y=z

Laidox+y+z2> \/)G+\/ﬁ+\/z_=3,

—+y=24z. 3)

nén tlr (4) c6 P>09. ()
Dau biing trong (5) xdyra<x=y=z=1(do \/E+\/y_z+\/_z—=3)
Tir 46 ¢6 minP* = 9. (6)

T (1) (6) suyraminP=3 & xyz=1

Béi11.Chox>0,y>0,z>0v£1x=y=z~1
£y .z

2
y2 2

Hudng dén giai
S
Theo bét ding thitc Cosi, ta c6 = +xy? 22x. (1)
y

5
D4u bing trong (1) xdy ra < —xT=xy2 o x=y(dox>0,y>0).
y

Tim gi4 tri nhd nh4t ctia biéu thic P =

Tuongtycé =+ yz2>2y°, 7 (2
5

y
22
z +zx2 >22°. 3)

bl
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D4u bing trong (2) (3) twong tng xdyra &y =2z;z=X.
Cong titng v& (1) 2) B) va c6 P+ (xy* + yZ* + zxH) 2 2(> + y* + 2°),

hay P> 2(x* + ¥ + 2°) — (xy? + yZ2* + zx%). 4)
D4u bing trong (4) x4y ra <> dong thdi c6 ddu bing trong (1) (2) (3)
Sx=zy=z=1 (doxyz=1)

RG rang ta c6 x> +y’ + 2° > xy* + yz2* + zx°. 5)
D4u béng trong (5) xdyra < x =y =z.

Tir (4) (5) suyraP>x’+y* + 2% (6)

D4u biing trong (6) x4y ra <> ddng thdi c6 ddu biing trong (4) (5)
oSx=y=z=1.
Lai theo bat ddng thidc Cosi,tacé x> +y* +2°>3xyz=3 (doxyz=1)
Tu dé theo (6) suy ra P> 3. @)
D4u biing trong (7) xdy ra (dé thiy) <& x=y=z=1.
Vay minP = 3. Gi4 tri nhd nhit datdugckhix =y =z =1.
Nhén xét:
1. Ta chitng minh (5) nhu sau:
Theo ba't ddng thitc Cosi, thi  x* +y* +y° > 3xy?
v+ 22+ 2> 3y
2+ x>+ x> 3z
Cong tirng v& ba bat ding thic trén suy ra dpcm.
2. Tuong tu ta c6 bai todn sau:
Chox>0,y>0,z>0va xy\/;§+yz yz+szz—x =3.

. VORI
Tim gid tri bé nhat cia bi€u thic P = — + =—+ —.
yZ X Xy
Loi gidgi nhu sau:
5
Theo bat ding thitc Cdsi, ta c6 . xyz >2x°, ¢))
yz
¥
I+ xyz >2y°, (2)
zX
25
Z+xyz 222’ (3)
Xy
Cong tirng v€ (1) (2) (3) va c6 P + 3xyz > 2(x* + y* + 2°). ()]
Theo bat ding thitc Cosi, thi x° + y* + 2° > 3xyz. (5)
Tt (4) (S)suyraP>x*+y’ + 2. ' (6)

Lai theo bat ding thitc Cdsi, thi
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X +y +2° 2 xy[xy +yzfyz +zxVzx =3. Q)
T (6) (7) c6 P> 3. 8
Dé thiy ddu biing trong (8) xdyra<>x=y=z=1.
ViyminP=3ox=y=z=1.
Bai12.Chox>0,y>0,z>0vaxy+yz+zx=9.
) NCRE QR
Tim gid tri nho nhét cla bi€u thic P= —++—..
y z» x

Huéng dén gidi

Theo bit ding thitc Cdsi, ta cé: —+xy2—, ¢))
+yZ—°'——s (2)

—_—tZX > —. 3)

D4u biing trong (1) (2) (3) tuong Ung X3y ra<>x=y;y=z;Z=X.
303 .3

Cong timg v€ (1) ) 3)vac6 P> 2[§-—+-}'—+—J — (XY + yZ + 2x). (4)
y z x

D4u bing trong (4) xdy ra < ddng thdi c6 ddu bing trong (1) (2) (3)

cx:y:z:«/g (doxyz=3x/§)
3
Lai 4p dung bat ddng thitc Cosi, ta c6 X ixy 22%,

3
-y—+yz_>.2y2,
z
3
Z—+zx2222.
X
R R
Tir d6 suy — + 2=+ — >2(x* + y* +2%) - (Xy + yz + zX).
y z X
Laido x* + y* + 2% > Xy + yz + zx, nén tif trén c6
303 .3
x—+y—+z—2xy+yz+zx. &)
y z X

Biy gid tir (4) () suyraP>xy +yz+2x=9  (6)
Ddu biing trong (6) xdyra <> x=y=z= /3.
TémlaitacominP=9 & x=y=z= V3.
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Nhén xét: Bing cidch lam tuong t, xin mdi cdc ban hiy ty gidi cdc bai todn sau:

1. Chox>0,y>0,2>0va théa man didukién ~+++1 <3,
Xy z

oyt g
Tim gi4 tri nhd nh4t cla bi€u thic P = —+ =+ —.
xy® zx* xy

Pép s6: minP = 3. Huéng din: Chitng minh P>x +y +z. |
2. Chox>0,y>0,z>0vathéa min diéu kién x*> + y* + 2> = 9.

x5 y5 25
Tim gi4 tri nh6 nhdt ca bi€u thic P = =+ -+ =
y© z¢ X
9
X+y+z

Pdp s6: minP = 3. Hréng din: Ching minh P >

3. Chox>0,y>0,z>0vax+y+z=1.

3 y3 Z3

Tim gi4 tri nhd nhi't ciia biéu thic P = + + .
X+2y y+2z z+2x

DPdp s6: minP = % Hudng din: chitng minh P > %— X +y + 7).

Bﬁil3.Chox>0,y>O,z>Ové2(x+y+z)=xyzz.

Tim gi4 tri nhé nhit ciia bidu thitc P = x* + y* + 2y* + 32 (l L 3) :
Xy z
Huédng din gidi
Ap dung ba't ding thitc Cosi, tacé x* +y* +z* + 2* > axy7?, (1)
8x + g’—% > 32, 2)
X
3y + 32 > 32, 3)
y
162+ 2 > 64. 4)
z

Cong titng v€ (1) (2) ) () va c6 P+ 8(x +y +22) > 4xyz2 +128. (5)
Do 2(x + Y + 2z) = xyz%, nén tr (5) suy ra P + 4xyz’ > 4xyz’ + 128
=>P>128. ' (6)
D& thiy ddu biing trong (6) xdyra > x=y=2z=2,

(chiy lﬁcx=y=z=2,th‘1xyzz=2(x+y+22)= 16)
ViyminP=128&x=y=z=2.
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Bai 14. Cho x, y, z 12 ba s6 duong vi thda min di€ukiénx +y +z=3
Tim gi4 tri nhd nhat clia biéu thirc
3 3 3
X z 2
P= y ——(Xy +yz + zX).
v+ 8 2%+ 8 x3+8 27

Huéng dén gidi
3
o a2 o AL . y+2 y -2y+4 X
Theo bat d thitc Cosi, t -
eo bat dang thic Cosi, ta c6 y3+8 > > 3
3 92
:37( Z9x+y y 6. (1)
y +8 27
3 2
R » X y+2 y -2y+4
Dau biang trong (1) xdyra < = =
g trong (D x3y v +8 27 27
3
X y+2
=1’——=_ =V =
y y3+8 27 X=y 1
o & 4
x> y+2 y=2x=—
y +8 7
3
A A P y 9y+Z Z _6
Lap ludn tuong ty, ta co )
d 8 z3+8 27
3 2 _
3z Z9z+x X 6. 3)
X" +8 27

y=z=1 z=x=1
D4u biing trong (2) (3) twong ¢ng x4y ra <

z=2y=i;x=lz=i.
3 3
Cong tirng v€ (1) (2) (3) va cé:
x> N y3 z3 J10x+y+2)- x*+y?+2%)-18
y +8 z22+8 x*+8

> - (4)

Dox+y+z=3,néntr(4)cé
x3 . y3 + 23 30 [(x+y+z) —2(xy+yz+zx)] 18
y +8 z22+8 x° +8 27
3 3 3
= 3x + y + —-2—(xy+yz+zx)>l
y+8 z2°+8 x3+8 27 9

1
hay P> —.
YEE9

&)
D4u biing trong (5) x3y ra <> dong thdi c6 ddu bing trong (1) (2) (3)
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Sx=y=z=1.
VéyminP=é©x=y=z=l.

Bai 15. Cho x, y, z 1a cdc s3 thyc dudng va thda man diéu kién xyz = 1.
Tim gi4 tri nhd nh4t cta bidu thic
1 1 1
2 7t *t2 :
X(y+1)z+1) y +DE+1D) zx+1D)(y+1)
Huéng déin gidi

P=

bitX=~-;Y= i;Z= l.Khid(’)dox,y,z>Ovéxyz=l,néntacc’)X,Y,
y

X X

Z ciing 12 cdc s6 duong va XYZ = 1.
4 4 4
Khi d6 P = X'YZ . Y*ZX N Z2'XY
Y+D(Z+1) Z+DX+1) X+D(Y+)D
X \& z’
= + + .
Y +1D)(Z+1) Z+D)X+D) X+D(Y+)D

[ X3 Y+1 Z+1_3X
+ + >
Y+I)(Z+1) 8 8 4
3
Ap dung b4t ding thirc Cési, ta c6 | Y LZrl X1 3Y
(Z+D)(X+1) 8 8 4
z’ X+1 Y+1_3Z
+ + >2=
\(X+l)(Y+l) 8 8 4
Cong titng v& ba bat ddng thirc trén va c6 P + % +%2 %(X +Y+7Z)
—p>XtY+Z 3 )
2 4
Dé thdy ddu biing trong (1) xdyrac<>X=Y=Z=1.
Lai theo bat ding thitc Cési, tacé X + Y + Z 2 33XYZ =3. 2
Dau biing trong (2) xdyrac>X=Y=Z=1.
T () @) o6 P 3. 3)

D4u bing trong (3) x4y ra <> ddng thdi c6 ddu bing trong (1) (2)
SX=Y=Z=lox=y=z=1.

Va_‘lyrhinP=%<:>x=y=z=l.
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1.5. Phudng phdp nhém céc s& hang

Khi st dung phuong phdp bt ddng thic dé tim gid tri I6n nhit va nhé nhit
ctia mot ham s& hodc ciia mot biéu thic ta thudng si dung nhidu bt ding
thitc phu. D€ ddm bdo ddu bing trong bit ding thitc chinh X4y ra ta cin ddng
thdi c6 ddu bing trong cdc bat ding thitc phu. Viéc nhém cic s6 hang trong
biéu thic cAn fim gi4 tri 16n nhi't (hoic nhd nhat) phdi dim bio dugc tiéu chi
nay. C4c bai todn trinh bay sau diy s& th€ hién rd diéu ndy va chia thinh hai
loai sau:

Leoai 1: Cdc phép nhém thong dung

Bai 1. Cho ba s& duong x, y, z théa man di€u kién x +y +z = 3.

Tim gi4 tri nhé nh4t ca biéu thic
X +z Z+X z X+
+ y + y + + + y .

S=
y+z X zZ+X y X+y z
Huéng din gidi
Viét lai S du6i dang sau: '
Sz( X L2 ]+(§+1J+(l+-z-)+(-z-+-§). ¢3)
y+z z+x x+y) \y x z y) \x z
Theo bit ding thic Cosi, tac6 =+ >2, )
y X
1:250 3)
z x
Z:Xs0 4)
X z
D4u biing trong (2) (3) (4) tlrdnglmgxfiy rakhix = y,y ZVva zZ=X.
Ta c6 X + y + —(x+y+z)( 1 )—3
y+Z Z+X X+Yy y+2z z+x x+y
-—[(y+z)+(z+x)+(x+y)][ L - J—3.
+z z+x X+y
Tir d6 theo bat ddng thitc Cosi cd ban, ta c6
SIS A >—9-—3—3 (5)
y+z z+x x+y 2 2 '

.Ddubling trong (5) xdyra > y+z=z2+x=x+ySx=y=z

920

Cong ting v& (2) 3) @) va c6 P> % . 6)
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D4u biing trong (6) xdy ra
< d6ng thdi c6 ddu bing trong (2) (3) (4) (5)
oSx=y=z=1 (dox+y+z=3)

Til’déminP=1—25- Sx=y=z=1.

Nhén xét:
1. Trong 13i gidi trén da si dung phép nhém cdc s6 hang rdi 4p dung bit
d4ng thic Cosi. D6 12 mot phép nhém ding. |
2. Xét phép nhém sau day:
Ta c6 thé vié€t lai P du6i dang sau:

p=( X +y+z]+( y +Z+XH . +x+y].
y+z X Z+x Yy X+y z

Ap dung bt ding thic Cési, ta cb SRS AN SN
y+z X
Y 42 X50, @8
Z+Xx Yy
2 X520 (9
X+y z
D4u béng trong (7) (8) (9) tuong ¥ng x3y ra khi
—x—=y+zcx=y+z. (10) (dox,y,z>0)
y+z X
Y _ZIX y-z4x (11)
Z+Xx y
2 XY g=x4y (12)
X+y z
Cong tirng v& (7) (8) (9) va c6 P> 6 (13)

D4u bing trong (13) xdy ra néu nhw ddng thdi cé d4u bing trong (7) (8) (9)
Tuy nhi€n tt (10) (11) (12) suyrax+y+z=2X+y+z) =>x+y+z=0.
Diéu nay khong thé xdyravix>0,y>0,2>0,x +y +z=3.
Vay trong (13) khong c6 ddu bing. Tir d6 khong thé ké&t luan minP = 6.
Phép nhém trén 12 khong thich hgp.

Bai2.Chox>0,y>0va x* +y* = 1. Tim gi4 tri nhé nh4't cda biéu thirc

P=( +x)[1+—1-] +(1 +y)(l+l).
y X
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Huéng dén gidi
Nh6m céc s6 hang cia P € dua P v& dang sau:

P=1+x+—1-+5+1+l+y+l=[x+—l—) y+i MRS 4 +l —l—+l +2
y y X X 2x 2y y X) 2{x vy

Ap dung bét ddng thitc Cosi, ta c6 x + 2l >\2; y+ 5 >2. )
X
D4u biing x4y ra trong (2) & x = £-, y -%
Ta lai c6 theo bat dang thitc C6si 5 A >2, 3)
y X

g Y 2 X y

Diu bdng trong (3) xdyra<> —== < x =y
y X
Laicé —1-+-1—2 2 2 2 =242. ‘ “)
Xy \/E x2 +y?
2

(dox*+y*=1)
D4u biing trong (4) xdyra <> x =y.
Tt (1) (2) (3) (4) suyra S > 342 +4. (5)
D4u bing x4y ra trong (5) <> dong thdi c6 ddu bing trong (1) (2) (3) (4) va

X+y'=1 ox=y= —\/22
V2
o

T d6taco minS = 32 +4 > x=y=

Nhén xét: Néu thyc hién phép nhém sau: S =2 + (x + —1-) + (y + l] + (— + XJ.
X y

Khi d6 theo bit ding thirc Cosi, m8i bi€u thic trong ngodc déu 16n hon hoic
bing2vatacé S>8 (6)
D#u bing xdy ra trong (6) & x=y=1.
Tuy nhién khi x = y = 1 thi x* + y* = 2 khong théa man diéu kién x> + y* = 1.
Viy d4u biing trong (6) khong thé x4y ra vi ta chi c6 S > 8, nhut vay viéc fim
gid tri nh nhat clia S khong thé suy ra tir S > 8.
Phép nhém trén 12 khong ding.

Bai3.Chox>1,y>1,z> 1 va thda min di€u kién x + y + z = xyz.

y-2 L2 2 x-2

+
X2 y2 Z2

Tim gi4 tri nhd nhét clia biéu thitc P =
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Huéng din gidi
Tir gid thiét, ta c6 ——+——+ L =1 (1
Xy yz zx

Nhém lai P dudi dang sau

p = Y- 2+x+z—2+y+x—2+z_(l 1 1]

<2 y2 ) Xy z

x2 y2 ZZ 7z

1 1 1 1 1 1 1 1 1
=(X— 1)(x—2+z—2) +(y— 1)(74’){—2] +(z - 1)(Z—Z+FJ—(;+}1+;]

Dox>1,y>1,z>1nén 4p dung bat ding thirc Cosi, ta c6

=(x—1)+(y—l>+(y-1)+(z—1)+(z—1)+(x—1>_[1+1 1)
Xy

Pz2("‘1)+2‘Y‘”+2<Z‘”-(l 1+1) @
Xz yx zy Xy z
R 1 11
Tor(l)va(2)suyraP> —+—+—- -2, 3)
Xy z
X=z
D#u bing trong (3) xdyra <> {y=x & x=y=z= 3 (do (1))
z=y
11 Y (1 1 1
Laicé (—+—+—J 23(—+———+—J =3 (do (1))
Xy 2z Xy yz X
=>-l—+l+lz 3. @)
Xy z

Dau bing trong (4) xdyra<>x=y=z= /3

TY(3)(4)tac6 P> 3 -2 )

D4u biing trong (5) x4y ra <> ddng thdi c6 d&u bling trong (3) (4)

ox=y=z=43.

Tém laiminP = 3 -2 x=y=z= 3.
Bai4.Chox>0,y>0vaix+y=>4.

Tim gi4 tri nhd nh4't clia biéu thitc P = 2x + 3y + 6+10
X |y
Huéng déin gidi
NhémlaiPdl.l’é’ida,mgP=—l-(x+y)+3—x+6-9-5y 10. €))
2 2 x 2 vy
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Theo bat ding thifc Cosi, ta c6 ~+ 2> 2, /35 S_s, )
2 X 2 X
Y, 10,310 . 3)
2y 2y ,

D4u biing trong (2) xdy ra & 3_2x_ _$ &> x =2 con ddu biing trong (3) xdy ra
X

Sy
n_ =9
: y
Theo gid thiét, thi -;—(x ry)>2. o 4)
Tt (2) (3) (4) ta 6 P> 18. )

D4u biing trong (5) x4y ra <> dong thdi c6 diu biing trong (2) (3) (4)
<Sx=y=2.ViyminP=18 o x=y=2.

Nhdn xét:
1. Phép nhém trén 13 thich hgp vi dd ddm bdo ddu bing trong (2) (3) (4)
ddng thdi x3y ra.
. . . 6 10
2. XétphépnhémsauP=| 2x+— [+| 3y +—
X y
Tacé - 2x+ -6-246, (6)
3y + — >2J_ G

DAu bidng trong (6) xdy ra

<:>2x=§c>x=\/§c<‘)ntrong(7)xéyra<:>_3y--— y=
X

10 Jio
5

Tuy nhién vi /3 +——@ <4, vay khong thda min diéu kién x + y 2 4, tic

NE)
12 d&u bing trong (6) (7) khong ddng thdi x3y ra. Phép nhém trén la
khong thich hop, nén khong thé k&t ludn duge minS = 4+/3 +24/30.
‘Bai5.Chox>0,y>0,z>0 va thba man di€u kién x + 2y + 3z > 20.
Tim gid tri nhd nhét cda biu thicP=x +y+z= 3:.2.4
"X 2y z
Huéng din gidi
Viét lai biéu thitc P duéi dang
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P—(Ex+§)+ 1.2 +(lz+i)+(-l—x+-1- 32 )
VRS M TYAR ™S M Ve M VAR T Aes b

Theo bat ding thitc Cosi, ta c6

zx 3:2(x+i)>3, ©)
4 X

1 9 1 9

- —== +— 239

27 "2y 2(y y) @
1 4 1 16

—z+—== — 22

4z z 4(2 z) @
N o 1 1 1 3 1

Con theo gia thi€t, thi ATt AT =Z(X +2y+3z) 25. ®)
Tu (1) (2) (3) (4) suyraP>13. (6)

D#u biing trong (6) x4y ra <> ddng thdi c6 dau bling trong (2) (3) (4) (5)

{X y z oSx=2y=3z=4

X+2y+3z=20

Tir 6 ta ¢6 minP = 13. Gi4 tri nhd nhit datdugc &> x=2;y=3;z=4.

Céc ban c6 thé wr nghiém lai di€u d6 vdi chi §

Nhén xét: Phép nhém P = (x + 3) + (y + 22) + (z +i) 12 sai lAm.
X y z

Xx= \/§;y=\/g;z=2kh6ngth6am§nx+2y+32220.

Huédng din gidi

Viét lai f(x) dudi dang f(x) = (-;- + -1-) + S?X .
X

Theo bAt ddng thitc Cosi, ta c6 LN }i-l— =
» 9 x -V9x

ox=3.

D#u biing trong (2) x4y ra <

|-

X
9
Tir gid thi€t x> 3, ta c6 %"zg.
D4u bling trong (3) xdyra & x =3.

T (2) (3) c6 f(x) > ? .

Wi

Bai 6. Cho x > 3. Tim gi4 tri nhé nhat cfia him s6 f(x) = x + -l—
X

1)

2

(dox>0)

3)

C)
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D#u biing trong (4) x4y ra < ddng thdi c¢6 ddu bling trong (2) (3)
ox=3> minf(x)=£9o.
x23 3
Nhdén xét:

1. R3 rang khéng thé si dung x + 1 >2,
X

¢ . 1_10
vi ddu biing khong thé xdyradox >3 =x + —2-3—. (*)
X
PN ” 2 4. . 1_10
RO rang tir (*) khong thé chitng minh dugc x + ; > —3— .
2. Ta li gidi vi sao lai chon cdch nhém trén nhu sau:
Thong thudng ta s& viEt A = kx + 1 +(1-k)x.
X
. A, 2 ’ AL 1
Khi st dung bat dang thitc Cési kx+—2 2Jk,
X
N ' 1
dﬁ'ubingxéyraokx:lzx/icx=——. (*%)
X Jk -

Mit khdc néi chung diu bing dat dudc tai cic ddu mit clia diéu kién.
& day x > 3 thi d4u bing thudng x4y ra khi x = 3.

Thay lai vao (**)céd k= é
A A e x 1)} 8x .
Vi vy phén tich f(x) = (— + ~) +— nhutrén
9 x 9

3. Ta trinh bay cdch gidi khdc cho bai 6 nhu sau:

Xéthamsd f(x) =x + —1- véix>3.Tacod f’(x)=1—i2 >0khix>3.

X X
Vay f(x) 14 him ddng bi&n khi x > 3.

Dox>3néntacé f(x)=x+12f(3)=?.
X

D4u biing x3y ra < x = 3 = min f(x) _10
x23 3
Cich gidi nay viva ty nhién, vira gon gang va sing sla.

Bai 7. Cho x > 2. Tim gi4 tri nhd nh4't cia ham s6 f(x) = x + -l-

2
Huéng dén gidi
Vi€t lai f(x) du6i dang sau f(x) = (-’E +X —-l-) + -3'—& [6))
8 8 x? 4
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Theo bAt ding thic Cosi, ta cé6  —+=+ -172 XLl 3
8 8 x 88x% 4
D4 biing trong (2) x4y ra < -3=—12— ox=2.
X
T gid thi€tx>2 = %>% 3)

D4u biing trong (2) xdyra <> x =2,
T (2) (3)suyra min f(x) = 2 ox=2.
x22 4
Nhin xét:
1. Ta viét f(x) = (kx +kx + -12-)+(1—2k)x. . (*)
X
S& di vi€tkx + kx + —12- d€ khi st dung ba't ddng thitc Cosi thi s& triét tiéu
X
dugc bién x. Dau bing xdyra S kx = —1—2- okd=1.
X
Vi ta cho ring ddu biing thudng x4y ra khi x = 2 (vi di€u kién cho 13 x > 2).
Thay vao (**) c6 k = é, vi 1€ d6 tir (*) chon cach nhém nhu trong trong
13i gidi trén.
2. Gifng nhu bai todn 6 ta cé cich gidi khdc nhau nhu sau:
Xét ham s6 f(x) = x+ = khix >2.

Tacé f'(x)=1 ——2-3- > 0 khi x > 2, vay f(x) 12 ham ddng bi€n khi x > 2.
X
Dox>2,nénf(x)=x+ ———>f(2)——:>mmf(x)—-—

Bai8.Cho0O<x< % Tim gi4 tri nhd nh4't clia him s6 f(x) = 2x + —li—
X
Huéng dén gidi
Nhém lai cdc s6 hang cla f(x) nht sau f(x) = (8x + 8x + -15-) - 14x. (1)
X

Theo b4t ding thitc Cdsi, ta c6 8x + 8x + -1—2 233f8x.8x—17 =12. )
X X

D4u biing trong (2) X3y ra < 8x = —l— =3
x2

NI'—
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D#u bing trong (4) x3y ra <> ddng thdi c6 diu bing trong (2) (3) & x =

Viyminf(x)=5<x =

Laidoxs-;— = 14x<7. 3)

D4u bling trong (3) xdyra < x = %

Tit d6 va tir (1) suy ra f(x) > 12 - 7 = f(x) > 5. @)

N | =

N | =

Nhdén xét:

98

1. N€u nhém theo kiu sau: f(x) =x + X + Lz ,
X

r6i 4p dung bat ding thitc Cosi: X +x + iz >3. )
X

Tuy nhién khi d6 ddu bing trong (5) xdyra < x = Lz ox=1.
X

Vix=1¢g {x:0<x<g % }, nén trong (5) khong th€ xdy ra d4u bing nén

khong thé kétludn min f(x)=3 (m2 thyc t& didu nay qua 11 khong ding)

O<x<—
*=2

Phép nhém trén 12 sai lam.

. Ta gidi thich vi sao lai nhém nhv trén

Ta s& nhém f(x) theo dang f(x) = (kx + kx + lz) - 2k - 2)x.
X

Ta biét d4u bing trong bt ding thirc kx + kx + iz >33k2
X

xéyrac>kx=-—12-<:>x3=—l—. *
X k

Mit khéc 18 thudng tir diéu kién 0 < x < %, ta tién dodn dau bing x4y ra
. 1 . 1
khix = > Khix = 3 tr (*)c6k=8.

Vay f(x) dugc viét dudi dang f(x) = (Bx + 8x + —) - 14x.
X

. Talai c¢6 cdch nh6ém khdc d€ dua f(x) vé dang sau

1 7
f(x)=x+x+8?+8x—2. ™*
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Ap dung ba't ding thitc Cosi va c6 x +x + 8—17 2%. ©)
X

.D4u bling trong (6) xdyra <> x = —1—2 ox= l
8x , 2
LaidoO<x < l:LZZ. )
2 8x2 2
D#u biing trong (7) xdy ra < x = %
‘T (%) (6) (7) ta c6 f(x) = 5. (8)
D4u biing x4y ra trong (8) <> ddng thdi c6 diu bing trong (6) (7)
ox=i.

2

Vay mmI f(x)=5. Ta thu lai két qui trén.

0<<l
<=3

Vi sao lai nhém nhu th€. C4c ban thtt If gidi xem.
4. Xét cach gidi bing phwong phdp chiéu bi€n thién ham s& nhu sau:

3__
Ta c6 f(x) = 2x + LZ Vei0<x < L. Khidé fix)=2-2 =23 =D
X 2 x3 3

X
Viy c6 bang bi€n thién sau:
1
X 0 2 1
f - % 0
f 7

Tir d6 suy ra rninI f(x)= f(%) =5.

O<<—
2

C6 1& cdch ndy hay nhit.
Bai9 Chox>0,y>0vax+y<l.
Tim gi4 tri nhd nhat cha biu thdc P=x +y + L
. Xy
Hudng dén gidi

Xét phép nhém d€ dua P vé dang sau P = 4x + 4y + L 3x+y) (1)
Xy

Ap dung bt ding thirc Cosi cho 4 s6, ta c6:

axvay+ 1l 44/4x.4y.l.-1— =8. @ -
Xy Xy
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Dox+y<1=>3kx+y)<3 3)

DA4u bing trong (2) xdyra < 4x =4y = 1.1 ox=y= %
Xy

Khix=y= % thi d4u biing trong (3) ciing x4y ra.

Te (1) (2)(3),tac6 P=>5 4
D4 biing trong (4) xay ra < ddng thdi c6 ddu bing trong (2) (3)

@x:y:%.V@yminP:S@x:y:é—.

Nhén xét:

1. RS rang phép nhém P = (x+l)+[y+l) 1a sai! Ban doc thit li gidi vi
X y
sao?
2. Tuong tv nhu bai 8, ta c6 thé nhém P nhv sau:
1 1 3(1 1
P=x+y+ —+—+—1—+—1|.
4x 4y 4ix vy
Ban doc tif 1am ti€p d€ ra ddp s6 minP = 5.
3. Xét c4ch gidi bing phuong phap chiéu bi&n thién him s& k&t hop vé6i bat

ding thitc sau day
Ap dung bit ding thitc Cosi cd ban, ta c6 1.1, 4
Xy X+y
DodéP>x+y+ .
X+y

Tir d6 xét ham s6 f(t) = t + ? veild<t<l,
, 4
Ta c6 f(t)=1——2<0 Vo<t
t
Vay f(t) la ham nghich bi€n trén (0; 1]. Tir d6 minP = Omin] f(t)y=1f(1)=5.
<t<

C6 1€ cdch gidi nay hay nhat!

Bai10.Chox>0,y>0,z>0vax+y+z<

N W

Tim gi4 tri nhd nhét cdia biu thic P =x* + y* + 2* + .1
Xy z
Huéng dén gidi
Nhém lai P dudi dang sau:
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P= (x +y +22+—1—+L+L+L L —L)+§(l+l+lJ H

8x8x8y8y8282 4x y z
1 1 2 11 3
Ap dung bt ding thitc Cosi, ta ¢6 x* + — + — 2 33[x>.—.— == .(2)
8 8 8 8 4
Tuong ty yrel Ls3 3)
’ 8y 8y 4’
LN 4)
8z 8z 4
D4u biing trong (2) (3) (4) twong ng x4y ra khi x = %; y =%; z =%.
2 a2 Y AL 2 1 1 1 9
Theo bit dang thitc Cosicoban, tacd) —+—+~2 . (5)
X Yy Z X+y+z
Dox+y+zs§:>§ l+l+l 22. 6)
2 4\x y z) 2
D4u biing trong (6) xdyra > x=y=z= %
N , 27
T (1) (2) 3) (4) (5) (6),tacé6 P> e @)
DA4u biing trong (7) xdy ra dé tha'y khi vi chikhix=y=z= %
27 1
ViyminP= — ©x=y=z=—.
dy n y 2
Nhén xét:
1. Visao lai nhém P nhv trén dugc i gidi nhu cdc bai trén. Céc ban hay thi
lai xem!
2. Ta c6 thé nhém cdch khdc nhu sau

P= 8x2+8y2+8zz+L 1, 1r,10.100 - T3+ y? + 7).
2x  2x 2y 2y 2z 2

Cé4c ban hiy gidi ti€p d€ di d€n minP = % .
3. Xét cdch gidi khdc bing cdch k&t hop vdi phuong phép chiéu bién thién
ham s6 nhu sau:
Ap dung céc bat ding thic:
(x+y+2)> va 1

x+y+z> 2
3 X Yy Z X+y+z
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2
(x+y+2z) + 9

P> . 8)
3 X+y+z
2 3_
Xétham 6 f() = L+ 2 véi0<t<>. Taco fiity=22-2 -2 =27
3 0t 2 3 ¢ 3t?

DoO<t< %=> f'(t)<0Vtie (O; %] = f(t) 12 him nghich bi€n trén (O; —;—]

Vilé d6 minP = min f(t) =f(§)=2A
0<ls§ 2 4
2
C6 1& day la cdch gidi hay nhat bai todn nay!
Bai1l.Chox>0,y>0,z>0va xy+yz +zx=13.
Tim gi4 tri nhd nh4t cta bifu thic P = 21x* + 21y* + 2%, -
Huéng déin gidi

2 2
Viét lai P dusi dang P = (3x% + 3y%) + [18){2 +—Z§-]+(18y2 + 12-) . (D)
B4y gi® 4p dung ba't ding thic Cbsi, ta c6  3x* + 3y* > 6xy, 6))

2
18x% + Z? > 6xz, )

ZZ
18y + = > 6yz. )]

Cong tirng v& (1) (2) (3) va ¢6 P > 6(xy + yz + zx). )

TU xy +yz +2zx =13, va tir (4) suyra P>78. 5)

DAu bing trong (5) xdyra>x=y=1;z=6

(chi ykhix=y=1;z=6thixy+yz+zx=13).
Bai12.Chox>0,y>0,z>0va X +y +z = 3xyz.

P P S 3 1 3
Tim gid tri nhd nhat cda bi€u thic P = Sttt
x* y° oz

Huéng dén gidi
Vi€t lai didu kién di cho dudi dang —— + ——+ - =3, )
Xy yz zx

Khid6tac6 X>0,Y>0,Z>0vatr(1)c6 XY+YZ+XZ=3. (2)
Lic nay P=3X* + Y* + 372
Duéi dang ndy nh6ém lai P nhu sau
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2 2
=|ax2+ X2 2, Y (x+22
P-(2X +‘2 ]+(22 + 5 )+(X +Z ) 3)
Tir d6 theo bat ding thitc Cdsi suy ra
P>2XY +2YZ + 2XZ hay P> 6. 4  (do(2)
X=Z=Y |x=z=-2
N . 2 V15
D4u bang trong (4) xdy ra <
co¥B T, 10
N V15

5 10
NhuviyminP=6 & x=z2= —— r. Nk

Loai 2. Cdc phép nhom ddc biét
Bai 1. (Bai todn t6ng quat)
Cho a, B, v 14 cdc hiing s& sao choa>B>y>0
Gid s x, y, z 12 cdc sO thyc thda min diéu kién x > o; Xy > off va xyz > aBy
Tim gi4 tri nhd nhét cla biu thtc P=x+y +z.

Huédng dédn gidi
Vi€t lai P du6i dang sau
P=x+y+z= y( +y+—)+(|3 y)( )+(a—[3)i. )
B v B o

Tir gid thi€t suy ra B—y>0; a—B >0, nén theo ba't ding thic CHSi, ta c6:

Xyz
= > 33/ 6))
Y(G+B+7) s ofy’
XLy _a ’_"_Z 2
(o y)(u+BJ2(B ).2 re )

Déu bling trong (1), (2) tuong Gng xdy ra khi: .y zx .y
a B ya B
T gi4 thi€t cdn ¢6: (o —P)=2 0 —B. 3)
o

D4u biing trong (3) xdy ra khi: x = a..

Cong titng v€ (1), (2), (3) va dua vao gid thi&t x > o; xy > af; xyz > afy,
tact:P23y+2B-y+(@-P)=>P2a+B+y. “4)
D#'u biing trong (4) x4y ra <> ddng thdi c¢6 ddu biing trong (1), (2), (3)

S x=o;y=B;z=v (e d6 thda min gia thi€t x = o, xy = o, xyz = of}y)
ViyminP=o+B+yox=ay=pz=y.
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Nhén xét: Ap dung v6i o = 3; B =2;y = 1. Ta c6 bai todn sau:
Cho x > 3; Xy 2 6; xyz > 6. Tim gi4 tri nhd nhdt cla bi€u thitc P=x +y +z.
N&u khéng c6 bai todn tdng quat, thi nhém lai P nhu sau:

P= +y+zj (x+y)+£,
3 2 3 2 3

1di 4p dung ba't ding thitc C5Si.
Bai2.Cho 0 < a <P <yvagii st x,y, z 1a cdc s thyc thda min diéu kién
0<x<y<z;z<7,yz<YB, xyz <ofy.
Tim gi4 tri 16n nhi't céa biu thdc: P=x + y + .
Huéng dén gidi

Tacéphépnhém:oc+B+'y=x(y B )+(y x)[ Sj+(z-y)%. ¢))

Vix <y <z nén 4dp dung ba't ding thirc C6Si, ta cé:

{

XL1+P_+ J>x33YBa 1
z y X \/zyx

(y- x)[y B)><y x2, |1 5 @)

DozSY:(z-y)%Zz-y. ' (©)]

Cong tirng v& (1), (2), (3) va st dung gia thi€t, ta c6:
o+B+y23x+2(y-x)+(z-Y),
haya +B+y2P. 4
D4u biing trong (4) xdy ra d& thiy khi va chikhix=a;y=B;z=7.
ViymaxP=a+B+yeox=ay=Bz=Y.
Nhén xét:
1. Trong bai nay ta khong nh6m bi€n ma nhém bi€u thitc hiing s6 o + B + 7.
2. Véia=2;B=3;y=4,tacé biitodn sau:
Cho0<x<y<z;2<4;y2<12;xyz<24.
Tim gi4 tri 16n nh4t clia bi€u thtc P=x +y + z.
Theo bai trén ta c6 max P=9.
Né&u khong c6 bai trén, ta nhém nhu sau:

2+3+4=x[i+i+-2—)+(y—x)(i+§]+(z—y)i,

z y X z y z
rdi 4p dung bi't ding thitc C6Si.
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Bai 3. Cho x, y, z 1a cdc s8 thuc thda méin diéu kién x 2 y=2;x<4; xy<12;
Xy < 6z. Tim gi4 tri 16n nhat ciia biu th¥c: P=x +y— z.

Huéng dén gidi
Xét phép nhém sau day:
4+3+z=2[i+3+3J+(y—2)(i+§j+(x-y)i. (1)
Xy 2 Xy X

Tacd:y-220;x-y=0.
Theo b4t ding thifc CH Si, thi:

2(i+§+£)22.33f—122 , @

Xy 2 2xy

<y—m(i+3]2ﬂy—mjlg, @)
Xy Xy

x-y)Ezx-y. (4) (do 0 <x <4)
X

Cong ting v€ (2), (3), (4) va do xy < 12; Xy < 6z, ta cé:
7+226+2y—-4+x-yhay7+222+X+y =>X+y-2z 5)
D4u biing trong (5) d& thdy khix=4;y=3;z=5.
NhuvidytacémaxP=5<x=4;y=3;z=5.
Nhdn xét: trong bii nay biu thitc nhém 4 + 3 + z chifa hing s8 va ci bién
(bi€n z). Qua bai nay ta thiy rd tinh da dang cta phép nhém.
Bai 4. (Bai todn t8ng quit)
Cho «. > B =y > 01a hiing s§ dudng. Gia st x, y, z 1 cdc s8 thuc dudng thda
min diéu kién: z<y; X+ES2; X2y Egs,
B By
Tim gi4 tri nhd nhit ciia bi€u thic: P = -)1:+%+ —i—
Huéng dén gidi
Ta nhém P theo dang sau:

P:l E+E+l + l_l E+l + l_l)l_ (1)
alx y z B ajly z y Bz
Ap dung bit ding thitc C8Si co bin, ta c6:
X'y z X,y,z2y z ¥,z
a By B vy
Tir d6 dya vao gia thiét cha bai todn, k&t hop (1), (2) ta cb:
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P 22+2(—1-—l)+(1—1) hay P L1, 1.1
Y a Y

o B a B B
D& thiy ddu bing trong (3) xdyra<>x=o;y=B;z=7.
VaymmP-l+l+l
a By
Nhén xét:

1. Khia=4;3=3;y=2,tacé baitoin sau:
Cho x, y, z 14 cédc s§ thyc duong théa min di€u kién:

2<2; 1420 X Y 23,
3 2 432

Tim gi4 tri nhd nha't clia biéu thitc: P = 1,11
Xy z
Theo bai trén, ta ¢c6: min P = l+l+l—l3,
2 3 4 12

Phép nhém P G diy nhu sau:

1{4 3 2 (1 )3 2 (1 1]2
P=—|—+>4+—={+| =—— += |+ === |-.
4\ x y z 3 4)\y z 2 3)z

2. Biing cdch nhém bi€u thitc chita hing 8, ta c6 bai todn tudng t sau.
Gid sirx >y >z >y 1a cdc s6 thyc thda min diéu kién:

B y<2a B+ <3,ddiyaz=p=2y=2.
y X
o o o e . 1 1 1
Tim gid tri 16n nhat cia bi€u thifc P= —+—+—.
Xy z

Lai giéi nhu sau: Nhém biéu thitc hing s& L +%+l nhu sau:
« Y

1,11 l(x y z] (1 IJ(y zJ (1 l)z
—tot—=—| =+t || ———= [ = || === |~
a B Y a B y) \y x\Bvy)\zy
Theo bat ding thitc Cosi cd ban, ta cé:
11119(11]4(11)
—t === - +=-—=].
o BTy xe, By VB ETy
X y z y 2z

T d6 theo gid thi€t ta cé:
—+—+—2—+2(i—1)+1—l:l+l+—l-2P. *)
zy o By

Dau biing rong (*) xdyra > x=a;y=B;z=7.
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T d6 tacé max P= 4241,
a By
Cécban hiy dpdung véio=4;B=3;y=2va x 2y 2z >2 d€ tim gid tri 16n
nhat cda bi€u thie: P= L+ L4 L.
Xy z
Bai 5. Cho x, y, z 12 ba s6 thyc dudng théa min diéu kién:
i+-)i+£s3;l+is2;isl.
4 9 16 4 16 16 »
Tim gi4 tri 16n nhi't ciia bidu thitc P = Vx +.fy +z.

Huéng din gidi

Viét lai P du$i dang sau: P = 2 \/§+\/2+\/Z + \/i+\/z +\[Z. (1)
4 9 16 9 16 16

Ap dung c4c ba't ding thifc cd bin sau:
(@ +b+c2<3(a? +b2+c2);(a+by<2(a? +b2),

ta cé: ‘/-;—+\/-i+"is 3(—’i+l+—z—), 2)
4 9 16 4 9 16
\/i“ ’—Z- < 2[1+1J. (3)
9 16 9 16

St dung gia thiét, it (1), (2), @) suyra:P<23+2+1=9. @)
D4u biing trong (4) xdyra > x=4;y=9;z=16.
Nhu th€ max P =9.
Gid tri 16n nhit dat dugc khix =4;y=9;z=16.
Bai 6. Cho x, y, z > 0 va thda mén diéu kién:
x+X+523; X+£22; Z21.
3 5 5
Tim gi4 tri 16n nh&'t cia biéu thitc P = x* + y* + 2.
Huéng dén gidi
Thyc hién phép nhém P nhu sau:

2 2 2 2 2

P=|x2+ 4+ Z |48 L+ Z |r16%. 1
9 15 9 15} 25

Ap dung bit ding thdc:

(a+b+c)2'

2
a+b’+ 2———-—-——3 ,a2+b22————(a+b)

, va tir (1) ta c6:
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A 2\
oy )
P> +8 +16. ?2)
3 2
Do gia thi€ttr (2) c6 P>3 + 8.2+ 16 = 35. 3)

Dau biing trong (3) xdyra > x=1;y=3;z=5.
ViyminP=35<x=1y=3;z=5

Nhén xét: S8 di c6 phép nhém nhu trén do dya vao gia thi€t va d€ ¢ ring
3 1’=8;5-3=16.
D6 14 1i do vi sao lai nhém nhu vay!

Bai7.Cho x >0, y >2 va thda min diéu kién: 2x +y + Xy 2 6.
Tim gi4 tri nhd nhat ca bi€u thic P= x> +y’.

Huéng dén gidi
Y Y
Nhém lai P nhu sau: P = x3+?+7?. ¢))
Vi€t lai gid thi€t: 2x + y + Xy > 6 dudi dang x +%+%i >3. 2
Ap dung bi't ding thitc Cosi, ta c6: x> + 1 + 1 2 3x, 3)
3
Y v1+123%, @)
8 2
y Xy
X+ -+12322, (5)
8 2

Cong ting V& (3), (4), (5) va theo (1) suy ra: 2P + 5 23(x +%+ x—zy) (6)
Tir (2), (6) di dén: P >2. @)
Dé thdy ddu biing trong (7) xdyraox=1;y=2.
ViyminP=2ox=1y=2.

Nhdn xét: Trong bii ndy ta dd si dung c phép nhém va phép thém bét hiing s&
rdi st dung ba't ddng thitc Cosi.

Bai 8. Gid st x, y 14 cédc s8 thyc thda min diéu kién:
O<x<y<2saochoy +2x +2 2 3xy.
Tim gi4 tri 16n nhit cia bi€u thitc P = x> + y°.

Huéng déin gidi
Vi€t lai diu kién: y + 2x + 2 > 3xy
dudi dang: —l-+3+123. 1
Xy Xy
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Ta cé phintichsau:9=1+8= x3[%+%)+(y3 —x3)%. 2)
¥y y

By git 4p dung b4t ddng thitc Cési ta c6:

i3+1+123l , 3)
X" X

%+1+1z32 , “4)
y y

%+%+ 1 23—2—. (5)

y Xy

Cong titng v€ (3), (4), (5), ta c6: 2[L+i)+5 23(—1—4-34»—2—) 6)

y’ \X Yy Xy
1 8
Tir (1), (6) suy ra: ——+——3- 2. @]
y
D4u biing trong (6) xdy ra dé thiy @ x=1;y=2.
Tit (2), (7) c6: 922x% +(y> —x3)+—83—. (8)
y
Viy<2néntr8suyra:P=x*+y*<9. )

D4u biing trong (9) xdyra<x=1;y=2.

Nhuth€ maxP=9 o x=1;y=2.
Bai9.ChoO<a<B<y.

Gié st x,y,z1a cdc s6 thyc dlrdng théa mén diéu kién:

zZy;i+l+-—+ xyz =4; DAV Loy )

a By aby BYBY

Tim gié tri nho nhat ciia biéu thic P= x> + y* + 2°.
(Ap dung gidi khi o = 1; B=2;y=6).

Huéng dén gidi
Nhém P duéi dang sau:
3.3 3 3,3 3 '
P=a3(x_-+_y_+_z_]+ g -aol (y__+z_J+ r-p%. m
(13 B3 ,Y3 ( ) B3 ,y3 ( ),Y3

a2 x> 3x
St dung bat dang thitc C6 Si, tacé: —+1+12—,
o o

3
y—3+1+123—y,
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S +l+l2—,
'Y Y
3 3 .3
.’.‘_+L+Z‘.3.Z3ﬂ
o By Py
y Xyz
Tir d6 dya vao gia thiét X124, 32% 4, suy ra (sau khi cong tirng vé 4
o By apy
bd't ddng thic trén)
3 .3 .3 3 3
2[13-+13-+%J+6>12:> ; -y-3-+z—3z3 )
o By L

Tuong ty lai theo bit ddng thirc Cdsi, ta c6:
3
Lt14123%,
p B

3
S+1+1232,
Y Y

3
-:313-+z—3+1z3ﬁ.
¥

3

3
Tir gid thi€t: L+2+3%-3 taco: L+Z 22, 3)
B v Br By
T (1), (2), (3) suy ra:
P30 +2(p? —a2)+(y3—[33) hay P> o + P2+ . @)

DE thdy ddu bing trong (4) xdyra<> x=o; y=B;z=7.
Nhu vy ta c6: min P = o’ + B>+ 7°.
Gi4 tri nhd nhitdatdugckhi:x=o; y=B;z=1.
Ap dung: khi o.= 1; B=2;y= 3, ta c6 min P = 36.
Bai 10. Cho x, y, z 12 céc s8 thuc duong sao cho: 0<x<y<z<3;
l4—2+3 i->4 3—+3+£>3
X y Z Xyz y z yz
Tim gié tri I6n nh4t cda biéu thic P = x* + y* + 2°.

_ Huéng déin gidi
Ta c6:

_3.3.23_.3 1 8 27 3 .3\ 8 27 3 .3\27
36=1"+2"+3=x [x—3+;-3-+z—3]+(y -X ) ;3-+—z? +(z -y )-}-’-3-.(1)
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Ap dung bat ding thic Cosi ta c6: i3+1+ 1»3L
X

X
%+1+123Z
y y
Zi1e1233
VA VA
18,0,
¥y 2 Txyz
Cong tirng v€ 4 bt ding thifc trén, va theo gia thiét ta c6:
2[—13—+—§3—+E3ZJ+6212:>—1§+—%-+2—ZZ3. @
X ¥y oz X y z
Lap luin twong ty ta c6: %4-2—322. (3)
y vy
Tir (1) (2) (3) ¢6: 36 23x° +2(y3 -x3')+(z3 -y3)=> 36>P. @)

DAu biing trong (4) xdyra<>x=1;y=2;z=3,
ViyminP=36<x=1y=2;z=3.

1.6. Phuong phép sit dung ki thuit ngugc ddu trong ba't ding thitc Cosi.
Piy 1a mot trong cdc phuong phdp ding bit ding thitc Cosi dic biét hitu
hiéu v6i nhitng bai todn n&u vdi vang 4p dung ngay bat ddng thic Cosi tir
diu s& di dén dang sau: A<B2C.
Vi thé khong thé két luan gi v& m&i quan hé bt ding thic giita A va C. St
dung ki thuat Cdsi nguge s& trinh-dugc diéu nay.

Bai 1. Cho x, y, z 1 ba s6 thyc duong thdéa min diu kiénx +y +z=3.
Tim gid tri nh nhét ciia biéu thic P= ——+-—Y— 4+~

I+y° 1+z° 1+4x
Huéng dén gidi

5 -

2

Ta ¢6: x2=x— xyZ'
. 1+y l1+y
2 2
Theo bit ding thitc Cosi, ta c6 1 +y2 22y, khids =X <2 X (9

1+y2 2y 2

Tir (1) (2) suy ra X 5 >x- 3
l+y 2

D&u biing trong (3) xdyra<>y=1.
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Tuong ty ta c6 —y—z—?.y—ﬁ, )]
l1+z 2
z zx
2z——. (&)
1+x2 2
D4u bing trong (4) (5) twong ¥ng xdyra <> z=1;x=1.
Cong ting v€ 3) (4) (5) VA C6 P2 x +y+2 - "L”;L”—" 6)

D4u biing trong (6) x3y ra

&> dbng thai c6 ddu bing trong (3) (4) (5)

ox=y=z=1.
Dox+y+z=3=9=(x+y+2)’=x’+y* + 2> + 2(xy + yz + 2X)

= 9> (Xy + yZ + 2x) + 2(Xy + yZ + ZX)

=Xxy+yz+2zx<3. Q)

Dé&u bing trong (7) xdyra> x=y=z=1.
Tir d6 két hop (6) (7), tacé P> 3—%=%. ®)

D4u biing trong (8) x4y ra < déng thdi c6 ddu bing trong (6) (7)
Sx=y=z=1.

Vé_iyminP:-Z- ox=y=z=1.

Binh lugn: N&u trong bai trén ngay tir du ta tryc ti€p si dung bit ding thic
Cosi 1 +y* 22y, 1 +2° 22y, 1 +x*22x, sé thu dugc

| P A ©9)
2y 2z 2x
Lai theo bit ding thifc Cosi, ta c6 -+ Yot 23,
2y 2z 2x 2
Nhuviytac6 P 4Ly 23 (10)
2y 2z 2x 2

Tir (10) ta khdng thu dugc so sénh giiva P va —Z—

Cich 4p dung bat ding thitc Cosi sau khi bi€n d8i P nhu trén goi tdt 1a ki
thudt Cosi nguge ddu. Pay 13 ki thuit hay va khéo léo. Nh& né ma trdnh
dugc cic hé thic ki€u dang (10).
Bai 2. Cho x, y, z, t duong va thda min diéukiénx +y+z+t=4.
y z t
+ + .
1+y3z 1+2%t 1+t 1+x2y

Tim gi4 tri nhd nh4t clia biéu thic P =

112



Cty TNHH MTV DVVH Khang Viét

Hudng déin gidgi
2
Ta c6 x2 =X- xyzz .
1+y“z 1+y°z
Theo bit ding thitc Cosi, ta c6 1 + y’z > 2y z .
2
Tir 46 suy ra x2 Zx_xyz hay x2 Zx—-xy\/;. (€Y
l+y“z 29z l+y“z 2
Ta lai c6 xyx/Z =yvx.XZ SyHTXZ . 2)
Tir (1) (2) suyra —— >x L (xy + xy2). 3)
l+y“z 4
VR Y 1=y2z
Dau bing trong (3) xdy ra & oSy=z=1.
X =XZ
Tuong ty ta c6 y2 Zy—l(yz+yzt) “)
1+2z°t 4
2 2z-L(a+a) G)
I+t°x 4
t 1
— 2t ——(tX + txy). 6)
1+x%y 4
D4u bling trong (4) (5) (6) tuong ng xay ra
Sz=t=lt=x=1lx=y=1.
Cong titng v€ (3) (4) (5) (6) va cb
Pz(x+y+z+t)—-}I(xy+yz+zt+tx+xyz+yzt+ztx+txy). @)

D4 bling trong (7) xdy ra <> dbny thdi c6 ddu bling trong (3) (4) (5) (6)
Ox=y=z=t=1.
Theo b4t ding thirc Cdsi, ta ¢6

xy+yz+zt+txs%(x+y+z+t)2=4, 8)
xyz+yzt+ztx+txys(x+y+z+t)3=21. ©)
D4u bling trong (8) (9) xdyras>x=y=z=t=1.

T (7) (8) Q) suyraP =2, (10)

D biing trong (10) x3y ra <> ddng thdfi c6 d4u biing trong (7) (8) (9)
Sx=y=z=t=1.
Nhuvdytaco: minP=2ox=y=z=t

Nhdn xét: Bai todn di s dung ki thuat Cdsi ngudc.
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Bai 3. Gi4 s x, y, z, t 1 cdc s thyc dudng va théa min diéu kién:

1 1 11
S+ o4o=2,
X'y z t
) 3 y? 2 i3
Tim gid tri nhd nhat clia biéu thic P = 5t 55t 5 St 3
x*+y? yP+z®t A4t tP4x
Hudng dén gidi
3 2
Tacé: ——5 =X ==y (1)
x‘+y x*+y
Theo bat ding thitc Cbsi, thi x° + y* = 2xy, do dé tir (1) c6 52X,
. x“+y 2xy
hay x’ >x-2 2)
Z+yr 27
D4u biing trong (2) xdyra < x =y
3
Lap luan hoan todn twong t, ¢6  ——5 2y - =, 3)
y +z 2
3
z t
2Z-=, (4)
22 +1 2
3
t X
2t——. %)
t? +x2 2
D4u biing trong (3) (4) (5) tuong dng xdyra <> y=z;z=tt=x.
Cong tig v& (2) 3) 4) (5), tacé P> XF¥YFZFL 6)

D4u biing trong (6) xay ra <> ddng thdi c6 ddu bing trong (2) (3) (4) (5)

ox=y=z=t=2 (do l+l+l+£ =2).
Xy t

Theo bat ding thitc Cosi coban, tacd (X+y+z+1) [l+l+l+%j >16
X

y z
SX+y+z+t28. )]
D4u biing trong (7) xdyra> x=y=z=t=2.

T (6) (7) suyraP =4, (8)

D4u biing trong (8) X3y ra <> ddng thdi c6 ddu bing trong (6) (7)
Sx=y=z=t=2,
Nhrviytaco minP=4 o x=y=z=t=2.
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Baid.Chox,y,z2>0va théa mindi€ukiénx +y +z=3.
2 2 2

Tim gi4 tri bé nh4t ciia bidu thic P = e
x+2y?  y+22%2 z+2x%°
Hudng dén gidi
2 2
Taco —2—=x-2L_ (1)
X+2y X +2y
Ap dung bat ding thirc Cosi, ta c6 x + 2y = x + y* +y* > 33xy* . 2)
D4u biing trong (2) xdyra < x = y2.
2 2 2
T (1) @) suyra —— 2x -2 —x - Z(xy)3. )
X+2y 3xy* 3
D#u biing trong (3) xdyra & x = y°.
yZ 2 2
Hoan toan tuong tu, ta c6 >2y-—(y2)%, 4)
' y+2z 3
-, )
z 2, 3
2z-=(zx)3. &)
z+2x° 3
Da'u biing trong (4) (5) tuong ng xdy ra &y =25z = x%
Cong tirng v& (3) (4)(5) va ¢6
J 2 2 2
P2(x+y+2)- 3 (xy)3 +(yz)3 +(zx)3 |. (6)

D4u biing trong (6) xay ra <> ddng thdi c6 dau biing trong (3) (4) (5)
.2
x=y
= y=z2 ox=y=z=1.
z=x2

Theo bit ding thitc Cosi, tacé: x+xy+y=2 3\3/x2y2

y+yz+223yy’z?

3
z+zx+x 2322 .

2 2 2
Trdésuyra 2(X+y+2)+(Xy+yz+2x) 2 3[()(y)3 +(yz)3 +(zx)3 :!
D& thdy ddu biing trong (7) xdyrac>x=y=z=1,
Tacé: 9=(x +y +2)> 2 3(Xy + yz + zX)
= Xy+yz+zx <3. ®)
D4u biing trong (8) xdyra<>x=y=z= 1.
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T (7) 8) vakéthop véix+y+z=1,1tacé

2 2 2 : 2 2
6+3 > 3|:(xy)3 +(yz)3 +(zx)3:l = (xy)3 +(yz)3 +(zx)3 <3 )
Tir (6) (9) di dén P> 3 — %.3 =P>1. (10)

D4u bing trong (10) xdy ra <> dong thdi c6 ddu biing trong (6) (9)
Ox=y=z=1
TémlaitadidénminP=1<x=y=z=1.

Nhén xét: Trong bai tp trén ta da sit dung ki thuit Cési ngugc!

Bai 5. Cho x, y, z 12 ba s8 thyc duong va théa man diéukiénx +y +z = 3.

X2 y2 Z2

Tim gid tri nhd nhit ciia bi€u thic P = =+ =+ >
X+2y° y+2z° z+2x
Huéng din gidi
2
Ta c6 F=X- T
X+2y X+2y

2xy3

)

Theo bat ding thitc Cosi, thix + 2y* =x+y’ +y° 2 3¥xy® =2 ¥x. (@
D4u biing trong (2) X3y ra <> x =y’

2 3 ,
N . X 2Xy 2 3>
Tu (1) (2) c6 22X - =X-= \/x_ 3)
x+2y° 3y23x 37
D4u biing trong (3) xdyra > x =y’
2

Tudng tv, ¢6 y 32y—323y2, , €]
y+2z 3
2
z 2 35
2Z—-—xVz°. 5)
z+2x3 3 (

D4u biing trong (4) (5) tuong tng xdyraoy=2>%z=x°
Cong titng vé (3) (4) (5) va c6 P2 (x +y +2) - %(z%/y_2 +x%/z—2+y%/x_2) ,

haypzs-g(z{/y_Hx%/z_My%/x_z). )
D4 bing trong (6) xdy ra <> ddng thdi c6 dau bling trong (2) (3) (4)
ox=y=z=1.
Lai 4p dung ba't ding thitc Cosi, ta c6 X + Xz + xz > 3x %/;2—
Y+ YX+ yx‘z 3y§/x—2—
z+zy+zy23z§/y—2.
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Cong tirng v€ ba bdt ddng thic trén va c6

(x+y+z)+2(xy+yz+zx)23(x3/z_2+y%/;2_+z%/)7). )
Laid09=(x+y+z)223(xy+yz+zx)
= xy+yz+zx<3. (8)

T (7) @) vadox +y+2z=3, suyra 3+2.323(x%/z_2+y%/x—2+z%/y_2)

=x3y? +y¥x® +23? <3. ©)
Bay gid tir (6) va (9) di d€nP > 1. (10)
D& thdy ddu bing trong (9) x4y ra <> x =y = z = 1, nén ddu bing trong (10)
X4y ra
<> dbng thdi c6 ddu bling trong (6), (9) ©x=y=2z=1.
ViyminP=1ox=y=z=1.

Bai6.Chox,y,z1abas6dudng va x +y+z=3.

x+1 y+1 z+1

y2+1 z2241 x%+1

Tim gi4 tri nhd nhat clia biéu thic P =

Huéng dén gidi
, 2
Ta cé: x2+1 =x+l—(x—:i)—}-'—. ¢y
y +1 y +1
Theo bat ding thitc Cosi, ta c6 y* + 1 > 2y. )
D&u biing trong (2) xdyra <y = 1.
2
Tir (1) (2) suy ra "2“ >x+1 -GV L XYY 3)
yo+1 2y . 2

D4u biing trong (3) xdyra <y = 1.
Lap luén tuong tv, ta c¢6 )’2+1 2y+1——w, “4)

z°+1 2

z+1 ZZ+1_zx+x. G)

x“+1 2
D4u biing trong (4) (5) tuong Wng xdyra < z=1;x=1,
Cong ting v€ 3) (4) (5) v c6 P2 3 + 21 ”"(’z‘y tyzHzx) 6)
D4u biing trong (6) x4y ra <> ddng thdi c6 ddu biing trong (3) (4) (5)
ox=y=z=1.
Do 9=(x=y+2)’23(xy + yz + zx)
=>Xy+yz+zx<3 0
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Dé4u biing trong (7) xdyra <> x=y=z=1.
Dox+y+z=3,nént(6) (7)didénP > 3. )
D#u biing trong (8) xdy ra <> ddng thdi c6 ddu bing trong (6) (7)
ox=y=z=1.ViyminP=3ox=y=z=1.

Bii7.Chox, y, z 12 ba s6 thyc duong va x +y +z = 3.

1 1 1
+ +

x2+1 y2+1 22 +1

Tim gi4 tri nhd nh4't cia biéu thic P =

Huéng dén gidi
2
Ta cé: =1- . (1)
x2 +1 x2+1
Theo bat ding thitc Cosi, thi x* + 1 > 2x. )
D4u biing trong (2) xdyra & x = 1.
T (1) @) suyra ——31-% 1 X 3)
Y x2+1 2 2’
D4u bling trong (3) X3y ra <> x = 1.
Hoan toan tuong ty, ta c6 72 1- A , 4)
y©+1 2
1 z
>1-=, )
22 +1 2
Cong titng v& (3) (4) (5) v c6 P23 — iig—f—%% (dox+y+z=3).

Ttdé suyraminP=3ox=y=z=1.
Nhgn xét: N&éu 4p dung ngay tir ddu ba't ding thitc Cosi x> + 12 2x; y* + 1 > 2y;
1 11

22 +122z tac6:P< l[—~+—+—J. , 6)
2\x y z .

Ap dung bat dﬁng thifc Cosi co bén, ta c6 (X +y + z) (—1- + —1- + 1] =29
X y z

= —+—+

| —-
N | o

< |-

>3 MN([dox+y+z=3)

Tfl’(6)(7)laC(’)PS-l-(l+—l-+l]2§ ) 8)
2ix 'y z) 2

R® riang tir (8) khéhg suy ra k&t ludn gi vé mdi lién hé giita P va % Phép sit

dung phuong phdp Cési ngugc 12 ¢6 hiéu qud rd rét trong bai todn 7, ciing
nh trong cdc bai todn tir 1 - 6.
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§2. PHUONG PHAP SU DUNG BAT DANG THUC
BUNHIACOPSKI
TiM GIA TR] LGN NHAT VA NHO NHAT HAM $O

Phuong phdp si dung bat ding thitc Bunhiacopski ciing 1a mdt trong nhitng
phuong phép cd ban d€ tim gi4 tri 16n nhdt va nhd nhit him s& (ciing nhu d&
chtng minh b4t ding thifc néi chung).
Gi6ng nhu khi st dung bat ding thic Cosi, d€ c6 thé 4p dung mot cich higu
qué phuong phdp nay, trong m8i bai todn cu th€ cin Iya chon mot cdch thich
hgp hai bd s6 rdi 4p dung bat ding thitc Bunhiacopski cho hai bo s3 nay.
Chii ¥ ring hai bd s& cin Iya chon khong ddi hdi tinh khong 4m cia cdc s
hang.

Bai 1. (Bat ding thiic Svdc x0)
Cho a,, a,, a3; by, by, bs trong d6 by, by, b3 1a ba s8 duong. Chitng minh

2 2 2 2
a; a, a a, +a,+a
l+_;+3>(| 2 3)_

b, b, by b +by+bs
Huéng dén gidi
dung bat ding thitc Bunhiacopski véi hai day

e’

2 a2
Do b; + by + b3 >0, nén cé: a—'+ 243>
b, b3 b; +b, + b,y

2
a+a,+a
>(l—2—3—2—-, suy ra dpcm

4

1

A 3

.o b b b

D4u biing xdy ra <:>—\Z——L=—\/—_2— PN I R I

TR T e s

Nhén xét: Dic biét khi 14y b; = a;c; >0 (i = 1, 2, 3) ta ¢6 k&t qué sau:
Cho6s6 a;, a2, a3 Vd €, C3, C3trong d6 aci>0Vi=1,2,3

a2 2
. 3 a al a +a, +a
Khidétaco: =l +-224 23 > —(-'—-——2;)
a,C 32C2 d3C3 aCy + 3,2C2 + a-;C';
Bai 2. Cho x, y, z 1a ba s8 thyc dudng thda mén diéu kién: xyz = 8.

Tim gi4 tri 16n nh4t cta bi€u thtc P = x-2,y-2,2°2
x+1 y+1 z+1
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Huéng dén gidi
I . (1 1 1
Viét lai P duéi dang sau: P=3-3| —+ ——+——1. )
kx+1 y+l z+1
Datx=Z)—(;yzz—Y-;z=-2—71.Khidétacé:X>O,Y>0,Z>O(vir6rang
Y 4 X
xyz = 8) :
Lﬁcnéy'-—l—+—1—+—l—— ! + ! + 1
x+1 y+l z+1 2X_, 2Y ., 2Z ,
Y X
Y Z X
= + +
2X+Y 2Y+Z 27Z+X

+ + . )
2XY +Y? 2YZ+Z? 2ZX+X?

Ap dung bt ddng thitc Svdc-xd (Bai 1 — dang dic biét cia bat ding thifc
Bunhiacopski) ta cé:

1 1 L (X+Y+2) _(X+Y+Z)2_1
X+1 y+1 z+1 2XY+Y2+2YZ+Z2+2ZX+X? (X+Y+Z?
Tir d6 theo (1) suy ra: P <0. 3)

Ddubing rong B)xdyra<c>X=Y=Z Sx=y=z=2,
ViymaxP=0&x=y=z=2.

Bai 3. Cho ba s8 thyc dudng X, y,zvax +y +z=1.

1 1

2 t

Tim gi4 tri nhé nhAt cia biéu thic P= -———— .
xX*+y*+z2° xyz

Huéng dén gidi

= 9xyz

"Ta c6: xy+yz+zx=xyz(-1-+l+l]2xyz
X y z

X+y+z
SN S
Xyz X+y+z

1)

Diublng trong (1) xdyrac>x=y=z= % .

L >

Tu()tacd: P2 .
Xy +yzZ +2X

x2+y?+z

D4u biing trong (2) xdyrac> x=y=z= %
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Ta cé:
1 9 1 1 1 7
+ +

72 2" R
x> +y*+2° Xy+yz+zx x‘+y*+z° Xy+yzZ+zx Xy+yz+zx Xy+yz+ix

Ap dung bit ding thitc Svéc-xo ta c6:

1 1 1 (1+1+1)?
7.2,z + 25— ,
X“+y 42" XYy+YZ+ZIX Xy+YZ+ZX X°+y° +2° +2Xy+2yz+2zx
P> 2 5+ 7 =9+ 7 . 3)
(x+y+2z)° Xy+yz+zx Xy +yz+zx

D4u biing trong (3) xdyra > x=y =z
Laicé:1=(x+y+z)2=x2+y2+zz+2(xy+yz+zx)

=Xy +yzZ+2x sl 7 o1 C))
3 Xxy+yz+zx

D4u bing trong (4) xdyra<>x=y=z= %

T (3), (4)suyraP >30viddubing xdyrac>x=y=z= %

Nhwr viy min P = 30. Gi4 tri nhé nhit datdugckhix=y=2z=

W |-

Bai 4. Chox, y, z 13 cdc s6 thyc duong thdéa man diéu kién: xyz = 1.
1 1 1

x3(y+z)+y3(z+l)+z3(x+y).

Tim gi4 tri nhd nhét cia biéu thitc P =

Hudng dén gidi
1 1 1
"3 ) =
Tacé: P=—X 4 ¥ _,_ 2 (1)

x(y+z) yz+1) z(x+y)
Ap dung bat ding thitc Svic-xa tif (1) c6:

(1 1 1)2

Bt )

P> Xy 2]  (Xy+yz+x) @)

Sy = 222"

2Xy+yz+2X) 2(Xy+yz+zxX)X“y“z

XY + YZ +ZX

_— 3

5 3
D4u bing trong (3) xdyra> x=y=z=1.
Lai theo bat ddng thitc Cb Si ta c6:

Xy +yz + zx 233(xyz)? =3. (4) (doxyz=1)

Doxyz=1,néntlr(2)tacé: P>
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D4du biing trong (4) xdyra<>x=y=z=1,
Tu (3),(4)suyraP > % A)

D4u biing trong (5) x4y ra <> dbng thdi c6 ddu bing trong (3)(4)
Sx=y=z=1.

VéyminP:%@x:y:z:l.

Bai 5. Cho x, y, z 1a ba s8 thyc duong thda min diéu kién: xyz = 1.
y z

s s PRy P X
Tim gi4 tri nhd nhit clia biéu thitc P = +

+ .
1+z l+2 l+Z
y z X
Hudng dén gidi
Xét phép d8i bi€n x = 2(-; y=1 va z=£, v6iX,Y,Z>0.
Y Z X
(chii ¥ 1a xyz = 1, nén c6 thé& d8i bi&€n nhy trén)
X Y z
Tac6:P = Y + Z X X Y Z

= + +
l_1_2_2_ l+§ 1+3_Y_ Y+2Z Z+2X X+2Y
Y z X
x? Y2 7?
+ + .
XY +2XZ ZY+2XY XZ+2YZ
(X+Y+27)?

