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Céc em hoc sinh than mén !

Ki thi tuyén sink DPH-CD dang & trude ching ta. Chic hin ring céc em dang réit mudn vuot qua dé
budc chan vao cinh cbng bai Hoc va thyc hién nhitng uéc mo ma céc em d4 4p 1 tir it lau. Vsi nhitng
tim huyét ciia minh trong viéc huéng din cdc em 6n thi tdt mén Todn. Chung t4i da bién soan cudn sich
Chinh phuc Bat Ding Thite trong dé thi Quédc Gia nay véi hy vong gitp cdc em c6 nhiing kién thirc va ky
niing co ban nhét khi dimg tru¢c bai todn Bt Péng Thirc va Cure tri trong céc dé thi tuyén sinh PH-CD va
ki thi HSG cac cép.

Lai nhiéu em cho ring day 1 m4t cun sach v8 bd vi né s& trinh bay mét cach nham chan va khd
cén céc kién thirc thuge mot mang toan rét 14 khé & phd thong nay va cing phé)&o(ng cdc ban cho ring
khéng cin thiét hoc chuyén d& nay boi vi cdc em cling rit it duge cac GV\@Q trang bi cho minh nhitng
kién thirc cin thiét vé Bét déing thirc va cuc tri. Nhung hiy kién nhin ua cubn séch dé thiy dugc vé
dep hoan mf ctia todn hoc, Nhing 15i giai dwoc trinh bay qua cac V'@ 12 rit m&u muc va mang nhimg nét
dep riéng ciia B4t Ding Thirc. Cac em hay thir doc va cam nh@-é chic hin ring cic em s& vy ba trong _
haih pHi¢ khi virt qua dugc chinh minh, dwoc thit théch b@hhrmg bai todn khé. Céc em s& cam thiy ty
tin hon & ban than khi gisi dugc nhimg bai to4n #n diém\a) niy.

; 4
Céc em s& dugce trang bj nhiing ly thuyét va kj‘/(ﬁ%g giai toan théng qua 4 chuong:
&
Chwrong 1: Cde bdt ding thire co ban, O”\Q

Chuong nay s& cung cép cho 6$n Iy thuyét vé& nhimg Bét Bing Thitc co ban trong chuong trinh
phé thong kém theo céc chimg m@x
trong vigc dinh hirdng va tirr@i. gidi clia c4c bai toan.

®)

clia nd, Dé qua d6, cic em hoc sinh ¢6 dirge nén tang co ban nhit

Churong 2: Bdt ding :%@%mg gide.
)
Chwrong 3: Cée R&@mg Phdp va k¥ thudt chimg minh.

bay Ero'ng s€ trinh bay cho c4c em cdc phuong phép hay dugc sir dung dé chig minh c4c bai
todn Bét Diéng Thirc. Chin hin nhiéu em d4 bit tén hodc duge hoc nhing phuong phip nay rdi nhung véi
su dn dét cia the gid cic em sé tim dwoc nhidu didu 1y thd 4n sau nhimg phuong phép nay. Qua cac VD
cu thé va cac binh tuan, hoc sinh s& fu it ra cho minh nhitng kinh nghiém khi giai c4c bai ton vé Bat Ding
Thite.

Chuong 4: Cde bai todn chon loc,

Sau khi d4 doc that ky 2 chuong diu, cic em hady tr minh gidi lAn luot céc bai todn & chuong nay,
va doc thit k¥ céc 181 giai duge trinh bay trong chuong. Qua d6 cic em mét i4n nira rit ra duge cho riéng

minh vé dep ctia bai todn bat ding thirc va tra 151 dwgc cau héi: Minh cin phai lam gi dé di dén 10i giai ?
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D2 hodn thanh cubn sach nay ching t6i xin chan thanh giri 13 cam on dén: TS.Nguyén Diing Hop
{ Pai Hoc UCLA, Hoa Ki ),PGS.Nguyén Minh Tuén {Khoa Toan Co-Tin Hoc, PHKHTN Ha Néi ), Duong
Duy Son (Hoc Vién K§ Thuét Quén Sy ), Ivan Boresscu ( Hoe Vién Cong Nghé MIT ), PGS Dam Van Nhi
( Pai Hoc S Pham Ha N ) {3 gop nhitng ¥ kién chén thanh gitp ching t8i dinh hudng chuyén mon trong

viéc viét cudn sach ny.

Trong th&i gian ho&n thanh cudn séch nay, ching tdi xin cam on sy dong vién tinh thin clia cdc ban
Lé Thé Kién ( Pai Hoc Y Ha Noi ), Tran Thi Quimh Trang { THPT Chuyén Qubc Hoc, Hué), Hoang Purc
" Long (Pai Hoc Bach Khoa Tp HCM }, tap thé c4c thanh vién cia CLB GSTT Group.

Dic biét, xin giri 1 cam on ban Nguy&n Vin Quée Tudn ( K112 Bai Hoe Y Ha Néi ) i gilip ching t6i
trong qua trinh d4nh méy va bién tap ban thao. \

. , 2
C4 nhén tac gia xin giri 1o cAm on chén thanh dén bb me d3 tao diéu kién thudn lgi che)ginh ¢ cu
. hdihoc tdp & mbi trudng t6t nhét \20

Dit da ¢b ging bién soan nhung s& khong thoét khoi nhitng thiéu s6t. Rét r{@nhan dugce su gop

S

- -Moi gdp ¥ xin lién hé: St : ‘ Q;\) e ;

y ctia cac ban ddng nghiép va céc em hoc sinh.

Nguyén Dinh Thanh Céng, K51 Pai Hoc Ngoai Thuong Ha Né&i ,03\/

Email:congisnguyen@gmail.com q,\
X
S)

S
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g4: Qgsdin 48 ol bt diing thite M - GU
1. Bt Blg thite Fi( - 54

Trong tiét ndy, chiing ta s€ gidi thi¢n BDT AM-GM md céc ban hoc sinh phd théng quen goi véi cdi tén goi d6 13
Bét Pang Thirc C8 si.

Truéc hét ta xét trong nhimg trudmg hop don gian nhét,

Diu tién, ta bét diu tir hing ding thirc (a—b)? > 0. Pidu nay tuong duong véi a* +1b* >2ab . Diu déng thirc xay ra
khi va chi khi a==h.

Ta phét biéu lai theo ngdn ngi ton hec cia BBT AM-GM (Bét déng thirc trung binh cong va trung binh nhan):
Cho hai s8 thyrc duong a,b. Lic ndy ta ¢6 BDT saw:

a;bz@.

Déu déng thire xay ra khi va chikhi a=b. \

N6i mdt chch ném na 1a Trung binh cong ludn tudn 1n hon trung binh nhin. Bé qua hinh thirc rét @r}gién nhung
BPT AM-GM lai ¢6 nhiing ting dung tht rong 13 trong viéc chimg minh cac bai toan v& ciyc n\}é{a trong cac bai
todn cyc tri hinh hec. .

N\
Chiing ta h&y thir xét qua cac vi du nhip mon sau: db’
. .y s a+b+c N
Cho a,b,c > 0. Ching minh ring: 3 abc
>
N\
Las i r&\/ ,
Pay chinh 1a BDT AM-GM cho 3 6 duong. Loi gidi clia nd ciifg s dua trén cach ap dung AM-GM v6i 2 sb.
Bét ding thitc d4 cho tuong duong véi: \J
' P=a+b+c<@§§c24v‘3abc
Ta co: s

P> 2/ab + 24/ c%@ﬁ > 44fabed/ abc- > 4dlabc (dpcm)
Chting ta thir mot cach tiép cach khac & chimf@minh vi du nay.
) THCS ta da biét dugc ding thirc qumabﬁg sau:

a’+b +c%@9bc ﬁ-;—(a+b+c)((a—b)2 +(b—c) +(c—a)’}>0

Nhu vy ta ciing suy ra duo dfbg) ¢An chimg minh.

Dudmg nhu ngay tir diu tigy, ngudi ta 32 x8y dung céc Bét Bing Thirc dya trén diéu hién nhién sau ¥ >0. Céc ban
hay doc hét cudn sach Y dé tur tra & cdu hoi nay nhé |

Mot sé dang twong tr cia BDT AM-GM cho 3 sb:

Vé&i a,b,e > 0. Tach:

abe < (ﬁ%ﬁ.f

3 3 3
EJLB,t.‘LZabC

Sau day chiing ta sé chimg minh B4t Déng Thirc AM-GM trong trudng hop téng quét nhit. C6 khoang hon 20 céch
chimg minh cho BDT AM-GM trong trudng hgp téng quat. Ma chiing t&1 khong thé nio trinh bay hét trong cubn
sach ndy duoc dit rét mudn trinh bay. Da phén ching ta 44 b6 qua vige xdy dung 1y thuyét khi hoc todn ma tip trung
véo céc ki ndng tinh todn. Didu ndy s& gitp céc ban di nhanh lic dAu nhimg s& han ché kha ning tuy duy va giai toan
dai 14u sau nay cla cic ban.

Vi nhiing B4t Déng Thir nhiu bién s6, thi fur tuong cor ban va tw nhién nhét 46 chinh 1 sir dung phép quy nap. Tai
sa0 Jai thé? B&i vi Juén 66 mot su lién hé giita trudng hop n—1 va 1. Nhu véy néu nhw ching ta chémg minh duge
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véi trutmg hop s6 lidn trude thi véi truomg hop sé lidn sau ta hodn todn c6 co s& chiing minh dugce. Phuong phip quy
nap chinh 14 “chia khéa vang” ciia cic nha toan hoc khi x4y dung nén céc 1y thuyét toan hoc ¢é dién va hién dai.
Song, diéu chiing ta cin nfm d6 ia cich quy nap nhu thé no. B6 Ia ci mét nghé thuat. Chiing ta hiy theo dai 1
gidi sau clia TS.Trin Nam Diing (PHKHTN-BHQG Tp HCM):

(Chimg minh bét ding thirc Cauchy bing quy nap tién). -

Cho a,, a,, ..., a, lavdc s6 thyc khdng 4m. Chimg minh ring ta luén ¢6

#+a,+..+a, >ngfaa,.a, '
Léri giai

Trong cée tai ligu, bét ddng thire niy thwimg duoc chimg minh bing Phép quy nap i, hay quy nap kidu Cauchy. §
ddy chiing ta trinh bdy mét phép chitng minh khée,
Co s& quy nap véi n = 1, 2 dugc kidm tra d& dang. Gia sir bit déing thirc d4 duoc chimg minh cho n sé. Xét n+1 s6
khong &m 2y, ay, ..., Aws1. Dt aias... 2 = A™L. Néu tit ca cdc sb bing nhau thi bét ding thirc ding. Trong trrémg
hop ngugc lai, phai thn tai hai s6 a;, a; sao cho 2; < A < a;. Khéng mét tinh tdng quét, c6 théxg:\é S0 g < A < agep, Khi
d6ta c6 (an — A)(ae — A) < 0, SUY 13 ap + g+ > Ag3erfA + A, Tirdé ta b Q

aGtat . Fantaur>art . F Qg+ detea /A + A
Bly gid 4p dung bt ding thirc Cauchy cho nsé a; + ... +a,, + ayay. /4 ta dwrac

N
a,+a,+..-+a_ +a, gn@%
S

- AN
NS

<
V6i a,b,c> 0 thoa man didu kjén-\:%+g+§= 1. Chitng minh rﬁng:

>
O

Két hop v6i (1) ta duge dpem.

()\ Lévi pidi
Ta cé: &
Q) a_ b ¢ b
O 1——_:+;22 -
Tuong qi: o\l‘
O
P 1—1"-22JE
@ c b
o
X 1—322‘/E
. a c

Céng lai, ta g&\iéu phai chimg minh. _

Binh lugn: Lo gidi 1a su két néi gitta gi thit va didu phai ching minh, Dé ¥ quan sét ta thdy néu nhu ot nhan 2 sé
hang & biéu thic didu kién rdi 1y can thi ta duoc mét sb hang & biéu thirc cén chimg minh Chinh didu ndy 12 xudt
phét diém cia 10 gidi nhu trén, '

: b, of ' 1 1.1
'L Choa,b,c>0.Ch1}ngminhréng:[%+E+-:-]2(a+b+c)[;+g+;]

Lavi gii

Bit ding thic trén tuong duong véi:
a® b ¢ 2 b ¢ c a b
Sttt gtor4ox34 82,0
b* ¢ a® ¢ 'a b a b ¢

LOVESOOK.WN | ¢
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Trude hét ta co: %+g+% >3 theo AM-GM.

By gid, ta xir Iy tiép mot “doan auﬂrng” con lai nita.
Ta thir xem lién hé clia Z—z va % a gi?

Ta miznh dan 4p dung AM-GM thi xem:

a’ a
—+122—
b’ +i= b
2
% +1222
H
t:—ﬁ 1228
Pé y ring: Zi >3 \
Céng lai ta duge didu phai chimg rmnh Q'»
Binh lugn: Viéc chén thém tham sé trong viée dp dung BDT AM-GM I& la néng quan trong ma an cdn phai ¢é

trong viée gidi todn Bdt Pdng Thitc. Nhumg leu y khi chén thém tham 56 cdc ban phai dam ba ¢ viée ddu ding

thirc xay ra. db’

’ \ A
Cho céc s6 thire duong a,b,¢ thoa min: ab+bc+ca=3 .’Q&ng minh ring:
JE b A1+ +1+4c° +2° + 833

Vo3
<

N\
Y

\
Trude hét dy dodn diém roiclabditodnld a=b=c=1.
Nhu vay ta thir lién két didu cAn chimg minh va biéu thirc dn@n bing cch 4p dung BOT AM-GM:

a® 4+b° -163
Suy ra: +/a®+ b +1 > +f3ab Q
Jot et 1243 &\
Tuong tr: +c -+ __\/_c oo
JF 12 +123ca N
C@ng theo vé cac bét déing thire cing cb@l ta c6 didu phai chimg minh .
Déu ding thitc xdy ratgi a=b=¢

Béy gid, chiing ta s& chuyén ’[1%}&0 vi du ma qua d6 chiing ta s& thirc banh duge cic phép bién 48 co ban trong
viéc 4p dung BBT AM-GMK_ ©
\

\
4 4§ 4
§ Cho a,b,¢ 1a céc s6 thye duong. Chimg minh rang: aEb +e o e

at+b+ec 7
! !‘!!. !:'!é‘! .
G bai to4n ndy chiing ta s& str dung céch nhém d6i ximg dé ha bic BDT AM-GM.
Cu thé, ta co:
4 ] 4 4 4 4
a4 bt =2 ;b + b ;c +2 ;a >a’b? + b’ +-¢fa’

Ap dung tuong ty, ta cfing s& co:

a’b? +-b%c?  bi%? +cfa’ | c'a’+a’h’
2 2

Nhur vy ta suy ra duoc dpem. Diu dédng thicc xdy rakhi vachikhia=b=c.

a’b® + bict +¢%a’ =

>abe(a+b+c)
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, . . 1
Véi a,b,c 1a céc 56 thue khéng 4m, chimg minh ring: abe +byea + cﬁggg(a+b +c)

Ciing bing cAch nhém déi ximg nhur & vi du 6, ta cé:
bc+ca  catab

(a+b+0)2==(a2+bc)+(b2+ca)+(c2+ab)+ab;bc+ 5T

2 2avbe +2bvea +2cvab + byfac + c/ab +av/ab = Havbe +b/ea +cv/ab)

Phép chimg minh dirge hoan 4t

Véi a,b,c Ia céc s6 thye khong dm. Chimg minh ring: y_va®+2b* >3(a+b+c)

\
N
L gidi QQ

Ta s& im cach dé khir can thic. D& y 1 didu quen thuse 12 & bai toan ndy, ddu dé;@éu)c Xy ra tai tim (ba bién bing
nhau}. :
Theo BDT AM-GM, thi ta duge: N

2B 4 >3[‘—C}\a+b+° Q
BN
N

a2+2b222[§3— 2’\]5
1
2 2 - 2b
@OSQ%E zﬁ(a+ )
[Jb2+2c22l3(b+2c) 0§
T oz |
Ve +2a 27_5(c+2@0

Cong vé theo vé BDT, ta cé d@'phéi chirng minh,
Q)

rCho a,,@%“ >0va a,+a, +...4+ay,, =1. Chiing minh:
\ o
KQ‘ a, a, Aann
3 L gidi
J bai toan ndy thugc 16p bét ding thirc cb didu kign. D4i v6i 16p bit ding thic ndy ta thudng ¢6 3 hudng
khai théc didu kién nhu sau: Khai théc didu kién kit hop véi bit ddng thirc kinh dién dé gisi han mién gid trj cia bién

holic khai thic bing cach thé vao biéu thic cin chimg minh hojc ding diéu kién vao céc buéc cudi ciing hosc che
budc trung gian ciia bai todn chimg minh. G day t6i khai thic theo huéng thé vao bidu thic cAn chimg minh,

Ta 'Cé:.l_al 8 ta +atay, C&;hy 20102013/32___320“

a a, a

Suy ra:

Tuong ty:

2 201020|1

Tuwong tur cho {-1—— IJ;...;[—L- —1]

a, A

Nhéin vé theo vé cdc bit ding thirc ta duoc didu phai chimg minh.
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1

Déu bing xdyra ¢>a,=a, =..=a,,, =——
g Xay 1 2 0 =501

Ta c6 thé tong quat baj toan ndy nhu saw:

Cho 8,,8,,..4, >0va a,+a,+...+a, =1. Chirg minh: [ai—l][-l——l]...[—l———l
1 a,

Cho X+Y~+Z="0. Tim GTNN cia bidu thic P=+3+4" + N W TINN (T J

Liri gii

Nhdn xét:
Bai nay yéu cu tim GTNN nén ching ta cin d4nh gi4 P > m dé lam duge didu nay chimg ta ¢An ding Cauchy d4nh

gi4 tir trung binh céng sang trung binh nhén, Nhung néa khﬁng c6 kinh nghiém thi hoc sinh ¢6 thé giai nhu sau:

ST S Ak = XA Q’Q
B+a¥ AM%GMJ 2347 =213 QOQ

Bt S bt = rH db
P> X YL LB S Yy a3y 3-3’[@%\

Két ludn: GTNN ciia P Ja 33\7 243 | 1a sai vi: em hoc sinh ndy da quér\n%l néu lam nhu vdy thi déu bing khong
x4y ra, Vi em ding Cauchy mi quén mét két hop chon diém roi. O %Xil‘t dodn diém roi fa X= =y=Z =0,488 co

duchleunéyt}ﬁd;rdoandaubéngxayraphallé4x—4y 4&—1#)4—3(-—2 0. Tir 86 goi y ching ta danh

g4 Cauchy nhu sau:
Hugnp dén: V“Q

Ap dung Cauchy ta dugc: J3+4x =J1+1+1 }—4&2$
Tuong tu va Cauchy thém mdt 13n nita.
Két luin: GTNN P=6x=y=2=0 .(’
N
O
AS) 3 s £
Cho x%@y>0,z>0,x+y+z=z.Timglétrl 1ém nhét cla biéu thirc:

(g :
X P=ix+3y +fy+3z+z+3x
S
NS

Livi gii
Ta thdy x,y,z ¢6 vai trd nhu nhau trong biéu thirc. Tir 46 ta dy doan dfu bing xay rakhi x=y=z= 7 Véi ddu

bﬁngxay ra tai x:y:z:% nén x+3y=1Ly+3z=1z+3x=1, mjt khéc dé khir duge cﬁnbaéB ta phai Cauchy
nihr sau:

(x+3y)11

My 43y +1+1
3

~GM
(y+3z)11 AMS &%z;—j_l_

G
Hz+3x).1 1”2”%
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1

C@ngvétheové::}PSE»:,bMaxP:3¢>x:y:z=z.

Cho a,b,c licdc sé thue duong. Chiing minh bit dfing thirc sau luén ding:

(a*+be)(b+c) (b +ca)(c+a) f(c’+ab)(a+b)
\j a(b’ +c?) +VI b(c’ +a?) +V c(a’+b’) 232

L g

Bai todn ndy c6 phat biéu rit cdng kénh va rdi mét khién chitng ta “hoi ngan™. Nhemg hiy l4y lai binh tinh
va cling xem xét.

Chi ¥ ring: (a + bc]( btc)= b(c2 + az) + c(a2 + b’) . Phét hi¢gn duge déng thirc nay, moi chuyén tré nén kha don

gidn: ) \
Bat a(b2+c2)=x;b(c2+a’)=y;c(a2+b’)=z _ Q'»
Ta viét BDT cn chimg minh lai duéi dang: \20

[x+y ,'\/y+z fzrx .= N\
+ + >3v2

V 2 x Yy ) db'
Theo bit ding thirc AM-GM thi, ta ¢6: (x-+y)(y +2)(z-+x) > 8xyz ,{Q
Nhu vay hién nhién BDT trén dugc chiing minh hoan toan,
Diu ding thire xfyrakhivichikhi x=y=2z Q;\)

AN
. . VvV . .
Cho céc 50 thue duong a,b, ¢ d!@hﬁa mén a+ b+ ¢ < 1. Ching minh ring:

1\ 1 1
Pee Ny + >9
at gﬂc b*+2ca ¢ 4-2ab

Ap dung BDT AM-GM thi ta cé (1'_) 1

Nén suy ra: ( x+y+z£§9 ..

Ap dung, ta cé: 3%29
§‘ (a+b+c)’

Phép chin,

két thiic,

Cho céc sb thire khong 4m a, b, ¢, chimg minh ring:

J£+\/b—+JESJa4;2b+v{h-;2c+\/c-|;2a

L giti
Hay d& ¥ quan sat mét tf ching ta s& tim duge cach nhém, tam goi 12 “nhém cac hé sé c6 téng bing 17. Cu

thé nhu sau:
Ta ¢ Ja_+2JE_J§+Jh_+JB<\/a+b+b_ fa+2b
T 3 TR E
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JE+2JE< b+ 2¢

3 3
Tuong ty:
: JE+2\/5< c+2a
3 - 3

Céng lai, ta c6 ngay didu phéi chimg minh. Du déng thirc xay rakhi a=b=c

Véi a,b > 0 ; chimg minh réng:

,’i +,}52JE+JE
b a
Lo giai

2
J% +Vb>24a
Theo Bét Déing Thirc AM-GM, thi ta co: \
2
\fi +az2Jb QY
a @)
Cong vé theo vé 2 BDT cimg chidu ta c6 ngay diéu phai chimg minh. . \20

<&
2. Mot 6 dang khic cia bit diing thite AU- Gl
2.4%;@3@&439‘51‘(,— 5.4 Qod
\
Dang liiy thira cia BDT AM-GM dwoc phét biéu nhu sau: ,5\\’

a”+a7 +..+al >[al +a, +...+a}“]$‘
n - n Q‘O
AN

véi a, > 0,Vi=1n

r V a
Cho a,b 13 nhitng s6 thuc khong dm. Chq% minh ring:

)
e QP 2 2o 4o o +0°)

O
, Y g
Khai trién ra ta c6 BDT ding néu diehu ding;
@ (am—v)(a 1) 0

Didu ndy ding vi 1 tich ciia*3.biéu thirc cimg déu.
Ta thir xét trong truomg &3 s6 xem thé nao nhét

v

g™t +bm+n +cm+n 2%(3m+bm +cm)(an +b +cn)

Cho a,b,c 12 nhtmg sé thyc duong. Chimg minh ring bt ding thic sau luén ding:

r » - - i iA]
Bét déng thite di cho tuong dwong voi:

z(arn+n +brn+n +cm+n) 2 arn(bn +Cn)+bm(cn +an)+cm(an +bﬂ)
&3 fa" -b")(a" —b") >0. Didu nay luén ding.

Viy ta c6 diéu cdn chimg minh.
Ta thir xét mét sé tmg dung nho cta 2 bai toén trén
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V6i a,b,c [a nhimg sé thuc duong. Chimg minh riing:

10 10 10 16 10 1o
a'+b Ib +c Jc +a 2 12, 3
+ + >a’+b ¢
\)a6+b6 Y bérch c® +af

Lavi gidi
Ta cé:
alO_I_b]G 1 ) 202 a|0+blﬂ R
>— b)Y < a‘+b
oL RS O —2( )
[ o, o :
JLETISS T
b°+e¢ 2
Twong i 10, 1o :
¢ +a 1/, 2
e 23 +4) N
Cdng theo vé ta o6 didu phai chimg minh. \200
' X AY
Cho a,b,¢ > 0. Chimg minh ring;
A
P=a“+b‘+‘c‘>64( A)

Cdc ban hoc sinh 12, c6 thé 1am quen bai nay bing ki thuat@}( him dé dua vé blen ¢. Song, ta c6 thé giai bing Bit
Ding Thirc AM-GM nhur sau;

4 o o
CP—atart|C < a+b+c %)
Tacé: P=a*+b +[2] +[2] 24[——-4 r Q

Viy ta c6 didu phai chimg minh. Diu bj&ga}z rakhivichikhia=b =§

N\
Cho cic s6 khong ﬁn(g,q), ¢. Chimg minh ring:

N 1+1 8. 64
N vt 2 atoroy
e
’0’0
) \ !EC -ao
Ta viét lai: §
2
i1
a' b c e :
1 1 1 1 2 9 16
[Pal Dot N > >
a2+b’+[c 7t 9]2_4 4 S PYy e
2) 2 4

Vy ta ¢6 diéu phai chimg minh.
Mpt s6 bai tip tw luyén

Bai 1: Véia,b,c 1a 46 dai cia ba canh tam gi4c, chimg minh ring;
Ya+b—c +¥b+c—a+¥cta—b 5%/;+3/E+3/5

Goi y: Pénh gis: Ya+b—c +¥b+c—a <24
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Bai 2: Cho a,b,c¢ > 0. Chimg minh ring:

ﬂf+v+&ﬂ%+%+ﬂz@+%f+@+%f+@+nf

4
Goi ¥ Tach 9b—+ ba? > 2a°

4 4 4
Tuong ty rdi cdng lai ta duge: a?+P—+c—2a3 +b +c zé(a—i-b%r‘c)3
c a
. a’ b1 3
Laic6: —+ b +-—>—(a+2b
T T 2olat2)

Bii 3: Cho a,b,c > 0, chimg minh ring:

P=ﬁ4¢£+ﬁ&6ﬁ%§ﬁ
\

N4
<

2.2 Dang cng miin :6 .\QO

Lo 1.1 1 n’ — N
Dang cfng mdu s6: —+—+..—2——————vdi 3, >0,Vi=1n &\Q
: a a, a, 3a,ta,+..+a, @
Chiing ta s& thir tmg dung cia BDT AM-GM dang céng mdu s6. e\}
B

Cho a,b,c¢ Iacécsét]n_rcduong.Chﬁngminhr%ng'\?-g-ylgs[ -1«12b+b—:2c+6+123]
c a

\
Loi ;q%
Tacé:—1—+£2}-+~1—+12 2 \O
a b a b bTat2b q
el s Q
—+—== Q)
Twomg i, ta co: b e b+le <
_1. 3> 9 *
: ¢ a c¢+2a ®)
Cong vé theo vé cac BT cing ch@@tﬁ thu dugc didu phai chimg minh.
%(.I
. 4 5 3 3 2 i
V%ﬁ ,chd inhring: —+—+=->4 + +
[ § a,b,c > 0,ching mi ga+b+c_ (a+b b7o c+a) ]
\° . eae
Lo giai
12 1 1
<3|—+=
a+b™ [a b]
Taceé: 8 52[14--1-]
b+ec b ¢
4_ 1,1
¢ct+a ¢ a

Cong lai, ta c6 diéu phai chimg minh.

[ Cho a, b, ¢ >0. Chimg minh ring: atde otda, 4b .4 ]

a+b b+c c+a”
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Livi gidi

Dé giai bai tap khé ndy, ching ta cin trinh bay phuong phép xay dumg céch giai nhu sau:
Tim x,ysao cho:
(a+3c)+x(a+b)=(c+33)+y(b+c)=M
& (1+x)a+ab+3c=3a+yb+(1+y)c
Tir do, ta thu duge:
I+x=3=x==2
3=1+y=y=2
Va M=3a+2b+3c
Tim 2 sao cho:
4b+z(c+a)=m(3a+2b+3c)
< za+4b4zc =3ma+2mb+3mc
Suyra: d=2m=m=2 \
z=3m=6 QN

Khi d6 BDT d4 cho trong duong véi:

&
a+3c+2+c+3a+2+ 4b 6>16 "
a+b b+c - c¢+a

1 1 2°
P=(3a+2b+3 — >16
«P=(3a+ +c)(a+b+b+c Zﬁf’—
16

=16
(b-+c)+2(c+a) Q)\)
Déu déng thic xdy ra khi va chi khi a+b= b+c=2c+2§a \,\

b N
Suyraa=c=— >
uy c 3 A

Tac6 P2(3a+2b+3c).(a+b)+

Binh ludn: Bdy la mot bai todn khé yéu cdu xir Iy xn‘nh 1. Chiing ta ¢ mét kinh nghiém nho: Véi cde bai todn
Bdt ding thire dang phdn thite bdc nhdt thi chr@ 5& thém bot dé rilt ra duge mét nhdn tir (Bidu thirc) chung. Sau
d6 s& dp dyung BDT AM-GM dé di dén 16i &i4L. Vi cdc ban hoc sinh 12, sau khi duwpe trang b ki ndng dao ham thi
ede ban c6 thé gidi bai todn ndy bing KR dao him va gidi phuong rink £'@)=0. Cch gidi ndy mang tinh
“thudt todn™. V2 trong dp lyc thoi thi ding dao ham 1a mét gidi phdp rdt an tocn vis théng mink, Trong cudn
sdch ndy, chiing 161 ciing sé& Cwﬁf‘ cho ede ban kt ndng dimg dao ham dé chimg minh Bét Diéng Thire rdt k7.

' "
O M
é%ho 2,b,¢ > 0. Chimg minh ring: b+c+23+c+4(a+b)29
O a b a-¢
O
X

Livi gisi

Bét ding th@ho tuong duong véi:
4 b
- [E;F_EJ,Z]JF[EE;FEH]J,I_@_#_)H >16
a b a+tc
| 4
> {(2at+bte)i—+—+
( ate c)[a-‘_b a+c]
Tacé :
1 1 1 1 -1 1 1 1 8?
P=(2a+b — e — + 2(2a+b+c¢).——-=16 (1
(22 +c)[23 2a+2b+2b+a+c+a+c+a+c a+0]_( i )85-5-‘”3"'4C 0

Nhu vy ta c6 diéu phai chitng minh. .

Binh lugn: Cac ban s& thic mic vi sao 1ai tach nhur & (1). Céch giai thich d6 14 vi ta dy dosn dugce ding thire xay ra
khi 2=b=a+c. Lic ndy ta cAn dua c4c gi4 trj v& mot sé blng nhau. Pai khai néu nhy ta cé 2+2+8 thitasé
duavé 2424 2+24 2+ 2. Tu duy tu nhién tudng chimg nhu qua hién nhién nay chinh 12 méu chét ciia viéc giai
BOT diy !
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Cho a,b,c> 0 va thoa mén didu kign ab+ be 4 ca = 3. Chimg minh ring:

a b c
— + > abc
22 +be  2b*+ca 2¢'4ab

L sl

Pé 4p dung duge BBT AM-GM dang cdng méu s, ta phai lam tir sblal.
Bét Ding Thirc 44 cho twong duong véi:

po_ 1 1 1
ENUI A B
be b ca ab

> (abe]’

@maams&a&q%&@ <&
N
1, Sethudtchgn dim.rot LU G o
Qo

Trudc hét, xin nhic lgi ring: Didu quan trong khi giai todn Bég}ﬁéng Thirc 14 c4c d4nh gi4 trung gian phai
dam bao duge ddu ding thirc xay ra. Chinh vi thé, viéc dodn dwoc dilnging thitc xay ra giup ta dinh huémg tét hon
Léri gifi. Ta tam goi d6 14 vi€e dy doan diém roi. o
Trong céc bt ding thic diu “= ” thudng xay ra ¢ cic truimg
Céc bin c6 gié tri bing nhau. Khi d6 ta 201 bai toan o cue SRMar dugc tai tdm
Khi céc bién cb gid tri tai bién (1 bién biing 0). Khi d6 tg £d1 bél todn ¢ cyc tri dat duge tgi bién
Ngodi ra, cling ¢b mdt 56 tm(‘mg hop ngoaj l&1a 3 ch nhau hoan toan. Khéng c6 mét “thudt todn” nao cd thé
o:up chung ta du doan dugc du bing béng tay c&&eu dilng mdy tinh thi ching fa c6 thuét todn Fennat—Lagrange
dé 1am didu nay. Nhtmg ching ta ciing c6 thé ot vii céch e duy dé du dodn dugc diu bing. Trudng hop tAm
thudng nhét 86 12 du ding thirc xay ra ta{_tﬁ.m 3 bién bling nhau. Didu nay thufmg xdy ra d6i v6i cac bai todn aéi
xtmg 3 bién (vai trd a,b,c nhu nhau). Tr$ng hop, hay gip thir 2 12 ¢6 mét bién bing 0. Trong trudng hop nay, gan
nhi BDT AM-GM khong 1am gi 4§ va né tr& nén khéng du sic cdng phé céc bai dang ndy. Ta s& ndi ¢ sau vé
dang bai ndy. Trong mdt sb bai tGan co didu kién kiéu nhu 3 bién a,b,c thubc mét dogn déng nio 46 kiéu [a;b] thl

rét c6 thé dang thic s& xay rasiqu 2 didm dhu va cui, va bién cdn lai chiing ta ¢o thé hoan toan tim ra duge bing céch
thir trige tiép. Hodic gi ﬁk\m céc BDT khong d6i ximg 3 bién thi hy ¢b tim 2 bién ma né 46 xtmg nhau trong 3
bién @6, va 2 bién i :¥Mg ndy s& bing nhau,vi hay gn cho n6 mdt gié tri. Sau 46 ta chi tim cyc tri cia bidu thirc 1
bién. Didu nay kha don gin bi sy hé trg cia dgo ham.

Béy gid, ta s& tim hiéu ki thugt chon diém roi voi BDT AM-GM:

Ch0a2z.ﬁmgiatrinhénhe‘itchabiéuthﬁc:S=a+—;2- ]
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Léi giai ndy 13 101 gidi sai. Ta phan tich k§ hon: Mic di chon diém rof a == 2 v& minS =~ la dép sb dung nhung

chch pidi trén da méc sai lim trong viée ddnh gid méu sé: Néua > 2 thi 7— T- = la dénh gié sai.

Dé thyc hién 1oi glal dung ta cn phal ket hop v6i k§ thudt tich nghich dao, phai bién dm S sao cho sau khi sir dung
BDT Cbsi s& khir hét bién sd a & miu sb.

Lot gii ding:

Sa+l a+a+1+
2 (878 o2

Véi a =2 thi minS=-§

a,b,e>0 : 7 I
Cho Tim GTNN cia § = [a? . +Jb VLA
a+b+ <% ‘f 32_ ? \ 3_2'
\)

.. \20\)

L gifi ;f\
Do S [a mét biéu thirc di ximg v6i a, b, ¢ nén dir dodn MinS dat tai a= l{é\{ ¥

Bay gid, ta thay di¢m roi vao ta c6 phép tinh: :lf+ 4 Nhw viy ta sg @ 4 dé sao cho cé 1 Viy ta di den Liv giai

sau:;

2 2 I
- + + 171J - { +17 +1'6{ J
\/ a Qlﬁgbm V165c16 7 {16816

31717 17

85,55
s 5b 217(2220)°

Déu“=”x£1yrakhi a.—_b:c:% = Min§ = .?_"éj
Tiép theo ta xét mdt VD kinh dién sau, 12 bai tosn du bi d thi qubc té nim 1998.

Chimg minh rang véi moi sé duong x,y,z théa min XyZ=1 thi:

3 3 3

=4 ¥ el >3
(I+y)1+z) (I4+2XW1+x) (1+x)¥i+y) ™ 4
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Lovi gidi

& bai toan nay, khéng cé sy xuit hién cia nhfmg cin thire. Nhung lai xuét hién mot bigu thirc miu kh4 12 kho chiu.
Ta thir d4nh gi4 mit mAu xem thé nao.

3
Theo I6i tr duy nay ta xét riéng phan thirc: — X ({chc phén thic khéc tuong tu)
1+ y)1+2)

Pé ¢6 thé mét di mu (1+Y)1-2)thi ta s tim c4ch nhan phan thic véi bidu thie (1-+y)1+2)

Nhur vdy nghia 12 ta im rmjt BDT ndo d6 lién quan dén phép nhan, hién nhién don gian nhét ¢6 chinh la Bét Péng
Thitc AM-GM. Vén @2 tiép theo cén x4c dinh 12 4p dung BDT AM-GM v6i b6 bao nhiéu 567

DE y diéu kién dé bai la tich 3 sé (& bdc 1), irong ki 36,56 mil ciia tr 38 13 mil 3,vi vdy,trong tur tudng cua ta,viéc
ddanh gm i phdi lam mdt dwpe mdu va dua tir vé bge 1 (hode 1om hon)-Tuy nhién, chéng dai gz ma ta lgi ddnh gza dé
dea vé bdc lon,vi cang I(m thi vige khir "phdn theém" s& cang kho, Vay,ta sé dp dung cho 3 so(Sau nay,trong hdu hét
cdc bai todn déanh gid mdu,thuomg thi bdc ciia tir Ia bdc bao nhiéu thi s€ danh gid cho timg dy 56 hang)

Tir nhitng phén tich trén, thi huéng dénh gia cita ching ta s& 1a nhur sau:

%’ A+y  1+z . 3x

== \
Ap dung Bét ding thirc AM-GM cho 3 s duong, tacé: 1+ Y)1+ z) 8 8 — 4 Q’\'
Xdy dung céc BDT tuong ty 18 cong lai, ta c6: O
. X+y+z 3 . ‘2
Pt A N
, 2 4 db'
3
Az &
Vaytaco 4 e\)
Déu ding thirc xay ratai = =z=1 \/\

Cho 3 sb thyc duong a, b, ¢ thoa a \’% + 3¢ > 20. Tim GTNN cua:

A= a+bt§}-+—
({\h@

Dnr doin GTNN ciia 4 dat duge khi a+2b+@c_20 taididmroi a=2,b=3,c=4.

So 46 diém roi: \l.
' OO a 2
®Q a=2=> o a:}—:—::’,»ogzi
ro.(’ 3.3 o 3
\ a 2
s@‘ b_3
BB _3_3
b=3= S=-=—=p=12
=2 57727°
2h 2
c 4
c=4=>ﬁi A':>——=l:>'\;=4
4
. |
<

Nhur viy,ta d8 xuft 157 gii sau:

32 3 b 9 ¢ 4 b 3¢
== == . = ==
[4+a][+ ]+[ +,c]4+ +3

52 21_3_4_2 Ei Li a+2b+3c
4 a 2 2b 4 c

23+3+245=13
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Diu “xdyraw a=2b=3,c=4

Viy GTNN cia 4 12 13

Bink lugn: Vigc im dugce diém roi cia bai toan bao givr ciing 13 mét trong nhig yéu té tién quyét khi giai todn cyc
trj.

1 i

Chonéthucduonga,b thda 2 + b<1. Tim GTNN ciia A=m +-2;l;

Liri i

: r s 1 eyt .\ £
Trugce het, ta s& dyr doan duwge dAu ding thirc xdy ra tai a=b = 3 Liic nay ta sé thay gid tri nay véo timg s6 hang

X . p s i
cla bigu thirc A. Thi ta's& phai tach ;IE thinh 2 54 hang sao cho c6 mét s6 hang nhén gi4 trj bing Ty Tir
a

a6, ta c6 18 giai sau: \
1 11 N
A=——o —— 4
1+a*+b*  6ab  3ab QQ
sal LT .1 P
(1+2+67)6ab  3ab db\
2 1 +_I,..— 4 +']— Q.\
~ Lta’+b’+6ab  3ab  (a+b) +1+4ab  3ab &

2 O°

\)
- a+b a+by
R R e RS P N
4 4 \
&
+
T 2{a+b) +1 3(a+b) QQ
)
>_L A3 0§
T2l 31 3 &
l+a2+b’=669 |
Dén“="xiyra « {a=b . Sagmbhe=—
a+b:d>0\l- 2
O

Viy GTNNctia d Ja o @

Mt dang khdc cith ki thudt ndy 1 c6 khi ta cdn bdng cd sy xudt hign cita hing 6 va cd bidu thire.
Ta xétvid ﬁthw

. 1
Véi a,b,c 12 df dai ba canh clia tam gidc thoa man didu kién: a> +b? +¢> = 5

Chimg minh ring: {22 + 2b~c)’ +(2b+2c—a) +(2c+2a b}’ > :/—_

Livi gii

Ta ¢6 mdt hing ding thirc ¢6 nhiéu img dung sau:
(2a+2b—c)y +(2b+2c—a)* +(2c+2a-b)’ =9(a’ + B> + c*) =1

Nhur véy ta s& dgt; X =23 +2b—cy=2b+2c—a;z=2c+2a—b
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.. 2 2 7
Bét dang thirc 48 cho tuong duong véi: Véi xY,2>0 va thoa mﬁn Xty =1 Chitng m
P=x’+y +#° J_
Ta ¢0, theo AM-GM thi:

. i
x4 _)3 Z-JEXZ
(J_

>J_y

Py v*[f
-z’+zs+{T] 32?

2+ 1> x4yt +20) =3
Comg lai, tach: Y3
Viy ta c6 didu cin chimg minh. Q
Q

Véi a,b,c>0,a* +b' +¢* =3. Chimg minh ring: ab’ +bc® +c+.g‘%o

F

. &
Lo gidi d
Ta haly tht lién két gia thiét va BDT cin chimg minh: . o
at +b' +c* 31> 4ab’ ) \>
b' +c* +¢* +12> 4bc &@
4
ct+1+1+124c c)\

Theo Bt ding thic AM-GM ¢hi: ' a'+a'+1242" Q
Cong vé theo vé cac BDT trén ta thu duge bét ding th g.ﬂ chirng minh.
Ta chuyén sang mét sb Vi du ning cao hon, daé thR\Q sat thuong™ cia phuong phap ndy
o )
Cho céc 6 thuc duon§a, b,c thoa man: @ P 4+b° +¢ =3.Chimg minh

At P SR B
éGszﬁ-'cz)z b5(cl~|~az‘)2 cs(al-i—bz) . 4
"
& T Lu

Mot céch tu nhién, ta @ééng khir di c&i mu s& kh4 khé chju & mdi sb hang. Dé lam didu na
diing thirc AM-GM: _

1 81a(b2 +cz) 8la{b’ + cz) S 2739
a’ (b2 +&:2)2 * 8 * 3 T 4a

1 81b(c* +a’) 81b(c’ +2°) . 2735
] bs(cz +a2)2 + 3 + 8 T~ 4b

1 8lc(b2 +a2) 81(:(132 + az) N 2739
¢’ (b2 —’,-az)2 A 8 + 8 T 4c
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3
21@_81 11 > 812
a 3
438 —=—= 4a°+2
Y33 [ + 3}
2739 81
4b 4[1;»3 + —2«]
21 81
4e 4[03 + E]
Ap dung tiép Bét ding thic AM-GM, ta c6: 3
Nhu vily, cing theo vé 3 BDT trén rdi 4p dyng Bunhiacopxki, ta cé:
2 243
R A s
4[a3 + —] \
3 .
Q
Nhur vy ta ¢6:
S B >@_81(Zﬂt\?€§alb)
as(bz_;_cz)z bs{cz__i_az)2 cs(a2+b2)2 _ 4 db\‘r

Bé két thic ching minh, ta cin chi ra dugc: \

N
Zab2+2b3252(a3+b3§\=2‘

o ) Iy )
Bit déng thic nay o6 méi lien quan gi voi: @+ 2802 +0) @145 43t cho ban doc !
Viy ta ¢6 didu phi chitng minh, N
A
A%

Cho x,y,z 14 céc sb thyc dwong thé(ao\van X+y+z=I1. Tim gi4 tri nho nhit cha biéu thic:
QP Sxy yz 2z
e S L
O0 ¥

Z X
c§ ‘
O 5 2 .
. P= 2 s kx+y+ 2
Muyc dich ciia chiing ta 12 hy \@édanh gia duge: z Xy

V6i k 12 mot hing sé, me@fr dung phuong phap hé sb bét dinh
Chon 3 sb dirong m’%"@%lda man M<HA<Lp<2 Khi d6 4p dung Bét ding thirc AM-GM, ta ¢6:

@s\ (5—m)-’§1+n%22y (5—m)n
N I N T I
{1 n)x+py_z( n)p

(2—p)%+mx2—yz wJ2-p)m
Nhw vy, muén si dyng dug gia thiée X TYT2=1 gy, phiicé:
\/(S—m)n =\/(1——n)p =J(2—p)m _
p= \/ﬁ—3;n = 3 _;/ﬁ

Tacé thé chon M =1, khi d6 ta s& tim duge
Tir d6, ta c6:

P> (10-2V17)(x +y+2)
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X,y,z=>0 . . .
ho {n 14 sb tr nhién khéc 0; M 1a s6 khong am cho trude).

4y =
Tim gi4 tri 16n nhat cia:
g, B =xy+yz+=
b, P, = alxy + 2fyz + ¥zx (MEN, m>2)

Lavi gii

Do vai trd binh ding cda x,y,z nén c6 thé dy dodn gia tri 16n nhét dat duge khix" =y" = z" =
Dé xvit hién biéu thire P, =Xy +yz+2X ta cin 4p dyng BPT Césichon sb:

n—-2 n—2
Ta c: x"+y“+M~’r£ﬂ—+...+~I\~/i~2n x“.y"-[M] =n [M] Xy
3 3 3 3. 3 QQ

{n~2)s¢

M .
Suyra:  x"+y"+(n-2)—2n N\
. 3 db’
M i ‘Q\
B e LI o\<\
Tuong ta: -~ O
z“+x“+(n—-2)£:-2nn —1\3’1] = ‘\Q’

Cong vé theo vé céc bét ding thirc trén ta duge:

MP<Z(X +y" +z +(n$Q"Ffvx_niv1=>P<‘[L“,_3‘/W

S)
Viy MaxP=3.§/W@x=y=z=§/E. 0&\

S
b). Tuong tir cu a ta 4p dyng bét ding tlgé-(!o si nhu sau:

pn—2
Tacéx+y++++—é&m {]
=) 75é

Suyra: x"+y" +® "d ]m-ZT/E

mn—2
o]

¥ +2" +(mn—2}
Tuong -
z"+x“+(rrm~—2)%—2nm [%I—] U

Céng vé theo vé céc bt ding thirc trén ta dugc:

M\ h L un g M
mna| == .P2§2(x +vy +z)+(mn—2)M=mnM=>P15——-=3mﬂ—
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Cho x,y,z thod man x*+y* +1kz’ =M (k 12 hing s6 duong; M Ia s§ khang am cho trude).
Tim gié trj I6n nhét clia cia S=xy +yz+2=

Phip tich vi .01 gii
Do vai trd binh dang cla x,y nén c6 thé du dosn gid tri 16n nhét dat duge khi x =y va cdc thao téc

X =mx’ +(1—m)x’

d6i v6i X vi y 14 “gibng nhau”. Ta tach 0<m<1)
déng thvi “chia ddu” k22 =K 52 +1(-z2 choca Xva'y . \
2 2 QN
2 2 ()

(1-m)x® +(1—m)y* >2(1—m)xy \20

. ' N T N

Ap dyng BDT €4 si nhu sau: {mx* +§z‘ 2~2mkxz da'

e &

my2+522_>_2 mkyz A

)

Dé xuit hign biéu thirc S=Xy-+yZ+7X ta cin chon m sao cl&:@
2(1~m) = V2mk  4(1—m)] =zmmzmj<,§}’k me2 =0 m = Hia+k) i
(V%‘< m<1)

Khi d6 cong vé theo vé suy ra: 2(1— m)S < Nb’%g<

s
S

Vay GTLN cita S=—_ & (’2 ke
2(1—m) \Jmx =

O x*+y' ke =

2i-m)

\ Cho x,y,z thod man x*+y* +Zz =5. Tim GTLN cia S=xy+yz+zx

L gidi
1 9 9y 9| 1
Chon m =1 4+-]- [_ 8.2)-L
0 4[ 2)7\z) 3373
3
=X —[xy|> —x;
| 2 Y 2 =|xy| = Zxy
- . 1...9 ,.3,,_3
Ap dung BDT Cositacéd—x? +2z >z > Zxz
At TaE =3EEs
1, 3
¥ +Z22 >y > Zye
e i B
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Cong vé theo vé cic BDT trén ta duge: %S<x +y +—z-z —5=>S<?

