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BAT PANG THUC

l. LY THUY ET

1. binh ngha :

Cho a; bOR. Ménhdé“a>b";“a=b”;“a<b”;“a<b” goila bat dang thrc
2.Tinh cHit :

*a>bvab>c=a>c

*a>b < at+c>b+c

*a>bvac>d=a+c>b+d

ac>bc khi ¢>C

ac<bc khi c<0C
a>b=0=+a>b
a=b>0 - a’?=b?

a>b=20=a">b" ’
3. Bat dang thrc ve gia ti tuyét doi
* |[xka < —a<x<a (Voi a>0)

* a>b:>{

*

*

*

* |xpa e {X>a (Veia > 0)
X<-a

4. Bat dang thrc giira trung binh éng va trung binh nhan (@Cauchy)
3*b ., Jab .Déu ‘= xay ra khiva chikhia = b

a) Choa,b=0, taco

Hé qui :*. Hai 0 dwong c6 bng khongdoi thi tich sn nhit khi 2 $ d6 hing nhau
*, Hai © duong c6 tich khongoi thi tong nkd nhat khi 2 $ d6 bing nhau

b) Choa,b,c=0, ta co a+b+c2\3/abc . Dau ‘=" xay ra khiva chkhia=b=c

5. Phwong phap ching minh bat dang thirc

|. Phurong phap bén doi tuwong dwong

bé chang minh BDT dang Az B ta throng dung cac cach sau : ‘

Cach 1 :Ta ching minh A-B=0. bé ladieu nay ta tieong st dung cac lingdang
thirc dé phan tichA- B thanh éng hdic tich @ia nhirng beu thirc khong am.

Cha y : Mot s0 ket qua ta throng hay & dung

*x2>00xvax? =0« x=0;|xp 0Oxva|xE 0= x=0

* a2 +b?+c?20.Ping thic xay ra < a=b=c=0.

Vi du 1 : Cho hai 6 thuc a,b. Chrng minh &ng : a® + b? > 2ab.

Giai : Tacda® +b?-2ab=(a-b)?= 0= a?+b?= 2ab. Ping thic c6 -~ a=b.
Vi dg 2 : Cho ba 6 thuc a,b,c. Chirng minh &ng : a®> +b% +c?=ab+bc+ca (I).
Giai: Taco: a?+b%+c?-(ab+bc+ca) =

=1@ - 2ap+0?)+ 2 (02— 2+ c?)+ L c2- xa+a?)
2 2 2
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=%(a—b)2+(b—c)2+(c—a)220:>a2+b2+c22ab+bc+ca

Pang thrc xay ra < a=b=c.
Vidy 3:Cho5 6 thuc a,b,c,d,e. Cmr:a+b?+c?+d?+e?zab+c+d+e).
Giai :
Tact:a’+b%*+c?+d?+e’-ab+c+d+e)=
2 2 2 2
a 2 a 2 a 2 a 2
=(—-ab+b%)+(—-ac+c’)+(—-ad+d°) +(——ae+e
(4 ) (4 ) (4 ) (4 )
a 2,,a 2, (4 2, (4 2
=(z-b)+(z-0)+(=z-d)*+(=-€)“=0= dpcm.
(2 ) (2 ) (2 ) (2 ) p

Pang thic xay ra < b=c=d =e=

N o

Nhdn xét : ,
1) BBT ¢ Vi du 3 dingdung Wi n  thuc 1<n<5, conn=6 thi khéng contdng
nira, trc la BDT a7 +a3 +...+a’>a (a,+...+a_,+a, .+ ..+a, )ding win s
thuc = n<5.
2) Sr dung hangiing thic (a+b+c)?2 =a? +b?+c?+2ab+ 2bc + Za thi ta co th
viét BDT (1) drdi cac ding sau :
(a+b+c)=3(@b+bc+ca) (Il
3@%+b%?+c?)=(@a+b+c)®> ()
Céac BT (1), (1), (1) 6 nhiéu tng ding trong cléing minh BDT, ta xét cac bai toan
sau :

Bai toan 1.2 :Cho ba 6 thyc drong a,b,c. Chirng minh BDT sau
a_3+b_3+c_32 a+b+c (1) (V6 dich Toan Canda 2002)
bc ca ab
Giai : BDT (1) = a*+b*+c*=zabc(a+b+c) (2)
Ap dung (1) hai n ta c6 :
a*+b*+c*=(@d) %+ (03I %+(c)%2ab>*bé %*cda =(ab) %(bc) %(ca) 2
>abbc+bcca+caab=abc(@a+b+c)= dpcm.
Nhgn xét : * Néu ta choabc =1 thi (2) t& thanh :a* +b* +c*2a+b+c day la bai
toan 3de thi HSG tnh bong Nai bp 11 ram 2005.
* Néu ta choa +b+c=1 thi (2) tr thanh :a* +b* +c* = abc ‘
Bai toan 2.2 :Cho cac 6 thuc drong x,y,z>0 c6 tng kang 1. Clirng minh &ng
Jax+1+Jay+ 1+ &+ 1< 2.
Giai : Ap dung BDT (lll) véi a:\/4x+1,b:\/4y: 1c=+ &+ Jtaco

VT =a+b+c<y3@2 +b?+c2) = /3(dx+ 1+ 4+ & &+ L/ 2

Pang thic xay ra - x:y:z:%.
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Bai toan 3.2:Goi p la chu vi tam giac ABC. Cmr :
Jp-a+p-b+p-c=<.3p.