AXY +YZ+ZX)?

1)

Ap dung bit ding thitc Svdc-xd, ta c6: P> )}

D4u biing trong (2) xdyras X=Y =Z.
DE thdy ring (X + Y + Z)* 2 3(XY + YZ + ZX). A3)
D4u biing trong (3) xdyrac X=Y=2Z.
T (2),3)c6: P21, @)
D#u biing trong (4) x4y ra <> ddng thdi c6 d&u bling trong (2)(3)
oX=Y¥=Zsx=y=z=1
ViyminP=2ox=y=z=1.

Bai 6. Cho x, y, z 12 c4c s6 thyc dudng thda min diu kién: xy + yz + zx = 4.
Tim gi4 tri nhd nhi' cla bi€u thirc P = x* + y* + 2*,

Hudng dén gidi
Ap dung bit ding thitc Bunhiascopki cho hai diy s&:
2 Y2 7
1,1,1,

122



Cty TNHH MTV DVVH Khang Viét

Ta c6:
2

2
(x4 +y* +z4)(l2 +12 +12)2(x2 +y? +22) ::>3(x“+y4 +z4)2(x2 +y? +zz) )
D4u biing trong (1) xdy ra <> x> = y* = 2%,
Lai 4p dung bt ding thic Bunhiascopki cho hai day s&:
XY, 2
Z, X,y
2
Ta c6: (x2 +y? +zz)(z2 +x? +y2)2(xy+yz+zx)2 :‘>(x2 +y? +zz) >16.

2

x‘=yz

D4u bing trong (2) xdy ra < LIS AN y? =xz
Z Xy

2t =xy

Tir (1), 2) suy ra x* + y* + z* 2?.

D4u biing trong (3) xdy ra khi va chi khi

2 243

2_.2
X' =y =z X=y=Z=—

3
-2\3

3

Xy+yz+2zx=4 &

X, y, z cing diu Xx=y=z=

Tir d6 suy ra min P = %

. . 2
Gi4 tri nhd nhitdatdugckhix=y=z= -2§ hoic Ia x=y=z=——\3-/_i.
Bai7.Cho x, ¥, z 1a cdc s6 thyc dudng théa min diéukién: x +y +z=3.

] Sy 23
Tim gi4 tri nhd nhét cia biéu thitc P = + + .
y+z Z+X X+y
Huéng dén gidi
3 3 3 4 4 4
X’ z X z
Tac6: P= + Ly = P A )]

Y+2Z Z+X X+Y Xy+XZ YZHXY XZ+YyZ
2
(x2+y2+zz)

Ap dung bi't ding thitc Svéc-xd, ta ¢6: P> +——.
2(Xy +yz +zx)

2
D4u bling trong (2) xdyra<>x=y=z=1 (dox+y+z=3)

D& thay ring: x* +y* + 2> 2 Xy + yz + zx. 3)
Diubing trong 3) <> x=y=z=1.
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2 2 2 .
T (2), 3)tacs: p> X 1Y T2 @)
2
Hién nhién ta c6: x2 +y2 +22 > (";y;i 5)
DAubing rong (5) & x=y=z=1.
Tfrx+y+2=3,(4),(5)suyra:PZ%- ©)

D#u biing trong (6) xdy ra <> ddng thdi c6 ddu biing trong (4), (5)
Sx=y=z=1.

VéyminP:%@x:y:z:l.

Nhdn xét:
1. Ta c6 thé sit dung phuong phép thém bét hang tlf va 4p dung bat ding thic
Cosi d€ gidi bai todn trén nhy sau:

3
Ta cé: i—+)—(i"i)2x2
y+z 4

1)

3
Y YR, e
Z+X 4

3
z z(x+
—+—( y)_>.z2.

X+y 4

B

Cong titng v€ 3 ba't ding thifc trén ta c6: P + DY TYZHIX L 42 +y?+z2. ()

Do x* + y* + 2 2 Xy + yZ + zX, nén tif (*) suy ra:

P>x2+y2+zz>(x+y+z)2=2
- 2 -6 2’

Tir d6 suy ramin P = % & x=y=2z=1. Ta thu lai két qui trén.

r

. Ta c6 bai todn tuong ty sau:

Chox,y,z>0vix+y+z=1.

2y 2
Tim gi4 tri nhd nh4't cda bi€u thic P = + + .
X+y y+z z+X

Lai gidi nhu sau:

(x+y+z) _x+y+z _1
2x+y+2z) 2 2

Ap dung bt ding thifc Svdc-xo, ta c6: P2
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VaiyminP=2&ox=y=z=

(PSR

Céic ban hidy so sdnh cdch gidi ndy véi cdch dung phuong phép thém bét
hang t& va bat ding thirc Cosi.

B:‘aiS.Chox>0,y>O,z>O.vax2+y2+zz=1.

3 y3 Z3

Tim gid tri nhd nhat ciia bi€u thic P = + + .
X+2y+3z y+2z+3x z+2x+3y

Huéng din gidi
4 4 4
2 2 - t= - : )
X“+2xy+3xz y“+2yz+3xy 2z°+2xz+3yz

Tacé: P= X

Ap dung bit ding thitc Svic-xd, ta c6:
2
(x2 +y? +22 )

P> 5 .
x2+y2+z +5(xy + yz + zx)

2

D4ubing trong (2) xdyra<>x=y=z=

Mickhdctaco Xy + yz+zx <X +y* + 22, )
Daubing tong ) & x=y=2= l/é_zl

2 Y
(Xz +y? +22) _xX*+yt+ 1
6()(2 +y? +zz) 6 6
D#u bing trong (4) x4y ra <> déng thdi c6 ddu biing trong (2), (3)

]
2

T (2),3)tacé: P> “)

@x:y:z:

3

1
ViyminP=-9©x=y=z=—.
a4 6 y 3

Bai9.Chox>0,y>0,z>0vax+y+z=3.

Tim gi4 tri 16n nhét cda bidu thic P = : -+ y’ ~+ 2’ -
X+2y° y+2z° z+2x
Huéng dén gidi
Viét lai P du6i dang sau: '
<4 y 24

P= + + .
X3+ 2x2y2 y3 + 2y222 2% +2x%7?
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Theo bt ding thifc Svdc-xd, ta cé:
2
(x2 +y?+2? )

P> .
x> +y3 +z3 +2(x2y2 +y222 +z2x2)

(1)

D4u biing trong (1) xdyra<>x=y=z=1(dox+y+z=23).

x4+ y" +zt+ 2(xzy2 +y’2% + zzxz)

Tacé VP (1) = 2

x> +y3 +23 +2(x2y2 +yzz2 +z%x ) .
Ap dung ba't ding thitc Cdsi ta ¢6: x* + x* +x 2 3%’
y 4y +y23y
ezt ez232
Cong titng v€& 3 ba't ddng thic trén ta ¢6
2(x4+y“+z4)+(x+y+z)23(x3+y3+z3). 3)

Theo bt ding thic Cosita laic6: x>+ 1+ 123x
y+1+123y
Z2+1+123z

TUdésuyra: X’ +y’ + 22 + 6 23(x +y + 2).

Dox+y+z=3,néncé: X’ +y +2° +2(x+y+2)23(x+y +2)

>+y +22x+y 4z (C))
Te (3), @ suyra: x*+y* + 2* > x>+ y* + 2%, )
D& thdy ddu biing trong (5) & x=y=z=1.

T (2), (5) c6: VP (1) = 1. (6)
T (1), (6) suyraP > 1. 0]

D4u bling trong (7) xdy ra dé thiy & x=y=z=1"
ViyminP=1ox=y=z=1

Bai 10. Gii s x, y, z 1a c4c s8 thyc duong sao cho -l—+-!—+—1-=l.
Xy z
Cho a, b, c 12 ba hiing s& duong cho trudc. Tim gid tri I6n nh4't cda biéu thitc
P= L 4 L + 1 .
ax+by+cz bx+cy+az cx+ay+bz
Huéng din gidi
PitS =a+b+c>0. Ap dung bat ding thitc Svdc-xd, ta c6:
2 .2 2 2
E—-+P——+c—2 (a+tb+o) = ! s—l— 3+E+£. 1)
ax bx cz ax+by+cz ax+by+cz §2{x y z
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D4u bang trong (1) xay ra
a b ¢ 1 1 1

—— — D m——— D e D e I

1 1 1 1
- do —+=+==1 c>x=y=z=3,
ax bx cz x y z 3 X y 2z

Tudng ty c6: —-l—s%(3+3+3], 2)
bx+cy+az S°\x y z
__L__SLZ[LLB]_ 3
cx+ay+bz S°\x y z

D4u biing trong (2), 3) d€uxdyrac>x=y=z=3.
Cong titng v& (1), (2), (3) va c6:
1 1 1
+ +
ax+by+cz bx+cy+az cx+ay+bz

1 1 1.1 1 11 1 11
Sla| -+ |+b] =+ —+=|+c| =+ =+~
S Xy z X y z Xy z

Tirgiéthié'tl+l+l=l viS=a+b+csuyra:
Xy z
1 1 1 1
+ + < .
ax+by+cz bx+cy+az cx+ay+bz a+b+c
D4u bling trong (4) xay ra <> dbng thdi c6 ddu biing trong (1), (2), (3)
Sx=y=z=3.

C))

Viymax P = ox=y=z=3.

a+b+c
Ap dung: Néua=2,b=3,c=6tacékét qui sau:

max 1 + 1 + ! 1=1
2x+3y+6z 3x+6y+2z 6x+2y+3z

néu nhu l+—l-+l=lv‘1x>0,y>0,z>0.
Xy z

Bai 11. Cho x, y, z 14 cdc s8 duong.

Tim gi4 tri 16n nhat cla bidu thifc P = y X .
y+2z z+2x Xx+2y
Hudng déin gidi
] X2 y2 )
Viét lai P du6i dang sau: P= + + ' (¢))

Xy+2XZ YZ+2Xy Xz+2yZ
Tir (1) va theo bat ding thifc Svdc-xd, ta c6:
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2 2
P> x+y+2z) > x+y+2) . @)
Xy +2XZ +yz + 2Xy + Xz + 2yz 3(xy +yz +2zx)
RO rang (x +y +2)° > 3(Xy + yz + zx), nén ti¥ (2) suy ra: P > 1. 3)

Dé thdy dd'u bing trong (3) xdyra & x=y=2z.
ViyminP=1<x=y=2z>0.

Nhén xét:

1. C4ch gidi rén la dya vao bt ding thitc Svdc-xo (mot dang dic biét clia bat
d4ng thitc Bunhiacopski.

2. Xét cdch gidi sau ddy dua vao bat ddng thic Csi
PitX=y+22;Y=z+2x;Z=x+2y.
Khidétac6 X>0,Y>0,Z>0
vixe HYH+Z-2X_4Z4X-2Y 4X+Y-2Z

’ - ’

9 9 B 9
p o AY+Z-2X 4Z+X-2Y 4X+Y-2Z
9X 9Y 9Z
_A4Y 17 2 42 1X 2 4X 1Y 2
9X 9Y 9 9Y 9Y 9 9Z 9Z 9
:L%E X)J{X E) [ J TY Z+X}2_ *)
oly x) 9lz ' v 3\2 Y Z) 3

Theo bt ddng thitc Cbsi, tir (*) suy ra: P > z + g + ; +1- 5 hayP>1. (*%)
D& thdy ddu bing trong (**) xdyra > X=Y=Z>0ox=y=2>0.
ViyminP=1ox=y=z
Do d6 6 rang phuong phép gidi st dung bat ding thitc Svac-xd 1a gon gang
hon cdch st dung bat ddng thic Cosi.
Bai 12. Cho x, y, z théa man diéu kién: x> + y> + 22 = 1.
Tim gi4 tri 16n nha't ca bi€u thifc P = xy + yz + 2zx.
Huéng din gidi
Ap dung bi't ding thic Bunhiacopski, ta cé:

Xy +yz <+/x? +zz.«/y2 +y2 :>xy+yzs,/2(x2 +22)y2 . *)
Do x2+y2+zz= 1, nén tr (*) suy ra: xy + yz S,[Zyz(l—yz). D)

D& thdy: 2zx <x’+z* =1 -y, (2)
T (1), (2) suy ra: P <2y (1-y2) +(1-y?). 3)
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Ta cé: 2y2(l—y2)+(l—y2)=% 4y2—4y4+%(1—2y2)+-;-. “4)

Lai 4p dung ba't ddng thitc Bunhiacopski véi hai day:

,}4y2 —4y4 .(1 —2y2)

ta lai c6: [4y -4y ) (l 2y ) ](;+i—)2[71_2—\/4y2 -4y* +;(1 2y ):|2
1

3%_5@—;;2(1 2)

:ﬁz'”z-\/% 4y2—4y4+%(1—2y2)+—;-. )

Tit (3), (4), (5) suy ra: P < */52” . (6)

D4u bliing xay ra trong (6) < dbng thdi c6 ddu biing xdy ra trong (3), (5)
Xx=z x=z=+1 s L ()

N \/5\/4y2—4y4=2(1—2y2)® 12 1 3
X2 +yt+2% =1 y=% 27285 ®

Tirdéta c6: max P = £—1 < X, Y, zthdéa min hé (7), (8).

Bz‘li13.Chox>0,y>0,z>0vax+y+z=3.

. . x2 y? z?
Tim gié tri nhé nhat cta bi€u thic P = T+ T+ T
1+2y° 1+2z° 1+2x°
Hudng dén gidi
2
Theo bt ding thife Svéc-x, ta c6: Pz — ¥ *2°__ ()
3+2(x3 +y* +2° )

D4u bing trong (1) xdyrac>x=y=z=1
Theo bat ddng thitc Cosi, tacé: x> +1+123x
y+1+123y
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Z+1+123z

Tird6 va dya vio gid thitx +y+z=3suyra: X +y' +2°23.  (2)
D4u biing trong (2) xdyraex=y=z=1,

T (1), 2)suyraP>1. 3)
D#u biing trong (3) x4y ra <> ddng thdi c6 ddu bing trong (1), (2)
ox=y=z=l .
ViyminP=1ox=y=z=1.

Bai 14. Cho x, y, z 12 cdc s8 thyc duong. Tim gid tri nhd nh4t clia bi€u thic

2 2 2
P== = 7t . 773 : 7
vy +yz+z? 22 +zx+x® xP4+xy+y
Huiéng déin gidi
Viét lai P du6i dang:
4 4 4
P= 2 + Y + z o)

x2 (y2 +yz+zz) y2 (22 +zx+x2) z? (xz +xy+y2)
Ap dung bat ding thic Svic-xd, ta c6:
(x2 +y?+2? )2

szz(y2 +yz+zz)+y2(z2+zx+x2)+zz(x

2+xy+y2)

x*rytazt+ 2(x2y2 +y*?+ z2x2)

hay P> . 2)
2(x2y2 +y*z? + z2x2) +(xy)(yz) + (xy)(zX) + (YZ)(2X)

Theo bat ding thirc Cési, ta ¢6:

tryt 22Xy + ¥y + 22 3
Xy +y727 + 2% 2 (xy)(yz) + (xy)(zx) + (yz)(zx) 0)
2+ + 22372

3(){2y2 + y222 + szz)
T (2), (3), (4) suyra: P> hayP2>1. ®)

3()(2y2 + y2z2 + 22x2)
DE thiy dau biing trong (5) xdyrac>x=y=2z>0.
ViyminP=1lox=y=2>0.

Bai 15. Cho x, y, z 12 cdc s8 thyc duong. Tim gié tri nhd nhat cla bi€u thitc

X y z
+ + .
\/x2 +8yz \/y2 +8zx \/z2 +8xy
Huéng dén gidi

P=

' Vi€t lai P dudi dang sau:
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X2 y2 ZZ "

- x\/xz +8yz * y\/y2 +8zx * z\/z2 +8xy ‘
Tir (1) va theo ba't ddng thirc Svéc-x0, ta c6:
(x+y+ z)? . @)
x\/x2 +8yz + y\/y2 +8zx + z\/z2 + 8xy
Ap dung bAt ding thitc Bunhiacopski, ta c6:

(«/;.«/;\[xz +8yz + \/)_/.\/—}Rfyz +8zx +«/E.JZ\/22 +8xy )2 <

x+y+2) [x(x2 + 8yz) + y(y2 +82x)+z(z2 + 8xy)]

P

P2

=(x+y+z)(x3+y3+z3+24xyz). (3

Ap dung ba't ding thirc Cési, ta c6:
(x+y+2’=x +y’ +2’ +3(x +y + 2)(xy + yz + 2X) - 3xyz

2 +y*+ 2 + 27\ [xyz.x2y?2? —3xyz
hay x+y+2°2x>+y +2° + 24xyz. (€))
Thay (3), (4) vao (2) vi c6: P> ﬂ‘% =1. )
x+y+2z)

D& thdy d4u biing trong (5) xdyrac>x=y=z=1.
Nhdn xét: Ta c6 bai todn tudng ty sau:

Chox>0,y>0,z>0vax +y+z=1.Tim gid tri nhd nh4't clia biéu thitc

X y z
P= 3 += += .
x“+8yz y“+8zx z°+8xy
2 2 2
Ta gidi nhu sau: P= 3 X P + z (*)

X~ +8xyz y3 +8xyz AR 8xyz '

(X +y+2)? . (*%)
X'+ y3 +2° +24xyz

Ap dung bat ding thitc Svic-xd, ta c6: P2

Theo bai trén ta c6: (x +y +2)° 2 X° +y* + 2 + 24xyz. (*¥¥)

2
(X+y+2z) X+y+z
ViyminP=1ox=y=z= %
Bai 16. Gia sir x, y, z 1a ba canh clia m6t tam gidc c6 chu vi biing 12.

=1.

Tir (¥*), (***) suy ra: P>
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Tim gi4 tri nhd nh4t cda bidu thic P = yrtz-X  ZHX-y  XHy-z
3x+y-z 3y+z-x 3z+x-y
Huédng din gidi
DitX=y+z-x;Y=z+X-Yy;Z=x+y-2

Khidétac6X>0,Y>0,Z>0.
Y+Z Z+X ~ X+Y

DE thdy x = 1y = 1z=
y 2 y 2 2

Tu dé ta cé:

=X+Y+Z=X2 +Y2 +22‘
Y+2Z Z+2X X+2Y XY+2XZ ZY+2XY XZ+2YZ
(X+Y +2)? o1

XY +YZ+ZX)

DEthiyP=1©X=Y=Z<x=y=2=4.ViyminP=1.

Gi4 tri nhd nhit khi X, y, z 12 canh cda tam gidc déu c6 chu vi bing 12

(tinhx=y=2z=4).

Tit (1) va theo bt ddng thirc Svdc-x0, ta ¢6: P>

Bai 17. Cho x > 0. Tim gi4 tri nhd nh4't ciia ham s& f(x) = x + %—1-+ 4[1+ —77) )
X X

Huéng dén gidi
Ap dung ba't ddng thitc Bunhiacopski, ta cé:

2 2
(9+7)(1+——j (3+7) =>16(1+—72—J (3+ j
:>4/ +——23+— = f4 14——~j2l . ¢))
X 2 X
3

Diu bing trong (1) xdyra< —=—& x=3.
4 g y 1 l/_i
X

Tir (1) ta c6: x+%l+ 4(1+-12-J2x+£+2+—z-=2+x+2.
X

Do x+—9-26
X

D4u biing trong (2) xdyra < x = 3. Tir d6 suy ra: f(x) 2122.
D&u biing trong (3) xdy ra <> ddng thdi c¢6 dau bing trong (1), (2) & x = 3.

Viy min f(x) = 1—2§©x= 3.
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Bai 18. Cho x, y, z 12 ba s6 duong thda man diéu kién:
xX(x-D+yly-1)+z(z-1) s% .

Tim gi4 tri 16n va nhd nhit cia bi€u thdc P=x +y +z.
Huéng dén gidi
Vi€t lai gid thi€t dd cho duéi dang:
3(x2+y2+zz)s 3x+y+1z)+4 (€Y)

Ap dung ba't ding thitc Bunhiacopski, ta c6:
(x+y+z)2s3(x2+y2+zz). (2)

T (1), 2) suyra: (x +y +2)* <3(x+y +z) + 4

S X+y+2)’-3(x+y+2)-4<0

< -lsx+y+z54e-1<P<4 3)
X+y+z=i
3

Tudésuyra:P=4 < ®x+y+z=%.

X=y=z

TuongtyP=-l1x=y=x= —él-.

Va?\ymaxP=4<:>x=y=x=%;minP:—l@x:y:x: —%.

§3. CAC PHUONG PHAP THONG DUNG KHAC
sU DUNG BAT DPANG THUC DE TiM GIA TR] LGN NHAT VA
NHO NHAT CUA HAM SO

1. Phuong phdp xué't phap tit mot ba't ding thic da bi€t tif trude.
Phuong phap xudt phdp tf mdt ba't ding thitc ndo ddy da ding, sau d6 bién
d8i thanh bt ddng thic dang P>a (1) (hoic P <a), & day P 1a biéu thic
cin fim gi4 tri nhd nhat (hoic 16n nha't).
Sau khi chi ra phdn t¥ dd cho wng v6i phin t& d6 thi P dat gié tri a, ta s& suy
ra k€t luadn min P =a (hodc max P =a).
Nhu viy diéu c6t y&u khi sif dung phudng phdp niy 1a cin lya chon cdc bit
d&ng thitc thich hgp v6i dé ra d€ c6 thé bién ddi vé bat ding thic dang (1).
Viéc Iyta chon nay dudc ti€n hanh biing cach dwa vao cdu tric clia bi€u thic
P ban d4u ciing nhu c4c gia thi&t clia bai todn.

Bai 1. Cho X, Y,z 12 ba s dudng va thda mén diéu kién xyz= 1.
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Tim gi tri 10n nhift cia bidu thite P = —————+ ———— 4 — =,
xX+y +1 y +z7+1 z7+x +1

Huéng dén gidi
Hién nhién ta c6 bit ding thic sau: x* — xy + y* 2 xy. 00}

D4u bing trong (1) xdyra>x =y
Vix>0,y>0,nén b (1) c6 (x+y)(x? -xy+y?)2xy(x+)

= X +y 2xy(x +Y). 2)
Doxyz=1,néntir (2) c6: x> +y + 1 2 xy(x + y) + Xyz
SC+yY + 1 2xyX+Y+2)
1 1

<

= < . 3
Gy +1 xy(x+y+2)
D4u biing trong (3) x4y ra <> ddu biing trong (1) xdyra < x =y.
1
Tudng tv ta c6: < , “)
¢ V42341 yz(x+y+2)
1 1
< . 5
Z+x3 41 zx(X+y+2) )
D4u biing trong (4), (5) twong Wng xdyrakhiy=z;z=2
Cong timg v& (3), (4), (5)va c6 P<—3¥*2 1 4 ).

Xyz(x+y+2z) Xxyz

D4#u bling trong (6) x4y ra <> dbng thdi c6 d4u biing trong (3), (4), (5)
ox=y=z=1(doxyz=1)

ViymaxP=1lox=y=z=1.

Nhén xét: Trong bai nay ta di st dung bt ddng thic (1), d6 1a tir bat ding thite
hién nhién (x-y)20=>x>—xy+y* >xy.

Bai 2. Cho x, y, , t 1a b6n s8 thyc duong sao cho xyzt = 1.
Tim gi4 tri I6n nh4't clia biéu thirc

1 1 1 1
i x4+y4+z4+1+y4+z4+t4+1+z4+t4+x4+1+t4+x4+y4+1'
Hudng dén gidi
Trudc hét ta chitng minh ring véi moi x, y, z ta cé:
X +yt v 2xyz(x +y + 2). 1

That vay: x* + y* + 2* 2 X% + y’22 + 2%°
= 2(x4 +y*+ z“) > (x2y2 + yzzz) + (yzz2 + z2x2)+ (zzx2 + xzyz)
2 2xy°z + 2xyZ’ + 2x’yz
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=>xt+y + 2 2 xyz(x +y + 2).

Nhin xét dugc chitng minh: D& thdy ddu biing trong (1) xdyra > x=y=z.

Do xyzt = 1, nén tir (1) c6:

Xeyte v lzxyzx+y+ ) +xyzt oty v+ 12 xyz(x +y + 2+ 1),
1 1

Dox,y,z,t>0,nénta cé: < )

x*eytazt el xyzx+y+z+t)

D4u bling trong 2) xdyra>x=y=z
1 1

Lap luidn tuong ty ta c6: < , 3

P g ezt et 4l yzix+y+z+n) @
1 1

< , 4

et rxt 4l (X +y+Z+1) “)

1 < 1 )

ext eyt el xyx+y+z4t)
D4u biing trong (3), (4), (5) twong ¥ng xdyra<>y=z=tz=t=x;t=x=y.
Cong titng v€ (2), (3), (4), (5) va chii ¥ xyzt =1, ta c6: P < (1). 6)
D& thdy ddu bing trong (6) xdyra <> x=y=z=t=1.
ViymaxP=1l&ox=y=z=t=1, ,
Nhén xét: & diy ta dya vao ba't ddng thic (1). N6 tuy khong don gidn nhv bit
ding thitc (1) trong bai 1 nhung viéc s& dung né ciing 12 18 tr nhién vi dva
vao c4u triic ciia bi€u thirc P.
Bai 3. Cho x, y, z 1 ba s6 dudng va xyz = 1. Tim gi tri 16n nh4t cia biéu thifc
. x2y? . vz . 22x2 ‘
x2y2+x7+y7 vl eyT 427 2% 42T +x]
Hudng dén gidi
Do x, y 12 cdc's§ duong nén ta cé:
(x3-y3)(x4—y4)>0:x7+y72x3y3(x+y). (€3]
D4u biing trong (1) xdyra & x = y.
T (D cé: X2y +x +y 22y + Xy’ (x +y)

x2y2 x2yz
= £S5 3 33
x2y2+x7+y7 xzy +x’y'(x+y)
2.2
1
hay Xy < 1

X2y 4x"+y7 T lexy(x+y) T Xyz+xy(X+Y)
x2y? g 1 .
x2y2+x"+y7 T xy(x+y+2)

=> 03
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D&u biing trong (2) xdyra <> x=y.

yzz2 1
Tudng tf ta ¢6: ~——5————=< , (3)
yzt+y +z' yux+y+z)
2,2
27X 1
4

< .
22xr+727 +x7 T zx(x+y+2)

D4u bing trong (3), (4) twong Gng xdyra <>y =2z,Z=X.
Cdng tirng v€ tirng v& (2), (3), (4) va c6: P < 1. 5)
DE thiy ddu bing trong (5) xdyra < x=y=z= L.
Nhuth€tacomaxP=1<x=y=z=1.
Baid4.Chox, y,z1a basdthuc € [~1;2] va thdaminx +y +z=0.
Tim gi4 tri 16n nhat cBa bi€u thic P = x* + y* + 2°.
Hudng din gidi
Doxe[-1;2] @ -1<x<2ox+x-2<0.
D4u bing trong (1) xdy ra < [i :;1
Tudng ty, ta c6: y> +y—2<0,
22 +2-2<0.
D4u biing trong (2), (3) tuong ing x4y ra
< y=-1lhodcy=2;z=-1hodcz=2.
Cong tirng v& tirng v€ (1), (2), (3)vidox +y+z=0,néntacé: P<6.
D4'u biing trong (4) xdy ra
< ddng thdi ¢é ddu bing trong (1), (2), ) vax+y+z=0
< trong ba sd X, y, z ¢6 hai s8 biing —1, mdt s5 bing 2. (5)
Viy max P =6 <X, y, z théa mén (5).
Nhan xét: 6] ddy wr x € [~1; 2], ta suy ra (1) (dva vao dinh li vé d4u cia tam
thitc bac hai).
Bai 5. Cho x, y, z 12 ba s& thyc € [0; 2] va thda min diéukiénx +y +z=4.
Tim gid tri I6n nht cda bidu thic P = x* + y* + 22

Huéng dén gidi
Dox,y,ze[0;2],tac6:0<x<2 e x"—2x <0. ¢))
Tudng tu c6: y* — 2y <0, 2)

: 22 - 22<0. (3)

RS =0 =0 =0
Dau bang trong (1), (2), (3) tuong Wng xdy ra & [x 5 ; {y : [Z
X
T (1), (2),(3) c6: x> +y* + 22 - 2(x +y +2) <0.
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Nh

Dox+y+z=4=P<8.
DE thiy ddu biing trong (4) xay ra

< trong 3 s6 c6 mot s bing 0, hai s& bing 2. 5)
Nhu thé max P = 8 < x, y, z thda min (5).
dn xét:

. C6 thé 1am céch khdc nhu sau:
Dox,y.z € [0; 2]
SE-2)(y-2)(z-2)<0=>xyz-2(xy+yz+zx)+4(x+y+2z)- 8<0

:xyz—[(x+y+z)2—(x2+y2+22”+4(x+y+z)—850. *
Do x +y +z =4, nén tir (*) suy ra:

xyz-(16-P)+16-8<0=>P<8- xyz. (**)
Dox>0,y>0,z>0=xyz>0,nén tr (*) suyra: P<8 (%)

x=2)y-2)(z-2)=0
D4u bing trong (***) xdy ra <>{xyz=0

xX+y+z=4

&> trong ba s6 X, y, z ¢6 hai s& = 2, mot s§ = 0.

Viy max P =8 <> X, y, z théa mén (5). Ta thu lai k&t qua trén
Nhv vay c6 hai cdch xuat phdt tir bat ding thic ban diu. Chd ¥ 1a trong ci
hai cdch nay ddm bdo diéu kién d4u bing xdy ra.
. Bay gi® xét bai todn sau: Chox,y,z € [0; 2] vix +y +z=3.
Tim gi4 tri I6n nhit cla bidu thitc P = x* + y* + 2°.
V6i bai todn nay cdch gidi bing cdch xuit phat tir bit ding thic:
2-x)2-y)2-2)=0 6)
12 chdp nhin dugc. That viy d& thdy bing cdch lam nhu trén:
6)=>P<5-xyz<5

xyz=0
P=5<{2-x)2-y)2-2)=0
X+y+z=3

< trong ba s8 X, y, z c6 mdt s6 biing 0, mot s bing 1, mot s§ bling 2.
V4y max P = 5 khi théa man (7)
Tuy nhién cdch gidi tr cdc bat ding thic: 2x - x>>0; 2y - y* > 0;2z - 22> 0
1a khong chdp nhan dugc.
Thatviytr(8)tacé: P-2(x+y+2z)<0=>P <6,
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2x-x2=0

— 2:

P=6& 2y-y =0
27-72%=0
X+y+z=3

Tuy nhién hé (9) vb nghiém, vi tf X, y, z € [0; 2) ma tSng x + y + 2 1 5§
chin, nén khong théa min x + y + z = 3. Vi th€ P < 6. Tt d6 bai todn chua
dugc gidi.

3. Béy gid lai xét bai todn: Chox,y,ze [-1;2]vax+y+2z=0.

Tim gié tri I6n nhat cia biéu thic P = x* + y* + 2.
Cdc ban hdy thit lai xem tai sao xudt phdt tir bat ding thic:
(x = 2)(y — 2)(z - 2) <0 thi s& khong gidi dugc!

Binh lugn: Vin d& c6t 16i 1a & chd: Phai xui't ph4t tir bit ding thirc ban diu
thich hgp sao cho trong bt ding thitc P < a (hoic P > a) phdi tn tai diém
thudc mién x4c dinh cda P dé cho ddu ding thic x3y ra. Chi khi 46 mdi két
ludn dugc max P = a (hodc min P = a)!.

Bai 6. Cho x, y, z 1 cdc s6 thyc e [0; 1]. Tim gi4 tri 16n nhi't ciia biéu thic
P= 2(x3 +y3 +z3)--(x2y+yzz+z2 )

Hudng dén gidi
Do x,y,z e [0; 1], nén ta cé:
(1—x2)(1-y)+(1-y2)(1-z)+(1-z2)(1-x)zo. (1
DE thiy (1) (x2 +y? +zz)+(x+y+z)—(x2y+yzz+z2x)s 3. )
Dox,y,ze[0; 1]1=>x>2x*2>x%y2y2yh 222> 2% 6))
Nén tir (2) ta c6:
(x3+y3+z3)+(x3+y3+y3)—(x2y+y2z+zzx)s3=>P$3. 3)
D4u bing trong (3) x4y ra < déng thdi c6 ddu bing trong (1), (3)
x:y:z:l
= =l, =O
o |X=Y=k2 @
x=z=Ly=0
x=0y=z=1

Viymax P =3 & X, y, z théa min (4).
Nhén xét: Bit ding thitc xus't phdt (1), dya vao diéu kién x, y, z € [0; 1] va
dang clia bi€u thic P ddu bai.
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Bai 7. Chox, y, z 12 cdc s8 thyc thda min diéu kién x> +y* + 2°= 1.
Tim gi4 tri nhd nh4t cla bi€u thic P = xyz + 2(1 + X + y + Z + Xy + yZ + 2X).

Hudng dén gidi

Tir gia thi€t: x> +y* + 2= 1

= <L y|<h 7)<l = A +x)A+y)1+2)20 (D
S1+x+y+2+xy+yz+zx +xyz20. 2)

2

Mat khic ta lai c6: LHXFY*D 50 @)

Dox’+y’ +7Z°=1,néntr (3)c6: 1 +x+y+z+xy+yz+2zx 0. 4)
Cong tirng v€ (2), (4) va c6 P2 0. (5)

.o 1+x)(1+y)1+2)=0

D4u biing trong (5) xdy ra & L+ x)d+y)+2)
l+x+y+z=0
<> trong ba s§ X, y, z c6 mdt s6 bing -1, 2 58 bing 0.  (6)

Viymin P =0 < X, y, z théa mén (6).

Bai 8. Cho x, y, z 1a cdc s6 thyc € [0; 1]. Tim gid trj 16n nhd't cia bi&u thic
== y Z .
l+yz 1+zx 1l4xy

Huéng dén gidi
Do x,y, z € {[0; 1], nén ta c6: ’ X+X

(H

l+yz l+yz+x '
That viy (1) & X + Xyz + X> S2X + 2Xyz &> X — x — xyz <0
o x(x-1-yz)<0. )
Dox<1l;y20;220=x - 1-yz<0.Lai dox 20, nén (2) ding, vay (1) ding.
Mit khdc dé thdy: 1 +yz>y + z (vi n6 twong duong véi (1 — y)(1 - z) 20).
X 2x
<

Tir d6 tir (1) suy ra: < . (3).
1+yz x+y+z
A 1A b (Y 2y
L4p ludn hoan todn tudng tv c6: < , “4)
l+zx x+y+z
z < 2z . )
l+xy x+y+z
Cong titng v& (3), (4), (5) va c6: P<2, 6)

D4u biing trong (6) xdy ra <> ddng thdi c6 ddu biing trong (3), (4), (5)
&> trong ba s8 X, y, z ¢6 hai s3 bing 1, mdt s6 bdng 0.  (7)
Viy max P =2 < X, y, z thda min (7).
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Bai 9. Chox, y, zla cdc s8 thyc € [0; 1]. Tim gi4 tri I6n nhi't clia biéu thic
P=x+Yy +2 - (Xy + yz + zx).

Huéng dén gidi
Dox,y,ze[0; 1] =1 -x)(I1-y)(1l-2)>0 (1)
D> 1-xX+y+2)+(xy+yz+2x) - xyz>0
=>1-xyz2x+y+z-(Xy+yz+zx). )
Dox,y,ze{0;1]=>x+y+z2x+y +2° (3)
=1-xyz>P “)
Laidoxyz>0,nénc6: P<1. 5)
(I-x)1-y)1-2)=0
_.2
D4u biing trong (5) xdy ra < Y= yz
z=7
xyz=0
<> trong ba s8 X, y, z ¢6 it nhAt mot s bang 0, it nhdt mdt s6 bing 1 (6)

Viymax P =1 <X, y, 2 thda min (6).
Bai 10. Cho x, v, z, L 1d cdc s6 thuc ducng va thda min didukiénx +y +z+1 = 2.
P eytazt et

3

Tim gi4 tri nhé nha't cia biu thite P = -
X +y +z2° +t

Huéng dén gidi
St dung bal dang thie: (x - y)(x3 —y3)2 0 ()
= Ctry'exy'ryd Q)
Lap ludntwong trtacd: x* +z2*>x2* +2zx*  (3)
Hr>xttr® @)

vi+i>yZ vy (5)
y+rzy?+yt o (6)
AR AT A S )
Cong tirng v& (2) — (7) ta ¢6:
3()(4 +yt 4zt +t4)2x(y3 +z° +t3)+y(z3 + +x3)+z(t3 +x° +y3) +t(x3 +y° +z3)
(8)
D&u biing trong (8) xdy ra <> ddng thdi c6 diu biing trong (2) - (7)

SX=y=z=t= % (dOX+y+Z+[=2)
Tir (8) suy ra 4(x4+y4+z4+t4)2x(x3+y3+z3+t)+y(x3+y3+z3+13)+
z(x3+y3+z3+t3)+t(x3+y3+z3+t3)
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4, 4, 4 .4
xz+y-{+zx+t1 2x+y+z+l=13le_
X' +y 27+ 4 2 2

=

DA4u bing trong (9) x4y ra < d4u bing trong (8) Xdyra <> x=y=z=t=

N —

ViyminP=—- ox=y=z=t=

N | —

1
2

[N

2. Céc bai toan khéc sit dung bt ding thitc d€ tim gid tri 16n nha't va nhé
nhit cda ham s6’

Trong cdc bai todn § muc ndy, ta k&t hgp nhiéu cdch khdc nhau d€ st dung
bal ddng thifc trong viéc tim gid tri 16n nh't va nhd nhat cia ham s6. C4i dich
cin di dén 1a dua vé c4c bt ding thitc dang P >a (P < a) trong céc bai todn
tim gid tri nhd nhdt cia bi€u thifc (gid tri 16n nhat ca biéu thic P), rdi st dung
dinh nghia cla gid tri 16n nh4t va nhd nhdt da bi€t. Qua cdc bai dudi diy cdc
ban s& thiy rd thém tinh da dang cla phuong phép si dung bt ding thitc dé
gidi bai todn tim gid tri nhd nhat va 16n nhi't cia chiing ta.

Bai 1. Cho x, y, z 1a c4c s6 thuc € [0; 1]. Tim gi4 tri I6n nhd't cia biéu thife

P= X 2 + z + (1 = x)(1 - y)1 - 2z).
y+z+1l z+x+1 x+y+l

Huéng din gidi
Do tinh binh ding cla cdc bi€n x, y, z nén khong gidm t8ng quét, ta c6 thé
gid stx>y>z.
T x,y, z € [0; 1] nén 4p dung bt didng thitc C6 Si ta ¢6:
(l_y)+(l_;)+(1+y+z)2-\*/(1~y)(1—z)(l+y+z)
=12 -y)1-2)1+y+2). (1)
Daubling trong (1) xdyrac> l—y=l-z=1+4+y+z

Q{y=z oy=z=0
y+2z=0

Dox e [0;1),néntir (1)cé: I -x>(1-x)(1-y)I -z} (1 +y+2)
2

= (1= -y)(l-2) <X

l+y+z’
y:Z:O

D4u biing trong (2) xdy ra <:>[
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y .3 3)

St dung:x>y=>z2>0,tacé: < ,
l+x+z l+y+z

I U = @)
Xx+y+1l 1+y+z
Viétlai(Z)du’é“idang:(l-—X)(l—y)(l—z)+ < ! )]
l+y+z 1l+y+z
Cong titng vE (3), (4), (5) suy ra:Psll)i:E hay P<1. (6)
l+y+z

D4u bling trong (6) X3y ra <> ddng thdi c6 ddu bing trong (2), (3), (4) (¥
Viymax P=1<x,y, z thda min (*).

Nhén xét:

1. C4c ban hiy thit xem cu thé (*) 1a gi?
Chiing t6i dua ra vai trudng hgp cla (*)
Thidg:x=y=z=1;hoicx=y=1;z=0...

2. Trong bai trén ta di k&t hop cdc phuong phdp: skt dung tinh binh ding cia
céc bi€n, s& dung bat ding thitc Cosi, wdc lugng bat ding thic.. d€ gidi bai
todn.

Bai 2. Cho x, y 12 céc s& thuc dudng, théa man diéu kién xy = 1.

3 3
Tim gid tri nhd nhAt cda bidu thic P= 2+ I
I+y 1+x

Hudng dén gidi

4, 4,3, 3 4 .4 2_ 2
Viét 1ai P du6i dang: = X FY X *Y X *¥ +x )6 —xy +57)

Xx+1+y+xy X+y+2
(doxy =1). R5 rang ta c¢6: x* + y* > 2x%y* va x’ — xy + y* > xy. )

D#u bing rong (2) xdyra<>x=y=1(doxy =1).

2x%y? 2
Tir (1) va (2) suy ra: pzw:pzw=x)’=l,
X+y+2 X+y+2
Nhu viy P> 1 va ddu ding thicxdyrace x=y=1.
ViytacominP=1ox=y=1.
Nhén xét: Xét cach gidi khdc sau diy:
x3 1 x* 1
+t3 = t3
1+ 1 Fd+x) x+1 x*+x)
X

Doxy=1 :y:i:P =
X
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_oxtal aapxO-xaxt =P e x? —x 4 1)
X3x+1) X(x+1)
=x3—x2+x~1+l——12—+i3

X x* x

3 2
=(x+l) —3(x+l)—(x+l) +2+(x+lj—l
X X X X
3 2 )
=(x+l) —(x+~l-) —2(x+1)+1. )]
X X X

biat x+l =t,khidédox>0néntacét>2.
X

Tir (1) xétham s§ f(t) =t — - 2t+ 1, v6i t> 2
Ta c6: £(t) = 3t - 2t — 2, va c6 bang bién thién sau:
1—\/7 1+ﬁ 2

3 3
(1) 0 - 0
£(t)

t

+

/

Ty dé suyraminP=min f(t) = f(2) = 1

NN

(tZ2).Khit=2thix+l=2<:>x=l.
X

Nhur th€ min P =1 <> x =y = 1. Ta thu lai k&t qua trén!.
Bai 3. Cho x, y, z 12 cdc s6 thyc duong vi thda méin diéu kién

6[-l—+i+i}sl+-l-+l+—l-.

1 1 1
+ + .
10x+y+z x+10y+z x+y+10z

Tim gi4 tri I6n nhat cia biéu thic P =
Huéng dén gidi
2 2 2
RG rang ta c6: (-l-—l) + 11 +(l—l) 20
x 3 y 3 z 3
= -—12—4-L2+i2 —Z(l+i+l]+-l-20=>6 —12-+L2+L2 >4 l+l+l -2
x* y° oz 3\x y z) 3 X y* oz Xy z

1)
Tir (1) va theo gid thiét ta c6:
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1+(l+—l—+l]24(l+i+i]—2:>l+—1-+lsl. 2)

Xy 2z Xy z Xy z

Ap dung bat dﬁng thitc Cdsi co bdn, ta c6: (X +y + 2) (—1—+ l + l) =29. (3
X y z

T (2), 3)suyra:x+y+z2>09. 4

Ta c6: 4 <—l—+ ! ' (5

10x+y+z=6x+(4x+y+z)_6x AX+y+z

khi A>0,B>0).

— . . I 4
(Dva vao bat dang thirc C6si c¢d ban 1 +—=2
A B A

+B
Lai ¢6:
4x+y+z2 3x+(x+y+2z) 2x+4(x+y+z) 12x 4(x+y+2z)
Tu (5), (6) suy ra: ————s—l—+—-l—+——l—
10x+y+z 6x 12x 4(x+y+2z)
h SL+ ! = ! SL+———1———. @)
10x+y+z 4x 4(x+y+z) 10x+y+z 16x 16(x+y-+z)
Dau biing trong (7) xdy ra dé thiy @ x=y =2z
Lip ludn twong ty, cé: ————sL —l- ®
X+10y+z 16y 16(x+y+z)
S SR NN ©
X+y+10z 16z 16(x+y+z)
D4u biing trong (8), (9) xdy khix =y =z
Cong tig v& (7), (8), (9) c6: petfl L1 — (10)
16ix y z) 16(x+y+2z)
Tir (2) va (4) suy ra: Psl+——3—=i an
16 169 12

Dﬁ'ubﬁngtrong(ll)xéyra©x=y=z=3.VéymaxP=é@x:y:z:&

Nhdn xét: Day 11 bai todn tdng hop st dung d&€n nhiéu phuong phap:
XuA't phdt tir mdt ba't ding thitc hién nhién d€ di d€n (1). Tir (1) sit dung bat
d4ng thitc Cosi cd ban d€ xdc dinh céc diéu kién (2) va (4). Réi lai 4p dung
bat ddng thitc Cosi co ban nhiu 1in d€ cé dénh gid (11).

Bai 4. Chox,y,z>0 va thda min difukiénx +y +z= 1.

Tim gi4 trj 16n nhat cda bi€u thie p= X, LHY 142 o0y 2z X}
S l-x 1-y 1-z X Yy z
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Huéng dén gidi
Viét lai biéu thitc P du6i dang:

P= l+—2i+1+ 2y +1+— 2z -2 ¥y
1-x 1-y 1-z

Dox+y+z=1,néntacé:

2){ ! —l]+2y(L—l)+2z( 1 —l]+3
y+z z Z+X X X+y Yy

_ 72Xy  2yz 2zx
zZ(y+z) x(z+Xx) y(x + y)

P

=3 X _, ¥,z |
zZ(y+z) x(z+x) y(x+y)
Ap dung bi't d&ng thitc Bunhiacopski ta ¢6:

[F(ﬂ (——FJ:J“ )

][(y+z)+(Z+x)+(X+y)] 2

<[z(y+z) x(z+x) y(x+y)

2
R® rang ta lai c6: [/3‘1+\/y—_z+\/§J >3(x+y+2) A3)
z X y

(Dvya vio bat dﬁng thitc hién nhién (a + b + ¢)? > 3(ab + bc + ca)).

T (2), 3)suyra: 3(x+y +z) szlz(;{i = + X(Zyi 9 + y(xzi y)](x +y+2z).

Xy yz ZX }>3

Trx+y+z=1,néntr(4)cé: 2 + + >
zZ(y+z) x(z+Xx) yEx+y)

Thay (5) vao (1) va c6: P<0.
D& thdy d4u bing trong (6) x3y ra

&x=y= z=-:1,: ViymaxP=0ox=y=z=

w|—-

. Nhin xét: Py ciing 12 bai todn t6ng hgp. Trudc khi sit dung bit ding thic
Bunhiacopski, ta phdi thyc hién phép nhém céc s6 hang d€ dwa P vé dang
(1). Trén co s8 (1), méi thuc hién dugc phép s& dung bat dﬁng thitc
Bunhiacopski.
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Bai 5. Cho x, y, z> 0 va thda min diéu kiénx +y +z =2,
Tim gi4 tri nhd nh4't ciia biéu thirc
o Y4 a4y (3,.3..3
P-l+2(x +y +z ) (x +y +z )

. Hudng dén gidi

Tac6: 2P =2+ (x*+y* +2*)-2(x’ +y3+z3) *)

Duya vio gi thi€t: x +y+z=2,ta c6:
2(x3+y3+z3)—(x4+y4+z4) = x3(2—x)+y3(2—y)+z3(2—z)
=x3(y+z)+y3(z+x)+z3(x+y)
= xy(x2+y2)+yz(y2+zz)+zx(zz+x2). (1)

Dé thdy ta c6 bt ding thirc sau:

.Xy(x2 +y2)+yz(y2 +zz)+zx(z2 +x2) s(xy+yz+zx)(x2 +y2 +zz) . (2
That vay:

Qoxy+xy+yz+yl +2x +2x°

< (xsy + xy3 + y3z + yz3 +20x + zx3) +xyz(x+y+z) 3

Do (3) ding vix>0; y >0; 2> 0. Viy (2) ding.
D4u bing trong (2) x4y ra < xyz = 0.
Ta ¢6 theo bit ding thic Cdsi:

2

2xy+yz+z)+(C +y* +22) | (x+y+2)*

2(xy+yz+zx)( +y +z)

2 4

Dox+y+z=2,néntacé: 2(xy+yz+ zx)(x2 +y2 +zz)s4. “)
Da'u biing trong (4) X3y ra <> 2(Xy + y2 +2X) = X° + y° + 2%,
TiY (1), (2), (4) suy ra: 2(x3 +y? +z3)—(x4 +y* +z“) <2. )
D#u biing trong (5) xdy ra <> ddng thdi c6 ddu bing trong (2) va (4)

xyz=0
= 2(xy+yz+zx)=x2 +y2 +z?

X+y+z=2
< trong ba s8 X, ¥, z ¢6 hai s6 = 1, m6t s6 = 0. - (6)
T (*) c6 2P = 2—[2(x3+y3+z3)—(x4+y“+z4)] 7
T (6), (7) suyra: P> 0. (8)

DA bing trong (8) xdy ra < x, y, z thda mén (6)
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Viy min P = 0 & x, y, z théa min (6).

Nhén xét: Vigc st dung ba't ding thitc (2) 12 diéu phii khéo 160 mdi nhin ra.
Bii todn 1a sy k&€t hgp nhudn nhuyén gilta phuong phdp si dung mot bat
d4ng thitc da biét trudc véi viéc 4p dung ba't ding thic Cbsi.

B4i 6. Cho x, y, z 1a céc s8 thyc duong va théa man diéu kién

X2y=2z
32-3x2 =22 =16 -4y

Tim gi4 tri nhd nht cda biéu thic: P = xy + yz + zx.

Hudng din gidi
2 .2
Tir gid thist, ta c6: y? =10=2; x2 23222
4 3
22 16-7°
Doy>z>0=y"2z Sl > 552 <16 :>0<z<—. ()]
3 NG
2 2,2 2 _
Ta c6: x2 —3y? 2_32-2" 48-327 3z 16. @
3 4 12
Do 5z < 16, nén tif (2) suy ra: )(2—3y250:>x253yZ
=>x£y«/§ (dox>0,y>0)
:xys\/?:yz (doy>0) 3)
J3( x? 3
Tacé: xz=+3 <N2) A L2 N2y 452 , 4
(\/5 ) 23 2 (y ) @
ly2 2
yzsi(y +z ) 5)
Tir (3), (4), (5) c6: P s\/gyz +-\/--§-(y2 +zz)+l(y2 +22)
2 2
=P< \/§+—\/E+l y2+ 3+1 2. (6)
2 2 2
2
Doy2—164Z , nén tir (6) ta c6:
2
p33+1(16-27) (V341 2 =Psa(3B+1)+ 3+443)
2 | 4 2 8

Do (1), nén tir (7) ¢6: P < 2(3\/3,,1){25/_5]1522%32«5%%' @)

D4u biing trong (8) x3y ra <> d&u bing trong (1), (3), (4), (5) ddng thdi x4y ra
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4
Z=—
N ij_?.
oSidy=z < 54
X y=z2=—.
—_—=Z
75 NG
V@ymaxP:éz@Q X, ¥, z thda min (4).

®

Binh lugn: Diy la bai todn tng hop vé viéc sit dung ba't ding thic d€ tim gid

tri I6n nha't cia mot biéu thite.

Dua vao diéu kién va diing nhiéu bat ding thic phu (1), (3), (4), (5) ta ¢6

ddnh gid vé P (xem (6)). Tir d6 suy ra max P.

Bai 7. Cho x, y, z 1 céc s6 thuc duong, thda min diéu kién: 1 + 1 + 1 3.

Xy z

Tim gi4 tri nhd nhat clia biéu thic:

<3 y3 3
P== 7t 3 773 7"
X“+Xy+y® y +yz+z° z°4+zX+X
Hudng dén gidi
3 3 3
R z X
Xét dai lugng: Q = 5 Y >+ 5+ 5
X +Xy+y© y +yz+z© z°+zZX+X
Khi d6 ta c¢é:
3.3 3 .3 3 .3
X =y y -z z° —X
P-Q= 2 + 773 2

x2+xy+y? yP4yz+z® 2l 4zx+x

=x=-y+y-+z-x=0
Vay P =Q. Tir d6 suy ra:

x+y? y +2 2 +x°
P=— 773 7t 3 )
X“+Xy+y~ y +yz+z© z°+zX+X
2 2 2 2 2 2
X“~Xxy+y y -yz+z z°-zZx+X
=(X+y)= s +(y+2)=5 s+E+X)5——>
X“+Xy+y y +yz+z Z°+2X +X
: 2 2
a oo X —Xy+ 1
Ta nhin thay: ik A A

x2+xy+y? 3

That vy do x* + xy + y* > 0 nén
Q) I -3y +3y° 2’ +xy+y S x2 - 2xy + ¥’ 2 0.

Vi (3) hi€n nhién diing nén (2) ding. D4u bing trong (2) x4y ra <> x =y.
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2 2 2

. 2
Tuong ty, ta c6: Lo = >1 o >1 )
y +yz+z° 3 z°+zx+x° 3
Tir (1), (2), (4) suy ra: 2P2-§(x+y)+§(y+z)+é(z+x):>P_>.—x+y+z (5)

D4u biing trong (5) x4y ra < d6ng thdi cé ddu bing trong (2), (4)
Sx=y=z.

Theo bat ding thifc Cosi cd bin thi: (x +y + ) (l+ LI l) 29,
Xy z

Do l+-1-+l=3:>(x+y+z)23. 6)
Xy z .

D4u biing trong (6) xdyra<>x=y=z=1.

Bay gid k&t hop (5), (6) c6 P = 1. %)

D#u biing trong (6) x4y ra <> ddng thdi ¢ ddu bing trong (5), (6)
ox=y=z=1
TémlaiminP=1ox=y=z=1.

Binh lugn: R rang diy 1a sy tdng hop clia cdc phuong phép tir bién ddi dai 6,
s dung bat ding thitc cho trudc (c4c bit ding thic (2), (4)), cho d&n st dung
bt ddng thirc Cosi dung d€ gidi bai todn tim gid tri nhd nht cda P ditra.

Bai 8. Chox, y, z 1 céc s8 thuc duong. Tim gi4 tri 16n nhat ciia tiéu thic:

= X + y + z .
X+ Jx+x+2) Y+ Jy+2)y+x)  z+Z+x)z+Y)
Hué6ng dén gidi
Ap dung ba't ding thitc Bunhiacopski ta c6:

s = [ (V&) + () [ (R) (V2 2y )

2
= (x+y)(x+z)2(x+ yz) . (1)

T (1) suy ra: )

X X
< .

X+ Jx+Y)x+2) 2K +4yz

D#4u bling trong (2) xay ra <> diu biing trong (1) xdyra <y =z.

. y y
Tudng ty ta c6: < , (3)
y+Jy+2)(y+x)  2y++zx
z
z @

2+ Jz+x)z+y)  2z+\xy
D41 bling trong (3), (4) tudng Ung xdyra <>z =x;X =Y.
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X

y z
+ +
2x+\/§z_ 2y +zx 2z+\/x—y

1 1 1
< + + .
x Vx y\y z\Vz

D#'u biing trong (5) x4y ra <> déng thdi c6 ddu bing trong (2), (3), (4)
ox=y=z

Data-\/_\/’ J'J',c—[( thia>0,b>0,c>0vaabc=1.

Lic d6 VP(S)-

Cong titng v€ (2), 3), (4) va c6: P<

2+b 2+c
_ (2+b)(2+c)+(2+c)(2+a)+(2+a)(2+b)
- (2+a)2+b)2+¢)
12+4(a+b+c)+(ab+bc+ca)
8+4(a+b+c)+2(ab+bc+ca)+abc
9+4(a+b+c)ab+bc+ca)+3
- 9+4(a+b+c)ab+bc+ca)+(ab+bc+ca)

Theo bat ding thitc Cosi thi: ab+ bc +ca>3 (abc)2 =3. @)
T (6), (7) suyra: VP(5) <1 =>P<1. (8)
D4u bliing trong (8) xdyra <>a=b=c=1ox=y=2>0,
ViymaxP=1&x=y=2>0.

Nhén xét: .

1. Bai todn 1a sy k&t hop gifta viéc si dung cdc bat ding thitc Bunhiacopski, bt
ding thitc Cosi. D6 1a mot bai todn tdng hap.

2. Ta cdn c6 cdch gidi khdc nhu sau:

(6) (doabc=1)

Ta s& chitng minh véi x, y, z > 0, thi: ()]

x &
x+\/(x+y)(x+z)_\/;+\/;+\/2
That vay (8) ox\/x_+x y+x\/55x x+«/;,/(x+y)(x+z)

= \/;(\/;+\/Z)S\/(_Xm

cx(y+z+2\/ﬁ)s X +XZ+Xy+yz

o 2x\yzs X +yz & Os(x—\/ﬁ)z. ()
Vi (9) diing, vay (8) diing. D& biing trong (8) X3y ra & x = Jyz.
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N y Jy
Lap ludn tuong ty, ta cé: < , (10)
y+Jy+2)y+x)  Vx+y+z
z Vz

. 11
z+\/(z+x)(z+y)sx/;+ v+ b

D#u biing trong (10), (11) twong ¥ng xdy ra <>y = Vzx ;2= Xy .

Cong titng vE (8), (10), (1) tacé: P <1 (12)

D4 biing trong (11) xay ra <> ddng thdi c6 ddu bing trong (8), (10), (11)
x=yz

= y=\/§; S x=y=2z>0.
2=3y

ViymaxP =1 x=y=2>0. Ta thu lai k&t qui trén.

Binh lugn: Cich gidi nay chi dwa vao cic bat ding thitc biét urudce (8), (10),
(11). Tuy nhién né khdng tu nhién & chd vi sao lai xuit phét ti cdc bat ding
thic £y!.

Bai 9. Cho x, y, z 12 ba s6 duong va xyz = 1. Tim gi4 tri 16n nh4't clia bi€u thic:

1 1 1
P= + + . 1)
\/xs—x2+3xy+6 \/ys—y2+3yz+6 \/zs—z2+3xy+6
Hudng dén gidi

Tacé: X —x*+6-Bx+3)=x"-x*-3x+3= x2(x3-1) -3(x-1)
== D[22 +x+1)-3] =x- Dx* +x3 +x%-3)
== D* D+ (P -D+ 2 -D]=x- (3 +2x2 +3x+3) @)
Dox>0=>x>+2x>+3x>0,néntf (2) suyra: x’ - x> + 6> 3x +3

% -x>+6+3xy23(xy+x+1)
1 1
<

= < . 3)
st ~x%+6+3xy JBxy +x+1)
D4u biing trong (3) x4y ra < d4u bing trong (2) xdyra <> x = 1.
Tuong tw, ta c6: 1 < ! , @)
\/ys—y2+3yz+6 3z +y+1)
1 1
(%)

< .
JP -2 +3xy+6  PBEx+z+l)
D4u bing trong (4), (5) x3y ra tuong ing & y=1,z=1.
Cong titng v€ (3), (4), (5) va ¢6
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pad( 1, 1, 1 ©
By rx+l Jyzey+l ex+z+l)
D4u biing trong (6) x4y ra <> ddng thdi c6 diu bling trong (3), (4), (5)
oOx=y=z=1.
Ap dung bA't ding thitc Bunhiacopski, ta c6:

2
1
! + ! + ! A+1+D)=> ! + ! +
Xy+x+1 yz+y+l zx+z+1 Jry+x+1 \fyz+y+l Vzx+z+l

= ! + ! + ! < 3( ! + ! + ! j
Jxy+x+1 \yz+y+1 zx+z+1 xy+x+1 yz+y+l zx+z+l

0]
D4u bing trong (7) xdyra <> xy +x+ 1 =yz+y+ 1 =zx + zx +1
ox=y=z=1(doxyz=1).
T¥ ), (M tac6Ps—r 4 L 1 @®)
Xy+x+1 yz+y+1 zx+z+1
Vixyz=1, nén:
1 1 1 1 X Xy
+ + = + +
Xy+x+1 yz+y+l zx+z+1 xy+x+1 l+xy+x Xx+1l+xy
JLkx+xy ©)
Xy+x+1
Thay (9) vio (8) v c6: P< 1, (10)

D4u bing trong (10) x3y ra <> déng thdi c¢6 ddu biing trong (6), (7)
ox=y=z=1.
ViymaxP=1ox=y=z=1.

Binh lugn: Bai ndy 12 sy k&t hgp giita viéc st dung mot ba't ding thic di bi&t
trude (trong bai ndy 1a cdc bit ding thitc (3), (4), (5)) va bat ding thirc
Bunhiacopski. C4i khé & ddy 1a ph4t hién ra (3), (4), (5).

Nhu vay mét 14n nita cdc ban thdy dé gidi mot bai todn tim gid tri 16n nhat
va nhd nhd't nhiéu khi phdi khéo 1€o k&t hgp nhidu phuong phdp khic nhau,
chit khdng don thuin chi diing mdt phuong phap 1a da!.

Bai 10.Chox >0,y >0,z > 0 va théa min diéu kién: x +y +z = 3.

Tim gié tri nhd nh4t ciia bidu thitc: P = VX +Jy +z - (xy + yz +2x).
Huéng dén gidi
(x+y+z)2 —(x2 +y2 +zz) _ 9—-x? —y2 -22
2 2

Tacé:xy +yz+2zx =
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_9—(x2+y2+22)
2
:>2P=x2+y2+9+2(\/;+ y+\/2)—9. (1)

Vay P c6 dang: P= Vx +.fy + vz

x% +x +vx 23x 2)
Ap dung ba't ddng thitc Cési, ta c6 1y? +./y +./y 23y (3)
22 +\z + \/; 23z 4

D4u bling trong (2), (3), (4) twong ng xay ra khi x* = Vx ; y* = Jy: 2=z
<ox=Ly=lz=1(dox,y,z>0).

Cong tirng v€ (1), (2), (3) ta c6:

X+y+ 2+ 2(«/;+ y+«/Z)23(x+y+z)=9. )

D4u biing trong (5) xay ra
< x=y=z=1(chiy lic d6 thda mén: x +y +z = 3).
T (1), (5) c6: P> 0.
D4u biing trong (6) xdyra<>x=y=z=1.
ViyminP=0ox=y=z=1.
Nhén xét: Mau chdt clia bai todn 1a dwa P vé dang (1), sau d6 si dung phu’dng
phédp thém bdt hang ti khi diing bit ding thitc Csi.
Bai11. Cho x, y, z 14 cdc s8 thyc khong 4m va thda mian diéu kién:
x> +y* + 7% = 3. Tim gi4 tri I6n nhat cda biéu thic:
X y N z

P=— 2 2
X“+2y+3 y +42z+3 z°+2x+3
Huéng dén gidi
V‘1x2+122x;y2+122y;22+122z,nénlac6

X y z
< + + .
2x+y+1) 2(y+z+1) 2(z+x+1D)

D4u bing trong (1) xdy ra <> x =y =z = 1 (khi d6 thda man x* + y* + 22 = 3).
Ta cé: :

X y z y+l1 z+1 x+1
+ + =(1- +| - +]1-
X+y+1l y+z+1 z+x+1 X+y+1 y+z+1 z+x+1

y+1 z+1 x+1
=3- + + .
X+y+1l y+z+1 z+x+1

T (1), (2) suy ra:
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p <3 1[ y+l . _z+l x+1 )

<=——= +
2 2\x+y+l y+z+1 z+x+1

3_1{ @D? L @) ) ]

SE 2| (y+Dx+y+1) @+D(y+z+1) x+D)E+x+1)

Theo bit ding thitc Svac-xd, ta c6:
(y+1? L (z+ 1? o (x+ 1)?
+DE+y+D) @Z+)(y+z+1D) x+1D)E+x+1)

(y+l+z+1+x+1)

. 4
F+DE+y+D++Dy+z+D)+E+1)z+x+1) @

Pé ¢ ring do: x* + y* + 2* = 3, nén ta c6:
G+ DE+y+D)+E+Dy+z+ D)+ E+1)z+x+1) '
3X+Y+Z)+XY+YZHIX+ X +Y +22 43

%(x2+y2+z2+9+6x+6y+6z+2xy+2yz+22x)=%(x+y+z+3)2(5)

(y +1)? . (z+1)? . (x+1)?
+DEx+y+1l) @+D(y+z+1) (x+1)(z+x+l)_"

T (4), (§) suy ra:

D#u biing trong (6) xdyra > x=y=2=1.
T (3), (5) suyra: P s%
D4u biing trong (7) x4y ra < ddng thdi c6 dfu biing trong (3), (6)
Sx=y=z=1
ViymaxP= %Qx:y:z: 1.
Binh luan: R6 rang ddy 1a bai todn k&t hgp bat ding thitc Cdsi, bt ding thic
Svac-xd ciing v8i nhiéu phép bi€n ddi dai s6. '
Bai 12. Cho x, y, z 14 c4c s8 thuc e [-1; 1] va théa min difu kiénx +y +z=0.
Tim gi4 tri nhd nhét ca bi€u thic
P=l+x+y?* +\l+y+z? +414z+x2.
Huéng dén gidi
Ta c6 nhan xét sau ddy: N&u ab>0; a, b va a + b déu > -1. Khi d6
Vi+a+vJl+b21+l+a+b
Thit viy-sau khi binh phuong c3 hai v€ cia (1), ta c6:
() 2+a+b+2(l+a)l+b)22+a+b+2Vl+a+b

<S(l+a)l+b)>1+a+beab20. )
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Tir (2) diing suy ra (1) diing. Nhan xét dudc chitng minh.
R& rang trong ba s8 x + y%, y + 2%, z + x* ¢ it nhdt hai s& hang cdng ddu. Vi
th€ c6 thé gid si (ma khong lam mA4' tinh tSng quat) (x + yz)(y + zz) 20.

T (2) va theo (1), ta ¢6: \1+x+y2 +l+y+2% 21+ 1+x+y? +y+22
Tir d6 suy ra:

Jlex+y? +l+y+22 +¥14z+x 21+l x+y? +y+22 +V1+z+x2

:>P_>_\/1+(\/l—z+zz)+y2+\/(\/1+z)2+x2 3)

(Chiy:dox+y=-zvix+y+z=0).

Ap dung nhén xét sau day: V&i moi s8 thyc a, b, ¢, d ta c6:
Va2 +b2 +4c? +d% 2 J(a+ 0 +(b+d)? . *)
Tir 46 ta c6:
2 5 2
\](\fl—z+zz) +y? +y(VI+z) +x? 2\/(\/1—z+z2 +\/1+z) +(x+y)?. (@)
2
T (3),(4) vadox+y+z=0,néncé: P21+\/(\/l—z+z2 +\/l+z) +2° &)
2
Ta lai c6: (\/l—-z+z2 +\/l+z) +72

= 1—z+z2+1+z+2\/(1—z+zz)(l+z)+z2

=2+222 +2W1-22 +2%2 +2°3 =222 +2+2 1+2°. 6)
Ta s& chitng minh: 22° + 2 + wWi+zd 24 Q)
That vay (7) o2 +lel+L 220 1+22 21-22.

Dol-z20nén (N 1+2°21-222+2' 22 +222- 220

o222 (z+2-22)20. 8)
Dozel[-1;11=z-222-2=>2+2-2"20, vy (8) dling = (7) ding.
Tir (5), (7) suyra P> 3. 9

D4u biing trong (9) x4y ra d& thdy <> x =y =z =0 (cdc ban tuf nghiém lai).
ViyminP=3&x=y=2=0.

Binh lugn: Bai todn thyc sy 13 bai todn tSng hgp. M&u chd't 1a dwa vao bat ding
thite (1), d& suy ra d4nh gid (3). Lai dya vao bat ding thic hién nhién (¥), dé
¢6 ddnh gid (5). Sau d6 lai dya vao bdt dg.ng thirc (7) d€ c6 d4nh gi4 (9).

Bai 13. Cho x, y, 7 14 c4c s8 thyc dwong va thda man diéu kién: xyz = 8.
Tim gié tri nAS nh4t cia bi€u thitc:
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2 2 2
P= z + Y +- z
\/(1+x3)(1+y3) \/(1+y3)(1+z3_) \/(1+z3)(1+x3)
Huéng dén gidi

N R 3 2, 5\
Nhin xét: Va thi 4(l+a )s(a +2) .
Thatvay (1) & 4+4a’<a*+4a’ +4 o a* —4a’+ 42’20 a%(a - 2)*20.
Do (2) diing nén (1) ding.
Ap dung (1) ta ¢6:
2 2 2
P= 4x . 4y + 4z
Ja+x)4(1+y%)  Ja(1+y*)40+22) Vali+22)a(+x%)
4x? 4y2 4z*
> + + .
(2+x2)(2+y?) (2+y*)(2+22) (2+22)(2+x?)
z

2 2 2
y

bita= Z(—; b=—; c=—.
4 4 4
Khidédox,y,z>0vaxyz=8=a>0,b>0,c>0vaabc=1.
Lic d6 tir (3) suy ra.
S 16a + 16b N 4c
“(2+4a)(2+4b) (2+4b)(2+4c) (2+4c)(2+4a)
a b c
hay PZ‘{(Hza)uub)*(1+zb)(1+zc)*(1+zc)<1+za)}
a(l+2c)+b(+2a)+c(l1+2b)
(1+2a)(1+2b)(1+2¢)
a+b+c+2(ab+bc+ca)
1+2(a+b+c)+4(ab+bc+ca)+8abe

Tac6: a+b+c> 33fabe =3,

ab + bc + ca > 33/(abc)® =3,

=a+b+c+2(ab+bc+ca)>9=1+8abc
= (1 + 8abc) + [2(a + b+ ¢) + 4(ab + bc + ca))
<3[(a+b+c)+2(ab+bc+ca)l. )

3

= P=>4

=P2>4

C))

Tit (4), () suyra: P 2131-.