2

x=y=32 X=y=— Ziz=——r
Vay MaxS= -2 kh 3

i 9, <>
3 Xry' +=z' =5 :
y 2 xxy:ﬁ;Z:Izm

Ban doc hiy thyc hanh qua mdt s6 bai todn sau:
 Bai todn; )

1). Cho X,¥,z thod min x* +y*+4z” =4. Tim GTLN ciia S=Xy+yZ+ZX,
2). Cho x,y,z thod man x° +y’ 482" =1.Tim GTLN cla Q=xy+yz+z

Tiép tuc céc vi du tiép theo.

Cho x,v,z thod mén 2(x2+y2)+9z?‘ =10_ Tim GTLN cua S::xy+yz—|—%\>

. . l E- .E‘ ‘
I _ .
Chen m=Z[(4'2+9)_‘/9 +8.9.2]=% &

3.2

3
SRSy 2> 3lxyl > 3xy L Q

Ap dung BBT Cé si ta co: —;-x’ 4—%21 > 3fxz| > 3xz

%y1+%zzz3|yz|>3yz Q)\

Céng vé theo vé cac BDT trén ta duge: 33< 2 )@}+ 97" =10=5< —0
O
Q V2

x=y=3z x=y=-—Zz=—=r

10
ViyMax §= ~— khi { =
’ 3 x +y +9 10

(,Q’

Cho x,y ts%a min X’ +y* +2°=M.(kla héng 56 duong; M 12 6 khdng &m cho trudc).
§ Tim gi4 tri Ion nhét cia S=Xy+yz+kzx

L i
Do vai trd binh ding ciia X, z nén c6 thé dy don gié tri lon nhit dat duge khi x va z va céc thao thc dbi voi
x va z 14 “gibng nhau”. Dé xuit hién bidu thiuc: S=Xy+yzZ +kxz thi khi ta 4p dung BDT C6 si

(1-m)x? 41 59 >2J [xy|>2,/ mxy'
(1—m)z +1 5y >2,{ Iyz|>2‘} ——yz

mx? + mz’ 22m\xz[2 2mxz
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Cong vé theo vé ba bét ding thirc trén ta c6: x2+y2‘+zzz2[ Igmxy+ 1%myz-i-msz
Ta cn chonm (0 < m < 1) sao cho:
—k? -+ k* + 8Kk
m = k,/ &m [ zm]@zm +Km—k?=0=m= ——*~4—+k—
Khi d6 suy ra:
x2+y2+2222[ ’l;mxy-{- llzmyz-kk “;mxz]z fg(l_m)[xy+yz+kle
M
Do d6: 8= xy +yz+kex <
2(1-m)
: M
X=z=d2
Viy: MaxS:—M-_@ 4—-2m Q
2(1-m) =J2(1-m)x Q

Cho x,v,z thod min Xy+VZ-+2x =M(M 11 54 @ am cho trudc)
Tim gié tri nhé nhét ctia bidu thire S= n X +y2 (k 12 hing sé duong)
(aN

O

2 2 2 \/
x' =mx” +(n—m)x k. k
Ta tich y2=ny2+(n—m)y2 (0<m<n dong\lﬁ chnadeu” k22=522+522 chocaxvay.

{n—m)x® +(n @)} >2(n—m)xy

Ap dyng BDT C6 si ta c6: {mx® +~ Z@S?

my? + z? > 2ymkyz
-2

&)
Pé xudt hién bidu thirc n%@Qz + zx ta cin chon m sao cho

2(n—m) W@Mn m)’ =2mk ¢ 2m’ —(4n+k)m+2n? —0=;~m~_[4n+k w\/k2+8kn]

Mo<m<n)
X,¥,Z cing dau

X=y
Khi d6 cfng v¢ theo ba BDT trén ta duge: §22(n—m)M khi va chi khi , k.,
mx" = —z

2

Xy+yz+zx=1

Cho x,y,z thod man Xy +YZ+2x =15 Tim gi4 trj nhé nhit cta bidu thire

S___XZ +y2 +:1_zz
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Ap dung BPT Cositacéd: NP %|XZ| > %XZ

Cong vé theo cic BT trén ta duge: S > %(xy +yz+zX)= % 15=10,

x:y=\/§;z=2«/§
=y=—-\f§;z_—_—2\/§.

Vay MinS=10<

Cho A,B,C 123 gbc clia mét tam gidc sao cho: 5cosA-+ 6cosB+ 7cosC=9. \
JA. 4B . .C_1 Q’\
Chimg minh ring: sin’ E+sm —=+sin’—

2 16 @)
271 50

)
N\

Lisi gii

Bai to4n niy kh4 d3c biét thy 1 gia thiét bai todn cho céc be 56 léch nhau va bac ciia piésMhirc cin Chimg minh cling
léch nhung ding thirc xay ra lai tai tim, nghia ]2 A=B=C. Trude hét ta s& d@@ 6a BOT lugng gidc nay bing

phép dat & &n phu. R
Pt x—smA --smE 2= sin".. Dé thé xy,z>0) ‘\Q)
Y= 2 A R
Khi 36, ta cé m(jt hé qua quen thuge 1a: &
X +y 42 >-%\1)
N
Ngodi ta, tir gia thiét ta 48 dang suy ra: 5x +6y° +7&=~£ . Do (cosa =1—2sin’ -;—)
Quay tro 1ai bai toan, ta cén chimg minh: 0&
Yy —&z > L
O\’[-‘ =16
Déu déng thire xay ratai x=y = zé@z-o Nén ta s& ép dung Bét ding thirc AM-GM véi ki thujt chon diém roi:
<

Céng 2 BDT nay, theo vé ta duge:

Vi viy, ta co:

9
2 2 2
L i3ty SCH6y 472 2
2 78 4y 2 2 8

3
x+y+z>x+ v 4=

(x +y 42— >— {theo (1))
Binh lugn: Céc ban hoc sinh hay thir chung minh bat ding thuc (1) va ghi nhé né nhu mt bé d c6 nhiéu 4p dymg
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Cho c4c s6 thuc duong a,b,c thoa man: a+ b+ c = 3. Tim gié tri nho nhét cia bidu thire:
P=a’+b* 4¢

L eidi

Trudc hét, ta di dy doan didm rof ciia bai todn. Diu tién ta t duy ngay dugc a = b vi 2 bién niy déi ximg
nhau. Biy gits quan sét tiép, ta thdy ring gia thiét cda bai todn lién quan dén céc biéu thirc bic 1 trong khi céc biéu
thirc teong P lai ¢6 16y thira 12 2 va 3. Do vay ta cn dénh gi4 dé dua bic cao vé béc 1. Bé Jam dugc didu nay, ta
ding BBT AM-GM. Chit § 56 bd s6 dé 4p dung BDT AM-GM thi biing sé bic ciia bidu thirc. Nhung mét didu khé
khan nita d6 14 ta chua biét didm roi chinh x4c. Nén ta s& st dung diém roi gia dinh. Tuy nhién ta cting c6 thé giai

16 rang diém roi bing cch thay a=b= —:i-;—c rbi 1y dao ham, Tuy nhién diéu ndy 14 khéng qué cén thiét lim vi

néu bic cao thi nghiém nghiém dao ham kh4 12 khé gidl (thudmg 14 sé v ty).
Gid sirtgi @ =b=x,c =y(2x +y =3) 1a diém roi, ta c6 theo Bét ding thiic AM-GM: Q

a’+x* > 2ax 9)
b’ +y* > 2by -\\20 ,
+y +y' >3y ,Cp

Céng 3 BDT cing chiéu ndy lai, ta cé: ,QQ\

PZ(ZX(a+b)+3y2c)—2@y3

Ta s& mong muén tin dung duge gia thiét laa + b +c=3 vay‘ng@)}é h¢ s6 2x =3y*. Mat khic lai c6 2x +y=3. -

N
Gidi hé ndy ta fim dugc x — 19*‘/5?-3,: EL) AV

iz 6 &,&
Phén con lai dé két thic 1&i giai xin dinh cho ban doc\
i %)

Bai todn twong ty: Cho céc s6 thye duong a, b\}%éa man & 426" +3¢ =1. Tim gié tri nho nhét cta bidu thic
P=22°43b" +4° S
A

006\ Hurng din
Ta ép dung Bét diing thic AM&QM nhar sau:

O s (6 Vo. 6

Q:Q 2a +[m] 23ma
(b'o §(2b3 +(L)3) >2b2 _8
f\ 2 V407 T2 Jao7

3 9 2 9
§ 2(2¢ +(\/4‘0;7~) )= 6¢ _\/;10— '7'

Céc ban doc hdy thir l4p lugn vi sao lzi 4p dung nhu trén nhé.

Cho a,b,¢ 14 cdc sb thye duong thoa min didu kign: 4a +3b+4c=22.

Tim GTNN ctia bidu thl'rc:P=a+b+c+%+%+%

Livi g

Ngay nh, b 4] thuimg ra cic cdu d6 3 quéa cam +5 qua cam bng bao nhiéu? R&i sau d6 t6i tap tra 101 cau
hoi 3 qua cam + 5 qua quyt biing bao nhiéw. Cau héi ndy khé hon cau héi diu tién nhiéu béi vi chiing ta phai quy i
1 qua cam bing bao nhiéu quéa quyt. Tur tréng tw nhién nay, duwgc p dung trong giai todn rit nhidw. Ta thiy véi bai
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todn nay, gia thi§t 14 bidu thirc bic 1 con bidu thizc P ¢6 sy xudt hién ctia phén thirc. Nhu véy ta phai danh gid dé dua
phén thire nay v& dang béc nhét.
Ciing chua dosn duge diém roi cda bai todn niy, nén ta 58 dﬁng diém roi gia dinh,
Gia sit diém roi tai (a,b,c)=(y,2).
1 a 2 2 2b3 3 3

Tathﬁ —_— i e — = — =—=
ySa 3 3x*b y y'e z 2
1,252
%3 3% 3
_— 2 2b_ 4
Theo Bat diang thite AM-~GM, ta ¢o: E_'"iz?_;
3,36
c ¥ =z
Véy ta suy ra dugc: _1_21__&1_,_2_ i_mg;i"_;-_g_:,’_f
32" 3x X' by y ¢z z \
Whur vy ta co i Q’\r
2 a) (4 2b), (6 3 o
Pra+btect+|——oz|+H|-———|F|—~=% \20
- [3x 3x2] [y yz] [z 22] :

N\
i 6 F

=[1—$]a+[1—;2;]b+[1— 31 ]c+-—+y R

P& vin dung duge gid thiét 4a + 3b + 4c = 22 thi ta chin phéi c6 cic hé 86 cia ¢ tilétheo 4:3:4
Giai hé nay ta c6 X=Ly=2z=3. . @ o
Phin con lai ciia 101 gidi xin danh cho ban doc ! O
N
m

Cho a,b,c 14 cc sb thie duong théa min: a+b %u . Tim GTNN:
1

2+4@"3+9b 6+3c

>
L gidi
Ap dyng BDT Cauchy ta c6: o
[ 1 2+4a) 1 3+9b] [ L 6+3b) 1 1.1
2+4a 1@0(» 3+9b 36 64+43c 144 )72 3 6

SuyraP+2+4a 3+9b %EI#le(via+b+c=l)
16 —36 Y 2 .

Ping thirc x4y ra khi va@ii khi a=b=c=

W=

[Macedonia 1999] Cho cic sb duong a,b,c thoa mén: a2 +b* 4> =1, Chimg minh: - N e

a+b+c+-:;_1—_24\/§

Lo gidi

Theo BET Cauchy tacé: a+b+c+

Loyl
Sabe — N9

1 843

1=a?+b +¢ >3¥a2b’c? = abc<— ——>-—
Ma a’+ +¢ _3f o= 3

Céng vé theo vé 2 BDT trén ta c6 diéu phai chiang minh
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Cho cdc sb thue a,b,c duong c6 tdng bing 1. Tim gi4 tri nhé nhit] =x* +2y* +37°

L pidi
Tugng tu nhu trén, ta s& c4: J =(X2+az)+2()’2 +b2)+3(22+02)22¢"x+4b3’+602

2a=4b=6¢c 18 9 6
Ta s& chon a,b,c sao cho: =>a=—' b=-:¢c=
a+b+c—~x+y+z 3 11 n
2
ol >
il

yz“L{IS;] Z+ H '19_ 1%}—

>—(x+y+z

@)
8.9 6
Déy =" 543 = y= -2
ducs e x AR TRNEY X

. N\
Tuy nhién ching t6i s& gii thicu cic ban cdch giai tai diém roi BDT Cauchy@varz cling tuong ty:
= . 2
Van tu tudng nhu cii: Ta c6: (x2 +2y ~|—322)(a2 +2b’ +3cz) >(xa +k)Q§g—3zc)

Khidé: 5 = +2 +3

‘ a=2b=13c
-Ta s& chon a,b,c sao cho: a_b_¢ #a:%,b c———e‘éix‘ﬂ"f"z =3)
x_y_z \/
2
Thay vao: H%’:—] +2[191] + [%] J(a +2b* + 3c?) s?3c+y+z =—9=>J>3
c& )
Cho a,bcducngcQQb+bc+ca—] Tim min: S= IOa2+IOb +¢
\
,é\
3 Léji g
@)

Phan tich dinh huéng .

Bai todn quen thudc thém 1 r@@;éc r6i vi gia thiét ta khong thé ding BBT Cauchy timg bién d& ha bac. Boi gia thidt
quan h¢ a,b,c khéng don

Déu “=" xdy ra thi 2 (3@ - Ta s& tich:

f\ $=10(a’ +b%)+¢* =(10~a:){a’ +b2)+[0ca2 +—21-c2]+[ab2 +%c2]2
§'>2(10 or).ab++20.a0 + +20.be

Diéu ta mong muén 13 § > k(ab+ bc+ca). Vay ta s& chon Qisao cho: 2(10~ o} =20

=a=28§.
!E- -E. !- ’ys

TacH: § = 2(a’ + b2)+[332 +%c’]+[8b2 +lc2]2 4(ab+bc+ca)= 4

a=b

Déu “="c6 <
8a’ = —;—c

[ Cho a,b,c dwong théa man: ab + be + ca > 1. Tim min: K =a% +b? +2¢ l
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L i

Phiin tich djnh hwimg
D2 thdy déu “=” xay ra thi a=b. Ta s& &p dung BDT Cauchy nhu saw:

ca® +ab’ > 20ab
(1—-a)a®+¢? > 21— aac
(1-a}b® +¢* > 21— a.be
= K > 2c.ab+ 2Vi—o.ac+ 24— abe(0<a <1).
Pé dua vé K >k(ab+ bc+ca), ta chi cin tim Qtsao cho: 2a=21—cva 0<a <l

=>a=\/§_1.
2
L gidi chi tié
Ap dung BBT Cauchy ta c6: K=£:-1-(a2+b2)+ t—-{s_-a’+cz + 3—:—\-[_-s-b’+c2 > Q
2 2 2 Q
9)
2(Jg—l)ab+2vl3w2\[§ac+2vﬁ_2\@bc=(~/§—I§ag8:>c+ca)2\/§—l
Ao i1 T — ] . __\/-5‘_1 ‘\
Déu“="c6 &> a=b=z: 0= L&

N .
Cho a,b,c duong cé ting bing 3. Tim gid trj 1@{1}11% S = Sab+ 10bc+ Sca

PAS
Lzl \/\v
Tru6c hét dua S v& dang: 8 = ma(b+c)+nb{c+a)+ pc(@%?
m+n=5 |m=2 K

Pédng nhét hg sdtacé: (n+p=10=jn=3 .V@ﬁ:2a(b+c)+3b(c+a)+7c(a+b)

9} 3
+byc—r==
2 ¢ 2‘ 2

S=2a(3-a)+ 3b(304§1'7¢(3_c) ~27-

23
; z*——-‘: X+y+z2
g2 :
Khi d6: S=27 —(2X2 @3‘}-722 ) . Ta chi cin tim min cla x> +3y* 472" . Ta chuyén v& bai toan:

h\

p— 2]

Dat X =
2

a-»i‘- y:
2:

[ Cho x,jf,z khong 4m thoa man: x +y+z2 % . Tim min; P=2x¥5-3y’ £72" ]_ )

189 63 21 9
antodn 12 Vi du 23. Tatim dugec P> ——tal Xx==—|y=—7;Z2=—+
Hodn to y 23. Ta tim duge P > 2 al X 5 y a1 z a0

[VNTST 2001] Cho a,b,c duong théa man: 21ab -+ 2be + 8ca < 12.

Tim GTNN cﬁa:P=l+—2-+-?1.
a b ¢
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Liri pidi

Phwong phép giai twong tir nhir trént
Nhimg néu céc ban dang mang ¥ tirémg Cauchy nhu sau thi d6 13 mgt 181 di khéng tét:

[i+%+ 21ab>3321xy

a

2—g—l+5+2bc23,3/3(2—y)z
c

I-x 3~z +8ca > 3f8(1-x)(3—2)
c

a
= P+2lab+ 2bc+8ca> k

k{xe(0:1);y € (0;2):z € (0;3)).
[x_ ¥
—=+=2lab
a b 2
a A A Lz . 2- Y Z
Vay tachi cntim x,y,z sao cho diu “= Xy ra: —b—=——=2bc \
c
1-x 3- Z_gea QN
a <

[

Réi sao, gi4i ra hé phwrong trinh ndy, chic chan giai durgre! Nhng mét vén dé qus@ggg l‘-:cminéu sir dung nhu vy
cdc ban da v6 tinh gi6i han didu kién cia x,y,z va nhu thé diing thirc xay ra@&héng the khéng dinh d6 1a GTNN
clia P. Viy giai quyet nhur thé ndo, ching nhe thay hé s cita ab; be;ca UE!@BBT Cauchy rdi sau s& nhan 1én, hudng
nay rat mit mér 9 4n véi 3PT kép 2 d4u béng va 1PT ngoai. Néu va an mdt céu néi ngay tir khi bt diu dang
todn ndy, néu chua cé diu béng thi hdy gior str cho ¢4, ta & 1am nh@&

i 2 3 7 . 2 4

Bt x =~ )'=—;Z=—=>—-+—+—<2 Tasédnt;me%cua P=x+y+z
a b € Xy yz

Gia sir du bing xay ra tai X =gy =fiz = &rb'
x y_|_°t—[3>3 \

=1 B y QQ

y Z _&?2

Z X
—+ = >3 (3
x+asz— (3)

Theo BBT Cauchy ta cé:

7 prt 2 3) [ ]
Ta ¢6: —.PT L OO | A I
% ﬁxog@ XO o Bx xe

1f7 2} 1(2 4) 7 2 4_ (7 4
~+—— e e et b ] PN AL 3[—+—+-—]
§ Bz[ xz[ﬁ a] xy yz oz (of Bx xe

2
Viy ta s& tim 053X sa0 cho -—[ +-—]——~—[7+£] ! [-—+i]

B x) PFla x)] ¥B «
. L7024 - N
VathoamﬁnDK.—+——+——=2tathuduqco:-3,B——,x—2
of Bx  ox 2
Lii giai chi tié
1 2 3 7 2 P=
Ditx=—y="jp=2 L 2 +—<2 Ta s& di tim GTNN ctia; X+y-z
a b’ ¢ Xy yz zx
Ap dung BDT Cauchy ta c6:
15
+y+ >3('} pA £+i23(2); -2—:+£+“6—23(3)
3 5 xy 3 2 yz 2 3 =
2 2
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15 155 3

SR I N IL ENS 2
15 XY ¥z @ ZX 2

Suy ra: 1‘5‘ Py %-PT(Z) + %.P’I‘m > 3['—4 +24 3]

Déng thérc xay ra khi va chi khi x =%;y =—:—;z =%

Bai todn dugc giai quyét! Ddy cling 12 mdt cach gidi séng tao! Cach giai theo céc tai Jiéu hi¢n nay 14 sir dung dao
ham nhung céch gidi ding AM-GM tinh t€ va mang tinh ki thujt hon. Pay cfing 14 1&i giai dugc @2 xufit bai téc gia
b todn nay TS Trén Nam Diing. Puge biét trong ki thi TST 2001. PGS L& Anh Vinh (PGS tré nhét VN 2013)
cling da thao tic mot 101 giai nhu trén.

Cho a,b,c 12 céc s6 thyc duong théa man: x° +2y* +52° =1. Tim gié tri 16n nhét:

P=xy+yz+z .
NS
!g- .g. ()
Ap dung BPT Cauchy ta c6: ‘ N E
2 3 1 1 . d: 1
1= x? 4 2y? 2 _[2,2, 2,2 L 2 1.2 2l = P <
=x" %2y +5z [3x +2y ]+[2y + 2z ]+[3x +3z ]_2(x3ﬁ-{&+zx) s
NN )
J';—l ’\Q}}
Diu“="cé & |y == v
oL O
Jin 2

OOQ

1. 3 2 1

Viy Pmax = — tai = ¥y =—per I = = .
i R I TR TR
Choa,b,clacécséthuckhﬁngénﬁmmﬁn:a+b+c=4.TimGTLNvﬁGTNch1a:
§’=Jza+1+\/3b+1+\/4c+1

N
\9)

Q:QO Livi 2

R rang 12 bidu thirc cip§im 12 tdng cac biéu thirc don 16 cia én va ta mong doi riing 38 bai 12 tim GTLN cta
P bing cach sit dung BDT y — Schwarz. Ciing xin néi luén v& viéc tim GTLN clia n6, dii “=" véin lu6n la thi
dugce uu tién hang ddu dang toén nay. Vigc tim GTLN bai toan ndy 1a d&! Vin dé quan tim hon ca I3 tim
GTNN!
Quay trdr laj bai toan, ta s& d4t nhur sau:
Pit x =22+ Ly =3b+ Lz =Vic+1{x,y,z> 1}

Va bat ddu chuyén vé in méi:
1 1 1 x2 oy 2 6l 2 1 61

Suyra =0 D= (Y 1) +—{2—1) =4 Lt = = x4 Sy =2t = —

yr S0 =130t 1)) 2 PETETTRTY Y T T
Ta s& tim GTLN va GTNN ctia P=X+y+Z.
* GTLN; Bai toan ndy qué quen thude réi, theo tur tudng nhu trén:
Ap dung BDT Cauchy — Schwarz ta cé:

z 2 2
[%+%+%}(2+3+4)2(x+y+z)’=>Pg—--—*1283
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A A — — o
Déngth&cxayrakhivéchikm 2 3 4 & X = 183;y: 183;222 183
23 4 12
17 49 217
a:—; =—C —_—
27 36 108

*GTNN: Phéi dura bic ctia né v& ngang bing hodc 16n hon gia thiét cho méi mong tim duwgc GTNN:
Tacé: P? =(x+y+z)2 =(x2 +y +zl) +2(xy +yz-t-zx)
61

Dé ¢6: X 4y +2° =-g+%y2+%zz >11v y,z =1,

Suyra P’ > 1+ 2(xy +yz + zx). Tir gi thiét ta chi ¢6 thé tim max cia Xy + YE+ 2% .
Viy dé im Pmin ta s d4nh gi4 xy + yz + zx 6n hon so v6i P dwong nhién 13 phai c6 mit PX cia XY,

Tax,yz2 1= (x—1)(y=1)+(y-1){z—1)+({z—1)(x~1) >0 \
XY +YZHZX+322(x+y+2) S PP 11+ (4P-6)=>P>5 (Wi P > 3) QQN
Diing thirc xay ra khi va chi khi X=3 y=z=I143a=4; b=c=0 \20
is3 17,48 27 »
V" P =V t' = — =—0=—
e A o D= 67 108 F

AN
P,,,-n=51aia=4;b=c=0 &\Q
Luru ¥: Viée d3t nhu trén chi vi mye dich sir dung né cho viée tim @ sau ndy, néu chi mudn tim GTLN cia P

ta chi viéc 4p dyng trrc tiép BDT Cauchy — Schwarz: L Q
%
1 +
P2, arl o3 b+-]-+2.Jc+-]—S E-/3+4)a-{-l+b+l+c+—]=“—l§i
2 3 13! 2T YT

Vén dé dit ra bay gic- khd tink vi. Trong céng cude %}n GTLN, hodn todn sé xdy ra triedng hop khéng tim duoc déu
“=" cén tim GTNN thi ludn tim dwgc vi DK bai Qm a,b,c khdng dm. Tiy thufc vao gid tri ciia tong mé ta c6 thé
tim GTLN theo cdch trén hay khong. Ta sé di @&i fodn sau:

O\
Cho a,b,c 14 cic sb kh@am c6 tong bang 1. Tim GTLN va GTNN cia;
¥) T=va+1+42b+1+3c+1
%
O
eQ !E. .g.

Bay gidr thi vin d ld@%’g con 1 fim GTNN nira:
* Phu tién 1a ti C - Phuong céch di khong khdc gi bai giai trén, bai vi tr hudng cia né khé tdng quat:

bit x =+fa =N2b+ Lz =43c+1{x,y,z>1)
t 17

Suy ra (x3-1)+%(y2~—1)+%(z’—1)=I=>x2+-¥2~2- %:—6-.

Ta s&tim GTNN cila T=x-+y+z,
Tacs: T' =(x+y+2) =(x* +y’ +2°)+ 2(xy + yz+2x)

x . 7
DEcé: x* +y* +2* =%+%y2 +3’;~z2 >4vi Y,221. Suyra T 2 4+ 2(xy +yz+ 2x).

Tiex,y,z2 1= (x~1)(y-1)+(y—1)(z—1)+(z—1)(x ~1) >0
XY FYZ X +322(x4+y+2) 3 T 2 44 (4T—6)= T2 242 M T > 3)
Ding thirc x4y ra khi va chi khi x = +/2; y=z=loa=lb=c=0
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Vay T =2+V2taia=tb=c=0
* GTLN: Thir theo c4ch trén kia
Ap dung BPT Cauchy ~ Schwarz:

P=1Jat+1++2, b+l+J§. 0+1S\](1+2+3)[3+1+b+}2—+c+% =17

£1E

a+b+c=1
He trén v6 nghiém vi a,b,c khong am! V1 vy cc ban hiy quan sat 1o gii saw:
Ap dung BPT Cauchy -~ Schwarz ta ¢6:

Péng thiic xay ra khi va chi khi {va Ja+i

(a+l)+b+ LY
2 \3

gj@,’ 2@+ +2. b+ +f\/— J 243

it i (1 1 1 i Q
ma D+ b+L <a+b LRI L ITS-L A

30(2\+ )+ +c+3 atbroct 2 3 T O
Via,b,c khong&m

: N\
30 11 1! 55 db'
s P< J:+2+3 \/:+— =1+~
v \/ 11 30 6] 6 ~
Diing thitc xay ra khi va chi khi a,b,c khong &m v \)Cf
1 1 . 9
a+1 b+w et \>
< @'b:l—'czgg-
\/— V3 eRR b=g5 =gy
11 c)\
[a+b+c=1 OQ
O
Vay P_, =1+\/7taaa O;b= , 23
Vi sao tach dugc hé s nhur vay hén khong cbn dé nifa.

Cho x,y,z 14 céc sb thuc k@kg am thoa man: X +y+z=1,

Tim GTNN ctia: Po$+ y—l—%z’

o

Y
f\ Livi g
Ap dung BDT Cauc@:
' 1 : 1 3x

2] () i)

X+

2 > 3y
2] (e
vz _1_[ vz
2+f] 2[2+2

Tuong tir ta cé: )'3 4+

> . 3z

"(2+«/§)2
N7

2++2

Lai cé: —z +1[

3

4
Gavda)

3

Cong vé theo vé 3BDT suyra P+ > .
(2+2)

(x+y+z)
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1
(2+J5)2
2

; 1
Ding thie xay rakhivachikhi x=vy= Z=
g thtte xay YT R TR

=P>

[D& dy bi khéi A nm 2005] Chimg minh ting v&i moi x,y duong ta ¢d:

2
y 9
I+x [H—— [H— >256
()44
Livi gl
Ap dyng BPT Cauchy ta c6:
¢ \
= .
Tex=14+24 24 X5 44X O
3 3 37 27 \20
1+1=1+y+l' =2 v .\
X 3 X V27x
[+ =i
TSR fﬁ@

Nhin vé theo vé& 3 BBT trén suy ra didy pha1 chimg minh!

2. K1 thudit thém bat:
Ta s5& 13m quen véi ‘mdt phuong phap khé 1a téng quan hotg(}/u khong phai t6ng quat) nghia 14 1oi giai can dén
vic sir dung mét sb “yéu t5 bén ngoéu” duge chén véOfﬁb vige lien két gia thiét va diéu cin chimg minh. Nghfa la
ching ta cling cdng hodc trir véi 1 56 38 dua vé mét%\it ding thirc khéc d& chimg minh hon. Ta theo di mét s6 vi

dy sau:
R
— S — :
Chirng minh ring véi moi s«&wc duong a,b,c thi ta c6 bit ding thirc sau luén ding;

b c a b c
+ : > + +- :
()0 +c c+a+a+b"a+b bte cta
o Lo g
Trude hét ta két hep nh(@so hang ¢6 cling mAu, bt ding thirc cin chimg mmh duge vidt lai:
3 b b—c c¢c-—a

> a— >0
X b+¢ c+a+a+b“

Thue ra cong ‘lﬁm viéc vdi nhiing b:éu thu'c xﬂp xi () khé 14 khé chlu, va dic biét 1a cé dau tr nifa, vi chira chic
ching da d g dé danh gi4. Nén ta s& b ghng lam tmiét du trir va ddng thoi pha di céc 58 c6 thé am. Ta cong vao
vé tri 3 don vi thir xem. '
a—b c+a b-c a+b c—a c+b

+1= ; = ; 1=—
. b+c b+c'c+a ¢+a a+b a+b
Bay gid, ta can chimg minh:

Nhur v3y ta c6:

a-+b b+c a+b
+
b+c c¢+a b + c
Diéu ndy kh4 12 hién nhién theo bit déng thirc AM-GM cho 3 s duong. Phép chimg minh dugc hoan tt.

Cho cic s6 thye dwong a,b,c théa man & + b+ ¢ = 3. Chimg minh ring:
a(a—2b+c) , b(b—2c+a)  elc—2a+b)
+ +
ab+1 bec4+-1 ca-+1

>0
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Céng thém 3 vio VT ta cdn chimg minh:

- c

;)111 :c-:-]] * can:-ll =3
+1 . b4+1 | c+l >,5§[a+1 b+l ot
be+1 cadti ab+1 be+t ca+l

Viy thi, ta cin cé dugc: (a+1)(b+1)(c +1) > (@b+1)be+1)ca+1)
Khai trién ra, ta c6 bt ding thirc fwong duong voi:

abc+a+b-+c+ab-+be+ca+1>a’h’c? +abc(a+b+c)+ab+bc+ca+l

<pabef{abe-~1)+(a+b+c)abe—1) >0

Didu nay ding do theo AM-GM thi a + b+ c=3= abc <}
Phép chimg minh dugc hoan tat. :

Ap dung AM-GM, ta c6:

\
A)
Chimg minh ring v&i moi s6 thite a,b,¢ duong t&y 9, ta ¢6 bit ding thirc sau 1a db )

\(a+b \[b—i—c Vc-i—a % <.52)§20

,(Q
bay la mét bai to4n rat ndi tléng ciia mot giéo su ngénh dién tir cia Ro@la Khi bét tay giai bai todn nay,
toi 44 gap pl"aa vét nhidu khé khan, didu kho khin nhét 13 bit ding thirc ndy 1a chit, moi ddnb gia cua t6i hic 46
diéu dan dén ngugc déu. O thoi diém d6, t6i d2 chon mdt gidi phép 14 s dyng cach dbn bién bing dinh Iy dén bién.
Mét cch giai chi mang tinh 1a Khiing dinh dugc bit déing thirc ding,\3al ndy, t6i gap lai mt 1di giai sir dung bt
déing thirc Cauchy-Swarch, chinh diéu nay da thoi thir t6] gidi | rﬁa to4n nay hy vong tim ra mét 1oi gidi séng sta
hon 1 gidi tuée d6 cia tdi, rit may mén t6i 44 tim dwgc m@t sihgiai st dung AM-GM.
Ap dung bit ding thic AM-GM:
a 1 [4a(a+b+q) 3(a—!\c)-’ 1 [4a(@tb+c) | Hatc)
+
~ 2Y3a+bXato) 2%@@4-@ =25 |3@+b)ate)  2Aat+b+o)
Thiét 14p twong t 2 bt dhng thitc tuong ty, réi @hg lai thi ta cin phai chimg minh:
f a(atbie) | batbiory cc()a+b+c)
3 |(a+b)a-+c) (b+c)(b 6@ (c+aYct+b
ct+a at+b St
a+b+c a+b+¢§)a+b+c
a(a+b+c) | ba+bic) | c(a+b+c)
(a+bXa+c) (b+cKb4a) (c+ a)c+b
. a(a+b+c) b{a+b+c) c(a+b+c)<_
"(a+b)atc) (b+cibta) (crale+bT 4
D#é gidi quyét bai nay, chiing ta s& quy ddng, bit ding thirc tuong duong véi:

c+a a+b b+tc 3
( } < —=
4 3 at+b4+c a+b+c atbtc NG

Pé ¥ ring = 2. Nén ta cin chimg minh:

<

K
EE

Hay la:

(a+b+c)(ab+bC+ca)S%(a+b)(b+c)(c+a)

Hay 1a Ha+b)b-+c)Xc+a)>8a-+b+cXab+be+ca)
Cén ghi nhé mot ding thire rit quan trong nhu sau:
(a+b)b+c)c+a)=(a+b-+cXab+bec+ca)—abe
nén ta cin chimg minh:
(a+Db)b+c)Xc+a)>8abe
Hién nhién diéu niy dGng theo AM-GM.
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Bink lugn: D6i khi viéc vargt qua gidi han clia ban thin gitp ching ta ¢6 nhimg hanh phic trong cong viée, To4n
hoc gidip chiing ta cim nhén duge cai dep va hudng dén nhitng thtr hoan hao. Viéc danh gia nhu trong bai todn trén
gilip ching ta 1am dugc nhimg cong vige sau: Ap dung AM-GM s¢ gilp chiing ta loai bé dugce cin thic kha ric rdi
cuia bai toan. KT thugt thém bét da cho ching ta chuyén mét bét ding thirc hodn vi v& bt ding thire di ximg. Nhung
fru 12 khi dénh gi4 phai dam bao dugce diém roi ciia bai todn. ‘

Cho céc s6 thyc duong a,b,c théaman a+ b+ ¢ = 3 Chimg minh ring:
Va++vb++e >ab+bo+ca

L gii
Bly gid ta s& tim méi lién hé gitta a4+ b+ ¢ vA ab + be + ca . Codidu gi lién hé & day khong? A thi ra 14 n6 kha don
gidn dén ndi hién nhién: a” 4 b*+ ¢ +2(ab+bo +-ca) = (a+b+c)
Bé’ly g:i&r, ta sg& thém bét:
Bat déng thirc 42 cho tuong duong véi:

2(v/2 + b + V) > 2(ab + be + ca) Q’Q

@a’+b' +c’ +2(Va+ Vb +Vo) 2 (@bt =9 O
Viy, ta cin chimg minh a® +b*+c* +2(Va +vb +ve) >9 . \20

N
a’+va+Va>3a .\d‘b
Ta s& sit dpng AM-GM: {b* + b +vb > 3b O
¢ +Vo+o >3 o)

Cong theo vé 3 bét diing thirc ciing chidu, ta c6 didu phai chimg @r\l}n

Diu ding thirc xdy rakhi a =b=c—1 . >

Ta xét tiép vi du sau, didu dac biét cia vi du ndy Ia su@mnh clia bit ding thirc AM-GM. Néu c6 thei gian céc
ban hay ty 1am manh c4c bit ding thic ma minh d& R{n ugc bing céch cong thém mdt lugng nhé (epsilon) nio d6

xip xi 0. : )
A Y
Cho céc s8 thyc duon, O?c Chimg minh ring 2+ 24 8534 @)
¥ SR & L a2~ - ab+bctca ‘
A W !
S ;
oo Lvi gii

Nhan ca 2 v& v6i ab + be + e chii y bién di sau: )
O’a b ¢ 212 g ab® b’  ca®
(ab+b0ca)—+—+=) = (a’ +b* 4 ¢*) +(ab+ bc +ca) + (—+——+—)
&' b ¢ a c a b
Neén bit ding thac{%%ﬁﬁng minh duge viét Iai dudi dang:
2 ch

2
B§‘ (:aﬁ+b‘+c2)+(—“1b—+——+5;—)2Z(eitb+bc+ca)+(a—c)2
C a
a b

2 2 ‘
Hay b2+~5—+i+52—2 2ab+ 2be
a

2 ‘ 2 2 .
Ta téch ra: (—b°—+ab—2bc)+(£+%+ b’ ~3ab) > 0
a [+
Diéu niy hién nhién ding theo AM-GM. V3y ta c6 didu phai chitng minh.

Cho céc sb thire duong théa man a-+b+c=3. Chimg minh ring:
‘/az+bz+c \/b2+c2+a ch+a2+b>

a+b+c? c+b+a? cta+b? ~
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Livi g

Néu dé mi s6 hang nhu vy, thi ta rit khé dénh gis. Nhung néu thir nhan thém c4i gl d6 a8 tao tich 2 sb thi sao? C6
phai 13 ta ¢6 iich 2 s6 v6i nhau thi bé hon c4i gi d6 ding khdng?
2 2 2 2 2 z
Theo AM-GM, ta c6: a‘+b +te a’+b +c > 2(a’ + b’ +¢)
, Va+b+c \[(a+b+cz)(az+bz+c) (@ +b*+cf+atb+c)
Tuong tir cho 2 sé hang con lai, 18i cong lai, ta cn chimg minh dugo:
4(a’ + b +c’)+2(a+b+c)
T 17 L2 23
a®+b*4+c'+a+b+e
Hay a*+b* +c’ >3, Pidundy dingdo a+b+c =3
Binh luin: Néu nhin tir goc d¢ “bit bién” (hiéu ndm na 1a mét cdi gl d6 khong 31, ¢b dinh) thi 1a phat hign 12 tir s6
cong méu sé ciia mdi sb hang 12 mét bidu thirc khéng d6i. C6 ching didu ndy cho ta mot 1y do dé danh gid nhw trén?
Poi khi viéc phat higu cdc yéu té “bit bién” chinh 1a chia khoa dé giai céc bai todn kho.

3. Hothalt Al G Gt din o

Trong viéc gii toan bét ding thirc mét sai 1am thudng hay gip d6 1a sau mt loat cée d4nh gi4 ?g ta lai thu dugc

- x

mét bt dng thirc méi nhung nguge du. Lic ndy ching ta can iam gi? Hay khoan vi nan l@ cting céch tiép can

46 nhung c4c ban thir thay di mt ti xem thé ndo? Dai khai ching ta 6 mgt y tudng ty ngiydnhu sau: Ban mai ban
g4 di choi, khi di ban mang theo mot tri¢u ddng va biét ring s6 tidn ding hom d6 16n hiyg Mim tram nghin thi sé tién

ban con lai s& khong thé vuet qua nim trdm nghin (dwong nhién khong xét truony ban gdi ban tra tién) Ciing

nhu vy trong bt ding thitc néu nhur ban cn chimg minh A 2 k thi ban ¢6 th ¥t mdt biéu thirc ¢b dinh trir di A

ihi ban ¢6 thé chimg minh mét bit déing thirc v6i chidu nguoe lai. Ching ta kg lam quen thong qua cée vi dy sau:
N\

e
Céc sb duong a, b, cthoa min: a+ b+c=3. Chl’m&nﬁth bat dang thic:
b 3

a
—t3d >
1+b  1+g21+a® 2
S
Dinh huwéng loi gidi §\ %
Dy 1a mét bai todn trong bai thi qubc gia cﬁa.d@ ari ndm 2003, & thoi diém d6, né 44 gy khong it khé khan cho
phiéu thi sinh. «
Hinh thie phat biéu clia bai toén khién 1Sh ngay dén viéc sir dung AM-GM kiéu: a’+1>2a.
Nhung rét tiéc 1a diéu nay dén dén%l ngugce diu :
(b,()a +b+ ¢ <_a_.2.+_c.>§.
Y 140 t4c® 142" 726 2¢ 2a 2
Tuy nhién, khi may n@ﬁté thé khéic phyc 1oi giai nhu sau:
a _a{l+b ~¥) ab” ab’ ab
= =a— ca——=a——
14 14+b* 14+ b 2b 2
Téi day sir dung bit dang thirc AM-GM: 14-b >2b & dudi mBu nhung lai co duge mét bét ding thirc thugn chiéu.
Su may mén & day 12 mét cach ding ngugc déu bit ding thirc AM-GM, mt ki thujt kha 4n tuong va bit ngd.

1;. .E. !.!-K!
Taco: 2 a(1+b2—b2) ab’ S ab’ ab
M = =a— ___a—---—=a~———
A0 v 1+b° 1+b? b 2
b be c ca
T W ——>b—— v ——>c——
Home R T = 2 Y 1+a2—° 2
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Ching vé theo vé ca bit déng thic ta dugec:
a b c ab--bc+ca ab+bc+ca 3
+ >a4+btc— =3- z=
14+ b? 1+c2+1+a2‘ 2 2
vi (a+b+c)2_23(ab+ betca)er ab+be+ca<3.
Déngthﬁcxéymkhia:b:c:l.
Bai tdp twong tir;

1]

mChﬁngminhrﬁngvdimoiséduonga,b,cthoémﬁn:a+b—|-c=3.
. £ ar 1 1 1 3
Chimg minh bat ddng thirc: + + >—=.
¢ & 1+a>  1+b® 14+¢® 2
Chﬁngminhrﬁngvdimoi 56 duong a, b, ¢ thod man: a + b+ ¢ = 3. Chimg minh bét déng thic:
I+a 1+b 1+c223_
1+b®  1+¢*  1+a
.Chlmgmmhringvdx ab, c,dlécﬁcsothucduongthoaman at+b+ctde 4tacé,x>
1 1 1 n i
T+a®  14b* 146 1+ &P
Cht'mgminhrﬁngvc’ti 2, b, c,dfécécséthucduomgthoé mén:a-}-h-f—c@ﬂacé:
a b ¢ d :
+ +
1+E+Hm’1+f Lufﬁb
(5] Chimg minh ring vei 2, b, c, d 12 cde s thye duong thod min: QB+ ¢ +d = 412 c6:
1+a I+b I+c +d

>2

L1 5y
I+b*  1+¢? 1+<f,\ 1+a?
Mgt 56 vi dy b8 sung: \&fb,
c.,"
hungnunhrangvc’n a,b,c,d 56 thuc duong thod man: a+ b+c+d = 4 ta c6 bét
b (¢ d
ding thy >2 :
& thite: c+1+(¢§e3>l+dza+1+azb_
O‘ e
<
O$. !g. .E.
Theo bt déng thire AM-%Pta ¢6: |
a(;l) e b2) . b Sa— ab%c abJ_ b-\fa_ac>a_b(a+ac)
1+b2c\ b 1+be o 2bde 2 - 4
* be+ bed c cd-cda ., d da+ dab
T T >b-— ; >e— =d-
lmgm"@%zd— 2 T Hdac 2 " Tram 4
Cong 4 bit ding thirc trén ta cé:
a b c

+ 4+ a b+c+d——ab+bc+cd+da+abc+bcd+cda+dab
14+b%  1+¢c%a 1+d’a+1+a2b_ + ( )
ab+bc+cd+da_<_—1—(a+b+c+d)2=
Ta lai c6: 4 ,

(abc+bcd+cda+dab)g-1€(a+b+c)3=4

a b I d

Do dé6: + + +
1+b%c  14cla 14-d%a  1+ab=

za+b+e+d-2=2.
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Ping thic xdyrakhia=b=c=d=1.

Cho a,b.c > 0 thod man: a4 b+ ¢ = 3. Chimg minh bét ding thic:

a’ b ¢?
+ + >1.
a+2b b2t o227 T
Lari gidi

a2 _a(a+2b2)—23b2> B 2ab® _3_2(ab)§

Theo bit ding thic C4 si ta ¢6: = 3 >a
a+42b a+2b 33/ ab? 3

Z l 2 E

Hoan toan tuong tur ta ciing ¢6 2 bit ding thic: Y sp- 2(bo) , = 2(caf
b+ 2¢’ 3 ¢+ 2a’
" Do d6 ta chi cin chimg minh:
at+b+ c—— (ab)3 + bc)B +(ca)? l> 1< (ab)3 +(bc)3 +(ca)3 <3. QQ

That vay, theo bt ding thire C6 si ta cé: -

Z 2 2
a+ab+b>3(ab)?, b+bet+c>3(be), c+cata>3(cal N\

N

&

Via+b4+c=3va 3(ab+bc+ca)<(a+b+c) =9« abt+bctcagl. \)@

z r 2 2
Cong vé theo vé taco: 2(a+ b+c)+ab+ be-+ca 2 3|(ab)? + (bc)% +(ca)?

Tird6 suy ra: 3 (ab)a + (bc)3 + (ca)

<23+3= 9@(ab)3+ bc)3+®3<3

Nén ta ¢6 didu phai chimg minh. ' &Q’
Diang thue xdy rakhia=b=c=1. q,\

Cho a,b,c> 0 thodmin: a4-b4+c=3. Q}@lgmmhbétdangthuc

2

%% LA
aé b+2¢°  c42a°

< —
ST
.. Q" afa+2b*)—2ab’ 3 52
Theobﬁtdéngth(rc()ésitacé:-—%;:Lr——)]u——za—-ﬁb—-—a 2bva .
. <2 a+2b 3%/ab® 3

Do dé ta chi cAn chimg minh\é:?«}- o7 +adfer <3.

