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LJo1 no1 dau

Bét dang thic 13 mot trong nhitng van dé hay va khé nhét clia chuong trinh toan phd
thong bdi n6é c6 mat trén hau khip cac linh vige clia toan hoc va né doi hoi ching ta
phai c6 mot vén kién thitc tuong déi viing vang trén tat ca cac linh viyc. Mdi ngudi
chiing ta, diic bigt 1a cac ban yéu toan, du it di nhiéu thi cling da titng dau dau trude
mot bat déng thitc khé va ciing da timg c6 duge mot cdm gidc tu hao phéan khich ma
minh ching minh dugc bat ddng thic d6. Nham “kich hoat” niém say mé bat ding
thitc trong céc ban, ching toi thuc hien quyén sach “Chuyen dé bat déng thitc hien
dai”.

Sach gdm 2 chuong. Chuong I chiing toi xin dudc gidi thieu dén cic ban nhing ki
thuat (xin chi goi 1a k§ thuat) ma chiing toi tim toi tich lily duge trong sudt thai gian
hoc tap ctia minh. Do tat cd cac k§ thuat ma ching toi dé cap & day déu c6 médi lien
hé khang khit v6i nhau (cai nay b trg cai kia va nguge lai) nén chiing to6i xin dugc
phép trinh bay theo kiéu timg bai chuyén dé nho, mdi chuyen dé 1a mot ki thuat.
Tuy nhién, linh vire bat déng thiic hién nay rat phat trién (phat trién nhat ciia toan
hoc so cap hién nay), cho nén chiing toi khong thé dé cap hét cac kj thuat (phuong
phap) dugce, cac ky thuat (phuong phap) da ting xuit hién & cac sich, ching toi sé
khong nhéc lai & day, cac ban c¢6 thé tim doc ching dua vio céc tai lieu ma ching toi
dst & phan tai lieu tham khao. Vé cac ki thuat ma ching toi sé gidi thiéu trong sach,
hau hét ching la nhimg ki thuat manh va duge dimg dé giai nhitng bai toan khé (dén
rat khé) nén doi khi (viec gidi cac bai toan kho) thi c6 thé gip phai nhitng tinh toan,
bién do6i phiic tap, day 1a didu khong thé tranh khéi. Nhung céc ban hay yén tam, vi
cac bai toan xuat hién trong cic ky thi hoc gidi (qudc gia, olypimpic 30/4, tham chi
thi toan quéc té) thudng chi 1a nhiing bai rat don gidn, binh thudng nén viéc st dung
cac ky thuat nay rat nhe nhang va don gian. Ching han nhu bai toan thi IMO 2006
sau

Bai toan 0.1 Tim hdng sé nhé nhét sao cho bat dang thite sau ding vdi cdc sé thuc
a,b,c
lab(a® — b) + be(b* — ¢*) + ca(c® — a®)| < k(a® + b* + %)%

Loi gidi ciia dap an 1a mot 161 gidi rat dai va phitc tap (sit dung bat ding thitc AM-
GM), doi héi ngudi lam phai “rat khéo 1é0”, nhung véi 1i giai bang ky thuat “danh



vi LOI NOI DAU

gia céc bat ding thitc hoan vi”, chiing ta chi nhan duge mot 15i gidi ngan gon 1/3 so
v6i 10i gidi gboc ban dau.

Chuong 11 ciia sach 1a tuyén tap nhitng bai toan ma chiing toi (theo quan niém ciia
ban than) 1a hay va rat kho. Chiing t6i chii yéu tuyén chon nhitng bai bat dang thiic
chita cin hodc nhitng bai “khong mau muc” vi chiing ta khong thé diing nhing bién
ddi thong thuong dé giai ching va nhu thé thi méi thic ddy ching ta sang tao dudc.
Trong chuong nay, phan l6n ching t6i déu giai bing cach st dung bat déng thiic
Cauchy Schwarz-Holder (CYH techniques) va bat ding thic Schur (bac 3, bac 4).
Thuc té 1a d6i véi mot s6 bai toan thi khong chi c6 mot 18i gidi duy nhat ma con c6
nhiéu 15i gidi khac nita, nhung & day ching toi chon 15i giai bing cac bat déng thic
trén, vi chiing t6i muén cac ban “hda nhap” vao quan diém ciia ching t6i 1a “Cai don
gidn nhat 13 cai manh nhat!” Trong chuong ndy, c6 mot s6 bai toan khé, 18i gidi ma
chiing t6i tim dugc rat phiic tap, chiing toi rat mong cac ban sé suy nghi vé ching va
tim duge mot 16i gidi don gidn hon.

Ching toi thic hien quyén sach nay v6i mong mudn cung cap thém cho cac ban them
mot nguon bai tap (khé) vé bat ding thiic dé co thé luyén tap them ki ning giai toan
ctia minh. Mac dit di rat c6 ging nhung khong cé didu gi 1a tuyét déi ca, nén kho
tranh khéi nhitng thiéu sét, sai lam. Mong cac ban théng cam va gép ¥ cho chiing toi
dé c6 thé quyén sach c6 thé duge chinh sita va hoan thien hon. Xin chan thanh cam
an.

Xin giii tang quyén sach nay dén ngusi con gai to6i yéu quy nhat, ban Pham Thi Hang,
hoc sinh chuyén toin K34, trusng THPT Chuyén Phan Boi Chau, thanh phd Vinh,
tinh Nghé An.

V6 Qubc Ba Can

SV 16p YY0647A1, truong DHYD Can Tho

S6 nha C65 khu dan cu Phit An, phudng Phit Thi, quan Cai Rang, tp. Can Tho
E-mail: can_hang2007@yahoo.com



Chuong 1

Tim toi mot s6 ky thuat giai
toan

1.1 Dai lugng (a — b)(b —¢)(c—a)

V6i nhitng bat déng thiic hoan vi vong quanh, viéc xit Iy chiing khé hon cac bat ddng
thitc déi xitng rat nhiéu. Tuy nhién, mot diém dang chi ¥ & cac dang bat dang thiic
nay, ching ta c6 thé bién ddi ching thanh dang "ban déi xing" nhu sau

Dat f(a, b, ¢) chinh la biéu thiic hoan vi vong quanh & dé bai, ta c6 thé viét lai f(a, b, )
nhu sau

Fla,b,6) = 3 1f(@bc) + fleb,a)] + 5[F(a,bye) — Fleb,a)

| —

Khi d6, c6 mot diém déng chi y 14 f(a,b,c) + f(c,b,a) 1a mot bidu thitc déi xing
theo a,b,c va f(a,b,c) — f(c,b,a), ta c6 thé tach ra mot dai lugng kha dic biet 1a
(a —b)(b—c)(c—a). Tt dé, viec danh gid bai toan tré nén don gidn hon nhicu.

Sau day 1a mot vai vi du

Vidu 1.1 Cho cdc s6 duong a,b,c. Chitng minh ring

ab . be L ca
3a2 +02 30242 3¢ +a?

3
<=
— 4
(Duong Dic Lam)
Lo1 cIAL Bt ddng thic tuong duong vdi

Z(a—b)(Sa—b) >0

3a2 + b2 -
cyc
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2(3a =) a+b a® —b?
@Z(a—b) {3a2+b2 _a2+b2} Z_Zaerbz

cyc cyc

(a —b)* (302 — 2ab + 3b?) a? —v?
>
> @232+ 08— |1 e

cyc cyc

Sit dung bat dang thitc AM-GM., ta c6

(a—b)*(3a® — 2ab+3b%) _ . |y7(a—0b)*(3a% — 2ab + 3b?)
Z (a2 + b2)(3a2 + b2) =3 H (a2 4 b2)(3a2 + b2)

cyc cyc

Nén ta chf can chitng minh

(a — b)* (3a2 — 2ab + 3b2) a? — b?
3 >
3 H (a2+b2)(3a2+b2) - Ha2+b2

cyc cyc

a—b)*(3a% — 2ab + 3b a’® — b?)3
o[ (a2)+(b2)(3a2 +02) !> chﬁ +b2§3

cyc cyc

& 271—[(3a2 — 2ab + 3b%)(a* + b*)* > H(a —b)(a +b)*(3a® + b?)

cyc cyc

Bét ding thitc nay dude chitng minh néu ta chitng minh duge bat ding thic sau véi
moi 2,y >0

3(32% — 2xy + 3y°) (2 + ) > o — y| (x + »)*(32° + ¢°)

Theo bat ding thitc Cauchy Schwarz, ta co

—_

22 2 > (x4 y)?

=2
Nén ta chi can chitng minh

3(3z% — 2zy + 3y?)(2® +y7) > 2|2® — v*| (32 + )
Bat ding thitc nay hién nhien ding do

2?4 ? > ’xQ—y2|

3(32% — 2zy + 3y°%) — 2(32% + ¢?) = 322 — 6wy + Ty? = 3(x —y)* + 49> > 0.

Bét ding thic duge ching minh xong.
Déng thitc xdy ra khi va chi khi a = b =c. ]
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Vidu 1.2 Cho a,b,c la do dai ba canh ciia mot tam gidc nhon. Ching minh ring

a® b3 c? a? b2 2

> .
a2+b2+b2+02+c2+a2 _a+b+b+c+c+a

(Vo Quéc Ba Can)

Lo1 GIAL Truée hét, ta hay cht ¥ ring

b —a? b—a)(a® + ab + b? ab(b—a
St - DU - S D)

cyc cyc cyc cyc
> ab(b— a)(a® + ) (b + ¢2)
cyc

@+ )02+ A)(E + a?)

(Z a2b2> (Z ab(b — a)> + abe >" c3(a —b)

cyc cyc cyc

@+ ) + ) + a?)

(a—=b)(b—c)(c—a) (Z a’b? + acha)

cyc cyc

(a? 4+ b2)(b% + 2)(c? + a?)

a2_b2
Z a+b :Z(a—b):o

cyc cyc

T dé, ta c6 thé viét lai bat ddng thic nhu sau

ad + v a? + b2 b3 — a® a® — b?
aro >
P i D = Db s R Dl

cyc cyc cyc cyc

(a—=b)(b——c)(c—a) (Z a’b? + abe Y a>
Z ab(a —b)? cye cye
@@+ = @ RE @

cyc

Sit dung bat ding thitc AM-GM., ta c6

ab(a — b)? 5 a?b2c?(a — b)?(b—¢)?(c — a)?
2 CEDICE \/(a +0)(b+c)(c+a)(a® + %) (0% + ¢*)(¢® + a?)

cyc
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Ta can chitng minh

3§/ a?b?c?(a — b)2(b — ¢)%(c — a)?
(a+b)(b+ c)(c+ a)(a® + b2)(b% + ) (c? + a?)

cyc cyc

(a—b)(b—rc)(c—a) (Z a’b?® +abe Y a>

>

(@ +0%) (b2 4 c2)(c? + a?)
o 27a2b*c*(a — b)%(b — ¢)*(c — a)?
@ D0+ c)(c+ a)(a + BB + A)(E+ )

3
(a—b)3(b—-c)3(c—a)? (Z a®b? +abe Y a)
cyc cyc
(a2 + 02)3(1% + 2)3(c + a2)®
@27a2b202(a2 —|—b2)2(b2 + 02)2(02 +a2>2

3
> (a® = b*)(0® — A)(? — a?) (Z a’b? + acha)

cyc cyc

>

Do a,b,c 1a do dai 3 canh ctia mot tam gidc nhon nén ta dé dang chitng minh duge
a’b’c® > |(a® = b*)(b* — *)(¢® — a®)|
Ngoai ra, ta ciing c6

(a® + ) (b + ) (* +a?) = (Z a2> (Z a2b2> — a?b*c?

cyc cyc

8 2 272
cye cye
. 3
Z 5 3 <Z a2b2>
cyce
S a2b? +abe Y a\ ?
8 cyc cyc
> =13

=27

cyc cyc

3
= (a® + b?)%(b? + *)%(c* + a?)? > 8 (Z ab® + acha)

Nhan tuong dng vé véi vé cac bat dang thic nay, ta thu duge bat ding thic & trén.
Déng thitc xay ra khi va chi khi @ = b = ¢ hodic @ = b,c = 0 v& cac hoan vi. ]
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Vi du 1.3 Cho cdc s6 khong am a,b, c, khong cé 2 s6 nao cung bing 0. Ching minh

rdng
a’ b c 3(a? + b2+ ?)

>
a2+b2+b2+02+02+a2_ 2

(Vo Quéc Ba Can)
LOI GIAL Viét lai bat dang thiic nhu sau

S+0° a+b b3 — a3
> (w5 >>\/3§“2—Z“+Zﬁ

cyc cyc cyc

cyc

(a—0b)*(a+0) (a—b)?
R WGt KRS i (el
cyc 2((12 + b2) cyc 3 Z a2 = E a

cyc cyc

(a—=b)(b——c)(c—a) (Z a’b? + abe Y a)

T @R P A T )

Do /33 a? > > anén ta chi can ching minh duge
cyc cyc

§:®—®%a+®

p” 2(a? + b?)
) (a=b)(b—c)(c—a) (Z a2b2+abcza>
Z (a—b) + cyc cyc
- . 2> a (a? 4+ b2) (b + c2)(c? + a?)
a+b 1
@%(a—bﬁ (a2+b2 B a—!—b—i—c)

2(a—=0b)(b—c)(c—a) (E a’b?® +abe Y a)

cyc cyc

>

(a® + %) (b2 + 2)(c + a?)

2ab + ac + be
2
(:)Z(a—b) ’ a2 + b2

2(a—=b)(b—c)(c—a) (Z a) (Z a’b® + abe Y a>

cyc cyc cyc

- (CL2 +b2)(b2 +62)(62 +a2)
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Sit dung bat dang thitc AM-GM., ta c6

Z(a_b)Q'Qab—l—ac%—bc

a? + b2
cyce

S 3€/(a —0)2(b—¢)%(c — a)?(2ab + ac + be)(2bc + ab + ac)(2ac + be + ba)
< (a2 + b2) (b2 + ¢2)(c2 + a?)

Ta phai ching minh

3§/<a —0)2(b—¢)%(c — a)?(2ab + ac + be)(2bc + ab + ac)(2ac + be + ba)
(@ + R) + )@ + )

2(a—b)(b—c¢)(c—a) <Z a) (Z a?b? 4 abe Y a)

cyc cyc cyc

(a2 4+ b2)(b% + 2)(c? + a?)

>

<27 lH(?ab + ac+ be)

cyc

l:H(a’Q + b2)2

cyc
3 3
> 8 [H(a = b)] (Z a) (Z a®b® + abcz a)
cyc cyc cyc cyc
Vi
3

H(2ab +ac+be) >2 (Z ab)

cyc cyc
va

[+ %2 > %‘11 (Z a2> (Z a2b2>

cyc cyc cyc

nén ta chi can chitng minh duge

() () ()

cyc

> [g(ab)] (Za>3 (Za2b2+ab02a>3

cyc cyc cyc
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Bay gio, cht § ring

8 (Z a2b2>2 (Z ab>2 -3 (Z a’b? + abcza>3

cyc cyc cyc cyc
2 3
=8 (Z a2b2> <Z a’b? —|—2acha> -3 <Z a’b? —|—acha>
cyc cyc cyc cyc cyc
= A (Za2b2 — acha) >0
cyc cyc

trong do6
2 2
A=5 (Z a2b2> + 12abc <Z a262> <Z a) + 3a2b%c? (Z a)
cyc cyc cyc cyc

Ta con phai ching minh

() (£#) =[] ()

Chuan hoéa cho a + b+ ¢ = 1. Dit ¢ = ab + bc + ca,r = abc thi ta c6

(a=b)b—c)c=a) < V(a—b32(b—c)?(c—a)?
= V@ —4¢ +2(9¢ — 2)r — 2712

Ta phai ching minh
2¢(1 —29)* > \/q2 — 4¢3 + 2(9q — 2)r — 27r2

Néu 9¢g < 2 thi

2g(1~29)% — /¢ — 43 + 2(9¢ — 2)r — 2712 > ¢ [2(1 22— /1— 4q} >0

Do

1

2(1-2¢)% —\/1—4 =<\/1—4 —5) +1[2(1—4q)2+1]20

Néu 9¢g > 2 thi

- 4 1
V@ — 4¢3 +2(9q — 2)r — 27r2 = \/27(1 —3q)3 — 2—7(271" —9q + 2)?

4
< 4/ =(1-3q)
< /5 (1=39)
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=2q(1 —2¢)% — \/q? — 4¢3 + 2(9q — 2)r — 2712

> 2q(1-29)" 4/ 5

2
> 2q(1-29)* = 5(1=3q) = —5

5= (1= 30)" = 201~ 2)* — (1~ 3¢) V3~ 30)

8 46
—(9g —2)(81¢> — 63+ 13) + —~ > 0.

729

Bét ding thic dugc chiing minh xong. Déng thitc xdy ra khi va chikhia=b=c. =

1
a’ b’

Vi du 1.4 Cho cic s6 duong a,b, c théa man
gidc. Xdc dinh hdang s6 k nhé nhat sao cho

a + b + ¢ <k E+Q+E a-i-
b+c2 c+a?2 a+b2— b ¢ a b2

LOI GIAL Cho a = b = ¢, khi d6 bat dang thiic trd thanh

3 <%
a+1 " a
a 1 1

k>4 1 _ 1
TV 3GrD 3 3@t

L 74 d6 dai 8 canh clia mot tam

b c
C—2+? .

(Vo Quéc Ba Can)

Cho a — o0, ta dugc k > . Ta sé chitng minh day chinh 13 gia tri ma ta can tim,

tic la
@ b ¢ _1lfa b cyfa b c
b+c?2 c4+a? a+b " 3\b ¢ a)\V?* 2 a?
@§ﬁ+§bc+za2_3zb+c2
Do 3”415 < > &% nén ta chi can chiing minh duge
cyc cyc
Zbg+Zbc+Za2—3ZCQ
cyc cyc cyc
SN prs QZGQ_
cyc cyc
bat z = ,y—% —%,khi dé6 z,y, z 1a do dai 3 canh ctia mot tam gidc. Bat ding

thic tré thanh

Zﬁnzfx)

cyc cyc cyc
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3 22 2 2
©Z<52+y_z)+zyj_zx+2<cycy_§z> >0

. Az —y)y—2)(z—2) =
oS (G2

TYZ

20@-y)ly—2)(z—z) Y=
.’IJ— 2 + zx cyc
(:)Z 2.733; : 2 TYZ

cyc

St dung bat dang thitc AM-GM, ta c6

ey 3o/I1(x—y)? - T1(22° + y2)
> (x—y)Q2y" +22)  Veve cye

2x%y - 2xyz

cyc

Ta can chiing minh

o [[(@—y)? [1222 +yz) 2@ —y)(y—2)z—2) 2

cyc cyc cyc
Z Y
2xyz TYz

& 27 1_[(2x2 +yz)>64(x —y)(ly—2)(z—=x (Z J:)

cyc cyc

Dé chitng minh bét déng thic nay, trudc hét ta sé chiing minh
9 H 222 + yz) (Z x) (Z xy)
cyc cyc cyc

Do tinh thuan nhét, ta c6 thé chuén héa cho z+y+z = 1. Dit ¢ = zy+yz+zz, 7 = zyz,
khi d6 ta c6 3 > ¢ > § va

H(2x2 +yz) =272 +2(1 — 9q)r + 4¢°

cyc
Béat dfing thic tré thanh

243r% +18(1 — 9¢)r + 364> — ¢ > 0
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PREETN ~ N ~ N PR 5g—11 2
Day 1a mot ham 16m theo r va véi chi y rang r < ~z=7, ta c6

2
5q — 1
243r% +18(1 — 9q)r + 36¢°> — ¢ > 243< q18 > + (1 —8q)(5g — 1) +36¢° — ¢

1
Z(16q —1)(1-3¢)2>0

Tiép theo, st dung bat dang thiic trén, ta chi can chiing minh

3 <Zx> <Z:z:y> > 64(z —y)(y — 2)(z — x)

cyc cyc

Ditz =m+n,y =n-+p,z=p+m (m,n,p > 0), bat ding thitc nay tuong duong

voi
3 <Zm> (ZmQ + 3Zmn> > 32(m —n)(n —p)(m — p)

cyc cyc cyc
T day, gid st p = min{m,n,p}, va dat m =p+u,n=p+v (u,v > 0), ta c6

Zm:3p+u+v2u+v

cyc
Zm2+32mn: 12p% 4+ 8(u + v)p + u? + 3uv + v* > u? + 3uv + v?
cyc cyc
(m = n)(n —p)(m —p) = w(u—v)
Nén ta chi can chitng minh
3(u + v)(u? + 3uv + v?) > 32uv(u — v)

< 3u® — 2000 + 44uv? + 303 > 0
10 32

2
< 3u (u— 31}) + ?U’UQ + 302 > 0.

hién nhién ding. Vay ta c6 dpcm. ]
Vidu 1.5 Cho cdc s6 khong am a, b, c, khong cé 2 s6 nao dong thdoi bing 0. Ching
minh rdng

(a—b)(13a+5b) (b—c)(13b+5¢) (¢ —a)(13c+ 5a)

> 0.
a2+ b2 b2 4 ¢2 c2 +a? -

(Vo Quoc Ba Cin)

1Day chinh 1a bat ding thic Schur bac 3
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Lo1 GIAL Bat ding thitc tuong duong véi

4(a —b)2 +9(a® — b?)
Z CL2 + b2 2 0

(a—b)? b — a2
(:)4; a? + b? ZQ;aQ—&—bQ
(a—10)? _ 9(a® —b?)(b? — ) (c® — a?)
4 >
< Z a2+ 02 = (a2 +02)(02 + 2) (2 + a?)

cyc

Theo bat dang thitc AM-GM,

(=87 o (@=b2(b—cPe—ap
PR 12\/<a2 R ay

cyc

Ta can chitng minh

4§/ (a —b)2(b—c)?(c — a)? S 3(a? —b?)(b? — ) (c? — a?)
(a2 +02) (B2 + ) (2 +a?) = (a®+b?)(b% + 2)(c? + a?)

Bat ding thitc nay 1a hé qua ciia bat ding thitc sau véi moi z >y > 0
4(2* +y°)* 2 3(2* — y?) (z +y)?
& ot — 623y + 822y + 6xy® + Ty* >0

Néu z > 6y thi

xt — 623y + 82%y? + 6xy® + Tyt = 2*(x — 6y) + 8xy? + 62y + Ty >0
Néu z < 6y, ta co

zt — 623y + 8229 + 6xy> + Tyt = 2%(x — 3y)? + 29 (6y — x) + Ty* > 0.
Vay ta c6 dpem. Déng thitc x4y ra khia = b = c. ]

Vi du 1.6 Cho cic s6 khong am a, b, c, khong c6 2 s6 nao dong thoi bang 0. Ching
minh rdng

w

ab . be L ca <
a2 +4b%2 b2 44¢2  2+4a2 T 5

Vidu 1.7 Cho cdc s6 khong am a, b, c, khong cé 2 s6 nao dong thoi bang 0. Ching
minh ring
(a—b)Ba—b) (b—c)Bb—c) (c—a)(3c—a)
3a? + 2ab+ 3b% 302+ 2bc+ 3¢?  3c? + 2ca +3a®
(Thomas Mildorf)
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1.2 Nhiing kiéu 15i giai dac biét bing AM-GM

Vi du 1.8 Cho cdic s6 khong am a,b,c théa a + b+ c = 3. Chitng minh rang

o .
a? + 3b2 b2 + 3c2 2 +3a2 ~ 2

Lo1 GIAL Stt dung bat ding thic AM-GM, ta c6

a3 a?
Z a>+302 62\/4a(a+b+c)-3(a2+3b2)
cyc

cyc

(Phan Thanh Viet)

a2

6
% da(a+ b+ c) + 3(a? + 3b2)

a2

= 6
czy; Ta? + 962 + 4ab + 4ca

v

Mat khéc, theo bat ding thiic Cauchy Schwarz thi

a2
2a)%(7a® 4+ 9b + 4ab + 4
<Z 7a2+9b2+4ab+40a> L%;(C—’_ a)*(Ta” + 96" + dab + dca)

[Za(c+2a) = (22a2+2ab>

cyc cyc cyc

Y]

Nén ta chf can chitng minh duge

2
8 (22 a® + Z ab) > Z(c—!— 2a)*(7a”® 4+ 9b* + 4ab + 4ca)

cyc cyc cyc
= Za4 —|—2:a2b2 +32a36—32ab3 —2acha >0
cyc cyc cyc cyc cyc

Gi& st @ = min {a,b,c}, dit b = a +x,¢c = a +y (z,y > 0) thi bat ding thitc trd
thanh

6(x? — zy +yH)a® + (42 + 922y — 929 + 4y*)a + 2* + 323y + 2%y — 32> +y* >0

Ta co 9 7
423 4+ 922y — 9z + 4y = 42 + Zy(Ql’ -y + ZZIS >0
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4 3 2. 2 3 4 2 3 2 ? 3 2 2
o+ 37y + 2%y —3xy” +y° = m—|—§wy—y +1xy > 0.

Nén bat déng thitc trén hién nhien ding. Vay ta c6 dpem. Ding thic xay ra khi va
chikhia=b=c=1. [ |

Vidu 1.9 Cho cdc s6 khong am a, b, c, khong c6 2 s6 nao dong thoi bing 0. Chiing
minh rdng

5(a+b+c) 22(\/4a2+bc+ VAV + ca + \/402+ab>.
(V6 Quéc Bd Cin)

Lo1 GIAL Khong mét tinh téng quét, ta cé thé gid sit a > b > ¢, khi d6 theo bat déng
thitc AM-GM, ta c6

4a% + b b—2
2 4a2+bc§2a+c+w:4a+c+u
2a + ¢ 2a +c¢
4b% + ca c(a — 2b)
24/ 4b? <2b — — —4p Sl
Tt 2b+c et 2b+c
2 4¢?
0\/iE 1 ab < bt C 4 2abtac)
2 2b+c
5  2(ab+4c?) b—2a a—2b
25 4a? <4 b+ 2
- @t besdatSht pet e T et T e

cyc

Ta can chitng minh

a+§c>2(ab+462) . b—2a+a—2b
27 2b+c 2a+c  2b+c
c(2a + 10b — 11c¢) b—2a a—2b
>c +
2(2b+ ¢) 2a+c 2b+c
2a 4+ 100 — 11c S b—2a+a—2b
2(2b+¢) T 2a4+c 2b+c

- 14b—llc+2a—b
2(2b+¢)  2a+4c

hién nhien dang via > b > c.
Déng thitc xay ra khi va chi khi @ = b, ¢ = 0 hoiic cac hoan vi tuong ting. ]
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Vi du 1.10 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thdoi bing 0. Ching
minh rdng

av/a? + 3bc 4 b/ b + 3ca + ¢/ + 3ab > 2(ab + be + ca).
(Vasile Cirtoage)

LO1 GIAL Stt dung bat ding thic AM-GM, ta c6

Za\/m_z b+C +3bC) 222 Ub(b+c)(a2+3bc)

(b+c) \/a2+3bc v a? + 3bc+ (b + ¢)?

cyc cyc

Do dé, ta chi can ching minh dudc

a(b + ¢)(a® + 3bc)
2 >2 b
;a2+3bc+ b+c)?2 = Za

a(b+ c)(a® + 3bc)
&2 > b
Z(12—|-3bc-&- (b+c)? _Za( +o)

cyc

a(b+c)(a? — b2 — c® + be)
@Z 5+ dbe

>0 (s=a®+b+c?)

cyc

a(b+c)—a(d®+c?)
>
(:)%; s + dbc 20
ab(a® — b?) ca(c? — a?)
- >
=2 Zy: s+5bc 20

cyc

ab(a® — b?) ab(a? — b?)
_ >0
< Z s + 5bc g]; s+bdca T

cyc

(a—b)(a® —b?)
& bab
“ CZ (s + 5bc)(s + Bea) —
hién nhien ding.
Diang thitc x4y ra khi va chi khi @ = b = ¢ hodc a = b,c = 0 hodc cac hoan vi tuong
ing.

Nhan xét 1 Ching ta ciing c6 mot cich khdc dé gidi bai todn nay nhu sau
Viét lai bat ding thite nhu sau

Za(\/a2+3bcfa) Z2Zab—2a2

cyc cyc cyc
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1
©3abczm > QZab—ZaQ

cyc cyc cyc

St dung bat ding thic Cauchy Schwarz, ta cé

1 9 9
> >
%a—i—\/a?—f—i’)bc T Y a+ > Va?+3be T
cve  eye Sa+ 03X a2+3> be
cyc cyc cyc

. 9 E

el 2_2(1,
Sa+,14(Xa e
cye cyce

Vay nén ta chi can ching minh dugc

9ab
5;222@—2&

cyc cyc

cyc
& Za?’ + 3abc > Zab(a+b).
cyc cyc
Day chinh la bat dang thic Schur bac 3 nén ta cé dpem.

Vi du 1.11 Cho cic s6 khong am a,b,c, khong cé 2 son ao dong thoi bing 0. Ching

minh rdng
a+b b+c c+a

+ +
V3ab+ 2 V3be+a?2  V3ca+ 12 T

(Michael Rozenberg)

LOI GIAL Sit dung bat dang thitc AM-GM, ta c6

V3ab + ¢? e 2(a+b+c)-3v3ab+ c?
Z 12(a+b)(a+b+c)
- 4(a+b+c)? +9(3ab+ ?)

cyc

cyc

Ta can ching minh

12(a+b)(a+b+c)
Z 4(a+b+¢)?2+93ab+ ) —

cyc
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o Z 8a? + 8b% — 11ab + 4c(a + b) — 13¢2
452 + 27ab + 9¢?

>0 (s=a+b+e)

N Z (a —¢)(16a — 116+ 13¢) + (b — ¢)(16b — 11a + 13¢)
452 4+ 27ab + 9¢?

>0

16b — 11a + 13c¢ 16c — 11a + 130
= b— - >0
Z( (452 +27ab+9c¢? 452+ 27ca + 9b2> -

cyc
&> x(b—c)*(4s® + 2Tbc + 9a%) > 0
cyc

trong do
x = 99a® — 150(b + c)a + 48b? + 87bc + 48¢? + 45*

va y, z tuong tu.
Dat t = 2£<, ta ¢6

x = 99a* — 150(b + c)a + 48b* + 87bc + 48¢° + 45?
= 99a® — 300at + 4(a + 2t)* + 183> + %(b —c)?
> 99a” — 300at + 4(a + 2t)* + 183t2

10302 — 284at + 199¢2

1 2
— >
To3[(103a 142t) + 333t%] > 0

Tuong tu, ta c6 y,z > 0.
Bét ding thitc dugc chitng minh. Dang thitc x4y ra khi va chi khia = b = c. [ ]

Vi du 1.12 Cho cdc s6 khong am a,b,c théa a + b+ c = 1. Chitng minh ring
a n / b n c >
2a? + be 2b% + ca 2¢2 +ab —

LOT GIAL Stt dung bat ding thitc AM-GM, ta c6

[ a
czyc 202 +be Z +b+c) (2a% + be)

cyc

(Vo Quéc Ba Can)

Y

a
2
czy;a(a+b+c)+2a2+bc

a
= 2
;3a2+ab+bc+ca
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Dit g = ab + bc + ca,r = abe, ta can ching minh

> gt 2!

cyc

& Z a(3b® + q)(3¢* 4+ q) > (3a* 4 ¢)(30* + q)(3¢* + q)

cyc

& 9achab+3an2(b+c) +q2Za > 27ab%c? —|—9an2b2 —|—3qu:a2 +q¢3

cye cye cye cye cye
& 9qr 4 3q(q — 3r) + ¢® > 27r2 + 9¢(¢* — 2r) + 3¢%(1 — 2¢) + ¢3
& [¢? —4¢® +2(9¢ — 2)r — 272 + 4r > 0
Chi y ring r > 0 va
@ —4¢> +2(9¢ — 2)r — 27r? = (a = b)*(b — ¢)*(c — a)? > 0.

dang thitc da cho hién nhién ding. Déng thitc x4y ra khi va chi khi (a, b, c) =

Nhan xét 2 Twu bai todn nay, ta suy ra két qud rat khé sau, hién chi mdi nhan dugc
mot 101 gidi cia ching toi trén mathlinks

a b c
> .
\ a2+bc+\/b2+ca+\/ c2+a >2V2

Vi du 1.13 Cho cdc s6 khong am a,b,c théa man a + b+ c = 1. Chitng minh rdng

Va+b2+vVb+2+ Vet a?>2.
(Phan Thanh Nam)

LOI GIAL Ta ¢6

Va+2+Vb+2+Ve+a2>2

@Z(m—b)zl

cyc

a
2N - >1
Z\/a—&—b2—|—b_

cyc
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Theo bat ding thitc AM-GM,

[¢ a a
Z va+b2+0b - Z 2(a+b)va+b? Z (atb)®+atb? | 4

>
cyc cyc 7 2(atdb) +0 cyc — 2(atd)

o Z a(a + b)
N 2a2 + 5ab + 4b2% + ca

cyc

Do dé, chi can chitng minh dudgc

Z a(a +b)
2a2 + 5ab + 4b% + ca —

cyc

o 4Za4b2 + 3Za3b20 - 192a263c+ 162a4bc — 1242022 > 0

cyc cyc cyc cyc
&4 <Z a*b? — Z a2b3c> +3 (Z ab’c — a2b262> + 15 (Z a*be — Z a2b3c>
cyc cyc cyc cyc cyc
+ (Z a*be — 3a2b262> >0
cyc

Bing cach st dung bat dang thitc AM-GM, ta thiy ngay dudc

Z a*b? > Z a2b30, Z ab?e > a2b2c2, Z a*be > Z a2b3’c7 Z a*be > 3ab2 2.
cyc cyc cyc cyc cyc cyc

Déng thitc x4y ra khi va chi khia =b=c = % hodc a = 1,b = ¢ = 0 hoadc cac hoan

vi tuong ung. [ ]

Vi du 1.14 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Ching

minh rdng
1 1 1 4

+ + > .
V4a2 +be VA2 +ca VAE+ab  a+b+c
(Pham Kim Hing)

LO1 GIAL Stt dung bat ding thic AM-GM, ta c6

p—” v4a? + be o (%a + %b + %c) V4a? + be
3 1 1
> 22 §a—|— §b+ §C

2
e 4a? 4 bc + (%a + %bJr %c)

3a+b+c
= 4
Z 16a2 + 4bc + (3a + b+ ¢)?

cyc
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Cubi cuing, ta chi can chitng minh

Z 3a+b+c S 1
16a%2 +4bc+ (3a+b+c)2 ~a+b+c

cyc

Z Ba+b+c)(a+b+c)
16a2 + 4bc+ (3a +b+¢)? —

cyc

33a+b+c)at+b+c)
1| >
<:>Z[16@2—|—4bc—l—(3(1—1—1)—&—0)2 =0

cyc

@ZZ 62+02*8a2+3a(b+0)
p” 16a% + 4bc+ (3a+b+¢)? —

(c+4a)(c—a)— (b+4a)(a—1b)
©Z 16a? + 4bc + (3a + b+ ¢)? 20

cyc

(c+4a)(c—a) (b+4a)(a—1b)
& X >
Z16a2—&—4bc—|—(30L—l—b—|—0)2 Z160L2—i—4bc—i—(3a—|—b—&—c)2_

cyc cyc

(a+4b)(a—b) (b+4a)(a—b)
= _
;1662+4ca+(3b+c—|—a)2 %16a2+4bc+(3a+b+0)2—
a1y (a = b)2(7a? + Tb% — ¢* + 34ab — 6ca — 6bc)
pv [16a2 + 4bc + (3a + b+ ¢)?][16b6% + 4ca + (3b+ c+a)?] —

& Z (a —b)*(Ta® + Tb? — ¢ + 34ab — 6ca — 6bc)[16¢* + 4ab + (3¢ +a + b)?] > 0

cyc
&Y S(a—b)*>0

Gia st a > b > ¢, khi d6 dé thay S;, S, > 0. Ta co
a®[16b* + ca + (3b + ¢ + a)?] > b*[16a* + be + (3a + b + ¢)?]
(76% + 7c* — a® + 34bc — 6¢ca — 6ab) + (7¢* + Ta® — b? + 34ca — 6ab — 6bc)
= 6(a—0b)*+28¢c(a+b) >0

= a’Sy + >S5, >0
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Suy ra

2
Y Sea—0)? > Sub—c)®+Sp(c—a)® = Su(b—c)* + %sb(b —¢)?
cyc
(b—c)?

— = (a®Sp + b?S,) > 0.

Bat déng thiic dugc ching minh. Déng thiic xay ra khi va chi khi a = b,¢ = 0 hodc
cac hoan vi tuong ing. |

Vi du 1.15 Cho cdc s6 khong am a,b,c théa man a + b+ c = 1. Chitng minh ring

for O o ST e G < v

(Vo Quoc Ba Cin)
LO1 GIAL Stt dung bat ding thic AM-GM, ta c6

b—c2 1 V3(a+1)-+/16a + 2(b — c)?
et g = 4\/3Z at1

cyc cye

1 ZS(a+ 1)? 4+ 16a + 2(b — ¢)?
8v/3 a+1

cyc

1 16a + 2(b — c)?
T 3 [mzm

cyc

o+ 2]

cyc

5

1

4V3

Ta can chitng minh

)2
a+1

& Ba+(b—0)’)(b+1)(c+1) <6(a+1)(b+1)(c+1)

& 2Za3 - Zab(a +b) + Zbc(b -+ 4Zab + 18abc < 2

cyc cyc cyc cyc

Zab(a + b) > 6abe

cyc
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Nén ta chi can chitng minh duge

2Za3 + 12abc + Zbc(b -+ 4Zab <2

cyc cyc cyc
2
& QZas + 12abc + Zbc(b —o)* + 4Zab <2 (Za)
cyc cyc cyc cyc
& 2Za3 + 12abc + Zbc(b —0)? < 22(12
cyc cyc cyc
& 22(13 + 12abe + Zbc(b —c)? <2 (Z(f) (Za)
cyc cyc cyc cyc
&2 (Zab(a +b) — 6abc) > Zab(a —b)?
cyce cyce
&2 (Zab a+b) —6abc> (Za) > Zab (a—b)?
cyc cyc cyc
& Za?’(b +c)+ GZasz > 8acha.
cye cye cyc

Bét déng thitc cudi hién nhién dang theo bat ding thitc AM-GM nén ta c6 dpcm.
1

Déng thitc xay ra khi va chi khia=b=c= 3 ]
Vi du 1.16 Cho cdc s6 khong am a, b, c, khong cé 2 s6 nao dong thoi bang 0. Ching
minh rdng
+ + >
Vab+3c2  Vbe+3a2  Veca+ 3b2

a b c §
2

(Vasile Cirtoaje)

Lo1 GIAL Stt dung bat ding thic AM-GM, ta c6

B (c+a) (c+a)
Z\/m B Z(c+a)\/ab+3cz Z2%;(c+a)2—i—ab—|—3cQ

cyc cyc

(c+a)
2
%cﬂ 4 ab + 2ca + 4c?

Ta can chitng minh

a(c+a) 3
2 > —
§a2+ab+20a+402 -2
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Bing bién ddi tuong duong, ta thiy bat ding thiic nay tuong duong véi

4Zab5 + 122a2b4 + 16Za4b2 - 24Za3b3 + 1sza4bc

cyc cyc cyc cyc cyc
+392a2b3c — 17Za3b20 —144a%*b*c2 > 0
cyc cyc
Ta c6
12) "a’b* + 12> ah? — 24) a®b® =12) a’b*(a—b)> >0
cyc cyc cyc cyc

Nén ta chi can ching minh duge
42&()5 + 4Za4b2 + 182a4bc + 39Za2b30 > 172(13620 + 144a°b% >
cyc cyc cyc cyc cyc

Sit dung bat ding thitc AM-GM., ta c6

4Zab5 > 12a%h%c?
cyc
4Za4b2 > 12a%h%?
cyc
Za4bc > 3a2b%?
cyc
17Za4bc > 172@3 be
cyc cyc
39) a’b’c > 117a°b°c%.

cyc

Cong tuong tng vé véi vé cac bat ding thic trén, ta suy ra dpem. Péng thic xdy ra
khi va chi khia =b =c. n

1.3 Ky thuat pgr

1.3.1 Loi néi dau

K¥ thuat pgr 14 mot trong nhitng ki thuat hay, hitu ich v& hiéu qua nhat déi véi bat
ding thitc 3 bién. Phan 16n cac bai toan trong sich, chiing to6i déu chon ky thuat pgr
dé gidi, vi vay, viec he théng lai mot sb kién thic can biét vé ching la khong thé thiéu
dude. Ban sé thiy dude nhitng diéu ngac nhién, la 1dm khi ma khong chi c6 nhitng bai
toan dbi xing mdi c6 thé duge gidi quyét theo pgr ma tham chi ci nhitng bai toan
dang hoan vi vong quanh, ta ciing c¢6 thé diing né dé giai trong khi nhitng phuong
phap, nhitng ki thuat khéc lai khong di kha nang dé thyc hién diéu nay. Sau khi xin
dude bt dau bai viét clia ching téi "K§y thuat pgr".
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1.3.2 Nhitng ding thic can nhé

Véi 3 bién bat ki a, b, ¢, ta dat p = a+b+c,q = ab+bc+ca,r = abe (p* > 3q,¢*> > 3pr).
Khi d6, chiing ta c6 nhing dang thitc sau

A+ +E = pP—2
AG+vP+cE = pP—3pg+3r
abla+b)+be(b+c¢)+calc+a) = pg—3r
(@a+b)(b+c)c+a) = pg—r
at+vr 4t = pt—4p?q+2¢% + pr
a?b? + b2+ 2a® = ¢*—2pr
aAb+c)+b(cta)+Ea+b) = pPqg—2¢° —pr

@’ (b + ) +0°( +a®) + (@ +0%) = pg® = (2" +q)r
a*(b+c)+bc+a)+cta+b) = qp° —3ps+ (5q — p*)r
a®+0°+c° = p®—5pPq+5pg +5(p° — q)r

Con rat nhiéu nhitng ding thiic khac nita, caAc ban hay ty xay dung cho minh thém
nhé, chiing sé rat c6 ing dung vé sau.

1.3.3 BAat dang thic Schur
Dinh 1y 1.1 ngit?: dang thiic Schur) Cho cdc s6 khong am a,b, c. Khi dé, vdi moi
r >0, ta cé bat dang thic sau
a"(a=b)la—=c)+b"(b—c)(b—a)+"(c—a)(c—b) >0
Ding thic zdy ra khi va chi khi a = b = ¢ hodc a = b,c = 0 hodc cdc hodn vi tuong

ung.

CHUNG MINH. Do tinh déi xting, gid stt @ > b > c. Khi dé, ta viét bat dang thitc lai
nhu sau
(a=b)a"(a—c)=b"(b—c)]+c"(a—c)(b—c) >0

Ta c6
a—c>b—c>0, a >0b"

Neén bat déng thiic ding. Bat ding thitc Schur duge chiing minh. ]
Chiing ta c6 2 trudng hgp dac biet thudng hay duge tng dung dé giai toan la r = 1
va r = 2. Khi d6, ching ta dugc nhitng bat ding thic tuong tng la

Hé qua 1.1 (Bat ding thiic Schur bac 3) Cho cic s6 khong am a,b,c. Khi do,
bat ding thie sau ding

a® 4+ b3 + ¢ + 3abe > ab(a + b) + be(b + ¢) + calc + a)



24 CHUONG 1. TIM TOI MOT SO KY THUAT GIAI TOAN

<abe> (a+b—c)(b+c—a)(c+a—D).

Dcfng thitc xzay ra khi va chi khi a = b = ¢ hodc a = b,c = 0 hodc cdc hodn vi tuong
Uung.

Hé qua 1.2 (Bat dang thiic Schur bac 4) Cho cic 56 khong am a,b,c. Khi do,
bat ding thite sau ding

at + 0+t +abc(a+b+c)>ad(b+c) + b3 (c+a)+A(a+b).

Déng thitc xzay ra khi va chi khi a = b = ¢ hodc a = b,c = 0 hodc cdc hodn vi tuong
ung.

Dang pgr tuong ting ciia 2 bat ding thic tren la

2
sz(4q9 p?)

I p*)(p* —q)
> 5

Nhung do 4q — p? c6 thé khong duong ma r thi luon luon khong am nén ching ta hay
dung c& 2 bat ding thiic trén ¢ dang sau (sé rat higu qua)

T\ W {0’ p(4q9—p2)}
r > max {0’ (49 — pz;}pQ —q) }

Do6i khi ban sé gdp phai truong hop gia thiét bai toan 13 a, b, c 1a do dai 3 canh clia
mot tam giac (khi d6 ta c6 4q > p?), khi d6 ta thiy a +b—c,b+c—a,c+a—bla
nhitng s6 khong am, vay nén theo bat dang thitc Schur, ta cé

Z(b—i—c—a)[(b—l—c—a)—(c—|—a—b)][(b+c—a)—(a+b—c)]20

cyc

&Y (b+c—a)a—b)a—c)>0
p(5¢ — p°)
SrETTR

Twong tu, ta c6

> (b+c—a)a—b)a—c)>0

cyc



1.3. KY THUAT PQR 25

4 72 2
Sp Tp*q + 13¢

<7
9p

Vay ching ta c6 cac danh gia

2 4 2 2 2 2 2
min p(5q —p )’p 7p%q + 13¢ > > max 40, (4 — p*)(p q)7p(4q p°) .
18 9p 6p 9

Ching ta thuong dung bat ding thiic Schur dé giai bat ding thitc trong truong hop
bat dédng thitc c6 nhimg ding thiic tai cic diém a = b = ¢ hodc a = b,c = 0 hodc
trong trudng hop a, b, ¢ 1a do dai 3 canh tam gidc thilaa =2,0=c=1.

Vi du 1.17 Cho cdc s6 khong am a,b, c théa man ab+bc+ca = 3. Chiing minh ring
a’® + b + & + Tabe > 10.
(Vasile Cirtoaje)
Lo1 GIAL Bat ding thitc tuong duong véi
10r+p> =9p—10>0
Néu p > 2v/3 thi ta c6
pP—9p—10>3p—10>6vV3—10>0
Néu 2v/3 > p > 3 thi theo bat ddng thiic Schur bac 3, ta c6

.2
.~ P2 —p%)
- 9

Do dé

1 12 — p? 1
1Or+p3—9p—102M—l—pz)’—%—w:§(p—3)(30—p2—3p)

Ma
2
30—p2—3p230—(2\/§) _3.2v3=18—6V3 > 0.

Nen bat ddng thic can ching minh ding. Ping thic x4y ra khi va chi khia = b =
c=1. [ ]
Vi du 1.18 Cho cdc s6 duong a, b, c théa man a + b+ c = 3. Chiing minh ring

12

b ——>5
@ C+ab+bc+ca -

(Vasile Cirtoaje)



26 CHUONG 1. TIM TOI MOT SO KY THUAT GIAI TOAN
LoO1 GIAL Bat ding thitc tuong duong véi
12
r+——-52>20
q

St dung bat dang thiic Schur bac 3, ta c6

4q9 -9
>
=73
Do do )
12 49-9 12 4(q—3
ppd2_goda=9 12 o 437
q 3 q 3q

Bét ding thitc duge chitng minh. Dang thitc xay ra khi va chikhia=b=c=1. =

Vidu 1.19 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0 théa
man a® + b? + ¢ = 1. Chatng minh

a® b & V2
> .
b2—bc+02+c2—ca+a2 +a2—ab+b2 -

(Vo Quéc Ba Can)
Lo1 cIAL Bét ding thic tuong duong

:g:: b + C 2
b3 +c3 —

cyc

@Z{ bg)(b:? +b+c] >2Za+\f

1
() (b e

Ta co

1 9
>
ZaQ*aber2 2> a?—=>ab

cyc

cyc cyc
Nén ta chf can chitng minh
9% a?
cyc
T g 22D et V2
2> a?— ;

cyc cyc
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batp=a+b+c,q=ab+bc+ca,r =abc=q= p22_1. Bét ding thic tuong duong

%(\@fp> (7p2+6\/§p*5)+27r20

Néu p > /2 theo bat ding thiic Schur, ta c6 r > p(4q;p2) = p(p2972), do dé

% (x/iﬂ?) (7p2 +6v2p — 5) +o1r > (@,10) (7p2 +6\@p75> +3p(p* - 2)

(p-v2)6-p) 20

N~ N~

Néu v/2 > p thi bat déng thic trén hién nhien dung.
Vay ta c¢6 dpcm. Déng thiic xay ra khia = b = %, ¢ =0 va cac hoan vi tuong tng. m

Vi du 1.20 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0 théa
man a? + b? + ¢ = 3. Chitng minh ring

() () ()= b5

(Pham Kim Hung)

Lo1 GIAL Chi ¥ 1a cac biéu thiic trong céc dau ngoiic déu duong va

(24 VbFc) (2+ Vera) (24 Va+b) gzx/i(\/ﬁ+1)3

Nén
3 2 2
23 (V3 +1) H(m_l) . Lq(ﬂm) H(m‘lﬂ
(4d-—b—-c)d—c—a)(d—a—0D)
V(@+b)(b+c)(c+a)

Tit gia thiét ta suy ra p? — 2¢g = 3. Do d6 theo bat diing thiic Schur bac 3, ta c6

_p? 2 _
» > Pla—p7) _ p(p” —06)
=9 9
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Khi dé, ta co
4—b—c)d—c—a)d—a—0) _ 44-p*+A-p)g+r
V@ +0) b+ c)(c+a) Vpg—r
_ (A—p)(p* —8p+29) +2r
V2[p(p? - 3) — 27]
(4 - p)(p* —8p +2) 4 2050

\/2 [p(pz —3)— 21)(1)92*6)}

1044 — 561p + 108p? — 7p3
= = = f(p)
3/ 2p(Tp? — 15)

Dé thay f(p) 1a ham nghich bién trén [v/3,3] nén f(p) > f(3) = 2v/2, do d6

23 (va+1) ] (= 1) 2 2v2

P Vb+c
5 3
= >( 271)
H< Vbte >_
cyc
Vay ta c6 dpem. Déng thiic xdy ra khia =b=c = 1. ]

1.3.4 Dai luong (a — b)%(b — ¢)*(c — a)?

Déi v6i nhitng bat ding thitc rat chat va dang thiic xdy ra tai nhitng diém khong dic
biét nhu bat dang thitc Schur (ching han ding thiic xay ra tai a = 3,b = 2, ¢ = 2) thi
viec stt dung bat déng thitc Schur dé giai ching 13 diéu hién nhién khong thyc hién
duge, do dé ching ta can tim mot danh gia khac phit hgp hon va hidu qua hon dé
gidi ching. Dai lugng

P=(a—0)*0b—-c)*(c—a)?*>0

13 dai Iugng trung gian khac ma ching ta chon & day. Tai sao ta lai chon né? Vi hau
hét céc bat déng thitc dbi xitng déu xay ra déng thiic khi ¢6 it nhat 2 bién bing nhau
ma biéu thitc P dé xay ra dau ding thiic, ta ciing chi can a = b hodc b = ¢ hodc ¢ = a
1 dii, cho nén ta c6 thé thay P rat chat. Vi vay, ta sé khai thac xem P c6 tng dung
gi khong? Khai trién ra theo pgr ta dugc

P =p?¢* — 4¢> + 2p(9q — 2p*)r — 2712 > 0
Ta hay xem day la mot tam thiic bac 2 theo r, khi d6 giai ra ta ¢6 nghiém

p(9g = 2p%) = 2(p* = 3¢)v/p* = 3¢ _ G 2p?) 4+ 2(p* — 3q)\/p? — 3¢

27 - 27
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Dén day, c6 1& cac ban vAn chua thiy dudc gi ngoai sit cong kénh ctia bat déng thic
trén. Dimg voi nan long ban a, biét dau sé c6 mot phép mau nao diy. Va thuc sy 1a
nhu vay, ta hay dat

p+Vp? =3¢ - p—2vVp? -3¢
3 o 3

p—/p?—3q Uo_p+2\/p2—3q
R 3

3

ug =
U1 =

Khi dé, ta thu dugc mot diéu dic bist 1a

2ug +vg =2u; +v1 =p
u% + 2ugvg = u% + 2uiv; =¢q
u%vo <r< u%vl

Ngoai ra, trong trudng hgp a, b, ¢ 1a cac sb khong am, ta thay ug,u1,v; 14 nhing s6
khong am va vg > 0 néu 4q > p? va vy < 0 néu p? > 4q.

Nhu vay, ta thu duge mot két qua hét stc dic biét sau khi chiing minh mot bat déng
thitc. Khi dua bat déng thitc d6 vé dang pgr ¢6 dang f(r) > 0 thi

1) Néu f(r) 1a ham dong bién, khi d6 ta chi can chiing minh

f(ugvo) >0

titc 1a ta chi can xét né trong trudng hop cé 2 bién bing nhau 1a du.
Néu béat déng thitc yéu cau ching minh véi cac sd6 khong am thi ta chi can ching
minh

f (max {O,u%vo}) >0

titc 1a ta chi cAn chitng minh né diing trong truong hgp cé 2 bién bing nhau va trong
trudsng hop p? > 4q thi £(0) > 0.
2) Néu f(r) 1a ham nghich bién, khi dé ta chi can chiing minh

fuivy) >0

tic 1a ta chi can xét né trong truong hgp c¢6 2 bién bing nhau 1a du.
3) Néu f(r) 1a ham lom (f”(x) < 0), khi d6 ta chi can ching minh

min { f (uivy), f(ugvo)} > 0

tic 1 ta chi can xét né trong trudng hop cé 2 bién bang nhau la da.
Néu bat déng thiic yeu cau ching minh véi cac sé khong am thi ta chi can ching
minh

min { f(ufv1), f (max{(),ugvo})} >0

titc & ta chi can chiing minh né ding trong trudng hop cé 2 bién bang nhau va trong
trusng hop p? > 4q thi £(0) > 0.
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Vi du 1.21 Cho cdc s6 duong a,b,c. Chitng minh ring

a? b2 c? 35/ad®+ b5+ cd
+ + Z o\ .
b+c c+a a+b 2 3

(Michael Rozenberg)

LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

2

Zbic = Z(bfc+b+c—2a> zzw

b+c
cyc cyc cyc

Z(b—&—c—a)?]

cyc

2 Shrobre—a)y

cyc

Chuén héa cho a + b+ ¢ =1 v dit ¢ = ab + be + ca, ™ = abe. Ta c6

Z(b+c—a)2:Z(l—2a)2:32—42a+42a2:3—8q

cyc cyc cyc cyc cyc

Z(b+ c)(b+c—a)? Z(l —a)(1-2a)*=3— 52(1 + 82@2 - 42@3

cyc cyc cyc cyc cyc

= —2+8(1—2q)—4(1—3g+3r)=2(1—2q— 6r)

S () (50 - (2 (£o) e

cyc cyc cyc cyc cyc cyc
(1—3q+3r)(1 —2q9) — (¢*> — 2r) +qr
= 5(1—¢q)r+1—>5q+5¢*

Ta can chitng minh

(3 — 8¢)2 >3§/5(1—q)r+1—5q+5q2
1—2q—6r — 3
& f(r) =81(1 —2q — 6r)°[(5 — 5q)r + 1 — 5g + 5¢°] — (3 —8¢)'* <0
Ta c6
f'(r) = 405(1 — 2q — 67)*[36(q — 1)r + (1 — 4¢)(7q — 5)]
Néu 1 > 4q thi ta c6

36(g —1)r + (1 —4q)(7g = 5) < (1 = 4¢)(7¢ —5) < 0
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Néu 4q > 1 thi theo bat dang thic Schur bac 4, r > W, ta ¢6

36(q —1)r+(1—-4¢)(7q—5) < 6(¢—1)(4g — 1)(1 —q) + (1 —4q)(7q — 5)
= (1-3¢)(2¢—1)(4¢g—1) <0

Vay nén f'(r) < 0, titc f(r) nghich bién, tit d6 ta suy ra dé chitng minh bat dang
thic

2
Sh+ec— a)Q]

cyc >§5a5+b5+65
o+e)(b+c—a)?2 =2V 3

cyc

ta chi can xét né trong 2 trudng hop sau la di: b=0,c=1 hodc b=c = 1.
Truong hop 1. b= c = 1, khi dé bat déng thic tré thanh

(4 — 4a + 3a?)? >35/a5+2
4—4da+2a?+a3 3

(4 — 4a + 3a?)'° > 81
a®+2)(4 —4a + 2a% 4 a3)> —

@g(a)Z(

Ta c6
10(a — 1)3(7a® + 5a* + 16)(4 — 4a + 3a?)°?

/ _
gla)= (a® +2)2(4 — 4a + 2a2 + a3)6

d@=0&a=1
Tit day, ta dé dang kiém tra dugc
g(a) > g(1) =81
Truong hop 2. b= 0,c = 1, khi d6 bat dang thic trd thanh

(3a? — 2a + 3)? sfa® +1

@i+ =V 3
 (3a>—2a+3)1°
= h(a) = (a2 T 1)5(a+ 1)5(a5 + 1) > 81
Ta c6
W(a) = 0= Dk(@)(3a® — 20 +3)°
~ (@ +1D)%a+1)5(ad +1)?
vOl

k(a) = 7a® — 4a® + 7a* — 12a® + 7a* — 4a + 7
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Ta sé ching minh

1 1 1
k(a)>0<:>7<a3+3)—4<a2+2>+7<a+)—12>0
Qa a a
Dat t = a+ 1 > 2 thi bat ding thic tré thanh
Tt —3t) —4(t* —2)+ Tt —-12>0

<7 > 42 414t + 4
4 14 4

S -+ +-<7
t3+t2+t

Ta co

4+14 4<4 14 4
32t~

23+27+§:6<7

T day, ta duge
h(a)=0&a=1

Va tit d6
h(a) > h(1) = 512 > 81.

Bét ding thic dugc ching minh xong. Dang thitc xay ra khi va chikhia=b=c. =
Vi du 1.22 Cho tam gidc ABC. Chitng minh ring
laly + lle + Lelq > 3V/38.
(Walther Janous)

Lo1 GIAL Day 1a mot bai toan rat khé trén tap chi Crux Mathematicorum, hién nay
theo chiing t6i dugc biét van chua c6 duge mot 151 gidi ndo cho né. Loi giai sau (kha
phtic tap), chiing t6i tim duge sau mot thoi gian dai ¢d géng tim 13i gidi cho né6
batx=p—a,y=p—5b,z=p—c, taco

_ 2Vbep(p—a) _ 2\/a(@ty+2)(z+y)(e+2)

l
“ b+c 20 +y+ 2

S=Vpp—a)p—b)(p—c) = Vayz(x+y+2)
Do d6, bat déng thiic tuong duong

> m) (z 4+ y)Vay(z +2)(z +y)

cyc
4 >3 [3zyz T
chc Qe+y+2)(2y+z+ta) = Zy
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3V3I 2z +y+2)
@42(2x+y+z),/y122 cue

3V3T[ 2z +y+2)
@SZx/x(y—f—z)—i—élZ\/(yzz)?) > -
e e \l(c%:cx> <CI—[yC (-Ter))

Sit dung bat dang thitc Holder, ta c6

cyc

=

cyc

Lai c6

23wy +23 Vaye +2)(z +y)

cyc cyc

Z\/m(y—&-z) = \J[Z\/Jc(y+z) =

cyc cyc

%

ny—&-?Zf z+\/zy) = Zmy+22z\ﬁ

cyc cyc cyc cyc

ny+6\/x2 22>J4Z +18xyz

cyc cyc

v

cyc

Nén ta chi can chitng minh

= > (y+2)?
TYZz cye
8\]4ny+ S +4 SECED

>
cyc cyc cyc \J (;p :p) (H (z+ y))

3V3II 2r +y+2)

cyc
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Chuéan hoéa cho z +y+ 2z = 1, diit 2y +yz + 2z = q,r = zyz, bat ding thitc tré thanh

(97“+2q)(q—7")jL (1-9)\/(1—q)(g—7) >3\/6

T)=
ftr) r+q+2 (r+q+2)\/5r+q—2¢2 16
Ta c6
Py = 3¢ + 14— (36 +25¢)r /(1 —q)*[6q + 2¢° — 3¢° + (¢* + Tg)r — 517

2(r+q+2)%/(9r +2q9)(q¢ — ) (r+q+2)2/(q—r)5r +q—2¢?)3

Ta ching minh

2/ (1= ¢)*6g + 2¢° — 3¢° + (¢* + Tq)r — 5r%] _ 3¢ + 14q — (36 + 25q)r

fi<te (57 4+ q — 2¢%)3 - (97 + 2q)

Ta dé dang chitng minh

VI—¢ - V2 N\ 1
\/57’+q72q2 T V9 4+ 2q VIr + 2¢q

do d6 ta chi can chiing minh

2(1 — q)[6q + 2¢> — 3¢ + (¢* + 7q)r — 5r?]

> 3¢% + 14q — 2
P—" > 3q¢° + 14q — (36 + 25q)r

& g(r) = 5(34 + 25¢)r* — 10¢(2 + 6q + 5¢°)r + 12¢ — 10¢* + 19¢> + 6¢* > 0
Ta co

A} = —5q(408 — 60q + 276¢* + 399¢* — 150¢* — 125¢°) < 0

nén hién nhién g(r) > 0. Do dé f/(r) < 0 nén f(r) nghich bién, nhu vay ta chi can
xét bat ding thiic trong truong hgp c6 2 bién bing nhau la di. Cho y = z = 1, bat
dang thiic tré thanh

18z [2(z+1)2 + 4" _ 3v3(2z + 2)(z + 3)2
8\/4(2w+1)+$+2+4 2(I+1)3+8m2 Iy Ty

8\/2(4m2+19x+4)+8\/ (e2+20+3)%  _ 3v6(z+3)°
T+ 2 3+32+T7r+1 " Jxr+2

o ha) = V20422 + 19z + 4) \/ (@120 3w t2) 36

(x + 3)2 (x+3)4(z3+322+7x+1) — 8
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Ta c6

(x —1)(8z +41) (22 + 22 + 3) (22 — 1)(723 + 3722 + 1032 + 105)
(z + 3)3V/822 + 38z + 8 2(z + 3)3/(z + 2) (23 + 322 + Tz + 1)3

r—1 |/(22+2z+3)(z+1)(723 + 372% + 103z + 105) 2(8z + 41)

2(z +3)3 V(e +2)(@3 + 322 + Tz + 1)3 V8x2 + 38z + 8

K(x) = -

Ta ching minh

(22 + 22 + 3)(z + 1)(72% + 372% + 103z + 105) o _ 28z +41)

V(@ +2) (23 + 322 + Tz + 1)3 ~ V/8x2 +38zx+8
Dé thay
(22 + 2z + 3) N 2v2 8

>
V@ +2)(@3+322+ 7o+ 1) V822 +38z+8  3v8z2+ 38z +38

Nén ta chf can chitng minh

3 2
4(z + 1?2(796 + 37z° 4+ 103z + 105) > 8o 4 41

(3 + 322 +Tx+1)

& 4% — 1923 + 2322 — 53z + 297 > 0.

Bat dang thiic cudi hién nhién ding, do d6 h'(z) = 0 < = = 1. Tt day bang cach lap
bang bién thién, ta thay h(z) > h(1) = %. Vay ta c6 dpcm. Dang thitc xay ra khi
va chi khi z = y = 2z, tiic AABC déu. [
Khai théc thém nita (v6i a, b, ¢ khong am), ta c6

27r < p(9q — 2p%) + 2(p* — 39)V/p* — 3¢
2(p* — 3q) (p* — 249) pv/P?* — 3¢

= p(9g—2p°) +
( p(r* - 39)
2
L, (P =3q) [(p2 - 29)" +p*(p* - 3q)]
< p(9q —2p%) + 7 3
p(p*— 3q)
_ 21¢°(p* —q)
2p(2p? — 3q)
Va ta thu dugce
(p* —q)

~ 2p(2p? - 3q)
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C6 thé thay dugc bat ding thitc nay chit hon bat dang thiic da biét sau (ma ta van
hay dung)

r<

Twong tu, ta ciing ¢6

27r > p(9¢g — 2p*) — 2(p” — 39)\V/p* — 3¢

= p(9g —2p*) —

2 — 29002 4 2(p2 _
> p(9g - 2p2) — 230 [(Pp(pQQQ)QqJ)rp (p* — 3¢)]

(4q — p*)(4p* — 10p?q + 3¢?)
p(p? —2q)

Va ta cing thu dugc

> max {0 (4q — p*)(4p* — 10p°q + 3¢?) }

p(p? — 2q)

C6 thé thay bat déng thiic nay chat hon 2 bat déng thiic Schur bac 3 va bac 4.

Vi du 1.23 Cho cdc s6 duong a,b,c théa man a + b+ c = 1. Chitng minh ring

Va(a+ be) . V(b + ca) N V(e + ab) < 1
b+ ca c+ab a+bc T 2vabe

LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

Z\/ a(a + be) B Z\/ ala+b)(a+c)
pv b+ ca B b—l—a)
. Z \/ a aJrc
B | ere b+c
a a-+c
< S _ -
- _;(a—kb)(b—&—c) (ch—kc)

cyc cyc a—+c
(a+d)(b+c)(cta) \£=b+c

Ya*+ > ab )
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Lai c6

a+c 1-b 1 b
b+c - %;b—i—c:%;b—l—c_%;b—ﬁ—c

o )

cyc

< _
- b+c > a2+ ab
cye o~ -l
cyc cyc
Nén ta chi can ching minh duge
2
Saz+ Y ab > a
cyc cyc Z 1 . cyc < 1
(a+Db)(b+c)(c+ a) b+c > a2+ > ab| ~ 4dabe
cye cyc cyc
Ll-a(lig 1 N\_ 1
q—r\q—r l1—q) 4r
— g2 _
L) o
q—r r
4(1 — ¢?
@i( q)—géi%
q—r T
Ta c6
1-¢*) ¢ _ A40-¢) ¢
q—r ro q_qQ(lfq) ?(1—q)
22-3¢)  2(2-3q)

8(1-¢*)(2-39) 2(2-3q)
q(4—Tq+¢?) q(1—q)
2(2 — 3¢)(3 — 5q + 4¢?)
(1-q)(4—T7q¢+¢*)
q(1 —3q)(5 —Tq)
(1-q)(4—Tqg+¢*) ~
1

Bét ding thiic duge chitng minh xong. Dang thitc xay ra khi va chikhia =b=c = 3
]

Vi du 1.24 Cho cic s6 duong a,b,c. Ching minh ring

</b2+c2 +§/02+a2+§/a2+b2 < a+b+c
a? + be b? + ca 2+ab = Yabe

(Pham Hiu Diic)
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LO1 GIAL Stt dung bat ding thiic Holder, ta c6

3
5] b2 + 2 1 B 1
(i) = zeeo| (Sat) -o(29) (Sats)

Ta can chitng minh

(o) () - &

cyc

3
>a
D> @ >6Y a
> a? Cycaerbc_

cyc

cyc

Sit dung bat ding thitc Cauchy Schwarz, ta c6

) )
Z a > cyc cyc

a? +bc ~ > ala? 4+ be) - >~ a® + 3abe

cyc cyc

cyc

Vay nén ta chi can chiing minh dugc

3 2
(&) (3]
cyc n cyc > GZQ

> a? > a® 4+ 3abe ~

cyc cyc
P’ 6(p* —29)°

p*—2q  p®—3pq+6r

Chuéan hoéa cho p = 1, khi d6 bat dang thitc trd thanh

-

6p >0

1 6(1 — 2¢)2
1-2¢  1-3q+6r —
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Ta c6
1 N 6(1 —2¢)? - 1 6(1 — 2¢)?
1-2¢ 1-3¢+6r — 1-—2q 1_3q+%13;4)
1 6(1 —2¢)*(2 — 3q)

 1-2¢ 2-9g+12¢%2—3¢3
14 —99q + 264¢> — 315¢° + 1444¢*
- (1-29)(2 9 + 12¢% - 3¢°)

Lai c6

14 — 99q + 264¢* — 315¢° + 144¢* > 6(1 — 2¢)(2 — 9¢ + 12¢* — 3¢%)

& (2-9¢+12¢*)(1 — 3¢)* > 0.
Bét ding thic cudi hién nhién ddng. Do dé ta c6 dpem. Déng thitc x4y ra khi va chi
khia=b=rc. [ ]
Vi du 1.25 Cho cdc so6 duong a, b, c théa man a + b+ c = 1. Chiing minh ring

1 1 1
— 4+ — 4+ — 4+ 48(ab+ bc + ca) > 25.
a b ¢

Lo GIAI 1. Bat déng thitc tuong duong véi
q
9 4 48g—25>0
,
Day 1a mot ham nghich bién theo r nén ta chi can chitng minh bat dang thic trong

trudng hop c6 2 bién bang nhau la du, gid st a = b= a < 1,¢ =1 — 2a, khi d6 bat
déng thic tré thanh

2 1
4 = +48(a® + 2ac) > 25
a C
@2+#+48[2+2(1 2a)] > 25
a 1-—2a @ @ Y=

2(1 — 3a)?(1 — 4a)?
a(l — 2a) 0.

Hién nhién ding. Vay ta c6 dpem. Dang thiic xay ra khi va chi khia = b = ¢ =
hodc a = %, b=c= i hodc cac hoan vi tuong ing.

H «wi=
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LJ1 G1A1 2. Ta ¢6

27r < 9¢—242(1-3q)/1 3q
2(1-3¢q) (1 - % 1-3
— 9q-2+ 90— 5 q) !
1-—
(1—39) [( *gq) +173q}
< 9¢—-2+ 2
— L2y
_27¢%(7 — 16q)
5(5 —12q)
2
q*(7 — 169)
o< LT D0
"= 505 — 12¢)
Do dé
q 5(5 — 12q) (1-3¢)(5 — 16¢)*
Ty a8g—25> 22729 4 ygq—95= > 0.
r q(7 — 16q) q(7 —16q)
Bét diing thitc duge ching minh. [

Vi du 1.26 Cho cdc s6 khong am a, b, c. Chitng minh rdng

@+ @+ [BrdPEra) | [(@+a)@+ )
\/(a+b)(a+c) +\f(bﬂ)(bﬂ) +\/ Croein 2etite

(V6 Quéc Bd Cin)

LOI1 GIAL Dit a = 22,b = %, ¢ = 22 (x,9,2 > 0). Sit dung bat ding thitc Holder, ta
co

(@' +y") (@ +y)? > (2 +¢7)°

l’4 +y4 (1’2 +y2)2
>
2 +y? (e 4y)?