DZ thd'y ddu biing trong (6) x4y ra
Sa=b=c=lox=y=z=2.

Vay min P =g—©x=y=z=2.
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Bai 14. Cho x, y, z, t 1a cdc s§ duong va thda man diéu kién: xyzt = 1.
Tim gi4 tri nhd nhat ciia biéu thirc:
P=12+12+12+12.

(1+x)° (A+y) d+z) dA+v)
Huéng dén gidi
Ta c¢6 nhin xét sau: V6i moi s6 dudng a, b ta c6:
1 1 i
+ 2 .
(1+a)* (1+b)*> l+ab
That vay: (1) < (2+2a+2b+a2 +b2)(1 +ab) 2 (1+2a+22)(1+2b+b2)

< 2+2(a+b)+a? +b? +2ab+2ab(a+b) +abla? +b?)>

6y

1+2b+b? +2a +4ab +a? +2ab(a+b)+azb2

< 1+abla? +b2) 2 2ab+a2b?. o)
Doa>0,b>0néna’+b’>2ab
= 1+ab(a2 +b?)> 2a%? + 1 (3)

D4u bling trong (3) xdyra<>a=b.

Xéthigu: (2a2b2 +1) - (2ab +a2b?) =a2b? ~2ab+ 1= (ab - 1)?.

Viy 2a’b? + 1 > 2ab + a’b’. 4)

D4u biing trong (4) xdy ra <> ab = 1.

Tw (2), (3), (4) suy ra (2) ding, titc 1a (1) ding

D#u biing trong (1) x3y ra < ddng thdi ¢ da'u bing trong (3), (4)
<a=b=1.

s @)

l+xy l+zt’

Ap dung nhin xét (1), ta cé: P2

N ‘x
D4u bang trong (1) x4y ra <>+ Y ox=y=z=t=1

z=t=1
Ta c6: 1 + 1 =l+zt+l+xy= 2+Xy+zt -1 (doxyzt=1).
I+xy 14zt (d+xy)(I+zt) I+xy+zt+xyzt
Viy tr (4) c6: P> 1. )

D4u biing trong (5) xdyra<>x=y=z=1t=1,
ViyminP=1ox=y=z=t=1.
Nhdn xét: Quan trong nhi' 1a bi€t ding ba't ding thirc phu (1).
Bai 15. Cho x, y, z 1a cdc s8 thuc duong va thda mén diéu kién:
y

X z
X+y+z2—+=4—,
y z X
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Tim gi4 tri nh nh4t cda bi€u thic: P= ——+ L4 2.
x+1 y+1 z+1
Huéng dén gidi
Viét lai P duéi dang:
PoloX Y g E s (L 1 1)
x+1 y+1 z+1 x+1 y+1 z+1

_l_+__1_=(y+l)(z+l)+(x+l)(z+l)+(x+l)‘(y+1)
Cx+ly+l 7+l x+D(y +DEz+1)
(Xy +yz+2zx)+2(Xx+y +2)+3

= . 2)
Xyz+(Xy+yz+zx)+(x+y+z)+1 ¢
Tir gid thidtta c6: x +y +7 2=+ 242 3)
y z X
, 2 2 2 2
nhUng:£+X+i=x_+y_+E_2_(l+_Y_+i)_ @)

y 72 X Xy Yz ZX Xy+yz+zx
(theo bat ddng thitc Svac-x0)
2
xX+y+2) 1> X+y+z
Xy + YZ +2X XY + Yz +2X

T (3),(4)suyra:x+y +z2

= XY+ YZ+ZXZ2X+Y+1Z. &)}
D4u biing trong (5) xdyra <> x=y=z= 1.

Talaicé:x+y+2z 2-)5+l+3=-l{2£+1)+%(2X+E]+l(2£+i).
z X

y z x 3Ly z 3 x y
XY XXy
Vi: y z_ Y Y ZZ3£—=—X—,néntUGngtu’tac6:
3 3 yz  3xyz
1(2X+£)2._Y_; 1 2£+§J2_£__
3z x/ Jxyz 3\ x y) 3xyz
X+y+2z

T (6), (7)suyra:x+y+z 2 = xyz>1.

IYxyz
D4u biing trong (8) xdyra <> x=y=z= 1.
_3_ _2_ (Xy+yz+zx)+2(x+y+2z)+3

Ta ¢6: VP(2) = —.—.
2 3 xyz+(Xy+yz+zx)+(x+y+z)+1

_2 2(xy+yz+2zx)+4(x +y+2)+6
2'3xyz+3(xy+yz+zx)+3(x+y+z)+3 '
Tw (8) suy ra: 3xyz + 3> 6,
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3Xy+yz+zx) +3(X+y+2)=2(Xy+yz+zX) + (Xy + yZz + zX) + 3(X + Y + 2).
Do(5)suyra:3(Xy +yz+zx) + 3(x +y +2) > 2(Xy + yz + ZX) + (X + y + Z).

Thay (10), (11) vao (9) suy ra VP(2) < %, tir @6 theo (2) c6:
1 1 1 3

— <l

x+1 y+1 z+1 2

D4u bing trong (12) xdyra<> x=y=z=1.
Tu (1), (12)tac6: P Z%.

D#u bing trong (13) xiy ra

&» dbng thdsi c6 ddu bling trong c4c bit ddng thic (5), (6), (7), (8), (11)
Sx=y=z=1

ViyminP = % Sx=y=z=1

Binh lugn: RG rang day 1a bai toén t8ng hdp, si dung rit nhiéu ba't ddng thdc
phu, bt ding thirc Cosi, bt ddng thic Svac-xd, ... d€ gidi bai todn.
Bai 16. Cho x, v, z 12 cdc s8 thyc duong. Tim gid tri nhé nhit cda biéu thic:

P-—-\/ - +I il +[ A

2 +(y+2z) Vy3 +z+x)° \Jz3 +(x+y)}

Huong dén gidi
Ta c6 nhin xét sau: vdi moi x, y, z 1a céc s6 thyuc duong, ta c6:
x3 x2
x> +(y+z)3 T x? +y2 +7?
3 <4

That viy: (1) &

T (g ayter)

©x3[x4+2x (y2+22)+(y?+z )2]2x7+x4(x+z)3
e +(y? +22)+(y2 +22) 2x(y+2).

Theo bat ding thirc Cb Si, ta c6:

2x? 122 (32 22) 4 (y2 4 22) 2 22x2 (2 +22)'

R rang: 2(y2 +zz) 2(y+2)%.

T (3), (4) suy ra: 2x? (y2 +zz)+(y2 +22)2 2 \/xz(y+z)6 =x(y+z)3‘

Tir (4) suy ra (2) ding, vay (1) ding. D4u biing trong (1) xdyra <y =z.
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Tuong ty (1) ta c6:

3

2

y y
y3+(z+x)3 x2+y2+z2
3 2
3 - 7272 Zz 2

7+ (xX+y) X“+y° +z

D4u biing trong (6), (7) tuong ng xdyra <>z =x;xX =Y.
Cong titng v& (1), (5), (6) va c6: P> 1.
D#u biing trong (7) x4y ra < ddng thdi c6 ddu bing trong (1), (5), (6)
oSx=y=2>0

ViyminP=1x=y=2>0.

Bai 17.Cho x, y,z> 0 va thda min diukiénx +y +z = 1.

Tim gid tri nhd nhét ciia bifu thitc:

P= X + Y + “
1+y2+z2 1+2% +x? 1+x2+y2'
Huéng dén gidi

Ap dung bat ding thitc Bunhiacopski, ta c6:

[x(l+y2 +zz)+y(1+z2 -;-xz)-:-z(1+x2 +y2):'[

>2(x+y+2)>
T (1)vadox+y+z=1,tacéd:

P>

1

x(1+y? +22)+y(l+22 +x2) +2(1+x2 +y?)

bit Q

C6 thé thay ring: XX(y + 2) + Yz + X) + (X + y) gi

x(1+y2 +22)+y(1+ 22 +x2) +2(1+x% +y?)

X+y+z2)+xy(x+y)+yz(z+y)+zx(z + X)
=1+xy(xX+y)+yz(z+y)+zx(z +x)
=1+ X (Y +2)+ Yz +X) + (X +y).

(ban doc thit nghiém lai xem!)

Tir d6 c6: Q si—.

Tu (2), 3) suyra: P 2;—. Viymin P =

Gid tri nhd nhat dat dugc khix =y =
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Cty TNHH MTV DVVH Khang Viét

Bai 18. Cho x, y, 2 1a cdc s8 thuc thda man: x* + y* +z* = 3.
Tim gi4 tri 16n nh4t cla bifu thic: P =Xy’ + y°2° + 2°%°.
Huéng dén gidi
Theo bat ding thitc Cési (cho 4 s8), ta c6:
Xyt L4124y = xy(x* +y* +2)> 4x%y (1)
Diu biing trong (1) xdy ra < [x|=|y|.
Tuong ty, ta c6: x‘z*(y* +2* +2)> 4y°", (2)
x4 (2% + x4 +2)> 4%’ 3)
D4u bling trong (2), (3) twong Wng x4y ra < |y|= |z| ; || =|x|.
Cong tirng vE (1), (2), (3) va ¢6:
4P <xty* (x* +y* +2) +y*2t (v + 24 +2) + 2% (2% + x4 +2). 4
D4u bling trong (4) x4y ra < dbng thdi c6 ddu biing trong (1), (2), (3)

& [x|=ly|=[-
Pita=x%b=y%c=2tac6a>0;b>0;c>0vaa+b+c=x*+y +z'=3.
Khi d6 VP(4) =ab(a+b+2)+bc(b+c+2) +ca(c+a+2)

=ab(S5-c)+bc(S5-a)+ca(5-b) (doa+b+c=3)

= 5(ab + bc + ca) — 3abc. &)
R® riang ta ¢6 bt ddng thifc sau: (a +b—c)b+c—a)a+c—b)<abc (6)
= (3-2¢)(3-2a)3-2b)<abc
=27 - 18(a + b +c) + 12(ab + bc + ca) — 8abc <abc

=> 12(ab + bc + ca) — 9abc <27 = 4(ab + bc + ca) - 3abc <9. 6)
D4u biing trong (6) xdyra<>a=b=c.

2
Tacé:ab+bc+ca g(—a%—ti=3. )
D4u biing trong (6) xdyraa=b=c.
Tit (6), (7) ¢6: 5(ab + bc + ca) — 3abc < 12. (8)
Tir (4), (5), (8) suyra: 4P <12 = P <3. 9)

D4u biing trong (9) x4y ra < ddng th&i ¢ ddu bliing trong (6), (7), (8)
<a=b=c=1
& K =ls| == 1.

VaymaxP=3 & |x|=|y|=|z=1.
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Chuy&n dé BDHSG Todn gid trj 1n nh&t va gid tri nhd nhat — Phan Huy Khii

Nhén xét:
1. Pay 1a bai todn tng hop sit dung nhiéu bat ding thic.
2. (6) Chitng minh nhu sau:
Ta chi xétkhi(a+b-c)}b+c—a)(c+a-b)>0(viabc>0).
Chi ¢6 hai kha ning:
a) C6 hai thira s6 4m, mét thira s6 duong. Gia s&
a+b-c<0=>2b<0=>b<0(volivib>0)
{b+c —a < 0= khdng xay ra trudng hgp nay.
b) C3 ba thira s& duong
PitX=a+b-c;Y=b+c-a;Z=c+a-b=>X>0,Y>0,Z>0
Ta c6 theo bit ding thitc Cosi: (X + Y)Y + Z)(Z + X) = 8XYZ
=8abc>8@a+b-c)b+c—a)c+a-b)

= (6) dudc chitng minh!.
Bai 19.
1. Chox,y e [1; 2]. Tim gié trj 16n nhét ciia bidu thec P= 2+ ¥
y X
2. Chox,y,z e [1;2]. Tim gi4 tri 16n nhat cda bidu thic P= >+ L+ 2,
y z X
Hudng dén gidi
1. Dox,y € [1;2] :lsisz 0}
2y
(£=lc>x=l;y=2cbni=2c>x=2,y=lj.
y 2 y
Tu (1) suy ra:
2 2
(i-l)[.’i_z]sO:(iJ ——5-(5)“50:{}-} +1s§(§]. )}
y 2Ny y) 2\y y 2\y
> 5
Do vai trd binh dng gitta x, y nén ta ciing c6: (Z‘J +1 S-Z—(Z-). 3)
X X
X 2 5
Cong tig v& (2), (3) va c6: [—+1J s—[5+1). @)
y X 2y x
Do X+¥ 50, néntr (@) c6:P= 24¥<3, )
y X y x 2
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Cty TNHH MTV DVVH Khang Viét

x_1
N 2 =Ly=2
Dau bing trong (5) xdy ra y o X=hY 6)
X_o x=2y=1
y
:L =2
VaymaxP=§¢> X y .
2 x=2y=1

2. Do vai trd binh ding giita x, y, z nén ta c6 thé gid s& y 1a s& hang giita trong
ba s6 X, y, z. Khi d6 ta ¢6:

Q=2+3424142, 2 (7
y z X z X
That vy (7) | ,
— 2 — — —
PGSl SREE. S IPOE. S b b L2 S PO S UL A BN )
z y yz yz

Doy 1a s6 hang gilta nén (8) diing vay (7) ding

Theo phén 1. ta cé 3+£s§, viy tir (7) suy ra: Q s% vx,y,z € [1;2].
zZ X
Mitkhdc ching hankhi: x=1;y=1;z=2thiQ =%.

Do d6 max Q :—27-.

Bii 20. Cho x, y 1a cdc s& thyc thda mén: |6x —3y|<9 va |x -3y|<1.

Tim gi4 trj 16n nhat cia biéu thic: P = x* + xy + y°.

Huéng déin gidi
Tir gid thiét ta c6: [6x -3y|<9; [x -3y|<1, (1)
|2x—y|$3; 2x—6y|s2. 2)

St dung tinh chi't sau diy cda gid tri yét ddi:

|A+B|<|A|+|B| va ddu bing xdy ra <> AB 2 0.
T (1), (2) ta co:

[5x| =|(6x - 3y)+ (3x - y)| <[6x - 3y|+|x - 3y|<9+1=10,

|5y]=|2x - y) +(6y - 2x)| <[2x - y| +|2x - 6y|<3+2=5.
Tit d6 suy ra: |x|<2, 3)

lyl<t. (4)
D4u biing trong (3) xdy ra < (6x — 3y)(3y — x) 20.
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Chuydn ¢ BDHSG Toan gid tri I6n nh&t va gid tri nhd nhat — Phan Huy Khai

D4u biing trong (4) X3y ra < (2x - y)(6y - 2x) > 0.

Tac6 P=x’+xy +y’ <x”+ |xy| +y°. 3)
Thay (3),(4)vio (S)vac6: P<4+2+1=7. (6)
DAu biing trong (6) x3y ra <> dng thdi c6 ddu bing trong (3), (4)
=21
X, y cling ddu
. x=2y=1
ViymaxP=7 o
x=-2y=-1.

Bai 21. Cho x, y, z 12 ba s& thuc thda min: X+ y2 +7°=1.
Tim gid tri nhd nhé't cla biéu thic: P = x(y + z) + z(x + y).

Hudng dén gidi
Vi€t lai P du6i dang: P = (Xy + yz + zX) + Xz. (1)
PitP; =xy + yz + zx; P, = xz. Khi d6 tir (1) c6: P=P, + P,. ?)
Tacé: (x+y+2z) 20> +y + 22+ 2(xy +yz +2x) >0
=1+2P, =0
1
=P z2—— (2
127 2)
. 1 X+y+z=0
T¥(2)suyra:minP, =—-~ < s 2 2 3)
2 x“+y°+z° =1
Lai c6: [P, =[xz[=|x||z|sl(x2 +zz)=l(1—y2)sl. 4
2 2 2
: X=-2
Tu (4) suy ra: minP2=——2-<:> y=0 5
x2+y2+zz=l
Xx+y+z=0
2,2, .2 _
Do hé X“+y“+2°=1 6)
y=0
X=-Z

c6 nghiém (chzlmg hanx = —\{22; y=0;z= ——\/22151 pghiém ciia hé (6))

Vay theo tinh chdt 5 cla gi4 tri 16n nhit va nhd nh&t (Xem bai 3 - chudng 1
cudn sdch ndy), ta cé:

min P =min P; + min P, = —l——l- =-1.
2 2
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Bai 22. Cho x, y, z 12 ba s duong thda min diéu kién xyz = 1.
Tim gi4 tri nhd nhit clia biéu thitc
1 1 1

P= + + .
x4(x+y) y4(y+z) 2}z +x)
Huéng dén gidi
1 1
et . oy
Viét lai P dudi dang: P = + +-Z )]

X
X+y y+z z+X

2
1,11
<y

x+y)+(y+z)+(z+Xx)

Theo b4t ddng thitc Svac—sd, ta c6 P>

spxt_ Y 2/ @)
2(x+y+2z)
D4u bing trong (2) xdyra<>x=y=z=1.
~ s 1 1 1 1 1 1

Rorangtacd —+—+—52—+—+—. A3)

X y z Xy Yz zx
D4u bliing trong (3) xdyra<>x=y=z=1,

( 111 Jz
TY (2) 3)suyrap> Y2 %) @)
2(x+y+z)

D4u biing trong (4) xdy ra < dbng thdi c6 dfu biing trong (2), (3)
Sx=y=z=1.
Do xyz=1,néntit (4) ritgontacé P > x+y+z. (5)
Lai theo bat ding thitc Cési, thi x +y +z > 33xyz =3. (6)
D4u biing trong (6) xdyra<>x=y=z=1.
Tu (5)(6)c6 P2 % @)

D4u biing trong (7) x4y ra <> ddng thdi c6 ddu bling trong (5) (6)
ox=y=z=1

VéyminP:—i—@x:y:z:l.
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Nhdn xét;

1. Pay la bai todn tdng hgp, sit dung d€n nhiéu bat ding thitc Svac-xd, Cosi,..
trong qué trinh gidi todn.

2. Ta c6 cdch gidi khdc nhv sau:

Pitx = —1—;y= i;z= L khi d6 ta ¢6 X, Y, Z 1a cdc s6 thyc duong va
X Y z
XYZ = I(do xyz = 1).
4 4 /4 4 4 4
Licd6p= XY YYZ 22X X Y ., 2 (3
X+Y Y+Z Z+X X+Y)Z (Y+2)X (Z+X)Y
(do XYZ =1)
4
Theo b4t ding thitc Cosi, ta c6 X [ X+VZ. % )
(X+Y)Z 4
4 .
Tuong ty, c6 Y [OFDX, 42 (10)
(Y +2)X 4
4 .
Z L ZrXY, 52 (11)
(Z+X)Y 4

Céng tirng v& (9) (10) (11) va c6:
P+——-——-XY”;Z+ZXZXZ+Y2+22. (12)
D4u bling trong (12) xdy ra < ddng thd¥i c6 ddu bing trong (9) (10) (11)
S XaXY=Z=1.
Do X*+ Y?+Z?> XY + YZ + ZX, nén ta c6 tir (12):
P> XY+YZ+ZX. (13)

Diu biing trong (13) xdyra <> X=Y=Z=1.
Lai theo bat ding thitc Cosi thi XY + YZ + ZX 2 3Y(XYZ)? =3. (14)
D&u biing trong (14) xdyrae X=Y=Z=1.

Tix (13) (14) suyraPZ%. (15)

D4u biing trong (15) x4y ra <> ddng thdi c6 diu bing trong (13) (14)
oX=Y=Z=1lox=y=z=1

Vay minP = —;— & x=y=z= 1. Ta thu lai k€t quj trén.

Bai 23. Cho x, y, z 12 cdc s8 thyc duong théa min diéu kién xyz = 1.
Tim gi4 tri 16n nha't ca biéu thirc
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1 1 1
P= + + .
V+2y3+6 Y +223+6 V2P +2x3 +6
Huéng dén gidi
Ap dung bt ding thitc Bunhiacopski v6i hai diy
1 1 1
al =

\[)(3+2y3 +6 \/y3+223 +6 V22 +2x* +6
bl =b2 =b3 =l, ta cé:

1 1 1
+ +
[\/x3+2y3+6 Jy +223+6 \/z3+2x3+6}

1 1 1
<Pl = Tt T .t 3
X'+2y'+6 y +22°+6 z7+2x +6

1 1 1 .
hayP< |3 + + . ¢))
y \/(x3+2y3+6 y}+223+6 z3+2x3+6]
D4u biing trong (1) xdyras> x =y =z.
Ap dung b4t ding thic Cési, ta c6
2 +6=C+y+ D+ +1+1)+323xy+3y+3

=S>x 42y +623(xy+y+1) ()
Tuong tu cé y3 +22%+62 3(yz+z+1), 3)
2+2x°+623(zx+x+ 1), 4)
Dé&u bing trong (2) (3) (4) twong Ung xdyra<>x=y=l;y=z=l;z=x=1.
Thay (2) (3) (4) vao (1), va c6 P < 1 + 1 + 1 )]
xy+y+1l yz+z+1 zx+x+1
D#u biing trong (5) x4y ra < ddng thdi c6 ddu bing trong (1) (4)
ox=y=z=1
Do xyz = 1, nén d& thdy
1 + I : 1 _ 1 + Xy . y -1 (6)
xy+y+1l yz+z+1 zx+x+1 xy+y+l xy+y+l xy+y+l
Tu(S)(6)suyraP <1 @)

Dau biing trong (1) xdyrac>x=y=z=1.
ViymaxP=1ox=y=z=1.

Nhédn xét:

1. Céch gidi trén 13 sy phdi hgp giira viéc st dung bit ding thitc Bunhiacopski,
ba't didng thitc Cosi va bi€n di dai s& don gidn.
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Chuyén dé BDHSG Todn gia tri 16n nhdt va gia tri nhd nhit - Phan Huy Khai

2. Xétedch gidi khdc sau diy: Theo ba't ding thitc Cosi ta c6:
9 6

1+ > . 8)
X +2y7 +6 \ﬁ(3+2y3+6
Ap dung bat ding thic Cosi cd ban, ta c6
[(x +2)+(y +2)+(y +2)][x3+2+y3+2+y3+2J29
9 < 1 N 2
+2yd+6 x3+2 y3+2
=1+ 3 93 < 11 + 32 +1. )
XT+2y7+6 xX7+2 y +2
Tit (8) (9) suy ra 6 L 2 ’ (10)

\/x3 125746 XT+2 Y42
D4u biing trong (10) xay ra <> ddng thdi c6 ddu bing trong (8) (9) & x =y.

Tuong ty, ta ¢é 6 < 31 + 32 +1, (11)
\/y3+223+6 y'+2 z7+2
6 1 2
< + +1.
JB+2x3+6 22+2 P42

D4u biing trong (11) (12) xdy ra < tuong ingcé y =2; 2 = X.

(12)

Cong tirng v& (10) (11) (12) c6 6P <3 31 + 31 + 11 +1]. (13)
X'+2 y'+2 z7+2

3 ! + ! <l (14)

Ta s€ chitng minh 3 3 <
X"+2 y'+2 z7+2

That viy (14)

SY+)EZ+D+ X +DE+ D+ X+ )P +2) < P+ 2 +2)(Z° +2)
P x3y3 + y3z3 +2°%° +4(x3 + y3 +2)+12

<XY2+ 26V + Y2+ 2N + 403 + Y + 22 + 8
©x3y3+y3z3+z3x323. (15) (doxyz=1)
Theo b4t ding thitc Cési, ta ¢6 x°y* +y’2* + 2’x° 2 3x%y*2* =3

Viy (15) ding < (14) ding.

Dau bling trong (14) x3y ra (d& thiy) & x=y=z=1.

Twr(13) (4)tac6P< 1. (16)

D4u biing trong (16) xdyra <> x=y=z=1.

Tir d6 ta ¢6 maxP =1 < x =y =z = 1. Ta thu lai k&t qua trén
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Binh lugn: Cich gidi nay c6 diéu khéng tf nhién & chd: 1am sao ta lai bict ¢
danh gid (14).

Bai 24. Cho x, y, z 12 cdc s8 thuc dudng sao cho xyz = 1.
Tim gi4 tri nhd nhi't cha biéu thic

xz(y+z) yz(z+x) 22(x+y)
P= + + .
y y+22\/—z- 2z +2xJx  x x+2y\/;
Huéng dén gidi

Theo bi't ding thitc Cosi, tacé y +z > 2\/y—z = 2\ﬁ (doxyz=1).
X

Tir d6 suy ra x*(y + z) > 2x° \/z =2xx .
X

x2(y+z) S 2x\/;
vy +22z vy +2247
D4u bling trong (1) xdyra oy =z
yz(z+x) S 2y\/;
Wz +2xVx  z z+2xVx
22(x+y) S 22\/2
X x+2y\/§_x x+2y\/§'
D4u bing trong (2) (3) twong Ung xdyra > z=x;x = y.
Cong titng v& (1) (2) (3) va c6:
xVx vy 2z
P>2 + + . “4)
y y+22\/2 Wz +2xJx  x x+2y\/§

D4u biing trong (4) xdy ra <> ddng thdi c6 ddu bing trong (1) (2) (3)

= (1

Lap luan tuong ty, c6

)

3

ox=y=z=1
PitX=xVx;Y=yy:Z=2Jz thiX,Y,Z>0va XYZ=1.

Khidé(4)cédangP22( X + Y + Z )
Y+2Z Z+2X X+2Y
2 2 2
SPr2—X Y Z )
XY +2ZX YZ+2XY XZ+2YZ
2
Tir (5) va theo bat ding thitc Svac-x0,tacé6 P> ZM . (6)
3XY+YZ+2ZX)
D4u béng trong (6) xdyra > X=Y=Z=lox=y=z=1.
R5réng(X+Y+Z)223(XY+YZ+ZX). (@)
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DAubing trong () xdyraeX=Y=Z=1
T (6) (7 c6P23vaP=3X=Y=2Z=1.
ViyminP=3ox=y=z=1.
Bai 25. Cho x, y, z 12 ba s& thuc dwong va thda min di€ukién x +y +z = 6.
X y z
+ + .
\/y3+1 V22 +1 JxP+1
Hudng din gidi
Ap dung bi't ding thitc Cési, ta 6 :
G+D+G2 -y +D)
2

2
:>\/y3+1s%3. )

Diu bing trong (1) xdyra <y+1=y -y+1

Tim gid tri nhd nhat cta bidu thitc P =

VP 1=y +y? -y +D <

oy-2y=0
Sy=2. (doy>0)
Tir (1) suy ra (do x > 0) X > 22" . o))
v+l Yy +2
D4u biing trong (2) xdyra &y = 2.
Lép ludn tiong t, ta c6 y . 3)
2+l 2742
2
2 @)
41 xT+2
D4u biing trong (3) (4) tuong ing xdyra <> z=2;x =2,
N < . X y z
Congtimg vé 2) 3)4)vac6 P22 + + . (5)
gihe [y2+2 22 +2 x2+2J
D#u biing trong (5) x3y ra < ddng thdi c6 d&u biing trong (2) (3) (4)
Sx=y=z=2.
Ta s& chitng minh 2y % 5y (6)

+ >
y2+2 2242 xr+2

That vay (6) < | x - 22" +(y— 22y ]+[z— 221 )34
y +2 z°+2 X“+2

(dox+y+z=6)
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2 2 2
IS )
y +2 z°+2 x°+2

Q)

Ap dung bt ding thitc Cosi, ta ¢6 2y° + 4 = y* + y* + 4 > 334y* =3yifay
y

:>y2+22%y§/231_.

Tuong ty cé  z* +22-§—z§/2_,

x2+22 %x% .
D4u biing trong (8) (9) (10) tuong tng xdyra<>y=2;z=2;x=2,
xy? yz? zx?

T () @) (9 (10)suyra VT (< 5 +3 +3 )
) EY% -2—23/22- Ex%

hay VT (7) < %(%/Zx.xy.xy +32y.yzyz + §f2z.zx.zx) )

Daubiing trong (11)xdyra > x=y=z=2
Ap dung bat ding thitc Cosi, ta c6

3’2x_xy.xy < M

3
Py yzryz < ?Lﬂ%ﬂ

3 2z +zx +2X
J2z.zx.2x s—T—.

Tir d6 thay vao (11),tacé VT (7) < é[Z(x +y+Z)+2(xXy +yz +2X)]

D& thdy ddu bling trong (12) xdyra & x=y=2=2.
Mt khic ta c6 3(xy + Yz +2X) < (X + Y +2)°

> Xy+yz+zx<s12 (13) (dox+y+z=6)
D#u biing trong (13) xdyra > x=y=z=2.
Tir d6 suy ra VT (7) < 4.

Nhv viy (7) dting. Ddu biing trong (7) xdyra > x=y=z=2.

Do (7) dling nén (6) diing va ddu biing trong (6) xdyra > x=y=2z=2.

T (S)va(6)c6P=2 (i4)

D4u biing trong (14) xay ra <> ddng thdi c6 ddu bing trong (5) va (6)
ox=y=z=2

TémlaiminP =2 x=y=2=2.

1t
©)

(10)

an

(12)
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Nhén xét: R5 rang day 12 bai toan tdng hgp sit dung tir bit ding thitc Cosi, dén

dya vao mot bat ding thirc biét trwdc (6). e
Bai 26. Cho x, y, z 12 ba s6 dudng va thda min diéu kién LY
X'y z

Tim gid tri nhd nha't clia biéu thitc

2 2 2
P= X + y + z .
&2 +8y2 +14xy \/3y2 +82% +14yz \/322 +8x% +14zx
Huéng din gidi

Ta ¢6 theo bt ding thitc Cosi

32 + 8y + laxy = &+ dy)(x + 2y) < ZH4Y) “;(3" *2Y) oy 43y,

<2 <2
Nhu vay suy ra 2 . (1)
\/?;x2 +8y? +14xy 2x+3y
Ddu bing trong (1) xdyra < x +4y=3x+2y & x =y.
2 2
Tudng W, ta c6 y P A 2
\/3y2 +82% +14yz 2y+32
2 2
z >_* 3)
V322 +8x% +162x 2243
D4u biing trong (2) (3) tudng Wng xdyra <>y =2,z =X
’ <2 y? 2
Cong tirng v€ (1) (2) 3) vac6 P> + “4)

+ .
2x+3y 2y+3z 2z+3x

D#u biing trong (4) x4y ra <> ddng thdi ¢6 ddu bing trong (1) (2) (3)
ox=y=z.
Theo bat ding thic Svac—xd, ta c6
x2 . y2 N 2 S (x+y+z)2
2x+3y 2y+3z 2z+3x (2x+3y+2y+3z+2z+3x)

2 2 2
= X + y + z zl(x+y+z). )
2x+3y 2y+3z 2z+3x 5

D&u biing trong (5) xdyra > x =y =z

TU (4) (S)suyraP > é-(x +y+12). 6)

D#u bling trong (6) x4y ra <> ddng thdi cé ddu bing trong (4) (5)
ox=y=z

172



Cty TNHH MTV DVVH Khang Viét

Theo bat ddng thitc Cosi cd ban, ta ¢6 (X +y + z)(l + 1 +-1-] 29,
X y z

Do 0O< .1_+l+is1,nénc()x+y.+7,29. (7)
X y z

Diu béing trong (7) xdyrae>x=y=2=3. o

T 6) (7)tac6 P> % (8)

D4u biing trong (8) xdy ra <> ddng thdi ¢ dau bing trong (6) (7)
oxXx=y=z= 3.

VéyminP=%®x=y=z=3

Nhdn xét: Bai todn la k&t hgp clia viée sit dung bt ddng thie Cosi, bat ding
thitc Svac—xd. .

Bai 27. Cho x, y, z 1 ba s8 thurc @61 mdt khac nhau trén doan [0; 2].
SRS SN N

x-y¥ (y-2* @-x)

Tim gi4 tri nhd nhat cla biéu thic P =
Hudng ddn gidi
Ta c6 nhin xét sau day:

N&ua>0,b> 0 thi rd ring (iz +——l§-](a+ b)2 32— 4ab
a® b ab

hay | —+— l(a+b)* 28 S
d (az b? ]( ) oM

D4u bing trong (1) xdyra<>a=b
Do vai trd binh dng giita x, y, z nén c6 thé gid st x >y > z.
Apdung (1) chocips6x-y>0,y-2>0,tacé

1 ] )
+ [(x=y)+(y-2)]" 28
[(x—y)2 (y—Z)z}

1 1 8
>

= =+ 72 5 - 2)
x-y)y ((y-z) (x-z)
Dau biing trong (2) xdyra<>x—y=y -z
T (2) suy ra 5+ 1 5+ ! =2 8 =+ 1 5
x-y)y (y-z)° (z-x)° &x-2)° (z-x)
hay P > . 3)
d (x —2)?
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D4u bling trong 3) xdyra<> x-y=y-z.
Dox>yvax,ze[0;2]=>0<x-2<2. 4)
DAu bing trong (4) xdyra>x-z=2x=2;z2=0.

T (3)4)c6P2 % 6)]

Vi gid thi€t x > y > z thi ddu bing trong (5) xdy ra
x=y=y-z &x=2y=1;2=0
x=22=0

Tir d6 do tinh binh ding ¢4 x, y, 2 ta ¢6 minP = %

< trong ba s8 x, y, z c6 mot s6 biing 2, mot s6 biing 1, mot s6 biing 0.
Bii 28. Cho x, y, z 12 ba s8 thyc duong va théa man diéu kién xyz = 1.
1 + 1 + 1
\/1+x2 \/1+y2 \/1+22
Huéng déin gidi
Do vai trd binh ding giita x, y, znén c6 thé gid st x>y > z.
Vixyz=1,néntirdésuyrax=>21vayz<l.

Tim gié trj I6n nhét cdia bi€u thic P =

2
1 1 1 1

S F— <2 —— b ——|. )

'\/l+y2 ~Jl+z2J [Hyz 1+Zz)

Hién nhién ta c6 (

2,2 2,2
Taloic6 ——4—to= 2EY Xy, 1YE
1+y° 1+z° (A+y9)1+z%) A+y)XA+z%)

Vid+y)1+) =1+ +22+y 2221 +2y2+ Y7
=1+ +2) 21 +y2)% 3
Do0<yz<1=>1-y*Z2>0, vi thé tir (2) (3) suy ra
12+ 1251+1yzz___+1 yz; 2 .
I+y® 14z (I+yz) l+yz 1+yz
Doyz:—l-(v‘lxyz=1)nén 5+ lzs 2% . @
X l+y® 14z 1+x
By gid tir (1) (2) (4) 6 —mme b e 2 |2 | (5)
Ji+y? 1472 1+x
Maitkhac,tac6dox>0: 1 S-—\Z—E—-. (6)
1+x? 1+x
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Cong tirng v€ (5) (6) va cb P<21’——- . (7
1+x 1+x
x 2
T h h2|[—+——<—= 8
a s& chitng min| ox T Tox \/f ®)

Thit viy (8) & 2v2VxV1+x +2<3(1+x)

S 14+3x- 22x(1+x) 20

o (Vax -ix) zo0. ©)
Vi (9) ding, nén (8) dt’mg
Te(7)(8) suyraP< — (10)

\/_

DE thdy ddu bing trong (10) xdyra & x=y=z=1.
(Ban doc tr nghiém 14y diéu nay).
Nhu vy ta di d&€n maxP = %/—2-: ox=y=z=1.
Nhén xét: Bai todn 13 sy k&t hgp hai hda giita viéc s dung nhiéu bat ding
thirc, st dung tinh binh ding ciia c4c bién,..
Bai29.Chox, y, z1a cdc s8 thuc duong saocho x +y +z = 3.
Tim gi4 tri nhd nhét ciia bi€u thitc P = x* + y* + 2° + xyz.
Hu6ng dén gidi
Do tinh binh ding giifa x, y, z nén ¢6 thé gid sk x 2y >z.
Kéthgpvéix+y+z=3suyral<z<l.
Tac6 P=x*+y* + 2> + xyz
=(x+y+2)* +Xyz - 2(Xy + yZ + zX)
=9+ xy(z-2)-2z(y +x)

=9 +xy(z - 2) - 2z(3 - 2). (1)
x+yY (3-zV
Hién nhién ta cé xy < (Ty) =(T) .

Do0<z<1=>z-2<0,vaytr(l)cé
2
P>9+(z- 2)( ) -22(3-2). (2)

D&u bing trong (2) xdyra & x =y.

Tac6 VP (2)=9+ %3[@—2)321-44 9+ ———[(z 2)(3-2)-82]
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=9+ %[—22 ~3z-6]

= l(z'~‘—3z+18)=1[(z2 —-32+2)+16]
4 4
= %[(z—l)z(z+2)+16]. 3)
DoO<z<1,néntir (3)suyra VP (2)24 =P >4. 4)

D#u bling trong (4) xdyra <> ddng thdi ¢ diu bing trong (2) (3)
{x =y .
= oSx=y=z=1.
z=]
VilgdétacominP=4 < x=y=z=1.
Nhdn xét: LOi gidi clia bai todn dua vao tinh binh ding giita cdc bi&€n k&t hop
véi cdc phép bi€n d6i dai s§ s cap.
B2i 30. Cho x, y, z 14 cdc s6 thuc khong 4m va théa min diéu kién X%+ y2 +22=3.
Tim gi4 tri 16n nh4t ciia biéu thitc P = xy* + yz* + zx* - xyz.
Hudng dén gidi
& day git¥a cdc bi€n x, y, z khong c6 tinh binh ding nhung c6 vai trd hodn vi
vong quanh, nén chi c6 thé gid s x = max{x, y, z}.
Vi th€ xét hai trudng hop sau:
1. Nux>y2z20.Tirdé tacé: x(y - x)}(y - 2) <0
S Xy +xyz2xy’ + 280 © xy? + y2 + zxX2 < X’y + yZ¥ + xyz
o xy’ +yz2 + 2x— xyz < y(x* + 2%).
Dox’+y*+2z’=3,nénc6 P<y(3-y?)
hay P<-y’ +3y-2+2hayP<—(y- 1)X(y +2) + 2.

Tirdé suyraP <2 @)
xX=y
b

D4u biing rong (1) xdyra < |y =1 ox=y=z=1.
x2+22=2

2. Nuxz2z2y=20.Licdétacé yz—x)z-y)<0
o xy? +yzt +2x* < 2x + 2y’ + xyz
oxy’ +y2 +2x* - xyz<2(x* +y)
<P<z(3-7)
SP<-22+3z2-2+2
SP<-(z-1Y(z+2)+2
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TudésuyraP<2. . 2)
y=0 '
Z=X
z=y
Diu bling trong (2) x3y ra & |z=1 | ¥zt
du bing z=
2 2 x=\/§;y=0;z=1.
X“+y° =2
Sau d6 trdo ddi vai trd giita cdc bi€n x, y, z ta c6:
x:y:z:l
x=\/§;y=0;z=1
maxP =2 &
x=0;y=1;z=\/§
x=1;y=\/§;z=0.
Bai 31. Cho x, y, z 14 ba s8 thyc duong sao cho x + y + z + xyz = 4.
Tim gi4 tri nhd nha't clia bifu thic P=x +y +z — Xy — yz — zX.
Huéng dén gidi
Do vai trd binh ding giita x, y, z, nén c6 thé gid sk x>y >z. 1)

Tir gid thi€tx +y + 2+ xyz=4 va k&t hop véi (1) suyra 3z + 2 <4 < 3x + x°.
TXZ +32-4<0 - D)@ +2+4) <0 z<1.
Tuong ty x> +3x - 420 x> 1.
Viytac6x=21vaz<l.
Do x 2y 2z, nén c6 hai khd ning xdy ra:

1. Neux>y=12z
TUx+y+z+xyz=4
Sz(l+xy)=4-x-y

4-x~y

1+xy
Tac642x+y= 2\/E,dod60<xyg4

Vix2y=21=x-120;y- 12C, nén theo bit ddng thitc Cdsi, ta c6
x+y-2=@x=1D+(y-1)=2Jx-Dy-D

:>(x+y—2)224(x— Dy-Dz2xyx-1)y-1) (doxy <4)
SE+y-xy)Xy+D2@-x-y)x+y-1)

2=

€))

:>x+y—xy:-4_x—_y(x+)'—l)- €)
xy+1

Ty (2)B)suyrax+y-xy2z(x+y-1)
D>X+y+z2xy+yz+zx =>P20.
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2. N€ux2l2y=2z Khidétacé (x- I)(y- I)z- )20
DXyZz-(Xy+yz+zx)+x+y+z-120
:>x+y+z—(xy+yz+zx)zl—xyz.

Theo bat ding thic Cosi, ta c6 4 =X +y + z + xyz = 44/xyz(xyz)
=0<xyz< 1.
TrdésuyraP=x+y+z—- (xy+yz+2zx)20. (4)

(x-(y-Hz-1)=0

<
X=y=Z=XyZ

Da4u biing trong (4) x4y rao{ x=y=z=1.

Kéthgplaitaco minP=0ox=y=z=1.
Bai 32. Cho x, v, z 1a ba s6 thuc khong am va x* + y* +2° = 3.
Tim gi4 tri 16n nh4t ciia biéu thitc P = xy’ +yz* + 2x* - xyz.
Huéng ddn gidi
Do vai trd clia cdc 8 X, y, z trong biéu thifc P ¢6 tinh hodn vi vong quanh,
nén khong ma't tinh t8ng quét c6 thé gid st y 12 s8 & gifta x va z.
Nhu vdy ta c6(y — x)(y — 2) <O0. (1)
Vi€t lai P duéi dang sau:
P =xy+yZ +2x’ — xyz = (y2* + x%y) + (xy’ + zx*— X’y — Xyz)

= y(x2 +7%) + x(y - x)(y - 2) (2)
Ty () vidox=20=x(y-x)(y-2)<0. 3)
x=0
D4u bling trong (3) xdyra < |y =x
y=z2

2 .2 .2 2
Ttr(2)(3),tacc31>5y(x2+z2)=2,/y25—;—‘—" ;Z . (4)

Theo bat ding thitc Cbsi, ta ¢6
3

2 Xtz 47’ )
,x2+22 x2+22< y S 5 B x2+y?+2? -1 65)
2 2 3 3
(dox2+y2+zz=3)
2.2
D4u biing trong (5) xdy ra <>y’ = X ;Z .
T (4)(5)suyraP <2 6)
D4u biing trong (6) xdy ra <> dong thdi ¢ dau bing trong (3), (5)
X = y =7 = l
o ()
x=0;y=1;z=\/§.
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X= y =7= l
Tir d6 ta c6 maxP = 2 < | hoac la trong ba s6 X, y,z c6 mdt s6 bing 0,
mot s& biing 1, mot s bing 2 .
Bai 33. Cho x, y, z 12 ba s8 thyc thda min diéu kién xyz = 8.
Tim gié tri nhd nh4t ciia biéu thitc

2 2 2
P=— X +— Y +— z .
X“+2x+4 y“+2y+4 z°+2z+4
Huéng dén gidi

Do xyz = 8, nén ta c6 thé d8i bi€n nhu sau:

. 2X*  2y? 272
bitx= —y=——;2=—

YZ ZX XY
Khi d6 ta ¢6 X, Y, Z 1a ba s& thuc khéc khong.
V@i phép ddi bi€n nay thi
4x*
x2 _ W _ x*
x*+2x+4  4X' 4x? 0 X'+XYZ4Y'Z
Y272 YZ
Tir d6 bing phép tinh twong ty, ta cé
x4 Y4 z*
X+ X*YZ+y2Z2 Y ZXA X B+ XY+ XY
Tir (1) va theo bt ddng thitc Svac-xd, ta c6:
(X2 +Y?+7%)?
X+ Y +Z + XYZ(X+ Y+ 2)+(XPY? + Y2722 + Z2X?)
D4u bing trong (2) xdyra<>X=Y=2Z
Ta cé:
R+ Y2+ 2 =X+ Y+ 2+ Y2+ Y22 + 72X%) + (XY + Y22 + 22XP)
> X+ Y +ZY
X+ Y+ 2+ XY+ Y+ XD + XYZX + Y + Z) (3)
D4u bing trong (3) xdyra<>X=Y=2Z _
Ty (2)(3)suyraP=>1 4
(chii ¥ P )a t8ng clia ba phén s§ duong)
D#u biing trong (4) xdyra <> d6ng thdi cé ddu biing trong (2) (3)
SX=Y¥=Zox=y=z=2.

ViyminP=1&ox=y=2z=2

1)

P> 2)
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Nhén xét: Trong bai todn trén ta di 4p dung phép d3i bién ddy hiéu qua sau day:
Vi ba s8 thuc khic khong x, y, z thda man diéu kién xyz = k’ thi c6 thé 4p
dung mét trong ba phép d6i bi&n sau:

1. PatX = %/_-Y=\/_-2=§/’
k\/_ kx kx

Khldotaco =——=—=X
Jyz  IYxyz Y3
Vay tuong ty c6 '-E z—EZ—2
.y g 0 y_ ZX’ XY

kx? ky? kz?
Nhut the ¢6 thé viét lai phép thay bi&n thanh = Y TRy
& ¢6 thé vié ai phép thay bi€n thanh x YZ y= X XY

(trong ba: tip trén di dung phép thay bién nay véi k = 2)

1 1 _kYZ KZX kXY
2. BatX-———- :-— = ha ,y= ,z= (bandoc
\/; \/_ AT Y2 72
ty nghiém lai).
N Batx_£ I I CRU 2 ¢ y=k2;2=kX
' W J— X Ty

Bai 34. Cho x, v, z 1a ba s8 thyc dudng thda méin diéu kién xyz = 1.

Tim gi4 tri 1dn nh4t cla biéu thitc P = (x + L lj(y + 1 1](2 + 1 IJ
y z X
Hudng dén gidi
Ap dung phép d8i bi&n thit ba trong nhin xét cha bai 33 (véi k = 1), cu thé
dat

x=§;y=x;z=£khid(’)tacéX,Y,le‘lbasé’thu’cdtfdng.
Y 4 X
Lic d6 bi€u thic P c6 dangP:[X+—Z——l)[1 5—IJ[E 1—1)
Y Y Z Z X X
_X+Z-VY Y +X-Z)Z+Y -X)
XYZ '

DoX>0,Y>0,Z >0, nén ta c6 bat ding thitc quen biét sau day
XYZ2(X+Y-2)XY +X-Z)Z + Y - X).

D4u biing trong (2) xdyra>X=Y=2Z.

T (1) 2Q)suyraP<1.
Diubingtrong B)xdyrao X=Y=Zox=y=z=1,
ViytacomaxP=1<x=y=z=1.
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Bai 35. Cho x, ¥, z 12 ba s8 thyc khéc 1 va thda mén diéu kién xyz = 1.

2 2 2
Tim gi4 tri nhd nha't cda biéu thic P = (——x—] J{ Y ) +(—?—)

x-1 y-1 z-1
Huéng dén gidi
Do xyz = 1, nén thyc hién phép d8i bi€n sau (xem phép ddi bi€n thit trong
nhin xét cia bai 33)
> SR G A
X= —_— zZ —

Y2 Tz TRy
X2 2 v? 2 72

§c nay bi€u thifc P c6 Yz zX XY
Lic nay bi€u thitc P c6 dangP= | — + 7 -2
—-1 —-1 —-1
YZ ZX XY
x* y* A

Tir (1) va theo ba't ddng thic Svac—xd, ta cé:
X2 +Y2+2%)?

(X2 —YZ)? + (Y2 -ZX)? +(Z2 -XY)*

D4#u bling trong (2) xdyra X =Y =Z.

Tacé P+ Y2 +Z)? =X+ Y2+ 22+ 2(X°Y?* + Y22 + 7°X%)

X2 - YZ? + (Y2 - ZX)* + (Z2 - XY)?

=X+ Y+ 2+ XY+ Y2+ 22X - 2XYZ(X + Y + 2)

=X+ Y+ 79 (X2 - YZ)2 + (Y2 - ZX)* + (Z2 - XY)))

= (XY + YZ + ZX)* 2 0.

Pz

(2)

(X% -Y2)y ¥ (Y? -ZX)? " A XY)2

Vi cd miu v tif clia phin s v€ phai déu duong, nén tr (2) suyraP > 1.

D&ubing trong 3) xdyrac>X=Y=Z=1ox=y=z=1
ViyminP=1&x=y=z=1.
Bai 36. Cho x, v, z 12 ba 58 thyc duong va thda mén diéu kién xyz = 1.

Tim gi4 tri nhd nhét ciia biéu thic P = L 1. l_
Ji+sx J1+8y J1+82
Huéng dén gidi
YZ ZzX

Do xyz = 1, nén thyc hién phép ddi bi€n sau x = -X—zgy = ?; z

day X, Y, Z 1a cdc s6 dudng (xem phép d8i bi&n thit hai trong phin nhan xét

chabai33vdik=1)
Khi d6 biéu thitc P trd thanh
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1 1 1
P = + + X
\/1+8Y—§ \/1+8% \/l+8—2
X Y z
X Y Z
= + +
Jx2+8YZ Y2 +8ZX \Z? +8XY
x? Y? yhs

T XVXEI8YZ YV 182X ZNZE 18XY |
Tir (1) va theo bat ding thitc Svac-xo, ta ¢6
X+Y+2)?
XVX2 +8YZ + YNY? +8ZX + Z\/Z2 +8XY
D4u bing trong (2) xdyra X=Y=Z
Theo bit ding thic Bunhiacopski, ta c6:
XVX? +8YZ + YoJy? +8ZX + Z/Z2 + 8XY

=VXVX3 +8XYZ + VYVY? +8XYZ +VZVZ? + 8XYZ

< JX+ Y+ + Y3 + 73 +24XYZ .

2
Tt (2) (3)suyraP 2 X+Y+2Z)
JX+Y+2)C +Y? + 23 +24XY2Z)

hayP>\/ (X+Y+2)
X3 +Y?+23 +24XYZ

D4u biing trong (4) xdyra <> ddng thdi ¢6 ddu biing trong (2) (3)
oX=Y=Zex=y=z=1.
C6 thé thiy ring (X +Y+Z)’ > X*+ Y + Z* + 24XYZ
That viy bling cdc phép bi€n déi so cp, ta c6
B SX(Y-2Z¥+Y(Z-XP+ZX~Y)20.
Do X, Y, Z > 0, nén (6) ding va dau biing trong (6) xdyra <> X=Y=Z
Te@)va(S)c6P=>1.
Diubiing rong (7) xdyra> X =Y=Z o x=y=z=1.
ViyminP=1&ox=y=z=1.
Nhin xét:

P>

1)

(2)

3

C))

&)

(6)

)]

1. Qua cdc bai 33 - 36, cdc ban di thdy rd hiéu qua to 16n cla cdc phép ddi
bi€n (dd trinh bay trong nhin xét clia bai 33) d€ gidi nhidu bai todn fim gid

tri 16n nh4t va nhd nhat bing phuong phdp bat ding thic.
2. Céc ban hiy 4p dung cdc phép d8i bi€n 4y d€ giai c4c bai todn sau:
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1. Chox,y,zla ba s§ dudng va xyz = 1.
x+3 y+3 z+3
x+1)? (y+1)? (@+D?

a. Tim gid tri nho nhat cda biéu thic P =

Pdp s6: minP = -:l; .
b. Tim gi4 tri 16n nh4t cda biéu thic:
Q= 1 + 1 + 1 .
\/4x2 +x+4 \/4y2 +y+4 \/422 +z+4
Pép s6: maxQ = 1.
2. Chox, y, z 12 cdc s& duong va thda min diéu kién xyz = 27.
Tim gi4 tri nhd nha't cia bidu thirc:
1 + i + 1
\/x2 +21x+9 \/y2 +21y+9 \/22 +21z+9

P=

P4p s6: minP = é— .

Bai 37. Cho cdc s0 thuc duong X, y, z théa min diéukién x* +y* + 2> = 1.
Tim gi4 tri 16n nh4't cia biéu thifc:

P=(1+9%Xyz—x-y-2z) ! + L + 1 .
I-xy l-yz 1l-zx

Huéng dén gidi

* Néul+Sxyz-x-y-z<0.

Dox*+y +2°=1 = |x|<L|y|<L]z|<1=>1-xy>0,1-y2>0,1-2x>0
=P<0.

* N&ul+9xyz- x - y-z>0. Theo bat ding thitc Cdsi, ta c6:
x+y+z=(x+y+z).l=(x+y+z)(x2+y2+22)23,/xyz.3 xzyzz2
SX+y+z29xyz=>1+x+y+z221+9xyz
=>0<1+9%yz-x-y-z<1

1 1 1
=>(1+9%yz~-x-y-12) ! + 1 + 1 < + + ¢))
l-xy l-yz 1l-zx) l-xy l-yz 1-zx

D4u bing trong (1) xdyra <1 +9xyz-x-y-z=1
S X+y+2=9%yz

<:>x=y=z=—§3— (dox*+y’+7Z° = 1).
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PitQ= - ! ! + ! , khi d6:
1-xy l—yz 1-zx

l—xy+xy+l—yz+yz+l—zx+zx
1-xy l-yz 1-2zx

PP . A L. )
l1-xy l-yz 1-zx

Q=

T gid thist x> + y* + 22 = 1, ta c6 (do x* + y* 2 2xy)
Xy 2xy 1 (x+y) 3)
1-xy 2 —x2+y?) 2 x2+zH)+ (2 +2%)

(dox®+y*+ 2% =1va (x +y)’ 2 4xy).
Ap dung két qui sau day:

2 42 2
a +b_2(a+b)

Néum>0,n>0tacé —
n  m+n

va ddu ding thic xdy ra

i3 —a—=2;tacé
m n
x+y X ¥

(x2 +22)+(y2 +zz) Tx2+7? y2 +22

2 2
X X
Tir (3) (4) suy ra 1—);:ys_( X ZJ.

2 2
Tuong ty ta ¢6 lyz si( y ,_Z 2],

Tit 2) (5) (6) (T suyra Q<3+ % %
By gid tir (1) 8) 6 Q < %.

Diu bﬁng trong (9) x4y ra d& thiykhix=y=z2=

V3
3

wJ &

K&t hop ca hai trudng hgp suy ra maxQ = % Sx=y=z=
Bai 38. Cho ba s6 thuc X, y, z € [1; 2]

1. Tim gi4 tri 16n nhi't cia bifu thic P= (X +y +2) (l + l+l)
Xy z
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2. Tim gi4 tri 16n nhat ciia bi€u thitc Q = (3x + 2y + 2) (l + l + l) .
Xy

VA
Hutdng dén gidi
1. VigtlaiPdugidangP= 2+ X+ 24X 2 2 03, (1)
Yy X'y 2 z X
DatR=i+l+—z-+X+£+—z—. 2)

y X y z z X

Do vai trd binh ding giita x, y, z nén c6 thé gid st x>y >z

Tir d6 ta c6 lsuisl.\nvaysuyra[ —X)(pi}zo
X y X y

z z

= —+—<1+=. 3)
Xy X

«<

y z
=X Y+, “)
y z z
X1
oLy 2 y x=y
DAau bang trong (4) xdy ra < @{
b y=z
z
Cong ting v€ 3) (@) vacé =+ L+ 24 <0 X0 2, )
y Xy z z X

D4'u biing trong (5) x4y ra < dbng thdi c6 ddu bling trong (3) (4)

@[“y
y=2z.

Mit khdc tir gid thi€tc6 1 £x<2;1<2£2=>x-22<0;z-2x<0

=>x-2z)(z-2x)20

o2’ 4228 <5xy & X,z (6)

z x 2
x=2z

D#u biing trong (6) X3y ra < [
z=2x
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Bay gid tir (5) cé:
R=i+l+3+1+3+3sz+2(1+£)sz+2.§=7. 7
y Xy z z X zZ X 2

D4u béing trong (7) x4y ra <> ddng thdi c6 ddu bling trong (5) (6)

L=

X=y
x=2zhodcz=2x x=y=2z=1
PN (dox=2y=>z)

y=2 y=z=lx=2
X =2z hodcz=2x
Tém laitacé maxR =7 hay maxP = 10.
trong ba s8 x,y,z c62s8 biing 2,158 bing1

Gid tri 16n nhi't dat dude < B N s
trong ba s x,,zc62s0 bang 1,150 biang2

. Tacé i—(x+y+z)—(3x+2y+z)=%(y+52—3x).

Dox,y,ze[1;2] >y +52=262=3x.

= %(x+y+z)—(3x+2y+z)20 =>3x+2y+z< %(x+y+z)

:(3x+2y+z)(l+l+—1-)52(x+y+z)[l+—l-+l]. (8)
Xy z) 4 Xy z

D4u bing trong (8) xdyra <>y +52=6=3x <>x=2;y=z=1.

Ké& hgp phin 1,2 suyra Q < %.10:%—5—. )

D#u biing trong (9) xdy ra <> ddng thdi c6 ddu bling trong (7) (8)
oy=z=1l;x=2"

Viy maxQ = i;— Sx=2y=z=1.

Bai39.Chox,yla cdc s6 thyc vi x +y = 0.

5
I SR S . 1+x
Tim gid tri nh6 nhi't cda bifu thirc P = x* + y> + [—y—J .

X+y
Hudng dén gidi
Piz=-X o viyzezx=-l. (1)
X+Yy
Khid6 P=x*+y* + 2% 04

Rdrangtacé (x +y+2)°20
XY+ +2xy+yz+2x)20
= X%+ ¥  + 22 2 “2(Xy + yz + 2X). 3)

186



Cty TNHH MTV DVVH Khang Viét

Tir(1) (2) suyraP>2. 4)
Dau bing trong (4) xdyra < x+y+z=0 &Sx+y=-z SX+y= L+xy
X+y

S E+y)P=1+xy. )

Chi ¥ ring tp cdc s6 thyc x, y thda min (5) I khdc réng.
That vay ching han x = 1; y = 0 thda mén (5).
Viy minP = 2 < X, y thda min (5)
Binh lugn: O bai wén ta da st dung ki thuat: Ding mot ding thic (déng thic
(1)), va dua vao mot ba't ddng thic cho trudc d€ gidi bai todn ditra.
Bai 40. Cho x, y, z |4 ba s8 thuc duong va théa min diéu kién xyz = 1.
Tim gid tri 16n nhat cia biéu thic:

po_ X Y ..z _ 4
x+1)? (y+D? @+1)? x+Dy+DE+1)’
Hudng dén gidi
Da(x_:_l‘_x;Y:l___Y_;z:}___z 1)
I+x l+y 1+2

Do x,y, zd€u 1 cdc s§ duong, nén dé thiy X, Y, Z e (-1; 1)
1-X 1-Y 1-Z
T (l)suyrax= Jy= A .
(D suy I+X Y I+Y 1+Z

RO rangtrxyz=1,suyra(l - X)}(I -~ YY1 -Z)=(1 + X)(1 + Y)(1 + Z)

>X+Y+Z+XYZ=0. )
Ta ¢6 4"2=1—x2;—3-=1+x,
x+1) x+1
nel 2=1—Y2;L=1+Y,
(y+1) y+1
4z 2=1-22;i=1+z.
(z+1) z+!

Vivay P c6 dang
P = %[3—(x2 +Y2+ZH) =200+ X)L+ Y)(1 + Z))

= i{a.—[(xz +Y2+Z)+2XY+YZ+ ZX)+2(X+Y+Z+XYZ)+2]} 3)

N _ 1 271
Tu’(2)(3)suyraP-Z[l—(X+Y+Z) ]sz. (@)
Dédu biing trong (4) xdyra < X+Y+Z=0
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l___£+l__y+l-_2=0
oSal+x 14y 1+z %)
xyz=1

R rang tAp céc s6 thyc duong X, v, z théa man (5) 1a khéc (thi du c6 thé 1ay
x=y=z=1). Viy minP = % & X, Y, 2 thdéa min (5)

Nhén xét:
1. Trong bai nay ta ciing sir dung mdt ding thitc va mdt bt ddng thirc d€ giai
bai todn.
2. Xét bai todn tudng tu sau:
Cho X, y, z 1a cdc s8 duong va thda min diéu kién xyz = 1.
Tim gi4 tri nhd nhilt ciia bi€u thyc:
1 1 1 1

P= 5+ 5+ 5+ .

d+x)* d+y)* (+z)* Q+x)A+y)1+2)
Dé[ X:l;{;Y:l__y;Z=l;Z.
I+x I+y l+z

1-X 1-Y 1-Z
X= ;y= 1 Z=
1+X 1+Y 1+Z

2 2 2
=>1+x= yl+y=——5142=2 —.
1+X 1+Y 1+Z
Nhu vay P = i[(l+X)2 +(1+ Y)Y +(1+2) +(1+X)(l+Y)(l+Z)] (6)

Giéng nhubditréntacé X+ Y+Z+XYZ=0
Trdédé dangsuyra (1 + X2+ 1+ YV +(1+Z2P+(1+X)(1+Y)1+Z) 24
(ban doc tw chitng minh 13y).
Viytac6P>1 = minP=1.
Bai 41. Cho x, v, z 12 ba s8 thrc dwdng va thda min xyz = 1.
(x+y)y+2)z+Xx)
X+y+2

Tim gi4 tri nhd nha't cdia biéu thitc P =

Huéng dén gidi
Dua vao d6ng nhit thifc:
X+ +z)(z+x)=(X+y+zZ)(Xy+ Yz +2zX) - Xyz ¢))
((1) chitng minh d& dang va xin danh cho ban doc)

Tit d6 theo bit ding thic Cbsi, ta ¢6 Xy + yz + zx = 33x%y%z? . )

D4u biing trong (2) xdyra< x=y=z=1.

188



Cty TNHH MTV DVVH Khang Viét

T (1) ta ¢6 (X + y)y + 2)(z + X) 2 3(x + y + 2) 3x°y?2% —xyz

= (X + Y)Y + 2)(z +x) 2 Ix>y?2? (3(x +y+2z)- ,3/xyz) .

Lai theo bat ding thitc Cosi, ta c6 Jxyz < %ﬂ . 3)
Ddu bing trong 3) xdyrac> x=y=z=1.

TiX (2) (3) suy ra (x + )(y + 2z + %) 2 x*y’2? [3(x yrn- TR Hj @)

SE+YY+2)(z+x)2 g Yxy?22 x +y +2)

x+yy+2)z+x) 8
X+y+z 3

=P=

(5)(doxyz=1)
D4u bing trong (5) x4y ra <> ddng thdi c6 diu biing trong (2) (3)
Sx=y=z=1
Viy minP = g Sx=y=z=1.
Binh luégn:
1. M4u chét la ding ddng nhét thire (1)

2. Ta c6 bai todn tuong tu sau:
Cho x,y, z 13 cdc s8 thuc duong. Tim gi4 tri I6n nh4't cia bidu thic

X y z) 2(x+y+2z)
P=|l+=| 1+ l+— |- —.
( +Y)[ +ZJ( +X) Yxyz

Hyiong dén gidi

Vi€t lai P du6i dang p = 33V +2@+X) 20Xty +2) 0
Xyz W
Theo bditrénta céd (X + yNy +z}{(z +X) 2 gﬂxzyzz2 xX+y+2)
- x+y)Xy+2z)(z+x) > 8x+y+z
Xyz 3 3Yxyz
- (x+y)y+z)z+x) 2X+y+z SaXty+tz
Xyz 3 Yxyz  IYxyz
:>P=(x+y)(y+z)(z+x)_2(x+y+z)23x+y+z @)
Xyz Ixyz 3 Yxyz
Lai 6 27 Y22 >3 (theo bAt ding thirc Cosi)

Ixyz
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= P22 3)
ViyminP=2<x=y=z>0.

Bai 42. Cho x, y,z>0 va théa manxyz =1

1. Tim gi4 tri nhd nhitcla P = (X + y)(y + z)(z + X) - 2(X + ¥ + 2).

2. Tim gi4 tri nh nh4t clia bidu thirc Q = J“y 4 Yz +\/“" .
x+1 y+1 z+1

Hutng déin gidi
1. Ap dung ddng nh4t thic:
X+Y)Y+2)z+X)=(X+Y+2)(XY +yZ+2X) - xyz. (¥)

Ta c6:P=(X+y+2)(Xy + yZ +2X) — Xyz-2(x +y + 2). 1)
Theo bt ding thic Cosi, tacé x +y+z2>33xyz =3 (doxyz=1) )
Lai c6 xy +yz + zx = 33[x%y%*2? =3 (dox*y’z’=1) 3)
T () 2)3)suyraP23(x+y+2)-1-2(x+y+2)

=>P2(x+y+z)-123-1=2. 4)

DE thdy ddu biing trong (4) xdyra x=y=z= 1.
2. Tru6c hét ta chitng minh riing
E+Y)y+2)z+x)2E+ 1D)(y+1D)(z+1) (&)
Thét viy dya vao (*) suy ra
G X+Yy+Z)XYy+YZ+2X) - XYyZ2Xy +yZ+2ZX +X+y+2Z+ 1
SEX+Yy+Z)XYy+YZ+2X)-22Xy+yz+2X+X+y+2+2 (doxyz=1)

SE+Yy+2)XYy+YZ+ZX)2XY+YZ+2ZX+X+y+2Z+ 3. 6)
Doxyz=1=>x+y+z23vaxy+yz+zx23. : )
Tacéd (x+y+2z)(xy+yz+zx)

- x+y+z(xy+yz+zx)+(x+y+z)XY+yZ+ZX + (x+y+z)(;;y+yz+zx)
®
TY (7 B)suyra (X +y +z)(Xy +yz+2zx) 2Xy +yZz+ZX +X +y +z + 3.
Vay (6) ding, titc (5) ding.
Theo bt ding thitc Cosi, ta c6 Q = 33| [CF VY +DE+x). ©)
V x+1)(y+ Dz +1)
T (5) (9) suyra Q = 3. (10)

D4u biing trong (10) xdyra <> x=y=z= 1,
ViyminQ=3&x=y=z=1
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Ghuongs.  PHUGNG PHAP LUGNG GIAC HOA

TiM GIA TR] LON NHAT VA
NHO NHAT COR HAM SO

Lugng gidc héa 1a mot trong nhitng phuong phép hay st dung d€ tim gi4 tri
16n nh4t, bé nhit ciia him sd.
Biing phuong phép ddi bi€n lugng gidc (thi du x = sint, x = cost hodc x =
tant,..) ta dua bi€u thitc va diéu kién ciia bai todn vé dang lugng gidc. T d6
dva vao phép tinh lugng gidc ta s& d& diang hon trong trong viéc gidi bai todn
tim gi4 tri 16n nhat, nhd nhi't d cho ban diu.
Céc bai todn tim gid tri I16n nh4', nhd nhi't c6 thé sit dung phuong phip lugng
gidc héa thudng c6 cdc ddu hiéu d& nhin bit sau day:
- Hoic 1a trong biéu thifc cia dai lugng cin tim gi4 tri 16n nh4t, nhé nhi't c6
chifa cdc dai lugng dang x* + y% 1 + x7; ..
- Hoic 1a diéu kién trong bai todn ban ddu c6 dang: x>+ y*=a%,a>0, ..
- Hoic 1a cdc biéu thitc di cho ban ddu g&n lién véi mot hé thirc lugng gidc
quen bi€t nao dé.
Bai 1: Cho x, y, z € [0; 1].
Tim gid tri 16n nha't cia bi€u thic P = \/xyz +J1-x)A-y)1-2).
Hudng dén gidi
Do x, Y,z € [0; 1], nén dit x = sin’A, y = sin’B, z = sin°C,
V6iA,B,C e[o;f}.
2
Khid60<sinA<1;0<sinB<1,0<sinC<1;0<cosA<lI;
0<cosB<1,0<cosC<1.