Thét vy, theo bit ding (¢ C5 sitacé:b{/?séb.(a+a+1)= za;b
Cong vé theo vé ta co:
bifa® +cifo? +adlc? < ab3+b+2b03+c 20a3+a %(ab+bc+ca)+-1§(a+b+0)

Tir d6 suy ra: b¥fa® +c¥b? +adle? < %.3 +-:15-.3 3 nén ta c6 didu phai chimg minh.
Ping thitc xay rakhia=b=c¢ =1,

Cho x, y, x > 0 thoa mén \/E+J)E+JE:1.ﬁmgiétrinhénhétcﬁa:

xl y2 zZ

T= +
X+y y+2z z+X%
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L gii

z X{x+y)— N
Ta cé: X :( y) xy:x— e Gt S Xy
x+y Xty X+y 2
Chimg minh tuong tyr; y zy__yz; 2! > Y2
Y+z 2 Tz+x” 2
Suyra: T>x+y+z-—- ———«-—"+ NYE t Ve X+y+z-— ;21—%=§

(vi x+y+zz\/;(;+\/;+*fz;=l)

D&gmmx@mka=y=z=%
. . 1., 1
Vay MinT =— khix =y =g=cw
2 3 \
&
,\.’Q
Cho céc s6 thyc duong a,b,c théaman abe =1 . .Cha&minh ring:

N\
a+b+021+a+lt2+lt§}
1+b  1+e A+
OO
S
- C ILELEQ QO

bay 1a m§t bai todn c6 kh4 nhidu ki niém véi téc giaaB¥i vi né thude nhiing bai toan minh duge day khi mdi
bt dhu 1am quen véi bit ding thire. Bai tosn nﬁy duge it boi anh Pham Kim Hing (HCV IMO 2004, 2005).
Téc gia d4d duge lam quen v&i nhimg bai giang vé BKé&ng thirc AM-GM va ki thugt nguoc ddu véi anh Pham Kim
Hong va anh Nguyén Dang Hop (HCB IMO 2003 trai tic gid) nhitng ngudi anh ¢4 khai mé cho chéng tai nhitng

budc diu vé toan hoe so cap
=l+a &%—p

Ta s& quy bai togn vé chu'ng minh:

Ta s& ¢6 bién déi sau:

b(l+a)  c(t+b) a(l-f—c)>3
\[.‘ I+b 1+¢ I1+a ~

Q
Ap dyng AM-GM, tacé‘QoJ(1+a) <(+b)  all+c) 4 fabe(i+a)i+b)i+c) _

b ' ite T 13a V (I+a)1+b)14c)
Viéy ta cé didu ph;{@tmg minh.

0 cdc s6 thyc khéng am a,b,c thoa man a+b+c=3. Chimg minh ring;
a b c i
+ + -
b'+16 +16 a+167 6

L idi

Céu hinh b* +16 khién cho ta nghi ngay dén sir dung AM-GM dang b® +8+8>12b. Nhung dé trénh nguoc déu ta

cAn quan sat mot ti.
a 1 ab’ 1 ab’®| 1 ab?
w—=—ja———|>—|a—— =] .2
b'+16 16| b +16/716( 12b) 16 12
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Ap dung twong tu, nhir vy ta cn ching minh:
‘1‘1;.'5'(3'_ ab’ +|ch;+caz)2%
Hay didu nay tuong duong véi viéc chimg minh ab’ +be? +ca? <4
Ta s& chimg minh mot khing dinh manh hon 13 ab” +bc” +-ca’ +abe <4
Péy 13 mdt bt ding thitc hodn vi, nén ta nghi ngay dén vigc gia sit b nim gifta a,c . Nhu vy ta cé:
a(b—c)b—a)=0
Vi véiy ab® +bc? +ca’ +abe = b(a+-¢)* +a(b—c)(b--a) < ba+c)’
Pén dfy ta c6 thé dira vé ham £(b)=b(3—b)* dé khio sét hoac c6 thé ding bt ding thtc AM-GM nhu saw:
b(c+a) = %2b(c—i—a)(c+a) g—lz—‘ﬁ-zéﬂr =4

Déu ding thirc xay ra khi va chi khi (a; b; ©) = (0; 1; 2).

>
&
Cho a,b,c lacac sé thue duong. Chitng minh ring: _i+2_1)3_ X Satb+tc
) a?+b*  bi4c’ +al ™
1‘(\\
<
Lavi gidi d
Q)\)

Theo bét déng thitc AM-GM, ta co:
24’ 2ab? 2ab2 V,
=2a— >2 ——@—— Za—b
a2 + b2 a a2 + bi Z 48 & a
2
2b° ;QQ
—— b—¢
&
i&v—z »dc—a
+a
Céng vé theo vé cac bit dng thic cling chidu¥d cé:

2at a5* 2¢%
Wm*mz”b“ (gpem)

Déu ding thirc xdy ra khi va chi ]@?A =b=c.:
\"0'

o

Tuong tu, ta c6:
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Vi mt 6 bai tosn chimg minh BDT ma ca Vé tréi 1in vé phai déu 1 nhimg biéu thire phc tap viéc ching minh
tryre tiép kha khé khin. Thi ta c6 thé sir dung ki thust ghép ddi ximg ¢ don gian héa cng viée chimg mink, Mot
cdch don gian, ta c6 thé chia thanh 2 dang nhwr sau:

Gangl:chlfmgminhx+Y+22A+B+C \

Céng viéc chiing ta [a tim c4ch chimg minh: X + Y > 2A . Nh& tinh déi Xirng ta thiét }p thém duge 2 bit
ding thire twong tir rbi cdng lai , khi d6 ta cé duge diéu phai chimg minh.

Dang 2: XYZ > ABC

Ta thir tim céch chimg minh: XY > A”. Twong tir ta c6 thém 2 bit déing thirc nita. Sau d6 nhan timg vé
bit ding thite ciing chidu, ta c6 didu phai chimg minh. N
\_ Q J

\4
Ta hdy ddn xem cic vi du sau:
RN
Ching minh rﬁng v6i moi a,b,c > 0,thi ta c6: abe > (atQ‘—J::)(b +c—a)(c+a—h)
L&
N
B wigsi O

Bay 12 1 BDT c6 rét nhidu tmg dung da duge dé cip dén tron\g;sg‘k todn 16p 10.
Tru6e hét néu nher (a+b—c)b+c—a)(c+a— b) < (),&dé?éi todn 14 hién nhién. Béy gids ta xét truémg hop ngugc
lai, tirc 12 (a+b—c)b+c—a)c+a—b)>0 \ '
Vién dyng ki thugt, ghép d5i ximg ta chimg minokg.Q

Qﬁf >(a+b—c)(b+c-a).

2
May mén thay I3 diéu ndy hien nhi@qmlg theo BET quen thujc sau: xy < @ty 'zy )

.

) X
Nhu vy ta c6 phép chimg reifil hoan tét va ta c6 dpem.
AS)

' .
Cho c{hésﬁ thue khong &m a,b,c thda min ab+be+ca > 0. Ching minh ring:
X

. 2 2 2
\/l+a +Jl-{—b L fite >3
b+e c+a  Va+b
L pidi.

Khi ra cho hoc sinh bai tosn nay, ching t6i 14p tirc nhan dugc d8 xudt y tudng gidi 2 4p dung BT Am-GM kidu:
I+a* > 2a. Dé quy vé ching minh bét ding thitc sau:

B fuz_a >3
b+¢
Va “dém dbu” chimg minh B4t déng thirc trong c6 vé rit ding va....dgp ndy. Nhung néunhucho a=b,c =0 ta

théy ngay bét ding thitc nay...... khdng diing.
Nhu vy, c4c ban hoe sinh 44 Iip lai 16i mon muén thug 1 “nguoc diu”,
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Té6i di huéng din céc em lam “chat” danh gi cia minh hon bing cach 4p dung tryc tiép. Piéu ndy lam giam rdi ro
hon ( vi n6 khong lam qué 1ong bai toén ).
Nhir vay, theo AM-GM, fa ¢o:

,l-l—a ,1+b2 ’1—%—0 [—a Y1+ b3)(1+¢%)
b+ec c+a a+b (a+b)(b+c)(c+a)
Bay gio, phép chimg minh hodn tht néu ta chi ra duge:
(1+a2)(1+b)1+c*) > (a+b)(b+c)c+a)
Sir dung ghép dm x(mg, ta thir kiém tra BDT sau ding khong ?
(1+a®)(14+b)>(@+by
Nhan “tung tée” ra ta dugc bét ding thirc trén fwong duong véi: (ab-- >0

Nhu vy ta ¢6 dpem,
Cho a,b,¢ 14 céc sé thye dwong. Chimg minh ring: \
(a+b)(b+oXeta) (2’ +H Kb+ c?)(c® +a°) Q'\'
8abc (a +be)(b? +ca)(c’ +ab) \20
' N\
_— <P
N
Nhin chéo lén thi bt ding thic cin chimg minh duge viét ki thanh: Q
(a* + be)(b® 4 ca)c® +ab)(a+b)(b+c)c+a)= 8abc(a” + @—i— ) +a?)

Ta thir chimg minh bt ¢ing thirc sau dimg:
(c? +ab)(a + b) > 24/ab(b* + ¢ )g&fa )

Dé thdy vé phai co céu hinh kh ro ring 12 2\/_)(- Jén goi ¥ ta sﬁ\d g AM-GM.

Pé 1am dugc didu nay, ta thch VP thanh 2 sb hang. \Q
D4 ¥: (¢* 4+ ab)(a -+ b) = a(b™+¢*) -+ bc® +a )zsz(R’Qc Xe* +2%)
Vay ta c6 didu phai. &\

. L ;
Cho a,b,c 14 cic b duong. Chlﬁarg minh ring:
(@ +Q§Tb2 +ca)(c? +ab) > abe(a+b)(b+c)(c+a)

e"
O N
\"b- L gidi

Péi vdi nhitmg bai toan daRY ndy thi ki thugt ghép ddi ximg 12 K1 thust ma ta nén nghil t61. Nghta 14 ta tich bén vé
tréi thanh timg cap roighh ddnh gid sao cho hiéu qua.

Quan s4t, ta thiy ring;:
(2® + be)(bP 4 ca) = a’ b® +o(a’ + b’ ) + abe”

= a?b? 4 c(a + b)(a® —ab+ b*)+ abc’
>a’b? + c(a+ b)ab+ abc® = ab(a +c)(b+c¢)
Tuong ty, thiét lap thém 2 BDT nifa, ta o6 ngay diéu phai chimg minh.

(C.hn a,b,c 12 cic sb thye dueng thda man a + b+ ¢ = 3.Ching minh ring:

Ja-&-b +Jb+c N [c+a >3

c+ab a+be \lb+ac_
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L i
Ap dung Bt Déng Thitc AM-GM , ta cin phai chimg minh:
(a+b)(b - c)(c+a) > (c-+ ab)(b+ ca)(c+ ab)
Bay gidr ta s€ ching minh:
(a+b)(b+¢) > (c+ab)(a+ be)
Khai trién ra twong duong véi:
¢t +al+abc<3

(G-by b)

= (c+a)’ —2ac+abc = (c+a) +ac(b—2) <B-bY + 2 (h-2)<3

Viée kiém tra ham 1 bién con lai , xin danh cho ban doc xem nhu luyén tap

| a?+42p \/ b? 4 2¢? [ ¢ 247

Cl
ho &,5,c>0. Ching minh ring: Va® +ab+ac b’ +be +ca +Va2\i-ca+ab -
. NJ
I E s aaa ()
Ap dung bét déng thirc AM-GM thi ta chi cin chi ra ring: N
(20542074227 o o )b+ K4 a4 )
Theo bét ding thire BCS, ta c6: &‘Q

[l 2wt 2 = 5 6 ) 1 ) 1 e )
(524;2c2)(cz+2a) (b7 +c* +¢? (i\g-' +a’)> (c:"-H:a+ab)1
(¢? +2a%)(a” +267) = (c +a@ 2’ + 57 +b7) > (a’ +ab+ be)’
Nhén lai v6i nhau ta ¢6 dugc d_heu phai chimg mmhcpau dding thire x4y ra khi vachikhi a=b=c¢
5. Bét Piing Thire AM-GM suy rong; O\‘»

Phin nay chi danh cho hoc sinh c6 n @l néng cao kién thirc cho céc ki thi HSG todn cAp tinh va chon dagi
tuyén Quéc Gia

+Bb>a*t® (1)
“O oa a (

o Chimg minh
O .
Bit ding ugc&@.@ oa+(l-a)b>2%'"" & 0:% +(l-o)> [%]

Ménh 32 1. Cho «, la.hau 56 thuc duvong théa min: a +P=1via,b>0. Chlmg minh ring:
g

Dat %=x>o:ax+1—azx= Ia bét ding thirc Bernoully véi 0 <o < 1.

Ménh d€2. Cho o, >0,x, >0,i=1n, Za =1, Ta c6 bét ding thirc: Za x> ] [x

imt i=l

Chimg minh sir dung ménh d& 1 va phuong phép qui nap.
*  Céc ménh dé trén goi la bét ding thirc Cauchy suy réng.
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Cho 2, b 12 hai 56 thuc duong. Chimg minh ring:

2. b

2
+ b - an+bb1+b

Layi i
. . a = B
Bit dang thirc < a+ b>atttht,
a+b a+b
Ap dung ménh B 1lvoia= ,B b
a+b

D#u béng xay ra khi va chi khla =b.

Cho 2, b 12 hai sé thyre dwong. Chimg minh rﬁng

aa+b a+b \
> b QN

Lo i
Ap dyng ménh @& 1 v6i a=— p= b ta cé:
' a+b  a+b
2ab b a pralers
= at b>aa+bb=+b
a+b a+b a+b T ‘ ’\Qj
DAu bing xay ra khi vi chi khia=b. ’\\/

.2

Cho a, b 1a hai s thurc duong théa mén: a +cg\r 1. Chémg minh ring: a*b® +a°b* <1

N

Ap dung ménh @8 1, ta cé: &

aa+bb>ah® va ab@ba>bla® = 1=a> +2ab+ b’ >a’b’ +a'b’

Déu bing xay ra khi va chi khi a=b= -b\l‘

‘Q
Cho a,b,cla b{!@gﬂuc dwong théa mdn: a+b+c = 1. Chimg minh ring:
a*b’c® +a'bet +abic® <1
S
L i
Ap dung ménh dé 2 véi ba s6:

a'blct <a? b+’
a®b’c® <ba+cb+ac
a‘h’c’ <ca+ab+be
Cong ba bét déing thirc trén ta c6 bét ding thic cAn chimg minh.
D4u bing xay ra kbi va chi khi: a=b=c:%.
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Choa,b, a;, b; lacic s thyre duong thda mén:
~azba >b,aza va of>0:0+B=12a"">a’b
Chimg minh ring: ca-+pb > oa, +fb,.

L gii
Ap dung ménh & |, ta cé:

o ]
ca+fb=b, [aiﬂiﬂ]ﬂal —b,)aiz b, [3] [EJ +(a,—bJa>b +(a ~b o= oa, +fb,
a b a a,) |b

Déu bing xay ra khi va chikhi: a = a,b = b,

. c 1
( IMO Bulgarian) Cho cic sé thuc duong a, b, ¢ vi cic sb thuc '{)'\q,re‘();i,

Q

a+b+c=p+q+r=1 Chimg minh ring: a.b.csé(pa-[—qb-l—rclzog

.
A

L F

Ap dyng ménh dé 2, ta co: &‘Q

L1 L (1P Y \@\ Ny
—+q—+r—>{—| [—] |—!| vapb \ .ab > (b b) .
Pt (mf () (5] e s+ (o () a0

Tir d6 suy ra:
abc _
pa+gb+rc 1
p—
bc

WV
! LS (bl (cal (ab) <pb b
i i < " P/ﬁ: 1 - ={(bc) (ca)'(ab) <pbc+qcatra
+q—+r— [_tlj_r__
ca ab ab
B0 a2 b 1
:>Pa+qb+rc”® ?—qca—bra .

Khéng mét tinh tong quét, ta cb thé xe b <c.
Khi d6 p.bc+q.ca+rab 5p.bc+(q6r%\c—«p be+(1—plac (2)

Tir gia thiét: OSpg—;, nén ta co: <

O\l- 1 1 1 1 i .
éézb—p]ac < [5— p]bc = Eac—}-[i% p}ac < Eac+[5_p]bc

$)

\(b- + p.be+(1—plac S-;—( a+bjc 3)
o 2
Ap dung Ca .(a+b)cs[ii”-;i] -7 “
Tir (1), (2), (3) va (4): abe < = (pa+qb+rc)
Déu bﬁng x4y ra khi va chi khl
a=b=-1—,c=l a=c=l,b:-}- b:c:l’a=l
4 2U 4 2U 4 2
—q=tim0 Jpmrmlaco JomreLpso
P—Q—zs = p= —'2=Q— q 2,P

Cho 2, b 12 hai 56 thuc duong, o, 0, >0: 0, +a, =1. Chimg minh ring:
(1-+a)™ (14+)" 2 14+2a%b= (1)
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Liri gidi

e T B T a " b\
Bét ding thic (1) M = <1
at ding thie (1) [1+a] [1+b] +[1+a] [H—b] =

Ap dung ménh dé 1:
i 1 a b
M< + + o =o,+a,=I
—a’[1+a]+°‘1[1+b] 0“[1+a] 2[1+b] 1T
Nhn xét: Tuong ty, sir dung bt déng thirc Cauchy suy rong dang chira tham bién ta s& chimg minh bt déng thirc
téng quat.

Cho a; >0,q, >0:2n:cni =1,i=1,n. Chimg minh ring: ﬁ(]—}-ai)"" 2l+a?‘ *

i=l i=] il

Cho céc sb thyc duong a,b,¢,p,q,s duong thoa: pq + gs+sp = pgs . Chimg minh rél%‘\\
1 1 : <

(1+a")P(1+bq)q (1+c‘)§21+abc \20
oz F

| &10\1 1

A i thidt: L] : n ql sl PRI (ct ) =

Ap dung (*), tir gia thiét: ;+E+;=1,tac6. (1+a° {1+ b%)s (1+¢) 21\3@‘) (b")3(c’y =1+abe

)
Déu bing x&y ra khi va chi khia=b=c. ) \>
. &Q}
2
| 0Q
\O
a8
00
oF
8)
v
<
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h(BE)

(Bt ding thire Cauchy-Schawrz). ¥6i 2 day 56 thuc tiy y a,,a,,...,a, va b,.b,....,b,, taiudn cé bdt ding thire

(af +al+..+a2) (b2 + B2 +. ~+b2)>(ab, +a,b, +..4a,b, ).
Bing thize xay ra khi va chi khi (2,8,,...a,) va (bbb, ) I3 265 11 1, tiec 1 tdn tai 56 thuc k 8

a. =kb. Vi=1n.
Chitng minh: C6 3 cich don gitn chimg minh bat ding thirc trén. Q
Cdch 1. Dy 14 cic chimg minh quen thudc sir dung tam thirc bac 2. Q
Xét tam thire sau day \20(’

f(x)=(a,x—b,)2+(a1x—b2)2+...+(anx—b‘{!.
Sau khi khai trién ta c6
£(x)={a? b2l dta 2)x*—2(ab, +a,b, +.. +a&‘§3~+(b2+b2+ +b]).
M3t khac vi f(x) > 0 Vx € R nén theo dinh ly vé diu cia tarn thir
Af <04 (af +a}+..+al) (b 4 b2 +.. ﬂre’ﬁ’~ 2{ab,+ab,+...+apb, ).
Ping thirc xay ra khi phuong trinh f(x)=0 c6 nghiém, nﬁ{Mh khic (a,,2,,..,3,} va (b,,b,..., b,) 1a2bgtile,

Cdch 2. M6t céch chimg minh khic ciing rit cin nhc{'& s& sir dung lai trong 1 sb bai tip, d6 Ia phuong phép s
dung ding thirc. Ta cé hing ding thirc sau

a;+a)+.. +a b2+b2+ Q —(ab, +a,b, 4. +ab, a].b.—ajbi .
1

ijm=l
Va do d6 hién nhién phai ¢o é% :
(22 +a2 Q 2 (BB 4 412} > (ab, +a,b, +.. +ab, .

Cdeh 3. Ngoal ra bét din thire %uchy —Schwarz ciing c6 thé chimg minh truc lidp

bing bt ding thirc AM — G v6i 2 56 day 1a mot chimg minh rét hay va ding d& mé rong cho bt ding thirc
Holder
Q) 2 bl

() ai + i
N4 alfal+..ta  bltbl4.tb

§ ‘ S 2[ab;|

T @ 2l al )bl b 4 b

Cho i chay tir 1 dén n rdi cgng vé ca n bit ding thirc Iai ta c6 két qud. Bay cfing 12 mét chitng minh rit ngin gon
Ta rit ra mét s6 hé qua sau:

H¢ qua: 1). Véi hai dity 56 (apa5002,) Vit (by,by,..00b, )vo”i b, >0,¥i=1,n tacs:

a? | a? Slata +. +a,)
L I N B Bt IR Bat' dang thite Schwarz ),
b b, b= btb+.tb " € .

2). V6i hai day 56 thuc (a,,2,,...,2,) vu (by,b,,....b, }ta co:

Vel +bf +al + b2 .+ fa? b2 > .J(a, +a,+..+a,) + (by+b,+..+b,)" (Bdt ding thiec Mincépxii)
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Déing thirc xdy ra khi va chi khi (al,az,...,an) i (b,,bz,...,b,_) Ia hai b6 6 1i 1.
Chiing ta s& xét mét 6 bai todn coi nhu 14 mé diu cho bét ding thirc nay.

Chimg minh: (x’ +ax ~i—b)1 + (xz +ex+ t.’l)2 < (2::1 + ])2 véi moi a, b, ¢, d thod mén diéu
kign:a® +b> ¢’ +d¥ =1

Lar i
Su xuéit hién ciia biéu thirc binh phuong ,khién ta nght ngay dén bt ding thirc BCS. Vin & 12 4p dung nhu thé
nao, Buong nhién ta d8 c6 V& tréi 1 (x* +ax + b)2 ‘Va vé phai 1 tich 2 s6, trong 46 dé két ndi duge véi gid thit

rét c6 thé mot sé phai 12 (2x* -+ 1) Nhur véy , ta d& xuft céch dp dyng BCS aur sau:

m D
Theo Bét ding thirc BCS ta c6: QQ
(x +ax+b) <{x*+a +b’)(x +x7 1) =(x"+4° +b )2 +1 QO
(x* +cx+d) (x e+ d)(xF +x 2+1)=(x"+¢ +d2)(2x2 »
Cong vé theo vé ta duge: ,{Q\
(x’+ax+b)z+(x2+cx+d)2g(zxz+1)(2x2+£2+b2+c2+d1)=(2x2+\1p\
a2+b2+c”;§/5 \
Cho a,b,c,x,v,2 12 cic sb thye thoa mén x* +y -1&@'
bﬁ?-{-cz—%
Hay ifnh gi4 trj ctia bidu thirc pﬂ%
o ' -
O L i
%o

Ap dung BDT Bunhiacépxki ta ¢6: OO
(ﬁpﬁaz +e )(x +y +z ) (ax+by+cz)

Theobalmtacé (a® +b2+s&ﬁ +y +2)=2536=30" = = (ax +by-+cz)’

s 2 2 z 2y 2 52
Dodédﬁngthl’rcxéy1§9-=355=>a—2=%—=%—=35+—2-+—c222§=[_]
x y z x ¥y Z xX'+y+z 36

a b ¢ a+bitc 5
Suyra: —=—=—m————=1=
X ¥y z X+y+z 6

Viy: p.atbte_ .5
X+y+z 6

3a 4b 5¢
et
b+¢ c¢c+a a+b
v&ia, b, ¢ 13 che 6 thyre duong tuy 7.

Tim gi4 tri nhé nhét cta biéu thic P =
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Lost g

Ta ¢é:
3a 4b Sc¢ 3 4 5
3 44 S=(a+b+ec + +
b+c+ +c+a+ a+b+ (at )[b-i-c c+a a+b]
2
1 3 4 5 (\E-%-\/Z-FJ-S-)
=—l(b c+al+{a+b + z
2[( o)+ (ekaH( )]b+c c+a a+bJ -2
3 3+ V4445
Suyra: P= 2 + aL + 56 ( ) —12
b+c c+a a+b 2
b+¢ _t+a_a+b
Déng thire xy ra khi va chlk}u = .
2
S (\/§+JE+\/§) .b+c _c+a aitb
Véy MinP = —12 khi = = ,
2 NE) 2 N \
Y
Chimg minh ring ndu a,b,c >0, abc =1 thi \20()
1 1 1 ‘N
' - <.
24a 2+b  2+4c- . db'
N\
i L&
Tacs: ——+ -1 L 14y 2 PR ST SN S
"2+4a 24b 24c 2+a 2+hb \’j{+c_ 2+a 2+b 24c¢
Tén tai céc s6 thue x ,¥,Zsao cho a—- b—l )&Zz‘?,\cﬁn chimg minh:
y z
Xy 2
Y _yzgx__ X eI sleX ¥ 2
= ) 2
X ¥y Z 2y+x @ty 2x+z T 2xy+x® 2yzty’  2m4 2z
24+ 2+Z 2+; Q\
Theo BDT Svacxo ta ¢6: &
x? y? O > (x+y+z) (x-[—_y+z)2_1

2xy +x* 2yz¢g 2zx + 28 T 2xy + x4 2yz+ ¥ + 22x + 22 (x+y+z)
Dang thitc xay rakhi x = y@g haya=b=c=1. 4
Ta xét quamot 36 vi dy &r cao hon dé thdy dupe s tng dung cia bdt ding thire BCS,

'0 I'd .
C L’\sﬁg minh ring néu x,y,z 12 cic sé thyc thda man didu kién x? +y*+2* =2.Thi bit ding
¢ sau ddy 1a ding: X +y+2z<2+xyz .

Lari pidi

Ta s& giai bai toan ndy biing bit dang thic BCS , nhumg 1y do vi sao lai nghf dén 9

Didu ta cin d6 12 d4nh gid tong x(1—yz)+y+z théng qua tong x* +y* + 2*

Nhur viy , dang ciia BCS d4 xuit hién, vin dé i ta chon ddnh gi nhir thé nao ma théi,

Ta thir chon dénh gia nhu sau: (x(1—yz)+ y+zY S +y +2((0 - yz)* +1+ D

Didu nay khéng mang lai gi cho ching ta ca, viy hily tim céch két hop cédc b 58 khac.

Pé y thi déud&ngthucodﬁy xdy rakhi x =y =1;z=0 Nhu vy c6 mét quan hé kha ro rang la x = y+z Nhu

thé thir xem y+z Ia mdt sé hang xem sao. Ta s& d4nh gia:
(0= y2}+y +2)* SO +(y+2¥ M1+ (1 -y2)?)
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Nhur viy, ta cn chi ra ding: 201+ yz)(2 - 2yz +y'2*) <4 & Y2 <y'Z
Diéunay ding vitaco:y’ +2z° €2 = yz <1

Chimg minh ring néu x,v,z thudc dogn [—1;1] va thta man didukign x+y+z+xyz=0.Thi

ta co: VX +1+Jy+i+z+1<3

L gidi
Ta 4p dung BCS mot c4ch “thd so” nhét:

XL+ fy + 12+ 1 S PB3x+y+2+3)
Biiy it xét xem 3(x+y+z+3) c6 nhé hon 3 khong ? Chua hin ding khong ? Diéu d6 chi xdy ra khi
x+y+z<0.Vay by givtaxét x+y+z>0. ‘
Ta ¢6 thé gia sir z < 0. Liic ny ta ¢6 X,y € (0;1].Lic ndy ta c6 bién z nhur tach khéi ¢4l chung. TUr ‘3@,\“ duylata
s& danh gi4 2 s hang diu tién. ' N

.

Bay ta cin chimg minh: da.

@)
STy F 1Nzt ] <o f2x+ 2y +4 +4z+1 L
N

Jx+2y+4+Jz+1<3 *Q\
2Ax+y) —z A
24 J2x+2y+4 7 1414z \}d
& 2xy +2(1+xyWl+z < J2x + 25&-1-&
e (1-x)1-y) .\\/
Biygistarit z+1=—"——">
y gi o <2

Ta quy vé viéc chimg minh bt déng thirc sau: Qq,\
xy + (1 —x)(l—)Q(@rx)’) s,[1+ z : J

Ap dung BCS, ta cé: S :

Xy + /(1= x)(3 - yXi +<x§a‘

=xxy? +\ﬁ%&f+xy—y——xyz < JT+xy—y SlSJHﬂ
Q) 2

O

9 . )
Chimg minhran%{éwséduong a;b;¢ , ta c6 bit ding thite sau:
j\ (b+c—a) " {c+a—by 4 (a+b—c)® 3
§ a’+(b+c) b 4+(c+a)} c+@+byf s

Ly gl

Mét didu 68 dang nhan thiy & day 12 bic cia tir s bing béc cia mAu s6. Vi thé ta s& chia xubng dé dira v& mét biu
thire méi nhir sau: :

b+c .2 b+¢
(b+c—a) _ ( b >(2_a__3)2

a2+(b+c)2“_z ab—l-cz— b+c..
I+ 3+Z(T)

Dé cho gon ta diit 4n phy bte =x;ﬁ_:;a =y;a+b =z
a c

)

Ta cin chimg minh: (x +y+z—3) 232-()(2 +y* 428 +3).
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Diéu nay twong dwong véi: (x +y +z)* —15(x+ Y+ 2) + 3(xy+ yz+ )+ 18 > 0
Ching ta chimg minh duge: xy - YZ+EX > 2(x+y+z)
Nhur vy bit déng thirc cén chiing minh twong duong véi:

: (X+y+z) —9(x+y+2z)+18>0
Day 1a bt ding thirc ding vi x4 y-+2 > 6

Véi moi s6 dwong a, b, ¢ duong ta c6:
a + b n c >1 .
Ja? +8be Jb* + 8ac e +8ab

L pid

Taco:

2

b2
N B N &>
Val+8bc  Jb?+8ac <o +8ab ava’+8be  byb? + 8ac |- 8ab

Theo BDT Svacxo ta co: )
a? b? c? (a+ b'(cg

+ + 4
a\/a? - 8he by/b? + 8ac cve? +8ab (a\/a2 +8be + bm&ac +oyfet 4+ SabJ
N\

QO
Tacé (a\/a2 +8bc + by/b? + 8ac + cyc? +8ab) = (\/aT.JzP + 8abe 4@%3 -+ 8abc +veafci + Sabc)
Ap dung BDT Bunhiacopxki ta cé: oY
Q&
(\/;.\/a’ + 8abc + Vb.A/b® + 8abe + el + 8@) < \/(a +b+ c)(a3 +b++ 24abc)
N ‘
a’ b’ c? A (a+b+cf

+ + >
aa®+ 8be byb? + 8ac cvfc? + 8ab c&\/a2 +8bc + by/b® +8ac + ¢/o® + 8ab)

Do dé:

Ta cn chimg minh:  a® +b® + ¢? 4 24abe < @Qb +¢) 4 a’b+ b+ ca+ ab? 4 be? + ca’ > 6abc
Bt déing thirc cudi ciing ding theo BDT, ADFGM. Tir 46 suy ra dpem.

A

Cho a,b,c 14 céc 6 Qu% duong ¢6 téng 14 3. Chimg minh ring;

N 1 1 1 <L

QOO R 4bz+cz-|-a2+4c’+:at”—}-l:t2 —2

&
O o
(o Lo gidj

Lic nay sir bét déng thirc BCS , ta c6:
(a+b4c) a_2+ b? 4 ¢t
42’ +b'+c® 227 ai4+ b al4cl
Nhu véy , ta thao tAc twong ty v6i 2 s6 hang con lai rdi cong lai , chl ¥ ring:

. X
Déu tién , tﬁw +b' 4+ =222+ (a2 + b2 )+ (2% + ¢?)

=3

b’ c?
Z[—E"'_z+ 2T
a‘+b° c¢'+a

Nhu vdy, ta ¢6 duge didu phai chimg minh
Qua nhitng vi dy trén, ta thiy bit ding thirc BCS c6 nhimg tmg dung rong rai khd I6n. Cing xin lwu ¥ ban doc ring
bit ding thirc ny thye sy gisi quyét dugc rét nhidu dang toan khé vA chit. Trong gi6i han dé thi dai hoc thi bét ding
thirc BCS két hop v6i dao ham 14 mot ¢dng cu thuc sy manh. By gidr ching ta s& lam r {mg dung cia bt déng thirc
BCS dang céng miu sé.
Trude hét, ta xin nhic lai bt ding thie BCS dang cong mau s ,hay cdn c6 tén goi la Dang Engel:
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Vi hai day 56 (8,,2;8,)s(By,By0e b, ) V61 >0, Vi =Ton tace:

z
a_,’+£+".+_aw_f,_2(al+az+...+an)
b, b, b, ~ b+by+.+b

Bay gid, ta s& di vio nhimg vi dy cy thé dé cy thé héa cho phuong phap nay. Hay doc thit ki, thit ki nhimg didu sip
viét, hy vong riing ban doc s& c6 mdt c4i nhin méi vé cdc bai tosn bét ding thirc. Quan diém cda chiing 16i 14:
Nhitng cong cu don gidn nhit 14 cong cy manh nhét”

(A-2013): Cho céc s6 thye duong a,b,c thtaman (a+c)(b+¢) = 4¢? Tim gid tri nho nhét clia

32a° 32b° al+b?

biduthic P= 5 T
(b+3c)y (a+3c) c

A\
o M
Léri gii SO
Ta thiy vai trd cia a;b & trong bidu thirc 1a gidng nhau nén c6 thé du dodn ring GTNN dat tab%g b jthay vio diéu
N\

kién ta cé a = b= ¢, Nhu vy ta s& dodn dugc Pmin =1—+2
Quan sét tiép ta thiy didu kién cho & dang déng bic nén ta s& tu duy ngay ,d{@ cach &4t quen thudc sau:

a=xcb=yc.

Ta di vAo giai bai todn. \)d

Dit a =xc;b=yevéi x,y >0 ,thitacé (x+1}y+H=4. ,\Q;
32x° 32y° TV,

oy Tary X

Ap dung bit ding thitc (u+v)? > 4uv vao didu kign ta c6: 16\ +y+2) & x+y 22
Va 16 =(x+ 1)y +1) > 4xdy =16xy = xy <1 O

Ap dung bt dfing thirc BCS dang cong mau s ta cé: K
_x_s-_}___lg,__:_&)?_‘_ v S 2 +yY
. (y+3¢¥  (x+3F x(@F3  yx+3 x(y+ 3P + y(x+3)°
Mt khéc , ta cé: .()
*(y+3F +y(x \l"= xy(x? + y2 )+ 9xy(x + y)+ S4xy +27(x + ¥}

SO +3") SRk +y) + 270 +¥*) S 64(x 4y’

2 2
Do d6 sz——;—'y——\/xz+xz\@'?2—-—t;t2 NG)

, .
péy: %—t=(t f W2 -121-2
Phép chimg minh dugc hoan tét.

Cho a:b;c 1 c4c sé thuc duong. Chimg minh ring:

3 b ¢’ +b+c
2 2. 2+ 2 2+ 2 22a
a +ab+b b 4+betc® ¢ +cata 3
Lavi g

Pay 12 mét bit ding thuc dang phan thic , tr duy nghi ngay dén @6 13 4p dung bét ding thic BCS dang cong mau
s6. D& 1am duoc didu d6, trude hét ta lam chin bac cda tir sb.
a® b ¢ a’ v ¢!
7 7+ 13 Tt T .2 ~+ 2 Tt ]
a’+ab+ b’  bi4betct  c4cata’  a(@ +ab+b’) b +betc’) cfc +ca+a’)
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Thea bt déng thire BCS, ta c6:
at B* ct @+ -+t 3’
a(a’ +ab+b%) + b(b* +be +¢?) * c(c® + ca+a%) z a’ +b’+¢ +ab(a+b)+ be(b+¢) + ca(c +a)
Ta cdn xir Iy ¢ miu sé. Pé y ring ta ¢6 déng thirc:
a’+b +c’ +aba +b)+be(b+c)+cafc+a) = (at b+c)(ab+bc+ ca)
Nhu viy ta d3 chimg minh dugc:
a’ b’ ¢’ S a’+b* ¢’
a’+ab+b? * b* + be+¢? -l_c2 +ca+a® T a+b+e

Buang nhién, ta s& c6: (a-+ b+ ¢)® <3(a?+b* +c?)
Vy ta c6 didu phai chimg minh.
Qua 2 vi du trén, d4 phin no khing dinh duge stc manh ctia bit déing thirc ndy. Qua 2 vi du ndy , ta s& nhin mot
cach tong quét hon vé céch ap dung phuong phap nay.

+C6 dang mAu sb ddi ximg )

+Lam chin béc ir 56 , néu nhr bac 1¢é ta s& lam ting 1én mét béc rdi dénh gid. Puong nhign sé c6 trudng hop bt

ding thic nguge diw, dimg lo ling, haly manh dan m ting bdc cao hon nita. Lic 46 danh g Uing ta s& chit hon
+ Gidi quyét bit ding thic dbi ximg con lai. O
‘\p
Cho c4c sé thee duong a,b,¢,d .Chimg minh ring: N
a b ¢ Y d 2
+ >2
b+2¢+3d c+2d+3&+d+2aj{{®a+2b+3c 3
\)
L gidi Q,\)
Trude hét, ta 1am chéin bic ctia tir sé: N
a2 + b2 , @ c2 + d2
(b +20+30) " be+ 24 +h “o(d+22+3b) © d(a+2b+30)
Ap dung tuong ty vi du 2, ta co: S
a’ c d

: & +
a(b+2c+13d) + b(Q#’)Zd +3a) * c(d+2a+3b)  d(a+2b+3c)

{a+b+c+d)y
0& 4(ab+ bc+ cd+da + ac+ bd)
Bay gid, ta cn chimg minh: <
N3(2 +b+c +d)* > 8(ab+ be+ ¢d + da +ac+ bd)

Khai trién ra, thi ta cin chirgyWinh:

Q (a+b+c+dy > 4(ab+ be+cd +da)
May min i4 diu nay,ién nhién ding. Ta két thic ching minh tai day
Vi dy tiép theo %31 to4n s6 4 ki thi Olympiad todn quée té néim 1995, Nam ma doan Viét Nam dat két qua rét cao
tai Hong Kong\Bai todn ndy d4 duge xuét hién trong rét nhidu tai ligu, v& duong nhién, né ciing s& dugc giai quyét
bing bét d?@ﬁﬁm BCS.

Cho a,b,c 14 céc s6 thye duong théa mén abe = 1. Chimg minh ring:
1 1 1 3
+ + >2
a’(b+c) bi(ct+a) c'(at+b) "2

Lo pij
Ddu tién, ta s& viét ai bt ding thitc du6i dang d2 nhin hon:
i
L 1 1 1,11
a® + B + & [a+b e _ab+betea 3
a(b+c) blct+a) ¢(a+b) ~ 2(ab+bc+ca) 2 2
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Nhur v4y ta c6 didu phai chimg minh.

Binh Iugn: Ngodi ta dya vao didu kién tich abc =1 ta c6 thé nghi ngay dén viéc ddi bién a = ¥z
Céc ban ty gidi quyét theo huéng ndy xem nhu 14 mét bai tip

Vidu tlép theo duge d& xudt bai Peter Scholze ( ngudi 483 14n dat HCV toan qubc té, trong 46 ¢
duge td chirc & Viét Nam )

Cho a:b:c 12 c4c sé thyc dwong Chimg minh ring:
@+b)  (b+of (et 8
¢’+ab a’+bc b2+ac

Lo gidi
Cling fuong tu nhur céc vi du trén , 4p dung bét déng thic BCS ta cd:

2
- 24(a;l-b+c) >6
a’ + b’ +¢’ +ab+bctca
RAt tidc , chiing ta lai b nguoc chidu. Nhu 43 néi, biy giv chiing ta s& 1am chit thém d4nh gid 220
néng béc 1én. N
Vé trai dugc viét 1ai : db’
b’ \
VT = Z__.Ezil__. &\Q
(a+b) (c2 + ab) d

N
)

Ap dung bét déng thirc BCS, ta dua v& chimg minh bt dang thirc: AN
(Sa+vy BN a+b&(q;wab
Khai trién, ta duge: \
2(a* +b* +¢ *)+ab(a -&-b”)+bc(b1 +c*)+ca(c? +a® @c(a+b+c)> 6(a’0* +b'c’ +¢
Ta ¢6 danh gid sau: be(b? +c*) > 2b%c? O
Viy ta cin chimg minh: a* +b* +¢* +abe(a+b 92 a*b* + b’ +c2a2)
22’ + bic* +cfa’) ~(a’ —I-Q)Q- ¢y=(a+b+c)atb—c)btc—a)c+a-
Véy ta cin ch,(mg' minh: abe > (a +lj${ﬁ~‘cw a)(?-|— a—b)
Péy 1a mot bét ding thire quen thuge cép & phén trude.

Qs

Cho a,b,c lﬁgﬁ@% thyre duong thda man abe =1 .Chimg minh ring;

2 Jo Je
2+bva 2+c\/g 2+a~/5_

Lo g

P=

Y z

Khi 46, ta viét lai P duéi dang:

BN ) A . M ¢ )i
(xyP +2xyz°  (vz) +2x'yz (=)’ +2y'2x
Ap dung bit ding thuc BCS , ta co:
BN 20 MR - M v M (y+yz+z)
(xy)" +2xyz* (yz)' +2x%yz (zx)2 +oytax (xy) + (yz)2 + ()" + 2xyz{x
Vay bt ding thirc 43 dugce chimg minh. - '
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Cho x,y,2 14 céc s6 thue duong thda méan x,y,z & (0;1) va théa man
xyz = (1—x)(1—y)(1-z) Chimg minh ring:
x2+y“+y2+z“ 2 4x' 15

+ ==
y z X 8

L pidi

Bit a= 1—;5 tuong tur v6i b,c Nhu viy tacé abc=1.
Ta nhin thiy luén tn tai 2 sé cing 1o hozc ciing bé hon 1. Gia sirdé I2 a,b.Vay ta c6:

(a~1)(b-1)>0 @ a+b<itab= 1S
]
Ap dyng bt déng thitc BCS, ta c6:
1 1 I i c

(1+a) +(1+b)2 2(1+ab)[l+%]+(l+ab)[l+a] H'ab W;"

()
Nhir vay ta cé:
! 1 1 c \(c—z 3.3
S + > <1$ Tt=—=~
(l+a) (l+b) (1+c) e {14 41+c) 474
Bay gid, lai str dung bét ding thirc BCS, ta c6: \Q
S A L “2)2 @ﬂ’ +7)
etz 2 2 =
Y 2z x T X'y+yz+zix \/x3+9+z xy +y'z? +zzx1)
X4y’ 4z
> ( Y 2)\’(2®' 3(x+y+z)-§-
X +z
\/(x2+y2+22)( )
06- 3
Mt khdc, ta cling c6:
{x’ +%’\+— Z)xX+y+2) = (X +y +22)
&MY +2) 2 (x+y + 20
. 5
Vaynén: 3¢ +y' 427 > 62 +- P12t > [—]
TN :
33, 33 QO
Viy X’ +y’ +2°>= NS
5 8 @ .
Viy ta cé diéu phai (’:ﬁng minh, phép chimg minh dugc hoan tit.
&\
m gid tri nho nhét cia bidu thic P = - 4t R trong 46 a,b,c 14 c4c s6

2442 34+9b  6+36c
thye duong thda man a+b+c=1.

Liri g

Ap dyng Bt ding thire BCS | ta c6:
9 4 _ 1 ,36_1

T18436a (127368 61366273 2

Diu déng thir xay ra khi:
3 2 11
[8+36a 12+36b 6+36c 12
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Cho céo s6 thyc x,y,z =1 théa min xyz =1 .Chimg minh ring:

22

Vi xyz == 1 nén tdn tai a,b,c sao cho x = b—:;y = %%—;z = 2
a ¢
Khi 46, bit ding thirc duoc viét lai dudi dang:
a4 b4 c4
+ + >1
(a’—be)!  (b*—ca) (¢’ —ab)’ "~
(al +b2 +02)1

An dung bét ding thirc BCS, tacé: VT 2
poung & = (@® —be) + (b —ca)® + (cF —ab)®

D& ¥ ring: (a® + b? 4 ¢?)* — (a? ~ be)? + (b? ~ ca)’ +(c” —ab)’ = (ab+be+ ca)® nén ta cé dpem. QQ

Wit Gidu khé dic biét & bai todn nay la déng thite xay ra tgi vé sb diém. | O
Ta c6 thé giai bai toan nay theo mt hudng kbéc nhu sau: \20
a b c N\

Pt x=—iy=—;2=—.

ax b Y [ ‘ a \db’

L . a ¥ ,\‘0
Bt ddng thirc d8 cho trd thanh: Z — =1

a-b) 7 &

Ab dung BCS, ta co: VT[Z (a—b)*(a—c)*|=[a(a—c)+ b(b—a)+ c(c,—\ %)
Tachayla xy+yz+zx =0 v6i x={(a—bja— e)y =(b—c)b— a);%}/(c— a)c—b)
Tacé: [Z (at«-b)l(a—c)z]::x’+y2-|rz’=(x-i—y+z}2 >

Laidéy x+y+z= a(a;—c)+b(b—c)+c(c— a). Vayta u phai cht’xﬁg minh.
Ta thir kivio s4t m6t vai vi du vé céc bét ding thirc khong @67 xtmg xem phuong phap nay cb siic céng phé khong ?
Pa phin , c4c bai todn nay 12 téng clia nhiéu s han 62 s hang 14 déi ximg nhan va sé hang kia khong déi
ximg, d& ddn bién, ta phai dénh gid 2 s6 hang déi{é\g biing bét ding thirc BCS. Ta hiy theo doi.
o
Cho c4c sb thuc khong am g;be thésa man ab-+ 2bc-3ca = 6.Tim gid trj nhé nhét ciia biéu
thirc: ‘QO
(Q, {a+bXb+cNc+ar+datbto.
ot
b

_ . Lii gidi
Trude hét, ta doan dag¥ing thirc xay ra khi nao , dira véo didu kién ta s& doan nhimg b s nguyén duong va thda
man ab+ 2bc+ 3ca = 6. D& dodn duge (a,b,c)=(1,0,2). ' :
Thay c4i diém roi niy vio thi ta thiy ngay didu duc biét (a+b)(b+c)c+a)=4da+b+c=6,2 biéu thirc ndy
biing nhau. Lai mét phép tinh nita la bac 3 cong béc 1 dem chia cho 2 nd s& duge béc 2 ( dimg bing béc cla gia
thiét ).Nhu vay ¥ tudng sit dung AM-GM khé 19 thién.
Theo bét diing thirc AM-GM, ta ¢6:

(a+b)(b+c)c+a)+4a+b+e>2(a+b)(o+e)(c+a)datbro)

Béy gid, ta ciin chimg minh: (a+b)(b+c)(c+a)4a-+rb+c)=36= (ab+ 2bc + 3ca)

Y tudmg sir dung BCS khé 16 ring , ta cb:
M = [a(b+c) +b(e—a) +e(a+ by j(4a+b+0) = (2a(b+e)+bc—a)+olat b))
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Véy M2 (ab+2bc + 3ca)’ | ta c6 ngay didu phai chimg mink.
Binh lugn: Céc ban hay thir xét higu: (a+b)(b+c)c-+a)4a+ b+c)—(ab+2bc+3ca)* xem thu duge didu gi
nhé !

Vi che s6 thye duong X,y,z thda mén didu kisn X+y+l=z
3 3 14
Lt S-S
x+yZ y+zX zZ+xy (z+l)\f(x+1)(y+l)

Lt i
Hinh thitc ciia bai to4n khién ta nghi ngay dén phuong phap ham s6 . Vén dé 12 ta s& xdc dinh dén v& bién nao ?