Giai : Ap dung BBT (lll) ta c6 :

VT <./3(p-a+ p-b+p-c)=./3p dpcm.Ping thic c6 khiAABC déu.

Vidy 4 : Choa,b=0. Ching minh éing : a® +b*=a’ +b?.

Giai: Taco:

a>+b*-a%h-b%a=a%a-b)+bib-a)=(a-b)(a’-b3=(a-b){a+b)=0

— a>+b®*>a’h +b%. bing thic xay ra khia=b.

Nhgn xét : * Qua ching minh trén ta thy chi cin diéu kién a+b=>0 thi BDT luén
dlng va ta con co& qui tong quat nir sau :a™" +b™ " 2 aM" +a"o™ .
* Sir dung ket qua bai toan trén ta co &rgiai quyet dugc mot s6 bai toan sau :
Bai toan 1.4 :Choa,b,c= 0. Chrng minh &ng :
1 1 1 1
+ + < .
a®+b3+abc b3+c3+abc c3+as+abc abc

Giai :
Theo bai toan trén ta céa® +b*=a% +b%a=ab(a +b)
—a3+bi+abc>ab(a+b+c)= < ! - ¢
a®+b3+abc ab(a+b+c) abc(a+b+c)
a 1 b

Tuong tr :

< : <
b®+c3+abc abc(a+b+c)’ cd+ad+abc abc(a+b+c)
Cong ba BDT trén hi véi nhau ta catpem.
Sauday ta xét bai toaduoc gidi thiéu trong ki thi IMO ram 1995.
Bai toan 2.4 :Choa,b,c= 0 va abc=1. Ching minh &ng :
ab bc ca
+ <1.

+ <
a’+b°+ab Db°+c’+bc c®+a’+ac

Giai : Tac():a5+b52a3b2+b3a2:a2b2(a+b):>a5+b5+ab2<51b6H-b+C
c
ab ab . C
= < = .
a®+b°+ab jatb+c a+b+c
c
Twong i bc . a ca < b

b°+c®+bc a+b+c’ c°+a’+ac a+b+c

Cong ba BOT nay hi véi nhau ta ca@pcm.
m+n m+n m m 4N n

Bai toan 3.4: Choa+b=0. Chrng minh : 2 ;b >2 ;b a ;b

Giai :

TacO BT < 2@ +b™M) =@ +b™)@" +b") =« a™ " +b™">a™b" +a"b™

bay chinh la BT trong ntin xét trén.
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Bai toan 4.4 :Cho céc & thyc a,b. Cling minh &ng :
(@2 +b?)(@®+b®(@P+b9 < 4@ ®+b %.
Giai : bat x=a?,y=b%= x,y= 0 va BDT tr¢ thanh :
(x+ V) + yH)(x® + y?) < 4(x 0+ y 1
Ap dung bai toan 3 ta co :
x;yx“ ;y“ XS;ySS x5+2y5x5+2y 5s x1°+2y 103 dpcm.

n n
Bai toan 5.4 :Choa+b=>0.Chang minh #ng : 2 ;b z(a;b)”.

Giai : Ap dung két qua bai toan 3ta c6 :
a+b a+b a+b<a2+b2 atb a+b_ <a”‘l+b”‘1a+b<a”+bn
T Ty ST Ty S S > <
a %/\—J
nlan n-1lan

a+b, _a"+b"
= < dpcm.
( > ) > p

Vidu 5: Choab>1. Ching minh &ng :

1 2
+ > .
a?+1 b%+1 1l+ab
Giéi:Tacc')21+21— 2 - 21— Ly, 21— 2)
a“+1 b“+1 1l+ab 'a“+1 1l+ab’ bc+1 1+ab
__a-a® = ab-b® _a-b b _a ,_a-bb-a+a’h-b’a
(@2 +1)(1+ab) [©O>+1)@+ab) 1+ab 1+b? 1a? 1+ab (Hb?)Ha?)
_a-b (a-b)@-1) _ (a-b)’(ab-1)
1+ab@+b%)(1+a%) (1+ab)d+b?)1+a?)

>0 (Do ab=>1).
1 2
+ < .
a?+1 b%+1 1+ab
Vi du 6 : Cho hai 6 thuc x,y. Ching minh :3(x + y + 1)> + 1> Xy.