Licnaytacé: P = \/sin2 Asin®Bsin? C + \/0052 Acos?Bcos?C

= sinAsinBsinC + cosAcosBcosC. ¢))

Ta ¢6: cosAcosBcosC < cosAcosB. 2)
z=0
i ) cosC=1
Dau bing trong (2) xdyra < <llx=1
cosAcosB=0
y=1

Tuong ty sinAsinBsinC < sinAsinB. 3)
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tz=1 "¢
Diu bling t 3) xa o sinC=1 <:> 0 (% _.._
au bang tron Xay ra X = g
g g A sinAsinB=0 = /- {
Yo ly=0
T (1), (2), (3) ¢6: P < cosAcosB + sinAsinB : P <-cos(A - B). @

D4u bing trong (4) xay ra <> ddng thdi c6 d4u biing trong (2), (3).
Vi cos(A ~ B) < 1 va ddu biing x4y ra khi va chikhi A = B, nén ta ¢6:
P<l (5) ' :
D4u biing trong (5) x4y ra <> A = B va ddng thdi thda man (*) v (**)
& X =y va ddng thdi thda min (¥) va (¥%)
- {Z:O;x=0;y=0
x=y=z=l

(6)

T d6 ta ¢6 max P = | < x, y théa min (6).
Bai 2: Cho X, y, z, t > 0 va thda min diéu kién:
1 1 1 1

+ +

=1.
¢ M

t—
1+x7 1+y" 1+z
Tim gi4 tri nhd nh4t cia biéu thic P = xyzt.
Huéng din giai

2 . T
Pit x* = tana; y* = tan; 7’ =tan v; B =tand vdia, B, 7, 86(0; —2-)

s l+yt= 12
cos” o . .cos“PB

Tirdé: 1 +x*=1+tan’a=

’

l4zt=—1 Dl =—

cos“ y cos” 9

vi viy diéu kién: 14+ 14+ 14+ l4=1
< +xt l+yt 1477 14t

&> cos’aL + cos’P + cos’y + cos’ S = 1 '4))
Tir (1) suy ra: sin’c = cos’ + cos’y + cos* & )

Ap dung bat ddng thitc Cosi, ta c6:  sin’a, 2 33cos? 8cos® Beos’y.  (3)

Lap luan tuong tv, ta ¢6: sin’p 23%/cos2 acos? Scos’ Y, @

sin’y > 3%/ cos? ocos? Beos? 8,  (5)

sin?8 > 3%/ cos® ocos? Beos®y . (6)
Nhin tirng v€ (3), (4), (5), (6) va cé:
sin’asin’Bsin’ysin® 8 > 81cos’a cos’P cos’ycos’ &
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= tan’o tan’P tan’y tan’ > 81 = x*y*z*t* > 81 => P =xyzt > 3. )
D4u biing trong (7) xdy ra <> dong thdi c¢6 diu bing trong (4), (5), (6)
Sa=p=y=5
<:>x=y=z=t=i‘/§. (8)

Viymin P =3 < X, y, z, t thda min (8).
Nhdn xét: Hoan toan tuong ty, ta cé k€t qua sau:
Chox>0,y>0,z>0va ! i ! Tt ! Tt ! =1.
1+x7 1+y 1+z
Khi d6 néu P = xyz, thimin P = 242 .
Bai 3: (Pé thi tuyén sinh Pai hoc, Cao ddng khéi B)
Chox’+y*=1.

2(x2 + 6xy)

Tim gi4 tri 16n nhat va nhd nhit cda biéu thitc: P = s
1+2xy+y

Huéng din gidi
Pdp s¢: max P=3; minP=-6
Xem 18i gidi trong bi todn 3, § 1, chuong 1 cubn sdch nay.
Bai 4: (Dé thi tuyén sinh Puai hoc, Cao ddng khéi B)
Tim gid tri 16n nh4t v nhd nhit clia ham s&: f(x)=x+v4—x? trén mién
xdc dinh cda né.
Huéng dén gidi
Pdp 56 max f(x) = 2+/2 ; min f(x) = -2
Xem 13i gidi cdch 3 trong bi todn 1, bai 1, chudng 1 cudn sdch nay.
Bai5: Chox1a sd thuc thy ¥ (x € R).

’ . 4x2 4
Tim gi4 tri 16n nha't va nhd nhit ciia ham s8: f(x) = 3—u+—32x—
(1+x2)
Huéng dén gidi
Pitx = tang vdixe (—g; g) Khi d6 ta c6:
3+4x? +3x* 3+4tan2(p+3tan4(p 2 4 4
= =(3+4tan ¢@+3tan (p)cos 0]

2 2
(1+x2) (l+tan2q))
= ?ac:os“cp+4sin2(p0052<p+3sin“(p=3(l—%sin2 2(|))+sin2 2¢
1.,
= 3——2-sm 20. (¢))]
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Xéthim s§ F((p)=3—%sin2 20, Véi ¢ e[—g; g)

Ta thdy ngay: minF(¢)= 3--;—=§©sin2 20=1;

maxF(g)=3-0=0< sin’2¢=0.
T détacé: maxf(x)= max F(p)=3;
T

xeR P
2°2
. . 5
minf(x) = min _F(gp)==.
xeR <% 3) 2
2'2
DE thdy: maxf(x)=3<x=0; miélf(x)=§©x=il.
xeR Xe

Nhdn xét: Xét cdch gidi khdc sau ddy: (bing phudng phdp sit dung bt ding
thitc)
3x* +ax? 43 2x?

1. Viétlai f(x) du6i dang: f(x)= =3- . ¢))
g x*+2x%+1 x*+2x2 41
2 ' f(x)<3 VvxeR
Do —4—2-’5—2——20Vx, nén tir (1) suy ra: { *x) xe
x*+2x% +1 f(0)=3
Viy maxf(x)=3 < x=0.
xeR
2 2
Mat khéc: — L2 = 2 > )
X' +2x°+1 (x2+1)
2
Dox*+1 22)x| VvxeR =(x2+1)" >4x? vxeR.
2
1
Tit d6 theo (2) suy ra; ——————< =, 3)
Y x*+2x2+1° 2
Bay gid tir (1), (3) ta cé: f(x) 2—;— Vxe R. 4

Diubing trong (4) xdyrao x’=1ox==+1.
Tit d6 va theo (5) suy ra: minf(x) =—5— o x=H1,
xeR 2
Ta thu lai k&t qua trén.
2. Talai c¢6 cdch gidi khdc nita (biing phudng phédp chiéu bi&n thién ham s8)
3+4x% +3x4

Ta ¢6: f(x)=———2, xeR.
l+x2)-
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_ (8x +12x%)(1+ x2)° —4x(1+ x2)(3+ 4x2 + 3x*)

Tir d6: £'(x)

(1+x2)4
- (8x + 12x3)(1+x2)—4x(3+4x2 +3x%) - 4x3 - 4x _ 4x(x*-1)
(l+x2)3 (1+x2)3 (1+x2)3 '
Viy ¢6 bang bi€n thién sau:
X —c0 -1 0 1 +00
f'(x) 0 + 0 - 0 +

f(x) 3\ %/73\_2_/,3

2 4
Chi § ring do lim 3—’“i‘-"-—’i-32"—=3
x>0 (1,x2)

nén tir bing bi€n thién trén suy ra:

maxf(x)=3 < x=0; minf(x)=§@x=_4_~1_
xeR xeR 2

. Ta cdn c6 c4ch gidi khdc nira bing phuong phdp mién gid tri hAm s6 nhu sau:
Goim 12 gi4 tri thy ¥ clia f(x). Khi d6 c6 phuong trinh sau (&n x)
+4x% +3x*
3.l + 2);2 +3xt - ®
c6 nghiém. Do x* + 2x* + 1 = (x2 + 1)2 >0 Vx, nén
5) & 3 +4x* + 3x* = m + 2mx* + mx*
oSm-3x*+2m-2)x*+m-3=0 (6)
e Né&um =3, khi d6 (6) c6 dang: 2x’ =0 x =0
Vay m = 3 1a mot gid tri cia f(x).
e Né&um # 3, khi d6 (6) ¢6 nghiém khi va chi khi phuong trinh sau (Ant):
(m-3)+2(m-2)t+m-3=0 Q)
¢6 it nhat mot nghiém khoéng dm.
Ta ¢6 nhin xét vi %%%:1, nén n€u (7) c6 nghiém thi hai nghiém
phii ciing ddu
Do d6 (7) ¢6 nghiém khong 4m khi va chi khi

A'20 2m-520
2(m—2)>0 = m_2<0 ®55m<3vam¢3
m-3 m-—
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K&t hop lai (6) ¢6 nghiém < % <m<3.

Tur d6 suy ra: max f(x)=3; minf(x)==.
xeR xeR

N

Mot lan nita cdc ban thiy dudc tinh da dang ciia cdc phudng phdp gidi bai
todn gid tri 16n nh4t, nhd nhi't cda ham s6.
Bai 6: Cho x va y 13 hai s6 thyc khong déng nhi't bing 0.

2 2
. o . -(x-4
Tim gié tri 16n nht va nhd nhat cda biéu thivc: P = 5——7(—)(——%
: x° +4y
Huéng dén gidi
bit D={(x: y):x2 +y2 >0}
Goi Dy = {(x;y):y=0} vaD;,= {(x;y):y#0}.
Khi d6 theo nguyén li phin ra, ta cé:
min P:min{ min P; min P}, 0
(x;y)eD (x;y)eDp  (xiy)eDy
max P= max{ max P; max P}, (2)
(x;y)eD (x;y)eD;  (x;y)eDp
ddiytac6: D= D, UD,.
. x2 - x*
- Khi(x;y)eD,,doy=0nénlicdéx#0vaP= — =0 V(x;y) € D
o
= min P= max P=0. 3)

(x;y)eDy (x:y)eDy
- Khi(x;y) € D,, doy #0 nén liic d6 ¢6 thé vict lai P dudi dang:

2 2
SRR
p=- 2 Y . )

X ne T T <
bit — =tana, véi (xe[——; —j, ta ¢
2 2 2

y
tan® o — (tano ~— 2)2
P =- - > =cos® a(4tana - 4) = 4sinacosa — 2(1 + cos2a)
l+tan“a
= 2sin2a - 2c0s20 — 2 = 242 sin(2a + %}—2 . 5)
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Tw(5)suyra: max P= 2\/5 -2, (6)
(x;y)eDyp

min P=-22-2. N
(x:y)eDy

T (3), (6), (7) suy ra: (ma;xDP = max{2\/.2— -2; 0} = 2\/5 -2,
Xy)e
min P =min{-2v2 -2, 0} =22 -2.
(x;y)eD
Nhdn xét:
1. Dinhién ta c6 cdc cdch gidi khdc nhau nhu sau:
2 —(1-2)? _a Al
1412 2 +1

Pit 2i= t, t € R, lic d6 xét ham s8 £(1) =
y

Tacé: max P=maxf(t); min P=minf(t).

(x;y)eDy teR (x;y)eDy teR
2
[ﬁm@PM=4JJQ%1.
2
(t +l)
Vi c6 bing bién thién sau:
t |- 1-2 1+2 +0
£(t) - 0 + 0 -

0 2V2-2
\—2\/5_2/7 \0

Tu d6 suy ra:  min P=-2J2-2va max P=2/2-2.
(x;y)eDy (x, y)eDp

f(v)

Ta thu lai k&t qua trén.
2. Lai c6 céch gidi bing phuong phdp mién gid tri ham s&:

 4t-4 . so1 R
Goim la gid tri thy ¥ cda ham s6 %———1, khi d6 phuong trinh (an t):
t°+

4t-4=F+1)m (*)
¢6 nghiém. Do (*) < mt® — 4t + m — 4 = 0, nén d& thdy (*) c6 nghiém
o -2M2-2sm<2V2-2.
Tir d6 thu lai k€t qua wén!.
Bai 7: (Dé thi tuyén sinh Pai hoc, Cao ddng khdi D)

Cho x 20, y >0. Tim gi4 tri 16n nht va nhé nha' cda biéu thic:

p = (x=¥)1-xy)
1+x)*(1+y?)
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Hudng dén gidi
Pdp 56> max P = l; minP = —l,
4 4

Xem 18i gidi (bing phuong phap lugng gidc h6a) trong bi todn 1, § 1, chuong
1 cudn sdch nay.
Bai 8: (Pé thi tuyén sinh Pai hoc, Cao ddng khéi D)
Tim gi4 tri 16n nh4't va nhé nhit clia ham s6:
x+1

Vx% +1

f(x) =

trén doan [-1; 2].

Huéng dén gidi
Ddp s6- max f(x)=+2; min_f(x)=0;
~1x<2 —1sx<V2
Xem 18i gidi trong phin 3, binh luin clia bai 15, § 2, chuong 1 cudn sdch nay.
Bai 9: Cho x, y, z 1a ba s8 thyc dudng thda min diéu kién: xy + yz + zx = 1.
y z

Tim gid tri nhd nhdt clia biu thitc: P= —— + Y "
-

1-x° 1-y
Huéng déin gidi

5
Pdp 567 minP = ¥ .

Xem 13i gidi trong phdn nhin xét clia bai 8, muc 1.2, § 1, chuong 2 cda cudn
sdch nay (dung phuong phdp lugng gidc héa).
Bai 10: Cho x, y, z 12 c4c s6 thyc duong thda min diéu kién: X + y + z = xyz.

X .y . z
Vitex? J1+y2 1+22

Huéng din gidi

Tim gid tri 16n nhat cda biéu thic: P=

Pdp 56 maxP = % .

Xem 15i gidi trong phan nhin xét clia bii 5, muc 1.2, § 1, chudng 2 ciia cudn
sdch nay (ding phudng phdp lugng gidc héa).
Baill:Chox>0,y>0vax+y=1.
L
x> +y’ Xy

Hudng dén gidi

Tim gi4 tri nhd nhét cia biéu thitc: P=

Dox>0,y>0va x +y=1,nén ditx = sin’a, y = cos’o v6i 0 < a<§.

Lic nay:
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1 N 1 1 . 1
x*+y* xy  sinfa+cos®a  sin®acos?a
1 1 4 4

+ = + .
. 2 . 2
1- %sin2 20 lsinz 9q 4-3sin“20. sin”2a

D

Bitt = sin®20. Do 0 < a<§:>0<20.<1t::0<t51.

Tir (1) din dén xét ham s6 f(t) = ——+2 =82~ L6 0<r<i
4-3t t 41-3t
p— 2 —
:f,(t)=8( 3t +12t2 8)_
(4t -3t)
Vay c6 bang bi€n thién sau:
. 0 6-12 ) 6++/12
3 3
(1) 4 - 0 + B o+ 0
£ 2 \ Z
7 — ¢

&

S

Viy min P = min f(t)=f(6—\/ﬁj= +
O<t<l 3
Nhdn xét:
1. Ta da phéi hgp phuong phdp “lugng gidc héa” va phuong phdp chiéu bién
thién ham s& d€ gidi bai todn.
2. Xem cdch gidi bai todn trén bing phudng phdp si dung bat ding thitc Cosi
trong bai 9, myc 1.2, § 1, chudng 2 cudn sich nay.
Bai12: Chox*+y’=1; v’ +v’=1.
Tim gi4 tri 16n nh4't va nhd nhit ctia bidu thitc: P = x(u + v) + y(u - v).
Huéng dén gidi
Do x*+y*=1=>x =ssina, y = cosa, véi a € [0; 2x].
Do v’ + v’ =1=>u=cosB,y = sinp, véi B € [0; 2x).
Vi th€ P = sina(cosp + sinf) + cosa(cosp — sinP)
= sinacosP — sinfcosa + cosocosP + sinasinf

= sin(a — B) + cos(a - B) = ﬁcos[a—B—Z—). ¢))

T (1) suyra: max P = V2 vaminP=-2.
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Nhin xét: Ta ¢6 thé sif dung phudng phap diing bdt ddng thic Bunhiacopski
d¢ gidi nhv sau: , ,

Theo bat ding thitc Bunhiacopski, ta ¢é:
[x(u+Vv)+y(u- V< (x2 + y.z)[("u} v)2 +(u —»V)zl
hay P* <2(x2+y?)(u2 +v¥) =2 (Do X’ +y? =u?+v? = 1).
Tirdé ta c6: —~2<P<+2. '

C6 thé thiy P= v2 chinghankhix=y=u=v=

NI&

(Lic d6 rd rang: x> + y* =u’ + V' = 1).

P=—\/§ch§nghankhix=ﬁ;y:ﬁ;u:v:—

ol

Tir dé ta cé: max P= 2 :min P=—-+2
Cdc ban hdy tu tim xem khi nao P dat gid tri Ién nhdt (nhé nhdt)?
Bai13: Chox>0,y>0va x +y=1. Tim gid tri nhd nhdt cia biéu thifc:

p=_>_, Y
Vi-x Ji-y
Hudng din gigi
Bdp s6: minP = V2.
Ldi gidi bing phuong phdp “lugng gidc héa” xem trong phin nhin xét clia
bai 10, muc 1.2, § 1, chuong 2 clia cudn sdch nay.
Bai 14: Cho x* + y* = 1. Tim gi4 tri 16n nh4't v2 nhd nhét cia bi€u thic:
P=l6(x5 +y5)—20(x3 +y3)+5(x +y).
Hudng dén gidi
Do x* +y* = 1, nén dat x = sina,, y = coso v6i a € [0; 2x].
Ta c6: sinSa = sin3acos2a + sin2acos3a
= (3sina. - 4sin’a)(1 - 2sin’a) + 2sinacosa(4cos’o — 3cosor)
= (3sino. — 4sin’a)(1 — 2sin’cx) + 2sinoicos’a(dcos’o: — 3)
= (3sina — 4sin’o)(1 — 2sin’ct) + 2sina(l - sin"a)(1 - 4sin’a)

= 16sin’ — 20sin’ + Ssinat. )
Tuodng tu ta c6: cosSa = 16cos’a — 20cos’a + 5cosa. 2)
Tu (1), (2) suy ra: P =sinSa + cosSa = ﬁcos[Sa —g) . 3)

T (3) suy ra: max P = V2 minP=-42.
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Nhdn xét: Xét cdch gidi “phi lugng gidc héa” sau day:
Tacd: X°+y =(x+ y)(x4 —x3vy+x2y2 —xy* +,y4)
2
=(x + y)[(x2 +y?) -x%y? —xy(x? +y2)J
=X+ y)[l—xy—xzyzj,

x* + y3 =(x+ y)(x2 —xy+y2)= (x + y)(1 = xy).
Ap dung cong thitc:

2 (2,2 2 2 T
xy=(x+y) 2(x +y)=(x+);) l:xgyzz[(x+3;) 1 .

Ta ¢6: |P|:‘16(x5 +y5)—20(x3 +y3)+5(k+y)i vaditx+y=2z1acé:

2 2 )’ ' 2
16z(1—7‘ -1_(2-1) )—ZOZ(I—Z l)+5z
2 4 2

2
(222 —ij ——5— .
2 4

Pl =

= [zll—4zz +10z° —5| =z *)

Vid+y =lol+y +2y<2(x?+y?) =2 <2, (*%
Thay (**) vao (’l), Vi c6: ‘P’S \/—2_ ' (x3%)

[Do l| <2 va (222 —%T —; _Sl} |

D& thdy ddu bing trong (***) xdy ra <> [x +y|= NS

X

i
<
H

Niﬁ“’lsl

Vady max P = V2 ;minP=-42.
Ban doc hiy tr d4nh gid vé tinh hiéu qua cia hai phuong phdp “lugng gidc héa”
va “phi lugng gidc héa” trong bai todn n6i wrén!. Ban thich cich gidi nao?.
Bai 15: Cho ba s& thyc x, y, z thda man hé thitc: xyz + x +z =Y.
2 2 3
T IR I
x“+1 y*+1 z°+1

Tim gi4 tri I6n nhét cta biéu thic: P =

Huéng déin gidi

Ta c6: xz + i+£=l. (D
y 'y
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Do x, ¥, z 1a cdc s6 duong,

nénditx = tang; l=tanE;z=tan-Y-,6 day a, B,ye(O; E]
2y 2 2 2
Khi d6 (1) c6 dang: tang—tanl+ tan-o—ttanEHanEtanl:l NG
2 2 2 2 2 2

:>a+B+'y=7t(dOg-+B+Y n]
2 2 2 2
1

Tacé: 1+x°=1+ tan® &=

2 00
cos® —
)
l+y—1+cotZB 1l3
sin? =
2
1+2=1+tan*l=—_,
2 coszl
VayP = 2cos? 2—2sm g+3¢oszl=1+cosa-(1—cos[3)+3coszl
= 2005o‘—-zl-—Bcos(—x—;E+3c052l=—3sm2 b +2sm;cosa_B +3

=3—3(sinZY zsmycosa B) 3- 3(siny lsm ~Ccos—— —B) lcosz-q—_—I3
2 3 2 2 2 3 2 2

= 3+-1—00329———B—3(sinl—1cosa B]
3 2 2 3 3

2
cos ;B=1
Diu bing xdy ra < |
sint=2.
2 3
V\ll'i'tanzl:—l——_-l—:g:(anzl:}.ﬁt nl:——— z=___1
2 o2y 88 2 8 2 2\2 22
2 9
Tir (*) véi a =P suy ra
ta2a+2tan tant -1=0< tan —+—}—tan2—1 0 tans = L
2 2 2 2 2 2

d N, 1 l
Vay du bing xdy ra khi va chikhix = —=;y=v2;2=—=.
Y g x4y N7k 22
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10
Tﬁdésuyra:maxP=—<:>x— Y= V2;2=—1o

Nhdén xét: Phuong phdp “lugng gidc héa” to rd hiéu qua trén bai todn nay!
Bai 16: Cho x, y, z € [0; 1]. Tim gi4 tri 16n nh4t ciia bi€u thic:

P=(1+xz)(l+y2)(l+22)+(1—x2)(1—y2)(1—zz).
Huéng déin gidi
Pitx = tang; y=tanE;z=tanl‘ Dox,y,ze[0;1] =>a, B,ye[O;E].
2 2 2 2
Ta c6: cosa > 0; cosP > 0; cosy > 0, vi th& hién nhién suy ra:
(1 + cosa)(1 + cosPB)(1 + cosy) > 1 + cosacosPcosy.

D#u bing trong (1) X3y ra <> cosa.=cosB=cosy=0 > x=y=z=1.
Dva vao cong thifc lugng gidc, ta c6:

2 2 2 2

1) o l+l_x2 1+1 y2 l+ (1 X )( )(1 22)
1+x l+y 1+2° (l+x2)(l+y )(l+zz)
@82(l+xz)(l+y2)(l+zz)+(l—x2)(l-y )(1-—22) hay P <8.

Déu bing trong (2) xdy ra <> ddu biing rong (1) xdyra <> x=y=z=1.

ViymaxP=8&x=y=z=1.

Binh lugn: Di nhién c4dc ban c6 thé 1am nhv sau:
Dox,y,ze[0;1]=1-x*20;1-y*20;1-2°20.
Vi th€ hién nhién ta c6:

2 2 2 2 2 2
- - - 1-x2)(1-y?)1-
1_'_1 x2 l+1 y2 1_!_1 22 21+( xz)( yz)( zz). *)
1+x l+y l+z (1+x )(l+y )(1+z )
Tr(*)suyramaxP=8ex=y=z=1.
Tuy nhién st dung (*) khéng phai 14 diéu ma ai ciing thiy dugc, trong khi si

dung (1) va cong thic lugng gidc thi 16i gidi tw nhién hon!
Bai 17. Cho x, y, z 14 ba s dudng thda min di€u kién xy + yz + zx = 1.

Tim gié tri 16n nhAt cda bi€u thic P= —2— + —L_ 4+ —Z
Vi+x2 \Ey2 Vi+z?

Huéng dén gidi
bitx = tané-, y= tanE, z= tanE v6i A,B,C e (O;EJ.
2 2 2 2

N A B B C C_A
TU Xy + yz +zx =1 = tan—tan—+tan—tan—+ tan—tan— =1
2 2 2 2 2
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A B C) B
= tan—| tan—+tan— {=1-tan—tan—
2 2 2 2

B C
l—-tan— tan—
22 ]
B C B C
tan—+tan— tan| —+—
2 2 2 2

= tan— =

o5+
= tan—=cot| —+—
2 2 2

AB . C g0 5 A+B+C=180"

> —+—+
2 2
Vay A, B, C 14 ba géc cia mot tam gidc ABC.
A
X tan - tan— A
Ta c6 == Z_ - 2 :tanzcosjzsin7.
e \/; @2 |l -
2 2 A
cos” —
2
Tudng tu ¢d y - sinE \ L =sin ¢
o Jl+y? 2 J1+22 2

Nhu vdy P = sin A +in B + sing. Nhu da bi€t trong moi tam gidc ABC ta ¢
3 va dau bing xAy ra khi va chi khi A=B =C = 60".

.A . B .
SiIn—+Sin— +sSin— <
2 2 2

2
TirdésuyramaxP:% o A=B=C=60

c_B
2 3

A
< tan— =tan—=tan
2 2

@x:y:z:—?.

Nhdn xét: Ta c6 thé gidi bai todn wén bing cdch “phi lugng gidc héa” nhu sau:

Dlrave‘ioxy+yz+7x-l ta co
\/l+x \/xy+yz+zx+x \[(x+y)(x+z) VX"’ V’”

Tir d6 theo bat ding thitc Cosi, ta c6 S— +
\E+x 20x+y x+z

(1

X
= oy=z

D4u bing trong (1) xdy ra &
X+y X+z
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Tuong tu’[a 6L sl(_)’__+_¥_J ’  s 2)
B 2 ",ll.fy?.‘, 72 y+z . yv+‘x

z 1{ z Z - .
<— + ) (3)
J1+722 v_2(z+x z+y)

D&u biing trong (2) (3) tuong ng X4y ra &>z =Xx; X = y.

Cong ting v€ (1) 2) B) va c6 P < % 4)

Diu bfing trong (4) xdy ra <> dong thdi c6 ddu biing trong (1) (2) (3)

V3
3

oOXxX=y=z= (doxy +yz+zx=1)

: 3 LA 2
Tom lai maxP = 5 < x=y=z=].Tathulai két qué trén!

Ban thich gidi cich nao? -
Bai 18. Cho x, y, 7 14 ba s8 thuc dudng vi théa min didu kién x +y + z = xyz.
" x2 oy
Tim gid tri I3n nhat cda bi€u thic P = +

1+x2 l+y2 l+_z2 .
Huéng dén gidi

Dox>0,y>0,2>0,nénddtx =tanA, y = tanB, 2= tanC,v6i A,B,C e [O; g—}

Tir gid thi€t x + y + z = xyz, ta ¢6 tanA + tanB + tanC = tanAtanBtanC
= tanA(l — tanBtanC) = —(tanB + tanC)
tanB+tanC

=tamA=————— —=_tan(B+C)= A + B + C = 180"
I-tanBtanC
Viy c6 thé coi A, B, C 1 ba géc clia mot tam gidc ABC.
2 2
Ta ¢6 — 5= fan f =1‘_an2 A.cos’ A =sin’ A
t+x° l+4+tan“A
y2 22 5 9
Tuong 5= sin® B; 5= sin® C. Vay P = sin®A + sin®B + sin’C
l+y 1+z
Ta bi€t riing trong mot tam gidc thi sin?A + sin®B + sin’C < % ¢))
D4u biing trong (1) x4y ra <> A =B =C =60
VéymaxP:i— = A=B=C=60" < tanA =tanB =1anC = /3

ox=y=z=43.
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Gluvng <. PHUONG PHAP CHIEU BIEN THIEN HAM SO
TiM GIA TR] LGN NHAT VA NHO NHAT CUR HAM SO

Cung véi phuong phdp bit ding thic, diy 13 mot trong hai phuwong phédp
thong dung nh4't d€ tim gi4 tri 16n nhit va nhd nhi't clia ham s8.

Bing cich xét chiéu bi€n thién ham s (ma théng thudng ngudi ta hay s
dung phép tinh dao him), sau d6 so sdnh gi4 tri ham s& tai cdc diém dic biét
(thdng thudng 1a céc di€ém cyc dai, cuc ti€u, cdc diém dat biét nhu cic diu
miit cda c4dc doan thing x4dc dinh nén mién x4dc dinh-cia ham s& dang xét,
cdc diém khong ton tai dao ham...). Tt phép so sinh &y suy ra céc gi4 tri 16n
nh4t, nhd nhat phai tim.

§1. SU DUNG TRUC TIEP CHIEU BIEN THIEN HAM SO
PE TiM GIA TRI LGN NHAT, NHO NHAT

Nhirng bai todn nay thudng c¢6 dang don gidn hoic 1a tryc ti€p khio sdt chiéu
bi€n thién ham s& cin tim gi4 tri 16n nh4t, nhd nhét cho trong ddu bai, hoic
13 thyc hién mdt phuong phép d6i bié€n don gidn d€ dwa ham s6 cAn khio sét
vé€ dang don gidn vi thuin 1¢i hon cho viéc tim gi4 tri 16n nh4t, nhd nhit
bing phuong phap chiéu bi€n thién ham s3.

Bai 1. (Pé thi tuyén sinh Pai hoc, Cao ddng khéi D - 2011)
2x% +3x+3

Tim gi4 tri 16n nh4t v nho nhit cda him s6: y = T trén mién [0; 2].
. X+
Hudng din gidi
_(~2 2
Tacs: y = EF DD (22x +3x+3) _2x +42x |
x+1) x+1
Tir d6 ¢6 bing bién thién sau:
X [-2 -1 0 2
y 1 + F
/1 ”
rd
Vidy maxy= (2)—H min y=y(0)=3
24 Ostzy y 3’ Ostzy—y T

Nhin xét: Bai todn nay qud don gian va cd ban!
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Bai 2. (Dé thi tuyén sinh Pai hoc, Cao ddng khéi D - 2010)
Tim gi4 tri nhd nhdt clia ham s§: y =V-x? +4x+21 —J-x? +3x +10 trén

mién x4c dinh clia né.

Hudng din gidi
(L&i gidi vdn tdt, 13i gidi chi ti€t xem bai 4, §2 chuong 1 cudn sich nay)
Mién xdc dinh cia haim s6 1a: 2<x <S5

, (@4- 2x)\/—x +3x-10-(3- 2x)\/—x +4x +21

2\/—x +4x +21. \/—x +3x-10
T d6 c6 bang bién thién sau:

Tacé: y'=

1
X -2 3 5
y| 7 0 Z
y ’\ L
é /’e

Vay miny =y(-;-)=\/§ .

Bai 3. (Pé thi tuyén sinh Pai hoc, Cao ddng khéi B)

2
Tim gid trj 16n nh#t vA nhd nhit cita ham s8: £(x) = -~ trén doan [1; €* .
X

Huéng dén gidi
Khio st tryc ti€p £(x) va suy ra max f(x) —i; min f(x)=0.
I<x<e C 1<x<éd
(Xem 13i gidi chi ti€t & bai 4, §2 chuong 1 cudn sdch nay).
Bai 4. (Dé thi tuyén sinh Pai hoc khéi D)
Tim gi4 tri 16n nh4't va nhd nhat cia him

s6: f(x)= trén doan [-1; 2].
x“+1
Huéng dén gidi
Khao sit trye ti€p £(x), r6i suy ra: rlnax f(x)= \/_ rlnm f(x)=0.
-I<x<2 -1<x52

(Xem 16i gidi chi ti€t & bai 15, §2 chuong 1 cudn sdch nay).
Bai 5. (Dé thi tuyén sinh Pai hoc, Cao ddng khdi B)

Tim gi4 tri 16n nh4t v nho nhit cda him s8: f(x)=x+ V4 -x? wén mién x4c
dinh cta né.
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Huéng dén gidi
Khéo sit tryc ti€p £(x), rdi suy ra: ;mn f(x)=-2; rznax f(x)= 242
-25x< —2<x<2
(Xem 10i gidi chi ti€t § bai 1 (cdch 2), §1 chuong 1 cudn sdch nay).

Bai 6. Cho x, y € [1; 2]. Tim gi4 tri I6n nhat clia biéu thic: P = L A
y X
Huédng dan gidi

Patt= X Dox,ye[l:2] >2<X<2oticico
y 2y 2

. 1
Licnaytacé: maxP= {nax f(y,véif()=t+ -[-

~<t<2
2
1 -1 e
Tacé: (1) = l——2 =—, nén c6 bang bi€n thién sau:
t t
1
t - 1 2
2
rol 4 - o + F
f(r) 7 \ #
1>~ ¢

1 55| 5
A\ P= f(t)= fl =i, f(2 — —r=—.
4y max gnax (t) max{ (2) ( )} max{2 2} 5

—<t<2
2

l\)

<

. 5 x=2y=1
Nhu viy max P = 5-<:>

t= x=Ly=2

N | =

Binh lugn:
1. Khi d8i bi€n, ta phai tim mién x4c dinh ciia bi€n méi .
Trong bai trén bi€n cli x, y € [1; 2], coOnbi€n mdit € B—, 2] .
2. Cé4c ban hdy so sanh cdch giai nay vdi cich gidi trong bai 19, muc 2, chuong 2

clia cudn séch nay).
Bai 7. Tim gi4 tri 16n nh4t va nhd nhat clia him s6:

3
f(x)=x6 +4(1—x2) véi-1<x<1

Huéng dén gidi

Pitt=x% Khidé dox e [-1; 1] nént € [0; 1].
Ta c6: max f(x) =maxF(t); min f(x)= minF(t) 1)

-1<x<1 ’ 0<t<l -1<x<1 0<i<l
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§ day: F(t) = £ + 4(1 - v)*.
Ta c6: F'(t) = 3t° = 12(1 ~ 1)*= —9¢ + 24t — 12.
Vay c6 bang bi€n thién sau:

t 0 2 2
3
FO| 4 - 0 + E o0
Fm 2\ /2
i -
e '

Nhv vay: min f(x)—mlnF(t) F(‘;J:g

—i1<x< 0<t<1

max f(x) = maxF(t) = max{F(O) F(1)} =max{4; 1} =4.

-lI<x<l1 0<t<l
Ta ¢6: min f(x)=£c>t=—2-<:>x=irl/—€-,
-1zx<l 9 3 3

max f{x)=4t=0=x=0.

~i<x<I
Nhdn xét: Bai todn trén c6 thé ra dudi dang sau:
Tim gi4 tri 16n nhit va nho nhat ca ham s6: f(x) = sin®x + 4cos’x, véix € R
RO rang sau khi dat: sinx =t (-1 <t< 1), ta cé:

max f(x) = max F(t); mm f(x)= mxn F(t)
xeR —Isi< eR -i<

VGiF(t)=t*+4 (1 —tz) . Khi d6 ta quy bai todn da cho vé bai todn trén!.
Bai 8. Cho x, y 1a cdc s6 thyc khong 4m, sao cho x +y = 1.
Tim gi4 tri 16n nhat, nhd nhdt ciia biéu thic: P = 3% + 37,

Hué g din gidi
Dox+y=1=y=1-x viyP=3"+3""*=324 33x.
Pitt=3"Do0<x<1=>1<t<3.
Ta c6: maxP =maxF(t); minP = mnF(t) 1)
1<t<3 1<
3

véi F()=t*>+2,
{

3
Ta c6: F'(t)=2t——%=2[ 5 3,
{ {

va ¢6 bdng bi€n thién sau:
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t I e 3
)
F (1) Z - + 2
' L
F(t) 24\ 10 2
2 33{/§ / 2
A 4 A _
Nhy vdy: max P =maxF(t) = max {F(1); F(3)} =max{4; 10} =10,

1<t<3
minP=minF(t)=F[1{/§]=332.
11<3 2 4
x+y=1
Tacé: maxP=10 & 3 Sx=Ly=0,

X+y=1 =llog,;3
mmP 3\/7 3o 2
=4 ——+—l

0g3 2

1
La-108,2)

Bai 9. Cho x, y 1a cdc sd thyc khong 4m thda mdnx +y = 1.

Tim gi tri I6n nhat va nhd nhat cia biéu thyc: p=2 Y
y+1 x+1
Huédng din gidi
X 1-x x? —x+1
Tex+y=1=>y=1-x,viyP= + =2 .
Y Y TR T+l X axe2
2
Patfx) = 2L ygio<x<1.
—X“+x+2
Ta c6: maxP =2 max f(x); minP = 2m1nf(x) (1)
0<x<2
: a~ N\ 9 6x—3 A z 2 [ Y¢ s A
Ro rang £'(x) = > nén c6 bang bi€n thién sau:
(-—x2+x+2
1
0 - 1
X 2
' (x) 4 - 0 + Z
f(x) 91 1k
A= - b
72 1 2¢
7 - e
7 3 A
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Tir d6 theo (1) ¢6: min P = 2f(l)= 2.1.2
2)°7373

max P =2max{f(0); f(1)} = 2 max {—;—, -;—} =1.

=0;y=1
VéyminP=3c>x=-l-;y=l,maxP=l<:> X y
3 2 2 x=1y=0

Nhén xét:

1. Ta con c6 thé gidi nhu sau (cling bing phuong phdp chiéu bi€n thién him s6)
x? +x+y2 +y (x+y)2_—2xy+(x+y) _2-2xy

Xy+Xx+y+l  (x+y)+l+xy = 2+xy

2
biatt=xy. Ta cé: 05xys£xz—y)=l.

4

Tacd: P=

Xét ham s6:
2-2t 1 -6

f(t)= véi0st<s—= =f'(t)= 5 Va 6 bang bién thién sau
2+t 4 2+1)
1
X 0 7
ORI - _E
f(t Z
o1~ E

Viy maxP = ma)& f(t)=f(0)=1; minP = min f(t)=f[%)=§;

05(5-4— OSISZ
xy=0  [x=Ly=0 2 |xy=1 !
maxP=l<:>{y _1 <:>[ _()’.y_l;rninP=—<:> y 4 SOx=y=-—.
X+y= x=0y= x+y=1
Ta thu lai két qua trén.
¢, 2 a2 2 N ~ - t N 1
2. Bétimgié tri 16n nhat va nhd nhat cia ham s6: f(t)=2 2 vdeStsz,
ta c6 thé sit dung phuong phép bat ding thitc nhu sau:
Ta c6: f()=1-—. )
2+t

Do 0<t<tm 2L >0=f()<1 Vte[O,—l-].
4 2+t 4

Vi laif(t) =1 c>—3t——=0©t=0.
2+t
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. x+y=1 x=Ly=0
TrdésuyramaxP=lot=0s =4

xy=C. x=0;y=1.

Laic6 f(1) = 242
2+t
Do 0<tcti=0<24t2=0 58
4 2+t 3
2 i 2 x+y=1
Vay f(t) >—=<=t=—. Dodé6: minP= —ot=— | ox=y==
3 4 : 3 4 xy:Z 2

Cdc ban thich cdch gidi nao?

Bai 10. Tim gi4 tri I6n nhat va nho nh4t clia ham s&:
f(x) = sinxcos’x véi 0 <x < % .
Hudng dén gidi
Dof(x)>20 Vxe [O; g—} ,nén ta co:

max f(x)= |max fz(x) , )
0<x<Z \i()stE

2 2
min {(x)= | min f2(x) . 2)
()sxsg ()sxsg

Ta co: fz(x) =sin?xcos®x = (1 - cos? x)cos6 X.

Piatt=cos’x > 0<t<]1.

Ta ¢é: max fz(x) max F(t); min f? x)= maxF(t),
0<x<t Ost<l 0<x<t O<t

Jday: F(y=(1 -t =0 - ¢,
Ta ¢6: F'(t) = 3t° — 46> = t*(3 - 4t), nén c6 bang bién thién sau:

3

t 0 -
4 1
F'(1) 7 - 0 Z
F(t) 7 #
“ \ ”
g 256 C
A K

Vay max f(x)=_|maxF(t) = ,} 27 ,
0<x< Ost<l 256
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mm f(x)= \/mm F(t) = \/mm {F(0); F(1)} \/min{(); 0} =0.

0<X< ostsl

33

3 3 s
max fx)=—ot=—cosx=— S x=—,
0<x<™ 16 4 2 6

2

, t=0 [cosx=0 |x==
min f(x)=0& & et 2
0<x<® t=1 cosx =1

_2 X—O.

Nhén xét: Ta c6 thé st dung, bat ding thitc Cosi dé gidi bai todn trén nhu’ sau:
Ta c¢6: f2(x) = sin’x.cos’x

2 2 2
__(1 cos? x)cos® x =27.(1 - cos? x). & €Os” X cOs”X cos” X

3 3 ©
Tir (3) va theo bit ding thitc Cosi ta c6: '
(1-cos? x) + cos’x _ cos®x “cos?x
£2(x) < 27 3 3 3|27
4 256

D4u biing trong (4) x3y ra
2

cos” X 3 3
o 1-cos’x = ° <:>0052x=Z©c05x=—\/2;(docosx20).
T
FX=—.
6

Vay maxP = \/maxfz(x --———<:> X =
7

i . sinx =0 x=0
Mitkhicdo 0<x<—=P20.D¢thiyP=0 & & 7
2 cosx=0 X=—.
2
x=0
Tir 46 ¢6 ngay minP =0 < T
X ==
2.

Ta thu lai k&t qua trén!.
Bai 11. Tim gi4 tri 16n nhat v nhd nhét cla ham s0:
f(x) = V1+sinx +l+cosx, xeR.

Huéng déan gidi
Do f(x) >0 Vx € R, nén ta ¢o:

max f(x) = /maxf (x); mmf(x)* (mmfz(x).
xeR xeR eR
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Ta c6: fz(x) =2+(sinx + cosx)+2\/l+(sinx+cosx)+sinxcosx .

(sinx + cos x)2 -1
2

Duva vao cOng thifc: sinxcosx = , ta ddt t = sinx + cosx

(-2 <t<2).

Liic d6: max f2 (x) = max F(t); min £2(x) = min F(t), & day
xeR <2 xeR <2

2
F)=2+1t+ 2,/1+t+t ; Lo 2ste2jte).

Ta c6 bang bi€n thién sau:

t | =2 -1 NGO
F(1) 2 (1-v2)t+2-2 (1+v2)t+2++2 Z
Fo| 4 1-v2 142 4
FO| 7 - + A
Fo| 4 4-22 4424 1

/] 1 y

Va in _F(t)=F(-1D=1
ay_&llgﬁ )=F(-1)

max F(t)=max{F(—\/5); F(\/i)} =max{4—2\/5; 4+2\/§}=4+2\/5.

-2sis\2

Tu (1), (2), (3) suy ra:
mal%(f(x)=\/4+2\/§ & t=sinx+cosx =2 & cos(x —§)= 1
X€

<:>x=%+k21t, keZ

\/5 Xx=n+Kk2n

. . n
mmf(x)=1<3t=smx+cosx=—l<:>cos(x—-—)=————® n
xeR 4 2 x=——+Kk2n,keZ

Nh@n xét: Lam tuong tu nhu trén, cdc ban hiy gidi bai todn sau:
Tim gid tri 16n nhat vA nhd nhit ciia ham s3:
f(x) = |1+ 2cosx|+|1+2sinx]|, véi xeR.

Pdp 56> maxf(x)=2(v2 +1); minfx)=+3-1.
xeR xeR

3+4x% +3x*

> xeR.
1+x2)

Bai 12. Tim gi4 tri 16n nhat va nhd nhat ciia ham s6 f(x) =
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Huéng dén gidi
LJi gidi vdn tdt nhu sau: (Xem 13i gidi chi ti€t trong bai 5, nhan xét 2 cda
chuong 3)

Tacé: f'(x)= _é}x_(§_;l_)_ , r d6 suy ra bang bi€n thién
I+ x2
X | —o0 -1 0 1 +o0
f’(x) - 0 + 0 -

+
f(x) | 3 3 3
2 2

T doé suyra maxf(x)=3<x=0; minf(x)=§<:>x=il.
xeR xeR 2

Chii y: Bai ndy it nhit ¢6 dén 4 18i gidi khdc nhau (Xem bai 5, chuong 3
cudn sdch nay)
Bai 13. Tim gi4 (ri 16n nh4t va nhd nhi't ctia ham s&:

f(x) = sin > + €08 5+ I, vdi xeR.
1+x 1+x
Huéng dén gidi
., 4x . .
Ta c6: cos 5 =1-2sin? 5 .Pbatt= sin 3
1+x 1+x 1+x
Tt Tt ~ ~ . A Ve A T 1 A
Do -—<-1I< <l<— va ham y = simx dong bi€én trén | ——; — | nén
1+x2 22

—-sinl <t <sinl
... . 2x 4x 2
Lic d6: sin 5 + oS 2+1=—21 +t+2.
I+x 1+x
Véiy maxf(x)= max F(t), mmf(x)-ﬁmn F(t), (1)

xeR t|<sin <sin |

d day F(t) = -2t + t + 2. D& thay F’(t) = —4t + 1 va ¢6 bang bi€n thién sau:

1
—si - sinl
t sinl 2 sin
F@ 3 + 0 - 3
F() 7 Z
Tir (1) Suy ra:
maxf(x)=F(-l—)=£,
xeR 4 8 .
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mi}? f(x) =min{F(-sinl); F(sin1)} = min{—2sin2 1-sinl+2; —2sin®1+sinl + 2}
Xe

=-2sin® 1 —sinl +2.

§2: SU DUNG CHIEU BIEN THIEN HAM SO CO KET HGP THEM
CAC PHUGNG PHAP KHAC
PE TiM GIA TRl LGN NHAT, NHO NHAT

Véi nhitng bai todn phitc tap hon, lugc dd st dung phuong phdp chiéu bi€n

thién ham s6 d€ tim gi4 tri I16n nh4't, nhd nhat nhu sau:

- Trudc hét biing cdc bai todn phu (thi du nhu st dung cdc bit ding thic
trung gian, st dung phép bi&n d6i dai s6) ta dua bai todn ban ddu vé mdot
bai todn tim gid tri 16n nhit, nhd nhit cia mdt him s6 c6 dang don gidn
hon.

- Véi bai todn méi nay cin lvu ¥ x4c dinh lai mién x4c dinh cia bi€n mdi.
Pé lam dugc diéu nay ngudi ta thudng diing mdt bat ding thic phu, doi
khi con gidi thém mét bai todn tim gi4 tri 16n nht, nhé nh4t nita dé xdc
dinh cdc cin trén va dudi clia bién mdi.

Bai 1. Tim gid tri 16n nh4t va nhd nhi't cda ham s6:

fx)= V3+x +V6—x —\18+3x~x2 trén mién xéc dinh cta no.

Huéng din gidi
3+x20
Tacd: <6-x=0 & -3<x<6. )]

18+3x-x2>0
Viy (1) 12 mién x4c dinh ciia ham s6 f(x).
Pitt= v3+x ++/6—x . Ta tim mién x4c dinh cia bi€n mdi t nhu sau:

Dot>0nén t> =9+2./3+x)(6-x). )

Theo ba't ddng thitc Cbsi, suy ra:
9<P<I+[B+0)+(6-x)]=9<P<I8=3<t<32.  (3)
2 —
Tir (2) suy ra: 3 +X)6-x) =18+3x—x2 =~ . 2
Nhu vay ta c6: max f(x)= max_F(t), 4)

-3<x<6 31342

in f(x)= in_F(t),
_min £()=_ min_F() ©)
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5 I, 9
ddayF() = ——t°“ +t+—.
y F(t) 5 5

Ta ¢6: F(1) = -t + 1, nén ¢6 bdng bié€n thién sau:

t 1 3 32
FO| 0 4 - E
3 Z

B é \ Z

T (4), (5) suy ra:
max f(x)= max_F(t)=F@3)=3,

~3<x<6 332

min f(x)= min F(z):F(3J§)=9_3‘/§;

~3<x<6 3<i<3V2 6

=-3
max f(x)=3<:>t=3<:>\/3+x+\/6—x=3©[x y

-3<x<6 x=6
. 9-3\2
min {(x)=
-3<x<6 6
Nhédn xét:
Trong bai trén ta da st dung phuong phap bat ding thic dé tim mién xé4c
dinh ctia bi€n mdi t.

c>t=3\/5<:>3+x:6—x<:>x=%.

Bai 2. Cho cdc s6 thuc x, y thda man cdc diéu kién: 1 <x <2;3<y<4.
Tim gid tri 16n nhat va nhd nhat cda biéu thic:

4 4 2 2
p=x_+y__(§_+y_]+§+z.

N N A
Hudéng déin gidi
Patt= 2+ khidé
y X
4 4 2 2)? 2 2 )
LA PV E (LXJ 2] —2=(2-2) —2=¢-4c+2
y X y© X y X

ViyP=t'—4f+2-+2+t=t"- 50 +t+4.
Bay gi® ta tim mién xdc dinh cla t.
. X e
Tacoit= 24 v6il <x<2;3<yc<4.
y X
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. 2
D thiy: ~<X<2.
4 y 3
2
bitu= X va xét l’(u)=u+l, vdi lSus2 :>f'(u)=l—L=u——l
u 4 3 ul ul
Ta ¢6 bang bi€n thién sau:
1 2
! 4 3
w7 -
f(u) / 17
7/ TN
/ﬂ 6 Y
13 17

Viy ta ¢6 mién x4c dinh ciia ham s6: FO=t'-5C¢+t+41a €-<t<-z-

Tacé: F()=4C— 10t+ 1= 4t(® -4) +6t+1.
Nhu th€ F’(1) > 0 khi t > 2.
Do LE} <t< u , nén ndi riéng ta c6 bang bi€n thién sau:

]3 17

F(v)

5

17) 4249

Viy maxP= axFl F—-———-—
ay m V= 4 TR

.__<(<__.
( 13 ) _los3,

minP = mm F(t) F

<1<— 4
=1, =4
mxpzﬁg i+.)_,—_—£c> x=Ly
16 y x 4 x=4y=1
p_l083 x y_ 13 X=2;y=3.
54 y x 6 x=3y=2

Nhdn xét:
1. Trong bai todn nay, d€ tim mién x4c dinh ca bi€n mdi, ta phdi gidi mot bai

todn phu d6 ciing 12 bai todn tim gid tri 16n nhit v nhé nhat cia mot ham s6
(tuy nhi€n c6 dang don gidn hon nhiéu!)
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2. Bing phudng phép gidi hoan toan tuong tw, cic ban hiy gidi bai todn sau:

Cho x, y, z 12 hai s thuc khdc 0. Tim gi4 tri nhd nhat ciia biéu thic:
4 4 2 2
X

Huéng dén gidi
+¥ khi d6 [t|22. Pdp 56" min P = 2.
X
Bai3.Chox>0,y>0,z>0vax+y+z S%.

., . 2 A, 2 4 », 1 l l
Tim gid tri nhd nhat cda bi€u thic: P= x+y+z+—+—+—.

X y z
Hudéng dén gidi
Theo bat ding thitc Cosi cd ban, ta c6
(x+y+z)+(l+—1-+l)29:>i+—l—+lz 2 . (1)
X y z X Yy zZ X+y+z
Ty (l)suyra: P>x+y+z+ . (2)
X+y+2
D4u biing trong (2) xdyra<>x=y=z.
. 3
Datt=x+y+z:0<ts-2—.Xéthém56: f(t)=t+-9[- v6i0<ts—2—.
9 *-9 e
Tacéd: f'(t)=1 == va c¢6 bang bi€n thi€n sau:
t
t 3 0 ‘%
2
R0 a4 - B
f(1) Z Z
A E
3 3) 15
Viy VO<t< =, tacé f(t)2f| = |=—. (3)
i < 2 ® (2) 2
. 15
Tu‘(2),(3)suyra:PZ—2—. “4)
_ X=y=2 )
D&u bing trong (4) xdyra < 3 &OX=y=z=—
x+y+z=-2- 2

N |-

ViyminP = %®x=y=z=
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Nhdén xét: St dung ba't ding thidc phuy, ta c6 ddnh gid (2)
Trén cd sd (2) st dung phuong phap chiéu bi€n thién ham s6 dé gidi ti€ép bai
todn. Pay la sy k&t hgp giita phuong phap bat ding thitc va chiéu bién thién
ham s& dé tim gi4 tri nhd nhat cda P.
Bai 4. (Pé thi tuyén sinh Pai hoc, Cao ddng khéi A - 2011)
Chox 2y,X >z VA X,y,z € [l:4]. Tim gid tri nhé nhat cda bi€u thic:
X y z

= + .
2x+3y y+zZ 7Z+X

Hudng dan gidi
Xem 13i gii chi ti€t trong bai 4, §1, chuong | cudn sdch nay.
Binh lugn: Pay 1a su k&t hdp khéo léo gifta hai phudng phdp ba't ding thic
va chiéu bi€n thién him s& d€ tim gi4 tri nhd nhat cla P.
Bai 5. (Pé thi tuyén sinh Puai hoc, Cao ding khoi B - 2011)
Cho a, b 12 hai s6 thuc dudng va théa min di€u kién:
2(a? +b?)+ab=(a+b)ab+2).

. ) a® b’ a’? b’
Tim gid tri nh6 nhdt cia biéu thitc: P=4| —+—1+9| =+ |.
b’ a b

Hudng dén gidi
Xem I3i gidi chi ti€t trong bai 2, §2, chuong | cudn sich nay.
Bai 6. (Pé thi tuyén sinh Pai hoc, Cao ddng khdi D)
Cho x, y 1a cdc so thuc khong 4m va thda min diéu kién: x + y = 1. Tim gid
tri 16n nhat va nhd nhat ciia bidu thire: S =(4x? +3y)(4y? +3x)+25xy .
Huéng dén gidi
Xem 101 gidi chi ti€t trong bai 6, §2, chudng | cudn sdch nay.
Bai 7. (Peé thi tuyén sinh Pai hoc, Cao ddng khé'i B)
Cho céc s8 thuc x, y thda mén diéu kién: (x + y)* + 4xy = 2. Tim gi4 tri nhd
nha't cda bi€u thifc:
Az3(x4 +y* +x2y2)—2(x2 +y2)+1.
Huong dén gidi
Xem 10 gidi chi ti€t trong bai 7, §2, chudng 1 cudn sdch nay.
Bai 8. (Pé thi tuyén sinh Cao ding khdi A)
Cho x, y 12 hai s& thuc thdéa man: x> + y* = 2.
Tim gi4 tri I6n nh4t, nhé nha' ctia biéu thifc:
P =2(x3 +y3)—3xy.
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Huéng dén gidi
Xem 13i gidi chi ti€t trong bai 10, §2, chuong 1 cudn sdch nay.
Bai 9. (Pé thi tuyén sinh Pai hoc, Cao ddng khd'i B)
Cho X, y, z 12 ba s& thyc dudng. Tim gi4 tri nhd nhi't cla biéu thirc:

x 1 (y 1) z 1
P=x|—+—|+y|=+—|+2| =+ — .
2 yz 2 zx 2 xy

Huéng dén gidi
Xem I3i gidi chi ti€t trong bai 11, §2, chuong 1 cudn sdch nay.
Bai 10. (Pé thi tuyén sinh Pai hoc, Cao ddng khdi B)
Chox,y € R.

Tim gi4 tri nhé nhat cta biéu thitc A = \/(x D +y2 4 \/(x +D2+y? + ly-2|.

Hudng din gidi
Xem 19i gidi chi i€t trong bai 13, §2, chudng 1 cudn sdch nay.

Binh lu@n: Trong cic dé thi tuyén sinh néi trén (tir bai 4 d&€n bai 10) dé gidi cic
bai todn tim gi4 tri 16n nhat, nhd nhit cla cic biéu thic déu dua vao su két
hop khéo 1éo gilta phuong phdp chi dao 1a chi€u bi€n thién ham s§ va cic
phuong phip khac (thi du nhu dva vio mdt bat ding thic cho trudc, hoic si
dung bit ding thirc Cdsi, hoic dua vao cdc ki€n thitc v€ hinh hoc gii tich, ...)
Céc bai todn 4y di minh hoa rd nét cho nhitng di€u ma ching t6i di dva ra
trong phan m& dau cla §2, chuong 4 nay.

Baill.Chox>0,y>0vax+y=1.

., . Ve A, 9 R 2, l
Tim gid tri bé nhét cua bi€u thifc: P = ———=+—.
X" +y Xy
Huidng dén gidi

Xem 13i gidi chi tiét trong phin nhin xét cla bai 9, muc 1.2, §1, chuong 2
cuén sdch nay.
1
+—.
1-3yx xy

Li gidi vdn tdt sau: Pua P vé dang: P=

1 P T U
Patt=xy (O<tsZ] va dua vé xét chiéu bién thi€n cua ham s6:

11
+-.

1-3t t
Tirdé c6: minP=4 + 243 .

- Nhdn xét: Loi giai 1a gon gang va ty nhién!

f(t)=
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Bai 12. Cho X, y, z 12 ba s0 thyc dudng sao chox +y +z = 3.
Tim gid tri 16n nhat ca biéu thic P = (x + y)(y + z)(z + x) - 3/;(— - 3/; - %/—Z— .
Huéng dén gidi
Ap dung hling ding thitc x> + y* + 2 = (x + y + 2)* = 3x = y)(y + 2)(z + X),
va gia thi€tx+y+z=3,tacd
XC+y +22=27 - 3(x + Y)Yy +2)(Z + X). (1)
Tu (1) ta cd 3P=3(x+y)(y+z)('/,+x)—3(%/;+§/§+§/5)

=27- (X’ +y*+2) - 3(Yx + fy + 1)
| =27- [(_,x-‘+3§/§)+(y3+3§/§)+(z3+3%/£)]
=.27—[(x3+3§/;—4x)+(;f3 +3§/§—4y)+(z3+3§/2—42”—12 (2)

(chiydox+y+z=3)
Xéthamsé f() =t + 3¥1 -4t vdio<t1<1.

Ta cé (1) =32 +'_—1—-—4
3,2
o 2 1
fH=0=3"+—F=-4=0

hay f'(u)=0< 30’ +l—4=()(6dﬁy datu= '\1'/17)
u

oS3 -4du +1=0 - DG +3u°+3u-1)=0.
Vay phuong trinh {'(u) =0¢6 | nghitmu =1 va mdt nghiém uynénO0<uy< 1.

Tir d6 suy ra phuong trinh f(t) =0 ¢6 mot nghiém t =1 va mot nghiém t, nén

O<y< 1.
Nhur thé ¢6 bang bién thi¢n sau
t 0
Q| 7

=

Tu’dosuyraf(t)>0‘v’0<t< F(vif(t) = 0<:>t= D.

TU (2) suyra 3P < 15.

=>P<S. . ' (3)
DAubing trong 3) xdyrax=y=z=1,
-TomlaiminP=5Sox=y=z=1.

222



Cty TNHH MTV DVVH Khang Viét

Nhdn xét: Ta c6 cach gidi khdc bing phuong phap bat ding thic sau diy:
Ap dung bA't ding thitc Cosi ta c6 x> + ¥x +3x +Ix 24Yx3@Fx)® =4x
hay x* + 33/x >4x. 1)

D#u bling trong (1) xdyra < x> =3x < x=1(dox>0).
Lip luntwong ty, tacé  y> +33y =4y, (2
2+3z24z. (3)
Dau biing trong (2) (3) twdng ing xdyra<>x=y=z=1.
Cong ting v& (1) @) B)vaco & +y’ +2° +3(Px +3fy +32) 212 @)
(dox+y+z=3)
Dau bing trong (4) xdyra<>x=y=z=1.
Ap dung hiing d&ng thirc ta viét lai (4) du6i dang sau:
x+y+2’-3x+y)y+D+x0)+ 3(Yx+ Yy +3z) 212

= 27- 3+ )y + D+ 0 +3(x+ Yy +¥z) 2 12

=&+ +E+0- (Fx+3fy +3z) <s.

hay P<5. G)
D4u bing trong (5) xdyra<>x=y=z=1.
Vay ta ¢6 maxP =5 <& x =y =z = 1. Ta thu lai k&t qué trén.
Ban thich cdch gidi nao?

Bai 13. Tim gi4 tri nhd nhit cia him s§

f(x)=(1+cosx)(1+-.-l——)+(l+siHX)(1+ L ) véix e (O;EJ.
sinx CosX 2

Huéng dén gidi
N 1 o . 1 1 cosx sinx
Viét lai f(x) dudi dang f(x)=(cosx +sinx) +——+ +— +2
sinx cosx sinx cosx

1+ {sinX + cosXx) +

2 (1)

= (cosx +sinXx)+ -
sin X COs X

(sinx # cos x)2 -1
2

Ap dung cong thic sinxcosx =
N . T
va ditt=sinx + cosx = /2 cos[x - Z)

Do0O<x< g:-—f’-<x—£<§ =1<t< «/5.

223



Chuyén dé BDHSG Todn gid tri I6n nh&t va gid tri nhd nhdt — Phan Huy Khai

Khi 6 tir (1) xét ham s8 F(t) = t + 12“

+2=t+[i1+2 véil<t< \/5

2
<0 Vie (1;\/5}

= mln _F()= F(V2)=4+3V2 ot=2.

I<t<

Tacé F'(t)=1-

T (2) suyra min F(x)= mian(t)=4+3\/5©t=\/E ©x=§.

O<x<= I<t<v2
2

Bai14.Gid strx,y,z € [0; 1] vaxy +yz+zx = 1.

[ . 2 a2 9 . 2, x
Tim gi4 tri nhd nhit cda biéu thic P = >+ 5+
1-x

Huéng dén gidi

J'3J§

Xét ham s& f(t) = —2—t3 véio<t<l.

i_itz
2 v

Taco f'(t)=

Tir d6 c6 bang xét dau sau:

(=]
o~

t

f'(1)
(1)

ARANRRNLLRNNY
ANNNNN304)

T~

J 33 33 1

=1 hay ——t(l—t )<1:—t<l
-t

2

u|§|

Viy max f(t) = f(
0<ts<l

>N n

3

3

D4u bing trong (1) xay ra < {

v

*|5 ~l’s

X

Nhu viy ta c6 (2)

y 3)

[
|
<
(8]
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z = ﬁzz .
1-z2 2 _
Vixy +yz +zx = 1, nén x, y, z khong th& ddng thdi biing 0.
Sau khi cong titng v€ (2) (3) (4),tac6 P > 3*2/—3 X +y + 7). (5)
D4u biing trong (5) xdy ra <> ddng thdi c6 diu bing trong (2) (3) (4)
Sx=y=z= é :
3
Talaicc’)x2+y2+222xy+yz+zx. 6)
-
3.

D4u bing trong (6) xdyra<>x=y=2z=
3V3

Vixy+yz+zx=1,néntr(5) (6) suyraP> - @)

“4)

D4u biing trong (7) x3y ra < ddng thdi ¢6 ddu bing trong (5) (6)
3

oOX=y=z= —.

Vay minP = -?-)ﬁ SOx=y=z= ﬁ
2 3
Bai 15. Cho ba s6 thuc x, y, z € [0; 1]. Tim gi4 tri 16n nhi't clia biéu thitc

X Y i La-xU-y)d-2).
y+z+1 z+x+1 x+y+l

Huéng din gidi
V4i mdiy, z ¢6 dinh € [0; 1], xét ham s6 bién x sau ddy
X, z '
y+z+1 z+x+1 x+y+l

P=

F(x) = +(1-x)(1-y)(1-2),0<x<1.

Tacd FR)=——-—F 2 ___(1_y)1-2)
y+z+1l (z+x+1)° (x+y+1)
2y 2z
>+
z+x+1)° (x+y+))
Viy F'(x) 1a ham ddng bi€nkhi0<x < 1.
Chi c6 ba kha ning sau day:
1. Néu F'(x) 20V 0 <x < 1. Khi d6 F(x) 12 hAm dong bién trén 0 < x < 1, nhu

vy v6imoi0<x <1

= F'(x)= 5 >0 (doy,z20)

1 + y / <l+y+z

taco Fx) <F(1)= + <
y+z+1l z+1+1 1l+y+1 y+z+1

=] (doy<1l;z<1)
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2.

Nh

Néu F'(x) <0V0<x<l.
Khi d6 F(x) 12 hAm nghich bi€n rén 0<x < 1. T¥dé v8imoi 0 <x <1, ta ¢
2.2
Fx) <F0)= 2—+-2_ +(1-y)(l-2)= I+y+z+y'z”
z+1 y+1 l+y+z+yz

DoyZ’<yzvay,zdéue[0;1]=>Fx)<1Vx e [0;1].

. N&u F'(x) c6 diu thay d8i trén [0; 1]. Do F'(x) 12 hAm dbng bién trén [0; 1]
nén chi c6 thé 1a
x 0 £ 1
F'(x) é -0 + %
F(x) % \ /7 é

DoF)<1;F(l)<1,nénsuyrav8imoi0<x<1,taludncéd F(x)<1.
Nhu viy két hgp lai, ta ludn ¢6 P < 1. Vay maxP = 1.

an xét:
. Trong bai todn trén mic diu biéu thic P phu thudc vio ba bién x, y, z nhung ta

di coi n6 chi 12 ham ctia mot bi€n (bi€n x ching han). Sau d6 st dung phuong
phép chiéu bi&n thién ham s dé giai bai todn di cho.

. Céch gidi nay ciing c6 thé 4p dung d€ gidi dé thi tuyén sinh Cao ding dai hoc

khdi A - 2011: Chox,y,z e [1;4]saochox > y; x> z.

y z

(3 0 2 a7, 3 <2 ”, X
Tim gi4 tri nhé nhat cua biéu thitc P = + +

2x+3y y+z z+Xx

(xem 15i gidi trong bai 1, §2, chuong 1 cudn sdch nay!)

Bai 16. (Pé thi Tuyén sinh Pai hoc Cao ding khdi A)
Cho hai s6 thuc x, y khdc 0 va thda min diéu kién (x + yIXy = x? - Xy + y2

Tim gid tri 16n nhilt cfia biéu thic P = —+—.
x*
Hudng dén gidi
2 2
TacéP:_!3-4..}?:(""'3")("3 3xy+y )‘ W
¥y X’y

cayryxy (x+yY (1. 1Y
Tir (1) va gia thi€tsuy ra P = Y y y:[ y\] =(_+_J (2)

oy Xy Xy

Pat x = ty. Khi d6 tir gid thi€t ta ¢6 (v + ty)y.ty =y’ — ty* + Y =y’ (Pt + 1)

>y=

-1+l |
=>x=ty=
+t t+1

(3)
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| 2 2 2 2
Thay(3)véo(2)vac6P=( RALS L ] =[t +2”1] =120,
t

—t+1 ®-t+l 2 —t+1

2
v6i f(t) = [ﬂ} véite R.

2 —t+1
)
Tacéd f'(t) = 23{—4-33 va c6 bang bién thién sau
(t“—t+1) _
t -1 1

f'(t) -

£ \0/ \

Ta cé maRxf(t) 4, nénmaxP=16t=1x= y—i-

Nhdn xét: Xem céch giai bai todn trén bing phudng phép bit ddng thic trong bai
11, §2, chuong 1 cudn sich nay.

Ghutng.s. PHUONG PHAP MIEN GIA TR) HAM SO
TIM GIA TR] LGN NHAT, NHO NHAT CUA HAM SO

Gia sif ta phdi tim magf(x) hoic mlgf(x) & day D la mién xdc dinh cia
Xe

bi€n s6 x.
Khi d6 dé st dung phu’dng phédp mién gi4 tri ham s& dé gidi bai todn trén ta
1Am nhv sau:
Goi m 1a gid tri thy y cta f(x) trén D. Khi d6 phudng trinh sau day (&n x):

f(x)=m
{x eD
6 nghiém. Ty dang cia (1) ma ta c6 dugc diéu kién d& (1) c6 nghiém. N6i
chung céc diéu kién ndy c6 dang: a <m <P (2)
Bing cich gidi phudng trinh cu thé f(x) = B; f(x) = o ta suy ra dugc vdi gid tri
nao cla x € D, d€ c6 ddu bing tuong ¥ng x4y ra & bén phai, bén trai cia (2).
N6i cdch khic ta tim dudc X, € D, x; € D sao cho f(xy) =B; f(x)) =a (3)
K&t hgp (2), (3) suy ra: max f(x)=f va minf(x)=a

xeD xeD

(1)

Py ciing 12 mot trong cic phuong phdp hay ding dé€ tim gid tri 16n nhdl, nhd
nhat clia ham sd.
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Bai 1. Tim gi4 tri 16n nh4t va nhd nhd't clia him s6:
f(x) = —_2x22 *7x+23 ,v0ix € R.
X“+2x+10
Huéng dén gidi
Goim la gid tri thy ¥ cla f(x), khi d6 phuong trinh sau diy (4n x)
2x% +7x+23
———=m
x? +2x+10
¢6 nghiém. Vi x* + 2x + 10> 0 (Vx), nén
(1) & 2x% + 7x + 23 = m(x* + 2x + 10)
< (m-2)x*+(2m-7)x + 10m -23=0 (2)
e Né&um =2, khi d6 (2) ¢c6 dang: -3x -~3=0.
R& rang (3) ¢6 nghiém (x = -1)
e Néum # 2, khi d6 (2) ¢6 nghiém khi va chi khi
(2m - 7)* - 4(m - 2)(10m - 23) 20

< 4m’ - 16m + 15<0 <:>%_<_m.<_§ vim#2

K&t hop lai, suy ra (2) c6 nghiém (tirc 12 (1) ¢6 nghiém) khi va chi khi:
2Sms-s—. -

2

¢ Khim= % thi (2) c6 dang: XX-4x+4=0x=2.

e Khim= % thi(2)c6dang:x2+8x+ 16=0&x=-4.