Nhin thiy c6 sy ddi ximg ciia 2 bién x, y nén ta khong thé ddn theo 2 bién ndy dugc. Vay tasé dén z. Bay gidy
bién 2 ta 52 khong dung cham gl né, giir nguyén. Ta s& cb dira 2 bién con lai v& z . Dé ¥ didu kién , viéc dua vé 2

dong nghia véi vige rit ra c4c biéu thic dang (x + ¥)hoic céc bidu thic ¢6 thé dénh gid duge véi (x+ y).

Tim gid trj nhé phit coa biéu thire: P =

Pé y 56 hang cuéi cb c4u hinh vab nén ta c6 ngay dénh gi4 theo AM-GM: Q'\r
. X+y+2 @)
+D(y+ < —— L~

VE+D+) < > \20

+1)

N 4
By gi&s ta kho khan & viée xir 1y 2 s6 hang du tign , c6 mét phuong phﬁﬁat manh ¢ xi 1y biéu thic phan thirc,
d6 13 4p dung bét ding thic BCS:

P2 2;6\’
z+xy:x+y+l+xy=(x+1)(}’+1)5\X+);:FV~(Z

S SN S s

x+yz y+zm X'Fxyz y'+xyz
& +y N

N .

Xy 42 °

S (x2ﬁ2 :x2+y1

_x’+6<}\6<2+y2)z z+1

>($) _(-p

‘&z( 1) 2z+1)

i (z—1)* 42 Q" 28

Véy suy ra; P> + L

T 2 ) (zillf‘*(z+1)z

Khio sét ham s trén z > @oduqc Minp = 22 dattai x=y =

o 8

)
K0P . s
C] 3\:éc 50 thye dwong 2,b,¢. Tim gi4 trj nhd nhit coa bidu thie

sZ =

Wl

1
3

2
a b c c
= + +
b+c c+a a+b [a+b]

Lisi i
- Nhén théy ring sy xudt hi¢n dic biét ciia —_TI xuét hi¢n 2 lin nén s& rit OK néu nhy ching ta ddn vé bién
a
t =—-_T-?E. Hai s6 hang dhu tién 1a 46i ximg theo a,b nén ta cin ddoh gi4 ching dé dva vé t = -T—b . Tasé 4p
a a
dung BCS:
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Ta ¢6:
a__ b 2t b* > @+by? 2(a-t by
b+c c+a ab+ac boc+ba  2abtclatby 4ab+2c(a+b)

2
, . ,@t+b)
Aa+b 5

“a+b’+2(@+b) (a+b)y  atb
e TP

2
Vay néudit 250 ¢ thitace: P2 oot o
. c T2t ot
Pén day, ta c6 thé khao st ham dé tim gid tri nhé nhat.

Bai toan tuong fur: Cho céc s6 thuc duong a,b,c . Tim gid tri nho nhitcha P= a +‘ b + c
b+c VYoc+a a+b

[Poland 1991] Cho x,y,z 12 céc s6 thyc théa mén: x* +y* + z! = 2. Chimg minh: Q
x+y+z<xyz+2 ()Q

©

. Loi ii \ N
BT <+ x+y+z—xyz<2 .\db'
Phu tién v6i diu bing tai (0;1;1) ta tich mBi s hang trong vé tréi ra 2 nhén tir aé déftﬁg%lg xay ra dong thosi tan dung
gia thiét thong qua BBT Cauchy Schwarz va dua v& mit dn. Khi di théng '@gng ndy cac ban s& thiy khong

thumg thi khong phai quan tim diu bing: L Q
Ta cd: \,\

VT ={x(1-yz)+(y+ z).4[ < [xz ﬂ«\é\Z)IH(I B yz)i N 1]

(x2 +y +2t+ 2yz)[(l —yz)' + 1]0624- 2yz)(yzz2 —2yz+ 2) .
Pt yz =t Ta ching minh: (2+2t)[t —-2t+2]§4#(ot2 <0et<l

Taco: 2=x+y +22 2x* +2yz=x" +2t > 2t 12t

V3y ta o6 didu phai chimg minh. 00
. A * 2 2 2 :
Cho x,y,z 14 céc s thire @@ min: x* +y' +z° =8. Chimg minh:
éo 4(x+y+z)—-xyz <16
RS

Ta cé: \ -
ﬁTz = [x.(4 —yz)-(y+ z).éi]2 < [x2 +{y+ 2)2][(2 - yz)2 + 16]
(x*+y +2*+ 2yz)[(4 —yzf + 16] = (8+2yz)(y*2" —8yz+32).
it yz =t :Ta chimg minh: (2t+8)(t ~8t+32)<256 &t <4 |

D& co didudo vi: 8=x>+y +Z° 2y +2° 2 2yz=2t.
' V4y ta c6 didu phai chimg minh
Ding thirc xay ra khi va chi khi (x,y,z)= (0;2;2) va céc hon vi cita nd.

[JBMO 2002 Shortlish] Cho a,b,c la cdc s6 thie duong. Chtmg minh réng:
a? b o _at b
e o
b® ¢ a* b ¢ a
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_IM. .'..-
, b3 3 2 b2 CZ
Ap dung BDT AM-GM ta cé: b—-.— 2+ +a+b+ c>2[b +——+-~]

2 2 2 2 2 b3 c] aZ b2 CZ
Ma %+b +— +a+b+c>2(a+b+c)=> 5 +b +E—>a+b+c Suyrab—+ + 2_—6-+ +;
dpem!
Cdch 1:
Ap dung BDT Cauchy Schwarz 1a cé:

a’ b* c’

[a(a2 +ah 4 b’)—!—b(b2 + bc+ci)-+ c(c’ +ca+a2)]2

+ +
a’+ab+b’  b+botc? o +catal
2(::1:‘—|-1)2+cz)2
Ma a(a2+ab+b2)+b(b’~+-bc+c2)+c(02+ca+a2)=(a+b+c)(a2+b2+c2)

a’ [} ¢ a’+b*+¢? \
T e > N
a"+ab+b*  b*+be+c®  Ficata a+b4c

a2+b’+ci>a+b+c
a+b+4+e¢ — 3
Vay ta c6 dpem! Ding thirc x3y ra khi va chikhi a=b=c

4:)3(a2+b”+c2)2(a+b+c)2 dting! . \20

Ta ¢cé: \

Tuy nhién, bai toén nay lai cé m@t ¢éch gidj khdc, d6 chinh 14 d4nh al d:en hay réng hon 1a phuong phép tiép
tuyén, Nhumg & dang ndy ta chi cin mét chit ki thuit trong phu‘ 4p dndh gxé dai dién nhursau:

Cdch 2: Ta s& tim xy sao cho BDDT sau ludn ding: - \’
a3 &’0'
7 > ax+ by
al+ gBt}- b

BDT « 2’ >(ax+by)(a +ab+b2) (1-x &@Q W > (x+y)( a’b+b’a )
Lai ¢6 BPT a +b3>a’b+bza¢) a+bb}—b > 0luén diing nén ta s& chon x,y, sao chio:

1—x=—y=x+y@x=§;y= é) BDT trén fudn ding!

1
BégéT o \@— ——b. Thit vay:
I gidi: Tac WB 3 4t vy
BDT & 3a’ > (2 +ab@3)(2a—b)<=>a’+b32a2b+ab2(lu6ndl’1ng)
Tuong tirta ¢6: \
. b’ 2, 1 ¢ 2 1

-T2 -b——¢ —< —>Z¢c——3
b*+bc+e®> =3 37 clcatal 3 3

Cong vé theo vé cac BT trén suy ra:

a’ b @ a+b+c
2 2 + 2 2 + 2 2 2
' a’+ab+b*  b*+bet+c?  *tcata 3
Déng thitc xdy ra khi va chikhi a=b=c
Dinh gid thong qua sir dung BT phy s& duge sir dung nhidu sau nay.

Cich 3: (Cauchy ngugc diu — Két qua khi dua ra BBT phu 6 thé gibng nhau nhung tu tirdmg thi khac):
Ta cé:

a’ g 2btab’ a_ab(a+b)_a_a+b_ga_ib
a®+ab4+b®  altabtb’ 3ab 3 33

Va lai giéng nhu trén.
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[USAMO 2003] Cho x,y,z la céc s6 duong. Chimg mink ring:

(2a+b+c) . (a+2b+c) | {a+b+2c)
2a% +(b+c)  2bi+(c+a) 2¢2+(a-tb)

<8

Vi ¢6 nhidu cach gii va sau ddy 1a cach sir dung bién d5i kha hay:

{(2a+b+c) 3 2(b+c—a) <3 2(b+c—a)’ 3 (b--c—a)
24 (b+c) 2a' +(b+c) ~ 2(a+b )  at4bi4c?

Suy ra ta cin chimg minh:

(a+b—c) +(b+c—a) +(c+a—b)

a’ +b* 4+ ¢
& a? 4+ b +¢* > ab+ be+ca(ludn ding)
Pring thic xéy ra khi vi chikhi a=b=c \

Bai todn tudng chtmg don gian trén lai cd mét s6 tmg dung tét trong viéc dinh hudng dem dén ty tie)%'}di cac bai
toan khéc dua vé né:

Ta cd

?_>1¢=:»(::1+‘t)_—c:)2+(b-’,-c—~a)2+(c+a——b)2 a4+ b 4¢f

[DH Khéi A nfim 2007) Cho x,yz 13 céc s thuc dwong thay ddi tha mm& 1. Tim gia

tri nhé nhét ciia: &‘Q
X(y+z) | Yiztx) | 2O
J_+2zJ_ zf+2x«/_ JQ_) Y
Lo g ) \/\

Ap dung BDT Cauchy tacé: x*(y+z)= XZZJy_ =2xx &rb'

u 2x4x ZyJ_ 224z 2
Swr P2 yJ_+22J_ z«f_+2x\/_ xJ_+2y,f_ QQ

bat x&:a; yﬁ=b; 2z =c.Tact: ()\
a b c .
P>2 ua, t(‘:lmb@:M
- [b+2c+c+2a+a+2b]c1 yHIR
Viy Pmin=2t3i x=y=2=1 O\l‘

Dang cia bl todn trén lgi md ra mé@@d'ng di nhanh chéng cho bai todn saw:

Cho a,b,c 12 cac ségfxuc duong. Chng minh ring;
a+b+c-
§ \la+ \J \}c+a a +b2+c

' L gidi
Dé nguyén nhu vy danh gi khé long dem lai két qua gi!

_ > 4a __da
b 2aat+b  2a+{a+b} 3a+b

Ap dung BPT Cauchy ta cb: | ?:
a

‘Tuong tw cho 2 bién con lai ta c6:

}2b>4b_ 20>4c

Vbt+c 3b+c Veta 3ota

Cong vé theo vé céc BPT trén ta ¢é:

2¢ 4a 4b + 4c
Va+b \Ib+c c+ 3a+b 3bbc 3c+a
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Ap dung BBT Cauchy Schqarz ta c6:
[ 42, _4b
3a+b 3b+c 30 +a

Ma a(3a+ b)+b(3b+c)+ c(3c+a)= 3(212 +b? +cz)+ab+ bc+cat$4(a2 +b? +c”)

][a (3a-+b)+b(3b+c)+c(3c+a)] > 4(a+ b+ )’

Suyra

4a 4b 4o (a+b+c)

o>
Ja+b 3b+c 3Jc+a al+bi4c?

Viy ta ¢6 didu phai ching minh,
{-)é’mg thuc xéy rakhivachikhi a=b=c¢

Choxyzla céc sb thire duong théa mén xyz =1. Tim GTNN cia:
1 1 |
= +-3 +—
X+xy y+yz zi4z

!-E- 15- ()
;z=%.Khid6: ,\\20
b (5&
b2+ac ¢ +ab a +,@
Ta cé: zaz > 2’ 2a* d

7
b* +ac b2+%(a2+c) a® +2b% 4 ¢ \}

Tn tai c4c s6 a,b,c sao cho x = -I?-;y = %
a

1 a’ b’
Viy P=— +
Y 2{a* +20° + & ' Al 4 bi 4200 2a +b1&g#’
bén day don gian rdi, sir dung Cauchy — Schwarz r@}bél todn co s& ta thu duge
P —-—~tz;ux y=z=1 00'
Binh lugn: Luu y céch xir 1y didu kign _Rcﬁ}ang 1.

Cho a,b,c 1a cac s t&@,dmmg. Chimg minh ring;:

O\l.‘ a’ N b2 & . 3(az+b2+cz) )

+
“O b+c c4+a a+h™ 2

o2

' ®'() ! g ] .Eu
Ap dung BDT Ca¥chy — Schwarz ta co:
: a’ b? n c?

b+¢ c+a a+b

]{ (b+c)+b2(c+a)+c (a+b)] (a +b2+c)

(az +b? +Cz)3

Ta chi cén chimg minh: a*(b+c)+b*(c+a)+ci(a+b)<2 3

Ap dyng BBT BCS ta co:
ab(a+b)+bc(b+c)+ca(c+a)S\/(a’bz+bzcz+cza2)[(a+b)z+(b+c)2+(c+a)2] ‘

M3 a%b® + bie? +-¢fal < %(a2 +b2+ 02)2

Vi (a+b)° +(b+-':)2 +(c+af < 4(&2 +b? +cz)
Nhén vé theo vé cac BDT trén suy ra didu phéi chimg minh.
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Cho a,b,c lacac b thue duong thoa man: a-+b+c2 32 . Tim GTNN cfia:

» . ]
=3a'+— +J' +— +(f —4
Ap dung BPT Cauchy — Schwarz ta c6: [4 +~—][ a' +—1;1-] [2a .|_,._] ma

ot

=3>141[a+ ] [2fa+2\;§] ?7 >Z<’[2fa+2J—a

A dung BDT Cauchy ta ¢6: Q

sl Al 4@2@; S
Suy ra E-PZEJE.Z[Zﬁa+2—J_—]—§][E]’

Viy ta chuyén vé bai toan: Cho a,b,c duong thoa m3n a+b+c2 3\/_ Tim @

N= 2J—(a+b+c) T
ﬁa+22fa 3=>N>0@(a+b+c)+%2%1

ey O rf

Dng thwre xay ra khi va chi khi a=b= S#x/_

Viy P m,nﬂ3{[§tala— —c__\/@
7. @%mmﬁqmg&

4. S the@t thém-bat

[

Ap dung BDT Cauchy ta cé:

Suy ra:

Dy 1a mft ki thuit khé quan trong trong viée sir dung bét ding thie Cauchy—Schawa:z DPac bigt 12 khi cée bai bﬁt
dng thirc khé dénh gia. Y tudmg kha don gidn do 1a: Pé chimg minh mdt bét ding thitc cé dang

f(a,b,c) > g(a,b,c)
mé néu chirng minh tryc tiép ¢6 khi s gap khé khan thi Hic nay, ta s& tim c4ch chimg minh:
f(a, b,C) - h(a: b,C) = g(a: bs C) - h(a: b, C) .

Va ta hy vong ring danh gid ndy cang chit cang tét. h(a,b,c) & ddy cd thé 12 sé hotic 13 mot bidu thirc chua bién.
Dé cu thé hoa , ta s& cling xét mdt sb vi du saw:
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Cho a,b,¢ > 0.Chimg minh ring:

a’ 4+ b? b’ +¢? ¢’ +al < 6(a’ + b? +¢?)
a’+ab+b’ bl 4+bedc’  Ptcata (a+b+c)?
La oidi

Vi cic hoe sinh chuyén Todn thi bii todn ndy sé& durge cic ban giai bing ki thuat phén tich binh phuong. Nhumg
chiing ta hoan toan giai dugc bing bét ding thic BCS.

Néu 4p dung BCS cho v& tr4i thi ta thiy ngay chidu ctia bét déing thic bj ngugc. Nhu viiy ta s& ngh dén viéc thém-
bét dé lam déo chidu bét dang thire. Ma cu thé ¥ tudng clia ching ta s& nhu sau:

Ta s& thém bét mét s k sao cho:

2 2 2 bl 2
Z(k_ za +b 2)231(_6(3 + +2)
a‘+ab+b (a+b+c) \
s (k~1)a’ + kab+ (k — )b’ >3(k—2)2a’+2k
a’ +ab- b? - (a+b+e
N\
Bé dim bao cho viée sir dung BCS, thi ta cin phai cé: .\db

. N ,
(k—1)a” + kab + (k - 1)b%;(k — 1) b2+ kbe + (k — BDelk -«-&{& kea -+ (k—1)a® ddu phai duong ca.

s ., . ) L =k —4k-17<0
De chic chin, ta s& xét diy 1a mdt tam thic béc 2, thi ta phaic > 1
N\ k2
v

B ., ’\
Viviysuy ra k>2.Viy ta s chon k nhé nhit1a 2. K

Khi d6 bét ding thirc cdin chiing minh trd thanh: QG)

O
£+ by?  12(ab+ bo+ ca)
§®+ab+b2 T (@a+b+e)?

o) 2 2
A S i +b) 4a+b+c)
Ap dung bt diing thic BCS, ta c6 T~ & >
paung ang thic BCS ac~%.—=ﬁ+ab+b"‘_2(a’+b2+c2)+ab+bc+ca
N

Nhu vy ta cén chimg ma@o

\"b-o 4a+b+c)’ 5 12(ab+be +ca)

. . 2@’ +b*+c*)+ab+bctca” (atbo)
Hay (a+ b§2 3(ab+be+ca)(2) a®+ Y ab)

Bét déng thirc ndy ding theo AM-GM:

2 2 2 2
3(ab+bc+ca)(22a2+zab)s(3(ab+bc+ca)+2(a ~|;b +¢“)+ab+ bo+ca) ~ (a4 bto)

Déu déng thirc xdy ra kii vA chi khi a=b—oc.

1 1 1 9
+ <Z
l—ab+1—bc I—ca™ 2

Cho 3,b,c> 0 thda min a* +b* +¢? =1.Chimg minh ring:
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Liri i

Cuing nhur bai todn trén, ta s& fim céch dao chidu ciia bét ding thire, Tic 13 tim mdt s6 k > 0 sao cho:

i 9
K———)>3k—=
k-2 3k—3

k—kab—1 3
Ha - >3k—-=
YZ[ 1—ab }_ ( 2)

Bing bét ding thitc AM-GM, tacé: 1=a"+b’ +c” > 2ab viy thi ta s& chon k =2.

Khi d6 ta cin chimg minh bt déng thire: -

1-2ab  1-2bc 1-2ca_3
{—ab 1-bc 1-ca =2
¢ (a—b)* _ 3 \
« + z=
Zl—ab Z 1—-ab ~ 2 QN
' <
Khoéng giam tinh tong quit gidsta>b>c E . \20
o L N\
Theo bt déng thirc BCS, ta cé: ) (5&
: N\
Z ¢’ N (a+b+cy &\Q
}—ab~ 3-ab—bc—ca \)d

(a—by’ -9 . @
[Z [—ab = 3—(ab+ bet >

A : : 42
Do d6 ta cin chimg minh: 2[4(a— ¢ +{a+b+c) ]2 3[3—(abtb +ca))|
&
Péng bic hoa bt ding thirc, bing c4ch thay gi4 thiét 3= 6%8,2 +¢* , tachn CM:
2[4(2—c)* +(a+b+z&]§a[a2 +b? +¢* —(ab+be+ca)]

41)"?“:}@,:913)(21—_c)~§-(b—c)1 >0 .

.

Pidu ndy ding theo c4ch ma chiing ta s@? nr.

Cho a,b,c duongb@%&ng minh ring:
% 1 1 1 a+b  b+4c  atc
+e + + +122 +
§+ )[2a+c 2b+a 2c+b] - [2b+a+20+b 2a+tc
<

Liri gidi

Dibu kho khiin & bai tofn ny 12 gi ? Dring 12 hé s6 tir do & vé tréi, trong khi vé phai 1a mgt biéu thirc kha phirc tap.
OK, t6i s& cb ging logi b6 di s6 1 & vé tréi. Toi s& cb ging tao 1 56 tyr do & vé phai 4 tix d6 loai di hé sb tr do.

. a+b a
Pé y ring 2 =1
yreng 2b+a +2b+a
Do d6 bét ding thirc dugc viét lai:
at+b+c b
a4 B
Z2b+a - E2b+a
at+b+c b
ey (Y= ——)>2
Z( 2b+a 2b+a)_
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b+¢  c¢+a a+b
2b+a 2c+b 2a4e”

Hay 2 (D)

2
{ Eoar o b+c  c+a | a+tb CERD)
Ap dung bit dang thirc BCS ta cé: . >
b dung bt Ging thie BCS ta o6: ot o 2a+c” 3 |2bta)a+to]

Bay git, ta cin chi ra ring:
4a+b+c)f >3 (2b+a)a+c) hay [ a® +b* + ¢ > ab 4 be 4 ca Didu ndy diing.
Phép chimg minh dwge hoan tt. D4u déing thirc xay ra khi va chi khi 2 = b =c¢

Cho a,b,c 12 d6 dai ba canh cia mt tam gidc.Chitng minh ring:

a n b c ab+bc-ca 3
b+c c+a a+b al4+biayc? T2
Lisi giai \
X , N
Ta cén tim mét 56 m dé 6 bibn ddi: | m — o ] ()Q
b+c

Bay git tim m nhur thé ndo ? Ta s& xét xem néu nhur tam gidc nay suy bién than@zgng théng thi sao nhi ?

Liac nay bi s& tiém can vé 1. Nhuthé qua 16 m =1 1a mot dénh gid hg
¢
Viy ta bién déi nhur sau: ) &\Q
(RN NS N G abeberen
b+ef | eta) | a+ 2 at b4l

b+c—a c+a—b g-}\t>~c {a+b+cp
> + + 2
b+c c+a &f&+b 2(ab+ bc+ca)

Ap dung bit déing thire BCS, ta cé: c.)\
b+c—a+c+a~h+3@~_c_2 [(b+c~a)+(c+a~b)+(a+b-c)]"
b+c c+a \0+b > (b+e)b+c—a)

O (asbacy
0& © 22’ + b+ )

Ping thic xay rakhi vachikhi a St =¢

o=
| Choba sé@ duong a,b,c Chimg minh ring;
& Y b? ¢
+ >1
a’+ab+ +bc+¢® c¢*4cata
\ 2 b bZ + b2 b 2 2 2=

L gii

Khi gidi bai todn ndy, ching t6i d4 b6 tay trong 1 tiéng ddu tién. Va ching 15i khd ngac nhién vé didu nay. Vay Iy do
14 vi sa0 ? Ly do chinh 46 1a chiing t8i d2 bo quén di mdt trudng hop xdy ra déing thirc d6 12 a,b tién din v& 0 va
¢ > 0.Mgt diém ding thic khd “nhay cam”, Khi gap trudng hop ndy, ching ta ¢6 mét luu ¥ nho 1 phai [am xuft
hién céc biéu thirc kiu nhu ab+ be+ca . Viy 1am sao dé c6 didu d6. Téi tidp tyc suy nghi va toi phét hién ra [ diéu

z
ES

néu ohu , 1y vi du 12 s6 hang ddu tién néu t6i thém vio ¢(a+ b+ c)rdi cong véi miu sb thl t8i duge mdt bt bidn 13

téng a® +b* +c* + ab+ be+ ca

2 2
2 2 thi ta s& dugc bit dfing thitc cdn ching minh tuong duong véi:
+ ab

Nén néu liy: -
Y a’+ab+b? > a?
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> a’ B a’ a4+ bt
a’+ab+b? Eaz+Zab Za +zab
cal ab’ be? ab+bc+ca
2 2 + 2 2 + 2 2 2
a*4ab+b’ b +bctc” ¢ deata at+btc
Bay gidr , 4p dung bét déing thitc BCS, ta cé: .
ca’ + ab® + be? (ab+bc+ca)® _abtbctca
2 +ab+ b’ bi4bcte?  cicata’” y c@+ab+b’)  atbtc
Phép chimg minh dugc hoan tét. ‘

Hay

Cho a,b,c 1a céc s thyc duong thta man a+ b+ c¢ = 1.Ching minh ring;

2[b+ °. ] 1+a+l+b+1+c

b “1-a 1-b Il-¢
Lai gidi ,QQ
i+a 2a @)
Dé y ring: —— = +1
Y rang: l-a b+tc \20
Bét ding thic duge viét lai dudi dang: d&
2+£+3> a + b + ¢ +E N
a b ¢ b+c c+a atb 2 &\Q
a a ab P
g ———— Nén ta c4n chimg minh:
¢ bre  o(b+o) s o Q,\)
ab be \

c(b+ c) a{c+ a) b(a
Chimg minh ctia bt diing thirc ndy ¢4 duge “1gp trinh” , ban doc\Q é tl,r minh hodn thién 1&i giai cia minh.

\‘»

Cho a,b,c lé cée sb thye duong thoa my O ! -+ ! =
q b+c+1 c4asdl a+b+l

Chime minh ring:a +b+c> a{;@i— ca.

A4

3’7’ Livi gii
O i b+

Piéu d& dang nhan thiy & 43 chin@@. =t Vi véiy , theo gia thiét, ta co:

gribdn thiy 0 By Q¥ broa1 b+l y.1eos

( b+c 4 cta a+b
. b+c+1 c+a+l a+b+17
Theo bét ding thirc B cb:
2 2
VP>(a+b+b+c+c+a) _ 2{a+b+c)

=TS (b+o)brot+])  al+b ¢ +abtbodcatatbe
Duong nthién , ta phai cé: '
2(a+b+c)’ <2

a?+b*+c’ +ab+boct+catatb+c
chinh diéu nay trong du'o'ngvé‘l a+b-+c>ab+betca
Binh ludn: Ta c6 mét cich tiép khac kha hay cho bai fodn nay d6 13 dp dung BCS nhu sau:
(b+c+1)b+c+a? )>(b+c+a)

Mpt 56 bai todn 1 luyén

LOVEBOOK.YN | 70


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

Cho 3 s thye khéng 4m a,b,c¢ théa man ab+ be+ca = 3 .Chtmg minh ring:
1 1 1
<1
212 st -

¢ +2

1 m@’+2)-1

Hiedng diin gii: Ta s& tim m sao cho m— S :
a“+2 a“-+2

Tacin c6 m(a® +2)—1>0 va danh gid ndy cing chit cang t6t. P& a —0 tacé m =% . Moi chuyén dén day kha

don gian.
Ngoai ra, ta c6 thé giai bai toan nay bing cich 4p dyng BCS tryc tiép nhur sau:
b
(a*+2) 1+(—:°—) >(a+b+e)

Céch 4p dung BCS ¢6 trong s6 nhu thé nay luén mang dén cho chiing ta nhimg 1o giai khd %;p mit va ngén gon.
I\N

b4
Cho a,b,c 12 4§ dai 3 canh ctia mdt tam gisc.Chimg minh ring; (,Q
a b T e
+
3a—~b+c-+3b-c+a 3c~—a¢§
.V

Hudng din gigi: ‘ \

,(Q

Bai toan ndy twong duong véi vige chimg minh bét dang thirc sau:
4

sy 2 1
Z[3a-l:n-l—c 4

Diéu can lai kha 1 don gidn va da luyén tap thao tic nhiéu (3

<2
Cho a,b,c > 0 va thda man a+b+cc§\§ Chimg minh ring:
b ¢ 3
>
. QFbc b+ca c4ab 2
Hudng ddn gidgi: &Q
a bC n z s q_] . 3 . . .z .
Do I- Nén bat dagg'thirc cin chimg minh dirge viét lai nhur sau:

a+bc  bota
' O\l- be ca ab

3
sQO _a+_bc+b+ca+c+ab_2
<@ b
O ey b 1
s\(b' ‘ Z:3bc~l~a(a+b—!--::)_2 .
Ta 58 tich ?bg§k<3+b+c)=a2+2bc+(ab+bc+ca) r8i 4p dyng bit ding thitc quen thuéc:

4 1.1
*+y x vy

2.Ki thujt tich-ghép:

Péy 1a mot ki thugt khd tinh té trong viéc chimg minh bét ding thuc. Ap dung thinh c6ng n6 hay khong phy thudc
vao vige ban tich mdt biéu thirc A thanh céc sé hang hop 1y dé o6 thé ép dyng thanh céng bat diing thirc BCS:

"Cho a,b,¢> 0 thda man a’+ b +¢? =1 .Chimg minh ring:
1 i 1 9
+ <2
l—ab I-be l—ca—2
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. L g
Bii toan ndy da duoc d& cap & phén trude 16, by giv, ta tim cach tiép cin m6i cho bai todn ndy.
Sy xudit hién cia ab va gia thiét 12 dang tdng binh phuong , khién ta nghi ngay dén 4p dung AM-GM:

2 2
_abg'a-l_b.

2
L2
l—ab'l_ﬁa’l-i-b2 1-a2+1-b

2

Réi sir dyung BCS, ta c6:

2 1 1
- <2 +
T—a’+1-b" "~ [1—&1 l—b’]

" By gi¢r ta cdn chimg minh: Zl L - S%
Nhung khéng may mén , ta c6: E] ! - T gbz - = % Nghfa la chimg ta d4 bj nguoc déu. Q
—a® " 3-a*—b'—c¢
Vay 12 thit bai 4 7 Chiing ta s& khéc. phyc d8 hoan thién hon 11 gidi theo cach sau: QQ

Chii ¥ ring: 1 1y _3%  Nen bt ding thitrc cin chimg minh c6 thé viét lai thanh: .\‘20

—ab  t—ab
ab be ca 3 db’

+ + .
l—ab l-bc 1—ca™ 2 &‘Q\

4ab 3 ' @

&= —
2 14+ +(@—b) ~ D
4ab <3 <\ @+by

Miit khéc ta c6: 4ab< (a +b)’ néntacé: <) :
. '—( ) Z 1+cl+(a_b)2 &2i02)+(b2+02)
: (a+b)’ a’ A '
Theo bt ding thic BCS, thi ta 06: —5 et =< — X 1 —
(a’+c*)+(b" +c) aQQ b +c
(a+b)2 az ’ bl
Viy ta c6: < +
> z:(a%r<f)+(tf+cz)““Z(:?lucl %}TCQI)
Dé y 13 i LI Q&
joing: S (gt )3
Y gz(a2~+-'::2 b’—i«cz) ()o
V3y nén ta c6 didu phai chimg minh. N\ ,
O ,
Q\/
3 1 1 1_ a+b b+c c+a
Cho a,b,c 0 Ching minh ring: —+—+~2 n +
( 0:@.& gminh fng: ~ ot =@ b a’+bc b ab
§ | Lt |
Ta mong mubn tao ra duge bidu thirc dang binh phuong & méu s cita mdi 6 hang vé phai.
a+b (a+b)y < a’ 4 b’
T yab  Bo+al)ta(b’+67) " e’ +a’)  a(b’ +cf)
Tuong ty 2 bét dng thic nira:
b+c b’ 4 et
a’4+bc” cfa®+b?)  clc’+a’)
c+a ¢ a’

+
2 roaalbi+¢) ' of@+b)
Céng theo vé cac bt ding thirc cling chidu, ta c6:
Sz b2

a 1
VP < +
<X b(c* +2%) a(b’+¢c

1.1l
a b ¢
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Chimg minh ring v6i moi a,b,c > 0 , ta luén c6 bit ding thirc sau ding:

(b+c)? (c+a)’ (a+b)?
b’ +c’+a(b+c) ¢ +a’+blcta) a’+b+e(b+a)~

Lo gii
Ap dung bit ding thirc BCS, ta c6:
G+ (bref W 4
b +c +a(b+c) ba+b)+efc+a) " bla+b)  c(c+a)
b c
= +
T a+b c+a

Thiét tp thém 2 bét déng thirc trong tu, rdi edng lai ta dugc:
(b+cy’ (c+a)’ (a+b)’
+
b +c* +a(b+e) ¢ +al + blc+a) P P4+ +c(b+a) = Z:a+b Z:c+a 4%

Déu ding thite xay ra khi vi chi khi a = b = ¢ \
Vidy sau day 14 mét bai toan kha chat va khé cila tic gia Pham Kim Huing (\ NES.vn)
o

a+b

a+b

X

Cho a,b,c 14 céc 58 thye thoa man a4+ b? 4¢? = | .C@g minh ring:
. b 3
_Lz.;._zga_ QI_Z_S_
1+2* b —l\I/\ I+¢* 4

L Zii

Ta s& mong ring xuit hién biéu thic bink phirong éﬁ\sé. Nhur vy thi ta s& d4nh gi tir sé

Oobc <o)
Vay két hop véi str dung bt ding thirc ¢
£ (b+cy (b+oy
S Syrran @ ) (G 4]
®)
@)
1f & c?
éo ST st 3 2
< “4lat+b? +a

Tuong ty, ta thiét l&g(gém 2 bit ding thirc nita rdi céng theo cc bét ding thic cing chidy, ta c6

* 2
T< =3
v Z[a N +a]

Phép chimg minh dugc hoan tit.

Cho 2,b,c > 0.Chimg minh ring:

a b c {1, 1 1

+ L=+ —+=

3a® +2b% 4 ¢? 3b2+2c2+a2+3c2+2a2+b2 G[a b c]
Liri gidi

Ciu hinh xa® 4 yb* & miu s 1am ta lién tudng ngay dén vige sir dung AM-GM.
Ap dung AM-GM, ta ¢6;
32’ +2b + ¢* = 2(a® + b*) 4 (a +c?) > 4ab+ 2ac .
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Do 46 12 ¢6: —srg——7 S =_1.[ ! ]
3t 20t 4o dabt2ac  2(Zb+c

Theo bét ding thitc BCS, ta c6: ——— < l[-% +1] .

2b+¢” 9lb ¢
1 2
Tirdétasuyra: —e—————F =
™ +2b’+c1—18b )
Tuong ty, ta ¢6:
b 1{2 1
_— i < | = —
3b2+2c2+a2—18{c a]

c (2 1
& eflEil
3 +2a°+H 18[3 ]

Cong lai, vé theo vé, ta c6 bit ding thirc cn chimg minh.

Cho a,b,c > 0 va thoa min a’ +b? +¢” <abe Tim gié trj 16n nhét cha:

a b c Q
= + +
al+bc bitca o +ab ()Q
L gii \QE
Ta c6 bt ding thirc sau luén ddng a® + b’ +c” > ab+be+ca. ‘Q\:
2 1,8 o\<\
a®+he ™ 4la be
‘ b 11, b Q/\)
Ap dung bt ding thirc BCS, ta cb: <—|-4+— :
p g DAL AR08 B\ ac 4\b  ac ,\\,\
¢ S-l- l+— &’0’
. ic+ab ™ 4lc ab c)\
Céng theo vé céc bt ding thirc trén, ta s& cb: Q‘Q
1 1, a b 2’ {1 c* fab+betca a’+ b +c’] 1
P< + -t < - & <—
“4[ e T bc+ca+ab] 0) abe ] 2[ abc 2"
Vay GTLN P:% dattzi a=b=c O

.

O
Cho a,b,c 14 cdc s6 S duong théa man va + b -++/c = 1. Tim gié tr} 16n phit cie bidu
thire: ()Q’

\(b' P=I_ ab +rbc + ca
§‘ '\[a+b+2c Vb+ct2a c+a+2b

L aisi
Ap dung bét ding thirc BCS, ta c6: '

J4(a+b+2c) J_+\/—+2«f 4[J‘+J” J’+J—]
_ { ab \ab Jab
ST Natbrae [7?4»— o+

Chimg minh twong ty, ta cé!
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bc [ Jbe

b+ciza TW: e +a
} ca <_ '\/(_3; \/‘; .
Ve+ra+2b 2|6 +b  vaivb

Cong theo vé céc bit déng thire cing chidu, ta duge;
|
PS%(\/;+\/E+\/E)=E

Déu ding thirc xay ra khi va chi khi a=b=c=-slT

[HSG Tinh Hai Puong] Cho a,b,¢ 1 céc sé thyc duong théa man: 2ab-t 6be 4+ 2ca = 7ahe

Tim GTNN ctia:
4ab 4be 9ca
= + +
a+2b b+e atde
Q7
L gisi F
Tir gid thidt ta cé: Z+6+-2——7 bit x= 1;y=l;z=l=:-6x-i—2y—s-2z:’.3''\
¢c a b b c
a+2b b+c addc 2x4y y+z z+4x «
AP dung BDT Cauchy ta cé: \)d
[ LA +y] [—4—+y+ ]t{}~_—+z+4x]>4+4+6
2x+y y+
=>c+6x+2y,¢§%>14=>c27
Dangthucxayrakhlvachlkm x*——E,y-ﬁZWI \2b—c—I
ViyC . =7twia=2b=c=1 O

Chii  vé phén tich 2 + (ab+bc+ca) :-\)(a%b)(a +¢)$& duge st dyng nhiéu trong gidi todn

Cho c4c sb duong a,t(g%éa mén: a+b+c=1. Tim GTNN:
N-° pathc btca c+ab

Qo b+e  c4+a  a+b
AS)
()‘0
—_— ag B ala+b+c)+bec  (a+b)c+a)
Bai gidi: Tacé:—*%: = .
+c b+c b+c
Dit a4+ b=y Fe=y cta=z=>x+y+z=2,khidétacH
. .
P= xy+yz+z—x-=xyz[L+ ! + 1 >xyz[—l-+ ] +—]—x+y+z—2
z y y* Xy yz =

Piing thirc xdy ra khi va chi khi a=b=c=§

ViyP . =2tasia=b=c=

W | -

3.Bfit d%ng thirc Holder

Thét tiéc ring BDT Holder khong cé trong chuo‘ng ttinh phé thong' Tuy nhién két qua & dang 3 bién cua
n6 sau ddy kh4 phé bién, hoan toin c6 thé 4p dung tot va chimg minh dé& dang. Cuén sich nay chi néi $0 qua vé
BBT nay:
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Vi a,b,c 14 cac sb thyre duong ta c6:
(a3+b’+cs)(x3+y3+z )(m +n'+p ) (m+byn+czn)
Chirng minh: S\t dung BDT Cauchy ta cé:
(a3+b3+c3)(x3+y3+zj)(m +n’+p ) {m+byn+czn)
a3 + X3 + . m] > 3axm
B+ XY WA P (e 0+ ) +y 4 2 Ym0 4 )
Tirong t cho 2 bién con lai, cdng vé theo vé ta duge dpem!

[\2 dung vao cievidu

Cho a,b,c 1 céc s6 thye duong. Chémg minh ring:
a+\/a_b~+\/3abc<3aa+b at+b+c
3 Y2003
RN

D
e <
Pay 12 mét bai todn néu sir dung BDT Cauhy va Cauchy — Schwarz & rat mét thii gian va c&p strc. Ap dung BDT
Holder ta c6:

La+batbic >(a+a+a)(a+@+b)(a+b+c)2(a+4«$§t%)3

2 3 = ¥

V& (g dung ciia BDT ndy: rét 16n, thirdmg thi ta dang néi dén cac BBT dﬁl@(mg gbm tdng cac phan thirc ¢6 miu
s6 14 cin bic 2 efia mot bidu thire, né s& gidp tim GTNN. Ciing chinh vé{u\m thiéu phﬁ thong nén xin gidi thigu
bing 2 vi du rit quen thude.

Cho x,y,z 14 céc s6 duong c6 tich béng 1. Tim 9‘!{

+
7+y+& + z+x 7+x+

Ap dung BDT Holder ta c6: C
P.P. [x 7+y'0\#+y(7+z+x)+z(7+x+y)] (a+b+c)

#8% x+y+2z)+2(xy +yz+z)| > (a+b+c)

Lo gidi

Tacé: 2(xy+yz+z)< (i\+ +c)’. Ta s& chimg minh: (a+b+c) 27(a+b+c)+%(a+b+c)2 sir dung

ham sévoi a+b+c> ¢ = 3ta co dpem!
Bangthucxaymk]n Bchikhia=b=c
Tuy nhién néu chi néi ¢6 véy thi qua 12 v8 vi! Str dung BDT ndy ta s& phai chimg minh, chinh vi thé sir dung céch
chimg minh ciia n6 dé gidi tryc tiép bai todn ndy thong qua viéc néu ra mdt BDT phu luén dimg 13 mGt phuong én
t6i wu. D& y ta d# sir dung biéu dién:
xk yk Zk

Xy 2 +xk+yk 1z +xk+‘yk+zk =

Sir dung didu ndy, dua theo cdch giai trén. Ta di thir bai tosn don gidn sau:

[IMO Bin thir 42 — 2001] Cho ab,c 1 c4c sb thye duong. Chémg minh:
a b c

= + +
Ja*+8bc Jb'+8ca c2+8ab

>1
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‘ Lai giai
Cdch I: Trudce hét xin néu lai PP diing BDT Holder quen thuge:

Theo BDT Holder 1z ¢é:

PP[ (a+8bc)+b(b’+8ca)+c(c +8ab)] (a+b+c)
& Pl (a’_+b3 +c4 24abc) >(a+ b+c)3

Lai cé: (a+b+c)3 =at+b* ¢ —l—3(a-i«b)(b+c)(c-{~a)2al3 +b* ¢’ + 24abc
Suy ra P > 1diéu phai chimg minh. Béng thirc xdyratagia=b=c

ak

i >
Ja? +8bc @ +b¥ ¢k

Cdch 2: Viy cach di ciia ching ta & day s& 1a: st dung BDT phy luén dting sau::

a k

Hay néi cach khac 14 tim hing s6 k sao cho BDT >— ak p
ya®+8bc  a* +b*+c

ludn dung!

V6i 2 bién con lai tucmg .
Néu véi gié trj hing s4 k 4& BDT luén ding véi moi x,y,ztas& chon b=c=1 dd im k é‘&ng hon.

iL
Khi d6 ta s& tim k sao cho BBT: luon dtng! \20()
a2 +8 a
" 2k 2 2k
BDT trén < >z PRI a a?**? 4 gax+? _}_$ ez

a’4+8~ (ak+2)’ a2+8‘a2“+4a“+4

& a"" +a’ >2a% . Ap dung BDT Cauchy tacéd: a*** +a? >2va @

Viy ta chi cn tim k sao cho 2v/a** =2a% . Tir d6 tim duge k =%4—)

Viy ta cé co s& dé tin rﬁng BBT phu: \[% W— ;4 ding! Khi ¢4 tim ra k, ta tién hanh sir dung
2“4+ 8be b

BDT phu dé giam 3 4n xudng 2 &n méi!

Bai gidi: Ta cé: BBT dung Thiy viy: N
a’ +8bc 3fa*
Ap dyng BPT Cauchy ta c6: ¥o° +32 > 2Jb4 ‘. Datbe=t
Ta chi cin chimg minh: ——2 \/‘r g & a3t (\/— e ) > 0ludn déng!
+2

Suy ra BBT irén diing, T&g tyr cho 2 bién con lai, Cong vé theo vé 3 BDT méi ta c6 dpcm'
Ciich 3: Sit dung BD auchy Schwarz:

[+
Q§ \/b’+8ca Je? +8ab

Ma (\/E\/a +8abc +b/b® -+ 8abe +JE\/c’+8abc) 5(a+b+c)(a3+b’+c’+24abc)

(ava? +8be + by/b? +8ca +cc? +-8ab) > (a+b+of

Lai c6: a*+b* + ¢ +24abc < (a +b+¢) < 8abe < (a+b)(b+c)(c+a)ludn ding

Suy ra ava® +8bc + by/b® 4 8ca + c+/c* + 8ab 5(a—}-b+c)2 =P>!
Diing thitc x4y ra khi va chikhi a =b =¢

Téng qudt: Cho a,b.c 12 chc sé thyc duong va hing s6 k(0 < k <8). Chimg minh:

a b ¢
+ + 21
Va?+kbc  ybP+kea o' +kab
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Tiép tuc cac vi du

Cho x,y,z 14 céc sé thuc duong ¢6 tich bing 1. Chimng minh ring:

1 1 1
+ + <1
x+y+1 yt+z+l z+x+1
Lavi gidi

Zl:

<
X+y+17 xF+y 42

Ta s& tim hing 56 k sao cho BDT sau luén dung:

Dé tim k ra nhanh nhét va tdng qu4t nhét, tarit z = L ddng thé chudn héa (chon) x =y
Xy

1
Ta thu QUQe: e < ———— & 2x > 2% véi moi k!
7 2x4+17" 2x* +1 X2 axmveimot Q
V& cich chon nay, ta tim ra ngay k=% ()Q
Nhu vy ta du doan BT sau ding: ! < ¥z . d&
x+y+1- P+ 3y +3z N
Lai pidi chi tiét ,QQ
Taco: ! < = ! = ¥z \)d
x+y+17 fay [+ fy) et P4y +3e Q
N\
( Ap dung BBT 2’ + b° 2ab(a+b) < (a-+ b)(a—b)' 0) Y
1 ¥x | Iy <&
Tuong ty, < ; S——QF
y+z+1" Yx+ 3y +3z z+x+1 %/§+{/§Q .
Céng vé theo vé 3 BDT suy ra dpem! 00
Ping thire xay rakhi vichikhi x=y=2z=1 (b\

Viéc chimg minh BPT phu thi c6 khi rit don gién@mg muén huéng dén dua vé né 12 mét hudng tr duy!
Tuy nhién viéc tim ra BDT phu khong phai lu@Qfmg! Pon gian ta thir vi du ban diu, néu di theo con dudmg nay,

tasd d& dang timra k= 3 By givta d@hﬂhg minh BET sau ding:
z o
&L _x
& Tt Wl il
A - (100 7 7

Déng tiéc BDT trén khoyging, trudmg hop thuc nghiém (a,b,c)= [Tg—,ﬁ,ﬁ] .
Mt vi dy tiép theo, dic diém nhan dang sir dung PP ndy 1 chimg minh tong 3 phén thirc khong lén (nhd) hon 1,
ma mbi phan thirc chira quan hé 3 biém:

Cho x,y,z I céc s6 thyc dwong. Chimg minh ring:

X 4 y z

x+Jx+y)(x+z) y+J(y+2)(y +x) " 2+ J(z+x)(z+y)

<1

Liri gia

Ta s& tim k sao cho BPT sau ludn ding:

X xk

<
N e T
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<

Pé don gian ta chuan héa y =z =1, Tatim k sao cho BPT ]ufm ding!

2x+l
BOT trén  x**' +2x <2x*1 4 x* & x4 x* > 2x.,

Theo BT Cauchy: x**' + x* > 2/x ™' . vay ta tim k d& 2% ** — 2x thi BBT trén ludn ding

X

Vx .
x+J(x+y)(x-+z) 5&+Jy+&dung.
Thit viy: BBT < X 5X+J£+\/;®,J(x+y)(z+x)2\/§+\/;

X+ J x + y x + z
Theo BDT Cauchy Schwarz ta ¢6 dpcm'

Suyra k==~ Vay ta du dodn

Ping thic xd8yrakhivachikhi x=y=2z
Cho a,b,c 1 c4c s6 thyre duong. Chimg minh ring:
3 [ c’
\ja’~l—(?;+c)3 -I-Jbs+(c+a)3 +\j (a+b) >(])QQ
Lotz R
Ta 5& chimg minh:. \[Jas " 1:+c)3 > T :: Pyl That viy: . &\de'

 BBT 22’ (bl +e¢ ) (b2 +e ) >a(b+c) st dung BBT Cauchy@é c6 dpem!