(a4 +y*)(at + 24) (2% + y?)(2? + 2%)
T = >
V- e 2 2 e

cyc cyc
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Do dé
24 2V( 2 o 2 2 _9 2 _9
VT > Z(Jf +y°)(@” 4 2%) :Z[(HH-ZJ) zyl[(z + 2)° — 22]
2 arpary | 2 EEIEE
zy(z + ) zx(x +y) 4x%yz
= + +z)—2 — +
%;(m Yz +2) %; z+y %; z+x ;(x—i—y)(x—i—z)
xy(z +y + 22) 4x%yz
= +y)(w+2)—2 +
2t =20 T ) T )
T 1
- ) 4 -
Z(m+y)($+z) ny+ xyzlz(x—i—y)(x—i—z) Zw+y
cyc cyc cyc cyc
dayz <Zx2 + ny)
cyc cyc
= 2P TG )

cyc cyc

Ta can chitng minh

cyc cyc

dayz (ZxQ + Zazy)
>0

2y (x+y)(y +2)(2 + )

cyc

Chuan hoéa cho p = 1, bat ding thiic tré thanh

qlg—r) = 4r(1 —q)
Sq° > (4-3q)r
Ta c6 ) 5
-9 _¢U-39 4
2(2-3q)  2(2-3q¢) ~
Bat dang thitc duge chiing minh xong. Dang thitc xay ra khi va chi khi a = b = ¢
hoac a > 0,b = ¢ — 0 hoac cac hoan vi tuong ung. [

¢~ (4-3¢r>q¢"—(4-3q)-

Vi du 1.27 Cho cdc s6 duong a,b,c théa man a + b+ c = 3. Chitng minh ring
1 1 1
8<++> +9 > 10(a® + b* + ).
a b ¢

(Vasile Cirtoaje)

Lo1 GIAL Bt ddng thic tuong duong vdi

8
7q+20q281
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Day la mot ham nghich bién theo 7 nén ta chi can xét bat ding thic trong truong
hgp c6 2 bién béng nhau la di. Gidstta =b = a < % va ¢ = 3 — 2a, khi d6 bat déng

thitc tré thanh

16 8
—+

> 20a® 4+ 10(3 — 2a)?
” 3_2a+9, 0a® 4 10(3 — 2a)

3(2a — 1)2(10a? — 25a + 16)
a(3 — 2a)

> 0.

Hién nhien ding. Ding thic x4y ra khi vi chi khi a = b = %, ¢ = 2 hodc cac hoan vi
tuong Ung. ]

1.3.5 Lam manh hon nia

Déi v6i cac bai toan thong thuong, ching ta c6 thé lam theo céch trén dé gidi, nhung
ddi v6i nhitng bai toan c6 chita can thitc, lity thita tong quat,... R6 rang cac cach trén
la bat kha thi. Do d6, chiing ta can lam manh k§y thuat ctia ching ta hon nita dé lam
sao n6 c6 thé giai quyét duge cac dang toan do. Ching ta xuat phat tit bo dé sau day

B& dé 1.1 Cho cdc s6 khong am a,b,c théa a < b < ¢, khong cé 2 s6 nao dong thoi
bang 0, ta co dinh a + b+ c = p,abc = r. Khi dé ton tai 2 s6 khong am ag < a, sao
cho a € lag,a1]. Ngodi ra, néu a = ag thi b= c va néu a = ay thi a = c.

CHUNG MINH. Theo bat ddng thitc AM-GM, p? > 27r. Tit gia thiét, ta c6 b+ c =
.

p — a,bc = = nén theo dinh Iy Viet, b,c la cdc nghi¢m cta phuong trinh f(z) =

x2_(p_a)x+£:0.Doczb2anéntaphéicé

(p—a)>—4r >0
a® —pa®+1r>0

I
[NCRES]

Ta c¢6 ¢'(a) = (p — a)(p — 3a) > 0 nén g dong bién. Mt khac,

A(p* - 2
9(0) = —4r <0, g(%):7(p LRy

27 -
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nén ton tai duy nhat ag € [0, §] sao cho g(ag) = 0, nhumg do g(a) > 0 nén a > ao.

Tuong tu, h'(a) = 2p(3a — p) < 0 nén h nghich bién. Mat khac

— 3ag)? 27r — p3
h(ao)=2ag—pa§+r:2ag—pag+w20, h(g):¥<0

4 3 27 -
nén ton tai duy nhat a; € [ag, £] sao cho h(a1) = 0, nhung h(a) < 0 nén a < a;. Mat
khac, néu a = ap thi b = ¢ vd néu a = a; thi a = ¢. B6 dé dugc ching minh. [

Dinh 1y 1.2 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bang 0, ta co
dinh a + b+ ¢ = p,abc = r. Khi dé vdi moi ham f kha vi trén [0, 4+00) théa man
k(z) = f' () la ham 10 th

P(a,b,c) = f(a) + f(b) + f(c)
dat gia tri l6n nhat va gia tri nhé nhat (néu cé) khi cé 2 bién bang nhau.

CHUNG MINH. Khong méat tinh tdng quét, gia sit a < b < ¢, tit bd dé trén, ta suy ra

dugc
p—a—+/(p—a)®> -4
b="b(a) = ——5—
_ pmaty/(p=a)* =
- 2

¢ =c(a)
Tu do, ta c6
a—p+ 25
1 —(b+e)+ 2t —(bc)+2be
Vi) = Vo F _ Tl Tmem Tl
2 2 2

14— —(bto)+2Le —(bto)42be
d(a) = e e =
2 2 2

a(c = b)f'(a) +bla — ) f'(b) + ¢(b — a) f'(c)
a(c—b)
a(c = b)(f'(a) = f'(b)) + ¢(b = a)(f'(c) = f'(b))
a(c—b)
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Do k(z) = f’ (1) 1a ham 16i nén
@)z 6)G3)
UORIORIBIES
CORIORIBIER
UORIORIOICH
Do d6
a(c = b)[f'(a) = £/ (B)] + (b — a)[f'(c) — f'(b)]

et () (e - ()2
¢ (D fatemn (2 ) v (2-1)] =0

Vay nén P/ (a,b,c) > 0, tic P(a,b,c) = P,(a,b,c) 1a ham dong bién, va tu day, ta dé
dang suy ra dpcm. ]

Hé qua 1.3 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi biang 0, ta co
dinh a + b+ ¢ = p,abc = r. Khi dé vdi moi ham f khd vi trén [0,+00) théa man
k(z) = f' (1) la ham lom thi

P(a,b,c) = f(a) + f(b) + f(c)
dat gia tri ldn nhat va gia tri nhé nhat (néu cé) khi cé 2 bién bang nhau.

B6 dé 1.2 Cho cdc s6 khong am a,b,c théa a < b < ¢, khong cé 2 s6 nao dong thoi
bing 0, ta co dinh a+b+c = p,ab+bc+ca = q. Khi dé ton tai 2 s6 khong am ag < a1
sao cho a € [ag,a1]. Ngoai ra, néu a = ag thi b = ¢ hodc a = 0, va néu a = a; thi
a=">.

CHUNG MINH. Theo bat ding thic AM-GM, p?> > 3¢. Tur gia thiét trén, ta cé
b+c=p—a,bc=q—a(p— a) nén theo dinh ly Viet, b, ¢ 1a cadc nghiém ctia phuong
trinh f(z) =22 - (p—a)r+q—a(p—a) =0. Do ¢ > b > a nén

A;>0
fla) >0

b+c __ p—a
7 = 3 20
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(p—a)®=q—alp—a)
sad—(p—a)at+qg—alp—a)>0

£>a>0

g(a) = —3a% + 2ap +p? —4¢ >0

h(a) = 3a® — 2pa+q >0

£>a>0

p+24/p%—3q
3

p—24/p%—3q Va> p+24/p%—3q

a< 3 Z 3
£>a>0

p—2 p2—3q}<a<p+2\/p2—3q
3 == 3

hS]
|
[\
wi

&

=]
IA
Q
IN

(3
—_——— — N ——

o —2¢/p*—3 +24/p2 =3¢ . N
bat ag —maX{O,pSpq}, a1 = %,thltaco ag <a<a;vinéua=ag

thi @ = b va néu a = ag thi khi p? < 4q thi b = ¢, khi p? > 4¢ thi @ = 0. B6 dé dugc
chiing minh. ]

Dinh 1y 1.3 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0, ta co
dinh a+ b+ c=p,ab+ bc+ ca = q. Khi dé vdi moi ham f khd vi trén [0, +00) thda
man k(x) = f'(x) la ham loi th

P(a,b,c) = f(a) + f(b) + f(c)

dat gid tri lon nhat (néu cé) khi cé 2 bién bang nhau va gid tri nhé nhdt (néu cé) khi
c6 2 bién bang nhau hodc cé6 mot bién bang 0.

CHUNG MINH. Khong méat tinh tdng quat, gid stt @ < b < ¢, khi d6, tit b dé trén ta
co

b=b(a) = pfa*\/(p*a);#la(p*a)*‘lq
p—a+y/(p—a)?+da(p—a)—4q

c=c(a) = 5
Do d6
11— p—3a b+c—2a bte—
b’(a) _ \/(pfa)2+4a(p7a)74q _ -1 - p—a—2b _ -1- —i;C,bQG _ a—c
2 2 2 c—b
—1 p—_3a c—2a c—2a
+ V(p—a)*>+4a(p—a)—4q -1+ Zta}% —1+ b—i::be b—a

/ _ _ _ _
c(a) = 2 - 2 - 2 T c—b
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Suy ra
Pllabe) = (fla) + f(b(a)) + f(e(a))
- 10 +V(0) 000 + - )
Fla)+ =S5 )+ 2 o
(=@ + (= ) + (- )
c—b
=B @~ FB) + (b)) - T'(B)
c—b

Do k(z) = f'(z) 1a ham 16i nén
fla)=f'(0) 2K (®)(a—1b), f'(c)—f(b) =k (Dd)(c—b)
Va do dé

(c=b)(f'(a) = f'(b)) + (b —a)(f'(c) — (b))
> K®)[(c=b)a=b)+(b—a)(c—=0)]=0

Vay nén P.(a,b,c) > 0, titc P(a,b,c) = Py(a,b,c) 1a ham dong bién va tit day, ta dé
dang suy ra dpcm. [ ]

Hé qua 1.4 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi biang 0, ta co
dinh a4+ b+ c=p,ab+ bc+ ca = q. Khi dé vdi moi ham f khd vi trén [0, +00) thda
man k(x) = f'(x) la ham lom th

P(a,b,c) = fa) + f(b) + f(c)

dat gid tri l6n nhat (néu cé) khi c6 2 bién bang nhau hodc c6 mot bién bing 0 va gid
tri nhé nhat (néu cé) khi cé 2 bién bang nhau.

Vi du 1.28 Cho cic s6 khong am a,b,c,k théa méan khong c6 2 sé nao dong thoi
bing 0. Tum gid tri nhé nhat ciia biéu thic

1 1 1
P(a,b,c) = (ab+ bc + ca)’C <(a+ e + b+ o + (c+a)2k) )

(Pham Sinh Tan)

/
Lot G1AL. C6 dinh a + b + ¢ = p,ab + be + ca = q, x6t ham s6 k(z) = (W) . Ta

co
dk(k+1)(2k+ 1)

(p—x)kts =

Do dé, theo dinh 1y trén, ta chi can xét cac trudng hop sau la du

k//(:C) —
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Truong hop 1. b = ¢, khi d6 biéu thiic P dugc viét lai 1a

2 2 !
P(a,b) = (2ab + b*)* [(a—kb)% + (2b)2k}

Chuan hoéa cho b = 1, xét ham s6

f(a):(2a+1)k{ 2 4 1}

(a+1)% " (2)%F
Ta co
, k(?a + l)k—l[(a + 1)2k+1 _ 22k+1a}
fa) = 22k=1(q 4 1)2k+1
a=1

(@) =0 (a+ 1) =22kFg o | fa #1
g(a) = #\/a{l -2=0

Tit day, ta c6 thé d& dang ching minh duge f/(z) = 0 c6 2 nghiém duong 1a 1 va
a # 1, tit d6, bing cach lap bang bién thién, ta cé thé thay

k+1 k+1
f(a) > min {£(0), f(1), f(a)} = min {?’Qk 2+ 2% (2‘)‘;2}

Truong hop 2. a = 0, khi d6 biéu thitc P duge viét lai la

1 1 1
-~ k
P(a,b,c) = (be) [(b o + Bk + 02’“}

do tinh déi xting v thuan nhét nén ta cé thé gid st 0 < ¢ < b =1, xét ham sb6

h(c) = (¢)F {(1;6)% +1+ cik}

Ta co

W(e) = k[(c+ 1) (R —1) = **(c - 1)]
(c) = (c+ 1)2kck+1
h/chrl (C2k o 1) _ c?k(c _ 1)
c=1
S | [0<ce<1
k(c) = (2k+1)In(c+1) +In(1 — 22¢) — 2kInc —In(1 —¢) =0
Va

o) — 2 kb2 — (k+ 1) + (k+1)c—k] 21(c)
(c) = (1= 2)(1 — k) T 1)1 — k)
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U(c) = (k+1) 2k — 2k +1)c* +1] >0
Suy ra I(c) dong bién, ma
1(0)= -k <0, 1(1)=0=1(c) <0 Vee[0,1)=k'(c)<0 Yeel0,1)

Neén k(c) nghich bién véi moi ¢ € [0,1), suy ra k(c) ¢6 t6i da 1 nghiem thuoc [0, 1).
Do d6 B/ (c) ¢6 toi da 2 nghigm la 1 (luon 1a nghiem) va 3 (tuy truong hop ma ton tai
hay khong). Bing cach lap bang bién thien, ta c6 thé thay h(c) > max{h(B), h(1)}.
Tit day, ta dé dang di dén két luan clia bai toan.

Nhan xét 3 Mot s6 két qud da co
x Vi k =1, ta o bat ding thic Iran 1996

1 1 1 9
(ab+ bc + ca) <(a+b)2 + bto? + (c+a)2> = 1

* Vdikz%,ab—l—bc—i—ca:l, ta co

1 n 1 o 1 >5
(a+bd) b+c ct+a~ 2
* Vd’ikzi,ab—l—bc—l—ca:l, ta co
S g L
Va+b Vb+c e+a V2

Vi du 1.29 Cho cdc s6 khong am a,b, c,k théa man a + b+ c = 1. Tim gid tri lon
nhdt ciia biéu thic
P(a,b,c) = (ab)* + (bc)k + (ca)*.
(Vasile Cirtoaje)

LO1 GIAL Ta cé ) . .
_ k
P(a,b,c) = (abc) <ak + m + ck>

Nén néu ta c6 dinh abc = 7 thi P(a,b,c) sé c6 dang dinh 1y ctia ta, xét ham s6
f(@) =, taco

f(x) = _l‘i = k(z)=f (1> = —fgktl o k”2(/€—|— 1){Ek_l <0

Do dé6 f(z) 1a ham s6 théa man diéu kién ciia hé qua dinh 1y , nén P(a,b,c) sé dat
gid tri 16n nhat (néu c6) khi ¢6 2 bién béng nhau. Cho b = ¢, ta ¢6

zkbk b2k Qk 1
T Y (w=%20)

P(a,b,c) = 2a*b"
(a,b,¢) = 2a (a+20)*  (z+ 1)
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Ta o6
v —2k(zF — 2271 4+ 1)
"(z) =
9 (z + 2)2k+1

Dé thiy ¢'(z) c6 t6i da 2 nghiém 1a 1 (luon 1a nghiém) va « (o € [0,1]) nén tir day
bang cach 1ap bang bién thién, ta co

9(z) < max{g(0),9(1)} = max {32’11’ 41’“} '

Bai toan dugc giai quyét. [
Vi du 1.30 Cho cdc sb khong am a,b,c théa man a + b+ c = 1. Chitng minh rdng

a2 b2 2 1
+ + < .
5a+1  5b+1  5c+1 7 8,/3(ab+ be+ ca)

(Bui Viet Anh)

Lot GIAL C6 dinh ab + be + ca = g, xét ham s6 f(z) = 527, ta c6
5+ 2) 30
]{j = / = L = k” = —-—— O
@) =1'®) = ) @) =Gz <

Do d6, ta chi can xét bai todn trong 2 trudng hgp sau 13 da
Truong hgp 1. Néub=c=a=1—2b va b < 1. Bat déng thiic tuong duong véi

27 (120 _ 1
5b+1 " 2(3—5b) ~ 8,/3b(2 — 3b)

(1 — 3b)%(256b* — 128b> — 716 + 18b + 9)
192b(2 — 3b)(3 — 5b)2(5b + 1)2 =

Bét dang thic cudi hién nhién ding do b < 3.
Truong hop 2. Néu a = 0 = ¢ = 1 — b. Bat diing thitc tuong duong véi
b? (1-1b)? 1
+ <
b1 6-5b — 8/36(1 D)

(1 —2b)%(1 + 4b — 4b%)(527 + 1278b — 1278b?) + 49

>
30726(2 — 30)(6 — 56)2(56 + 1)° 20

Bét ding thiic cudi hién nhién ding do 0 < b < 1. Déng thiic x4y ra khi va chi khi
a=b=c=1 ]

wl
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Vi du 1.31 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Ching

- > 4 _ In3 e
minh rang voi k = 34—, ta 6

o2 1/k B2 1/k 2 1/k
_ _ _ > 2.
<b2+bc+02> +<62+ca+a2> +(a2+ab+b2> -

(Pham Sinh Tan)

k+1

cyc

(2 ()

Cé dinh a + b+ ¢ = p,ab + bc + ca = g v xét ham sb f(x)::ck%l,ta co

Lo1 GIAL Stt dung bat ding thiic Holder, ta c¢6

o2 1/k7k
[Z<b+b+> ] [Z“(bz”"“?)

cyc

Ta can ching minh

k+1
<Z(Lk§r1> 2 2/€+1

cyc

Z a(b® + be +¢?)

cyc

oiF = K'(z) = ———— 27 F+1 >0
1 (k+1)3

32k —1)(k—2) _ =

Do dé, ta chi can xét bai toan trong 2 trudng hop sau
Truong hop 1. a = 0 , chuan héa cho b > ¢ = 1, khi d6 bat déng thic tuong duong
vGi
5 k+1
(aﬁ + 1) > 2kp(b+ 1)

k+1
(t+1) K -

Ta c6 ) )
, (k+ 1)(#2 + 1)k (ehtd — 3th+L — 213 + 1)
g(t)= P2 (R AT 1 1)2

gt)=0etht 3¢kt 23 11 =0
. 2 L
@t3—1+t3(t%—1) 4okt (t¥—1)=0@t=1

Tit day, bing cach lap bang bién thien, ta dé thay g(t) > g(1) = 2% vt > 1.

Truong hop 2. b = ¢, chuan héa cho b = ¢ = 1 va dat x = **/a, khi d6 bat déng thiic
tré thanh s -

(2% +2)*F > ok

Me) =GRt T 1) =
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Ta c6

W (z) = 2(k + 1)a?(a® + 2)F(a2k+2 — 5p2h—1 4 5ph+1 _ 5h—2 4 3)
(SL‘k+1 + 2)2(2xk+1 + 1)2

z=0
h'(x) =0« |:x2k+2 7 5x2k—1 + 5$k+1 _ 51.k72 +3=0

z=0
= |: (.’L') — m2k+2751‘2k71+5xk+1+3 —1=0 (.'L' > 0)

5.’1’,"“72
(k + 4)22+2 — (k + 1)22*=1 + 15251 — 3k + 6
Sxk—1
u'(z) =06 v(@) = (k+ 42 — (k+ 1)a® " 41525 =3k + 6 =0
v'(z) = (k+1)(2(k + 4)2" T — 4(2k — 1)2* 2 + 15)

o (x) =

Dé thay

7 > 9 gFt 42k — Dk 2 +1
Gt Dok (k+4)xg 2k —1D)xg “+15

= 22872 ((k+ Daf — 22k — 1)) + 15
>2((k4+ 1)z =22k — 1)) +15>0
. _ [2(k—2)(2k—1)
trongdo%<x0— W<l.
Suy ra u/(x) dong bién, lai c6 v/(0) = 3(2 — k) < 0,4/(1) = 3(7 — 2k) > 0 nén né

¢6 duy nhat mot nghiem z; € (0,1) do d6 u(z) dong bién trén [x1,+00) va nghich
bién tren (0,z1], do u(1) = 0 nén u(z;) < 0 ma lir%u(x) = +oo nén u(z) c6 ding 2

nghiém 1a x5 € (0,21) va 1. T day, bing cach 1ap bang bién thien, ta c6
h(x) > min{h(0), h(1)} = 2.

Béat ding thic duge ching minh. Ding thic xdy ra khi va chi khi a = b = ¢ hoic
a =b,c = 0 hoéc cac hoan vi tuong tng. ]

Vi du 1.32 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Chiing

minh rdng
a kJr b kJr c k> 9 3
min — 3.
b+c c+a a+b) ~ L

(Vasile Cirtoaje)

LOI GIAL Néu k > 1, ta co

k
1 ak 1 a 1
,E > | = > —
3Cyc (b+c)"'_<3 Cycb—l—c) — 2k
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§2L>3
(bt oF =~ 2k

cyc

Néu k < 1, sit dung bat ding thiic Holder, ta c6

ak g 2k w
| [Satea] = ()

cyc cyc cyc

k+1 k+1
a cyc cyc
= Z ( =z -

% k
2k [ S ab
cyce

Ta can ching minh

2k

C6 dinh a + b+ ¢ = p,ab + bc + ca = q va xét ham s6 f(z) = zF1, ta c6

2k 1-k 2k

1-k ~ 4k(1 —k) _nes
“Erit X ) k+1

m%ék‘”(x)zix 1> ()

7'(@) —

Do do, ta chi can xét bai toan trong 2 trudng hop sau 1a du
Truong hop 1. a = 0, ta can chiing minh

2k

o2k k+1
(bk+1 + Ck+1) 3
> min {2, }
2k

2kpk ck
Bét dang thitc nay hién nhién dang theo bat ding thic AM-GM.
° 1 N
Truong hop 2. b = ¢, chuan héa cho b =c¢ =1 va dit t = a*+7, ta can ching minh
t2k 2 k+1
Gt SR P 1
2k (2tk+1 4 1)k 2k

(tQk + 2)]€+1 ) bt
@g(t):mzmm& .3}

Ta co

gy 2T e 1+ 2) 4 — 2k 1)
g ( ) - (th+1 + 1)k+1
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/ k+1 1—k 41
2ktFl + k-1
i
h'(t) = 12—k

Tu day dé thay h'(t) c6 t6i da mot nghiem thuge (0,1], suy ra c6 tdi da 2 nghiem
thuoc (0, 1], trong d6 luon ¢6 mot nghiem 14 1. Bing céch cach 1ap bang bién thién,
dé thay

g(t) > min {g(0), g(1)} = min {2k+1, 3}.

Bai toan dugc gidi quyét xong. [

Vi du 1.33 Cho cdc s6 khong am a,b,c théa man a + b+ ¢ + abe = 1. Chiing minh
rdang
(2 + abc)(1 + 2abe)

b+ b <
ab 4+ oc + ca < T abe

Lo1 GIAL Giéng nhu cac bai trude, bai nay ta cling chi can xét a = b 1a dt. Khi do,
ta c6 c = % = a < 1, bat déng thic tré thanh

(2 4 a%c)(1 + 2a%c)
7 —a’c

a® + 2ac <

a(l—a)(2+a)
a?+1

(2+3a® —2a*)(1 — a)(4a® +a + 1)
(2a3 + 6a% + 7)(a® + 1)

<

s a(l—a)(2+a)(2a® +6a® +7) < (2+3a® — 2a*)(4a® +a+ 1)
& 2(a® +3a—1)2 > 0.
Vay ta c6 dpcm. n
Vi du 1.34 Cho cdc s6 duong x,y, z théa man xyz = 8. Ching minh ring
2 2 2

T Y z

VEIDE D) VR DE ) JEiD@ )

4
> —.
-3

(APMO 2005)

Lo GIAL Dat 2 =2¢/%,y =2{/,2 = 2{’/%, bat déng thic trd thanh
7/6

Z b1/6,/(8a + b)(8c + a)

cyc

1
> -
-3
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()= (z)

St dung bat ding thitc Holder, ta c6
7/6

[Z b1/6,/(8a + b)(8c + a)

cyc

6
[Z (8a+b)(8¢c + a)

cyc

Do d6 ta chi can chitng minh

36 <Z a4/5> > <Z ab) [Z (8a +b)(8¢c+ a)
= <Zab> <sza2+73zab>
Do
(Zab) (82@24—732(13)) < (Zab) (92a2+722ab>
= 36 (Zw) (Za2 +8Zab>

nén ta chi can chitng minh

10 3
(Ze) = (Sa) (o 53w
cyc cyc cyc cyc
Dén day, st dung két qua ciia ta, d& dang suy ra dudce ta chi can xét cac trudng hop
a =0 hoac b = c.

Truong hop 1. a = 0, gid stt b > ¢ = 1, bat dang thic tréd thanh

(b5 + 1)1 > b(b? + 80+ 1)3

b(b% +8b+1)3 ~
(b5 + 1)%(b"/5 — 7b% + 326%/5 — 32b + Tb*/5 — 1)
b2(b? + 8b+ 1)*
(65 +1)°(6*/° — 1)m(b)

= >
b2(b2 4 8b+1)4 20

trong do
m(b) = b*2/5 + b2 — 6b%/° + 3207/° — 6b5/5 + 320 — 6b*/5 + b?/5 +1 >0



1.3. KY THUAT PQR 55

;»f(b)zf(1)=%§>1

Truomg hop 2. b= c, gia sit b = ¢ = 1, bat ding thtc tré thanh
(a*® +2)1° > (2a + 1)(a® + 16a + 10)3

(a4/5 4 2)10

= = >1
9(a) (2a 4 1)(a? + 16a + 10)3 =
/(a) . 2(0,4/5 + 2)9(a3 — 1411/5 4 6502 — 134&6/5 +110a — 680,1/5 + 40)
ne A/ (3a + D@ + 160 T 10)
o 2(a*5 +2)°(a'/® — 1)h(a'/?)
a'/5(2a +1)%(a? + 16a + 10)*
Trong dé
h(z) = @'+ 4212421 — 13210 + 522° + 522° + 5227 + 5225 — 8225 + 2841

+2823 + 2822 + 28z — 40

Dé thay h(z) dong bién, va h(0) - h(1) < 0 nén ton tai duy nhéat nghiem zo € (0,1)
clia h(z), suy ra ¢’(a) c6 ding 2 nghiem 1a 1 va 2§ € (0,1). T day, bang cach lap
bang bién thién dé thay

ola) 2 min{g(0).g(1)) = min { 22,1} =1

Bat déng thiic duge chitng minh xong. Dang thitc xdy rakhia =b=c< r =y =
z=1.

Nhan xét 4 Day la bai todn thi Olympic todn Chau A-Thdi Binh Duong 2005 (APMO).
Céch gidi & ddp dn rat hay va dep mat nho st dung két qud \/ﬁ > Zg—1+2 Hién nay,
ngoas ldi gidi ¢ dap dn va i giai cta ching toi ra chua ¢6 mot 10 gidi nao khdc cho
bat dang thite nay.

1.3.6 pgr hoan vi

Vi cac kién thitc bd sung & trén, ta da gidi duge kha nhiéu céac bai toan dang déi xing.
Nhung con cac dang hoan vi thi sao? K thuat nay liéu c¢6 dung duge cho né khong?
Cau tra 10i 13 duge. Diéu khé khin 16n nhat khi gip phai cac dang nay 1a ta khong
biét lam sao dé biéu dién cac biéu thiic dang hoan vi sang pqr. C6 mot cach lam rat
thi vi dé chuyén cac dang nay sang pgr 1a ding tam thitc bac 2. Ching ta c6 két qua
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co ban sau (dinh 1y ddo ctia dinh 1y Viet): V6i 2 86 thuc u, v théa v +v = S,uv = P
(S? > 4P) thi u,v la nghiém ctia phuong trinh bac 2: X2 — SX + P = 0. Dya trén
cd sé nay, ta c6 thé d& dang biéu dién céc biéu thitc hoan vi vong quanh cho 3 bién
a, b, c theo p, g, 7. Va sau khi biéu dién vé dang nay, ta chi viec xét moét ham mot bién
theo r (hogc q) khi da c¢b dinh p = const. Nhu vay, c6 thé néi ban chéat ctia ki thuat
nay chéng qua chi 1a tam thiic bac 2 v khéo sat ham sb.

Vi du 1.35 Biéu dién a®b+ b*c + c2a, ab® + bc? + ca? theo p,q, 7.

z = a’b+ b%c+ 2a

Y= ab? +bc? + ca? Khi do, ta co

LO1 cIAL Dat {

ac—&-yzZab(a—i—b) = (Za) (Zab) — 3abc = pq — 3r

cyc cyc cyc

xy <Z a2b> (Z ab2> = Z a®b® + Z a*be + 3a2b?c?

cyc cyc cyc cyc

= ¢ = 3pgr +3r% +r(p® — 3pq + 3r) + 3r* = 9r? + p(p* — 6¢)r + ¢*

Vay nén z, y 1a cdc nghiém ctia phuong trinh X2—(pg—3r) X +9r2+p(p*—6q)r+q¢* = 0.
Giai phuong trinh nay, ta dugc

X pg—3r++/p*q> —4q3+2p(9g—2p2)r—27r2
-

2
pg—3r—+/p2q*> —4q3+2p(9q—2p2)r—27r2

Xo = 5
Céc nghiem nay luon ton tai vi ta luon c6 p?q® — 4¢° + 2p(9q — p?)r — 27r% > 0 (bdi
N =X =X
vi n6 bang (a—b)%(b—c)?(c—a)?!). Do d6 v LY > . Tuy theo trudng hop
r=Xo,y=X;
ma ta c6 thé lya chon dap s6, ching han nhu trong truong hop a > b > cthiz > y
nén ta phai c6 z = X7,y = Xo. [ ]

Vi du 1.36 Biéu dién a®b + b*c + c3a, ab® + be® + ca® theo p,q,r.

z=a3b+bc+ cPa

y = ab® + b+ cab Khi do, ta c6

LJ1 GI1AL Dat {

ery:Zab(aQerQ) = (Z‘IQ) <Zab> *“bCZ“: (»* = 2q)q —pr

cyc cyc cyc cyc
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(Za%) (Zab3> = a'b* +abed a® +a’H’c* ) ab

Ty =
cyc cyc cyc cyc cyc
2
= (Z a2b2> — 2a2b2022a2 +a2b2022ab
cyc cyc cyc
+abc <Z a3> <Z a2> — <Z a) (Z a2b2> + abc Z ab]
cyc cyc cyc cyc cyc

= W +p(' + ¢ - 5p*g)r + ¢
Do d6 z,y 1 cac nghiém ctia phuong trinh
X? = [(p* —29)q — pr]X + 7p°r* + p(p* + ¢ — Bpq)r +¢* =0

Giai phuong trinh nay, ta duge

p>q—24° —pr+p\/p? > —4¢3+2p(9g—2p?)r—27r2

X, = 5
X, — p2q—2q% —pr—py/p? ¢ —4q3+2p(9g—2p?)r—27r2
2= 2

z=X1,y=Xs

Do dé6, ta dugc v = Xoy=X,

Vi du 1.37 Biéu dién a*b + b*c + c*a, ab* + be* + ca® theo p,q,r.

LO1 GIAL Thuyec hién tuong tw nhu trén, ta dé dang tim dugc

(5q—p*)r+pa(p> —3¢) £ (> —q) /P22 — 4¢3 +2p(9g—2p?)r—27r2

a*b + bic+ cta =

2
2 2 2

4 4 4 (5q—p*)r+pa(p®—39)F (P> —q) /P2 42— 43 +2p(9q—2p?)r—27r2
ab® + bc* + ca® = 5

Vi du 1.38 Biéu dién a®b? + b3c® + c3a?, a?b® + b2 + c2a® theo p, q, T

LO1 GIAL. Thuyc hién tuong ty nhu trén, ta dé dang tim duge

pa® —(2p°+q)r+q\/p2q*> —4q®+2p(9q—2p2)r—27r2

a3b2+b302+c3a2: 5
2 2 2,2 3 2 2
213 2 3 2 3 pa®—(2p°+q)rFa/p?q* —4¢3+2p(9g—2p>)r—27r
a“b® + b°c® + c“a” = 5

]
Vi du 1.39 Cho cdc 56 khong am a, b, ¢ théa man a+b+c = 1. Tim gid tri lon nhadt
ctia biéu thic
P = a’b+ b%c+ 2a + abe.
(Vasile Cirtoaje)
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LO1 GIAL Gid st a > b > ¢, ta co

q—3r+/q% — 4¢3 +2(9q — 2)r — 2712

P = a’b+b%c+ Pa+ abe = 3 +r
q—7+ /¢ —4¢> +2(9g — 2)r — 2772
- ; = 1)
Ta c6

~9¢—2—2Tr — \/q*> — 4¢® + 2(9q — 2)r — 27r?
B 24/q% — 4¢3 +2(9g — 2)r — 27r2

f'(r)

7(9¢ —2) — (1 - 3q)/7(1 = 3q)
189

Néu 7(9¢ — 2) < (1 —3q)/7(1 — 3q), ta c¢6 f'(r) <0, suy ra

fr)=0=r=ry=

IN

+q/1—4 ﬁ+x—(li2) 1+2)(1—2?
£(0) = & qx/2 4 _ =3 — _ (L+a)( )(xz 1_4q)

) ; ¢
_1)2
_ ~(Bz-1) (3x+5)+i<i
216 27 — 27

Néu 7(9¢ — 2) > (1 — 3q)/7(1 — 3q), bang cach 1ap bang bién thien, ta co

_q—rot V@2 — 4¢3 +2(9q — 2)rg — 2712

f(r) < f(ro) 5
= q_TOJF(ng_Q_Q%):5q714r071
_ 5q12[7(9q—2)—(1—3q) 7(1—3Q)]:9q+1+2(1—3q) 71— 3q)
27 27
_ 42 3 3 942
_ 3 t)—;—71+2\ﬁt :2ﬁt 273t +4 (t:m>

Do 7(9g — 2) > (1 —3¢)\/7(1 = 3¢) = 3 <V7(1 = 31?) = t < 5o do do

VT 312+ 4 1 (2VTt—3) +4 _ 4
27 B 27 27
a:b:C:%
P . 2 4 . azg,b:l,c:o
Tém lai, ta ¢c6 max P = 5 dat duge khi 3 3 9
27 Cb_g,b:(),c:?
azO,bz%,c:g
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Nhan xét 5 Ching ta c6 mot vai diém can chi ¥

7(9¢—2)£(1—3¢)+/7(1—3q)

Thdt ra, khi gidi phuong trinh f'(r) = 0 ta dugc dén 2 nghiem la 5o
nhung cdc nghiém phdi théa man diéu kién la r > 0 va 99 — 2 — 27r > 0. Nhung khi
7(9‘1*2)7(1;8:;1) V 7(1—3q) théa khi

so lai vdi hé dieu kién nay thi chi cé nghiém ro =
7(9¢ —2) > (1 = 3¢)v/7(1 - 3q)

Do doé ta phai zét 2 truong hop nhu ¢ loi gidi trén.

7(9¢—2)—(1-39)+/7(1-3q)

Trong truong hop nghiém ro = 159 théa thi chdc hdn cdc ban cing
rat ngai khi thay vao biéu thic ban dau, bdi 1€ toan la can thiic (can trong cdn),
tinh todn rat phic tap. Nhung ching ta c6 mot meo nhé & day la 9q¢ — 2 — 27rg =
V@2 — 4¢3 +2(9q — 2)rg — 2772, do dé khi thay ro vao biéu thitc f(r), ta hay thay
V@2 — 4¢3 +2(9q — 2)rg — 2712 bdi 9 — 2 — 27rg i hdy thay truc tiép gid tri cia ro
vao, tinh todn sé trd nén don gidn rat nhiéu!

[
Vi du 1.40 Cho cdc sé thuc a,b,c. Tim gid tri lon nhat cia biéu thic
P |ab(a? — b%) + be(b* = ) + ca(c? — a?)]
= (a2 + 0% + 2)2 :
(IMO 2006)
LOI GIAL. Chuan héa cho p = 1, khi dé, ta c6
P [(a—b)(b—c)(c—a) . V@ — 4¢3 +2(9q — 2)r — 27r2
(1-29)° (1-29)°
9g—2\2 |, 4(1—3¢)3 4(1—3q)3
_ \/_27 (T_ & ) + X 27q) < \/ 27q _ 2(1 —3q)/3(1 - 3q) — f(q)
(1 —2¢)? T (1-2¢)? 9(1 —2¢)?
Ta cé

(6¢ +1)/3(1 - 3q)

! —
/ q:_l
f(Q)_O@{ _ 1
q9=3
Bing cach lap bang bién thién, ta thiy
1 9v2 1
<f(2) =22 v<c
r<f(5) =% <y
o}
Mit khac, cho bz%—!—% thiP:%nénmaxP:%.
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Nhan xét 6 Bai todn nay la bai todn trong dé thi todn qudc té nam 2006, cdch gidi
trén ngdn gon hon cdch gidi ¢ ddp dn rat nhiéu.

Vi du 1.41 Cho cdc s6 khong am a,b,c,d. Chiing minh ring

(afb)(a—c)(a—d)(bfc)(bfd)(c—d)< 1
(@+b+ctd)p = 1708

(V6 Quéc Ba Can)

Lo1 GrAr. Khong mat tinh téng quét, gia st d = min {a,b,c,d}, ddt a—d = z,b—d =
y,c—d =2z (x,y,z > 0), khi d6 ta co6

(@a—b)la=c)la=d)b=c)(b-d)(c=d) _ zyz(z—y)(z—-2)(y—>2)
(a+b+c+d)s (x+y+2z+3d)S

ryz|(z —y)(z — 2)(y — 2)|
N (x+y+2z+3d)S

_ @ —y)@—2)y—2)
- (x+y+2)°

Chuan héa cho p=1=1r < ta co

27’

oyz|(z —y) (= —2)(y —2)| _ rq% — A3 + 18qr — 4r — 272 = r/f(q)

(z+y+2)°
Ta lai ¢6
f(q) =2(q — 6¢* + 9r)
1++/216r + 1
fllg=0q¢g=—"—"—
12
Bing cach 1ap bang bién thién, ta thiy
14 /2167 + 1 (2167 + 1)3/2 , b 1
< = —2 —_ - —_—
) = f( 12 ) 216 AU
Do do
2167 + 1)3/2 5 1
2 _4g3 +18qr —4r — 2712 < \/( —2Tr2 — S —
r\/q q’ + 18¢qr r re<r 516 Tr 27‘+216
Dat > =216r+1>1=r="1 STe L tir day ta c6 thé thay
21 1)3/2 1 -1DEB-t)/t+1)(3 -t
r\/( 6r + 1) _27T2_§T+7 (t )( )V (+ 1)( ):h(t)
216 216 5184+/3
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e @) /ETED

o t2—D)EF DBt

mlE) = 12961/3
Wit)=0et=2

nén bang cach lap bang bién thién, ta thiy

1
h(t) < h(2) = 798"
a = 2t cos® 18
Tir day ta 6 dpem. Ding thite xiy ra khi vi chi khi 4 © = (L~ sing) .
' = sin {5 (2sin&+1)t
d=0
cac hoan vi tuong tng. ]

Vi du 1.42 Cho cdc s6 thic a,b,c. Chiing minh rdang
(a® +b% + )2 > 3(a’b + bPc + c*a).
(Vasile Cirtoaje)

LOI GIAI. Chuan héa cho p = 1, khi d6 ta chi can xét bat ding thic trong truong
hop a > b > ¢ 1a dn, suy ra

Za?’b— q—2¢° —1+/q> — 4¢3 +2(9q — 2)r — 2712

. = f(r)

cyc

Ta c6

9qg — 2 —27r — \/q? — 4¢®> + 2(9¢ — 2)r — 27r2
2¢/q? — 4¢3 +2(9q — 2)r — 27r2
7(9¢ —2) — (1 —3¢)/7(1 — 3q)
189
Lap bang bién thien, ta c6 f(r) < f(ro) Vr. Mat khac, ta lai c6

fir) =

f(r=0&er=r=

q—2¢%> — 1o+ /q® — 4¢3 +2(9q — 2)ro — 2712

flro) = 5
_9g% — P

_ 4-% To4—29q 7T0:5q_q2_1_147,0

2 [7(9(] —9) — (1 - 3¢)/T = 3q)]

5¢—q¢°—1-

27
1+9q —27¢% + 2(1 — 3¢)\/7(1 — 3q)
27
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Ta can chitng minh
3f(ro) < (1-2¢)°
& 14 9g—27¢% +2(1 — 3¢)/7(1 — 3¢q) < 9(1 — 2¢)?
= (1-39) [8—21q—2 1—3q} >0
(1-39)[(8 — 219)* — 28(1 — 3q)]
8 —21q +24/7(1 — 3q)
9(1 - 3q)(2 — 7q)*

<~
8 —21g+2/7(1—3q)

Bat ding thitc cubi hién nhien dung nén ta c6 dpem. [

Y

0

Vi du 1.43 Cho cdc s6 duong a,b,c théa man a+b+c =1 va ab+ bc+ ca = q
(1> 3q). Tim gid tri nhé nhdt cia biéu thic
2 2 2
a b c
P=— 1 Q. QN
b c a

(Vo Quéc Ba Can)
Lo1 GIAL Khong méat tinh téng quét, ta chi can xét @ > b > c. Ta cb

> ab?
2 2 2 4 —2¢2 — 1 — \/@® — 4 +2(9q — 2)r — 2712
R LIS St V@ = 407+ 2(9 = 2 =)

b c a abc 2r

® —4¢% + (9 — 2)r + (2¢* — 1)\/q% — 4¢3 + 2(9q — 2)r — 2772
2r2\/q® — 4¢3 + 2(9q — 2)r — 27r2
#9¢2 — 29 + (1 - 39)y/(1— 29)(1 - 3q)]
27q* — 27q3 + 27¢2 — 9q + 1
T day, bang cach lap bang bién thién, dé thay f(r) > f(ro) Vr, lai c6

fiir)=

ffr)=0=r=r;=

q—2¢* — 19— \/q2 — 4¢3 +2(9q — 2)ro — 2713

f(’f‘o) - 27“0
2_ 4.3 _9)p
_ qg—2¢> -1y — 2 41111-2(23 2)ro
2T0
(22 —9q+ Vro 4 g+ 2¢° — 3¢ + 4¢*
2ro(1 — 2¢?)

Tt day, dé dang di dén két luan bai toan.
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Nhan xét 7 Ching ta ¢6 mot vai diém khd thi vi, khong chi cho bai nay néi riéng
ma con cho tat ca cdc bai khdc néi chung. Xin phan tich ro hon & bai nay, cdc
bai khdc, ta c6 thé lay 4 tudng tuong tw. Sau khi thay zong biéu thic f(ro) =

2 - 3 o 2 4 .
(29 _9q+12)7f;(41'$3§) 3CH — g(rg), ching ta théy duge gi ¢ day? g(ro) la mot ham

don diéu theo ro, cu thé la né nghich bién, diéu nay cé § nghia rat lon, cic ban dt
hdn con nhd két qud sau trong bat dang thitc ba bién (vem & bai viét trudc)

p(9g — 2p*) = 2(0* = 3¢)v/p* = 3¢ _ G 2p?) + 2(p* — 3q)\/p> — 3¢
27 == 27

(P (-2F) (o= ) (P

A 27 27

0 day, ta cing sé€ co

(R ) N o DN (Vi N (Vi)

27 - 27

vl ta co

¢ —4¢° + (9¢ — 2)r,+(2¢° — 1)\/q2 —4¢% +2(9q — 2)ro — 273 =0

= [qQ —4¢® + (9¢ — 2)7’0]2 =(1- 2q2)2[q2 —4¢® + 29 — 2)rg — 277‘8]

Do dé, ta phdi co
> —4¢° +2(9¢ — 2)ro — 2712 >0

2 2

(p+ VP2 = 3q> (p —2y/p% — 3q> o (p —v/p? - 3q) (p+ 2\/p? — 3q)
27 =T0= 27

Nhu vay, ching ta sé co

=

(p —/p? = 361)2 (p +2v/p? — 3q)

27

fr) = flro) =2 g

Cdi lgi cia két qud cudi nay ¢ ché déi vdi nhing bat ding thic khong chat ldm
ma ding cd mot két qud khong 1o la f(ro) dé gidi thi qud la bat tién, nhung vdi

g < (p—\/pz—Sq) 27(19+2\/p2—3q) )

tht moi viéc sé trd nén don gidn hon rat nhiéu, ching

ta sé khong phdi tinh todn vdi can thiic (vi néu ta dat 3¢ = p* — 2% (x > 0) th
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p < (p—\/ 102—3q)2 (p+2\/p2—3q)

. ) la. mot biéu thatc khong chita can). R6 hon, ching ta
lay vi du don gidn sau

a® b2 2 6(a? + b% + 2
—+—+—+a+b+c2¥
b c a a+b+c

Bit ding thite nay tuong duong

2 b2 2
4l 8 5519
b c a

Nhu vy, néu ta chiing minh f(ro) = min {“—; + % + %} > 5—12q thi bai todn dugc
gidi quyét xong. Vi day la bat ding thite 1 bién theo nén ta tin chdc la sé lam dugc
néu cé6 mot kij thudt tinh todn tot, nhung vdi mot bai todn khong qud chat nhu thé nay
thi viéc dung f(rg) thi c6 vé la “hoi qua tay”, ching ta hay thd dung

g 27 27

(p— Vp? —Sq)2 (p+2\/p2 —Sq) _, ((1 — M)Q (1+2m)>

Dit3g=1—22>=1>2>0, khi dé ta co

g<<1m>2<1+2m>)

27

((1 —z)%(1+ 2x)> 7+ Tz + 3222 4+ 1623 + 5x* + 2825 — 826 — 627
g =

= 27 (1= 2) (1 + 22)(7 + 422 — 22%)

5—12q = 1+ 422
Nén ta chi can ching minh

7+ Tz + 3222 + 1622 + 5z* + 282° — 8% — 627

> 1+ 4a?
(1 — 2)(1 + 22)(7 + 422 — 22%) SR

Rat don gidn, bing bién doi tuong duong, ban co thé bat dang thic trén tuong duong
Va1
22(14 — 16z + 5522 + 142 + 28z + 22° — 1625) > 0.

Nhung bat ding thite nay lai hién nhién ding do 1 >z > 0.
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Vi du 1.44 Cho cic s6 duong a,b,c. Chiing minh ring
2 2 2 14 A
a7+b7+0723/a—|—b—|—c.
b c  a a?+ b2+ c?

LO1 GIAL. Theo bai trén, ta cé

(Nguyén Vian Thach)

Zaj S 74 7z + 3222 + 162% + 5z* + 28z° — 826 — 627
b — (1 —)(1 4 2z)(7 + 422 — 224)

cyc

5 [a* +bt +ct 3 dr +2¢2 —4q+1
az+b2+c2 1-2q
3\/247(1x)2(1+2:r)+2q24q+1

1—2¢q

_ \/1+ 1222 4 823 + 62
1+ 222

Lai c6

IN

Do d6 ta chi can chitng minh

7+ Tx + 3222 + 1623 + 52t + 2825 — 82° — 627 S \/1 + 1222 4 823 4 64
(1 —x)(1 + 22)(7 + 422 — 224) - 1+ 222
Cha ¥ 1a
74 Tz + 322° + 162 + 52* + 282° — 820 — 627 3 + 1322 — 724
(1 —2)(1 + 22)(7 + 422 — 224) 3(1 — «2)
~ 2?(14 — 62z + 632 + 992° + 1012 + 402° — 2525 — 1427) 20
\ 3(1 — 22)(1 + 22)(7 + 422 — 22%)
T+ 7z + 3222 + 1623 + 52* + 282° — 825 — 627 _ 3+ 1322 — 7a*
(1 —2)(1 + 22)(7 4 422 — 224) - 3(1—-2?)

Nén ta chi can chitng minh

3+ 1322 — 72 \/1 + 1222 + 823 + 624
31—22) ~ 14222
- 22(6 — 72w + 43622 + 14423 + 722* — 7225 — 36925 + 9828)
9(1 — 22)2(1 + 222)
Bét dang thiic cudi hién nhién ding do 1 > x > 0. Vay ta c6 dpcm. Dang thiic xay
rakhia=b=c

>0
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Nhan xét 8 Bat dding thitc

a? b A2 3+ 1322 — Tt
—t =+ =2 —
b ¢ a 3(1 — 2?)

C6 dang tuong duong la

4 3 _ 2,2 _
2 3(%:6.% —|—13§/:Cx (y+ 2) gcx Yy xyz(%:cx
Zi> any’ZZO

)

Chiing ta cé thé dung két qud nay dé ching minh két qud sau (hién vin unsolved trén

mathlinks)
2 2 2 6 1 16 1 6
&+b7+3236/a +b +c8
b c a 3

(Vo Quoc Ba Cin)
[

Vi du 1.45 Cho cic s6 duong a,b,c. Ching minh ring

b b+ b
9+7+5+(%@4@94i3i%23%h4.
b ¢ a a? + b2 + 2

LO1 GIAL R rang ta chi can xét bat ding thic trong trudng hop a > b > ¢ la di.
Chuan hoa cho p = 1, khi dé, ta c6

a b ¢ q—3r—/q®—4¢> +2(9¢ — 2)r — 27r2
e =
b ¢ a 2r

ab+bc+ca  ¢q
a?4+b24+c2 1-2

Nen bat ding thic tuong duong véi

g =3 — /@~ 4" + 209~ 2)r —27r? | (3VA-2)q

>3V4+1
2r 1—-2¢q >3V +

Xét ham s6

_q—3r—\/q®? — 4¢3 +2(9q — 2)r — 272

1) -

Ta c6

=43+ (9¢ - 2)r — q\/? — 4% + 2(9¢ — 2)r — 27r?
2r2\/q% — 4¢3 + 2(9q — 2)r — 27r2

f'(r)
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¢* |9¢* — 2q + (1 — 3¢)\/q(1 - 3q)}
27> —9g+ 1
Lap bang bién thien, ta c6 thé thay f(r) > f(ro) ¥r > 0. Ta lai c6

f(r=0&sr=r=

a°—4¢°+(9¢—2)ro

q—37"0—\/q2—4q3+2(9q—2)r0—27r(2) q—3rg — p
f(ro) = =
27“0 2’/‘0
23 1-6 242 1
_ 20+ (1 -6gro _2¢° 1 ¢
qro To q

7 2(27¢> —9q + 1) +176
992 —2q¢+ (1 - 3q)\/q(1-3q) ¢

Nhu vay, dé hoan tat yéu cau ciia bai toan, ta chi can ching minh dugc

34 -2
f(ro)JruZZi\%-i—l
1—2¢q
22742 — 1 1 (3¢/4-2
o (27g” 9+ 1) Pl BVIa gy
9¢> —2¢+ (1 —3q)\/q(1 —3q) ¢ 1—2q

Bing khai trién truc tiép, ta thiy

2(27¢> — 9¢ + 1) 1
9¢> —2¢+ (1 —3q)\/q(1 —3q) ¢
(1-39)A

q(1—2q) {9q2 =2+ (1 =3q)y/q(1 - 361)]

(3V1-2)q

—3V4-7
1—2¢q Vi

Vé6i A = [3(k+6)q> — (k+11)g+1]\/q(1 — 3q) —¢?[2k+9—9(k+2)q], k = 3/4—2.
Do 2k + 9 > 9(k + 2)g nén néu 3(k + 6)¢> — (k + 11)g + 1 > 0 thi hién nhien 4 > 0
nén bat dang thic ciia ta ding. Nguge lai, néu 3(k + 6)¢? — (k + 11)g + 1 < 0 thi ta
co

A>04 ¢?2k+9—9(k+2)q] > —[3(k +6)¢* — (k+ 11)g + 1]\/q(1 — 3q)
S @' 2k +9 -9k +2)q)> > [3(k+6)¢* — (k+ 11)g+ 1)%¢(1 — 3¢)

(9V/16+ 64 +4) g(27¢> — 9¢ +1) (20g — 4 — ¥/16)" (8g+2 — ¥/16) _ .
800 =

=
Do 3(k +6)¢* — (k+ 11)¢+ 1 < 0 nén

_ k+11— VEZ 10k + 49
7= 6(k + 6)
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Suy ra

4 (k+11 - VEk? + 10k + 49)

8¢+2— V16 > 310 +2- 16
_ 4(k+11—\/k2+10k+49)+27i
3(k+6) k42
_ 2[5k% 432k — 28 — 2(k + 2)Vk2 + 10k + 49
3(k +2)(k +6)

3k(7k? + 46k — 152)
3(k +2) [k? + 32k — 28 + 2(k + 2)v/k% + 10k + 49

Dok>gnén

2
5 5 27
7k2+46k—152>7<2) +46(2>—152=Z>0:>A>0.

Bai toan duge gidi quyét xong.
Déng thtic xay ra khi va chi khi a = b = ¢ hodc

a=[§+\3[—‘aé1+§ \3’/4_1+8\3/§—1lcos(§arccos 172%%”15
=t 2

c=
b= {§w+ %\/3\3/41— {/2 — 3sin <éarccos\/—m273*ég_27‘%>] t

va cac hoan vi tuong ting. ]
Vi du 1.46 Cho cic s6 duong a,b, c. Chitng minh rang vdi k = 32 — 3, ta cé

2 2 02
g+§+f+k23(k+3)(a +b* +¢?)
b ¢ a (a+b+c)?

(V6 Quéc Ba Can, Bach Ngoc Thanh Cong)

LoT GIAL Chuan héa cho p = 1, theo két qua trén, ta co

Zg> 2(27¢> —9q + 1) L1
e 07 9¢2 —2¢+ (1 -39)\/q(1-3q) ¢

Ta phai ching minh

2(27¢> — 9+ 1 1
(27¢" ~ 9 + 1) + - —6+k>3(k+3)(1—2q).
9¢%> —2q+ (1 = 3¢)\/q(1 = 3q) ¢
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Ta c6
(1-3q)A

VI -VP=
a[9¢> 24+ (1 39)/a(1 = 3q)|

Trong dé
A =[6(k+3)¢* — (2k + 15)q + 1]\/q(1 — 3q) + ¢*[4k + 21 — 18(k + 3)q].

Do 4k +21 > 18(k + 3)g nén néu ta c6 q < 2’““5*{2‘(*515’6’““53 & 6(k+3)g> — (2k +

15)g +1 >0 thi A > 0 nén bat ding thitc hién nhién ding, trong truong hgp nguge

2k+15—AkZ 136k 1 153 1 .
12(k+3) <¢=<g3 Taco

lai
A >0 ¢*[4k +21 — 18(k + 3)q] > —[6(k + 3)¢* — (2k + 15)q + 1]/q(1 — 3q)
& ¢*lak +21 — 18(k + 3)q)*> > [6(k + 3)¢* — (2k + 15)q + 1]*(1 — 3q)
o, VA@7¢ — 99 +1) (129 +1 — V1) (12 ~ 2 - V1)

12 =0
Do g > 2’”15*&%’% nén
12¢+1— V4> 0.
Vay bét ding thitc can ching minh ding. N

Vi du 1.47 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Ching
minh rang

a+2c b+2a c+2b>\/5(a2+b2+02)
a+2b b+2¢c c+2a ab + bec + ca

(V6 Quéc Ba Cin)

Vi du 1.48 Cho cic s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Ching

3 3
minh ring vdi k = w thi

a® + b2 + 2 ab?® + bc? + ca?
+ K- >k+1.
ab 4+ bc + ca a?b + b%c + c2a

(Bdch Ngoc Thanh Cong)

Vi du 1.49 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0 théa
man a+b+c= 1. Tim gid tri l6n nhét va gid tri nhé nhit clia biéu thie
a—>b b—c c—a

P(a,b,c) = + + .
(a, ;) Va+b Vb+e¢ Veta

(Pham Kim Hung)
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Mot didu han ché ctia ki thuat nay 13 mac du rat manh nhung né doi hoi ching ta
phai tinh toan nhiéu. Nhung cic ban a, cdc bai todn & day ching toi dua ra déu la
nhitng bai todn rat khé, ding thic clia ching hau hét xiy ra tai nhitng diém léch
nhau. Diéu nay rat kho cho ching ta tim dugc 1 15i gidi dep mit cho né ngoai nhitng
16i gidi nhu thé nay. Tuy nhién, chiing ta c6 thé thiy mot diéu 1a néu diung k§ thuat
nay dé giai nhitmg bai toan thi qudc gia, qudc té thi ching ta lai thu duge nhitng 1oi
gidi gon dep va rat nhe nhang béi 18 cac bai todn Ay déu 1a nhitng bai todn "réat 16ng".
Vi vay, chiing t6i viét vé ky thuat nay v6i mong mudn thiét lap cho ching ta mot ki
thuat, mot phuong phép dé ching ta c6 thé gidi duge nhitng bai toan ay khi "cham
tran" ching trong cac ky thi.

1.4 The CYH techniques

1.4.1 L&i néi dau

Ngay tit khi con hoc ¢ mai truong THCS, chiing ta da duge lam quen véi bat déng
thitc Cauchy Schwarz va khi buée sang THPT, ching ta duge lam quen thém véi bat
dang thiic Holder, ci 2 bat ding thitc nay déu rat thuong duge sit dung, ngay ca
trong cac ky thi hoc sinh giéi quoc gia, quéc té. Cé thé néi chiing va bat déng thiic
trung binh cong-trung binh nhan (AM-GM) 1a nhitng bat déng thitc ¢ dién thong
dung nhat hién nay, nhung viéc sit dung chiing nhu thé nao 1a hiéu qua? Bai viét nhd
nay, ching t6i xin dugc chia sé v6i cac ban mot vai ky thuat thong dung, mong nhan
duge § kién déng g6p ciia cac ban.

1.4.2 B4t dang thiic Cauchy Schwarz va Holder.

Trude khi bat dau bai viét, ching ta hay nhéic lai vai nét vé bat ding thitc Cauchy
Schwarz va Holder.

Dinh 1y 1.4 (B4t ding thitc Cauchy Schwarz) Vdi moi so thuc (a1, as, ..., ap)
va (by,bay ...y by), ta cé

(a1by + agby 4 - - - 4 anbp)? < (a2 + a3 + - +a2)(b2 4+ b3 + - +b2).
Ddng thitc zdy ra khi va chi khi a; : aj = b; 1 b; Vi,j € {1,2,...,n}.

Chitng minh bat dang thitc trén c6 rat nhidu cach nhung cach ngian gon nhat la st
dung dang thic Lagrange

(@i +a5+---+ad) (BT + b5+ +b)) = (arbr +asby+---+anby)* = Y (aib; — a;b;)’
i#]
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Hé qua 1.5 Vdi moi so thuc (a1, as,...,an) va (b1, ba,....by),b; >0 Vi =1,2,...,n,
ta co

of | a3 ay 2
— 4 =44 (b1+b2+...+bn)2(a1+a2+...+an)
by b2 bn

Dang thite zdy ra khi va chi khi a; : a; = b; 1 b; Vi,5 € {1,2,...,n}.

Dinh 1y 1.5 (B4t ding thitc Holder) Cho cic s6 duong zi; (1 =1,m,j =1,n).
Khi dé vdi moi wq,...,w, >0 théa wy +---+wy, =1, ta ¢

w

(35 ) =35 (1)

i=1 \j=1 j=1 \i=1

Chiing minh bat déng thiic nay bing cach ding bat dang thitc AM-GM tong quat

nhu sau

Gia st > x5 =1 Vi =1,n (ta luon c6 thé gid si duge didu nay! Tai sao?), khi d6
Jj=1

bat déng thiic & trén tré thanh

St dung bat dang thitc AM-GM., ta c6

]i(znlxéj) = i(iwﬁ”>:i iwﬂ%‘

Bét dang thic Holder duge chitg minh.
Mot trudng hop diic biet thuong gap ciia bat ding thitc Holder 1a khi n = 3, ta c¢6

(@ 4034+ (mP+n3+p3) (@342 +23) > (ama+bny+cepz)® Ya,b,c,m,n,p,x,y, 2 >0

a _b_c¢
Déng thiic xay ra khi va chi khi { o _ by & . Vakhi(m,n,p) = (z,y,2) thi
T y oz

(a® + b2+ &) (m® +n3 4+ p*)? > (am? + n® + p?)® Va,b,c,m,n,p >0

Diang thitc xdy ra khi va chi khi % = 2 = £.
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1.4.3 Mot s6 ky thuat can chia y
Tham sb héa

Day 1a k¥ thuat co ban nhéat trong cac ki thuat duge trinh bay § day, cAc ban hay
xem xét k¥ né trude khi sang phan khéc.

Vi du 1.50 Cho cdc s6 khong am x,y, 2z théa man 2x + 3y + 2z = 1. Tim gid tri nho
nhdt ciia biéu thic

P =34+ 25
LOI GIAL Stt dung bat déng thitc Holder, ta c6

(23 + %+ 2°)(a® + 0% + ) (m® +n® + p*) > (zam + ybn + zep)® VYa,b,c,m,n,p >0

(xam + ybn + zcp)?3
(a® + b3 + 3)(m? + n3 + p3)

>P=x4+ 425>

Ta hay chon a,b,c,m,n,p sao cho gia thiét 2z + 3y + z = 1 dudc tan dung triet dé,
tit d6 theo 1& tu nhién ta c¢é thé chon a, b, ¢, m,n, p thoéa o= bn — 2 — 1. Hon nita,

3 1
do ta can tim min P nén ding thic é bat déng thic nay phai xay ra, tic la

20 _ 3y _ z _ 2z4+3y+z _ 1
20 =~ 3b ~ ¢ = 2a+3b+c T 2a+3b+c
2ax = 3by = cz
j— a
- 2a+gb+c
Tu phuong trinh thid nhat suy ra ¢ ¥ = 557 - Tu phuong trinh thi 2 suy ra
— C
z= 2a+3b+c
2a? 3b2 c?

2ax = 3by = cz & & 2a% =302 =2

2a+3b+c: 2a+3b+c: 2a +3b+c

Twu day, ta chon dugc a = b= c=1=m=2V2,n=3V3,p=1, tit d6 theo

L 1
V2’ V3’

trén, ta co
(2z + 3y + 2)3
f)3+1} [(2v2)*+ (3v3)" +1]
36
(36 +4v3 + 9v2) (14 81V3 + 16V/2)

—
~~
—
o
—
w
+
/N
Sl
w
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_ a — 1
N €T = 2a+3b+c a V2
Dang thic xay ra khi ¢ y = m véi ¢ b= % . Vay nén
— C —
z = 2a+3b+c c=1
36

min P =

(36 + 4v/3 + 9v2) (1 + 81v3 + 16v2)

Vi du 1.51 Cho cdic s6 khong am x,y théa man x3 +y> = 1. Tim gid tri lon nhdt
ctia biéu thic

P=x+2y.
LOI GIAL Sit dung bat dang thitc Holder, ta c6

(23 + ) (a® + b3 (m® +n3) > (zam + ybn)® Ya,b,m,n >0

= zam +ybn < V/(x3 + y3)(ad + b3)(m3 + n3)

Lé tu nhién, do yéu cau ciia bai toan nén ta phai chon a,b,m,n sao cho biéu thtc
xzam + ybn = P, tic la cac s6 a,b,m,n phai thoa 4" = %" = 1. Ngoai ra, cling nhu
vi du trén, ta can tim gid tri 16n nhét ciia P nén bit budc ding thiic & bat ding thic

trén phai xay ra, tic 1a

T _ 2y _ xz+2y _ 1
& a 2b 7 a+2b T a+2b
ax = 2by
— a
x a2
< y= a+2b
ax = 2by
— a
T = a—il;Zb
<~ Y= a+2b
a® _ 2b°
a+2b ~ a+2b
_ a
T = aJEQb
<9 Y=o
a? = 2b?
p— a
T = (Hl;Qb
= Y= a+2b
a= \/§
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:a£2b
a=+v2

7Y b=1
— 1
V2

n=2

Do dé6 theo trén, ta c6

P=x+2y < /(a3 +y3)(ad + b3)(m3 + n?) = \”’/(2\/§+ 1) (;—\1/5 +8>

Déang thtic luon x4y ra nén

max P = §/(2\/§+1) (2—\1/5+8>.

Déi v6i nhitng bat ding thiic ma khong c6 ding thiic xay ra thi ta chon tham s6 1a
nhitng s6 ma ding thitc clia bat ddng thiic Cauchy Schwarz hoic Holder dé giai la
“lan can bing” ctia bat déng thiic ban dau.

Vi du 1.52 Cho cdc s6 duong a1,as, ..., a,. Chitng minh rang

1 2 n 1 1 1
+ y QL <2l —4+—4+---+—).
a1 a1 +ag ar+ag+---+ay ap  ag an,

Lo1 GIAL Stt dung bat ding thitc Cauchy Schwarz, Vk = 1,n,b; > 0 Vi = 1,n, ta co

b2 b2 b2
(i+~2+---+(;“>(a1+az+--~+ak)z(bl+bz+-~-+bk)2
k

a1 a9
SO S S C T
ar+az+---+ap = (br+ba++b)? \ar ar ag
n n
- S M
k:1a1+a2+--~+ak = a
Véi
kb? k+1)b2 b?
cp = k + (k + )b, +--+ ok
(br +ba+---+br)? (b1 +ba+ - +bpy1)? (br + b2+ 4 bry1)?
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Chon b, = k, ta cb
K3 k2(k+1) k%n
7 + S i —
k k+1 n_
i= i=1 i=1

1 1 1
FUESE (/c+1)(k+2)2+"'+n(n+1)2)

(
- 41@2E(k1+l)+-~-+n(nl+1) (;le (n+11)2>
(

<k12+<k+11>2>+”'+;(732+<n+11>2>‘<k+11>2""‘m+11>2)

Neén tit day hién nhién ta c6 bat déng thitc can chiing minh ding. [

Vi du 1.53 Cho cdc s6 thuc ay,as, ..., a,. Ching minh rang

2 2
a1+ a ar+as+---+ay
4(a§+a§+---+ai)2a§+(122> +-~-+(1 — ) :

LO1 GIAL Stt dung bat ding thiic Cauchy Schwarz, Vk = 1,n,b; > 0 Vi =1, n ta c6

ai | a3 ai 2

— e ) (bt bg) > (an Fax - ag)
bi by by

2 2 2 2

ay+az+---+ag by +by+---+by (ai a3 aj

< 2L 2, Zk

;s( k ) = K2 (1+b2+ T

oottt b bbb .._+b1+b2+"'+bn
¥ k2by, (k + 1)2by, n2by,
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Chon by, = Vk — Vk + 1, ta c6

o — bi+ba+---+bp  bi+bat- -+ .H+b1+b2+"'+bn
b K2y (k + 1)2by, n2by,
B 1 SRS SRR O
T V- VE—T \E2 " (k+1)3/2 n3/2
< 1 9 1 _ 1 + 49 1 _ 1
COVEVEST - (et d Vo3 fntd
B 1 1 L. 2
VE-VE-T\\k-% fn+} k-5 (VE-vE=T)
2\/5(\/E+\/k—1)
= <4
Vv2k—1 o
Nén bat déing thic hién nhién ding. N

Vi du 1.54 Cho cdc s6 =,y > 0,22 + 9> = 1. Chitng minh rdng

Va+2yg < (1 +2\5/§)5.

Viy du 1.55 Cho cdc s6 a,b,c > 0,a% + b% + ¢ = 1. Tim gid tri lén nhé nhat cia
biéu thic
P =d®+3b" + 2¢%.
HUGNG DAN. Dimng bat déng thic Holder
(a® +3b® +2¢%)2(m® + n® + p?) > (a2m + b*n V9 + 62]9\3/1)3 .
[
Vi du 1.56 Cho cic s6 a,b,c > 0,a+ b+ c= 3. Tim gid tri nhé nhat clia biéu thic
P =a"+2b* +4ch.
HUONG DAN. Dimng bat déng thitc Holder

4
(a* 4+ 20* + 3¢")3(m* + nt 4+ p*) > (agm + 030 V8 + cgp@) .
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Vi du 1.57 Cho cdc s6 thuc x1,xa, ..., Tn. Chitng minh rdng

1
i+ (w1 +22)? 4+ (T Faa o+ a,)? < (@l a3+ ).

— 2 T
4sin 2(2n+1)

5l ()]

k

HUONG DAN. Dimg bat déng thiic Cauchy Schwarz,
2

5 (5e) <2l (57)

k=1 i=1
Chon cac s6 ¢; sao cho

S1+SQ+"'+S7L SQ+"'+S7L Sn

(&1 C2 Cn

im . (=D
— sin .
2n+1 2n+1

= ¢; = sin

Vi du 1.58 Cho cic s6 a,b,c > 0,a+ b+ c= 1. Tim gid tri nhé nhat clia biéu thic

1 1 1
P\/a2+b—2+\/b2+62+\/c2+a2.

HUGNG DAN. Dy doén déing thiic xdy ra taia =b=c = % Sit dung bat déng thic

Cauchy Schwarz,
a2—|—l (m?2+n?) > ma + ~
b2 - b

"S6 khong am"

Déi véi cac bat déng thitc dang ‘g—ll—l—‘;—;—i—---—l—% > k matachuachica; >0 Vi=1,n
hay khong, chi biét rang b; > 0 Vi = 1,n thoi thi viec them vao 13 mot k§ thuat can
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thiét. Y tudng don gidn nhu sau, cong cac tham sd m; vdo tuong ?ng 7 sao cho
a; +m;ib; > 0 Vi = 1,n, khi d6 dua bat ding thiic vé dang

i=1 " i=1

V6i al,b; > 0 Vi = 1,n. Tit day ta c6 thé sit dung bat déng thiic Cauchy Schwarz-
Holder mot cach ty nhién ma khong phai lo ngai nita.

Vi du 1.59 Cho cdc sé thuc a,b, c,d théa man a® + b* + ¢ + d* = 1. Chitng minh
rang

IN

1 n 1 + 1 n 1 16
l—ab 1—bc 1—cd 1—da~ 3°
(Vo Quéc Ba Can)

Lo1 GIAL Trudc hét, ta hay viét bat ddng thic vé dang

-1 16
Zl—abz_g

cyc

k(1 —ab)—1 16
MO T sy 22
O D e Ll

cyc
Vil=a?+b>+c?+d? > a?+b* > 2ab, suy ra

1 k
loab)—1>k(1-Z)-1=2_1
k( ab) > < 2> 5

Ta can chon k > 0 sao cho k(1 — ab) — 1 > 0. T trén, ta chi can chon k > 2, v v6i
k = 2, bat dang thic k(1 — ab) — 1 > 0 c6 dang thiic tai a = b = \%,c: d = 0. Do
d6 ta hay thit sit dung Cauchy Schwarz véi k = 2. Bat déng thiic tré thanh
1—2ab _ 8
> >3
1—ab 3

cyc

Stt dung bat ding thitc Cauchy Schwarz, ta c6

[Z(l — 2ab)]
Z 1—2ab _ [ewe _ 42— (a+c)(b+d))?
1—ab =~ > (1—2ab)(1—ab) 4-3(a+c)(b+d)+2(a®+c?)(b?+d?)

cyc cyc
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Do dé, ta chi can ching minh dudc
32— (a+c)(b+d)]? > 2[4 —3(a+ c)(b+d) + 2(a® + ) (b + d?)]
e 3a+c)b+d)?—6(a+c)(b+d) +4—4(a*+A)(*+d*) >0
31— (a+c)b+d)]*+1—4(a®>+ > +d*) >0
Sit dung bat dang thitc AM-GM, ta c6
4(a® + A+ d?) < (a®> + VP + 2+ d?)? =

Bét dang thiic duge chitng minh. Déng thitc xay ra khi vachikhia=b=c=d = i%.
]

Vi du 1.60 Cho cdc sb thuc a,b,c. Chitng minh ring

a? — be n b? —ca ¢ —ab >0
a2 4+ 262 +3c2 b2 +2c2+3a2 2 +2a%2 4302 T
(Nguyén Anh Tuan)

LOI GIAL Viét lai bat dang thitc nhu sau
2 _
Z 4(a bC) Z 0
p” a? + 2b% + 3¢?
4(a® — be)
_ - 1 >3
(:)Z [a2+2b2+302 * } =
(b—c d5a“ + ¢
&2 - >3
Z(12—|—2b2—l—302 Jr§a2—i—2b2—i—302 -
Vi b o
—c
2 - >0
§a2+2b2+302 -
Nén ta chf can chitng minh duge

2 2
Z 5(1 + C Z 3
p” a? + 262 + 3¢2

Nhung bat déng thitc nay hién nhién ding theo bat dang thitc Cauchy Schwarz

<Z izzlg) (Zw FEa? + 2 + 3c2>> [Zw L

cyc cyc

= 36 (;f)g

2

v
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Vi
2
12 (Z a2> =) (50 +P)(a® + 207 +3c%) =4 at—4) a’b’ > 0.
cyc cyc cyc cyc
Déng thiic xay ra khi va chi khi a = b = c. |

Vi du 1.61 Cho cdc so6 khong am a,b,c théa a + b+ c = 3. Ching minh ring

5—3ab+5—3bc+5—30a
1+c¢ 1+4+a 1+

> ab + bc + ca.