Viay maxf(x)=§ Sx=2; minf(x)=§© x=—4.
xeR 2 xeR 2

Nhén xét:
1. Ta c6 thé gidi bai todn trén bing phuong phép chiu bi&n thién ham s8 nhy sau:
Rérang:y’ = —3x* ~6x+ 2‘: , Vi ¢6 bang bi€n thién sau:
(x2 +2x+10)
X | —o0 -4 2 +0
y’ + 0 -
5

- 0
y |2 AN
2 2
Tur d6 suy ra:

228



Cty TNHH MTV DVVH Khang Viét

maxf(x)=§<:> X=2; minf(x)=§-<:> x=-4,
xeR 2 xeR 2

Ta thu lai k&t qua trén. Ban thich c4ch gidi nao?.
. Ta lai c6 thé gidi bing phuong phép ba't ding thic nhu sau:

2
f(x)=2‘2__+_7ﬂ_2_3=2+_2_3’_‘+_-3__=2+3x—+21, *)
x“+2x+10 X“+2x+10 x+D“+9
x+1 I Ix+1| |x+l| 1
— < ==

Ta c6: l > = < =
I(x+1) +9| (x+1)?+9 6jx+1] 6

(Theo bt ddng thitc Cosi, ta c6: (x + 1)* +9 26[x +1|)

:>__l.s3_x_+_l_<l

-, %k
2 (x+1)?+9 2 )

Tu (**) va (*) suyra, Vx € R ta cé: %sf(x)sg

R& rang f(x)=§©x=2, con f(x)=%<:>x=—4

Vay maxf(x)=§©x=2 va minf(x)=§©x=—4.
xeR 2 xeR 2

Cé 1€ day 1a phuong phdp don gidn nhat!.
. Xétbai todn tuong ty sau:
Tim gid tri 16n nhit va nhd nhat cda him s6:
f(x) = _____2x22+ 10x+3 ,v6ix € R.
3x°+2x +1
Xét cdc cdch gidi sau:
e Bing phuong phdp mién gi4 tri him s6:
Lam tuong ty nhy trén sau khi goi m 12 gi4 tri thy ¥ ctia him s&, ta di dén
phuong trinh sau day (8n x): Bm - 2)x% + 2m-5)x+m-3=0
c6 nghiém. Lap luin tuong ty nhu trén ta di 3€n m théa min:

<m<
4 4

2

m#-

3
[1—\/153 1++/153
1+4153 -153

Tir d6 di d€n max f(x)= ; minf(x) ~1=V153 .
xeR 4 xeR 4
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o Bing phuong phép chiéu bi&n thién ham s6:
-26x> ~lax+4
(3x2+2x+1)
Viy c6 bing bién thién sau:

-7-+/153 -7++153 +0

26 26

Taco: f'(x) =

X —0o0

' (x) - + -
fx) | 2
3

Nhén xét: St dung phwong phap chiéu bi€n thién ham s6 trong bai nay thi
- & bi€n 14y dao ham va xét d&u thi khong c6 gi phic tap!

- Tuy nhién khi tinh c4c gid tri f{"—ﬂzT-— “153J v f(i—z?—— “153J khong don

gidn chit nao! Di nhién & ddy ta cin biét k&t qua sau ddy:

P(x)

Xét ham phin thic: y = az—) . Gia st X, 12 di€m cuc tri cia ham s6, khi
x .

. . P(xg)  P'(xqy)
dé ta cé: y(xo) = = .
"7 Qxg) Qxg)
Ap dung k&t qui nay, ta c6:
-7++153) 4x+10 -7+4/153 .
f = . Thay x = ——,tacé
26 6x +2 26
£ -7++153
26
_ 5844153 (58+J15 )(3v153-5) _169(1++/153) _ 1++153
3\/153 5 (3\/153 +5)(3V153-5) 676 4
Tudng ty, ta cé: f(_7 _26153 ] = 1= 415 .

K&t hgp v8i bing bi€n thién trén, suy ra:
(-7+\/153J 1+VI53 o= f( 7—\/153)_1~ 153
26 '

26 4

max f(x)=f

xeR xe

Ta thu lai k&t qué trén.
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Qua thi du ndy ta thdy st dung phuong phip chi€u bi€n thién ham s&
khong thuin I¢i bing phuong phdp mién gi4 tri him s&.
Vi thi du nay néu sit dung phuong phip bt ding thitc chic ra't khé ra dugc
k&t qua nhu trén!.

4. Cédcban hay gidi bai todn sau bing cdc phuong phdp khac nhau.

- 2 2y
sz . 2 A N 9 g 2 ~ P X +4 2X+3 a N
Tim gia tri 16n nhat va nhd nhat cia ham so f(x) = —— ——— tréntoan
X“+1
truc sd.

Sau d6 hay so sdnh wu thé cla titng phuong phdp st dung
Pdp so: maxf(x)=5; minf(x)=-1.
xeR xeR

Nhén xét: Ngoai phuong phdp chi€u bi€n thién him s&, phuong phdp st dung
lugng gidc 4p dung vao bai todn nay ciing rat don gian.
That vay, dit x = tane, khi dé ta c6:
X—Z:—%\/—iﬁ}- = (tan2 o+ 4\/51.311(0 + 3)0052 0]
x“+1
= sinQ + 42sin@cos@+3cos? ¢

_ 1-cos2¢ 1+ cos2¢

+2\/§sin2(p+3 =2+2\/§sin2(p+0052(p. (*)

Ap dung bt didng thitc quen bi&t: |asinx + bcosx| < a’ +b% Vx,

tr (*) suyra: 2 - 3<f(x) <2 + 3 = maxf(x)=5; minf(x)=-1.
xeR xeR

Bai 2. Tim gi4 tri 16n nhat va nhd nhit cda him s6:

2sinx +cosx +1
f(x) = — , xeR.
sinx —2cosx +3

Huéng ddn gidi
Goim Ia gid tri thy ¥ clia ham s&, khi d6 phudng trinh sau diy (4n x)
2sinx +cosx+1 _
sinx —2cosx +3
¢6 nghi€ém. Vi _JE <sinXx-2cosx < \/g Vx eR,

nén: sinx — 2cosx +3>0Vx € R, dodé
(1) (m - 2)sinx — 2m + 1)cosx =1 — 3m. 2)
Theo 1y thuyét phuong trinh lugng gidc thi (2) c6 nghi€ém khi va chi khi:

1)

(m-2)y"+2m+ 1)’ 2(1 - 3m)’ ©2m’ - 3m-2<0 @-—-;—_Sm.<_2.
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251nx+cosx+1_2 3)

Xét phuong trinh: — =
sinXx —2cosx + 3

Taco B cosx=1x=k2n,k € Z.
Tuong tu: 2'smx+cosx+l =—l@sinx=—1<::>x=—~7£+k2n,ke]R
sinx—-2cosx +3 2

Viy maxf(x)=2 < x=k2n,keZ,
xeR

minf(x) = —l X =—£+k2n, keZ.
xeR 2 2

Nhéan xét:
1. Xét cdch gidi bing phuong phdp chi€u bi€n thién ham s6 sau:
Ta cé:
(2cosx —sinx)(sinx —2cosx +3) —(cosx +2sinx)(2sinx + cosXx + 1)
(sinx —2cosx + 3)2

f'(x)=

_ SCosx—5c052x—5sinx—55in2x_5 cosx —sinx —1 @
(sinx—2cosx+3)2 (sinx—2cosx+3)2 ‘
Tir (4) suy ra ddu cta £°(x) 1a ddu cia cosx - sinx — 1.

R& rang f(x) 14 ham tudn hoan vdi chu ki 2n, nén ta chi cin xét f(x) véi

-T<X<T
Ta ¢6: cosx — sinx — 1 = \/Esin(lt-—x)d:\/f sin(f—xj—i—% .
4 4 2
Tir d6 ta ¢6 bang bi€n thién sau:
T
- - 0
X n > n
cosx — sinx — 1 A - 0 + 0 - P
£(x) 7 - 0 + 0 - [P
f(x) 40 2 2
Y 2
7 \ 1 / \ 2
7 _— [
2 ov

Tir @6 (dua vao tinh chu ki 27 ctia f(x)) suy ra:

maxf(x)=2<x=k2n,keZ,
xeR

minf(x)= -+ o x=-F+k2m, ke Z
xeR 2 2

Nhu vy ta thu lai k&€t qué trén. RS rang phudng phdp mién gid tri ham s8 c6
vu th€ rd rét trong thi dy nay!
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2. Xét céch gidi khdc nira sau day:

Pitt= tan-;-, khi d6:

i+1__i
2sinx +cosx+1 142 14¢2 442 —F(t)
sinx —2cosx+3 2t 21—t2+3 512 +2t+1 '

1+ 1+¢?
DPén diy ta c6: max f(x)=maxF(t); minf(x)=minF(t).
xeR teR xeR teR

Ta lai ¢6 thé si dung phuong phdp mién gid tri ham s8, hodc chidu bi&n
thién ham s& d€ tim m%x F(v), m}l{n F(t). Céc ban tht gidi ti€p xem!.
te te

Bai 3. (Dé thi tuyén sinh Pai hoc, Cao ddng khdi B)
Cho x va y 1a hai s8 thyc thda méan diéu kién x* + y* = 1.
Tim gid tri I6n nhit vi nhd nhat cla biéu thic: P = M
1+2xy +2y
Huéng dan gidi
e Xem I3i gidi bdng phuong phdp mién gid tri ham s8 trong c4ch gidi 1 bai
todn 3, §1, chuong 1 cudn sich nay.
e Xem I3i gidi k&t hop phuong phdp lugng gidc héa va mién gi4 tri ham s&
trong cdch gidi 2 bai todn 3, §1, chuong 1 cudn sdch nay.
Bai 4. Cho x, y 1a cdc s0 thyc thy y.
X+2y+1

x2+y2+7'

Tim gid tri 16n nh4't v nhd nhit cla biéu thirc: P =
Huéng dén gidi
Goim 1a gi4 tri thy ¥ ctia P. Khi d6 phuong trinh sau (4n x va y)

+2y+1
R A (1)

x? +y2 +7 B
c6 nghiém. Ta c6: (1) © mx* - x + my* - 2y + 7m— 1 =0. ()
e Néum=0thi(2)cédang:x +2y+1=0. 3)

R rang (3) ¢6 nghiém (thi du x = -1, y = 0 14 nghiém cia (3)).
Viy m =0 12 mot gid tri ma biéu thitc nhan.

e NEum#0. Vi (2) c6 nghiém, nén néi riéng:
A=1-4m@my’-2y+7m-1)20

& 4m’y’ - 8my + 28m’ - 4m - 1 <0. C))
Ta st dung k€t qua sau: Bt phuong trinh: at? + bt + ¢ <0 (vdi a > 0)
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c6 nghiém khi va chi khi:
b® — 4ac > 0 (that viy n€u b’ — 4ac < O thiat® + bt + ¢ > 0 V1)
T d6 do (4) c6 nghiém nén:
8 =16m? —4m?(28m? -4m -1) >0 < 28m? ~4m -5<0 (do m* > 0)
5 1,
@—ESmSE (vam #0).
1

. 5
Kéthogp laisuyra: ——<m<-—.
Op 12 y 14 2

Mitkhac khim = % thi.(1) c6 dang:

—’#:l SxX+y +7-2x-4y-2=0
X“+y“+7 2
5 ) x=1
SE-D'+(y-2) =0
y=2
Khim = ——, thi (1) c6 dang: ~- 2L __3
14 xXX+y?+7 14
) ) x=—t
<:>x2+Ex+y2+3§y+£=O<:>(x+lJ +(y+1—4-] =0& 3
5 5775 5 5 _ 14
5

Tirdé ta c6: max P = %<:>x=1;y=2,

. 5 7 14
mnP= -—ox=-——y=-——.
14 5 5
Nhdn xét: Xét cdch gidi bing phuong phdp bat ddng thitc cho bai todn trén sau
day:
Ta nhan thdy: x> +y*+7>0Vx,y e R
Xét ba kha ning sau:

X+2y+1
x2 + y2 +7
2. N&ux +2y +1>0thichicchinP>0.

Mait khdc, ta ¢6:

4y +7= (24D +(y? +4)+222x +4y + 2 =2(x + 2y +1).

1. NSux+2y+1=0thiP= 0.

Tu d6 suy ra Psx—+2—)-'—tl—=-!-.
2(x+2y+1D) 2
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Viy trong trudng hgp nay,tac6: 0 <P s%.

x? +1=2x {x=1
o
y=2

Dau biing x4y ra <:>{ )
y +1=4y
3. Néux +2y+1<0thichicchinP<0.
Mit khdc, ta ¢6:
(25%% +49) +(25y2 +196) = 70 > (=70%) + (~140y) = 70 = ~70(x + 2y +1) > 0
25(x+2y+1) S 25(x +2y +1) =__5_
25(x2+y2+7) -T0(x+2y+1) 14~

Do viy, P=

Vay trong trudng hop nay, ta c6: _li4 <P<0

7
A 25x% +49=-70 =73
Diu bing xdyra < X X )
25y% +196 = —140y __4
y=——.
5
) . A A a. D |
Tém lai ta luén ludn c6: ——<P<—.
14 2
D4u biing bén phdi xdyrax=1vay=2,
con bén trdi ¢6 ddu bing xdy ra < x =—li4 va y= —%—1- )

Nhu viy: max P = % viminP = —%. Ta thu lai k€t qua trén.

Cdc ban hdy so sdnh tinh hiéu qua cia hai phudng phdp trén.
Bai 5. Cho x, y 1a cdc s6 thuc thda mén diéu kién: x* + xy +y* <3.

Tim gi4 tri 16n nhét va nho nhat cda bidu thic: P = x* — xy — 3y%.

Hudng ddn gidi

Goi D, va D, 13 cdc mién x4c dinh nhy sau:

D, ={(x; y):x2 +xy+y?<3va y=0};

D, ={(x; y):xZ+xy+y? <3 va y;tO}.

Khi dé: D={(x; y):x? +xy +y? _<_3}=D, uD,.

Theo nguyén li phan ri, ta cé:

max P=max{ max P; max P}, ()
(x; y)eD : (x; y)eDj (x; y)eDy
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min P=min< min P; min P; (2)
(x; y)eD (x; y)eDy (x; y)eDsy

D& thdy D, ={(x; y): y=0va x’ <3}, vaP=x'khi (x;y) € Dy.

Tu d6 suy ra:

max P=3ox=%3;y=0, (3)
(x: y)eDy
min P=0ox=y=0.(4)
(x; y)eDy
Xét khi (x; y) € D,. Lic d6: x* + Xy + y2 >0, vi thé:
2 2
X“—xy-3
P=—2—-y—yz—(x2+xy+y2).
X“+Xy+y
2 a2
p<3 2 3y2 khi x2 —xy —3y2 20
X“+Xy+y

Do x2+xy+yzs3,nén 5 5
p>3X XYY" 2

x% +xy +y?

—xy—3y2 <0.

Y _x_,
.. xz—xy—3y2_ y y _tz—t-—3

Ta cé .
x2 +xy +y? (x)z X ? +t+1
—| +—+1
y y
Dén diy goi m 12 gi4 tri thy ¥ cdia ham s6:
2 -t-3
f(t)=—2-—V6it€R.
t“+t+1 -
Lam tuong ty nhu trén, ta c6: %‘és m 3—23-%‘-1—@
T d6 suy ra: OSPSIE“;L‘B-s khi x* - xy - 3220,
3.#9& khi x* - xy - 3y* <0,
Nhuwvdy: max P=-3+43,
(x; y)eD2
min P=-3-4./3.
(x; y)eDy

Tir (1), (2), (3), (4), (5), (6) di dén:

max P=-3+4v3 vi min P=-3-4.3.
(x; y)eD (x; y)eD
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Bai 6. Tim gi4 tri 16n nhi't va nhd nhat clia ham s6:

3+4x% +3x*

f(x)=————2—— védixeR.
2
I+x )
Huéng dén gidi
2, 2,4
Goim la gi4 tri thy ¥ cia him s6: f(x) ___3+4—x+?;i, xeR.
(1+x2)
3+4x% +3x*

Khi d6 phuong trinh sau (dn x): €3]

1+2x2 +x*
¢6 nghiém. Ta cé:
(Hhe3 +4x% + 3x* = m + 2mx? + mx*
& (m-3)x*+2(m-2)x* +m-3=0. ()
Xét hai kha niing: '
1. Néum = 3, khi d6 (2) ¢6 dang x>=0, vdy (2) c6 nghiém.
Do d6 m = 3 12 mdt gid tri cda f(x).
2. N&um # 3, khi d6 (2) c6 nghiém khi va chi khi phuong trinh

(m-3)¢+2(m-2)t+m-3=0 (3)
A A . . |A'20
¢6 nghi€ém t > 0. Di€u d6 xdy ra khi @)
S0
(D0P=-m—_§=l>0J,8da’invéPurdng tng 1a t6ng va tich hai nghiém
m_
cia (3)
(m-2)° -(m-3%20 [ .5 5
Tacé: 4)<=32-m S 2 ©=<m<3 (vam#3)
>0 2<m<3 2
m-3 sms
Tird(’)tacé:ESmsl
2
' ) 4
Khi m = 3, thi (1) c6 dang > *9%_ _3,x2 =0 x=0.
o 1+2x% +x

3+4x2+3x* 5

Khim:-;-,thi(l)cédang y =—®x4—2x2+1=0<:>x=4_r1.

1+2x2 +x
Viy maxf(x)=3<x=0,
xeR

minf(x-)=-5—<:>x=i1
xeR 2
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Nhén xét:

1.

Ta di st dung céc dinh li vé ddu tam thic bac hai d€ tim diéu kién sao cho (3) c6

nghiém khong am.

Ta c6 thé gidi bai todn trén bing nhiu cdch khdc

- Bing phuong phdp chiéu bi€n thién him s6 (xem bai 11, bai 1, chuong 4
cudn sdch nay)

- Bling phuong phdp lugng gidc (xem bai 5, chwong 3 cudn sdch nay)

- Biing phuong phdp bit ding thifc (xem bai 5 phin nhén xét, chuong 3
cudn sich nay).

a e L3 . 2 A 2 ~ e l .
Bai 7. Tim gid tri nhé nhat cia ham s6: f(x)=x +, /xz +— vBix>0.
X

Huéng ddn gidi
. e . ia g , 1
Goim 13 gid tri thy ¥ cda ham s6: f(x)=x + x2+=,x>0.
X

1
2 —
Khi d6 hé sau diy (4n x): XTy* +x—m 1

x>0
c6 nghiém.

O<x<m {O<XSm 2)

Hé (1) tvong duong véi hé 1 o
g cong Fam=m-0? T 2m —mx+1=0 ()

(1) c6 nghiém < m* - 8m >0 < m 22 (chd ¥ tir (2) ¢6 m > 0).
2

Khi m > 2, thi (3) c6 nghiém. Mat khdc ta c6: P= ——>0; =" =T 5.
2m 2m 2

Do d6 khi m > 2 thi (3) c6 hai nghi€m dudng x;, X, vdi X, > X,.
Vix;+x;= i;—:xz<x| <m.
Do d6 m > 2 chinh 1a diéu kién d€ hé (2), (3) c6 nghiém
Tir @6 suy ra véi moi x > 0, ta cé: f(x) = 2.

. 0<x<2 1
Khi m = 2, thi hé (2), (3) trd thinh ) =

4x° -4x+1=0 2

T d6 suy ra: minf(x)=2&x =—1—.
x>0 2
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Nhdn xét:
N&u ta c6 bai todn sau:

Ching minh ring v6i moi x >0, thi f(x)=x +, ’xz + 1 >2.
X

Khi d6 bai todn don gidn hon hin. That vay:
e Né&ux > 2, third rang f(x) >2
e XétkhiO<x<2,thi f(x)>2

o x2+-1— 22—)(<:>x2+124—4x+x2 (do2-x20)
X X

S 4xt-4x+120 2x-1)% 20.
T @6 suyra: f(x) 22 Vx>0 va f(x)=2<:>x=-;—

Tuy nhién vdi bai todn di cho, thi ]Jaim sao mi tim ra hiing s6 2. C4i khé clia
bai todn 1a & chd d6. Vi viy ding phuong phdp mién gid tri hAm s& gidi bai
todn nay 1a cdch gidi ty nhién va ciling kh4 don gian!

Bai 8. Cho ham s8 f(x) = x + Vx—x2.
Tim gi4 tri 16n nh4t v nhd nhit clia him s6 trén mién x4c dinh cia né.

Huéng dén gidi

Ham s8 f(x) xdc dinhkhix - x>’ 20 0<x < 1.
Goim Ia gid tri thy ¥ clia ham s& f(x). Khi d6 phuong trinh sau diy (4n x)

X+Vx-x%=m (1) c6 nghiém.

Tacé (1) Vx-x?=m-x ®

(2) c6 nghiém khi va chi khi hai dudng y = vx -x?2 vz‘iy =m - x cit nhau.
y20

=0
Tacéy= x—xzo{y < [ 1)2 1
2 2 2
X +y _x—O X—E +y :Z_

Viyy= Vx - x? 1a nita dudng tron tim tai di€ém I(-;—; 0) va binkinh R = —;—

(phan nim trén truc hoinh).

y=m-xox+y=m. :
Tir d6 dé dang suy ra hai dudng néi trén cit nhau khi v chikhi x+y=m
J2+1

nim gifa hai dudng x+y=0vax+y= >
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Viy (2 ¢6 | ry
nghiém  (tdc
(1) ¢6 nghiém) \
© 0 <m < 1
V2 +1

2 1
Tx d6 suy ra ;

min f(x)=0
0<x<l1 )é
va 1 1

Gl o 5 \ . J2+1
max f(x) = 2
0<x<l 2 X+y=m
Nhén xét: x+y=0

1. Céch gidi trén 1a sy phdi hgp khéo léo giita hai phuong phdp mién gid tri
ham s§ va phuong phép db thi.
2. Xét cich gidi khdc sau diy (bing phuong phdp chi€u bi&n thién ham s6)

1-2x _ 2Jx—-x%+1-2x
2\/x—x2 2\/}(—x2

K VdiO.<.xs%:>l—2x20: f'(x)=0.

2Wx—x% —-(2x-1)

2\/x-—x2

Tacé f'(x)=1+

e Xétkhi %SX <1, ldc d6 viét lai f'(x) =

Khi ?IZ-SXSI =2x-120, tir d6 ta c6

4(x —x2)-(2x -1)? _ 8x - 8x% -1
W22 (2Vx—x2 +2x-1) 2Vx-x®@Vx—x? +2x-1)

Didu cla f'(x) 1a ddu cia 8x — 8x° - 1.

f'(x)=

Nhv vay ddu cia f'(x) khi —;—SX <1 1a di'u cha 8x — 8x* - 1.

" Tir d6 ta c6 bang bi€n thién sau:
2+2

4
+ 0 -

X
f'(x)
f(x)

+
S| N

ALY &
ARNRNN NN AN Ry
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Viy 021321 f(x) = min{f(0); f(1)} =min{0; 0} =0,

max f(x):f(2+4‘[2—]=2+\/§+\/2+\/5|:1_2+\/§j|

0<x<l1 4 4 4

2+J‘ (2+J')(2 J2) 2+J5+_@=J§+1

4 4 2

Ta thu lai két qui trén!
3. Lai xét cdch gidi sau (bing phuong phdp lugng gidc héa)

DoOSxSl:détx:sinZ(p. (Os(psg).

T d6 x + Vx —x2 =sin? (p+\/sin2 o-sin‘e = sin’ + \/sin2 o(1 —cos? @)

= sin’Q + singpcose (do sing > 0; cosg = 0)
_ 1-cos2¢ sin2¢ _ l+—\/zcos(2(p—£J
2 2 2 2
Vio<op< il —Es2q)—£s3—n —iZ_-SCOS(Z(p—EJSZ
2 4 4 4 2 4
=0< 1+—\/—5-cos(2(p—-j5\/5+1.
2 2 4 2

Nhu vy max f(x)=

0<x<1

‘/—2-+1; min f(x)=0
2 0<x<l1
Cdc ban thich cdch gidi nao?
Bai 9. Cho x va y 1a cdc s6 thyc thda min diéu kién (x* - y* + 1)” + 4x%y* - x* -
Y =0.
Tim gi4 tri 16n nh4t v nhd nh4t cua bi€u thitc P = x* + y°.
Hudng dén gidi
Goi m 12 gi4 tri thy ¥ cha P trén mién (x; y) thda min diéu kién cho trudc.
Nhu vy hé sau day(dn x, y)

2,2
X*+y“=m (1) "
{(xz 2 132 2.2 2 2 _ ¢6 nghigm.
-y +1)" -4x°y" -x“-y“ =0 2)
x>+y’=m
Taco (1) Q)= ,
(x2+y2)2—3(x‘+y2)+1+4x2=0

2 2
= 3
o X“+y“=m 3)
m?-3m+1+4x*=0 (4)
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3- J— 3+4/5

Ssz.(S)

(4) (An x) ¢6 nghitm & m’-3m+1<0&

Nhu vay (5) 1a diéu kién d€ (4) c6 nghiém.

Tac6 (3) @ 4x*+4y’=4m o -m* +3m- 1 +4y’ =dm < 4y’ =m’ + m + 1
Dom?+ m+ 1 >0 Vm, nén tir d6 suy ra hé (3) (4) c6 nghiém khi va chi khi
théa man (5).

Vay (5) chinh 1a diéu kién d€ hé (1) (2) c¢6 nghiém.

+5 . . 3-45
—

T d6 suy ra maxP = 3—2— vaminP =

Nhén xét: Bay gis xét cdch gidi sau day:
Theo trén di€u kién di cho véi (x; y) c6 dang

2
(x2+y2)2—3(x2+y2)+1+4x2=0<:>(x2+y2—%) ——§+4x2=0
3\ 5
@(x2+y2—5) =Z—4x2. 6)

3\ 5
T (6) suy ra (_xz +y? —5) < 7 @)

D4u biing trong (7) xdyra <> x =0

J5 3.5
Ta lai thdy (7) & ——<Xx“ + —<—
ai thay (7) > x* +y? 2 >
C>3—J§SX2+}'2S3+\/5
2 2
o375 p 3+V5 (8)
2 2
x:O ’X=O
: 3+45
P= A g =2
) x2+y2=3+\/§ y=t 3+\/§
2 -2
x=0 X=0
3-45
P-—<:> s 5 3=597 3-J5
X“+y ' =—— y=% .
L 2 { 2
Viy maxP = 3+2J§ va minP=3—_2£.

Ta thu lai két qua trén. Phép gidi nay con don gidn hon phép sit dung mién
gid tri ham sd.
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Glhuong . PHUONG PHAP SU DUNG DO TH] HOAC HINH HOC
DE TiM G1A TR] LON NHAT YA NHO NHAT CUA HAM SO

Phuong phép nay dic biét thich hgp vdi nhitng bai todn tim gi4 tri 16n nhit,
nhd nhi't clia ham s&, trong d6 cdc biéu thitc va di€u kién ciia bai todn ban
d4u di tiém 4n nhitng y&u t& hinh hoc ma thoat tién ta chua nhin ra né.

Véi 16p bai todn nay, ta thudng si dung cdc tinh chdt hinh hoc so cip sau

day:

- Trong tit ci cdc dudng ndi hai di€m A, B cho trudc thi dudng thing néi A,
B 1a dudng c6 dd dai nhd nhat.

-~ Trong mot tam gidc, t5ng hai canh lu6n luén 16n hon canh thit 3.

— Cho diém M & ngoai dudng thing d cho truéc. Khi d6 d6 dai dudng vudng
géc k& tir M xudng d ngdn hon moi dudng xién k& tr M xudng cing
dudng thing d. '

- Trong cdc tam gidc cing ndi ti€p mot dudng tron, thi tam gidc déu la tam
gidc c¢6 chu vi va dién tich 16n nh4'.

Ngoii ra ngudi ta cling diing cdc ki€n thic sau day:

- Diing tinh chat clia d6 dai vectd, hojc tinh chit cia tich vo hudng cla hai
vectd.

- Dung phuong trinh dudng va mit va cdc cdng thic tinh khodng céch ciia
hinh hoc phing va hinh hoc khéng gian.

Bai 1. Pé thi tuyén sinh Pai hoc, Cao ddng khdi A)
Cho x, y, z 1 cdc s8 thyc dudng va thda min di€ukiénx +y+z< 1.
Tim gi4 tri nhd nhi' cda biéu thic

1 s 1 \[2 1

P= [x>+—+ +—=+ 2" +—.

\[ ) Jy ¥ 2
Huéng din gidi

- - 1 - 1
Xét cac vectd sau: u=[x; l) v=(y;—), w=(z; —)-
X y z

Ta ¢6 ﬁ+V+\_A}=(x+y+z;l+_+.l_)_
Xy z

Theo tinh cha't vé d6 dai clia vectd tdng, ta c6

Twr (1) c6:

U]+ [v]+ W] z[a+ ¥+ #]. (D)
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‘ 2
P=\/x2+L2+\/;2+—1?+\/zz+—12-_\/(x+y+z)2+(l+-l—+l] . (2
X y z ' Xy z

e

i, v, w 1a cdc vectd cling phuong, ciing chiéu

D4u bing trong (2) xdy ra <
V = kz\-.v, k2 > O .

Dé thdy

3)

2 2
(x+y+z)2+(l+l+l) =81(x+y+z)2+(-1—+l+-l-) ~-80(x +y+2)? (4)
, Xy z Xy z

Theo bit ding thitc Cdsi, ta c6

2
81(x+y+z)2+[i+l+l) 218(x+y+z)£-l—+l+l]. 5)
Xy z X y z
X a2 . A s ” . 1 1 1
Theo bat dang thitc Cosi cd ban thi (x +y + z)(— +—+ —-J 209, (6)
Xy z
11 1Y
Tir (5) (6) suy ra 81(x+y+z)2+(—+—+—) > 162. (7)
Xy z
Tir gid thi€t0<x +y+2z <1 =>80(x + y + z)* < 80. (8)
Tir (2) (4) (7) (8) ta c6 P > /82 9)
D4u bing trong (9) xdyra <> ddng thdi c6 ddu bing trong (3), (5) (6)
1 .
ooOX=y=Z= —,
y 3
Nhuthé’nﬁnp=\/é3©x=y=z=-;-.

Nhdén xét:
1. Trong bai trén ta di k&t hgp phuong phép sir dung vectd trong hinh hoc phing
va phuong phép sit dung bt ding thitc d€ gidi bai todn dit ra.
2. Thay cho phuong phdp bit ding thic ta c6 thé si dung phuong phip chiéu
bi€n thién ham s6 nhu sau:
1 9

Ap dung bt ding thitc Cési cd ban, ta c6: -+~ -+ 3 .
X Yy Z X+y+z

81

(10)
(x+y+ z)2

2
V‘lthé(x+y+z)2+(l+l+l) >(X+y+z)°+
X y z

Xétham s6 f(t) = & + %1-,6dﬁy0<t <1,

244



Cty TNHH MTV DVVH Khang Vit

(ditt=(x+y+2>~Do0<x+y+z<1= 0<t<l).
Ta c6: f'(t)=1—§21, va bang bi&n thién sau:
t
t 0 1
f'(t) -

f(v) \
82

Viy tr (10) suy ra minP = Ominl f(t) = V82,
<t<

Ta thu lai k&t qua trén.
Bai 2. (Dé thi tuyén sinh Pai hoc, Cao ddng khdi B)
Cho x, y 12 cdc s6 thuc tuy §. Tim gi4 tri nhd nhat cla bi€u thic
P=yx-12+y? +(x+1)? +y? +ly-2|.
Hudng dén gidi
Ta két hgp phuong phdp st dung vectd va chiéu bi€n thién ham s6 d& gidi
bai todn nay. Xem 18i gidi trong bai 13, §2, chuong 1 cudn sdch nay.
Bai 3. (Dé thi tuyén sinh Pai hoc, Cao ddng khéi B)
Cho ham s6 f(x) = x + V4-x% . Tim gid tri I6n nhit va nhd nhat chia ham s6
nay trén mién xdc dinh cané.
Huéng dén gidi
Xem 16i gidi k&t hgp giita phuong phdp d6 thi, hinh hoc va phudng phép
mién gid tri him s6 d€ gidi bai todn trén trong bai todn 1, §1, chuong 1 cudn
sdch nay.
Bai 4. Tim gi4 tri nhd nht cla him s8 f(x)=Vx2 —x +1+x? —B3x+1, véi
xe R.

Hudng dén gidi
Vi€t lai hAm s& f(x) dui dang sau day

f(x)=\](x—%)2 *({3“}2 . \/{x—?}z +(-;-)2 . M

Xét hé truc toa d6 Oxy, va trén d6 xét cdc diém A(%; ij—) B[ﬁ; ——I—J va

C(x;0),x € R.
Khi @6 tir (1), ta ¢6 f(x) = CA + CB.
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Ro rang ta c6 CA + CB = AB, trong d6

By (1 BY
S

Nhuth€tacé f(x) > V2 Vxe R. (2)
GOl C() =AB N Ox.Tacéd C()A + C()B = AB.
Nhu vay néu dit xo = OC,, , thi f(x) = \/:2-

Nhu vy ta c6 mig:x/i ox=x0=V3-1.
Xe

Nhén xét:
1. Xoc6 thé tinh nhu sau:
Pudng thing qua AB c6 phudng trinh

A 4

1 V3
y+-  X——
2 _ 2
VB,L 13
2 2 2 2
Ch0y=0:>X()+ —@:-l:'\/—i' =Xy = \/5 -1
2 201++3) |

2. R& rang phuong phédp db thi té rd ddy uy luc clia né qua 15i gidi rén.

3. Xétc4ch gidi bing phuong phdp hinh hoc sau diy A B
Né&u x <0, khi d6 ta c6 M,
f(X)=VR2 -X+1+ X2 3% +1, *) A

X
f(=X) = VRE + X +1 + VX2 +3% + 1. )
Do X <0, nén tr (*) va (**) suy ra f(X) = f(-X). o ) e
Vi th€ do chi quan tim dén mig f(x), ta chi cin xét khi x > 0.
X€

Ta c6 f(x)=\/x2.—%x.l.cos600 +12 +\/x2 —-;—x.cos30° +1%.

Do d6 4p dung dinh li hAm s& cosin, xét hinh vuéng OABC v6i OA =0C = 1.
Xét diém M sao cho MOC=60"; MOA =30", vi OM = x.
Khi dé ta c6: f(x) = MA + MC 2 AC = /2
f(x)= V2 ©M=M, € AC.
oC _ OM,

Theo dinh 1i ham s6 sin trong AMOC, ta ¢6 == 5
sin75"  sin45
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0
= OM, = OCsm450 _\/_5_ 1 _ 1 - 2
sin75" 2 \/l+cos300 \/1+J§ N2++3
2

2
=\/4—2\/—=,/(\/§—1) =\3-1.
Tu d6 suy ra mi]g f(x)= \/5 oOX= \/5— 1. Ta thu lai k&t qua trén.
X€

4. C4c ban thir xem c6 thé gidi bai todn trén biing cich khdc ma lai don giin
hon hai cdch trén khong?

-Xx+2y-8<0
Bai 5. Cho x, y 14 cdc s8 thyc thda min diéu kién {x+y+22>0
y—-2x-420

Tim gi4 tri I6n nhat va nhd nhat cia biéu thic P = x* + y°.
Huéng dén gidi
Goi M(x; y) 1a diém trén mat

phing toa d9 thda min hé diéu V
A - B

kién di cho. 2
Dé thdy tip
hop céc diém A -42

M(x; y) néi : H
1
trén chinh 1a !

am gide ABC - /_NO

k€ ci ba -2

canh), trong d6 \
" A=(-4;2),B=(0;4) va C =(-2;0).

Ta c6 x> +y* = OM®. R rang

maxP= max (x*+ y2)= max OM?
(x:y)eAABC MeAABC

=max{0A2;OBZ; ocz} =max{20;16; 4} =20 = OA2,

minP= min OM? = QH? (6 day ta ké OH L BC)

MeAABC
Theo cong thic tinh khodng c4ch tir O d&€n dudng thingy - 2x - 4 =0, ta c6
-4 16

= OQH? =

Jitd J§ 5

OH =
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8
X ==
VQYmaxP:ZOoMEAQ{yij; rninP=-15£C>MEH<:> i
]
Binh lugn: Khong thé c6 phuong phdp khic hiéu qui hon phudng phdp db thi
va hinh hoc gidn bai todn nay
Nhdn xét: Xét bai todn tfong tu sau:
2x+y =22
Cho x, y 12 hai s thyc thda min hé di€u kién: {x +3y <9
x20;y=0.
Tim gi4 tri 16n nh4t va nhé nhd't clia biéu thic P = x* + y* - 4x - 8y.
Hudng dén gidi
- Cac di€m M(x; y) thda midn hé di cho 14 toan bd tt gidc ABCD véi A = (1;
9), B=(0; 2), C=(0;3),D=(%0).

Viét lai P dudi dang: P = (x - 2)> + (y - 4)* - 20.

Goi I 1a diém I = (2; 4), khi d6 P = MP® — 20, § diy M(x; y) thudc tf gidc

ABCD.

DE thdy maxMI* = DI = 65;
minMI® = HI? = % A

& diy H 1 hinh chi€u

ciia I trén CD.

T d6 suy ra

maxP=45<M=D

&x=9y=0,
minP=—125—c>MEH 1 9
ox=diysd

2’7 27

Bai 6. Cho cdc s6 thuc x, y thda min diéu kién: x* + y* + 16 = 8x + 6y
Tim gid tri 16n nh4't va nhd nhat cla biéu thitc P = 4x + 3y.

Huéng déin gidi
Vi€t lai diéu kién da cho dudi dang (x — 4) + (y - 37 = 9. 1)

Tt d6 suy ra cdc diém M(x; y) théa min (1) nim trén dudng tron tdm tai
di€ém I(4; 3) va ban kinh R = 3.
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Khi (x; y) thda mén (1), ta viét lai bi€u thic P du6i dang
8x+6y x*+y*+16 _ 1

P=— =842 4y, ()
D& ¥ riing néu v& hé truc toa do Oxy, t
h L2 +y?)=tom?, !
2 2 M(x; y) ! M,
& ddy M(x; y) thdéa man (1). !
Tir (2) suy ra maxP =8 + lmaxOMz, 3p-d4f------ ' I
2MeQ : !
I
minP=8+-;—{Anh§120M2. M, !
€ |
g diy Q 14 dudng tron tim I(4; 3) 0 i >
va bin kinh R = 3.

D& thiy max OM? = OM3; min OM? = OM?
MeQ MeQ

d day M,, M, 14n lugt 1a cdc giao diém cta OI va dudng tron Q (xem hinh v&)
DoOI=5=0M,=01+3=8;0M,;=0I-3=2,
TU d6 suy ra maxP = 8+32=40; minP =8+2=10

>
Nhu thé maxP = 40 < M = M, < 1 254, *)
)
8
X==
minP=10 & M=M, & 4 g (*%)
Vs

Céc ban c6 thé tv nghiém lai cdc k&t qua (*) va (**) mot cdch dé dang.
Nhén xét: Ta c6 thé st dung phuong phép lugng gidc héa d€ gidi bai todn trén
nhu sau:

Xx—4=sin@

Tl‘r(l)suyra{ v6i0<o@<2n

y—-3=3cos¢

Tu d6 P =4x + 3y = 4(4 + 3sing) + 3(3 + 3 cos®) =25 + 12sin@ + 9cos¢  (3)
Ap dung bat ding thic quen biét: Vo, ta c6:

—\]a2 +b? <asina +bcosa S\/a2 +b%.

Ta ¢6: —15 < 12sin¢ + 9coso < 15. 4)
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Bay gid tir (3) (4) suy ra maxP = 40; minP = 10.
Ta thu lai k€t qud trén (v6i phép gidi rit gon gang).

» x+3y-1020
Bai 7. Cho x va y 1a cdc s8 thyc thda min diéu kién {x+y-6<0
X-y+220.

Tim gi4 tri 16n nhdt cia bi€u thic P = x + 2y.
Huéng dén gidi

P

by

J

Gii s M(x; y) 1a di€m, trong d6 x, y théa man hé diéu kién di cho.

Dé dang thdy ring khi d6 mién D c4c diém M(x; y) nhu vay dudc biéu dién
trén mat phﬁng toa dd xOy la toan tam gidc ABC, véi cdc dinh A(4; 2);
B(2; 4) va C(1; 3)

Bai todn da cho trd thanh:

Tim gi4 tri 16n nh4t vA nhd nh4t clia tham s6 m, sao cho dudng thing x + 2y -
= m cit tam gidc ABC. Biing c4ch tinh ti€n dudng thing x + 2y = 0 (theo
chiéu miii tén)

Di€u diu tién ma dudng thiing x + 2y = m gip tam gidc ABC chinh 13 diém
C(1; 3)

Khi d6 m = 1 + 2.3 = 7. Pi€m cudi cing ma dudng x + 2y = m gip AABC
chinh Ia diém B(4; 2). Khid6 m =2 + 2.4 = 10.
ViymaxP=10x=2;y=4, minP =7 x=1;y=3.
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Nhdn xét: Ta c6 thé gidi bai todn trén bing phudng phip mién gid tri ham s6

nhu sau:

X+2y=m M
x+3y-1020 (2)
X+y-6<0 (3)
X-y+220 @)

Goi m 12 gi4 tri thy ¥ cla P, khi d6 hé sau day (4n x; y)

¢6 nghi€m. .
Tu (1) suy ra x = m - 2y.
X =m -2y [x=m-2y (Z)
>10 —
Vithé (1) ) 3) () e {7 T 1020 mz;::-gl Evi
-y+m-6<0 B
3y +m+220 ysm;Z. ®)

Xéthé (6) (7)tacd
¢ Neum<8thil0-m2m-6=(6)(7)<y=>210-m
e NEum=>8thil0-m<6-m=(6)(7)<y=26-m

[ (y=10-m
m+2 khim<8
A T3
Vay (5) (6) (7) (8) &
y2m-6
m+2 khim>8
<
i 3
Tir d6 suy ra khi m < 8, hé (5) (6) (7) (8) c6 nghiém khi
m+2

210-me82m27

Con khi m > 8, hé (5) (6) (7) (8) c6 nghiém khi 9;—22 m-6<10>2m=>8
Nhu vay hé (5) (6) (7) (8) c¢6 nghiém (tic 1a h¢ (1) (2) (3) (4) c6 nghi€ém) khi
va chikhi 7<m<10.

TrdésuyramaxP=10x=2;y=4;, minP=7x=1;y=3

Binh lugn: RS rang phuong phdp gidi bing d6 thi va hinh hoc t3 rd hiéu qua

hon hin so v6i phuong phap mién gi4 tri ham s6.
.e ~ ~ 9 a~ ) " A . . 1
Bai 8. Cho x, y 1a céc s8 thyc thda min di€u kién sinx + siny = 5>

Tim gi4 tri I6n nh4t va nhd nhi' clia bidu thifc P = cos2x + cos2y.
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Huéng dén gidi
bt u = sinx; v = siny.
Khi d6 ta ¢6 cos2x + cos2y =1 - 2sin’x + 1 —2sin2y =2 -2’ +vd. )
Bai todn di cho tr3 thanh:
Tim gi4 tri 16n nh4t va nhd nhat cla bidu thic Q = v? + v*

lul<L|v<1 )
v6i diéu kién 1
u+v=—.
2
Tir (1) suy ra m&i lién hé sau maxP =2 - 2minQ, 3)

minP = 2 - 2maxP. ()]
V& hé toa do Ouv. Khi d6 tip cic di€m (u; v) thda min (2) chinh 13 doan

thing AB (d6 12 phin dudng thing u + v = % nim trong hinh vudng canh 2
Ay
trong hinh vé duéi day).
X 4 1 \ 1 A .
Dé thAiyA=|{-—;1{conB={1;-— | T
2 2 \
N dé 2 2 2 o 1 12
Trdé Q=u"+v:'=0M", v6i M = (u; v). ]
] H
Do dé6 -1 i 1 u
2 . . 2 1 O 12
maxQ = max OM*; minQ = min OM -1
MeAB MeAB 2 —; ------ B
Ta c6 ngay
2 2 2 1 5 -1
max OM“ =0A“=0B“ =1+—=—,
MeAB 4 4
min OM? =OH? =1,
MeAB 8
(6 day H 12 hinh chi€u cia O trén AB).
T d6 suy ra:
1 . 1
1 7 u=-Z smx=z
maxP=2- ~=—oM=Ho &
4 4 1 . 1
v=— siny =—
4 4

1 . 1 .
1 M=A u=—5,v=l smx:—-2-,s1ny=1
o &

sinx =1;siny -
T2

252



Cty TNHH MTV DVVH Khang Viét

Nhén xét: Ta ¢ thé st dung phudng phdp “chiéu bi€n thién ham s6” d€ gidi bai

toan trén nhu sau:

Tru+v= l:v=-l———u
2 2

“1<u<l -1<u<l -1<u<l i
Do d6 =2 <91 3 & ——<u<l
-1<v<l1 -1<—-ux<l ——<uxg— 2
L 2 2 2
1Y 1
Khidé v’ +v*=v’+ ——u) =2 —u+ —
2 4
=>2—2(u2+v2)=2—4u2+2u——;—=—4u2+2u+-3—.

Tir d6 suy ra maxP = max f(u); minP= min f(u) véi f(u) = -4u® + 2u +é
-ESUSI —%SUSZ 2

Ta c6 f'(u)=-8u+2, va c6 bang bi&n thién sau

u —l l 1
2 4
' V
f'(u) Z + 0 -
f(u) . U
bl
ViymaxP = f 1)=Z<D 4
4) 4 1
vV=-,
4
1 1 u——l;vv—l
minP =min<f}| —— [; f(1) }=min{ ——; - =t =—— & 2
2 2 1
=1;V=—5 .

Ta thu lai k€t qua trén. Phép gidi ciing gon gang va don gidn!
Bai 9. Cho bon s8 thuc X, y, z, t thda midn diéu kiénx +y=6; 2> + ? = 1.
Tim gi4 tri nhd nh4't cla bi€u thitc P = x* +y* - 2xz - 2yt
Huéng dén gidi
Xét hé tryc toa do Oxy. Khi d6 diém M(x, y) V6ix +y =6 nim trén dudng
thang X +y = 6; cdn diém N(z; t) v6i 2 + t* = 1 nim trén dudng trdn don vi
x> +y* =1 tim tai O va bén kinh bing 1
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Vi€t lai biéu thitc P dusi dang
P=(x-z2)’+(y-t}-Z+t) =(x-z+@Fy-t-1 (1)
Tu (1) suy ra 4
P=MN*-1. (2) g
Viy minP = (minMN?) - 1,
véi M(x; y) 6
thugc  dudng

thing X+

y =6, con N(z;

t) thudc dudng

tron don vi. Ké

OM, L dudng

thing x +y =

6, va gia st 1] IN

OM, cit dudng / Ny

tron don vi tai A
No. QJ ! 6\

Khi d6 c6 ngay

min(MN?) = MN3. | 3
Do OMy = 342 ; ONg=1 = MNg = 342 -1 = MyN2 =19-6+/2. @)
| V2

2
lz=t=3

Tir d6 suy raminP = 18 - 632 &M=M; N=Ny {* 77~

Nhén xét: LJi gidi bing phuong phdp dd thi thit trong sing va gon gang!
S& di c6 18i gidi nhu vay, vi trong bai todn c4i hdn “hinh hoc” di thé hién rd
qua cic didukién x +y=6;7" + ¢ =1 va biéu thitc P gdi ta nghi d€n khodng
cdch giita hai diém trén mit phing toa dd.

Bai 10. Cho bon s6 thuc x, y, z, t théa mdn difu kiénx +y +z+t = 1.

Tim gi4 tri nhd nht clia bidu thitc P= Vx2 +22 +/y? +12 .

Huéng dén gidi
Trén mit phﬁng toa d6 xOy xét hai di€ém M(x; z) va N(x + y;Z+1)
Do (x +y) +(z+t) = 1, nén diém N niim trén dudng thingx +y =1

Tacd OM = Vx?+2%, MN = {/(x+y—x)2 +(z+t-2)> =+y? +12.
Ta c6 OM + MN = ON = OH (1)

254



Cty TNHH MTV DVVH Khang Viét

& day H 1a hinh chi€u ctia O ty

trén dudng thing x +y = 1. \
N

Ro rangdo OH = T,nénta co wr (1) 1

P=Vx?+22 +\/y2+t2 212—2—. (2)

D4u bing trong (2) X3y ra g
&< OM,MN ciing phuong, cung chiéu va N=H. x+y=1

Ta cé: m=(x;y); l\Tﬁ:(y; ).

Do vy OM, MN ciing phuong, ciing chiéu va N = H khi va chi khi

X=z 4
{ t 3) di
y=t.
11 \}
Mitkhdc N(x+y;z+t)= H| —;— |,
22
néntacéx+y=z+t=l. (C)) L AN H=N
2
2
X=z=a -~ (v !
T (3) (4) suy ra 1 z b X
y:[:——a >
2 o x 1\
v6i0$a$—l—. 2
2 \
X=z=0 {
ViyminP= — < 1 vii0sa< -
2 y=[=-£-—(1 2

Nhén xét: Phuong phdp d6 thi 6 rd hiéu qua trong viéc gidi bai todn trén. Céc
ban c6 thé gidi cdch khéc lai hay hon c4ch gidi trén khong?

Bai 11. Cho x, y, z 12 ba s§ thwc dudng va théa min di€u kién: xyz(x + y +z) = 1.
Tim gié tri nhd nhat cda biu thitc: P = (x + V)X + 2).

Hudng dan gidi

Xét tam gidc ABC c6 3 canh A
AB=x+y;AC=x+2,BC=y+z
R rang AABC ton tai vi thoa
man cédc tién dé vé dd dai canh
cia mdt tam gidc.
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Khi d6 né€u goi p 1 nita chu vi clia tam gidc thip=x+y + z.
Theo cdng thitc Heron, ta ¢
Sagc =+/P(P-BC)(p-AC)p-AB) = [(x+y+2)xyz .

Tit gia thi€t suy ra Sapc = 1. ¢}
Mitkhdc Sppc = %AB.AC.sinA = -;—(x +y)(x+2z)sinA. 2)

Do sinA < 1, nén tir (1) (2)-suy ra %(x+y)(x+z) 2l o>E+y)x+2)22

VayP 22 ‘ (3)
D4u biing trong (3) xdy ra < sinA =1 & A =90°

& BC?= AB’ + AC?
@(y+z)2=(x+y)2+(x+z)2
<:>yz=xy+xz+x2. 4)
Xyz(x+y+z)=1

2

TwdétacOo minP=2 &
YZ =Xy +XZ+X

Bai 12. Cho b6n s6 x, y, z, t théa min di€u kién x +2y =9;z + 2t =4.
Tim gi4 tri nh6 nh't ciia biéu thic
P= \/x2 —12x+y% -8y +52 +\/x2 +22+y2 4+ —2xz -2yt +\/z2 +t2 —4z+8t+20
Huéng din gidi '

Vi€t lai P dudi dang sau

P=(x=6)% +(y—4) +Jx-22 +(y-1)* +y/@-22 +(t+472. (1)
Trén mat phing toa d6 Oxy vé hai dudng thing x + 2y = 9; x + 2y = 4.

Xét hai diém ty
M(6; 4) va N(2; -4). X+2y=9

Tit (1) ta thdy \
P=MA + AB + BN 2) 4
Trong d6 A(x; X+2y=2

y) va B(z; 1) )

tuong ¥ng nim
trén hai dudng
thing x + 2y =
Ovax+2y=4.
Hién nhién ta
cd N
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MA + AB + BN 2 MN = /(6 -2)2 +(4+4)* =45 3)
Gid sit MN cdt x + 2y = 9 tai My va ct 2x + y = 4 tai N,.

Dé thdy M, = (5; 2); No = (4; 0).

x=5y=2

T @6 suy ra minP =45 <
z=4,t=0

Binh lugn: Khong thé c6 18i gidi nio lai ngdn gon va hay hon I5i gii trén.
Bai 13. Cho x, y 12 hai s thyc thda min diéu kién: x — 2y +2 =0.
Tim gi4 tri nhd nhét ctia biéu thic

P=x2 +y? —6x 10y +34 +x2 +y* —10x — 14y + 74

Huéng dén gidi
Viét lai P du6i dang
P=(x=32 +(y=57* +J(x=5 +(y -7 . )

Xét dudng thing x — 2y + 2 = 0 va hai diém A(3; 5), B(5; 7) trén mit phing
toa d6 xOy.

Gid st M(x; y) v6i X, y thda min y

X — 2y + 2 =0, tiic 14 M(x; y) nim

trén dudng thing x — 2y +2=0. R&

rang tir (1) suy ra P = MA + MB

Theo moét bai todn

quen bi€t ciia hinh
M(x; y)

hoc phing, thi néu M,

goi A’ 13 diém doi
xiing clia A qua
dudng thing x — 2y +

- P ’ _2/ ! 1
2 =0 va gid st AA

; 2 3 5
cat dudng thang x - /Zy+2=0
2y +2=0 [al My,
thiMA+MB >M;+M(B, VM € (d), §day (d): x -2y +2=0.

C6 thé tinh dugc ngay M, = (5; 3,5) = MoA + M(B=A’B = 6.
Trdétacé6 P>6. 2)

<

. =35
Dau bang trong (2) xdyra M =M, < {x 35
y=3.
ViyminP=6<x=5;y=3,5.
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Nhén xét:
. TUx-2y+2=0=>x=2y-2.
Tir d6 ta cé:

P=QRy-2)% +y? —6(2y -2)—10y + 34 +(2y —2)* +y* —10Q2y —2)— 14y + 74

= |/Sy2 =30y + 50 ++/Sy? — 42y + 98 .

Bai todn trd thanh:

Tim gid tri nhé nhat cda ham s6 f(y) = \/Sy2 -30y +50 + \/Sy2 —-42y +98
véiy € R.
Céc ban hdy thir dung phuong phdp chiéu bi&n thién ham s& dé gidi ti€p!
Sau d6 hdy so sdnh vdi cach gidi bing phuong phip st dung db thi va
hinh hoc & trén!

2. Ta cé bai todn tuong tu (gidi bing cich si dung phuong trinh dudng thing
va mit phing trong khong gian)
Cho x, y, z 12 ba s8 thyc thda min di€ukién2x —y+z+ 1 =0.
Tim gi4 tri nhd nh4t cla biéu thic:

P= \/xz+y2+z2 +2x—6y+4z+l4+\/x2+y2+z2 +18x -8y -18z+178.
Huéng dédn: Xét mat phidng (P): 2x-y+z+1=0,

va hai diém A(-1; 3;-2) va B(-9; 4; 9). A
Khi d6 P = MA + MB, & diy M(x; y; z) € (P).
C6 thé thiy AB N (P) = My(~1; 2; 3).

Pép s6: minP = A’B = 34/26, /\/ \/ \M/
dday A’ =(3;1;0) A b M,
1a di€m ddi xting ciia A qua (P). |
minP = 326 & M=M,ox=-2;y=2;z=3. /
Bai 14. Tim gi4 tri nhd nhét clia ham s6
£(x)=V2x2 =2x +1+2x% = (VB -Dx + 1 +2x2 + (3 + Dx + 1.
Hudng dén gidi

B

Vi€t lai f(x) dudi dang .
2 2 2 2
f(x)=\/x2+(x—1)2+\/(x—§) +(x+-;-) +\/[x+l/2-_§-] +(x+%) . (D

Trén mit phing toa d xét cic diém A(0; 1);
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Khi d6 tir (1), ta c6 Al

f(x)=TA+ TB + TC. 2)
Dé thdy ABC Ia tam gidc déu

vdi tdm 12 g&c toa do O. G T(x; x)
Theo k&t qué quen biét trong Y <
hinh hoc phing: , o ) 3 >
Do ABC 12 da gidc déu, nén i "
véi moi diém trén mit A

C B

phing toa d6 — néi riéng vdi

moi diém T(x: x), ta ¢
TA+TB+TC=>0A+ OB + OC. (3)
DoOA=0B=0C=1,néntr (2)(3)¢cé fix)23Vx eR,
f(x)) =3T=0<=x=0.

Viy minf(x)=3 ©x=(.
xeR

Bai 15. Cho x, y, z 1a cdc s6 thuc thudc doan [0; 1].
Tim gid tri 16n nhat cia bidu thirc: P = x +y + 2z - Xy — yz — ZX.
Huéng didn gidi

V& tam gidc déu ABC canh biing 1. Trén cic canh AB, BC, CA lan lugt 1dy
cic difm M, N, P sao cho AM =x; BN=y;CP =z

Taco: Sapmp +Sgmn + Senp £ Sasc- (1)

D4u bing trong (1) xdy ra khi va chi khi
trong cdc tam gidc AMP, BMN, CNP c6
tam gidc triing vdi AABC. Picu d6 xdy

ra khi va chi khi trong ba s x, y, Z ¢6

mot s& bing 1, mot s6 bing O v mot s§ B y N
tyy € [0; I]. Tu (1) co

NE)
4
—P<l1 )

D4u bing trong (2) xdy ra <> ¢6 dau bing trong (1).

3
[x(l—z)+y(l—x)+z(l—y)]s—4— SX—XZ+Y-yX+7-2zy<1

Viy maxP = | <> trong ba s0 X, y, Z ¢6 mOt s8 biing 1. mdt s& bing 0 va mot
sé iy y € [0; 1].

N
N
\C
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Nhén xét:
1. Ta c6 thé st dung phwong phdp “bat ding thic” d€ gidi bai todn trén nhy
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sau:
Dox,y,ze [0;1],néntacd (x- 1)(1-y)(l1-2)<0
=>X+y+z-Xy-yz-zx+xyz-1<0

D X+y+zZ-Xy-yz—2zx<1-xyz. *)
Do x, y, z déu khong 4m, nén xyz > 0. ’
Tir d6 k€t hgp véi (*),tac6 P< 1. (**)

D4u biing trong (**) xdy ra < {(x ~hd-yd-2)=0
xyz=0
& trong ba s6 X, y, z ¢6 mdt s8 bing 1, mdt s6 bing O va s§ con lai thy ¥
€ [0;1] (**%)
Tir d6 suy ra maxP = 1 < X, y, z théa min (***)
Ta thu lai k&t qui trén.
Céch gidi ndy ciing rdt gon gang va don gidn!
Ta c6 bai todn twong t sau: Cho x, y, z, t 14 bon s8 thyc thudc doan [0; 1].
Tim gi4 trj 16n nhit cha bi€u thicP=x+y+z+t— Xy - yz - zt - x.
Huéng dén gidi
Ta gidi bing phuong phdp s dung hinh hoc nhu sau:
Trén b6n canh clia hinh vudng: dit AM =x; DN =y; CP = z; BQ =t (xem
hinh vé).

Ta c6 Spmq +Spmn + Senp + Sepg < Sascp

:>x(1—t)+y(l—x)+z(l—y)+t(l~z)sl C
2 2 2 2 t

SX+y+z+t-(Xy+yz+zt+tx)<2 Q

=>P<2 N

Nhu vdy maxP = 2. y

Cédc ban hidy wy 1am hai diéu sau day: A X M D

Khi nao thi maxP = 2.
Gidi lai bai todn trén bing phudng phip “bat ding thirc™!

. Ta c6 bai todn sau dya vao bai todn di cho:

Cho x, v, z 14 ba s6 thyc thudc doan [0; 1].

Tim gi4 tri 16n nhd't cia bidu thitc P = x> + y* + 22 - x%y - y’z - 2%x.
Léi giai nhu sau:

Do0<x<1=>x2x’

Laicd 1-y20=x(1-y)2x’(I-y) =>x-xy=2x* - x%y
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Tuong trcé y — yz 2 y* - y’z,
z-x 27 - 7°x.
Cong titng v€ ba bit ddng thic rénva c6 x +y +z— Xy —yz—zx 2P
Tur d6 dya vaobaitréntacé P <1,
va P = 1 khi va chi khi trong ba s6 x, y, z c6 mdt s§ bing 1, mdt s§ bing
0,s6conlaitdy ¥y e [0; 1] (ban doc c6 thé nghiém lai di€u nay).
Viy maxP = 1.
Bai 16. Cho x, y, z 12 ba s8 thyc thda madn diéu kién x + 2y + 3z =4.
Tim gi4 tri nhd nhét cia bi€u thic: P = V16 +x% + 2\/16 +y*+ W16+22 .
Huéng dén gidi

véi X + 2y + 3z = 4, trén mit phing toa d6 Oxy xét cdc diém

A(4; x); B(12; x + 2y); C(24; x + 2y + 32).

Do X + 2y + 3z = 4 = C(24; 4) 1a diém cd dinh.

DE thiy OA = V4% +x? ;

AB = 8% +4y® = 2|/16 +?

BC = \/122 +9z2 = 3\[16+z2 e
Viy P =OA + AB + BC,
do d6 hién nhién ta cé:

P>0C = V24> +42 =437 (1) A
D4u biing trong (1) x3y ra *
& 0, A, B, C thing hang . |
§_=x+2y=x+2y+3z o v
12 24

4
1+2+3

. ' o)

I
—
[\
(]
N

SX=y=z= —2
y 3

Vay minP = 437 @x:y:z:%.

Bai 17. Tim gi4 tri nh nhét cha ham s8 f(x)=vx? -2x +2 +Vx2 +4x+8 trén
mién x4c dinh cta né.
Huéng dén gidi
Rorangtacéd x* - 2x +2=(x— 1>+ 1> 0 Vx,
x> +4x +8=(x+2)* +4>0Vx.
Vay f(x) xdc dinh trén R.
Vi€t lai f(x) dudi dang sau day
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fx)=Jx =D +12 +x = (DR +(<2%. (1)
Trén mit phing toa d6 Oxy xét cic di€m A(x - 1; 1) va B(x + 2; -2)

Tir (1) ¢6 f(x) = OA + OB. )
R rang ta ludn c6 OA + OB 2 AB = v32 +3% =3.2.
Vay f(x)= 3+/2 Vx eR. (3)

D4u biing trong (3) xdy ra
< A, O, B thing hang.
< OA va OB cung phudng, y4
ngudc chiéu.
SE-1L1D=k(x+2;,-2)v8ik<0

y=1 1
x-1=k(x+2)
X
{l=—2k OA >
1
Ox-1l=-=x+2
2( ) y==2
©2%x-2=-x-2<x=0 B

Vay minf(x) = 32 ox=0.
Nhén xét: RS rang phuong phdp dd thi 16 rd qud hiéu qua trong hai bai todn 16
va 17. Cdc ban ¢6 cdch gidi nao khdc ngdn gon hon khong?
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Ghuongz.  UNG DUNG CUA GIA TRI LGN NHAT VA GIA TR)

NHO NHAT TRONG BA! TOAN GIA! PHUONG TRINH
VA BAT PHUGNG TRINH CO THAM SO

St dung gid tri 16n nhat va nhd nhit cla ham s6 12 mdt trong nhitng phuong

phdp hitu hi¢u d€ gidi phuong trinh va ba't phuong trinh ¢6 tham s6. Dang todn

nay ciing thudng xuyén xuit hién trong cic d¢ thi Todn ciia cic dé thi tuyén
sinh vio Pai hoc, Cao ding trong nhitng nim gan day.

§1. MOI LIEN HE GIUA GIA TR| LGN NHAT, NHO NHAT CUA
HAM SO VA sy €6 NGHIEM CUA PHUGNG TRINH VA BAT

PHUGNG TRINH
Ta thudng xuyén st dung k&t qué sau day:

Gia st f(x) 12 ham s6 lién tuc trén mién D, va gid sk tOn tai M = maxf(x);
xeD

m = minf(x).
xeD

Khi d6 ta c¢é:

f
1. Hé phuong trinh { ( D ¢6 nghi€ém khi va chikhim<a <M.
X€

[2%]

o o [fxze o
. Hé bat phuong trinh D ¢6 nghi€ém khi va chi khi M > a.
X €

w

. B4t phuong trinh {(x) > o ding v8i moi x € D khi va chi khi m > a.

A a7 ~ f(x) S a z A * ~ i .
Hé bat phuong trinh D c6 nghi¢m khi va chi khim < a.
X €

>

5. B4t phuong trinh f(x) < o ding v8i moi x € D khi va chi khi M <o
Chitng minh:
1. Gia st hé phuong trinh da cho ¢6 nghiém, tdc 12 tdn tai xo € D sao cho f(x,) = o

Theo dinh nghia ta c6 mlgf(x) <f(xy) <ma5( f(x), tdc la
Xe

minf(x)<a < maxi(x)
xeD eD

Pao lai gid str mml(x)<a<maxf(x)
xeD eD

Vi f(x) 1a ham li€n tuc nén né nhan moi gié tri t mlg f(x) dén mag f(x)
Xe

N6i riéng né nhan gid tri o, tic 12 tdn tai x, € D sao cho f(x) = a.
Diéu d6 c6 nghia 1a phuong trinh da cho ¢6 nghiém trén D = dpcm.
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2. Gia st hé da cho c6 nghiém, tic 12 1n tai x, € D sao cho f(xq) = a.

RO rang max f(x) 2 f(x,) 2o
xeD

Péo lai gid st maxf(x)>a (1
xeD

Gia thi€t phan chitng hé da cho v6 nghiém, titc 12 f(x) <o Vx € D

Tudésuyra maxf(x)<a 2)
xeD

Tir (1) (2) suy ra vd li, vdy gid thi€t phdn ching 13 sai, tic 14 hé di cho c6
nghiém = dpcm.

3. Gidastm=>a
Liy xothy ¥ € D. Ta c6 f(x¢) = ineig fx)=m=2a

Viy f(x) 2 a Vx € D.
Pdo lai gid st f(x) > o Vx € D.

Khi d6 dom = mig f(x), nén theo dinh nghia ta c6 t6n tai X, € D ma m = f(xy).
Xe

TU f(xy) 2 o = m 2 a. Nhu vay ta c¢6 dpem.
4,5. Chitng minh tuong tu nhu 2, 3.

§2. CAC BAI TOAN BIEN LUAN PHUONG TRINH
VA BAT PHUONG TRINH CO THAM SO CO MAT TRONG

CACKi THI TUYEN SINHVAO DPAI HQC, CAO D/z\NG
Bai 1. (Dé thi tuyén sinh Cao ding khii A, B - 2011)
Cho phuong trinh 6 + x + 2J(@ —x)(2x - 2) =m +4(J4-x +/2x -2) .

Tim m d€ phuong trinh ¢6 nghiém.

Huéng dén gidi
4-x2>0

S 1<x<4.
2x-22>0

Diéu kién d€ phuong trinh c6 nghia 12 {

Piatt= J4-x +/2x-2

P& tim mién x4dc dinh ciia t, xét him s f(x) = V4—x ++/2x-2 véi l <x <4.
-1 N 1 =—\/2x—2+2\/zl—x

2V4-x  V2x-2 24 -xA2x -2

. I<x<4
Ta thdy f'(x)=0 < 2J4-x =+/2x-2 @{16)(4 5 1<:>x=3.
—4x =2X —-

Tacé f'(x) =

Tir d6 suy ra bang bién thién sau:
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X 1 3 4
f'(x) + 0 -
f(x)

3
\/5/\\/5/,

Vay min f(x)=+3 va max f(x)=3.
1£x54 1sxg4

Tir d6 suy ra khi: 1 <x <4, thi V3<t<3.
Tirt=Va—-x +2x-2 =% =x+2+ 2J(4-x)(2x -2)
Vi th€ bai todn da cho trd thanh:

Tim m d€ hé sau {

gt)y=t>—4t+4=m (1)

c6 nghiém.

P3<t<3 )

Ta c6 g'(t)=2t—4, va c6 bdng bién thién sau:

t

3

g'()

gv

2 1
0 +
7-443 1
\0/ /

7

Tordé min g(t)=g(2)=0;
NP

Jmax g(t)= max{g(\/g); g(3)} = max{? -43; 1} =1.

3<t<3

Phuong trinh da cho ¢é nghi€ém < hé (1) (2) c6 nghi¢m
< min g)<m< max g)<>0<m<|
A g A g

3<t<3

Nhén xét:

1.

3<1<3

Khi d8i bi€n ta phai tim mién x4c dinh clia bi€n méi. PE tim mién x4c dinh

cia bi€n méi t, ta dd gidi mot bai todn Gim gid tri 16n nht, nhé nha't cda ham
sd f(x) khi 1 <x <4.
P4y Ia mdt vi du mau myc minh hoa cho viéc 4p dung gié tri I6n nhat va nhd

nh4't cia mot him s6 dé bién ludn mot phuong trinh ¢6 tham s3.
Bai 2. (Pé thi tuyén sinh Pai hoc Cao ddng khédi A)
Cho phuong trinh ¥2x +V2x +2¥6-x +2J6-x =m.

Tim m d& phudng trinh ¢6 hai nghiém phan biét.

Huéng ddn gidi

Piat f(x) = V2x +2V6-x ; gx) = ¥2x + 246 —x

Luc ndy phuong trinh da cho ¢6 dang h(x) = f(x) + g(x) = m. (hH
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Phuong trinh (1) x4c dinh trong mién 0 < x < 6.

Taco f'(x)= 2 ___2 = 6—x - V2x , nén c6 bang bién thién sau:
2\/5;(- 2J6-x \/2x(6—x)
X 0 2 6
f'(x)

f(x)
{6-%° -ox’

24/2x0% (6 - x)’
(v6ichi §: a® - b* = (a - b)(a’ + ab + b%), § ddy a’ + ab + b’ > 0.
X 0 2 6
g'(x)

(x
g(x) /\%

Vi thé ta c6 bang bién thién sau d(‘ﬁ véi hAm 56 h(x),0<x<6

- % — \%

Tacé  max h(x)=h(2Q) =44 + V4 +2¥4 +2J4 =6 +32,

0<x<6

min h(x) = min{h(0); h(6)} = mm{Z\/_+2\/— J_2+2J—} h6) = 412 +23

0<x<6

Tuong tuta cé g'(x) = , nén cling c6 bang bi&n thién sau

Ti d6 suy ra phuong trinh di cho ¢6 hai nghiém phan biét khi va chi khi

2((‘/5+\/6)Sm<3\/§+6.

Chii §:

1.