Tl.rong tyr cho 2 bién con lai, céng vé theo vé cic BDT ta c6 dpen@)
Dingthucxayrakhlvéchka a=b=c¢ \,\

Cho a,b,c 14 c4e 56 thire thuge doan [1; K]&C’?tmg minh réng

bz aJc o
4bc —5&3 4cJ£ aJ_ 4ab b ©

Sy o

b bva 2

€ dang tim ra BPT sau luon dung(i,1 N f atbic
c—¢

BBT & (a+b+c)b> '@«’:{—c\/— @b2+ab+bc>4szT—ac@(a+b)(b+c)>4bJaE

Ap dung BT Cauchy dpem!
Tuong tur cho 2 blen lal, cong vé theo vé cac BDT ta c6 dpcm'
Ta s& qmy&@% biéu dién nay & chuyen d& k7 thuat hé sb bét dinh UCT mét 13n nita. Nhung truée khi doc dén

. Thét viy:

phén d6 yéu c3 ban thyc hanh nhiéu loai todn nay.
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(utong IV: Détnét o Bt Diing e Litgng Gide

Phén nay ctia cudn sach, duoc viét chil yeu cho cdc ban on'thi ki thi HSG cap tinh, Néu nhu nhé lai, thi trude ddy
giai doan cac trudng thi riéng thi phén Bt ding thic lugng gidc va bai todn xéc dinh dang cia tam gisc rat duge
“thjnh hanh”. Clmg vi 1y do d6, trong cudn sich ndy, ching 0 cung s& gidi thién va trang bj cho céc ban nhimg ki
néng diy dt: d& “tin cﬁng” céc bit déng thic dang Iuong giac ,va dbng thavi gitip cAc ban “dén diu” duge hudng ra
d& thi méi cha d thi tuyén sinh.

1.Vai nét m du

Ching ta s& m& d3u chuong nay bing mét s& bat dang thirc lugng gidc co ban va mét vai 1y thuyét “cong cu” gidp
ta khai m& mét mang rit thd vi clia Bt Déng Thirc ndy. '

Cho A,B,C 14 3 dinh ciia | tam giac nhon. Chimg minh ring:
tan A+ tan B+ tanC > 33

N
&)

" F
db'

Vi tan(A +B) = —tanC & At B __o0c
1—tan A.tan B &‘Q
=tanA+tanB+tanC =tfan A.tanB. tanCd
Tam gidc ABC nhen nén tanA, tanB, tanC duong. O
Theo Cauchy ta c6: .\Q/
tan A +tan B+ tanC > 3¢tan A tanB.tanC = 3D A + tan B + tanC
= (tan A +tanB +tanC)" >27( tanB + tanC)
=>tanA+tanB+Q(?C>3J_

Péng thirc xay ra<» A =B = C & AABCdéu

'\
Cho AABC nhon. Chimg minh ri’mi&% +cotB+eotC>A3
(§)

<
| o\l‘ Liri g
Ta ubn ¢é: O
o@?(MB) — —cotC
(o2 cotA.cotB—1
4 e = —c0t C
. cotA +cotB
& cotA.cotB+cotB.cotC+cotC.cotA =1
Khi dé:

(cotA —cotBY +{cotB—cotC)’ +{cotC—cotA) >0
& (cot A+cotB+cotC) > 3(cot Acot B+ cotBeotC +cotCeot A) =3

=cotA+cotB+cotC> NE)
Déu biing xay ra khi va chi khi AABC déu.

Chimg minh ring v6i moi AABC nhonta co:

rcosAcosB cosBecosC [cochosA Si siné-sinE+sinEsmg+sin—gsiné 4l
B2 2 272 2 2

\’ A B B C \1
£O8S—CO5S— COS—COsS— CO5—C0S—
2 2 272 272
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| Lévi i
Ta bi ngop boi sy ric i cta Vé phai, nhung khéng sao. Nhung bi ton ¢6 céch phit biu ric réi thwong khong
phai qué khé. Ta hay ¢0 dp dung nhimg cdng thic lugng giai dé lam bai todn trd nén nhe nhang hon. Ma cy thé 1 ta
&€ 1am mat cin thirc.Didu ndy 14 thue hién duge nho B4t ding thirc AM-GM:

Tacé: cosA =sinAc0t~é
2¢os~— 2
2
3
—CcosAcosB B)(3
= = [sin—-—sin —]{mcotAcot BJ
4cos—cos— 2 204
2 2
Theo AM-GM:
2
EcosAcosB sinésinE-f-zcotAcotB
4 2 2 14 .
4cosé-cos§ 2 \
22 Q’\r
2 A.B 3 <
< ~—|sin—sin— + = cot AcotB
B~ 3[ 2724 ,-\l&c
Tuong tu ta ¢é: ‘.\db'
' ___cos]E; cos(é 372_-[singsin£+E \QcotC}
COS—CO5— 3 2 2
2 2 ) D
2 2
S=pr=>§- i] =\(,+QB+C)
. 3 2r N 6
Céng theo vé ta dugc:
' cosAcosB sBcosC cosCcos A
cosécos— cos—cosE cosEcosi
2 bo 2 2 2 2
S
2({.A. B . B . C. A) 3
< —=lsin—sin—= - sin— #sin—sin— I+ ——(cot Acot B+ cot BcotC+ cot Ccot A
_ﬁ[ n--sin -+t sin 5 sing m2]+2( cot B+ co +ec )
= sinésin2+sin~1?~sin§-+ singsiné +i§-
o 3 2 2 2 2 2 2 2
= Ppem. NS)
<
\J
\(b' a+bY
. CMR vdimoi a,b,a tacé: (sina+acosa)(sina+bcosoe)§1+[ > J
Livi giii
Tacé: (sina +acosor)(sinex + beosa) = sin? o + {a-+b)sinacose +abeos?
1- b
_Lzoosda | (a40) o4 gplteos2a
2 2
=%(I+‘ab+(a+b)sin20c+(ab-l)<:0520z) (1)
Theo Bunhiacépxki ta ¢6:
Asinx+Beosx <JAT+B?  (2)
Ap dung (2) ta c6:

{a+b)sin20 +{ab— cos2a < \f(a+b)2 +{ab-1)" = \/(az + 1)(b2 + 1) 3)
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Thay (3) vao (1} ta duge:

(sina+acosa)(sine + boosa) < -;—(1 +ab+ J(a’ +'1)(b2 + 1)) 'Y

Ta chimg minh bit ding thirc sau diy ding vdi moi a,b:

1 a+bY
2 2
S(1+ab+ e +1)(b +1))51+[ ! ] *)
Thit viy:
1 ab 1 f3 7 a’+b®  ab
5 — - <1 =
Oes+s +2J(a +1)(b*+1) < S
. 1rbi+2
21 1)(p? 1<ﬂ__
> (a + )( + )_ 5
4B+
(a’+1)(bz+l)g(a 2( )
Theo AM-GM thi (6) hién nhién diing = (5) dtng v6i moi a,b.
2
Tir (13 va (5): v&i moi a,b,a ta cd: (sinoc+acosoa)(sino¢+bcosa)g1+[a;b] QQ
Ping thirc xay ra khi & (1) va (6) ddu bing ddng thi xay ra \20(’
2t = b =t ta| =] ?(zr\
< 1e & . £Z
a'.+b _ ab—1 tano = a+b azlarctana+b A )
sin2a  cos2o ab—-1 2 gg

ab—1 ;
‘ > - A
. R X
CMR véi moi AABC ta ¢6: vx ++/y +vZ < |——G> v6i x.y,z 14 khoéng céch tir

diém M bét ki ndm bén trong AABC 61 3 canh ABNEC, CA cia tam gide.
@}

Lgﬁ

Ta co: &Q

S xpc = Sz T Sume +Suca 00

= Syan + Smec + SMQA :\Q_. Q
Spsc Sac  Sasc o)
¥4

®)
y.x_0
+__ —_——
hb+ha ()% B

=h, +h,,+th;ih§t.hb +h,)
Theo Bunhiacépxki tht
Wy Vz

&+ﬁ+£=ﬂ—%+ﬂ%+ﬁ%s‘j(h,+hb+hc)[%+ » +JE

L —
h,

Z . Yy X
—— .__I___
h, h, h

< &

kl

= \Jha +hb +hc

ma § =-;—aha - é—absinc —h, =bsinC, h, =csinA, h, =asinB

= Jh, +h, +h, = |[(2sinB+DbsinC+csinA) =,/-§%+%+zi;—

b bc ca al 4+ b 4c”
= X SV +VE < o f e = €, [ ———— = Dpem.
XY V2 St e TR S TR P

a=Dbh

=€ o AABCddu va M 14 thm dudmg tron ni tiép AABC.
X = y =Z

Ping thirc xay ra khi va chi khi {
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Qua cde Vi dy kinh dién trén 44 gitip cho ching ta ¢6 c4i nhin vé Bét déng thirc lugng gisc. Nhin chung,
ching ta ¢6 thé dua mt bit dling thirc dang tugng gidc vé dai sb va ngugc lai. Céc ki thuat duge 4p dung trong c4c

bat dai thirc dai sé ciing duge 4p dung twong
cb yéu td

tw nhur trong luong gidc. Trong tuong lai gin, vige xuét hién cac dé thi

lwong gic 12 hoan toan rét c6 thé. Vi ching ta dang cin nhttng kién thirc don gian nhung lai c6 nhimg

tmg dung rong ri. Bay gid, ta s& nhic lai mot sb cong thitc lwgng gidc cin nim:

2) Céc cdng thirc:

a) Ping thire;
a b c bz + cz _ a}

I. — =e—m=—=2R 9. cotA =

sinA  sinB  sinC o 48

2. @ =b -+’ —2bcoosA cotB= &t —b

b? =¢?+a® —2cacosB 48
a’+b*-¢?

¢* =a’ +b? ~2abcosC cotC

. a=bcosC+ccosB
b=ccosA +acosC
c=acosB+bcosA

Tr={p-2a tan-?—:(p—b)tan

C . . .
{p —-c)tan; =4R sm-;ism-];smE

- [A—B
ta [—
8a—b_ i 2 J
a+b tan[A+B]
2
tan E:_CJ
b-c 2
b+¢ tan B;C].

; (p~b)(p—c) .
4, S=—;_aha =%bhb =%chc 11, sin—= bc \
=%bcsinA =-;—casinB=%absinC sin-?: (p—c a)
: 3
= %%C =2R*sin Asin BsinC = pr Smg _ a)(p—b)
2° b
=(P—a)ra=(p—b)rb=(p—c)rc N \( ) a
p~a
=\/P(P"a)(P—b)(P-c) 12.co$@' P o
2_2b2+202—a2 % . -
5 m?= 7 30 cosB o p(p—b)
m,,_z:f#—%ﬁ—b2 < ca
T QY el fied
m 2o 28426 ¢ o ab
e * \&BF) 13.tan— = (p—b)(p—c)
, 2bccosé-_ ZC&E p(p—a)
6.1 =——21] -
X brc 't @ec+a tanE= {p—c){(p—a)
2abc%%'o 2 p(p—b)
12 = _ —
; b an S - [(P—2)(p—b)
B 2 p(p—c)

14. sinA -%-sinB+sinC--—-4~::osécosgcos,E =P
2 2 2 R

sin2A + sin 2B + sin2C = 4sin Asin BsinC
sin® A4sin*B+sin*C = 2(l+cosAcosBcosC)

cosA+cosB+cosC=1+ 4'sinﬁsinEsin£ =] +_r_
2 2 2 R

cos® A+ ¢os’ B+cos® C= 1 - 2cos A cos Beos C
tanA-i—tanB-f—tanC:tanAtanBtanC
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!

A

|
)

tan
c—a _

c+a tan[

+ |~
>

C

2

cot—A— +c0t—B— + (:{)tg = cot—écotEcotE
2 2 27 272 2

tanAtanE+tanBtan9+tanCtané—
2 2 2 2 22

cot A cotB + cotBeotC + cotCeotA =1

1

15. sin{2k +1) A +sin{2k +1}B+sin(2k +1)C = (—1)* 4cos(2k + 1)%cos(2k + 1)%005(21{ + l)g-

sin 2k -+ sin 2kB + sin 2kC = (—1)""' 4sin kA sinkBsinkC

cos(2k +1) A + cos(2k +1) B+ cos(2k +'1)C =1+(-1)" 4sin(2k + 1)%sin(2k +1)%sin(2k +1)9

€05 2KA + c05 2KB + c0s2kC = —1+{~1)" 4coskAcoskBeoskC
tankA + tan kB + tankC = tankA tankBtankC
cotkA cot kB +cotkBcot kC+ cotkCeotkA =1

16. tan(2k+1)~‘;~tan

cot(2k + 1)%+cot(2k + 1)—2— +cot(2k +1)§ = cot(2k+ 1)%00’:(21( + 1)% cot{2k + 1)%\\20

cos? kA +cos’ kB +cos” kC = 1+(-~1)k 2¢oska coskBeoskC

(2k+1)§+mn(2k+1)Btaman(2k+1) (2k+1)%+tan(2k+1)%tan(2k-®%

|

1
$)

F

N\
sin’> kA +sin” kB +sin” kC=2 »1—(—1)]('H 2coskA coskBeoskC &\Q
b) Béit diing thirc: ' )
,,\)
Lla-bl<c<a+b
1 A .B ,C
b—c|<a<bte 6. sin —+sm —+sm,<zz;4 stan” —-+-tan 2+tan -2—21
e—a]<b<ct+a i \l
2a<be A<B +cot QQ:O =>9
b<c&B<C 9
c<a& C<A cos—-—-ligos—+cosa Z
3. COSA+COSB+COSCS% 7.C0&)®305BCOSC<1
8
. ) 33 . '
sinA+sinB+sinC< == OD\J‘- sinAsinBshCS%?;tanAfanBtanCZBxﬁ
tnA+tanB+@nC>H3 QO A o<
' ot Beot —
cotA+cotB+cotC> 3 (b'o cotAcolBe ENE
3
4 COS—+COS-“'+‘C 3 8. COSéCOSECOS—Sgi
2 272 2
A B C 1 A B C 1
Sln—+sm—-+Sln-—~ — s]n_sin__.sin_. < - tan —tan—tan— S i
2 2 28 2 2 2 3B
A B
tan——+tan—+tan—2\/§ cot-écotEcot£23J§
2 2 2 3 2 5
A B C
°°t5+°0t5+°°t'2_23*/§ 9. cos2A+ cos2B+cosZC2——%;sin2A+sin2B+sinZC§%
s.coszA+cos2B+c052C2% 10, 4 L 1 >243
9 003”2— COSE' 005—2—
sin® A +sin® B+sin® C<Z . . :
2 2 A + + ZZJE
tan’ A-+tan’ B+tan’C>9 sin~2— sin5 sinE
cot? A+cot’ B+cot’ C>1
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Ta xét tiép mpt s8 vi du

Chumg minh ring ¥x,y,2 € R* vi AABC btk ta cé:
cosA + cosB + cosC < x4y 2?
x y z 2xyz

L g
Biét déng thic cin chimg minh tuong duong véi:
X -—2}((ycosC—l—zcosB)2 —(y2 +z? —2yzcosA) >0
Coi day nhur 14 tam thirc béc hai theo bién x:
A'=(ycosC+ zc:osB)2 ~(y1 +272 —2yzcosA)

=—(ycosC—zcosB)2§0 Q
Viy bét ding thirc trén ding. ()Q_
Ding thirc xdy ra khi va chi khi \20
. C: - B N ¢
ysint-=zsin @x:y:z:sinA:sinB:sh@é\a:b:c
X=ycosC+zcosB N
PaN
A
, . 3 .
. 'L Cho AABC bét ki, Chl’mgminhrangb A+cosB+cosC<= ]
Q 2
N\
Y%
lﬁ.:i\ii-
B+C B @\ '
Bt k=cos A +cosB +cosC = 2cos——- coss?——cos(A+B)
2 Q) .
@2wszi;£—2cm%—§cm%&k—1=0
Do d4 cosA+B 12 nghiém cia phﬁg?gtrinh:
oF . . A-B
QO 2x°—2cos Xtk—1=0
AY)
A+B 2 :
Xét A'=cos -?éﬁ(kml). Pé tdn tai nghiém thi:
§‘ A‘éO@Z(k—l)ScoszA;BSI:J(S—';-
' =>cosA+cosB+cosCS%
= Diéu phai chimg minh

Bink lugn: Qua 2 VD wén ching ta d4 thiy duoc sy mg dung rdng rii cia tam thirc bic 2 trong viée chimg minh
bai todn bét ding thirc. Khi mA viéc 4p dung céc Bét ding thirc cb dién 1a qué khé khin thi viéc sit dung céc kién
thire rit “lang qué” kia lai t6 ra kha cong dung. Diéu hip dfn nhét ciia bit dfing thirc 46 14 nhimg bai todn rét phirc
tap., lai dugc giai bing nhimg cong cy hét sirc so cdp. Viée di tim kiém mét Lori gidi so cdp cho cac Bit ding thirc
hién dai 12 m§t cong viée dam mé rit thi vi D6i liic nén tim c4ch vugt qua gidi han clia chinh minh d& thudng thire
niém vui chién thing,

Ta thir xem xét ki nang bién déi frong duwong trong viéc ching minh Bit déing thirc Iugng gi4c , ddy cing I3
phuong phép hay sir dung nhét trong viéc chimg minh céc bi ton lién quan dén yéu 13 lwgng gi4c.
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Cho oa,6,~1==3?§+kn 4 ba géc thoa sin® o+ sin? B +sin®y=1.CMR: -

2
ta tan
tanotanf -+ tanB tan v+ tany cx] <1—2tan cutan® Btan’

3
Livi g
Ta co:
sin® o+ sin’ B+sin® 4 =1
& cos® afcos’ B4cos’ =2
1 1 1
+ =
14 tan’ o 1+tanzﬁ+1+tan1'1
& tan® atan® B 4 tan® Btan® § + tan® ytan” o = 1 — 2 tan” otan® Btan’ y Q
Khi d6 bat ding thirc cin chiing minh tuong duong v6i: ()Q
2
tan
tanc B+mﬁ;a“"'+mwm“ gtanzatanzﬁﬂanzﬁtanzq-_-tanzq\ia%%
, & (tano tanB — tanBtan~y)® -+ (tanf tan —tanytano)” + (tanytan o N atanB) =0
= Didu phii chimg minh. ‘ &

‘ tan otan = tanBtan~y
Ping thirc xay ra <> {tanftan~ = tan~ytano > tano =tan = tan~y
tan~ytana = tanatan(3 \
x\’(}'

Chimng minh ring trong AABC bt ki ta cé: c.)\
cot%-+ cot—]:—+ c%%‘g3[tan%+ tan%+ tan%]
AN
Q L
S)
Ta co: )
N

e@—+ cotE+cotg~=cotﬁcotEoot£
2 2 2 2 2 2
< X,y,z>0
Bt x = cot > ;y=cotE ;é* cotE thi %
2 2\ 2 X+y+tz=xyz

.@0
\

Khi d6 bét ding thirc c3Q¥himg minh twong vdi:

3(xy + yz+ zx)
Xyz
& (x+y+2z) =30y +yz+2x)
& x—yP+{y—2 +z—%" 20

extyt+z>

= Diéu phai ching minh.
Ping thitc Xay ra<> cotA = cotB = cotC & A=B=C & AABC du,

' Cho AABC khéng vuéng chimg minh ring:
3tan? A tan® Btan® C — 5(tan® A+ tan’ B+ tan’ C) <9+ tan” A tan’ B+ tan® Btan? C+tan® Ctan'
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Lévi o
Bét din g thirc cin chimg minh twong dvong véi:
4tan’ A tan® Btan® C—4(tan® A+ tan’ B+ tan” C) — 8 < (14 tan® A)(1+tan’ BY14-tan’ C)

1 1 1 1 1 1 1
&4 -1 -1 —1]-4 + + Y P T S
[coszA ][coszB ][coszc ] [coszA cos’B  cos’C ] ~ cos*Acos’Beos’C

4 1 1 1 1
— + <
cos’Acos’Beos’C [coszAcos’B cos?Beos™C cos’Ccos’A] cos’Acos’Beos’C
3
< cos?A -+ cos’B 4 cos’C > "

- 1 +c;352A + 14+cos2B "
& 2(cos2A +cos2B) -+ 4cos’C+1>0

& 2cos(A + Blcos(A — B) +4cos’C+12 0
& 4c0s’C— 4005 Ceos(A—B)+1>0 Q
4 2cosC—cos(A —B) +sin*(A—-B) =0 QQ

cos’C > 1
4

=> Piéu phai chimg minh.

AN
Cho cAc géc nhon a va b théa sin’a+cos’b<1. CMR: sin® @sgz b<sin’(a+b)

G O
QO
Ta co: sin’a+sin2[1—-a]=l >
2 ’\
Nén tir gia didu kign sin’a-+cs’b <1 suy ra: \&r& A
b\go—a,0<a-f—b<E
o 2
Mt khic ta ¢6: ($

sin’(a+ b)aﬁn acos? b+ sin’ beos?a + 2sinasinbeosa cosb
Nén thay thé cos’b=1—si’b vao @%ét ding thire cin chimg minh tuong dirong vai:
N 2sin’asin’ b<2sinasinbeosacosb
&)
soo 4> sinasinb < cosacosb
QQ’ + 0<cos(a+b)

Ta xét tiép at dang thirc rét ndi tiéng sau cia Flingser:

Chimg minh ring véi mgi AABC bt ki ta cé:
al +b* +c* > 438+ (a—b) +(b—c) +(c—a)®

Livi gii

Bét ding thirc sa; cs:ﬁng hién nhién ding do 0 <a-+b <~E = dpcm

Bit ding thirc ¢in chimg minh twong dwong véi:
2(ab+ be +ac) > 438 +a’ + b2+ (1)
Tacéd:
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KHhi d6:

= Diu phai chimg

cotA =
438

cotB =
48

cotC=
48

i 1 1

b% 4 c* —a?
ci+a’—b?

a’+b’—¢c?

(1)@45[, = C]24\/§S+4S(cotA+cotB+cotC)
sin

sinA sinB

<=>[.1 —cotAl+ _1 —cotB{+ —-]———ootC
sinA sinB sinC

3) Céc vi du ning cao:

]>J’

Theo AM-GM ta ¢6:

Do S= pr=>8[ ]
2r

Lai ¢6:

Ta cb:

Theo AM-GM ta ¢co:

: A B C
< tan—+ tan—+tan— > /3
2 + 2 + 27 \/‘
minh.
Diing thirc xay ra khi va chi khi tam gidc ABC déu. QQ
&)
QD
Chimg minh ring trong moi tam giac ta c6: )
[_] abJ_ beabe ca\/_ §[IS(<}<\\
32 b b+c c+a 73
Lavi giai ‘ ex)
\
ab\/—— bc«/__ ca-/ca ,@Ka-\bc+ ac
a+ b b+c ct+a K 2
(a+b+e) 0Q
3 6 S)
S
ab+bc-i—,4ﬁ§ (a+ b-i—c)z
ﬁs ] abx/_ bc\/_ cavac
3\2r a4t b +c a+c
= vé trai duge chimg minh xon%)Q)
\’b-
. a+b+4c=2R(sinA +sinB+sinC)
§ sinA'+sinB+sinC5-3-12/-_1
=a+b+c<3R3
§* = P 2Xp— D)= BXp— )P —eXp—a) < pZ Iabo -
8 (a+b)+(b+c)+(a+c)

abe
] <§ P 9 abc
-3 [a+b+c] 2 a+b+tc
W3

M6t Bn nita theo AM-GM ta ¢6:
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9abc 9abc ab«f_ bevbe | cavea
(@+b)+(b+c)+(a+c) ~ 3J(a+b)(b+c)(c+a) atb ' bro | ota
Vé phai duge chémg minh xong suy ra bit ding thic duge chimg minh hoan toan.

Chimg minh ring v6i moi tam gidc ABCtacédia® + b2+ ¢? > (p + Etﬂ:—) (H

Lavi o
Bién d6i trong duong bt ding thirc d cho ta c6:
72abc
)35+ +c")>%a+b+c) 426
(1) @ EARE ) +a+b+c
Theo BCS thi:
(a+b+¢) <3(2" +b* +c*)
=9%a+b+c) <27(a’ 4 b? +c%) QQ
2 2 2
Lai cé a—_l_-gigz’ vabe va 3%23 J(abc)? suy ra \200
. - 2 N
(a+b+c)(a®+b* +¢) > 9abe da'
Q
@8(32+b2+c2)2%
) at+b
(1)#(2) suy ra: _ o
' 27(a’ + b’ + ¢’} +-8(a® -+ b® + ¢ Q@a +b'+eh)+ 72:':‘_:0
Suy ra diéu phai chimg minh \
Chimg minh réing trong tam glér\cgl% ta co:
' @Bz cosC;A cosA;B
Q—F+—ft—2—>¢
Q' sin— sin— sin—
(, 2 2 2
Ta cé: ()
c0sCA A-B I B-C C—A_ A-B
cos cos cos cOoS cos
n2 @B @S sin 2 sin B sin
2 2 2 2 2 2
e B-C C-A A-_B
My g SO ces— _ (sinB+sinC)(sinC + sin A)(sin A + sin B)
Sin!_{smgsing sin AsinBsinC
22 2
Lai theo AM-GM:
sinA +sinB > 2+/sinAsinB
sinB+sinC > 2+/sin Bsin C
sinC+sinA > 2+/sinCsin A
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= (sin B +sinC)(sinC+-sin A)(sin A --sinB) > 8sinAsinBsinC
(sin B+ sin C){sinC+ sin A)(sin A+ sinB)

— >8(2)
8sinAsinBsinC
Tir (1) va (2) suy ra:
A-B B-C C—A
Ccos > COS 2 cOS 2 BJ_
—&— At 23V8=S6
sim— smn— s —
2 2 2

Cho tam gidc ABC. CMR: ‘
a b b c ¢ a

—c —a + —b) > 27abc
(cosA cosB )(cosb cosC (cosC cos A ).
L sidi
Biét déng thirc cin chimg minh tong duong véi: ’ ‘ Q
SINC__ oy SnA__ g ay— B —sinB)227sinAsinBsin(“{)Q
cosAcosB cosBcosC cosCcos A
1—cosAcosB 1—cosBcosC 1—cosCceos A
. . >27 N\
_ cosAcosB  cosBeosC  cosCeosA db'
Pt x = tanA/2,y = tanB/2,z = tanC/2, khi 6 ta c6 &‘Q\
1-x? 1-y* 122 2x 2y 2z
=—* ) = AtanA = —— tanB= ——— ==
cos A lfxf’COSB 1_I_yz,'::ogc l-i-z’v an - an l_yi}@C T
1-cosAcosB  2(x’+y%) %)

Khi dé:

= mat khac: x* +y° > 2xy nén
cosAcosB (-x)1-y") ¥ Y i .\\/\
1—-::osAcosB2 2x2. zyz_érb'AtanB o
cosAcosB  1-x"1-y2\

Tuong fu ta ¢6: OQG')
l_COSBCOSCgfanBtanC
cosB -
1-cogQc0sA -, 1 CtanA
] cos A
Nhan vé theo vé (1) (2) va (3) ta dugc dpeg -
\ 9}
8
@trong mgi tam gisc ABCtaco I +1, +1..< p3
< ,

(e

N

A =
2bccos— -
L= 2 B8 M g g

*" " pb+c  b+ecV be

Tacéd

Laicd i“ib_c <1 néntr(suyrak< fp(p—a) (@
[+
Tuongtwtacé 1, <+/p(p—b) ()
I <Jpp—c) (9
Tir (2), (3)va (4) suy ra

L +1, 41 <Jp(dp—a+p~b+p—c) )

dfu “=" trong (5) xdy rakhivachikhi a=b = ¢
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4p dyng BCS ta c6

(Wp—a-+yp—b+p-cy<33p—a-b-c)
> Jp-at+fp-b+p—c<. 3 (6)

T (5) va {6) suy ra dpem
D6i véi mot sb bai, ta cdn kée hop cé vige khio sat ham sb aé di aén Lai giai.

CMR trong moi tam gisc ABC déu c6
I+cosAcosB+cosAcosB+cosAcosB5%(cosA+cosB+cosC)+cosAcosBcosC

L gii

Bt déng thirc ¢n chimg minh twong duong véi:

1—2COSACOSB+2(CUSACOSB+COSACOSB+COSACOSB)+1>E(COSA+COSB+COSC)

6
> cos” A + cos? B+ cos? C+2(cosAcosB+cosAcosB+cosAcosB)+1> (c@'h’+cosB+cosC)
ﬁ(cosA+cosB+cosC) +1<—(cosA+cosB+cosC) .\“2

1 13 o4
> c0SA+cosB+cosC+ <— N
cosA+cosB+cosC ™ 6 /<Q

Bt t = cosA + cosB -+ cosC d

Xét ham dic trimg () = t+_I. vdi te (1;3] Q}\}
' W
Tacé £'(x)=1—— >0Vt e(l; -—] =f(x) dbng bién trex;nghoéng d6

=f(x) < f(—-) = Didu phai chu'ng minh 0.7\
N

fa)
Qi tam gidc ABC o6 chu vi bing 3.MR:

3(5@3%\ +sin® B+sin” C) + 8R sin Asin BsinC > —-1-??
(@ 4R
o
r - " O
Bit dang thie can chl’m@h twong duong véi:
3 q}gﬁw A+3.4R?sin” B+3.4R”sin C+4(2R sin A 2R sin BY2R sinC) > 13

. 32" +3b" +3c* +4abe >13
Do a,b,c t@rbnhunhaunéntagiésﬁasbgc _

Theo gia thiét a+b-f-c=3--->-a+b>c=>3—c>c=~¢-15csé

Liti pii

3%

Thuye hién bidn déi; .
T =3a® +3b” + 3¢ + 4abc
=3(a® +b*)+3c* + dabe
=3[(a+b)* —2ab]+ 3¢ + 4abc
= 3(3—c¢)* +3¢* + 4abc — 6ab
=3(3—c)’ +3¢* —2ab(3—2c)

Vic<-;—=>2c—3<0=>3—2c>0
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. a-tb 3¢ 3I—c¢c
Véab<——-——2=——-1-_-$ﬂ.2 i ¥
=<( > )= 2 ) ab( 7 )
Do d6: '

T>3(3-c) +3¢*— 2(3;—“‘)2(3 ~2¢)
Xét f(c) =’ —3& +£ véi 150<§~
2 2 2

=f{c)=3"-3> QVC € [1;%) = f(c) ddng bién trén khoang d6

=f(c) > f(1) =13=> diéu phai chimg minh.

[ Cho tam gisc ABC.Chimg minh ring: (1+ cos” AX(1+ cos” B(1 +cos’C) > %2_6:2 Q J
. b(\
Lo i O
F
Khong mat tinh tong quét gia s& C=mmin{A,B,C} Ta cé: ‘Q\
(1+cos? AY1+cos’ By =(1 +Ei°f2>&%)(1 +“"°§S§§>

Xét. . Q,\)

P = 4(1+ cos® A)(1 + cos’ B) = (3+ cos2A)(3 'PQ)}SZB)

=P =94 3(cos2A + cos2B) +cosZA co;{&

=9+ 6cos(A + Blcos(A - B) +%[cos@\k +2B) + cos(2A —2B)]

=9—6cosCecos{A—B)+ %[2@9@ +B)+2cos’(A+B)-12]

=9—6cosCeos(A— B)J(éﬁs +cos’(A+B)-1

. s}
Do: ()
cos(=B)| <1
6@ > 9—6c0sC+cos*C = (3—cosCy
Ma cosC > 0O o@
D" = P(i+cos* C) > (3—cosCF(1+cos* C)
X
Mat khéc ta ¢6: 0 <C§§$'=>coscz—;—
Xét £(x) = B3 ~x)*(1+¥) véi x e -;-;1
= £1(x) = 2(x = 3)(x — )(2x ~ 1) > 0¥x € [%;1)
o 1. 125 R ) o125

=f(X) ddng bién trén khoang d6 = f(x)> f(-2—) T i (L+cos® AY14cos* BY1+cos* C) 2 6 = diéu phai

chimg minh.

4) Bai to4n lién quan dén tam gidc:

Py 14 logi bai toan x4c dinh dang cia tam gidc ABC khi biét mbi lién hé gita céc yéu tam gi4c. Dang bai ndy doi
héi kha ning xir 1y bét ding thic khéo 1o
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s 9
CMR AABC déukhi théa: m, +m, +m, :5R

Liri giai
Theo Bunhiacdpxki ta cé: {m, +mh+m) <3{m?+m,’ +m, )
@(ma+mh+mc)zgg-(az+bz+c2)

& (m, +m, +m,)" <IR?(sin’ A +sin’ B+ sin’ C)
ma  sin® A +sin’ B+sin2cS‘§ =(m, +m, +m) S9Rz-§=%}{2

= m,+m, +m, =—2—R

S
Ding thitc x4y ra khi vi chi khi AARC déu =>Ppem. Q

. O
[ =
” CMR néu smé—sm—-z _ thi AA@i

S

Liri gidj Q,\)d

Ta ¢6:

A B A—-B
ab <&t b 2R (smA + smB 2R.2 “é— cos 5 ;
4c 8¢ 2R.8sinC @\R g 25111;:005% Ssing ScosA;B

N
=>sinﬁs' 9«f—-—l----—
Q§A+

os
N A
o) @4c05A-2'_B{cosA_B—cosA+B]—l50

O) 2 2

=> Diéu phai chimg m&é}o

\v
VL§ CMR AABC déu khi né théa: 2(h, +h, +h J=(a+b+c)V3

T

Theo d bai ta co: 2.2p[-r—-|— %»{-i]: {a+b+ c)ﬁ
a ¢

sin—sin— <1
2 2

el f T
a b ¢

m’&

1 1 n 1 —
cot%+cot§ cot§+cot§ cot%—f—cot%

+

M[&
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. i il 1 1 1
Ta lai co: - == a ek
d BS4 A + B 4[tan + tan ]
cot—+cot— cot—  cot—
2 2 2 2
T . 1 1 B
wong fif ta cO: < —{tan-—+ tan—
cot~—-i—c:oi;-(-:w 4 2
2 2
—C—l“""xﬁ—l-[tau£+tanﬁ]
cot—2—+cot_ 4 2 2
= ! + ! + ! <l tané+tt.':m—li-ktang

A B B C C A—2 2 2 )
t— 4 cot— t— t— t— -+ cot—
coz+o2 c02+co2 c02+

B A B C A B C
=2 < " ltan=+ ttan—+ tan— | < tan’= -+ tan—+tan— > /3
2‘2[ g htanot 2] g 523

= Pidu phai chimg minh.

"( CMR AABC cén khi thoa b, =J5c_cos% -\‘2

N\
" Q
&
o e A N
Trong mgi tam gidc ta ludn c6: h, <1, = coS— )
b+ec 2 \>
2be _ be BEEPAN
Ma b+c>2vbe = < = +/b 0%
2o s = e <

b+c

S
- 20 cos% <+be cos@; h, <+/bc cos%
. @) .
Pang thire xay ra khi AAB§ cén => Piéu phai chitng minh.

C4

CMR AABESn khi théa 2008A +cos B+ cosC =%

-

O » -
0
Ta cd: <
2<:osA-I-cosB-:£§s§~’20[l—Zsirn2 —2-]-5— ZCOSB: ¢ cos B;C

2
B-C 1+g=H[ Al B;C 1 @B=C_

2 4 4
[ A1 'B—c]z 1 ..B-C
= —| 2 8in — ~— —C0s — —sin” ——
2 2 2 4 2

Ping thic xay rakhi B=C = Diéu phai ching minh.

= ~4sin® —4 25inécos
2 2
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KT thudt @i bién trong chimg minh bit ding thire

bay la mét ki thust kh4 quan trong trong viéce gidi toan bit ding thic. Muc dich cia viéc ddi bién s& giup
chiing ta nhin nhan bai todn mét cdch téng quét hon va d& dang lién hé cac bidu thitc cia bét ding thirc cin chimg
minh hon Tz s& tim hiéy ki thuat nay théng qua mot sb vi du sau: ’

Cho 2 b thyc duong a,b théa min a + b = 2 .Chimg minh ring: a’4b’' >2

iz

Dy dodn dang thitc xay rakhi a = b=1.

Do vy ta dit: a = 1+ x. Tir gia thiét suy ra; b=}-x,xeR
Ta cé: B=a5+bs=(l+x)s+(1—x)5=10x"+20x2+222
Déngtht'rc Xayra<>x=0,haya=b= 1.VayB > 2

)
L Cho a+b=3,a<1. Chimg minh ring: C=b*~a’—6b* —-éi)'}bbzo ]

T —8

N
Dy dodn ding thite xay rakhia=1; b=2. \j
Doviytadata=1-x,véix > 0. Tirgidthibtsuyrab=22+ x . ,(Q

Tacs: C=b—a'—6b"—a’+9b = (2 +x)° ~(1-x)° - 6(2 +x@1—x)2 +9(2+x)
=X =2 +x =x(x—1) >0 (vix 2 0). ,\Q;

-1 tica=1b=2 hoaca=9<7éf}3.vaycz ]

o\

4 ‘o
Cho &b,cgﬁg] vad a+ b+ ¢ = 6.Chirng minh ring:

. X
Diéng thirc x4y 12 < X

a) a’+b2+c2%4)§ b) 2* +b*+c'< 36 -
o i
_ ) L. gidi
Bita=x+lLb=yp+Lig=z &Kju dé x,y,zE[O; 2] va X+y+z=3 Giasu x = max{x; y; z} suy ra:
x+y+z=3g3x=>é9xgzﬁ(xhl)(x—z)go
nen: X'+ '+ 2 Gy +2)" = + (B xfP= 5+ 2x—Yx—2) <5
Tt 1a: x* + 2’<5 (*). Tuong ty ta chimg minh duge x* + ¥ +2°<9 (*%)
a) Ta cé: a@cz =4+ +D +HE+ ) = 4 Y+ 2+ 2Ax+y+2)+3 (1

Thay (*) vao (1) ta c6: a” +b” +¢” <14 12 didu phai chimg minh.
b) Ta cé:
a'+b*+c’ =@ Hy+1P +E+1) =% +y° +22 4368 Y +2)+3x+y+2)+9 (2)

Thay (*) v (**) vao (2) ta ¢6: @’ +b’ +¢* <36 1a didu phai chimg minh
P

. 1+abY
Cho céc s6 thyc a,b vdia+ b= 0. Ching minh: a2+b2+[—a—_ﬁ] =2,
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Datc=—la+a:.’i‘ac6: ab+bc+ca= -1

Va luc nay BPT cin chimg minh tré thanh:

a2+ b +ciz2ea’+b 4 6f 2—2(ab+bc+ca)¢>(a+b+c)220(luﬁndﬁng).

V3y bt ding thirc dugc chimg minh

Cho %,y 13 2 sb thyc khong 4m. Chimg minh ring: (%-3'174- X X; >
X

3

Lavi g

2 3 . 2,2
Pé ¥ ring bit ding thirc 44 cho trong duong véi: :'x LA +(x -i'i D >5
‘ (x*4y7) 'y

e o vem . C+y ) 4
By git, dau hiéu &n phu kba r6 rang. Dt t = -——5—. Theo AM-GM thi ta thiy t > 4.
X'y

4 (t=1(t—4)
t

Biit ding thitc cn ching minh tr& thinh: £+ 54> >0 (didu pay ding )db\

A

\
QY

N

Cho a,b,¢,d > 0 thoéa mén ab = cd =1.Chin "\ri’mg:
(a+b)(c+d)+422(a+b+c-&®

N\
R N\
Liigisi K
Piat a-+b=x,c+d=Y ta dua bit ding thirc cin chimg mi thanh:
| xy+4 28R °+)
Biing bién ddi twong dwong, diéu ndy twong duong Svd&x —2)(y ~2) > 0.Diéu ndy ding vi

x=a+b> =2;y=c+d22sfc_a=2

Péng thic xayrakhi a=b=c=d=1.

r\
'( Cho x,y,zkgava +‘+—..1 Chimg minh ring (x —2)(y —2)(z—2) <1
y

Livi gidi

Ta s& dat &n phu dé dua biéu thitc cdn chimg minh v& dang don gian hon.
Pit x=a+2y=b+2%z=c+2, a,b,c> 0.
Bai ton dugc quy vé chimg minh abe < 1.Trong d6 a,b,c lacic s6 duong thoa mén:

1 n 1 1 PR b L
a+2 b+2 c+2 a+2 b+2 c+2
. : a b c
Pén day dit tiép m= ;n= pP= thi ta c6 m+n+p=1.
yaRep M= Ty 2P T o2 P
Chﬁy';L=a+2=1+2.=>3=_1__1=“+p=,,a=_351._
m a a m m n+p
Tién hanh tyong tr, tacé b= —El—;c -
_ p+m m+n
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Do d6 bét ding thitc r& thanh 2™ 20 20 _
n+p p+m m+n

Diéu ndy twong duong véi bt dang thire ding theo AM-GM:
| {m+n){(n+p)(p-+m)>8mnp
Ding thirc x4y ra khi X =y=z=3

Loz s U 1 1 1
Binh Iugn: Qua bai todn trén chilng ta hoc duge mét kidu ddi bién khi gip diéu kién ) + br2 + o1z =
Khi d6 tdn tai céc s6 dwong m,n,p sac cho:a = 2™ b= o 2P
n-+p p+m m+n

Va nhiing bai t3p kiéu nhir vay khong hé khé gip trong cAc bai todn vé bt dAng thirc,

Cho céc 56 thie duong théa man: ab + be+ ca + abe == 4 . Chimg minh ring:

Vab ++fbc ++ca <3
)
L i S
Gié thiét clia bai toan duge viét lai nhu sau: . ‘2

N\
abc+2(ab+be+ca)+4(a+b+c)+8=12+ab+bc+ 4{a+b+c);

(a+2)(b+2)(c+2)= (a+2)(b+2}+(b+2)( c+/i)@6c+2)(a+2)

1 1 1
Didu ndy twong duong véi: f + =]
e e vt e terr =L \\Sy
Tén tai c4c s§ duong m,n,p sao cho: Q’

a= n+p Kgg c_m+n ' :

Thay vao bt déng thirc cin chimg minh tré thanh:

m n

———, <3
. < m+p n+p
Ta giip lai cdu hinh quen thude J_ <@_—nen g0i y cho ching ta sir dung bét dﬁng thuc
AM-GM ¢ dénh gis: $0 :
OO (2f m_ _n < m +h -
Q:Q Vm+pn+p m+p n+p
> 2 P_. p
LN Vm+n m+n" m+n m+n
n+p m+n " n+p m+n

n
m+p n+p

Céng theo vé 3 bt ding thirc ciing chidu ta c6: 2> f—— <3

Déu déng thic xdyrakhivichikhia=b=c¢

Ching minh ring v6i X,Y,2 >0 va théa man: Xy +YZ+ZX+XyZ =4 thi ta c6 bit ding thirc
sau ludn duing:

a+b a b c
X+ y+z2Xy+yz+2x b+c+c+a+ + >4[

+
a b ¢ b+c e+a a+b
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L gii

Tén tai céc sb thuc duong a,b,c sao cho: x = 2a iy = 26 Ze= 2
b+c c+a a+b

Bét ding thirc cén chimg minh bay gid 1a:
_a b LI 2ab n Zhe + 2ca
brc . cta atb- (btc)c+a) (ctafa+b) (atb){bc)

Bét déing thitc nay tvong duong voi: ‘
a(a+b)(a-+c)+b{b-+c)(b+a)+c(c+a)(c+b) 2 2abla+ b)+2be(b +c)+2ca(c+a)
erafa—b)(a—c)+b(b—a)(b—c)+olc— a)(c—b)=0

Pay chinh 1 bit ding thic Schur, va ta co didu cén chimg minh.
By gitr ta xét tiép mot s6 cach di bién tiép. Twong tu nhilmg gl vira trinh bay. Néu nhu didu kién cha bai todn 1A
Xyz=%+y+2+2 hotic Xy +yZ+zX+2yz= =1 thi thé nao ? Ta cé cach ddi bién ndo khong ? Cau trd 101 12
¢!
V1 didu kién , ching t6i chi xin trinh bay ngén gon, ¢4c bén nén ty tim céch chimg minh lai dé hidu & @ Néu nhar
ta c6 XyZ=X+y-+z+2 th tdn tai cac sb duong a,b,c sao cho
_b4ec _cta _ a+b
a ’ b’
Vay néu ta c6: Xy +YZ+2X+2%yz =1 thi tdn tai céc sb duong a,b,c sao cho: &‘Q\
a b c
=b+c;y=c+a;zza+b \)d
Trong mot 16p bét déng thirc, thi ¢6 lc ta & gap didu kién cho 12 X + \yi\gz =xyz+4 thi tdn tai céc sb duong

a,b,c thoaman abc=1 va

. (Hay tir kiém tra khéng dinh nay );\

_a+ Y= b+ c+-

Ngoai ra, con c6 mét trudmg hop nira chimg ta ciing hay g@)% lavdi x +y2 +2* +xyz =4 thitacé thé djt
x—Zuﬁfé\%QcmB .z =2cosC .

o‘
Cho %,Y,2 >0 thoa ny\rg@S!ernyz:l Chimg minh ring: -+~ + 2 > 4(x+y+2)
Xy z
<
() « sxs
o2 L
- A b c
Tdn tai céc sb duong a, k¥ saocho x = 2 .y= 2=

Yy = 2= .
. b+c cta a+b
Bét ding thitc dugc viét lai dudi dang:

b+c+c+a+a+b24 a b i c
a b c b+c c+a a+b
Theo bit ding thitc BCS thi ta ¢6:
N
b+¢ ™ b b+c™ b
4 <_1_ l 4b <E b
Tuong tur: c+a ¢ 4a c+a ¢ a
] ) 4 1 1 4 ¢ . ¢
<=t=—= <=4 =
a+b-a b at+tb"a b
. b+c¢ c+a 6 a+b b c
Cong lai ta cb: >4 3
tng la * b * [b +¢ cta a+b]
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Chimg minh ring néu X,y,z>0 vi thda mﬁﬁ XyZ=X+Yy+z+42 thi ta co:
xyz(x—Iy—1)z--1)<8

L pii

Dit x zﬂ;y - c+a;z= a+b

" a b c
Bit diing thirc a3 cho trg thanh: (a+b)b+c)c+a)a+b—c)(b+o—a)cta— b) < 8a’b%?
R4t khong may dy 1a mot bt déing thirc khd chit, chiing ta c6 thé gidi né bing phép dén bién
O day xin trinh bay mét cach tiép cin khéc ding hinh hoc.
Buong nhién,, ta chi cn chimg mink trong trudng hop a,b,c 12 46 dai 3 canh cla mot tam giéc.
Néunhu R 12 bén kinh dudmg trén ngogi tiép tam gidc thi ta c6 mét ding thirc quen thuéQGSs}u:

. ‘ _ a2+b2+cl
- (a+b—c)(b+c-—a)(c+a—b)—m (@)

;. s . b)(b+§
Bat dang thitc can chimg minh duge viét lgi thanh: (a+b+c)R2> (2 D)L +a)

Ching ta da biét trong sich gifo khoa tosn 10 NC c6 d& cp mot bai t@]}g@hg mitth
| OH=9R*~(a’+ b +°E¥‘
Vay nén ta dua bai todn vé ching minh: - . O
8a+b+c)a® +b* +c%) > 9@%b)(b+c)(c +a)
Theo AM-GM thi ta cé: ' ’0'_\/
9(a +b)(b +qc}(§k a)< g(a +b+c)

(a+b+c)’

2 b2
a“ + 3

- Tir 2 bt ding thirc ndy, ta ¢6 didy phai \minh.