Nhgn xét : Néu —1< ab<1 thi BDT c¢6 chéu ngroc lai :

Giai : Vita co :xys%(x+ y)? nén ta cting minh 3(x+ y + 1)* + 12231 x+y)

That vay : (*) < 12(x+y)? +24(x+y)+ 162 3k +y ¥
= O(X+y)? +24(x + y)+ 162 0= (X+ ¥+ 43> (dpcm

Pang thrc xay ra khi :x=y= —%.
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Céch 2 : Xuét phat fr mot BDT dling ta ben doi dén BDT can ching minh
boi véi cach nay trong cho bi giai khdngduoc tr nhién va ta thong sr dung khi
cac bén cé nhirng rang bac dac biét ‘
Vide 1:Cho a,b,c la dai ba anh tam giac. Ciing minh éng :
a® +b?+c?<2(ab+bc + ca).
Giai : Vi a,b,c lad6 dai ba anh tam giac nén ta co :
a+b>c=ac+bc>c?. Tuong tr
bc +ba>b?; ca+cb>c? cong ba BDT nay hi véi nhau ta cdipecm
Nhgn xét : * O trong bai ton trén @é xuat phat fr BDT diingdo la tinh clat vé do
dai ba enh aia tam giac. Sado vi cn xuat hién binh plxong nén ta nhan hatwuia
BDT vai c. Tuong tr thi xuat phat tr BBT |a—b K ¢ roi binh phrong hai \é ta ding
coduoc két qua.
* Néu gia thiét cac bén ald(-1;1) thita c6 :(1-a), (1+a)> 0...
Vi du 2 : Choa,b,c[0;1]. Ching minh :a® +b? +c®<1+a%b+bT+c4a
Giai : Vi a,b,cO[0;1]= (1-a%)1-b?)(1-c?)= C
= 1+a%?+b%*?+c@a?-abtZa®**b*c (¥
Tacd:a’h’c?20; ab?+bT?+ca’ab+bt+canéntr(*)tasuyra
a?+b?+c?<1+a®b?+bT?+ca’*1+ab+b &+c adpcm.

Vi du 3 : Cho céc & thuc a,b,c tba man :a® +b? + c2=1. Ching minh :
2(l1+a+b+c+ab+bc+ca)+abc= 0.

Giai: Vi a® +b?+c?=1=ab,cO[-L1] néntaco :

1+a)l+b)1+c)= 0= 1+tat+tb+c+ab+bc+ca+abc=> ((*)

2
Mat khac :(1+a+2b+c) >0 1+a+b+c+ab+bc+ca=0 (*¥)

Cong (*) va (**) ta coédpcm.

Bai tap : Ching minh cac 6t sau:

1)(ax + by)(bx + ay) = (a+b)?xy (wia,b>0;x,yOR)

2) (a+b)(@®+bH)@’+b")<4@*P+b9 vsi a+b=0

3) a" +b"<a™! + b vsi atbz 2

8) y(£+}) +—1(x+ 7)< (x+ z)(—l——]) Vo z2y=x=0
X z 'y X z

c+a c+b
>

9) >

Je2 +a2  \c2+h?
0) a+h + c+b >4 véi a,b,c>0vz‘;11+}:—2
2a-b 2c-Db a c b

véi a>b>0; C>\/£
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11)a® +b* +c?<5 véi a,b,c0[0;2 ;a+b+c=3

12) a(b?-c?) +b¥c?-ad+cla?-b3 <0

13)a(b-c)? +b(c-a)? +c(a-b)2>a3+b3+c?3

14) @° + b’ +¢c? 2 4/3S+ (a-b)’ + (b -c)’ + (c - a)’ trongdd a,b,c 1416 dai 3
canh tam giac,S la @i tich.

2 2 2

15*) Chox=y=2z=>0. Ching minh: Xy, yz,z X2X2+y2+22_
z X y
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Phwong phap & dung cac Bit dang thirc 6 dién

|. Bat ding thirc Cosi ’
Trudc hét ta nhic Iai’BDT Coési cho hai&
Dinh li 1: Véi hai $ thyc khdng am x,y ta co:

X; Y> Jxy  (1).Ding thic xay ra= x=y.

Viéc ching minh (1) 4t don gian nén téi khéng amg minh. (1) con c6 nbii cach
biéu dién khac nhau nh

X2 +y? = 2xy

2 +y? > (X+2)’)2

X+y2
< (——=—
Xy < ( 2)

BDT Cdsi cho 38 khong am.
binh li 2: Véi 3 $ thuc khdng am x, vy, z ta co:

%L?nyz (2). Pang thic xay ra < x=y=z.

Chwng minh:
CL:bat Ix=a Jy=b, Iz=c.Khid6 (2) tws thanh:a®+b>+c3>3abc (D).

Ta co: a3+b3+c3—3abc:(a+b+c)[a2+b2+c2—ab—bc—ca]2ODa,b,cz 0

C2: Vi (2) 1a BDT thuan nhit nén ta chcan ching minh (2) Wi x+ y + z=1. Khi d6

1 *%
@ - wzs— ()

_ 2
Ap dung BDT Cési cho hai&ta co: xy < (X; Yy2 - (& 42)
R 2(2>-2z+1) _ Z2-22%+z _f(2)
Xyz < ; - :
3_ 2 _ B
Tacs: f(n=2/E 8%+ 28 @- T @~ 4 4 4, 0.
27 27 27

= xyzs%: (DD @dng = dpcm.

Pinh li 3: Cho n é thuc khéng amx;, X,,..X, .Ta co: el s >0a..a, (3)
n

Pang thic xdy ra = a =a, =...=a,,.