N&u diu bai chi ddi hdi: Tim m d€ phuong trinh c6 nghiém thi ddp s& ciia bai

todnla Y12 +2V3<m<6+3V2.

. Tuy nhién & day bai todn ddi héi: Tim m d€ phuong trinh c6 hai nghiém

phan biét, thi dé y khi m = max h(x) khi d6 phuong trinh da cho chi c6 mot

0<x<6
nghiém duy nhat.
K&t hgp v6i bang bi€n thién, ta suy ra k&t qua trén. Khi 1am bai ta cin lvu y
diéu nay.
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Bai 3. (Dé thi tuyén sinh Pui hoc, Cao ddng khdi A)

Tim m d€ phuong trinh 3vx —1 + mv/x +1 =4¥x% -1 ¢6 nghiém.

Huéng dén gidi
Xét phuong trinh 3vx -1+ mvx+1= =2¥x2 -1 )

Piéukién d€ (1) c6 nghiala x > 1. Do x > 1, nén Jx+1 >0, vy

(1)@3,/—+ f" -1
x+1 (x+l)
/——+ _24,}— 2)
X +1 Xx+1

batt= 4 .Do =1- <0 (vix=1nén L>Onen diéu kién dat
X+1 x+1 x+1 X+1

ravditlaO<ti<l)

f()=-3t> +2t=m

c6 nghiém.
0<t<l

Bai todn di cho trd thanh: Tim m d€ hé: {
Ta c6 f'(t) = -6t + 2, nén c6 bing bi€n thién sau:

t —

f'(x) + 0 -
f(t)

Viy max f(t)=f(§)=% con dm f(t)=-1 (chd y & diy khong ton tai min f(t)).

0<t<t 11 O<i<l
1
Tir d6 suy ra phuong trinh da cho c6 nghi€ém khi -1 <m < 3’
Chi y:
1. Céc ban nén lwu ¥ ring khi st dung diéu kién c6 nghiém ctia hé phuong trinh
fx)=a0 . A
{ (x) ta can luu ¥ gid thi€t phai ton tai minf(x), maxf(x)
xeD xeD xeD

O day vi xét khi 0 < t < 1, nén khong ton tai min f(t) nhung tn tai
0<t<l

lim f(t) =-1. Do @6 diéu kién theo Iy thuyét -1 <m < % phéi thay biing -1 <

t—>1"

m< l (tfc 1a ta d4 thay diéu kiénm > min f(t) thinh m > lim f(t))
3 0<i<l s
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Céc ban cin lwu y diéu d6 (& diy ta ciing di k&t hop st dung chiéu bi€n
thién clia ham s6 da xét trong bang bi€n thién ham s& f(t) trong bai).

2. Ta c6 cidch gidi khdc sau diy:

-3 +2t-m=0 (3)

0<t<l “)

D& hé (3) (4) c¢6 nghiém, truSc hé&t (3) cin c6 nghiém, tic 12 phdi c6

1++J1-3m
———-3 .

Xéthé {

A'=1-—3m20¢3m$%. Khidé 3)e=t=

Tir d6 suy ra hé (3) (4) c6 nghiém khi va chi khi

1+v1-3m
03_3"'_<1®[051+\/1—3m <3 [—13J1—3m <2<:{\/1—3m <2

<
O<l—\/l—3m<1 0<1-v1-3m <3 -2<+1-3m <1 V1-3m <1
B 3

S AJlI-3m<2 ©-1<m<

W | —

Ta thu lai két qua trén!
3. Lai con cdch gidi khdc sau day
Trudc hét ta tim diéu kién d€ hé (3) (4) vd nghiém
Diéu nay xay ra trong hai trudng hop sau:
a. hodc (3) vd nghiém, titc1a A'=1-3m<0 ©m> % .
b. hoic (3) ¢6 nghiém, nhung moi nghiém déu khong thda man (4)
Khi (3) ¢6 nghi€ém t;, to thit; + t, = %’ do 6 moi nghiém t,, t, khong thda

min (4) khiva chikhit;<0<1<t, 5)
1
A'>0 mSE
DéE thdy (5) x4y ra khi va chi khi {f(0)<0< |m< >m<-1.
f(1)<0 m+1<0

1

Viy hé (3) (4) vo nghiém khi | ™ 3
m<-1

Do d6 hé (3) (4) ¢6 nghiém khi va chikhi~1 <m < % .

Cédc ban hiy so sdnh phuong phdp sit dung gi4 tri 16n nhit va nhd nhit cia
ham s8 v8i cdc phuong phdp vira trinh bay! C4c ban thich cdch gidi nio?
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Bai 4. (Pé thi tuyén sinh Pai hoc Cao ddng khdi B)
Tim m dé phudng trinh Vx? +mx +2 =2x +1 ¢6 hai nghiém thuc phén biét.
Huéng dén gidi
Pua phuong trinh di cho vé hé sau:

2x+120 xz_l
2 2-0x+1? 2
X“+mx+2=02x+1) X2 +mx+2=4x? +4x+1

3x2 +4x—1=mx (1)
L= 1 5
X2-=
L 2 @)
Do x = 0 khdng phéi l1a nghiém cia (1) Vm, nén (1) (2)
( 2
£(x) = 3T +dx-1_ 3)
L
1
X>—— 4
§ 2 “)
3x% +1 o m
Ta cé f'(x) = 5—, Va c6 bang bi€n thién sau:
X
1
X 2 0
f'(x) 7 + +
f(x) +00 +00
2 ~

T d6 suy ra hé (3) (4) c6 hai nghi€ém phan bi€t & m > %

Nhén xét:

1. RO rang trong bai ndy ta c6 min f(x)=-9—,vé di k&t hgp véi chiéu bi€n
—55x<0
thién ham sd d€ gidi bai todn.
2. Xét cach gidi khdc cia bai todn trén:
3x*+(4-m)x-1=0 (5

Bai todn di cho c¢6 dang: Tim m dé hé c6 hai

x> -% ©)

nghiém phan biét.
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Diéu dé x4y ra khi va chi khi (5) c¢6 hai nghiém phan biét x, X, sao cho

1
X2>X; 2 ) (7
R6 rang (5) c6 hai nghiém phén biét (vi < = —é <0)

a

) (x,+l)(x2 +i)20 X, X5 +l(x,+x2)+120 (8)
Vivay (7) & 2 2 < 2 4

X +X, >-1 X)+Xy>=1 9

Ap dung dinh li Viet vdi (5), ta c6 (8) (9)

Ta thu lai k€t qué trén.

Ban doc hay ty binh luan vé tinh hiéu qué ctia mdi phuong phép.
Bai 5. (Pé thi tuyén sinh Pai hoc Cao ddng khdi B)

Tim m d& phuong trinh

m(\/l+x2 VJi-x? +2)=2J1-x4 +i+x% —v1=x? c6 nghiém.

Huéng dén gidi
Pitt= v1+x? —v1-x2 . Khidét>0.

Tac6®=2- 2v1-x* <2,vay0<t< 2.
Lic d6 ta dua phuong trinh v& dang m(t + 2) =2 -  — t.

2 —t+2
Do0<t<+2 =1+220, vty (D& ——==m
+
Bai todn da cho trd thanh:
2
—t°—-t+2
f)=————=
Tim m d€ hé: © t+2 m 2 4 nghiém.
0<t<\2 3)
2
Tacé f'(t)= ! 5~ va c6 bang bién thién sau:
(t+2)

t 0 2
f'(t)

5
(1) \ %
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Tu d6 suy ra ma)\(/_ f()y=£(0)=1,

0<t<vy2

min_f(1) = f(v2)=v2 -1

0<1s2
Viy hé (2) (3) ¢6 nghiém < V2 -1<m<1.

Binh ludgn: Cic ban hiy gidi lai bai todn trén biing phuong phdp tam thitc bic
hai dé thay 16 tinh hiéu qua cia phlIdng phép s dung gid tri I6n nhat va nho
nhat clia ham s& d€ gidi bai todn nay.

Bai 6. (De thl tuyén sinh Dat hoc Cao dang khm A)

Cho phu’dng trinh logg X+ Jlog2 x+1-2m—1= 0

Tim m d¢ phu’o’ng, trinh ¢6 it nhal mol nghi¢m thudc doan [1; 3‘/_ ]
Huéng din gidi

Patt= Jlog2x+1.Khil<x <33 =1<r<2.

Lic nay theo bi€n mdi t, phudng trinh d cho cé dang # + t - 2 = 2m.
Bai todn d4 cho trd thanh:

t(t)—t +t-2=2m ()

Tim m dé hé { .c6 nghiém

I<t<2 o (2)
Ta cé f'(t) =2t + 1 va c6 bing bi€n'thién sau:
| .
t 2
f'(t)
f(t)

Viy max f(t)= f(2)—’4,

1st<2

min f(t)=£{1)=0.

1<t<2
Tir 46 suy ra c4c gid tri can tim ca tham s m1a0<2m<4 < 0<m<2.
Nhédn xét: Xét cach gidi khdc nhau:
Bai todn da cho c6 dang:
2 +t-2-2m=0 (3)
1<t<? (4)

_—l+\/8m+9
2

_—-1-v8m+9
2

Tim m d€ hé sau { ¢6 nghiém.

3
< 0(loaido khong thda min (4))
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Viy hé (3) (4) c6 nghiém khi va chi khi

mz—g 9
8 m=-3 0<m<?2
<> . <> 0sm<cl.
jgZirV8m+9 ‘28m+9$2 3<8m+9<5

Ta thu lai k&t qua trén.
Ban thdy th€ nao vé tinh hiéu qui cla hai cdch gidi vira trinh bay!

§3. SU DUNG GIA TR| LGN NHAT VA NHO NHAT CUA HAM SO
PE BIEN LUAN PHUONG TRINH VA BAT PHUGNG TRINH CO
THAM SO

A. Bién ludn phuong trinh cé tham sé |
Bai 1. Cho phuong trinh 2(sin*x + cos*x) + cosdx + 2sin2x + m = 0.

Tim m dé phuong trinh ¢6 it nhat mdt nghiém thudc doan [0; 125:]

Huéng dén gidi
Vi€t lai phuong trinh da cho duéi dang tudng duong sau:

2([—%sin2 2xJ+l—2sin2 2x +2sin2x +m <> 3sin’2x — 2sin2Xx - 3=m (1

Pitt=sin2x. Khi0<x< — =20<2x<n=>0<sin2x < 1.

N A

Bai todn da cho tré thanh:

f()=3t>-2t-3=m (2)

Tim m d€ hé { c6 nghiém.

O<t<l 3)
Ta c6 f'(t)= 6t - 2 va c6 badng bi€n thién sau:
1
t 0 3 1
f'(1) - 0 +

() \ /
2

Viy min f(t)=f(§ =—E;

0<t<l 3
‘max f(t) = max {f(0); f(1)} = max{~3; -2} =-2.
0<t<t
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Do d6 hé (2) (3) c6 nghiém <> min f(t)<m < max < —E <m<g£-2.
0<ts<l 0<t<l 3

D6 chinh 1a c4c gi4 tri cAn tim ca tham s6 m.

Binh luén:

1. R® rang sit dung phudng phdp gid tri 16n nhit va nhd nhit cla him s§ dé
gidi bai todn nay dy hiéu qua: Ldi gidi gon gang, trong sédng.

2. Ta hay xét thém céc cdch gidi khdc d€ nhén thdy cdch gidi trén 1a thich hop
nhat.

Cdch 2: Bai todn da cho c6 dang:

32 -2t-3-m=0 (4)

0<t<l 5)

H¢ (4) (5) c6 nghi€m trong hai trudng hgp sau:

a. (4)c6nghiémt, ,bmaO<t, <<l

(A'20

tt, >0

Tim m d€ hé { c6 nghiém

Di€u nay x4y ra khi va chi khi {t, +t, >0
(t] - l)(tz - 1) >0
[t +ty <2

-3-m

AP . 2
Dua vao dinh li Viet, thit, +t, = 5; 4yt = 3

;

3m+10>0 10
Tirdétacé {-3-m>0 Q—-S—Sm<—3. (6)

—3—m-g+l>0
3

b. (4) c6 nghi€ém t,, t; trong d6 mdt nghiém € [0; 1] va mdt nghi€ém khdng
thudc [0; 1]
Diéu d6 x3y ra < f(0)f(1) <0, § day f(t) =3¢ - 2t- 3 - m
S3-m)(-2-m<0B+m2+m)<0
&S -3<m<-2. @)

K&t hop (6) (7) suy ra —? <m<-2.

Ta thu lai k&t qua trén.
_ Cdch 3: Trudc hét tim di€u kién d€ hé (4) (5) vb nghiém
H¢ (4) (5) v6 nghiém trong hai trudng hgp sau:
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a. Ban thin (4) v6 nghiém, titc 13 cAincd A’ <0< 3m + 10<O<:>m<—%.

b. (4) c6 nghiém nhung c hai nghiém déu ¢ [0; 1].

s z A 2 2 A < A N 2 . N . 2
Khi (4) ¢6 nghiém t;, t), tacé t; + t, = E nén di€u nay xay ra khi va chi

Sm>-2.

. f(0)<0 -3-m<0
khit; <0<l1<t, < =

f(1) <0 -2-m<0
_10

Viy hé (4) (5) vo nghiém < | "~ 3
m>-2

Do d6 hé (4) (5) ¢6 nghiém < —? <m<-2. Ta thu lai k€t qui wén.

Cdch 4: Tru6c hét (4) c6 nghiem < A'>0 ©3m+ 1020 m> —?.

_1-V3m+10

ty =

L 3 n 2
Khi d6 (4) c¢6 nghi€ém
1++/3m+10
ty=———
2
Viy hé (4) (5) cé nghiém
m>-10
—f3m+10 | -2<B3m+10<1  [0<3m+10<1
4 Oséﬂslo mr o m* @—I—OSmSZ
2 -1<3m+10<2 |0<3m+10<4 3
<1~1~\/3m+10<1

0
{ 2
Ta thu lai két qua trén.
Biy gid chic cdc ban dong ¥ v6i ching t6i: S& dung phuong phap gid tri 16n
nha't va nhd nhat trong trudng hgp nay 1a hop li nhat.

Bai 2. Tim m dé€ phuong trinh \/2x2 -2(m+4)x+5m+10 +3-x=0 c6 nghiém.

Hudng déin gidi
Vi€t lai phuong trinh da cho dudi dang sau:
J2x% - 2(m+4)x +5m +10 =x - 3. (1)
x-320

Trdé suyra (1) & 5 5
2x°-2(m+4)Xx+5m+10=(x-3)
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x=>3 )
1.2
x“=2x+1=m(2x-5) (3)
Do x > 3, nén 2x — 5= 0, nhu vay (1)
x=>3 4)
<23 e 2 _
f(x _—_X—2x+1=m (5)
2x -5
2 -—
Ta c6 f'(x) = w va c6 bang bién thién sau:
2x -5)

X 1
f'(x) 0

3
Z
Z
f(X) % \ "
2

T d6 suy ra mir;f(x) =f(4)=3
X2

(cdon max f(x) =+ hiéu theo nghia lim f(x) =+
x23 X—>+00

Vay hé (4) (§) c6 nghiém & miglf(x) <m ©m23.
b 4

Nhdn xét:

1. & day diéu kién m < max f(x) hién nhién thda mando lim f(x)=+o.
x23 X—>+00

2. Xét cach giai khic sau ddy (d€ c4c ban thdy né kém hiéu qua hon phuong phip
ma ta van sit dung)
Bai todn di cho c6 dang:

x> =2(m+1)x+5m+1=0 (6)

c6 nghiém
x>3 @)

Tim m d€ hé sau {
Truéc hét tim m dé€ hé (6) (7) v6 nghiém.

Hé (6) (7) v6 nghi€m trong hai trudng hgp sau:

a. (6)vonghitm < A' <0 m’-3m<0&0<m<3

b. (6) c6 nghiém x;, X, va X; <X, < 3. (8)
A'20 9)
(8) xdyra & (x; =3)(x,=3)>0 (10)
X;+X, <6 (1n.

Doxy+x,=2(m+1); XX, =5m + |, nén
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m?-3m=>0 O0<mhoicmz=3
@A) <{Sm+1-6(m+1)+9 & {m<4 & m<0.
2(m+1)<6 m<2

Vay h¢ (6) (7) v0 nghi€m khi m < 3 = hé (6) (7) ¢6 nghiém khi m > 3.
Ta thu lai k&t qui rén. Ban thdy th€ nao?
Bai 3. Cho phuong trinh V2 —x +v2+x —\/(2-x)(2+X) =m.
Tim m d€ phuong trinh c6 nghiém.

Huéng dén gidi
Pitt= V2-x +V2+x .
Tac6 =4+ 2J2-x)2+x) 24<P<4+2-x)+(2+%)

=>4<t*<8
=>2<t<2V2.
2
TU d6 ta cling c6 /(2-x)(2+X) =L 4, vay dua phuong trinh di cho vé

t2-4

dang
-t +2t+4=2m.

Bai todn da cho trd thanh:

f(t)=—t> +2t+4=2m (1)
2<t<2V2 )
Tacé f'(t) =-2t+2,vacod bﬁng bi€n thién sau

t 242
f'(t)

Viy max f()=f(2)=4; min _f(0)= £(2V2) = 4J’ 4
25t <242

25122

Tim m d€ hé { c6 nghiém.

Tt d6 suy ra hé (1) (2) ¢c6 nghiém < min _f(t)<2m < max
251242 251<2V2

& 42-4<2m<4o 22 -2<m<2.
Nhén xét: Céc ban hay gidi lai bing phuong phdp khéic, d€ thdy rd hiéu luc
clia phuong phdp ma ta vira si dung d€ gidi bai todn nay!

Bai 4. Cho phuong trinh x +6vx ~9 +yx - 6Jx ~9 = 2™

Tim m d€ phuong trinh ¢6 nghiém.
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Huéng dén gidi
Pitt= Vx-9 20=>x=t>+9. Khi d¢ phuong trinh da cho c6 dang

2
3 . t
\-/r +6t+9+\/t2 -6t+9 =——+2:in-

: 2
o J+3)? +y-3) =‘_“f_2+_m

2
@1+3+11—3|=.‘_+g.tﬂ (dot>0)
S - +60+9 + 6t-3] =m.

Bai todn trd thanh:
f()=-> +61+9+6|t-3|=m (1)

¢6 nghi€ém.
t20 (2)

”nmmde’hc{

Lap bang sau day:

t 0 3 6 +00
f(t) 1?4127 2 +12t-9
f'(1) -2t -2t + 12
f'(v) - + 0 -

f(1) 27 \ / 27 \
18 -

Ta ¢6 max (1) =max{f(0); f(6)}=max{27;27}=27.
=0 .
3 day ta coi nhu minf(t)=—0 vi lim f(t) = ~o0.
120 t—>+m

Vay h¢ (1) (2) ¢6 nghiém < m < ma(x f(t) & m<27,
120

Nhédn xét: Theo ching 16i khdng thé cé phuong phdp nao khic lai don gidn hon
phuong phidp nay.
Ji2 Jioe2
Bai 5. Cho phuong trinh 9"V —(m +2)3"*V1™*" 4 2m+1=0.

Tim m d& phudng trinh ¢6 nghiém.
Huéng dén gidi

[—2
Pat 3"V =t Tac63<1<9.
Khi d6 dua phudng trinh di cho vé dang tuong duong sau:
C-(m+2)t+2m+1=0
SP-2t+ 1 =m(-2). (0
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2—21+1_

Do%<1<9:t—2¢0 vay (1)

Vi th&é bél todn da cho trd thanh:

. 2 -2t+1
Timmdéhe V=75 "™ @ (6 nghiem.
3<1<9 3)

Tacéd {'(O= ——-—4£i- va ¢4 bang bi€n thién sau
(t- )

¢

3
( (l) + =
f(t) 2,’///”
Viy max l(l)‘1(9)— ; mm f(t)y=1f(3)=4

<l"9 <t€Y

7.

z ()4 ~ ’ * 7 . A N ki e
Dodo 4<m< la cdc gid tr1 ¢an tim cua tham s6 m.

Bai 6. Cho phudng trinh 4(log2 \/;)2 -log, x+m=0.
2
Tim m d¢ phudng lrmh ¢6 nghi¢m thudce (0; 1)
» Huong dén gidi
VdidiCukiénx>0thi  log, x=-log, X,
2
log, Jx =-é—log2 X

Tir d6 phuong trinh da cho ¢6 dang sau: log%x +logy x=-m.
Batt=log:x. KhiO<x< 1thit<0 _ '
f(t)= ¢ +t=-m 0]

¢6 nghiém.
t<0 (2)

Bai todn da cho trd thanh: Tim m d€ hé¢ {

Ta ¢é f'(1) =2t + 1, va ¢6 bang bi¢n thién sau

£'(t) -

f(1) 400 : 0
4
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Ta ¢o lim(tz+1)=+co va lim(l2+l)=0.
B =07

P | .
Do d6 minf(t) = -— va coi nhu max f(1) =+,
t<h 4 1<0
Tu do hé (1) (2) ¢6 nghiém < —m > mint(1)
R 1<}
] 1
S-mz2-—oms —.
4 4
. Lo s e
Vaym < 2 & cdc gid tri can tim ctia tham s6 m.
Binh ludn: Xem cdch gidi khdc sau diy biing phudng phdp tam thifc bac hai.
Bat todn da cho ¢6 dang:
Tim m dé phusng trinh U+ t+ m =0 (3) ¢6 nghiém am.
RO rang n¢u (3) ¢6 nghiém thi do S = -1 < 0, nén chdc chin (3) ¢6 nghiém
am. Vi th¢ (3) ¢6 nghi¢m 4m khi va chi khi (3) ¢6 nghiém, tic la khi va chi

khiA=1-4m20om< %
Ta thu lai k€t qua trén.
Cong bing ma néi trong bai todn nay, diy mdi 1a cdch lam hay nhat, don
gidn nhat!

Bai 7. Cho phuong trinh x* + mx® + 2mx* + mx + 1 =0
Tim m d€ phudng trinh ¢6 nghiém.

Hudng dén gidi
Do v68i moi m thi x = 0 khong phéi 12 nghi¢m cla phuong trinh da cho, vi thé
c6 thé dua phuong trinh ban diu vé dang twong duong sau day:
) 1

m
X“+mx+2m+—+—=0
X X~

(1Y 1
C>Lx+—j +m(x+—-)+2m—2=0. (1)
X X

:[x|+—1—>2, Vay

Pit 1= x+~, khi o It = >
X [

1
X +—
X

(Hco dangt2 +mt+2m-2=0

o mt+2)=2-1 (2)

212

Do t = -2 khdng phai la nghiém cda (2) v6i moi m, nén (2) & =m.

Bai todn da cho tr$ thianh:
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22
Tim m d€ hé f©= tv2 S ¢6 nghiém.
EY) 4)
— 2 —— -—
Taco f'(1)= -—[-—ﬂz——% va c6 bang bién thién sau
(t+2)

t 2-2 -2 2442 2

f(v) +00 +oo

.

Tacé  minf(t)=4+22; max (1) = +oo;

t<-2 . t<

max f(t) = —l; min f(t) = —oo
122 2 22

) [hoic 1 phuong trinh f(t) = m ¢ nghi¢m trén D,
Hé (3) (4) c6 nghiém <> 4. , . N
| hodc 1a phudng trinh £(t) = m c6 nghi€m rén D,
(GddyD;={t:t<-2}conD;={t: t=2})

rm24+2\/5

ms<-——.

Nhédn xét:

1.

Trong bai tip trén ta d3 md rong k&1 qua st dung gid tri 16n nhat va nhd nhat

. . [ fx)=m |
cho trudng hgp hé véiD=D,uD,
xeD

R6 rang hé nay ¢6 nghi¢m khi va chi khi hodc 1a phuong trinh f(x) = m ¢6
nghi€ém trén Dy, hodc 1a phuong trinh f(x) = m ¢6 nghiém trén D,.

Xét cach gidi khdc cho bai todn trén

Bai todn c6 dang mdi sau diy:

C+mi+2m-2=0 (5)

MZ 5 ©) ¢6 nghi¢m.

Tim m d€ hé {
Trudce hét ta tim m d& hé (5) (6) vO nghiém.

H¢ (5) (6) vO nghi¢m trong hai trudng hgp sau:

a. 5)vonghitmeoA=m ' -8m+8<0o4- 22 <m<4+ 22,

b. (5) c6 nghi¢m t; <t; va khdong théa man (5), tec la -2 <, <t < 2. (7)
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A20

(4 +2)(1, +2)20
(M 4y +,>-4
2-1,)2-1)>0
L+, <4

Doty +ta=-mva (jt: =2m - 2, nén

(m? -8m +820 'm?-8m+820
2m-2+2(-m)+42>0 m<4

(7)< {-m>—4 = 1 o-tomsa-2z.
4-2(-m)+2m-2>0 |77 2
\—m<4 \m>—4

Viy hé (5) (6) v6 nghiém khi -%<m<4+2\/5, titc 1a hé (5) (6) c6

m>4+2\2

Ta thu lai k&t qua trén. Ban doc s ddnh gid vé& tinh hiéu qui cia tu’ng
phuong phédp trén!
3. Xét mot bai todn tuong ty sau:

Cho phudng trinh + 3tg2x +m(tanx +cotx)-1=0.

sin® x

Tim m dé phuong trinh c6 nghiém. -
Loi gigi nhu sau:
DPua phuong trinh di cho vé dang:

3(tan® + cot’x) + m(tanx + cotx)+2=0
& 3[(tanx + cotx)® - 2] + m(tanx + cotx) + 2 =0
< 3(tanx + cotx)® + m(tanx + cotx) — 4 = 0. (8)
Djtt = tanx + cotx = [t| =[tanx + cot x| = |tan x| +|cotx| (do tanxcotx = 1 > 0)

:]t[zz.
Trdé @) =3¢ +mt-4=0mt=4- 368
Do |t|>2 nén (8) = %—m
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2
£(t) = 4":" —m (9)

=2 (10)

Bai todn di cho trd thanh: Tim m d€ hé [ c6 nghiém.

Taco f'(1) = -3¢ _4, nén c6 bang bi€n thién sau
ﬁf‘; — 4
\ é/ /%) \_w

GoiD={t: |t| 22}, thiD=D, UD,,8ddy D, = {t: 1< -2} va D, = {t: t 22}

Ta c6 maxf(t) =+o; minf(t)=f(-2)=4,
teDy te Dy

maxf(t)=f(2)=—4; minf(t)=-o.
teDy teD

teDy

=
hodcla m<maxf(t)=—4

hodcla m>2minf(t)=4 {
teDy

Hé¢ (4) (10) c6 nghiém < _
€ (4) (10) ¢6 nghiém { <4

D6 12 cdc gid tri cAn tim clia tham s& m.
: . 1
. . . sinx +siny =—
Bai 8. Cho hé phudng trinh Y 2
C082X +Ccos2y =m.

Tim m d€ hé c6 nghiém.
Huéng dén gidi
Vi€t lai hé da cho dudi dang

sinx+siny=% )]

o
2-m

. . 1
sinx +siny =—

Y732
1-2sin’x+1-2sin’y=m sin2x+sin2y=T ¥))

1
+V=— 3
u+v > 3)

Dit u = sinx; v = siny. Khi d6 (1) (2) < {u® +v? =g—%—x£ “4)

I ESH 7 ES N )

Tor(3)suyrav= %—u.
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Do—lSvSl@—ls%—u <1

| 3
& ——<u<—, 6
5 > (6)

Tu (5) (6) suy ra —%s u < 1. Lic nay (4) c6 dang 8u’ - 4u -3 =-2m.

Bai todn da cho trd thanh:

f(u)=8u®> -4u-3=2m (7)
Timmdé hé { | c6 nghiém.
—ESUSI (8)

Ta cé f'(u) = 16u — 4, va c6 bdng bi€n thién sau

1 |
u 2 4 1
f'(u) - 0

f(u) \ / /

Ta co lmin f(u)=f(%)=_1~

2]
-—<uc<l 4
2

xlnax f(u)= max{f(—%); f(l)} =max{l;1}=1.

-—<u<l
2

Viay hé (7) (8) c6 nghiém & —%s2msl o —%Sms—;-
Binh lugn: Xét mot cdch gidi ddc ddo bai todn trén nhu sau:
Xéthé (3) (4) (5). Vé hé truc toa d6 Ouv
D& thdy cdc diém (u; v) thda mén
(3) va (5) chinh 14 doan thing AB A

. 1 . 1 '\
véi A(_E;l) va B[l;—-;) : 12

Khi 2 - m > 0, thi (4) Ia !
dudng tron tim O bén kinh -if -2 |0 \ 1

-=1/2
R= /2_-2
2

Hé (3) (4) (5) c6 nghiém
& dudng tron trén cit doan AB

ve
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<> OH <R < OA (6 day H 1a hinh chi€u ctia O trén AB)
1 2 m _$§ 1 7
€= & ——<m<—
2 4 2
Ta thu lai k&€t qua trén. Ban doc ty binh luin v€ tinh vu viét cda tirng phuong
phdp da trinh bay.

Bii 9. Tim m dé phuong trinh 2 + 2sin2x = m(1 + cosx)’ ¢6 nghiém trén doan

L
53
Huéng din gidi
R6 rang véi moi m thi 1 + cosx # 0 (vinéu 1 + cosx =0 = cosx = -1
=sinx=0=sin2x =0 = VT =2 vo li).
Do d6 dua phuong trinh di cho vé dang tudng duong sau:
2(l+sm2>;) _ )
(1+ cosx)

S OH’<R’<0A’ & —~

2
khi d6

N 1-
Vi cosX =
2 1+12

X ‘ .
bit tan-i =t. Ap dung cOng thifc sinx = l
+1

1 + sin2x = (sinx + cosx)’

2 1 ?
2-——[—2+ -¢
1+ 1+¢2

nén (1) =m & i(t4-4t3+2t2+4:+1)=m.

Bii todn di cho trd thinh: Tim m d€ hé
{f(t) =t*—4d +2 +4t+1=2m (2

c6 nghiém.
-1<t<1

. R X
chiykhixe|-——;—| =>t=1tan— e [-1;1].
(chu y [ > 2] 5 [ ]

H¢ (2) (3) ¢6 nghiém < min f(t)<2m < max f(t). 4)

-1<t<l ~-1<t<l
Tacé f'(t) =40 - 12€ +4t+4 = 41— ) - 2t~ 1).
Vi thé€ ¢6 bang bi&n thién sau:
t -1 1- 2 1
f'(t)

f(t) —\0/+7
7.
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Tuw détacé max f(t)=max{f(-1); f(})}=max{4;4} =4,

-1ttt

min £(1)=f(1~ JV2)=0.

15t
Thay vio (4)tac6 0<2m <4< 0<m<2.
D6 1a céc gid tri cAn tim cia tham s m.

Bai 9. Tim m d&€ phuong trinh sau v1+2cosx ++/1+2sinx =m ¢6 nghiém véi
X € [-m; n).
Huéng dén gidi
Goi D 1a mién x4c dinh ctia phuong trinh, thi
={x:1+2cosx20,1 + 2sinx =20}

N

] 1 . 1
TU sinx = —— Vi COSX = ——
2 2

N
&\

n 2n
suyra ——<x<—.
6 -3
Vay D = {x: x thda mén (1)}
Patf(x) = V1+2cosx ++/1+2sinx, x € D.
Khi d6 phuong trinh da cho c¢6 nghiém khi va chi khi

minf(x)<m < max f(x). )
xeD eD

Vif(x) =20V x € D, nén maxf(x)= ’max f2(x) ; minf(x) = fmin fz(x)
xeD xeD xeD xeD

Ta ¢cé fz(x) =2 + 2(sinx + cosx) + Z\ﬁ +2(sinX + cosX) + 4sinX cosx

y

o

NN\

. s
bit t = sinx + cosx = \/Ecos(x —Z)

Khi —%<x<2—:;t = —-51 x—-’1<5—1t = coss—n<cos(x—%]<l

12 4712
= JE—ﬁSCOS(X—E)Sl = Jg_lsts\/i.
4 4 2
Lic dé maxfi(x)= max F(t) ; minf’(x)= _max F(t),
xeD —3—-!st<\/2_ xeD 3_1515ﬁ
2 - 2

8 day F() =2 + 2t + 22t® + 2t -1.
Ta ¢6 F'(t)=2+——i+—2—>0‘v’te{£3§_—l;ﬁ}.

V2t2 +2t-1
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T désuyra max _F(1)=F(2)=4(1+2);

[2_'&}
min F(t):F(—\/i—l-)=\/-3_+l.
[e[ii-_‘; ﬁ} )

Tir 46 k& hop véi (2) suy ra V3 +1<m<2y1++2 1a céc gid i ¢in tim

clia tham s6 m.

B. Bién ludn bdt phiiong trinh cé tham s6
Bai 1. Cho bat phuong trinh /(x +4)(6 —x) <x* —2x +m.
Tim m dé€ b4t phuong trinh diing v6i moi -4 < x < 6.
Huéng dan giai
Vi€t lai bat phuong trinh dudi dang f(x) = V—-x? +2x+24 -x2 +2x <m (1)

el (1—x)(1+2 —x2+2x+24)
Tacd f'(x)= -2x+2=

\/—x2+2x+24 \/—x2+2x+24
Tl d6 ¢ bang bién thién sau:

X
f'(x)

-4 | 6
% + | — %
f(x)
,”’//’//,,;; \\\\\\\\\\\s é
Viy max6f(x) =f(1)=6

—-4<x<

RO rang (1) ding vimoix € [-4; 6] < max f(x)<m <& m=26
-4<x<6

Binh lugn:
1. Céch gidi trén 1a gon gang, sing sta.
2. Xétcdc cach gidi khac nifa nhu sau:

Cdch 2: Datt = J(x +4)(6—x) =v—x% +2x + 24
Xét g(x) = —x* + 2X + 24 v6i -4 <X <6 = g'(x) =-2x + 2, va c6 bang bién
thién sau:
X -4
g'(x)

1 6
+ 0 - %
g(x)
/ \ 4
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VA = 1 =5; i = 1 4 ; = 1 ; =
4y max g(x)=g()=5; min g(x)=min{g(4);g(6)} =min{(0;0}=0

Tir 46 mién x4c dinh cia bi€nméitla 0<t<5.

Khidé #=-x>+2x+24 =>x* - 2x =24 - {*,

B4t phuong trinh d cho c6 dang méi twdng duong sau:
t<24-t+meot+t-24<m

‘Bai todn di cho trd thanh:

Tim m d€ b4t phuong trinh f(t) = + t — 24 < m dling vi moi 0 <t < 5.
Ta c6 f'(t)=2t + 1 va c6 badng bién thién sau:

1 0
t S
f'(t) 0 7 + %
7 2

Vay max f(t) = {(5) =6. Tir d6 suy ra m > max f(t) = 6.
0<t<s 0<t<s

Ta thu lai k&t qué trén!
C4ch gidi ndy ciing dwa vdo viéc tim gi4 tri I6n nhit va nhd nh4't cda him s8.
Cdch 3: (St dung phuong phép diéu kién cin va dd)
Diéu kién cAn: Gia st bit phuong trinh da cho diing v8i moi x € [-4; 6]
N6i riéng né cling ddng khi x = -4; x =1 x = -6 (chii §: x =-4; x = 6 1a hai
ddu nit cia doan [-4; 6], con x = 1 1a trung di€m ciia doan d3), tdc 1A ta cé
m+242>20 7
m+24>20 < m26.
m-1>5
Diéu kién di; Gid st m>6
Tac6x*-2x+m= (X - D?+m-125Vx e [-4;6].
Theo bat dfmg thic Cosi, v4i moi x € [-4; 6] thi

,/(x+4)(6—x)g%§:_x_)=5,

Tir d6 suy ra khim > 6 thi J(x+4)(6-x) < x2-2x+m Vx e [-4; 6]
Nhu vdy m > 6 13 cdc gid tri ciAn tim clia tham s& m.
RG rang cdch gidi nay ciing vo cing don gidn va sing sta!

Cdch 4: (Phuong phép dé thi)

Pity= /(x+4)(6-x), thitacéy =0 va cé:
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y=20 y=20
2 2 < 2,2
X" +2x+24=y (x-1"+y“ =25

Vi th€ d6 thi cia y = {/(x +4)(6 —x) 1 nita dudng tron (phia trén truc hoanh)

taim tai diém I(1;0) va bankinh R =5. YT
y = x? — 2x + n 1a parabol véi \ ]\
moi m va déu nhdn x =1 1a
' O 5>—
truc doi xung. M

Bai todn c6 dang: Tim m dé
parabol 1a lu6én ludn ndm trén

nira dudng tron. S
Xét parabol ti€p xtc vdi nda
dudng tron trén tai M(l; 5).
Piéu d6 x4y ra khi va chi khi m
-l=5om=6.

Vay céc parabol cin tim l4 tinh ti€n parabol 4y 1én trén, tttc 1a m > 6.

Ta thu lai k€t qua rén.
Cdch 5: (St dung tam thdc bic hai)
Bai todn di cho c6 dang:
Tim m d€ bt phuong trinh f(t) = > +t - 24 —m <0 (*)
ding v6imoi 0 <t < 5.
Ta chi xétkhi A>0 (Vin€u A<Othi ¢ +t—-24 - m>0 Vm trif ra c6 thé chi

bling 0 tai mt didm t = — % )
Lic dé (*) & t, <t <t Vaytacancé [t, t,] < [0; 5]

f(O)SOQ -24-m<0
f(5)<0 6-m<0

Ta thu lai k&t qua trén.

@tISOSSSQ@{

Chiing t6i da trinh bay 5 cdch gidi khdc nhau (trong d6 ¢6 hai cdch dung dén
gid tri 16n nhd't v nhé nh4t clia him s6) bai todn trén. Ban ¢é nhdn xét gi?
Bai 2. Tim m dé bt phuong trinh —4./(4 —x)(2+x) <x*- 2x + m - 18 diing véi

moi x € [-2; 4]

Huéng dén gidi
Viét lai bat phuong trinh di cho dudi dang
(C-2x-8) + 4V-x*+2x+8-10 2-m (1)
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Pitt= V-x2+2x+8 . Xét g(x) =—x* + 2x + 8 v6i -2 <x < 4.
Ta c6 g'(x)=-2x + 2, va ¢6 bing bi€n thién sau:
X -2 1 4
g'(x)

+ 0 -
g(x) / \ A

Tacé max gx)=g)=3;
-2<x<4

min4g(x) =min{g(-2); g(4)} = min{0; 0} = 0.

-2<x<
VAiy bi€n méi t c6 mién xdc dinh 0 <t < 3.
Licnay (1) c6dang -’ +4t-10>-m
& f()=-4t+10<m. ()
Bai todn di cho trd thanh:
Tim m d€ (2) diing v6i moi t € [0; 3.

Diéu d6 x4y ra khi va chi khi )max f(t)<m. 3)
0<t<3

Ta c6 f'(t) = 2t - 4 va c6 badng bi€n thién sau:

t 0 2 3
f'(t) - 0 +
f(t)
\ / .,
Vay max f(t) = max{f(0); f(3)} = max{10; 7} = 10. @)

Tir (3) (4) suy ra m > 10 1a cdc cdc gid tri can tim ctia tham s m
Nhdn xét: Khic v4ibai 1, bai ndy chi ¢6 cdch gidi ndy 12 hgp li nhat. C4c ban thit li
gidi xem vi sao? ’
Bai 3. Cho bat phuong trinh
3cos*—5cos® x ~36sin® x —15cosx + 36 +24m —12m? >0
Tim m dé b4t phuong trinh diing véi moi x € R.
’ Huéng dén gidi
Dua bat phuong trinh da cho vé dang
3cos*x - 5(4cos’x — 3cosx) — 36(1 — cos’x) — 15¢cosx + 36 + 24m — 12m*> 0
< 3cos*x - 20cos’x + 36¢c0s’x > 12m? - 24m. (1)
Pitcosx =t (-1 <t < 1), khi d6 bai todn da cho trd thinh
Tim m dé€ b4t phuong trinh f(t) = 3t* - 206 + 36t* > 0 12m* — 24m diing vdi
moi-1<t<1.
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Nhu di biét didu 4y xdy ra < min (1) >12m? - 24m. 2)

~1<t<l
Ta ¢ f'(t) = 126 — 60¢* + 72t = 12¢(® — 5t + 6), va tif d6 c6 bang bi€n thién

sau:

¢ -1 0 1 2 3
f'(1) / - + + 0 - +
(6
\ /
Tir d6 suy ra J{nmlf(t) f(O) 0. 3)
1<t
Tl‘r(2)(3)tacol2m—24m<0¢:0<m<2. )

Viy (4) 1a céc gid tri cAn tim cla tham s& m.
Nhdn xét: Chic chin ddy 1a phudng phdp hiéu qui va don gidn nhit dé gidi bai
todn di cho. Cdc ban ¢ tin diéu do khéng?
Bai 4. Tim m dé b4t phuong trinh Vx +1 —v/4—x >m c6 nghiém
Hudng ddn gidi
Datf(x)= Vx+1-V4-x vdi-1<x<4
DE thdy bai todn di cho trd thanh:
fx)=Vx+1-Vd-x>m (1)
1<x<4 2)
1 1
2x+l 2d4-x
Tir 6 suy ra bang bi€n thién sau:

Tim m dé€ hé { c6 nghiém.

Tacé f'(x)=

>0 Vx € (-1;4).

>N

X -1
f'(x)

Z +
f(x) 2
% /

Viy max f(x)=f(4)=5.
-1<x<4

Hé (1) (2) c6 nghiém < max >m < m< /5.
-1sx<4

Nhdn xét: Xét cdch giai khdc sau:

* RO rang bt phudng trinh xdc dinh khi -1 <x <4.

* DE thdykhix =4, thi VT = Js, wrdé suy ra néum < J5 thi chic chin bat
phuong trinh ¢6 nghiém (vi khi d6 it nha't x = 4 12 nghiém).

* Xétkhim> /5. Tacé
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Jx+124—x20
Vr+1-Va-x2
" PR (EE T -vER) e m?
(42x2§- 3
=X 2
5-m?22/x+ (@4 -x) 4)

Dom> \/g, nénS5-m’<0 vay (4) v0 nghiém

= hé¢ (3) (4) v6 nghiém.

Vay khi m > /5 bt phuong trinh d4 cho v6 nghiém.

Tir d6 suy ra bit phuong trinh dé cho c6 nghiém < m < /5.

Ta thu lai k&€t qui trén.

R& rang cdch gidi nay vira phifc tap, vira khdng sdng sia nhu cdch gidi bing

cédch st dung gi4 tri 16n nhat va nhd nhdt clia him s& ma ta dd ding & wén.
Bai 5. Cho b4t phuong trinh sin3x + msin2x + 3sinx > 0.

Tim m d€ ba't phuodng trinh diing véi moi 0 < x < -72£ .
Huéng dén gidi

Pua b4t phuong trinh d cho vé dang

3sinx — 4sin’x + 2msinxcosx + 3sinx > 0. (1)

V8imoi0<x < —725 thi sinx > 0, vay tir (1) suy ra —2sin’x + mcosx +3 20

& 2cos’x + mcosx + 1 20. )

Dit t = cosx. KhiOstg thio<t<l.

Lic nay 2) © 2 + mt + 1 20. 3)

R& rang khi t = 0 thi VP (3) = 1 > 0 Vm, vi th€ ta chi canxétvéi0<t<1,do
2

viy@ o 2

Bai todn d3 cho trd thanh:

2
Tim m d€ bat phuong trinh f(t) = 2+l

>2-mding v6imoi 0<t<1

Diéu nay xay ra khi va chi khi Ominl f(t)>-m.
<ts

212 -1

Ta c6 f'(t)=—=— va c6 bing bi&n thién sau
t
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2
t 0 2 1
(1) - 0

f(t) \ /

Vay min £(t)= f(-‘@) =22 (5)

0<t<l 2

Tu (4) (S) suyra 22>-mom>-2V2
D6 1a cédc gid tri cAn tim cla tham s6 m.
Nhén xét: Céc ban hiy tr giai 14y thém it nhat bing 2 cdch khdc, rdi hdy so
sdnh véi cdch ma ching t6i vira trinh bay!
Bai 6. Tim k d€ hé sau diy
{2x2 -7x+3<0
5 ¢6 nghiém
x“-kx+k<0
Huéng dan gidi
x2 <k(x-1) (1)

Viét lai hé da cho du6idang 1|
> <x<3 (2)

Do x = 1 khéng phai 12 nghiém cia (1) v6i moi k, nén (1) (2)

( 2
(f(x)=—’—(——sk 3)
9 x—1
1<x<3 C))
< <2
f(x)=—=2=k (95
) x-1
_%Sxd (6)

Hé (1) (2) ¢6 nghiém
minf(x)<k (7)
{hoac 12 hé (3) (4) c6 nghiém 1<<3

<:> .
hoic 12 hé (5) (6) conghigm | max f(x)2k (8)

—<x<l
2

x? —2x

(x-1)°

Tacé f'(x)= va ¢6 bing bi&n thién sau
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1 '
0 = 1 3
X 2
f'(x) - -
fo T o 5
2\ \ / 2
Tu dé ta suy ra max f(x)= f(i)z—l,
l<x<l 2 2
5
Imin%f(x)zf(2)=4. (10)
<X<3
k>4

Thay (9) (10) vao (7) (8) va cé L < 1 1a cdc gid tri cAn tim cda tham s6 k.

Nhdn xét: Cac ban hay gidi lai bai nay biing phuong phdp khdc rdi so sinh véi
cach gidi cla ching t6i!
Bai 7. Tim m dé hé {xj ~3x<0 c6 nghiém.
x* = 2x[x —2|-m? -20m 2 0
Huéng dén gidi
Vi€t lai hé da cho duéi dang twong duong sau
f(x)=x" -2x|x-2|2 m? +20m (1)
{0 <x<3 , 2
Lap bang bién thién sau diy:

2
X 2 5 2
f(x) 7 x* + 2x% - 4x x> — 2x% + 4x
f'(x) 3%’ +4x - 4 3x* - 4x + 4
f'(x) - 0 + +

o \ / /

Vay max f(x) =max{f(0); f(3) = max{0; 21} = 21.

0<x<3

Hé (1) (2) ¢6 nghiém < max%f(x)Zm +20m < m’ +20m <21
0<x<?

om+20m-21<0e-21<m<I.

293



Chuyén d& BDHSG Toén gid trj I6n nhat va gid tri nhd nh&t — Phan Huy Khai

3x%+2x-1<0

x3 +3mx+1<0

Bai 8. Tim m d€ hé { c6 nghiém.

Hubng dén gidi

x> +1<-3mx (1)

Vi€t lai hé di cho dudi dang twong duong 1
-1<x< § (2)

RG rang v6i moi m thi x = 0 khong phdi 13 nghiém cia (1), nén ta cé

x3 +1

f(x)=- <m (3)
3x

—~1<x<0 4)

MR | 3
f0=-"2Lsm &
3x

1
O<x<— 6
3 (6)

L\

Hé (3) (4) c6 nghiém < min f(x)<m @)
~l<x<0
Hé (5) (6) c6 nghiém <& max f(x)2m (8)

-l<x<=
3

1-2x3

Tacé f'(x)= >
3x

, va ¢ bang bi€n thi€n sau

W | =

X -1 0
f'(x) + +

f(x) /7 / A

Twrdétacé min f(x)=f(-1)=0, max f(x)= f(l) = _28
-15x<0 1 3 27

1
2
0

O<x<=
3
' m20
K&t hgp lai suy ra hé di cho c6 nghiém khi va chi khi 28 .
m

=727
Bai 9. Cho bit phudng trinh m(\/xz —2x+2+ 1)+ %(2-x)<0

Tim m d€ bat phuong trinh c6 nghiém x € [0; I + V31
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Huéng dén gidi

Piatt= Vx? -2x+2
Xétham s6 g(x) = Vx2 -2x+2 véix € [0;1 + /3]

x-1 .
= g'(x) = —====——v2 c6 bang bién thién sau
Vx2 -2x+2

1+J§

X 0 1
f'(x) - 0 +
f(X) %\ "
Z
T d6 ta c6 ()sg?lif\/s' g(x) = max{g(0); g1 + \/5)} = max{\/i; 2}=2

min x)=g(l)=1
()sxsll+J§g( )=¢d)

Viy mién x4c dinh clia bi€nmdila 1 <t <2

Tot= VX2 -2x+2 = €=x2-2x+2=>-2=-x(2-X)

Do d6 bat phuong trinh di cho c6 dang
2

mt+ ) <t-26 " 1 >mdot+1>0vite[l;2]

Bai todn di cho trd thanh:

2
tc -2
Timmaéhe {{ V= T772™ D 6 nghiem.
I<t<2 2)
Diéu niy xdy ra < max f(t)>m 3)
1<t<2

2
Tac6 f'(t) = ‘-—f—zﬁ;—z vi ¢6 bing bién thién sau

(t+1)

t 1 2
f'(v) +
Z
Nhu vy max f(t)=f(2) = Z “4)
1st<2 3

Tir (3) (4) suyram < % 1a c4c gi4 tri cAn tim ctia tham s6 m.
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Ghuongs.  VAIBAITOAN KHAC VE
GIA TR] LGN NHAT VA NHO NHAT CA HAM SO

§1. UNG DUNG GIA TR| LGN NHAT VA NHO NHAT BE GIAI
PHUGNG TRINH VA BAT PHUONG TRINH KHONG CO THAM SO

Ta st dung cdc két qua hién nhién sau diy d€ gidi mot s§ 16p phuong trinh

va bit phuong trinh c6 cdu triic dic biét dugc xét dén trong muc nay.

Ménh dé 1: Xét phuong trinh f(x) = g(x), v6ix € D (N

Néu nhv v6i phuong trinh (1) ta c6 diéu kién Teag f(x)< irligg(x) thi (1) vo

nghiém.
Ménh dé 2: Xét phuong trinh f(x) = g(x), v8ix € D (2)
fx)=a

Né&u nhv ta ¢6 max f(x) =ming(x) =0 thi (2) & {
D g(x)=o

xeD xe
Xét cdc bai todn minh hoa sau diy.
Bai 1. Gii phuong trinh vx -2 + V4 —x =x? -6x +11.
Huéng din giai
Ta thi'y mién x4c dinh clia phuong trinh 1a D = {x: 2 < x <4}.
Patf(x) = Vx -2 +V4—x va g(x)=x’- 6x + 11.
Tacé fA(x)=2 + ZW—T).
Theo bt ding thitc Cosisuy ra 2 < f(x) <2+ [(x - 2) + (4 - x)]
=22<f(x)<4 =2 <fx)<2.
Laicé f(x) =2 x-2=4-xx=3.
Viy maxf(x)=2 ©x=3.
xeD

Tacéd g(x)=(x-3+2=> migg(x)=2 & x=3.
Xe

Do ma[J)( f(x)= milr)l g(x) =2, nén phudng trinh di cho tudng duong véi hé sau
X€ Xe
f(x)=2 x=3
= x=3.
g(x)=2 x=3
Vay x = 3 1a nghiém duy nh4t ciia phuong trinh.
Nhdn xét: Xét céch gidi khdc sau day:
Pitu= Vx-2+V4-x 2u2=2+2(x-2)(@-x) =2+ 2V-x? +6x -8
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hay =2+ 2\/3—(x2—6x+11).
TUr d6 ta di d€n phuong trinh hé qua sau:
w¥=2+2y3-u ouv’-2=23-u
V2 <us<3 V2 <u<3
= Lemd
ut-4u? +4=12-4u u*—4u® +4u-8=0

{\/ESUS3

=

oSu=2,
(u—2)(u3+2u2 +4)=0

T d6 din dén phuong trinh Vx -2 +V4-x =2 <2+ 2J—x*+6x-8 =4
o -x*+6x-9=0x=3.
Thit lai x = 3 vao phudng trinh di cho ta thdy thda min, nén dé 13 nghiém
duy nhi't ctia phuong trinh da cho.
Ta thu lai k&t qué trén!
Céc ban c6 nhin xét gi vé tinh hiéu qua ciia mdi cdch gidi trén!
Bai 2. Gidi cdc phudng trinh sau:

2
1. xT_Q§+_U= x2 —6x+18,
X -6x+11
2. V3x24+6x+7 +/5x2 +10x +14 =4-2x —x2.
Huéng dén gidi
2_
1. Xét phuong trinh w= x —6x+18 . (1)
X°=6x+11
x2-6x+15 4 4

5 =1+ 5 =1+ 3
x“—-6x+11 Xx“-6x+11 x=-3+2

Ta c¢é f(x) =

Rorang Vx e R,tacé f(x) <1+ %=3,

f(x)=3<x=3.
Vay max{(x)=3.
xeR

Lai c6 g(x) = VX% —6x+18 =(x-3)2 +9 >3

gx)=3 ox=3
Viy ming(x)=3
xeR
. f(x)=3 =3
Vithe (e {73 S 1%=3 oos
g(x)=3 x=3

Do véy x = 3 1a nghiém duy nh4t cda (1)
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2. Xét phuong trinh V3x? +6x +7 +V5x2 +10x + 14 = 4 - 2x —x? )
Ta ¢6 f(x) = V3x2 +6x+7 +v5x2 +10x + 14

= B +D +4+/5x +12 +9.
ViyVx e R, thi f(x) > 5;£(5) =5 @ x =-1.
Tir d6 ta ¢6 migf(x):S ox=-1.
Xe

Laicé g(x)=4-2x-x=5-(x+1’=>g(x)<5 Vx eR;
gx)=5x=-1.

Do vdy maxg(x)=5 & x=-1.
xeR

” f(x)=5 x=-1
Nhu th€ suy ra (2) < = ox=-1
g(x)=35 x=-1
Tir d6 ta ¢6 x = —1 12 nghiém duy nhét cia (2).
Bai 3. Giai phuong trinh 22! 423-2% = 28 .
log;(4x” —4x +4)
Hudng dén gidi

Theo bat ding thitc Cbsi, ta c6

f(x) =22+ 4 232X 59 [r2x+1 p3-2x _ 5 \/’27 -3,

f(x)=8©2x+l=3—2x<:>x=%.

Vay minf(x)=8 < x =l.
xeR

Laic64x’ - 4x+4=(2x- 1)>+323 = logs(4x’ - 4x + 4) 2 1.

Vith€ Vx € R, tacé gx) = 8 <8;

log,(4x% —4x+4)

1
X)=8=x=—,
g(x) X 5

1
Vaiy m =8 x=—.
ay xeaﬁcg(x) X >

>
i

f(x)=8

Do d6 phuong trinh di cho tuong duong véi hé { (=8
gx)=

>
I

12 nghiém duy nh4t clia phuong trinh di cho.

1
Viyx= —
Yy >
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Bai 4. Giai phuong trinh 2%~ _ gt =(x-1)?
Hudng din gidi
Xét phuong trinh 2 25"~ = (x ~1)%. 1)
Tacé gx)=(x-1)*20Vxe Rvaigx)=0=x=1.
Viy ming(x)=0 ©@x=1.
xeR
Do(x-120=>x*-2x+120
=>x-x2x-1
= 2¥0% 5%l
Viy Vx € R, ta ¢6 f(x) = 21 —2°~* <0;
fx)=0x-1=x*-xx=0.
Trd6é suyra max=0 <& x=1.

xeR
Viy (1) < {f(x)=0©{x=1 ox=1
g(x)=0 x=1

Nhur th& (1) c6 nghiém duy nhit x = 1.
Bai 5. Gidi phuong trinh 3x* - 4x*= 1 - \/(1 +x2)3
Hudng dén gidi

) 2
Ap dung b4t ding thitc Csi, ta c6 (1+%x2)+(1 +%x2)+ 1233 /(1 +%x2)

2
=3(1 +x%) 2> 33 (1+%x2)

= 1 +x2)? 21+§-—x2

=1- {@+x2) S—%xz vxe R. (1)

Lai 4p dung bt ding thic Cdsi cho 4 6, ta c6:

x*+2xt+x + lx2244\/x'2 >4x°
2
=>3x“-4x3z--§-x2 Vx € R. ()

TiY (1) (2) suy ra f(x) = 3x* - 4x* - (1 - Y1 +x*)®)>0Vx e R
f(x)=0=x=0

299



Chuy8n dé BDHSG Todn gia tri I6n nh4t va gid tri nhd nhat — Phan Huy Khai

Viy minf(x)=0 < x=0.
. xeR

R& rang phuong trinh d4 cho c6 thé viét duéi dang f(x) =0
T d6 suy ra phuong trinh da cho c6 dang milg f(x)=0 ©x=0
Xe

Viy x = 0 1 nghiém duy nh4t cdn tim.
Chii §:
bat biét v6i phuong trinh dang f(x) = o, x € D
ma théa min diéu kién maxf(x)=a (hoic minf(x)=a),
xeD xeD

khi d6 ta ¢6 f(x) = a < max f(x) = a (hodc f(x) = o < minf(x)=a).
xeD xeD

Bai 6. Giai phuong trinh sin®x + cos®x = 32(sin'’x + cos'*x)
Huéng dan gidi
Pit f(x) = sin®x + cos’x, x € R.
Ta céd sin®x < sin’x
cos*x < cos’x
= f(x) = sin®x + cos®’x < 1 Vx € R.
sin® x =sin? x

8 2

ox=k= (ke 2)
COS X=C0S X 2

Mitkhic fx) =1 < {

Tir d6 ta cé rriaxf(x)=1©x=k-1-t-,ke Z.
xeR 2

Ap dung k&t qui sau ddy: NEua, b >0 va a + b = 1, thi v6i moi n nguyén va
>2tacé:

a"+b"> (*)

2n-l )
g x 2 1
Diubidng xdyra<a=b= 3
. . . 1
Do sin’k + cos’x = 1 = sin'?x + cos'’x = (smzx)6 + (coszx)6 > -
2

= g(x) = 32(sin'*x + cos*x) > 1,

vx € R. /- L\ /<
g(x) = 1 & sin’x = cos’x = \-J

1
2

SX = E+k£,ke Z
4 2

Ta cé: kn
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sin®x + cos®x = 32(sin'’x + cos'*x) (1)
< f(x) = g(x)
T cdc k&t qué trén suy ra

{f(X)=l

(1)< 1<

g(x)= x=24+kI xez (3)
4 2

x=k§,keZ Q)

RS rang hé (2) (3) vo nghiém = (1) v6 nghiém.
Chu y: (*) ching minh nhu sau:
XéthimsGhx)=x"+(1-x)"vdi0<x<1
= h'(x)=nx"" —n(1-x)"" = n[x"'] -1-x)"! ]

= n[x ==X 2+ x"3A -0+ + (1-0)" |
=n(2x — 1)[){"‘2 +x"31=x)+...+(1- x)"_z:l

Tir d6 c6 bang bién thién sau:

X 0
h'(x) +

h(x) \ / /

4

ol
Pt

NhuvidydoO<a<1=h(a)2 h(%)

1
@a"+(l—a)“22—n_T hay a" +b" > —.
a b 2 l 1
Diaubdng xdyra < a= 3 @a:b:a = dpcm!

Bai 7. Gidi phuong trinh cos3x + V2 —cos?3x = 2(1 + sin’x).

Huéng dan giai
bit f(x) = cos3x + V2 —cos?3x ; g(x)=2(1+ sin’x) véix € R.
Khi d6 phuong trinh da cho cé dang f(x) = g(x). (1)

Dé& thdy g(x) 22 Vx € R (dosin’x >0 Vx € R)

Mitkhicgx)=2 o sinx=0<x=knk e 2).

Viy ta cé migg(x) =2 & x=km )
Xe

Ap dung bat ddng thic Bunhiacopski, ta c6:
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2
[cos2 3x+(2- cos® 3x)](l +1)2 (cos 3x + V2 —cos? 3x)

TUr d6 suy ra f(x) = cos3x + V2 -cos?3x <2 Vxe R

cos3x _ v2-cos®3x
1

1

& c0s3x = V2 —cos? 3x
{cos 3x20

cos®3x =2 —cos? 3x

fx)=2&

& cos3x=1.

Viy maxf(x)=2 < cos3x =1

R R
ox=Xr 3
T d6 suy ra

kn
f =2 —4 —
(l)o{ x) X 2 3 ,keZ

g(x)=2 X=k1t,kEZ T, xeZ X=k1[,kEZ

<x=k2n,ke Z
Viy x =k2n, k € Z 1a nghiém cia phuong trinh di cho.

Bai 8. Gidi phuong trinh \/xz +x-1 +\/x—x2 +1=x>-x+2.
Huéng dén gidi
Mién x4c dinh clia phuong trinh 13 tip hgp D gdm nhitng phén tif x thda min
2
X“+x-120
he " | (1) (chd ¥ ring x* - x +2>0 Vx)
X" +x+120
© Viét lai phuong trinh d4 cho du6i dang

\/x2 +x—1+\/x-x2+1—(x+1)=x2—2x+‘1.(1)

B:{ug(x):xz- 2x + 1; f(x) = \/x2 +x—1+\/x—x2+1—(x+l), véix € D.
Tacég(x)=(x-1*20VxeD
gx)=0x=1
Tird6 suy ra ming(x)=0 <& x=1.
xeD

Theo bt ddng thitc Cosi Vx e D, ta c6
x2+x-1)+1

\/x2 +x-1 =\/(x2 +x-1.1<
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2
Vr-x?1=yJx—x?+1.1 < EX D+

Tir d6 suy ra \/x2+x—l+\/x—x2+13x+l hay f(x) <0 Vx € D.

[x=1
2
+x-1=1 X=-2
=0 e ex=1.
x-x2+1=1 x=1
x=0
T d6 di d€n maxf(x)=0 < x=1.
xeD
. . f(x)=0 =1
Két hgp lai suyra (1) (x) c>x ox=1.
gx)=0 x=1

Do vay x = 1 1a nghiém duy nh4t clia phuong trinh di cho.

2 2
Bai 9. Gidi phuong trinh [cos2 X+ 12 ) +(sin2 X +— 12 ) =12+ lsiny .
cos“x sin” x 2

Huéng din gidi
Pitgy)=12+ %siny, ye R.

Ta cé g(y) < 12% Vye R

g(y) = 12% Ssiny=1ey= -§-+k2n, ke Z.

Vay maxg(y)=1210y=£+k2n, ke Z. (1)
yeR 2 2
) 1 5 1 ¥
biatf(x)=| cos”" x + 5 |+ sin” X +——
cos” X sin” x
1 1 l—lsin22x
=(cos4x+sin4x)+( T )+4=1— —sin22x+—_—4+2———4—+4
cos* X sin"x 2 sin” xcos” X
1 1-Lgin?2x
= 1-=sin?2x +16—2——+4. e)
2 sin” 2X

-1

Tir (2) d& dang suy ra Vx € R, ta o6 f(x) > 1-%+16-T2-+4
hay f(x) > 12% Vxe R,
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f(x) = 12%9 sin2x = 1 < cos2x = 0 & x=§+n—§-,n eZ.

Vi phuong trinh da choc6 dang f(x) =g(y) x,ye R 3)

1
fx)=12—
(x) >

T cidc lap luan trén suy ra (3) < 1
gly)= 125

ex=Z4nl ;y=£+k2n,nvéke Z
4 2 2

Bai 10. Gidi phuong trinh (sin3x + cos2x)’ = 5 — sinx.
Huéng dén gidi
Pit f(x) = (sin3x + cos2x)%, g(x)=5-sinx,x € R
Dosinx<1Vxe R= g(x)=24,Vxe R

gx)=4osinx=1x= g+k2n,ke Z.
T d6 suy ra ming(x)=4 < x= E+k21t. (N
xeR 2

Lai c6 |sin3x +cos2x|<|sin3x| +|cos2x|<2 Vx € R

=>f(x)s4vVxe R

sin3x =1
. cos2x =1
f(x) =4 & [sin3x +cos2x|=2 & | 2)
sin3x = -1
cos2x =-1

Tir d6 ta c6 ma]ég f(x)=4 < x théa min (2)
Xe

Vi phuong trinh da cho ¢6 dang f(x) = g(x), nén ti cdc k&t qué trén suy ra
f(x)=4 (3)

phuong trinh da cho tudng duong véi hé {
_ gx)=4 4)

Tir (1) (2) suy ra (3) (4) & x = §+ kn, ke Z

Viyx = §+ kn, k € Z 1a nghiém cia phudng trinh di cho.

Nhdn xét:
Khé c6 cdch giai nao khdc gon ging hon cdch gidi trén
C4c ban cif thit twdng tugng sau khi sir dung cdng thic sin3x = 3sinx - 4sin’x;
cos2x = 1 — 2sin’x, ta dua phudng trinh di cho vé dang:
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(4sin’x + 2sin’x — 3sinx — 1)* = 5 - sinx
< 16sin®k + 16sin’x — 20sin*x — 20sin®x + 5sin’x + 7sinx — 4 = 0
& (sinx — 1)(16sinx + 32sin*x + 12sin*x — 8sin’x — 3sinx + H=0
DPé&n diy mdi cdc ban gidi ti€p!! C4c ban thdy th€ nao?
4x% +14x +46 _

Bai 11. Gidi phuong trinh — 2x% -8x +13.
X“+2x+10
Huéng dén gidi

4x% +14x + 46

x2+2x+10

Goim 12 gid tri thy y. Khi d6 phudng trinh sau (4n x)

4x? +14x + 46

x2 +2x+10 -

Dox*+2x + 100 Vx (vix>+2x + 10> 0), nén

(1) © 4x* + 14X + 46 = mx* + 2mx + 10m
Sm-4)x*+2(m-7)x+10m-46=0 (2)

* Khim=4,thim-7#0= (1) cé nghiém.

* Khim # 4, thi (2) c6 nghitm < A’ 20 m’-8m+15<0
S3<m<5(m=4)
3<m<s.

Vay (1) c6 nghiém < 3<m<S5.

Khim=35,thi(2)cédangx’-4x+4=0=x=2

bat f(x) =

(1) ¢6 nghiém

Tu @6 ta cé ma}i(f(x)=5 ox=2 3)
Xe
Tacég(x)=2x2—8x+l3=2(x-2)2+5
Nhv vy migg(x) =5ox=2 4)
X€

Tu (3) (4) suy ra phudng trinh da cho twong duong vdi hé
{f(x) =5 {x =2
< oSx=2

g(x)=35 x=2

Vay x = 2 14 nghiém duy nhat cin tim.
Nhdn xét: Xét cach gidi khdc sau diy

4x* +14x + 46

x? +2x+10
S 4x7 + 14x +46 = (2x% - 8% + 13)(x* + 2% + 10)
&2~ 4x’ + 13x* - 68x + 84 =0

=2x% -8x+13
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Ox -2’2 +4x+21) =0 x =2
Céch gidi ndy hoan toan chidp nhin dudc, né€u cdc ban dodn trudc dugc
nghiém x = 2!
Bai 12. Gidi phuong trinh 4%7* —21%in% cogxy) 4+ 2M =0
Huéng dén gidi
Vi€t lai phuong trinh dudi dang sau:

P= [25"’ x_ cos(xy)]2 + (ZM - cosz(xy)) =0. (1)

Tacé 2" >1 vy e R
cos’(xy) <1 Vx,y € R.
Vith€P>0Vx,ye R

2sin X

—cos(xy)=0

P=0x {2M _cos?(xy)=0 <

y=0

2% = cos(xy) gsinx _ |
&
2P =)

cosz(xy)=l
sinx =0 x=kn,keZ
o

y=0 y=0

ViyminP=0&ox=km;y=0,ke Z

Tir d6 suy ra nghiémcda (1) lax=kn,y=0vl8ik e Z.
Bai 13. (D¢ thi tuyén sinh Pai hoc Cao ddng khdi A)
x+y—\/E=3
VX+1+ y+l=4'

Huéng din gidi

x+y—\/;)7=3 M
\/x+1+,/y+l =4 (2)

Gidi hé phuong trinh {

Xét hé phuong trinh {

x+120 (3)
Piéu kién d€ hé (1) (2) cé nghia la {y+120 (4)
xy20 &)

Tr(3)@)suyrax>-1;y>-1

D& thiy nfu -1 <x<0va-1<y<O0thi Vx+l+y+1<2 vy khong thé
théa man (2)

=>x>0;y>0.

Vi the theo bat ding thitc Cosi, ta c6 tir (1) : x +y =3 + Xy <3+ x—’z“l
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= x+y<6. (6)
'Ap dung b4t ding thitc Bunhiacopski, ta c6

(\/XT1+ y+1 1) [(Jx+l) +(\/y+l)2i|(12+12)
=S Vx+l+Jy+1< 2(x+y+2)<4

4 & ‘xl+l=“yl+lvz‘1 X+1+

= max ( x+1+ y+) y+1=4

x>0,y>0

X=y
o Sx=y=3.
{\/x +1=2 y
T d6 suy ra (2) <> x =y =3 va x =y =3 ciing thda min (1).
Vay hé (1) (2) ¢6 nghiém duy nhitx =y =3
Nhén xét: N&u khong st dung phuong phép tim gid tri 16n nh4't ciia ham s6 dé
danh gid hai v€, ta c6 thé gidi thudn tdy hé phudng trinh trén nhuy sau:

TYQ)cox+1+y+1+2Jx+I)(y+1) =16
S2+X+y+ 2yxy+(x+y)+1=16. @)

Pitt= Jxy 20, thitr(1)c6x+y=3+1t

Thay lai vio (7) va c6 3+t + 2vVt? +3+t+1=14

0<t<ll

o W +t+d=11-t & )
3t +26t-105=0

0<t<ll
& t=3 ot=3.
35
t=-=—
3
Khi d6 \xy =3 xy=9
=6
Vay(l)(2)©{_y ox=y=3.