Chimg minh ring vd(moqi sd thye duonga, b, ta cé bt déng thirc sau:
* 3 3 3
O\l‘ - + { b 7+ IJ 2 721
O a+®b+c) b +(ct+a) Ve’ +(a+b)
2O -
©
(g
X

: L pidi
Biét ding th'@%ﬁc viét lai thanh;

b Ta viét bit diing thirc trey thanh:

¢
1
Z:V1+:q(321

Béy gid, khd tr nhién khi ta c6 hing déng thitc: 14+x° = (+x)1—x+x*) goi y ngay cho ta dénh gi4 bing AM-GM
(vilatichcia2sé)

Dé don gian , ta gt x = b
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-

$ir dyng bét déng thirc AM-GM,ta c6:

1 1 2 .
= Z -
N Ju+i-—x+x) X +2

1,1 1 1
C+2 yi42 2422

Hay tuong duong véi: ! + ! + ! > 1

. 2 2 2 —
[b+c] 42 [c+a] 42 [a+b] 2
a b .

Theo bét ding thirc BCS, ta c6:

Viy ta cn chimg minh:

P a’ > a’
[b+c]2+2 (b+cf +2a° — 2b*+c?)+2a’
a
Diénh gid twong tir 2 sb hang con lai rdi cong lai ta c&:
S B B |
2 2
2
[b+c] 42 [c+a] 42 [a+b] R
a b
Vay ta c6 diéu phai chimg minh. N

. v
P \ .
Cho c4c 56 thue khdng &m a,b,c thda mén: a’b' ¢t = 2(ab+b®a) Chirng minh ring:
la—b| [b—¢] lc—a]
=+ —
J2ab+c?  yibcta Jan:l\-@
\\/
Lii gii >
Didu kho khin & bai toan nay d6 14 ddu ding thirc khéng xay ra t!\ a=b=c¢. Nhu viy céc danh gui cua ching ta
kha 14 khé khan.
Trude hét, ta phat hién dugc: 2ab+¢? =(b—c)’ +(c— a)b%hinh vi thé, néu dat:
- X =(a—b)’
thi bét déng thirc cAn chimg minh twong duong ya

+J oy =22
4z Vz+x \x+y

-—C) 32 =(C—'a)

Bai todn ndy kbé la quen thude vai 0@% ta.

2x(y+2)

Ap dung bét diing thic AM- Q\Mbtacé ,/x(y+z)< Z Suyra: 1> Nhén ca 2 vé vé
X+y+z
(x_ ,mcéduqczgzﬂL
y+z y+zZ X+y+z
Tuwong tir ta c6:
y > 2y
z+x  x+y+z

z_. 2z
x+y xX+y+z

Cong lai ta c6 ngay dpem. Diu ding thic xdy ra khi va chi khi a = b,c = 0.

(IMO 2008 ) Cho x,y,z la céc s6 thire khéc 1 thoa min Xyz=1 Chung minh ring:
l 2 2
y z
+ >1
(x—l)2 (v—l]2 (z-1?
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X
Bat a=—1-; fuong tr véi b,c.
XH

Ta s& ¢6
abc=(a+1)b+1)c+1)=ab+bc+cata+btctl=0

Sa’+b’ o =al+ b 42 +2(ab+betcatatb+e+l)=(a+b+et+ 1P +1>1
Lai giai ngln gon cho mt bai thi quéc 6 ding khdng ? Nhiing gi don gian luén mang dén cho chiing ta mét sirc
manh khé Ja bit ngd. Céc ban nén tir luyén tap véi mot s bit ding thirc sau duge dé xult boi anh Pao Hai Long

~

(HCV toan quéc té ).
ﬁéi todn: Chimg minh riing véi cc s6 thyc phan biét x, v,z thi:
x2 y2 22
) + + >2
-2 @-x)P (x—y) N
T M 1 &
(x-yy (y-2)' (z—x) "4 \20
1 I 1 9 .
3)- -+ =+ T2
x=y) =z @E-x) " 2Ax"+y
3I_ .3 i_ 3 3I_ 3 N\
S he I n 220 O
K 6=y =D x4
’ - AN
Cho a,b,c 143 s6 duong Chimg minh ring; \J*
a ¢&{& N
Va® +8bc bt +8ca Vo +8ab
R
O 0 -
‘ ()\ Liri g
Bai todn ndy d3 duoc dé cgp & phin ‘6&’ nhing & dy ta s& tiép can theo mot hudng khéc:

a Ly b (_)Z_ c
Vo't Qe Yo t8ab
Ta thiy x, y, z ddu du‘on%@%i)’l‘ cén chimg minh tr& thanh § = X+y+z>1.
z 2
a 2&1’:[ a ] a 1 . _ 8be

= = ——1I=
\a? +8be a’+8be  x° a’
1 8ca 1 8ab

Tuong tu d y—2—1=?.; ;2_— =_":T'
1 1 1
S5-I -1=—1|=§
Suyra [x2 Hyz ]{z’ ] 3 M

Mat khéc néu S=x+y+z<1

YR IEUY R T (0 I I S S £
aire (L 1][y2 1][22_1]>[x2_1][y2_1][22 ]
~Tathly (S—x)($-yNS—2)=(x+y)(y +2)(z +x) > Bz (theo (**) & vi dy 12)

~Véibasbduong x +y,y+ 2,2+ x talai cé (S+xXS+yXS+2) > 64xyz 3)
— Nhin (2) va (3) vé véi v4, ta duge: (8% —x*)(S? -y XS —2%)> $xPy%s?

Pat x=

@
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2 2 2
hay: [S—z-—-l][g’-— l][s——-l]> 8
X y

Tir day suy ra: T > 8% méau thuan vdi (1).
Viay S=x+y+z > L, ticbai tofn duge chl’mg mink.

Cho a.b,c 14 cic 56 duong thoa man abc = 1.Chimg minh ring:

a b c 4 <1

EE AT T e @b et 4

v

Livi i
bat: x=l_a;y 1-b, 1_C=>—1<}-:,y,z~<1 va a=1_x;b 1=y Z.

1+a 1+b 1+c¢ 14+x 1+y Ttz
Tirabe= 1={1 —x)(1 —y){1 -z)=(1 +x)(1 + y}{i + P& x+y + 2z + xyz=0 \
Mat khéc: —22 I 2 14x Q'»

(a+1) a+l CQ
Tuongm:—i——:lwyz'—z——cl-i-y Vi i-:l—zz-—g—=1+z N

T (b41) "b+1 (c+1) "c41 dzr
Nén '

4a I8 4c 2 '\\9
()= @1y o4y tery s (a-!-l) Zif(c+1
al-x*+1-y +1-2° <1+2(1+x)(1+y)(1+z®
e xtsy +2° +2(xy+yz+zx)+2(x+y+z\vxyz)>0
& (x+y+z) >0 &’0’
Day 14 bét diing thic ludn diing nén bai todn duge chimg minh c_,\

'[ Cho a,b,c thoamin a>4b>5 7§Q06a2+b2+c =90 .Tim gi4 trj nho nhét cia
!e\ =a+b+e

o\

bat a=X+4b= y+5‘c~—z+6 @90
Ta 38 chimg min S > 16 ¢ nghna@ek-i-y-l-z >1.
Tacé: a° +b° +¢? =90 & R+y* +2° +8x+10y+122 =13
Giast X+y+z<l @y ¥+ <]
Tacd:

4y +z +8x+10y +12z

= (P Y 2B+ Y +2)F 2y +2) 22 < T+ (BH2+D(x+y+2)<1+12=13
Didu ndy vo 1y vy didu gid sir 1 sai, Dodétacd S2 15+ 1=16
Déng thic xay rakhi a = 4,b=5,c= 7.

Cho a,b,¢ 1&céc sb thuc dwong, Tim gi4 trj 6n nhét cda bidu thirc sau:

Jab Jbe Jea
RPN RN TN
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Lavi g
Ta nhan thiy sy xut hién lai cta mot sé hang & ¢4 tir s6 va miu sd Lic ndy ta lam gi ?
Hay theo doi Lavi gidi cta chiing téi:
1 1 1
+

c b a
—F=+2 +2 =42
vab T Vea T e
Y tudng bay git khé rd rang 1a &4t 4n phu.
D-’ﬂ—-—=x s =z Suyra Xyz=1,
N e
1 1 1
+
24x 24y 342z
1 1 1
2+%x 24y 24z
Khai trién ra, ta dugc bét déng thirc twong duong véi:

(k2 (y+2) (v 2) (2 2) 24 2)x 4 2) < (x+z)(y+z)(6>})
Oxy+yz+zx >3 \20()

Theo AM-GM: Xy+yz+zx > 3¥x’y?2% =3 N
Véygidtrilénnbitciia P=1 dattai a = b = ¢ \d

Bay gitr ta xét dén déi bidn voi didu kién tich cAc bibn 1 mét sb k (ng)@ abc =k ) ma théng thudmg nhit I3
abc=1].

Viét lai P duéi dang p —

Viét lai P =

Ta s& chimg minh ring: p =

2D
(%)
Cho a,b,¢ lacicséd tht,rc duong thoéa min al\/x 1.Chimg minh ring:

rote e 2

V\Q Lii giai
Nhgn xét:
a,b,c 12 cicsb thue duong thod man gegl nén ta dit:
=STf = =z , VUi x, y,zlacécséthucduong
Ta cé: ahl.f. &.&l e+ }<1©(x y+az)y - z+x)(z—x+y)<1
c Xyz

“(x-y+z)(y—z+x)(z— x+y}<xyz (%)
Pitx=m+nys %q-p,z—p+m Khldé(*)@(m+n)(n+p)(p+m)>8mnp **)
Ap dung BDT si cho hai s8 duong ta ¢é: m-+n >2vmn;n+p> 2\/1;; p+m>2pm

Cho céc 6 thyc duong x,y,z théa man XyZ=1.Chimg minkh ring:
1 | i
+ + >1
X+x+1 vVi4v+l Z24z41

L i

Nép 4p dung tryre tiép BCS thi ta s& bi nguge déu ngay, Viy lam sao d& vurgt qua duge didu nay.

Tas&thay x,v,z lan Twgt béi l L j— bit ding thic trér thanh:

x'y'z

2
x? y? z

—_— + >
X*+x+1 yiiy+l 4zt
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xI yz 22 (x+ y + Z)Z
2 + 2 + 2 “>_ 2 2 2
x4 x+1l yi4y+l 2f4z+lT Xty +zZ +x+y+z+3
Nhung r6 rang vé phai ciia bit ding thic trén khong vuot qué 1 duge. Bay gity nhu 34 néi, ta phi
clia minh hon nita. Ta s& dbi bién theo mot cach khac.

Liic nay, ta s€ ap dung BCS:

bc
Poladit x=—y= :;:, b . Bt gfing thire tra thanh:
a
a’ 4 b . ¢
a® +albe+ bic?  b*+bicata’c’ . ¢" +ctab+b'at
s a2+b2+02)2
Ap dung BCS , ta ¢6: a > (
p Gung Za4+a2bc+bzcz ”E(a"+a2bc+bzcz)
Bay gid, ta chi cin chi ra ring:

(a2 46 +¢) > a' +ab) at Yot

Hién nhisn bit ding thirc trén tuong duong v6i bt ding thirc quen thugc sau:

a?b? + b’c? +¢%a? > abe(a+b+c)
(day thyc chét1a x*+y* +2° Zxy+yz-+2% ) \20
W
Cho céc sb thizc duong a,b,c thoa mén abe = 1 .Chimg minh db'
1 - &
(a+1)(a+2) (b+1)(b+2 c+1 +@\‘2
L pii \,/\Q,
Pt a=Y2;b=xio =22 &’&
v x2 _y2 22 \
o 5 x* »Qc') 1
Bét ding thirc cin chimg minh tr thanh: 3 AN >

2x +yz)&@ yz} 2

Bay gid, 4p dung bét déng thirc BCS, ta c6: &\
O (X 4y’ +z 2y
vT
\& © Z(Zx +yz)(x +yz)
Béy gi9, ta cin chi ra ring: 2()&2 + )LZQQLQ' )2 > Z(sz + yz)(xz +yz)
Khai trién va rt gon ta duge: quf)-}— b%? +c*a’ > abe(a+bc).
Hién nhién bt déng thirc né.)%dfmg.

N

Cho 3 38 duong a,b,c théa min abc = 1 .Chimg minh bét ding thitc sau:

b 1 L, 2 -
(+a)y  Q+b? i+ (1+a)(1+b)(i+¢)

Lvi gid
Tén tai cac sb6 duong X,y,z a0 cho:a:y—f-;b=%;x =X
- X y z

Bét ding thiic ¢in chimg minh twong duong vai:
£ 2x2y*z?

Z:(xz +yz) (x +yz)(y? + =)z + xy)
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Theo bét ding thirc BCS, ta c6: (¢ +yzy <(* +y*)x* +27). Theo dénh gid ndy thi ta cé:
Z x* ZZ x4 1 zxzyzzz
(x* + yz)? (x> 4+ y*)(x* +27) (x* + ¥*)y* + 2802 + x*)
RO rang bay gid, ta cin chimg minh: ,
CCHY XY +2°X2" +x7) 2 (¢ +y2)y? + 72 +xy)
Bét déng thic nay duge chimg minh bing ghép d6i xtmg. Bé ¥ ring:
(O +y ) +2") 2 (4 4yz)’

Phép chimg minh dwoc hoan tt,

z . 4k g 1 1 ¢!
Cho a,b,c 1 cdc sé thuc duong théa man didu kién T +1+b" = Lo

Tim gi4 trj nh6 nhét ctia bidu thirc: F = 22¢@+b+¢)
ab+bc+ca \

%
Lii gii (,Q

Day 14 bai to4n trong ki thi chon d6i tuyén cita Ha Tinh nam 2014 (:&gﬁy trurde khi cudn sdch nay duqé

XB I4n d4u ). Bii toéin ndy néy bit lén tng dung cta phuong phap d6i bién. K@l nhu ching t57 khéng tim duge mot
101 gidi ndo chimg minh tryc tiép cho Bét déng thirc ndy. Ben diu nhin /g‘{s}aiéu kién 1a biéu thic c6 chit gi 46 déi
x{mg dep cling 6 chit gi d6 “léch™ khong déi xUmg. Cii nhin diu tié&( s& rit ra ngay dugce:
: 3 1 1
+ + =1
a'+1 b+l 1 Q,\}
Nhu ly thuyét da trinh bay thi bay gior ton tai céc sé dwong Pz sao cho:

a___d/y+z’b=4 z+x’c s4f;+y
X y _\ z
Q%

Véi dy doén F>+/2 nén ta s& chimg minh: R

JEENY+ 2Nz ¢ JXTY J XYY +2)
Tl o

Hayia
Jx-f-y Xx+y ‘x+y>21x ‘/y +Iz
f%ﬁi A e pvat P {x+v
S . & &
4 y+z” fay+dzy B+
Chit y iét qui: 8(APB") >(A+B)" taco: 8
: Yo A1, 1
GES I GE
Xay dymg céc bht ding thirc tuong ty, rdi cong lai, ta duge: -
4 4 4
VTS\—E—.[ZM]
2 iy

4 F)
Hon nira, ta lai c6: \/;4+\/ES 4 8z+x)

&

y y
Suyra: VTS4L_H‘.(.+4‘-)SH+4£E_—_VP
M Y z X

Nhu vay, ta cé két lugn: F,, =v2 e a=b=c=42
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Mt s6 bai tip tw luyén:

R | Cho x,y,z 1 ce sb thyc thoa min xy+yz+zx+2xyz=1.Chimg minh ring Xyz 5% va
3
k xy+yz+zx>z
vy
(" ] )
Cho x,y,z 14 cdc 56 duong théa man x4y +2* == xyz .Chimg minh ring:
xy+yz+zx 2 2{x+y+z)+9
\. s

Huwéng din: Dt x=a+LlLy=b+lc=z+1

Cho a,b,c la c4c 56 thue khong dm ,chimg minh ring: @)
a? 4+ b +¢? 414 2abc > 2(ab+be +ca) ) QO :
N

<
Hudng din: D3t a=%-+Lb=y+kz=c+1 (%,¥,2=—1) Tachuyén bit dﬁng‘(ﬁ%\c?ﬁn chimg minh vé dang:
X4y +2 +2xyz 20 -
Ta cé tich (xyXyz)(zx) = x'y'z" nén c6 it nhit 1 s6 khong am, gia sir do l{gj >0 Lic nay:
' xy(z4+1) >0 ;%% +y° >2}g\

Véy taco dpem. \
[
r - g
Cho a,b,c 12 cac so thuc diong. Chimg mjsﬁglg: W
: )4+8>5
L xyz+2(x‘\;k%2+z )+8>5(x+y+2) )
o
4 Vz W
Cho a,b,¢ > 0 vathoa md b +¢? +-2abc =1 .Chimg minh réng:
(2-b) , {2-B)2-- C) (2—c)(2—a) —1
\ ‘lg+a)(2+b) (2+b)(2+c) (2+c)24-a) )
§ \
Cho X 0 va théa man Xyz=X+y+2+2, luc niy ta cé:
Xy 324+ 2X 225y +2) va Vx+Y +Vz _%nyz
J
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Ki thuit lugng gidc héa

Thyc ra vige chimg minh mét bat ding thire dai sé ludn khé khan hon chimg minh mdt bat ding thirc dang lugng
gidc hay hinh hoc. Vi thé gi6i bt ding thirc dai b qué phong phi va khéng miu myc. Chting ta s& tim hiéu mot ki
niing chuyén tir bit ddng thirc dai s vé dang lugng giae véi niém tin bit ding thitc hrong gisc thue ra dé chimg minh
hon rét nhiéu. Chiing ta theo dasi mét s6 vi du va Iuu ¥ ban doc hay nén rit ra nhimg nhén x€t c4 nhén hitu ich cho
ban thén nhur 12 nhimg kinh nghiém giai toén

Bay gid, xin phép dwrge néu ra mdt sé phép déi bién lim co s& cho viéc giai todn.

, ; A B c ..
+Néu bai toan cho a,b,c>0 théa min ab+bc+ca=1 thi ta cd thé dat a= tan;;b = tan;;c :tan; véi
A+B+C=rx
+V&i gid thidt a+ b+ ¢ = abe thita ¢6 thé lién hé ngay cich d4t a = tan A,b = tanB,¢ = tanC
+Tir diéu kien a,bc€[—L1] va a®+b7 ¢ +2abc=1 thi ta c6 thé dit 2 = cosA,b = cosB,c = cosC hoiic

. A . B . C
a=sin—;b=sin—:c=sin— \

2 2 2 N

+D6i liic bai todn cho didu kién a,b,c €R* va a? = +¢ —ahe , WE(GD) thi ta c@%n tai mot tam gidc ABC
¢6 d0 dai 3 canh a,b,¢c vi 2cosA=a .
+V6i nhiing bai toan xudt hién bidu thirc kidu nhu — ﬂ; ————— thiton tam mot
8 ) \/(x+y)(X+z) \/(y+\€)§'+x) \((z+y)(x+z) ‘
tam gidc ABC c6 d6 dai cdc canh a2y+z,b=—«~z+x,cxx+y.8\p 12 ntta chu vi, khi dé c4c bidu thite tror

thanh: ﬁP_‘,bg(Lﬂ - sin_:_ twong tw 2 bidu thic con lai. @)
. .

Nhiéu khi ching ta citng s& gp biéu thire dang /(:(H- —:_ZZ)) fuong tr cac ban @& xuéit 2 biéu thirc con lai thi
o '

8N tam mot tam gide ABC c6 46 dai céc canh 2 -—&+z,b=z+x,c =X+Y.Goi p 14 nira chu vi, khi 46 cac bidu

D
thitc trér thanh: p(i— a) = cos% Jurong t{@Cé 2 biéu thirc con [ai.

C .
Bé’@n 16, ta di vio xét mpt 56 vi du sau
\)O

Cho cic s6 thue R théa min x + y + z = xyz .Chimg minh ring;
®)
‘QO XY +Y242% >3 A 4y L2 41
Q.
e
>
% Lo sl

Ta dé Ytron gidc ABC thita ¢6: tanA+tanB+tanC=tan AtanBtanC .
Tir d6 goi ¥ cho ta phép dat X =tmnA;y =tanB z =tanC

1
CosA

Khi d6 d& thdy +/x* +1 = Jtan’ A +1 =

3 1
Nhu vy ta can chimg minh: tan A tanB+tanB.tan C+tanC.tan A > 3+ I L
cosA  cosB  eosC

Bay gits ta can dia v& bidu dién theo chung mt cung. D& lam dugc didu 6, ta dit: .
tané=a;tan-—B-= b;tan-g=c.
2 2 2
Suyra ab+ be+ca=1

l1-a

Nhur vy , ta ¢6: tan A = lia ;CO8A =

EH]
aZ
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Ta dua bit ding thirc cin chimg minh vé dang:
4ab 4be dca > 1—a® 1-b*  1-¢&

(-2 ) 1—-b")  (1-b)(1—-¢")  (—e)(1~a*)" i T1re 1t

M3 thitc ¢6 nét gibng nhau nén tét va nhanh nhét 12 ta s& quy dbng:
& 5 4ab(l—c?) > 3(i—a’ )1 - b H1-e")+ 3o +at)i-b)(1-c")
o 4—dabo(a+ b+ 6) > 6—4(a” + b7 +¢2)+ 2(2’b” + b7 +¢%a%)
& 22 + b’ +¢*) > 1+ (ab+be+ca)’ =2

Bét ding thirc cudi déng do a° +b° +¢° >ab-+be+ca

Cho cac s thue 3,b,c€(0;2) thdéa man ab+ be + ca+ abe = 4 .Chimg minh ring:
Jalan 1 Ja-vr +Ja—ct <33

!g. ..i'-

Gia thiét dugc viét lai dudi deng:
2 2 ¥ *
; N\
[Jab] +[«}bc] +[\Ica] +2Jab vhbe vJea -1 :Sb,

2 2 2 2

2

2

N
Biy gio y tudmg lugng gidc hoa khé 10 rang. ;&\Q
BatcosC=£ 13»-—\[-£ OSAzl/—;_-ll O
2 2 2 .\Q/
J&E 2cosAcosB . \/

Lic ndy tathiy 2cos AcosB = CT =¢.cosC=c=

cosC &’0’
Ta chimg minh mdt bit ding thirc manh hon nhu sau:

\
_ A4—a® +4—b* +4— cz) %az-{—bz >3
Pidu nay luén dung, vi ta cb:

a?+b et = [Ei"s—“"—‘%@%«m A+cos? B+ cos? C)>4——
CcOs

Nhu vy ta c6 diéu phai chimg minh

f\

j \4
Cho céc s6 thire a,b,c’@qﬁa théa min a -+ b+ ¢+ 2 = abe . Chimg minh ring:

s.\(b'() befa? —1 +cavb? —1 +abJ.§—15§‘/2-—3

A

abc

.

Lavi i
) 1Y (1Y (1Y, 1 1 1
Gia thiét 43 cho twong duong voi: |—= +|-—=| +|—— o Y e =1
g ¢ [\/bc] [Jca] [-Jab] ab J/be +ca
Biy gi¢ thi c4i d4u hidu lugng gi4c da kha rd ring,
1 i i
Ta @it == = cos A;—= = 05 Bj—~— = c05C
¥ Jbe Jea ~fab

Bét ding thirc cdn chimg minh tuong duong voi:
,fl—— /1—-— ,fl——- <——

E 1_[c(:'sAcos BT 343

Diéu nay tuong duong voi:

IA

cosC 2
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D¢ cho gon dit cos? A = x;c0s? B = y;c0o8'Ce=z
Ta chimg minh mot bt déng thirc manh hon Ia:

Diéu ndy vl theo AM-GM thi: X 4 Y2

+-Z~§2x+y+z=coszA'+c051B+c052C2
Z X y

s

Cho ¢t 56 duong x,y,2z théa min xyz 1 x + y = z. Tim gi4 trj 16n nhét clia:

2 32
X+ Y 241
Q
., . N - X y &
Viét gia thiét da cho v& dang: xy +—=+L =1 \20
z z .
A B 1 C »
Dovaydatx=tan——-;y=tan—;—=tan—.Khidé oo . db’
2 2z 2 N\
A
2
b= 22 + 23 - 22 =2 =+ 3 = _2C=2cosz—é-+300522~—23in2£
x'+1 y* 41 Z-I-l. I+tan’2 14 tan2 B tan? ™ 2 2 2.
2 }2;> 2
=cosA+cosC—3sin2]—3-+3=2cosA_Cc %—3sinzg+35—3sin2§+2sin"§+3S'IE
2 7 KG 2 2 2 3
. ] V2 2)
Bing thirc xay ra tai X =—; ‘=—;z=\/5
g Y ra tal X=-pny = \‘»Q
(\
Chocicséd @S\ho} iin 1+ ! + L_ 1 Tim gié trj 16n nhé cta bid
0 céc s6 duong x, oamin —=+—=+—==—— Tim gi4 trj ciia bi
¢ S Oy V2 ez
thirg: A\
© Wx 2y | z-1
AS) P= + +
C@ I4+x 14y 14z
)] |
‘o
b

Dt \/;=tani:-;\/37=tan?;x/£=tan§.
Khi d6

P =sinA+sinB—cosC =2cos§cosA;B —2c_0529_+1

C 1 A-BY I ,A-B 3
P=—|cos———cos———| +1+=cos <=
[mz 2% ) T3 =3
, . 2-3
Diing thirc x4y ra khi vA chi khi X =y = ,Z=43
§ TIlo xSy 2 khi v2 ohi YT
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Cho céc s6 duong a,b,c thoa man diéu kign
1 + i n i 2
(a+1)*  (+1) e+ (1 +a)1+b)l+ c)

1 Chimg minh ring: abe > 1

Lasi gl

_t 1

1
Tir didu kién, ta su ra rin
o, 2 S0y T8 R T b+ 1 ¢

E O:1)

. Tir d6 ta c6 thé dag: cosA=——ro ! ;cosB = —1—;cosC=—~L

a+!l’ b+1 c+1
Tasé c6 duge A,B,C 133 gbc cla mjt tam gidc nhon
Ta s& tinh duge: a=1_COSA;b=]dCOSB;c=1_COSC QQ
cosA cosB cosC O
Nhur véy, ta cén chimg minh: : \20
(1—cos A)(1-—cos BY(1 —c0sC) > cosAcosBoosC N\
(1 —cosA) '(1 'cosB) {1 —cos) > cotAcotBeotC ‘Q\
sinA sinB sinC A
& tan-&tanEtanC >cot AcotBeotC \)d
2 2 Q
\
< tanA.tanBtanC > cot—z—cot-g}ret(;

A .
. tanA+tanB+tanczcot:+,}ot5+cot—2— (ding)
\

Cho a,b ’S;O Chimg mish ring
(a? +2)g&2 (¢ +2) > 9(ab-+bo-+-ca)
©

N
00 Livi gidi

a—ftanx

Ta dat a—\/_tanyxy, é{fo%]

i §
Khi d6, bit ding thitc Din chimg minh tré thaah

COS X.COS ¥.c0s Z(COS X.5iny.SiNZ + COS Y. S IDX.SINZ + cosz.sinx.siny) < 5

Ta lai cé:
c08(X +¥ +2) =COsX 008y COSZ —oosxsmysmz —COBySinX sinz —CoSzZSisirty
Do 46, bét déng thirc cin chimg minh tuong duong vai

COSX.CO05 Y COSZ[COSX COSY COSZ— cos(x+y+z)|< %

Theo bét ding thirc Cauchy va bét déng thirc Jensen, ta co:

cosx+cosy+cosz] <cm3[x+y+z]
3 - 3

COSXCOSYCOSZ <
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Khi d6 ta dat t = fi;—“.
Ta cén chimg minh

4
cos’ t.{cos® t— cos )< g & cos' t(l—cos’ 1) < >

Thit viy, theo bit déng thirc Cauchy, ta cé:

3

2 2
t
cos t+ cos +1—cos’t .

cos’ t cos’ t(I—cos <4 2 2

cos* t{I—cos?t) = 4. 55 =

3 27

.Déu“=”xéyrakhivéchikhi tanx:tany:tanz:\/—%@a;b=0=l

Vay ta ¢6 diéu phai chimg minh.

Cho x,ythéa min 14xy +23x? —25y* ~24=0 Chitng minh rﬂ.&ﬁ}ﬁ +y' >1

‘>O
N
Lé pidj \db'
Tadst " relo ) N
: 2T
ada y=acost od
Khi d6 ta ¢in chimg minh: a® >1 ,\e
Va gid thiét twong duong véi v

N\
142’ sintoost + 234t —254% cos’'—24 =0
¢ 2*(7sin@§\~24cos2t —1) = 24
Ta thiy: OQ.
7sm2t—24cos2&$\l \/[7’4-( 24)|(sin® 2t + cos* t) — 1 = 24
Do dé: 24a% > 2* (7sm2tm24c:052to X 24

Suy ra: a* >1 ()
Viy ta ¢6 didy phai chimg mu@l‘

Xy,z>0 i s x y z _9
- Chimg minh ring + + <=
x+y+z=l X-+-yzZ y+zx  z4xy~ 4
Liri i
[
/1£=mg
X 2
Ta dat ﬁ:tan-li OL,,B,’YE[O;E]
¥ 2 2
&:mnl
z

2
, +JE.J§.+ /ﬂ_ﬁ:]
X\Vy yivz Zz X

g
< TR]
E
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Nén:
tanZtanP - tanSan 4 tanJtan S =1
22 22 22
Do d6, 03,7 12 3 goc clia mt tam gide nhon.

Ta dia bt dfing thic cin chimg minh thanh

i i 1 .9
* BF =7
1+tan2% 1+tan2 1+tan2:21
s 26 9
& o5’ — 4 cos +cos 22
2+ 274

Déy 12 bét diing thirc co ban trong tam gidc.
Viy ta ¢6 didu phai chimg minh.

Cho a,b,¢ > 0théa man ab+ be + ca = 1. Chimg minh ring

a b 3¢
+ } <10
1462 1+a®  Jiae?

a= tan-é- AN
7 &
Tuong ty cac ciu trén, vdi A,B,C 12 3 gbe cla tam gide ABC, tadit{b = tan B d
he
0\ 2
o
Khi d6 bat ding thirc cin chimg minh twong duong vdi &
wh o P
—gt (———2 O o mar e
1+ tan2 1+m&5
= sir@@k sinB-+ Gsin-—— < 210
2
Tacd: o\l‘
O c
s‘mé@ sinB<2.cos—
2

$)
s\?,s:n—2~—|—t:,os— J(?%—l")(sm =+ cos® —) J_

Do d6, ta c6 dpem. §

A=B a=b
Déu“= “xayrakhivachikhi{ C _ &
tanE 3 c=3

a=b=410-3

Thay vao hé thnre ab+bc+ca=1,taduqc{ 3
c=

Vay ta ¢6 diéu phai chimg minh.

cosBeosC < sin2%

Tuong tu ta duge: B
cosCcosA < sin® 3

Nhian theo timg vé, ta dugc
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sinﬁsin—gsin-(—: > cos AcosBeosC
2 2 2

Déu “=” xdy ra khi v chi khi tam gldc ABC déu.

Chimg minh réng véi moi s6 thyc dwong x, y, z thoa man XX+y+2)=3yz g,
(X+Y]’+(X+Z)’+3.(X+y)(Y+Z)-(Z+X]SS(Y+Z)’

LITCETAY

a=x+y
Vai a, b,Cla céc Séﬁ du’O‘ng ta df_it: bzy.’.z
c=z+x

b+c—-a
2
¢+a-b

Khi 46 |y ==—— Q’Q

b—
Z=a+2 : ) ‘20

Ta dua bai todn vé 3 56 dwong a, b, ¢ théa man 2% =H +c* —be

Do dé, ta 6 thé coi a,b,¢ |33 canh cia mét tam gise ABC c6 gbe Afebo
Bit ding thitc cin chirg minh tyong duong véi.

b +¢* 4 3abec < 5a° \)

& (b+c)b? —be ?Lc\f/N 3abc < 5a°
<a*(b+¢)+3 bb,\gias

> a(b4c) —la;\bc < 5a°

X=

Theo dinh Iy ham sé Sin ta cé:
& sinA(sin@QSinC)+ 3sinBsinC < 5sin? A
© 2J3(B +5inC) +12sin BsinC < 15

sinB+sinC520%s) =3

= 2
sinBsinC<M_i

Q) 4 4
Do @6, ta duqc?.f(smf:éng)-l«usmBsmC <15

Déu “=” x4y ra khi v i khi tam gidc ABC ddu, khi d6 x = y=z
Viy ta cé d:éu i hung minh,

Miit khic ta cé:

Cho a,b CE(0:1) thoa man ab-+ be 4+ ca = 1 .Chimg minh ring:

a b c I—a%? 1-b ]—¢?
g | A I
1-a>  1-p? 1—c2“4[ a b c
Lt giai

A
= tan—
a n>
B

Twong tir bai truéc, ta dit {b = ian?

C
¢ =tan—
2
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Tuy nhién, do a,b,c € (0;1) nén A,B,C 123 gbc clia tam gidc nhon ABC.
Ta dua déing thirc cin chimg minh trd thanh

tanA +tanB+tanC > 3 ) + 1 + ! ]
tanA tanB tanC

Ta xét ham sb
f(x)=tanx—-—3—-;xe{0;3]
tanx 2
£1(x) = tan® X +143. ' xtl
tan® x

Do d6 ham sb £ ddng bién. Theo bét ding thirc Jensen, ta duge
F(A)+ F(B)+£(C) 2 3.f[ﬂ§—+9] —3.£(60°) =0

Suyrma

tanA +tanB+tanC >3 1 + ! 4 1 ]
tanA tanB tanC

Déu “= xdy ra khi va chi khi tam gidc ABC déu, khidé a=b=c
Viy ta c6 didu phai chimg minh.

Cho %,7,2> 0. Chimg minh ring: |12 + ’z+x+ Xty
X y ¥ z
\

R4t ding thirc cin chimg minh twong duong v6i

(x+yXz+x) (X+y)(y+Z) (y+z)z+x) 4
AR proweany TEEON o +@Q \J >x+y+7) =2 F*

Ta dat
a—_-y+&(b X=5—a
bzeQx - y=s—b
=X4+Yy Z=5—¢C

S =x+y+z [s=x+y+z

Mt khacg, ta thiy ring

[ tyXatx), 4 ®§Tbc [yt _ [ca  [o+z)e+x)
\Jx(x+y+§1 Vs(s a)\fy(x+y+z) Vs(s b)\l (x+y+2) s(:

Piu > | vatadé y ripgWrong tam gidc ABC:
be _ i
p(p—-a) o
2

be 1
s(s—-a)ﬂcosi‘\_

2

ca 1}

Nén ta duge -——-—S (s—b)__ ooB
ab 1
s(s—c)—cos_
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V6i AB,Cla3 géc;abelas canh; s 14 nira chu vi cita tam gisc ABC
Ta dua bai todn trér thanh

a+b+c>_t_1i

cosé— cos~B— c:ossj—w\/5
2 2 2

Theo dinh Iy ham sé sin, bét ding thic trén twong duong véi

sin%+sing+sin-§2SinA+si?3_B+smC
ViIl.,A B . C A A B B .C C
| sin— +sin— 4 sin— 2 SiN— 05—+ sin— cos— + sin— cos—
2[ 2 2 ZJ 2 2 2 2 2 2
Theo bét dang thirc co bin, ta c6:
cos—g—+cosl;~+cos§ BJ—

Ap dyng bt ding thirc Chebyshev cho ham sé smE déng bién trén [0; ] va ham sé cos —\nghich bién trén [0; .

Ta duge ()Q

%(sin%+ sing+ sin gJ(cos%—i- c0§§+ cos%] > E@\I\&M%

Do 39, ta co;
J??[ A B Cl_.A A B, . C C
$in— + sin— +sin— >sm——cos——+sm§@—+sm—cos
2 2 2 ZJ 2 2 2
Déuy “—”xéyrakhlvachlkfutamglécABCdeu, khi d6 O
Viy ta ¢6 diéu phai chimg minh, . <
i [N
N ‘ .
Cho a,b,c>0 théaméin a+b+c ‘-Q%hl’mg minh ring: a°> +b? +¢? 4 24/3abe <1
QQ Lavi gidi
0§ a=tan2an 8
2 2
. s B ¢
Vdi AB,Claba 6c chia tam gide > ta dit {b = tan—tan—
8 g Aé@ : an = tan-—
O\l- c—t:ang-tamé
2 2
Khi d6 bét dang thirc cé.r&mg minh tuong du'orng v6i
A C B, C
tan +t tan® < tan? 2 4 24/3 tan 2 an B =<1
a{l\ + 2 2+ o 2 gy

A B C C A B C
< |tan—ta tan ta —tan— 243t tan—tan—
[ 3 5 n2+tan2tan2]+ «/_anz 5 tan>

<I+2tan?tan—]25—!tan—(ta.né+ tan ]23 + tan—)

o tané--!- tan-g+ tan3> NE)

Day chfnh I bét ding thire co bin, diy “= xdy ra khi vé chi khi tam gidc ABC déu, khidé 2 = b=
Va ta ¢6 diéu phai chimg minh,

Cho XY,Z>1 théa man ~1—+ L + ==1.Ching minh ring:
¥

Vx -1 -I-Jy—lr-i—«}z—-l SJxty+z
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Lo gidi
Véi a,b,c> 0 Tadit
x=a+1
y=b+1
z=c+1
Khi d6 gia thiét tuong duong véi
ab+ bc+ca4 2abc=1
Va bét ding thirc cin chimg minh tirong duong vt

Ja 4o+ e <atbtet3
@JE+J§+JE§SE
ab‘=sinzé
Vi A,B,C 12 ba gbe bét Ki thude (0;w). Ta dit bc:sinzg QQ
@)
.2 C
j— 2__
ca =S 2 .\\20
Dura gia thiét tré thanh db'
LA .B -C A.B.C \
sin® 2 + sin? — + sin® = + 2sin—sin—sin— =1 :
2 2 2 22 2
A-B ,C A+B
e cos CG.: + sin’ -2—— €os —cos sm——l
@»cosA_l_BcoA B sl C+cosA Bsxqé\gosA sm——O
2 & 2
= [cos A+B - sin-czi][cos A + sm \
A-B  C
&> 008 =sin—

O
&A+B+C=m Q

Nhu vay A, B, C 123 gbc cla tam gide ABC. lQ&ié bt dang thirc cAn chimg minh trd thanh bét déng thic co ban:

o\j‘"mn-)fl-+smB+smE<g
Q 2 2 272
Diu «=»xéyrakhivfichik}ﬁtz:@cABCdémkhidé x=y=2
Viy ta c6 diéu phai ching misr\ﬂ'(o.
Cho X, 0 Chimg minh ring;
X " y + z
x4 f(x +vix+7) Vv 274X N T T

Lir pigi

Bit diing thirc chn chimg minh fuong duong véi
z

. X ¥
. + + <
X+J(x+y)32(x+z) Y+Vﬁ+23§y+}0 1_l_\](zi-l-xi(zz+y)

Khéng mt tinh tng quat, ta gid sl ring xy+yz+zx=1.Khi d6, v6i A,B,C 12 ba goc cia tam gide ABC. Ta dit
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—-_l
y="1Hng
z=tz:mE
2
Suy ra
A B A C
tan =+ tan = |[ tan 2 4 tan =
w5 rmgfwdiwd
: = =
X tan? 2 sin? 2
2 2
Nhu vy, ta dwa bét ding thirc cdn chimg minh tré thinh
LA . B . C
Sll‘l? SIDE smE
AT Rt gsl \
I+sin— 1+sin— [+sin— ry
2 2 2 Q
1 1 1 <
T B el NP
A sin sin> > <
Theo bét ding thirc Bunyakovsky, ta c6: .
N\
N
! A+ ! A—i— ! C[]+sin§-@sin—?-+l+sin-§-]29
1+sin5 L+sin® I+sin— ,\Q})
1 1 i v 9

& + +
I+siné l-f-siné 1+si1r§§~3-i—siné-i—sin-ié-}-sinE
2 2 \ 2 2 2

co . . 3
Theo bét ding thitc co ban ta c6: sm%+sm?o-@%é- < >

Do d6: —* =+ 1 i 1 ﬁ
1+sin? 1+sin5 1+ sin

Diéu « = » xdy ra khi va chi khi tamglidc ABC déw, khi d6 x = y=z
Vay ta c6 diéu phai chimg mi@l"

4 —

Cho a,gn>0 théa mdn a -+ b+ ¢ = 1.Chimg minh ring:
b L

. 3 -1 j~12>6
a 'b

L gidi

Tir gia thiét, v6i A,B,C 14 3 péc ctia tam gidc ABC, ta djt
a= tané-tan-—B:
22
b= tan---.étzm—(2
272

c= tangtané
2 2
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Khi d6,

Tuong tir ta co:

n=
1 Sk

c . C. A
sin--sin-——
sz

Bt ding thirc cén chimg minh trér thinh bét ding thire co bin

N
1 " 1 " 1 >6 ()Q
sinE sing sin—A— ?O
2 2 2 N\
( Chi chn ap dung AM-GM véi luu ¥ sm—);-sm—gsmg <= ; ) .\d
Déu « = » xay ra khi va chi ki tam gidc ABC déu, khidba=b=c &\Q

M3t s6 bai todn ty luyén Q,\)

: N\
6&1‘ 1: Cho c4c s6 x,y,z duong théa man xy =1+z(x+y).Tim %'é\tr/l 16m nhét cia biéu thic:
_ 2xy(l+xy) xy)

A+x)(+y ,b%
Bai 2: Cho cac sb thye duong x,y,z théa min 6X+ 36 = xyz.Tim gi4 tri l6n nhét ciia bidu thirc:

e
(<+\1 7 + 3 +9)
Bai 3: Cho céc sé thyc duong X, ¥,z thoa faZn x(x -y +2) = 3yz Chimg minh ring;:

\_ (x4 ¥V +O@':F’z)’+3cx+v)(v+z)(z+x)<5(v+z)3

<

_J
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Phuong phép nay biit diu duge dé ¢dp dén trong cdc tai liéu v& ton so cAp tir thang 12/2005. Diu tién né
duge dé xudt bai TS Kin-Yin-Lin cia trudng Pai Hoc Khoa Hoc Cong Nghé Hong Kong. Tir d6, da c6 rét nhidu bai
viét vé vin d& nay. Trong cudn sich nay, chiing ti cling xin gi6i thiéu lai kT thuat nay cho cdc ban. Xem nhu 14 mét
¢dng cy néng cao dé khao sit mét 1ép cAc bai todn bt ding thic.

Y tudmg chinh ciia phuong phip 12 ta s& tim mét d4nh gis x4p xi cho bidu thire ¢ cho théng qua tidp tuyén.
Déi véi mot ham sé iép tuyén tai mgt diém no d6 ciia b thi ham s& Judn nim trén hay ndm dudi db thi ham sé. Dia
vio tinh chét nay, ta thiét lap duge m§t phuong phap thit vi dé ching minh bét ding thirc, d6 1 phuong phép tiép
tuyén.
Trude khi di vao phén phuong phép, ching t6i muén céc ban Sinh vién hay GV khi hoc vé phuong trinh tidp tuyén
thi c6 ¥ niém g} khong ? CHéc hin chiing ta d4 duoc hoc v& khai trién Taylor & bac dai hoc. Vay kbai trién Taylor
bac nhit 46 1 gi nhi ? Viét ra gidy ngay, thi ta thiy ddy chinh I3 phuong trinh tiép tuyén tai mgt diém. Nhu vay phai
chang 12 phuong trinh tiép tuyén cho ta danh gis xAp xi mot bidu thirc. VAn d& con lai 12 @Qéﬂ xéc dinh xem danh
gid tiep tuyén dé 1 I16n hon hay bé hon ma théi.
Ta nhiic Iai ly thuyét: Cho ham sé f(x) x4c dinh va lién tuc trén K. Khi d6 riég@&n tai mdt diém x, €K c6
phuong trinh y = £'(x,)(x —x,) + f(x,) luén nim trén ho#c nim du6i 46 thi hém 96 nén ta c6:
£() 2 £'(x, )~ %)+ £(x,) hotic Tx} < (% )(x — x, )+ £(x,). Viée khaﬁﬁt lic ndo thi 16 hon hodc bé hon
xin danh cho ban doc ty kham phé. Chiing t6i chi goi ¥ d6 12 thir tinh tiépaad him cAp 2 xem thir.
Bay git, ta thir 4p dung 1n lwot tinh chét néy v6i cdc bién thi duge gidw ? D6 chinh 12 dinh gid:
FOO)F00x) +onn 4+ £(x, ) < £ (%, )06 +%; X, —nX,) + 0f(XSY hodc chidu cia bit déng thitc 6 thé nguoe
lai. Ta di tim hiéu mét s8 vi du kh4 dién hinh va quen thuge: -
. \\/

Cho a,b,¢,d 14 céc s8 thye duong sao Chfk@"" b+c+d =1 Chimg minh ring:

6(a’+b’€3\rd3) > (a? +|:’+c=+<12)+l
S 8
FaN
\\I
& L gidi
Dé dp dung duge ki thugt tiép tuyén ine ta phii dua duge bat ding thire vé dang téng ctia
£(@)+1(b)+£(c)+f(d). Xét ham$é £(x) =6x" —x2. Niur vily ta cin chimg minh:

Oo fa)+f(by+ f(c)+ f(d) > 1
AS) . 8

Tacéduqcdudoénl%@%dﬁngthl’:cxéyramitﬁm,t&clé a=b=c=d=

tuyén cia f (écg@s}

Phuong trinh tiép tuyén dé 1a y = f'(-};)(x - %) +.3% =

‘Nén ta s& viét phurong trinh tiép

]

5x—1
8

Sx -1

Dé& nhan thiy tiép tuyén tai M nim & phia dudi db thi nén ta cé ngay: f(x) >

Khai trién, ta thdy diéu niy tuong duong vdi 48x° —8x2 —5x 4-1 20& (4x—1¥3x+1)>0 Luén ding véi
x>0 ’

Véy ta c6: £(a)+£(b)+F(c)+£(d) > 5a+5b+§°+5d‘4=.;.

Ding thirc x4y ra khi va chi khi a=b=c=d=%
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Cho ,b,c >0 vi a-+b-+c = 3. Chimg minh ring:
a’+9 b* +9 ¢ +9
227 4 (b+cf  2b°+(ct+a)  2¢*+{(at by~

. L i i
Bét ding thirc & cho tucmg dwang voi
a*+9 N b’ +9 ¢’ 49
Ta'+(3—a) 2 +(3-b) 2 +(3-c)f T
Ta 58 viét phuong trinh tiép tuyén ciia ham s6 f(x) = XA M=l
x4 (3-x)

3 . . X'+9  _x+4 - . \
Nhu vay ta ¢in phai chimg minh: < xe(@3) (1
4y ta can p g TGS 3 eI M QY

RAt déing thitc nay c6 thé chimg minh bing bién ddi twong duong hoge bing mét céch tinh té n]{?@(u)
x*+9 __x'+9 1. 2x+6 N\
I+ (3ox) 3—6x+9 3 3(x—1+6 db
1, 2x+6_x+4 L&

<=+

T 3 @

Bay git st dyng (1) ta co: O
G b’ +9 49 ta\+Q6+c+12

22+ (3-aF 20 +(3-b)F 28" +(3-c) 3
i)hgthﬁcxéyrakhivéchikhi a=b=c=1 : >

=5

\

A}
(DH 2003) Cho céc s duong x, y v z thod m&gQy™ y + z < 1. Chimg minh ring

X ] +,/z +— =82
X.A y
o
() . L]
O\j‘; Lo giai
Xét ham sb f(x)=,[x* + HIT xe(uépva ring ding thirc xay ra khi x=y=z=% nén ching ta xét 4o thi clia
X @ .
1 % , &-() .z 1 . xt -1 " 80 v
bam so f(x) vatiép tuyén ci 16 tai didm x = —. Ta ¢d £'(x) = —je——==> () = ——=. Phuong trinh tiép
3 NI 3 V82
* XX+ =5
X
. s > o [1482 80 162
tuyén ciz d6 thi ham s6 tai diém |—;——| & y = ——=X+ .
Y & ' [3 3] YETR TR

>0, vx >0

6
o= —
“X_

i

[0
suy ra d& thi ham s6 1om trén khoang (0;+00).