Mét sb cha y khi § dung it dang thrc cosi:

*Khi &p dung hdt cosi thi cac& phai 1a nhitng $ khdng am

*BPT cosi throng duoc ap ding khi trong kit cin ching minh c6 éng va tich
*Piéu kién xay ra diu ‘=’ la cac $ bing nhau
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Vi du 1: Cho hai 8 thuc khéng am a,b. Gimg minh: (a + b)(1+ ab) > 4ab.
Giai: Ap dung BDT Cdsi cho hai&thuc khong am ta co:

a+b=2Jab
1+ab>2/ab
Ping thrc xay ra < a=b=1.

}: (1+b)(1+ ab)= 2/ab.2/ab = 4b dpcm.

Vi du 2: Choa,b>0. Ching minh:(a+ b)(1 +%) >4 .
a
Giai: Ap dung BDT Cdsi cho hai&thuc khong am ta co:

a+b=>2vab

L1 [Ti=@+b)E+d)22/ab.2] L = 4dpem.
—+—22ﬁ— a b ab

a b

Pang thrc xay ra <« a=b.

Nhgn xét: BDT trén conduoc viét lai nhu saus+is_ 4
a b a+b

nhiéu tng ding trong cling minh BDT. Ta xét ndt sb bai toan sau: ‘
Bai toan 2.1:Cho a,b,c l&6 dai ba anh tam giac, p la chu vi. @hg minh &ang:
1 1 1 1 1
+ + 22(—+—+-).

p-a p-b p-c a b c
Giai: ap ding Bdt (I) ta co:

! + ! > 4 :—4.Tuongﬁ_xtacﬁngcé:
p-a p-b p-a+p-b c

1 + 1 zf; 1 + 1 2—4. Cong ba BDT nay ta caipcm.
p-b p-c a p-c p-a b

() . BDT nay co

2 2
Bai toan 2.2:Choa,b>0vaa+b=1. Ching minh:a—+b—23.
a+l b+1 3
a®-1 1 b*-1 1 1 1
+ + + =1+—+—
a+l a+1 b+1 b+1 a+1l b+1

Mat khac ap dng BDT (l) ta co: L > 4 4
a+tl b+1 a+b+2 3

Giai: Taco:VT =

Do do6: VT2—1+g:§ dpcm.Pang thre xay ra < a:b:%.

Bai toan 2.3:Cho x,y,z> 0. Ching minh BDT sau:

1 1 1 11
+ + < =(—+
2X+y+z 2X+2y+z X+y+2Z 4°X

Giai: Ap dung BPT (') ta co:

ENEY
y z
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1 _ 1 1 1 1 1,2 1 :}

= <-— + )S—(—+—+
2x+y+z (x+y)+(x+z) 4'x+y x+z 16x y z
Tuong tu: ;si(}+_2+_ —1<_1(_1+ 1.,.

X+2y+z 16X y zZ x+y+2Z 16X
Cong ba BDT trén ta catugc dpecm.Pang thic xay ra = x = y Z.
Bai toan 2.4:Cho céc & thyc deong a,b,c. Ching minh &ng:
1 1 1 1 1 1
+ + > + + :
) a+3b b+ c+3HA 2ZA+b+c a+ dD+c a+b+ 2
Giai: Ap dung BDT (1) ta cé:
1 N 1 S 4 B
a+3b a+b+2c 2a+b+ 2 a+ d+c
1 1 2 1 1 2
+ > , + >
b+3c 2a+b+c a+b+20qc+3a a+ b+c aAa+b+c
Cong ba BT trén ta caipcm.bang thrc xay ra < a=b=c.

Vi du 3: Choa,b>0. Ching minh:(1+%1)n +(1+ 9)” > 2" véi nON*.
a

. Tuong tr

Giai: Ap dung BDT Cdsi cho hai&thuc khdng am ta co:

1+— z\f (1+ = )”>2‘(\fj‘
1+— z\f:(1+ )”>2‘(\fj‘

n n
b a b a

Ping thrc xay ra < a=b.

= 1+ ) + 1+ - )—

2
Vi du 4: Cho x,y,z>0. Cmr: 32\/;2+ 3\/§2+ 3?\/223_12+_12+_12_
X>+yc y°+z° z°+x° x° y° z

Giai: Ap dung BDT Cdsi cho hai&thuc deong ta co:

3G+ y2 > 2xyX = 2J/x 2Jx 1
X2 + y? 2xyf Xy
Tuong f\/yzﬁi; 32\/EZS—1:>VTS—1+—1+—1.
Yy +z° Yz z°+x° X Xy yz =

1,1 1 1, 1

Mat khac: a 2 +b%+c? >ab+bc+ca:>i+—+—<—+—2+—2

XY yz x xX* y* oz
A 1 1 1 2 .o
Vay : VT s — +— +— = dpcm.bang thic xay ra = x=y=2z=1.

x> y? oz
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Vi du 5 : Choa,b,c > 0. Ching minh :(a+b+c)(1+%+—])zg .
a C
Giai : Ap dung BDT C6si cho ba&thyc drong ta c6 :

a+b+c>3Jabc

1.1 ]) 3 1
1 1 1 1 r=>(@+b+c)(=+—+-)=3Vabc.3-——— =9 dpcm.
Iii+7>3 a b c Jabe
a b ¢ Jabc
Pang thic xay ra = a=b=c.