Ta thu lai két qua trén!
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A.

§2. GIA TRI LGN NHAT VA NHO NHAT CUA
HAM SO PHY THUOC THAM SO

Cho ho ham s& Fn(x), vdi x € D. V8i mbi gid tri cia tham s m, ta xét bai
todn tim gid tri 16n nhAt, nhd nhit cda ham s§ F(x) v6i x € D. Nhu vay di
nhién gi4 tri 16n nhat, nhd nh4't cia ham s8 F(x) trén D 14 céc dai lugng phu
thudc tham s6 m. Tiy theo gi4 tri cia m hiy khdo sdt cdc tinh chit cia cdc
gid tri 16n nhat, nhd nhat ciia ho ham s8 F(x) theo mot tiéu chi nao d6. b6

12 ndi dung cta bai todn ching ta xét trong muc nay.

Bi¢n luén theo tham sé gid tri I6n nhdt va nhé nhdt ciia ho ham sé
phu thupc tham sé

Bai 1.Choho ham sd { (x) = tanz(x +a)+ tanz(x -a), vdithams6 a € | 0; il .
@ 2

Tim gid tri nhd nh4't clia f,(x) va bién ludn theo a.
Huédng dén gidi
Bi€n ddi f,(x) vé dang sau day

_ sinz(x +a) sin?(x — a)

fo(x)=

cosz(x +0) cos’ (x—-a)

_ sinz(x + oc)cosz(x —-a)+ sinz(x —a)cosz(x +a)

cos? (x+ oc)cos2 (x-a)

_ (sin2x +sin 20)% + (sin2x —sin2a)?

(cos2x +cos 201)2

_ 2(sin2 2x +sin? 201)

(1

(cos2x + cos 20()2
NEuO<a< :1’3 =0<2a< g = c0s20, > 0.

Ta c¢6 VxeD,, (8 ddy D, 12 mién xdc dinh cia ham s&§ f,(x))
0 < sin’2x + sin®2a < sin*2a )
DA4u bing trong (2) xdy ra <> sin2x = 0.

Do cos2a =0, nén (cos2x + cos 20L)2 <+ cosZa)2 . 3)

D4u bing trong (3) xdy ra <> cos2x = 1.

sin2x=0 , 3 .

Vihé chiac chan c6 nghiém, chang han x = 0, vi th€ trong trudng
cos2x =1

hop nay
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sin® 2a, _ 4sin® a.cos® o,
4

5= =2tan’a .
(1+cos2a) 4cos” a

minf,(x)=2

o T T
NeuZSaSE:-Z—SZaSR =cos2a <0

Do cos2a < 0, nén (cos2x + cos2a)’ < (-1 + cos2a)?.  (4)
D4u bing trong (4) xdy ra <> cos2x = -1

in2x =0 . .
Vi hé sex ¢4 nghiém (chang han x = k4 ), Vi th€ trong trudng hgp
cos2x =-1 2
. .2 s 02 2
4
ndy minf (x)=2 sin” 20 5= Sin ajos « =2cot’a.
(-1+cos2a) 4sin” o

Nhu viy theo tham s§ a, ta ¢6 két ludn sau:

» n
2tan? a, NeuOSaSZ

minf,(X) =

2 o I T
2cot“a,néu—<a<—
4 2

Bai 2. Tim gi4 tri 16n nhit va nhd nhit cia ham s4:
f.(x) = sin*x + cos*x + msinxcosx, x € R

Bién ludn theo m.
Huéng dén gidi

Viét lai f(x) dudi dang sau: f (x)=1~ %sin2 2x + —Izr—lsin 2x .
man)g f,(x)= nrlnsa:;cl F,0 (@

Pitsin2x =t (-1 <t<1). Khidétacd ) , G day
(x)= _min lFm 1 ()

Fm(t)=—%t2 +§-t+l, vi-1<t<1.

Ta ¢ F,, (1) =—t +i;-.
C6 ba khd nang sau:

’ . ” m N 2 2 ¢ *A
. Néum > 2, khi d6 EY > 1 va ta c6 bang bi€n thi€n sau

m
t -1 1 2
E, (1) + 0

Fan(1) /
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L _ _m+l
Tir d6 suy ra max F,(0=F,(D= >

’

min Fy (0=Fp(- 1)_1—2“‘-

2. Néum < -2, khi d6 % < -1 vi c6 bing bién thién sau

m
t 2 -1 1
F, (O 0 Z -
Fu 7
7 A
L a4 . l m
Lic d6 ta ¢é rlnax F,(O)=F,(-)= 2
1+m

xlmn F,(O=F,1)=

e m ~ ’ 2 (e *aA
3. Neu-2<m<2=>-1< -2—<1,va c6 bang bi€n thi€n sau

m
t -1 2 1
E, () + 0
Fm([) / \
Lic nay max F (1) = F( ) m’ +38 ,
-Ists 2 8

mm F,, (t) = min{F(-1);

—1<t<

fem l+m l_m,né'u0.<.m<2
F(l)}:min{ s }: 12
. +m,neu-—2<m<0
2
(1-m
,néum<-2
2
m2+8
Tém laitacé max F,(t)=1 ,hiéu-2<m<2;
-lsm<l1
L+ ,néum >2
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m .
,néfum<0

min F_(t)=
-1t ™ 1-m .
,néum>0

Bai 3.
1.

Cho ham sd f(x) = x/acos2 X +bsin?x +¢+ \/asin2 x +bcos’x +c.
Tim a, b, ¢ € ham sd x4c dinh v6i moi xe R.
Gi4 st f(x) 12 him s6 xdc dinh trén R. Tim gi4 tri I6n nhat clia ham s&
F(x) = f(x) + msin2x, vdix € R.
Bién ludn theo m.

Huéng dén gidi

. Viét lai f(x) duéi dang sau:

f(x) = ‘jal+c052x_i_bl—COSZx_I,_C+\/al—cos2x+bl—l~c052x+C
2 2 2
_ \/a+b+20+a_bcos2x+\ja+b+2c+b—acos2x )
2 2 2 2
Ham s6 f(x) xdc dinh v8i moi xe R khi va chi khi
a—b0052x+a—#20VxeR
b_ac052x+-zit—)2—izf—20\7’x€R
- . la=b a+b+2c
a bt+a+b+2c>OV|t|S1 mm[ t+ ]20(2)
2 - f<rl 2
“lb-a  a+b+2c < b—a_  a+b+2c
—t+ >0V||<1l  |{min|—=t+ ]203
2 2 ” |t|$l[ 2 2 ©)
Do 2F2F2€ 1, hing s6 khi t bi€n thién nén
————a+bz+2°+rlxlui?[a;bt]20(4)
t<
2)3)e b2 b
a—+—i-3+mm[ _at+]20(5)
2 <

Néua>b= min[a
2 2

i

—bt]=a—-b(_l)=b—a
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. [b—a b-—-a b—a
mm[ t] = )=

Ml 2 2 2

a+b+2c b-a

+

Khi d6 4) (§) & >0 <©c+b2>0.

e N¢ua <b, hoan toin wong ty ta cé
b+ 2c —-b
4 3= at 2+ c+a2 >0 <c+a>0.
Tém lai d€ f(x) xdc dinh Vxe R ta cincé
c+b>0,néua>b
c+a>0,néub<a

< ¢+ min(a; b) >0 (6).

Viy (6) la di¢u kién can va db d€ {(x) xdc dinh Vxe R.
2. bat g(x) = msin2x, thi F(x) = f(x) + g(x) (7).
Ta ¢6 |g(x)| <|m|Vx €R.
- gx)<m VYxeRn€um>0
gx)<-m VxeRnéum<0

Khi m > 0 thi maﬁ(g(x):m &sin2x =1. (8)
Xe

Khi m <0 tht maxg(x)=—m « sin2x = 1. )
Xe

Do f(x) > 0 Vxe R, nén maxf(x)= /max fz(x) (10)
xeR x€R

2 2
a+b+2c] _[a—b] cos?2x (1)
2 2

Do thda min (6) nén a + b + 2c = (¢ + a) + (c + b) > 0, tir d6 tir (11) ta ¢6
Vxe R, thi

Ta cé fz(x)=(a+b+2c)+2\[

fz(x)g(a+b+2c)+2?_+_‘22_+_2£=z(a+b+2c)

fz(x)=2(a+b+2c)©cos2x=0
Vay maﬂi(fz(x)=2(a+b+2c)<:> cos2x =0
XE

=>ma£f(x)=\/2(a+b+2c)® cos2x =0 (12)
Xe

déu c6 nghiém, nén suy

cos2x =0

sin2x =1 in2x =-—1
Vi cac hé phuong trinh n va snex
cos2x =0

ra max F(x) = max f(x) + max g(x) = y2(a + b+ 2¢c) +|m|.
xeR x€R x€R

312



Cty TNHH MTV DVVH Khang Viét

Bai 4.Tim gi4 tri 16n nh4t va nhd nh4t cda ham s6:
fx)=mx’+(m+ Dx+m+2, rténmiénD={x:1<x<2}.
, Huéng dén gidi
e Khim=0,tacoéfy(x)=x+2
Ta thiy f,(x)=1> 0, nén fy(x) la ham déng bi&n khi x € [1; 2]
= minf,(x) ={,(1) =3 ; max{(x)=1£,(2)=4.
xeD xeD

e Khim>0. Tw f,'u(x)=2mx+m+l, va dom > 0, nén _m2_+1<0’ nén ¢6
m

bdng bi€n thién sau:

m+1
' T Tom ! 2
f,'n(x) 0 ; + é
£ (X) /
7 — E

Tu d6 ta cé mmf () =f,1) =3m+3; mal;(fm(x)z f,(2) =7m + 4.
X€

1 .
suy ra xét

e Khim<O. T f, (x)=2mx+m+1, va f;n(x)=0 SXx=-

ba kha ning sau:

a. N&u -2 +1 <lem< —l. Lic nay ta c6 bdng bi€n thién
2m 3
m+1
-—— 1 2

X 2m
fl‘n(x) O ; - é
£, (x)- ;

; \

Tr d6 tacé minf, (x)=£,(2) =7m+4 ; maxf,(x)=1f,(1) =3m+3.
xeD ‘ xeD

b. Néu — “;;1 >20>m> —é. Lc nay ta c6 bang bi€n thién
X | Eﬂi
2m
6| 4 ¥ % 0
£ (X) 7/ /7 E
7
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T d6 ta ¢6 minf, (x)=f, (1) =3m +3 ; maxf, (x)=1,(2) = 7m +4.
xeD xeD

c. Néul< _m+! <2& 1 <m< —l. Lic nay ta c6 bing bi€n thién
2m 3 5
m+1
—— 2
X 1 >m
£ (x) ﬂ + 0 - V
W) | 7

2
T @6 suy ra ma!;(fm(x)zfm[—m-'_l}:?’m +6m -1
Xe

2m 4m
min f,, (x) = min {f.(D; £,(2)}

3m+3né’u—l§m<—%
=min{3m+3; Tm+4}= X L
Tm+4nfu—=—<m<——

3 4

Tdng hop lai ta c6 :

3m + 3, n€u mz—l 7m+4,né’um2—-‘l{
minf,, (x)= ; maxf (x)=
xeD

7m +4, néu mg—z xeb 3m +3, néu ms—%

B. Cdc itng dung ciia vi¢c khdo sdt gid tri lén nhét va nhé nhét ciia cdc
ham s6 phu thudc tham s6

Bai 1.
Tim a, b d€ bat phuong trinh sau: cos4x + acos2x + bsin2x > -1 ding v8i moi
xe R.

Huéng dén gidi
Vi bt phuong trinh dting vdi moi x, nén néi riéng né phai ding khi
X =" Vi x=—t.
4

&b=0.

- > >
Dodétacéhé:{ I+b2-1 [b_O

~1-b>-1"|b<0
Vay b =0, va bai todn trd thanh: Tim a dé bt phuong trinh sau:
cosdx + acos2x > -1 (1) ding véi moi x.
Péatt=cos2x,khid6 -1 <t<1.
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Liic nay (1) c6 dang 26 — 1 + at > -1 hay 2t +at >0
Bai todn tr§ thanh: Tim a d€ bat phuong trinh: f,(1) = 2t® + at > 0 diing véi

moi —1 <t< 1. Piu nay xdy ra khi va chi khi min £, (1)>0. (2)
—1<i<1

Ta c6: f,(t)= 4t+ava L()= 0 @l:_%,
Tir 46 xét ba kha ning sau:

e a 2, ~ . - a z 2 g [
1. Néu 1 > 1 (tic 1a khi a < —4). Lic ndy ¢6 bang bi€n thi¢n

a
t -1 1 —:4—-
£,(V) / - [; 0
f, () Y

Tacé: min f,()=f,(1)=2+a
—1<i<l

Khidétr (2)suyraa+2>20<a=>-2.
Loai khd ning nay vi khong théa min a < —4.

2. Néu —-%< —1 (tt¥c 12 khi a > 4). Liic nay c6 bang bié€n thién sau:

a
t [

|
—

|

+

T dé: min f,()=f(-)=2-a

-1l
Biygidtr (2)suyra2-a>20&a<2.
Loai khd ning nay vi khong thda man a > 4.

£, (1)

NOMNNNNNN

3. Néu —1< —3— <1 (ufc 1a khi —4 < a < 4). Biy gid c6 bang bi€n thién:

t -1 —% 1
£(1) 17 - o + p
/)
fa(t) 2 \ / g |
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a] —a’
8

Tur d6: _rlniitrél f,() =1, [——Z
N . —a’ s
T (2) ta ¢6: TZO@ a*<0<a=0.
Tém laia=b =014 cdc gi4 tri cAn tim clia tham s& a va b.
Bai 2. Tim m dé phuong trinh sau:
(cosdx — c0s2x)? = (m? +4m +3)(m? +4m +6) + 7 +sin3x c6 nghiém.
Huéng din gidi
Pit f(x) = (cosdx — cos2x)’, xe R
Khi d6 o rang do |cos4x —cos2x| <2 Vx € R
= f(x)<4Vxe R
Va f(x) =4 < |cosdx —cos2x|=2

cosdx =1
cos2x =—1
= & cos2x =-1.
cosdx =—1
cos2x =1

(Chi y: khi cos2x = 1 = cos4x = |; con khi cos2x = -1 = cosd4x = 1)
Tu d6 suy ra: malg(f(x)=4 & cos2x =-1. 1)
Xe

biat gn(x) =(m2 +4m+3)(m2+4m +6)+7+sin3x, xeR

= [(m +2)° —-l”(m+2)2 +2]+7+sin3x

Chi § ting: An = [(m+2)? —1][(m+2)? +2]=(m +2)* +(m+2)* —2.
Do d6: ~-Apn=-2khim=-2 (va A,>-2khim=#-2)
Laicé: 7 +sin3x 26 Vxe R

7 + sin3x > 6 < sin3x = -1.

Nhu vay ta di dén:
e Khim=-2, thi ming,(x)=4. 2)
xeR _
e Khim# -2, thi ming, (x)>4. (3)
xeR
Phuong trinh da cho ¢6 dang: f(X) = gn(X) 4)
Tw (1) (2) (3) suy ra:

a. N&um # -2, thi (4) vd nghiém
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cos2x=-—1(5)

b. Néum = -2, thi (4) & maxf(Xx)=ming_ =4 &
) TeR (x) xelllr&lg 2(0) sin3x =-—1 (6)

R rang hé (5) (6) c6 nghiém (thidu x = % théa man (5) (6))

Tém lai phuong trinh da cho ¢6 nghi€ém <> m =-2.
Bai 3. Tim m d€ phuong trinh sau:

20x% +10x 43 _

3x242x+1

x? +2(2m —3)x +5m? — 16m + 20 ¢c6 nghiém.

Huéng dén giai

20x% +10x +3

3x2 +2x +1
R& rang f(x) x4c dinh trén R (do 3x* + 2x + 1 > 0 V¥x)
Goi o 1a mot gi4 tri thy ¥ cda f(x). Khi d6 phudng trinh sau day (4n x)
20x® +10x+3 _

3x? +2x +1
Tacé (1) ©20x* + 10x + 3 =aB3x*+2x + 1)

< 20-30)x°+25-)x+3-a=0 (2)

batf(x) =

(1) c6 nghiém.

e RO rang khi a=2—:?- thi 5 — o # 0 = (2) ¢6 nghi€¢m khi u:?.

e Khi a= %Q thi (2) ¢6 nghiém

(9]

SA 200203 -190+3550 ©><a<T (a¢-23_0]

[\

Viy (2) c6 nghiém @-2—3(157.
Tir d6 suy ra: malgcf(x)=7<:>—x2—4x—4=0©x=—2. 3)
Xe

Pit gn(x) = x* + 2(2m - 3)x + 5m’ - 16m + 20

=g (X) =2x+22m-3)va g (x)=0&x=3-2m

:miggm(x)=gm(3—2m)=m2- 4m+ 11 =(m-2)°+7.
X€

Nhu vay ta c6:

a) Néum =2, thi miggm(x)=7<:)x=—l. 4
Xe
b) Néum #2, thi miggm x)>17. (5)
Xe
Tir (4) (5) suy ra:
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a. N€um # 2, thi maxf(x)< mi}? g, (x) = Phuong trinh da cho vd
x€R X€E

nghiém.
b. Néum =2, thi maxf(x)=ming,(x)=7.
x€ER x€R

Vay phudng trinh da cho twong duong vdi hé sau:
{f(x):? {x=—2
-~
g2(x)="7

Do hé (*) vd nghiém = Phudng trinh da cho ciing v6 nghiém khi m = 2

Toém lai véi moi m, phuong trinh da cho v6 nghiém.
Bai 4. Tim m sao cho moi nghiém ctia bit phuong trinh x* - 3x + 2 < 0 ciing 1a
nghiém cla bat phuong trinh mx* + (m + Dx + m + 2> 0.
Huéng dén gidi

Vix’-3x+2<0&1<x<2,
Do d6 bai todn da trg thanh:
Tim m dé ba't phudng trinh: f,(x) = mx* + (m + )x +m + 2> 0 (1) ddng véi
moil <x<2.
Diéu nay xay ra khi va chi khi: 1[2322 f,(x)>0. (2)

(*)

x=-1

Theo bai 4, phan A, §2 chudng 8 ta cé:

|3m + 3, néu mZ——l
min f (x)= 3)
1<x<2 < 1
7m + 4, n€u mS—-Z

mz-—l
4 > 1
. 3m+3>0 |M=7% 4
Tir (2) (3) ta ¢6: || & 4 1¢:>m>—7.
m<-1 —o<m<——
- 4 7 4
Tm+4>0

A 4 N 2 . . A ~ 2 ~
Viy m > —7 la cic gid tri can tim cla tham sd m.

Bai 5. Tim m d€ bi't phuong trinh sau:
x? +2x —m|+m? + m—-1<0 c6 nghiém.
Huéng din gidi
Pt fu(x) = x> +2|x —ml+m? +m—1.
Khi d6 ba't phuong trinh da cho ¢6 dang f(x) <0. (1)
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Tir d6 suy ra (1) c6 nghiém & mi]? f,(x)<0. ?)
X€

Bai todn trd thanh: Bién ludn theo m gi4 tri nhé nhi't cia ham s6 fn().
Lap bang sau day:

X m
f.(x)| xX*-2x+m’+3m-1 x}-2x+m*-m-1
£, (%) 2% -2 2X +2 -

Ti bing bi€n thién, xét cdc kha ning sau day:
. N&éum > 1. Khi d6 ta c6 bang bi&n thién sau:
X 1 m

f,(x) - 0 + +
£,(x) \ / /7

Lic nay ta c6: minf, (x)=1, ()= m? +3m —2.
X€

m>1

v6 nghiém, nén loai trudng hgp nay.
m?+3m—2<0 © shepnay

RO rang hé: [

. N&um < -1. Khi d6 ta c6 bdng bién thién sau:
X m -1 1

f,(x) - - 0 +

£ (%) \ \/

Lic nay ta c6: mil?fm(x)=fm(—1)=m2 —m-2
Xe

Tir &6 di d€n xét hé sau:
m<-1 m<-1
=4 <
m>-m-2<0 |[-1<m<2
. N&u -1 <m < 1. Khi d6 ta c6 bing bi&n thién sau:
X -1 m - 1

m=-—1.

f,'n (x) - +

I~ |

Lic nay ta c6: minf,, (x) = f,(m)=2m?+m-1.
X€
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—-l<m<l1

2 = 14:)—l<m§i.
2m“ +m-1<0 —ISmSE 2

; —-1l<m«l
Tir d6 di dé€n xét hé sau

. . e A s e o1 1
KEét hgp lai suy ra cdc gid tri can tim cda thamsd mla: —1<m<—.

2
; 2x2 —7x+3<0 ’ in
Bai 6. Cho hé bat phuong trinh: T3S . Tim m d¢€ h¢ c6 nghiém.
x2—mx+m<0
Huéng dén gidi
f x)=x’-mx+m<0 )
Viét lai hé da cho du6i dang sau: {
> <x<3 (2)

Tiur @6 suy ra hé (1) (2) c6 nghiém khi va chi khi: Imin f,(x)<0 (3)

—-<x<3
2

Ta cé: f,'n(x)= 2Xx —mva f,'n(x) =0 &x =%—
Tir d6 suy ra xét cdc khad ning sau:

o M PR T Y £ 12 A
1. Néu 5 >3 (tdc 1a néu m > 6). Lic d6 ta c6 bang bi€n thién sau:

X l 3 =
2 ) 2
£ (X) / - B - 0 +
£y (X) Y
Lic naytacé: min f,(x)=f,(3)=9-2m
lSXSB
2
m>6
Tt d6 din dén viéc xét hé sau: m>6 & 9 m>6.
9-2m<0  |m>2

A m 1 2, 0N e ” 2, 2 2 ¢ A
2. Néu ? <5 (tfc 12 n€um < 1). Lic d6 ta c¢6 bang bi€n thién sau:

mo 1 \
* 2 2 )
f,'n x) - + 2 + B
£ (x) 7 / E
/]
/
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1 m 1
Licnaytacé: min f (x)=f |—=|=—4+—.
’ ';’sts n ) m[z] 2 4
m<]1 m<l i
Tu d6 xéthé sau: {m 1 & 1em<——.
—+-<0 |m<—— 2
2 4 2
3. Néu %<%<3 (tc1a 1 < m < 6). Liic d6 ta ¢6 bang bi&n thién sau:
X -1- z 3
2 2 ,
. 7 74
f,(x) ,// - 0 + 4
£, (x) / /
m / \ /
/ /
2
Lic nay ta ¢6: min f,(x)=1, [Elzm—ﬁ-.
1o 2 4
2
l1<m<6 l1<m<®6 _
Nhu d6 din dé&n xét hé sau: m? &1lm<0 ©4<m<6.
m-—-<0 m>4

o - . 1 ’ . « A ~ 2 ~
Két hgp lai suy ra: m < -3 hodicm >4 1a cdc gid tri can tim cia tham s6 m

Nhan xét: Hay so sdnh cdch gidi ndy vdi cdch gidi trinh bay trong bai 6 phdn
B, §3 chuong 7 cudn sdch nay. Cdc ban thdy cdch nab thich hgp vdi ban hon?
Bai 7. Cho b4t phuong trinh: sin3x + msin2x + 3sinx > 0.

Tim m d€ bt phuong trinh dling v6i moi x €(0; %

.

Hudng dén gidi
Pua bat phuong trinh di cho vé dang tuong duong sau:
3sinx — 4sin’x + 2msinxcosx + 3sinx >0

& 2sinx(—2sin2 X +mcosx +3)20

c)25inx(2coszx+mcosx+1)20. (D)
Khix € 0;-’21 , thi sinx > 0.
Viy rén €|0; g—] , thi (1) < 2cos’x + mcosx + 1 > 0. )
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Pitt=cosx. Khix €

0; -}],thit e [0; 1].

Bai todn di cho trd thinh:
Tim m d€ bt phuong trinh: f(t) = 28 +mt+120 ddng véimoit € [0; 1].
Piéu nay x4y ra khi va chi khi: Omin] £,()>0. 3)

Tac6: f,(1) =4t+m =1, (1) =0 St= —% . Tir d6 xét cdc kha ning sau:

1. Néu ——% >1 (tfc 12 khi m < —4). Lic ndy ta c6 bang bi&n thién sau:

m
t 0 1, Y
£(t) 7 0+
£ (1) Y \ %
7
Nhu vay: mm f,()=1f,(1)=m+3.
Ta c¢6: {: i;—: 0 l: ; :; & h§ v0 nghiém. T d6 loai kha ning nay.

2. Néu —% <0 (t¥c 1a khi m > 0). Lic nay ta ¢6 bing bién thién sau:
.
+p

Tir d6: gmnf ®=f,(0)=1>0

t

m
4

£, (1) 0
fn

SO

Tir d6 suy ra m > 0 thda man yéu cdu dé ba1 ra.

3. Né&u OS_ISI (tc 1a khi -4 <m <0).

Lic ndy ta c6 bang bién thién sau:

NOMNNNG

m
t 0 —7 1’
£ - 0 + [
£ (1) \/%
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Tir d6 ta ¢6: min £ (1) =1, {—%}_:_EL_{_I

0<i<l 4

8
Nhv th€ din d&€n viéc xét hé sau:

—4s2mso —4sm<0 2J2<m<0
& — m
—r—’;—ﬂzo —22<m<2n2

K&t hop lai suy ra: m >—2+/2 1a cdc gid trj cin tim ciia m.

Nhén xét: Cach gidi trén dua vio phuong phdp tim gi4 tri 16n nhdt va nhd nhat
clia ham s& phu thudc tham s6 m.
Céc ban hiy so sinh cdch gidi trén vdi cdch gidi bai ndy bing phuong phédp
sit dung gid tri 16n nhat v nhd nhdt clia mot him s phan thic (khdng c6
tham s8) di trinh bay trong bai 5 phin B, §3 chuong 7 cudn sich nay.
Vi tinh hiéu qua cla titng phuong phdp, xin dinh quyén binh ludn cho cdc
ban.

Bai 8. Cho ham s0: f,(x) = 4x% — 4mx + m” — 2m. Xét trén mién -2 <x <0.

Timmdé min f, (x)=2
-2<x<0

Hudng dén gidi
Ta ¢6: f,'n(x) =8x — 4m = £, (x) =0 ©x=%l—
Tir d6 din dén cdc khi ning sau day:

1. N&u % >0 (& m > 0). Liic nay ta ¢6 bing bién thitn sau:

2 0 z
8 2
£ (%) 4 - % -0+
fm () /\ @
/)
/ 2
Vay: _nélxngofm(x):fm(O)zm —2m.
m?oamez [m—ame2eo |
Khidé:im TAmEL I T EE Y ns 3 eom=1+3
{m>0 m>0
m>0

2. Né&u -";—1<—2 (& m < —4).

Lic ndy ta ¢6 bdng bi€n thién sau:
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X -'23 -2 3
Bo|- 0 4 o+ |
£.(x) /

/
(-

2)=m?—6m+16.

m

Tir d6: gmn f,(x)=1

_ 2_ _
Khi 46 he: {m —16m+16—2®{m 6m+14=0 o oo

m<-—4 m < —4

3. Néu -2< —I;l <0 (© -4 <m <0). Lic nay ta c6 bing bién thién sau:

m
= - 0
X 2 > .
£ (x) / 0 v
fn (%) 7
—-2m=2
Vith€: min f,(x)= =—2m . Nhu vay: Sm=-1.
—2<x<0 2 -4<m<0
Témlai:m=1+ V3 vam=-11a hai gi4 tri cAn tim cta tham s& m.
N 2=
Bai 9. Cho hé phuong trinh: X+l+yy+ M Timmdé hé c6 nghi€m.
X+y=3m
Huéng dan gidi

Pitu= Vx+1;v=y+2,thiuz0,v>0=>x+1=v’vay+2=v2
u+v=m M
Bai todn da cho trd thanh: Tim m d€ hé: w? +v?=3m (2) 6 nghiém.
u>0,v>0 (3
Ty (3) va (I)suyram=>0.
Tr (1)c6:v=m-u.Dov20=0<u<m Thay v=m- uvio (2)ta c6:
2u® - 2mu + m? — 3m - 3 = 0. Tir d6 bai todn da cho lai c6 dang sau: Tim
m dé€ hé sau:
f, (1) =2u’ ~2mu+m? —3m-3=0 (4)
0<u<m %)
Diéu nay xdy ra khi va chikhi min £ (u)<0< max f,(u) (6)
0<u<m 0<u<m

c6 nghiém.
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Ta c6: f,'n(u)=4u—2m=>f,'n(u)=0©u=—rp—

A z m A 2 2 s A A
Dom=>0,néntacé: 0< 5 <m, vady c¢6 bang bi€n thién sau:

u 0 %1-
£ (W) 41 - 0o +
frn (W)

m
N a —6m

Tird6 suy ra: min f,(u)=f [ ]:
0<u<m 2 2

max f(u) =max {f 0); £, (m)} = max{m2 —3m-3m?-3m-— 3}

0<u<m
- 3m-3.
m? —6m—6
Bay gi® k&t hop véi (6), ta c6: 2 =0, 3+2‘/ﬁ <m<3+4/15.
m?-3m-3>0
D6 1a cdc gid tri cAn tim cda m.
Bai 10. Cho b4t phuong trinh: m” + 2m(sinx + cosx) + 1 > 0.
Tim m d€ bat phuong trinh ding véi moi x.
Huéng déin gidi
Vi€t lai b4t phuong trinh dudi dang:
f(X) = 2m(sinx + cosx) > ~1-m’ (1)
Tir d6 suy ra (1) ding véi moi xe R khi va chi khi:
minf_(x)>—1-m? )
x€R

Xét cdc kha nang sau:

1. Neum=0, thi fy(x)=0 = mig fy(x)=0.Liic d6 (2) c6 dang 0 > -1
x€

Viy m = 0 théa min yé&u ciu dé bai

2. Néum >0, thi milxg f,(x)= —22m (do sinx + cosx < —-\/5 vxe R).
X€

Tir d6 thay vao (2) c6:

m<2-1

Sim>V2+1¢
m>0

0<m§x/§—1
m2ﬁ+l

—2\/§m2-—1—m2® m2 —22m+1>0
m>0 m>0
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3. Néu m < 0, thi do sinx + cosx <v2 Vxe R
= minf, (x)=2v2m.
Xx€R

Thay vao (2) va c¢6 hé:
' m<—/2-1
22m>-1-m? [m?+2V2m+1>0 m<—/2-1
< Si{m>—2+1¢
m<0 m<0 l—ﬁ§m<0
m<0 .
>J2 +1
, m2 32+ m)> V2 +1
K&t hop laita ¢6: {{m<—v2 —1 & :
ImISﬁ-—l
1-V2<m<2-1

D6 1a cdc gid tri cAn tim ciia tham s6 m.
Bai 11. Cho ham s6 f(x) = |—-2x2 +x +m| véix e [-1;1].

1. Tim max f,(x) va bi¢n ludn theo m.
—1<5x<l

2. Timm d€ max f,(x)dat gid tri bé nhit.
—1<x<I

Hudng dén gidi
1. DBat gn(x) =2x+x+mvdi-1<x<1.

Ta c6: g, (x) =—4x +1 =>g'm(x)=0¢)x=:1{_
T d6 c6 bang bién thién sau:

X -1 1

g (%) 1+

- ¥
Em(X) a/’ ~, g

Tur d6 suy ra:
1
f |—=
"‘[4]

= max{lm -3; lm+%’} (*)

= N

max_ f,(x) = max llgm(— Dl; ; lgm(1)|} = max {Im ~3;jm—1j; lm +%”

~1<x<1

Xét cac khd nidng sau:

a. Né’um23,th1m—320vim+% > 0, do d6:
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1 1 1
maxiim-3f;im+—t=maxim-3m+—}t=m-+—.
{l " 8” { | 8} 73

b. N€um s—-;—,thim— 3<0vém+% <0, do d6:
1 1
max{lm—3|;|m+§|}4=max{3—-m;—m—§}=3—m.
c. Né&u —%<m<3,thim-3<0vém+% >0, do dé:

m+lné(u§_<_m<3
8 16

max{lm—3]; ’m+%|}=max|3——m; m+%}= 1 ’s
3-mnéu——<m<—
8 16

3—m,néum< 23

K&t hgp lai suy ra: max f, (x)= 16
—1Lx<I - 23

m+—,néum>=—.
8 16

2. T phdn 1/ suy ra bing bi€n thién sau (theo m)

23
m 16
ST EPE
max f(x)
—lisx<l \ /
Vi thé min{ max fm(x)}= 2 Sm= -2—3
xeR |~1<x<I 16 16

Nhdn xét: Ta ching minh (*) nhy sau:
T bang bién thién suy ra: m + % >m-1>m-3.
Tir 46 suy ra:

a. N€um+%$0:m—l>m—3>0 =m-1<m-3[. (1)

b. Né’um+%>0thi

° Né'um+-;->m—120 =>’m+%l>|m—1] )
¢ Néum-1<0=|m-3>|m-1 3)
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1 1

—{t =max{im—23{; |m+—{}.

3} {' | ' 8”
Viy (*) dugc chitng minh.

Bai 12. Tim m dé bat phuong trinh sau: m*x + m(x + 1) - 2(x - 1) 20 ding véi
moi x € [-2; 1].

Tit (1) (2) (3) suy ra: max[]m -3|;Jm—1J; |m+

Huéng dén gidi
Vi€t lai bat phuong trinh di cho dudi dang twong duong sau:
fox) = (M2 +m—2)x +m>—2 & fr(x) 2 -2 (1)
P& (1) diing vdi moi x € [-2; 1] diéu kién cin va di la:
min f (x)>-2. 2)

—-2<x<1
Xét cdc kha ning sau:
1. Neum?’+m-2>0= f,'n(x) =m’+m-2>0,néntacé bang bi€n thién sau:

X -2 L
, 7
£, (x) 1+ 0
ﬂn(x) ;: /////)7 ;;
Y, /
Trdétacé: min f,(x)=f,(-2)=-2m?>-2m+4+m.
—-2<x<1
-2>0 24+m-2>0
Viy () & m* +m ™t el<m<>,
—2m’-m+4>-2 [2m’*+m-6<0 2
2. Neum’+m-2<0 = f,'n(x) =m’+m-2<0,néntacé bang bién thién sau:
X -2 L
£ (%) 1 - F
£ (X) 7/
m ; \\\\\\A é
7/
Tdétacé: min f (x)=f ()= m? +2m-2.
-2<x<l
+m-2<0
Viy(2) & m2 &0<m<l.
m°+2m-2>-2

3. Né’um2+m—2=0¢>' )

Lic nay fi(x) = 1; f,(x) = -2
Viy (2)thbamiankhim=1vim=-2
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w

~

K&t hop lai suyra 0 <m <= vid m=-2 12 cdc gid tri cin tim cla tham s6 m.

[\S]

Nhén xét:

a. C4ch gidi trén dya vao phuong phdp tim gi4 tri bé nhdt cia ham sO phu
thudc tham s8 f(X) = (m2 +m-— 2)x +m

b. Xét cdch gidi sau day:
Vi f(x) hodc 12 hAm hing s6 (khi m?+m-2= 0) , hodic 12 ham bic nhat
nén ludn luon dng bién (khi m? +m—2>0), hoic luén ludn nghich bi€n
(khi m? +m —2<0). Vi vay f(x) 2 -2 V x & [-2; 1] khi va chi khi
{fm(—2)2—2 {—2m2 ~m+4>-2 [2m>+m-6<0

=4 <~

fn()=2-2 m2+2m—22—2 m? +2m >0
—2Sms-3— 3
2 [0<m<=
& m<—2 & 2
m=-—2,
m>0

Ta thu lai k€t qua trén. RS rang cdch gidi ndy gon gang hon!
Thi du nay ching té ring khong phii bao gid viéc s dung gid tri 16n nha't va
nhd nha't clia ham s6 d€ gidi todn ciing dem lai hiéu qua!.

Bai 13. Xét him s6 fn(X) = cos2x + mcos[x + %] ,xe R.

Ching minh ring v6i moi m ta c6:

2 2
(min f, (x)) + (max f (x)] >2.
x€ER XER

Huéng dén gidi
Tacéd: f(0)=1+ mcos%, 1)
fn(®) = 1 + mcos {‘R-{--}] =1- mcos%. 2)
Tir (1) (2) suy ra: £,(0) + f(m) = 2. 3)

fm(O)Sr?eaécfm(X) 4)

RS 13

CTIe (m)<maxf,(x) (5)
x€R

T (3) (4) (5) suy ra:
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2
= < > >
2=1,00) +f,(7m)<2 gﬁx f,(x)=> r?eani( fa(x)>1= (nxéan%c f (x)) >1 (6)
., ™ ™ T . T
Laicé: £ [E]=—1+mcos[E+Z]=-—l—mst,

f [ “)——l+mcos[—3+“]——l+msin3
mo2) 2 4 4

iy T
=>f |—|+f |——|=-2. 7
“‘[2]+ ’"[ 2] O
~ s L .

RS rang: £, [E]lelelllzlfm (x), (8)

M1 .
fn [— —] >minf (x). 9

2 X€R

Tt (7) (8) (9) suy ra: minf,, (x) < —1= (min fm(x))2 >1. (10)
xeR xeR

2 2
Cong tirng v& (6) (10) di d&n: (min f, (x)) +(max f. (x)) >2.
xeR xeR

D6 1a di€u phdi chitng minh.

§3. GIGI THIEU MOT SO BAI TOAN GIA TR] LGN NHAT, NHO NHAT
TRONG SO HQC, HINH HQC, LUONG GIAC

Cudn sdch nay danh d€ trinh biy cdc bai todn gid tri 16n nh4t, gid tri nhd
nhit thudng gdp trong dai s va gidi tich.
Cic bai todn gid tri 16n nhit, nhé nhat trong céc linh vyc khdc nhv trong s6
hoc, hinh hoc, lugng gidc s& dugc ching t6i trinh bay trong mét cudn chuyén
khdo khdc. Tuy nhién trong muc ndy, chiing t6i mudn gidi thiéu vdi cic ban
mot s6 bai todn lién quan d&n viéc tim gi4 tri 16n nhat, gid tri nhd nhat trong
nhitng linh vuc nay @€ cic ban thiy dudc tinh da dang clia 16p bai todn nay.

A. Vai bai todn vé gid tri lén nhdt, nhé nhdt trong sé6" hoc

Bai 1. Cho P = 5|x|—3|y|, & day x, y thudc tdp hgp D dudc xdc dinh nhu sau:

D={(x;y):x,ye Z vadx +5y=17}
(tic 1a D 1a tdp hgp cdc nghiém nguyén clia phuong trinh 4x + Sy =7
Tim gi4 tri bé nhit cla biéu thic P khi (x; y) € D.
| Huéng dén gigi
Néu (x; y) € D thi chdc chdn x # 0; y # 0. That viy néu trdi lai gid si ching
hanx=0=5y=7.D61adiéuvoliviy € Z.
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Mit khdc néu (x; y) € D thi x va y trdi ddu. Thit vy néu x va y cing déu,
ching han cing duong thidox,y e Z=>x21,y21=4x+5y>9. D6 I
di€u vé Ii.
Vilé d6 D= D, UD,, trong d6:
Di={(x,y):x>0,y<0;x,ye Z vad4x +5y=17},
D={(X;y):x<0,y>0;x,ye Z vadx +5y="T7}.
Theo nguyén li phdnri, ta c6: min P= min{ min P; min P} . 1)
(x;y)eD (x;y)eDy,  (x55)€D,
Khi (x; y) € D thi P = 5x + 3y. 2)
7Sy 1+y

TXd4x+5y=7 =>x= =2-y+

Dox,yeZ##:t,vé‘iteZ.

=4t—1
T d6 ta c6: |7 *)
x=3-5t

Do x> 0; y < 0 nén suy ra:

3-5t>0
{ ' =>t<-l-=> t=0;-1;-2;..(dote Z)

- |4t-1<0 4
Khix=3-5t;y=4t-1,tac6:P=5x+3y=12- 13t 3)
T (3) va dot=0; -1; -2; ..., nén suy ra dng v6i t = 0, ta c6:
min P=12. 4)
(x;y)eD, .
Khi (x; y) € D, thi P = -5x - 3y. )
Dox<0;y>0,t(*)ta cé:
-5t<0
3-5t< =>t>—3-¢ t=1;2;3;..(dote Z).
4t—-1>0 5
Licnay P=13t- 12. 6)
T (6) vadot=1;2;..suyra tng véit=1, thi:
min P=13.1-12=1. @)
(x;y)ED,
T (1); (6); (7) di dén:
_ =3-5.1 ==2
min P=min{12;1}=1s1" .
(x;y)eD y=4.1-1 y=3

Nhdn xét: Bai todn 13 sy k&t hop gitta nguyén li phin rd trong bii todn tim gid tri
16n nh4t, nhd nhit va phép gidi phwong trinh nghiém nguyén trong s6 hoc!.
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Bai 2. Cho m, n 12 s6 nguyén duong.
Tim gid tri nhé nhAt ciia bi€u thic: P = [12™ — 57|,
Huéng dan gidi
Trudc hét ta chitng minh ring v6i moi m, n 13 s& nguyén duong thiP >7. (1)
That vay gid s (1) khong ding, tifc 1a tdn tai hai s nguyén duong my, ny sao
cho 12™0 —5%|< 7. @)
Vi 12™0 14 s6 chdn, con 5™ 12 s6 tin cing bing 5, nén suy ra:
12™ —5% 13 56 18 = 12" —5™ /2.
Do 12™/5,cdn 5™ :5=12™ —5™/5.
Lai thdy 12™ 33, cdn 5% /3 =120 —5™ /3,
K&t hop lai cdc didu trén, tit (2) suy ra: [12™ —5™|=1  (3)
Tir (3) ta cé:
hodic 1a 12™ — 5% chia cho 13 thi du 1

hoic 1a 12™ — 5™ chia cho 13 thi du 12.
RS rang ta ¢6: 12™ =(—D™ (mod 13) 4)
Nhu vay néu my 12 s6 chdn thi 12™ =1 (mod 13), cdn néu m, 1é thi
12™e =12 (mod 13)
Mit khéc ta ludn ludn c6 thé bi€u dién:
no=4ko+2z,v6iky € Z va zy € {0; 1, 2; 3}
Tt d6 suy ra: 5™ = 625%.5% =1% 5% (mod 13) (5)
T (5) ta c6 khi 5™ chia 13 this§ duséla 1, 5, 15 hoic 8
(tuong Wng véi z = 0; 1; 2; hodc 3).
Tir (4) (5) suy ra khi dem 12™ — 5% chia cho 13 thi khong thé du 1 hoic 12.
Dicu nay mau thuin véi (3). Viy khong thé c6 (2), ttc 1a (1) diing
Mitkhicn€uchonm=1;n=1,thiP=7.
Theo dinh nghia vé gid tri 16n nha't suy ra: min P = 7. _
Bai 3. Xét tdp hgp tit cd cdc s6 nguyén duong a|, ay, ... ax sao cho a; + a, + ... +
a, = 100.
Tim gi4 tri 16n nha't ciia biéu thic: P =aa, ... a,.
Huéng dén gidi
Trong cdc phdn tich 100 ra tdng cdc s6 nguyén duong a,, a,, ... a, ta quan tim
d€n cdch chon ma tich clia cdc s6 nguyén duong 13 16n nhi't. N&u c6 nhiéu
cdch phin tich nhu vay thi ta s& chon cdch phén tich c6 nhiéu s6 hang nhit.
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Tru6ce hét ta chitng minh ring trong cdch phin tich di chon nhv trén thi tich
a,a; ... ax chi gdm nhitng thira s& nguyén t§ 2 va 3, va khdng c6 qud 2 thira s
nguyén td 2. That vay: '

- Trong cdch phén tich dd chon, khong c6 s& hang 1 vi néu c6 s6 hang 1 thi
ta 14y mot s6 hang a thy y khdc, a > 1 (di nhién né tén tai). Liic nay ta
thay hai s 1, a bing s6 1 + a va d€ ¥ ring do 1. a < 1 + a, nén sau khi
thay tich a,a, .. a, ting 1én. Di€u nay mau thuin véi tich da cho 1 16n
nhat.

- Trong cdch phén tich da cho khdng c6 s6 hang b > 4, vi ta ¢6 thé thay b
bing hai s8 hang 2 va b — 2. Rd ring 2(b — 2) > 4 (That vay, vi 2(b - 2) >
4 2b-4=b<b>4). Vay t8ng chi chita cdc s6 hang 2 va 3.

- Gi4 st t6ng c6 nhiéu hon hai s§ hang 2. Chi ¥ ring néu thay ba s6 2 bing
hai s6 3 thi 2 + 2 + 2 =3 + 3, nhung 3.3 > 2.2.2, vdy tich a,a, ... a; ting 1én,
d6 1a diéu v li. Do vay thira s8 2 trong tich s& khong vudt qua 2.

Vi tinh chi't nhv viy thi d€ ddm bdo a;a; ... a, 16n nhAt, ta cin phén tich
100=34+3+...4+43+2 hodac100=3+4+3+...+3+2+2.

33 s6 hang 32 s6 hang
Do 3%$.2 <3322 (vi3<4)suyraaay..ac< 4.3%,
Diu “="xdyrakhivachikhik=34;a,=a,=..=ap =3 ;a3 =a =2.

Vay max P = 4.3,
Bai 4. Xét tap hgp tit ca cac cich chon 30 s& nguyén duong x,, X, ..., X3 sao cho
X1+ X; +... + X30 = 2011. Xét dai lu’()'ng P =xX5... X30.
Tim gi4 tri 16n nhat vA nhd nhit cta P.
Huéng dén gidi
Do vai trd binh ding giifa x,, X3, .., X3 la ¢6 thé khdng gidm t6ng quat ma gid st
ring X,<X; <. < X3
1. Xétbai todn tim min P.
Xétbd 6 (X;,Xy,..,X39 ) trong d6:
1<X; <Xy <..<Xgp VA X; +Xg + ... X9 = 2011
Khi d6 ta c6: P =X, X;... X3 .
Bay gid X6t bd 5§ (X; = L, X5+, Xp9, X30 +1).
Khi d6 &€ y riing do x, >1=>x, >2=>x, —1>1.
Mit khdc: (x; —1)+X; +...4 X9 +(X30 +1) =X, +X; +...+ X39 = 2011, nén
bd s6 mdi nay ciing thda min yéu ciu dé bai. Ung v8i bd s6 nay ta c6:
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P =(xX; = 1)%;... Xp9 (X30 +1) = X5 .. Xg (X30 — X; +1).
Do x; >0 Vi=2, 29, va x; <X5 = P>P. (1)
(1) chiing t6 rling bd s6 (X, X, ...,X3) khong 1am cho tich P dat gid tri nhd
nh4't. Vay mot diéu kién cin dé P dat gid tri nhd nhdtla x, = 1.
Tir d6 1ap ludn hoan toan tuong ti,r Suy ra X, = X3 = .. = Xp9 = 1 cling 1a diéu
kién cdn d€ P dat gi4 tri nhd nhat.
Ty désuyra:minP= 1.1....1 (2011 -29)=1982.
29 thita s6
Viy min P = 1982 < c6 29 thita s biing 1, va mot thira s6 bing 1982.
2. Xétbai todn tim max P
x| $Xp <Xy
X6t bd 8 (X;,Xz, ..., X3g) trong d6: {X39 —X; >2

X; +Xg + ot Xgo =2011.

Ung v6i bd s6 nay ta c6: P =X, X, ... X3, . Bdy gid xét bd s6 méi sau day:
(%) 415 X33 1.5 Xg05 X30 — 1)

Ché ¥ rling do Xz —X, >2 ma X; >1=> X5 ~X; 21

Mit khdc d& thay: (X; +1)+X; +..c4Xg + (X0 — 1) = X1 ...+ X30 = 2011,

nén bo s8 mdi ciing théa min yéu cdu dé bai. Ung véi bd sd ndy ta cé:

P =(x; +1)xg ... Xp9 (30 ~1)

=P-P=x,.. @[(Z+l)(%—l)—gx—3;]=§;... Xa9 (X30 — X1 —1).

T X3—X; 22=>P>P

Viy bit ding thic ndy ching t6 ring bd s6 (;1—,...,)_(—3;) chua 1am cho P dat gid

tri nhé nhdt. Vi th€ diéu kién can d€ P dat gid tri 16n nhit 12 x3 — X; < 2 hay

. hoéc X390 =X
X30—- X1 < 1=>x3p-Xx; € {0; 1} tic la:

hodc x5 =x; +1

Nhv th€ diéu kién cin dé P dat gid tri 16n nhit 1a trong 30 s6 thi khong dugc
c6 hai s6 bat ki ndo trong chiing lai chénh nhau qué 1.

Diéu nay c6 nghia 1a phii cé t s& bing o, va 30 — t s§ bing o + 1 (1 <t <30)
sao cho:

toe 4+ (30 - t)(a + 1) = 2011 = 300 + (30 - t) = 2011 (*)

P& théa min (*) c6 th& chon o = 67, t =29 (vi 30.67 + 1 = 2011)
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Nhu viy chon ddy ching han 29 s& bing 67 vi mdt s6 biing 68 thi:
P =677.68.
T6m lai ta ¢6: max P = 67”.68
K&t hop lai ta c6: min P = 1982 va max P = 67%.68.
Bai 5. Cho k 12 s6 nguyén ducng > 3. |
Tim gid tri 16n nhét cha ham s§ f(x, y, z) = Xyz trén mién
D= {(x;y;2z):X,Y, znguyén duong va x +y + z=k}.
Huéng dén gidi
Do vai trd binh ding giifa x, y, z nén khong gidm tdng quét c6 thé cho ring
X 2y >z. ViD la tip hitu han phin t& (x, y, z) nén di nhién ham s6 f(x, y, z) =
xyz phai dat gi4 tri 16n nhit trén D. Gia st

max _f(x,y,z)=f(Xq.¥0,Z0) =X(YoZo - (1)
(x,y,z)eD .
(Chu ¥ & day xo = Yo = Zo)
Ta sé& chitng minh ring: xo- 2o < 1 2

Thit viy, néu trdi lai ta c6: xo— 2o > 1.
Khi d6 chi c6 thé xay ra 3 trudng hgp sau day:

a. Neuxo=yo>zo+ 1. Vixo+ Yo+ Zo=knéntacé: xo+ (yo— 1) + (zo+ 1) =k
Do X9 =yo>zo+ 1 va 29> 0 = xq, Yo — 1, 2o + 1 cling nguyén duong, tifc la:
(X0, Yo— 1,20+ 1) € D.

Mait khdc: f(Xo, Yo— 1, Zo + 1) = Xo(Yo— 1)(20 + 1) = XoYoZo + Xo(Yo — Zo— 1).

Do Xg = Yo > Zo + 1, nén tir trén suy ra: f(xo, yo— 1, zo + 1) > XoyoZo = (X0, Yo, Zo)-
B4t ding thitc thu dugc mau thun véi (1).

Viy trong trudng hgp a. khong thé xay ra.

b. Néu x> yo > 2.

Xét bd ba nguyén duong (xo— 1, yo, Zo + 1). RO rang (xo— 1, yo, 20 + 1) € D.
Lai c6: f(xo — 1, Yo, Zo + 1) = Yo(Xo— 1)(Zo + 1) = Xo¥oZo + Yo(Xo — Zo— 1)
Vixg— 29— 1>0(do xo> zo+ 1) nén ta cé:

f(xo - 1, Yo. 2o + 1) > Xoyozo = (X0~ 1, Yo, Zo + 1) > (X0, Yo, Zo).
B4t ding thitc nay ciing méu thuin véi (1).
Viy trong trudng hdp b. khong thé xay ra. _

c. N&uxo - 1>yo> 2. Lip luin nhv trén ciing suy ra miu thuin
Tém lai gid thi€t xo — zo > 1 12 sai, viy (2) ding
Ti¥ (2) suy ra chi c6 thé x3y ra hai kh3 ning sau:
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. A e 5 ~ k
1. NCUXQ—Zozo. KCtthleXoZYoZZo,tth():)’o:Zo: -3—

Diéu nay x4y ra khi va chi khi
k =0 (mod 3). (Chi y: X, yo, 2o nguyén duong).
ii. N&uxo— zp = 1. Liic ndy lai c6 hai trudng hgp nhd sau:

k+2 k-1
s Yo=Zo=—-

e Néuxo=yo+1=20+1. Tirdétacé: x,=

Chii ¥ riing trudng hgp ndy x4y ra khi va chi khi k = 1 (mod 3).
. k-2
e Néuxo=yo=2zo+ 1. Tirdé ta cé: x0=y0=k:1;20= 3
Trudng hgp nay xdy ra khi va chi khi k = 2 (mod 3).

Tém lai ta di d&€n k&t luan sau:
(3
27

(k+2)(k —1)*

khi k =0 (mod3)

max f(x,y,z)=1 khi k =1 (mod3)

(x,y,2)€D 27
2 —
k+D°(k-2) khi k =2 (mod3)
27
Nhdn xét:

1. Di nhién néu k = 0 (mod 3), tic 12 k nguyén duong va chia hé&t cho 3, thi 15i
gidi cla bai todn c6 thé suy tryc ti€p mdt cich don gidn nhy sau:
Theo bat ding thire Cosi thi v6i moi (x; y; z) € D, ta ¢é:
3 3
xyz S [ﬂﬁ] = .k_ .
3 27

Diu “=”"xdyrakhiva chikhix=y=z= %

Dok>0vak:3nén {E, E;-IE]ED.
333
13
Vilg¢ d6tacé: max f(x,y,z)=—,khik>0vak:3.
(x,y,z)€D 27
2. Tuy nhién n&u k /3 thi khong thé 4p dung dugc bat ding thitc Co-Si dé giai
bai todn nay.
3 .
Lido & chd ddu “=" x4y ra trong bat ding thic xyz < 12(—7 khi va chi khi:
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X= —z—E
y 3

Tuy nhién dok /3, nén [5, K 5];5’ D.
333
Vi thé chua c6 thé két luin gi vé (xr?egce Df(x,y,z) néu st dung bt ding thic
Cosi.
Vai trd ciing 14p ludn s8 hoc té rd hidu Iyc trong trudng hgp nay.

Bai 6. Cho X = {1; 2; 3;...; 2011}. Tim s& nguyén duodng n (n < 2011) nhd nhat
sao cho t6n tai mot cdch 14y di mot tAp hop con gdbm n phin tf ciia X sao cho
tdp hop cdn lai c6 tinh chit: khong c6 phin ti nio bing tich hai phin t&
khdc.

Huéng ddn gidi

Loai di 43 phdn t&¥ sau: 2, 3, 4, ..., 44.

Khi d6 phan ti con lai cia X bao gdm cdc phdn ti¥ 1, 45, 46, ..., 2011.

Véi cdc phin tir con lai ndy chi x4y ra hai kha ning sau:

a. Xét tich hai phan t trong d6 c6 mdt phin t 12 1. Tich &y chinh bing
phin tf th hai. Do mdi phin tif ciia phin con lai déu khac nhau, nén khong
6 phin tir ndo bing tich mdt phan tir khic véi 1.

b. Xét tich hai phin t& ba't ki khic 1.
R rang tich 4y 16n hon: 45% = 2025 > 2011.
Vi moi phdn tif cdn lai déu < 2011, suy ra khong c6 phdn tif nio bing tich
clia hai phin ti khéc.
Nhu viy ta dd chi ra mot cdch loai bd di 43 phan tif, d€ thu dugc mot tip
hgp con thda min yéu ciu dé ra.
Ta s& chitng minh ring moi s& nguyén duong n thda min y&u ciu dé bai
thda min bat ding thic: n>43 1)
That vay, gia st (1) khdng dting, tic 12 ton tai s& nguyén duong ny < 43 ma
vin théa min yéu ciu ddu bai.
Xét 43 b) ba sau: (2, 87, 2.87); (3, 86, 3.86); ... (44, 45, 44.45).
Patf(x) =x(89~x)v6i2<x<44.Tac6: f(x)=89-2x>0khi2<x<44
=> f(x) 12 ham déng bién trén [2; 44].
Tir @6 ta c6: 2.87 < 3.86<... <44.25 < 2011
Nhur thé 43 bd trén gdm cdc phin t& d6i mot khdc nhau thude tap X.
Vi ta riit ra ny phin ti (ny < 43), nén phan cdn lai ctia' X sau khi rit ny phin
t& ludn chita it nhat mot trong 43 bd ba néi trén.
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RG rang bd ba d6 chita ba phan t& cla diy con, trong d6 c6 mot phan t¥
biing tich hai phin ti con lai. D6 14 diéu v 1i vi no 12 s8 nguyén duong thda
min yéu ciu dé bai. Viy gid thi€t phdn ching 1a sai = (1) ding
K&t hop lai theo dinh nghia gid tri nhé nhat suy ra s6 nguyén duong n nhé
nh4't thda min y&u ciu dau bai la: min n = 43.
Bai 7. Xét tp hop tit ci 7 s6 nguyén t8 khdc nhau c6 cdc tinh chit sau:
1. Chiing c6 danga,b,c,a+b+c,a+b-c,a-b+c,b+c-a.
2. Hai trong ba s8 a, b, ¢ ¢6 t3ng 1a 800.
Goi d 12 khoadng cdch giita s& 16n nh4't vi s6 nhd nhdt trong 7 s6 d6.
Tim gi4 tri 16n nhdt cda d. |
Hudng dén gidi
Do vai trd binh ding giifa a, b, ¢ nén c6 th€ gid s (ma khong 1am mit tinh
t6ng quit)
a+b=800vaa<hbh.
R& rang ¢ < 800. Thit viyn€uc =800 >a+b-c<0, diéu ndy mau thuan
véi viéc a + b — ¢ 12 s6 nguyén 3.
RS rang a + b + ¢ 12 s8 16n nh4t trong 7 s nguyén t5 néi trén
S8 nguyén t6 16n nhat dudi 800 1a 797, vi thé:
a+b+c=800+c<800+797 =>a+b+c<1597. 1)
R6 rang a, b, c phai 1a cdc s6 1&. That vdy néu trdi lai tdn tai it nhat mot
trong ba s& trén 12 s8 chfn, thi do 2 1a s& nguyén t3 chin duy nh4't nén chi c6
diing mot trong ba s8 a, b, ¢ 14 2, con hai s6 cdn lai 12 hai s§ nguyén (5 1&
khéic nhau. Tir d6 suyracécs6a+b+c,a+b—c,a—b+c,b+c—adéul€1
c4c s6 chin, ma ching lai khdc nhau. Nhu viy ta ¢ nhiu hon 2 s6 nguyén
t6 chfn khdc nhau trong 7 s6 néi trén. D6 1a diéu vo 1i.
Vay ca 7 s8 nguyén t6 di cho déu 1a cdc s6 nguyén 5 18.
N6i riéng s6 nhd nhi't trong 7 s§ di cho 16n hon hodc bing 3.
K&t hop véi (1) suy ra:
d<1597-3=d<15%. 2)
Béy gid ta chi ra ddu “=" trong (2) c6 thé x4y ra.
Vi du chon 7 s& sau:
a=13;b=787;c=797;a+b+c=1597,
a+b-c=3,a-b+c=23,b+c-a=1571
R rang diing 12 7 s8 nguyén t& khdc nhau thda min cdc tinh chat 1. ; 2.
Ngoaira: d = 1597 - 3 = 1594.
Tir d6 theo dinh nghia € gid tri nhé nhat suy ra: mmd = 1594.
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Bai 8. Ham s6 f(x) x4c dinh trén tip hgp cdc s8 nguyén duong va nhén gid tri
f()=1 |
cling trén d6 va dudc xdc dinh nhu sau: {f(2n) = f(n) véimoin=1,
f2n+1)=f(2n)+1
2,..Tim max f(n)
1<n<2011
Huéng dén gidi
Ta c6 b3 dé sau day:
B4 dé: f(n) chinh biing s6 c4c chit s6 1 trong bidu di&n nhi phin cla s& n. B§
dé dugc chitng minh biing quy nap nhu sau:
Véin = 1, theo dinh nghia ta cé: f(1) = 1
Mit khdc: 1 = 1/, & day ta dung ki hiéu a,a,..a, /, d& chi s§ ghi theo hé cd
s6 2)
Viy b3 dé dingkhin=1. :
e Gia sit b8 dé da diing d€n n = k > 1, tic 14 v8i moi I <k, f(J) chinh bling
s6 céc chif s§ 1 trong biéu dién nhi phin cla s& L
e Xétkhin=k+ 1. Cé6 hai trudng hgp xdy ra:
- Hoicla k chin (k = 2m). Khi d6: f(k + 1) = f2m + 1) = f(m) + 1.
Do m < k, nén theo gia thi€t quy nap suy ra f(k + 1) chinh bing s6 c4c chit
s6 1 trong bi€u di&n nhi phin cia m cong thém 1.
Mitkhdc,k+1=2m+1ma: 2m+1 |2
I |m
Tic 1a: 2m + 1 = o0,..0, 1|2 , 8ddym = alaz...aplz 12 biéu dién cla m

trong hé nhi phan. Tir 46 suy ra s chit s& 1 trong biéu di&n nhi phén cia s§
k + 1 chinh bling s6 chit s6 1 trong biéu dién nhi phin ciia m cdng thém 1.
Viy b8 dé ding trong trudng hgp k = 2m.

- Hoiclaklé (k=2m+ 1). Khidé6: f(k + 1) =f(2m + 2) = f(m + 1)
Do m + 1 <k, nén theo gia thi€t quy nap suy ra f(k + 1) chinh bing s céc
chif s§ 1 trong bi€u dién cia m + 1 trong hé nhi phén.
Mitkhdc,k+1=2m+2ma: 2m+2 |2

0O{m+1

Ttc 1a: 2m + 2 = BIBZ...BPOIZ, diym + 1= B,Bz...ﬁp|2 1a biéu dién céa

m + 1 trong hé nhi phan.
DPén diy ta thiy b8 dé ding khi k = 2m + 1.

339



Chuy&n dé BDHSG Toan gia tri I6n nhat va gid tri nhd nhit - Phan Huy Khai

Tém lai, b8 & dting khin=k + 1.

Theo nguyén li quy nap suy ra b8 d& ding véi moi n (dpcm).

Ta thdy s6 nhé nhit c6 11 chit s§ 1 trong bi€u dién duSi hé nhi phan (cd
s6 2) 13 s6:

N= 11..1] =2"94+2°+  +2'+2°= 22——1=2027.
1156 1, -

Tir bd dé va do 1 <n <2011 = f(n) < 10. (D

D& phat hién ra ddu bing trong (1), ta liét k& ra cdc s8 1a nhd nhdt, gan nhd
nhat, ... nén trong biéu dién dudi hé nhi phan c6 chita 10 chif s§ 1. C4c s8 &y
theo thtt ty t¥ nhd d€n 16n 1a:

11...1 =1023; 10 11...1 = 1535
w—/’ \w—/’
10 chirso 1}, 9 chirso 1},
11 Ol...l/ =1791; 1110 11...1’ =1919
9 chirsd 1|, 7 chitso 1},
11110 [l1...1 = 1983, 11111 11...1 ="'15>2011.
W—/’ _’—J’ W—l’
6 chirs6 I, 5¢chits6 1 5chirsé 1},
Viy ddu bing trong (1) xdy ra
< n e {1023; 1535; 1791; 1919; 1983}. (2)

Tém lai thu dinh nghia vé gid tri bé nhi't ta cé:

max f(n)=10 < nthda min (2).
1<n<201 1

Bai 9. Tim n s6 nguyén dudng n nhd nhi't thda min c4c tinh chit sau:
a. n1a lap phuong clia mot s6 nguyén duong.
b. nvi€t trong hé thap phan c6 4 s& tin clng 1a 1997.
Huédng déin gidi
Ta tim s6 nguyén duong X thda min:
X =2’ =1997 (mod 10%) = a’ + 3 =2000 (mod 10%). (1)
Do 2000 = 2*.5%, nén néu dita = 5a, +r, v6ir, 12 s6 nguyén théa man 0 <r,
<4,tacé:

a’=1; (mod5) = (a’+3)=r’+ 5 (mod 5) (2)
Tir (1) suy ra, néi riéng (a® +3)i5. Vi th& tir (2) c6 (5 +3):5.
Dor, € {0;2;3;4) nénsuyra:r; =3 =a=>5a, +3. 3)

Pita, =5a, + r, véir, € {0; 2; 3;4}, ta ¢6:
a=55a;+r;)+3=25a, + 5r, + 3.
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Vithé: a® +3=[25a, + (55, +3)[ +3

= a3+ 3=((5r, + 3)’ (mod 25). 4)

Tir (1) suy ra, néi riéng (a3 +3):25

=[ (55, +3) +3)25 > 6,22 (dor, € (0;2; 3; 4))

Viy a =25a, + 13. Laiddta, =5a; + r; v6ir; € {0; 1; 2; 3; 4}.
D& ¢ ring: (a® +3):125 va l4p luan nhu trén suy ra:
r;=1=a=125a; + 38. 5)

V12000 16, nén tir (1) c6 (a® +3)i16.
Laiddta=16t+rvdirkhéngdamva0<r<1i5

Tr (2% +3)=( +3) (mod 16) = (3 +3)i16 = r=35.
Viaya=16t+5. 6)

Tir (5) (6) di d&n: 125a; + 38 = 16t + 5 = 33 = 16t — 1252,
. 33+125, 11-a,

16

Do t nguyén duong nén 11-a,

=h(h=0;1;2;..)suyraa;=16h+11.

Tirdéa=125(16h+ 11) + 38 = a =2000h + 1413; h =0; 1; 2; ...
Nhv viy n = 1413° = 2821151997 13 s6 tu nhién nhd nhit th¢ a man yéu ciu
ddu bai.

Bai 10. S6 nguyén A dugc tao thinh bing cdch viét lién nhau cic s6 nguyén
duong tit 1 d&€n 60 theo thit tw tif nhd d&n 16n, tic 1a: A = 1234..5960
Xét tap hgp cdc s6 n thu dugc tir A biing cdch x6a di 100 chir s8 tiy ¥ ciia A.
Tim min n va max n.

Hudng din gidi
Ta thdy a ¢6: 9 + 2.51 = 111 chif s6. Do vdy sau khi x6a di 100 chit s& tiy ¥
clia A thi con lai s8 n ¢6 11 chit s6 (chd ¥ ring n c6 thé c6 céc chir s6 0 ditng
dau).
Ta thdy A c6 6 chif s6 O phin b8 nhu sau:
D€ n 12 nhd nht, ta chon 5 chit s6 ddu tién cho n d&u bling O (nghia 14 phai
x6a bdt cdc chif s§ khdc O trong cic s8 tir 1 d€n 50). Ta s& x4c dinh thém 6 chit
$0 con lai cho n tir ddy s&:
5152 5354555657 585960
DE thiy 6 s6 d6 1a: 123450.
Vay min n = 00000123450 = 123450.
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P& n 1a 16n nh4't, ta chon 5 chir s ddu tién cho n déu bing 9 (nghia 12 phii x6a
bdt cdc chit s& khdc 9 trong céc s6 tir 1 d&€n 49). Ta s& x4c dinh thém 6 chit s
con lai chia n tir ddy s6:
5051 52 53 54 55 56 57 58 59 60

DE thdy 6 s5 d6 1a: 785960
Vay max n = 99999785960.

Binh ludn:
Qua 10 bai todn trén, ta thiy d€ gidi cdc bai todn lién quan d€n viéc x4c dinh
gid tri 16n nh4t, nhd nhit trong linh vyc SO HOC ta cin két hop khéo 1éo giita
cdc djc thyr s& hoc ciia bai todn véi cdc phuong phdp truyén thdng néi chung
clia bai todn gi4 tri 16n nhat, nhd nhit.

B. Piém qua bai todn gid tri I6n nhét, nhé nhdét trong hinh hoc t6
hap

Bai 1. Tim hinh vudng c6 kich thuéc bé nhit, d& trong hinh vudng d6 c6 thé sip
x&p nim hinh trdn ban kinh 1, sao cho khdng ¢6 hai hinh trdn ndo trong chiing
c6 di€m trong chung.

Hudng dén gidi

Gi4 st hinh vuéng ABCD c6 tim O va canh a, chita nim hinh tron khong cdt
nhau va d&u c6 b4n kinh biing 1. Vi cd nim hinh trdn ndy nim tron trong hinh
vudng, nén cic tim cla ching nim trong hinh vudng A,;B,C,D; ¢6 tim 0 va
canh bling a - 2, & diy A,B,// AB.
Céc dudng thing ndi cdc trung diém

cla c4c canh ddi dién ciia hinh vubng A 22+2 B
A]B|C1D1 chia AlB‘C]D] thanh b6n Al 2\/5 Bl
O,
\Oz
a2
2

hinh vudng nhé. Theo nguyén li

Dirichlet tdn tai mo6t trong bdn hinh 0

vudng nhd, ma trong hinh vudng nay
chtta it nh4t hai trong s6 nim tim hinh
tron néi trén (khong gidm tdng quat, gid
sttrd6 1a 0,, 0,).