(Vasile Cirtoaje)
Lo1 cIAL Bét ding thic tuong duong véi
9(5 — 3ab)
>9 b
; 1+c¢ Z ¢

@29(5—3ab)+7ab 1+¢) > 162ab

1+c¢
cyc cyc
9 — 4ab 1

Sit dung bat dang thitc AM-GM, ta c6
9=(a+b+c)?>(a+b)?>4dab

Do d6, st dung bat dang thitc Cauchy Schwarz, ta dugc

2 2
>7(9 — 4ab) 27 —4> ab
29—4ab > cyc . cyc
T+c = Y (9—4dab)(1+¢c) 54—45 ab— 12abc

cye cyc cyc

1 9 3
2 iy 2

cyc cye

Ta can chitng minh

2
5(27—42@)
cyc

“abe > 1 b
54— 45 ab— 12abe | ac 6> a

cve cyc
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Dit ¢ = ab+be+ca, r = abe, theo bat ding thitc Schur bac 4, ta c6 r > max {O, W }
Bét ding thic tré thanh

5(27 —4q)? 21
LT S 169> 0
5i_dg_12r "o 1042

Néu 9 > 4q thi

5(27 —4q)2 21 5(27 — 4q)?2 9(9 — 4q) (45 — 4
( q) PP ( q) 16g = (9 — 4g)( q)zo
54 —4q—12r ' 2 54 — 4q 2(27 — 2¢)
Néu 4q > 9 thi
5(27 — 4¢) 21
Sl VA
Bi—ag—12r " o' 104
5(27 — 4q)2 21(4g — 9)(9 —
> (2 q) (49 — 9)( Q)_16q
54 —4q — 5(49 —9)(9 — q) 36
_ (44-9B-9B6-79) _
12(6 — q) -

Déng thiic x4y ra khi va chi khia =b=c =1 hoiica =b = %,c = 0 ho&c cac hoan
vi tuong tung. [ ]

Vidu 1.62 Cho a,b,c la do dai 3 canh ctia mot tam gide. Chiing minh ring

ala—b)  blb—c) clc—a)
> 0.
a?+2bc  b24+2ca 2+ 2ab

(Vo Quoc Ba Cin)

Lo1 GIAL Bat ding thitc tuong duong
ala —b)
— 41| >3
; [a2 + 2be * } -

Z 2a% — ab + 2bc
a? + 2bc
cyc

Do a,b,c1a do dai 3 canh cia mot tam giac nén ¢ > b — a, tu do

2a* — ab + 2bc > 2a® — ab+ 2b(b — a) = 2(a — b)* + ab >0
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Suy ra, theo bat ding thitc Cauchy Schwarz, ta c6

>(2a® — ab + 2bc)
Z 2a2 — ab + 2bc S cyc

a?+2bc T >°(2a% — ab+ 2bc)(a® + 2bc)

cyc

cyc

Ta can chitng minh

[2:(%12 — ab + 2bc)

cyc

@7Za3b+42ab3 222a4+32a262+62agbc

cyc cyc cyc cyc cyc

2
>3 Z(2a2 — ab + 2bc)(a® + 2bc)

cyc

Lai doa,b,c 13 do dai 3 canh clla mot tam gidc nén ton tai x,y,z > 0 sao cho
a=y+zb=z+x,c=x+y. Bat ding thic trd thanh

22m4+22xy(x2+y2)+32my3 262x2y2+32x2yz

cyc cyc cyc cyc cyc

Nhung bat ding thitc nay hién nhién ding theo bat ddng thitc AM-GM vi

2Zm4+22xy(x2 +9°) > 6§:x2y27 3Z:cy3 > 3Zx2yz.

cyc cyc cyc cyc cyc
Déng thtic xay ra khi va chi khi a = b = c. |

Vi du 1.63 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Chiing
minh ring

2a% — be 2% — ca 2¢2 — ab >3
b2—bc+c?2 c2—ca+a? a?—ab+b2

(Vasile Cirtoaje)
LOT GIAL Viét lai bat ddng thitc nhu sau
2a% — be
— =+ 1| >6
Z [bz—bc—kc2 N ] -
cyc

2 2
2a° 4+ (b—¢) > 8
b2 —bc+c? —

cyc
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Sit dung bat ding thitc Cauchy Schwarz, ta c6

[Z[W +(b - 0)2]]

cyc

2a% + (b — c)?
b2 —bc+c? T Y [2a% + (b—¢)?](b? — be+ ?)

cye cyc

Ta can ching minh

lZPaQ +(b— 0)2]] > 6 Z[Qaz + (b — ¢)?](b* = be + %)

cyc cye
& 22@4 +2acha+ Zab(a2 +b?) > 62(1262
cyc cyc cyce cyc

<:)QZaQ(a—b)(a—c)+32ab(a—b)2 > 0.

cyc cyc

Bét ding thiic cudi hién nhién ding theo bat ding thitc Schur bac 4. Déng thic xay
ra khi va chi khi @ = b = ¢ hoac a = b, ¢ = 0 hoac cac hoan vi tuong tng. ]

Vi du 1.64 Cho cdc s6 khong am a, b, c, tat cd khong dong thoi bing 0. Ching minh
rang
3a? — be n 3% — ca . 3c2 —ab
202 + 0% +c2 202+ +a?  2c2 +a? 4 b2

3
< —.
-2
(Vasile Cirtoaje)
LOT GIAL Viét lai bat dang thitc nhu sau
Z 3_ 2(3a27bc) >6
p” 202+ 02+ 2| ~
Z 3b2 + 2bC + 302

- 202 + 02 +c2 —

@3Zﬂ+8ZL>6
p 2a2 + 02 4 ¢ 202 + 02 +c2 —

cyc
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Néu (a — b)? + (b — ¢)? + (¢ — a)? = 0, bat ding thic 1a hién nhien. Néu (a — b)? +
(b—c)? + (c —a)? > 0, khi d6 theo bat déng thiic Cauchy Schwarz, ta c6

Z(bc)2>
- (

202+ 02 +c2 T Y (b—0)*(2a + b2 + 2)

cyc
2
4> a?>—=> ab
cyc cyce

Lzyjc(b — c)Q] (g:c a2> + Czyjccﬁ(b —c)?

2
2 (Z a?— > ab)
cyc cyc

<Z a? -3 ab) (Z a2> + > b%c2 = > a?be

cyc cyc cyc cyc cyc

; (Z bc) <Z bc)
Z C cyc . cyc

Sbe | [ Da? ) + > a%be
cyc cyc cyc
Ta can ching minh

>
2a% + b2 + 2 — Y be(2a? + % + ) (
2 2
6(2@2—Zab> 8(21)6)
cyc cyc cyc
+ >6

(Z a2 -3 ab) (Z a2> + > b%¢? = > a?be (Z bc) (Z a2) + > a?be

cyc cyc cyc cyc cyc cyc cyc cyc

cyc

cyc

Do tinh thuan nhat, ta c6 thé chuan héa cho a +b+c = 1. Dit ¢ = 3. be, 7 = abe,

cyc

khi d6 bat dang thitc trd thanh
3(1 — 3¢)? N 4q?
(1-3¢)(1—2q)+q¢>—3r q(1—2¢)+r
N (3r+q—4¢°) -0
(1-5q+7¢>—3r)(qg—2¢>+7r) —

>3




1.4. THE CYH TECHNIQUES 85

hién nhién ding. Dang thiic x4y ra khi va chi khi a = b = ¢ hosic ¢ = % =

= % = ¢ hodc cac hoan vi tuong ting. [ ]

e

Vi du 1.65 Cho cic sé6 duong a,b,c. Ching minh ring

a? — be n b — ca n 2 —ab
VaZ +202 +3c2 VB2 +2¢2 +3a2 Ve +2a2 + 302

(Nguyén Anh Tuan)

LO1 GIAL Stt dung bat ding thiic Cauchy Schwarz, ta c6

Z 8(a? — be) htel = Z 8(a? = be) + (b+ ¢)\/6(a2 + 202 + 3¢2)
V/6(a2 + 2b2 + 3¢2) pv V/6(a2 + 2b% + 3¢2)

8(a® —be) + (b+c¢)(a+ 2b+ 3c)
; V/6(a? +2b? + 3c?)
y 8a? + % + ab + be + ca + 2(b — ¢)?
=2 V/6(a2 + 202 + 3¢2)

8a?+c% +ab+bc+ ca
2 V/6(a% + 202 + 3¢2)

cyc

Y

cyc

v

cyc

Nén ta chi can chitng minh dudc

8a? + 2 + ab+ bc + ca
>2\/6 a
Z a? + 2b2 + 3c2 - Z

cyc cyc

Sit dung bat dang thitc Holder, ta c6

2

2 2 b b

(Z Sa” + 02 :_2(22—: 302_ ca) [Z(Sa2 +¢? 4+ ab+ be + ca)(a® + 2b% + 3¢%)
a c

cyc cyc

> 27 (32a2+2ab>3

cyc cyc



86 CHUONG 1. TIM TOI MOT SO KY THUAT GIAI TOAN

Do tinh thuén nhét, ta c6 thé chudn héa cho a+b+c = 1. Dit ¢ = ab+bc+ca, r = abe,

khi d6 theo bat ding thitc Schur bac 3, ta c6 r > 241 Tit day, ta duge

Z(8a2 + ¢* 4 ab + be + ca)(a® + 2b% + 3¢?)

cyc

6 (Z ab> (Z a2> + 3 (8a% + c?)(a? + 26% + 3¢?)

cyc cyc cyc

6 (Z ab> (Z a2> +11 (Z a2>2 +21) a®b’

cyc cyc cyc cyc

53¢% — 38¢ + 11 — 42r

32a2+2ab:3—5q

cyc cyc

Ta phai ching minh
27(3 — 5q)% > 24(53¢*> — 38¢ + 11 — 42r)

& 155 — 911q + 1601¢% — 1125¢° + 336r > 0

Ta co
155 — 911¢ + 1601¢> — 1125¢> + 3367
9 3 4q — 1
> 155 = 911q + 1601¢” — 1125¢" + 336 - —
1
= 5(1 — 3¢)(1125¢* — 12264 + 353) > 0.
Déng thitc xdy ra khi va chi khi a = b =c. ]

Vidu 1.66 Cho a,b,c la do dai 3 canh ctia mot tam gidc. Chiing minh ring

alb+c) blc+a) cla+Db) <9
a?+2bc b2 +2ca 24+ 2ab T

(V6 Quéc Bd Can)
Lo1 GIAL Bat ding thitc tuong duong véi

e

cyc

ala—b) + (2b —a)c
>
<:>Z a? + 2bc 21

cyc
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Ta s& chi ra ring
ala—b)+ (2b—a)c>0
That vay, néu 2b > a, ta c6
ala —b) + (2b — a)c > ala — b) + (20 — a)(b — a) = 2(a — b)* > 0
Néu a > 2b, ta co
a(a —b) + (2b — a)c > a(a — b) + (20 — a)(a + b) = 26> > 0

Tir day, sit dung bat dang thitc Cauchy Schwarz, ta dugc

[Z ala —b) + (2b— a)c] [Z[a(a —b) + (2b — a)d(a® + 2be)

a? + 2bc

cyc cyc

2

> [Z[a(a —b) 4+ (2b—a)c]

cyc

Ta can chitng minh

[Z[a(a —b) + (2b— a)c]} > Z[a(a —b) + (2b — a)c](a* + 2bc)

cyc cyc

= Zab(a —b)?2>0.
cyc
hién nhién ding. Ding thiic xay ra khi va chi khi @ = b = ¢ hosic @ = b,c = 0 hodc
cac hoan vi tuong dng. ]
Vi du 1.67 Cho a,b,c la do dai 3 canh ciia mot tam gidc. Chiing minh rdng
a b c ab+bc+ca 5

b—l—c+c+a+a+b a2 +b24+c2 2

(Pham Kim Hung)

LO1 GIAL Bat ding thitc tuong duong véi

Z(l_bic>2;+2a2

cyc
2
(2 a)

b+c—a S cyc

b+c — 2> a?

cyc
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Sit dung bat ding thitc Cauchy Schwarz, ta c6

] <§ a2> <cyc b—’b_j‘;a> - [g(b+ c)(b+c— a)‘| (Cyc b‘gi;a>
2 2
[Z(b—kc—a) = (Za> '

Déng thiic x4y ra khi va chi khi @ = b = ¢ hodc a = b,c = 0 hodc cac hoan vi tuong
ung. ]

Y

Vi du 1.68 Cho cic s6 khong am a, b, c,d, khong cé 3 s6 nao dong thoi biang 0. Chiing
minh rdng

ab L be L cd n da <1(a+b+c—|—d)
a+b+c b+c+d cH+d+a d+a+b 3 '

(Park Doo Sung)

Lo1 cIAL Bét ding thic tuong duong véi

4ab 2
(o0 e 25

cyc cyc
ac+bc+ (a—0b)? _ 2
= > —
2" arrre 232°

Sit dung bat ding thitc Cauchy Schwarz, ta c6

[Z[ac +bc+ (a— b)ﬂ]

cyc

ac + bc+ (a — b)?
Z a+b+c ZZ:[ac—i—bc—l—(a—b)Q](a—&—b—i—C)

cyc cye

Ta c6

Z[ac+bc+(a—b)2] :Za2+(a+c)2+(b+d)2—(a+c)(b+d)

cyc cyc
Z[ac+bc+(a—b)2](a+b+c) = QZQ?’+Za2b+3ac(a+c)+3bd(b+d)
cyc cyc cyc

33 " a® + 3ac(a + ¢) + 3bd(b + d)

cyc

3(a+c)(a® 4 c*) + 3(b + d)(b* + d?)

IN
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Nén ta chi can chitng minh duge

Sa?+(a+c)?+ (b+d)? - (a+c)(b+d)

R R Ea e [ O R

cyc

Khong mét tinh tdng quat, ta cé thé gia st b+ d > a + c. Dat

2r=a+c
2y=b+d
2
t=a?+ 2> (a—;c) — 942

A=+ @+ (a+c)*+(b+d)? — (a+c)(b+d) =b*+d* + da® + 4y — dzy
B=(b+d)(b* +d?) = 2y(b* + d°)
Bét ding thic trd thanh

A2
£ = TEAE o204 2y) 2 0

Ta co
(t+ A)(zt + B — zA)

(2at + B)?

ri) =2

zt+ B —zA

xt + 2y(b? + d?) — x(b® + d? + 42 + 4y* — 4zy)
223 4 2y(b* + d?) — x(b? + d* + 42* + 4y — 4ay)
(b* + d*)(2y — ) + 42?y — 22% — day?

202 (2y — ) + 42’y — 22% — day?

2(y —2)(2y° —zy +2°) > 0

Nén f’(t) > 0. Do d6 f(t) dong bién, va vi thé ta chi can ching minh dugc

Y%

Y

(322 — 2zy + 4y? — bd)?

2y _
f@27) = 3 — ybd + 2y3

—4(x+y)=g(bd) >0

Ta cé
(3z% — 2y + 4y? — bd) [ybd — x(22% — 3zy + 29?)]

(x3 — ybd + 2y3)?
z(22% — 3zy + 2y?)
Y

g'(bd) =

g'(bd) =0 < bd =




90 CHUONG 1. TIM TOI MOT SO KY THUAT GIAI TOAN

2 2 5 ”
Do z < y nén M < y?, khi dé ta dé& dang kiém tra dugc

2 2 _ 2 2 4 _ 3
o(bd) Zg<fﬂ( a? — 3wy + 2y )) _ 4y 296) > 0.
Yy Yy
Bat déng thitc duge chiing minh. Dang thiic xay ra khi vi chi khia=b=c=d. m
Vi du 1.69 Cho cic s6 a1, az,a3 > + thoa aiasas = 1. Chitng minh rdng

1 1 1
a1+2a2+a2—|—2a3+a3—|—2a1 -

1

Lor1 crAr Dat (1,1:%,(1,2: ya3 = 2 v6i x,y,2 > 0 va do ay,az,a3 > 5 nén

20 2y
2 >z
2z >

Bét ding thic can ching minh tré thanh

Yy
— <1
;xQ—l—Zyz -

& >1
Z( x2+2yz>_

cyc

222 — 3zy + 4yz
& — >3
Z x? 4+ 2yz -

cyc

2 >y
Do ¢ 2y >z nén
22z >

222 — 3xy + 4yz > 227 — 3zy + 2xy = (22 — ) > 0

Do d6, st dung bat dang thitc Cauchy Schwarz, ta c6

222 — 3zy + 4yz
(Z:M%z Z(w2 + 2y2)(22° — 3zy + 4yz2)

cyc cyc

> (22#’ +y :cy) 2

cyc
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Nén ta chf can chitng minh

2
(22172 + ny) > 32(:52 + 2y2)(22% — 3xy + 4yz)

cyc cyc cyc
& 132:1033/ + 42:63;3 > 22:54 + 152962;1/2
cyc cyc cyc cyc
&= ZMZ(JC —4)2>0
cyc

20 —y =Ta
véi M, = 5y* + 26zy — 1322 va M,, M, tuong tu. Dat < 2y —z =7b thi ta ¢6

22z —x =Tc

r =4a+2b+c
a,b,c>0vd {y =4b+2c+a,thay vao bat ding thic trén, ta c6
z =4c+2a+b

ZMZ (z — 9)2

cyc

= ZMZ(?)a —2b—c¢)?

cyc

= 4ZMZ(a —b)* + ZMZ(C —a)* + 4ZMz(a —b)(a—c)

cyc cyc cyc
= GZMZ(CL —b)* + 3ZMZ(C —a)? - QZMz(b —¢)?
cyc cyc cyc
= > (a—b)*(3M, — 2M, + 6M.)
cyc

= > (a—b)*(412> + T8yz — 9y* — 882 — 52z + 1561y)

cyc

= 343 (a—b)*(143b” 4 180c* — 127a® + 254ab + 288bc + 144ca)

cyc
= 1372 <4Za4 + 199Za3b + 2szab3 - 33Za2b2 - 199acha>
cyc cyc cyc cyc cyc
St dung bat dang thitc AM-GM, ta cé

4Za4 > 4acha

cyc cyc

28 "a’b+ 28 ab® > 56 a’b?

cyc cyc cyc
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1712@317 > 171acha

cyc cyc

23Za2b2 > 23acha

cyc cyc

Cong lan lugt vé véi vé 4 bat ding thiic nay, ta thu duge

4Za4 + 1992a3b + 28Zab3 - 33Za2b2 — 199acha > 0.

cyc cyc cyc cyc cyc

Bat dang thitc dugce ching minh xong. Ping thic xdy ra khi vi chi khi a1 = as =
az = 1. ]
Doi khi, ta khong nhat thiét phai them vao dé chuyén ti sb thanh sé khong am vi
n6 da la mot s6 khong am nhung "khé 16n", ta sé sé b6t di 1 vai gia tri dé bién né
thanh s6 khong am nhung c6 gid tri "lén vira phai"

Vi du 1.70 Cho cic s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Ching
minh ring

1 n 1 N 1 < 3la+b+c)?
a?+bc b2+ca 2+ab T 2(a?+ b2+ 2)(ab+bc+ca)’

(Pham Hitu Diic)
LO1 GIAL Bat ding thitc tuong duong véi

2
31> a
Za2+b2+c2> <cyc >
a?+bc T 2> ab

cyc

cyc
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Sit dung bat ding thitc Cauchy Schwarz, ta c6
2

[Z(bQ +c% —be)

cyc

Z b2 + 2 — be
a? + be 3 0(B% + 2 —be)(a? + be)

cye cyc
2
(2 PRGEDY ab)

cyc cyc

cyc cyc cyc cyc

(Z ab) (Z a?+y, ab) —4abed  a
Do d6, ta chi can chitng minh dugc

<2ZaQ—Zab> 3(2(1)

>
(Zab) (ZaQ—i-Zab) —4dabc > a QC%:Cab

cyc cyc cyc cyc

3+

Do tinh thuan nhét, ta c6 thé chudn héa cho a+b-+c = 1. Pit ¢ = ab+bc+ca, r = abe,
khi dé bat ding thtc tré thanh

(2 - 5¢)°

2 3
q—q*—4r ~ 2q

Néu 1 > 4q, ta co
2 — 5q)? 3 2-5¢)2 3 5—11¢)(1 —4
54 2q) _723+( ¢12) 3 9)( q)zo
g—q¢>—4r 2 q—q 2q 2q(1 —q)

Néu 4¢ > 1, st dung bat déing thic Schur bac 3, ta ¢6 r > %, do d6

2 — 5q)? 3 2 — 5q)? 3
(_ 23)4 T 9 z 3+ (2 f(lq—l) T 99

_ 301-39Hg-1)(11-4g) _
20(4-7¢-9¢*) T

3+

Béat ding thic duge ching minh. Ding thic xdy ra khi va chi khi ¢ = b = ¢ hoiic
a =b,c = 0 ho#c cac hoan vi tuong tng. ]
Vi du 1.71 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Ching
minh rdng
1 n 1 n 1 N 1
5a2 —ab+5b2 562 —bc+ 52 be2 —ca+5Ha?2 T a2+ b2+ 2’
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(Vasile Cirtoaje)

HUGNG DAN.
5(a? +b? + c?) 1 5¢2 + ab

5a2 — ab 4 5b? " ba2 —ab+5b2
n

Vi du 1.72 Cho cic s6 khong am a,b, ¢ théa man a® + b+ c®> = 1. Chiing minh rdng

be n ca L ab <§
a?+1 bv2+1 c2+17" 4

(Pham Kim Hing)

Hu6NG DAN.

2bc 1+a?—2bc  3a®+(b—c)?
1- - - > 0.
a?+1 a?+1 a?+1

Vi du 1.73 Cho cdc s6 thuc a,b,c théa man a® + b% + c? = 1. Chiing minh ring
1 n 1 i 1 < 9
3+a2—2bc 3+b2—2ca 3+c2—2ab~ 8
(Vasile Cirtoaje, Wolfgang Berndt)

HuoNG DAN.
2 2 2
2 14+a*—2bc 3a*+(b—c¢) >0

1— = =
34a%2—2bc 3+ a?—2bc 3+a?—2bc —

Vi du 1.74 Cho cdc $6 khong am a, b, c,d, khong c6 3 s6 nao dong thoi bang 0. Ching
minh rdng

a—>b n b—c n c—d L d—a S
a+20b+c b+2c+d c+2d+a d+2a+b "
HUGNG DAN.
2(a —b) _ 3a+tc
a+2b+c T a+2b+c¢

Vi du 1.75 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Ching
minh rdng

a® — be b? — ca 2 —ab
+ + > 0.
202 — 3bc+2¢2  2¢?2 —3ca +2a?  2a? — 3ab + 2b2

(Vasile Cirtoage)
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HUGNG DAN. ) ) )
a® — be Jr1:¢1+2(b70) >
262 — 3bc + 2¢2 202 — 3bc + 2¢2

Dé6i xitng héa

Trong toan hoc, bao gid cling c6 mot quan niém 13 “ddi xitng dé gidi hon hoan vi”. K§
thuat nay ciing dya trén nén tang do, tit mot bat déng thic chua dbi xing, ching ta
sé tim céch st dung bat ding thitc Cauchy Schwarz hoic Holder dé dua né tré vé dbi
xiing, roi giai.

Vi du 1.76 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Ching
minh rdng
@ [ b N \/T 3 3
a+b b+c cta = 2

LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

(£ <[

cyc

(Vasile Cirtoaje)

4 (Z a) (Z ab)

- (a+b)(b+c)(c+a)

Z (a+b)(a+c)

cyc

Mait khéc, theo bat ding thitc AM-GM thi

8
(a+b)(b+c)(c+a) = (Z a) (Z ab) — abc > 3 (Z a) (Z ab)
cyc cyc cyc cyc
Suy ra
2
a 9
S 5) <
( a+ b) 2
cyc
Dang thtic xay ra khi va chi khi a = b= c. |

Vi du 1.77 Cho cic sé6 duong a,b,c. Ching minh ring

a b c
< 1.
\/ 4a+4b—|—c+ V 4b+4c—|—a+ V dc+4da+b ~

(Pham Kim Hung)
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LO1 GIAL Stt dung bat diing thiic Cauchy Schwarz, ta cé

2
<§\/4a+4b+c> = l§(4a+b+4c) [(4a+4b+c)(4a+b+4e)}
9<Za> <2a2+82ab>

(4a 4 4b+ ¢)(4b + 4c + a)(4c + 4a + b)

Ta can chitng minh

9 (Za) (Za2+82ab> < (da +4b+ ¢)(4b + 4c + a)(4c + 4a + b)

cyc cyc cyc

@72@3 +3Zab(a+b) > 39abc.

cyc cyc

Bét dang thiic nay hién nhién ding theo bat dang thitc AM-GM. Ding thiic xay ra
khi va chi khia=b=c. ]

Vi du 1.78 Cho cdc s6 khong am a, b, c,d, khong cé 3 s6 nao dong thdi bing 0. Ching

minh rdng
a n b n c n d <i
a+b+c Vbtc+d ctd+a Vd+a+tb— /3

(Pham Van Thuan)

LOI GIAL Sit dung bat déng thitc Cauchy Schwarz, ta co

(£ i)

cyc

Z (a+b+c)la+b+d)(a+c+d)

cyc

IN

[Z(a+b+d)(a+c+d)

cyc

22(a+b+c+d)?+ (a+c)(b+d)][(a+c)(b+d) + ac + bd]
(a+b+c)b+c+d)(c+d+a)(d+a+Dd)

Ta can chiing minh

P(a,b,c,d) = 8(a+b+c)(b+c+d)(c+d+a)(d+a+bd)
—[2(a+b+c+d)?+ (a+c)(b+d)[(a+c)(b+d) +ac+bd >0
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Day la mot ham bac nhét theo ac, bd, nén ta dé dang kiém tra dudgc

P(a,b,c,d) > min {P(a+c,b,o,d)7P <“;rc7b,“2“,d)}

b+d  b+d
P(a+¢,b,0,d) Zmin{P(aJrc,ber,O,O),P<a+c,+,O,+)}

2 2
P(a+c’b’a+c,d>
2 2

a+c a+c a+c b+d a+ec b+d
> in< P —_— P
- mln{ ( 2 7b+d7 2 70>7 ( 2 b 2 ) 2 ) 2 )}

Do d6, ta chi can xét cac truong hop sau 1a du
Truong hop 1. ¢ = d = 0, bat ding thitc tré thanh

8ab(a + b)? > 3ab(2a* + 5ab + 2b?)

& ab(2a® + ab+ 26%) > 0

hién nhien ding.
Truong hop 2. a = ¢,d = 0, bat ding thic trd thanh

16a(2a + b)(a + b)? > 6a(a + b)(a + 2b)(4a + b)

& 2a(a + b)(4a® — 3ab + 2b*) > 0

hién nhién ding.
Truong hop 8. a = ¢,b = d, bat déng thiic tré thanh

8(2a + b)?(a + 2b)? > 12(2a* + 5ab + 2b*)(a® + 4ab + b?)

& 4(a+2b)(2a + b)(a — b)* >0

hién nhien ding.
Déng thitc xay ra khi va chi khia=b=c=d. ]

Vi du 1.79 Cho cic s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Ching
minh rdng

\/ a2 \/ b2 \/ C
D) ) B) ) + B) ) < 1.
4(1 + (]/b + 40 4b + bc + 4C 4C + ca + 4a

(Bin Zhao)



98 CHUONG 1. TIM TOI MOT SO KY THUAT GIAI TOAN

LO1 GIAL Stt dung bat diing thiic Cauchy Schwarz, ta cé

2
a2
<§ \/ 4a? +ab+4b2>

< [Z(4a2 + ac + 4c?)

cyc

CL2

lz (4a® + ab + 4b?)(4a? + ac + 4¢c?)

cyc

Ta can chitng minh

(12

lz (4a? + ab + 4b?)(4a? + ac + 4¢?)

cyc

<1

[Z(4a2 + ac+ 4c?)

cyc

Bing khai trién truec tiép, ta thiy bat ding thiic nay tuong duong véi

8 Z a®b® +8 Z atbe + 3abcz ab(a + b) > 66a%b*c%.
cyc cyc cyc

hién nhién ding theo bat ding thitc AM-GM. Dang thitc x4y ra khi va chi khi a =
b= c hodc c =0, g — 0 hoac cac hoan vi tuong tng. |

D6i bién dé c6 thé sit dung bat ding thic Cauchy Schwarz-Holder

Bat ding thtc cé rat nhiéu nét la va doc ddo. Mot bat ding thic & dang nay, ta
khong thé sit dung bat didng thiic Cauchy Schwarz-Holder dé gidi ma khi déi bién thi
lai gidi dugc bing ching! Diéu nay cling gép phan tao nén vé dep 16i cudn clia bat
déng thric.

Vi du 1.80 Cho cic s6 duong a,b,c. Chiing minh ring
3 b3 3

a c
> 1.
a3 4 abc + b3 + b3 + abc + 3 + ¢34+ abc+ad —

(Nguyén Vin Thach)

Lor1 a1l Dat z = g,y =% 2=%¢=ux,92>0,zyz=1vabat déng thiic tré thanh

1
o1
2L

cyc

1
<~ —_>1
Zx3+x2z+1_

cyc
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Yz
&Yy —F >1
Zx2+yz+zx -

cyc

St dung bat dang thiic Cauchy Schwarz, ta c6

2
2
Z Yz S cyc -1

pv 22 4+yz+ze ~ Y yz(x? +yz + z2x)

cyc

Déng titc xay ra khi va chi khi a = b = ¢ hoidc ¢ — 0,7 — 0 hodc cac hoan vi tuong
ing. |

Vi du 1.81 Cho cic s6 duong a,b,c. Chiing minh ring

+ + >1.
a +lab+b b +le+C C +;Ca+a/

(Lé Hiu Dién Khué)

LO1 GI1AL Dat =z = g,y =52=2=wy2>0zyz=1va bat déng thic tré thanh

Zm

cyc

Lai do 2,y,2 > 0,ayz = 1 nén ton tai m,n,p > 0 sa0 cho z = k-, y =
mp n® , bat ding thitc duge viét lai thanh

4

> -1

e \/m8 + Tm*n2p2 + nipt

Sit dung bat dang thitc Holder, ta c6

4 2 3
(5 ) (Do) (2]

cyc cyc cyc

Ta can chiing minh

3

(Z m3> > Z m(m® + Tm*n?p? + n'p?)

cyc cyc

= Z (5mSn?® + 2m3n3p® — TmSn?p?) + Z (m®n® — m*n'p) > 0.
sym sym

Bét ding thitc cudi hién nhién ding theo bat dang thitc AM-GM. Déng thiic x4y ra
khi va chi khi @ = b = ¢ hog@c ¢ — 0, § — 0 hodc cdc hoan vi tuong tng. [
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Vi du 1.82 Cho cic s6 duong a,b,c. Chiing minh ring
1 1 1 3
+ + > — :
ala+b) bb+c) cle+a) = 23a2b2e2

Lo1 GIAL Do tinh thuin nhét, ta c6 thé chudn héa cho abec = 1, khi d6 ton tai
z,y,2>0sa0choa=7,b=2c=1 Bat dang thitc trd thanh

DA
x24+yz ~ 2

cyc

Sit dung bat ding thitc Cauchy Schwarz, ta c6

2
) <Z y2>

>
a2 +yz — Y wty? + ) yts

cyc

cyc cyc
Mzt khac
2
1
2 22 1 2 2\2
(Z0) -oxetr T2
cyc cyc cyc
? 1
2 o 2 2 2
(Zy) fBZy z—§Z(x -z =2zy+yz+zx)° >0
cyc cyc cyc
Do do

2 2
5 <Z y2> ( y2>
cyc cyc 3
> > 5 [

Y
§x2+y2_2x2y2+2y3z_1 X 22
cyc cyc 3 ZyQ +§ ZyQ

cyc cyc
Déng thiic xay ra khi va chi khia = b= c.

Nhan xét 9 Ching ta thuong dat a = %,b = Y,¢c = Z nhung ¢ day ta lgi dat
a= %, b= Z2,c= Y That ra ci 2 phép dat trén la tuong duong nhung ching ta nén

¢6 gdng dat lam sao dé biéu thic trén ti cang doc lap vdi cac bién khdc thi cang dé nhin

hon, sé thudn lgi hon cho ching ta khi gidi todn. Cu thé, néu dat a = i, b= %,c = i
thi bat ddang thic trd thanh > % > 3. Ro rang la khé nhin hon phép dit kia.
cyc
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Vi du 1.83 Cho cic s6 duong a,b,c. Chiing minh ring

1 1 1 3
+ + > .
ava+b b/b+c ce+a  V2abe

(Phan Thanh Nam)

Lo1 GIAL Do tinh thuan nhat, ta c6 thé chuan héa cho abc = 1, khi d6 ton tai

z,y,z > 0 sao cho a = y,b* Ze=14 Béat ding thic tré thanh

3
> =
;V x2+yz V2

Sit dung bat ding thitc Cauchy Schwarz, ta c6
2
( y)
cyc

>
; Ve .7}2 +yz) xy(z? + yz)
cyc

Vi
> Vay(a? +yz) < (Z xy) (Z 22+ wy)
cyc cyc cyc cyc
= — (22953/) (Zx2 +ny>
cyc cyc cyc
(S g < (5)
Suy ra
> 3
e VT x2+yz) T V2
Dang thtic xay ra khi va chi khi a = b = c. |

Vi du 1.84 Cho cdc s6 duong a,b,c théa mdan abc = 1. Chitng minh rang

1 1 1
< 3.
a2—a+1+b2—b+1+02—c+1 -

(Vi Dinh Quy)
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Lo1 GIAL Trude hét, ta sé chitng minh ring véi moi z,y, 2 > 0 thoéa man zyz = 1 thi

1 1 1
>
x2+x+1+y2+y+l+z2+z+1 -

That vay, do x,y,z > 0,2yz = 1 nén ton tai cac s6 m,n,p > 0 sao cho x = 25,y =

B 2= o Béat déng thic tren duge viét lai 1a

4

DR
1 2 2,2 =
o m* + m*np + n°p
Tt day, st dung bat dang thic Cauchy Schwarz va bat dang thitc quen thudc
S n2p? >3 m2np, ta co

cyc cyc

2 2
4 (5N (37
Z m S cyc > cyc

m*+m2np +n?p? T > (mr+m2np+n2p?) T Y mt+25 n2p? -

cyc cyc cyc

cyc

Tré lai bai toan ban dau, sit dung bat ding thic trén ta duge
71 >1
E : T, 1 Z
1L+

4

a
= —2>1
§a4+a2+1 -
2(a® 4+ 1)
= ——— <4
Z(a2+a+1)+(a2—a+l)

<4
(a24+a+1)(a?—a+1) —

cyc

1 1
@Za2+a+l+za2—&+1§4

cyc cyc

Lai st dung bat ding thiic trén mot 1an nita, ta c6 Wlaﬂ > 1, va vi thé
cyc

1
2 a1 <P

cyc

Déng thitc xay ra khi va chi khia =b=c = 1. ]
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Vi du 1.85 Cho cdc s6 duong x,y, z. Chiing minh ring

T n Y n z S 3
Y@ 1257 | (P +27) | a2 +2a%) ©

zy+yz+zx'

(Duong Dic Lam)

LOr1 GIAL Dt a = %, b= %, = 1 thi bat ddng thitc tré thanh
ab® 3abc
> >
202 +b2 ~ a+b+c
cyc

b? 3
& Zc( >
cyc

202+ b2) T a+b+c

Sit dung bat ding thitc Cauchy Schwarz, ta c6
2
Z <Za2>
cyc

lzy: B T [ZbQ (2a% +b°)
(Z&) 2 (Za) >3Y bc(2a” +b7)

Nén ta chi can chitng minh duge
cyc cyc cyc

& Za5 + Zab4 + 2Za3b2 + 2Za2b3 > 2Za4b + 62a2b2c

cyc cyc cyc

Sit dung bat dang thic AM-GM, ta c6

sz’ - Za3b2 Za?’(a2 +b%) > 22(141)

cyc cyc cyc

cye cyc cyc cye
Zab4 + Za2b3 = Z(ab4 +c*a?) > 22a2b20
cyc cyc cyc

cyc

Zang + Zang = Za3(b2 + 02) > 22a3bc > 22@21)20
cyc cyc cyc cyc cyc

Cong tuong ting vé véi vé 3 bat déng thiic trén, ta suy ra duge dpem. Déng thitc xay
ra khi va chi khi z =y = 2. ]

Vi du 1.86 Cho cdc s6 duong x,y, z. Chiing minh ring

1+1+1 T + Y n z
r oy oz \x24+2yz Y2422z 22+22y/)°

(Duong Dic Lam)
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Lo1 cIAL Dat a = 1,b = L= 1 thi bat déng thiic tré thanh

Chtes 3abc n 3abc n 3abc
a c
“2a2+bc 2b24+ca  2c2+ab

3abc 3abc 3abc
o= o - ) >0
& <3a 52 —|—bc> + <3b 52 —|—ca> + <30 502 —|—ab> >2(a+b+c)

3 b3 3
@3( a + ¢ >>a—|—b+c

2a? + be + 202 +ca  2¢?+ab
Stt dung bat ding thitc Cauchy Schwarz, ta c6
a? N b3 N c3 - (a® +b% + c?)?
202 +bc  2b2+ca  2c2+ab T a(2a®+be) + b(202 + ca) + ¢(2¢2 + ab)
(a2 + b2+ )2
2(a3 4 b3 + ¢3) + 3abe

Ta can chitng minh
3(a®> + b 4+ )2 > (a+ b+ c)[2(a® 4+ b® 4 ) + 3abc]

Chuan héa cho a + b+ ¢ = 1. Dat ¢ = ab + bc + ca,r = abc thi bat ding thiic trd
thanh
3(1-2¢)* >2(1—3q+3r)+3r

& (1-3¢)% +3(¢> —3r) > 0.

Bat ding thiic cubi hién nhien ddng nén ta c¢6 dpcm. Ding thic xay ra khi va chi khi
=y =z ]

Vi du 1.87 Cho cdc s6 khong am x,, z, khong cé 2 s6 nao dong thoi bang 0. Chiing
minh rdng

\/yiﬁ\/ziﬁ\/zjy”(ﬁ‘?’)\/(xw)(ﬁz)(zm =2

(Dvong Dic Lam)

LOT GIAL Dit o = a2,y = b%, 2 = ¢? (a,b,c > 0), ta phai chitng minh

a 2(2\/5—3) abc
2 VErae V(@2 +02)(02 + ) (c? +a?)

cyc
3
cyc

St dung bat ding thitc Holder, ta c6

<Z \/bza?> [Z a(b2 + (32)

cyc cyc
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=y >
N

cyc

Mat khéc, theo bat ding thitc Cauchy Schwarz,

() (o)

v
/-~
Q
HNg
s
[\
fwpl
N——
[ V]

VA )
cyc cyc cyc
Suy ra
2 2
2 (Z a2> (Z a2b2> > <Z a2b> + (Z ab2>
cyc cyc cyc cyc
’ 2
> 3 <Z a’b+ Z ab2>
cyc cyc
Tit d6, bat dédng thitic AM-GM cho ta
(a® +b*)(b* + *)(* + a?) > g (Z a2> (Z a2b2)
cyc cyce
) 2
2
> 3 [g a“(b+c)

Ta can chitng minh

3
(zy: a) 2 (2v2 - 3) abe -
zqm+&+J l 7 2

215 a%2(b+¢)

cyc

Do tinh thuan nhat, ta c6 thé chuan héa cho a +b+c = 1. Dat ¢ = Y ab,r = abe,

cyc

khi d6 theo bét ding thic Schur bac 3 vi bat ding thic Newton, ta cé g >r >
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max {0, g1 }. Bat déng thiic trén trd thanh

9
1 3(4-3V2)r
Va3 | q-3r

o q—3r22q—9(2—\/§>r

>2

o q—3r> {2q—9(2—\/§)rr (Vi2g—9(2—v2)r>0)

& f(r) = {2q—9(27\/§)7’]2+3'r7q§0

Do f(r) la ham 156i nén

Ta c6

f <q2) - (3 - Ni) (3¢ —1) [6q2 + (3 n 2\@) (1— 2q)} <0

Néu 1 > 4q, ta c6
f(0)=q(4g—1) <0
Néu 4q > 1, ta co

(49— 1)(3¢—-1) <0

-1\  17-12V2
()=

Suy ra, néu 1 > 4q, thi

F(r) < max {f <q;) ,f<0)} <0

f(r) Smax{f <q32> ,f(4q9_1)} <0.

Bat ding thitc duge chitng minh. Ding thiic x4y ra khi va chi khi 2 = y = 2z hodc
x =y, 2z = 0 hodc cac hoan vi tuong ing.

Néu 4q > 1, thi

Nhan xét 10 Mot dicu rdt la la vdi bai todn nay, néu ta dung Holder truc tiép

(2/55) [Sva]= (2)
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Roi di dén ching minh két qud
3
S
cyc

st T2 (2v2-3) \/<x+y><yxizz><z+z> =2

cyc

nhung bat ding thite nay lai khong ding.
Thé nhung sau khi ta ding phép dat an x = a®,y = b%,z = ¢ thi ta lai c6 thé dp
dung Holder mot cich khd hiéu qud.

Vi du 1.88 Cho cic s6 x,y,z > 0,2yz = 1. Chitng minh rang
1 1 1
+ + >1
V2z2+6z+1 /22 +6y+1 V222 +62+1

(Nguyén Vian Thach)

HUONG DAN. Dat z =2,y =% 2 =% (q,b,c > 0), bat ding thic trd thanh

c2

a2

>1
Z Vat + 6a2be + 2022

cyc
3
> a’
cyc

2
L~ T >
Vat + 6a2bc + 262¢2 |~ D a?(at + 6a2be + 2b2c?)’

cyc cye

Sit dung bat ding thitc Holder

Vi du 1.89 Cho cic s6 a,b,c,d > 0. Chitng minh rdng

abc 1
2T et d >y

cyc
(Nguyén Vian Thach)

HUONG DAN. Data=21b=1c=1d=1 bat ding thic tré thanh

1
y
23

< (z+y)(z+2)(x+1)

1
>
-2

c

<
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St dung bat ding thitc Cauchy Schwarz

. (5]
Z (z +y)(

)@t St @t @)

cyc

cyc

Vidu 1.90 Cho cdc s6 x,y,z,k > 0,zyz = 1. Chiing minh ring

J T +</ Yy +</ N 3
y+k z+k x+k T Y1

(Vo Quéc Ba Can)

5

HUGNG DAN. Dt z = ‘;—s, y=9 =10 (a,b,c > 0), bat ding thiic trd thanh

as) o5
S e
b5/4y/c® +kad — VEk+1

cyc

Sit dung bat ding thitc Holder

4
a®/? 5 5
(Z b5/4m> I:Z (C + ka )

cyc

Hay ching minh bo dé

2
) 2 ; . 15%@
Z?Jr “= >a
cyc cyc

The CYH technique

Ky thuat CYH? 1a k§ thuat quan trong nhat ma ching t6i mudn gidi thisu dén cac
ban trong bai viét nay. N6 chiit yéu duge ding dé giai cac dang toan cin thitc, mot
dang toan rat khoé gidi. Y tudng ctia n6 ciing gibng nhu ky thuat tham sé héa nhung
thay vi chon nhimg tham sb ¢ dinh, ta sé chon nhiing tham sé chay. Y tudng ciia
k¥ thuat nay, ching t6i xuat phat tit viéc gidi bai todn sau ctia Jack Garfunkel, mot
nha todn hoc My, ong la tac gid ciia nhiéu bat ding thiic khé ma hién nay van chua
c6 10 gidi

3Cén yeu Hing
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Vi du 1.91 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thdoi bing 0. Ching
minh rdng
a b c

+ +
Va+b Vb+e e+a

(Jack Garfunkel)

LO1 GIAL Stt dung bat ding thiic Cauchy Schwarz, ta c6

(Z \/C%> < [Z a(5a + b+ 9c)

cyc cyc

-o(ze)

[Z (a+b)(5a+b+9c)

cyc

Z (a+b)(5ba+b+9c)

cyc

Ta can ching minh

a 5
< —
(; a) [; (a+0b)(ba+b+9c)| ~ 16
Nhung bat déing thitc nay hién nhien ding vi
5 a A+ B
16<§;G> [;(a+b)(5a+b+9c) - C

trong do6
A = ) ab(a+b)(a+9b)(a—3b)* >0
cyc
243 "a’b’c+ 835 a’bPc+232) a'be+ 1230a%6°c* > 0
cyc cyc cyc

C = 16(a+b)(b+c)(c+ a)(ba+ b+ 9c¢)(5b + ¢+ 9a)(5¢ + a + 9b) > 0.

B

Déng thiic xay ra khi va chi khi g = % = § hodc cac hoan vi tuong tng. |
Chiing ta hay phan tich 13i gidi trén, ¥ tudng ciing gidéng nhu k§ thuat tham sé hoa,
chiing ta sé thém vao cic bo s6 c6 dang ma + nb + pc, mb + nc + pa, mc + na + pb véi

m,n,p > 0 khi sit dung bat ding thiic Cauchy Schwarz

(Z \/aaﬂ> < lZa(ma—l—nb—i—pc)

cyc cyc

lz (a + b)(ma + nb + pc)

cyc

Chu y 1a bat dang thic ban dau c6 ding thiic x4y ra tai diém a = 3,b = 1,¢ = 0
(chiing ta biét duge diéu nay 1a do nhu ching to6i da néi, ddi véi mot bat dang thiic
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hoan vi vong quanh thi gan nhu diém “nhay cAm” luon c6 dang (z,y,0)). Do dé bat
ding thitc Cauchy Schwarz ma ta ap dung & trén ciing phai x4y ra ding thic tai day,
ngoai ra nhu da biét 14 déng thitc xay ra ¢ bat dang thitc Cauchy Schwarz xay ra khi
va chi khi

va(ma +nb + pe) B V/b(mb + nc + pa) B Velme + na + pb)

a o b c
\/ (a+b)(ma+nb+pc) \/ (b+c)(mb+nctpa) \/ (c+a)(mec+na+pb)

Muc tiéu ctia ching la chon cac s6 m,n,p sao cho diém (3,1,0) théa man phuong
trinh nay, tic la

V3-3-m+1-n+0-p) V1I-(1-m+0-n+3-p)

3 1
\/(3+1)(3~m+1'n+0-p) \/(1+0)(1‘m+0-n+3~p)
VO (0-m+3-n+1-p)

0
\/;)+3)(0~m+37'1,+1~p)

<2(B8m+n)=m+3p

& odm+2n=3p

Hon nita, tit dang (m Sat+(n+p) > ab) (C%% WM) , ching ta rit ra

cyc cyc

2
mot nhan xét 14 néu bidu thic m Y a? + (n + p) Y. ab c6 dang k (E a) thi bat

cyc cyc cyc
déing thiic sau khi sit dung Cauchy Schwarz sé dé& chiing minh hon, tit d6 ta rit ra ¥
tuéng 1a chon m,n,p sao cho 2m = n + p. T day, két hop véi phuong trinh & trén,
ta rat ra dugc m = gp,n = %p, tt d6 ta chon dugc m =5,n=1,p=9.

Nhan xét 11 Ching ta khong thé ding kj thuat tham sé héa & day dugc vi sau khi
st dung Cauchy Schwarz-Holder zong thi bt ding thic khong con déi aiing hay hodn
vi gi ¢d, bét dang thic sé cang khé ching minh hon. Y tudng tham sé chay duge zudt
phdt tu day.

Vi du 1.92 Cho cic s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bang 0. Ching

minh ring
1 1 1 9
b+ b >z,
@ ste o0 (Gon * orap * wrer)

(Iran MO 1996, Ji Chen)
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Lo1 GIAL Diéu gi ggi mé cho ta viéc st dung Cauchy Schwarz ¢ bai nay? Chinh 1a
biéu thiic (%C ﬁ, n6 c6 dang téng clia cac binh phuong nén ta hay thit giai bai

toan nay bing Cauchy Schwarz xem sao

2
1 ma + nb + nc
I N e
L%;(b—kc)Q <Z b+c )

cyc

lz (ma 4 nb + nc)?

cyc

Déng thiic xay ra khi va chi khi

ma+nb+nc mb+nc+na mec+na+nb

1 = 1 = 1
b+c cta a+b

O bat déng thic ban dau, ta thiy ding thic xdy rakhia =b=c=1vha=0b =
1,¢ = 0 nén phai chon $m,n$ sao cho phuong trinh trén ciing théa man dugc dicu
nay. Hién nhién 14 n6 théa khi @ = b = ¢ = 1 nén ta chi can xét diém thit 2 1a (1, 1,0),
ta phai c6

m+n m+n 2n

T :§@m=3n:>m=3,n=1

Tit day, 16i giai clia ta cho bat ding thiic trén nhu sau
Sit dung bat ding thitc Cauchy Schwarz, ta c6

Gl}:a +14§:MJ|§: Gior| = [E:@a+b+cf
cyc cyc cyc
2

3a+b+c

(%; b+c )

- 9<1+§:bic>2

cyc

1
[ch)z

cyc

v

Ta can chiing minh

cyc cyc

> ab

cyc

2 11 a*+14Y ab
a
4<1+§:b+c>

cyc

Do tinh thuan nhét, ta c6 thé chudn héa cho a +b+c =1, dit ¢ = 3. ab,7 = abe,

cyc

khi d6 theo bat déng thic Schur bac 3, ta ¢6 r > max {0, %}. Bat ding thic tré

thanh )
1 11 —

4< +q2) > 8q
q—r q
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Néu 1 > 4q thi

1 2 11— 1 2 11— 4—3¢)(1—4
4< +q2> B 8q24< +q2> B 8¢ _( 3q)g q)zo
q—r q q q q

Néu 4q > 1 thi

2
1 S 1 11—
() - = )
q-r q q— 5 q

_ (1-39)(4¢-1(AL-17¢)

q(5q + 1)?

Déng thiic x4y ra khi va chi khi @ = b = ¢ hodc a = b,¢ = 0 hodc cac hoan vi tuong
ing.

Nhan xét 12 Bdt ding thic trén la mot bat ding thic rat noi tiéng vé vé dep ciing
nhu do kho cia né. Hién nay cé rat nhiéu ldi gidi cho né nhung l0i gidi bang cdch si
dung Cauchy Schwarz nhu thé nay thi chua dugc dé cap trong bat cit tas lidu nao cd.
Cidc ban thay khong, cdi don gidn nhat nhung lai cé thé trd thanh cdi manh mé nhat!

Vi du 1.93 Cho cdc s6 khong am a,b,c théa man a + b+ c = 1. Chitng minh ring

1

1 1
Vo o e

(Walther Janous)

LO1 GIAL Muc tiéu 16n nhat ctia ta khi gidi bat ding thitc chita cin luon la tim cach
loai b6 cén thic, va trong bai nay ciing vay. Va ta ndy sinh y tudéng binh phuong 2
vé, 101 st dung bat ddng thic Holder nhu sau

1 i (b—c)?
%;f_,_(bjf)l’ l;(ma—l—nb—l—nc)3 {a—&— 1 H

3
= (m + 2n)3

> [Z (ma + nb + nc)

cyc
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Déng thiic xay ra khi va chi khi

(ma + nb + nc)? [a—&— %] (mb 4+ nc+ na)? [b—&— %}
T = 1
(a=b)*
(mc+ na + nb)3 [c + GT}
1

A /C+ (‘L;b)Q

Ngoai ra, déng thitc & bai toan ban dau xay ra khi a = 1,b = ¢ = 0 (déi véi cac bai
toan doi xting, thong thudng chiing ta c6 2 diém nhay cam la (z,z,y) va (z,v,0), cac
ban hay xét thit 2 truong hgp nay thi sé tim duge déng thiic nhu trén) nén ta phai
chon m, n, p sao cho diém (1,0,0) théa man phuong trinh trén, tic 1a

Va 1oi gidi ctia ta nhu sau

1 (b—c)?
ZTI’—TC)? lZ(a+2b+2c)3 [a+ 1 H

cyc cyc
3

> [Z(a+2b+2€) =125

cyc

Ta can chitng minh

5> (a+2b+2c)° {a+(b26)2]

cyc
Diit ¢ = ab + bc + ca,r = abe, khi d6 ta c6 ¢® > 3r. Bat déing thic tré thanh
2

3q q
- = _ = >
Bg— = =3 (11 4) 0

Ta c6

3¢ q 3¢ 2 q 1 2
= — i) >0 - 2 _ _ )=z — > ().
5q 1 3r (11 4) 5q 1 q (11 4) 4q(20 479+ q¢°) >0

Déng thitc xay ra khi va chi khi @ = 1,b = ¢ = 0 hodc céc hoan vi tuong tng.
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Nhan xét 13 Vi cic bai todn dang can thic thé nay, ta khong biét nén bat daw tv
dau dé gidi ching nhung ti bay ¢io vdi ki thudt nay, ching ta hoan toan cé thé cé tu
tin gidi ching!

Vidu 1.94 Cho cic s6 z,y,z > 1, % + i + % = 2. Chitng minh rdng

Ve —1+\y—-1+Vz-1<VaFy+ez

L3I arA1. Véi bai toan nay, thong thudng ching ta sé 4p dung Cauchy Schwarz theo
16i tu nhién la

Ve =14+ y—14+vVz—1<3@x+y+z-3)
Rai di dén viéc chitng minh
z+y+2z-3)<Vexty+z=z

9

Nhung bat dang thiic nay lai nguge chidu vi ciing theo bat déang thitc Cauchy Schwarz,
ta co
b, 9 9
ttytzz s 1 1735
>t P + 3 2
Do d6 16i di nay khong c6 hiéu qua, chiing ta nay sinh ¥ tuéng thém cac tham sb vao
dé st dung bat ding thic Cauchy Schwarz nhu sau

\/a.x_1+\/b.y_1+\/c.z_1
a b c

zr—1 y—1 =z-1
\/(a+b+c)< PP s S )

Tit day, néu ta dé ¥ dén diéu kien bai toan mot ti, ta c6 thé chon dugec a = z,b =
y,c = z va khi do

Ve—1+y—-1+vz-1

IN

I
)
+
<
+
w
S~—
/~
8
SHN
+
<@
< ||
_
w
SHE
—
~

r—1 y—1 2z-1
b
\/(CL+ +c)< + b + - >

Il
0
+
<
+
N
S—
7 N
w
Q| =
IS
N~

Il
8
4
<
+
™
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Bai toan duge giai. Ding thiic xay ra khi va chi khix =y = 2 = % ]
Do céc biéu thitc dang tuyén tinh ma + nb + pc, mb + nc + pa, me + na + pb dé dang
chon dugc cac gia tri ciia m,n,p hon cac biéu thiic khac nén ta thusng dung ching
dé giai, nhung doi khi trong mot vai truong hop viec st dung ching khong mang lai
hiéu qua ma ta phai st dung cac biéu thitc phu khac (viec chon céc biéu thitc nay
khong ¢6 mau myc ma phan 16n dya vao kinh nghiém ctia ngusi lam toan)

Vi du 1.95 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Chiing
minh ring

1 1 1 1 1 1
+ + <vV2 + + .
Va2 +bc Vb2+ca V2 +ab <b+c c+a a+b>
(Vé Quéc Bd Can)
LO1 GIAL St dung bat ding thic Cauchy Schwarz, ta c6

’ (a+b)(a+0)
) < ZUAR

cyc cyc

()

a(b+c)
(@ +b)(b+o)(cta) (zy: a% + be +3>

1
Z (a+b)(a+c)

cyc

Ta can chitng minh

2 (Za)

a(b+c) 1 ’
(a+b)(b+c)(c+a) (; a? +be +3> = (;a—kb)

2
(ZaerSZab)

cyc cyc

a(b+c)
3 <
®Z a? + bc oS

e (a+b)(b+c)(c+a) ( >
cyc
a* — > a?p?
Za(b+c) _3< czy:c %:c
a? + be -
e (a+b)(b+c)(c+ a)
('y(‘

1
@Z(a—b)(a—c) {(LQ—H)C+ (b—i—c)(a—l—b—i—c)]
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Khong mét tinh téng quat, gid sta>b>c>0=a—c > 2(b—¢) > 0. Khi do6

1 1
(c—a)(c—b) c2—i—ab+ (a—i—b)(a—i—b—i—c)] 20
1 1
(a=b)a=c) [oﬂ—l—bcJr (b—l—c)(a—i—b—i—c)}
1 1
Ho—a)b-c) [bQ + ca + (c—i—a)(a—i—b—l—c)}
(a—b)(b—c)[ o a b b
- b a?+bc  (b+c)la+b+c) b2+ca (ct+a)a+b+e)
_ c(a —b)%(a+b)(b— c)[(a —b)? + ab + bc + cal <

(a2 4+ be)(b? +ca)(b+c)(c+a)(a+b+c)

Vay ta c6 dpem. Déng thiic x4y ra khi a = b = c. |

Vi du 1.96 Cho cic s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0. Ching
minh ring

3(a+b+c)22(\/a2+bc+\/b2+ca+\/c2+ab).

(Pham Kim Hung)
Lo1 GIAL Sit dung bat ding thic Cauchy Schwarz, ta c6

2
Z Va2 + be < Z(3a2 + 4bc + ab + ac) Z 2+ be
N 3a? + 4bc + ab + ac

cyc cyc

2
a® + be
3 <Za> (Z 3a? +4bc+ab+ac>

cyc cyc

cyc

Ta can chiing minh

Z a2+bc <§
3a2 +4bc+ab+ac ~ 4

cyc

= 82(14(132 +c%) — 162@31)3 - 11acha3 + 43abcz a*(b+ c) + 18a%b*c* > 0

cyc cyc cyc cyc
& SH(a —b)? + abe <Za> (52&2 + 222ab> > 0.
cyc cyc cyc cyc

Bét ding thic cudi hién nhién ding. Ding thitc xay ra khi va chi khi a = b,c = 0
hodc cac hoan vi tuong ing.
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Nhan xét 14 Y tudng cia i gidi nay nhu sau
Chiing ta thay la ddng thic xdy ra khi va chi khi a = b,c = 0, khi dé ¢6 mot diém dac
biét la
a>+bc=0+ca=c*+ab
Do dé, khi ta dung Cauchy Schwarz dé khit cin

(Z \/m> < [Zg(a,b,c)] [Zm

cyc cyc cyc

Ta can chon g(a,b,c),g(b,c,a),g(c,a,b) sao cho dang thiic trong bat ding thic nay
ciing dat tai a = b,c = 0. Vdi chii i trén, ta thay la néu ta chon g(a,b,c) cé dang
a® +be+ k(mot dai liong déi aiing vdi a, b, c) thi 16 rang ddng thic ban dau vin dugc
ddm bdo (cic dai lugng doi xing nay cang don gidn cang tot, sé thuan lgi hon cho
ching ta trong viéc ching minh bat ding thic sau, ching ta ¢é thé chon cdc dai lugng
nhu (a + b+ ¢)?,a® + b2 + ¢2,ab + be + ca). Ngodi ra, ta thay bén vé trdi cia bat
d‘c%ng thiic ban dau cé sy zudt hién cia (a+b+ 0)2 neén bat d‘cfng thic sau khi st dung
Cauchy Schwarz sé dé chiing minh hon néu Y g(a,b,c) cing cé dang m(a + b+ c)?

cyc
t dé, ta dé dang thay dugc mot truong hop hién nhién théa la k = % va dai lugng
doi ming thém vao la ab + be + ca. Ti dé dan dén loi gidi khd ddc sdc nhu tren.

Vi du 1.97 Cho cdc s6 khong am a, b, c, khong cé 2 s6 nao dong thoi bang 0. Chiing
minh rdng

(b+c)?  (c+a)® (a+b)? -
a2+bc  b2+ca  c24ab T
(Darij Grinberg)

LOI GIAL Stt dung bat ding thitc Cauchy Schwarz, ta c6

c 2
ot 2 [Torer

cyc cyc

2 =4 (Za2+zab>2

cyc cyc

[Z (b+ ¢)%(a® + be)

cyc

Ta can chitng minh

2
2 (ZaQ—&—Zab) 23Z(b+c)2(a2+bc)

cyc cyc cyc

©2) a*+2abcd a+ Y abla® +b7) — 6> a’b* >0

cyc cyc cyc cyc
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Bét ding thitc nay dudc suy ra tit bat ding thiic Schur bac 4

22a4+2ab02a222ab(a2+b2)

cyc cyc cyc
va
3 Z ab(a® +b%) > 6 Z a’b?.
cyce cye

véi bat ding thiic cudi hién nhién ding theo bat déng thitc AM-GM. Dang thiic xay
ra khi va chi khi @ = b = ¢ hodc a = b, ¢ = 0 hodc cac hoan vi tuong tng. ]

Vi du 1.98 Cho cdc sé khong am a, b, c théa a + b+ ¢ = 1. Ching minh ring

a+b b+c c+a >9
ab+1 be+1 ca+175

(Michael Rozenberg)
LO1 GIAL Bat ding thitc tuong duong véi

Z(1+a)(1+b) 24

>

P 1+ab 5
@(1+a)(1+b)(1+0)2m2%

cyc

Sit dung bat ding thitc Cauchy Schwarz, ta c6

1
[Z (14 ¢)(1+ ab)

cyc

> [2(3—@]2 =64

cyc

lZ(i‘} —¢)*(1+¢)(1 + ab)

Ta can ching minh

40(1+a)(1+b)(1+¢) 23> (3 —¢)*(1+c)(1+ ab)

cyc

Dat g = > ab,r = abc. Ta c6

14+a)1+0)(14+c)=24+qg+r
D> (3=0¢)*(L+c)(1+ab) = (8 — 2q)r + 26 + 16g

Bat ding thic tré thanh
(16+69)r+2—-8¢>0
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Néu 1 > 4q, bat ding thic 1a hién nhien. Néu 4¢ > 1, sit dung bat déng thic Schur
bac 4, ta c6 r > W, do do

4q—1)(1 —
(16 + 6q)r +2—8q > (16+6@-W+2—8q
1
= 3(¢-1A-39)(¢+2) =0
Déng thitc x4y ra khi va chi khia:b:c=%hoécazbz%,c:Ohoéc cac hoan
vi tuong tung. [ ]

Vidu 1.99 Cho cdc s6 khong am a,b,c théa a + b+ c = 1. Chitng minh rdng vdi

k:lfé, ta co

Va+k(b—c)2+ b+ k(c—a)?++c+k(a—b)2<V3.
(Phan Thanh Nam)

LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

Bl Bl

1
cyc a+%
2—+v3 b—c)?
_ (\/§+1) St 2\[2( )
cycaj+ﬁ cyc a—‘rﬁ
Ta can chiing minh
2—+3 b—c)?
(V3a+1) |+ 2\[2( )| <3
cyca+ﬁ cyc a—'—%

Dit ¢ = ab + bc + ca =, = abc, khi d6 ta c6 ¢®> > 3r. Bat ding thiic tré thanh
9(2+\/§>r—q(6q+\/§) <0
Ta c6

9(2+v3)r—q(6a+v3) <3(2+v3)a* —q(6a+ V3) = V3g(3g— 1) <0.

Déng thiic x4y ra khi va chi khia =b=c = % hodc a = 1,b = ¢ = 0 ho#c cac hoan
vi tuong tung. [ ]
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Vi du 1.100 Cho cdc s6 duong a,b,c,d théa (a + b+ c+ d) (% + % + % + é) = 20.
Chatng minh rdng

(Pham Kim Hung)

LOI GIAL St dung bat ding thitc Cauchy Schwarz, ta c6

(Z;) [Z(Hcﬂla)z] > <Z#ﬂ>2=m4

cyc cyc cyc

Ta can chiing minh

4> a? =Y (b+c+d—a)?

cyc cyc
< 02>0.

hién nhién ding. ]

Vi du 1.101 Cho cdc s6 khong am a, b, c, khong cé 2 sb6 nao dong thoi bang 0. Chiing
minh ring
b+c ct+a a+b S 6

202 +bc  224+ca  2c2+ab T a+b+c

(Vasile Cirtoaje)

LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

<Z 2ab2+_|_cbc> [Z(b—FC)S(?aZ—FbC) > [Z(b+c)2

cyc cyc cyc

2

Ta can ching minh

2 (ZaQ +Zab> (Za) > ?)Z(b+c)3(2a2 + be)

cyc cyc cyc cyc

Chuan héa cho a +b+c = 1. Dat ¢ = ab+ bc + ca, r = abe, khi d6 theo bat déng thiic

Schur bac 3, ta ¢6 r > max {O, 4‘19_1 } Ta c6

(Za2+2ab>2 (Za) =(1-q)?

cyc cyc cyc
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Z (b+c)*(2a® + be) = g+ 2¢* + 12qr — 117

aye
Bét ding thic trd thanh
2(1 —q)? > 3(q + 2¢* + 12¢r — 117)
& 3(11—12¢)r+ (¢+2)(1 —49) >0
Néu 1 > 4q, bat ding thitc 1a hién nhien. Néu 4¢q > 1, ta c6

-1 (i) 49)

W

3(11 — 12g)r + (g + 2)(1 — 4q) > 3(11 — 12q) -

(4¢ — 1)(1 - 3q) > 0.

W ot

Déng thiic x4y ra khi va chi khi @ = b = ¢ hodc a = b,¢ = 0 hodc céc hoan vi tuong
ing. [ ]

Vi du 1.102 Cho cdc s6 khong am a,b, c théa a + b+ ¢ = 1. Ching minh rding

Z\/a—kgﬁ 3—!—%2(()—6)2.

cyc cyc

(Phan Thanh Viét)
LO1 GIAL Sit dung bat diing thitc Cauchy Schwarz, ta c6

zhme]

(b—c)®

a+ "
cyc S [;<a+1) ; a-‘rl
B 4a + (b — c)?
N Z a+1

cyc

Ta can chitng minh
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Ta c6

1-3a b+c—2a _ 1 B (b—rc)?
ZlJra_CZ 1+a Zb_ <1+c 1+b>_§(b+1)(6+1)

cyc

Do d6, bat déng thic tuong duong véi

(b—C)2 2 a—1
ey T2 20

1 a—1
@Czy; {b+1)(c+1)+2(a+1)}20
@Zx(b—c)2>

cyc

trong A6 z =2(a+ 1)+ (a—1)(b+1)(c+ 1) va y, z tuong tu.
Do tinh déi xing, gia s a > b > ¢, khi d6 a > % zc,% > b, ta cod

z > 2(a+1)+(a1)<1+b";c)2—2(a+1)+(a1)<1+1;a>2
%(a3—7a2+23a—1)20
y = 20+ 1)+ B> —1(a+c—b+1)+(1—-b)(a—b)(b—rc)
20+ 1)+ B - 1)(a+c—b+1)

+ 1)(

)

Y

2(b4+ 1)+ (b — 1)(2 —2b) = 2b(b+1)(2—b) > 0
y+z = 2b+c+2)+(a+D[O—-1D(c+1)+ (c—1)(b+1)]
23—a)+2(a+1)(bc—1)>2(3—a)—2(a+1)=4(1—-a) >0

=Y a(b—c)* > (y+2)(a—b)’

cyc
Déng thitc x4y ra khi va chi khia =b=c = % hodc a = 1,b = ¢ = 0 hoac cac hoan
vi tuong tung.

Nhan xét 15 Ching ta c6 mot két qud tuong tu nhu sau

\/a+ (b_;)z +\/b+ (0_4@)2 +\/c+ (a;b)Q zg

Khong mat tinh tong quat, gid st a > b > c. Xét 2 truong hop sau
Truong hop 1. bg%:m:l—b—czl—%z %, khi dé ta co

\/a+ (b;cy > a > \/g
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V

e e e e R

(3a — 1)2 (9a —4)(3a —2)+ 7 7
\/1_a+ 4 :\/ 12 “ V12

:>Z\/a+(b_46)2 2\/§+@>3

cyc

Trieong hgp 2. b > &, binh phuong 2 vé, ta duge bat ding thic tiong duong la

EZ(a—b)MzZ [a+ (b—4c)2} {b+ (“_40)1 zg

cyc cyc

St dung bat ding thic Cauchy Schwarz, ta co

2 o+ ] o+ G2 2o [V + e - v

cyc cyc

Neén ta chi can chitng minh

I @b 2 Vabt Y la - b)a )| 2

cyc cyc cyc

W | Ot

@(a—c)2+22m22

cyc

S dung bat ding thiic AM-GM, ta cé

2) Vab=2) (a+b+c)Vab>2) (a+bVab>4) ab

cyc cyc cyc cyc

Neén ta chi can ching minh dugc

= | Ot

(a —c)® +4(ab + bc + ca) >

& (a—c)? +4(ab+be+ca) > ~(a+b+c)?

B o

1 1
(:)z(a—b—&—c)(f)b—a—c)20@1(a—b+c)(6b—1)20.

Bdt ding thite cudi hién nhién ding. Vay ta ¢é dpem.
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Vi du 1.103 Cho cdc s6 khong am a,b, c, khong cé 2 so6 nao dong thai bang 0. Ching
minh rdng

1 1 1 2
+ + > .
V4a2 +be VA2 +ca VA +ab — Vab+be+ ca

(Vo Quéc Bd Can)

(s

2 (Z a>3 (Z ab> > 3 (b + ¢)*(4a® + be)

cyc cyc cyc

Lo1 GIAL Stt dung bat ding thiic Holder, ta c¢6

2
(Z \/4@217”6) [Z(H ¢)%(4a? + be)

cyc cyc

> lZ(b +¢)

cyc

Ta can ching minh

& Zab(a?’ +b%) — Za2b2(a +b) + 14acha2 >0

cyc cyc cyc

& Z ab(a —b)?*(a +b) + 140Lcha2 > 0.
cyc cyc

hién nhién ding. Déng thiic x4y ra khi va chi khi a = b, ¢ = 0 hoiic cac hoan vi tuong
ing. [ ]

Vi du 1.104 Cho cdc s6 khong am a, b, ¢, tit cd khong dong thoi bang 0. Chatng minh
ring
(a+b)? (b+c)? (c+ a)? .3
a2+ 202432 b2 +22+3a  242a2+302 7 2

(Duang Ditc Lam, Vé Quoc Ba Cin)

LOT GIAL Stt dung bat ding thiic Cauchy Schwarz, ta c6

Z (a+b)?
a? 4 2b2 + 3¢2

cyc

[Z(?a + b)2(a® + 2b* + 3¢?)
cyc

2—9<Za2+zab>2

cyc cyc

> lZ(a +b)(2a + b)

cyc
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Cht ¥ ring

Z(2a + )% (a® + 2b* + 3c%)

cyc
62a4+42a3b+82ab3+242a2b2+122a2bc

cyc cyc cyc cyc cyc
< 6 a'+8> ab(a®+1) +24) a’b’ +12> a’be
cyc cyc cyc cyc

Ta can chitng minh

2
3 (Za2+zab> >3 a'+4)> ab(a® + 1) +12) a’b’+6)  a’be

cyc cyc cyc cyc cyc cyc

@22@()((12+b2)—32a2b2+62a2b620

cyc cyc cyc
& QZab(a— b)? +Za2b2 +62a2bc > 0.
cyc cyc cyc
hién nhién ding. Dang thtic xay ra khi va chi khi 1= % = ¢ hodc céc hoan vi tuong
ting. [ ]

Vi du 1.105 Cho cdic s6 khong am a, b, c, tat cd khong dong thoi bang 0. Ching minh
rang
a? n b? . c?
202+ (b+c¢)? 202+ (c+a)? 224 (a+Db)?