1 1 1 9

Nhgn xét : * BDT trén conduoc viét lai nhe sau :=+=+=>——— (Il)

a b c at+b+c
* Tuong tir ta c6 BT tong quat éa (1) va (I1) nhr sau :
2
Cho n $ thyc drong a,a,,...,a, khido : SN B 3N n ().
& & a8 atat..ta,

Pang thic xdy ra = a =a, =...=a,.
Céac BT (1), (I), (IlI) duoc ar dung nhéu trong cac bai toanHBT. Ta xét cac bai
toan sau

Bai toan 5.1 :Cho ba & thyc drong a,b,c. Cmr : a , b ., ¢ §
) . b+c c+a a+b 2
Giai : Cong hai ¢ ciua BDT véi 3 thi BDT can chrng minh ty thanh
9 1 1 1 9
+1)+ +1)+ +1)>— < @+b+c) + + >—
(b+c ) (c+a ) (a+b ) 2 ( )\a+b b+c c+a) 2
Ap dung BDT (I taco:——+—+ + 1 5 9 9
atb b+c c+a a+b+b+c+c+a 2@+b+c)
S @+bro)(——t—+ L ys@+bro)—— = dpem.
atb b+c c+a 2@+b+c) 2

Pang thrc xay ra < a=b=c.

Nhan xét : BT trén co tén la BT Nesbit cho ba& C6 nhéu cachdé chang minh

BDT trén sauiay ta xét mt cach clktng minh cho BT trén

DétA:a+b+C;:b+C+a;:C+a+b
b+c c+a a+b b+c c+a a+b b+c c+a a+b

L . [A+B=3 3
Khid6: B+C=3va = 2A+B+C=>6= A>—.
A+C=3 2

Pay la bi giai c6 I§ 1a hay nlit cho bai toan nay. Tuy nhiénéeitimduoc 1oi giai nhu
vay khéng phi la viéc don gian.

a b c
+ +
l+a 1+b 1+c
Gidi: Taco BT - 2¥1-1,bril c+i- 1 ¢

a+l b+1 c+tl 4

Bai toan 5.2 :Choa,b,c>0vaa+b+c=1.Cmr:

3
<=,
4
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1 1 1 3 1 1 1 _ ¢
+ + <= o + + >

a+l b+1 c+1 4 a+1 b+1 c+1 ¢

Ap dung BDT (Il) ta c6 : t, 1 9
a+l b+1 c+1 a+b+c+3

- 3—(

9
=— dpcm.
4 p

. 1
bangthrc xayra = a=b=c==.

Bai toan 5.3 :Choa,b,c> 0 va a® +b? + ¢?=3. Ching minh &ng

1 1 1 3
+ + >

1+ab 1+bc 1+ca 2
Giai: Tacé ab+bc+ca<a®+b*+c?=3.
Ap dung BDT (Il) ta co : ! .t 2 2—3dpcm.
l1+ab 1+bc 1+ca ab+bc+ca+3 2

Pang thrc co - a=b=c=——

NE

Bai toan 5.4 :Choa,b,c>0 vaa+b+c=1. Chtng minh &ng
;+i+_l+_1230_
a’+b’+c®> ab bc ca

Gidi: Ap dung BBT () tacé —+ 2+ Lts_ 9

ab bc ca ab+bc+ca

1 1 1 1 1 9
—~__ - b o4+ 4+ => +
a’+b%+c?2 ab bc ca a?+b?+c? ab+bc+ca
1 1 1 7
= + + +
a2 +b%2+c2 ab+bc+ca ab+bc+ca ab+bc+ca

Mat khac :ab+bc+casl(a+b+c)2:—l:>—7221
3 3 ab+bc+ca
1 . 1 . 1 S 9 _
a’+b%+c? ab+bc+ca ab+bc+ca_a2+b2+c2+2(ab+bc+ca)

> +i+_1+_129+21:3Cdpcm.

Suyra :————
y aZ+b%+c2 ab bc ca

Pang thrc xay ra < a:b:c:%.

Bai toan 5.4 :Chox,y,z > 0. CMR:

1 1 1 1,1 1
+ + < —(—+—+-—
2X+y+z 22X+ 2y+z X+ty+2Z 4Xx y z
HD: Ap dung (lll) véi n=4 ta co:
1.1 1 1 £ 16 2 1 1 16
TS+ S+ > = = Z+=+>
X X Yy z 2xty+z 2Xty+z X Yy z 2zty+z
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2 1 1 16 2 1 1 16
Tuongty: —+=-+->2———va—+-+—->2——F——
y zZ X X+t2y+z Z X Yy Xty+2z
Cong 3 BDT trén ta caipcm.Pang thic xay ra < x=y=z.
Bai toan 5.5 :Cho n $ thuc drong aj,a,,...,a, c6 bng king 1. Chiing minh &ng :

a
4 4 H 4 % N

2)BPT o (- 41+ (2 4+ .+ (£ 41— 4p
2- 2—a, 2—-a, h-1
2
S S S S L
2- 2-a, 2-a, -1
] n2 n2
Ap dung BDT (lll) ta c6 : VT(*) = = dpcm.
2n-(y+ta,+..+a,) 2n-1
pang thic xay ra = a =a, =...=a, :1.
b)BDTQ(—-1)+( “D+. +% D -
+3 a, n+1
1 1 1
= + +...+
1+ 1+a, 1+an n+1
. n2 n2
Ap dung BDT (lll) ta c6 : VT(**) = = dpcm
n+(g +ta,+...+a,) n+1l
Déngth’xcxéyrac»a1:a2:...:an:1.
2 2 2
Vidy 6 : Choa,b,c>0. Cmr: a4 b + L 2a+b+c.
) b+c c+a a+b 2
Giai : Ap dung BDT C6ési cho hai&thyc deong ta co :
2 2 2 2
a +b+C22 a .b+C:a.TuongtLr: b +C+a2b; c +a+b2
b+tc 4 b+c 4 cta 4 a+tb 4
Cong ba DT nay hi vaéi nhau taduoc :
a> b®*> c¢? a+b+c 2 pb®?  c¢® _a+b+c
+ + + >a+b+c=> + >

+ 2
bjrc c+a a+b 2 b+c c+a a+b 2
bang thic xay ra < a=b=c.

Nhén xét * Phuong phap ma ching ta latntrong bai toan trén ngi ta throng goi
la phrong phap tach gépip trong BDT Cosi.
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a®> b+c
+

Vi sao chung taal gép ? Muc dich dia viéc lam nay la lam @t cac

bién & mau do \& phai cia BDT la mot biéu thirc khéng cé n ¢ mau. Vi sao tadi
gépb%‘rC ma khéng phi la b+c haybLZC ... diéu nay xut phat tr diéu kién dé
dang thic xay ra. Vi BDT dé cho la mit BDT déi xing (Tic la khidoi vi tri hai bén
bat ki cho nhau thi BT khong thaydoi) néndang thrc thuong xay ra khi cac kin

2

a . . b+c

=— nén ta phi gép Wi ——.
5 par gep 2

bang nhau va khito
b+c

2 2 2
* Néu abc=1 thi ta co :a+b+c=3 nén —— + b .+ C ZE.
b+c c+a a+b 2

* Phirong phap tréduogc ar dung nhéu trong clitng minh BDT

Vi du 7 : Choa,b,c>0 va abc=1. Ching minh éng :
a’ b* c? 3
+ + >,
(@+h(b+1) Cc+1Hb+1) @+ne+1 <
Giai: Ap dung BDT Cdsi cho ba&thyc drong ta co:
a® a+l b+1 \/ a® a+lb+1_3
+ + >33 =—

@+Db+1) 8 8 \@+p+1) 8 8 4

b* c+l b+1_ 3 3 c+1l a+1 3

+ + >"h: + + >—C

(c+)b+1) 8 8 4 ¢+Da+1 8 8 4
Cong ba BT trén hi vai nhau taduoc:

+a+b+C+32§(a+b+c):VT2 2@+b+c)- 32 2.3/abc - 3:_5.
4 4 4 4 4

Pang thrc xay ra = a=b=c=1.

Tuong tu:

VT

Vi du 8 : Choa,b,c>0. Ching minh &ng :
a* b* c* a+b+c
+ + > .
b’(c+a) c?(a+h) a?b+c) 2
Giai : Ap dung BDT Cési cho bn s thuc drong ta c6 :
a b b c+a a* bbc+a_
—_t—+—+ >4, 4 ——: =
b’(c+a) 2 2 4 b’(c+a) 2°2 4

a’ c+a
—-—2 +b+

b?(c +a) 4
b* a+b - ct b+c
5 +Cc+ 220 - ——+a+
c“(a+b) 4 a‘(b+c) 4
Cong ba BDT trén hi véi nhau ta c@pcem.bang thic c6 = a=b=c.

> 2a. Tuong tr ciing co :

> X
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Vidu 9: Choa,b,c>0 van la ndt sd ty nhién drong. Ching minh
an bn Cn an—l + bn—l + Cn—l
+ + > .
b+c c+a a+b 2

n n-1
a Valgu
b+c

n-1
(n- 1)b+c (b ZC) >n n/an(n = 21n 2 a". Tuong r :

n n-1 n n-1
-, (c+3a) L Larb) N
ct+a 2" 2 a+tb 2"
Cong ba BT trén hi véi nhau taduoc :

(n-DVT+ ARy (Gt

2 2
Mat khac ta:,h co :
1+bn—1 a+bn—l bn—l+cn 1 b+C)n1 C +an—1

. C+an-1
2 2 2) ’ 2 > 2 2 2)

a"t+p" et Jlatb, b+cCpo1  ,C+a -1
— — - +(———
> [( ) +( > ) ( > )]
n-1 n-1 n-1 n-1 n-1
D0d6 : (N-1VT = (n-1)2 b2 T _vr>2 +b2 *C  dpem

Giai : Ap dung BDT C6si cho n-1& ta co :

(n-1)

N

n

+
c+ta 2_Z(an—l_i_bn—l_{_cn—5

)"

Ping thrc xay ra < a=b=c.