D& ¥ riing vi khong ¢6 hai hinh tron nio (trong s nim hinh trdn) ct nhau, nén
0,0,22. ()

Miat khic do O;, O, cing nim trong mdt hinh vudng nhd

D C

(canh cta hinh vuéng nhé bing 3%2—) ,nén lai ¢6:
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-2
o,ozs*‘2 V2. Q)

Tir (1) (2) suy ra: %ﬁzz:azzﬁn 3)

Vay moi hinh vuéng canh a thda min yéu ciu d€ bai, ta déu c6 (3).

Bay gid xét hinh vuéng ABCD ¢6 a = 242 +2. Xét nim hinh trdn c6 tim 12
0, A,, B, C;, D; (xem hinh v&), thi moi y&u ciu dé bai thda mian. Tém lai,
hinh vudng c6 kich thuSc bé nhit cidn tim 12 hinh vudng véi canh bing
242 +2.

Bai 2. Diing n mau d€ t6 t4t ci cdc canh cia mot hinh 14p phuong sao cho mbi
dinh déu c6 ba mau lién thudc, d6 1a ba mau cia ba canh chita dinh d6. Tim
s6 n nhd nha't dé hai di€u kién sau diy dong th&i dugc théa man.

a. Khong c6 mit nao c6 hai canh cing mau.

b. Khdng c6 hai dinh nao c6 cling ba mau li€én thudc.

Huéng dén gidi
Ti¥ gia thi€t a. khdng c6 mit nao c6 hai canh cing mau, ma mdi mit c6 bdn
canh, viy s6 mau phai ding it nh4t 13 b6n, ttc 1a n > 4.
Mit khéc, n€u n = 4, thi s& bd ba mau tao ra tif bdn mau 1a
Ci=4.
C6 bon bd ba mau khdc nhau dé t6 cho 8 bd ba canh tai
tim dinh clia hinh 14p phuwong, vdy theo nguyén li

Dirichlet c6 it nhat hai dinh c6 cing mdt bd ba mau lién
thudc, tic 12 gi thi€t b. khong théa man.
Viyn>=4van#4,nénn=35.

Xét khi n = 5. Vi hinh 1ap phuong c6 sdu mit (md&i mit bon canh), va lai c6 12
canh, nén v6i bt cit bdn canh nao ludn ludn chon dugc it nhat hai trong chiing
thudc cting mdt mit cia hinh 14p phuong. Do d6, dé théa mén gia thiét a. mbi
miu chi ding d& td cho t5i da ba canh (vi néu khong, tif nhin xét trén néu c6
mau dé ching han ding d€ t6 it nhat bdn canh, thi it nhdt mdt mét c6 hai canh
dé, trdi v6i gia thi€t a.)

Diing n = 5 mau dé& & cho 12 canh, ma m&i mau ding d€ 6 t5i da cho ba canh,
nén lai theo nguyén li Dirichlet suy ra c6 it nhat hai mau (giad s d6 1a mau
xanh (X), va mau d6 (D)), ma mdi mau dung daéto ding ba canh.
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Vi mdi canh chifa hai dinh va lai dé thda min gi3 thiét a.
nén hai mau X, P sé& lién thudc tdng cong 12 dinh (mdi mau
lién thudc sdu dinh). Ma hinh hinh 13p phudng chi ¢6 tim
dinh nén phdi c6 it nhat bon dinh c6 cing hai mau X, P lién
thudc (xem hinh v&, dudng nét lién dim (— ) chi mau dé,

dudng nét dit (———) ddm chi mau xanh).

V4i mdi dinh trong s& nay, xét canh thit ba xuit phét tir d6 va khdong c6 mau
X, P. Chi c6 khd ndng sau xdy ra:

Bén canh dang xét d6i mot khdc nhau. Do bon canh nay chi dugc dung ba
mau con lai (ngoai X, D), nén phéi c6 it nhat hai canh cing mau, va nghia 1a
diéu kién b. bi vi pham vi c¢6 hai dinh ciing c6 b ba miu lién thudc gidng

nhau.

Tém lai, n€u n =5, ta ludn di dén mau thudn. Dod6n>5 TA v 2

Véin = 6, xét cdch t6 mau sau day: Pd (D), Xanh (X), . L "
Vang (V), Tim (T), Nau (N), Lam (L). % I v
Cé4ch t6 mau nay théda min moi yéu ciu dé ra. y," aiaintel
Vay gid tri nhd nh4t phdi tim 1a n = 6. X

Bai 3. Cho bang hinh vudng gébm 13 x 13 6 vudng. Ngudi ta t6 mau dd 3 S 6
vudng clia bing sao cho khéng ¢6 bon 6 dd nao nim & b6n géc clia mot hinh
chit nhat. HAi gid tri I6n nhd't ciia S ¢6 thé 13 bao nhiéu.

Huéng dén gidi
13
Goi x; 12 586 d& 16 & hang thiti. Ta ¢6: S=) x;.
=l
2. . o, ~ , P, X: (X “'1
O hang thit i, s6 cdc cip 6 d€ c6 thé c6 la: Cii =—'—(—2’———)—.
x; (x —1)

Vaytng sd cdccipd ddla: A= Z >

i=l
Chi€u cdc cip 6 d6 xudng mot hing ngang nao d6. Vi khdng c6 bon 6 dd
nio nim & bon géc cla mdt hinh chit nhit nén khong cé cip & dd nao cb
hinh chi€u tring nhau.
Vithé: C2,=782 A.

13 13
xl(x, <78 hay: Zx —Zx <156.

i=| i=l =1
Theo bt ddng thitc Bu-nhi-a-c6p-xki, ta cé:
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Tir d6, ta thay (1) va (5) vao (4), di d&n:

s 1 5 10 13
5 s<156= S?— 135 -2028<0
=S<52. (6) 5
Péng thic trong (6) x4y ra khi va
chikhix, =x,=..=x,3=4, ticla
mdi dong c6 4 6 16 dd. 10
Bay giJ ta chi ra cdch t6 mau nhu sau:
Vay maxS = 52. 13
Bai 4.

Mot tam gidc déu dugc chia thanh n® tam gidc déu bing nhau. Mot s6 tam
gidc d6 duge ddnh s6 bdicdc sd 1, 2, 3, ..., m sao cho cdc tam gidc vdi cdc s§
lién ti€p thi phdi c6 canh chung.
Tim gi4 tri 16n nhat c6 thé c6 ciia m.

Huéng dan gidi
Chia cdc canh tam gidc déu thanh n phin bing nhau. Tir cic diém chia vé cic
dudng thing song song vdi cic canh clia tam gidc. Khi d6 s6 tam gidc déu con
:1+3+5+..+@2n-1)=n’
TO6 mau cdc tam gidc thanh cdc tam gidc den,

tring xen k& nhau nhu hinh vé. Khi d6 s8 cdc 6
N n(n+1 A v
denla: 1 +2+3+..+n= ( ),consocaco /,, 2

%M%/

n(n—-1)

tringlA: 1 +2+3+..+(n-1)=

Theo cdch ddnh s§ tam gidc thi hai tam gidc
dudc ddnh sd lién ti€p phai ¢6 canh chung, do d6
n6 phai ¢c6 mau khic nhau.
Vi 1& d6, trong s8 cic tam gidc dugc ddnh s8, s§ cac tam gidc den chi c6 thé
nhiéu hon s8 céc tam gidc tring 1a 1. VAy tdng s6 cdc tam gidc dugc ddnh s6
m phai thda min bat ding thifc:

ms<2 n(n 5 1)+l haym<n’-n+1.

Ta chi ra mot cdch ddnh s dat ddu ddng thitc. Mudn viy, cich dinh s8 nay
phdi ddnh s§ dudc hét tit cd cdc 6 tring. Thi du cdch ddnh s§ nhu hinh vé&
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trén. Trong cdch ddnh s8 niy s6 & dugc ddnh s6 bing hai 14n s8 6 tring cong
1 va dod6 bingn*—n + 1.

(Chii ¥ trong cdch d4nh s6 trén &€ c4c ban dé hinh dung ta 14y n = 4)

Viy gid trimaxm=n’-n+ 1.

Bai 5. Cho badng 6 vudng kich thudc 2010 x 2011 (bdng gdm 2010 dong va 2011
c6t). Hay tim s6 nguyén duong k 16n nhit sao cho ta c6 thé t6 mau k 6 vudng
clia bing sao cho v4i moi hai 6 vudng con ndo dugc t6 mau ciing khdng c6
dinh chung.

: Huéng dén gidi

Ta d4nh s6 cdc hang va cot theo quy

udc sau: Thit ty cia hiang tinh tir trén

xudng dudi, con thi ty cda cot tinh

123 2010 2011

tlr trdi sang phai.

Z

— e DD

Ki hiéu (i; j) 1a 6 vudng nim & giao ;.

cla hang thi i va cit thy j ciia bang.
Gid st T 1a mot cdch t6 mau thda
min yéu cdu dé bai. Ki hiéu k(T) Ia
s6 6 dudc t6 mau cia cich T.

Néu 6 (i; j) duge td miu trong cAch td mau T (1 <i<2n- 1) thid G + 1; j),
va cdc 6 k& véi (i; j) trong ciing hang di nhién khéng dudc td mau.

Thuc hién phép bi€n d8i d6i vé6i T:

X6a mau & tit cd cdc 6 (i; j) ma i = 1 (mod 2), ddng thdi td mau cdc 6 (i + 1;
j) (t¥c 1a x6a mau tdt cd cdc 6 nim & hang 18).

2009
2010

R& rang sau khi thuc hién phép bi€n ddi 4y, ta c6 mot phép t6 mau méi T'.
Phép t6 mau nay thda min cic diéu kién sau:

1. Hai 6 vudng con nao dudc t6 mau § budc T’ ciing khong c6 dinh chung.

2. k(T)=k(T’)

3. Tdtcd cdc 6 nim & hang th 1, 3, 5,..., 2009 déu khdng c6 mau
Theo cdch t6 mau thi s cdc & dudc td 123 4 2011

mau  mot hang khdng vugt qud 1006. 1 T
Va chi ¢6 t8i da n hang c6 mau, nén: g %=%=é/4=/4

K(T") < 1005.1006 Nom/R/mRY
Vi th& k(T) < (n + 1)n v6i moi cch t6 mau T. ENENEEN
v/ Mym /MY,

Xétcich to mau sau:
T6 mau tdtcd cdc 6 (2i;2j- 1) véii=1,2,..,1005;j=1,2,.., 1006

E\H

2010
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R6 rang phép t6 ndy thda min yéu cau dé bai. S6 6 dudc t6 1a 1005.1006
Vay max k = 1005.1006.

Bai 6.
Cho C 1a mét da gidc 16i. N6 dudc goi 1a “da gidc dep”, n€u nh ngoai cic
dinh ra, khong con dinh nio khic 1a cdc “di€ém nguyén” (téc 1 c4c dinh ma
hai toa d9 ctia né d€u 1a s& nguyén). Tim s§ canh 16n nha't c6 thé c¢6 clia mdt
“da gidc dep”.

Huéng dén gidi

Xét cdc hinh vudng don vi trén mat phing toa d6, véi cdc dinh Ia céc “diém
‘nguyé&n”. Viy ton tai “tif gidc dep”.
Gia st ton tai mot “ngii gidc dep”.
Cdc “di€m nguyén” chi c6 thé 1a bon loai sau:
Loai 1: P6 1a cdc diém (x; ; y;), trong d6 X; va y; cling 12 cdc s6 nguyén chin
(goi tit 1 diém C-C).
Loai 2: P6 1a céc diém (x; ; y), trong d6 x; va y; cing Ia cdc s§ nguyén 1&
(goi tft 1a diém L-L).
Loai 3: B6 1a cac diém (x; ; yi), trong d6 x; chdn, y; 1& (C-L).
Loai 4: P6 1a cdc diém (x; ; y;), trong d6 x; 1&, y; chin (L-C).
Vi ngii gidc 1a “dep”, nén theo sy phén loai trén va theo nguyén 1i Dirichlet,
thi phdi c6 it nhat hai dinh cing loai. Gia si hai dinh d6 13 A(x; ; yi1), B(x, ;
y2). Goi M 12 trung di€m cda AB. Khi 4y hoic M niim trén bién cia ngi gidc
(n€u AB 1a canh cia ngii gidc), hoic M 1a diém trong cla ngii gidc (néu AB
1a dudng chéo cia ngii gidc).
Gia st toa d0 cia M 12 (X ; ym). theo hé thitc Séclg, ta c6:
Do A va B 12 hai dinh ciing loai, nén x, va x; cling nhu y, va y, cling tinh
chén, 1&; tifc 12 xy VA yy ciing 13 s nguyén. Viy M 1a “diém nguyén”. Ta

din dé€n mau thuin cda “da gidc dep”.
Viy gia thiét phan chitng 13 sai. Piéu d6 c6 nghia 1a: moi da gidc 16i n canh
v6in = 5 khong thé 13 “da gidc dep”.
S& t6i da canh clia “da gidc dep” la n=4.

Bai 7. Trong cdc 6 clia mdt bdng vudng kich thudc n x n, ngudi ta viét cdc s6
sao cho t8ng clia cdc s6 ¢6 mit trong cdc 6 cia modt “chit thap” bat ki (tic 1a
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mot hinh gdm mot hang va mot cdt) khong nhd hon a, a 1a mot s6 duong cho
trudce.
Gia st S 12 tong cha t4't ca cdc sO dién trong c4c 6 clia bing. Tim gid tri nhd
nha't c6 thé cdia S.

Hudng ddn gidi
L&y mot hang c6 t8ng cdc s6 viét trong cdc 6 clia hang 4y 14 nhd nhat, rdi
xét t8ng céc s6 cla tdt ca cdc “chif thip” twong &ng véi cdc 6 cla hang nay.
Con n “chi¥ thip” nhu vay, va theo diéu kién clia bai, ta thiy tdng tdt cd cdc
s6 ghi trong n “chif thip” 4y khong nhd hon na.
D& thdy tdng néi trén chinh bing tdng tat cd c4c s6 trong bang cdng thém (n
— 1) 14n t8ng cdc sd trong hang 13y ra.
Goi t8ng cdc s8 trong ci bing 1a N, tdng cic sb

trong hang 14y ra 1a m, dva vao l4p luin trén suy ra:

N+(m-1)m=na. (Il /- -
(n ) ( ) N ‘7 2, 1%' 2 /;%
Theo dinh nghia cda s6 m,tacé: m<—. (2) :

n

DN

T (1), (2) suy ra: N+E(n—1)2na:>N(2—l)2na.
n n

C. Vai bai todn vé gid tri Ién nhét va nhé nhét trong hinh hoc
khong gian

Bai 1. Cho hinh chép tam gidic S.ABC c6 thé tich 13 V. M 1a m6t diém tiy ¥
nidm bén trong tam gidc ABC. Qua M vé& cic dudng song song véi SA, SB,
SC. Chiing cit cdc mit SBC, SAC, SAB tuong tng tai A’, B’, C’. Tim thé
tich 16n nhat cla ti dién MA’B’C’.

Huéng dén gidi
AM, BM, CM tuong trng cit BC, AC, AB tai P, Q,R.
Khi d6 tir gid thiét suy ra:
A’ eSP;B’ € SQ; C’ € SR
Theo dinh 1i Talet, ta c6:
MA' PM MB' QM MC' RM
SA PA’SB QB’ SC RC’

Trong tam gidc ABC hién nhién ta c6:
(theo dinh 1i XéVa)
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PM QM RM MA' MB' MC'
+ =1= + +

PA QB RC SA SB SC
Hai tf dién M.A’B’C’ va S.ABC ¢6 MA’ // SA, MB’ // SB, MC’ // SC nén ta
cd:

VM.A'B'C‘ _ MA' MB' MC'

Vsapc SA SBSC
Theo bat ding thitc C5Si, ta c6:

MA +MB +MC >33 MA'MB.MC . 3)
SA SB SC SA SB SC

MA' MB' MC'
T (1) (3) suy ra: 4
(D) Gysuyra: ~==-o8 " "sC 27 “

D4u “=” trong (4) xay ra

@MA =MB =MC =—1-® M 13 trong tdim AABC.
SA SB SC 3

=1. (1)

(2)

T (1) (4) di d€n: Vy o pc SEI,]-V . &)

D#u bing trong (5) x4y ra < ddu bing trong (4) x4y ra

< M 1A trong tdm AABC

Titr d6 ta ¢6: max Vy o-p:c =%V

Gi4 tri 16n nhi't dat dugc khi va chi khi M 12 trong tdm cia AABC.

Bai 2. Cho hinh chép tam gidc S.ABC ¢6 SA = a, BC =b va SA tao v6i BC géc
60°. M 1a mdt diém trén cana SB. Qua M dung thiét dién song song véi BC.
Tim gi4 tri 16n nhi' cla dién tick. thi€t dién.

H:iéng dan gidi
K& MN // SA, MQ // BC. Khi ¢6 (MNQ) N (ABC) = NP // MQ
D& tha'y QP // MN => thi&t dién MNPQ 14 hinh binh hanh. S
Do MN // SA, NP // BC = MNP = (SA,BC) = 60°

Ta c6:

Sunpo = MN.NPsin MNQ = MN.MQsin—\/Z—g- ¢))
(do NP = MQ)

Theo dinh li Talet, ta cé:
MQ SM MN MB :MQ+MN_SM+MB
BC SB SA SB b a SB

=1 (2)
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Theo bat ding thitc CSi, ta c6:

1=MQ+MN22JMQ'MN MQMN<ﬂ 3)
b a ab 4

MQ MN 1

D4u bdng trong (3) xdy ra < 5 =—=3 < M l1a trung diém clia SB
a

T (1), (3) ¢6: Sunpg < ab;/g < Mla trung diém cia SB.

Nhu vay ta c6: max Sunpg = ang/g.

Bai 3. Cho géc tam dién vudng Oxyz. M 13 mot diém trong géc tam dién c6
khodng cdch xudng ba mit xOy, xOz, yOz tudng ng 13 a, b, ¢ (a, b, ¢ > 0).
Mit phing qua M cit Ox, Oy, Oz lin ludt tai A, B, C. Xét dai lugng P = OA
+ OB + OC. Tim gi4 tri 16n nhit ciia P.

Huéng din gidi z
Ta cé: :

Voase = Vmoas + Vmosc + Vmoca

= Vmoas . Vmosc N Vmoca ’
Voasc Voasc Voasc
a b c
hay — + —+—= 1
Y 0a 0B 0oC )

Ap dung bat ding thitc Bunhiacopski,
ta cé:

(OA + OB +0OC) (_+L+_) [JBK Va +JOB b, oek J

OA OB OC JOA JOB Joc
K&t hop v6i (1) suy ra: P= OA + OB + OC 2(va + b +5) . @)
D4u bing trong (2) xdy ra < JOA _VOB _vOC
Ja b e
Joa 4Joc oc

OA OB OC OA+OB+OC
Y AR e et S W S O LR

0A =+a(va+vb+c)
& {0B=b(Va+vb+/c) 3)
OC =+c(a +vb++c).

2
Tt (2) (3) suy ra: min P = (Va + Vb ++/c) < OA, OB, OC x4c dinh bdi (3)
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Bai 4. Cho hinh chép S.ABCD c6
ddy 1a hinh binh hanh. Goi K
la trung diém cta SC. Mit
phing qua AK cit canh SB,
SD l4n lugt tai K. Gia s hinh
chép S.ABCD c6 thé tich 1a V.
Tim gid tri 16n nhdt va nhd
nhit cia thé€ tich w¢ dién
S.AMNK.

. Huéng din gidi
Dﬁ[ X= ﬁ yy= —S—N— .
SB SD
Ta ddt V, = Vs amnk, thi Vi = Vg amk + Vs ank- (1)
Vsamk _ SM SK

RO rang ta cé: J— 2)
Vsape SB SC
1 A" SK 1
DOV -—-—V =—Vé '—=--’
S.ABC 2 S.ABCD 2 SC 2
nén tr (2) suy ra: Vs amg = %Y- 3
Tll’dng 114 c6: V‘S.ANK = %. (4)
R A%
Tu (1) (3)(4)suyra: V, = :1_ x+y). (5)
Mitkhdc lai c6: V| = Vg aun + Vsmnk (6)
Hoén toan tuong ty ta c6: Vg aun = % va Vgmnk = %Y
v .
Nén tiY (6) ¢6: V, = 3"1 . 0
®)

Bay gid tr (5) (7) c6: x +y = 3xy :y=3 7"
x_

Dox>0,y>0néntir (8) suyra: x> %

X

V‘1y=S—NSl:> sl:le.Tl‘rdélsxsl.
SD 2 2

3x-1
Thay (8) vao (7) va c6

2
v,=y-(3x. X ): v, )
4 3x-1) 43x-1)
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b 3x2 W 1
Xét ham sb: f(x) = ———— v8i —<x<1
4(3x-1) 2
f(x) = M va ¢6 bang bién thién sau:
4(3x — )

X

1
3 |
f,(x) /
f(x) 2 \ / E

T d6 ¢6: max f(x)=max[f[%]; f(l) =max{%; 3}:% ;

—<x<I
2

2
; =flZ]=
min f(x) (3]

—<x<l
2

Bai 5. Cho géc tam dién vudng Oxyz dinh O. trén Ox, Oy, Oz lan lugt 14y cdc
diém A, B, C sao cho: OA + OB + OC + AB + AC + BC = |, o'daylla s6
duong cho trude
Tim gi4 tri I6n nhat cha thé tich ot dién OABC.

Hudng dan gidi
P3itOA=a,0B=b,0C=c. Az
Khi dé theo bat ding thitc Bunhiacopski,

ta co:

a+b S\/2(a2 +b2)
a+c<y2(a2+c?)
b+c <y2(b?+¢?).

Tu @6 suy ra:
J2(@+b+c) <al+b? +vb?+c? +ct +a?,
hay (a +b+c)(1+v2) < a+b+c+ya? +b2 +vb +c? +c? +a’ . (1)

D4u bing trong (1) xdyra<a=b=c.

X
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TU gia thi€t suy ra ta c6:

l
@+b+c)(1++/2)< ! haya+b+c < . )
Y 1+ \/5
D4u biing trong (2) x4y ra < ddu bing trong (1) xdyra <>a=b=c.
Theo bt ding thitc C5Si, thi: a + b + ¢ = 33/abc . (3)
D4u bing trong (3) xéy rac>a=b=c
3
T (2) (3) suyra: \/_ > 33/abc hay ———— ! 3 —————>abc. : 4
1+ 27(J2 +1)
D4u bing trong (4) x4y ra
&> ddng thdi c6 ddu biing trong (2) ) @a=b=c= l—(—‘%—‘l—)
(dva vao gid thiét ta c6 phuong trinh: 3a + 3a+/2 = I).
1 I
Vi VOABC = —abc > VOABC S—————-—?
6 162(v2 +1)
3 —
Vé VOABC =—l—3®a=b=C:M—l—) .
162(v2+1) 3
3 -—
Tir d6 ta ¢6: max Vg spc -———l——-——<:>a=b=c=m.
162(v2 +1)° 3

Bai 6. Cho hinh chép 1t gidc déu S.ABCD ma
khodng cdch tir dinh A d&€n mait phing
(SBC) biing 2a. Vdi gid tri ndo cda géc a
giita mit bén va ddy ciia hinh chép, thi thé
tich cia khéi chép S.ABCD 1a nhd nhit.
Tim gi4 tri bé nh4t 4y.

Huéng dén gidi
Goi M va N tuong @ng la trung
di€ém ctia AD va BC.
Do AD // BC = AD // (SBC) = d(A, (SBC)) =d(M, (SBC)) = 2a
Vi BC L (SMN) = (SBC) L (SMN),
nén néu ké MH L SN = MH 1 (SBC).
Vay d(M, (SBC)) = MH = 2a.

Ta c6: SNM:a(O<a<§).
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2a

T d6 suy ra: MN =——; SO = ONtana =
sina cosa,
. .1 4a* a 4 2°
Vay Vsapep = . —5—. b . (D
3 sin“a cosa  3sin“acosa
4.3
Tu (l) Suy ra: minVs.ABCD = 3 2 . (2)
max (sin acosa)
()<a<7-2'-

.4
Pitx=cosa. Do0O<a< 5:0<x<l.

Lic d6 sin’acosa = x(1 - x%) = x - x°.
Xéthamss:y=x-x’vdi0<x<1.
Tacéy’ =1 - 3x%, va c6 bang bién thién sau:
X 0 —\/—5- |
: 3
0

b

y +

y /\i

. J3) 243 V3
Vay Youax =¥ T |=E—— <@ X=—

AN NN NN

X .
3 9 3
~ as. 3 3 3
T d6: min Vg agcp = 2\/53 & cosa = T o= arccos?.

Nhan xét:
Ta c6 thé sit dung phuong phap bat ding thitc d€ gidi bai todn trén nhy sau:

. ) n
Do sinacosa > 0 khi 0 < a < E ,

nén max (sin2 acosoc) = | max (sin4 acos’ a) . 3)

()<a<-7—[ ()<cx<E

2 2
Ta ¢o:
. 4 2 ( 2 )2 2 1-cos?a 1~-cos’a 2
sin” acos“a=\l-cos“a) cos“a=4. . .Cos“ a.. ()
2 2
Theo bat ding thitc CHSi, ta ¢6:
1-cos?a 1-cos?a 2
1-cos’a 1-cos’a 2 * 2 Teos o
3 - >~ costa<
2 2 3
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1-cos’a 1-cos’a 2
= :

1
. s‘a—. 5
pi 2 27 ©)
D4u bdng trong (5) x4y ra

1-cos’a

=cos’ o & cosa, = —? (do cosa. > 0)
) . 4 2 4
Tir (4) (5) suy ra: sin*acos’a SE

(sin’ occoscr) = 2 23
= max \sin- acosa) = = —
0<a<? W39

“~

. 3
=min Vs apcp = 243 @ a = arccos—-.

Ta thu lai k&€t qui wrén.

D. diém qua vai bai todn vé gid tri I6n nhdt, nhé nhdt trong hinl,
hoc phdng

Bai 1. Cho tam gidc ABC va O 1a diém niim trong tam gidc. G bén ngoai tam
gidc ké cdc dudng thing song song vdi cdc canh, cdch ching mot khodng
cdch bliing khodng cich tir O d&€n canh d6. Mdi dudng thing nay tao véi mot
canh clia tam gidc va cdc phdn kéo dai cla hai canh kia mot hinh thang. Goi
S|, S,, Sy 12 ba dién tich hinh thang nay. Gia sir S I dién tich tam gidc ABC.
Tim gié tri nhd nhit cia dai lugng P= S, +S, +8S;.

Huéng dén gidi

Ki hiéu dién tich cic tam gidc ABC, OBC, OAC, OAB va cdc hinh thang
BCC,B,, ACC:A,, ABB;A; lin lugt qua S, S, S2, S3,S;, S5, S; - Do AABC -
AAB,C,, nén:

S+, _[AH'T _(AH+HH')2

S AH AH
ViOK = KK’ = HH’,
nén t trén ¢6:

5+S,_{, OK)Z

S L +AH M

Lai ¢6: %—zs—' B
_ AH S 3
Thay vao (1) va cé: B, H'

=
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' 2
S+S, =(1+_s,_)
S S

2 52 2
=S+S,=8 1+ 20, 50 S+ZS,+—:>SI 2sl+s—’. )
S s S S
, s?
Lip luan tuong ty, ta c6: S, =28, +——SZ-, (3)
2
s'3=2s3+s—3. )
S
Tw (2) (3) (4) suy ra:
P=S +S,+S; =2(S, +S, +S3) + = (sz+s +53) (5)
S, S, S, Y (s S,V 1
Vi: L4224 23 =1 néntacé: ( ’\ ( 2) +(—ﬂ p g (6)
S S S S) S 3
. 1
(dva vio nhin xét hién nhién sau: Néua + b + ¢ = 1, thi a?+b*+ct>=.

D4u bing xdy ra ©a=b=c=%)

D4u bing trong (6) x4y ra < SS _%z%—%Q O 1a trong tim AABC.
S Y (S, ¥ (S;Y
Viét lai (5) dudi dang: P = 2S + (—S'-) J{-Sl] +(—sl) S (7)

Tu (6) (7) suyra: P >2S + §=§S.
78 PRV R A
P= 3 & c6 dau bang trong (6) < O 1a trong tim AABC.

Vaymin P = -7—3§ < O1a trong tam AABC.

Bai 2. Cho tam gidc déu ABC canh a. M 1a di€ém tay ¥ nim bén trong AABC.
Xét tam gidc ¢6 3 canh 12 MA, MB, MC. Goi & 1a dién tich tam gidc ay.
Tim gi4 tri 16n nhat cda S.

Hué6ng dan gidi

.2
Goi S 12 dién tich tam gidc d&u ABC canh a, thi S = 2 V3 :

(1)

Qua M vé ba doan thing A,B;, B,C,, A;C; tuong ng song song véi AB, BC,
CA (xem hinh vé)
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bitBB;=x;B|C;=y; C:C=2

Dé lh:?fy A;BB|M, CC3MA|,AA3MC2 A
1a cdc hinh thang cin. A
Tir d6 c6: Aq ) ‘

MB = A;B;; AM = A;C,; CM = C,B,

Vay tam gidc ¢6 ba canh MA, MB, MC

cliing chinh l1a AA;B,C,.

Do céc tam gidc MB,As, MA,C, va MB,C; 1a
céc tam gide déu véi canh l4n lugt 1a x, v, z,

y
N

nén néu goi S,, S,, Sy twong tng la dién tich

clia ching thi:

(doa=x+y+2z)

2,22
T d6tacs: S| +S, + Sy =——+ % (1)
T (x+y+2)
Tacé: S= SaaBc, = SAMA,C# + SAMEICZ +SAMA,B,
1
=Sma,a +Smcc, +Swmes, = E(SMA3AA| +Smc,cc, T Sms,BB, )
=%[S—(S', +S, + sg)] )
Hién nhién ta ¢6: x> +y* +2° 2 é—_(x +y+2)%, nén tir (1) suy ra:
Coe 1
S,+Sz+S32§S | (3)

D4u bing trong (3) xdyra x=y =2 =-§—.

T (2) 3)suyra: S S-g- )

D4u bing trong (4) x4y ra <> ¢6 dau bing trong (3)
S x=y=z<>MIlatdm cia A déu ABC.

a?\3 . _a2\/§
4 12

DoS = = minS= < M 1a tAm ctia AABC.
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Bai 3. Cho tam gidc ABCc6 AB=c, AC=bva A=q. Xét tap hgp cac dudng
thing A qua A va khong tring véi hai canh AB, AC. Goi P 1 tich khodng céch tir
B va C t6i A. Tim gid tri 16n nhét cia P.

Huédng dén gidi

Pudng thing A qua A chia thinh hai loai:
Nhom 1:
Puding A cit doan BC. Pat BAH =8.
Ké BH LA, CK LA

Khi dé:
P = BH.CK = besinfsin(a — B)
1 K
= -2—bc[cos(a—2[3)—cosa]. (1
Tix (1) ta c6: |
P s-;—bc(l—cosa)zbcsinz-qz—. (2)

D4u bing trong (2) x4y ra
ocos(a-2B) =1 =%© A la phin gidc trong clia géc A.

Vay trong cdc dudng thing thuéc nhém 1, thi dudng phén gidc trong cia géc
A 1a dai lugng P dat gi4 tri 16n nhat va gid tri d6 bing: P, = bc sin? % .

Nhom 2:

Pudng A qua A va cit doan BC’,  diy C’ 1a diém ddi xtng clia C qua A. Ké
BH va CK cung vudng géc A.

KéCK' LA=>CK=CK’ > P=BH.CK=BH.C’'K’

Ap dung li luin phin 1 vio tam gidc
ABC’, ta thdy tich BH.C’K’(cling 12 tich
BH.CK) 16n nhidt khi A 1a phin gidc
trong cia géc BAC' (tifc A 1a phén gidc

c

ngodi cla géc A) va gid tri 16n nhit dé
N .5 180° -
bing P, = bcsin? -—S—E—a = bccos? % .

Theo nguyén li phén ra, thi:

maxP = max{P; P,} = max{bcsin2 %; becos? %}
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becos? %, néu A 1 géc nhon (0<o<90%)
= { besin® 5'25 n€u A 1a géc td (90° <o <180°)

lbc, néu A 1a géc vudng (o =90°)

\

Nhu viy néu A 1a géc nhon, thi maxP = bccosz% khi A 1a phén gidc ngoai
clia géc A va né€u A 1a géc td, thi maxP = besin? % , khi A 1a phén gidc trong

clia géc A va néu A 1a géc vudng thi maxP = %bc khi A 13 phéan gidc trong

hoidc la phin gidc ngoai cla géc A.

Nhdn xét: Trong bai trén d3 s dung nguyén li phin ra cla bai todn tim gid tri
16n nha't va nhd nh4t, di nhién k&t hdp véi cac 1ap luan vé hinh hoc phing c6
rng dung lugng gidc!

Bai 4. (Bai todan Toricelli)
Cho tam gidc ABC c6 max {A, B, C} < 120° (tfc 12 moi géc ciia tam gidc
déu bé hon 120°).
Hiy tim trong tam gidc ABC mét diém M sao cho MA + MB + MC dat gid tri
bé nhit. :

Huéng dén gidi

Cdch 1: (L3i giai cta Toricelli)
Dung ba tam gidic déu ABC,, BCA,,
ACB, ra phia ngoai tam gidc ABC. Dé
thiy ba dudng tron ngoai ti€p cla ba
tam gidc déu Ay ddng quy tai diém T,
va T 1a 3 diém nhin 3 canh clia tam
gidc BAC duéi ba géc bing nhau va
bing 120°. Do C,TA=ABC, =60",

nén ATC=120"= C,, T, C thing
hang. Li ludn tong t¢ c¢6 B, T, B,
thing hang va A, T, A, ciling thing

hang. Liy diém I trén TB,, sao cho
TA =TI = AAB,I = AACT (c.g.¢)
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=B I=CT=TB+TA+TC=BT+TI + 1B, = BB, 1)
L&y di€ém M b4t ki thuéc mién tam gidc ABC. Ta s& ching minh ring:
MA+MB+MC=>TA+TB + TC (2)

That vay dung tam gidc AME sao cho E & nita mat phing bd AM khong chita B.
R6 rang AAMC = AARB, > MC=EB, > MA+MB + MC>TA + TB + TC
= (2) ding. Dau bing xdyra=>M=T
Viy diém M cin tim chinh 12 diém T néi rén. Piém d6 thudng goi 1a diém
“Toricelli™. :
Cdch 2: LAy M la diém tiy y trong mién tam gidc ABC.

Thytc hién phép quay R (B, 60°)
Khi d6: R~ (B, 60")

C - A

M->M
Theo tinh chi't ctia phép quay suy ra. MBM’ 1a tam gidc déu = MB = MM’.
Ngoai ra do: R™(B, 60°)

MC - M’A,,
vay MC =M’A,.
Viy MA + MB + MC = MA + MM’ + M’A,. (1)
Tir (*) va theo tinh chit dudng gdp khic, ta cé:
MA + MM’ + M’A; < AA,. 2)
Nhu vay tir (1) (2) ta dd chitng minh dudc ring v8i moi vi tri diém M thudc
mién AABC, ta ludn c6: MA + MB + MC < AA,. 3)

D4u biing xdy ra <> A, M, A, thing hang.
Gia stt M, 12 vi tri cla M ma A, M, A, thing hang

Do BMyM, = 60" = AM,,B =120".

Theo tinh chdt cia A A
phép quay ta c6 géc '
tao bdi MyC va MyA, M | M,
bing 60" B ¢ B C
= MM, C = 60° , .
= BM,C =120". \
A, X,
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Vay M, 12 di€m nhin ba canh tam gidc dudi ba géc bing nhau = 120°, tdc M,
1a di€ém Toricelli phai tim.

Cdch 3:
R0 rang ta ¢6 bS dé hién nhién sau day (vi th€ chiing t6i bd qua chitng minh).
Né&u QNP la tam gidc déu, thi v6i moi vi tri cia di€ém M nim trong mién tam
gidc QNP, ta ludn c6 tdng khodng cdch tir M ti ba canh clia tam gidc QNP
12 hiing s8 (c6 thé tinh dugc ngay hing s6 nay bing chinh chiéu cao ciia tam
gidc déu QNP).
Ap dung b8 dé 4Yy ta gidi bai todn Toricelli nhu sau:
Do AABC c6 max(A, B, C) < 120°, nén tn tai duy nh4't diém T nhin ba canh
clia tam gidc dudi ba géc bing nhau, titc 1a: ATB = BTC = ATC = 120°.
Qua A, B, C dung ba
dudng vudng géc
TA, TB, TC. Ba
dudng nay cdt nhau
tai Q, N, P. D& thdy
QNP la tam gidc déu.
LAy M la diém thy y
trong AABC. Goi h,,
hy, h; 13 khodng cdch
tir M tdi ba canh NP,
PQ, QN clia AQNP.
Ro rang ta c6:
MA +MB +MC=2=h; +h,+hs
Theo bd d& néu trén (4p dung vao tam gidc déu QNP), ta c6:
hy+h,+h;=TA+TB + TC

Tu d6 suyra: MA+MB + MC>TA +TB + TC *)
D4u bing xdy ra trong (*) < M = T. P6 chinh la dpcm.
Cdch 4:

St dung bS d& hién nhién sau diy (Ching minh ra't don gidn va xin danh cho
cdc ban doc)

B3 dé: Gi4 st AMB = BMC =CMA =120° va MA = MB = MC thi:

MA +MB+MC= 0

Do gia thigt max(A, B, C) < 120°, nén tdn tai duy nhit diém T trong tam gidc
sao cho ATB=BTC = CTA =120°.
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) . TA TB TC
Apdung b8 dé suyra: — +——4+-—=0 *
p dung b6 dé suy T2 18 T TC *
Do d6 dai cda ba vectd'E, IE, Ic déu bing 1

TA TB TC

L4y M Ia di€ém b4t ky trong mién tam gidc ABC, ta c6:

MATA + MB.TB . MC.TC '
TA TB TC

St dung céc bat ddng thic hién nhién sau:

MA + MB + MC =

R ren e PP en P e P g |
LaB < |aHB| ; ta ¢6:

MATA MBTB MCTC_ MATA MBTB MC.TC
+ + 2 + + .

2
TA TB TC TA TB TC (2)
D& thdy: VF(2) = (MT + TA)TA N (MT + TB)TB s (MT +TC)TC
TA ‘ TB TC
= MT| 224+ 2L IS L TA L TR+ TC. 3)
TA TB TC
T (*) va (3) suy ra: VF(2) = TA + TB + TC. @)

Tu (1) (2) (3) (4) suy ra: MA + MB + MC >TA + TB + TC.

Nhdn xér: Ddu bing xdy ra < M =T. D6 chinh 1a dpcm.

Ciing gidng nhu trong cdc bai todn dai s8, gidi tich, vdi cdc bai todn tim gid
tri 16n nhat, nhé nhit trong cdc bai todn khic néi chung (trong hinh hoc
phing néi riéng) cling c6 rat nhidu c4ch gidi khdc nhau. Bai todn trén 12 mét
vi du dién hinh minh chiéng cho tinh da dang cia cdc phuong phép tim gia tri
16n nhd't va nhé nhit cda mét dai lugng cho trude.

Bai 5. Cho tam gidc ABC védia>b>c, § diy qua a, b, ¢ ki hiéu dd dai cdc canh

BC, CA, AB twong wng. Gid st M 1a mot diém di dong trén dudng tron ngoai
ti€p tam gidc ABC. Goi x, y, z lan lugt 1a khodng cdch tir M dén céc canh
BC, CA, AB.
Tim gid tri bé nhat cta dai lugng S = %+5+—;—.

Huéng ddn giai
Goi (%) 1a dudng tron ngoai ti€p AABC.

Khi d6 (¢) = BCUCAUAB. (1)
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Gid stM €BC.
Goi H, 1, J wong ¢ng 13 hinh chi€u cia M xuéng AB, BC, CA.
Khi d6 ta c6: Ml = x; Ml =y; MH =k.

Gia st K € ACsaocho AB=CK (doa>b>c).
GoiL=MK n BC

Dé thdy ABLM - AACM = b = & )
Ta ciling c6 ACLM - AABM = <= 9_ 2)
Z X

T ()@ =2+ S8Rk 2
y

X X

Do vay S = 3+b+3=3+a=2_‘
X

A A
X zZ X X
2a 2a
Nhu vdy min S= min (—J ,
MeBC  MeBC\ X max MI MOIO i
- BXLO/ C
MG)

& diy M, 12 trung diém ciia BC

Ta ¢6: Ml, = Bljtan MBI, = %lan% .

Tir d6 suy ra: min S= = 4coté-. 3)
MeBC A 2
- (an—
2 2
.Lap luén tuong ty, c6:
. B . . C
min S=4cot— va min S=4cot—. 4)
MeAC 2 MeAB 2

Theo nguyén li phin ri, ta cé:

0 ¢ — min{ min S, min S, min S} . 5
min § mm{MeBC MeAC ~ MeAB J° ©)

Mev¥

T (3) (4) (5) suy ra:

minS= mm{4colé 4cotE 4cot£} (6)

Me¥ 2 2 2

Doa>b>c=180">A>B>C>0

=>900>A>B>C>O=>colé<cot§<cot-c— @)
2 2 2 2 2 2

Viy tir (6) (7) di d&n: min s=4cotﬁ;-¢> M 1a trung diém céia BC.

Me(¥)

363



Chuyén dé BDHSG Todn gié tri I6n nhat va gid tri nhd nhit - Phar Huy Khai

Bai 6. Cho hinh trdn bdn kinh r. Xét tit cd cdc uf gidc ABCD ngoai ti€p dudng

tron. Tim gid tri nhé nhat cha dai lugng P = AB + CD.
Huéng dén gidi
Goi M 12 tim dudng tron ndi ti€p i gidc => M la D
giao diém clia cdc dudng phin gidc trong clia cdc
géc A, B, C, D cia tif gidc.
V& dudng tron ngoai i€p tam gidc ABM va goi
ABN la tam gidc cin ndi ti€p c6 dinh 1a N sao
cho ANB = AMB.
Goi h 12 khodng c4dch tr N xuéng AB, con h; 1a
khodng cdch tt M xudng AB. Khi dé ta c¢é:
h>h;vah =r.
ANB — 2htan AMB

A

Ta c6 AB = 2htan

= AB >2rtan AMB (1)

D4u bing trong (1) xdy ra < h=h,
< M cdch déu A va B.

—

Tu’dﬁg ty ta c6: CD >2rtan CI\;D . )

D4u bing trong (2) xdy ra < M cich déu C va D.

AMB CMD
-+ tan >

T (1) (2)c6: P=AB+CD2>2r

. 3)

tan

D4u biing trong (3) xay ra <> ddng thdi c6 diu bling trong (1) (2).

Ta c6: AMB +CMD = [180" - ig—}i] + [180" - C—fBJ =180°
= tan AMB =cot CMD = ,1,\ . Vi theo ba't ddng thic Cdsi, suy ra:
2 2 CMD
tan
tan AMB + tan CMD = _l,..\ +tan CMD >2. 4)
2 2 CMD 2
tan 2
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P

D4u biéing trong (4) xdy ra < A—I\;E= 45°,
Tir (3) (4) di dén: P > 4r &)
D&u biing trong (5) xdy ra <> ddng thdi c6 dau biing trong (3), (4)
& M céch ddu A, B; M cdch déu C, D va AMB = CMD = 90"
< ABCD la hinh vudng ngoai ti€p dudng tron ban kinh r da cho.
Tém lai min P = 4r. Gid tri nhd nhit dat duge khi va chi khi ABCD 1a hinh
vudng ngoai i€p dudng tron bén kinh r cho trudc.
Bai 7. Xét 4t ¢a cdc wr gidc ABCD chi ¢6 duy nhat mot canh 16n hon 1. Tim gid
tri 16n nhit cia S, ¢ diy S 1 di¢n tich t& gidc ABCD.
Huéng dén gidi
Gid st AD>1.Khidotacé: AB<1,BC<I,CD< 1.
Pit AC = x va goi M 1a trung dim ctia AC

2
Ta cé: AB” + BC® = 2BM + 55_

2
:>2BM2+§2—§2=>BM§%\/4—;(2 Lowm £

DoAC<AB+BC<2=0<x<?2
D4u bing trong (1) x4y ra <> AB =BC = 1. K& BH L AC. Ta c6:

Sasc = -;—AC.BH < é— x.BM. 2)
D4u bing trong (2) xdyra <> H=M < AB =BC
Tir (1) (2) ¢6: Sasc S%xxfll——x—z. 3)
D4u biing trong (3) xdy ra <> dong thdi c¢6 ddu biing trong (1) (2)
< AB=BC=1.
Ta c6: Sacp = %CA.CD sinACD < %x . 4)

D4u bing trong (4) xdyra <> CD =1 va AC L CD.

Tir (3) (4) ta ¢6: S = Saspep = Sasc + Sacp < -‘li-x 4-x? +%X ;

2% + xv4 — x?

—

D4u bing trong (5) x4y ra <> dong thdi ¢6 ddu bing trong (3), (4)
& AB=BC=CD=1via ACD=90".

hay S < (%)
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.. 2x + xV4 — x? =§-(

Ta c6 I+14+ 4—x2). 6)
4 4
Ap dung bdt ding thic Bunhiascopski, ta ¢6:
(l+1+\/4—x2)£3(2+4—x2)hay2+\/4—xzs\/§.\/6-—x2. Q)
2
2x+xda-x? WS?.XI_J_XA

T (6) (7) suy ra: (8)
D4u bing trong (8) x4y ra < c6 ddu biing trong (7)

oVi-x? =1 x=43.
Lai theo bat ddng thirc Cosi, ta c6:

2 1 (6-x?) /ﬁ“ \
xx/6—x2$x—+—g;x—=3. )
¢ [S A D
D#u biing trong (9) xdyra < x> =6 - x*> & x=4/3. U
Tir d6 k&t hdp véi (5) c6: S sﬁ.J—:% (10)

4
AB=BC=CD=1
. , V3
Kéthgplaitacé: S=— < AC=\/§
ACLCD

< ABCD la ntra luc gidc déu canh 1.
Tém lai max S = %?— < ABCD la nita luc gidc déu canh 1.

Bai 8. Trén mit phﬁng cho hai diém A, B v6i AB = d. Xét tip hop tat ci céc
hinh vuéng sao cho A va B nim trén cdc canh cia hinh vudng &y. Goi / 1 tong
cdc khodng cdch tir A d€n cdc dinh cla hinh vudng. Tim gi4 tri nhd nhi't cha /.
Huéng dén gidi
Gia sit CDEF la mot hinh vudng tily ¥ canh a va gid st A € CD.
Tacé: AC+AD=a

AE>a, AF>a.
Do d6 canh 16n nhat trong cdc doan AC, AD, AE, p B E
AF 1a AE hoic AF (thi du 13 AF)
R& rang trong cdc diém trén bién cia hinh vudng A
thi diém cdch xa A nhit phai 1a mot trong céc
dinh.
Tir d6 suy ra: C F
AB <max{AC, AD, AE, AF} = AF. @))
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Hién nhién ta c6: AB sCE-aJ_ _ E B
AB
T d6 suyra: AC+ AD=a >— (d —_a)
J2 2
d
AE >a>—.
V2
Tir (1) ta c6: AF > AB, nén két hgp lai suy ra A F
I=AC+AD+AE + AF > 2B L AB i p _ AB(1+v2)=d(1+3).
| 2 2
Nhu vy ta di dén:  >(1++2)d. | @)

D4u bing trong (2) xdy ra < AB 1a dudng chéo ciia hinh vudng.
Tém lai: min/ = (1 + \/E)d
Gi4 tri nhd nhat dat dudc khi AB Ia dudng chéo cla hinh vubng.

Bai 9. Cho hinh vudng ABCD canh bing 1. Piém M va N lin lugt di dong trén
AB va CD sao cho MBN =45°. Gid st S Ia dién tich tam gidc BMN. Tim
gid tri 16n nh4't va nhd nhét cia S.

Huéng dén gidi
bit AM =x,CN =y, nhuvayx, y € [0; 1].
bit ABM = Q, NBC = 8.
Do MBN =45 = o+ 8 = 45° = tan(a+08) =1
tanc + tanf3 = X+y

= =1
l—-tano + tanf3 1 —xy

=>x+y=1-xy. : 1)
Ta ¢6: S = Sgmn = Sascp — Sasm — Seen — Smpn-
x_y_(d-x)d-y) _l-xy
2 2 2 2
I-t

batt=xy. Khidétacéd: S = = (2)

R X+y=1-t
Ta cé tir (1): )
Xy=t
nén theo dinh Ii Viet x, y 12 hai nghiém thda min diu kién 0 < x; <x, <1
ctia phuong trinh: _
XX—(1-tx+t=0 €)]
D€ (3) c6 nghiém nhu viy, ta cin c6:
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(A>0 (12 -6t+120

(x =1 (x-1)20  [x%5 = (%, +%)+120 (¥)
11X +X, <2 S 9X +X, L2

XX, 20 X1X, 20

[X;+X, 20 kx,+x220‘.

Ap dung dinh li Vietvéi (3)tacéd: x; + X, =1 - t; Xx1Xx2 =tnén

t2-6t+120
t-(1-t)+1>0
(*) > 1-1<2 o0<t<3-242.  (3)
t>0
1-t20 - ¢
Tir (2) (3) suy ra: ﬁ-lss% (4)
N()
=0,y=1 M=A;N=D
S=l@t=0<:>x Y o
2 x=Ly=0 M=D;N=C
S=\/§—-l©[=3—\/5 A M, D
< M, N tuong tng 13 chin dudng phan gidc cia ABD, DBC.

M=A,N=D
M=D,N=C
minS = V2 -1 M =My N=N,,
& diy BM, va BN, 1an lugt 1a phin gidc cia cdc géc ABD va DBC.
Nhdn xét: Ta c6 cdch giai khdc bai todn trén nhu sau: (dva vao lugng giic)

Viy maxS = %c{

Tac6:S =Sgun = %BM. BNsin MBN

L S BE ) L
" 2cosacosp 2 2 cos(a+B)—cos(c—B)
N
= 5
V2 +2cos(a—P) © !
(doa +B=45"

Via, B € [0;45°], nén —45° < o — B <45°

:>\/—2—2_-SCOS(O.—B)Sl (6)
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\/5 <S<
242 2

hay \/E—ISSS%. ™

|

Tu (5) (6) suy ra:

- *

1
2

)

Laic6: S= % < cos(a-PB)=1 <:>oc=B=22°30’
S=+2-1 <:>cos(a—B)=i2—2—
{a-;3=45" [a=450; B=0 [M =D;N=C
= = =
o-pB=-45" |a=0;p=45" |[M=AN=D
Ta thu lai két qua trén!

Nhdn xét: Mot 1an nita ta thi'y dudc tinh da dang ciia cdc phuong phdp diing dé
gidi bai todn tim gid tri 16n nhit va nhd nhal trong cdc linh vyc khdc nhau:
dai s6, gidi tich, s hoc, hinh hoc, lugng gidc..

Bai 10. Cho nira dudng tron bén kinh R, dudng kinh AOB. C 13 mét diém thy ¥
trén nira dudng tron khong trung vdi A va B. Trong hai hinh quat BOC va
AOC vé hai dudng tron ndi ti€p. Goi M va N 13 hai ti€p di€m clia hai dudng
tron 4y véi dudng kinh AB ctia nita dudng tron da cho. Pdt 1 = MN. Tim gid
tri nhd nhit cda 1.

Hudng dén gidi
Goi Oy, 0, 1a tim ctia hai dudng tron.
Pit CON = 2o (nhv viy 0 < o < 90%)
bat MO, =R; NO, =R,.

Dé thiy O,0N = -;-CON =aQ,

=~ LAamg _ond .
OIOM-——2—COM—9O o. N M0 N B
Ta ¢6 I = MN = OM + ON = R,cot(50° - o) + Rcoto

= R tana + Rycota . (D
Trong tam gidc vudng O;MO, ta ¢6 R, = 00;sin(90" - a) = (R - R))cosa
= R(1 + cosa) = Rcosaa = R, = RCOSO&-. (2)

1+cosu
Hoan toan tuong tu, ta c6 R; = R31.na . 3)
1+sina

Tu (1) (2) 3)suyral= Rcosa sina N Rsina cosa

1+cosacosa l+sinra sing
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Rsina +Rcosa R sina + coso + 1

1+cosa  1+sina (1 +sina)(1 +cosa)

2cos-q(sin-OE +cosg~)
R 202 2) R
— 2 -
2 cos? 99/3111 2 o cos cos > (sin % 4 cos C})
AR 2 2\ 2 2
2R
= (3)

sino+coso+1
Do sina + cosa = \/2- cos(a, — 45%), ma 0 < o < 90°.

= 0 < sina + cosa < +/2 , Vi th& 1 (3) ¢6 ;

12\/?11 =2R(V2 - 1)
I=2R(\/§—1)¢cos(a-45())=l
sa=45"
& Cla trung diém cia AB

Viy min/ = 2R(v2 ~ 1), khi C 12 diém chinh giifa cia AB.

E. Diém qua mjt s6" bai todn tim gid tri lén nhdt, nhé nhdt trong
lugng gidc
Bai 1. Cho tam gidc ABC. Tim gi4 tri nhd nhit clia dai lugng sau:

:C
2

2A B

A B C
P =tan? E +tan? 5 +tan? ——tan tan” —tan

Huong dén gidi

2

Theo bat di’ing thitc Cosi,tacd  tan %+ tan? -g > 2tan%tang

» B

tan? — + tan? -C— 22tan§tang
2 2 2 2

2-C—+tanz—A-ZZtangtan-/}-.
2 2 2 2

tan

Tir d6 suy ra:
2 A » B ,C A B B C C A
tan —2—+tan —2-+tan 52lan—z—tan—+tan—tan—+tan-——tan—.

Trong moi tam gidc ABC, thi VP (1) = 1, nhu vay ta c6 :

tanzf‘—ﬂan2 E+ tan? -C—Z 1. 2)
2 2 2

370



Cty TNHH MTV DVVH Khang Viét

Diu bing trong (2) xdyra<> A=B=C
Lai theo bat ddng thitc Cosi, thi

|l = lanétan—B— +tan Etzmg-+ langtané > 3{/tan2 étan2 Elan2 S—
2 2 2 2 2 2

1
<—.

:C
2727

:A 2B
= tan” —tan” —tan”
2 2

DAu bing trong (3) xdyra<> A=B=C. T (2)(3)c6 P> —ig .

D4u biing trong (4) xdy ra <> dong thdi ¢6 ddu bing trong (2), (3)
< A=B=C.

Nht viy minP = % <> ABC 1A tam gidc déu.

Bai 2. Tim gi4 tri 16n nhit cda bifu thic P = cos%Jcosgcos—g— & day A,B,C

1a ba géc cia mdt tam gidc ABC.
Hudng din gidi

Chii ¥ ring P > 0 v8i moi tam gidc ABC. Tir d6 ta ¢6 maxP = vmax P2

Tacé P’ = cosz—'b‘-cosgcos£=l(l—sin2 é)[cosB-FC +cosB—C)
2 2 2 2 2 2 2

1( ) ZAJ(. A B—C)
= —| 1 -sin® — || sin—+ cos .
2 2 2 2

Do cos <1, néntir (2) cé p? sé(l —sin® %)(l +sin—‘;—)

=l oB=C

D4u biing trong (3) x4y ra < cos

2
Ta cé l l—sinzé- l+siné]=l(2—25iné)(l+siné)(l+sin£‘-).
2 2 2 4 2 2 2

Tir d6 theo bat ddng thie Cosi, c6

[2—2siné—)+ 1+siné + l+sin'—°‘-)
1 . 2A . A | 2 2 2
—|1-sin“— || 1 +sin— |<—
2 2 2 4

3

3
= i(l—sinzéJ(l+siné)s—l-§-. (4)
2 2 2) 27
D4u biing trong (4) xdy ra < 2—2sin%= 1 +sin% = sin%=%.
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p2 <16
Tir (3) (4) di d&n fg o
PP =— < B=Cvasin—=-—.
27 2 3

Vayur(l)tacod maxPz\/E=4—\/z
27 9

<> ABC la tam gidc cAn dinh A véi A = 2arcsin% .

Bai 3. Xét cdc tam gidc ABC théa min hé thic tanA + tanC = 2tanB.
Tim gi4 tri 16n nh4't cla dai lugng S = cosA + cosC.
Huéng déin gidi
sin(A+C) 2sinB
cosAcosC  cosB
= cosB = 2cosAcosC (do sinB = sin(A + C) #0)
= cosB =cos(A+C) +cos(A-C)
= 2cosB =cos(A - C). O
Laicd S =cosA + cosC

A+C A-C . B ’1+cos(A—C) '
= 2cos cos =2sin—, | ————. -

2 2 2 2
Ttr(l)(2)suyraS=25in-§,/iz-25@. 3

Tacé tanA +tanC =2tanB =

T (3)suyra S >0, nén maxS= Jmax$? . “)
2Bl+2cosB _(2-2cosB)(1+2cosB) -

Ta c6 S? =4sin

2 2
Vi th€ theo bat ding thitc Cosi di dén

. 2
¢ S_l_[(Z—2cosB)+(l+20c>sB)
2 2
s?<d
- 8
> 9

S'=§<:>2——2005B=1+2cosBc>cosB=i—.

T
cos(A-C)=2cosB A-C=—
Tw dé ta ¢cé maxS=-3-[2—c> 1 2= 3

cosB=— 1
4 B =arccosz
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Bai 4. Tim gié tri nh nh4t cha dai lugng S = tan® i;—+ tan® % +tan® % & day A,

B, C 1 ba géc clia mot tam gidc.

Hudng dén gidi
Dé thdy S > tan® étan3 B +tan’ —B-tem3 g+ tan® S:-tan3 A ) ¢}
2 2 2 2 2

D4u biing trong (1) xdyra<> A=B=C.
< A B B C C A .
Pitx = tan—tan—,y = tan—tan—, z= tan—tan— thix+y+z=1
2 2 2 2 2

(chiyx>0,y>0,z>0)
Ap dung bt ding thitc Bunhiacopski cho hai diy  vx,\y, vz

tacd X+y+2)(x*+y* +2) 2 (X +y* +2°)

>x3+y+ 22 +y + ) (2)
2
Laicéxt+yl+z2s XXy 1 (3)
3 3
Ttrdésuyrax3+y3+z3zé. 4)
D4u biing trong (4) xay ra <> ddng thdi c¢6 ddu bing trong (2) (3)
< A=B=C
s>1
Tir (1) (4) ¢6 ?

S=—=A=B=C
9

Vay minS = % < ABC la tam gidc déu.

Bai 5. Xét cdc tam gidc ABC v6i A 1a géc 16n nhat.

Tim gi4 tri 16n nhi't cda dai lugng S = sin2B + sin2C +

sin A
Huéng dén gidi
Ta c6 S = 2sin(B + C)cos(B - C) + —2——-
sin A
= 2sinAcos(B - C) + _2 (H
sin A
Do sinA >0 va cos(B-C)<1,néntir (1) co:
S <2sinA + ,2 . (2)

sin A
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D4u biing trong (2) xdyra <> cos(B-C)=1<B=C.

i

Do A 1a géc 16n nhit trong tam gidc = A > g: —2—3 sinA <1.

Xétham sd f(x) =2x + 2 véi -{2—315)1 <l.
X
, 2 2x2 -
Tacé f'(x)=2 ——=——— - , nén c6 bang bi€n thi€n sau
_fz
X 2 1
f'(x) -
f(X) \
7

Viay max f(x)= f[ﬁJ =—\/_—._

__<x<] 2 3

Tir d6 suy ra (két hgp v6i (2))

S=M§~C>B=CvésinA=—3
3 2
S A=B=C

Vay maxS = Zé < ABC 1a tam gidc déu.

Bai 6. Xét tam gidc ABC véi A > 90"
Tim gid tri 16n nhilt cla dai lugng P = tanBtanC + 2cotA
Huéng dén gidi
2A .

2
D4u bing trong (1) xdyra < B =C.

Trudc hét ta cé tanBtanC < cot* 2

Tir d6 P <col’ 2 + 2cotA.

-

I -tan’ A
2

Do cotA =

anA - 5ian -g

Thay (3) vao (2)tadidén P < cot? %+ coté - !

cot —
2
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D4u bing trong (4) xdyra < B =C

Xétham s6 f(x) = x>+ x — 1 v8i0<x<1
X
(do A > 90° = % z45“:>0<conf2-\-s ).

1 .
Tacé f'(x)= 2x+l+—2 >0 Vx € (0; 1], nén c6 bang bién thién sau
X
X 0 ’ 1
f'(x) +

Z

Viy max f(x)=f(1)=1.Tr (4) suyra:
0<x<l1

P<1
P=1<B=Cva cot%:
<> ABC la tam gidc vudng cin tai A

T dé ta c6 maxP =1 << ABC la tam gidc vudng cin tai A.
Chii y: (1) chitng minh nhv sau
Do A 290" =B + C <90" = cos(B + C) 2 0.

Ta ¢6 cosBcosC = —;-[cos(B +C)+cos(B-C)]

> %[cos(B +C)cos(B-C) +cos(B-C)]
+C

= cosBcosC > %cos(B - O)[1+cos(B+C)]=cos(B- C)cos2 B
.2 A

=> cosBcosC 2> sin Ecos(B -0
.2 A . .

= cosBcosC 2 sin 7(005BcosC +sinBsinC)

= (1 - sinZ%)cosBcosC > sinzgsinBsinC.

Do B, C nhon = cosBcosC > 0.

cos? A
2 o sinBsinC

. A
T d6 ta c6 = tanBtanC < cot? ?

sin2 2 cosBceosC
DAu biing xdy ra < cos(B - C) & B =C => (1) dugc chitng minh!
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Bai 7. X¢ét tap hgp cdc tam gidc ABC khong phai 12 tam gidc c6 géc tu.
sinA +sinB +sinC
cosA +cosB+cosC
Hudng dén gidi
Do vai trd binh ddng ctia A, B, C nén c6 thé gid s A = max{A;B; C}

Tim gi4 tri nhd nhét cta dai lugng P =

= ESASE.
3 2

Ta c6:

sin A +2sin _Bg_C_ cos B—%E SinA+2 cosi;—cos

sinA +sinB +sinC

cosA +cosB+cosC COS+ 2¢0s 13_"’_9 cos B-C COSA + 2sin%cos

bit x = cos — 0<x<l)
sinA+2xcosé 2cos—3§—

Xét ham s6 f(x) = 2 v6i0<x<1=f(x)= 2 —.
COSA +2xsin £} (cos A +2xsin 7)2

DOESA<£:3£S-%S-?£:>COS3—/§-SO
2 2 2 4 2

T d6 ¢6 f'(x) <0V 0<x<1,néncé bing bi€n thién sau:

X 0 1
f'(x) -
7
sinA+Zcosé
Do vdy min f(x)=f(l)= .
0<x<l . A
COSA +2sin—
2
sinA+2cosé n n
Xétham s6 g(A) = — v8i —<A<—.
COSA +2sin— 3 2
. 3A
sin— —1
Ta c6 (sau khi rit gon) g'(A) = 2 ><0.
(cosA+2sin—'§—)
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T d6 ¢6 bang bién thién sau:

X

£'(x)

g(x)

Viy . min g(A)=g

T<A<
3

J2

T do suy ra f(x) = —2——+l. O

x =1 coS

Dau bing trong (1) xdy ra <

0
2
<> ABC la tam gidc vudng cin dinh A.

N 2 z ~ 2 . 2
T dé ta c6 k€t quad sau: minP = 7+1
<> ABC la tam gidc vudng cin dinh A.
Bai 8. Xét ABC la tap hgp cdc tam gidc nhon.
Tim gi4 tri nhd nhat cha biéu thic:

P =tanA + tanB + tanC + tan i;itamgtang )

Huéng dan gidi
R& rang trong mot tam gidc nhon, ta cé:

B
tanA + tanB + tanC > cot% +cot—2—+cot§-. (D

D4u bing trong (1) xdyra<> A=B=C.
1

Nhu viy P > coté+cotg+cotg+
2 2 B C

cot —cot—cot—

2 2 2

. . . A B C A B C
Trong moi tam gidc ta co cot-2—cot—cot— =cot—+cot—+ cot—z- ,
A B C
cot =+ cot— + cot = > 3/3.
2 2 27
Tir (2) (3) (4) sau khi datx = col—?—%—colg—i—cot%, ta cé:
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Pox+ L vdixs 33

X
Xétham so f[(x) =x + 1 = flx)=1- —17 nén ¢d bang bicn thién sau:
X X
X 33 : +0
f'(x) %
283
Tw dé6 min = t(3f)_-—/—
x\x/'% 9
) 3
K&t hgp lai suyra P > 289\ -
3 A=B=C
P= 2&/—:@ ~ ©A=B=C
9 x=3v3

283

Nhu th¢ minP = - ABC la tam gidc déu.
Bai 9. Tim gid tri I6n nhat cla dai lugng S = cosA + cosB + cosC,
3 diy A, B, C 1a ba géc cia tam gidc ABC.

Hudng dan gidi

Ta co S=2cc)sA;BC()sA;B+l—25in2§

= 25in¥C—cos —B +1_2sin2_c_
2 2

—1—[4sin—§—cos A-B +2 —4sin? g]

2
I C A-B -B
= —|—|2sin——cos -3 —+3 1
2 { > } "= M
S 3
Tu (1) suyra SSE )
3 in2=B_o
va S=~& 2 < A=B=C.
2 . C A-B
2s8in— = COoS
2 2

Viy maxS = % < ABC la tam gidc déu.
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Nhdn xét: Xét cac cdch gidi khdc sau day:

. Xétcdc vectd don vi ¢, ¢,, ¢, nhu hinh vE.

Ta c6 (6‘ +62 +61)2 2()

o [&1] + ol +[0a + 206 [E2]cos(&,.8,)

+ 28 [|6s|cos (8. ;) + 2]¢,|[e;|cos(E,.€;) 2 0.
Do cos(€,&,)= cos(’]8()“ - B) =—cosB.
Tuong te cos(€;,&;)=—cosA va cos(E,,&;)=—cosC.

Do |5,|= Iézl = ]é’;l =1 =3~ 2(cosA + cosB + cosC) = ()

3
= S = cosA + cosB + cosC < 5

~

3 - - P
Li}iC(‘S= 5‘ @C]"{'Cz"’ z:()

ol

& € +6, =—6

< BMNP Ia hinh thoi ¢<6 BM = BN = BP = |

< MBP=120" < B=60". A
Tuong tr A =C =60" = ABC 12 tam gidc déu.

Tém lai maxS = —2— < ABC la tam gidc déu.

. Tathu lai k€t qua trén. B . C
2. Xét céch gidi khdc nifa nh sau: /\ P
Ta ¢6 nhan xét hién nhién sau: M®=---= N
» T ,. COX—+COoSs X+
Néux,y € |——:—| thi —————————chos——l.

Diu bing xdyra > x=y.
Tu do ta ¢6:

cos,C+cos3 c+Z
cosAt+cosB 3 cos 2B | o3 A+B+C+2
2 2 — < 2 < cos
2 ) 2
cosA—}-cosB+cosC-.Ll " 3
= <cos—=— =>cosA +cosB +cosC < =,
4 3 2 2

Dﬁ‘ubﬁngxﬁyra@A:B:C:%.
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3 . X . A, 13 A
Vay maxS = 5 <> ABC la tam gidc d€u. Ta ciing thu lai két qua trén.

3. Lai x¢t cdch giai khdc nira nhu sau:
Ta ¢4 S = cosA + cosB + cosC

B -B . C
= 2005A+ cosA +cosC§25m5+cosC (*)
A X . 2 _B
Dau bang trong (*) xay ra & cos =1<A=B

Xétham s6 f(x) = ZSin%-i—cosx v6i0<x<mn
Ta ¢6 1'(x) = cos~—sinX = cos£(1—2sini]. f'(x)=0
2 2 2
N1y
@x:;(d()0<x<n)

) A . X L, e ren
V@i chi y khi 0 < x < 7w th COSE >0, ta c¢6 bang bi€n thién sau:

I
X 0 3 n
£'(x) Z + 0o -
iy 3
Viy maxf(x)= f{—1=—
Yy (x) [3 >
NP o ue 3 3
T d6 k€t hdp vdi (¥) suyra S < —2-, vaS= 5
A=B
=N cT < ABC la tam gidc déu.
3
Nhu th€ maxS = % < ABC la tam gidc déu.

Bai todn m& diu cudn sich nay di chitng t6 sy phong phii va da dang ciia
cic phuong phip diing d€ tim gia tri I6n nha't va nhé nha't ctia mét bidu
thitc hay mgt ham sé cho trudc.

Bai todn néu trén khép lai cuén sdch nay cing véi mét thong diép ring:
Cidc phuong phdp tim gid tri 16n nha't va nho nhat ma ching toi da trinh
bay ki ludng trong cudn siach nay mdi that phong phi lam sao!

380



MUC LUC

Chuong 1. M dau vé gid tri Ién nhat va nhé nhat ciia ham G ..ceeveeeeeeeerenneerecncinnnees 3
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