2
< —.
-3

(Darij Grinberg)
Lo1 GIAL Bt ddng thic tuong duong véi

2a> 5
|- g2
2a2 + (b+ ¢)? 3

cyc

(b+c)? 5
VIR N G A A
;2(12—1—(1)—&—0)2 —3
Sit dung bat dang thitc Cauchy Schwarz, ta c6

(b+c)
[wamz

cyc

lZ(a +3b + 3¢)?[2a® + (b + ¢)?]

cyc

> [Z(b +¢)(a+ 3b+ 3c)

cyc
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Ta can chiingm inh

2
31> (b+c)a+3b+3c)| >2> (a+3b+3c)*[2a* + (b+c)?]

cyc cyc
Chuan hoéa cho a + b+ ¢ = 1. Dit ¢ = ab + bc + ca, r = abe, ta c6

D (b+c)(a+3b+3c) =6—4g

cyc

D (a+3b+30)°2a% + (b+¢)’] = Y (3—2a)*(3a” = 2a+1)

cyc cyce

- 122@4—44Za3+552a2—3

cyc cyc cyc

= —84r + 24¢°® — 26q + 20
Bét ding thic tréd thanh
3(6 — 4q)? > 5(—84r + 24¢> — 26¢ + 20)

& 210r + (1 —4q)(4+9¢) > 0

Néu 1 > 4q, bat ding thic 1a hién nhién. Néu 4¢ > 1, sit dung bat déng thic Schur
bac?)tacérz%,dodé

4g -1
210r + (1 — 4q)(4 + 9¢) > 210 -

+ (1= dg)(4+9g) = %(4q —1)(58 — 27¢) > 0.

Déng thiic xay ra khi va chi khi a = b, ¢ = 0 hoiic cac hoan vi tuong ting. ]

Vi du 1.106 Cho cdic s6 khong am a, b, c, tat cd khong dong thoi bang 0. Ching minh
rang
a® n b? . c?
5a2 4 (b+c¢)? 502+ (c+a)?  5c2 + (a+b)?

1

< —.

-3
(V6 Quéc Ba Cin)

LOT GIAL Bat ding thitc tuong duong

4a? 5
][RR
5a2 + (b + c)? 3

cyc

N [

cyc cyc

be 5
2 -_— > —
§5a2+(b+c)2 -3
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Sit dung bat ding thitc Cauchy Schwarz, ta c6

> (a4 3b+ 3c)

cyc

> (a+3b+ 3¢)?[5a? + (b+ ¢)?]

cyc
2
49> a
cyce

> (a+3b+3c)?[5a? + (b + ¢)?]

cyc

1

[wa

cyc

. (Z bc) S be
; 5a2 + (b + ¢)? 2 > be[ba? + (b+ ¢)?] % < 2
cyc o > a)

Ta can chitng minh

49 (Z a2> (Z a) 23 be
S (a+3b+ 3¢)?[5a® + (b+ ¢)?] + 5 =
(5)

w| ot

cyc

cyc
Chuan hoéa cho a + b+ ¢ = 1. Dat ¢ = ab + bc + ca, r = abe, ta c6

> (a+3b+3c)’[5a” + (b + ¢)’] = 23 — 20q + 48¢° — 144r

cyc

Bat déng thic tré thanh

49(1 — 2q) 5
+2q >
23— 20q + 48¢2 — 144r 3
Néu 1 > 4q, ta co
49(1 -2 49(1 -2
9(1 —2q) % 5 9(1 —2q) 9y _ D

T3 % 23 _20g+48¢ 173
8(4 —3¢)(1 — 4q)(1 + 3¢)
3(23 — 20q + 48¢?)

23 — 20q + 48¢% — 144r

127
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49(1 — 29) UV 49(1 — 2q)
23— 20q 1 48¢% — 144r ' 173 = 2320+ 48¢2 — 16(dg — 1)
81 -3¢)(4¢-1)(2—-q) _
3(13 — 28 + 16¢2)

5
29 — —
+ 2q 3

Dz:mg thic xay ra khi va chi khi a = b = ¢ hodc a = b,c = 0 hodc cac hoan vi tuong
ung. [ ]

Vi du 1.107 Cho cic s6 khong am a, b, c, khong cé 2 s6 nao dong thdi bang 0. Chiing
minh rdng

\/az—&—ab—H)Q_F\/bz—i—bc—i-c2 +\/c2+ca+a2 X 3\/6

24 ab a2 + be b24ca — 2

(Nguyén Vin Thach)

s(5e)

3
16 (a+b)3(c® + ab)
m >
2 (Te) =T

16 (a+b)(a® + 2ab + b*)(c? + ab)
a? + ab + b?

LO1 GIAL St dung bat ding thic Holder, ta c6
Z Cl2 + ab —|— b2
p” 2+ ab

Ta can ching minh

(a+b)3(c® + ab)
a? + ab+ b2

cyc cyc

3
16 ab(a + b)(c* + ab)
= >
s (cyca> 72Zab(a+b)+z T ab T
1(a

+b)2, nén ta chi can chitng minh duge

16 ’ b(c? + ab)
27(;) 22X o)+ § 3 L

cyc

16 22 4
@27<Za> >22ab +b)+ Za+b+3abc§aib

cyc



1.4. THE CYH TECHNIQUES 129

Lai do 4“_7_%2 < ab(a+b), nén ta chi can chiing minh

3
;—g (Za) Z2Zab(a+b)+%Zab(a+b)+§abczaib

cyc cyc cyc cyc

3
@% (Za) 27Zab(a+b)+4abc§aib

cyc cyc

Chuéan héa cho a+b+c = 1. Dat ¢ = ab+ bc+ ca, r = abe, khi d6 theo bat déng thiic
Pe 2 2 p— p— P 2
Schur va bat dang thiic Newton, ta cé % >pr > w. Bat dang thic tré thanh

16 1
927(q3r)+4r< +q3>

q—r
& f(r) =297r + (52 — 324¢)r — 16¢ 4+ 63¢*> < 0

Vi f(r) 1a ham 16i nen
oy <max (4. (=022

¢ 1 2
f () = gq(Sq —1)(33¢° —97¢+48) <0

Mzt khac, ta c6
3
4qg —1)(1 — 1
f (W) = E(3q —1)(528¢> — 280¢* +29q + 5) < 0

vi

5 29 280
528¢° — 280¢> + 29¢ + 5 ¢ ( += —-—+ 528)

S

/1 5 44
= ¢ <—3> <2+—148>+84}

L\4d q q

1 5 44

(—3) <12+1—148>+84

|\ (3) 3
[ /1

= ¢ 29(q3)+84}20.

Bat ding thic duge ching minh. Dang thic x4y ra khi vi chi khi e = b = c. ]

vV
)
w

Vi du 1.108 Cho cdc s6 khong am a,b,c. Chitng minh rdng
a? . b? L c?

a?+b®+ab+ca bV2+c2+bect+ab 2+ a?+ca+be

(Michael Rozenberg)

3
> —.
— 4
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LO1 GIAL Stt dung bat diing thiic Cauchy Schwarz, ta cé

a2
<Za2+b2+ab+ca> [Z(2a+0)2(a2+b2+ab+ca)
cyc

2 2
Za(2a+c) = <2Za2+2ab>

cyc cyc cyc

>

Nén ta chi can chitng minh

4 (2Za2+2ab> 232(2a+0)2 (a® +b* + ab + ca)

cyc cyc cyc
= 42@4 —l—GZasz +Za3b—82ab3 — 3acha >0
cyc cyc cyc cyc cyc

Sit dung bat ding thitc Vasile, ta c6

—8) "ab® > —g (Zoﬂ)Q

cyc cyc

Nén ta chi can chitng minh

2
4Za4+62a262+2a3b72 <Za2> 73acha20

cyce cye cye cyce cyc
4 2 )
& EZ(# + gZQQbQ JrZadb—Sacha >0
cye cye cyc cyc

Sit dung bat dang thitc AM-GM., ta c6

%Za“Z%ZaW

cyc cyc

QZ ab? > 2acha

cyce cyc
3
a’b > abc a.
cyce cyc

Cong tuong tng vé v6i vé 3 bat dang thiic trén, ta thu duge bat ding thiic & trén.
Vay ta c6 dpcm. Ding thitc x3y ra khi va chi khi a = b =c. ]
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Vi du 1.109 Cho cdc s6 duong a,b,c. Chitng minh rdng

a b c 3
> .
2b3+02a+203+a2b+2a3+bzc_ a? + b2 4 c2

(Duong Dic Lam,)

LOI GIAL Sit dung bat déng thitc Cauchy Schwarz, ta co

(ZM) [Za(a + 0)2(21)3 + c2a) > [Za(a +c)

cyc cyc cyc
2
= (E a®+ E ab)

cyc cyc

Nén ta chi can chitng minh duge
2
(Za2 + Zab) (Za2> > 3Za(a +¢)2(26% + c2a)
cyc cyc cyc cyc
Bing khai trién truc tiép, ta dé thay

Za(a +¢)?(2b% + c2a)

cyc
> a0+ P) +4) "’ +2> a*bPe+4) a’bic

cyc cyc cyc cyc

Za4 (b + %) + 4Za3b3 + 2acha2 (b+e)+ 2acha3

cyc cyc cyc cyc

> at (b + &%) + 4’ + 2abe <Za> <2a2>

cyc cyc cyc cyc

IN

Khong méat tinh téng quét gid st a +b+c = 1 v diit ¢ = ab+ be + ca,r = abe thi ta
co

D at(b? +¢?) + 4 a®h® + 2abe (Za) <Za2>

cyc cyc cyc cyc

(Zﬂﬂ) (Zcﬂ) +4) a®b® + 2abe (Za) (Za2> — 3a%b%c?

cyc cyc cyc cyc cyc

= (1 -2¢)(¢* —2r) +4(¢> — 3qr 4+ 3r%) + 2r(1 — 2¢) — 30>
= ¢*+2¢° — 12qr + 9r*
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Ta can chitng minh
(1—2¢)(1 —q)* > 3(¢* + 2¢* — 12¢r + 9r?)
o 1—4g+2¢% —8¢% + 36qr — 272 > 0

& (1-4¢)(1+¢*) +2(9q + 2)r + [¢* — 4¢® +2(9¢ — 2)r — 2712 > 0

Ta c6
® —4¢> +2(9¢ — 2)r — 2712 = (a — b)*(b— ¢)*(c —a)* > 0

va theo bat déng thitc Schur bac 4 thi r > Mq_l()ﬁ nén

(1—49)(1+¢®) +209¢+2)r > (1—4¢)(1+q¢*) +2(9¢+2)- W

= (g~ 1(1-39) 20,

B4t ding thic dugc chiing minh xong. Pang thitc xay ra khi vi chi khi a = b = ¢
ho#c a = b, ¢ = 0 va cac hoan vi. [

Vidu 1.110 Cho a,b,c la do dai 8 canh ciia mot tam gide. Chitng minh rdng

a n b - c < 3
202 4+ca  2c2+ab 202 +bc T a+b+c

(Vo Quéc Ba Can)

LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

<Zﬁ> [Za(a + 0)2(2b2 +ca)| > (ZQQ + Zab)

cyce cyc
Bang khai trién truc tiép, ta duoc

20012 _ 1 4 312 4 2
Za(a +0)°(20° 4+ ca) = 3 Za (b+c)+ 52@ (b +c°) + 12achab
cyc cyce cyce cyc
1 2
+§(a -b)(b-c)(c— a)%;a

Do a,b,c la do dai 3 canh tam gidc nén ta dé dang chiing minh dugc

(a—=b)(b—c)(c—a) < Zag + 3abc — ZaQ(b+ c)

cyc cyc
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= Za(a + ¢)?(20* + ca)

cye

< % Za4(b +c)+ 5Za3 (b + %) + 12achab]

cye cyce cyce

+% Za?’ + 3abc — Zaz(b +c) (Zﬁ)

cyc cyc cyc
= % (Za5 + BZa?’ (b + %)+ 3acha2 + 10achab>

cyc cyc cyc cyc

2
= % (Zzﬁ) <Za2> +4 (Za2b2> (Za) + 3abc <Za>
cyc cyce cyc cyc cyc

Chuan hoéa cho a +b+c =1, V?adatab—i—bc—i—ca:q,r:abc:%2(]2i,tacc’)

(5) () o () () +o ()

= (1-2¢)(1 —3q+3r)+4(¢°> —2r) + 3r
= 1—5¢+10¢% —2(1 + 3¢)r

Ta can chitng minh
2(1 —q)? > 3[1 — 5q + 10¢> — 2(1 + 3¢)7]
< 6(1+3q)r+(4g—1)(1—79) >0
Theo bat dang thitc Schur bac 4, ta c6 6r > (4¢ — 1)(1 — q) nén

6(1+3g)r+(4g—1)(1 =7¢) > (1+3¢)(4g—1)(1—q)+ (4g—1)(1 —T7q)
= (1-3¢)(4g—1)(¢+2) >

Bét déng thitc duge ching minh xong. Déng thitc x4y ra khi va chi khi a = b = ¢
ho#ic a = b,c = 0 va cac hoan vi. [ |

Vidu 1.111 Cho cdc s6 duong a,b,c. Ching minh rang vdi moi k > 2, ta cé

Y VaR+kab+02 < (43 a4+ (3k+2)> ab.

cyc cyc cyc

(Michael Rozenberg)
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LO1 GIAL Stt dung bat diing thiic Cauchy Schwarz, ta cé

a? + kab + b2
[Z(aer) (Z*ﬁlf )

cyc cyc

) (Z a) (Z a2 +akzbb+ b2>

cyc cyc

IN

cyc

Ta can chitng minh
45 a® + (3k +2 ab
22a2+kab+b2< c%c ( )CL‘::C
a+b - >a

cyc

cyc

@22(a+b)+2(k—2)z

cyc cyc cyc

cyc

Sit dung bat ding thitc Cauchy Schwarz, ta c6
2abe’" < 2abe Y | - Y ab.
a+b
cyc cyc cyc
Bét ding thic duge ching minh. Dang thic x4y ra khi vi chi khi a = b = c. ]

Vi du 1.112 Cho cdc s6 khong am a,b, ¢ théa man a + b+ c = 1. Chitng minh ring

av/b+ 3¢+ bv/e+ 3a2 + eva + 3b2 < \/z

LO1 GIAL Ta c6 bd dé sau

22ab+52a2b§ %

cyc cyc
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That vay, bat ding thic tuong duong véi

112@3—1—152ab2+12abc—302a2b20

cye cye cye
Gia st ¢ = min{a, b, c}, dit a = c+ x,b = c+y (z,y > 0), bat déng thitc tré thanh
18(2% — zy + yH)e + 1123 — 3022y + 152> + 11y° > 0
Ta can chitng minh
f(z) =112 — 302y + 15zy* + 113> > 0

Ta c6
f'(x) = 3322 — 602y + 152

, (10+3v5)y ~ (10-3V5)y
f(x):O@x:T\/x——T

Tu day, ta dé dang kiém tra dugc

fla)> f ((104—3\/5) y) 9 (109 — 30V/5) 3 .

11 o 121 =

Tré lai bai toan cia ta, sit dung bat ding thic Cauchy Schwarz, ta dugce

2
(b +3c?)
(%;a\/bJr?)c?) < {%C:a(lec) ;al—i—cc
ab ca
_ <1+§ab> <§1+C+3§ab—3§1+6>
‘ ‘ ‘ 2
; 3<Zab>
a cyc
< <1+§ab> §1+c+3;ab_—2ab+2a2b
cyc cyc
va




136 CHUONG 1. TIM TOI MOT SO KY THUAT GIAI TOAN

Ta can chitng minh

2
3<Zab>
9 cyc
1+ ab 4 ab— —-abc — —————
(15 w) 1w o 5L

cyc

Wl N

cyc cyc

Dit ¢ = ab + bc + ca,r = abe, thi bat ding thiic nay tré thanh

9 3q> 2
dg— 2 — <
T T I =3+
o2 so i O, 13562
— = -+ =
3+ A T orgy1 T

Theo bat ding thitc Schur bac 4, ta c6 r > @l%(l;q). Suy ra

2 9 13542
3+ 4T T
> _4q+9, (4-1)(1—¢q) | 135¢°
3(g+1) 4 6 27¢ + 11
_ 7—60q — 87¢* — 36¢° 13542
- 24(q+1) 27q + 11

(1 — 3¢)(324¢% — 57¢2 — 240q + 77)
24(q+1)(27g + 11)

Do dé, ta chi can chiing minh dudc
324¢3 — 57¢% — 240q + 77 > 0

Day 1&4 mot ham giam theo g nén

1 8
32443 — 57¢2 — 240q + 77 > 324 - 55 —7240 *+77*§ > 0.

W=

Bat ding thic duge ching minh. Dang thic x4y ra khi vi chi khi a = b=

Vidu 1.113 Cho cdc s6 duong a,b,c. Chitng minh rdng

a n b n c o 9
b+c2 c+a? a+b? " 3+a+b+c

(Tran Quoc Luat)
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LO1 GIAL Stt dung bat diing thiic Cauchy Schwarz, ta cé

(be&) lza(b+02>(2a+2b+0)2 = <2Za2+3zab>

cyc cyc cyc

Nén ta chi can chitng minh

(22a2+32ab> <3+Za> 29Za(b+cz)(2a+2b+c)2

cyc cyc cyc cyc

Bét ding thitc nay dudc suy ra tit cac bat dang thiic sau

<2Za2+32ab> 23Zab(2a+2b+0)2

cyc cyc cyc

<22a2+32ab> (Za> ZngQa(2a+2b—|—c)2

cyc cyc cyc cyc

a) Trudc hét, ta sé chitng minh

2
(22a2+32ab> >3 ab(2a+2b+c)’

cyc cyc cyc

Do tinh thuan nhét, ta c6 thé gid st a + b+ ¢ = 1. Dit ¢ = ab + bc + ca, r = abc thi
ta co

2
<22a2—|—32ab> =(2—q)?

cyc cyc

> ab2a+2b+c)? = ab2—c)® = ab(d—4c+c?) =4g - 1r

cyc cyc cyc

Bét ding thic tré thanh
(2—q)® > 3(4q - 11r)

&33r+4—16g+¢> >0
Theo bat ding thitc Schur, ta c6 nén

4 _
33r +4— 16+ ¢ > 33 - -2

1 1
+4*16Q+42:§(1*Q)(1*3Q)20
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b) Tiép theo, ta s& chiing minh

<22a2+32ab> (Za) 2923a(2a+2b+c)2

cyc cyc cyc cyc

Day ciing 14 mot bat diing thitc thuan nhat nén ta ciing c6 thé chuan hoa cho a+b+c =
1 va dat ¢ = ab + bc + ca,r = abc tuong ty nhu trén, khi dé ta c6

(22a2+32ab>2 <Za> =(2-9)’

cyc cyc cyc
Va
Z Aa(2a+2b+c)? = Z a2 —c)? = Z c’a(4 — e+ *)
cyc cyc cyc
= 4Za2b—42a3b+2a4b
cyc cyc cyc
Ma
Za3b = (Za%) (Za) - ZaQb2 — acha = Za2b7 P+
cyc cyc cyc cyc cyc cyc
Z a'h = <Z a3b> <Z a) — (Z a2b> (Z ab) + abc Z ab
cyc cyc cyc cyc cyc cyc
= (1—q)2a2b—q2+(1+q)r
cyc
Nén
Z Za(2a + 2b + ¢)?
cyc

4Za2b—4 <Za2b—q2+r> +(1—q)2a2b—q2+(1+q)r

cyc cyc cyc

= (1-9q)> a®b+3¢"+(¢—3)r

cyc
St dung két qua quen thuoc Y- a®b < 5= —r, ta chi can ching minh dugc

cyc

(261)229{(1(1) (2477")+3q2+(q3)7"
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8 8
@9(2—q)r+§—§q—26q220

Néu 1 > 4q thi ta c6

oo

8
- ——q—26¢>>0
373 q >

Néu 4q > 1 thi theo bat déng thtic Schur, ta c6 9r > 4¢ — 1 nén

8 8 8 8 2
92—q)r+3—39—260" > (2—q)(dg— 1)+ 3 — 59— 26¢° = (17— 2)(1—3¢) > 0.

Bét ding thic dugc chiing minh xong. Dang thitc xdy ra khi va chi khia=b=c. =

Vi du 1.114 Cho cdc s6 khong am a,b,c théa man a + b+ c = 1. Chitng minh ring

a? b2 2

> —.
b+ 27¢3 Jrc—i—27a3 +a+27b3 — 4

[a—y

(V6 Quéc Ba Cin)

LO1 GIAL Stt dung bat ding thiic Cauchy Schwarz, ta c6

CLQ 2
(Z W) > Ca+bRe+21e)] = (23 + Y ab)

bat ¢ = ab + bec + ca,r = abc thi ta cé
( Za +Zab> (2 —3¢)?

D b2a+b)>=> a®+4Y a’(b+c¢)=1-3q+3r+4(g—3r)=1+q—9r

27203(2a+b)2 27 ZaQb2 (a+ D) +4acha +32a3b2}
7 ( )(Za2b2> +4acha —achab—i—i’)Za?’bz}

[
[

= 27[q —2r +4( 1—2q)r—qr+32a‘3b2}
[

Il
[\

= 27 q2+ (2-9q r—l—SZa?’bQ}
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Za,3b2 = (Z a,b) (Z a2b) - achaQ - achab
= anQb—(l—q)r:q(Za) (Zazb)—(l—q)r
= q(Za3b+Za2b2+acha)—(1—q)r
< q[; (Za2)2+2a2b2+ab02a]—(1—q)r

1 1
_ q[3(1—2q)2+q2—?”] _(1_q)7~:§q(1—4q+7q2)—r

=27) (2a+b)” < 27[¢° + (2 99)r + q(1 — 4q+ 7¢*) — 3r]
= 27[—(9¢ + 1)r + q(1 — 3q + 7¢*)]
Do d6 ta chi can ching minh duge
4(2-3¢)2 > 14+q—9r +27[—(9¢ + 1)r + q(1 — 3¢ + 7¢*)]
& 9(4 +37q)r + 15 — 76q + 117¢* — 189¢° > 0
Theo bat ding thitc Schur bac 3, ta c6 9r > 4¢ — 1 nén

9(4 + 37q)r + 15 — 76q + 117¢* — 189¢>
> (4+27q)(4g — 1) + 15 — T6q + 117¢* — 189¢>
= (1-3¢)%(11—21¢q) > 0.
Bat dang thic duge chiing minh xong. Pang thic xay ra khi vichikhia =b=c = %
]
Vi du 1.115 Cho cdc s6 a,b,c > 0,a + b+ ¢ = 3. Chitng minh ring

1 n 1 n 1
ab?+8  bc2+8  ca?+8

>

Wl

(Vasile Cirtoaje)

HUONG DAN. Stt dung bat ding thitc Cauchy Schwarz,

(Z ab21+8> (Z(ab2+8)(a—|—20+5)2> > [Z (a+ 2c+5)

cyc cyc cyc

2
= 576.
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Vidu 1.116 Cho cdc s6 a,b,c > 0. Chitng minh rdng

1 1 1 6
> .
2a2+bc+2b2+ca+202+ab T a2+ 4+ c2+ab+be+ca

(Vasile Cirtoage)

HUGNG DAN. St dung bat déng thiic Cauchy Schwarz

2

> (b+c¢)

cyc

1
Z 2a%2 +bc — Y (b+c¢)?(2a% + be)

cyc cye

Vi du 1.117 Cho cdc 6 a,b,c > 0. Ching minh rding

1 1 1 4
+ ol > .
V4a2 +be VA2 +ca VA +ab  a+b+c

(Pham Kim Hung)

HUONG DAN. St dung bat déng thiic Holder

[E (b+c¢)

cyc

(Z;> > .
L i+ be) % b+ 0P(4a? + o)

cyc

Vi du 1.118 Cho cdc s6 a,b,c > 0. Chiing minh ring

1 1 1 9
+ + > .
V2a2 +ab+bc V202 +ca+ab V22 +ca+ab  2(a+b+c)

HUGNG DAN. St dung bat déng thiic Holder

Z; - 27(a+ b+ c)?
V2a2 +ab+bc) T X (b+2¢)3(2a% 4+ ab+be)’

cyc cye
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Vidu 1.119 Cho a,b,c la do dai 3 canh ciia mot tam gidc. Chitng minh rdng

o byt < Patbro
Va+b Vbt+e Veta T V2

(V6 Quéc Bd Can)

HUGONG DAN. Stt dung bat ding thiic Cauchy Schwarz,

(Z aa+b> S[Za(aerJrQC)

cyc cyc

[; (a+b)(a+b+2c)

Vi du 1.120 Cho cdc s6 a,b,c > 0. Chitng minh ring

a b c
+ T
Vb2 +15ca V2 +15ab  vVa? + 15bc

3

Py

!
(Park Doo Sung)

HUGNG DAN. St dung bat déng thiic Holder

2 [Zla(a + 2b)
) = S ala + 2b)3(b% + 15¢a)

3

a
(chc: Vb2 + 15ca
cyc

Vidu 1.121 Cho cdc s6 a,b,c > 0. Chiing minh ring

a b c
+ +
V2+3c2 V2 +3a2 Va2 + 32

3

> —.

2
(Vasile Cirtoaje)

HUGNG DAN. St dung bat déng thiic Holder

[E a(2a + b)

cyc

(Z \/W) = S a(2a+b)3(b% + 3¢2)”

cyc cye




1.5. THE HYBERBOLIC FUNCTIONAL TECHNIQUE 143

Vi du 1.122 Cho cdc 56 a,b,c > 0. Chitng minh rdng

a b c
+ +
V32 +ca V32 +ab  V3aZ+ be

3
> —.
2

(Vasile Cirtoaje)

HUONG DAN. St dung bat déng thiic Holder

9 l(%ca(a—&—c)
) p

(Z VP e (a+ c)3(362 + ca)’

cye cyc

1.5 The Hyberbolic functional technique

1.5.1 Ldi néi dau

K§ thuat nay c6 vé 1a kha méi mé néu cac ban chi xem tén ctia ki thuat thoi nhung
thue ra né da timg duge gidi thiéu rat nhiéu lan trén cac dién dan, cic tap chi véi
cai tén phuong phap tiép tuyén dé chiing minh bat ding thitc (ching han nhu & [5]).
Nhung, trong céc bai viét d6, cac tac gia déu chua khai thac that triet dé cac tinh
chat ciia tiép tuyén dé ky thuat tré nén manh hon va duge st dung nhiéu hon trong

chitng minh bat déng thic. O day, trong bai viét nay, ching toi xin dude gidi thisu
cting cac ban mot s6 tim toi clia minh trong viéc lam manh ki thuat trén.

1.5.2 Mot s6 vi du mé dau

Dé chitng minh mot bat dang thic f(zy) + f(z2) + - - - + f(z,) > 0, ma vigc danh
gia f(z) gip nhiéu khé khin thi chiing ta s& tim mot ham g(z) dé danh gid hon sao
cho f(z) > g(x) vA ta chi con viéc phai chitng minh bat ding thitc con lai chat hon
nhung dé hon 1a

g9(x1) +g(z2) + -+ g(@n) 2 0.

Vi du 1.123 Cho cdc 56 khong am a,b, c, khong cé 2 s6 nao dong thai bang 0. Ching
minh ring
a b c
+ +
b+c c+a a+b

>3
-2

(Nesbitt)
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Lo1 GI1AL. Chuan hoéa cho a + b+ ¢ = 3, bat dang thiic trd thanh

Véi moi z < 3, ta co

4z
>3x—1
3—x *
3(x —1)2
>0
3—z
Do ds 4 4b 4
a c
> -1 b—1 —-1) =
3—a+3—b+3—c_(3a )+ (3 )+ (Bc—1)=6
Bat ding thitc duge chitng minh. [

Vi du 1.124 Cho cdc s6 khong am a,b, c, tat cd khong doi bing 0. Ching minh ring

(2a +b+c)? (2b+ ¢+ a)? (2c +a+b)? <3
2624+ (b+c¢)? 2024 (c+a)? 224 (a+0b)? ~

(USAMO 2003)

Lo1 GIAL. Chuan hoéa cho a + b+ ¢ = 3, bat dang thiic tré thanh

(3+a)? (3+ b)? (3+¢)?
22+ (3—a)2 22+ (3-0)2 22+ (3—c)2 =

2
a?—2a+3

cyc
Véi moi z < 3, ta co
2 +6x+9
- <4 4
22 —2x+3 ~ T
(42 + 3)(x — 1)°
&S >0
2 -22+3
Do do )
a“+6a+9
- < 4 4) =24
Za2—2a+3— (da+4)

cyc cyc

Bat ding thitc duge chitng minh. [

Vi du 1.125 Cho cdc s6 duong a,b, c théa man abc = 1. Chitng minh rdng

Va2 +1+ Ve +1+V2+1<vV2(a+b+c).

(Gabriel Dospinescu)
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Lot c1L Xét ham s6 f(2) = Va2 +1 -/ + JsInz véi 2 > 0, ta c6

(1-2) [1 — o+ 222 + 222,/2(1 +x2)]
z/2(2? + 1) (V222 + Va2 + 1)

fz)=0&z=1

fix) =

Tu day dé thay
fl@)>f(1)=0 V>0

1
= x2+1§\/§m——21nx

V2

Do do

1
ﬁ

Bét ding thitc duge chitng minh. n
Cau héi dit ra 1 lam sao dé ching ta c6 thé chon duge cac ham g(z) thich hgp?

That ra, § day ham g(z) dugce lya chon dya vao diéu kign rang bude cac bién ciia bai
toan, ching han nhu néu diéu kien 1a x; + 29 + - - -+, = n thi g(z) = k(z — 1), néu
22423+ +22 =nthig®) =k(?-1), vanéuzizy- -z, =1 thi g(z) =klnz

Va2 +1+ V02 + 142 +1<V2(a+b+¢)— —=(na+Inb+Inc) = vV2(a+b+c)

v6i k 1a hiing s6 ma ta s& chon sau. (O day ta gia sit bat déng thiic c6 déng thiic xéy
ratal 41 =29 =+ =z, = 1). O day néu f c6 dao ham vi lién tuc lai x = 1 thi
k = f'(1). Nhung trong mot vai trudng hgp, ta khong can phai tinh dao ham lam gi
ma van c6 thé dé dang chon bang phép bién ddi tuong duong, chang han nhu & bat
d&ng thitc Nesbitt, ching ta can chon sao cho

T
3—x

1
>k(z—1)+5 Vre(0,3)

o (@—1) [2(;@—1@} >0

Dé bat dang thic nay khong déi dau khi x chay qua gia tri 1 thi ta phai chon k sao

cho
3

2(3 — x) —k=0

c6 nghiem z = 1 (néu khong thi bat déng thiic sé khong ding), tit d6 suy ra k = 3.
Vi du 1.126 Cho cdc s6 thuc a,b,c théa man a + b+ ¢ = 6. Chiing minh ring

at + bt 4t > 2(a3+63 +c3).
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Vi du 1.127 Cho cdc s6 khong am a,b, ¢ théa man a + b+ c = 3. Chitng minh ring
\/&—&-\/B—&-\/EZab—i—bc—&—ca.
(Russia MO 2002)

HUGNG DAN.
2(ab +bc+ca) =9 —a? — b* — 2.

]
Vi du 1.128 Cho cdc s6 duong a,b,c théa man a + b+ c = 1. Chaitng minh rdng
a L b L c S 9
1+bc 1+ca 1+4+ab ™ 10
HUGNG DAN. ) N
(b+c) (1—a)
be < = .
¢ 1 1
]

Vi du 1.129 Cho cdc s6 duong a,b,c théa man abc = 1. Chitng minh ring
a® +b* + ¢* +9(ab + be + ca) > 10(a + b+ ¢).
(Vasile Cirtoaje)
Vi du 1.130 Cho cdc s6 duong a,b,c. Ching minh ring

(b+c—a)? (c+a—b)? (a+0b—c)?
a?+(b+c)? b+ (c+a)? 2+ (a+b)?

3

> —.

)
(Japan MO 1997)

1.5.3 Dat van deé

D6i v6i nhitng bai toan khong chit, cAch 1am trén té ra rat hieu qua nhung déi véi
nhitng bai toan tuong dbi chat thi ching ta kho long ding né dé giai quyét, bsi vi
bat ding thic f(z) > g(x) lic nay khong phai luon ding nita ma né chi ding trong
mot s6 trudng hop. Chang han nhu véi bai toan sau

Vi du 1.131 Cho cdc s6 thuc a,b,c théa méan a + b+ c = 1. Chitng minh rdang

a n b n c
a?4+1 b24+1 241

<2
— 10



1.5. THE HYBERBOLIC FUNCTIONAL TECHNIQUE 147

Bing cach tuong tu, chiing ta thiét 1lap duge bat ding thiic

T <36a:—|—3
z24+1 - 50

Nhung tiéc thay bat déng thic nay chi ding trong trudng hop > —3 vi

6zx+3 @ (4z + 3)(3z — 1)?

50 r24+1  50(z2+1)

trong khi gia thiét lai yéu cau ching ta chiing minh bai toan véi cic s6 thuc tuy ¥.
Vi thé, cach lam nay khong phat huy duge tac dung.

Nhung chiing ta ciing c6 thé giai quyét bai toan bing céch chia thanh timg truong
hop nhé dé giai.

Vi bai toan trén, ching ta cé thé gidi quyét né nhu sau

LO1 GIAL Truong hgp 1. Néu min {a,b, ¢} > —32, khi d6 st dung bat dang thic

T 362 + 3 3
< Vo > ——
22+1 - 50 =71
Ta dé& dang suy ra két qua bai toan.
Truong hop 2. Gid st ton tai mot sb trong ba s6 a, b, c nhé hon —32, chéng han ¢ < —3.
Khi do, sit dung bat ding thitc AM-GM, ta c6

b 1

172

IN

b2

_|_

Nen bat ding thic ciia ta sé ding néu

2
< Z
)

S|

a? +

_

Sa < 3 Va>2
Do dé, ta chi can xét truong hop 2 > a > 1. Hoan toan tuong ty, ta chi can xét
truong hop 2 > a,b > %, khi d6 ta co

—§>c=1—a—b2—3

4
S .
c2+1— 10
Do dé
a b c 1 1 3 7 9

<= =— < —.
Zrl Pil @31°272 10 1010
Bét dang thic duge ching minh xong. Dang thic xay ra khi vi chi khia =b=c =
(]

1
3
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Vi du 1.132 Cho cdc s6 duong a,b, c théa man abc = 1. Chitng minh ring

1 1 1
> 1.
32+ (a—12 "3+ (h-12 321 (c—1)2 "

(Lé Hitu Dien Khue)

LOT GIAL. Xét ham s6 f(x) = m — %+ 2z, taco

~ 2(z—1)(1623 — 1)
- 3x(4a? — 2z + 1)2

f'(=)

T day dé thay f’(z) = 0 khong phéi chi ¢6 mot nghiém z = 1 ma con c6 them mot
nghiém nita 1 x = ﬁ nén chic chin rang bat ding thiic f(z) > 0 ma ta dang mong
doi sé khong phai luon dung. Vay ta hay xem xét xem n6 ding trong truong hgp nao?
Béng kiém tra tryc tiép, ta thay duge f(z) > 0 Vz > 1. Tt day, dan dén 15i giai nhu
sau

Néu min {a, b,c} > 3 khi d6 ta co
1 1 2
_— > - — -1 =1

Z3a2+(a—1)2 —Z<3 3 na)

cyc cyc
Bay gio, ta gia st a < %, khi dé6 ta c6

5 1 3 1 B 1 -

32+ (a—1)2 T~ 3a2+(a—1)2  2a(2a—1)+1 ~

cyc

nén bét déng thic da cho luon ding. Ta c¢6 dpem. ]

Vi du 1.133 Cho cdc s6 khong am a, b, c, khong cé 2 s6 nao dong thoi bang 0. Chitng
minh rdng

Vi du 1.134

a® b2 c?
5a% + (b+ c¢)? + 502 + (¢ +a)? + 5¢2 + (a+b)?

1

< —.

-3
(Vo Quoc Ba Cin)

at+b+c=1

Lor arAr Gia st { a>b>cma>l>e bat dang thiic trg thanh

1
3

2

a 1
> e <
cy06a2—2a+1 3
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Néu ¢ > £, khi do ta c6

1 a? 27a?
27 - — e e ——— = 120 — 1 —
(3 Z6a2—2a+1> Z( 1 6a2—2a+1>

cyc cyc

B Z (1 —3a)?(8a—1) >0

6a2 —2a+1 —
cyc
Néu ¢ < £, ta 6
1 a?
6=~ I
(T
B 1—2a n 1-2b 7 62
642 —2a+1  6b2—2b+1 6c2—2c+1
B b+c—a a+c—>b B 6>
 6a2—2a+1 6b2—-2b+1 6¢2—2c+1
2(a — b)%(2 — 3¢) Lo 1 n 1 B 6c
(6a% — 2a+ 1)(6b%2 — 2b+ 1) 6a2 —2a+1  602—2b+1 6¢2—2c+1

S 1 + 1 6¢c
c _
- 6a2 —2a+1 602—-20+1 62 —2c+1

1 1
> —1
- C<6a2—2a+1+6b2—2b+1 )
Do d6, ta chi cin chiing minh

1 1

>1
6a2—2a+1+6b2—2b+1 -

Néu b < £ thi bat déng thiic nay hién nhién ding, néu b > £ thi theo bat déng thc
Cauchy Schwarz

1 1 4
>
6a2—2a+1+6b2—2b+1 ~ 6(a®+0b%)—2(a+b)+2
2
 3(a24+b2) —(a+b)+1
2(a+b+c)?

3@ +b%)+cla+b+c)
Ta can chitng minh

2(a+b+c)? >3(a® +b%) +cla+b+c)
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& (a+b+c)(2a+2b+c) > 3(a® + V%)

Dobzlnéni’)bza, suy ra
(a+b4c)(2a+2b+c) > 2(a+b)? = 3(a® +b*) + b(a — b) + a(3b — a) > 3(a® + b?).

Bét déng thiic duge ching minh xong. Ding thitc xay ra khi @ = b = ¢ hodc a =
b,c = 0 va cac hoan vi. ]

Vi du 1.135 Cho cdc s6 khong am x,vy, z théa man x2 + y% + 22 = 3. Chitng minh
ring
25— g2 yB — 42 25 _

>0
z% +y? + 22 +y5+z2+x2 +,zf’—Hr;?-FyQ -

5 2

(Vasile Cirtoaje)

Lo1 G1Al. Bat diing thitc tuong duong

1 3
<
Z$5+y2+22_$’2+y2+22

cyc

1
4 — < 1.
§x5—$2+3*

St dung bat ding thitc AM-GM., ta cé

6 6
5 T 2z

v Tz T 241

Dit a = 22,b = y?,c = 2> = a + b+ ¢ = 3 thi ta chi can ching minh

1
D R

cyc a+1
a+1
= <1
§2a3—a2+2a+3 -

@Z(a—l)2(3+3a—2a2) >0

2a3 —a? +2a+3

cyc

Gidsta>b>c=a>12>c Xét 2 truong hgp
Truong hop 1. b+c > 1= a < 2, khi d6 ta c6

343a—2a>>0, 3+30—-2°>0, 3+3c—22>0

Nen bat ding thic ding.



1.5. THE HYBERBOLIC FUNCTIONAL TECHNIQUE 151

Truong hop 2. b+c<1=a>2 tacod

2a® —a* +2a+3—5(a+1)

Do d6 ta chi can ching minh
b+1 c+1 <é
208 -2 4+20+3  2¢3—c2+2c+3 7 5

Nhung bat déing thitc nay hién nhién ding vi véi moi ta co

r+1 2
203 — 22 4+224+3 — 5

& d42® > (z+1)(2z - 1)
Néu z < $ thi bat déng thiic hién nhién ding, néu = > 3, ta c6

4o — (x+1)(2x — 1) > 42® =222 — 1) > 22% — 22z — 1) = 2(z — 1)® > 0.
Bét ding thic duge ching minh. [
Vi du 1.136 Cho cdc s6 khong am a,b, ¢ théa man a + b+ c = 3. Chitng minh ring
1 1 1
+ + <
Va2 —3a+3 Vb2 -3b+3 V2 —-3c+3
(Nguyén Vian Thach)

Lo1 GIAL Chiing ta thiét lap duge bat déng thic sau

2
<z+1 V>

Va2 -3z +3

Giésfrazbzc:ﬂzzlzc.Néu02@thitacé

2
Dy e EDSLLE R

cyc

Xét truong hgp nguge lai, ¢ < ‘/52_1, ta xét 2 truong hop nho
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Néu b <1, tacod
3\? 3
2
—_— pu— —_— 7>
a 3a+3 (a 2> +4_
b —3b+3=(2-b)(1-b)+
2
\/5—1> VE—1 16
5 +2—

A =3c+3=01-¢)2+2—-c> (1—

2
2 (VB
1 2 V5 +1
= —— < —=+1+ <3
%;\/a2—3a+3 V3 2
Néubz1:22a2b21,Xéthémséf(a?):ﬁvéixe[1,2],tacé
8x2 — 24z 4+ 15
"(x) = 0 V 1,2
f (JJ) 4($2—3$+3)3/2< ZEE[,]
Neén tit day, theo bat ddng thitc Jensen, ta c6
a+b 2
a) + b) <2 =2f(t) = ———
@)+ 50) < 21 (50 ) = 2700 = e
Ta can chiing minh
2 1

Sk <3
VI2=3t+3  /(B3-20)2-3(3-2t) +3

2 1
& + <3
V2 —3t+3 VA2 —6t+3
- 36(t — 1)2(36t° — 252t5 + 749¢* — 12023 + 1099t — 546t + 117)
(t2 — 3t + 3)2(412 — 6t + 3)2

> 0.

Bét ding thitc cudi hién nhién dang. Vay ta c6 dpcm. [
Cach chia nhitng trudng hop va di dén nhitng danh gia khai quat nhu cac vi du rat
hay va doc dao nhung rat khé dé thyc hién. Vi vay, chiing ta can tim mot con dudng
khac dé giai quyét bai toan t6t hon khi ma ching ta khong thé tim duge mot danh
gid nao ca.

1.5.4 Giai quyét van de

Cach giai quyét van dé clia chiing ta & day hoan toan tuong tu nhu trén. Trude hét,
chiing ta sé tim diéu kien dé bat déng thic f(z) > g(z) duge théa man véi moi
T1,T2, .., Tn. Trong trudng hgp ngugc lai, ton tai mot bién z,, sao cho f(z,) < g(x,),
ching ta s& tim mot ham ¢'(z) sao cho f(z) > ¢'(x) v6i moi z1, 29, ..., £p—1 (cach tim
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ham ¢'(x) ciing phai dya trén gia thiét clia bai toan dua ra). Khi dé, chiing ta sé dua
bai toan vé chitng minh

g @)+ @)+ -+ (@n1)+ flzn) =0

Tit day, chiing ta sé dya trén mdi quan hé rang buoc gita 1, s, ..., z, dé gidi quyét
bai toan.
Mot diéu can luu § 1a s& ton tai rat nhicu ham ¢/(z) théa man f(z) > ¢'(z). Vay ta
lam thé nao dé chon duge ham ¢'(x) thich hgp? Ching to6i sé khong néi ré ra diéu
nay, cic ban hay xem xét that k§ cac vi du dudi day sé hiéu ra ngay céch lam ciia
chung ta.

Vi du 1.137 Cho cdc s6 khong am a,b, c théa méan a + b+ c = 3. Chitng minh ring

1 N 1 N 1
202 +3 2024+3  2¢2+3

3

> —.

)
(V6 Quéc Ba Can)

Lo1 GIAL Khong mét tinh tong quat, ta c6 thé gid sit a > b > c. Xét 2 truong hop
Truong hgp 1. Néu ¢ > 1, ta c6

5 4 204z — 1)(z — 1)2 1
2 14 i@-1)= >0 Vo> -
Srear R A ) 5(2:2+3) -~ =1

5 4 1
>1-“(z—1) Yo>-
3ol @) Yezg
5
>SS 1-Z(a-1)] =3
IETE=ED DB
cyc cyc
Trudng hgp 2. Néu ¢ < 1, ta 6
15 4 (4z +1)(2z — 3)2
— 924 2(20—-3) = >0 V>0
wzy3 2t52e-3) 5(222+3) - °F
15 4
=2 >921°(3-21) Y&>0
w322t Ve
15 15

4 8
N S A4+ o(6-2a—2b) =4+
5z 13 "oy ot g0 20-2) =44 e

Ta can chitng minh

15 +8 S5
— 4+ —c¢
2¢2+3 5
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hién nhién ding vi

15 8 2c[8¢2 + 23¢ + 12(1 — 4c))
— —_— —_ 5 = > O.
2243 T 5° 5(2¢2 + 3) =

Déng thitc x4y ra khi va chi khia =b=c=1hoiica=0b= %,c = 0 hoac cac hoan
vi tuong tung. |

Vi du 1.138 Cho cdc s6 khong am a,b,c,d théa man a+b+c+d = 2. Chitng minh

rang
1 1 1 1 16

> .
3a2+1+3b2+1+302+1+3d2+1_ 7

(Vasile Cirtoaje)

Lo1 c1Al. Khong mat tinh téng quat, gid st a > b > ¢ > d, ta xét 2 truong hop

Triong hgp 1. Néu d > 5, ta c6
7 24 3(122 — 1)(22 —1)? 1
A+ —1) = >0 Vx> —
T G2+1) - 712
7 24 1
= —>4— —2x—-1) V> —
ity @D Vez g

7 24
- > _ — — =
= o & ;ﬁ {4 —(2a 1)} 16

cyc

Truong hop 2. Néu d < ﬁ, ta co

7 12 (122 + 1)(3z — 2)?
34 Z(Bz-2)= >0 V>0
rer ik R G Bzl o v F
7 12
>34+ 2(2-32) V2>0
:>31:2+1* +7( x) Vo>
7 7 12 36
= >0+ —(6—3a—3b—3c) =9+ =
5251 31 ey 20t 763 ) =9+
Ta can chitng minh
T 3y
3d2+1 707
hién nhién ding vi
7 36 3d[36d2 + 95d + 12(1 — 12d)]
— 4+ 24-7= > 0.
3d2+1+7 7(3d? + 1) -

Bét ding thitc duge chiing minh. Dang thitc xay ra khi vi chikhia=b=c=d =
hoica=b=c= %7 d = 0 hoac cac hoan vi tuong ting.

u v
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Vi du 1.139 Cho cdc s6 khong am a, b, ¢, tit cd khong dong thoi bang 0. Chatng minh
ring
a® b? c

2a% 4+ (b+ ¢)? +2b2+(c+a)2 * 2¢2 + (a + b)?

2

2
< -
-3
(Darij Grinberg)

LO1 GIAL. Chuan héa cho a + b+ c =1 va gid stt a > b > ¢, khi d6 bat déng thiic trd

thanh
2

Za7<2
32— 2a+1 "3

cyc

Ta xét 2 truong hop
Truong hop 1. Néu b > £, ta c6

322 4 (6z —1)(2z — 1)? 1
1 1) =— <0 Vo>-
322 — 2z + 1 3D =—Sam ) =0 25

322 4 1
T <1--(1-22) Va>-
oy S T3l Vezg

342 352 4 8

= <2--(2-2a-2)=2-"

372011 szl -2 32T 3¢

Mat khac
3c? B §cf (1 =3c)(17 — 24c) + 7] <0
3¢2—2c+1 3 9(3c2 —2¢c+1) -
3c? 3c? 8
= _— <24+ ——— — —c< 2
) P IR v e Bk T

cyc

Trué’ngh_dpQ.Néu%Echéa:lfbch%,tacé

x? 2 (6 —1)(2 — ) 1
302 2z +1 00 9B —22+1) - "%
z2 1
Vo < =
322 —20+1-9" =6
= i + ¢ <2(b+)
— c)=—-——-a
32—-20+1  3c2—2c+1"9 9 9
Ta can ching minh
a® 2 4<0
3a2—-2a+1 9 9~
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hién nhién ding vi
a? 2 4 (3a72)(6a2+3a—4)+4<0
3a2-2a+1 9 9 27(3a%2 — 2a + 1) -

Bét dang thic duge ching minh. Déng thic x4y ra khi va chi khi @ = b,¢ = 0 hoic

cac hoan vi. n

Vi du 1.140 Cho cdc s6 khong am a, b, c, tat cd khong dong thoi bang 0. Ching minh

rang

—_

a? b? c?
5a2 + (b+ c)? + 502 + (c+a)? t5a2 +(a+0b)2 = 3
(Vo Quéc Ba Can)

LOI GIAL. Chuan hoéa cho a+ b+ c = 1 va gia sit a > b > ¢, khi d6 bat dang thiic trd

thanh
a? 1

> a1 <
Cycfia?—?a—i—l 3

Ta xét 2 truong hop
Truong hop 1. Néu ¢ > &, thi

922 4 (8z —1)(3z — 1)? 1
Y 1 _Z@r-1)=-— <0 Vo>-
622 — 2z + 1 3B =D =S ) =0 23

92 1
2 1 _Za- > -
= 53 T o] S ( 3z) Vx_8

3
izw_%“ Z[l 13a)}3
cyc

Truomg hop 2. Néu ¢ < 1 , thi

62> 2 (6z +1)(2z — 1)?
—1-Z202z—-1)=— <0 Vz>0
622 — 2z + 1 3D =S ) S0 V2
622 2
T o1 Z(1-2 >
T g1t 32 V=0
6a? 6b° 2 4
- <2-2(2-20—2)=2— -
6?2071 G 12 3222 3¢
Ta can chiing minh
6> 4 <0
62 _2c+1 3°°
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hién nhién ding vi

6c? 4  2¢[12¢® 4 3¢+ 2(1 — 8¢)] <0
6c2 —2c+1 3 3(6c2 —2c+ 1) -

Bét déng thitc duge ching minh. Dang thiic xay ra khi va chi khi @ = b = ¢ hoic
a =b,c = 0 ho#c cac hoan vi tuong dng. ]

Vi du 1.141 Cho cdc s6 khong am a,b, c,d théa méan a+b+c+d = 4. Ching minh
rang
@+ 1D+ 1)(E+1)(d*+1) > (a+ 1)(b+ 1)(c+ 1)(d+1).
(Phan Thanh Viét)

Lot G1Al. Khong mét tinh tdng quat, gia si a > b > ¢ > d. Bat ding thic tuong
duong véi

> n(a® +1) = In(a + 1)] = 0

cyc

Ta xét 2 truong hop
Truong hop 1. Néu a < 2, xét ham s6 f(z) = In(z? + 1) —In(z + 1) — 3(z — 1) véi
x <2, taco
x—1)(3 — 22
R CER T
222+ 1)(x+1)
flle)=0ez=1 VvV z=+3

Tit day, ta dé dang kiém tra duge f(z) > min{f(1), f(2)} = 0 Vo < 2. Suy ra

> n(a® +1) = In(a+1)] = %(a -1)=0

cyc cyc

Trudng hgp 2. Néua > 2 =2 > b > ¢ > d, xét ham s6 g(x) = In(z? + 1) — In(z +
1) — &3z —2) — In 13 with z < 2, ta ¢6

(3z —2)(43 + 10z — Tz?)

g'(z) = 65(x2 + 1)(z + 1)
g (z) :O@ng

T day, ta dé dang kiém tra dugc g(z) > g (3) =0 Vz < 2. Suy ra

[In(b? +1) — In(b+ 1)] + [In(c* + 1) — In(c + 1)] + [In(d? + 1) — In(d + 1)]
7 13 21 13
> — — _— = —
> 65(3b+3c+3d 6)+31n15 65(2 a)+3ln15
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Ta can chitng minh

h(a) = (@ +1) —In(a+ 1) + 22— a) +3In = >0

65 15 —
Ta c6 A ca?
_9 10a —
W (a) (3a —2)(43 + 10a — 7a*)
65(a? 4+ 1)(a+1)
V32
Ka)=0&a= 5—#7736

Tu day, ta dé thay h(a) > min{h(2),h(4)} > 0 Va > 2.
Bét déng thiic duge chiing minh. Ding thiic xay ra khi va chikhia =b=c=d = 1.
]

Vi du 1.142 Cho cdc 56 khong am a,b, c, khong cé 2 s6 nao dong thai bang 0. Ching
minh rdng
48 48b 48
\/1+ a+\/1++\/1+ £ >1s.
b+c c+a a+b

LOI GIAL. Chuén héa cho a +b+c=1va gid st a > b > ¢, khi d6 bét déng thic tré

thanh
/[1+4
Z + 7a215
1—a

cyc

(Vasile Cirtoaje)

Ta xét 2 trudng hgp

Truong hop 1. Néu ¢ > 2%, thi

1+47z (54 7\ 12(27z —2)(3z — 1)? 2
(= ) = >0 Vli>ax> —
1-z <5x+5) 25(1 — ) = =v=97

1+47z _ 54 7 2

> — - Vi>z>—

VT T RS

1+ 47a 547
> Cro) =1
;»%;,/ i _Cyc(5x+5> 5

N P3 2 N
Truong hop 2. Néu ¢ < ord thi

14472 (96 1\ 48(48z +1)(2z — 1)2
== Z = > 1>x>
1-2 (7x+7> 49(1 — ) 20 V12220
LT 96 Ly
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1+47a 1+470 _ 96 2 96
> 2 o2
:>\/1a +\/1b > —(atb)+z=14-—c

1+47¢ 96
1/ >14+ —
l1—c — +7C

bat 7€ =42 (¢ > 0) = & >t > 1, bat ding thiic trd thanh

Ta can ching minh

96(t2 — 1)
t>14 0t
= Ty
& (t—1)(7t* — 96t + 233) > 0.

hién nhien dang do % >t>1.
Bat dang thitc duge ching minh. Dang thitc xay ra khi va chi khi @ = b = ¢ hoic
a =b,c =0 ho#c cac hoan vi tuong tng. [ ]

Vi du 1.143 Cho cdic s6 khong am a,b,c théa man a + b+ ¢ = 1. Chiing minh rdng

1 — 4a? n 1 — 4p? o 1 —4c¢? <1
1+3¢—3a2 1+4+3b—3b2 1+4+3c—3¢2

(Michael Rozenberg)

Lo1 c1Al. Khong méat tinh téng quat, gid st a > b > c. Ta xét 2 trudng hop
Truong hgp 1. Néu ¢ > &, thi

1 —4a? 1 3 (1-9z)(1 — 3z)?

33032 3 507 %) = 5330 302

1
< -1
<0 Vme{g,]

Triong hgp 2. Néu ¢ < ¢, thi

1 — 422 8 (122 4+ 1)(2z — 1)?

T Sy =— <0 Vzelol
T332 707 %) 030327 =0 Vel
1—4g? 8
- < 21—
¥ T30 32 S 7%

1 — 4a? 1 — 462 8 16

<S(2-2q—2) = —
¥ 1730 32 133 s =
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Ta can chitng minh
E n 1 — 4c? <1
7 14 8c—32 =
B c(48¢? — 41c+5)

7(1+3c—3c%) —

hién nhién ding do ¢ < %.
Bét ding thic duge ching minh. Dang thiic xdy ra khi va chi khia=b=c= % hoac
a=0b= %, ¢ = 0 hoac cac hoan vi tuong tng. ]

Vi du 1.144 Cho cdc s6 khong am a,b, c,d théa méan a+b-+c+d = 1. Ching minh
rang
(14 2a)(1+2b)(1+2¢)(1+2d) N 125
(—a-Hi-ai-d -

)
T
(Vasile Cirtoaje)

LOI GIAL. Khong mat tinh tdng quat, gid st a > b > ¢ > d = d < . Bat ding thiic

tuong duong véi

1
I

> (1 + 2a) —In(1 - a)] > 3111;

cyc
Ta xét 2 truong hop
Truong hop 1. Néu ¢ > mg véi xo la nghiem thuoc (0,0.09) ctia phuong trinh In(1 +
2z) —In(l —z) — 53z — 1) —In 5 = 0, x6t ham s6 f(z) = In(1 + 2z) — In(1 — z) —
23z —1) —In 3 with > o, ta c6

~ 3(6z —1)(3z — 1)
~10(1 + 27)(1 — )

f'(z)

1
/ — = — = —
f(ac)—()ﬁxf6 AV 3

Tit day, ta dé dang kiém tra duge f(z) > min{f (3), f(zo)} =0 Vz > z(. Suy ra

[In(1 4+ 2a) —In(1 — a)] + [In(1 + 2b) — In(1 — b)] + [In(1 + 2¢) — In(1 — ¢)]
27

9 5 5
> “(3a+3b+3c—3)+3n2=—""ct3n2
= qpBat3b+3c—3)+3lng = —T5e+3lng

Ta can ching minh
27
g(d) =In(1+2d) —In(1 —d) — Tod >0
Ta c6
'y = A= DEd- )
T =100+ 2d)(1 - d)
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1) —2In2 véi x > 0, ta co

fon o 3x(2r—1)
M) = G —a)
KE)=0x=0 V xz%

Tit day, ta dé dang kiém tra duge h(z) > h (%) =0Vz > 0. Suy ra
In(1+ 2a) — In(1 — a)] + [In(1 + 2b) — In(1 — b)]
> g(2a+ 26—2)+4In2=-3c—3d+4In2

Ta can chitng minh

k(c)+k(d) >0

trong d6 k(z) = In(1 4 2z) —In(1 — 2) —3z +2In2 — 3In 2. Va vi thé, ta chi can
chitng minh duge k(z) > 0 Vo < xg. Ta c6

;o 3x(2r—1)
T - <

Suy ra k(z) nghich bién vé6i moi z < xg, do do

k(z) > k(xo):ln(1+2x)fln(lfx)f3:c+21n27%lng
9 5 3. 5
= T0(3x0—1)+1n§ —33:0—1—21112—51115
3 9 1. 5
— 422 — — -2
TR TR R

3 9 1.5
> 15009422 — 5 — In g~ 0.0011 > 0.

Bét ding thiic dugc chitng minh. Dang thiic x4y ra khi va chikhia = b= ¢ = %, d=0
hoac cac hoan vi tuong tng. ]

Vidu 1.145 Let a,b,c,d be nonnegative real numbers such that a +b+c+d = 2.
Prove that
a® L b2 L c? L d? < 16
(@®+1)2  (2+1)2  (24+1)2  (d>+1)2 ~ 25

(Ji Chen)
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Lot GIAL Khong mét tinh téng quat, gid st a > b > ¢ > d. Ta xét 2 trudng hgp
Truong hop 1. Néu 12d3 + 11d? + 32d > 4, thi

a? 24 4
[ R

cyc

_ Z (12a3 + 11a® + 32a — 4)(2a — 1)?

o 125(a2 + 1)2 =4
a? 24 16 16
é%m < ﬁ%;(2a—1)+%=55
Triong hgp 2. Néu 4 > 12d° + 11d* + 32d > 32d = d < 3, ta ¢6
z? 540 2 36
@2 +1)2 2197 (m N 3) ~ 169
_ (6027 +922° + 216z + 27)(3z — 2)° <0 Vo0

2197(22 + 1)2
«? 540 2\ 36
= < A — — Vx>0
(@2 +1)2 = 2107 <x 3) Tiee U7

i + ¢ + & < 540(b+c+d—2)+@——&a+%
P12 (@12 (@12 = 2197 169 2197 " 169
Ta can chiing minh

T

a? 540 108 16
_ 0t 205 10
(a2+1)2 2197 ' 169 ~ 25
16942 540 4

<

@i 1355

Ta c6
169a? 540 4 169a? 540 4 16942
@+ BY B S @rie BB (@i g
4 4+ 900a — 4217a> 4 1800a® + 4a* + 900a°
- 25(a? + 1)2
o 448 900a? — 421742 + 1800a® + 4a* + 900a®
- 25(a? + 1)2
_ 4+ 2983a? + 1800a® + 4a* + 900a® “0
25(a2 +1)2 :

Bét ding thic dude ching minh. Dang thiic xay ra khi vichikhia=b=c=d = %
(]
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Vi du 1.146 Cho cdc 6 khong am ay, as, ..., a, (n > 2) théa man a;+as+---+a, =
n. Ching minh ring

(n—1)(af + a3 + - +aj) +n* > (2n — 1)(af + a3 + -+ ap).
(Vasile Cirtoage)

LOI GIAL Néu n = 2, bat déng thic tré thanh ding thic. Néu n = 3, dit ¢ =
ai1as + asaz + asai, r = aia2a3, bit ddng thic trd thanh

2(27 — 9+ 3r) + 9 > 5(9 — 2¢)

S 3r+9—4g>0

Day chinh la bat ding thitc Schur bac 3.

Suy ra, ta chi can xét truong hgp n > 4. Khong mat tinh téng quat, gid sit a; > ag >
- > ayn. Ta xét 2 truong hop

Truong hop 1. Néu a,, > —=, ta c6

(n—1)2° - 2n-1)2> + (n+ )z —1)+n=(z=-1)*[(n—1)z -1 >0 Wznil
= (n-12°+n>@2n-1)2*— (n+1)(z - 1) sznil
:,é[(n_m +n] > i 2n —1)aj — (n +1)(a; — 1)]
& (n— 1)Za§’ +n? > (2n — l)ia?
Truong hop 2. Néu a, < —11, ta c? -
(n—1)a® = (2n — 1)+ (7(1 - 1)2) [(n =Dz —n]+ nnj 1
B (GRS | VAN

(n—1)2

n? S n(n — 2)

é(nfl)zsf@nfl)x2+n_1 Z o1

[n—(n—1)a] Yax>0

n—1 2 n—1

= Z [(n —1Da? — (2n —1)a? + nni J > 7(17(171_1)22) Z[n —(n—1)a]

i=1 i=1

n—1 2)

n—lZa—Qn—lZa+2> —
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Ta can chitng minh
n(n —2)
n—1

- an[(n —1)(2 = an)[l — (n — 1)a,] +n? — 4n + 2] > 0.

(n—1a — (2n —1)a? + ap >0

n—1
hién nhién ding do n > 4.
Bét ding thitc duge chitng minh. n

1.5.5 Mot sé6 md rong
MG rong thi nhat

Vi du 1.147 Cho cdc s6 khong am a,b, ¢ théa man a + b+ c = 3. Chiing minh ring

1 n 1 n 1
9—ab 9—bc 9-—-ca

3
< =
-8

LO1 GIAL Bai toan nay c6 dic diém gan giéng dang ciia cac vi du trén nhung ching ta
khong thé diing cach ciia cac bai trén dé gidi n6 vi cac bién trong bat ding thiic dang
flz1) + f(z2) + f(x3) > 0 khong phéi 1a a, b, c lién quan dén gia thiét clia bai toan
ma 1& ab, be, ca. Mot 1i do nita 1a khi ta ¢d gdng thiét lap bat dang thic f(z) > g(z)
trong do g(z) c6 dang k(x — 1) thi bat dang thitc nay bi ngugce chidu (cdc ban hay
kiém tra). Tuy nhién, chiing ta c6 thé dung dang sau dé giai bai toan nay, d6 1a thiét
lap g(x) ¢6 dang m(x? — 1) + n(z — 1), chiing ta chi viéc thiét tim cac tham s6 m,n
sao cho f(z) > g(z) dugc théa man. Cu thé, & bai nay, ching ta sé tim m, n sao cho

8
9—=x

<m(z? = 1) +n(z—1)+1

S@-1)|mx+1)+n—

>0
9—x| —

Gidng nhu cac bai trudc, ta sé chon m, n sao cho phuong trinh m(x+1) +n— ﬁ =0
c¢6 mot nghiém 1a 1, tt d6 ta suy ra duge n = % — 2m, thay vio bat déng thic trén
va phan tich ra, ta dugc bat ding thitc tuong duong la

(x —1)%(72m — 1 — 8mzx) > 0

Bay gio hay chi ¥ rang 3 > max {ab, bc,ca} va a,b,c > 0 nén ta chi can tim m sao
cho bat ding thitc trén ding véi moi = € [0, 3] 1a dit (néu can ta c6 thé ding danh gia
manh hon 1a § > max {ab, bc, ca}, tic la tim dé bat déng thifc ding véi moi z € [0, 9]
nhung vi bai nay khong chit nén ta khong can phai danh gia qua chit nhu thé). Cho
z=0=m >0, do do

2m—1—8mx >T2m —1—24m =48m — 1
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Tit day, r6 rang néu ta chon m = & = n = 5 thi bat ding thic ding. Vay

18
m = 45,n = 15 va ta thiét lap dugc bat dang thic
s 1., 1 1,
9—:6_48(3: )+12(x )+ 48(32 + 4z +3)

Va 16i gidi cua ta nhu sau
Dé dang chiing minh duge 5~ < Jt(2? +4x 4 3) Va € [0,3]. Sit dung bat déng thic
nay vdi cha § 1a max {ab, be, ca} < % <3, taco

S < <Za2b2+42ab> 42

cyc cyc cyc

Do d6 ta chi can chitng minh
> a’h +4) ab<15
cyc cyc

Dat z = ab+ bc + ca = = < 3,abc > max {0, 222} .
Néu 4z < 9, ta c6

225

2712 2 2

E b*+4 E b= + 4z — 6abc < +4r < — 15
a a T €T aoc x T ]_6<

cyc cyc
Néu 4z > 9, ta co

Za2b2+42ab = 2%+ 4z — 6abe < 2% + 4z — 2(4x — 9)
cyc cyc

= (z—1)(z—-3)+15<15
Bat ding thitc duge chitng minh. [

Vi du 1.148 Cho cdc s6 khong am a,b, ¢ théa a* + b* + ¢* = 3. Ching minh ring

1 1 1

<1
4—ab+4—bc+4—ca_1

(Moldova TST 2005)

L0O1 c1A1. Dé dang ching minh duge v6i moi z < % thi

3
<

1
— (222 12
i T L)
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Cha § la max {ab, be, ca} < \/g < % nén

24—3ab < 1—15 (22a2b2+2ab+36>

cyc cyc cyc

Mit khac, ta co

Za2b2§2a4:3, Zabg 32a2b2§3
cyc cyc cyc cyc
Tu day dé dang suy ra dpcm. |

Vi du 1.149 Cho cdc s6 khong am a,b, c,d théa man a® + b% 4 ¢ + d? = 4. Ching
minh rdng

1 1 1 1

< 2.
3—abc+3—bcd+3—cda+3—dab_

(Pham Kim Hung)

Lo1 crAr. Dé thiy max {abc, bed, cda} < 53—5 nén ching ta can thiét lap bat ding

thirc
2

3—x
Dé thay n = 1 — 2m, khi d6 bat dang thic tuong duong

<m(z® =1) +n(z—1)+1

(z —1)*(6m — 1 —2mzx) >0

Dé& thay m > 0, suy ra

1
6m—1—2m$26m—1——6m
3v3
Ta can cé
16
om—1———m>0
33
1
:>m26_ 16
3V3
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. 3
n=——
14

Nhu vay, ta thiét lap duge bat déng thic

2 _
2 < 5x 3z + 12 v < 8
3—x — 14 ~3V3
Sit dung cac bat déng thiic nay lan lugt, ta suy ra ta chi can chiing minh

5Za2b202—32abc§8

cyc cyc

Chitng minh bat ding thiic nay bing cach dimg ki thuat ham 16i. ]

Mé rong tha hai

Déi v6i nhitng bat diing thitc d6i xting, chiing ta cé thé lam nhu cac cach & trén, phan
16n déu gitp ching ta di dén két qui. Nhung déi véi cac bat déng thic hoan vi, lai
chita cian thitc thi moi chuyén lai khong don gidn nhu thé. Chiing ta khong thé thiét
lap nhitng ham s6 trung gian bac nhat hay bac hai roi dya vao ching dé ching minh
bai toan ban dau duge. Tuy nhién, trong mot sd truong hop, ta c6 thé tim cac ham
phan thiic trung gian (trong mot s6 trudng hop, ta ciing c6 thé thiét lap ham bac 2)
dé danh gia cac biéu thiic trong cin nhim gitp ta loai b can thiic, didu nay gitp
ta d& dang hon trong viéc gidi bai toan. Dé thiét lap dudc cac ham phan thic nay,
chiing ta c6é rat nhidu cach, nhung t6t hon hét 13 ta hay di tit bat déng thic dé suy
ra bat ding thic, ching han tit bat déng thic Cauchy Schwarz, ta c6

V22422 >x+y Va,y>0

Nhu vay, ta c6

— )2 N2
1/21‘2_|_2y2_1‘_y: (I y) S (l’ y)
V2r+ 22+ +y ~ 2z +y)

Va nhu vay, ta thiét lap duge bat déng thic

(x —y)?  32% + 22y + 3y?
V2r2 +2y2 <x+y+ =
TR 2(x +y)

Va né da gitp ta gidi duge bai toan rat khé sau
Vi du 1.150 Cho cdc s6 duong x,vy, z. Chitng minh rdng

T,y Lz >\/5+\/?j+ﬁ
VIty Vytz Jrtao V2 '

(Walther Janous)
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Lo1 G1A1. Chil ¥ réng v6i moi z,y > 0, ta ¢

322 + 2zy + 312
= =g T > /222 + 42
2(z +y) = VA v*)
That vay, ta c6

(32% 4+ 22y + 3y*)? — 8(z + )% (2 + ¥*) = (z —y)* > 0

Trd lai bai toan, dit a = /z,b = \/zj, ¢ = y/z. Bat déng thic tré thanh

T DI
cyc CL2 + b2 2 cyc
St dung bat ding thic trén, ta chi can ching minh duge

4a%(a +b)
Sl S A
Czy; 3a2 1 2ab + 3b2 = %C:“

8a?%(a + b)

L e M >
@§[3a2+2ab+3b2 3a+b]—0
(a —b)%*(3b—a)

ARV G JANN
@%;3a2+2ab+3b2 =0

Dat z = z tuong tu. Ta phai chiing minh

Z:x(bfc)2 >0

cyc

3c—b N
302+2bct3c2 V& Ys

Truong hop 1. Néu a > b > ¢, khi d6 ta c6 y > 0. Ta sé chitng minh

a’y + 2% >0

va
r+22>0
That vay, bat ding thiic thit nhat tuwong duong véi
a*(3a —c) 20%(3¢c — b)

3a? 4+ 2ac+3c2  3b% 4 2bc + 3¢2 —

Néu 3c > b, bat ding thiic 1a hién nhién. Néu b > 3¢, ta c6 thé kiém tra dugc day 1a
mot ham nghich bién theo b, do d6

a*(3a — c) 20*(3¢c — b) B a*(3a —c) 2a*(3¢c — a)
3a2 + 2ac+3c2  3b2+2bc+3c2  3a2+2ac+ 3¢ 3a2 + 2ac+ 3¢2
a*(a + 5¢)

3a? 4 2ac + 3¢2 —
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Bat ding thic thit 2 tuong duong véi

3a—c 2(3b—a)

>0
3a2 +2ac+3c?2  3a? 4 2ab+ 302
Day 13 mot ham nghich bién theo ¢ nén
3a—c 2(3b—a) 3a—b 2(3b—a)
>
3a2 +2ac+3c2  3a2+2ab+3b2 T 3a%+2ab+3b2  3a? + 2ab+ 3b2

a+ 5b
3a2 + 2ab + 362 —

Cht ¥ ring

[\

(a=0)?>5(b=0? (a—0) = (a—b)
Neén
23 a(b ) = [2a(b—)® +yla— )] +[yla - ¢)® +22(a — b)’]

> [2x<b oy b= o] + la— b + 250~ b

a’y + 2b%x
= b—z(b_ c)? +(a—b)2(y+22) >0
Truong hgp 2. Néu ¢ > b > a, thi ta c6 =,z > 0. Néu y > 0, bat dang thitc 14 hién
nhién. Néu y < 0, tic 1a ¢ > 3a, xét nhing trudng hop nho sau
i) Néu 2b > ¢ + a, ta s& chitng minh

z(a—b)? +yla—c)* >0

(a—0)2(3Bb—a) (a—c)*Ba—rc) S
3a2 + 2ab+ 3b%2  3a2 + 2ac+ 3c¢2

Day 13 mot ham dong biéns theo b nén

(a—b2Bb—a)  (a=*)"(3-4°~a) _ (a—0)?(a+3c)

3a? +2ab+3b* T 342 4 a(a+c)+3 ((Hz»c)2 ~ 2(19a2 + 10ac + 3c?)