Vi du 10 : Cho x,y,z= 0 va xyz=1. Ching minh &ng :
C+y + 232 x+y+z.

Giai : Ap dung BDT C6si cho ba&thyc khong am ta c6 :

CH+1+12 N x3.1.1= X = x3+ 2 R Tuongr: Y2 +223y; 28+ 22 3

Cong ba BT trén hi vsi nhau taduoc : x3 + y2 + 23+ 62 3(x + y + 2)

Matkhéc:x+y+zz3§/@:3:> 2K+y+2z)=6.

=X +y3+ 22462 (x+y+2)+2x+y+2)= X +y3+ 232 x+ y+z dpem.

pang thic xay ra « x=y=z=1.

Nhgn xét : * Xuat phat tr x = @ nenta apghg BDT Cosi cho ba&cé ding
x® +a+a. Doding thrc xay rakhix=y=z=1=a=1.

* Tuong tr ta c6 bai toanong quat nir sau :

Vidu 11 :Cho @ thuc khéng am cé tichdng 1 &,a,,a;,....8, . Ching minh

a'+ay) +..+al za) +a)+..+a voi Om=n.
Giai :Ap dung BDT Cosi chomé&, gomn $ a™ va(m-n) sd1taco:
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na" +(m-n)>mYa™ =ma" Choi=1,2,... k &i lay téng hai \é taduoc:
n@"+ay +..+a)+k(m-n)=n@ +a5+..+a )+ m-n)@] +ah+.+a;)

Ma: &' +aj +...+a; =kafal..af =k= Mm-n)@] +a%+..+a] )= M-nk
=n("+ay +...+a)2n(@ +aj+..+a)

- a"+ay +..+a=a +a)+...+a dpcm.

Pang thic xdy ra = & =a, =...=a, =1.

Vide 11 :Chox,y,z>0 &x+ y+z=1. Ching minh &ng :
1+ 1)4 + (1+ 3)4 + (1+ —1)42 76¢.
X y z

Giﬁi:Déta:1+1;b:1+i;c:1+—1:>a+b+cz 1z

X y z
Taco:a* +4% + 4%+ 4%> & 4% %= 4%a - a*+ 3.4% 44 Tuong ir
b* +3.4%> 4%; c*+ 3.4> 4c cong ba BT trén hi véi nhau taduoc
a*+b*+c*+9.4%> 4*@+b+c)2 124 = a*+b%*+c% 3.4= 76dpcm
Pang thic xay ra < a=b=c=4 « x:y:z:%.

n
Chl y : Ta c6 bai todnong quét sau : Che,b>0,x > 0Ji=1,n) % = . Cmr:
i=1

b)" b\" b\
(a+—j +(a+—j +...+£a+—} >n(a+nb)™ véim> 0.
X X, X, ‘
Vidu 12 :Choa, b, c>0 vaa+b+c=1.Chrng minh &ng:

9@* +b* +c*) za?+b2+c?
Giai: Ap dung BDT Cési ta co:
at + L zgaz; b* +i22b2;c4+i22b2c€)ng ba BT lai v6i nhau

81 9 81 9 81 9

2 12,2 2,42, .2

L afabt gt 4 Ly ATFDTHCT atHb e
27 9 9

Mat khac: a? +b2+022%(a+b+c)2:% = 9@* +b*+c*) = a’+b2+c?dpcm.

Ding thrc xay ra < a:b:c:%.
Nhdn xét : 1) Tuong tr ta co BDT tong quat @a bai toan trén nhsau:
"Cho k $ thuc khong ama,,...,a, théa mana, + a,+...+a, =1. Chrng minh
n n n m m
& tap .t et o
k™ K"
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2) T BDT tong quat trén ta c6 ca¢ lyua sau
Hqgl : Cho k $ thuc khdong @may, ...,a, thoa mana +a,+...+a, =1. Ching minh

a +ay +.+a = =
Chizng minh : Ap dung BPT tong qué trén & m=1 ta cédpcm
Ha2: Cho k $ thuc a,a,,...,a, > 0.Ching minh &ng:

n n
a +.l;.+ak S (a1+...+ak)n véi nON'

Chiing minh: Dt b = 4 V6ii=12.3.... k=b +b,+..+b =1va
g @ h afl.+a2+"'+ak QL 2 q<

BDT tro thanh:bf +b) +...+b] 2% day chinh 12 B qui 1.

Vi du 13 : Choa,b,c> 0. Ching minh éing : (a+b—-c)(b+c-a)(c+a-b)<abc.
Giai : Khdng mit tinh tng quattagisr a2b>c=a+b-c>0vac+a-b>0
*Néu b+c—-a<0= BDT can ching minh luénding.
*Néu b+c—-a>0 &p ding BDT Cébsi ta c6 :

atb-c+b+c-a

(a+b-c)(b+c-a)<( > )2 =b?. Tuong tr ta ding c6 :

(b+c-a)c+a-b)<c?; (c+a-b)a+b-c)<a?.
Nhan ba BT trén hi véi nhau ta cé@pem.DPing thic ¢c6 - a=b=c.