1 82

Do d6 tai diém [—3—,——5—] tiép tuyén nim phia duoi 66 thi, bdi viy ta cé

1
_2—

%m“

4+ 12 > jo—x+ lji ¥x > 0. Tuong ty d6i véi y, z va cong lai ta duge
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i 1 i 80 162
sy D> 80 102 s
PO Ve zZf JEE( y+z) V82

Ding thirc xay ra khi va chi khi x — =z=%.

(do x+y+z<1),

Nhin xét. C4i hay cia k1 thuit ndy & ch:
- Thu nhit, ta c6 thé danh £i4 mot bidu thie théng qua biéu thirc bic nhit.
- Thi hai, ta ¢é thé chon vi tri cua tiép tuyén sao cho bt dang thire xdy ra ddu béng

Cho cfc 56 dwong a, b, ¢ thod man 4(a +b+c)—9=0. Tim gi4 trj 16n nhit cia biéu thirc

=(a+Ja2+1]b(b+\/b2+l]°(c+\/c’+!)"

!'E. .a. N\

In§ = bln(a+ a’+ )+c}.n(b+x/bz—)+aln(c+\j\2@l,

Xét ham 56 f(x)= in(x +vxt+ 1) x>0 (1). Do dac thi cia bai todn ne@é thé dur dodn gié trj 16n nhit dat

Tacé

dugckhi a=b=¢ —— . Vi viy ta s& so sénh vitrf ciia dd thi véi tiép V&x\& cha né tai didm (— n2).

Bao him '(x)= Jx:? =f ‘(Z)=—5-. Tiép tuyén cfia dé‘ \tl&:&m 6 (1) tai diém (Z;ln2) ¢é phuong trinh
v
N\

&’0’

V)g.l} suy ra dd thj ham sé (1) 13i trén khoang (0;+00). Do d6 tai

—£x+ln2—-—
5

Pao him cép hai f"(x) =

—X
(7 + %2 +1
diém (— In2) tiép tuyén coa db tl‘q@é.m sé (1) ndm phia trén 45 thi ham sé (). Tir 46 ta c6
In(x +/x? +1)5—x+ln2~———, VE)

Ap dung bét ding thir néy6®§6 duong a ta duge In(a+va®+1)< —a +1n2—§ Nhin hai vé véi s b > 0 ta
suy ra: Q:Q '
\(b' bln(a-l»\/a’+1)s§ab+[ln2—§]b

Tuong tir ta §

cln(b+ b + I)g%bc-&-[lﬂ——i—}c
aln(c ++c* +1) g—:—ca+[ln2v—-§]a

Cong vé ba bét ding thirc nay ta duoc:
InS< —:—(ab-}- be+ ca)+{1n2 —~§](a+ b+c).

Cudi ciing sir dung bt ding therc (ab+bec+ca)< %(a +b+c)® vi gia thiét a+btc= % , riit gon ta thu duge

lnSS%an.TL‘rdé S<44/7.
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Ding thirc xay ra khi va chi khi a=b=c=%.Vaygiéhﬂénnh5tcﬁaSlé 442 .

Nhdn xét: Do khi gia thiét 13i, 16m khong duge thoa mén. Lic d6 ta s€ so sanh v tri cta tiép tuyén va dé thi ham
56 bing chimg minh tryc tiép

Chimg minh ring, v6i moi 56 thyc duong a, b, cthod ména+b+e= Jtacoh
at+l b+l c+l
+ + =3.
bP+1 41 at+l

L pidi

x>0.Tach f'(x)=-—“2"—-=> £1(1) = —%. Tiép tuyén cia db thi ham s6 tai diém

( 2+1)1

ZT(g—%)-l suy ra do thi ham s& khong Judn tudn 16m trén khoing
X

\
,>_—~%x+1,Vx>0 (1) Q'\'

Xét ham sb £(x) = x21+1,

[1 l] ¢6 phuong trinh 13 y——%x+1 f'(x)=

(0;++00) . Tuy nhién ta vin c6 bét ding thirc 21+ 1
X
(v BBT nay twong dwong voi BBT x(x—1)* 20). , \20

1 N\

ApdungBDT(l)chosﬁb>0tadu¢.;!c o +l>—-—b+1 (2).Via+1>0 nén . db’
N\

a+1 /<Q

1 1
zl-=b+1 1 > ——ab—— 1.
) T N e

Tucng ty, cfng Iai ta duge Qz\} =

a+1 b+l c+1
b+ bo -+ ca) — (b, +(@a+btc)+3.
b+l ¢+l 2’ +1 (a +be+ca) (;\*a) (a+b+c)+

Cuéi cdng sir dung BBT (ab4be+ca)<— (a+b+c) va gia tl'hgt %+ b+c¢ =3 tathu duge

a+1

(@) &+

a+l b+l ¢,Q+ 1
B+l ¢ tp 21
Nhin xét; Trong chimg minh céc BDT & trén, gla t§5@1 +b+c=k (> k hay <k) 1a quan trong. Do véy, adi véi

céc BDT chua cho sin gia thiét ndy ma c6 tinh aagetap, ta cling €0 thé tyr tao ra c4c diéu kién cia bién (chuén hod)

161 sir dung phuong phép trén. <
N\ .
®)
Chimg mian&g, trong tam gidc ABC, ta cé: sinA +sinB+sinC< W3
< 2
C.,
%" - '
LN Laiol

Xét ham s& £(x) =sinx, 2&(0;w) . Bt ding thirc xdy ra diubingkhi A=B=C =-§- nén ta xét tiép tuyén cita 46
thi ham sb tai diém [13‘-%] .Tacd

f'(x)=cosx = f'[E]= -;— nén tiép tuyén c6 phuong trinh la y = %x -+ -‘—?——% .

f(x) = —sinx <0, ¥x € (0;) nén 46 thi ham sb 16i trén khoang (0; ). Do vy tai diém [3 —“’2—5] tiép tuyén nim

phia trén db thi, tir 46 ta o

sinx < %x +i2_3——-2—, vx € (0:7) . Ap dung bét déng thic nay cho A, B, C va cing vé lai ta duge
sinA +sinB+sinC<— (A+B+C)+3—\/_-——;@sinA+sinB+sinCS§£
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Nhin xér:
- Bfmg cach ndy ta co thé chitng minh dugc cdc bt ding thitc co ban cho c4c ham sé sinx, cos X, tanx, cot x
- Céc bit dang thirc trén c6 thé dugce chimg minh dua vae BDT Jenxen. Tuy nhién BPT Jenxen khéng duge
dé cip dén trong chucmg trinh todn hoc phé théng (cé thé vi su chémg minh BDT nay kh4 phirc tap). Bay
gid, ding tiép tuyén ta s& chimg minh BBT Jenxen mét céch don gian.

Cho a, b, ¢ 12 nhimg sb duong. Chiing minh ring

(2a+b+e)®  (2b+c+a)® | (2c+a+hy
2a% 4 (b+cy  26°+(c+a) 2¢* H(a+b)? ~

Lési gidi

2 iy b S Khi @6 x, y, z 1a nhiing s8 duong va thoa man X+y+z=1vi

:yk Z
a+b+c a+btc’ a+b+c
bét ding thitc cin chimg minh tré thanh
(2x+y+z) Ry+z+x) | Qz+x+y) < Q'»
2x? +(y+z)"  2y? +{z+x)* 22 +(x +y)? \20

Pat x =

Hay

A\
(x+ 1) (y+1)* (z+1)"’<'§b‘
7+ 57+ ‘[58
- 2x* +{I-x) 2y +{1-yyY 22+ 16‘1)

Xét ham sé f(x)= ﬁ%, x€(0;1). Viring ding thirc xé@hl Xmym=z= —1- nén ta xét tiép tuyén cta

L‘J

o . , L Q

45 thi ham s6 tai didm (1,3]. Tacé £{x) = 4. ﬁ"—‘%
373 (3x* —2x4N»)
4

Tiép tuyén ctia dd thj ham s6 f(x) tai diém [— —] cﬂ‘ﬂmmg trinh 13 y=4x +5

4 -~
)((3:3:(2)( _f’;;l ddi ddu hai la@kn khoang (0;1). Do d6 45 thi bam sé khéng hodn toan 18] trén

khoang (0;1). Tuy nhién ta vin ¢6 bét % ch

(x+1)’
2x +({1-x)

(Vi BBT ndy tuong duong vgagﬁ -1’ (4x+1)>0).

(%)=

S4x+§, Vx € (0;1)

Tuong tir ta ¢é cédce BE{[)%m V6l y va z, edng vé lai va sir dung X+y+z=1 ta thu duge dpem. Ding thirc xay ra

khjwichlklux-—%»*—z:a- ticllia=b=c,

o

Cho ba s thyc duong a,b,c thodman a+-b4c=1. Ching minh ring

1 1 1 27
- < —
l—ab+l—bc+1— 8

Livi g

Nhin bai todn ta khé 6 thé thiy dugc viéc sir dung phuong phép tiép tuyén, tuy phién ¢ y mot chut

(a+b) (1 c) 1 4

ab< SUY 18 ~————<—————— nén ta da dua dugc bai todn da cho vé bai todn quen thudic:
4 T T M @ q ¢

! ! I 27 :
* <5, Vdiditukién a,b,c duongva a+b+c=1Ba
34+2a~a’  342b-b | 342c_ct =37 YOI dieukig ¢ duang vi a+b+c=1Bdy

Chimg minh ring
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1

gidr xét ham sb £(x) = _ trén khoang (0;1), phuong trinh tiép tuyén cia 4 thi ham s tai diém ¢6 hoanh

342X —X%
27 81
46 bin la = e X .
Qbang 1 Y= 5e * T 256
Xét
£(x)— [—27 81]_ L L ) S (3x—1)" (13— ~3%) .
556~ T 256)  312x—x 256 256  256(3+2x—x’) "
.. 27 81 .
véi moi x € (0;1), do 46 f(x) €~ =%+ véimoi x€(0;1). Trdbtacd
256 256
1 1 I3 27 8i 27
+ - a+b +3——=—,
3+2a—a® 3+2b-b* 3+42c—c" 7 256( + +) 256 32

ding thite xdy rakhi a= bd_x:ﬂ-l—

m

AN
r x 3 5 \
Cho X;,X,.--,X, 12 1 36 duong c6 tong bang 1. Chimg minh rang Q'»

<
X, X, X n
+ IR T S 3 { ,AeNn>2 . ‘20
Ji—-%, 1-x, \ﬁ—xn n-1 N

Lari gidi &‘Q
Xétham sb f(x)= m x €(0;1) . Vi ring ding thic xay ra khi X, =X, = @(“ = ; nén ching ta xét 80 thi
cia ham s f (x) va tiép tuyén cla né tai diém |— L | Tacs: ‘\Q)
n’ Jn(m-1)} &\’

£(x) = L { 2n —1)~f—
21— x)J1_§ 2n—1n—1’

Tiép tuyén cia dd thi ham s6 tai diém J.__ &p?ucmg trinh 1a:
: o

(2n=QWn
‘f)Jn 1 2n— 1)ﬂn B
0 4—x
e@)() =m >0, ¥xe (k)

< .
suy ra d6 thj ham s6 1om treﬂgl(?c"ang (0;1) va do do tiép tuyén cua né tai diém [1 .—(1—3] néim phia dudi )
n{n~—

(2n— 1)J" 1
“2(m-1Jn—1 2(n—1)Jn(n—1)

XyrXppeem X, VA CONE vé lai ta duge:

thi. Boi vy ta cd - ,¥x e (0;1). Ap dung bt ding thic ndy cho

X, X (2n—-1)\f5 n n

N ot X, 4%, — ==
N J1-x, 2(n—1)Jn-1(' ) 2n—Dnn-1) V¥Yn-I
Ping tinc xay ra khi va chi khi x1=x1=---——~xn:%.

Ta cung ¢6 thé chimg minh bét ding thirc AM-GM bling ki thust tiép tuyén rihy sau.

Cho 4, 22, ..., 2 12 cac s6 khong am. Chimg minh ring
u+v+s=—l~;'|.w-|~vs,+su:E;uvs=l {1)
a 2 a
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L e

Néu o6 motséa;=0(i=1, 2, ..., n) thi bt I4 hién nhién. Bay gidr ta xét tnuomg hopai>0, Vi € {1,2, ..., n}. Chia
hai vé cho 4 +a,+...+a, taduge

LI ! . 4 2
n- VYa +a,+..+a ata;+..ta, a+a,+..+a

bat x;, = % »1€{1,2, ..., n} thix >0 thoa man x, +X; +...+x, =1 va bdt trd thanh
8 +a,+..+a,
1
YXX,..X, <~ hay Inx, +lnx, +..4+Inx, gnlnl
n n

Xéthamsé y =f(x)=Inx, x> 0. Ta cé fi(x)= l, f'(x)= —iz <0,¥x >0 suy ra d3 thj ham sé [3i trén khoang
X X ’

(0;+c0)

Tiép tuyén ctia dths tai diém [::—-;ln %] cé phuong rinh 13 y = nx — 1+ In% suy ra \
InX <nx—1+ lni,,Vx €(0;4+00) (1) \200

Ap dung bdt (1) cho x,, x, -+ Xn vA cOng vé lai ta dugc d&

) 1
Inx, +nx, +..+Inx, <n(x,+x,+..+x IxA+nlh—
‘ n

KEthop véi X, +x, 4.+ x_ =1 ta c6 didu phai chimg minh. d

Béng thirc x4y ra khi x, =X, ==X, =1 hay a, =a, =...,=Q{\)
. n R \
. ¢ v *
Cho a,b,c >0 vathéa %\a-l- b+ ¢ = 3.Chimg minh ring:
Jg-ié\5+\/azab+bc+ca
NS
O Laigii

Ta nhin thiy biéu thic cin chimg minh c@ﬂ cd dang f(a)+f(b)+f(c).Bimg v4i nan, ta s& bién déi mot i nhu
sau:
Luu ¥ ring: (a+b+ ¢y =a? +b? -U,@+ 2ab+2bc+2ca =9 nén bit ding thirc tweng duong véi:
N @ Va4 2vb Rt 42V 29,
Xét f(x)=x2+2vx . Ta%@fmg minh: £(x) > 3x Diéu nay twong duong véi:
4 (VX = 1Y(x+2vx) > 0 (ludn diing )
Nhu viy ta ¢6 f(a)\-i—@fb)+ f(c)>3(a+b+c)=9

0

0 X,y,2>0 vithéaman x+y+z=9 .Chimg minh ring;
3 a 3 3 3 3

R A N S
xy+9  yz4+9  zx+9

Liri gii

Ap dung bit ding thirc BCS | ta c6:
k] 3
(L L) 4 ax
xy+9 zx+9] xy+xz+18 X(9—x)-+18

Tuong tu céng lai ta cé:
3 3 4 3
> A, 4
IX—-x"+18 9y—y'+18 9z—2z2+18
Béy gi0 ta s& danh gid bing tiép tuyén.

p
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s 41’
Xéthamsé f(ty = ————.
9t—t"+18

Ta viét phuong trinh tiép tuyén voi f(t) tai diém t, =3.Vay ta ¢6:

f(t)zli—t——%l@(t»~3)2(9t+14)20

te (0,9

Diéu nay ding.V4y nénta cé:

4x* 4y’ 4z i1 63
P> + + > (x+y+z)——m=9
“9x--x*+18  9y-y'+18 9z—2z"+18 4( y+z) 4

Vay ta c6 didu phai chimg minh va diu ding thirc xay ratai x =y =2=3

Cho a,b,c >0 théa man a+b-+¢ = 3. Chimg minh rng:

at4+ b’ b +c’ ¢’ +a 53
Tal _dab+ 1167 | 307 —4bo+11c" 3¢’ —4ca+1la® 5
S
3
Xét ham 56 £(t) = . P
3¢ _at+11 , N
. £ +1 12, 3 . d
Ta chime minh duge: ——— > —t——,tc (0,3 \
g Y S _at+11-50 50 ©.3) /QQ
3 3
Véi t=2 o a2’ +b ZZ13:1—3b d
b 3a°—dab+11b 50 QO
3 3 3 3 3 3 *
Nhur vy ta c6: = a +b - - b te - . cta Z}(a+b+c);§
3a® —4ab+-116*  3b*—4be+1ic” 3¢ —~4ca+1]%\, 5 5
Bai tip ty luyé{n&
1) Trong tam gi4c nhon ABC, chimg minh ring Qc.)
a) cosA+cosB+cosC.S—3- Q)
2 S
b} tanA+tanB-+tanC >33 &\
c) cotA+cotB+cotCZw[§ ()o

) %(sinA+sinB+smC)+%@§[+mB+tanC)zzJi

2) Cho céc sb duong a,b, ¢ t&é?lh J2 4+ b ++/c = 1. Tim gi4 trj 16n nhét cia biéu thirc
s\(b' S=¥a+¥o+
3) Cho céc sé dul&q@ia thoa min a+b < % . Tim gi4 trj nhé nhét cia biéu thirc

P=a+b+ 1 + 1
a b .
4) (1997 Japanese Math Olympiad) Cho a, b, ¢ 12 nhing 56 thyc duong. Chimg minh ring
(b+c—a) , (c+a~by  (a+b—c) 53
a’+(b+c) b 4+(ct+a) +{atbyl 5
5) Chimg minh ring v6i moi tam gidc ABC va s6 a> 2 ta cé bt ding thirc sau
sinA n sinB sinC < 33
a+cosA a+cosB a+cosC™ 2a+l
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Trong céc dé thi tuyén sinh PH-CD gin day, thi viec sir dung dao him dé chimg minh bét ding thirc duge
tng dyng rét rong rai. N6i chung, day 12 phuong phép khong thé thiéu khi chiing ta buéc vao cudc chién diu véi
cénh cong DH. Vay khé khan cia hoc sinh khi hoc phwong phép ndy, d6 12 g1 ? Nhidu hoc sinh khong biét 1am thé
ndo dé giam bién dua mot bidu thic vé dang ham 1 4n. Thudmg thi dé gism bién ching ta phéi ¢ nhimg d4nh gi4
tinh té 4é xuit hién nhimg sé hang c6 thé biéu dién qua s6 hang ma chitng ta cin don v&, Véi mdt 56 bai toan, ching
ta cling c6 thé tiép c4n theo cach ding dao ham timg bién d& chi ra ham sb 1 don digu theo bién ma chiing ta chon
d€ tinh dao ham , vi hién nhién néy ta chn dugc bién d6 thi ta ciing c6 thé 1am mét di duge sy ¢ mit ca bién dé
bing céch thay bién d6 bing mot s thyc n2o d6. DE hiéu 16 hon vé phuong phap nay, chiing ta xét mét s vi dy sau:

Cho x,y € Rthéaman y <0 ,x’ +x=y+12 Tim gi4 trj nho nhit va gi tri 16m nhit cia
P=xy+x+2y+17

— AN
Chiing ta & hy vong 14 s& dua duqc biéu thic P vé ham mét bién. Mgt may mén wj.ng ta I2 bfc cao nhit &
bai todn ndy dé 12 bic 2 chinh didy d6 12m cho bai todn tré nén kh4 dé dang chq théo tic rit-thé.
Tix gid thiét, ta c6: y <0,y =x? +x—12 Viynén x* +x-12<0e 4 < .
Khi dé P=x"+3x*—9x—7 Bay gi P d 12 ham mot bién va bién dél('éq thién trong mgt khodng. Nén thao tic
str dung ham s6 & déy chi 12 1 thao téc gi4o khoa, QD
Xétham sb f(x)=x’ +3x2 ~9x—7. Lay dao ham f'(x) = 3(x? -3)
Gidi phuong trinh £'(x)=0 ri 14p bang bién thién, ta 6 duge: ©
minP =—12 dat dugc khi x = Ly=—10 va maxP =‘2g@t/duqc khi x =3,y =—6. Ldi gidi dugc hoan tt.

L\
Cho ba 56 thye duong a,b,¢ thoa mﬁ%\é}b+ ¢=1. Tim gi4 tri nhé nhét ciia bidu thirc

QQ P=a’+b3+lc3
Q) 4
of

S
Nhin bi¢u thitc cta P ta thay ¢6 sy hién clia ¢4 ba bién s6 a,b,c ma ta khéng thé quy tryc tiép vé mot bién sé
ngay néu chi str dung gia thiét, Nhutig ta lai thdy P 12 bidu thic c6 déi Xmg v6i a,b, do 46 ta dy dodn gid trj nho

N4 oz

. . Q. . Ly o,
nhit dat duoc khi hai biéllégi bing nhau. Ta chimg minh v sir dyng bat déng thirc 3—;_12 3 },dzng thire
IR )
x4y ra khi hai bién sééb bang nhau nén ta cé:
a+bY 1, f{1-c) 1, +32-3c+1
. P> — = — - —f(c].
v§§ ”[ ]+4° [2]+4° 5 )
Bay gits thi Wc giai quyét bai todn khd 13 d& ding bing céch khio sit ham s6 g(c)=8.f{c) trén khong {0;1).
Tacé g'(c)=3c"+6c-3, g'(c) =0« ¢ =—1-+2, ¢, =—1++2. Lép bing bién thién ciia ham & g(c) trén

khoang (0;1) ta cé:

8(c)2 gle,)=g(-1+2)=6-4v2,

suy ra sz(c)zi—@—zﬁ),
Vay Pm=§(3~_2\/§) Khi va chi khi c=\/£—l,a=b:%(2~—x/5).

Bink lujn: Viéc xic dinh dugce dén vé bién ndo 12 mét thao téc quan trong trong viéc giai bit diing thirc bing phuong

Phap dao him. Bién dén vé thuémg ia bién c6 vai tro khéng d0i ximg trong biéu thirc cin chimg minh hojc I3 bién
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xudt hién l3p di lap lai phidu 14n nhét. Sau khi x4c dinh dugc dbn v& bién no thi dya vao diéu kién cia béi todn ta
s& c6 duge cich d4nh gid hop 1. Vi du nhur bai todn trén, sau khi xéc dinh dbn theo ¢ thi chity didu kién tbng 3 sb
bing 1 ta s& ¢ gng rit ra dugc bidu thicc a + b dé tir 46 c6 thé thay bing 1—¢. Néu didu kién cho ching han nhu
abe =1 thi ta s& cb ging dénh gi4 48 lam xudt hién tich ab.

Cho ba sb thuc khéng am 2,b,c théa mdn a+ b+ ¢ =1.Ching minh ring

ab+bc+ca—2abc_<_l.
27

L i
“Trong bai to4n nay, sw xuét hign cia ba bién a,b,c hoin toan 46i xtmg, nén khong mat tinh tong quit, ta c6 thé gia

sit 0<a<b<c.Dobasé a,b,ckhong 4m va c6 tong bing 1 cling véi diéu gia sir & trén nén ta c6 OSaS%Xét

v tedi c6: \

b+c 1 2 N

P=a(b+c)+be(l—2a)< a(b+c)+[--2-—](1 ~2a)=a(l —a)+:(1 —a) (1 —(%
=__1_a3+la2 +_1'=f(a) ‘\
2 4 4 .
Nhu vdy, ta 44 quy dugc bi toan tir ba bién vé bai todn mot bién chi bing mdt phép a1 don gian nhém nhén
tir chung va sir dung thém bt déing thirc trung binh cdng, trung binh nhan cho haiso: Céong viéc cia ta biy gid chi
14 xét him s6 £(a) trén doan 0;;}]. Q;\)
N
Taco f'(a)= —%az +%a =%a(1—3a)20, Ya: Ogaﬁ—;-, r{é&@n f(a) dong bién trén doan ‘0;% , suy ra
i\ 7 &
fla)<f|-|==—-
(@)= [3] 27 O\\’Q

7 \
Viy, P<fla)<—
gy (a) 27 &\0)
Didu phai chimg minh. Q)
o .1 )
angthucxayrakhla—b.ﬂc—g. N~
Bai todn ny ta c6 thé mé rong han n@Qau.— Cho ba s6 thyrc khéng 4m a,b,c théamén a-+b-+c =1 va cho s6 thyc
< .
X\ > 0. Ching minh ring ab +¢59r ca—xabc < max {l,l(9 —x)} Biy gi® ta s& di chimg minh mét bt ding
4 427

thire cyre K1 quan trong v @it nhidu tmg dung d6 i bét ding thirc Schur, duong nhién, ta chi lam viéc voi bét ding
thirc Schur bac 3. L g day 12 mot bai todn'rét chdt va c6 nhidu dng dyng. Khi gip nhimg bét déing thirc d6i
xtmg 3 bién thi bt ding thitc Schur két hop véi vige biéu didn mét da thite dudi 16p ham so cip d6i ximg 3 bién hiu
nhu ¢6 hiéu qua. Chiing ta cing s& ban i vén d& ndy trong cubn sich nay.

Cho ba sé thuc X,¥,z > 0, chimg minh ring:
X 4+y*+2° +3xyz 2 X3 (y +2)+ y (z+x)+ 27 (x4 ¥)

Lvi gii |
G bai todn ndy, ta nhin thiy vai trd binh ding clia c& 3 bién , nén thao tic dinh gid dé dén vé& mét bién ndo khong
phai 12 duy nhét. N6i cach khac 1a néu dénh gid theo 2 bién nay thi ta cling & thao thc dugc véi 2 bién khéc. Trong
trudmg hop nay, cich don gidn nhét d6 1a tién hanh dzo ham theo timg bién bt ki. :

r

Bai todn hoan toan i ximg voi ba bién s6, nén khang mét tinh tdng quét, tagid sit x 2y 2220, coi x 12 bién 6

v coi ¥,z 12 tham s trong ham 6 f(x)=x* —x*(y+z)+ 3xyz—xy’ —xz’ —y'z—-z'y+y' +2’
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Tacod f'(x)# 3){”~-2x(y~+-z)+3yz—-y2 -~z
va f"(x)=6x—2(y+z)=2(3x—y—z)20 voimoi x,y,z>0va x> y>z. .
Didu d6 chimg t6 £ '(x) 12 ham s4 ddng bién, suy ra .
f'(x)zf'(y)=3y2—2y(y-l—z)+3yz—y”—Z2 =yz—-2" >0 (dox>y>z)
Dén day ta suy ra f(x) 12 ham s ddng bién, nhur vy f(x)>f(y)=z(z—y)’ 0. Vay bai tosn da chimg minh
xong!

Cho x,y,z14 c4c sb thyc khéng &m théa man didu kisnx® + ¥ +2% =2. Tim gi trj 16n nhit
cia biéu thirc:
2

P X y+z  l+yz
X tyz+x4+1 x+ydzil 9

o
&=y=1z=0
Triage hét ta thir doan ddu ding thire xem nhur thé ndo, Diu dling thic & diy xéy.rmép
Néu dé y quan sat, thi ta thiy mgt quan hé khé quan trong & diy 1 x =y 4+ 2 ? gidr ta s2 xir Iy tidp bidy thire P,
Mz quan trong phai biét chiing ta phai xir ly diéu gi ? Cu thé 12 s6 hang ndogad xit Iy. C6 mét sé hang lap di Iap lai
d6 13 yz . D&y ring & s6 hang thir 1 x xuft hién ciing rét nhidu 1in nén@é thé déinh gi4 duge gl nhdm 1am son
sb hang nay khﬁhg. Nh lai déng thirc xay ra tai x =y+z trdé g@gay cho ta d4nh gi4 dang
X*+(y +2) 2 2x(y+2).Va mét didu may min [d x* +(y —hz)@2+ 2yz chinh 14 tir s6 cia 56 hang thir 3. Moi
vigc phén tich & 8y coi nhur 4n, vén dé ta s& trinh bay tudmanginh L¥i gidi.
N\

Cich 1:
2 Ko by aaf
Tacéz(yz+l)=x1+(y+z) 22x(y+z)=>yz+d}x(y+z)véyz+l=——i—
Suy ra 00‘
0§ : X +(y+2z)
_ x° y+li\ l+yz x? y+z 9
] + AY - S 2 + -
X+ yzEx+1 x+();®z+1 9 Tx'+x+x{y+z) x+y+z+l 9
ePc—2 _ NoTybz _XH(yrz)
—x+y+z+6 X+y+z+1 18
2 2 2 2
epccPrytz  X+(y+z) eP<io— X +{+2) (x =0)
\’bx+y+z+1 18 X+y+z+1 18
Mitalgice .
§ x+(y_+z)5\/(lz + )+ (y +2 | =\/2[x2 +Hy+2),
2 2
SP<io 1 X t(y+z)
J2[x2+(y+z)2)+1 18

Batt =x* +(y+2)’ =X +y' 122 425z <24+2yz2>2

Miit khic2yz < y? + 27 =2 — 2 =;-yz$1=:-t6{xf2_;2]

: 1 i
Xéthamséf(t)=1— -t 2;2
s6£(t) N PR E[\/_ ]

: V2
Tacdf (t) =m——;',t 6[’\/5;2]
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Do céc h&msSFJg%)—z v —é du nghich bién trén [ﬁﬂl =f(t)<f (\E ) =—;-

Ciéch 2:

4+{y+z) X4y 4242z 2+2yz
2 - 2 T2
(x+y+z)2 =x*+y +z“+2yz+2x(y+z)=2(1+yz)-j—2x(y+z)

Tach: x(y+z)< =1+yz

2
=:-(x-|—y+z)252(1+yz)+2(1+yz)®1+yz§-(-§+—);ﬂ
x(y+z)<l+yz
Do d6 2
4
(x+y+z)
x? LYtz T QQ
X +x+x(y+z) x+y+z+l 9 O
< X y+2z _(x+y-i—z)2 .\\20
Sxty+z+l x+ytz+l 36 Ko 4
X+y+z _(X+)/+Z)2 X0 &‘Q\

<
“x+y+z+l 36 o)
Pato<t=x+y+z<B3(x* +y*+27) =6 . 'Q}) .

Xét ham sb:
)= a&%}
=g o

te[OJ_] \b’? _1]'§<0’Vt€[0"‘f6]

f'it)=——=
® (t+ 1) +1)
Do d6 '(t)12 ham nghich bién trén [0 J6 ] maf'{ %nent =21 nghlem duy nhét ctia phuongtrinh f'(t)=0.
Tir d4y l4p bang bién thién ta c ngay két qua ai todn.

Ciéch 3: \l_.
- \ o x2+(y+z)2
Taco2(yz+1)=x"+(y+2z) 22%@92):;»3{2-{-12x(y+z)véyz+1=-—-—2~————
Suy ra: : \(b.o
. X+ (y+2)
x* § ytz__ 1+yz x* y+z 2
P= 3 a2 4 <
x*4+yzPx+1 x+y+z+l 9 xX2+x+x(y+z) x+y+z+l 9
X L y*z _x2+(y+z)
“x+ytz+l x+y+z+l 18
2 2 2 2
< xtytz X +(y+z) SP<L1- L _X +(Y+Z) (x:«=0)
x+y+z+1 18 x+y+z+l 18
: o Fl : 1 ¥ P2
Mat khéc x <> +1vﬁy+zs(—y—JLz)—f—:>x+y+zsx2+1+(y+;) r X Hy;z) +
Viy tacé:
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z 2 2 2
Pt 1 X +{y+2) eP<i 2 X +{y+2)
X" +(y+z) +2le 18 X*+(y+z) +4 18
2
2 2
o 2 Xlyte) 44
18 |x"+(y+2)+4 18

2 2
Miit khéc: 2 4 X +(y+z) +4

2
>Zp<
x*+(y+z)f +4 18 B

O

Vay gid tri 16n nhét cia Plégkhix —y=12=0

Cho céc s6 thue duong a, b, ¢ théa man diéu kién (a+c)b+c)=4¢*. Tim gi4 tri nho nhat

cla bidu thire
_ g + 320 Jal+d Q
T b+3) @ty o SO

=&

— -
<F
&

Batx:%,y=— thi (x+1)(y+1) = 4 & S+P 3;P= 3@?

e

ry - gS+3-2pf s
y+3 x@ ,3S+P+9I V2

Git thiét @[3+1J{3+1J=4

P32

$* +38-2(3-8)] _ 8
&\09 =3 38+(3-8)+9 | 2

3 3
+55-6 S S—1 S i 8
B BT By tak e S-Sy T | O NP S
e 2s+12] J2 [2] N -1 V2
Q
Op = 3¢5 — 1L >0 i =
= - - =Pmin =P (2} =
Q:Q (-1 5 (2)
Déu “=" xdy 1a chingfidn khi x =y =1
A xyrac&éc_{n i x=y

N\
@&2013) Cho a, b, ¢ /i céc sb thye dwonyg. Tim gid tri [¢én nhit ctia bidu thirc:

P 4 B 9 ‘
va+bi ' +4  (a+b)fla+ o) b+ 30)
Lir i
Ta thy €6 c4u hinh Jxy & 56 hang tht 2 nén goi ¥ cho chiing ta sir dyng Bét Ding thitc AM-GM.
Theo BCS thi ta ¢6 c6:
a+b+c+2<yKal +b2 +c2 1 4)
Lai theo AM-GM thi:

3(a + b)(a+ 20)(b+ 20 < (3a +3b).[a + Z* 4"] 5%—

[[4(a+2b+c)l = Aatboy
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Viy:

8 27 3 27
< - .Patt=atb+c,t> 0 PL——0——5=30
a+b+c+2 2a+b+e) &)

t+2 26
3 27

|t = ——
g'(t) (t+2)2+t3
g(t) = 0827(t + 2) - 8= 0=t =6
t 0 6 +w0 -
g'® + 0 -

&) / % \

ng(t)sgvame=

e lun

xayrakhia=b=c¢c=2

Cho céc s thyre x, v, z thoa min didu kign x +y + z = 0. Tim gié tri nhé nhét clia bidu t&@

p=3"4 4 4 i ’6X2 6y + 627 \20()

N\
i P

Céch 1: Q
Quan sét bai todn ta thiy sur kha kho chiu cha csc biéu thic gié tri tuyét déi. Néd& gon hon ta s& tién hanh dat 4n
phu d& don gian hon O
Pat a =[x~ ylb=|y—zhc=lz—x N7
Tir gid thiét suy ra: x* +y* +2' =—2(xy +yz+2x) (03
. _ 2 z 2
Do dé: 6(x’+y2+z‘)—2(lxdey] +ly—2f +|z—x| ) c)\

Vi vay néu dit: a=—~|x~u—y|,b=|y—z|,c=|z—x| thi %b& >0vaatb>e¢bt+c>acta>b
Tach: P=3"43"+3 — 2(a2+b2+c2) &
Bay gid, ta sé tién hanh pha cin thirc nhim dua &iot biéu thirc dep hon. Dé phé dugc can thirc thi ta chi ¢6 thé
dénh gid biéu thirc trong can voi mdt bidu thagcc’é dang binh phuong. Rét ¢6 thé 46 1 (a+b +¢)
Via+b2c nén (a+bjexc QO
Tuong ti: (b+c)a>a’;(c+a)b 2@‘0
Céng ba bit ding thirc trén ta,é@c:Z(ab+bc+ca)2a2‘+bz+c2 = (a+b-+c) 22{a>+b* +c?)
Do vay: Pz +3° +§§§‘+b+c)=(3'—a)+(3"—b)+(3°—c)
Xét ham

f(x)=3-x,x20

f{x)=3m3-1>0

=f(x)>£(0)=1
Viy P>3,ddu“="xayrakhix=y=2=0.
Cach 2: Khong mat tong quat, gidsit x =y =z
Tir gia thiét suy ra z=—(x+y) do do:

a=2x+y

P37 4 343 —.\[12(:12 +y +{x+ y)’) = 37 3B 43T —\[12(3{1 +y +(x+y)2) Pit: {b oyix
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2a—b
X =

3
4 a>b>0.
y_2bma ' EE0E

3
Thay vio P ta duge:

a+b) a—bY
P=3'*"+3‘+3"—2\/a2-ab+bz=3"‘+3"+3"—2 [-J;—}+3[ ]

2

bit: Zb, thi u>v>0 vitaco: P=9" 43" 4 3 _aful 4 3y?
a

P=flu)=9 +3" 43" 2’ +3v ,uzv>0

) =3 1343 I3 —2 3213250 Q
Yt 4 3? ()Q

= f(u) déng bién trén [v;+oo)kéo theo: f(u)>f(v) =9 +3* +1— 2R =2.9" —4v+1 (1}
Xét g(v)=29"—4v4+1,v>0 ‘\&
E(V)=29"19~4=49"113-4>4In3-4>0 dov>0 &
‘Suyra g(v) déng bién trén [0;4+00), kéo theo g(v) > g(0) =3 (2\})d
Tir (1) va (2), suy ra £(u) >3 hay P> 3 N
Diing thire xay ra khi u=v = 0 hay x=y=z=0 ~\\’

ViyminP=3, &r&
AN
y 'J z .
Cho céc sé thye x,y théa man (ae%’ +(y—4)%+2xy <32 Tim gid tri nho nhét ctia bidu
thitc Q
&QA=x3+y3+3(xy—l)(x+y—2)
o\) Lavi gidi
(x~4)’+(6&')2'+2xys32 S(X+y) —8x+y)<0 0<x+y<8 (1)
(x—c);ég_oﬁ(ﬂ-y)"?:%y =>-~-<5}<3/2——§-(X+y)2 2
\(& A=x’+y’+3(xy—1)(x+y—2)=(x+y)’—6xy—3(x+y)+6

T (ﬁ*@ﬂ)’—%(xﬂ)zwfﬁ(x +y)+6
*DEt=x+y véi (0<t<8), xét f(1) =t3-—§t"—3t+6 = f(t) =3 -3t—3
1+45 1~5

> 4 ;t:
3 0 (nhin) —

_17-565
4

f')=0et—t-1=0wt= <0 (loai);

Tacs: £(0)=6,f(8)=398 | f[l +2‘/§J

1++/5
3

Vay gi trj nho nbit clia f(t):U“TS‘E Xy ra khi t =

1++/5
2

A>f(t) > 17—_45£ Déu bing xiy rakhi x =y vi X+y=
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17— 5«]“ . 1+45

Vaygléltnnhonhatcua A= xagyrakhi x=y= 2

Binh lu@n Véi nhitng bai d6i x¥mg 2 4n , thi tr duy dAu tién khi gip 46 Ja st dung 16p da thirc dbi xtmg & dua vé'
theo 2 bién x +y,xy R tix didu kién s& quy duyo v& mot fin va khao sat ham s6.

Cho cic sb thyre khong 8m a,b,¢ théamén: a+b+c=1. Tim gi4 tri nho nhét ciia biéu thic
M = Xa’b? +bc’ +c’a’) +3(ab+bc +ca) + 2Ja® + b +c’

* ' !E. .E.

Ta s& dira bi todn ndy vé& mét &n mdi d6 12 t = ab 4 be + ca . Di nhién vige biéu dign céc dai lugng con kai qua
t==ab- be 4+ ca khé dom gidn.

bat t=ab+bec+4ca

Tacé: a*+b>+c? >ab+betca

=1=(a+b+c)’ >3(ab-+bc+ca) \
2 12 ot 1 QN
gt 4+bi4cf=1-2t va0gts- @
3 =
Theo B.C.S tacé: t* =(ab + bc + ca)’ _<_3(a,2b2 + b’ + c’az) N

= M2t +3t+2J1-2t = (1) &‘é\

£1(1) = 2t+3r-\/]_27 d

- <0 V‘EL\i‘@
=f'(t) 1aham giam

f(t)>f(—)_——2f>o =f ting =f(t)2f(0)= & ‘ )

M>2 . \
Khia=b=0 vac=1 thiM=2._.Viy M, Q
Binh Juin: Bién duoc don vé khéng nhét thié @m 13 mdt trong 3 bién cla bat todn mé 46 co thé 1a mdt biéu thire
nao dé chira cdc bién da cho & d8 bai. Lic \rf‘iy moi ,ddnh gia va bidu difn nhdm quy biéu thirc d4 cho theo bién méi.

O
1 |

Cho ba s6 thyc a %@9 va thoa mén 1 + + =1. Chimg minh réng
i+a 1+b 1+c¢
\"0'

8 1 1
>2
ab—l+bc—1+ca—l -

Lisi g

Trong bai to4n ndy, ta chua thé sir dung ngay dgo ham dé giai quyét bai todn. D& phat biéu bai to4n don gian hon va

: 1 1 1 1
& c6 ¥ tudng sir dung dao ham fa dit =X, =v, =z.Khidé x,v,2<— va x+y+z=1.
yuene & Tha "14b T ltc X9E=7 Y

Tacéab—l:—— be— 1=—- ac— 1=~— khi d6 bét ding thirc cin chimg minh c6 dang y+y +— >2 va&i
Xy yz rad Y
didu kién 0 <x,y,z 5% va X+y+z=1. V&i nhin xét bai todn d6i ximg véi bién x,y nén ta cb thé dua bai toan

2z
tir ba bién vé hai bién bing cach dat x +y =s, xy = p, khi dé %§s<l v 0<p5%.
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Tacéd
2+ 2 2 ’

_ zZ Xy oz Xy I-s p
Bay gi&r xét ham sé
=P i (1-gS=2P
f(p)= 1= +(1-s) 5
8  s*(l-s) s(1-s)
Cé fl —_—— t = = .
(P) 1—s Pz ,f(p) Oep 2,\/5
Lap béng bién thién, bign lugn so sénh =) vei & o6
*p bang Ol 22 4
Ney SU8) T 952242 s £(p)2 rls0s) =(#2+2)s-226V2-6>2 |
22 22
N (1_) (s 2 \
Né 22 es< 2| =1
u o ¢$s 22 tace: f(p)>f 7y T g(s) QQN

Khao s4t g(s) trén [-21—;2—\/5]0(, g'(s) =—44

(-9

Ding thitc xay ra khi v chi khi x — y—%v&z——;- hiclaa=b= 3/{6\1

...2_2., tir d6 g(s)Zg[_:;_.} j‘z};zo

Xeét céc s6 thyrc duong a,b,c théa min didu kién @r 2bc+8ca <12. Tim gi4 trf nho nhit
1. 2.3 < Q/

clia bidu thie P=-4 242
¢
/\i@
1

a b
bt x —-—,y—%,z =— bai to4n chuyén than@m gid trj nhé nhét cia bidu thic P(x,y.2)=x+2y+3z véi

X,¥,Z duong théa rnin 12xyz > 2x + 8y +<§

Tu‘g:éthletZ(ley =21)>2x 48y > cod zzﬂ ‘x>—-7-.
Q) 12xy -~ 21 4y

Do dé P(x,y,z)}>x+2y+ ix+8§{

Bay gitr ta xét ham sé f@}: x+2x+8y+2y véi bién x>;? va y 1a tham sé thuc duong,

y—7
Ta c6 ro.

2

. f‘(x)=1+2(4xy 7)—4y(2x+8y) 1 14+32y2

(4xy—7)’ (4xy—7)

. v _
nén f'(x)=0&x=x, =£—~+—32—§+—]4. Lép bang bién thién cia ham s f(x) trén khoing [ 7y,+oo] ta cé
Y Y

f(X)Ef(xo)=2y+zg.—+zl\/32y2+l4=g(y). Ta xét tiép ham sé gly) trén khoing (03400} 6
Y Y

(8y*—9)32y* +14 — 28
4y*\32y* + 14

(0;+00) c6 g(y)gg[%]:lz—s, tr d6 suy ra P(x,y,z)zf(x)zg(y)zlzz. Ping thic xdy ra voi

g'(y)=

vi g'(y)=0¢ y=—‘5I. Lap bang bién thién cta ham sé g(y) trén khodng

)~:=3,y=§,z=g V8y gid tri nho nhét coa P la — kh: a=

b= i,c=
3 5

bW

=1
3’
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Nhu vy, viéc déi bién va rat 4n tir didu kién dé thay thé vao biéu thirc cén tinh 12 nhimg thi thudt cin thiét, co ban

@& 1am cho bai todn khéng nhimg don gian vé mjt hinh thic ma vige tinh todn ciing tr& 1€n ngin gon va gidm ngay
duoc s bién trong bai. ‘

Cho a,b,c €[1,2]. Tim gid trj 16n nhét cia biéu thie P = —!E+ L) + 2012¢
bc <¢a ab

L gidi
2012¢ llOa ilb

(=t

ab ¢ b a
" Coi ¢ 12 bién sb, cdn a,b1a tham 8, ta cé:

Tacd: P=1f(c)=

2 20 2 _ z_ 2 _ X 2 _ B 2
f'(c)=201 _iz(;lﬂ_ani“l_lb_): 12¢2 —10a" —11b 22012 10.2* =112 50
ab ¢ b a ab ab \
4
S Ko<t =228, 2 10 _ o) QY
ab b 2a O
Tiép tuc coi a 12 bién sb con b 1a tham s, ta co: \20

.. —4024 5 1lb_—4024 . 11 <
e I T s =<0
D= Ty W T D T Re4
4029 11b \
= g@) <) =+ =h(®) &

2
—4029 | 11 1
hi(b)= 2 =< O(be[1;2]) = h(b) h(l) =4 —=
®)=—5 + SObEL2D = hib) <h(D \ngrz
dat duge khi < 2 ’\\/
c=2 &’0'
Bink lugn: Vi nhitng bii todn c6 gia thiét céc bién nfim trong ot dogn xéc dinh thi c4ch dao ham theo timg bién
t6 12 Tt c6 ich , béi vi didu nay cho phép thay bién boi mot %Qn bién. Litc nay bai to4n cdn chimg minh duge giam
bién. S)

8069
2
Vay Maxp = 509

£
N\
Chimg minh ring néu 9 12 46 dai c4c canh clia mét tam gidc thi
c_3

i1fa ¢ b
%’9?;25*5(?;*;]
3=
o)
NS

()Q) Liri gii
Bai toan d6i xtmg v a,b,ch&'khéng mét tinh téng quét ta gia sit ¢ =min{a,b,c}, i désuyra 0 <c < Jab va

a<b+¢<2b. .
Pt x =c¢, ta xét hi

b x| a X a b
flx)=2—+=|-——=+2——=—=3
(x) [x+a] X b+ b a
trén khoang (O;x}ab] cé f'(x)=_i—‘:+%+%»—%=(a—2b)[-xl—z—;1€]50 v&i moi xe(O;Jab], do @6 ham sd

b

f(x) nghich bién trén khoang (0;\/;1;} ,suyra f(x)> max {f (a).f (b)} = %"r o 2> 0. Vay diéu phai chimg minh

d4 duoc gidi quyét.