Mat khac

(a —c)*(a+ 3c) (a—c)*(3a—c¢)
2(19a2 + 10ac + 3¢?) ~ 3a? + 2ac + 3¢?

(a —¢)?(3a + ¢)(39a® — 2ac + 3¢?)
2(3a? + 2ac + 3¢?)(19a? + 10ac + 3¢2) —
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=z2(a—b*+yla—c)*>0
= Zx(b—c)Z =x(b—c)? +[2(a—b)?+yla—c)?* >0

cyc
ii) Nbua+c>2bvac>2b—a> (3+2\/§)a, ta sé chiing minh
z+3y>0

3
x+2y_

Bat ding thiic thit nhat tuong duong véi
3b—a 3(3a—c¢)
3a? + 2ab+ 3b%2  3a? + 2ac+ 3¢?

Day 13 mot ham dong bién theo ¢ nén
3a—c S 3a — (2b—a) 4 20 —b
3a? +2ac+3c¢? T 3a®+2a(2b—a) +3(2b—a)?  2(a? — 2ab+ 3b?)
Mzt khac, ta c6
3(2a — b) 3b—a
2(a? —2ab+ 3b%) = 3a? 4 2ab + 3b?
16a® + 13a%b — 6ab? + 9b°

2(a? — 2ab + 3b?)(3a? + 2ab + 3b%) —
Bét ding thic thtt hai tuong duong véi
2(3¢c—b) 3(3a—c¢)
3b2 4 2bc + 3¢ 3a? + 2ac+ 3c¢2 T
Day la mot ham dong bién theo a nén
Néu ¢ > 2b, ta co
2(3¢c—1b) 3(3a—c¢) S 2(3¢—1b) 3(3-0—c¢)
3b%2 + 2bc +3c2  3a2 +2ac+3c2 T 302 +2bc+3c2 3:02+2-0-c+3c2
B 3c¢? — 4bc — 3b?
c(3b% + 2bc + 3¢?) —
Néu 2b > ¢, ta c6
2(3¢c—1b) 3(3a—c¢)
3b% + 2bc+ 3¢ 3a? + 2ac + 3¢?
2(3¢—b) 3[3(2b — ¢) — (]

~ 3b% 4+ 2bc + 3¢ * 3(20 — ¢)2 +2(2b — ¢)c + 3¢
1563 + 44b%c — 13bc? — 6¢° >0
2(3b2 — 2bc + ¢2)(3b2 + 2bc + 3¢%) —
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Tiép theo, st dung bat dang thitc AM-GM, ta c6

(a—c)? = (a—b*+(b—c)?+2(a—0b)(b—rc)
. (a—b)2+(b—c)2+2~\/§(afb)~%(bfc)
< (@bt b +2a— )+ (b
= 3(afb)2+%(bfc)2

Ta c6

3
a0 = (0= 0 (o 5u) + 0= 026 +30) 20
cyc
iii) Néu a + ¢ > 2b va (3 + 2\/§) a>2b—a=a> %, stt dung bat déng thiic Cauchy
Schwarz, ta c6

—b)+ (-

a)? _ xz(c—a)’®

2 2o e
z(c=b)*+z(b—a)* > =

+
+

8 ||~
W= Q‘

Ta can chitng minh

>0
x+z+y

Say+tyz+z2e>0

0)=9) ab’+223 a’be—12) a’b® =3 d’b>0

cyc cyc cyc cyc

Dé& dang kiém tra dugc f(c) 1a ham dong bién, suy ra
f(c) > f(b) = 2b(3a® — a*b + 25ab* — 3b%) > 0.
Bét ding thic duge ching minh. Pang thic x4y ra khi vi chi khi 2 =y = 2.

Nhan xét 16 Chiing ta ciing c6 mot l0i gidi khdc rat hay cia Peter Scholze nhu sau
Dat a = \/z,b = \/y,c = /z va binh phuong 2 vé, ta c6 bit ding thic twong duong

()

| —

>
Za2+52+ Z\/a2+b2 )02+ %)

cyc cyc

St dung bat ding thite sdp xép lai cho 2 day

a’b? b2c? c2a?
<\/a2 +02 VR \/62+a2)
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va
( 1 7 1 , 1 )
VaZz + b2 Vb2 4+ Ve +a?
ta c6 ) )
%;\/a2+b2 N %;\/a2+b2 Va® + 12
a?b?
- a? + b2

cyc

Ta can chitng minh

N —
VR
&

S

IS
N~
N

a* 2a2b?
>
Za2+b2+§a2+b2 -

cyc

2a* 4a%b?
o g+ = (T
cyc cyc cyc
b* 4a%b? ?
a* + a
0T ST > ()
cyc cyc
2

2a°b?
@22& +Za2a+b2—< CL)
cyc

cyc cyc

2
a2+ b2 2a2b?
@Z<\/ \/a2+b2> 2 0.

cyc

hién nhiéen ding.

[
Mot cach khac dé thiét lap ham phan thitc trung gian 1a sit dung bat ding thiic
AM-GM, chéng han ta c6

2(Az + By)\/8z2 +y? _ (Az + By)? + 822 + 32
24/8x% +y2 = < A, B >

Ching ta sé thiét lap mot bat ding thiic c6 dang thic xay ra khi x = y, khi dé ta
phai c6 A+ B = 3. Ngoai ra, dé bat déng thiic nay c6 do chat thi ching ta nén chon
A, B sao cho bat dang thitc nay c6 dang thiic tai 2 diém. Vi ta can diung bat dang
thitc nay dé gidi cac bai toan hoan vi chita can thitc (chi y 1a cac bat dang thiic nay
thuong c6 nhing diém "nhay cam" 1a (z,y,0)) nén t6t hon hét 1a ching ta sé chon
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A, B sao cho bat ding thitc trén c6 dang thiic tai z = 1,y = 0 hosic x = 0,y = 1. Néu
ta chon A, B sao cho bat ding thitc c¢6 ding thiic tai z = 1,y = 0 thi ta c6 A = 2v/2
va B = 3 —2/2, nhitng gié tri nay 18 va sé gay trd ngai cho cac tinh toan clia ta. Néu
ta chon A, B sao cho bat ding thiic tai z = 0,y = 1 thi ta dugc A = 2,B =1 va ta
thiét lap dugce bat ding thiic

VEE TP < (2 +y)* + 8z +y? 6% 4 2wy + o2
= 2(2z + ) 2z +y

Va ta giai duge bai todn sau (ciing rat kho)

Vi du 1.151 Cho cdc 56 khong am a,b, c, khong cé 2 s6 nao dong thai bang 0. Ching
minh rdng

(a+b+c)? > aV/8b + ¢ + b\/8¢ + a2 + ¢\/8a? + b2.
(V6 Quéc Ba Can)

Lot G1A1. Chi ¥ ring

62 + 2bc + ¢2)? 46%(b — ¢)?
—(8b2+c2)—7
(26 + c)? (2640 T
2 2
N 8b2+02§6b + 2bc + ¢ 3o 3bc
2b+c¢ 2b+ ¢

Do dé, ta chi can chiing minh dudc

(Za>2zza(3b+02§f0)

cyc cyc

@3abc2ﬁ+za2—22bczo
cyc

cyc cyc

Sit dung bat dang thiic Cauchy Schwarz, ta c6

ez ya
2b+c¢~ > a
cyc cye

Do d6, ta chi can chting minh

b
Sabe | > =23 be>0
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& Zag + 3abc > Zbc(b—F c).
cyc cyc
Day chinh la bat ding thitc Schur bac 3.
Vay ta c6 dpcm. Déng thiic x4y ra khi va chi khi a = b = c. ]

Doi khi ching ta ciing ¢6 thé bat dau tit viec st dung lien phan sb, ching han xuat
phat tir bat diing thitc hién nhien sau

Vari +y2 <2z +y Vz,y>0

Ta c6

4
Vax? +y? —2x —y - 2y
VA2 + 92 + 2z +y
dxy
202x +y) — ——2Y

VAx2+y2+2z+y

Chéang han, ta sé st dung dang thic

4x
R e A s
J VAz2+y?+2z+y

két hop véi \/4x? + y? < 2z + y, ta thiét lap dudc

4
\/4I2+y2_2z_y = - Y 4
A4z +y2+2z+y

4zy

222 +y) — s

_ 2zy(2z +y)
4x? + 3zy + y?

2xy(2
= V42 +y? < 204+y—— y(2e +y)

4x2 + 3zy + y?
(22 +y)(42” + 2y +y°)
422 + 3zy + 2

Ta giai dugc bai toan sau

Vi du 1.152 Cho cic s6 khong am a, b, ¢, khong cé 2 s6 nao dong thoi bing 0. Chiing
minh rdng

3
Z(a—&-b—l—c)2 > aV/A4b? + ¢ 4+ b\/A + a? + cv/4a? + b2.

(Vo Quéc Ba Can)
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Lo1 G1A1. Chi ¥ réng

(2b + ¢)2(4b? + be + ¢2)? EUTCRE I 4b3¢3
(4b% 4 3bc + ¢2)? (42 + 3bc + ¢2)?
20 + ¢)(4b? + be + ¢2) 2bc(2b + ¢)
VAb? + 2 < ( =2b -
= TS 4b% 4 3be + ¢? e 4b% + 3bc + 2

Do d6, ta chi can chitng minh dudc
2
3 2bc(2b + ¢)
- > 2b -——
H(Ze) 2T i

2b+ ¢
®8abcz4b2+3bc+c2 —I—3Za —62bc>0

cyc

Dé chitng minh bat déng thiic nay, ta chi can chitmg minh dugce

p 402 +3bc+c2 T da

cyc

khi d6, bat dang thitc trén 1a mot hé qua ciia bat ding thiic Schur vi

27Cle Z _6 Z be 2 0

cyc cyc cyc
& Za3 + 3abc > Zbc(b—f—c)
cyc cyc

Do do, tat ca ching ta phai lam bay gid 1a chiing minh

p” 402 +3bc+c? ~ Y a

cyc

@64Za5b + 32Zab5 + 68Za2b4 — 1282@4172 + 602@3193

cyc cyc cyc cyc cyc
+ abe (132 Z a® + 1472 ab® — 243 Z a’b — 396abc> >0
cyc cyc cyc
&4 " ab(16a> — ab+86%)(a —b)* + 4 a®b*(a® — 1lab + 345°)
cyc cyc

+ abe (132 Z a® + 1472 ab® — 243 Z a2b — 396abc> >0

cyc cyc cyc
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@42 ab(16a* — ab + 8b*)(a — b)* + Z a’b*(2a — 11b)* + 15 Z a’b?*

cyc cyc cyc
+ abe (132 > a®+147) ab® — 243 " a’b— 396abc> >0
cyc cyc cyc
Sit dung bat dang thitc AM-GM., ta c6

Z a?b* > abc Z a’b

cyc cyc

va,
1
Z a’v*(2a — 11b)* = 3 Z[agbz(Qa — 116)% + b%c2(2b — 11¢)?]
cyc cyc
> ) ab’c(2a — 11b)(2b — 11¢)
cyc
= abc <121 Z a’b+4 Z ab® — 22 Z a® — 66abc>
cyc cyc cyc

Ta can chitng minh

121Za2b+4zab2 —QQZaB —66abc+15za2b

CyC CyC C’yC Cyc
+132 Z a® + 1472 ab® — 243 Z a?b — 396abe > 0
cyc cyc cyc

& 1IOZa3 + 15lzab2 - 107Za2b — 462abc > 0

cyc cyc cyc

& 107 (Z a® — Za2b> + <3Za3 + 151 Zab2 — 462abc> > 0.

cyc cyc cyc cyc

hién nhién ding theo bat déng thitc AM-GM.
Vay ta c6 dpcm. Déng thiic xay ra khi va chi khi a = b, ¢ = 0 hodc cac hoan vi tuong
ung. [ ]

Vi du 1.153 Cho cic 56 khong am a, b, c, khong cé 2 s6 nao dong thoi bang 0. Chiing
minh ring

a2+b2+02—|—ab+bc—|—ca2a\/3b2+02+b\/362+a2+0\/3a2+b2.
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Lo1 G1A1. Chi ¥ réng
(20% + be + ¢2)? a2 b (b —c)? >0
(b+c)? (b+c)* —

202 + b 2 2b
:>«/3b2+02§$:2b+c— c
b+c b+c

Ta can chitng minh

ZaerZabZ Za<2b+c ij)_CC>

cyc cyc cyc

1 2
®2abczm +Za —2Zab2 0
cyc cyc cyc
Sit dung bat ding thitc Cauchy Schwarz, ta c6
PO\, v
b+c ™ 2> a
cyc cye

Ta can ching minh

c%c a cyce cyce
& Za?’ + 3abc > Zbc(b—i— c).
cyc cyc

hién nhién ding vi day chinh la bat déng thitc Schur bac 3.
Vay ta c6 dpem. Déng thiic x4y ra khi va chi khi a = b = c. ]

Nhan xét 17 Mot cich tong qudt, ta cé két qud sau vdi moi k> 0

vk +1
2

(a® + b + c* + ab + be + ca) > avV/kb? + 2 + by ke + a2 + e/ ka? + b2

(Vo Quéc Ba Can, Vasile Cirtoaje)
That vay, s dung bat ding thite Cauchy Schwarz, ta cé

(Zam>2 < <Z a> [Z a(kb® + %)

cyc cyc cyc
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Tu day, ta thay bat dang thic trén duge swy ra tw 2 bat ding thite sau

(Seesa) = o2 (5)
(Seexa) = oz (S)

Ta sé chiing minh bat ddng thitc that nhat, bat ding thic thic 2 duge ching minh
tuong tw. Ta cé bat dang thic tuong duong

Za4 — Za2b2 +22ab3 — QZa?’b >0
cyc cyc cyc cyc

Gid st ¢ = min{a,b,c}, dit a = c+ x,b = c+y vdi x,y > 0 thi bt ding thic nay
trd thanh

4(2* = zy +y°) S + 4z(z — y)* + y’le+ (2% — zy — y*)* > 0.

Bdt ding thite nay hién nhién ding nén ta cé dpem.
Chiing ta c6 két qud tong quat cia bat dang thite

(Sexe) =1(2¢) (£)

la
[(g+7m)a+ (r+p)b+ (p+q)c)* > 4(p + ¢ + 7)(pbc + qca + rab)

vdip,q,r la cic s6 khong am va a,b, ¢ la cdc so thue tuy 4. Ching minh bat ding thite
nay nhu sau
Gid st a = max{a,b,c}, khi dé ta cé

[(g+7)a+ (r+p)b+ (p+q)c]* — 4(p + g+ 7)(pbc + gca + rab)
= [(g=r)a+ (r+p)b— (p+q)c)* +4gr(a—b)(a—c) >0

Cho a,b,c>0 vap=>bFg=cF r=a" tadusc

lz a*(a +b) 2 >4 (; ak> (zy: akﬂb)

cyc
Vdi k =1, ta thu dugc bat dang thic & trén.
Vai k = —1, ta dugc

b 1 1 1
2ifi 432 (arbto (=1 4+2).
a b ¢ a b ¢
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Vi du 1.154 Cho cdc 56 khong am a, b, c, khong cé 2 so6 nao dong thai bang 0. Chaing
minh rdng

\/ a3 \/ b3 +\/ c3 o Vat Vbt e

a2+ab+b2+ b2 + be + ¢? 2+eca+a®~ V3

(Lé Trung Kién)

HUONG DAN. Sit dung bat ding thic AM-GM, ta c6

2\/3(w4+z2y2+y4) = 2\/(z2+zy+y2) -3(z2 — zy + y?)
(2® + 2y +y°) + 3(a® — 2y +y°)
= 2(22% —zy + 2¢%)

IN

va ta thiét lap duge bat déng thic

222 — xy + 2% > /3(zt + 222 + ).

1.6 Céac dang tong binh phuong

Ky thuat nay dua trén mot két qua hién nhien ctia bat ding thic la 22 > 0 Vo € R,
né c6 thé gitp ta gidi duge nhitng bai toan ma néu ding ky thuat thong thudng thi
rat khé (thong thudng day 1a cic bat ding thitc bac 4). Ching ta c6 dinh 1y sau

Dinh 1y 1.6 X¢ét bit ding thic sau vdi cic bién thuc a,b,c
mZa4+nZa2b2+pZa3b+gZab3 - (m+n+p+g)2a2bcz 0
cyc cyc cyc cyc cyc

m >0

khi dé bat dang thic nay ding néu { Sm(m +n) > p? +pg+g® -

CHUNG MINH. Viét lai bat déng thiic nhu sau

m (Z at — Za2b2> + (m+n) (Z a?b? — Za%c) +p (Z a’b — Zcﬂbc)

cyc cyc cyc cyc cyc cyc
+g ( g ab® — g a2bc> >0
cyc cyc

Chi y ring

Za“*Zasz:%Z(a“bQ)Q

cyc cyc cyc
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Zagb—Zach = Zb3c—2a2bc=Zbc(a2—b2)

cyc cyc cyc cyc cyc
1
= —Czy;bc(az—bQ)—l—g(ab—&—bc—kca)Z(aQ—b2)

cyc

- %Z (a® — b*)(ab + ac — 2bc)

cyc

Z ab® — Z a’bc = anS - ZabQC = an(a2 —b?)

cyc cyc cyc cyc cyc
1
= %C:ca(a2 —b?) — g(ab—kbc—l—ca)Z(aQ—bQ)

cyc

= —% Z (a? — b*)(ab + be — 2ca)

cyc

Do d6, bat déng thiic trén tuong duong véi

S @ =) 4 5 3 (0 ) g)ab— (2p+ g)be + (p+ 2g)ca)

cyc cyc

+(m 4+ n) (Z a’b? — Za%c) >0

cyc cyc

Mat khac

1
a’b? — atbe= — p—g)ab— (2p + g)be + (p + 2g)cal?
S = Y e = gy 20— 9~ (ot et (0 20

cyc

Bat ding thic dugc viét lai thanh

S @ =8 4+ 2 3 (@~ )(p — g)ab— (2p -+ g)be + (p+ 2g)ea]

cyc cyc
m+n 9
e p—g)ab— (2p+ g)bc+ (p+ 2g)cal” > 0
S0 1oy %) 2 (0~ 9)ab— (0 + g)be + (0 + 29l

cyc

1
&m [3m(a® — b?) + (p — g)ab — (2p + g)be + (p + 2g)ca)?
cyc
I3m(m +n —p2_pg_92
(18m(p2 +pg+9?) [(p — g)ab — (2p + g)be + (p + 2g)cal® >0

cyc
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Tu day, ta c6 thé dé& dang kiém tra dudc véi { ?m?n?—i— n) > p? + pg+ g° thi bat
dang thiic trén hién nhién ding. Dinh Iy dugc ching minh. |

Vi du 1.155 Cho cdc s6 thuc a,b,c. Ching minh ring
(a® +b* +c*)? > 3(a®b + b3c + a).
(Vasile Cirtoage)

LO1 GIAL Bat déng thitc tuong duong

Za4+22a2b2—2a3b20

eye eye eye
T day, ta dugcm=1>0,n=2,p=-3,9g =0, tacod
3m(m+n)—p>—pg—g>=3-1-(1+2) = (=32 —(-3)-0—-0%=0.
Do dé, theo dinh 1y ciia ta, bat ding thic dugc ching minh. ]
Vi du 1.156 Cho cdc s6 thuc a, b, c. Chiing minh ring
a* + bt 4t + (\/§ - 1) abe(a+ b+ c) > V3(a®b + bPc + a).

(Vo Quéc Ba Can)

LOI GIAL Tacom=1>0,n=0,p=—3,9 =0 va
2
3m(m+n) —p®> —pg—g>=3-1-(140) — (—\/3) - (_\/§) 0-0%=0.
Do dé béat ding thic can ching minh ding. [
Vi du 1.157 Cho cdc s6 thuc a,b,c. Ching minh ring
7(a* +b* + ) +10(a®b + bPc + 3a) > 0.

(Pham Van Thuan)

LO1 GIAL Ta sé chitng minh két qua manh hon 13

4
7Za4+102a?’b2 ;—Z <Za>

cyc cyc cyc

©86) a' =51 a’®+101) a®b—34) ab®—102) a’bc >0

cyc cyc cyc cyc cyc
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m=286 >0

n = —>51
=\ p=101

g=—34

Mat khac, ta co
3m(m+n)—p>—pg—g? =3-86-(86—51) — 1012 — 101 - (—34) — (—34)%> = 1107 > 0.
Bét ding thitc duge chiing minh. [

Vi du 1.158 Cho cdc s6 thuc a,b, c théa man abc = 1. Chitng minh ring

1 1 1
< 3.
a2—a+1+b2—b+1+c2—c+1 -

(Vi Dinh Quy)

LOI GIAL Do abe = 1 nén ton tai cac s6 z,y, 2 sao cho a = £,b= 2, c = £ bat déng

thic tré thanh )

L
a2 —xy+y?

cyc

32
~ - <9
zﬂ_w+y

cyc

72
& 4—— | >
> m)
o Z (=297 4
z? —xy +y?
Stt dung bat ding thitc Cauchy Schwarz, ta c6
) (z — 2y)?

Ta can ching minh

[Z (@ — 22/)2] >3Y (¢ —2y)° (@ —zy+y°)

cyc cyc

@102x4+392x2y27252x3y7162xy3782x2y220

cyc cyc cyc cyc cyc

[Z (z— 2y)21 2

cyc

lZ(ﬂ?—Zy) (2* —zy +4°)

cyc
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T day, ta dugc m =10 > 0,n =39, p = —25,9 = —16 va

3m(m+n)—p? —pg—g* = 3-10-(104+39) — (—25)* — (—25)-(—=16) — (—16)* = 189 > 0.
Bat ding thitc duge chitng minh. [
Vi du 1.159 Cho cdc s6 thuc a,b,c. Ching minh ring

(b+c—a)? (c+a—b)? (a+0b—c)?
a2+ (b+c)?2 b2+ (c+a)? A+ (a+b)?

3
> —.
-5
(Japan MO 1997)
LO1 GIAL Dt t =b+c—a,y =c+a— b,z = a+ b — ¢, bat dang thitc trd thanh

Z 4$2 >§
(y+2)2+Q2e+y+2)? 5

) P
22+ (z+y+2)? 5

Sit dung bat ding thitc Cauchy Schwarz, ta ¢6

2
. ()
Z $2 + (

>
zty+2)? T Ltz + (2 +y+ 2)°]

cyc

cyc

Ta can ching minh

2
10 (Zx2> >3y [ + (z+y+2)7)

cyc cyc

©4Zx4+142x2y2—GZxBy—Gny?’—&nyzZmZO

cye eye eyc eye cyc
Tu day, tacom=4>0,n=14,p = —6,9 = —6 va
3m(m+n)—p?>—pg—g>=3-4-(4+14) — (=6)* — (=6) - (—=6) — (—6)> = 108 > 0.
Bét ding thitc dugc chitng minh. Dang thitc x4y ra khi va chi khia = b = c. ]
Vi du 1.160 Cho cdc s6 thuc a,b,c. Chitng minh ring

(2a +b+c)? (2b+c+a)? (2c+a+b)? <3
2624+ (b+c¢)? 202+ (c+a)? 22+ (a+0b)? ~

(USA MO 2003)
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Lo1 GIAL Bat ding thitc tuong duong

2[3 (2a+b+c)2} 51

p” " 202+ (b+c)?

@Z (b+c—a)? >

1

202+ (b+¢)2 ~ 2
cyc
Ditz=b4+c—a,y=c+a—b,z=a+b—c, khi d6 bat ding thiic trd thanh

.132

1
> —
Z2(y+z)2+ -8

2z +y+2)

St dung bat ding thitc Cauchy Schwarz, ta c6

; =)
Z 2y + 2)2 +

@ty 127 - S@Ry P T (2t yt o)

Ta can chiing minh

2
8 (Z $2> > ZazZ[Q(y +2)2 4 2z +y+ 2)%

cyc cyc

(:>2Zx4+52x2y2—QZxSy—Qny?’—?)xysz20
cyc cyc cyc cyc
Tu day,tacom=2>0,n=5p=-2,g=—-2va

cyc

3mm4n)—p? —pg—g>=3-2-(24+5) — (=2)? = (=2)- (-2) — (=2)2 =30 > 0.

Bét ding thitc duge chitng minh. Dang thitc xay ra khi va chi khia =b = c. ]
Vi du 1.161 Cho cdic 56 a,b,c > 0,a + b+ c = 1. Chiing minh ring

a n b + c < 3
Vida+502  VAb+5¢2  Vic+5a2 T VIT

(Vo Quéc Ba Can)
LOI GIAL Sit dung bat dang thitc Cauchy Schwarz,

2
a a a
Svw) = () Foiw)-Sotw

cyc
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nén ta chi can chiing minh

Lai theo bat ding thitc Cauchy Schwarz, ta c6

) (=)

b2
§4a+5b2>2b2(4a+5b2)4< )( )

+5> a*

cyc

cyce Stal | > ab?

cyc cyc

Ta can chitng minh

17 (Za2>2 > 12 (Za) <Zab2> +15) a*

cyc cyc cyce cyce
@Za4+112a2b2 —6Zab3—62a2b020
cye cyc cyc cyc
Tu day,
m=1>0
3m(m+n)—p*—pg—9g>=3-1-(1+11)—0%>-0-(=6) — (=6)2 =0

nén bat déng thic trén dung. Déng thic xdy rakhia =b=c = % ]
Vi du 1.162 Cho cdc s6 thuc a,b,c. Ching minh ring
at + 01+t +aPb+ bic+ Pa > 2(a3b + b3 + Pa).
(Vasile Cirtoaje)

Vi du 1.163 Cho cdc s6 thuc a,b,c. Chitng minh rdng
ala+b)> +bb+c)® +c(c+a)® > %(a +b+c)t.
(Pham Vin Thugn, Vo Quéc Ba Can)
Vi du 1.164 Cho cdc s6 thuc a,b, c. Chitng minh ring

1
at + 0t et + g(ab +be + ca)? > 2(a®b + bPc + cBa).

(Pham Kim Hung)
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1.7 Ham 16i, ham bac nhat

Ham 16i c6 nhitng tinh chat rat dic biet ma c6 thé gitp ching ta giai toan mot cach
higu qua. Duéi day 1& mot sd tinh chat ma chiing t6i cho 1a can thiét va phlt hop véi
chuong trinh toan THPT

Dinh 1y 1.7 Néu f(x) 1oi trén [a,b] thi

f(z) < max{f(a), f(b)}
Néu f(x) lém trén [a,b] thy

f(z) =z min{f(a), f(0)}.

Tinh chat nay duge suy ra tit dinh nghia ctia ham 16i. Tt tinh chat nay, ta suy ra dé
chitng minh mot bat déng thitc

f(.l?l,l‘g, ,xn) S K

Véi f(z1,22,...,my,) 101 trén [a,b] cho ting bién z1,2a, ..., T, VA 21,2, ..., T, € [a,b)],
ta chi can xét bat ding thitc tai

xl::JIk:a B
{Ik+1:-.._xn:b (k—O,l,n)

Tuong tu néu f(z) 1a ham 16m.

Dinh 1y 1.8 Néu f(x) la ham loi va khd vi cap 2 trén khodng I thi
f@) = fy)+ -y Yoyel

Néu f(x) la ham lom va khd vi cap 2 trén khodng I thi

flx) < fly)+ f'(y)(x—y) Vao,yel

Tinh chét nay ta c6 thé ching minh dé& dang bing dinh 1y Lagrange. Tinh chét 2
duge ding dé ching minh cac bat dang thitc dang

fle) + flz2) + -+ f@n) = fly) + fly2) + -+ f(yn)
két hop véi k¥ thuat nhéom Abel, hoiic cac bat ding thitc dang

myf(z1) +maf(z2) + -+ muf(wn) > mif(yr) +maf(y2) +- -+ mnf(yn)

trong do ta c6

mlfl<y1) :m2f/(y2) :"':mnfl(yn)
T1+To+- -+ xpn=y1+y2+- -+ Yn

Tt tinh chat thi hai, ching ta suy ra dugc hé qua sau
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Hé qua 1.6 Néu f(x) 10i va khd vi cap 2 trén khodng I thi véi moi x,y,z € I théa
r>y>z ta co

f@)+f(2) > fly) + fla+2—y)

Néu f(x) lom va khd vi cap 2 trén khodng I thi vdi moi x,y,z € I théa x >y > z, ta
co

f@)+ =) < f)+ flz+z2-y).
CHUNG MINH. Ta s& ching minh két qud nay trong trudng hgp f(z) 1a ham 16i

(truong hgp ham 16m ching minh tuong tu).
Néu y > x + z — y, theo tinh chét 2, ta c¢6

f@) > fly) + f(y)(z—y)

f@tz—y +fllet+z-yl—(z+z-y)
= flet+z—y)—fz+z-y)(z—-y)

~
—~
X
Y

f)+fla+z—y) +[f'(y) - flz+z-ylz—-y)
fly) + fla+z-y)

= f(z) + f(2)

>
>

Néu z + z — y > y, theo tinh chét 2, ta c6

fl) > flet+z-—y+fla+z-yl—(z+z-y)
= fl@tz-—y)+fle+z-y(y—2)
f2) = fly)+ )z —y)
= f@)+f(z) > f+flatz—y)+[fe+z-y) - FWly-2)
> fy)+fla+z-y)
Hé qua cia ta dugc chiing minh xong. ]

C6 thé thay nhiing tinh chat nay duge phat biéu rat don gian va nhe nhang, nhung
tng dung clia chiing thi lai rat 16n. Ching ta xét 1 vai vi du

Vi du 1.165 Cho cic s6 a,b,c € [1,2]. Chiing minh ring
a® + b + ¢ < babe.

(Todn hoc tudi tré)
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LOT GIAL Xét P(a,b,c) = a® + b + ¢ — babe, r6 rang P(a,b, c) 1a ham 16i lan lugt
theo cac bién a, b, ¢, do dé ta chi can xét cac trudng hop sau 1a du

Truong hop 1. a =b=c=2, ta cd P(a,b,c) = —16 <0.

Truong hop 2. a =1,b=c =2, ta c6 P(a,b,c) = -3 < 0.

Truong hop 8. a =b=1,¢ =2, ta c6 P(a,b,c) = 0.

Truong hop 4. a =b=c=1, ta c6 P(a,b,c) = -2 < 0.

Do d6 bat dang thiic can chiing minh ding. Dang thitc xdy ra khi a = b = 1,¢ = 2
va cac hoan vi. [ |

k
Vi du 1.166 Cho ddy duong x1,Ts,...,x, théa > x; > Vk Yk = 1,2,...,n. Chiing
minh rdng

1 1 1
2 24 ... 2 s (142442,
a3 + 23 + +xn_4<+2+ + -

(Titu Andreescu)
LO1 GIAL R6 rang ham s f(x) = 22 1a ham 16i, nén theo tinh chit 2, ta c6
f > (Vim Vim 1)+ (Vi- Vi 1) o= (Vi-vi=1)] ¥i=1,2,..n
Do dé

;x (1 (Vi vimi) + 1 (Vi- vi=1) [ = (Vi- vi=1)]]

'M@

&
Il
-

[
M:

(w F)+Zf(w Vie1) o= (Vi- vi=1)]

.
Il

St dung ky thuat nhém Abel, ta co

(e (]

ﬂM:
I,

= S (i) - (T )] e - S (Vi Vi)

Jj=1 Jj=

F (Vi - V=) [Zx i ﬁ\/ﬁ)]

<
~
,_.

<.
Il
_
_

= S i) - (T )] [ - i

i=1 j=1

(e

S
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DoVi—+Vi—1>i+1—+iVi=1,2,...nva f(x) 15i nén ta c6

n—1

(=) =y (T )] (=) 20

=1

T day, ta co

St s 3 (Vi) = 3 (Vi Vi) - 3 S

1]
=
V

, . 43
=1 i=1 i=1
z": (Vitvi—1)’ (Vi—vi—1)’ _12"21
; 4i 4=
i=1 i=1
Bét ding thic duge ching minh xong. [

Vi du 1.167 Cho cdc s6 khong am a, b, c, khong cé 2 sb6 nao dong thoi bang 0. Chiing
minh rdng

3(a+b+c)22(\/a2+bc+ \/b2+ca+\/c2+ab).
(Pham Kim Hung)

LO1 GIAL Néu abc = 0, gid st ¢ = 0 thi dé thay bat ding thiic hién nhién ding. Néu
abc > 0, ta chudn hoéa cho abc = 1 vi gid st @ > b > ¢, khi d6 d6 ton tai céc sb thuc
x>y > zsao choa=e* b=eY c=e* thda z +y+ 2z = 0, bat dang thitc trd thanh
f@)+ f(y) + f(z) > 0 véi f(t) = 3e! —2v/et + et Ta co

., 663t/2(e3t 4 1)3/2 — 4e8t — 143t — 1
7@t = 2e2t(e2t _|_€7t)3/2

() =0 e 6e3/2(e3 +1)%/2 = 4€% + 14€% + 1
& 363 (3 +1)% = (4e% + 143" +1)2
< 36(e3 +1)% = (44 14e™3 4 7612
S36(u+1)° =@+ lu+u?)? (u=e3">0)
& g(u) = u* — 9u® + 96u* +4u —20 =0

R6 rang g(u) 1a ham dong bién, lai ¢6 g(0) = —20 < 0,g(1) = 73 > 0, nén ton tai duy
nhat ug € (0,1) théa man g(ug) = 0, suy ra f7(t) c6 ding mot nghiem ¢y, tur day dé
thay f(t) 16i tren [tg, +00) va 16m trén (—oo, to).

Truong hop 1. Néu y > to, khi d6 st dung bat déng thiic Jensen, ta cé

)+ ) 2 21 (T3
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Ta can chitng minh

2f($;y)+f@>>0

@6\/@—1—3024\/@—1—0\/@4—2\/02—1—%
2
= (6\/@—1—30)2 > (4\/ab—|—cx/%+2\/c2 —l—ab)

& 15ab + 20cv/ab + 5c2 > 16\/ (ab n cx/%) (c2 + ab)

@8(\/ab+cx/c7—\/62+ab>2+30(4\/%—c) >0

Bét ding thitc cudi hién nhién dang do Vab > c.
Truong hop 2. Néu tg >y, khi d6 ta c6 tg > y > y + 2 — tg nén theo hé qua clia ta

f)+ f(z) =2 fto) + f(y + 2 —to)
Mait khéc, theo bat ding thiic Jensen thi

f(@) + f(to) = 2f <f“;t0>

Nén ta chi can chitng minh

%(m+“)+f@+z—m)zo

2

Day chinh 1 truong hgp 1 ma ta da xét & trén. Bai toan dugc giai quyét xong. Ding
thitc x3y ra khi va chi khi 2 trong 3 s6 bing nhau, sé con lai biang 0. [

Vi du 1.168 Cho cdc s6 khong am a,b, c,d théa man a+ b+ c+d = 4. Chitng minh

rdng
1 1 1 1 4

< —.
18— 1labe 48— 1lbed T 48— 1lcda T 48 — 1ldab = 37

(V6 Quéc Bd Cin)

2 2
= >qg> z = =
LOTGIAL Diit & = ab,y = cd, z = a+b,t = c+d = { } 2220 g g-rea b
2y=>0 T=ysc=d
Bat ding thic tuong duong
96 — 11xt 96 — 11yz
f(xa y) = 2 + 2
2304 — 528zt 4+ 121x%y 2304 — 528yz + 121xy
B R T 96 — 11y2
T A8 llwc @ 48— llwd ' 2304 — 528yz + 121zy?
1 1 96 — 11xt 4
= + + < %
48 — 11ya 48 — 11yb 2304 — 528zt + 121z2y — 37
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C6 thé kiém tra duge f(z,y) la ham 16i cho timg bién x,y, ching han

o) = 242 24242 2(96 — 11y2)
Y T 48 — 11ze)® T (48 — 1lzd)® | (2304 — 528yz + 121ay2) =
2 2
zg = fL" tz = y
Do dé, ta chi can xét cac truong hgp sau la da | 4 :Ox’to =0 . C6 thé thay viec
rT=U T =Y
r=y=0

xét cac truong hop nay tuong duong véi viec xét cac truong hop dudi day
Truong hop 1. a = ¢ = 0, bat dang thic tré thanh & < 5%
Truong hop 2. a = b, c = 0, bat déng thtic tré thanh

1 1 4

[
16+48—11abd - 37

St dung bat dang thitc AM-GM, ta cé

I S DA R
16 48 — 1labd — 16 48 — 11 (a+g+d)3 a7

Truong hop 8. a =b,c = d = ¢ = 2 — a, bat dang thitc trd thanh
2 2 < 4
1—a?c 1—ac? — 37

Thay ¢ = 2 — a vho va thu gon, ta c6 bat ding thitc tuong duong

44(a — 1)%(48 — 22a — 33a? + 44a® — 11a*) <0
37(48 — 22a% 4 11a?)(48 — 44a + 44a? — 11a3) —

Bét déng thiic nay hién nhieén ding do a < 2. Ta c6 dpcm. Déng thic xay ra khi
a=0b=c=d =1 hodc ba trong bon s6 a,b, c,d béng 3, s con lai bing 0. [

Vi du 1.169 Cho cdc s6 duong a,b,c théda man a +b+c = 3. Tvm gid tri nhé nhait
ctia biéu thic
P =a®+ 2% + 3¢°.
LO1 GIAL R& rang ham f(z) = 2® 14 ham 151, do d6
fla) = f(A) + f(A)(a — A)

f(b) > f(B)+ f'(B)(b— B)
fle) = f(C) + f(O) (e —C)
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= P > f(A) +2f(B) +3f(C) + f'(A)(a — A) + 2f'(B)(b - B) + 3f'(C)(c - C)

Y tudng cta ta la chon céc sé duong A, B, C sao cho {
Khi do, ta sé co

P> f(A)+2f(B) +3f(C)
Nhu vay, viéc cua ta con lai chi 1a giai hé phuong trinh {
Heé nay rat dé gidi nén xin duge danh cho cac ban. [ |
Vi du 1.170 Cho cdc s6 duong a1, as, ..., a,. Chitng minh rdang

(a1 +as +---+an)?

(n—1)n1
(@2 +1)(a2+1) - (a2 +1) :

nn—2

<

(Vasile Cirtoaje)

Lo1 GIAL B6 dé. Cho f la mot ham lom trén [a,b], khi d6 vdi moi x1, T, ..., T, € [a, D]
théa man ©1 +xo+ -+, — (n—1)a < b ta cé

F(o0)+ f(m2) + oo+ f(on) = (n— D) f(@)+ f (01 + 3+ + 50 — (0 — 1)a)
CHUNG MINH. Ta sé chiing minh bing quy nap theo n. Néu n = 1, bat ding thiic 1a
hién nhién. Giéa st khang dinh dang véi n, ta sé chiing minh né6 cting dang véi n + 1.
That vay, gid st £,41 = max {1, Tp, ..., Tni1}, Khi d6 theo gid thiét quy nap, ta c6

f@) + f@2) +- -+ flzn) > (n=1)f(a) + f (21 + 22+ + 2 — (n— 1)a)
Ta can chitng minh
f@ps)+fl@mrt+za+--+z,—(n—1a) > fla)+ f(zx1 +22+ -+ Tpt1 — na)
Ta c6

b>x1+xe+ - +app1—na>x+ze+-+ax,—(n—1a>a
Nén theo hé qua cua ta
f@np) +f(rtae+-+an—(n—1)a) 2 fla)+ f(z1 + 22+ -+ Tny1 — na).

Bé& dé dugc ching minh.
Trd lai bai toan clia ta, bat déng thic da cho tuong duong véi

n

Zf(ai) >2In (Zal) +(n—2)lnn—(n—1)In(n —1)

i=1 i=
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véi f(z) = In(1+ 2?). Ta c6
2(1 —2?%)

[ (z) = (14 x2)2

nén f(x) 16i trén (0,1] va 16m trén [1,+00). Khong mat tinh téng quat, gia st a, >
@p_1 > -+ > ay. Néu ton tai m sao cho a,, > 1, khi d6 goi k 14 chi s6 nhé nhét sao
choap >1,tacoday > an_1>--->ap>1>a,_1>--->a;. Theo b dé tren, ta
co

flar) + flappr) + -+ flan) = (n = K) (1) + flar + arpa + - +an — (0 — k)

Nén ta chi can chiing minh bat ding thitc da cho trong truong hop 1 > a1 > - > aq,
khi d6 theo bat ding thiic Jensen, ta c6

flar) + flag) + -+ flan_1) > nf (a1+a2+...+an1>

n

Va tit day, ta suy ra dugc ta chi can chitng minh bat dang thic khi a; = as = - - - =
ap_1 = x, tic la

(TL _ 1)n71

— @+ )" ey + 1) > (0~ D+ an)

Sit dung bat dang thitc AM-GM, ta cé

n—1
1 n—2

— 1222 4+1]- .
[(n =1 +1] - = 1

n"?[(n —1)%2? + 1]

(n _ 1)71—1(:62 + 1)n—1

Y

Lai c6
[(n—1)%22 +1](a® +1) > [(n — Dz + a,)*.

Nen bét déng thitc can ching minh ding. Dng thic xay ra khi vi chi khi a1 = as =
e =ay = 1. [ ]

Vi du 1.171 Cho x,y, z € [0,1]. Tim gid trj ldn nhit cia biéu thic
P =22+ +2°) — 2y — y*z — 2%m.
Vi du 1.172 Cho cdc s6 khong am a,b,c,d théa man a+b+c+d = 4. Chitng minh
rang
abc + bed 4 eda + dab + a?b?c? + b22d? + 2d?a® + d?a?h? < 8.
(Phan Thanh Nam)
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Vi du 1.173 Cho tam gidc nhon ABC. Ching minh ring

cosé—i—cosg—i—cosg>i 1+sinésin§sing
2 2 2 7 V3 2 2 2/

(Jack Garfunkel)

Vi du 1.174 Cho cdc s6 duong a,b, c théa man a+3b+4c = 1. Tim gid tri lon nhadt
cla biéu thic
P=Ya+4Vb+ e
Vidu 1.175 Cho tam gidc nhon ABC. Tim gid tri nhé nhat cia biéu thic
P=tanA+2tan B + 5tanC.
(VMEO 2005)

Vidu 1.176 Cho cdc s6 duong a,b,c théa man 21ab + 2bc + 8ca < 12. Tim gid tri

nhé nhdt cia biéu thic
1 2 3
P=—-+54=
a b ¢

(Vietnam TST 2001)

k k
Vi du 1.177 Cho day duong a1, as, ..., an théaman > a; < > i(i+1) VE=1,2,...,n.
i=1 i=1
Chatng minh rdng

(Todn hoc tudi tré)

Vidu 1.178 Cho cdc s6 duong a1, as, ...,a,. Ching minh ring

ar+az+- - +ay <(2n71)”7%
(@i +1)(a3+1)---(az +1) = 2mnn~!

(Vasile Cirtoaje)

Tiép theo, ta sé di dén mot tinh chit co ban clia ham tuyén tinh bac nhét, dé la
moi ham bac nhat déu don dieu. Y nghia ctia diéu nay 1a gi? Ching ta hiy xét mot
trudng hop cu thé, xét ham f(z) = ax + b v6i = € [¢,d], néu a > 0, thi 16 rang f(z)
1a ham dong bién, do d6 f(c) < f(x) < f(d). Néu a < 0 thi f(z) 1a ham nghich bién,
cho nén f(d) < f(z) < f(c). Nhu vay, ta duge

Dinh 1y 1.9 Cho ham f(z) = az + b (vdi a,b la cdc so thuc tuy 4), khi dé vdi moi
x € [e,d], ta co

min {f(c), f(d)} < f(z) < max{f(c), f(d)} .
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Tinh chit nay rat don gidn nhung lai kh4 higu qué trong viéc gidi toan. N6 gitip ta
thu gon khoang xét tit[c, d] dén viec xét 2 diém cyc bien 1a z = ¢ vz = d.

Vi du 1.179 Cho cic s6 khong am x,y, z théa man x +y+ z = 1. Chiing minh ring
15 1
3., .3, .3
- > 2.
>ty +2°+ 4xyz_4

Lo1 GIAL Bién ddi bat déng thic vé dang tuong duong

Dé thay day 1a mot ham bac nhat theo yz, hon nita dé thay

2
()
4
N . 3 . 2 2
Duya trén dinh ly trén, ta chi can xét bat dang thic tai yz = % = % va

yz = 0 la da. Ta co

—x 2
)= 102220, ] ((14>) - 20

Nen bat ding thic can ching minh hién nhién ding. [
Vi du 1.180 Cho cdc s6 khong am x,y, z théa man x +y -+ z = 1. Chiing minh ring
7
zy +yz + zx — 2zyz < o7

Vi du 1.181 Cho cdc s6 khong am a,b, c,d. Chiing minh rding

a n / b n c n / d <i
a+b+c b+c+d c+d+a d+a+b~ /3

(Pham Van Thuan)

Vi du 1.182 Cho cdc s6 khong am a,b, ¢ théa man a + b+ c = 1. Ching minh ring

a n b n c
1+bc 1+ca 1+ab

> 2
— 10
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1.8 Quy nap

Quy nap 13 mot trong nhing ky thuat rat hay ctia bat ding thic. Y tudng rat don
gian nhu sau, dé ching minh mot bat diing thitc cho n bién, chiing ta sé chitng minh
bat déng thitc cho mot truong hop cu thé, roi gid dinh ring né ding trong trudng
hop n = k, khi d6 ta sé chiing minh né daung cho n = k + 1, dya trén co s6 nay ching
ta c6 két luan né ding v6i moi n.

Vi du 1.183 Cho cic s6 duong x1,x2, ...,z >0 (n > 3). Chiing minh rang

n 2

"L’.
E :271 <n-—1
= Ti + X 12542

trong dé Tp41 = T1,Tni2 = Ta.

LO1 GIAL Trude hét, ta sé chiing minh bat ding thitc ding khi n = 3, that vay, ta

can chitng minh
2

X
2y S?

cyc

Yz
=4 >1
ZE: m2-+-yz -

cyc

Stt dung bat ding thitc Cauchy Schwarz, ta c6

2
Yz Yz cyc
> >
Zx2+yz - Z:2x2—+—yz T > yz(222 + y2)

cyc cyc cye

Tiép theo, ta gia sit bat ding thiic ding khi n = k (k > 3), ta sé chitng minh né ciing

ding khi n = k + 1, tiic 1a
k+1 2

m.
§ (272 <k
TP T Tit1Tiv2

Gia st o1 = max {x1, T2, ..., Tps1} - St dung gid thiét quy nap, ta c6

k
3 3
T T Tiv1Tiv2

Nén dé chitng minh bat ding thiic trén, ta chi can ching minh

2 2 2 2 2
Lr41 Ty, Ty _q Ty, Ti_1q

2 2 2 T2 2 <1
Thoiq + x122 Ty, + Tp4+1T1 Ti_q T TkTr41 T + T122 Ti_q T TrT1
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2
T 1 1
<1 i o >+mi<2 a2 )
Thiq + x120 T, + 122 Tj, + Tp4+1T1

1 1
+1:ﬁ_1 ( 5 - = ) >0
Ti_q T TrTy Ti_q + TkTr41

T172 2271 (Thy1 — T2) ry_ 12k (Thyr — 21) LY
i toiwy (2} o) (@) 4 ohz) (97 Faem) (@ F TeTea) T

Bét ding thitc cudi hién nhien dang. T day ta c6 dpcm. [

Vi du 1.184 Cho cdc s6 duong a1, as, ...,a, théa méan aias - - - a, = 1. Chitng minh
rang
1 1 1

n—1+a1+n—1+a2+”.+n—1+an_

(Vasile Cirtoaje)
Lo1 GIAL Ta ching minh két qui téng quéat hon

1 1

my, + ay my, + a2 My + ap

Véi n = 1 thi bat déing thitc hién nhién ding. Gia sit bat déng thitc ding véi n = k,
khi d6 ta sé ching minh bét ding thic cling ding cho n = k + 1. That vay, gia s
ap1 = max{ay, ag,...,ap41} = b= Yaray - -ap < 1. Dat by = 9 Vi=1,2,... .k =
biby -+ by, = 1. Chuy la m’z“ > mgy1 > n > n— 1 nén theo gia thiét quy nap, ta c6
1 1 1
M1+ a1 Mpt1 + a2 Mpt+1 + Ak

[ A S S S
b DAL £ by TR by DL+ by,
k k

< - =
b (Llifl + 1) Mp4+1 + b

Do dé6 ta chi can chitng minh

k 1 < n
M1 +b  Mpypr +app1 — Mpgr +1

- k n bk < n
Mes1+0  bFmgyr +1 ~ mpr +1

k—1
& (=12 [mega(k+1) —i(mpr + D >0
i=1
Bét ding thic cudi hién nhién ding do my41 > n do dé bat ding thitc can ching
minh dang. Ta c6 dpcm. ]
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Vi du 1.185 Cho cdc 56 duong ai,as, ..., a, (n > 2) théa man ajas---a, = 1. Ching
minh rdng
2n

2 2 2— —eeeeeee oo e p—
ai+a;+--+a; nzn(nil)nil(al—i—az—i— +a, —n).

LO1 GIAL Ta sé chitng minh két qua tdng quéat hon
2n

ad4ai+--+al-n>myla;tagt---+a,—n) Vm, < —m———
Y(n—1)n-1
V6i n = 2, bat déng thic tré thanh

a? 4 a3 —2 > may(ay 4+ ag — 2)

9 1 1
©a1+—2—22m2 a1+ ——2
ay ay

N (a1 — 1)%[(a1 + 1)* — maa]

2
ay

>0
2.2
2121
Gié sit bat ding thic ding khi n = k (k > 2), ta sé chiing minh bat dang thiic ding
khin = k+1. That vay, gia st ay41 = min{ay,az,...,ax41} = b= ajaz - ar > 1.
bat b, = % Vi = 1,2, ,]f = biby---bp = 1. Ta céd my > M1, that vay véi k = 2,3,
bat déng thtic hién nhién ding, xét véi k > 3, ta co

2k
e >y
k= )F 1

1 "k
>
k2—-17" k-1

L\ KO+ ok
- > v
©<1+k2—1> = (k- 1)k

Bét ding thitc nay hién nhién dang vi my <

<1+

Do k > 3 nén

k2 —1

LA S CU. 1+LH< ¢ (14 —2) <2
(k—1)k1 k-1 E—1 E—1 E—1 k-1

2k

ME4+1

1 k(k+1)
<1 n ) -9

T day, ta c6 22 < mypyq < nén theo gid thiét quy nap

b

b+ b3 4 b — k> (b1 +ba+ - +by— k)
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sal+ad+---+a;—kb®>mpyi(ag +ax+ - +ap — kb)
Sal+as+--+ai —mpri(ar +ag+ -+ ag) > kb® — kmgiqb
Do dé6 ta chi con phai chitng minh
kb* — kmyab+ap o —k—1—myqi(agsr —k—1) >0

Sk +ai, —k—1—myii(agp +kb—k—1)>0

2(k+1
@kb%aiﬂ—k—u(M\J;E)(aﬂﬁkb—k—uzo
1 2(k+1) (1
@f(b):ka—f—b%—k:—l—%<M+kb—k—1)) > 0.
Dé& dang ching minh duge bat déng thic nay, tit d6 ta ¢c6 dpem. ]

Vi du 1.186 Cho cdc s6 duong ay,as, ...,a, théa man a; +as + -+ +a, = n. Ching

minh ring
11 1 8(n — 1)
— =4+ ——n>

ai  ag a n? (1= ez an).
n

(Pham Kim Hung)

Lo1 GIAL Tuong tu cic bai trudce, ta cling ching minh két qui tong quét hon

1 1 1 8(n—1

—F —+ -+ ——n>my(1—araz---ay) angg.

a;  as an n
V6i n = 1,bat ddng thic hién nhién ding. Gia st bat déing thitc dung véi ta sé ching
minh n6 cing ding khi n = k 4+ 1. That vay gia st ax41 = max {a1,as,...,ak11} =
b= ttertota < Pat b =% Vi=1,2,.,k=by+bo+ - -+by=n. Chayla

IN

k+1
k41 Ak+1 + kb
Mp10" " ar41 —_—

mp b ags 1 < mpyy < 1

oo 8k _8(k—1)
T T k12 T R

Do d6, sit dung gia thiét quy nap, ta c6
1 1 1

— 4 — 4t — — k> (my b ) (1= biby -+ - by)
b1 b bx
1 1 1 k ajaz - - - a
Gk g > mp e (1 D)
a1 as ar b b

11 k i
S —+ — 4+ — Fmpp101a2 - Qg1 2 5+ Mgp1b ag4
ar a2 ay b
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Cudi ciing ta phai chiing minh

k
+mp1bapyr +

—k—l—karlZO

b Ak+1
k 1 .
= -+ —k—-1> mk+1(1 — ak+1bk)
b aktr
afi 1 ism [1— (k41— kb)b"]
b k+1—kb = Tk

nin+1)
(k+1—Fkb)(1+2b+ -+ kbF-1)

Bét ding thitc nay hién nhién dang vi

< Mg < b

8k
Mpy1 < (E+1)2
b<1

k+1)?
b(k + 1 — kb) < G-
Vay ta c6 dpcm. ]

Vi du 1.187 Cho cdc s6 duong ai,ag, ...,a, théa man a; +as + -+ +a, = n. Ching
minh rdng

1 1 1 3. 5 9 9

— =tk ——n> (B 4ai+ - +al—n)

a1 ag an = n(al Ay a, —n)

(Pham Kim Hung)
Vi du 1.188 Cho cdc s6 duong ay,as, ...,a, théa man a; +as + -+ +a, = n. Ching

minh rang
(n— 1)(a%+a§+“-+ai)+na1a2 ceean >0l

Vi du 1.189 Cho cdc s6 duong a1, as, ...,a, théa méan aias - - - a, = 1. Chitng minh
rang vdi moi 0 < k, < %, ta c6

1 1 1 n
+ +--- 4 < .
V1+kear 1+ kpao V1+kna, ~ V1+E,

(Vasile Cirtoaje)
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Sang tao bat dang thic

Bai toan 2.1 Cho cdc s6 duong a,b, c théa méan a + b+ ¢ = 3. Chiing minh ring

1 1 1
- - <1.
a3+b2+c+b3+02+a+03+az+b_

(Duong Dic Lam,)

LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

Z 1 _ Z a+62+c3
Cyca?’—i—bz—l—c > Cyc(a?’—|—b2—|—c)(a—|—l>2—|—(:3)
3+ a2+ > d?
Z a+b2+c3 _ CXU:C CX"/:C
(

aZ + b2 +c2)2 2
cyc

cyc

Nén ta chi can chitng minh duge

(Zcﬁ) ey

cye cye eyc
Dit ¢ = ab + bc + ca, r = abc thi bat ding thic nay tuong duong véi
(9—2¢)> >3+ (9—2q) + (27— 9g + 3r)
©3(r—1)+(q—3)—4(¢—3)*<0.
Bét ding thiic cudi hién nhién ddng nén ta c¢6 dpem. Ding thic xay ra khi va chi khi

a=b=c=1. u

201
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Bai toan 2.2 Cho cdc s6 duong a,b, c théa man a + b+ ¢ = 3. Chitng minh ring

a b c i

< .
3a2—|—abc+27+3b2+abc—|—27+362—|—abc+27 - 31

LOI GIAL Stt dung bat déng thitc Schur, ta c6

3abe > 4(ab + b+ ca) — 9

Nén ta chi can ching minh duge

)3 : <3
3a2 4 Aebibetea) 0 4 97 = 3]

cyc

o Z 3a i
9a2 + 4(ab + bc + ca) +72 31

3la(a+b+c)
>0
@Z[ 9a? +4(ab+bec+ca) + 72| ~

cyc

9a? + 4(ab + bc + ca) + 8(a+ b+ ¢)? — 3la(a + b+ c)
<:>Z CL2+S

>0

cyc

4(ab+bctca)+T72

VOl § = 9

(Ta + 8¢+ 10b)(c — a) — (7a + 8b+ 10c¢)(a — b)
<:>Z a2+8

>0

cyc

8a+T7b+10¢c T7a + 8b+ 10c
— — >
@Z(a < b2 +s a’?+s )_0

@Z(a_b)g_8a2+8bz+15ab+100(a+b)+s

@+ 9% +9) =0

Bét dang thitc duge chitng minh xong. Ding thic xay ra khi v chikhia =b=c= 1.
]

Bai toan 2.3 Cho cdc s6 duong a,b, c. Chitng minh rdng

a+2b+b+2c+c+2a< a n b n c
c+2b a+2c b+2a b+c c+a a+bd

(Duong Dic Lam)
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LoO1 GIAL Bat ding thitc tuong duong véi

a+2b a
Zc+2b ‘3§2Zm‘3

cyc cyc

25"a3 + 3abc — 3> a%b  2>"a® — Y ab(a + b)

cyc cyc cyc cyc
Y Y f; Y Y

T a2t a) - (@t )bt olcta)

(2a+b)(20+¢)(2c + a)
(a+b)(b+c)(c+a)

& 22(13 + 3abc — 3Za2b <

cyc cyc

2Za3 — Zab(a +0b)

cyc cyc

Do 2 a® — Y ab(a+b) >0 va (2(‘2 erbg)(fbbfcc))((ﬁ:)“) > 2 nén ta chi can ching minh duge

cyc cyc

QZaS + 3abc — SZaQb <2 [QZ(L?’ - Zab(a +0b)

cyc cyc cyc cyc

& 22(13 — QZabz + ZaQb —3abc > 0

cyc cyc cyc

Theo bat ding thitc AM-GM, ta c6

22a3 — ZZab2 >0, Za2b — 3abec > 0.

cyc cyc cyc

Bat déng thitc duge chitng minh. Dang thiic xay ra khi va chi khi a = b = c. ]

Bai toan 2.4 Cho cdc s6 duong a,b,c théa man (a+b+c) (% + 3 + ) = 10. Chiing
minh rdng

7+8\f—5x/3>

a c>7+5\/5—8\/§
2 ) ’

c a 2

(Pham Kim Hing, Vo Quéoc Ba Cin)

Lo1 GIAL Do tinh thuan nhét, khong méat tinh téng quat gid st a + b+ c = 1, dit
q = ab+ bc+ ca,r = abc thi ta c6 ¢ = 10r. Ta cb
a b ¢ ab®+bc?+ ca®
fot o= —————
b ¢ a abc
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Do dé, dé chitng minh bat déng thitc bén trai, ta chi can xét né trong truong hgp
c>b>alada, tu do

a b ¢ ab® +bc? +ca®  q—3r++/q® —4¢® +2(9q — 2)r — 27r2
24242 = =
b ¢ a abc 2r
_1, 1 2 — 43 +2(9g — 2) - & — 27 (&)
— 9T o 2
2 2 (15)

7 1 1 1
4+ =,/253 —40 ( 10q + - §Z+, 253 — 80v/10
2 "2 q 22
7+8V2-5V5

2

Tiép theo, ta sé chitng minh bat diing thitc bén phai, r6 rang ta chi can xét né trong
truong hop a > b > ¢ la da, khi d6

a b ¢ ab® +bc? +ca®  q—3r—/q® —4¢® +2(9q — 2)r — 27r2
T4 = =
b ¢ a abe 2r
71|24 1209 - 2) - & - 27(%)’
= 575 2
2 2 (+5)
7 1 1 7 1
= _ — = = — > - —
5 2\/253 40(10q+q>2 5 253 — 80v10
7+5V5-8V2
B v YO

Bat déng thic duge chiing minh xong. Ding thitc ¢ bat déng thiic bén trai xay

ra khi va chi khi ¢ = 10=v1045v2=2v5 W,b = —Vl})o,a = 10=vI0-5v242v5 vlo—Qg\/M/B va cac hoan

vi tuong tng. Péng thic & bat ding thic bén phai xay ra khi va chi khi a =
—10*‘@28‘/572\/5, b= @, c= —107\/ﬁf23\/§+2\/5 va cac hoan vi tuong tng. u

Bai toan 2.5 Cho cdc s6 duong a,b, c théa méan a + b+ ¢ = 3. Ching minh ring
a4+b4+c4+4(Vab+V@E+\hn>215
(Duong Dic Lam)

LOT GIAL. Truée hét, ta sé ching minh ring
da Y
Z 1 > cyce cye
Jr
a+b = >ab 2> a?

cye cyc cyc
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(5) (5
@Zc(a—l—b)—i—abzza_'_ cye eye

2
p a+b pv QCZyca
(E“> (””)
ab cyc cyc
>
< ; a+b 2% a?

cyc

Sit dung bat ding thitc Cauchy Schwarz, ta c6

) <Zab>
2 it Saba th)

cyc

cyc

Nén ta chf can chitng minh

2(5) (o) 2 (3] [ 0
&> ab(a—b)’

Tré lai bai toan ciia ta, sit dung bat ding thic GM-HM, ta c6

cyc
Nén ta chi can ching minh duge

> at +8Z— > 15

cyc

&) at+ Z;LTC)zlE)

cyc
& Za + Zab+ abczﬁ > 15
cyc cyc

Theo trén, ta cé

EZ 1 S 1 + 1
SCuca—l—b_Eab 2% a?

cyc cyc
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Nén ta chi can chitng minh duge

8 1 1

4

Za +§Zab+8abc W—FW > 15
cyc cyc cyc cyc

bat ¢ = ab + bec + ca,r = abc thi ta cé

> a* =81 - 36g + 2¢° + 12r

cyc
Nen béat ding thic tuong duong véi

50 127(3 + 4q — ¢°)
83— gt gt — 1)

3 q(9 —2q)

Néu 9 > 4q thi ta c6
50
33— 34+q" >0

nén bat dang thiic ding.
Néu 4¢ > 9 thi theo bat diing thic Schur bac 4, ta c6 r > W nén ta chi can
chting minh

50 2(4¢-9)(9— )3+ 49 — ¢?)
33— — 2 >0
F4+a+ 340~ 30) >

& (99 — 50 +3¢%)q(9 — 29) +2(4q — 9)(9 — )(3+4q — ¢*) > 0
& (g —3)(2¢° + 11¢> — 117¢ +162) >0
& flq) =2¢° +11¢> = 117¢ + 162 < 0
Dé thay f(q) 1a ham 16i nén

o) < max {51 (§) ) = max {6, -2} <0

Bét ding thitc duge chitng minh xong. Dang thiic xay ra khi v chi khia =b=c = 1.
[

Bai toan 2.6 Cho cdc s6 duong a,b, c théa méan a > b+ c. Ching minh ring

a n b n c n abc > 9
b+c c+a a+b (a+b)b+c)(c+a) —

(Duong Dic Lam)
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LOI GIAL Do a > b+ c nén

(a+Db)(a+c)(b+c) _ b+c( Cbteq )
abc
_ b+c[2b+2c+ +(a—b—c)(ab+ac—bc)
a(b+ c)
2
> b+c 2+ 2+ - )=2(b+c) +1>9
bc
= (a+b)(a+c)(b+c) > 9abe
Do do6
VT = a +\/abca—|—b)(b+c)(c+a)_2
Cychrc (a+b)(b+c)(c+ a)
S a 4 3abc _q
- Cycb+c (a+b)(b+c)(c+a)
_ (a—b—c)(a—i—b—c)(a—b—i—c)zo'

(a+b)(b+c)(c+a)

Bét dang thic duge chiing minh xong. Déng thitc xay ra khi va chi khi a = b,c =0
hosic a = ¢,b = 0 hoéic a = 2b = 2c. [

Bai toan 2.7 Cho cdc s6 khong am a, b, c, khong cé 2 s6 nao dong thoi bing 0. Chitng

minh rdng
s/a? + be i/bz—f—ca iq,/c2—&—ab 1
>24 —.
\/l)2+c2+ 02+a2+ a?+b> ~ +€/§

(V6 Quéc Bd Cin)

Lo1 crAl. Khong méat tinh téng quat, gid st a > b > ¢, ta sé ching minh
</a2+bc+</b2+ca>max 9.7 4(a? + b?)
b2 4 ¢ 2+ a? ¢+ ab

(a? + be) (b2 + ca)
@+ ) + )

Cht ¥ ring

2 212 1 2
>(a +c*)(b —|—c):1
2 @ F+ D)

i/aQ—&—bc_'_ i,:/b?—l—ca S 9 (a2 + be)(b? + ca)
b% + c? 2 +a?~ (a? + c?)(b? + ?)

2

v
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Ta can chitng minh

\3/@2—#1)0+ </b2+ca S §/4(a2+b2)

b2 + 2 A+a? = c2+ab

N a22+b2c+bz+cc;+33 (a? 4 be)(b? + ca) iq,/aQ—i—bc_'_iq,/bQ—i—ca
24+ A+a (a® + ) (b2 + 2) b2 + ¢ 2+ a?

4(a® + b?)

c® + ab

>

Lai c6
b + ca B a® +be _ c(a —b)(a® + b + ¢ + ab — ac — be) Y
b2+ a?+c? (a? + ) (b + 2) -
b2 +ca _ a®+be
b2 + C2 - aQ + CQ
Do dé, theo bat ding thitc AM-GM,

g0 (a? + bc)(b? + ca) i/aQ + bc . i/bQ tea) 6 (a? + be) (b2 + ca)
(a? + c2) (b + ?) b? + c? c+a?) ~ (@ + ) (b + ¢?)
6(a? + be)
a? + 2

>1

Tt d6, ta chi can ching minh duge
a?+bc b +eca 6(a®+bc) _ 4(a®+b?)
242 2+4a? a?+c2 T cZ+ab
< fle)+g(c) =0

trong do
f(c) = (a+7b)c” +3(a® — b*)c* + 2(a + b)(a + 3b)bc® > 0
g(c) = (a — b)(3V® 4 2ab* + 4a*b — 3a®)c? + (b%a® 4 6b*a + a*b®)c + ab(a — b)*
Ta sé chitng minh ring g(c) > 0. Néu 3b% + 2ab® + 4a®b — 3a® > 0, diéu nay la
hién nhién. Néu 36 + 2ab? + 4a%b — 3a® < 0, khi d6 do g(c) 1a ham 16m theo ¢ nén
9(¢) = min {g(0), g(b)}, ma

g(0) = ab(a —b)* >0, g(b)=0b E(a —b)[(2a* — 6ab — b?)? + 43b*] + 8% | > 0

Khing dinh dugc ching minh. Tré lai bai toan cla ta, c6 2 trudng hop xay ra
Z 242 2 o3~ 2 . PORES .oz P

Néu Zgisb <2& Zziié’ > %, khi d6 tur khang dinh trén, ta dé dang di dén két luan.
P 2,32 . R

Néu 4+ > 2 khi d6 tit khéing dinh trén, ta chi can ching minh

c2+ab
i/4(a2+b2) N §/02+ab 22+i
¢+ ab a? + b2 2
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Bét dfing thic nay hién nhien ding do ham 4z + % la ham tang v6i moi = > /2.
Bét ding thiic duge chiing minh xong. Déng thiic x4y ra khi va chi khi a = b,c = 0
hoac cac hoan vi. ™

Bai toan 2.8 Cho a,b,c la cic s6 khong am théa mdan a + b+ ¢ = 3. Chitng minh
ring

a®b + b2+ gabc < 4.
(Vasile Cirtoaje, Vo Quéc Bd Can)

LO1 GIAL Néu a > 2b thi

3 be(a — 2b+ 2
(a+c)2b—a2b—b2c—§abc:c(a—2+‘c)20
éa2b+620+gabc < (a+c)2b:4~a;c'a;rc'b
ate | atc 4 p\ 3
< 4(.2%) 4

Néu 2b > a, bat ding thitc tuong duong véi
1
¢) =4(a+b+¢)® = 27a%b — 27b%¢c — E;—abcz 0
(o) :

Ta c6 5
f'(c) = 5[za(a +b+c)* — 9b(3a + 2b)]

flle)=0&c= b(3a+2b) —a—10

3
2v2
Do 2b2anén5\3/—§ b(3a + 2b) > a + b, va ta dé& dang kiém tra dugc
27ab(a — 2b)?(2 b
f(c)Zf(Q\?’/5 b(3a+2b)—a—b>_ Tab(a — 2b)"(2a + b) > 0.
4[a2+5ab+2b2+\/@}

Bat déng thitc duge chitng minh. Ding thitc xay ra khi v& chi khia =2,b=1,c¢ =0
hoac a =0,b=2,c=1. ]

Bai toan 2.9 Cho a,b,c la cdc s6 khong am, khong cé 2 s6 nao dong thoi bing 0.
Chatng minh ring
1 n 1 n 1 S 9
a?+ab+b2  bE4bc+c 2+cat+a? T (a+b+c)?

(Vasile Cirtoaje)
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Lo1 GIAL Bt dang thitc duge viét lai nhu sau

(a+b+c)?
RS >
[l )

cyc

cla+b+c)+ab+bc+ca
>
C’; @+ ab 1 b2 = 6
c 1
_— b -] >6
< (Za> (Z a2+ab+b2> * (Za> (Z a2+ab+b2> -
cyc cyc cyc cyc

Sit dung bat ding thitc Cauchy Schwarz, ta c6

2
5] ©op
Z C > cyc cyc

a2 +ab+b2 = Y c(a+ab+b2) Y ab

cye cyc cyc

oo B (=)

> =
a?+ab+b2 = 3 c2(a? + ab + b?) 2
2 <Z ab) —3abcy a
cyc cyc

cyc cye

Nén ta chi can chitng minh dudc

() () (2
cyc n cyc cyc >6

> ab 2 -
cye 2 <Z ab) —3abc ) a

cyc cyc

Do tinh thuan nhét, ta cé thé gid sit a + b+ c = 1. Dat ¢ = Y ab,r = abc, bat déng

cyc

thitc tré thanh
1 q
ST S
qg 2¢2—-3r —

Stt dung bat déng thic Schur bac 4, ta c6 r > 10029 ney
q 1 q (1—3q)(4g - 1)?