Nhdn xét : Sir dung bai toan trén ta coafyiai dugc cac bai toan satay
Bai toan 13.1 :Cho a,b,c>0 va abc =1. Chrng minh &ng :

@+I-Dp+i-1c+i-1<1
b C a

Giai : Vi abc=1= ton tai cac $ thyc X, y,z> 0 sao cho azﬁ;b:
y

Khi d6 BPT can ching minh t thanh :(x+ y - 2)(y + 2= X)(z+ X — y) < xyz

Pay chinh la k&t qua & bai toan trén. ‘

Bai toan 13.2 :Cho a,b,c l&6 dai ba anh tam giac. Cilng minh &ng :

a+b+c23_

a+b-c b+c—-a c+a-b

Giai : Theo Kt qua bai toan trén ta co- abe >1.
(a+b-c)(b+c-a)(c+a-b)

N [<

c=

X | N

Ap dung BDT Cési cho ba&ta co :

a_ , b , ¢ .3 abe > 3 dpcm.
atb-c b+c-a c+a-b (a+b-c)(b+c—-a)(c+a-hb)
Pang thrc xay ra < a=b=c.
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Vi du 14 :Choa,b,c>0 vaa+b+c=1. Chrng minh &ng :
(1+a)(1+b)(1+¢)2 8(1-a )b )(Ec .

Giai : Ap dung BDT Cosi ta c6 :

(1—<’:1)(1—b)<’2 (a+b)) = 2 (;_C)) = (1+4C)2 Tuong tr
1-b)(@-c )<(1 a) ; (- c)(l—a1)s(1+—4b)2 Nhén ba BT lai v4i nhau ta co

dpcm.bang thic xay ra <= a=b=c :%

Vi du 15 :Choa,b,c>0 vaa+b+c=abc. Ching minh &ng :

a b c
—+—+ 2 >1.
b* ¢ al
Giai : BPT can ching minh trong duong wi:
2 2
a20+b2a+c b>a+b+<: *)
b C a’

2 2
Ap dung BDT Cési ta co %+b—f+ >33‘/%b—§c—3a
c Cc

2 2
Tuong tr : b_2a+_;o az3pb; Czb+8|;—2E+b>31: Cong ba BT trén ta caiuoc
c a a

BDT (*) =dpcm.Pang thrc xay ra < a=b=c=——.

NE

Vi du 16 : Cho céc & thyc dueong X, y,z. Ching minh &ng :

X y z

S +8yz Jy2+8x 22+ 8y

Gial : bat a= X b= y ;C= z = a+b+c=1vaBDT da cho
X+y+z X+y+z X+y+z

tro thanh ; P= a + b + c >1

, Ja? +8bc Vb +8a o2+ &b
Ap dung BDT Cdsita co :

a a 2 2a

+ +a(a” +8bhc)>238 &« ——

Ja?+8bc  a?+ 8 Va? + &c

2b 2 2c 2
———+b(b*+8ca)2P ;————+c "+ &)= T
Vb? +8ca Jc? +8ab
Cong ba BT trén hi véi nhau tadugc ; 2P +a° +b® + ¢+ 24abc > 3
Mat khac tadi c6 :
1=(a+b+c)=a’+b3+c3+3@+b)b+c)c+a)za+b3+c3+ 24bc.
= 2P>3- @ +b3+c3+ 24abc )= 3- = 2= P> :dpcm.

>1.

+a@? + &c)z A.

Tuong tr :
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Pang thrc xay ra < a:b:c:% - X=y=z

Nhgn xét : 1) BDT trén cé nhiu cach cling minh, ngoai cach éimg minh trén con
cO nhirng cach cting minh khac @tng dung BT Cosi.
X y z?
1 N 1 N 1 51 o
Vi+8a J1+® J1+ &
Ja+8a)(l+ )+ (+ &)+ 8 (+ 8)* 8/ @ 8 )@ B ) c8
Binh phrong hai \é va rat @n taduoc :
8a+b+c)+2/(1+ &)1+ &) 8 ) * 8+J = B+V 1 83 51(*)
Tacé:a+b+c>3¥abc=3vaab+bc+ca=3
= (1+8)(1+ &)1+ & = ¥ 84+b+c } 6Mb+bc+ca y 512 7z
=V1+8a+J/1+ h+J/1+ &> 3 (+ a )@ B )& 832
=VT(*) 28.3+2.27.9= 51@= (* dung=dpcm.
Ping thrc xay ra « a=b=c=1< x=y=2z.
2) Tix céch gii trén ta c6 th tong quat bai toan trén nfsau :
" Cho céc & thyc drong X, Y,z va $ thuc A =28. Ching minh &ng :
X y z 3

+ + >
\/x2+/]yz \/y2+/]zx \/22+/]xy J1+ A

C2 : bt a:%;b:%;c: ¥ — xyz=1 va BDT cin ching minh to thanh :
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