Cho a,b,c 1 c4c sé thyc thoa man a+b+c =1 vi ab+bc+ca>0.Tim gi4 tri nho nhét cia:
2 2 2 5
P= + + +
la~b| |b—c| le—a]  Jab+bctca
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Khdng mét tinh tdng quat gid sir a > b > ¢ Ta c6 bit ding thirc quen thudc:

i,}_iz 4
Xy x4y
Nén;
2 2 2 5 10 5
P= + + + 2 +
la—b] " [b— lc—al " Vab+betca “a—c  Jab+botoa
Cha y ring:
(a—-b)z—]-(b—c)z2%(21—b+b—c)2=?12-(a—c)2
nén suy ra:

%(a—c)z <(a—-by’ +(b—c)’ +(c—a)

. \
Dt Jab+betca =t thita c6: te[o;—l-].a2+b’ +e7=1-2t* v %{a—c)2 gz—ébry

N
O

Tacé Pzw,-s\/——-i‘-hé.)(éthémsé f(t) = i+§ vdi tG[O;-i?] \3
PoNT=3 T V1-3t" t V3) db’
1 N\
Ta c6 f(1) > f(—=) = 10§ N
()= £( 6) A

N3
b, 1 1 1 &

Bing thirc xa rakhia=—+— b=-c=_—__ O

& e xay R CHNE M
Ta ¢4 thé giai theo céch khac nhu sau: Y%
Tacé: 'S®

(a=b)* +(b—c)’ +(c—a) = 2(a* +b2\c )'—2(ab+bc+ca)%2(a+b+ c)’ -- 6(ab+ be+ ca)

. 2z & a2
= ab+ b + ca = 2= @b} _(b‘v ~(c-a)
©
Giésu‘:a>b>c.Datx=a—b,y=b—cé}a—c=x+y;x,y>0

2_x? ___yz_ y)z l_xz_yz_xy
Suyra ab+be+ca= =
d 607 3
Do d4 P=—2-+2'—+ 2 +—Q\l~ 3

Xy X+XQQ7f-x2—y2—xy

Sir dung 2 bit ding t%?ze—l-+ L > 4 4T+ ¥ +xy) > 3(x +y)? ta duge:
\ X Y x4y

§SP ‘If i ;ﬁ :xiy+ i 15 = ?O 23.2_=10J€
X ) X+ X
Y Jl—z(xﬂ')’ = (x+y) y+\j"—( 2y)2 3

2 34 2 3

Cho x,y,z duong théa mén xy > 1,z>1. Tim gid trj nho nhét cia bidu thic:
po_X y z’+2
y+1 x+1 3y+D

| L i
Nhén thdy vai trd d6i xtmg cta 2 bién x,y & day va néu nhu ta trigt tiéu duge z thi bét déng thir cia ching ta khs

don gidn. Didu ndy thyc hién durge vi may min 13 z nim & tir s6, danh gi4 ciia chiing ta khéng nguoc chidu .
Bé § réing, theo AM-GM thi: 2’ +2 =2 +1 41 >3z.
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2 2’ 2 2
Dovf?lyPZ:X+y+ztzx+y-|»1

Xy+x xy+y xy+1 xy+x xyt+¥ xy-+1
5 _(x+y+1y

T3y +x4+y+1

3 3
Mt khac: [3{—-+§—+1} > Xy (X_-Héjiz Ixy

Ap dung bét déng thirc BCS, ta c6: P

9(x+y+1)° _ 9x+y+])

Doddé P> 5 = :
(x+y+1P +9(x+y+1) (x+y-+1y+9

Pat x+y+1=t véi (t>3) Khi do Pz?g—_:_g

—9t* +81
(tZ + 9)2

Bing viéc khao sat ham sb ta ¢6 minP=% dat dugc khi x =y=z=1

Tacé P = 0et=

A\

Y
Cho a,b,c 1 céic sb thyc duong théa mén abe(a+b+c}=4. Tim gié trf nhé nhét q@
8be

1 .
Tolere wp+d)+s P
Sl

Livi giii-
i 8be \)d

J@atb)ate) be(b?+c?)+8 .\Q/
Diiu hiéu tich o 2 cn thirc Jam ching ta nghi ngay dén AM-GM: Y
. (a+b)(a+0)52a+b+c=> \&rq > 2
v 2 dgtb)ate) 2atbic
0 56 hang con lai, ta thiy c6 gi d4c biét khong déy la sy ién ciia s 8 , & tir s6 va mAu sé lai déu chda be nén
tir d4y ta c6 duoc gl ? Lai dé y 2abo(a+b+ ch= 8.&; 2 s& thay vao sé hang nay. Sau d6 danh gié dé hy vong
¢6 duge cii grQ® lién quan vai 2a+b+c¢ '
8bc _ O 8be - 8
bo(b? +c2)+8  be(f’ 1%+ 2abe(a+b4c) b +ct+2a(a+b+e)
< 8 00 _ 16 . 16
~ (b+e) +(2)%Q 2a(b+<) 4a° + da(b+c)+(b+c) (2a+b+c)

P=

Tacd P=

GO 16 216
whb4+c (2at+bicy t t
Pé két thic Lavi gidi 1 cin khio sét £(t) . Nhung mét didu quan trong & déy ching ta 44 b qua d6 la tim diéu

kién ciia t = 2a+ b+ ¢ . Vy lam thé nio ? Ta luu y mét ti & gia thiét bai todn.
Tacé tJi=a—;”Jr—bﬁ+b+c+(1+J5)a34:/abc(a+b+c) =42 .

Nhuz vdy thi ta 38 c¢6 P>

V2
Vay t>4
Za+b+c=4
Péng thic xay rakhi jabc(a +b+c)=4
' b=c=(1+\/§)a

Bink lugn: Nhimg danh gi4 dé dua bét ding thirc v& mot bién thudmg khong phai 12 nhitng dénh gia qua phic tap.
D61 lic chi don thudn 12 nhing bt ding thic quen thuge. Ching ta cin rén luyén ki nang ndy thong qua viée lam
céc bai tAp s& tao “cam gidc” khi bién ddi. O phuong phép nay, thi mét didu ciin nhé nita 46 2 phai tim diéu kién cla
bién m6i biing céch suy ra tir giai thiét clia bai todn. Céc ban cn phai luyén tap hru ¥ ndy.
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16m nhét cia bidu thie:

2 2
P=[l+£] +[ac+b]
ac—b

Cho a,b,¢ 1 céc sb thye duong thoa man ac > 2b va (ac+b)(ab4-c)—a’c’ = 4b* Tim gi4 bi

Liri pii
b

Tir didu kién ac > 2b va bidu thic P ta nghi ngay dén viéc dua v& bién méi t =— .
ac

Diéu kién da cho & dang déng bac nén chc 1] tu duy 12 kha quen thugc.

bl
(ac+b)(ab+e¢)—alc® =4b* & [a +EJ(~§§ + !] =a’+ 40_2
[+

b cl ac b
< M+ —=—j=—1 4~
[a+c][ +ab] b+ EY

c \
et BT

: \
Bt t= \/Eb‘g 1> 2) . Nhw viy ta suy ra: da'
. .\

fadool D) o e
+?2-22 t+¥ 17 -2t ~—2t+420@“2)(t ->0st>2

D>

Do d6 % 2 4. Béy gi0 ta s& viét biéu thirc cin chimg minh saQ&o xuét hién t

2
Ly
2 2 2
Ta ciing ¢4: P::[l-f-—b-J +[a_°i'£]l ={1+£J + Sébc
ac .

ac ac-—-b o

Q. ac
‘ 1+uf Ob 1
Xét ham sé: f(u)=(1+u)2+[ﬂ.] vdi \z—g-_
I-u ac” 4

, 4(1+u) 1 1) _625
f(upg(]+u)+W20,Vus4=>f(u)§f[4] Tad

Viy ta c6 diéu phai chimg n}il\(b\hihép chimg minh dugc hoan tit,

Cho hémo é,?xac dinh trén tap s6 thue, 1y gi trj trén R va thoa man didu kién
(763 f(cotx)=sin2x - cos2x, Vxe (0ym)

+tim GTLN va GTNN ciia ham s g(x) = ¢ (sin’ x).f{cos'x) trén R

Lo g

Ta ¢

f(cotx) =sin2x +cos2x, Wxe {0;m)

2cotx | ecot’x—1  cot’x+2cotx—1
cot’x+1 cotPx+1 cot’ x +1

& feotx)= » Vxe(om)

“Tir 46 vdi chi y ring véi mdi te R déu tén tai x €(0;n) sao cho cosx =t ta duge

i —_—
f(t):t—+2t-—l, VteR.

41
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Dén toi
sin' 2x + 32sin” 2x — 32

WxeR - (1).
sin' 2x — 8sin® 2x + 32

g(x)= f(sin1 x).f(cos1 x) =

0,% . Vi viy tir (1) ta duge

Pat u= isin2 2x . D& thiy Kbi x chay qua R thi u chay qua
g

rni;'n g(x)= T“‘T h(u) va max a(x) = max h(u)
xE. 0,~ =€l

w+8u—-2
w—-2u+42

trong d6 h{u)= .Tacd

2(—5111 +4u+ 6)
(u1 —2u+ 2)2

W {u)=

0 ! . Suy ra ham h(u) dbng bién trén (0 } Vi vy trén [ l fa

D& dang chimg minh duge h'(u)>0,Vue
cb QQ
1 1
inh =h(0)=—-1 va h =hfe-|=—.
minh{u)="h(0) va max (u) [4] - . \20

Vay ming(x)=—1, dat duge ching hankhi x =0 vi maxg(x)*'— dat duge chﬁ@nk}n Xx=

1‘.‘

/\\
1 AT d
Cho a,b,c€ 3;3 . Tim GTLN ciia bigu thirc S
s 2 8D
a+b b+}‘?’N—a
<
Pit f(a)=——+ i . Xét hai trudng h Qag
a+b b+c cta
THI: azb2c. Tacd: t'{a)=——— —$LM>0
(a +b} a+b) (a+c)
S fla)<f(3)=—"F+—" .
uy ra: f(a) <0(3)=—— b+b+ b =2(c)
b-3}3b-¢
Mit khée: g'(c)=——7 . K4 (——lz(-—c—zgo
{c +b)\ e+3)  (c+3)(b+e)
: 3
S H <gl— _— -—-'-'hb
W g(c)“g[ﬁ_ﬁ-%ﬂ ®
] 3 3 {(1- b)(1+b)
Tacd: v'{b)=
(®) (3b+1) (b+3) (3b+1)(b+3)
Ta c6 bang bién thién
b
1 1 3
3
i
f’[3;b;5] _ + _

th]oco

) T T~
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Tir bang bién thién suyra f(a;b;c) < f(3; I;l] = ? .
TH2: c>b>a. TY THI ta o f(c;b;a)sg.Mat kbéc
f(abc) fcba) _(L__Ma—_c)
(a+6)(bra)(ate)

Suyra f(a;b;c)sg.

Viy maxS = %, dat dugc khi va chi khi

wrorlulifalfis)
Chimg minh ring

2X* 4y’ +2) = (Ky+yiz+2%) <3, V"’y’ze@‘b

| N7
BBT d2 cho twong duong v4i

£(x) =2x" —yx" — 2% + 2{y ﬂﬁs

Tacé

} <_>°, Yomdrer)
f(x)=6x* —2yz—2* va £'(x)=0 i
| O e i rer)
Vi x<0 nén x, € (0;1). Xét hai trudmg hop &rb'
* Neux, #(0;1)= £'(x) <0, Vx € [0; 1%y ra f(x) giam trén [0; 1]. Do d6
O\?ﬁf(x) =max {f{0},£(1)}.

e Néux,e (0;1) thitacé baf&%n thign

X . ()\‘ 0 X, 1

£

Q" :
o)
AY)
o \ /
\(b' f(x,_)

Tix bang bi@mn suy ra maxf(x) == max {f (0), f(1)}

Nhur viy trong cé hai trumg hop ta déu c6 maxf( )= max{£(0),£(1}}.
Miat khac

£(0) =2(y3 +2) =¥z 22y +2)-y2 4 (2-y-22) =£(1).
Ta s& chimg minh f(1)<3. That vay, dat

' f(l)-——-g(y)=2(y3+z3)—y"z+(2—y-zz)
'y=yl =é(z-«\;'zz+6)<0 '
Y=y, =%(z+ﬁ)

Taco g'{y) =6y’ —2zy—1= 0«
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Néu y, ¢ (0;1) = g’ (y) <0, Vy €[0;1]. Suy ra g(y)} gidm trén [0; 1]. Do 86
' max s(y) = max {8(0).£(1)} -
Néu y, € (0;1) thi ta c6 bang bién thién

-0 n
\ g(Y:) /

Tix bang bién thién suy ra max g(y) =max{g(0),2(1)}-

e

Nhu vay trong ¢ hai trudng hqp ta déu co max g(y) =max {g(0),2(1)} . Q
Q

Tacéd
g(0)=22 +2-2" <22 +2-2" +(1-z)=¢ g(l)=2z(z —1(22+1+’8@

A

Vi moi z€[051] da'
! . N

X
Xetphuongtnnh ax’ —x* +bx—1=0 véi a, b la cic sb thue, a:@wb 530 cho cic .

nghiém ddu 1a 56 thuc duong. Tim GTNN cia P= Sa’—3ab+ }
(b -+ a@
\/

Loi gidi
Goiuy,v,slaba nghlém thyre duong cia da thire ax® —x* - bx —-\ eo d;nh ¥ Viete ta cé

u+v+s=—'uv+vs-GQ-—- uvs—— (1)
Tirdé suyra a,b>0. 0§
Pit ¢ =~ . Ap dung BDT Cauchy cho ba s duags% )
a

c=uvs=u+{g¥-sz3-§/;v_s=3{[c_:=:~c;22‘.'c=>c23\/§
Mit khéc 0

(u+v+ép-—3(uv+vs+su) ((u-—v)z+(v—s)2+(s—u)z)20.

Do 86 ¢ ={u+v+s) =3(u v?kvs+su)—-3bc (3)
Tir (1), () va(3) tacd

b 1
Sa —3ab+2 1 5_{;?+2a_=_c(5—3bc+2¢')

a'(b—a) a B_, be—1
a
> (:(5—::.z +2c') . 5(;((:2 +5) (4)

¢ ¢ -3
——1
3

Xét ham sb f(c)=5°(f +35) véi ¢ 33.

o

Ta duge £(c)> 12+/3 . Déu bng xay ra khi c=33.Suyra P>1243.
Piing thic xay ra khi p=v=s=4/3,tcla a=w§-:/_—3,b=ﬁ.

Vay minP=12v3 .
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Cho x, y, z 12 cdc s6 thyuc thugce doan [1; 4] va x> y,x > z. Tim GTNN cta biéy thire

A
"

P= .
2x+3y  y4+z z4x

Lot g

Trudc hét ta chimg minh véi moi a, b duong, ab>1 thi
1 1

*
T+a 1+b 1+J_ ()
Thit vy, ta ¢6 (*) = (Jab — ) Vb)? 20 luon ding do a, bduong va ab>1.

Déu bing xay ra khi v chi khi a = b hoic ab= 1.
Ap dung (*) vdix, y thude doan [1; 4] va x 2y,X>ztacd

X 1 1 i 1

= + + > + :
G PR T N Q
y z x y (,Q
DAu bling xdy ra khi va chi khi Z =% hoge X — 1 (1) -\2
y z oy o
x . : 2 N
bat f—=tte[n2),khid6 p> . QO
y 143 et A
2 d
Xétham f(H) = +——,te(;2] cb
0= 2t +3 1+t [12] \)
o -2[¢ (4+3)NR2:—1)+9]
2(@ {1+1)
Suyra
09<t)>f(2)
’ a \
Dﬁubé.ngxéyrakhivéchikhit=2® Srx=4y=1(2)

)
Do dé P>l4-. Tu(I)vé(Z)\iEy%daubingxayrak}uvécmkhlx Sy=1, z=2

Cho x, y, céc s6 thyc duong thoa man (x +y + z) =32xyz . Tim GTLN v GTNN ciia

bié IﬁéP—x t+y'
(x+y+z)'

Léri i
Khéig mét tinh chét tdng quat ta c6 thé gia s x + Y+z=4,khidé xyz=2, Ta phai tim GTLN vi GTNN ciia

P=4—I‘-(x' +y' +z'). Tacé

2ox =(30x) — 23y = (16— 23 xy ) 2wy} + a3 x

=2a" —64a +288 = 2(a — 16)" — 244
trong d6a = xy + yz+ zx . Do yY+z=4-x vi yz—E nén ta phai cé (4—-x)22§, e 1a 3—«/55):52
X
Tuong tu x,y,zE[Bf\fg;2]. Suyra (x~2)(y—2)(z~2)50 vi

(x—3+J§)(y—3+J§)(z~3+J§)zo
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x4y +zt (a-—16) -112

545 -1
3

Nhéin cic BBT tréntaduge 5<a < . Tir - suy 1a
4 128
9 383 - 16545
minP =— Vé maxt=——m—m/m//
128 256

Pat duge khi (%, y, 2) lacac hodn vicia (2, 1, 1) v [3 -

145 1445

Cho a,b,c >0 vd a+b+c=1.TIm gi4 tr 16n phat cla:
142t 14D 14c
1+b*  14¢*  1+a°

Lo gii
Truée hét, ta du dodn déu ding thie xay ra. Bai toén dat cyc dai tai (2,b,¢)=(1,0,0) hojc c4c hodn vi. Mot diém
dc biét 12 c6 nhimg 2 s6 bing O nhur viy cach d4nh gia s& 14 tin dung nhitng d4nh gié v6i 0. Y tudmg cﬁg;hang ta
s& I3 ddn bidn, vi didu kién cho téng clia 3 s6 nén s& ddn vé a , d& lam dugc, ta phai ¢b ghng nit ra d@s, fc

Gia st a=max(a,b,c)=>—1~§a§1 C
3 | | O
Tir d6 ta co: : \
1+a*  1+b* | ¢ 1 1+a>  14b°+c - :j
P< = + >
1407 14¢® 1+ 142> 14b 1+¢2&'(\l+a2
A o — <2 +at (-2
140 14+a*~ al
Béy gits cong viéc khd don gian, d6 12 xét ham sé: \)
: PN
f(a)=a’+(1—a)’ +— véi a€ lr‘LQ'duoc f(a)sf(1)=3
_ 1+a K 2
vy P<2 R
2 Q

A
Cho a,b,c > 0 .Tim gié tri nho 1&@ a biéu thic sau:
2
a

,&f.ﬁﬁ%] +[b:c]2+%[a-cl-c]!'

Ta thiy vai trd d6i ximg cﬁ%ﬁ;%vé bic cita s6 hang cudi cling léch , nén ta s& tr duy ngay dugc s& don vé sb
hang cubi cling. Vin & ItrTén khai thé nao. Ta s& cin mot danh gid chidu 16n hon hoic bing cho tdng 2 sé

c
at+c

a ¥ b Y ¢ V.3
Ta chi inh; ) > (*
a chimg mi [a-i—b] +{b+c] +[c+a] 27 *)

Ta nhd 12 mét bai todn quen thudc sau va ching minh nd

hang d3u véi mét bighire cb lién quan dén

That viy, dit x=2,y= z=iz>xyz=1.Thitacé:
a c

L
b’
A7 (1) [1]" 3
* e + 4+ = -
) [1+x] [1+y] 1+z) ~ 4
2 2 :
Taluﬁncé:[ ! ]+ L > !
I+x I+y 14+xy

1+JX_Y-\/§]2 S(l—i-xy)[l-!—f]::»( LIS

v} (+x) T (x+y)(1+xy)

Vi theo BCS thi ta 6 (1+x) =
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2 2
Tuong tyr rdi cong laitathuduqc[ L J L >t
T+x I+y I+xy

Ap dung tacc‘r[ ] ]24. 1 2+( 1 ]2+[L}2> ! +_1__1
o l1+x I+y 14+z [+1}] T 14xy 142z

Viy bét ding thire phu duoc chimg minh .

Ap dyng ta ¢6 ngay: pn3_ —C—J2+i[ < JJ E—-t +4t =1(t)
T4 lc+a) 3lexal 3 3

Véi t=

atc:
Phén con lai khé don gian , ban doc c6 thé ty hoan thanh 13 gjai.

Cho hai s6 thyc x, y théa man cace didu kién 1 <x<2; 1 <y <2, Tim gi4 tri nhé nhét ciia bidu

thie: \
_ x+2y y +2x I Q’»
X3y 5 Y 3x 45 4(xt+y-1) @)
0
0
I;' -g. &
Ta c6: N
__ X412y L y+2x 4 ’@
x*+3y+5 y2+3x+5\) +y-1)
1<x @{(x—l)(x 2)<0# x*<3xl2 . Q
1Sys2 -Dy-2)<0 7 |y’ <3y~2 \/\

[

X+ 2y ,_Q@Zx 1

T3{x4y)+3 ‘g(x+y)+3+4(x+y ~1)

_ Xty \Q t 1
x+y-{D4(x+y—l) t+1 4(t——1)

Bat t=x+y , diukien 2<t<4 O)

1

0 = t+l 4(t tE[24]
\l-‘ e __,1_
© f(t)_(t-l-l)’ A(t—1y

&)=0<:~2(t—1)=i(t+ e>2t-2=t+1hay2t-2=1_1

N4 & t=3 hay t=§ (loai). Ta c6 £(3)=

8
§ lvx=2 x=1-
X=1Vx=
= x=2

y=2

X+y=3

08|~

=

X =
y=I

y=1

Cho xy 1a cée s8 khong &m théa mén: x* +y? =2 . Tim GTLN v GTNN cla: S=x+y—xy

Liri g

Pat x+y=t,tl‘rgiéthiéttacé:tz=x2+y2+2xy=2+2xy22:>t?_~/5
Lai cé: tzSZ(x2+y2)=4=>t52=>\/Egt§2
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Khi dé:: §= t——;—(tz —2):—?1242 +t+1. Xét ham sb (1) = —1* +2t+1véi te[ﬁ;zl
Bz‘mg'bién thién:

tl—oo i

Tir BBT ta ¢6: f(x) max = 2+/2 tai t =2
f(x)min=2 tai t=2

Viy Smax =+/2 tai (x;y)= (Ji;o)hoac (xy)= (O;«E)

Smin=11i x=y=1

Cho x,y,z 14 céc s6 thyc duong théa mén: XX +y* +z' =1. Tim min: QQ
l 3 3 3 ()
P=(x+y+z) +- XAy *E L QO

2 XYZ Xy+yz+zx N

: P fox

.\V
Lisi g &‘Q
Dt xy +yz+7x = t{0 <1 <1), két hop BBT: -1—+i L> 9 d
X

yz ZX XY +yz+z®\)

Tac:‘ézx—-}ly—tf—=3+[—1—~+yL ](1 —Xy+yz+m)> —-(1 &

XYZ Xy
1 9 1 4 1
SuyraP21+2t+E3+-t-(l—t)—-I:2t+-;—2~—~2t+— t—2,>_4+2—2=4
s i e}
Diu“="xayratai x=y=2=—
Y y=2m D

Nhing bai todn san diy thé hién dac trung cla d@@oén nay:

; O, .
Cho a,b,¢ 14 céc s6 thue dqug.cé tdng bang 3. Chimg minh rang:

b+bc+ca
S @b+ T (ab+b >1
Q:Q N RN {ab+ c+ca)>
’0’0
Y Lo i

R& rang ta s& hudng d‘@‘iﬁp}m a? +b? +¢* = tholic ab+ be + ca = t vi ching c6 thé danh gid dugc va quan
trong hon chiing c6 i\ quan hé v6i dai luong con lai qua hing déing thire:

a+b+c Za +22ab

Vay vn d& bay gitr |3 tim méi qua h¢ déing thic hoic bét diing thirc gilra a’b+b’c+c’a véi ab+ be-+ ca hode

a +b? +c* . O déy, ta s& trinh bay né theo 3 cich. Khong chi dom gian I gidi bai toan nay, sau day st cung
¢dp cho céc ban nhimg BDT phuy lién quan qua dé thé hién quan hé ciia:

ab+bc+ca,a 24 b +c*; a’b+bie+cfa; a+bte:

Cdch 1: Sit dung BDT phu: (a+b+c)(a +b 4+ )>3( a’b+bi4c’ a) véi moi a,b,c duong.

Chimg minh: BDT nay ta d4 gip mdt 1dn & mot bai toan thudc phén ki thugt chuén héa BT #6i xtmg thuin nhét,
xin dugc nhéc lai: '

BOT trén & a° +b* +¢* +ab® +be® +a%e > 2(a’b+ b+ c’a)

LOVEBOOK.VN | 146


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

Strdung BDT Cauchy ta cé: a’ + ab? > 2a’h. Tuong ty cho 2 bién con lai. Céng vé thoe vé scacs BT ta ¢
dpem. Bay 12 mot BRT quen thude va quan trong. Trd lai vdi bai todn:
Khidé,ttr a+b+c =3, tacé: a?+ b? 4. ¢ >a’b+bk+cha

ab+bc+ca

Suy ra: Sza2+b’+cz+a2+bz+ >~ (ab+be +ca)

Dit a? + b% 4 ¢? =t(t20)=>ab+bc+ca=%(9_t)

b 2
T&a2+b’+c22(—a+—_;—°)_=3=ﬂ23
. 9t 1 39 9 9
Khidé: S>t+———(9t)=2¢ ———5 t—5>2 ——+t 5>1
o 30U=3t+ [2+2 ]+ V22

Dédu“="¢6 @ a=b=c=]

Cdch 2: Sir dung BDT phu: ( *b+bic+c a)(a +b+c)< 3(a +b 4c ) v&i moi a,b, %ﬁy\ng
Chung minh: Theo BDT Cauchy — Schwarz ta cé: 3(ab+be+ca)<(a+b+c) Q@ +bi+ c

\a. +bdete a} —\aab—rbbc-a-cca) a\a +b* +¢? )( 0 + b’ @B
(a? +b2+c) )a<(a2+ 3@)3

3 = |
Nhan vé theo vé 2 BBT trén ta cé: (azb +'b2c:+c2a)2 (a+b+ .c)z@?éz +b*+ c2)4
Suy ra diéu phéi chimg minh! Day cling 1a mét BDT cin chﬁxo? _
Tra+b+c=3,tacé: a’+b?+¢? 2a2b+b2c+cza;¢é’&lai quay vé c4ch gidi trén!
Diu‘“="¢6 esa=b=c=] 2

Ma 2°b* + b%e? +c%a? <

= (azb +bi*c+cta

Cdch 3: St dung BPT phy: Néu a b,c 1a cdc S@?ch duong c6 tdng bing 3 thi ta c6:

2O bzc+c’a)(ab+ be+ca)<9
Chimg minh; Pé chimg minh BHT nigya lai phai sir dung tu tuéng Phuong phép xét ham.
BDT cin chimg minh <> (a%.+ bzccic “a)(a+b+c)(ab+be+ca) <27

Tacé: (a’b+bc+c a)( %@Q c)=(a’b+ ble+ c’a)+ (ab+be +ca)’ —abc(a+b+c)
<
Lai ¢6 BDT phy sau: ,§b +b'c+cax %(a2 +b* + 02)2 véi moi a,b,c duwong,
Day 1a mét BD ;} cin luy y. Chimg minh rét dor gian:
BBT trén @(af —b*+2bc—ab— ;1::)2 2 0. Piéu nay hién nhién ding!
Tir d6; (a1b+ b+ c’a)(a +b+c)< %(a2 +b 4 c2)2 +(ab+be+ca)’ —3abe
Theo BDT Schur, hé qua 12 BDT (2) d4 trinh bay trong phin BDT Schaur, ta c6:
(2+b+c)’ +9abe > 4(a+ b+c)(2b+ bc+ ca) = 3abe > 4(ab -+ bc+ca}—9
(a’b + b +c"a)(a +b+e)< é—(az +b? -|-c2)2 +(ab-+ be+ ca)1 —4(ab+be +ca)+9
Ta chi cin chimg minh: ‘

%(az +b? +o:2)2 +(ab+bc+ca)’ —4(ab+ bc+;:a)+9}(ab+bc+ca)5 27
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¥ tudng xét ham a4 16! Dat ab+be+ca =t(0<t<3)(l a+b+c=3)

Khi @6 BDT trén tré thanh:

Ho-2e) 422 —4t,+9’t5 27
2

& (t—3)(71 ~27t+27) < 0(ludn ding Vi t<3)
BT phy duge chimg minh xong! ‘

bC. 2
- Quay lgi bai todn: Taco: $>a’ +b" +c” +—(Eua—)—

~{ab+bc+ca)
‘Pat ab-+bo+ca=1(0<t<3), tace:

2
829—2t+%—t:-;—(t—3)(t—15)—t+424—t21(v1 0<t<3)

Diu“="c6 & a=b=c=1

[THPT chuyén KHTN Ha Nji 13n 4] Gia stir x,y,z 12 cac sb dwong thoa man: -

2> +9* + ¢ =3 Tim gid trj nhd nhét cta: Q’Q
&)
-y +z—1
gy O
y+y y _ \"5;*\'
L gidi ,QQ\
Sir dyng BDT phy (a+b+c)(a2 +b +cz) > 3(a2b+bzc+cza) nhur céch 2 ba@t.
)

(x+y+z—l)2+ o @

Tasuyra: X'y +yz+zx<xty+z=P=
Y yry Y X+ytz x+y—|¥

 Pat x+yrz=t=3<t<3. &Q}'
(t-1)" 9 10 9), 1 1 c-’\13
Tacé:Pﬂ-’—t-—%—t =t— 2+-—:[t+ ]+——2>64§"?

Piéng thire xay rakhi vachikhi x=y = z=1 (b\
Mat 1an nira khiing dinh lai img dung cia nhing phu lién quan dén 3 lugng trén!

Cho a, b, ¢ 14 céc s6 khong Qﬂgg)tﬁng bing 1. Tim gid tri nho nbit cia:
&) pP=a’+b’+c* +4abe
\f\o
"
@ Lo
Q> Lvi gidi
Bai todn niy da duge 3&@ trong phén sir dung BDT Schur khé nhe nhang. Bay gitr ta s& thir 4p dung PP xét

ham sd 461 véi nd:

Tir a+b+c=1=>1—2=b+c.Thé vaotacé:

P—a? +(b+c) +(da—2)be=>P=2a"+(1-a) +2(2a—1)bc
= P=2a’-2a+1+2(2a—1)bc

Khong mét tinh tong qudt, gia sir a = min{a,b,c} = 3a_<_a+b+c=>a$%.

- (b+c)
Khi dé: 2x—1<0=>P22a2—2a+1+2(2a-—1)L—‘i—)—
2
l1-a

=>P22a2—~2a+1+(2a—1)( ) =a’ —la2+—1-
2 2 2
3
Dy dodn déu “="xay ratai a = b—c=-;-nenneucho a—'%:a —-;-a2+; ;7

LOVEBOOK. VN | 148


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

Ta dy doan ring BDT a® — ;a + ; > -;—7 diing, That vdy:

l][a - 51] 20 (ding vdi moi a)

Lai c6: &’ _%a2+—l->ﬁ¢¢-[a+6

2727

Aoy cen

Déu “=" x3y ra taj a-_b——-c=%

Vﬁy Pmin:%tai a-—:b:c:%

Cho a, b, ¢ 14 cdc s8 khéng 4m thda min: a+b+c=~3. Tim GTLN cia:
P =27a’b’c" —(ab+be+ca) ~3(a? + b +¢?) +6(ab-+ b +ca)

Ta s& ddnh gia P so vdi ham sé trong d6 4n 13 ab+ be+ca : Q

Ap dung BDT Cauchy ta ¢6: ab+be +ca > 3/a%b’c? = 27a%hic? <{ab+be+ca)’ O

Lai ¢6: a2 + b + ¢? =ab+be+ea suyrataco: . \\20
PS-—(ab+bc+ca)3+3(ab+bc+ca)db'

Bat ab+betca=t=3t<(a+brc) =32 1<1 /(Q

Xét ham 6 f(t) = —¢° +3tv61te[01]tadéc6f t)max = 2ta16§
Tirdé taco: P<2

\
Ddu“="c6 «a= b=c= 1 ’\\/
V3 K

12
R

Bai todn sau, két hgp xét ham s6 véi BDT Schi:

Vay GTLN cia P 13 2 datdugctgi a=b=c=

Cho a,b.c 1a cac sb thye gqx%théa mén: ab+ b+ ca =1. Chimg minh ring:

()o a'b? +b'c® 4 ¢'a? +§-2 2abe(a-+b+c)

3=
O N
) 0 Lari gidi
Ap dung BPT Cauch warz ta ¢o;
hN (a“b2 +bic? +c“a2)[i+—l—+i}2 (ab+bc+ca)2 =1

. a2 b:‘. c!
Zbl 2
~ Tirdé suy ra§§ +b'c? ctal > ! = 2%e

I L a4 b’ +efal

Ftete |
a’b’c? 5

S ———————+ <> 2abc a+b+c

alb2+b202 +CZa1 9 _ ( )

bt ab=x; be=y; ca=z. Suyra x+y+z=1

—

Ta s& chimg minh:

BDT trén s thanh: — Y2 5 >2(xy +yz+ )
xX*+y? 42 9

< 5(:&2 +y? +z’)+9xyz_>, IS(xy+yz+zx)(x2, +y* +zz).

Tir BDT Schur ta ¢6: x2 +y’+zz+——~?—& 2(xy + yz +zx)
X+y+z
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(Day 1 mt hé qua 42 dugc néu ra trong phén BBT Schur)
Hay x* +y° +2° +9xyz > 2(xy + yz + 2x) . Ta s& chimg minh:

4(x2 +y° %—21)—i~»2(xy+yz+zx),>_18(}113(-5—3(z+zx)(x2 +y? +z2)

Pat x* +y* +2° =t=2(xy+yz+=x)=1-1.

BOT ted thanh: 4t +(1—t) > 9(1—t)t & (3t—1) >0 (ludn ding)
Viy BDT dugce chimg minh!

Dangthucxayrakhwéchiklu a= b—c———

NG

Cho x,y,z duong thoa man: x* +y* +2° =1. Tim GTNN:

1 1 243

K=

ﬁ2+xy+\/ﬁ—xy Tz

L gii
Theo BDT Cauchy:

1 1

+ >
S rxy Yy {/(T(’ +xy)(y* + xy)
Lai cé:

< <
1 J_ \2f

PN
(X2+XY)(¥2+XV)S(X Hy:x +9) =L’%ﬂ

23

J_+xy F+xy AN

1+z

Cho ab,c 1a céc s6 thye duong thoa man: @Qb +2¢2>2 . Tim GTNN: |

S
P=5(a’ +b2{¢‘) a+b+~/_ a+b
()

S S
Ta s& thyc hién dua P vé ham s6 émé@ﬁ—b’ 4+’

Ta co: \' +b +¢ <\)a’ﬁ;b;+c

va(a+b+J§c) <2j®+b) +2c]s4(a2+b2+cz)

Tir gia thiét suy ra 2< (a+b) +2¢7 <2(a? +b* +c*) = &’ + 0+’ 21

Suy ra 1'-'25(a2+b2+c’)-~4(az—i-b’Al-c;z)—\}aﬂ—b’-l-c2 —al + b +ct—4a’+ b+

Pat Jal+bi 4t =t=>12>1
Xétham s6 £(t)=t* —tvéi t&[L+o0).
Lap bang bién thién ham sb trén suy ta c6: minf (t)=0tgi t=1.

ulﬁl

Viy Pmin=0tai a=b= —;—
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Cho x.y 14 céc s6 thyc dwong théa man: (x’ +y ¢ 1)2 +3x%y? +1 = 4x? 4 5y
Tim GTLN va GTNN cta biéu thirc:
3 X2‘+2}'2 -3x2y2

P
4yt 41

Tacéd: x* +2y* - 3x7y? = (.\xc2 +yi+ 1)2 —3()(2 +y2) = (x2 +y°’)2 —(x2 +y’)+1

Tir d6, P chi phy thuge véox* -+ y? . Ta huéng dén xét sy bién thién ham s6, bﬁy gitr chi ¢én tim khoang gié tri cila
x* +y? tir gia thiét chinh I tip x4c dinh cita P:

batx® +y® =t. Tir gia thiét ta c6: t-3t4+2=-x"-3x*y' <03 1<t <2,

2 __ , X
Khi d6 P =f(t)=t—t-_'t_—-:_—2v6i tG[1;2]. Khio sat ham 6 trén doan [1;2] ta cb: QQ
. . 4 <
minf(t)=Itai t=1; maxf(t):; tai t=2 \20
N
Tir d6 suy ra minP =1 khi {":0 <F
4. fx=0 @
max P = —khi
y=%2 Q;\)
V‘

Ap dung BDT Cauchy ta c6: <

Qo& stif(;y'z—)z +3¢f(yz)’

<
Pit Yfxyz =t= t,é@g%g%.

Xét ham ségx}é t* +ti2trén [0;%

1] 65
S f()>f|—|=22 o pmin= 123
uy ra f(t)> [2} g = Pmin

.Tacé: f(t)=1+ -tl; 14 him nghich bién trén [o;%} .

Béngthﬁcxéymkhivﬂchjklﬁ x=y=z=%.

Cho a,b,c I céc s6 thye duong c6 tich bing 1. Tim GTNN ciia:
72

p=(a+b)(b+c)(0+a)+_aJrJ_ﬁT_+i“
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L gid

¥ tuémg cua bai toan 13 don bién & xét ham. Ta cé:
(a+b)(b+c)(c+a)=(a+b-+c)(ab+be+ca)—1

Ma (ab+bc+ ca)’ > 3abe(a-+b+c)=>

ab+bc+ca> ,}3(a+b+c)

Suyra P>(a+b+c)y3(a+b+c) +J——_-|_—?7——i——-—:—
a c

Pit a+b+ec=1=>t>3.Tacé: P2t5+£——1

Jt+1

. 3y3t(t+1) =7
Xét ham sb £(t) = /3t + 7 23 ¢6 f'{t)= _~(—+)—-—>owit23

Jt+1

=f(t)=2f(3)=45=>P2 44

2,/(t+1)

Déu “="c6 khi vachi khi a=b=c=1 QQ
Vay P, =44 taia=b=c=1 -
' O
Cho céc sé thye diong a,b,¢. Tim GTLN ca: d&
oo Ty S\
Ja? b7+ +1 (a+1)(b+1)(6(-l_“;(f\
7 Lir gii X
Tacd: P< 2 - >4 3 \/
a-+b+ec+l (a+b+c+3).
Pata+b+e=t(t>1 Xétham sé £(t)=—— T vOl Qlﬁ-oo
(1) s ) {5
f'(t)=—t ——_O@Q&Q}wz ( A()>0elct<a
. X in 1 ()
Lip bang bién thién suy ra P < f{4)=—
| NG
Biing thitc x4y ra khi va chi khi a =bgp=
e\’
Cho c4c sb thyc %'fg:g ab,c thoa mén: ab+a -+ b= 3. Ching minh réng;
B, 3w a2, 3
§‘ b+1 a+l a+b" 2
Liri i
Tir gia thiét suy ra (a+1)(b+1}=4va a_f:b+1= ib.Tfrdo,BDTcanchﬁngnﬁnhtrothm:
a 2
3 3. 2 2.3 .3 3 2 5
— 1)+=5b(b+1 < Vi=e b)4+——= b
Jaat)+g (b+1)+—psa’ b 43 Ja+b)+ 4( +b )+ 3
Maa2+b22%(a+b) nén ta chi cin chimg minh: (a~+—b)+—3-l-)~<8(a+b) >

 pat a+b:t=>3=t+ab5t+%—=>t?_2

Ta s& chimg minh: §-t+éslt2 +£¢>
4 t— 8 2
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Suy ra BDT dé cho duge chig minh. Bang thirc Xay rakhi vachikhi a=b=1
By gi&s ta xét sang mot ki thudt don gin nhung ¢6 kha nhidu o Img dung hay

Sir dung tinh chit ciia ham s6 bic nhit va ham sb bac hai

Nhimg cdng cu tuéng chimg nhu don gian nhﬁt déi khi lai mang dén nhiing strc manh cho chiing ta . Trong tiét
nay, chiing ta sé theo dai ing dung ciia ham s8 bic nhit va ham sé bic 2 treng chimg minh céc bai toén bt ding
thire.

** Ham sb béc nhét: 12 him sé c6 dang:y =f(x)=ax+b. Ta cé:
- Néu 2> 0 thi ham sé ddng bién trén R
- Néu a < Othi ham s nghich bién trén R
Tir hai tinh chét trén ta co:
Ham séy:f(x):ax+ bed TXD: D:[a;ﬁ] thi:
min, = f(«)
max, = f (B} \
min, = £(5) QY
~£(e) ro’
Tom lai, max, = max{f(c};£(B)} va min, —mm{f(a) (8)}
Tinh bién thién cia ham sé béc nhit dugce tmg dyng vao chimg minh BPT %ua 2 ménh & sau;
. BDT: f(x)> k ding véi moi x €D e f{x)min>k &\Q
*  BBT: f(x )<kdungvdnmoleD¢)f( X)max
**Hamsébaczzlahamsacédgng-y=f( X) = ax +bx+ck@0
Xéthamsé y =f(x)=ax +bx+c(a=0)céTXD D= \I}thi:

[max y = max {f{a); f(‘{{ﬁ‘

. Néua>0= . _’mm[ (&&qﬁ [ ”
i, =g ee)
oo

Két qua trén 6 thé ching mmb\ting bang bién thién xin danh cho cic ban!
Ung dung céa ham sé ba@ va ham s6 bc hai trong nhidu truong hop 12 tir duy don gian va thuin tay:

”LCho xrb,cie[OI | Chitng minh réing: X+y+z<xy+yz+zx+1

Lari gidi

Néu phan tich hing déing thirc 14 didu quan trong thi trong trudng hop ndy né 12 mot trong nhimg huéng di
dugce nghi dén;
8 dung phan tich: (1~x){1-y)(1-2)= 1-(x +y+z)+(xy+yz+z)-xyz
Ta thiy ngay dpcm!
Tuy nhién, thir tng dung huéng di ding t/c ham 6 bac nhit frong trudng hop ny:
Xem x 12 &n, ta c6: f(x J=(1—y~z)x+(y+z— yz—1) véi x,y,z €[0;1]
Tac: £{0)=y+z—yz—1=(y—1)(1—2) <0 lubnding vl y,z [051]
Va f(1)=-yz <0, Theo két qué trén ta cd ngay f{x)<0 véimoi x,y,z¢€ [;1]
Tir d6 ta cé dpem!

+ X6t 2> 0= ham s6 ddng bién trén [o;B] = [

* Xét 2 <0= him s6 nghich bién trén [oB] > l

. Néua<0=
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[ Cho a,b,¢ 14 cdc sé thuc thudc doan [~1;2] va a+b+c=0. Tim GTLN cla: P= a’ +b? +c2J

Lt giai

Taco: P=a’+b2+(a+b) =2(a’+ab+b*) véi a,be[-1;2]va a+DbE[-21]

Xétham sb £(a)=a’ +ab+b* véi ac[-12]

Suy ra f(a)max =f(~1)=b*~b+1 v6i be[-1;2]

hogic f(a)max =f(2)=b>+2b+4=3= Pmax =6(vi at+bel-2l]=b=-1)

Xét 2 ham s& g(b)=b* —b+1 vdi be(-1;2]

e g{bymax =g(—1)=3
g{b)max =g(2)=3

Vay Pmax = 61ai (a,b,c) = (2—151) vacho hosn vi ciand! \>O

' (Cho a,b,c 14 céc sb khong 4m cé téng bing 1. Chimg minb ring: 0 < ab 4—@ ca—2abe < % J
1‘(\

Bai todn ta da gdp khong it ldn trong cudn sdch ndy, sau ddy la cdch gidi theo o di ndy:
Lii gigs .
£ 7 7\/\
Xét ham s6 f{ab)==1ab+ bc+ca—2abc———=(1—2c)ab+c(1 _c)iﬁ

= g{b)max =3 = Pmax =6

\
Q’\r

12 ham s6 bac nhét c6: abe [0;1]va ¢ €[0;1] \
1

Tacé: £(0)=c( 1—c)—~————[ —E] -ﬂ%—<0vmm@9§[0 1]
0)
va: f(1)=1-2c+c(l—¢ )—-—~—=—— __]([6 <0 véi moi ¢ € [0;1]

Theo két qua trén ia ¢o ngay {ab) < 0 v&jloi a,b,c. Tir d6 ta c6 dpem!
q gay f{ab) <0 v&mo p

Cho a,b,c 14 céc séﬁlgl&m‘ngthba min ab-+bc+catabc=4.
Chirng minh rangb' b+czab+betca

Bai todn ting dugc s@ nguyén I Dirichlet. Sau ddy Id loi gidi rén tap chz THIT:
Lavi giai

Rilt ¢ = ~A-ab_ . Ta cin chimg minh:
a+b+ab
{ab-+1)(4—ab)
a+b+ab

Tacé: BBT < (a+b){a-b-+ab)+{ab+1)(4—ab)>4(a+b+ab)
& (a+b—4)(a+b+ab)+(ab+1)(4-ab)=0
. 8’
mm{4;—z”

a+b+ >4

2
Data+b=S,ab=P=>P§-S4—.Tacé: c>0=FP<4=Pc

VaBDT chn o/m < (S—4)(S+P)+(P+1)(4~P)20

LOVEBOOK.VN | 154


https://www.facebook.com/groups/TaiLieuOnThiDaiHoc01/

2
D& thy ddy 12 ham sé bsc 2 4n P, ¢6 hé s6 cao nhit 4m va D = (O;min[fl;%]

2
Ta chi cén chimg minh £(0 f(0)>0va f[mm[tl %—”20.
. Taco: £(0)=(S—2)" > 0 dpcm!

2
. Véi chimg minh f[min [4;%—}]2 0:

+Néus>4 =>f[mm{4 T”= f(4)=(S+4)(S—4)> 0 dpem!

(16—5%)(s -2y
+Néu S <4 = f|min 4 > 0 dpem!

Viy ta ¢6 dpcmn. Ding thire xdy ra khi va =b=

7 s l
Cho a,b,c khing 4m va a+b+c=k(k>1). Chimg minh: a>+ b {—%@+ Gabc > k?
a
V7

Déu tién bién ddi VT vé dang PT bic nhét hoic bic 2. Mt bai toan tén;(q@;n rit dep!
Lai g

Ta cé:
)
a +b’+c +6abe=(a+b+c)(a’ +{@c —ab—bc —ca)+ 9abe
_(a+b~§-c a+b+,{®5€}gb+bc+ca)l+9abc
=k’ —3k(ab+bc+ca)+ 9abe = 3(3c— k‘g@ 3ke(a +b)+1° =3(3c— k)ab—3ke(l —c) + K’
Xét ham s6 £ (ab) = 3(3c - k)ab—3kc( )+kQ

2
Vi cE[Ok]vaab< (a+b) <T=>ab Q;}

Ta c6: £(0) = —3ke(1~c)+k’ =3t£9_%] +K —%kzkaw%k

.

3
Laico ¥° —%k > —l:- =K %@n k> 1 ludn ding theo gia thiét!
va e
ro-(’ K? k® 3., 1,
% f[—]:3(3c—k)T~—3kc(l—-c)+k3=3kc’+3[zk —k]c-!—zk

\@&&‘ 4
3 1.,
= 3k “k—-1|+—k
.c[c+4 ]+4

Didu ta cin by givr 12 c+§-k—1 >0 @_czék. Diéu ny hodn todn ¢6 thé:

Gia sir c=max{a;b;c}=>3c2a+b+c:k=;—c2§

Suyra
i =3kc{c+§k—1]+lk’ >3kc(k—1)+1k’ >
4 4 4= 4 =

Vay tir nhan xét diu bai viét ta o6 ngay dpem!

_l_kﬂ
4

Du“="¢c6 & k=1 (a;,b,c) =[0;%;k——21~J vé céc ho4n vi clia nd.
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