1
ST _6>= —6= > 0.
q+2q2—3r _q+2q2_w q(8¢> —b5g+1) —

Bét ding thic duge ching minh. Dang thic x4y ra khi vi chi khi a = b = c. ]
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Bai toan 2.10 Cho cdc s6 khong am a,b,c, khong cé6 2 sé6 nao dong thoi bing 0.
Chatng minh ring

a* n b* n c* a’ + b +¢3
a?+ab+0b2 b24+bc+c2 2+cat+a? T at+bitc
(Phan Thanh Viét)

LJ1 GI1AL Ta ¢6

ad+v+c? 9 3abc
- = b+ —ab—be — =
arbte a®+0°+c¢ a c Ca+a+b—|—c

Nen bat ding thic da cho tuong duong véi

a* 3abc
- tab—a® ) > ——
Z<a2+ab+b2+a a>_a+b+c

cyc

N Z ab? e 3abc
p” a?+ab+b T a+b+c
Sit dung bat ding thitc Cauchy Schwarz, ta c6

2
b >+ ab+ b
(Eotim) (£255) (2
cyc

cyc cyc

Nén ta chi can chitng minh

2
3abc a? + ab+ b2
>
(Za) _a+b+cz ab

cyc cyc

3
& (Za) 23Zc(a2+ab+b2)

cyc cyc

& (Za) (Za2 — Zab) > 0.
cyc cyc cyc

Diéu nay hién nhién dting. Déng thic xay ra khi va chi khia = b = chodicc =0, % — 0
hoéc cac hoan vi tuong tng. ]
Bai toan 2.11 Cho a,b,c,d la cdc s6 khong am théa man a +b+c+d = 1. Ching

minh rang

a L b L c n d
Va+b Vb+ec e+td Vd+a

3
< -
-2

(Mircea Lascu)



212 CHUONG 2. SANG TAO BAT DANG THUC

Lo1 GIAL Khong mat tinh téng quat, ta c6 thé gid st a+c>b+d=2r=a+c>
Sit dung bat ding thitc Jack Garfunkel, ta c6

1
3

a n b n c §
Va+b Vb+c¢ Vet+a 4

a b 5 c
= + < V1—d-
va+b +Vb+c ™ 4 Ve+a

c n d n a
Ve+d Vd+a Va+ec

c d 5
= + <2
Ve+d d+a = 4 Vate

Suy ra

> aa+b < Z(\/I—b—k\/l—d)—\/a+c§§\/2(2—b—d)—\/c+a

cyc

Ny - (Vz —1) (A7Vz - 7) 3
- gVAeth-ve 2ﬂ(5\/x+1+\/§(2\/5+3))+2

Bét ding thic dude chiing minh xong. Dang thitc khong xay ra. ]

IN

3
-

Bai toan 2.12 Cho a,b,c,d la cdc s6 khong am, khong c6 8 so6 nao dong thoi bing
0. Chitng minh ring
a b c d 5

+ + + < -Va+b+ctd.
Va+b+c Vb+c+d Ve+d+a Vd+a+b 4 “ ¢

LOT GIAL Gia st d = min{a, b, c,d} va dat © = a + ¢, khi d6 ta dé thay
a d a d T
+ < + =
Va+b+c Vd+a+b Vat+b+d Vd+a+b Vr+b
b b
<
Vbtc+d ~ Vbte

Neén ta chi can chitng minh

AN S S N/ S
Vr+b Vb+ec Ve+d+a 4

T b c 5
& + + <-Vaz+b+d
Ve+b Vb+c etz 4

Day chinh 1 bat ding thiic Jack Garfunkel nén bat dang thitc da cho dugc ching

minh. Dng thitc x4y ra khi va chi khi S=71=5= % hodc cac hoan vi tuong ting. m

b_ ¢
170
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Bai toan 2.13 Cho a,b,c la cdc s6 duong. Chitng minh ring

2(a+ b+ c)(bc+ ca + ab)
a2+ b2+ c2+ab+bc+ ca

wl=

< ((2a+b)(2b+c)(2c+a))®.

(Sung Yoon Kim)

Lot GIAI 1. S& dung bat ding thic Cauchy Schwarz, ta c6 a?b + b’c + c?a >
(ab+bc+ca)?

wtbrc - Suyra

= (2a+b)(2b+ ¢)(2¢ + a)
= 2(a+b+c)(ab+be+ ca) + 3abe + 2(a*b + b2c + c2a)

2(ab + be + ca)?

> 2(a+b+ b+ bc+ + 3abc +
(a c)(a ¢ + ca) + 3abe | NI
Ta can chitng minh

2(a+ b+ c)(bec+ ca + ab)
a? + b2+ c2 4 ab+ bc+ ca

2(ab + be + ca)? 5

< |2(a+b+c)(ab+ be+ ca) + 3abe +
a+b+c

Do tinh thuan nhét, ta c6 thé chudn héa cho a+b+c = 1. Pit ¢ = ab+bc+ca, r = abe,
khi d6 theo bat déng thic Schur bac 3, ta duge r > max {0, 4‘19_1 }. Bat déng thic
tré thanh

> 2

1—g¢q

wl=

(3r + 2¢* + 2q)

Néu 1 > 4q, thi ) )
(3r+2¢* +2q)% > (2¢° +2¢)3

va
3 2q(1 — 2¢ — 4% + 2% — ¢*) _ 2q(1 — 2q — 4¢>
90% 4+ 2 8(13: q(1 -2 ¢ t2 ) - 2( QSQ)
(1-4q) (1-q) (1-q)
> 2q(1—3;1)20
(1—q)

Néu 4q > 1, thi

(3r +2¢% + 2¢)3

v

1 1
4g—1\3 6g° +10g — 1\ 3
rosne 552) = (2552

6g° +10g -1 84 (1—-3q)(2¢* — 2¢® + 3¢> +10q — 1) -0
3 (1-q)3 (1-q)? -
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Déng thtic xay ra khi va chi khi a = b = c. |
LOI GIAI 2. St dung bat ddng thic Holder, ta c6
[(a+ b+ c)(bc+ ca + ab)]?
[(a+b)(b+ c)(c+ a) + abc]?
< [(a+8)*+a[(b+ ) + ][+ a)* + 7]
(2a + b)(2b + ¢)(2¢ + a)(a® + ab 4 b*) (b* 4 be + ¢*)(¢* + ca + a?)

Ta can ching minh
8(a” + ab + b*)(b? + be + ?)(c* + ca + a®) < (a® + b + ¢ + be + ca + ab)?

Bat ding thiic nay c6 thé duge ching minh bing phép khai trién. [
LOI GIAT 3. Ta sé chitng minh két qua manh hon 1a

a—|—2b+b—|—2c c—|—2a<3(a2—|—b2—|—62)
a+2c b+2a c+2b = ab+bc+ca

Cong 3 vao hai vé, ta viét duge bat ding thitc trén ¢ dang

1 1 )<3(a2+b2+02)

2 b
(a+ +C)(a+20+b+2a+c+2b ab+ bc+ ca

Tit day, st dung bat ddng thitic AM-GM, ta c6 thé suy ra bat ddng thiic ban dau ciia
bai toan.
Do (a+b+c)? = (a+2b)(a + 2c) + (b — c)? nén
at+b+c  a+2b (b—c)?
a+2c a+bt+c (a+2c)(at+b+c)

at+b+c (b— c)?
:>Z a+2c _3+§(a+20)(a+b+0)

cyc

Do dé, bat déng thitc trén tuong duong véi

(b—c)? 3(a® + b + ¢?)
6+2 < 3
+ Z (a+2c)(a+b+c) — ab+bc+ca +

s zb—c)? +ylc—a)* + z(a—b)?

3(atbte) 1
4(ab+bc+ca) a+2c

Khong mat tinh téng quat, gia sit b 14 s6 hang nam gitta a va ¢, tic 1a (b—a)(b—c) < 0.

vl x = va y, z tuong tu.
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Tu dé, ta c6 (a —b)(a—c) > 0vh (c—a)(c—b) > 0. Chi ¥ ring (a + 2b)(a + 2¢) =
3(ab+ bc+ ca) + (a — b)(a— ¢), ta b
3(ab + be + ca) a2 (a —b)(a—c)
a+2c a+2c

9a+b+c)

<a+2b<2a+b+c) < 1

nén z > 0. Tuong tuy, ta cling c6 z > 0.
Néu a > b > ¢, khi d6 dé thiy y > 0 do
1 < 1 < a+b+c 3la+b+c)
b+2a ~a+b+c ~ 3(ab+bc+ca) ~ 4(ab+ bc+ ca)

IN

nén bat dang thiic ding.
Néu ¢ > b > a va néu y > 0 nén bat ding thitc ding. Gia st y < 0, khi do6 ta c6

9(a+b+c) 1 2

2y = — — >0
T2y 4(ab+bc+ca) a+2c b+2a =
do
1 N 2 da+b+i4c <2(a+b+c)< 9a+b+c)
a+2c b+2a (a+2c)(b+2a) ~ ab+be+ ca ~ 4(ab+ be + ca)
@ 9(a+b+0) 1 2
at+0o+c
2y = ~ - >0
Eroy 4(ab+bc+ca) c+2b b+2a ~
do
1 2 2a+5b+2c <2(a—|—b+c)< 9(a+b+c)

c+2b+b+2a_(c+2b)(b+2a) ab+bc+ ca ~ 4(ab+ be + ca)
Tit day, v6i chi ¥ rang (a —¢)? < 2(a — b)? + 2(b — ¢)?, ta duge
20— ) +yle—af +xa—b)° > (2 +2)(b— ) + (= + 2)(a—b)* > 0.
Bat ding thitc dugc ching minh. [
Bai toan 2.14 Cho cdc s6 duong a,b,c. Ching minh ring
3(a? + % + %) S a(a+b)+b(b+c) c(c—l—a).
a+b+c T a+c b+a c+b
(Pham Hiu Diic)

LoI GIAI 1. Cha ¥ ring

ala+0b) ala+b+c) ac
Z a—+c B Z a—+c _Za—l—c

cyc cyc cyc

(o) (zo) =

cyc cyc cyc

() (-2a5) =a

cyc cyc
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Ta c6 thé viét lai bat diing thiic nhu sau

33 a? .

cyc a C

Cr T (Te) (Tat) 2oz
cye cyc cyc cyce cyce

Sit dung bat ding thitc Cauchy Schwarz, ta c6

) (Z ab) (Z ab)
Z a S cyc _ cyc

e T czy:cab(a 0 (Z a) (Z ab) — 3abc

cyc cyc

(5)

Za) — > ab

cyc cyc

)
Za—&-cz Soela+e) (

cyc

Ta can chitng minh

3% a? (Z ab)

cyc cyc

=)
n cyc 232@

+ 2
czy:c <Z a) (Z ab) — 3abc (Z a) —Sab cyce

Do tinh thuan nhét, ta c6 thé chuan héa cho a+b+c = 1. Diit ¢ = ab+bc+ca,r = abe,
khi d6 theo bat ding thitc Schur bac 3, ta c6 r > 4%1. Bét ding thic tré thanh

¢ 1
3(1-2 — >3
( q)+q—3r+1—q*
2
q 1
—— —6¢g>0
q—3r+1—q 7=
Ta c6 ) ) ( 2
q 1 q 1 1—-3¢q
—— —6g > —6g=-—-—"—2>0.
g Tmg T T M T e T

Bét ding thic dugc ching minh xong. Ding thitc xdy ra khi va chi khia=b=c. =
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LO1 GIAI 2. Bat ding thitc da cho tuong duong véi

Za(a+b)(a+b+c) < 3(a?

+ 0%+ ¢?)
a+c

cyc

bla +b)
D D e ) ST B

cyc cyc cyc

Goi z,y, z 1a mot hoan vi clia a, b, ¢ sao cho > y > z, khi d6 véi cht y ring
zy(z +y) > zz(z+2) 2 yz(y + 2)
Sit dung bat ding thiic sdp xép lai, ta c6

Z ab(a + b) < zy(z +y) L+ yz(y + 2) n zx(z + x)

o a—+c - Y+ z Y+ zZ+T
_ wty)  plyte) |
y+z y+x

Bay gid, ta thay

zy(z+y)  yz(y+2) oxy(r—z)  yz(z—x)

vtz Ttz —(zy+yz) = iz T ray
_ ye—2Plety+a) o
= Grnbrs S0

T day, ta co

ab(a + b) 9
ZT—I—C < (z—2)"+ (zy+yz+z2)
cyc
< 2@ +y? + 2% — (xy +yz + 2x).
Bét dfing thitc duge ching minh. [
Bai toan 2.15 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao cing bang 0. Chitng
minh rdng
/ >3
b + 30 c+ 3a a+ 3b 2
(Vasile Cirtoaje)
LOL GIAL Dt & = &, b = %, 00 = 22 v6i 2,y, 2 Ia cac s6 khong am. Khi

dé, ta dé dang kiém tra duge déng thic sau

16 = 722y 2% + 3(x%y? + 2222 + %2?)
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va ta can chitng minh
r+y+z22>3

Giad st z+y+2 < 3, khi d6 ton tai k > 1 sao cho kx+ky+kz = 3. Dt kx = u, ky =
vkz=wthhut+v+w=3va

_ Tutvtw? n 3(u?v? + v?w? + viw?)

16 6 o

< Tviw? + 3(u?v? + vtw? + v w?)
Nhung ta dé dang chiing minh dugc

16 > Tu?v?w? + 3(uv? + v?w? + viw?)
v6i moi u,v,w > 0 théa man u + v + w = 3, diéu nay dan dén mau thudn nén bat
d&ng thic can ching minh ding.
Déng thiic xay ra khi va chi khi a = b= c. ]

Bai toan 2.16 Cho cdc s6 duong a,b,c. Ching minh ring

Y(a+0)2(b+c)2(c+a)? > (a—b)2(b—c)(c — a)? + 4Va2b2c2.
(Sung Yoon Kim)

Lo1 GIAL Stt dung bat ding thic AM-GM, ta c6

i,/(a —b)2(b—c)2(c—a
(a+b)?(b+c)*(a+c

)2 \ a2h2c2
E *4\/<a+b>2<b+c>2<a+c>2
;2.(c—a)2+4\3/( ab be ca

a+b)? (b+c)? (c+a)?

(VAN
wl
—
)
+ |
S S
N RSy
N no
wl
—~
B)
T
=
S~—
™)

1 (a—b)? 4ab |
y §§y: {(a+b)2 * (a+b)2} -
Bat ding thic dugc ching minh. Dang thiic x4y ra khi v chi khi a = b = c. ]

Bai toan 2.17 Cho a,b,c la cdc s6 duong théa man a?b? + b*c? + c?a? = 3. Ching

minh rdng
a+ bec? \/b+ca2 \/c+ab2 3
< —.
\/ 2 + 2 + 2 — abe

(Sung Yoon Kim)
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LO1 GIAL Sit dung bat ding thit AM-GM, ta c6

+ be? 1 b+b22 1 ab+b*c?
Z a+ be Z L a C, Z( a c)

2
cyc cyc cyc
- ! 2y Ly > ab+3
T4 a @
cyc cyc
va
1 272
Zab§§Z(a ¥ +1)=3
cyc cyc
> ab 5
cyc
- L
; abc — abc
Do do

a+bc? 1/(6 3 3 3
\/ <= — - > 42< 2
Z 2 T4 <abc+6) Qabc+ 2 7 abc

cyce
Bét ding thitc duge ching minh. Dang thitc xay ra khi va chi khia=b=c=1. =
Bai toan 2.18 Cho k > 0 la mot hang s6 cho trude. Tim hang s6 X lon nhat sao
cho vdi moia>b>c>d>0 théa a+b+c+d =1, bat ding thic sau ding

a—>b b—c c—d d—a

> Ma—b)(b—c)(c—d).
Fraib  hibae krerd Tirdra 2 Me D=4

(Shalex)

Lo1 GIAL Cho a:i—l—3e7b: Lyece= i —€,d= % — 3¢ v6i € — 01, bat ding thic
trd thanh
64

2¢3 f —Al >0
|2k +1)% — 64(2k + 1)e2 =

Cho € — 01, ta dugc
< 64
S REF 1P
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Mit khac, dat x =a —b,y=b—c,z=c—d=z,y,2 >0, ta cod

a—>b n b—c L c—d . d—a
k+a+b k+b+c k+c+d k+d+a

a—b c—d b—c d—a
B <k+a+b+k+c+d>+<kz+b+c+kz+d+a)
= [k(a—b+c—d)+ (a® —b*+ 2 —d?)]

1 1
-[(k+a+b)(k+c+d)_(k+b+c)(k‘+c+d)}
[(k+a+bz+ (k+c+d)z](xz+y)(y+ 2)
k+atd)k+tb+c)k+ctd)(k+dta)

N 8xyz\/(k +a+b)(k+c+d)
= (ktatb)(k+b+c)(k+ct+d)k+d+a)
8xyz
VE+a+b)(k+c+d)(k+b+c)2(k+d+a)?

S 64
= @kt 13

v6i bat dang thiic cudi ding theo bat ding thitc AM-GM va gia thiét a+b+c+d = 1.
Tt d6, ta di dén két luan
64

>\max - m
u

n
Bai toan 2.19 Cho z1, %2, ...,x, la cdc s6 duong théa man > x; = 1. Chiing minh

i=1
- 1
2 2
E Var e, <2-— o
i=1 g Zi

rang

Lo1 GIAL Bat ding thitc da cho tuong duong

n

24 .2 1

Z Ti + Tip1 —JT; T | 2 finz
‘ 5 x2
i=1 5 —+ Z Zin

i=1

@zn: - z? 1

i T 2 2 = D a2
=1 g T riE o r, V2 42y
i=1

Tit 1 Tit1
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Sit dung bat ding thitc Cauchy Schwarz, ta c6

n 2

T x
g (m-z a4 — — )S\/ﬁ—l
; 1+1

Ti41

o Z TiTi+1 < \/5 1

i=1 (o + ot +
T+ X
\/x? +x?+1 > %

Nén ta chi can chitng minh duge

Do

n

Z TiTit1 <1-

S (1+V2) zi+zin

|

n

TiTi41 " (33— 2[ \/5—1
S < a5 )

1+ V2) 2 + 21 ] 2

n 2 — ]. I‘Z — :]31‘4_1)2
< E > 0.
121 1 + \[) X + x7,+1] N

Bat ding thitc duge chitng minh xong. Dang thitc xay ra khi va chi khi 2; = x5 =
1
e = xn = E |

Bai toan 2.20 Cho cdc sé thuc a,b,c,d. Chitng minh rang

gzwl + Za2b2 > (Z a3> (Z a) +(a=b)(b—c)(c—d)(d - a).

cyc sym cyc cyc

(Pham Minh Khoa)
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LJ1 G1AL Do

gza4+za2b2_ <Z“2> :%Z(aQ_bQ)Q

cyc sym cyc

(£) () (£ pes

cyc cyc cyc sym
Nen ta c6 thé viét lai bat ding thic nhu sau

% > (@ =)= abla—1b)*+ (a—b)(b—c)(c—d)(d—a)

sym sym

& % > (a—1b)*(a®+ %) > (a—b)(b—c)(c—d)(d—a)

sym

Chi ¥ réng a? + b? > 1(a — b)?, nén

0@+ ) > 1 (a0

sym sym

Y]

@@=+ -0 + (e~ d) + (d— )]

[(a =0)(b—¢)(c—d)(d - a)l
(a—b)(b—c)(c—d)(d—a).

(AVANVS

Bét ding thitc dugc chitng minh xong. N

Bai toan 2.21 Cho cdc s6 duong a,b,c théa a® + b? + ¢ = 3. Ching minh rang

VeV s =
< .
a2+b+c+ 62+c+a+ c2+a+b—

LOI GIAL Theo bat dang thitc Cauchy Schwarz, ta c6 a + b+ c < 3. Tt d6

e [

cyc cyc
a
<
B (Zy:a> (Zy: a? + §(b+0)(a+b+c)>

Ta can chiing minh

<2a> (Z a2+§(b+c)(a+b+c)> =3

cyc cyc
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Bét déng thiic nay thuan nhat nén ta cé thé bo qua gia thiét a® + b2 + 2 = 3 va
chuan hoéa cho a + b+ ¢ = 1, khi d6 bat dang thitc trd thanh

3a
__® <3
§3a2—a—|—1_

Ta co

1
%:3612—@4—1 _Z<3a2—a+1_2a_3)

(2a +1)(3a — 1)?
— <0.
Z 33> —a+1) —

cyc

Bét ding thitc dugc chitng minh. Dang thitc xay ra khi va chikhia=b=c=1. =

Bai toan 2.22 Cho a,b,c la cdc s6 duong. Chiing minh ring

o b e NV _1lfa b c\(a b c
b+c2 c+a?2 a+b2) —4\c2 a2 b2 b ¢ a)’

LOI GIAL Sit dung bat dang thitic AM-GM, ta c6

<! g+b+ S
2 c? »2)\b ¢

Bat ding thic duge ching minh. Dang thiic xay ra khi vi chi khia=b=c=1. m

a b c a
b+c2+c+a2+a+b2§(2\/5c+ +2\fb>
_1(ya m@ VB Ve e
2\ e Ve o a \/§ b
b

Bai toan 2.23 Cho cic s6 duong a,b, c. Ching minh ring
b ¢ a? + c2 b? + a? c? + b2
++2\/2 2+\/2 z T 2 2°
a b +c c’+a a’+b

(V6 Quéc Ba Cin)

Sal RS
o

Lo1 GIAI 1. Binh phuong 2 vé, ta c6 thé viét lai bat dang thitc nhu sau

2 2, 2 2. 2
Z a7+27b7a +c 72/b +c >0
b2 a b24+c2 a? 4 c2

cyc
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Suy ra, ta chi can chitng minh
@ 2 _ate , [BPre
b2 a b2+c? a2+ c?
a3c® + 20° + 2b3¢? — ab?c? /b2 + 2
& > 2
ab?(b? + ¢?) a? 4 c2

Sit dung bat dang thitc AM-GM, ta c6

a2c? + 263¢% > 3ab?c?

= a®c® 4+ 20° 4 2b3¢* — ab?c? > 262 (b® + ac?)

b3 + ac? S /b2 + 2
a(V®+c2) Va2 + 2

Nhung bét déng thic nay hién nhien vi

Ta can phai chiing minh

(6% + ac®)?(a® 4+ %) — a*(b? + ¢*)3 = *(a — b)*(a®c® + 2b%a + 2c%ab + b*) > 0.

Déng thtic xay ra khi va chi khi a = b = c. |
LOT GIAT 2. Trudc hét, ta sé chitng minh bat déng thiic sau

a+b>\/a2+02+\/b2+02
b a V242 a2+ c?

®a+b 2>\/a2+02+\/62+02
b a —V b2+ 2 a? 4 c2

(a-bp?  (V2+@— VP +e)

b T @A E )
(a—b)2 2 (a2_b2)2 i
ab \/(a2 + 62)(b2 + 62) (\/CLZ + 2 + \/b2 + 02)

& /(a?+ ) (b + 2) (\/{12 + 24+ \/b? —|—c2)2 > ab(a + b)?

Bét ding thitc cudi hién nhién ding vi

Va2 + 2+ V2 +2>a+b, (a®+ A0+ AP) > a’h?

T do, ta cb
a b a? + 2 b2 + 2
25t 222 pra Tl ara

cyc



Giastt ) ¢ < %, khi d6 taco > & > >° bP+c . Nhung

a?+c?
cyc cyc cyc cyc
2+ 2
Z Z Z2+22
cyc
2 + b2 + 2
@Zbﬁ+2z ZZQ+22 Z a2—|—22
cyc

a? a4+
Z 73 < 2 2
b b*+c
cyc cyc
did¢u ndy mau thuin vi
Z a? > a®+ 2
b2 — b2 + 2
cyc cyc

That vay, gid stt ¢ = min{a, b, ¢}, thi bat déng thitc nay tuong duong véi

1 1 9 9
[a2b2 T (@A 02)} (a =)

1 1 2 ovp2 2
+ |:CL262 - (a2+b2)(a2+02)} (a® =c)(0" =) >0

hién nhién ddng. Vay nén ta phai c6

2+2
Zb_z 224_22'

cyc

225

Bai toan 2.24 Cho cdc s6 khong am a, b, ¢ théa méan a+b+c = 1. Chitng minh rdng

Va+b—e)2+Vb+(c—a)2+ e+ (a—0)?2 > V3.

(Phan Thanh Nam)

Lo1 GIAL Binh phuong 2 vé, bat dang thitc da cho c6 thé duge viét lai nhu sau

Sb-cP 23 Viat G- oPlb+ (@ >2

cyc cyc
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Sit dung bat ding thitc Cauchy Schwarz, ta c6

D Vet 0=+ (a-c)? =) Vab+ ) la—c)(b—c)

cyc

cyc cyc

Nén ta chi can chitng minh duge

S b—c)P+2> Vab+2> [(a—c)(b—c) =2

cyc cyc cyc

Khong mét tinh téng quat, gid st a > b > ¢, khi dé

db—c)P+2> Vab+2> [(a—c)(b—c) -2

cyc cyc cyc

= 4(ac)22<12x/£>

o~ - = [ )+ (-7
ta—0)? =2 (Va-ve)* =2(Va-ve)’ [2(Va+ve) 1]
> 2(Va—ve)’ Ra+e)—1]=2(Va—ve) (a—b+c)>0.

Bét dang thitc duge chiing minh xong. Déng thiic x4y ra khi va chi khia =b=c =
hoica=b= %, ¢ = 0 hoac cac hoan vi.

v

m «l-

Bai toan 2.25 Cho cdc s6 duong a,b,c théa a + b+ c = 3. Ching minh rdng

a n b n c < 1
2b4+1  2¢c+1 2a+1~ abc

(Vo Quéc Ba Can)
LO1 GIAL Bat dang thitc da cho tuong duong véi

a b c 1
_ - _ - >
(3 2b—|—1>+<3 2c+1>+<3 2a—|—1>+abc_9

+c Tc+a Ta+b 1
+ +——2=
2b+1  2¢c+1 2a+1  abe

9 C—1+a—l+b—1 +2+3>5 1 n 1 n 1
2b+1  2¢c+1 2a+1 abc - 2a+1  2b+1  2c+1
Nén dé chitng minh bat déng thitc da cho, ta chi can chiing minh 2 bat ding thitc sau

c—1+a—1+b—1 >0
2b6+1  2¢c+1 2a+1"
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2 +3>5 ! + ! + !
abc - 2a+1 2041 2c+1
a) Trudc hét, ta sé chitng minh

c—1 n a—1 n b—1 >0
26+1  2¢c+1 2a+1"—

< 2(a® +b* + ¢® — ab — be — ca) + 4(a*b + b*c + c*a) > 12
& a® + b+ +12(ab + bPc + c?a) > 6(ab® + be? + ca?) + 2labe

e a®+ 03+ A+ 3(a®b + bPe+ Pa+ ab® + bc? + ca®) — 21abe
> 6(ab® + bc* 4 ca® — a®b — b*c — c*a)

& (a+b+7¢)(a—0)?+ (b+c+Ta)(b—c)? + (c+a+ Tb)(c —a)?
> 18(a—b)(b—c)(c—a)

Tit day, gid st @ = min {a,b,c} va dit b = a+2,c = a +y (z,y > 0), ta c6 thé dé
dang bién déi bat ding thiic vé dang tuong duong la

9(x? — 2y + y?a+ 2° + 32%y + y(3z — )2 > 0

Nen bat ding thtc hién nhien ding.
b) Tiép theo, ta sé chiing minh

. +3>5 ! + ! + !
abc - 2a+1  2b+1  2c+1
bat ¢ = ab+ bc + ca,r = abc thi ta cé

1 N 1 N 1 4g+15
2a+1 2b+1 2c4+1 8r4+49+7

Nen bat déng thiic tuong duong véi

3r+2 S 5(4q + 15)
r T 8r+4q+7

2(1—r)(4¢g+7—12r) >0
r(8r +4q+7) -

Bét dang thitc cubi hién nhién ding vi 3 > ¢ > 3r. Vay ta c6 dpcm. Ding thiic xay
ra khi va chi khia=b=c=1. ]
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Bai toan 2.26 Cho cdc s6 duong a,b, c théa a < b < c va abc = 1. Chitng minh rdng

1 1

1
2 3o - S
a+b°+c’ > —l—bz—i—cg.

(Rachid)

Lo1 GIAL Tit gia thiét, ta suy ra ¢ > 1,bc > 1. Bat ding thitc da cho tuong duong

1 , 1 1,
(a-g)+(¢-2) 2
11 11—

3
@(ca—l)(a—F)Z b2

Do c3a—1>c?ba—1=c—1>0nénnéub > 1 thi bat ding thiic hién nhien ding vi

1 1 1— b
(C3a_1)(a+63>>02 b2

Néu 1l > b, taco
c3a+b472Za(c3+b3)722abc(b+c)72:b+07222(\/%71> >0

=ca—1>1-b*>0
Nén néu % > b% & b? > a thi bat dang thitc hién nhién ding. Xét trusng hgp nguge
lai a > b2, khi dé ta c6

Sa—1-c(1-0Y) > S +cb* —c—1
= A4 eb* — - (abe)? — (abe)®/?
> A4 ebt —c- (bPe)VP — (1)2(:)5/3

b2c(02 + b2 _ b4/302/3 _ b2/3C4/3) 2 0

:>c3a—120(1—b4)20

Lai c6

c 1_b2c—a>b—a>0

a b2 ab? T ab®? T
Bét dang thitc duge chitng minh xong. Ding thic xay ra khi v chikhia =b=c=1.
]

Bai toan 2.27 Cho cdc s6 duong x,y, z théa 2 + 3% + 22 = 1. Ching minh rdng
1 1 1 2
S+ 5+ ——— >9-6V3.
2 y? 22 ayz

(Ji Chen)
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LoO1 GIAL Bat ding thitc tuong duong véi

%+ﬁ+@—22(9—6\/§)zyz
x Y z

2
<ﬁ>+m+xy2+9<1>xy220
x y z V3
Déta:%,b:%,c:%Vap:a+b+cthitacéab—f—bc—l—caz1v§ip2\/5, bat
déing thiic tré thanh

2
—24+9(==—-1)abe>0
b (\/3 ) -

Néu p > 2 thi bat déng thic hién nhién ding. Néu 2 > p > /3 thi theo bat ding
thitc Schur bac 3, ta c6 9abe > p(4 — p?), suy ra

p2+9<5§1)abc > p2+<5§41>p(4‘p2)

(2-p) [(—%—1>p(p+2)—1}

(2-@{(%—1)@-(@4&)—1} ~ 0.

Bét ding thitc duge chitmg minh xong. Déing thic xay ra khi va chi khi 2 =y = 2z =
1

Y

75 [
Bai toan 2.28 Cho cdc s6 duong x,y,z. Tim hdng s6 k > 0 lon nhat sao cho
_ 52 2 Y
[Byz + %} {?»m + (zkx)} {?ncy + (:vky)} > azyz(z +y+2)>
(Ji Chen)

LoO1 G1AL. Dét a = %, b= %, c= % thi ta c6 a, b, ¢ > 0 v bat déng thitc trén tré thanh

[Sab ;e ;b)Q] [Bbc + (b_kc)T {30@ + (c_ka)Q] > (ab+ be + ca)®

Cho ¢ — 0,a = b = 1 thi bat ding thiic tré thanh

3
ﬁzu:ksﬁ)

Tiép theo, ta sé& chitng minh ring

o o O ey O] o 0T ey
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Dit t = —L= thi ta ¢6

3v3
11 [ab + (agi/? 2}

- H [ab + t(a — b)?]

cyc

[ab + t(a — b)?][t*(b — ¢)* + tbe(c — a)? + tea(b — ¢)* + abc?]
= t3H(a —b)? 4t Z be(a — b)*(a —¢)* + tabcz c(a — b)? + a®b*c?

cyc cye o
> 2 Z bela — b)2(a —)? + tabcz cla — b)? + a3
cyc P
1
- 927 [Z bc(a‘ - b)Q(a - 0)2 + Sﬁabcz c(a = b)2 + 27a2b202‘|
ve cyc

va
3
<Z ab) — 27a*b*c?
cyc
(Z a*b® — 3a2b202> + 3abe [Z ab(a + b) — 6abc]

cyc cyc

— (Z ab> lz be(a —b)(a — c)

cyc cyc

+ 3abcz c(a —b)?

cyc

Nén ta chf can chitng minh

Z be(a —b)*(a —¢)* + 3\/§abcz c(a —b)?

cyc cyc

> (Z ab) lz be(a — b)(a — c)

cyc cyc

+ 3abcz c(a —b)?

cyc

& Zbc(af b)(a — c)(a® — 2ab — 2ac) + 3 (\/5— 1) achc(af b)?2 >0

cyc cyc

Ta c6

3 (\/57 1) achc(a —b)? > 2achc(a —b)? = QZ(bJr ¢)(a—"b)(a—c)

cyc cyc cyc
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Z be(a — b)(a — ¢)(a* — 2ab — 2ac) + 2abe Z(b +¢)(a—b)(a—c)

cyc cyc

> acha(afb)(af c) > 0.

cyc
Bét ding thitc duge chitng minh xong. Ta di dén két luan

kmax = \/g

Bai toan 2.29 Cho cdc s6 x,y,z > 0. Chiing minh ring

E+§>3

L >
Ty =z

LOI GIAL Ta sé st dung két qua sau
B6 dé. Vdi moi a,b,c> 0, ta cé

CHUNG MINH. Bat ding thiic tuong duong

) ()5

cyc

9% a?
a a cyc
& — — >
> ot + o
cyc cyc cyc cyc
9> a?

ot

cyc cyc

1 c 3
(- T ) >
@Z(a b) <b+2ab a+b+c>_0

cyc

22 . Y2 . 22
224+ 2yz Y242z 22422y )

(Dvong Dic Lam)

(Vo6 Quoc Ba Cin)
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2a 3 2
@Z(a—b)2<;+;+2+;—4)>0

cyc

Datz:%+%+§+Z—Z—4V&x,ytﬁdngtu.Rérangtachicénxétaszcla
du, khi d6 ta cé

26 3 2
x:—+—G+Z+b——4>2+3+1+1—4—3>0

2¢ 3 b 3¢ 3¢ b 2

y+z = —+—+-+—+—+—+—-28

b a c b a ca ab

B 2a+3b+b+30+3c <62 b2 c2> 8
b a c b 2 2ca  ab

L2 % b % 3 3 b

~ b c b NI

20 % b B e

- b 2a ¢ b

+
a
B b 3¢ a b 2a 3c b

> 3+43V2+2V2-8=5V2-5>0

2 6b 2b 3¢ 5c 22 2

2tz = —+—+—+—+—+—+——-12
b a c b a ca ab
2a  6b 2b 3¢ 5e b2 b2 2
= Aot Ao (o) - 12
b c b a ca  ca b
2 b 2b b
> = 67+7+%+@+37_12
b a b a a
2a  9b 2b 3c  be
= 4+ + -+ 12
b a c b a
- (2 £+@ + g+9—b (D) g
— \b  5c b 5¢ b
3 3
> 3+6+6\/g—12:6\/;—3>0
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6b 4b 3a 4c o 22
+7+7+7+5_12

a
2y = —
vty b c c a be
a

6b 4b  3a 4c a? 252
+7+7+7+7+7+7_12

b b-a b-a
2a 8b 4b 3a 4c

= +—-—+—4+—+—-12
b a c c a

A
- 2<a+> +=3(C+S) 412
a C a a

V

b
8+44+6+0-12=6>0

Y

Do do
Néu y > 0 thi ta co

Zz(a—b)2 >yla—c)* +z(a—0b)? > (y+2)(a—b)*>0

cyc

Néu y < 0 thi ta c6

> za—b)? > x(b—c)* +y[2(b—c)* +2(a—b)*] + z2(a — b)*

cyc
= e+ 20—+ (= + 2y)(a— ) > 0.
B6 dé dugce chiing minh xong,. [

Tré lai bai toan cua ta, dit a = %, b= % = 1 thi bat ding thic tré thanh

a
%:5 3Z2a2+bc
2
®Z%+622a2a+b029
cye

cyc

Sit dung bat ding thitc Cauchy Schwarz, ta c6

oo (2

>
202 4+bc ~ 2> a?+ > be

cyc

cyc cyc
Mit khéc, theo bd dé trén, ta co

9% a?

_eye

(z)

CF\ S

o
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Nén ta chi can chitng minh duge

2
3 a? 2 (Z a>
cyc cyc
>
2 +22a2—|—2bc =3
(Z CL) cyc cyc

cyc

> be
Dat t = =& <

()

thi bat déng thic tré thanh

W=

2

3(1-2t)+ ———— >3

( )+2(1—2t)+t_
2(173t)2>0
2-3t —

Bét déng thitc cudi hién nhien ding nén ta cé6 dpcm. Déng thiic xay ra khi va chi khi
r=y =z ]

Bai toan 2.30 Cho cdc s6 khong am a,b,c, khong cé6 2 s6 nao dong thoi bing 0.
Chatng minh rdng

a* n b* n c* at+b+ec
ad+03 b+ A+ad T 2

(Vasile Cirtoaje)

LO1 GIAL Stt dung bat ding thitc Cauchy Schwarz, ta c6

(ze)

2 (Za3>2 > (Za) [ZaQ(ag +b°)

cyc cyc cyc

!
(Z M) lz az(a?’ + 63)

cyc cyc

Ta can chitng minh
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2
St dung bat dang thiic Vasile Y ab® < % <Z a2> , ta cé

cyc cyc

cyc cyc cyc cyc cyc

>ab
ZaQ(GB—i—bB) = Za5—|— Cga (Zabg—i—Zasz) — abe (Zcﬂ)
2

IN

cyc cyc cyc cyc

ab 2
Zas + CyZC: . é (Z a2> + Za2b2 — abe <Z a2>
cyc

Do tinh thuan nhét, ta c6 thé chuan héa cho a+b+c = 1. Diit ¢ = ab+bc+ca, r = abe,
khi do6 ta co

S () ] e ()

cyc cyc cyc cyc cyc

1 ,
= 3BA-5g)r+3- 149+ 11¢? + 7¢°]

(Za) (1 — 3¢+ 3r)?

cyc

Ta phai chitng minh

2(1 —3q+3r)? > ~[3(4 — 5q)r +3 — 14q + 11¢* + 7¢°]

W =

& 54r? 4+ 3(8 — 28¢)r + 3 — 22 +43¢* — 7¢* — 9qr > 0

f(r) +3 —22q 4+ 43¢* — 7¢> — 9qr

Y

St dung bat déng thl’Ic Schur bac 3 ta cor > 4‘1T71 va chti y rang f(r) = 54r% +3(8 —
) +3 —22q+43¢* — 7¢* — 9qr

28¢)
/(%5
49

= 177 ~7¢* -9
3 +3 q qr

Tit bat ding thitc (a — b)2(b — ¢)?(c — a)? > 0, ta suy ra dugc

i7 [9q— 24 2(1— 3@@]
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Do d6, ta chi can chtitng minh

22 49 1
L= Sq+ 56~ T¢" ~ 34 (94— 2+2(1 - 3¢)/1- 34| 20

& é(l ~3q) (7a® ~ 11g+ 3~ 24y/T=3q) > 0
Sit dung bat dang thitc AM-GM, ta c6
7> —11g+3—2¢/1 -3¢ >7¢> —11g+3 — (¢* + 1 — 3¢q) = 2(1 — ¢)(1 — 3¢) > 0.
Bét ding thic duge ching minh. Dang thic x4y ra khi vi chi khia = b = c. ]
Bai toan 2.31 Cho cdc s6 duong a,b,c. Ching minh ring
Y (a+0)2(b+c)2(c+a)? > Y(a—b)20b—c)2(c— a)? + 4Va2b2c2.
(Sung Yoon Kim)

LO1 GIAL St dung bat ding thic Cauchy Schwarz, ta c6

2 4 5 G2b262
R S RO CESE

)

)

)? ) (c—a)? 3 ab bc ca
) +4\/(

2 (c+a)? ’

a+0)?2 (b+c)? (c+a)?

I
Hﬂ
— |
Q|
—~ +|
S| S
S— [ —
|31 I
]~
S S
+ 11
OO

a—b)? 4 ab
+§Z(a+b)2

cyc cyc

{Ea — b2 dab

IN
Wl
(]
)
_|_
=
[}

a+b)? (a+b)2} =1

Déng thtic xay ra khi va chi khi a = b = c. |
Bai toan 2.32 Cho cdc s6 duong a,b,c théa méan abc = 1. Tim hidng s6 k lon nhat
sao cho bat dang thic sau ding
1 n 1 n 1 < k n §
a(l+bc)?2  b(1+ca)? c(l4+ab)?2 = 1+ab)(1+bc)(14+ca) 4

(V6 Quéc Ba Can)

| =

Lor giar 1. Choa=2,b=1,c= 3, ta dugc k < 4. Ta sé chiing minh day la gia tri
ma ta can tim, tic 1a

1 16
4 <1
; 1002 = T U ab)d +00)(1+ca)
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a 16
<:>4Z(a+1)2 S ATt naTo

cyc

= _1—a __1-b __1—c¢
Dat v = 130,y = 15,72 = 1570

thi ta ¢6 z,y,z € [-1,1] va

(I-2)(1-y)(1-2)=1+2)1+y)(1+2)

=z+y+z+zyz=0

Bét ding thic trd thanh

d (-2 <1420 +2)(1+y)(1+2)

cyc
s+ + 222wy +yz+za) 2@+ y+2+ayz) >0

& (@+y+2°>>0

hién nhién ding.

Bét ding thitc dugc chitng minh. Vay ta di dén két luan

kmax = 4.
[
Lo1 GIAT 2. Tuong ty nhu trén, ta can phai chitng minh
1 16
4 <1
; a2 = T Ut ab) (I +bo)(L fca)
Via,b,c > 0,abc = 1 nén ton tai cac s6 z,y,z > 0 sao cho a = b= Y ¢= 2 Bat

déng thic tré thanh

Ty 1 dxyz
L S 1T e w6

cyc
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Ta c6

dxyz
(z+y)(y+2)(z+x)
2[(z+y)(y+2)(z+z) —zy(x +y) —yz(y + 2) — 22(2 + 2)]
(x+y)(y+2)(z + )
S (@ +yz)(y +2)

cyc

Yy +2)(z +2)

CE
z
cyp:chy x+z cycz+y T+ z

Y z Y
()(E)Z
- () (B )+ s

sty ) \Gzrtz) S (wty)?

cyc

Bét ding thic tuong duong véi

(E)(2) <

cyc

St dung bat dang thic AM-GM, ta c6

(Z5)(22) =

cyc

2
T Y 9
<Zx+y+zx+y> T

cyc cyc

Bai toan 2.33 Cho cdc s6 khong am a,b, c théa man a® + b> + ¢ = 1. Tim gid tri
lon nhat ciia biéu thiic

P=(a-b)(b—c)c—a)(a+b+c).
(Vo Quoc Ba Cin)
LOI GIAL Néua>b>c¢>0,thi P<0. Néuc>b>a>0,th

P =(c—b)(b—a)(c—a)a+b+c) = (c—b)(b—a)(c®+bc—a®— ab)

1
2422 = =
(b + ) =

=

< ble—b)(c? +be) = (¢* —be)(b* 4 be) <

NG
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Mt khac, cho a = 0,b=sin§,c=cos %, ta c6 P = ;. Vay nén
1
max P = —.

[
Bai toan 2.34 Cho cdc s6 duong a,b,c,d. Chitng minh ring
bla+c) cb+d)  dlc+a) ald+bd) >4
cla+b)  db+c) alc+d) bld+a) T
(Vo Quéc Ba Can)
LOI GIAL Viét lai bat ding thitc nhu sau

b d c a
(a+c) (c(a—i—b) * a(c-i—d)) +o+d <d(b+c) * b(d+a)> 24
& (abc—|—abd—|—acd+bcd)< 2 Q

btd
@t b)erd T bd(b+c)(d+a)) 24

®(1+1+1+1)< R >>4
o b e d)\GHDGEHD  GrOGHD) T

c d a

Sit dung bat dang thitc AM-GM., ta c6

el gwd o a(d) L 4(Gd)
D0+ D THI07D = Grpried) Grbeied)
4
EELITIEz)

Bét dfing thitc duge ching minh. Dang thic xay ra khi vi chi khia =cvab=d. =

Bai toan 2.35 Cho cdc s6 duong a,b,c. Ching minh ring

a® + be b? + ca c® 4 ab <§'a2+b2—|—02
a?+(b+c)? P+(cta)? A+4+(a+b)?~ 5 (a+b+c)?’
(Pham Hiu Dic)
LO1 GIAL Bat déng thitc da cho tuong duong véi
Z(b+c)2—bc 18 a®+ 0"+ ¢

Cyca2+(b—|—c)2 5 (a+b+c¢)? —
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o (b+c)? > 4bc, nén ta chi can chitng minh duge

Z (b+c)? 6 a®+b" 4
4a>+ (b+¢)?)] 5 (a+b+¢)? —

Sit dung bat ding thitc Cauchy Schwarz, ta c6

a2+ (b+c)? ~ a2+ (b+c)?] 2@ +b+c2)+(a+b+c)?

cyc

Z (b+c)? - (a+b+c)? (a+b+c)?
[

Chuéan hoéa cho a + b+ c = 1. Dat © = a® + b%> + ¢ = 32 > 1, ta phai ching minh

1 +6m >
2+ 1 5 —

s a3z —1) > 0.
Déng thtic xay ra khi va chi khi a = b = c. |
Bai toan 2.36 Cho cdc sé duong a,b,c,d. Chitng minh ring
(a+b)(a+c)(a+d)(b+c)(b+d)(c+d) > 4(abec+ bed + cda + dab)?.
(V6 Quéc Bd Cin)
LO1 GIAL Stt dung bat ding thiic Cauchy Schwarz, ta c6

(abc + bed + cda + dab)? < (ac + be + ad + bd) (ab’c + bed? + ac*d + a®bd)
= (a+b)(c+ d)(ab’c + bed® + ac®d + a*bd)

(abc + bed + cda + dab)? < (be + bd + ac + ad)(a®be + be*d + acd® + ab*d)
= (a+b)(c+ d)(a*bc + bc*d + acd® + ab*d)

Cong tuong tng vé véi vé 2 bat déng thic trén, ta duge

2(abc + bed + cda + dab)?
< (a+0b)(c+d)(ab’c+ bed?® + ac*d + a*bd + a*be + bed + acd? + ab*d)
= (a+0b)*(c+d)?*(ab+ cd)

Twong ty, ta ciing ¢6

2(abc + bed + cda + dab)?
2(abc + bed + cda + dab)?

IN A



241
Nhan tuong ting vé véi vé, ta duge

8(abc + bed + cda + dab)® < (ab + cd)(ac + bd)(ad + be) H (a+b)?

sym
Mait khéc, theo bat diing thic AM-GM thi

4(ab + cd)(ac + bd) < (ab+ cd + ac + bd)? = (a + d)*(b+ ¢)?

Twong tu,
4(ab+cd)(ad +be) < (a+c)*(b+d)?
4(ac+bd)(ad +bc) < (a+b)?(cH+d)?
Do do
64(ab + cd)?(ac + bd)*(ad + be)* < [ [ (a + b)?
sym
& (ab+ cd)(ac + bd)(ad + be) < % (a+b)
sym

Két hop vdi bat dang thitc 8(abc+bed+cda+dab)® < (ab+cd)(ac+bd)(ad+be) [] (a+
sym

b)?, ta suy ra dugc

1 1
6 2| _ 3
8(abc + bed + cda + dab) gng(a—&—b) H(a+b) —§H(a+b) .
sym sym sym
Tit day, ta suy ra dpem. Déng thiic xay ra khi va chi khi a = b =c =d. ]

Bai toan 2.37 Cho cdc s6 duong a,b,c. Ching minh ring

b 1 1 1
3+ 242+ > (atb+o)(=+5+-).
b ¢ a a b ¢

(Pham Hiu Diic)

Lot GIAL Dit 22 = a, 3% = b, 23 = ¢. St dung bat ding thiic Schur bac 3, ta ¢
3,3 3 2

a b ¢ r Yy z T Yy oz x oy oz
N a® S e
+ot ot +3+ﬁ+ﬁ—§f “ 4

I
S 15

8
ol §
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Mait khéc, theo bat ding thiic AM-GM thi

2 3 3, .3 3 3 3
x Tz 3+ + 2 x2)3 + (yx)3 + (2

cyc cyc

5 (23 + 93 + 23) (2323 + 323 + 23y3)
34323

1 1 1
= 2\/(:c3+y3+z3)<$3+y3+23)
1 1 1
2 b -+ -4+ -
\/(a+ +c)<a+b+c>

Déng thiic xay ra khi va chi khi a = b = c. |

Bai toan 2.38 Cho cdc s6 duong a,b,c. Chiing minh rang
abc +2(a® +b* +c*) +8 > 5(a+b+c).
(Tran Nam Ding)
LO1 GIAL Sit dung bat ding thitic AM-GM va bat déng thiic Schur bac 3, ta c6

6abc + 12(a” + b + ¢*) +48 — 30(a + b + ¢)
= 3(2abc+1)+12(a®> +b* +*) +45-5-2-(a+b+c)-3
> 9Va2b2c 4+ 12(a® +b* + ) +45 - 5[(a + b+ ¢)? + 9]

9abc
= = 47+ b +c2) —10(ab+ be+ ca
Vare T ) )
> 2190 | 742 152 1 )~ 10(ab+ be+ ca)
~ a+b+e

> 3[4(ab + be+ ca) — (a+ b+ ¢)?] 4+ 7(a® + b* 4 ¢*) — 10(ab + be + ca)
= 4(a®*+b* + ¢ —ab—bc — ca) > 0.

Déang thtic xay ra khi va chi khia =b=c= 1. ]

Bai toan 2.39 Cho cdc s6 khong am a,b,c théa man ab + bc + ca + 6abc = 9. Tim
hing s6 k nhé nhit sao cho bat ding thic sau ding

a+b+c+ kabe >k + 3.

(Vo Quéc Ba Can)
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Lo1 1AL Cho a = b= 3,c =0, ta dugc k > 3. Ta sé chiitng minh day la gia tri ma ta
can tim, tic 1a
a+b+c+ 3abc>6

Dit p=a+b+c,q = ab+ bc+ ca,r = abc thi ta c6 ¢ + 6r = 9. Stt dung bat ding
thitc AM-GM, ta c6 p? > 3¢ > 9. Bat dang thiic trd thanh
p+3r>6

<2p—q2=>3

Néu p > 6, bat déng thiic 14 hién nhién.
Néu 6 > p > 3 va néu p? > 4q, thi

2 —2)(6 —

2p—q22p—g=7(p )6 —p) +3>3

4 4
Néu6 > p > 3 va néu p? < 4¢, theo bat ding thiic Schur bac 3, ta ¢ r > %ﬂ’z) > 0.
Do d6

27 = 3q + 18r > 3q + 2p(4q — p?)

2p3 + 27
=2p—q>2p— —
Pa=2P= g3
Ta can chiing minh
2p3 + 27
2p— ———
8p+3

< (@P+1)pP-3)(p—6)<0.

hién nhién ding. Vay ta di dén két luan
ki = 3.
[
Bai toan 2.40 Cho cdc s6 duong a,b,c théa mdn a + b+ c = 3. Chitng minh ring
3(a* +0* +ct) +a® + b7 + 7+ 6> 6(a® + %+ ).
(Vasile Cirtoaje)
Lo1 GIAL Bat ding thitc tuong duong véi

Z(3a4—6a3+a2+4a—2) >0

cyc

&Y (a=1)*(3a>-2)>0

cyc
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&> (2a—b—c)’(3a>-2) >0

cyc

@Z(a—b)(a—c)(4a2+b2+02—4) >0

cyc

Khong mét tinh téng quat, gia sit @ > b > ¢ > 0, khi d6 ta dé& dang kiém tra dugc
40> + 02+ —4>4 + P +a®> —4>4P +a>+ b —4

Mat khac

(3c—1)2
-2 >0
m v

4 =

2
402+a2+b2—42402+@—

Do do
4 + 0+ —4 >4 + P+ a4 >4 +a® +0° -4 >0
Tir day, viét lai bat dang thitc nhu sau
(a—b)[(a—c)(4a® +b* 4+ * —4) — (b— c)(4b* + a® + ¢* — 4))
+ (e —a)(c—b)(4c* +a® +b* —4) > 0.

Ta thu dugc két qua can ching. Déng thic x4y ra khi va chi khi ¢ = b= ¢ = 1 hosc
a=0b= %, c= % hoac céc hoan vi tuong tng. ]

Bai toan 2.41 Cho a,b,c la do dai 3 canh ctia mot tam gide. Ching minh rdng

b+ec c+ta a+b <3(a+b—|—c)
a?+bc b +ca c2+ab” ab+bc+ca

(Vo Quéc Bd Can)
LOI GIAL Viét lai bat déng thiic nhu sau

a a?+bc ca ab 4 be + ca

cyc

(a—0b)(a—c) be(a — b)(a —¢)
< Z a(a® + be) Z Z abe(ab + be + ca)

cyc

1 1
&> (a—b)(a—c) [a(a2 +bc)  alab+ be+ ca)

cyc

@Z(a—b)(aa;i)l()l;—kc—a) >0

cyc
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Gidasta >b>c,doa,b,cla do dai 3 canh ctia mot tam giac nén

b(a — b)

a—c>

Doa>b>cnén

Z (a—b)a—c)(b+c—a)

p” a? + be
b—c)b—a)(cta—-b) (c—a)(c—b)(a+b—rc)
z +
b2 + ca c2 + ab
(b—c)(b—a)(c+a—10) +b(afb)(b—c)(a—|—b—c)
- b2 + ca c(c® + ab)
bla+b—c) c+a-1>
- AV _
(a=b)b-c) [ c(c? + ab) b2 + ca }
blc+a—b) c+a-—-0>
> —b)(b— -
z (a=b)b—c) [ c(c? + ab) b2 + ca }
_ (a=b)(b—c)ct+a—b)b>—-c?) >0
B c(c? + ab)(b? + ca) -
Déng thic xay ra khi vi chi khi ¢ = b = ¢ hoac 5= % = { hodc cac hoan vi tuong
ung. ]

Bai toan 2.42 Ching minh rdng vdi moi a,b,c € R va a? +b*> +c2 =9, ta co
3min {a,b,c} < abc+ 1.
(Virgil Nicula)
LOI GIAL Gid stt ¢ > b > a, bat déng thiic tré thanh
abc+1 > 3a
Néu a < 0, sit dung bat dang thitic AM-GM, ta c6
a(b? + c?)

— a2 1)2(2 —
t1o3q=0=0) 4 _(at1)C2-0a)

b 1—3a>
abe + a > B 5

>0

Néua >0,vic>b>a,tadugec V3 > a > 0. Neu a < %, bat déng thiic 1a hién
nhien. Néu v/3 > a > %, ta c6 thé dé dang kiém tra dugc

bcza\/b2+02—a2:a\/9—2a2

Do do, ta phai ching minh

a®>v/9—2a2+1> 3a
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& f(a) =245 — 9a* 4+ 9a% —6a+1 <0
NéulZaZ%,tacé
2f(a) = a®(a— 1) [4a(a — 1)® + 12a® — 18a + 7] + (1 — 3a)(7a® — 6a + 3) < 0
Néu v3 > a > 1, thi
fla) <2a% —9a* +9a® — 5= (a®> = 1)(2a* = 7a> +2) —3< -3 <0

Bt déng thic dugc ching minh. Péng thiic x4y ra khi vd chi khia=—1,b=c=2
hoidc cac hoan vi tuong tng. ]

Bai toan 2.43 Cho cdic s6 khong am x,y, z théa man x2 +y? + 22 = 1. Chiing minh

rang
4 ¥ _+ T >2/2.
3+ yz Y3+ zw 23 +xy
(Vo Quéc Ba Can)

Lo1 c1AL Dit 22 = be,y? = ca, 22 = ab (a,b,c > 0) thi ab + bc + ca = 1 v bat déng
thitc tré thanh

1 1 1
+ + > 22
Va+be Vb+eca e+ab

Do tinh déi xting, ta c6 thé gia st a > b > ¢ > 0, khi d6 ta c6 a

> L
Néu a > 2, ta sé chitng minh ring
1 1
>
Va+bc  Va+t?

1 n 1 > 2
Vb+ca  Vet+ab T (ftla+1)

trong d6 t = \/(a +b)(a+c) —a>0=t>+ 2at = 1.

That vay, ta co6

(a+t2)—(a+bc):a(\/ﬁ—\/m)220

Sit dung bat ding thitc AM-GM., ta c6
1 1 2
+ >
Vb+ca  Vetab — {/(b+ ac)(c+ ab)

Suy ra ta chi can chiing minh

t*(a+1)? > (b + ac)(c + ab)



Ta c6

t*(a+1)* = (b+ac)(c +ab) =

Mat khac )

(e

N

va

(a+1)* - (ﬁ-s- \/E>2 =

Tiép theo, ta phai chiing minh
2
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ala +1)? (\/a—i— —Va+ 0)2 —a(b—c)?
a(b—c)? ((a+ 12— (Va+b+ \/a+6)2)
(Vatb+ate)

(Va¥b+vate) =% 20

1

a

1 9-4
22+1(\/22+1—2)—§=M>0

1
> 2v/2

Vit(a+1) * Va+12 ~

-

2 / t
> 2
\/1—1—2t—t2+ 203 —t2+ 1~
9 2

t
& - >4
<\/1+2t—t2+ 2t3—t2+1> -

S 4/(1 42t —12) (263 — 12 + 1) > V(T — 6t — Tt* + 2083 — 8t4)

Doa>2=>1> 4t do dé

(T2t —tH2 — 2+ 1) =14+t*(5—2t) +2t(1 —t) > 1

7— 6t —Tt2 + 2083 — 8t* =7 — 6t —t3(7T—20t) — 8t* < 7
=4/ (142t —2)(2t3 — 12+ 1) — V(7T — 6t — Tt +20t> — 8t*) >4 — TVt >0
Néu2>a> %3, stt dung bat déng thiic AM-GM, ta c6

1 1

1 3
>

+ +
Va+be Vb+ca

Vetab — $/(a+be)(b+ ca)(c + ab)
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Do dé, ta chi can ching minh dudc

729
< =7
(a+bc)(b+ ca)(c+ ab) 512

batp=a+b+c,r = abc > 0, khi d6 ttt a < 2,ab+bc+ca = 1, ta suy ra g >p > /3.
Mit khac, 1ay v = 22V V;)H va v = PRRVPTS ”31)273, ta d& dang kiém tra dudc

5+ 2v13 1 5—+13 9

Qutv=p, u?+2uww =1, 5 > > >u > 5 , >

B

Ta c6
(a4 bc)(b+ca)(c+ab) =r* + (p* —2p — )r +1 = f(r)

D& thay f(r) 1a ham 16i nén
flr) < max{f(O),f(uzv)} — max{l,f(uzv)}

Ta con phai ching minh

729
2
< —
729
2 1)2 2y o
S vi(u+ 1) (v+u”) < 3

(1+2u —u?)?(2u® —u? + 1) < 729

@g(u): U *674

Ta c6

(1 —3u?)(1 4+ 2u — u?)(4u® — Tu? + 2u — 1) <

g'(u) = u2

5- I3\ 14141 - 550v/13 729
=9 =g(—5 - 1453 <512

Bét dang thitc dude ching minh. Dang thitc x4y ra khi va chi khi z =y = %, z=0

hodc cac hoan vi tuong ing. ]

Bai toan 2.44 Cho cdc 56 khong am z,y, z théa man xy +yz+ zx = 1. Chitng minh
rdng

1 1 1 2v/6
+ + > \[
\/2:1:2 + 3yz \/2y2 + 3zx \/222 + 3xy 3
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LO1 G1AL Dat a = yz,b = 2z, ¢ = zy (a,b,¢ > 0), khi d6 tUt zy + yz + 2z = 1, ta duge
a+ b+ c=1. Bat dang thic trdé thanh

Z\/ 3a2+260 32:@

cyc

Ta sé ching minh

B
Cyc3a2—|—2bc_32a

cyc

>

cyc

Z ab > 4
" (3a? + 2bc)(3b2 + 2ca) — ( )2
9 a

That vay, ta c6

BII(b—c)*+21[Talb+c)+ 7]] a?

a 4 cyc cyc cyc
— = >0
Z 3a2+2bc 3> a -
ve cye 31> a| IT1(3a% + 2be)
cyc cyc

2

cyc

Z ab _ 4
p” (3a? + 2bc)(3b2 + 2ca) ( )2
‘ 9 a

3
18[(b—¢)®>+ 15 (Za) [Ta+36]a(d+c)+22]]a?

cyc cyc cyc cyc cyc

9 (Z a) [1(3a2 + 2bc)

cyc cyc

Mit khac, v6i moi m,n,p > 0, ta c6

m4n+p = /m2+n2+p2+2(mn+np+pm)

\/m2 +n?+p2+ 2\/m2n2 + n2p2 + p?m?2 + 2mnp(m + n + p)

> \/m2 + 02+ p? + 2¢/m2n? 4 n2p? + p?m?

Sit dung bat ding thitc nay véi m = , | 3a7 4300 0 = ,/m,p = \/ 307 2a5 ta dudc
a a ab
Y S % 49
; 3a? + 2bc ~ %c: 3a? + 2bc * \/; (3a? + 2bc)(3b2 + 2ca)
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Tit 2 bat ding thitc da chi ra & trén, ta dugce

a a ab
St > _Y 4
Czy; 3a? +2bc — %{; 3a? + 2bc * \/gc: (3a2 + 2bc) (302 + 2ca)

4 2v/2
> + 5 = V2 .
3> a > 33 a
\ cye a cyc
Bét ding thic duge ching minh xong. [

Bai toan 2.45 Cho cdc s6 khong am a, b, ¢ théa méan a+b+c = 3. Chitng minh rdng

\/a+ b2+c2+\/b+ c2+a2+\/c+ a2+b223\/\/§+1.
(Phan Hong Son)

LOI GIAL Sau khi binh phuong 2 vé va thu gon, ta c6 thé viét lai bat ding thiic nhu

Ssau
Z\/m+2z\/a+ 2+ e) (b Va2t ) 2 9v2+6

cyc

Sit dung bat ding thitc Cauchy Schwarz, ta c6
Z\/a—i— b2+c2)(b+\/m \/<

\ %Z%((ﬂ—l)ﬁ?ﬂ(( )b+
\[Z« V2-1)Vab+3) =

Do do, ta can ching minh

Z\/a2+b2+(2—\/§)2\/@26

cyc cyc

7))

v

Z 7

Dé ching minh bat ding thic nay, ta chi can ching minh bat ding thic sau véi moi
z,y >0

m4+y4+(2—\@)wy2x2+y2
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That vay, ta co
V2(zt + yt) +2( 2—1)xy V2(z? +9?)
= (x—y 2( (z+y)° —\[24—1)

Tty -t o
(z—y 2( (x+y) _\/§+1>

v

V2(@? +y?)? + 22 42
2(V2—1) zy(z —y)?

= > 0.
22 + 42 -

Déng thiic xay ra khi va chi khia =b=c= 1.
Bai toan 2.46 Cho cdc s6 duong a,b,c. Ching minh ring

ab®> b ca® 6(a® 4+ b + 2
Sty fatbiez fla ¥4 +c)
c? b2 a+b+c
LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

ab? 1 a(b?® + 2
£% 5l fpat] 5

C
cyc cyc cyc

(2)

1
[; a(b? + ¢?)

Y

Suy ra, ta chi can ching minh dugc

) (52) o) St

et
() (52) »5i (5t 5)
3

cyc cyc

(a — b)? { PR (+b)<c—ab>}20

b ¢ (a®+A)(b%+?)

N/ % 2 2(a+b) thl

1.1 1 3(a+b)(c? — ab) _~_1_M>0

1
b ¢ ab -

b ¢ (a®?+A2)(b?+32)

Y

1
-+
a
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2 1 2(a+b) ab N
NQUES b @CZm,thl

1 1 1 3(a+b)(c*—ab)
2, 222yt L
abe(a® + ) (b° + ¢%) cTy ot @+ )+
= c*ab+ be+ ca) + abc?(a* 4+ b*) + (a + b)(a® + b? + 3ab)c?

+ a®b® — 2a*b*c(a + b)

> abc?(a® + %) + (a +b)3c® + a®b® — 2a*V?c(a +b)

a’b’(a® + b?) 33, 313 2,2
> W‘F(G/—Fb) ¢+ a’b’ —2a°b%c(a+b)

9 9

> 33, 92 333, 9 313 o 232
> (a+b)c+16ab +16ab 2a°b°c(a + b)

s/ 81 o9 272
> 34/ =—=a"b°c(a+b) — 2a“bc(a + b) > 0.

256
Déng thitc xay ra khi va chi khi a = b =c. ]

Bai toan 2.47 Cho cdc s6 thuc a,b,c khdc 0 théa man a® +b* +c* = (a—b)? + (b—
¢)? + (¢ — a)?. Chitng minh ring

b
P(a,b,c):%+g+225

B a?b + b%c + c2a

< Q(a,b,c) = i

< 2

(a+b+c¢)® ~ 36

(V6 Quéc Ba Can)

LOI GIAL Néu ton tai 2 trong 3 s6 a, b, ¢, ching han a,b < 0, ta c6 thé thay a, b, c bsi

—a,—b, —c, khi d6 ta c6 thé thay diéu kien bai toan va 2 biéu thic PQ vin khong

thay déi, do d6 ta chi can xét bai toan trong trudng hop trong 3 sb a, b, ¢, ton tai it
nhét 2 s6 duong, chang han a,b > 0. Néu ¢ < 0 thi

(a=b)*+(b—c)P+(c—a)*—(@®*+b*+c*) =(a—b)*+c*—2c(la+b) >0
Do d6, ta phai c¢6 ¢ > 0. T day, v6i gia thiét @ = max{a, b, c}, ta c6
0=(a—b2+(b—c)?+(c—a)?—(a®+b*+%)

=-{ﬁ+ﬁ+ﬁﬂﬁ+ﬁ—ﬁﬂﬁ+ﬁ—ﬁﬂﬁ+f—ﬁ)

= Va=Vb+ e
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Do d6, bat déng thiic tré thanh

(oeve) b e

b ¢ (\/5+\/E)27

(\/E+\ﬁ)4b+b2c+c2 (\/E+ﬁ)2 _5

1
12 — 2 3 36
<(x/13+ﬁ) +b+c>
Datt:\/g>0, ta phai chitng minh
t+1)?
¢ >
2T +(t+1)2*5
2 _(t+D¥+et+(E+ D 10
3° (2 +t+1)3 =9

Nhung ching hién nhien dang vi

t+1% 3,2 2
t >5H< (t t“—2t—1)*>0
2z +(t+1)2— "+ )z
2 (t+D)ME e+ (t+1)? 3 5 )
- < & (t 3t —1)>0
37 (2 +t+1)3 "+ )=
t+ D42+t +(t+1)2 10
(E+ 1) +(E+1) < — e (-3t -6t—-1)2>0
(t24+t+1)3 9
Bét ding thitc duge chitng minh xong. N

Bai toan 2.48 Cho cdc s6 duong a,b,c,n. Chiing minh rdng

a?+bc\" b2 +ca\" 2 +ab\" n in .
+ + >a” +b" + "
b+c ct+a a+b

(Vo Quéc Ba Can)

Lo1 GIAL Do tinh déi xtng, ta c6 thé gid st a > b > ¢ > 0, khi dé ta c6
a? +be\"
a(b+c)

(a® + be)(b* 4 ca) — ab(a + ¢)(b+¢) = c(a — b)*(a+b) >0

Y]

1
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- () () =< ey

a?+bec\" B2 +ca\" A+ab\"
>3
;‘<a<b+c>> +<b<«:+a>> +<c<a+b>) -
x>0, z+y >0, z+y+22>0

%1 _ a2+bc " _ b2+ca " _ 62+ab "
vl T = (a(b+0)> - 1l,y= (b(Ha)) —1,z—(c(a+b)) — 1.
Bét ding thic da cho tuong duong véi

Do do

a"r+b"y+c"z>0
Bt ding thic nay hién nhién ding vi
a"r+b'y+ctz=(a"-0")ax+ B —c")x+y)+(x+y+2z)>0.
Déng thiic xay ra khi va chi khi a = b = ¢ hosic n — 0. ]
Bai toan 2.49 Tim gid tri lon nhit ciia biéu thitc

P_g+b+c+d abed
¢ d a b (ab+cd)?
trong dé a, b, c,d la cic s6 thuc phan biét théa man T+ % + 5+ g =4 va ac = bd.
(Pham Van Thugn)

LGIGIAI.Détx:%:%,y:gzgvatzy—i—%,suyraw227th\1tacéx+%+t=4,
do do )

2 1 2, 1

@d-t)y=[z+-) =2+ 5+2>4
T x
=t<2Vt>6

=>t< -2Vt=2Vt>6

Ta c6

P = a+é+£+g_ﬂ = .’1?+l _;’_1 — b2d2
¢ d a b (ab+cd? z)\Y Y (a2 +d?)(b2 + ?)
1 1

2

H4—t) — —t(4—t)—

(7 +1) (7= +1)
Néu y > 0, thi t > 2 va do d6 t > 6 hoic t = 2, nhung do a, b, c,d phan biét nén ta
phéi c6 t > 6, suy ra

(t—6)(365 + 726> —t —6) 433 _ 433

pP=_ B G
3612 36 — 36
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Néuy <0, thi t < —2, suy ra

(t+2)[~(t+2)(9—2)(T—20)+124] 49 _ 49 _ 433
442 4= 4736

P =

Dodo P < —%. Mit khéc, cho a = —3 — 2v/2,b =3 +2v/2,c = 1,d = —1, ta dugc
P= f%. Vay ta di dén két luan
P=——.
max 36
]

Bai toan 2.50 Cho cdc s6 khong am a,b,c, khong c6 2 s6 nao dong tho bdng 0.
Chatng minh ring

3(a—|—b+c)22(\/a2—|—bc+\/b2+ca—|— 02+ab).

(V6 Quéc Ba Cin)

Lo1 GIAI 1. Binh phuong 2 vé, bat ding thic tuong duong véi

5Za2+142ab28z\/(a2+bc)(b2+ca)

cyc cyc cyc

Sit dung bat ding thitc Cauchy Schwarz, ta c6

Z V/(a? + be) (b2 + ca) < \/3 z:(a2 + be) (b2 + ca)

cyc cyc

Do do, ta chi can ching minh dudc

<5Za2 + 14Zab> > 24Z(a2 + be)(b* + ca)

cyc cyc cyc

Do tinh thuan nhat, ta c6 thé chuan héa cho a +b+c = 1. Diat ¢ = Y ab,r = abe,

cyc
khi d6 theo bat déng thiic Schur bac 3, ta ¢6 r > max {0, %}. Bat dang thic tré
thanh
3847 + (25 — 52¢)(1 — 4q) > 0

Néu 1 > 4q, bat ding thitc 1a hién nhien. Néu 4¢ > 1 thi

491
3847 + (25— 52¢) (1 — 4q) > 384 2

+(25—52¢)(1—4q) = é(4q71)(156q+53) > 0.
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Déng thiic xay ra khi va chi khi a = b, ¢ = 0 hoiic cac hoan vi tuong ting. n
Lot GIAT 2. Khong mat tinh téng quét, ta c6 thé gia sit a > b > ¢, khi d6 theo bét
ding thiic AM-GM, ta c6

245 b—
2 ﬁ+ﬁc§a+c+a_%622a+c+d o)
a—+c a-+c
b? —b
2/b% +ca<b+c+ +Ca=2b+c+c(a )
b+c a+c
:>2\/a2—|—bc—|—2\/b2—|—ca<2a+2b+26+ﬂ
- (a+ 0o+

ab + 2
b+c

2vVab+c2 <b+c+

Nén ta chf can chitng minh duge

ab + c? c(a —b)?
b+c (a+c)(b+c¢)

3(a+b+c) >2a+3b+3c+

ab + c? c(a —b)?
T hre 2(a—}—c)(b—i—c)
cla—c) c(a — b)?
§ b+c Z(a—l—c)(b—I—c)
& (a—c)(a+c) > (a—0b)?

Bét ding thitc nay hién nhién dang vi

at+c>a—c>a—b>0.

LoO1 grAr 3. Giasta>b>c Vi

\/a2+bc§a+g

Vb2 + ca+ Ve +ab < V2(b2 + 2 + ab + ac)

Nén ta chi can chitng minh dudc

2¢/2(b2 + 2 +ab+ac) < a+3b+ 2¢

& a? —2(b+2c)a+b* —4c® +12bc > 0
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& (a—b—2¢)> +8c¢(b—c) > 0.

hién nhién ding. ]
LO1 GiA1 4. Gidsta>b>c. Tacod

V02 + ca+ /e +ab < /202 + 2 + ab + ac)

Nén ta chi can chitng minh duge

Va2 +be+ V2(b2 + 2 4 ab+ ac) < g(a—kb—&—c)

Dat s = 2£¢ (s < a) va p = be, bat déng thic trd thanh

2v/a2 + p+4y/252 — p+as < 3(a + 2s)

& 4v/252 —p+as < 3(a+2s) — 2¢/a2 +p
@16(2527p+a5)§[3(a+28)—2 a2+p}2
& 12(a + 25)V/a? + p < 13a® + 20as + 4s + 20p
@12(a+2s)( a2+pfa)§(a—25)2+20p

Vi (a—25)2>0va

a?+p—a= = P < 2£
va +p+a a
INén ta chi can ching minh
6(a+ 2s)p <20

< p(6s — 7a) < 0.

hién nhien ding. ]

Bai toan 2.51 Cho z,y,z € [—1,1] thda man x +y + z = 0. Ching minh rang

Vidto+@2+V1+y+22+V1+z+22>3.
(Phan Thanh Nam)

LOI GIAL Binh phuong 2 vé, ta ¢ thé viét lai bat déng thitc nhu sau

Yo +2) Atz +?)(l+y+22) =6

cyc cyc
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Sit dung bat ding thitc Cauchy Schwarz, ta c6

SVU+r+)A+y+22) 2> VA+o)l+y) + Y |yl

cyc cyc cyc
> VI+o)+y) =) e
cyc cyc

Ta can chiing minh

doat—2> ay+2> JI+a)(1+y) =6

cyc cyc cyc

Data> =1+a2,0>=1+y,c>=1+2 (a,b,c >0) = a® +b* + c® = 3. Bat déng thiic

trd thanh
doat =2’ +2) a’+2> ab-9>0

cyc cyc cyc cyc

@Za4—22a262+22ab—2a2 >0

cyc cyc cyc cyc

©3) at =6 a®’ + <2ZabZa2> <Za2> >0

cyc cyc cyc cyc cyc

@Za‘l—l—Zach—l—Zab(aQ+b2)—42a2b2 >0

cyc cyc cyc cyc
& Za2(a— b)(a—c) +2Zab(a— b)2 > 0.
cyc cyc
Bét dang thiic cudi hién nhién ding theo bat ding thitc Schur bac 4. Déng thic xay
ra khi v chi khiz =y =2 =0. ]
Bai toan 2.52 Cho cdc s6 duong a,b,c théa man a + b+ c = 3. Ching minh ring
a? b? c?

Vbe+ (a—1)2 \/ca—i— b—1)2 \/ab—i— (c—1)2 —

(Phan Hong Son)

LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

2
(3

cyc
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ZaQ be+ (a—1)2 = Z\/a?~\/abc+a(a71)2

cyc cyc

IN

(Z a3> lZ[abc +a(a - 1)2]1

cyc cyc
Do dé, ta chi can ching minh dudc

(z ) >0 (Z a3> [Z[am ala— 1)2}]

cyc cyc cyc

Dat ¢ = Y ab,7 = abc thi ta c6 9 > ¢® > 9r. Bat déng thiic trd thanh

cyc

(9 —29)* > 9(27 — 9¢ + 3r)(12 — 5q + 67)

Ta c6
(9 —29)* — 9(27 — 9¢ + 3r)(12 — 5q + 67)
= (9—2¢)* — (81 —27q + 97)(36 — 15¢ + 18r)
> (9—2¢)* = (81— 27q + ¢*)(36 — 15¢ + 2¢%)
= (3—¢q)?[14¢%> + 135(3 — q)] > 0.
Déng thitc xay ra khi va chi khia=b=c¢ = 1. [ ]

Bai toan 2.53 Cho cdc s6 khong am a,b,c théa man a? + b + ¢ = 1. Chitng minh
ring

a b c
1< < V2.
_1+bc+1+ca+1+ab_f

(Faruk Zejnulahi)

1—2x— 1 :x(1—2m)
3 14z  3(1+z) —
= L <1—gx
1+z ™~ 3

A PR 1 .
Tit day, cha y rang max{ab, bc, ca} < 3, ta co

Zﬁ < Za(l—ibc) :Za—Qabc:a(l—%C)—l—b—l—c

< Vl0a? + (b +e)?[(1 - 200)? + 1]
= /2(202¢2 — 2bc + 1)(1 + 2bc)
= V2[1 —202c2(1 — 2bc)] < V2
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Mit khac, ta c6

oo (=)

1+bc ™ > a+ 3abe

cyc cye

(Za>2—za—3abc >

cyc cyc

<;a> <§a_1> 5- 2 a) > 0.

vi v/3 > Y a > 1. Bat déng thiic duge chitng minh xong. n

cyc
Bai toan 2.54 Cho cdc s6 duong a,b,c,d théa man (a + ¢)(b+ d) > 4abed. Ching
minh rdng

LS SR SRR S 32
ab(l+¢)  be(l+d) edl+a) da(l+b) ~ 1+a)(l+b)(1+c)(l+d)

(Pham Kim Hing)

L(:)I G}AI. Dit z = %,y: %,z: %,t: é,th\l ta co x,y,z,t >0va (x+2)(y+1t) > 4.
Bat dang thic tré thanh

xz<y+ t>+t<aj+z>> 32xyzt
14z 1+z)  "\U4y T15¢) " 0Ur0)0+yA+2)1+0)

Sit dung bat dang thitc AM-GM., ta c6
Tz L + ¢ +yt 2 + =
T+2 1+2) ""\U5y 1414

9 fayat (2 + 42
Yz
A IS iy i R

_ 5 xyzt(z + z + ot + yz)(y + t + zy + 2t)
B (I+2)(1+y)(1+2)(1+1)

Y
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Nén ta chi can chitng minh duge

256xyzt
I+2)Q+y)(1+2)(1+1¢)

(x+z+at+yz)(y+t+ay+ zt) >

Néu u* = zyzt > 1 thi ta c6

(z+z4+at+yz)(y+t+zy+ 2t)

(x+2)(y+t)+ (x4 2)(xy + 2t) + (y + t)(at + yz) + (xy + 2t)(xt + y2)
> dVayzt + 2/ (v + 2)(y + t) (zy + 2t) (0t + yz) + dayzt

> Ayzyzt + 8(zyzt)¥/* + dayzt = 4u? + 8u® + dut = P (u+ 1)?

(L+2)(1+y)1+2)1+8) > (1+ (a:yzt)l/4)4 — (1 +u)*

N

va
4u?(1+u)® —256u* = 4u?[(u+1)° — 64u?] = 4u*[(u + 1)® — 8u][(u + 1) + 8u
= 4u(u—1)(u? +4u—1D)[(u+1)> 4 8u] >0
Néu u* = zyzt < 1 thi ta c6
(t4+z+at+yz)(y+t+ay+ 2t)
(z+2)(y+1t)+ (z+2)(ay + 2t) + (y + t)(xt + y2) + (zy + 2t)(at + y=z)

> 44+ 2/(x+2)(y +t)(zy + 2t) (xt + yz) + doyzt
> 44 8wyzt + dwyst = 4(u® + 1)?

I+2)1+y)(1+2)(14+1)

= 1+@+2)+@@+t)+(@+2)(y+t)+2

+yt +az(y+t)+yt(r + 2) + xyzt
54 2v/(x+ 2)(y + t) + 2vayzt + 2/ zyzt(x + 2)(y + t) + zyzt
> 946zl + ayzt = (3+ Vayal) = (34 u?)?

%

V

4(u? +1)%(u? +3)% = 256ut = 4[(u® +1)%(u® + 3)? — 64u?
= 4[(u* 4+ 1)(u® + 3) — 8u?][(u® + 1) (u® + 3) + 8u?]
= 403 —uH)(1 —u?)[(u?® + 1)(u? + 3) + 8u?] > 0.

Déng thitc xdy ra khivachi khia=b=c=d = 1. ]
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Bai toan 2.55 Cho cdc s6 khong am a,b,c, khong cé6 2 sé6 nao dong thoi bing 0.
Chatng minh ring

\/a2+bc+\/b2+ca+\/c2+ab>\/2(a2+b2+c2)+ 1
b2 + 2 2 + a2 a2 +v ~ ab+bc+ ca V2

(V6 Quéc Bd Cin)

LOI GIAL Sit dung bat ding thitc AM-GM, ta c6

2% a? > a? ) ) 3 a? )
cyc cyc cyc
— | = 2 —< (2 24+ =
R R b A R i) o RRCA
cyc cyc cyc

Do dé, ta chi can chiing minh dudc

2
Z a? + be B a? —|—bc+ Z (a? 4 be) (b2 + ca)
b2 + ¢ B b2 + ¢? (a? 4 c2)(b2 + ¢?)

cyc cyc

Y

<2+%)“’i b+\f+

cyc

Giad stt a > b > c, ta sé ching minh ring

a? + c? \/b2+02 \/2(a2+b2)
b2+02 02+a2_ c2 +ab
N a? + c? n b? + c? Lo 2(a? + b?)
b2+c2  a?+c? c2 +ab
a’?+c2 b4 S 2(a® + b?)
b2+ a?+c? T~ 2+ab

(a® — b?)? < 2(a — b)? — 4c?
(a2 4+ c2)(b2+c2) — c2 + ab

+ b)? 2
o b 2 (CL o >
< 02+ab+(a ) {(a2+02)(b2+02) 62+ab} =0

o 4c? (a —b)%(ab — c®)(a® + b% + 2¢%) >0
c® + ab (a2 +c)(b?+c?)(ab+c?) —

a? + be b2 + ca a? + 2 b2 + 2 2(a? + b?)
= + > + >
b2 + 2 2+ a? b2 + 2 2+ a? c® + ab

2
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Mit khac

Y

1

\/(a2 + be)(b? + ca)

(a2 + c2)(b2 + ¢2)

Do do

Z (a% +bc)(b? 4 ca) \/c2—|—ab \/a2+bc+ b% + ca
(@ +c2)B2+c2)  Va2+b? b2 4 2 c? 4 a?

(a? 4 be) (b2 + ca)
+\/<a2+c2><b2+c2> AN

Ta con phai ching minh

> a’
a2+bc 3 1 cyc
—_— 24+ ->(24+ — ) =—

cye b2—|—c2+\[+2_< +\/§>Zab
cyc
Sa? -2 ab

a2+bc 5 1 cyc cyc
DA L N (5 N . L. .
b2 + 2 2_( +\/§) > ab

cyc cye

Néu " a®? <2 ab, bat dang thiic 1a hién nhién vi

cyc cyc

a2+bc 5 a2+ b+ ab 5

W W + + el

p” b24¢2 2 T b2+ a?4+c¢2 a?+0b2 2
(2a — ab + 2b%)(a — b)?

= >
2ab(a? + b?) =0

2
Néu >-a? > 2> ab thitacoa > (ﬁ—i—\/é) 2b+3cvad02+%<3, nén ta chi

cyc cyc

can ching minh dugc

3 a?> -6 ab

cyc cyc

> ab

cyc

2
a® + be §>
5=

b2 42

cyc
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Ta c6

m_§ S a’® + c? b2—|—02+ ab _§
p” b24¢2 2 T b2+ a?4+c¢2 a?+02 2
B (a2 _ b2)2 B (a _ b)2
(@24 )2+ ) 2(a®+b?)
= (a—0b)? (a +b)" - !
(a2 4+ c2)(b2+c2)  2(a®+b?)
3(a—b)?(a+b)?
1o+ )07 + @)
va ) .
a“—2)) a
c%c mzﬂ _(a—b)2+c(c—2a—2b)<(a—b)2—2ac
Z ab - Z ab ~ E ab
cyc cyc cyc

Nén ta chi can chitng minh duge

(a—0b)*(a+0b)? (@ —b)? — 2ac
4(a® 4+ )% +2) — > ab

cyc

(a+b)? - 1 N 2ac S
4(a® +c2)(b%2+c?)  ab+bc+ ca ab+bc+ca —

& (a—10b)?

Néu a > b+ 5c, ta sé chitng minh

(a+b)? B 1 S
4(a?2 +2)(*+ %) ab+bec+ca

& f(e) = (a +b)*(ab+ be+ ca) — 4(a* + ) (B> + ) >0

a—b
5

Bét déng thic nay ding vi f(c) 1a ham 16m tren [0, 2] va

£(0) = ab(a —1)* > 0

—b 1
f <“ - > = o5 la- b)(21a® + 1112a®b — 362ab® + 229b%) > 0

Néu a < b+ 5¢ thi

2
2ac > ga(a —b) > Z(a—b)?

ot Do

Suy ra, ta chi can chiing minh

(a+b)? 3 3 -
4(a® +2)(b?+ %) 5(ab+bc+ ca) ~
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& g(c) = 5(a+ b)*(ab+ be + ca) — 12(a® + ) (b* +¢*) > 0

Bat déng thic vi g(c) 1a ham 16m tren [0, %52] va

9(0) = ab(5a* — 2ab + 5b%) > 0

—b 1
g (“ 3 ) = 2—7(5(14 + 313a%b — 150ab? + 133ab® — 85b*) > 0.

Déng thitc xay ra khi va chi khi @ = b, ¢ = 0 hoiic cac hoan vi tuong ting. n

Bai toan 2.56 Cho cdc s6 khong am a,b,c, khong cé6 2 s6 nao dong thoi bing 0.
Chitng minh rdng

a n b n c_ S 18
B+cd A+ad ad+b T 5(a2+b2+c2)—ab—bc—ca’

(Michael Rozenberg)

Lo1 GIAL Bt ding thic tuong duong véi

18> a
Za(a+b+c)> czy:c
B3+c3 T 5> a?2—> ab
cyc 2%% 2%%
NS SHCENS N
Cycb3—f—03 Cycb2—bc+cz_52a2—2ab
cyc cyc

Sit dung bat dang thitc Cauchy Schwarz, ta c6

() (5)

a2
ZbB+c3>za2(b3+c3)< ) )

e cye Sath? | [ Y a

cyc cyc

—abcy ab

cyc

Z 2 — Ct: c? = a ;yi ct+c2)
e 00 et et 2 albt —bet ) (Z a) (z ab> — 6abe

cyc cyc
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Suy ra, ta chi can ching minh duge

) )
cyc + cyc cyc

> e
(Z a2b2> (Z a,) — achab (Z a) <Z ab) — babc 50%:0(1 (%:c b

Do tinh thuan nhat, ta c6 thé chuan héa cho a +b+c = 1. Diat ¢ = Y ab,r = abc,

cyc
theo bat déng thitc Schur bac 4, ta c6 r > max {0, W}. Bét dang thtc tré
thanh

(1—2¢)2 118
@?—(q+2)r q—6r — 5—1lq

Néu 1 > 4q thi

1—2¢)? 1 18 12292 1 18
+ - > =
@?—(q+2)r g—6r 5-—11¢ — q> qg 5-—11q
y_ 2 _
_ (1—4q¢)(11q 6q+5)>0
¢*(5 —11q) -
Néu 4q > 1 thi
(1 - 2¢)? 118
@?—(q+2)r q—6r 5-1l1q
(1—2¢)? 1 18

_|_ —
(dg—1)(1—q) — _ _ —
@2 —(q+2)-Y=liza g (6g—1)(1-¢q) 5-1lg
(1 —3q)(4q — 1)(112¢> — 117¢% + 39q — 4) -0
(1—-2¢9)2(5—11q)(4¢® +9¢> — 99 +2) ~—

Déng thitc x4y ra khi v& chi khi @ = b = ¢ hoic @ = b, ¢ = 0 céac hoan vi tuong ting. m

Bai toan 2.57 Cho cdc s6 duong a,b,c. Chiing minh ring

a n b n c >i ab+ bc+ ca
a+b Vb+ec c+a = 2 Va2+b24+c2

(Vo Quéc Ba Can, Nguyén Vin Thach)

LOT1 GIAL Trude hét, ta sé chitng minh
3Ya?
Ya ~ a+c

cyc

cyc
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That vay, ta co

o))

cyc cyc cyc

(s )

cyc cyc cyc
ooy e
a+b
cyc cyc
2
p (a+c)(b+c¢)
Bay gio, st dung bat déng thitc bat déng thitc nay va bat déng thitc Holder, ta dugc

3Y a?
cyc ( a+> Lyc (a+b)(a+c)

cyc

> 2<Za+c> (ZJ:) L,c (a+b)(a+c)

Ta can ching minh

4 (Za>4 > 27 (Zab>2 [Za(a+b)(a+a)

cyc cyc cyc

&4 (;a>4 > 27 <§ab>2 (ZJ;&) <§a> + 3abe

Do tinh thuan nhét, ta chuan héa cho a +b+c = 1. Dt ¢ = Y ab,r = abc thi ta c6

cyc

2(ge)

q®> > 3r. Bat dang thiic tré thanh
4>27q(1 —2q+3r)
Ta cé
4—27¢(1 —2q+3r) >4 —27q(1 — 2¢+ ¢*) = (4 — 3¢)(1 — 3¢)* > 0.
Déng thitc xay ra khivachia =b=c. [ ]

Bai toan 2.58 Cho cdc s6 duong a,b,c. Ching minh ring
Z a2+b2+82 ZZ b2+bC+CQ.
p” a? + 202 + 2¢2 p” a?+ (b+c¢)?

(Pham Hiu Diic)
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Lo1 GIAL Bat ding thitc tuong duong véi

a?® — be 1 1
;w - (Za) [Z <a2+(b+c)2 B a2+262+262)‘|

cyc

a—bc (b—c)?
@Z 2— Za Z 2+ (b+¢)?](a® + 20> 4 2¢2)

cyc cyc cyc

Do tinh thuan nhét, ta c6 thé chuan héa cho a? + b + ¢ = 1. Bat dang thic tr6
thanh

Za —be Z (b—c)
pv 14 2bc — p (14 2bc)(1 + b2 + ¢2)

Cht ¥ ring
Z2(a2—bc) o Z2a2—b2—02+2(b—c)2
£ 1+ 2bc N £ 1+2bc £ 1+ 2bc

_ > 2 1 1 (b—c)?
- Z(b_c)(1+20a 1+2ab>+zl 2bc

B 5 2a(b+ ¢)
N Z(b—c) [(1+2ab)(1+2ac 1+2bc]

cyc

Do d6, bat déng thic tuong duong véi

2a(b+ c) 1 2
2 (=0 [(1+2ab)(1+2a0) 1+2bc (1+2b0)(1+b2+02)} ="

cyc

2a(b+¢) a?
(b—c — >
o [ (1 + 2ab)(1 + 2ac) (1+2bc)(1+b2+02)] =0
Mat khac, ta c6

2(1 4 2bc) (1 4+ b* + ) — (1 + 2ab)(1 + 2ac)
= [1+(b+c)? —2ab+ )]+ [(b+c)* — 4abc] + 4be(b? + ¢?)
> 2(b+c)(1 — a) + 4bc(1 — a?) + 4be(b* + ¢*) > 0

Nén ta chi can chitng minh duge

2a(b+¢) 2
> (b= [(1 +2ab)(1+2ac) (1 + 2ab)(1 + 2ac)

cyc
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@Zx(b—cf >0

cyc

trong dé x = a(b+ ¢ — a)(1 + 2bc) va y, z tuong tu.
Khong méat tinh téng quat, gia st a > b > ¢, khi d6 ta c6 y,z > 0 va

bla—c)® >alb—c)?, 1+ 2ac>1+2bc
a(b—c)*(b+c—a)(1+2bc) +bla —c)*(a+c—b)(1 + 2ac)
> a(b—c)*(b+c—a)(l+2bc) + a(b— c)*(a+ c—b)(1+ 2bc)
= 2ac(b— ¢)*(1 4 2bc) > 0.

Déng thiic xay ra khi va chi khi a = b = c. ]
Bai toan 2.59 Cho cic 56 duong x,y théa man x +y* > x? +y3. Chitng minh ring
327 4 2y < 5.

(Ji Chen)
Lo1 GIAT 1. Tt o+ 9% > 22 + 92, ta co
5z +y%) > (32 + 29°) + (22 + 3y°)

Ta sé chitng minh ring
5+ 222 + 3y° > 5(z + 1?)

& (22 -3)(z - 1) +[B3y> —2(y+ D]y — 1) > 0
Cht ¥ ring néu x,y > 1 thi ta ¢6 x + y? < 22 + 32, diéu nay mau thudn véi gia thiét
bai toan.
Néu y > 1 > z thi ta c6
(3-22)(1—z)>z(l—2) >y’ (y—1)
Do do6
(20 =3)(z—1)+[By* —2(y+ 1))y —1) = [4y* —2(y+ Dl(y—1) = 2(y—1)*(2y+1) 2 0
Néu 2z > 1>y thi
2(y +2) = 3°J(1 —y) 2 y*(1 —y) > a(z — 1)
Do dé
2z —3)(z— 1)+ By —2(y + D](y — 1) > (3z — 3)(z — 1) = 3(z — 1)> > 0.

Déng thiic xay ra khi va chi khi z =y = 1. ]
Lor1 arAr 2. Ta co

5—32% —2y° =6(x —2? + 9> —9®) +3(1 — ) +2(1 — y)*(1 + 2y) > 0.
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Bai toan 2.60 Cho cdc s6 khong am a, b, ¢ théa méan a+b+c = 3. Chitng minh rdng

a n b n c
1+a+b 14+b+c2 14+c+a?

3
> —.
— 4

(Vo Quéc Ba Can)
Lot c1A1. Xét 2 truong hgp sau

Truong hop 1. Néu >_ a? 4+ " ab? < 9, sit dung bat déng thitc Cauchy Schwarz, ta c6

cyc cyc

2
Sa
Z a S cye _ 9
l+a+b = Ya(l+a+b?) 3+>a>+) ab?

cyc cyc cyc

>3
— 4

cyc

Truong hop 2. Néu > a? + > ab® > 9, tic 1a

cyc cyc
Zab2 > 22a2b+ 6abc
cyc cyc

Bét ding thiic tuong duong véi

4y a(l+b+c)(1+c+d®) =31 +a+b)(1+b+)(1+c+d)

cyc
& Za2b3 —&-SZagb—l—ZaS +9abc+2a2b+52ab
cyc cyc cyc cyc cyc
> 3 b’ +3) a’+3a%0°c?
cyc cyc

Do > ab® > 23" a?b + 6abe nén ta co

cyc cyc

(Z ab> (Z ab2> >2 (Z a®b + 3abc> (Z ab>
cyc cyc cyc cyc
= Z a’b® > 2 Z a3b? + 72 a’b’c+ Z abe

cyc cyc cyc cyc

& Za2b3 > %Za2b2(a+b) + %Za2b2c+ %Zagbc

cyc cyc cyc cyc
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bat ¢ = ab + bc + ca,r = abc thi

Za2b2a+b Za2b20+ Za?’bC—Qq +(¢g—9)r

cyc cyc cyc

= Za2b3 > 2¢° + (g —9)r

cyc
Mit khac, ta co
2
3 2 2 cye L,
b > be = b>—~~— 2 ==
Saz Y ate=a, Yo ~ 2
cyc cyc cyc cyc

Tu nhitng bat ding thitc nay, ta chi can ching minh dugc

1
[2q2 +(q—9)r]+ 157+ (27 —9g+ 3r) + 9r + §q2 +5q > 3(q2 —6r)+3(9—29)+ 3r2

2
& gq(3— q) + (36 + q)r — 3r* > 0.

hién nhién ding do 3 > ¢,1 > 7.
Bat déng thiic duge chiing minh. Déng thiic xay ra khi v chi khi a = 3,b =c =0
hodc cac hoan vi tuong ing. |
Bai toan 2.61 Cho cic s6 duong a,b,c. Ching minh ring
A0+ 1)+ + 1)+ 3@ +1)>8(a+b+c) —18.
(Nguyén Cong Minh)

LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

(Z a2b> (Z ab>
S s M)y gy N

cyc cyc cyc cyc

()
I

cyc (%c a)
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Mit khac, bat ddng thiic da cho tuong duong véi

<Za5b2+za> +) a®+18-9) a>0

cyc cyc cyc cyc

Do d6, theo trén va theo bat dang thitc AM-GM, ta c6

4 2
(Z ab) 2 (Z ab)
Za5b2+2a> e - +Za o

cyc cyc cyc
Y Yy Ta v Cyc
cyc

3
(Za) +27+27227Za

cyc cyc

Mit khac,

=18-9) a> —% (Za)g

cyc cyc

Nén ta chi can chitng minh duge

(Zb> cxes(s)

cyc cyc cyc

+Za Z%

cyc

trong dé p = a + b+ ¢, ¢ = ab + bc + ca. St dung bat ding thitc Schur bac 3, ta c6

1

g a? § p? — 5q)

cyc
Suy ra

2 2 2
o 2¢° 1 L5 (p°—=3q)(p° —2q)
+ Ey » + 3p( P~ — 5q) 3P 3 >

vi p? > 3q.

Déng thitc xay ra khi va chi khia =b=c = 1. ]



273
Bai toan 2.62 Cho cdc s6 khong am a,b,c,d théa man a +b+c+d = 3. Ching
minh rdng
ab(a + 2b + 3¢) + be(b + 2¢ + 3d) + cd(c + 2d + 3a) + da(d + 2a + 3b) < 6/3.
(Pham Kim Hung)

LOI GIAL Dat
fla,b,c,d) = Z ab(a + 2b+ 3c¢)

cyc

Ta c6
fla,b,e,d) — fla+¢,0,0,d) =c(b—d)(a+c—b—d)

fla,b,e,d) — f(0,b,a+¢,d) = —a(b—d)(a+c—b—d)

Suy ra, néu (b —d)(a+c—b—d) < 0 thi f(a,b,c,d) < f(a + ¢ b,0,d) va néu
fb—d)a+c—b—d)>0thi f(a,b,c,d) < f(0,b,a+ ¢,d), tic la

fla,b,e,d) <max{f(a+e¢b,0,d), f(0,b,a+c,d)}
Tuong tu, ta co
fla+¢,b,0,d) <max{f(a+¢b+d0,0),f(a+c00,d)}

f(0,b,a+ ¢,d) < max{f(0,b+d,a+¢,0), f(0,0,a+c,b+d)}
Mat khéc, ta dé& dang kiém tra duge

max{f(a+c,b+d,0,0), f(a+¢,0,0,d)} <6V3

max{f(0,b+d,a+c,0), f(0,0,a+¢,b+d)} <63,

Bat dang thiic duge ching minh. Déng thiic xay ra khi va chi khi a = d = 0,b =
3 — /3, ¢ = /3 hoiic cac hoan vi tuong tng. ]

Bai toan 2.63 Cho cic s6 duong a,b,c. Ching minh ring

a / b c <4/3( b )
+ + —(a+0+c).
a2—|—b+4 b2+C+4 02+G,+4 4

(Nguyén Céng Minh)

LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

/ a
(Z a2+b+4> a2+b+4_3;2a+b+3
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Ta can chitng minh

a
2% 2
> <
cy02a+b—|—3 3
>a
b+3 cyc
& >3
22a+b+3+ 3 =

cyc

St dung bat ding thitc Cauchy Schwarz,

> (b+3) (Za+9>
> b+3 ey _ ey

£~ 2a+b+3 = 3 (b+3)(2a+b+3) 2
Y cye <2a> +12Y a+27
cyc cyc
> a+9
- %
>a+3
cyc
Dat 3" a = 3t? (¢t > 0), ta phai chiing minh
cyc
3249
t>3
3t2+3 =
tt—1)2
)
t?+1 ~
hién nhién diing.
Déng thtic xay ra khi va chi khia =b=c=1hodca=0b=c — 0. ]

Bai toan 2.64 Cho cdc s6 khong am a,b,c, khong cé6 2 s6 nao dong thoi bing 0.
Chatng minh ring

a(b+ c) b(c+a) c(a+b)
\/(2b+ Jb+20) \/(2c+ a)(ct2a) \/(Qa s >V

L(\jI (}IA‘I. Sl} dl,lIlg baf/\t da‘vllg lhl’IC H()l(lEI, la C(/)
3
cyc

a(b+ c)
l; (2b+ ¢)(b + 2¢)

b+c

lz a%(2b+ ¢)(b + 20)
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Ta can chitng minh

2b c)(b+2c
(Za> >93¢ +b+c+ )

cyc cyc

3
& (Za) 24Za2(b+6)+2abczbic

cyc cyc cyc

2a
3 2
= g a® — g a (b+c)+3ab02abc<cypb+c—3>

cyc cyc
Cht ¥ ring
Za372a2(b+c)+3abc:Za(a-b)(afc)
cyc cyc cyc
va
_Z (2a+b+c)(a—0b)(a—c)
cycb+c (a+b) b+c)(c+a)

Bét ding thic tuong duong
Zx(af b)(a—c)>0
cyc

abe(2a+b+-c) N a2(ab+ac+b2+¢:2)
(@+b)(bro)(cta)  (atb)(bre)(cta)
Khong méat tinh tong quat, ta c6 the gia st a > b > ¢, khi do

trong d6 x = a — >0 va y, z tuong tu.

a—c>b—c>0

abc
ry==N - s oera] =°
o - )~ ylb—c) > (b —y) >0

Mat khac, ta c6 thé viét lai bat ddng thitc nhu sau

(a=b)z(a—c)—ylb—c)]+z(a—c)(b—c) > 0.

Béat ding thic duge ching minh. Ding thiic xdy ra khi va chi khi a« = b = ¢ hoic
a =b,c = 0 ho#c cac hoan vi tuong tng.

Nhan xét 18 Chi g rang 2(b* 4+ ¢*) < (2b+ ¢)(b + 2¢), nén

a(b+c) a(b+c)
Z 2 + ) >; @t > V2
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va ta thu dugc két qud dep sau
a(b+c) \/b(c—i—a) \/c(a—i—b)
> 2.
\/62—1-62 Were TVaere -~

Dcfng thiic dat dugc tai a = b,c =0 va cdc hodn vi cta no.

(V6 Quéc Bd Cin)

Bai toan 2.65 Cho cdc s6 khong am a,b,c, khong cé6 2 s6 nao dong thoi bing 0.
Chatng minh rdng

ad b3 c3
2< + + ) > 2(a® 4 b% + ) — \/3abc(a + b+ c).

b+c c+a a+b

(Nguyén Cong Minh)

Lo1 GIAL Stt dung bat ding thiic Holder, ta cé

3
e
ST
cve (Z a) lz a?(b+c)

cyc

Ta can chitng minh

() o
e + Sacha > 22&2
(E a) [Z a2(b+c) cve cve

cyc cyc

Do tinh thuéin nhét, ta c6 thé chudn héa cho a+b+c = 1. Dit ¢ = ab+bc+ca, r = abe,
khi dé theo bat ding thiic Schur bac 4, ta c6 7 > max {0, W}. Bét ding thic
trd thanh

2(1 — 2¢)?
=207 | ars 91— 2g)
q—3r

Néu 1 > 4q thi

M+~/3r—2(1—2q) M
q—3r q
2(1 —29)(1 —q)(1 —4q) _

q

Y

—2(1-2q)

0
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Néu 4qg > 1 thi

2(1 — 29)° 2(1 — 2¢)° (g - 1)1 —9)
W—l—@—?(l_%) = g — Qa—Dl-9) 2
2
o 4(1-2) (4 -1)(1-q)
4¢2 — 3¢ +1 2
Ta can ching minh
(1-2q) (4g—1)(1—-q) > 2(1 - 29)
4¢% —3g + 1 2
(4g-D(l—q) Y
R TV s 91 -2q) - ——
& 9 2 2( %) 42 =3¢ +1
(4g-1)(1 =) _ 2(1—-29)(4g=1)(1 - q)
2 - 4q2_3q+1

& 4¢% =3¢+ 1> 2(1 = 29)\/2(4g — 1)(1 - q)
Theo bat dang thic AM-GM, ta c6

47 =3¢+ 1—2(1 —2¢9)\/2(4g — 1)(1 — q)
>4¢* =3¢+ 1—(1—2¢)[2(4g — 1) + 1 —2q] = 2(1 — 3¢)* > 0.

Bét déng thitc duge ching minh. Dang thiic xay ra khi va chi khi @ = b = ¢ hoic
a =b,c =0 ho#c cac hoan vi tuong tng. [ ]

Bai toan 2.66 Cho a,b,c la do dai 3 canh ctia mot tam gide. Ching minh rdng
(a®b 4 b?c+ c*a)? > abe(a + b+ ¢)(a® + b% + ).
(Vo Quéc Bda Can)

LO1 GIAI 1. Bat dng thic tuong duong véi

Z atb? — Z a*be > abe(a — b)(a — ¢)(b— c)

cyc cyc
= Za4(b —c)*+ Za4b2 - Za2b4 > 2abc(a —b)(a —c)(b—c)
cyc cyc cyc

& Za4(b —¢)* 4+ (a—0b)(a—c)(b—c)(a+b)(b+c)(c+a)—2abc] >0

cyc
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@Za4(b—c)2+(a—b)(a—c)(b—c)2ab(a+b) >0

cyc cyc

Do a,b,c 1a do dai 3 canh clia mot tam gidc nén ton tai cac sd khong am z,y,2z > 0
sao cho a =y + 2,b = 2z + z,c = = + y. Bat ding thic tré thanh

Z(y+z)4(y — 22+ (2 —y)(y—2)(z — ) 2Zz3 +5Z:c2(y+z) +12zyz| >0

Tit day, gia st = min{x,y, 2} va dit y = 2+ p, 2z = o + ¢, ta c6 thé dé dang viét lai
bat déng thiic nhu sau

Azt + B+ C2>+ Dz + E >0

trong do6
A = 320" —pg+4q*) =0
B = 16(4p® — 5p°q + pg® +44¢°) > 0
C = Bp'-pe—-p*¢ +pd’ + ") =Bl - 9)’P+9 +4¢"1>0
D = 8(p+q)(2p* - 3p°q — p*¢* +pg® +2¢")

=8(p+q)[2(p — ¢)* + pa(5p* — 13pg + 9¢*)] > 0
E = 2(p*—pg® —¢*)? > 0.

Bat ding thiic duge ching minh. Dang thiic xay ra khi va chi khi

a=b=c
hoac
3
100 + 12+4/69 2 1
a=b+c,b= + \ﬁJr " ——Je
6 37100+ 12v69 3
hoac cac hoan vi tuong ing. ]

LO1 GIAT 2. Khong mat tinh tdng quat, ta c6 thé gia st (a — b)(a — ¢) < 0. Xét ham
s6 sau
flx) = (0 +0° + *)a® — 2(a®b+ b’c + Pa)x + abe(a + b+ ¢)

Ta c6
fla)=ala—b)(a—c)(a—b+¢c) <0
va
Ill)rrolof(nc) =400

Do dé, ton tai xy sao cho f(zg) = 0, va vi thé biet thitc clia f(x) phai khong am, tic
la
(a®b 4 b?c+ c*a)? > abe(a + b+ c)(a® + b* + ).
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Nhan xét 19 St dung bat ding thic Cauchy Schwarz va bat ding thite trén, ta co

2
S a?b

a®b S (cyc S 9

Zi =TS a%he _Za

C

cyc cye cyc

va ta duoc
a’b  b’c  a

— +— 4 —>a*+ b+
c a b

b
& a? (—1>+b2(c—1)+c2(a—1) > 0.
c a b
Day chinh la bat ding thate trong ki thi chon doi tuyén di thi todn quéc té ciia Moldova
2006.

Bai toan 2.67 Cho cdc s6 khong am a, b, ¢ théa méan a+b+c = 3. Chitng minh rdng
abv/a + bevb + cav/c < 3.
(Vasile Cirtoaje)
LOI GIAL Sit dung bat dang thiic Cauchy Schwarz, ta c6

() < () (5

cyc cyc cyc

() (5] <2
() ) () =
& (Zw) > dh+ (Zab>2 — 3abe| <27

cyc cyc cyc

Ta can chiing minh

2
St dung bat déng thic Vasile Y a®b < 3 <Z a2> . Ta can phai chitng minh

cyc cyc

(Zm) ;<Za2)2+ (Zab>2—3abc <27

cyc cyc cyc
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Dat ¢ = ab+ be + ca, ta phai ching minh
ql(9 — 2¢)? + 3¢* — 9abc] < 81

Theo bat dang thiic Schur bac 3, ta c6 3r > 4¢ — 9. Do d6, ta chi can chitng minh
dugce
ql(9 —29)* + 3¢ — 3(4q — 9)] < 81

& (3—q)(7¢* —27qg+27) > 0.

hién nhien ding do ¢ < 3.
Déng thiic xay ra khi va chi khia =b=c= 1.

Nhan xét 20 Tw bai nay, ta suy ra két qud sau & phan trudc

a? b el 3(a? + b2 + ¢?)
R T2 2 o
a®+b%  b*+c* ct+a 2

(V6 Quéc Bd Can)
0 day, chiing ta c6 mot loi gidi khdc bang cach s dung bat dang thite Holder nhu sau

>+ 0%)?] ’

3

2 3
(Z o b2> D@+ )2+ = D a* @+ )] =
Neén ta chi can ching minh dugc
1 3 3
s [@ 2] 2 (@) [P e + 122 + )]
Dat Jx =a® + b,y =b*>+ 2, \/z = ¢ + a® thi bat dang thic trd thanh
(z+y+2)° >3+ Y+ Vz) (ayve + yz/y + zav/7)

Theo bt ding thite Cauchy Schwarz, ta cé

Ve+y+vVz< /3@ +y+2)

Nén ta chi can ching minh dugc

| —

(x+y+2)°?>3V3 (zyvz + yz\/y + 231/2)

Do tinh thuan nhat nén ta cé thé chuan héa cho x +vy + z = 3. Khi dé bat ddang thiic
trd thanh

TYVT + Y2y + 222 < 3.

Day chinh la bat ding thic dugc chiing minh & trén. Vay nén bat ddang thite can ching
minh ding.



281

Bai toan 2.68 Cho a,b,c la do dai 3 canh ctia mot tam gide. Ching minh ring

b ¢ (a—l—b b+c c—l—a>

a
4 -4 -43>2
b+c+a+ - b+c c¢c+a a-+bd

(Vo Quéc Bd Can)

Lo1 GIAL Bat ding thitc tuong duong véi

a C a
ZB+QZb+c22§b+c+3

cyc cyc
N (Zw) (ZZ+2Z b;) > (Zm) (22 bic +3>
cyc cyc cyc cyc cyc

ca? bc? abce
&) — 42 > 249
Zb+ cycb+c—§y;“+ czy;b+c

cyc
Sit dung bat dang thitc Moldova, ta c6
2
ca 9
—_— >
PO DL
cyc cyc

Do d6, ta chi can chitng minh dudc

bc? S abc

b+c — b+ ¢
cyc

cyc

be(c — a)
~ _— >
Z b+c — 0
cyc
= Zbc(c2 —a*)(a+b)>0
cyc
& Zazb3 > Za2b26.
cyc cyc
hién nhién ding theo bat déng thic AM-GM.

Déng thtic xay ra khi va chi khi a = b= c. ]

Bai toan 2.69 Cho cdc s6 khong am a,b,c, khong cé6 2 s6 nao dong thoi bing 0.

Chatng minh rdng
a?+0?>+c  3(aPb+b3c+ cGa)
ab+bc+ca  a?b? 4+ b%c? + c2a? ~

(Bdch Ngoc Thanh Cong)
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Lo1 GIAL Bat ding thitc tuong duong véi

(=) (£ew) w5 (20) (Tr) 20 () ()

& 42 a*b? + Z a?bt +3 Z a*be + 3a?b% P > 42 a’b’ + Z a’bc + 42 a*b3c

cyc cyc cyc cyc cyc cyc
®4Za4b2+2a2b4 74Za3b3 > abe <4Zab2+2a2b~32a3 —3abc>
cyc cyc cyc cyc cyc cyc

& Za2b2(2a —b)? > abe <4Zab2 + Zazb - 32(13 - 3abc>

cyc cyc cyc cyc

Sit dung bat dang thitc AM-GM., ta c6

2 Z a’b*(2a —b)? = Z [a*b?(2a — b)? + a*c?(2c — a)?]

cyc cyc
> 2 Z a®bc(2a — b)(2¢ — a)
cyc
= 2abc (4 Z ab® + Z a’b—2 Z a’ — 6abc>
cyc cyc cyc
> 2abc <4Zab2+2a2b32a33abc> .
cyc cyc cyc

Bat dang thitc duge chiing minh. Dang thitc xay ra khi va chi khi @ = b = ¢ hodc
1 g = ¢ hodc cac hoan vi tuong ting. ]

Bai toan 2.70 Cho cdic s6 khong am a,b,c, khong c6 2 so nao dong tho bing 0.
Chatng minh rang

a?(b+c) b(c+a) n c2(a+b)
(02 +c2)(2a+b+c) (2+a?)2b+c+a) (a2+02)(2c+a+b)

2
> —.
-3

(Darij Grinberg)

(ze)

LO1 GIAL St dung bat ding thic Cauchy Schwarz, ta c6

a*(b+c) a?(b?> + ) (2a+ b +c)
Z(b2—l—cQ)(Qa—i—b—I—c) Z b+c

cyc
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Ta can chitng minh

a?(b* +c)(2a+b+c)
2
3(5 a) >2§ T

cyc cyc

©3) at+6) a’ >4Za2b2+4z 22:60

cyc cyc cyc

3y at ey w24y ZTC”

cyc cyc cyc

=33 at+2) e >4y Y b+bic' €

cyc cyc cyc

@32@4—1—22@2172—4Za3(b+c)+8abczb(fc >0

cyc cyc cyc cyc

St dung bat dang thitc AM-GM, ta cé

b—i—c_*cz;a

cyc

Do d6, ta chi can chiing minh dudc
3Za4 —|—2Za2b2 —4Zag(b—|—c) —|—4acha >0
cyc cyc cyc cyc

Do tinh thuéin nhét, ta c6 thé chudn héa cho a+b+c = 1. Dit ¢ = ab+bc+ca, r = abe,
khi d6 bat dang thitc trd thanh

3(4r +2¢° —4q+ 1) +2(¢*> —2r) —4(q —2¢* — ) +4r >0
< 167 + (3 — 4¢)(1 — 4q) >0
Sit dung bat ding thitc Schur bac 4, ta c6 r > W, suy ra

16(4g — 1)(1 — q)

167 + (3 — 4¢)(1 — 4q) > G

1
+(3-4g)(1 - 4q) = (1 - 49)* > 0.
Déng thitc xay ra khi va chi khi @ = b, ¢ = 0 hoiic cac hoan vi tuong ting. n

Nhan xét 21 Ching ta c¢é cing cé 1 cich khdac (doi hdi ching ta phdi cé sy khéo
léo) dé chitng minh bat ding thiic

32a4+22a2b2—42a3(b+c)+4acha20

cyc cyc cyc cyc
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bing cdch viét lai né nhu sau (sau khi da gid st ¢ = min{a, b, c})

42 (a+b—c)? + (a—b)?(3a® + 3b* 4 2ab — dac — 4bc) > 0
Bat ding thite nay hién nhién ding.
Bai toan 2.71 Cho cdc s6 khong am a,b, c. Ching minh ring

a b c 3 7 max{(a—0b)?%(b-1c)? (c—a)?}
+ + > o+ = o
b+c c+a a+b 2 16 ab+ bc + ca

(Pham Van Thuan, V6 Quéc Bd Can)

Lo1 G1Al. Khong mét tinh tdng quat, ta c6 thé gia st a > b > ¢. Bat ding thic tré
thanh
7 (a—rc)?

16 ab + be + ca

a

3
> 2
-2

(ab + bc + ca) + l(a—c)z

ala(b+ ¢) + be 3
oyttt i 2 7

b+c -

cyc

®a2—|—b2—|—02+abcz 2g(ab—kbc—l—ca)—&—l(a—c)2

b+ec 16
cyc

Sit dung bat dang thitc AM-GM., ta c6

1 9

>
™. b+c~ 2(a+b+c)
Nén ta chi can chitng minh duge
9abc 3 7
A Qe © 2
b ——— > —(ab+b —(a —
a®+b°+c + Natbto > 2(a + bc+ ca) + 16(& c)

Dita=c+z,b=c+y (xr >y >0), khi d6 bat ding thitc nay tuong duong vdi
(112® — 322y + 32y*)c + (z + y)(3z — 4y)* > 0.

Hién nhien diing.
Diéng thiic x4y ra khi v& chi khi @ = b = ¢ hoac 9= % = § hoac cac hoan vi tuong
ing. [ ]

Bai toan 2.72 Cho cic s6 duong a, b, c théa man abc = 1. Tim gid tri lon nhdt cla
biéu thitc

1 n 1 n 1
(@2—a+1)2 B -b+1)2 (—c+1)%

(Vo Quéc Ba Can)

P =
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Lot GIAL. Khong mat tinh téng quat, gid st a > b > ¢ = a > 1 > c. Xét nhimg
trudng hgp sau
Truong hop 1. Néu b > 1, ta sé chitng minh

1 1 1 ct

<14 4y
@ ot @ b1 @2 —abr1)E (@ et 1)y

1 1
PR S [
< (a2a+1)2H (2 —b+1)2
- 1 - 1
= (a2—a+1)2(b2—b+1)2  (a2b? —ab+ 1)
< ab(a —1)(b—1)(a® — b+ 2)(b* — b+ 2)(a®b® — ab+ 1)?
> (a—1)(b—1)(a+b)[2a*V* —abla+b) +a* +b* —a — b+ 2]
& ab(a® —a+2)(b* —b+2)(a®b® — ab + 1)?
> (a+b)[2a°b* —abla+b) +a® +b> —a—b+2]

Do a,b>1, taco
(a>—a+2)(b* —b+2)(a®b* —ab+1) >4, 2ab>a+b
= ab(a® — a +2)(b* — b+ 2)(a®b® — ab+1)* > 2(a + b)(a*b* — ab + 1)
Ta can chiing minh
2(a?b® —ab+1) > 2a%b* —aba +b) +a®> +b* —a —b+2
Sa-1)b-1(a+b) >0
hién nhién ding. Tit day, ta c6

ct 1 (c—1)?
P<1 =3- =<3
- +(62—C—|—1)2+ (2 —c+1)? (2—c+1)2 ~

Truong hop 2. Néu a > 1> b > c. Chi y rang

B> —b+1)°>—, (P—c+1)*>

9
16

&le

Do d6, néu a > 4, ta co6
(> —a+1)2> (42 —4+1)2 =169

L pe L3257
169 9 1521
Néu42a:>bcz%:bz%,tacéQtrm\mghOpnhé
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i) Néuc< i, taco

9
2 12> 2
(c"—c+1) T
B —b+1 = b1 —2c)(b+2bc— 1)+ (4b*c* — 2bc+ 1)
1 1
> b(1 - 2¢) <2+2~41>+(4b2c22bc+1)
22 +4
= AR e+ 1=L22F0
a
1 a* 16
=P< - + - = f(a)

“(a®?=a+1)? (a2—2a+4)2 9

= P <
max P < max f(a)

ii)Néu42a212b202%,xéthamsésau

1
g(z) = (€2 ez £ 1)2

v6i ¢ € [—1n2,0]. Ta co

2e%(e® —1)(8e*® + e* — 1)
(621 — et 4+ 1)4

g"(z) = <0 Vze|[-In20]

Do d6 g(z) 16m trén [—1In2,0]. Bay gig, ta hay chi § ring Inb,Inc € [—1n2,0], nén
theo bat dang thic Jensen,

g(lnd) + g(ine) < 29 (mb;l)
o 1 N 1 < 2 _ 2a”
(b27b+1)2 (62704’1)2_ (bC—\/%—Fl)Q (a_\/a_|_1)2
2
= P< ! 20 h(a)

S et o vat1y

= max P < max h(a)

4>a>1
Tit nhitng trudng hop da xét & trén, ta di dén két luan (v6i chi y 1a déng thitc luon
XAy ra)

41
max P = max{“, max f(a), max h(a)}.
1521 4>a>1 4>a>1
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Bai toan 2.73 Cho cdc s6 khong am a,b,c,d. Ching minh rdng

Za(a —b)(a—c)(a—d)+ abcd > 0.

cyc
(Pham Kim Hung)

Lot cIAL. Khong mat tinh tdng quat, ta cé thé gid sit a > b > ¢ > d. Bat déng thric
tuong duong véi

(a=Db)ala—c)la—d)—=bb—c)(b—d)]+c(c—d)(a—c)(b—c)
+ dabc + (d — a)(d — b)(d — a)] > 0

Ta c6

ala —c)(a—d) —bb—c)(b—d) = (a—Db)[a*+ ab + b* — (a + b)(c + d) + cd]

a’+ab+b* — (a+b)(c+d) +cd
= (a—b)(a+2b—c—d)+(b—c)(B3b+c—2d)+c(c—d) >0
=ala—c)la—d)—bb—c)(b—d) >0
Mat khac
clc—d)(a—c)(b—c) >0

abc + (d — a)(d — b)(d — a) = d[d* + a(b — d) + b(c — d) + c(a — d)] > 0.

Bat dang thiic duge chiing minh. Déng thiic xay ra khi v chi khia = b = ¢,d = 0
hodc a = b,c = d = 0 hoédc cac hoan vi tuong tng. [ |
Bai toan 2.74 Cho cdc sb khong am a, b, ¢ théa méan a+b+c = 2. Chiing minh rdng

be ca ab

< 1.
a2+1+b2+1+c2+1*

(Pham Kim Hung)

Lo1 GIAL Bat ding thitc tuong duong véi

ach%ﬂ—&-l—ZbczO

cyc cyc

Véi moi z > 0, ta co
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St dung bat dang thiic nay, ta chi can chitng minh duge

acha(l—;a)—i—l—ZbczO

cyc cyc

@achbc—l—l—ZbckO

cyc cyc

Dit ¢ = ab + be + ca, r = abe. Bat dng thic trd thanh
qgr+1-¢=0

Theo béat dé”ing thitc Schur bac 4, ta c6 r > %3(4_(1). Do do

—1)(4 - 1
R e e
do q < % < 3.
Bét ding thiic duge chiing minh. Ding thitc xay ra khi va chi khia =b=1,c =0
hoac cac hoan vi. [

Bai toan 2.75 Cho a,b,c la cic s6 thuc phan biét. Chitng minh rdng

1+ a2b? +1—|—b202 n 1+ c2a?
(@a—b)?2  (b—c)* (c—a)?

3

> 2

2
(Nguyén Vin Thach)

LO1 GIAL Ta dé dang kiém tra dugce cac ding thitc sau

1+ab 1+be 1—ab 1-—bc
. =1 . =1
Za—b b—c ’ Za—b b—c

cyc cyc

Mait khac, v6i moi z,y, z € R, ta c6
Py >aytyztoan, 2?4yt 422 > 2wy +yz + 22)

Suy ra

14+ ab\? 1+ab 1+be
> . f—
() e
cyc cyc

1—ab 1—ab 1—bc
> () 2 eE e -

cyc
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1+ a?b? 1+ab\> 1—ab\?
=2 — = —_— > 3.
S () X () =
cyc cyc cyc
Bat dfing thitc duge ching minh. [
Bai toan 2.76 Cho cic s6 duong a,b,c. Ching minh ring
ab+C + bc+a + Ca+b Z 1.

LOI GIAL Néu ton tai it nhat mot trong 3 s6 a,b, ¢, ching han a > 1, thi bat ding
thitc hién nhién ding. Do d6, ta sé xét bai toan trong truong hop 1 > a,b,¢ > 0.
Truong hop 1. Néua+b+c<1=a+bb+c,c+a <1, sitdung bat ding thiic
Bernoulli, ta c6

1 :(1+1 a) §1+(1 a)(b—|—c)<1+b—|—c:a—|—b—|—c

abte a \ a a

b+c Z a
a+b+c

DI st

cyc cyc

= a

Truong hop 2. Néu a4+ b+ ¢ > 1, lai sit dung bat ding thiic Bernoulli, ta c6
i<a—|—b(1—a) i<a+c(1—a)

ab ~ a Toac T a

a2

T a4+ b1 —a)]la+c(l —a)

b+c

= a

Ta can chiing minh
2

; el —alatel—a] ="

St dung bat ding thitc Cauchy Schwarz, ta ¢

2 (5]

Z o+ b1 —ala+ed—a)] =~ Slatb(l-allate(l—a)

cye cyc

2
(Z a) - Z[a +b(1 —a)lla+ c(1 — a)]

cyc cyc

- (;M) <;a1> + abe (3;a> > 0.
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Tit day, ta suy ra dudc két qua bai toin ban dau. [
Bai toan 2.77 Cho cdc s6 duong a,b,c. Chiing minh rang

alb+c¢) blc+a) cla+d) a+b+c a2+bc+bz+ca+c2+ab
a?+bc V2 +ca  A+ab —  Habe ~alb+c) blc+a) clat+b)

(Pham Hiu Diic)

LOI GIAL Truée hét, ta sé ching minh

Z (b+C) < cyc
a?2+bc ~ Vabe

cyc

3

Dit a = 23,b = y3,c = 23, va véi chi ¥ ring 2% + y® > ay(x + y) Yo,y > 0, ta c6

a? + bc p” 26 4 9323 . x2yz(2? + yz)

cyc

Ta can chitng minh
3

x
Z a3y +2°%) < ch:c

p x2yz(x? + y2) TYZz

+
B SRR e et

cye cye
Ta c6
2(y° + 2°) 22 (23 + zyz — y® — 27)
% ; 2 +yz :Czyc 2 +yz
= 2’ (@ - ye=2) > ay(z —y)*(z +y) (22 +yz — xy)
e Yz e (22 +y2)(y* + 22)

Do tinh dbi xitng, ta c6 thé gid st z = min{z, y, 2z}, khi d6

3 e—yle—z) 3 zy(x — y)*(z + y)(z2 + yz — 7y)

R pv (2% + y2)(y* + 22)
Pla—y)(@-2)  yYy—2)y—2)  zyl—y)?*(@+y)(ez+yz—ay)
- a? + yz z? +yz (@2 +y2)(y* + z2)

_ Aoyl ty@+y’ —atz—y?z)
(2 + y2) (2 + 22) S
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Tiép theo, ta sé chiing minh

CL2 =+ bC cyc
cyc a(b + C) a SV abe
>~ ab
Néu ““‘i — > Vabe, khi d6 theo bat ding thitc Cauchy Schwarz va bat déng thiic
AM-GM, ta co

a® 4 be a? b2 c?
zy; alb+c) ; a(b+c) +§ abe(b + ¢)

(o) (z2)

- 2> ab + 2abc > a

cyc cyc

(e)(z+) =
> cyc

abe ~ Vabe

(5] ()

S~ ab
Néu vabe > . taco

cyc

(=) S

cyc cy
2
a? + be
> _
= ( ) l abra| 2
cyc cyc
(ab 4+ be)(be + ca)
= Z b+ ca 7Z(ab+ca)20.
cye cye

Bét ding thic duge ching minh. [

Bai toan 2.78 Cho a,b,c la cic s6 khong am, khong cé 2 s6 nao dong thoi bing 0
théa méan a + b+ c = 1. Chitng minh rdng

a n b n c < V2T (\/3— 1)
Va+2b Vb+2c e+2a V2 )
(Vo Quéc Bé Can, Pham Kim Hing)
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LO1 GIAL Néu ¢ > b > a, khi d6 theo bat ding thitc Cauchy Schwarz, ta c6

(Svts) < () (Soim)-Satm

cyc cyc cyc cyc

Nén ta chi can chitng minh duge

Zaf?bg (427(\?1)) =0V3-9

1
& <6v3—9
Czy;l—FQx_ V3

trongdém:g,y:%,z=%z>m,y2122,myz=l.Tacé
1 n 1 B 1+ 1 2@—1)(y—1)4zy—1)
20+1  2y+1 3 2zy+1 3Q2r+1)Q2y+1)(2zy+1)
R D U
3 2zy+1 3 z+2
1 1 z 1 4 3z 4
= <= —— = - ————— < < -<6V3-9
§2x+1—3+z+2+2z+1 3 G S5 <0v3

Néua >b>c, dat f(a,b,c) = > —%—, xét 2 trudng hop
el = T i

Truong hop 1. Néu a > 4b, thi

(a+c)? B a®  c(a® + 4ab+ ac+ 2bc)
at+c+2b a+2b (a+2b)(at+2b+c)

a a—+c

=
Va+2b T Va+c+2b
b c b c
+ < + <Vb
Vb+2c Ve+2a Vb+2¢ Ve+8b T
a-+c

= f(a,b,c) <

— 4+ Vb= +¢,0,0
T Va+c+2b flate )

Truong hop 2. Néu 4b > a, thi

(a+§)2 a®  c(2a(4b— a) + c(a + 2b))
a+2b+3¢ a+2b  2(a+2b)(2a+4b+3c) ~
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a < a—|—2
\/a+2b \/ +2b—|—36
b n c < b n c < b—i—E
Vb +2¢ \/c—|—2a “ Vb2 Ve+2b T 2

f(a,b,c)

+/b+ f,b+5,o)
/a+2b+3c 2 2

Do dé, trong moi trudng hgp, ta luon c6 thé dua bai toan vé ching minh trong truong
hop c6 mot bién bing 0. Nhu vay, dé ching minh bat déng thic da cho, ta chi can
xét n6 trong truong hop abe = 0, chang han ¢ = 0. Khi d6, ta phai chiing minh

Vi< V27 (V3 -1)
v N

Ta dé& dang chiing minh duge bat ding thiic nay. Dang thiic x4y ra khi va chi khi

2(\/\2—1) b= 2\/‘{,0 = 0 hodc cac hoan vi. u

f(a,b70) :f(].*b,b,O) =

Bai toan 2.79 Cho cdc s6 khong am x,y, z théa man xy +yz + zx+xyz = 4. Chiing
minh 1
vHy+z<3+ gmax{(z—y)*(y-2)° (2 -2)°},

(Vo Quéc Ba Can)

Lo1 GIAL Dit oz = b%fC,y = j_ba,z = f—fb (a,b,c > 0) va gid stt a > b > ¢, khi d6 bat

déing thiic tré thanh
2a <34 a c 2
v b+c — b+c a+bd

(a—c)*(a+b+c)? (a—b)?
T b+ o? >Zy:«(a+c)(b+c)

(a+b+c)? (a — b)? (b—c)?

@ (azey {(a+b)2(b+c)2 - (a+b)(b+c)} Zlatob+a T arhato

(a+b+c)? (a=b)%a+b) (b—c)*(b+c)

<j(aC>2[(a—i—b)(b—|—c)1}2 a+c * a+c

Néu 2(b —¢) > a — b, khi d6 ta c6 (a —c)? > 2(a — b)2 + (b—c)? va (a + b + ¢)?
(a+b)(b+ c), nén ta chi can chiing minh dugc
(a+b+c)? B } (afb)Q(a+b)+(bfc)2(b+c)
(a+b)(b+¢) - a+c a+c

pmw2+w@ﬂ[
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2(a+b+c)? b
o(a—b)? 2atbte)” , at }
(a+b)(b+c) a+c
+b+c)? b+c
b | —1- >0
) [(a+b)(b+c) a+c|—
Chﬁ&réng%—2—%7%—l_gii 13 cac ham dong bién theo a,

nén

2(a+b+c)? o _atb 2(b+ b+ c)? 5 b+b  c(2b+c)

@010 ° ate= bbb+ bte bbto) =
(a+b+e? _bte (b+b+ec? . bte -0
(a+b)(b+c) a+c = (b+b)(b+c) b+c 2b(b+c) —

Néu a—b > 2(b—c), khi dé ta co (a—c)? > (a—b)?+(b—c)? va (a+b+c)? > (a+b)(b+c),
nén ta chi can chiing minh duge

[(a— b2+ (b <)’ [%_1] L @Datd) (=964

a+c a+c
2
(:)(a_b)2{(a+b+c)_1_a+b}
(a+b)(b+c) a+c
o [ (a+b+c)? b+c
- 1
) [(a+b)(b+c) are] =0
Vi %—l—g—j_g 134 mo6t ham dong bién theo a nén
(a+b+c)? qoetb [(8b—2¢) +b+c* . (3b—2¢)+D
(a+b)(b+c) a+c — [(8b—2¢c)+bl(b+c) (3b—2¢)+¢
_ 20b3—42b20+31b02—7c3>0

2(2b—¢)(3b—c)(b+¢)

2
Miit khac, tit trudng hgp & trén, ta c6 % —1- Zi‘; > 0.
Bét dang thic dugc chiing minh. Pang thitc x4y ra khi vi chi khi x = y = z = 1 hosc

z =1y =2,2=0 hodc cac hoan vi tuong tng. ]
Bai toan 2.80 Cho a,b,c la do dai 3 canh clia mot tam gide. Chiing minh ring

a?+b b+ A+ad®_ a+b b4+c cH+a
a2+c2 b +4+a? E2+b2 " a+c b+a c+b

(Vo Quéc Ba Can)
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Lot c1ir. Khong mét tinh tdng quét, gid sit ¢ = min{a, b, ¢}, chi y ring
Z a2 + b2 ; (a2 — b2)?2 (a2 — ) — )

a2+ T @A)+ (@@ + ) (e + )

cyc

a+c 7(a+c)(b+c)+(a—|—b)(a—|—c)

cyc

Za—’_b*?’ (a—b)? (a—c)(b—rc)

Bét ding thic tuong duong vdi

5 (a+ b)? 1
(a—1) {(a2+02)(b2+c2) N (a+c)(b+c)}
(a+c)(b+c) 1
- =00-0) | ) >
Ta c6
(a+b)? B 1 S (a+ b)? B 1
(a2 4+c2) (2 +c?) (a+c)b+e) — (a+0)2(b+c)? (a+c)(b+c)

B (@a+b)?2—(a+c)(b+ec)
R PN o S CRE

Ta can chiing minh
(a+c)(b+c) < 1
(a2 +0b?)(a®+c2) ~ (a+b)(a+c)
(a+¢e)*(b+c)(a+b)
@)@+ ©

Néu a > b > ¢, thi

(a+c)?(b+c)a+b) _ (b+c)(a+b) S ala+b)

> 1
(a2 +b%)(a*+c?) — a4+ T a?+b
Néu b > a > c, thi
2
(a+c) (b+c)(a+b)2(b+c)(a+b)>b(a+b)>1

(@)@ + )

Bét déng thitc dugc chiing minh. Dang thiic xay ra khi va chi khi @ = b = ¢ hoiic
a =b,c = 0 ho#c cac hoan vi tuong tng. ]

a2+b2 —a2+b2—

Bai toan 2.81 Cho cdc s6 khong am a,b,c, khong cé6 2 s6 nao dong thoi bing 0.
Chatng minh ring

a(b+¢) | bleta)  clatb) 1\/<a+b+c) ((11+1+1>+27_

a? + be b2 + ca 2+ab ~ 2 b

(Pham Hiu Diic)
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Lo1 GIAL Binh phuong 2 vé va nhan ca 2 vé cho 4, ta c6 thé viét lai bat ding thic
nhu sau

a?(b+ c)? ab(a+c¢)(b+c¢) 1
4Zm +8c§y; (a? 4 be)(b% + ca) S22 (Za) <Z a)

cyc cyc cyc

b+c abla+c)(b+¢) b+
<4 <24
Z zy: (CL2 + bc)(b2 + ca + Z

cyc

+38

(b+c)? a?(b+ c)? ab(a + ¢)(b+ ¢)
< Z be 4; (a? + be)? 3 ; (a? 4 be) (b2 + ca)

cyc

(b+ c)?(a® — be)? c(a —b)%(a + b)?
-
%c: be(a? + be)? 8 Z (a? 4+ be) (b2 + ca) —
Bét ding thiic cudi hién nhieén ding. Vay ta c6 dpem. Déng thitc xdy ra khi va chi
khia=b=c. ]

Bai toan 2.82 Cho cdc s6 khong am a,b,c, khong c6 2 s6 nao dong thoi bing 0.
Chatng minh rdng

a(b+c) b (c+a) c(a+b) S 2(a® + b% + ¢?)
b24+bc+c2 c2+cat+a? a?+ab+02 a+b+c

(Dvong Dic Lam)

(z)

() ) g

cyc cyc cyc

LO1 GIAL Stt dung bat diing thiic Cauchy Schwarz, ta c6

(b+c¢) a?(b? + be + ?)
[Zb2+bc+02 Z

b+c

Ta can ching minh

& (Zf) (Za) 22Za2(b+c)—2abczbic

cyc cyc cyc cyc

<:>Z (a=Db)(a—c +abc<223> 0

cyc
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Stt dung bat dang thitc Schur bac 3, ta c6 > a(a —b)(a —¢) > 0. Mit khac, bat déng

cyc

thitc AM-GM cho ta

—-3>0
b+c -

cyc

Béat ding thic dugc ching minh xong. Dang thic xay ra khi vi chi khi a = b = ¢
hoac a = b,c = 0 hoac cac hoan vi tuong tng.

Nhan xét 22 Chiing ta cé6 mot két qud manh hon la

a*(b+c) N b(c+a) N c*(a+b) =5 [a3 + b3 + ¢3
B24+bc+c?2 +ca+a®  a?+ab+b a+b+c
(V6 Quéc Ba Can)
Ta c6 thé ching minh bing cach tuong tw nhu sau. S dung bat ding thic Cauchy

Schw(“ Z; ta Cé
2
cyc

Z a?(b? + be + ¢2)

Z b+C
b2 4 be + ¢2 b+c

Ta can chitng minh

Lai theo bat dang thie Cauchy Schwarz, ta cé

(b2 + be + ¢?)
22% = 2) (b +o) anchbJrc

cyc cyc

2
abc (Za)
2Zaz(b+c) - Zciyacb

cyc

IN

Ta can ching minh
2
cyc

abe (Za)
22@2(17-1-0) - ﬁ

cyc
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Do tinh thuan nhat, ta cé thé chudan héa a+b+c=1. Dat b —|— bc + ca,r = abe,
khi do theo bt dcfng thitc Schur bac 3, ta cér > max{ 1 qf (4g-1)(1~q) O} Bit dang
thie trd thanh

(1-2¢)%> \/1—3q+3r< (q—37‘)—2>
o f(r)=q(1 —2¢)? — /1 =3¢+ 3r[2¢°> — (14 6¢)r] >0

Ta co
() 9(6g + 1)r + 2 + 6q — 42¢> - (6q+1)(4q — 1) + 2 + 6q — 42¢°
n 21— 3q + 3r - 2T —=3q+ 3r
_ (1-9¢%) +4q(1 — 3q) + 3¢ -0
B 21 =3¢+ 3r =

Neén f(r) dong bién, do dé
Néu 1> 4q, ta co

1) = 0 =a 0= 20° - 20yT=3g] 2 [0 - 20 - 30 - 30+ 147

= %q(l —q)(1-49) >0

p . (4g-1)(1— - .
Néu 4q > 1, ta c6 42 g( q)24‘19120, neén

— - 1442 3 G P
fr) > f<%@> — (1 —2¢) — (1+q—14q +2;1;1 V2 —2q — 8¢2
— q(1— 2 (1+q—14¢> +24q 32 —2¢ — 8¢%-2(1 — 29)
24(1 - 2q)
(1+q—14¢ +24q )2 = 2¢ — 8¢% + 4(1 — 2¢)?]
> q(1-29)* - B30
B o (1+¢q—14¢% +24¢3)(3 — 9q + 4¢?)
A\ 24(1 — 2q)
_ (1=q)(1-3q)(4g — 1)(3 - 6g—8¢*) _ ~o.

24(1 — 2q)
Bit ddng thite duge ching minh.
]

Bai toan 2.83 Cho cdc s6 khong am a,b,c, khong cé 2 s6 nao dong thoi bing 0.
Chatng minh ring
a’(b+c) b*(c+a) c(a+1b)
b3 +abc+c®  c+abc+a® a3+ abc+ b3 T
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(Dvong Dic Lam)

(ze)

2(b% + abc + ¢?)
(Zcﬂ) >QZ T

cyc cyc

LOI GIAL Sit dung bat ding thitc Cauchy Schwarz, ta c6

Z 2(b+c) ZaQ(b?’—Fabc—t—cg)
b3 + abc + 3

b+c

Ta can ching minh

@Za4+22a2b2 ZQZ@Q(bQ—bc—FcQ)—&—QabCZ%zC

cyc cyc cyc cyc
@Za +acha—22a2b2>abc<22b Z )
cyc cyc cyc cyc

@Za +abCZa_QZa2b2> abe Z a—l—b—i—c a_b)2

)(b+¢)
cyc cyc cyc cyc

(a+b+c)(a—0b)? < (a—b)?
(a+c)b+c¢) — c

Nén ta chi can chitng minh dudgc

Za4+ab02a—22a262 > abcz (a—cb)Q

cyc cyc cyc cyc

@ZaQ(a—b)(a—c) >0

cyc

hién nhién ding do né6 chinh 1a bat déng thic Schur bac 4. Dang thitc xay ra khi va
chi khi a = b = ¢ hoac a = b,c = 0 hoac cac hoan vi tuong ung. [ |

Bai toan 2.84 Cho m,n (3n? > m?) la cdc hiang s6 cho trudc va a,b,c la cic s6

thuc théoa man { atbtc=m . Tvm gid tri lon nhat va gid tri nhé nhat cia biéu

a? +b? +c? =n?
thic sau
P = a%b + b%c + Aa.

(Vo Quéc Ba Can)
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LO1 GIAL Dit a =z + 2, b=y + %, ¢ =z + %, khi d6 tir gid thiét bai toan, ta co

r+y+2=0
224?422 = 3n2§m2
3n? —m?
=xy +yz+zx = T %

2
:>Zx2y2 = (ny) —2xyzZm: W

cyc cyc cyc
va ta c6 thé viét lai P nhu sau
3

P:m2y+y2z+z2m+%

Ta c6

2
Z 3z 2 — 18 zy — 1
3n2 —m?2 3n?2 —m? y

cyc
324 A 2 2 L,
3+(3n2_m2)22xy _54<3n2—m2) Zmy

cyc yc

9 3/2
— 2

cyc

Mit khac, cho

ta dudgc
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Tuong ty, chi § rang

nén ta cling c6

va do do

Déng thtic xay ra khi

Bai toan 2.85 Cho cdc s6 duong a,b,c. Chitng minh rang

(a—c)

ab+bc+ca’

a b ¢
—4-+->3+
b ¢ a

(Vo Quéc Ba Can)
LOT GIAL Bat dang thitc tuong duong véi

a

(ab+ be + ca) (b

—|—i+2> > 3(ab + bc + ca) + (a — ¢)?

2 2 2
@(aQ—&-bQ—I—cZ—ab—bc—ca)—l—(ai—l—bZ—&—Cz—ab—bc—ca) > (a — c)?

a(b— c)? n b(c — a)? n c(a — b)?

S (g — 0)2
c a b > (a=c)

[(a—b)2+(b—c)?+(a—c)?] +

=

|~
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o (a — b)2b(b + 2¢) n (b— C>QC(C + 2a) > (a — C)Qb(a —2b)

Sit dung bat ding thitc Cauchy Schwarz, ta c6

(a— b)Qb(b + 2¢) n (b— c)QC(c + 2a) > [(a—b)+ (b—10)]?

b c
b+2c + c+2a

(a—c)?(b+2c)(c+ 2a)
2ab + 2bc + 2¢?

Ta can chitng minh
(b+ 2¢)(c+ 2a) S a- 2b
2ab+2bc+2¢2 —  a

& 4(ab® + bc? + ca® — 3abe) + 4b%c + 11labe > 0.
hién nhién ding.

Déang thiic xay ra khi va chi khi a = b = c. ]

Bai toan 2.86 Cho cdc s6 khong am a,b,c,d, khong cé 3 s6 nao dong thoi bing 0.
Chitng minh rdng

(V6 Quéc Ba Cin)
LO1 GIAL Néu k < 1, khi d6 ta co

k
a a a
Z(m) =D D et D sk

cyc cyc

Néu 2 > k > 1, khi d6 theo bat ding thic Holder, ta c6

ak:
[Z @b or

cyc

[Za(a—i—b—&—c)

cyc

k+1
Z:ak%1 2k 2k 2k 2k \ k1
ak e a*+T 4+ bE+1 + cFHT dF+T
= Z ( = -

a+b+c)k l o la+e)2+ (b+d)2+ (a+c)(b+d)k

e Sala+b+c)

cyc




2k A
D0k21:>k—+121,nen

2k 2k
R e L At o
2 2
. 2k k+1
ot [2(25) 7 +2(549)™]
;(a-l—b-i-c)k (a+¢c)2+(b+d)?+ (a+c)(b+d)]F
o 1k+1
1 {(a+c)%+(b+d)%}
2T (a4 )24 (b+d)2 + (a+c)(b+d)F

1
~ P 2 z i2 < —~ +c ) k1 2
Khong mat tinh tong quat, gid st a +c < b+ d, dit t = (ﬁ) <1, taco

ak - 1 (t2k + 1)k+1 B 1
Z (a+b+c)F = 2k=T  (2h+2 f ¢htl { 1)k~ 2k-1 o)
cyc
Ft) = EtF (k4 1)(t%F + 1)F(#%F — 2tk 4 2¢F=1 — 1)
- (£2kF2 4 (T 4 )R+

t=0
ff@)=0« [ [t>0
12k —oghtl 4 ooth—1 _ 1 =0
t=0
= {t>0
2k k—1
g(t>:7t +t2kt+1 _1—2:0

v (k=12 — 4Pt 4 k41 h(t)
g'(t) = k2 = Yht2

h/k—Q(ktk'i'l _ 2) S 0

303

Do h/(t) < 0, ta suy ra h(t) nghich bién, do d6 ¢(t) 6 t6i da mot nghiem thuoc (0, 1],
va tit day, ta suy ra g(t) c6 toi da 2 nghiem thuoce (0, 1], trong d6 ta da biét trudc

mot nghiem luon thoéa la 1. Tir day, ta c6 thé dé& dang kiém tra duge

k+1
f(#) = min {f(0), f(1)} = min {1’ 231}

k

a 1 4
Z(a+b+c)k‘— ln{Qk—l’gk}

cyc
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Va do doé )

Za7>é
(a+b+¢)2 ~9

cyc

Tu day, trong truong hop k > 2, stt dung bat dng thiic Holder, ta dugc

k
k 2 2
Z (a-&-(g-&-C)’C Z (a+lll;+c)2
cyc > cyc > i
4 - 4 - 3k
k
a 4
= _— > —
; (a+b+c)k — 3k
Bét dfing thic duge ching minh xong. [

Bai toan 2.87 Cho a,b,c la do dai 3 canh clia mot tam gidc nhon. Ching minh rdng

\/b+c—a+\/c+a—b+\/a+b—023.
a b c

(Virgil Nicula)

LOI GIAL Dit
A = a++alb+c—a)

b+ +/b(c+a—10)

C = c++/cla+b—2c)

Sy
I

Vi
o= 1— b+c—a
Vb(a+c—b)++/cla+b—c)
B c+a—>
Y Vela+b—c)++/alb+c—a)
L a+b—c

- Vab+c—a)+ /blc+a—Db)

Cht ¥ ring

A—B = (a—0b)+ [\/a(b+c—a)—\/b(c+a—b)}

a+b—c

b Vab+c—a)+ /blc+a—b)

(a—1b)

]:z(a—b)



305

Bét ding thiic tuong duong véi

&Y (a=b)(A=B)C >0

cyc
= ZzC(a— b)2 >0
cyc

Do tinh déi xing, ta c6 thé gia st a > b > c=b> /24 > S5 (Vi theo gid thiét,

tam gidc da cho la tam giac nhon), khi d6 ta ¢6

Vela+b—c) > blatc—b) > alb+c—a)

Vi \/b(a + ¢ — b) > Vbe, v/cla+b—¢) > Vbe, nén ta c6

. b+c—a _b—l—c—a
= \/b(a—i-c—b)—i—\/c(a—kb—c)Zl 2v/be
)
= — 7 >0
2v/be -

Ta s& chitng minh ring
y>0, by+cz=>0

That vay, ta co

Ve(a+b—c)>+alb+c—a)
= Vcla+b—c)++alb+c—a)>3alb+c—a)+cla+b—c)
Do d6, dé chitng minh y > 0, ta chi can chi ra dugc

3a(b+c—a)+cla+b—c)> (a+c—Db)?
& —2¢% + (3b + 2a)c — (a — b)(4a — b) >0
Day 1a ham tang theo ¢ v& do ¢ > Va2 — b2, nén ta chi can chitng minh

—2(a* — %) + (2a + 3b)Va% — b2 — (a — b)(4a — b) > 0
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< (2a + 3b)Va? —b% > (a — b)(6a + b)
< (2a+3b)vVa+b>va—b(6a+Db)
Do b > %, ta co

vVa+b>2vVa—b

2(2a + 3b) — 6a — b = 5b— 20 > 0
Tiép theo, ta sé chiing minh
by+cz>0
ehies b(c+a—b) N cla+b—c)
Vel@+b—c)++/alb+c—a) +alb+c—a)+/blc+a—Db)

Vi

Valb+c—a)+blc+a—b) <+cla+b—c)+Valb+c—a)

Vab+c—a)+ blc+a—b) >/blc+a—0b)+3ab+c—a)
Ta chi can chitng minh

bie> blc+a—>b)+cla+b—rc)
Vble+a—1b)+3a(b+c—a)

& f(a) = —4(b+c)%a® + (b+ ) (6b* + 3bc + 5c)a — (b — ¢)(2b® — b?c +4bc? — ¢*) > 0
Do f(a) 13 ham 16m, ta dé thay

fa) > win{ 1), 1 (VT ) }

Ta c6
f(b) = c(4b® — b*c +10bc* — ) >0

f (\/ b2 + 02) = (b4 ¢)(6b* + 3bc + 5¢2) /b2 4 2 — 6b* — 5bPc — 13b%c* — 3bc® — 5

N

va

f (\/b2 n c2) >0

& (b4 ¢)(6b* + 3bc + 5c?)V/ b2 + 2 > 6b* + 5b3c + 13b%c* + 3bc® + 5t

1 f [
<b2 +c+ 2bc) (602 + 3bc + 5¢?) — (6b* + 5b%c + 13b%c? + 3bc® + 5ct)

1
= 5bc(2b2 —be+5c%) >0
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Ta chi can chitng minh
1
(b4+c)Vb2+c2 >0+ + ibc
hién nhién ding vi
1\? 1
(b4 c)*(* + %) — <62 +c?+ 2bc> = Zbc(4b2 +4c% —bc) >0
Tt day, véi chi ¥ rang
Va+c—b)—c*la+b—c)=(b—c)b*(a—b)+c*(a—c)+abc >0
= by/bla+c—b) > cy/ela+b—c)

= bB —cC =b*—c*+ [b\/b(a—l—c—b)—c\[(a—i—b—c)} >0

va
s b 2
(a —c) EC—Q(a—b)
Ta c6
Cla—b)?® > yB 24 20(a— b2 > (a— b2 (2L 4o
> 2Cla—b)* > yBla—c)*+2C(a—b)* > (a—b) 2 02
cyc
beC C(a —b)?(yb
> (a—b)Q(ycg —I—Cz): (a =0y —|—cz)20.
c c
Bét ding thitc duge chitng minh. Dang thitc xay ra khi va chi khia =b = c. [

Bai toan 2.88 Cho cic s6 duong a, b, c. Ching minh ring

ab® . be3 . ca’
3a2 +2b2  3b242¢2  3c¢2+2a2 )

a2+b2+0225(

(V6 Quéc Ba Can, Nguyén Huynh Bdo Trung)

Lo1 GIAL Bat ding thitc tuong duong véi

50ab3
110 —a?> - ———— | >
Z < a 3@2 + 2b2> — 0

cyc

<:>Zz(afb)2 >0
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2 2
trong d6 z = % va y, z tuong ty.

Truong hop 1. Néu a > b > ¢, khi dé ta c6

_ 2242 — 6ac — 3c? N
o 2a2 + 3c2 -

Vi
2242 — 6ac — 3¢ > 22b% — 6bc — 3¢2 > 0
a? b2 b2
> >
262 4+ 3c2 T 202 +3c¢2 T 3b% + 2¢2
a%(22a% — 6ac — 3c?)  2b%(22¢2 — 6bc — 3b%)

2 2
= 2b =
@Y+ b 242 + 3¢2 302 + 22
b%(22b% — 6bc — 3c?) n 2b%(22¢% — 6bc — 3b?)
- 3b2 + 2¢2 3b2 + 2¢2
2 2 2
_ DP6K —18be+41c?)
302 + 2¢2 N

Tuong tu, ta co
22a* — 6ac — 3c* > 22a* — 6ab — 3b* > 0
1 9 1 S 1
2a% +3c2 ~ 2a2+ 3b%2 ~ 3a? + 202

22a% — 6ac — 3¢ 2(22b* — 6ab — 3a?)

2a2 + 3c2 3a? 4 2b?
22a? — 6ab — 3b2 n 2(22b% — 6ab — 3a?)

3a2 + 2b? 3a? + 2b2
1642 — 18ab + 41b?

3a2 + 2b2 -

=y+2z =

Khi d6, chi ¥ ring (a — ¢)? > max {‘;—j(b —¢)?, (a— b)z}, ta c6

2y za—b)® = [yla—o)® +22(b— )’ + [y(a—¢)* +22(a — b)°]

[y b= o)+ 20(b 0)2] + [y(a — b)? +22(a — b)?]

= (b ;20) (a*y 4 2b*x) + (a — b)*(y +22) > 0

Truong hop 2. Néu ¢ > b > a, ta co

_ 22¢2 — Gbe — 3b2 13¢2 S B
o 302 + 2¢2 ~ 324227 5




z =

Suy ra

2(b— ) + 2(a— 1)’ >

22b% — 6ab — 3b> 1352 E
3a? + 2b2 ~3a2+202 — 5

Nén ta chi can chiing minh duge

hién nhién ding.

1
—+y>0

< 3¢% + 82a% — 20ac > 0.

309

Bat ding thic duge ching minh. Dang thiic xay ra khi va chi khi a = b = c. ]

Bai toan 2.89 Cho cdc s6 khong am a,b,c, khong c6 2 s6 nao dong thoi bing 0.

Chatng minh rdng

b2 + ca

a® + be
(b+c)?

2
c —|—ab) >

(c+a)?2  (a-+b)?

LO1 GIAL Stt dung bat ding thiic Cauchy Schwarz, ta c6

2
a cyc
4 >
;b-ﬁ-c_ > ab

2
2 (Z a>
0> cye a

- > ab cycb—i—c

cyc

=

3(a? +b% + c?)
ab+bc+ca

(Ji Chen)
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Suy ra

2
2
42 a® + be 42 a? + be ((%;/a)

Rl B
b+c)2 — b+ c)? b+c
(b+c)
cyc cyc cyc
2
21> a
(a—b)(a—c) (Cyc )
- 42 SR
p (b+c¢) Czy:cab
) Stab— Y a? 3 a?
a —C cyc cyc cyc
= 4
czy; b+c LI S S A
cyc cyc

A ) 3Czy:caz
B Z(a—b)(a—c) {(b—l—c)2 N ab—l—bc—l—ca} T3 > ab

cyc cye

Ta can ching minh

2 (a=b)a—0) [(bfc)g N ab-l—blc-i-ca} =

cyc

&Y (a-b)a—o) {W—q >0

cyc

ala—b)(a—c a—0b)(a—c)b—c)?
A e

cyc cyc

(@ —0b)%(b—c)*(c—a)? (Za +3Zab>

cyc cyc

a(a —b)(a —c)
s1y bre o (@ 026+ O2(c + a)?

cyc

Do tinh déi xting, ta c6 thé gia sit a > b > ¢, khi d6

ala—b)(a—c ala—c b(b—c
42 b+c : = 4(a_b)[ (b+c)_ (b+c)]

cyc

4(a — b)*(a® + b> + ab — c?) S 8ab(a — b)?
(a+c)(b+c) “(a+c)(b+0o)
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(a—b)2%(b—c)?(c—a)? <a?b?*(a—b)?
Sa?+3> ab < a® + 2b* + 3(2ab + b?) = (a + b)(a + 5b)

cyc cyc

(a+b)%(b+c)*(c+a)® > abla+c)(b+ c)(a+b)?

Al > B

(a+0)*(b+c)*(c+a)? ~ (atd)(ate)(b+c)

Ta can phai chiing minh

=

8ab(a — b)?
(@a+¢)(b+c)

ab(a — b)*(a + 5b)

Z et bt obto

< 8(a+0b) >a+5b
< Ta+3b > 0.
hién nhién ding.
Bat dang thitc duge ching minh. Dang thitc xay ra khi va chi khi @ = b = ¢ hoic
a = b,c = 0 hoac cac hoan vi tuong tng.

Nhan xét 23 Ta cé mot két qud twong tu la

a’>+bc b2 4ca A+ab a® + b2 +c?
b24¢c2  2+a? a4+ b2 ab+bc+ca —

(Vo Quéc Ba Can)
That vay, bat ding thic tuong duong vdi

a?—> ab
ZQaz—b2—c2—(b—c)2+g:c c%:c >0
b? + 2 >_ab B
cyc .
cyc
1 1 (a—b)? (a —b)?
2 _p2 _ _ >0
@%(a ) 2+ 2 a2+ 2 %; a2 + b2 Jr;2(ab—|—bc-i-ca) -

@Zz(a—b)QZO

cyc

L (b+c)? 1 1 N
trong do © = @) (@ T ) + SabThorea) — Pr V0 Y2 tuong tu.

Do tinh déi zing, ta cé thé gid st a > b> ¢, khi dé ta co

(a+b)°
(a2 + )% + 2)

(a+c)?
(a2 +02)(% + 2)

(b+c)?

> (a2+62)(a2+02)

>
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Va4

1 < 1 < 1
a2+b2*a2+62*b2+62
=z2Yy=2z
Ta sé ching minh
a2y +b2x>0
o 1 a*(a+c)? b (b+c)? a? + b? a? 4 b?
a?+b% | b2+ a? + 2 2(ab+bc+ca) T a2+ b2+ 2
1 a?(a®>+ )  b*(b* + ) 2¢ ad b
. + +
a2+ b+ a®+c? a?+ b \b?+c2 b2+ c2
2, 32 2 2
a®+0b n c I c > 9
2(ab+bc+ca) a2+ b2+ 2
Ta c6

a?(a®>+c?)  b*(b* + ) 2 (a® —b?)2(a® + b* + ) -0
b% + c? a®+c? (a2 +c2)(b?+c?)  —

20,2 4 2 2032 1 2
1 [a(a—i—c) b (b* + ¢*) 1

:a2+b2 b2+C2 (12+02
va
2a3 N 20° g 2(a? + b?)? o (a+0b)(a® + )
B2+ b2+ 7 (a+b)(ab+c?) ab + 2

Suy ra

2c a’ b3 a® + b?

a? + b? (b2+02+b2+02> 2(ab+ be + ca)
cla+Db) a? +v?

ab+ ¢ 2(ab+ bc+ ca)

cla+b) (a—b)%—2c(a+Db)

Y

=1
+ ab+ c? 2(ab + be + ca)
- 14 (a—b)? Z(a+b)(a+b—rc)
N 2(ab+bc+ca)  (ab+ c2)(ab+ be+ ca) ~

:>a2y+b2m20

Khi dé tit z > y > x, ta duge z >y > 0. Tiép theo, vdi chii § rang

[ V)

(a=c)? > 5 (b—c)
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Ta co

dozla—b)?>ab—cf+y- Z;(b —gp= @ ;20)2 (a’y + b*z) > 0.

cyc

Bat ding thite dugc chiing minh.

Bai toan 2.90 Cho cic s6 duong a, b, ¢, d théa méan a+b+c+d = abc+bed+cda-+dab.
Chatng minh ring

2a 2b 2c 2d

> 8.
a—|—1+b—|—1+c—|—l+d—|—1*

a+b+c+d+

(Vo Quéc Ba Can)

Lo1 GIAL Dt £ = a+ b+ ¢+ d = abc + bed + cda + dab, khi d6 tit bat ding thic
AM-GM, ta ¢6 x > 4. Cha ¥ réing

2) ab>3 (Za) (Zm) =3

sym cyc cyc

Sit dung bat ding thitc Cauchy Schwarz, ta c6

Z 2a S 222 _ 222 S 222 2z
at+1 " 2z4+>a> z+22-2> ab " 224+zx—-3z -2
cye cyc sym

Ta can chiing minh

2z
—— >8
x+z72_

s (x—4)?>0.

hién nhién ding. Déng thiic x4y ra khi vi chi khia=b=c=d = 1. ]

Bai toan 2.91 Cho cdc s6 duong a,b,c théa mdn a + b+ c = 3. Chiing minh rdng

1 1 1
8(++)+9>10(a2+b2+02).
a b ¢

(Vasile Cirtoaje)
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Lo1 GIAL Khéng méat tinh téng quat, giasta>b>c=a>1, % >b,1>c Taco

1 1
?6—20172—694—841): (f—&;) (20 — 1)*

16 16
— —20c® — 69 + 84c = (c —5) (2¢ —1)*

11
=16 (b + C) —20(b* + ¢?)

= 138 —-84(b+c)+ (15—5) (20— 1)% + (1-5—5> (2¢ — 1)?

16
—- 20a% + 18 + 138 — 84(b + ¢)

(1 - 5) (20 —2)% = (1 - 5) (26— 1) + (2c — D

a a

(i - 5) (20— 1)% + (2¢ — 1)® + 2(2b — 1)(2¢ — 1)]

Khi d6, ta c6 thé viét lai bat déng thic nhu sau

<1b6+i—1o> (2b—1)2+<§+é—10) (20_1)222<5_1> (2 —1)(2c — 1)

a

Doa>b>c>0,tac6a=3—-b—c<3—->bva

16 1 16 1

—+--10>—+4+--10
c a b a
Mit khac, ta co
16 1 16 1 5(3—-2b)(3—b)+3
—+-—-10>—=4+-—--10= >0
R ey b3 —b)

Suy ra, néu (2b — 1)(2¢ — 1) < 0, thi bat dang thitc 1a hién nhien.
Néu (20— 1)(2c—1)>0vab<1, taco

16 1 1 16 2 16
—+--10—-(5—=-)=—+—-——156>—-15>0
b a a b a b

1 1 1 1 1
¢—6+77102f6+7—102577>0
c a b a a
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Do do

<1b6+1—10>(2b—1)2+< +—1o) (2¢ —1)?
2(5—(1L)[(2b—1)2+(2c—1)] (5—)(2b—1)(2c—1)

Néu (26— 1)(2c—1)>0vab>1,tac6c>3=a<2—bb< 3 Taco

18,1 4 S 1) o 16,1 a0 6 ot i
b a 7 a b 7T T b 7(%—1)) 7
2(5— 4b)(56 — 25b)
7h(5 — 2b) -
16 1 6 1
—+ 10> -~
= b+ 0 7(5 a)

Dob>1,tacba=3—-b—c<2-—c, suyra

6a 7 T ¢ +6(2—c) 6
(1—¢)(178 — 95¢) + 14
6c(2 —¢)

1 1 1
:>~6+—10>7(5—)
c 6 a

16 1 1 16 1 1 1
6+_10_7<5_> _ 16,13 9516 3 96

a

>0

Do dé6
16 1 16 1
— 4+ —10]) (26— 1)? 4+ 210 (2¢—1)?
<b+a >( )+(c+a )(C )

> (5 - (11) {g(%— 1)? 4 %(20— 1)2} >2 <5 - i) (26 — 1)(2¢ — 1).

Bat déng thiic duge chitng minh. Dang thitc xay ra khi va chi khi a = 2,b = ¢ = %
hoac cac hoan vi tuong ing. |

Bai toan 2.92 Cho a,b,c € [O, V3 - 1] théa mén a® + b2 + c® + 2abc = 1. Ching
minh ring

3(a+b+c) > 4(1+ abe).

(Jack Garfunkel)
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Lor GIAL Do tinh déi xing, gid sta >b>c = V3 —1>a > i Dat f(a,b,c) =
3(a+ b+ c) —4(1 + abe), ta sé chitng minh

f(ab,e) = | (a, ﬁ \/?)

@3[b+c— 2(17a)}+2a(17a72bc)20

- 3[(b+c)* +2a — 2]
b+c++/2(1 —a)
3[(b—¢)? +2(2bc+a—1))
b+c++/2(1—a)
3(b—c)?

3
(:)b—i—c—l—\/m b+c+\/m120

Chti ¥ réng (1+ a)(1 —a — 2bc) = (b — ¢)?, bat déng thitc tuong duong

+2a(l—a—2bc) >0

+2a(l—a—2bc) >0

+2(1 —a—2bc) [a—

N 3(b—c)? n 2(b — c)? . 3 -0
b+c++/2(1—a) l+a b+c++2(1—a)| —
3(a+1) - 6
®b+c+«/2(1~a)+2a b+c+\/2(lfa)20
3(1—a)
B RN )

Do a <1 nén
a?+ (b+c)*>a®>+ b+ +2abc=1

=b+c>vV1—-a2>V1—-a

Suy ra

A 3(1 —a) . 3(1 —a) P
b+c++/2(1-a) =2 VI—a++/2(1-a) 2 V2+1 Lma=0

Tiép theo, ta sé chitng minh ring

f(a, /I;a’ /1;@) >0

@3[a—|— 2(1—a)]—2a(1—a)—420

2a
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Dat 2 =2(1—a) (t>0) = 1>t >3 —1,a = 252, bt déng thitc trd thanh

2 — ¢2 2 — 2
3 t) —¢- —4>0
()5

1
& St D2(t* +2t —2) > 0.

hién nhién ding. Déng thitc x4y ra khi va chi khi a = b = ¢ = % hodc b = ¢ =

‘/“3’271 ,a = /3 — 1 hodic cic hoan vi tudng ing.

Nhan xét 24 Ddt a = sin g,b = sin g,c = sin% thi A, B,C la 3 géc cia mot tam
gidc va A, B,C < 2arcsin (\/g— 1), ta dugc bat dang thic Jack Garfunkel vdi mot
gid thiét "léng" hon la

Siné—i—sing—i—sing>é 1+sinésinBsin€
2 2 2 73 2 2 2

Bai toan 2.93 Cho cdc s6 duong a,b,c théa man abc > 1. Chiing minh ring vdi moi
k>1, ta co
L bt el +k b+k cH+k
a c .
Tb+k cH+k a+k

(Pham Kim Hung)

Lo1 GIAL Bat dang thitc tuong duong véi

& (a+k) (1—b+kk>+(k—1)ZaZSk

cyc cyc

bla+k)
_ -1 >
©§yp bk + (k )E a >3k

cyc

Sit dung bat ding thitc AM-GM., ta c6

ZM > 3vabc > 3
po b+ k

Za23v3ab023

cyc
Do do

Z%+(/€_1)Zaz3+3(k—l):3k.

cyc cyc

Bét ding thic duge ching minh. Dang thic xay ra khi vh chi khia=b=c=1. =
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Bai toan 2.94 Cho cdc s6 khong am a,b,c, khong cé 2 sé6 nao dong thoi bing 0.
Chatng minh ring

3

av/a? + be + by/b2 + ca+ e/ 2 + ab > ?( +b+c)?

(Vo Quéc Ba Can)

LO1 GIAL Truée hét, ta sé chiing minh rang

2:(1\/2((12 +bc) > Za\/ (a+b)(a+c)

cyc cyc

@Z [\/2a2+bc \/(a—i—b)(a—}—c)}zo

cyc

a(a —b)(a — c)
¢>Z¢2 a2 +be) + +/(a+b)(a+c) =0

cyc

Do tinh déi xting, ta c6 thé gia sit a > b > ¢, khi dé ta c6

a/(b+e)b+a)>b/(a+b)(at+c), ay/2(b2+ ca)> by/2(a2 + be)
Tu do
a S b
V2(@ +be)+/(a+b)(a+c)  /20b%+ca)++/(b+c)(b+a)

Neén

a(a —b)(a —¢)
g\/Q a2 +be) + /(a+b)(a +c)

a b

A Y V2@ +bo) +latb)atc) 207 +ca) +/(b+ )b+ a)

Tiép theo, ta sé chiing minh ring

2
S avlat ot > (Z)

cyc

O W~

& Za2(a+b)(a+c) +22ab\/(a+b)2(a+c)(b+c) > (Za)
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Sit dung bat ding thitc Cauchy Schwarz, ta c6
(a+b)2(a+c)(b+c) = (a® 4+ ab + be + ca)(b* + ab + be + ca) > (ab + ab + be + ca)?

Ta can chiing minh

Za a+b +22ab2ab—|—ac+bc)

4
2(a+b)(a+0) ( > <Z>

Do tinh thudn nhét, ta chuin héa cho a + b+ ¢ = 1. Dit ¢ = ab+ be + ca,r = abe,
khi d6 ta c6

O

Za a+b)(a+c) Za a+bc)=1—3q+4r

cyc cyc

2
Zab(Qab—i— ac+bc) =2 (Z ab) - 2Za2bc =2¢% —2r

cyc cyc cyc

Bét ding thic trd thanh

1 —3q+ 47 +2(2¢° — 2r) >

O i~

1
§(1 —3q)(5—129) > 0.

hién nhién ding do ¢ < %

Bét ding thic dugc ching minh xong. Ding thitc xdy ra khi va chikhia=b=c. =
Bai toan 2.95 Cho cdc s6 duong a,b,c théa man abc = 1. Ching minh ring

a-+3 + b+3 + c+3 >3
(a+1)?  (b+1)?  (e+1)? ~

(Vasile Cirtoaje)

LO1 GIAL Ta ¢6 mot chd ¥ ring luon cé it nhat 2 trong 3 s6 a, b, ¢, chiing han a, b sao
cho(a—1)(b—1)>0=1+ab>a+b. Tacod

1 N 11 abla—b)*+(ab—1)* -0
(a+1)2° (b+1)2 1+4+ab (1+ab)(1+a)2(1+b)2
1 1 1 c
= > =

(a+1)2+(b+1)2 “1+ab c+1

1 1 4 4 4c
+ > > =
a+1 b+1 " a+b+2 ab+3 1+ 3¢
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Do d6
a+3  b+3 [ 1 . 1 ] 1 1
(a+1)2 " (b+1)2 (a+1)2  (b+1)?%] a+1 b+1
2c n 4c
c+1 1+43c

Ta can chiing minh

2c n 4c n c+3 >3
c+1 143c (c+1)2 7~

4c c(c+3)

=
14+3¢c ™ (e+1)2

S 4c+1)* > (c+3)(3c+1)
S (c—1)2>0.

hién nhien ding. Dang thic x4y ra khi va chi khi ¢ = b = ¢ = 1 hosic a — +00,b —
400, ¢ — 0 hodc cac hoan vi tuong tng. ]

Bai toan 2.96 Cho cdc s6 khong am a,b,c,d, k. Ching minh ring

ka kb kc kd
1 1 1+—) (1 > (1+ k)%
<+b+c><+c+d)<+d+a)<+a+b)_(+)

(Vasile Cirtoaje)

Lo1 G1AL. Khong mét tinh tong quét, ta c6 thé gia sit (a — ¢)(d — b) > 0. That vay,
néu (a —c)(d —b) <0, ta lay (a/,0,c,d’) = (b,¢,d,a) khi do

ka kb ke kd
PV, d.d) = (1 1+ —) (1 1
(a,b, ¢ ) (+b+c>( +c+d>< +d+a>< +a—|—b>

= P(a7 b7 c’ d)

(@ —)d =b)=((b-d)(a—c)>0
Tu day, ta c6

ka kb a b k(a+ b)?
1 1 >1+k >1
( +b+c>( +c-i—al)‘ * <b+c+c+d)_ +alH—bc—&-ac%—bd

ke kd c d k(c+d)?
1 1 > 14k > 1
<+d+a>< +a+b>— + (d+a+a+b)— T T datactbd
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Suy ra
9 2
P(a,b,c,d) > (1 T _’_kb(;lj_—i_,_ bd) <1 td +kc§ccz_—||i;i)c + bd)
2
= ll * V/(ab + be +l:1(ca++bl;))((cc;_j)cia + ac + bd)
Mait khac, ta co
(a+b)(c+d) S 2(a +b)(c+ d)

\/(ab+bc+ac+bd)(cd+da+ac+bd) — ab+ bc + cd + da + 2ac + 2bd

2(a+b)(c+d) — (ab+ be+ ed + da + 2ac + 2bd) = (a — ¢)(d — b) > 0.

Do d6 bat ding thic can ching minh ding. Péng thitc xdy ra khi va chi khi a =
c,b=d=0hoaca=c=0,b=d. [ ]

Bai toan 2.97 Cho cdc s6 khong am a,b,c, khong cé6 2 s6 nao dong thoi bing 0.
Chatng minh rdng

a 2 b 2 c 2 3 a4+ 0>+
+ + <=
a+b b+c c+a 4 ab+be+ ca

(Nguyén Vian Thach)

Lo1 GIAL Bat ding thitc tuong duong véi

+b) + ab]
4Z#<3Za

cyc

ca®
RO Mree SO W e SRR I

cyc cyc cyc

Sit dung bat dang thitc AM-GM., ta c6

42 +b2—za

cyc cyc

Ta can chitng minh
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(:)Za —QZab—i—Qach b_

cyc cyc cyc

Sit dung bat ding thitc Cauchy Schwarz, ta c6

1 9abc
ZQbCZ m Z §

cyc cye

Nén ta chi can chitng minh dudc

doa?-2> b+9“—bc>o

cyc cyc

cyc
= Zag + 3abc > Zab(a +b).
cyc cyc

Day chinh 1 bat dang thitc Schur bac 3. Vay ta c¢6 dpem. Déng thitc xay ra khi va
chi khia=b=rc. ]

Bai toan 2.98 Cho cdc s6 khong am a,b,c, khong cé6 2 s6 nao dong thoi bing 0.
Chitng minh rdng

a_ b \ c L 3abc
b+c c¢c+a a+b 2(a?b+b%c+cta) —

(Bdch Ngoc Thanh Cong)

Lo1 GIAL Truée hét, ta sé chitng minh két qua sau

2(a® +b? + c?) abe
(a+b+c)? a?b + b%c+ c2a
o abe < 2(ab + bc + ca) — a® — b? — 2
a?b+ b%c+ c?a (a4+b+c)?

& abe(a + b+ c)? > [2(ab + be + ca) — a® — b* — c2](a®b + b2c + c*a)
& Za%(a —b)? > abe (Z a® — Zab)
cyc cyc cyc

Tit day, gid st ¢ = min{a,b,c} va dit a = c+z,b = c+y (z,y > 0), ta c6 thé dé
dang bién déi bat déng thiic vé dang sau

(a:2—my+y2)c3+(2m3—3x2y+2y )c +(x —y )(m —xy—y )c+m2y(x—y)2 >0



323

Néu y > 2 hoiic = > 3y thi bat déng thic trén la hién nhien. Néu 3y > = > v, ta sé

chitng minh

fle) =
Ta c6

Ay

(23:3 — 32y + 2y3)02 + (m2 - yz)(:v2 —xy — y2)c + xzy(x — y)2 >0

= (@® = y*)*(@® -2y — 7)) — 4aPy(x — y)*(22° - 32%y + 2¢%)
= (z—y)’l(z+y)*(@@® — 2y —y*)? — 427y(22° — 327y + 2¢°))]
< (2 -z +2)(2® — 2y — y?)? — 427y(22° — 327y + 2¢°)]

= da’(z —y)’[(e® —wy —y*)* — y(22° — 32y + 2°)]
= 42*(z—y)’[2*(z - 3y) + v’ (y —2)] <0

Vay nén bat déng thitc trén ding.
Trd lai bai toan clia ta, st dung bat déng thiic trén, ta chi can ching minh dugc

35 a?
a cyc 1
_ > =
“~b+c C Y
cyc
> (a—1b)?

1 (a—b)2 cyc
ﬁiczy;(a—kc)(b—i—c) " (a+b+c)? 20
@Z(a—b)(aQ —b)[(a+b+c)? —2(a+c)(b+c)] >0

& Z(a —b)(a® = b*)(a* +b* —c*) >0

cyc

Khong mét tinh tdng quat, gid si a > b > ¢, khi d6 ta c¢6

A4+ —-E>ad>+E-02>0, (a—c)a®>—cA)>(b—c)b*—c*) >0

= Z(a —b)(a® —b*)(a® +b* — c?)

cyc

(a—c)(a® —c*)(a* + = b%) + (b—c)(b* — *)(b* + ¢ — a?)
(b—c)(b* = ) (a® + 2 — %) + (b —c)(b* — ) (b* + 2 — a?)
= 22 (b—c)(b* — %) > 0.

(AVARLYS

B4t ding thic duge ching minh. Ding thic xdy ra khi va chi khi a = b = ¢ hoic
a =b,c =0 hoac cac hoan vi. [
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Bai toan 2.99 Cho cdc s6 duong x,y, z théa man xyz = 1. Ching minh ring

LSS S S 2 -1
(1+2)2 (1492 (1+2?2 (Q+2)0+y)(1+2) =

(Pham Van Thuan)

Lor c1AL Do z,y,z > 0,zyz = 1 nén ton tai cdc s6 duong a,b, ¢ sao cho z = 2,y =

¢,z =% Khi d6 bat déng thiic tré thanh
2

a 2abc
2w T e 2!

cyc

St dung bat dang thiic Cauchy Schwarz, ta c6

[me

cyc

> (Za2+2ab>2

cyc cyc

lZ(a +b)*(a+c)’

cyc

Nén ta chi can chiing minh duge

<2a2+2ab> -
S @t ba+ ol T @rhbroera
<Z a® + Eab)
2abc cyc cyc

AN P 5T RS Y S o PN A T PR

5ub dabe > a
< (a+b)(b+c)(c+a) = c126(a+b)2(a+c)2
& Z(a+b)2(a—|— ¢)? >2(a+0b)(b+c)(c+a) Za

cyc cyc

Dit m=a+b,n=0b+c,p=c+ a thi bat ddng thic trd thanh
m? +n? +n?p? + p*m? > mnp(m +n + p).

Bét ding thiic nay hién nhién ding theo bat déng thiic AM-GM. Vay ta c6 dpem.
Déng thiic xay ra khi v& chi khi z = y = z = 1 hodac 2 — 0,y — 400,z — +00 hoiic
cac hoan vi tuong ing.
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Nhan xét 25 Ching ta ciing cé 2 100 gidi khac cho bai todan nay, xem & [2]. Ca 2 lvi
gidi do, ching deu s dung nhitng cong cu dac biét va khd ddac sdc nhung theo quan
niém bdn than, ching toi thay rang nhing 10 gidi st dung bat ding thic kinh dién
dé gidi bat ding thic luon la nhimg 1oi gidi ddc sdc va hap dan nhdt, ching luon dé
hiéu va khong doi héi ching ta phdi cé mot kién thic gi cao za cd.
Chiing ta ciing c6 mot két qud tuong tu la
a? b2 c? ab+ bc + ca
(a—i—b)2Jr(b—i—c)2+(c—i—a)2 4(a®> + b2 +¢2) —

(V6 Quéc Ba Cin)

Dé chitng minh két qud nay, ching ta can cé bo dé sau
a*t? +b*c + *a? + 6a%b*c? > gabc(a% +b%c+ cta+ ab® + be? + ca?)
Pat z = a?b,y = b%c, z = c2a thi bat dang thic trén trd thanh

27y’ 427+ 63/2%y222 > g[W(w+y+z>+wy+yz+zw]
Chuan héa cho xyz =1 thi bat ding thic trd thanh

3 11 1
f(x,y,Z)=x2+y2+Z2+6—'(w+y+z+++> >0
2 x y z

Gid st x = min{x,y, 2} =t = \fyz > 1, ta c6

Fas) = TV = 5 (Vi- V3’ 2+ V3 -3 2]
> ;(\/27—\/5)2(8\/37—3—;;)
> FWi-VE) =330

= S 2 VD = ()

(t—1)2[(t2 -2t —1)2 + 2 + 1]
- 2t 20

Bit ding thic vita phat biéu ¢ trén dugc ching minh. Trd lai vdi bat dding thic ban
dau, bang bién doi tuong duong, ta théy bat ding thic tuong duong vdi
Stab > a*h? —2abe Y ab(a + b) — Ta?b?c?
cyc cyc cyc
>0
iyt @+ 020+ 0)2(c+a)y?

cyc
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Theo két trén, ta chi can ching minh dugc

Stab  abey ab(a + b) + 26a2b*c?
cyc _ cyc >0
4% a? 2(a+b)2(b+c)%(c+a)? —

cyc

Chuan héa cho a+b+c =1, dat ¢ = ab+bc+ ca,r = abe, khi dé bat ding thic tuong
duong
q S r(q — 3r) + 2672

21-2¢9) = (qg—1)?
< q(qg—71)* > 2r(q+23r)(1 — 29)
< (939 — 4:6)7"2 +2q(q — )r + >0

Day la mot ham lom theo r, lai co
F0)=¢>>0
v khi b= c =1 thi b4t ding thic tré thanh

2a+1 _ 2a(2a® + 2a + 2 + 26a)
a’?+2 4(a+1)%

@Qa—&-l a(a® + 14a + 1)
a?+2 (a+1)*
(a® —3a+6a+1)(a— 1)
(a2 +2)(a+1)* -

Bat ding thite cudi hién nhién ding nén ta cé dpem.

Bai toan 2.100 Cho cdc s6 khong am x,vy, z, khong cé 2 s6 nao dong thoi bing 0.
Chatng minh ring

812 + yz 8y? + zx 822 + xy
yQ +22 2’2+.'L'2 $2+y2

(V6 Quéc Ba Can)

Lo1 GIAL Stt dung bat ding thic GM-HM, ta c6

Z 81’2 + yZ Z sz 223/+2222 \/72 \/41'2 —+ 22 y z
2422 R y? + 22

cyc cyc

2




Dit a = 22,b = y?,c = 22 thi ta can chiing minh

Z Vbe + 4ab + 4ac >g
b+c -2

cyc

Binh phuong 2 vé, ta dugc bat ding thic tuong duong

Zab+bc+ca SZ +2Z V/[4ab + c(4a + b)][4ab + c(a + 4b)]

(b+c)

S 81
cyc cyc cye ( )(b + C) - 4

Véi moi z,y > 0, ta co

4 2 3 2)\2 - 2
(4 + ) (@ + dy) — @ F 3oy +y7)°_ aylz =yl

(x+y)? (x+y)? —

2(2? + 32y + y?)
z+y
Tit day, sit dung bat dang thitc Cauchy Schwarz, ta c6

Z\/4ab+c4a+b)][4ab+c(a+4b)] - Z4ab+c‘/(4‘a+b)(a+4b)

(a+c)(b+c) - (a+c)(b+c)

= 4z +y)(z + 4y) >

cyc cyc
2¢(a?+3ab+b?)
dab + —— 7 "

Z (a+c)(b+c)

cyc

Y

B 2ZQab (a+ b) + c(a® + 3ab + b?)
N pv (a+b)(b+c)(c+a)

6 (Z a) (Z ab)

(a+b)(b+c)(c+a)

Ta can chitng minh

b 12 (Za) (Zab)
ab + c+ca cyc cyc
Z Zb+c

b+ (a+b)(b+c)(c+a)

v

81
4

cyc
Trong bai viét “CYH technique”, ching ta da ching minh

Zab+bc+0a >g
(b+c¢)2 — 4

cyc

327
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Do d6 ta chi can chitng minh

a2

V(c+ a)

cyce
& Zag + 3abc > Zab(a +b).
cye cye

Bét ding thiic cudi chinh 13 bat déng thiic Schur bac 3. Vay ta ¢6 dpem. Déng thiic
xay ra khi z = y = z hoac = = y,c = 0 va cac hoan vi tuong dng.

Nhan xét 26 Ngoai ra, ching ta con c6 mot két qud khd kinh ngac la

2(8x2 +yz) _ 472% — y? — y? + 2zy + 222 + 14y2
y24+22 7 (@ +y? + 22) + 2(xy + yz + 22)

(Vo Quéc Ba Can)
Véi ding thiic zdy ra khi (x,y,z) ~ (1,1,1),(0,1,1), (1,1,0).
Chiing ta c6 thé dé dang kiém tra dugc

Z 472% — y? — y? + 22y + 222 + 14y2
5(22 4+ y? + 22) + 2(zy + yz + 2x)

cyc

Nen bat ddang thic nay chdt hon bat ding thite ¢ bai todn ban dau rat nhiéu. Hién nay
van chua cé mot i gidi don gidn nao cho bat ddng thitc tren.

Bai toan 2.101 Cho cdc s6 khong am a,b,c,d, khong c¢é 8 s6 nao dong thoi bing 0.
Chatng minh rdng

a(2a+0b)  b2b+c¢) c(2¢c+d)  d(2d+a)
>a
a+b+c b+c+d c+d+a dH+a+b tbtetd

(Park Doo Sung)

Lo1 G1Al. Bat diing thic tuong duong véi
a(2a +b)
Z a+b+c Z “

ala — c)
_ >
<Z>Za+b+c_0

cyc
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a c b d
- - b—d _ >
< C)[a+b+c a+c+d}+( ){b—l—c—i-d arbid ="

(a—c)?(a+c)+ (a—c)ad—be) (b—d)*>(b+d)+ (b—d)(ab— cd) >0
(a+b+c)atc+d) (a+b+d)(b+c+d) -

Cha ¥ 1a
2(ad—bc) =(a—c)(b+d)— (b—d)(a+¢c)
2(ab—cd)=(b—d)(a+c)—(a—c)(b+d)

Tit day, ta c6 thé bién ddi bat dang thitc vé

(a—c)*(2a+2c+b+d) — (a®* — *)(b—d)

(a+b+c)a+c+d)
(b—d)?*(2b+2d+a+c)— (a—c)(b? — d?)
* @b+ d)btctd) =0
(a—c)?2a+2c+b+d)  (b—d)?(2b+2d+a+c)
(a+b+c)(a+c+d) (a+b+d)(b+c+d)
> (a—c)(b—d) . bid

(at+b+c)latc+d) (a+b+d)(b+c+d)

Néu (a — ¢)(b— d) < 0 thi bat ding thifc hién nhien. Néu (a — ¢)(b— d) > 0, st dung
bat déng thitc AM-GM

(a—c)*(2a+2c+b+d) N (b—d)?(2b+2d+a+c)
(a+b+c)a+c+d) (a+b+d)(b+c+d)

(2a+2c+b+d)(2b+2d+a+c)
3 %“_@@_@¢m+b+@m+c+@m+b+@w+c+@

Do d6, dé chitng minh bat dang thitc da cho, ta chi can chiing minh duge 2 bat déng
thic sau

(2a42c+ b+ d)(20+2d +a + c) - a+c
(a+b+c)atct+d)a+b+d)(b+c+d) ~ (a+b+c)a+c+d)

(2a+2c+b+d)(2b+2dtate) b+d
(a+b+c)atc+d)a+b+d)(b+c+d) ~ (a+b+d)(b+c+d)

Chéang han, ta sé chiing minh bat ding thitc thit nhat, bat ddng thitc tuong duong

(a+c)?
(a+b+c)a+c+d)

(2a+2c+b+d)(20+2d+a+c)

atbtd)(bterd Z
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batz=a+c,y=b+d, taco

(2a +2c+b+d)(2b+2d + a+c) 42a+2c+b+d)(2b+2d+a+ c)
(a+b+d)(b+c+d) = (a+c+ 2b+ 2d)?
42z +y)
N T+ 2y
(a+c)? < (a+c)? o
(a+b+ec)at+c+d) ~ (a+c)at+c+b+d) z+y
Va
42z +y) = _71:2+10xy+4y2>0
2y aty  (z+y)(e+2y)
nén bat ding thic ding. Tuong tu, ta ciing cé
(2a+2c+b+d)(20+2d+a+c) > b+d
(a+b+c)at+c+d)(a+b+d)(b+c+d) ~ (a+b+d)(b+c+d)

Vay ta c6 dpcm. Déng thitc xdy ra khi a = ¢, b = d. ]

Bai toan 2.102 Cho cdc s6 duong a,b,c. Chitng minh rdang

\/C;gb:bcc)+\/I;)(204Tc62+\/c(2a:abb)—\/(W’L\[*\[)(\f \1[ \1[>

(Pham Hau Dic)

Lo1 GIAL Bat ding thitc tuong duong

a(b+c) ab(a+c)(b+c)
Za2+bc Z (a2 + be)(b? + ca) (Zf> (Zf>

cyc cyc cyc cyc

(a® 4 be)(b? + ca) — abla + ¢)(b+¢) = c(a+b)(a —b)* >0

ab(a+c)(b+ ¢)
=
; (a? 4 be)( b2+ca)_
Do dé, ta chi can ching minh

S (2 (5)

cyc cyc
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b+c a(b+ c)
< — — -320
; bC ;CLQ“V‘bC -

b+c alb+c)
E — — >
< <x/% a? + be 1>_0

cyc

(\f f) (b+c)(a—\@)2
@g * 2v/be(a? + be) =0

Bat diing thitc duge chitng minh. Dang thiic xay ra khi a = b = c.
Bai toan 2.103 Cho cdc s6 duong a,b, c. Chitng minh rdng

a 3\[ \/a+b )(b+ ¢)(c+ a)
Vc+a b+c a+b+c '

(Mathnfriends contest)
LO1 GIAL Dit o = be,y = ca, z = ab, bién doi, ta dugc bat déng thitc tuong duong

x Y z 3\/_ (x+y)(y+2)(z+2)
\/x+y VY +z \/z+x_ Ty +yz + 2z

> : ! .33
¢w+y Yotz VEtyyte) Haytyztz

St dung bat dang thiic sip xép lai (v6i gia thiét y 1a s6 hang ndm giita), ta thiy

T 1 Y 1
vT . .
= Voot d) VoGt Vurawts JuramTo
z . 1 _ Y 1
+\/(z+x)(z+y) Vi +z)(z+y) (y+z)(y+x)+ (y+2)(y + )
_ 1 ) Ty + Yz + 2z ) Y
Vaytyz+zz | (y+2)(y+a) (y+2)(y + )
Datu:m 1/(23{;3)”;_526) = /1 —u2. Theo bat dang thitc AM-GM,
Ty +yz + zx . Y _ w — 02 = u —u
T <1+(y+z)(y+$)> (1+u)V1—w2 =0+l —a)
_ \/(1+u)-(1+u).(1+u).3(1u)
3
(3/2)" _3v3

- 3 4
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Bét ding thitc duge chitng minh xong. Dang thitc xay ra khi vi chikhia=b=rc. =

Bai toan 2.104 Cho cdc s6 khong am ay,az, ..., a, (n > 3) théa man a3 +a3+-- -+
a? = 1. Chiing minh ring

1
%(m +ag+-- - +ay) > aiaz +azaz + - -+ apar.
LOI GIAL Dat
1
fulay,ag,...;an) = %(al +as+---+ay) —aras —asaz — - — apay

Khong mat tinh téng quat, gid st a; = max {a1, as, ..., a,} .

P 1 N
Neéu a,, < 7 thi

fn(al, Ay ...y an) — fn—l (al, a9,y ...y A2, \/a%,—l + a%)
1 2 2 2 2
= e ran—yfal ) (@ an)yfar oy +a
1
—an—1(an_2 + ap) — anay > (ﬁ < an) (anl tan — \/m> >0

= fn(a17a27 -'~7an) > fn—l (alyab ceey An—2, \/ 0%71 + a%)

2

Z 1 1
Néu a,, > == = a1 > éan,lgﬁ.Taco

V3

fn(alv A2y .eey a’n) o fn—l (ala ag, ..., ap—3, \/ a%—Q + a%_lyan>
1
= i <an—2 +an—1—4/ az o+ a%—l) T+ Gn—1 (\/ ap_o+ai g — an—2>
2 2
+an (\/ ay_o + ay_1 — anl) — Gp—20p—1
1 2 2 1 2 2
Z ﬁ Ap—2 —+ Ap—1 — an72 + an71 + ﬁ (Ln72 + an71 — Qp—1
1
—Qp—20n—-1 = Gn_-2 (\/g - an—l) > 0

/42 2
:> fn(a17a27 "'7a7L) Z f'rL—l (a17a27 "'7a7l—33 an_Q + an_17a'n> .

Tit day, bing phép quy nap theo n, ta dé& dang chiing minh duge bat déng thitc da

cho. Ding thitc xay ra khi va chi khin =3 viia; = ay = a3 = % ]

Sl
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Bai toan 2.105 Cho cdc s6 a,b,c € R. Ching minh rdng vdi moi p > 0, ta cé

a? — be b? — ca ¢ —ab

> 0.
2pa? + p2b? + c? * 2pb? + p2c? 4 a? * 2pc? + p2a® + 0%
(Vasile Cirtoage)

Lo1 GIAL Bét ding thic tuong duong
2p(a® — b
P s B
cye p p

@3>Z{ 2p(a? — be)

2pa2 +p2b2 - c2

(pb + c)?
@32 Z 2pa2 + p2b2 + 2
cyc

Sit dung bat ding thitc Cauchy Schwarz, ta ¢

pb? (pb + c)?
3 =
Z<a2+pb2+02+pa2> Z p(a? + pb?) + % + pa?

cyc cyc
o Z (pb + 0)2
- p” 2]9(12 + p2b2 + c2’

Nén ta c6 dpem. Déng thite xay ra khi va chi khi a(b?+pc?) = b(c2+pa?) = c(a®+pb?).
[

Bai toan 2.106 Cho cdc s6 khong am x1, T2, ..., Tn, théa man 1 +xo+ -+, = 1.

Chatng minh rang
() (Svis) <

(China TST 2006)

yi>1 (1=1,2,..,n)

N 2 - _ n £ 2 _,
Lot ciA. Daty; =21+ 1 = Sy =ntl . Bat dang thic tuwong duong
i=1
v6i
2

() ()<
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n
n Zl Vi —1 2
J:
pas E <
] VYi vn+1

Sit dung bat ding thitc Cauchy Schwarz, ta c6

ST (T T e T )
e

Vi
ViR D] [ -+ 4+
i

2n +1
= \/—ny1+2(n+l)—
ny1
Twong tu, ta c6
—1
]gl vi 2n+1 .
— < /-ny; +2(n+1) — Vi=1,2,...,n
VYi Yi
n Z yj_l n
Jj=1 2n+1
=3 e Y ) -
i=1 Vi ; i
2n+1
< i+ 2(
< ”Z( ny +2(n+1) - nyi)
241 o= 1
= nl{nn+1)— —
o= 2550
2 1 2
= Y O R
n
> Yi
i=1

2n+1 n? n?
1) — . = .
\/n<n(n+ ) - n+1) 1

Béat déng thic duge ching minh. Dang thitc x4y ra khi v chi khi 21 =20 = - -+ =
Ty =

S|
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Bai toan 2.107 Cho cdc s6 duong a,b, c. Chitng minh rdng

a? b2 2 3 Ja% +b2%+c?
+ + > - .
2a+b+c¢ 2b+c+a 2¢c+a+b " 4 3

(Michael Rozenberg)

LOI GIAL Sit dung bat ding thitc AM-GM, ta c6

fa2 +b2+c2 _ a+bt+c  a®+b%+c?
< +
3 - 3 a+b+c
Nén ta chi can chitng minh dudgc

Z a? >§ a+b+c+a2—|—b2+02
2a+b+c — 8 3 a+b+c

cyc

Chuéan hoéa cho a + b+ ¢ = 1 thi bat déng thic tré thanh

Z(afl_

cyc

ol w
[NV}

|
[\}
uk"_‘
N———
|

(e}

a? 345 3 1
— - et — | >
®§<a+1 8" 16a+48) =0

& Zx(?)a —1)2>0

cyc

voi x = lljia va y, z tuong tu. Ta co
Z:z:(Sa —1)2 = 2(41: +y+2)(a—0b)(a—c)
cyc cyc

va

4(1—2a)+1—2b+1—2c
14+a 140 1+c

B 4(1—2a)_’_3 1 n 1 B
B 14+a 1+b 1+4c¢

4(1 - 2a) 12 12(1 — a)?
> 4= ————"2 >0
- l+a +3fa 1+a)3—a) —

dr+y+z
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Ngoai ra, do ham f(t) = 1=2 nghich bién nén néu ta gid st a > b > cthiz <y < z.

1+t
T do, ta c6
S Uz +y+2)(a—b)a—c)

> (dy+2+2)b—)b—a)+ (s +z+y)a— b0
> Ay+z+a)b—c)b—a)+ (dz+z+y)(a—Db)(b—rc)
(z—y)a=b)(b—c) >0.

Bét ding thitc duge chitng minh xong. Dang thitc xay ra khi va chi khia=b=rc. =

Vi du 2.1 Cho cdc s6 khong am x1,xa, ..., z, (n > 3) théa man xy+x2+-+z, = 1.
Tim gid tri lon nhét cia biéu thic

Py, @0, . tn) = 25a? + ada? + -+ ada? +n2 V33 23,
(V6 Quéc Ba Cin)
LO1 GIAL Gia st 1 = max {z1, Za, ..., Ty} . Ta chitng minh
P(xy,xo,....zy) < P(x1,20 + 23+ - - + 24,0,...,0)
That vay,

P(LUl,I'Q+£C3+"'+I’n,0,...,0)

= x?($2+$3+...+$n)2
2

3 3 3 3,2 .3
> 2(xiwams + 27T3T4 + - - -+ BT 1Xy) + TIT5 + TIX
3 3 3 3,2, .32
> (zyzows + 272304 + - - -+ TTp_12n) + (525 + 525

3 2 3.2, .32
+ T, Ty,) + Ty + wi,

3.2 3,2 3,.2 3
> Tyxy + xHx3 + -+ T X + {203
Ta chitng minh
wdroms > 2 Vaded g3

1
2,23 3
=4 .’L‘2$3$4 st J,‘n n2(n_1)

IN

Ta c6

raxiah - ad

IN

(zoz3 - xp)* <

(xl+m2+m3+...+xn>2(nl) 1
n
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Do do
P(xl,Z'Q,..-,xn) S P(xl,l'g +(I;3 + - +xn70a""0)
Lai c6
P(zy,x0+ 23+ +2,,0,...,0) = a3(zg+as+ - +z,)2 =231 —2;)2
2 5
T1\3 (1 — x4 1 +1—x
— 108 (—) <los( T n
7) (57 <o (25
108
- 3125
Déang thitc x4y ra ching han khi z; = %,ZEQ = %,Zﬁg = ... =z, = 0. Vay nén
max P = 18 [ |

3125°

Bai toan 2.108 Cho cdc s6 khong am a,b, c, khong cé 2 s6 nao dong thdoi bang 0.
Chatng minh ring

a [ b [ ¢ 3(ab + be + ca)
3
\/b+cJr cta Vavo a? + b2 + c?

LO1 GIAL Gid st @ = max {a, b, c}. Ta ching minh

b c b+c
\/ +./ >/
c+a a+b— a

(Vo Quéc Ba Can)

b c be b+c
c+a+a+b+2 (a+b)(a+c)Z a
o9 be S be n be
(a+b)a+c) ~ala+b) ala+c)
@27a> 2a+b+c
Voe — /(a+b)(a+c)
<:>2a—b—c+(\/5_\ﬁ> > (b—c)?
Vbe Voe T Jlatbato (Vath+vate)
MHb_C)? 1 S - ! S| >0
Vbe \/%(\/B—i—\ﬁ) Vie+b)(a+c) (Va+b+a+c)
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Ta c6

1 1

\/@(\/g+ﬁ)2 V@t to (Vatb+vate)

1 1

> 5 — 2

B 4@(\/54“/5) Vb+b)(ct+e) (Vb+b+ete)
3

= 5 >0

e (Vo + ve)

Lai c6
ab+bc+ ca > a(b+ c)
a?+b* 4+ <a?+ (b+c)?
ab+bc+ca> a(b+ c)
a?+b2+c2 7 a?+ (b+c¢)?

\/: \/m bffg v \/i;[%z

véi = bj_c + 4/ bzc > 2.Mat khéac ta dé& thay = + \/% > 7\[ VY > 2 nén bat

dang thitc da cho ding. Ding thitc x4y ra khi va chi khi (a, b, c) ~ (3 +2v/2,1, O) . u

Suy ra

Bai toan 2.109 Cho cdc s6 duwong a,b,c,d théa man a® + b* + ¢ + d*> = 4. Ching
minh rdng

1 1.1 1
b d) < ¢f(abed+1) =+ -+ =+ = ).
(a+ +c+)_\/(ac+)<a+b+c+d)

| =

(Pham Hau Dic)
LOT GIAL. Truée hét, ta sé chiing minh ring
9(a+b+c+d) < 4abed + 32
That vay, gid st d = min{a,b,c,d} = 1> d > 0, dit

P(a,b,c,d) =9(a+ b+ c+d) — 4abed — 32

21 p2 4 2
x:«/$, p=a+b+c

:>2\/§23m2p2x\/§, z>1
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Ta chiing minh
P(a,b,c,d) < P(z,z,z,d)

<
& 9(3z — p) > 4d(x® — abe)
Tit bat dang thitc Schur bac 4

ZaQ(a—b)(a—c) >0

cyc

(p* — 62%)(p” + 327)

= abc >
ave = 12p

Ta can chiing minh

(p* — 622)(p” + 3x2)]

—_ ) > 3 _
p(3z —p) > 4d [m 12

d(p® + 3p2z + 6px? + 623)
p

<:>(3m—p)[27— }zo

Do3z2p2z\/§nén

3d(p® + 3p2x + 6pz? + 623)

81 — > 81 — 78z%d = 81 — 26d(4 — d?)
p
= 3+26(1—-d)(3—d—d*)>0
Ta con phai chiing minh
P(z,z,z,d) <0

< 93z +d) — 423d < 32
& (9 —42%)d < 32— 27z
& (9 —42°)\/4 — 322 <32 - 27z
32 —27x
& f(x) = >1
i@ (9 — 423)v/4 — 322 —
12(x — 1)(81z* — 4723 — 11922 + 9z + 81)

Jw) = (9 — 42%)2(4 — 322)3/2 =0
= f(z) > f(1)=1
Tré lai bai toan, sit dung bat ding thiic AM-GM, ta c6
1 1 1 1 4 é

4
=abcd <1, —4+-4+-+-> =
v et =5 a+b+c+d_4abc

:



340 CHUONG 2. SANG TAO BAT DANG THUC

Do d6, két hgp véi bat ding thitc & trén, ta chi can chiing minh dugc

JA(z + 1)

2(z* +8) <9
(o' +8) <9/ =
z(z* +8)2 729
B L A
S == 7 <3
Ta c6 (2 4 8)2(02° 1 A g)
, "+ z® — 112* +
= 0
g (@) (a* + 1) g
729

Bét ding thitc dugc chiing minh. Dang thitc xay rakhia=b=c=d = 1. ]

Bai toan 2.110 Cho cdc s6 khong am a,b, c, khong cé 2 s6 nao dong thdoi bang 0.
Chatng minh ring
1 n 1 n 1 = 1
(a+2b)2  (b+2c)2  (c+2a)2 ~ ab+bc+ca’

(Pham Kim Hung)
Lo1 GIAI 1. Khong mét tinh tong quét gid sit @ = max {a, b, c}. Sit dung bat dang
thic AM-GM, ta ¢6
1 1 2
+ >
(a+2b)2  (c+2a)? ~ (a+2b)(c+ 2a)
1 n 1 S
(@+20)2  (b+2c)?> ~ (a+2b
Nén ta chi can chitng minh duge

1 2 1
>
(b+ 2¢)? + (a+2b)(c+2a) — ab+bc+ ca

N =

~

(b+ 2¢)

& fla) = 2(b+ c)a® + (2b* — be — 7c?)a® + (4¢® — bPc — be? — 2b%)a + 2b%c® > 0

hoac
1 2 1

>
(c+ 2a)? + (a+2b)(b+2c) — ab+bc+ ca
& g(a) = 4ab + (2¢2 — be — Tb%)a’ + (20° — b2c — be?)a + 2b%c + 2b%c? — 2bc® > 0

Ta sé chitng minh rang trong 2 bat dang thiic trén, c¢6 it nhat 1 bat ding thic ding.
Dé lam dugc diéu nay, ta chi can ching minh dugc

fla)+g(a) 20
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& h(a) = 2(3b+c)a® — (5b% +2bc+5¢2)a® +2(2¢® —b*c—be?)a+2b3 ¢+ 4b% ¢ —2bc® > 0
Ta c6

B'(a) = 6(3b+c)a® — 2(5b* + 2bc + 5c%)a + 4c® — 2b*c — 2bc?

10ab(a — b) + 4ab(a — ¢) + 2c(a — ¢)(3a — 2¢) + 2b(a® — be) + 2b(a® = ¢2)
= 10ab(a — b) + 2b(a® — bc) + 2(a — ¢)(3ab + 3ac + be — 2¢*) > 0

Nén h(a) dong bién. Do d6
Néu b > ¢ thi
h(a) > h(b) = b(b+2¢)(b—¢)* >0

Néu ¢ > b thi
h(a) > h(c) = ¢(2b+¢)(b—¢)? > 0.

Bét ding thitc duge chitng minh xong. Dang thitc xay ra khi va chi khia=b=rc. =
LO1 GIAI 2. Gid st @ = max {a, b, ¢} va xét 2 trudng hgp

Truong hop 1. Néu a < 3b+c. Data+2b =2 +y,b+2c =y + z,c+2a = z + z, ta
dugce

x:3a+b_020, :3b—|—c—a207 Z:3c+a—b20
2 2 2
va
5r —y + 2z oYy — 2z + 2z 5z —x + 2y
a=——"7/"— b= c=

9 ’ 9 T 9
Khi dé, bat ding thic duge viét lai 1a

1 1 1 27
+ - >
(z+y)? W+2? (z+2)* " 2 +y>+ 2%+ 11(zy +yz + 27)

St dung bat ding thiic Iran 1996, ta c6

1 1 1 9
+ >
(z+y)?  (W+2)? (+2)? = 4dlzy+yz+z)
27
22 +y? + 22 + 11(zy + yz + 22)

Truong hop 2. Néu a > 3b+ ¢, do ¢ + 2a < 3a < 3(a + 2b) nén

1 1
>
(c+2a)? ~ 9(a+ 2b)?

Do dé, ta chi can ching minh dudc

1 n 10 S 1
(b+2c)?2  9(a+2b)2 ~ ab+bc+ ca
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Sit dung bat ding thitc AM-GM., ta c6

1 10 2v/10 2.1
b+207 " 0at 26~ Bat2)(b120)  (at2b)(b+20)

Ta can chiing minh
2.1 1

>
(a+2b)(b+2c) — ab+bc+ ca
< 2.1(ab + be + ca) > (a + 2b)(b+ 2¢)
& a(1.1b+0.1¢) — 2b* — 1.9bc > 0

Ta c6

a(1.1b + 0.1¢c) — 2b* — 1.9bc a(1.1b + 0.1¢) — 2b* — 2bc

(3b + ¢)(1.1b + 0.1c¢) — 2b* — 2bc
1
10

v v

[(8b— c)? + 4b%] > 0.

Bat ding thitc duge chitng minh. [



Phu luc A

Mot sb bat dang thic thong
dung

A.1 Bat dang thitc trung binh céng-trung binh nhan-
trung binh diéu hoa (AM-GM-HM)

Vé6i moi sé duong ay, asg, ..., Gy, ta co

apt+ax+---+a n
! 2 nZ n\/a1a2"‘an2 1 1 1 -
" ar Tay Tt
Déng thic xay ra khi va chi khi a1 =ag =+ = a,.

A.2 B4t dang thic AM-GM suy rong

Cho cac s6 duong aq, o, ..., o, thdéa man oy + ag + -+ - 4+ o, = 1. Khi d6 véi moi s6
khong am aq,ao, ..., a,, ta co

01a1 + agag + - -+ apan > aftag? - - anm.
Dang thic x4y ra khi va chi khi a1 = as =+ = a,.

A.3 B4t dang thic trung binh liy thita

Cho cac s6 duong aq, as, ..., a,. V6i moi s6 thuc r, dit

1

ajtayt-ta; | "
M, = ( 0 ;7 #0
vaijas - - ap ,r=0

343
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Khi d6 M, 1a ham tang theo r v6i moi r. Chéng han My > My > M, ttc la

> > Ya1az - ap.

\/a%+a§+---+a,2 ai +as+ -+ +ap
n n
A.4 BAat dang thic trung binh lily thira suy réng

Cho cac sé duong p1,pa,...,p, théa man p; +ps + -+ p, = 1 v cac s6 duong
ai,as, ...,a,. V6i moi sb thuc r, dit

: 1
M, = L (prai +paas 4+ +puay) 7 £0
al*ab? - abn ,7=0

Khi d6 M, 1a ham tang theo r véi moi r.

A.5 BAat dang thiic Bernoulli
Véi moi sb thuc z > —1, ta ¢

(1+a)
(1+a)

14+rz ,r>1Vr<0

>
< 1+rxz ,0<r<1

Ngoai ra, v6i moi s6 thic ay, as, ..., a, théaméan a1, as, ..., a, > 0hodac —1 < a1, as, ..., ay

0 thi ta c6
(I+a)(l+az) - (1+a,) >1+ar+az+- - +a,.

A.6 Béat dang thic Cauchy Schwarz

V6i moi s6 thuc (a1, as, ..., an) va (by, b, ..., by,), ta c6
(a1by 4 agbo 4 - -+ anby)? < (a2 + a2+ - +a)(b? + b3+ -+ b2).

Déng thitc xay ra khi v chi khi a; : aj = b; : b; Vi, j € {1,2,...,n}.

A.7 Béat dang thic Holder

Cho céc s6 duong z;; (i = 1,m,j = 1,n). Khi d6 v6i moi wy,...,w, > 0 thoa wy + - -
+w, =1, tacod

Wi

n m J m n

wj
I\ > | =2 (117 )
i=1 \j=1 i=1

= j=1

IN
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A.8 BAat dang thic Minkowski

Vé6i moi s6 thyc r > 1 va v6i moi s6 duong aq, ag, ..., G, b1, ba, ..., by, ta co

() ()
=1 i=1

A.9 B4t dang thic Chebyshev

Cho céc sb thuc a1 < ag < --- < a,. Khi d6
i) Néuby <bg <---<b, thi

3=

lZ(ai +b;)"

i=1

i=1

ii) Néu by > by > -+ - > b, thi
i=1 =1 i=1

A.10 Khai trién Abel
Gi& ST 1,29, .., Tns Y1, Y2, -, Yn 12 cac sd thuc ty ¥. Dat
ck=1+y2+--+ Yk Vk:1725'“5n

Khi do6, ta c6

n—1

n
Emwzg(mfmﬂm+%&p
1=1

=1

A.11 Bat dang thic Maclaurin
Véi moi s6 khong am aq, ao, ..., Gy, ta co

S1> 8 >---5,

> aras - -ay
Sy = ) =192 " Gk
TV®

trong do6
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A.12 Bat dang thic Schur
Cho cac s6 khong am a, b, c. Khi dé, v6i moi r > 0, ta c6 bat déng thiic sau
a"(a—b)la—c)+ b (b—c)b—a)+"(c—a)(c—b) >0

Déng thiic x4y ra khi va chi khi @ = b = ¢ hodc a = b,c = 0 hoac cac hoan vi tuong
ung.

A.13 Ham 16i, ham lém

i) Mot ham s6 f duge goi 13 16i trén khoang I néu va chi v6i moi z,y € I vA v6i moi
s6 khong am «, 8 théa mén oo+ 3 =1, ta ¢

flax + By) < af(xz) + Bf(y).

ii) Mot ham s6 f duge goi la 16m trén khoang I néu va chi v6i moi x,y € I va véi
moi s6 khong am «, 3 théa mén o+ 3 =1, ta c6

flax + By) > af(x) + Bf(y).

Trong truong hop f(z) kha vi cap 2 trén [a,b] thi f(z) 16i trén [a,b] néu va chi néu
" (x) > 0Vz € [a,b] va f(z) 16m trén [a,b] néu va chi néu f”(z) < 0 Vz € [a,b].

A.14 BAat ding thiic Jensen

Cho p1, p2, ..., pn 12 cac s6 duong.
i) Néu f la mot ham 16i trén khodng I, khi d6 véi moi aq,as, ...,a, € I, ta c6

p1flar) +paflaz) + - +pnflan) > f <p1a1 + p2ag + - - +pnan>
prtp2t--+pn - prtp2t--+pn

ii) Néu f 1a mot ham 16m trén khoang I, khi d6 véi moi aq,az, ...,a, € I, ta c6

p1f(ar) +paflaz) +-- -+ pnflan) < <p1a1 + paas + - - —|—pnan> .

pPrtp2t--+pn prtp2t-+pn

A.15 Tong, tich hoan vi-déi xing

Ta ki hieu
3" - Téng hoan vi. Chéng han
cyc
Zazb =a’b+ b%c+ Pa

cyc



A.15. TONG, TICH HOAN VI-bDOI XUNG

a,b,c,d
Z a’be = a’be + b*ed + Ada + d%ab

cyc

3" - Téng déi xiing. Chéng han

sym

ZaZb =a?b+ b%c+ Pa+ ab® + b + ca’®
cyc

a,b,c,d

Z ab=ab+ ac+ ad + bec + bd + cd

sym

[T - Tich hoan vi. Chang han

H(a —b)=(a—=b)(b—c)(c—a)

a,b,c,d

II (@0 =(a=b)b—c)c—d)(d-a)

cyc

[T - Tich ddi xting (danh cho 4 bién). Chang han

cyc

a,b,c,d

H (a—b)2=(a—b)2(a—c)*(a—d)?*b—c)*b—d)?c—d?>

cyc

347
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